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Abstract

This dissertation analyzes a nonlinear hyperbolic PDE-constrained optimization problem.
Motivated by applications in Full Waveform Inversion, our central goal is to reconstruct
the wave speed parameter entering the acoustic wave equation in the coefficient of the
second-order time derivative of the acoustic pressure. Starting with the first- and second-
order analysis, we prove the well-definedness of the problem and establish corresponding
necessary and sufficient optimality conditions. These findings lay the foundation for inves-
tigating the application of the Sequential Quadratic Programming method. Here, a broad
extension of the parabolic techniques is required due to the hyperbolicity and the bilinear
character of the underlying partial differential equation. Based on a two-step estima-
tion process, we show the well-posedness and R-superlinear convergence of the algorithm.
Furthermore, the present thesis includes the numerical analysis of a fully discrete approxi-
mation of the optimization problem, consisting of a Finite Element discretization in space
and a leapfrog time-stepping. Building upon a stability analysis, we prove a convergence
result regarding first-order necessary optimality conditions. Moreover, we demonstrate
that for every local minimizer of the original problem that satisfies a reasonable growth
condition, there is a sequence of locally optimal solutions to the discrete problems that
converges to this minimizer. The document concludes with numerical experiments based
on synthetic configurations with nonsmooth data, which illustrate the performance and
effectiveness of the presented approach.

Zusammenfassung

Diese Dissertation analysiert ein nichtlineares hyperbolisches Optimalsteuerungsproblem.
Motiviert durch Anwendungen in der Full Waveform Inversion ist das Ziel, die Wellen-
geschwindigkeit zu rekonstruieren, welche als Koeffizient der zweiten Zeitableitung des
Schalldrucks in die akustische Wellengleichung eingeht. Zunéachst beweisen wir die Wohl-
definiertheit des Problems, sowie zugehorige notwendige und hinreichende Optimalitéts-
bedingungen. Diese bilden die Grundlage fiir die Untersuchung des Verfahrens der
Sequentiellen Quadratischen Programmierung. Aufgrund der Hyperbolizitdt und des
bilinearen Charakters der zugrundeliegenden Differentialgleichung erfordert die Analyse
eine umfangreiche Erweiterung des parabolischen Falls. Basierend auf einem zweistufigen
Abschétzungsverfahren wird die Wohlgestelltheit und R-superlineare Konvergenz des Al-
gorithmus gezeigt. Im Anschluss daran befasst sich die Arbeit mit der numerischen Ana-
lyse einer vollstédndig diskreten Approximation fiir das Optimalsteuerungsproblem, die aus
einer Finite-Elemente-Diskretisierung im Raum und einem Leapfrog-Zeitschrittverfahren
besteht. Basierend auf geeigneten Stabilitédtsresultaten beweisen wir zunéchst ein Konver-
genzresultat beziiglich notwendiger Optimalitdtsbedingungen erster Ordnung. Dartiber
hinaus zeigen wir, dass gegen jede lokal optimale Losung des Ursprungsproblems, die
eine geeignete Wachstumsbedingung erfiillt, eine Folge lokal optimaler Loésungen der
diskreten Probleme konvergiert. Schliefflich demonstrieren numerische Experimente, die
auf synthetischen Konfigurationen mit nichtglatten Daten basieren, die Effektivitat des
vorgestellten Ansatzes.
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INTRODUCTION

To myself, I am only a child playing
on the beach, while vast oceans of
truth lie undiscovered before me.

Isaac Newton

Primarily, due to its inaccessibility, the Earth’s subterranean nature is largely unex-
plored. In general, observations can only be made indirectly and from a far distance. Nat-
ural scientists use measurements of permanent movements and vibrations of our planet
to estimate the subsurface structure. This is the basic concept for seismic tomography,
whose development stems from a long history of exploration that probably began with
observations made by J. Michell in 1760. Michell’s pioneering work identified earthquakes
with waves traveling through the Earth’s crust, a concept later underpinned by the de-
velopment of the elasticity theory by scientists like A. L. Cauchy and S. D. Poisson. This
theoretical framework still forms the basis of modern seismological applications [35].

Traditional seismic tomography models, developed since the mid-20th century, have
relied heavily on simplifications such as ray theory, which assumes seismic waves travel
along predetermined paths. These methods, constrained by the limited computational
resources of their time, often only utilized basic data like travel times and phase velocities,
leading to significant limitations in resolution and accuracy. However, the landscape of
seismic exploration has dramatically changed with advances in computational power and
mathematical modeling. These developments have allowed for the implementation of
more sophisticated techniques that can incorporate the full complexity of seismic waves.
Among these, Full Waveform Inversion (FWT) has emerged as one of the leading methods
due to its ability to utilize the entire waveform content of seismic data, facilitating high-
resolution imaging critical for geological exploration and industrial applications [74].

Applied mathematics serves as a bridge between theoretical concepts and applications in
various scientific disciplines, including geophysics. From a mathematical point of view, the
inversion of the wave propagation can be formulated as a minimization problem governed
by an appropriate wave equation. The investigation of such a model is the central focus
of this thesis.

In the present dissertation, our goal is to reconstruct the wave speed parameter entering
the acoustic wave equation by minimizing the misfit between synthetic and observed
seismic data. Understanding the wave speed within an observed domain allows us to
reconstruct the domain’s overall structure since waves travel at different speeds through
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different materials. To set the stage for our discussion, we consider the following damped
acoustic wave equation:

vO2p-Ap+nop=f inIxQ

Onp =0 on I xI'y

{p=0 on I xT'p (1.1)
p(0,-) = po in

oww(0,-) =p1 in Q.

In this context, 2 c RN (N = 2,3) is a bounded spatial domain, and I = [0,7] c R is a finite
time interval. Here, the computational domain {2 can represent a segment or a slice of a
segment of the full physical domain, for instance, the Earth. The boundary of €2 consists
of the Neumann boundary part I'y c 02, capable of modeling the Earth’s free surface
constraining the domain 2, and the (artificial) Dirichlet boundary part I'p = 0Q \ I'y.
Furthermore, the scalar function p: I x{2 - R denotes the acoustic pressure with the initial
value pp: Q2 - R (resp. p1:Q2 = R for the first order time derivative d;p). The parameter
v:€) - R denotes square slowness, i.e., v = ¢? with ¢:Q2 - R being the acoustic wave
speed in the potentially heterogeneous domain 2. The coefficient 7:2 - R is a given
damping term employed to absorb and prevent undesired reflections of the wave on the
artificial boundary part I'p. Given a source term f:1 x 2 - R, we aim to minimize the
sum of the misfit functionals:

| 1o . A
inf 7 (v.p) =5 [ [ ailp-p)? dwdt+ 5wl
=1

s.t. (1.1) and v_(z) <v(z) <vy(x) for a.e. x €.

(1.2)

Here, v_:Q2 - R (resp. v,:Q — R) denotes the lower (resp. upper) bound for v. Fur-
thermore, for each i = 1,...,m, the function p?>: I x Q - R describes given observed wave
information that is induced by the signal source f and recorded at receivers modeled
through the weight functions a;: I x 2 - R. The receivers a; may be characteristic func-
tions of a small region around some receiving points z, € 2. The source term f usually
has a small support in space near the Neumann boundary of the domain, representing
an external force applied to the domain. More details and examples are included in the
remainder of this work. Under a suitable choice of the regularization parameter A, the
first component v of a solution (v,p) to (1.2) approximates the underlying true square
slowness corresponding to the induced true wave information p.

We note that the minimization problem (1.2) falls into the class of hyperbolic optimal
control problems or hyperbolic PDE-constrained optimization problems. In this field,
various similar problems to (1.2) have been studied in the literature. We refer to related
publications in the following chapters. The main difficulties in the investigation of (1.2) lie
in (i) the hyperbolicity of the underlying PDE system (1.1) and (ii) the bilinear character
vO?p consisting of the product of the square slowness and the second-order time derivative
of the acoustic pressure. Both, (i) and (ii), lead to various challenges throughout the whole
(numerical) analysis of (1.2).
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Figure 1.1: Systematic outline

1.1 OQOutline

In this thesis, the investigation of (1.2) follows the outline in Figure 1.1. More precisely,
it is divided into the following chapters:

o In Chapter 2, we provide preparations that pave the way for our later analysis. In
the first part, we discuss the derivation of our model formulation (1.2). We deduce
the acoustic wave equation (1.1) as a special case of the elastic wave equation that
is obtained from classical physics principles. Furthermore, Dirichlet and Neumann
boundary conditions are introduced from an applied perspective, justifying their
incorporation into our PDE model for real-world seismic applications. Finally, the
minimization problem (1.2) is obtained as a capable strategy for reconstructing
the true wave speed from observed wave information. The chapter’s second part
introduces required functional analytical foundations. First, we discuss Lebesgue
and Sobolev spaces with and without (partially) vanishing trace conditions. Then,
we define the Bochner function spaces which are crucial for the weak solution theory
for time-dependent problems such as parabolic and hyperbolic PDEs. At the end
of the chapter, we introduce semigroups as a useful concept for solving evolution
equations, and in particular, time-dependent PDEs.

« Chapter 3 is devoted to the first- and second-order analysis of (1.2). We develop
a novel technique accounting for an auxiliary first-order system. In contrast to the
original state equation, the underlying control parameter appears in the auxiliary
system not only as the coefficient of the time derivative but also as the initial data
under the image of the solution operator for a specific elliptic problem. On this
basis, we construct an adjoint state explicitly using the corresponding dual semi-
group. This approach leads to necessary optimality conditions with a low adjoint
regularity such that no Sobolev smoothing effect occurs in the optimal solution.
The final part of the chapter is devoted to the second-order analysis of the optimal
control approach. We provide sufficient second-order optimality conditions leading
to strict local optimality and a quadratic growth condition. Here, the application of
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Stampacchia’s method to the hyperbolic case is essential to handle the nonlinearity
vd?p. Note that this chapter is largely based on the author’s publication [5].

 In Chapter 4, the Sequential Quadratic Programming (SQP) method is considered.
This famous algorithm has been successfully applied to various nonlinear optimiza-
tion problems in the literature. However, in the application to our model problem
(1.2), the aforementioned involved hyperbolic character and second-order bilinear
structure lead to undesired effects of regularity loss in the SQP iteration. There-
fore, the investigation of the SQP method requires a substantial extension of the
developed parabolic techniques. We propose and analyze a novel strategy for the
well-posedness and convergence analysis using a smooth-in-time initial condition, a
tailored self-mapping operator, and a two-step estimation process along with Stam-
pacchia’s method for hyperbolic equations. The chapter’s final theoretical result is
the SQP method’s R-superlinear convergence. Note that the content of this chapter
is published in the author’s preprint [6].

 In Chapter 5, we explore a fully discrete approximation technique for (1.2). Based on
the auxiliary first-order system from Chapter 3, the approximation for (1.1) consists
of a Finite Element discretization in space and a leapfrog (Yee) time-stepping. For
a fully discrete optimal control problem in finite dimension (P},), we show its well-
definedness and establish corresponding first-order necessary optimality conditions.
Building upon a stability analysis of the fully discrete scheme, we demonstrate
that the interpolations of solutions to the first-order optimality condition for (Pj)
converge up to a subsequence towards a solution satisfying a first-order optimality
condition for (1.2). Finally, given a locally optimal solution to (1.2) that satisfies a
reasonable growth condition, we verify that there exists a sequence of locally optimal
solutions to (P,) that converges to the locally optimal solution to (1.2). Note that
the content of this chapter is published in the author’s preprint [7]

o In the final chapter, that is Chapter 6, we discuss the computational implementation
of the SQP method from Chapter 4. First, we discuss solving the linear quadratic
SQP subproblems using a projected gradient method. Second, using the fully dis-
crete approximation technique from Chapter 5, we present numerical experiments
based on synthetic configurations with nonsmooth data. Our algorithm success-
fully reconstructs the true wave speed parameter from a deterministic noise model.
Consequently, the numerical results validate the effectiveness of our methodology,
particularly for FWI applications.



BACKGROUND

2.1 Derivation of the Model Formulation

In this section, we discuss a formal derivation of the essential PDE-constrained opti-
mization problem considered in this dissertation. In the following, we predicate that all
quantities are supposed to be sufficiently smooth. We do not delve into detailed discus-
sions of each physical quantity. Instead, our focus is on their relationships, which are
crucial for inferring the desired equations. For a more in-depth view, we refer to the
literature (cf. [21,27,28,35,48]). Notably, we follow the derivation in Dérfler et al. [29].

Elastic and Acoustic Wave Equation

A central goal in continuum mechanics is to have a better understanding of the relationship
between stress and deformation. Here, the elastic wave equation provides a realistic
model to express how mechanical waves, particularly longitudinal and transverse waves,
propagate through solid media when internal stresses and external forces are present.
We consider an isotropic material, meaning that physical properties behave uniformly in
all directions. For instance, those include mechanical properties, thermal conductivity,
and electrical conductivity. Furthermore, let the material be linearly elastic, meaning it
responds linearly and reversibly to applied stress. This is valid for most solid materials if
the applied stress is in a certain corresponding elastic range.

Let ©Q c R3 be a given spatial domain and let I = [0,7'] c R be a finite time interval.
We consider an elastic body inside €2 that underlies some stress. Its deformation is then
described by the displacement field u: I x 0 - R3. Further, we define the velocity field
v = Qyu, the strain tensor e(u) = 1((Vu)” + Vu), and analogously the strain rate e(v).
We begin our derivation, noting that the considered materials follow Hooke’s Law, which
describes the linear-elastic behavior between stress and strain. In three dimensions, the
generalized version can mathematically be expressed in the constitutive relation

o=Ce(u), (2.1)

where o:1 x Q0 - R33 denotes the stress tensor and C:Q — L(R>3 R33) denotes the
elasticity tensor, also known as Hooke’s tensor. On the other hand, Newton’s Second
Law of Motion states that the time rate of change of the momentum equals the applied
force that acts on the medium. Given the mass density p:Q2 - (0, 00), the momentum is
given by pv, the internal stress is given by V-0, and the external force is given by some
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vector-valued function f:7 x ) - R3. Then, the principle above leads to
p@tv =V-o+ f (22)

Along with the time derivation and changing of the order of derivatives in (2.1), we obtain
the following velocity-stress formulation of the elastic wave equation:

{p@tv—v-a=f in I x 2.3)

00 —Ce(v)=0 in I xS

This fundamental equation plays an important role across a spectrum of disciplines within
physics and engineering. Since it gives a realistic model for wave propagation phenomena
in elastic materials, it also lays a crucial groundwork for methodologies in seismology,
solid mechanics, and material science. Notably, its acoustic approximation is commonly
embraced for its pragmatic simplicity and favorable analytical properties. We take this
as a motivation to discuss its derivation.

To begin with, we take a closer look at the elasticity tensor C. In isotropic media, it
can be expressed with only two independent parameters, the Lamé parameters, u, and .
Here, 11 denotes the shear modulus, and A is given by A =k — % i for the bulk modulus k.
Then, it holds that

Ce(u) =2ue(uw) + Mr(e(w)) Iy = 2ue(u) + Ndivuly, (2.4)

where tr denotes the trace and I, is the identity matrix. If we now consider the medium
to be a fluid, i.e., a liquid or a gas, the shear modulus p is essentially zero, such that the
constitutive relation (2.1) along with (2.4) leads to

o =rdivuly. (2.5)

By introducing the pressure p := %tr(a), we obtain the exact function that we want to
use to describe the acoustic wave propagation in a single scalar-valued equation. Using
the above representation (2.5) of the stress tensor o, it holds that

p = kdivuw.

Accordingly, the first-order time derivative of p is given by O0;p = kdivv and the gradient
is computed by
Vp=V- (pId) =V- (mdivu[d) =V-o.

Along with the first line of the elastic wave equation (2.3), we obtain the first-order
formulation of the acoustic wave equation, that is

{p@tv -Vp=f inIxQ (2.6)

Op—kdivo=0 in I xQ.

After time derivation of the second equation in (2.6) and changing the order of derivatives,
we obtain that
O%p = kdiv o = div(p (Vp + F)).
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For simplicity, we assume that the change in density is much smaller than the change in
pressure and the external force to obtain the acoustic wave equation in its second-order
formulation:

O2p—-cAp=c*div f, (2.7)

where ¢ = \/% is the wave speed and A = div(V-) is the Laplace operator. Even though,
we considered a vanishing shear modulus 7, which is only strictly valid in fluid media, the
acoustic wave equation is widely used to describe wave propagation phenomena beyond
that restriction. For instance, as an approximation of the elastic wave equation, it is a
favorable choice for many propagation models of seismic waves inside the Earth [35].

Boundary Conditions and Sponge Layer

In many wave models, the computational domain is usually restricted to a bounded region
of the true physical domain. The boundary may be given by some free surface, such as
the Earth’s surface, but it may also consist of other (artificial) boundary parts.

We denote the boundary of the spatial domain €2 by 0€2 and begin considering a subset
I'y c 09). A suitable choice for modeling free surfaces is given by the Neumann boundary
condition. It is typically applied to the derivative of the corresponding field variable
concerning the normal direction of the boundary. This represents the flux of the field
variable across the boundary. Considering the absence of mass or energy transfer through
the surface, the condition becomes homogenous. In the case of the acoustic wave equation,
this is reflected in the orthogonality of the gradient of pressure Vp to the normal vector
n, i.e.,

Opp=Vp-n=0 ony. (2.8)

When the computational domain is not fully surrounded by a free surface, from a mathe-
matical point of view, it is favorable to consider the Dirichlet boundary condition on the
remaining boundary part I'p = 92\ I'y, that is

p=0 on'p. (2.9)

Unfortunately, this condition is artificial and physically unnatural. Its treatment is chal-
lenging since an inadequate approach typically causes unfavorable wave reflections in the
modeling. Several strategies exist to deal with this issue. Besides absorbing boundary con-
ditions, such as Perfectly Matched Layers (PMLs), Convolutional PMLs, and Stretched
Coordinate PMLs, another widely employed approach incorporates an additional absorb-
ing boundary layer, a so-called sponge layer. We choose the latter technique because of
its relatively straightforward implementation. In the following, we briefly discuss how it
can effectively be designed, such that (2.9) does not cause wave reflections, polluting the
solution in the modeling. For better illustration, we consider a two-dimensional rectangu-
lar domain, where the upper edge is a free surface and the Neumann boundary condition
(2.8) applied. The rest of the boundary is some artificial restriction of the true physical
domain. Here, we consider the Dirichlet boundary condition (2.9). Then, in a narrow
area w around that boundary part, we define some scalar-valued damping term 7 that
increases in the direction towards the boundary (see Figure 2.1). A precise example of
a suitable implementation can be found in Chapter 6 (or in Miinch [64]). The damping
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Figure 2.1: Illustration of the damping term 7

term is then added to the acoustic wave equation (2.7) as the coefficient for a first-order
time derivative, i.e.,

02p - A Ap+nctoyp = A div f. (2.10)

Along with the Dirichlet and Neumann boundary conditions from above and some arbi-
trary initial value functions pg,p1:€2 - R, we arrive at the following hyperbolic second-
order PDE with mixed boundary condition:

vO2p-Ap+ndp=f inlxQ

Onp =0 on I xI'y

p=0 onIxTp (2.11)
p(0,-) = po in Q

9p(0,-) = p1 in €,

where v = ¢2 denotes the square slowness and f :=div f.

PDE-Constrained Optimization Problem

With knowledge of the true physical parameters, such as v and f, the solution p to (2.11)
gives realistic information of the true acoustic pressure inside the domain 2. However,
in many real-world applications, such as seismic tomography, we are interested in the
following inverse problem: Given true pressure information, for instance, through mea-
surements, we aim to identify the unknown true square slowness v. In this scenario,
the PDE-model of the acoustic wave equation (2.11) alone is insufficient for the deter-
mination of the unknown variable v. Therefore, we need a more sophisticated model.
For ¢ = 1,...,m and some m € N, we denote with a; some observation patches model-
ing receivers. These receivers are usually placed at various positions in order to catch
sufficient deflections and reflections of the wave caused by material discontinuities inside
the domain. A possible configuration of the receiver positions is presented in Figure 2.2.
Furthermore, suppose that p?® are (typically noisy) wave information corresponding to
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Figure 2.2: Possible configuration for the receiver positions. The grey rectangle represents
a material with a smaller wave speed.

the true wave speed v, in the domain Q. Our goal is to compute a suitable pair (v, p)
such that (2.11) is valid and such that the misfit between the synthetic data p and the
observation data p¢® is minimized at the receivers a;. Incorporating a regularization term
with a (small) regularization parameter A\ > 0 and some lower (resp. upper) bound v,
(resp. v_) for v, we obtain the following minimization problem:

. 12 o A
inf J(v,p) 3:52[1[2ai(p_pib)2d$dt+§|V”%2(Q)
-1

s.t. (2.11) and v_(z) <v(z) <v,(x) for a.e. x €.

(2.12)

This PDE-constrained optimization problem serves as our strategy for reconstructing the
true wave speed parameter vy and is the main subject of the present thesis.

2.2 Underlying Function Spaces and Evolution Equations

In this section, we introduce the underlying function spaces that are essential for this
thesis. Furthermore, we discuss some fundamental basics of semigroups and evolution
equations. We underline that the following introduction does not claim completeness but
rather repeats some selected concepts and definitions for the convenience of the reader.
For a more extensive overview, we refer to the literature (cf. [13,26,32,34,36,66]). In the
following, let N € N be fixed and let 2 ¢ RV be an open set.

Lebesgue Spaces

For some p € [1, ), we denote the space of all equivalence classes of Lebesgue measurable
and Lebesgue p-power integrable R-valued functions by

LP(Q) = {f|fQ -R measurable,/ﬂ|f|pd:c < oo}.

Here, two functions belong to the same equivalence class if they only differ on a set with
Lebesgue measure 0. Note that we simply write f instead of [f] where the distinction
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between an equivalence class and a representant results from the respective context. Fur-
thermore, for conciseness, the variable of integration x is usually omitted in our notation.
The space of all equivalence classes of essentially bounded functions is denoted by

L=(Q) = {f|fQ — R measurable, ess sup|f(z)| < oo},
e

where ess sup denotes the essential supremum. Endowed with the norm

1 £ ey = (fg|f|pda;) if pe[1,00) Ve Ir(Q).

ess sup|f(z)] ifp=oo
€2

the space LP(Q2) is a Banach space. For p =2, the space L2(€2), endowed with the scalar
product

(F: Do = [ fode Vf.ge (),

is a Hilbert space. We indicate functions and function spaces that are RN-valued with
bold letters. In this way, we define L2(Q2) := L2(Q)" which is, endowed with the scalar
product

(F:9)ie) = [ frgde Vf.ge LX),
also a Hilbert space. Lastly, the space of locally Lebesgue integrable functions is defined
by
L (Q):= {f:Q — R measurable | f |f|<oo YU cQ open with U c Q}
U

Sobolev Spaces

The famous Sobolev spaces provide a fundamental framework for studying the smoothness
of functions, particularly those involved in the solutions of PDEs. Let C§°(€2) (resp.
C°(§2)) denote the set containing all infinitely differentiable R-valued (resp. R¥-valued)
functions with compact support in 2. Now, given a multi-index « and a function f ¢
L} (), another function g € L{ () is called a-weak derivative of f if and only if

loc
fS)fD“gédx:(—l)'a"/Qggbdx Vo e C(9).

In this case, we write D®f = g. In the special case where o = ¢; for a unit vector e; € RV,
we write D;f = D¢ f for the i-th partial weak derivative. For p € [1,00] and k € N, we
define the Sobolev space

WEP(Q) = {f e LP(Q) | D* f € LP(Q) V|a| < k},

where the derivative D is understood in the above weak sense. The corresponding norm
is defined by

(z ||D“f||’2p(m) if p e [1,00)

|| <k

HfHka(Q) = Vfe Wk’p(9)7

max HDaf”LOO(Q) if p =00

le|<k

10



2.2 Underlying Function Spaces and Evolution Equations

which makes W#»()) a Banach space. In the case p =2, we set H¢(Q) = W*2(Q) and in
the particular case k =1, we endow H'()) with the scalar product

(fag)Hl(Q) = (f?g)LQ(Q) + (Vf, Vg)LQ(Q) vf7g € Hl(Q)v

which makes H'(Q2) a Hilbert space!. Here, V = (Dy,..., Dy) denotes the weak gradient
operator. For a given f € L?(Q), we call g € L2(€)) the weak divergence of f, if and only
if

fo-wpdx:—nga;dx Vo e 5o ().

In that case, we write div f := g. The corresponding Hilbert space
H(div,Q) = {f e L*(Q)]| div f € L*(Q)}
is endowed with the scalar product

(fag)H(div,Q) = (.fag)L2(Q) + (dlvadIVg)L2(Q) vag € H(le, Q)

and the induced norm || - | g(aiv,)- Lastly, we define the Banach space
D(A)={f e H'(Q)|Vf e H(div,Q)},

that is endowed with the norm | - | peay = (| - ||? +]A-3 "2 where A: D(A) —

H(Q) 2(9))
L2(Q), A= div V.

(Partially) Vanishing Boundary Conditions

In view of the discussion on boundary conditions from the previous Section 2.1, we define
related function spaces, incorporating the Dirichlet and Neumann boundary conditions.
The topological closure of C5°(€2) with respect to the H!(2)-norm is denoted by H}(£2),
ie.,
H(Q) = Cr @) "
and the topological closure of C°(€2) with respect to the H (div,{2)-norm is denoted by
Hy(div,Q), i.e.,
Ho(div, ) = Cgr() ",

If we additionally consider €2 to be a bounded Lipschitz domain, trace operators become
available. In that case, H}(§2) coincides with the set of all H!(€2)-functions with vanishing

trace, that is
Hy(Q) ={fe H(Q)|7f =0},

where 7: H1(Q) - L?(0f2) denotes the trace operator. Analogously, Hy(div,2) coincides
with the set of all H (div,Q)-functions with vanishing normal trace, that is
Hy(div, Q) = {f € H(div, Q) |.f = 0}
={f e H(div,Q) [ (div f, ) 12(00) = —(f, VP) 1200y Vo € H'(Q)}

! Analoguesly, higher order spaces, H*(Q2) for k € N, are Hilbert spaces when endowed with suitable
scalar products.

11



2 - Background

where 7,: H(div,Q) - H-1/2(0) denotes the normal trace operator and H-1/2(99Q) is
the dual space of the image of 7 (cf. [62]). On the one hand, these spaces serve as a
generalizing concept, since the trace operator 7 generalizes boundary values via 7f = f|aq
for every f e H'(Q2)nC(Q), and the normal trace operator 7, generalizes orthogonality
conditions on the boundary via v, f = floq - 1 for every f € C1(Q). On the other hand,
they give rise to an intuitive way of incorporating partially vanishing boundary conditions
into suitable function spaces. For some subset I'p c 0€2, let us define

HLH(Q) = C’B"(Q)”.HHI(Q) where C () = {v|q : v e C*(RY), dist(supp(v),T'p) > 0}
(2.13)
and

Hy(div,Q) = {f e H(div,Q) [ (div f,$)12¢0) = —(f, V) 120y VP € HL(Q)}.  (2.14)
Lastly, we define
D(AD,N) = {Qb € Hé(Q) | ng € HN(dIV, Q)}
Abtract Functions

In this subsection, we elaborate on functions having values in a Banach space, so-called
abstract functions (or vector-valued functions). In the following, let X be a Banach space
and I c R be a finite time interval. An abstract function f:I - X is called a step function
if there exists {a;}7, ¢ X for some m € N and Lebesgue measurable pairwise disjunct
subsets M; c [ for 1 =1,...,m such that

I= |J M; and f(t)ziaiXMi(t) Viel.

i=1,....m i=1

Our goal is to define an integrability concept for abstract functions. For a step function,
as above, the Bochner integral is given by

Jiae=3 g

Furthermore, an abstract function f:I - X is called

(i) Bochner measurable if there exists a sequence {f;}:>, of step functions fy:/ - X,
such that

I!im I fx(®) = f()|x forae. tel,

(ii) Bochner integrable if there exists a sequence {fi}z2, of step functions fi:l — X,
such that

lin | £u(t) = f(£)|x forac. tel and %imf”fk(t)—f(t)Hth:O.
—00 —oo JJ

In that case, we write

Jrwar=m [nma.

12



2.2 Underlying Function Spaces and Evolution Equations

Instead of finding a suitable sequence of step functions for proving the Bochner integra-
bility, there exists another useful equivalent criterion: A Bochner measurable abstract
function f:I — X is Bochner integrable if and only if

JALGIRTEES

Furthermore, in that case, it holds that

| [1roae| < [iroixa.

For some p € [1, 00], we define the following Bochner spaces:

20 = {11 = Xl = ( [ 1708w <oo) itpenoo)

L=(1,X) = {21 X | flo=q10) = es5 supl F(B)]x <01

Ll

loc

(I,X):= {f:[—>X|f e L'((a,b),X) for all (a,b) c (0,T) such that [a,b] c (O,T)}.

As in the definition of the Lebesgue and Sobolev spaces, the Bochner spaces are also
sets of equivalence classes of abstract functions where two abstract functions belong to
the same equivalence class if they differ on a set of Lebesgue measure 0. Nevertheless,
again, we write f instead of [ f] where the distinction between an equivalence class and a
representant results from the context. The notions of continuity and (strong and weak)
differentiability can be introduced for abstract functions as well: We call f:I - X con-
tinuous in t € [ if

lim | £(h) - £(8)]x = 0.
and we call f continuous if it is continuous in every ¢ € I. We call f (strongly) differentiable

in t € [ if the limit
f(t+ h) f@) .

O f(t) =

exists, and we call f differentiable if it is dlfferentlable in every t € I. Then, we define the
Banach spaces

C(I,X)=C%I,X)={f:1- X|fis continuous}
C*(I,X)={f:1 - X|0.f is differentiable for every
1=0,...,k-1and 0ff is continuous} VkeN

with the corresponding norms

k
[flew oy = Y max |0 f ()] x ¥ feCH(I,X), keNu{0}.
=0

Furthermore, let

C(1,X) = L) CH(I, X).
k=1

13



2 - Background

For [ € N, we call an abstract function f € L{ (I, X) [-times weakly differentiable with
I-th weak derivative 0. f = g if

[rwaiswa= 1) [gmemar voecr).

In the vector-valued case, the Sobolev spaces are generalized as follows: For every p ¢

[1,00] and k € N, we define
WEP(I,X) = {f e LP(I,X)|8f € LP(I, X) for every [ = 1,... k)

where 0! is understood in the above weak sense. Endowed with the norm

k :
(10t ) i1,
=0

| fllweeax) = VfeWhrr(l,X)

.....

the space W#»(I, X) is a Banach space. If X = H is a Hilbert space, the Bochner space
H¥(I,H)=WP"2(I,H) is also a Hilbert space when endowed with the scalar product

k
(f7g)Hk(I,H) = ZZ —/I(aéf(t),aig(t))H dt Vf,ge Hk(fa H).
-0

Evolution Equations and Semigroups

Considering a real Banach space X and a time interval I = [0,7] c R, we aim to find a
solution u: I — X to the evolution equation given by the abstract Cauchy problem

{atu(t) —Au(t)=F(t) Vtel

w(0) = e (2.15)

for a linear operator A: D(A) c X — X, an abstract function F:1 - X, and some ug € X.
In the case where X =R, Az = az for some a € R and for all x € R, and F' € C(1), the
solution is given by

t
wl—R, te uge” + f e F(s)ds.
0

This motivates the concept of semigroups as a generalization of the exponential function
in the context of abstract functions.

Definition 2.1. Let X be a real Banach space and let {T(t)}s0 ¢ L(X) be a familiy
of linear and bounded operators. Then, {T(t)}wso is called a semigroup if T(0) = I,
and T(t +s) = T(t)T(s) for all t,s > 0. Furthermore, the semigroup is called strongly
continuous if limy o T(t)x = x for all x € X. The strongly continuous semigroup is called
a contraction semigroup if |[T(t)|rx) <1 for everyt > 0.

Definition 2.2. Let X be a real Banach space and let {T(t)}50 ¢ L(X) be a semigroup.
Then, the linear operator A: D(A) — X, where

Ar = lim T(t)r -z T(t)r -z

tNO t\O

Vrxe D(A) = {:1: € X :lim e:m'sts}

is called the (infinitesimal) generator of {T(t)}s0 ¢ L(X).

14



2.2 Underlying Function Spaces and Evolution Equations

The concept of semigroups is particularly tailored for solving the abstract Cauchy prob-
lem (2.15) for suitable operators A, more precisely, for those that generate an appropriate
semigroup. Suppose that the strongly continuous semigroup {T(#)}io ¢ L(X) and its
corresponding generator A is given. Then, the following properties hold (cf. [32, Chapter
II, Lemma 1.3]):

(i) T(t)z € D(A) for every x € D(A) and t > 0,
(ii) 0y T(t)x =T(t)Ax = AT(t)x for every x € D(A) and t > 0.

From the property (ii) along with T(0) = I;, we obtain that u:1 - X,t — T(t)ug solves
the Cauchy problem (2.15) for F' = 0 and uy € D(A). In the presence of a source term
F e WbHi(1,X), the (classical) solution is given by

Wl X, o T(H)uo + [thr(t ~$)F(s)ds (2.16)

(cf. [32, Corollary 7.6]). Typically, when considering a problem of the type (2.15), only
the operator A is known. Therefore, it is of primary interest whether A is a generator
of some unknown semigroup {T(¢)}o. The famous Lumer-Phillips theorem provides a
satisfactory answer (cf. [66, Chapter 1, Theorem 4.3]):

Theorem 2.3 (Lumer—Phillips). Let X be a real Banach space, D(A) c X be dense, and
A:D(A) - X be a linear operator. Furthermore, let A be dissipative, i.e.,

VeeD(A) Jrte{ar* e X :a*(x)=|z|% = |=*|%.} : 2*(Ax) <0

and let R(AN — A) = X for some X > 0. Then, A is the infinitesimal generator of a
contraction semigroup.

