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Zusammenfassung
In dieser Doktorarbeit untersuchen wir zwei numerische Approximationsmethoden zur
Bestimmung von Lösungen für eine Klasse semilinearer partieller Differentialgleichung
(PDE) mit Gradienten-abhängigen Nichtlinearitäten. Das Ziel ist in beiden Fällen den so-
genannten Fluch der Dimensionen zu brechen, welcher besagt, dass der Berechnungsaufwand
einer Lösung exponentiell mit der Dimension der zu lösenden PDE wächst. Das erste be-
trachtete Verfahren ist ein Multilevel Picard (MLP) Approximationsschema, dessen the-
oretische Grundlage aus der Formulierung der PDE als stochastische Fixpunktgleichung
(SFPE) folgt. Dafür erarbeiten wir eine angepasste Bismut-Elworthy-Li Formel, die den
Transfer von PDEs zu korrespondierenden SFPEs ermöglicht. Diese SFPEs studieren wir
zunächst in einer abstrakten Umgebung und zeigen dort mittels eines Banachschen Fix-
punkt Arguments die Existenz und Eindeutigkeit von Lösungen. Den erfolgreichen Rück-
transfer beweisen wir, indem wir zeigen, dass die SFPE Lösung - unter geeigneten Annah-
men - die eindeutige Viskositätslösung der betrachteten PDE ist. Damit können wir die
Lösungen von PDEs als SFPE Lösungen schreiben und begründen die Konstruktion eines
Multilevel-Picard (MLP) Approximationsschemas. Wir definieren und untersuchen dieses
MLP Approximationsschema und bestimmen eine obere Schranke an den Approximations-
fehler. Im Fall einer glatten Lösung zeigen wir - unter geeigneten Annahmen - außerdem,
dass das MLP Approximationsschema nicht unter dem "Fluch der Dimensionen" leidet.
Als zweiten Ansatz zur numerischen Approximation von PDE Lösungen betrachten wir
stochastische Gradientenverfahren (SGD) im Training tiefer neuronaler Netze mit Recti-
fied Linear Unit Aktivierungsfunktion. Wir beweisen unter der Annahme einer konstanten
Zielfunktion und ausreichend kleinen, aber nicht L1-summierbaren Schrittgrößen, dass der
Erwartungswert der Risikofunktionen des betrachteten SGD Prozessen im Training der
neuronalen Netze gegen Null konvergiert, wenn die Anzahl der SGD Schritte gegen un-
endlich konvergiert.
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Abstract
In this thesis we study two numerical approximation methods for the estimation of solu-
tions of a class of semilinear partial differential equations (PDEs) with gradient-dependent
nonlinearities. In both cases the main goal is to overcome the so called curse of dimen-
sionality which means that the computational effort for the solution grows exponentially
in the dimension of the PDE to be solved. The first considered method is a Multilevel
Picard (MLP) approximation scheme which is based on the reformulation of the PDE as
stochastic fixed point equation (SFPE). For this transfer from PDEs to the corresponding
SFPEs we develop an adjusted Bismut-Elworthy-Li formula. Then we analyse SFPEs in
an abstract setting and prove existence and uniqueness of solutions by using a Banach
fixed point argument. We successfully re-transfer the SFPE to the considered PDE by
proving that the SFPE solution is the unique viscosity solution of the PDE. Thus, we
can write the PDE solutions as SFPE solutions and therefore justify the constructions
of a MLP approximation scheme. We define and study this MLP approximation scheme
and establish an upper bound on the approximation error. Moreover, in the setting of
a smooth solution we prove - under certain assumptions - that the MLP approximation
scheme does not suffer from the curse of dimensionality. As a second approach to numer-
ically approximate PDE solutions, we consider stochastic gradient descent (SGD) type
optimization methods in the training of deep neural networks (DNNs) with Rectified Lin-
ear Unit activation function. We prove that under the assumption of a constant target
function and sufficiently small but not L1-summable SGD step sizes, the expected value
of the risks of the considered SGD process in the training of DNNs converges to zero if
the number of SGD steps goes to infinity.
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Introduction

In many applications in the world of natural sciences, engineering, and mathematical
finance partial differential equations (PDEs) play a significant role in modelling the ap-
pearing processes. The aim to understand these processes more thoroughly leads to a
strong demand in solving and understanding different kinds of PDEs. Unfortunately,
there often do not exist explicit solutions to given PDEs. That is why algorithms which
are able to solve PDEs numerically got more and more into focus over the last couple
of years. Nevertheless, developing efficient algorithms to solve PDEs has been an open
problem for a long time. First results were developed for PDEs appearing in applications
of physics and engineering which often have dimension equal or smaller than four. In
this case the PDEs can be numerically approximated by means of finite element or finite
difference methods (see, e.g., [7, 44]). However, PDEs which model processes in finance
are often high-dimensional. In this case finite difference and finite element methods lead
to a computational effort to achieve a specific approximation accuracy which grows expo-
nentially with the dimension (cf., e.g., [17, 83, 84, 85]). This difficulty is called the "curse
of dimensionality". During the last years, there have been different approaches to create
effective approximation methods which overcome this "curse of dimensionality". In the
case of linear elliptic and parabolic PDEs of second order solutions can be numerically ap-
proximated by Monte Carlo sampling without suffering from the curse of dimensionality.
The reason for this lies within the connection between linear elliptic and parabolic PDEs
and stochastic differential equations (SDEs) given by the Itô formula (see [61, 72]) or the
Feynman-Kac formula (see [42, 67]). However, many problems in the world of financial
engineering lead to nonlinear PDEs. We refer, e.g., to [8, 27, 39, 43, 79, 98] for nonlinear
PDEs arising from pricing models. In this thesis we focus on possible solutions to solve
semilinear PDEs with gradient-dependent nonlinearities.

In the field of solving semilinear PDEs there have been different approximation meth-
ods proposed over the last few years. Three main approaches can be summarized in the
following categories: approximation methods that use stochastic representation of PDE
solutions by means of branching diffusion processes (see, e.g. [19, 49, 48]), full-history
recursive multilevel Picard (MLP) approximation methods (see, e.g. [16, 36, 37, 52, 53,
54, 56, 58]), and the reformulation of the PDEs as stochastic learning problems which
then are solved by using deep artificial neural networks (DNN) (see, e.g., [12, 9, 15, 21, 33,
35, 46, 47, 51, 75, 78, 88, 97]). The main disadvantage of the branching diffusion method
is that it is only applicable for PDEs with sufficiently small terminal conditions (see, e.g.,
[37, Section 4.7]). For this reason, we focus in this thesis on the latter two approaches to
establish stochastic approximation schemes which make it possible to efficiently approx-
imate the solution of high-dimensional PDEs and which do not suffer from the curse of
dimensionality.

In the setting of MLP approximation methods first results for the heat equation with
a gradient-dependent nonlinearity have already been accomplished in [52, 54]. We extend
these findings to a more general setting of semilinear PDEs of second order with gradient-
dependent nonlinearities. The main procedure works similar as the central idea to achieve
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a connection between a certain class of PDEs and SFPEs stays the same. However, our
generalized assumptions allow non-differentiable terminal conditions which, together with
the Bismut-Elworthy-Li formula, cause a singularity in the endpoint of the considered
SFPEs (cf. (3) and (4)). Handling this singularity requires several new techniques and
strategies. We start by generalizing the above-mentioned connection between PDEs and
SDEs to the case of semilinear PDEs with gradient-dependent nonlinearities in Chapter 1.
For this, we first study an abstract class of SFPEs. In this setting our first main result
of Chapter 1 is the general existence and uniqueness result of solutions of SFPEs in
Theorem 1.1.11 below which is proved by Banach’s fixed point theorem. These findings
are applied in Section 1.2 to SFPEs associated with semilinear PDEs to obtain our second
main result of this chapter, Theorem 1.2.5 below. In particular, we prove in Theorem 1.2.5
the existence and uniqueness of solutions of SFPEs associated with a certain class of
semilinear PDEs with gradient-dependent nonlinearities. To illustrate the findings of
Chapter 1 in more detail, we present in Theorem 1 below a special case of Theorem 1.2.5.

Theorem 1. Let d P N, c, T P p0,8q, let ∥¨∥ : Rd Ñ r0,8q, |||¨||| : Rd`1 Ñ r0,8q,
∥¨∥F : Rdˆd Ñ r0,8q be norms, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space,
let W : r0, T s ˆ Ω Ñ Rd be a standard pFsqsPr0,T s-Brownian motion, let µ P C2pRd,Rdq,
σ P C2pRd,Rdˆdq satisfy for all x, y P Rd that y˚σpxqpσpxqq˚y ě 1

c
∥y∥2 and

max
!

px ´ yq˚pµpxq ´ µpyqq, 1
2
∥σpxq ´ σpyq∥2F

)

ď c∥x ´ y∥2, (1)

for every t P r0, T s, x P Rd let Xx
t “ pXx

t,sqsPrt,T s : rt, T s ˆΩ Ñ Rd be an pFsqsPrt,T s-adapted
stochastic process with continuous sample paths satisfying that for all s P rt, T s it holds
a.s. that

Xx
t,s “ x `

ż s

t

µpXx
t,rq dr `

ż s

t

σpXx
t,rq dWr, (2)

assume for all t P r0, T s, ω P Ω that prt, T s ˆ Rd Q ps, xq ÞÑ Xx
t,spωq P Rdq P C0,1prt, T s ˆ

Rd,Rdq, for every t P r0, T s, x P Rd let Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆ Ω Ñ Rd`1 be an
pFsqsPpt,T s-adapted stochastic process with continuous sample paths satisfying that for all
s P pt, T s it holds a.s. that

Zx
t,s “

˜

1
1
s´t

şs

t
pσpXx

t,rqq´1
´

B
Bx
Xx
t,r

¯

dWr

¸

, (3)

let f P Cpr0, T q ˆRd ˆRd`1,Rq, g P CpRd,Rq satisfy for all t P r0, T q, x P Rd, v, w P Rd`1

that |fpt, x, vq ´ fpt, x, wq| ď c|||v ´ w||| and maxt|gpxq|, |fpt, x, 0q|u ď cp∥x∥c ` 1q. Then
there exists a unique v P Cpr0, T q ˆ Rd,Rd`1q such that pvpt, xq

?
T ´ tqtPr0,T q,xPRd grows

at most polynomially and for all t P r0, T q, x P Rd it holds that

vpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, vpr,Xx

t,rqqZx
t,r dr

ȷ

. (4)

Theorem 1 is an immediate consequence of Corollary 1.2.6 in Section 1.2 below. Corol-
lary 1.2.6, in turn, is a special case of Theorem 1.2.5. In this regard, Chapter 1 generalizes
the findings in [13] from gradient-independent to gradient-dependent nonlinearities.

In Chapter 2 we further analyse the established connection between certain SFPEs and
PDEs. In particular, we prove in Theorem 2.3.1 in Section 2.3 below that suitable solutions
to certain SFPEs are also viscosity solutions of the corresponding semilinear PDEs. To
achieve this, we establish a Bismut-Elworthy-Li type formula (cf. Theorem 2.2.3) and
apply this to a certain class of semilinear PDEs with gradient-dependent nonlinearities.
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This leads to a one-to-one correspondence between viscosity solutions of certain semilinear
PDEs and solutions of the connected SFPEs. To illustrate the main findings of Chapter 2,
we provide in the following theorem, Theorem 2, a special case of Theorem 2.3.1.

Theorem 2. Let d P N, α, c, L, T P p0,8q, let x¨, ¨y : Rd ˆ Rd Ñ R be the standard
Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm on
Rd, let |||¨||| : Rd`1 Ñ r0,8q be the standard Euclidean norm on Rd`1, let ∥¨∥F : Rdˆd Ñ

r0,8q be the Frobenius norm on Rdˆd, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability
space satisfying the usual conditions, let W : r0, T s ˆ Ω Ñ Rd be a standard pFsqsPr0,T s-
Brownian motion, let µ P C1pRd,Rdq, σ P C1pRd,Rdˆdq satisfy for all s P r0, T s, x, y P Rd,
v P Rd that

max
!

xx ´ y, µpxq ´ µpyqy, 1
2
∥σpxq ´ σpyq∥2F

)

ď c
2
∥x ´ y∥2, (5)

maxtxx, µpxqy, ∥σpxq∥2F u ď cp1 ` ∥x∥2q, and v˚σpxqpσpxqq˚v ě α∥v∥2, assume for all
j P t1, 2, . . . , du that Bµ

Bx
and Bσ

Bxj
are locally Lipschitz continuous, for every t P r0, T s,

x P Rd let Xx
t “ pXx

t,sqsPrt,T s : rt, T s ˆ Ω Ñ Rd be an pFsqsPrt,T s-adapted stochastic process
with continuous sample paths satisfying that for all s P rt, T s it holds a.s. that

Xx
t,s “ x `

ż s

t

µpXx
t,rq dr `

ż s

t

σpXx
t,rq dWr, (6)

assume for all t P r0, T s, ω P Ω that
`

rt, T s ˆ Rd Q ps, xq ÞÑ Xx
t,spωq P Rd

˘

P C0,1prt, T s

ˆRd,Rdq, for every t P r0, T s, x P Rd let Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆ Ω Ñ Rd`1 be an
pFsqsPpt,T s-adapted stochastic process with continuous sample paths satisfying that for all
s P pt, T s it holds a.s. that

Zx
t,s “

˜

1
1
s´t

şs

t
pσpXx

t,rqq´1
´

B
Bx
Xx
t,r

¯

dWr

¸

, (7)

let f P Cpr0, T sˆRdˆRd`1,Rq, g P CpRd,Rq be at most polynomially growing, and assume
for all t P r0, T s, s P rt, T s x P Rd, w1, w2 P Rd`1 that Er|gpXx

t,T q|2s ` Er|fps,Xx
t,s, w1q|2s ă

8 and |fpt, x, w1q ´ fpt, x, w2q| ď L|||w1 ´ w2|||. Then

(i) there exists a unique v P Cpr0, T s ˆRd,Rq XC0,1pr0, T q ˆRd,Rq which satisfies that
ppv,∇xvqpt, xq

?
T ´ tqtPr0,T q,xPRd grows at most polynomially and for all t P r0, T q,

x P Rd it holds that Er|gpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `
şT

t
|fpr,Xx

t,r, vpr,Xx
t,rq, p∇xvqpr,Xx

t,rqq|
¨
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ drs ă 8 and

pv,∇xvqpt, xq

“ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, pv,∇xvqpr,Xx

t,rqqZx
t,r dr

ȷ

,
(8)

(ii) there exists a unique at most polynomially growing viscosity solution u P Cpr0, T sˆ

Rd,Rq of

pBu
Bt

qpt, xq ` xµpxq, p∇xuqpt, xqy

` 1
2
Trpσpxqrσpxqs˚pHessx uqpt, xqq ` fpt, x, pu,∇xuqpt, xqq “ 0

(9)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ Rd, and

(iii) for all t P r0, T s, x P Rd it holds that upt, xq “ vpt, xq.
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Theorem 2 is an immediate consequence of Corollary 2.3.3 in Section 2.3 below. Corol-
lary 2.3.3 follows from Corollary 2.3.2 which is a special version of Theorem 2. The findings
in Chapter 2 expand the results in [10] which covers the gradient-independent case.

In Chapter 3 we convert these theoretical results from Section 1 and 2 to a numerical
approximation scheme by introducing a new class of Multilevel Picard (MLP) approxi-
mation schemes which are suitable for a certain class of semilinear PDES with Lipschitz
coefficients and gradient-dependent nonlinearities. The findings of Chapters 1 and 2 im-
ply that MLP approximation schemes are able to numerically compute viscosity solutions
of certain semilinear PDEs with gradient-dependent nonlinearities. Combining this with
the fact that MLP approximation schemes have been shown to overcome the curse of
dimensionality justifies the construction of MLP approximation schemes as approach to
determine solutions of semilinear PDEs with gradient-dependent nonlinearities. More
precisely, Theorem 2.3.1 in Chapter 2 obtains a concrete representation of PDE solutions
as solution of associated SFPEs. These solutions can then be approximated by Monte
Carlo methods and a suitable discretization of the SDE leading to our approximation
scheme. We are able to show in Corollary 3.2.8 in Section 3.2 below that - under the
assumption of a smooth PDE solution - the overall complexity analysis for the proposed
approximation scheme grows as Opdε´p6`εqq for all δ P p0,8q provided that d denotes the
dimension of the problem and ε the prescribed accuracy. In this sense, the approximation
scheme overcomes the curse of dimensionality and is therefore suitable for PDEs of high
dimensions. To illustrate the main result of Chapter 3, we provide the following theorem,
Theorem 3.

Theorem 3. Let d, n,M,Q P N, α, δ, T P p0,8q, L,K P r1,8q, let ∥¨∥ : Rd Ñ r0,8q be
the standard Euclidean norm on Rd, let |||¨||| : Rd`1 Ñ r0,8q be the standard Euclidean
norm on Rd`1, let µ “ pµ1, . . . , µdq P C1pRd,Rdq, σ “ pσijqi,jPt1,2,...,du P C1pRd,Rdˆdq

satisfy for all x, y P Rd that

maxt
řd
i,j“1|

Bµi
Bxj

pxq|,
řd
i,j“1p

řd
k“1|

Bσij
Bxk

pxq|q2u ď K (10)

and y˚σpxqpσpxqq˚y ě α∥y∥2, let f P CpRd`1,Rq, g P CpRd,Rq satisfy for all x1, x2 P Rd,
y1, y2 P Rd`1, that maxt|fpy1q´fpy2q|, |gpx1q´gpx2q|u ď L|||y1 ´ y2|||, let u8 P C8pr0, T sˆ

Rd,Rq satisfy for all t P r0, T s, x P Rd that upT, xq “ gpxq and

pBu8

Bt
qpt, xq ` xµpt, xq, p∇xu

8qpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx u

8qpt, xqq ` fpt, x, u8pt, xq, p∇xu
8qpt, xqq “ 0,

(11)

for every N P N, t P r0, T s let pcNi qiPt1,2,...,Nu Ď r´1, 1s be the N distinct roots of the
Legendre polynomial r´1, 1s Q x ÞÑ 1

2NN !
BN

BxN
rpx2 ´ 1qN s P R and qN,rt,T s : rt, T s Ñ R be

the function which satisfies for all s P rt, T s that

qN,rt,T spsq “

$

’

’

&

’

’

%

şT

t

»

–

ś

iPt1,2,...,Nu

cNi ‰
2s´pt`T q

T´t

2x´pT´tqcNi ´pt`T q

2s´pT´tqcNi ´pt`T q

fi

fl dx : pt ă T q, p2s´pt`T q

T´t
P tcN1 , . . . , c

N
Nuq

0 : else,
(12)

let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying the usual conditions, let
Θ “

Ť

nPN Zn, let W θ : r0, T s ˆ Ω Ñ Rd, θ P Θ, be i.i.d. standard pFsqsPr0,T s-Brownian
motions, let t¨ut : R Ñ R, t P r0, T s, satisfy for all s P r0, T s that tsut “ suppr0, ss X

p
pT´tq
n

Nqq, for every θ P Θ, t P r0, T s, x P Rd let Y θ,x,n
t “ pY θ,x,n

t,s qsPrt,T s : rt, T s ˆ Ω Ñ Rd
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satisfy for all s P rt, T s that Y θ,x,n
t,t “ x and

Y θ,x,n
t,s ´ Y θ,x,n

t,maxtt,tsutu

“ µpY θ,x,n
t,maxtt,tsutu

qps ´ maxtt, tsutuq ` σpY θ,x,n
t,maxtt,tsutu

qpW θ
s ´ W θ

maxtt,tsutuq,
(13)

for every θ P Θ, t P r0, T s, x P Rd letDθ,x,n
t “ ppDθ,x,n

t,s qijqsPrt,T s,i,jPt1,2,...,du : rt, T sˆΩ Ñ Rdˆd

satisfy for all i, j P t1, 2, . . . , du, s P rt, T s that pDθ,x,n
t,t qij “ δij and

pDθ,x,n
t,s qij ´ pDθ,x,n

t,maxtt,tsutu
qij

“

d
ÿ

k“1

„

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsut

qkjps ´ maxtt, tsutuq

`

d
ÿ

m“1

”

Bσim
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjpW
θ,m
s ´ W θ,m

maxtt,tsutu
q

ı

ȷ

,

(14)

let e1 P Rd`1 satisfy e1 “ p1, 0, 0, . . . , 0q, for every θ P Θ, t P r0, T s, x P Rd let Zθ,x,n
t “

pZθ,x,n
t,s qsPpt,T s : pt, T s ˆ Ω Ñ Rd`1 satisfy for all s P pt, T s that Zθ,x,n

t,t “ e1 and

Zθ,x,n
t,s ´ Zθ,x,n

t,maxtt,tsutu
“

ˆ

0
1
s´t

pσpY θ,x,n
t,maxtt,tsutu

qq´1Dθ,x,n
t,maxtt,su

pW θ
s ´ W θ

maxtt,tsutuq

˙

, (15)

let V θ
n,m,M,Q : r0, T q ˆRd ˆΩ Ñ Rd`1, m P Z, θ P Θ, satisfy for all θ P Θ, m P Z, t P r0, T s,

x P Rd that

V θ
n,m,M,Qpt, xq “ gpxqe1 `

1Npnq

Mm

Mm
ÿ

i“1

`

gpY
pθ,0,´iq,x,n
t,T q ´ gpxq

˘

Z
pθ,0,´iq,x,n
t,T

`

m´1
ÿ

l“0

ÿ

sPpt,T q

qQ,rt,T spsq

Mm´l

„Mm´l
ÿ

i“1

pfpV
pθ,l,iq
n,l,M,Qps, Y

pθ,l,iq,x,n
t,s qq

´ 1NplqfpV
pθ,´l,iq
n,l´1,M,Qps, Y

pθ,l,iq,x,n
t,s qqqZ

pθ,l,iq,x,n
t,s

ȷ

,

(16)

let C P r0,8q satisfy that

C “ max
!?

πT , L,
`

?
T ` p1 ` 1?

α

?
3KT exp

`

5
2
KT

˘

q
˘

,

K
b

1
α

`

1 ` 3KT expp5KT q
˘

,
´

2K
`

rsup
xPRd

p8p∥µpxq∥4 ` 4∥σpxq∥4F qqs

¨ T exp
`

6 ` 32K4T
˘˘

1
4 ` rsup

xPRd

p∥µpxq∥ ` ∥σpxq∥F qs

¯

¨

”?
T `

b

6
α

`

1 `
a

6Kp1 ` T q expp40K2p1 ` T q2q
˘

ı

,

supkPN0
supsPr0,T s supyPRd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p1,∇xqpp
Bu8

Bt
q`xµ,p∇xu8qy`

1
2
Trpσσ˚pHessx u8qqqkps,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk!q
3
4

,

supyPRd |gpyq|, supsPr0,T q supyPRd |fp0q|
)

,

(17)

for every n,m,M,Q P N let RNn,m,M,Q Ď N0 be number of realizations of standard
normal random variables required to compute on realization of the random variable
V 0
n,m,M,Qp0, 0q : Ω Ñ R and and FEn,m,M,Q Ď N0 be the number of function evaluations of f
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and g required to compute one realization of of the random variable V 0
n,m,M,Qp0, 0q : Ω Ñ R

(cf. Corollary 3.2.8 for the precise definitions). Then it holds for all N P N that

RNNN ,N,N,N ` FENN ,N,N,N

ď

„

sup
tPr0,T q

sup
xPRd

∥V 0
NN ,N,N,Npt, xq ´ v8pt, xq∥L2pP;Rdq

ȷ´p6`δq

¨ 16d
ÿ

nPN

?
n´δn

´

56C4n25nT 3n
¯p6`δq

.

(18)

Theorem 3 is a direct consequence of Corollary 3.2.8 in Section 3.2 below. Corol-
lary 3.2.8 follows from Corollary 3.2.7 which is a special version of Corollary 3.2.6. Corol-
lary 3.2.6, in turn, is a consequence of Theorem 3.2.4. The findings in Chapter 3 generalize
the results of [54] from the case of the heat equation with gradient-dependent nonlineari-
ties to the setting of general semilinear PDEs with gradient-dependent nonlinearities.

As already mentioned above, a different approach to overcome the curse of dimension-
ality is to reformulate the PDEs as stochastic learning problems and then solve them with
DNNs. In this thesis, we focus on stochastic gradient descent (SGD) optimization meth-
ods as they can be shown to perform very effectively in the training of DNNs. Although
SGD optimization methods are already used in numerical simulations, the mathematical
proofs for the convergence of these optimization methods are still an open issue. Over
the last few years first achievements in providing mathematical proofs for the convergence
analysis of SGD optimization methods have been accomplished. In particular, there are
abstract convergence results for GD type optimization methods under convexity assump-
tions on the function which intends to minimize the optimization problem (see, e.g., [6,
80, 81, 82, 89, 66, 94] and the references mentioned therein), abstract convergence results
for GD type optimization methods without this type of convexity assumption (see, e.g.,
[1, 2, 5, 18, 30, 41, 70, 71, 74, 76, 87, 99, 93, 99, 29, 71, 100, 74, 5]), convergence results
for GD type optimization in the so-called overparametrized regime (see, e.g., [4, 31, 22,
101, 34, 62, 3, 32, 93, 102]), convergence results for GD type optimization methods in
the training of shallow artificial neural networks under specific assumptions on the tar-
get function (see, e.g., [64, 38, 24, 63, 63] ), results for lower bounds for approximation
errors for GD type optimization methods (see [65]), and certain non-convergence results
for GD type optimization methods in the training of artificial neural networks (see, e.g.,
[23, 77, 95]). In Chapter 4 we consider SGD type optimization methods in the training
of fully-connected feed-forward deep artificial neural networks with Rectified Linear Unit
activation function. We start by proving general regularity properties and representation
results for the risk functions and their generalized gradient functions in the setting of a
general measurable target function in Section 4.1. These results ensure in Section 4.2
that the risk of the gradient flow (GF) processes converge to zero with convergence rate
1 provided that the target function is constant. In Section 4.3 we use some of the key
findings from Sections 4.1 and 4.2 to prove that under the assumption of a constant tar-
get function and sufficiently small but not L1-summable step sizes the risk functions of
gradient descent (GD) processes converge to zero. We expand these results in Section 4.4
to establish that the expected risk of the SGD process converges to zero as the number of
SGD steps goes to infinity provided that the target function is constant and the step sizes
are sufficiently small but not L1-summable. To illustrate this result, we provide in the
following theorem, Theorem 4, a special case of Corollary 4.4.12 in Section 4.4.7 below.

Theorem 4. Let L, d P N, pℓkqkPN0 Ď N, a P R, b P pa,8q, ξ P RℓL satisfy d “
řL
k“1 ℓkpℓk´1 ` 1q, for every θ “ pθ1, . . . , θdq P Rd let wk,θ “ pwk,θ

i,j qpi,jqPt1,...,ℓkuˆt1,...,ℓk´1u P
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Rℓkˆℓk´1 , k P N, and bk,θ “ pbk,θi qiPt1,...,ℓku P Rℓk , k P N, satisfy for all k P t1, . . . , Lu,
i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u that

wk,θ
i,j “ θ

pi´1qℓk´1`j`
řk´1

h“1 ℓhpℓh´1`1q
and bk,θi “ θℓkℓk´1`i`

řk´1
h“1 ℓhpℓh´1`1q

, (19)

for every k P N, θ P Rd let Aθ
k : Rℓk´1 Ñ Rℓk satisfy for all x P Rℓk´1 that Aθ

kpxq “

bk,θ `wk,θx, let ℛr : R Ñ R, r P r1,8s, satisfy for all r P r1,8q, x P p´8, 2´1r´1s, y P R,
z P rr´1,8q that

ℛr P C1pR,Rq, ℛrpxq “ 0, 0 ď ℛrpyq ď ℛ8pyq “ maxty, 0u, and ℛrpzq “ z, (20)

assume suprPr1,8q supxPR |pℛrq
1pxq| ă 8, let ∥¨∥ : pYnPNRnq Ñ R and Mr : pYnPRRnq Ñ

pYnPNRnq, r P r1,8s, satisfy for all r P r1,8s, n P N, x “ px1, . . . , xnq P Rn that
∥x∥ “ p

řn
i“1 |xi|

2q1{2 and Mrpxq “ pℛrpx1q, . . . ,ℛrpxnqq, let pΩ,F ,Pq be a probability
space, let Xn,m : Ω Ñ ra, bsℓ0 , n,m P N0, be i.i.d. random variables, let pMnqnPN0 Ď N, for
every r P r1,8s let N k,θ

r : Rℓ0 Ñ RℓL , θ P Rd, k P N, and Lnr : Rd ˆ Ω Ñ R, n P N0, satisfy
for all n P N0, θ P Rd, k P N, ω P Ω that

N 1,θ
r pxq “ Aθ

1pxq, N k`1,θ
r pxq “ Aθ

k`1pMr1{kpN k,θ
r pxqqq, (21)

and Lnr pθ, ωq “ 1
Mn

řMn

m“1∥N L,θ
r pXn,mpωqq ´ ξ∥2, let L : Rd Ñ R satisfy for all θ P Rd that

Lpθq “ Er∥N L,θ
8 pX0,0q ´ ξ∥2s, for every n P N0 let Gn : Rd ˆΩ Ñ Rd satisfy for all θ P Rd,

ω P tw P Ω: pp∇θL
n
r qpθ, wqqrPr1,8q is convergentu that

Gnpθ, ωq “ limrÑ8p∇θL
n
r qpθ, ωq, (22)

let Θ “ pΘnqnPN0 : N0 ˆ Ω Ñ Rd be a stochastic process, let pγnqnPN0 Ď r0,8q, assume
that Θ0 and pXn,mqpn,mqPpN0q2 are independent, and assume for all n P N0 that Θn`1 “

Θn ´ γnG
npΘnq, p4Ldmaxt|a|, |b|, ∥ξ∥, 1uq2Lγn ď p∥Θ0∥ ` 1q´2L, and

ř8

k“0 γk “ 8. Then

(i) there exists C P R such that PpsupnPN0
∥Θn∥ ď Cq “ 1,

(ii) it holds that Pplim supnÑ8 LpΘnq “ 0q “ 1, and

(iii) it holds that lim supnÑ8 ErLpΘnqs “ 0.

Theorem 4 is an immediate consequence of Corollary 4.4.12 in Section 4.4.7 below.
Corollary 4.4.12, in turn, follows from Theorem 4.4.11. To further illustrate the main
findings of Chapter 4, we provide in Section 4.5 two numerical applications of the results
presented in Theorem 4. The results in Chapter 4 generalize the findings in [63] from
the setting of shallow ANNs with just one hidden layer to deep ANNs with an arbitrary
number of hidden layers. The research reported in Chapter 4 was a joint work with Martin
Hutzenthaler, Arnulf Jentzen, Adrian Riekert, and Luca Scarpa (cf. [57]).
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Notation
The following notation is used throughout this thesis. For all sets A,B,C,D with C Ď D
and every function f : A ÞÑ B we denote by 1D : C Ñ t0, 1u the function satisfying for all
x P C that

1Dpxq “

#

1, x P D,

0, x ‰ D
(23)

and by f |C : C XA Ñ B the function satisfying for all x P C XA that f |Cpxq “ fpxq. For
every i, j P N we denote by δij P t0, 1u the real number satisfying that

δij “

#

1, i “ j

0, i ‰ j.
(24)

For every d P N we denote by Id “ ppIdqijqi,jPt1,...,du Ď Rdˆd the matrix satisfying for
all i, j P t1, . . . , du that pIdqij “ δij, we denote for every A P Rdˆd by A˚ P Rdˆd the
transpose of A, and we denote by Sd Ď Rdˆd the set satisfying Sd “ tA P Rdˆd : A˚ “ Au.
For Hilbert spaces H1 “ pH1, x¨, ¨yH1 , ∥¨∥H1q, H2 “ pH2, x¨, ¨yH2 , ∥¨∥H2q we denote for every
n P N0 Y t8u by CnpH1, H2q the set satisfying that

CnpH1, H2q “ tf : H1 Ñ H2 : f is n times continuously differentiableu, (25)

and we denote by C8
c pH1, H2q the set satisfying that

C8
c pH1, H2q “ tf P C8pH1, H2q : supppfq is compactu. (26)

For every d P N, O Ď Rd, R-vector space V we denote by C0,1pr0, T s ˆ O,Vq the set
of continuous functions f : r0, T s ˆ O Ñ V whose first order spatial partial derivatives
exist and are jointly continuous in time and space and by C1,2pr0, T s ˆ O,Vq the set of
functions f : r0, T s ˆ O Ñ V whose first temporal derivative and second order spatial
partial derivatives exist and are jointly continuous in time and space. For every d P

N we call the map x¨, ¨y : Rd ˆ Rd Ñ R that satisfies for all x “ px1, x2, . . . , xdq, y “

py1, y2, . . . , ydq P Rd that xx, yy “
řd
i“1 xiyi the standard Euclidean scalar product on Rd

and we call the map ∥¨∥ : Rd Ñ r0,8q which satisfies for all x “ px1, x2, . . . , xdq P Rd

that ∥x∥ “ p
řd
i“1|xi|2q

1
2 the standard Euclidean norm on Rd. For every d P N and

∥¨∥ : Rd Ñ r0,8q the standard Euclidean norm on Rd we denote by LpRdq the vector
space LpRdq “ tA : Rd Ñ Rd : A is linearu and by ∥¨∥LpRdq : LpRdq Ñ r0,8q the norm
satisfying for all A P LpRdq that

∥A∥LpRdq “ sup
xPRdzt0u

∥Ax∥
∥x∥

. (27)

For every topological space pE, Eq we denote by BpEq the Borel-sigma-algebra on pE, Eq.
For all measure spaces pA,Aq, pB,Bq we denote by MpA,Bq the set given by MpA,Bq “

tf : A Ñ B : f is A{B-measurableu. For a measure space pΩ,A, µq, a normed vector
space pV, ∥¨∥q, and a real number q P p0,8q we denote by L0pµ;Rdq the set satisfying that
L0pµ;Rdq “ MpA,BpRdqq, we denote by ∥¨∥Lqpµ;Rdq : L

0pµ;Rdq Ñ r0,8s the mapping
which satisfies for all f P L0pµ;Rdq that

∥f∥Lqpµ;Rdq “

ˆ
ż

Ω

∥fpωq∥qµpdωq

˙
1
q

(28)
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and we denote by Lqpµ;Rdq the set given by

Lqpµ;Rdq “ tf P L0pµ;Rdq : ∥f∥Lqpµ;Rdq ă 8u. (29)

We say a filtered measure space pΩ,F ,P, pFsqsPr0,T sq satisfies the usual conditions if and
only if for all t P r0, T q it holds that tA Ď F : PpAq “ 0u Ď F0 and Ft “ XsPpt,T sFs. We
denote by 0

0
, 0 ¨ 8, 00, and

?
8 the extended real numbers given by 0

0
“ 0, 0 ¨ 8 “ 0,

00 “ 1, and
?

8 “ 8. For every a P p0,8q, b P R we denote by a
0
, ´a

0
, 0a, 0´a, 1

0a
, and

b
8

the extended real numbers given by a
0

“ 8, ´a
0

“ ´8, 0a “ 0, 0´a “ 8, 1
0a

“ 8, and
b
8

“ 0. For every A Ď Z, f : A Ñ R, k P Z we denote by
śk´1

i“k fpiq and
řk´1
i“k fpiq the

real numbers given by
śk´1

i“k fpiq “ 1 and
řk´1
i“k fpiq “ 0.
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Chapter 1

Existence and Uniqueness of
Stochastic fixed point equations
(SFPEs)

In this chapter we analyse a certain class of SFPEs (see, e.g., (1.86) in Theorem 1.1.11
below) with the goal to prove existence and uniqueness of solutions of these SFPEs.
The approach to construct these solutions arises from the Feynman-Kac formula which
forges a strong connection between classical solutions of semilinear Kolmogorov PDEs and
SDEs. To transfer this idea to the setting of semilinear PDEs with gradient-dependent
nonlinearities we apply a combination of Itô’s formula and a Bismut-Elworthy-Li formula.
In particular, if Xx

t : rt, T s ˆ Rd Ñ Rd, t P r0, T s, x P Rd, solve the SDE

dXx
t,s “ µps,Xx

t,sq ds ` σps,Xx
t,sq dWs, s P rt, T s, Xx

t,t “ x, (1.1)

and u P C1,2pr0, T s ˆ Rd,Rq satisfies for all s P r0, T s, y P Rd that upT, yq “ gpyq and

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` fpt, x, upt, xq, p∇xuqpt, xqq “ 0

(1.2)

then the Itô formula demonstrates for all t P r0, T s, s P rt, T s, x P Rd that it holds a.s.
that

ups,Xx
t,sq “ gpXx

t,T q `

ż T

s

fpr,Xx
t,r, upr,Xx

t,rq, p∇xuqpr,Xx
t,rqq dr

´

ż T

s

pp∇xuqσqpr,Xx
t,rq dWr.

(1.3)

Applying expectations leads to the following connected stochastic fixed point equation

upt, xq “ E
”

gpXx
t,T q `

ż T

t

fpr,Xx
t,r, upr,Xx

r q, p∇xuqpr,Xx
t,rqq dr

ı

,

t P r0, T s, Xx
t,t “ x.

(1.4)

Since PDEs of the form (1.2) often do not admit a classical solution (cf. [45]), we concen-
trate on finding solutions of the related SFPE (1.4) instead. If the nonlinearity f of the
SFPE in (1.4) is gradient-independent, then the SFPE in (1.4) is closed and can be solved
with fixed point methods. In this case and under the additional assumption of Lipschitz
continuity of the nonlinearity, the results in [13] show the existence of a unique solution
of the SFPE in (1.4).
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In this chapter, we extend the results in [13] to gradient-dependent, Lipschitz contin-
uous nonlinearities. In this case, the SFPE in (1.4) is not closed. Our attempt to still
solve the SFPE in (1.4) follows the idea that - under suitable assumptions - applying the
Bismut-Elworthy-Li formula to (1.4) shows for all t P r0, T q that

`

∇xu
˘

pt, xq “ E
”

gpXx
t,T q 1

T´t

ż T

t

pσpr,Xx
t,rqq´1

`

B
Bx
Xx
t,r

˘

dWr

ı

` E
”

ż T

t

fpr,Xx
t,r, upr,Xx

t,rq, p∇xuqpr,Xx
t,rqq 1

s´t

ż s

t

pσpr,Xx
t,rqq´1

`

B
Bx
Xx
t,r

˘

dWr ds
ı

(1.5)

(cf., e.g., [40, Theorem 2.1]). The goal of this chapter is to study the closed system
of SFPEs (1.4) and (1.5) and to prove the existence of a unique solution for Lipschitz
continuous, gradient-independent nonlinearities. The main challenge of this approach
arises from the fact that a non-differentiable terminal condition and the Bismut-Elworthy-
Li formula lead to a singularity of (1.5) in the last time point. To still follow the idea
of [13] to prove the existence and uniqueness of the solution of the SFPE by Banach’s
fixed point theorem, it is necessary to define a new, suitable norm of the Banach space on
which Banach’s fixed point theorem is applied (cf. Theorem 1.1.11). Another challenge
comes from allowing non-Lipschitz continuous drift coefficients which only satisfy a one-
sided Lipschitz condition. This generalized assumption allows our results to solve an even
bigger class of SFPEs and their associated PDEs.

This chapter is structured in the following way. In Section 1.1 we study SFPEs in
an abstract setting for general stochastic processes X and Z in (1.175) below. The main
result of Section 1.1 is Theorem 1.1.11 in Subsection 1.1.5 below which proves the existence
and uniqueness of solutions to SFPEs in an abstract setting by using Banach’s fixed point
theorem. In Subsections 1.1.1 - 1.1.4 we ensure that the assumption for Banach’s fixed
point theorem are satisfied. In Section 1.2 we investigate SFPEs of the form (1.175) where
X is an SDE solution and Z is a specific stochastic process arising from the Bismut-
Elworthy-Li formula. In Theorem 1.2.5, the main result of this chapter, we apply the
abstract result Theorem 1.1.11 to these stochastic processes. In Subsections 1.2.1 and
1.2.2 we establish several auxiliary results to ensure the assumptions of Theorem 1.1.11.

1.1 Abstract stochastic fixed point equations (SF-
PEs)

In this section we study existence, uniqueness, and further general properties of ab-
stract SFPEs. The main result of this section is Theorem 1.1.11 in Subsection 1.1.5
below whose proof is an application of Banach’s fixed point theorem to the function
in (1.86). Lemma 1.1.8 in Subsection 1.1.3 below ensures well-definedness of this func-
tion, Lemma 1.1.9 in Subsection 1.1.4 below establishes the contractivity property, and
Lemma 1.1.10 proves that the space to which we apply Banach’s fixed point theorem is
indeed a Banach space. In this approach Lemma 1.1.2 is a helpful tool to overcome the
challenges of the singularity of the stochastic process arising from the Bismut-Elworthy-Li
formula, especially in in Lemma 1.1.7, Lemma 1.1.8, and Lemma 1.1.9. Throughout this
section we frequently use the following setting.

Setting 1.1.1. Let d,m P N, c, T P p0,8q, let ∥¨∥ : Rd Ñ r0,8q, |||¨||| : Rm Ñ r0,8q

be norms, let O Ď Rd be a non-empty open set, for every r P p0,8q let Kr Ď r0, T q,
Or Ď O satisfy Kr “ r0,maxtT ´ 1

r
, 0us and Or “ tx P O : ∥x∥ ď r and ty P Rd : ∥y ´

x∥ ă 1
r
u Ď Ou, let pΩ,F ,Pq be a probability space, for every t P r0, T s, x P O let
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Xx
t “ pXx

t,sqsPrt,T s : rt, T s ˆ Ω Ñ O and Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆ Ω Ñ Rm be measur-
able, and let V P Cpr0, T s ˆ O, p0,8qq satisfy for all t P r0, T q, s P pt, T s, x P O that
ErV ps,Xx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
s´t
V pt, xq.

1.1.1 Integrability of certain stochastic processes
In the following lemma we calculate two specific integrals which will be used to prove
upper bounds and ensure the well-definedness of the SFPE (1.86) in Theorem 1.1.11
below.

Lemma 1.1.2. Let a P R, b P pa,8q. Then

(i) for all λ P r0,8q it holds that
ż b

a

1
a

pb ´ xqpx ´ aq
e´λx dx “ e´

λpb`aq

2

ż π

0

e
λpb´aq

2
cospθq dθ (1.6)

and

(ii) for all λ P p0,8q it holds that

ż b

a

1
a

pb ´ xqpx ´ aq
e´λx dx ď

d

π3

4λpb ´ aq
e´λa. (1.7)

Proof of Lemma 1.1.2. First note that the substitution p0, πq Q θ ÞÑ xpθq “ c
2
p1´cospθqq P

p0, cq and the fact that for all x P R it holds that psinpxqq2 ` pcospxqq2 “ 1 ensure that for
all λ P r0,8q, c P p0,8q it holds that

e
λc
2

ż c

0

1
a

xpc ´ xq
e´λx dx “

ż c

0

1
a

xpc ´ xq
eλp c

2
´xq dx

“

ż π

0

1
a

c
2
p1 ´ cospθqqpc ´ c

2
p1 ´ cospθqqq

e
λc
2

cospθq c

2
sinpθq dθ

“

ż π

0

1
a

p1 ´ cospθqqp1 ` cospθqq
e

λc
2

cospθq sinpθq dθ

“

ż π

0

1
a

1 ´ pcospθqq2
e

λc
2

cospθq sinpθq dθ “

ż π

0

e
λc
2

cospθq dθ.

(1.8)

Hence, we obtain for all λ P r0,8q that
ż b

a

1
a

pb ´ xqpx ´ aq
e´λx dx “ e´λa

ż b´a

0

1
a

pb ´ a ´ yqy
e´λy dy

“ e´
λpb´aq

2
´λa

ż π

0

e
λpb´aq

2
cospθq dθ “ e´

λpb`aq

2

ż π

0

e
λpb´aq

2
cospθq dθ.

(1.9)

This establishes item (i). Next, observe that the fact that
ş8

0
e´z2dz “

?
π
2

and the fact
that for all y P r0, π

2
s it holds that sinpyq ě

2y
π

yield that for all c P p0,8q it holds that
ż π

0

ec cospθq dθ “ 2

ż π
2

0

ec cosp2yq dy “ 2

ż π
2

0

ecp1´2psinpyqq2q dy

“ 2ec
ż π

2

0

e´2cpsinpyqq2 dy ď 2ec
ż π

2

0

e´
8cy2

π2 dy ď
2π

?
8c
ec
ż 8

0

e´z2 dz “

c

π3

8c
ec.

(1.10)
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Item (i) therefore shows that for all λ P p0,8q it holds that
ż b

a

1
a

pb ´ xqpx ´ aq
e´λx dx “ e´

λpb`aq

2

ż π

0

e
λpb´aq

2
cospθq dθ

ď e´
λpb`aq

2

d

2π3

8λpb ´ aq
e

λpb´aq

2 “

d

π3

4λpb ´ aq
e´λa.

(1.11)

The proof of Lemma 1.1.2 is thus complete.

The next lemma uses Lemma 1.1.2 to establish integrability properties for a certain
class of stochastic processes. Lemma 1.1.3 is a generalization of the results in [13, Lemma
2.1].

Lemma 1.1.3. Let d,m P N, c, T P p0,8q, let |||¨||| : Rm Ñ r0,8q be a norm, let O Ď Rd

be a non-empty open set, let pΩ,F ,Pq be a probability space, for every t P r0, T s, x P O let
Xx
t “ pXx

t,sqsPrt,T s : rt, T s ˆ Ω Ñ O and Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆ Ω Ñ Rm be measurable,
let g : O Ñ R, h : r0, T s ˆ O Ñ R, and V : r0, T s ˆ O Ñ p0,8q be measurable, and
assume for all t P r0, T q, s P pt, T s, x P O that ErV ps,Xx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
s´t
V pt, xq and

suptPr0,T q supxPO

”

|gpxq|
V pT,xq

`
|hpt,xq|
V pt,xq

?
T ´ t

ı

ă 8. Then it holds for all t P r0, T q, x P O that

E
„∣∣gpXx

t,T q
∣∣ˇˇˇˇˇˇZx

t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `

ż T

t

∣∣hpr,Xx
t,rq

∣∣ˇˇˇˇˇˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ă 8. (1.12)

Proof of Lemma 1.1.3. Throughout this proof let α P r0,8q satisfy for all t P r0, T q, x P O
that

|gpxq| ď αV pT, xq and |hpt, xq|
?
T ´ t ď αV pt, xq. (1.13)

Observe that the assumption that g : O Ñ R and h : r0, T s ˆ O Ñ R are measurable
and the fact that for all t P r0, T s, x P O it holds that Xx

t : rt, T s ˆ Ω Ñ O and
Zx
t : pt, T s ˆ Ω Ñ Rm are measurable imply that for all t P r0, T q, x P O it holds that

Ω Q ω ÞÑ gpXx
t,T pωqqZx

t,T pωq P Rm and pt, T s ˆ Ω Q ps, ωq ÞÑ hps,Xx
t,spωqqZx

t,spωq P Rm are
measurable. Furthermore, note that Fubini’s theorem, (1.13), and the hypothesis that for
all t P r0, T q, s P pt, T s, x P O it holds that ErV ps,Xx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
s´t
V pt, xq demonstrate

that for all t P r0, T q, x P O it holds that

E
„∣∣gpXx

t,T q
∣∣ˇˇˇˇˇˇZx

t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `

ż T

t

∣∣hpr,Xx
t,rq

∣∣ˇˇˇˇˇˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

“ E
“∣∣gpXx

t,T q
∣∣ˇˇˇˇˇˇZx

t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

`

ż T

t

E
“∣∣hpr,Xx

t,rq
∣∣ˇˇˇˇˇˇZx

t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

dr

ď E
“

αV pT,Xx
t,T q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

`

ż T

t

1
?
T ´ r

E
“

αV pr,Xx
t,rq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

dr

ď
αc

?
T ´ t

V pt, xq `

ż T

t

αc
a

pT ´ rqpr ´ tq
V pt, xq dr.

(1.14)

Item (i) of Lemma 1.1.2 (applied for every t P r0, T q with a ð t, b ð T , λ ð 0 in the
notation of Lemma 1.1.2) therefore shows that for all t P r0, T q, x P O it holds that

E
„∣∣gpXx

t,T q
∣∣ˇˇˇˇˇˇZx

t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `

ż T

t

∣∣hpr,Xx
t,rq

∣∣ˇˇˇˇˇˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ď αc

ˆ

1
?
T ´ t

` π

˙

V pt, xq ă 8.

(1.15)

The proof of Lemma 1.1.3 is thus complete.
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1.1.2 Continuity of SFPEs with respect to coefficient functions
In this subsection we establish some general approximation results with the goal to ap-
proximate certain SFPEs in Lemma 1.1.8. We achieve this by approximating the terminal
conditions and nonlinearities of the SFPEs properly. For this, the following lemma demon-
strates several properties of approximating functions. Lemma 1.1.4 extends [13, Lemma
2.2] by considering the

?
T ´ t term and replacing r0, T s by r0, T szKr.

Lemma 1.1.4. Assume Setting 1.1.1, let gn P CpO,Rq, n P N0, and hn P Cpr0, T qˆO,Rq,
n P N0, satisfy for all n P N that infrPp0,8qrsuptPr0,T qzKr

supxPOzOr
p
|gnpxq|
V pT,xq

`
|hnpt,xq|
V pt,xq

?
T ´ tqs “

0, and assume that

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

ˆ

|gnpxq ´ g0pxq|
V pT, xq

`
|hnpt, xq ´ h0pt, xq|

V pt, xq

?
T ´ t

˙

ff

“ 0. (1.16)

Then

(i) it holds for every n P N0 that

sup
tPr0,T q

sup
xPO

„

|gnpxq|
V pT, xq

`
|hnpt, xq|
V pt, xq

?
T ´ t

ȷ

ă 8, (1.17)

(ii) for every n P N0 there exists a unique vn : r0, T q ˆ O Ñ Rm which satisfies for all
t P r0, T q, x P O that

vnpt, xq “ E
„

gnpXx
t,T qZx

t,T `

ż T

t

hnpr,Xx
t,rqZ

x
t,r dr

ȷ

, (1.18)

(iii) it holds that

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

ˆ

|||vnpt, xq ´ v0pt, xq|||

V pt, xq

?
T ´ t

˙

ff

“ 0, (1.19)

and

(iv) it holds for every compact set K Ď r0, T q ˆ O that

lim sup
nÑ8

«

sup
pt,xqPK

`

|||vnpt, xq ´ v0pt, xq|||
?
T ´ t

˘

ff

“ 0. (1.20)

Proof of Lemma 1.1.4. First note that for all r P p0,8q it holds that Kr and Or are
compact sets. Combining this with the fact that for all n P N0 it holds that O Q x ÞÑ
gnpxq

V pT,xq
P R and r0, T q ˆ O Q pt, xq ÞÑ

hnpt,xq

V pt,xq

?
T ´ t P R are continuous ensures that for all

n P N0, r P p0,8q it holds that

sup
tPKr

sup
xPOr

„

|gnpxq|
V pT, xq

`
|hnpt, xq|
V pt, xq

?
T ´ t

ȷ

ă 8. (1.21)

The assumption that for all n P N it holds that infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|gnpxq|
V pT,xq

`

|hnpt,xq|
V pt,xq

?
T ´ tqs “ 0 hence implies that for all n P N it holds that

sup
tPr0,T q

sup
xPO

„

|gnpxq|
V pT, xq

`
|hnpt, xq|
V pt, xq

?
T ´ t

ȷ

ă 8. (1.22)
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This and (1.16) establish item (i). Moreover, note that combining item (i) with Lemma
1.1.3 proves item (ii). Next observe that the hypothesis that for all t P r0, T q, s P pt, T s,
x P O it holds that ErV ps,Xx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
s´t
V pt, xq implies that for all n P N, t P r0, T q,

x P O it holds that

E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇgnpXx
t,T qZx

t,T ´ g0pX
x
t,T qZx

t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

V pt, xq

“ E

«

|gnpXx
t,T q ´ g0pX

x
t,T q|

V pT,Xx
t,T q

¨
V pT,Xx

t,T q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

V pt, xq

ff

ď

„

sup
yPO

ˆ

|gnpyq ´ g0pyq|
V pT, yq

˙ȷ E
“

V pT,Xx
t,T q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

V pt, xq

ď sup
yPO

ˆ

|gnpyq ´ g0pyq|
V pT, yq

˙

c
?
T ´ t

.

(1.23)

This and (1.16) show that

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇE
“

gnpXx
t,T qZx

t,T

‰

´ E
“

g0pX
x
t,T qZx

t,T

‰ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

V pt, xq

?
T ´ t

¸ff

“ 0.

(1.24)

In addition, observe that Fubini’s theorem and the assumption that for all t P r0, T q,
s P pt, T s, x P O it holds that ErV ps,Xx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
s´t
V pt, xq ensure that for all n P N,

t P r0, T q, x P O it holds that

E
”

şT

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇhnpr,Xx
t,rqZ

x
t,r ´ h0pr,Xx

t,rqZ
x
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr
ı

V pt, xq

“

ż T

t

E

«

|hnpr,Xx
r,tq ´ h0pr,X

x
t,rq|

V pr,Xx
t,rq

¨

?
T ´ r

?
T ´ r

¨
V pr,Xx

t,rq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

V pt, xq

ff

dr

ď

ż T

t

«

sup
sPr0,T q

sup
yPO

ˆ

|hnps, yq ´ h0ps, yq|
V ps, yq

?
T ´ s

˙

ff

E
“

V pr,Xx
t,rq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

?
T ´ r V pt, xq

dr

ď

«

sup
sPr0,T q

sup
yPO

ˆ

|hnps, yq ´ h0ps, yq|
V ps, yq

?
T ´ s

˙

ff

ż T

t

c
a

pT ´ rqpr ´ tq
dr.

(1.25)

Item (i) of Lemma 1.1.2 (applied for every t P r0, T q with a ð t, b ð T , λ ð 0 in the
notation of Lemma 1.1.2) hence demonstrates that for all n P N, t P r0, T q, x P O it holds
that

E
”

şT

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇhnpr,Xx
t,rqZ

x
t,r ´ h0pr,X

x
t,rqZ

x
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr
ı

V pt, xq

ď cπ

«

sup
sPr0,T q

sup
yPO

ˆ

|hnps, yq ´ h0ps, yq|
V ps, yq

?
T ´ s

˙

ff

.

(1.26)

Combining this with (1.16) shows that

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

ˆ

|||Er
şT
t hnpr,Xx

t,rqZx
t,s drs´Er

şT
t h0pr,Xx

t,rqZx
t,r drs|||

V pt,xq

?
T ´ t

˙

ff

“ 0. (1.27)
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The triangle inequality, item (ii), and (1.24) hence ensure that

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

ˆ

|||vnpt, xq ´ v0pt, xq|||

V pt, xq

?
T ´ t

˙

ff

“ 0. (1.28)

This establishes item (iii). Next observe that item (iii) and the hypothesis that V : r0, T sˆ

O Ñ p0,8q is continuous demonstrate that for all K Ď r0, T q ˆ O compact it holds that

lim sup
nÑ8

«

sup
pt,xqPK

`

|||vnpt, xq ´ v0pt, xq|||
?
T ´ t

˘

ff

ď lim sup
nÑ8

«

sup
pt,xqPK

ˆ

|||vnpt, xq ´ v0pt, xq|||

V pt, xq

?
T ´ t

˙

ff«

sup
pt,xqPK

V pt, xq

ff

“ 0.

(1.29)

This establishes item (iv). The proof of Lemma 1.1.4 is thus complete.

The next lemma shows the construction of an approximating series of compactly sup-
ported, continuous functions for a certain class of continuous functions. Lemma 1.1.5 is
a generalization of the results in [13, Lemma 2.3] to our setting on r0, T q instead of r0, T s

and with the
?
T ´ t term in (1.30).

Lemma 1.1.5. Let d P N, T P p0,8q, let ∥¨∥ : Rd Ñ r0,8q be a norm, let O Ď Rd

be a non-empty open set, for every r P p0,8q let Kr Ď r0, T q, Or Ď O satisfy Kr “

r0,maxtT ´ 1
r
, 0us and Or “ tx P O : ∥x∥ ď r and ty P Rd : ∥y ´ x∥ ă 1

r
u Ď Ou, and let

h P Cpr0, T q ˆ O,Rq satisfy infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p|hpt, xq|
?
T ´ tqs “ 0. Then

there exist compactly supported hn P Cpr0, T q ˆ O,Rq, n P N, which satisfy that

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

`

|hnpt, xq ´ hpt, xq|
?
T ´ t

˘

ff

“ 0. (1.30)

Proof of Lemma 1.1.5. Throughout this proof let Un Ď r0, T q ˆ O, n P N, satisfy for all
n P N that Un “ tpt, xq P r0, T q ˆ O : pDps, yq P Kn ˆ On : maxt|s ´ t|, ∥y ´ x∥u ă 1

2n
qu.

Observe that for every n P N it holds that Kn ˆ On Ď r0, T q ˆ O is a compact set, Un Ď

r0, T qˆO is an open set, and KnˆOn Ď Un. Urysohn’s lemma (cf., e.g., [92, Lemma 2.12])
therefore demonstrates that for all n P N there exists φn P Cpr0, T qˆO,Rq which satisfies
for all t P r0, T q, x P O that 1KnˆOnpt, xq ď φnpt, xq ď 1Unpt, xq. Let hn : r0, T q ˆ O Ñ R,
n P N, satisfy for all n P N, t P r0, T q, x P O that hnpt, xq “ φpt, xqhpt, xq. This and the
fact that for all n P N it holds that φn has compact support implies that for all n P N
it holds that hn : r0, T q ˆ O Ñ R is a continuous function with compact support. In
addition, observe that

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

`

|hnpt, xq ´ hpt, xq|
?
T ´ t

˘

ff

“ lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

`

rφnpt, xq ´ 1s|hpt, xq|
?
T ´ t

˘

ff

ď lim sup
nÑ8

«

sup
tPr0,T qzKn

sup
xPOzOn

`

|hpt, xq|
?
T ´ t

˘

ff

“ 0.

(1.31)

The proof of Lemma 1.1.5 is thus complete.
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The following corollary is a consequence of Lemma 1.1.5 and proves for a certain class of
continuous functions the existence of a series of compactly supported, continuous functions
which satisfies a specific approximation property. Corollary 1.1.6 is a generalization of
the results in [13, Corollary 2.4].

Corollary 1.1.6. Let d P N, T P p0,8q, let ∥¨∥ : Rd Ñ r0,8q be a norm, let O Ď Rd be a
non-empty open set, for every r P p0,8q let Kr Ď r0, T q, Or Ď O satisfy Kr “ r0,maxtT´
1
r
, 0us and Or “ tx P O : ∥x∥ ď r and ty P Rd : ∥y´x∥ ă 1

r
u Ď Ou, let h P Cpr0, T qˆO,Rq,

V P Cpr0, T sˆO, p0,8qq, and assume that infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|hpt,xq|
V pt,xq

?
T ´ tqs “

0. Then there exist compactly supported hn P Cpr0, T q ˆ O,Rq, n P N, which satisfy that

lim sup
nÑ8

„

sup
tPr0,T q

sup
xPO

ˆ

|hnpt, xq ´ hpt, xq|
V pt, xq

?
T ´ t

˙ȷ

“ 0. (1.32)

Proof of Corollary 1.1.6. Throughout this proof let g : r0, T q ˆ O Ñ R satisfy for all
t P r0, T q, x P O that gpt, xq “

hpt,xq

V pt,xq
. Note that the fact that h P Cpr0, T qˆO,Rq and V P

Cpr0, T sˆO, p0,8qq and the assumption that infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|hpt,xq|
V pt,xq

?
T ´ tqs

“ 0 ensure that g P Cpr0, T q ˆ O,Rq and

infrPp0,8q

“

suptPr0,T qzKr
supxPOzOr

`

|gpt, xq|
?
T ´ t

˘‰

“ 0. (1.33)

Lemma 1.1.5 (applied with h ð g in the notation of Lemma 1.1.5) hence demonstrates
that there exist compactly supported gn P Cpr0, T q ˆ O,Rq, n P N, which satisfy that

lim supnÑ8

“

suptPr0,T q supxPO

`

|gnpt, xq ´ gpt, xq|
?
T ´ t

˘‰

“ 0. (1.34)

In the next step let hn : r0, T q ˆO Ñ R, n P N, satisfy for all n P N, t P r0, T q, x P O that
hnpt, xq “ gnpt, xqV pt, xq. Observe that (1.34) demonstrates that for all n P N it holds
that hn P Cpr0, T q ˆ O,Rq and

lim sup
nÑ8

„

sup
tPr0,T q

sup
xPO

ˆ

|hnpt, xq ´ hpt, xq|
V pt, xq

?
T ´ t

˙ȷ

“ lim sup
nÑ8

„

sup
tPr0,T q

sup
xPO

´

|gnpt, xq ´ gpt, xq|
?
T ´ t

¯

ȷ

“ 0.

(1.35)

The proof of Corollary 1.1.6 is thus complete.

1.1.3 Continuity of solutions of SFPEs
The following lemma shows well-definedness and continuity of certain SFPE solutions
under the assumption that the terminal condition and the nonlinearity are bounded.
Lemma 1.1.7 is a generalization of the results in [13, Lemma 2.5].

Lemma 1.1.7. Assume Setting 1.1.1, let g P CpO,Rq, h P Cpr0, T q ˆ O,Rq be bounded,
assume inftPr0,T s infxPO V pt, xq ą 0, and assume for all ε P p0,8q, t P r0, T q, s P pt, T s,
x P O that

lim supr0,sqˆOQpu,yqÑpt,xq

“

Pp∥Xy
u,s ´ Xx

t,s∥ ą εq ` Er
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZy
u,s ´ Zx

t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs
‰

“ 0. (1.36)

Then
r0, T q ˆ O Q pt, xq ÞÑ E

„

gpXx
t,T qZx

t,T `

ż T

t

hpr,Xx
t,rqZ

x
t,r dr

ȷ

P Rm (1.37)

is well-defined and continuous.
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Proof of Lemma 1.1.7. Throughout this proof let M P r0,8q satisfy that

M “ suptPr0,T q supxPO r|gpxq| ` |hpt, xq|s . (1.38)

Note that this and the assumption that inftPr0,T s infxPO V pt, xq ą 0 ensure that

sup
tPr0,T q

sup
xPO

„

|gpxq|
V pT, xq

`
|hpt, xq|
V pt, xq

?
T ´ t

ȷ

ď
Mp1 `

?
T q

inftPr0,T s infxPO V pt, xq
ă 8. (1.39)

Lemma 1.1.3 and the fact that for all t P r0, T q, s P pt, T s, x P O it holds that
ErV ps,Xx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
s´t
V pt, xq hence demonstrate that for all t P r0, T q, x P O it

holds that
E
„

|gpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `

ż T

t

|hpr,Xx
t,rq|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ă 8. (1.40)

This proves that (1.37) is well-defined. In the next step for every t P r0, T s, x P O let
Zx
t,t “ 0, hpT, xq “ gpxq, and let ptn, xnq P r0, T qˆO, n P N0, satisfy lim supnÑ8r|tn´ t0|`

∥xn ´x0∥s “ 0. Note that the fact that lim supnÑ8r|tn ´ t0| `∥xn ´x0∥s “ 0 ensures that
there exists q P p0,8q which satisfies for all n P N0 that ptn, xnq P Kq ˆOq. Furthermore,
observe that the assumption that suptPr0,T q supxPO|hpt, xq| ď M proves that for all n P N,
s P r0, T q it holds that

E
”

∥hps,Xxn
tn,maxts,tnu

qZxn
tn,maxts,tnu

´ hps,Xx0
t0,maxts,t0u

qZx0
t0,maxts,t0u

∥
ı

ď E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hps,Xxn

tn,maxts,tnu
qZxn

tn,maxts,tnu
´ hps,Xxn

tn,maxts,tnu
qZx0

t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

` E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hps,Xxn

tn,maxts,tnu
qZx0

t0,maxts,t0u
´ hps,Xx0

t0,maxts,t0u
qZx0

t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď E
”

|hps,Xxn
tn,maxts,tnu

q|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zxn
tn,maxts,tnu

´ Zx0
t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

` E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hps,Xxn

tn,maxts,tnu
qZx0

t0,maxts,t0u
´ hps,Xx0

t0,maxts,t0u
qZx0

t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď ME
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zxn
tn,maxts,tnu

´ Zx0
t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

` E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hps,Xxn

tn,maxts,tnu
qZx0

t0,maxts,t0u
´ hps,Xx0

t0,maxts,t0u
qZx0

t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

.

(1.41)

Next note that the fact that suptPr0,T q supxPO|hpt, xq| ď M ensures that for all n P N,
s P r0, T q it holds a.s. that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hps,Xxn

tn,maxts,tnu
qZx0

t0,maxts,t0u
´ hps,Xx0

t0,maxts,t0u
qZx0

t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2M
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zx0
t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
.

