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CHAPTER 1

Introduction

Seasonal adjustment aims to remove predictable seasonal fluctuations and other calendar-
related variations from a time series. In the context of economics Hylleberg (1992, p. 4)
defines seasonality as “[...] the systematic, although not necessarily regular, intra-year
movement caused by the changes of the weather, the calendar, and timing of decisions,
directly or indirectly through the production and consumption decisions made by the

agents of the economy”.

The removal of seasonal and calendar effects allows analysts, economists, and statis-
ticians to more clearly identify the business cycle and other non-seasonal effects, such as
strikes or crises. By adjusting for seasonality, it becomes easier to compare data across
different time periods and to make more timely economic assessments and policy deci-
sions. The usual alternative, year-on-year growth-rates, show underlying developments
with a time lag of about half a year (cf. Dagum and Mazzi, 2018). Moreover, these growth
rates may be skewed by differences in the calendar constellation, for instance a discrep-
ancy in the number of working days between the periods under comparison. To address
these issues, seasonal adjustment techniques are employed to provide a more immediate

and undistorted view of economic developments.

The collection of papers presented here adds to the literature on seasonal adjustment
and time series econometrics by introducing contributions in two primary areas. Histor-
ically, the development and application of seasonal adjustment methods have predomi-
nantly focused on time series data with lower frequencies, such as monthly and quarterly
observations. This work, however, develops and analyses methods to seasonally adjust
higher frequency time series. Most prominently, a procedure is developed to adjust daily

time series.
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Furthermore, the second area of contribution lies in the analysis and enhancement
of diagnostic tools that are instrumental in the seasonal adjustment process for both
lower and higher frequency time series. This includes the examination and refinement
of seasonality tests, which are pivotal in detecting seasonal patterns within the data.
Additionally, the research delves into the realm of unit root tests, which are relevant in
many areas of econometrics, and essential for the RegARIMA model based estimation
of calendar effects. Collectively, these methodological advancements and diagnostic im-
provements not only facilitate more accurate seasonal adjustments but also contribute to
the robustness and precision of time series econometrics as a whole.

Let us assume that a time series Y; can be decomposed into its unobservable compo-

nents following a basic time series model:

}/;:E+St+ct+jt, (11)

where T, represents the trend-cycle component, encompassing the medium- and long-
term progression of the series. The seasonal component S; reflects the pattern recurring
annually, and the calendar component C} accounts for non-periodic variations associated
with the calendar, such as the number of working days in a month or the timing of
moving holidays such as Easter. The irregular component I; captures all other short-
term dependencies and stochastic fluctuations.

For monthly and quarterly time series, the ESS guidelines on seasonal adjustment -
in the previous 2015 edition - provided by Eurostat (Eurostat, 2015) recommends spe-
cific methods for use. However, these methods, implemented as X-13ARIMA-SEATS
and TRAMO/SEATS, are not designed to handle time series with higher frequencies.
This raises the question: How can higher frequency time series be seasonally adjusted?
Until recently, there were no established methods specifically designed to address the
complexities of daily time series.

The Second Chapter! describes the Daily Seasonal Adjustment (DSA) procedure,
which is tailored to the unique characteristics of daily time series. The basic time series
model, as described by Equation 1.1, is extended to accommodate multiple periodic
effects. Daily time series exhibit annual seasonality (St(%s)), akin to that in monthly and
quarterly series, as well as weekly (Stm) and, for certain economic variables, monthly

(St(?’l)) recurring effects. The extended time series model is thus given by:

Y, =T,+ 8"+ 88 4 88 L, 41, wt=1,...,N. (1.2)

The DSA method sequentially adjusts for seasonal and calendar effects by combining
a RegARIMA model with the STL (Seasonal and Trend decomposition using Loess,

!Published as Ollech, D. (2021). Seasonal adjustment of daily time series. Journal of Time Series
Econometrics, 13(2):235-264. https://doi.org/10.1515/jtse-2020-0028
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Cleveland et al., 1990) seasonal adjustment method. In order to facilitate this sequential
estimation approach, DSA handles the necessary data transformations within each step,
e.g. it extends the time series to encompass 31 days per month for the adjustment of the

day-of-the-month.

The DSA procedure is evaluated using a set of daily time series as well as simulated
time series. The simulation algorithm, that is described in the paper, has been imple-
mented in the R package {tssim}, which has been downloaded more than 10,000 times

since June, 2021.

The DSA procedure is implemented in the R package {dsa}, which has been down-
loaded over 38,000 times since its release in 2018. Additionally, it has been incorporated
into the commercial software EViews starting from version 13. The current ESS guidelines
2024 edition (Eurostat, 2024) include DSA as a recommended option.

The Third Chapter? complements the previous chapter in that it discusses the sea-
sonal adjustment of hourly, daily and weekly time series - the procedures to seasonally
adjust weekly and hourly time series presented in the paper are novel contributions. The
COVID-19 pandemic heightened the demand for detailed and promptly available data,
as economists and analysts grappled with assessing the economy’s condition, particularly
during and following the lockdown periods. As these time series are meant to be anal-
ysed at intra-annual intervals, a quality seasonal and calendar adjustment is paramount.
Accordingly, this paper conducts a detailed analysis and adjustment of a set of high-
frequency time series that continue to contribute to the German weekly activity index.
This index, published by the Deutsche Bundesbank (Eraslan and Gétz, 2020), monitors
real economic activity in Germany and has a strong correlation with the Gross Domestic

Product (GDP).

Beyond analysing how to seasonally adjust higher frequency time series, the paper
highlights the features of higher frequency time series and their relevance for seasonal and
calendar adjustment. Such an inventory of characteristics is an important building block
in evaluating seasonal adjustment methods and can guide the development of diagnostic
tools. For example, seasonality tests are used to detect periodically recurring effects and
thus, help to decide whether a time series should be seasonally adjusted, or if a seasonally
adjusted time series still contains residual seasonality. The number of seasonality tests
in the literature is vast, some econometric software contains more than one seasonality

test. Yet, how can we know which seasonality tests to trust the most?

2Published as Ollech, D. (2023). Economic analysis using higher-frequency time series: chal-
lenges for seasonal adjustment. Empirical Economics, 64(3):1375-1398. https://doi.org/10.1007/
s00181-022-02287-5
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The Fourth Chapter? evaluates a set of seasonality tests included in JDemetra+, the
seasonal adjustment software endorsed by Eurostat, using random forests. Specifically,
the variable importance estimation based on conditional random forests - a variant of
random forests that accounts for the high correlation of the seasonality test outcomes
- is used to estimate the contribution of each individual seasonality tests to the correct
classification into non-seasonal and seasonal time series. Consequently, it enables the
quantification of the relative informational value of each test and establishes a hierarchy
based on their informational content.

To obtain generalisable results, the research introduces an algorithm designed to gen-
erate time series from ARIMA models that are representative of a given set of time series,
e.g. all series included in a time series database. This is used to simulate both seasonal
and non-seasonal data, so that it is known, whether a given series is seasonal or not.
Seasonality tests are computed for all simulated time series.

The set of seasonality tests is then evaluated in two ways. First, each test’s accuracy
with respect to identifying non-seasonal and seasonal time series is computed. Second,
the variable importance estimation in conditional random forests are applied to the sea-
sonality test results.

The variable importance metrics indicate that only two of the tests implemented in
JDemetra+ are indispensable, as the others provide redundant information. The two
tests are elegantly complementary: the Friedman test is specifically designed to detect
deterministic seasonality, whereas the ()S test builds on seasonal autocorrelation, and
thereby allows the seasonal pattern to gradually evolve over time.

The Fifth Chapter* builds upon the preceding analysis by developing an overall
seasonality test. Drawing from an expanded collection of seasonality tests, a recursive
feature elimination algorithm - leveraging the variable importance measure from condi-
tional random forests - is employed to identify the most informative seasonality tests.
At the end of each elimination round, the accuracy of the conditional random forests
comprising of the (reduced) set of seasonality tests with respect to classifying into sea-
sonal and non-seasonal series is monitored. The final set of seasonality tests contains all
tests that, used together as input into the conditional random forests, yielded the highest
accuracy.

Subsequently, a single conditional inference tree is constructed using the refined subset
of tests to determine the optimal assembly of these tests. The overall test amalgamates

a test for stable seasonality - utilising an extended version of the Kruskal — Wallis

3Published as Ollech, D. and Webel, K. (2023). A random forest-based approach to combining and
ranking seasonality tests. Journal of Econometric Methods, 12(1):117-130. https://doi.org/10.
1515/jem-2020-0020

4Available as Ollech, D. and Webel, K. (2018). An overall seasonality test based on recursive feature
elimination in conditional random forests. In Proceedings of the 5th International Conference on Time
Series and Forecasting:20-31. https://dx.doi.org/10.2139/ssrn.3721055
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test - and tests that allow changing seasonality, namely two variants of the previously
mentioned QS test.

The overall seasonality test, in addition to all individual seasonality tests discussed
in this paper, have been implemented in the R package {seastests}, which has been
downloaded close to 100,000 times since March, 2019.

The Sixth Chapter® applies the methodologies developed in chapters four and five
to both non-seasonal and seasonal unit root tests.

Consider the autoregressive process of order one, AR(1):

Y; = gb}/t—l + €t, (13)

where ¢ represents the dependence of the time series Y; on its past values, and ¢; denotes
a white noise error term.

A unit root is present when ¢ = 1, rendering the time series non-stationary. Con-
sequently, the system’s response to shocks may be enduring, affecting the series level
permanently. Such a series will not revert to a long-term mean, and its variance will
progressively increase over time. The presence of unit roots is a critical consideration, as
many conventional statistical techniques presuppose stationarity in the time series under
analysis. Ignoring unit roots can lead to erroneous inferences and unreliable forecasts.

The landscape of unit root tests is diverse, with a plethora of tests designed for
various data characteristics, such as time series with deterministic trends, heteroskedastic
innovation processes, or structural breaks. In practice, selecting the optimal suite of tests
to accommodate all relevant scenarios is a challenge. The chapter demonstrates that the
precision of individual unit root tests in accurately differentiating between series with
and without a unit root is generally modest. However, considerable improvements can
be achieved by combining multiple unit root tests.

Employing a simulation and inference approach akin to that used in the preceding
chapters, this study assesses an extensive array of non-seasonal and seasonal unit-root test
variants. It identifies effective combinations that enhance the overall testing procedure.
Because there is a dominantly performing seasonal unit root test, the misclassification
accuracy for seasonal unit roots can only be reduced by less than a percentage point to a
little more than 6%. For non-seasonal unit root tests, the combined approach markedly
reduces the misclassification rate - from over 15% for the best-performing individual unit
root tests to approximately 10% for a composite of tests - thereby offering a substantial
improvement in the detection of non-seasonal unit roots.

The Seventh Chapter extends the scope of the Q.S test - a seasonality test that

has been highlighted for its accuracy in chapters four and five - to accommodate time

SPublished as Nocciola, L., Ollech, D., and Webel, K. (2021). Unit Root Test Combination via Random
Forests. In International Conference on Time Series and Forecasting (pp. 31-46). Cham: Springer
International Publishing. https://doi.org/10.1007/978-3-031-14197-3_3
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series data with non-integer seasonal frequencies, such as those encountered in weekly
series. The inherent challenge with non-integer seasonal periods lies in the fact that the
periodic effects do not align neatly with individual observations; instead, they influence
adjacent data points. This dispersion of effects can lead to an attenuation of the seasonal
autocorrelations upon which the Q).S test is predicated.

To address this issue, a novel adaptation of the QS test that incorporates a mechanism
for including adjacent observations in the computations of the autocorrelation is proposed.
This refinement ensures that the autocorrelations reflect the true periodicity of the data,
even when the seasonality is of non-integer length. Furthermore, a correction factor
for the test statistic is introduced, which compensates for the dampening effect on the
autocorrelations. This adjustment allows the modified QS test to utilise the conventional
null distribution, thereby preserving the test’s original interpretability and statistical
properties.

The dual contributions of this chapter are thus: firstly, the generalisation of the
@S test enhances its applicability to a broader range of time series, and secondly, the
derivation of the attenuation factor corrects the size distortions encountered for non-

integer seasonal frequencies.
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CHAPTER 2

Seasonal Adjustment of Daily Time Series

DANIEL OLLECH

Abstract

Currently, the methods used by producers of official statistics do not facilitate
the seasonal and calendar adjustment of daily time series, even though an increasing
number of series with daily observations are available. The aim of this paper is
the development of a procedure to estimate and adjust for periodically recurring
systematic effects and the influence of moving holidays in time series with daily
observations. To this end, an iterative STL based seasonal adjustment routine
is combined with a RegARIMA model for the estimation of calendar and outlier
effects. The procedure is illustrated and validated using a set of daily time series
with different seasonal characteristics as well as simulated data. The developed
procedure closes a gap by facilitating the seasonal and calendar adjustment of daily

time series.

Published as: Ollech, D. (2021). Seasonal Adjustment of Daily Time Series.
Journal of Time Series Econometrics, 13(2):235-264.

Keywords: Daily data; multiple Seasonality; STL; ARIMA

2.1 Introduction

Progress in information technology will increase the availability of time series with a daily
or even higher periodicity that exhibit seasonal behaviour. Possible examples range from

data on air pollution, web-search keywords, and road traffic data to economic variables
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such as online sales, retail prices, and the amount of banknotes in circulation. Often,
new developments cannot be evaluated directly from these unadjusted data, as periodical
influences may obscure underlying tendencies. Furthermore, periodic influences may be
of interest themselves. An increasing number of banknotes towards the end of the year
may be due to the annually recurring Christmas shopping related demand spikes instead
of worrisome money hoarding. Seasonal adjustment! aims at detecting and eliminating
these kinds of influences to enhance the interpretability of the data.

Currently, there exists no officially recommended method for seasonal and calendar
adjustment of time series with daily observations (cf. Eurostat, 2015). The aim of this
paper is to identify a suitable procedure to estimate and adjust for regularly and peri-
odically recurring systematic effects as well as the influence of moving holidays for daily
time series. The procedure should be flexible enough to estimate all seasonal patterns
with different periodicities. At the same time, it should be sufficiently fast to allow the
adjustment of a large number of series on a daily basis.

The well-known seasonal adjustment procedures TRAMO/SEATS and Census X-13,
as implemented in Census X-13ARIMA-SEATS, TSW rev. 924 and JDemetra+ 2.2.3, do
not allow for the adjustment of data with a higher than monthly frequency. Alternative
methods have been developed that aim at estimating some or all of the seasonal effects in
higher frequency time series. One of the first methods proposed was Akaike’s BAYSEA
procedure that is based upon Bayesian time series modelling and was developed as an
alternative to X-11 (Akaike, 1980; Young, 1996). In theory, the approach is not restricted
to monthly or quarterly observations. Yet, it can be demonstrated by simulation that
BAYSEA does not yield plausible results for higher frequency data with a substantial
intra-annual seasonal pattern, due to very slow convergence (Ollech, 2018).

Pierce et al. (1984) use a two-step model-based approach to seasonally adjust weekly
monetary aggregates. This method has been developed further by Cleveland et al. (2018).
Trigonometric functions are designed to capture any deterministic weekly seasonality and
an ARIMA model is fitted to the residuals to obtain estimates for the remaining stochastic
seasonality. Without further adaptations, simple seasonal ARIMA models do not capture
all different seasonal frequencies that we observe for daily time series. Especially the
simultaneous modelling of weekly and annually recurring patterns is challenging, as will
be discussed later.

The software STAMP 8.2, which is designed to seasonally adjust data using structural
time series modelling, assumes that daily time series have an intra-weekly pattern only
(see Koopman et al., 2009). Harvey et al. (1997) employ structural models to adjust

weekly monetary aggregates. For intra-monthly and intra-annual effects they suggest

'In the context of daily data, seasonal adjustment refers to the process of estimating and adjusting all
periodically recurring systematic effects with a cycle length of less or equal one year. For daily data,
these can typically be weekly, monthly and annually recurring patterns.
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using either trigonometric or spline functions. Koopman and Ooms (2003, 2006) show
that state space modelling can be used to analyse seasonal daily time series as well,
though their main focus lies on short-term forecasting instead of seasonal adjustment as

such.

Ladiray et al. (2018) describe an X-11-type algorithm for the seasonal adjustment of a
series with two seasonalities, which thus can be used for some daily time series. The main
idea is to iteratively estimate the seasonalities based on the trend-cycle adjusted series
using period-wise seasonal moving average filters. The authors also discuss a SEATS-type
algorithm that is based on a particular fractional ARIMA model, but currently cannot

handle multiple seasonalities.

For the purposes of forecasting complex time series De Livera et al. (2011) introduce
a state-space based model named TBATS (Trigonometric, Box-Cox transform, ARMA
errors, Trend, and Seasonal components). It could be used for seasonal adjustment as

well, though its main design-goal is the prediction of time series.

Dokumentov and Hyndman (2015) develop a regression based seasonal adjustment
procedure, STR, that aims at providing automatic detection of multiple relevant seasonal
cycles. However, the user has only limited influence on the outcome of this procedure.
Depending on the complexity of the time series, the adjustment may also be computa-
tionally expensive. Section 2.5 includes an empirical comparison between STR, TBATS

and the routine developed in this paper.

Semi-parametric STL provides another method, which is based on a locally weighted
regression smoother (Loess). Compared to the methods discussed above, its main ad-
vantage is its high flexibility with respect to the frequency of the time series (Cleveland
et al.; 1990). Additionally, the fast computation of the STL algorithm makes it feasible to
adjust different seasonal frequencies in an integrated iterative framework. Other authors
have used STL for different applications involving seasonal time series. Verbesselt et al.
(2010) develop a trend and seasonal change detection method that is based on STL and
can be used for daily and other higher frequency time series. Thus, STL has proper-
ties that make it a suitable candidate for the seasonal adjustment of data with higher

frequency.

We contribute to the existing literature by devising a seasonal adjustment routine for
daily data. In addition to STL’s limitations to single seasonal frequencies it cannot deal
with calendar effects such as the influences of moving holidays. Therefore, we use STL as
the basis of the seasonal adjustment and combine it with RegARIMA based estimations

of calendar effects to obtain the daily seasonal adjustment (DSA) procedure.

The remainder of the paper is structured as follows: Section 2 presents key aspects of
STL. Section 3 adapts STL to handle daily time series. Section 4 applies the procedure

to a set of real world data and section 5 compares the results to those obtained using
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STR and TBATS. Section 6 compares the procedures using simulated data. Section 7

concludes.

2.2 STL

Based on the well-known component model

STL decomposes a time series (Y;) into a trend-cycle (7;), a seasonal (S;) and an irregular
component ([;) using Loess regressions and moving averages (Cleveland et al., 1990). In
Loess regressions, a weight is attached to each observation of the time series (Cleveland
and Devlin, 1988). This weight is negatively related to the distance (in time) between
a given observation and the value that is to be smoothed. If the distance is too large,
the weight is zero. Thus, Loess regressions are local regressions because each value is
regressed on a local neighbourhood of a linear or quadratic function of the (weighted)

observations. For any point in time ¢, the weight v;(t) of the observation at ¢; is given by

vit) = [1 - ('?ﬁ&;')sr (2.2)

with 0, (¢) = |t; — t,| being the distance between the v farthest ¢; and ¢. The smooth-

ing parameter v determines the number of (past and future) neighbouring observations

included in the local regression. In STL, the user can specify the value of + for the com-
putation of the trend and seasonal component. The flexibility of the identified seasonal
factor decreases with a higher value for v. Correspondingly, the value of v should be
adapted to the variability of the observed seasonality (see also Section 2.4 for examples).
As can be seen from Equation (2.2), the impact on the estimated seasonal component of
increasing v by one step depends inversely on the level of 4. Thus, changing v from 9 to

13 has a similar impact to increasing it from 13 to 21.

Essentially, STL consists of an inner loop that is used for the decomposition of the
series into the trend, seasonal and irregular component, and an outer loop for extreme
value adjustment. The latter increases the robustness of the decomposition against out-
liers and thereby mitigates the influence of extraordinary events on the identification of
the seasonal factors. STL can only adjust the seasonal pattern of a single frequency f at

a time. The other seasonal patterns will be included in the irregular component.
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2.2.1 Inner Loop

For the decomposition of Y;, the inner loop goes through the following computations in
the k-th iteration:

1. Trend adjustment:

Y, - T = g™ 4 1 = 4 with T = 0. (2.3)

2. Preliminary periodwise smoothing: Each subseries of TAfk}, i.e. each weekday,
day of the month or day of the year for a daily time series or each month for a
monthly time series, is smoothed by Loess to yield a preliminary seasonal factor
S{k}

pres The 7y for these regressions is the only parameter without a default in the

STL procedure and thus has to be specified by the user (see Cleveland et al., 1990).

3. Smoothing preliminary seasonal component: A low-pass filter, composed
of moving average- and Loess-regressions, is used to capture any low-frequency
S{k}

{k}
movements L~ from Sy .

4. Obtaining seasonal component:

S = gtk [ (2.4)

pre,t

5. Seasonally adjusting the original time series:

v, gt = g4t (2.5)

6. Obtaining trend: Loess is applied to SAt{k} to yield Tt{k}.

2.2.2 Outer Loop

Usually, only a few iterations of the inner loop are needed to ensure convergence of the
results. By default, the number of iterations is set to 3 and the outer loop is omitted.
Only if deemed necessary by the user, robustness weights for the Loess regressions of the
inner loop are determined for each time point as a function of the size of the irregular
component derived when the inner loop has reached its maximum number of iterations.

The irregular component can be obtained by rearranging Equation (2.1):

It - }/; - Tt - St' (26)
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Then, for the Loess regressions in the 2. and 6. part of the inner loop, the weights
defined in Equation (2.2) are multiplied with the robustness weights given by Tukey’s
(1960) biweight function

2 2
o (= [ttt < 5 meion(i (132

0 else

(2.7)

that strongly downweights highly irregular observations and is used in robust estimation.

2.3 Daily Seasonal Adjustment

Daily time series can contain different periodic patterns often resulting from regularities in
the behaviour of people and economic conditions. This can be illustrated with the daily
time series of the currency in circulation in Germany (see figure 2.1, a comprehensive
discussion of the factors determining supply and demand of the currency in circulation
can be found in Bartzsch et al., 2015 and Cabrero et al., 2009): if people primarily need
money in cash to buy groceries for the weekend, the data will display a weekly pattern of
increasing currency in circulation towards the end of the week. An increase around the
end of the month of the circulating currency results from an increased withdrawal of cash
following the payment of salaries. Finally, consumption increases due to Christmas, and
thus the currency in circulation increases at the end of each year. Correspondingly, many
daily time series are characterised by weekly, monthly and annually recurring patterns.
In addition, travel activities around moving holidays might increase the demand for bank-
notes as well. Thus, the model described in Equation (2.1) has to be refined to incorporate
intra-weekly, intra-monthly and intra-annual periodic patterns, St(?), St(gl), and St(%‘r’), as

well as moving holiday effects Cj:

Y, =T, 4+ S 4+ 88 4 8% L ¢, 41, (2.8)

For some series, the seasonal and calendar effects are not independent. The effect of
fixed holidays for the electricity consumption in Germany depends on the weekday: as
the weekday effect for the electricity consumption is influenced by how many people are
working at a given day, the electricity consumption will be similar to a typical Sunday
if, e.g., the labour day falls on a Sunday, while it drops considerably, if it falls on a
working day. Another example is the air pollution in Europe. NO2 immissions are lower
on Sundays, but this effect is more pronounced in winter than in summer. Thus, the
weekday effect changes systematically over the year. These cross-seasonal effects can be

included into Equation (2.8) as follows:
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Currency in circulation in Germany
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Figure 2.1: Currency in circulation in Germany, in billion Euro (see section 2.4.1 for
details).

Y, =T, + 87 + 88 4 g8 4 ¢, 4 87 x 8 4 p,. (2.9)

STL adjusts each of the seasonal effects separately, and therefore has to be run three
times in order to capture each St(f) vV f e (7,31,365).

The idea of iteratively adjusting several seasonal frequencies has already been put
forward by Cleveland et al. (1990). In the case of daily time series, the main obstacle is
the constraint of STL to have a constant period length, i.e. the number of observations has
to be identical in each period. This is not unique to STL, though. For example, seasonal
RegARIMA models usually face the same requirements. While this is unproblematic in

the case of intra-weekly seasonality, the number of days per month and the number of
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days per year are not fixed. As a result, the period length has to be standardised, either
by omitting a subset of the data or by artificial prolongation. Possible implementations
are discussed below.

A further task is the development of a calendar and outlier adjustment routine to-
gether with the forecasting of seasonal factors. The latter is necessary for data producers
providing seasonally adjusted figures applying a current adjustment revision policy, i.e.
the policy of reidentifying time series components at set review periods and adjusting
new data points by forecasted seasonal factors in the meantime (Eurostat, 2015). Outlier
adjustment can be important for an unbiased estimation of the calendar effects as well
as for the prediction of the future trajectory of the time series. The calendar and outlier
adjustment needs to be integrated into the iterative seasonal adjustment.

As in X-13 and TRAMO/SEATS, the RegARIMA model could be the basis for all
prior adjustments including estimating calendar and cross-seasonal effects. In the case of
daily time series, several arguments can be made for changing this order and to begin with
adjusting the intra-weekly movements: firstly, each year of data contains more than 50
observations of every weekday. The adjustment of the intra-weekly seasonality therefore
tends to be robust against outliers and rare effects such as moving holidays even in the
case of short series. Secondly, the intra-weekly, intra-monthly and intra-annual periodic
movements necessitate different data modifications that are somewhat antagonistic: while
the weekday effects need the full set of available data, the adjustment of the effect of the
day of the year entails the standardisation of the length of the year to be either 365 or
366. If we started by estimating the effects of the moving holidays, there would be a risk
that the estimated effects contain some of the weekday pattern.

Taking all of these considerations into account results in the following algorithm:
e Step I: Adjusting intra-weekly periodic effects with STL.

e Step II: Calendar-, cross-seasonal effects and outlier adjustment with RegArima.
e Step III: Adjusting intra-monthly periodic effects with STL.

e Step IV: Adjusting intra-annual periodic effects with STL.

It often will be the case that a given time series does not contain all of the seasonal and
calendar components. This can be assessed by using seasonality tests, regression based

statistics and spectral diagnostics. Then, it will be advisable to omit the respective steps.

2.3.1 Step I: Adjusting intra-weekly periodic effects with STL

Before estimating the intra-weekly seasonality with STL, the series may have to be pre-
adjusted. This may include the interpolation of missing values or taking the logarithm

of the data to stabilise the variance of the series.
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For most of the computations in STL there exist sensible default values for the smooth-
ing parameters (see Cleveland et al., 1990). Only for the smoothing of the period-wise
sub-series g7, i.e. the number of observations included in the local regression to obtain
the seasonal component, a specification is needed. In the case of intra-weekly season-
ality, v¢(» has to be large enough so that the weekday effects do not get confounded
by irregularities. Obviously, the parameter y4« should not be set too high either in
order to capture changes in the seasonal pattern. In practice, often the period-specific
raw seasonal factors, i.e. the sum of the estimated irregular and seasonal component, is
inspected in order to determine an appropriate setting for vg).

As the time series has not been outlier adjusted yet, usually, the robust version of
STL is preferable, so the number of iterations of the outer loop, which can be set by the

user, is one or higher.

2.3.2 Step II: Calendar-, cross-seasonal effects and outlier ad-

justment with RegArima

Following the notation of Ghysels and Osborn (2001) a seasonal RegARIMA model for a

time series with 365 observations per year can be written as
¢p(B)op(B*®)(1 — B)4(1 — B¥)P (yt -y Bixit> = 0,(B)0o(B*®)e, (2.10)
i=1

where ¢(B) and 0(B) are polynomials of order p, P, ¢, and @), while B is the backshift
operator. f; captures the impact of the i-th regressor x; on the time series y; and ¢,
is the error term. The ARIMA part of Equation (2.10) can be written in short form
as (pdq)1(P D Q)35 with the AR order p, MA order ¢ and number of differences d and
capitals indicating seasonal terms (for a thorough discussion of ARIMA modelling see
Box and Jenkins, 1970; Brockwell and Davis, 1987).