Suppose that an operator A satisfies the assumptions of Theorem 2.3, F' € Whi([, X)
and ug € D(A). Then, the formula (2.16) provides a solution to the corresponding Cauchy
problem (2.15) where {T(¢) }+»0 is the contraction semigroup generated by A. However, the
solution is only implicitly given by (2.16) since typically no explicit representation of the
semigroup is {T(¢) }+»o0 is available. Nevertheless, Theorem 2.3 provides the existence of a
solution, and from the formula (2.16), useful properties of the solution can be extracted.
Note that, in the case where X = H is a Hilbert space, a linear operator A: D(A) c H - H
is dissipative if (Az,z)y <0 for all x € D(A). We refer to the remainder of this thesis for
an application.
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ANALYSIS OF THE OPTIMAL
CONTROL PROBLEM

This chapter is devoted to the first- and second-order analysis of (1.2). We develop a
novel strategy for (1.2) based on the use of an auxiliary first-order hyperbolic system (3.9),
which is shown to be well-posed and serves as the mild notion for the state equation (1.1)
(see Theorem 3.5). However, compared with the original system (1.1), (3.9) features a
more involved control-to-state structure: The parameter v appears in (3.9) not only as the
coefficient of the time-derivative but also as initial data under the image of the solution op-
erator ®: L= (Q) - Hy(div,Q) for a specific elliptic variational problem (see (3.4)-(3.6)).
Taking this distinctive control-to-state character into account, we develop necessary opti-
mality conditions for the weak form of (1.2) based on adjoint techniques (see Lemma 3.10
and Theorem 3.12). It is possible to perform a direct analysis of the optimal control based
on the original second-order formulation (1.1). This ansatz, however, calls for a higher
regularity assumption on the initial values and the right-hand side of (1.1). First, to guar-
antee the existence of a unique solution p e C%(I,L2(Q)) n C'(I, H,(2)) to (1.1), we re-
quire the higher regularity condition: p; € H},(§2),po € D(Ap n), and f e Wh1(1, L2()).
Furthermore, the regularity property 3%, [; [ ai(p - p?®) e WHI(I, L2(Q2)) with P being
the optimal state is also required for the well-posedness of the corresponding second-order
adjoint equation. These regularity assumptions are not needed for the derivation of nec-
essary optimality conditions based on the proposed first-order auxiliary system (3.9). Our
first-order analysis relies solely on a lower regularity requirement (see Assumption 3.1).
Moreover, as a further advantage, our approach leads to the low adjoint state regularity
G e C(1,L2(2)) such that no higher Sobolev regularity can be extracted for the optimal
solution 7 from the corresponding projection formula (Remark 3.13). Nevertheless, assum-
ing the above-mentioned higher regularity conditions, we also follow first-order necessary
optimality conditions based on the second-order formulation (1.2) as a direct consequence
of the one based on the auxiliary first-order formulation (see Corollary 3.14).

The final goal of this chapter is to establish second-order sufficient optimality conditions
for (1.2). Our second-order analysis is performed based on the Lagrangian functional
(3.101) involving the non-reduced objective functional and the first-order auxiliary system
(3.9). By the control-to-state structure in (3.9), the Lagrangian (3.101) contains the term
(vOp, @) 12(1,12(2)), 1-€-, the product of three quantities related to the control, the adjoint
state, and the time-derivative of the state. The treatment of this term turns out to
be rather challenging. In the author’s paper [5], this issue is tackled by restricting the
second-order analysis to the case where the reconstruction is considered only in an open
set strictly contained in the hold-all domain 2. More precisely, the existence of an open
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3 - Analysis of the Optimal Control Problem

set w c € such that @ c Q and v_(x) = v,(z) for a.e. x € QN w is assumed. In this case,
the reconstruction process is reduced to the subregion w. Further, the application of an
elliptic inner regularity result provides a crucial Lipschitz C?(I,C(@))-regularity result
(see [5, Lemma 4.3]). However, in this chapter, we present an extension of the results in [5].
It turns out that the inner regularity ansatz can be improved by applying Stampacchia’s
method to the hyperbolic case. In this way, global essential boundedness can be obtained
for the corresponding state. Furthermore, in the two- and three-dimensional case, under
some additional regularity and compatibility assumption on the data (Assumption 3.18),
we establish a Lipschitz C?(1, L*(Q2))-regularity result (Lemma 3.19). With Lemma 3.19
at hand, we manage to extend the contradiction argument from [18] (cf. [19,20]) to our
case and derive a second-order sufficient optimality condition (SSC) in the form of the
positivity of the second-order derivative of the quadratic Lagrangian functional involving
the strongly active set (Theorem 3.22). The corresponding SSC yields a quadratic growth
condition and local optimality in an L?-neighborhood. We follow the SSC result based
on the original second-order formulation (1.2) as a direct consequence from Theorem 3.22
(see Corollary 3.25).

Let us provide a brief overview of existing contributions related to this chapter. Optimal
control approaches for time-domain FWI have been recently discussed and explored in
Boehm and Ulbrich [11] and Clason et al. [24]. Our approach is based on the first-order
auxiliary system (3.9) and is quite different from the aforementioned contributions. In
particular, we solely apply the L?-penalty for the Tikhonov regularization in (1.2), which
is based on the proposed first-order approach readily sufficient for establishing existence
theory (Theorem 3.7) and optimality conditions (Theorem 3.12). We refer to Kirsch and
Rieder [52-54] for the mathematical analysis of inverse problems related to time-domain
FWI. Moreover, level set-based and shape optimization approaches for time-domain FWI
have been quite recently proposed and analyzed in Albuquerque et al. [1]. Last but
not least, we mention [46, 61,68, 80, 83] for previous contributions towards FWI in the
frequency domain based on Helmholtz and eddy current equation.

The rest of the chapter is organized as follows. We start with presenting our notation
and the mathematical assumptions for the data involved in (1.2), including the weak
formulation for (1.1). In Section 3.1, we propose and analyze the first-order auxiliary
system (3.9), leading to an existence result for (1.2). Based on the developed results
for (3.9), we derive our main results regarding the first-order necessary and second-order
sufficient optimality conditions for (1.2), respectively, in Section 3.3 and Section 3.5.

Most content of this chapter is available in the author’s [5]. Consequently, direct quo-
tations from this work will not be explicitly highlighted.

Assumption 3.1. Let Q c RN (N >2) be a bounded domain with a Lipschitz boundary
00 =Tpul'y withTn ¢ 0O satisfying |T'y| # 0 and T'p c O beeing closed. Let py € H} (),
p1 € L2(Q2), p? e L2(1,L*()) for alli =1,...,m, and f € L*(I,L*(?)) be given data
for some m € N. The coefficients a; € L*(I x Q) and n € L*(Q) are also given data
and assumed to be nonnegative for all i = 1,...,m. Furthermore, let Vyax, Vmin > 0 and
v_, vy € L*=(Q) satisfy vmin < V- () < v4(x) < Unax for a.e. x €.

Associated with (1.2), we introduce the admissible set

Vaa = {v e L*(Q) :v_(z) <v(z) <vi(x) for ae. v €Q}. (3.1)
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For later use, we also introduce a larger and open set
Vi={veL®(Q): vy <v(z) for a.e. x€Q} 2>V (3.2)

Definition 3.2. Let Assumption 3.1 be satisfied and let v €V be given. Then, a function
p e CYI,L*(Q)) n C(I,H}H(Q)) is called a mild solution to (1.1) if the mapping t
(vOup(t), @) 12(q) is for every ¢ € HE () absolutely continuous in I and

o [ vow®)gda+ [ Tp(t)- Vo +nap()e dr = [ [(1)6 do

Voe H,(Q) and a.e. tel (3.3)
p(0)=py a.e. in§)
op(0)=p1 a.e. in .

3.1 Auxiliary First-Order System

In this section, we propose and analyze an auxiliary first-order system serving as an
equivalent formulation of (1.1). The proposed first-order system is the key fundament for
our optimal control approach, in particular for the derivation of the adjoint system. Let
us begin by considering the following elliptic variational problem: Given v € L*(€2), find
y € H: () such that

fQ Vy-Vodr = fﬂ(npo +vp)pdr Voe Hp(Q). (3.4)

Thanks to the Lax-Milgram lemma, the variational problem (3.4) admits for every v €
L>(2) a unique solution y € H}(£2). Furthermore, as C5°(Q) ¢ H}(2), the definition of
the weak divergence applied to (3.4) implies that the solution satisfies

div(Vy) = -npo - vpr = fQVy-de: —fﬂdiV(Vde:c Ve Hp(2)  (35)

(3.4)

=  Vye Hy(div,Q).
——
(2.14)

For this reason, the solution operator associated with (3.4)
®:L>(Q) > Hy(div,Q), ve Vy (3.6)
is well-defined, affine linear, and continuous. In particular, ¢ fulfils the properties

{ 12(V) |2 < cpllnpo + vpi|r2) Vv e L&(82) (3.7)

[@(v1) = ©(v2) | z2(0) < cplpr(vr —v2)|r2) Yo, ve € L7(2)

for a Poincaré constant cp > 0. Here, (3.7) is immediately obtained by inserting ¢ = y in
(3.4) along with the generalized Poincaré inequality [72, Lemma 2.5]. Now, introducing
the antiderivative

FeW (I, L2(Q)), F(t) = /Otf(s)ds Viel, (3.8)
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we propose for a given v € V) the following first-order system

vojp+divu+np=F in Ix)

ou+Vp=0 inIxQ
p=0 on I xTp (3.9)
u-n=0 on I xI'y

(p,u)(0) = (po, ®(v)) in Q.

We underline that the parameter v appears in (3.9) not only as the coefficient for the
time-derivative 0;p but also as the initial value for w given by the image of v under the
operator ®. The upcoming theorem proves the well-posedness of the auxiliary system
(3.9) and its equivalence to the second-order system (1.1). The proof is based on the
semigroup theory (cf. [30,84] recent works on nonlinear optimal control problems based
on the semigroup theory). In the following, for each v € V| we introduce the Hilbert space

X, = Ly(Q2) x L*(Q),
endowed with the weighted scalar product

((Q7v)7 (1/}7 z))XV = ((Lw)LE(Q) + (Ua z)LQ(Q) = (Vq7w)L2(Q) + (’U, Z)LQ(Q) V(vi)v (wu Z) €X,

(3.10)
and the induced norm
(@), = /TP ey + 1012y ¥(@.0) € Xo. (3.11)
Note that, since v € V, the norm in (3.11) is equivalent to the norm
[(@,0) [ z2()xz20) = (12l 72y + [0172(0)) .
since by virtue of (3.2) it holds for all v € V that
min {1, \/Vanin} [ (¢, 0) [ L2)x22(2) < [ (0, 0) | x, (3.12)
< max {11/l oo | 10:0)lzzcoynron
Introducing the unbounded linear operator A, : D(A,) c X, > X,,, defined by
D(A,) = HH(Q) x Hy(div,Q), A,(p,u) =-(v"'np+vtdivu, Vp), (3.13)

the first-order system (3.9) can be equivalently formulated as the following Cauchy prob-

lem:
{&(p, w)(t) - A (p,u)(t) = (W' F(),0) Vtel
(p,w)(0) = (po, 2(v)).

Lemma 3.3. Let Assumption 3.1 hold. Then, for every v €V, the operator A, : D(A,) c
X, - X, defined in (3.13), generates a contraction semigroup {T,(t)}io-

(3.14)
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Proof. At first, we show that A, : D(A,) c X, - X,, is dissipative. Indeed, according to
(3.13) and (3.10), it holds that

(Au(p,U)7(p7U))xy=—fnp2+divup dx—pr'u de = —fnp2 dz <0
Q Q Q

——
(2.14)

for all (p,u) € D(A,). Since X, is a Hilbert space, this proves the dissipativity of A,.
Now let (¢,v) € X,. The Lax-Milgram lemma yields the existence of a unique solution
pe HL(Q) to

L(V+n)p¢+Vp-V¢ d:cz[Qv-V¢+uqq§ dr Vee Hh(Q). (3.15)

Letting u :=v — Vp, it follows from (3.15) that

fﬂ((u+n)p—yq)¢dx:fﬂ(v—Vp)~V<b da::/Qu-quda: Voe HL(Q).  (3.16)

Considering (3.16), the definition of the weak divergence implies that
divu =vqg - (v +n)p. (3.17)

By the definition (2.14), applying (3.17) to (3.16) ensures that w € Hn(div,2). Alto-
gether, in view of (3.17) and (3.13), we conclude that

V(q,’U)EXV 3(p,U)€D(A,/) : ([_Al/)(p7u): (Q>v) = R(I_AV):XV'

Along with the dissipativity of A, : D(A,) c X, = X, due to the Lumer-Phillips theorem

(see Theorem 2.3 or [32, Corollary 3.17]), A, generates a contraction semigroup {T(t) }+so.
[

Lemma 3.4. Let Assumption 3.1 hold and let v € V, (p,u)oo € L?(2) x L*(Q), and
G e LY(1,L%(Q)). Further, let {T,(t)}0 denote the contraction semigroup generated by
A,. Then, the mild solution (p,u) € C(I,L?(Q2) x L?(2)) to the Cauchy problem

0.0, w)(1) ~ Au(p,w)(1) = (G(1),0) Viel
{<p, w)(0) = (p, W (318)
defined by )
(p,uw)(t) =T, (t)(p,u)oo + fo T,(t-s)(G(s),0)ds Vtel (3.19)
satisfies
I(p,w) (B z2)z2() < (P, w)oolz2@xz2) + |Gl r2)) Viel (3.20)

with ¢ = Tpmel - f additionally G € WEL(I, L2(Q)) with k € N, (p,w)oo € H() x

Hy(div,Q), and

(p,w)os=Au(p,w)os-1 + (8£_1G(0), 0)e HH(Q) x Hy(div,Q) Vi=1,...,k-1,
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3 - Analysis of the Optimal Control Problem
then (p,u) € C*(1,L?(Q2) x L*(2)) n C*1(I1, H}:(2) x Hy(div,Q)) solves (3.18) in the
classical sense and satisfies

104 (p, w) () | r2yxr2(0) < (| (P w)ou| 2yxr2 ) + 101G L1(1.22(0))) (3.21)
Viel VIe{0,... k},

where (p,u)o = Ay (p, w)o k-1 + 0 (G(0),0).
Proof. Let (p,u) € C(I,L*(Q2) x L?(2)) denote the mild solution to (3.18) in the sense

of (3.19). Since {T,(t)}s0 is a contraction semigroup, along with the norm equivalence
(3.12), the estimate (3.20) is directly obtained from (3.19). Now, let additionally G €
WHkI(I, L2(§2)) for some k € N and (p,u)o; € HH(Q2) x Hy(div,Q) for all 1 =0,..., k- 1.
We show inductively that (p,uw) € C*(I, L?(Q2) x L?(Q2)) with
t
04 (p,w)(t) = T, (¢)(p, w)oy + f T,(t-5)(0}G(s),0)ds VI=0,... . ktel.  (3.22)
0

The case k = 0 follows from the definition (3.19). Let the claim hold for some fixed
1€{0,...,k—1}. Then, it follows that

o u)(1) =0 (T (D whos + [ Tl - 5)(@G (5,0 s)
= AT w)os + T(@G(0).0)+ [ T(t-5)(@HG(s),0)ds
= T, () (A (pr o + (B4G(0),0)) + [ T(t - )(0G(5), 0) ds
=T whor + [ Tt~ )01 G(s),0) s

particularly leading to 9/ (p,u) € C (I, L*(Q)x L?(Q2)). This finalizes the induction proof.
From (3.22), we obtain for every [ € {0,...,k—1}, t € I, and h > 0 such that ¢ + h € I that

0;(p,w)(t +h) - 0,(p, ) (1)

h
B iy pwyos s 1 [ T - )(@0(5), 0) s

+wft1ry £— $)(01G(5),0) ds
T, (h) I,

A2 G, u) (1) + 5 [ UL+ - $)(B1G(s), 0) ds,

Since the left-hand side and the second term on the right-hand side converges as h — 0,
due the definition of the generator A,, it follows for every [ € {0,...,k—1} and ¢ € I that
Ol(p,u)(t) € D(4,) and

0 (p,w)(t) = A, (9i(p,w) (1)) + (0,G(2),0).

Thus, (p,u) € C*1(I,HL(Q) x Hy(div,Q)) and (3.18) is satisfied. Note that (3.21)
follows from (3.22) along with the contraction semigroup property of {T,(t)}»0 and the
norm equivalence (3.12). O
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3.1 Auxiliary First-Order System

Theorem 3.5. Let Assumption 3.1 hold. Then, for every v €V, the first-order system
(3.9) admits a unique solution (p,w) € C*(I,L?(2) x L*(Q))nC (I, H}(Q) x Hy(div,))
given by

(p,uw)(t) =T, (t)(po, P(v)) + fot T,(t-s)(v'F(s),0)ds Vtel, (3.23)

where {T,(t) }is0 denotes the contraction semigroup generated by A,. The first component
peCYI,L2(Q))nC(I, H,(R)) of (3.23) is exactly the unique mild solution to the forward
system (1.1) in the sense of Definition 3.2.

Proof. Let v € V be fixed. Since v'F ¢ WHI(I,L2(R2)) and (po, ®(v)) € HL(Q) x
H y(div,2), Lemma 3.4 implies that (3.14) admits a unique solution (p,w) € C*(1, L?(§2)x
L*(Q))nC(I,H,(Q) x Hy(div,?)) given by the formula of variation of constants (3.19)
with G = v~1F. It remains to prove that p e C1(I, L%(Q)) n C(I, H,(£2)) is the unique
mild solution to the forward system (1.1) in the sense of Definition 3.2. First, in view of
(3.8), applying [32, Lemma 1.3] to (3.19) yields

B,(p,w)(1) = T, (1) A, (po, B()) + f (t-s) (v f(s),0)ds Vel (3.24)
Then, making use of [9], it follows from (3.24) that 0;(p, u) satisfies

0 (0(p,u) (1), (&, w)) x, = (Oe(p, w) (1), Ay (¢, w))x, = (' £(1),0), (¢, w))x,
V(p,w)e D(AX) =D(A,)) and a.e. tel (3.25)

9y (p,u)(0) = Ay (po, 2(v)),

and the mapping ¢ — (0:(p,u), (¢, w)) is absolutely continuous for every (¢, w) € D(A,).
Here, the adjoint operator Ay : D(A,) c X, - X, is given by

AX(p,w) = (~vIng+ vt divw, Vo) V(¢,w)e D(A,). (3.26)

Applying (3.26) and (3.10) to (3.25), we obtain by inserting w = 0 that

o [ vowoda+ [ op(tyne - au(t)-vo da= [ f(H)oda
N 8tfuatp(t ¢dx+pr(t Vo + n0p(t)é da = /f(t)gb dr  (3.27)

(39

for all ¢ € H,(2) and a.e. ¢ € I. Further, the initial condition in (3.25) and the definition
(3.13) yield

0p(0) = —v"'npy = v 1 div(®(v)) = ~v 'npo+ v NPy + p1 = pi. (3.28)
(35)

By (3.14), (3.27), and (3.28), we conclude that p € C1(I, L*(Q)) nC(I, H,(9)) is a mild
solution to the forward system (1.1) in the sense of Definition 3.2. Now, for the proof of

23



3 - Analysis of the Optimal Control Problem

uniqueness, we assume that p e C1(1, L2(2)) n C (I, H,(€)) is another mild solution to
(1.1). Then, the difference p = p - p satisfies

0= [ vap(Op)de+ [ VA1) Va(t) + nap()p(t) do (3.29)

for a.e. t eI and p(0) = 9;p(0) = 0 a.e. in Q. Consequently, integrating (3.29) over the
time interval [0,¢] for an arbitrarily fixed ¢ € I yields

0= f W) de+ [ [ 9p(s)-T(s) + n0p(s)p(s) d ds
. . 1 .
= SO gy + [ 1) gy s + 50 e
1
= 5@“\/;15@)”%2(9) <0,

and so, together with p(0) =0 and v(x) > vy, > 0 a.e. in € it follows that p(¢) =0. O

Corollary 3.6. Let Assumption 3.1 be satisfied. Furthermore, let f € WH(I,L2(Q)),
p1 € HL(Q), and po € D(Ap ). Then, for every v €V, the first component p of (3.23)
satisfies p e C?(1, L2(Q2)) nCY(I,H,, () nC(I,D(Ap,n)) and is the unique solution to
the second-order wave equation

vOoup—Ap+nop=f in I xS
Onp=0 on I xT'y

p=0 onIxI'p
(P, 0ip)(0) = (po,p1)  in K.

Proof. Due to Theorem 3.5, p is the first component of the unique solution (p,u) €
C?*(I,L2(Q) x L2(Q))nCH(I, HH(Q) x Hy(div,Q)) to (3.9). According to the second line
n (3.9), it holds that

(3.30)

Vp=—8tu€C([,HN(diV,Q)) = pEC(I,D(AN’D)).
Furthermore, by time derivation of the first line in (3.9), we obtain that
vorp - div(dyu) +ndp = O, F  in I x Q.

Making use of the second line in (3.9) and the definition of F' (see (3.8)), we obtain the
first line in (3.30). The last line in (3.30) follows since p is the unique mild solution to (1.1)
in the sense of Definition 3.2 due to Theorem 3.5. The uniqueness of the mild solution to
(3.30) (see Theorem 3.5) implies the uniqueness of the classical solution to (3.30). O

3.2 Existence of Optimal Solutions
Let us introduce the solution operator associated with the first-order system (3.9) by

SV > ON(I, L2(Q) x L*(Q)) n C(I, H5(Q) x Hy(div,Q)), v (pu),  (3.31)
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3.2 Existence of Optimal Solutions

that assigns to every parameter v € V the unique solution (p,u) € C*(1, L?2(Q2) x L*(Q2)) n
C(I,H,(Q) x Hy(div,§)) to (3.9). Denoting the first component of the above mapping
by

S,V = CHILL(Q)) n (L H (), v p,

Theorem 3.5 allows us to formulate the mild (weak) form of the optimal control problem
(1.2) as

. 1 . A
min J0:) = T 05,0 =5 3 [ [ u(S,00) = p)P At + Sy (P)

Theorem 3.7. Let Assumption 3.1 hold. Then, the minimization problem (P) admits a
solution U € V.

Proof. As the functional J is positive, there exists a sequence {v,}22, c V,4 such that
lim J(v,) = inf J(v)>0.
n—>00 veVaq

Moreover, V,; is bounded, closed, and convex in L2?(€2), and consequently V,, is weakly
compact in L2(§2). Therefore, {1, }2, has a subsequence, still denoted by {v,},, such
that

Vp, = 7 weakly in L?(Q) as n - oo (3.32)

for some v € V,4. For every n € N, let us set (p,,u,) = S(v,). By virtue of Lemma 3.4, it
holds

| (pns wn) | L2 r2y<z2)) < ([ (pos ()] z2()xz2(0) + Vit | Fll 22 (1,22(0)))  (3.33)

——
(3.20)

with ¢ := ﬁ% VZZ,Z:II}} for every n € N. Thanks to the boundedness of ® and the defini-

tion of V,q (see (3.7) and (3.1)), (3.33) implies that the sequences {p, }°>, c L2(I, L*(Q2))
and {u,}>2, c L2(1,L*(Q2)) are bounded. Furthermore, from (3.13) and (3.5), we derive

Ay, (po, ®(vn)) = =(v, o + vy, div(® (), Vo) (3.34)
= —(Vﬁlnpo + Vﬁl(—npo — V1), Vo) = (p1,-Vpo).

In view of the above identity, Lemma 3.4 along with G(0) = v~1F(0) = 0 (see (3.8)) yields
for every n € N that

Hat(pmun)HL2(I,L2(Q)xL2(Q)) < é(HAvn (po; q)(Vn))HB(Q)xL?(Q) + Vr}&anle(I,L%Q)))

——
(3.21)

= ([ (p1,=Vpo) | 229 + Van | fl 21 (r,220)) - (3.35)

——
(3.34)

Thus, {Oipn}2, c L2(1,L*(Q2)) and {dyu,}>>, ¢ L?(I,L*(2)) are bounded. As (p,,u,)

solves the Cauchy problem (3.14) associated with v, respectively for every n € N, it

follows that {divuw,}2, c L?(I,L*(Q?)) and {Vp,}2, c L3(I,L?*(Q2)) are bounded as
well. Altogether, introducing the Hilbert spaces

W, = HY(I,L2(Q)) n L(I, H5(Q)) (3.36)
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3 - Analysis of the Optimal Control Problem

W, = H'(I,L*(Q)) n L*(1, Hy(div,Q)),
we can choose subsequences (still denoted by the same symbol) such that

pn — P weakly in W, as n - oo (3.37)

u, —~ u weakly in W, as n —» oo 3.38)

for some p € W, and some w € W,. By the Aubin-Lions lemma, the embedding W, <
L2(1,L2(Q)) is compact, and so

pn =P in L2(1, L*(Q)) as n — oco. (3.39)

Let us now prove that {v,0;p,}>, converges weakly in L2(1, L?(Q2)) to vd,p. By (3.32),

n=1
(3.39), and since {v,}22, is bounded in L*(2), we obtain the weak convergence of the

product {p,v,}2, to pv in L2(I, L%(2)). This yields for every ¢ € C° (I, L?(2)) that

[I(Vnatpn(t)ﬂ@(t))m(m dt = —fI(Vnpn(t)aaﬂﬂ(t))L?(Q) dt

ade /[(V_P(t),at@(t))m(ﬂ) dt = ﬁ(ﬁatﬁ(t)»¢(t))L2(ﬂ) dt as n — oo, (3.40)

where we used the integration by parts formula for H(I, L?(2))-functions [36, Proposi-
tion 2.2.34]. Now, let € >0 and v € L2(I, L?(2)). Due to the boundedness of {v,0p,}°,
it holds that

ci= sulg |vn0cpn = VOD|| 12(1,12()) < 00 (3.41)
As C (1, L3(2)) is dense in L2(1, L?(Q2)), we find ¢z € C§° (1, L2(£2)) such that

€ _
lv - 90€||L2(1,L2(Q)) < 56 L

On the other hand, (3.40) implies the existence of ny € N such that

€
<= ¥Yn>ng.
2

‘/I(V"atp"(t) —v0p(t), pe(t)) L2() dt

Combining these two inequalities leads to

‘/I(Vnatpn(t) - v0p(t),v(t)) r2(0) dt‘

fI(Vnﬁtpn(t) —-00,p(t), pe(t)) 2(0y dt

< -
——
(3.41)

<€ VYn>ngp.

L2(1,L2(2) T

Therefore, {v,0ip,}o2, converges weakly to vo;p in L2(I,L*(2)), and hence, together
with (3.37)-(3.38), it follows that

UnOypp, + divu, + np, =~ V0D +divu + np weakly in LQ(I, LQ(Q))
Oty + Vp, = O + VD weakly in L?(1,L*(Q))
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3.3 First-Order Necessary Optimality Conditions

as n — oo. In conclusion, it holds that

vop+divu+np=F in I xQ

3tﬁ+Vﬁ:0 in I x€.
It remains to prove that (p,w) satisfies the desired initial value conditions. We choose an
arbitrarily fixed w € L?(€2) and some & € C*°(I) such that £(7") =0 and £(0) = 1. Then,

we define [w&] e C*°(I,L%*(2)) by [w&](t)(x) = w(x)&(t) for all t € I and a.e. xz €. By
the integration by parts formula, we obtain that

Ly = fl(pn(t)aw)m(matf(t) dt = - /I(atpn(t)v w) r2()§(t) dt = (po, w)r2(0) = Ra.

In view of (3.37), it holds that

lim Lo = [ (50, 0) 120060 At = = [ @51, w) 12 (1) dt = (B(0), ) (e
lim R, = - [I (OB (t), w) 2y () At — (po. 1) (e,
As a consequence,

(P(0),w)r2¢0) = (Po, W) 2y Ywe L*(Q) = p(0) = po.

Similarly, we show w(0) = ®(v). Therefore, (p,w) € W, x W, is the (strong) solution to
(3.9) associated with 7. By well-known results (cf. [66, section 4.2]), the strong solution is
also a mild solution, which is uniquely given by the formula (3.23). Thus, (p, @) coincides
with unique (classical) solution to (3.9) according to Theorem 3.5, i.e., (p,uw) = S(V) €
CHI,L*(Q)xL*(Q))nC(I,H}(Q)x Hy(div,§2)) and p = S,(7). Finally, as the objective
function J : L2(Q) x L?(1, L?(2)) — R is continuous and convex, the weak convergence
properties (3.32) and (3.37) imply that 7 is a solution to (P). O

3.3 First-Order Necessary Optimality Conditions

This section develops an adjoint technique via (3.9) and eventually first-order necessary
optimality conditions for (P) based on the auxiliary system (3.9). By the explicit use of
the dual semigroup {T}(¢)}s0 of {T,(¢)}is0 from Lemma 3.3, we propose the notion of
adjoint states for (P) as follows:

Definition 3.8. Let Assumption 3.1 hold. Further, let v €V, and let {T,(t)}s0 denote
the contraction semigroup generated by A, according to Lemma 3.3. For every t > 0, let

Tx(t) : X, - X, denote the adjoint operator associated with T,(t), respectively. Then,
the function (q,v) € C(I,L?(Q) x L?(2)), defined by

(q,v)(t) = iftTTZ(s ~ ) (v la;(s) (p(s) - Sp(v)(s)),0)ds (3.42)

for allt eI, is called the adjoint state associated with v.
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3 - Analysis of the Optimal Control Problem

Recalling from (3.26), for a given v € V, the adjoint operator of A,: D(A4,) c X, - X,
is given by

Ar:D(A)=D(A)c X, - X,, (¢p,w)w (—v'no+vtdivw,Ve).

Similarly to Lemma 3.3, the adjoint operator A : D(A,) c X, - X, is dissipative and
fulfils R(I - A;) = X,, and so the Lumer-Phillips theorem (see Theorem 2.3) implies
that Ay generates a contraction semigroup {S,(t)}0. For this reason, a well-known
result [32, chapter I, section 2.5] implies that T} (¢) = S, (¢) holds for all £ > 0. In other
words, the adjoint operator A} is precisely the infinitesimal generator of the contraction
semigroup {T?(¢)}s0. Introducing

g L(ILIXQ)), o(t) = X a (@) - S,()(1) Viel, (343

1=1

we note that (¢,v) = (q,v)(T --), where (¢, v) is defined by (3.42), satisfies

T t
(g,0)(t) = / T (s-T+t) (v 'g(s))ds = f T (t-s)(v'g(T -5s))ds Vtel.
T-t 0
In other words, (g, ) is the mild solution to

{&(fl 0)(t) - A5(q.9)(t) = (v'g(T - 1),0) Vtel
(7,0)(0) = (0,0).

Therefore, by the time transformation, the strong PDE formulation for (¢, v) is obtained

(3.44)

as follows: )
{@(q, v)(t) + Ai(q,v)(t) = (-v'g(t),0) Viel (3.45)
(¢,v)(T) = (0,0),
that is nothing but
vOq+divo —ng =Y a;(S,(v) - p) inIxQ
i=1
Ow+Vqg=0 in I xQ .
<q=0 onIxTp (3.46)
v-n=0 on I xI'y
(¢,v)(T) = (0,0) in €.

Our goal now is to deduce necessary optimality conditions for (P) based on Definition 3.8.
To this aim, let us first examine the continuity and differentiability properties for the
solution operator S': L*(2) 2V — C(I,L*(Q2) x L2(2)).

Lemma 3.9. Let Assumption 3.1 hold. Then, the solution operator S : L=(Q2) >V —
CHY(I, L*(Q2) x L?(82)) is continuous.

Proof. The claim is obtained by following the argumentation in [53, Theorem 3.5]. Let
veVand h e L=(Q) such that v+h € V. Further, let (p, us) = S(v+h) and (p,u) = S(v).
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3.3 First-Order Necessary Optimality Conditions

As Q=D(Apn)x H(2) x {F e W21(I,L*(Q2)) : F(0) = 0} is dense in H} () x L2(2) x
{FeWHl(1,L2(Q2)) : F'(0) = 0}, there exists a sequence {py, pt, F"}2>, c () such that

(P51 F") = (po,p1, ) in H'(Q) x L*(Q) x WH(I, L*(Q)) as n > 00, (3.47)

Now, let n € N be arbitrarily fixed. With (p}, u}) € C?(1, L?(2) x L2(Q))nCY (I, H},(£2) x
Hy(div,2)), we denote the solution to (3.9) associated with the parameter v + h, the
initial value (p§,®"(v + h)), and the source term F™. With (p*, u") € C?*(I,L*(Q2) x
L2(2)) nCH(I,H}(Q) x Hy(div,Q)), we denote the solution to (3.9) associated with
the parameter v, the initial value (pj,®"(v)), and the source term F™. Here, ®" is
defined analogously to (3.6), but we replace (po,p1) with (p§,pT). Now, let € > 0. Then,
applying Lemma 3.4 to the difference of the corresponding Cauchy problems of (p},u})
and (pp,uy,), it follows that

| Pk = Prywp, = wn) | o1 (1, p2 ) <22 ()
< c([[(p = po, " (v + h) = (v + h)) | 2)xL2(0)

+ [ Aven (05 = po, @™ (v + 1) = ®(v + W) L2()xr2(@) + Vi [ F" = Flwirz,20)))
<c([ps = pollze) + |2" (v + h) = (v + h) | L2y + [PV = Pl L2y + [ V(25 = Po) [ z2(0)

+ Vpin | F™ = Fllwrar,20)))

(3.48)
where ¢ = % %‘ Due to the definition (3.6) of ® and ®" (with (pf§,p}) instead of

(po,p1)) and the generalized Poincaré inequality, it holds that

[ @7 (v +h) =@ (v +h) | L2(2) < cp (1] =) |6 ~Poll 2 () + (W] L= @) + [ 2| = @)) [ 97 =P1 | 2(2)) -
(3.49)
Therefore, by (3.47), (3.48), and (3.49), we obtain the existence of an ng € N such that

n n €
I(pp° = prswy® = un) |11, c2@)xr2(0)) < 3 (3.50)

for every h e L*(§2) such that v+ h € V and ||h|~(q) < 1. Analogously, eventually by

increasing ng,
€
I(p" = p,u™ —u)| 11 L2)x2(0)) < 3 (3.51)

Further, (p;° — pm, u;® — um) satisfies

vO(p,° = p™) + div(uy® —u™) +n(p,° - p™) = -hoyp;° in I xQ
Op(up® —u") +V(pp® -p") =0 in IxQ

AR =P =0 on IxTp (3.52)
(up’ —u™) n=0 on I xI'y
(pjo - p"0,ul® —u)(0) = (0, 8™ (v + h) - ™ (v)) in Q.