(1.42)

Moreover, observe that the hypothesis that for all t P r0, T q, s P pt, T s, x P O it holds that
ErV ps,Xx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
s´t
V pt, xq and the assumption that inftPr0,T s infxPO V pt, xq ą 0

show that for all n P N, s P pt0, T s it holds that

E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx0
t0,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

“ E
„

V ps,Xx0
t0,sq

V ps,Xx0
t0,sq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx0
t0,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ȷ

ď

ˆ

sup
rPr0,T s

sup
yPO

1

V pr, yq

˙

E
„

V ps,Xx0
t0,sq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx0
t0,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ȷ

ď
1

rinfrPr0,T s infyPO V pr, yqs

c
?
s ´ t0

V pt0, x0q ă 8.

(1.43)
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Lebesgue’s dominated convergence theorem, (1.36), (1.41), (1.42), and the fact that h P

Cpr0, T q ˆ O,Rq hence demonstrate that for all s P r0, T q it holds that

lim sup
nÑ8

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hps,Xxn

tn,maxts,tnu
qZxn

tn,maxts,tnu
´ hps,Xx0

t0,maxts,t0u
qZx0

t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

“ 0. (1.44)

Moreover, observe that (1.41) and (1.42) imply that for all n P N, s P r0, T q it holds that

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hps,Xxn

tn,maxts,tnu
qZxn

tn,maxts,tnu
´ hps,Xx0

t0,maxts,t0u
qZx0

t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď ME
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zxn
tn,maxts,tnu

´ Zx0
t0,maxts,t0u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

` 2ME
”∥∥Zx0

t0,maxts,t0u

∥∥ı . (1.45)

The dominated convergence theorem, (1.36), (1.43), and (1.44) therefore show that

lim sup
nÑ8

ˆ
ż T

t0

E
”




hpr,Xxn

tn,maxtr,tnu
qZxn

tn,maxtr,tnu

´ hpr,Xx0
t0,maxtr,t0u

qZx0
t0,maxtr,t0u







ı

dr

˙

“ 0.

(1.46)

In the next step note that for all k, n P N0 with tn ď tk it holds that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E
„
ż T

tn

hpr,Xxn
tn,rqZ

xn
tn,r dr

ȷ

´ E
„
ż T

tk

hpr,Xxk
tk,r

qZxk
tk,r

dr

ȷˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“









E
„
ż tk

tn

hpr,Xxn
tn,rqZ

xn
tn,r dr

ȷ

` E
„
ż T

tk

´

hpr,Xxn
tn,rqZ

xn
tn,r ´ hpr,Xxk

tk,r
qZxk

tk,r

¯

dr

ȷ







ď E
„
ż tk

tn

|hpr,Xxn
tn,rq|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZxn
tn,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

` E
„
ż T

tk

ˇ

ˇ

ˇ

ˇ

ˇ

ˇhpr,Xxn
tn,rqZ

xn
tn,r ´ hpr,Xxk

tk,r
qZxk

tk,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

.

(1.47)

Furthermore, observe that Fubini’s theorem, the fact that suptPr0,T q supxPO
|hpt, xq| ď M ,

and the assumption that for all t P r0, T q, s P pt, T s, x P O it holds that ErV ps,Xx
t,sq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď
c?
s´t
V pt, xq ensure that for all k, n P N0 with tn ď tk it holds that

E
„
ż tk

tn

|hpr,Xxn
tn,rq|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZxn
tn,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ď M

ż tk

tn

E
„

V pr,Xxn
tn,rq

V pr,Xxn
tn,rq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZxn
tn,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ȷ

dr

ď
M

inftPr0,T s infxPO V pt, xq

ż tk

tn

E
“

V pr,Xxn
tn,rq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZxn
tn,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

dr

ď
M

inftPr0,T s infxPO V pt, xq

ż tk

tn

V ptn, xnq
c

?
r ´ tn

dr

ď
cM

inftPr0,T s infxPO V pt, xq

”

sup
uPKq

sup
yPOq

V pu, yq

ı

ż tk´tn

0

1
?
z
dz.

(1.48)

Combining this with (1.46), (1.47), and the fact that limεÑ0

ş|ε|
0

1?
z
dz “ 0 proves that

lim sup
nÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E
„
ż T

tn

hpr,Xxn
tn,rqZ

xn
tn,r dr

ȷ

´ E
„
ż T

t0

hpr,Xx0
t0,rqZ

x0
t0,r dr

ȷˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď lim sup
nÑ8

ˆ

cM

inftPr0,T s infxPO V pt, xq

”

sup
uPKq

sup
yPOq

V pu, yq

ı

ż |t0´tn|

0

1
?
z
dz

` E
„
ż T

maxtt0,tnu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇhpr,Xxn
tn,rqZ

xn
tn,r ´ hpr,Xx0

t0,rqZ
x0
t0,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ˙

“ 0.

(1.49)
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This and (1.44) (applied with h ð pr0, T q ˆ O Q pt, xq ÞÑ gpxq P Rq) show that

lim sup
nÑ8

ˆ

E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇgpXxn
tn,T

qZxn
tn,T

´ gpXx0
t0,T

qZx0
t0,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E
„
ż T

tn

hpr,Xxn
tn,rqZ

xn
tn,r dr

ȷ

´ E
„
ż T

t0

hpr,Xx0
t0,rqZ

x0
t0,r dr

ȷˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˙

“ 0.

(1.50)

This proves that (1.37) is continuous. The proof of Lemma 1.1.7 is thus complete.

The next lemma extends the results of Lemma 1.1.7 by demonstrating well-definedness
and continuity of certain SFPE solutions for continuous terminal conditions and nonlin-
earities. For this, we use the approximation results proven in Corollary 1.1.6. Lemma 1.1.8
is a generalization of the results in [13, Lemma 2.6].

Lemma 1.1.8. Assume Setting 1.1.1, assume inftPr0,T s infxPO V pt, xq ą 0, assume for all
ε P p0,8q, t P r0, T q, s P pt, T s, x P O that

lim supr0,sqˆOQpu,yqÑpt,xq

”

P
`

∥Xy
u,s ´ Xx

t,s∥ ą ε
˘

` E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇZy
u,s ´ Zx

t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

ı

“ 0, (1.51)

let g P CpO,Rq, h P Cpr0, T qˆO,Rq, and v : r0, T qˆO Ñ Rm satisfy infrPp0,8q rsuptPr0,T qzKr

supxPOzOr
p

|gpxq|
V pT,xq

`
|hpt,xq|
V pt,xq

?
T ´ tqs “ 0 and for all t P r0, T q, x P O that

vpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

hpr,Xx
t,rqZ

x
t,r dr

ȷ

(1.52)

(cf. Lemma 1.1.3). Then

(i) it holds that v P Cpr0, T q ˆ O,Rmq and

(ii) if - in addition to the above assumptions - it holds for all u P p0,8q that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

˜

E

”

şT
t 1Ou pXx

t,sq |||Zx
t,s|||pds`δT pdsqq

ı

?
T´t

V pt,xq

¸ff

“ 0, (1.53)

then it holds that

lim
rÑ8

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|||vpt, xq|||

V pt, xq

?
T ´ t

˙

“ 0. (1.54)

Proof of Lemma 1.1.8. First observe that Corollary 1.1.6 and the assumption that infrPp0,8q

rsuptPr0,T qzKr
supxPOzOr

p
|gpxq|
V pT,xq

`
|hpt,xq|
V pt,xq

?
T ´ tqs “ 0 demonstrate that there exists com-

pactly supported gn P CpO,Rq, n P N, and hn P Cpr0, T q ˆ O,Rq, n P N, which satisfy

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

ˆ

|gnpxq ´ gpxq|
V pT, xq

`
|hnpt, xq ´ hpt, xq|

V pt, xq

?
T ´ t

˙

ff

“ 0. (1.55)

For every n P N let vn : r0, T q ˆ O Ñ Rm satisfy for all t P r0, T q, x P O that

vnpt, xq “ E
„

gnpXx
t,T qZx

t,T `

ż T

t

hnps,Xx
t,sqZ

x
t,s ds

ȷ

(1.56)

(cf. Lemma 1.1.3). Observe that Lemma 1.1.7, (1.51), and the fact that for all n P N it
holds that gn and hn are compactly supported and continuous show that for all n P N
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it holds that vn : r0, T q ˆ O Ñ Rm is continuous. Furthermore, note that the fact that
gn : O Ñ R, n P N, and hn : r0, T q ˆ O Ñ R, n P N, are compactly supported ensures
that for every n P N there exists rn P p0,8q which satisfies that for all r P rrn,8q,
t P r0, T qzKr, x P OzOr it holds that gnpxq “ 0 “ hnpt, xq. This demonstrates that for all
n P N it holds that

inf
rPp0,8q

„

sup
tPr0,T qzKr

sup
xPOzOr

´ |gnpxq|
V pT, xq

`
|hnpt, xq|
V pt, xq

?
T ´ t

¯

ȷ

“ 0. (1.57)

Item (iv) of Lemma 1.1.4, (1.55), and the fact that for all n P N it holds that vn : r0, T q ˆ

O Ñ Rm is continuous therefore imply that v : r0, T q ˆ O Ñ Rm is continuous. This
establishes item (i). To prove item (ii) assume for all u P p0,8q that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

˜

Er
şT

t
1OupXx

t,sq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇpds ` δT pdsqqs
?
T ´ t

V pt, xq

¸ff

“ 0. (1.58)

This and the fact that for all n P N, x P OzOrn it holds that gnpxq “ 0 ensure that for all
n P N it holds that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

˜

Er|gnpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs

V pt, xq

?
T ´ t

¸ff

ď lim sup
rÑ8

«

”

sup
yPOrn

|gnpyq|
ı

¨

„

sup
tPr0,T qzKr

sup
xPOzOr

˜

E
“

1Orn
pXx

t,T q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰?
T ´ t

V pt, xq

¸

ȷ

ff

“ 0.

(1.59)

Moreover, note that (1.58) and the fact that for all n P N, t P r0, T qzKrn , x P OzOrn it
holds that hnpt, xq “ 0 demonstrate that for all n P N it holds that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

˜

E
”

şT

t
|hnps,Xx

t,sq|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ds
ı?

T ´ t

V pt, xq

¸ff

ď lim sup
rÑ8

«

”

sup
uPKrn

sup
yPOrn

|hnpu, yq|
ı

¨

„

sup
tPr0,T qzKr

sup
xPOzOr

˜

E
”

şT

t
1Orn

pXx
t,sq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ds
ı?

T ´ t

V pt, xq

¸

ȷ

ff

“ 0.

(1.60)

Combining this, (1.56), and (1.59) shows that for all n P N it holds that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|||vnpt, xq|||

V pt, xq

?
T ´ t

˙

ff

“ 0. (1.61)
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Item (iii) of Lemma 1.1.4 and the triangle inequality therefore prove that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

´

|||vpt,xq|||

V pt,xq

?
T ´ t

¯

ff

ď inf
nPN

˜

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

´

|||vpt,xq´vnpt,xq|||`|||vnpt,xq|||

V pt,xq

?
T ´ t

¯

ff¸

“ inf
nPN

˜

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

´

|||vpt,xq´vnpt,xq|||

V pt,xq

?
T ´ t

¯

ff¸

ď inf
nPN

˜

sup
tPr0,T q

sup
xPO

´

|||vpt,xq´vnpt,xq|||

V pt,xq

?
T ´ t

¯

¸

ď lim sup
nÑ8

˜

sup
tPr0,T q

sup
xPO

´

|||vpt,xq´vnpt,xq|||

V pt,xq

?
T ´ t

¯

¸

“ 0.

(1.62)

This establishes item (ii). The proof of Lemma 1.1.8 is thus complete.

1.1.4 Contractivity of SFPEs
The following lemma derives a contractivity property for SFPEs under a Lipschitz assump-
tion on f . This contractivity property will be used in Theorem 1.1.11 to apply Banach’s
fixed point theorem. Lemma 1.1.9 is a generalization of the results in [13, Lemma 2.8].
Lemma 1.1.9. Assume Setting 1.1.1, let L P p0,8q, let f : r0, T q ˆ O ˆ Rm Ñ R be
measurable, assume for all t P r0, T q, x P O, y, z P Rm that |fpt, x, yq ´ fpt, x, zq| ď

L|||y ´ z|||, let v, w : r0, T q ˆ O Ñ Rm be measurable, and assume that

sup
tPr0,T q

sup
xPO

„

|||vpt, xq||| ` |||wpt, xq|||

V pt, xq

?
T ´ t

ȷ

ă 8. (1.63)

Then it holds for all λ P p0,8q, t P r0, T q, x P O that

E
„
ż T

t

|fpr,Xx
t,r, vpr,Xx

t,rqq ´ fpr,Xx
t,r, wpr,Xx

t,rqq|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ď cL
b

π3

4λpT´tq
V pt, xqe´λt

«

sup
sPr0,T q

sup
yPO

ˆ

eλs|||vps, yq ´ wps, yq|||

V ps, yq

?
T ´ s

˙

ff

.

(1.64)

Proof of Lemma 1.1.9. First note that the assumption that f , v, and w are measurable
and the fact that for all t P r0, T s, x P O it holds that Xx

t and Zx
t are measurable ensure

that for all t P r0, T q, x P O it holds that pt, T s ˆ Ω Q ps, ωq ÞÑ |fps,Xx
t,spωq, vps,Xx

t,spωqqq

´fps,Xx
t,spωq, wps,Xx

t,spωqqq|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ P R is measurable. Fubini’s theorem and the assump-
tion that for all t P r0, T q, x P O, y, z P Rm it holds that |fpt, x, yq´fpt, x, zq| ď L|||y ´ z|||

therefore imply that for all λ P p0,8q, t P r0, T q, x P O it holds that

E
„
ż T

t

|fpr,Xx
t,r, vpr,Xx

t,rqq ´ fpr,Xx
t,r, wpr,Xx

t,rqq|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ď E
„
ż T

t

L
ˇ

ˇ

ˇ

ˇ

ˇ

ˇvpr,Xx
t,rq ´ wpr,Xx

t,rq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

“ L

ż T

t

E
„

eλr|||vpr,Xx
t,rq´wpr,Xx

t,rq|||
V pr,Xx

t,rq

?
T ´ r

V pr,Xx
t,rq

?
T´r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ȷ

e´λr dr

ď L

«

sup
sPr0,T q

sup
yPO

´

eλs|||vps,yq´wps,yq|||

V ps,yq

?
T ´ s

¯

ff

ż T

t

ErV pr,Xx
t,rq|||Zx

t,r|||s
?
T´r

e´λr dr.

(1.65)



24

This, item (ii) of Lemma 1.1.2 (applied for every t P r0, T q with a ð t, b ð T in the
notation of Lemma 1.1.2), and the fact that for all t P r0, T q, r P pt, T s, x P O it holds that
ErV pr,Xx

t,rq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇs ď c?
r´t
V pt, xq demonstrate that for all λ P p0,8q, t P r0, T q, x P O it

holds that

E
„
ż T

t

|fpr,Xx
t,r, vpr,Xx

t,rqq ´ fpr,Xx
t,r, wpr,Xx

t,rqq|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ď L

«

sup
sPr0,T q

sup
yPO

´

eλs|||vps,yq´wps,yq|||

V ps,yq

?
T ´ s

¯

ff

ż T

t

cV pt,xq?
pT´rqpr´tq

e´λr dr

ď cL
b

π3

4λpT´tq
V pt, xqe´λt

«

sup
sPr0,T q

sup
yPO

´

eλs|||vps,yq´wps,yq|||

V ps,yq

?
T ´ s

¯

ff

.

(1.66)

The proof of Lemma 1.1.9 is thus complete.

1.1.5 Existence and uniqueness of solutions of SFPEs
In this section we use the results of Sections 1.1.2-1.1.4 to obtain our main result of this
section, Theorem 1.1.11. To make use of Banach’s fixed point theorem in the proof of
Theorem 1.1.11 we construct in the following lemma a vector space of SFPE solutions
and show that it is a Banach space. In this sense, Lemma 1.1.10 generalizes a result in
the proof of [13, Theorem 2.9] to the case where r0, T qzKr is considered in (1.67) instead
of r0, T s and where (1.67) includes the

?
T ´ t term.

Lemma 1.1.10. Let d P N, T P p0,8q, let ∥¨∥ : Rd Ñ r0,8q be a norm, let O Ď Rd

be a non-empty open set, for every r P p0,8q let Kr Ď r0, T q, Or Ď O satisfy Kr “

r0,maxtT ´ 1
r
, 0us, Or “ tx P O : ∥x∥ ď r and ty P Rd : ∥y ´ x∥ ă 1

r
u Ď Ou, let pB, |||¨|||q

be an R-Banach space, let V P Cpr0, T s ˆO, p0,8qq satisfy suprPp0,8qrinftPr0,T qzKr infxPOzOr

V pt, xqs “ 8, let V satisfy

V “

"

v P Cpr0, T q ˆ O,Bq :

lim sup
rÑ8

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|||vpt, xq|||

V pt, xq

?
T ´ t

˙ȷ

“ 0

*

,

(1.67)

and let ∥¨∥λ : V Ñ r0,8q, λ P R, satisfy for all λ P R, w P V that

∥w∥λ “ sup
tPr0,T q

sup
xPO

ˆ

eλt|||wpt, xq|||

V pt, xq

?
T ´ t

˙

. (1.68)

Then for all λ P R it holds that pV , ∥¨∥λq is an R-Banach space.

Proof of Lemma 1.1.10. Throughout this proof let W1,W2 Ď Cpr0, T qˆO,Bq satisfy that

W1 “
␣

v P Cpr0, T q ˆ O,Bq : suptPr0,T q supxPO

`

|||vpt, xq|||
?
T ´ t

˘

ă 8
(

(1.69)

and

W2 “

!

v P Cpr0, T q ˆ O,Bq :

lim suprÑ8

“

suptPr0,T qzKr
supxPOzOr

`

|||vpt, xq|||
?
T ´ t

˘‰

“ 0
)

,
(1.70)
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and let ∥¨∥Wi
: Wi Ñ r0,8q, i P t1, 2u, satisfy for all i P t1, 2u, w P Wi that

∥w∥Wi
“ suptPr0,T q supxPO

`

|||wpt, xq|||
?
T ´ t

˘

. (1.71)

First we claim that ∥¨∥W2 : W2 Ñ r0,8q is well-defined. For this, let w P W2. Observe
that the assumption that w P Cpr0, T q ˆO,Bq and the fact that for all r P p0,8q it holds
that Kr and Or are compact ensures that for all r P p0,8q it holds that

suptPKr
supxPOr

`

|||wpt, xq|||
?
T ´ t

˘

ă 8. (1.72)

Combining this with the fact that lim suprÑ8rsuptPr0,T qzKr
supxPOzOr

p|||wpt, xq|||
?
T ´ tqs

“ 0 shows that
suptPr0,T q supxPO

`

|||wpt, xq|||
?
T ´ t

˘

ă 8. (1.73)
This demonstrates that ∥¨∥W2 is well-defined. In particular, this demonstrates that W2 Ď

W1. Next note that pW1, ∥¨∥W1q is a normed R-vector space. Let pwnqnPN Ď W1 be a
Cauchy sequence. Observe that for all ε P p0,8q there exists Nε P N which satisfies
for all m,n P N X rNε,8q that ∥wn ´ wm∥W1 ă ε. This implies that for all ε P p0,8q,
k, n P N X rNε,8q, t P r0, T q, x P Rd it holds that

|||wnpt, xq ´ wkpt, xq|||
?
T ´ t ď ∥wn ´ wk∥W1 ă ε. (1.74)

This ensures for all t P r0, T q, x P O that pwnpt, xqqnPN is a Cauchy sequence in B. The fact
that B is complete hence demonstrates that for all t P r0, T q, x P O there exists wpt, xq P B
which satisfies wpt, xq “ limnÑ8 wnpt, xq. Moreover, note that (1.74) demonstrates that
for all ε P p0,8q, n P N X rNε,8q it holds that

sup
tPr0,T q

sup
xPO

`

|||wpt, xq ´ wnpt, xq|||
?
T ´ t

˘

“ sup
tPr0,T q

sup
xPO

´ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
lim
mÑ8

wmpt, xq ´ wnpt, xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

?
T ´ t

¯

ď lim sup
mÑ8

sup
tPr0,T q

sup
xPO

`

|||wmpt, xq ´ wnpt, xq|||
?
T ´ t

˘

ă ε.

(1.75)

This and the fact that wN1 P W1 demonstrate that

sup
tPr0,T q

sup
xPO

`

|||wpt, xq|||
?
T ´ t

˘

ď sup
tPr0,T q

sup
xPO

`

|||wpt, xq ´ wN1pt, xq|||
?
T ´ t

˘

` sup
tPr0,T q

sup
xPO

`

|||wN1pt, xq|||
?
T ´ t

˘

ď 1 ` ∥wN1∥W1 ă 8.

(1.76)

Combining this with the fact that the uniform limit of continuous functions is continuous
shows that w P W1. This proves that W1 is a Banach space. Next we prove that W2 is a
closed subset of pW1, ∥¨∥W1q. For this, let pwnqnPN Ď W2 and w P W1 satisfy that

limnÑ8∥wn ´ w∥W1 “ 0. (1.77)

For every ε P p0,8q let nε P N and rε P p0,8q satisfy ∥w ´ wnε∥W1 ă ε
2

and suptPr0,T qzKrε

supxPOzOrε
p|||wnεpt, xq|||

?
T ´ tq ă ε

2
. The triangle inequality hence ensures that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

`

|||wpt, xq|||
?
T ´ t

˘

ff

ď lim sup
εÑ0

«

sup
tPr0,T qzKrε

sup
xPOzOrε

`

|||wpt, xq|||
?
T ´ t

˘

ff

ď lim sup
εÑ0

ε “ 0.

(1.78)
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This implies that w P W2. Combining this with the fact that W2 Ď W1 demonstrates
that W2 is a complete subset of pW1, ∥¨∥W1q. Next note that for all λ P R it holds that
pV , ∥¨∥λq is an R-vector space. We claim that pV , ∥¨∥0q is an R-Banach space. For this,
let vn P V , n P N, satisfy

lim supnÑ8

“

supk,lPNXrn,8q∥vk ´ vl∥0
‰

“ 0. (1.79)

This implies that vn
V
: r0, T q ˆ O Ñ R, n P N, is a Cauchy sequence in pW2, ∥¨∥W2q. The

fact that pW2, ∥¨∥W2q is a Banach space therefore implies that there exists a unique ϕ P W2

which satisfies
lim sup
nÑ8

∥∥∥vn
V

´ ϕ
∥∥∥
W2

“ 0. (1.80)

Observe that ϕV “ pr0, T q ˆ O Q pt, xq ÞÑ ϕpt, xqV pt, xq P Rmq P V and

lim sup
nÑ8

∥vn ´ ϕV ∥0 “ lim sup
nÑ8

∥∥∥vn
V

´ ϕ
∥∥∥
W2

“ 0. (1.81)

This proves that pV , ∥¨∥0q is an R-Banach space. The fact that for all Λ P R, λ P rΛ,8q,
v P V it holds that

∥v∥Λ ď ∥v∥λ ď epλ´ΛqT∥v∥Λ (1.82)
hence shows that for all λ P R it holds that pV , ∥¨∥λq is an R-Banach space. The proof of
Lemma 1.1.10 is thus complete.

Next we can combine the above findings and Banach’s fixed point theorem to obtain
this section’s main result which establishes existence and uniqueness of certain SFPE
solution under the assumption of a Lipschitz continuous nonlinearity. Theorem 1.1.11 is
a generalization of [13, Theorem 2.9] to the case of gradient-dependent nonlinearities.

Theorem 1.1.11. Assume Setting 1.1.1, let L P p0,8q, assume for all ε P p0,8q, t P

r0, T q, s P pt, T s, x P O that

lim supr0,sqˆOQpu,yqÑpt,xq

”

P
`

∥Xy
u,s ´ Xx

t,s∥ ą ε
˘

` E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇZy
u,s ´ Zx

t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰

ı

“ 0, (1.83)

let f P Cpr0, T q ˆOˆRm,Rq, g P CpO,Rq satisfy for all t P r0, T q, x P O, v, w P Rm that
|fpt, x, vq´fpt, x, wq| ď L|||v ´ w|||, and assume that infrPp0,8qrsuptPr0,T qzKr

supxPOzOr
p

|gpxq|
V pT,xq

`
|fpt,x,0q|
V pt,xq

?
T ´ tqs “ 0, inftPr0,T s infxPO V pt, xq ą 0, suprPp0,8qrinftPr0,T qzKr infxPOzOr V pt, xqs

“ 8, and for all u P p0,8q that

lim suprÑ8

”

suptPr0,T qzKr
supxPOzOr

´

Er
şT
t 1Ou pXx

t,sq |||Zx
t,s|||pds`δT pdsqqs

?
T´t

V pt,xq

¯ı

“ 0. (1.84)

Then there exists a unique v P Cpr0, T q ˆ O,Rmq such that

(i) it holds that

lim suprÑ8

„

suptPr0,T qzKr
supxPOzOr

ˆ

|||vpt, xq|||

V pt, xq

?
T ´ t

˙ȷ

“ 0, (1.85)

(ii) it holds that r0, T q ˆ O Q pt, xq ÞÑ E
”

gpXx
t,T qZx

t,T `
şT

t
fpr,Xx

t,r, vpr,Xx
t,rqqZx

t,r dr
ı

P

Rm is well-defined and continuous, and

(iii) it holds for all t P r0, T q, x P O that

vpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, vpr,Xx

t,rqqZx
t,r dr

ȷ

. (1.86)
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Proof of Theorem 1.1.11. Let V satisfy

V “

"

v P Cpr0, T q ˆ O,Rmq :

lim suprÑ8

„

suptPr0,T qzKr
supxPOzOr

ˆ

|||vpt, xq|||

V pt, xq

?
T ´ t

˙ȷ

“ 0

*

,

(1.87)

and let ∥¨∥λ : V Ñ r0,8q, λ P R, satisfy for all λ P R, w P V that

∥w∥λ “ sup
tPr0,T q

sup
xPO

ˆ

eλt|||wpt, xq|||

V pt, xq

?
T ´ t

˙

. (1.88)

Observe that Lemma 1.1.10 proves that for all λ P R it holds that pV , ∥¨∥λq is an R-Banach
space. Note that the triangle inequality, the assumption that f P Cpr0, T q ˆO ˆ Rm,Rq,
and the assumption that for all t P r0, T q, x P O, v, w P Rm it holds that |fpt, x, vq ´

fpt, x, wq| ď L|||v ´ w||| ensure that for all w P V it holds that r0, T q ˆ O Q pt, xq ÞÑ

fpt, x, wpt, xqq P R is a continuous function which satisfies that for all t P r0, T q, x P O it
holds that

|fpt, x, wpt, xqq| ď |fpt, x, 0q| ` |fpt, x, wpt, xqq ´ fpt, x, 0q|
ď |fpt, x, 0q| ` L|||wpt, xq|||.

(1.89)

The assumption that infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|fpt,x,0q|
V pt,xq

?
T ´ tqs “ 0 and (1.87) hence

show that for all w P V it holds that

inf
rPp0,8q

«

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|fpt, x, wpt, xqq|
V pt, xq

?
T ´ t

˙

ff

ď inf
rPp0,8q

«

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|fpt, x, 0q|
V pt, xq

?
T ´ t ` L

|||wpt, xq|||

V pt, xq

?
T ´ t

˙

ff

“ 0.

(1.90)

Combining this with Lemma 1.1.3 and item (i) of Lemma 1.1.4 demonstrates that for all
w P V it holds that

r0, T q ˆ O Q pt, xq ÞÑ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, wpr,Xx

t,rqqZx
t,r dr

ȷ

P Rm (1.91)

is well-defined. Furthermore, note that items (i) and (ii) of Lemma 1.1.8 (applied for
every w P V with h ð pr0, T q ˆ O Q pt, xq ÞÑ fpt, x, wpt, xqq P Rq in the notation of
Lemma 1.1.8) and (1.90) prove that for every w P V it holds that the function in (1.91)
is in V . This shows that there exists Φ: V Ñ V which satisfies for all t P r0, T q, x P O,
w P V that

pΦpwqqpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, wpr,Xx

t,rqqZx
t,r dr

ȷ

. (1.92)

Furthermore, note that Lemma 1.1.9 demonstrates that for all λ P p0,8q, w, w̃ P V it
holds that

∥Φpwq ´ Φpw̃q∥λ

ď sup
tPr0,T q

sup
xPO

˜

eλtE

”

şT
t |fpr,Xx

t,r ,vpr,Xx
t,rqq´fpr,Xx

t,r ,wpr,Xx
t,rqq| |||Zx

t,r|||dr

ı

V pt,xq

?
T ´ t

¸

ď cL

c

π3

4λ
∥w ´ w̃∥λ.

(1.93)
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This implies that for all λ P rc2L2π3,8q, w, w̃ P V it holds that

∥Φpwq ´ Φpw̃q∥λ ď
1

2
∥w ´ w̃∥λ. (1.94)

Banach’s fixed point theorem therefore shows that there exists a unique v P V which
satisfies Φpvq “ v. The proof of Theorem 1.1.11 is thus complete.

1.2 SFPEs associated with stochastic differential equa-
tions (SDEs)

The aim of this section is to apply the abstract existence and uniqueness result in The-
orem 1.1.11 to the case where X is an SDE solution and Z is the stochastic process in
(1.99) below arising from the Bismut-Elworthy-Li formula. Subsections 1.2.1-1.2.2 provide
several boundedness and convergence properties of SDE solutions which will be needed
to prove our main result, Theorem 1.2.5. Throughout this section we frequently use the
following setting.

Setting 1.2.1. Let d P N, α, c, T P p0,8q, let x¨, ¨y : Rd ˆ Rd Ñ R be the standard
Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm
on Rd, let ∥¨∥F : Rdˆd Ñ r0,8q be the Frobenius norm on Rdˆd, let O Ď Rd be an open
set, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying the usual conditions, let
W : r0, T sˆΩ Ñ Rd be a standard pFsqsPr0,T s-Brownian motion, let µ P C0,1pr0, T sˆO,Rdq,
σ P C0,1pr0, T s ˆ O,Rdˆdq satisfy for all s P r0, T s, x, y P O, v P Rd that

max
!

xx ´ y, µps, xq ´ µps, yqy, 1
2
∥σps, xq ´ σps, yq∥2F

)

ď c
2
∥x ´ y∥2 (1.95)

and v˚σps, xqpσps, xqq˚v ě α∥v∥2, for every t P r0, T s, x P O let Xx
t “ ppXx,1

t,s , . . . ,

Xx,d
t,s qqsPrt,T s : rt, T s ˆ Ω Ñ O be an pFsqsPrt,T s-adapted stochastic process with continuous

sample paths satisfying that for all s P rt, T s it holds a.s. that

Xx
t,s “ x `

ż s

t

µpr,Xx
t,rq dr `

ż s

t

σpr,Xx
t,rq dWr, (1.96)

and assume for all t P r0, T s, ω P Ω that
`

rt, T s ˆ O Q ps, xq ÞÑ Xx
t,spωq P O

˘

P C0,1prt, T sˆ

O,Oq.

1.2.1 Moment estimates
The next lemma establishes several moment estimates for SDE solutions and the stochastic
process in (1.99) below arising from the Bismut-Elworthy-Li formula.

Lemma 1.2.2. Let d P N, α, c, T P p0,8q, let t P r0, T s, let x¨, ¨y : Rd ˆ Rd Ñ R be the
standard Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean
norm on Rd, let ∥¨∥F : Rdˆd Ñ r0,8q be the Frobenius norm on Rdˆd, let O Ď Rd be
an open set, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying the usual
conditions, let W : r0, T s ˆ Ω Ñ Rd be a standard pFsqsPr0,T s-Brownian motion, let µ P

C0,1pr0, T s ˆ O,Rdq, σ P C0,1pr0, T s ˆ O,Rdˆdq satisfy for all s P rt, T s, x, y P O, v P Rd

that

max
!

xx ´ y, µps, xq ´ µps, yqy, 1
2
∥σps, xq ´ σps, yq∥2F

)

ď c
2
∥x ´ y∥2 (1.97)
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and v˚σps, xqpσps, xqq˚v ě α∥v∥2, let m P r0,8q satisfy m “ maxsPr0,T sr
1
2
∥µps, 0q∥2 `

∥σps, 0q∥2F s, for every x P O let Xx “ ppXx
s,1, . . . , X

x
s,dqqsPrt,T s : rt, T s ˆ Ω Ñ O be an

pFsqsPrt,T s-adapted stochastic process with continuous sample paths satisfying that for all
s P rt, T s it holds a.s. that

Xx
s “ x `

ż s

t

µpr,Xx
r q dr `

ż s

t

σpr,Xx
r q dWr, (1.98)

assume for all ω P Ω that prt, T s ˆ O Q ps, xq ÞÑ Xx
s pωq P Oq P C0,1prt, T s ˆ O,Oq, and

for every x P O let Zx “ pZx
s qsPpt,T s : pt, T s ˆ Ω Ñ Rd be an pFsqsPpt,T s-adapted stochastic

process with continuous sample paths satisfying that for all s P pt, T s it holds a.s. that

Zx
s “

1

s ´ t

ż s

t

pσpr,Xx
r qq´1

´

B

Bx
Xx
r

¯

dWr. (1.99)

Then

(i) for all x P O and all stopping times τ : Ω Ñ rt, T s it holds that
´

E
“

∥Xx
τ ∥2

‰

¯
1
2

ď exppp2c ` 1qT q

´

∥x∥2 `
m

2c ` 1

¯
1
2
, (1.100)

(ii) for all j P t1, . . . , du, x P O, and all stopping times τ : Ω Ñ rt, T s it holds that
´

E
”∥∥ B

Bxj
Xx
τ

∥∥2
ı¯

1
2

ď E
“

exp
`

cpτ ´ tq
˘‰

, (1.101)

(iii) for all x P O and all stopping times τ : Ω Ñ rt, T s it holds that

E
”∥∥ B

Bx
Xx
τ

∥∥2

F

ı

ď d exp
`

2cpT ´ tq
˘

, (1.102)

(iv) for all s P rt, T s, x P O it holds that

∥pσps,Xx
s qq´1∥2LpRdq ď

1

α
, (1.103)

(v) for all x P O and all stopping times τ : Ω Ñ rt, T s it holds that

E
„∥∥∥ ż τ

t

pσpr,Xx
r qq´1

´

B

Bx
Xx
r

¯

dWr

∥∥∥2
ȷ

ď
dT

α
expp2cT q, (1.104)

and

(vi) for all s P pt, T s, x P O it holds that

E
”

∥Zx
s ∥2

ı

ď
d

αps ´ tq2

ż s

t

expp2pr ´ tqcq dr. (1.105)

Proof of Lemma 1.2.2. Throughout this proof let e1, e2, . . . , ed P Rd satisfy that e1 “

p1, 0, . . . , 0q, e2 “ p0, 1, 0, . . . , 0q, . . . , ed “ p0, . . . , 0, 1q. First observe that (1.97), the
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Cauchy-Schwarz inequality, and the fact that for all a, b P r0,8q it holds that 2ab ď a2`b2

imply that for all x P O, s P rt, T s it holds that

xXx
s , µps,Xx

s qy `
1

2
∥σps,Xx

s q∥2F
ď xXx

s , µps,Xx
s q ´ µps, 0qy ` xXx

s , µps, 0qy

` ∥σps,Xx
s q ´ σps, 0q∥2F ` ∥σps, 0q∥2F

ď
c

2
∥Xx

s ∥2 ` ∥Xx
s ∥∥µps, 0q∥ ` c∥Xx

s ∥2 ` ∥σps, 0q∥2F

ď
c

2
∥Xx

s ∥2 `
1

2
∥Xx

s ∥2 `
1

2
∥µps, 0q∥2 ` c∥Xx

s ∥2 ` ∥σps, 0q∥2F
ď p2c ` 1q∥Xx

s ∥2 ` m.

(1.106)

Combining this with [50, Corollary 2.5 (i)] (applied for every x P Rd, j P t1, 2, . . . , du with
H ð Rd, U ð Rd, T ð T ´ t, a ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ µpt ` s, xq P Rdq, b ð

pr0, T ´ tsˆΩ Q ps, ωq ÞÑ σpt`s, xq P Rdˆdq, X ð pr0, T ´ tsˆΩ Q ps, ωq ÞÑ Xx
t`spωq P Oq,

p ð 2, α ð pr0, T´tsˆΩ Q ps, ωq ÞÑ p2c`1q P Rq, β ð pr0, T´tsˆΩ Q ps, ωq ÞÑ
?
2m P Rq,

q1 ð 2, q2 ð 8 in the notation of [50, Corollary 2.5 (i)]) shows that for all x P O and all
stopping times τ : Ω Ñ rt, T s it holds that

´

E
“

∥Xx
τ ∥2

‰

¯
1
2

ď exppp2c ` 1qT q

´

∥x∥2 ` 2m

ż T

0

expp´2p2c ` 1qsq ds
¯

1
2

ď exppp2c ` 1qT q

´

∥x∥2 `
2m

4c ` 2

`

1 ´ expp´p4c ` 2qT q
˘

¯
1
2

ď exppp2c ` 1qT q

´

∥x∥2 `
m

2c ` 1

¯
1
2
.

(1.107)

This establishes item (i). Next note that (1.98), the Leibniz integral rule, the chain rule,
and the fact that µ P C0,1pr0, T s ˆO,Rdq and σ P C0,1pr0, T s ˆO,Rdˆdq show that for all
s P rt, T s, x P O, j P t1, 2, . . . , du it holds a.s. that

B

Bxj
Xx
s “ ej `

d
ÿ

i“1

«

ż s

t

´

Bµ

Bxi

¯

pr,Xx
r q

´

B

Bxj
Xx
r,i

¯

dr

`

ż s

t

´

Bσ

Bxi

¯

pr,Xx
r q

´

B

Bxj
Xx
r,i

¯

dWr

ff

.

(1.108)

Moreover, observe that the chain rule, (1.97), and the assumption that for all ω P Ω it
holds that prt, T s ˆ O Q ps, xq ÞÑ Xx

s pωq P Oq P C0,1prt, T s ˆ O,Oq ensure that for all
r P rt, T s, x P O, j P t1, 2, . . . , du it holds a.s. that

A´

B

Bxj
Xx
r

¯

,
d
ÿ

i“1

´

Bµ

Bxi

¯

pr,Xx
r q

B

Bxj
Xx
r,i

E

`
1

2

∥∥∥ d
ÿ

k“1

´

Bσ

Bxk

¯

pr,Xx
r q

B

Bxj
Xx
r,k

∥∥∥2

F

“ lim
p0,8qQhÑ0

1

h2

„

A

Xx`hej
r ´ Xx

r , µpr,Xx`hej
r q ´ µpr,Xx

r q

E

`
1

2

∥∥σpr,Xx`hej
r q ´ σpr,Xx

r q
∥∥2

F

ȷ

ď

´ c

2
`
c

2

¯

lim
p0,8qQhÑ0

1

h2

„∥∥Xx`hej
r ´ Xx

r

∥∥2

ȷ

“ c
∥∥∥ B

Bxj
Xx
r

∥∥∥2

.

(1.109)

This, (1.108), and e.g., [50, Corollary 2.5(i)] (applied for every x P Rd, j P t1, 2, . . . , du

with H ð Rd, U ð Rd, T ð T ´ t, a ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ
řd
i“1

Bµ
Bxi

pt `
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s, xq B
Bxj
Xx
t`s,i P Rdq, b ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ

řd
i“1

Bσ
Bxi

pt ` s, xq B
Bxj
Xx
t`s,i P Rdˆdq,

X ð p B
Bxj
Xx
t`rqrPr0,T´ts, p ð 2, q1 ð 2, q2 ð 8, α ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ c P

r0,8sq, and β ð 0 in the notation of [50, Corollary 2.5(i)]) demonstrate that for all
j P t1, 2, . . . , du, x P O, and every stoppping time τ : Ω Ñ rt, T s it holds that

´

E
”∥∥ B

Bxj
Xx
τ

∥∥2
ı¯

1
2

ď exp
`

cpT ´ tq
˘

. (1.110)

This establishes item (ii). In the next step note that item (ii) implies that for all x P O
and all stopping times τ : Ω Ñ rt, T s it holds that

E
”∥∥ B

Bx
Xx
τ

∥∥2

F

ı

“

d
ÿ

j“1

E
”∥∥ B

Bxj
Xx
τ

∥∥2
ı

ď d exp
`

2cpT ´ tq
˘

. (1.111)

This establishes item (iii). Next observe that the assumption that for all s P rt, T s, x P O,
v P Rd it holds that v˚σps, xqpσps, xqq˚v ě α∥v∥2 ensures that for all s P rt, T s, x P Rd

it holds that σps, xqpσps, xqq˚ is invertible. Combining this with the fact that for all
s P rt, T s, x P O it holds that rankpσps, xqpσps, xqq˚q “ rankpσps, xqq shows that for all
s P rt, T s, x P O it holds that σps, xq is invertible. The assumption that for all s P rt, T s,
x P O, y P Rd it holds that y˚σps, xqpσps, xqq˚y ě α∥y∥2 therefore demonstrates that for
all s P rt, T s, x P O, y P Rd it holds that

∥y∥2 “ y˚ pσps,Xx
s qq

´1 σps,Xx
s qpσps,Xx

s qq˚
`

pσps,Xx
s qq´1

˘˚
y

ě α
∥∥ `pσps,Xx

s qq´1
˘˚
y
∥∥2
.

(1.112)

This implies that for all s P rt, T s, x P O it holds that∥∥pσps,Xx
s qq´1

∥∥2

LpRdq
“ sup

yPRdzt0u

∥ppσps,Xx
s qq´1q

˚
y∥2

∥y∥2
ď

1

α
. (1.113)

This establishes item (iv). In the next step note that the Burkholder-Davis-Gundy in-
equality, Fubini’s theorem, and items (iii) and (iv) prove that for all x P O and all stopping
times τ : Ω Ñ rt, T s it holds that

E
„∥∥∥ ż τ

t

pσpr,Xx
r qq´1

´

B

Bx
Xx
r

¯

dWr

∥∥∥2
ȷ

ď

ż T

t

E
„∥∥∥pσpr,Xx

r qq´1
´

B

Bx
Xx
r

¯∥∥∥2

F

ȷ

dr

ď

ż T

t

E
„∥∥pσpr,Xx

r qq´1
∥∥2

LpRdq

∥∥∥ B

Bx
Xx
r

∥∥∥2

F

ȷ

dr ď
1

α

ż T

t

E
„∥∥∥ B

Bx
Xx
r

∥∥∥2

F

ȷ

dr

ď
d

α

ż T

t

expp2cT q dr ď
dT

α
expp2cT q.

(1.114)

This establishes item (v). Next note that (1.108), (1.109), and e.g., [50, Corollary 2.5(i)]
(applied for every x P Rd, j P t1, 2, . . . , du with H ð Rd, U ð Rd, T ð T ´ t, a ð

pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ
řd
i“1

Bµ
Bxi

pt` s, xq B
Bxj
Xx
t`s,i P Rdq, b ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ

řd
i“1

Bσ
Bxi

pt ` s, xq B
Bxj
Xx
t`s,i P Rdˆdq, X ð p B

Bxj
Xx
t`rqrPr0,T´ts, p ð 2, q1 ð 2, q2 ð 8,

α ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ c P r0,8sq, and β ð 0 in the notation of [50, Corollary
2.5(i)]) imply that for all j P t1, 2, . . . , du, x P O, r P rt, T s it holds that

´

E
”∥∥ B

Bxj
Xx
r

∥∥2
ı¯

1
2

ď exp
`

cpr ´ tq
˘

. (1.115)
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Combining this with the Burkholder-Davis-Gundy inequality, Fubini’s theorem, and item (iv)
demonstrates that for all s P pt, T s, x P O it holds that

ps ´ tq2E
“

∥Zx
s ∥2

‰

“ E
„∥∥∥ ż s

t

pσpr,Xx
r qq´1

´

B

Bx
Xx
r

¯

dWr

∥∥∥2
ȷ

ď

ż s

t

E
„∥∥∥pσpr,Xx

r qq´1
´

B

Bx
Xx
r

¯∥∥∥2

F

ȷ

dr

ď

ż s

t

E
„∥∥pσpr,Xx

r qq´1
∥∥2

LpRdq

∥∥∥ B

Bx
Xx
r

∥∥∥2

F

ȷ

dr

ď
1

α

ż s

t

E
„∥∥∥ B

Bx
Xx
r

∥∥∥2

F

ȷ

dr ď
d

α

ż s

t

expp2pr ´ tqcq dr.

(1.116)

This establishes item (vi). The proof of Lemma 1.2.2 is thus complete.

1.2.2 Continuity in the starting point and starting time
The following lemma demonstrates convergence in probability of SDE solutions in the
starting point. Lemma 1.2.3 is a generalization of [13, Lemma 3.7].

Lemma 1.2.3. Let d,m P N, T P p0,8q, let ∥¨∥ : Rd Ñ r0,8q and |||¨||| : Rdˆm Ñ r0,8q

be norms, let O Ď Rd be a non-empty open set, for every r P p0,8q let Or Ď O satisfy
Or “ tx P O : ∥x∥ ď r and ty P Rd : ∥x ´ y∥ ă 1

r
u Ď Ou, let µ P Cpr0, T s ˆ O,Rdq,

σ P Cpr0, T s ˆ O,Rdˆmq satisfy for all r P p0,8q that

sup

ˆ"

∥µpt,xq´µpt,yq∥`|||σpt,xq´σpt,yq|||

∥x´y∥ : t P r0, T s, x, y P Or, x ‰ y

*

Y t0u

˙

ă 8, (1.117)

let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying the usual conditions, let
W : r0, T s ˆ Ω Ñ Rm be a standard pFsqsPr0,T s-Brownian motion, for every t P r0, T s,
x P O let Xx

t “ pXx
t,sqsPrt,T s : rt, T s ˆ Ω Ñ O be an pFsqsPrt,T s-adapted stochastic process

with continuous sample paths satisfying that for all s P rt, T s it holds a.s. that

Xx
t,s “ x `

ż s

t

µpr,Xx
t,rq dr `

ż s

t

σpr,Xx
t,rq dWr, (1.118)

and assume for all non-empty, compact K Ď r0, T s ˆ O that

inf
kPN

”

sup
pt,xq PK

´

sup
τ : ΩÑrt,T s stopping time

P
`

∥Xx
t,τ∥ ě k

˘

¯ı

“ 0. (1.119)

Then it holds for all ε P p0,8q, s P r0, T s, and all ptn, xnq P r0, T s ˆ O, n P N0, with
lim supnÑ8r|tn ´ t0| ` ∥xn ´ x0∥s “ 0 that

lim supnÑ8

”

P
´∥∥Xxn

tn,maxts,tnu
´ Xx0

t0,maxts,t0u

∥∥ ě ε
¯ı

“ 0. (1.120)

Proof of Lemma 1.2.3. Throughout this proof let ptn, xnq P r0, T s ˆ O, n P N0, satisfy
lim supnÑ8r|tn ´ t0| ` ∥xn ´ x0∥s “ 0 and let Un Ď O, n P N, satisfy for all n P N
that Un “ tx P O : pDy P On : ∥y ´ x∥ ă 1

2n
qu. Note that for every n P N it holds that

On Ď O is a compact set, Un Ď O is an open set, and On Ď Un. Combining this with
[73, Theorem II.3.7] (applied for every n P N with E ð r0, T s ˆ O, A1 ð r0, T s ˆ OzUn,
A2 ð r0, T s ˆOn in the notation of [73, Theorem II.3.7]) demonstrates that for all n P N
there exists φn P C8

c pr0, T s ˆ O,Rq which satisfies for all t P r0, T s, x P O that

1r0,T sˆOnpt, xq ď φnpt, xq ď 1r0,T sˆUnpt, xq. (1.121)
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Let mn : r0, T s ˆ Rd Ñ Rd, n P N, and sn : r0, T s ˆ Rd Ñ Rdˆm, n P N, satisfy for all
n P N, t P r0, T s, x P Rd that

mnpt, xq “

#

φnpt, xqµpt, xq : x P O

0 : x P RdzO
(1.122)

and

snpt, xq “

#

φnpt, xqσpt, xq : x P O

0 : x P RdzO.
(1.123)

Combining this with (1.117) and (1.121) shows that mn : r0, T s ˆ Rd Ñ Rd, n P N, and
sn : r0, T s ˆ Rd Ñ Rdˆm, n P N, are compactly supported, continuous functions which
satisfy that

(I) for all n P N it holds that

sup
tPr0,T s

sup
x,yPRd

x‰y

«

∥mnpt, xq ´ mnpt, yq∥ ` |||snpt, xq ´ snpt, yq|||

∥x ´ y∥

ff

ă 8, (1.124)

(II) for all n P N, t P r0, T s, x P On it holds that
“

∥mnpt, xq ´ µpt, xq∥ ` |||snpt, xq ´ σpt, xq|||
‰

“ 0, (1.125)

and

(III) for all n P N, t P r0, T s, x P OzUn it holds that
“

∥mnpt, xq∥ ` |||snpt, xq|||
‰

“ 0. (1.126)

Observe that [69, Theorem 5.2.9] (applied for all n P N with b ð mn, σ ð sn in the
notation of [69, Theorem 5.2.9]) and item (I) demonstrate that for every n P N, t P

r0, T s, x P O there exists an pFsqsPrt,T s-adapted stochastic process Xx,n
t “ pXx,n

t,s qsPrt,T s :
rt, T sˆΩ Ñ Rd with continuous sample paths which satisfies that for all s P rt, T s it holds
a.s. that

Xx,n
t,s “ x `

ż s

t

mnpr,Xx,n
t,r q dr `

ż s

t

snpr,Xx,n
t,r q dWr. (1.127)

Moreover, note that item (III) ensures that for all n P N it holds that supppmnq Y

supppsnq Ď r0, T s ˆ Un. This and [13, Lemma 3.4] (applied for every n P N, t P r0, T s,
x P O with T ð T ´ t, O ð Un, µ ð pr0, T ´ ts ˆ O Q ps, yq ÞÑ mnpt ` s, yq P Rdq,
σ ð pr0, T´tsˆO Q ps, yq ÞÑ snpt`s, yq P Rdˆmq, F ð pFt`sqsPr0,T´ts, W ð pr0, T´tsˆΩ Q

ps, ωq ÞÑ Wt`spωq ´ Wtpωq P Rmq, X ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ Xx,n
t,t`s P Oq in the

notation of [13, Lemma 3.4]) show that for all n P N, t P r0, T s, x P Un it holds that
Pp@s P rt, T s : Xx,n

t,s P Unq “ 1 and for all n P N, t P r0, T s, x P OzUn it holds that
Pp@s P rt, T s : Xx,n

t,s “ xq “ 1. This ensures that for all n P N, t P r0, T s, x P O there
exists an pFsqsPrt,T s-adapted stochastic process X x,n

t “ pX x,n
t,s qsPrt,T s : rt, T s ˆ Ω Ñ O with

continuous sample paths which satisfies that for all s P rt, T s it holds a.s. that

X x,n
t,s “ x `

ż s

t

mnpr,X x,n
t,r q dr `

ż s

t

snpr,X x,n
t,r q dWr. (1.128)

In the next step let τn,t,x : Ω Ñ rt, T s, n P N, t P r0, T s, x P O, satisfy for all n P N,
t P r0, T s, x P O, ω P Ω that τn,t,xpωq “ infpts P rt, T s : maxt∥X x,n

t,s ∥, ∥Xx
t,s∥u ą nu Y tT uq.
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Note that for every n P N, t P r0, T s, x P O it holds that τn,t,x : Ω Ñ rt, T s is an pFsqsPrt,T s-
stopping time. Next observe that [13, Lemma 3.5] (applied for every n P N, t P r0, T s,
x P O with T ð T´t, C ð r0, T´tsˆOn, µ1 ð pr0, T´tsˆO Q ps, yq ÞÑ µpt`s, yq P Rdq,
µ2 ð pr0, T ´ ts ˆ O Q ps, yq ÞÑ mnpt ` s, yq P Rdq, σ1 ð pr0, T ´ ts ˆ O Q ps, yq ÞÑ

σpt`s, yq P Rdˆmq, σ2 ð pr0, T´tsˆO Q ps, yq ÞÑ snpt`s, yq P Rdˆmq, F ð pFt`sqsPr0,T´ts,
W ð pr0, T ´ ts ˆΩ Q ps, ωq ÞÑ Wt´spωq ´Wtpωq P Rmq, Xp1q ð pr0, T ´ ts ˆΩ Q ps, ωq ÞÑ

Xx
t,t`s P Oq, Xp2q ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ X x,n

t,t`s P Rdq, τ ð τn,t,x ´ t in the notation
of [13, Lemma 3.5]), item (II), (1.117), and the fact that On is a compact set demonstrate
that for all n P N, t P r0, T s, x P O it holds that

Pp@s P rt, T s : 1tsďτn,t,xu∥X x,n
t,s ´ Xx

t,s∥ “ 0q “ 1. (1.129)

This implies that for all ε P p0,8q, n P N, t P r0, T s, s P rt, T s, x P O it holds that

Pp∥X x,n
t,s ´ Xx

t,s∥ ě εq ď Ppτn,t,x ă sq

ď Pp∥Xx
t,τn,t,x∥ ě nq ď sup

τ : ΩÑrt,T s
stopping time

Pp∥Xx
t,τ∥ ě nq. (1.130)

Moreover, observe that [13, Lemma 3.6] and items (I) and (III) prove that there exist ck,
k P N, which satisfy for all k, n P N, s P rt0, T s that

E
“

∥X xn,k
tn,maxts,tnu

´ X x0,k
t0,maxts,t0u

∥2
‰

ď ck
“

|tn ´ t0| ` ∥xn ´ x0∥2
‰

. (1.131)

Furthermore, note that (1.127) shows that for all k, n P N, s P rt0, T s it holds a.s. that

X x0,k
t0,maxts,tnu

´ X x0,k
t0,maxts,t0u

“

ż maxts,tnu

s

mkpr,X x0,k
t0,r q dr `

ż maxts,tnu

s

skpr,X x0,k
t0,r q dWr.

(1.132)

Combining this with Minkowski’s inequality, the Burkholder-Davis-Gundy inequality, and
the fact that mn, n P N, and sn, n P N, are continuous functions with compact support
implies that for all k, n P N, s P rt0, T s it holds that

´

E
”∥∥X x0,k

t0,maxts,tnu
´ X x0,k

t0,maxts,t0u

∥∥2
ı¯

1
2

ď

ż maxts,tnu

s

´

E
”∥∥mkpr,X x0,k

t0,r q
∥∥2
ı¯

1
2
dr

`

ˆ
ż maxts,tnu

s

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
skpr,X x0,k

t0,r q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2ı

dr

˙
1
2

ď |maxttn ´ s, 0u|
1
2

„

?
T
´

sup
tPr0,T s

sup
xPO

∥mkpt, xq∥
¯

` sup
tPr0,T s

sup
xPO

|||skpt, xq|||

ȷ

ă 8.

(1.133)

The fact that for all a, b P R it holds that pa` bq2 ď 2pa2 ` b2q and (1.131) therefore show
that there exist c̃k P r0,8q, k P N, which satisfy for all k, n P N, s P rt0, T s that

E
”∥∥X xn,k

tn,maxts,tnu
´ X x0,k

t0,maxts,t0u

∥∥2
ı

ď 2E
”∥∥X xn,k

tn,maxts,tnu
´ X x0,k

t0,maxts,tnu

∥∥2
ı

` 2E
”∥∥X x0,k

t0,maxts,tnu
´ X x0,k

t0,maxts,t0u

∥∥2
ı

ď c̃k
“

|tn ´ t0| ` ∥xn ´ x0∥2 ` maxttn ´ s, 0u
‰

.

(1.134)
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In addition, observe that (1.127) shows that for all k, n P N, s P r0, t0s it holds a.s. that

X xn,k
tn,maxts,tnu

´ X x0,k
t0,maxts,t0u

“ X xn,k
tn,maxts,tnu

´ x0

“ xn ´ x0 `

ż maxts,tnu

tn

mkpr,X xn,k
tn,r q dr `

ż maxts,tnu

tn

skpr,X xn,k
tn,r q dWr.

(1.135)

Minkowski’s inequality, Itô’s isometry and the fact that mn, n P N, and sn, n P N, are
continuous functions with compact support ensure that for all k, n P N, s P r0, t0s it holds
that

´

E
”∥∥X xn,k

tn,maxts,tnu
´ X x0,k

t0,maxts,t0u

∥∥2
ı¯

1
2

´ ∥xn ´ x0∥

ď

ż maxts,tnu

tn

´

E
”∥∥mkpr,X xn,k

tn,r q
∥∥2
ı¯

1
2
dr

`

ˆ
ż maxts,tnu

tn

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
skpr,X xn,k

tn,r q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2ı

dr

˙
1
2

ď |maxttn ´ s, 0u|
1
2

„

?
T
´

sup
tPr0,T s

sup
xPO

∥mkpt, xq∥
¯

` sup
tPr0,T s

sup
xPO

|||skpt, xq|||

ȷ

ă 8.

(1.136)

This and (1.134) imply that there exist γk P r0,8q, k P N, which satisfy for all k, n P N,
s P r0, T s that

E
”∥∥X xn,k

tn,maxts,tnu
´ X x0,k

t0,maxts,t0u

∥∥2
ı

ď γk

”

|tn ´ t0| ` ∥xn ´ x0∥2 ` 1r0,t0spsqmaxts ´ tn, 0u

` 1rt0,T spsqmaxttn ´ s, 0u

ı

.

(1.137)

Next note that the fact that lim supnÑ8r|tn´ t0|`∥xn´x0∥s “ 0 ensures that there exists
a compact set K̃ Ď r0, T s ˆ O which satisfies for all n P N0 that ptn, xnq P K̃. Markov’s
inequality, (1.119), (1.130), and (1.137) hence show that for all ε P p0,8q, s P r0, T s it
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holds that

lim sup
nÑ8

”

P
´

∥Xxn
tn,maxts,tnu

´ Xx0
t0,maxts,t0u

∥ ě ε
¯ı

ď inf
kPN

ˆ

lim sup
nÑ8

„

P
´

∥Xxn
tn,maxts,tnu

´ X xn,k
tn,maxts,tnu

∥ ě
ε

3

¯

` P
´

∥X xn,k
tn,maxts,tnu

´ X x0,k
t0,maxts,t0u

∥ ě
ε

3

¯

` P
´

∥X x0,k
t0,maxts,t0u

´ Xx0
t0,maxts,t0u

∥ ě
ε

3

¯

ȷ˙

ď inf
kPN

ˆ

lim sup
nÑ8

„

sup
τ : ΩÑrtn,T s
stopping time

Pp∥Xxn
tn,τ∥ ě kq

`
9

ε2
E
”

∥X xn,k
tn,maxts,tnu

´ X x0,k
t0,maxts,t0u

∥2
ı

` sup
τ : ΩÑrt0,T s
stopping time

Pp∥Xx0
t0,τ∥ ě kq

ȷ˙

ď inf
kPN

ˆ

lim sup
nÑ8

„

sup
τ : ΩÑrtn,T s
stopping time

Pp∥Xxn
tn,τ∥ ě kq ` sup

τ : ΩÑrt0,T s
stopping time

Pp∥Xx0
t0,τ∥ ě kq

`
9γk
ε2

p|tn ´ t0| ` ∥xn ´ x0∥2 ` 1r0,t0spsqmaxts ´ tn, 0u

` 1rt0,T spsqmaxttn ´ s, 0uq

ȷ˙

“ inf
kPN

ˆ

lim sup
nÑ8

”

sup
τ : ΩÑrtn,T s
stopping time

Pp∥Xxn
tn,τ∥ ě kq ` sup

τ : ΩÑrt0,T s
stopping time

Pp∥Xx0
t0,τ∥ ě kq

ı

˙

ď inf
kPN

ˆ

sup
pu,yqPK̃

”

2 sup
τ : ΩÑru,T s

stopping time

Pp∥Xy
u,τ∥ ě kq

ı

˙

“ 0.

(1.138)

This establishes (1.120). The proof of Lemma 1.2.3 is thus complete.

The next lemma uses the results in Lemma 1.2.3 to prove convergence in mean for
the stochastic process in (1.140) below which is the stochastic process arising from the
Bismut-Elworthy-Li formula.

Lemma 1.2.4. Assume Setting 1.2.1, for every r P p0,8q let Or Ď O satisfy Or “ tx P

O : ∥x∥ ď r and ty P Rd : ∥y ´ x∥ ă 1
r
u Ď Ou, assume for all r P p0,8q, j P t1, 2, . . . , du

that

sup

ˆ"∥Bµ
Bx

pt, xq ´
Bµ
Bx

pt, yq∥F ` ∥ Bσ
Bxj

pt, xq ´ Bσ
Bxj

pt, yq∥F
∥x ´ y∥

:

t P r0, T s, x, y P Or, x ‰ y

*

Y t0u

˙

ă 8,

(1.139)

and for every t P r0, T s, x P O let Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆ Ω Ñ Rd be an pFsqsPpt,T s-
adapted stochastic process with continuous sample paths satisfying that for all s P pt, T s it
holds a.s. that

Zx
t,s “

1

s ´ t

ż s

t

pσpr,Xx
t,rqq´1

´

B

Bx
Xx
t,r

¯

dWr. (1.140)

Then it holds for all t P r0, T q, s P pt, T s, x P O that

lim supr0,sqˆOQpu,yqÑpt,xq

”

E
“

∥Zy
u,s ´ Zx

t,s∥
‰

ı

“ 0. (1.141)
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Proof of Lemma 1.2.4. Throughout this proof let m P r0,8q satisfy m “ maxsPr0,T s

r1
2
∥µps, 0q∥2 `∥σps, 0q∥2F s and for every t P r0, T s, x P O let Y x

t “ pY x
t,sqsPrt,T s : rt, T sˆΩ Ñ

Rd be an pFsqsPrt,T s-adapted stochastic process with continuous sample paths satisfying
that for all s P rt, T s it holds a.s. that

Y x
t,s “

ż s

t

pσpr,Xx
t,rqq´1

´

B

Bx
Xx
t,r

¯

dWr. (1.142)

Next observe that Markov’s inequality, items (i) and (iii) of Lemma 1.2.2 and the fact
that for all a, b P R it holds that pa ` bq2 ď 2pa2 ` b2q show that for all t P r0, T s, x P O,
and all stopping times τ : Ω Ñ rt, T s it holds that

P
´

∥Xx
t,τ∥ `

∥∥ B

Bx
Xx
t,τ

∥∥
F

ě k
¯

ď
1

k2
E
”

`

∥Xx
t,τ∥ `

∥∥ B

Bx
Xx
t,τ

∥∥
F

˘2
ı

ď
2

k2
E
”

∥Xx
t,τ∥2 `

∥∥ B

Bx
Xx
t,τ

∥∥2

F

ı

ď
2

k2

´

exppp4c ` 2qT q

´

∥x∥2 `
m

2c ` 1

¯

` d expp2cT q

¯

.

(1.143)

This implies that for all non-empty, compact K Ď r0, T s ˆ O it holds that

inf
kPN

”

sup
pt,xq PK

´

sup
τ : ΩÑrt,T s stopping time

P
´

∥Xx
t,τ∥ `

∥∥ B

Bx
Xx
t,τ

∥∥
F

ě k
¯¯ı

ď inf
kPN

”

sup
pt,xq PK

´ 2

k2

´

exppp4c ` 2qT q

´

∥x∥2 `
m

2c ` 1

¯

` d expp2cT q

¯¯ı

“ 0.

(1.144)

Lemma 1.2.3 (applied with d ð 2d, m ð d, O ð O ˆ Rd, µ ð pr0, T s ˆ Rd ˆ

Rd Q pt, x, zq ÞÑ pµpt, xq, pBµ
Bx

qpt, xqzq P Rd ˆ Rdq, σ ð pr0, T s ˆ Rd ˆ Rd Q pt, x, zq ÞÑ

pσpt, xq,
řd
i“1p Bσ

Bxi
qpt, xqziq P Rdˆd ˆ Rdˆdq, and for every j P t1, 2, . . . , du, t P r0, T s, x P O

with Xx
t ð prt, T s ˆ Ω Q ps, ωq ÞÑ pXx

t,spωq, B
Bxj
Xx
t,spωqq P O ˆ Rdq in the notation of

Lemma 1.2.3) and (1.139) therefore demonstrate that for all j P t1, 2, . . . , du, ε P p0,8q,
s P r0, T s, and all ptn, xnq P r0, T s ˆO, n P N0, with lim supnÑ8r|tn ´ t0|` ∥xn ´ x0∥s “ 0
it holds that

lim sup
nÑ8

”

P
´

∥Xxn
tn,maxts,tnu

´ Xx0
t0,maxts,t0u

∥

`
∥∥ B

Bxj
Xxn
tn,maxts,tnu

´
B

Bxj
Xx0
t0,maxts,t0u

∥∥ ě ε
¯ı

“ 0.
(1.145)

Furthermore, note that the assumption that σ is continuous implies that σ´1 is continuous.
Combining this with (1.145) and the Continuous Mapping Theorem shows that for all
ε P p0,8q, s P r0, T s, ptn, xnq P r0, T sˆO, n P N, with lim supnÑ8r|tn´t0|`∥xn´x0∥s “ 0
it holds that

lim sup
nÑ8

“

Pp∥pσpmaxts, tnu, Xxn
tn,maxts,tnu

qq´1

´ pσpmaxts, t0u, Xx0
t0,maxts,t0u

qq´1∥ ě ε
‰

“ 0.
(1.146)

This and (1.145) ensure that for all ε P p0,8q, s P r0, T s, ptn, xnq P r0, T s ˆO, n P N, with
lim supnÑ8r|tn ´ t0| ` ∥xn ´ x0∥s “ 0 it holds that

lim sup
nÑ8

”

P
´∥∥pσpmaxts, tnu, Xxn

tn,maxts,tnu
qq´1 B

Bx
Xxn
tn,maxts,tnu

´ pσpmaxts, t0u, Xx0
t0,maxts,t0u

qq´1 B

Bx
Xx0
t0,maxts,t0u

∥∥ ě ε
¯ı

“ 0.

