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Decoherence of dielectric particles by thermal emission
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Levitated nanoparticles are a promising platform for sensing applications and for macroscopic quantum exper-
iments. While the nanoparticles’ motional temperatures can be reduced to near absolute zero, their uncontrolled
internal degrees of freedom remain much hotter, inevitably leading to the emission of heat radiation. The
decoherence and motional heating caused by this thermal emission process is still poorly understood beyond the
case of the center-of-mass motion of point particles. Here, we present the master equation describing the impact
of heat radiation on the motional quantum state of arbitrarily sized and shaped dielectric rigid rotors. It predicts
the localization of spatio-orientational superpositions only based on the bulk material properties and the particle
geometry. A counterintuitive and experimentally relevant implication of the presented theory is that orientational
superpositions of optically isotropic bodies are not protected by their symmetry, even in the small-particle limit.
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I. INTRODUCTION

Nanoparticles levitated in high vacuum allow for the pre-
cise sensing of forces and torques and will enable macroscopic
quantum experiments due to their exquisite insulation from
environmental disturbances [1]. As a recent milestone, opti-
cally trapped nanoparticles have been driven into the quantum
mechanical ground state of their center-of-mass motion, using
the coherent scattering of tweezer light in into a high-finesse
cavity [2–4] or feedback cooling schemes based on detecting
the scattered light [5–7].

The internal degrees of freedom are not cooled in these
experiments. At best, they remain in thermal equilibrium with
the environment, but much higher internal temperatures are
expected in the presence of optical fields due to unavoidable
photon absorption. Consequently, the emitted thermal radia-
tion is considered one of the major obstacles for macroscopic
quantum superposition tests with spatially delocalized parti-
cles [8–15].

Recently, interest has also focused on experiments beyond
the small-particle regime; for instance, the Mie resonances
arising in optically levitated microscale spheres have been
proposed as an additional means of manipulation [16,17].
Moreover, control over the particles’ orientation is expected to
enter the quantum regime in the near future [18–26], opening
up another avenue for quantum experiments based on the
intrinsic non-linearity of rotations [27–29]. In view of these
developments, it is important to quantitatively predict how the
thermal radiation emitted by extended dielectric bodies affects
the coherence of their ro-translational quantum dynamics.

In this paper, we present the quantum master equation de-
scribing the impact of thermal photon emission onto the

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

external degrees of freedom of an arbitrarily shaped and
sized dielectric rigid body. The emitted radiation, which is
sourced from thermally driven polarization currents within
the material, contains information on the particle position and
orientation. The ensuing decoherence dynamics are fully char-
acterized by the geometry of the particle and the complex bulk
permittivity of its material, while internal photon scattering is
accounted for in the light-matter interaction to all orders.

To introduce concepts and notation, we first discuss
the master equation for the rotational motion of particles
which are small compared to the thermal wave length. One
of the remarkable effects predicted is the decay of ori-
entational superpositions involving states that are optically
indistinguishable; even a perfectly homogeneous and isotropic
dielectric ball is thus not protected by its symmetry. A
microscopic derivation based on the standard Born-Markov
approximation confirms this effect as originating from the
vector character of the fluctuating polarization current.

We then introduce the general master equation for the
center-of-mass and rotational motion of arbitrarily sized parti-
cles, which can be obtained by inferring the impact of photon
emission events due to thermal polarization fluctuations from
the backaction associated with scalar particles leaking from
metastable binding sites. The small-particle limit reproduces
the microscopically derived master equation exactly, while
for large particles the decoherence rate exhibits a volume-
to-surface transition. We also discuss the implications of the
presented theory for future quantum experiments with sub-
micron particles by calculating the shape-dependent motional
heating rates of silica particles for various temperatures.

II. MOTIONAL DECOHERENCE BY HEAT RADIATION

The impact of thermal emission on the combined trans-
lational and rotational state ρ of a dielectric rigid body can
be described by a Markovian master equation of the form
∂tρ = −i[Ĥ, ρ]/h̄ + Dρ, where external forces and torques
are included in the Hamiltonian Ĥ . We focus in the following
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FIG. 1. (a) A dielectric particle delocalized in position X and orientation R emits photons sourced from thermally driven polarization
currents j(s, ω). This gradually turns the initial quantum superposition into a mixture of states with definite position and orientation, as
described by the Lindblad master equation (7). (b) Decoherence rate (9) for a spherical SiO2 nanoparticle with mass 109 amu (113 nm diameter)
at 1000 K for a superposition generated by a rotation around and a translation along a common vector, as a function of the angle of rotation
θ (R, R′) and the separation �X ; the total photoemission rate is �Ph = 889 MHz.

on the incoherent part Dρ, which accounts for rotranslational
decoherence and diffusion. The main assumptions underlying
our derivation are (1) the optical properties of the nanoparticle
are fully characterized by its dielectric function and geometric
shape, (2) its heat capacity is sufficiently large such that the
internal state remains in quasiequilibrium, and (3) the thermal
radiation is emitted into the free vacuum field.

We denote the center-of-mass position of the nanoparticle
by the vector X and its orientation by the rotation tensor
R; the latter describes how a body-fixed vector transforms
when the particle is rotated from a reference orientation to
its actual orientation. Quantum mechanically, these quantities
are promoted to operators X̂ and R̂ with eigenkets |X, R〉. We
find that Dρ acts as a multiplication in this basis:

〈X, R|Dρ|X′, R′〉 = − FR,R′ (X − X′)〈X, R|ρ|X′, R′〉. (1)

An explicit form of FR,R′ (�X) is given in (8). Its real part
defines the spatio-orientational localization rate, since it is
non-negative and vanishes for diagonal arguments thus de-
scribing an exponential decay of the coherences; see Fig. 1(a).

To establish a physical picture of the decoherence process,
we start with the reduced dynamics of the orientation state
for particles which are small compared to the emitted wave
lengths. The full expression for Dρ is discussed afterward,
see Eq. (7).

A. Orientational decoherence in the small-particle limit

The light-matter interaction of a dielectric particle much
smaller than all relevant optical wavelengths can be char-
acterized by a symmetric polarizability tensor α(ω), whose
imaginary part α′′ ≡ (α − α†)/2i is positive and describes
electromagnetic absorption. In thermal equilibrium (and as-
suming detailed balance), it thus determines the spectrum of
emitted thermal radiation [30], suggesting that decoherence is
also governed by this quantity.

Indeed, we find that in the small-particle limit the rate in
Eq. (1) reduces to the pure orientational localization rate

FR,R′ (0) =
∫ ∞

0

dω ω3

3π2c3ε0
n(ω) Tr[α′′(ω)(1 − RT R′)], (2)

where n(ω) = [exp(h̄ω/kBT ) − 1]−1 denotes the Bose-
Einstein occupation and Tr[·] is the tensorial trace (as opposed
to the trace tr[·] over the motional Hilbert space). Note that the
decoherence rate depends on R, R′ only through the rotation

RT R′ relating the orientation |R〉 to |R′〉. The polarizability
tensor refers to the reference orientation. The non-negativity
of (2) follows from the symmetry of α′′ and the orthogonality
of the rotation tensors.

Equation (2) admits a clear interpretation of the de-
coherence process since the part involving the identity
tensor amounts to the total photon emission rate �Ph =∫ ∞

0 dω γPh(ω), as determined by the spectral rate γPh(ω) =
ω3n(ω)Tr[α′′(ω)]/3π2c3ε0. The loss of coherence between
|R〉 and |R′〉 is thus given by the rate of photon emissions
weighted by the extent to which each photon can distinguish
between these particle orientations. The associated distance
measure in the orientation manifold is induced by the polar-
ization tensor.