Applying Lemma 3.4 to (3.52) yields that

| (pp° =P, uy° - U"°)||01(1,L2(Q)xL2(Q)) (3.53)
<c([@m (v +h) =" (v)| 120
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+ ||A,/(O, (I)no(l/ + h) - (DHO(V)) (l/ lhﬁtp O(O) O)HL2(Q)><L2(Q)

+ Vo 12 oo ) 106 lwi (1,122 ) -

Due to the property (3.7) of ®mo (with p]° instead of p;), it holds that

|0 (v + h) = D" (V)| p2() < cp [Pl L) IP1° ] 2(0) (3.54)

for a Poincaré constant cp > 0. As in the proof of Theorem 3.5, we have that 9,p;°(0) = p{°
a.e. in €. By the definition of A, (see (3.13)) and the definition of ®"0 (see (3.6) with
(py?, p1°) instead of (po,p1)), this yields

A, (0,0 (v+h)-®"(v))- (v " RO (0),0) = (v hpi° —v ' hd;p;°(0),0) = (0,0). (3.55)
Furthermore, by Lemma 3.4, it holds that
1003° | L2 (1,2 0)) € Te(|Avan(pp® @™ (v + h)) | L2()xp2(0) + (¥ + h)~ Lo, Fmo lorr,e2))
<Te([ (P70, ~VPp*) L2@)xr2@) + Vinin 10 F™ | 21(1.22(02))) (3.56)
and
102050 | 2 (1.2 (52 (3.57)
<Te(|Avan(py® =Vpp°) + (v + h) 0 F™(0), 0)| 2y r2(o) + (v + h) R F™ 11, 12(02)))
< TC(H((V +h)TH(Apy® = npi), =Vpi°) + ((v + h) T 0,F"0(0), 0) | r2()xr2(5)

Viin |07 F™ | 11 (1,22(0)))
<T'e( minHAp =P 22y + VDL [ 2200 + Yk [O:F™ ()| 22(0) + Vinka |07 F ™ | 11 (1, 22(02)))-

Since the right-hand sides in (3.56) and (3.57) are independent of h > 0, there exists a
constat ¢ >0 such that

100" W (r,L2(0)) < € (3.58)
for all h e L>(Q) such that v+ h e V. Thus, (3.53) to (3.55) and (3.58) yield that

[ (00 = ™, up® = w"™) [ or (1,2 p2@)) < (e PV | L2@) + Vain®) | Bl L o) -

Then, defining & = min{e(3c(cp (I | 2(a)) + Vo)) 1}, it holds that

€

| (pp° =" up® — unO)HC’l(LLz(Q)xL?(Q)) < 3 (3.59)

for all h e L>(2) such that |[h| =) <d and v+ h € V. Together with (3.50), (3.51), and
(3.59), we conclude that

I(pn = pyun = w) o122 @)x2)) < [ (Pn = PR°s wn = w,°) o1 (1,22 (Q)xL2(2))
+ (PR = P wp® = u) | s, 2 )<z + [ (0™ =P —w) |12 )xn2 ) <€

for all h e L=(Q) with || -0y <6 and v+ h e V. O
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Lemma 3.10. Let Assumption 3.1 hold. Then, the solution operator S : L*(2) 2V —
C(1I,L2(Q) x L2(2)) is Fréchet differentiable. For all v eV and h e L*>(Q2), it holds that

[S'()R](t) = T, (£)(0, &' (v)h) - fo T (= ) (U 0,8, (V) (), 0) s VEel,  (3.60)

where {T,(t)}+s0 denotes the contraction semigroup generated by A,.

Proof. Let v eV and h € L*°(Q2) such that v+ h € ¥V, and we define S’(v)h as in (3.60).
Firstly, note that the mapping h — S’(v)h is linear and continuous. Further, by subtract-
ing the corresponding Cauchy problems of (pp,up) = S(v + h) and (p,u) = S(v), the
difference (pp, —p,up —u) € C1(I,L2(Q2) x L2(2)) n C(I, H;,(Q) x Hyx(div,)) satisfies

vOy(pn —p) +div(up —w) + n(pr —p) = —hdypr, in I x
O(up—u)+V(pn-p)=0 inIxQ
prn—p=0 on I xI'p
(up-u) - n=0 on I xI'y
(pr—pyup—u)(0) = (0,P(v+h) - P(v)) in Q.
Therefore, S(v+h) - S(v) reads as
S(v+h)(t)-S(v)(t) (3.61)

=T,(0,®(v+h)-d(v)) - f L(t=8) (v 'hoS, (v + h)(s),0)ds Vtel.

Together with the affine linearity of ®, it follows that

1 !
WHS(V +h)(t) = S(w)(t) - [S"(V)h] ()| L2)xL2 (@)
= V(t s)(v"'h(0,S (v +h)(s) - 0:S,(v)(s)),0)ds
6060 HhHme) L2(Q)xL*(Q)
<T mmH&S (V + h) 8,55 (V)HC(I 12(Q)) Vit e I,
where c: rﬁﬁ \/_Z:’: 11}} Thus, applying Lemma 3.9, the assertion holds. O

Remark 3.11. In view of Lemma 3.10 along with Lemma 3.4, the Fréchet derivative
S’(v)h = (p,u) is the mild solution to

vop+diva +np = -hopS,(v) inIxQ
du+Vp=0 inIxQ
p=0 onIxIp
u-n=0 on I xI'y
(p,@)(0) = (0,9 (v)h) in Q.

Theorem 3.12. Let Assumption 3.1 hold. Further, let U € V,q be a minimizer to (P),
and let (q,v) be the adjoint state associated with U given by Definition 3.8. Then, the
following variational inequality holds:

([@s,0)0-mawasyny-7) 20 wev, (3.62)

L2()
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3 - Analysis of the Optimal Control Problem

Proof. By standard arguments, we only need to show that (3.62) is equivalent to
J' W) v-7)20 VYveVu. (3.63)

Let v € V,4 be arbitrarily fixed. Due to the Fréchet differentiability of S (Lemma 3.10),
we have

J'(@) (v -7) (3.64)
=2 [ a(S,@0 (1)), 0).8' P) 0 =P) (D), At + N7, =)0

By means of definition of the adjoint state (g,v) associated with 7 (see Definition 3.8),
and with the function ¢ from (3.43), we get

gff((”’lai“)(%@)(t) = pf*(1),0), ' (@) (v ~2)(t))x, dt (3.65)

= - [lesm.0mo0ree-m)
(3.43),(3.60)

_ /()t To(t - s) (7 (v -7)5:S,(7)(s),0) ds) dt

Xz

( [T 9.0t <o,<1>'<v><u—v>>)

Xz

s

+/I(fTTZ(t—S)(v1g(t),0)dt, (vl(y-v)atsp(a)(s)jo)) ds

= ~(@(0).¥@)(v-7)) L2(9)+f(q (v -7),5, (y)(s))Lz(Q)ds
(3.42),(3.43)

As W1, L2(§2)) lies dense in L'(I,L?*(2)), we can choose {g,}, ¢ WhHi(I,L%(Q2))
such that
gn = g in LY(I,L*(Q)) as n — oo. (3.66)

Now, let {(g,,v,)}52, © CH(I, L2(Q) x L2(Q))nC(L, H5 () x Hy(div,Q)) be defined by

T
(g 02) (1) = f Ti(s - )(gn(s),0)ds Viel,neN. (3.67)
t
Subtracting (3.67) from the definition of the adjoint state (3.42) implies

1(gn =@, vn = 0) | cr,2()x2092)) < €l gn = 9l L2 (1,02(2)) = 0 as n — oo, (3.68)

where ¢ = % V,'j:“rj‘ll}} Further, due to the higher regularity properties of the source

terms g,, by Lemma 3.4, the functions (g¢,, v, ) solve corresponding PDEs (3.45) where g
is replaced with g, respectively for every n € N. Therefore, by the property (3.5) of ® it
holds that

(9(0), &' () (1 — 1)) 20 = ([atvn(t)dt ' (7) (v - y))

AT
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3.3 First-Order Necessary Optimality Conditions

:(qun(t)dt,qy(v)(u-v)) - [(Qn(t),(y—ﬁ)pl)p(g)dt VneN,
! ) (3.573.6) !

and together with (3.66) and (3.68) this yields

(8(0), &' (7) (v = 7))zeoy = [ (@(0), (v =D)pu)agay . (3.69)
Applying (3.65) and (3.69) to (3.64), we conclude the equivalence of (3.62) and (3.63). O

Remark 3.13. By well-known arguments, the optimality condition (3.62) is valid if and
only if the projection formula

7)< Bl o[- [0S, 6) - ()t 2) ] (3.70)

holds true for a.e. x € Q (cf. [72, section 2.8]). Let us also note that 0,5,(7) and g are of
class C'(I,L%(92)). Therefore, their product is only well-defined in C'(I, L'(2)), and we
cannot extract any Sobolev regularity property for the optimal solution 7 € L>(Q2) from
the projection formula (3.70).

As mentioned above, under higher regularity assumptions, we also obtain necessary
first-order conditions based on the second-order formulation of Theorem 3.12:

Corollary 3.14. Let Assumption 3.1 hold, f € WHI(I,L2(Q2)), p1 € HH(Q2), and py €
D(Ap n). Furthermore, let U € Vaq be an minimizer to (P) with corresponding solution
peC*I,L2(Q)nCYWI,HL(Q)nC(I,D(ApnN)) to (1.1) such that ¥ a;(D - p) €
WULL(I,L2(82)). Then, it holds the variational inequality

( [@m(t) - poae)ds + x,v - v) 50 VeV, (3.71)
I L2(9)

where g€ C?(1, L2(Q))nCY(I,H,(Q))nC(I, D(Apn)) satisfies the second-order adjoint
equation

Wfé—M—n@%Zm(ﬁ—ﬁ”) in I xQ
izl
Onq =0 on I xTx (3.72)
q=0 on I xT'p
(¢, 9:9)(T) = (0,0) in Q.

Remark 3.15. According to Corollary 3.6, the solution p to (3.30) associated with 7
exists, is unique, and satisfies p € C%(I, L?(Q2)). Thus, the assumption .7 a;(p — p?) €
WLI(I, L?(Q)) is realistic for suitable a; and p$® for all i = 1,...,m.

Proof. Due to Lemma 3.4, there exists a unique solution (§,v) € C?(I, L2(Q2) x L?(2)) n
CH(I,H}L(Q) x Hy(div,Q)) to

v0,G+div(0) +nd=G in I xQ
v +Vp=0 in I xQ
q=0 on I xI'p
vn=0 on I xI'y
(4,2)(0) =(0,0) in €.
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3 - Analysis of the Optimal Control Problem

where G e W21(I,L2(Q)) is given by G(t) = [} X7 a;(T - s)(p - p?)(T - s)ds for all
t € I. Similar to the proof of Corollary 3.6, it follows that ¢e C(I, D(An p)) and

V024 - Aq+10iG=0,G inlxQ
G =0 on I xI'y
q=0 onIxIp
(4,9:9)(0) = (0,0) in Q.

Thus, G = ¢(T - -) satisfies (3.72). Now, we define ¢ = ;g and v = Vg. Then, due to
(3.72), (q,v) is the unique solution to the first-order adjoint equation (3.46) associated
with 7. Therefore, (q,v) € C'(I,L*(Q) x L?(Q)) n C(I, H},(Q) x Hy(div,Q)) coincides
with the adjoint state associated with 7 in the sense of Definition 3.8 by the uniqueness
of the solution to (3.46). Consequently, the variational inequality (3.62) in Theorem 3.12
implies (3.71). O

3.4 Stampacchia’s Method for Hyperbolic PDEs

In order to handle the bilinear character v9?p in the second-order analysis of (P), we apply
Stampacchia’s method to the hyperbolic case. As a preparation, in the following lemma,
we present the global L*(2)-boundedness of the solution to the Poisson equation with
mixed boundary conditions. Note that the proof follows closely the well-known arguments
of Stampacchia’s method (cf. [72, Theorem 4.5]). However, we provide the proof for the
reader’s convenience.

Lemma 3.16. Let g € L"(Q) for some r> 5. Then, the weak solution y € H5() to

-Ay=g in
O,y=0 only (3.73)
y=0 onlp

is in L*=(Q) and satisfies
[9l=) < elgliro)

for a constant ¢ >0 depending on r, N, and ).
Proof. For an arbitrarily fixed k > 0, we define

y(z) -k ify(x)>k
v >R, - max{y(z)-k,0} + min{y(x) + k,0} ={0 if |y(x)| =k
y(z)+k iny(r)<-k.

Since v € H7,(2) if and only |v] € H7,(2) (cf. [31, Corollary 2.4]), and max{v,0} = M% for
every v € HL(), it holds that vy, € H5(§2). The weak formulation of (3.73) reads as

(Vy, VU)LZ(Q) = (qu)Lz(Q) Vo e H})(Q)
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3.4 Stampacchia’'s Method for Hyperbolic PDEs

Testing with v leads to
(frvr)r2) = (VY, V) r2) = (VY, VUk) 2y = (VU VOR) L2(0(k)) = (YU, VUR) £2(0)-
Let us define
Qk) = {xeQ:ly(z)| >k}, TIp(k)={zelp:y(x) >k}
Then, along with Holder’s and Young’s inequality, we obtain that

(f ?Jk;)L2(Q) < ||f||L’"(Q)||UkHLr’(Q)

<t ([ b as) ([ 1ae))
< r v i i
LA Jo " k)

- Ul el 2R,

where % + % =1. Since
2 2 2N

TI-IT1-2 T N-Y

the embedding H'(Q2) = L?"'(Q) is continuous and it follows that

1
(fovr) ez S el fllor@ el a @) Q2(Ek)|27

for a constant ¢ > 0. Along with the generalized Poincaré inequality [72, Lemma 2.5, we
obtain that

1
lvelFr gy < ol VOrlTzy = eo(fs i) 2 < cpell flor@) Vel ) [2(F) |77
1
= vkl o) < cpel £l |2E)[z.

Now, for every h > k, it holds that Q(h) c Q(k). Since, |v| = |y| - k a.e. in Q, with the

definition of vy, for every p e (21, %), it follows that

2

-riel = ([, o-wras) < (f, o-wras)
< ( g (1= R dx)i okl V> .

Since the embedding H'(§2) — LP(2) is also continuous, there exists another constant
¢ > 0 such that

1 N N 1
(h=B)Q(R)[7 < elol Loy < Eepe| fllir @R[ V> k.

This can be written as

P(h) < #(k) Yh>k

C
(h=k)

where

$(h) = |Q(h)]7, a=1,
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3 - Analysis of the Optimal Control Problem

p

C =éeyel f = o

L7(Q)>

Now, Stampacchia’s auxiliary result (cf. [72, Lemma 7.5]) provides that ¢(J) = 0 where

p72'r’

_pP
(e | 7 2072

§ = CP'128T = éeye| f

That means y € L*°(€2) and
ly(z)|<d for ae. x e 0

Lemma 3.17. Let Assumption 3.1 hold, N < 3, and v € V,q. Furthermore, let G ¢
WhLL(T, L2(Q)) with k€N, (p,u)oo € H,(Q) x Hy(div,$2), and

(p,w)os = A, (p,u)os1 + 0 (G(0),0) € HH(Q) x Hy(div,Q) Vi=1,... k.

Then, the first component p of the unique solution (p,u) € C*1(I,L*(Q2) x L*(Q)) n
Ck(I,HL(Q) x Hy(div,Q)) to

{@(p, u)(t) - A, (p,u)(t) = (G(1),0) Vtel
(p,u)(0) = (p,u)oo

satisfies p € C*=1(I, L>(R2)) and there exists a constant ¢ >0 such that

(3.74)

10p] 2(1,2(02)) < e[ (P w)ogs1 | 2yxz2 () + [0 Gl 21,220y + | (0, w)os2 | L2 ()x22()
+ H@?QGHU(LL?(Q))) Vi=0,...,k-1 (3.75)

10ip] o=y < e[l (p, w)os1l 2220y + 107 Gllew 2 + || (0, w)ows2| 2 ()< r2(0)
+ 052G irrey) VI=0,... k-1 (3.76)
Proof. By Lemma 3.4, the system (3.74) admits a unique solution (p,u) € C*¥*1(1, L?() x

L*(Q))nCk(I, H, () x Hy(div,2)). Furthermore, by the definition of A, (see (3.13)),
the system (3.74) is nothing but

vop +div(u) +np=vG in I x )

du+Vp=0 in I xQ
{p=0 on I xT'p (3.77)
u-n=0 on I xI'y

(p,u)(0) = (p,w)oo in Q.

By differentiating the first equation in (3.77) in time and inserting the second equation,
it follows for all te I and [ =0,...,k—1 that

— Adp(t) = vO L G(t) — v 2p(t) —ndlp(t) in Q, (3.78)
9 (0ip(t))=0 onTy, 7(Oip(t))=0 onTp.

Therefore, by Lemma 3.16, we obtain that

[0t ooy < ElvO G() ~v02p(t) =00y 'p() |12y VEel VI=0,....k-1. (3.79)
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3.5 Second-Order Sufficient Optimality Conditions
Let us prove that p e C¥-1(I,L>(€2)). To this aim, let € {0,...,k -1} and {¢,}>>, c I
with lim,,_, . t,, = t. Applying the superposition principle to (3.78) yields that

= A0, (p(t) = p(tn)) =v 0, (G(1) =G (ta)) —v 0 (p(t) ~p(tn)) =001 (p(t) = p(tn)) in Q
0n(04(p(t) = p(ta)))=0 on Tn, 7(9(p(t) = p(t))) =0 onTp.

Y

Then, using again Lemma 3.16, it follows that

10 (p(t) = p(tn)) | L= (@) (3.80)
< (o (G (L) = G(ta)) |2y + [v0r 2 (p(t) = p(ta)) | 2(0) + 10 (P(1) = p(t0)) | 22(2))-
Since LG, Olp, 0l 1p e C(I,L3()), the right-hand side in (3.80) vanishes as n —» oco. In

conlusion, the regularity property p € Ck¥=1(I, L>=(Q)) is valid. Now, we integrate (3.79)
and make use of Lemma 3.4, to deduce for every [ =0,...,k—1 that

HaépHm(I,Lw(Q))
< é” Va?lG - 1/81{*2]9 - T]ak—lpH[;(I’[p(Q))
< ¢(Vmax H@MG”B(I,L?(Q)) + Vmax (|| (p, U)0,1+2 ||L2(Q)><L2(Q) + HaiJ&G”Ll(I,L?(Q)))

+ |l ([ (0, w)ou | r2<z20) + 105 Gl 1,12(0))))

with ¢ = V;&n% VZ::‘II}} This leads to the desired estimate (3.75) with ¢ > 0 depending

on ¢, T, Viin, Vmax, and 1. To obtain (3.76), we take the supremum on both sides of (3.79)
and again make use of Lemma 3.4. Then, it follows for every [ =0,...,k -1 that

[0tplloz=(2))
<o G - v p — o pleu, )
< (0" Gle 2y + Wmax (| (0 w)oae2 | r2yxr2c) + 107Gl r2@)))
+clnlze (1 (2, worr | L2z + 107 Gl ,2)))
<e([(p,w)osn | r2yxrz) + 107 Glow 2@y + (0 w)ogra| r2)<r2 @)
+ 072G 21 2(0))

with ¢ >0 depending on ¢, T, Vnin, Vmax, and 7. O

3.5 Second-Order Sufficient Optimality Conditions

Assumption 3.18. Let Assumption 3.1 and N <3 hold. Furthermore, let U € V,, satisfy
the variational inequality (3.62) with the corresponding state (p,w) = S(V) and the adjoint
state (q,v) ((3.42) for v=7). We assume the higher reqularity property

f e WOL(I,L2())

Po,P1 € D(AD,N) (3.81)

a;(p-pf") e WHH(I, L*(Q)),
i=1
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3 - Analysis of the Optimal Control Problem

and the compatibility assumption

f(0) = =Apo +np

9:f(0) = -Apy

OLf(0)=0 forl=2,3,4
a;(T)=0 fori=1,....m.

(3.82)

In view of Assumption 3.1, (3.6), and (3.81), the following quantities for any given
v € Vyq belong to H7,(2) x Hy(div, Q):

(p;u)o0 = (po, (v)) (3.83)
(p,u)o1 = A,((p,u)op) + (¥ 1F(0),0) = (p1,-Vpo)
(3.13),(3.8)

(p,u)o2 = A, ((p,u)oq) + (v 'OF(0),0) = (v (Apo —np1 + £(0)),-Vp1) = (0,-Vp1)

(3.13),(3.8) (3.82)
(h.wos = A((p.w)o2) + (VIFF(0),0) = (7 (Apr +8,(0)).0) = (0,0)

(3.13),(3.8) (3.82)
(P, w)os = Ay ((p,w)os1) + (v7'0,71F(0),0) = (v19i7f(0),0) = (0,0) forl=4,5,6
(3.13),(3.8) (3.82)

Along with F'e W7T(I,L2(2)) (by (3.8) and f e W61(1, L2(2)) due to (3.81)), Lemma 3.4
implies that

S(w) e CT(I,L*(Q) x L*(2)) n C®(I, H,(2) x Hy(div,Q)) Vv eVuy (3.84)
and

1S e 2@xr2@y) < (o, P r2(@yxz2) + [V Florrz20))) (3.85)
<c((1+ eplnll =) ol 2() + cpvimax P12
Vit | Fl21¢7,22(0)))
10:S () |l ear.2@)xz2)) < (P, =VPo)l L2@)xr2@) + Vil F 21 2,L202)))
1025 () e r2@yxr2cy) < el VP1lzac) + V|02 F i (1,r2()))
[0S (o r2@)xr2(@)) € Vaninll O f L1120y for 1=3,...,7

for all v € V,y with ¢ = % Vl'jma"ll}} Note that the compatibility assumption (3.82)

guarantees that no additional regularity property has to be assumed for the control space
V,a to ensure that all quantities in (3.83) belong to H},(2) x Hy(div,2). Moreover, by
Lemma 3.17, the first component of S(v) satisfies

Sp(v) € C°(1,L=(Q))
and

1S, () | e(r.2=(9)) < E(I(p1, =Vpo)l L2@)xr2(2) + Vaka I f lcr,L2)) + 1 VD1 22(0)
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3.5 Second-Order Sufficient Optimality Conditions

+ Vin|0f |21 2.22(2))
10:Sp () e,y < e(IVPLlL2() + VaminlOef ler,2(0)) + Vininl 07 F |22 (1,22(2)))
[0Sy () le =) < ein(100floq ez + 100 Flovare@y)  VI=2,....5.
In view of Lemma 3.4, both the last properties in (3.81) and (3.82) imply for the adjoint

state that
(q,v) e C*(I,L*(Q) x L*(Q)) n C (I, H5(Q) x Hy(div,)) (3.86)

and (q,v) solves the adjoint equation in the classical sense:

70, q+divo —ng = Zai(ﬁ—pfl’) in I x¢)

i=1
v+Vqg=0 inlx® -
7=0 on I xI'p (3.87)
v-n=0 on I xI'y
(7.v)(T) = (0,0) in €2.

Lemma 3.19. Let Assumption 3.18 hold. Then, there exists a constant L >0 such that

[S() = S(D)|crrr2@pxrz)) € Llv =02y Vv, 0 € Vg (3.88)
”Sp(V) - Sp(ﬁ)”C@([’Lm(Q)) < LHV - IQHLZ(Q) Vl/, De Vad‘ (389)
Proof. Let v,0 € V,4 be arbitrarily fixed, (p,u) = S(v), and (p, @) == S(©). As discussed

above, we obtain the regularity properties p,p € C?(I, L>(2)). In particular, there exists
a constant ¢ > 0, independent of v and p, such that

||8§p||c(]7Loo(Q)) <é¢ forl=0,...,5. (390)

Now, subtracting the corresponding Cauchy problems of (p,u) and (p,@) (see (3.9))
provides that (p —p,u — @) satisfies

vo(p-p)+diviu—-a)+n(p-p)=-(v-0)0p inIxQ
d(u-u)+v(p-p)=0 in Ix¢
ip-p=0 onIxI'p (3.91)
(u-4)- n=0 on I xI'y
(p-p,u-u)(0)=(0,(v)- (D)) in Q.
Note that (v —0)0;p e CO(I,L*(2)) (see (3.84)) and
(p=p,u—1a)oo = (0,2(rv) - (7)) (3.92)
(p—pyu—)o1=As(p—p,u—a)oo— (07" (v-2)0p(0),0) (3.93)
= (7' (=) (p1 - 9p(0)),0) = (0,0)
(3.5),(3.13) (3.28)
(p—p,u—)os=As(p—p,u—a)o,— (07" (v-1)3;p(0),0) (3.94)
= (v (v = 0)(Apo —np1 + £(0)),0) = (0,0)
(3.82)
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(p -p,u— "1)0,3 = Aﬁ(p -p,u— ﬁ)0,2 - (ﬁfl(’/ - ﬁ)@f’p(()), 0) (3-95)
= (7 (v -2)(Api - d2p(0) + ,£(0)),0) = (0,0)
(3.28) (3.94),(3.82)
(p-pu—0)os=As(p-pu—-a)s— (0 (v-0)9/p(0),0) =-(0"" (v - )3;p(0),0).
(3.96)

Applying Lemma 3.4 to (3.91), we obtain that

I(p =P, u—0)|c,L2)xr2(2) (3.97)
<c([@(v) = (D) 2y + 1771 (v = 2)0ip| 1 (1,22 (2)))

&S c(ep|pr(v = 2) | 12e0) + Vaminl 02l L2 (1.2 ) [V = Dl r2(0))
(3.7)

s c(ep|pillL=(o) + v TE) v = 2] 12¢0),

(3.90)

where the regularity property p; € L* () is satisfied due to (3.82) and Lemma 3.16.
Analogously, taking the initial conditions (3.93)-(3.96) into account, applying Lemma 3.4
to (3.91) implies that

||5§ (p -p,u— ﬁ) ||C(I,L2(Q)xL2(Q)) < C||ﬁ_1(’/ - ’7)3§+1p||L1(I,L2(Q))
< vt 0F Pl i pe ) [V = 2] 120 5 Wi TE|v = D) 12(q) for 1=1,2,3, (3.98)
(3.90)

and

||8f(p ~p,u—1) HC([,L?(Q)xL?(Q)) (3.99)

<o (v = 2)8p(0) | 12y + 107 (v = 2)O Pl 11 (1,22¢0)))

< ciin (107p(0) | Loy + 107 D] L1 (1,0 )) [V ~ Pz < Win(L+T)E|v = D] 120y
(3.90)

Combining (3.97), (3.98), and (3.99), we find a constant C' > 0, independent of p, p, u, &,
v, and U, such that

10,(p = pou — @) | crr2(xr2)) < Clv - D2 forl=0,...,4. (3.100)

Therefore, the Lipschitz property (3.88) is a direct consequence of (3.100). Applying
Lemma 3.17 to (3.91), we complete the proof by
100 = Dlle,p=y) < e[| (v =)0 ?ploq iz + (v = 2)0 Pl 11, 120))
<(1+T)|v =02 forl=0,1,2. O
——
(3.90)

Let us define the Lagrangian functional associated with (P) by £: L*(£2) x W, x W, x
C(1,L*(Q)) x C(I,L*(?)) - R where
L(v,p,u,q,v) =T (v,p) + (WOp+divu+np - F,q) 12(1,12(0))
+ (Gtu + Vp, 'U)LQ(I,LQ(Q)) + (p(O) - Po, q(O))Lz(Q) + (u(O) - (I)(V), ’U(O))Lz(g). (3.101)
Here, W, and W,, are defined as in (3.36), and J denotes the objective function (1.2).
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3.5 Second-Order Sufficient Optimality Conditions

Lemma 3.20. Let Assumption 3.1 hold and let U € V,q satisfy the variational inequality
(3.62) with the corresponding state (p,w) = S(V) and the adjoint state (q,v) (see Defini-
tion 3.8). Additionally, we assume that Y7 a;(p—p®) € W21(1, L*()). Then, for every
v €V, with the corresponding state (p,w) = S(v), it holds that
L(v,p,u,q,9) =T (v,p)
D, L(7,p.w,3,0)(v-7) >0 (3.102)

Proof. Let v € V,4 be arbitrarily given, and (p,u) := S(v). Then, since (p,u) solves the
state equation (3.9), the first assertion in (3.102) is immediately obtained as follows:

L(V7p7u7676) ; j(l/,p) + (Vatp +divau + np - Fva)LQ(I,LQ(Q))
(3.101) -0 b;(3.9)
+ (Oyu + VpaE)LQ(I,L%Q)) +(p(0) _pOaG(O))LQ(Q) + (u(0) - CD(V)uB(O))LQ(Q)-
N————— ———— ———
=0 by (3.9) =0 by (3.9) =0 by (3.9)

Furthermore, for the first-order derivative of £ with respect to v, we conclude that
Duﬁ(v,ﬁﬁ,@@)@ _ﬁ) (3103)
= D,J@.p)(v-7)+((v-0)0p,q) 12(1,L20)) = (2" (V) (v = ), 0(0)) 12(0)

—~—
(3.101)
= A, v=-70)+((v-7)0P, Q) 2(1,22()) — (v =0)p1, Q) L2(1,22(0))
(3.69)
_ ( [@mt)-poyatt) e+ 2w - z) > 0.
! PO )

Making use of (3.86)-(3.87), for the derivative of £ with respect to (p,u), we obtain that

= DI @, p)(p-p)+ (@0i(p-p) +div(u-w) +9(p-P), Dr21.02()
(3.101)
+((p-1)(0),9(0)) 20y + (O (u ) + V(p = D), V) 2(1,L2(2))
+ ((u-u)(0),9(0))2(0)

=Y (ai(p=D),P-1") 21,1200 + (0 = P, ~T0G — divD + 0q) ) 121, 12(02))

i1
+(@(p-p)T),q(T)) 200 + (u~, =00 — Vq) L2(1,22(2))
——
-0 by (3.87)
+((u-2)(T),9(T)) 2
—_——
=0 by (3.87)
=(p-D,).ai(p-p) —v0,q - div + 1q) 12(1,12(0)) + (w =W, =0T = V) 12(1.12()
=1 —_———
-~ -0 by (3.87)
=0 by (3.87)
=0 ]
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3 - Analysis of the Optimal Control Problem

Under Assumption 3.18, for h € L2(2), we introduce the linearized state equation at
(7,p) as follows:
?atﬁ-k diva + nﬁ = _hatﬁ inxQ

3{&+V}3=0 in I x¢)
1p=0 on I xTp (3.104)
u-n=0 on I xI'y

(p,w)(0) = (0,9 (P)h)  in Q.

Remark 3.21. Thanks to Assumption 3.18, Lemma 3.17 implies that, for h € L2(2), the
right-hand side of (3.104) satisfies

hop e CH(I, L*(Q)). (3.105)

On the other hand, in view of (3.6), ®'(¥)h is well-defined in Hy(div,?) for any h «
L>(Q). Nevertheless, as p; € L*°(€2) holds due to (3.82) and Lemma 3.16, the elliptic
variational problem (3.4) also admits a unique solution for every v € L2(€2). Thus, we can
expand the domain of ® as follows:

O: L*(Q) » Hy(div,Q), v~ Vy,

where y € H5(§2) denotes the unique solution to (3.4). The extended operator ® re-
mains well-defined, affine linear, and continuous. In particular, it holds that ®'(v)h €
H y(div, Q) for every h € L?(2). For this reason, along with (3.105), Lemma 3.4 yields the
existence of a unique solution (p,w) € C1(I, L?(Q2) x L2(Q)) nC(I, H;,(Q) x Hy(div,Q))
to the linearised state equation (3.104).

Motivated by the necessary optimality condition (Theorem 3.12), we introduce the set
of strongly active constraints

(V) ={x e Qpz(x) +0}, (3.106)
where
ore LNQ), ¢u(x) = f](atSp(ﬁ)(t,x) -p1(x))q(t,x)dt + \v(x) a.e. in Q. (3.107)
The associated critical cone is denoted by

Cy = {h e L*(Q): o) = 0 and for a.e. x € it holds that (3.108)
h(z) >0 if 7(z) =v_(x) and h(z) <0 if 7(z) = v (x)}.

