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Abstract

FFT-based computational micromechanics enables to efficiently analyze the solid mechanical behavior of industrial-scale
heterogeneous microstructures. This approach relies on the discretization of the microstructure on a regular grid, which
makes it particularly convenient for working with 2D or 3D images. However, efficient local refinement of the grid to capture
fine-scale phenomena is not possible within the original framework. Among the various strategies addressing this limitation,
Kaiser et al. recently introduced a multiresolution wavelet collocation approach for FFT-based computational micromechanics.
They showed the benefits of local adaptivity for examples in one and two dimensions. The present contribution focuses on
the properties of the wavelet discretizations in three spatial dimensions. More precisely, we analyze the Deslauriers—Dubuc
(DD) wavelets of degrees one to four, connecting and comparing them to established FFT-based homogenization frameworks.
Numerical studies on regular grids serve to analyze the convergence behavior of the associated Lippmann-Schwinger solvers,
the emerging macroscopic properties, and the resulting local fields obtained with these discretizations on industrial-type
microstructures. Also, we study the performance for inelastic constituents. Of particular interest is the result that only first-
order DD wavelets ensure stable convergence for porous microstructures.

Keywords Wavelet collocation - Computational homogenization - Lippmann-Schwinger equation - Eshelby-Green operator -
FFT-based solvers - Convergence behavior

1 Introduction based on the Lippmann-Schwinger equation [4-6]. The latter
formulation avoids assembling matrices as well as evaluat-
ing material tangents and leads to iteration counts which are

bounded independently of the grid spacing, at least for well-

1.1 State of the art

Since the pioneering work of Moulinec-Suquet [1, 2], com-
putational methods based on the fast Fourier transform (FFT)
have become a standard tool for computing the effective solid
mechanical behavior of microstructured materials [3] in an
efficient way. Designed for cuboid cells discretized by a reg-
ular grid, FFT methods come with a natural implementation
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behaved material models. We refer to the review articles [7-9]
for a broader perspective.

In their original works [1, 2], Moulinec-Suquet pro-
vided the whole package: Discretization scheme and solution
method were intricately linked, and it took some time for
researchers to disentangle them. Indeed, there are two types
of convergences involved, the convergence of the solver,
i.e., the means to approximate the discretized solution, and
the convergence under grid refinement, i.e., the increasing
fidelity of the discrete approximations for a finer and finer
mesh.

Subsequently, W. H. Miiller’s group [10—12] suggested a
similar scheme as Moulinec-Suquet, but based on a finite-
difference discretization. However, this approaches did not
permeate the community. Rather, alternative discretizations
based on a Fourier-Galerkin discretization were introduced
into the FFT-based framework independently by different
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groups [13—15]. Interestingly, these schemes did not improve
upon the original Moulinec-Suquet discretization in terms
of accuracy or computational speed. However, they may be
used to derive upper and lower bounds on the effective stiff-
ness for linear elastic materials. An alternative discretization
was introduced by Brisard-Dormieux [16, 17] based on the
Hashin-Shtrikman variational principle [18-20] and a dis-
cretization by piece-wise homogeneous stress polarization
fields [21].

All these cited works considered the Moulinec-Suquet
discretization as a perturbation of a more conventional dis-
cretization. However, usually the "perturbation" performed
better than the original. Therefore, more effort was invested
in understanding the discretization underlying Moulinec-
Suquet’s construction. Eventually, the discretization can
either be understood as a trigonometric collocation dis-
cretization [22] or as a non-conforming Fourier-Galerkin
discretization [23], where the non-conformity comes from
evaluating the weak form of the balance equation via quadra-
ture, i.e., the trapezoidal rule. With this understanding,
guarantees for the convergence under grid refinement could
be obtained [17, 23, 24].

At that time, based on earlier numerical strategies exploit-
ing the FFT [25, 26], it became more and more apparent
[27, 28] that the discretization scheme and the solver could
be chosen independently to some degree. Based on these
insights, the computational advantages of the Moulinec-
Suquet approach could be preserved , while alleviating some
of its shortcomings. To be more precise, the primary interest
came in uniting the following three qualities:

(1) Accuracy,
(i1) Efficiency,
(iii)) Robustness.

The first item concerns both convergence under grid refine-
ment and countermeasures to local solution artifacts, like
the Gibbs’ oscillations [29] characteristic for Fourier-type
discretizations. Efficiency refers to both memory-efficient
implementations and rapid convergence of associated solu-
tion schemes. The last point, robustness, is more subtle. As
FFT-based methods rely on regular grids, they need to mesh
pores and rigid inclusions in microstructures, as well. It was
observed [30] that the Moulinec-Suquet discretization does
not lead to convergent solvers for the latter scenarios due to
an inherent ill-conditioning of the associated discrete sys-
tems. Robust discretizations avoid this ill-conditioning [31,
32].

The first generation of improved solvers concerned dis-
cretizations based on finite differences [30, 33], finite vol-
umes [34, 35] and finite elements [36—38]. These strategies
could reduce the solution artifacts and lead to robust con-
vergence for porous or rigidly reinforced materials, at least
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in "stable" cases [31, 32]. Which kind of strategy is used,
mostly depends on the personal preference. The finite differ-
ence schemes [30, 33] appear to be most used for mechanical
problems, as they seem to offer the most "bang for the buck",
i.e., they resolve the pertinent issues with minimal imple-
mentation and runtime overhead.

Still, research continued on alternative discretization
schemes compatible with the Lippmann-Schwinger frame-
work conceived by Moulinec-Suquet. Alternative finite dif-
ference schemes [39—43] were investigated, in particular for
higher order in space. Such discretizations turn out to be
favorable for problems with smooth solutions, like phase-
field problems, but may lead to artifacts for discontinuous
coefficients and potentially divergence for porous materials
[9]. Moreover, B-splines splines [44] were integrated, to a
similar effect. A completely different approach was proposed
by Derraz et al. [45] who introduced a real-space Lippmann-
Schwinger scheme based on the Radon transform. However,
their discretization scheme lacks convergence under grid
refinement unless specific countermeasures [46] are taken.
Recently, Finel introduced the tetrahedral (TET) scheme
[47], which may be interpreted as a specific but non-classical
finite-difference scheme. The discretization satisfies all three
requirements (i)-(iii) discussed above and may thus develop
into a serious contender for the established finite difference
schemes [30, 33]. However, two material-point evaluations
are required per voxel, at least away from the interface [48].

Last but not least, we mention the use of composite-
voxel methods [49-51], which enhance voxels containing an
interface with a material specific and interface-aware consti-
tutive law to increase the accuracy of the effective material
response. Composite voxels apply to all discretizations on
a regular grid, however, their performance varies depending
on the discretization used.

Almost a decade after finally understanding the Moulinec-
Suquet discretization, the basic driver of regular-grid meth-
ods was identified: superconvergence. In the context of voxel
finite-element methods (FEM), Ye-Chung [52] showed that
the effective elastic properties converge with twice the rate
of the local strain and stress fields (measured in L?). This
observation provided the theoretical underpinnings of the
previously observed phenomenon: At the interfaces, the solu-
tion quality is low. However, the effective properties turn
out to be accurate, essential due to fortuitous cancellations
upon averaging. The superconvergence phenomenon could
also be verified for inelastic scenarios [53] and could also
be used for improving the estimated effective properties
[54] via postprocessing. Moreover, the convergence rate of
the Moulinec-Suquet discretization for elastic problems was
shown to be identical to voxel FEM [55], confirming previ-
ous observations by FFT practitioners [30, 36]. Moreover,
the restriction to the regular grid was established as the
main limitation of FFT-based methods, irrespective of the
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discretization. In this phase of understanding, the natural
emergence of laminate-based composite voxels [56] and the
convergence properties for porous/rigidly reinforced materi-
als [31, 32] should be counted, as well.

