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Abstract
FFT-based computational micromechanics enables to efficiently analyze the solid mechanical behavior of industrial-scale
heterogeneous microstructures. This approach relies on the discretization of the microstructure on a regular grid, which
makes it particularly convenient for working with 2D or 3D images. However, efficient local refinement of the grid to capture
fine-scale phenomena is not possible within the original framework. Among the various strategies addressing this limitation,
Kaiser et al. recently introduced a multiresolution wavelet collocation approach for FFT-based computational micromechanics.
They showed the benefits of local adaptivity for examples in one and two dimensions. The present contribution focuses on
the properties of the wavelet discretizations in three spatial dimensions. More precisely, we analyze the Deslauriers–Dubuc
(DD) wavelets of degrees one to four, connecting and comparing them to established FFT-based homogenization frameworks.
Numerical studies on regular grids serve to analyze the convergence behavior of the associated Lippmann-Schwinger solvers,
the emerging macroscopic properties, and the resulting local fields obtained with these discretizations on industrial-type
microstructures. Also, we study the performance for inelastic constituents. Of particular interest is the result that only first-
order DD wavelets ensure stable convergence for porous microstructures.

Keywords Wavelet collocation · Computational homogenization · Lippmann-Schwinger equation · Eshelby-Green operator ·
FFT-based solvers · Convergence behavior

1 Introduction

1.1 State of the art

Since the pioneering work of Moulinec-Suquet [1, 2], com-
putational methods based on the fast Fourier transform (FFT)
have become a standard tool for computing the effective solid
mechanical behavior of microstructured materials [3] in an
efficient way. Designed for cuboid cells discretized by a reg-
ular grid, FFT methods come with a natural implementation
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based on the Lippmann-Schwinger equation [4–6]. The latter
formulation avoids assembling matrices as well as evaluat-
ing material tangents and leads to iteration counts which are
bounded independently of the grid spacing, at least for well-
behaved material models. We refer to the review articles [7–9]
for a broader perspective.

In their original works [1, 2], Moulinec-Suquet pro-
vided the whole package: Discretization scheme and solution
method were intricately linked, and it took some time for
researchers to disentangle them. Indeed, there are two types
of convergences involved, the convergence of the solver,
i.e., the means to approximate the discretized solution, and
the convergence under grid refinement, i.e., the increasing
fidelity of the discrete approximations for a finer and finer
mesh.

Subsequently, W. H. Müller’s group [10–12] suggested a
similar scheme as Moulinec-Suquet, but based on a finite-
difference discretization. However, this approaches did not
permeate the community. Rather, alternative discretizations
based on a Fourier-Galerkin discretization were introduced
into the FFT-based framework independently by different
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groups [13–15]. Interestingly, these schemes did not improve
upon the original Moulinec-Suquet discretization in terms
of accuracy or computational speed. However, they may be
used to derive upper and lower bounds on the effective stiff-
ness for linear elastic materials. An alternative discretization
was introduced by Brisard-Dormieux [16, 17] based on the
Hashin-Shtrikman variational principle [18–20] and a dis-
cretization by piece-wise homogeneous stress polarization
fields [21].

All these cited works considered the Moulinec-Suquet
discretization as a perturbation of a more conventional dis-
cretization. However, usually the "perturbation" performed
better than the original. Therefore, more effort was invested
in understanding the discretization underlying Moulinec-
Suquet’s construction. Eventually, the discretization can
either be understood as a trigonometric collocation dis-
cretization [22] or as a non-conforming Fourier-Galerkin
discretization [23], where the non-conformity comes from
evaluating the weak form of the balance equation via quadra-
ture, i.e., the trapezoidal rule. With this understanding,
guarantees for the convergence under grid refinement could
be obtained [17, 23, 24].

At that time, based on earlier numerical strategies exploit-
ing the FFT [25, 26], it became more and more apparent
[27, 28] that the discretization scheme and the solver could
be chosen independently to some degree. Based on these
insights, the computational advantages of the Moulinec-
Suquet approach could be preserved , while alleviating some
of its shortcomings. To be more precise, the primary interest
came in uniting the following three qualities:

(i) Accuracy,
(ii) Efficiency,

(iii) Robustness.

The first item concerns both convergence under grid refine-
ment and countermeasures to local solution artifacts, like
the Gibbs’ oscillations [29] characteristic for Fourier-type
discretizations. Efficiency refers to both memory-efficient
implementations and rapid convergence of associated solu-
tion schemes. The last point, robustness, is more subtle. As
FFT-based methods rely on regular grids, they need to mesh
pores and rigid inclusions in microstructures, as well. It was
observed [30] that the Moulinec-Suquet discretization does
not lead to convergent solvers for the latter scenarios due to
an inherent ill-conditioning of the associated discrete sys-
tems. Robust discretizations avoid this ill-conditioning [31,
32].

The first generation of improved solvers concerned dis-
cretizations based on finite differences [30, 33], finite vol-
umes [34, 35] and finite elements [36–38]. These strategies
could reduce the solution artifacts and lead to robust con-
vergence for porous or rigidly reinforced materials, at least

in "stable" cases [31, 32]. Which kind of strategy is used,
mostly depends on the personal preference. The finite differ-
ence schemes [30, 33] appear to be most used for mechanical
problems, as they seem to offer the most "bang for the buck",
i.e., they resolve the pertinent issues with minimal imple-
mentation and runtime overhead.

Still, research continued on alternative discretization
schemes compatible with the Lippmann-Schwinger frame-
work conceived by Moulinec-Suquet. Alternative finite dif-
ference schemes [39–43] were investigated, in particular for
higher order in space. Such discretizations turn out to be
favorable for problems with smooth solutions, like phase-
field problems, but may lead to artifacts for discontinuous
coefficients and potentially divergence for porous materials
[9]. Moreover, B-splines splines [44] were integrated, to a
similar effect. A completely different approach was proposed
by Derraz et al. [45] who introduced a real-space Lippmann-
Schwinger scheme based on the Radon transform. However,
their discretization scheme lacks convergence under grid
refinement unless specific countermeasures [46] are taken.
Recently, Finel introduced the tetrahedral (TET) scheme
[47], which may be interpreted as a specific but non-classical
finite-difference scheme. The discretization satisfies all three
requirements (i)-(iii) discussed above and may thus develop
into a serious contender for the established finite difference
schemes [30, 33]. However, two material-point evaluations
are required per voxel, at least away from the interface [48].

Last but not least, we mention the use of composite-
voxel methods [49–51], which enhance voxels containing an
interface with a material specific and interface-aware consti-
tutive law to increase the accuracy of the effective material
response. Composite voxels apply to all discretizations on
a regular grid, however, their performance varies depending
on the discretization used.

Almost a decade after finallyunderstanding the Moulinec-
Suquet discretization, the basic driver of regular-grid meth-
ods was identified: superconvergence. In the context of voxel
finite-element methods (FEM), Ye-Chung [52] showed that
the effective elastic properties converge with twice the rate
of the local strain and stress fields (measured in L2). This
observation provided the theoretical underpinnings of the
previously observed phenomenon: At the interfaces, the solu-
tion quality is low. However, the effective properties turn
out to be accurate, essential due to fortuitous cancellations
upon averaging. The superconvergence phenomenon could
also be verified for inelastic scenarios [53] and could also
be used for improving the estimated effective properties
[54] via postprocessing. Moreover, the convergence rate of
the Moulinec-Suquet discretization for elastic problems was
shown to be identical to voxel FEM [55], confirming previ-
ous observations by FFT practitioners [30, 36]. Moreover,
the restriction to the regular grid was established as the
main limitation of FFT-based methods, irrespective of the
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discretization. In this phase of understanding, the natural
emergence of laminate-based composite voxels [56] and the
convergence properties for porous/rigidly reinforced materi-
als [31, 32] should be counted, as well.

Recent innovative work was concerned with either improv-
ing the accuracy of FFT-based methods or reducing their
effort. For instance, a series of works [57–59] considered
omitting certain frequencies when evaluating the Lippmann-
Schwinger operator in FFT-based schemes. However, no
reduction of material evaluations was considered, the pri-
mary driver of computational effort.

Building on the extension of FFT-based methods to finite
strains [60], mesh-morphing techniques [61–63] were intro-
duced to better represent the geometry of the microstructure.
More precisely, an Eulerian-Lagrangian decomposition is
considered, where the interface geometry is resolved in
the Eulerian setting and the equations are solved in the
Lagrangian configuration. Such techniques promise higher
accuracy, but come with an additional ill-conditioning due to
severe mesh deformations. An alternative approach is based
on the extended finite-element method [64, 65], where a
robust FFT solver was introduced recently in the context of
thermal conductivity [66].

In the regular grid setting, a first attempt at grid refinement
within FFT-based schemes was made by Eyre and Milton
[67], who proposed a cascading multigrid solver which pro-
longs a solution obtained on a coarse grid onto a finer grid,
providing an improved initial guess for the solver. An alter-
native idea was developed by Nkoumbou Kaptchouang and
Gélébart [68], who "mortar" a fine grid onto a coarse grid in
regions of interest. Kabel-Schneider [69] introduced a coars-
ening strategy based on octrees to reduced the number of
material evaluations in nonlinear schemes.

This work is concerned with the innovative approach
put forward by Kaiser et al. [70], who proposed to use
interpolating wavelets [71] for discretizing the cell prob-
lem of periodic homogenization. They derived the associated
Lippmann-Schwinger framework exploiting similarities with
finite-difference discretizations, and showed the advantages
of using Deslauriers-Dubuc wavelets with four compact sup-
port points for one- and two-dimensional computational
examples.

The use of wavelets was kick-started with Daubechies’
landmark construction of L2(R)-orthonormal wavelets with
compact support [72]. Such wavelets permit to inductively
decompose an image into coarse and fine features, permit-
ting to leave out these fine features in case they are small.
In particular, this kind of adaptivity may be used for image
compression, see Daubechies [73]. In the 1990s, wavelets
were considered to be strong candidates for constructing
high-order adaptive solvers for partial differential equations
(PDEs). In a sense, these hopes could be confirmed,as Cohen
et al. [74] proved that wavelets provide the optimal trade-

off between effort and accuracy for solving elliptic PDEs.
However, only a few years later, a similar optimality state-
ment could be proved for adaptive FEM [75], putting a lot of
work on wavelets for PDEs to a halt. In some sense, work-
ing with FEM is much simpler than working with wavelets:
The latter require special means to operate on general (non-
rectangular) domains, lead with non-sparse matrices and
struggle with non-linearity. To be more precise, most of the
wavelet literature is concerned with wavelets in the Hilbert
space L2 of square-integrable functions. Wavelets provide
convenient multiscale bases, and to identify the coefficient
associated to a specificbasis vector, an L2-inner product must
be evaluated. Even in case the domain and the boundary con-
ditions are no problem, traditional wavelet approaches have
shortcomings, as illustrated by Mehraeen-Chen [76], whose
wavelet-Galerkin homogenization approach is restricted to
one and two dimensions, and lacks behind comparative FEM
approaches. We refer to the review article [77] for further
background on the application of wavelet methods to solv-
ing PDEs.

Just like spectral Galerkin methods may be inferior to
collocation methods, illustrated by the advantages of the
Moulinec-Suquet discretization over a comparable Fourier-
Galerkin discretization discussed above, wavelet collocation
methods may be beneficial, see, for instance Vasilyev-
Bowman [78]. Here, the weak form of the PDE is not
evaluated exactly, but rather "collocated", i.e., evaluated at
specific "quadrature" points. Such strategies, however, lead
to non-symmetric systems, also in case the non-discretized
variational problem was symmetric. A clever remedy for this
problem utilizes interpolating wavelets [71] where the coef-
ficients of the multiscale basis vectors may be determined
by point evaluation, i.e., via interpolation. Among the dif-
ferent interpolating wavelet families, the Deslauriers-Dubuc
wavelets [79] turn out to be particularly favorable, and an
application to mechanical problems was reported by Burgos
et al. [80].

Kaiser et al. [70] proposed using Deslauriers-Dubuc
wavelets with four support points to discretize the cell prob-
lem associated to periodic homogenization, discussed the
implementation of an associated Eshelby-Green operator on
a regular grid and studied computational examples in one
and two spatial dimensions. However, the work of Kaiser et
al. [70] does neither concern three-dimensional nor inelastic
problems. Moreover, a comparison to the extensive list of
competing discretizations is lacking.