The simplest case is a particle with an isotropic polarizabil-
ity α = α1. The distance measure then simplifies to a function
of the angle of rotation cos θ (R, R′) = (Tr[RT R′] − 1)/2 be-
tween |R〉 and |R′〉 and the decoherence rate (2) reduces to

FR,R′ (0) = 2
3�Ph[1 − cos θ (R, R′)]. (3)

Remarkably, in the small-particle limit the orientational de-
coherence rate is thus proportional to the number of photons
emitted, independent of their wavelengths.

From a conceptual point of view, it may seem surprising
that a particle with isotropic polarizability should give rise
to orientational decoherence at all, since its electromagnetic
response is the same for all orientations. Indeed, the decoher-
ence induced by the scattering of photons vanishes in this limit
[18,23,31–33]. To clarify why the emission process breaks
the underlying symmetry, we next confirm Eq. (2) using the
standard Born-Markov methods.

In the small-particle limit, the dielectric medium can be
modeled as a set of independent dipoles oscillating at non-
degenerate frequencies ω j . They are represented by bosonic
mode operators a j and (body-fixed) transition matrix ele-
ments d j . The interaction with the free electric field E(r) at a
fixed particle position X reads Ĥint = − ∑

j E(X) · R̂[d ja j +
d∗

j a
†
j ]. We trace out the electromagnetic vacuum in the stan-

dard Born-Markov and rotating wave approximation [34],
while neglecting the free rotation dynamics of the particle
(sudden approximation). The polarizability can now be deter-
mined by considering the linear response of the total dipole
moment to an additional classical external drive of frequency
ω. In reference orientation, this yields the polarizability tensor
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FIG. 2. Motional heating rates of spheroidal submicron silica particles due to thermal emission. The center-of-mass heating rate hi
cm =

∂t 〈P2
i 〉/2m (left axes, blue) is independent of size, since the small particle limit applies for all temperatures of interest. The same holds for

the librational heating rate hi
rot = ∂t 〈L2

i 〉/2Ii when multiplied by �̄2 (right axes, orange), where �̄ = (3V/4π )1/3. (a) The rates, shown here
for spherical particles, do not increase following a power law, a consequence of the structured response function of realistic materials. For
comparison, the dotted line shows the rate used in Ref. [9], scaling as T 6. (b) For particles compressed or elongated along an axis, the heating
rates (here shown for T = 1000 K) differ for motion parallel (dashed) and perpendicular (solid) to the symmetry axis. The dependence on the
asymmetry �‖/�⊥ is much weaker for the center of mass than for the rotational motion; the latter can still be estimated from (a) by multiplying
the rotational heating curve of a sphere with (�‖/�⊥)2/3 (for parallel motion) and 2[(�⊥/�‖)2/3 + (�‖/�⊥)4/3]−1 (for perpendicular motion). The
calculation is based on the measured refractive index of bulk silica for wavelengths between 6 × 10−10 m and 5 × 10−4 m at room temperature
[35,36].

α(ω) = ∑
j[ω j − ω − iγ j]−1d j ⊗ d∗

j/h̄ with damping rates
γ j = |d j |2ω3

j/6π h̄c3ε0. To obtain the master equation for the
rotational dynamics, we also trace out the internal modes in
another Born-Markov approximation, assuming them to be
in a thermal state at temperature T . In the weak coupling
limit γ j → 0, the imaginary part of the polarizability can
then be identified in the resulting master equation with the
decoherence rate given in Eq. (2). We note that the center-
of-mass dynamics can be included by promoting the position
dependence in the interaction Hamiltonian to an operator.

From this microscopic point of view, it can now be un-
derstood why orientational superpositions decohere even for
optically isotropic small particles. Photon emission entangles
the orientational state not only with the electromagnetic field
but also with each of the internal oscillators. By monitoring
the internal state to register from which dipole an emission
took place, and correlating this with the outgoing dipole radia-
tion pattern, one could thus in principle learn about the particle
orientation even for an isotropic distribution of dipoles. In
case of elastic scattering of electromagnetic radiation, in con-
trast, the internal state remains unchanged and thus separable.
This implies that only the collective response matters since
one cannot use the internal state to determine at which dipole
the scattering took place. Hence, no information about the
orientation state is contained in the outgoing field if this
response is isotropic. From the perspective of macroscopic
electrodynamics used in this paper, it is the vectorial nature
of the thermally driven polarization current density that breaks
the isotropy of the radiation sourced from individual fluctua-
tion events. This is a striking example for a situation where
the naively expected symmetry of the object does not imply a
corresponding decoherence-free subspace.

In analogy to center-of-mass decoherence giving rise to
momentum diffusion, one expects that orientational deco-
herence is accompanied by angular momentum diffusion.

Inserting the spectral decomposition of α′′ into Eq. (2), one
obtains a sum of localization rates, the form of which was
studied in Ref. [31] (labeled type 1). The results of Ref. [31]
then imply that Eq. (2) indeed leaves the average angular
momentum unchanged, ∂t 〈Ĵ〉 = 0, while its second moments
evolve according to

∂t 〈Ĵ ⊗ Ĵ〉 =
∫ ∞

0
dω

h̄2ω3

3π2c3ε0
n(ω)

× (Tr[α′′(ω)]1 − 〈R̂α′′(ω)R̂T 〉). (4)

For particles with isotropic polarizability, the diffusion is in-
dependent of the orientation state, 〈Ĵ ⊗ Ĵ〉 = 2h̄2�Ph1/3.

The diffusion (4) determines the growth rate of rotational
energy associated with the ith principal axis as

hi
rot = h̄2

2Ii

∫ ∞

0
dω

ω3

3π2c3ε0
n(ω)[Trα′′(ω) − α′′

i (ω)], (5)

with Ii the moment of inertia and α′′
i the imaginary part of the

corresponding eigenvalue of the polarizability tensor. (Here
we assume the polarizability to be diagonal with respect to
the principal axes, as holds for homogeneous ellipsoids.)

Figure 2 presents the heating rates for the rotation as well
as the center-of-mass motion (see Appendix C) of a submicron
silica spheroid. For example, for parameters as in the recent
experiment [25] and an internal temperature of 1000 K this
corresponds to a librational heating rate on the order of tens
of phonons per second, rendering thermal emission relevant
for future quantum experiments.

B. General master equation

Let us now return to the impact of heat radiation on the
motional quantum state of arbitrarily sized and shaped dielec-
tric rigid rotors. Formulating the master equation requires the
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classical electromagnetic Green tensor G(r, r′; ω) [37–39],
which yields the electromagnetic field at position r sourced
by a current distribution at r′ oscillating with frequency ω. It
depends on the complex-valued relative permittivity εr (r, ω),
which also provides all information on the particle geometry.
Both are defined for the particle in its reference position and
orientation.

For a given source position s, particle orientation R, and
emission direction n with associated polarization vectors
eσ (n), we define the vector-valued amplitude of emission

Kσ
R(n, s; ω) = 1

4π
e∗
σ (n) · R[e−i ω

c n·Rs 1

+ ω2

c2

∫
V

d3u e−i ω
c n·Ru[εr (u, ω) − 1]G(u, s; ω)],

(6)

which involves the product a · A = AT a and an integral over
the particle volume V (in reference position and orientation).
The vectors n, e1, e2 form an orthonormal set (with respect to
the complex scalar product a∗ · b). (Note that the integration
over the singularity of the Green tensor has to be carried out
with care [38].)