Recent innovative work was concerned with either improv-
ing the accuracy of FFT-based methods or reducing their
effort. For instance, a series of works [57-59] considered
omitting certain frequencies when evaluating the Lippmann-
Schwinger operator in FFT-based schemes. However, no
reduction of material evaluations was considered, the pri-
mary driver of computational effort.

Building on the extension of FFT-based methods to finite
strains [60], mesh-morphing techniques [61-63] were intro-
duced to better represent the geometry of the microstructure.
More precisely, an Eulerian-Lagrangian decomposition is
considered, where the interface geometry is resolved in
the Eulerian setting and the equations are solved in the
Lagrangian configuration. Such techniques promise higher
accuracy, but come with an additional ill-conditioning due to
severe mesh deformations. An alternative approach is based
on the extended finite-element method [64, 65], where a
robust FFT solver was introduced recently in the context of
thermal conductivity [66].

In the regular grid setting, a first attempt at grid refinement
within FFT-based schemes was made by Eyre and Milton
[67], who proposed a cascading multigrid solver which pro-
longs a solution obtained on a coarse grid onto a finer grid,
providing an improved initial guess for the solver. An alter-
native idea was developed by Nkoumbou Kaptchouang and
Gélébart [68], who "mortar" a fine grid onto a coarse grid in
regions of interest. Kabel-Schneider [69] introduced a coars-
ening strategy based on octrees to reduced the number of
material evaluations in nonlinear schemes.

This work is concerned with the innovative approach
put forward by Kaiser et al. [70], who proposed to use
interpolating wavelets [71] for discretizing the cell prob-
lem of periodic homogenization. They derived the associated
Lippmann-Schwinger framework exploiting similarities with
finite-difference discretizations, and showed the advantages
of using Deslauriers-Dubuc wavelets with four compact sup-
port points for one- and two-dimensional computational
examples.

The use of wavelets was kick-started with Daubechies’
landmark construction of L%(IR)-orthonormal wavelets with
compact support [72]. Such wavelets permit to inductively
decompose an image into coarse and fine features, permit-
ting to leave out these fine features in case they are small.
In particular, this kind of adaptivity may be used for image
compression, see Daubechies [73]. In the 1990s, wavelets
were considered to be strong candidates for constructing
high-order adaptive solvers for partial differential equations
(PDEs). In a sense, these hopes could be confirmed, as Cohen
et al. [74] proved that wavelets provide the optimal trade-

off between effort and accuracy for solving elliptic PDEs.
However, only a few years later, a similar optimality state-
ment could be proved for adaptive FEM [75], putting a lot of
work on wavelets for PDEs to a halt. In some sense, work-
ing with FEM is much simpler than working with wavelets:
The latter require special means to operate on general (non-
rectangular) domains, lead with non-sparse matrices and
struggle with non-linearity. To be more precise, most of the
wavelet literature is concerned with wavelets in the Hilbert
space L? of square-integrable functions. Wavelets provide
convenient multiscale bases, and to identify the coefficient
associated to a specific basis vector, an L2-inner product must
be evaluated. Even in case the domain and the boundary con-
ditions are no problem, traditional wavelet approaches have
shortcomings, as illustrated by Mehraeen-Chen [76], whose
wavelet-Galerkin homogenization approach is restricted to
one and two dimensions, and lacks behind comparative FEM
approaches. We refer to the review article [77] for further
background on the application of wavelet methods to solv-
ing PDEs.

Just like spectral Galerkin methods may be inferior to
collocation methods, illustrated by the advantages of the
Moulinec-Suquet discretization over a comparable Fourier-
Galerkin discretization discussed above, wavelet collocation
methods may be beneficial, see, for instance Vasilyev-
Bowman [78]. Here, the weak form of the PDE is not
evaluated exactly, but rather "collocated", i.c., evaluated at
specific "quadrature" points. Such strategies, however, lead
to non-symmetric systems, also in case the non-discretized
variational problem was symmetric. A clever remedy for this
problem utilizes interpolating wavelets [71] where the coef-
ficients of the multiscale basis vectors may be determined
by point evaluation, i.e., via interpolation. Among the dif-
ferent interpolating wavelet families, the Deslauriers-Dubuc
wavelets [79] turn out to be particularly favorable, and an
application to mechanical problems was reported by Burgos
et al. [80].

Kaiser et al. [70] proposed using Deslauriers-Dubuc
wavelets with four support points to discretize the cell prob-
lem associated to periodic homogenization, discussed the
implementation of an associated Eshelby-Green operator on
a regular grid and studied computational examples in one
and two spatial dimensions. However, the work of Kaiser et
al. [70] does neither concern three-dimensional nor inelastic
problems. Moreover, a comparison to the extensive list of
competing discretizations is lacking.

1.2 Contributions
Based on the previously described limitations of the work by

Kaiser et al. [70], the primary research question driving this
work is:
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Table2 Non-zero derivative

coefficients (2.30) for positive k n n 3 i s s
and Deslauriers-Dubuc wavelets M—1 1
with 2M support points. - g .
Coefficients for negative M=2 -3 =
k-values are obtained from the M=3 _ 112 23 _ 16 =L
365 365 1095 2020
ruler_g = —rx M=4 39296 76113 1664 2645 128 1
by N, voxels in each coordinate directiona € {1,2,...,d}.  of periodic functions. Notice that the functions (2.37) do not
and assemble these numbers into an integer-valued vector have vanishing integral mean, i.e., are not contained in the
space H#}(Y).
N = (N1, N, ..., Ny). (2.33) With these considerations at hand, it is natural to define
the wavelet ansatz space
The discretized regular grid reads
ia L Hy(Y)¥ = {u = Nomlum e R, meZi,
Yy={xc¥Y xa:ja = forsome jeZy V() Z‘p’" ol N
a meZ;
andall a=1,2,...,d} (2.34)
st. ) um=0 (2.39)

with the index set

+

Zy

:ljeld

ija{Na, 021,2,--.,(1] (235)

and where we suppress the dependence on the unit-cell
dimensions
L=(Ly,Ly,...,Ly) (2.36)
throughout the manuscript for the sake of readability. We
define the ansatz functions

d
X
,‘:(x):ncp(L—aNa—ma mod Na) for x V¥
a=1 a

and m e Z} (2.37)
by multiplying rescaled and shifted versions of the funda-
mental function (2.1) characterizing the Deslauriers-Dubuc
wavelets. By construction, i.e., via the use of the modulo
operator mod, the rescaled functions (2.37) are periodic. For
the lowest order M = 1, the fundamental function (2.1)
of the Deslauriers-Dubuc wavelets is just a hat function.
Therefore, the definition (2.37) leads to the conventional
multilinear ansatz functions which are standard for the finite-
element method (FEM) on hexahedral grids, i.e.. bilinear
ansatz functions in two and trilinear ansatz functions in three
dimensions. For higher-DD order M, the fundamental func-
tion (2.1) is even smoother. In particular, the ansatz functions
(2.37) define elements of the first-order Sobolev space

oN € HL(Y), meZj, (2.38)
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+
meZy

for the displacements and the space

Ly(y;Sym@) ={t= Y ) tm|Tm € Sym(@),

mEZ}

m e 73} (2.40)

containing discrete strain and stress fields. The discrete sym-
metrized gradient operator

R Hy(Y)? — L%\,(Y; Sym(d)) (2.41)

is realized by interpolating the symmetrized gradient at the
points of the grid (2.34), i.e., the explicit representation

V=D oN Vou(xn)

+
meZy

for all fields u < HN(Y)d, (2.42)
emerges, at least for DD-order M exceeding unity. By the
observations of the previous section on the finite-difference
form (B.7) of the interpolated derivative (B.3), we arrive at
the explicit component-wise form

[VsNu(xj)]ab
re. (1 1
- Z S\ 7o b Uitkea T Ty G Witkes )
a

keZ

a,b=1,2,....d, (2.43)
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foradiscrete displacement fieldu € H J,{r (Y)? in the specified
form (2.39) and with the mesh spacing

(2.44)

By the formula (2.43) and the prescription (2.31), we may
define the symmetrized gradient operator (2.41) for the DD-
order M = 1. as well. In this case, the ansatz space (2.37)
coincides with Q;-finite elements on a regular grid. How-
ever, the wavelet-type derivative operator (2.43) is different.
Indeed. the derivative (2.42) is evaluated at the nodes (2.34),
where the ansatz functions are not differentiable. For classi-
cal Q; elements with full or reduced integration [36, 87]. the
derivative is evaluated inside the element.