1.2 Contributions

Based on the previously described limitations of the work by
Kaiser et al. [70], the primary research question driving this
work is:
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C o m p ut ati o n al  M e c h a ni cs

T a bl e 2 N o n- z er o d eri v ati v e
c o effi ci e nts ( 2. 3 0 ) f or p ositi v e k
a n d  D esl a uri ers- D u b u c  w a v el ets
wit h 2 M s u p p ort p oi nts.
C o effi ci e nts f or n e g ati v e
k - v al u es ar e o bt ai n e d fr o m t h e
r ul e r − k = − r k

r 1 r 2 r 3 r 4 r 5 r 6

M = 1 1
2

M = 2 − 2
3

1
1 2

M = 3 − 2 7 2
3 6 5

5 3
3 6 5 − 1 6

1 0 9 5 − 1
2 9 2 0

M = 4 − 3 9 2 9 6
4 9 5 5 3

7 6 1 1 3
3 9 6 4 2 4 − 1 6 6 4

4 9 5 5 3
2 6 4 5

1 1 8 9 2 7 2
1 2 8

7 4 3 2 9 5 − 1
1 1 8 9 2 7 2

b y N a v o x els i n e a c h c o or di n at e dir e cti o n a ∈ { 1 , 2 , . . . , d },
a n d ass e m bl e t h es e n u m b ers i nt o a n i nt e g er- v al u e d v e ct or

N = ( N 1 , N 2 , . . . , N d ). ( 2. 3 3)

T h e dis cr eti z e d r e g ul ar gri d r e a ds

Y N = x ∈ Y x a =
ja L a

N a
f or s o m e j ∈ Z +

N

a n d all a = 1 , 2 , . . . , d } ( 2. 3 4)

wit h t h e i n d e x s et

Z +
N = j ∈ Z d 0 ≤ ja < N a , a = 1 , 2 , . . . , d ( 2. 3 5)

a n d  w h er e  w e s u p pr ess t h e d e p e n d e n c e o n t h e u nit- c ell
di m e nsi o ns

L = ( L 1 , L 2 , . . . , L d ) ( 2. 3 6)

t hr o u g h o ut t h e  m a n us cri pt f or t h e s a k e of r e a d a bilit y.  We

d efi n e t h e a ns at z f u n cti o ns

φ N
m ( x ) =

d

a = 1

φ
x a

L a
N a − m a m o d N a f or x ∈ Y

a n d m ∈ Z +
N ( 2. 3 7)

b y  m ulti pl yi n g r es c al e d a n d s hift e d v ersi o ns of t h e f u n d a-
m e nt al f u n cti o n ( 2. 1 ) c h ar a ct eri zi n g t h e  D esl a uri ers- D u b u c

w a v el ets.  B y c o nstr u cti o n, i. e., vi a t h e us e of t h e  m o d ul o

o p er at or m o d , t h e r es c al e d f u n cti o ns (2. 3 7 ) ar e p eri o di c. F or
t h e l o w est or d er M = 1, t h e f u n d a m e nt al f u n cti o n ( 2. 1 )

of t h e  D esl a uri ers- D u b u c  w a v el ets is j ust a h at f u n cti o n.

T h er ef or e, t h e d efi niti o n ( 2. 3 7 ) l e a ds t o t h e c o n v e nti o n al

m ultili n e ar a ns at z f u n cti o ns  w hi c h ar e st a n d ar d f or t h e fi nit e-
el e m e nt  m et h o d ( F E M) o n h e x a h e dr al gri ds, i. e., bili n e ar

a ns at z f u n cti o ns i n t w o a n d trili n e ar a ns at z f u n cti o ns i n t hr e e

di m e nsi o ns. F or hi g h er- D D or d er M , t h e f u n d a m e nt al f u n c-
ti o n (2. 1 ) is e v e n s m o ot h er. I n p arti c ul ar, t h e a ns at z f u n cti o ns

(2. 3 7 ) d efi n e el e m e nts of t h e first- or d er S o b ol e v s p a c e

φ N
m ∈ H 1

p er (Y ), m ∈ Z +
N , ( 2. 3 8)

of p eri o di c f u n cti o ns.  N oti c e t h at t h e f u n cti o ns ( 2. 3 7 ) d o n ot
h a v e v a nis hi n g i nt e gr al  m e a n, i. e., ar e n ot c o nt ai n e d i n t h e

s p a c e H 1
# (Y ).

Wit h t h es e c o nsi d er ati o ns at h a n d, it is n at ur al t o d efi n e
t h e  w a v el et a ns at z s p a c e

H N (Y )d =

⎧
⎪⎨

⎪⎩
u =

m ∈ Z +
N

φ N
m u m u m ∈ R d , m ∈ Z +

N ,

s.t.

m ∈ Z +
N

u m = 0

⎫
⎪⎬

⎪⎭
( 2. 3 9)

f or t h e dis pl a c e m e nts a n d t h e s p a c e

L 2
N (Y ; S y m (d )) =

⎧
⎪⎨

⎪⎩
τ =

m ∈ Z +
N

φ N
m τ m τ m ∈ S y m (d ),

m ∈ Z +
N ( 2. 4 0)

c o nt ai ni n g dis cr et e str ai n a n d str ess fi el ds.  T h e dis cr et e s y m-
m etri z e d gr a di e nt o p er at or

∇ s
N : H N (Y )d − → L 2

N (Y ; S y m (d )) ( 2. 4 1)

is r e ali z e d b y i nt er p ol ati n g t h e s y m m etri z e d gr a di e nt at t h e

p oi nts of t h e gri d ( 2. 3 4 ), i. e., t h e e x pli cit r e pr es e nt ati o n

∇ s
N u =

m ∈ Z +
N

φ N
m ∇ s u ( x m )

f or all fi el ds u ∈ H N (Y )d , ( 2. 4 2)

e m er g es, at l e ast f or  D D- or d er M e x c e e di n g u nit y.  B y t h e
o bs er v ati o ns of t h e pr e vi o us s e cti o n o n t h e fi nit e- diff er e n c e

f or m (B. 7 ) of t h e i nt er p ol at e d d eri v ati v e (B. 3 ),  w e arri v e at

t h e e x pli cit c o m p o n e nt- wis e f or m

∇ s
N u ( x j ) a b

=
k ∈ Z

r k

2

1

h a
e b · u j+ k e a +

1

h b
e a · u j+ k e b ,

a , b = 1 , 2 , . . . , d , ( 2. 4 3)

12 3



C o m p ut ati o n al  M e c h a ni cs

f or a dis cr et e dis pl a c e m e nt fi el d u ∈ H 1
N (Y )d i n t h e s p e cifi e d

f or m (2. 3 9 ) a n d  wit h t h e  m es h s p a ci n g

h a =
L a

N a
, a = 1 , 2 , . . . , d . ( 2. 4 4)

B y t h e f or m ul a ( 2. 4 3 ) a n d t h e pr es cri pti o n (2. 3 1 ),  w e  m a y
d efi n e t h e s y m m etri z e d gr a di e nt o p er at or ( 2. 4 1 ) f or t h e  D D-

or d er M = 1, as  w ell. I n t his c as e, t h e a ns at z s p a c e ( 2. 3 7 )

c oi n ci d es  wit h  Q 1 -fi nit e el e m e nts o n a r e g ul ar gri d.  H o w-
e v er, t h e  w a v el et-t y p e d eri v ati v e o p er at or ( 2. 4 3 ) is diff er e nt.

I n d e e d, t h e d eri v ati v e (2. 4 2 ) is e v al u at e d at t h e n o d es (2. 3 4 ),

w h er e t h e a ns at z f u n cti o ns ar e n ot diff er e nti a bl e. F or cl assi-
c al  Q 1 el e m e nts  wit h f ull or r e d u c e d i nt e gr ati o n [ 3 6 , 8 7 ], t h e

d eri v ati v e is e v al u at e d i nsi d e t h e el e m e nt.

Si mil ar t o t h e s y m m etri z e d gr a di e nt, a di v er g e n c e-t y p e

o p er at or  m a y b e d efi n e d

di v N : L 2
N (Y ; S y m (d )) − → H N (Y )d ≡ H N (Y )d , ( 2. 4 5)

w hi c h r e a ds e x pli citl y

di v N τ ( x j ) =
k ∈ Z

d

a = 1

r k

h a
τ j+ k e a · e a ,

τ ∈ L 2
N (Y ; S y m (d )). ( 2. 4 6)

Wit h t h es e n ot ati o ns at h a n d, a n d f or pr es cri b e d  m a cr os c o pi c
str ai n ε̄ , t h e  D D- w a v el et dis cr eti z ati o n o n t h e r e g ul ar gri d

(2. 3 4 ) s e e ks fi el ds

u N ∈ H N (Y )d a n d ε N , σ N ∈ L 2
N (Y ; S y m (d )), ( 2. 4 7)

s.t. t h e b al a n c e of li n e ar  m o m e nt u m

di v N σ N = 0 , ( 2. 4 8)

t h e c o nstit ut e l a w

σ N ( x j ) = S ( x j , ε N ( x j )), j ∈ Z +
N , ( 2. 4 9)

a n d t h e ki n e m ati c c o m p ati bilit y c o n diti o n

ε N = ε̄ + ∇ s
N u N ( 2. 5 0)

ar e s atisfi e d.  T h e pr o bl e m ( 2. 4 8 )-(2. 5 0 ) is o bt ai n e d b y

w a v el et c oll o c ati o n , i. e., n eit h er t h e b al a n c e e q u ati o n (2. 4 8 )
n or t h e c o m p ati bilit y c o n diti o n ( 2. 5 0 ) ar e s atisfi e d o utsi d e

of t h e c oll o c ati o n p oi nts.  M or e o v er, t h e c o nstit uti v e r el a-

ti o n (2. 4 9 ) o nl y h ol ds at t h e c oll o c ati o n p oi nts (2. 3 4 ), as
w ell.  T h es e c h ar a ct eristi cs ar e diff er e nt t h a n f or F E M,  w h er e

b ot h c o m p ati bilit y ( 2. 5 0 ) a n d t h e c o nstit uti v e l a w (2. 4 9 ) h ol d

e v er y w h er e,  w h er e as o nl y t h e e q uili bri u m e q u ati o n ( 2. 4 8 ) is

a p pr o xi m at e d. F or t h e cl assi c al  M o uli n e c- S u q u et dis cr eti z a-

ti o n [1 , 2 , 2 3 ], b ot h diff er e nti al r el ati o ns (2. 4 8 ) as w ell as

(2. 5 0 ) ar e v ali d o n t h e e ntir e c ell, a n d t h e c o nstit uti v e l a w
h ol ds i n t h e v o x el c e nt ers o nl y, as i n e q. ( 2. 4 9 ).  We r ef er

t o t h e  w or k [5 5 ] f or a  m o d er n dis c ussi o n of t h e  M o uli n e c-

S u q u et dis cr eti z ati o n.

At t his p oi nt  w e  wis h t o st at e e x pli citl y t h e c o ns e q u e n c es
of t h e fi n di n gs ( 2. 3 1 ) –(2. 3 2 ):  L o w- or d er  D esl a uri ers- D u b u c

w a v el ets o n a r e g ul ar gri d c oi n ci d e  wit h dis cr eti z ati o n

s c h e m es t h at  w er e alr e a d y c o nsi d er e d i n F F T- b as e d c o m-
p ut ati o n al  mi cr o m e c h a ni cs:

• D esl a uri ers- D u b u c  w a v el ets of or d er M = 1 ar e e q ui v a-

l e nt t o 2 n d or d er c e ntr al diff er e n c es [3 9 , 4 0 ] o n a r e g ul ar

gri d.
• D esl a uri ers- D u b u c  w a v el ets of or d er M = 2, as c o n-

si d er e d b y  K ais er et al. [ 7 0 ] ar e e q ui v al e nt t o 4t h or d er

c e ntr al diff er e n c es [ 4 1 ] o n a r e g ul ar gri d.

H o w e v er,  D esl a uri ers- D u b u c  w a v el ets of or d ers e x c e e di n g
t w o diff er fr o m hi g h er- or d er c e ntr al diff er e n c e s c h e m es as,

e. g., dis c uss e d b y  Vi d y as a g ar et al. [ 4 2 ].

O n c e t h e pr o bl e m ( 2. 4 8 )-(2. 5 0 ) is s ol v e d, t h e a p pr o xi m at e

m e a n str ess is o bt ai n e d b y a v er a gi n g t h e str ess v al u es at t h e
c oll o c ati o n p oi nts

σ̄ N =
1

p r o d ( N )
m ∈ Z +

N

σ N ( x m ) ( 2. 5 1)

wit h t h e pr o d u ct

p r o d ( N ) = N 1 N 2 · · · N d . ( 2. 5 2)

We  will n eit h er dis c uss t h e s ol v a bilit y pr o p erti es of t h e pr o b-

l e m n or t h e c o n v er g e n c e u n d er gri d r efi n e m e nt.  R at h er,  w e
t ur n o ur att e nti o n t o t h e  Li p p m a n n- S c h wi n g er t y p e s ol v ers

pr o p os e d b y  K ais er et al. [ 7 0 ].  R e p e ati n g t h e st e ps  m a d e i n

t h e c o nti n u o us s etti n g f or a fi x e d r ef er e n c e  m at eri al C 0 , s e e
A p p e n di x  A. 2 ,  w e ar e l e d t o t h e  Li p p m a n n- S c h wi n g er e q u a-

ti o n

ε N = ε̄ − ` 0
N : τ N ( 2. 5 3)

wit h t h e str ess p ol ari z ati o n τ N ∈ L 2
N (Y ; S y m (d )), d efi n e d

b y t h e i nt er p ol ati o n c o n diti o n

τ N ( x j ) = S ( x j , ε N ( x j )) − C 0 : ε N ( x j ), j ∈ Z +
N ,( 2. 5 4)

a n d t h e  w a v el et-t y p e  Es h el b y- Gr e e n o p er at or

` 0
N = ∇ s

N G 0
N di v N . ( 2. 5 5)
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It r e m ai ns t o s p e cif y  Gr e e n’s o p er at or

G 0
N ∈ L H N (Y )d , H N (Y )d ( 2. 5 6)

w h os e a cti o n u N = G 0
N f N i s i m pli citl y d efi n e d b y t h e s ol u-

ti o n u N ∈ H N (Y )d of t h e r ef er e n c e pr o bl e m

di v N C 0 : ∇sN u N = f N ( 2. 5 7)

f or a gi v e n el e m e nt f N ∈ H N (Y )d .  D u e t o t h e si mil arit y

t o fi nit e- diff er e n c e dis cr eti z ati o ns [2 7 , 3 3 , 3 6 ],  w e f oll o w