As a higher periodicity increases the computational burden, it is not always feasible
to use seasonal ARIMA models with daily series. In these situations, popular alternatives
include estimating the seasonal factor by trigonometric functions or dummy variables in

a non-seasonal RegARIMA model. The former can be expressed as a function of sines
and cosines (Campbell and Diebold, 2005; De Livera et al., 2011):

J . .
. ~ . (2mjG(t) . 215G (t)
St = le (517]' sSin (W + 62,]’ CoSs W (211)
where G(t) is a unit step function indicating the day of the year, i.e. runs through 1, ...,
365. The optimal size of J can be determined by an information criterion based on the

~

estimated log likelihood, In(L), of the RegARIMA model, which is also used to estimate
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By; and f;. The corrected Akaike information criterion, AICc = 2.J — 2In(L) + (2J% —
2J)/(T — J —1) with time series length 7", may be preferable to the Bayesian information
criterion, BIC' = JIn(T) — 2In(L), as the AIC'c asymptotically selects the model that
minimises the mean squared prediction error (Vrieze, 2012). Also, empirical results show
that sometimes the BIC selects a value for J that is close or equal to one, so that only
basic annual and no monthly movements are estimated, even if intra-monthly seasonality
is clearly present. J will usually be no larger than 30 and thus the trigonometric variant
is more parsimonious than the dummy variable approach.

The order of the ARIMA model is either specified by the user or can be determined
by automatic model detection. For the latter the Hyndman-Khandakar algorithm is im-
plemented (Hyndman and Khandakar, 2008). There, first the order of non-seasonal and
seasonal differencing is determined using unit root tests. Then, the ARMA parametrisa-
tion is determined by comparing different ARMA orders iteratively using the AICc. Of
course, other methods could be used as well (e.g. Gémez and Maravall, 2001).

The outlier adjustment is similar to that described by Chen and Liu (1993). The
procedure consists of two parts. Part one contains the iterative one-by-one detection of
possible outliers at all time points based on the residuals of an ARIMA model, essentially
using t-tests for each and every outlier candidate. Part two includes all potential outliers
as regressors in a final ARIMA model and then removes all candidates from the set of
potential outliers that do not surpass a prespecified threshold for the t-statistics. For
monthly time series, these two parts are iterated until convergence. In the case of daily
time series, convergence is infrequent and divergence, i.e. an increasing number of outliers
found in each iteration, a serious possibility. To avoid this, the threshold for keeping
outliers is higher, often a critical value of the t-statistic of 7 or more is used. Additionally,
the number of iterations may be chosen to be smaller than for low frequency time series.

If one or several moving holidays have an impact on the original time series, regressors
for these holidays can be incorporated into the estimation process at the stage of the
RegARIMA model. Often, it can be difficult to decide on an optimal functional form of
the regressors, which always will depend on the characteristics of the given time series.
Evidently, the impact of other variables could be accounted for by including appropriate
regressors into the RegARIMA model.

For data producers carrying out seasonal adjustment on a regular basis, it can be-
come time-consuming to recalculate the complete seasonal adjustment every time a new
data point is added to a series. To overcome the necessity of daily re-estimation, fore-
casted seasonal factors can be used for the adjustment of additional data. We can extend
the series adjusted for intra-weekly seasonality using forecasts of length h based on the
final RegARIMA model. As the next two steps, i.e. removing intra-monthly and intra-
annual seasonality, are based on the series adjusted for intra-weekly and moving holiday

effects, the final seasonally adjusted series will include an h-step ahead forecast. Thus,
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it is straightforward to compute forecasts for the intra-monthly and intra-annual sea-
sonal factors. The forecasts of the intra-weekly seasonal factors have to be obtained
independently.

The forecast of the original series will be given by the forecast of the seasonal factor
of the weekday;, Sy), and the forecast of the original series adjusted for weekday effects,
SAP:

- 5 —~ )
Yien =S + 54, (2.12)

t+h

As discussed, S’;lgr)h is obtained using the RegARIMA model. S7)

v+, 18 forecasted using

Holt’s (2004) double exponential smoothing with heterogeneous seasonal effects to extra-
polate the seasonal factors for the day of the week. Thereby, the trajectory of the single
weekday-specific seasonal factors are taken into account. The level [; and the slope b; of

Szf?) are given by:

Ly = ;S0 + (1 — )l + bi_r;) Ve (1,.,7) (2.13)
bij = il — bz ) + (1 = p)be—z, Ve (L..7). (2.14)

with a; and p; estimated from the data. This is equivalent to estimating double expo-
nential smoothing equations for each weekday separately. Equations (2.13) and (2.14)

are used to obtain an h-step ahead forecast:

S =l + hby,. (2.15)

+h7j -

Adding the forecast of the intra-weekly seasonal factors to the RegARIMA forecasts yields
the forecasts for the original series. These can be used to compute implicit seasonal factors

given by the difference between the original and the seasonally adjusted time series.

2.3.3 Step III: Adjusting intra-monthly periodic effects with
STL

While the length of any year is always the same except for the leap year, the number of
days in a month ranges from 28 to 31 with an average of 30.4 days per month. Ignoring
the change of the number of days by assuming each month to have 30 days would blend
together the effects of different days of the month.

The problem of confused effects can be circumvented by extending each month to
31 days. There are basically two methods of achieving this. Either the course of each
month has to be stretched to 31 days by interpolation after warping the time axis, or
the deficit days have to be filled up. The characteristics of the intra-monthly seasonality

determine which of these options is preferable. If the seasonal pattern is compressed in
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shorter months, i.e. peaks and troughs have the same magnitude but occur in less time,
then stretching is the optimal response. The latter method is preferable if the typical

seasonal movement of months with 31 days is cut-off or halted in the other months.

For the extension of the time series, different methods can be utilised. While regression-
based techniques have the advantage of possibly incorporating much or all of the infor-
mation that is contained in the actual series, in the context of time series analysis they
can become computationally expensive. Therefore, it seems preferable to use a more
parsimonious approach, namely linear interpolation or cubic splines that can be used for
stretching or extending the time series to span over 31 days. Per default in the DSA pro-
cedure, the Forsythe-Malcolm-Moler algorithm, i.e. cubic splines that ensure that first
and second derivatives of the interpolated values of the time series are smooth, is applied
to obtain values for the additional data points needed to have 31 days in each month
(Forsythe et al., 1977; Press et al., 1992). Then, the intra-monthly seasonal influences
are estimated based on the resulting time series, for which ~¢@s1) has to be chosen to fit

the characteristics of the intra-monthly seasonal pattern.

2.3.4 Step IV: Adjusting intra-annual periodic effects with STL

As the time series has been extended in step II, the excess days including every 29th
of February are removed so that each year contains 365 days. As in step I and III, the

intra-annual seasonality is estimated and adjusted for using STL.?

2.3.5 Post-adjustment and forecast

As discussed in Section 2.3.2, the forecasts of the original series are calculated as the sum
of the ARIMA based forecasts of the original series adjusted for intra-weekly seasonal-
ity and the forecasts of the intra-weekly seasonal factors. The main objective of these
forecasts is the provision of seasonal factors so that data providers can use a (controlled)
current adjustment scheme for the adjustment of their data (Eurostat, 2015, p. 32). This
is of practical importance, because it is time-consuming to re-identify the model, the
filters, and the regression parameters each time new data are available.

After all seasonal factors have been estimated, the 29th of February is added to the

seasonally adjusted series using a spline interpolation. Finally, the effects of the outliers

are added to the seasonally adjusted time series.

2It is also possible to extend the year to 366 days by seasonal interpolation of the non-existent 29th of

February. This approach is preferable if the seasonal effect in the non-interpolated 29th of February
values better describe the trajectory of the seasonal component than the neighbouring observations
from February 28th and March 1st.
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2.3.6 Implementation

The DSA procedure is implemented in the R package {dsa} and is available on CRAN:
https://CRAN.R-project.org/package=dsa.

2.4 Application

2.4.1 Adjusting the German currency in circulation

The currency in circulation is calculated as the cumulated differences of cash outflows
from and inflows to the Bundesbank. The distribution of banknotes to the public runs
primarily through commercial banks. The series’ trend is closely related to nominal GDP,
but is also marked by periodical influences (Cabrero et al., 2009). Figure 2.1 highlights
the different seasonal fluctuations of the time series. Most noticeably, the currency in
circulation increases in Germany some weeks before Christmas, peaking just before the
end of December. In addition, the series is characterised by a visible increase towards the
end of most months as well as towards the end of the week. Finally, an increased demand
for banknotes can be detected around moving holidays such as Easter and Pentecost.

For the currency in circulation in Germany data for all denominations from 5 to 500
Euro are available on a daily basis except for the weekend. The time series analysed here
contains the small denominations, namely 5, 10, 20 and 50 Euro, starting from 2011. As
no new currency is circulated on the weekend it is assumed that the number of banknotes
is the same as on the previous Friday. Equally, missing values on holidays are filled up
by the last available observation. As the estimation of the impact of moving holidays
uses dummy variables, the estimation of the impact of consecutive holidays can lead to
different estimates for the single days, especially because they fall on different days of the
week and days of the year.

Using the robust STL, the value for v4 that controls the stability of the estimated
seasonal factor is set to 53. This takes into account that the weekday effect does not
change systematically within the year and is particularly stable. To assess the flexibility
of the seasonal factors, one strategy is to inspect the SI-ratio, i.e. the combined seasonal-
irregular component, together with the seasonal factor of interest. Both should follow a
similar trajectory, except that the seasonal-irregular component will fluctuate more (see
Cleveland and Terpenning, 1982).

It will often prove difficult to find the optimal functional form of the regressors that
capture the influence of moving holidays and which holidays to include. In the case
of the currency in circulation, Easter, Ascension, and Pentecost have an effect on the
demand for banknotes, mostly related to travelling and holidays. The effects of these

holidays are modelled using dummy variables for each of m days before and for each of


https://CRAN.R-project.org/package=dsa
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n days after Easter Sunday and Ascension, resulting in m 4+ n 4+ 1 dummy variables per
holiday. Obviously, this approach has its drawbacks. The appropriate values for m and
n are either based on the t-statistics of each dummy variable or information criteria. A
practical approach is to estimate a RegARIMA model with large values of m and n and
delete all non-significant dummy variables.

The number of cosine and sine terms to be included in Equation (2.11) to capture the
monthly and annual seasonal movements is also determined by the lowest AICc which
in this case leads to the inclusion of 24 x 2 trigonometric terms. This suggests that
intra-annual as well as intra-monthly movements have a significant influence. Note that
multiples of 12 capture monthly patterns. To model the moving holiday effects m = 4
and n = 1 for Easter, while only the day before Ascension and Pentecost Monday are

included.

Table 2.1: Estimated moving holiday effects for Currency in Circulation in Germany,
in million Euro. Based on Time Series only Adjusted for Intra-Weekly Seasonal Effects.
A RegARIMA(1,1,1) model with 2x24 trigonometric terms has been estimated.

Estimate  S.E. ‘ Estimate  S.E.
Good Friday (t-2) 944.0 124.2 | Easter Monday 1131.0 1759
Good Friday (t-1)  1410.7 175.7 | Easter Mon. (t+1) 4252 124.5
Good Friday 1178.8  199.6 | Ascension (t-1) 377.9 4.7
Holy Saturday 1077.8  207.0 | Pentecost 239.7 86.0
Easter Sunday 996.0 199.7
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Figure 2.2: Log spectrum of the currency in circulation in Germany
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For the computation of the intra-monthly seasonal factors the length of the seasonal
Loess regression vyg@1) := 41 and the robust version of STL is used. Again, this takes into
account the high stability of this periodic pattern over time.

For the intra-yearly seasonal factor, the non-robust version of STL is used and the
Loess parameter for the seasonal factor yg@ses) := 21. With only a few years of observations
available, the outer loop of STL can sometimes tend to overcorrect seemingly extreme
observations. Then it is preferable to use the non-robust version of STL, especially if the

seasonal component proves to be stable and a relatively high value of yg@es) is used.
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Figure 2.3: Seasonal adjustment results for the currency in circulation in Germany, in
billion Euro. Span from Jan 1, 2018 to May 20, 2020.

Comparing the smoothed periodogram (Venables and Ripley, 2002) of the differenced
original and the differenced final adjusted series indicates that the spectral peaks at the
seasonal frequencies have been filtered out (see figure 2.2). Frequency 12 and 24 are the
first monthly cycles; and the first three weekly cycles are indicated at 365/7 ~ 52.1,
730/7 ~ 104.2, 1095/7 ~ 156.3 cycles per year). So based on the spectral diagnostics,

we can conclude that the seasonal movements of the currency in circulation have been
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eliminated successfully. Figure 2.3 shows the original series of the total currency in

circulation in Germany and its calendar and seasonally adjusted counterpart.

2.4.2 Adjusting the German electricity consumption

The realised German electricity consumption is compiled by the Bundesnetzagentur [Ger-
man Federal Network Agency] and is available starting from January, 2015. It has both
notable intra-weekly patterns, especially a difference between working days and weekend,
and intra-yearly patterns that changes with the seasons (see figure 2.4). Though for most
time, the weekday effects are relatively stable, it can change easily in response to economic
changes. Therefore, relatively short seasonal filters are used for the day-of-the-week and
day-of-the-year effect, while the day-of-the-month is omitted due to missing indications
for this effect in the spectrum of the series (see figure 2.5). We use ygr := yg@es = 13.

Given that fewer people work on holidays, it is not surprising that there is a lower
electricity consumption during holidays. Yet, if a holiday coincides with the weekend,
especially Sundays, the decrease is lower compared to holidays falling on working days.
This can be modelled explicitly by including weekday specific regressors for each holiday.
As we only have less than six years of observations, it can be sensible to combine some
of the holidays.® Accordingly, all holidays with a fixed date, except those related to
Christmas and New Years, are modelled together, weighted by the share of regions for
which the day is a public holiday. These are Epiphany (Jan 6), Labour day (May 1),
Assumption (Aug 15), German Unity (Oct 3), Reformation Day (Oct 31), and All Saints’
Day (Nov 1). In addition to the interaction effects, dummy variables for all moving
holidays are added, usually including the day leading up to the holiday and the day after.
In the RegARIMA model, 26x2 seasonal trigonometric terms are added to model the

seasonality. The seasonal decomposition of the series is shown in figure 2.4.

2.4.3 Adjusting the European NO2 immissions

An important indicator for air pollution is the nitrogen dioxide (NO2) immissions av-
eraged over all available measuring stations in Europe that are made available by the
European Environment Agency (EEA). The series is more volatile than the other ex-
amples and quite short, starting in January, 2016, so that 4.5 years of observations are
available. The series is characterised by a strong and regular day-of-the-week effect and
a sinus like annual pattern (see figure 2.6). Balancing the volatility of the series and
the dominance of the weekday pattern, ygr := 31, while vg@es) := 13. As there is no
indication of day-of-the-month effect, this step in the DSA procedure is omitted. For the

estimation of calendar effects, all moving holidays related to Easter that are common in

3DSA can be used for time series with at least two years of observations. Yet, the reliability and quality
of the decomposition increases with the number of observations available.



2.4. APPLICATION 25
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Figure 2.4: Seasonal adjustment results for the German electricity consumption, in GWh.
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Table 2.2: Estimating moving holidays and cross-seasonal effects for the German elec-
tricity consumption. Based on Time Series only Adjusted for Intra-Weekly Seasonal
Effects. A RegARIMA(313) model with 2x26 trigonometric terms has been estimated.

Estimate S.E. Estimate S.E.
Carnival Monday —27.9 8.4 | Reformation Day 2017 —226.0 20.9
Holy Thursday —23.3 10.2 | Labour Day (bridge) —78.3 20.7
Good Friday —284.5 12.3 | National Holidays (Mo-Fr) —246.8 6.5
Holy Saturday —82.1 12.7 | National Holidays (Sat) —73.1 17.6
Easter Sunday —77.2 12.8 | German Unity (bridge) —89.2 15.0
Easter Monday —330.9 12.3 | All Hallows (bridge) —82.1 14.7
Easter Mon. (t+1) —38.5 10.2 | 3d before Xmas (Sat) 56.4 16.3
Ascension (t-1) —23.5 10.2 | Xmas Eve (Sat) 79.3 25.9
Ascension —302.9 12.7 | Dec 26 (Sat) 78.9 23.3
Ascension (t+1) —145.8 11.1 | 10d post Dec 26 (Sat) 74.8 12.6
Corpus Christi (t-1) —19.7 11.2 | 3d before Xmas (Sun) 120.1 18.9
Corpus Christi —213.9 13.1 | Xmas Eve (Sun) 162.7 23.6
Corpus Chr. (t+1) —91.9 11.2 | Xmas Day (Sun) 175.3 259
Pentecost (t-1) —51.4 11.2 | 10d post Dec 26 (Sun) 90.9 12.6
Pentecost —338.3 13.1 | Xmas Period (Mo-Fr) —63.2  10.0
Pentecost (t+1) —69.5 11.2

most countries in Europe are considered. This includes Good Friday, Easter Monday,
Ascension, Corpus Christi and Pentecost Monday. Easter and Pentecost Sunday do not
show significant results, most likely because their impact is indistinguishably similar to
that of any other Sunday. Given the simplicity of the annual seasonal pattern, only 1x2
trigonometric terms need to be included in the RegARIMA model. The resulting seasonal
decomposition is depicted in figure 2.6. The spectral analysis (see figure 2.7) indicates

that periodic patterns have been removed successfully from the unadjusted series.

Table 2.3: Estimating moving holiday effects for European NO2 immissions, in pug/m3.
Based on Time Series only Adjusted for Intra-Weekly Seasonal Effects. A RegA-
RIMA(112) model with 2x1 trigonometric terms has been estimated.

Estimate S.E. ‘ Estimate S.E.
Good Friday -2.9 0.6 Corpus Christi —-1.5 0.7
Easter Monday —5.6 0.6 Pentecost —3.4 0.7

Ascension —-3.2 0.6
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Table 2.4: Comparison of different seasonal adjustment procedures based on seasonality
tests for the German currency in circulation.

Original DSA STR TBATS
Stat P—Value\ Stat P—value‘ Stat P—Value‘ Stat  P-value

Tests on intra-yearly seasonality
Friedman 634.8 0.000 | 147.1 1.000 | 412.7 0.040 | 555.7 0.000
QS 0.0 1.000 0.0 1.000 0.0 1.000 | 10.6 0.005
Tests on series aggregated to months
Friedman 80.6 0.000 6.5 0.840 | 16.5 0.125 9.4 0.586
QS 128.1 0.000 4.2 0.125 | 43.7 0.000 2.8 0.252
Tests on weekday-effects (only last 10 weeks)
Friedman 16.6 0.011 9.6 0.141 4.2 0.655 5.5 0.478
QS 11.3 0.004 5.4 0.065 6.0 0.049 1.0 0.593
Tests on weekday-effects (whole series)
Friedman 1,568.2 0.000 | 284 0.000 | 753.4 0.000 | 496.7 0.000
QS 681.9 0.000 0.0 1.000 | 23.6 0.000 0.0 1.000

Table 2.5: Comparison of different seasonal adjustment procedures based on seasonality
tests for the German electricity consumption.

Original DSA STR TBATS
Stat P-value ‘ Stat P—value\ Stat P—Value\ Stat  P-value

Tests on intra-yearly seasonality
Friedman 195.570 1.000 | 84.6 1.000 | 404.8 0.069 | 498.8 0.000
QS 0.0 1.000 | 0.0 1.000 | 97.9 0.000 | 180.4 0.000
Tests on series aggregated to months
Friedman 48.0 0.000 | 1.2 1.000 | 21.8 0.026 4.0 0.971
QS 60.8 0.000 | 0.0 1.000 4.8 0.092 0.0 1.000
Tests on weekday-effects (only last 10 weeks)
Friedman 45.8 0.000 | 8.0 0.237 | 10.8 0.096 | 31.1 0.000
QS 55.9 0.000 | 0.0 1.000 0.8 0.664 7.1 0.029
Tests on weekday-effects (whole series)
Friedman 1,381.2 0.000 | 6.4 0.378 | 303.6 0.000 | 207.5 0.000
QS 2,772.3 0.000 | 0.0 1.000 0.0 1.000 1.6 0.453

2.5 Comparison with other procedures

In official statistics there is no established seasonal adjustment routine for daily data.
Among the procedures that are capable of handling daily time series, STR (Dokumentov
and Hyndman, 2015) and TBATS (De Livera et al., 2011) are available in the R packages

{stR} and {forecast} and will be used for the following comparison.
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Table 2.6: Comparison of different seasonal adjustment procedures based on seasonality
tests for European NO2 immissions.

Original DSA STR TBATS
Stat  P-value ‘ Stat P—value‘ Stat P—Value‘ Stat  P-value

Tests on intra-yearly seasonality
Friedman 313.7 0.973 | 70.0 1.000 | 448.8 0.002 3184 0.959
QS 0.0 1.000 { 0.0 1.000 | 28.1 0.000 0.0 1.000
Tests on series aggregated to months
Friedman 29.8 0.002 | 0.4 1.000 0.5 1.000 26.7 0.005
QS 14.4 0.001 | 0.0 1.000 0.0 1.000 12.7 0.002
Tests on weekday-effects (only last 10 weeks)
Friedman 23.8 0.001 | 5.4 0.488 6.8 0.343 21.7 0.001
QS 17.5 0.000 | 0.0 1.000 0.0 1.000 14.8 0.001
Tests on weekday-effects (whole series)
Friedman 884.7 0.000 | 7.4 0.289 2.0 0.917 857.6 0.000
QS 1,397.5 0.000 | 5.3 0.071 0.0 1.000 | 1,311.5 0.000

The seasonal adjustment results will be evaluated graphically as well as using tests
on (residual) seasonality. The seasonality tests used here are the seasonal autocorrelation
based QS test and the ANOVA-type ranks based Friedman test that have been identified
by Ollech and Webel (2022) as having a high accuracy in assessing the seasonality of
monthly time series.* Yet, the QS test is advocated by Ladiray et al. (2018) to be used
for daily data. The Friedman test is a sensible addition, as it is particularly good at
identifying stable seasonal patterns. These tests will be applied to the original data,
and the series adjusted by DSA, STR and TBATS, respectively. STR and TBATS are
applied using default values including automatic identification of optimal parameters,
the seasonal periods considered are 7 = {7,365.2524/12,365.2524} for the currency in
circulation and 7 = {7, 365.2524} for the German electricity consumption and European
NO2 immissions. The DSA settings are those described in the previous chapters.

The day-of-the-year effect will be assessed directly and on the series aggregated to
months. The day-of-the-month effect will not be tested explicitly, as the test results
would depend on the transformations of the time series. Instead it is assumed that any
remaining day-of-the-month effect would be picked up by the seasonality tests on the
day-of-the-year. The day-of-the-week effect will be tested in the whole series as well as
for the last 10 weeks.

Table 2.4 contains both the test statistic as well as the corresponding p-value for the
Friedman and QS test for the German currency in circulation. As we have seen before,
the unadjusted series shows stable seasonal patterns with a low amplitude together with

low volatility. The seasonality tests can identify a day-of-the-year and a day-of-the-

4There has yet not been any analysis on the reliability of different seasonality tests for daily data.
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Figure 2.8: Seasonal adjustment results for the Currency in Circulation in Germany,
in billion Euro. TBATS and STR have been pre-adjusted for calendar effects using
RegARIMA.

week effect in the original series, with the notable exception of the QS test that fails to
detect the intra-yearly seasonality in the daily time series. Using the DSA procedure,
no residual seasonality can be detected. The significant result for the Friedman test on
weekday-effects for the whole series proves to be a consequence of the large number of
weeks investigated, as there is no residual weekday-effects in any single year. In general,
the results of DSA, TBATS and STR are quite similar for the currency in circulation.
Yet, the tests indicate residual seasonality for both intra-yearly and weekday effects and
visual inspection of the adjusted series shows that STR does not pick up on a level shift
in the trend in the last weeks of the series, i.e. week 12 and 13 in 2020 (see figure 2.8).
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For the German electricity consumption, the series adjusted by DSA does not show
any signs of residual seasonality. Again, the series adjusted by STR smoothes out a
change in the trend, namely, the decrease due to Covid-19 in the Spring of 2020. Both
for the daily series as well as the series aggregated to months, the tests partially indicate
residual intra-yearly seasonality. The same is true for the series adjusted by TBATS with
respect to the intra-weekly pattern, though this is not visible in figure 2.9.
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Figure 2.9: Seasonal adjustment results for the German electricity consumption, in GWh.
TBATS and STR have been pre-adjusted for calendar effects using RegARIMA.

The European NO2 immissions have strong weekly and annual seasonal patterns, as
can be seen in figure 2.10. While both DSA and STR yield similarly seasonally adjusted
series - both visibly and informed by the seasonality tests in table 2.6 - TBATS only

barely changes the original series and thus remains clearly seasonal.
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All in all, only DSA reliably detects and removes the seasonality in all of the time

series included here.
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Figure 2.10: Seasonal adjustment results for European NO2 immissions, in ug/m3.
TBATS and STR have been pre-adjusted for calendar effects using RegARIMA.

2.6 Simulation study

To complement the previous comparison of different seasonal adjustment procedures, we
will conduct a simulation study. To gather an understanding of the procedures perfor-
mance for series with different seasonal intensities, we will vary the magnitude of the

seasonal component relative to the non-seasonal part of the series.
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To this end, let (pdq) abbreviate the non-seasonal variant of the seasonal ARIMA

model given in Equation 2.10, i.e.
¢p(B) Viz, = 0,(B) <. (2.16)
Using a multiplicative® time series model, the simulated daily time series will be given by

Y, =T, % Stm * 55365) * I, (2.17)

including the trend-cycle (7}), seasonal factors (St(T)) with frequency 7, and an irregular

component (/). The non-seasonal part of the series, i.e. T} * I;, will be simulated jointly

drawing from a non-seasonal ARIMA model defined in Equation 2.16, so
V5N = T, I, ~ ARIMA(1,d, 1). (2.18)

The seasonal factors are simulated based on a smoothed seasonal random walk. The

initial seasonal factor is given by

ST =87 46 e~ ARIMA(L,1,1),
€ = Bet_1 + ug, up ~ N(0,02).

Intuitively, the dependence of €; on €,_; has the effect that the seasonal factors in adjacent
periods are related. o2 governs the variability of the seasonal component over time. If
02 = 0 we have completely stable seasonality; increasing the standard deviation leads to

a more dynamic seasonal component.°

To ensure that the seasonal factor has the intended magnitude, the standard deviation

is fixed. Thus, the seasonal factor is given by
St(‘r) == gt(T)/(TS *0g

with pre-defined og.

The set of simulated daily time series will contain lengths of 4 and 8 years, thus
including typically available time series lengths. To ensure that the magnitude of the
seasonality depends on the level of the series, a multiplicative relationship between the
seasonal and non-seasonal time series components is employed. The seasonal components

are designed to cover a broad range of amplitudes. Thus, og- € {1,3,10} V 7 €

5 Additive time series models are of course also used in practice, but concerning the simulation, sometimes
the level of the series dominates the additive seasonal components and renders them undetectable. This
lack of controllability is undesirable here.

SFor a discussion of stable and dynamic seasonality, see McElroy and Politis (2019, p. 75).
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Table 2.7: Root mean square deviation (RMSD) and mean absolute percentage devia-
tion (MAPD) of the seasonally adjusted series by time series lengths

Time series length
Total 4 years 8 years
RMSD MAPD RMSD MAPD RMSD MAPD
DSA 0.98 0.73 1.00 0.77 0.97 0.72
STR 2.19 1.44 1.42 0.89 2.49 1.72
TBATS 6.75 3.84 6.82 3.82 6.72 3.85

{7,365.2524}.7 The variability of the seasonal components is given by 02 = 0.01. 3 = 0.9,
yielding relatively smooth seasonal factors. As indicated before, the ARIMA models used
to obtain the non-seasonal components are of order (1,d,1), with d € {0,1}, ¢ = 0.5,
and # = 0.8. Per combination of parameters, 30 series are simulated, yielding a total of

1, 080 time series.

For DSA we use the setting from the European NO2 immissions, i.e. vgr := 31 and
Ygses) = 13, but with 24x2 trigonometric terms for all series. For STR and TBATS
again the default automatic versions are employed, setting the seasonal periods to 7 =
{7,365.2524}.