Theorem 3.22. Let Assumption 3.18 hold. Further, assume that
D}, L@,5,w,q,0)(h,p, @)’ >0 (SSC)

holds for every h e C;\{0} where (p,w)eC (I, L?>(2)xL?(Q))nC (I, H}(Q)x Hy(div,2))
denotes the unique solution to the linearized state equation (3.104) associated with h.
Then, there exist o >0 and d >0 such that the quadratic growth condition

J(w) 2 J(@) + 6|y 7|20 (3.109)

holds true for every v € Voq with |v =7| 2y < 0. In particular, U is a locally optimal
solution to (P).
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3.5 Second-Order Sufficient Optimality Conditions

Proof. We prove the claim by a careful combination of Lemma 3.19 and the contradiction
argument [18, Theorem 2.3]. Assume that there exists a sequence {v,,}22; ¢ Va4 such that

1
J(T) + —|vn —E||%2(Q) >J(v,) YneN and lim |v, -7 p2q) = 0. (3.110)
n n—oo
We define ]
hp=—(v, -7) with a,=|vn-7|2@ VYneN. (3.111)
Qn

Since |[hn|r2(q) = 1 for all n € N, the corresponding sequence {h,}:, is bounded in L?((2)
and thus admits a weakly converging subsequence (still denoted by {h,}22,), i.e.,

3hel*Q): h,~h weakly in L*(Q) as n - oo. (3.112)
Let us first show that & lies inside the critical cone Cy defined as in (3.108). The set

Cy={h e L*(Q):For a.e. x € it holds that
h(z)>0if (z) =v_(x) and h(z) <0 if (z) = v, (2)}
is closed and convex and consequently weakly sequentially closed in L%(2). Therefore,

the weak limit h of {hn}te, c Co lies in Cs. By the inclusion C5 c (Y, it remains to show
that hszo(v) = 0. To this aim, we first note that applying (3.84) and (3.86) to (3.107)

implies that ¢y € L2(Q2) as defined in (3.107). As a consequence, we obtain that

n—oo

(3.112) (3.103),(3.107) >0 by Lemma 3.20

fQQO;EdI = lim [ gphyde = lm D,LT.5 @) (k) 20 (3.113)

Let us set (pn, w,) = S(v,) for all n € N. The second-order Taylor expansion

is exact due to the quadratic structure of £ with respect to v,p,u. Rearranging (3.114)
and dividing by «,, yields that

D,L(7.5,0.3.5)(h) = aipyz(p,ﬁ,a,q,a)(yn-v) (3.115)
3.111)
1 I
i _Oé_n D(p,u)ﬁ(yap7 u,q, v)(pn —p,Uun — ’LL)
(3.114)

=0 by Lemma 3.20

<%||Vn—ﬁ|@2(ﬂ) by (3.110) and Lemma 3.20
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3 - Analysis of the Optimal Control Problem

We examine the second term on the right-hand side of (3.115) as follows: By the definition
of the Lagrangian (3.101), it holds that

| (Vpu)ﬁ(v]_)7_’q’ )(Vn_ypn p7un_u)| (3116)

i=1

lai] o= (rxa) [pn = 2_9”%2(I,L2(Q)) + A - 7”%2(9)

<
—— =

(3.86)

+2|vn =V 2 |0:(Pn = P) | 21,2 ) @l 22 (1,22 (02)) -

By virtue of Lemma 3.19 and (3.110), the right-hand side in (3.115) converges to 0, which
implies that

0 s [go,,hd:v— lim /gpl,h dz = hmD LU, p,w,q,0)(hy,) < 0 (3.117)
(3 113) (3.115)
=>f%hdx=o
)

On the other hand, since 7 satisfies the variational inequality (3.62) and & € Cy, it holds
that _ _ _
wrh >0 a.e. in () = pzh=0a.e. inQ) = he(Cy

— —
(3.117) heCly

The next goal is to show that it holds & = 0 a.e. in Q. To this aim, let (p, @) € C1 (1, L2()x
L2(Q))nC(1, H,(2) x Hy(div,©)) denote the solution of the linearized state equation
(3.104) with h replaced by h. In view of (SSC), we obtain that % = 0 if we can show that

(z/pu)ﬁ(v 1_37_a67v)(h an)Q <0.
To verify this, we first introduce
_ 1 _ _
(P, W) = —(pn—D,upn-u) VYneN
Qp
and demonstrate the following convergence:
P — P weakly in C*(I, L*(Q))nC(I,H'(R2)) as n — 0. (3.118)

In Remark 3.23, we explain how (3.118) implies that the remainder term related to the
linearization of S, at ¥ in the direction v, — ¥ vanishes as n — oco. We consider the
second-order Taylor expansion (3.114) of the Lagrangian and divide it by a2 to get

1

2D(Vpu)£(v p,u, q’v)(hnvpnaun) (3119)
L _ _ _

; 2042 (Vpu)E(V p,u 7Q7v( V7pn_p7un_u)2

(3.116) "
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3.5 Second-Order Sufficient Optimality Conditions

1 _ _
= _2(‘C(Vn’pnv’u’naQav)_£(Vap7an7’v))

——
an ~

3.114 _
(3.114) <glin—7|2, ) by Lemma 3.20 & (3.110)

r - L _ _ _ _
- _QD(V,p,u)E(vaauaq7,U)(Vn —V,Pn =P, Un —’LL) < -
(8%

n

I |+~

>0 by Lemma 3.20

Subtracting the corresponding Cauchy-problems of (p,,u,) and (p,w) yields that

70y(pn - D) +div(u, — @) + n(pn - D) = —(Vp —V)Op, in I x

O(u, -uw)+V(p,-p)=0 in I x €

Pn=D=0 onIxI'p (3.120)
(u,-u) n=0 on I xI'y

(b o0~ E)(0) = (0, 8(11) - B(7)) in 0.

Dividing (3.120) by «, shows that (p,,a,) = t(pn -D,u, —u) solves

V0D, + div @y, + 0Py = —h, Oy, in Ix¢

Oyt + Vpp =0 in Ix)

Pn =0 on I xTp (3.121)
u-n=0 onIxI'y

(P, 1) (0) = ;1 (0, D(v,) - (V7)) = (0,9 (¥)hy,) in Q.

Substracting the linearized state equation (3.104) (with h replaced by h) from (3.121)
yields that

Dat(ﬁn _ﬁ) + dlv(ﬂ'n - ’ll) + n(ﬁn _]5) = —(hnatpn —E@J)) in I X Q

Oy (ty — ) + V(P — p) =0 in IxQ

Pn—p=0 on IxT'p (3.122)
(@, -u) n=0 on I xI'y

(B — P, T — @) (0) = (0, ®'(7)(hy, — h)) in €.

In view of Lemma 3.19, there exists a constant L >0, independent of n € N, such that
|pn = Plo2rr=()) < Llvn = V] 12(0) YneN. (3.123)
Consequently, we obtain for every ¢ € H'(I, L?(2)) that
‘(hnatpn - Eatz_)v ¢)H1(I,L2(Q))|
= |(hnatpn - hnatﬁa ¢)H1(I,L2(Q)) + (hnat]_j - hatﬁ7 ¢)H1(I,L2(Q))|
= |(hnatpn - hnat}_)v ¢)H1(I,L2(Q)) + (hn - E; [Iatﬁ¢ + af]_jatqbdt)LQ(Q)'

=1peL2(Q)

< 8Up || 20 | Orpn = 0Pl 1 o) [0 a2y + | (P = R )12
ne
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3 - Analysis of the Optimal Control Problem

— 0.
——
(3.110),(3.112),(3.123)

This implies the following weak convergence:
hnOypy, = hO,p weakly in H*(I, L?(2)). (3.124)

Let us introduce the mapping G,: L?(2) x WH(1, L2(Q)) - C*(1, L*(Q))nC(I, H*(Q2)),
(fz,ﬁ’) — p, where (p, @) solves

Top+div(a) +np=F inIxQ

Oyt + VP =0 in IxQ
p=0 on I xT'p (3.125)
w-n=0 on I xI'y

(p,4)(0) = (0,®'(¥)h) in Q.

Recalling from the proof of Lemma 3.19, p; € L*(2) is satisfied due to (3.82) and
Lemma 3.16. Thus, applying Lemma 3.4 to (3.125) yields for all (h,F) € L2() x
WLI(I, L2(Q)) that

[ @) [ or,2 @2y < (19 (@)Alp2(y + 77 o 1,120)))

i c(ep|pi]ze@) Pl r2@) + Vi | 'l 21 (1.22(0)))
(3.7)

and

“at(p\v ﬁ’)HC’(I,LZ(Q)xLQ(Q))

< C(HAU(O, (I),(;)h) + (ﬁ_lﬁ(O), O)HLQ(Q)XLQ(Q) + Hv_latF|‘L1([7L2(Q)))
(7 (£(0) = div(®"(@)h) |20y + 177 0 F | £ (1,22(2)))

{1

(3.

—_

3)

b (P11l 2y + [ (0) 22y + 10:F | 21.r,22(0))

2L

(

with ¢ = % VZ:,?E}} As a consequence, the mapping G, is linear and continuous. Thus,

5)

it is sequentially weakly continuous, and since (3.122) implies
Pn = = Gp(hn = hy =hnOipy + hOip) YneN,

the desired convergence (3.118) is obtained from (3.112) and (3.124). By the Aubin-Lions
lemma and since dim(2) < 3, the embedding C'(I, L*(Q))nC(I,H*(Q2)) - C(I,L3(Q))
is compact. For this reason,
Pn = pin C(I,L3(Q)) as n — oo (3.126)
= hppn — hp weakly in L2(I, L5 (Q)) as n - oo. (3.127)
——
(3.112)
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3.5 Second-Order Sufficient Optimality Conditions

Furthermore, as the embedding H*(2) — L%(Q2) is continuous (again due to dim({2) < 3),
we obtain from (3.86) that 0,q € C'(1, L°(€2)). Thus, from (3.127), it follows that
(hnBns 0@) 12(1.22(0)) = (hD, 0i@) r2(r.r2))  as n — 0. (3.128)
Along with the weak lower semicontinuity of the squared norms, by (3.112), (3.126), and
(3.128), we conclude that
D}, L@, P, w,q,0)(h, p, ) (3.129)

= f[/Q a;p? dz At + M| 7720y = 2(hB, ) 121,020
i=1

n—oo

< liminf (Z ‘/]‘/Q alﬁi drdt + )\th H%Q(Q) - Q(hnﬁn, 8t§)L2(1’L2(Q)))
i=1

= lim inf D?va,u)c(v, P, %, G, 0) (P, P, U ) <0
(3.119)

By (SSC), we obtain that h(z) = 0 for a.e. 2 € Q, which implies in view of (3.104) that
(p,u) = (0,0). As a consequence,

0 <= Mimsup [z g,

—_—
=1 by (3.110)

:hmsup(D?V,p’u)ﬁ(v,gz,ﬁ,q,ﬁ)(hn,pn,any_;fI [ au(n? de e

n—oo

Ay atG)L2(I,L2(Q)))

< - Z /;/;) aiﬁz dzdt - 2(5]’5, 8tq)L2(I,L2(Q)) = 0,

iy i=1
(3.119),(3.126),(3.128)

which is a contradiction. O]

Remark 3.23. In the construction of the above proof, we have that

1 _y_ Sp(vn) = Sp(P)
(pn -p ) == a

«

Dn = Vn eN.

[vn = V2
Therefore, the convergence property (3.118) is nothing but
Sp(vn) = 5p(7)
[0 = V[ 12(0)

Here, p denotes the first component of the unique solution (p,w) € C*(I, L2(2)x L?(2))n
C(I,H},(Q) x Hy(div,)) to the linearized equation

—~ p weakly in C*(I, L*(Q)) n C(I, H (Q)) as n - oo. (3.130)

vOp+diva+np=-hop in I xQ

du+vVp=0 in IxQ
5=0 on I xT'p (3.131)
u-n=0 on I xI'y

(p,@)(0) = (0,9 (7)h)  in Q.
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Let us now consider the remainder term for the linearization of the control-to-state oper-
ator S, at 7 in the direction v, — v that is given by

(U, v —7) = 5,(Vn) - S,(7) —0n, VneN, (3.132)

where, for every n € N, g, denotes the first component of the unique solution (g,,0,) €
CH(I,L2(Q) x L*(Q)) n C(I, H,(2) x Hy(div,Q)) to the associated linearized problem

V00, +dive, +nop = —(vp, —7)0p in I xQ

010, +V0,=0 in I x¢)
0n =0 on I xT'p (3.133)
o, n=0 on I xI'y

(0n,0,)(0) = (0,9 (D) (v, — 7)) in Q.

Now, since

S L S h, —~h weakly in L?(Q) as n — oo,
[vn = Pl2()
we obtain by dividing (3.133) by ||t - 7| 12(q) and subtracting the resulting system from

(3.131) that
O . pweakly in CV(I,L2(Q)) n C(I, HY(Q)) as n — oo. (3.134)
|lvn = VHLQ(Q)

Combining (3.130), (3.132) and (3.134), it follows that

T T) ) weakly in C(ILL2(Q)) 0 O(IL H'()) as 1 — oo.
|vn = V20
In particular, the Aubin—Lions lemma implies the strong convergence

lim r(y’y_n ~7) =01in C(I,L5()) for any £ € [2,6).
oo v =V p2(q)
As for the first-order necessary optimality condition (see Theorem 3.12), we also derive
the second-order formulation for the second-order sufficient optimality condition.

Assumption 3.24. Let Assumption 3.1 and dim(2) < 3 hold. Furthermore, let (V,p,q)
satisfy the first-order optimality system

v0*p - Ap+n0p = f in I x§)
O,p=0 on I xI'y
p=0 onIxI'p
(p,9:p)(0) = (0,0) in §
ﬁafG—AG—W@:;ai(ﬁ—p?b) in I xQ (3.135)
0,q=0 on I xTx
g=0 on I xT'p
(7,0:)(T') = (0,0) in §
([(atl_?(t) —p)g(t)dt+ \v,v - ﬁ) >0 VYveVu,
I L2(Q)
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and let the regularity assumptions (3.81) and the compatibility assumption (3.82) hold.

Corollary 3.25. Let Assumption 3.24 hold. We assume that for the (second-order) La-
grangian

L(v,p,q) =T (v,p) - (WOip—Vp+ndp - f,q) 2,120 — (P(0) = po, ¢(0)) r2¢0)  (3.136)
- (atp — D1, 8tQ)L2(Q)7

it holds that .
D?W)ﬁ(v,ﬁ, ) (h,p)*>0 VYheCy~{0} (SSC)

where p e C?(1,L2(Q))nCY (I, H5(§)) denotes the solution to the linearized state equation

U0 — Ap+n0ip = —hop in I xQ

Onp=0 IxT
- ey (3.137)
p=0 onIxI'p
(5. 9:9)(0) = (0,0) in Q.
Then, there exist o >0 and 0 >0 such that the quadratic growth condition
W) > (@) + 8|y =710 (3.138)

holds for every v € Vog with |v =720y < 0. In particular, U is a locally optimal solution
to (P).

Remark 3.26. In contrast to the first-order necessary optimality conditions in its second-
order formulation (see Corollary 3.14), the second-order sufficient optimality conditions in
its second-order formulation do not rely on stronger assumptions on the data than its first-
order formulation (see Theorem 3.22). Furthermore, it turns out that conditions (SSC)
and SSC are equivalent. However, the availability of both the first-order and second-order
formulations allows for a highly flexible application.

Proof. Let (q,v) = (0,q,Vq). Then, as in the proof of Corollary 3.14, (¢, v) is the unique
solution to the (first-order) adjoint equation (3.46) associated with . In particular (¢, v)
is the adjoint state in the sense of Definition 3.8 associated with 7. Furthermore, (3.135),
implies that (3.62) is valid where § is replaced with ¢q. Therefore, due to Theorem 3.22,
in order to obtain (3.138), it remains to show that (SSC) implies (SSC) where (7, )
is replaced with (¢g,v). For this purpose, let h € Cy ~ {0}. Then, due to Lemma 3.4,
the unique solution (p, @) to the linearized (first-order) state equation (3.104) enjoys the
higher regularity property (p,a) € C2(I,L%(2) x L2(Q2)) n C'(I, H}(2) x Hy(div,))
since ho,p e W2(1,L?(Q2)) and

(ﬁ, 11)0’0 = (0, @’(ﬁ)h) € H})(Q) X HN(diV, Q)
(P, w1 = A(0, &' (V)h) = (7'h0,p(0),0) = (-7 div(2'(¥)h) -7~ hdp(0),0)
(3.13)
= (7h(p1 = 9:p(0)),0) = (0,0) € Hp(Q) x Hy(div, Q).
(3.5)
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Therefore, by time derivation of the first line in (3.104) and inserting the second line in
(3.104), we obtain that p satisfies the first line in (3.137). Furthermore, it holds that

7 (=ho;p(0) - div(w(0)) - np(0)) = 7 (~hp1 - div(®'(P)h)) = 0.
(3.104) (3.3),(3.104) (3.5)

In conclusion, p solves the (second-order) linearised state equation (3.137). Therefore, we
have that

D?V,p7u)£(;7 pv H7 Q7 ﬁ)(hap7 u)2

> [ [ aip® dzdt e XL ) + 200, D121 2200
i=1

D, f[fg a;p* dx At + N[ R 7y + 2(h0up, D) 12 (1.2(2y)
=1

- Z /1/9 a;p? dw dt + )\MH%?(Q) - 2(hd;p, Q) 12(1,02(9))
i=1

_ M2 o _ 9
=D, n£(¥,D,q)(h, D) > 0
(SSC)

Therefore, (SSC) is satisfied and the claim follows from Theorem 3.22. O
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SEQUENTIAL QUADRATIC
PROGRAMMING 4

The SQP method is a celebrated technique in finite and infinite dimensional optimiza-
tion, particularly in the context of optimal control problems. We refer to the earlier
contributions by Alt [2,3] and Alt, Sontag, and Troltzsch [4] for SQP methods of opti-
mization problems with ODE or integral equations constraints. From among many other
related works in the context of PDE-constrained problems, we mention the contributions
by Ito and Kunisch [50,51], Troltzsch et al. [37,42,70,71,73], Heinkenschloss [41], Hinter-
miiller and Hinze [44,45], Volkwein [75], Wachsmuth [77], Griesse et al. [39,40], Hinze and
Kunisch [47], and Hoppe and Neitzel [49]. Even though the investigations of SQP methods
are highly problem-specified, they mainly follow the same methodology: Reformulation of
the SQP method as a generalized Newton method and exploitation of Robinson’s concept
of strong reqularity [69]. This unified ansatz leads to well-posedness and quadratic con-
vergence of SQP iterations. Eventually, one verifies the strong regularity condition using
suitable second-order sufficient optimality conditions.

Note that the works mentioned above only focus on elliptic and parabolic PDEs. To the
best of the author’s knowledge, there is no contribution to the analysis of SQP methods in
hyperbolic PDE-constrained optimization, apart from the author’s preprint [6]. For our
model problem (P), the SQP analysis results in a challenging task due to the underlying
hyperbolicity and the second-order bilinear structure v9?p. This character leads to an
undesired effect of loss of regularity in the SQP method (see Algorithm 1) causing two
substantial difficulties (see Remark 4.6):

(i) In general, Algorithm 1 is only executable for a limited number of iterations, i.e.,
the well-definedness of Algorithm 1 may fail.

(ii) The ansatz through the notion of strong regularity, as done in the parabolic case (cf.
[70]), cannot be directly transferred to our case and requires a substantial extension.

This chapter develops a strategy for analyzing Algorithm 1 and consists of three primary
steps. First of all, we propose the use of a smooth-in-time initial guess for the state pg
and the adjoint state g satisfying 9lpg(0) = 9lgo(T) = 0 for all [ € N (Assumption 4.7).
Under these regularity conditions, we manage to prove the well-definedness of Algorithm 1
(see Proposition 4.3). As the second step, for every given SQP iteration (v, pk,qx),
we construct a suitable self-mapping operator (4.44). Based on a perturbation analysis
(see Theorem 4.4) using Stampacchia’s method (see Lemma 3.17), it turns out that the
contraction principle can be applied to the operator (4.44) (see Proposition 4.14). The
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resulting fixed point 14,1 is exactly the control component of the solution to the SQP
iteration (Pj) (see Proposition 4.16). The final step comprises a two-step estimation
process: We estimate |1 — 7 12¢q) by the total error of the previous step ||v = 7| 12,

Pk = Dl r2(r,22(0)), and gk = @l r2(1,22¢))- Then, the error in the state |py — Dl r2(r,22(0))
and adjoint state |qr — | r2(r,r2(q)) are estimated towards |v4_1 — 7| 12¢q). This process
results in the quadratic two-step estimation

|Vke1 =Pl 20y < 0|7 = vi|l L2y + |7 = Vi1 120))?,

which eventually allows us to prove our main result on the R-superlinear convergence of
Algorithm 1 (see Theorem 4.17).

The content of this chapter is available in the author’s preprint [6]. Consequently, direct
quotations from this work will not be explicitly highlighted.

4.1 Perturbed Optimality System

This section is devoted to the analysis of perturbed and linearized optimality systems
associated with (P), which play an essential role in the analysis of the SQP method (see
Section 4.2). We want the sufficient second-order optimality result (see Corollary 3.25)
to be available. For simplicity, we assume in this chapter that the initial values py and p;
vanish. Therefore, the standing assumptions for this chapter read as follows:

Assumption 4.1. Let Assumption 3.2/ hold with py = p1 = 0. Furthermore, let p?® €
W4HL(I, L2(Q)), and let a; € CH(I, L>(Q)) assumed to be nonnegative with dla;(T) =0 for
allt=1,....,m and [ =0,1,2,3.

To begin with, recalling Lemma 3.4 and Lemma 3.17, we deduce the following lemma:

Lemma 4.2. Let Assumption 4.1 hold and let v € V,q. Further, let g € WkI(I L2(2))
for some k € N and 0lg(0) =0 for 1 =0,...,k—1. Then, there exists a unique solution
pe CHI(I,L2(Q))nCF(I,H,(Q)) nC*Y(I,D(Apn)) nCFI(I,L=(Q)) to

vO2p-Ap+ndp=g inlIxQ

Onp =0 on I xT'y

p=0 on IxT'p

(p,d,p)(0) = (0,0)  in €.

Furthermore, it holds that

Ip() 20 < el Gl iz Viel
Hailﬁp(t)HLQ(Q) < CHaé_lgHLl(I,H(Q)) Vtel V= 1, ey k+1
10ipl 21,02y < E10igl 2oy + 107 gl e r2yy  VEeI ¥I=0,... k-1

with ¢ = u;&n% Z:”‘r"‘ll}}, G(t) = fotg(s) ds for all t € I, and for a constant ¢ > 0.
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4.1 Perturbed Optimality System

Proof. Writing G(t) =1 fotg(s) ds for all t € I, due to Lemma 3.4, the system

vop+divu+np=G in I x)

du+Vp=0 inIx)
{p=0 on I xT'p (4.2)
u-n=0 on I xI'y

(p,u)(0) = (0,0) in Q

admits a unique solution (p,u) € C*1(I, L2(Q) x L*(Q)) n C*(I, H},(?) x Hy(div,)).
According to (4.2), we have that

Vp=-0mue C* (I, Hy(div,Q)) = peC*'(I,D(Apn)).

Therefore, taking the time derivative of the first equation in (4.2), and inserting the
second equation in (4.2), it follows that p satisfies the first equation (4.1). The initial
value conditions follow as in the proof of Theorem 3.5. The first two estimates follow from
Lemma 3.4. Furthermore, Lemma 3.17 implies the regularity property p € C*1(I, L*(2))
and the last desired estimate. O

Given some perturbation term (pV71, pst, p®¥) e L>°(Q2) x H'(I, L*(2)) x HY(I,L*(R))
with p*t(0) = p2¥ (T) = 0, we consider the system

vOip - Ap+ndyp = f - (v-0)0;p+ p* inIx
Onp =0 on I xI'y
p=0 on I xI'p
(p,0ip)(0) = (0,0) in Q
707 q— Aq—ndyq = iai(p—p?”)—(u—v)afmpadj in IxQ

i=1 (0S)
0nq=0 on I xI'y
q=0 on I xI'p
(¢,9:0)(T) = (0,0) in Q2
(- [[OB(a() + B2 (p(t) - B(D)(E) At + Ao = V)2
> (p"', - V) 2(Q) for all 7 € V,,.

Sufficient second-order optimality conditions for (P) are the main ingredients for the
analysis of (OS). Unfortunately, the proposed (SS/\C) in Corollary 3.25 is too weak for our
purposes, as the involved critical cone C2 \ {0} is too restrictive. Thus, for a fixed 7> 0,
we introduce the enlarged critical cone

CI:={heL*(Q):h(x)=0for ae. xe(vV)}, (4.3)

where the set of 7-uniform strongly active constraints is given by

o, (V) = {x €eQ: ‘— fOTafﬁ(t,x)g(t,m) dt + \v(z)

> T} | (4.4)
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Then, the strengthened sufficient second-order optimality condition reads as follows:

(y,p)‘c(v?ﬁ? q)(h7ﬁ)2 2 OéHh”%Q(Q) for every h e Cg

There exists a > 0 such that D? (55C7)
where pe C*(1,L*(Q)) nCY(I,HL(Q)) nC(I,D(Ap n)) solves (3.104).

Note that o7 (V) c % (V) (compare (3.106) and (4.4)) and therefore the new critical
cone CT is in fact enlarged, ie., CY c CT (compare (3.108) and (4.3)). Therefore, the
strengthened sufficient second-order condition (SSC”) particularly implies the original
condition (S/ST}) As a consequence, it also guarantees the optimality of 7 along with
the quadratic growth condition (3.138) under the same assumptions as in Corollary 3.25.
Still, with the strengthened condition (SSC”) the following difficulty appears: Given two
controls vy, s € V4, the difference h = v — v for v € V,4 does not belong to the enlarged
critical cone CZ. Therefore, it does not satisfy the assumptions of (SSC”). To circumvent
this difficulty, we extend well-known techniques (see [49,70,75,77]) to our hyperbolic case.
We consider an auxiliary problem by replacing the admissible set V,; with

T={veVy|v="ae in o (D)} (4.5)

Now, given two controls v, € V7 . the difference h = v — ¥ fullfils h € C7. We define the
following modification of the perturbed linearized optimality system (OS):

(OS) where V,q is replaced with V7. (0OS7)

Proposition 4.3. Let Assumption 4.1 and (SSC") hold. Then, for all (pst, po%, pV1) €
HY(I,L2(Q2)) x HY(I, L*(2)) x L2(Q2) with p*t(0) = p*¥@(T) = 0, the system (OS™) admits
a unique solution (v,p,q) e VT, x (C%(I,L*(Q))nCY(I,HL(Q))nC(I,D(Apn)))>.

Proof. Let (o, g, p¥1) € (T, L3(02)) x (T, 13(52)) x L(©) with p(0) = p#(T) = 0
be given. Thanks to (3.84), Lemma 4.2 implies that

VO2p - Ap+ndp=f - (v-0)0%p+p" inlxQ

Onp=0 IxT

p on X1 N (46)
p=0 on I xI'p
(p, 9ip)(0) = (0,0) in 2

admits a unique solution p € C?(1,L*(Q)) n CY(I,HL(Q)) n C(I,D(Apn)) for every
v e L2(2). Denoting by S,: L2(Q) — C?(I,L?(2))nCY(I,H,(2)), v ~ p the affine linear

and continuous solution operator to (4.6), we consider the minimization problem

min J,(v) = T (. 8,) + (= [[8(S,(0) ~Pyade =0 -7) (47)

L2(Q)
+(p"Y, S, (V) 12(1,12())

where J is defined as in (P). By the quadratic structure of J,, we have that

Jo(7) = J,(v) + J,(v) (7 - v) + %J;’(y)(ﬁ -v)? Yy, peVT,. (4.8)
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Further, for any v, € V7, with o # v, it holds that h =7 —v € CZ \ {0} (see (4.3)) and
p=S,(7)-5,(v) solves the linearized state equation (3.104) such that (SSC”) yields that

0< D?u,p)[’(pvl_?u q)(haﬁ)Q i Z;(aiﬁaﬁ)[?(I,LQ(Q)) + )\Hh”%z(g) - 2(hat2ﬁ,q)L2([’L2(Q))
(3.136) *~

= TR
(4.7)

Thus, for every t € (0,1), we have that

T4 4= 2)) = () + F((1 =) =) + 3 T @) (1= 1) =)

(1)
=tJ,(v) + (L =t)(J,(v) + J(v)(7 - v) + % J)(v) (7 - v)?)

<tJ,(v) + (L=t)(J,(v) + J(v)(7 - V) + %J;,’(y)(ﬂ ~-v)?%)

= )+ (1-1)J,(9).
(4.8)

Therefore, J, in V7, is strictly convex. In conclusion, together with the continuity of
J L2(2) - R, (4.7) admits a unique solution v € V7,. Moreover, the necessary and
sufficient optimality condition for (4.7) is given by J/(v)(7 - v) > 0 for every v € V7,
which is equivalent to (OS”) due to standard arguments. Thus, the claim is valid. O

Theorem 4.4 provides the crucial stability result for the solution to (OS”) regarding
the perturbation terms. In the proof, we extend known ideas incorporating the first- and
second-order optimality conditions (cf. [73,75]) to our given case.

Theorem 4.4. Let Assumption 4.1 and (SSC”) hold. Then, there exist constants L >
0,L, >0, and L, > 0 such that for all perturbation terms (pst, p*¥, pV'T), (5%, po¥, p¥1) €
HYI,L2(Q)) x HY(I,L?*(Q2)) x L2(Q2) with pst(0) = p*t(0) = p*d(T) = p*¥4(T) = 0, the
corresponding solutions (V,,pp,q,) and (Vs pz, q5) to (OST) satisfy

|vp = val 2y < LU o™ = 77| r2rrzcayy + 10°Y = %Y | p2rrzyy + 107 = 7Y r2))  (4.9)
Iy = Dlr2t,z=0)) < Lo(l0* i 2y + 10°Y | 2 ez + 10" | 22e) (4.10)
l0o = @l r2re @)y < Lo(lp* [ mrcrrz)) + 10 i 2200y + 107 | 22¢0))- (4.11)

Proof. Let (vp, 1, 4p), (V. P, G5) € Vg x (C2(1, L*(Q2))nCH (1, Hp (2))nC (1, D(Ap,n)))?
denote the unique solutions to (OS”) with respect to (pt, p2¥, pV1) and (pV!,pst, podi)
according to Proposition 4.3. Subtracting the corresponding PDE-systems (see (OS)), we
obtain that

V07 (p, — p5) — A, — pp) +n0(pp —5) = —(v, —v5) 0D+ p* = 7 in I x

an(pp _pﬁ) =0 on I xI'y (412)
Pp—DPy5=0 onIxI'p
(Po = 5 0 (pp — p5))(0) = (0,0) in Q

55



4 - Sequential Quadratic Programming

0} (g, - 45) - Aap — 45) — 19 (ap — 47)
- Z ai(p, = pp) = (v, — v5)0FG + p*¥ — p°U in I x)
=1
4.1
On(qp-q3) =0 onIxTy (4.13)
% -q5=0 on I xI'p
(4o = 45, 0:(qp — 45))(T") = (0,0) in €.