K ais er et al. [ 7 0 ], a n d c o nsi d er t h e dis cr et e F o uri er tr a nsf or m

( D F T)

ĝ [ξ ] =

j∈ Z +
N

g j e − 2 π i ξ ·j
N , ξ ∈ Z +

N , ( 2. 5 8)

of a gi v e n ( p ossi bl y v e ct or- or t e ns or- v al u e d) arr a y

g j j∈ Z +
N

( 2. 5 9)

wit h t h e s h ort- h a n d n ot ati o n

ξ · j

N
≡

d

a = 1

ξ a ja

N a
. ( 2. 6 0)

T h e tr a nsf or m ( 2. 5 8 )  m a y b e r e a dil y i n v ert e d vi a t h e o p er a-
ti o n

g j =
1

p r o d ( N )
ξ ∈ Z +

N

ĝ [ξ ] e 2 π i ξ ·j
N , j ∈ Z +

N , ( 2. 6 1)

t h e i n v ers e  D F T.  D u e t o t h e fi nit e- diff er e n c e str u ct ur e (2. 4 3 ),

t h e F o uri er c o effi ci e nts of t h e s y m m etri z e d gr a di e nt (2. 4 1 )

m a y b e e x pr ess e d i n t h e f or m

∇ s
N u [ξ ] = r̂ [ξ ] ⊗s û N [ξ ], ξ ∈ Z +

N , ( 2. 6 2)

i n v ol vi n g t h e v e ct or- v al u e d arr a y { r̂ [ξ ]}ξ ∈ Z +
N

wit h c o m p o-

n e nts

r̂ a [ξ ] =
k ∈ Z

r k e 2 π i k ξ a
N a , a = 1 , 2 , . . . , d . ( 2. 6 3)

As o nl y a fi nit e n u m b er of t h e v al u es {r k }k ∈ Z ar e n o n- z er o, t h e

l att er s u m (2. 6 3 ) is a ct u all y fi nit e.  B y a si mil ar r e as o ni n g, t h e
dis cr et e di v er g e n c e o p er at or ( 2. 4 6 ) a d mits t h e r e pr es e nt ati o n

(di v N τ )[ξ ] = τ̂ [ξ ] · r̂ [ξ ], ξ ∈ Z +
N . ( 2. 6 4)

F or l at er r ef er e n c e,  w e r e m ar k t h at t h e s k e w s y m m etr y

r − k = − r k , k ∈ Z , of t h e filt er c o effi ci e nts (B. 8 ) i m pli es t h e

alt er n ati v e r e pr es e nt ati o n

r̂ a [ξ ] = 2 i

∞

k = 1

r k si n 2 π
k ξ a

N a
, a = 1 , 2 , . . . , d , ( 2. 6 5)

of t h e v e ct or c o m p o n e nts as a c o ns e q u e n c e of  E ul er’s i d e ntit y

e iα = c os α + i si n α, α ∈ R . ( 2. 6 6)

I n p arti c ul ar, t h e c o m p o n e nts (2. 6 3 ) ar e p ur el y i m a gi n ar y a n d

s atisf y t h e i d e ntit y

r̂ a [ξ ] = −r̂ a [ξ ], a = 1 , 2 , . . . , d . ( 2. 6 7)

Wit h t h e e x pli cit r e pr es e nt ati o ns ( 2. 6 2 ) a n d (2. 6 4 ) at h a n d,
t h e r ef er e n c e pr o bl e m (2. 5 7 )  m a y b e r e- writt e n i n F o uri er

s p a c e i n t h e f or m

r̂ [ξ ] · C 0 : r̂ [ξ ] ⊗s û N [ξ ] = f̂ N [ξ ], ξ ∈ Z +
N . ( 2. 6 8)

F or a n is otr o pi c r ef er e n c e  m at eri al C 0 wit h  L a m é c o nst a nts

λ 0 a n d μ 0 ,  w e  m a y e x pr ess t h e f or m ul a (2. 6 8 )  m or e e x pli citl y

( μ0 + λ 0 ) ( r̂ [ξ ] · û N [ξ ]) r̂ [ξ ] + μ 0 r̂ [ξ ] 2 û N [ξ ]

= − f̂ N [ξ ], ξ ∈ Z +
N . ( 2. 6 9)

I n p arti c ul ar,  w e  m a y i n v ert e q. (2. 6 8 ) dir e ctl y:

û N [ξ ] = −
1

μ 0 r̂ [ξ ] 2
[ I +

μ 0 + λ 0

2 μ 0 + λ 0

r̂ [ξ ]

r̂ [ξ ]
⊗

r̂ [ξ ]

r̂ [ξ ]
f̂ N [ξ ],

ξ ∈ Z +
N , ( 2. 7 0)

f or all fr e q u e n ci es ξ i n t h e s et

A N = ξ ∈ Z +
N r̂ [ξ ] = 0 ( 2. 7 1)

of a d missi bl e fr e q u e n ci es.  M or e e x pli citl y, t h er e ar e t w o
c as es  w h er e t h e c o m p o n e nt ( 2. 6 3 ) v a nis h es,  w hi c h ar e e vi-

d e nt fr o m t h e r e pr es e nt ati o n ( 2. 6 5 ). F or tri vi al r e as o ns, t h e

i d e ntit y

r̂ a [ξ ]
ξ a = 0

= 2 i

∞

k = 1

r k si n (0 )

= 0

= 0 , a = 1 , 2 , . . . , d ,( 2. 7 2)
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h ol ds.  M or e o v er, f or t h e  mi d dl e fr e q u e n c y,  w e o bs er v e

r̂ a [ξ ]
ξ a = N a

2

= 2 i

∞

k = 1

r k si n (k π )

= 0

= 0 ,

a = 1 , 2 , . . . , d . ( 2. 7 3)

A p p ar e ntl y, t his s c e n ari o c a n o nl y o c c ur if t h e v o x el c o u nt

N a i s e v e n.
T h es e ar e t h e o nl y c as es  w h er e t h e v e ct or r̂ [ξ ] v a nis h es,

i. e.,  w e fi n d b et w e e n o n e a n d 2d e x c e pti o n al c as es i n d s p ati al

di m e nsi o ns.

Wit h t h e o bs er v ati o n ( 2. 7 0 ) at h a n d,  w e fi n all y fi n d t h e
e x pli cit r e pr es e nt ati o n [ 7 0 ]

` 0
N : τ N [ξ ]

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
μ 0

r̂
r̂

⊗ s τ̂ N [ξ ] r̂
r̂

μ 0 + λ 0

μ 0 (2 μ 0 + λ 0 )

r̂
r̂

· τ̂ N [ξ ] r̂
r̂

r̂
r̂

⊗ r̂
r̂

, ξ ∈ A N ,

0 , ot h er wis e,

( 2. 7 4)

of t h e dis cr et e  Es h el b y- Gr e e n o p er at or ( 2. 5 5 ) i n F o uri er

s p a c e. I n e q. 2. 7 4 ,  w e s u p pr ess e d t h e d e p e n d e n c e o n t h e

fr e q u e n c y v e ct or ξ of t h e v e ct or r̂ i n t h e ri g ht- h a n d si d e.

3  C o m p ut ati o n al e x p eri m e nt s

3. 1 S et u p

T h e  D esl a uri ers- D u b u c  w a v el et dis cr eti z ati o ns of or d er M

i n t h e r a n g e {1 , 2 , 3 , 4 } d es cri b e d i n s e cti o n 2 w er e i m pl e-
m e nt e d i nt o a n i n- h o us e F F T- b as e d c o m p ut ati o n al  mi cr o m e-

c h a ni cs c o d e.  T his s ol v er is  writt e n i n P yt h o n  wit h  C yt h o n

e xt e nsi o ns f or t h e ti m e- criti c al p arts, us es  O p e n M P f or
s h ar e d- m e m or y p ar all eli z ati o n a n d e m pl o ys t h e F F T W [ 8 8 ]

li br ar y f or c o m p uti n g t h e f ast F o uri er tr a nsf or m (2. 5 8 ).  T h e

c o m p ut ati o ns pr es e nt e d i n t h e f oll o wi n g  w er e r u n o n si x t o
t w el v e c or es of a I nt el  X e n o n Pl ati ni u m 8 4 8 0 + pr o c ess or, a

si n gl e n o d e of t h e  U D E s u p er c o m p ut er a m plit U D E.

We c o m p ar e t h e  w a v el et dis cr eti z ati o ns o n r e g ul ar gri ds

wit h t hr e e dis cr eti z ati o ns  w hi c h ar e pr es u m a bl y t h e  m ost
us e d n o w a d a ys:

(i)  T h e ori gi n al dis cr eti z ati o n of  M o uli n e c a n d S u q u et [1 ,

2 ] b as e d o n tri g o n o m etri c p ol y n o mi als a n d t h e tr a p e z oi d
r ul e [8 9 ],

(ii)  T h e dis cr eti z ati o n o n a r ot at e d st a g g er e d gri d i ntr o d u c e d

b y  Will ot [ 3 3 ],  w hi c h is e q ui v al e nt t o  Q1 -fi nit e el e m e nts
wit h r e d u c e d i nt e gr ati o n,

(iii)  T h e st a g g er e d gri d dis cr eti z ati o n pr o p os e d b y S c h n ei d er

et al. [ 3 0 ].

T o s ol v e t h e dis cr eti z e d s yst e ms of e q u ati o ns,  w e c o nsi d er

t hr e e s ol v ers:

1.  T h e b asi c s c h e m e, i. e., t h e ori gi n al s ol v er d e v el o p e d b y
M o uli n e c- S u q u et [ 1 , 2 ], s e e  Al g. 1 ,

2.  T h e  B ar zil ai- B or w ei n ( B B)  m et h o d [ 9 0 ],  w hi c h  m a y b e

i nt er pr et e d as a b asi c s c h e m e  wit h a d a pti v e r ef er e n c e
m at eri al, s e e  Al g. 2 ,

3.  T h e c o nj u g at e gr a di e nt ( C G)  m et h o d [ 1 6 , 9 1 ].

T h es e s ol v ers diff er i n t h e  m e m or y c o ns u m pti o n a n d t h e
c o n v er g e n c e s p e e d.  C G is t h e f ast est, b ut is t y pi c all y i m pl e-

m e nt e d o n f o ur str ai n fi el ds.  T h e b asi c s c h e m e, i n c o ntr ast,

m a y b e i m pl e m e nt e d o n a si n gl e str ai n fi el d o nl y, b ut is
str o n gl y i nf eri or c o n v er g e n c e b e h a vi or c o m p ar e d t o  C G.  T h e

B B  m et h o d off ers a c o m pr o mis e, i. e.,  m a y b e i m pl e m e nt e d

o n t w o str ai n fi el ds, b ut s h o ws a c o n v er g e n c e b e h a vi or  w hi c h
is o nl y a littl e  w ors e t h a n  C G.

T h e i nt er est e d r e a d er  m a y fi n d a s u m m ar y of t h e i m pl e-

m e nt ati o n of t h es e dis cr eti z ati o ns a n d s ol v ers i n t h e r e vi e w

arti cl es [ 7 – 9 ]. F or t h e s a k e of c o m pl et e n ess,  w e us e t h e t er-
mi n ati o n crit eri o n

√
α 0 ` 0

N : σ N L 2 ≤ t o l σ̄ N ( 3. 1)

t o q u a ntif y h o w  w ell t h e e q uili bri u m e q u ati o n (2. 4 8 ) is s at-
isfi e d a n d r estri ct t o r ef er e n c e  m at eri als of t h e f or m (A. 3 1 )

wit h g e n er al p ar a m et er α 0 , s e e S c h n ei d er [9 , § 3. 6]. I n t his

c as e, t h e f or m ul a ( 2. 7 4 ) si m plifi es t o

` 0
N : τ N [ξ ] =

⎧
⎪⎪⎨

⎪⎪⎩

2
α 0

r̂
r̂

⊗ s τ̂ N [ξ ] r̂
r̂

+ 1
α 0

r̂
r̂

· τ̂ N [ξ ] r̂
r̂

r̂
r̂

⊗ r̂
r̂

, ξ ∈ A N ,

0 , ot h er wis e,

( 3. 2)

U nl ess s p e cifi e d ot h er wis e,  w e us e t h e v al u e t o l = 1 0 − 5

f or o ur st u di es.

3. 2  A si n gl e-s p h er e  mi cr o str u ct ur e

We e x a mi n e a t hr e e- di m e nsi o n al  mi cr ostr u ct ur e c o m pris-

i n g a n al u mi ni u m 6 0 6 1- T 6  m atri x p h as e  wit h a n e m b e d d e d
s p h eri c al sili c o n c ar bi d e i n cl usi o n.  T h e c e nt er e d i n cl usi o n

o c c u pi es 3 0  % of t h e t ot al v ol u m e,  w hil e t h e r e m ai ni n g s p a c e

is fill e d b y t h e  m atri x p h as e. Fi g ur e 3 s h o ws t h e  mi cr ostr u c-
t ur e at diff er e nt r es ol uti o ns,  wit h a r es ol uti o n v ar yi n g fr o m

3 2 t o 2 5 6 v o x els p er a xis.  T h e us e d  m at eri al pr o p erti es of

al u mi ni u m 6 0 6 1- T 6 a n d sili c o n c ar bi d e ( Si C), as r e p ort e d
b y S e g ur a d o et al. [ 9 2 ], ar e s u m m ari z e d i n t a bl e 3 .