For each of the seasonal adjustment procedures considered, table 2.7 shows the de-
viations of the seasonally adjusted series, Yt(SA), from the simulated non-seasonal series
broken down by time series lenghts. The deviations are measured in terms of the root

mean square deviation (RMSD) and the mean absolute percentage deviation (MAPD)

given by
T
RMSD = | T2 (V% — vy (2.19)
t=1
and
T |y (S4) _ (s

t t

_ —1
MAPD =T Z T
t

t=1

(2.20)

The results are in line with the findings for the real world time series analysed above.
For both time series lengths considered, the series adjusted using DSA have on average
the lowest deviation from the simulated seasonally adjusted series. The magnitude of the
deviations do barely change with time series lengths. Interestingly, this is not the case
for STR, for which the deviations almost double for longer time series. TBATS regularly
does not capture the seasonal movements and therefore on average deviates considerably

from the optimally seasonally adjusted series.

"The day-of-the-year effect is simulated with a periodicity of 365 and the leap year is filled up using
spline interpolation.
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Generally speaking, the deviations from the optimally seasonally adjusted series in-
crease with the size of the simulated seasonal component (see table 2.8). For each mag-

nitude of the seasonal component, DSA outperforms its competitors.

Table 2.8: Root mean square deviation (RMSD) and mean absolute percentage devia-
tion (MAPD) of the seasonally adjusted series by magnitude of seasonal factors

Os(m=1 051 =3 05 =10
RMSD MAPD RMSD MAPD RMSD MAPD

Day-of-the-week component, 7 =7

DSA 0.96 0.72 0.98 0.73 1.05 0.78
STR 1.72 1.29 1.72 1.28 1.80 1.34
TBATS 2.60 2.00 3.45 2.66 8.90 6.85
Day-of-year component, 7 = 365.2524

DSA 0.79 0.59 0.84 0.64 1.38 1.01
STR 0.98 0.73 1.34 1.00 2.93 2.18
TBATS 3.55 2.75 3.97 3.06 7.44 5.70

2.7 Conclusion

The procedure presented here closes a gap in the methods for seasonal and moving holiday
adjustment of daily time series. As shown with a set of diverse daily time series, the
procedure yields sensible results and is able to adjust the intra-weekly, intra-monthly
and intra-annual periodic movements in addition to moving holidays and cross-seasonal
effects. Comparing the seasonal adjustment results with both STR and TBATS shows,
that the DSA procedure more reliably identifies and adjusts seasonal patterns from the
data.

Future developments should aim at improving the computational speed and reliability
of the outlier detection and estimation. Also, automatic default settings for the length
of the seasonal Loess regression gy based on the characteristics of a given time series
should be investigated. Additionally, post-smoothing of the seasonal factors may increase
the stability of the seasonal factors for series with highly harmonic, steady seasonal

movements and few observations.

2.A Appendix: Seasonality tests

Given a weakly stationary time series {y,; } with length T', both the QS and Friedman test
the null hypothesis of no seasonality, i.e. absence of a periodically recurring pattern with

cycle length 7.
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The QS test does this by testing for significant positive autocorrelation at the first
two seasonal lags. Let p(h) denote the estimated lag-h autocorrelation of {y;}. Then,
the null hypothesis is specified as Hy : p(k) < 0 for k € {7,271}, and the test statistic is
given by

QS =T(T +2) ( 7”:2(_7)7 . [max }Oiﬁz(iﬂ}]?) 1{5(r)>0}- (2.21)

It can be shown by Monte Carlo simulation that the null distribution of the ().S-statistic
for daily data can also be approximated by a x?(2)-distribution.

The Friedman test is a one-way ANOVA with repeated measures (Friedman, 1937)
computed on the year-wise ranks of the series. Let r;; be the rank of the observation in

the i-th period of the j-th year and p; the mean rank over all observations in the i-th

period. The null hypothesis is then given by Hy : py = pg = -+ = pu,, and the test
statistic is defined as )
T—1nf—(r+1)/2]
FT = 2.22
T Z (7-2 _ 1)/12 ’ ( )

i=1
where 7; = 1/n Z?Zl ri;. Under Hy, the FT-statistic follows asymptotically a x*(7 — 1)-
distribution.
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CHAPTER 3

Economic analysis using higher frequency time series: Challenges

for seasonal adjustment

DANIEL OLLECH

Abstract

The COVID-19 pandemic has increased the need for timely and granular informa-
tion to assess the state of the economy in real time. Weekly and daily indices have
been constructed using higher frequency data to address this need. Yet the sea-
sonal and calendar adjustment of the underlying time series is challenging. Here,
we analyse the features and idiosyncrasies of such time series relevant in the con-
text of seasonal adjustment. Drawing on a set of time series for Germany — namely
hourly electricity consumption, the daily truck toll mileage, and weekly Google
Trends data — used in many countries to assess economic development during the
pandemic, we discuss obstacles, difficulties, and adjustment options. Furthermore,
we develop a taxonomy of the central features of seasonal higher frequency time

series.

Published as: Ollech, D. (2023). Economic Analysis using Higher-frequency Time
Series: Challenges for Seasonal Adjustment. Empirical Economics, 64(3):1375-
1398.

Keywords: COVID-19; DSA; calendar adjustment; time series characteristics
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3.1 Motivation

During the COVID-19 pandemic, policymakers and economists sought more timely and
granular information on the state of the economy. To this end, higher frequency indices
that track the economic development of a country have been developed. Most promi-
nently, Lewis et al. (2020a) developed the Weekly Economic Index (WEI) for the United
States that combines several weekly indicators such as U.S. railroad traffic, electric util-
ity output or unemployment insurance claims. The WEI tracks the output of the U.S.
economy and allows the state of the economy to be monitored on a weekly basis (Lewis
et al., 2020b, 2021).

The WEI has sparked the development of a series of similar weekly indicators, espe-
cially for European countries (e.g. Delle Monache et al., 2020; Eraslan and Gétz, 2020;
Fenz and Stix, 2021; Wegmiiller et al., 2021). Lourengo and Rua (2021) develop a daily
variant (DEI) for the Portuguese economy. Woloszko (2020) constructs country-specific

economic indicators for 46 countries based on Google Trends data.

During the last decade, the number of seasonal adjustment methods for higher fre-
quency time series has seen a considerable increase (for a discussion and further references
see De Livera et al., 2011; Ladiray et al., 2018; Ollech, 2021; Proietti and Pedregal, 2022;
Webel, 2020). Yet, in the construction of the WEI, DEI and some of the other indices,
these methods are not employed. Instead, ad-hoc measures like year-on-year rates are
used to handle the seasonality of the data. This does not usually take into account cal-
endar effects or the structure of the periodic and seasonal effects such as the varying

number of weeks per year.

The higher frequency time series used in the construction of the economic indices of-
ten present methodological challenges that differ substantially from those encountered in
lower frequency data. In this paper, we therefore contribute to the literature by analysing
and seasonally adjusting a set of higher frequency time series that is typical of the kind
of data relied upon by economists and business cycle analysts during the COVID-19 pan-
demic. As the literature on the adjustment and modelling of higher frequency seasonal
time series is growing rapidly, the lack of a common understanding of the features, that
need to be taken into account when modelling and adjusting these data, becomes evi-
dent. Therefore, another key contribution of the analysis presented here is the derivation
and systematisation of those characteristics that are relevant in the context of seasonal

adjustment.

To this end, Section 3.2 discusses the characteristic features of higher frequency time
series from a seasonal adjustment perspective. Section 3.3 presents the seasonal adjust-
ment methods employed in this study, while Section 3.4 analyses and adjusts the daily

truck toll mileage, the hourly electricity consumption and a weekly Google Trends series.
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These series are used as inputs to the Weekly Activity Index (WAI) devised by Eraslan

and Gotz (2020). Section 3.5 summarises.

3.2 Key notions for the adjustment of higher fre-

quency data

Seasonal higher frequency time series show features and idiosyncrasies that are of im-
mediate importance for any seasonal adjustment procedure. The time series examples
discussed in the next sections include some or all of the characteristics summarised in
Table 3.1. To guide the readers understanding and as a point of reference, this table is

included at the beginning of this paper.

Table 3.1 organises the characteristics of seasonal higher frequency time series into a

taxonomy of relevant features.

The basic characteristics cover the most obvious features that concern the whole set
of observations. The fact that higher frequency time series contain many observations
— especially in comparison to lower frequency time series — is in itself trivial. Yet, it
increases the computational burden and may render some methods inapplicable. Non-
isochronicity and non-equidistance will usually either have to be addressed by adapting

the methods used or by transforming the data, e.g. by interpolation or time-warping.

The periodic and calendar effects encompass concepts that extend the definition of
seasonality and calendar effects in lower frequency time series. As becomes clear from
the examples of daily data, higher frequency time series often contain multiple noticeable
periodic effects that may be interdependent and autocorrelational. For calendar effects,
we may consider including constellations that are not recommended to adjust for in lower
frequency time series, such as bridge days. This may be sensible as the higher number
of observations allow us to observe and estimate such effects more directly. For weekly
series, the impact of bridge days may even be inseparable from the moving holidays, if

they always fall in the same week.

Higher frequency time series are generally more volatile than traditional business-cycle
indicators. This is mostly a result of the fact that irregular influences tend to partially
offset each other over a longer time span and are therefore less pronounced in monthly and
quarterly data. Additionally, many of the higher frequency time series encountered are
merely a by-product and are not compiled for economic analysis or official statistics and
therefore do not adhere to the same data standards. Accordingly, the methods applied
to higher frequency time series usually need to be robust against outliers and irregular

observations.
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Table 3.1: Key notions for the adjustment of higher frequency data.

Notion

Description

Basic characteristics

Many observations

Short series

Temporal aggregation
Non-isochronicity
Non-equidistance

Date and time
conventions

Higher frequency data contain many observations which
can be a challenge for algorithms and users.
Many series contain few years of observations.

Feasible temporal aggregation of adjusted series depend
on data type.

Number of observations per periodic cycle is not always
the same for all cycles, e.g. number of weeks per year.
For some series the distance between observations varies,
e.g. bank-daily, with 0 to 3+ days between observations.
Conventions regarding the start of the week or year
numbering impact the data structure.

Periodic and calendar effects

Multiple periodic effects
Multilevel periodic effects
Uncommon periodic effects

Breaks in periodic effects

Cross-seasonality

Autocorrelational
seasonality

Series-specific calendar
effects

Uncommon calendar effects

Bridge days

Daily time series usually contain day-of-the-week and
day-of-the-year effects.

Seasonal structure may be hierarchical, e.g. a series with
hour-of-the-day and day-of-the-week effects.

Higher frequency series may contain other periodic ef-
fects, such as week-of-the-month effects.
Periodic effects may change rapidly, e.g.
quence of fundamental changes in the data generating
process.

The periodic and calendar effects can be interdependent.

as a conse-

The seasonal impact of consecutive observations may be
highly dependent.

Calendar effects can be observed more directly, so regres-
sor construction can more easily be tailored to the series.

Higher frequency series may contain other calendar ef-
fects, such as daylight saving time.
Bridge days may have a traceable effect on the series.

Outliers and missing values

Missing values
Unreliable data delivery
Higher volatility

Heteroskedasticity

Non-traditional
outlier patterns

Due to data availability, some series contain (temporar-
ily) missing values, often at the end of the series.

Data producers do not necessarily have an obligation to
deliver data or provide additional information.

The volatility of the time series usually decreases with a
higher temporal aggregation.

The volatility may change over time and may be seasonal.

Observed outlier pattern can be different from lower
frequency series, e.g. slower rate of decay in a TC outlier.
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3.3 Seasonal adjustment methods

The focus of this paper lies on the qualitative assessment of higher frequency time series
and to this end, we employ methods for the seasonal adjustment of such series to guide
our understanding. Although we discuss the seasonal adjustment results and highlight
potential challenges, we do not advocate for any particular method. Instead, the findings
shall carve out features of higher frequency time series that need to be addressed regardless
of the method applied.

Let {Y;} denote a series of length T" with cycle length 7. For monthly series, 7 equals
the number of observations per year, i.e. 12. For a daily series with only a weekday
pattern, the recurring pattern has a cycle length of 7. The basic time series decomposition
is then given by

V=T, +S:+C,+ I (3.1)

which includes the trend-cycle (73), seasonal (S;), calendar (C;) and irregular component
(I;). It can easily be adapted to capture a multiplicative relationship between the com-
ponents by log-transformation of the original time series.! For multiple periodic effects

with cycle lengths 71, 79, ..., the basic time series model can be generalised to
Vi=T+Y S +Ci+1, (3.2)

Remark 1. In Equation 3.2 the periodic effects are subsumed as seasonal effects to allow
a parsimonious notation. Here, effects related to calendar constellation are not considered
to be periodic effects, even though the calendar constellation recurs with a cycle length
of 400 years in the Gregorian calendar. However, this recurrence is not exploited in the
modelling of the time series and effects arising from these calendar constellations will not

usually recur in similar intensity every 400 years.

As we will see, for some series, different seasonal effects are interdependent. Likewise,
calender effects and seasonal effects can be related. If all such interactions are relevant,

Equation 3.2 needs to be augmented so that

Yo=T+ 3 ST+ 0o+ D380 w8+ 3" 57 % Gy + 1. (3.3)
i i j>i i
In line with the methods used for official seasonal adjustment — namely X-13 and Tramo-
Seats — the adjustment of the higher frequency time series presented here combines a
seasonal adjustment routine with a RegARIMA based pre-adjustment. The latter is a

regression model (Reg) with autoregressive integrated moving average (ARIMA) errors

IFor a thorough discussion of further decomposition models, see U.S. Census Bureau (2016).
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and is used here for the estimation and elimination of calendar and some of the interaction
effects. The RegARIMA model is given by

6n(B)ép(B7)(1 - BY'(1 - B)" (Yt -3 @-Xﬁ) = 0,(B)g(B)er (3.4)

where ¢(B) and 0(B) are AR and MA polynomials of order p and ¢, number of differences
d, and capitals indicating seasonal terms while B is the backshift operator, i.e. B(y;) =
yi—1. The parameter [3; captures the impact of the i-th regressor X;; on the time series
Y, and &; is the error term. The ARIMA part of Equation 3.4 can be abbreviated
by (pdq)(P DQ),. Extensions of this model to multiple seasonalities are known and
available (e.g. Svetunkov, 2017), but at the time of writing, these are rarely used in

seasonal and calendar adjustment.

3.3.1 Seasonal adjustment of daily time series

The iterative daily seasonal adjustment (DSA) procedure described by Ollech (2018; 2021)
combines the aforementioned RegARIMA model — that handles C; and potentially some
interaction effects — with STL (Seasonal and Trend decomposition using Loess, Cleveland
et al., 1990).

DSA can integrate other seasonal adjustment methods as well, if they are flexible
enough to handle daily data. In this regard, Ollech et al. (2021) discuss the flexibilisation
of X-11 to handle higher frequency time series.

STL decomposes a time series into T;, Sy and I; using a series of Loess regressions
and moving averages to separate out the trend and a periodic pattern from the series.
Loess regressions are locally weighted linear or polynomial regressions (Cleveland and
Devlin, 1988). Each observation is regressed on a pre-defined set containing the v, closest
observations. These observations are weighted, where the weight depends negatively on
the distance between observations as follows: With a reference observation — i.e. the
observation to be regressed on its neighbouring observations — at time ¢, the weight of

the observation at t; is given by

vilt) = [1 _ ( ':;;_(t’;')gr (3.5)

where d,_(t) = |t; — t,.| is the distance between the v farthest ¢; and ¢.

In the robust version of STL, after the decomposition of Y; into a trend, seasonal and
irregular component (inner loop) an extreme value downweighing is added (outer loop).
Observations with extreme values get a weight w; in the local regressions in the next

iterations given by
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9 2
o — (1 - [e.medmﬂ{n}ﬁ:l|)] ) if |1 < 6 - median([{ L} )

0 else

(3.6)

The inner loop iterates through the following steps:
1. Trend adjustment: Y; — Tt{k_l} = St{k} + ]t{k} = TAt{k}, with Tt{o} = 0.

2. Preliminary periodwise smoothing: Each periodwise subseries of TAik} is smoothed
S{k}

by Loess to yield a preliminary seasonal factor S, ;.

The v, has to be specified by

the user as there are no default values available (see Cleveland et al., 1990).

3. Smoothing preliminary seasonal component to capture any low-frequency move-
S{k}

ments L;{k} from S, ;.

si® gtk _

4. Obtaining seasonal component: = Spret

5. Seasonally adjusting the original time series: Y;{k} — St{k} = SAt{k}.

6. Obtaining trend: Apply a Loess filter to SAt{k} to extract Tt{k}.

STL only extracts one periodic pattern at a time. Therefore, DSA combines multiple
runs of STL with RegARIMA:

e Step I: Adjust intra-weekly seasonality with STL.

e Step II: Calendar- and outlier adjustment with RegARIMA.
e Step III: Adjust intra-monthly seasonality with STL.

e Step IV: Adjust intra-annual seasonality with STL.

In the intermediate steps, the remaining periodic effects are included in the trend-
cycle component, which by default in STL captures low-frequency variation that is lower
than the considered seasonal frequency.?

The resulting final seasonally adjusted series will be adjusted for all seasonal and
moving holiday effects considered. The order of the steps in DSA follows the maxim
to start with the periodic pattern with the shortest cycle length, i.e. the intra-weekly
seasonality. Unlike the methods used for seasonal adjustment of lower frequency time
series, the RegARIMA part is not the first step, as it would necessitate to estimate a
RegARIMA model with multiple seasonal parts. Future versions of DSA may include
such an extension.

For all computations and analyses we use R 4.0.2 (R Core Team, 2021). The seasonal

adjustment of daily time series is computed using the {dsa} package in version 1.1.15.

2The default settings used to capture the trend-cycle have not been changed in the applications presented
here; for a discussion of potential parameter settings, we refer to Cleveland et al. (1990)
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3.3.2 Seasonal adjustment of hourly time series

Hourly series are challenging due to the large number of observations included. For
computational reasons, it will often not be possible to estimate a RegARIMA model for
such series, if many regressors need to be included. Here we adapt the DSA procedure

to the case of hourly data as follows:

Step I: Adjust hour-of-the-week effects with STL.

Step II: Calendar- and outlier adjustment with RegARIMA based on daily obser-

vations.

Step III: Adjust hour-of-the-month effects with STL.

Step IV: Adjust hour-of-the-year effects with STL.

As with DSA, single steps of the routine used to seasonally adjust hourly data may
be omitted, e.g. only a few series will exhibit an hour-of-the-month effects. Also, the
first step may be changed to model hour-of-the-day effects instead or in addition to day-
of-the-week effects (see Remark 9).

Remark 2. The transformation from hourly to daily observations in step II only serves
to reduce the computational burden. For some series, it may be feasible and preferable to
directly estimate the calendar effects in the hourly series - provided an hourly RegARIMA
model can be computed. If a distinct moving holiday impact for each hour of a holiday
is assumed, the number of regressors may be extremely large. This is aggravated if
cross-seasonal effects need to be modelled, e.g. if interactions between fixed holidays, the

weekday and potentially the hour are prevalent.

3.3.3 Seasonal adjustment of weekly time series

On average, a year contains a non-integer number of weeks, namely 52.18. Ladiray et
al. (2018) describe how, in these cases, autoregressive fractionally integrated moving
average (ARFIMA) processes can be exploited that adapt the seasonal differencing part
of Equation 3.4 to incorporate fractionally integrated processes. The authors develop a
fractional variant of the well-known airline model, i.e. the seasonal ARIMA model of
order (0,1,1)(0,1,1),. For a non-integer seasonal period of 7 = |7| + a, with a € [0, 1],
the fractional differencing operator V. can be approximated by a first order Taylor series

expansion so that
V.Y, ~ Y, — (1 —a)BlY, — aBll*ly, (3.7)
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The fractional airline model can be used for linearisation of a time series analogously to
Tramo.®> We combine this pre-processing with a SEATS-type time series decomposition

of the fractional airline model to seasonally adjust weekly time series with 7 = 52.18.

3.4 Empirical illustrations

We will present a small set of higher frequency time series that have been of high impor-
tance for economic analysis during the COVID-19 pandemic. We will discuss key features

of this series and show how these might be accounted for when conducting calendar and

seasonal adjustment.

3.4.1 Truck toll mileage index

German truck toll mileage index
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Figure 3.1: German truck toll mileage index

The Federal Office for Freight Transport in Germany is responsible for a distance-

based toll on trucks, which was implemented in January 2005. The truck toll mileage

3The fractional airline model-based estimation and decomposition are included in the R Package {rjdhf}
available on github: https://github.com/palatej/rjdhighfreq. As of version 0.0.4, the Tramo-type
estimation of the model does not allow forecasting of the time series. For weekly time series, we therefore
use seasonal ARIMA models for pre-processing of the time series with 7 = 52.
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index has been developed together with the Federal Statistical Office. It is based on
raw mileage and free of structural breaks resulting from changes in the vehicles that
have to pay the toll. The data are available as a monthly and a daily index (Deutsche
Bundesbank, 2020). The daily time series analysed here is available from 1 January 2005
up to 12 September 2021, and thus contains many observations.

As can be seen from Figure 3.1 the series is characterised by multiple periodic
effects, namely a strong weekday pattern, with a trough on Sundays and an annual
pattern. These effects are interdependent: the cross-seasonality presents itself as a
weekday pattern that changes throughout the year. In part, this is due to governing
laws and regulations: with only a few exceptions, trucks are not permitted to drive on
motorways on Sundays or on public holidays. During July and August, this is extended
to Saturdays as well. We further observe different patterns around Christmas related to

different changes in consumption behaviour.

Remark 3. Other series contain less typical or even uncommon periodic effects.

Ollech (2021) finds a monthly recurring pattern in currency in circulation in Germany.

The series is further marked by a weakly positively sloping trend that is halted tem-
porarily in early 2020, as a consequence of the COVID-19 pandemic. After the COVID-
19-induced slowdown we observe breaks in periodic effects, in particular the weekday
pattern. At least temporarily, the difference in the truck mileage between workdays and
weekend days is less pronounced. The annual seasonal pattern is non-isochronous, i.e.
the number of observations per cycle is not the same for all cycles as years contain either
365 or 366 observations.

Remark 4. Non-isochronicity can impact a time series in a number of ways. We may
observe that the seasonal pattern in longer cycles is just a stretched-out version of the
pattern in shorter cycles. This might be the case, if the seasonal pattern is a smooth
pattern in the sense that the seasonal impact of neighbouring values are highly correlated.
In series with a more fluctuating pattern, the seasonal impact of additional observations
in a given cycle, such as February 29 in a leap year, may be less related to adjacent obser-
vations. This may imply that the estimation of the seasonal impact of these additional

observations in longer cycles can not be inferred from observations in the shorter cycle.

For higher frequency time series, it is often possible to observe the impact of holidays
more directly, and thus identify series-specific calendar effects. Figure 3.2 shows the
truck toll mileage index on All Saints’ Day (November 1) as well as the three days leading
up to and the three days after the holiday. All Saints’ Day is a public holiday in 5 out of
16 German federal states. In these states, all of which are located either in the south or
west of the country, trucks are prohibited from driving on motorways on this day. The

impact of All Saints’ Day is cross-seasonal: the magnitude of the decrease depends on the
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German truck toll mileage index
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Figure 3.2: German truck toll mileage index

weekday.* As restrictions already apply to the driving of trucks on Sundays, All Saints’
Day does not have an additional impact on the truck toll mileage index if it falls on a
Sunday. By contrast, there is a considerable reduction if it falls on any given weekday.

If All Saints’ Day falls on a Tuesday (Thursday), the neighbouring Monday (Friday),
i.e. any bridge days, also appear to have a reduced number of trucks on motorways. In
contrast to lower frequency time series, these bridge day effects can be seen and modelled
more directly.

The COVID-19 pandemic, which hit Germany in March 2020, has a twofold impact
on the time series. First, it leads to an abrupt decline in the number of kilometres driven
by trucks. Second, it impacts the observed weekday pattern owing to changes in the
restrictions regarding on which days trucks are allowed to drive on motorways and the
consumption pattern.

To obtain a calendar and seasonally adjusted series, DSA was used with ~7 := 7 and
Y365 := 11 using an additive decomposition. For the seasonal adjustment of the monthly

index, we found a multiplicative decomposition to be more appropriate. Yet due to the

4Note that Reformation Day - the day before All Saints’ Day - is a regional public holiday. Before 2017
it was only a public holiday in all federal states in eastern Germany. In 2017, Reformation Day it was a
national public holiday. From 2018, Reformation Day is a public holiday in the federal states in eastern
as well as northern Germany.
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higher volatility of the daily index — which is typical for higher frequency time series
— the seasonal factors from a multiplicative model would inflate strong outliers in many
cases, leading to extreme spikes in the seasonally adjusted series. The series does not
contain day-of-the-month effects®; accordingly, step III of the DSA procedure is omitted.
The choice of a very short filter to estimate the day-of-the-week effect, i.e. 7 := 7, allows
the day-of-the-week-effect to change during the year, thus making it possible to capture
this particular cross-seasonal effect. As discussed above, this is important, because we
already know that the weekday pattern is different in different parts of the year, due to the
aforementioned driving restrictions. The day-of-the-year effect is captured using 3¢5 :=
11. This is appropriate because it allows the seasonal effect to change slowly over time,
but does not overreact to single years. An important tool to identify an appropriate value
for -, are visualisations of the seasonal-irregular component (Cleveland and Terpenning,
1982), so-called Sl-ratios. These are frequently used to visualise the volatility of the
combined seasonal-irregular series and a plausible trajectory of the seasonal component.

To estimate the impact of moving holiday effects and the interaction between weekdays
and fixed holidays, a RegARIMA model is used. As described by Ollech (2021), this
model combines a non-seasonal ARIMA model with trigonometric terms that capture
deterministic seasonality. For the truck toll mileage index, 30 cosine and sine terms
are used. Ollech (2021) states that multiples of 12 capture intra-monthly pattern, yet
here, the high number of trigonometric terms used instead reflects the complexity of the

seasonal pattern and does not indicate a day-of-the-month effect.

Remark 5. To obtain the unadjusted monthly truck toll mileage index, the daily raw
truck toll mileage is summed up for each month and transformed into an index. If
a temporal aggregation is likewise performed on the seasonally adjusted truck toll
mileage index via summation, the resulting time series will contain a length-of-the-month
effect —i.e. months with more days will have a higher value — and thus be seasonal. Using
the average monthly index instead is a simple remedy, but reduces the comparability of

the directly adjusted monthly and daily time series.

The calendar and seasonally adjusted truck toll mileage index is especially volatile
around holidays (see Figure 3.3). This heteroskedasticity is due to estimation uncer-
tainty and the fact that truck drivers are restricted by laws with regards to the number
of hours that they are allowed to drive per week and per day. The latter determines the
optimal logistics and thus the interaction between holidays, consumer demands and kilo-
metres driven by trucks on a given day resulting in the observed local volatility increases.

Table 3.2 shows the estimated impact of moving holidays and cross-seasonal effects.

All moving holidays that are public holidays at the national or federal state level are

®The spectrum of the series (not shown here) indicates that the series is not influenced by any monthly
recurring periodic pattern. Alternatively seasonality tests may be used to check whether there are
significant day-of-the-month effects.
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Table 3.2: Estimated moving holiday and cross-seasonal effects for the German truck
toll mileage index. Based on time series only adjusted for intra-weekly seasonal effects.
A RegARIMA(2,1,1) model with 2x30 trigonometric terms has been estimated.

