
Received: 31 May 2024 Revised: 4 November 2024 Accepted: 5 November 2024

DOI: 10.1002/pamm.202400189

RESEARCH ARTICLE

On the finite Radon transform for the computational
homogenization of conductivity

Lukas Jabs1 Matti Schneider1,2

1Institute of Engineering Mathematics,
University of Duisburg-Essen, Essen,
Germany
2Department of Flow and Material
Simulation, Fraunhofer Institute for
Industrial Mathematics ITWM,
Kaiserslautern, Germany

Correspondence
Matti Schneider, Institute of Engineering
Mathematics, University of
Duisburg-Essen, Essen, Germany.
Email: matti.schneider@uni-due.de

Funding information
European Research Council,
Grant/Award Number: 101040238;
Deutsche Forschungsgemeinschaft,
Grant/Award Number: 516929769

Abstract
This paper investigates the computational homogenization of thermal conduc-
tivity problems using a finite Radon transform as proposed by Derraz and
coworkers, implemented using the Fourier slice theorem to allow utilization of
the fast Fourier transform-based frameworks and methods. For the finite Radon
transform both the original approach and the consistent approach proposed
by Jabs and Schneider are used. The two discretizations are compared to the
Moulinec–Suquet discretization using numerical examples. In doing so the con-
vergence of the consistent approach is shown and the discussion of the original
Radon approach is extended.

1 INTRODUCTION

In the field of computational homogenization it is a common occurrence that a material containing only isotropic con-
stituents has anisotropic effective properties, showing the strong influence of the geometry of the microstructure on the
effective properties. Accurately predicting and even optimize the behavior of suchmaterials offers a variety of possibilities
in the product design. Therefore methods to compute the effective material properties mitigating time consuming and
expensive testing are of immediate interest.
To avoid the challenge of creating interface-conforming meshes, the approach of Moulinec–Suquet [1, 2] operates on

regular rectangular grids and solves periodic homogenization problems using the computationally highly efficient imple-
mentation [3] of the discrete Fourier transform, the fast Fourier transform (FFT). Since the original article a number of
novel insights, improvements and extensions have been presented. We refer to the recent review articles [4–6] for an in-
depth overview. These findings have proven to be of particular interest in material science to investigate mechanical and
thermal conductivity problems.
Using a finite Radon transform instead of the discrete Fourier transform, Derraz et al. [7] proposed a novel approach

to thermal homogenization problems. Recently, Jabs and Schneider [8] extended this approach to the homogenization of
elasticity problems. A key discovery of thework [8] is the lack of convergence for the original Radon based approach under
grid refinement. As a remedy, the consistent finite Radon transformwas introduced,which overcomes the aforementioned
issues and leads to convergence under grid refinement.
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The article at hand studies thermal homogenization problems. We shed light on whether the techniques developed
for elasticity also continue to apply to for thermal conductivity. In Section 2, we give a short summary of the thermal
conductivity problem which we address in this paper. In Section 3 we continue this study and give insights into the FFT-
based and the Radon based discretizations to solve the thermal conductivity problem. In particular we present the two
previously mentioned Radon approaches. The article culminates in Section 4 where we present numerical investigations
for Radon based discretizations and compare them to theMoulinec–Suquet discretization. These computational examples
reveal that there are significant differences between the two Radon discretizations, but intriguingly we also found cases
during our study for which they delivered identical results.

2 PERIODIC HOMOGENIZATION IN THERMAL CONDUCTIVITY

2.1 Basic equations

We are interested in the effective thermal conductivity tensor 𝜿eff of a microstructured material given on a periodic rect-
angular cell 𝑌 = [0, 𝐿1] × [0, 𝐿2] × ⋯ × [0, 𝐿𝑑], where 𝑑 stands for the spatial dimension and 𝐿𝑖 , 𝑖 = 1, … , 𝑑, refer to the
edge lengths of the periodic cell. We suppose that the local conductivity tensor

𝜿 ∶ 𝑌 → 𝐿(Sym(𝑑)) (1)

is given on the cell 𝑌. Here, 𝐿(𝐴) denotes the set of linear mappings on the vector space A and Sym(𝑑) refers to the
(vector) space of symmetric 𝑑 × 𝑑 tensors. With the constitutive data (1) at hand, the underlying equations for the thermal
conductivity problem [9] read