First,  w e p erf or m a r es ol uti o n a n al ysis, f or a 1  % u ni a xi al

str ai n l o a di n g i n t h e x - dir e cti o n. Fi g. 4 a s h o ws t h e c orr e-
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Fig. 3 3D ball microstructure with four discretization levels

Fig. 4 3D ball microstructure subjected to a normal strain: macroscopic stress and solver convergence for various discretizations and solvers

Table 3 Material properties [92] for the single spherical inclusion
shown in Fig. 3

Material E in GPa ν

Aluminium 6061-T6 75 0.3
SiC 400 0.2

sponding macroscopic stress σ̄11 obtained with four different
discretizations: trigonometric polynomials [1], the rotated
staggered grid [33], the staggered grid [30], and the DD2
wavelet discretization [70]. We observe that the trigonomet-
ric polynomial and the DD2 wavelet discretizations on the
one hand, and the rotated staggered grid and staggered grid
discretizations on the other hand, lead to almost identical
macroscopic stresses. The rotated staggered grid and classi-
cal staggered grid discretizations lead to stresses that are at
most 0.02 % higher than the other two discretizations. From

Fig. 4a, it also appears that the macroscopic stress is, on aver-
age, reduced by 0.2 % when increasing the resolution from
32 to 128 voxels per axis, but only by 0.01 % when increas-
ing this number from 128 to 256 voxels per axis. Hence, we
adopt microstructure with 1283 voxels for the subsequent
investigations.

Fig. 4b shows the evolution of the residual for three
solvers: the basic scheme [1, 2], the Barzilai-Borwein (BB)
solver [90], and the conjugate gradient (CG) solver [16, 91].
These solvers are combined with the four discretizations
already investigated in Fig. 4a. For all discretizations, the
basic scheme converges in 39 iterations, BB in 17 iterations,
and CG in 13 iterations. For the present example, the required
number of iterations depends on the chosen solver, but the
influence of the discretization is rather limited.

For FFT-based homogenization solvers, the necessary
number of iterations depends on the material contrast in the
microstructure, which was rather low in the previous exam-
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Fig. 5 Effect of the material contrast on the convergence for the studied discretizations

ple. Fig. 5a reports on the number of required iterations as a
function of the material contrast, for various discretizations
combined with the CG solver. In this example, the elastic
properties of the matrix are identical to those prescribed in
Tab. 3. The Poisson ratio of the inclusion is set identical to
the one of the matrix, i.e., ν = 0.3. Here, we consider the
"material contrast"

Einclusion/Ematrix, (3.3)

which is varied between 10−5 and 105 and permits us to
distinguish soft and hard inclusions. Fig. 5a reveals that the
DD2 wavelet discretization shows a similar behavior as the
Moulinec-Suquet discretization. To be more precise, the sen-
sitivity to the phase contrast appears to be rather strong for
both discretizations: CG terminates after 1029 and 1148 itera-
tions for a contrast of 10−5 as well as 2268 and 2398 iterations
for a contrast of 105. In contrast, both the staggered and the
rotated staggered grid discretizations are less sensitive to the
phase contrast, especially when approaching the porous case.
In particular, for a contrast Einclusion/Ematrix = 10−5, the CG
solver converges after 34 iterations for the staggered grid dis-
cretization and after 27 iterations for the rotated staggered
grid discretization.

To investigate further, we furnish the spherical inclusion
with a vanishing Young’s modulus while the matix material
stays identical to the previous example. Fig. 5b shows the
evolution of the residual of CG for different discretizations.

We observe that for both the Moulinec-Suquet and the DD2
wavelet discretizations the CG solver does not reach the tol-
erance value 10−5 within 10000 iterations. The prescribed
tolerance is reached in 34 iterations for the staggered grid
discretization, and in 27 iterations for the rotated staggered
grid discretization.

Fig. 5b also reports on the performance of three other
wavelet discretizations: Deslauriers-Dubuc with one, three
and four support points, denoted by DD1, DD3 and DD4,
see section 2. The convergence behavior of CG for the DD3
and DD4 wavelet discretizations is similar as with the DD2
wavelet: The solver is unable to reach the prescribed toler-
ence within 10000 iterations. From these results, we conclude
that increasing the number of support points of the wavelet
discretization does not improve the numerical robustness for
porous microstructures. In contrast, reducing the size of the
support seems to have a positive effect: For DD1, the residual
reaches the tolerance within 33 iterations. This behavior is
similar to what we observed for the staggered and the rotated
staggered grid discretizations.

Tab. 4 records the runtimes of ten iterations of the basic
scheme for different discretizations on a single thread. We
use the microstructure with a single inclusion shown in
Fig. 3d and the material parameters listed in Tab. 3. We
observe that all discretizations lead to a similar runtime, and
the differences in the runtime are actually caused by the appli-
cation of the Eshelby-Green operator (2.74) in Fourier space.
The discretization via trigonometric polynomials [1, 2] is
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T a bl e 4 R u nti m es of t e n
it er ati o ns of t h e b asi c s c h e m e o n
a si n gl e t hr e a d f or t h e s p h eri c al
i n cl usi o n s h o w n i n Fi g. 3 d a n d
t h e  m at eri al p ar a m et ers list e d i n
Ta b. 3

Dis cr eti z ati o n T ot al r u nti m e i n s R u nti m e `
0

i n s

Tri g o n o m etri c p ol y n o mi als 3 6. 1 3. 9

St a g g er e d gri d 4 0. 0 7. 8

R ot at e d st a g g er e d gri d 4 0. 1 7. 7

Wa v el ets  D D 1 3 7. 8 4. 9

Wa v el ets  D D 2 3 7. 4 5. 0

Wa v el ets  D D 3 3 6. 8 4. 9

Wa v el ets  D D 4 3 7. 7 4. 9

T a bl e 5 M at eri al pr o p erti es f or
t h e s a n d  mi cr ostr u ct ur e [9 5 ]

M at eri al E i n  G P a ν

S a n d 6 6. 9 0. 2 5

Bi n d er 4 3. 0 0. 1 7

t h e f ast est, a n d o nl y sli g htl y tr ail e d b y t h e diff er e nt  w a v el et

dis cr eti z ati o ns.  T h e t w o st a g g er e d gri d v ari a nts ar e sli g htl y

sl o w er.  T o s u m u p, t h e r u nti m es p er it er ati o n of t h e  w a v el et
dis cr eti z ati o ns o n a r e g ul ar gri d ar e c o m p ar a bl e t o t h e ori gi-

n al dis cr eti z ati o n pr o p os e d b y  M o uli n e c- S u q u et [ 1 , 2 ]

3. 3  A s a n d gr ai n  mi cr o str u ct ur e

N e xt,  w e a n al y z e t h e p or o us s a n d- c or e  mi cr ostr u ct ur e [ 9 3 ,
9 4 ] pr es e nt e d i n Fi g. 6 ,  w hi c h c o m pris es 5 0  % s a n d a n d 2  %

i n or g a ni c bi n d er.  T h e  mi cr ostr u ct ur e  w as g e n er at e d usi n g

t h e st a c k e d  M e c h a ni c al  C o ntr a cti o n  m et h o d, pr o p os e d b y
D o n v al et al. [ 9 5 ], a n d dis cr eti z e d b y 1 4 03 v o x els of e d g e

l e n gt h 4 μ m.  T his e x a m pl e is c h all e n gi n g d u e t o t h e hi g h

p or osit y of t h e c o m p osit e a n d t o t h e c o m pl e x g e o m etr y of

t h e  mi cr ostr u ct ur e.  T h e el asti c pr o p erti es of t h e c o nstit u e nt
m at eri als ar e gi v e n i n  Ta b. 5 , a n d c orr es p o n d t o t h e o n es

us e d i n  D o n v al et al. [ 9 5 ].

T h e  mi cr ostr u ct ur e is s u bj e ct e d t o a 1  % e xt e nsi o n i n t h e
z - dir e cti o n.

Fi g. 7 s h o ws t h e c o n v er g e n c e b e h a vi or of t h e b asi c

s c h e m e, t h e  B ar zil ai- B or w ei n s ol v er a n d t h e  C o nj u g at e  Gr a-
di e nt  m et h o d, c o m bi n e d  wit h fi ve diff er e nt dis cr eti z ati o ns:

tri g o n o m etri c p ol y n o mi als i nt e gr at e d  wit h t h e tr a p e z oi d r ul e,

t h e r ot at e d st a g g er e d, t h e st a g g er e d gri d a n d b ot h t h e  D D 1

a n d t h e  D D 2  w a v el et dis cr eti z ati o ns. Fi g. 7 a s h o ws t h at
t h e b asi c s c h e m e c o n v er g es  wit hi n 1 0 0 0 0 it er ati o ns  w h e n

c o m bi n e d  wit h eit h er t h e  D D 1  w a v el et dis cr eti z ati o n or t h e

st a g g er e d gri d dis cr eti z ati o n. I n t h at c as e, t h e c o n v er g e n c e is
al m ost t wi c e as f ast f or  D D 1 ( 3 8 8 3 it er ati o ns) t h a n f or  D D 2

( 7 5 4 9 it er ati o ns).  Aft er 1 0 0 0 0 it er ati o ns, t h e b asi c s c h e m e

r e a c h es a r esi d u al of 7.5 × 1 0 − 4 w h e n c o m bi n e d  wit h t h e
r ot at e d st a g g er e d gri d dis cr eti z ati o n, a r esi d u al of 2.8 × 1 0 − 3

f or t h e c o nsi d er e d tri g o n o m etri c p ol y n o mi al dis cr eti z ati o n,

a n d of 3 .4 × 1 0 − 3 f or t h e  D D 2  w a v el et dis cr eti z ati o n.  We

T a bl e 6 A v er a g e  m a cr os c o pi c n or m al str ess σ̄ z z i n z - dir e cti o n

Dis cr eti z ati o n σ̄ z z i n  M P a

St a g g er e d gri d 4 9. 4 7

R ot at e d st a g g er e d gri d 4 9. 5 6

Wa v el et  D D 1 5 0. 9 4

m a k e si mil ar o bs er v ati o ns f or t h e  B B s ol v er, s e e Fi g. 7 b.

C o n v er g e n c e is o nl y a c hi e v e d  wit h t h e st a g g er e d gri d a n d

t h e  D D 1  w a v el et dis cr eti z ati o ns.  T h e n u m b er of it er ati o ns
t o c o n v er g e n c e is dr asti c all y r e d u c e d c o m p ar e d t o t h e b asi c

s c h e m e, h o w e v er: 1 9 2 f or t h e  D D 1  w a v el et dis cr eti z ati o n a n d

3 4 0 f or t h e st a g g er e d gri d dis cr eti z ati o n. Fi n all y, i n c as e t h e
C G s ol v er is us e d, s e e Fi g. 7 d, c o n v er g e n c e is r e a c h e d f or

t hr e e dis cr eti z ati o ns: t h e  D D 1  w a v el et, i n 1 7 2 it er ati o ns, t h e

st a g g er e d gri d dis cr eti z ati o n, i n 2 1 0 it er ati o ns, a n d t h e r ot at e d
st a g g er e d dis cr eti z ati o n, i n 6 3 7 8 it er ati o ns.  Aft er 1 0 0 0 0 it er-

ati o ns, t h e r esi d u al r e a c h es 2 .7 × 1 0 − 3 f or t h e  D D 2  w a v el et

dis cr eti z ati o n, a n d 3 .6 × 1 0 − 3 f or t h e tri g o n o m etri c p ol y n o-

mi als dis cr eti z ati o n.
Ta b. 6 r e p orts t h e  m a cr os c o pi c str ess c o m p o n e nt σ̄ z z f or

t h e t hr e e dis cr eti z ati o ns t h at r e a c h c o n v er g e n c e  wit h  C G: t h e

st a g g er e d a n d r ot at e d st a g g er e d gri d dis cr eti z ati o ns, as  w ell
as t h e  D D 1  w a v el et dis cr eti z ati o n.

T h e  m a cr os c o pi c str ess o bt ai n e d  wit h t h e st a g g er e d a n d

r ot at e d st a g g er e d gri d ar e o nl y 0. 2  % a p art.  T h e  m a cr os c o pi c
str ess o bt ai n e d usi n g t h e  D D 1  w a v el et dis cr eti z ati o n, is 2. 7  %

hi g h er.

T ur ni n g o ur att e nti o n t o t h e l o c al fi el ds, s h o w n i n Fi g. 8 ,

w e c o m p ar e t h e l o c al  Mis es e q ui v al e nt str ess fi el d f or all
t hr e e c o n v er gi n g dis cr eti z ati o ns.  T h e l o c al  Mis es e q ui v al e nt

str ess fi el d o bt ai n e d usi n g t h e st a g g er e d gri d dis cr eti z ati o n

is s m o ot h, e v e n ar o u n d t h e bi n d er bri d g es. F or t h e r ot at e d
st a g g er e d dis cr eti z ati o n,  w e o bs er v e a sli g ht c h e c k er b o ar d

p att er n.  T his c h e c k er b o ar d p att er n is  m or e pr o n o u n c e d f or

t h e  D D 1  w a v el et dis cr eti z ati o n, es p e ci all y i n t h e vi ci nit y of
bi n d er bri d g es.  As a c o n cl usi o n, f or c o m pl e x a n d p or o us

mi cr ostr u ct ur es, t h e  D D 1  w a v el et dis cr eti z ati o n is as st a bl e

as t h e st a g g er e d gri d dis cr eti z ati o n, b ut l e a ds t o a sli g htl y
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Fig. 6 Sand microstructure with
red-colored sand grains and
white-colored binder

Fig. 7 Residual vs iterations for the 2563 3D sand microstructure subjected to a normal strain: convergence behavior for five different discretizations
in combination with three solvers
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Fig. 8 Local Mises equivalent stress distribution on a slice of sand microstructure using CG solver

Fig. 9 Considered short-fiber
microstructure

different value for the macroscopic stress computation, and
produces local fields with more artifacts.