The master equation then takes the form

Dρ =
∫ ∞

0
dω

∫
S2

d2n
∫

V
d3s

∑
σ∈{1,2}

2ω3

πc3
n(s, ω)Im[εr (s, ω)]

× [
e−i ω

c n·X̂ Kσ

R̂
(n, s; ω) · ρ Kσ∗

R̂
(n, s; ω) ei ω

c n·X̂

− |Kσ
1 (n, s; ω)|2ρ]

. (7)

To see that Eq. (7) is of Lindblad form, consider the vector
jump operators L̂σ (n, s, ω) = e−i ω

c n·X̂ Kσ

R̂
(n, s; ω), which in-

herit their operator-valuedness from the position vector X̂ and
rotation tensor R̂, and note that Im εr (ω, s) > 0. The anticom-
mutator appearing in the Lindblad equation then reduces to
a number when integrated over all emission directions, since∫

S2 d2n|L̂σ (n, s, ω)|2 = ∫
S2 d2n|Kσ

1 (n, s; ω)|2, giving the last
line in (7).

The operators L̂σ (n, s, ω) can be interpreted as ampli-
tudes describing how a polarization fluctuation at position s
contributes to the emission of an asymptotically free photon
with wave vector ωn/c and polarization eσ . Their dependence
on the position and orientation observables thus accounts
for the entanglement between the emitted radiation and the
motional degrees of freedom. The corresponding rate is de-
termined by the imaginary part of the dielectric function and
the Bose-Einstein occupation factor, in accordance with the
fluctuation-dissipation theorem (see Sec. III D). This reflects
the fact that emission is driven by the thermal fluctuations
of the polarization currents in the material. The particle
temperature may vary locally as long as the assumption of
quasiequilibrium holds.

Notice that the center-of-mass position appears only in
terms of momentum kick operators in Eq. (7), which describe
the linear momentum recoil due to photon emission. In con-
trast, the orientation observable appears in Eq. (6) both in
the exponents and in front of the square brackets, as required
when rotating the emitted radiation vector field to the refer-
ence orientation. The exponential functions can be interpreted
as imparting (superpositions of) angular momentum kicks

according to the lever arm pointing from the center of mass to
the last point of interaction within the particle, compensating
the orbital angular momentum carried away by the emitted
photon.

The master equation (7) acts as multiplication by a com-
plex rate when expressed in the position-orientation basis,
see Eq. (1), because all jump operators are functions of
only the position and orientation observables. By completing
the square as 2ab∗ − |a|2 − |b|2 = −|a − b|2 + 2i Im[ab∗] for
each component of Kσ

R(n, s; ω), the rate takes the form

FR,R′ (�X)

=
∫ ∞

0
dω

∫
S2

d2n
∫

V
d3s

∑
σ∈{1,2}

2ω3

πc3
n(s, ω)Im[εr (s, ω)]

×
(

1

2

∣∣e−i ω
c n·�X Kσ

R(n, s; ω) − Kσ

R′ (n, s; ω)
∣∣2

+ iIm
[
e−i ω

c n·�XKσ
R(n, s; ω) · Kσ∗

R′ (n, s; ω)
])

. (8)

The real part, which is non-negative, is called the local-
ization rate because it describes an exponential decay of the
positional and orientational coherences. Note that it will gen-
erally be finite even if the flux of outgoing photons into a
given direction (which is proportional to |Kσ

R(n, s; ω)|2) is
independent of the particle position and orientation. This can
be understood as a result of phase information being contained
in the emitted radiation.

Equation (8) shows that the localization rate is bounded
by twice the emission rate (34), since ||a − b||2/2 � ||a||2 +
||b||2. In the limit of large delocalizations, �X → ∞, it con-
verges to the emission rate because the oscillations of the
mixed terms average out. Moreover, the definition (6) implies
FR,R′ (�X) = F1,RT R′ (RT �X). If both positional and orien-
tational superpositions are present, the loss of coherence is
therefore not just a function of the relative position �X and
relative orientation RT R′.

C. Small and large particle limits

The decoherence rate (8) simplifies if the particle size is
much smaller or much greater than both the thermal wave
length and the corresponding attenuation length in the bulk
material.

In the limit of small particles, multiple photon scattering
in the particle can be neglected, while the electrostatic in-
teraction of the thermally fluctuating dipoles must still be
accounted for. Assuming a homogeneous permittivity and
the particle shape to be ellipsoidal, an integral equation for
Kσ

R(n, s; ω) can then be solved self-consistently, as described
in Appendix A. The solution depends on a limit of the free-
space Green tensor G0 and on the polarizability tensor α; see
Eq. (A3). Insertion into (7) yields the master equation (A5).
The corresponding localization rate can be simplified to

FR,R′ (�X) =
∫ ∞

0
dω

ω3

π2c3ε0
n(ω)

× Tr

[
α′′(ω)

3

(
1 − 6πc

ω
R′T Im G0(�X; ω)R

)]
,

(9)
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which depends only on the imaginary parts of the polariz-
ability and the free-space Green tensor. The positivity of (9)
follows from the Lindblad form of (A5) [and can be shown
alternatively using the von Neumann trace inequality and the
Hölder inequality, as well as bounds for the eigenvalues of
Im G0(�X; ω)]. The special case of a linear rotor is given in
Appendix A.

Figure 1(b) shows the spatio-orientational decoherence rate
for superpositions involving center-of-mass translations by
�X (in a direction m) and rotations by θ (around the same
m). We consider the case of a sphere, where the localization
rate is independent of m. Note that for general superpositions,
the decoherence rate cannot be decomposed into a function of
the reduced states of center of mass and orientation.

In the limit of large particles, the decoherence rate (1)
scales with the surface of the particle, as one would expect
from the scaling of heat radiation. Specifically, assuming that
the particle extension and radii of curvature are much greater
than wavelength and absorption length, and its surface to
be convex, the spectral photon intensity emitted from each
surface element (spectral rate of photons per solid angle per
surface area) reads [40]

�s(n, rs; ω) = ω2

8π3c2
n(ω)[Ts(n, ω) + Tp(n, ω)]n⊥�(n⊥).

(10)

Here, we dropped the dependencies on the position vector rs

of the surface element for brevity. Ts and Tp are the Fresnel
transmission coefficients for radiation incident on the parti-
cle, and n⊥(rs) is the component of the emission direction
n normal to the local surface (the Heaviside function en-
sures that radiation is only emitted away from the body).
The dependence on the transmission of incident radiation can
be considered a manifestation of Kirchhoff’s law of thermal
radiation, while the explicit n⊥ dependence yields Lambert’s
emission law in the case of a black body, where Ts = Tp = 1.

For large particles, the volume integral in (7) reduces to
an integration over a surface shell with an effective depth
given by the absorption length (see Appendix D). The as-
sociated master equation (D1) simplifies considerably for
well-oriented states such that 〈R|ρ|R′〉 
= 0 only for ||R(′) −
1|| � 1. In this case, the orientational decoherence is dom-
inated by orbital angular momentum kicks, and the master
equation (7) takes the form

Dρ =
∫ ∞

0
dω

∫
S2

d2n
∫

∂V
d2rs �s(n, rs, ω)

× [
e−i ω

c n·(X+Rrs )ρei ω
c n·(X+Rrs ) − ρ

]
. (11)

The jump operators are now a tensor product of two unitaries,
so the reduced dynamical equations of the center of mass and
the orientation state are of closed form, readily obtained by a
partial trace over (11).