Estimate S.E. Estimate S.E.
Carnival Monday —8.6 1.6 | NH' (Mon) -925 23
Mardi Gras ~50 16| NH' (Tue) ~106.3 2.4
Holy Thursday —20.2 1.5 | NH! (Wed, to 2015) -904 3.1
Good Friday —99.7 1.9 | NH! (Wed, from 2015) —118.8 2.7
Holy Saturday —17.3 1.9 | NH' (Thu) -106.7 2.1
Easter Sunday —10.4 1.9 | NH' (Fri) —74.6 1.9
Easter Monday —117.6 1.9 | NH! (Sat) -20.6 1.9
Easter Monday (t+1) —21.4 1.5 | Christmas Period (Mon) —-32.7 1.6
Ascension (t-1) —13.4 1.5 | Christmas Period (Tue) —425 1.7
Ascension (to 2015) —109.4 2.2 | Christmas Period (Wed) —41.7 1.7
Ascension (from 2016) —119.4 2.3 | Christmas Period (Thu) —414 1.7
Ascension (t+1) —18.4 1.6 | Christmas Period (Fri) —28.7 1.7
Corpus Christi (t-1, to 2015) —7.4 2.0 | 3d before Christmas (Sun) 228 21
Corpus Christi (to 2015) —73.8 2.2 | Christmas Eve (Sat) 11.7 4.3
Corpus Christi (from 2016) —74.5 2.1 | Christmas Eve (Sun) 42.0 438
Corpus Christi (t+1) —7.7 1.5 | Christmas Day (Sat) 249 5.9
Pentecost (t-1) 4.1 1.3 | Christmas Day (Sun) 584 4.3
Pentecost (to 2015) —107.7 1.9 | Boxing Day (Sat) 18.7 3.2
Pentecost (from 2016) —117.6 2.1 | Boxing Day (Sun) 304 5.8
Pentecost (t+1) —14.2 1.5 | 10d after Dec 26 (Sat) 14.8 1.8
Labour Day (bridge) —17.9 2.6 | 10d after Dec 26 (Sun) 309 1.9
German Unity (bridge) —-2.6 29
All Saints’ Day (bridge) —20.6 24

L NH includes the following holidays with fized dates: Epiphany, Labour Day, Assumption Day, Ger-
man Unity, Reformation Day and All Saints’ Day. The weights of the regional holidays are given by:
Epiphany 0.2, Assumption Day 0.1, Reformation Day (after 2017) 0.2 and All Saints’ Day 0.6.

Note: Ascension and Labour Day 2008 both fell on 1 May. Because the effect is not additive, the
effect has been assigned to Labour Day only, i.e. the regressor for Ascension is 0 on that day.

included in the regression. This is extended to the surrounding days, as a transition phase
can usually be observed, so that both the day before and after a given public holiday
show a decrease. The only exception is the Sunday just before Pentecost Monday, which
is slightly positive compared to a typical Sunday in spring. Additionally, we include the

main event days of the carnival season for which a significant impact can be detected.

The impact of fixed holidays is usually captured by STL in the last step of DSA. Yet,
as discussed above, the interdependency between that impact and the weekday cannot
be captured by STL. Here, we model it using interaction dummies in the RegARIMA
model. The impact of each weekday is combined across all national and federal state-level
holidays to reduce the number of included regressors. Days that are public holidays only

regionally are weighted accordingly (for details on the weights see Table 3.2 and Deutsche
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Bundesbank, 2020). The remaining spikes around Christmas are not seasonal, as they do
not fall on the same day of each year. Yet, with more observations it may be possible to
further improve the estimation of cross-seasonal effects for that time period.

The changes in the weekday pattern after the start of the COVID-19 pandemic in
Germany discussed above recur weekly and may thus be considered to be part of the S(7-
component. A different view is that as these changes are only temporary and a result of
the irregular nature of the crisis they should be captured in the irregular component and
thus be visible in the calendar and seasonally adjusted series.® For the period from 23
March to 30 August 2020, i.e. from the beginning of the lockdown until after the summer
holidays, we chose the latter approach. To seasonally adjust this period, forecasted
calendar and seasonal factors are used, which are obtained by restricting the estimation
span from the beginning of the time series to 22 March 2020. For the period after 30
August, we again use all available data in a controlled current adjustment scheme. This
means that the seasonal and calendar components are re-estimated monthly, but we
control weekly whether a re-estimation is necessary. This is the case when the forecasted
seasonal or calendar component no longer adequately capture the respective effect, e.g.

because the seasonal pattern has evolved differently than predicted.

Remark 6. Generally, at the beginning of a crisis, it may be a good policy not to re-
estimate the seasonal and calendar components immediately, in order to avoid including
transitory and irregular influences into the seasonal or calendar components. Once the
crisis has stabilised, a controlled current adjustment scheme as discussed above may be

implemented.

3.4.2 Electricity consumption

The German electricity consumption is compiled by the German Federal Network Agency
using data from the network providers starting in January 2015. The series analysed here
ends on 30 April 2021. Energy consumption is related to industrial production and GDP.
Electricity consumption is therefore of particular interest to business-cycle analysis (Arora
and Shi, 2016; Do et al., 2016). For the most recent observations, the series is subject
to unreliable data delivery as some network providers do not always provide data

immediately.

Remark 7. More broadly, unreliable data delivery stems from the issue that data

providers are often not legally or contractually obligated to provide data and do not

6At the time of writing the ESS Guidelines on Seasonal Adjustment does not discuss this matter and

therefore does not stipulate any action (Eurostat, 2015). It could be sensible to define a minimum
number of cycles that a new periodic pattern need to pass through before it is regarded as a periodic
pattern that needs to be adjusted for.
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Seasonal adjustment of German truck toll mileage index
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Figure 3.3: Seasonal adjustment of German truck toll mileage index

need to adhere to any standards regarding data quality or deadlines. Furthermore, if the

data are merely a by-product, it may be difficult to analyse the quality of the data.

In the case of electricity consumption, this leads to temporarily missing values
that might require interpolation, either before or as part of the seasonal and calendar

adjustment.

Remark 8. Some higher frequency time series do have structurally missing values, e.g.
time series that only contain observations on working days. If this is the case, the data
may be non-equidistant, i.e. the distance in time between observations is not the same
for all neighbouring observations. In other words, the distance between a Monday and a

Tuesday is less than between a Friday and a Monday.

Electricity consumption is available on a 15-minute basis. Ollech (2021) discusses
how the daily electricity consumption can be seasonally adjusted. Here, we will analyse
the hourly electricity consumption. Clearly, for business cycle analysis, it may be ad-
vantageous to focus on a lower frequency aggregation level, such as a weekly series, as
the volatility of the time series tends to decrease with aggregation level. However, dis-
cussing an hourly series will inform our understanding of typical characteristics of higher

frequency time series and thus is relevant for the modelling of daily and weekly series.
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Hourly Electricity consumption in Germany
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Figure 3.4: Hourly electricity consumption in Germany

As can be seen from Figure 3.4, the electricity consumption is characterised by an
hour-of-the-week pattern and — especially if we disregard Christmas and fixed holidays —
an almost sinusoidal annual seasonality. The latter is termed autocorrelational season-
ality, as the seasonal impact of each day of the year strongly correlates with the seasonal
influences visible in the neighbouring observations. A dependence structure such as this
is usually not exploited fully in the seasonal adjustment of lower frequency time series.
Yet, for higher frequency time series it may improve the estimation of the seasonal effects

given the high volatility of the time series and the corresponding estimation uncertainty.

Remark 9. Some series show multilevel periodic effects. Instead of an hour-of-the-
week effect, an hourly series may contain an hour-of-the-day effect and an influence of the

day of the week, if the pattern of the intraday-movements remains the same throughout
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the week and only the level of the series varies from weekday to weekday. By contrast, the
magnitude of the intra-day-movements of the electricity consumption changes throughout

the week, particularly when contrasting working days and weekends.

The difficulty of estimating all relevant effects is aggravated, as the daily electricity
consumption is a relatively short series.” As a consequence, we cannot observe all
possible calendar and cross-seasonal constellations. To illustrate this point, let us assume
that we want to model the interaction between the weekdays and Labour Day. With just
over five years of observations, not all possible interactions occurred in the time span
considered, and in any case, only very few observations per constellation are included.

At times, higher frequency time series show rather uncommon calendar effects.
The daily electricity consumption is impacted by Daylight Saving Time (DST) — even in
the hourly series.

The start of the COVID-19 pandemic in Germany again evokes a temporarily de-
clining trend and some slight and gradual changes in the weekly pattern, reflecting the
reduction in output in the production sector and possibly changes in the share of people
working remotely (for a cross-country comparison of the impact of the pandemic on elec-
tricity consumption, see Léopez Prol and O, 2020). For the seasonal adjustment of lower
frequency time series, the pandemic is treated using series of level shifts (LS), additive
outliers (AO) and, less frequently, temporary change outliers (TC) with a pre-specified
decay rate (Eurostat, 2020). The downturn observed for electricity consumption is grad-
ual enough so that one or multiple level shifts are not necessary to model the crisis based
on daily data. In general, we observe non-traditional outlier pattern more frequently
for higher frequency time series than for monthly or quarterly series. This is neatly illus-
trated by the finding that the decay rate of 0.7 for TC — the default for monthly series
(cf. U.S. Census Bureau, 2016) — is often unsuitable for daily or weekly series.

To estimate the hour-of-the-week effect — which encompasses 24 - 7 = 168 hours a
week — STL is employed with 7,43 := 7, i.e. a very short filter that is tailored towards an
effect that changes throughout the year. More precisely, the difference between the daily
minimum and daily maximum consumption is smaller on the weekend than on working
days. This difference is especially small in winter compared to the rest of the year.®

After the hour-of-the-week effect has been estimated, the adjusted series aggregated
to daily observations serves as input to DSA. We omit the estimation of the day-of-week
and day-of-the-month effect, as these effects are not (or no longer) present in this partially

adjusted series.

"For very short series, it may not be advisable to estimate all seasonal and periodic components. An
estimation of the day-of-the-year effect requires at least two years, but for a reliable and sensible
estimation usually three or more years of observations are needed. The day-of-the-week effect may
often be estimated using less than two years of data.

8In daily series this translates into a difference between working days and weekends which increases
during the warmer season.
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Table 3.3: Estimated moving holiday and cross-seasonal effects for German electricity
consumption, in percent. Based on time series adjusted only for hour-of-the week effects
and aggregated to a daily series using daily means. A RegARIMA(5,1,1) model with
2x24 trigonometric terms has been estimated.

Estimate S.E. Estimate S.E.

Carnival Monday —1.5 0.6 | Labour Day (bridge) —48 14
Holy Thursday —1.9 0.7 | German Unity (bridge) -70 1.0
Good Friday —21.6 0.9 | All Saints’ (bridge) —4.6 1.0
Holy Saturday —7.4 0.9 | Reformation Day (bridge, after 2017) —6.8 1.5
Easter Sunday —6.3 0.9 | National Holidays (Mon-Fri) —-179 04
Easter Monday —24.2 0.9 | National Holidays (Sat) 4.7 09
Easter Monday (t+1) —3.2 0.7 | 3d before Christmas (Sat) 1.9 1.1
Ascension (t-1) —1.6 0.7 | Christmas Eve (Sat) 43 18
Ascension —22.2 0.9 | Dec 26 (Sat) 56 1.2
Ascension (t+1) —9.9 0.7 | 10d post Dec 26 (Sat) 3.4 0.8
Corpus Christi (t-1) —1.1 0.7 | 3d before Christmas (Sun) 6.2 1.3
Corpus Christi —14.2 0.9 | Christmas Eve (Sun) 89 1.6
Corpus Christi (t+1)  —6.0 0.7 | Christmas Day (Sun) 10.1 1.7
Pentecost (t-1) 1.8 0.6 | 10d after Dec 26 (Sun) 4.1 0.8
Pentecost —23.3 0.7 | Christmas period (Mon-Fri) —-5.1 0.7
Pentecost (t+1) —3.1 0.7 | Daylight Saving Time Spring 0.5 0.5
Daylight Saving Time Autumn —-0.9 0.6

Table 3.3 shows the estimated moving holiday and cross-seasonal effects for this time
series. The cross-seasonal effects included are again interactions between weekday and
fixed holidays. As mentioned, due to the length of the series, not all possible calendar
interactions can be observed and overall, only very few observations per constellation are
available.

As discussed above, a noteworthy calendar effect is Daylight Saving Time. DST has
an obvious — albeit small — effect on the time series. Here, the moving holiday and cross-
seasonal effects will be estimated in the series aggregated to a daily series by averaging
the hourly observations. Alternatively, the hourly series could be temporally aggregated
to a daily series by summing up the hourly values. Generally, if a multiplicative time
series model is used, the difference between the estimated effects using daily averages
comparing to those obtained using daily sums is often negligible for calendar constellations
that impact the whole day. For example, electricity consumption is estimated to be 23.3
percent lower on Pentecost based on daily averages (see Table 3.3). If we used daily sums
instead, the estimated impact were 23.2 percent.

If we consider matters that affect only single hours of a day, such as DST, the dif-
ferences can be considerable. Transforming the hourly to a daily series by taking the
mean will reduce the estimated impact of DST on the series, because DST will mostly be

reduced to capturing the configuration of the hours in a day and the effect on the elec-
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tricity consumers. If we used hourly sums instead, the estimated impact of DST would
additionally include a length-of-the-day effect.

After the calendar and cross-seasonal effects have been estimated, they are broken
down into hours, assuming that all hours of the day are influenced in the same way. The
hourly series is then adjusted using these hourly factors.

Finally, the hour-of-the-year effect is estimated using STL in DSA with 794365 := 13.

The final adjusted series can be seen in Figure 3.5.

Seasonal adjustment of hourly German electricity Figure 5
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Figure 3.5: Seasonal adjustment of hourly German electricity

3.4.3 Google Trends: Unemployment

Weekly Google Trends data have to be downloaded in chunks of five years. Each of these
chunks is a random sample of all search queries and therefore subject to noticeable revi-
sions.? The chunks are chain-linked together and a value of 100 is added to avoid values
too close to 0, which can lead to extreme seasonal and calendar factors if a multiplicative

model is used.

9The average mean revisions are 7.14 points from week to week in the original series and 6.90 points in
the calendar and seasonally adjusted data. The combined seasonal and calendar factor is on average
revised by 0.74 percent in absolute terms.
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Google Trends
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Figure 3.6: Google Trends

The series analysed here starts from 10 January 2004 and ends on 10 September 2021.
The chunks of the series were downloaded on 13 September 2021.

The definition of the week does not adhere to the ISO 8601 standard. Instead it is
defined to start on Sunday and end on Saturday. Such date and time conventions are
of relevance for regressor construction. For example, Easter Sunday and Easter Monday
fall in the same week, and their effect cannot be disentangled. In turn, we only need one
regressor that captures the joint effect of Easter Sunday and Easter Monday.

For monthly or lower frequency time series, Christmas and New Year are seasonal
effects as they fall in the same period each year. Depending on the modelling strategy,
especially if the data are modified so that every year has 365 observations, this holds for
daily data too, as these holidays always fall on the same day of the year. For weekly time
series, as a consequence of their non-isochronicity and date conventions, Christmas’ Day
can fall in the 51st or 52nd week of the year, while New Year’s Day falls in week 52, 53
or 1 (ISO 8601 standard) or week 0 or 1 (US convention).

The results of the RegARIMA model estimation are included in Table 3.4. As dis-
cussed, the construction of the data implies that some holidays always fall in the same
week. Their impact is therefore indistinguishable. The inclusion of appropriate regressors

for the Christmas and New Year’s period can be challenging. Christmas Day always falls
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in the same week as either Christmas Eve or New Year’s Eve. If both Christmas Eve and
New Year’s Eve are included as regressors, then, particularly for short series, separating
the impact of Christmas Day from the other two days may be intricate, resulting in an

unstable estimation.

Table 3.4: Estimated ARMA coefficients (in absolute terms) and moving holiday effects
(in percent) for Google Trends, search term: Arbeitslosigkeit [unemployment]. A RegA-
RIMA(0,1,1)(0,1,1) model is estimated.

Estimate S.E. Estimate S.E.
MA —0.87 0.02 | SMA —0.75 0.04
Good Friday —5.5 1.2 | Christmas Eve —6.7 1.7
Baster —54 1.2 | New Year’s Eve -5.3 1.6

Note: The week is defined as starting on Sunday and ending on Saturday. Thus, Faster covers both
Sunday and Monday.

As can be seen from Figure 3.6 the series is very volatile, especially at the beginning of
the series. It may be difficult to assess the seasonality of the time series visually, but sea-
sonality tests!® and the coefficients of the ARIMA model indicate seasonality. To obtain
seasonal factors, we rely on the default settings of the fractional airline decomposition.

As the original data are revised considerably every week, the revision policy of this
weekly series differs from the daily series discussed above. For the Google Trends series we
follow a partial concurrent adjustment scheme, i.e. the calendar and seasonal components
are re-estimated every week, but the order of the RegARIMA model is fixed and is only
re-identified annually. The Appendix includes a discussion of graphical tools that can be

used for weekly time series if a controlled current adjustment scheme is used.

3.5 Summary

The contribution of this paper is twofold. First, we performed an illustrative analysis
of a small set of higher frequency time series. We discussed how these data differ from
lower frequency time series and how this is relevant for seasonal adjustment in general
and in light of the COVID-19 pandemic. Second, we developed a taxonomy of the central
features of seasonal higher frequency time series. This list of features can contribute to
the assessment of the seasonal adjustment of higher frequency time series and might serve

as a building block in the development of quality diagnostics.

10We use the seasonality tests recommended by Ollech and Webel (2020) for monthly time series which
are implemented in the {seastests} package in R. Setting the frequency of the time series to 52 ignores
the non-integer type seasonality of the series. However, in practice this works well as an approximation.
Both the QS and the Friedman test reject the null hypothesis of no seasonality at the 0.1-% level of
significance. This also holds true if we only include the last five years of observations.
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Figure 3.7: Seasonal adjustment of Google Trends

Further research may evaluate different procedures that allow the seasonal adjustment

of higher frequency time series with respect to their ability to handle all of these features.

3.A Appendix

For a controlled current adjustment revision scheme, the results from the calendar and
outlier adjustment are investigated and, perhaps most importantly, the previously fore-
casted seasonal components (S¥) are compared to the new seasonal factors (SV) obtained
after re-estimation. As reference points for the comparison, the raw seasonal factors
(Smw), i.e. the combined seasonal-irregular component, are included in the analysis. The
comparison is either based on tables or graphics, with the latter often being referred to
as the SI ratios. The idea is to gauge whether SN better captures the systematic devel-
opment of S™* compared to S¥. If this is the case to a relevant extent, the previous
components are discarded and the re-estimated results are used. Otherwise SF can still
be used and the previously published seasonally adjusted values are not revised.

For integer-type periodic influences the construction of the SI ratios is straightfor-
ward. Each subplot shows the SN , Sraw and ST for a given period, e.g. a subplot for

each month of the year. For series with a non-integer number of observations per year the
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Figure 3.8: SI ratio for Google Trends series
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configuration is more intricate. For weekly series, the estimated seasonal component of a

given observation depends both on observations (multiples of) 52 weeks ago as well as 53

weeks ago and likewise on future observations. Therefore, Srav should include all weeks

that contribute to the estimation of the seasonal component. For the most recent observa-

tions, this is approximately the sequence of weeks with a step size of 52 and the respective

previous week. This is shown by way of example in Figure 3.8. For any period of the

seasonal component, the exact representation of the relevant raw seasonal factors is given

~ ~ ~ A
rTaw raw raw aw

by the sequence (..., S§{¥y 1, 571, ST ST ST S5 ST St lar s ST far s ++o):
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CHAPTER 4

A random forest-based approach to identifying the most

informative seasonality tests

DANIEL OLLECH AND KARSTEN WEBEL

Abstract

Virtually every seasonal adjustment software includes an ensemble of tests for
assessing whether a given time series is in fact seasonal and hence a candidate for
seasonal adjustment. However, such tests are certain to produce either agreeing
or conflicting results, raising the questions how to identify the most accurate tests
and how to aggregate the results in the latter case. We suggest a novel random
forest-based approach to answer these questions. We simulate seasonal and non-
seasonal ARIMA processes that are representative of the macroeconomic time series
analysed regularly by the Bundesbank. Treating the time series’ seasonal status as
a classification problem, we use the p-values of the seasonality tests implemented
in the seasonal adjustment software JDemetra+ as predictors to train conditional
random forests on the simulated data. We show that this aggregation approach
avoids the size distortions of the JDemetra+ tests without sacrificing too much
power compared to the most powerful test. We also find that the modified Q.5 and

Friedman tests are the most accurate ones in the considered ensemble.

Published as: Ollech, D. and Webel, K. (2023). A Random Forest-based Ap-
proach to Combining and Ranking Seasonality Tests. Journal of Econometric Meth-
ods, 12(1):117-130.

Author contributions: D.O. designed and implemented the seasonality tests and
the random feature elimination algorithm. D.O analysed the results, K.W. assisted

with the interpretation. D.O and K.W. wrote the manuscript.
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4.1 Motivation

To judge current economic developments and to forecast important target variables,
such as quarterly gross domestic product, economists usually monitor a broad and well-
established set of trustworthy key time series on a regular basis. Typically, some time
series will enter this set in unadjusted form while other series will enter it in seasonally
adjusted form, depending on the seasonal status of the particular time series. Examples
include the data sets used by the Bundesbank for short-term forecasting of economic ac-
tivity in Germany and other countries (Goetz and Hauzenberger, 2018; Pinkwart, 2018).
Seasonal adjustment is thus an integral part of many economic analyses and business
processes, including in particular case-by-case decisions on whether or not observed time
series are in fact seasonal and should or should not be seasonally adjusted.

A variety of statistical tests has been developed over time to answer the latter question
(e.g. Busetti and Harvey, 2003; Franses, 1992; Ghysels and Osborn, 2001). Each of
those targets a specific manifestation of seasonality and for that reason many seasonal
adjustment programmes implement more than just one test. For example, JDemetra+
(JD+) implements six seasonality tests' and Table 4.1 reports their outcomes for four
monthly German macroeconomic time series that differ substantially in their seasonal
behaviour, amongst other things (Figure 4.1). Retail trade turnover for games and toys
displays a strong seasonal pattern that primarily originates from Christmas-related spikes
in December figures. The harmonised index of consumer prices (HICP) for tobacco
clearly lacks such strong seasonal movements as the series is dominated by a slowly
rising trend that is interrupted by aperiodic level shifts associated with VAT increases.
These visual impressions are unanimously confirmed by the JD+ tests. In contrast,
neither the consumer price index (CPI) for energy nor the number of persons employed
in the manufacturing of wearing apparel reveal their seasonal status as immediately as
the other two series. FEither series appears to be driven mainly by trend-cyclical and
irregular movements, leaving any seasonal behaviour far less distinctive compared to the
turnover series. Yet, some recurring intra-year movements, such as the minor troughs in
the employment series in the middle of the years 2012 to 2014 and 2016, can still be eye-
balled. The JD+ tests disagree: for the CPI series, four tests reject the null hypothesis
of absence of seasonality at the 1% level of significance, while two tests fails to do so,
albeit barely in one case; for the employment series, two tests provide strong evidence
for presence of seasonality at the 1% level of significance, while one test provides mild
evidence at the 5% level of significance, and the remaining tests do not reject the null
hypothesis at this level.

This example illustrates two issues with any set of tests for the same testing problem.

First, for some data the tests reach the same decision and we may ask whether the set

!Technical details about the tests are given in the Appendix.
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Figure 4.1: Four monthly macroeconomic time series for Germany.

is too large and if it can be reduced by eliminating seemingly redundant tests. Second,
and more importantly, for some other data the tests reach different decisions and we may
ask how their outcomes can be aggregated. Relatively simple aggregation rules include
majority voting as well as Fisher-type x? and union-of-rejection tests, the latter two of
which have been considered especially for unit root (Harvey et al., 2009) and cointegration
problems (Bayer and Hanck, 2013).

We take a different and—to the best of our knowledge—novel approach as we treat
testing the seasonal status of a given time series as a classification problem with two
classes and seek a random forest-based aggregation rule. To train random forests on
representative data, we simulate non-seasonal and seasonal ARIMA models that closely
resemble the macroeconomic time series stored in the Bundesbank’s database. This is
achieved through a specific simulation algorithm that is described as part of the data
generation in Section 4.2. We then calculate the p-values of the JD+ seasonality tests from
the simulated ARIMA models and use them as predictors for training random forests,
together with a binary response that indicates the models’ true seasonal status. This
approach also facilitates a ranking of the seasonality tests with respect to the accuracy of
their outcomes. Since the p-values display significant positive cross-correlations, rankings
derived from importance metrics based on random forests with classical decision trees may
be severely biased (Hothorn et al., 2006) and we thus opt for conditional inference trees.
Section 4.3 briefly highlights the key differences between the two types of random forests.
We next compare the size and power of the JD+ seasonality tests with the random forest
classifications and show that the latter avoid the severe size distortions of the former
without significant losses in power and that the modified XS and Friedman tests top the

aforementioned accuracy ranking (Section 4.4). Our random forest-based approach is then
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applied to the four time series shown in Figure 4.1, disentangling especially the conflicting
test outcomes for the CPI and employment series (Section 4.5). Finally, Section 4.6

concludes. All subsequent computations have been conducted in R (R Core Team, 2019).

4.2 Data Generation

We aim at simulating representative seasonal and non-seasonal time series that portray
as accurately as possible the macroeconomic monthly data analysed regularly by the
Bundesbank. To this end, ARIMA models will be our workhorse time series model
since they cover a broad range of correlation structures, perform very well in forecasting
exercises, and, as a consequence, have become the standard model in many seasonal
adjustment approaches, especially those available in JD+.2 An ARIMA model for a time

series {y;} with 7 observations per year is given by
$p(B) @p(B7) ViV Y = 0,(B) Oq(B") e, (4.1)

where B is the backshift operator, B*y, = y;_, Vi, = 1 — B¥, d and D indicate the non-
seasonal and seasonal orders of differencing, ¢, and ®p are the non-seasonal and seasonal
autoregressive (AR) polynomials of orders p and P, 6, and ©, are the non-seasonal and
seasonal moving average (MA) polynomials of orders ¢ and @, and {e;} is white noise
with zero mean and finite variance. We will use the short-form notation (pdq)(PDQ) to
refer to a specific ARIMA model of type (4.1) and call it seasonal if (PD@) # (000) and
non-seasonal if (PDQ) = (000).

4.2.1 Model Selection

Representative ARIMA models are selected through an automatic modelling of monthly
macroeconomic time series using the TRAMO (Gémez and Maravall, 2001) and regA-
RIMA (Findley et al., 1998) approaches.® This includes an automatic identification of
appropriate model orders (pdq)(PDQ), estimation of ARMA parameters and detection of
outliers for each single series. A total of 2,907 series which have been seasonally adjusted
on a regular basis for many years is used to select the seasonal models. This data set
is referred to as set SA (seasonally adjusted). It contains data on industrial production,
orders received by industry, turnover in industry and retail trade, labour market statistics
and consumer prices, with lengths ranging from 6 to 67 years. A total of 10,635 series

which are not seasonally adjusted is used to select the non-seasonal models. These series

2JD+ implements the X-11 and ARIMA model-based approaches and their respective regARIMA and
TRAMO pretreatment models, which are essentially linear time series regressions with ARIMA errors
that may account for log transformations, outliers and calendar variation.

3The time series have been downloaded from the Bundesbank’s database in January 2017.
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are referred to as set NA (not adjusted). They contain data on national accounts, trade
and capital markets, and have lengths between 4 and 72 years.

Both TRAMO and regARIMA identified a diverse set of ARIMA models, including
pure AR, pure MA and mixed models. Let M (k) denote the set of identified models in
category k € {NA,SA} and pgk) and pgk) the respective set-k shares of model m € M (k).
Each model’s overall set-k share is then given by p,.. = <pg,2 + pg”,z ) / 2 and the model’s

simulation weight (rounded to 1 decimal place) is

ﬁmk
Wk = —=———, (4.2)
ZjeM(k) Djk

where Pk = Pk - 1 (R)zo.m} is used to exclude rare models that have been

{pii=0010Rp
identified for less than one percent of all time series.*

mk

4.2.2 Model Simulation

We run Algorithm 1 for each selected representative ARIMA model m € M(k) with k €
{NA,SA} and each length T' € {60, 120,240}. This algorithm combines the “NORmal-
To-Anything” (NORTA) algorithm (Cario and Nelson, 1997) with logspline density esti-
mation according to a particular knot addition and deletion algorithm (Stone et al., 1997).
It simulates versions of estimated ARIMA models such that the simulated ARMA param-
eters closely resemble the multivariate distribution of the estimated ARMA parameters.

This is achieved by imposing the restrictions that the simulated parameters
(R1) do not induce (additional) unit roots in the model’s characteristic polynomial,
(R2) display the same correlation structure as the estimated parameters,

(R3) have univariate distributions with the same shape as the univariate distributions of

the corresponding estimated parameters.