Similar to the symmetrized gradient, a divergence-type
operator may be defined

divy : L3(Y; Sym(d)) — Hpy(Y)? = Hy(Y)?, (2.45)
which reads explicitly
d "
divy T(x ;) = Z Z e Tjtke, - €a-
keZ a=1
T € L% (Y; Sym(d)). (2.46)

With these notations at hand, and for prescribed macroscopic
strain £, the DD-wavelet discretization on the regular grid
(2.34) seeks fields

uy € Hy(Y)? and ey,oy € L3(Y;Sym(d)), (2.47)
s.t. the balance of linear momentum

divyoy =0, (2.48)
the constitute law

on(xj) =S (xj,en(xj)), JjeZf, (2.49)
and the kinematic compatibility condition

ey =&+ Vyun (2.50)

are satisfied. The problem (2.48)-(2.50) is obtained by
wavelet collocation, i.e., neither the balance equation (2.48)
nor the compatibility condition (2.50) are satisfied outside
of the collocation points. Moreover, the constitutive rela-
tion (2.49) only holds at the collocation points (2.34), as
well. These characteristics are different than for FEM, where
both compatibility (2.50) and the constitutive law (2.49) hold
everywhere, whereas only the equilibrium equation (2.48) is

approximated. For the classical Moulinec-Suquet discretiza-
tion [1, 2, 23]. both differential relations (2.48) as well as
(2.50) are valid on the entire cell, and the constitutive law
holds in the voxel centers only, as in eq. (2.49). We refer
to the work [55] for a modern discussion of the Moulinec-
Suquet discretization.

At this point we wish to state explicitly the consequences
of the findings (2.31)—(2.32): Low-order Deslauriers-Dubuc
wavelets on a regular grid coincide with discretization
schemes that were already considered in FFT-based com-
putational micromechanics:

e Deslauriers-Dubuc wavelets of order M = 1 are equiva-
lent to 2nd order central differences [39. 40] on a regular
grid.

e Deslauriers-Dubuc wavelets of order M = 2. as con-
sidered by Kaiser et al. [70] are equivalent to 4th order
central differences [41] on a regular grid.

However, Deslauriers-Dubuc wavelets of orders exceeding
two differ from higher-order central difference schemes as,
e.g.. discussed by Vidyasagar et al. [42].

Once the problem (2.48)-(2.50) is solved, the approximate
mean stress is obtained by averaging the stress values at the
collocation points

1
oy = ———— 2.51
N = Y onxm) (2.51)
mEZ;
with the product
prod(N) = NiNa --- Ny. (2.52)

We will neither discuss the solvability properties of the prob-
lem nor the convergence under grid refinement. Rather, we
turn our attention to the Lippmann-Schwinger type solvers
proposed by Kaiser et al. [70]. Repeating the steps made in
the continuous setting for a fixed reference material C?, see
Appendix A.2, we are led to the Lippmann-Schwinger equa-
tion
eN=8—T%:n (2.53)
with the stress polarization Ty € L%V(Y; Sym(d)). defined
by the interpolation condition

N(;) =S xjen(xj) —Cen(xj), jeZi(259)
and the wavelet-type Eshelby-Green operator
% = vy Gdivy . (2.55)
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It remains to specify Green’s operator

Gy € L (Hy)?, Hy(v)!) (2.56)
whose actionuy = G?\, f w 1s implicitly defined by the solu-
tion uy € Hy(Y)? of the reference problem
divy €% : Viun = fy (2.57)
for a given element fy € Hj(Y)¢. Due to the similarity
to finite-difference discretizations [27, 33, 36], we follow

Kaiser et al. [70], and consider the discrete Fourier transform
(DFT)

gE1= Y gie W, gezt, (2.58)
JeZy,
of a given (possibly vector- or tensor-valued) array
{8i};ezs (2.59)
with the short-hand notation
g _ Xd: Saja (2.60)
N = N,

The transform (2.58) may be readily inverted via the opera-
tion

]. - i j .
8 = SroaV) > glg1e” ¥, A (2.61)
EcZt

the inverse DFT. Due to the finite-difference structure (2.43),
the Fourier coefficients of the symmetrized gradient (2.41)
may be expressed in the form

—

(Vyu)lE] = FlE) ® anlE]l, & e ZF, (2.62)

involving the vector-valued array {s'A‘[‘E]}EEzKr with compo-
nents

- - kg
Falfl=) ne™ M, a=12,....d.
keZ

(2.63)

As onlya finitenumber ofthe values {ry }1cz are non-zero, the
latter sum (2.63) is actually finite. By a similar reasoning, the
discrete divergence operator (2.46) admits the representation

divy 0)I£] = £1£]- 7IE]. & € 23, (2.64)
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For later reference, we remark that the skew symmetry
r_y = —ry. k € Z, of the filter coefficients (B.8) implies the
alternative representation

a

oo

. . . k

ra[ij]:2s§:rk sm(Z:rr 5“), a=12,....d, (2.65)
k=1 N,

ofthe vector components as a consequence of Euler’s identity

€ =cosa +i sina, a«cR. (2.66)
In particular, the components (2.63) are purely imaginary and
satisfy the identity
fa[g]:_ﬁ![g]s a:]-?z?--'sd' (26?)
With the explicit representations (2.62) and (2.64) at hand.
the reference problem (2.57) may be re-written in Fourier
space in the form

FIEL- €0 : (FIE1 ®s itnlE]) = FnlEl, & €Zf. (268)

For an isotropic reference material C° with Lamé constants
29 and %, we may express the formula (2.68) more explicitly

(1® + 20) FIET - an[E]) FIE] + pu® | FLEY| 2N €]

——fylEl &eZi. (2.69)
In particular, we may invert eq. (2.68) directly:
uN[E] = — . [+
YT ol
0,0 = =T
p+A rlE] rigl | -
2u0 429 JFLEI ||f~[e]||] Sl
£ cZy, (2.70)
for all frequencies & in the set
Ay = [e € Zj; | 181 # 0] 271)

of admissible frequencies. More explicitly, there are two
cases where the component (2.63) vanishes, which are evi-
dent from the representation (2.65). For trivial reasons, the
identity

7al€]
‘Ea =0

o0
=2i) rsin(0)=0, a=12,...,d,272)
k=1

=0
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holds. Moreover, for the middle frequency, we observe

ral€] =2i ri sin(kwr) = 0,
é‘a:%& g e’

a=1,2,...,d.

(2.73)

Apparently, this scenario can only occur if the voxel count
N, is even.

These are the only cases where the vector #[£] vanishes,
i.e., we find between one and 2¢ exceptional cases ind spatial
dimensions.

With the observation (2.70) at hand, we finally find the
explicit representation [70]

I Tnlé]

17 2 7 p04a0
Lok s (2181 ) i

e N T L [ 2.74
FoivEl ) e, feAw, 7Y
0, otherwise,

of the discrete Eshelby-Green operator (2.55) in Fourier
space. In eq. 2.74, we suppressed the dependence on the
frequency vector & of the vector 7 in the right-hand side.

3 Computational experiments
3.1 Setup

The Deslauriers-Dubuc wavelet discretizations of order M
in the range {1, 2, 3, 4} described in section 2 were imple-
mented into an in-house FFT-based computational microme-
chanics code. This solver is written in Python with Cython
extensions for the time-critical parts, uses OpenMP for
shared-memory parallelization and employs the FFTW [88]
library for computing the fast Fourier transform (2.58). The
computations presented in the following were run on six to
twelve cores of a Intel Xenon Platinium 8480+ processor, a
single node of the UDE supercomputer amplitUDE.