III. DERIVATION

Standard methods are unsuitable for obtaining the motional
decoherence of extended bodies due to thermal radiation.
This is because emission will occur only at frequencies
where the dielectric function has a finite imaginary part, a

consequence of the fluctuation-dissipation theorem for the
thermally driven polarization currents. The thus unavoid-
able presence of absorption in the medium implies that the
macroscopic electromagnetic field cannot be decomposed into
modes, so the usual approaches for deriving the open quantum
dynamics of motional degrees of freedom fail. Instead, the
master equation (7) is obtained in two steps.

First, we derive the Lindblad equation, describing how the
rotranslational state of an extended body is affected by the
probabilistic emission of scalar particles. The jump opera-
tors quantifying the associated linear and angular momentum
kicks can be expressed in terms of the Helmholtz Green
function. Second, we move on to the probabilistic emission
of photons by replacing the Green function of the scalar
equation with the one for the vector Helmholtz equation. The
emission rates are then obtained from the theory of fluctuation
electrodynamics.

A. Emission of scalar particles

We start by considering the emission of weakly bound
scalar particles of mass m, referred to as atoms in the follow-
ing. Their decay from a metastable state can be modeled by
introducing an internal two-level system. For |↑〉, the atom is
in the bound state |ϕ0〉, while it evolves freely in the potential
V (r) for |↓〉. The emission dynamics of the initially bound
state |�(0)〉 = |ϕ0〉|↑〉 is then described by the Hamiltonian

Htot = E0|ϕ0〉〈ϕ0| ⊗ |↑〉〈↑| + H ⊗ |↓〉〈↓|
+ gh̄|ϕ0〉〈ϕ0| ⊗ (|↑〉〈↓| + |↓〉〈↑|), (12)

where H = p2/2m + V and g is the coupling rate. Expanding
the state as

|�(t )〉 = e−iE0t/h̄b(t )|ϕ0〉|↑〉 +
∫ ∞

0
dE cE (t )e−iEt/h̄|E〉|↓〉

(13)

and assuming the coupling to be small, we obtain the
dynamics of the bound part b(t ) in a Born-Markov-like ap-
proximation by inserting the formal solution of cE (t ) into
the dynamical equation for b(t ), replacing b(t ′) by b(t ), ex-
tending the integration limit to infinity, and neglecting the
Lamb-shift-like renormalization of E0. This yields an expo-
nential decay b(t ) = e−�0t/2 of the bound part with rate �0 =
2π h̄g2|〈E0|ϕ0〉|2. Inserting this into the equation for cE (t )
yields the wave function |ψ↓〉 = 〈↓ |�(t )〉 of the unbound part
for �0t � 1:

|ψ↓(t )〉 = − h̄g
∫ ∞

0
dE (e−iE0t/h̄ + e−iEt/h̄)

|E〉〈E |ϕ0〉
E0 − ih̄�0/2 − E

.

(14)

For large t , the projector |E〉〈E | can be approximated by
|E0〉〈E0| in the second term, and the lower limit of integration
can be replaced by negative infinity. Using the Green operator
G(z) = [z − H]−1 and the relation |E〉〈E | = i[G(E + iε) −
G(E − iε)]/2π then leads to

|ψ↓〉 = lim
�0→0

h̄ge−iE0t/h̄G(E0 + ih̄�0/2)|ϕ0〉. (15)
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The emitted wave function |ψ↓〉 can therefore be understood
as the retarded solution to the inhomogeneous Schrödinger
equation (ih̄∂t − H )|ψ↓〉 = h̄gexp(−iE0t/h̄)|ϕ0〉.

It will be useful below to define amplitudes of emission

A(n, s, ω) = − lim
r→∞ re−ir p/h̄G(rn, s; ω) (16)

in terms of the retarded Green function G(r, r′; E/h̄) =
〈r|G(E + iε)|r′〉, where p = √

2mh̄ω. These amplitudes de-
scribe the asymptotic form of the wave function in di-
rection n due to a source at position s. They can be
expressed as matrix elements of the Møller operators �± =
limt→∓∞ eiHt/h̄e−iH0t/h̄ associated with scattering off the po-
tential V = H − H0:

A(n, s, ω) = 1

4π

2m

h̄2 (2π h̄)3/2〈np|�†
−|s〉. (17)

Starting from the right-hand side, we used that eigenstates
of H0 are mapped to �±|E〉0 = limε→0 ±iεG(E ± iε)|E〉0,
inserted a resolution of identity in position space, used that
finite domains of integration do not contribute, replaced G
by its asymptotic form, and performed a stationary phase
approximation on the solid angle integration. Moreover, we
dropped the energy dependence for brevity.

B. Inclusion of the motional degrees of freedom

We next take into account that the emission process de-
pends on the particle position X and orientation R. For a
fixed spatio-orientational state |X, R〉, this is accomplished by
the unitary operator D(X, R), which transforms the emission
problem from the reference position and orientation of the
particle to the actual one. Conditioned on an emission having
taken place, the transformation of the motional state ρ is
given by

ρ ′ = tratom[D(X̂, R̂)|ψ↓〉〈ψ↓| ⊗ ρD†(X̂, R̂)], (18)

where D(X̂, R̂)|r〉|X, R〉 = |Rr + X〉|X, R〉.
Inserting (15) with g2 = �0/(2π h̄|〈E0|ϕ0〉|2), using the re-

solvent equation G = (1 + GV )G0 with G0(z) = (z − H0)−1,
carrying out the trace in momentum basis, identifying the
nascent delta function δ(E0 − p2/2m) as �0 → 0, which en-
forces the on-shell momentum p0 = √

2mE0, and recognizing
the Møller-out operators �−, one arrives at

ρ ′ = p0m

|〈E0|ϕ0〉|2
∫

S2
d2n 〈p0n|D̂�

†
−|ϕ0〉ρ〈ϕ0|�−D̂†|p0n〉.

(19)

Here we abbreviated D̂ ≡ D(X̂, R̂), and we note that the emis-
sion probability vanishes for 〈E0|ϕ0〉 = 0. The normalization
is preserved since

mp0

∫
S2

d2n �−|p0n〉〈p0n|�†
− = |E0〉〈E0|. (20)

In the following, we assume the bound states to be sufficiently
localized so the |ϕ0〉 in Eq. (19) may be replaced by a position
eigenstate. Accordingly, to keep �0 fixed the coupling rate is
replaced: g2 → g̃2 = �0/(2π h̄|〈E0|r0〉|2).

The asymptotic probability flux of the emitted atom
per solid angle in direction n depends on the orientation

observable R̂ of the particle. It is given by

�̂(n) = lim
r→∞ r2n · 1

m
Re[〈ψ↓|D̂†δ(rn − x)pD̂|ψ↓〉]

= �0
|〈p0n|D̂�

†
−|r0〉|2∫

S2 d2n′ |〈p0n′|�†
−|r0〉|2

= h̄2g̃2 p0

m
|A(R̂T n, r0)|2. (21)

The second line confirms that �0 is the total atom emission
rate.