(1.147)
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Next observe that items (iii) and (iv) of Lemma 1.2.2 show that for all t P r0, T s, s P pt, T s,
x P Rd it holds that

E
„∥∥∥pσps,Xx

t,sqq´1
´

B

Bx
Xx
t,s

¯∥∥∥2

F

ȷ

ď E
„∥∥pσps,Xx

t,sqq´1
∥∥2

LpRdq

∥∥∥ B

Bx
Xx
t,s

∥∥∥2

F

ȷ

ď
1

α
E
„∥∥∥ B

Bx
Xx
t,s

∥∥∥2

F

ȷ

“
1

α
E
„∥∥∥ B

Bx
Xx
t,s

∥∥∥2

F

ȷ

ď
d

α
expp2cT q.

(1.148)

Combining this and (1.147) with [68, Corollary 18.13] (applied for every n P N, t P r0, T s,
s P pt, T s, x P O, ptmqmPN Ď r0, sq which satisfies limmÑ8 tm “ t, pxmqmPN Ď O which
satisfies limmÑ8 xm “ x with X ð W , U ð p d

α
q
1{2 exppcT q, V ð ppr0, T s ˆ Ω Q ps, ωq ÞÑ

σps,Xx
t,spωqqq´1p B

Bx
Xx
t,spωq P Rdˆdqq, Vn ð pΩ ˆ r0, T s Q pω, sq ÞÑ pσps,Xxn

tn,spωqqq´1

¨p B
Bx
Xxn
tn,spωqq P Rdˆdq in the notation of [68, Corollary 18.13]) ensures that for all ε P

p0,8q, s P r0, T s, and all ptn, xnq P r0, T s ˆ O, n P N0, with lim supnÑ8r|tn ´ t0| ` ∥xn ´

x0∥s “ 0 it holds that

lim supnÑ8

”

P
´

∥Y xn
tn,maxts,tnu

´ Y x0
t0,maxts,t0u

∥ ě ε
¯ı

“ 0. (1.149)

In addition, note that item (v) of Lemma 1.2.2 ensures that for all t P r0, T s, x P O,
s P rt, T s it holds that

E
“

∥Y x
t,s∥2

‰

ď
dT

α
expp2cT q. (1.150)

Next observe that Hölder’s inequality demonstrates that for all ε P p0,8q, s P p0, T s,
u, t P r0, sq, x, y P O it holds that

E
“

∥Y y
u,s ´ Y x

t,s∥
‰

ď ε ` E
“

∥Y y
u,s ´ Y x

t,s∥1t∥Y y
u,s´Y x

t,s∥ąεu

‰

ď ε `

´

E
“

∥Y y
u,s ´ Y x

t,s∥2
‰

¯
1
2
´

E
“

1t∥Y y
u,s´Y x

t,s∥ąεu

‰

¯
1
2

ď ε `

´

E
“

∥Y y
u,s ´ Y x

t,s∥2
‰

¯
1
2
´

P
`

∥Y y
u,s ´ Y x

t,s∥ ą ε
˘

¯
1
2
.

(1.151)

Combining this with (1.149) and (1.150) proves that for all t P r0, T q, s P rt, T s, x P O it
holds that

lim supr0,sqˆOQpu,yqÑpt,xq

”

E
“

∥Y y
u,s ´ Y x

t,s∥
‰

ı

“ 0. (1.152)

Throughout the rest of the proof let pt0, x0q P r0, T s ˆ O, s0 P pt0, T s, and ptn, xnq P

r0, s0q ˆ O, n P N, satisfy that lim supnÑ8r|tn ´ t0| ` ∥xn ´ x0∥s “ 0. Observe that for
the proof of (1.141) it is sufficient to show that

lim sup
nÑ8

”

E
“

∥Zxn
tn,s0

´ Zx0
t0,s0∥

‰

ı

“ 0. (1.153)

Next note that the fact that lim supnÑ8r|tn ´ t0|s “ 0 ensures that there exists r P N
which satisfies that for all n P N it holds that tn P r0, s0 ´ 1

r
s. The triangle inequality

hence demonstrates that for all n P N it holds that

E
“

∥Zxn
tn,s0

´ Zx0
t0,s0∥

‰

“ E
„∥∥∥ 1

s0 ´ tn
Y xn
tn,s0

´
1

s0 ´ t0
Y x0
t0,s0

∥∥∥ȷ
ď

1

s0 ´ tn
E
“

∥Y xn
tn,s0

´ Y x0
t0,s0∥

‰

`

ˇ

ˇ

ˇ

1

s0 ´ tn
´

1

s0 ´ t0

ˇ

ˇ

ˇ
E
“

∥Y x0
t0,s0∥

‰

ď sup
uPr0,T´ 1

r
s

” 1

s0 ´ u

ı

E
„

∥Y xn
tn,s0

´ Y x0
t0,s0∥

ȷ

`

ˇ

ˇ

ˇ

1

s0 ´ tn
´

1

s0 ´ t0

ˇ

ˇ

ˇ

´

E
“

∥Y x0
t0,s0∥

2
‰

¯
1
2
.

(1.154)
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Combining this with (1.150) and (1.152) demonstrates (1.153). The proof of Lemma 1.2.4
is thus complete.

1.2.3 Existence and uniqueness properties of solutions of SFPEs
associated with SDEs

In the following theorem we combine Theorem 1.1.11 with the results in Section 1.2.1-1.2.2
to obtain this section’s main result, Theorem 1.2.5. Theorem 1.2.5 extends the abstract
existence and uniqueness result in Theorem 1.1.11 to a class of SFPEs associated with
certain SDEs. In this regard, Theorem 1.2.5 generalizes [13, Theorem 3.8] to the case of
gradient-dependent nonlinearities under more restrictive assumptions.

Theorem 1.2.5. Assume Setting 1.2.1, let b,K, L P p0,8q, let |||¨||| : Rd`1 Ñ r0,8q

satisfy for all x “ px1, . . . , xd`1q P Rd`1 that |||x||| “ p
řd`1
i“1 |xi|2q1{2, for every r P p0,8q let

Kr Ď r0, T q, Or Ď O satisfy Kr “ r0,maxtT ´ 1
r
, 0us and Or “ tx P O : ∥x∥ ď r and ty P

Rd : ∥y ´ x∥ ă 1
r
u Ď Ou, assume for all r P p0,8q, j P t1, . . . , du that

sup

ˆ"∥Bµ
Bx

pt, xq ´
Bµ
Bx

pt, yq∥F ` ∥ Bσ
Bxj

pt, xq ´ Bσ
Bxj

pt, yq∥F
∥x ´ y∥

:

t P r0, T s, x, y P Or, x ‰ y

*

Y t0u

˙

ă 8,

(1.155)

for every t P r0, T s, x P O let Zx
t “ pZx

t,sqsPpt,T s : pt, T sˆΩ Ñ Rd`1 be an pFsqsPpt,T s-adapted
stochastic process with continuous sample paths satisfying that for all s P pt, T s it holds
a.s. that

Zx
t,s “

˜

1
1
s´t

şs

t
pσpr,Xx

t,rqq´1
´

B
Bx
Xx
t,r

¯

dWr,

¸

(1.156)

let V P C1,2pr0, T s ˆ O, p0,8qq satisfy a.s. for all t P r0, T s, s P rt, T s, x P O that

pBV
Bs

qps,Xx
t,sq ` xpBV

Bx
qps,Xx

t,sq, µps,Xx
t,sqy

` 1
2
Tracepσps,Xx

t,sqrσps,Xx
t,sqs˚pHessx V qps,Xx

t,sqq ď KV ps,Xx
t,sq ` b,

(1.157)

let f P Cpr0, T q ˆ O ˆ Rd`1,Rq, g P CpO,Rq satisfy for all t P r0, T q, x P O, v, w P

Rd`1 that |fpt, x, vq ´ fpt, x, wq| ď L|||v ´ w|||, and assume that infrPp0,8qrsuptPr0,T qzKr

supxPOzOr
p
|gpxq|2
V pT,xq

q `
|fpt,x,0q|2
V pt,xq

pT ´ tqs “ 0, and lim infrÑ8rinftPr0,T s infxPOzOr V pt, xqs “ 8.
Then there exists a unique v P Cpr0, T q ˆ O,Rd`1q such that

(i) it holds that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

˜

|||vpt, xq|||
a

V pt, xq

?
T ´ t

¸ff

“ 0, (1.158)

(ii) it holds that

r0, T q ˆ O Q pt, xq ÞÑ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, vpr,Xx

t,rqqZx
t,r dr

ȷ

P Rd`1

(1.159)
is well-defined and continuous, and
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(iii) for all t P r0, T q, x P O it holds that

vpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, vpr,Xx

t,rqqZx
t,r dr

ȷ

. (1.160)

Proof of Theorem 1.2.5. First note that the assumptions that V P Cpr0, T s ˆ O, p0,8qq

and that lim infrÑ8rinftPr0,T s infxPOzOr V pt, xqs “ 8 ensure that

inftPr0,T s infxPO V pt, xq ą 0. (1.161)

Furthermore, observe that [50, Theorem 2.4] (applied for every t P r0, T s, x P O with
H ð Rd, U ð Rd, T ð T ´ t, X ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ Xx

t,t`spωq P Rdq, a ð

pr0, T´tsˆΩ Q ps, ωq ÞÑ µpt`s, xq P Rdq, b ð pr0, T´tsˆΩ Q ps, ωq ÞÑ σpt`s, xq P Rdˆdq,
p ð 1, α ð pr0, T´tsˆΩ Q ps, ωq ÞÑ K P r0,8qq, β ð pr0, T´tsˆΩ Q ps, ωq ÞÑ b P r0,8qq,
q1 ð 1, q2 ð 8 in the notation of [50, Theorem 2.4]) and (1.157) demonstrate that for
all t P r0, T s, x P Rd, and all stopping times τ : Ω Ñ rt, T s it holds that

E
“

V pτ,Xx
t,τ q

‰

ď exppKT q

ˆ

ErV pt, xqs ` b

ż T

0

e´Kr dr

˙

“ exppKT qV pt, xq `
b

K
pexppKT q ´ 1q.

(1.162)

Moreover, note that item (vi) of Lemma 1.2.2 and the fact that for all a, b P R it holds
that

?
a ` b ď

?
a `

?
b show that for all t P r0, T s, s P pt, T s, x P Rd it holds that

´

E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2‰
¯

1
2

ď

ˆ

1 `
1

αps ´ tq2

ż s

t

d expp2pr ´ tqcq dr

˙
1
2

ď

ˆ

1 `
d

αps ´ tq
expp2cT q

˙
1
2

ď 1 `

ˆ

d

αps ´ tq
expp2cT q

˙
1
2

.

(1.163)

The Cauchy-Schwarz inequality and (1.162) therefore show that for all t P r0, T s, s P pt, T s,
x P O it holds that

E
”
b

V ps,Xx
t,sq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď

´

E
“

V ps,Xx
t,sq

‰

¯
1
2
´

E
“

|||Zx
t,s|||2

‰

¯
1
2

ď

´

exppKT qV pt, xq `
b

K
pexppKT q ´ 1q

¯
1
2

„

1 `

ˆ

d

αps ´ tq
expp2cT q

˙
1
2
ȷ

ď
1

?
s ´ t

´

exppKT qV pt, xq `
b

K
pexppKT q ´ 1q

¯
1
2

„

?
T `

ˆ

d

α
expp2cT q

˙
1
2
ȷ

ď

a

V pt, xq
?
s ´ t

´

exppKT q `
b

K rinfuPr0,T s infyPO V pu, yqs
pexppKT q ´ 1q

¯
1
2

¨

„

?
T `

ˆ

d

α
expp2cT q

˙
1
2
ȷ

.

(1.164)

Furthermore, observe that for all k P N, t P r0, T s, x P O, and all stopping times τ : Ω Ñ

rt, T s it holds that

ErV pτ,Xx
t,τ qs “

ż

Ω

V pτpωq, Xx
t,τpωqpωqqPpdωq

ě

ż

tω̃PΩ: ∥Xx
t,τpω̃q

pω̃q∥ěku

V pτpωq, Xx
t,τpωqpωqqPpdωq

ě

”

inf
sPrt,T s

inf
yPOzOk

V ps, yq

ı

Pp∥Xx
t,τ∥ ě kq ě

”

inf
sPr0,T s

inf
yPOzOk

V ps, yq

ı

Pp∥Xx
t,τ∥ ě kq.

(1.165)
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Combining this with (1.162) implies that for all k P N, t P r0, T s, x P O, and all stopping
times τ : Ω Ñ rt, T s it holds that

Pp∥Xx
t,τ∥ ě kq ď

ErV pτ,Xx
t,τ qs

infsPr0,T s infyPOzOk
V ps, yq

ď
exppKT qV pt, xq ` b

K
pexppKT q ´ 1q

infsPr0,T s infyPOzOk
V ps, yq

.

(1.166)

The fact that suprPp0,8qrinftPr0,T s infxPOzOr
V pt, xqs “ 8 therefore proves that for all non-

empty, compact K Ď r0, T s ˆ O it holds that

inf
kPN

”

sup
pt,xqPK

´

sup
τ : ΩÑr0,T s stopping time

P
`

∥Xx
t,τ∥ ě k

˘

¯ı

ď inf
kPN

„

exppKT qrsuppt,xqPK V pt, xqs ` b
K

pexppKT q ´ 1q

infsPr0,T s infyPOzOk
V ps, yq

ȷ

ď
exppKT qrsuppt,xqPK V pt, xqs ` b

K
pexppKT q ´ 1q

supkPNrinfsPr0,T s infyPOzOk
V ps, yqs

“ 0.

(1.167)

Lemma 1.2.3 and the assumption that µ P C0,1pr0, T s ˆ O,Rdq and σ P C0,1pr0, T s ˆ

O,Rdˆdq hence demonstrate that for all ε P p0,8q, s P r0, T s, ptn, xnq P r0, T s ˆO, n P N,
with lim supnÑ8r|tn ´ t0| ` ∥xn ´ x0∥s “ 0 it holds that

lim sup
nÑ8

“

Pp∥Xxn
tn,maxts,tnu

´ Xx0
t0,maxts,t0u

∥q ą ε
‰

“ 0. (1.168)

In addition, observe that Lemma 1.2.4 ensures that for all t P r0, T q, s P pt, T s, x P O it
holds that

lim supr0,sqˆOQpu,yqÑpt,xq

“

E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇZy
u,s ´ Zx

t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

‰‰

“ 0. (1.169)

Next note that (1.163) and the fact that for all t P r0, T s it holds that
şT

t
1?
s´t

ds “ 2
?
T ´ t

demonstrate that

sup
tPr0,T qzKr

sup
xPOzOr

„

E
”

ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇpds ` δT pdsqq

ı?
T ´ t

ȷ

ď sup
tPr0,T qzKr

sup
xPOzOr

„
ż T

t

´

E
“ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2‰
¯

1
2
pds ` δT pdsqq

?
T ´ t

ȷ

ď sup
tPr0,T qzKr

„
ż T

t

ˆ

1 `

d

d

αps ´ tq
exppcT q

˙

pds ` δT pdsqq
?
T ´ t

ȷ

“ sup
tPr0,T qzKr

„ˆ

T ´ t ` 1 `

c

d

α
exppcT q

´

ż T

t

1
?
s ´ t

ds `
1

?
T ´ t

¯

˙

?
T ´ t

ȷ

“ sup
tPr0,T qzKr

ˆ

?
T ´ tpT ´ t ` 1q `

c

d

α
exppcT qp2pT ´ tq ` 1q

˙

ď
?
T pT ` 1q `

c

d

α
exppcT qp2T ` 1q.

(1.170)
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This and (1.161) ensure that

lim sup
rÑ8

«

sup
tPr0,T qzKr

sup
xPOzOr

˜

E
”

şT

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇpds ` δT pdsqq

ı?
T ´ t

a

V pt, xq

¸ff

ď lim sup
rÑ8

«

suptPr0,T qzKr
supxPOzOr

´

E
”

şT

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇpds ` δT pdsqq

ı?
T ´ t

¯

inftPr0,T qzKr infxPOzOr

a

V pt, xq

ff

ď lim sup
rÑ8

«

?
T pT ` 1q `

b

d
α
exppcT qp2T ` 1q

inftPr0,T qzKr infxPOzOr

a

V pt, xq

ff

ď

?
T pT ` 1q `

b

d
α
exppcT qp2T ` 1q

lim infrÑ8rinftPr0,T s infxPOzOr

a

V pt, xqs
“ 0.

(1.171)

Combining this, (1.164), (1.168), and (1.169) with Theorem 1.1.11 establishes item (i),
(ii), and (iii). The proof of Theorem 1.2.5 is thus complete.

The following corollary applies the results in Theorem 1.2.5 to the case of V ð pr0, T sˆ

Rd Q pt, xq ÞÑ 1 ` ∥x∥q`1 P p0,8qq for sufficiently large q P r1,8q.

Corollary 1.2.6. Let d P N, c P r1,8q, T P p0,8q, let ∥¨∥ : Rd Ñ r0,8q, |||¨||| : Rd`1 Ñ

r0,8q, ∥¨∥F : Rdˆd Ñ r0,8q be norms, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability
space, let µ P C2pRd,Rdq, σ P C2pRd,Rdˆdq satisfy for all x, y P Rd that y˚σpxqpσpxqq˚y ě
1
c
∥y∥2 and

max
␣

pµpxq ´ µpyqq˚px ´ yq, ∥σpxq ´ σpyq∥2F
(

ď c∥x ´ y∥2, (1.172)
for every t P r0, T s, x P Rd let Xx

t “ pXx
t,sqsPrt,T s : rt, T s ˆΩ Ñ Rd be an pFsqsPrt,T s-adapted

stochastic process with continuous sample paths satisfying that for all s P rt, T s it holds
a.s. that

Xx
t,s “ x `

ż s

t

µpXx
t,rq dr `

ż s

t

σpXx
t,rq dWr, (1.173)

assume for all t P r0, T s, ω P Ω that prt, T s ˆ Rd Q ps, xq ÞÑ Xx
t,spωq P Rdq P C0,1prt, T s ˆ

Rd,Rdq, for every t P r0, T s, x P Rd let Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆ Ω Ñ Rd`1 be an
pFsqsPpt,T s-adapted stochastic process with continuous sample paths satisfying that for all
s P pt, T s it holds a.s. that

Zx
t,s “

ˆ

1
1
s´t

şs

t
pσpXx

t,rqq´1
`

B
Bx
Xx
t,r

˘

dWr

˙

, (1.174)

let f P Cpr0, T qˆRdˆRd`1,Rq, g P CpRd,Rq satisfy for all t P r0, T q, x P Rd, v, w P Rd`1

that |fpt, x, vq ´ fpt, x, wq| ď c|||v ´ w||| and maxt|gpxq|, |fpt, x, 0q|u ď cp∥x∥c ` 1q. Then
there exists a unique v P Cpr0, T q ˆRd,Rd`1q such that pvpt, xq

?
T ´ tqtPr0,T q,xPRd grows at

most polynomially and for all t P r0, T q, x P Rd it holds that

vpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, vpr,Xx

t,rqqZx
t,r dr

ȷ

. (1.175)

Proof of Corollary 1.2.6. Throughout this proof let Vq : r0, T s ˆ Rd Ñ p0,8q, q P r1,8q,
satisfy that for all q P r1,8q, t P r0, T s, x P Rd it holds that Vqpt, xq “ 1 ` ∥x∥q`1. First
note that for all q P r1,8q it holds that

lim inf
rÑ8

„

inf
tPr0,T s

inf
xPRd,∥x∥ąr

Vqpt, xq

ȷ

“ lim inf
rÑ8

„

inf
xPRd,∥x∥ąr

`

1 ` ∥x∥q`1
˘

ȷ

“ 8. (1.176)
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In addition, observe that for all q P r1,8q, i, j P t1, 2, . . . , du, t P r0, T s, x P Rd it holds
that Vq P C1,2pr0, T s ˆ Rd, p0,8qq with BVq

Bxi
pt, xq “ pq ` 1q∥x∥q´1xi and

BVq
Bxixj

pt, xq “ 1Rzt0upxqpq ` 1qpq ´ 1q∥x∥q´3xixj ` 1tjupiqpq ` 1q∥x∥q´1. (1.177)

This, the Cauchy-Schwarz inequality, and (1.172) imply that for all q P r1,8q, t P r0, T s,
x P Rd it holds that

rµpt, xqs˚p∇xVqqpt, xq “ rµpt, xqs˚pq ` 1q∥x∥q´1x

ď rµpt, xq ´ µpt, 0qs˚pq ` 1q∥x∥q´1x ` rµpt, 0qs˚pq ` 1q∥x∥q´1x

ď cpq ` 1q∥x∥q ` ∥µpt, 0q∥pq ` 1q∥x∥q ď pq ` 1qpc ` ∥µpt, 0q∥qVqpt, xq.

(1.178)

Moreover, note that Young’s inequality, (1.172), and (1.177) ensures that for all q P r1,8q,
t P r0, T s, x P Rd it holds that

1
2
Trpσpt, xqrσpt, xqs˚pHessx Vqqpt, xqq

“ 1
2
Trpσpt, xqrσpt, xqs˚p1Rzt0upxqpq ` 1qpq ´ 1q∥x∥q´3xixj

` 1tjupiqpq ` 1q∥x∥q´1qq

ď
qpq ` 1q

2
∥x∥q´1∥σpt, xq∥2F

ď
qpq ` 1q

2
∥x∥q´1

`

2∥σpt, xq ´ σpt, 0q∥2F ` 2∥σpt, 0q∥2F
˘

ď cqpq ` 1q∥x∥q ` qpq ` 1q∥x∥q´1∥σpt, 0q∥2F
ď cqpq ` 1q∥x∥q ` pq ´ 1qpq ` 1q∥x∥q ` pq ` 1q∥σpt, 0q∥2qF
ď 2cqpq ` 1qVqpt, xq ` pq ` 1q∥σpt, 0q∥2qF .

(1.179)

Combining this with (1.178) and the fact that for all q P r1,8q, t P r0, T s, x P Rd it holds
that BVq

Bt
pt, xq “ 0 proves that for all q P r1,8q, t P r0, T s, x P O it holds that

p
BVq
Bs

qpt, xq ` rµpt, xqs˚p∇xVqqpt, xq

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx Vqqpt, xqq ` 1

2

∥rp∇xVqqpt,xqs˚σpt,xq∥2
Vqpt,xq

ď pq ` 1q p2cq ` c ` ∥µpt, 0q∥qVqpt, xq ` pq ` 1q∥σpt, 0q∥2qF .

(1.180)

Furthermore, note that the assumption that for all t P r0, T s, x P Rd it holds that
maxt|gpxq|, |fpt, x, 0q|u ď cp1 ` ∥x∥cq ensures that there exists α P rc2,8q which satisfies

inf
rPp0,8q

«

sup
tPr0,T q

sup
xPRd,∥x∥ąr

ˆ

|gpxq|2

VαpT, xq
`

|fpt, x, 0q|2

Vαpt, xq
pT ´ tq

˙

ff

ď inf
rPp0,8q

«

sup
xPRd,∥x∥ąr

ˆ

c2p1 ` ∥x∥cq2

1 ` ∥x∥α`1
`
c2T p1 ` ∥x∥cq2

1 ` ∥x∥α`1

˙

ff

“ 0.

(1.181)

Combining this with (1.176), (1.180), and Theorem 1.2.5 (applied with K ð pα`1qp2cα`

c`rsuptPr0,T s∥µpt, 0q∥sq, b ð pα`1qrsuptPr0,T s∥σpt, 0q∥2αs, O ð Rd, V ð Vα, in the notion
of Theorem 1.2.5) proves that there exists a unique v P Cpr0, T q ˆ Rd,Rd`1q such that

(I) it holds that

lim sup
rÑ8

«

sup
tPrmaxtT´ 1

r
,0u,T q

sup
xPRd,∥x∥ąr

˜

|||vpt, xq|||
a

1 ` ∥x∥α`1

?
T ´ t

¸ff

“ 0, (1.182)
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(II) it holds that r0, T q ˆ Rd Q pt, xq ÞÑ E
”

gpXx
t,T qZx

t,T `
şT

t
fpr,Xx

t,r, vpr,Xx
t,rqqZx

t,r dr
ı

P Rd`1 is well-defined and continuous, and

(III) for all t P r0, T q, x P Rd it holds that

vpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, vpr,Xx

t,rqqZx
t,r dr

ȷ

. (1.183)

Let w P Cpr0, T qˆRd,Rd`1q be a function satisfying that pwpt, xq
?
T ´ tqtPr0,T q,xPRd grows

at most polynomially, r0, T q ˆRd Q pt, xq ÞÑ ErgpXx
t,T qZx

t,T `
şT

t
fpr,Xx

t,r, vpr,Xx
t,rqqZx

t,r drs
P Rd`1 is well-defined, and for all t P r0, T q, x P Rd it holds that

wpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, wpr,Xx

t,rqqZx
t,r dr

ȷ

. (1.184)

Observe that the assumption that pwpt, xq
?
T ´ tqtPr0,T q,xPRd grows at most polynomially

guarantees that there exists β P rα,8s which satisfies that

lim sup
rÑ8

«

sup
tPrmaxtT´ 1

r
,0u,T q

sup
xPRd,∥x∥ąr

˜

|||wpt, xq|||
a

1 ` ∥x∥β`1

?
T ´ t

¸ff

“ 0. (1.185)

Theorem 1.2.5 (applied with K ð pβ ` 1qp2cβ ` c ` rsuptPr0,T s∥µpt, 0q∥sq, b ð pβ `

1qrsuptPr0,T s∥σpt, 0q∥2βs, O ð Rd, V ð Vβ in the notation of Theorem 1.2.5), (1.176),
(1.180), (1.181), and (1.184) hence show that v “ w. The proof of Corollary 1.2.6 is thus
complete.



Chapter 2

Viscosity solutions

In Chapter 1 we established the existence of a unique solution to SFPEs of the form (1.160)
in Theorem 1.2.5. The goal of this chapter is to prove that these SFPE solutions are also
viscosity solution of their corresponding semilinear PDEs. As already mentioned above,
in the case of linear Kolmogorov PDEs, the well-known Feynman-Kac formula establishes
a strong connection between stochastic analysis and PDEs by offering stochastic repre-
sentations for the solutions of these PDEs. With the goal to achieve a similar connection
between semilinear PDEs and SFPEs, we establish in Theorem 1.1.11 a Bismut-Elworthy-
Li type formula that holds under the same assumption we made in Theorem 1.2.5. The
combination of this specialized Bismut-Elworthy-Li formula, the findings in Chapter 1,
and extended results on the existence and uniqueness of viscosity solutions then leads
to our key result of this chapter which proves that - under certain assumptions on the
coefficients - the unique viscosity solution of a PDE of the form

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xq, y

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` fpt, x, upt, xq, p∇xuqpt, xqq “ 0

(2.1)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ Rd is exactly the unique solution of the SFPE
in (1.86). Hence, the findings in this chapter generalize the results in [10] to the case of
semilinear PDEs with gradient-dependent nonlinearities and therefore expand the class
of PDEs for which we can provide a stochastic representation of the viscosity solution.
Furthermore, this chapter’s results are going to justify the construction of the MLP ap-
proximation scheme in Chapter 3 to gain numerical approximations of viscosity solutions
of semilinear PDEs with gradient-dependent nonlinearities.

This chapter is structured as follows. In Section 2.1 we study existence and uniqueness
properties of a certain class of Kolmogorov PDEs. For this, we recall in Subsection 2.1.1
several definitions which we use in Section 2.1. In Subsections 2.1.2 - 2.1.3 we establish
results on existence and on uniqueness of viscosity solutions of semilinear PDEs, respec-
tively. Section 2.2 provides a Bismut-Elworthy-Li formula that is fitted to our setting
and that we need to derive the connection between SFPEs and PDEs. The main result
of Section 2.2 is Theorem 2.2.3 which presents said Bismut-Elworty-Li type formula. In
Section 2.3 we combine the results of Section 2.1 and Theorem 2.2.3 with the results from
Chapter 1 to prove that the solutions of certain SFPEs, established in Theorem 1.1.11,
are indeed viscosity solution of the connected PDE. The main result of Section 2.3 is
Theorem 2.3.1 below. We illustrate the findings of Theorem 2.3.1 by presenting Corol-
lary 2.3.3.
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2.1 Existence and uniqueness results for viscosity so-
lutions (VS) of Kolmogorov PDEs

In Subsection 2.1.1 we recall the definitions of elliptic functions, viscosity solutions, and
parabolic superjets. These definitions are used in Subsections 2.1.2 and 2.1.3 to prove
existence and uniqueness properties for a certain class of viscosity solutions, respectively.

2.1.1 Definitions
The concept of viscosity solutions as generalization of classical solutions to PDEs was
introduced in [26] and further developed in [25]. The following definitions are from [10,
Definitions 2.4-2.7] and [10, Definitions 2.11 and 2.13].

Definition 2.1.1 (Degenerate elliptic functions). Let d P N, T P p0,8q, let O Ď Rd be a
non-empty open set, and let x¨, ¨y : RdˆRd Ñ R be the standard Euclidean scalar product
on Rd. Then G is degenerate elliptic on p0, T q ˆ O ˆ R ˆ Rd ˆ Sd if and only if

(i) it holds that G : p0, T q ˆ O ˆ R ˆ Rd ˆ Sd Ñ R is a function and

(ii) it holds for all t P p0, T q, x P O, r P R, p P Rd, A,B P Sd with @y P Rd : xAy, yy ď

xBy, yy that Gpt, x, r, p, Aq ď Gpt, x, r, p, Bq.

Definition 2.1.2 (Viscosity subsolution). Let d P N, T P p0,8q, let O Ď Rd be a
non-empty open set, and let G : p0, T q ˆ O ˆ R ˆ Rd ˆ Sd Ñ R be degenerate ellip-
tic (cf. Definition 2.1.1). Then we say that u is a viscosity solution of p B

Bt
uqpt, xq `

Gpt, x, upt, xq, p∇xuqpt, xq, pHessx uqpt, xqq ě 0 for pt, xq P p0, T q ˆ O (we say that u is a
viscosity subsolution of p B

Bt
uqpt, xq `Gpt, x, upt, xq, p∇xuqpt, xq, pHessx uqpt, xqq “ 0) if and

only if there exists a set A Ď R ˆ Rd such that

(i) it holds that p0, T q ˆ O Ď A,

(ii) it holds that u : A Ñ R is upper semi-continuous, and

(iii) for all t P p0, T q, x P O, ϕ P C1,2pp0, T q ˆ O,Rq with ϕpt, xq “ upt, xq and ϕ ě u it
holds that

p B
Bt
ϕqpt, xq ` Gpt, x, ϕpt, xq, p∇xϕqpt, xq, pHessx ϕqpt, xqq ě 0. (2.2)

Definition 2.1.3 (Viscosity supersolution). Let d P N, T P p0,8q, let O Ď Rd be
a non-empty open set, and let G : p0, T q ˆ O ˆ R ˆ Rd ˆ Sd Ñ R be degenerate el-
liptic (cf. Definition 2.1.1). Then we say u is a viscosity solution of p B

Bt
uqpt, xq `

Gpt, x, upt, xq, p∇xuqpt, xq, pHessx uqpt, xqq ď 0 for pt, xq P p0, T q ˆ O (we say that u is
a viscosity supersolution of p B

Bt
uqpt, xq `Gpt, x, upt, xq, p∇xuqpt, xq, pHessx uqpt, xqq “ 0) if

and only if there exists a set A Ď R ˆ Rd such that

(i) it holds that p0, T q ˆ O Ď A,

(ii) it holds that u : A Ñ R is lower semi-continuous, and

(iii) for all t P p0, T q, x P O, ϕ P C1,2pp0, T q ˆ O,Rq with ϕpt, xq “ upt, xq and ϕ ď u it
holds that

p B
Bt
ϕqpt, xq ` Gpt, x, ϕpt, xq, p∇xϕqpt, xq, pHessx ϕqpt, xqq ď 0. (2.3)
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Definition 2.1.4 (Viscosity solution). Let d P N, T P p0,8q, let O Ď Rd be a non-empty
open set, and let G : p0, T q ˆ O ˆ R ˆ Rd ˆ Sd Ñ R be degenerate elliptic (cf. Defini-
tion 2.1.1). Then we say that u is a viscosity solution of p B

Bt
uqpt, xq`Gpt, x, upt, xq, p∇xuqpt, xq,

pHessx uqpt, xqq “ 0 for pt, xq P p0, T q ˆ O if and only if

(i) it holds that u is a viscosity subsolution of

p B
Bt
uqpt, xq ` Gpt, x, upt, xq, p∇xuqpt, xq, pHessx uqpt, xqq “ 0 (2.4)

for pt, xq P p0, T q ˆ O and

(ii) it holds that u is a viscosity supersolution of

p B
Bt
uqpt, xq ` Gpt, x, upt, xq, p∇xuqpt, xq, pHessx uqpt, xqq “ 0 (2.5)

for pt, xq P p0, T q ˆ O

(cf. Definitions 2.1.2 and 2.1.3).

Definition 2.1.5 (Parabolic superjets). Let d P N, T P p0,8q, let O Ď Rd be a non-
empty open set, let t P p0, T q, x P O, let x¨, ¨y : Rd ˆ Rd Ñ R be the standard Euclidean
scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm on Rd, and
let u : p0, T q ˆ O Ñ R be a function. Then we denote by pP`uqpt, xq the set satisfying

pP`uqpt, xq “

!

pb, p, Aq P R ˆ Rd ˆ Sd :

lim sup
rp0,T qˆOsztpt,xquQps,yqÞÑpt,xq

”

ups,yq´upt,xq´bps´tq´xp,y´xy´ 1
2

xApy´xq,y´xy

|t´s|`∥x´y∥2

ı

ď 0
)

.
(2.6)

Definition 2.1.6 (Generalized parabolic superjets). Let d P N, T P p0,8q, let O Ď Rd

be a non-empty open set, let t P p0, T q, x P O, let x¨, ¨y : Rd ˆ Rd Ñ R be the standard
Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm
on Rd, and let u : p0, T q ˆ O Ñ R be a function. Then we denote by pP`uqpt, xq the set
satisfying

pP`uqpt, xq “

!

pb, p, Aq P R ˆ Rd ˆ Sd :
´

Dptn, xn, bn, pn, AnqnPN Ď p0, T q ˆ O ˆ R ˆ Rd ˆ Sd :
`

@n P N : pbn, pn, Anq P pP`uqptn, xnq
˘

and

limnÑ8ptn, xn, uptn, xnq, bn, pn, Anq “ pt, x, upt, xq, b, p, Aq

¯)

(2.7)

(cf. Definition 2.1.5).

2.1.2 Existence result for viscosity solutions of linear inhomo-
geneous Kolmogorov PDEs

The following proposition establishes a Feynman-Kac representation for viscosity solutions
of certain PDEs. Proposition 2.1.7 is a minor generalization of [10, Proposition 2.23] where
we replace r0, T s by r0, T szKr.

Proposition 2.1.7. Let d,m P N, T P p0,8q, let O Ď Rd be a non-empty open set, let
x¨, ¨y : Rd ˆ Rd Ñ R be the standard Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q

be the standard Euclidean norm on Rd, let ∥¨∥F : Rdˆm Ñ r0,8q be the Frobenius norm
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on Rdˆm, for every r P p0,8q let Kr Ď r0, T q, Or Ď O satisfy Kr “ r0,maxtT ´ 1
r
, 0us

and Or “ tx P O : ∥x∥ ď r and ty P Rd : ∥y ´ x∥ ă 1
r
u Ď Ou, let g P CpO,Rq, h P

Cpr0, T sˆO,Rq, µ P Cpr0, T sˆO,Rdq, σ P Cpr0, T sˆO,Rdˆmq, V P C1,2pr0, T sˆO, p0,8qq

satisfy for all r P p0,8q that

sup

ˆ"

∥µpt,xq´µpt,yq∥`∥σpt,xq´σpt,yq∥F
∥x´y∥ : t P r0, T s, x, y P Or, x ‰ y

*

Y t0u

˙

ă 8, (2.8)

assume for all t P r0, T s, x P O that

pBV
Bt

qpt, xq ` xµpt, xq, p∇xV qpt, xqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessx V qpt, xqq ď 0, (2.9)

assume that suprPp0,8qrinftPr0,T s infxPOzOr V pt, xqs “ 8 and infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|gpxq|
V pT,xq

`
|hpt,xq|
V pt,xq

?
T ´ tqs “ 0, let pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space, let

W : r0, T sˆΩ Ñ Rm be a standard pFtqtPr0,T s-Brownian motion, for every t P r0, T s, x P O
let Xx

t “ pXx
t,sqsPrt,T s : rt, T s ˆ Ω Ñ O be an pFsqsPrt,T s-adapted stochastic process with

continuous sample paths satisfying that for all s P rt, T s it holds a.s. that

Xx
t,s “ x `

ż s

t

µpr,Xx
t,rq dr `

ż s

t

σpr,Xx
t,rq dWr, (2.10)

and let u : r0, T s ˆ Rd Ñ R satisfy for all t P r0, T s, x P Rd that

upt, xq “ E
”

gpXx
t,T q `

ż T

t

hps,Xx
t,sq ds

ı

. (2.11)

Then u is a viscosity solution of

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` hpt, xq “ 0

(2.12)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ O.

Proof of Proposition 2.1.7. Throughout this proof let gn P CpRd,Rq, n P N, and hn P

Cpr0, T sˆRd,Rq, n P N, be compactly supported functions which satisfy that r
Ť

nPN supppgnqs Ď

O, r
Ť

nPN suppphnqs Ď r0, T s ˆ O, and

lim sup
nÑ8

„

sup
tPr0,T q

sup
xPO

ˆ

|gnpxq ´ gpxq|
V pT, xq

`
|hnpt, xq ´ hpt, xq|

V pt, xq

?
T ´ t

˙ȷ

“ 0 (2.13)

(cf. Corollary 1.1.6), let mn P Cpr0, T s ˆ Rd,Rdq, n P N, and sn P Cpr0, T s ˆ Rd,Rdˆmq,
n P N, be compactly supported functions which satisfy that

(I) for all n P N it holds that

sup
tPr0,T s

sup
x,yPRd

x‰y

„

∥mnpt, xq ´ mnpt, yq∥ ` ∥snpt, xq ´ snpt, yq∥F
∥x ´ y∥

ȷ

ă 8, (2.14)

(II) for all n P N, t P r0, T s, x P O with V pt, xq ď n it holds that

r∥mnpt, xq ´ µpt, xq∥ ` ∥snpt, xq ´ σpt, xq∥F s “ 0, (2.15)

and
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(III) for all n P N, t P r0, T s, x P Rd with V pt, xq ě n ` 1 it holds that ∥mnpt, xq∥ `

∥snpt, xq∥F “ 0

(cf., e.g., the proof of [13, Lemma 3.7]), for every n P N, t P r0, T s, x P Rd let Xx,n
t “

pXx,n
t,s qsPrt,T s : rt, T s ˆ Ω Ñ Rd be an pFsqsPrt,T s-adapted stochastic process with continuous

sample paths satisfying that for all s P rt, T s it holds a.s. that

Xx,n
t,s “ x `

ż s

t

mnpr,Xx,n
t,r q dr `

ż s

t

snpr,Xx,n
t,r q dWr (2.16)

(cf., e.g., [69, Theorem 5.2.9]), let un,k : r0, T s ˆ Rd Ñ R, n P N0, k P N, satisfy for all
n, k P N, t P r0, T s, x P Rd that

un,kpt, xq “ E
„

gkpXx,n
t,T q `

ż T

t

hkps,Xx,n
t,s q ds

ȷ

(2.17)

and
u0,kpt, xq “ E

„

gkpXx
t,T q `

ż T

t

hkps,Xx
t,sq ds

ȷ

, (2.18)

and for every n P N, t P r0, T s, x P O let τx,nt : Ω Ñ rt, T s satisfy

τx,nt “ infpts P rt, T s : maxtV ps,Xx,n
t,s q, V ps,Xx

t,squ ě nu Y tT uq. (2.19)

Next note that [10, Lemma 2.22] (applied for every n, k P N with µ ð mn, σ ð sn,
g ð gk, h ð hk in the notation of [10, Lemma 2.22]), item (I), and the fact that for all
n P N it holds that mn and sn have compact support demonstrate that for all n, k P N it
holds that un,k is a viscosity solution of

p B
Bt
un,kqpt, xq ` xmnpt, xq, p∇xu

n,kqpt, xqy

` 1
2
Trpsnpt, xqrsnpt, xqs˚pHessx u

n,kqpt, xqq ` hkpt, xq “ 0
(2.20)

for pt, xq P p0, T qˆRd. Furthermore, note that item (II), (2.8), (2.10), (2.16) and pathwise
uniqueness ensure that for all n P N, t P r0, T s, x P O it holds that

Pp@s P rt, T s : 1tsďτx,nt uX
x,n
t,s “ 1tsďτx,nt uX

x
t,sq “ 1. (2.21)

Hence, we obtain for all n, k P N, t P r0, T s, x P O that

E
”

|gkpXx,n
t,T q ´ gkpXx

t,T q|
ı

“ E
”

1tτx,nt ăT u|gkpXx,n
t,T q ´ gkpXx

t,T q|
ı

ď 2
”

supyPO|gkpyq|
ı

Ppτx,nt ă T q
(2.22)

and
ż T

t

E
”

|hkps,Xx,n
t,s q ´ hkps,Xx

t,sq|
ı

ds

“

ż T

t

E
”

1tτx,nt ăT u|hkps,Xx,n
t,s q ´ hkps,Xx

t,sq|
ı

ds

ď 2T
”

supsPr0,T s supyPO|hkps, yq|
ı

Ppτx,nt ă T q.

(2.23)

In addition, observe that [13, Lemma 3.1] and (2.9) ensure that for all n P N, t P r0, T s,
x P O it holds that

ErV pτx,nt , Xx
t,τx,nt

qs ď V pt, xq. (2.24)
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Markov’s inequality, (2.22), and (2.23) therefore imply that for all n, k P N, t P r0, T s,
x P O it holds that

|un,kpt, xq ´ u0,kpt, xq| ď 2

„

sup
yPO

|gkpyq| ` T sup
sPr0,T s

sup
yPO

|hkps, yq|
ȷ

Ppτx,nt ă T q

ď 2

„

sup
yPO

|gkpyq| ` T sup
sPr0,T s

sup
yPO

|hkps, yq|
ȷ

PpV pτx,nt , Xx
t,τx,nt

q ě nq

ď
2

n

„

sup
yPO

|gkpyq| ` T sup
sPr0,T s

sup
yPO

|hkps, yq|
ȷ

ErV pτx,nt , Xx
t,τx,nt

qs

ď
2

n

„

sup
yPO

|gkpyq| ` T sup
sPr0,T s

sup
yPO

|hkps, yq|
ȷ

V pt, xq.

(2.25)

This shows that for all k P N and all non-empty compact K Ď p0, T q ˆ O it holds that

lim sup
nÑ8

„

sup
pt,xq PK

|un,kpt, xq ´ u0,kpt, xq|
ȷ

“ 0. (2.26)

Moreover, observe that item (II) and the assumption that suprPp0,8qrinftPr0,T qzKr infxPOzOr

V pt, xqs “ 8 imply that for all non-empty compact K Ď r0, T s ˆ O it holds that

lim sup
nÑ8

„

sup
pt,xqPK

´

∥mnpt, xq ´ µpt, xq∥ ` ∥snpt, xq ´ σpt, xq∥
¯

ȷ

“ 0. (2.27)

Combining [10, Corollary 2.20], (2.20), and (2.26) hence demonstrates that for all k P N
it holds that u0,k is a viscosity solution of

p B
Bt
u0,kqpt, xq ` xµpt, xq, p∇xu

0,kqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx u

0,kqpt, xqq ` hkpt, xq “ 0
(2.28)

for pt, xq P p0, T q ˆ O. Next observe that [13, Lemma 3.1] and (2.9) ensure that for all
t P r0, T s, s P rt, T s, x P O it holds that ErV ps,Xx

t,sqs ď V pt, xq. This demonstrates that
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for all k P N, t P p0, T q, x P O it holds that

|u0,kpt, xq ´ upt, xq|

“

∣∣∣ErgkpXx
t,T q ´ gpXx

t,T qs `

ż T

t

Erhkps,Xx
t,sq ´ hps,Xx

t,sqs ds
∣∣∣

ď E
„ |gkpXx

t,T q ´ gpXx
t,T q|V pT,Xx

t,T q

V pT,Xx
t,T q

ȷ

`

ż T

t

E
„ |hkps,Xx

t,sq ´ hps,Xx
t,sq|V ps,Xx

t,sq
?
T ´ s

V ps,Xx
t,sq

?
T ´ s

ȷ

ds

ď

„

sup
yPO

|gkpyq ´ gpyq|
V pT, yq

ȷ

E
“

V pT,Xx
t,T q

‰

`

„

sup
rPr0,T q

sup
yPO

|hkpr, yq ´ hpr, yq|
V pr, yq

?
T ´ r

ȷ
ż T

t

E
„

V ps,Xx
t,sq

?
T ´ s

ȷ

ds

ď

„

sup
yPO

|gkpyq ´ gpyq|
V pT, yq

ȷ

V pT, xq

`

„

sup
rPr0,T q

sup
yPO

|hkpr, yq ´ hpr, yq|
V pr, yq

?
T ´ r

ȷ
ż T

t

V pt, xq
?
T ´ s

ds

ď

„

sup
yPO

|gkpyq ´ gpyq|
V pT, yq

ȷ

V pT, xq

`

„

sup
rPr0,T q

sup
yPO

|hkpr, yq ´ hpr, yq|
V pr, yq

?
T ´ r

ȷ

2
?
T V pt, xq.

(2.29)

Combining this with (2.13) shows that for all non-empty compact K Ď p0, T q ˆO it holds
that

lim sup
kÑ8

„

sup
pt,xq PK

|u0,kpt, xq ´ upt, xq|
ȷ

“ 0. (2.30)

This, [10, Corollary 2.20], (2.13), and (2.28) imply that u is a viscosity solution of

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` hpt, xq “ 0

(2.31)

for pt, xq P p0, T q ˆO. In addition, observe that (2.11) ensures that for all x P Rd it holds
that upT, xq “ gpxq. This and (2.31) establish (2.12). The proof of Proposition 2.1.7 is
thus complete.

2.1.3 Uniqueness results for viscosity solutions of semilinear
Kolmogorov PDEs

The following proposition proves that certain semilinear PDEs with Lipschitz continuous,
gradient-dependent nonlinearities admit at most one viscosity solution satisfying a spe-
cific growth condition. Proposition 2.1.8 generalizes [10, Proposition 3.5] to the case of
semilinear PDEs with gradient-dependent nonlinearities.

Proposition 2.1.8. Let d,m P N, L1, L2, T P p0,8q, let x¨, ¨y : Rd ˆ Rd Ñ R be the
standard Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Eu-
clidean norm on Rd, let |||¨||| : Rd`1 Ñ r0,8q be the standard Euclidean norm on Rd`1, let
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∥¨∥F : p
Ť8

a,b“1 Raˆbq Ñ r0,8q satisfy for all a, b P N, A “ pAijqpi,jqPt1,2,...,auˆt1,2,...,bu P Raˆb

that ∥A∥F “ r
řa
i“1

řb
j“1|Aij|2s

1
2 , let O Ď Rd be a non-empty open set, for every r P p0,8q

let Kr Ď r0, T q, Or Ď O satisfy Kr “ r0,maxtT ´ 1
r
, 0us and Or “ tx P O : ∥x∥ ď

r and ty P Rd : ∥y ´ x∥ ă 1
r
u Ď Ou, let g P CpO,Rq, f P Cpr0, T s ˆ O ˆ R ˆ Rd,Rq,

µ P Cpr0, T s ˆO,Rdq, σ P Cpr0, T s ˆO,Rdˆmq, V P C1,2pr0, T s ˆO, r1,8qq satisfy for all
r P p0,8q that

sup

ˆ"

∥µpt,xq´µpt,yq∥`∥σpt,xq´σpt,yq∥F
∥x´y∥ : t P r0, T s, x, y P Or, x ‰ y

*

Y t0u

˙

ă 8, (2.32)

for all t P r0, T s, x P O, r, s P R, v, w P Rd that pfpt, x, r, vq´fpt, x, s, vqqpr´sq ď L1|r´s|2
and |fpt, x, r, vq ´ fpt, x, r, wq| ď L2∥v ´ w∥, and

pBV
Bt

qpt, xq ` xµpt, xq, p∇xV qpt, xqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessx V qpt, xqq

` L2∥p∇xV qpt, xq∥ ď 0,
(2.33)

and let u1, u2 P Cpr0, T sˆO,Rq satisfy for all i P t1, 2u that lim suprÑ8rsuptPr0,T s supxPOzOr

|uipt,xq|
V pt,xq

s “ 0 and that ui is a viscosity solution of

pBui
Bt

qpt, xq ` xµpt, xq, p∇xuiqpt, xqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uiqpt, xqq

` fpt, x, uipt, xq, p∇xuiqpt, xqq “ 0
(2.34)

with uipT, xq “ gpxq for pt, xq P p0, T q ˆ O. Then it holds for all t P r0, T s, x P O that
u1pt, xq “ u2pt, xq.

Proof of Proposition 2.1.8. Throughout this proof let V : r0, T s ˆ O Ñ p0,8q satisfy for
all t P r0, T s, x P O that Vpt, xq “ e´L1tV pt, xq, let vi : r0, T s ˆ O Ñ R, i P t1, 2u, satisfy
for all i P t1, 2u, t P r0, T s, x P O that vipt, xq “

uipt,xq

Vpt,xq
, let G : p0, T qˆOˆRˆRdˆSd Ñ R

satisfy for all t P p0, T q, x P O, r P R, p P Rd, A P Sd that

Gpt, x, r, p, Aq “ xµpt, xq, py ` 1
2
Trpσpt, xqrσpt, xqs˚Aq ` fpt, x, r, pq, (2.35)

and let H : p0, T q ˆ O ˆ R ˆ Rd ˆ Sd Ñ R satisfy for all t P p0, T q, x P O, r P R, p P Rd,
A P Sd that

Hpt, x, r, p, Aq “ r
Vpt,xq

p B
Bt
Vqpt, xq

` 1
Vpt,xq

G
´

t, x, rVpt, xq,Vpt, xqp ` rp∇xVqpt, xq,

Vpt, xqA ` prp∇xVqpt, xqs˚ ` p∇xVqpt, xqp˚ ` rpHessxVqpt, xq

¯

.

(2.36)

Observe that (2.33) and the assumption that V P C1,2pr0, T s ˆ O, p0,8qq ensure that for
all t P r0, T s, x P O it holds that V P C1,2pr0, T s ˆ O, p0,8qq and

p B
Bt
Vqpt, xq ` xµpt, xq, p∇xVqpt, xqy ` 1

2
Trpσpt, xqrσpt, xqs˚pHessxVqpt, xqq

` L1Vpt, xq ` L2∥p∇xVqpt, xq∥ ď 0.
(2.37)

Next note that (2.35) implies that G P Cpp0, T qˆOˆRˆRdˆSd,Rq is degenerate elliptic.
Combining this with (2.36) shows that H P Cpp0, T q ˆO ˆ R ˆ Rd ˆ Sd,Rq is degenerate
elliptic. In the next step observe that the assumption that for all i P t1, 2u, x P O it holds
that uipT, xq “ gpxq implies that for all x P O it holds that

v1pT, xq ď v2pT, xq ď v1pT, xq. (2.38)
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Furthermore, note that the hypothesis that lim suprÑ8rsuptPr0,T s supxPOzOr

p
|u1pt,xq|`|u2pt,xq|

V pt,xq
qs “ 0 shows that

lim sup
rÑ8

„

sup
tPr0,T s

sup
xPOzOr

´

|v1pt, xq ´ v2pt, xq|
¯

ȷ

“ 0. (2.39)

In addition, observe that [45, Lemma 4.12] (applied for every i P t1, 2u with G̃ ð H,
V ð V, ũ ð pvipT ´ t, xqqtPr0,T s,xPO in the notation of [45, Lemma 4.12]), (2.34), and
(2.36) demonstrate that for all i P t1, 2u it holds that vi is a viscosity solution of

p B
Bt
viqpt, xq ` Hpt, x, vipt, xq, p∇xviqpt, xq, pHessx viqpt, xqq “ 0 (2.40)

for pt, xq P p0, T q ˆ O. Throughout the rest of the proof let e1, e2, . . . , em P Rm satisfy
e1 “ p1, 0, . . . , 0q, e2 “ p0, 1, 0, . . . , 0q, . . ., em “ p0, . . . , 0, 1q, and let ptn, xn, rn, Anq P

p0, T q ˆOˆRˆSd, n P N0, and pxn, rn,Anq P OˆRˆSd, n P N0, satisfy lim supnÑ8r|tn ´

t0| ` ∥xn ´ x0∥ `
?
n∥xn ´ xn∥s “ 0 ă r0 “ lim infnÑ8|rn ´ rn| “ lim supnÑ8|rn ´ rn| ď

supnPNp|rn| ` |rn|q ă 8 and for all n P N, y, z P Rd that xy, Anyy ´ xz,Anzy ď 5∥y ´ z∥2.
Note that (2.32) and the fact that lim supnÑ8r

?
n∥xn ´ xn∥s “ 0 ensure that

lim sup
nÑ8

”

n∥σptn, xnq ´ σptn, xnq∥2F
ı

“ 0. (2.41)

The fact that for all B P Sd, C P Rdˆm it holds that TrpCC˚Bq “
řm
i“1xCei, BCeiy and

the assumption that for all n P N, y, z P Rd it holds that xy, Anyy ´ xz,Anzy ď 5∥y ´ z∥2
therefore imply that

lim sup
nÑ8

”

1
2
Tr

´

σptn,xnqrσptn,xnqs˚

Vptn,xnq
Vptn, xnqnAn ´

σptn,xnqrσptn,xnqs˚

Vptn,xnq
Vptn, xnqnAn

¯ı

“ lim sup
nÑ8

”

n
2
Tr

´

σptn, xnqrσptn, xnqs˚An ´ σptn, xnqrσptn, xnqs˚An

¯ı

“ lim sup
nÑ8

”

n
2

m
ÿ

i“1

`

xσptn, xnqei, Anσptn, xnqeiy ´ xσptn, xnqei,Anσptn, xnqeiy
˘

ı

ď lim sup
nÑ8

„ m
ÿ

i“1

5n
2
∥σptn, xnqei ´ σptn, xnqei∥2

ȷ

“ 5
2
lim sup
nÑ8

“

n∥σptn, xnq ´ σptn, xnq∥2F
‰

“ 0.

(2.42)

Furthermore, note that (2.32) and the fact that V P C1,2pr0, T s ˆO, p0,8qq show that for
all compact K Ď O there exists c P R which satisfies for all s P r0, T s, y1, y2 P K that∥∥∥σps,y1qrσps,y1qs˚

Vps,y1q
´

σps,y2qrσps,y2qs˚

Vps,y2q

∥∥∥
F

` ∥p∇xVqps, y1q ´ p∇xVqps, y2q∥

ď c∥y1 ´ y2∥.
(2.43)

This, the fact that lim supnÑ8r|tn´t0|`∥xn´x0∥s “ 0 and lim supnÑ8r
?
n∥xn´xn∥s “ 0

demonstrate that

lim sup
nÑ8

„

n∥x ´ xn∥
∥∥∥σptn, xnqrσptn, xnqs˚

Vptn, xnq
´
σptn, xnqrσptn, xnqs˚

Vptn, xnq

∥∥∥
F

ȷ

“ 0 (2.44)

and
lim sup
nÑ8

rn∥xn ´ xn∥ ∥p∇xVqptn, xnq ´ p∇xVqptn, xnq∥s “ 0. (2.45)
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In addition, note that for all B P Sd, v, w P Rd it holds that

TrpBvw˚q “ Trpw˚Bvq “ w˚Bv “ xw,Bvy “ xBw, vy

“ xv,Bwy “ v˚Bw “ Trpv˚Bwq “ TrpBwv˚q.
(2.46)

This, the Cauchy-Schwarz inequality, (2.44), and (2.45) demonstrate that

lim sup
nÑ8

„

1
2
Tr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq

´

npxn ´ xnqrp∇xVqptn, xnqs˚

` p∇xVqptn, xnqnpxn ´ xnq˚
¯

´
σptn,xnqrσptn,xnqs˚

Vptn,xnq

´

npxn ´ xnqrp∇xVqptn, xnqs˚

` p∇xVqptn, xnqnpxn ´ xnq˚
¯

˙ȷ

“ lim sup
nÑ8

„B

σptn,xnqrσptn,xnqs˚

Vptn,xnq
npxn ´ xnq, p∇xVqptn, xnq

F

´

B

σptn,xnqrσptn,xnqs˚

Vptn,xnq
npxn ´ xnq, p∇xVqptn, xnq

Fȷ

“ lim sup
nÑ8

„Bˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq
´

σptn,xnqrσptn,xnqs˚

Vptn,xnq

˙

npxn ´ xnq, p∇xVqptn, xnq

F

`

B

σptn,xnqrσptn,xnqs˚

Vptn,xnq
npxn ´ xnq, p∇xVqptn, xnq ´ p∇xVqptn, xnq

Fȷ

ď lim sup
nÑ8

„∥∥∥σptn,xnqrσptn,xnqs˚

Vptn,xnq
´

σptn,xnqrσptn,xnqs˚

Vptn,xnq

∥∥∥
F
n∥xn ´ xn∥ ∥p∇xVqptn, xnq∥

`

∥∥∥σptn,xnqrσptn,xnqs˚

Vptn,xnq

∥∥∥
F
n∥xn ´ xn∥ ∥p∇xVqptn, xnq ´ p∇xVqptn, xnq∥

ȷ

“ 0.

(2.47)

Next observe that the fact that p0, T q ˆO Q ps, yq ÞÑ
σps,yqrσps,yqs˚

Vps,yq
pHessxVqps, yq P Rdˆd is

continuous and the assumption that lim supnÑ8r|tn´t0|`∥xn´x0∥s “ 0 and lim supnÑ8r
?
n∥xn ´ xn∥s “ 0 show that

lim sup
nÑ8

∣∣∣Tr´σptn,xnqrσptn,xnqs˚

Vptn,xnq
pHessxVqptn, xnq

´
σpt0,x0qrσpt0,x0qs˚

Vpt0,x0q
pHessxVqpt0, x0q

¯∣∣∣
“ lim sup

nÑ8

∣∣∣Tr´σptn,xnqrσptn,xnqs˚

Vptn,xnq
pHessxVqptn, xnq

´
σpt0,x0qrσpt0,x0qs˚

Vpt0,x0q
pHessxVqpt0, x0q

¯∣∣∣ “ 0.

(2.48)

The fact that 0 ă r0 “ lim infnÑ8|rn´rn| “ lim supnÑ8|rn´rn| ď supnPNp|rn|` |rn|q ă 8
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therefore ensures that

lim sup
nÑ8

„

1
2
Tr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq
rnpHessxVqptn, xnq

´
σptn,xnqrσptn,xnqs˚

Vptn,xnq
rnpHessxVqptn, xnq

˙ȷ

“ 1
2
lim sup
nÑ8

„

prn ´ rnqTr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq
pHessxVqptn, xnq

˙

` rnTr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq
pHessxVqptn, xnq

´
σptn,xnqrσptn,xnqs˚

Vptn,xnq
pHessxVqptn, xnq

˙ȷ

“ r0
2Vpt0,x0q

Tr
`

σpt0, x0qrσpt0, x0qs˚pHessxVqpt0, x0q
˘

.

(2.49)

Combining this with (2.42) and (2.47) ensures that

lim sup
nÑ8

„

1
2
Tr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq

´

Vptn, xnqnAn ` npxn ´ xnqrp∇xVqptn, xnqs˚
¯

` p∇xVqptn, xnqnpxn ´ xnq˚ ` rnpHessxVqptn, xnq

˙

´ 1
2
Tr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq

´

Vptn, xnqnAn ` npxn ´ xnqrp∇xVqptn, xnqs˚
¯

` p∇xVqptn, xnqnpxn ´ xnq˚ ` rnpHessxVqptn, xnq

˙ȷ

ď r0
2Vpt0,x0q

Tr
`

σpt0, x0qrσpt0, x0qs˚pHessxVqpt0, x0q
˘

.

(2.50)

Next note that the fact that p0, T q ˆ O Q ps, yq ÞÑ 1
Vps,yq

p B
Bt
Vqps, yq P R is continuous and

the assumption that 0 ă r0 “ lim infnÑ8prn ´ rnq “ lim supnÑ8prn ´ rnq ď supnPNp|rn| `

|rn|q ă 8 prove that

lim sup
nÑ8

„

rn
Vptn,xnq

p B
Bt
Vqptn, xnq ´ rn

Vptn,xnq
p B

Bt
Vqptn, xnq

ȷ

“ lim sup
nÑ8

„

rn´rn
Vptn,xnq

p B
Bt
Vqptn, xnq

` rn

ˆ

1
Vptn,xnq

p B
Bt
Vqptn, xnq ´ 1

Vptn,xnq
p B

Bt
Vqptn, xnq

˙ȷ

“ r0
Vpt0,x0q

p B
Bt
Vqpt0, x0q.

(2.51)

Furthermore, observe that (2.32) and the fact that lim supnÑ8r|tn ´ t0| ` ∥xn ´ x0∥s “ 0
“ lim supnÑ8r

?
n∥xn ´ xn∥s ensure that

lim sup
nÑ8

”

n∥µptn, xnq ´ µptn, xnq∥ ∥xn ´ xn∥
ı

“ 0. (2.52)

Combining this with the Cauchy-Schwarz inequality, the fact that p0, T q ˆ O Q ps, yq ÞÑ

x
µps,yq

Vps,yq
, p∇xVqps, yqy P R is continuous, and the assumption that 0 ă r0 “ lim infnÑ8prn ´
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rnq “ lim supnÑ8prn ´ rnq ď supnPNp|rn| ` |rn|q ă 8 implies that

lim sup
nÑ8

„

1

Vptn, xnq
xµptn, xnq,Vptn, xnqnpxn ´ xnq ` rnp∇xVqptn, xnqy

´
1

Vptn, xnq
xµptn, xnq,Vptn, xnqnpxn ´ xnq ` rnp∇xVqptn, xnqy

ȷ

“ lim sup
nÑ8

„B

µptn, xnq ´ µptn, xnq, npxn ´ xnq

F

` rn

B

µptn, xnq

Vptn, xnq
, p∇xVqptn, xnq

F

´ rn

B

µptn, xnq

Vptn, xnq
, p∇xVqptn, xnq

Fȷ

ď lim sup
nÑ8

“

∥µptn, xnq ´ µptn, xnq∥n∥xn ´ xn∥
‰

` lim sup
nÑ8

„

prn ´ rnq

B

µptn, xnq

Vptn, xnq
, p∇xVqptn, xnq

Fȷ

` lim sup
nÑ8

„

rn

ˆB

µptn, xnq

Vptn, xnq
, p∇xVqptn, xnq

F

´

B

µptn, xnq

Vptn, xnq
, p∇xVqptn, xnq

F˙ȷ

“
r0

Vpt0, x0q

@

µpt0, x0q, p∇xVqpt0, x0q
D

.

(2.53)

Next note that the assumption that f P Cpr0, T s ˆ O ˆ R ˆ Rd,Rq shows that for all
compact K Ď r0, T s ˆ O ˆ R ˆ Rd it holds that

lim supp0,8qQ εÑ0

”

sup
`

t|fps1, y1, a1, w1q ´ fps2, y2, a2, w2q| :

ps1, y1, a1, w1q, ps2, y2, a2, w2q P K, |s1 ´ s2| ď ε,

∥y1 ´ y2∥ ď ε, |a1 ´ a2| ď ε, ∥w1 ´ w2∥ ď εu Y t0u
˘

ı

“ 0.

(2.54)

Moreover, observe that the assumption that for all t P r0, T s, x P O, r, s P R, v, w P Rd it
holds that pfpt, x, r, vq ´ fpt, x, s, vqqpr´ sq ď L1|r´ s|2 and |fpt, x, r, vq ´ fpt, x, r, wq| ď

L2∥v ´ w∥ ensures that for all n P N it holds that

fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

V ptn,xnq

´
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

V ptn,xnq

ď
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

´
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

`
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

´
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

`
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

´
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

ď
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

´
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

`
L1prn´rnqVptn,xnq

Vptn,xnq
`

L2∥prn´rnqp∇xVqptn,xnq∥
Vptn,xnq

.