We compare the wavelet discretizations on regular grids
with three discretizations which are presumably the most
used nowadays:

(i) The original discretization of Moulinec and Suquet [1.
2] based on trigonometric polynomials and the trapezoid
rule [89].

(ii) The discretization on a rotated staggered grid infroduced
by Willot [33]. which is equivalent to Q;-finite elements
with reduced integration,

(iii) The staggered grid discretization proposed by Schneider
et al. [30].

To solve the discretized systems of equations. we consider
three solvers:

1. The basic scheme, i.e.. the original solver developed by
Moulinec-Suquet [1. 2], see Alg. 1,

2. The Barzilai-Borwein (BB) method [90]. which may be
interpreted as a basic scheme with adaptive reference
material, see Alg. 2,

3. The conjugate gradient (CG) method [16, 91].

These solvers differ in the memory consumption and the
convergence speed. CG is the fastest, but is typically imple-
mented on four strain fields. The basic scheme, in contrast,
may be implemented on a single strain field only, but is
strongly inferior convergence behavior compared to CG. The
BB method offers a compromise, i.e., may be implemented
on two strain fields, but shows a convergence behavior which
is only a little worse than CG.

The interested reader may find a summary of the imple-
mentation of these discretizations and solvers in the review
articles [7-9]. For the sake of completeness, we use the ter-
mination criterion
Jao Ty ol < tol o nl (3.1)
to quantify how well the equilibrium equation (2.48) is sat-
isfied and restrict to reference materials of the form (A.31)
with general parameter o, see Schneider [9, §3.6]. In this
case, the formula (2.74) simplifies to

8]

~ r 1

. o, (rN[E]Tﬁj) +4
A r r r

a m[&]m) T ® . £ € A,

, otherwise,

(3.2)

=~

Fl

rS : oylél =

(= =}
|

Unless specified otherwise. we use the value tol = 10—
for our studies.

3.2 Asingle-sphere microstructure

We examine a three-dimensional microstructure compris-
ing an aluminium 6061-T6 matrix phase with an embedded
spherical silicon carbide inclusion. The centered inclusion
occupies 30 % of the total volume, while the remaining space
is filled by the matrix phase. Figure 3 shows the microstruc-
ture at different resolutions, with a resolution varying from
32 to 256 voxels per axis. The used material properties of
aluminium 6061-T6 and silicon carbide (SiC), as reported
by Segurado et al. [92], are summarized in table 3.

First, we perform a resolution analysis, for a 1 % uniaxial
strain loading in the x-direction. Fig. 4a shows the corre-
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(a) 32% voxels (b) 64® voxels

Fig.3 3D ball microstructure with four discretization levels

(c) 128% voxels (d) 256% voxels
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Fig.4 3D ball microstructure subjected to a normal strain: macroscopic stress and solver convergence for various discretizations and solvers

Table 3 Material properties [92] for the single spherical inclusion
shown in Fig. 3

Material E in GPa v
Aluminium 6061-T6 75 0.3
SiC 400 0.2

sponding macroscopic stress o1 obtained with four different
discretizations: trigonometric polynomials [1], the rotated
staggered grid [33], the staggered grid [30], and the DD2
wavelet discretization [70]. We observe that the trigonomet-
ric polynomial and the DD2 wavelet discretizations on the
one hand, and the rotated staggered grid and staggered grid
discretizations on the other hand, lead to almost identical
macroscopic stresses. The rotated staggered grid and classi-
cal staggered grid discretizations lead to stresses that are at
most 0.02 % higher than the other two discretizations. From
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Fig. 4a, it also appears that the macroscopic stress is, on aver-
age, reduced by 0.2 % when increasing the resolution from
32 to 128 voxels per axis, but only by 0.01 % when increas-
ing this number from 128 to 256 voxels per axis. Hence, we
adopt microstructure with 1283 voxels for the subsequent
investigations.

Fig. 4b shows the evolution of the residual for three
solvers: the basic scheme [1, 2], the Barzilai-Borwein (BB)
solver [90], and the conjugate gradient (CG) solver [16, 91].
These solvers are combined with the four discretizations
already investigated in Fig. 4a. For all discretizations, the
basic scheme converges in 39 iterations, BB in 17 iterations,
and CG in 13 iterations. For the present example, the required
number of iterations depends on the chosen solver, but the
influence of the discretization is rather limited.

For FFT-based homogenization solvers, the necessary
number of iterations depends on the material contrast in the
microstructure, which was rather low in the previous exam-



Computational Mechanics

104

103

102

Iterations
T T 1171 H‘
Ll

Residual

10!

100 | | | | |
107 10~% 10~* 10 10 10°

Material contrast Einclusion/ Ematrix

(a) Non-porous case
(only DD2)

10°
1071
102
1073
10~4

10—5

F ] 10° ]
ERE E
1 g 07 E
E 1 5 Mol
iy 1 & i i
LA 9 m 107 E
N LM B - B
I ”“"f"““‘WWWMv~..m N - :
| T g 10-4 1 |
- | | | | 10~° E | |
0 02 04 06 08 1 0 20 40
Iterations .10% Iterations

(b) Porous case: evolution of the residual over 10000

iterations (left) and zoom on the first 50 iterations (right)

—— Trigonometric polynomials
—— Wavelet DD1

Rotated staggered grid —— Staggered grid
—— Wavelet DD2

—— Wavelet DD3

Wayvelet DD4

Fig.5 Effect of the material contrast on the convergence for the studied discretizations

ple. Fig. 5a reports on the number of required iterations as a
function of the material contrast, for various discretizations
combined with the CG solver. In this example, the elastic
properties of the matrix are identical to those prescribed in
Tab. 3. The Poisson ratio of the inclusion is set identical to
the one of the matrix, i.e., v = 0.3. Here, we consider the
"material contrast"
Einclusion/ Ematrix (3~3)
which is varied between 107> and 10° and permits us to
distinguish soft and hard inclusions. Fig. 5a reveals that the
DD2 wavelet discretization shows a similar behavior as the
Moulinec-Suquet discretization. To be more precise, the sen-
sitivity to the phase contrast appears to be rather strong for
both discretizations: CG terminates after 1029 and 1148 itera-
tions for a contrast of 107 as well as 2268 and 2398 iterations
for a contrast of 10°. In contrast, both the staggered and the
rotated staggered grid discretizations are less sensitive to the
phase contrast, especially when approaching the porous case.
In particular, for a contrast Einclusion/ Ematrix = 1073, the CG
solver converges after 34 iterations for the staggered grid dis-
cretization and after 27 iterations for the rotated staggered
grid discretization.

To investigate further, we furnish the spherical inclusion
with a vanishing Young’s modulus while the matix material
stays identical to the previous example. Fig. 5b shows the
evolution of the residual of CG for different discretizations.

We observe that for both the Moulinec-Suquet and the DD2
wavelet discretizations the CG solver does not reach the tol-
erance value 10~ within 10000 iterations. The prescribed
tolerance is reached in 34 iterations for the staggered grid
discretization, and in 27 iterations for the rotated staggered
grid discretization.

Fig. 5b also reports on the performance of three other
wavelet discretizations: Deslauriers-Dubuc with one, three
and four support points, denoted by DD1, DD3 and DD4,
see section 2. The convergence behavior of CG for the DD3
and DD4 wavelet discretizations is similar as with the DD2
wavelet: The solver is unable to reach the prescribed toler-
ence within 10000 iterations. From these results, we conclude
that increasing the number of support points of the wavelet
discretization does not improve the numerical robustness for
porous microstructures. In contrast, reducing the size of the
support seems to have a positive effect: For DD1, the residual
reaches the tolerance within 33 iterations. This behavior is
similar to what we observed for the staggered and the rotated
staggered grid discretizations.