We begin by elaborating on the control parameter. By the construction of V7, (see (4.3)),
the quantity h = v, —v5 lies in the critical cone C7, and p, —ps— D, 5 solves the associated
linearized state equation (3.104) where p, 5 denotes the solution to

Datzﬁp,ﬁ — AP+ MOiPpp = Pt =7 in I xQ

anﬁp,ﬁ: 0 on I xI'y (4 14)
Dps=0 onIxTp '
(ﬁﬂ,ﬁ’ atﬁp,ﬁ)(o) = (Oa O) in §2.
Thus, (SSC”) yields that
=5l S Dy 05Dt b= a) (4.15)
Z(az(pp P5)s Do = D) 12(1,22) + MV = vl 720
(3 136) =1
—2((vy = v5) 0 (pp = P7), D121, 12(9)) + 2 (WiDp.7 Pp7) 12(1,12(0)
i
m
=2 (aibpz, (Pp = P3)) L21,2200) + 20V = V2)Dp, 07 D) 12(1,12(02))- (4.16)

i=1

For the first term on the right-hand side of (4.15), it holds that

> (ai(pp = P5) Pp — P5)12(1,L2()

= (@02(q, - ap) = Mgy — 45) = 10:(ap = @) + (v, = V) 07T = p*V + 5"V . py = ) L2(1.12(52))
(4.13)

= (Qp qpaV8 (pp pp) A(pp pp) +778t(pp br ))LQ(I L2(Q))
+(Q, (v, = v3) 0 (D, = 7)) 121,22 (0)) — (™Y = 7Y pp = D) 12(1.12(0)
= @05~ (o= )0+ p™ = 77) + (@ (v, = v2) 0/ (Do~ ) 21,222
(4.12)

—(p"¥

=" Do = D5) L2(1,12())-

Applying this identity to (4.15), we obtain that

alv, - yﬁHQLQ(Q) (4.17)
_((Vp_Vﬁ)atQﬁa dp = )L2(1 @)t (9~ 9,0 P )L2(1L2(Q))
- (p*¥ - Y Do = Pp)r2(r.L2@)) + MY, - Vﬁ”m(g) - ((v, - Vﬁ)at (Po = Pp)s Dr2(1,22(2)
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+ Y (@iboz Do) 12(1,12(2)) — 2 Y (@iDpz (Pp = P7) ) 12(1,12(2))
=1 =1
+2((vp = v5)Dpp, afq)LQ(I,LQ(Q))-

Testing the variational inequality in (OS”) for (v,,p,,q,) (resp. (V507 05)) with U = v5
(resp. 7 =v,) and adding the resulting two inequalites leads to

(= [ PO @0 - (0)) + B 0,(8) - pE)TW) At + Xv, = v5), v 13 )

> (0" =" e =) 120

L2(Q)

Rearranging yields that

My = val 72y = (Vo = v3)02P: 4o = 43) 121, 22()) = (V= v2) 07 (Do = ) D 12(1,12(0)

(4.18)
<P )y
Combining (4.17) and (4.18), we obtain that
alv, - VZ)’“%%Q) (4.19)

adj _ ﬁadj VI _ ﬁVI

< (Qp ~ 45, PSt - ﬁSt)LQ(I,LQ(Q)) -(p yDp — pb“)L2(I,L2(Q)) +(p yVp = Vﬁ)L2(Q)

+ D (@Po Do) 121,022 = 2 D, (Wibp (Dp = P5)) L2(1.22(2))
= i

+2((vp = 5) 0} Do 1) L2 (1,2())

<llap = a5l 2,220 0% = P | r2r r2co)y + [10°Y = 279 12

(.2 [Py = Ppl 2122 ))

+[ " - NVI”LQ(Q) |vp = 5l r2) + Z laill (1,22 (2)) Hﬁp,ﬁ“im,p(g))
i=1

+2 3" Nail Lo 1.2 1B 5l 2212202 [P = P51l L2122 (2
=1
+2[v, = val z20) Do 5l 221, 2200) |97 221,12 (0 -

Applying Lemma 4.2 to (4.14) yields for G(t) = fot pst(s) — p*t(s)ds that

. EE ot s
1Bl z2cr2)) € VTe|Glivriz@y) < T2elp™ = 5 mirr2y) < T2l p = 5| r2err2ca))

(4.20)
with ¢ = V&%n% V';:]‘[l‘z‘ll}} Analogously, applying Lemma 4.2 to (4.12) and (4.13), we

obtain that

10t (pp — p5) | L2122 00)) < T2V = V3l L2 102D Lar,pe o)) + 101 (0™ = P | r2(1.22¢)))
(4.21)
for [ =0,1 and

lgp = a5l L2(1.22(0)) < TQC( > @il o= 1.2 ) 120 = D5l L2 (1,220 (4.22)
=1
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+ v = val 2@ 107 2 2= @) + 19" = 777 ||L2(LL2<Q>>)

——

< TZC( Yo llaill Lo, T2 e(1vp = V5l L2 107D 21, 0)) + 10° = P 12(1,22(0)))
=1
(4.21)

+ ||Vp - Vﬁ”L?(ﬂ) Haf@”L?(LLw(Q)) + ||Padj - ﬁﬂdj |L2(LL2(Q)))'

Therefore, applying (4.20)-(4.22) to (4.19) provides that

alv, - Vﬁ”%m))

SfTQC(23UaﬁLw(LLwan>7QC(W®-Vﬂhﬁanﬂéfﬁ|L%LLw(Q»‘+Hﬂ“'—ﬁ“HL%LL%Q»)
=1

+ v = val L2 |07 L2 (1.2 0y + 0™V — 7Y ||L2(1,L2(Q))) 10 = 7" 201,200

adj

+ 0™ = 7Y 21,2000 T (v, = vl L2 102D] 12(1,1 ) + |0° = P 221, 12(02)))

VI _ ~VI||L2

+p @ = valr2) + T Y ail w1 Locap 0™ = 1721 22

=1
+ 2> il oo, TN 0% = 7 21,2200y (1o = vl 2 107D 21,0 ()
=1
+ o™ = 7 22a2202)) + 20vp = Vel 22 n TPl p™ = 572 20 107N L2 (1.2 o)
<alv, = vale@ o™ = 77 22 + 2l 0™ = 717201 12y
+cs)p
+[p¥7 -

adj adj

—pd HL?(I,L2(Q)) HPSt - ﬁStHLQ(I,LQ(Q)) + C4HVp - VﬁHL?(Q) ”,0 - f)ﬂdj ”L2(1,L2(Q))

P! ||L2(Q) ||Vp - VﬁHLZ(Q)

with the constants
Cq = 3T402 Z HGZ HLoo(LLoo(Q)) HatzﬁHLZ(I’Loo(Q)) + 3T20H8,§26HL2(LLW(Q)),
=1

Co = 4T402 Z Ha, ||LOO([7L<>O(Q)), C3 = 2T2C, Cq = Tzc||0fﬁ||Lz(LLoo(Q)).
i=1

iz
Using Young’s inequality, we obtain that

2

Q c st ~s C3\ adj
allv, = valTay € 51V~ Vil T2 () + =+ ||Pt—PtH%2(I,L2(Q))+_HP d]
@ =7 @ty 5

=N %21 12

adj

C3) st  ~s a 1 adi
+ §||P "-p tH%Z(I,LQ(Q)) + ZHVp - Vﬁ”%mz) + ECEHP d]||%2(I,L2(Q))

VI_~V]H

1 2 o 2
+EHP L2(Q) +ZHVP_V5HL2(Q)7

leading to
A

L

« c? C3 st ~s C3
ﬂ%—wmmg(j+@+§HW—Nﬁmﬂm»*§+
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1
P T (4.23)
Therefore, (4.9) is valid. To prove (4.10), note that p, —p is the solution to

07 (p,-D) - A(p, - D) + 10 (p, - P) = (v, —V)Oip+ p* in I xQ

an(pp_f_j):() on I xI'y
pp,—p=0 onIxTp
(Pp =P, 9(p, —P))(0) = (0,0) in Q.

Applying Lemma 4.2 to the above system yields that

|pp =Pl 21,20y (4.24)
<e(|(v, =)Dl r2r ez + 0% | 220y + | (Vo = D) 07Dl 21,0200y + 100 | 12(1,22(0)))
< é((H(9t21_9“L2(I,L°°(Q)) + Hafl_?HLQ(I,Lw(Q)))” Vp _7HL2(Q) + ”PSt ”L2(1,L2(Q)) + HatpStHLQ(I,LQ(Q)))-

Since (7, p,q) solves (OS™) with (pst, p2@, pv?) = 0, applying (4.9) to (4.24) leads to (4.10).
Since g, - q solves

ai(p, =D) - (v, -V)O}G+p"¥ inIxQ

M

1]
—_

70 (g, =) = Mgy =) ~10:(q, - 7) =

(3

On(q,-q) =0 on I xI'y
4% —-q=0 onIxIp
(Qp _67 at(qp _q))(T) = (070) in Q>

Lemma 4.2 implies that
lap =@l 2.0y < €O il o= r,2 ) (2o = Plrzc.20)) + 10:(pp = P) || 22(1,02(0)))
i

+ Y 0wl 11,2 [Pp = Pl 21,2200
=1

+ (107G 21, =) + 197 L2¢2,2 ) 1V = Pl 12(0)

+ 10V z2r,r2c) + 100" 21,2209 )-
Applying (4.9) and (4.21) with (p*, p°%, p%") = 0, we obtain (4.11). O

With the following lemma, we will abandon the modification V7, of the admissible
set Vaa. The proof follows the argumentation from [77, Corollary 5.3] with a careful
modification.

Lemma 4.5. Let Assumption 4.1 and (SSC") hold. Let (pt, p*% pV1) e H'(I,L*(Q)) x
HY(I,L*(2)) x L>=(Q) such that pst(0) = p*¥4(T) =0 and

T

10" e ez + 10 2200y + 107 1) < - (4.25)

with cr, = max{L,|07q| 2(1,1=)) Lq| 7P| L2(1,L(02)), 1} Then, the unique solution to

(OS7) satisfies (OS).
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Proof. Let (v,,p,,q,) denote the solution to (OS”). Since the equations in (OS) and
(OS") coincide, it remains to show that the variational inequality in (OS) is valid. By
(OS7), it holds that

(- [0 (1) + G (0 (1) ~BONAW) At + My T )y 2 (0 vy T € Vi

(4.26)
By the definition of V7, (see (4.5)) and since v, € V7, it holds for every ¥ € V7, that
U-v,=0a.e. in o (V). As a consequence, (4.26) implies that

(- fl 025 (1), () + 02 (p,(t) = B(E))T(E) At + Ay, T = 1) 2 (00t () (4.27)
> (pVI, v- Vp)L2(Q\§yT(§)) YU € V;—d'

For every v € V,q, we set U= X )V + X (0w, ()Y € VI, in (4.27). Since ¥ and v coincide
in O\ o7 (v), it follows that (4.27) holds for every v € V,q, i.e.,

(- ffafﬁ(t)qp(t) + 07 (pp(t) = B(1))G() At + Avp, v = V) 12(0n it (7)) (4.28)
2 (pVI, V- VP)LQ(Q\%T(y)) Vv e Vad-
Let &/*(7) = {z € Q : - [ O25(t,2)q(t,2)dt + X\v(z) > 7} and &~ (7) = {z € Q :
—fOT O2p(t,x)q(t,x) dt + \v(x) < —7}. Then, by (4.4), it holds % (V) = &+ (V) U A (V)
and it follows for a.e. x € &/ (V) that
T
< f 025 (t, )q(t, ) dt + Av(x) (4.29)
0
=~ ﬁ&fﬁ(t, m)Qp(tv fl?) + af(pp(tv LU) +ﬁ(t7 %))q(t, ﬂ?) de + )‘Vp(x) - IOVI(:C)
v [ RB(t ) (gt ) -t 0)) + O (py(t,0) = Bt @)t 2) dt + oV ()
< - '[1331_9(25, 2)q,(t,x) + 0} (p,(t,x) + p(t,2))q(t,z) dt + A, (x) — p"(z)
+ 07Dl p2¢r, =) 90 = T 221,20y + 1P = Pllrzr, =) 1070 21,20y + 10" 2=

s - ﬁ@fﬁ(t,m)Qp(t,x) + 02 (p,(t, ) + B, 2))G(t, z) dt + A, () - p¥1 (z)
Thm. 4.4
st adj VI
+CL(HP ”Hl(LLQ(Q))‘F ”p HHI(I,LQ(Q))-"Hp HL“(Q))

Consequently, we obtain for a.e. x € &Z*(7) that

0 < 7= (1™ i ez + 10"Y [ m 2y + 10" 2= (0)) (4.30)
(4.25)
< = [ OBt w) + By (t2) + Bt )a(t 2 dt + M) - ' (@),
(4.29)

Analogously, it follows for a.e. x € @7~ (V) that

0>~ [ BBt )a,(t,2) + B2y (t,2) + B 21, 2) de + Dy () = gV (2). (4.31)
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4.2 Formulation of the SQP Method

On the other hand, by a standard argumentation, due to (3.71), the pointwise inequality
(— f@fﬁ(t,x)q(t,x) dt + )\?(:L’)) (v-7(x)) >0 for all ve [v_(x),v,(z)] and a.e. €
I

holds, implying that 7 = v_ in & (V) and ¥ = v, in &7 (V). Therefore, since v, =7 in
o/, (V), along with (4.30) and (4.31), we obtain that

(= P00, + et NI U Ay v ) (4.32)

- ( - /Ié‘fﬁ(t)qp(t) +02(p,(t) - p()q(t) dt + A, - p" v — v

20 me. | LA(AE®)

>0 a.e. in & (V) due to (4.30)

+ (— fafz‘?(t)qp(t) + 07 (pp(t) - (4))q(t) dt + Av, = p"* v — v, ) >0 Vv e Vo
! o e )

<0 a.e. in &7 (V) due to (4.31)

Combining (4.28) and (4.32) proves the assertion. O

4.2 Formulation of the SQP Method

The SQP method (cf. [72, Section 4.11]) approximates (P) by a sequence of coupled
systems arising from a suitable linearization process of the optimality system (3.135):

Algorithm 1 Sequential Quadratic Programming

1. Choose (v, po,qo) and set k = 0.
2: Find v € Vg and p,q € C?(1, L2(2)) nCY(I,H},(2)) nC(I,D(Ap, n)) such that

Vkﬁfp—Ap+778tp:f—(u—yk)afpk inIxQ
Onp =0 on I xI'y
p=0 on IxI'p
(p, 0ip)(0) = (0,0) in
Vkafq—Aq—natq=Zai(p—pfb)—(y—yk)ﬁqu inIxQ

i=1
Ong =0 on I x Ty
q=0 onIxI'p
(¢,0,9)(T) = (0,0) in
(- fl Ozpr(t)q(t) + 07 (p(t) — pr(t))agu(t) dt + A, 0~ 1) 12(q) 2 0 for all 7€ Vg,

(Px)
and set (Vk+1,pk+17%+1) = (V7p7Q)'
3: Stop or set k =k +1 and go back to step 2.
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4 - Sequential Quadratic Programming

Remark 4.6. The hyperbolicity and the second-order bilinear character of the PDEs in
(Px) lead to an undesired effect of loss of regularity, causing two major challenges:

(i) For a given iterate (Vg,pr,qr) € Vaa x CH(I, L?(2)) x CU(I, L%(Q2)) for some [ > 2,
the solutions pgi1,qr+1 to (Pg) are in general only [ — 1-times continuously differen-
tiable. This can be inferred from Lemma 4.2 due to the regularity of the source
terms (v — v)02pr, (v — v)0%qr € C'-2(1,L%(2)) in the PDEs of (P;). For this
reason, Algorithm 1 is generally only executable for a limited number of iterations.
To tackle this issue, we propose using a smooth-in-time regularity condition (see
Assumption 4.7).

(ii) In the parabolic case (cf. [45,49,70,77]), the convergence analysis strongly relies on
Robinson’s notion of strong regularity (see [69]). However, the regularity results and
estimation for the hyperbolic case (see Lemma 3.4 or [34, p. 410]) are weaker than
those for the parabolic one. Consequently, the developed strategies for parabolic
scenarios cannot be directly transferred to our case and require a substantial exten-
sion.

Assumption 4.7. Let Assumption 4.1 hold. Furthermore, let f € C*=(I,L*(2)) with
OLf(0) =0 for all | € Ny = Nu {0}, let a; € C=(I,L=()) for all i = 1,...,m with
dla;(T) =0 for all l € Ny, let ps® € C=(1,L*(2)) for alli=1,...m, and let (vo,po,qo) €
Vaa x C(I,L>(Q)) x C(1I, L=()) with d'po(0) = 8qo(T) =0 for all I € Ny.

Assumption 4.7 implies that p,q € C (I, L=(2)) with 9!p(0) = 0lq(T) = 0 for all [ € Nj.
Further, in practice, observation data are typically available through measurements at
various time points. Accordingly, their usual extrapolations are smooth in time. There-
fore, Assumption 4.1 is reasonable since smoothness is only considered in time, whereas
the data are allowed to be non-smooth with respect to the space variable.

Theorem 4.8. Let Assumption 4.7 hold. Then, for every k € N, the system (Py) admits
at least one solution (Vii1,Prs1, k1) € Vaa X C(L,L>°(Q2)) x C=(I,L>(RQ)) satisfying
Opr(0) = 0lqr(T) = 0 for alll € Ny. In particular, Algorithm 1 is well-defined.

Proof. Let (vg, piy ) € Vaa x C(1, L=(Q)) x C=(I, L>(Q)) with dlp.(0) = dlqi(T) =0
for all [ € Ny be given for some k € Ng. By Gy:L2(Q2) - C3(I,H}(Q)) we denote the
affine-linear and continuous solution operator that maps every v to the unique solution p

to
v02p— Ap+ndip = f— (v —13)02py in I xQ

anp:() OHIXFN
p=0 on I xI'p
(p7 atp)(o) = (070) iIl Q

Note that the well-definedness of G, follows from Assumption 4.7 and Lemma 4.2. Making
use of G, we consider the following minimization problem:

Jnf Ji(v) =T (v, Gyv) = (v = ) 7 (Grv = Pr), @) £2(1,12(2)) - (4.33)

To prove the existence of a minimizer to (4.33), it remains to show that Jg: L2(Q2) - R
is lower sequentially semicontinuous. The lower sequential semicontinuity of the first
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term is obvious since it is convex and continuous. For the second term, we note that
the embedding C'(I, H},(2)) = C(I, L%(f2)) is compact due to the Aubin-Lions lemma.
Then, along with the continuity and affine-linearity of 07Gy: L2(Q) - C1(I, H},(2)), we
obtain the following implication:

v, ~v weakly in L*(Q) = (13,0;Givn, @) 12(1,02(0)) = (VO; Gl qi) 12(1,12(02))-

In conclusion, Jj is lower sequentially semicontinuous, and therefore (4.33) admits at
least one minimizer vg,; € V,q. On the other hand, the iteration system (Py) is equiv-
alent to the condition that J/(v)(? —v) > 0 for every © € V,q which is nothing but the
necessary optimality condition to (4.33). Therefore, (P;) admits at least one solution
(Vks1, Prs1, Qrr1)- Applying Assumption 4.7 and Lemma 4.2 to the PDE systems in (Py)
vields pii1, grer € C°(1, L2(Q)) and Olpr.1(0) = &g (T) = 0 for all [ € Ny. The claim
follows inductively. O

4.3 Auxiliary Estimates

Assumption 4.9. Let Assumption 4.7 and (SSCT) hold. Furthermore, suppose for every
le NQ that

10} (po = D) | 21,2 < Col! |7 = o] r2y, 101 (q0 = @) | 21,2y € Col!|7 = o] r2(0).

5 1ok =t oy < Cull 3 108~ D 2o < Call
maX{HaépOHL%I,L“(Q))y Haé% HL?(I,Lw(Q))} < Col!,
max {0/ (.= () 101 2t } SCUL - |04f 2,z < Cfl!

and

|10 =7l 120) (4.34)

A 1 8122
<miny —, ,
40" 2L(2¢,5! + 4Cy + 2\/|5!Cocr) N 80L(2c05! +1/|Q|Co(2¢03! + 2C + coB!))

hold for some constants Cy,Cq, Cy, C,7y > 0, satisfying

7 E(?’l i 5)!\/5 =7 <min {1’ L(4015+ 2¢1)" ¢, (8C, + 462-(27;))6100 +¢,0) } ’ (4:35)
200 + éC’og < Cy, ¢(2C, + CoycT(C + CO)% + Cog) < Oy, (4.36)
where
§:=2L0(2e + 3/|QUR),  co=Co max{é% i1, 26%(@@ 1) +1), (4.37)
¢1 = max{26Cy, 26Co(CocT + 1), 28(C + Co), 6(2CcT(C + Cy) + 20 + 2Cy), 4¢Cy,
6Co(2C,cT +4)} (4.38)

with T,¢,é,L >0 as in (SSCT), Lemma 4.2, and Theorem /.4, respectively.
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Remark 4.10. Notice that (4.35) and (4.36) can always be guaranteed by choosing =y
sufficiently small and Cy sufficiently large. Furthermore, it is straightforward to check

that [T, (31 + 5)!\/56_l exists. Indeed, it holds for every k € N that

3145 6-1 3145

1n(1£[(31+5)!ﬂ6'l) - iﬁ“ In((31+5)!) = ffG l > In(s) < Zf DE
\/—6 z(3l+5)(3l+6) Zd

=1

and

dl+1
d;

~ \/554% -1(31+8)(31+9) \/—71(12+8)(12+9) <1 V>4
Caeee T BI+5)B1+6) T (12+5)(12+6) =

Thus, by the ratio test, {¥; d;}ren is convergent. Consequently, as exp € C'(R), the limit
1,2, (3L + 5)!\/564 exists.

Associated with a given (vg,pr, i) € Vag x C(I,L=(2)) x C=(I,L>(f)) satisfying
O (0) = 0lqr(T) = 0 for all [ € Ny and some k € Ny, we introduce the mapping

S L*(Q) x Xo x Xp — L*(Q) x Xo x X7, (2,0,4) = (v,p,q)

with X; = {p € C°(I,L>(Q)) : d'p(t) = 0 for all [ € Ny} for t € {0,T}, that assigns to
every (0,p,q) € L?(2) x Xy x X7 the solution (v,p,q) to

vOip = Ap+ndp = f = (e =)0;p — (0 = i) 0 pr, - (v = )0 in I xQ
anp =0 on I x FN
p=0 onIxI'p
(p, 0:p)(0) = (0,0) in Q
v07q - Aq—-ndyq = Zaz(p pP) = (e =0)0q = (0 =) 0fqr — (v = 0)07q in I xQ
0nq=0 on I xT'y
qg=0 onlxI'p
(q,0:9)(T) = (0,0) in ©
(- [ B(a(t) + 3 (pe(t) - B

+ 07 (p(t) = pr(t))qr(t) + 07 (p(t) = p(t))q(t) dt + Av, D = v) 20 20 VD e V],

(4.39)
Remark 4.11. The system (4.39) is nothing but (OS”) with the perturbation terms

Pt = (- D)~ (0~ ) e~ (T-0)D e H\(I,LA()) (4.40)
P = (v, = D)02G - (0 — 13,)O2qi, — (V- D)0%G e HY(I,L*(Q))

=[Ié’f(pk(t)—T?(t))@(t)+8f(ﬁ(t)—pk(t))qk(t)+03(13(t)—z3(t))6(t)dt € L*(Q)
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satisfying pst(0) = p®¥(T) = 0 such that the well-definedness of S}, follows by Proposi-
tion 4.3 and Lemma 4.2, which also imply that the first component v of Si(7,p, ) lies in
V.

We aim to show that Sy admits a unique fixed point. According to (P), every fixed
point to S} exactly solves the iteration in Algorithm 1 with V7 instead of V,q. Unfortu-
nately, due to the nature of the hyperbolic PDEs and the second-order time derivatives
in the source terms, .S, cannot be defined as a self-map in an appropriate Banach space
(see Lemma 4.2). As a consequence, the contraction principle is not applicable directly to
Sk. As mentioned in the introduction, we establish a suitable self-map to overcome this
issue. First, we define for every k € Ny the mapping

T L2(Q2) = L*(Q) x Xox X7, 0w (0,5,G) (4.41)
where p, ¢ solve

vk0;p = Ap+ndp = = (0 =) 0fpr, in I xQ

0,p=0 IxT
K P on X1 N (442)
p=0 onIxIp
(ﬁa atﬁ)(o) = (an) in €2
and
V74— AG-ndiG =Y. ai(p-p) = (0 =) 0fqr, in I xQ
=1
9,q=0 on I xTy (4.43)
Cj = O on I X FD
(qAa ata)(T) = (070) in Q

The well-definedness of T} follows from Lemma 4.2. Then, the desired self-mapping
operator reads

(I, 0SpoTy): L*() - L*(Q) with IL:(v,p,q) ~ v. (4.44)

As we will see later, the operator (4.44) is constructed suitably such that every fixed point
Vi1 of (4.44) is exactly the first (control) component of the solution to (P;). Furthermore,
the quantity Ty (v.1) is a fixed point of Sy and solves the iteration (Py). To prove these
results, let us start with the following auxiliary lemmata:

Lemma 4.12. Let v >0 such that
A TIGI+5)VE =7€(0,1). (4.45)
1=1
Then, the sequence {by}ren, € Ry defined by

k e
bo=v, bp=[[G3l+5)VE Y2 VEkeN
=1
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4 - Sequential Quadratic Programming

is decreasing and converges R-superlinearly to 0. Furthermore, it holds that

b <7VZ VE e N, (4.46)
(3k +5)1%b, 1 <7 VkeN. (4.47)

Additionally, suppose that {z,}nen, € Ry satisfies for some k € N and some 6 >0 that

1 1
Tp-1 < 4—6bk_1, Ty < Ebk’ Tp+1 < 5(3]{3 + 5)'2($k + ZL‘k_l)Q. (448)
Then )
Tp+1 < Bbkﬂ‘ (449)

Proof. First, we notice that (4.45) implies that by = v < 7. Furthermore, for every k € N,
we have that

\/ik
k . k .
by = H(3l + 5)N52 k lV\/ﬁk = (H(3l + 5)!ﬂ2 l7) < 7ﬁk VkeN,

=1 =1 (4.45)

k
and therefore (4.46) is valid. Since 72 Tren, converges (Q-)superlinearly to 0, the se-
quence {bg }ren, converges R-superlinearly to 0. To prove the monotonicity, notice that

by = 8129V2 = 8125Y?"1py and

V2

k-1 h .
by = (3k +5)12 (H(gz L)V Ve ) = (3k+5)12Y2 = 3k +5)20Y2 by VE > 2.
=1

Thus, {bg}ren, is decreasing if we can show that (3k + 5)!251‘(_%‘1 € (0,1) for all £ € N.
Indeed, this holds since

Va+
0< (8!21)({5-1) gy =gy

and

\/5 1 k-1 1+k— -1
0<(@r+5)2521) < 3k +5)V by = (3k+5)1Y [IGL+5)I T Y7 (450)
=1
k-1

.
k +k— -1 k - -1

<TIGL+5)V2" V2 o (H(3l LRV l’y) < 7771 VEs2.
1=1 1=1 -~

(4.45)

The claim (4.47) for k = 1 follows immediately from (4.45). For k > 2, the claim (4.47) is
obtained as follows:

k-1
(3k+5) 201 < Bk +5)V2 by < 72 <7 Vkx2.
(4.50)
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Now, suppose that {z,}ney, ¢ R, satisfies (4.48) for some k € N and some 6 > 0. If k=1,
using the monotonicity b; < by, we obtain that

1 1 1
68!2(1'1 +l‘0)2 8'2(171 +b0)2 8'2b2

2 16 16

1 1
< 81202 < —8IVZ]122 = .
= T 152
(4.48)

If k > 2, again using the monotonicity b < bg_1, we obtain that

1 1
Tre1 < (5(3]6 + 5)'2(.1'k + .Z'k_l)Z < —(3k' + 5)'2(bk + bk_l)z < —(3]€ + 5)!217271
— 160 46
(4.48)
1 k-1 \/—3+k—l \/—k+1 1 k1 \/— 3+k-1 \/—k+1 1
=—Bk+5)P]]@BI+5)IVZ V2 < —T[@BI+5)IV2 = —Dbps1.
44 -1 46 1.7 46
This completes the proof. O]

Lemma 4.13. Let Assumption 4.9 hold. Then, for v,v € V., (V,p,q) =To(V), (v,p,q) =
To(v), and (7,p,q) =To(v), it holds for all l € Ny that

105 = po) [ 221,020y < co(l+ 3T = w0 220 (4.51)
108(d = 40) | 21,2 (92)) < co(l + 3)!T = 1o 2() (4.52)
10 (p = D) | r2(1,2(0)) < (L +3) v = 7] 120 (4.53)
10 (q = D) | r2r.p=ay) < c1(l +3)N|v = 7] 12 (o (4.54)

with co,cy > 0 as in Assumption 4.9. Let additionally vy, and (Vk_1, pr-1,qx-1) for some
k e N be given such that

Vi V-1 € Vad, Di-1, Qo1 € C (1, L=(Q)), 0pr-1(0) = 0jqr1(T) =0 VI eNy

Inax{”aépk—l||L2(I,L°°(Q))a ||5§Qk—1||L2(1,L°°(Q))} < Co(l +3k - 3)! Vil e Ny (Ak)
|lve =7l < ! —bg, | -7 < _1 b
14 1% Vy._ 1%

k L2(Q) 10 k-1 L2(9) 15 k1

with Cy,0 > 0 as in Assumption 4.9 and by,bx_1 as in Lemma 4.12. Then, for v,v € V,q,
(v,p,q) =Ty(v), (7,p,q) =TK(V), and pg,qx being the unique solutions to

V107 = Api + 00k = f = (Ve = k1) prer in I x Q
Onpr =0 IxT
P oncrew (4.55)
pe=0 on I xT'p
(Px, Oipr)(0) = (0,0) in
V107 @k = Aq = 10yq1, = Zaz(pk— Y — (U = V1) O2qie1 in I x Q
Onqr =0 on I xTy (4.56)
qk =0 onIxI'p
(qr, Oqr)(T') = (0,0) in €1,
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it holds that py,q, € C*(1, L>(Q)), d'pr(0) = 0lqp(T) =0 for alll € Ny, and
max{H@ipka(I,Loo(Q)), ”6qu ||L2(]7L00(Q))} < Co(l + 3]{3)' VZ € No. (457)
Furthermore, it holds for all l € Ny that

101(p = D)l 21,0y < 1 (I + 3k +3)! v = 7] 120 (

100 (q = Dl z2r.p=y) < c1(l+ 3k +3)!|v = 7] 120 (

100 = Pl 21,0y < 1L+ 30T = vl 2 ) + |7 = Vi1 | 12(0)) (4.60

100(@ = @) | 2.0y < 1 (L+ 3T = v 20y + [7 = ve1 [ 22(0) (

10, (p = pe) | r2r, =) < e1(l+ 3k + 3N (v = vl z2(0) + [V = vica] 22 () (

|0:(q - @) |2, < c1(l+ 3k + 3N (v = vl 2oy + [V = i1 | p2(e))- (4.63
Proof. Let v, 7 € Voa, (V,9,q) = To(V), (v,p,q) = To(v), and (#,p,q) = To(?). Further-
more, let [ € Ng. We first note from (4.42) that p —p solves

Wi (p-1) = AP -D) +10:(p-D) = (T - 10)9; (po-p) in I xQ

o(p-p2)=0 on I xI'y
p-p=0 onIxIp
(»-D,0:(p-p))(0) =(0,0) in Q,

such that Lemma 4.2 and Assumption 4.9 yield that
10HD = D) 2122y < VTIT = ol 2@ 108 (Do = D) |12 (1.2 (o) (4.64)
< TN7 = wo] 2 108 (po = ) 2 1.L= ()
— Y —
< CTCQ(Z + 1)'||V - VOH%}(Q) < CTCOE(Z + 1)'||V0 - I/”Lz(Q)

——
(4.34)

and
10,(B = D)l 22 (1,2 (0 (4.65)
< (|7 = vol 2 1072 (o = P) | 22(1,(00)) + |7 = ol 20y 107 (Do = B) | £2(r, 1 (92)))

< 2%00(1 +3)v0 - 7 2.

Consequently, by the triangular inequality and Assumption 4.9 along with (4.65), we
obtain that

105 = po) | L2 (1,1 (2)) < 10HD = D) |21, @)y + 101D = po) | 21,1 (2)
< (@2—76 +1)Co(1 +3)|vo - 7| p2(0-

From the definition of ¢y (see Assumption 4.9), this implies (4.51). Similarly, due to
(3.135) and (4.43), ¢ — g satisfies

0} ((-7) =~ AG-7) ~n0(G-7) = Y ai(p-P) = (7-1)0 (90 -7) inIxQ
i=1

an(qv_a):() OHIXFN
Gg-q=0 on I xI'p
(¢-7,0:(q-9))(T) = (0,0) in €,
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such that Lemma 4.2, Assumption 4.9, and (4.64) yield that

1004 = D) L2 (1,0 (2 (4.66)

L . iy —
<e(y] (9) 18] @il o 1,202y 1017 (B = Pl 21,2200
j=0 \J/ iz
+ Hﬁ - VOHL2(Q) ||8£+2(QO - 6) ||L2(I,L°°(Q))
I+1

[+1 .
3 () S 1okl m a6 G- Dl
7=0
+ 17 = voll L2y 107 (90 = D | 221, (2)))
L1
<UCuTCh S (j)j!(l DU = sz + 257 = sz Coll +2)!

§=0
I+1 I+1
+Cq CTC’o46 Z( ) (= g+ 217 = vol 120 +—||V Vo L2(0)Co(l +3)!)
7=0
< QCC() (C CT+1)(Z+3)'HV VOHLQ(Q)a
(4.67)

where we have used that

HZI(T) 1=+ =Y D - S e2) < (4 3)L (16)

j=0 j()(l+1 ).] =0

Again, with the triangular inequality and Assumption 4.9 along with (4.66), we obtain
that

10,(d = q0) | 22(7,2(00)) < 104 (d - 5) |2, () + 101(@ = q0) | 21, L= (2)
<Co(26 (C cl + 1)+1)(l+3)'”y VOHLQ(Q)a

leading (4.52). By (4.42), p — p satisfies

10 (p-p) - A(p-p) +nd(p-p) =—(v-0)d}po in IxQ

On(p-p)=0 onIxI'y
p_ﬁzo ODIXFD
(p-p,0:(p-p))(0) = (0,0) in .