(2.55)
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This and (2.54) demonstrate that

lim sup
nÑ8

„

fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

´
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

ȷ

ď lim sup
nÑ8

„

L1prn ´ rnq `
L2|rn´rn|∥p∇xVqptn,xnq∥

Vptn,xnq

ȷ

“ L1r0 ` L2r0
∥p∇xVqpt0,x0q∥

Vpt0,x0q
.

(2.56)

Combing this with (2.35), (2.36), (2.37) (2.50), (2.51), and (2.53) proves that

lim sup
nÑ8

rHptn, xn, rn, npxn ´ xnq, nAnq ´ Hptn, xn, rn, npxn ´ xnq, nAnqs

“ lim sup
nÑ8

„

rn
Vptn,xnq

p B
Bt
Vqptn, xnq ´ rn

Vptn,xnq
p B

Bt
Vqptn, xnq

` 1
2
Tr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq

´

Vptn, xnqnAn ` npxn ´ xnqrp∇xVqptn, xnqs˚
¯

` p∇xVqptn, xnqnpxn ´ xnq˚ ` rnpHessxVqptn, xnq

˙

´ 1
2
Tr

ˆ

σptn,xnqrσptn,xnqs˚

Vptn,xnq

´

Vptn, xnqnAn ` npxn ´ xnqrp∇xVqptn, xnqs˚
¯

` p∇xVqptn, xnqnpxn ´ xnq˚ ` rnpHessxVqptn, xnq

˙

` 1
Vptn,xnq

xµptn, xnq,Vptn, xnqnpxn ´ xnq ` rnp∇xVqptn, xnqy

´ 1
Vptn,xnq

xµptn, xnq,Vptn, xnqnpxn ´ xnq ` rnp∇xVqptn, xnqy

`
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

´
fptn,xn,rnVptn,xnq,Vptn,xnqnpxn´xnq`rnp∇xVqptn,xnqq

Vptn,xnq

ȷ

ď r0
Vpt0,x0q

„

p B
Bt
Vqpt0, x0q ` 1

2
Trpσpt0, x0qrσpt0, x0qs˚pHessxVqpt0, x0q

` xµpt0, x0q, p∇xVqpt0, x0qy ` L1Vpt0, x0q ` L2∥p∇xVqpt0, x0q∥
ȷ

ď 0.

(2.57)

This, [10, Corollary 3.4], (2.38), and (2.39) demonstrate that v1 ď v2 and v2 ď v1. This
implies v1 “ v2. Hence, we obtain that u1 “ u2. The proof of Proposition 2.1.8 is thus
complete.

2.2 Bismut-Elworthy-Li type formula
In this section we derive in Theorem 2.2.3 a Bismut-Elworthy-Li type formula that holds
under the assumptions we used in Theorem 1.2.5. To achieve this, we use findings from
Malliavin calculus to establish the representation in (2.71) for the derivative of the PDE
solution. For this, we follow the notation of [86] and denote the Malliavin derivative of
a random variable X P D1,2 by tDtX : t P r0, T su where D1,2 Ď L2pΩ;Rdq denotes the
space of Malliavin differentiable random variables. For the Skorohod integral of a Sko-
rohod integrable stochastic process u P L2pr0, T s ˆ Ω;Rdq we write

şT

0
ur δWr. To prove

the Bismut-Elworthy-Li type formula in Theorem 2.2.3 we need the following results,
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Lemma 2.2.1 and Lemma 2.2.2. Lemma 2.2.1 establishes a representation for the Malli-
avin derivative of a solution of the SDE in (2.59) below under the global monotonicity
assumption. The proof of this lemma is based on the ideas in [86, ğ2.3.1].

Lemma 2.2.1. Let d,m P N, c, T P p0,8q, let O Ď Rd be an open set, let x¨, ¨y : Rd ˆ

Rd Ñ R be the standard Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the
standard Euclidean norm on Rd, let ∥¨∥F : Rdˆm Ñ r0,8q be the Frobenius norm on Rdˆm,
let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying the usual conditions, let
W “ pW 1,W 2, . . . ,Wmq : r0, T s ˆΩ Ñ Rm be a standard pFsqsPr0,T s-Brownian motion, let
µ “ pµ1, µ2, . . . , µdq P C0,1pr0, T s ˆ O,Rdq and σ “ pσijqiPt1,2,...,du,jPt1,2,...,mu P C0,1pr0, T s ˆ

O,Rdˆmq satisfy for all s P r0, T s, x, y P O that

maxtxx ´ y, µps, xq ´ µps, yqy, 1
2
∥σps, xq ´ σps, yq∥2F u ď c

2
∥x ´ y∥2, (2.58)

for every x P O let Xx “ ppX
x,p1q
s , X

x,p2q
s , . . . , X

x,pdq
s qqsPr0,T s : r0, T s ˆ Ω Ñ O be an adapted

stochastic process with continuous sample paths satisfying that for all s P r0, T s it holds
a.s. that

Xs “ x `

s
ż

0

µpr,Xrq dr `

s
ż

0

σpr,Xrq dWr, (2.59)

and assume for all ω P Ω that pr0, T s ˆ O Q ps, xq ÞÑ Xx
s pωq P Oq P C0,1prt, T s ˆ O,Oq.

Then it holds a.s. for all t P r0, T s, x P O that B
Bx
Xx
t is invertible and it holds a.s. for all

x P O and Lebesgue almost all t P r0, T s, s P rt, T s that

DtX
x
s “

ˆ

B

Bx
Xx
s

˙ˆ

B

Bx
Xx
t

˙´1

σpt,Xx
t q. (2.60)

Proof of Lemma 2.2.1. Throughout this proof let Id P Rdˆd be the unity matrix and for
every x P O let Zx “ pZ

x,pi,jq
s qi,jPt1,2,...,du,sPr0,T s : r0, T sˆΩ Ñ Rdˆd be an adapted stochastic

process with continuous sample paths satisfying that for all i, j P t1, 2, . . . , du, s P r0, T s

it holds a.s. that

Zx,pi,jq
s “ δij ´

ż s

0

d
ÿ

α“1

Zx,pi,αq
r

„

´

Bµα
Bxj

¯

pr,Xx
r q

´

m
ÿ

n“1

d
ÿ

p“1

´

Bσαn
Bxp

¯

pr,Xx
r q

´

Bσpn
Bxj

¯

pr,Xx
r q

ȷ

dr

´

m
ÿ

l“1

ż s

0

d
ÿ

α“1

Zx,pi,αq
r

´

Bσαl
Bxj

¯

pr,Xx
r qdW l

r.

(2.61)

First note that (2.59), the Leibniz integral rule, the chain rule, the assumption that for
all ω P Ω it holds that pr0, T s ˆ O Q ps, xq ÞÑ Xx

s pωq P Oq P C0,1prt, T s ˆ O,Oq, and the
assumption that µ P C0,1pr0, T s ˆO,Rdq and σ P C0,1pr0, T s ˆO,Rdˆmq imply that for all
i, j P t1, 2, . . . , du, s P r0, T s, x P O it holds a.s. that

B

Bxj
Xx,piq
s “ δij `

ż s

0

d
ÿ

k“1

„

´

Bµi
Bxk

¯

pr,Xx
r q

ˆ

B

Bxj
Xx,pkq
s

˙ȷ

dr

`

m
ÿ

l“1

«

ż s

0

d
ÿ

k“1

„

´

Bσil
Bxk

¯

pr,Xx
r q

ˆ

B

Bxj
Xx,pkq
s

˙ȷ

dW l
r

ff

.

(2.62)
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Itô’s lemma and (2.61) therefore ensure that for all i, k P t1, 2, . . . , du, s P r0, T s, x P O it
holds a.s. that

d
ÿ

j“1

Zx,pi,jq
s

ˆ

B

Bxk
Xx,pjq
s

˙

“

d
ÿ

j“1

˜

δijδjk `

ż s

0

Zx,pi,jq
r

d
ÿ

α“1

„

´

Bµj
Bxα

¯

pr,Xx
r q

ˆ

B

Bxk
Xx,pαq
r

˙ȷ

dr

`

m
ÿ

l“1

«

ż s

0

Zx,pi,jq
r

d
ÿ

α“1

„

´

Bσjl
Bxα

¯

pr,Xx
r q

ˆ

B

Bxk
Xx,pαq
r

˙ȷ

dW l
r

ff

´

ż s

0

d
ÿ

α“1

«

Zx,pi,αq
r

ˆ

´

Bµα
Bxj

¯

pr,Xx
r q ´

m
ÿ

n“1

d
ÿ

p“1

„

´

Bσαn
Bxp

¯

pr,Xx
r q

´

Bσpn
Bxj

¯

pr,Xx
r q

ȷ˙

¨

ˆ

B

Bxk
Xx,pjq
r

˙

ff

dr

´

m
ÿ

l“1

«

ż s

0

d
ÿ

α“1

„

Zx,pi,αq
r

´

Bσαl
Bxj

¯

pr,Xx
r q

ˆ

B

Bxk
Xx,pjq
r

˙ȷ

dW l
r

ff

´

ż s

0

d
ÿ

α“1

«

Zx,pi,αq
r

m
ÿ

n“1

d
ÿ

p“1

„

´

Bσαn
Bxj

¯

pr,Xx
r q

´

Bσjn
Bxp

¯

pr,Xx
r q

ˆ

B

Bxk
Xx,ppq
r

˙ȷ

ff

dr

¸

“ δik.

(2.63)

Combining this with, e.g., [20, Proposition 4.1] and [20, Proposition 4.4] (applied for every
s P r0, T s x P O, with n ð d, A ð p B

Bx
Xx
s q, B ð Zx

s in the notation of [20, Proposition
4.4]) implies that for all s P r0, T s it holds a.s. that p B

Bx
Xx
s qZx

s “ Id “ Zx
s p B

Bx
Xx
s q. This

together with path continuity implies that a.s. it holds for all s P r0, T s, x P O that
p B

Bx
Xx
s q is invertible. Next note that [60, Corollary 3.5] (applied for every x P O with

p ð 2, θ ð pΩ Q ω ÞÑ x P Rdq, b ð pr0, T s ˆ Ω ˆ Rd Q ps, ω, xq ÞÑ µps, xq P Rdq,
σ ð pr0, T s ˆ Ω ˆ Rd Q ps, ω, xq ÞÑ σps, xq P Rdˆdq in the notation of [60, Corollary 3.5]),
the assumption that µ P C0,1pr0, T s ˆ Rd,Rdq, σ P C0,1pr0, T s ˆ Rd,Rdˆmq, and (2.58)
demonstrate that for all i P t1, 2, . . . , du, j P t1, 2, . . . ,mu, t P r0, T s, s P rt, T s, x P O it
holds that Xx P D1,2 and it holds a.s. that

Dj
tX

x,piq
s “σijpt,X

x
t q `

ż s

t

d
ÿ

k“1

´

Bµi
Bxk

¯

pr,Xx
r qDj

tX
x,pkq
r dr

`

m
ÿ

l“1

ż s

t

d
ÿ

k“1

´

Bσil
Bxk

¯

pr,Xx
r qDj

tX
x,pkq
r dW l

r.

(2.64)

Moreover, observe that (2.62) and the fact that for all s P r0, T s, x P O it holds a.s.
that p B

Bx
Xx
s qZx

s “ Id “ Zx
s p B

Bx
Xx
s q imply that for all i P t1, 2, . . . , du, j P t1, 2, . . . ,mu,
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t P r0, T s, s P rt, T s, x P O it holds a.s. that

σijpt,X
x
t q `

ż s

t

d
ÿ

k“1

´

Bµi
Bxk

¯

pr,Xx
r q

d
ÿ

n“1

d
ÿ

p“1

ˆ

B

Bn
Xx,pkq
r

˙

Z
x,pn,pq
t σpjpt,X

x
t q dr

`

m
ÿ

l“1

ż s

t

d
ÿ

k“1

´

Bσil
Bxk

¯

pr,Xx
r q

d
ÿ

n“1

d
ÿ

p“1

ˆ

B

Bn
Xx,pkq
r

˙

Z
x,pn,pq
t σpjpt,X

x
t q dW l

r

“ σijpt,X
x
t q `

d
ÿ

n“1

d
ÿ

p“1

„ˆ

B

Bn
Xx,piq
s

˙

´

ˆ

B

Bn
X
x,piq
t

˙ȷ

Z
x,pn,pq
t σpjpt,X

x
t q

“

d
ÿ

n“1

d
ÿ

p“1

ˆ

B

Bn
X
x,piq
t

˙

Z
x,pn,pq
t σpjpt,X

x
t q

`

d
ÿ

n“1

d
ÿ

p“1

„ˆ

B

Bn
Xx,piq
s

˙

´

ˆ

B

Bn
X
x,piq
t

˙ȷ

Z
x,pn,pq
t σpjpt,X

x
t q

“

d
ÿ

n“1

d
ÿ

p“1

ˆ

B

Bn
Xx,piq
s

˙

Z
x,pn,pq
t σpjpt,X

x
t q.

(2.65)

This, (2.64), and the fact that linear SDEs are pathwise unique establish (2.60). The
proof of Lemma 2.2.1 is thus complete.

The following Lemma is a well-known result on the uniform convergence of the deriva-
tives of an approximating sequence, generalized to d dimensions. Lemma 2.2.2 follows
from the coordinate wise application of [91, Theorem 7.17].

Lemma 2.2.2. Let d P N, let O Ď Rd be open, let f0 : O Ñ R, fn P C1pO,Rq, n P N, and
g : O Ñ R satisfy that pfnqnPN converges pointwise to f0 on O and p∇fnqnPN converges
uniformly to g on every compact K Ď O. Then it holds that f0 P C1pO,Rq and ∇f0 “ g.

Making use of Lemma Lemma 2.2.1 and Lemma 2.2.2 leads to the following theo-
rem, Theorem 2.2.3, which establishes a Bismut-Elworthy-Li type formula under global
monotonicity assumption on the coefficients of the considered SDE.

Theorem 2.2.3. Let d P N, c P r0,8q, α, T P p0,8q, t P r0, T q, let O Ď Rd be an
open set, let x¨, ¨y : Rd ˆ Rd Ñ R be the standard Euclidean scalar product on Rd, let
∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm on Rd, let ∥¨∥F : Rdˆd Ñ r0,8q be the
Frobenius norm on Rdˆd, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying
the usual conditions, let W : r0, T s ˆ Ω Ñ Rd be a standard pFsqsPr0,T s-Brownian motion,
let µ P C0,1pr0, T s ˆ O,Rdq, σ P C0,1pr0, T s ˆ O,Rdˆdq satisfy for all s P rt, T s, x, y P O,
v P Rd that

maxtxx ´ y, µps, xq ´ µps, yqy, 1
2
∥σps, xq ´ σps, yq∥2F u ď c

2
∥x ´ y∥2 (2.66)

and v˚σps, xqpσps, xqq˚v ě α∥v∥2, for every x P O let Xx “ pXx
s qsPrt,T s : rt, T s ˆΩ Ñ O be

an pFsqsPrt,T s-adapted stochastic process with continuous sample paths satisfying that for
all s P rt, T s it holds a.s. that

Xx
s “ x `

s
ż

t

µpr,Xx
r q dr `

s
ż

t

σpr,Xx
r q dWr, (2.67)
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assume for all ω P Ω that
`

rt, T s ˆ O Q ps, xq ÞÑ Xx
s pωq P Rd

˘

P C0,1prt, T s ˆ O,Oq, let
f P CpO,Rq satisfy for all x P O that Er|fpXx

T q|2s ă 8, let u : O Ñ R satisfy for all
x P O that

upxq “ ErfpXx
T qs, (2.68)

and for every x P O let Zx “ pZx
s qsPpt,T s : pt, T s ˆ Ω Ñ Rd be an pFsqsPpt,T s-adapted

stochastic process with continuous sample paths satisfying that for all s P pt, T s it holds
a.s. that

Zx
s “

1

s ´ t

s
ż

t

pσpr,Xx
r qq´1

´

B

Bx
Xx
r

¯

dWr. (2.69)

Then

(i) for all x P O it holds that
E r∥fpXx

T qZx
T∥s ă 8, (2.70)

(ii) it holds that u P C1pO,Rq, and

(iii) for all x P O it holds that
`

∇u
˘

pxq “ ErfpXx
T qZx

T s . (2.71)

Proof of Theorem 2.2.3. Throughout this proof let e1, e2, . . . , ed P Rd satisfy that e1 “

p1, 0, . . . , 0q, e2 “ p0, 1, 0, . . . , 0q, . . . , ed “ p0, . . . , 0, 1q. W.l.o.g. we assume that O is
non-empty. First note that item (vi) of Lemma 1.2.2 proves that for all x P O it holds
that

E
”

∥Zx
T∥2

ı

ď
d

αpT ´ tq2

ż T

t

expp2pr ´ tqcq dr. (2.72)

The Cauchy-Schwarz inequality and the assumption that for all x P O it holds that
Er|fpXx

T q|2s ă 8 hence show that for all x P O it holds that

E r∥fpXx
T qZx

T∥s ď E r|fpXx
T q|∥Zx

T∥s ď
`

E
“

|fpXx
T q|2

‰˘
1
2
`

E
“

∥Zx
T∥2

‰˘
1
2 ă 8. (2.73)

This establishes item (i). Next we prove items (ii) and (iii) in three steps.
Step 1: In addition to the assumptions of Theorem 2.2.3 we assume in step 1 that f P

C8
c pO,Rq. Observe that the assumption that f P C8

c pO,Rq ensures that there exists
L P p0,8q such that for all x P O it holds that ∥p∇fqpxq∥ ď L. The chain rule, the
fundamental theorem of calculus, Jensen’s inequality, Fubini’s theorem, and item (ii) of
Lemma 1.2.2 hence demonstrate that for all h P Rzt0u, j P t1, 2, . . . , du, x P O it holds
that

E
„∣∣∣fpX

x`hej
T q ´ fpXx

T q

h

∣∣∣2ȷ “ E
„∣∣∣ ż 1

0

p∇fqpX
x`λhej
T q

´

B

Bxj
X
x`λhej
T

¯

dλ
∣∣∣2ȷ

ď E
„
ż 1

0

∣∣p∇fqpX
x`λhej
T q

´

B

Bxj
X
x`λhej
T

¯∣∣2 dλȷ
“

ż 1

0

E
„∣∣p∇fqpX

x`λhej
T q

´

B

Bxj
X
x`λhej
T

¯∣∣2ȷ dλ
ď

ż 1

0

E
„∥∥`∇f˘pX

x`λhej
T q

∥∥2
∥∥∥ B

Bxj
X
x`λhej
T

∥∥∥2
ȷ

dλ ď L2

ż 1

0

E
„∥∥∥ B

Bxj
X
x`λhej
T

∥∥∥2
ȷ

dλ

ď L2

ż 1

0

exp
`

2cpT ´ tq
˘

dλ “ L2 expp2cpT ´ tqq.

(2.74)
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In addition, observe that the chain rule, the assumption that f P C8pO,Rq, and the fact
that for all ω P Ω, s P rt, T s it holds that pO Q x ÞÑ Xx

s pωq P Oq P C1pO,Oq ensure that
for all j P t1, 2, . . . , du, x P O, ω P Ω it holds that

lim
Rzt0uQhÑ0

fpX
x`hej
T pωqq ´ fpXx

T pωqq

h
“

B

Bxj
pfpXx

T pωqqq

“ p∇fqpXx
T pωqq

´

B

Bxj
pXx

T pωqq

¯

.

(2.75)

This, (2.74), and the Vitali convergence theorem demonstrate that for all j P t1, 2, . . . , du,
x P O it holds that

0 “ lim
Rzt0uQhÑ0

E
„

ˇ

ˇ

ˇ

fpX
x`hej
T q ´ fpXx

T q

h
´ p∇fqpXx

T q

´

B

Bxj
Xx
T

¯ˇ

ˇ

ˇ

ȷ

ě lim sup
Rzt0uQhÑ0

ˇ

ˇ

ˇ

ˇ

E
„

fpX
x`hej
T q ´ fpXx

T q

h
´ p∇fqpXx

T q

´

B

Bxj
Xx
T

¯

ȷˇ

ˇ

ˇ

ˇ

“ lim sup
Rzt0uQhÑ0

ˇ

ˇ

ˇ

ˇ

upx ` hejq ´ upxq

h
´ E

”

p∇fqpXx
T q

´

B

Bxj
Xx
T

¯ı

ˇ

ˇ

ˇ

ˇ

ě 0.

(2.76)

This proves that for all j P t1, 2, . . . , du, x P O it holds that

lim
Rzt0uQhÑ0

upx ` hejq ´ upxq

h
“ E

”

p∇fqpXx
T q

´

B

Bxj
Xx
T

¯ı

. (2.77)

In addition, note that item (ii) of Lemma 1.2.2 and the fact that for all x P O it holds
that ∥p∇fqpxq∥ ď L demonstrate that for all h P R, j P t1, 2, . . . , du, x P O it holds that

E
„∥∥∥p∇fqpX

x`hej
T q

´

B

Bxj
X
x`hej
T

¯∥∥∥2
ȷ

ď E
„∥∥∥p∇fqpX

x`hej
T q

∥∥∥2∥∥∥ B

Bxj
X
x`hej
T

∥∥∥2
ȷ

ď L2E
„∥∥∥ B

Bxj
X
x`hej
T

∥∥∥2
ȷ

ď L2 expp2cpT ´ tqq.

(2.78)

Moreover, observe that the assumption that f P C8pO,Rq and the fact that for all
s P rt, T s, ω P Ω it holds that pO Q x ÞÑ Xx

s pωq P Oq P C1pO,Oq show that for all
j P t1, 2, . . . , du, x P O, ω P Ω it holds that

lim
RQhÑ0

„

p∇fqpX
x`hej
T pωqq

´

B

Bxj
X
x`hej
T pωq

¯

ȷ

“ p∇fqpXx
T pωqq

´

B

Bxj
Xx
T pωq

¯

. (2.79)

Combining this, (2.78), and the Vitali convergence theorem shows that for all x P O,
j P t1, 2, . . . , du it holds that

0 “ lim
RQhÑ0

E
„∣∣∣p∇fqpX

x`hej
T q

´

B

Bxj
X
x`hej
T

¯

´ p∇fqpXx
T q

´

B

Bxj
Xx
T

¯∣∣∣ȷ
ě lim sup

RQhÑ0

∣∣∣E”p∇fqpX
x`hej
T q

´

B

Bxj
X
x`hej
T

¯

´ p∇fqpXx
T q

´

B

Bxj
Xx
T

¯ı∣∣∣
“ lim sup

RQhÑ0

∣∣∣E”p∇fqpX
x`hej
T q

´

B

Bxj
X
x`hej
T

¯ı

´ E
”

p∇fqpXx
T q

´

B

Bxj
Xx
T

¯ı∣∣∣ ě 0.

(2.80)

This proves that for all j P t1, 2, . . . , du it holds that pO Q x ÞÑ p∇fqpXx
T qp B

Bxj
Xx
T q

P L1pP;Rqq P C0pO,L1pP;Rqq. This and (2.77) demonstrate that for all j P t1, 2, . . . , du,
x P O it holds that u P C1pO,Rq and

Bu

Bxj
pxq “ E

„

p∇fqpXx
T q

´

B

Bxj
Xx
T

¯

ȷ

. (2.81)
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Next observe that [60, Corollary 3.5] (applied with T ð T ´ t, p ð 2, m ð d, θ ð pΩ Q

ω ÞÑ x P Oq, b ð pr0, T´tsˆΩˆO Q ps, ω, xq ÞÑ µpt`s, xq P Rdq, σ ð pr0, T´tsˆΩˆO Q

ps, ω, xq ÞÑ σpt` s, xq P Rdˆdq in the notation of [60, Corollary 3.5]), the assumption that
µ P C0,1pr0, T s ˆ O,Rdq, σ P C0,1pr0, T s ˆ O,Rdˆdq, and (2.66) ensure that for all x P O
it holds that Xx P D1,2. In addition, note that Lemma 2.2.1 (applied for every x P O
with m ð d, T ð T ´ t, Xx ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ Xx

t`s P Oq, in the notation of
Lemma 2.2.1) shows that it holds a.s. for all t P r0, T s, x P O that B

Bx
Xx
t is invertible and

it holds a.s. for all x P O and Lebesgue almost all t P r0, T s, s P rt, T s that

DtX
x
s “

ˆ

B

Bx
Xx
s

˙ˆ

B

Bx
Xx
t

˙´1

σpt,Xx
t q. (2.82)

This, [86, Proposition 1.2.2] (applied for every x P O with m ð d, φ ð f , p ð 2,
F ð Xx in the notation of [86, Proposition 1.2.2]), and the assumption that f P C8

c pO,Rq

demonstrate that for all x P O it holds that fpXxq P D1,2 and it holds a.s. for Lebesgue
almost all r P rt, T s, s P rt, rs that

Ds pfpXx
r qq “ p∇fqpXx

r qDsX
x
r “ p∇fqpXx

r q

´

B

Bx
Xx
r

¯´

B

Bx
Xx
s

¯´1

σps,Xx
s q. (2.83)

Next note that the assumption that for all s P rt, T s, x P O, v P Rd it holds that
v˚σps, xqpσps, xqq˚v ě α∥v∥2 ensures that for all s P rt, T s, x P Rd it holds that σps, xqpσps, xqq˚

is positive-definite and therefore invertible. In addition, observe that the fact that σ P

Cpr0, T s ˆ O,Rdˆdq implies that σ´1 P Cpr0, T s ˆ O,Rdˆdq. Integrating both sides of
(2.83) hence implies that for all r P pt, T s, x P O it holds a.s. that

p∇fqpXx
r q

´

B

Bx
Xx
r

¯

“
1

r ´ t

r
ż

t

Ds pfpXx
r qq pσps,Xx

s qq´1
´

B

Bx
Xx
s

¯

ds. (2.84)

The assumption that for every x P O it holds that Xx is an pFsqsPrt,T s-adapted process
therefore shows that for all x P O it holds that ppσps,Xx

s qq´1p B
Bx
Xx
s qqsPrt,T s is an pFsqsPrt,T s-

adapted process. Combining this with [86, Proposition 1.3.4] (applied for every j P

t1, 2, . . . , du with u ð pr0, T sˆΩ Q ps, ωq ÞÑ pσpt ` spT ´ tq, Xx
t`spT´tqqq´1p B

Bx
Xx
t`spT´tqqej P

Rdq in the notation of [86, Proposition 1.3.4]) and (2.72) demonstrates that for all r P

rt, T s, x P O it holds a.s. that

r
ż

t

pσps,Xx
s qq´1

´

B

Bx
Xx
s

¯

δWs “

r
ż

t

pσps,Xx
s qq´1

´

B

Bx
Xx
s

¯

dWs. (2.85)

The duality property of the Skorohod integral (cf., e.g., [86, Definition 1.3.1 (ii)] (applied
with T ð T ´ t, F ð pΩ Q ω ÞÑ fpXx

T pωqq P Rdq, u ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ

pσpt ` s,Xx
t`sqq´1p B

Bx
Xx
t`sqq)) therefore shows that for all x P O it holds that

E

»

–

T
ż

t

Ds pfpXx
T qq pσps,Xx

s qq´1
´

B

Bx
Xx
s

¯

ds

fi

fl

“ E
„

fpXx
T q

T
ż

t

pσps,Xx
s qq´1

´

B

Bx
Xx
s

¯

dWs

ȷ

.

(2.86)
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This, (2.69), and (2.84) ensure that for all x P O it holds that

E
„

p∇fqpXx
T q

´

B

Bx
Xx
T

¯

ȷ

“
1

T ´ t
E

»

–

T
ż

t

Ds pfpXx
T qq pσps,Xx

s qq´1
´

B

Bx
Xx
s

¯

ds

fi

fl

“
1

T ´ t
E
„

fpXx
T q

T
ż

t

pσps,Xx
s qq´1

´

B

Bx
Xx
s

¯

dWs

ȷ

“ E rfpXx
T qZx

T s .

(2.87)

Combining this with (2.81) proves that u P C1pO,Rq and for all x P O it holds that
p∇uqpxq “ ErfpXx

T qZx
T s.

Step 2: In addition to the assumptions of Theorem 2.2.3 we assume in step 2 that f P

CcpO,Rq with supppfq Ĺ O. First note that the assumption that f P CcpO,Rq ensures
that f P L1pO;Rq. Let f̃ P CpRd,Rq satisfy for all x P O that f̃pxq “ fpxq and for all
x P RdzO that fpxq “ 0, for every ε P p0,8q let φε P C8

c pRd, r0,8qq satisfy supppφεq “

tx P Rd : ∥x∥ ď εu and
ş

Rd φεpxq dx “ 1 (cf. [96, Section 1.1]), for every ε P p0,8q let
fε : Rd Ñ R satisfy for all x P Rd that

fεpxq “

ż

Rd

f̃px ´ yqφεpyq dy, (2.88)

and for every ε P p0,8q let uε : O Ñ R satisfy for all x P O that uεpxq “ ErfεpX
x
T qs.

Combining this with [96, Lemma II.1] and the fact that f P L1pO;Rq implies that for
all ε P p0,8q it holds that fε P C8

c pRd,Rq. Step 1 therefore demonstrates that for all
ε P p0,8q, x P O it holds that uε P C1pO,Rq and p∇uεqpxq “ ErfεpX

x
T qZx

T s. Moreover,
note that (2.88), the assumption that for all ε P p0,8q it holds that

ş

Rd φεpxq dx “ 1, and
the assumption that f P CcpO,Rq guarantuee that for all ε P p0,8q, x P O it holds that

|fεpXx
T q| ď

ż

Rd

|f̃pXx
T ´ yq|φεpyq dy ď sup

yPO
|fpyq| ă 8. (2.89)

The triangle inequality, the dominated convergence theorem, [96, Lemma II.2], and the
assumption that f P CcpO,Rq therefore show that for all x P O it holds that

lim sup
εÑ0

|uεpxq ´ upxq| “ lim sup
εÑ0

∣∣ErfεpX
x
T qs ´ ErfpXx

T qs
∣∣

ď lim sup
εÑ0

Er|fεpXx
T q ´ fpXx

T q|s “ E
„

lim sup
εÑ0

|fεpXx
T q ´ fpXx

T q|
ȷ

“ 0.
(2.90)

In addition, observe that the triangle inequality, the Cauchy-Schwarz inequality, and the
fact that for all ε P p0,8q, x P O it holds that p∇uεqpxq “ ErfεpX

x
T qZx

T s prove that for all
ε P p0,8q, x P O it holds that∥∥p∇uεqpxq ´ ErfpXx

T qZx
T s
∥∥ “

∥∥ErfεpX
x
T qZx

T s ´ ErfpXx
T qZx

T s
∥∥

ď Er|fεpXx
T q ´ fpXx

T q|∥Zx
T∥s ď

´

Er|fεpXx
T q ´ fpXx

T q|2s
¯

1
2
´

Er∥Zx
T∥2s

¯
1
2
.

(2.91)

This, [96, Lemma II.2], (2.72), the assumption that f P CpO,Rq, and the fact that
pfεqεPp0,8q Ď C8pO,Rq ensure that for all compact K Ď O it holds that

lim sup
εÑ0

sup
xPK

∥∥p∇uεqpxq ´ ErfpXx
T qZx

T s
∥∥ “ 0. (2.92)
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Hence, we obtain that uε converges uniformly to pO Q x ÞÑ ErfpXx
T qZx

T s P Rdq on compact
subsets of O for ε Ñ 0. Combining this with (2.90) and Lemma 2.2.2 proves that for all
x P O it holds that u P C1pO,Rq and

p∇uqpxq “ lim
εÑ0

p∇uεqpxq “ lim
εÑ0

ErfεpX
x
T qZx

T s “ ErfpXx
T qZx

T s. (2.93)

Step 3: Throughout the third step let On Ď O, n P N, satisfy for all n P N that On “ tx P

O : ∥x∥ ď n and ty P Rd : ∥y ´ x∥ ă 1
n

u Ď Ou and let Un Ď O satisfy for all n P N that
Un “ tx P O : pDy P On : ∥x´y∥ ď 1

2n
qu. Observe that for all n P N it holds that On Ď O is

compact, Un Ď O is open, and On Ď Un Ď O. Combining this with Urysohn’s lemma (cf.,
e.g., [91, Lemma 2.12]) demonstrates that for every n P N there exists ψn P CcpO,Rq which
satisfies for all x P O that 1Onpxq ď ψnpxq ď 1Unpxq. For every n P N let fn : O Ñ R,
un : O Ñ R satisfy for all x P O that fnpxq “ fpxqψnpxq and unpxq “ ErfnpXx

T qs. Note
that the fact that for all n P N it holds that ψn P CcpO,Rq and f P CpO,Rq ensure that
for all n P N it holds that fn P CcpO,Rq. Moreover, observe that for all n P N, x P O
it holds that |fnpXx

T q| “ |fpXx
T qψnpXx

T q| ď |fpXx
T q1UnpXx

T q| ď |fpXx
T q|. The dominated

convergence theorem and the assumption that for all x P O it holds that Er|fpXx
T q|2s ă 8

therefore demonstrate that for all x P O it holds that
lim sup
nÑ8

|unpxq ´ upxq| ď lim sup
nÑ8

E r|fnpXx
T q ´ fpXx

T q|s

“ E
„

lim sup
nÑ8

|fnpXx
T q ´ fpXx

T q|
ȷ

ď E
„

lim sup
nÑ8

|1UnpXx
T q ´ 1||fpXx

T q|
ȷ

“ 0.
(2.94)

Furthermore, observe that step 2 and the fact that for every n P N it holds that fn P

CcpO,Rq and supppfnq Ĺ O imply that for all n P N, x P O it holds that un P C1pO,Rq and
p∇unqpxq “ ErfnpXx

T qZx
T s. Combining this with the Cauchy-Schwarz inequality implies

that for all n P N, x P O it holds that∥∥p∇unqpxq ´ ErfpXx
T qZx

T s
∥∥ “

∥∥ErfnpXx
T qZx

T s ´ ErfpXx
T qZx

T s
∥∥

ď E r|1UnpXx
T q ´ 1||fpXx

T q|∥Zx
T∥s

ď
`

E
“

|1UnpXx
T q ´ 1||fpXx

T q|2
‰˘

1
2
`

E
“

∥Zx
T∥2

‰˘
1
2 .

(2.95)

This, Dini’s theorem, Lebesgue’s dominated convergence theorem, (2.72), and the fact
that for all x P O it holds that Er|fpXx

T q|2s ă 8 show that for all K Ď O compact it
holds that

lim sup
nÑ8

„

sup
xPK

∥∥p∇unqpxq ´ ErfpXx
T qZx

T s
∥∥ȷ “ 0. (2.96)

Hence, we obtain that un converges uniformly to pO Q x ÞÑ ErfpXx
T qZx

T s P Rdq on compact
subsets of O for n Ñ 8. Lemma 2.2.2, (2.94), and (2.96) therefore prove that u P C1pO,Rq

and for all x P O it holds that

p∇uqpxq “ ErfpXx
T qZx

T s. (2.97)

This establishes items (ii) and (iii). The proof of Theorem 2.2.3 is thus complete.

2.3 Existence and uniqueness result for viscosity so-
lutions of semilinear PDEs with gradient-dependent
nonlinearities

In this section we use the results from Section 2.1 and 2.2 to show that the unique viscosity
solution of semilinear PDEs and the unique solution of their connected SFPEs coincide.
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Our main theorem, Theorem 2.3.1, proves exactly this connection under differentiability
and global monotonicity assumptions on µ and σ and a Lipschitz and continuity assump-
tion on f . We conclude this section with two corollaries of Theorem 2.3.1. Corollary 2.3.2
considers the case where the Lyapunov function does not depend on the time variable.
Corollary 2.3.3 uses Corollary 2.3.2 to establish the findings in the case of a Lyapunov
function of the form Rd Q x ÞÑ p1`∥x∥2q p

2 where p P p0,8q. The following theorem, The-
orem 2.3.1, extends [10, Theorem 3.7] to PDEs with gradient-dependent nonlinearities
under more restrictive assumptions.

Theorem 2.3.1. Let d P N, α, c, L, T P p0,8q, let x¨, ¨y : Rd ˆ Rd Ñ R be the standard
Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm on
Rd, let |||¨||| : Rd`1 Ñ r0,8q be the standard Euclidean norm on Rd`1, let ∥¨∥F : Rdˆd Ñ

r0,8q be the Frobenius norm on Rdˆd, let O Ď Rd be an open set, for every r P p0,8q let
Kr Ď r0, T q, Or Ď O satisfy Kr “ r0,maxtT ´ 1

r
, 0us and Or “ tx P O : ∥x∥ ď r and ty P

Rd : ∥y ´ x∥ ă 1
r
u Ď Ou, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying

the usual conditions, let W : r0, T s ˆ Ω Ñ Rd be a standard pFsqsPr0,T s-Brownian motion,
let µ P C0,1pr0, T s ˆ O,Rdq, σ P C0,1pr0, T s ˆ O,Rdˆdq satisfy for all s P r0, T s, x, y P O,
v P Rd that

max
!

xx ´ y, µps, xq ´ µps, yqy, 1
2
∥σps, xq ´ σps, yq∥2F

)

ď c
2
∥x ´ y∥2 (2.98)

and v˚σps, xqpσps, xqq˚v ě α∥v∥2, assume for all r P p0,8q, j P t1, 2, . . . , du that

sup

ˆ"

∥ Bµ
Bx

pt,xq´
Bµ
Bx

pt,yq∥F `∥ Bσ
Bxj

pt,xq´ Bσ
Bxj

pt,yq∥F
∥x´y∥ :

t P r0, T s, x, y P Or, x ‰ y

*

Y t0u

˙

ă 8,

(2.99)

for every t P r0, T s, x P O let Xx
t “ pXx

t,sqsPrt,T s : rt, T s ˆ Ω Ñ O be an pFsqsPrt,T s-adapted
stochastic process with continuous sample paths satisfying that for all s P rt, T s it holds
a.s. that

Xx
t,s “ x `

ż s

t

µpr,Xx
t,rq dr `

ż s

t

σpr,Xx
t,rq dWr, (2.100)

assume for all t P r0, T s, ω P Ω that
`

rt, T s ˆ O Q ps, xq ÞÑ Xx
t,spωq P O

˘

P C0,1prt, T s ˆ

O,Oq, for every t P r0, T s, x P O let Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆΩ Ñ Rd`1 be an pFsqsPpt,T s-
adapted stochastic process with continuous sample paths satisfying that for all s P pt, T s it
holds a.s. that

Zx
t,s “

˜

1
1
s´t

şs

t
pσpr,Xx

t,rqq´1
´

B
Bx
Xx
t,r

¯

dWr

¸

, (2.101)

let V P C1,2pr0, T s ˆO, p0,8qq satisfy that for all t P r0, T s, s P rt, T s, x P O it holds that

pBV
Bt

qpt, xq ` xµpt, xq, p∇xV qpt, xqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessxV qpt, xqq

` L∥p∇xV qpt, xq∥ ď 0,
(2.102)

let f P Cpr0, T s ˆ O ˆ Rd`1,Rq, g P CpO,Rq satisfy for all t P r0, T s, s P rt, T s, x P O,
w1, w2 P Rd`1 that Er|gpXx

t,T q|2s ` Er|fps,Xx
t,s, w1q|2s ă 8 and |fpt, x, w1q ´ fpt, x, w2q| ď

L|||w1 ´ w2|||, and assume that lim suprPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|gpxq|?
V pT,xq

`
|fpt,x,0q|?
V pt,xq

?
T ´ tqs

“ 0 and lim infrÑ8rinftPr0,T s infxPOzOr V pt, xqs “ 8. Then
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(i) there exists a unique v P Cpr0, T s ˆO,Rq XC0,1pr0, T q ˆO,Rq which satisfies for all
t P r0, T q, x P O that lim suprÑ8rsupsPr0,T qzKr

supyPOzOr
p

|||pv,∇xvqps,yq|||?
V ps,yq

?
T ´ sqs “ 0,

Er|gpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `
şT

t
|fpr,Xx

t,r, pv,∇xvqpr,Xx
t,rqq|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ drs ă 8, vpT, xq “ gpxq,
and

pv,∇xvqpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, pv,∇xvqpr,Xx

t,rqqZx
t,r dr

ȷ

, (2.103)

(ii) there exists a unique viscosity solution u P tu P Cpr0, T s ˆ O,Rq : lim suprÑ8

rsuptPr0,T s supxPOzOr
p
|upt,xq|
V pt,xq

qs “ 0u of

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` fpt, x, pu,∇xuqpt, xqq “ 0

(2.104)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ O, and

(iii) for all t P r0, T s, x P O it holds that upt, xq “ vpt, xq.

Proof of Theorem 2.3.1. First note that Theorem 1.2.5, (2.99), and (2.102) prove that
there exists a unique w “ pw1, w2, . . . , wd`1q P Cpr0, T q ˆ O,Rd`1q which satisfies

(I) that lim suprÑ8 rsupsPr0,T qzKr
supyPOzOr

p
|||wps,yq|||?
V ps,yq

?
T ´ sqs “ 0,

(II) for all t P r0, T q, x P O that

E
„

|gpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `

ż T

t

|fpr,Xx
t,r, wpr,Xx

t,rqq|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ dr

ȷ

ă 8, (2.105)

and

(III) for all t P r0, T q, x P O it holds that

wpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, wpr,Xx

t,rqqZx
t,r dr

ȷ

. (2.106)

Let v : r0, T s ˆ O Ñ R satisfy for all t P r0, T q, x P O that vpt, xq “ w1pt, xq and
vpT, xq “ gpxq, let h : r0, T s ˆ O Ñ R satisfy for all t P r0, T q, x P O that hpt, xq “

fpt, x, pv, p∇xvqqpt, xqq, let gn P CpO,Rq, n P N, and hn P Cpr0, T q ˆ O,Rq, n P N, be
compactly supported functions which satisfy

lim sup
nÑ8

«

sup
tPr0,T q

sup
xPO

ˆ

|gnpxq ´ gpxq|
V pT, xq

`
|hnpt, xq ´ hpt, xq|

V pt, xq

?
T ´ t

˙

ff

“ 0 (2.107)

(cf. Corollary 1.1.6) and let vn : r0, T s ˆ O Ñ R, n P N, satisfy for all n P N, t P r0, T s,
x P O that

vnpt, xq “ E
„

gnpXx
t,T q `

ż T

t

hnpr,Xx
t,rq dr

ȷ

(2.108)

(cf. item (ii) of Lemma 1.1.4). Observe that the fact that w P Cpr0, T q ˆO,Rd`1q implies
that v P Cpr0, T q ˆ O,Rq. To prove that v is continuous in T let ptnqnPN Ď r0, T q satisfy
lim supnÑ8|tn´T | “ 0. Note that [13, Lemma 3.1] and (2.102) imply that for all t P r0, T s,
s P rt, T s, x P O it holds that

ErV ps,Xx
t,sqs ď V pt, xq. (2.109)
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Combining this with Fubini’s theorem and the assumption that for all t P r0, T s, x P O,
z1, z2 P Rd`1 it holds that |fpt, x, z1q ´ fpt, x, z2q| ď L|||z1 ´ z2||| demonstrates that for all
n P N, x P O it holds that

E
„ˇ

ˇ

ˇ

ˇ

ż T

tn

fpr,Xx
tn,r, wpr,Xx

tn,rqq dr

ˇ

ˇ

ˇ

ˇ

ȷ

ď E
„
ż T

tn

|fpr,Xx
tn,r, wpr,Xx

tn,rqq| dr
ȷ

ď E
„
ż T

tn

”

|fpr,Xx
tn,r, wpr,Xx

tn,rqq ´ fpr,Xx
tn,r, 0q| ` |fpr,Xx

tn,r, 0q|
ı

dr

ȷ

ď E
„
ż T

tn

”

L
ˇ

ˇ

ˇ

ˇ

ˇ

ˇwpr,Xx
tn,rq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ` |fpr,Xx
tn,r, 0q|

ı

dr

ȷ

“ E

«

ż T

tn

„

L|||wpr,Xx
tn,rq|||`|fpr,Xx

tn,r,0,0q|
V pr,Xx

tn,rq

?
T ´ r

V pr,Xx
tn,rq

?
T´r

ȷ

dr

ff

ď

«

sup
sPr0,T q

sup
yPO

L|||wps,yq|||`|fps,y,0q|
V ps,yq

?
T ´ s

ȷ
ż T

tn

ErV pr,Xx
tn,rqs

?
T´r

dr

ď

«

sup
sPr0,T q

sup
yPO

L|||wps,yq|||`|fps,y,0q|
V ps,yq

?
T ´ s

ȷ
ż T

tn

V ptn,xq
?
T´r

dr

“

«

sup
sPr0,T q

sup
yPO

L|||wps,yq|||`|fps,y,0q|
V ps,yq

?
T ´ s

ȷ„

sup
sPr0,T s

V ps, xq

ȷ

2
a

T ´ tn.

(2.110)

Item (I), the assumption that infrPp0,8q rsuptPr0,T qzKr
supxPOzOr

p
|fpt,x,0q|?
V pt,xq

?
T ´ tqs “ 0, and

the fact that V P C1,2pr0, T s ˆ O, p0,8qq therefore show that for all x P O it holds that

lim sup
nÑ8

E
„ˇ

ˇ

ˇ

ˇ

ż T

tn

fpr,Xx
tn,r, wpr,Xx

tn,rqq dr

ˇ

ˇ

ˇ

ˇ

ȷ

“ 0. (2.111)

In addition, note that the triangle inequality and (2.109) show that for all k, n P N, x P O
it holds that

Er|gpXx
tn,T q ´ gpxq|s

ď Er|gpXx
tn,T q ´ gkpXx

tn,T q|s ` Er|gkpXx
tn,T q ´ gkpxq|s ` Er|gkpxq ´ gpxq|s

“ E

«

|gpXx
tn,T

q ´ gkpXx
tn,T

q|
V pT,Xx

tn,T
q

V pT,Xx
tn,T q

ff

` Er|gkpXx
tn,T q ´ gkpxq|s

` E

«

|gkpxq ´ gpxq|
V pT, xq

V pT, xq

ff

ď

«

sup
yPO

|gpyq ´ gkpyq|
V pT, yq

ff

ErV pT,Xx
tn,T qs ` Er|gkpXx

tn,T q ´ gkpxq|s

`

«

sup
yPO

|gkpyq ´ gpyq|
V pT, yq

ff

V pT, xq

ď

«

sup
yPO

|gpyq ´ gkpyq|
V pT, yq

ff

V ptn, xq ` Er|gkpXx
tn,T q ´ gkpxq|s

`

«

sup
yPO

|gkpyq ´ gpyq|
V pT, yq

ff

V pT, xq

ď 2

«

sup
yPO

|gpyq ´ gkpyq|
V pT, yq

ff

„

sup
sPr0,T s

V ps, xq

ȷ

` Er|gkpXx
tn,T q ´ gkpxq|s.

(2.112)
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This, [13, Lemma 3.7], the Portemonteau theorem, and (2.107) demonstrate for all x P O
that

lim supnÑ8 Er|gpXx
tn,T q ´ gpxq|s “ 0. (2.113)

Combining this with (2.111) proves that for all x P O it holds that

lim supnÑ8|vptn, xq ´ gpxq| “ 0. (2.114)

The assumption that for all x P Rd it holds that vpT, xq “ gpxq and the fact that v P

Cpr0, T q ˆ O,Rq hence demonstrate that v P Cpr0, T s ˆ O,Rq. Next note that items (ii)
and (iii) of Theorem 2.2.3 (applied for all t P r0, T q, r P pt, T s with O ð Rd, f ð g and
T ð r, f ð pRd Q x ÞÑ fpr, x, wpr, xqq P Rq in the notation of Theorem 2.2.3), Leibniz
integral rule, Fubini’s theorem, item (II), and the assumption that for all t P r0, T s,
s P rt, T s, x P O, z P Rd`1 it holds that Er|gpXx

t,T q|2s ` Er|fps,Xx
t,s, zq|2s ă 8 show that

v P C0,1pr0, T q ˆ O,Rq and for all t P r0, T q, x P Rd it holds that

p∇xvqpt, xq “ ∇x

´

ErgpXx
t,T qs

¯

` ∇x

ˆ
ż T

t

Erfpr,Xx
t,r, wpr,Xx

t,rqqs dr

˙

“ ∇x

´

ErgpXx
t,T qs

¯

`

ż T

t

∇x

´

E
“

fpr,Xx
t,r, wpr,Xx

t,rqq
‰

¯

dr

“ E
„

gpXx
t,T q

1

T ´ t

ż T

t

pσps,Xx
t,sqq´1

´

B

Bx
Xx
t,s

¯

dWs

ȷ

`

ż T

t

E
„

fpr,Xx
t,r, wpr,Xx

t,rqq
1

r ´ t

ż r

t

pσps,Xx
t,sqq´1

´

B

Bx
Xx
t,s

¯

dWs

ȷ

dr

“ ErgpXx
t,T q

1

T ´ t

ż T

t

pσps,Xx
t,sqq´1

´

B

Bx
Xx
t,s

¯

dWss

` E
„
ż T

t

fpr,Xx
t,r, wpr,Xx

t,rqq
1

r ´ t

ż r

t

pσps,Xx
t,sqq´1

´

B

Bx
Xx
t,s

¯

dWs dr

ȷ

.

(2.115)

Item (III) therefore implies that for all t P r0, T q, x P Rd it holds that pw2, w3, . . . , wd`1qpt, xq

“ p∇xvqpt, xq. This, items (I)-(III), and the fact that v P Cpr0, T s ˆ O,Rq establish
item (i). Next we prove items (ii) and (iii). First note that item (I), the fact that for
all t P r0, T s, x P O, z1, z2 P Rd`1 it holds that |fpt, x, z1q ´ fpt, x, z2q| ď L|||z1 ´ z2|||,
and the fact that lim suprPp0,8qrsuptPr0,T qzKr

supxPOzOr
p
|fpt,x,0q|
V pt,xq

?
T ´ tqs “ 0 imply that

h P Cpr0, T q ˆ O,Rq and

lim sup
rÑ8

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|hpt,xq|
V pt,xq

?
T ´ t

˙ȷ

“ lim sup
rÑ8

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|fpt,x,pv,∇xvqpt,xqq|
V pt,xq

?
T ´ t

˙ȷ

ď lim sup
rÑ8

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|fpt,x,0q|
V pt,xq

?
T ´ t `

|fpt,x,pv,∇xvqpt,xqq´fpt,x,0q|
V pt,xq

?
T ´ t

˙ȷ

ď lim sup
rÑ8

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|fpt,x,0q|`L|||pv,∇xvqpt,xq|||

V pt,xq

?
T ´ t

˙ȷ

“ 0.

(2.116)

Next note that (2.109) demonstrates that for all n P N, t P r0, T s, x P O it holds that

E
“

|gnpXx
t,T q ´ gpXx

t,T q|
‰

ď

„

sup
yPO

|gnpyq ´ gpyq|
V pT, yq

ȷ

ErV pT,Xx
t,T qs

ď

„

sup
yPO

|gnpyq ´ gpyq|
V pT, yq

ȷ

V pt, xq.

(2.117)
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Combining this with (2.107) implies that

lim sup
nÑ8

«

sup
tPr0,T s

sup
xPO

ˆ |ErgnpXx
t,T qs ´ ErgpXx

t,T qs|
V pt, xq

˙

ff

“ 0. (2.118)

Moreover, observe that (2.109) shows that for all n P N, t P r0, T s, x P O it holds that

E
„
ż T

t

|hnpr,Xx
t,rq ´ hpr,Xx

t,rq| dr
ȷ

ď

«

sup
sPr0,T q

sup
yPO

ˆ

|hnps, yq ´ hps, yq|
V ps, yq

?
T ´ s

˙

ff

ż T

t

ErV pr,Xx
t,rqs

?
T ´ r

dr

ď

«

sup
sPr0,T q

sup
yPO

ˆ

|hnps, yq ´ hps, yq|
V ps, yq

?
T ´ s

˙

ff

2
?
T ´ t V pt, xq.

(2.119)

This and (2.107) imply that

lim sup
nÑ8

«

sup
tPr0,T s

sup
xPO

˜

|Er
şT

t
hnpr,Xx

t,rq drs ´ Er
şT

t
hpr,Xx

t,rqs dr|
V pt, xq

¸ff

“ 0. (2.120)

The triangle inequality and (2.118) therefore demonstrates that

lim sup
nÑ8

«

sup
tPr0,T s

sup
xPO

ˆ

|vnpt, xq ´ vpt, xq|
V pt, xq

˙

ff

“ 0. (2.121)

Furthermore, note that (2.108), the assumption that lim infrÑ8rinftPr0,T s infxPOzOr V pt, xqs

“ 8, and the fact that for all n P N it holds that gn and hn are compactly supported
ensure for all n P N that

lim sup
rÑ8

«

sup
tPr0,T s

sup
xPOzOr

ˆ

|vnpt, xq|
V pt, xq

˙

ff

ď lim sup
rÑ8

ˆ„ˆ

sup
xPO

|gnpxq|
˙

` T

˜

sup
tPr0,T s

sup
xPO

|hnpt, xq|

¸

ȷ

«

sup
tPr0,T s

sup
xPOzOr

1

V pt, xq

ff

˙

“ 0.

(2.122)

Combining this with the triangle inequality and (2.121) proves that

lim sup
rÑ8

„

sup
tPr0,T s

sup
xPOzOr

|vpt, xq|
V pt, xq

ȷ

ď inf
nPN

ˆ

lim sup
rÑ8

„

sup
tPr0,T s

sup
xPOzOr

|vpt, xq ´ vpt, xq|
V pt, xq

ȷ

` lim sup
rÑ8

„

sup
tPr0,T s

sup
xPOzOr

|vpt, xq|
V pt, xq

ȷ˙

ď inf
nPN

˜

sup
tPr0,T s

sup
xPO

|vpt, xq ´ vpt, xq|
V pt, xq

¸

ď lim sup
nÑ8

˜

sup
tPr0,T s

sup
xPO

|vpt, xq ´ vpt, xq|
V pt, xq

¸

“ 0.

(2.123)
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Next note that Proposition 2.1.7, (2.99), (2.102), (2.103), and (2.116) demonstrate that
v is a viscosity solution of

pBv
Bt

qpt, xq ` xµpt, xq, p∇xvqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx vqpt, xqq ` hpt, xq “ 0

(2.124)

for pt, xq P p0, T q ˆ O. This ensures that for all t P p0, T q, x P O, ϕ P C1,2pp0, T q ˆ O,Rq

with ϕ ě v and ϕpt, xq “ vpt, xq it holds that

p
Bϕ
Bt

qpt, xq ` xµpt, xq, p∇xϕqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx ϕqpt, xqq ` fpt, x, ϕpt, xq, p∇xϕqpt, xqq

“ p
Bϕ
Bt

qpt, xq ` xµpt, xq, p∇xϕqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx ϕqpt, xqq ` hpt, xq ě 0.

(2.125)

Moreover, observe that (2.124) shows that for all t P p0, T q, x P O, ϕ P C1,2pp0, T q ˆO,Rq

with ϕ ď v and ϕpt, xq “ vpt, xq it holds that

p
Bϕ
Bt

qpt, xq ` xµpt, xq, p∇xϕqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx ϕqpt, xqq ` fpt, x, ϕpt, xq, p∇xϕqpt, xqq

“ p
Bϕ
Bt

qpt, xq ` xµpt, xq, p∇xϕqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx ϕqpt, xqq ` hpt, xq ď 0.

(2.126)

Combining this with (2.125) proves that v is a viscosity solution of

pBv
Bt

qpt, xq ` xµpt, xq, p∇xvqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx vqpt, xqq ` fpt, x, pv,∇xvqpt, xqq “ 0

(2.127)

for pt, xq P p0, T q ˆ O. Proposition 2.1.8, (applied with u1 ð v in the notation of Propo-
sition 2.1.8), (2.102), and (2.123) therefore establish items (ii) and (iii). The proof of
Theorem 2.3.1 is thus complete.

The following corollary applies the results of Theorem 2.3.1 to a function V that is
independent of the time component. The proof of the Corollary 2.3.2 is similar to the one
of [10, Corollary 3.8].

Corollary 2.3.2. Let d P N, α, c, L, T P p0,8q, ρ P R, let x¨, ¨y : Rd ˆ Rd Ñ R be
the standard Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Eu-
clidean norm on Rd, let |||¨||| : Rd`1 Ñ r0,8q be the standard Euclidean norm on Rd`1,
let ∥¨∥F : Rdˆd Ñ r0,8q be the Frobenius norm on Rdˆd, let O Ď Rd be an open set,
for every r P p0,8q let Kr Ď r0, T q, Or Ď O satisfy Kr “ r0,maxtT ´ 1

r
, 0us and

Or “ tx P O : ∥x∥ ď r and ty P Rd : ∥y ´ x∥ ă 1
r
u Ď Ou, let pΩ,F ,P, pFsqsPr0,T sq be a

filtered probability space satisfying the usual conditions, let W : r0, T s ˆΩ Ñ Rd be a stan-
dard pFsqsPr0,T s-Brownian motion, let µ P C0,1pr0, T s ˆ O,Rdq, σ P C0,1pr0, T s ˆ O,Rdˆdq

satisfy for all s P r0, T s, x, y P O, v P Rd that

max
!

xx ´ y, µps, xq ´ µps, yqy, 1
2
∥σps, xq ´ σps, yq∥2F

)

ď c
2
∥x ´ y∥2 (2.128)

and v˚σps, xqpσps, xqq˚v ě α∥v∥2, assume for all r P p0,8q, j P t1, 2, . . . , du that

sup

ˆ"

∥ Bµ
Bx

pt,xq´
Bµ
Bx

pt,yq∥F `∥ Bσ
Bxj

pt,xq´ Bσ
Bxj

pt,yq∥F
∥x´y∥ :

t P r0, T s, x, y P Or, x ‰ y

*

Y t0u

˙

ă 8,

(2.129)
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for every t P r0, T s, x P O let Xx
t “ pXx

t,sqsPrt,T s : rt, T s ˆ Ω Ñ O be an pFsqsPrt,T s-adapted
stochastic process with continuous sample paths satisfying that for all s P rt, T s it holds
a.s. that

Xx
t,s “ x `

ż s

t

µpr,Xx
t,rq dr `

ż s

t

σpr,Xx
t,rq dWr, (2.130)

assume for all t P r0, T s, ω P Ω that
`

rt, T s ˆ O Q ps, xq ÞÑ Xx
t,spωq P O

˘

P C0,1prt, T s ˆ

O,Oq, for every t P r0, T s, x P O let Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆΩ Ñ Rd`1 be an pFsqsPpt,T s-
adapted stochastic process with continuous sample paths satisfying that for all s P pt, T s it
holds a.s. that

Zx
t,s “

˜

1
1
s´t

şs

t
pσpr,Xx

t,rqq´1
´

B
Bx
Xx
t,r

¯

dWr

¸

, (2.131)

let V P C2pO, p0,8qq satisfy for all t P r0, T s, x P O that

xµpt, xq, p∇V qpxqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessV qpxqq

` L∥p∇V qpxq∥ ď ρV pxq,
(2.132)

let f P Cpr0, T s ˆ O ˆ Rd`1,Rq, g P CpO,Rq satisfy for all t P r0, T s, s P rt, T s, x P O,
w1, w2 P Rd`1 that Er|gpXx

t,T q|2s ` Er|fps,Xx
t,s, w1q|2s ă 8 and |fpt, x, w1q ´ fpt, x, w2q| ď

L|||w1 ´ w2|||, and assume that infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|gpxq|`|fpt,x,0q|

?
T´t?

V pxq
qs “ 0

and lim infrÑ8rinfxPOzOr V pxqs “ 8. Then

(i) there exists a unique v P Cpr0, T s ˆO,Rq XC0,1pr0, T q ˆO,Rq which satisfies for all
t P r0, T q, x P O that lim suprÑ8rsupsPr0,T qzKr

supyPOzOr
p

|||pv,∇xvqps,yq|||?
V pyq

?
T ´ sqs “ 0,

Er|gpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `
şT

t
|fpr,Xx

t,r, pv,∇xvqpr,Xx
t,rqq|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ drs ă 8, and

pv,∇xvqpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, pv,∇xvqpr,Xx

t,rqqZx
t,r dr

ȷ

, (2.133)

(ii) there exists a unique viscosity solution u P tu P Cpr0, T s ˆ O,Rq : lim suprÑ8

rsuptPr0,T s supxPOzOr
p
|upt,xq|
V pxq

qs “ 0u of

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` fpt, x, pv,∇xuqpt, xqq “ 0

(2.134)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ O, and

(iii) for all t P r0, T s, x P O it holds that upt, xq “ vpt, xq.

Proof of Corollary 2.3.2. Throughout this proof let V : r0, T s ˆ O Ñ R satisfy for all
t P r0, T s, x P O that Vpt, xq “ e´ρtV pxq. Note that the product rule and the fact that
V P C2pO, p0,8qq ensure that V P C1,2pr0, T s ˆ O, p0,8qq. This and (2.132) show that
for all t P r0, T s, x P O it holds that

pBV
Bt

qpt, xq ` xµpt, xq, p∇xVqpt, xqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessxVqpt, xqq

` L∥p∇xVqpxq∥

“ e´ρt
´

´ ρV pxq ` xµpt, xq, p∇V qpxqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessV qpxqq ` L∥p∇V qpxq∥

¯

ď 0.

(2.135)
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Furthermore, note that the fact that infrPp0,8qrsuptPr0,T qzKr
supxPOzOr

p
|gpxq|?
V pxq

`
|fpt,x,0,0q|?

V pxq

¨
?
T ´ tqs “ 0 ensures that

inf
rPp0,8q

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|gpxq|
a

VpT, xq
`

|fpt, x, 0, 0q|
a

Vpt, xq

?
T ´ t

˙ȷ

“ inf
rPp0,8q

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|gpxq|
a

e´ρTV pxq
`

|fpt, x, 0, 0q|
a

e´ρtV pxq

?
T ´ t

˙ȷ

ď
?
eρT inf

rPp0,8q

„

sup
tPr0,T qzKr

sup
xPOzOr

ˆ

|gpxq|
a

V pxq
`

|fpt, x, 0, 0q|
a

V pxq

?
T ´ t

˙ȷ

“ 0.

(2.136)

In addition, observe that the assumption that lim infrÑ8rinfxPOzOr V pxqs “ 8 guarantees
that

lim inf
rÑ8

r inf
tPr0,T s

inf
xPOzOr

Vpt, xqs “ 8. (2.137)

Combining this with (2.135)-(2.136) and Theorem 2.3.1 (applied with V ð V in the
notation of Theorem 2.3.1) establishes items (i)-(iii). The proof of Corollary 2.3.2 is thus
complete.

In the following corollary we show that the function Rd Q x ÞÑ p1 ` ∥x∥2q p
2 P R,

p P p0,8q, satisfies the condition (2.102) in Theorem 2.3.1 and can therefore - under the
right assumptions on the coefficients µ and σ- ensure that there exists a solution to the
SFPE in (2.103) which is also a viscosity solution to the corresponding PDE. The proof
of the following corollary, Corollary 2.3.3, uses some ideas of the proof of [10, Corollary
3.9].