C. Construction of the master equation

The master equation governing the reduced spatio-
orientational dynamics on a coarse-grained timescale dt can
now be obtained by applying the transformation Eq. (19) with
probability �0 dt , while taking into account the possibility
of nonemission with probability 1 − �0 dt . Moreover, we al-
low for a distribution w(s, ω) of bound atoms with varying
locations s, bound energies h̄ω, and couplings g̃(s, ω). The
generator of the open quantum dynamics then takes the form

Dρ =
∫ ∞

0
dω

∫
S2

d2n
∫

V
d3s w(s, ω)h̄2g̃2(s, ω)

p

m

× [e−ipn·X̂/h̄A(R̂T n, s, ω)ρA∗(R̂T n, s, ω)eipn·X̂/h̄

− |A(n, s, ω)|2ρ], (22)

where p = √
2mh̄ω. The equation is of Lindblad form since

the orientation integral over the modulus squared of the jump
operators

L̂(n, s, ω) = e−ipn·X̂/h̄A(R̂T n, s, ω) (23)

is a c number, as follows from expansion in position-
orientation basis.

If the particle is transparent to the atoms, V (r) = 0, the
amplitudes of emission can be given as A0(R̂T n, s, ω) =
me−ipn·R̂s/h̄/2π h̄2. This operator imparts an angular momen-
tum kick, balancing out the orbital angular momentum of the
outgoing particle since e−ipn·R̂s/h̄Ĵeipn·R̂s/h̄ = Ĵ − (R̂s) × pn,
as follows from the canonical commutation relation [R̂, m ·
Ĵ] = ih̄m × R̂.

In the general case, one requires the Green function G
associated with the stationary Schrödinger equation for the
unbounded atom in the particle potential. The jump operators
then take the form

L̂(n, s, ω) = − lim
r→∞ re−ipr/h̄ G(R̂T [rn − X̂], s; ω). (24)

Moreover, the orientation-resolved spectral emission rate
(21) per volume element can be expressed as the product of
the modulus squared of the jump operators (23) with their
associated jump rate:

�̂(n, s, ω) = w(s, ω)h̄2g̃2(s, ω)
p

m
|L̂(n, s, ω)|2. (25)

D. Emission of photons

To account for the emission of photons instead of atoms,
we replace the velocity p/m by the speed of light and the
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scalar Green function by the electromagnetic Green tensor.
The latter is defined as the retarded solution to[

∇ × ∇ × −ω2

c2
εr (r, ω)

]
G(r, r′; ω) = 1δ(r − r′). (26)

It determines the electromagnetic field at position r due to
a (polarization) current density j(r′, ω) oscillating with fre-
quency ω [37–39]:

E(r, ω) = iμ0ω

∫
R3

d3r′ G(r, r′; ω) j(r′, ω), (27)

B(r, ω) = μ0

∫
R3

d3r′ ∇ × G(r, r′; ω) j(r′, ω). (28)

Here, we assume the particle to be composed of a nonmag-
netic dielectric material described in reference position and
orientation by the relative permittivity εr (r, ω).

The amplitudes of emission (16) are now tensorial,

A(n, s, ω) = lim
r→∞ re−i ω

c r G(rn, s; ω), (29)

so the jump operators (23) take the form

L̂(n, s, ω) = e−i ω
c n·X̂ R̂A(R̂T n, s, ω), (30)

where the additional rotation tensor R̂ accounts for the vecto-
rial nature of the emitted radiation. Note that the definition
(29) complies with the different sign convention for G as
compared to G in (16).

We obtain the flux of thermally emitted photons by first
calculating the asymptotic Poynting vector using the theory of
fluctuation electrodynamics, where the field statistics are gov-
erned by the fluctuation-dissipation theorem [39,41,42]. For
pure dielectrics, the two-point correlator of the polarization
current density can be given in compact form as [38,43]

〈 ji(r, ω) j∗j (r′, ω′)〉 = h̄ω2ε0

π
Im[εr (r, ω)]

[
n(r, ω) + 1

2

]

× δi jδ(ω − ω′)δ(r − r′). (31)

Using the real-valuedness of the fields in the time domain
and an integral identity of the Green tensor, here for nonmag-
netic media,

ω2

c2

∫
R3

d3s ∇ × G(r, s; ω)Im[εr (s, ω)]G†(r′, s; ω)

= Im[∇ × G(r, r′; ω)] (32)

enables one to eliminate the vacuum fluctuations [40], and
with the Silver-Müller radiation condition [37,44] the asymp-
totics of the Poynting vector reads

〈S(rn)〉 ∼ n
∫ ∞

0
dω

∫
V

d3s
2ω3

πc3
h̄ωn(s, ω)Im[εr (s, ω)]

× Tr[G(rn, s; ω)G†(rn, s; ω)], (33)

as r → ∞. The spectral flux of emitted photons per solid
angle and volume element is thus given by

�(n, s, ω)=2ω3

πc3
n(s, ω)Im[εr (s, ω)]Tr[A(n, s, ω)A†(n, s, ω)].

(34)

This holds for the particle in reference orientation; for
arbitrary orientational states, the photon flux operator
�̂(n, s, ω) = �(R̂T n, s, ω) can again be expressed in terms
of the jump operators:

�̂(n, s, ω)=2ω3

πc3
n(s, ω)Im[εr (s, ω)]Tr[L̂(n, s, ω)L̂†(n, s, ω)].

(35)

Comparison with Eq. (25) shows that the jump rate associated
with the L̂(n, s, ω) is given by 2ω3n(s, ω)Imεr (ω, s)/πc3,
which concludes the derivation of the master equation.

To arrive at Eqs. (6) and (7), one may use the (right-hand)
Dyson equation [45,46]

G(r, r′; ω) = G0(r − r′; ω) + ω2

c2

∫
R3

d3s G0(r − s; ω)

× [εr (s, ω) − 1]G(s, r′; ω), (36)

before taking the limit r → ∞ in the definition (29). Here G0

is the free-space Green tensor [38]:

G0(rer ; ck) = eikr

4πr

[(
1 + ikr − 1

k2r2

)
1

+ 3 − 3ikr − k2r2

k2r2
er ⊗ er

]
. (37)

To finally perform the tensorial trace, one may use that
n · A(n, s, ω) = 0, as follows from G being asymptotically
transverse. This leaves a sum over polarizations σ ∈ {1, 2}
involving the vector functions

Kσ
R(n, s; ω) = e∗

σ · RA(RT n, s, ω) (38)

which appear in Eq. (7).

IV. DISCUSSION

The master equation (7) serves to predict the spatio-
orientational decoherence of arbitrarily shaped and sized
dielectric particles due to the emission of thermal radiation.
It holds provided that the internal degrees of freedom remain
in quasiequilibrium, described by a local temperature. Their
thermal fluctuations drive a polarization current, generating
electromagnetic radiation that may be scattered or reabsorbed
inside the particle. The radiation leaving the body conveys
information on the whereabouts and alignment of the particle,
leading to decoherence of its spatio-orientational quantum
state. Equivalently, the impact of the heat radiation can be
understood in terms of the linear and angular momentum
carried away by each outgoing photon. However, unlike for
the center of mass, the effect of a photon emission event on
the orientation state is more involved than a simple angular
momentum kick, imposing the complicated form of Eq. (7).