𝒒(𝒙) = 𝜿(𝒙)[𝜻 (𝒙)], div(𝒒(𝒙)) = 0 and 𝜻 (𝒙) = 𝜻 − ∇𝜃(𝒙), (2)

where∇𝜃 denotes the gradient of the temperature fluctuation,𝒒 refers to the heat flux, 𝜻 = ⟨𝜻 ⟩𝑌 stands for themacroscopic
temperature gradient and ⟨⋅⟩𝑌 =

1|𝑌| ∫𝑌
⋅ 𝑑𝑥 is a short-hand notation for the volume average of a field variable over the cell

𝑌. The constitutive law 𝒒(𝒙) = 𝜿(𝒙)[𝜻 (𝒙)] is known as Fourier’s law. The effective heat flux arises as the volume average
of the local heat flux 𝒒(𝒙) and is given by

𝒒eff
(

𝜻
)

= ⟨𝜿[𝜻 ]⟩𝑌 . (3)

Due to the linearity of the Equations (2), the effective constitutive law is of Fourier type with the effective conductivity
tensor defined via 𝜿eff

[
𝜻
]

= ⟨𝜿 [𝜻 ]⟩𝑌 .

2.2 Lippmann–Schwinger reformulation

Introducing a homogeneous reference conductivity 𝜿0 = 𝜅0Id, the problem given in Equation (2) may be equivalently
reformulated in terms of the Lippmann–Schwinger equation [10–12]

𝜻 = 𝜻 − 𝚪0
[𝝉], with the heat-flux polarization 𝝉 =

(
𝜿 − 𝜿0

)
[𝜻 ] (4)

and the Eshelby–Green operator 𝚪0 =
1

𝜅0
∇ (div∇)

† div , where (⋅)
† refers to the Moore–Penrose pseudoinverse. The sug-

gestive fixed-point form of Equation (4) gives rise to an iterative scheme, which is also known as the basic scheme [1,
2]

𝜻
𝑘+1

= 𝜻 − 𝚪0[𝝉𝑘
]

with 𝝉𝑘 =
(
𝜿 − 𝜿0

)
[𝜻

𝑘
]. (5)
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3 REFORMULATIONS AND DISCRETIZATIONS

3.1 The classical Fourier approach

Fourier series allow us to express a square-integrable function 𝑓 ∈ 𝐿2(𝑌) in terms of an expansion of the form

𝑓(𝒙) =
∑

𝝃∈ℤ𝑑

𝑓(𝝃 ) exp
(
𝑖 𝒙 ⋅ 𝝃

)
, 𝝃 𝑘 =

2𝜋

𝐿𝑘
𝝃𝑘, 𝑘 = 1, 2, … , 𝑑, (6)

where the Fourier coefficients 𝑓(𝝃 ) are given by weighted volume averages in the following manner

𝑓(𝝃 ) =
1|𝑌| ∫𝑌

𝑓(𝒙) exp
(
−𝑖 𝒙 ⋅ 𝝃

)
𝑑𝑥, 𝝃 ∈ ℤ𝑑. (7)

Using the differentiation properties of the Fourier series allows us to express the action of the Eshelby–Green operator
appearing in the Lippmann–Schwinger equation (Equation 4) in the form(

𝚪0[𝝉]
)

(𝒙) =
∑

𝝃∈ℤ𝑑

𝚪̂
0
(𝝃 )

[
𝝉̂(𝝃 )

]
exp

(
𝑖 𝒙 ⋅ 𝝃

)
(8)

with explicit representation of the Fourier coefficients 𝚪̂
0 [

𝝉̂(𝝃 )
]
given by

𝚪0(𝝃 ) =
1

𝜅0𝝃 ⋅ 𝝃
𝝃 ⊗ 𝝃 , 𝝃 ≠ 𝟎 and 𝚪0(𝟎) = 𝟎. (9)

For details on the convergence behavior, the error estimates and various solving schemes for the iterative scheme of
the Lippmann–Schwinger equation (Equation 5), we refer to the review articles [4–6]. These works also offer guidance on
various discretization schemes, in particular the Moulinec–Suquet discretization [1, 2]. For the latter the Fourier series is
truncated to trigonometric polynomials. The Moulinec–Suquet discretization is based on trigonometric polynomials and
an associated trigonometric interpolation rule, see the articles [1, 2] for details.