Corollary 2.3.3. Let d P N, α, c, L, T P p0,8q, let x¨, ¨y : Rd ˆ Rd Ñ R be the standard
Euclidean scalar product on Rd, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm on
Rd, let |||¨||| : Rd`1 Ñ r0,8q be the standard Euclidean norm on Rd`1, let ∥¨∥F : Rdˆd Ñ

r0,8q be the Frobenius norm on Rdˆd, let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space
satisfying the usual conditions, let W : r0, T s ˆΩ Ñ Rd be a standard pFsqsPr0,T s-Brownian
motion, let µ P C0,1pr0, T s ˆ Rd,Rdq, σ P C0,1pr0, T s ˆ Rd,Rdˆdq satisfy for all s P r0, T s,
x, y P Rd, v P Rd that

max
!

xx ´ y, µps, xq ´ µps, yqy, 1
2
∥σps, xq ´ σps, yq∥2F

)

ď c
2
∥x ´ y∥2, (2.138)

maxtxx, µpt, xqy, ∥σpt, xq∥2F u ď cp1 ` ∥x∥2q, and v˚σps, xqpσps, xqq˚v ě α∥v∥2, assume for
all r P p0,8q, j P t1, 2, . . . , du that

sup

ˆ"

∥ Bµ
Bx

pt,xq´
Bµ
Bx

pt,yq∥F `∥ Bσ
Bxj

pt,xq´ Bσ
Bxj

pt,yq∥F
∥x´y∥ :

t P r0, T s, x, y P tz P Rd, ∥z∥ ď ru, x ‰ y

*

Y t0u

˙

ă 8,

(2.139)

for every t P r0, T s, x P Rd let Xx
t “ pXx

t,sqsPrt,T s : rt, T s ˆΩ Ñ Rd be an pFsqsPrt,T s-adapted
stochastic process with continuous sample paths satisfying that for all s P rt, T s it holds
a.s. that

Xx
t,s “ x `

ż s

t

µpr,Xx
t,rq dr `

ż s

t

σpr,Xx
t,rq dWr, (2.140)

assume for all t P r0, T s, ω P Ω that
`

rt, T s ˆ Rd Q ps, xq ÞÑ Xx
t,spωq P Rd

˘

P C0,1prt, T s

ˆRd,Rdq, for every t P r0, T s, x P Rd let Zx
t “ pZx

t,sqsPpt,T s : pt, T s ˆ Ω Ñ Rd`1 be an



74

pFsqsPpt,T s-adapted stochastic process with continuous sample paths satisfying that for all
s P pt, T s it holds a.s. that

Zx
t,s “

˜

1
1
s´t

şs

t
pσpr,Xx

t,rqq´1
´

B
Bx
Xx
t,r

¯

dWr

¸

, (2.141)

let f P Cpr0, T s ˆ Rd ˆ Rd`1,Rq, g P CpRd,Rq be at most polynomially growing, and
assume that for all t P r0, T s, s P rt, T s, x P Rd, w1, w2 P Rd`1 it holds that Er|gpXx

t,T q|2s`

Er|fps,Xx
t,s, w1q|2s ă 8 and |fpt, x, w1q ´ fpt, x, w2q| ď L|||w1 ´ w2|||. Then

(i) there exists a unique v P Cpr0, T s ˆRd,Rq XC0,1pr0, T q ˆRd,Rq which satisfies that
ppv,∇xvqpt, xq

?
T ´ tqtPr0,T q,xPRd grows at most polynomially and for all t P r0, T q,

x P Rd it holds that Er|gpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `
şT

t
|fpr,Xx

t,r, pv,∇xvqpr,Xx
t,rqq|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ drs ă

8 and

pv,∇xvqpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, pv,∇xvqpr,Xx

t,rqqZx
t,r dr

ȷ

, (2.142)

(ii) there exists a unique at most polynomially growing viscosity solution u P Cpr0, T s ˆ

Rd,Rq of

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` fpt, xpu,∇xuqpt, xqq “ 0

(2.143)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ Rd, and

(iii) for all t P r0, T s, x P Rd it holds that upt, xq “ vpt, xq.

Proof of Corollary 2.3.3. Throughout this proof let Vq : Rd Ñ p0,8q, q P p0,8q, satisfy
for all q P p0,8q, x P Rd that Vqpxq “ p1 ` ∥x∥2q q

2 . First note that [13, Lemma 3.3]
(applied for every q P p0,8q with p ð q, O ð Rd in the notation of [13, Lemma 3.3]) and
the assumption that for all t P r0, T s, x P Rd it holds that maxtxx, µpt, xqy, ∥σpt, xq∥2F u ď

cp1 ` ∥x∥2q demonstrate that

(I) for all q P p0,8q it holds that Vq P C8pRd, p0,8qq and

(II) for all q P p0,8q, t P r0, T s, x P Rd it holds that

xµpt, xq, p∇Vqqpxqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessVqqpxqq

ď
cq
2
maxtq ` 1, 3uVqpxq.

(2.144)

Observe that item (I) and the product rule imply that for all q P p0,8q, x P Rd it holds
that

p∇Vqqpxq “ qxp1 ` ∥x∥2q
q
2

´1 “ qVqpxq x
1`∥x∥2 . (2.145)

The fact that for all a P r0,8q it holds that a ď 1 ` a2 therefore shows that for all
q P p0,8q, x P Rd it holds that

∥p∇Vqqpxq∥ “ qVqpxq
∥x∥

1`∥x∥2 ď qVqpxq. (2.146)

Combining this with item (II) proves that for all q P p0,8q, t P r0, T s, x P O it holds that

xµpt, xq, p∇Vqqpxqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessVqqpxqq

` L∥p∇Vqqpxq∥ ď p
cq
2
maxtq ` 1, 3u ` LqqVqpxq.

(2.147)
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Next note that for all q P p0,8q it holds that

lim infrÑ8rinfxPRd,∥x∥ąr Vqpxqs “ 8. (2.148)

Furthermore, observe that the assumption that f and g are at most polynomially growing
ensures that there exists p P p0,8q which satisfies

sup
tPr0,T s

sup
xPRd

ˆ

|gpxq| ` |fpt, x, 0q|
?
T ´ t

a

Vppxq

˙

ă 8. (2.149)

This shows that for all q P rp,8q it holds that

lim sup
rÑ8

„

sup
tPrmaxtT´ 1

r
,0u,T q

sup
xPRd,∥x∥ąr

ˆ

|gpxq ` fpt, x, 0q
?
T ´ t|

a

Vqpxq

˙ȷ

“ 0. (2.150)

Combining this with (2.148) and item (ii) of Corollary 2.3.2 (applied with ρ ð pcpmaxt2p`

1, 3u ` 2pLq, O ð Rd, V ð V2p in the notation of Corollary 2.3.2) demonstrates
that there exists a unique viscosity solution u P tu P Cpr0, T s ˆ Rd,Rq : lim suprÑ8

rsuptPr0,T s supxPRd,∥x∥ąrp
|upt,xq|
V2ppxq

qs “ 0u of

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq

` fpt, x, pu,∇xuqpt, xqq “ 0
(2.151)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ Rd. Let v P Cpr0, T s ˆ Rd,Rq be an at most
polynomially growing viscosity solution of

pBv
Bt

qpt, xq ` xµpt, xq, p∇xvqpt, xqy ` 1
2
Trpσpt, xqrσpt, xqs˚pHessx vqpt, xqq

` fpt, x, pv,∇xvqpt, xqq “ 0
(2.152)

with vpT, xq “ gpxq for pt, xq P p0, T qˆRd. Observe that the assumption that v is at most
polynomially growing ensures that there exists β P r2p,8q which satisfies that

lim sup
rÑ8

„

sup
tPr0,T s

sup
xPRd,∥x∥ąr

ˆ

|vpt, xq|
Vβpxq

˙ȷ

“ 0. (2.153)

Item (ii) of Corollary 2.3.2 (applied with ρ ð ρβ, O ð Rd, V ð Vβ in the notation of
Corollary 2.3.2), (2.151), and (2.152) therefore demonstrate that u “ v. This establishes
item (ii). Next observe that item (i) of Corollary 2.3.2 (applied with ρ ð ρ2p, O ð Rd,
V ð V2p in the notation of Corollary 2.3.2) shows that for all t P r0, T s, x P Rd it holds
that Er|gpXx

t,T q|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `
şT

t
|fpr,Xx

t,r, pu,∇xuqpr,Xx
t,rqq|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ drs ă 8 and

pu,∇xuqpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, pu,∇xuqpr,Xx

t,rqqZx
t,r dr

ȷ

. (2.154)

Let w P Cpr0, T s ˆ Rd,Rq satisfy that ppw,∇xwqpt, xq
?
T ´ tqtPr0,T q,xPRd grows at most

polynomially and that for all t P r0, T s, x P Rd it holds that

Er|gpXx
t,T q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ `

ż T

t

|fpr,Xx
t,r, pw,∇xwqpr,Xx

t,rqq|
ˇ

ˇ

ˇ

ˇ

ˇ

ˇZx
t,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ drs ă 8 (2.155)

and

pw,∇xwqpt, xq “ E
„

gpXx
t,T qZx

t,T `

ż T

t

fpr,Xx
t,r, pw,∇xwqpr,Xx

t,rqqZx
t,r dr

ȷ

. (2.156)
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Note that the fact that ppw,∇xwqpt, xq
?
T ´ tqtPr0,T q,xPRd grows at most polynomially im-

plies that there exists γ P rβ,8q which satisfies that

lim sup
rÑ8

„

sup
tPr0,T qzKr

sup
xPRd,∥x∥ąr

ˆ

|||pw,∇xwqpt, xq|||
a

Vγpt, xq

?
T ´ t

˙ȷ

“ 0. (2.157)

Items (i) and (iii) in Corollary 2.3.2 (applied with ρ ð ργ, O ð Rd, V ð Vγ in the
notation of Corollary 2.3.2), (2.154), and (2.156) therefore demonstrate that u “ v “ w.
This establishes items (i) and (iii). The proof of Corollary 2.3.3 is thus complete.



Chapter 3

Multi-level Picard (MLP)
approximation of high-dimensional
semilinear partial differential
equations with gradient-dependent
nonlinearities

This chapter is going to prove that the theoretical results from Chapters 1 and 2 lead
to an approximation scheme that can solve semilinear partial differential equations with
gradient-dependent nonlinearities numerically without suffering from the curse of dimen-
sionality. The central goal of this chapter is to find a numerical approximation of the
viscosity solutions u : r0, T s ˆ Rd Ñ R of partial differential equations of the form

pBu
Bt

qpt, xq ` xµpt, xq, p∇xuqpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx uqpt, xqq ` fpt, x, upt, xq, p∇xuqpt, xqq “ 0

(3.1)

with upT, xq “ gpxq for pt, xq P p0, T q ˆ Rd. To set up our approximation scheme, we
combine the Feynman-Kac type representation result in Theorem 2.3.1 and the following
approximation approach from the theory of ordinary differential equations. If we assume
f P CpR,Rq and y : r0, T s Ñ R which satisfy yp0q “ y0 and y1 “ fpyq we can use the
fundamental theorem of calculus to reformulate the problem into

yptq “ y0 `

ż t

0

fpypsqq ds. (3.2)

Moreover, if we assume f to be Lipschitz continuous, then Picard iterations for sufficiently
small t P p0, T s lead to

y0ptq “ y0, yn`1ptq “ y0 `

ż t

0

fpynprqq dr, n P N0. (3.3)

If we transfer this idea to the setting of stochastic fixed point equations like in Chapter 1
we receive

Φ0pt, xq “ ErgpXx
t,T qZx

t,T s,

Φn`1pt, xq “ ErgpXx
t,T qZx

t,T s `

ż T

t

ErfpΦnpr,Xx
t,rqqZx

t,rs dr, n P N0.
(3.4)
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The proof of Theorem 1.2.5 in Chapter 1 shows - under suitable assumptions - that
there exists a unique fixed point v P V which satisfies Φpvq “ v. This together with a
telescoping sum argument leads to the following construction of an approximation scheme.
Set Φ´1 “ 0 and define for all n P N, t P r0, T s, x P Rd that

Φn`1pt, xq

“ ErgpXx
t,T qZx

t,T s

`

ż T

t

”

fpΦ0pr,Xx
t,rqq `

n
ÿ

k“1

ErfpΦkpr,Xx
t,rqq ´ fpΦk´1pr,Xx

t,rqqs

ı

Zx
t,r dr

“ ErgpXx
t,T qZx

t,T s `

n
ÿ

k“0

ż T

t

E
”

fpΦkpr,Xx
t,rqq ´ 1NpkqfpΦk´1pr,Xx

t,rqq

ı

Zx
t,r dr.

(3.5)

The next step is to approximate the continuous quantities in the above equation by dis-
crete ones. For this, we replace the expected values by Monte Carlo averages and the
time integral by GauSS-Legendre quadrature formulas, respectively. In the implementa-
tion of the Monte Carlo averages summands of large k are costly to compute but have
small variance while summands of small k are cheap to compute but have large variance.
The reason to use GauSS-Legendre quadrature for the discrete approximation of the time
integral is based on the fact that for smooth PDE solutions the quadrature error can be
exactly calculated (cf. Lemma 3.2.5). Putting everything together, our approximation
scheme for the numerical calculation of pu,∇xuq is given by

V θ
n,m,M,Qpt, xq “ gpxqe1 `

1Npmq

Mm

Mm
ÿ

i“1

`

gpY
pθ,0,´iq,x,n
t,T q ´ gpxq

˘

Z
pθ,0,´iq,x,n
t,T

`

m´1
ÿ

l“0

ÿ

sPpt,T q

qQ,rt,T spsq

Mm´l

¨

„Mm´l
ÿ

i“1

pF pV
pθ,l,iq
n,l,M,Qq ´ 1NplqF pV

pθ,´l,iq
n,l´1,M,Qqqps, Y

pθ,l,iq,x,n
t,s qZ

pθ,l,iq,x,n
t,s

ȷ

.

(3.6)

For the computations of U p¨¨¨ q

n,m,M,Q the full history U p¨q

n,0,M,Q, U
p¨q

n,1,M,Q, . . . , U
p¨q

n,m´1,M,Q needs
to be computed that is why we have full recursive multi-level Picard approximation.

The chapter is structured as follows. Section 3.1 introduces and studies the Multilevel
Picard approximation scheme. First, we properly define the MLP approximation scheme
in Subsection 3.1.1. Subsections 3.1.2 - 3.1.5, then establish well-definedness and several
other properties required for the error analysis in Section 3.2. This chapter’s main result
is Corollary 3.2.8 in Subsection 3.2.2 below. Essential for the proof of Corollary 3.2.8 are
the upper error bound established in Theorem 3.2.4 and the calculation of the GauSS-
Legendre quadrature error in Lemma 3.2.5. The proof of Theorem 3.2.4, in turn, uses the
non-linear Feynman-Kac type formula developed in Subsection 3.2.1 and certain findings
from Section 3.1.

3.1 Full-history recursive MLP approximations
In this section we study MLP approximations for viscosity solutions of a certain class
of semilinear PDEs with gradient-dependent nonlinearities. In Subsection 3.1.1 we thor-
oughly introduce our MLP approximation scheme and the considered setting. Subsec-
tion 3.1.2 establishes upper bounds for certain GauSS-Legendre quadrature terms which
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will be needed for the error analysis in Section 3.2. Subsections 3.1.3 -3.1.5 prove several
measurability, integrability, independence, differentiability, and boundedness properties
of the considered MLP approximation scheme or parts thereof.

3.1.1 Mathematical description of MLP approximations
Throughout this chapter we are going to use the following setting. In contrast to Chap-
ters 1 and 2, where we assumed the coefficients µ and σ to fulfil the global monotonicity
assumption, we now need them to satisfy (3.7). In Lemma 3.1.2 we provide a result that
the assumption in (3.7) implies that µ and σ are globally Lipschitz continuous. The rea-
son why we need stronger assumptions on the coefficients than in the previous chapters
lies in the convergence of the required Euler-Maruyama approximations.

Setting 3.1.1. Let d P N, α, β, b, T P p0,8q, K P r1,8q, L P Rd`1, let L P r0,8q

satisfy that L “
řd`1
ν“1|Lν |, let ∥¨∥ : Rd Ñ r0,8q be the standard Euclidean norm on Rd,

let |||¨||| : Rd`1 Ñ r0,8q be the standard Euclidean norm on Rd`1, let µ “ pµ1, . . . , µdq P

C1pRd,Rdq, σ “ pσijqi,jPt1,2,...,du P C1pRd,Rdˆdq satisfy for all x, y P Rd that

max

#

d
ÿ

i,j“1

∣∣∣Bµi
Bxj

pxq

∣∣∣,ˆ d
ÿ

i,j,k“1

∣∣∣Bσij
Bxk

pxq

∣∣∣˙2
+

ď K (3.7)

and y˚σpxqpσpxqq˚y ě α∥y∥2, for every p P N, x P Rd let γppq
x P r0,8q satisfy that

γppq
x “ 2p´1p∥µpxq∥p ` p∥σpxq∥pF q, (3.8)

let f P Cpr0, T s ˆ Rd ˆ Rd`1,Rq, F : MpBpr0, T s ˆ Rdq,BpRd`1qq Ñ MpBpr0, T s ˆ

Rdq,BpRqq satisfy for all t P r0, T s, x1, x2 P Rd, y “ py1, y2, . . . , yd`1q, z “ pz1, z2, . . . , zd`1q P

Rd`1, w P MpBpr0, T s ˆ Rdq,BpRd`1qq that

pF pwqqpt, x1q “ fpt, x1, wpt, x1qq and |fpt, x1, yq ´ fpt, x2, zq| ď

d`1
ÿ

ν“1

Lν |yν ´ zν |, (3.9)

let g P CpRd,Rq satisfy for all x1, x2 P Rd that

|gpx1q ´ gpx2q| ď L∥x1 ´ x2∥, (3.10)

let u8 P C1,2pr0, T s ˆ Rd,Rq satisfy for all t P r0, T s, x P Rd that upT, xq “ gpxq and

pBu8

Bt
qpt, xq ` xµpt, xq, p∇xu

8qpt, xqy

` 1
2
Trpσpt, xqrσpt, xqs˚pHessx u

8qpt, xqq ` fpt, x, u8pt, xq, p∇xu
8qpt, xqq “ 0,

(3.11)

let v8 P Cpr0, T sˆRd,Rd`1q satisfy for all t P r0, T s, x P Rd that v8pt, xq “ pu8,∇xu
8qpt, xq,

for every N P N, t P r0, T s let pcNi qiPt1,2,...,Nu Ď r´1, 1s be the N distinct roots of the Leg-
endre polynomial r´1, 1s Q x ÞÑ 1

2NN !
BN

BxN
rpx2 ´ 1qN s P R and qN,rt,T s : rt, T s Ñ R be the

function which satisfies for all s P rt, T s that

qN,rt,T spsq

“

$

’

’

&

’

’

%

şT

t

»

–

ś

iPt1,2,...,Nu,

cNi ‰
2s´pt`T q

T´t

2x´pT´tqcNi ´pt`T q

2s´pT´tqcNi ´pt`T q

fi

fl dx : pt ă T q, p2s´pt`T q

T´t
P tcN1 , . . . , c

N
Nuq

0 : else,

(3.12)
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let pΩ,F ,P, pFsqsPr0,T sq be a filtered probability space satisfying the usual conditions, let
Θ “

Ť

nPN Zn, let W θ “ pW θ,i
t qtPr0,T s,iPt1,2,...,du : r0, T s ˆ Ω Ñ Rd, θ P Θ, be i.i.d. standard

pFsqsPr0,T s-Brownian motions, for every t P r0, T s let t¨ut : R Ñ R, satisfy for all s P r0, T s

that tsut “ supprt, ss X p
pT´tq
n

Nqq, for every n P N, θ P Θ, t P r0, T s, x P Rd let Y θ,x,n
t “

ppY θ,x,n
t,s qiqsPrt,T s,iPt1,2,...,du : rt, T s ˆ Ω Ñ Rd satisfy for all s P rt, T s that Y θ,x,n

t,t “ x and

Y θ,x,n
t,s ´ Y θ,x,n

t,maxtt,tsutu

“ µpY θ,x,n
t,maxtt,tsutu

qps ´ maxtt, tsutuq ` σpY θ,x,n
t,maxtt,tsutu

qpW θ
s ´ W θ

maxtt,tsutuq,
(3.13)

for every n P N, θ P Θ, t P r0, T s, x P Rd let Dθ,x,n
t “ ppDθ,x,n

t,s qijqsPrt,T s,i,jPt1,2,...,du : rt, T s ˆ

Ω Ñ Rdˆd satisfy for all i, j P t1, 2, . . . , du, s P rt, T s that pDθ,x,n
t,t qij “ δij and

pDθ,x,n
t,s qij ´ pDθ,x,n

t,maxtt,tsutu
qij

“

d
ÿ

k“1

„

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjps ´ maxtt, tsutuq

`

d
ÿ

m“1

”

Bσim
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjpW
θ,m
s ´ W θ,m

maxtt,tsutu
q

ı

ȷ

,

(3.14)

let e1 P Rd`1 satisfy e1 “ p1, 0, 0, . . . , 0q, for every n P N, θ P Θ, t P r0, T s, x P Rd

let Zθ,x,n
t “ ppZθ,x,n

t,s qiqsPpt,T s,iPt1,2,...,d`1u : rt, T s ˆ Ω Ñ Rd`1 satisfy for all s P pt, T s that
Zθ,x,n
t,t “ e1 and

Zθ,x,n
t,s ´ Zθ,x,n

t,maxtt,tsutu
“

ˆ

0
1
s´t

pσpY θ,x,n
t,maxtt,tsutu

qq´1Dθ,x,n
t,maxtt,tsutu

pW θ
s ´ W θ

maxtt,tsutuq

˙

, (3.15)

let φ P C1,2pr0, T s ˆ Rd, r0,8qq satisfy for all t P r0, T s, x P Rd that

p
Bφ
Bt

qpt, xq ` xp∇xφqpt, xq, µpxqy ` 1
2
Trpσpxqrσpxqs˚pHessx φqpt, xqq ď βφpt, xq ` b (3.16)

and infrPr0,T s infyPRd φpr, yq ą 0, and for every n,M,Q let V θ
n,m,M,Q : r0, T qˆRdˆΩ Ñ Rd`1,

m P Z, θ P Θ, satisfy for all θ P Θ, m P Z, t P r0, T s, x P Rd that

V θ
n,m,M,Qpt, xq “ gpxqe1 `

1Npmq

Mm

Mm
ÿ

i“1

`

gpY
pθ,0,´iq,x,n
t,T q ´ gpxq

˘

Z
pθ,0,´iq,x,n
t,T

`

m´1
ÿ

l“0

ÿ

sPpt,T q

qQ,rt,T spsq

Mm´l

¨

„Mm´l
ÿ

i“1

pF pV
pθ,l,iq
n,l,M,Qq ´ 1NplqF pV

pθ,´l,iq
n,l´1,M,Qqqps, Y

pθ,l,iq,x,n
t,s qZ

pθ,l,iq,x,n
t,s

ȷ

.

(3.17)

The following elementary lemma proves that the assumption in (3.7) ensures that the
coefficients µ and σ are Lipschitz continuous.

Lemma 3.1.2. Let K P r1,8q and let µ “ pµ1, . . . , µdq P C1pRd,Rdq, σ “ pσijqi,jPt1,2,...,du P

C1pRd,Rdˆdq satisfy for all x P Rd that

max

$

&

%

d
ÿ

i,j“1

∣∣∣Bµi
Bxj

pxq

∣∣∣,˜ d
ÿ

i,j,k“1

∣∣∣Bσij
Bxk

pxq

∣∣∣¸2
,

.

-

ď K. (3.18)

Then
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(i) it holds for all x P Rd that

max

"

g

f

f

e

d
ÿ

i,j“1

∣∣∣Bµi
Bxj

pxq

∣∣∣2, d
ÿ

i,j“1

´

d
ÿ

k“1

∣∣∣Bσij
Bxk

pxq

∣∣∣¯2
*

ď K (3.19)

and

(ii) it holds for all x, y P Rd that

max
!

∥µpxq ´ µpyq∥, ∥σpxq ´ σpyq∥F
)

ď K∥x ´ y∥. (3.20)

Proof of Lemma 3.1.2. First observe that (3.18) and the fact that for all a, b P r0,8q it
holds that

?
a ` b ď

?
a `

?
b imply that for all x P Rd it holds that

g

f

f

e

d
ÿ

i,j“1

∣∣∣Bµi
Bxj

pxq

∣∣∣2 ď

d
ÿ

i,j“1

d∣∣∣Bµi
Bxj

pxq

∣∣∣2 “

d
ÿ

i,j“1

∣∣∣Bµi
Bxj

pxq

∣∣∣ ď K. (3.21)

In addition, note that (3.18) and the fact that for all a, b P r0,8q it holds that
?
a ` b ď

?
a `

?
b ensure that for all x P Rd it holds that

g

f

f

e

d
ÿ

i,j“1

´

d
ÿ

k“1

∣∣∣Bσij
Bxk

pxq

∣∣∣¯2

ď

d
ÿ

i,j“1

g

f

f

e

´

d
ÿ

k“1

∣∣∣Bσij
Bxk

pxq

∣∣∣¯2

“

d
ÿ

i,j,k“1

∣∣∣Bσij
Bxk

pxq

∣∣∣ ď
?
K. (3.22)

Combining this with (3.21) establishes item (i). In the next step note that the mean
value theorem and the assumption that µ P C1pRd,Rdq ensure that for all i P t1, 2, . . . , du,
x, y P Rd there exists ξx,yi P Rd which satisfies that

|µipxq ´ µipyq| “ ∥p∇µiqpξx,yi q∥∥x ´ y∥. (3.23)

Combining this with item (i) shows that for all x, y P Rd it holds that

∥µpxq ´ µpyq∥2 “

d
ÿ

i“1

|µipxq ´ µipyq|2 “

d
ÿ

i“1

∥p∇µiqpξx,yi q∥2∥x ´ y∥2

“ ∥x ´ y∥2
d
ÿ

i,j“1

∣∣∣Bµi
Bxj

pξx,yi q

∣∣∣2 ď K2∥x ´ y∥2.
(3.24)

Furthermore, observe that the mean value theorem and the assumption that σ P C1pRd,Rdˆdq

show that for all i, j P t1, 2, . . . , du, x, y P Rd there exists ρx,yij P Rd which satisfies that

|σijpxq ´ σijpyq| “ ∥p∇σijqpρx,yij q∥∥x ´ y∥. (3.25)

This, (3.18), the assumption thatK P r1,8q, and the fact that for all x “ px1, . . . , xdq P Rd

it holds that
řd
i“1|xi|2 ď p

řd
i“1|xi|q2 demonstrate that for all x, y P Rd it holds that

∥σpxq ´ σpyq∥2F “

d
ÿ

i,j“1

|σijpxq ´ σijpyq|2 “

d
ÿ

i,j“1

∥p∇σijqpρx,yij q∥2∥x ´ y∥2

“ ∥x ´ y∥2
d
ÿ

i,j,k“1

∣∣∣Bσij
Bxk

pρx,yij q

∣∣∣2 ď ∥x ´ y∥2
ˆ d

ÿ

i,j,k“1

∣∣∣Bσij
Bxk

pρx,yij q

∣∣∣˙2

ď K2∥x ´ y∥2.

(3.26)

This establishes item (ii). The proof of Lemma 3.1.2 is thus complete.
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3.1.2 Preliminary results for GauSS-Legendre quadrature rules
In the following Lemma we prove upper bounds for the GauSS-Legendre quadrature of
the functions prt, T s Q s ÞÑ 1?

s´t
P Rq and prt, T s Q s ÞÑ 1?

T´s
?
s´t

P Rq for t P r0, T s.
The proof follows the idea of [55, Lemma 3.3]. We will use Lemma 3.1.3 to ensure the
integrability of the MLP approximation scheme in Subsection 3.1.5 and to calculate the
global error in Section 3.2.

Lemma 3.1.3. Assume Setting 3.1.1 and let Q P N. Then

(i) it holds for all t P r0, T s that
ÿ

sPpt,T q

qQ,rt,T spsq
1

?
s ´ t

ď 2
?
T ´ t (3.27)

and

(ii) it holds for all t P r0, T s that
ÿ

sPpt,T q

qQ,rt,T spsq
1

?
T ´ s

?
s ´ t

ď π. (3.28)

Proof of Lemma 3.1.3. First note that for all t P r0, T q, r P r0, 1s with 2r´1 P tcQ1 , c
Q
2 , . . . , c

Q
Qu

the substitution rt, T s Q x ÞÑ x´t
T´t

P r0, 1s implies that

qQ,rt,T sprpT ´ tq ` tq

“

ż T

t

»

—

—

—

–

ź

iPt1,2,...,Qu,

cQi ‰
2rpT´tq`2t´pt`T q

T´t

2x ´ pT ´ tqcQi ´ pt ` T q

2rpT ´ tq ` 2t ´ pT ´ tqcQi ´ pt ` T q

fi

ffi

ffi

ffi

fl

dx

“

ż T

t

»

—

—

—

–

ź

iPt1,2,...,Qu,

cQi ‰2r´1

2px ´ tq ´ pT ´ tqcQi ´ pT ´ tq

pT ´ tqp2r ´ cQi ´ 1q

fi

ffi

ffi

ffi

fl

dx

“ pT ´ tq

ż 1

0

»

—

—

—

–

ź

iPt1,2,...,Qu,

cQi ‰2r´1

2y ´ cQi ´ 1

2r ´ cQi ´ 1

fi

ffi

ffi

ffi

fl

dy.

(3.29)

Combining this with (3.12) shows that for all t P r0, T q, r P r0, 1s it holds that

qQ,rt,T sprpT ´ tq ` tq “ pT ´ tqqQ,r0,1sprq. (3.30)

This implies that for all t P r0, T q it holds that
ÿ

sPpt,T q

qQ,rt,T spsq
?
s ´ t

“
ÿ

rPp0,1q

qQ,rt,T sprpT ´ tq ` tq
a

rpT ´ tq
“

?
T ´ t

ÿ

rPp0,1q

qQ,r0,1sprq
?
r

. (3.31)

Furthermore, observe that for all ε P p0,8q, r P p0, 1q it holds that

B2Q

Br2Q
1

?
r ` ε

“ pr ` εq´p2Q` 1
2

qp´1q2Q
2Q´1
ź

i“0

p1
2

` iq ě 0. (3.32)
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In addition, observe that the error presentation for the GauSS-Legendre quadrature rule
(cf., e.g., [28, Display (2.7.12)] (applied with a ð 0, b ð 1, n ð Q) in the notation of [28,
Display (2.7.12)]) proves that for every ε P p0,8q there exists ξ P p0, 1q which satisfies

ÿ

rPp0,1q

qQ,r0,1sprq
?
r ` ε

“

ż 1

0

1
?
r ` ε

dr ´
pQ!q4

p2Q ` 1qrp2Qq!s3

´

B2Q

Br2Q
1

?
r ` ε

¯

ˇ

ˇ

ˇ

ˇ

r“ξ

. (3.33)

This and (3.32) show that for all ε P p0, 1q it holds that

ÿ

rPp0,1q

qQ,r0,1sprq
?
r ` ε

ď

ż 1

0

1
?
r ` ε

dr ď

ż 1

0

1
?
r
dr “ 2. (3.34)

Combining this with (3.31) and letting ε Ñ 0 implies that for all t P r0, T s it holds that

ÿ

sPpt,T q

qQ,rt,T spsq
?
s ´ t

“
?
T ´ t

ÿ

rPp0,1q

qQ,r0,1sprq
?
r

ď 2
?
T ´ t. (3.35)

This establishes item (i). Next observe that (3.30) ensures that for all t P r0, T q it holds
that

ÿ

sPpt,T q

qQ,rt,T spsq
?
T ´ s

?
s ´ t

“
ÿ

rPp0,1q

qQ,rt,T sprpT ´ tq ` tq
a

pT ´ tqp1 ´ rq
a

rpT ´ tq
“

ÿ

rPp0,1q

qQ,r0,1sprq
a

rp1 ´ rq
. (3.36)

Moreover, note that the general Leibniz rule ensures that for all ε P p0,8q, r P p0, 1q it
holds that

B2Q

Br2Q

ˆ

1
?
r ` ε

?
1 ´ r ` ε

˙

“

2Q
ÿ

k“1

ˆ

2Q

k

˙„

pr ` εq´p2Q´k` 1
2

q

2Q´k´1
ź

i“0

ˆ

´
1

2
´ i

˙ȷ

¨

„

p1 ´ r ` εq´pk` 1
2

q

k´1
ź

i“0

ˆ

´
1

2
´ i

˙ȷ

“

2Q
ÿ

k“1

ˆ

2Q

k

˙„

pr ` εq´p2Q´k` 1
2

qp´1q2Q´k
2Q´k´1
ź

i“0

ˆ

1

2
` i

˙ȷ

¨

„

p1 ´ r ` εq´pk` 1
2

qp´1qk
k´1
ź

i“0

ˆ

1

2
` i

˙ȷ

ě 0.

(3.37)

In addition, note that the error presentation for the GauSS-Legendre quadrature rule (cf.,
e.g., [28, Display (2.7.12)] (applied with a ð 0, b ð 1, n ð Q in the notation of [28,
Display (2.7.12)])) demonstrates that for every ε P p0,8q there exists η P p0, 1q which
satisfies

ÿ

rPp0,1q

qQ,r0,1sprq
?
r ` ε

?
1 ´ r ` ε

“

ż 1

0

1
?
r ` ε

?
1 ´ r ` ε

dr ´
pQ!q4

p2Q ` 1qrp2Qq!s3

´

B2Q

Br2Q
1

?
r ` ε

?
1 ´ r ` ε

¯

ˇ

ˇ

ˇ

ˇ

r“η

.

(3.38)
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Combining this with item (i) of Lemma 1.1.2 (applied with a ð 0, b ð 1, λ ð 0 in the
notation of Lemma 1.1.2) and (3.37) proves that for all ε P p0, 1q it holds that

ÿ

rPp0,1q

qQ,r0,1sprq
?
r ` ε

?
1 ´ r ` ε

ď

ż 1

0

1
?
r ` ε

?
1 ´ r ` ε

dr ď

ż 1

0

1
a

rp1 ´ rq
dr “ π. (3.39)

This, (3.36), and letting ε Ñ 0 show that for all t P r0, T s it holds that
ÿ

sPpt,T q

qQ,rt,T spsq
?
T ´ s

?
s ´ t

“
ÿ

rPp0,1q

qQ,r0,1sprq
a

rp1 ´ rq
ď π. (3.40)

This establishes item (ii). The proof of Lemma 3.1.3 is thus complete.

3.1.3 Measurability and independence properties for MLP ap-
proximations

The following Lemma establishes measurability, distributional, and independence prop-
erties of the MLP approximation scheme and its components.

Lemma 3.1.4. Assume Setting 3.1.1, n,M,Q P N, and let Λ Ď r0, T s2 satisfy Λ “

tpt, sq P r0, T s2 : t ď su. Then

(i) it holds for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd that Y θ,x,n
t,s is measurable and

Dθ,x,n
t,s is measurable,

(ii) it holds for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd that Zθ,x,n
t,s is measurable,

(iii) it holds for all m P N0, θ P Θ that V θ
n,m,M,Q is a continuous random field,

(iv) it holds for all m1,m2 P N0, i, j, k, l P Z, θ P Θ with pi, jq ‰ pk, lq that
pV

pθ,i,jq

n,m1,M,Qpt, xqqpt,xqPr0,T qˆRd and pV
pθ,k,lq
n,m2,M,Qpt, xqqpt,xqPr0,T qˆRd are independent,

(v) it holds for all m P N0, θ P Θ that pV θ
n,m,M,Qpt, xqqpt,xqPr0,T qˆRd and pY θ,x,n

t,s qpt,s,xqPΛˆRd

are independent, and

(vi) it holds for all m P N0, t P r0, T q, x P Rd that V θ
n,m,M,Qpt, xq, θ P Θ, are identically

distributed.

Proof of Lemma 3.1.4. First let A1 Ď N0 X r0, nq satisfy that

A1 “tk P N0 X r0, nq : @θ P Θ, t P r0, T s, s P rt, T s X pkT
n
, pk`1qT

n
s, x P Rd

it holds that Y θ,x,n
t,s : Ω Ñ Rd is measurable and it holds that

Dθ,x,n
t,s : Ω Ñ Rdˆd is measurableu.

(3.41)

Observe that the fact that for all i, j P t1, 2, . . . , du, θ P Θ, t P r0, T s, s P rt, T s X p0, T
n

s,
x P Rd it holds that

Y θ,x,n
t,maxtt,0u

“ x ` µpxqps ´ maxtt, 0uq ` σpxqpW θ
s ´ W θ

maxtt,0uq (3.42)

and
`

Dθ,x,n
t,s

˘

ij
“ δij `

d
ÿ

k“1

„

Bµi
Bxk

pxqps ´ maxtt, 0uq

`

d
ÿ

m“1

”

Bσim
Bxk

pxq
`

W θ,m
s ´ W θ,m

maxtt,0u

˘

ı

ȷ

,

(3.43)
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the assumption that µ P C1pRd,Rdq, σ P C1pRd,Rdˆdq, and the assumption that W θ,
θ P Θ, are Brownian motions ensure that 0 P A1. For the induction step assume k P

A1 X r0, n ´ 1q. Combining this with (3.13), (3.14), the fact that µ P C1pRd,Rdq and
σ P C1pRd,Rdˆdq, and the assumption that W θ, θ P Θ, are Brownian motions implies
that k` 1 P A1. Induction therefore proves item (i). In the next step let A2 Ď N0 X r0, nq

satisfy that

A2 “tk P N0 X r0, nq : @θ P Θ, t P r0, T q, s P rt, T s X kT
n
, pk`1qT

n
s, x P Rd

it holds that Zθ,x,n
t,s : Ω Ñ Rd`1 is measurableu.

(3.44)

Note that item (i), the fact that for all θ P Θ, t P r0, T q, s P rt, T s X p0, T
n

s, x P Rd it holds
that

Zθ,x,n
t,s “

ˆ

1
1
s´t

pσpY θ,x,n
t,maxtt,0u

qq´1Dθ,x,n
t,maxtt,0u

pW θ
s ´ W θ

maxtt,0uq

˙

, (3.45)

the fact that σ´1 P CpRd,Rdˆdq, and the assumption that W θ, θ P Θ, are Brownian
motions show that 0 P A2. For the induction step assume that k P A2 X r0, n ´ 1q. This,
item (i), (3.15), the fact that σ´1 P CpRd,Rdˆdq, and the assumption that W θ, θ P Θ, are
Brownian motions demonstrate that k` 1 P A2. Induction therefore establishes item (ii).
Next let A3 Ď N satisfy that

A3 “tm P N : @θ P Θ,m P N0 X r0,mq it holds that
V θ
n,m,M,Q : r0, T q ˆ Rd ˆ Ω Ñ Rd`1 is a continuous random fieldu.

(3.46)

Observe that the fact that for all θ P Θ, t P r0, T q, x P Rd it holds that V θ
n,0,M,Qpt, xq “

0 ensures that 1 P A3. For the induction step assume m P A3. This, item (i), the
assumption that W θ, θ P Θ, are Brownian motions, the assumption that µ P C1pRd,Rdq,
σ P C1pRd,Rdˆdq, f and g are continuous, and (3.17) show that for all θ P Θ it holds that
V θ
n,m,M,Q is a continuous random field. This implies that m ` 1 P A3. Induction hence

establishes item (iii). Next note that (3.17) guarantees that for all m P N0, θ P Θ it holds
that

σpV θ
n,m,M,Qq Ď σ

`

pW pθ,ϑqqϑPΘ

˘

. (3.47)
Combining this with the fact that for all i, j, k, l P Z, θ P Θ with pi, jq ‰ pk, lq it holds
that pW pθ,i,j,ϑqqϑPΘ and pW pθ,k,l,ϑqqϑPΘ are independent establishes item (iv). In the next
step observe that (3.13) ensures that for all θ P Θ, t P r0, T s, x P Rd it holds that

σpY θ,x,n
t q Ď σ

`

W θ
˘

. (3.48)

This, (3.47), and the fact that for all θ P Θ it holds that W θ and pW pθ,ϑqqϑPΘ are indepen-
dent establish item (v). For the next step let A4 Ď N satisfy that

A4 “tm P N : @m P N0 X r0,mq it holds that
V θ
n,m,M,Q : r0, T q ˆ Rd ˆ Ω Ñ Rd`1, θ P Θ, are identically distributedu.

(3.49)

Note that the fact that for all θ P Θ, t P r0, T q, x P Rd it holds that V θ
n,0,M,Qpt, xq “ 0

ensures that 1 P A4. For the induction step assume m P A4. Observe that the assumption
that W θ, θ P Θ, are Brownian motions implies that for all t P r0, T s, s P rt, T s, x P Rd

it holds that Y θ,x,n
t,s , θ P Θ, are identically distributed and Dθ,x,n

t,s , θ P Θ, are identically
distributed. Therefore, we obtain that for all t P r0, T s, s P rt, T s, x P Rd it holds that
Zθ,x,n
t,s , θ P Θ, are identically distributed. Combining this with items (iii)-(iv) and [59,

Corollary 2.5] demonstrates that for all θ P Θ it holds that V θ
n,m,M,Q, θ P Θ, are identically

distributed. This implies that m ` 1 P A4. Induction hence establishes item (vi). The
proof of Lemma 3.1.4 is thus complete.
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3.1.4 Preliminary results for Euler-Maruyama approximations
The following lemma shows that the Euler-Maruyama approximations in (3.13), (3.14),
and (3.15) can be written as Itô processes.

Lemma 3.1.5. Assume Setting 3.1.1 and let n P N. Then

(i) it holds for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd that

Y θ,x,n
t,s “ x `

ż s

t

µpY θ,x,n
t,maxtt,trutu

q dr `

ż s

t

σpY θ,x,n
t,maxtt,trutu

q dW θ
r , (3.50)

(ii) it holds for all θ P Θ, i, j P t1, 2, . . . , du, t P r0, T s, s P rt, T s, x P Rd that

pDθ,x,n
t,s qij “ δij `

d
ÿ

k“1

«

ż s

t

Bµi
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dr

`

d
ÿ

m“1

„
ż s

t

Bσim
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dW
θ,m
r

ȷ

ff

,

(3.51)

and

(iii) it holds for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd that

Zθ,x,n
t,s “

ˆ

1
1
s´t

şs

t
pσpY θ,x,n

t,maxtt,trutu
qq´1Dθ,x,n

t,maxtt,trutu
dW θ

r

˙

. (3.52)

Proof of Lemma 3.1.5. First observe that (3.13) implies that for all θ P Θ, t P r0, T s,
s P rt, T s, x P Rd it holds that

Y θ,x,n
t,s

“ x `
ÿ

kPN0 :

tď pk`1qpT´tq

n
, kpT´tq

n
ăs

´

µpY θ,x,n

t,maxtt, kpT´tq

n
u
qpmints, pk`1qpT´tq

n
u ´ maxtt, kpT´tq

n
uq

` σpY θ,x,n

t,maxtt, kpT´tq

n
u
qpW θ

mints, pk`1qpT´tq

n
u

´ W θ

maxtt, kpT´tq

n
u
q

¯

“ x `
ÿ

kPN0 : tď
pk`1qpT´tq

n
, kpT´tq

n
ăs

ż mints, pk`1qpT´tq

n
u

maxtt, kpT´tq

n
u

µpY θ,x,n

t,maxtt, kpT´tq

n
u
q dr

`

ż mints, pk`1qpT´tq

n
u

maxtt, kpT´tq

n
u

σpY θ,x,n

t,maxtt, kpT´tq

n
u
q dW θ

r

“ x `

ż s

t

µpY θ,x,n
t,maxtt,trutu

q dr `

ż s

t

σpY θ,x,n
t,maxtt,trutu

q dW θ
r .

(3.53)

This establishes item (i). Furthermore, note that (3.14) ensures that for all θ P Θ,
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i, j P t1, 2, . . . , du, t P r0, T s, s P rt, T s, x P Rd it holds that

pDθ,x,n
t,s qij “ δij `

ÿ

kPN0 :

tď pk`1qpT´tq

n
, kpT´tq

n
ăs

˜

d
ÿ

l“1

„

Bµi
Bxl

pY θ,x,n

t,maxtt, kpT´tq

n
u
qpDθ,x,n

t,maxtt, kpT´tq

n
u
qlj

¨ pmints, pk`1qpT´tq
n

u ´ maxtt, kpT´tq
n

uq

`

d
ÿ

m“1

”

Bσim
Bxl

pY θ,x,n

t,maxtt, kpT´tq

n
u
qpDθ,x,n

t,maxtt, kpT´tq

n
u
qlj

¨ pW θ,m

mints, pk`1qpT´tq

n
u

´ W θ,m

maxtt, kpT´tq

n
u
q

ı

ȷ

¸

“ δij `
ÿ

kPN0 :

tď pk`1qpT´tq

n
, kpT´tq

n
ăs

˜

d
ÿ

l“1

«

ż mints, pk`1qpT´tq

n
u

maxtt, kpT´tq

n
u

Bµi
Bxl

pY θ,x,n

t,maxtt, kpT´tq

n
u
q

¨ pDθ,x,n

t,maxtt, kpT´tq

n
u
qlj dr

`

d
ÿ

m“1

„
ż mints, pk`1qpT´tq

n
u

maxtt, kpT´tq

n
u

Bσim
Bxl

pY θ,x,n

t,maxtt, kpT´tq

n
u
qpDθ,x,n

t,maxtt, kpT´tq

n
u
qlj dW

θ,m
r

ȷ

ff¸

“ δij `

d
ÿ

l“1

«

ż s

t

Bµi
Bxl

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qlj dr

`

d
ÿ

m“1

„
ż s

t

Bσim
Bxl

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qlj dW
θ,m
r

ȷ

ff

.

(3.54)

This establishes item (ii). Next observe that for all θ P Θ, t P r0, T s, s P pt, T s, x P Rd it
holds that

ÿ

kPN0 : tď
pk`1qpT´tq

n
, kpT´tq

n
ăs

pσpY θ,x,n

t,maxtt, kpT´tq

n
u
qq´1Dθ,x,n

t,maxtt, kpT´tq

n
u

¨ pW θ

mints, pk`1qpT´tq

n
u

´ W θ

maxtt, kpT´tq

n
u
q

¯

“
ÿ

kPN0 : tď
pk`1qpT´tq

n
, kpT´tq

n
ăs

ż mints, pk`1qpT´tq

n
u

maxtt, kpT´tq

n
u

pσpY θ,x,n

t,maxtt, kpT´tq

n
u
qq´1Dθ,x,n

t,maxtt, kpT´tq

n
u
dW θ

r

“

ż s

t

pσpY θ,x,n
t,maxtt,trutu

qq´1Dθ,x,n
t,maxtt,trutu

dW θ
r .

(3.55)

Combining this with (3.15) and the assumption that for all θ P Θ, t P r0, T s, x P Rd it
holds that Zθ,x,n

t,t “ e1 establish item (iii). The proof of Lemma 3.1.5 is thus complete.

Next we prove in the following lemma that the approximation scheme defined in (3.17)
is differentiable in the starting point x P Rd and that the derivative process agrees with
the process in (3.14).

Lemma 3.1.6. Assume Setting 3.1.1, let n P N, and let t P r0, T s. Then

(i) it holds for all θ P Θ, s P rt, T s, ω P Ω that pRd Q x ÞÑ Y θ,x,n
t,s pωq P Rdq P C1pRd,Rdq

and

(ii) it holds for all θ P Θ, s P rt, T s, ω P Ω that B
Bx
Y θ,x,n
t,s pωq “ Dθ,x,n

t,s pωq.
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Proof of Lemma 3.1.6. Throughout this proof let k0 P N satisfy k0 “ inftk P N : prt, T s X
kpT´tq
n

q ‰ Hu. We prove that for all k P N X rk0,8q, θ P Θ, s P pmaxtt, pk´1qpT´tq
n

u,

mintT, kpT´tq
n

us, ω P Ω it holds that

pRd Q x ÞÑ Y θ,x,n
t,s pωq P Rdq P C1pRd,Rdq (3.56)

and
B

Bx
Y θ,x,n
t,s pωq “ Dθ,x,n

t,s pωq (3.57)

by induction on k P NXrk0,8q. First observe that maxtt, pk0´1qpT´tq
n

u “ t and mintT, k0pT´tq
n

u “
k0pT´tq

n
. Furthermore, note that the fact that for all θ P Θ, x P Rd, ω P Ω it holds that

Y θ,x,n
t,t pωq “ x ensures that for all ω P Ω it holds that pRd Q x ÞÑ Y θ,x,n

t,t pωq P Rdq P

C1pRd,Rdq and B
Bx
Y θ,x,n
t,t pωq “ Id “ Dθ,x,n

t,t pωq. Moreover, observe that (3.13) and the fact
that for all θ P Θ, x P Rd, ω P Ω it holds that Y θ,x,n

t,t pωq “ x imply that for all θ P Θ,
s P pt, k0pT´tq

n
s, x P Rd, ω P Ω it holds that

Y θ,x,n
t,s pωq “ x ` µpxqps ´ tq ` σpxqpW θ

s pωq ´ W θ
t pωqq. (3.58)

The assumption that µ P C1pRd,Rdq and σ P C1pRd,Rdˆdq hence demonstrate that for all
i, j P t1, 2, . . . , du, θ P Θ, s P pt, k0pT´tq

n
s, ω P Ω it holds that pRd Q x ÞÑ Y θ,x,n

t,s pωq P Rdq P

C1pRd,Rdq and

B

Bxj
pY θ,x,n

t,s pωqqi

“ δij `

d
ÿ

k“1

«

Bµi
Bxk

pxqδkjps ´ tq `

d
ÿ

m“1

„

Bσim
Bxj

pxqδkjpW
θ,m
s pωq ´ W θ,m

t pωqq

ȷ

ff

“ pDθ,x,n
t,s pωqqij.

(3.59)

This proves (3.56) in the base case k “ k0. For the induction step assume that (3.56)
and (3.57) hold for k P N0 X rk0,8q. Note that (3.13) ensures that for all t P r0, T s,
s P p

kpT´tq
n

,mintT, pk`1qpT´tq
n

us, x P Rd, ω P Ω it holds that

Y θ,x,n
t,s pωq

“ Y θ,x,n

t, kpT´tq

n

pωq ` µpY θ,x,n

t, kpT´tq

n

pωqqps ´
kpT´tq
n

q

` σpY θ,x,n

t, kpT´tq

n

pωqqpW θ
s pωq ´ W θ

kpT´tq

n

pωqq.

(3.60)

Combining this with the assumption that µ P C1pRd,Rdq and σ P C1pRd,Rdˆdq and
the fact that for all θ P Θ, s P p

pk´1qpT´tq
n

,mintT, kpT´tq
n

us, ω P Ω it holds that pRd Q

x ÞÑ Y θ,x,n
t,s pωq P Rdq P C1pRd,Rdq with B

Bx
Y θ,x,n
t,s pωq “ Dθ,x,n

t,s pωq shows that for all i, j P

t1, 2, . . . , du, θ P Θ, s P p
kpT´tq
n

,mintT, pk`1qpT´tq
n

us, ω P Ω it holds that pRd Q x ÞÑ
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Y θ,x,n
t,s pωq P Rdq P C1pRd,Rdq and

B

Bxj
pY θ,x,n

t,s pωqqi “
B

Bxj
pY θ,x,n

t, kpT´tq

n

pωqqi

`

d
ÿ

k“1

«

Bµi
Bxk

´

Y θ,x,n

t, kpT´tq

n

pωq

¯´

B

Bxj
pY θ,x,n

t, kpT´tq

n

qkpωq

¯´

s ´
kpT´tq
n

¯

`

d
ÿ

m“1

„

Bσim
Bxk

´

Y θ,x,n

t, kpT´tq

n

pωq

¯´

B

Bxj
pY θ,x,n

t, kpT´tq

n

pωqqk

¯

¨

´

W θ,m
s pωq ´ W θ,m

kpT´tq

n

pωq

¯

ȷ

ff

“

ˆ

Dθ,x,n

t, kpT´tq

n

pωq

˙

ij

`

d
ÿ

k“1

«

Bµi
Bxk

´

Y θ,x,n

t, kpT´tq

n

pωq

¯

ˆ

Dθ,x,n

t, kpT´tq

n

pωq

˙

kj

´

s ´
kpT´tq
n

¯

`

d
ÿ

m“1

„

Bσim
Bxk

´

Y θ,x,n

t, kpT´tq

n

pωq

¯

ˆ

Dθ,x,n

t, kpT´tq

n

pωq

˙

kj

¨

´

W θ,m
s pωq ´ W θ,m

kpT´tq

n

pωq

¯

ȷ

ff

“

´

Dθ,x,n
t,s pωq

¯

ij
.

(3.61)

Induction therefore proves (3.56) and (3.57). The proof of Lemma 3.1.6 is thus complete.

The following Lemma establishes moment estimates for the difference of the Euler-
Maruyama approximations in (3.13) and (3.14) and their starting points. It allows us to
control these differences uniformly in the discretization step size.

Lemma 3.1.7. Assume Setting 3.1.1, let n P N, and let p P r2,8q. Then

(i) for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

sup
rPrt,ss

E
“

∥Y θ,x,n
t,r ´ x∥p

‰

ď γppq
x ps ´ tq exp

´

`

ppp´1q

2
` 2p´1pKp

˘

ps ´ tq
¯

, (3.62)

(ii) for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that
´

E
”

∥Y θ,x,n
t,T ´ Y θ,n,x

t,s ∥4
ı¯

1
4

ď
?
T ´ sp

?
T `

?
6q

´

2K
`

γp4q
x pT ´ sq exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x

¯

,

(3.63)

(iii) for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

sup
rPrt,ss

E
”∥∥Dθ,x,n

t,r ´ Id
∥∥2
ı

ď 3Kps ´ tq exp
´

5Kps ´ tq
¯

, (3.64)

and

(iv) for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

sup
rPrt,ss

E
”∥∥Dθ,x,n

t,r ´ Id
∥∥4
ı

ď 36K2ps ´ tqp1 ` ps ´ tqq exp
´

160K2ps ´ tqp1 ` ps ´ tqq

¯

.

(3.65)
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Proof of Lemma 3.1.7. First note that item (ii) of Lemma 3.1.2, the triangle inequality,
and the fact that for all a, b P r0,8q it holds that pa` bqp ď 2p´1pap ` bpq ensure that for
all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds a.s. that

∥µpY θ,x,n
t,s q∥p ` pp ´ 1q∥σpY θ,x,n

t,s q∥pF
ď 2p´1

´

∥µpY θ,x,n
t,s q ´ µpxq∥p ` ∥µpxq∥p

¯

` 2p´1pp ´ 1q

´

∥σpY θ,x,n
t,s q ´ σpxq∥pF ` ∥σpxq∥pF

¯

ď 2p´1
´

Kp∥Y θ,x,n
t,s ´ x∥p ` ∥µpxq∥p

¯

` 2p´1pp ´ 1q

´

Kp∥Y θ,x,n
t,s ´ x∥p ` ∥σpxqF∥p

¯

“ 2p´1pKp∥Y θ,x,n
t,s ´ x∥ ` 2p´1 p∥µpxq∥p ` pp ´ 1q∥σpxq∥pF q .

(3.66)

Next observe that for all i, j P t1, 2, . . . , du, x P Rd it holds that B
Bxi

∥x∥p “ p∥x∥p´2xi and

B2

BxiBxj
∥x∥p “ 1Rzt0upxqppp ´ 2q∥x∥p´4xixj ` 1jpiqp∥x∥p´2. (3.67)

Combining this with Itô’s formula and item (i) of Lemma 3.1.5 demonstrates that for all
θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds a.s. that

∥Y θ,x,n
t,s ´ x∥p

“

ż s

t

p∥Y θ,x,n
t,r ´ x∥p´2xY θ,x,n

t,r ´ x, µpY θ,x,n
t,maxtt,trutu

qy dr

`

ż s

t

p∥Y θ,x,n
t,r ´ x∥p´2xY θ,x,n

t,r ´ x, σpY θ,x,n
t,maxtt,trutu

q dW θ
r y

`
1

2

d
ÿ

i,j“1

ż s

t

”

1Rzt0upY θ,x,n
t,r ´ xqppp ´ 2q∥Y θ,x,n

t,r ´ x∥p´4

¨ pY θ,x,n
t,r ´ xqipY

θ,x,n
t,r ´ xqj

` 1jpiqp∥Y θ,x,n
t,r ´ x∥p´2

ı

d
ÿ

k“1

σikpY θ,x,n
t,maxtt,trutu

qσjkpY θ,x,n
t,maxtt,trutu

q dr.

(3.68)

The Cauchy-Schwarz inequality, Young’s inequality, item (i) of Lemma 3.1.5, (3.8), and



CHAPTER 3. MLP FOR SEMILINEAR PDES 91

(3.66) therefore imply that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds a.s. that

∥Y θ,x,n
t,s ´ x∥p

ď

ż s

t

p∥Y θ,x,n
t,r ´ x∥p´1∥µpY θ,x,n

t,maxtt,trutu
q∥ dr

`

ż s

t

p∥Y θ,x,n
t,r ´ x∥p´1∥σpY θ,x,n

t,maxtt,trutu
q∥F dW θ

r

`

ż s

t

ppp ´ 1q

2
∥Y θ,x,n

t,r ´ x∥p´2∥σpY θ,x,n
t,maxtt,trutu

q∥2F dr

ď

ż s

t

pp ´ 1q∥Y θ,x,n
t,r ´ x∥p ` ∥µpY θ,x,n

t,maxtt,trutu
q∥p dr

`

ż s

t

pp ´ 1qpp ´ 2q

2
∥Y θ,x,n

t,r ´ x∥p ` pp ´ 1q∥σpY θ,x,n
t,maxtt,trutu

q∥pF dr

`

ż s

t

p∥Y θ,x,n
t,r ´ x∥p´1∥σpY θ,x,n

t,maxtt,trutu
q∥F dW θ

r

ď γppq
x ps ´ tq `

ż s

t

ppp ´ 1q

2
∥Y θ,x,n

t,r ´ x∥p ` 2p´1pKp∥Y θ,x,n
t,maxtt,trutu

´ x∥p dr

`

ż s

t

p∥Y θ,x,n
t,r ´ x∥p´1∥σpY θ,x,n

t,maxtt,trutu
q∥F dW θ

r .

(3.69)

In the next step for every k P N, t P r0, T s, x P Rd let τ t,xk : Ω Ñ rt, T s satisfy τ t,xk “

infpts P rt, T s : ∥Y θ,x,n
t,s ´ x∥ ě ku Y tT uq. This and item (ii) of Lemma 3.1.2 ensure that

for all k P N, θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

E
„
ż mints,τ t,xk u

t

p∥Y θ,x,n

t,mintr,τ t,xk u
´ x∥p´1∥σpY θ,x,n

t,maxtt,minttrut,τ
t,x
k uu

q∥ dW θ
r

ȷ

“ 0. (3.70)

Combining this with Fubini’s theorem and (3.68) shows that for all k P N, θ P Θ, t P r0, T s,
x P Rd it holds that

sup
ηPrt,ss

E
”

∥Y θ,x,n

t,mintη,τ t,xk u
´ x∥p

ı

ď E
„

γppq
x ps ´ tq `

ż mints,τ t,xk u

t

ppp ´ 1q

2
∥Y θ,x,n

t,mintr,τ t,xk u
´ x∥p

` 2p´1pKp∥Y θ,x,n

t,maxtt,minttrut,τ
t,x
k uu

´ x∥p dr
ȷ

ď γppq
x ps ´ tq `

´ppp ´ 1q

2
` 2p´1pKp

¯

ż s

t

sup
ηPrt,rs

E
“

∥Y θ,x,n

t,mintη,τ t,xk u
´ x∥p

‰

dr.

(3.71)

Fatou’s Lemma, the Gronwall inequality, and the fact that for all t P r0, T s, x P Rd it
holds that limkÑ8 τ

t,x
k “ T hence prove that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it

holds that

sup
rPrt,ss

E
“

∥Y θ,x,n
t,r ´ x∥p

‰

“ sup
rPrt,ss

E
“

lim
kÑ8

∥Y θ,x,n

t,mintr,τ t,xk u
´ x∥p

‰

ď sup
kPN

sup
rPrt,ss

E
“

∥Y θ,x,n

t,mintr,τ t,xk u
´ x∥p

‰

ď γppq
x ps ´ tq exp

´

`ppp ´ 1q

2
` 2p´1pKp

˘

ps ´ tq
¯

.

(3.72)
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This establishes item (i). Next observe that item (i) of Lemma 3.1.5 ensures that for all
θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

Y θ,x,n
t,T ´ Y θ,x,n

t,s “

ż T

s

µpY θ,x,n
t,maxtt,trutu

q dr `

ż T

s

σpY θ,x,n
t,maxtt,trutu

q dW θ
r . (3.73)

The triangle inequality and the Burkholder-Davis-Gundy inequality hence demonstrate
that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

´

E
”

∥Y θ,x,n
t,T ´ Y θ,n,x

t,s ∥4
ı¯

1
4

ď

ˆ

E
„∥∥∥ ż T

s

µpY θ,x,n
t,maxtt,trutu

q dr
∥∥∥4
ȷ˙

1
4

`

ˆ

E
„∥∥∥ ż T

s

σpY θ,x,n
t,maxtt,trutu

q dW θ
r

∥∥∥4
ȷ˙

1
4

ď

ż T

s

´

E
”

∥µpY θ,x,n
t,maxtt,trutu

q∥4
ı¯

1
4
dr

`
?
6

˜

ż T

s

ˆ

E
„∥∥∥σpY θ,x,n

t,maxtt,trutu
q

∥∥∥4

F

ȷ˙
1
2

dr

¸
1
2

ď pT ´ sq sup
uPrs,T s

´

E
”

∥µpY θ,x,n
t,u q dr∥4

ı¯
1
4

`
a

6pT ´ sq sup
uPrs,T s

´

E
”

∥σpY θ,x,n
t,u q∥4F

ı¯
1
4
.

(3.74)

Furthermore, note that the triangle inequality, item (ii) of Lemma 3.1.2, item (i) (applied
with p ð 4), and (3.8) prove that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

sup
uPrs,T s

´

E
”

∥µpY θ,x,n
t,u q∥4

ı¯
1
4

` sup
uPrs,T s

´

E
”

∥σpY θ,x,n
t,u q∥4F

ı¯
1
4

ď 2K sup
uPrs,T s

´

E
”

∥Y θ,x,n
t,u ´ x∥4

ı¯
1
4

` ∥µpxq∥ ` ∥σpxq∥

ď 2K
`

γp4q
x pT ´ sq exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x .

(3.75)

Combining this with (3.74) shows that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds
that

´

E
”

∥Y θ,x,n
t,T ´ Y θ,n,x

t,s ∥4
ı¯

1
4

ď
?
T ´ sp

?
T `

?
6q

´

2K
`

γp4q
x pT ´ sq exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x

¯

.

(3.76)

This establishes item (ii). Next note that Itô’s formula, item (ii) of Lemma 3.1.5, and
(3.67) imply that for all j P t1, 2, . . . , du, θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds a.s.
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that∥∥∥ B

Bxj
Y θ,x,n
t,s ´ ej

∥∥∥2

“

ż s

t

2
A

B

Bxj
Y θ,x,n
t,r ´ ej,

d
ÿ

k“1

Bµ

Bxk
pY θ,x,n

t,maxtt,trutu
q

´

B

Bxj
Y θ,x,n
t,maxtt,trutu

¯

k

E

dr

`

ż s

t

2
A

B

Bxj
Y θ,x,n
t,r ´ ej,

d
ÿ

k“1

Bσ

Bxk
pY θ,x,n

t,maxtt,trutu
q

´

B

Bxj
Y θ,x,n
t,maxtt,trutu

¯

k
dW θ

r

E

`
1

2

d
ÿ

a,i“1

ż s

t

21ipaq

d
ÿ

k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

q

´

B

Bxj
Y θ,x,n
maxtt,trutu

¯

l

˙

¨

ˆ d
ÿ

l“1

Bσak
Bxl

pY θ,x,n
maxtt,trutu

q

´

B

Bxj
Y θ,x,n
maxtt,trutu

¯

l

˙

dr

“

ż s

t

2
d
ÿ

i“1

”

B

Bxj

`

Y θ,x,n
t,r

˘

i
´ δij

ı

d
ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,trutu

q

´

B

Bxj
Y θ,x,n
t,maxtt,trutu

¯

k
dr

`

ż s

t

2
d
ÿ

i“1

”

B

Bxj

`

Y θ,x,n
t,r

˘

i
´ δij

ı

d
ÿ

l,k“1

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

q

´

B

Bxj
Y θ,x,n
t,maxtt,trutu

¯

k
dW θ,l

r

`

ż s

t

d
ÿ

i,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

q

´

B

Bxj
Y θ,x,n
maxtt,trutu

¯

l

˙2

dr.

(3.77)

Hence, we obtain that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds a.s. that

∥∥∥Dθ,x,n
t,s ´ Id

∥∥∥2

F
“

d
ÿ

j“1

∥∥∥ B

Bxj
Y θ,x,n
t,s ´ ej

∥∥∥2

“ 2

ż s

t

d
ÿ

i,j,k“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bµi
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dr

` 2

ż s

t

d
ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dW
θ,l
r

`

ż s

t

d
ÿ

i,j,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qlj

˙2

dr.

(3.78)

Next note that Young’s inequality, (3.7), and the fact that for all a, b P R it holds that
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2ab ď a2 ` b2 ensure that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds a.s. that

2

ż s

t

d
ÿ

i,j,k“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bµi
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dr

“ 2

ż s

t

d
ÿ

i,j,k“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bµi
Bxk

pY θ,x,n
t,maxtt,trutu

q
`

pDθ,x,n
t,maxtt,trutu

qkj ´ δkj
˘

dr

` 2

ż s

t

d
ÿ

i,j“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bµi
Bxj

pY θ,x,n
t,maxtt,trutu

q dr

ď 2

ż s

t

d
ÿ

j“1

”

max
lPt1,2,...,du

´

pDθ,x,n
t,r qlj ´ δlj

¯ı”

max
aPt1,2,...,du

`

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj
˘

ı

¨

d
ÿ

i,k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,trutu

q dr ` 2

ż s

t

∥∥Dθ,x,n
t,r ´ Id

∥∥
F

d
ÿ

i,j“1

Bµi
Bxj

pY θ,x,n
t,maxtt,trutu

q dr

ď 2K

ż s

t

d
ÿ

j“1

”

max
lPt1,2,...,du

´

pDθ,x,n
t,r qlj ´ δlj

¯ı”

max
aPt1,2,...,du

`

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj
˘

ı

dr

` 2K

ż s

t

∥∥Dθ,x,n
t,r ´ Id

∥∥
F
dr

ď K

ż s

t

d
ÿ

j“1

ˆ

”

max
lPt1,2,...,du

´

pDθ,x,n
t,r qlj ´ δlj

¯2ı

`

”

max
aPt1,2,...,du

`

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj
˘2
ı

˙

dr ` K

ż s

t

´

1 `
∥∥Dθ,x,n

t,r ´ Id
∥∥2

F

¯

dr

ď K

ż s

t

´∥∥Dθ,x,n
t,r ´ Id

∥∥2

F
`
∥∥Dθ,x,n

t,maxtt,trutu
´ Id

∥∥2

F

¯

dr ` Kps ´ tq

` K

ż s

t

∥∥Dθ,x,n
t,r ´ Id

∥∥2

F
dr

“ Kps ´ tq ` K

ż s

t

´

2
∥∥Dθ,x,n

t,r ´ Id
∥∥2

F
`
∥∥Dθ,x,n

t,maxtt,trutu
´ Id

∥∥2

F

¯

dr.