Tab. 4 records the runtimes of ten iterations of the basic
scheme for different discretizations on a single thread. We
use the microstructure with a single inclusion shown in
Fig. 3d and the material parameters listed in Tab. 3. We
observe that all discretizations lead to a similar runtime, and
the differences in the runtime are actually caused by the appli-
cation of the Eshelby-Green operator (2.74) in Fourier space.
The discretization via trigonometric polynomials [1, 2] is
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Table4 Runtimes of ten

Total runtime in s Runtime T in s

36.1 39
40.0 7.8
40.1 7.7
37.8 4.9
37.4 5.0
36.8 4.9
37.7 4.9

iterations of the basic scheme on Discretization
ik T e———
the material parameters listed in Staggered grid
Tab. 3 Rotated staggered grid

Wavelets DD1

Wavelets DD2

Wavelets DD3

Wavelets DD4
Table5 NI_atm‘ial properties for Material E in GPa v
the sand microstructure [95]

Sand 66.9 0.25

Binder 43.0 0.17

the fastest, and only slightly trailed by the different wavelet
discretizations. The two staggered grid variants are slightly
slower. To sum up, the runtimes per iteration of the wavelet
discretizations on a regular grid are comparable to the origi-
nal discretization proposed by Moulinec-Suquet [1, 2]

3.3 A sand grain microstructure

Next, we analyze the porous sand-core microstructure [93,
94] presented in Fig. 6, which comprises 50 % sand and 2 %
inorganic binder. The microstructure was generated using
the stacked Mechanical Contraction method, proposed by
Donval et al. [95]. and discretized by 1403 voxels of edge
length 4 pem. This example is challenging due to the high
porosity of the composite and to the complex geometry of
the microstructure. The elastic properties of the constituent
materials are given in Tab. 5, and correspond to the ones
used in Donval et al. [95].

The microstructure is subjected to a 1 % extension in the
z-direction.

Fig. 7 shows the convergence behavior of the basic
scheme, the Barzilai-Borwein solver and the Conjugate Gra-
dient method, combined with five different discretizations:
trigonometric polynomials integrated with the trapezoid rule,
the rotated staggered. the staggered grid and both the DD1
and the DD2 wavelet discretizations. Fig. 7a shows that
the basic scheme converges within 10 000 iterations when
combined with either the DD1 wavelet discretization or the
staggered grid discretization. In that case, the convergence is
almost twice as fast for DD1 (3883 iterations) than for DD2
(7549 iterations). After 10 000 iterations, the basic scheme
reaches a residual of 7.5 x 10~% when combined with the
rotated staggered grid discretization, a residual of 2.8 x 10—3
for the considered trigonometric polynomial discretization,
and of 3.4 x 10> for the DD2 wavelet discretization. We
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Table 6 Average macroscopic normal stress &, in z-direction

Discretization &, in MPa
Staggered grid 49.47
Rotated staggered grid 49.56
Wavelet DD1 50.94

make similar observations for the BB solver, see Fig. 7b.
Convergence is only achieved with the staggered grid and
the DD1 wavelet discretizations. The number of iterations
to convergence is drastically reduced compared to the basic
scheme, however: 192 for the DD1 wavelet discretization and
340 for the staggered grid discretization. Finally, in case the
CG solver is used, see Fig. 7d. convergence is reached for
three discretizations: the DD1 wavelet, in 172 iterations, the
staggered grid discretization, in 210 iterations, and the rotated
staggered discretization, in 6378 iterations. After 10 000 iter-
ations, the residual reaches 2.7 x 10~3 for the DD2 wavelet
discretization, and 3.6 x 103 for the trigonometric polyno-
mials discretization.

Tab. 6 reports the macroscopic stress component o, for
the three discretizations that reach convergence with CG: the
staggered and rotated staggered grid discretizations, as well
as the DD1 wavelet discretization.

The macroscopic stress obtained with the staggered and
rotated staggered grid are only 0.2 % apart. The macroscopic
stress obtained using the DD1 wavelet discretization, is 2.7 %
higher.

Turning our attention to the local fields, shown in Fig. 8,
we compare the local Mises equivalent stress field for all
three converging discretizations. The local Mises equivalent
stress field obtained using the staggered grid discretization
is smooth, even around the binder bridges. For the rotated
staggered discretization, we observe a slight checkerboard
pattern. This checkerboard pattern is more pronounced for
the DD1 wavelet discretization, especially in the vicinity of
binder bridges. As a conclusion, for complex and porous
microstructures, the DD1 wavelet discretization is as stable
as the staggered grid discretization, but leads to a slightly
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Fig.6 Sand microstructure with
red-colored sand grains and
white-colored binder
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Fig.7 Residual vs iterations for the 256> 3D sand microstructure subjected to a normal strain: convergence behavior for five different discretizations

in combination with three solvers
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Fig.8 Local Mises equivalent stress distribution on a slice of sand microstructure using CG solver

Fig.9 Considered short-fiber
microstructure

(a) 2D slice

different value for the macroscopic stress computation, and
produces local fields with more artifacts.

3.4 A fiber microstructure

For the last example, we investigate the capabilities of the
wavelet discretizations in case of material non-linearities.
We consider a short-fiber reinforced polymer, presented
in Fig. 9. The microstructure is composed of 10% glass
fibers, with a length of 250 um and a diameter of 10 pm,
embedded in a nylon polymer matrix. The fibers were packed
with isotropic orientation using the Sequential Addition and
Migration approach [96]. The considered volume element, of
edge length 512 um, is discretized on a uniform grid of 2563
voxels. The fibers are considered elastic, while the matrix
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(b) 3D representation

follow a J,-elastoplastic model with a linear-exponential
hardening law [97]:

oo(p) = oy + h1p + ha(1 — exp(—np)). (3.4

We adopt the material properties of the fiber and matrix
phases from Wu et al. [97], as summarized in table 7.

We study the elastoplastic behavior of the microstructure
under mixed boundary conditions [98]. A uniaxial strain of
5% is applied in the x-direction, distributed over 50 equidis-
tant load steps, while the macroscopic stress in the transverse
plane is set to zero. An affine extrapolation is used for the
initial guess €°(f,+1) of the subsequent load step 7,41, as
proposed by Moulinec and Suquet [2]:
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Table7 Material properties for

. Nylon matrix E=3GPa v=0.35 oy =20 MPa n =150
the fiber microstructure [97] hi = 1MPa hy = 15 MPa
Glass fibers E =72 GPa v=0.2
e%(tnr1) = €%(ty) + = 2 (e(ty) — e(tn_1)), (3.5) gehzatlon. mto pels.pectwe., comparing its construction and
In —1tp—1 its properties to available discretization schemes.

where &(f,) and €(t,_;) stand for the converged solutions of
the two previous steps.

We examine the performance of several discretizations:
trigonometric polynomials, rotated staggered grid, staggered
grid and DD wavelets with one, two, three, and four support
points.

We solve each of these discretizations by the non-linear
conjugate gradient method [99], see Alg. 3. Fig. 10a shows
the macroscopic strain-stress behavior of the composite. In
the elastic phase, that is, until around £,, = 0.8%. all
discretizations lead to the same stress. The difference in
macroscopic stress starts to be visible for strains greater than
E¢x = 3%. From that strain onwards, the computed macro-
scopic stress is higher for all wavelet discretizations than for
the other three discretizations (trigonometric polynomials,
staggered and rotated staggered grid discretizations). The gap
is highest for the highest considered strain value, £,, = 5%.
For this value, the macroscopic strain lies between 52.7 MPa
and 53.1 MPa for the wavelet discretizations, and between
51.7 MPa and 51.8 MPa for the other three discretizations.
The maximum difference between the value obtained with
the staggered grid discretization and with the DD2 wavelet
discretization is 2.9%.

Figure 10b provides the number of iterations per load step.
The staggered grid discretization always leads to the highest
iteration count, while the DD1 wavelet discretization leads
to the lowest iteration count up to the 33rd load step. After
this load step, the DD4 wavelet discretization comes with the
least iterations.