In the limiting cases of very small or very large particles,
the master equation reconfirms previous results and physical
expectations. For particles much smaller than the thermal
wavelength, orbital angular momentum kicks play no role
and the decoherence effect can be fully described in terms
of the polarization tensor. In this case, one may recover the
center-of-mass decoherence rates given in Refs. [9,11] by
assuming the rotation state to remain uncorrelated with the
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center-of-mass state. [Reference [9] differs by a factor of
2, and Ref. [11] by replacing the Bose-Einstein occupation
number with the Boltzmann factor.] In the opposite limit of
macroscopically large bodies, decoherence turns from a vol-
ume effect to a surface effect, as one would expect in analogy
to the behavior of heat radiation [30]. For well-oriented bod-
ies, the center-of-mass decoherence rates is then controlled by
the spectral photon intensity per surface area, as determined
by the surface temperature and the Fresnel coefficients (10).

The central ingredient of the presented theory is the spec-
tral photon intensity sourced from each volume element of
the dielectric, which we obtain from the theory of fluctua-
tion electrodynamics [41,42]. The latter treats the polarization
current density as a stochastic vector field, with statistics de-
termined by the local temperature and by the imaginary part
of the dielectric function, in accordance with the fluctuation
dissipation theorem. Equivalently, the photon intensity can
be obtained from macroscopic quantum electrodynamics [39]
with identical results. Photon emission rates measured for
micron-scale particles agree well with the results of fluctu-
ation electrodynamics [47–49], even in the presence of Mie
resonances, so it seems reasonable to apply the theory to
nanoparticles as well. However, since alternative predictions
for the emitted heat radiation exist in this regime [50,51],
experiments are required to clarify when deviations from
quasiequilibrium need to be taken into account. As direct
measurements of the emitted heat radiation become increas-
ingly difficult for smaller particles, this may require more
elaborate measurement schemes [52]. In any case, a modified
photon emission intensity per particle volume can be readily
incorporated into the presented theory, as long as the Markov
approximation holds and fluctuations remain local.

A further ingredient of the general decoherence master
equation (7) is the Green tensor G appearing in (6). It encodes
the scattering and reabsorption of heat radiation within the
particle, and is known analytically only for simple particle
geometries. However, in practice, the numerical effort of com-
puting the Green tensor is reduced by the fact that only narrow
frequency bands contribute significantly to heat radiation for
many relevant materials, due to the first line in Eq. (7). In
particular, it suppresses the low-frequency behavior of the
permittivity, which may dominate decoherence due to external
thermal fluctuations [53].

In conclusion, the presented theory enables assessing the
viability of future quantum experiments with micron-sized
objects [10–15,27,28,54–67] for a given internal temperature.
If the latter proves prohibitively large, internal cooling tech-
niques, such as laser refrigeration [68,69], must be employed.
While the resulting steady-state occupations may then be
inhomogeneous or nonthermal, these cases are readily incor-
porated into the master equation.
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APPENDIX A: SMALL-PARTICLE LIMIT

Here we derive the small-particle limit of the master equa-
tion from the general form (7), assuming the particle to be
optically thin, ellipsoidal, and homogeneous, εr (r ∈ V, ω) =
εr (ω). By self-consistently solving for the amplitudes of emis-
sion (29), which determine the vector functions (38), we find
that the particle properties enter only in terms of the imaginary
part of its polarizability tensor.

We start from the left-hand Dyson equation, where the full
Green tensor appears to the left of the free one, cf. Eq. (36).
The electric susceptibility εr (r, ω) − 1 restricts the spatial
integration to the particle domain so we can take the radial
limit as in Eq. (29), giving

A(n, s) = A0(n, s) + ω2

c2
[εr − 1]

∫
V

d3r′ A(n, r′)G0(r′ − s).

(A1)

Here, we suppress frequency dependencies for brevity. Since
Eq. (7) involves only contributions where s ∈ V , and since
V is taken to be small compared to the attenuation length
and the wave length, the free-space Green tensor can be
approximated by its asymptotic form for |r′ − s| → 0, i.e.,
by the free electrostatic Green tensor. Next, we express the
latter in terms of the scalar Laplace Green function to avoid
the need for a principal-value regularization of the integral
[70,71]. Additionally, we assume the solution to the approxi-
mated integral equation to be independent of the source point
A(n, r′) = A(n, s).

Solving for the emission amplitude and noting that the free-
space amplitude takes the form A0(n, s) = [1 − n ⊗ n]/4π ,
one obtains

A(n, s) = 1 − n ⊗ n
4π

[
1 + εr − 1

4π
∇s ⊗

∫
V

d3r′∇′ 1

|r′ − s|
]−1

.

(A2)

The term in brackets is proportional to the depolarization
tensor of the particle [71], which is indeed independent of s
for ellipsoidal particles, justifying the previous assumption.

The vector functions (38) then read

Kσ
R(n, s) ≈ 1

4πε0V (εr − 1)
e∗
σ (n) · Rα, (A3)

where we identified the polarizability tensor:

α = ε0V
3∑

i=1

ei ⊗ ei
(εr − 1)

1 + Li(εr − 1)
. (A4)

Here, the ei are the principal axes in reference orientation.
The associated depolarization factors Li depend only on the
ratio of the principal semiaxis lengths {�1, �2, �3} and fulfill
L1 + L2 + L3 = 1. While the exact values are given by ellip-
tic integrals, they can be approximated as L1 ≈ [1 + �1/�2 +
�1/�3]−1 and cyclic permutations [30,72–74].

Note that solving the integral equation (A1) in the Born
approximation would yield only the lowest order in εr − 1
instead of the full polarizability tensor. This is because the
electrostatic interaction diverges too strongly at close range to
be considered weak, no matter how small the particle volume.
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One obtains the expression for the photoemission rates of
small particles by inserting Eq. (A3) into Eq. (34) and using
α′′ ≡ (α − α†)/2i = αα†Imεr/(V ε0|εr − 1|2), as implied by
(A4).

The small-particle limit of the master equation is similarly
obtained by inserting (A3) into Eq. (7). Using the transverse
completeness of the polarization basis, it takes the form

Dρ =
∫ ∞

0
dω

∫
S2

d2n
ω3

8π3c3ε0
n(ω) Tr

[
(1 − n ⊗ n)

× (R̂ α′′(ω) e−i ω
c n·X̂ ρ ei ω

c n·X̂R̂T − α′′(ω)ρ)

]
,

(A5)

where n(ω) is the volume average over n(s, ω). We discuss
the angular momentum representation of this equation in
Appendix B.

To finally arrive at the decoherence rate (9), note that the
solid angle integration over eikn·r[1 − n ⊗ n] in (A5) yields
the imaginary part of the free space Green tensor, as can
be seen, for instance, by using plane waves as the normal
modes in Eq. (8.114) from Ref. [38]. Using that G0 and α

are symmetric tensors then gives the expression shown in the
main text.

The master equation governing the dynamics of a linear
rotor can be obtained from Eq. (A5) by projecting the jump
operators onto the k = 0 subspace. This is equivalent to re-
placing R̂ by m̂ ⊗ e3, where m̂ is the observable associated
with the body-fixed symmetry axis m = Re3. The master
equation then reads

Dρ =
∫ ∞

0
dω

∫
S2

d2n
ω3

8π3c3ε0
n(ω)α′′

3 (ω)

×
[(

e−i ω
c n·X̂ m̂ · (1 − n ⊗ n) ρ m̂ ei ω

c n·X̂ − 2

3
ρ

)]
.