(3.79)

In addition, observe that item (i) of Lemma 3.1.2 and the fact that for all a, b P R it holds
that pa ` bq2 ď 2pa2 ` b2q imply that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds
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a.s. that
ż s

t

d
ÿ

i,j,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qlj

˙2

dr

ď 2

ż s

t

d
ÿ

i,j,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

q

´

pDθ,x,n
t,maxtt,trutu

qlj ´ δlj

¯

˙2

dr

` 2

ż s

t

d
ÿ

i,j,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

qδlj

˙2

dr

ď 2

ż s

t

d
ÿ

j“1

”

max
aPt1,2,...,du

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj

¯2ı d
ÿ

i,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

q

˙2

dr

` 2

ż s

t

d
ÿ

i,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

q

˙2

dr

ď 2K

ż s

t

d
ÿ

j“1

”

max
aPt1,2,...,du

´

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj

¯2ı

dr ` 2K

ż s

t

dr

ď 2Kps ´ tq ` 2K

ż s

t

∥∥Dθ,x,n
t,maxtt,trutu

´ Id
∥∥2

F
dr.

(3.80)

Combining this with (3.78) and (3.79) shows that for all θ P Θ, t P r0, T s, s P rt, T s,
x P Rd it holds a.s. that∥∥∥Dθ,x,n

t,s ´ Id

∥∥∥2

F

´ 2

ż s

t

d
ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dW
θ,l
r

“ 2

ż s

t

d
ÿ

i,j,k“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bµi
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dr

`

ż s

t

d
ÿ

i,j,k“1

ˆ d
ÿ

l“1

Bσik
Bxl

pY θ,x,n
maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qlj

˙2

dr

ď 3Kps ´ tq ` K

ż s

t

´

2
∥∥Dθ,x,n

t,r ´ Id
∥∥2

F
` 3

∥∥Dθ,x,n
t,maxtt,trutu

´ Id
∥∥2

F

¯

dr.

(3.81)

In the next step for every k P N, t P r0, T s, x P Rd let tt,xk : Ω Ñ rt, T s satisfy tt,xk “ infpts P

rt, T s : ∥Dθ,x,n
t,s ∥ ě ku Y tT uq. Observe that item (ii) of Lemma 3.1.2 implies that for all

k P N, θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

E
„
ż mints,tt,xk u

t

d
ÿ

i,j,l,m“1

”

pDθ,x,n

t,mintr,tt,xk u
qij ´ δij

ı

¨
Bσim
Bxl

pY θ,x,n

t,maxtt,minttrut,t
t,x
k uu

qpDθ,x,n

t,maxtt,minttrut,t
t,x
k uu

qlj dW
θ,m
r

ȷ

“ 0.

(3.82)

This, Fubini’s theorem, and (3.81) show that for all k P N, θ P Θ, t P r0, T s, x P Rd it
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holds that

sup
sPrt,T s

E
„∥∥∥Dθ,x,n

t,maxtt,mints,tt,xk uu
´ Id

∥∥∥2

F

ȷ

ď E
„

3Kps ´ tq

` K

ż maxts,ttku

t

´

2
∥∥Dθ,x,n

t,mintr,tt,xk u
´ Id

∥∥2

F
` 3

∥∥Dθ,x,n

t,maxtt,minttrut,t
t,x
k uu

´ Id
∥∥2

F

¯

dr

ȷ

ď 3Kps ´ tq ` 5K

ż maxts,ttku

t

E
„

sup
νPrt,rs

∥∥Dθ,x,n
t,ν ´ Id

∥∥2

F

ȷ

dr.

(3.83)

Fatou’s lemma, Gronwall’s inequality, and the fact that for all t P r0, T s, x P Rd it holds
that limkÑ8 tt,xk “ T therefore prove that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it
holds that

sup
rPrt,ss

E
”∥∥Dθ,x,n

t,r ´ Id
∥∥2

F

ı

“ sup
rPrt,ss

E
”

lim
kÑ8

∥∥Dθ,x,n

t,mintr,tt,xk u
´ Id

∥∥2

F

ı

ď sup
kPN

sup
rPrt,ss

E
”∥∥Dθ,x,n

t,mintr,tt,xk u
´ Id

∥∥2

F

ı

ď 3Kps ´ tq exp
´

5Kps ´ tq
¯

.
(3.84)

This establishes item (iii). Next note that (3.81), the Cauchy-Schwarz inequality for
square-integrable functions, and the fact that for all x1, x2, x3, x4 P R it holds that
p
ř4
i“1 xiq

2 ď 4p
ř4
i“1 x

2
i q show that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds

a.s. that∥∥Dθ,x,n
t,s ´ Id

∥∥4

F
“

ˆ∥∥∥Dθ,x,n
t,s ´ Id

∥∥∥2

F

˙2

ď

ˆ

3Kps ´ tq ` K

ż s

t

´

2
∥∥Dθ,x,n

t,r ´ Id
∥∥2

F
` 3

∥∥Dθ,x,n
t,maxtt,trutu

´ Id
∥∥2

F

¯

dr

` 2

ż s

t

d
ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dW
θ,l
r

˙2

ď 4
`

3Kps ´ tq
˘2

` 4

ˆ

2K

ż s

t

∥∥Dθ,x,n
t,r ´ Id

∥∥2

F
dr

˙2

` 4

ˆ

3K

ż s

t

∥∥Dθ,x,n
t,maxtt,trutu

´ Id
∥∥2

F
dr

˙2

` 4

ˆ

2

ż s

t

d
ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dW
θ,l
r

˙2

ď 36K2ps ´ tq2 ` K2ps ´ tq

ż s

t

16
∥∥Dθ,x,n

t,r ´ Id
∥∥4

F
` 36

∥∥Dθ,x,n
t,maxtt,trutu

´ Id
∥∥4

F
dr

` 4

ˆ

2

ż s

t

d
ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dW
θ,l
r

˙2

.

(3.85)

Next note that (3.7) and the fact that for all a, b P R it holds that pa ` bq2 ď 2pa2 ` b2q

and 2ab ď a2 ` b2 demonstrate that for all θ P Θ, t P r0, T s, r P rt, T s, x P Rd it holds a.s.
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that
ˆ d

ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj

˙2

ď 2

ˆ d
ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

q

´

Dθ,x,n
t,maxtt,trutu

qkj ´ δkj

¯

˙2

` 2

ˆ d
ÿ

i,j,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxj

pY θ,x,n
t,maxtt,trutu

q

˙2

ď 2

ˆ d
ÿ

j“1

”

max
aPt1,2,...,du

pDθ,x,n
t,r qaj ´ δaj

ı”

max
aPt1,2,...,du

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj

ı

¨

d
ÿ

i,k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

q

˙2

` 2∥Dθ,x,n
t,r ´ Id∥2

ˆ d
ÿ

i,j,l“1

Bσil
Bxj

pY θ,x,n
t,maxtt,trutu

q

˙2

ď 2K2

ˆ d
ÿ

j“1

”

max
aPt1,2,...,du

pDθ,x,n
t,r qaj ´ δaj

ı”

max
aPt1,2,...,du

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj

ı

˙2

` 2K2∥Dθ,x,n
t,r ´ Id∥2

ď 2K2

ˆ d
ÿ

j“1

´”

max
aPt1,2,...,du

`

pDθ,x,n
t,r qaj ´ δaj

˘2
ı

`

”

max
aPt1,2,...,du

`

pDθ,x,n
t,maxtt,trutu

qaj ´ δaj
˘2
ı¯

˙2

` 2K2
`

1 ` ∥Dθ,x,n
t,r ´ Id∥4

˘

ď 2K2
´

∥Dθ,x,n
t,r ´ Id∥2 ` ∥Dθ,x,n

t,maxtt,trutu
´ Id∥2

¯2

` 2K2
`

1 ` ∥Dθ,x,n
t,r ´ Id∥4

˘

ď 4K2
´

∥Dθ,x,n
t,r ´ Id∥4 ` ∥Dθ,x,n

t,maxtt,trutu
´ Id∥4

¯

` 2K2
`

1 ` ∥Dθ,x,n
t,r ´ Id∥4

˘

(3.86)

The Burkholder-Davis-Gundy inequality therefore implies that for all θ P Θ, t P r0, T s,
s P rt, T s, x P Rd it holds that

E
„ˆ

2

ż s

t

d
ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj dW
θ,l
r

˙2ȷ

ď 4

ż s

t

E
„∣∣∣ d

ÿ

i,j,k,l“1

”

pDθ,x,n
t,r qij ´ δij

ı

Bσil
Bxk

pY θ,x,n
t,maxtt,trutu

qpDθ,x,n
t,maxtt,trutu

qkj

∣∣∣2ȷ dr
ď 4K2

ż s

t

´

6E
”

∥Dθ,x,n
t,r ´ Id∥4

ı

` 4E
”

∥Dθ,x,n
t,maxtt,trutu

´ Id∥4
ı ¯

dr ` 8K2ps ´ tq.

(3.87)

Combining this with Fubini’s theorem and (3.85) shows that for all θ P Θ, t P r0, T s,
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s P rt, T s x P Rd it holds that

sup
qPrt,ss

E
„∥∥∥Dθ,x,n

t,mintq,tt,xk u
´ Id

∥∥∥4
ȷ

ď 36K2ps ´ tq2 `
K2

s ´ t

ż maxts,ttku

t

´

16E
“∥∥Dθ,x,n

t,mintr,tt,xk u
´ Id

∥∥4

F

‰

` 36E
“∥∥Dθ,x,n

t,maxtt,minttrut,t
t,x
k uu

´ Id
∥∥4

F

‰

¯

dr

` 32K2ps ´ tq ` 16K2

ż maxts,ttku

t

´

6E
”

∥Dθ,x,n

t,mintr,tt,xk u
´ Id∥4

ı

` 4E
”

∥Dθ,x,n

t,maxtt,minttrut,t
t,x
k uu

´ Id∥4
ı ¯

dr

ď 36K2ps ´ tq2 ` 32K2ps ´ tq

` p52ps ´ tq ` 160qK2

ż s

t

E
„

sup
νPrt,rs

∥∥Dθ,x,n
t,ν ´ Id

∥∥4

F

ȷ

dr.

(3.88)

Fatou’s lemma, Gronwall’s inequality, and the fact that for all t P r0, T s, x P Rd it holds
that limkÑ8 tt,xk “ T therefore prove that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it
holds that

sup
rPrt,ss

E
”∥∥Dθ,x,n

t,r ´ Id
∥∥4
ı

“ sup
rPrt,ss

E
”

lim
kÑ8

∥∥Dθ,x,n

t,maxtt,mintr,tt,xk uu
´ Id

∥∥4
ı

ď sup
kPN

sup
rPrt,ss

E
”∥∥Dθ,x,n

t,maxtt,mintr,tt,xk uu
´ Id

∥∥4
ı

ď 36K2ps ´ tqp1 ` ps ´ tqq exp
´

160K2ps ´ tqp1 ` ps ´ tqq

¯

.

(3.89)

This establishes item (iv). The proof of Lemma 3.1.7 is thus complete.

The findings in Lemma 3.1.7 lead to the following moment estimates for the stochastic
processes displayed in (3.15).

Lemma 3.1.8. Assume Setting 3.1.1 and let n P N. Then

(i) for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that
ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ȷ˙

1
2

ď 1 `
1

a

αps ´ tq

´

1 `
a

3KpT ´ tq exp
`

5
2
Kps ´ tq

˘

¯

, (3.90)

(ii) for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that
ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

4
ȷ˙

1
4

ď 1 `

d

6

αps ´ tq

´

1 `
a

6Kp1 ` T ´ tq exp
`

40K2p1 ` T ´ tq2
˘

¯

,

(3.91)

and

(iii) for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

E
”

φps, Y θ,x,n
t,s q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď
φpt, xq
?
s ´ t

exppβT q

´

1 ` b
βrinfrPr0,T s infyPRd φpr,yqs

¯

¨

„

?
T ´ t `

1
?
α

´

1 `
a

3KpT ´ tq exp
`

5
2
KpT ´ tq

˘

¯

ȷ

.

(3.92)



CHAPTER 3. MLP FOR SEMILINEAR PDES 99

Proof of Lemma 3.1.8. First observe that the assumption that for all x, y P Rd it holds
that y˚σpxqpσpxqq˚y ě α∥y∥2 ensures that for all x, y P Rd it holds that

∥y∥2 “ y˚y “ y˚pσpxqq´1σpxqpσpxqq˚ppσpxqq´1q˚y

ď α∥ppσpxqq´1q˚y∥2 ď α∥pσpxqq´1∥2F∥y∥2.
(3.93)

This implies that for all x P Rd it holds that∥∥pσpxqq´1
∥∥2

F
ď

1

α
. (3.94)

Item (iii) of Lemma 3.1.5, the triangle inequality, and the Burkholder-Davis-Gundy in-
equality therefore show that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ȷ˙

1
2

ď 1 `
1

s ´ t

ˆ

E
„∥∥∥ ż s

t

pσpY θ,x,n
t,maxtt,trutu

qq´1pDθ,x,n
t,maxtt,trutu

´ Idq dW
θ
r

∥∥∥2
ȷ˙

1
2

`
1

s ´ t

ˆ

E
„∥∥∥ ż s

t

pσpY θ,x,n
t,maxtt,trutu

qq´1 dW θ
r

∥∥∥2
ȷ˙

1
2

ď 1 `
1

s ´ t

ˆ
ż s

t

E
”∥∥pσpY θ,x,n

t,maxtt,trutu
qq´1

∥∥2

F

∥∥Dθ,x,n
t,maxtt,trutu

´ Id
∥∥2

F

ı

dr

˙
1
2

`
1

s ´ t

ˆ
ż s

t

E
”∥∥pσpY θ,x,n

t,maxtt,trutu
qq´1

∥∥2

F

ı

dr

˙
1
2

ď 1 `
1

ps ´ tq
?
α

ˆ
ż s

t

E
”∥∥Dθ,x,n

t,maxtt,trutu
´ Id

∥∥2

F

ı

dr

˙
1
2

`
1

ps ´ tq
?
α

ˆ
ż s

t

dr

˙
1
2

.

(3.95)

Combining this with item (iii) of Lemma 3.1.7 proves that for all θ P Θ, t P r0, T s,
s P rt, T s, x P Rd it holds that

ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ȷ˙

1
2

ď 1 `
1

ps ´ tq
?
α

ˆ
ż s

t

3Kps ´ tq exp
`

5Kps ´ tq
˘

dr

˙
1
2

`
1

a

αps ´ tq

ď 1 `
1

ps ´ tq
?
α

a

3KpT ´ tq exp
`

5
2
Kps ´ tq

˘

ˆ
ż s

t

dr

˙
1
2

`
1

a

αps ´ tq

ď 1 `
1

a

αps ´ tq

´

1 `
a

3KpT ´ tq exp
`

5
2
Kps ´ tq

˘

¯

.

(3.96)

This establishes item (i). Next note that the triangle inequality, the Burkholder-Davis-
Gundy inequality, item (iii) of Lemma 3.1.5, and (3.94) ensure that for all θ P Θ, t P r0, T s,
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s P rt, T s, x P Rd it holds that
ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

4
ȷ˙

1
4

ď 1 `
1

s ´ t

ˆ

E
„∥∥∥ ż s

t

pσpY θ,x,n
t,maxtt,trutu

qq´1pDθ,x,n
t,maxtt,trutu

´ Idq dW
θ
r

∥∥∥4
ȷ˙

1
4

`
1

s ´ t

ˆ

E
„∥∥∥ ż s

t

pσpY θ,x,n
t,maxtt,trutu

qq´1 dW θ
r

∥∥∥4
ȷ˙

1
4

ď 1 `

?
6

s ´ t

ˆ
ż s

t

´

E
“

∥pσpY θ,x,n
t,maxtt,trutu

qq´1∥4F∥D
θ,x,n
t,maxtt,trutu

´ Id∥4F
‰

¯
1
2
dr

˙
1
2

`

?
6

s ´ t

ˆ
ż s

t

´

E
“

∥pσpY θ,x,n
t,maxtt,trutu

qq´1∥4F
‰

¯
1
2
dr

˙
1
2

ď 1 `

d

6

αps ´ tq2

ˆ
ż s

t

´

E
“

∥Dθ,x,n
t,maxtt,trutu

´ Id∥4F
‰

¯
1
2
dr

˙
1
2

`

d

6

αps ´ tq2

ˆ
ż s

t

dr

˙
1
2

.

(3.97)

This and item (iv) of Lemma 3.1.7 prove that for all θ P Θ, t P r0, T q, s P pt, T s, x P Rd it
holds that

ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

4
ȷ˙

1
4

ď 1 `

d

6

αps ´ tq

`

d

6

αps ´ tq2

ˆ
ż s

t

6Kp1 ` ps ´ tqq exp
´

80K2p1 ` ps ´ tqq2
¯

dr

˙
1
2

ď 1 `

d

6

αps ´ tq
` 6

d

Kp1 ` T ´ tq

αps ´ tq2
exp

`

40K2p1 ` s ´ tq2
˘

ˆ
ż s

t

dr

˙
1
2

ď 1 `

d

6

αps ´ tq

´

1 `
a

6Kp1 ` T ´ tq exp
`

40K2p1 ` T ´ tq2
˘

¯

.

(3.98)

This establishes item (ii). Next observe that (3.16) ensures that for all θ P Θ, t P r0, T s,
s P rt, T s, x P Rd it holds a.s. that

p
Bφ
Bt

qps, Y θ,x,n
t,s q ` xp∇xφqps, Y θ,x,n

t,s q, µpY θ,x,n
t,s qy

` 1
2
TrpσpY θ,x,n

t,s qrσpY θ,x,n
t,s qs˚pHessx φqps, Y θ,x,n

t,s qq

` 1
2

∥rp∇xφqps,Y θ,x,n
t,s qs˚σpY θ,x,n

t,s q∥2

φps,Y θ,x,n
t,s q

ď βφps, Y θ,x,n
t,s q ` b.

(3.99)

Furthermore, observe that the assumption that W has continuous sample paths implies
that Y has continuous sample paths. Combining this, (3.99), and [50, Theorem 2.4 (i)]
(applied for every θ P Θ, t P r0, T s, x P Rd with H ð Rd, U ð Rd, T ð T ´ t, O ð Rd,
a ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ µpY θ,x,n

t,maxtt,tt`suu
pωqq P Rdq, b ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ

σpY θ,x,n
t,maxtt,tt`suu

pωqq P Rdˆdq, X ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ Y θ,x,n
t,t`s pωq P Rdq, p ð 2,
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α ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ β P Rq, β ð pr0, T ´ ts ˆ Ω Q ps, ωq ÞÑ b P Rq, q1 ð 2,
q2 ð 8 in the notation of [50, Theorem 2.4]) demonstrates that for all θ P Θ, t P r0, T s,
s P rt, T s, x P Rd it holds that

´

E
“

|φps, Y θ,x,n
t,s q|2

‰

¯
1
2

ď exppβT q

´

φpt, xq ` b

ż T

0

expp´βsq ds
¯

ď exppβT q

´

φpt, xq ` b
β

`

1 ´ expp´βT q
˘

¯

ď exppβT q

´

φpt, xq ` b
β

¯

.

(3.100)

Combining this with Hölder’s inequality, item (i), and the assumption that infrPr0,T s infyPRd

φpr, yq ą 0 proves that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

E
”

φps, Y θ,x,n
t,s q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď

´

E
“

∥φps, Y θ,x,n
t,s q∥2

‰

¯
1
2

ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ȷ˙

1
2

ď exppβT q

´

φpt, xq ` b
β

¯

¨

„
?
T ´ t

?
s ´ t

`
1

a

αps ´ tq

´

1 `
a

3KpT ´ tq exp
`

5
2
Kps ´ tq

˘

¯

ȷ

ď
φpt, xq
?
s ´ t

exppβT q

´

1 ` b
βrinfrPr0,T s infyPRd φpr,yqs

¯

¨

„

?
T ´ t `

1
?
α

´

1 `
a

3KpT ´ tq exp
`

5
2
KpT ´ tq

˘

¯

ȷ

.

(3.101)

This establishes item (iii). The proof of Lemma 3.1.8 is thus complete.

3.1.5 Integrability properties for MLP approximations
The following lemma establishes integrability of the MLP approximation scheme defined
in (3.17). The proof of Lemma 3.1.9 uses the Lipschitz assumptions of the coefficients
and the results in Lemma 3.1.3 and Lemma 3.1.8.

Lemma 3.1.9. Assume Setting 3.1.1, let n,M,Q P N, and assume

sup
tPr0,T q

sup
xPRd

„

|gpxq|
φpT, xq

`
|pF p0qqpt, xq|

φpt, xq

?
T ´ t

ȷ

ă 8. (3.102)

Then

(i) it holds for all m P N0, θ P Θ that

sup
tPr0,T q

sup
xPRd

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇV θ
n,m,M,Qpt, xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

φpt, xq

ȷ

ă 8, (3.103)

(ii) it holds for all m P N, θ P Θ, t P r0, T q, x P Rd that
ÿ

sPpt,T q

qQ,rt,T spsqE
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pF pV θ

n,m,M,Qqqps, Y θ,x,n
t,s qZθ,x,n

t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ă 8, (3.104)

and

(iii) for all m P N, θ P Θ, t P r0, T q, x P Rd it holds that

ErV θ
n,m,M,Qpt, xqs “ ErgpY 0,x,n

t,T qZ0,x,n
t,T s

` E
„

ÿ

sPpt,T q

qQ,rt,T spsqpF pV θ
n,m´1,M,Qqqps, Y 0,x,n

t,s qZ0,x,n
t,s

ȷ

.
(3.105)
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Proof of Lemma 3.1.9. First observe that (3.9) that for all t P r0, T s, x P Rd, y “

py1, y2, . . . , yd`1q, z “ pz1, z2, . . . , zd`1q P Rd`1 it holds that

|fpt, x, yq ´ fpt, x, zq| ď

d`1
ÿ

ν“1

Lν |yν ´ zν | ď ∥y ´ z∥
d`1
ÿ

ν“1

Lν ď L∥y ´ z∥. (3.106)

We are going to prove (3.103) by induction on m P N0. Note that the fact that for all
θ P Θ, t P r0, T q, x P Rd it holds that V θ

n,0,M,Qpt, xq “ 0 establishes (3.103) in the base
case m “ 0. For the induction step assume that (3.103) holds for all m P t0, 1, . . . ,mu.
Observe that the Cauchy-Schwarz inequality, item (i) of Lemma 3.1.7 (applied with p ð 2
in the notation of Lemma 3.1.7), item (i) of Lemma 3.1.8, and (3.10) show that for all
θ P Θ, i P R, t P r0, T q, x P Rd it holds that

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pgpY

pθ,0,´iq,x,n
t,T q ´ gpxqqZ

pθ,0,´iq,x,n
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď LE
”

∥Y pθ,0,´iq,x,n
t,T ´ x∥

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,0,´iq,x,n
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď L
´

E
“

∥Y pθ,0,´iq,x,n
t,T ´ x∥2

‰

¯
1
2

ˆ

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,0,´iq,x,n
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ȷ˙

1
2

ď L
b

γ
p2q
x pT ´ tq exp

``

1
2

` 2K2
˘

pT ´ tq
˘

¨

„

1 `
1

a

αpT ´ tq

´

1 `
a

3KpT ´ tq exp
`

3K2pT ´ tq
˘

¯

ȷ

ď L
b

γ
p2q
x exp

``

1
2

` 2K2
˘

pT ´ tq
˘

¨

„

?
T ´ t `

1
?
α

´

1 `
a

3KpT ´ tq exp
`

3K2pT ´ tq
˘

¯

ȷ

.

(3.107)

Next note that item (iii) of Lemma 3.1.8 ensures that there exists cZ P r0,8q which
satisfies for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

E
”

φps, Y θ,x,n
t,s q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Zθ,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď
cZ

?
s ´ t

φpt, xq. (3.108)

In addition, observe that (3.102) implies that there exists a P r0,8q which satisfies for all
t P r0, T q, x P Rd that

|gpxq| ď aφpT, xq and |pF p0qqpt, xq|
?
T ´ t ď aφpt, xq. (3.109)

Furthermore, observe that triangle inequality and (3.106) demonstrate that for all θ P Θ,
i P R, t P r0, T q, x P Rd it holds that

m
ÿ

l“0

ÿ

sPpt,T q

qQ,rt,T spsq

¨ E
”

|ppF pV
pθ,l,1q

n,l,M,Qqq ´ 1NplqpF pV
pθ,´l,1q

n,l´1,M,Qqqqps, Y
pθ,l,1q,x,n
t,s q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,l,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď
ÿ

sPpt,T q

qQ,rt,T spsqE
”

|pF p0qqps, Y
pθ,l,1q,x,n
t,s q|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,l,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

`

m
ÿ

l“1

ÿ

sPpt,T q

LqQ,rt,T spsq

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pV

pθ,l,1q

n,l,M,Q ´ V
pθ,´l,1q

n,l´1,M,Qqps, Y
pθ,l,1q,x,n
t,s q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,l,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

.

(3.110)
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Next observe that (3.108), (3.109), and item (ii) of Lemma 3.1.3 show that for all θ P Θ,
i P R, t P r0, T q, x P Rd it holds that

ÿ

sPpt,T q

qQ,rt,T spsqE
”

|pF p0qqps, Y
pθ,0,1q,x,n
t,s q|

ˇ

ˇ

ˇ

ˇ

ˇ
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ˇ
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ˇ
Z

pθ,0,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď
ÿ

sPpt,T q
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„
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t,s q

?
T ´ s

ˇ

ˇ
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ˇ
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ˇ

ˇ

ˇ
Z

pθ,0,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ȷ

ď aczφpt, xq
ÿ

sPpt,T q

qQ,rt,T spsq
?
T ´ s

?
s ´ t

ď aczπφpt, xq.

(3.111)

Moreover, observe that (3.108) and, e.g., [59, Lemma 2.2] prove that for all l P N, θ P Θ,
t P r0, T s, s P rt, T s, x P Rd it holds that

E
”ˇ
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ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
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ˇ
Z

pθ,l,1q,x,n
t,s

ˇ

ˇ
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ˇ

ˇ
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“ E
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E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pV

pθ,l,1q
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ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

φps, yq

ȷˇ

ˇ

ˇ

ˇ

y“Y
pθ,l,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,l,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
φps, Y

pθ,l,1q,x,n
t,s q

ff

ď

«

sup
rPr0,T q

sup
yPRd

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pV

pθ,l,1q

n,l,M,Q ´ V
pθ,´l,1q

n,l´1,M,Qqpr, yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
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φpr, yq
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¨ E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,l,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
φps, Y

pθ,l,1q,x,n
t,s q

ı

ď

«

sup
rPr0,T q

sup
yPRd

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pV

pθ,l,1q

n,l,M,Q ´ V
pθ,´l,1q

n,l´1,M,Qqpr, yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

φpr, yq

ff

cZφpt, xq
?
s ´ t

.

(3.112)

Item (i) of Lemma 3.1.3 hence demonstrates that for all t P r0, T s, x P Rd it holds that

m
ÿ

l“1

ÿ

sPpt,T q

LqQ,rt,T spsqE
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pV

pθ,l,1q

n,l,M,Q ´ V
pθ,´l,1q

n,l´1,M,Qqps, Y
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t,s q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Z

pθ,l,1q,x,n
t,s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

ď cZLφpt, xq

m
ÿ

l“1

«

sup
rPr0,T q

sup
yPRd

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pV

pθ,l,1q

n,l,M,Q ´ V
pθ,´l,1q
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ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

φpr, yq

ff

¨
ÿ

sPpt,T q

qQ,rt,T spsq
?
s ´ t

ď 2cZL
?
T ´ tφpt, xq

¨

m
ÿ

l“1

«

sup
rPr0,T q

sup
yPRd

E
”ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pV

pθ,l,1q

n,l,M,Q ´ V
pθ,´l,1q

n,l´1,M,Qqpr, yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

φpr, yq

ff

.

(3.113)
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This, (3.107), (3.109), (3.110), and (3.111) show that for all θ P Θ it holds that

sup
tPr0,T q

sup
xPRd

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇV θ
n,m`1,M,Qpt, xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

φpt, xq

ȷ

ď sup
xPRd

|gpxq|
φpT, xq

` sup
tPr0,T q

sup
xPRd

1

Mm`1

Mm`1
ÿ

i“1

E
„

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pgpY

pθ,0,´iq,x,n
t,T q ´ gpxqqZ
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t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

φpt, xq

ȷ
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tPr0,T q
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xPRd

m
ÿ
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ÿ
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ÿ
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„
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ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ppF pV
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pθ,´l,iq
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ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
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E
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ÿ
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ÿ
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ˇ

ˇ
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ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
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ȷ
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L
b
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x exppp1

2
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¨

„

?
T `

1
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α
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3KT exp
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¯
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ÿ
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E
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ˇ
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ˇ

ˇ
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ff

.

(3.114)

Induction therefore proves (3.103). This establishes item (i). Next note that the triangle
inequality, item (v) of Lemma 3.1.4, (3.106), and (3.102) imply that for all m P N, θ P Θ,
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t P r0, T q, s P rt, T s, x P Rd it holds that
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ˇ
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ˇ
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(3.115)

Item (ii) of Lemma 3.1.3 hence ensures that for all m P N, θ P Θ, t P r0, T q, x P Rd it
holds that
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ˇ
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(3.116)

Combining this with item (i) and (3.102) establishes item (ii). In the next step observe
that Fubini’s theorem, item (ii), item (vi) of Lemma 3.1.4, (3.17), and a telescoping sum
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argument demonstrate that for all m P N, θ P Θ, t P r0, T q, x P Rd it holds that

ErV θ
n,m,M,Qpt, xqs
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ÿ

i“1

E
“

pgpY
pθ,0,´iq,x,n
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ÿ
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ÿ
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ÿ
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ÿ
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ÿ
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ÿ
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ÿ
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ÿ
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ÿ

l“1

ÿ
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ÿ
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ÿ
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‰
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“
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‰

¯
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“
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t,T qZ0,x,n

t,T

‰
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ÿ
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qQ,rt,T spsqE
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t,s qZ0,x,n
t,s

‰

.

(3.117)

This establishes item (iii). The proof of Lemma 3.1.9 is thus complete.

3.2 Computational complexity analysis for MLP ap-
proximations

This section’s aim is to estimate the overall complexity of our MLP approximation scheme
which is achieved in this chapter’s main result, Theorem 3.2.4 in Subsection 3.2.2 below.
Essential for the proof of Theorem 3.2.4 are the nonlinear Feynman-Kac type formula in
Lemma 3.2.1 in Subsection 3.2.1 and a helpful upper bound on error terms arising from
the nonlinear Feynman-Kac type formula which is given in Lemma 3.2.2. Combining
Theorem 3.2.4 with an explicit calculation of the error arising from the GauSS-Legendre
quadrature (cf. Lemma 3.2.5) and the assumption of a smooth PDE solution leads to the
more summarized global error bound in Corollary 3.2.6. Corollary 3.2.8 holds our main
result of this chapter. It demonstrates that - under the assumption of a smooth solution -
the computational effort of the approximation scheme in (3.17) is of order Opdε´p6`δqq for
all δ P p0,8q if d denotes the dimension of the problem and ε is the prescribed accuracy.
In this section we follow closely the proof strategies developed in [54, Section 4] but for a
larger class of semilinear PDEs under additional assumptions.
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3.2.1 Nonlinear Feynman-Kac formula for the approximation
scheme

The following lemma introduces a nonlinear Feynman-Kac formula for the approximation
scheme displayed in (3.17). An essential part of the proof is the application of the Bismut-
Elworthy-Li formula developed in Theorem 2.2.3. Lemma 3.2.1 is a generalization of the
Bismut-Elworthy-Li type formula in [55, Lemma 4.2].

Lemma 3.2.1. Assume Setting 3.1.1, let n P N, and assume that

sup
tPr0,T s

sup
xPRd

|||v8pt, xq|||

φpt, xq
` sup

tPr0,T s

sup
xPRd

|pF p0qqpt, xq|
φpt, xq

ă 8. (3.118)

Then

(i) for all t P r0, T q, x P Rd it holds that

u8pt, xq “ ErgpY 0,x,n
t,T qs ` E

„
ż T

t

pF pv8qqpr, Y 0,x,n
t,r q dr

ȷ

(3.119)

and

(ii) for all t P r0, T q, x P Rd it holds that

p∇xu
8qpt, xq “ E

„

gpY θ,x,n
t,T q 1

T´t

ż T

t

pσpY θ,x,n
t,maxtt,tsutu

qq´1 B

Bx
Y θ,x,n
t,s dW θ

s

ȷ

` E
„
ż T

t

pF pv8qqpr, Y 0,x,n
t,r q 1

r´t

ż r

t

pσpY θ,x,n
t,maxtt,tsutu

qq´1 B

Bx
Y θ,x,n
t,s dW θ

s dr

ȷ

.

(3.120)

Proof of Lemma 3.2.1. First observe that the triangle inequality, (3.9), and (3.118) guar-
antee that

sup
tPr0,T q

sup
xPRd

|pF pv8qqpt, xq|
φpt, xq

ď sup
tPr0,T q

sup
xPRd

L|||v8pt, xq|||

φpt, xq
` sup

tPr0,T q

sup
xPRd

|pF p0qqpt, xq|
φpt, xq

ă 8.

(3.121)

Furthermore, note that Itô’s formula and (3.11) show that for all t P r0, T q, x P Rd it
holds a.s. that

gpY 0,x,n
t,T q ´ u8pt, xq “ u8pT, Y 0,x,n

t,T q ´ u8pt, Y 0,x,n
t,t q

“

ż T

t

”

pBu8

Bt
qpr, Y 0,x,n

t,r q ` 1
2
Trpσpr, Y 0,x,n

t,r qrσpr, Y 0,x,n
t,r qs˚pHessx u

8qpr, Y 0,x,n
t,r qq

` xµpr, Y 0,x,n
t,r q, p∇xu

8qpr, Y 0,x,n
t,r qy

ı

dr `

ż T

t

pp∇xu
8qσqpr, Y 0,x,n

t,r q dWr

“ ´

ż T

t

fpr, Y 0,x,n
t,r , u8pr, Y 0,x,n

t,r q, p∇xu
8qpr, Y 0,x,n

t,r qq dr

`

ż T

t

pp∇xu
8qσqpr, Y 0,x,n

t,r q dWr.

(3.122)
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Combining this with (3.118) and (3.121) implies that for all t P r0, T q, x P Rd it holds
that ErsupsPrt,T s∥

şs

t
pp∇xu

8qσqpr, Y 0,x,n
t,r q dWr∥s ă 8. This proves that for all t P r0, T q,

x P Rd it holds that
ż T

t

pp∇xu
8qσqpr, Y 0,x,n

t,r q dWr “ 0. (3.123)

Combining this with (3.122) demonstrates that for all t P r0, T q, s P rt, T s, x P Rd it holds
that

u8pt, xq

“ E
“

gpY 0,x,n
t,T q

‰

` E
„
ż T

t

fpr, Y 0,x,n
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t,r q, p∇xu
8qpr, Y 0,x,n

t,r qq dr

ȷ

“ E
“

gpY 0,x,n
t,T q

‰

` E
„
ż T

t

F pv8qpr, Y 0,x,n
t,r q dr

ȷ

.

(3.124)

This establishes item (i). Next observe that item (i) of Lemma 3.1.5 shows that for all
θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

Y θ,x,n
t,s “ x `

ż s

t

µpY θ,x,n
t,maxtt,trutu

q dr `

ż s

t

σpY θ,x,n
t,maxtt,trutu

q dW θ
r . (3.125)

Item (ii) of Lemma 3.1.2, item (i) of Lemma 3.1.6, and Theorem 2.2.3 (applied for every
θ P Θ, t P r0, T s, x P Rd with O ð Rd, µ ð pr0, T s ˆ Rd Q ps, yq ÞÑ µpY θ,x,n

t,maxtt,tsutu
q P

Rdq, σ ð pr0, T s ˆ Rd Q ps, yq ÞÑ σpY θ,x,n
t,maxtt,tsutu

q P Rdˆdq, f ð g in the notation of
Theorem 2.2.3) therefore demonstrate that for all θ P Θ, t P r0, T q, x P Rd it holds that

B

Bx
E
“

gpY θ,x,n
t,T q

‰

“ E
„

gpY θ,x,n
t,T q 1

T´t

ż T

t

pσpY θ,x,n
t,maxtt,tsutu

qq´1 B

Bx
Y θ,x,n
t,s dW θ

s

ȷ

. (3.126)

Moreover, note that Item (ii) of Lemma 3.1.2, item (i) of Lemma 3.1.6, and Theorem 2.2.3
(applied for every θ P Θ, t P r0, T q, x P Rd with O ð Rd, µ ð pr0, T s ˆ Rd Q ps, yq ÞÑ

µpY θ,x,n
t,maxtt,tsutu

q P Rdq, σ ð pr0, T s ˆ Rd Q ps, yq ÞÑ σpY θ,x,n
t,maxtt,tsutu

q P Rdˆdq in the notation
of Theorem 2.2.3) ensure that for all θ P Θ, t P r0, T q, r P pt, T s, x P Rd it holds that

B

Bx
ErpF pv8qqpr, Y θ,x,n

t,r qs

“ E
„

pF pv8qqpr, Y θ,x,n
t,r q 1

r´t

ż r

t

pσpY θ,x,n
t,maxtt,tsutu

qq´1 B

Bx
Y θ,x,n
t,s dW θ

s

ȷ

.
(3.127)

Leibniz integral rule hence implies that for all θ P Θ, t P r0, T q, x P Rd it holds that

B

Bx

ż T

t

E
“

pF pv8qqpr, Y θ,x,n
t,r q

‰

dr “

ż T

t

B

Bx
E
“

pF pv8qqpr, Y θ,x,n
t,r q

‰

dr

“

ż T

t

E
„

pF pv8qqpr, Y θ,x,n
t,r q 1

r´t

ż r

t

pσpY θ,x,n
t,maxtt,tsutu

qq´1 B

Bx
Y θ,x,n
t,s dW θ

s

ȷ

dr.

(3.128)

Combining this and (3.126) establishes item (ii). The proof of Lemma 3.2.1 is thus
complete.

3.2.2 Error analysis for multi-level Picard approximations with
GauSS-Legendre quadrature rules

The following lemma, Lemma 3.2.2, establishes an upper bound for a specific error ap-
pearing in (3.151) in the proof of Theorem 3.2.4 which arises from the application of
Lemma 3.2.1.
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Lemma 3.2.2. Assume Setting 3.1.1, let n P N, and assume that

sup
xPRd

|gpxq|
φpT,xq

` sup
tPr0,T s

sup
xPRd

|||v8pt,xq|||

φpt,xq
` sup

tPr0,T s

sup
xPRd

|pF p0qqpt,xq|
φpt,xq

ă 8. (3.129)

Then

(i) it holds for all θ P Θ, t P r0, T q, x P Rd that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

«

gpY θ,x,n
t,T q

˜

Zθ,x,n
t,T ´

˜

1
1

T´t

şT

t
pσpY θ,x,n

t,maxtt,tsutu
qq´1Dθ,x,n

t,s dW θ
s

¸¸ffˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

„

sup
yPRd

|gpyq|
ȷ

¨ 2K

c

1

α

´

pT ´ tq

n2
`

1

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

(3.130)

and

(ii) it holds for all θ P Θ, t P r0, T s, x P Rd that










E
„

ÿ

sPpt,T q

qQ,rt,T spsqpF pv8qqps, Y θ,x,n
t,s q

¨

ˆ

Zθ,x,n
t,s ´

ˆ

1
1
s´t

şs

t
pσpY θ,x,n

t,maxtt,trutu
qq´1Dθ,x,n

t,r dW θ
r

˙˙ȷ











ď

„

sup
sPrt,T s

sup
yPRd

p|pF p0qqps, yq| ` L∥v8ps, yq∥q

ȷ

¨ 4K

c

1

α

´

pT ´ tq3

n2
`

pT ´ tq2

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

.

(3.131)

Proof of Lemma 3.2.2. First note that (3.14) ensures that for all i, j P t1, 2, . . . , du, θ P Θ,
t P r0, T s, s P rt, T s, x P Rd it holds that

E
”∣∣pDθ,x,n

t,s qij ´ pDθ,x,n
t,maxtt,tsutu

qij
∣∣2ı

“ E
„∣∣∣ d

ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjps ´ maxtt, tsutuq

`

d
ÿ

k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjpW
θ,l
s ´ W θ,l

maxtt,tsutu
q

∣∣∣2ȷ.
(3.132)

The fact that for all a, b P R it holds that pa ` bq2 ď 2pa2 ` b2q hence implies that for all
θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

E
”∥∥Dθ,x,n

t,s ´ Dθ,x,n
t,maxtt,tsutu

∥∥2

F

ı

ď 2E
„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjps ´ maxtt, tsutuq

∣∣∣2ȷ

` 2E
„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjpW
θ,l
s ´ W θ,l

maxtt,tsutu
q

∣∣∣2ȷ.
(3.133)
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Next observe that (3.7) and the fact that for all a, b P r0,8q it holds that a2 ` b2 ď

pa ` bq2 ď 2pa2 ` b2q show that for all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

2E
„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjps ´ maxtt, tsutuq

∣∣∣2ȷ

ď 4ps ´ maxtt, tsutuq2

˜

E
„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

qδkj

∣∣∣2ȷ

` E
„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

q
`

pDθ,x,n
t,maxtt,tsutu

qkj ´ δkj
˘

∣∣∣2ȷ¸

ď
4pT ´ tq2

n2

˜

E
„ d
ÿ

i“1

∣∣∣ d
ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

q

∣∣∣2ȷ

` E
„ d
ÿ

j“1

”

max
aPt1,2,...,du

`

pDθ,x,n
t,maxtt,tsutu

qaj ´ δaj
˘2
ı

d
ÿ

i“1

∣∣∣ d
ÿ

k“1

Bµi
Bxk

pY θ,x,n
t,maxtt,tsutu

q

∣∣∣2ȷ¸

ď
4K2pT ´ tq2

n2

ˆ

1 ` E
”∥∥Dθ,x,n

t,maxtt,tsutu
´ Id

∥∥2

F

ı

˙

.

(3.134)

Moreover, note that item (i) of Lemma 3.1.2 the fact that for all n P N, θ P Θ, t P r0, T s,
s P rt, T s, r P rs, T s, x P Rd it holds that Y θ,n,x

t,s and W θ
r ´ W θ

s are independent, and the
fact that for all a, b P R it holds that pa ` bq2 ď 2pa2 ` b2q ensure that for all θ P Θ,
t P r0, T s, s P rt, T s, x P Rd it holds that

2E
„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,tsutu

qpDθ,x,n
t,maxtt,tsutu

qkjpW
θ,l
s ´ W θ,l

maxtt,tsutu
q

∣∣∣2ȷ

ď 4E
”

max
aPt1,2,...,du

∣∣pW θ,a
s ´ W θ,a

maxtt,tsutu
q
∣∣2ı˜E

„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,tsutu

qδkj

∣∣∣2ȷ

` E
„ d
ÿ

i,j“1

∣∣∣ d
ÿ

k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,tsutu

q
`

pDθ,x,n
t,maxtt,tsutu

qkj ´ δkj
˘

∣∣∣2ȷ¸

ď 4ps ´ maxtt, tsutuq

˜

E
„ d
ÿ

i“1

∣∣∣ d
ÿ

k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,tsutu

q

∣∣∣2ȷ

` E
„ d
ÿ

j“1

”

max
aPt1,2,...,du

`

pDθ,x,n
t,maxtt,tsutu

qaj ´ δaj
˘2
ı

d
ÿ

i“1

∣∣∣ d
ÿ

k,l“1

Bσil
Bxk

pY θ,x,n
t,maxtt,tsutu

q

∣∣∣2ȷ¸

ď
4K2pT ´ tq

n

ˆ

1 ` E
”∥∥Dθ,x,n

t,maxtt,tsutu
´ Id

∥∥2

F

ı

˙

.

(3.135)

Combining this with item (iii) of Lemma 3.1.7, (3.133), and (3.134) proves that for all
θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

E
”∥∥Dθ,x,n

t,s ´ Dθ,x,n
t,maxtt,tsutu

∥∥2

F

ı

ď 4K2
´

pT ´ tq2

n2
`

pT ´ tq

n

¯

ˆ

1 ` E
”∥∥Dθ,x,n

t,maxtt,tsutu
´ Id

∥∥2

F

ı

˙

ď 4K2
´

pT ´ tq2

n2
`

pT ´ tq

n

¯

ˆ

1 ` 3Kps ´ tq exp
´

5Kps ´ tq
¯

˙

.

(3.136)
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Item (iv) of Lemma 1.2.2, the Burkholder-Davis-Gundy inequality, and the fact that for
all t P r0, T s, r P rt, T s, x P Rd it holds that pZ0,x,n

t,r q1 “ 1 therefore imply that for all
θ P Θ, t P r0, T s, r P pt, T s, x P Rd it holds that

˜

E

«

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Zθ,x,n
t,r ´

ˆ

1
1
r´t

şr

t
pσpY θ,x,n

t,maxtt,tsutu
qq´1Dθ,x,n

t,s dW θ
s

˙ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ff¸

1
2

“

˜

E
„∥∥∥ 1

r ´ t

ż r

t

pσpY θ,x,n
t,maxtt,tsutu

qq´1
”

Dθ,x,n
t,maxtt,tsutu

´ Dθ,x,n
t,s

ı

dW θ
s

∥∥∥2
ȷ

¸
1
2

ď
1

r ´ t

˜

ż r

t

E
„∥∥pσpY θ,x,n

t,maxtt,tsutu
qq´1

∥∥2

LpRdq

∥∥Dθ,x,n
t,maxtt,tsutu

´ Dθ,x,n
t,s

∥∥2

F

ȷ

ds

¸
1
2

ď
1

pr ´ tq
?
α

˜

ż r

t

E
„∥∥Dθ,x,n

t,maxtt,tsutu
´ Dθ,x,n

t,s

∥∥2

F

ȷ

ds

¸
1
2

ď 2K

d

1

αpr ´ tq

´

pT ´ tq2

n2
`

pT ´ tq

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

.

(3.137)

This implies that for all θ P Θ, t P r0, T s, x P Rd it holds that
¨

˝E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Zθ,x,n
t,T ´

˜

1
1

T´t

şT

t
pσpY θ,x,n

t,maxtt,tsutu
qq´1Dθ,x,n

t,s dW θ
s

¸ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl

˛

‚

1
2

ď 2K

c

1

α

´

pT ´ tq

n2
`

1

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

.

(3.138)

Hölder’s inequality hence shows that for all θ P Θ, t P r0, T s, x P Rd it holds that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

«

gpY θ,x,n
t,T q

˜

Zθ,x,n
t,T ´

˜

1
1

T´t

şT

t
pσpY θ,x,n

t,maxtt,tsutu
qq´1Dθ,x,n

t,s dW θ
s

¸¸ffˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

„

sup
yPRd

|gpyq|
ȷ

E

«ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Zθ,x,n
t,T ´

˜

1
1

T´t

şT

t
pσpY θ,x,n

t,maxtt,tsutu
qq´1Dθ,x,n

t,s dW θ
s

¸ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ff

ď

„

sup
yPRd

|gpyq|
ȷ

2K

c

1

α

´

pT ´ tq

n2
`

1

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

.

(3.139)

This establishes item (i). Next note that Hölder’s inequality, item (i) of Lemma 3.1.3,
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and (3.137) prove that for all θ P Θ, t P r0, T s, x P Rd it holds that










E
„

ÿ

sPpt,T q

qQ,rt,T spsqpF pv8qqps, Y θ,x,n
t,s q

¨

ˆ

Zθ,x,n
t,s ´

ˆ

1
1
s´t

şs

t
pσpY θ,x,n

t,maxtt,trutu
qq´1Dθ,x,n

t,r dW θ
r

˙˙ȷ











ď
ÿ

sPpt,T q

qQ,rt,T spsqE

«

|pF pv8qqps, Y θ,x,n
t,s q|

¨

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Zθ,x,n
t,s ´

ˆ

1
1
s´t

şs

t
pσpY θ,x,n

t,maxtt,trutu
qq´1Dθ,x,n

t,r dW θ
r

˙ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ff

ď

„

sup
sPrt,T s

sup
yPRd

|pF pv8qqps, yq|
ȷ

ÿ

sPpt,T q

qQ,rt,T spsq

¨ E
„ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Zθ,x,n
t,s ´

ˆ

1
1
s´t

şs

t
pσpY θ,x,n

t,maxtt,trutu
qq´1Dθ,x,n

t,r dW θ
r

˙ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ȷ

ď

„

sup
sPrt,T s

sup
yPRd

|pF pv8qqps, yq|
ȷ

ÿ

sPpt,T q

qQ,rt,T spsq
?
s ´ t

¨ 2K

c

1

α

´

pT ´ tq2

n2
`

pT ´ tq

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

ď

„

sup
sPrt,T s

sup
yPRd

|pF pv8qqps, yq|
ȷ

¨ 4K

c

1

α

´

pT ´ tq3

n2
`

pT ´ tq2

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

.

(3.140)

This and (3.9) demonstrate that for all θ P Θ, t P r0, T s, x P Rd it holds that










E
„

ÿ

sPpt,T q

qQ,rt,T spsqpF pv8qqps, Y θ,x,n
t,s q

¨

ˆ

Zθ,x,n
t,s ´

1

s ´ t

ż s

t

pσpY θ,x,n
t,maxttrutu

qq´1Dθ,x,n
t,r dW θ

r

˙ȷ











ď

„

sup
sPrt,T s

sup
yPRd

p|pF p0qqps, yq| ` L∥v8ps, yq∥q

ȷ

¨ 4K

c

1

α

´

pT ´ tq3

n2
`

pT ´ tq2

n

¯´

1 ` 3KpT ´ tq exp
`

5KpT ´ tq
˘

¯

.

(3.141)

This establishes item (ii). The proof of Lemma 3.2.2 is thus complete.

The following theorem, Theorem 3.2.4, provides a recursive upper bound for the ap-
proximation error of the MLP approximation scheme. In the proof we follow the idea of
[59, Lemma 4.3] and first study the Monte Carlo error and the time discretization error
separately before combining them with a discrete Gronwall inequality to obtain a global
error bound.

Lemma 3.2.3. Assume Setting 3.1.1, let n,M,Q P N, assume that

sup
xPRd

|gpxq|
φpT,xq

` sup
tPr0,T s

sup
xPRd

|pF p0qqpt,xq|
φpt,xq

` sup
tPr0,T s

sup
xPRd

|||v8pt,xq|||

φpt,xq
ă 8, (3.142)
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and let ε : r0, T s ˆ Rd Ñ r0,8sd`1 satisfy for all t P r0, T s, x P Rd that

εpt, xq

“ E

«

ÿ

sPpt,T q

qQ,rt,T spsqpF pv8qqps, Y 0,x,n
t,s q

ˆ

1
1
s´t

şs

t
pσpY 0,x,n

t,maxtt,trutu
qq´1D0,x,n

t,r dW 0
r

˙

´

ż T

t

pF pv8qqpr, Y 0,x,n
t,r q

ˆ

1
1
r´t

şr

t
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(3.143)

Then for all m, k P N, t0 P r0, T q, x P Rd, ν0 P t1, 2, . . . , d ` 1u it holds that
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(3.144)

Proof of Lemma 3.2.3. First we derive the Monte Carlo error. Note that items (i) and (ii)
of Lemma 3.1.9, and (3.17) imply that for all m P N, t P r0, T q, x P Rd, ν P t1, 2, . . . , d`1u
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it holds that
VarppV 0
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ÿ
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ÿ
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(3.145)

This, the triangle inequality, and (3.9) show that for all m P N, t P r0, T q, x P Rd,
ν P t1, 2, . . . , d ` 1u it holds that
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(3.146)
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The triangle inequality therefore demonstrates that for all m P N, t P r0, T q, x P Rd,
ν P t1, 2, . . . , d ` 1u it holds that
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(3.147)

In the next step we analyse the time discretization error. Note that item (iii) of Lemma 3.1.9
ensures that for all m P N, t P r0, T q, x P Rd it holds that

ErV 0
n,m,M,Qpt, xqs “ ErgpY 0,x,n

t,T qZ0,x,n
t,T s

` E
„

ÿ

sPpt,T q
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t,s qZ0,x,n
t,s

ȷ

.
(3.148)

In addition, observe that item (ii) of Lemma 3.1.6 and items (i) and (ii) of Lemma 3.2.1
demonstrate that for all t P r0, T q, x P Rd it holds that

v8pt, xq “ E

«
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1
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.

(3.149)

Combining this with the triangle inequality and (3.148) shows that for allm P N, t P r0, T q,
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x P Rd, nu P t1, 2, . . . , d ` 1u it holds that∣∣pErV 0
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(3.150)

Furthermore, observe that the triangle inequality and (3.9) imply that for all m P N,
t P r0, T s, s P pt, T s, x P Rd, ν P t1, 2, . . . , d ` 1u it holds that∣∣∣∣∣E
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(3.151)

In addition, note that (3.9) and Hölder’s inequality ensure that for all t P r0, T s, s P pt, T s,
x P Rd, ν P t1, 2, . . . , d ` 1u it holds that∣∣∣∣E„ ÿ
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(3.152)
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In the next step we combine the bounds on the Monte Carlo error and on the time
discretization error to analyse the global error. Observe that the triangle inequality,
(3.143), (3.147), (3.150), (3.151), and (3.152) demonstrate that for all m P N, t P r0, T q,
x P Rd, ν P t1, 2, . . . , d ` 1u it holds that
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(3.153)

Items (i) and (ii) of Lemma 3.2.2 therefore prove that for all t P r0, T q, x P Rd, ν P
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t1, 2, . . . , d ` 1u it holds that
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(3.154)

Next we prove (3.144) by induction on k P N. Note that (3.154) establishes (3.144)
in the base case k “ 1. For the induction step assume that (3.144) holds for k P N.
Item (v) of Lemma 3.1.4 ensures that for all l1 P N, t0, t1, . . . , tk P r0, T q, x P Rd with
t0 ă t1 ă . . . ă tk ă T , ν0, ν1, . . . , νk P t1, 2, . . . , d ` 1u it holds that

˜

E

«∣∣pV 0
n,l1,M,Qptk, Y

0,x,n
t0,tk

q ´ v8ptk, Y
0,x,n
t0,tk

qqνk

∣∣2 k
ź

i“1

∣∣pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸ 1
2

“

˜

E

«

E
”∣∣pV 0

n,l1,M,Q ´ v8qptk, yq
∣∣2ı ˇˇ

ˇ

y“Y 0,x,n
t0,tk

k
ź

i“1

∣∣pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸ 1
2

.

(3.155)

Combining this with (3.154) and the fact that for all x P Rd, t P r0, T q, s P rt, T q,
r P rs, T q it holds that Z0,x,n

t,s and Y 0,x,n
s,r are independent demonstrates that for all l1 P N,

t0, t1, . . . , tk P r0, T q, x P Rd, ν0, ν1, . . . , νk P t1, 2, . . . , d ` 1u with t0 ă t1 ă . . . ă tk ă T
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it holds that
˜

E

«∣∣pV 0
n,l1,M,Qptk, Y

0,x,n
t0,tk

q ´ v8ptk, Y
0,x,n
t0,tk

qqνk

∣∣2 k
ź

i“1

∣∣pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸ 1
2

ď

˜

E

«∣∣pεptk, Y 0,x,n
t0,tk

qqνk

k
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸ 1
2

`

˜

E

«∣∣∣∣gpY 0,x,n
t0,T

q ´ gpY 0,x,n
t0,tk

q
?
M l1

pZ0,x,n
tk,T

qνk

k
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣∣∣2
ff¸

1
2

`
ÿ

tk`1Pptk,T q

˜

E

«∣∣∣∣qQ,rtk,T sptk`1qpF p0qqptk`1, Y
0,x,n
t0,tk`1

q
?
M l1

k`1
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣∣∣2
ff¸

1
2

`
ÿ

tk`1Pptk,T q

d`1
ÿ

νk`1“1

Lνk`1
qQ,rtk,T sptk`1q
?
M l1´1

¨

˜

E

«∣∣pv8ptk`1, Y
0,x,n
t0,tk`1

qqνk`1

k`1
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸ 1
2

`

˜

2K

c

1
α

´

pT´t0q

n2 ` 1
n

¯´

1 ` 3KpT ´ t0q exp
`

5KpT ´ t0q
˘

¯

„

sup
yPRd

|gpyq|
ȷ

` 4K

c

1
α

´

pT´t0q3

n2 `
pT´t0q2

n

¯´

1 ` 3KpT ´ t0q exp
`

5KpT ´ t0q
˘

¯

¨

„

sup
sPrtk,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸˜

E

«∣∣ k
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸ 1
2

`

l1´1
ÿ

l0“1

ÿ

tk`1Pptk,T q

d`1
ÿ

νk`1“1

2Lνk`1
qQ,rtk,T sptk`1q

?
M l1´1´l0

¨

˜

E

«∣∣ppV 0
n,l0,M,Q ´ v8qptk`1, Y

0,x,n
t0,tk`1

qqνk`1

k`1
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸ 1
2

.

(3.156)

This and the induction hypothesis imply (3.144) for k ` 1. Induction therefore proves
(3.144). The proof of Lemma 3.2.3 is thus complete.

In the following theorem we apply the findings from Lemma 3.2.3 to the case k ð m
to achieve an error bound that is not recursive. Theorem 3.2.4 generalizes the results of
[59, Theorem 4.4] to a more general setting of semilinear PDEs with gradient-dependent
nonlinearities.

Theorem 3.2.4. Assume Setting 3.1.1, let n,m,Q P N, M P NXr2,8q, ν0 P t1, 2, . . . , d`

1u, t0 P r0, T q, x P Rd, assume that

sup
xPRd

|gpxq|
φpT,xq

` sup
tPr0,T s

sup
xPRd

|pF p0qqpt,xq|
φpt,xq

` sup
tPr0,T s

sup
xPRd

|||v8pt,xq|||

φpt,xq
ă 8, (3.157)
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let C P r1,8q satisfy that

C “ max
!?

πT ,L,
`

?
T ` p1 ` 1?

α

?
3KT exp

`

5
2
KT

˘

q
˘

,

K
b

1
α

`

1 ` 3KT expp5KT q
˘

,
`

2K
`

γp4q
x T exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x

˘

¨

”?
T `

b

6
α

`

1 `
a

6Kp1 ` T q expp40K2p1 ` T q2q
˘

ı)

,

(3.158)

and let ε : r0, T s ˆ Rd Ñ r0,8sd`1 satisfy for all r P r0, T s, y P Rd that

εpt, yq

“ E

«

ÿ

sPpt,T q

qQ,rt,T spsqpF pv8qqps, Y 0,y,n
t,s q

ˆ

1
1
s´t

şs

t
pσpY 0,y,n

t,maxtt,trutu
qq´1D0,y,n

t,r dW 0
r

˙

´

ż T

t

pF pv8qqpr, Y 0,y,n
t,r q

ˆ

1
1
r´t

şr

t
pσpY 0,y,n

t,maxtt,tsutu
qq´1D0,y,n

t,s dW 0
s

˙

dr

ff

.

(3.159)

Then it holds that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď
`

1 ` 14p8C3qm´1
˘

«

sup
sPrt0,T s

sup
yPRd

|||εps, yq|||

ff

`
`

1 ` 6p4C3qm´1eM
˘ C2p

?
T `

?
6q

?
Mm´3

`
`

1 ` 14Cp8C3qm´1
˘

2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
2C2 ` p4C3qmeM

?
Mm´3

˜«

sup
sPrt0,T s

sup
yPRd

|pF p0qqps, yq|

ff

`

«

sup
sPrt0,T s

sup
yPRd

|||v8ps, yq|||

ff

˙

.

(3.160)

Proof of Theorem 3.2.4. First note that Lemma 3.2.3 (applied with k ð m in the notation
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of Lemma 3.2.3) and (3.158) demonstrate that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď

m´1
ÿ

j“0

ÿ

l1,...,lj`1PN
l1ă...ălj`1“m

ÿ

t1,...,tj`1PR
t0ăt1ă...ătj`1ďT

ÿ

ν1,...,νj`1Pt1,...,d`1u

2j?
Mm´j´l1

«

j
ź

i“1

Lνiq
Q,rti´1,T sptiq

ff

¨

#

11pνj`1q

˜

1T ptj`1q

˜˜

E

«∣∣∣pεptj, Y 0,x,n
t0,tj qqνj

j
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣∣2ff¸ 1
2

`
1

?
M l1

˜

E

«∣∣∣pgpY 0,x,n
t0,T

q ´ gpY 0,x,n
t0,tj qq

j`1
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣∣2ff¸ 1
2

` 2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸˜

E

«

j
ź

i“1

∣∣pZ0,x,n
ti´1,tiqνi´1

∣∣2ff¸¸

`
qQ,rtj ,T sptj`1q

?
M l1

˜

E

«∣∣∣pF p0qqptj`1, Y
0,x,n
t0,tj`1

q

j`1
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣∣2ff¸ 1
2
¸

`
Lνj`1

qQ,rtj ,T sptj`1q
?
M l1´1

˜

E

«∣∣∣pv8ptj`1, Y
0,x,n
t0,tj`1

qqνj`1

j`1
ź

i“1

pZ0,x,n
ti´1,tiqνi´1

∣∣∣2ff¸ 1
2
+

.

(3.161)

Item (v) of Lemma 3.1.4 hence shows that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď

m´1
ÿ

j“0

ÿ

l1,...,lj`1PN
l1ă...ălj`1“m

ÿ

t1,...,tj`1PR
t0ăt1ă...ătj`1ďT

ÿ

ν1,...,νj`1Pt1,...,d`1u

2j?
Mm´j´l1

«

j
ź

i“1

Lνiq
Q,rti´1,T sptiq

ff

¨

#

11pνj`1q

˜

1T ptj`1q

˜

„

sup
sPrt0,T s

sup
yPRd

pεps, yqqνj

ȷ j
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

`
pEr|pgpY 0,x,n

t0,T
q ´ gpY 0,x,n

t0,tj qqpZ0,x,n
tj ,T

qνi´1
|2sq

1
2

?
M l1

j
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

` 2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸

j
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

¸

`
qQ,rtj ,T sptj`1q

?
M l1

”

sup
sPrt0,T s

sup
yPRd

|pF p0qqps, yq|
ı

j`1
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

¸

`
Lνj`1

qQ,rtj ,T sptj`1q
?
M l1´1

”

sup
sPrt0,T s

sup
yPRd

pv8ps, yqqνj`1

ı

j`1
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

+

.

(3.162)
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Furthermore, note that the Cauchy-Schwarz inequality, item (ii) of Lemma 3.1.7, item (ii)
of Lemma 3.1.8, (3.10), and (3.158) ensure that for all t P r0, T q, ν P t1, 2, . . . , d ` 1u it
holds that

´

E
”∣∣pgpY 0,x,n

t,T q ´ gpxqqpZ0,x,n
t,T qν

∣∣2ı¯ 1
2

ď L
´

E
”

∥Y 0,x,n
t,T ´ x∥2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZ0,x,n
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
ı¯

1
2

ď L
´

E
“

∥Y 0,x,n
t,T ´ x∥4

‰

¯
1
4
´

E
”

ˇ

ˇ

ˇ

ˇ

ˇ

ˇZ0,x,n
t,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

4
ı¯

1
4

ď L
?
T ´ tp

?
T `

?
6q

´

2K
`

γp4q
x pT ´ tq exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x

¯

¨

„

1 `

d

6

αpT ´ tq

´

1 `
a

6Kp1 ` T ´ tq exp
`

40K2p1 ` T ´ tq2
˘

¯

ȷ

“ Lp
?
T `

?
6q

´

2K
`

γp4q
x T exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x

¯

¨

„

?
T `

c

6

α

´

1 `
a

6Kp1 ` T q exp
`

40K2p1 ` T q2
˘

¯

ȷ

ď C2p
?
T `

?
6q.