3.4 A fiber microstructure

For the last example, we investigate the capabilities of the
wavelet discretizations in case of material non-linearities.

We consider a short-fiber reinforced polymer, presented
in Fig. 9. The microstructure is composed of 10% glass
fibers, with a length of 250 μm and a diameter of 10 μm,
embedded in a nylon polymer matrix. The fiberswere packed
with isotropic orientation using the Sequential Addition and
Migration approach [96]. The considered volume element, of
edge length 512 μm, is discretized on a uniform grid of 2563

voxels. The fibers are considered elastic, while the matrix

follow a J2-elastoplastic model with a linear-exponential
hardening law [97]:

σ0(p) = σY + h1 p + h2(1 − exp(−np)). (3.4)

We adopt the material properties of the fiber and matrix
phases from Wu et al. [97], as summarized in table 7.

We study the elastoplastic behavior of the microstructure
under mixed boundary conditions [98]. A uniaxial strain of
5% is applied in the x-direction, distributed over 50 equidis-
tant load steps, while the macroscopic stress in the transverse
plane is set to zero. An affine extrapolation is used for the
initial guess ε0(tn+1) of the subsequent load step tn+1, as
proposed by Moulinec and Suquet [2]:
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T a bl e 7 M at eri al pr o p erti es f or
t h e fi b er  mi cr ostr u ct ur e [9 7 ]

N yl o n  m atri x E = 3 G P a ν = 0 .3 5 σ Y = 2 0  M P a n = 1 5 0
h 1 = 1 M P a h 2 = 1 5  M P a

Gl ass fi b ers E = 7 2  G P a ν = 0 .2

ε 0 (tn + 1 ) = ε 0 (tn ) +
tn + 1 − tn

tn − tn − 1
(ε (tn ) − ε (tn − 1 )) , ( 3. 5)

w h er e ε (tn ) a n d (tn − 1 ) st a n d f or t h e c o n v er g e d s ol uti o ns of

t h e t w o pr e vi o us st e ps.
We e x a mi n e t h e p erf or m a n c e of s e v er al dis cr eti z ati o ns:

tri g o n o m etri c p ol y n o mi als, r ot at e d st a g g er e d gri d, st a g g er e d

gri d a n d  D D  w a v el ets  wit h o n e, t w o, t hr e e, a n d f o ur s u p p ort

p oi nts.
We s ol v e e a c h of t h es e dis cr eti z ati o ns b y t h e n o n-li n e ar

c o nj u g at e gr a di e nt  m et h o d [ 9 9 ], s e e  Al g. 3 . Fi g. 1 0 a s h o ws

t h e  m a cr os c o pi c str ai n-str ess b e h a vi or of t h e c o m p osit e. I n
t h e el asti c p h as e, t h at is, u ntil ar o u n d ε̄ x x = 0 .8 %, all

dis cr eti z ati o ns l e a d t o t h e s a m e str ess.  T h e diff er e n c e i n

m a cr os c o pi c str ess st arts t o b e visi bl e f or str ai ns gr e at er t h a n
ε̄ x x = 3 %. Fr o m t h at str ai n o n w ar ds, t h e c o m p ut e d  m a cr o-

s c o pi c str ess is hi g h er f or all  w a v el et dis cr eti z ati o ns t h a n f or

t h e ot h er t hr e e dis cr eti z ati o ns (tri g o n o m etri c p ol y n o mi als,

st a g g er e d a n d r ot at e d st a g g er e d gri d dis cr eti z ati o ns).  T h e g a p
is hi g h est f or t h e hi g h est c o nsi d er e d str ai n v al u e, ε̄ x x = 5 %.

F or t his v al u e, t h e  m a cr os c o pi c str ai n li es b et w e e n 5 2. 7  M P a

a n d 5 3. 1  M P a f or t h e  w a v el et dis cr eti z ati o ns, a n d b et w e e n
5 1. 7  M P a a n d 5 1. 8  M P a f or t h e ot h er t hr e e dis cr eti z ati o ns.

T h e  m a xi m u m diff er e n c e b et w e e n t h e v al u e o bt ai n e d  wit h

t h e st a g g er e d gri d dis cr eti z ati o n a n d  wit h t h e  D D 2  w a v el et
dis cr eti z ati o n is 2. 9 %.

Fi g ur e 1 0 b pr o vi d es t h e n u m b er of it er ati o ns p er l o a d st e p.

T h e st a g g er e d gri d dis cr eti z ati o n al w a ys l e a ds t o t h e hi g h est

it er ati o n c o u nt,  w hil e t h e  D D 1  w a v el et dis cr eti z ati o n l e a ds
t o t h e l o w est it er ati o n c o u nt u p t o t h e 3 3r d l o a d st e p.  Aft er

t his l o a d st e p, t h e  D D 4  w a v el et dis cr eti z ati o n c o m es  wit h t h e

l e ast it er ati o ns.
T o c o n cl u d e t h e pr es e nt e x a m pl e, all t h e i n v esti g at e d

w a v el et dis cr eti z ati o ns ar e c o m p ut ati o n all y effi ci e nt f or

el ast o pl asti c pr o bl e ms, b ut sli g htl y o v er esti m at e t h e  m a cr o-
s c o pi c str ess es.

4  C o n cl u si o n s a n d  p er s p e cti v e s

T h e  w or k at h a n d  w as c o n c er n e d  wit h t h e dis cr eti z ati o n

b y  w a v el et c oll o c ati o n, i ntr o d u c e d r e c e ntl y b y  K ais er a n d

c o- w or k ers [ 7 0 ], f or t h e c ell pr o bl e m of p eri o di c h o m o g e-
ni z ati o n i n li n e ar el asti cit y.  D u e t o t h e v ari et y of est a blis h e d

o pti o ns f or dis cr eti zi n g t h e u nit- c ell pr o bl e m a v ail a bl e f or

F F T- b as e d  m et h o ds, o ur g o al  w as t o p ut t his " ali e n " dis-

cr eti z ati o n i nt o p ers p e cti v e, c o m p ari n g its c o nstr u cti o n a n d

its pr o p erti es t o a v ail a bl e dis cr eti z ati o n s c h e m es.
I n a s e ns e,  w a v el et a n al ysis h as a diff er e nt p ar a di g m t h a n

tr a diti o n al fi nit e- el e m e nt dis cr eti z ati o ns:  Wa v el et  m et h o ds

ai m t o c o nstr u ct a f ull m ultis c al e 1 b asis of t h e e ntir e f u n c-
ti o n s p a c e t h e s ol uti o n of t h e P D E u n d er c o nsi d er ati o n is

s o u g ht i n.  T h us, i nst e a d of fi xi n g t h e dis cr eti z ati o n a pri-

ori, t h e c o nti n u o us s ol uti o n is a ct u all y t h e st arti n g p oi nt, a n d

a d a pti vit y is n at ur all y br o u g ht i n t o a p pr o xi m at e t h e t y pi c all y
u n k n o w n dis c o nti n uiti es of t h e s ol uti o n a p pr o pri at el y.  D u e

t o t h e f ull  m ultis c al e n at ur e, t h e e ntir e  w a v el et f or m alis m

c a n b e i nti mi d ati n g, a n d  m a y s c ar e p ot e nti al us ers d es pit e
p ot e nti al a d v a nt a g es.

T h e arti cl e at h a n d pr o vi d es a str e a m-li n e d d e v el o p m e nt

of t h e  w a v el et  m et h o d pr o p os e d b y  K ais er et al. [ 7 0 ],  wit h
a f e w hi g hli g hts.  We dis c uss e d t h e d e v el o p m e nt of t h e us e d

i nt er p ol ati n g  w a v el ets fr o m s cr at c h, dis p e nsi n g  wit h  m ost

of t h e  w a v el et  m a c hi n er y.  As a b y pr o d u ct,  w e c o ul d i d e n-

tif y si mil ariti es t o tr a diti o n al c e nt er e d fi nit e- diff er e n c e dis-
cr eti z ati o ns.  Wit h t h es e d e v el o p m e nts at h a n d,  w e dis c uss e d

t h e c o nstr u cti o n of a  w a v el et dis cr eti z ati o n ass o ci at e d t o

u nit- c ell pr o bl e ms i n  mi cr o m e c h a ni cs i n ar bitr ar y di m e nsi o n
o n a r e g ul ar gri d.  T h e r es e m bl a n c e t o t h e  M o uli n e c- S u q u et

dis cr eti z ati o n, as d e v el o p e d fr o m t h e " m o d er n p ers p e cti v e "

[2 3 , 5 5 ] is stri ki n g:  O n e st arts  wit h a dis cr eti z ati o n of t h e
st or e d el asti c e n er g y, a n d o bt ai ns t h e b al a n c e e q u ati o n as

t h e first v ari ati o n i n a n at ur al  w a y. Si mil ar t o t h e  M o uli n e c-

S u q u et dis cr eti z ati o n, t h er e is o nl y a si n gl e gri d r e q uir e d

t o r e pr es e nt b ot h t h e " n o d al " d e gr e es of fr e e d o m a n d t h eir
d eri v ati v es.  T his sit u ati o n c o ntr asts  wit h  m ost ot h er dis-

cr eti z ati o ns, e. g., fi nit e el e m e nts  w hi c h disti n g uis h a n o d al

gri d a n d a q u a dr at ur e- p oi nt gri d.  T his fi n di n g hi g hli g hts t h e
r ol e of t h e q u a dr at ur e r ul e:  W h er e as t h e  M o uli n e c- S u q u et

dis cr eti z ati o n is i ntri c at el y li n k e d  wit h t h e tr a p e z oi d al r ul e –

t h e s a m e is tr u e f or t h e i nt er p ol ati n g  w a v el ets dis cr eti z ati o n
o n a r e g ul ar gri d – a d a pti v e  w a v el et dis cr eti z ati o ns  w o ul d

b e n at ur all y a d a pt e d t o l o c all y r efi n e d q u a dr at ur e r ul es of

tr a p e z oi d al t y p e. I n p arti c ul ar, s u c h a p pr o a c h es s h o ul d b e n-

efit fr o m t h e s u p er c o n v er g e n c e pr o p erti es [ 5 3 , 5 4 ]  w hi c h
w er e r e c e ntl y f o u n d t o dri v e t h e eff e cti v e n ess of c o m p ut a-

ti o n al h o m o g e ni z ati o n  m et h o ds o n r e g ul ar gri ds.  Als o, t h e

e n er g eti c f or m ul ati o n  m a k es t h e s y m m etr y of t h e e ns ui n g
dis cr et e pr o bl e m a p p ar e nt, a n d  w o ul d e n a bl e us t o est a b-

1 T h e t er m m ultis c al e h as a diff er e nt  m e a ni n g i n t his c o nt e xt fr o m
m ultis c al e  m e c h a ni cs, f or i nst a n c e:  T h e  m ulti pl e s c al es r ef er t o n est e d
l e v els of dis cr eti z ati o n fi n e n ess.
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Fig. 10 Macroscopic elastoplastic behavior of an isotropic fiber microstructure.

lish similar contraction estimates for the basic scheme and
other Lippmann-Schwinger type solvers that are familiar in
FFT-based computational micromechanics. For complete-
ness, we also provided the route to the associated Green’s
and Eshelby-Green operators. In the process, we discussed
the emergence of the "undefined frequencies" for general DD
wavelet order in a natural way.

We followed the path established by Kaiser et al. [70]
and used the discrete Fourier transform (DFT) to construct
Green’s operator. However, the DFT requires a regular grid
to be given. In particular, when realizing spatial adaptiv-
ity, a high-resolution background grid needs to be present,
which, one the one hand, requires to be treated by compu-
tational means, and, on the other hand, may warrant some
stabilization to retain computational robustness, as done
in Kabel-Schneider [69] in a related scenario. It might be
interesting to investigate whether the forward and back-
ward wavelet transforms could be used directly to provide a
"Green’s operator", as done for L2-wavelets [100, 101]. The
authors are not aware of a result stating the required norm
equivalence for the case of interpolating wavelets. Indeed,
the latter were developed for spaces of continuous functions
[71] for the simple reason that interpolation requires the func-
tion to have a well-defined value at a point. The cell problem
is set in the first-orderSobolev space H1, whose elements are
discontinuous, in general, in spatial dimensions greater than
one. Therefore, further research would be required to see if a
robust "pure wavelet" Green’s operator leads to robust itera-
tive schemes. In a sense, this situation appears to be similar,
where trigonometric interpolation is non-standard for dis-
continuous functions [55].

We reported on a number of computational studies whose
purpose is to shed some light on properties of the wavelet
discretizations not easily deduced from theoretical consider-
ations. In particular, the three items (i)-(iii) described in the
introduction are of particular importance here.