The basic idea is to initially draw sets of ARMA parameters from a multivariate Gaussian
distribution such that the correlations of the simulated and estimated parameters are
similar. The multivariate Gaussian density is then transformed into a set of univariate
logspline densities. After elimination of ARMA parameters that induce additional unit
roots, the correlations of the remaining parameters are compared to the correlations
of the estimated ARMA parameters. In case of unacceptably high differences—which

often result because transforming a Gaussian into a logspline density tends to reduce

4The shares and simulation weights of all models are reported in the supplementary material (Table 1),
showing that some models m € M(SA) were non-seasonal and we used w,, sa = 0 in such cases. The
opposite “mis-identification” did not occur.
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Algorithm 1 NORTA algorithm with logspline density estimation
Let n be the number of observed time series that all follow model (4.1) with the same
orders (pdq)(PDQ) and © be the number of ARIMA models to be simulated under re-
strictions (R1)-(R3).
1: Set m = p+ g+ P+ Q and let P € R™™ be the matrix of the estimated ARMA
parameters. Calculate X5 € R™ ™ the correlation matrix of the parameters.

2: Apply logspline density estimation to each row of P to obtain a non-parametric
estimate f]() of the density of the j-th ARMA parameter, where j € {1,...,m}.

3: Set ZS) = X to initialise the simulation of ARMA parameters, where P € R™*

denotes an empty matrix to be filled during the following loop.

4: repeat

5. In the i-th loop, simulate v > v independent parameter vectors P; € R™, where
P, ~N <0m,2§§)> for each j € {1,...,n}. Set P =(P;...P,).

6: Set Z = (z;5) € R™¥, where z;, = Fj_l[cb(pjk)] for all (j,k) € {1,...,m} x
{1,...,v} and Fj(-) and ®(-) are the distribution functions of f;(-) and the standard
normal distribution, respectively.

7. Letl€{0,...,v} be the number of columns of Z which contain ARMA parameters
that induce additional unit roots. Remove the ! columns from Z to obtain Z €
R™ (=D "the matrix of admissible ARMA parameters.

8 Select & columns from Z according to simple random sampling without replacement,
where 7 € {1,...,v—1}, this ensures that we get the correct number of parameters.
Store the sampled columns in Z® € R™*7.

9:  Calculate X5 € R™*™, the correlation matrix of the sampled admissible ARMA
parameters.

10:  Calculate A = |3p — X505 = (djx) and Ca = (cjr), where ¢jp = 15, ~cy for all
(4,k) € {1,...,m}?* and some € > 0.
11:  if CA # 0 then

12: Set Z(FZ;H) = Eg) + 1 [Ep — X50)] © Ca, where n > 0 and © denotes the
Hadamard product of two matrices, i.e. A ® B = (ajx - bji).
13:  end if

14: until CA = 0, or the maximum number of iterations is reached.
15: Simulate 7 ARIMA models of order (pdq)(PDQ) with the parameters stored in the
columns of Z®).

correlations between parameters—the entire algorithm is restarted with an appropriately

modified correlation matrix of the initial multivariate Gaussian distribution.?

To exemplify the performance of Algorithm 1, Figure 4.2 shows kernel estimates of
the univariate densities for the estimated and simulated parameters of the ARIMA model
with the highest simulation weight: the (011)(011) model given by VV,y = (1 —

5In our application of Algorithm 1, we set ¥ = 100,000, 7 = v - Wynk, € = 0.02 and n = 0.5, yielding
a total of 600,000 simulated ARIMA models with Gaussian innovations. In Step 2, we restrict the
density support to [—1,0.975] for AR parameters and to [—0.99,0.975] for MA parameters in seasonal
and non-seasonal polynomials of order 1, and to [—2, 2] for each parameter in non-seasonal AR and MA
polynomials of orders 2 and 3. In Step 15, we let the length of the burn-in period for the simulation
depend on the order of the finite AR representation of the ARMA polynomial, as in Briét et al. (2013).
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Figure 4.2: Gaussian kernel density estimates for the MA parameters in the (011)(011)
model.

6B)(1 — ©B7)¢e;. The estimated densities for the non-seasonal parameter 6 are almost
indistinguishable. The ones for the seasonal parameter © are also shaped very similarly

in general.

4.2.3 Training and Validation Data

Let X = (X ...X,) be a set of p predictors with X; = (z1;...2x;)" forall j € {1,...,p}
and Y = (y;...yn)" be a vector of categorical responses with y; € {1,..., K} for
all i € {1,...,N}. In our application, X will be given by the (asymptotic) p-values
of five JD+ seasonality tests calculated from the 600,000 simulated ARIMA models®
and Y will be a binary indicator for the true seasonal status of the simulated model.
Hence, we will have p = 5, N = 600,000 and K = 2. The training data is denoted
by £ = {(x1,v1),...,(Xn,yn)}, where x; = (x;1...2;,) is the i-th (row) observation of
the predictors X. To evaluate the performance of the random forest classifiers, we also

conveniently create via random sampling without replacement
e 50 independent “child” training data sets £® from the “parent” £ and

e 50 independent sampled validation data sets VO from VO = £ \ L® ie. one %%

is sampled from each V.

6No distribution theory has been proposed for the seasonal peaks (SP) test so far, thus no p-values are
available. By unchangeable default in JD+, the simulated series are differenced once before the test
calculation, trying to ensure stationarity.
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The sample sizes are 7,500 for each £ and 10,000 for each Vs(i), which is mainly dictated
by computational restrictions. We observed that computing more than 50 random forests

did not alter the results but substantially increase the computational cost.

4.3 Random Forests

Our classification exercise will be based on random forests (RF) for three reasons: first,
they provide highly accurate predictions in a broad range of real-world applications;”
second, they have a non-“black box” tree-like structure that makes internal decision-
making processes and the final classification comprehensible; third, they enable a ranking
of the predictors in X with respect to their contribution to the final classification. In our
application, however, the predictors, that is the p-values of five JD+ seasonality tests,
exhibit high positive correlations that exceed 0.84 for any pair of predictors (Table 4.2),
which is likely to induce a serious upwards bias in the estimated importance metrics for
the predictors. Therefore, we consider RF with conditional inference trees that avoid
such biases.®

Section 4.3.1 briefly summarises the basic concepts of classical RF. A detailed descrip-
tion can be found in Hastie et al. (2009). Section 4.3.2 highlights the key changes made

for conditional inference trees.

4.3.1 Classical Approach

The classical RF algorithm (Breiman, 2001) utilises bootstrap aggregation, also known
as bagging (Breiman, 1996; Bithlmann and Yu, 2002). In essence, it (1) draws bootstrap
samples L, of size N with replacement from the training data £, where b € {1,..., B},
(2) grows an unpruned binary classification tree 7, on each of those samples, and (3)
aggregates the classifications of the single trees to a final classification, usually by majority
vote or some weighted decision rule. During tree growing, a fresh sample X of size p < p
is drawn from X for the binary split of each node and the predictor that minimises node
impurity within X is finally used to create the split. This shields RF from dominance of
strong predictors and is repeated until node impurity cannot be reduced any further, or
a pre-specified minimum size of terminal nodes is reached.

Since L, is drawn with replacement, the “out-of-bag” (OOB) samples O, = L\ £, are
non-empty and can be used for judging the RF performance by means of misclassification

rates and for measuring the contribution of each predictor X to the final RF classification.

"Examples include forecasting stock price movements (Patel et al., 2015), diagnosing diseases (Hsieh
et al., 2011), and detecting fraudulent emails (Almomani et al., 2013).

8We also investigated other machine learning algorithms, such as stochastic and adaptive boosting,
support vector machines and feed forward neural networks, amongst others. The results are summarised
in the supplementary material (Table 2) and further details are available upon request.
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The latter can be achieved by calculating the mean decrease in prediction accuracy (MDA)
after randomly permuting the values of X; in the OOB samples, which essentially mimics
absence of this predictor. Let g;(7, X;) and ¢;(Ty, Xr(;)) denote the predicted classes of
y; obtained from 7T, before and after this random permutation. The MDA is then given
by

MDA(X 1 Z W Z { Ly [5:(T0. X)) = Ly [9:(To. X)) } (4.3)

b=l €Oy

where T[z] =1if z € A, 1 4[z] =0 if x ¢ A and 7(-) is the permutation scheme.

4.3.2 Conditional Inference Trees

Correlations between the predictors in X are likely to introduce serious biases in (4.3)
(Strobl et al., 2008, 2007), which is a consequence of the linkage between predictor selec-
tion and node splitting. In the absence of a truly influential predictor X, in a sample X,
a predictor that is highly correlated with X, but not with Y may be used to create the

split and, hence, spuriously appear to be effective due to the neglected correlations.

The conditional inference framework for decision trees (Hothorn et al., 2006) untangles
predictor selection and node splitting, which enables an ex ante exclusion of predictors
that are not strongly related to Y. Let each node n be represented by a N-dimensional
vector w,, = (W - .. wn,N)T of integer case weights, where w,; > 0 if node n contains
(x;,y;) and w,; = 0 otherwise. Predictor selection then starts by testing the global null

hypothesis of no association between Y and each Xj in X:

D
Y = (H with  H : D(Y|X;, w,) = D(Y|w,), (4.4)
j=1

where D(Z) denotes the distribution of Z. This hypothesis is rejected if the smallest
(adjusted) p-value for rejecting the local null hypotheses H[()n’j) is smaller than a pre-
specified nominal level . In this case, the predictor Xj* with the strongest association
to Y is identifiable from the respective local null hypothesis and eventually used to split

node n. If (4.4) cannot be rejected, no split is made.

Applying the concept of conditioning also yields a version of (4.3) that is unbiased in
the presence of correlated predictors (Strobl et al., 2008). To this end, 7(-) is applied to
the values of X; only within subgroups of observations of X§ = (X ... X; 1 X1 ...X,).



4.4. SIMULATION RESULTS 79

This results in the conditional permutation scheme 7(-)|X¢ and the MDA is calculated

as

MDA 1 Z L {]l{y} yl 7Z7X )] - ]l{yz yz(%a () \Xc)]} (45)

b=1 ‘ b| €Oy

where for each tree 7, the permutation grid for X; is defined by the cut-points of X in
Tp.

4.4 Simulation Results

We grow a RF with conditional inference trees (henceforth referred to as conditional RF)
on each “child” training data set £, i € {1,...,50}. Cross-validation suggests forests
of B = 100 trees. We sample p = |/p] = 2 predictors, i.e. p-values of JD+ seasonality
tests, for node splitting and run the association tests of (4.4) on a nominal 5% level of
significance, in line with common suggestions (Diaz-Uriarte and de Andrés, 2006; Strobl
et al., 2007). For illustrative purposes, we also grow a classical RF on each L9 using
essentially the same parameters and a minimum size of terminal nodes equal to 1.

Section 4.4.1 evaluates the size and power of the JD+ seasonality tests and the two
RF approaches. Section 4.4.2 ranks the tests in descending order of accuracy as given by
(4.5).

4.4.1 Size and Power

Table 4.3 reports the rejection rates of the “no seasonality” hypothesis for the seasonality
tests and the two RF classifiers, which have been calculated from the 600,000 simulated
ARIMA time series for the former and from the OOB samples Oéi) and sampled validation
(VAL) data sets VY for the latter.

Each test has acceptable power but suffers from upward size distortions, especially
for the longer series. The modified QS test has the highest power regardless of the series’
length, whereas the Friedman (FD) test has the least size distortions overall, although
the modified QS test performs slightly better for the 5-year non-seasonal series and the
seasonal peaks (SP) test does so for the 10- and 20-year non-seasonal series. It should also
be noted that the size distortions of the modified ().S test can in part be explained by the
fact that this test is probably most sensitive to under-differencing, recalling that each test
is applied to the once-differenced data. The modified QS test, for example, misclassifies
64.2% of the non-seasonal (021)(000) models when a = 0.01, which already accounts
for 1.47 percentage points of its rejection rate. In contrast, the other tests misclassify
between 0.1% and 6.3% of those models. As suggested by an anonymous referee, we also

looked at the rejection rates at the more granular levels of model categories and parameter
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categories for selected models. The former analysis revealed that the size distortions of
the tests significantly increase with the complexity of the model, regardless of the chosen
level of significance.” Amongst other things, we also studied the tests’ performance for
various seasonal models with P =1 and/or @) = 1 and simulated parameters that induce
near (seasonal) unit roots. However, these detailed analyses did not reveal significant
differences in the rejection rates across parameter categories in any of the considered
cases (the results are available upon request).

The RF classifiers do not display any size distortions at all—in fact, they are even
slightly undersized at the 1% level of significance—but have to compromise some power
compared to the most powerful seasonality test. Both effects are marginally more pro-
nounced for conditional RF. The standard deviations of the rejection rates barely differ
between the two classifiers, except for the 10- and 20-year seasonal series in the sampled
VAL data for which they are slightly higher for conditional RF. Overall, the two RF

classifiers have good size and power properties for any considered length of series.

Remark 10. Theoretical considerations suggest certain groups of seasonality tests with
respect to the specific manifestation of seasonality tackled by the tests (Appendix). These
conceptual specificities can be recognised, at least to some degree, in the correlations
between the tests’ p-values (Table 4.2) and rejection rates (Table 4.3). One group consists
only of the modified Q.S test that is based on the sample autocorrelations and, hence,
can handle both gradual changes in seasonality and volatile seasonal patterns very well.
As a consequence, this test rarely misclassifies seasonal series. Another group consists
of the FD, Kruskal-Wallis (KW), periodogram (PD) and seasonal dummies (SD) tests
that primarily tackle stable seasonality, e.g. by checking differences between period-
specific means. These tests tend to have lower size distortions but also slightly less power
compared to the modified Q)S test. The last group consists only of the SP test that
tackles visually significant spectral peaks at any seasonal frequency without an underlying

distribution theory.

4.4.2 Accuracy Ranking of Seasonality Tests

We calculate the MDA measures (4.3) and (4.5) of each tests’ p-values from each classical
and conditional RF grown on £®) and visualise them with the aid of boxplots (Figure 4.3).
For conditional RF, the modified Q)S test has the highest median MDA with a narrow
margin over the FD test. This positioning may not come as a surprise given the high
power of the former and the relatively low size distortions of the latter (Section 4.4.1).
The SD, KW and PD tests finish far behind at third, fourth and fifth place, displaying a

noticeably lower dispersion of the MDA measures.

9 An example in which model complexity is measured through the sum of the non-seasonal ARIMA orders
in (4.1) is given in the supplementary material (Table 3). Further details are available upon request.
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Variable importance measures

Mean decrease Conditional RF Classical RF Mean decrease
in accuracy in accuracy
+0.005 0.4
+0.004
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Figure 4.3: MDA measures (4.5) (left) and (4.3) (right) for five JD+ seasonality tests.

For classical RF, the FD test ranks first with a median MDA that is roughly twice
as high as the measures of the second-ranked SD and third-ranked modified QS tests.
Compared with conditional RF, this discrepancy in the accuracy rankings results from
the biases introduced into (4.3) through the negligence of the p-values’ correlations. In
particular, the high positioning of the SD test raises suspicions given the test’s large size

distortions and moderate power relative to the other tests.

4.5 Application

We now return to the four German macroeconomic time series displayed in Figure 4.1 and
demonstrate that conditional RF can also be used to disentangle the conflicting results of
the JD+ seasonality tests. Recall that those unanimously classified retail trade turnover
for games and toys as seasonal and HICP for tobacco as non-seasonal, but disagreed
when judging CPI for energy and the number of persons employed in the manufacture of
wearing apparel (Table 4.1).

Each of the 50 conditional RFs classifies CPI for energy as non-seasonal. Although
contrasting with the majority vote of the tests, this decision seems reasonable from an
economic perspective since more than 60% of the energy subcomponents, such as fuels and
lubricants for personal transport equipment, heat energy and liquid fuels, are classified as
non-seasonal by all JD+ seasonality tests. Each conditional RF also classifies the number

of employed persons as seasonal, again in contrast to the majority vote of the JD+ tests
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(especially at the 1% level of significance), and finally yet rather unsurprisingly confirms

the two concurrent classifications.

4.6 Summary

We treated the identification of the seasonal status of observed time series as a classi-
fication problem and showed that random forests (RF) with conditional inference trees
can be used as a classifier. The training and validation data was composed of the p-
values of five seasonality tests implemented in JDemetra+ as correlated predictors and a
binary indicator of the seasonal status as the response. Both the p-values and binary in-
dicators were calculated from a large set of simulated monthly ARIMA models that had
been generated through a combination of the “NORmal-To-Anything” algorithm with
logspline density estimation. This specific algorithm ensured the simulated data to be
representative of the Bundesbank’s macroeconomic time series database.

We reported severe size distortions and acceptable power for the seasonality tests
and showed that the RF-based approach avoids size distortions without sacrificing too
much power. Utilising the concept of mean decrease in accuracy, we also identified the
modified @S and Friedman tests as the most accurate seasonality tests. An intuitive
explanation may be that the Friedman test mainly targets stable seasonality while the
modified Q.S test also allows for gradual change in seasonality over time and, hence, the
two tests complement each other very well. Considering four macroeconomic time series
for Germany, we finally illustrated the RF-based approach’s capability of transforming
conflicting results of individual seasonality tests into an unanimous classification.

Future research could extend the RF-based approach in a variety of ways. Making
the training data more unbalanced with respect to seasonal status and length of the
simulated data and/or adding quarterly, outlier-prone or borderline seasonal data could
improve representativeness. Using alternative algorithms and methods, such as copulas,
in the simulation process and/or faster RF-based classifiers, such as extremely randomised
trees (Geurts et al., 2006), could improve computational efficiency. Last but not least,
adding seasonality tests currently not implemented in JDemetra+ could further increase

predictive power.

Appendix

We provide basic information about the six JD+ tests against the null hypothesis (Hy) of
absence of seasonality in a weakly stationary time series {z;} of length T" with 7 observa-
tions per year. Non-stationary time series are made stationary by applying appropriate

orders of (non-seasonal) differencing.
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Modified ().S Test

The modified @S test checks {z;} for significant positive autocorrelation at seasonal lags.
Let v(h) = E (241 2:) — E*(2;) and p(h) = ~(h)/v(0) denote the lag-h autocovariance
and autocorrelation, respectively, of {z;}. Then, Hy : p(k) < 0 for k € {r,27}, and the
Q) S-statistic is given by

QS = Pl

T(T+2) (:[;2(_7)7 " [maxéoiﬁz(iﬂ}]Q)] * oo |

where p(h) is the lag-h sample autocorrelation of {z;}. The null distribution of QS is
approximated by a y%-distribution with two degrees of freedom (Maravall, 2011).

Friedman Test

The Friedman (FD) test checks for significant differences between the period-specific
mean ranks of the values of {z}. Let r;; be the within-year rank of the observation
in the i-th period of the j-th year, so that 1 < r;; < 7, and p; = E(r;;). Then,
Hy:py = po = -+ = pr, and the F'D-statistic is calculated as a one-way ANOVA with
repeated measures, which asymptotically follows a y2-distribution with 7 — 1 degrees of
freedom under Hy, (Friedman, 1937).

Kruskal-Wallis Test

The Kruskal-Wallis (KW) test results from replacing the within-year ranks of the FD test
with within-span ranks, so that 1 < r;; <T" and the KW -statistic is calculated as a one-
way ANOVA without repeated measures. Hence, the same asymptotic null distribution
applies (Kruskal and Wallis, 1952).

Periodogram Test

The periodogram (PD) test checks if a weighted sum of the spectral density f(w) =
(2m)71 32, v(h) e~ evaluated at the seasonal frequencies S(7) = {wf,...,w},} with
wy = 2mj/7 for j € {1,...,7/2} is significantly different from zero. Let Y-y = 2 [f(w])+
o fw] )y )]+ f (W) )y) be this weighted sum. Then, Hy : ¥s(-) = 0, and the PD-statistic
is obtained through plugging the periodogram estimates of {2;} into Xg(;) and proper
rescaling, so that PD follows an F-distribution with 7 — 1 — 1¢[T] and T — 7 + 1¢[T]

degrees of freedom under Hj, where & is the set of even integers.
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Seasonal Peaks Test

The seasonal peaks (SP) test checks if f(w) displays visually significant peaks within S(7).
and the SP-statistic is obtained from replacing n,s; with a count estimator f,s, that
aggregates information from the Tukey and AR(30) estimators of f(w). Criteria for visual
significance, including simulated critical values, and the aggregation rule are derived in
Maravall (2011).

Seasonal Dummies Test

Dropping the stationarity assumption on {2}, the seasonal dummies (SD) test checks if
the joint effects of the 7 — 1 seasonal dummies, denoted by 8 € R™~!, are significantly dif-
ferent from zero in a time series regression with a constant mean and ARIMA (pdq)(000)
disturbances. Thus, Hy : 3 = 0, and the S D-statistic is the usual F-statistic based on
the OLS estimator of 3, which follows an F-distribution with 7—1 and T'—d—p—q—7—1
degrees of freedom under Hy (Gémez and Maravall, 2001).
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Table 4.2: Spearman correlations between the p-values of the JD+ seasonality tests.

QS FD KW PD SD SP

QS 1.000

FD 0.875 1.000

KW 0849 0.942 1.000

PD 0.844 0.941 0.972 1.000

SD 0.844 0.921 0.946 0.944 1.000

SP 0.870 0.839 0.825 0.814 0.828 1.000

Remarks: The tests have been applied to the 600,000 simulated ARIMA time series (pairwise complete
cases). The color code indicates certain groups of seasonality tests (Remark 10). Other correlation
measures, such as Bravais-Pearson coefficients, yield very similar results.
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CHAPTER 5

An overall seasonality test derived from recursive feature

elimination in conditional random forests

DANIEL OLLECH AND KARSTEN WEBEL

Abstract

Many seasonal adjustment programs contain a set of statistical tests to check ob-
served time series for presence of seasonality. Since these tests will not always reach
a consensus, some programmes also implement an overall seasonality test that con-
denses the outcomes of the single tests into an unambiguous decision. However, the
design of such overall tests is usually not justified from a theoretical perspective but
derived from empirical criteria and thus reflects to a large degree the experience
and/or preferences of the designer. We propose a tree-like overall seasonality test
based on a two-step procedure. In the first step, we identify the most informative
tests from a large set of candidates by applying recursive feature elimination in con-
ditional random forests. In a second step, we design a single conditional inference
tree from the identified tests to achieve the classification accuracy of the random
forests whilst at the same time providing interpretable results. We show that a
sensible decision rule can be derived by combining the Kruskal-Wallis test with two
variants of the modified @S test. The resulting overall seasonality test has low type

I and IT misclassification rates and avoids excessive complexity.

Published as: Ollech, D. and Webel, K. (2018). An Overall Seasonality Test Based
on Recursive Feature Elimination in Conditional Random Forests. In Proceedings

of the 5th International Conference on Time Series and Forecasting:20-31."

! After submission of this thesis, a revised version has been published as Ollech, D. and Webel, K. (2025).
A Novel Tree-Based Combined Test for Seasonality. Data Science in Science, 4(1),1-11.
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5.1 Motivation

Seasonal behaviour can manifest itself in time-series data in a variety of ways, ranging
from significant differences between the period-specific averages of the detrended data over
large positive sample autocorrelations at seasonal lags to spectral peaks at seasonal fre-
quencies. Accordingly, a vast range of seasonality tests has been developed over time and
usually each of these tests targets a particular manifestation of seasonality. Practitioners
thus often pay attention to an ensemble of tests rather than a single test, diversifying in
some sense the risk of misjudgement. This strategy works well as long as the tests agree,
which is usually the case for the majority of time series. In some cases, however, the tests
yield conflicting results, which happens most likely for time series that are not textbook
examples of seasonal or non-seasonal data. In such a case, overall seasonality tests can
be quite useful. Such tests condense the outcomes of several seasonality tests into a final
unambiguous decision on the seasonal status of the observed time series.

Many popular seasonal adjustment programmes contain an overall test. For exam-
ple, the X-11 method implements a combined test for presence of identifiable seasonality
(Morry and Lothian, 1978), which is also available in JDemetra+ (JD+). This test
utilises a tree-like concept as it runs a sequence of seasonality tests in a pre-specified
order at pre-specified levels of significance. Figure 5.1 shows the decision rule. Similarly,
TRAMO/SEATS implements an overall test based upon a simple aggregation rule (Mar-
avall, 2011). It considers the modified @S test, the non-parametric Friedman test, the
test for seasonal peaks and the F-test on seasonal dummies (see the overview in Ollech
and Webel, 2020)—each at the 1% level of significance—and deems the observed series
(1) seasonal if at least two tests indicate presence of seasonality; (2) weakly seasonal if
only the QS test or only the F-test on seasonal dummies indicates presence of seasonal-
ity; (3) non-seasonal in any other case. This rule performs reasonably well for simulated
data, despite a slight bias towards over-detection of seasonality. It also affects the choice
of initial parameters in automatic model identification.

However, to the best of our knowledge, the design of these (and other) overall tests has
not been formulated from a theoretical perspective so far. In particular, set of considered
tests, order of testing and chosen levels of significance have not been justified theoretically.
Instead, it seems that those ingredients have been determined by educated guessing or
simulations and thus reflect something that works well empirically. More sophisticated
combinations are warranted. The previous chapter provides a proof of concept for the
CRF approach to identifying informative seasonality test. The overall test derived in the
present paper is based upon a recursive application of this concept in order to find a good
combination.

The remainder of this paper is organised as follows. Section 5.2 presents conditional

random forests and section 5.3 presents seasonality tests. Section 5.4 discusses the vari-
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Combined test for presence of identifiable seasonality

Each single null hypothesis (H,) states “no seasonality”

F-test for presence of stable seasonality
Success if H, is rejected at the 0.1 % level

A success
' A Failure

F-test for presence of moving seasonality
Success if Hy is not rejected at the 5% level

M7 <1 | g T,<1andT,<1

Kruskal-Wallis-test for presence of stable seasonality
Success if H, is rejected at the 0.1 % level

Probably no identifiable

No identifiable seasonality present seasonality present

Identifiable seasonality present

Source: Morry and Lothian (1978).
Deutsche Bundesbank S3PRO139.Chart

Figure 5.1: Overall seasonality test of the X-11 method. The heuristic measures are
defined as Ty = min {7/Fs,9}, T = min {3Fy/Fs,9} and M7 = /(11 + 1»)/2, where
Fs and F); are the statistics of the F-tests for presence of stable and moving seasonality.

able selection and construction of our overall test, section 5.5 presents the results from a
simulation study and section 5.6 from a real world application. Section 5.7 discusses the

overall test. Finally, section 5.8 concludes.

5.2 Conditional random forests

Random forests are essentially a collection of classification or regression trees that differ
as they are built upon different bootstrap samples from the training data. To further
induce randomisation and prevent any predictor from dominating the construction of
every tree, only a random sample of the regressors are considered as splitting variable at
each node (for an extensive discussion of random forests, see Ollech and Webel, 2020).
Conditional random forests (CRF) differs from random forests as developed by Breiman
(2001) in two respects: variable selection and variable importance measures (VIMs). Let
L = (XY) be the training data, where X = (X;...X,) is a set of p predictors with
X; = (w1j,...,2n;) forall j € {1,...,p} and Y = (y1,...,yn)' is a vector of cat-
egorical responses with y; € {1,...,K} for all i € {1,...,N}. For b € {1,...,B}, a
bootstrap sample L, is drawn with replacement from £, and an unpruned decision tree
Ty is grown for the sample within the conditional inference framework (Hothorn et al.,
2006). As opposed to the classical approach, the binary split of any terminal node is

created according to the following generic algorithm:
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1. Test the global null hypothesis of pairwise independence between Y and each pre-
dictor X;. Stop if this hypothesis cannot be rejected. Otherwise, identify the
predictor X;, with the strongest association to Y by means of standardised linear

statistics within the permutation test framework of Strasser and Weber (1999).

2. Take X, as splitting variable. Find the optimal binary split of the node using
pre-specified splitting criteria, such as two-sample linear statistics (Hothorn et al.,

2006), that are in line with the criteria applied in the previous step.

Tree growing is stopped if a pre-specified minimum number of observations in terminal
nodes, Ny,in, is reached or the stop criterion mentioned in Step 1 of the generic algorithm
applies. Finally, the forest classification is given by the unweighted majority vote of the
tree classifications.

As for the classical approach, subsets of £ can be used for validation purposes. Let
O, = L\ Ly, be the “out-of-bag” (OOB) data of the b-th bootstrap sample, that is the
training data not selected in L£,. The CRF’s performance can then be judged by means
of misclassification rates in the OOB samples. Alternatively, external validation (VAL)
data can be considered, i.e. data that have not been considered at all for the construction
of the forest.