To conclude the present example, all the investigated
wavelet discretizations are computationally efficient for
elastoplastic problems, but slightly overestimate the macro-
scopic stresses.

4 Conclusions and perspectives

The work at hand was concerned with the discretization
by wavelet collocation, introduced recently by Kaiser and
co-workers [70]. for the cell problem of periodic homoge-
nization in linear elasticity. Due to the variety of established
options for discretizing the unit-cell problem available for
FFT-based methods, our goal was to put this "alien" dis-

In a sense, wavelet analysis has a different paradigm than
traditional finite-element discretizations: Wavelet methods
aim to construct a full multiscale! basis of the entire func-
tion space the solution of the PDE under consideration is
sought in. Thus, instead of fixing the discretization a pri-
ori, the continuous solution is actually the starting point, and
adaptivity is naturally brought in to approximate the typically
unknown discontinuities of the solution appropriately. Due
to the full multiscale nature, the entire wavelet formalism
can be intimidating, and may scare potential users despite
potential advantages.

The article at hand provides a stream-lined development
of the wavelet method proposed by Kaiser et al. [70]., with
a few highlights. We discussed the development of the used
interpolating wavelets from scratch, dispensing with most
of the wavelet machinery. As a byproduct, we could iden-
tify similarities to traditional centered finite-difference dis-
cretizations. With these developments at hand, we discussed
the construction of a wavelet discretization associated to
unit-cell problems in micromechanics in arbitrary dimension
on a regular grid. The resemblance to the Moulinec-Suquet
discretization, as developed from the "modern perspective”
[23. 55] is striking: One starts with a discretization of the
stored elastic energy, and obtains the balance equation as
the first variation in a natural way. Similar to the Moulinec-
Suquet discretization. there is only a single grid required
to represent both the "nodal" degrees of freedom and their
derivatives. This situation contrasts with most other dis-
cretizations, e.g., finite elements which distinguish a nodal
erid and a quadrature-point grid. This finding highlights the
role of the quadrature rule: Whereas the Moulinec-Suquet
discretization is intricately linked with the trapezoidal rule —
the same is true for the interpolating wavelets discretization
on a regular grid — adaptive wavelet discretizations would
be naturally adapted to locally refined quadrature rules of
trapezoidal type. In particular, such approaches should ben-
efit from the superconvergence properties [53. 54] which
were recently found to drive the effectiveness of computa-
tional homogenization methods on regular grids. Also, the
energetic formulation makes the symmetry of the ensuing
discrete problem apparent, and would enable us to estab-

1 The term multiscale has a different meaning in this context from
multiscale mechanics, for instance: The multiple scales refer to nested
levels of discretization fmeness.
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Fig. 10 Macroscopic elastoplastic behavior of an isotropic fiber microstructure.

lish similar contraction estimates for the basic scheme and
other Lippmann-Schwinger type solvers that are familiar in
FFT-based computational micromechanics. For complete-
ness, we also provided the route to the associated Green’s
and Eshelby-Green operators. In the process, we discussed
the emergence of the "undefined frequencies" for general DD
wavelet order in a natural way.

We followed the path established by Kaiser et al. [70]
and used the discrete Fourier transform (DFT) to construct
Green’s operator. However, the DFT requires a regular grid
to be given. In particular, when realizing spatial adaptiv-
ity, a high-resolution background grid needs to be present,
which, one the one hand, requires to be treated by compu-
tational means, and, on the other hand, may warrant some
stabilization to retain computational robustness, as done
in Kabel-Schneider [69] in a related scenario. It might be
interesting to investigate whether the forward and back-
ward wavelet transforms could be used directly to provide a
"Green’s operator", as done for L2-wavelets [100, 101]. The
authors are not aware of a result stating the required norm
equivalence for the case of interpolating wavelets. Indeed,
the latter were developed for spaces of continuous functions
[71] for the simple reason that interpolation requires the func-
tion to have a well-defined value at a point. The cell problem
is set in the first-order Sobolev space H ', whose elements are
discontinuous, in general, in spatial dimensions greater than
one. Therefore, further research would be required to see if a
robust "pure wavelet" Green’s operator leads to robust itera-
tive schemes. In a sense, this situation appears to be similar,
where trigonometric interpolation is non-standard for dis-
continuous functions [55].
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We reported on a number of computational studies whose
purpose is to shed some light on properties of the wavelet
discretizations not easily deduced from theoretical consider-
ations. In particular, the three items (i)-(iii) described in the
introduction are of particular importance here.

We observed that for moderate (elastic) material con-
trasts, i.e., between 0.01 and 100, the investigated wavelet
discretizations showed an iteration count similar to tradi-
tional discretizations. This property was to be expected from
the theoretical considerations. For higher contrast, however,
things get more interesting. The required iteration counts
for the DD2, DD3, and DD4 wavelet discretizations are
strongly affected by the material contrast, similar to the orig-
inal discretization via trigonometric polynomial proposed
by Moulinec and Suquet. In contrast, the DD1 discretiza-
tion converges faster and enables the associated solvers to
converge on porous microstructures with a linear rate. In
this respect, the behavior of DD1 wavelets is similar to the
staggered and rotated staggered-grid discretizations. In the
limiting case of infinite contrast, only the DD1 wavelet dis-
cretization showed a stable solver behavior. For the specific
example considered, the DD1 discretization requires less iter-
ations than both the staggered and the rotated staggered-grid
approaches, although the local fields show more pronounced
numerical artifacts.

We also conducted computational experiments for an
inelastic material. As expected for the associated finite
material contrast, the solvers performed similarly for all dis-
cretizations considered. Moreover, compared to trigonomet-
ric polynomials, staggered-grid, and rotated staggered-grid
discretizations, the DD wavelet discretizations for all consid-
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ered orders slightly overestimate the macroscopic stresses,
both for the elastic and the inelastic case. similar to finite-
element discretizations.

To sum up., we could not find convincing arguments
for replacing established discretizations used in FFT-based
methods by Deslauriers-Dubuc wavelets, at least on a regular
grid. In a sense, this is not surprising as the DD wavelets on a
regular grid come in two flavors. For low order, DD wavelets
coincide with central difference discretizations. and their
suitability for being used in FFT methods was investigated
earlier. Deslauriers-Dubuc wavelets of high order, on the
other hand, do not improve both the solver properties nor the
convergence properties. Whether or not wavelet discretiza-
tions offer a real advantage over alternative approaches
hinges on whether suitable preconditioning strategies based
on the fast wavelet transform can be established for adap-
tive discretizations. dispensing with the FFT altogether. In
fact, the competitors [61—63. 66] available promise higher
convergence rates than adaptive wavelets. In three spatial
dimensions, to achieve a specific fidelity in the effective
stresses, the effort of traditional FFT methods scales as N°,
where N denotes the number of voxels per axis, whereas X-
FFT leadstoan N 3 scaling - similar to interface conforming
finite elements. For adaptive methods on a regular grid, a
scaling of N2 is expected, proportional to the surface area.
Thus, the scaling appears inferior. However, the salient scal-
ing N2 requires the interface to be sufficiently smooth, so
adaptive methods may shine in the presence of geometric
singularities, e.g., the tips of cylindrical fibers or the edges
of polycrystalline grains/fillers.

Appendix A Periodic homogenization in a
nutshell

Appendix A.1 The effective stiffness and the
equilibrium equation

We consider a rectangular unit cell
Y =10, L1]1 x [0, La] x --- x [0, Lg] (A1)

in d spatial dimensions with positive edge lengths L; (i =
1,2,...,d). Suppose a free energy density
W:Y x Sym(d) — R (A2)
is given which we assume to be measurable in the first slot
and continuously differentiable in the second slot [31]. We
assume that there is a constant «y, s.t. the estimate

| S(x,e1) — S(x, e2)|| < ayller — ezl (A3)

holds for (almost) all x € ¥ as well as e1, &2 € Sym(d) and
where we introduced the stress operator

oW
S(x,e) = g(x,s), xcY, ecSym(d). (A4)
We use the Frobenius norm
lle]l = e : e, e € Sym(d), (A.5)
where the colon refers to a double contraction
d d

e.T1T = Z £ij Tij with ¢ = Z cij €@ e;

ij=1 ij=1

d
and T = Zruﬂ@ej (A.6)
i,j=1

of indices with the canonical basis (e, ea, ..., eg) of the

Cartesian space R¥.