We observed that for moderate (elastic) material con-
trasts, i.e., between 0.01 and 100, the investigated wavelet
discretizations showed an iteration count similar to tradi-
tional discretizations. This property was to be expected from
the theoretical considerations. For higher contrast, however,
things get more interesting. The required iteration counts
for the DD2, DD3, and DD4 wavelet discretizations are
strongly affected by the material contrast, similar to the orig-
inal discretization via trigonometric polynomial proposed
by Moulinec and Suquet. In contrast, the DD1 discretiza-
tion converges faster and enables the associated solvers to
converge on porous microstructures with a linear rate. In
this respect, the behavior of DD1 wavelets is similar to the
staggered and rotated staggered-grid discretizations. In the
limiting case of infinite contrast, only the DD1 wavelet dis-
cretization showed a stable solver behavior. For the specific
example considered, the DD1 discretization requires less iter-
ations than both the staggered and the rotated staggered-grid
approaches, although the local fields show more pronounced
numerical artifacts.

We also conducted computational experiments for an
inelastic material. As expected for the associated finite
material contrast, the solvers performed similarly for all dis-
cretizations considered. Moreover, compared to trigonomet-
ric polynomials, staggered-grid, and rotated staggered-grid
discretizations, the DD wavelet discretizations for all consid-
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er e d or d ers sli g htl y o v er esti m at e t h e  m a cr os c o pi c str ess es,

b ot h f or t h e el asti c a n d t h e i n el asti c c as e, si mil ar t o fi nit e-

el e m e nt dis cr eti z ati o ns.
T o s u m u p,  w e c o ul d n ot fi n d c o n vi n ci n g ar g u m e nts

f or r e pl a ci n g est a blis h e d dis cr eti z ati o ns us e d i n F F T- b as e d

m et h o ds b y  D esl a uri ers- D u b u c  w a v el ets, at l e ast o n a r e g ul ar

gri d. I n a s e ns e, t his is n ot s ur prisi n g as t h e  D D  w a v el ets o n a
r e g ul ar gri d c o m e i n t w o fl a v ors. F or l o w or d er,  D D  w a v el ets

c oi n ci d e  wit h c e ntr al diff er e n c e dis cr eti z ati o ns, a n d t h eir

s uit a bilit y f or b ei n g us e d i n F F T  m et h o ds  w as i n v esti g at e d
e arli er.  D esl a uri ers- D u b u c  w a v el ets of hi g h or d er, o n t h e

ot h er h a n d, d o n ot i m pr o v e b ot h t h e s ol v er pr o p erti es n or t h e

c o n v er g e n c e pr o p erti es.  W h et h er or n ot  w a v el et dis cr eti z a-
ti o ns off er a r e al a d v a nt a g e o v er alt er n ati v e a p pr o a c h es

hi n g es o n  w h et h er s uit a bl e pr e c o n diti o ni n g str at e gi es b as e d

o n t h e f ast  w a v el et tr a nsf or m c a n b e est a blis h e d f or a d a p-

ti v e dis cr etiz ati o ns, dis p e nsi n g  wit h t h e F F T alt o g et h er. I n
f a ct, t h e c o m p etit ors [6 1 – 6 3 , 6 6 ] a v ail a bl e pr o mis e hi g h er

c o n v er g e n c e r at es t h a n a d a pti v e  w a v el ets. I n t hr e e s p ati al

di m e nsi o ns, t o a c hi e v e a s p e cifi c fi d elit y i n t h e eff e cti v e
str ess es, t h e eff ort of tr a diti o n al F F T  m et h o ds s c al es as N 3 ,

w h er e N d e n ot es t h e n u m b er of v o x els p er a xis,  w h er e as  X-

F F T l e a ds t o a n N
3
2 s c ali n g - si mil ar t o i nt erf a c e c o nf or mi n g

fi nit e el e m e nts. F or a d a pti v e  m et h o ds o n a r e g ul ar gri d, a

s c ali n g of N 2 i s e x p e ct e d, pr o p orti o n al t o t h e s urf a c e ar e a.

T h us, t h e s c ali n g a p p e ars i nf eri or.  H o w e v er, t h e s ali e nt s c al-

i n g N
3
2 r e q uir es t h e i nt erf a c e t o b e s uffi ci e ntl y s m o ot h, s o

a d a pti v e  m et h o ds  m a y s hi n e i n t h e pr es e n c e of g e o m etri c
si n g ul ariti es, e. g., t h e ti ps of c yli n dri c al fi b ers or t h e e d g es

of p ol y cr yst alli n e gr ai ns/fill ers.

A p p e n di x  A P eri o di c  h o m o g e ni z ati o n i n a
n ut s h ell

A p p e n di x  A. 1 T h e eff e cti v e stiff n e s s a n d t h e
e q uili bri u m e q u ati o n

We c o nsi d er a r e ct a n g ul ar u nit c ell

Y = [ 0 , L 1 ] × [0 , L 2 ] × · · · × [0 , L d ] ( A. 1)

i n d s p ati al di m e nsi o ns  wit h p ositi v e e d g e l e n gt hs L i (i =

1 , 2 , . . . , d ). S u p p os e a fr e e e n er g y d e nsit y

W : Y × S y m (d ) → R ( A. 2)

is gi v e n  w hi c h  w e ass u m e t o b e  m e as ur a bl e i n t h e first sl ot
a n d c o nti n u o usl y diff er e nti a bl e i n t h e s e c o n d sl ot [ 3 1 ].  We

ass u m e t h at t h er e is a c o nst a nt α + , s.t. t h e esti m at e

S ( x , ε 1 ) − S ( x , ε 2 ) ≤ α + ε 1 − ε 2 ( A. 3)

h ol ds f or ( al m ost) all x ∈ Y as  w ell as ε 1 , ε 2 ∈ S y m (d ) a n d

w h er e  w e i ntr o d u c e d t h e str ess o p er at or

S ( x , ε ) =
∂ W

∂ ε
( x , ε ), x ∈ Y , ε ∈ S y m (d ). ( A. 4)

We us e t h e Fr o b e ni us n or m

ε =
√

ε : ε , ε ∈ S y m (d ), ( A. 5)

w h er e t h e c ol o n r ef ers t o a d o u bl e c o ntr a cti o n

ε : τ =

d

i, j= 1

ε i j τ i j wit h ε =

d

i, j= 1

ε i j e i ⊗ e j

a n d τ =

d

i, j= 1

τ i j e i ⊗ e j ( A. 6)

of i n di c es  wit h t h e c a n o ni c al b asis ( e 1 , e 2 , . . . , e d ) of t h e

C art esi a n s p a c e R d .

A n i m p ort a nt s p e ci al c as e aris es i n c as e a ( m e as ur a bl e)
mi cr os c o pi c distri b uti o n of stiff n ess t e ns ors

C : Y → L (S y m (d )), x → C ( x ), ( A. 7)

is gi v e n,  w hi c h  w e c o nsi d er p oi nt wis e as a li n e ar  m a p pi n g

o n t h e v e ct or s p a c e S y m (d ) of s y m m etri c d × d -t e ns ors.  We

ass u m e t h at t h e stiff n ess distri b uti o n ( A. 7 ) is s y m m etri c

[C ( x ) : ε 1 ] : ε 2 = [C ( x ) : ε 2 ] : ε 1 ( A. 8)

f or all str ai ns ε 1 , ε 2 ∈ S y m (d ) a n d al m ost e v er y c o nti n u u m

p oi nt x ∈ Y i n t h e c ell (A. 1 ).  T h e n,  w e  m a y c o nsi d er t h e

H o o k e a n fr e e e n er g y

W ( x , ε ) =
1

2
ε : C ( x ) : ε , x ∈ Y , ε ∈ S y m (d ), ( A. 9)

wit h t h e fr a m e w or k ( A. 2 ).  G e n er al i n el asti c pr o bl e ms ar e

tr e at e d vi a pr o gr essi n g ti m e st e ps, a n d t h e fr e e e n er g y (A. 2 )

is t a k e n as a n i n cr e m e nt al e n er g y [1 0 2 , 1 0 3 ].
I n p eri o di c h o m o g e ni z ati o n [1 0 4 – 1 0 6 ],  w e ar e i nt er est e d

i n t h e p eri o di c dis pl a c e m e nt fl u ct u ati o n

u ∈ H 1
# (Y )d ( A. 1 0)

wit h v a nis hi n g  m e a n i n t h e first- or d er S o b ol e v s p a c e  w hi c h

s ol v es t h e q u asist ati c b al a n c e of li n e ar  m o m e nt u m

di v S (·, ε̄ + ∇ s u ) = 0 ( A. 1 1)

o n t h e  mi cr os c o pi c s c al e f or a pr es cri b e d  m a cr os c o pi c str ai n

ε̄ ∈ S y m (d ).  T h e s y m b ol ∇ s st a n ds f or t h e s y m m etri z e d gr a-

di e nt o p er at or.  U n d er s uit a bl e c o n diti o ns o n t h e fr e e e n er g y
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(A. 2 ), e xist e n c e a n d u ni q u e n ess of a s ol uti o n (A. 1 0 ) t o t h e

e q uili bri u m e q u ati o n ( A. 1 1 )  m a y b e est a blis h e d [3 1 ].  T h e

si m pl est s u c h c o n diti o n is ( u nif or m) str o n g  m o n ot o ni cit y of
t h e str ess o p er at or (A. 4 ), i. e., t h e e xist e n c e of a p ositi v e c o n-

st a nt, s.t., t h e i n e q u alit y

[S ( x , ε 1 ) − S ( x , ε 2 )] : (ε 1 − ε 2 ) ≥ α − ε 1 − ε 2
2

( A. 1 2)

h ol ds f or all str ai ns ε 1 , ε 2 ∈ S y m (d ) a n d al m ost all p oi nts

x ∈ Y . P h ysi c all y s p e a ki n g t h e c o n diti o n (A. 1 2 ) r ul es
o ut d e g e n er a ci es li k e v oi ds/ p or es a n d ri gi d i n cl usi o ns. S u c h

c as es c a n b e tr e at e d u n d er s uit a bl e c o n diti o ns o n t h e arr a n g e-

m e nt of t h e p h as es, a n d  w e r ef er t o t h e p erti n e nt lit er at ur e [ 3 1 ,
3 2 ] f or a dis c ussi o n.  M or e o v er, t h e c as e of n e g ati v e ei g e n v al-

u es i n t h e  m at eri al t a n g e nt l e a ds t o a vi ol ati o n of c o n diti o n

(A. 1 2 ).

F or pr es cri b e d  m a cr os c o pi c str ai n ε̄ ,  w e d e n ot e b y

σ ε̄ = S ·, ε̄ + ∇ s u ε̄ ( A. 1 3)

t h e ass o ci at e d l o c al str ess fi el d,  w h er e u ε̄ ∈ H 1
# (Y )d st a n ds

f or t h e u ni q u e s ol uti o n t o t h e b al a n c e e q u ati o n (A. 1 1 ).  Of

p arti c ul ar si g nifi c a n c e is t h e a v er a g e str ess r es p o ns e

σ̄ ε̄ = σ ε̄ Y ( A. 1 4)

t o t h e a p pli e d str ai n ε̄ w hi c h aris es b y s p ati all y a v er a gi n g t h e

l o c al str ess fi el d, i. e.,  w e us e t h e d efi niti o n

φ Y =
1

v ol (Y ) Y
φ ( x ) d V ( x ) ( A. 1 5)

f or t h e  m e a n of a n y (i nt e gr a bl e) fi el d φ o n t h e c ell ( A. 1 ).

I n t h e s p e ci al c as e (A. 9 ) of li n e ar el asti cit y, t h e eff e cti v e

str ess σ̄ ε̄ d e p e n ds li n e arl y o n t h e a p pli e d str ai n ε̄ , a n d  w e

m a y d efi n e t h e eff e cti v e stiff n ess t e ns or

C e f f ∈ L (S y m (d )) ( A. 1 6)

i m pli citl y vi a t h e r el ati o n

C e f f : ε̄ = σ̄ ε̄ . ( A. 1 7)

I n pr a cti c e, t h e eff e cti v e stiff n ess (A. 1 6 ) is e v al u at e d b y
s el e cti n g a li n e ar b asis of t h e v e ct or s p a c e S y m (d ) a n d s ol v-

i n g t h e b al a n c e e q u ati o n (A. 1 1 ) o n c e f or e v er y b asis t e ns or.

T h us, t hr e e s ol uti o ns ar e r e q uir e d i n t w o s p ati al di m e nsi o ns,
w h er e as si x c as es  m ust b e c o nsi d er e d i n t hr e e s p ati al di m e n-

si o ns, i n t h e g e n er al s c e n ari o. I n c as e t h e  mi cr ostr u ct ur e ( A. 7 )

h as a d diti o n al s y m m etri es, s o m eti m es f e w er s ol uti o ns ar e
r e q uir e d [1 0 7 ].