The misclassification rates in the OOB samples can also be used to evaluate the im-
portance of any predictor X; in terms of its contribution to a given forest’s classification.
The basic idea is to permute the values of X; in the OOB samples in order to mimic
absence of X;. Then, the difference between the misclassification rates before and af-
ter permutation yields the the mean decrease in accuracy of X; when absent. However,
this VIM is likely to be biased if a purely random permutation scheme is applied in
the presence of correlated predictors. A conditional permutation scheme (Strobl et al.,
2007, 2008) prevents ex ante the overestimation of seemingly influential predictors X;
that in fact are not strongly associated with Y but appear as such due to a high cor-
relation with a truly influential predictor. Unconditionally permuting X; will eliminate
the relationship with Y as well as with X; for all 7 # j. The latter relationship prevails
by conditionally permuting X,. To this end, the values of X; are randomly permuted
only within subgroups of its complement X¢ = (X ... X; 1 X1 ...X,), resulting in the
conditional permutation scheme 7(-)|X?. Let §;(7s, X;) and §;(7Ty, Xz(j)xs) denote the
predicted classes of y; obtained from 7, before and after conditional permutation of the

values of X in O,. The respective VIM is then given by

Z Z {yﬁfyz (T, X W(j)|x§)} B ]l{y#?)i(ﬁ,,xj)} (5 1)
B, Ol Ol

where for each tree 7, the permutation grid for X; is defined by the cut-points of X in

Ty, i.e. by the binary splits determined by the classification or regression trees.
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5.3 Seasonality tests

Let {2} denote a weakly stationary time series of length 7" with 7 observations per year.
Whenever appropriate, the notation will be changed to {z;;}, where z;; is the observa-
tion of the i-th period, ¢ € {1,...,7}, in the j-th year. Furthermore, let (pdq)(PDQ)
abbreviate the ARIMA model

$p(B) ®p(B") Vi V7w = 0,(B) Oq(B") &,

where B is the Backshift operator, B¥z, = x4, Vi, = 1 — BF, ¢p and ®p are the
non-seasonal and seasonal autoregressive operators, ¢, and ©¢ are the non-seasonal and
seasonal moving average operators, and {e;} is white noise with zero mean and finite
variance. Then, a given ARIMA model is said to be non-seasonal (N-S) if (PDQ) = (000)

and seasonal (S) in any other case.

5.3.1 Candidate tests

We consider three branches of seasonality tests, each of which states absence of seasonality

in {z} as the null hypothesis:

e The six seasonality tests implemented in JD+ have been described in detail by Ol-
lech and Webel (2020), along with respective intuitions. We consider five of them:
the modified QS test (QS), the Friedman test (FT), the Kruskal-Wallis test (KW),
the periodogram test (PD) and the F-test on seasonal dummies (SD). A seasonal
pattern usually manifests itself in positive autocorrelation at seasonal lags. There-
fore, the QS test checks whether this seasonal autocorrelation is significantly larger
than zero. Both the FT and KW test are one-way ANOVAs with repeated resp.
without repeated measures on the ranks of {z;}. SD includes seasonal dummies in
a RegARIMA model and tests whether their effects are simultaneously zero. The
PD test estimates a weighted sum of the periodogram evaluated at the seasonal

frequencies and tests if this sum is significantly different from zero.

e We also consider selected tests from the literature on medical statistics, which are
primarily used for detection of periodic occurrences of diseases, and a seasonal unit

root test. More detailed information on these tests is provided below.

e The following tests are also applied to the residuals obtained from fitting a non-
seasonal ARIMA model to the unadjusted data, where (pdq) is determined by the
automatic model identification routine Hyndman and Khandakar (2008) with p < 3,
g < 3and p+q < 3% the QS, FT, KW, Roger, Welch and Welch-Kruskal-Wallis

2These restrictions are aimed at ensuring that the high-order of the non-seasonal ARIMA model does
not extract seasonal movements from the time series. Also, avoid over-fitting.
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tests. The short form notation of each of these tests is the short form notation of

the respective original test plus the suffix “-R”.

Welch test

Welch (1951) developed an ANOVA test without repeated measures for data with het-
erogeneous variance. Basically, it allows for heteroskedastic seasonality by scaling the
observations of each period by the period-specific sample variance s; and the number of
observations n; in period ¢. For the i-th period in year j, let p; = E(z;;). Then, the null
hypothesis is Hy : pt1 = pto = -+ - = fir.

The test statistic is given by

_ (7' — 1)_1 22:1 W (52‘ —w! 2;1 Wy 5@')2
14+2(7=2)(r2 = 1)t (ny — 1)L (1 — wtwy)?

(5.2)

where w; = n; /s?w = > w; and z; = nflzj z;j. Under Hy, (5.2) follows an F-

distribution with f; and f; degrees of freedom, with

wy

fi=7—1 and fo— 3(#—1)—123(%—1)—1(1——)1.

- w
=1

In addition to the original WE test, we also consider a variant based on the ranks of
{z;;}. Since the ranks are assigned as for the KW test, that is over the entire observation
period, this variant is referred to as the Welch-Kruskal-Wallis (WEKW) test.

Edwards’ test

Tailored towards the analysis of epidemiological incidence data, Edwards’ test assumes
that the seasonality can be described by simple harmonic patterns Edwards (1958, 1961).
Under the null hypothesis, the incidence rate is constant, i.e. Hy : pg = pto = -+ - = pr.

The test statistic is given by

ED =8 (ZT: Z Zij) {Zizl ijl Zij SlIl(Qﬂ'ZZ/:—)} +Z{Jz:221 Zj:l Zij COS(QWi/T)}

i=1 j=1
(5.3)

The statistic follows a y2-distribution with two degrees of freedom. The null hypoth-
esis is somewhat restrictive, as any kind of trend will be a deviation from a constant
rate. Note also, that the test statistic entails the calculation of \/Zjd z;;. Therefore, it
can not be calculated if E‘j]:l zi; < 0. Thus, it will usually not be possible to calculate

Edwards’ test based on some model’s residuals.
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Roger’s test

The Roger (RO) test Roger (1977) is an enhancement of the ED test. Hj is unchanged

and the test statistic is

_ 22" Z}]:l zigsin(2mi/T)} + {350, Z;‘]:I zi5 cos(2mi/T)}?

RO T J
Dic1 Zj:l Zij

(5.4)

RO approximately follows a y2-distribution with two degrees of freedom.

Hewitt’s test

The criterion devised by Hewitt et al. (1971) is a non-parametric alternative to Edward’s
test for monthly time series, i.e. 7 = 12. It assumes that a seasonal pattern results in an
increased number of incidences in six adjacent months relative to the observations in all
other months.?

Let r; = rank <Z;.]:1 zij) and M (7) be the set of the i-th month and its five consecutive
months, eg M (1) ={1,2,...,6} and M(10) = {10,11,12,1,2,3}. Then, the test statistic
is given by

HE = max{q,...,q2}, (5.5)

where g; = 3,y 7k Critical values have been derived by Walter (1980).

OCSB test

The OCSB test as developed by Osborn et al. (1988) is a seasonal unit root test, and
thus is not designed to detect seasonal series in general, but only a specific manifestation
of seasonality. Thus, the test does not try to distinguish seasonal from non-seasonal
time series, but series with and without seasonal unit roots. It may still be worthwhile
to include this test in an overall seasonality test that aims at being sensitive to various
manifestations of seasonality. So, even if the OCSB test may not be the best indicator
of seasonality per se, it may nonetheless contribute to an increase of the classification
accuracy of an overall seasonality test.

The OCSB test follows the logic of the Dickey-Fuller test. If we assume a series to be
integrated of non-seasonal and seasonal order I(1,D), we can model the dependence of y;
on y;—12 by

Viye = e + aViyi12 + €, (5.6)

where V;, = 1 — B*.

3A generalisation of Hewitt’s test for seasonal pulses of less than six months has been developed by
Rogerson (1996).
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If @ = 1 there is a need for seasonal differencing. To see this, we can rewrite Equa-

tion 5.6 as follows

Vige = Viyiiza = e+ aViyii2 — Viyioio + &
ViViy = w4 (e —1)Viy12 + €

which for fy = as — 1 is equal to
ViViays = e + B2Viyi12 + € (5.7)

Vice versa, if we assume a series to be integrated of non-seasonal and seasonal order
I(d,1), we get
Vigyr = ps + arViye 12 + & (5.8)

and after equivalent rearranging and redefining terms and f; = a7 — 1
ViVioys = pe + B1Viays1 + €& (5.9)

Adding Equation 5.7 and Equation 5.9 together and augmenting it by autoregressive
terms up to order p to ensure white noise error terms, analogously to the reasoning of
the augmented Dickey Fuller test (Said and Dickey, 1984), we can state the OCSB test

regression as follows (cf. Rodrigues and Osborn, 1999):

p
ViViy = e + B1Visy 1 + BoViy 10 + Z OiViVigy_j + € (5.10)

j=1

Here, we include three versions of the OCSB tests. The first OCSB test is augmented
by non-seasonal autoregressive terms of order 3. The second OCSB (OCSB2) term ad-
ditionally includes a seasonal autoregressive component of order one. The third version
of the OCSB test (OCSB3) includes a non-seasonal autoregressive term of order 3 and
seasonal autoregressive and moving average terms of order 1. By omitting seasonal au-
toregressive terms, as in the first version, we will not ensure white noise error terms,
especially in the case of other forms of seasonality. Thus, we decrease the tests ability to
detect seasonal unit roots correctly by letting it reject the null hypothesis more frequently
in the case of other forms of seasonality, which may be desirable if the OCSB test is used

as a seasonality test.
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5.4 Variable selection and construction of overall test

Bearing in mind potential general conflicts between model parsimony and accuracy, we
aim at condensing a set of candidate seasonality tests into an overall test that balances
interpretable results against a low overall misclassification rate. Our approach essentially

comprises two steps:

e the identification of the most informative candidate tests based on misclassification
rates and VIMs in a CRF framework by iteratively eliminating the least informative

test and

e the derivation of a classification rule based on an optimised single conditional in-

ference tree which considers only the most informative candidate tests.

5.4.1 Identification of most informative seasonality tests

We use the following generic random feature elimination (RFE) algorithm to identify the

most informative tests in a set of candidate seasonality tests:
1. Start with the entire set of candidate tests.

2. Train multiple CRFs on independent training data sets using the p-values of the
current set of candidate tests as predictors and the seasonal status of simulated

ARIMA processes as categorical response.

3. For each candidate test, average the VIM (5.1) over all CRF's. Store the mean and
standard deviation of the overall misclassification rates computed for each CRF’s
external VAL data.

4. Eliminate the test with the smallest average VIM from the set of candidate tests.

5. Repeat Steps 2 to 4 until a pre-defined minimum number of predictors, pin, is

reached.

6. Select the most informative tests taking into account the overall misclassification

rates along the entire RFE path and the numbers of tests included.

Remark 11. This RFE algorithm differs from similar approaches (Diaz-Uriarte and
de Andrés, 2006; Genuer et al., 2010; Gregorutti et al., 2017) in three respects: first,
we consider conditional instead of classical random forests (Step 2); second, we consider
VIMs aggregated over multiple forests (Step 3) in order to lower the variance of the feature
elimination in each recursion; third, we evaluate misclassification rates over external VAL
instead of OOB data (Step 3).
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5.4.2 Derivation of classification rule

Once the most informative seasonality tests have been identified in Step 6 of the generic
RFE algorithm, their p-values are used again as predictors to grow a single conditional
inference tree. Depending on the specified parameters, such as the number of identified
tests, this tree is more or less likely to contain some redundancies in the sense that all
branches after a particular node lead to the same classification. In this case, the single
conditional inference tree is pruned to obtain a smaller but equivalent decision tree which

always yields the same classification as the unpruned tree.

5.5 Simulation study

5.5.1 Design

We aim at simulating a set of seasonal and non-seasonal ARIMA models that closely
mirrors the macroeconomic monthly time series stored in the Bundesbank’s database
in terms of their distributional properties. To this end, we first identify representative
ARIMA models. Then, we use the simulation algorithm in Ollech and Webel (2020) that
takes into account the shares of the identified ARIMA models as well as the relationship
and distribution of the parameters within each identified class of ARIMA models. Finally,
we apply the seasonality tests described in Section 5.3.1 to the simulated ARIMA models

and construct the overall test as outlined in Section 5.4.

ARIMA model identification.

We randomly sample without replacement 3,300 macroeconomic time series that are
seasonally adjusted each month and 10,600 monthly time series that are not seasonally
adjusted at all from the database. For each sampled series, we run the automatic ARIMA
model identification routines of the regARIMA and TRAMO pre-processors in JD+. For
each identified model m of class k € {N-S,S}, we calculate the model’s averaged share

Pk among all models in class k£ and the simulation weights wy., = Pmk/ D, Pmk, Where

Pmk = Pmk * Lip,.>0.01}-

ARIMA model simulation.

For each identified model m of class k € {N-S, S} and each length N € {60, 120,240}, we
simulate 100,000 w,,, ARIMA time series, using the same algorithm and parameter setup
as in Ollech and Webel (2020) and the {gsarima} R package. Eventually, this yields a

representative set of 600,000 simulated time series.
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Candidate tests, RFE and CRF settings.

We start with a total of 18 seasonality tests as we consider three versions of the OCSB
test: the OCSBI test uses J = 3 in (5.10), the OCSB2 test essentially takes the sum over
Jj € {1,2,3,12,13} in (5.10) and the OCSB3 test is the OCSB2 test with {s;} being a
seasonal MA (1) process instead of white noise. In general, the stationarity assumption of
the candidate tests, if applicable, is met by differencing the input series once as in JD+.
We run the RFE algorithm with p,,;, = 1. In each recursion of Steps 2 to 4, 200
independent training data sets are randomly selected from the 600,000 simulated ARIMA
models, where the size depends on the current number of candidate tests, varying between
800 and 8,000 due to computational restrictions. For each training data set, a CRF of
B = 100 trees is grown with n,,;, = 1. In Step 3 a random sample of 50,000 ARIMA
series not selected in the respective CRF are considered as external VAL data.
Regarding the overall test, we grow the single conditional inference tree on a training
data set of 10,000 simulated ARIMA time series with n,,;, = 50. In our case, increasing
the number of observations or lowering n,,;, leads to virtually the same tree except that

additional nodes are grown that do not change the final classification.

5.6 Results for seasonality tests and random forests

Table 5.1 reports the misclassification rates of the candidate seasonality tests at the 1-
percent significance level and CRFs? at the initial recursion of the RFE algorithm. The
classification errors of the seasonality test obviously depend on the chosen significance

level. In addition, the following observations can be made:

e The “-R” tests tend to have lower type I and type II misclassification rates than

their standard implementations, except for the QS and RO tests.

e The error rates of the residual based tests tend to be less dependent on the length

of the time series.

e The ED, RO and HE tests display unacceptably high misclassification rates, espe-
cially for seasonal series.® For that reason and then also to reduce the compational
cost, they will not be considered for the RFE algorithm and construction of the

overall seasonality test.

e For the OCSB tests, the order of augmentation strongly affects the misclassification

rates: the OCSBI test tends to have higher type I but lower type II misclassification

4The rates are based on the entire set of simulated ARIMA models for the candidate tests and averaged
over the respective forests for the OOB and VAL data. Results for the 5-percent significance level can
be found in Table 5.4.

5Qriginally, both tests have been tailored to incidence data in epidemiology and are not scale invariant
as they depend strongly on the level of the input series.
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Table 5.1: Misclassification rates as a percentage (N-S = non-seasonal, S = seasonal
series), a = 0.01.

Simulated ARIMA series

All lengths  5-year 10-year 20-year
Classifier N-S S N-S S N-S S N-S S
CRF OOB 06 19 06 19 05 20 07 1.9
VAL 06 19 06 20 05 18 06 18
Seasonality QS 49 1.5 25 1.7 50 14 71 1.3
tests QS-R 04 83 02 78 03 77 07 96
FT 21 21 15 22 23 19 24 21
FT-R 08 21 03 24 07 20 1.3 20
KW 24 38 19 39 26 37 27 38
KW-R 0.7 21 03 23 06 20 1.1 21
PT 32 36 32 34 33 36 32 39
SD 4.0 27 44 25 41 27 37 29
RO 11.8 93.9 10.1 93.7 11.6 94.0 13.7 94.0
RO-R 16.7 78.7 156 823 172 776 172 76.4
ED 4.2 99.2 33 99.1 41 993 52 994
HE* 12.0 94.3 11.8 96.5 12.0 94.7 123 91.7
HE-R* 4.5 972 43 97.7 47 975 45 96.3
WE 35 38 43 37 32 37 3.0 4.0
WE-R 1.7 22 26 21 14 21 11 23

WE-KW 56 34 90 31 45 34 34 37
WE-KW-R 40 18 75 15 28 18 1.7 20

OCSB 49 43 78 38 37 45 32 46
OCSB2 33 49 84 31 10 50 06 6.6
OCSB3 105 46 119 32 86 47 11.0 5.9

* For these tests the o = 0.05 results are included, as none of the p-values are below 1 percent.

rates than the OCSB2 test, especially for longer series; the OCSB3 test does not

outperform either of them in general.

The precision and negative classification values of the seasonality tests are included in
Table 5.5. Basically, this information shows how often a test is correct whenever it states

that a time series is non-seasonal resp. seasonal. The table adds the following insights:

e When residual based versions of the QS, FT and KW tests find a series to be

seasonal, they are rarely incorrect.

e The modified @S test is particularly reliable when indicating non-seasonal be-

haviour.

All tests except for Roger’s, Edwards’ and Hewitt’s tests are included in the condi-

tional random forest based variable selection procedure. As discussed in section 5.4 in
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Table 5.2: Precision and negative classification value (N-S = classified as non-seasonal,
S = classified as seasonal), o = 0.01.

Simulated ARIMA series

All lengths 5-year 10-year 20-year
Classifier N-S S N-S S N-S S N-S S
CRF OOB 98.1 99.4 98.1 99.4 98.0 99.5 98.1 99.2
VAL 98.2 994 98.1 994 98.2 99.5 98.2 99.3
Seasonality QS 98.5 953 98.2 97.5 985 952 98.6 93.2
tests QS-R 92.3 99.6 92.8 99.8 929 99.7 91.3 99.3
FT 979 979 97.8 98.5 98.1 97.7 979 97.6
FT-R 979 99.2 97.7 99.7 98.0 99.3 98.0 98.7
KW 96.3 97.6 96.2 98.1 964 974 96.3 97.2
KW-R 979 99.3 97.7 99.7 98.0 99.3 98.0 98.9
PT 96.4 96.8 96.6 96.8 96.4 96.7 96.1 96.8
SD 97.3 96.0 97.5 95.7 97.3 959 97.1 96.3
RO 48.6 33.8 49.1 38.1 48.6 34.0 48.0 30.1
RO-R 51.6 559 50.8 53.0 51.8 5H56.5 52.2 577
ED 49.3 15.0 496 219 493 149 49.0 10.2
HE* 48.3 322 478 23.0 482 30.5 48.8 40.4
HE-R* 49.6 384 49.5 34.2 49.5 34.6 49.7 45.0
WE 96.2 96.5 96.3 95.7 96.3 96.8 96.1 97.0
WE-R 979 983 979 974 979 98.6 97.7 98.9

WE-KW 96.5 945 96.7 914 96.6 955 964 96.6
WE-KW-R 982 96.1 984 929 982 97.2 98.0 98.3

OCSB 95.7 951 96.1 924 956 96.2 955 96.8
OCSB2 95.2 96.6 96.7 92.0 952 99.0 93.8 994
OCSB3 95.1 90.1 96.5 89.0 95.1 91.7 93.7 89.5

* For these tests the a = 0.05 results are included, as none of the p-values are below 1 percent.

each round 200 conditional random forests are grown and for each the variable impor-
tance is estimated. Afterwards, that variable is eliminated which has the lowest mean

variable importance over all random forests.

5.6.1 RFE path

Table 5.3 reports the results of the RFE algorithm. The misclassification rate, averaged
over external VAL data of 20 CRFs, gradually decreases from 1.18% to 1.04% during RFE
recursions 1 to 13, then soars to 1.37% in the final recursion where only one candidate
test is left. The decrease of the average misclassification rate reflects the elimination of
tests that do not have a positive contribution to the reduction of the misclassification
rate compared to the remaining tests. The minimum value of 1.04 % is achieved in both

round 12 and 13. Taking additionally the respective standard deviations into account,
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Table 5.3: Elimination of predictor in specified round of the conditional random forest
based variable selection procedure.

Eliminated Misclassification rate

Round test Average Std.dev.
1 WE-KW 1.18 0.079
2 WE 1.16 0.080
3 PER 1.14 0.080
4 KW 1.13 0.086
5) SD 1.11 0.089
6 OCSB2 1.09 0.089
7 WE-KW-R 1.08 0.085
8 OCSB3 1.08 0.076
9 OCSB1 1.09 0.072
10 FT 1.08 0.068
11 WE-R 1.06 0.066
12 FT-R 1.04 0.051
13 QS 1.04 0.041
14 QS-R 1.08 0.038
15 KW-R 1.37 0.046

a set of three seasonality tests seems to provide a convenient balance between accuracy
and parsimony and, thus, to be a good starting point for deriving the classification rule
of the overall test.

The p-values of the KW-R, FT-R, WE-R and WE-KW-R are closely related, their
pairwise Pearson correlation coefficient is at least 0.93 when computed over all simulated
time series. This is especially true for the relationship between KW-R and FT-R, their
correlation exceeds 0.96. To some extent, these tests can thus be viewed as substitutes,
in the sense that they appear to be sensitive to a similar manifestation of seasonality.
The correlation between these tests and the QS resp. the QS-R is in all cases below 0.74
resp. 0.77, while the correlation between QS and QS-R is 0.83. This indicates that an
overall seasonality test composed of the QS, the QS-R and any of the ANOVA based
tests should be able to identify various forms of seasonality, e.g. from very stable to

continuously changing seasonal patterns.

5.7 Overall seasonality test

Based on Table 5.3 the KW-R, QS-R and QS test are identified as the most promising
set of tests to function as building blocks for an overall seasonality test. Figure 5.2 shows

a representative single unpruned conditional inference tree® based upon these three tests

6The exact result depends on the number of observations used to construct the tree and the minimum
number of cases in a node to be considered for splitting. Yet, the relevant nodes remained virtually
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Classification tree consisting of the KW-R, QS-R and QS tests
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Figure 5.2: Classification tree consisting of KW-R, QS-R, and QS tests

and the classification of the training data, where all thresholds have been rounded to three
decimal places. The tree actually consists of 11 nodes but due to some redundancies only
three of them are relevant for the final classification. To see this, note, for example,
that any series in the left daughter node of the initial node is classified as seasonal if
p-value < 0.007 holds for the QS-R test, regardless of all further branches. Also, the
combination of the QS and KW-R test to the right of the initial node is encompassed by
the subsequent combination of tests. The first combination of rules would find a series
to be seasonal if the p-value < 0 for the QS-test and p-value < 0.004 for the KW-R test.
This is always true, if the second combination of rules is true, i.e. if the p-value < 0.005
for the QS-test and p-value < 0.024 for the KW-R test. Therefore, the first combination
of rules can be omitted, leading to the rule shown in algorithm 2.

The tree-based decision rule contains rather unconventional thresholds (p-values).

Therefore, a simplified rule based on the same order of tests but with more conventional

unaffected by these parameters, instead the trees varied with respect to irrelevant splits, i.e. splits that
do not affect the final classification.
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Algorithm 2 Overall seasonality test: tree-based rule

if p(QS-R) < 0.01 then
Series is seasonal
else if p(KW-R) < 0.001 then
Series is seasonal
else if p(QS) < 0.01 & p(KW-R) <0.01 then
Series is seasonal
else
Series is not seasonal

end if

thresholds may be warranted without compromising too much accuracy. To find such
rule, grid search over pre-specified values and accuracy of the combination of tests is
computed from training set of 100, 000 observations. A rule of the structure of algorithm

2 reads:
1. p-value < ¢ for the QS-R test
2. p-value < ¢y for the KW-R test
3. p-value < ¢3 for the QS test & p-value < ¢4 for the KW-R test

We run the grid search over the thresholds ¢; € {0.001,0.002,0.01,0.02,0.05,0.1} for
i€ {1,2,3,4}. With p(-) denoting the p-value of a given seasonality test, the simplified

tree-based rule is given in algorithm 3.

Algorithm 3 Overall seasonality test: simplified tree-based rule

if p(QS-R) < 0.01 then
Series is seasonal
else if p(KW-R) < 0.001 then
Series is seasonal
else if p(QS) < 0.01 & p(KW-R) <0.01 then
Series is seasonal
else
Series is not seasonal

end if

Algorithm 4 Overall seasonality test: simplified logical rule

if p(QS-R) < 0.01 or

p(KW-R) < 0.001 or

{p(QS) < 0.01 and p(KW-R)} < 0.01 then
Series is seasonal

else

Series is not seasonal
end if
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Since the tree-based rule contains only three tests, the simplified tree-based rule can

easily be translated into the following logical rule (see also algorithm 4):
1. p-value < ¢; for the QS-R test OR
2. p-value < ¢y for the KW-R test OR
3. p-value < c3 for the QS test & p-value < ¢4 for the KW-R test

The type I and type II misclassification rates of this classification rule are given by 0.59%
and 1.47%, respectively, for the training data and by 0.55% and 1.52%, respectively,
for the VAL data, that is the simulated ARIMA processes not used for optimising the

classification rules.

Remark 12. This overall test is sensitive to both stable and moving seasonal pattern
since the ANOVA-type rank test are constructed to identify relatively stable seasonal

patterns, while the Q.S tests allows for a higher degree of time-varying seasonality.

5.7.1 Comparison to overall tests in JDemetra-+

We can compare the accuracy of our combined seasonality test to the overall seasonality
tests from X-13 and TramoSeats, both implemented in JDemetra+. The X-13 overall tests
states whether seasonality is “present”. Based on this, the test achieves a misclassification
rate of 6.9% over all series. As discussed above, TramoSeats differentiates between weak
and strong seasonality. Using the “weak seasonality” indicator, the overall test incorrectly
classifies 5.1% of all series. When considering only the series for which the test finds
“strong seasonality” as seasonal and all other series as non-seasonal, the misclassification
rate reduces to 4.5%.

This shows that none of the overall seasonality tests come close to the 1.3% that our

combined seasonality test achieves.

5.8 Summary

We proposed a generic scheme to construct an overall seasonality test from a set of can-
didate tests with two building blocks: (1) recursive feature elimination in conditional
random forests to identify the most informative candidate tests and (2) a pruned condi-
tional inference tree based on the latter tests for the final classification. Using 600,000
ARIMA processes that are simulated to be representative of the Bundesbank’s time se-
ries database and 18 candidate tests, we identified residual-based variants of the QS and
Kruskall-Wallis test as well as the traditional QS test as being most informative. The

resulting classification rule is highly accurate and not overly complex.
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Table 5.4: Misclassification rates as a percentage (N-S = non-seasonal, S = seasonal
series).

Simulated ARIMA series

All lengths 5-year 10-year 20-year
Classifier N-S S N-S S N-S S N-S S
CRF OOB 06 19 06 19 05 20 07 19
VAL 06 19 06 20 05 18 06 1.8
Seasonality o =0.05 QS 7.4 1.2 49 14 75 1.1 98 1.2
tests QS-R 1.3 69 10 63 11 63 17 8.1
FT 6.6 1.6 57 16 70 15 72 1.7
FT-R 4.1 1.6 30 1.7 4.1 1.5 5.1 1.6
KW 69 32 62 31 71 31 74 33
KW-R 3.9 1.6 29 16 4.1 1.5 48 1.7
PT 8.1 32 83 28 82 31 80 3.5
SD 9.1 22 97 20 92 22 85 25
RO 151 91.0 13.5 90.7 149 91.1 16.8 91.3
RO-R 199 71.7 188 749 20.6 70.6 204 69.8
ED 49 99.1 39 989 48 99.1 6.1 99.3
HE 12.0 943 11.8 96.5 12.0 94.7 123 91.7
HE-R 45 972 43 97.7 47 975 45 96.3
WE 89 33 108 30 82 32 77 36
WE-R 6.3 1.7 84 15 56 1.7 50 20

WE-KW 120 29 175 27 101 29 83 32
WE-KW-R 103 14 165 12 83 14 61 1.6

OCSB 29 71 40 70 24 74 23 6.7
OCSB2 0.8 100 17 69 04 96 04 134
OCSB3 35 85 36 70 31 86 40 98

5.A Appendix

5.A.1 Using the OCSB test as a pre-treatment

Instead of include the OCSB test as a seasonality test into the RFE path, another strategy
is to use the OCSB test to identify time series with a seasonal unit root. Then, the
elimination algorithm uses the remaining seasonality tests solely on the series without
a seasonal unit root. In this setting, the OCSB test would not be re-purposed as a
seasonality test, but serve its original function. The drawback is that, in this way, we do
not estimate the informational content of the OCSB test. Furthermore, we do exempt
the test from being included in a less apparent, possibly non-linear, manner in the nodes
of the random forests.