(3.163)
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Combining this with (3.158) and (3.162) proves that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď

«

sup
sPrt0,T s

sup
yPRd

pεps, yqqν0

ff

`
C2p

?
T`

?
6q

?
Mm ` 2C

c

´

T´t0
n2 ` 1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸

`
rsupsPrt0,T s supyPRd |pF p0qqps,yq|s

?
Mm

ÿ

t1Ppt0,T s

qQ,rt0,T spt1q
`

E
“

|pZ0,x,n
t0,t1 qν0 |2

‰˘

1
2

`

řd`1
ν1“1 Lν1 rsupsPrt0,T s supyPRd pv8ps,yqqν1 s

?
Mm´1

ÿ

t1Ppt0,T s

qQ,rt0,T spt1q
´

E
”∣∣pZ0,x,n

t0,t1 qν0
∣∣2ı¯ 1

2

`

m´1
ÿ

j“1

ÿ

l1,...,ljPN
l1ă...ăljăm

ÿ

t1,...,tj`1PR
t0ăt1ă...ătj`1ďT

ÿ

ν1,...,νj`1Pt1,...,d`1u

2j?
Mm´j´l1

¨

«

j
ź

i“1

Lνiq
Q,rti´1,T sptiq

ff

¨

#

11pνj`1q

˜

1T ptj`1q

˜

„

sup
sPrt0,T s

sup
yPRd

pεps, yqqνj

ȷ j
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

`
C2p

?
T`

?
6q

?
M l1

j
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

` 2C

c

´

T´t0
n2 ` 1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸

j
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

¸

`
qQ,rtj ,T s

ptj`1qrsupsPrt0,T s supyPRd |pF p0qqps,yq|s
?
M l1

j`1
ź

i“1

`

E
“

|pZ0,x,n
ti´1,tiqνi´1

|2
‰˘

1
2

¸

`
Lνj`1q

Q,rtj ,T s
ptj`1qrsupsPrt0,T s supyPRd |pv

8ps,yqqνj`1 |s?
M l1´1

j`1
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

+

.

(3.164)

Next note that item (i) of Lemma 3.1.8 and (3.158) ensure that for all j P N, t1, t2, . . . , tj P

r0, T q with t0 ă t1 ă . . . ă tj ă T it holds that

j
ź

i“1

´

E
”∣∣pZ0,x,n

ti´1,tiqνi´1

∣∣2ı¯ 1
2

ď

j
ź

i“1

ˆ

1 `
1

a

αpti ´ ti´1q

´

1 `
?
3KT exp

`

5
2
KT

˘

¯

˙

ď

ˆ

a

T ´ t0 `

´

1 `
1

?
α

?
3KT exp

`

5
2
KT

˘

¯

˙j j
ź

i“1

1
?
ti ´ ti´1

ď Cj
j
ź

i“1

1
?
ti ´ ti´1

.

(3.165)
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Next note that for all j P N it holds that
»

–

ÿ

ν1,...νjPt1,...,d`1u

j
ź

i“1

Lνi

fi

fl “

˜

d`1
ÿ

ν“1

Lν

¸j

“ Lj. (3.166)

This, (3.164), and (3.165) show that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď

«

sup
sPrt0,T s

sup
yPRd

pεps, yqqν0

ff

`
C2p

?
T`

?
6q

?
Mm ` 2C

c

´

T´t0
n2 `

1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

|pF p0qqps, yq| ` L|||v8ps, yq|||

ȷ

¸

`
CrsupsPrt0,T s supyPRd |pF p0qqps,yq|s

?
Mm

ÿ

t1Ppt0,T s

qQ,rt0,T spt1q
?
t1´t0

`
C
řd`1

ν1“1 Lν1 rsupsPrt0,T s supyPRd |pv
8ps,yqqν1 |s?

Mm´1

ÿ

t1Ppt0,T s

qQ,rt0,T spt1q
?
t1´t0

`

m´1
ÿ

j“1

ÿ

l1,...,ljPN
l1ă...ăljăm

#

p2CLqjrsupsPrt0,T s supyPRd |||εps,yq|||s
?
Mm´j´l1

¨

»

—

—

–

ÿ

t1,...,tjPR
tăt1ă...ătjăT

j
ź

i“1

qQ,rti´1,T sptiq

?
ti´ti´1

fi

ffi

ffi

fl

`
p2CLqjC2p

?
T`

?
6q

?
Mm´j

»

—

—

–

ÿ

t1,...,tjPR
tăt1ă...ătjăT

j
ź

i“1

qQ,rti´1,T sptiq

?
ti´ti´1

fi

ffi

ffi

fl

`
p2CLqj`1

?
Mm´j´l1

»

—

—

–

ÿ

t1,...,tjPR
tăt1ă...ătjăT

j
ź

i“1

qQ,rti´1,T sptiq

?
ti´ti´1

fi

ffi

ffi

fl

c

´

T´t0
n2 ` 1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸

`
p2CLqjrsupsPrt0,T s supyPRd |pF p0qqps,yq|s

?
Mm´j

»

—

—

–

ÿ

t1,...,tj`1PR
tăt1ă...ătj`1ďT

j`1
ź

i“1

qQ,rti´1,T sptiq

?
ti´ti´1

fi

ffi

ffi

fl

`
p2CqjLj`1rsupsPrt0,T s supyPRd |||v8ps,yq|||

?
Mm´j´1

»

—

—

–

ÿ

t1,...,tj`1PR
tăt1ă...ătj`1ďT

j`1
ź

i“1

qQ,rti´1,T sptiq

?
ti´ti´1

fi

ffi

ffi

fl

+

.

(3.167)

Combining this with [55, Lemma 3.3], the assumption that
řd`1
ν“1 Lν “ L, and the fact
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that Γp1
2
q “

?
π guarantees that

´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď

«

sup
sPrt0,T s

sup
yPRd

pεps, yqqν0

ff

`
C2p

?
T `

?
6q

?
Mm

` 2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸

`
2C

?
T ´ t0

?
Mm´1

˜

rsupsPrt0,T s supyPRd |pF p0qqps, yq|s
?
M

` L

«

sup
sPrt0,T s

sup
yPRd

|||v8ps, yq|||

ff¸

` 2
m´1
ÿ

j“1

ÿ

l1,...,ljPN
l1ă...ăljăm

#

p2CL
a

πpT ´ t0qqjrsupsPrt0,T s supyPRd |||εps, yq|||s
?
Mm´j´l1Γp

j
2
q

`
p2CL

a

πpT ´ t0qqjC2p
?
T `

?
6q

?
Mm´jΓp

j
2
q

`
p2CLqj`1p

a

πpT ´ t0qqj
?
Mm´j´l1Γp

j
2
q

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` L|||v8ps, yq|||q

ȷ

¸

`
p2CLqjp

a

πpT ´ t0qqj`1rsupsPrt0,T s supyPRd |pF p0qqps, yq|s
?
Mm´jΓp

j`1
2

q

`
p2CqjpL

a

πpT ´ t0qqj`1rsupsPrt0,T s supyPRd |||v8ps, yq|||s
?
Mm´j´1Γp

j`1
2

q

+

.

(3.168)
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This, [55, Lemma 3.4], and (3.158) demonstrate that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď

«

sup
sPrt0,T s

sup
yPRd

pεps, yqqν0

ff

`
C2p

?
T `

?
6q

?
Mm

` 2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
2C

?
T ´ t0

?
Mm´1

˜

rsupsPrt0,T s supyPRd |pF p0qqps, yq|s
?
M

` C

«

sup
sPrt0,T s

sup
yPRd

|||v8ps, yq|||

ff¸

`
2rsupsPrt0,T s supyPRd |||εps, yq|||s

?
Mm

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j
2
q

m´j
ÿ

l“1

?
M

l
ˆ

m ´ l ´ 1

j ´ 1

˙

`
C2p

?
T `

?
6q

?
Mm

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j
2
q

ˆ

m ´ 1

j

˙

`
4C2

?
Mm

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

¨

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j
2
q

m´j
ÿ

l“1

?
M l

ˆ

m ´ l ´ 1

j ´ 1

˙

`
r2C supsPrt0,T s supyPRd |pF p0qqps, yq|s

?
Mm

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j`1
2

q

ˆ

m ´ 1

j

˙

`
rsupsPrt0,T s supyPRd |||v8ps, yq|||s

?
Mm

m´1
ÿ

j“1

p2C3
?
Mqj`1

Γp
j`1
2

q

ˆ

m ´ 1

j

˙

.

(3.169)
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Combining this with (3.158) ensures that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď

˜

1 `
2

?
Mm

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j
2
q

m´j
ÿ

l“1

?
M

l
ˆ

m ´ l ´ 1

j ´ 1

˙

¸«

sup
sPrt0,T s

sup
yPRd

|||εps, yq|||

ff

`

˜

1 ` 2
m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j
2
q

ˆ

m ´ 1

j

˙

¸

C2p
?
T `

?
6q

?
Mm

`

˜

1 `
2C

?
Mm

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j
2
q

m´j
ÿ

l“1

?
M

l
ˆ

m ´ l ´ 1

j ´ 1

˙

¸

2C

c

´T ´ t0
n2

`
1

n

¯

¨

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

` 2C

˜

C `

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j`1
2

q

ˆ

m ´ 1

j

˙

¸

rsupsPrt0,T s supyPRd |pF p0qqps, yq|s
?
Mm

` 2C3

˜

1 `

m´1
ÿ

j“1

p2C3
?
Mqj

Γp
j`1
2

q

ˆ

m ´ 1

j

˙

¸

rsupsPrt0,T s supyPRd |||v8ps, yq|||s
?
Mm´1

.

(3.170)

Throughout the rest of the proof let t¨u : r0,8q Ñ r0,8q satisfy for all a P r0,8q that
tau “ suppr0, as X N0q. Furthermore, observe that for all z P r0,8q it holds that

m´1
ÿ

j“1

zj

Γp
j`1
2

q
ď

m´1
ÿ

j“1

zj

Γpt
j`1
2

uq
“

tm
2

u
ÿ

l“1

z2l´1

Γplq
`

tm´1
2

u
ÿ

l“1

z2l

Γplq

“

tm
2

u´1
ÿ

l“0

z2l`1

l!
`

tm´1
2

u´1
ÿ

l“0

z2l`2

l!
ď zpz ` 1qez

2

.

(3.171)

Combining this with the fact that for all j P t1, . . . ,m ´ 1u it holds that
`

m´1
j

˘

ď
řm´1
k“0

`

m´1
k

˘

“ 2m´1 and with the fact that Γp1
2
q “

?
π ensures that for every z P r0,8q

it holds that
m´1
ÿ

j“1

pz
?
Mqj

Γp
j`1
2

q

ˆ

m ´ 1

j

˙

ď p2zqm´1
m´1
ÿ

j“1

?
M

j

Γp
j`1
2

q

ď p2zqm´1
?
Mp

?
M ` 1qeM ď 2p2zqm´1MeM

(3.172)

and
m´1
ÿ

j“1

pz
?
Mqj

Γp
j
2
q

ˆ

m ´ 1

j

˙

ď p2zqm´1
?
M

˜

1
?
π

`

m´1
ÿ

l“1

?
M l

Γp l`1
2

q

¸

ď p2zqm´1
?
M

ˆ

1
?
π

`
?
Mp

?
M ` 1qeM

˙

ď 3p2zqm´1
?
M3eM .

(3.173)

Next note that for all j P t1, 2, . . . ,m ´ 1u it holds that
m´j
ÿ

l“1

?
M l

ˆ

m ´ l ´ 1

j ´ 1

˙

“

m´2
ÿ

l“j´1

?
Mm´l´1

ˆ

l

j ´ 1

˙

ď
?
Mm´1

8
ÿ

l“j´1

1
?
M l

ˆ

l

j ´ 1

˙

“

?
Mm´1p 1?

M
qj´1

p1 ´ 1?
M

qj
“

?
Mm´j

p1 ´ 1?
M

qj
.

(3.174)
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Combining this with (3.171) implies that for all z P r0,8q it holds that
m´1
ÿ

j“1

pz
?
Mqj

Γp
j
2
q

m´j
ÿ

l“1

?
M l

ˆ

m ´ l ´ 1

j ´ 1

˙

ď
?
Mm

m´1
ÿ

j“1

zj

Γp
j
2
qp1 ´ 1?

M
qj

ď
?
Mm

zm´1

p1 ´ 1?
2
qm´1

m´1
ÿ

j“1

1

Γp
j
2
q

“
?
Mm

zm´1

p1 ´ 1?
2
qm´1

˜

1
?
π

`

m´2
ÿ

i“1

1

Γp i`1
2

q

¸

ď p4zqm´1
?
Mm

ˆ

1
?
π

` 2e

˙

ď 7p4zqm´1
?
Mm.

(3.175)

This, (3.169), (3.171), (3.172), and (3.174) imply that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď
`

1 ` 14p8C3qm´1
˘

«

sup
sPrt0,T s

sup
yPRd

|||εps, yq|||

ff

`
`

1 ` 6p4C3qm´1eM
˘ C2p

?
T `

?
6q

?
Mm´3

`
`

1 ` 14Cp8C3qm´1
˘

2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
`

2C2 ` p4C3qmeM
˘ rsupsPrt0,T s supyPRd |pF p0qqps, yq|s

?
Mm´3

`
`

2C3 ` p4C3qmeM
˘ rsupsPrt0,T s supyPRd |||v8ps, yq|||s

?
Mm´3

.

(3.176)

The proof of Theorem 3.2.4 is thus complete.

The upper bound for the approximation error given in Theorem 3.2.4 still contains
the unknown error term ε arising from the GauSS-Legendre quadrature rule which we
intend to determine now. The following lemma therefore calculates this error term under
the additional assumption that the solution is smooth.

Lemma 3.2.5. Assume Setting 3.1.1, let n,Q P N, t P r0, T q, x P Rd, assume that
u8 P C8pr0, T s ˆ Rd,Rq, and assume for all k P N0 that

sup
sPr0,T s

sup
yPRd

ppBu8

Bt
q ` xµ, p∇xu

8qy ` 1
2
Trpσσ˚pHessx u

8qqqkps, yq

φps, yq
ă 8. (3.177)

Then there exists ξ “ pξ1, . . . , ξd`1q P rt, T sd`1 which satisfies for all ν P t1, 2, . . . , d ` 1u

that

E
„

ÿ

sPpt,T q

qQ,rt,T spsqpF pv8qqps, Y 0,x,n
t,s q

ˆ

1
1
s´t

şs

t
pσpY 0,x,n

t,maxtt,trutu
qq´1D0,x,n

t,r dW 0
r

˙

ν

´

ż T

t

pF pv8qqpr, Y 0,x,n
t,r q

ˆ

1
1
r´t

şr

t
pσpY 0,x,n

t,maxtt,tsutu
qq´1D0,x,n

t,s dW 0
s

˙

ν

dr

ȷ

“ p1,∇xqν E
”

`

pBu8

Bt
q ` xµ, p∇xu

8qy

` 1
2
Trpσσ˚pHessx u

8qq
˘2Q`1

pξν , Y
0,x,n
t,ξν

q

ı

rQ!s4pT ´ tq2Q`1

p2Q ` 1qrp2Qq!s3
.

(3.178)
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Proof of Lemma 3.2.5. Throughout this proof let Ψk : r0, T s ˆRd Ñ R, k P N0, satisfy for
all k P N0, s P r0, T s, y P Rd that

Ψkps, yq “
`

pBu8

Bt
q ` xµ, p∇xu

8qy ` 1
2
Trpσσ˚pHessx u

8qq
˘k

ps, yq. (3.179)

First note that the dominated convergence theorem and (3.177) show that for every k P N0

it holds that
`

rt, T s Q s ÞÑ ErΨkps, Y 0,x,n
t,s qs P R

˘

P Cprt, T s,Rq. (3.180)

Furthermore, observe that Itô’s formula and the assumption that u8 P C8pr0, T qˆRd,Rq

ensure that for all k P N0, s P rt, T s it holds a.s. that

Ψkps, Y 0,x,n
t,s q ´ Ψkpt, xq

“

ż s

t

pBΨk

Bt
qpr, Y 0,x,n

t,r q dr `

ż s

t

p∇xΨkqpr, Y 0,x,n
t,r q dY 0,x,n

t,r

` 1
2

d
ÿ

i,j“1

ż s

t

p B2Ψk

BxiBxj
qpr, Y 0,x,n

t,r q drpY 0,x,n
t qi, pY

0,x,n
t qjsr

“

ż s

t

”

pBΨk

Bt
qpr, Y 0,x,n

t,r q ` xµpY 0,x,n
t,r q, p∇xΨkqpr, Y 0,x,n

t,r qy

` 1
2
TrpσpY 0,x,n

t,r qrσpY 0,x,n
t,r qs˚pHessxΨkq

ı

dr

`

ż s

t

p∇xΨkqpr, Y 0,x,n
t,r qσpY 0,x,n

t,r q dW 0
r .

(3.181)

This and (3.177) imply that for all k P N it holds that

E
„

sup
sPrt,T s

∣∣∣∣ ż s

t

p∇xΨkqpr, Y 0,x,n
t,r qσpY 0,x,n

t,r q dW 0
r

∣∣∣∣ȷ ă 8. (3.182)

Hence, we obtain that for all s P pt, T s it holds that
ż s

t

p∇xΨkqpr, Y 0,x,n
t,r qσpY 0,x,n

t,r q dW 0
r “ 0. (3.183)

Combining this with Fubini’s theorem, (3.179), and (3.181) demonstrates that for all
k P N0, s P rt, T s it holds that

E
“

Ψkps, Y 0,x,n
t,s q

‰

´ Ψkpt, xq “

ż s

t

E
“

Ψk`1pr, Y
0,x,n
t,r q

‰

dr. (3.184)

Moreover, observe that (3.184) (applied with k “ 1) and (3.180) (applied with k “ 2)
ensure that

prt, T s Q s ÞÑ ErΨ1ps, Y 0,x,n
t,s qs P Rq P C1prt, T s,Rq. (3.185)

Induction, (3.180) and (3.184) therefore prove that prt, T s Q s ÞÑ ErΨ1ps, Y
0,x,n
t,s qs P Rq P

C8prt, T s,Rq and that for all k P N, s P rt, T s it holds that

Bk

Btk
E
“

Ψ1ps, Y 0,x,n
t,s q

‰

“ E
“

Ψk`1ps, Y 0,x,n
t,s q

‰

. (3.186)

Combining this with the error presentation for the GauSS-Legendre quadrature rule (see,
e.g., [28, Display (2.7.12)]), (3.11), and (3.179) demonstrates that there exists ζ P rt, T s
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which satisfies
ÿ

sPpt,T q

qQ,rt,T spsqE
“

pF pv8qqps, Y 0,x,n
t,s q

‰

´

ż T

t

E
“

pF pv8qqpr, Y 0,x,n
t,r q

‰

dr

“
ÿ

sPpt,T q

qQ,rt,T spsqE
“

Ψ1ps, Y
0,x,n
t,s q

‰

´

ż T

t

E
“

Ψ1pr, Y 0,x,n
t,r q

‰

dr

“

´

B2Q

Bt2Q
E
“

Ψ1ps, Y 0,x,n
t,s q

‰

¯ˇ

ˇ

ˇ

s“ζ

rQ!s4pT ´ tq2Q`1

p2Q ` 1qrp2Qq!s3

“ E
“

Ψ2Q`1pζ, Y
0,x,n
t,ζ q

‰ rQ!s4pT ´ tq2Q`1

p2Q ` 1qrp2Qq!s3
.

(3.187)

In addition, observe that the error presentation for the GauSS-Legendre quadrature rule
(see, e.g., [28, Display (2.7.12)]), item (ii) of Lemma 3.2.1, (3.11), and (3.186) demonstrate
that there exists ξ “ pξ1, ξ2, . . . , ξdq P Rd which satisfies for all ν P t1, 2, . . . , du that

ÿ

sPpt,T q

qQ,rt,T spsqE
„

pF pv8qqps, Y 0,x,n
t,s q

ˆ

1

s ´ t

ż s

t

pσpY 0,x,n
t,maxtt,trutu

qq´1D0,x,n
t,r dW 0

r

˙

ν

ȷ

´

ż T

t

E
„

pF pv8qqpr, Y 0,x,n
t,r q

ˆ

1

r ´ t

ż r

t

pσpY 0,x,n
t,maxtt,tsutu

qq´1D0,x,n
t,s dW 0

s

˙

ν

ȷ

dr

“
ÿ

sPpt,T q

qQ,rt,T spsq
B

Bxν
E
“

pF pv8qqps, Y 0,x,n
t,s q

‰

´

ż T

t

B

Bxν
E
“

pF pv8qqpr, Y 0,x,n
t,r q

‰

dr

“
ÿ

sPpt,T q

qQ,rt,T spsq
B

Bxν
E
“

Ψ1ps, Y 0,x,n
t,s q

‰

´

ż T

t

B

Bxν
E
“

Ψ1pr, Y
0,x,n
t,r q

‰

dr

“

´

B2Q

Bt2Q
B

Bxν
E
“

Ψ1ps, Y 0,x,n
t,s q

‰

¯ˇ

ˇ

ˇ

s“ξν

rQ!s4pT ´ tq2Q`1

p2Q ` 1qrp2Qq!s3

“
B

Bxν
E
“

Ψ2Q`1pξν , Y
0,x,n
t,ξν

q
‰ rQ!s4pT ´ tq2Q`1

p2Q ` 1qrp2Qq!s3
.

(3.188)

Combining this with (3.179) and (3.187) proves (3.178). The proof of Lemma 3.2.5 is thus
complete.

Theorem 3.2.4 and Lemma 3.2.5 lead together to the following Corollary which pro-
vides an upper bound for the approximation error under the assumption of a smooth
solution. The proof of Corollary 3.2.6 uses ideas from [55, Corollary 4.6].

Corollary 3.2.6. Assume Setting 3.1.1, let n,m,Q P N, M P r2,8q, a P r0, 1s, ν0 P

t1, 2, . . . , d`1u, t0 P r0, T q, x P Rd assume that u8 P C8pr0, T sˆRd,Rq, and let C P r1,8q

satisfy that

C “ max
!?

πT ,L,
`

?
T ` p1 ` 1?

α

?
3KT exp

`

5
2
KT

˘

q
˘

,

K
b

1
α

`

1 ` 3KT expp5KT q
˘

,
`

2K
`

γp4q
x T exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x

˘

¨

”?
T `

b

6
α

`

1 `
a

6Kp1 ` T q expp40K2p1 ` T q2q
˘

ı)

,

(3.189)
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Then it holds that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď
`

1 ` 6p4C3qm´1eM
˘ C2p

?
T `

?
6q

?
Mm´3

`
`

1 ` 14Cp8C3qm´1
˘

2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
2C3 ` p4C3qmeM

?
Mm´3

˜«

sup
sPrt0,T s

sup
yPRd

|pF p0qqps, yq|

ff

`

«

sup
sPrt0,T s

sup
yPRd

|||v8ps, yq|||

ff¸

`
p1 ` 14p8C3qm´1qT 2Q`1

Q2aQ

¨

«

sup
kPN

sup
sPr0,T s

sup
yPRd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p1,∇xqpp
Bu8

Bt
q`xµ,p∇xu8qy`

1
2
Trpσσ˚pHessx u8qqqkps,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk!q1´a

ff

.

(3.190)

Proof of Corollary 3.2.6. To prove (3.190) we assume w.l.o.g. that the right-hand side of
(3.190) is finite. Note that [90, Displays (1)-(2)] demonstrates that for all k P N it holds
that

?
2πk

´k

e

¯k

ď k! ď
?
2πk

´k

e

¯k

e
1
12 . (3.191)

Combining this with the fact that for all k P N it holds that πe 1
3k ď 8k implies that for

all k P N it holds that

k2akpp2k ` 1q!q1´ark!s4

p2k ` 1qrp2kq!s3
ď

k2akrk!s4

rp2kq!s2`a
ď
k2akr

?
2πkk` 1

2 e´k` 1
12 s4

r
?
2πp2kq2k` 1

2 e´2ks2`a

“ p
?
2πq2´ak1´a

2 e
1
32´2p2k` 1

2
q

ˆ

e2k

22k` 1
2

˙a

ď 2πke
1
32´4k´1e2k2´2k

“ πe
1
3k
´ e2

64

¯k

ď πe
1
3k8´k ď 1.

(3.192)

Hence, we obtain for all z P r0,8q that

zrQ!s4

p2Q ` 1qrp2Qq!s3
ď

1

Q2aQ

„

sup
kPN

zk2akrk!s4

p2k ` 1qrp2kq!s3

ȷ

ď
1

Q2aQ

„

sup
lPN

l2alpl!q1´arl!s4

p2l ` 1qrp2lq!s3

ȷ„

sup
kPN

z

pk!q1´a

ȷ

ď
1

Q2aQ

„

sup
lPN

l2alpp2l ` 1q!q1´arl!s4

p2l ` 1qrp2lq!s3

ȷ„

sup
kPN

z

pk!q1´a

ȷ

ď
1

Q2aQ

„

sup
kPN

z

pk!q1´a

ȷ

.

(3.193)
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Next observe that Theorem 3.2.4 and (3.158) show that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď
`

1 ` 3p4C3qm´1eM
˘ C2p

?
T `

?
6q

?
Mm´3

`
`

1 ` 14p8C3qm´1
˘

2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2C

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
`

2C3 ` p4C3qmeM
˘

˜

rsupsPrt0,T s supyPRd |pF p0qqps, yq|s
?
Mm´3

`
rsupsPrt0,T s supyPRd |||v8ps, yq|||s

?
Mm´3

¸

`
`

1 ` 14p8C3qm´1
˘

«

sup
sPrt0,T s

sup
yPRd

|||εps, yq|||

ff

.

(3.194)

Combining this with Lemma 3.2.5 demonstrates that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď
`

1 ` 6p4C3qm´1eM
˘ C2p

?
T `

?
6q

?
Mm´3

`
`

1 ` 14Cp8C3qm´1
˘

2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
2C3 ` p4C3qmeM

?
Mm´3

˜«

sup
sPrt0,T s

sup
yPRd

|pF p0qqps, yq|

ff

`

«

sup
sPrt0,T s

sup
yPRd

|||v8ps, yq|||

ff¸

`
`

1 ` 14p8C3qm´1
˘

˜«

sup
sPr0,T s

sup
yPRd






p1,∇xq

`

pBu8

Bt
q ` xµ, p∇xu

8qy

` 1
2
Trpσσ˚pHessx u

8qq
˘2Q`1

ps, yq







rQ!s4T 2Q`1

p2Q ` 1qrp2Qq!s3

ff

.

(3.195)
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This and (3.193) show that
´

E
”∣∣pV 0

n,m,M,Qpt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď
`

1 ` 6p4C3qm´1eM
˘ C2p

?
T `

?
6q

?
Mm´3

`
`

1 ` 14Cp8C3qm´1
˘

2C

c

´T ´ t0
n2

`
1

n

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
2C3 ` p4C3qmeM

?
Mm´3

˜«

sup
sPrt0,T s

sup
yPRd

|pF p0qqps, yq|

ff

`

«

sup
sPrt0,T s

sup
yPRd

|||v8ps, yq|||

ff¸

`
p1 ` 14p8C3qm´1qT 2Q`1

Q2aQ

¨

«

sup
kPN

sup
sPr0,T s

sup
yPRd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p1,∇xqpp
Bu8

Bt
q`xµ,p∇xu8qy`

1
2
Trpσσ˚pHessx u8qqqkps,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk!q1´a

ff

.

(3.196)

The proof of Corollary 3.2.6 is thus complete.

The following corollary is an application of Corollary 3.2.6 to the special case that
m “ M “ Q, n “ mm, and a “ 1

4
. Note that in the case a “ 1

4
it holds that

?
M´m and

Q´2aQ are equal.

Corollary 3.2.7. Assume Setting 3.1.1, let N P N X r2,8q, ν0 P t1, 2, . . . , d ` 1u, t0 P

r0, T q, x P Rd, ν0 P t1, 2, . . . , d ` 1u, assume that u8 P C8pr0, T s ˆ Rd,Rq, and let
C P r0,8q satisfy that

C “ max
!?

πT ,L,
`

?
T ` p1 ` 1?

α

?
3KT exp

`

5
2
KT

˘

q
˘

,

K
b

1
α

`

1 ` 3KT expp5KT q
˘

,
`

2K
`

γp4q
x T exp

`

6 ` 32K4T
˘˘

1
4 ` γp1q

x

˘

¨

”?
T `

b

6
α

`

1 `
a

6Kp1 ` T q expp40K2p1 ` T q2q
˘

ı)

,

(3.197)
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Then it holds that
´

E
”∣∣pV 0

NN ,N,N,Npt0, xq ´ v8pt0, xqqν0
∣∣2ı¯ 1

2

ď
`

1 ` 6p4C3qN´1eN
˘ C2p

?
T `

?
6q

?
NN´3

`
`

1 ` 14Cp8C3qN´1
˘

2C

c

´T ´ t0
N2N

`
1

NN

¯

˜

„

sup
yPRd

|gpyq|
ȷ

` 2T

„

sup
sPrt0,T s

sup
yPRd

p|pF p0qqps, yq| ` C|||v8ps, yq|||q

ȷ

¸

`
2C3 ` p4C3qNeN

?
NN´3

˜«

sup
sPrt0,T s

sup
yPRd

|pF p0qqps, yq|

ff

`

«

sup
sPrt0,T s

sup
yPRd

|||v8ps, yq|||

ff¸

`
p1 ` 14p8C3qN´1qT 2N`1

?
NN

¨

«

sup
kPN

sup
sPr0,T s

sup
yPRd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p1,∇xqpp
Bu8

Bt
q`xµ,p∇xu8qy`

1
2
Trpσσ˚pHessx u8qqqkps,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk!q
3
4

ff

.

(3.198)

Proof of Corollary 3.2.7. Note that Corollary 3.2.6 (applied with a ð 1
4
, n ð NN , m ð

N , M ð N , Q ð N in the notation of Corollary 3.2.6) implies (3.198). The proof of
Corollary 3.2.7 is thus complete.

The following corollary proves that if the constant in (3.197) below is finite then
the computational complexity of the approximation scheme in (3.17) is bounded by
Opdε´p6`δqq for any δ P p0,8q where d denotes the dimensionality of the problem and ε
the prescribed accuracy. In the corollary for every n,m,M,Q P N we think of RNn,m,M,Q

as the number of realizations of a scalar standard normal random variable required to
compute one realization of the random variable V 0

n,m,M,Qp0, 0q : Ω Ñ R and we think of
FEn,m,M,Q as the number of function evaluations of f and g required to compute on
realization of the random variable V 0

n,m,M,Qp0, 0q : Ω Ñ R.
Corollary 3.2.8. Assume Setting 3.1.1, let δ P p0,8q, assume that u8 P C8pr0, T s ˆ

Rd,Rq, let C P r0,8q satisfy that

C “ max
!?

πT ,L,
`

?
T ` p1 ` 1?

α

?
3KT exp

`

5
2
KT

˘

q
˘

,

K
b

1
α

`

1 ` 3KT expp5KT q
˘

,
´

2K
`

rsup
xPRd

γp4q
x sT exp

`

6 ` 32K4T
˘˘

1
4

` rsup
xPRd

γp1q
x s

¯”?
T `

b

6
α

`

1 `
a

6Kp1 ` T q expp40K2p1 ` T q2q
˘

ı

,

supkPN0
supsPr0,T s supyPRd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p1,∇xqpp
Bu8

Bt
q`xµ,p∇xu8qy`

1
2
Trpσσ˚pHessx u8qqqkps,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk!q
3
4

,

supyPRd |gpyq|, supsPr0,T q supyPRd |pF p0qqps, yq|
)

,

(3.199)

let pRNn,m,M,Qqn,m,M,QPZ Ď N0 satisfy for all n,m,M,Q P N that RNn,0,M,Q “ 0 and

RNn,m,M,Q ď dnMm `

m´1
ÿ

l“0

rQMm´lpdn ` RNn,l,M,Q ` 1Nplq ` RNn,l´1,M,Qqs, (3.200)
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and let pFEn,m,M,Qqn,m,M,QPZ Ď N0 satisfy for all n,m,M,Q P N that FEn,0,M,Q “ 0 and

FEn,m,M,Q ď Mm `

m´1
ÿ

l“0

rQMm´lp1 ` FEn,l,M,Q ` 1Nplq ¨ FEn,l´1,M,Qqs. (3.201)

Then it holds for all N P N X r2,8q that

RNNN ,N,N,N ` FENN ,N,N,N

ď

„

sup
tPr0,T q

sup
xPRd

∥V 0
NN ,N,N,Npt, xq ´ v8pt, xq∥L2pP;Rdq

ȷ´p6`δq

¨ 16d
ÿ

nPN

?
n´δn

´

56C4n25nT 3n
¯p6`δq

.

(3.202)

Proof of Corollary 3.2.8. First observe that [36, Lemma 3.15] and [36, Lemma 3.16] (ap-
plied for all N P N with d ð dNN in the notation of [36, Lemma 3.15] and [36,
Lemma 3.16]) demonstrate that for all N P N it holds that RNNN ,N,N,N ď 8dN3N and
FENN ,N,N,N ď 8N3N . Combining this with Corollary 3.2.7 and (3.197) shows that for all
N P N it holds that

pRNNN ,N,N,N ` FENN ,N,N,Nq

¨

„

sup
tPr0,T q

sup
xPRd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇV 0
NN ,N,N,Npt, xq ´ v8pt, xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pP;Rd`1q

ȷp6`δq

ď 8pd ` 1qN3N

˜

p1 ` 6p4C3qN´1eNqC2p
?
T `

?
6q

?
NN´3

`
p1 ` 14p8C3qN´12C3qpC ` 4C2T q

?
NN

`
p2C3 ` p4C3qNeNq2C

?
NN´3

`
p1 ` 14p8C3qN´1qT 2N`1C

?
NN

¸p6`δq

ď 8pd ` 1qN3N

˜

56C3N`125NpT ` 1q2N`1

?
NN

¸p6`δq

ď 16d
ÿ

nPN

´

56C4n25npT ` 1q3n
¯p6`δq

?
nδn

ă 8.

(3.203)

The proof of Corollary 3.2.8 is thus complete.
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Chapter 4

Convergence proof for stochastic
gradient descent (SGD) in the
training of deep neural networks
with ReLU activation for constant
target functions

In this chapter we focus on a different approach to calculate solutions of high-dimensional
semilinear PDEs with gradient-dependent nonlinearities: reformulating the PDEs as
stochastic learning problems and then solving them by using artificial neural networks
(ANNs). With this goal, we prove in this chapter the convergence of the expected risk of
certain SGD processes in the training of fully-connected feedforward deep artificial neural
networks (DNNs) with rectified linear unit (ReLU) activation function as the number of
SGD steps goes to infinity. In our approach we consider the plain vanilla SGD optimiza-
tion method. One of the main challenges in our convergence analysis arises from the fact
that the ReLU activation function

R Q x ÞÑ maxtx, 0u P R (4.1)

is not differentiable and therefore does not admit a gradient. We overcome this issue by
defining a suitable sequence of approximating functions which are appropriate continu-
ously differentiable, converge to the ReLU function, and whose derivatives converge to
the left derivative of the ReLU function. With this technique, we can prove that the
expected risk of the SGD process converges to zero as the number of steps goes to infinity
provided that the target function is constant and the step sizes are sufficiently small but
not L1-summable.

To illustrate the setting of deep neural networks considered in this chapter we offer in
Figure 4.1 a graphic visualization of a deep neural network with 3 hidden layers. The
mathematical description of such deep neural networks requires a lot of terminology (cf.
Setting 4.1.1). To better understand the appearing objects, we provide the following
explanations. We denote by L P N the number of affine linear transformations in the
considered DNN. In this sense, L´1 denotes the number of hidden layers and L`1 denotes
the number of overall layers including the input and output layer of the considered DNN.
We denote by ℓ0, ℓ1, . . . , ℓL P N the dimensions of the layers which present the number of
neurons of the layers of the considered DNN. We call ra, bsℓ0 Q x ÞÑ N L,θ

8 pxq P RℓL , θ “

pθ1, . . . , θdq P Rd, the realization function of the considered deep ReLU ANNs (see (4.5)),
L8 : Rd Ñ R the risk function (see (4.6)), G “ pG1, . . . ,Gdq : Rd Ñ Rd the generalized
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x1

x2

x3

x4

x5

N 4,θ
8,1pxq

N 4,θ
8,2pxq

N 4,θ
8,3pxq

1st hidden layer
(2nd layer)

2nd hidden layer
(3rd layer)

3rd hidden layer
(4th layer)

Input layer
(1st layer)

Output layer
(5th layer)

ℓ1 “ 8 ℓ2 “ 7 ℓ3 “ 9ℓ0 “ 5 ℓ4 “ 3

Figure 4.1: Graphical illustration of the used deep ANN architecture in the
case of a simple example deep ANN with 3 hidden layers (corresponding
to L “ 4 affine linear transformations), with 5 neurons on the input layer
(corresponding to ℓ0 “ 5), 8 neurons on the 1st hidden layer (corresponding
to ℓ1 “ 8), 7 neurons on the 2nd hidden layer (corresponding to ℓ2 “ 7), 9
neurons on the 3rd hidden layer (corresponding to ℓ3 “ 9), and 3 neurons
on the output layer (corresponding to ℓ4 “ 3). In this situation we have
for every ANN parameter vector θ P Rd “ R213 that the realization function
R5 Q x ÞÑ N 4,θ

8 pxq P R3 of the considered deep ANN maps the 5-dimensional
input vector x “ px1, x2, x3, x4, x5q P ra, bs5 to the 3-dimensional output
vector N 4,θ

8 pxq “ pN 4,θ
8,1pxq,N 4,θ

8,2pxq,N 4,θ
8,3pxqq .
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gradient function associated to the risk function, and V : Rd Ñ R the Lyapunov function
which we will use for the mathematical analysis of GD and SGD optimization methods
in the training of DNNs (see (4.7)). We denote by f : ra, bsℓ0 Ñ RℓL the target function
which describes the relationship between the input data and the output data. The main
purpose of the DNN is to approximatively learn this target function. In Section 4.4 we
assume that the target function is a constant function represented by the ℓL-dimensional
vector ξ P RℓL . This assumption is fundamental for the procedure we used in the proofs
below. In general, in settings where the target function is not constant, there exist non-
global local minimum points in the risk landscape whose domain of attraction admit a
strictly positive probability. In this case, the conclusions made in our analysis therefore
do not hold true.

This Chapter is structured as follows. In Section 4.1 several regularity properties
and representation results for the risk function and its generalized gradient function are
proven in the setting of general measurable target functions. These results are used
in Section 4.2 to show that - in the case of a constant target function - the risks of
GF processes converge to 0 with convergence rate 1. In Section 4.3 the findings from
Section 4.1 and 4.2 are applied to show that - under the assumption of a constant target
function and L1-summable step sizes - the risks of GD processes converge to zero. These
results are then extended in Section 4.4 proving that, in the setting of a constant target
function and L1-summable but sufficiently small step sizes, the expectations of risks of
SGD processes converge to zero. In Section 4.5 we offer two numerical examples to display
practical applications of the theoretical findings in Theorem 4.4.11.

4.1 Properties of the risk function associated to deep
artificial neural networks (ANNs)

The main goal of this section is to introduce and analyse the risk function and its gener-
alized gradient function in the setting of deep ANNs with an arbitrary number of hidden
layers and a general measurable target function. We start by giving a mathematical
description of the considered DNN in Section 4.1.1. In Section Subsection 4.1.2 we ap-
proximate the considered risk function by approximating the ReLU activation function.
One of this section’s main results is Theorem 4.1.9 in Section 4.1.3 which establishes an
explicit representation for the generalized gradients of the risk function. Section 4.1.4 en-
sures that the considered risk and realization function are Lipschitz continuous. Another
main result of this section is Theorem 4.1.11 in Subsection 4.1.5 which proves an explicit
polynomial growth estimate for the generalized gradient functions. In Subsections 4.1.6
and 4.1.7 we analyse the convexity properties of the considered risk function. In partic-
ular, we establish in Corollary 4.1.19 that the risk function is convex if and only if the
product of the total mass and the number of hidden layers vanishes. This implies that for
every measurable target function the risk function is convex provided that the underlying
measure is not the zero measure.

4.1.1 Mathematical framework for deep ANNs with ReLU ac-
tivation

Throughout this chapter we frequently use the following mathematical description of
DNNs.

Setting 4.1.1. Let L, d P N, pℓkqkPN0 Ď N, a, a P R, b P pa,8q, 𝒜 P p0,8q, ℬ P p𝒜,8q

satisfy d “
řL
k“1 ℓkpℓk´1 ` 1q and a “ maxt|a|, |b|, 1u, for every θ “ pθ1, . . . , θdq P Rd
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let wk,θ “ pwk,θ
i,j qpi,jqPt1,...,ℓkuˆt1,...,ℓk´1u P Rℓkˆℓk´1, k P N, and bk,θ “ pbk,θ1 , . . . , bk,θℓk q P Rℓk ,

k P N, satisfy for all k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u that

wk,θ
i,j “ θ

pi´1qℓk´1`j`
řk´1

h“1 ℓhpℓh´1`1q
and bk,θi “ θℓkℓk´1`i`

řk´1
h“1 ℓhpℓh´1`1q

, (4.2)

for every k P N, θ P Rd let Aθ
k “ pAθ

k,1, . . . ,Aθ
k,ℓk

q : Rℓk´1 Ñ Rℓk satisfy for all x P Rℓk´1

that Aθ
kpxq “ bk,θ ` wk,θx, let ℛr : R Ñ R, r P r1,8s, satisfy for all r P r1,8q, x P

p´8,𝒜r´1s, y P R, z P rℬr´1,8q that

ℛr P C1pR,Rq, ℛrpxq “ 0, 0 ď ℛrpyq ď ℛ8pyq “ maxty, 0u, and ℛrpzq “ z, (4.3)

assume suprPr1,8q supxPR |pℛrq
1pxq| ă 8, let ∥¨∥ : pYnPNRnq Ñ R, ⟨¨, ¨⟩ : pYnPNpRn ˆ

Rnqq Ñ R, and Mr : pYnPNRnq Ñ pYnPNRnq, r P r1,8s, satisfy for all r P r1,8s, n P N,
x “ px1, . . . , xnq, y “ py1, . . . , ynq P Rn that

∥x∥ “ p
řn
i“1 |xi|

2q1{2, ⟨x, y⟩ “
řn
i“1 xiyi, and Mrpxq “ pℛrpx1q, . . . ,ℛrpxnqq, (4.4)

for every θ P Rd let N k,θ
r “ pN k,θ

r,1 , . . . ,N
k,θ
r,ℓk

q : Rℓ0 Ñ Rℓk , r P r1,8s, k P N, and X k,θ
i Ď

Rℓ0, k, i P N, satisfy for all r P r1,8s, k P N, i P t1, . . . , ℓku, x P Rℓ0 that

N 1,θ
r pxq “ Aθ

1pxq, N k`1,θ
r pxq “ Aθ

k`1pMr1{kpN k,θ
r pxqqq, (4.5)

and X k,θ
i “ ty P ra, bsℓ0 : N k,θ

8,ipyq ą 0u, let µ : Bpra, bsℓ0q Ñ r0,8s be a measure, let
m P R satisfy m “ µpra, bsℓ0q, let f “ pf1, . . . , fℓLq : ra, bsℓ0 Ñ RℓL be measurable, for every
r P r1,8s let Lr : Rd Ñ R satisfy for all θ P Rd that

Lrpθq “
ş

ra,bsℓ0
}N L,θ

r pxq ´ fpxq}2 µpdxq, (4.6)

let G “ pG1, . . . ,Gdq : Rd Ñ Rd satisfy for all θ P tϑ P Rd : pp∇LrqpϑqqrPr1,8q is convergentu
that Gpθq “ limrÑ8p∇Lrqpθq, and let V : Rd Ñ R satisfy for all θ P Rd that

V pθq “
“
řL
k“1pk}bk,θ}2 `

řℓk
i“1

řℓk´1

j“1 |wk,θ
i,j |2q

‰

´ 2Lxfp0q, bL,θy. (4.7)

4.1.2 Approximations of the realization functions of the consid-
ered deep ANNs

The following lemma presents elementary results for the realization functions of the DNN
defined in Setting 4.1.1.

Lemma 4.1.2. Assume Setting 4.1.1 and let θ P Rd, r P r1,8s. Then

(i) it holds for all k P N, i P t1, . . . , ℓku, x “ px1, . . . , xℓk´1
q P Rℓk´1 that

Aθ
k,ipxq “ bk,θi `

ℓk´1
ÿ

j“1

wk,θ
i,j xj, (4.8)

(ii) it holds for all i P t1, . . . , ℓ1u, x “ px1, . . . , xℓ0q P Rℓ0 that

N 1,θ
r,i pxq “ b1,θi `

ℓ0
ÿ

j“1

w1,θ
i,j xj, (4.9)

and
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(iii) it holds for all k P N, i P t1, . . . , ℓk`1u, x P Rℓ0 that

N k`1,θ
r,i pxq “ bk`1,θ

i `

ℓk
ÿ

j“1

wk`1,θ
i,j ℛr1{kpN k,θ

r,j pxqq. (4.10)

Proof of Lemma 4.1.2. Observe that (4.5) and the assumption that for all k P N, x P

Rℓk´1 it holds that Aθ
kpxq “ bk,θ ` wk,θx establish (4.8), (4.9), and (4.10). The proof of

Lemma 4.1.2 is thus complete.

Next we study the approximations of the ReLU activation function and establish the
following convergence rate result.

Lemma 4.1.3. Assume Setting 4.1.1. Then

(i) it holds for all x P R that

lim suprÑ8p|ℛrpxq ´ ℛ8pxq| ` |pℛrq
1pxq ´ 1p0,8qpxq|q “ 0 (4.11)

and

(ii) it holds for all r P r1,8q, x P R that |ℛrpxq ´ ℛ8pxq| ď ℬr´1.

Proof of Lemma 4.1.3. Note that (4.3) ensures that for all r P r1,8q, x P p´8, 0s it
holds that ℛrpxq “ 0 “ maxtx, 0u “ ℛ8pxq. Therefore, we obtain for all r P r1,8q,
x P p´8, 0s that

|ℛrpxq ´ ℛ8pxq| ` |pℛrq
1pxq ´ 1p0,8qpxq| “ 0. (4.12)

Furthermore, observe that (4.3) proves that for all x P p0,8q there exists R P r1,8q such
that for all r P rR,8q, y P px{2,8q it holds that ℛrpyq “ ℛ8pyq. Hence, we obtain for all
x P p0,8q that

lim suprÑ8

`

|ℛrpxq ´ ℛ8pxq| ` |pℛrq
1pxq ´ pℛ8q1pxq|

˘

“ 0. (4.13)

Combining this with (4.12) establishes item (i). Note that (4.3) shows that for all r P

r1,8q, y P p0,ℬr´1q it holds that

|ℛrpyq ´ ℛ8pyq| “ ℛ8pyq ´ ℛrpyq ď ℛ8pyq ď y ď ℬr´1. (4.14)

Moreover, observe that (4.3) proves that for all r P r1,8q, x P p´8, 0s Y rℬr´1,8q it
holds that ℛrpxq “ ℛ8pxq. Combining this with (4.14) establishes item (ii). The proof
of Lemma 4.1.3 is thus complete.

The following proposition provides examples of suitable approximating functions of
the ReLU function for deep ANNs.

Lemma 4.1.4. Let 𝒜 P p0,8q, ℬ P p𝒜,8q, η P C1pR,Rq satisfy for all x P p´8, 0s,
y P R, z P r1,8q that ηpxq “ 0 ď ηpyq ď 1 “ ηpzq and for every r P r1,8q let ℛr : R Ñ R
satisfy for all x P R that ℛrpxq “ maxtx, 0uηp rx´𝒜

ℬ´𝒜 q. Then

(i) it holds for all r P r1,8q, x P p´8,𝒜r´1s that ℛrpxq “ 0,

(ii) it holds for all r P r1,8q, x P rℬr´1,8q that ℛrpxq “ x,

(iii) it holds for all r P r1,8q, x P R that 0 ď ℛrpxq ď maxtx, 0u,

(iv) it holds for all r P r1,8q that ℛr P C1pR,Rq, and
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(v) it holds that suprPr1,8q supxPR|pℛrq
1pxq| ă 8.

Proof of Lemma 4.1.4. Note that the assumption that for all x P p´8, 0s it holds that
ηpxq “ 0 establishes item (i). Observe that the assumption that for all x P r1,8q it holds
that ηpxq “ 1 proves item (ii). Note the assumption that for all x P R it holds that
0 ď ηpxq ď 1 establishes item (iii). Observe that item (i), the fact that for all r P r1,8q,
x P p0,8q it holds that ℛrpxq “ xηp rx´𝒜

ℬ´𝒜 q, and the assumption that η P C1pR,Rq

establish item (iv). Note that the chain rule implies for all r P r1,8q, x P p0,ℬr´1s that

|pℛrq
1pxq| “

ˇ

ˇηp rx´𝒜
ℬ´𝒜 q ` x

“

r
ℬ´𝒜

‰

η1p rx´𝒜
ℬ´𝒜 q

ˇ

ˇ ď 1 `
“

ℬ
ℬ´𝒜

‰“

supyPR|η1pyq|
‰

. (4.15)

Combining this with items (i) and (ii) proves that for all r P r1,8q, x P R it holds that

|pℛrq
1pxq| ď max

␣

0, 1, 1 `
“

ℬ
ℬ´𝒜

‰“

supyPR|η1pyq|
‰(

ď 1 `
“

ℬ
ℬ´𝒜

‰“

supyPR|η1pyq|
‰

ă 8.
(4.16)

This establishes item (v). The proof of Lemma 4.1.4 is thus complete.

The next lemma establishes a successful approximation of realization functions in the
setting of deep ReLU ANNs. Proposition 4.1.5 is a generalization of [63, Proposition 2.2].

Proposition 4.1.5. Assume Setting 4.1.1, for every r P r1,8s, k P N let Mr,k : Rℓk Ñ Rℓk

satisfy for all x P Rℓk that Mr,kpxq “ Mrpxq, and let k P t1, . . . , Lu, θ P Rd. Then

(i) it holds for all r P r1,8s that

N k,θ
r

“

$

&

%

Aθ
k : k “ 1

Aθ
k ˝ Mr1{pk´1q,k´1 ˝ Aθ

k´1 ˝ . . . ˝ Mr1{2,1 ˝ Aθ
2 ˝ Mr,1 ˝ Aθ

1 : k ą 1,

(4.17)

(ii) it holds that

suprPr1,8q supxPRℓ0 maxiPt1,...,ℓku

`

r1{k|ℛr1{kpN k,θ
r,i pxqq ´ ℛ8pN k,θ

8,ipxqq|
˘

ď ℬ
“
řk´1
j“0

`

suprPr1,8q supxPR |pℛrq
1pxq|

˘j`řd
v“1 |θd|

˘j‰
ă 8,

(4.18)

(iii) it holds that

suprPr1,8q supxPRℓ0 maxiPt1,...,ℓku

`

r1{pmaxtk´1,1uq|N k,θ
r,i pxq ´ N k,θ

8,ipxq|
˘

ď ℬ
“
řk
j“1

`

suprPr1,8q supxPR |pℛrq
1pxq|

˘j´1`řd
v“1 |θd|

˘j‰
1p1,8qpkq ă 8,

(4.19)

(iv) it holds for all i P t1, . . . , ℓku, x P Rℓ0 that

lim suprÑ8

`

|N k,θ
r,i pxq ´ N k,θ

8,ipxq| ` |ℛr1{kpN k,θ
r,i pxqq ´ ℛ8pN k,θ

8,ipxqq|
˘

“ 0, (4.20)

and

(v) it holds for all i P t1, . . . , ℓku, x P Rℓ0 that

lim suprÑ8 |pℛr1{kq1pN k,θ
r,i pxqq ´ 1Xk,θ

i
pxq| “ 0. (4.21)
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Proof of Proposition 4.1.5. Throughout this proof let L P R satisfy

L “ suprPr1,8q supxPR |pℛrq
1pxq|, (4.22)

let c P R satisfy c “ Lr
řd
j“1 |θj|s, and for every K P t1, . . . , Lu, r P r1,8s let eK,r P R

satisfy
eK,r “ supxPRℓ0 maxiPt1,...,ℓKu |ℛr1{K pNK,θ

r,i pxqq ´ ℛ8pNK,θ
8,i pxqq|. (4.23)

Observe that (4.22) and the fundamental theorem of calculus ensure that for all r P r1,8q,
x, y P R it holds that

|ℛrpxq ´ ℛrpyq| ď L|x ´ y|. (4.24)
Furthermore, note that (4.5) establishes item (i). Observe that Lemma 4.1.3 assures that
for all r P r1,8q it holds that

supyPR |ℛrpyq ´ ℛ8pyq| ď ℬr´1. (4.25)

Item (ii) of Lemma 4.1.2 therefore ensures that for all r P r1,8q, i P t1, . . . , ℓ1u, x P Rℓ0

it holds that

|ℛrpN 1,θ
r,i pxqq ´ ℛ8pN 1,θ

8,ipxqq| “ |ℛrpN 1,θ
8,ipxqq ´ ℛ8pN 1,θ

8,ipxqq| ď ℬr´1. (4.26)

Combining this with (4.23) proves for all r P r1,8q that

e1,r ď ℬr´1. (4.27)

Moreover, note that item (iii) of Lemma 4.1.2 and (4.24) ensure that for all r P r1,8q,
K P N X r1, Lq, i P t1, . . . , ℓK`1u, x P Rℓ0 it holds that

ˇ

ˇℛr1{pK`1qpNK`1,θ
r,i pxqq ´ ℛr1{pK`1qpNK`1,θ

8,i pxqq
ˇ

ˇ ď L|NK`1,θ
r,i pxq ´ NK`1,θ

8,i pxq|

“ L
ˇ

ˇ

řℓK
j“1 w

K`1,θ
i,j

`

ℛr1{K pNK,θ
r,j pxqq ´ ℛ8pNK,θ

8,j pxqq
˘ˇ

ˇ

ď L
“
řℓK
j“1 |wK`1,θ

i,j ||ℛr1{K pNK,θ
r,j pxqq ´ ℛ8pNK,θ

8,j pxqq|
‰

ď L
“
řℓK
j“1 |wK`1,θ

i,j |
‰“

maxjPt1,2,...,ℓKu |ℛr1{K pNK,θ
r,j pxqq ´ ℛ8pNK,θ

8,j pxqq|
‰

ď L
“
řd
j“1 |θj|

‰“

maxjPt1,2,...,ℓKu |ℛr1{K pNK,θ
r,j pxqq ´ ℛ8pNK,θ

8,j pxqq|
‰

“ L
“

d
ÿ

j“1

|θj|
‰

eK,r.

(4.28)

Combining this with (4.25) ensures that for all r P r1,8q, K P NXr1, Lq, i P t1, . . . , ℓK`1u,
x P Rℓ0 it holds that

ˇ

ˇℛr1{pK`1qpNK`1,θ
r,i pxqq ´ ℛ8pNK`1,θ

8,i pxqq
ˇ

ˇ

ď
ˇ

ˇℛr1{pK`1qpNK`1,θ
r,i pxqq ´ ℛr1{pK`1qpNK`1,θ

8,i pxqq
ˇ

ˇ

`
ˇ

ˇℛr1{pK`1qpNK`1,θ
8,i pxqq ´ ℛ8pNK`1,θ

8,i pxqq
ˇ

ˇ

ď L
“
řd
j“1 |θj|

‰

eK,r ` ℬr´1{pK`1q “ eK,rc ` ℬr´1{pK`1q.

(4.29)

Hence, we obtain for all r P r1,8q, K P NX r1, Lq that eK`1,r ď eK,rc`ℬr´1{pK`1q. This
shows for all r P r1,8q, K P N X p1, Ls that

eK,r

ď c
“

eK´1,r

‰

` ℬr´1{K ď c
“

eK´2,rc ` ℬr´1{pK´1q
‰

` ℬr´1{K

“ c2eK´2,r `
ř1
j“0 ℬcjr´1{pK´jq ď . . . ď cK´1eK´pK´1q,r `

řK´2
j“0 ℬcjr´1{pK´jq

“ cK´1e1,r `
řK´2
j“0 ℬcjr´1{pK´jq.

(4.30)
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Combining this with (4.27) demonstrates for all r P r1,8q, K P N X r1, Ls that

eK,r ď cK´1e1,r `
řK´2
j“0 ℬcjr´1{pK´jq ď cK´1ℬr´1 `

řK´2
j“0 ℬcjr´1{pK´jq

“
řK´1
j“0 ℬcjr´1{pK´jq ď

“
řK´1
j“0 ℬcj

‰

rmaxt´1{K,´1{pK´1q,...,´1u

“
“

K´1
ÿ

j“0

cj
‰

ℬr´1{K .

(4.31)

This establishes item (ii). Observe that (4.2), (4.5) and (4.23) ensure that for all r P r1,8q,
K P N X p1, Ls, i P t1, 2, . . . , ℓKu, x P Rℓ0 it holds that

|NK,θ
r,i pxq ´ NK,θ

8,i pxq| “
ˇ

ˇ

řℓK´1

j“1 wK,θ
i,j

`

ℛr1{pK´1qpNK´1,θ
r,j pxqq ´ ℛ8pNK´1,θ

8,j pxqq
˘ˇ

ˇ

ď
řℓK´1

j“1

`ˇ

ˇwK,θ
i,j

ˇ

ˇ

ˇ

ˇℛr1{pK´1qpNK´1,θ
r,j pxqq ´ ℛ8pNK´1,θ

8,j pxqq
ˇ

ˇ

˘

ď
`
řℓK´1

j“1

ˇ

ˇwK,θ
i,j

ˇ

ˇ

˘`

maxjPt1,2,...,ℓK´1u

ˇ

ˇℛr1{pK´1qpNK´1,θ
r,j pxqq ´ ℛ8pNK´1,θ

8,j pxqq
ˇ

ˇ

˘

ď
`
řd
j“1 |θj|

˘

eK´1,r.

(4.32)

Therefore, we obtain for all K P N X p1, Ls that

suprPr1,8q supxPRℓ0 maxiPt1,2,...,ℓKu

`

r1{pmaxtK´1,1uq|NK,θ
r,i pxq ´ NK,θ

8,i pxq|
˘

ď
`
řd
j“1 |θj|

˘“

suprPr1,8q

`

r1{pmaxtK´1,1uqeK´1,r

˘‰

“
`

d
ÿ

j“1

|θj|
˘“

sup
rPr1,8q

`

r1{pK´1qeK´1,r

˘‰

.

(4.33)

Combining this with (4.5), (4.23), and item (ii) establishes item (iii). Note that items (ii)
and (iii) prove item (iv). It thus remains to prove item (v). For this observe that item (iv)
assures for all i P t1, . . . , ℓku, x P Rℓ0 with N k,θ

8,ipxq ă 0 that there exists R P r1,8q such
that for all r P rR,8q it holds that N k,θ

r,i pxq ă 0. Combining this with (4.3) demonstrates
for all i P t1, . . . , ℓku, x P Rℓ0 with N k,θ

8,ipxq ă 0 that there exists R P r1,8q such that for
all r P rR,8q it holds that

pℛr1{kq1pN k,θ
r,i pxqq “ 0 “ 1p0,8q

`

N k,θ
8,ipxq

˘

“ 1Xk,θ
i

pxq. (4.34)

In addition, note that item (iv) shows for all i P t1, . . . , ℓku, x P Rℓ0 with N k,θ
8,ipxq ą 0

that there exists R P r1,8q such that for all r P rR,8q it holds that N k,θ
r,i pxq ą ℬr´1{k.

Combining this with (4.3) demonstrates for all i P t1, . . . , ℓku, x P Rℓ0 with N k,θ
8,ipxq ą 0

that there exists R P r1,8q such that for all r P rR,8q it holds that

pℛr1{kq1pN k,θ
r,i pxqq “ 1 “ 1p0,8q

`

N k,θ
8,ipxq

˘

“ 1Xk,θ
i

pxq. (4.35)

Furthermore, observe that item (iii) assures that for all i P t1, 2, . . . , ℓku, x P Rℓ0 it holds
that

suprPr1,8q

`

rp1`1t1upkqq{pk´1p1,8qpkqq|N k,θ
r,i pxq ´ N k,θ

8,ipxq|
˘

“ suprPr1,8q

`

rp1`1t1upkqq{pmaxtk´1,1uq|N k,θ
r,i pxq ´ N k,θ

8,ipxq|
˘

ă 8.
(4.36)

This and the fact that ´p1`1t1upkqq{pk´1p1,8qpkqq ă ´1{k assure for all i P t1, 2, . . . , ℓku,
x P Rℓ0 with N k,θ

8,ipxq “ 0 that there exist C, R P r1,8q such that for all r P rR,8q it
holds that

|N k,θ
r,i pxq| “ |N k,θ

r,i pxq ´ N k,θ
8,ipxq| ď C

“

r´p1`1t1upkqq{pk´1p1,8qpkqq
‰

ă 𝒜r´1{k. (4.37)
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Moreover, note that (4.3) assures that for all r P r1,8q, y P R with |y| ă 𝒜r´1{k it holds
that pℛr´1{kq1pyq “ 0. Combining this with (4.37) proves for all i P t1, 2, . . . , ℓku, x P Rℓ0

with N k,θ
8,ipxq “ 0 that there exists R P r1,8q such that for all r P rR,8q it holds that

pℛr´1{kq1pN k,θ
r,i pxqq “ 0 “ 1p0,8q

`

N k,θ
8,ipxq

˘

“ 1Xk,θ
i

pxq. (4.38)

Combining this, (4.34), and (4.35) establishes item (v). The proof of Proposition 4.1.5 is
thus complete.

The next step is to calculate the gradients of the approximation of the realization
function. The gradients are presented in the following lemma.

Lemma 4.1.6. Assume Setting 4.1.1, for every k P N0 let dk P N0 satisfy dk “
řk
n“1 ℓnpℓn´1`

1q, and let x “ px1, . . . , xℓ0q P ra, bsℓ0, r P r1,8q. Then

(i) it holds for all k P t1, . . . , Lu, i P t1, . . . , ℓku that Rd Q θ ÞÑ N k,θ
r,i pxq P Rd is

differentiable,

(ii) it holds for all K P t1, . . . , Lu, k P t1, . . . , Ku, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u,
h P t1, . . . , ℓKu, θ “ pθ1, . . . , θdq P Rd that

B

Bθpi´1qℓk´1`j`dk´1

`

NK,θ
r,h pxq

˘

“
ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pxqq1p1,Kspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

1thupvKq

ı”

śK
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

,

(4.39)

and

(iii) it holds for all K P t1, . . . , Lu, k P t1, . . . , Ku, i P t1, . . . , ℓku, h P t1, . . . , ℓKu,
θ “ pθ1, . . . , θdq P Rd that

B

Bθℓkℓk´1`i`dk´1

`

NK,θ
r,h pxq

˘

“
ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

1tiupvkq

ı”

1thupvKq

ı

¨

”

śK
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

.

(4.40)

Proof of Lemma 4.1.6. Observe that items (ii) and (iii) of Lemma 4.1.2 and the assump-
tion that ℛr P C1pR,Rq establish item (i). We now prove (4.39) and (4.40) by induction
on K P t1, . . . , Lu. Note that item (ii) of Lemma 4.1.2 implies that for all i P t1, . . . , ℓ1u,
j P t1, . . . , ℓ0u, h P t1, . . . , ℓ1u, θ “ pθ1, . . . , θdq P Rd it holds that

B

Bθpi´1qℓ0`j

`

N 1,θ
r,h pxq

˘

“ xj1thupiq and B

Bθℓ0ℓ1`i

`

N 1,θ
r,h pxq

˘

“ 1thupiq. (4.41)

This establishes (4.39) and (4.40) in the base case K “ 1. For the induction step let K P

N X r1, Lq satisfy for all k P t1, . . . , Ku, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u, h P t1, . . . , ℓKu,
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θ “ pθ1, . . . , θdq P Rd that

B

Bθpi´1qℓk´1`j`dk´1

`

NK,θ
r,h pxq

˘

“
ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pxqq1p1,Kspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

1thupvKq

ı”

śK
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

(4.42)

and
B

Bθℓkℓk´1`i`dk´1

`

NK,θ
r,h pxq

˘

“
ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓwq

”

1tiupvkq

ı”

1thupvKq

ı

¨

”

śK
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

.

(4.43)

Observe that item (iii) of Lemma 4.1.2 and (4.42) demonstrate that for all k P t1, . . . , Ku,
i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u, h P t1, . . . , ℓK`1u, θ “ pθ1, . . . , θdq P Rd it holds that

B

Bθpi´1qℓk´1`j`dk´1

`

NK`1,θ
r,h pxq

˘

“
B

Bθpi´1qℓk´1`j`dk´1

ˆ

bK`1,θ
h `

ℓK
ÿ

𝒾“1

wK`1,θ
h,𝒾 ℛr1{K pNK,θ

r,𝒾 pxqq

˙

“

ℓK
ÿ

𝒾“1

«

wK`1,θ
h,𝒾

“

pℛr1{K q1pNK,θ
r,𝒾 pxqq

‰

ˆ

B

Bθpi´1qℓk´1`j`dk´1

`

NK,θ
r,𝒾 pxq

˘

˙

ff

“

ℓK
ÿ

𝒾“1

«

wK`1,θ
h,𝒾

“

pℛr1{K q1pNK,θ
r,𝒾 pxqq

‰

¨
ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pxqq1p1,Kspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

1t𝒾upvKq

ı”

śK
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

ff

“
ÿ

vk,vk`1,...,vK`1PN,
@wPNXrk,K`1s : vwďℓw

”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pxqq1p1,Kspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

1thupvK`1q

ı”

śK`1
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

ȷ

.