T h e eff e cti v e stiff n ess ( A. 1 6 ) is s y m m etri c i n t h e s e ns e

(A. 8 ) a n d i n h erits t h e b o u n ds (A. 3 ) a n d (A. 1 2 ) fr o m t h e l o c al

stiff n ess.  T h es e pr o p erti es ar e  m ost e asil y s e e n b y c o nsi d er-

i n g t h e v ari ati o n al pri n ci pl e

E ε̄ ( u ) : = W (·, ε̄ + ∇ s u )
Y

− → mi n
u ∈ H 1

# (Y )d
( A. 1 8)

w hi c h s e e ks p eri o di c dis pl a c e m e nt fi el ds  mi ni mi zi n g t h e

a v er a g e fr e e e n er g y ( A. 2 ).  T h e ass o ci at e d criti c al p oi nts c oi n-

ci d e  wit h ( w e a k) s ol uti o ns of t h e b al a n c e e q u ati o n, e v e n i n
t h e g e n er al c as e (A. 2 ). F or li n e ar el asti cit y, t h e eff e cti v e

stiff n ess ( A. 1 7 ) e m er g es n at ur all y

1

2
ε̄ : C e f f : ε̄ = mi n

u ∈ H 1
# (Y )d

E ε̄ ( u ) ( A. 1 9)

vi a e n er g y e q ui v al e n c e [5 4 ].
E x c e pt f or a f e w s p e ci al c as es, s e e  Milt o n’s tr e atis e [ 1 0 8 ],

n o a n al yti c al s ol uti o ns f or t h e e q uili bri u m e q u ati o n ( A. 1 1 )

ar e a v ail a bl e.  T h er ef or e, it is i m p er ati v e t o r es ort t o c o m p u-

t ati o n al a p pr o a c h es t o r es ol v e t h e b al a n c e e q u ati o n (A. 1 1 ).
T h er e ar e t w o ess e nti al st e ps f or r e ali zi n g t his t as k: First,

t h e b al a n c e e q u ati o n (A. 1 1 ) n e e ds t o b e s uit a bl y dis cr eti z e d,

i. e., t ur n e d i nt o a fi nit e- di m e nsi o n al pr o bl e m. S u bs e q u e ntl y,
t h e dis cr eti z e d pr o bl e ms n e e ds t o b e s ol v e d, or, t o b e  m or e

pr e cis e, t h e s ol uti o n n e e ds t o b e a p pr o xi m at e d t o t h e d esir e d

a c c ur a c y.
Dis cr eti zi n g t h e pr o bl e m ( A. 1 1 ) a c c ur at el y a n d s ol vi n g

it effi ci e ntl y aft er w ar ds ar e c o ntr a di ct or y g o als. I n d e e d, it is

n ot diffi c ult t o pr o d u c e f als e s ol uti o ns q ui c kl y.  T o off er a

c o m pr o mis e a n d t o i n h erit t h e p ositi v e pr o p erti es of t h e c o n-
ti n u u m f or m ul ati o n, it is c o n v e ni e nt t o f oll o w t h e pi o n e eri n g

i d e as of  M o uli n e c- S u q u et [1 , 2 ] a n d t o st u d y p ot e nti al s ol v ers

i n a c o nti n u u m s etti n g first, s e e t h e n e xt s e cti o n. I n s u c h a
w a y o n e  m a y diff er e nti at e b et w e e n t h e c h ar a ct eristi cs of t h e

c o nti n u u m pr o bl e m a n d t h e pr o p erti es of t h e dis cr eti z ati o n

s c h e m e.

A p p e n di x  A. 2 T h e Li p p m a n n- S c h wi n g er e q u ati o n
a n d a s s o ci at e d s ol v er s

T o tr e at t h e b al a n c e e q u ati o n ( A. 1 1 ) n u m eri c all y, it is c o n-
v e ni e nt t o i ntr o d u c e a h o m o g e n e o us r ef er e n c e stiff n ess C 0 ,

i. e., a s y m m etri c a n d p ositi v e d efi nit e el e m e nt of t h e s p a c e

L (S y m (d )) w hi c h  will l at er s er v e as a n u m eri c al p ar a m et er.
Wit h its h el p,  w e  m a y r e- writ e t h e b al a n c e e q u ati o n ( A. 1 1 )

i n t h e f or m

di v C 0 : ∇s u = − ÷ τ ( A. 2 0)

wit h t h e str ess p ol ari z ati o n

τ = S (·, ε̄ + ∇ s u ) − C 0 : ( ε̄ + ∇ s u ). ( A. 2 1)
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C o nsi d eri n g t h e l eft- h a n d si d e i n t h e e q. ( A. 2 0 ) as a n o p er at or

wit h i n v ers e G 0 ,  w e  m a y c o nsi d er t h e e q ui v al e nt f or m of

e q. ( A. 2 0 )

u = − G 0 ÷ τ ≡ − G 0 di v S (·, ε̄ + ∇ s u ) − C 0 : ( ε̄ + ∇ s u ) ,

( A. 2 2)

t h e dis pl a c e m e nt f or m of t h e c el e br at e d  Li p p m a n n- S c h wi n g er
e q u ati o n [ 4 – 6 ].  M or e oft e n t h a n n ot, e q. (A. 2 2 ) is diff er e n-

ti at e d, a d di n g t h e  m a cr os c o pi c str ai n t o b ot h si d es i n t h e

pr o c ess, r es ulti n g i n t h e e q u ati o n

ε̄ + ∇ s u = ε̄ − ∇ s G 0 di v S (·, ε̄ + ∇ s u ) − C 0 : ( ε̄ + ∇ s u ) ,

( A. 2 3)

w hi c h  m a y b e r e- writt e n i n t h e f or m

ε = ε̄ − ` 0 : S (·, ε ) − C 0 : ε ( A. 2 4)

wit h t h e (t ot al) str ai n fi el d

ε = ε̄ + ∇ s u ∈ L 2 (Y ; S y m (d )) ( A. 2 5)

a n d t h e  Es h el b y- Gr e e n o p er at or

` 0 = ∇ s G 0 di v ∈ L ( L 2 (Y ; S y m (d ))). ( A. 2 6)

E q u ati o n ( A. 2 4 ) is k n o w n as t h e  Li p p m a n n- S c h wi n g er e q u ati o n
i n str ai n f or m.  B ot h  Li p p m a n n- S c h wi n g er e q u ati o ns (A. 2 2 ) a n d
(A. 2 4 ) ar e f or m all y e q ui v al e nt, i. e., e v er y dis pl a c e m e nt s ol uti o n of
t h e e q. (A. 2 2 ) gi v es ris e t o a s ol uti o n t o e q. (A. 2 4 ) vi a t h e pr e-
s cri pti o n ( A. 2 5 ). I n t ur n, e v er y str ai n fi el d ε s ol vi n g e q. ( A. 2 4 ) h as
t h e f or m (A. 2 5 )  wit h a dis pl a c e m e nt fi el d u ∈ H 1

# (Y )d s ol vi n g
t h e dis pl a c e m e nt-f or m e q u ati o n (A. 2 2 ).  M or e o v er, e v er y dis pl a c e-
m e nt s ol uti o n t o t h e  Li p p m a n n- S c h wi n g er e q u ati o n ( A. 2 2 ) s ol v es
t h e ori gi n al b al a n c e e q u ati o n (A. 1 1 ) a n d vi c e v ers a.  T his pr o p ert y,
al b eit el e m e nt ar y, is criti c al, as it e m p h asi z es t h e r ol e of t h e r ef er-
e n c e stiff n ess as a n u m eri c al p ar a m et er. I n d e e d, us u all y a p ar a m et er
i n v ol v e d i n a n e q u ati o n l e a ds t o a s ol uti o n d e p e n di n g o n t h e p ar a m-
et er. I n o ur c as e, n o s u c h d e p e n d e n c e is o bs er v e d.

Eit h er of t h e  Li p p m a n n- S c h wi n g er e q u ati o ns h as a s u g g esti v e
fi xe d- p oi nt f or m, i. e., l e a di n g t o t h e n at ur al fi x e d- p oi nt s c h e m e

ε k + 1 = ε̄ − ` 0 : S (·, ε k ) − C 0 : ε k , k = 0 , 1 , 2 , . . . ,

( A. 2 7)

w h er e k is t h e it er ati o n i n d e x a n d s o m e i niti al g u ess ε 0 m ust b e
pr o vi d e d t o st art t h e it er ati v e s c h e m e.  We r estri ct t o t h e str ai n
f or m (A. 2 4 ), as t his f or m ul ati o n t y pi c all y l e a ds t o f ast er s c h e m es,
w h er e as t h e dis pl a c e m e nt f or m ul ati o n ( A. 2 2 ) r e q uir es l ess  m e m or y,
i n g e n er al.  We r ef er t o t h e  w or ks [3 6 – 3 8 , 8 7 ] f or  m or e d et ails.

T h e a p pr o a c h ( A. 2 7 )  w as i ntr o d u c e d b y  M o uli n e c- S u q u et [1 , 2 ]
as t h eir b asi c s c h e m e .  T o t ur n t his str at e g y i nt o a n it er ati v e s c h e m e,
t w o q u esti o ns  m ust b e a ns w er e d first. F or a st art, t h e o p er at or ` 0 –
w hi c h  w e i ntr o d u c e d r at h er f or m all y j ust y et vi a a c o n c at e n ati o n of

o p er at ors ( A. 2 6 ) –  m ust b e e v al u at e d.  M or e o v er, a r e c o m m e n d ati o n
f or t h e r ef er e n c e  m at eri al s h o ul d b e gi v e n.

T o e v al u at e  Gr e e n’s o p er at or G 0 , it is c o n v e ni e nt t o e x pl oit t h e
p eri o di cit y c o nt ai n e d i n t h e d efi niti o n ( A. 1 0 ) of t h e dis pl a c e m e nt
fl u ct u ati o n a n d t o e x pr ess t h e fi el d i n t er ms of t h e F o uri er s eri es

u ( x ) =

ξ ∈ Z d

û (ξ ) e i ξ̃ ·x , ξ̃ k =
2 π

L k
ξ k , k = 1 , 2 , . . . , d ,

( A. 2 8)

wit h s uit a bl e F o uri er c o effici e nts { û (ξ )}ξ ∈ Z d a n d t h e i m a gi n ar y
u nit i.  T h e n, t h e l eft- h a n d si d e of e q. (A. 2 0 ) t a k es t h e f or m

di v C 0 : ∇s u ( x ) = −

ξ ∈ Z d

ξ̃ · C 0 : ξ̃ ⊗ s û (ξ ) e i ξ̃ ·x .

( A. 2 9)

T h us, o n e is l e d t o s ol v e a li n e ar e q u ati o n

− ξ̃ · C 0 : ξ̃ ⊗ s û (ξ ) = f̂ (ξ ) ( A. 3 0)

f or e v er y n o n- z er o fr e q u e n c y v e ct or ξ ∈ Z d \{ 0 } a n d  w h er e { f̂ (ξ )}
r ef er t o t h e F o uri er c o effici e nts of t h e ri g ht- h a n d si d e f = − di v τ
i n e q. (A. 2 0 ). S ol vi n g t h e li n e ar s yst e m (A. 3 0 ) pr o vi d es t h e a cti o n
of  Gr e e n’s o p er at or G 0 i n F o uri er s p a c e.  B ot h t h e s y m m etri z e d
gr a di e nt o p er at or ∇ s a n d t h e di v er g e n c e di v  m a y b e e x pr ess e d i n
F o uri er s p a c e.  T h er ef or e, t h e e ntir e  Es h el b y- Gr e e n o p er at or ( A. 2 6 )
m a y b e e v al u at e d effi ci e ntl y i n F o uri er s p a c e.

C o n c er ni n g t h e c h oi c e of t h e r ef er e n c e  m at eri al, a si m pl e c h oi c e
i n t h e s c e n ari o (A. 1 2 ) a n d (A. 3 ) s el e cts t h e r ef er e n c e  m at eri al i n
t h e f or m

C 0 = α 0 I , α0 =
α − + α +

2
( A. 3 1)

wit h t h e i d e ntit y t e ns or I o n s y m m etri c d × d -t e ns ors.  T h e n, f or
pr es cri b e d fi d elit y, t h e it er ati o n c o u nt r e q uir e d f or t h e b asi c s c h e m e
(A. 2 7 ) s c al es li n e arl y  wit h t h e  m at eri al c o ntr ast

κ =
α +

α −
. ( A. 3 2)

I nt er esti n gl y, as t h es e c o nsi d er ati o ns  w er e  m a d e f or t h e c o nti n u-
o us f or m ul ati o n, d e di c at e d dis cr eti z ati o ns pr es er vi n g t h e o utli n e d
str u ct ur e l e a d t o t h e s a m e it er ati o n b o u n d. I n p arti c ul ar, a r es ol uti o n-
i n d e p e n d e nt c o n v er g e n c e b e h a vi or  m a y b e e x p e ct e d h er e.  T his
pr o p ert y c o ntr asts  wit h tr a diti o n al a p pr o a c h es f or s ol vi n g t h e b al-
a n c e e q u ati o n ( A. 1 1 ),  w h er e a n i n cr e as e i n t h e c o n diti o n n u m b er of
t h e ass o ci at e d li n e ar s yst e m is o bs er v e d f or fi n er a n d fi n er  m es h es.
I n t his s e ns e,  w or ki n g  wit h t h e  Li p p m a n n- S c h wi n g er f or m ul ati o n
(A. 2 6 ) l e a ds t o a n at ur al pr e c o n diti o ni n g [3 1 , 3 8 ]  w hi c h pr o vi d es
r es ol uti o n-i n d e p e n d e nt c o n v er g e n c e g u ar a nt e es at t h e e x p e ns e of a
m at eri al- c o ntr ast d e p e n d e n c e of t h e it er ati o n- c o u nt b o u n ds.