3.2 The alternative Radon approach

An alternative representation of a square integrable function 𝑓 ∈ 𝐿2(𝑌) is given by the Radon series [13]. More precisely,
such a function may be expressed in the form

𝑓(𝒙) = ⟨𝑓⟩𝑌 +
∑

𝝃∈𝑑

(
𝑓𝝃

(
𝒙 ⋅ 𝝃

)
− ⟨𝑓⟩𝑌

)
. (10)

There are different ways to represent the term 𝑓𝝃
(
𝒙 ⋅ 𝝃

)
, see Jabs and Schneider [8]. One of them is given by

𝑓𝝃 (𝑠) =
∑
𝑘∈ℤ

𝑓(𝑘 𝝃 ) exp(𝑖𝑘𝑠), 𝑠 ∈ [0, 2𝜋]. (11)

In Equation (10) the vectors 𝝃 ∈ ℤ𝑑 refer to generators of cyclic groups 𝑘𝝃 ⊆ ℤ𝑑. To specify the set of generators 𝑑, two
conditions are sufficient:

1. The greatest common divisor of all components of the generator is 1.
2. The first non-zero component is positive.
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The first condition assures that the cyclic groups do not intersect outside of the zero frequency. The second condition
avoids ambiguity in the definition, since the vectors −𝝃 and 𝝃 create the same cyclic group and fulfill the first condition
[8]. The form presented in Equation (11) offers a close link of the Radon series to the Fourier series, in the sense that
it allows us to represent the Radon transform of a d-dimensional function as a sum of one dimensional Fourier series.
Interestingly, the Radon series (Equation 10) is entirely based on real-valued functions – in contrast to the Fourier series
which critically relies on complex numbers.
In the discrete case, the representation of the function 𝑓 on the discrete cell 𝑌𝑁 ≡ ℤ𝑑

𝑁 ≡ (ℤ∕(𝑁ℤ))𝑑 is presented as

𝑓(𝑰) = 𝑓0 +
∑

𝝃∈𝑑
𝑁

(
𝑓(𝑰 ⋅ 𝝃 ) − 𝑓0

)
with 𝑰 ∈ 𝑌𝑁, (12)

where 𝑓0 refers to the average of the function 𝑓 over the cell 𝑌𝑁 [8]. The set of generators 𝑑
𝑁 , as well as the cyclic groups

𝐶(𝝃 ) =
{

𝑘𝝃 mod 𝑁 || 𝑘 ∈ ℤ
}

(13)

are finite. As for the continuous case the set of generators has to contain all generators necessary to create a family of cyclic
groups, which do not intersect except for the zero vector but create a covering of the discrete cell 𝑌𝑁 . This requirement
does not lead to a unique set of generators, but requires the grid lattice to have an equal prime number of grid points in
each spatial direction. The classical set of generators, for three dimensional problems, fulfilling these requirements [14] is
given as follows

𝑑
𝑁 = {(1, 0, 0)} ∪

{
(𝑎, 1, 0) || 𝑎 ∈ ℤ𝑁

}
∪
{

(𝑎, 𝑏, 1) || 𝑎, 𝑏 ∈ ℤ𝑁

}
. (14)

If this set of generators is used for the Radon transform, we refer to the corresponding discretization as the finite Radon
discretization (FRD).
For mechanical problems, this choice of generators was shown to lead to certain disadvantages w.r.t. the frequencies

utilized in the calculation of the Gamma operator (Equation 9) [8]. For example, this selection of generators results in a
representation of the homogenization problem that does not converge to the continuous solution under grid refinement.
There are also certain frequencies which are neglected regardless of the resolution.
A proposed remedy [8] for this problem is to select the elements of the set of generators as

𝝃𝐶 = argmin
{‖𝝃‖∞

|| 𝝃 ∈ ℤ𝑑∖{𝟎} and 𝝃 > −𝝃 , s.t. 𝝃 ∈ 𝐶 mod 𝑁
}

, (15)

where 𝐶 denotes a cyclic group w.r.t. the modular arithmetic, as seen in Equation (13). The condition 𝝃 > −𝝃 stands for a
lexicographic ordering, assuring that the first non-zero component is positive. If such a set of generators is used, we refer
to the corresponding discretization as the consistent Radon discretization (CRD).
Both choices of generators lead to a discrete Lippmann–Schwinger equation for thermal conductivity in the form of