To investigate the potential of the OCSB test as a pre-treatment, we use the OCSB1

test to identify seasonal unit roots. Keeping in mind that under the null hypothesis there
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Table 5.5: Precision and negative classification value (N-S = classified as non-seasonal,
S = classified as seasonal), o = 0.05.

Simulated ARIMA series

All lengths 5-year 10-year 20-year
Classifier N-S S N-S S N-S S N-S S
CRF OOB 98.1 99.4 98.1 99.4 98.0 99.5 98.1 99.2
VAL 98.2 994 98.1 994 98.2 99.5 98.2 99.3
Seasonality QS 98.7 93.0 98.6 952 98.8 929 98.7 90.9
tests QS-R 93.5 98.6 94.1 99.0 94.0 98.8 925 98.1
FT 98.3 93.7 98.3 945 984 934 982 932
FT-R 98.4 96.0 98.3 97.0 984 959 98.3 95.0
KW 96.7 93.3 96.8 939 96.8 93.1 96.6 92.9
KW-R 98.4 96.1 984 97.1 984 96.0 98.3 95.3
PT 96.7 92.2 97.0 92.1 96.7 92.2 96.3 92.3
SD 976 914 978 91.0 97.6 91.4 974 92.0
RO 484 372 49.0 40.7 485 37.1 479 34.1
RO-R 52.9 58.5 522 57.0 53.1 586 5H3.5 59.5
ED 49.1 152 495 222 492 149 488 10.3
HE 48.3 322 478 23.0 482 30.5 48.8 40.4
HE-R 49.6 384 495 34.2 49.5 34.6 49.7 45.0
WE 96.5 91.5 96.7 89.9 96.6 92.1 96.3 92.5
WE-R 98.2 939 984 92.1 98.3 94.5 98.0 95.2

WE-KW 96.8 89.0 96.9 84.6 96.9 90.5 96.6 92.1
WE-KW-R 985 90.5 98.6 856 985 922 983 94.1

OCSB 93.3 969 93.2 959 93.0 974 936 97.6
OCSB2 90.9 99.1 934 982 91.3 99.5 882 99.6
OCSB3 91.9 96.3 93.2 96.3 91.8 96.7 90.7 95.8

is a seasonal unit root, we use a high significance level of 10 percent to only include time
series for which there is very low evidence of the absence of a seasonal unit root.

Table 5.6 shows that the misclassification rates cannot be further reduced by using

the OCSB test beforehand.
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Table 5.6: Elimination of predictor in specified round of the conditional random forest
based variable selection procedure. With OCSB1 test used to detect series with seasonal

unit roots before the random forests are used to detect remaining seasonal series.

Mean variable importance

Misclassification rate

Round Test Average Std.dev.
1 WE-KW 1.38 0.111
2 WE 1.32 0.116
3 PER 1.31 0.119
4 KW 1.29 0.114
5 SD 1.25 0.097
6 WE-KW-R 1.22 0.095
7 FT 1.20 0.087
8 WE-R 1.20 0.082
9 FT-R 1.18 0.087
10 QS 1.16 0.067
11 QS-R 1.16 0.053
12 KW-R 1.44 0.041
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CHAPTER 6

Unit Root Test Combination via Random Forests

Luca NoccioLA, DANIEL OLLECH AND KARSTEN WEBEL

Abstract

There is a wide variety of non-seasonal and seasonal unit root tests. However, it
is not always obvious which tests can be relied upon due to uncertainties in identify-
ing the data generating process, often with respect to the presence of deterministic
terms and the initial conditions. We evaluate the size and power of a large set of
unit root tests on time series that are simulated to be representative of economic
time series in the M4 competition data. Furthermore, using a conditional random
forest-based elimination algorithm, we assess which tests should be combined to

improve the performance of each individual test.
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6.1 Introduction

The question of whether a given macroeconomic time series contains a unit root is im-
portant since the presence (absence) of such a root implies that exogenous shocks have a
persistent (transient) effect on the data. It is also well-known that unit roots cause prob-
lems in inference and forecasting. First, we know that, for independent random walks,
we cannot rely on sample correlations and regression coefficients as consistent measures
of the relationships within the population, since they can spuriously take on any value
within the interval [—1, 1] and R, respectively, even asymptotically. Second, the rejection
rate of standard t-tests for the null hypothesis of a unit root increases with sample size.
Accordingly, these tests are not helpful due to the fact that ¢-statistics do not converge
to any asymptotic distribution unless properly normalised at a customised rate (Ernst
et al., 2017; Granger and Newbold, 1974; Hassler and Hosseinkouchack, 2022; Phillips,
1986; Yule, 1926). Third, forecast accuracy under unit roots in the autoregressive polyno-
mial steadily deteriorates as the horizon increases, since the forecast error variance grows
linearly with the forecast horizon and tends towards infinity in the limit, contrary to the

stationary case (Clements and Hendry, 2001).

The large number of competing non-seasonal and seasonal unit root tests can compli-
cate the researcher’s decision regarding which test to apply in a given situation, even if
the seasonal status of the data is known, or suggested by a seasonality test. Size distor-
tions and power issues have been reported for various scenarios of practical importance
(Wolters and Hassler, 2006), including finite samples (Cochrane, 1991), near-unit root
behaviour, and particularly large negative roots in the moving average polynomial (Ng
and Perron, 2001; Rodrigues and Osborn, 1999). Contradictory conclusions have also
been repeatedly reported when several tests are applied to the same data, especially for
seasonal unit root tests as a result of the different model specifications that they impose
(Rodrigues and Osborn, 1999). Uncertainty surrounding the deterministic mean func-
tion and the initial conditions is also known to affect the tests’ performance (Elliott and
Miiller, 2006; Miiller and Elliott, 2003; West, 1987) and, moreover, make the assump-
tions of standard testing procedures unlikely to be met. Various strategies for dealing
with these types of uncertainty have been suggested for non-seasonal unit root tests,
including sequential pre-testing for trend specifications and unit roots, data-dependent
weighted averaging of unit root tests and running union-of-rejections decision rules (Ayat
and Burridge, 2000; Harvey et al., 2009; Perron, 1988). Although these strategies may
involve multiple tests, they usually work with only a small pre-selection of tests, often
from the same family. We elaborate on this approach by reinterpreting the unit root
hypothesis as a classification problem with two classes. Our sequential approach utilises
the conditional random forest classifier to identify, rank and combine the most informa-

tive tests. It is thus capable of incorporating a larger set of unit root tests and naturally
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extends to seasonal unit root tests. Our approach can help practitioners to select unit
root tests with lower misclassification rates.

The remainder of this paper is organised as follows: Section 6.2 reviews widely applied
tests for non-seasonal and seasonal unit roots, Section 6.3 provides basic information
about random forests, Section 6.4 explains our proposed testing strategy, Section 6.5

reports our results, and, finally, Section 6.6 summarises.

6.2 Unit Root Tests

Let {y;} be a discrete time series with 7 observations per year and assume that the series

can be adequately described by the model

¢(B) (ye — ) = 0(B) &y (6.1)

where B is the backshift operator, B¥z; = z; 1, ¢(B) is an autoregressive (AR) poly-
nomial that has a root on or outside the unit circle, #(B) is a moving average (MA)
polynomial that has roots outside the unit circle, {y} is a deterministic function of time,
and {e;} is a zero-mean white noise process with finite variance.

The series {y;} is said to be integrated of order d € Ny, denoted by {y:} ~ I(d), if
#(B) contains the factor (1 — B)9. Similarly, the series is said to be seasonally integrated
of order D € Ny, denoted by {y;} ~ SI(D), if ¢(B) contains the factor (1 — B7)”. Thus,
{y:} is stationary around {u,} if (d, D) = (0,0), non-stationary if (d, D) # (0,0), and

invertible in either case.

6.2.1 Non-Seasonal Unit Roots

The problem of testing for a non-seasonal unit root can be stated as
Ho = {y:} ~ I(1) versus Hy : {y;} ~ I(0) (6.2)

and several tests have been suggested under different assumptions for the AR and MA
polynomials in (6.1), with the common assumption being that there is no seasonality,
or at least no seasonal unit root (D = 0), in the data. The function {x,} is usually

represented by
pe = p+ pt (6.3)

covering absence of deterministic terms (u = 8 = 0) as well as deviations of {y;} from a
constant mean (5 = 0), from a linear trend with a zero mean (x = 0), and from a linear

trend with a non-zero mean (unrestricted model).
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The Dickey-Fuller (DF) test (Dickey and Fuller, 1979, 1981) considers the pure first-
order AR case, i.e. ¢(B) =1—pB and 6(B) = 1, so that (6.2) is reduced to testing p = 1

against p < 1. The DF test is based on the time series regression

Yt = Mt + PYt—1 + N, (6.4)

where {n;} coincides with {e;} of (6.1) under Gaussianity and the initial condition is yy =
0. The two proposed one-sided tests are the conventional ¢-statistic DF, = (p — 1) x 6/;1
and DF, =T (p — 1), where T is the sample size and estimates are obtained by ordinary
least squares (OLS). However, the null distribution of either statistic depends on the
form of {x;} and is non-standard in each case, so that revised sets of critical values apply
(Dickey and Fuller, 1981; Fuller, 2009).

Higher-order AR and ARMA models can be dealt with by the augmented Dickey-
Fuller (ADF) test Said and Dickey (1984), even for unknown model orders. Letting
A = 1 — B, this test is usually carried out by testing p* = 0 against p* < 0 in the

augmented regression

k-1
Ay =+ pye—1 + Z AT E S (6.5)

j=1

using the OLS t-statistic ADF, = p* x &;1. If the lag length satisfies & = p for pure
AR(p) models and £ — oo at a controlled rate as T — oo for ARMA models, then the
DF critical values apply. Counterparts to critical F-values for testing against specific

trend alternatives have also been tabulated (Dickey and Fuller, 1981).

Allowing for correlated and possibly heterogeneously distributed innovations, the
Phillips-Perron (PP) statistics PP, and PP, (Phillips, 1987; Phillips and Perron, 1988)
rely on non-parametric transformations rather than augmentation to correct the DF, and
DF, statistics for the effects of nuisance parameters associated with the distribution of
{n:}. The PP statistics also follow the DF limiting null distributions and thus the DF

critical values apply for each form of {y}.

Several extensions of the (A)DF and PP tests have been suggested, especially with
respect to the proper treatment of the uncertainty surrounding {y;}. For example, the
Zivot-Andrews (ZA) test (Zivot and Andrews, 2002) allows for the estimation of break-
points in {z} under the alternative hypothesis, and the Elliott-Rothenberg-Stock (ERS)
tests (Elliott et al., 1996) are essentially feasible asymptotically point-optimal DF , tests of
p = p, allowing for polynomial trends. The test statistic is ERS, = [S(p) — pS(1)] x @2,
where S(a) is the sum of the squared quasi-a-detrended series {yt — [Lia)} and @? is
a consistent estimator of the sum of the covariances of {n;}. A special member of the

ERS family is a modified ADF, test that results from a specific choice of p* given T" and
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nominal size. This test, denoted by ERS,, is essentially the ADF, test applied to the
quasi-p*-detrended series in (6.5) without {u}.
The Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test (Kwiatkowski et al., 1992) con-

siders the problem of testing for (trend) stationarity against non-stationarity, i.e.
Ho = {ye} ~ 1(0) versus Hy : {y} ~ I(1) ,

assuming that {y;} is decomposable into a deterministic trend, random walk and sta-
tionary error. The test regression is essentially model (6.4) with p = 0 and {u:} being
replaced with a random walk {fi;}:

Yr = fig + Bt +m with iy = [l + Ky (6.6)
where {x;} is white noise with a zero mean and finite variance o2. The KPSS test is
the one-sided upper-tail Lagrange multiplier (and also the locally best invariant) test of
02 = 0 against 02 > 0, i.e. KPSS = 6,23 | S?, where {S;} is the partial-sum process
of the residuals estimated from (6.6) under the null hypothesis and &,27 is the sum of the
squared residuals divided by 7. The asymptotic distribution of the KPSS statistic had
been derived initially under the assumption that {n;} is Gaussian white noise with finite
variance but has then been shown to also hold under weaker (strong mixing) regularity
conditions of the PP tests (Phillips and Perron, 1988).

As an alternative to classical unit root tests, the Gémez-Maravall (GM) algorithm
developed in Gémez and Maravall (2001) determines the appropriate differencing order
for ARIMA models by iteratively analysing the roots in the AR and MA polynomials of
different pre-defined seasonal ARMA models. Any root of the characteristic polynomial
is defined to indicate a unit root if its modulus is larger than a pre-defined threshold that,

by default, depends on the ARMA model under consideration.
6.2.2 Seasonal Unit Roots
In analogy to (6.2), several tests for the general problem
Ho : {y:} ~ SI(1) versus H; : {y:} ~ SI(0) (6.7)

exist, where the deterministic component {s;} may now also contain seasonal dummies
in (6.1), so that (6.3) is extended to

p=p+pt+~"d; (6.8)

where v = (71,...,7-)" is the vector of the 7 fixed seasonal effects and d; = (dys, ..., dr)"

with d;; = 1 if ¢ falls within the i-th month or quarter and d;; = 0 otherwise.
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The Dickey-Hasza-Fuller (DHF) test (Dickey et al., 1984) is essentially a seasonal
variant of the DF test as it considers the pure first-order seasonal AR case, i.e. ¢p(B) =
1 —p,B7 and 0(B) = 1, so that (6.7) is reduced to testing p, = 1 against p, < 1 in the

time series regression

Ye = Mt + PrYi—r + N

where {u;} is now given by (6.8). The two proposed one-sided tests are based on the
conventional t-statistic DHF, = (p, — 1) x 6; and on DHF, = T'(p. —1). OLS and
symmetric least squares variants (including revised sets of critical values) are provided
for the zero-mean (= f = 0 and v = 0), constant-mean (u # 0, 5 =0 and v = 0), and
seasonal-means cases (u = = 0 and v # 0). An ADF-like extension, which is referred
to as the augmented DHF (ADHF) test, can be obtained via augmentation with lags of
{A;y:} asin (6.5), where A, =1 — B".

The Osborn-Chui-Smith-Birchenhall (OCSB) test (Osborn et al., 1988; Rodrigues and
Osborn, 1999) considers ¢(B) = (1 — pB)(1 — p,B7) and tests (p,p,) = (1,1) against
(p, pr) # (1,1) in the (re-parameterised) regression

ANy = iy + BiArye—1 + BoaA vy + 1 (6.9)

with the F-test for (f1,02) = (0,0). However, model (6.9) also allows for sequential
t-tests against one-sided (stationary) alternatives. If S = 0, then the t-test for 5; = 0 is
the (A)DF test for the need of A in addition to A,. Similarly, if ; = 0, then the ¢-test
for By = 0 is the DHF test for the need of A, in addition to A. Revised critical values

apply in either case. Moreover, assuming the validity of A, (6.9) can be rewritten as
Arzy =+ P1S(B) 21+ Bozer + 11

where {2} = {Ay;} and S(B) =1+ B +---+ B! is the annual aggregation operator,
allowing for separate treatments of the roots in A, = A S(B).

The Hylleberg-Engle-Granger-Yoo (HEGY) test (Beaulieu and Miron, 1993; Franses,
1991; Hylleberg et al., 1990) extends this factorisation principle even further as it expands
¢(B) about all roots of A, additionally allowing for individual assessments (and different

moduli) of the 7 — 1 unit roots of S(B). The test regression reads

Aryy = py + Z T Tit—1 + M
i=1
where the processes {x;;_1} are non-singular linear transformations of lagged versions of
{y:}. The DHF null hypothesis thus implies that m; = 0 for all i € {1,...,7} but specific
sub-hypotheses for single (real-valued or pairs of complex-valued) unit roots in A, can

also be tested with separate t-tests and F-tests, respectively. Depending on the specified
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alternative and the form of {x,}, the DF and DHF critical values apply except for v # 0,
where critical values are found through simulations by Hylleberg et al. (1990).
The GM algorithm discussed above can also be used to determine the seasonal differ-

encing order.

6.3 Random Forests

A random forest (RF) as described by Breiman (2001) is a supervised machine learning
algorithm. It is a collection of classification trees constructed on bootstrap samples of
the original training data. Additionally, at each split, the trees are restricted in that
only a sub-sample of the available predictors is taken into consideration to determine
the optimal split. A conditional RF as developed by Hothorn et al. (2006) enhances the

classical RF in the presence of correlated predictors.

6.3.1 Classical Random Forests

Let X = (xi,...,xp) be a set of predictors with x; = (z1j,...,2y;)" for all j €
{1,...,P} and y = (y1,...,yn)" be a vector of N responses with y; € {0,...,k} for
all 7 € {1,..., N}, constituting our training set £.! Let £, be a bootstrap sample of
size N drawn from £, from which we grow an unpruned classification tree 7, with M
terminal nodes corresponding to M classification regions. To create a binary split of
any terminal node m, we draw a random sample X of size P < P without replacement
from X. For each sampled predictor X;, we determine the best split of node m amongst
all possible splits of m, and the predictor that generates it (say X;.) is chosen as the
splitting predictor for m. The optimal split is identified by, for example, the Gini index.
Let Gmir = N,,' Dy cr. I{yi = k} be the share of training data in node m from class k,
where N,, = > . I{x; € R,,} and x; = (z1,...,2;p) and R,, denote the i-th observation
of the P predictors and the classification region corresponding to m, respectively. The
Gini index is given by

Qm(%) = dek(l - (jmk> .

We stop the trees from growing whenever a pre-specified minimum number of observations
in the terminal nodes is reached (say Ny, ) or node impurity cannot be decreased further.
(Classification in the RF is obtained by an unweighted mode of the tree classifications.
Moreover, we can determine predictor importance in an RF, for example, via the mean
decrease in prediction accuracy after randomly permuting the values of the predictor x;

in the out-of-bag samples (i.e. the training data not boostrapped in L), denoted by Oy,

n our case, y; is binary (k = 1). However, k = 3 could also be used if we considered the combination
of possibilities of having seasonal and non-seasonal unit roots.
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to mimic the absence of x;. Let 9;(7y,%;) and ;(7s, Xx(j)) be the predicted classes of y;
obtained from 7, before and after random permutation of the values of x; in Oy, where

7(+) is the permutation scheme. The predictor importance of x; is then given by

Hyi # 0(To,%xi)) Y Wyi # 5(To, %)}
Z 2 Oy [e 7

b 1 1€y

where B is the number of classification trees in the forest.

6.3.2 Conditional Random Forests

The conditional RF introduces two adaptations with respect to predictor selection and
the predictor importance measure. Predictors that are not related to y (identified via
a test of independence between y and X;) are excluded in advance, while, among the
predictors that exhibit association with y (via the same test), the predictor with the
strongest association with y, say X;,, is chosen as a splitting predictor used to determine
the optimal split of node m. Let each node m be represented by a vector of integer case
weights Wy, = (W1, - ., W) |, where wy,; > 0 if (x;, y;) belongs to m and equals zero

otherwise. Formally, the global null hypothesis can be formulated as

P
H ﬂ Y™ with 1™ D(y|%;, Win) = D(y[Wom)

j=1

where D(-) denotes an arbitrary distribution. The rejection rule of this hypothesis is
based on the minimal (adjusted) p-value for rejecting the local hypothesis ’H(()m’j ). The
predictor X;, can be selected from the local null hypothesis H(()m’j *) rejected at the smallest
(adjusted) p-value. Finally, x;, is used as a splitting predictor to find the best binary
split of m according to a pre-specified splitting criterion, after which the case weights
W, and w,,, of the left and right descendents of m are computed.

To determine predictor importance, the conditional RF uses a conditional permutation
taking into account correlations among predictors, thus preventing seemingly influential
predictors (due to their correlation with the truly influential predictors) from being at-
tached high importance. The random permutation 7(-) is now applied to the values of

02

x; only within subgroups of observations, say x;.” The conditional permutation-based

predictor importance is given by

Z Z ]I{yz 7é yz b;Xﬂ(j)\xJC)} _ ]I{yz 7é gi(,ﬁ)vxj)}

PI%(x; ,
2 [ |Os|

(6.10)

b 1 1€0y

2 Alternatively, though less conservative, we can condition only on those predictors xjC whose correlation
with x; exceeds a certain threshold.
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where 7T()|X]C is the conditional permutation scheme and, for each tree 7, the permuta-

tion grid for x; is given by the cut-points of X]C in Tp.

6.4 Test Evaluation

We aim to evaluate the unit roots tests on ARIMA time series that are representative
of the data used in the M4 competition (Makridakis et al., 2018, 2020). To this end, we
simulate correlated Gaussian ARMA parameters and transform them so that their dis-
tribution is similar to the empirical distribution estimated from the M4 competition data
Ollech and Webel (2020). This is achieved by combining the “NORmal-To-Anything”
(NORTA) algorithm from Cario and Nelson (1997) with logspline density estimation from
Stone et al. (1997). We simulate ARMA parameters and use these to simulate 120,015
time series. The set consists of 40,005 time series with 5, 10 and 20 years of monthly data,
respectively. The set of time series is balanced in the sense that half of them contain a
(seasonal) unit root. We then run the unit root tests on the raw and first-differenced
simulated data and use their p-values as predictors in the conditional RF in order to
classify the simulated data into time series with and without unit roots.® Finally, we use
(6.10) to quantify the importance of each individual test.

Based on the test results, we run a conditional RF-based recursive feature elimination
(CRFE) algorithm as developed by Webel and Ollech (2018). The key idea is to start
with the full set of candidate tests and to grow a sequence of conditional RF by (1)
eliminating the least important test in each round and (2) re-estimating the conditional
RF with the reduced set of tests in the next round. This scheme is repeated until an
“optimal” set of tests is obtained. In each round, we use the conditional RF to classify a
test set of simulated time series not considered in tree growing. By evaluating the means
and standard deviations of the misclassification rates in each round, we can assess the

performance of the respective set of tests and eventually identify the “optimal” set.

6.5 Results

Table 6.1 reports the rejection rates for the non-seasonal unit root tests, using a nominal
1% significance level.* The ERS and GM tests have acceptable size properties but the
former have relatively low power. The ADF, KPSS and PP tests display severe size

distortions but compensate those with a relatively high power (above 70% except for the

3For computational reasons and parsimony, the tests have been performed with minimal lag length.
Seasonal differences and the seasonal status of the series are not considered. The finite-sample critical
values that we obtained from our own simulations in R (version 3.5.1) are very similar to the ones
tabulated in the original papers (details are available upon request).

4Similar results are obtained for a nominal 5% significance level.
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ADF test without deterministic terms). The ZA test has the worst size properties but
the highest power among all tests considered. Overall, size issues seem to increase with
the length of series for most tests, whereas the power tends to improve. Similar results
are reported in DeJong et al. (1992b,a); Diebold and Rudebusch (1991); Schwert (1989).
In particular, DeJong et al. (1992b) do not recommend using unit root tests for series
with less than 100 observations.

Table 6.2 contains the rejection rates for the seasonal unit root tests, where we restrict
ourselves to the use of the joint F-test for all roots for the HEGY tests and to the t-statistic
for the seasonal unit root for the OCSB tests. All tests show severe size distortions except
for the GM test when being applied to the raw time series. The HEGY tests are especially
biased as they reject a true unit root null hypothesis in almost all cases, in particular for
the longer series. On the contrary, almost all tests display an acceptable power of more
than 80%, especially for the 10- and 20-year series, with the exception of the ADHF test

with seasonal dummies when being applied to the raw data.
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Table 6.2: Rejection rates for seasonal unit root tests (%, a = 0.01, A = differenced series)

Test Model (6.8) All 5-year 10-year 20-year All  5-year 10-year 20-year
ADHF, pu=0,8=0,v=0 85.2 82.2 86.0 86.7 58.0 54.3 59.7 59.9
=0, 6=0v=0,A 96.0 94.5 96.8 96.8 72.0 62.9 74.4 78.6
=0 8=0~%0 642 504 696 727 457 366 496 511
w=0,6=0v#0,A 82.6 60.8 91.9 95.1 68.2 51.4 76.9 76.2
aM 0A£0,8=0~=0 956 964 962  95.1 9.9 234 5.2 0.9
w#0,6=0v=0,A 96.2 96.8 96.2 95.7 19.3 36.7 17.6 3.5
HEGY 1 #0, 840,740 938 81.6 998  99.9 80.1 728 966  98.0
0WA0, 840,70, A 91.8 761 995  99.9 87.2 742 929 943
w#0,8=0,v=0 99.4 98.2 99.9 100.0 83.9 69.7 89.0 93.1
w#0,8=0v=0,A 98.5 95.8 99.9 100.0 87.9 77.0 91.6 95.0
w#0,6=0v#0 95.0 85.2 99.8 100.0 91.6 88.7 97.6 98.3
w#0,6=0v#0,A 92.8 78.8 99.6 99.9 87.8 76.3 92.9 94.3
A0, 840,v=0 99.0 971 99.9  99.9 824 643 879 949
WA0,8+40,v=0, A 99.0 971 999  99.9 824 643 879 949
OCSB  u=0,=0,v=0 92.2 85.3 94.5 96.9 60.1 46.1 62.5 71.6
w=0,6=0v=0,A 84.6 71.9 87.5 94.3 46.6 32.5 47.8 59.5
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Table 6.3: Misclassification rates (MCR) of unit root tests (%, a = 0.01)

Non-seasonal unit root tests Seasonal unit root tests
Test ~ Model (6.3) MCR Test Model (6.3) MCR
ADF, pu=0,6=0 46.7 ADHF, p©=0,=0,v=0 36.4
w#0,6=0 23.4 =0, 6=0v=0,A 38.0
w#0,6#0 21.9 uw=0,6=0v#0 40.8
ERS, u#0,8=0 35.8 w=0,8=0v#0,A 42.8
w#0,8#0 33.8 GM w#0, =0 v=0 7.1
ERS, pn#0,8=0 28.4 w#0,6=0v=0,A 11.5
w#0,6#0 31.4 HEGY pu#0,8#0,v#0 47.7
GM w#0,6=0 15.8 w#0,6#£0,v#£0, A 47.7
PP, w#0, =0 15.2 w#0,8=0,v=0 42.3
w#0,8#0 15.2 w#0, =0 v=0,A 44.7
PP, w#0,6=0 21.3 w#0,6=0v#0 48.3
w#0,6#0 20.7 w#0,8=0v#0, A 47.5
ZA w#0,6=0 22.8 w#0,6#£0,v=0 41.7
w=0,58#0 24.1 w#0,8#40,v=0,A 41.7
w#0,8#0 24.3 OCSB  u=0,86=0,v=0 33.9
KPSS u#0,8=0 20.0 p=0,6=0v=0,A 31.0

A0, 840 21.0

Table 6.3 shows the overall misclassification rates of the non-seasonal and seasonal
unit root tests. Whilst especially the PP, and the GM tests perform well in comparison
to some of the other tests, they still misclassify about 15% of the time series. This clearly
leaves room for improvement by combination of tests, even more so as no individual test
dominates the others. For detecting the absence or presence of seasonal unit roots, the

GM test—in both variants—clearly outperforms the other tests considered here.

We now seek to find a combination of unit root tests that has lower misclassification
rates than any individual test. To this end, we run the CRFE algorithm with 50 con-
ditional RFs in each round. The use of conditional RF's is suggested by the empirical
cross-correlations between the p-values of the individual tests, as those range from —0.80
to 0.91 for the non-seasonal unit root tests and from —0.40 to 0.97 for the seasonal unit
root tests. To reduce the computational burden, the initial set of tests only includes tests
with misclassification rates less than 50% for d = 0 and d = 1 in the non-seasonal case
and for D = 0 and D = 1 in the seasonal case, resulting in a set of 12 non-seasonal and 4
seasonal unit root tests. Also, the conditional RF in the i-th round is grown on V; time
series, where N; = max {1000 — (k; — 1) x 100,200} with k; being the number of tests

considered in the i-th round.