Applying Lemma 4.2, and Assumption 4.9 gives that
10 (p=D) |l z2(1.220) < VT =] 220y 105 Poll £ (1, 0y < cCoT 1+ 1)! v = 7] 120y (4.68)
and

10t (p = D) | r2(r,2(0)) < eV = Pl 2 105 2Pl 2cr @)y + |V = Pl 2@ 105 poll 121, (2)))
< 2600([ + 3)'”1/ - I;”L2(Q)7
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leading to (4.53). By (4.43), the difference ¢ — ¢ solves

i (q-4) - Alg=G) -n9(q-q) = Y ai(p-p) - (v -0)dq in IxQ
=1

an(q_Q):O on I xI'y
q-q=0 on I xI'p
(¢-q,0:(¢-9)(T) =(0,0) in €,

such that Lemma 4.2, Assumption 4.9, and (4.68) provide that

10(a = @) | 21, 2))

IN

l
J
+1 l+1 m ) W _ _
Z( )Z W@z||L°<>(I,L<><>(Q))||31i+1 J(p_p)”LZ(LL?(Q))"’ HV—V||L2(Q) ||aé+3CIO ||L2(1,L°°(Q)))

i=

l

~ -

0] ) D P D PR U P A s
7=0

1
) z
< o(CeCyT ()v(z—j+1)v||y Pz + v — 72 Coll + 2)!

j=o0 \J

+1

E
+CeCyT Z( ) (L= + v = o + v - 72y Coll + 3)))
7=0

< QéCO(CaCT + 1)(l + 3)'”V - 5HL2(Q),
(167)
leading to (4.54). Now, let k € N and we redefine (v, p,q) = Tx(v) and (7,p,q) = Tr(?).
Furthermore, let vy, and (vg_1, pr-1,qx-1) satisfy (Ay) and pg, ¢x being the unique solutions
o (4.55) and (4.56). Due to Assumption 4.9 and (Ag), applying Lemma 4.2 to (4.55)
yields that pj, € C<(I, L>(Q)), dlp(0) = 0 for all [ € Ny, and

10Dk 21,00y < ENOLF | 22220y + [vk = Vit | 22 1952 Pr-1 | 221, 2)) (4.69)

+ 05 flz2rrzyy + vk = Vi1l 2@ 108 it | 2,00 0)))
1

< 2eCH(I+ 1)+ eCo==(by, + b—1) (I + 3k)!
— 29

(4.34),(Ag)

< anf(z+1)!+acog(z+3k)! <
(4.47) (4.36)

Co(l + 3K,

From (4.55), we obtain that

V107 (D= i) = AD = pi) + 00 (D = i) = (V= 4m1) 7P + (W — V1) 071 in I x Q)

an(]_?_pk)zo OHIXPN

P-pe=0 on I xI'p

(P = pr: 0:(P = 1)) (0) = (0,0) in Q.
(4.70)
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4.3 Auxiliary Estimates

Thus, Lemma 4.2, Assumption 4.9, and (Ay) yield

10,(P = pr) | L2(1,22(0)) (4.71)
< NI (|7 = vt 2 105 Bl o (2= (2y) + 176 = Vit | 220 |05 Pror |21 (1,0 02)))
< CT(a + C(])(l + 3k — 2)'(”? - Vk”LQ(Q) + Hﬁ - Vi-1 “Lz(Q))

and
10{(P - pi) |21, () (4.72)
<e(|(7 = =) 07Dl 21,1200y + 17 = k1) 0Pl 121,02 ()

+ H (Vk - Vk—1)8f+2pk—1 HL?([,L?(Q)) + H(Vk - Vk—l)a?spk—l HLQ(I,LQ(Q)))
< 26(6 + Co)(l + 3]{)'(”; =V ||L2(Q) + Hﬁ = Vi1 ||L2(Q))7

leading to (4.60). Applying Lemma 4.2 to (4.56), it follow that ¢, € C>~(I,L*>(Q2)),
OLqr(T) =0 for all [ € Ny, and along with Assumption 4.9 and (4.71), we obtain that

H 8%% H L2(1,L>=())

< 5(2 104 (ai(pe = D)) | r2rrzy) + vk = Vi1 |2 |00 Geet | 22, p )
+ Z H@“l(a,(pk - sz)) ||L2(1 L2(o) ||Vk —Vk-1 ||L2(Q) ||8l 5% 1||L2(1 L°°(Q)))
; 101 (ai (D= p)) 121,02 (0)) + ; 107 (ai(B = p?)) | L2 (r 20

+ Z 10} Cai (o = D)) | r2cr.r2@)) + 1w = vt | 2108 2 @i | 2 r,p )
=1

+ Z 107 (ai(pe = D) 2 re2yy + 19k = Vi1l 2@ 100 Gt 22 (r.p=9)))

10} (a; (P = p¢")) | r2cr,r200)) + 2, 108 (@@ = p2°)) | L2 (r r20))
= =1

I
Z( )|3 i g (. p ) |04 (1 = B) | 21,22

1

m
Z
=1 5=0
m [+1
2.

i=

]:

+ v = V- 1||L2(Q) 1012 qra || 2, L°°(Q)) + vk = vkt | 22 100 @it | 2201, (2)))
Z;Hal(az(p pzb))”m(lw(m) +ZH5’Z+1 a;(p - pf ))HL2(1 L2(9))
T[T+ C) Y (j)j!(l 3k =217 - velseey + 7 - itz

=0

+ vk = V-1l 2@ 105 a1 | 22 1,2 )
1+1

[+1\ . ) _ _
+C’cT(O+CO)Z( ' ) (1= 5+ 3k = D7 = vl oy + |7 - vt L2y
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4 - Sequential Quadratic Programming

+ | = V-1 | 2 (o) ||a§+SQk-1|\L2(I,L°°(Q)))

20,(1+ 1) + CoeT (T + 00)2—15(bk by ) (1 + 3k)! + CO%(bk bt ) (1 + 35)1)

<
(434).(Ax)
< #20,(1+ 1)+ CocT(T + 00)%@ +3k)!+ 00%(1 +3k)) < Co(l+3k),
(4.47) (4.36)

Along with (4.69), the above estimate implies that (4.57) is valid. Now, (4.58) and (4.59)
follow analog to (4.53) and (4.54). By (3.135) and (4.56), we obtain that

V107(0 = k) = A(@ - qx) —n0(T - q)

=Y a;(P-pr) = (V- 14-1) 07 + (Vg = V1) gy in I x Q

i=1
On(G-qr) =0 on I xI'y
T-qu=0 on I xI'p
(7 - ar, 0:(q - 4:))(T') = (0,0) in €,

such that Lemma 4.2, Assumption 4.9, (Aj), and (4.71) provide

1007 = @) | L2 (1.2

l 1\ m ) )
N -7 /—
<o () S 10l i~ man 9 B p) 2o
3=0 i=1

I+1 1+1\ ™ ) s
+ Z( J )Z ”at]a’iHL“(LLm(Q))||at+1 J(p_pk:)”L?(I,LQ(Q))
j=0 i=1

+ 17 = k1) 0% 121, 2200)) + 1 (T = v-1) 012 121,120
+ ||(Vk - Vk—1)3£+QQk—1HL?(I,L%Q)) + || (Vk - Vk—1)3§+3%—1 ||L2(1,L2(Q)))
l
<(CocT(C+Ch) ). (l,)j!(l +3k—7-2)+ C(1+2)! + Co(l + 3k - 1)!
j=o \J
- +1 [+1 ) . -
+C,cT(C + Cy) Z( i )j!(l+3k—j -+ C(1+3)!
=0
+ Co(l + 3]{)')(“? - VkHLQ(Q) + H; - Vk—lHLQ(Q))
< é(QCaCT(a + Co) + 26 + ZCQ)U + 3]{))'(“? - Vk”L?(Q) + ”; — Vk-1 HL2(Q)),

leading to (4.61). To prove (4.62), due to (4.42) and (4.55), note that p — pj solves

Vkaf(p —pk) - A(p —pk) + Uat(p _pk) = —(V - kal)afpk + (Vk - kal)a?pk—l in I xQ

an(p_pk):() OHIXFN

p-pr=0 on I xI'p

(P = Pk, 0:(p — px))(0) = (0,0) in €,
(4.73)

such that from Lemma 4.2, (4.57), and (Ag), it follows that

104 (p - pi) | L2(r,2(0)) (4.74)
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4.4 Convergence

< VT (v = v 2o 0 prll a2, p= ) + 1V = Vie1 |20y 108 Do | 22 (1,2 (52)))
< CTCO(Z + 3k + 1)'(”1/ - Vk||L2(Q) + ||l/ - Vk—1||L2(Q))

and
16 (p = i)l 21, () (4.75)

< (v = vkl L2 1052l 2 (1, @)y + [k = Vit 22 10 ko1 | 21,0 2

+ v = HL2(Q) |’3£+3pk; ||L2(I,L°°(Q)) + vk = e HL2(Q) H@f*?’pk_l ||L2(I,L°°(Q)))
< 4600([ + 3k + 3)'(HV - VkHLQ(Q) + HV - Vk*lHLQ(Q))a

leading to (4.62). Finally, due to (4.43) and (4.56), it holds that
v (¢ - ar) = A(g — ) = n9:(q — ax)

=Y ai(p—pr) — (v =ve1)Fqu + (Ve — vie1) g1 in I xQ
=1

an(q_qk):() on I xI'y
q-qx=0 on I xI'p
(q_ Qkaat(q_ Qk))(T) = (070) in Q:

such that Lemma 4.2, Assumption 4.9, (Ay), (4.57), and (4.74) yield that
Hai(q - Q) HL2(I,L°°(Q))
l 1\ ) .
(2, (j) 2 N0l aill Lo (1, (02 10, (p = k)| 21,220

§=0 i=1

IN

I+1 I+1\ ™ . i
() D1tk a1 0 - p) s s
=0 i=1

+ v = Vi1 | 2 1072 @i | 2, 0)) + 1V = Vet | 2200y 1052 @i 21,2 ()
+ vk = vt | 220 100 @t | 20,2 9)) + 1V = Vit [ 2200 |00 P @t | 21,1 (2)))
Lol
<(CocTCo Y. ( ,)j!(l —j+3k+ 1) +4Cy(l + 3k + 3)!
J

3=0

1+1 l+1 ) .
+CacTCOZ( ' )J!(z—j+3k+2)!)(|y—yk|L2(Q)+|y_yk_1|L2(Q))
=0

< e(2C,cTCo +4Co) (1 + 3k + 3)([v = vl z2(0) + |V = vi-1] 220
leading to (4.63). O

4.4 Convergence

Under Assumption 4.7, we know that Algorithm 1 is well-defined (see Theorem 4.8),
but the iteration step (Px) may have multiple possible solutions. In the following, we
prove that under Assumption 4.9, the solution to the iteration step (Py) is unique. More
importantly, under a two-step estimation process (4.77), we establish the R-superlinear
convergence of the unique sequence of iterations towards the solution to (P).
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4 - Sequential Quadratic Programming

Proposition 4.14. Let Assumption 4.9 be satisfied and {by }ren, as in Lemma 4.12. Then,
the mapping (I, 0 SgoTy): L2(Q2) - L2(82) associated with (v, po,qo) s a contraction and
admits a unique fized point vy € V,q satisfying

1

|1 =7 120 < Ebla (4.76)

where 7 and 0 are as in Assumption 4.9. Let additionally vy and (Vg-1,Pr-1,qk-1) Satisfy
(Ay) for some k € N. Then, the mapping (I, o Sk o Ty): L2(Q2) - L?(Q) associated with
(Vky Dy Qr ), with py. and g being the unique solutions to (4.55) and (4.56), is a contraction
and admits a unique fixed point Vi1 € Vyq satisfying

|kt = 7] 200 < 83k +5)2(|7 = vk 12 () + 17 = v | 120 (4.77)
1
HVk+1 - 7HL2(Q) < Eblﬁl. (478)

Remark 4.15. Notice that the positive constant ¢ appearing in (4.76)-(4.78) is indepen-
dent of k. More precisely, it depends only on the given data as defined in Assumption 4.9.

Proof. Let v,v e L2(Q2) and k € Ny. Further, if k € N, suppose that v and (vx_1, k-1, qk-1)
satisfy (Ax) and pg, ¢r denote the unique solutions to (4.55) and (4.56), respectively.
According to (4.41), we may write (v, p,q) = Tr(v) and (7, p, ) = Tr(7). As pointed out
in Remark 4.11, (Sk o Tx)(v) and (Sk o T} )(7) solve (OS™) with the perturbation terms
(4.40) for (2,p,q4) = (v,p,q) and (?,p,q) = (7,p,q), respectively. Then, by Theorem 4.4,
it holds that

[ (L, © Sk 0 Ti)(v) = (Ly © Sk 0 Ti:)(7) | £2(a) (4.79)
< L([ (v = 2)07 (p = ) + (v = 2)0} (pr = P) | 21,22 ()

+ (e =)0 (g = @) + (v =)0 (a ~ Dl 21220

+ | ﬁaf(pk(t) -p(t))(q(t) = q(t)) + 07 (p(t) - p(t)) (e (t) = q(t)) dt] 12(q))
< L(|vi = 7] 22 107 (0 = D) | 221, n0 )y + [V = Pl ez 107 (P = D) | 12(1,2(92))

+ vk =Tl 2@ 107 (g = @) | 201,y + 1V = Pl 2107 (@ = D) | 221,00

+ 07 (. = D) 2. | = @l z2(r.r2)) + 107 (p = D) | 2.2 | @k = Tl 22(1.2()))-

According to Assumption 4.9 and Lemma 4.13 (see (4.53) and (4.54)), the above inequality
implies for k£ =0 that

[ (L 0 So 0 To)(v) = (L © So 0 To) ()] 2
eyl — . 1 _
SL(2015!+400+2 |Q|5!OOCI)HVO_VHL2(Q)”V_V”L2(Q) < _“V_VHL?(Q)'

——
(4.34)

Similarly, for k € N, we obtain, using the monotonicity by < bx_1 (see Lemma 4.12), that

|(Zy 0 Sk o Ti)(v) = (1, 0 Sk o Tk ) (7) | 120
L(4Cl + 26%)(3/{3 + 5)'2(H§ - Vk”L?(Q) + ”E - Vk—lHLQ(Q))”V - ﬁHLQ(Q)
(4.58)—(4.61)
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4.4 Convergence

1 1
< —L(461 + 20?)(3]? + 5)!2bk_1 HV - 77|‘L2(Q) < —L(401 + 20%)7”V - IJHLQ(Q)
- 20 20
(Ak) (4.47)
1 _
= 5”” = 7|20
(4.35)
Therefore, the mapping (I, o Sk o Ty): L2(2) - L?(Q2) is a contraction and consequently
admits a unique fixed point v, € L2(2) due to Banach’s fixed point theorem. Also,

according to Remark 4.11, I, o S maps into V7, such that vy, € V7,. Now, let us prove
(4.76) and (4.77). From the above contraction property, it holds that

1 _ _ _
§HVk+1 - V”L2(Q) + H([u o Syo Tk)(Vk+1) - ([u oSko Tk)(V)HL2(Q) < HVk+1 - VHL2(Q)-

Thus, since Vg1 = (1, 0 Sk o Tk, )Vk41, it follows that

1 _ _ _
Sl =Pliz@) < Ve = Pleze) = 1Ly © Sk 0 Ti) (V1) = (L 0 Sk 0 Te) (V) |22y (4:80)
< ” (L, o Sk o Tk)(ﬁ) - vHLQ(Q)-

Furthermore, we set (7,p,q) = Tx(7). As above, according to Remark 4.11, Sy(7%(7))
solves (OS") with the perturbation terms (4.40) with (2,9,4) = (7,p,q), and (7,p,q)
solves (OS") with the perturbation (pst, pa%, p¥1) = (0,0,0). Thus, Theorem 4.4 implies
that

(1, 0 S o Ti) (V) = 7] r2(q) (4.81)

< L[ (v =2)OF (B = pi) | 2, p2 () + 1 (v = P)OF (G = i) [ 221,220

S0 =00+ ) - Dartt) + G - sat | )

< L(|vk = 7l 2@ 07 (B = pi) | L2, )y + 1V = Pl 2 107 (4 = i) | 21,0 )
+ 07 (o1 = D) z2 .= 14 = @l 221220y + 107 (P = pi) | 22,2 |k = @l 221 22(02)))
< L(|vw = 2l 22107 (B = pi) | 22 r,n )y + 19 = Pl 2oy 107 (G = @) | 221,00 02))
+ 107 (0 = D) | L2, o) 14 = @i 21,2000y + 107 (P = P) | 2, ) lak = @l 221,22 (02))
+102(D = pi) | 2= |0k = Tl 22(1,22(0)))-

+

For k =0, applying (4.81) to (4.80) and making use of Lemma 4.13 and Assumption 4.9

yield that
_ _ 1 1
[v1 = Pll22() < 2L(2¢05! + V/|QCo(2603! +2C + co5)) [0 = VL0 < 58!27ﬂ =5

(4.34)
Analogously, for k € N, Lemma 4.13 implies that

2L(261 + 3\/ |Q|C%)(3k’ + 5)'2(”5 — VkHLQ(Q) + ”5 - Vk—1||L2(Q))2-
(4.60)—(4.63) -5

Vka1 = 7| 20

In conclusion, (4.76) and (4.77) are valid. Finally, due to (Ax) and (4.77), we may apply
Lemma 4.12 with xy, = ||}, = 7| 12¢q) to obtain (4.78). O
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Proposition 4.16. Let Assumption 4.9 be satisfied and vy € V,q denote the unique fixed
point of (I, 0 SyoTy) associated with (vy, po,qo). Then, (v1,p1,q1) = To(v1) is the unique
solution to the iteration (Py) for k = 0. Let additionally vy, and (v_1,px-1,qk-1) satisfy
(Ay) for some k € N and vy,1 € V,q denote the unique fized point of (I,0SkoT}) associated
with (Vk, P, qr), with pr and q being the unique solutions to (4.55) and (4.56). Then,
(Vikt1, Prst1, Qrr1) = Ti(Vis1) is the unique solution to (Py).

Proof. Let k € Ny. Since vy, is a fixed-point of (I, o Sk oT}), it holds by the definition of

Sk (see (4.39) for (,9,4) = (Vks1, Phe1, Qre1)) that Sg(veer, Prets Goe1) = (Vre1, 0, q) where
p, q are the unique solutions to

VOl - Ap+n0ip = f— (U = V) 02prs1 — (ko1 — ) 0Ppr in I xQ

O,p=0 IxI’
p on I xI'y (4.89)
p=0 on I xI'p
(p, 0:p)(0) = (0,0) in Q
and
Dafq - Aq - natq = Z az(p pl l/k - V)at Qr+1 — (VkJrl - Vk)aqu inIx%
=1

Onq=0 on I xT'y (4.83)
q= 0 on I x FD
(¢,0:q)(T) = (0,0) in ).

Furthermore, according to the definition of T}, (see (4.41) for (2,5, G) = (Vk+1, Pr+1, Qrs1)),
Pr+1 and ggy1, respectively, solve the same systems (4.82) and (4.83). Therefore, we obtain
P = pry1 and g = qry1, and consequently Ty (vg,1) is a fixed point of Sy and satisfies the
PDEs in (Py). Let us prove that Tp(vg.1) satisfies the variational inequality in (IPy).
Note that the assumptions of Lemma 4.13 are fulfilled. On the other hand, in view of
Remark 4.11, the fixed point (Vg+1,Pr+1,r+1) Of Sk solves (OS™) with the perturbation
terms

P = =k = )07y = (Vkr = Vi) 07 pr = (7 = Uke1 ) 07D e HY(I,LX(Q))  (4.84)
ad] = (v V)21 — (Vo1 — V)02 q — (U — Vi1 ) 0%G e HY(I,L*(Q))
VI [ 3R we(t) - BO)aker (D) + 2 (pra (1) - pr(t) (1)
+ 07 (P(t) — praa (t))q(t) dt € L=(9),

satisfying p*t(0) = p®¥(T) = 0. Using Assumption 4.9, Lemma 4.13 for k and k + 1, we
obtain that

1% e 22y + 109 N mr 2y + 107 (o)
< v = 7] 22 |07 Drs1 | 10 (1,100 2y + (Vi1 = Vil 22 107D 1121, (92))
+ |7 = vt | 220 ||8,52]_7||H1(I,L°°(Q)) +lve =7 200 167 it |11, (2)

+ 1 = vl z2) |02 a0 (1,00 () + |7 = Vi1 | 22 107 110 (1,2 (2
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4.4 Convergence

+ 107 (pk = D) 21, o @t | L2 (1.2 )y + 197 (Prest = i) 20, k| 21,0 ()
+ 107 (D = prar) | 2.z o 1T 2 1.2 )
< ((800 + 40)(31{? + 6)' + (30100 + ch)(?)k + 5)'2)(”5 — Vk+1 HLQ(Q) + ”; -V ||L2(Q))

1 — —
< —(8C’0+4C+30100+ch)(3k+5)!2(bk+1 +bk)
(Ak)7(478) <2bp_1
1 1 — —
< —(8C)+4C +3c1Cy + c1C)(3k +5)%bp1 < —(8C, +4C +3c,Cy+c,0)y < ..
20 — 20 -~ Cy,

(4.47) (4.35)

Therefore, by Lemma 4.5, (Vg+1, Pr+1, @r+1) solves (OS) with the perturbation terms (4.84).
As a consequence, (Vgi1,Pr+1, Qk+1) satisfies (Pg). Assume that (D1, Pre1, Gre1) is another
solution to (Px). Then, (Vks1, Pr+1,r+1) is also a fixed point of S, and consequently 7y,
is a fixed point of (I, o Sy o T}). By the uniqueness of the fixed point of (I, o Sy o T})
(see Proposition 4.14), it follows that Dy, = vgy1. Furthermore, by the uniqueness of
the solutions to the PDEs in (Py), we obtain pry; = prs1 and Gre1 = qre1.  Therefore,
(Vk+1, Pr+1, Qi1 ) 1s the unique solution to (Py). O

Differently from the parabolic case, we cannot prove the quadratic (Q-)convergence of
Algorithm 1. As a remedy, the proposed two-step estimation process (4.77) eventually
enables us to prove R-superlinear convergence, i.e., the error is dominated by some scalar-
valued sequence converging superlinearly to zero [65, page 620].

Theorem 4.17. Let Assumption 4.9 be satisfied. Then, for every k € N, the iteration
step (Py) of Algorithm 1 admits a unique solution (Vii1, Prs1, Qrs1) € Vaax C (I, L= (02)) x
C>(1,L>=(R2)) satisfying
”Vk+1 _ﬁHLQ(Q) < (5(3]{3 + 5)'2(Hg— Vk”LQ(Q) + Hﬁ— Vk—1||L2(Q))2-
Furthermore, Algorithm 1 converges R-superlinearly towards the solution v to (P) with
1 k
v =Pl < 457 7Y% VkeN. (4.85)

Proof. For every k € Ny, let (Vgi1, Dkt Qri1) € Vag x C° (I, L2(2)) x C=(1,L>(2)) de-
note a solution to (Pj) according to Theorem 4.8. We combine Proposition 4.14 and
Proposition 4.16 to prove by induction that

(Vks1, Prs1s Qrr1) € Vaa x C (I, L®(Q2)) x C=(I, L*=(£2)) is the unique solution to (P)
[V = 7] 120 < 5(31C +5)2(17 = vl 20 + 17 - v 1||L2(ﬂ))2

— ]_ _ 1 _ k+1
vk = V] 120 < 4—5’% < 457f e PR Ebm < 457f

Pies @k € C° (1, L=(Q)) with 0'pr(0) = 0'qu(T) =0 VIeN,
HaépkﬂLz(LLoo(Q)) < Co(l + 3/€)!, ||8£q1€”L2(LLOO(Q)) < Co(l + 3/€)! Vi e NO

(4.86)
for all £ € N and by, by41 as in Lemma 4.12. Due to Proposition 4.14 and Proposition 4.16,
the solution (v1,p1,q1) to (Px) for k =0 is unique and satisfies
_ 1
|17 =120y < _bl 7v2, (4.87)

<
IARSAT i
(4.16)
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Thus, along with Assumption 4.9, v, and (v, po,qo) satisfy (Ay) for & = 1 such that
Proposition 4.14 and Proposition 4.16 imply that the solution (v, pa, q2) to (Pg) for k=1
is unique and satisfies

1 1 2
17 = vall 20y < O8P(I7 ~ v L2y + |7~ w0l L2()) |7 = valr2a) < 4_552 (é) 4_67\/5 .
4.46

Moreover, Lemma 4.13 implies py,q; € C=(I,L=(Q)) with dp;(0) = 0, dq:(T) = 0,
10kp1 (| 221,15 (02)) < Co(l+3)!, and [|0q1 | 2(1, 1 (0)) < Co(I+3)! for all I € Ny. In conclusion,
(4.86) is fulfilled for k£ = 1. Now, let k > 2 be fixed, and assume that (4.86) is satisfied
for k — 1. Then, v, and (vk_1,pr-1,qx-1) satisfy (Ay) such that Proposition 4.14 and
Proposition 4.16 imply that the solution (Vgy1,Prs1, qrs1) to (Py) is unique and it holds
that

”; — Vk+1||L2(Q) < (S(Sk + 5)'(”’4: - EHLQ(Q) + ||I/k_1 — v||L2(Q))2a

_ 1 1 _ﬂkﬂ
- < — < — )
(i Vk+1HL2(Q) < 455k+1 = 457
(4.46)

Again, Lemma 4.13 implies that py,qr € C®(I,L>(Q)) with d'pi(0) = 9lg(T) = 0,
”aépkan([,Loo(Q)) < Co(l + 3]{))', and H(‘?équLz(LLw(Q)) < C()(l + 3]{7)' for all [ € No. This
completes the induction proof. ]
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NUMERICAL ANALYSIS OF A
FULLY DISCRETE
APPROXIMATION 5

This chapter is devoted to the numerical analysis of a fully discrete approximation for
(1.2). For numerous optimal control problems governed by elliptic and parabolic PDEs,
the numerical analysis, including the convergence of discrete schemes, is explored in the
literature. We mention the publications by Casas et al. [8,14-17], Vexler et al. [10,55,60],
Yousept [81,82], Gong et al. [38], and von Daniels et al. [76]. As we are primarily interested
in the hyperbolic case, we refer to the recent contribution by Peralta and Kunisch [67],
where a source control problem governed by the linear wave equation is approximated
by proposing a Petrov—Galerkin scheme. Notably, in the realm of Maxwell’s equations,
a leapfrog (Yee) time-stepping method [79] has been successfully applied. We refer to
Li [56], Li et al. [57], Cohen and Monk [25], Monk [63], Winckler and Yousept [78], and
Hensel and Yousept [43]. To the best of the author’s knowledge, we are the first to
investigate a leapfrog time-stepping method for (1.2).

Based on a Finite Element method in space, a leapfrog (Yee) time-stepping, and the
auxiliary first-order system (3.9), we derive a fully discrete approximation for (1.2) (see
(5.10)). We show well-definedness of (5.10) and necessary first-order optimality condi-
tion (see Theorem 5.4) following the argumentation from the continuous case (see The-
orem 3.12). Furthermore, based on the techniques in [43, 78], we prove the stability for
the solutions of the discrete state and adjoint equations concerning the approximation
parameter h (see Theorem 5.6). In the final section of the chapter, that is Section 5.4, we
define suitable interpolations of the discrete solutions and prove two different convergence
results: First, interpolations of solutions to the discrete first-order optimality systems con-
verge up to a subsequence towards a solution to the first-order optimality system of the
original problem (see Theorem 5.10). Second, for every local minimizer to (1.2) satisfying
a reasonable growth condition, we prove the existence of a sequence of local minimizers
to the fully discrete approximation for (1.2) converging to the local minimizer to (1.2).

The content of this chapter is available in the author’s preprint [7]. Consequently, direct
quotations from this work will not be explicitly highlighted.

5.1 Fully Discrete Scheme

The essential assumptions for this chapter read as follows:
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5 - Numerical Analysis of a Fully Discrete Approximation

Assumption 5.1. Let Assumption 3.1 hold and let Q ¢ RN be a polyhedral Lipschitz
domain. Furthermore, let p; € L=(Q), ps® € WU(1,L2(Q)), and let a; € C*(I,L>())

assumed to be nonnegative for alli=1,...,m. Moreover, let v_,v, € R satisfy 0 <v_<wv,.

Let us now establish the fully discrete approximation for the auxiliary first-order system
(3.9). For this purpose, let {75, }rs0 be a quasi-uniform family of triangulations of Q2 such
that every edge E of every element T € 7, satisfying F'n €2 # @ belongs either to I'p
or I'y, i.e., either £ c I'p or E c Ty. Here, h > 0 denotes the largest diameter of
all K € 771. Furthermore, with P17 we denote the set of all continuous piecewise linear
functions associated with 7y, i.e.,

Pl ={peC(Q)Iplx e PL(K) VKT,

and with DG{ (resp. DG}), we denote the set of all scalar-valued (resp. vector-valued)
piecewise constant functions associated with 7. Incorporating the partial Dirichlet
boundary condition, let

P;L,D = PilI NHp(Q) ={on € P? :¢p=0o0nT'p}.

In the following, let Assumption 5.1 hold. Towards discretizing the governing PDE in
time, given some N € N, we choose the equidistant discretization

O=to<t;<toy<---<ty=T,

where ¢, —t;.1 = 7 = 1 for all [ = 1,...,N. Furthermore, let us employ the middle
points of the Constructed subintervals in the time discretization, i.e., #;,1 =t + 3 for all
l=0,...,N-1. We aim to define an approximation for (3.9), motlvated by the leapfrog
(Yee) time—stepping [79], where we evaluate the first equation in (3.9) at the discretization
nodes while the second one is evaluated at the middle points. This approach leads to

1
approximations {p} }¥, c P}, and {uh : N1 c DG{ where pl, ~ p(#;) and u:Q ~u(l, 1)
for the solution (p,u) to (3.9). To arrive at a concise formulation, we introduce the

notation ) l i,
+ +
I+ ph p l+% i ph

op, * = f’ Dy, 2 vi=0,...,N-1 (5.1)

and

I+3 -1

sul = MM gy N1 (5.2)
T

Furthermore, let F*3 := F(tl%) forall {=0,...,N -1 and v}, € V,4 be given. We denote

the P?—interpolation operator with
_ b Mp
O(Q) - Pla v = Z U("L‘j)quv (53)
j=1

where {¢; };‘f’l c P" denotes the nodal basis of P} and {z; }j\fﬁ c Q denote the corresponding
nodal points. The operator Z;, satisfies

Tnd > ¢ in L®(Q) ash—0 YoeW(Q),p>N (5.4)
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5.1 Fully Discrete Scheme

Tnd > ¢ in HY(Q) ash—>0 Vo¢eH2(Q). (5.5)

cf. [12, Section 4.4]) and Z,,(C=(92)) c P" . Furthermore, ¥), denotes the P" ,, projection
D 1,D 1,D J
operator, i.e., ¥p,: H5 () - P;L’D,p ~ yp, where v, solves

fQ Vyn - Von + ynop dr = ‘/Q Vp- -V, +popdr Vo, € P?,D'
For all p € H},(2), due to the Céa Lemma, it holds that

1Vhp = pl o) < ) inf {[¢n = plr (). (5.6)

hepl,D

Furthermore, since H7,(f2) = CB"(Q)”'”HI(Q), for every p € H},(Q2) and for every € > 0, there
exists a p. € O (Q) such that |[p—p|m () < §, and due to (5.5), there exists h > 0 such
that |Znpe — pe| ui(ay < § for all ke (0,h]. Then, along with (5.6) and since Zy,p. € P’f’D, it
follows that

o= Yip| i) < 1Znpe = Pl ) < 1 Zupe = Pel 1) + [P = Pl H1(0) < €
This implies that
Up—>p in H(Q) ash—-0 Vpe H5(Q). (5.7)

Evaluating the first line in (3.9) at ¢, +1 and the second line of (3.9) at ¢;, and incorporating
a Finite Element discretization in space, we obtain the following fully discrete scheme:

I+ I+ I+ 1
[ ondnn Yo — - vonde = [ Fligyde
Vo ePlp,1=0,...,N~-1
Sul + vpl =0 Vi=1,...,N-1

1
ph=Unpo, w? =0 (1y).

Here, ®;:L>(Q) - DG} maps every v € L*(Q) to Vi, where y, € P?’D denotes the
unique solution to

[ V- onda = [ o+ vpr)onde VonePlp. (5.9)

The system (5.8) can be solved by alternately solving the variational problem and com-

1
puting the second line as follows: Suppose that pl € PIi p and u:rQ € DGg are already
given for some [ =0,..., N —2. Then, applying (5.1), the finite-dimensional variational
problem in (5.8) admits a unique solution pi*! e PZD due to the Lax-Milgram lemma.

3 1
Furthermore, due to (5.2) and the second line in (5.8), it follows that uijQ = qu —-TVpiHL.

Consequently, the iteration scheme (5.8) is well-defined.
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5.2 Discrete Optimal Control Problem
We consider the following discrete admissible set
Vi = {veDCl:v_ <v(z) <, for every z € Q) € Vyq.

Making use of the midpoint rule for the numerical integration in time and the leapfrog
scheme (5.8), our fully discrete optimal control problem reads as

m N-1

. T 1+1 o A
min J (vn, {p), } %) = ) Z Z Qai(tué)(ph ’ _pib(tu%))z dz + §||Vh||%2(g)
i=1 1=0

(5.10)
st. v, €V and ({ph 1Y, {ugi}ﬁgl) e (P p)N*1 x (DGg)" solves (5.8).

1
Since for every vy, € V", the scheme (5.8) admits a unique solution ({p} }%,, {ulh”}ﬁal) z
(P]iD)NJf1 x (DGM)N | the associated solution mapping

+ I+3 1 n_
SniVaa = L2 (@M x L)Y, v = ({2 hiko, {wy, " 1551)

is well-defined. Denoting the first component of Sj, with Sy v, = {p,}Y,, the reduced
problem reads

min Jn(n) = Tn(Vn, Snp(vn)). (Pn)

For proving the existence of a minimizer to (P,) in Theorem 5.3, we make use of the
following inverse estimate:

Lemma 5.2 (Inverse estimate, [22, Theorem 3.2.6]). There exists a constant ¢y, > 0,
independent of h, such that
C.

IVor| 2 < Zw

Ipnlz2y VonePlp.

Theorem 5.3. Let Assumption 5.1 hold. Then, for every h >0, the problem (Py) admits
at least one global minimizer vy, € V!,

Proof. Let h >0 be given. First, we show that the above solution operator Sy, ,: L2(Q2) >
Vi — L2 Q)N vy, — {pL}¥, is continuous. For this purpose, let v, 75, € V" and
I+3 - L+ .

({05350 {23050 ({83 3% {2 351) € (PYp) ™+ x (DGE)Y be the solutions to (5.8)

associated with v, and 7y, respectively. Then, we have that
- +1 I+3 l+3 I+3 _1+3 I+3 - I+3
Q(Vh((Sph - op, )+ ﬁ(ph - Dy, ))bn — (uh -u, )-Vopdr= Q(Vh - Vh)(Sph ¢ndw
Vop ePlp1=0,...,N-1
sl — dul + v(p, - ph) =0 Vi=1,...,N-1

1 1
]52—]92:0, ’&Z —’U,fL :@h(ﬂh)—fbh(vh).
(5.11)
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5.2 Discrete Optimal Control Problem

We show by induction that for every [ = 1,..., N, there exists a constant ¢ > 0 that is
independent of 7, such that

|55, - ph Iz2(0) < cll7n = vnllz2 ()
-1 -1 ~ (5.12)
|y, * =, * | 2) < clon = val 2o
From (5.11), we obtain for all [ =0,..., N -1 that
ZAYE
fQ (7 + 5) (B =i )onda (5.13)
Un MY, . el gl ~ el
-/ (7 - 5) (Bh = Ph)on + (@, * —y, *) - Vo + (7= 14)0p;, *dnde Yy e Py p.