𝜻 (𝑰) = 𝜻 −
∑

𝝃∈𝑑
𝑁

(
𝜻 𝝃

(
𝑰 ⋅ 𝝃

)
− 𝜻

)

= 𝜻 −
∑

𝝃∈𝑑
𝑁

( ∑
𝑘∈ℤ𝑁

[
𝚪̂

0
(𝝃 )𝝉̂(𝑘𝝃 ) exp

(
𝑘𝝃 ⋅ 𝑰

)]
− 𝜻

)
,

(16)

where the 0-homogeneity of the Eshelby–Green operator is used, i.e., 𝚪0 (𝑘𝝃
)

= 𝚪0 (𝝃) holds for all 𝑘 ∈ ℤ∖ {0}.
It is advisable to use the Fourier slice theorem (Equation 11) to compute the iterative scheme associated to the
Lippmann–Schwinger Equation (16) via the discrete Fourier transform [8], s.t. fast and existing implementations can be
used.
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TABLE 1 Material parameters for the simulations.

Isotropic 𝜅 = 1
𝑊

𝑚⋅𝐾

Isotropic conductive 𝜅 = 100
𝑊

𝑚⋅𝐾

Orthotropic 𝜅1 = 1
𝑊

𝑚⋅𝐾
𝜅2 = 10

𝑊

𝑚⋅𝐾
𝜅3 = 100

𝑊

𝑚⋅𝐾

F IGURE 1 Microstructure of a tilted laminate with normal orientation 𝒏 = (1, 3, 4)
𝖳 and a resolution of 2563 voxels.

4 NUMERICAL INVESTIGATIONS

4.1 Setup

The computations for this paper were run on a system with an Intel R© Core™ i7-1360P and 32GB of RAM. The code for
the homogenization was implemented in Python using Cython extensions. The parallelization was implemented using
OpenMP. The linear system was solved with the conjugate gradient method [15–17]. The convergence was assessed, up to
a tolerance of 10−5, according to the criterion [6, eq. 3.41]. The material parameters for the subsequent simulations are
given in Table 1.

4.2 Tilted laminates

The exact representation of certain tilted laminates is an outstanding feature of the Radon discretizations [7, 8]. We want
to check whether this property also holds true for the CRD (15) in the case of thermal conductivity problems and if we
can reproduce and extend on some of the findings of Derraz et al. [7]. Furthermore, the known analytical solution for the
laminate makes it a predestined microstructure to start the investigations into the behavior of discretizations. In Figure 1,
the microstructure of interest for the following calculations is shown. More precisely, we present a voxelized volume cell
for a laminate structure with a normal orientation of 𝒏 = (1, 3, 4)

𝖳. The microstructure is comprised of two phases, a
highly conductive isotropic phase and another isotropic phase, whose conductivity was normalized to unity. Table 1 lists
the material parameters for the constituent phases.
If the local heat flux fields are examined for a prescribed temperature gradient of 𝜻 = 1𝒆𝑦 , results similar to those of the

elastic laminatedmaterials [8] are found. The local heat flux field of theMoulinec–Suquet discretization (Figure 2A) shows
close resemblance to the analytical solution, which is constant in each phase. However, there are strong ringing artifacts
in the lamination direction at the phase boundary. For the local heat flux field of the FRD discretization (Figure 2B), on
the other hand, the local field represents the analytical solution exactly. More precisely, there are no artifacts or other
disturbances and individual phases show the expected constant heat flux fields. In the case of the CRD, the heat flux field
(Figure 2C) is identical to the one of the FRD, that is, it also represents the analytical solution exactly.
Looking at the relative error between the analytical solution for the effective conductivity and the computationally

determined effective conductivity, it is no surprise that the exact representation of the local fields also leads to an
exact representation of the effective values as can be seen in Figure 3. Here the FRD and the CRD both have an exact
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F IGURE 2 Local heat flux for a prescribed temperature gradient of 𝜻 = 1
𝑊

𝑚
𝒆𝑦 and different discretizations in the direction 𝒆𝑥 .

F IGURE 3 Relative error for the discretizations compared to the analytical solution for increasing resolutions.

representation of the analytical solution up to the required precision determined by the solver. For the Moulinec–Suquet
discretization, the convergence under grid refinement is visible, so that for voxel counts close to 2503, the relative error
has decreased to approximately 1%.
To investigate the influence of an increasing material contrast 𝜇 ∈ ℝ≥1, the conductivity of the first phase is fixed to

𝜿1 = 1
𝑊

𝑚⋅𝐾
𝐈𝐝, while scaling the conductivity of the second phase 𝜿2 = 𝜇

𝑊

𝑚⋅𝐾
𝐈𝐝. The findings presented in Figure 4 show

an increasing error for the Moulinec–Suquet discretization for the increasing material contrast, while the FRD and the
CRD possess exact solutions up to the computational precision.