An important special case arises in case a (measurable)
microscopic distribution of stiffness tensors
C:Y — L(Sym(d)), x> C(x), (A7)
is given, which we consider pointwise as a linear mapping
on the vector space Sym(d) of symmetric d x d-tensors. We
assume that the stiffness distribution (A.7) is symmetric
[C(x):e1]:e2=[C(x):e2]:e1 (A.8)
for all strains €1, €2 € Sym(d) and almost every continuum
point x € Y in the cell (A.1). Then, we may consider the
Hookean free energy

Wix,e) = %e :C(x):e, xc¥Y, ecSym(d), (A9

with the framework (A.2). General inelastic problems are
treated via progressing time steps, and the free energy (A.2)
is taken as an incremental energy [102, 103].

In periodic homogenization [104—106], we are interested
in the periodic displacement fluctuation

1,ynd

ue H,(Y) (A.10)
with vanishing mean in the first-order Sobolev space which
solves the quasistatic balance of linear momentum
divS (-, e+ Vu) =0 (A.11)
on the microscopic scale for a prescribed macroscopic strain

& € Sym(d). The symbol V* stands for the symmetrized gra-
dient operator. Under suitable conditions on the free energy
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(A.2). existence and uniqueness of a solution (A.10) to the
equilibrium equation (A.11) may be established [31]. The
simplest such condition is (uniform) strong monotonicity of
the stress operator (A.4), i.e., the existence of a positive con-
stant, s.t., the inequality

[S(x,e1) — S(x,e2)]: (1 — &) > a_|le] — &3]
(A.12)

holds for all strains €1, &2 € Sym(d) and almost all points
x ¢ Y. Physically speaking the condition (A.12) rules
out degeneracies like voids/pores and rigid inclusions. Such
cases can be treated under suitable conditions on the arrange-
ment of the phases, and we refer to the pertinent literature [31,
32] for a discussion. Moreover, the case of negative eigenval-
ues in the material tangent leads to a violation of condition
(A.12).

For prescribed macroscopic strain £, we denote by
0z =8 (- &+ Viuz) (A.13)
the associated local stress field, where uz € H}(Y)? stands
for the unique solution to the balance equation (A.11). Of
particular significance is the average stress response
0z = (0z)y (A.14)
to the applied strain € which arises by spatially averaging the
local stress field, i.e., we use the definition

1

@)y = vol()

f ¢ (x)dV(x) (A.15)
Y
for the mean of any (integrable) field ¢ on the cell (A.1).

In the special case (A.9) of linear elasticity, the effective
stress 0z depends linearly on the applied strain &, and we
may define the effective stiffness tensor

Cett ¢ L(Sym(d)) (A.16)
implicitly via the relation
Cett 5 =0;. (A.17)

In practice, the effective stiffness (A.16) is evaluated by
selecting a linear basis of the vector space Sym(d) and solv-
ing the balance equation (A.11) once for every basis tensor.
Thus, three solutions are required in two spatial dimensions,
whereas six cases must be considered in three spatial dimen-
sions, in the general scenario. In case the microstructure (A.7)
has additional symmetries, sometimes fewer solutions are
required [107].

The effective stiffness (A.16) is symmetric in the sense
(A.8) and inherits the bounds (A.3) and (A.12) from the local
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stiffness. These properties are most easily seen by consider-
ing the variational principle

min

&) := (W(, &+ V'u)), —
ucHI (Y)Y

(A.18)

which seeks periodic displacement fields minimizing the
average free energy (A.2). The associated critical points coin-
cide with (weak) solutions of the balance equation, even in
the general case (A.2). For linear elasticity, the effective
stiffness (A.17) emerges naturally

—&:C°: 5= min &(u) (A.19)
2 ueHL(Y)d
via energy equivalence [54].

Except for a few special cases, see Milton’s treatise [ 108],
no analytical solutions for the equilibrium equation (A.11)
are available. Therefore, it is imperative fo resort to compu-
tational approaches to resolve the balance equation (A.11).
There are two essential steps for realizing this task: First,
the balance equation (A.11) needs to be suitably discretized,
i.e., turned into a finite-dimensional problem. Subsequently.
the discretized problems needs to be solved, or, to be more
precise. the solution needs to be approximated to the desired
accuracy.

Discretizing the problem (A.11) accurately and solving
it efficiently afterwards are contradictory goals. Indeed, it is
not difficult to produce false solutions quickly. To offer a
compromise and to inherit the positive properties of the con-
tinuum formulation, it is convenient to follow the pioneering
ideas of Moulinec-Suquet [1, 2] and to study potential solvers
in a continuum setting first, see the next section. In such a
way one may differentiate between the characteristics of the
continuum problem and the properties of the discretization
scheme.

Appendix A.2 The Lippmann-Schwinger equation
and associated solvers

To treat the balance equation (A.11) numerically, it is con-
venient to introduce a homogeneous reference stiffness C°,
i.e., a symmetric and positive definite element of the space
L(Sym(d)) which will later serve as a numerical parameter.
With its help. we may re-write the balance equation (A.11)
in the form

dive® : Viu = — = ¢ (A.20)
with the stress polarization
1 =80,8+Vu)—C°: &+ Vu). (A21)
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Considering the left-hand side in the eq. (A.20) as an operator
with inverse G°, we may consider the equivalent form of
eq. (A.20)

u=—G%=1=_G°div [5(., F+Vu) —C%: G+ V‘u}],
(A.22)

the displacement form ofthe celebrated Lippmann-Schwinger
equation [4—6]. More often than not, eq. (A.22) is differen-
tiated, adding the macroscopic strain to both sides in the
process, resulting in the equation

E+Viu—¢— V’Godiv[S(-, F4+Vu)—C%: G+ V’u)],

(A.23)
which may be re-written in the form
e=e-10: [8{-,8)—030 :s] (A.24)
with the (total) strain field
e =&+ Vu e L2(Y: Sym(d)) (A.25)
and the Eshelby-Green operator
0 = v*GO%iv e L(L2(Y; Sym(d))). (A.26)

Equation (A.24) is known as the Lippmann-Schwinger equation
in strain form. Both Lippmann-Schwinger equations (A.22) and
(A.24) are formally equivalent, i.e., every displacement solution of
the eq. (A.22) gives rise to a solufion to eq. (A.24) via the pre-
scription (A.25). In turn, every strain field & solving eq. (A.24) has
the form (A.25) with a displacement field u Hé ¥)d solving
the displacement-form equation (A.22). Moreover, every displace-
ment solution to the Lippmann-Schwinger equation (A.22) solves
the original balance equation (A.11) and vice versa. This property.
albeit elementary. is critical, as it emphasizes the role of the refer-
ence stiffness as a numerical parameter. Indeed, usually a parameter
involved in an equation leads to a solution depending on the param-
eter. In our case, no such dependence is observed.

Either of the Lippmann-Schwinger equations has a suggestive
fixed-point form, i.e.. leading to the natural fixed-point scheme

e+l —z 0. [S(-,ek)—CO:sk], k=0,1,2,...,

(A.27)
where k is the iteration index and some initial guess €0 must be
provided to start the iterative scheme. We restrict to the strain
form (A.24), as this formulation typically leads to faster schemes,
whereas the displacement formulation (A.22) requires less memory.
in general. We refer to the works [36—38, 87] for more details.