U n d er  m or e r estri cti v e h y p ot h es es o n t h e s y m m etri es of t h e
l o c al stiff n ess es,  m or e cl e v er c h oi c es f or t h e r ef er e n c e  m at eri al
ar e p ossi bl e [ 1 0 9 , 1 1 0 ].  H o w e v er, t h es e alt er ati o ns off er o nl y a
mi n or i m pr o v e m e nt d u e t o i ntri nsi c li mit ati o ns of t h e b asi c s c h e m e
(A. 2 7 ). I n f a ct, t h e b asi c s c h e m e (A. 2 7 )  m a y b e i nt er pr et e d as

12 3



C o m p ut ati o n al  M e c h a ni cs

a gr a di e nt- d es c e nt  m et h o d f or t h e a v er a g e el asti c e n er g y ( A. 1 8 ),
a n d t h e li mit ati o ns of gr a di e nt  m et h o ds ar e  w ell- k n o w n a n d  w ell-
r e p ort e d i n t h e o pti mi z ati o n lit er at ur e [1 1 1 ].  As a r e m e d y,  m or e
effi ci e nt s ol uti o n s c h e m es  m a y b e c o nsi d er e d,  w hi c h als o pr o vi d e
r es ol uti o n-i n d e p e n d e nt c o n v er g e n c e g u ar a nt e es b ut r e q uir e f e w er
it er ati o ns t h a n t h e b asi c s c h e m e (A. 2 7 ). F or li n e ar pr o bl e ms, t h e
c o nj u g at e gr a di e nt ( C G)  m et h o d, i ntr o d u c e d b y  Bris ar d- D or mi e u x
[1 6 ] a n d  Z e m a n et al. [9 1 ] f or t his t y p e of pr o bl e ms, s er v es as t h e
g ol d st a n d ar d f or ot h er s ol v ers.  T h e it er ati o n c o u nt s c al es  wit h t h e
s q u ar e r o ot

√
κ of t h e  m at eri al c o ntr ast ( A. 3 2 ),  w hi c h is k n o w n t o

b e o pti m al [ 1 1 1 ], i n g e n er al.  T h er e ar e als o ot h er str at e gi es  w hi c h
ar e n ot as f ast, b ut  m a y b e i m pl e m e nt e d  wit h l ess  m e m or y [ 9 0 , 9 9 ,
1 1 2 ].

A p p e n di x  B I nt er p ol at e d  d eri v ati v e s of i nt er-
p ol ati n g  w a v el et s

T h e p ur p os e of t his a p p e n di x is t o pr o vi d e t h e ar g u m e nts f or t h e
v ali dit y of t h e r e pr es e nt ati o n ( 2. 3 0 ) a n d t h e v al u es r e c or d e d i n
Ta b. 2 .  We c o nsi d er a f u n cti o n

f =

k ∈ Z

s k φ k ∈ V ( B. 1)

a n d c o m p ut e t h e e x a ct d eri v ati v e

f =

k ∈ Z

s k
d φ k

d x
. ( B. 2)

T o r et ai n t h e s p a c e V ,  w e " pr oj e ct " t h e d eri v ati v e (B. 2 ) b a c k o nt o
t h e s p a c e V vi a t h e i nt er p ol ati o n o p er at or ( 2. 1 9 )

∂̃ f : = P f . ( B. 3)

A s p e ci al r ol e h er e pl a y t h e v al u es of t h e d eri v ati v e of t h e f u n d a-
m e nt al f u n cti o n ( 2. 1 ) at t h e i nt e g ers

r k : = φ (k ), k ∈ Z , ( B. 4)

i n c as e t h e f u n d a m e nt al f u n cti o n (2. 1 ) is diff er e nti a bl e.  D u e t o t h e
c o m p a ct s u p p ort, o nl y a fi nit e n u m b er of t h e c o effi ci e nts {r k } ar e
a ct u all y n o n- z er o.

B y t h e li n e arit y of t h e pr oj e cti o n ( 2. 1 9 ) a n d t h e s c ali n g pr o p ert y
(2. 1 4 ),  w e o bt ai n t h e e x pli cit d es cri pti o n

P f = 2

k ∈ Z m ∈ Z

s m r k − m φ k = 2

k ∈ Z j∈ Z

s k + j r j φ k ( B. 5)

f or t h e d eri v ati v e (B. 3 ).  T h e l ast t w o r e pr es e nt ati o ns ar e r el at e d
b y t h e i n d e x c h a n g e j = k − m . I n p arti c ul ar, if  w e e x pr ess t h e
d eri v ati v e

P f =

k ∈ Z

s̃ k φ k ∈ V ( B. 6)

i n t h e n at ur al b asis  wit h c o effi ci e nts { s̃ k }, t h e l att er  m a y b e  writt e n
i n t h e e x pli cit f or m

s̃ k = 2

j∈ Z

s k + j r j . ( B. 7)

T h e l att er f or m ul a s h o ws t h at t h e d eri v ati v e o p er at or ( B. 3 ) o n
t h e a p pr o xi m ati o n s p a c e V m a y b e r e g ar d e d as a s p e ci al fi nit e-
diff er e n c e o p er at or a cti n g o n t h e c o effi ci e nts {s k } us e d t o r e pr es e nt
t h e f u n cti o n (B. 1 ).

It r e m ai ns t o i d e ntif y t h e v al u es of t h e c o effici e nts (B. 4 ). F or
t his p ur p os e, t h e r e pr es e nt ati o n (2. 1 0 ) is h el pf ul, i. e., f oll o wi n g t h e
lit er at ur e [7 0 , 8 3 ],  w e o bs er v e

r k = φ (k ) = −
∞

− ∞
( y ) ( y − k )

d y = −
∞

− ∞
( z + k ) ( z )

d z =
∞

− ∞
( z − k ) ( z ) d z , k ∈ Z , ( B. 8)

w h er e  w e us e d t h e s u bstit uti o n z = y − k a n d t h e s y m m etr y
r k = − r − k , k ∈ Z , i m pli e d b y t h e s y m m etr y φ ( − x ) = φ ( x ),
x ∈ R , of t h e f u n d a m e nt al f u n cti o n.  T h e l ast e x pr essi o n i n e q. (B. 8 )
w as c o m p ut e d b y  B e yl ki n [ 1 1 3 ] f or t h e  D a u b e c hi es  w a v el ets. F or
t h e c o nsi d er e d  D esl a uri ers- D u b u c  w a v el ets of l o w or d er,  w e list
t h e f oll o wi n g c o effi ci e nts i n  Ta b. 2 .  B e yl ki n [1 1 3 ] als o pr o vi d e d a
f or m al c o m p ut ati o n of t h e c o effi ci e nts f or t h e c as e M = 1, c orr e-
s p o n di n g t o  D D 1  w a v el ets,  w hi c h ar e n ot cl assi c all y diff er e nti a bl e.
We i n cl u d e d t h e c orr es p o n di n g c o effi ci e nts i n t h e t a bl e, as t h e y
ar e us ef ul f or t h e h at-s h a p e d  D esl a uri ers- D u b u c  w a v el ets of or d er
M = 1.
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A p p e n di x  C P s e u d o- c o d e s

F or t h e c o n v e ni e n c e of t h e r e a d er, t his a p p e n di x c o m pris es ps e u d o-
c o d es f or t h e r el e v a nt al g orit h ms: t h e b asi c s c h e m e,  Al g. 1 , t h e
B ar zil ai- B or w ei n  m et h o d,  Al g. 2 , a n d t h e n o n-li n e ar c o nj u g at e gr a-
di e nt al g orit h m,  Al g. 3 .

Al g o rit h m 1 B asi c s c h e m e [ 1 , 2 ] (m a x i t , t o l )
1:  D et er mi n e i niti al g u ess ε ( wit h t h e c orr e ct  m e a n) a n d i niti al r ef er e n c e

m at eri al C 0

2: r e s ← t o l + 1
3: k ← 0
4: w hil e k < m a x i t a n d r e s > t o l d o
5: k ← k + 1
6: ε o l d ← ε
7: ε ← S (ε ) − C 0 : ε C o m p ut e str ess p ol ari z ati o n ( A. 2 1 ),

a p pl y c o nstit uti v e l a w ( A. 4 )
8: ε̂ ← F F T (ε )
9: σ̄ ← ε̂ (0 ) + C 0 : ε̄

1 0: ε̂ (ξ ) ←
ε̄ , ξ = 0

− ` 0 (ξ ) : ε̂ (ξ ), ot h er wis e
S e e e q. ( 2. 7 4 )

1 1: ε ← F F T − 1 ( ε̂ )
1 2: r ← ε − ε o l d 2

Y
1 3: r e s ←

√
r / σ̄

1 4: e n d  w hil e
1 5: r et u r n ε , r e s

Al g o rit h m 2 B ar zil ai- B or w ei n s c h e m e [ 9 0 ] (m a x i t , t o l )
1:  D et er mi n e i niti al g u ess ε ( wit h t h e c orr e ct  m e a n) a n d i niti al r ef er e n c e

m at eri al C 0

2: r e s ← 1
3: k ← 0
4: ρ ← 1
5: R ← 0
6: w hil e n < m a x i t a n d r e s > t o l d o
7: k ← k + 1
8: R ← ε

9:
R
q

←
S ( R )

S ( R ) : R Y
A p pl y c o nstit uti v e l a w ( A. 4 )

1 0: σ̄ ← R Y

1 1: R̂ ← F F T ( R )

1 2: R̂ (ξ ) ←
0 , ξ = 0

`
0
(ξ ) : R̂ (ξ ), ot h er wis e

S e e e q. ( 2. 7 4 )

1 3: R ← F F T − 1 ( R̂ )
1 4: ρ ← ρ /( 1 − q / r )
1 5: ε ← ε − ρ R
1 6: r ← R 2

Y
1 7: r e s ←

√
r / σ̄

1 8: e n d  w hil e
1 9: r et u r n ε , r e s

A c k n o wl e d g e m e nts F u n di n g b y t h e  D e uts c h e F ors c h u n gs g e m ei n-
s c h aft ( D F G,  G er m a n  R es e ar c h F o u n d ati o n) – 5 0 7 7 7 8 3 4 9 – is gr at ef ull y
a c k n o wl e d g e d b y  E D.  M S a c k n o wl e d g es s u p p ort fr o m t h e  E ur o-
p e a n  R es e ar c h  C o u n cil  wit hi n t h e  H ori z o n  E ur o p e pr o gr a m - pr oj e ct
1 0 1 0 4 0 2 3 8.  We t h a n k t h e a n o n y m o us r e vi e w ers f or t h eir c o nstr u cti v e
c o m m e nts a n d s u g g esti o ns.

Al g o rit h m 3 N o n-li n e ar  C G  m et h o d [ 9 9 ] (m a x i t , t o l )
1:  D et er mi n e i niti al g u ess ε ( wit h t h e c orr e ct  m e a n) a n d i niti al r ef er e n c e

m at eri al C 0

2: r e s ← t o l + 1
3: k ← 0
4: γ ← 1
5: D ← 0
6: w hil e k < m a x i t a n d r e s > t o l d o
7: k ← k + 1
8: G ← S (ε ) A p pl y c o nstit uti v e l a w ( A. 4 )
9: σ̄ ← G Y

1 0: Ĝ ← F F T ( G )

1 1: Ĝ (ξ ) ←
0 , ξ = 0

` 0 (ξ ) : Ĝ (ξ ), ot h er wis e
S e e e q. ( 2. 7 4 )

1 2: G ← F F T − 1 ( Ĝ )
1 3: γ ol d ← γ
1 4: γ ← G 2

1 5: β ← γ / γ ol d

1 6: D ← − G + β D
1 7: ε ← ε + α D
1 8: r e s ←

√
γ / σ̄

1 9: e n d  w hil e
2 0: r et u r n ε , r e s

F u n di n g O p e n  A c c ess f u n di n g e n a bl e d a n d or g a ni z e d b y Pr oj e kt
D E A L.

O p e n A c c ess T his arti cl e is li c e ns e d u n d er a  Cr e ati v e  C o m m o ns
Attri b uti o n 4. 0 I nt er n ati o n al  Li c e ns e,  w hi c h p er mits us e, s h ari n g, a d a p-
t ati o n, distri b uti o n a n d r e pr o d u cti o n i n a n y  m e di u m or f or m at, as
l o n g as y o u gi v e a p pr o pri at e cr e dit t o t h e ori gi n al a ut h or(s) a n d t h e
s o ur c e, pr o vi d e a li n k t o t h e  Cr e ati v e  C o m m o ns li c e n c e, a n d i n di-
c at e if c h a n g es  w er e  m a d e.  T h e i m a g es or ot h er t hir d p art y  m at eri al
i n t his arti cl e ar e i n cl u d e d i n t h e arti cl e’s  Cr e ati v e  C o m m o ns li c e n c e,
u nl ess i n di c at e d ot h er wis e i n a cr e dit li n e t o t h e  m at eri al. If  m at eri al
is n ot i n cl u d e d i n t h e arti cl e’s  Cr e ati v e  C o m m o ns li c e n c e a n d y o ur
i nt e n d e d us e is n ot p er mitt e d b y st at ut or y r e g ul ati o n or e x c e e ds t h e
p er mitt e d us e, y o u  will n e e d t o o bt ai n p er missi o n dir e ctl y fr o m t h e c o p y-
ri g ht h ol d er.  T o vi e w a c o p y of t his li c e n c e, visit htt p:// cr e ati v e c o m m
o ns. or g/li c e ns es/ b y/ 4. 0/ .
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