4.3 A Spherical inclusion

Jabs and Schneider [8] showed that the FRD discretization does not converge under grid refinement for the elasticity
problem. Derraz et al. [7], on the other hand, report that the solution for the effective conductivity using the FRD is in
close enough proximity to the Moulinec–Suquet discretization to assume convergence. To analyze the behavior of the
FRD more closely, we compare the results of the FRD with those of the CRD and the Moulinec–Suquet discretization
for a single spherical inclusion. The Moulinec–Suquet discretization is chosen as a reference as its convergence behav-
ior is proven [18–20]. Each cell contains one spherical inclusion with a diameter of 9∕10 of the edge length, resulting in
a inclusion volume fraction of approximately 38.17%, see Figure 5. We furnish the surrounding matrix material with the
isotropic material, whereas the orthotropic material is assigned to the spherical inclusions, see Tab. 1. With this setup at
hand, we investigate the behavior of the discretizations under grid refinement. In Figure 6, the 22- and the 33- component
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F IGURE 4 Influence of the material contrast on the precision of the discretizations.

F IGURE 5 Microstructure of the spherical inclusion, with 2513 voxels.

F IGURE 6 Components of the effective conductivity tensor under grid refinement.
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F IGURE 7 Local heat flux for a prescribed temperature gradient of 𝜻 = 1
𝑊

𝑚
𝒆𝑦 and different discretizations in the direction 𝒆𝑥 .

of the effective conductivity tensor 𝜿eff are shown. Two things should be highlighted. For a start the effective conductiv-
ities calculated utilizing the FRD are, as Derraz et al. [7] already have shown, very close to the solution presented by the
Moulinec–Suquet discretization. For 𝜅eff33 , the effective conductivity resulting from the Moulinec–Suquet discretization
is in fact more closely aligned with the result determined by employing the FRD than it is with the result determined
using the CRD. However, for 𝜅eff22 , the effective conductivity identified using the FRD does not converge to the value result-
ing from the Moulinec–Suquet discretization. In contrast, the effective conductivity brought about by the CRD in both
cases slowly converges to the value identified using the Moulinec–Suquet discretization, which is in accordance with the
findings of Jabs and Schneider [8].
These findings are emphasized by Figure 7A–C. In this figure, the heat flux in 𝑥-direction is shown for all three consid-

ered discretizations. As in the case for the elasticity problem [8], theMoulinec–Suquet discretization gives rise to a smooth
solution field apart from the ringing artifacts. The CRD shows strong artifacts, whichmay be interpreted as “noise”, while
still showing the same features as the Moulinec–Suquet discretization. Meanwhile, the solution field of the FRD differs
drastically: The sphere is no longer recognizable and the symmetry of the microstructure is not represented.

5 CONCLUSION

We aimed at extending the understanding of the finite Radon transform in the context of computational homogenization
problems, with a focus on thermal conductivity. Therefore, the thermal conductivity problem was reintroduced and an
outline of the FFT-based homogenization for thermal conductivity problems was presented, where the work of Derraz
et al. [7] and Jabs and Schneider [8] represent closely related contributions. Subsequently, we briefly discussed the two
Radon-based discretization schemes, where the CRDwas motivated as a possible remedy to the shortcomings of the FRD.
Finally, numerical investigations were given and discussed. In particular, the aforementioned shortcomings of the FRD
were of interest. First a laminate microstructure was investigated and we were able to show that the CRD does represent
them exactly. A fact that was already known for the FRD [7]. Secondly a spherical inclusion was investigated, and we
showed that the shortcomings found previously for elasticity are also present for thermal conductivity problems. However,
their extent appears to be less significant than in the elastic case. Nevertheless the deviation is systematic and based on
the fact that certain frequencies are neglected when using the FRD.
The presented findings allow us to conclude that, in general, the FRD is in fact also not convergent under grid refine-

ment for the case of thermal conductivity and that the CRD fixes the shortcomings of the FRD, as it converges under
grid refinement.
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