The equation (5.13) with [ = 0 implies that

fg(%%)(ﬁi—pi)%dl“ i)[)(q)h(ﬁh)_q)h(yh))'v¢h+(ﬁh—Vh)(Sp,%thdiE (5.14)

(5.11

1
= [+ dponds VonePl .
(5.9)

Thus, testing (5.14) with ¢y, = (P}, — p;,) and using Holder’s inequality, we obtain that

1
155~ Pl z2(@) < Vain 701 =) + 1907 @) 17n = Vil 2oy -

Furthermore, we have that

1 1

Iy —wilze) = 19(20) = 2(wa)lz2(o) < cplprl @) |Ph = val 2@y,

(5.11)

where the last inequality is obtained by inserting ¢, = y;, in (5.9) and cp > 0 denotes a
Poincaré constant. Therefore, (5.12) is valid for [ = 1. Now, assume that (5.12) holds for
a fixed [ e{1,..., N -1}. Since

_l+3 I+3 _i-3 -3 ] !
|, * —u, |2 (o) 2 I, > =, |2y + TV (B = PR) |22 (9), (5.15)

(5.11)

applying the induction assumption and the inverse estimate from Lemma 5.2 to (5.15), we
obtain the second inequality in (5.12) for [+ 1. Further, testing (5.13) with ¢, = pit — pl+t

and again using the inverse estimate in Lemma 5.2 yields that

Cinv _l+d

h |,

~ - v 1 D
i 02 (% Gl Wkl

1+1
—u, ?| L2(q)

I+ N
w@ﬁkmwmﬂwmmJ

Applying the induction assumption and (5.15), we obtain the first inequality in (5.12) for
[+ 1. This completes the induction proof. Consequently, by (5.12) and since p? = p?, the
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5 - Numerical Analysis of a Fully Discrete Approximation

mapping Sp,: L2(Q) o Vi, - L2(Q)N+1 v {p}, is continuous and thus Jy,: L2(Q2) >
Vh - R is continuous. On the other hand, V" c DG is compact since it is a closed and
bounded subset of the finite-dimensional space DGS . Thus, the minimization problem
(Pp) admits at least one global minimizer due to the Weierstrass theorem. O

The following theorem is the discrete version of Theorem 3.12 providing a first-order
necessary optimality condition for (Pp,).

Theorem 5.4. Let Assumption 5.1 hold and h > 0 be given. Furthermore, let vy, be a
1
minimizer to (Py) and ({py Y 0,{ulh+2}{\:[61) be the associated unique solution to (5.8).
1
Then, there exists a unique solution ({q),}V,, {5?2}{\:’61) e (P p)N*1 x (DG)N to

_oondond il o TE I
fg(vhéq;f 13, ) en =, 2 Vndr =y an@-(tH;)(pJ =1 (t.1))én da
=1
ngshEPlD,l—O,...,N—l (516)
Q;LV - 0 UN ’ = 07
where 1 _ 1 1+1
+1 - +1
AR | S % Vi=0,... N-1 (5.17)
T
and
vl+% —vli%
Svl = L h o vi=1,...,N-1. (5.18)
T
Furthermore, it holds that
N-1 11
( Z (5ph pl)qh 2+ )\Dh, Vp —ﬁh) >0 Viy,e V(?d‘ (519)
1=0 L2(Q)

Remark 5.5. Note that the first-order necessary optimality condition (5.19) for the
discrete optimization problem (Pj) is nothing but the discretization of the first-order
necessary optimality condition (3.62) for the continuous problem (P). In particular, our
finite element method for (P), based on the leapfrog time-stepping, is consistent in the
sense that both ansatzes 'first-discretize-then-optimize’ and "first-optimize-then-discretize’
are equivalent.

Proof. As for (5.8), the well-posedness of (5.16) follows with the Lax-Milgram lemma.
By standard arguments, it is sufficient to show that (5.19) is equivalent to the condition
D Jy (U, v, —p) 2 0 for all v, € V!, First, we show for every v, € V! that Sp,: L(§) o
Vh - L2(Q)N*1 is directional differentiable in 7y, into the direction (v, —7) and it holds
that DS}, ,(Tn, v, — 7n) = {P, }1,, where ({ph}l Vo, {@} },) is the unique solution to

_/9(7;151% +77ph )¢h—uh V¢hd$——f(7/h—7h)5ﬁh+§¢hd$
Ve ePl =0, N-1

(5.20)
dal +vpl =0 Vi=1,...,N-1

]52 = 0, ’112 = (P;l(ﬂh)(yh —Dh).
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5.2 Discrete Optimal Control Problem

Here, {5]52%}{\:761, {ﬁi:%}l]\:fal, and {du} } V7! are defined analog to (5.1) and (5.2). Let ¢ >0
and v, € V" be given. Then, subtracting the corresponding system (5.8) for Sy, ,(7), +
t(vn =) ={pl 1Y, and DS, ,(Th, v, = 7)) = {P, 1Y, (see (5.20)) from the system (5.8)
for Sy p(7n) = {P},},, we obtain that

1 1 1 1 1 1 1 1 1
[ @By =05 = 05 0B, - =t )on - (@, -y -t ) Vo da
— I+1 _I+4 h
= —ft(yh—yh)(éph > = 6p, *)onda VorePip,l=0,...,N-1
Q b
ouy, - oul, —téul + v(pl, - pl, —tph) =0  Vi=1,...,N-1
1 1 1
Dh—Ph—tph =0, j —w; —tij =0.
(5.21)
Following the induction argument in the proof of Theorem 5.3, for every [ =1,..., N, we

obtain the existence of a constant ¢ > 0, independent of v, such that
1 I o _ _1-1 -1
1P = o1 = thhl 220 < ctvn = DnllL=(0) 16Dy, * = 0p), * | 22(0)
c _ _ _
< —tlvn- Ol (17" =05 220 + 1Pk = Phllz2c))-

Again, by the same induction argument, there exists a constant ¢ > 0, independent of v,
such that

”TDZ_péuLQ(Q) Sét”ljh_vh”LOO(Q) W:O,...,N.

Consequently,

N |, - pl, ~ 15,13 2
(@) G _
=) n (N +1) 5 |vn = Vil pmay >0 ast 0,

Shp(Wn) = Snp(Tn + (v —T1)) ?

t

— DSy, (Un,vn — )

L2(Q)N+1

which proves the directional differentiability of Sy, at 7y, into the direction (v, — 7). By
standard argumentation, it follows that

N-1m

— —_ I+ o A+l — —
DJy(On,vn=Tr) =7 3 ). /Q ai(ty )y =03 (e 1))By * Ao+ MO, v = V) 2(0)-
=0 =1

1
Testing the first equation in (5.16) with ¢, = ]5:2 for every [ =0,..., N — 1 implies that

_1+1

N-1 1 1 1 1
_ _ Y P S I S T I+l _ _
DJy(Up,vp=vp) =T Z fQ(Vhéqh”—nq;Q)p;Q—vh Q-Vph+2 dz+A(Th, v =Uh) 12(0)- (5.22)
1=0

In more detail, we elaborate on the right-hand side of (5.22). First, due to (5.1), it holds
that

oty NSOGB 0 N (BTG AT B TR T (g
0 h Fh 0 T 2 i 2 T T T '
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N-1
ol 1y 1 [T Y
_ =Ty 6~ T2 =N ~N —0 ~0 _ =Ty ¢ XY
= q, 20Dy, * + = Qh Pn — —4nPp =~ q, 2 op, °-
1=0 T - 1=0
iy =0
Second, it holds that
N-1 1 1 1 N-1 1 1 N-1 1 1 1
I+ I+5 I+5 I+ =
32 ~Ty i) ~[+1 =73 ~] —3 ~0
v, VD, = = ) U, VP += ) v, VD + =V -V, (5.24)
1=0 -~ 2% 2 i 2 —
(5.1) -
1+1 -1
1 N l—l N-1 I 1 N—lﬁ 2 6 2
=l=3 ol =3 oal _ h h ! 2
=1 =1 =1 —_—
=0
I+ -1 1+1 -1
N-1237"2 2 2 ~'T 2 ~02
. V" 1Y, h h
—— — 2 T
(5.20) 71
I+ -1 I+ -1 I+ 42 - _1-1
N-1[23"2 _23""2 572 . 2 232,272 25 2,29 2
_ ho —Un” Uyt Y, e R 7
= T 2 T T
I+ -1
N-1 ~ 2 ST 2
T R A S b B JUREC BV
- h 9 h h hUp
=1 TH,_/
=0
1 _1
N-1 ,&HQ +,al 2 1 1 1
_ l h h 32 .52
= - Va, +—v; -u;
— i 2 T
(5.16)
For the first term of the right-hand side in (5.24), note that
N-1 ﬁ“% + al‘% 1 N-1 1 1 N=2 L
=l h h_ _ =l =73 —+1  ~tt3
- > V- 5 =5 2Vl -5 ) VE -, (5.25)
=1 I=1 1=0
1N Wi 1703 1 1 N-1
=l ~'T3 —l+1 ~'T3 — 2 —N -~ 2
5 2V Wy T 5 2,V Wy, GV Uy, g VY,
=0 =0 T
N-1 1 1
I+5 l+5
- _ T2 ~T2 0 ~2
= Va, -, "+ Vg, -y, .
(5.17) 1=0

Integrating the second term in the right-hand side of (5.24) over 2, we obtain that

_l+3 -1
L[5 D —v;ﬁ i3y L
- | vy uhdaz ‘up +— v,
T T

—

=0

N-1 . N-1 .

= Vg, - ®,(vn) (v, -7 dx:[ q(vp -7 dx

= [ e B0 T dr = [ S a7,
(5.16),(5.20) (5.9)

a} dz (5.26)

N—l % 1 _ 1 N _
= f w (v =TR)p1 - 5%(% Un)p1 — 5 0 (vh —Tp)prdo
G = Iy
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N g2 _ 1__, .1
fQ Z q,’ (vn = Tn)p1 — §th -y do.

(5.9),(5.20) =0
Integrating (5.24) over Q and applying (5.25) and (5.26) to (5.24), it follows that
N L+ Nl I+ i+l 1+1
vah 2-Vp, *dr = Z '/f; -Vgq, > -a, >+, > (v, —Up)p1de. (5.27)
i=0 i=0

Applying (5.23

~—

and (5.27) to (5.22), we conclude that

I+

_ _ Nl — o+ i\ _l+d I+ 1 i+ _
DJh(Vh,l/h—I/h)=TZv/§;—(l/h(5ph +np, 2)q, 2+ VG, 2wy, 2 =G, 2 (vh—T)prde
=0
+)‘(§ha’/h_vh)L2(Q)

N-1 1 1
N i+l _ _
=T fQ(Vh ~7) (0B, 2 = 1)@y, > da + \(Tn, Vi — 7n) 1200 O
=0

——
(5.20)

5.3 Stability

In this subsection, under a suitable CFL-condition, we provide stability results for the
solutions of the discrete state equation and discrete adjoint equation. The proof extends
the argumentation in [43,78] to the present case.

Theorem 5.6. Let Assumption 5.1 hold. Furthermore, let h > 0 and N € N satisfy the

CFL-condition
1 T \JU_

=<y = .
Nh h ! \/icinv
Then, there exists a constant C' > 0, independent h and N, such that for every vy, € V",

1
the associated unique solution ({p}}1~,, {ugz}l]\:’al) € (PT,D)]\”1 x (DG to the leapfrog
scheme (5.8) satisfies

(5.28)

l-%—l l 1
o2 0Py ooy + max 0w ey + | max [ VP |2y < C (5.29)
! l+3 <
e LA Jnax Jwy, * 2oy < C- (5.30)

Proof. To begin with, we investigate the initial approximations. Testing the first line in
1
(5.8) for I = 0 with ¢y, = p; leads to

1 1 1 1 1 1
/(Vh(Spr +np; )pi —u; -Vp; dr = / F%p,j dz
Q Q

U 1 1 1 11
(5% Q;((]Di)z—(pﬁ)Q)+77(p2)2—UfL'Vpi‘; dx=fQF2pZ dz.

Therefore, along with the inverse estimate from Lemma 5.2, it follows that

2
v, 1 v, 1 vi (D} + DY) Vh
St < [, 20 2 (B s [ 2 0l as

T
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< [ L2 0)? +uf - Vp? do + Fip?d
S Jg 7 \Ph ho VP AT pp dr
Viy on2 Cinv
< 21 + (S ooy + 1FH 2o ) 19 L ncon

Then, applying Young’s inequality, we obtain that

v_ T | Cinn 2 oy 1
th 12200 < th 1220 + 2 ( Huh lz2(a) + |F3 HL2(Q)) + ZHP[‘: 13205
such that
v vy T Cino ?
th “LQ(Q) 7”1911 ||L2(Q) 2 Huh lz2(0) + ||F2 JRIG)
Vi 02 zznv 5 2 1.9
< ?”ph”LQ(Q) + m”uh Iz20) + Z”FQ 1220

Multiplying both sides with 2- and making use of the CFL-condition (5.28) yields that

1 2v 27, 272 1
|ps H%Q(Q) - ||thL2(Q) V22 | 2”%2(9) + 1/_2||F2 “%2(9) (5.31)
2v 2772
s . ”\IjhpoHL?(Q) ||‘I’h(’/h) ||i2(m + 7”f||%1(17L2(Q))’
(5.8),(5.28) - -
where the inequality ||F2||L2(Q) < | fllerr,r2o)) follows from F2 = F(tl) = fo s)ds.

Testing (5.9) with ¢y, = Vy;, and utilizing the Poincaré inequality, we obtaln the bounded—
ness of {®(v4)}nso € L2(2). Furthermore, {Vpo}nso ¢ L?(2) is bounded due to (5.7).
1

Altogether, concluding from (5.31), we obtain the boundedness of {p? };-0 ¢ L2(£2). Now,
1
testing the first line in (5.8) for [ = 0 with ¢, = dp;, it holds that

V109 gy < [ b de = [ (F%=up)omi + @u(1) - Vo] da
(5.8)

1 11 1
= fQ(F2 =Py, )0p;, + (npo + vap1)op;, da
(5.9)

1 1
<l zr ez + Inllee) (o |2 + Ipollz2)) + velpil o) 1907 [ 220y

which leads to the boundedness of {dp} };-0 ¢ L#(2). Furthermore, it holds that

CinvT L
H5uhHL2(Q) HVPhHL2(Q) = HV(pthTfsph)HLZ(Q) < HV‘I’h(po)HL2(Q)+TH5Pi |22
(5.8) (5 1) Lem.5.2
1
5 IVUL(Po) | 220y + CinvCer] ODF | 20y
(5.28)
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Along with (5.7), the above inequality implies the boundedness of {0u}}n.0 ¢ L2(2).
Now, let [ € {1,..., N =1} be arbitrarily fixed. Testing the first line in (5.8) for [ and [ -1

. I+1 -1
with ¢y, = op, * +dp, * leads to

l+—

f(yhéplfb+§ wap,y 2)(0p,  + 0p,, 2) w, -V (8p, 2 +6p, *)dx = f FUs(6p, 2 +6py ?) da
. Q

(5.32)
and
-1 -1 I+1 -1 -1 l+1 -1 -1, l+3 -1
/(l/héph 2+np, 2)(6p, 2 +0p, *) —u, 2 -V(6p, * +dp, *)dx = fF 2(0p,, * +0p,, ?)dux.
Q Q
(5.33)

Subtracting (5.33) from (5.32) provides that
1+1 -1 1+1 -1 1+1 -1 1+1 -1
[ Vh(dp;Q - 5ph 2)(5]7}:2 + 5ph 2) + ﬁ(ph+2 Py 2)(5ph+2 + (5ph Q)dx (5'34)
1 1
= [t ) v o ) (P P @ 0 ) da

Now, for some arbitrary Ny € {1,..., N-1}, we sum up the equation (5.34) for k = 1,..., Ny
and investigate the resulting terms seperately. For the first term, we obtain that

N()+

5 [t = o 0 ) e O ey - O Ty (539)

2 V- ||5ph E 1720 = V+H5Ph 1720y
Furthermore, it holds that

N i o1l 1+3 -1 T Mo 1+ -39
Z/Qn(ph -p, >)(dp, * +dp, ?)dx =3 Z/Qn(éph +0p,, *)°dx > 0. (5.36)
=1 =1

(5.1)

Moreover, we have that

% [ Wi L N bl 1
Zfﬂ('u,h 2—wu, ?)-V(dp, 2 +0p, *)dx = TZ'/Q5ulh'v(5ph > +0p, *)dz  (5.37)
=1

52 =1

z

0

N{ I

f5uh V(i - ph) + ouy - V(p, - pl ) da

—
ot
—_

—

{1
\

No—
Z ul - (Gubtt - dul) - chuh (dul - Sul ) da
I=1

—
ot
OO

/5%% V(P = pp°) + 0w, V(pj, - pp) da
f Z Sul - (Sult - dul) - Z Sultl - (Sult! - dul) dz

+ Tf sulo. vop, Py 5uhv5p,j dz
Q
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/ Z (5ul+1 + 5uh (5’u,l+1 5,“2) do + T/(\ZCSU;LNO ) V(gthOJf% + 5u%tv5p,% dx

No+1 1
= 0 |2 + 50 [2agqy + 7 [Q 5u§jO-v5ph°*2 + oulvop? de

N0+

1
S—||5U;JLVO||%2(Q)+|\5Uilliz(m+§H5uhN°||iz(m ||V5p e * §\|5ui||i2(m

T 32
+ _HV(Sph HL2(Q)

0 3 12 zgerQ No+3 12 zZm)
S - H5“h HLQ(Q) §H5uh||1:2(m+2—h2“5p ||L2(Q) o2 H5Ph”L2(Q)
Lem.5.2
V_ No+ V_ 1
s 2||5uh°||Lz(m H5uh||Lz<Q) - lopy” 2HL2<Q) A
(5.28)

Taking the last term from (5.34) into account, we observe that

-5 2 -5 l % l_%
/(Fl+2 _Fl (5ph +5ph )dx < Z ”Fl)r2 - F' QHL?'(Q)(||5p};r ||L2(Q) + ||5ph ||L2(Q))

No

No 1 1 +1 3 1 1+1
=Z||Fl+ - F' 2||L2(Q)H5ph+2||L2(ﬂ)+ S| F"2 = F23 | p2ay |6y, 226 (5.38)
=1 1=

[en]

NS et 43 sl I+3
= Z(HF 2 = F73 | pogqy + [ F72 = F7°2 | 200) 10Dy, ° 220

N0+

LN = P oy 10 gy + 1F ~ FH oy 607 s

Since F'(t) = fotf(s)ds for every t € I, it holds for all [ € {1,..., N — 1} that

<Iflzreey-  (5.39)

te1
[FtE = F gy = () - F(t i = H [ f(eyas
-5
Applying (5.39) to (5.38) along with Young’s inequality, it follows that

No )
> [ (FE - P o, o, ) do (5.40)
=1 7€
Nt 143 el 1+3 20 o2
< Z(IIF = F72 gy + £ = 72 | r20) [0py, * 2oy + 15 1,220

1
: HLZ(Q) ||5pi ||i2(9)-

Now, applying (5.35)-(5.37), and (5.40) to (5.34), we obtain that

V- ||5 E ||L2(Q) Ve H5Ph ||L2(Q)

v_ No+32
< _§H5uhDHL2(Q) ”(SuhHL2(Q) H(SP ’

Mol 1 _1 3 1 1
+ > ([F"2 = F2 o) + | F'*2 - F*2 ||L2(sz))||5ph+2 lz2) + U—Hf”%l(I,L?(Q))‘
= -

’ ”L2(Q) - H(Sph HL?(Q)
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5.3 Stability

Rearranging yields that

V_ o No+3

S 15" ey + 3100 B (5:41)
v_

s(m+—ym¢mmw—wﬁﬁmn

+ Z (15 = F3 oy + [F¥*3 = FY*5 | 20 |07, * ||L2(sz>+—HfHL1(1Lz(Q))

Defining
7y :=2min{v_, 1},
= (0 + 5 ) 160k 2+ 5100 ey + L 1y
hy = [F1*2 = FU3 | ooy + | F23 = F*3 |2y Vlef{l,...,N -2},
Io={le {1, ., No—1}: [0pt 2y 2 1}, Joi={1,...,No— 1}~ Io,

the inequality (5.41) is equivalent to

N, 1+1 I+1
|dpy, o 1720+ 106R° 320y v+ ) hilopy, 2 lrecey +v Y lulldpy, 2lizy  (5.42)

leJo ZEIO

<qa+y Y bty Y hn(|opy? [720) + 1991 T20))-

leJo lely
By definition, it holds that
No-1
Z hy = Z (|F"5 = F13 | oy + |2 = F23 | 12(0y) (5.43)
No-1 tz+T/2 o1 +7/2
= 2 [ s [ p(s)as
= t=7/2 L2(Q) tie1—7/2 L2()

N()*l N()*l tl+1+

tl+7'/2
<SR e ds 3 [ ) i ds <20y,

=1 tl—T/2 =1 l+1 7'/2
Applying (5.43) to (5.42), it follows that

No+i I+1
T Ta gy + 10uR [Ty < V(@ + 2] fliagrrzcy) + Y a0y, 2 1720y + 1004 [72(0))-
lEIo

16p,

Now, the discrete Gronwall lemma (cf. [23]) implies that

No+1
162 H 2 + M%wwm<wmwwhwp@>w4 zhj

= Yo+ 2] fllrrrrza) exp (291 f o arey)) -
(5.43)
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5 - Numerical Analysis of a Fully Discrete Approximation

Since this inequality holds for all Ny € {1,...,N — 1}, along with the boundedness of

1
{0p7 }hso € L2(€2) and (5.8), we conclude that the claim (5.29) is valid. Furthermore, by
(5.1) along with the triangular inequality, we obtain that

1+1
I3 2o < hllaey + 710p,  lracoy < Iphleaey +7C ¥1e {0, N =1},
By induction and since 7 = %, this leads to
”p 1||L2(Q) < (l + 1)7’C + ”thLQ(Q) < C+ ”thL2(Q) Vi e {0, . ,N - 1}

Analogously, we conclude
I+ 1
|, *[r200) < C + |uf |2y V1e{0,...,N-1}.
Thus, the second claim (5.30) is also valid. O

Corollary 5.7. Let Assumption 5.1 hold, and for every h > 0, let % = N = N(h) € N satisfy
1
the CFL-condition (5.28). Furthermore, let ({ﬁﬁl}ﬁo,{EgQ}ﬁal) € (P'f,D)NJf1 x (DGHN

denote the unique solution to the discrete adjoint system (5.16) associated with vy, € V",

1
and ({ﬁlh}f\zfo,{ﬂZQ}ﬁal) € (P?’D)N+1 x (DGMN. Then, there exists a constant C' > 0,
independent h and N, such that

max. ||5qh ||L2(Q)+ max H(SEHLQ(Q)"‘I{lmaX V@[l 20y < C

I+
e {Iglax 1G5 20 + {Jf}%{ N 19, % 1200 < C.

1 _1
Proof. We define ({g,}Y,, (852 }V5") = ({GF 3N, (=70 2 1N51) € (P )V x (DGR,
Then, (5.16) implies that

RN S _1+3 - _N-1-1
fQ(Vh(?qh + 17, *)on — T, ~v¢hdx=—zfgai(tjv_z_%)(ph — 07 (ty 1)) ond
i=1

) Vo ePlp1=0,...,N -1
6T, + VG, =0 Vi=1,...,N-1
1
7 =0,3; =0,

where {(5qh 2}1 o {qu}l o}, and {00}V ! are defined analog to (5.17) and (5.18). Fur-
thermore, we have that

= |35 (0t (A = 0ci)) st (B2 =00

1

s

L2(Q)

m

Z(ai(tN—l—g) (ﬁg _pzb(tN - 3)) _ai(tN—l—%) (ﬁhN_l : _pzb(tN - 1)))

=1

— _N-1-1 _N-
> (aittner) (B F -0ty -

i=1

+

L2(Q)

l
<

+% ob t
+p7, ( N—l+%)

L2(Q)

92



5.4 Convergence

Nl+

+
Mz

-ty

<a,(tN - 1) a;(ty_ l+1)>(

.
1l
—_

L2(Q)

N-1-3 _N-1-%1
(az(tN l_;) (ph : —pz‘b(tz\f—l—g) -p, +Pib(t1\f—z_§)))

_|._
NgE

= 12(9)
m l,l b
+ Z(az(tzvz s)—ai(ty 1)) - (ty l_l)
i1 12()
- N-l-5 N-I tnoied o
< Z lailcq, L”(Q))(_Héph HL2(9)+—H5Ph E | agayt ft * Opi(s)ds
(5.1),(5.30) " N3 L2(Q)
N-1-3 -1 TS S \
+Z|\azHou L=(9)) —|\5ph ooy + —H5Ph I z2) + [t op?”(s)ds
1=1 N-1-3

L2(Q)

A Ora;(s)ds

3
N-1-3

N 1+1
* Osa;(s)ds

+ (C+ PP err2))

L= () L>=(Q)
for every [ € {0,---, N —2}. Summing the inequalities and using (5.29), it follows that

N-2
Z hy < 22 laile o=@ (C+ 108" | o, LQ(Q)))+22 |01 211, () (C+ PPl r,22(2)) ) -

=1

Since the right-hand side is independent of h and N, the claim follows by the exact
argumentation as in the proof of Theorem 5.6. m

5.4 Convergence

1
Given h > 0, N € N, and ({p} }¥ 0,{uil+2}l]\=761) € (P}f’D)NJf1 x (DG!)N | let us define the

interpolations

A?Vh? Nh7®§Vh I-Py D> AR O i L~ DGy,
FN,hapz‘,N,h‘I - L*(Q), ainn 1 = L*(Q),
by
o0 Y itt=0 (5.44)
A (t = 1 5.44
a ph+ (t=t)dp, 2 if te(ty,t] for some e {0,... N -1}
0 .
P ift=0
() =1 1 (5.45)
’ D, > if t € (¢;,t41] for some [ € {0,...,N -1}
0 .
D, ift=0
er, (t) = 5.46
wa(?) {pﬁl if ¢t € (t;,t141] for some [ € {0,..., N -1} (5.46)
u% ift=0
Afen(t) = f‘ 1 (5.47)
w, 2+ (t—-1)oul, if t € (t;,4,1] for some [ € {0,...,N -1}
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5 - Numerical Analysis of a Fully Discrete Approximation

1
u qu itt=0
I, (t) = It (5.48)
uh if ¢ € (t;,t;41] for some L€ {0,..., N -1}

Funty= -0 =0 5.49
nalt) = (t1+1) if t € (t;,t,41] for some [ € {0,..., N -1} (5.49)
. a;(0) ift=0 - 50
ainn(t) = a,(tl+1) if ¢ € (t;,t;41] for some L € {0,...,N -1} (5:50)

t .
pina(t) = g’b(tH%) if ¢ € (t;,t141] for some [ € {0,...,N -1} (5:51)
for all i =1,...,m. In a completely analog manner, the corresponding interpolations of

1
the discrete adJ01nt {1y, {'vi:Q }NSY) variables are denoted by

A?th Nh7®(11\/h I-P} D> AR, O i L - DG/ .

1
Suppose that ({pﬁl}ﬁo,{ui:Q}ﬁal) solves the leapfrog scheme (5.8) associated with vj,.
Then, the corresponding interpolations satisfy

[ DA (1) + 0T (D)~ 113, (1) - Vo da = [ Frponda

for all ¢y, € PfD and a.e. tel (5.52)
ONY (1) + VOR,(#) =0 for a.e. tel

(Al AR (0) = (Wa(po), Prvn))-

Moreover, if 7y, ({P},},, {_l+2 Noh), and ({g,}1Y,, {_l+2} 1) satisfy the first-order nec-
essary optimality condition for (Ph) (see (5.8), (5.16), and (5.19)), the corresponding
interpolations fulfill

[ @O0 + 0 ()6~ T () Tonda = | Foa(t)nda
i for all ¢, € P}, and a.e. tel (5.53)

DNy, (1) + VO, (1) =0 for a.e. tel

(AR A% ) (0) = (U1 (o), Pr (7))

L ErOAL (D) =0T ()6 =TT, (1) T da

- il S a0 =pu(onds forall 6, <Py and e tel oo
DAY, (1) +VOL (1) =0 for all a.e. tel

(AN haA?v,h)(T) = (070)
(fl(atAfv,h(t) - p)IIY, (1) At + Ay, v —vh)LQ(Q) >0 forall v, eV, (5.55)
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5.4 Convergence

Lemma 5.8. Let Assumption 5.1 hold. Furthermore, let {vy}nso with vy, € VA, for all
h >0 converge weakly in L?>(QQ) towards some v € Vyq for h - 0. Then, it holds that

O, (vy) =~ ®(v)  weakly in L*(Q) as h — 0.

Proof. For every h > 0, we set ®,(v,) = Vy, where y, € P?,D is according to (5.9) the
unique solution to

/g; Vyn-Vopdr = /g;(ﬁpo +upr)ppdr Vo € P?,D' (5.56)

Testing (5.56) with ¢, = yp, along with the Poincaré inequality, we obtain the boundedness
of {yn}nso ¢ H},(2). Therefore, there exists a subsequence (still denoted by the same
symbol) and a y € H},(£2) such that

yp, =~y weakly in H'(Q2) as h— 0. (5.57)

Now, let ¢ € C55(€2) be arbitrarily fixed. Then, testing (5.56) with ¢y = Zy¢ € P'iD (see
(5.3)) and passing to the limit h — 0, we obtain that

[ vuvode=tim [ 9y vTode=tim [ Gpernp)Tiode= [ prvp)ode, (5.58)

where we have used (5.4), (5.5), (5.57), and the weak convergence v, — v in L?({2) as
h — 0. In conclusion

'/f; Vy-Vodzx = v/(;(npo +up)odr VoeCy(Q). (5.59)
Since HL(2) = O3 () ™' it follows that
‘/K;Vy-v¢dx:fﬂ(77po+up1)¢dx Vo e H(Q) = Vy =d(v). O
(3.6)

Theorem 5.9. Let Assumption 5.1 hold and for every h > 0, let + = N = N(h) € N
satisfy the CFL-condition (5.28). Furthermore, let {vy}pso with vy, € VI, for all h >
0 converge weakly in L*(SY) towards v € V,q. Then, the interpolations of the solution

(L3N, (Ul 2181y € (PR )N+ x (DGEYY 1o (5.8) satisfy

A, —p in C(I,L*(Q)) as h—0
@ZJDV,h?H]]D\f,h —-p n Loo(], LQ(Q)) as h — 0,

where p € CY(1,L?(Q2)) n C(I,H} () is the first component of the unique solution to
(3.9) associated with v.

Proof. By Theorem 5.6, along with the definitions of the interpolations (see (5.44)-(5.48)),
the families

{A%,h}mo, {]-_-[5)\[7h}h>07 {@fv,h}mo, {at/\?v,h}mo c L™(I,L*(2))

95



5 - Numerical Analysis of a Fully Discrete Approximation

{V@?vyh}i»o, {Axf,h}}»o, {H}(f,h}}»o, {at/vz(f,h}i»o c L=(1, Lz(Q))

are bounded. Furthermore, it holds for every t € (¢;,t;,1] and [ =0,..., N —1 that

[VA% ,(Dlz2y = 1V + (= 1)p, )||L2<Q> [VPhl 22y + 1V (0" = ph) |22

(5.44) (5 1)

such that {VAY , }ns0 € L>(1, L*(92)) is also bounded due to Theorem 5.6. Moreover, by
the Aubin-Lions lemma, the following embedding is compact:

{pe L=(I,H'(Q)): 0pe L=(I,L*(N))} S C(I, L*(Q)).

Therefore, we find a subsequence (denoted by the same symbol) and a p € C (I, L?(Q2)),
such that

Ay,—p in C(I,L*(Q)) as h - 0. (5.60)
Furthermore, it holds that
1+L
[ AR, = Ol = (1.22¢0)) s ZE{OH_}?]%_HT”(SP;:Z lz2(0) £ 7C & cesthC -0 as h -0
(5.44),(5.46) Thm5.6  (5.28)
1
O -l marrzon S x| -y lew = 5 3 e o = phliee
(5.45),(5.46) (5.1) Y
7C ccfth’
= 16{0?, " 2H5ph ”L?(Q) 25 5" 0 ash—0,
(5.1) Thm5.6  (5.28)
such that, along with (5.60), it follows that
O% I, = p i L2(L, L*(Q2)) as h = 0. (5.61)

On the other hand, due to the Banach-Alaoglu theorem, there exist subsequences (still
denoted by the same indices), p'e L*°(I, L?(2)), and v,u,w,w € L> (1, L*(2)) such that

ANy L7 weakly-* in L®(1,L*(Q))  (5.62)
VO, ~v, A%, ~wu, 1%, ~8, 0OA%, 8 weakly-* in L=(I,L*(Q)). (5.63)

By standard argumentation, it follows that p = 0;p, v = Vp, and @ = O;u. As above, we
obtain that

1
T TR = | Rl PR RS A 1P0) Y )

max  27[0ul |12 < 27C < 2c.hC 0, as h 0,
1 — —
(5.2) Thm.56  (5.28)

such that, along with (5.63), it follows u = @. Next, let us prove that (p,u) is the unique
solution to (3.9) associated with v. Let t € I ~x {0} be arbitrarily given. Then, for every

96



5.4 Convergence

h >0, there exists some [(h) € {0,..., N(h) -1} such that t € (¢;n), tyny+1]. In particular,
we have that t,,),1 >t as h -0, and since F € WHLL(I, L2(2)), this implies that

o iny+ L
[P = FDl2@) = ||F(tl(h>+;)—F(t)||Lz<mSft " 0:F ()| 2 ds = 0 (5.65)

——
(5.49)

as h — 0. Along with |Fy ()| r20) < | F o, r2)) for every t e I (see (5.49)), Lebesgue’s
dominated convergence theorem implies that

Fyp— Fin L(I,L%(Q)) as h— 0. (5.66)

Furthermore, since {v},}nso converges weakly in L2(€2) towards v, along with (5.60), it
holds that for every ¢ € L2(1,C>(£2)) that

[(vn ANy = vDs ) 12(1,12(0))] (5.67)
<|(wn(Ay g =) @) 2z + (Ve = V), ) 21,220

<|((wn = v)d, (AR, = P)) 22|+ I((AY =) v®) L2 1. n2 ) |+ 1((Vh = V)0, ) L2 (1,220 |
-0 ash-0.

