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Identity of Matrices

A matrix remains “identical” from a mathematical perspective
if any of the three operations are performed:

® |nterchange any two rows

® Multiply all the elements in a row by a real number which
is not zero

® Add multiples of the elements of one row to the elements
of another row

Note that this does not necessarily hold when applied to
Economics
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Addition

A+B=C=B-+Aif A, B, and C have the same dimension
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ajl a2 ... an b1 bz ... bigy
a1 ax» ... a by b ... bop
A+B= ) ) i ) + ) )
dmli dm2 --- dmn bmi bm2 ... bmn
Matrix
Operations a1l + b1 aip+bip ... ain+ bin
a1 +ba1 ax+tbx ... ax+ b, c

am1 + bml am2 + bm2 .. amn+t bmn
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caio
Caz2

cam?

Scalar Multiplication

Cain
Casnp

Camn
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Cm><p = Amxn - Bn><p
air an ain b1 b2 b1p
a1 ax acn b1 b bop
Matri
O:e:laxtions am]_ am2 e amn bn]_ bn2 e bnp
n n n
Yokt dkbkr D op_qakbke ... Do awkbkp
n n n
Yoke1@ukbin Y _qawbike ... Y k_q axkbip
n n n
Y k1 dmkbiki Y ki amkbke ... D _i_q amkbip

— It is important that A-B=AB#BA =B -A

-

institut fiir
soziookonomie

6/16



Network
Theory and
Input-Output-
Modeling

Jan David
Weber

Matrix
Operations

-

Linstitut fiir
soziookonomie

Matrices must have the same dimension as each element is
multiplied with the corresponding element

Am><n O] Bm><n -

an
azi

ami

an
ani

am1

= Cm><n

a2
azs

am2

X b11
X b21

X bm1

Hadamard Multiplication

ain
azn

bii b
b1 bx

bml bm2
aip X bln

axp X b2n

amn X bmn
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Transposition

Transposing a matrix means that rows and columns are

switched

ail
ar1
T

Am xn =
amil

a1l
aip

dln

= An><m

a1
az?

am?2

az1

a2

am?2

din
azn

amn

amil
am?2

amn
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Multiplicate a vector with a matrix:

Vectors and

Vector
Calculation an a1 o o1
: a; a; ... a
Matrices and 21 22 2m
Special X1 xnAnxm = (Xl X2 . x,,)
Matrices
apl  an2 .. anm
Matrix
Operations = (x1a11 + xoa21 + - - - 4+ Xpap1  x1a12 + X0a20 + -+ Xpapy - X1a1m + Xodm + - -

=B
Eigenvalues 1xm
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Multiplicate a matrix

AmxnXnx1 =

Vector Multiplication

with a vector:

alil da12 ... din X1
dani an» ... a2p X2
dml dm2 --- Amn Xn

a11x1 + apxo + -+ + a1pXn
az1Xy + axpXxo + -+ - + axnXp

amiX1 + ameXo + -+ - + amnXn
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Requirements:
® The Matrix must be quadratic and invertible
® The multiplication of a matrix with its inverse returns the
identity matrix
Matrix A-A =1
Operations
3 7 « 5 -7\ _ (1 0
2 5 -2 3) \0 1
Al A=1
ifiso
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Inverse of a Matrix

Easy calculation of 2 x 2 matrices with the inverse:

we (2 2

L d —b

-1 _ d—b d—b

M — (a_cc a ; c>
ad—bc ad—bc

® |nversion is possible by using the Cramer’s Rule

® |arger matrices can be inverted by using row operations or

the adjoint matrix (calculation intensive!)
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Determinants of a Matrix

The determinant incorporates all the elements of a matrix and

reduces the matrix to a single number.
Requisite for the Calculation:

® The matrix must be quadratic

® Determinant can be zero, but shows by definition that the

matrix is not invertible
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Determinants of a Matrix

The determinant of a 2 X 2 and 3 x 3 matrix is relatively easy

to calculate:
For a 2 x 2 matrix:

a a
A— (911 912
a2l a2

det(A) = a11 * axp — a2 * az1
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For a 3 x 3 matrix:
a1 d12 a3
A= |an ax a3
a3 ad32 ass
Matrix det(A) = a11aa33 — a11a23332 — 12321333 + 312323331
Operations
+ 313321332 — 313322331
The process gets more difficult for larger dimensions, see
Sterling (2009, p. 189)
-
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