(A6)

The associated localization rate takes the form

Fm,m′ (�X) =
∫ ∞

0
dω

ω3

3π2c3ε0
n(ω)α′′

3 (ω)

×
[

1 − 6πc

ω
m · Im G0(�X; ω)m′

]
. (A7)

APPENDIX B: ANGULAR MOMENTUM
REPRESENTATION FOR SMALL PARTICLES

For exceptionally small particles, the rotational state may
involve only a limited set of angular momentum states. In this
case, it can be more convenient to describe the dynamics in
the angular momentum basis.

To expand the jump operators of the master equation (A5)
in angular momentum basis, one may express the rotation
tensor operator in terms of the conjugate Wigner D matrices
[75] as

R̂ =
∞∑

�=0

�∑
m,k=−�

R�
mkD�∗

mk (R̂), (B1)

with R�
mk = (2� + 1)

∫
SO(3) dμ(R) RD�

mk (R)/8π2, where∫
SO(3) dμ(R)1 = 8π2. To express the R�

mk concisely,
we introduce the conjugate spherical basis b0 = ez,
b± = (∓ex + iey)/

√
2. Defining δ j = ∑

n∈{−,0,+} δ j,nbn,
one then has R�

mk = δ�,1δm ⊗ δ∗
k .

By inserting an orientation basis, one finds

〈�mk|D�′′∗
m′′k′′ (R̂)|�′m′k′〉

= (−1)m−k
√

(2� + 1)(2�′ + 1)

×
(

� �′ �′′
−m m′ m′′

)(
� �′ �′′

−k k′ k′′

)
(B2)

in terms of Wigner 3-j symbols [76], where we used that
the conjugate Wigner D matrices are the angular momentum
eigenstates in orientation representation [75].

Due to the selection rules of the Wigner 3-j symbols [76]
in Eq. (B2) R� 
=1

mk = 0 implies that the angular momentum
change due to an emission event is bounded by a single quan-
tum. The same follows for the quantum numbers m, k.

The angular momentum representation of (A5) is obtained
by inserting the Wigner D-matrix expansion of the rotation
tensors, as well as angular momentum resolutions of the iden-
tity around them, and using Eq. (B2).

In the case of the linear rotor, the Wigner D
matrices reduce to the spherical harmonics, D�∗

m0(R) =√
4π/(2� + 1)Y m

� (Re3) [75]. For convenience, we provide the
explicit angular momentum representation of the body-fixed
symmetry axis operator m̂ appearing in (A6). Using recur-
sive relations of the Wigner 3-j symbols [76], its components
m̂ j = b∗

j · m̂ reduce to

m̂± =
∞∑

�=0

�∑
m=−�

1√
2(2� + 1)(2� + 3)

× [
√

(� ± m + 1)(� ± m + 2)|� + 1, m ± 1〉〈�, m|
−

√
(� ∓ m + 1)(� ∓ m + 2)|�m〉〈� + 1, m ∓ 1|],

(B3)

m̂0 =
∞∑

�=0

�∑
m=−�

[
(� + 1)2 − m2

(2� + 1)(2� + 3)

]1/2

× [|�, m〉〈� + 1, m| + |� + 1, m〉〈�, m|]. (B4)

APPENDIX C: MOTIONAL HEATING RATES
FOR SMALL PARTICLES

The heating rates (5) can be obtained, for example, by
computing the time derivative of the second moments of the
linear and angular momentum, and noting that the inertia
tensor of an ellipsoid is diagonal in the principal axes basis
with corresponding eigenvalues I1 = m(�2

2 + �2
3)/5 and cyclic

permutations. The energy gain associated with linear momen-
tum diffusion along the jth principal axis can be written as

h j
cm = ∂t

〈
P2

j

〉
2m

= h̄2

2m

∫ ∞

0
dω

ω5n(ω)

15π2c5ε0
(2Tr[α′′(ω)] − α′′

j (ω)),

(C1)
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while that for the rotation around the jth axis is given by

Eq. (5). The factors 2ml
2
/5Ii appearing in the caption of Fig. 2

compensate the dependence of the moments of inertia on the
ratio of principal diameters.

We note that for materials where α′′(ω) is strongly peaked
around thermal wavelengths, as is the case for silica, one
can obtain good results by approximating it by sum of delta
contributions, as the remaining integrand varies comparatively
slowly for all relevant temperatures.

APPENDIX D: LARGE-PARTICLE LIMIT

Let us finally discuss how the master equation (7) sim-
plifies in the case of large bodies. Specifically, we take the
particle extension and the radii of curvature of its (convex)
surface to be much greater than the characteristic wave length
and the absorption length of the radiation, and we assume the
dielectric function to be spatially homogeneous for simplicity.
For sufficiently well-oriented particles, we then find that the
resulting master equation (11) is fully characterized by the
Fresnel coefficients associated with incident radiation.

For large particles, contributions from current fluctuations
deep inside the body are damped away long before they
reach the surface, and the latter can be considered locally
flat. The volume integral in the master equation (7) may then
be approximated by a surface integral and an additional inte-
gration into the particle interior perpendicular to the surface.
At the same time, the Green tensor of the full particle may
be replaced by the one of dielectric half space [39], which
still involves a two-dimensional integration over wave-vector
components. Using the spatial limit representation of the
Lindblad operators (29) and (30), the latter can be carried out
in the stationary phase approximation. This yields the master
equation

Dρ =
∫ ∞

0
dω

∫
S2

d2n
∫

∂V
d2rs

∫ 0

−∞
ds⊥ 2ω3

πc3
n(rs + e⊥s⊥, ω)

× Im[εr (ω)]Tr

[
L̂(n, s⊥, ω; rs ) ρ L̂†(n, s⊥, ω; rs )

− 1

2
{L̂†(n, s⊥, ω; rs )L̂(n, s⊥, ω; rs ), ρ}

]
, (D1)

where the Lindblad operators can now be given explicitly:

L̂(n, s⊥, ω; rs )

= k

4π

∑
σ∈{s,p}

[
e⊥ · R̂T n �(e⊥ · R̂T n)

× e−ikn·X̂ e−ikrs·R̂T n−ik⊥
in (R̂T n;e⊥ )s⊥

k⊥
in (R̂T n; e⊥)

× tσ (R̂T n; e⊥) eex
σ (n; R̂e⊥) ⊗ ein

σ (R̂T n; e⊥)

]
. (D2)

Here, we introduce the vacuum wave number k = ω/c, sup-
pressed frequency dependencies as well as the dependence
of the local surface normal e⊥(rs) on the surface point, and
use the label m ∈ {in, ex} to distinguish optical quantities in
the interior and exterior of the body. Defining the normal

component of the wave vector by

k⊥
m (n; e⊥) = k

√
εm

r − |e⊥ × n|2, (D3)

with εin
r = εr, εex

r = 1, the local polarization vectors read

em
s (n; e⊥) = n × e⊥

|n × e⊥| , (D4)

em
p (n; e⊥) = 1√

εm
r

(
|e⊥ × n|e⊥

− k⊥
m (n; e⊥)

k

[1 − e⊥ ⊗ e⊥]n
|e⊥ × n|

)
, (D5)

where we here use the convention em∗
p · em

p = (k2|e⊥ × n|2 +
|k⊥

m (n, e⊥)|2)/k2|εm
r | 
= 1. The local Fresnel coefficients are

given by

ts(n; e⊥) = 2k⊥
in (n; e⊥)

k⊥
in (n; e⊥) + k⊥

ex(n; e⊥)
, (D6)

tp(n; e⊥) = 1√
εin

r

2εin
r k⊥

in (n; e⊥)

k⊥
in (n; e⊥) + εin

r k⊥
ex(n; e⊥)