The approach (A.27) was infroduced by Moulinec-Suquet [1, 2]
as their basic scheme. To turn this strategy into an iterative scheme,
two questions must be answered first. For a start, the operator ro-
which we introduced rather formally just yet via a concatenation of

operators (A.26) —must be evaluated. Moreover, a recommendation
for the reference material should be given.

To evaluate Green’s operator G, it is convenient to exploit the
periodicity contained in the definition (A.10) of the displacement
fluctuation and to express the field in terms of the Fourier series

- iEx  r 2
u@y =Y aEe s, skzL—”_sk, k=1,2,....d,
EcZd k
(A.28)

with suitable Fourier coefficients {#i(& }}«5 czd and the imaginary
unit i. Then, the left-hand side of eq. (A.20) takes the form

divC? : Vu(x) = — Z I [CG : (E ®Rs ﬁ{&})] e"é"".

Eczd
(A.29)
Thus, one is led to solve a linear equation
—E- [ (Bea®)] = T@® (A.30)

for every non-zero frequency vector & € Z4\{0} and where {j‘{g}}
refer to the Fourier coefficients of the right-hand side f = —divr
in eq. (A.20). Solving the linear system (A.30) provides the action
of Green’s operator GY in Fourier space. Both the symmetrized
gradient operator V* and the divergence div may be expressed in
Fourier space. Therefore, the entire Eshelby-Green operator (A.26)
may be evaluated efficiently in Fourier space.

Concerning the choice of the reference material, a simple choice
in the scenario (A.12) and (A.3) selects the reference material in
the form

o_ +oay

: (A31)

Cﬂza(]][, ap =

with the identity tensor I on symmetric 4 x d-tensors. Then, for
prescribed fidelity, the iteration count required for the basic scheme
(A.27) scales linearly with the material contrast

ay

o

(A32)

Interestingly, as these considerations were made for the continu-
ous formulation, dedicated discretizations preserving the outlined
structure lead to the same iteration bound. In particular, a resolution-
independent convergence behavior may be expected here. This
property contrasts with traditional approaches for solving the bal-
ance equation (A.11), where an increase in the condition number of
the associated linear system is observed for finer and finer meshes.
In this sense, working with the Lippmann-Schwinger formulation
(A.26) leads to a natural preconditioning [31, 38] which provides
resolution-independent convergence guarantees at the expense of a
material-contrast dependence of the iteration-count bounds.

Under more restrictive hypotheses on the symmetries of the
local stiffnesses, more clever choices for the reference material
are possible [109, 110]. However, these alterations offer only a
minor improvement due to intrinsic limitations of the basic scheme
(A.27). In fact, the basic scheme (A.27) may be interpreted as

@ Springer
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a gradient-descent method for the average elastic energy (A.18),
and the limitations of gradient methods are well-known and well-
reported in the optimization literature [111]. As a remedy, more
efficient solution schemes may be considered. which also provide
resolution-independent convergence guarantees but require fewer
iterations than the basic scheme (A.27). For linear problems, the
conjugate gradient (CG) method, introduced by Brisard-Dormieux
[16] and Zeman et al. [91] for this type of problems, serves as the
gold standard for other solvers. The iteration count scales with the
square root ,/k of the material contrast (A.32), which is known to
be optimal [111], in general. There are also other strategies which
are not as fast, but may be implemented with less memory [90, 99,
112].

Appendix B Interpolated derivatives of inter-
polating wavelets

The purpose of this appendix is to provide the arguments for the
validity of the representation (2.30) and the values recorded in
Tab. 2. We consider a function

=) sioevt (B.1)
kel
and compute the exact derivative
' £ d¢f
= s e B.2)

keZ

To retain the space vE we "project" the derivative (B.2) back onto
the space V¢ via the interpolation operator (2.19)
af =P [f]. (B.3)

A special role here play the values of the derivative of the funda-
mental function (2.1) at the integers

rp = ¢,(k}, k e Z, (B4)
in case the fundamental function (2.1) is differentiable. Due to the

compact support, only a finite number of the coefficients {r;} are
actually non-zero.

@ Springer

By the linearity of the projection (2.19) and the scaling property
(2.14), we obtain the explicit description

PELAT=230 ) smreembp =23 D sp, iridi BS)

keZ meZ kel jeZ&

for the derivative (B.3). The last two representations are related
by the index change j = k — m. In particular, if we express the
derivative

P=> 5 ¢feV?

keZ

(B.6)

in the natural basis with coefficients {§f }. the latter may be written
in the explicit form

£ ot ¢
Se=2") sky
JjeZ&

(B.7)

The latter formula shows that the derivative operator (B.3) on
the approximation space vt may be regarded as a special finife-
difference operator acting on the coefficients {sf} used to represent
the function (B.1).

It remains to identify the values of the coefficients (B.4). For
this purpose, the representation (2.10) is helpful. i.e., following the
literature [70, 83], we observe

o0
e =¢'(k) = —f ()P (y—k)
o0

o0
dy = —f &z +kd'(2)
—00

o0
dz = f bz —k)d'(2)dz, keZ, (B.8)
—00

where we used the substitution z = y — k and the symmetry
ri = —r—k, k € Z, implied by the symmetry ¢(—x) = ¢(x),
x € R. of the fundamental function. The last expression in eq. (B.8)
was computed by Beylkin [113] for the Daubechies wavelets. For
the considered Deslauriers-Dubuc wavelets of low order, we list
the following coefficients in Tab. 2. Beylkin [113] also provided a
formal computation of the coefficients for the case M = 1, corre-
sponding to DD1 wavelets, which are not classically differentiable.
We included the corresponding coefficients in the table, as they
are useful for the hat-shaped Deslauriers-Dubuc wavelets of order
M=1.
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Appendix C Pseudo-codes

For the convenience of the reader, this appendix comprises pseudo-
codes for the relevant algorithms: the basic scheme, Alg. 1, the
Barzilai-Borwein method, Alg. 2, and the non-linear conjugate gra-
dient algorithm, Alg. 3.

Algorithm 1 Basic scheme [1, 2] (maxit, tol)
1: Determine initial guess & (with the correct mean) and initial reference
material C°

:res «— tol+1
k<0
: while k < maxit and res > tol do

k+—k+1

eold — g

e« 8@E)—-C:¢
apply constitutive law (A.4)
8: & <« FFT(e)
90 F<—&0)+C:z

£ E=0

10 2@ < { —TO(£) : &(§), otherwise
11: & « FFT L&)

12:  r <—{||s —.‘:"ldllz):rr

13: res <—,\/F/||&||

14: end while

15: return &, res

A e

- Compute stress polarization (A.21),

> See eq. (2.74)

Algorithm 2 Barzilai-Borwein scheme [90] (maxit, tol)
1: Determine initial guess & (with the correct mean) and initial reference
material C°

:res <1

k<0

p<1

R <+0

: whilen < maxit and res > tol do

k<—k+1

R «— ¢

R] _ S(R)
q (S(R): R)y

G < (R)y

R « FFT(R)

i 0, E=0
® < lﬂf"(g) : R(#), otherwise

13: R <« FFTU(R)

14:  p <« p/(1—q/r)

15: e« &e—pR

16: < (|R]?)y

17:  res « . Jr/|o]|

18: end while

19: return &, res

hl A ol

> Apply constitutive law (A.4)

—
—_

—
»

> See eq. (2.74)
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Algorithm 3 Non-linear CG method [99] (maxit, tol)

1: Determine initial guess & (with the correct mean) and initial reference
material C°
rres «— tol+41
k<0
y <1
D <0
: while Xk < maxit and res > tol do
k<—k+1
G «— 8(e)
& < (G)y
G < FFT(G)

G(§) <

> Apply constitutive law (A.4)

Rl A A el o

,_.
e

N 0,£=0
r(§) : G(§), otherwise
122 G <« FFT Y(G)

13: Vold < ¥V

14:  y < |G|?

15: B < v /Voua

16: D« —-G+B8D

17: e«—e+ab

18: res « J¥/la|l

19: end while

20: return &, res

—
—

> See eq. (2.74)
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