In general, due to the random selection of predictors, unit root tests that do not
contribute to, or even worsen, the performance are eliminated during the early rounds.

The overall misclassification rate is reduced by leaving out these tests and, in most
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Table 6.4: Recursive feature elimination for non-seasonal unit root tests

Elimination after round ¢

Misclassification rates

Round 14 Test ~ Model (6.3) Mean SD N;
1 ADF, upu#0,8#0 11.1 0.8 200
2 PP w#0, =0 11.3 0.8 200
3 ZA  pu#£0,8%0 11.1 0.7 200
4 ZA w=0,08#0 11.3 0.9 200
5 ADF, pu#0,8=0 10.7 0.7 300
6 ZA nw#0,6=0 10.4 0.5 400
7 PP, w#0, =0 10.4 0.6 500
8 PP w#0,8#0 10.1 0.6 600
9 KPSS u#0,56=0 10.1 0.5 700
10 KPSS u#0,8+#0 10.4 0.5 800
11 GM  u#0,8=0 12.3 1.2 900
12 PP, w#0,8#0 12.3 0.5 1000
Table 6.5: Recursive feature elimination for seasonal unit root tests
Elimination after round ¢ Misclassification rates
Round ¢ Test Model (6.8) Mean SD N;
1 ADHF, =0,6=0,v#0 6.4 0.3 700
2 OCSB p =0,6=0,v=0, A 6.5 0.4 800
3 GM w#0, =0 v=0,A 6.6 0.4 900
4 GM w#0, =0 v=0 7.3 0.2 1000

rounds, the standard deviation of these rates, calculated over the 50 conditional RFs,
is decreased. Eventually, the most important tests remain in the set and eliminating
more tests increases the overall misclassification rate. As this lower bound is reached, the

optimal set of tests is identified.

Table 6.4 reports the CRFE results for non-seasonal unit root tests, indicating that a
minimum misclassification rate of almost 10% is achieved when four tests remain in the
set: the PP, test with a trend, the GM algorithm and the KPSS tests with a constant
and a trend. Thus, the classification performance is increased by more than 5 percentage
points compared to the best individual non-seasonal unit root test (PP, tests and GM
algorithm, see Table 6.3). Table 6.5 reports the CRFE results for the seasonal unit root
tests. The initial set of tests already achieves a misclassification rate of almost 6%. The
CRFE approach does not improve this initial benchmark, still we are able to improve

about 1 percentage point over the best individual test by combining only four tests.
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6.6 Summary

We set out to evaluate the size and power of a large set of unit root tests and their
capabilities of correctly identifying non-seasonal and seasonal unit roots. To this end,
we simulate time series that are representative of the economic time series in the M4
competition. Furthermore, we employ a conditional random forest-based elimination
algorithm to assess which combination of tests decreases the misclassification rates the
most.

The best individual unit root tests misclassifies the absence or presence of a non-
seasonal unit root in more than 15% of all cases. By combining the p-values of not more
than eight unit root tests, the misclassification rate can be reduced to almost 10%. In
the case of seasonal unit roots, the reduction is less pronounced. Still, a combination of
tests slightly improves the performance of the best individual test.

For future research, we aim to devise an overall unit root test, possibly in combination
with a random forest-based overall seasonality test as developed by Webel and Ollech
(2018). In this regard, we could also consider a more nuanced lag length selection for
the augmented tests studied here as well as additional unit root tests in order to improve
the design of our approach. This strategy could then be compared with recent bootstrap
approaches to unit root testing (Hansen and Racine, 2018; Palm et al., 2008; Park, 2003;
Psaradakis, 2001; Swensen, 2003). Future research could also aim to gain further insights
into the theoretical properties of our approach. Some results on the consistency of random
forests are already available (Biau et al., 2008), but, to the best of our knowledge, those
have not been demonstrated for conditional random forests and the CRFE algorithm so

far.
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CHAPTER [

The flexible ().S test: A seasonality test for weekly and other

non-integer type seasonality

DANIEL OLLECH

Abstract

Although various seasonality tests exist, none of these tests can handle time series
with a non-integer periodicity, such as weekly time series with 52.18 observations
per year on average. Here, we generalise the QS test— a variant of the Ljung-
Box-test for seasonal autocorrelations developed by Maravall (2012) — to the case
of non-integer seasonality. A simulation study shows that this flexibilised variant
improves the identification of non-seasonal and seasonal time series, especially in
the case of smaller and medium-sized periodicities. The test is also applied to the

German truck toll mileage index.

Keywords: Non-integer seasonality; high frequency; parametric tests; non-isochronous;

attenuation
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7.1 Motivation

The increase in demand for higher frequency economic data has been accelerated by the
COVID-19 pandemic (see Ollech, 2022, for an overview of newly established and devised
higher frequency indicators). Many of these time series potentially exhibit periodic and
seasonal behaviour. To investigate the seasonal nature of a given series, statistical tests
are used to identify seasonal and periodic patterns. Furthermore, such tests can be used
as a quality measure, e.g. to evaluate whether a seasonally adjusted series does contain
residual seasonality (Findley et al., 2017; Ladiray et al., 2018; Lytras et al., 2007).

Although various seasonality tests exist, to the best of our knowledge, none of these
tests are flexible enough to handle time series with a non-integer cycle length, such as
weekly time series that contain 52.18 observations per year on average.

The QS test relies on estimated seasonal autocorrelations to identify whether a time
series is seasonal or not. It can therefore handle both stable and slowly changing seasonal
patterns. For monthly time series, it has been shown that the QS test reliably identifies
seasonal time series — it is indeed the best performing single seasonality test for this
task among all of the tests implemented in the seasonal adjustment software JDemetra+
— and it is subject to only small-sized distortions, if the series has been stationarised
appropriately (Ollech and Webel, 2022). Lytras (2015) shows that the QS test performs
at least as well as other well-known seasonality tests for quarterly time series. We can
therefore plausibly assume it will perform well for other frequencies as well.

In the next section, we will show how the QS test can be generalised to handle non-
integer seasonality. section 7.3 analyses the asymptotic behaviour of the test statistic.
Section 7.4 uses simulated time series to investigate the performance of the generalised
test and section 7.5 applies the test to a set of real world economic time series, while

section 7.6 concludes.

7.2 Adapting the (S test

7.2.1 Traditional )S test

The traditional QS test was developed by Maravall (2012). For a seasonal cycle of
length 7, it checks whether a weakly stationary time series {Y;} shows significant positive

seasonal autocorrelations!, based on the test statistic

oY, Yl )2 [max {0, p(Vs, Yior) 12
QStraa = T<T+ 2) ( (jt’_tr ) * [ { T(_tQTt - )}] IL{FA)(Yt,thr)>0}7 (7-1)

INegative autocorrelation at the seasonal lag implies a year-to-year alternating pattern, which is incon-
sistent with the definition of seasonality given in Eurostat (2024).
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where p(l) is the lag-l autocorrelation and 14 is the indicator function of the event in
braces and T is the number of observations. Thus, the traditional Q).S test restricts the
@ test for serial dependence in time series developed by Ljung and Box (1978) to the
seasonal case.

Maravall (2012) states that the test statistic approximately follows a x?(2)-distribution
in the case of quarterly and monthly series.? To be precise, this is only true for cases

where p(Y;,Y;—,) > 0 and, as we will see, does not hold for small sample sizes.

7.2.2 Adaptation of the test statistic

The @S test is based on seasonal autocorrelations. However, the 7-th autocorrelation
cannot be computed if 7 is non-integer. Instead, we can estimate the correlation between
Y; and the unobservable Y; . through the manifest quasi-observation Y, _. The latter is
defined as

Vi, =0Y o+ (1= B)Y . (7.2)

with floor and ceiling operators defined so that |z | is the greatest integer smaller or equal
to x and [x] is the least integer greater than or equal to x. The weight £ indicates the

seasonal portion included in each observation and is thus given by
f=1—|1] (7.3)

Defined in this way, Y,* _ includes all observations at least partly containing Y;_,, yet it

also includes more than the seasonal signal, i.e.

Y7, = BB + (1= Aerin) + (L= B = BYis + Porrr)  (74)

where ¢ is the part of the observation that is not the seasonal signal, i.e. the non-
overlapping share of the current observation and the last periods observation. As an
example, assume a weekly series: leaving aside leap years, the ! week in year 2 will
contain 6 of the 7 days that fell into the #'* week in year two, thus, there is an overlap
of 6 days.

Under the null hypothesis of the QS test, E(e;) = 0 and E(Y;&;) = 0V¢. Further, the
variance of Y; is given by V(Y;) = o V ¢.

Naively, we might be content with including Y;* = and Y,*,_ in Equation 7.1. But
because Y;*
between Y; and Y;_, will be diluted, similar to the case of a measurement error in cross-
sectional data (see Spearman, 1904; Saccenti et al., 2020; Meijer et al., 2021).

Instead, the test statistic needs to be adapted as follows:

includes not only the variable of interest Y; , but also e, the relationship

2A discussion of the asymptotic distribution of the traditional QS test in the case where p(Y;,Y;_,) =
0& p(Yi,Yi—2,) = 0 can be found in Appendix B of McElroy and Roy (2022).
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Theorem 1. [Flexible QS|

2

o(Ye, Yy, PV o)
flex — T _ "T-‘ T — "27_-‘ {p()/t,YVt*_T)>O}7 .

where A(8) == /(B + (1~ B)).

Note that A(8) =1if 8 =0 or 8 =1 (see Figure 7.1). Thus, the flexible variant of
the QS test is identical to the traditional QS if 7 is an integer number.

Proof. Without loss of generality, we assume zero means for the time series, i.e.
E(Y) = E(Y;",) = E(Y;_,) = 0,

We further assume a stationarised time series®, e.g. using the first differences of the
time series, and — after this differencing — zero first-order autocovariance, i.e. Cov(Y;,Y; 1) =
0Vt

Then, the autocovariance between Y; and Y;* _, i.e. Cov(Y;, Y* ), in terms of E(Y;Y;_,)

is given by

Cou(Y;,Y,) = E(VY) ) —E(Y)E(YZ,)
=EYi[BYs-|7) + (1 = B)Yi—n])
= BE(Y:Yi--)) + (1 = BE(Y;Yi-1r)
— BE(Y[Yor + (1 — Blerin]) + (1= AEY( — B)Yier + Ber—r])
= FPE(Y:Yir) + (1 = B)E(Yier 7)) + (1 = B’ E(YiYi—r) + B(1 — B)E(Yier 1)
= BPE(Y:Yi—r) + (1 = B)’E(Y:Yi-r)
= (62 + (1 - B)PE(Y3Yir).

The variance of the observable Y;* _is given by

VY, = V(Yo r) + (1 = B)Yiopr)
= V(BYi—(7)) + V([1 = B]Yir) + 2Cov(BY,— 7, (1 — B)Yio1n7)
= B0 + (1 = B)*0; +2Cou(BYi |7}, (1 = B)Yi 1))
= (8 + (1 - B)*)ay.

3The stationarised values are obtained by appropriately differencing the data (see Lytras, 2015; Maravall,
2012). As Ollech and Webel (2022) discuss, the traditional QS test is very sensitive to underdifferencing
and untreated serial dependence. The assumption that Cov(Y;,Y;—1) = 0V ¢ merely explicitly formu-
lates this sensitivity that is already a feature of the traditional Q.S test (see also the discussion of the
QS test in McElroy and Roy, 2022).
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The correlation between Y; and Y,* _ is calculated as

_ Cou(¥.Yp,)
VVO)VIOE)
(5 + (1 B)EYY,)
VTN (B (1= Bt
_ (B (1= BPEMY, )
VOB 1= 5P
_ VPO BPENY,) 76

Ry
O'yO'y

Meanwhile, the correlation between Y; and Y;_, is given by

p(Ye, Vi)

Cov(Y:, Vi)

T V)
E(KE—T) — E(Y;)E(th—‘r)

VI

_E(WYi,)

By comparing Equation 7.6 and Equation 7.7 we can derive the attenuation factor

p(Y,Y—r)

(7.7)

p(Yi, V) = V(B2 + (1= 8)2)p(Y, Yior)
YY)
\/(62 + (1 — /3)2) - 10(1/757 )/75—7')7

so that the correction factor needed to obtain the correct autocorrelation is given by

A(B) = V(B2 + (1= B)?).

7.3 Asymptotics

As mentioned above, Maravall (2012) states that the QS test approximately follows a
Xzr—o-distribution and shows this based on simulated monthly series with 10 and 20 years
of observations.
For any seasonal autocorrelation, Dufour and Roy (1986, p.6) show that
T3 —T*(7+1) + 372

E((Y Y ) = i =) (78)
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Figure 7.1: Attenuation factor depending on 3

We can use this to derive the expected value of the test statistic not restricted to positive

seasonality under the null.

(My ["(Yt—t%)] 2
E(QSfies) =E | (T (T +2) AB) AB)

T— 17| T — [27]
(T + 2) * \2 T(T + 2) A * 2
= @—rnage P EDIN T g age s 0 Y]
T(T+2) T3—T*71+1)+ 372
~ (T TrDAP)? (1% - 1)
L T(T+2) T3 — T?(21 + 1) + 1272
(T = [27])A(B) (1% - 1)
B TYT +2) B T3(T +2)(T+1)
(T = [rDA@?T =17 [(T = [r)AB)?T* - 17
N 3T(T + 2)72 N THT +2)
(T = [rDA@?T =17 (T = [2r])A(B)?][T* - 17
AT +2)(2r+1) N 127(T + 2)7°
PIT =17 (T = [27])A(B)?][T* — 17

=14+0(TH+0(T ) +1+0(T ") +0(T7?)

+
(T = [27)A(B)?
)
=2+ 0(T™)
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Thus it can be seen that the mean converges to the mean of the X?lfzz—distribution as the
time series length increases. This is in line with the investigation of the size distortions

presented in subsection 7.A.1.

7.4 Simulations

We set out to evaluate the performance of the @Sy, test. In addition to weekly series,
i.e. series with 7 = 365/7 = 52.14, we include variants thereof, namely two-weekly
(1 = 365/14 = 26.07) and eight-weekly (7 = 365/56 = 6.52) series.* Some time series
have a monthly recurring pattern, so we test a monthly pattern in weekly time series
(1 = 365/7/12 = 4.35). Additionally, we include two-daily (7 = 7/2 = 3.5) and three-
daily series (7 = 7/3 = 2.33), yielding six different non-integer cycle lengths in total.

The time series used in this simulation exercise are obtained by first simulating daily-
time series with an annually recurring seasonal pattern of length 365 and then temporally
aggregating these series by averaging to weekly, two-weekly and eight-weekly series.

Additionally, we simulate daily time series with a weekly pattern and analogously use
them to obtain the two-daily and three-daily series. Weekly time series with a monthly
recurring pattern are obtained by simulating daily time series with a monthly recurring
pattern® and aggregating them to a weekly series.

We simulate both seasonal and non-seasonal time series. The seasonal series are

simulated based on the following time series model
}/;/ :St*ﬂ*[h (79)

where additive seasonal components, S;, are simulated as a seasonal random walk with

autocorrelated innovations

gt = gt—T + St (710)
& = B& 1+ e, 6 ~ N(0,07). (7.11)

To obtain the multiplicative seasonal component, S; is transformed as follows
Sy =1+ S;/100. (7.12)

The standard deviation of the seasonal component after the temporal aggregation, og,controls
the magnitude of the seasonality. We include og € {2,5,10} and o, € {0,0.01,0.1, 1} for

4Note that leap years are omitted.
5The monthly recurring pattern is obtained by simulating a seasonal pattern of length 31 according to
Equation 7.10 and then omitting the superfluous days.
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the set of seasonal time series. For the simulation of the non-seasonal time series, the
component S; in Equation 7.9 is omitted.
Let an ARIMA model of order (p,d,q) be given by

$p(B) V1Y, = 0,(B) & (7.13)

where B is the backshift operator, V¢ = 1— B4, d indicates the order of differencing, ¢, is
an autoregressive polynomials of order p, 6, is a non-seasonal moving average polynomial
of order ¢, and {e;} are white noise innovations.

The trend-irregular components, T} *x I;, are simulated jointly from a broad range of
pre-defined ARIMA (p,d,q) models.®

We consider four time series length, T" € {57, 107, 207, 507}. For each combination of
parameters, we simulate 150 seasonal resp. 1800 non-seasonal time series, to get a total
of 50,400 x 6 non-seasonal and 50,400 x 6 seasonal time series, respectively.

We compare the flexible variant of the Q)S test, that takes into account the non-integer
with the traditional variant, where 7 is rounded to the next integer.” For time series with
less than 150 observations, the null distribution is given by Monte Carlo simulation; for
longer time series the XfleQ—distribution is employed (cf. subsection 7.A.1).

Table 7.1 shows the rejection rates of the flexible and traditional variants of the
QS test. For seasonal time series, the detection rate of the flexible variant of the QS
is considerably better for all smaller periodicities. Only for the weekly and two-weekly
series is the difference negligible or in favour of the traditional (.S test. This is mostly due
to time series simulated from more complex ARIMA models, where the flexible version
tends to perform slightly worse.®

For non-seasonal time series, both variants tend to have an error rate below their
respective significance level. Yet, the size of the flexible QXS test is closer to its actual

significance level in almost all instances.

7.5 Real-world example

The German truck toll mileage index measures the daily distance covered by trucks in
Germany. Its seasonal characteristics have been described in detail by Ollech (2022).
Most importantly, the series contains both weekly and annually recurring pattern, as can
be seen in Figure 7.2, where different temporal aggregations of the time series is displayed.

The weekly pattern is discernible even in the series aggregated to a two- and three-daily

6The following models are considered: ARIMA(0,0,0), ARIMA(0,1,1) with 6, = 0.75, ARIMA(0,1,1)
with 8, = —0.5, , ARIMA(1,1,0) with ¢, = —0.75, ARIMA(0,1,1) with ¢, = 0.5, ARIMA(3,1,1) with
0y = 0.8 and ¢, = (0.3,—0.1,0.2), ARIMA(0,1,2) with §, = (0.5,0.3).

"The IEC 60559 standard is used for rounding, so that 3.5 is rounded to 4.

8Detailed simulation results can be obtained from the author.
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Table 7.1: Rejection rates of null hypothesis, in %, for variants of the QS test for
different periodicities (1)

Seasonal time series Non-seasonal time series
T Flexible Traditional Flexible Traditional
a = 0.01 2.33 58.30 39.60 2.32 1.48
3.50 78.16 24.96 1.76 0.82
4.35 92.60 88.25 1.10 0.72
6.52 80.65 41.29 1.17 0.80
26.07 96.92 97.04 0.82 0.66
52.14 99.59 99.69 0.86 0.58
a=0.05 2.33 72.86 55.35 5.47 4.63
3.50 78.89 34.79 4.36 2.92
4.35 95.31 92.90 3.55 2.72
6.52 84.57 54.99 3.71 2.86
26.07 97.94 98.05 2.98 2.73
52.14 99.79 99.86 3.03 2.35

Note: Two variants of the QS test are included. The flexible variant takes into account the
non-integer nature of the frequency while the traditional variant is calculated with the periodicity
rounded to the closest integer.

series. The annual pattern is clearly visible in the weekly series, but considerably less
pronounced in the eight-weekly series.

Table 7.2 applies the Q)Sfe, test to the truck toll mileage time series aggregated to
different periodicities and also includes the traditional Q)S test — where the frequency
rounded to the next integer is used — as a comparison.

In all time series variants considered, the test statistic is higher for the flexible version,
showing stronger evidence for seasonality. In almost all cases, the test results are highly
significant. Only for the series aggregated to an eight-weekly series is there a practically
relevant difference. The flexible Q)S test finds significant evidence of a seasonal pattern,
while the traditional S variant does not find significant seasonality at the 5% significance
level.

Thus, the results are consistent with the visual inspection: in all instances of a clearly
visible seasonal pattern, both variants of the QS test are able to identify the seasonality
correctly. When the seasonal pattern is less pronounced, only the flexible variant of the

@S test is able to detect the seasonal pattern.

Table 7.2: Test results of variants of the QS test for the German truck toll mileage
index aggregated to different periodicities (7)

Three-daily Two-daily Eight-weekly Weekly

T=2.33 T =3.50 T =6.52 T =152.18
Flexible QS 614.5%** 3404 .5%H* T1.3%%% 662.9%H*
Traditional Q.S 573.4%*% 573.2%*% 5.9 574.9%4*

Note: * p < .05, ** < .01, ¥** p < .001.
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German truck toll mileage index Figure 2
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Remark: Two-daily and three-daily include observations in 2022; weekly and eight-weekly show series from 2015 to May 29, 2022.
Source: Federal Office for Freight Transport, own calculations
Deutsche Bundesbank

Figure 7.2: German truck toll mileage index

7.6 Summary

We generalised the QS test to allow for non-integer lengths of the seasonal pattern.
A simulation study showed that — over all periodicities considered — this flexibilisation
improves the identification of non-seasonal and seasonal time series, especially for shorter,
non-integer cycle lengths.

Ollech and Webel (2022) show how a combination of seasonality tests can improve
upon the accuracy of the individual tests. Especially combinations that include tests for
different manifestions of seasonality are worth considering. As the QS test allows for
changing seasonality, it may be attractive to combine it with tests that are designed to
detect stable seasonality, such as the Friedman test or the F-test on seasonal dummies
(for details on these tests, see Ollech and Webel, 2022). Thus, future research may try

to generalise the Friedman or a similar test to allow for non-integer seasonalities.

7.A Appendix

7.A.1 Size distortions

Here we present simulation results that investigate the size distortions of the (.S test.
To this end, we show how the proximity between the empirical and theoretical null dis-

tribution converge for different periodicities and time series length. One way to analyse
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whether there are significant size distortions is to use the Kolmogorov-Smirnov test and
the test developed by Anderson and Darling (1954). However, size distortions at conven-
tional significance levels are usually of greater concern than other local deviations from
the theoretical distribution. Therefore, the main focus lies on size distortions at the 1%
and 5% significance level.

Table 7.3 includes results for all of the non-integer cycle lengths mentioned above as
well as common integer periodicities, namely bi-annual (7 = 2), quarterly (7 = 4), and
monthly (7 = 12) and the day-of-the-week effect (7 = 7) in daily time series.

The results are obtained by simulating white noise series of length n = Txnumber of cycles
rounded to the next integer and computing the test statistic according to Equation 7.5
on the series without differencing.

Generally, the QS test shows size distortions at the 1% and 5% level for all but long
time series. For short time series, the test tends to be slightly undersized for integer fre-
quencies, while it is oversized for non-integer frequencies with 7 <= 6.52, most noticeably
for three-daily series. In these cases, using the Xﬁfﬂ—distribution might not be advisable.
Instead, a null distribution obtained by Monte Carlo simulation may be used.

The Kolmogorov-Smirnov and Anderson-Darling goodness-of-fit test compare the em-
pirical p-values to a uniform distribution.” These tests detect significant deviations for
all but very long time series.'®

For weekly time series there is some statistical indication that the null distribution
is not exactly equal to X?leQ for all time series with less than 50 years of observations.
However, graphically and with respect to the size distortions at the conventional signifi-
cance levels, the difference is negligible. For shorter series there may be some statistically
significant but practically irrelevant differences.

For time series with 150 or more observations, the size distortions are smaller or equal
to 0.2 at the 1% significance level for the frequencies considered here, and smaller or
equal to 0.3 at the 5% significance level. As a rule of thumb, the x7_,-distribution may,
therefore, be considered a reasonable approximation if the number of observations exceeds
150 for a = 1% and o = 5%.

9Testing whether the p-values are uniformly distributed is equivalent to testing whether the test statistic
follows a x7_o-distribution

10Tn the case of 7 = 7, i.e. a weekday cycle in a daily time series, even 250 cycles correspond to only
about five years of observations, which is not necessarily considered a long time series.
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Table 7.3: Size of QS test, in %, depending on frequency (7) and number of cycles

Level of Number of cycles
significance 5 10 20 30 40 50 75 100 150 250 500 1000

T=2

o= 0.01 10 09 11 11 12 12 12 12 11 12 11 1.1

o = 0.05 54 47 51 53 53 54 53 53 52 53 51 5.1
T=2.33

o= 0.01 00 04 10 1.1 11 11 12 11 11 11 11 1.0

o = 0.05 00 23 43 46 48 48 51 51 51 51 51 5.0
7 =23.50

o= 0.01 06 08 11 1.1 11 1.1 11 11 11 11 10 11

o = 0.05 3.7 41 49 50 50 50 50 50 51 50 50 5.1
T=4

a=0.01 12 1.1 12 11 12 12 12 1.1 1.1 1.1 1.1 1.0

a = 0.05 56 53 54 53 53 54 52 52 51 52 51 5.1
7=4.35

o= 0.01 08 09 11 11 11 12 11 11 11 11 11 11

o = 0.05 39 41 48 49 50 50 50 50 50 50 51 5.1
T =6.52

a=0.01 10 11 11 11 11 11 11 11 1.1 10 10 1.0

o = 0.05 46 4.7 51 50 50 51 51 50 50 50 51 5.0
T=7

a=0.01 12 12 12 12 12 11 11 1.1 1.1 1.1 1.1 1.0

o = 0.05 55 54 54 53 53 52 51 52 52 52 51 51
T=12

a=0.01 12 12 12 11 11 11 11 11 1.1 10 1.0 1.0

o = 0.05 56 53 52 52 52 51 52 51 52 50 50 5.1
T = 26.07

a=0.01 13 1.2 11 10 10 11 11 11 10 10 10 1.0

o = 0.05 54 53 52 5.1 51 51 50 50 51 50 51 5.0
T =>52.14

a=0.01 1.1 1.1 1.1 11 11 10 10 10 1.0 10 10 1.0

o = 0.05 53 5.1 52 51 51 50 50 50 50 50 50 5.0

Note: QS test is applied to time series simulated from a standard normal distribution of length
n = (7 * number of cycles) rounded to next integer. For each frequency 7, 100,000 time series
have been simulated. Grey cell colours indicate that both the K'S and the AD goodness of fit
tests (p-values against uniform distribution) are significant at the 1% level.
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CHAPTER 8

Conclusion

The seasonal adjustment of a time series is always a multi-step endeavour. The process

can be broadly categorised into three distinct phases:

1. Preliminary investigation: Initially, the time series must be thoroughly exam-
ined. This involves investigating whether calendar effects are present and deter-
mining if seasonal effects are detectable. An optimal model for the time series must

then be identified, taking into account these characteristics.

2. Calendar and seasonal adjustment: Subsequently, the calendar and seasonal
adjustment is conducted. This includes the selection of appropriate regressors and
the application of suitable methods to effectively estimate and remove the identified

calendar and seasonal influences.

3. Post-adjustment analysis: Finally, the results of the adjustment must be evalu-
ated. This analysis seeks to uncover any indications of unadjusted calendar effects
or residual seasonality that may suggest the need for further refinement of the

adjustment process.

The collection of papers presented herein contributes to each of these steps in several
ways:

To identify the presence of seasonal effects within a series, seasonality tests are typi-
cally utilised. Chapter Four evaluates a set of common seasonality tests, while Chapter
Five introduces a comprehensive seasonality test with a notably low misclassification rate
for both seasonal and non-seasonal series. Chapter Seven further enhances one of the
most reliable seasonality tests to accommodate weekly and other time series characterised

by a non-integer length of the seasonal cycle.
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152 CHAPTER 8. CONCLUSION

The identification of a suitable RegARIMA model is crucial for effective calendar
adjustment, and this frequently encompasses unit root testing. Chapter Six assesses a
broad array of unit root tests and proposes a test combination whose precision surpasses
that of any individual test within the set.

Chapters Two and Three delve into the seasonal adjustment of time series with
frequencies other than the traditional monthly and quarterly frequencies. These chapters
place particular emphasis on higher frequency time series, which have gained increased
relevance as analysts and policymakers grappled with evaluating the economic conditions
during the different stages of the COVID-19 pandemic.

In summary, the papers contribute to the advancement of statistical methods for
seasonal adjustment, providing both theoretical insights and practical tools to address
the challenges posed by various types of time series data. The methods discussed and

developed are available in designated R packages: {dsa}, {seastests} and {tssim}.
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