. (D7)

The master equation (D1) simplifies if the body can
be taken well localized in a certain orientation R0, i.e.,
〈R|ρ|R′〉 
= 0 only for ||R(′) − R0|| � 1, and if the temper-
ature is approximately constant over the depth of the emitting
surface layer; this allows computing the s⊥ integral. Remark-
ably, the remaining factor

∑
σ∈{s,p}

∣∣∣∣ tσ (RT n; e⊥)

k⊥
in (RT n; e⊥)

∣∣∣∣
2

ein
σ+(RT n; e⊥) · ein∗

σ+(RT n; e⊥)

= 1 − Rs(RT n; e⊥) + 1 − Rp(RT n; e⊥)

k⊥
ex(RT n; e⊥)Re k⊥

in (RT n; e⊥)
(D8)

can be given in terms of the Fresnel intensity reflection coef-
ficients for incident radiation

Rs(n; e⊥) =
∣∣∣∣k⊥

in (n; e⊥) − k⊥
ex(n; e⊥)

k⊥
in (n; e⊥) + k⊥

ex(n; e⊥)

∣∣∣∣
2

, (D9)

Rp(n; e⊥) =
∣∣∣∣k⊥

in (n; e⊥) − εin
r k⊥

ex(n; e⊥)

k⊥
in (n; e⊥) + εin

r k⊥
ex(n; e⊥)

∣∣∣∣
2

. (D10)

Introducing the transmission coefficients Tσ = 1 − Rσ and
choosing R0 = 1 then gives Eq. (11). We remark that Eq. (10)
can also be obtained directly from (34) in an analogous
fashion.

The master equation (11) yields heating rates for motion
along and rotations around the body fixed axes R0e j , as in the
case of small particles, cf. Eqs. (C1), (5), and Fig. 2. As one
might expect, they are determined by the second moments of
the outgoing linear and angular photon momenta,

h j
cm = h̄2

2m

∫ ∞

0
dω

∫
S2

d2n
∫

∂V
d2rs �s(n, rs; ω)

ω2

c2
[e j · n]2,

(D11)

h j
rot = h̄2

2I j

∫ ∞

0
dω

∫
S2

d2n
∫

∂V
d2rs �s(n, rs; ω)

ω2

c2

× [e j · (rs × n)]2, (D12)

as characterized by the spectral photon intensity per surface
area (10).
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[65] H. Rudolph, U. Delić, M. Aspelmeyer, K. Hornberger, and
B. A. Stickler, Force-gradient sensing and entanglement via
feedback cooling of interacting nanoparticles, Phys. Rev. Lett.
129, 193602 (2022).

[66] R. Kaltenbaek et al., Research campaign: Macroscopic quan-
tum resonators (MAQRO), Quantum Sci. Technol. 8, 014006
(2023).

[67] B. Schrinski, B. A. Stickler, and K. Hornberger, Interferometric
control of nanorotor alignment, Phys. Rev. A 105, L021502
(2022).

[68] A. T. M. A. Rahman and P. F. Barker, Laser refrigeration, align-
ment and rotation of levitated Yb3+:YLF nanocrystals, Nat.
Photonics 11, 634 (2017).

[69] C. Laplane, P. Ren, R. P. Roberts, Y. Lu, and T. Volz, Inert
shell coating for enhanced laser refrigeration of nanoparticles:
Application in levitated optomechanics, ACS Photonics 11, 963
(2024).

[70] J. Van Bladel, Some remarks on Green’s dyadic for infinite
space, IRE Trans. Antennas Propag. 9, 563 (1961).

[71] M. A. Karam, Electromagnetic wave interactions with dielectric
particles. I. Integral equation reformation, Appl. Opt. 36, 5238
(1997).

043307-12

https://doi.org/10.1016/S0030-4018(00)01152-4
https://doi.org/10.1103/PhysRevA.29.1991
https://doi.org/10.1103/PhysRevB.86.115423
https://doi.org/10.1016/0030-4018(82)90402-3
https://doi.org/10.1016/0315-0860(92)90004-U
https://doi.org/10.1103/PhysRevLett.74.526
https://doi.org/10.1103/PhysRevA.95.063814
https://doi.org/10.1021/acsphotonics.9b01513
https://doi.org/10.1002/adom.202300135
https://doi.org/10.1103/PhysRevE.58.5477
https://doi.org/10.1103/PhysRevB.98.155405
https://doi.org/10.1103/PhysRevLett.130.093601
https://doi.org/10.1103/PRXQuantum.3.030327
https://doi.org/10.1103/PhysRevLett.111.180403
https://doi.org/10.1103/PhysRevLett.117.143003
https://doi.org/10.1103/PhysRevLett.119.167202
https://doi.org/10.1103/PhysRevLett.129.093605
https://doi.org/10.1103/PhysRevLett.119.240402
https://doi.org/10.1103/PhysRevLett.119.240401
https://doi.org/10.1088/2058-9565/aa9d15
https://doi.org/10.1038/s41534-020-00333-7
https://doi.org/10.1103/PhysRevLett.127.023601
https://doi.org/10.1103/PhysRevA.103.L061501
https://doi.org/10.1103/PhysRevA.101.011804
https://doi.org/10.1103/PhysRevLett.129.193602
https://doi.org/10.1088/2058-9565/aca3cd
https://doi.org/10.1103/PhysRevA.105.L021502
https://doi.org/10.1038/s41566-017-0005-3
https://doi.org/10.1021/acsphotonics.3c01065
https://doi.org/10.1109/TAP.1961.1145064
https://doi.org/10.1364/AO.36.005238


DECOHERENCE OF DIELECTRIC PARTICLES BY … PHYSICAL REVIEW RESEARCH 6, 043307 (2024)

[72] A. Yaghjian, Electric dyadic Green’s functions in the source
region, Proc. IEEE 68, 248 (1980).

[73] J. A. Stratton, Electromagnetic Theory (John Wiley & Sons,
Inc., Piscataway, NJ, 2015).

[74] H. C. van de Hulst, Light Scattering by Small Particles (Dover
Publications, New York, 1981).

[75] L. C. Biedenharn, J. D. Louck, and P. A. Carruthers, Angular
Momentum in Quantum Physics: Theory and Application (Cam-
bridge University Press, Cambridge, England, UK, 1984).

[76] A. R. Edmonds, Angular Momentum in Quantum Mechanics,
Princeton Landmarks in Physics (Princeton University Press,
Princeton, NJ, 1996), pp. 139–142.

043307-13

https://doi.org/10.1109/PROC.1980.11620


This text is made available via DuEPublico, the institutional repository of the University of
Duisburg-Essen. This version may eventually differ from another version distributed by a
commercial publisher.

DOI:
URN:

10.1103/PhysRevResearch.6.043307
urn:nbn:de:hbz:465-20250722-153054-1

This work may be used under a Creative Commons Attribution 4.0
License (CC BY 4.0).

https://duepublico2.uni-due.de/
https://duepublico2.uni-due.de/
https://doi.org/10.1103/PhysRevResearch.6.043307
https://nbn-resolving.org/urn:nbn:de:hbz:465-20250722-153054-1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