Due to (5.60) and vy, € Vaa for every h > 0, the sequence {v,AY, , bnso © L2(1, L*(2)) is
bounded. Thus, along with the density C'* (I, L?(2)) c L2(I, L?*(2)), (5.67) implies that

v, ~vp  weakly in L*(I,L*(Q)) as h— 0. (5.68)

Moreover, for every ¢ € C3°(I, L*(€2)), it holds for ~ — 0 that

(VhOAR s D) 212 (0)) = ~(Wn AR 0ed) L2(1.22 () (5.69)
= ~(vp, 3t¢)L2(1,L2(Q)) = (vO;p, ¢)L2(1,L2(Q))-
(5.68)

Due to (5.62) and again vy, € V,q for every h > 0, the sequence {19, AY, ), tnso € L2(1, L*(£2))
is also bounded. Thus, along with the density C§° (1, L2(€2) c L2(I, L*(2)), (5.69) implies
that

VRO Ny ), = vOip  weakly in L*(I,L*(Q)) as h—0. (5.70)

Using the P{-interpolation operator Z, (see (5.3)), we deduce for every ¢ € C% () and
Y e Cg (1) that

ff fQ(VatP(t) +np(t))d —u(t) - Vo dzy(t)dt
= %llil(l) ‘/;—[](VhatA%7h(t) + nHﬁ’mh(t))Ihqﬁ - H?V,h(t) . V(Zh¢) dxw(t) dt

——
(5.5),(5.61),(5.63),(5.70)

- lim fl fQ Fyu(tTibded(t)dt = fI fQ F(t)éda(t) dt.
(

—~— h-0 -
(5.52) 5.5),(5.66)
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5 - Numerical Analysis of a Fully Discrete Approximation

Since HL(Q) = 05 () ™ it follows that

[)(V@tp(t) +np(t))d—u(t) - Vodr = [) F(t)¢pdr for all ¢ € H,(Q2) and a.e. tel.

(5.71)
Furthermore, by (5.63) and (5.52), we obtain that
dyu = -Vp. (5.72)
Regarding the initial conditions, it holds that
p(0) = lmARL,(0) = lim®,(p) = po in L7(2). (5.73)
(5.60) (5.52) (5.7)

Let ¢ € L?(R2) be arbitrarily fixed and & € C*([I) such that £(T") = 0 and £(0) = 1. We
define [¢p&] € C=(I,L%3(2)) by [¢€](t)(x) = ¢p(x)&(t) for all t € I and a.e. x € Q. Then,

along with the integration by parts formula, it follows that

(@, 2(V))r2) = lim(¢, Pu(vn))rz() = lim(e, AR, (0))r2(0)

Lem.5.8 (5.52)

“tim (- (0,005, (0) g dt - (&A%, n@as0 &)
- [(@. @) s dt = [ (¢ u(t)r@dis(t)dt
)

—
(5.63

= (¢, u(0))2(0)-

Since ¢ € L?(Q2) was chosen arbitrarily, this implies w(0) = ®(v). Along with (5.71)-
(5.73), (p,u) € Wh(I,L*()) n L*(1, Hp(€)) x Whe (I, L*(Q2)) n L*(I, Hy(div,{2))
satisfies

vojp+np+divu=F in I x()

ou+Vp=0 inIxQ
p=0 on I xI'p (5.74)
u-n=0 on I xI'y

(pau)(o) = (p07 (I)(V)) in Q.

Thus, (p,u) is the strong solution to (3.9) associated with v. Since the unique classical

and strong solutions to (3.9) coincide, the claim follows. ]

Theorem 5.10. Let Assumption 5.1 hold and for every h >0, let % =N = N(h) €N satisfy
o1

the CFL-condition (5.28). Furthermore, for every h >0, let 7y, € V2, ({P},},, {ﬁlh Y,

(@}, {Ega}f\:’(gl) e (P )N 1x(DG))N satisfy the first-order necessary optimality con-
dition for (Pp) (see (5.8), (5.16), and (5.19)). Then, there exist a subsequence of {Up}nso
(still denoted by the same symbol) such that

U, =~ v  weakly in L*(Q) as h -0 (5.75)
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5.4 Convergence

ARy =>D in C(1,L*(Q)) as h 0 (5.76)
O IR, =D in L=(1,L*(2)) as h -0 (5.77)
AL, —>7 in C(I,L*(Q)) as h—0 (5.78)
0% 0%, =7 in L=(1,L*(Q)) as h =0, (5.79)

where (7,p,q) € Vaa x (CH(I, L2(Q)) nC(I,HL(Q)))? is a solution to the first-order opti-
mality system to (P) (see (3.9), (3.46), and (3.62)

Proof. Note that V" c V,;. Furthermore, V,q is bounded, closed, and convex in L?(2),
and thus, it is weakly sequentially compact in L?(2). Consequently, there exists a sub-
sequence of {U,}nso (still denoted by the same symbol) and a v € V,4 such that (5.75) is
valid. Then, by the previous Theorem 5.9, we obtain the convergence properties (5.76)
and (5.77), where p e C1(I,L*(Q)) n C(I,H}(2)) is the first component of the unique
solution to (3.9) associated with 7. Due to the stability results in Corollary 5.7, anal-
ogously to Theorem 5.9, we obtain the convergence properties (5.78) and (5.79) where
g e CY(I,L*(Q))nC(I,H5()) is the first component of the unique solution to (3.46)
associated with 7 and p. It remains to prove that (v,p,q) satisfies the variational inequal-
ity (3.62). So, let v € V,q be arbitrarily given. With Qu: L2(Q) - DG! we denote the
standard L2() orthogonal projection operator onto DG that is given by

(Quv)(2) = ZXT(:C)m f v(y)dy Yoe () Ve, (5.80)

TeTy,

where x7 denotes the characteristic function of T'. Then, there exists a constant ¢ > 0,
independent of h, such that

v = Qnvllr2) < chlv]|m@) Yve H(Q)

(see [33, Prop. 1.135]). Now, let v € L2(Q2) and € > 0 be arbitrarily given. By the density
H'(Q2) ¢ L*(Q2), there exists v. € H*(Q2) with |ve —v|12(q) < §. Then, it holds that

lv = Qnv|r2(0) < v = Vel 20y + [[ve = Qnve| r2() + | @rve = @rv| r2¢0)

€
<2|v =l 2 + chl|ve| gy <€ VhelO0, — |,
o= vl oy + oo (057

which implies that Qv - v in L2(Q2) as h — 0 for every v € L?(§2). Furthermore, @y,
maps Vg into V% b, since

Z XT($)|T|fU dy < (Qpv)(x) < Z XT($)|T|fv+dy v, YveV,y Vre.

TeTy, TeT),
Therefore, the sequence {vp, }pso = {QnV}nso satisfies
vp eV VYh>0 and v, —>v in L*(Q) ash 0. (5.81)
As in the proof of Theorem 5.9, it follows that

vnO Ny, ), ~ vOip  weakly in L*(1,L*(2)) as h—0 (5.82)
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5 - Numerical Analysis of a Fully Discrete Approximation

ROy, ~v0;p  weakly in L*(1,L*(2)) as h—0. (5.83)

Finally, along with the weak sequential lower semicontinuity of the squared norm, we
conclude that

)‘HUHLQ(Q) hmlglf)\H’/hHB(Q)
(5 75)

s 11m1nf ( (f(f)tA () —pl)H?\,’h(t) dt + A\, Vh)

(5 55) L2

([(@A (t) - )L, () dt, Vh)LQ(Q))
(ff(ﬁtz_?(t) —p1)q(t) dt + A\, V)LQ(Q)_ (fl(atp(t) ~p)q(t) dt,ﬁ) 7

L2(Q)

—

(5.79),(5.75),(5.81)~(5.83)

that implies
([@a0)®) -myaty it o3.0-5) 0

L2(Q)

Since v € V,4 was arbitrary, (3.62) is valid. O
To prove our final result in Theorem 5.12, we need the following lemma:

Lemma 5.11. Let Assumption 5.1 hold and for every h >0, let % =N = N(h) €N satisfy
the CFL-condition (5.28). Furthermore, let {vy}nso with vy, € V', for all h > 0 be given.
Then, it holds that

|J(vp) = Jn(vp)| =0 as h—0. (5.84)
If additionally {vy}hso converges (strongly) in L?(Q) towards a v € V,q as h - 0, then it
holds that

|J(v) = Jn(vp)| =0 as h—0. (5.85)

Proof. Let p, € CY(I,L*(Q))nC(I, H},(£2)) denote the first component of the unique so-

lution to (3.9) associated with v,. Furthermore, for every h > 0, let ({p} }Y,, {u g%}ﬁal) ¢
(Ph7 )N+ x (DGE)N denote the unique solution to (5.8) and let IT%,, denote the corre-
sponding interpolate as in (5.45). Then, as in the proof of Theorem 5.10, there exists a
subsequence of {v, } -0 (still denoted by the same symbol) and a 7 € V,4 such that {v, }nso
convergences weakly in L2(€)) towards 7 as h — 0. Thus, Theorem 5.9 implies that

Iy, > P in L®(1,L*(Q)) as h — 0, (5.86)

where p'e C1(1, L2(2)) nC(I, H},(Q)) denotes first component of the unique solution to
(3.9) associated with 7. Furthermore, the solution operator S,: L2(2) - L2(1, L*(Q2)),v
p to (3.9) is weak-strong continuous (see the proof of Theorem 3.7) such that

pn—= P in L2(I,L%(Q)) as h—0. (5.87)
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5.4 Convergence

Since p?® € WH1(1, L*()), as in (5.65), it follows that 24 hyn(t) = pP(t) in L2(Q) as h - 0

for every ¢t € I and every i = 1,...,m. Along with |p? Nh(t)HLz(Q) <P\l e(r,r2(ay) for every
t eI (see (5.51)), Lebesgue’s dommated convergence theorem implies that
P, — v in L*(1,L*(Q)) ash—0 Vie{l,....m}. (5.88)
We conclude that
|J(v) = Jn(vn)| (5.89)
- ‘ 5 [ a0 -7 ardt- 355 [ att)6h -,y i
P) (B i=

——

(5.45),(5.51)

53 [ e -y aat

“3 2 ) mn (0 () =i (1))

%2@”0(1@&(9)) [ 000 =920 = (0 (1) = (1))

S

la; = ainnlLi, L“(Q))(“HNh“L“’(I L2(Q)) + |p? Nh”L°°(I L2(Q)))

~.
Il
—_

laslewmc@y [ [ 1n(8) =540 = T8, (0) + 5 (1)

(pn(t) = () + 1%, (£) = iy, (1)) da dt

I agE

1
2

MS

lai - azNhHLl(IL“’(Q))(”H h“2°°(IL2(Q)) szNhHLw(ILQ(Q)))

~.
Il
—_

IA
DN | —
NgE

~.
I
—_

(Haz||0(1L°°(Q))(HPh— Iy pllracrrzcon + 198 = Ponal 2 ez )

(Ipnllzzc .20y + Hp?bHLQ(I,LQ(Q)) + Hng)\f,hHH(I,L?(Q)) + ”pf,l}v,h”H(I,L?(Q))))

+ Z la; - ai,NﬁHLl(I,L""(Q))(”HZ])V,h”%Q(I,LQ(Q)) + ||pgg\f,h|‘%2(l,L2(Q)))'
i=1

Since a; € C1(I,L>=(R2)), as in (5.65), it follows that a; nn(t) - a;(t) in L>(2) as h - 0
for every t € I and every i = 1,...,m. Furthermore, |a; nx(t)] =) < |aillcw o)) for
every t € I and every ¢ = 1,...,m. Thus, Lebesgue’s dominated convergence theorem
yields that

ainp—a; in LY(I,L2(Q)) ash—->0 Vie{l,...,m}. (5.90)
Moreover, since {v}ns0 € L®(2) is bounded, {pp}ns0 ¢ L2(1,L?(2)) is bounded due
to Lemma 3.4. Furthermore, {II} , }ns0 ¢ L=(1,L*(22)) is bounded due to (5.86) and
{p%  Ihso € L(1,L2(R2)) is bounded due to (5.88). Consequently (5.86)-(5.90) imply
(5.847). Now, let additionally {vy,}n-0 converge strongly in L?(£2) towards a v € V,q. Then,
due to Theorem 5.12, we have that

I, > p in L=(1,L(2)) as h — 0, (5.91)
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5 - Numerical Analysis of a Fully Discrete Approximation

where p € C1(I,L*(Q)) nC(I,H}(Q)) is the first component of the unique solution to
(3.9) associated with v. Analogously to (5.89), it follows that

|J(v) - Jh(Vh)|

m N-1
= xSy ey~ 25T [t )i st
z—l =0
P),(Pn
A
§||Vh|‘%2(9)
1 m
SEZ(||6LZHC(1L°°(Q))(H]? I, 2,2 ) + 102 = 92 n 2,22 c))

)

(ol 21,20y + 192 N2 (2,020 + “H?V,}LHLQ(I,LZ(Q)) +

3

Z ||az Q; Nh||L1(I L°°(Q))(||HNh||L2(I r2)
=1

>~

+SIV1320) = 1val720)
0 as h—0. O

{¢l\3

(5.88),(5.90),(5.91)

Theorem 5.12. Let Assumption 5.1 hold and for every h > 0, let + = N = N(h) € N
satisfy the CFL-condition (5.28). Furthermore, let U € Vyq be a locally optimal solution to
(P) such that the following quadratic growth condition holds:

30,0>0: JW)2J@)+6|v-7ljaq) YveVa with [v-Dljaq <o (5.92)
Then, there ezists a sequence {Up}nso such that
eV Yh>0 and vU,—7v in L*(Q) as h— 0.
Furthermore, Uy, € V! is a locally optimal solution to (Py) for all sufficiently small h > 0.

Remark 5.13. Note that the quadratic growth condition (5.92) is reasonable since it can
be obtained by assuming suitable regularity and compatibility conditions and a sufficient
second-order optimality condition (see Theorem 3.22).

Proof. For V7 = {v}, e VI, | |vp, - D 12(q) < 0}, we consider the minimization problem

min Jh(l/h) (P7)

Up, EV

where the discrete reduced cost functional Jj, is given as in (P,). As in the proof of
Theorem 5.9, there exists a sequence {7, }ps0 with 7y, € Vfd for all A > 0 such that 75, > 7
in L2(Q) as h - 0. Consequently, there exists h > 0 such that 7, € fo for all h € (0, R].
In particular, fo is non-empty for all h € (0,h]. Since fo c DGg is compact and
Jp: L2(Q) 5 V! - R is continuous (see the proof of Theorem 5.3), (P7) admits at least
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5.4 Convergence

one minimizer vy, € fo due to the Weierstrass theorem for all i € (0,/]. Then, by (5.92),
we obtain for all h € (0, h] that

0|7n~71%2 0y < J(Tn)=J (D) = [J(Tn) = I (@) )+ [Tn(Tn) = Tn(Zn) ]+ [Jn(Pn) - T (7)]. (5.93)

The first and the third summand at the right-hand side of (5.93) converge to zero due to
Lemma 5.11 as h — 0. The second summand in (5.93) is non-positive since 7y, € V:f is a
minimizer of (P) and 7, € V7 for all h € (0,h]. Therefore, (5.93) implies that

U, - strongly in L?(Q) as h - 0. (5.94)

It remains to show that 7, € V" is a minimizer to (Pj,). For this purpose, let v, € Vi
with ||, = U | z2¢) < § be arbitrarily given. According to (5.94), there exists h > 0 such
that |[7) - 7|20y < § for all he (0, min{h, n}]. Therefore, it follows that

+2 g Vhe(O,min{E,/f;}]-

o] Q
o] Q

lvn =7 20) < [vn = Vhllzzo) + [7h = V] 2(0) <
In other words, v, € V' for all h € (0,min{%, h}]. Since 7, is a minimizer to (P]), it

follows that J,(7,) < J(vy) for all vy, € V!, with |v), = T 12(0) < §. In other words, 7y, is
a local minimizer to (P,) for all h € (0, min{h, 7}]. O
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IMPLEMENTATION 6

6.1 Projected Gradient Method for SQP Subproblems

In this section, we present how the iteration step (IPx) of the discussed SQP method (see
Algorithm 1 in Chapter 4) can be solved effectively using the projected gradient method.
The method is chosen primarily due to its straightforward implementation and popularity
for solving PDE-constrained optimization problems. For its later computational imple-
mentation, we want to make use of the investigated discretization strategy in Chapter 5.
Since it is based on the auxiliary first-order formulation of the wave equation (see (5.8)),
we begin with establishing the first-order formulation of the iteration step (Py): Let As-
sumption 4.9 and (SSCT) be satisfied and suppose that the k-th iterate (v, p, qx) is given.
Then, the next iterate (Vky1, Pri1, qr+1), along with the auxiliary variables w1 and v, 1,
solves the coupled system consisting of the state equation

voip+divu+np=F — (v —vg)0pr in I x§)

du+Vp=0 in I xQ
1p=0 on I xI'p (6.1)
u-n=0 on I xI'y

(p,u)(0) = (0,0) in €,

the adjoint equation

vrOiq +divo —nq = Zai(p—p?b)—(’/—Vk)atQk inIxQ
i=1
Ov+Vg=0 inlxQ
o (6.2)
q= 0 on I x FD
v-n=0 on I xI'y
(¢,v)(T) = (0,0) in €,
and the variational inequality
( [ am(a(t) + (1) - p(0))ar(0) e+ A, - V)LQ(Q) 50 VieVa  (63)

By the substitution g = 0,4, where § denotes the adjoint variable in the iteration step (Py)
of Algorithm 1, we note that (Py) is equivalent to (6.1)-(6.3). Furthermore, (6.1)-(6.3)
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6 - Implementation

serves as a first-order necessary optimality condition to the optimal control problem

: 1
min Jy, (v, p) = Dp) T (Vi pr) (¥ =Vie, p=pr) + ED%V7P)£(Vk,pk7 Wk, G, V&) (V = Vi, D = Pi)°

s.t. v e€V,4 and p solves (6.1).

(6.4)
where J and L are given as in (1.2) and (3.101). Then, the cost functional reads as

m 1 m
Ti(v,p) = Z(ai(p ~ Dk), Pk —pfb)m(f,p(ﬂ)) + 5 Z(ai(p ~Dk)s P~ Pk)L2(1,L2(Q))
=1 =1

A
+ Mg, v - Vk)L2(Q) + EHV - Vk||%z(g) + ((v =) 0(p = pr), Qk)L2(I,L2(Q))-

Incorporating the solution operator S,: L?(2) — C(I,L*(Q)) nC(I, H,(2)), that maps
every v € L2(Q2) to first component p of the unique solution to (6.1), the reduced formu-
lation to (6.4) is given by min,ey,, Ji(v) = Ji(v, Sp(v)). Then, the system (6.1)-(6.3) is
equivalent to the condition J(7)(v -7) > 0 for all v € V,q. The idea of the projected
gradient method is to choose the negative gradient at the previous iterate as the descent
direction and project the result into the admissible set. In our case, because of (6.1)-(6.3),
for [ € N, we write

n' = [ omd () + a0 (1) - p®)au(t) dt = M, (6:5)

Here, p' denotes the solution to (6.1) associated with !, and ¢' denotes the solution to
(6.2) associated with v and p'. One challenge comes with the choice of a suitable step
size s. Unfortunately, one generally does not expect to find the optimal step size since the
composition of the reduced cost function Jj, involving the orthogonal projection P, , is no
longer quadratic. Therefore, an explicit formula for the optimal step size is not available.
Instead, various strategies exist to approximate the optimal step size or at least to find a
step size that guarantees a descent for the objective function. The most prominent one
is the bisection method: After choosing an initial step size s, one reduces the value until
a desired abort criterion is fulfilled. In order to prevent the step size from becoming too
small in the course of multiple iterations, we additionally increase the step length s again
after a successful iteration step. Then, applied to the SQP subproblems, along with the
step size strategy, the projected gradient method reads as follows:

Algorithm 2 Projected Gradient Method for k-th SQP Iteration

Set v+l =P, (V! + shl).
Set s = 3—28 Stop or set n =n+ 1 and go back to step 2.

1: Choose Y and s> 0. Set [ =0.

2: Compute the solution p! to (6.1) associated with v = v/t

3: Compute the solution ¢! to (6.2) associated with v = v and p = p'.
4: Compute h! by (6.5).

5. while J,(Py, (V' + shl)) > Jp(v') do

6: Set s = 3.

7. end while

8:

9:
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Suppose Algorithm 2 is terminated. Then, the last iterate (¢!, p!, ¢!) approximates the
solution (Vg41,Pr+1,Qrs1) to the k-th SQP subproblem (6.4) (resp. (6.1)-(6.3)). Finally,
with Algorithm 2 at hand, we arrive at the following formulation of the SQP algorithm.

Algorithm 3 Sequential Quadratic Programming

1: Choose (v, po,qo) and set k = 0.

2: Approximate the k-th solution (i1, pr+1,qr+1) to the SQP subproblem (6.4) (resp.
(6.1)-(6.3)) using Algorithm 2.

3: Stop or set k =k +1 and go back to step 2.

6.2 Numerical Experiments

In this section, we present numerical experiments to illustrate the performance of the
proposed SQP algorithm (see Algorithm 3). For our experiments, we set = (0,2) x(0,1)
with the Neumann boundary part I'y := (0,2) x {1} and the Dirichlet part I'p == 9Q~\T'y.
Furthermore, the damping term 7 in the forward model (3.30) is specified as a boundary
layer suppressing reflections caused through the artificial Dirichlet boundary condition.
Inside the layer, the damping term 7 increases in the direction towards I'p, whereas n
vanishes outside the layer w (also see Figure 2.1 in Section 2.1). More precisely, n: Q2 - R
is defined by 7 = Xw, M1 + XwsM2 + Xws73, Where Y., denotes the characteristic function of
w; for 1=1,2,3, and

wr = {(21,22) € Qa1 <7, 71 < 20, m(xy,x2) = (1 —x1/7)°
wy = {(@1,22) € Qo <y, 29 <T1, T2 <211, na(x1,22) = B(1 = z2/7)?
wg={(r1,22) €Q:2 -y < w1, 29>2 - 21}, n3(x1,x2) = (1 + (x1 - 2)/7)”

for all (x1,x9) € ). Here, v :=1/6 is the width of the layer, 5 := 100 denotes the damping
value at the boundary, and p = 2 is the degree of growth towards the boundary. Note
that the sponge layer w = w; Uwy Uws surrounds the entire Dirichlet boundary part I'p,
i.e., 'p c w. Due to the choice of n, outside the sponge layer, the wave propagation
stays reasonable as the boundary layer causes no significant additional reflections. Our
goal is to reconstruct the non-smooth parameter v, € V,4 by solving (P) under acoustic
source signals given by Ricker wavelets. For this purpose, given characteristic functions
Xi:©2 = {1,0} with respect to small subsets surrounding three different point sources
(0.5,1),(1,1),(1.5,1), respectively, the Ricker wavelet is defined by

f(t,2) = al + xa +xs) (@) (1= 2(0m(t = 1)) e ™" (k) e T x Q,
where £y = 0.1 is the time of the wavelet’s peak, o = 10° is a scaling factor and o =5 is the
central frequency. Then, the source term F(¢,x) = fot f(s,x)ds of the auxiliary first-order
problem (3.9) is given by

F(t,x) = alxi +x2 + x3) (@) (£~ to)e @mE10D? _poe=(mt)*) vy (¢ z) e [ x Q.
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For the observed wave information, we consider the solution to the forward problem (3.30)
for v = v4 under the deterministic noise model

p* = Sp(va) + p.

Here, S,(v4) represents noiseless data and p e L?(1, L2(2)) a random perturbation of the
observed data caused through background noise. The noise level is then computed by the
quotient
] = |12l 221, 22(0))
[Sp(va) | 21,220

We record the observed wave information at m = 30 different receivers modeled through
the weight functions a; = yg, and p?® = p° for all i = 1,...,m with the rectangular
observation patches R; c Q given by

[6+8(i—1) 10+8(@'—1)]X[60 64

] fori=1,...,15

o 64 ' 64 64’64
[6+8(“16>, 10+8(i - 16)] < [%,§] for i = 16,. .., 30.
64 64 64’ 64

For three different choices of vy, we perform reconstruction experiments. For all of
those experiments, under the above synthetic configurations with noise level [ ~ 2%, we
compute numerical solutions to (P) perform 16 iterations of the above SQP method (see
Algorithm 3). For the second step inside Algorithm 3, we choose a maximum of 64 itera-
tions of the projected gradient method (see Algorithm 2). The involved PDEs are solved
using the fully discrete approximation strategy from Chapter 5. For our computational
implementation, we choose the programming language Python (version 3.6.9) and utilize
the package DOLFIN from the open-source computing platform FEniCS (cf. [58,59]) to
generate the triangulation of {2 and solve the involved variational problems in the finite
element space. We set the regularization parameter A := 0.001, and the lower and upper
bounds Vi, =1 and vy = 1.6.

(i) For the first experiment, let us consider a piecewise constant function v; : Q —
{1,1.4,1.6} featuring a checkerboard structure (see Figure 6.1b). We choose the
initial value vy (see Figure 6.1a), which is moderately far from the true solution v,
(see Figure 6.1b). In the first test, we set 7' = 1. After 16 SQP iterations, we note
that our approach manages to partially reconstruct and detect the checkerboard
structure (see Figure 6.1c). For the second test, we consider a longer wave evolution
process with 7' = 2. Compared with the first experiment, the longer operating
time leads to a significant improvement in the reconstruction by the SQP algorithm
again after 16 iterations (see Figure 6.1d). For each computed iteration vy, the error
vk = va| r2¢q) and the value of the objective function J(v},) is presented in Table 6.1.
In the third test, we enlarge the operating time to 7' = 3, which, surprisingly, does
not significantly improve the reconstruction. It turns out that the reconstruction
quality is close to the one for T = 2, but the corresponding numerical computation
for T' = 3 is less efficient since more time steps have to be solved.

(ii) In the second numerical experiment, with 7" = 2, we aim to reconstruct a piecewise
constant function v, featuring three distinct rectangles (see Figure 6.2a). In contrast
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to the first numerical experiment described in (i), we select a constant initial value
vy = 1. Notably, this choice indicates no prior information about the three rectangles

featured in v4. However, we successfully reconstruct v, after 16 SQP iterations (see
Figure 6.2b).

(iii) In a third experiment, we present the approach’s ability to reconstruct a true wave
speed parameter v; that does not have piecewise constant values in 2. For this
purpose, we define vy(z1,21) = X (21, 22)sin(z;) where w = [0.6,1.4] x [0.4,0.6].
Again, we select a constant initial value of vy = 1 and T = 2. As in the first two
experiments, our approach reconstructs the parameter v, after 16 iterations of the
SQP algorithm reasonably well (see Figure 6.3).

For all three experiments, (i) to (iii), Figures 6.1 to 6.3 show the effectiveness of the
presented approach. However, we also want to acknowledge some limitations. Appar-
ently, the error misfit between the iteration v, and v4 diminishes comparably slowly (see
Tables 6.1 to 6.3). Safely, this does not disprove the effectiveness of the SQP approach.
Instead, the discrepancy between the numerical results and the analytical investigations
has multiple reasons. For instance, the subproblems are solved with the projected gradi-
ent method due to its straightforward implementation, which does not fully exploit their
linear quadratic nature. Furthermore, the available limited computational resources do
not allow for a significantly finer discretization. Therefore, motivated by the promising
results concerning the SQP algorithm (see Chapter 4) and the discretization strategy (see
Chapter 5), we expect a potential for improvements in the efficiency of the implementa-
tion.

Code and Data Availability

All code, datasets, and related materials generated for this thesis are available from the
author upon request to ensure reproducibility and transparency.

109



6 - Implementation

(¢) Computed solution 146 for T = 1. (d) Computed solution vy for T = 2.

Figure 6.1: Reconstruction in the numerical experiment (i).

(a) Reference solution vg. (b) Computed solution vy.

Figure 6.2: Reconstruction in the numerical experiment (ii).

(a) Reference solution vg. (b) Computed solution vyg.

Figure 6.3: Reconstruction in the numerical experiment (iii).
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T=1 T=2

k| lvi = val 2o J (i) [V = val 220 J (Vi)

1 7.7749e-02 | 2.8236e+00 | 6.8861e-02 | 7.4472e+00
2 6.6873e-02 1.7123e-01 4.8954e-02 4.3834e-01
3 6.5276e-02 3.4345e-02 4.3366e-02 6.4354e-02
4 6.3189e-02 2.9373e-02 3.9880e-02 3.8583e-02
5 6.1432e-02 2.1429e-02 3.7219e-02 2.8104e-02
6 5.9974e-02 1.7264e-02 3.5015e-02 2.2006e-02
7 5.8942e-02 1.4594e-02 3.3164e-02 1.8019e-02
8 5.7994e-02 1.2975e-02 3.1586e-02 1.5276e-02
9 5.7184e-02 1.1715e-02 3.0159e-02 1.3232e-02
10 5.6519e-02 1.0774e-02 2.8940e-02 1.1642e-02
11 5.0929e-02 1.0080e-02 2.7812e-02 1.0457e-02
12 | 5.5368e-02 9.5238e-03 2.6806e-02 9.4963e-03
13 | 5.4819e-02 9.0373e-03 2.5906e-02 8.7174e-03
14 | 5.4369e-02 8.6113e-03 2.5091e-02 8.1003e-03
15 5.3925e-02 8.2743e-03 2.4328e-02 7.6122e-03
16 | 5.3489e-02 7.9753e-03 2.3619e-02 7.1832e-03

Table 6.1: Errors and costs of the numerical experiment (i).

k| vk —valrey | ()

1 1.0369e-01 1.3650e+01
2 6.5096e-02 | 1.8194e+00
3 5.1108e-02 1.9452¢-01
4 4.3163e-02 7.1416e-02
5 3.7802e-02 3.8529e-02
6 3.3577e-02 2.4383e-02
7 3.0404e-02 1.6841e-02
8 2.9701e-02 1.2815e-02
9 2.7382e-02 1.2361e-02
10 | 2.5147e-02 9.9623e-03
11 | 2.2798e-02 8.3619e-03
12 | 2.1124e-02 7.0747e-03
13 | 1.9442e-02 6.3241e-03
14 | 1.8933e-02 5.7117e-03
15 | 1.7704e-02 5.6036e-03
16 | 1.6353e-02 5.2029e-03

Table 6.2: Errors and costs of the nu-

merical experiment (ii).

k| vk —vilrey | J(vi)

1 1.5551e-01 5.8419e+01
2 1.0549¢-01 1.3407e+01
3 6.9323e-02 1.4868e+-00
4 5.7827e-02 1.8480e-01
5 5.1268e-02 8.9082e-02
6 4.6535e-02 5.6190e-02
7 4.2692e-02 3.9143e-02
8 3.9570e-02 2.8704e-02
9 3.7054e-02 2.2082e-02
10 | 3.5032e-02 1.7800e-02
11| 3.3265e-02 1.4943e-02
12 | 3.1742¢-02 1.2841e-02
13 | 3.0419e-02 1.1278e-02
14 | 2.9300e-02 1.0102¢e-02
15| 2.8216e-02 9.2097e-03
16 | 2.7236e-02 8.4574e-03

Table 6.3: Errors and costs of the nu-

merical experiment (iii).
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CONCLUSION AND OUTLOOK

This thesis explores a hyperbolic PDE-constrained optimization problem (P) with ap-
plications in Full Waveform Inversion. Insights are presented into the analytical and
numerical properties. We prove that the problem is well-defined and that correspond-
ing first-order necessary and second-order sufficient optimality conditions are available.
These conditions also lay the foundation for both the convergence analysis of the SQP
method and the investigation of a fully discrete approximation strategy. In the final part
of this thesis, we present a practical implementation for solving (P) numerically. In the
numerical experiments, the algorithm effectively reconstructs the wave speed parame-
ter, utilizing noisy wave information recorded at distinct receiving points. Notably, the
numerical results demonstrate that our method is well-suited for FWI applications.

While we provide a comprehensive investigation of the analytical and numerical treat-
ment of the optimal control problem (P), open questions are particularly arising from the
practical point of view. Due to our numerical experiments, we can safely conclude that the
presented SQP algorithm performs reasonably well. However, the quality of reconstruc-
tion highly depends on the choice of the size of the observation interval 7', the location
and size of the receivers a;, as well as the central frequency o of the Ricker wavelet source
signals f generating the observation data p?®. For instance, our numerical test demon-
strates that a better reconstruction can be obtained by specifying a not-too-small value
of T. Choosing T too large is unfavorable due to the arising computation costs. While
these phenomena are observed in the numerical tests, theoretical investigations on the
best choice of the parameters are still open. Furthermore, the presented implementation
approach, which solves the SQP subproblems by the projected gradient method, does not
fully utilize the linear-quadratic nature of these subproblems. We hypothesize that more
sophisticated algorithmic techniques can be applied to solve these subproblems in order
to improve efficiency and exploit the full potential of the SQP algorithm.

In conclusion, the promising analytical and numerical results, along with the numerical
experiments, pave the way for future investigations into the presented approach.
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