(4.44)

Furthermore, note that item (iii) of Lemma 4.1.2 ensures that for all i P t1, . . . , ℓK`1u,
j P t1, . . . , ℓKu, h P t1, . . . , ℓK`1u, θ “ pθ1, . . . , θdq P Rd it holds that

B

Bθpi´1qℓK`j`dK

pNK`1,θ
r,h pxqq “

B

Bθpi´1qℓK`j`dK

ˆ

bK`1,θ
h `

ℓK
ÿ

𝒾“1

wK`1,θ
h,𝒾 ℛr1{K pNK,θ

r,𝒾 pxqq

˙

“ ℛr1{K pNK,θ
r,j pxqq1thupiq.

(4.45)
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Moreover, observe that item (iii) of Lemma 4.1.2 and (4.43) demonstrate that for all
k P t1, . . . , Ku, i P t1, . . . , ℓku, h P t1, . . . , ℓK`1u, θ “ pθ1, . . . , θdq P Rd it holds that

B

Bθℓkℓk´1`i`dk´1

`

NK`1,θ
r,h pxq

˘

“
B

Bθℓkℓk´1`i`dk´1

ˆ

bK`1,θ
h `

ℓK
ÿ

𝒾“1

wK`1,θ
h,𝒾 ℛr1{K pNK,θ

r,𝒾 pxqq

˙

“

ℓK
ÿ

𝒾“1

wK`1,θ
h,𝒾

“

pℛr1{K q1pNK,θ
r,𝒾 pxqq

‰

ˆ

B

Bθℓkℓk´1`i`dk´1

pNK,θ
r,𝒾 pxqq

˙

“

ℓK
ÿ

iK“1

«

wK`1,θ
h,𝒾

“

pℛr1{K q1pNK,θ
r,𝒾 pxqq

‰

ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

1tiupvkq

ı”

1t𝒾upvKq

ı

¨

”

śK
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

ff

“
ÿ

vk,vk`1,...,vK`1PN,
@wPNXrk,K`1s : vwďℓw

”

1tiupvkq

ı”

1thupvK`1q

ı”

śK`1
n“k`1w

n,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰

ı

.

(4.46)

In addition, note that item (iii) of Lemma 4.1.2 shows for all i P t1, . . . , ℓK`1u, h P

t1, . . . , ℓK`1u, θ “ pθ1, . . . , θdq P Rd that

B

BθℓK`1ℓK`i`dK

pNK`1,θ
r,h pxqq

“
B

BθℓK`1ℓK`i`dK

ˆ

bK`1,θ
h `

ℓK
ÿ

𝒾“1

wK`1,θ
h,𝒾 ℛr1{K pNK,θ

r,𝒾 pxqq

˙

“ 1thupiq.

(4.47)

Induction thus establishes (4.39) and (4.40). The proof of Lemma 4.1.6 is thus complete.

4.1.3 Explicit representations for the generalized gradients of
the risk function

The following lemma provides an a-priori bound for the introduced approximations of the
realization function and its gradients.

Lemma 4.1.7. Assume Setting 4.1.1 and let K Ď Rd be compact. Then

(i) it holds for all x P r0,8q that

suprPr1,8q supyPr´x,xs

`

|ℛrpyq| ` |pℛrq
1pyq|

˘

ă 8, (4.48)

(ii) it holds for all k P t1, . . . , Lu that

supθPK suprPr1,8q supiPt1,...,ℓku supxPra,bsℓ0 |N
k,θ
r,i pxq| ă 8, (4.49)

(iii) it holds for all k P t1, . . . , Lu that

supθPK supr,s,tPr1,8q supiPt1,...,ℓku supxPra,bsℓ0

`

|ℛspN k,θ
r,i pxqq|

` |pℛtq
1pN k,θ

r,i pxqq|
˘

ă 8,
(4.50)

and
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(iv) it holds that

supθPK suprPr1,8q supiPt1,...,ℓLu supjPt1,...,du supxPra,bsℓ0

ˇ

ˇ

B
Bθj

`

N L,θ
r,i pxq

˘ˇ

ˇ ă 8. (4.51)

Proof of Lemma 4.1.7. Observe that the fundamental theorem of calculus and the as-
sumption that for all r P r1,8q it holds that ℛr P C1pR,Rq ensure that for all r P r1,8q,
x P R we have that ℛrpxq “ ℛrp0q `

şx

0
pℛrq

1pyq dy “
şx

0
pℛrq

1pyq dy. Combining this with
the assumption that suprPr1,8q supyPR|pℛrq

1pyq| ă 8 shows that for all x P r0,8q it holds
that suprPr1,8q supyPr´x,xs|ℛrpyq| ă 8. This establishes item (i). We now prove (4.49) by
induction on k P t1, . . . , Lu. Note that the assumption that K is compact ensures that
there exists C P R which satisfies that

supθPK∥θ∥ ă C. (4.52)

Observe that (4.52) and item (ii) of Lemma 4.1.2 demonstrate for all θ P K, r P r1,8q,
i P t1, . . . , ℓ1u, x P ra, bsℓ0 that

|N 1,θ
r,i pxq| ď |b1,θi | `

řℓ0
j“1|w

1,θ
i,j ||xj| ď apℓ0 ` 1qC. (4.53)

This shows (4.49) in the base case k “ 1. For the induction step let k P N X r1, Lq satisfy
that

supθPK suprPr1,8q supiPt1,...,ℓku supxPra,bsℓ0 |N
k,θ
r,i pxq| ă 8. (4.54)

Note that (4.52) and item (iii) of Lemma 4.1.2 imply for all θ P K, r P r1,8q, i P

t1, . . . , ℓk`1u, x P ra, bsℓ0 that

|N k`1,θ
r,i pxq| ď |bk`1,θ

i |`
řℓk
j“1|w

k`1,θ
i,j ||ℛrpN k,θ

r,j pxqq| ď C
`

1`ℓkmaxjPt1,...,ℓku|ℛrpN k,θ
r,j pxqq|

˘

.
(4.55)

This, item (i), and (4.54) demonstrate that

supθPK suprPr1,8q supiPt1,...,ℓk`1u supxPra,bsℓ0 |N
k`1,θ
r,i pxq| ă 8. (4.56)

Induction thus establishes (4.49). This completes the proof of item (ii). Observe that
items (i) and (ii) prove item (iii). Note that item (iii) and Lemma 4.1.6 establish item (iv).
The proof of Lemma 4.1.7 is thus complete.

The following lemma is an elementary integrability result for the target function.

Lemma 4.1.8. Assume Setting 4.1.1. Then
ż

ra,bsℓ0
∥fpxq∥2 µpdxq `

ż

ra,bsℓ0
∥fpxq∥µpdxq ă 8. (4.57)

Proof of Lemma 4.1.8. Observe that (4.6), the fact that L8p0q P R, and the fact that for
all x P Rℓ0 it holds that N L,0

8 pxq “ 0 assure that
ş

ra,bsℓ0
∥fpxq∥2 µpdxq “ L8p0q ă 8. (4.58)

Hölder’s inequality and the fact that m “ µpra, bsℓ0q P R hence show that

ş

ra,bsℓ0
∥fpxq∥µpdxq ď

”

ş

ra,bsℓ0
1µpdxq

ı1{2 ”
ş

ra,bsℓ0
∥fpxq∥2 µpdxq

ı1{2

“
?
m
”

ş

ra,bsℓ0
∥fpxq∥2 µpdxq

ı1{2

ă 8.

(4.59)

Combining this with (4.58) establishes (4.57). The proof of Lemma 4.1.8 is thus complete.
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The following theorem establishes an explicit representation for the generalized gradi-
ent function of the risk function. Theorem 4.1.11 extends [63, Lemma 2.5] from the case
of shallow ANNs to deep ANNs with an arbitrary number of hidden layers.

Theorem 4.1.9. Assume Setting 4.1.1, for every k P N0 let dk P N0 satisfy dk “
řk
n“1 ℓnpℓn´1 ` 1q, and let θ “ pθ1, . . . , θdq P Rd. Then

(i) it holds for all r P r1,8q that Lr P C1pRd,Rq

(ii) it holds for all r P r1,8q, k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u that
ˆ

BLr
Bθpi´1qℓk´1`j`dk´1

˙

pθq

“
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pxqq1p1,Lspkq

` xj1t1upkq

ı”

1tiupvkq

ı”

N L,θ
r,vL

pxq ´ fvLpxq

ı

¨

”

śL
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

µpdxq,

(4.60)

(iii) it holds for all r P r1,8q, k P t1, . . . , Lu, i P t1, . . . , ℓku that
ˆ

BLr
Bθℓkℓk´1`i`dk´1

˙

pθq “
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

1tiupvkq

ı

¨

”

N L,θ
r,vL

pxq ´ fvLpxq

ı”

śL
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

µpdxq,

(4.61)

(iv) it holds that lim suprÑ8p|Lrpθq ´ L8pθq| ` }p∇Lrqpθq ´ Gpθq}q “ 0,

(v) it holds for all k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u that

Gpi´1qℓk´1`j`dk´1
pθq

“
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

ℛ8pNmaxtk´1,1u,θ
8,j pxqq1p1,Lspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

N L,θ
8,vL

pxq ´ fvLpxq

ı”

śL
n“k`1

`

wn,θ
vn,vn´1

1Xn´1,θ
vn´1

pxq
˘

ı

µpdxq,

(4.62)

and

(vi) it holds for all k P t1, . . . , Lu, i P t1, . . . , ℓku that

Gℓkℓk´1`i`dk´1
pθq “

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

1tiupvkq

ı

¨

”

N L,θ
8,vL

pxq ´ fvLpxq

ı”

śL
n“k`1

`

wn,θ
vn,vn´1

1Xn´1,θ
vn´1

pxq
˘

ı

µpdxq.

(4.63)

Proof of Theorem 4.1.9. Note that Lemma 4.1.6 and the chain rule show that for all
r P r1,8q, i P t1, . . . , du, x P ra, bsℓ0 it holds that Rd Q ϑ ÞÑ ∥N L,ϑ

r pxq ´ fpxq∥2 P R is
differentiable at θ and that

B
Bθi

}N L,θ
r pxq ´ fpxq}2 “ 2

řℓL
j“1

`

pN L,θ
r,j pxq ´ fjpxqq B

Bθi

“

N L,θ
r,j pxq

‰˘

. (4.64)
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Combining this with Lemma 4.1.8, Lemma 4.1.7, Lemma 4.1.6, and the dominated conver-
gence theorem establishes items (i), (ii) and (iii). Observe that the dominated convergence
theorem and the fact that for all x P ra, bsℓ0 it holds that lim suprÑ8 |pN L,θ

r pxq ´ fpxqq ´

pN L,θ
8 pxq ´ fpxqq| “ 0 ensure that

lim suprÑ8 |Lrpθq ´ L8pθq| “ 0. (4.65)

Furthermore, note that items (iv) and (v) of Proposition 4.1.5 demonstrate that for all
k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u, x P ra, bsℓ0 it holds that

lim
rÑ8

˜

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pxqq1p1,Lspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

N L,θ
r,vL

pxq ´ fvLpxq

ı”

śL
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

¸

“
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

ℛ8pNmaxtk´1,1u,θ
8,j pxqq1p1,Lspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

N L,θ
8,vL

pxq ´ fvLpxq

ı”

śL
n“k`1

`

wn,θ
vn,vn´1

1Xn´1,θ
n´1

pxq
˘

ı

(4.66)

and

lim
rÑ8

˜

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

N L,θ
r,vL

pxq ´ fvLpxq

ı

¨

”

śL
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

¸

“
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

N L,θ
8,vL

pxq ´ fvLpxq

ı”

śL
n“k`1

`

wn,θ
vn,vn´1

1Xn´1,θ
n´1

pxq
˘

ı

(4.67)

Combining Lemma 4.1.7, Lemma 4.1.8, (4.65), (4.66), (4.67), and the dominated conver-
gence theorem establishes items (iv), (v) and (vi). The proof of Theorem 4.1.9 is thus
complete.

4.1.4 Local Lipschitz continuity properties of the risk function
In the next result we prove that the risk and the realization functions are Lipschitz
continuous. In this sense, Lemma 4.1.10 extends [63, Lemma 2.4].

Lemma 4.1.10. Assume Setting 4.1.1 and let 𝒦 Ď Rd be compact. Then there exists
ℒ P R which satisfies for all θ, ϑ P 𝒦 that

|L8pθq ´ L8pϑq| ` supxPra,bsℓ0∥N L,θ
8 pxq ´ N L,ϑ

8 pxq∥ ď ℒ∥θ ´ ϑ∥. (4.68)

Proof of Lemma 4.1.10. Observe that, e.g., Beck et al. [11, Theorem 2.1] (applied with
d ð d, l “ pl0, l1, . . . , lLq ð pℓ0, ℓ1, . . . , ℓLq in the notation of [11, Theorem 2.1]) implies
that for all θ, ϑ P 𝒦 it holds that

supxPra,bsℓ0∥N L,θ
8 pxq´N L,ϑ

8 pxq∥ ď La
“
śL´1

p“0 pℓp`1q
‰?
ℓL
`

maxt1, ∥ϑ∥, ∥θ∥u
˘

∥θ´ϑ∥. (4.69)
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Furthermore, note that the fact that 𝒦 is compact ensures that there exists κ P r1,8q

which satisfies for all θ P 𝒦 that
∥θ∥ ď κ ă 8. (4.70)

Observe that (4.69) and (4.70) demonstrate that there exists ℒ P R which satisfies for all
θ, ϑ P 𝒦 that

supxPra,bsℓ0∥N L,θ
8 pxq ´ N L,ϑ

8 pxq∥ ď ℒ∥θ ´ ϑ∥. (4.71)
Combining this with the Cauchy-Schwarz inequality shows for all θ, ϑ P 𝒦 that

|L8pθq ´ L8pϑq|

“

∣∣∣∣„ż
ra,bsℓ0

∥N L,θ
8 pxq ´ fpxq∥2 µpdxq

ȷ

´

„
ż

ra,bsℓ0
∥N L,ϑ

8 pxq ´ fpxq∥2 µpdxq

ȷ∣∣∣∣
ď

ż

ra,bsℓ0

∣∣∥N L,θ
8 pxq ´ fpxq∥2 ´ ∥N L,ϑ

8 pxq ´ fpxq∥2
∣∣µpdxq

“

ż

ra,bsℓ0

∣∣〈N L,θ
8 pxq ´ N L,ϑ

8 pxq,N L,θ
8 pxq ` N L,ϑ

8 pxq ´ 2fpxq
〉∣∣µpdxq

ď

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ N L,ϑ
8 pxq∥∥N L,θ

8 pxq ` N L,ϑ
8 pxq ´ 2fpxq∥µpdxq

ď ℒ∥θ ´ ϑ∥
„
ż

ra,bsℓ0
∥N L,θ

8 pxq ` N L,ϑ
8 pxq ´ 2fpxq∥µpdxq

ȷ

.

(4.72)

This, (4.70), (4.71), and the fact that for all x P ra, bsℓ0 it holds that N L,0
8 pxq “ 0 imply

that for all θ, ϑ P 𝒦 we have that

|L8pθq ´ L8pϑq| ď ℒ∥θ ´ ϑ∥
„
ż

ra,bsℓ0
∥N L,θ

8 pxq ` N L,ϑ
8 pxq∥ ` ∥2fpxq∥µpdxq

ȷ

ď ℒ∥θ ´ ϑ∥
„

m
`

supyPra,bsℓ0 r∥N L,θ
8 pyq∥ ` ∥N L,ϑ

8 pyq∥s
˘

` 2

ż

ra,bsℓ0
∥fpxq∥µpdxq

ȷ

“ ℒ∥θ ´ ϑ∥
„

m
`

supyPra,bsℓ0 r∥N L,θ
8 pyq ´ N L,0pyq∥ ` ∥N L,ϑ

8 pyq ´ N L,0pyq∥s
˘

` 2

ż

ra,bsℓ0
∥fpxq∥µpdxq

ȷ

ď ℒ∥θ ´ ϑ∥
„

m
`

ℒ∥θ∥ ` ℒ∥ϑ∥
˘

` 2

ż

ra,bsℓ0
∥fpxq∥µpdxq

ȷ

ď 2ℒ
„

κℒm `

ż

ra,bsℓ0
∥fpxq∥µpdxq

ȷ

∥θ ´ ϑ∥.

(4.73)

Combining this, Lemma 4.1.8, and (4.71) establishes (4.68). The proof of Lemma 4.1.10
is thus complete.

4.1.5 Upper estimates for the norm of the generalized gradients
of the risk function

The following theorem provides an explicit polynomial growth estimate for the generalized
gradient functions of the risk function. Theorem 4.1.11 generalizes [63, Lemma 2.5] to
the setting of deep ANNs.
Theorem 4.1.11. Assume Setting 4.1.1, let θ P Rd, for every k P N, i P t1, . . . , ℓku let
Qk,i P R satisfy Qk,i “ |bk,θi |2 `

řℓk´1

j“1 |w
k,θ
i,j |2, and let Qk P R, k P N0, satisfy for all k P N

that Q0 “ 1 and Qk “ 1 `
řℓk
i“1Qk,i. Then
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(i) it holds for all k P t1, . . . , Lu, i P t1, . . . , ℓku, x P ra, bsℓ0 that

|ℛ8pN k,θ
8,ipxqq|2 ď |N k,θ

8,ipxq|2 ď a2Qk,i

“
śk´1

p“0

`

pℓp ` 1qQp

˘‰

, (4.74)

(ii) it holds for all K P t1, . . . , Lu that
śK

p“0 Qp ď p∥θ∥2 ` 1qK,

(iii) it holds for all K P t1, . . . , Lu, k P t1, . . . , Ku, i P t1, . . . , ℓku that
ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

1tiupvkq

ı”

śK
n“k`1|wn,θ

vn,vn´1
|2
ı

ď ∥θ∥2pK´kq, (4.75)

and

(iv) it holds that

∥Gpθq∥2 ď 4Lma2
“
śL

p“0pℓp ` 1q
‰

p∥θ∥2 ` 1qL´1L8pθq. (4.76)

Proof of Theorem 4.1.11. We first prove item (i) by induction on k P t1, . . . , Lu. Note
that (4.5), the fact that for all x P R it holds that |ℛ8pxq| “ |maxtx, 0u| ď |x|, and the
Cauchy-Schwarz inequality ensure that for all i P t1, . . . , ℓ1u, x “ px1, . . . , xℓ0q P ra, bsℓ0 it
holds that

|ℛ8pN 1,θ
8,ipxqq|2 ď |N 1,θ

8,ipxq|2 “
ˇ

ˇb1,θi `
řℓ0
j“1 w

1,θ
i,j xi

ˇ

ˇ

2

ď pℓ0 ` 1q
`

|b1,θi |2 `
řℓ0
j“1|w

1,θ
i,j |2|xj|2

˘

ď a2pℓ0 ` 1q
`

|b1,θi |2 `
řℓ0
j“1|w

1,θ
i,j |2

˘

“ a2pℓ0 ` 1qQ1,i.

(4.77)

This establishes item (i) in the base case k “ 1. For the induction step let k P N X r1, Lq

satisfy for all i P t1, . . . , ℓku, x P ra, bsℓ0 that

|ℛ8pN k,θ
8,ipxqq|2 ď |N k,θ

8,ipxq|2 ď a2Qk,i

“
śk´1

p“0

`

pℓp ` 1qQp

˘‰

. (4.78)

Observe that (4.78), the fact that for all x P R it holds that |ℛ8pxq| “ |maxtx, 0u| ď |x|,
the fact that for all p P N0 it holds that Qp ě 1, and the Cauchy-Schwarz inequality
demonstrate that for all i P t1, . . . , ℓk`1u, x “ px1, . . . , xℓ0q P ra, bsℓ0 it holds that

|ℛ8pN k`1,θ
8,i pxqq|2

ď |N k`1,θ
8,i pxq|2 “

ˇ

ˇbk`1,θ
i `

řℓk
j“1 w

k`1,θ
i,j ℛ8pN k,θ

8,jpxqq
ˇ

ˇ

2

ď pℓk ` 1q

´

|bk`1,θ
i |2 `

řℓk
j“1|w

k`1,θ
i,j |2|ℛ8pN k,θ

8,jpxqq|2
¯

ď pℓk ` 1q

´

|bk`1,θ
i |2 `

řℓk
j“1

“

|wk`1,θ
i,j |2a2Qk,j

“
śk´1

p“0

`

pℓp ` 1qQp

˘‰‰

¯

ď pℓk ` 1qa2
“
śk´1

p“0

`

pℓp ` 1qQp

˘‰`

|bk`1,θ
i |2 `

řℓk
j“1|w

k`1,θ
i,j |2

˘`

1 `
řℓk
j“1Qk,j

˘

“ a2
“
śk

p“0

`

pℓp ` 1qQp

˘‰`

|bk`1,θ
i |2 `

řℓk
j“1|w

k`1,θ
i,j |2

˘

“ a2Qk`1,i

“
śk

p“0

`

pℓp ` 1qQp

˘‰

.

(4.79)

Induction thus establishes item (i). Note that the fact that for all k P t1, . . . , Lu it holds
that Q0 “ 1 and

Qk “ 1 `
řℓk
i“1Qk,i “ 1 `

řℓk
i“1

`

|bk,θi |2 `
řℓk´1

j“1 |w
k,θ
i,j |2

˘

ď 1 ` ∥θ∥2 (4.80)
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establishes item (ii). We now prove item (iii) by induction on K P t1, . . . , Lu. Observe
that the fact that for all i P t1, . . . , ℓKu it holds that

řℓK
v“1 1tiupvq “ 1 establishes (4.75) in

the base case K “ 1. For the induction step let K P NXr1, Lq satisfy for all k P t1, . . . , Ku,
i P t1, . . . , ℓku that

ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

1tiupvkq

ı”

śK
n“k`1|wn,θ

vn,vn´1
|2
ı

ď ∥θ∥2pK´kq. (4.81)

Note that (4.81) implies that for all k P t1, . . . , K ` 1u, i P t1, . . . , ℓku it holds that
ÿ

vk,vk`1,...,vK`1PN,
@wPNXrk,K`1s : vwďℓw

”

1tiupvkq

ı”

śK`1
n“k`1|wn,θ

vn,vn´1
|2
ı

“

»

—

—

–

ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

1tiupvkq

ı”

śK
n“k`1|wn,θ

vn,vn´1
|2
ı

fi

ffi

ffi

fl

«

ℓK`1
ÿ

vK`1“1

|wK`1,θ
vK`1,vK

|2
ff

ď

»

—

—

–

ÿ

vk,vk`1,...,vKPN,
@wPNXrk,Ks : vwďℓw

”

1tiupvkq

ı”

śK
n“k`1|wn,θ

vn,vn´1
|2
ı

fi

ffi

ffi

fl

∥θ∥2 ď ∥θ∥2pK`1´kq.

(4.82)

Induction thus establishes item (iii). It thus remains to prove item (iv). For this as-
sume without loss of generality that m ą 0, for every k P N0 let dk P N0 satisfy
dk “

řk
n“1 ℓnpℓn´1 ` 1q, and for every k P t1, . . . , Lu, i P t1, . . . , ℓku let Wk,i P R sat-

isfy
Wk,i “

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

. (4.83)

Observe that item (vi) of Theorem 4.1.9 proves that for all k P t1, . . . , Lu, i P t1, . . . , ℓku

it holds that

|Gℓkℓk´1`i`dk´1
pθq|2

“

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

1tiupvkq

ı”

N L,θ
8,vL

pxq ´ fvLpxq

ı

¨

”

śL
n“k`1

`

wn,θ
vn,vn´1

1Xn´1,θ
vn´1

pxq
˘

ı

µpdxq

ff2

ď 4

«

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ fpxq∥

¨

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff

µpdxq

ff2

“ 4

„

Wk,i

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ fpxq∥µpdxq

ȷ2

.

(4.84)
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Jensen’s inequality hence shows that for all k P t1, . . . , Lu, i P t1, . . . , ℓku it holds that

|Gℓkℓk´1`i`dk´1
pθq|2 ď 4m2pWk,iq

2

«

1

m

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ fpxq∥µpdxq

ff2

ď 4m2pWk,iq
2

„

1

m

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ fpxq∥2 µpdxq

ȷ

“ 4mpWk,iq
2L8pθq.

(4.85)

Furthermore, note that item (v) of Theorem 4.1.9 and Jensen’s inequality imply for all
k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u that

|Gpi´1qℓk´1`j`dk´1
pθq|2

“

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

ℛ8pNmaxtk´1,1u,θ
8,j pxqq1p1,Lspkq ` xj1t1upkq

ı

¨

”

1tiupvkq

ı”

N L,θ
8,vL

pxq ´ fvLpxq

ı”

śL
n“k`1

`

wn,θ
vn,vn´1

1Xn´1,θ
vn´1

pxq
˘

ı

µpdxq

ff2

ď 4

«

ż

ra,bsℓ0

”

ℛ8pNmaxtk´1,1u,θ
8,j pxqq1p1,Lspkq ` xj1t1upkq

ı

¨ ∥N L,θ
8 pxq ´ fpxq∥Wk,i µpdxq

ff2

“ 4m2

«

Wk,i

„

1

m

ż

ra,bsℓ0

“

ℛ8pNmaxtk´1,1u,θ
8,j pxqq1p1,Lspkq ` xj1t1upkq

‰

¨ ∥N L,θ
8 pxq ´ fpxq∥µpdxq

ȷ

ff2

ď 4m2pWk,iq
2

„

1

m

ż

ra,bsℓ0

“

ℛ8pNmaxtk´1,1u,θ
8,j pxqq1p1,Lspkq ` xj1t1upkq

‰2

¨ ∥N L,θ
8 pxq ´ fpxq∥2 µpdxq

ȷ

.

(4.86)

This ensures for all i P t1, . . . , ℓ1u, j P t1, . . . , ℓ0u that

|Gpi´1qℓ0`jpθq|2 ď 4ma2pW1,iq
2L8pθq. (4.87)

Moreover, observe that (4.86) and item (i) demonstrate for all k P NXp1, Ls, i P t1, . . . , ℓku,
j P t1, . . . , ℓk´1u that

|Gpi´1qℓk´1`j`dk´1
pθq|2

ď 4mpWk,iq
2
”

ş

ra,bsℓ0
a2Qk´1,j

“
śk´2

p“0pℓp ` 1qQp

‰

∥N L,θ
8 pxq ´ fpxq∥2µpdxq

ı

ď 4mpWk,iq
2a2Qk´1,j

“
śk´2

p“0pℓp ` 1qQp

‰

L8pθq.

(4.88)

In addition, note that the Cauchy-Schwarz inequality and item (iii) imply for all k P

t1, . . . , Lu, i P t1, . . . , ℓku that

pWk,iq
2 ď

“
śL

p“k`1ℓp
‰

«

ř

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|2
ı

ff

ď
“
śL

p“k`1ℓp
‰

∥θ∥2pL´kq.

(4.89)
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Combining this with (4.85) and (4.87) assures that

ℓ1
ř

i“1

«

|Gℓ1ℓ0`ipθq|2 `
ℓ0
ř

j“1

|Gpi´1qℓ0`jpθq|2
ff

ď

ℓ1
ÿ

i“1

«

„

4mpW1,iq
2 `

ℓ0
ÿ

j“1

4ma2pW1,iq
2

ȷ

L8pθq

ff

ď 4m
“
śL

p“2 ℓp
‰

∥θ∥2pL´1qpℓ1 ` a2ℓ1ℓ0qL8pθq

ď 4ma2
“
śL

p“0pℓp ` 1q
‰

∥θ∥2pL´1qL8pθq.

(4.90)

Furthermore, observe that (4.85), (4.88), and (4.89) prove that

L
ř

k“2

ℓk
ř

i“1

«

|Gℓkℓk´1`i`dk´1
pθq|2 `

ℓk´1
ř

j“1

|Gpi´1qℓk´1`j`dk´1
pθq|2

ff

ď 4m

«

L
ř

k“2

«

ℓk
ř

i“1

˜

pWk,iq
2 ` a2

ℓk´1
ř

j“1

pWk,iq
2Qk´1,j

“
śk´2

p“0pℓp ` 1qQp

‰

¸ffff

L8pθq

“ 4m

«

L
ř

k“2

„

ℓk
ř

i“1

´

pWk,iq
2
´

1 ` a2pQk´1 ´ 1q
“
śk´2

p“0pℓp ` 1qQp

‰

¯¯

ȷ

ff

L8pθq

ď 4m

„

L
ř

k“2

”

“
śL

p“k`1 ℓp
‰

∥θ∥2pL´kqℓk

¨
`

1 ` a2pQk´1 ´ 1q
“

k´2
ź

p“0

`

pℓp ` 1qQp

˘‰˘

ı

L8pθq

ȷ

ď 4a2m

„

L
ř

k“2

”

“
śL

p“k ℓp
‰

∥θ∥2pL´kq

¨
`

1 ` pQk´1 ´ 1q
“

k´2
ź

p“0

pℓp ` 1q
‰“

k´2
ź

p“0

Qp

‰˘

ı

ȷ

L8pθq.

(4.91)

This, item (ii), and the fact that for all k P N it holds that 1 ď
śk´2

p“0 Qp show that

L
ř

k“2

ℓk
ř

i“1

«

|Gℓkℓk´1`i`dk´1
pθq|2 `

ℓk´1
ř

j“1

|Gpi´1qℓk´1`j`dk´1
pθq|2

ff

ď 4a2m

„

L
ř

k“2

„

“
śL

p“k ℓp
‰

∥θ∥2pL´kq
“
śk´2

p“0pℓp ` 1q
‰

¨

´

1 ` pQk´1 ´ 1q
“

k´2
ź

p“0

Qp

‰

¯

ȷȷ

L8pθq

ď 4a2m
“
śL

p“0pℓp ` 1q
‰

„

L
ř

k“2

`

∥θ∥2pL´kq
“
śk´1

p“0 Qp

‰˘

ȷ

L8pθq

ď 4a2m
“
śL

p“0pℓp ` 1q
‰

„

L
ř

k“2

`

∥θ∥2pL´kqp∥θ∥2 ` 1qk´1
˘

ȷ

L8pθq

ď 4a2mpL ´ 1q
“
śL

p“0pℓp ` 1q
‰

p∥θ∥2 ` 1qL´1L8pθq.

(4.92)
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Combining this with (4.90) ensures that

∥Gpθq∥2 “
L
ř

k“1

ℓk
ř

i“1

„

|Gℓkℓk´1`i`dk´1
pθq|2 `

ℓk´1
ř

j“1

|Gpi´1qℓk´1`j`dk´1
pθq|2

ȷ

ď 4ma2
“
śL

p“0pℓp ` 1q
‰

∥θ∥2pL´1qL8pθq

` 4a2mpL ´ 1q
“
śL

p“0pℓp ` 1q
‰

p∥θ∥2 ` 1qL´1L8pθq

ď 4a2mL
“
śL

p“0pℓp ` 1q
‰

p∥θ∥2 ` 1qL´1L8pθq.

(4.93)

This establishes item (iv). The proof of Theorem 4.1.11 is thus complete.

Combining Lemma 4.1.10 and Theorem 4.1.11 proves that the generalized gradient
function is bounded. This is stated in the following corollary, Corollary 4.1.12, which
generalizes [63, Corollary 2.6].

Corollary 4.1.12. Assume Setting 4.1.1 and let K Ď Rd be compact. Then

supθPK∥Gpθq∥ ă 8. (4.94)

Proof of Corollary 4.1.12. Note that Lemma 4.1.10 and the assumption that K is com-
pact demonstrate that supθPK L8pθq ă 8. Item (iv) of Theorem 4.1.11 therefore estab-
lishes (4.94). The proof of Corollary 4.1.12 is thus complete.

4.1.6 Convexity properties of the risk function
In the next proposition we recall the fact that convex functions from Rd to R do not own
any non-global local minimum points.

Proposition 4.1.13. Let d P N and let L : Rd Ñ R satisfy for all θ, ϑ P Rd, λ P r0, 1s

that Lpλθ ` p1 ´ λqϑq ď λLpθq ` p1 ´ λqLpϑq. Then
␣

θ P Rd :
`

D ε P p0,8q : infϑPtφPRd : ∥φ´θ∥ďεu Lpϑq “ Lpθq ą infϑPRd Lpϑq
˘(

“ H. (4.95)

Proof of Proposition 4.1.13. We prove (4.95) by contradiction. For this let θ, ϑ P Rd,
ε P p0,8q satisfy

infφPtϕPRd : ∥ϕ´θ∥ďεu Lpφq “ Lpθq ą Lpϑq. (4.96)

Observe that (4.96) and the fact that for all λ P r0, 1s it holds that Lpλϑ ` p1 ´ λqθq ď

λLpϑq ` p1 ´ λqLpθq imply that for all λ P p0, 1q it holds that

Lpλϑ ` p1 ´ λqθq ď λLpϑq ` p1 ´ λqLpθq ă λLpθq ` p1 ´ λqLpθq “ Lpθq. (4.97)

Combing this and (4.96) with the fact that infφPtϕPRd : ∥ϕ´θ∥ďεu Lpφq “ infφPtϕPRd : ∥ϕ∥ďεu Lpθ`

φq shows that for all λ P p0, 1q it holds that

Lpθ ` λpϑ ´ θqq ă infφPtϕPRd : ∥ϕ∥ďεu Lpθ ` φq. (4.98)

This contradiction establishes (4.95). The proof of Proposition 4.1.13 is thus complete.

The following elementary lemma presents a characterization for affine linear functions.

Lemma 4.1.14. Let V and W be R-vector spaces and let φ : V Ñ W be a function. Then
the following three statements are equivalent:

(i) It holds for all λ P r0, 1s, v, w P V that φpλv ` p1 ´ λqwq “ λφpvq ` p1 ´ λqφpwq.
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(ii) It holds for all λ P p0, 1q, v, w P V that φpλv ` p1 ´ λqwq “ λφpvq ` p1 ´ λqφpwq.

(iii) It holds for all λ P R, v, w P V that φpλv`wq´φp0q “ λpφpvq´φp0qq`pφpwq´φp0qq.

Proof of Lemma 4.1.14. Note that the fact that for all λ P t0, 1u, v, w P V it holds that
φpλv ` p1 ´ λqwq “ λφpvq ` p1 ´ λqφpwq establishes that (item (i) Ø item (ii)). We now
prove that (item (iii) Ñ item (i)). Observe that item (iii) ensures that for all λ P r0, 1s,
v, w P V it holds that

φpλv ` p1 ´ λqwq “ λpφpvq ´ φp0qq ` φpp1 ´ λqwq

“ λpφpvq ´ φp0qq ` p1 ´ λqpφpwq ´ φp0qq ` φp0q “ λφpvq ` p1 ´ λqφpwq.
(4.99)

This establishes that (item (iii) Ñ item (i)). We now prove that (item (i) Ñ item (iii)).
Note that item (i) implies that for all λ P r0, 1s, v P V it holds that

φpλvq “ φpλv ` p1 ´ λq0q “ λpφpvqq ` p1 ´ λqφp0q “ λpφpvq ´ φp0qq ` φp0q. (4.100)

Furthermore, observe that item (i) shows that for all λ P p1,8q, v P V it holds that

λφpvq “ λφp 1
λ
λv ` p1 ´ 1

λ
q0q

“ λ 1
λ
φpλvq ` λp1 ´ 1

λ
qφp0q “ φpλvq ´ p1 ´ λqφp0q.

(4.101)

This and (4.100) prove that for all λ P r0,8q, v P V it holds that

φpλvq “ λpφpvq ´ φp0qq ` φp0q. (4.102)

Combining this with item (i) ensures that for all v P V it holds that

0 “ φp0q ´ φp0q “ φp1
2
2v ´ 1

2
2vq ´ φp0q “ 1

2
φp2vq ` 1

2
φp´2vq ´ φp0q

“ 1
2
2pφpvq ´ φp0qq ` 1

2
φp0q ` 1

2
2pφp´vq ´ φp0qq ` 1

2
φp0q ´ φp0q

“ φpvq ` φp´vq ´ 2φp0q.

(4.103)

This and (4.102) show that for all λ P p´8, 0q, v P V it holds that

φpλvq ´ φp0q “ ´φp´λvq ` φp0q “ ´pφp´λvq ´ φp0qq

“ ´p´λpφpvq ´ φp0qq ` φp0q ´ φp0qq “ λpφpvq ´ φp0qq.
(4.104)

Combining this with (4.102) proves that for all λ P R, v P V it holds that

φpλvq “ λpφpvq ´ φp0qq ` φp0q. (4.105)

Hence, we obtain for all v, w P V that

φpv ` wq “ φp1
2
2v ` 1

2
2wq “ 1

2
φp2vq ` 1

2
φp2wq

“ 1
2
2pφpvq ´ φp0qq ` 1

2
φp0q ` 1

2
2pφpwq ´ φp0qq ` 1

2
φp0q “ φpvq ` φpwq ´ φp0q.

(4.106)

This and (4.105) demonstrate that for all λ P R, v, w P V it holds that

φpλv ` wq ´ φp0q “ φpλvq ` φpwq ´ 2φp0q

“ λpφpvq ´ φp0qq ` φp0q ` φpwq ´ 2φp0q

“ λpφpvq ´ φp0qq ` pφpwq ´ φp0qq.

(4.107)

This establishes that (item (i) Ñ item (iii)). The proof of Lemma 4.1.14 is thus complete.
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We will use the characterization stated in Lemma 4.1.14 to prove in the following
proposition that the risk function with respect to the last affine linear transformation is
convex.

Proposition 4.1.15. Assume Setting 4.1.1, let δ P N0 satisfy δ “
řL´1
k“1 ℓkpℓk´1 ` 1q, let

θ “ pθjqjPNXr0,δs : N X r0, δs Ñ R be a function, and let L : RℓLpℓL´1`1q Ñ R satisfy for all
v “ pv1, . . . , vℓLpℓL´1`1qq P RℓLpℓL´1`1q that

Lpvq “ L8

`

θ1, θ2, . . . , θδ, v1, v2, . . . , vℓLpℓL´1`1q

˘

. (4.108)

Then it holds for all v, w P RℓLpℓL´1`1q, λ P r0, 1s that

Lpλv ` p1 ´ λqwq ď λLpvq ` p1 ´ λqLpwq. (4.109)

Proof of Proposition 4.1.15. Throughout this proof let ψ “ pψ1, . . . , ψdq : RℓLpℓL`1q Ñ Rd

satisfy for all v “ pv1, . . . , vℓLpℓL´1`1qq P RℓLpℓL´1`1q that

ψpvq “ pθ1, θ2, . . . , θδ, v1, v2, . . . , vℓLpℓL´1`1qq (4.110)

and for every v P RℓLpℓL´1`1q let 𝒩v : Rℓ0 Ñ Rℓk satisfy for all x P Rℓ0 that

𝒩vpxq “ N L,ψpvq
8 pxq. (4.111)

Note that Lemma 4.1.14, (4.2), and (4.110) ensure that for all v, w P RℓLpℓL´1`1q, λ P r0, 1s,
x P RℓL´1 it holds that

bL,ψpλv`p1´λqwq ` wL,ψpλv`p1´λqwqx “ bL,λψpvq`p1´λqψpwq ` wL,λψpvq`p1´λqψpwqx

“ λbL,ψpvq ` p1 ´ λqbL,ψpwq ` λwL,ψpvqx ` p1 ´ λqwL,ψpwqx

“ λ
“

bL,ψpvq ` wL,ψpvqx
‰

` p1 ´ λq
“

bL,ψpwq ` wL,ψpwqx
‰

.

(4.112)

Next observe that (4.5) shows that for all v P RℓLpℓL´1`1q, x P Rℓ0 it holds that

N L,ψpvq
8 pxq “

$

&

%

bL,ψpvq ` wL,ψpvqx : L “ 1

bL,ψpvq ` wL,ψpvq
`

M8pN L´1,ψpvq
8 pxqq

˘

: L ą 1.
(4.113)

Therefore, we obtain that for all v, w P RℓLpℓL´1`1q, λ P r0, 1s, x P Rℓ0 it holds that

N L,ψpλv`p1´λqwq
8 pxq

“

$

&

%

bL,ψpλv`p1´λqwq ` wL,ψpλv`p1´λqwqx : L “ 1

bL,ψpλv`p1´λqwq ` wL,ψpλv`p1´λqwq
`

M8pN L´1,ψpλv`p1´λqwq
8 pxqq

˘

: L ą 1.

(4.114)

Combining this with (4.112) implies that for all v, w P RℓLpℓL´1`1q, λ P r0, 1s, x P Rℓ0 it
holds that

N L,ψpλv`p1´λqwq
8 pxq

“

$

’

’

&

’

’

%

λ
“

bL,ψpvq ` wL,ψpvqx
‰

` p1 ´ λq
“

bL,ψpwq ` wL,ψpwqx
‰

: L “ 1

λ
“

bL,ψpvq ` wL,ψpvq
`

M8pN L´1,ψpλv`p1´λqwq
8 pxqq

˘‰

`p1 ´ λq
“

bL,ψpwq ` wL,ψpwq
`

M8pN L´1,ψpλv`p1´λqwq
8 pxqq

˘‰

: L ą 1.

(4.115)
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Item (i) of Proposition 4.1.5, (4.2), and the fact that for all i P NX r1,
řL´1
k“1 ℓkpℓk´1 ` 1qs,

v, w P RℓLpℓL´1`1q it holds that ψipvq “ ψipwq hence imply that for all v, w P RℓLpℓL´1`1q,
λ P r0, 1s, x P Rℓ0 it holds that

N L,ψpλv`p1´λqwq
8 pxq

“

$

’

’

&

’

’

%

λ
“

bL,ψpvq ` wL,ψpvqx
‰

` p1 ´ λq
“

bL,ψpwq ` wL,ψpwqx
‰

: L “ 1

λ
“

bL,ψpvq ` wL,ψpvq
`

M8pN L´1,ψpvq
8 pxqq

˘‰

`p1 ´ λq
“

bL,ψpwq ` wL,ψpwq
`

M8pN L´1,ψpwq
8 pxqq

˘‰

: L ą 1.

(4.116)

Moreover, note that (4.113) ensures that for all v, w P RℓLpℓL´1`1q, λ P r0, 1s, x P Rℓ0 it
holds that

λN L,ψpvq
8 pxq ` p1 ´ λqN L,ψpwq

8 pxq

“

$

’

’

&

’

’

%

λ
“

bL,ψpvq ` wL,ψpvqx
‰

` p1 ´ λq
“

bL,ψpwq ` wL,ψpwqx
‰

: L “ 1

λ
“

bL,ψpvq ` wL,ψpvq
`

M8pN L´1,ψpvq
8 pxqq

˘‰

`p1 ´ λq
“

bL,ψpwq ` wL,ψpwq
`

M8pN L´1,ψpwq
8 pxqq

˘‰

: L ą 1.

(4.117)

Combining this with (4.116) demonstrates that for all v, w P RℓLpℓL´1`1q, λ P r0, 1s, x P Rℓ0

it holds that
N L,ψpλv`p1´λqwq

8 pxq “ λN L,ψpvq
8 pxq ` p1 ´ λqN L,ψpwq

8 pxq. (4.118)
This and (4.111) show that for all v, w P RℓLpℓL´1`1q, λ P r0, 1s, x P Rℓ0 it holds that

𝒩λv`p1´λqwpxq “ N L,ψpλv`p1´λqwq
8 pxq “ λN L,ψpvq

8 pxq ` p1 ´ λqN L,ψpwq
8 pxq

“ λ𝒩vpxq ` p1 ´ λq𝒩wpxq.
(4.119)

Next observe that (4.6), (4.108), (4.110), and (4.111) ensure that for all v P RℓLpℓL´1`1q it
holds that

Lpvq “ L8pψpvqq “

ż

ra,bsℓ0
}N L,ψpvq

8 pxq ´ fpxq}2 µpdxq

“

ż

ra,bsℓ0
∥𝒩vpxq ´ fpxq∥2 µpdxq.

(4.120)

Combining this, (4.119), and the fact that for all λ P r0, 1s, x, y P R it holds that pλx `

p1 ´ λqyq2 ď λx2 ` p1 ´ λqy2 shows that for all v, w P RℓLpℓL´1`1q, λ P r0, 1s it holds that

Lpλv ` p1 ´ λqwq “

ż

ra,bsℓ0
∥𝒩λv`p1´λqwpxq ´ fpxq∥2 µpdxq

“

ż

ra,bsℓ0
∥λp𝒩vpxq ´ fpxqq ` p1 ´ λqp𝒩wpxq ´ fpxqq∥2 µpdxq

ď

ż

ra,bsℓ0

”

λ∥𝒩vpxq ´ fpxq∥ ` p1 ´ λq∥𝒩wpxq ´ fpxq∥
ı2

µpdxq

ď

ż

ra,bsℓ0

”

λ∥𝒩vpxq ´ fpxq∥2 ` p1 ´ λq∥𝒩wpxq ´ fpxq∥2
ı

µpdxq

“ λ

„
ż

ra,bsℓ0
∥𝒩vpxq ´ fpxq∥2 µpdxq

ȷ

` p1 ´ λq

„
ż

ra,bsℓ0
∥𝒩wpxq ´ fpxq∥2 µpdxq

ȷ

“ λLpvq ` p1 ´ λqLpwq.

(4.121)

This establishes (4.109). The proof of Proposition 4.1.15 is thus complete.
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This leads to the following corollary which proves the convexity of the risk function.

Corollary 4.1.16. Assume Setting 4.1.1 and assume pL´ 1qm “ 0. Then it holds for all
θ, ϑ P Rd, λ P r0, 1s that

L8pλθ ` p1 ´ λqϑq ď λL8pθq ` p1 ´ λqL8pϑq. (4.122)

Proof of Corollary 4.1.16. Throughout this proof we distinguish between the case m “ 0
and the case m ‰ 0. We first prove (4.122) in the case

m “ 0. (4.123)

Note that (4.6) and (4.123) ensure that for all θ P Rd it holds that

L8pθq “

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ ξ∥2 µpdxq “ 0. (4.124)

Therefore, we obtain that for all θ, ϑ P Rd, λ P r0, 1s it holds that

L8pλθ ` p1 ´ λqϑq “ 0 “ λL8pθq ` p1 ´ λqL8pϑq. (4.125)

This establishes (4.122) in the case m “ 0. Next we prove (4.122) in the case

m ‰ 0. (4.126)

Observe that (4.126) and the assumption that pL ´ 1qm “ 0 imply that L “ 1. Proposi-
tion 4.1.15 hence demonstrates that for all θ, ϑ P Rd, λ P r0, 1s it holds that

L8pλθ ` p1 ´ λqϑq ď λL8pθq ` p1 ´ λqL8pϑq. (4.127)

This establishes (4.122) in the case m ‰ 0. The proof of Corollary 4.1.16 is thus complete.

4.1.7 Non-convexity properties of the risk function
The following proposition, Proposition 4.1.17, computes arithmetical averages in the ar-
gument of the risk function.

Proposition 4.1.17. Assume Setting 4.1.1, assume L ą 1, let ξ “ pξ1, . . . , ξℓLq P RℓL, let
pαi,j,kqpi,j,kqPpN0q3 Ď R satisfy for all i, j P N0, k P N that αi,j,k “ iℓk´1 ` j`

řk´1
h“1 ℓhpℓh´1 `

1q, and let θ “ pθ1, . . . , θdq, ϑ “ pϑ1, . . . , ϑdq P Rd satisfy for all i P t1, . . . , ℓLu, j P

t1, . . . , duzpY
ℓL
k“1tαℓL´1,1,L´1, α0,1,L, αℓL,k,Luq that

θαℓL´1,1,L´1
“ ϑα0,1,L

“ 1, θαℓL,i,L
“ ϑαℓL,i,L

“ ξi,

and θα0,1,L
“ ϑαℓL´1,1,L´1

“ θj “ ϑj “ 0.
(4.128)

Then L8pθq “ L8pϑq and

L8

ˆ

θ ` ϑ

2

˙

“

„

L8pθq ` L8pϑq

2

ȷ

`
m

16
`

1

2

„

ξ1m ´

ż

ra,bsℓ0
f1pxqµpdxq

ȷ

. (4.129)
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Proof of Proposition 4.1.17. Note that items (ii) and (iii) of Lemma 4.1.2, and (4.128)
ensure that for all x P ra, bsℓ0 it holds that N L,θ

8 pxq “ N L,ϑ
8 pxq “ ξ. This and (4.6) imply

that
L8pθq “ L8pϑq “

ż

ra,bsℓ0
∥ξ ´ fpxq∥2 µpdxq. (4.130)

Furthermore, observe that items (ii) and (iii) of Lemma 4.1.2 and (4.128) demonstrate
that for all x P ra, bsℓ0 it holds that

N L,pθ`ϑq{2
8,1 pxq “ 1

2
max

␣

1
2
, 0
(

` ξ1 “ ξ1 ` 1
4
. (4.131)

Moreover, note that items (ii) and (iii) of Lemma 4.1.2 and (4.128) ensure that for all
i P N X p1, ℓLs, x P ra, bsℓ0 it holds that N L,pθ`ϑq{2

8,i pxq “ ξi. Combining this with (4.130)
and (4.131) shows that

L8

ˆ

θ ` ϑ

2

˙

“

ż

ra,bsℓ0

„

`

ξ1 ` 1
4

´ f1pxq
˘2

`
ℓL
ř

i“2

`

ξi ´ fipxq
˘2

ȷ

µpdxq

“

„
ż

ra,bsℓ0
∥ξ ´ fpxq∥2 µpdxq

ȷ

`

„
ż

ra,bsℓ0

1
16
µpdxq

ȷ

`

„
ż

ra,bsℓ0

pξ1´f1pxqq

2
µpdxq

ȷ

“

„

L8pθq ` L8pϑq

2

ȷ

`
m

16
`

1

2

„

ξ1m ´

ż

ra,bsℓ0
f1pxqµpdxq

ȷ

.

(4.132)

This establishes (4.129). The proof of Proposition 4.1.17 is thus complete.

Proposition 4.1.17 is used in the following corollary to establish that the risk function
is not convex.

Corollary 4.1.18. Assume Setting 4.1.1, assume pL´1qm ‰ 0, let ξ “ pξ1, . . . , ξℓLq P RℓL

satisfy ξ1 “ m´1
ş

ra,bsℓ0
f1pxqµpdxq, let pαi,j,kqpi,j,kqPpN0q3 Ď R satisfy for all i, j P N0, k P N

that αi,j,k “ iℓk´1 ` j `
řk´1
h“1 ℓhpℓh´1 ` 1q, and let θ “ pθ1, . . . , θdq, ϑ “ pϑ1, . . . , ϑdq P Rd

satisfy for all i P t1, . . . , ℓLu, j P t1, . . . , duzpY
ℓL
k“1tαℓL´1,1,L´1, α0,1,L, αℓL,k,Luq that

θαℓL´1,1,L´1
“ ϑα0,1,L

“ 1, θαℓL,i,L
“ ϑαℓL,i,L

“ ξi,

and θα0,1,L
“ ϑαℓL´1,1,L´1

“ θj “ ϑj “ 0.
(4.133)

Then
L8

ˆ

θ ` ϑ

2

˙

“

„

L8pθq ` L8pϑq

2

ȷ

`
m

16
ą

L8pθq ` L8pϑq

2
. (4.134)

Proof of Corollary 4.1.18. Observe that Proposition 4.1.17 and the assumption that ξ1 “

m´1
ş

ra,bsℓ0
f1pxqµpdxq demonstrate that

L8

ˆ

θ ` ϑ

2

˙

“

„

L8pθq ` L8pϑq

2

ȷ

`
m

16
`

1

2

„

ξ1m ´

ż

ra,bsℓ0
f1pxqµpdxq

ȷ

“

„

L8pθq ` L8pϑq

2

ȷ

`
m

16
.

(4.135)

The fact that m ‰ 0 therefore implies that

L8

ˆ

θ ` ϑ

2

˙

ą
L8pθq ` L8pϑq

2
. (4.136)

The proof of Corollary 4.1.18 is thus complete.
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This leads to the following characterization of the convexity of the risk function. In
particular, Corollary 4.1.19 shows that - provided that the underlying measure is not the
zero measure - for every measurable target function it holds that the risk function is not
convex.

Corollary 4.1.19. Assume Setting 4.1.1. Then it holds that pL´ 1qm “ 0 if and only if
it holds for all θ, ϑ P Rd, λ P r0, 1s that

L8pλθ ` p1 ´ λqϑq ď λL8pθq ` p1 ´ λqL8pϑq. (4.137)

Proof of Corollary 4.1.19. Note that Corollary 4.1.16 and Corollary 4.1.18 establish (4.137).
The proof of Corollary 4.1.19 is thus complete.

4.2 Gradient flow (GF) processes in the training of
deep ANNs

This section’s purpose is to study GF processes in the training of deep ANNs with an
arbitrary number of hidden layers under the assumptions that the target function is
constant. In Subsection 4.2.1 we establish properties of the considered Lyapunov function
in the setting of GF processes. Subsection 4.2.2 and Subsection 4.2.3 present a weak chain
rule for the composition of Lyapunov functions and GF solutions and compositions of the
risk of GF processes, respectively. Subsection 4.2.4 contains this sections main result,
Theorem 4.2.8, which proves under the assumption of a constant target function that the
risk of every solution of the associated GF differential equation converges with rate 1 to
zero.

4.2.1 Lyapunov type estimates for the dynamics of GF processes
The following proposition shows a presentation of the Lyapunov function as well as reg-
ularity properties. Proposition 4.2.1 generalizes [63, Proposition 2.8] from shallow ANNs
to deep ANNs.

Proposition 4.2.1. Assume Setting 4.1.1 and let θ P Rd. Then

(i) it holds that

V pθq “
řL
k“1

`

k
“
řℓk
i“1 |bk,θi |2

‰

`
“
řℓk
i“1

řℓk´1

j“1 |wk,θ
i,j |2

‰

´ 2L
“
řℓL
i“1 fip0qbL,θi

‰˘

, (4.138)

(ii) it holds that 1
2
}θ}2 ´ 2L2}fp0q}2 ď V pθq ď 2L}θ}2 ` L}fp0q}2, and

(iii) it holds that

p∇V qpθq

“ 2
`

w1,θ, b1,θ,w2,θ, 2b2,θ, . . . ,wL´1,θ, pL ´ 1qbL´1,θ,wL,θ, LpbL,θ ´ fp0qq
˘

.
(4.139)

Proof of Proposition 4.2.1. Observe that (4.7) establishes item (i). Next note that (4.7),
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the Cauchy-Schwarz inequality, and the Young inequality demonstrate that

V pθq “

„ L
ÿ

k“1

pk}bk,θ}2 `

ℓk
ÿ

i“1

ℓk´1
ÿ

j“1

|wk,θ
i,j |2q

ȷ

´ 2Lxfp0q, bL,θy

“ ∥θ∥2 `

L
ÿ

k“1

pk ´ 1q∥bk,θ∥2 ´ 2Lxfp0q, bL,θy ě ∥θ∥2 ´ 2Lxfp0q, bL,θy

ě ∥θ∥2 ´ 2L∥fp0q∥∥bL,θ∥ ě ∥θ∥2 ´ 2L2∥fp0q∥2 ´
1

2
∥bL,θ∥2

ě
1

2
∥θ∥2 ´ 2L2∥fp0q∥2.

(4.140)

Furthermore, observe that (4.7) shows that

V pθq “

„ L
ÿ

k“1

pk}bk,θ}2 `

ℓk
ÿ

i“1

ℓk´1
ÿ

j“1

|wk,θ
i,j |2q

ȷ

´ 2Lxfp0q, bL,θy

“ ∥θ∥2 `

L
ÿ

k“1

pk ´ 1q∥bk,θ∥2 ´ 2Lxfp0q, bL,θy

ď ∥θ∥2 `

L
ÿ

k“1

pk ´ 1q∥bk,θ∥2 ` |2Lxfp0q, bL,θy|.

(4.141)

The Cauchy-Schwarz inequality and the Young inequality hence imply that

V pθq ď ∥θ∥2 `

L
ÿ

k“1

pk ´ 1q∥bk,θ∥2 ` 2L∥fp0q∥∥bL,θ∥

ď ∥θ∥2 `

L
ÿ

k“1

pk ´ 1q∥bk,θ∥2 ` L∥fp0q∥2 ` L∥bL,θ∥2 ď 2L∥θ∥2 ` L∥fp0q∥2.
(4.142)

Combining this and (4.140) proves item (ii). Note that item (i) establishes item (iii). The
proof of Proposition 4.2.1 is thus complete.

In the following proposition we determine the scalar product of the gradient of the
Lyapunov function and the generalized gradient function associated to the risk function.
In this sense, Proposition 4.2.2 generalizes [63, Proposition 2.9].

Proposition 4.2.2. Assume Setting 4.1.1 and let θ P Rd. Then

⟨p∇V qpθq,Gpθq⟩ “ 4L

„
ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

ȷ

. (4.143)

Proof of Proposition 4.2.2. Throughout this proof let pdkqkPN0 Ď N0 satisfy for all k P N0

that dk “
řk
n“1 ℓnpℓn´1 ` 1q. Observe that item (iii) of Proposition 4.2.1 demonstrates

that

xp∇V pθq,Gpθqy “

L
ÿ

k“1

ℓk
ÿ

ik“1

2kbk,θik Gℓkℓk´1`ik`dk´1
pθq

`

L
ÿ

k“1

ℓk
ÿ

ik“1

ℓk´1
ÿ

ik´1“1

2wk,θ
ik,ik´1

Gpik´1qℓk´1`ik´1`dk´1
pθq

´

ℓL
ÿ

iL“1

2LfiLp0qGℓLℓL´1`iL`dL´1
pθq.

(4.144)
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Next we claim that for all k P t1, . . . , Lu it holds that

L
ÿ

m“k

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq `

ℓk
ÿ

ik“1

ℓk´1
ÿ

ik´1“1

wk,θ
ik,ik´1

Gpik´1qℓk´1`ik´1`dk´1
pθq

“ 2

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq

〉
µpdxq.

(4.145)

We prove (4.145) by induction on k P t1, . . . , Lu. Note that items (v) and (vi) of Theo-
rem 4.1.9 and (4.5) ensure that

ℓL
ÿ

i“1

bL,θi GℓLℓL´1`i`dL´1
pθq `

ℓL
ÿ

i“1

ℓL´1
ÿ

j“1

wL,θ
i,j Gpi´1qℓL´1`j`dL´1

pθq

“

ℓL
ÿ

i“1

2bL,θi

ż

ra,bsℓ0
pN L,θ

8,i pxq ´ fipxqqµpdxq

`

ℓL
ÿ

i“1

ℓL´1
ÿ

j“1

2wL,θ
i,j

ż

ra,bsℓ0

”

ℛ8pNmaxtL´1,1u,θ
8,j pxqq1p1,8qpLq ` xj1t1upLq

ı

¨ pN L,θ
8,i pxq ´ fipxqqµpdxq

“ 2

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq

〉
µpdxq.

(4.146)

This establishes (4.145) in the base case k “ L. For the induction step let k P N X r2, Ls

satisfy

L
ÿ

m“k

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq `

ℓk
ÿ

ik“1

ℓk´1
ÿ

ik´1“1

wk,θ
ik,ik´1

Gpik´1qℓk´1`ik´1`dk´1
pθq

“ 2

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq

〉
µpdxq.

(4.147)
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Observe that items (v) and (vi) of Theorem 4.1.9 show that

L
ÿ

m“k´1

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq

`

ℓk´1
ÿ

ik´1“1

ℓk´2
ÿ

ik´2“1

wk´1,θ
ik´1,ik´2

Gpik´1´1qℓk´2`ik´2`dk´2
pθq

“

L
ÿ

m“k

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq `

ℓk´1
ÿ

ik´1“1

bk´1,θ
ik´1

Gℓk´1ℓk´2`ik´1`dk´2
pθq

`

ℓk´1
ÿ

ik´1“1

ℓk´2
ÿ

ik´2“1

wk´1,θ
ik´1,ik´2

Gpik´1´1qℓk´2`ik´2`dk´2
pθq

“

L
ÿ

m“k

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq

` 2

ℓk´1
ÿ

ik´1“1

«

ż

ra,bsℓ0

˜

bk´1,θ
ik´1

`

ℓk´2
ÿ

ik´2“1

wk´1,θ
ik´1,ik´2

¨

”

ℛ8pNmaxtk´2,1u,θ
8,ik´2

pxqq1p1,Lspk ´ 1q ` xik´2
1t1upk ´ 1q

ı

¸

¨
ÿ

vk´1,vk,...,vLPN,
p@mPNXrk´1,Ls : vmďℓmq

„

`

N L,θ
8,vL

pxq ´ fvLpxq
˘

¨ 1tik´1upvk´1q

”

śL
q“k

`

wq,θ
vq ,vq´1

“

1X q´1,θ
vq´1

pxq
‰˘

ı

ȷ

ff

µpdxq

ff

.

(4.148)

Therefore, we obtain that

L
ÿ

m“k´1

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq

`

ℓk´1
ÿ

ik´1“1

ℓk´2
ÿ

ik´2“1

wk´1,θ
ik´1,ik´2

Gpik´1´1qℓk´2`ik´2`dk´2
pθq

“

L
ÿ

m“k

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq

` 2

ℓk´1
ÿ

ik´1“1

«

ż

ra,bsℓ0

ℓk
ÿ

ik“1

wk,θ
ik,ik´1

“

1Xk´1,θ
ik´1

pxq
‰

˜

bk´1,θ
ik´1

`

ℓk´2
ÿ

ik´2“1

wk´1,θ
ik´1,ik´2

”

ℛ8pNmaxtk´2,1u,θ
8,ik´2

pxqq1p1,Lspk ´ 1q ` xik´2
1t1upk ´ 1q

ı

¸

¨
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

N L,θ
8,vL

pxq ´ fvLpxq

ı”

1tik´1upvkq

ı

¨

”

śL
n“k`1

`

wn,θ
vn,vn´1

“

1Xn´1,θ
vn´1

pxq
‰˘

ı

µpdxq

ff

.

(4.149)
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Item (v) of Theorem 4.1.9, (4.5), and (4.147) hence imply that
L
ÿ

m“k´1

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq

`

ℓk´1
ÿ

ik´1“1

ℓk´2
ÿ

ik´2“1

wk´1,θ
ik´1,ik´2

Gpik´1´1qℓk´2`ik´2`dk´2
pθq

“

L
ÿ

m“k

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq

` 2

ℓk´1
ÿ

ik´1“1

«

ż

ra,bsℓ0

ℓk
ÿ

ik“1

wk,θ
ik,ik´1

“

ℛ8pN k´1,θ
8,ik´1

pxqq
‰

¨
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

N L,θ
8,vL

pxq ´ fvLpxq

ı”

1tik´1upvkq

ı

¨

”

śL
n“k`1

`

wn,θ
vn,vn´1

1Xn´1,θ
vn´1

pxq
˘

ı

µpdxq

ff

“

L
ÿ

m“k

ℓm
ÿ

im“1

bm,θim
Gℓmℓm´1`im`dm´1pθq `

ℓk
ÿ

ik“1

ℓk´1
ÿ

ik´1“1

wk,θ
ik,ik´1

Gpik´1qℓk´1`ik´1`dk´1
pθq

“ 2

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq

〉
µpdxq.

(4.150)

Induction thus establishes (4.145). Next note that (4.145) ensures that

L
ÿ

k“1

k
ℓk
ÿ

ik“1

bk,θik Gℓkℓk´1`ik`dk´1
pθq `

L
ÿ

k“1

ℓk
ÿ

ik“1

ℓk´1
ÿ

ik´1“1

wk,θ
ik,ik´1

Gpik´1qℓk´1`ik´1`dk´1
pθq

“ 2L

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq

〉
µpdxq.

(4.151)

Combining this and (4.144) demonstrates that

xp∇V pθq,Gpθqy “

L
ÿ

k“1

ℓk
ÿ

ik“1

2kbk,θik Gℓkℓk´1`ik`dk´1
pθq

`

L
ÿ

k“1

ℓk
ÿ

ik“1

ℓk´1
ÿ

ik´1“1

2wk,θ
ik,ik´1

Gpik´1qℓk´1`ik´1`dk´1
pθq

´

ℓL
ÿ

iL“1

2LfiLp0qGℓLℓL´1`iL`dL´1
pθq

“ 4L

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq

〉
µpdxq

´ 4L
ℓL
ÿ

iL“1

«

ż

ra,bsℓ0
fiLp0qpN L,θ

8,iL
pxq ´ fiLpxqqµpdxq

ff

“ 4L

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq.

(4.152)

The proof of Proposition 4.2.2 is thus complete.
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Proposition 4.2.2 leads to the following corollary ensuring that the scalar product of
the gradient of the Lyapunov function and the generalized gradient function of the risks
is non-negative. This implies that V is indeed a Lyapunov function for the considered GF
process. Corollary 4.2.3 in Subsection 4.2.1 extends [63, Corollary 2.10].

Corollary 4.2.3. Assume Setting 4.1.1, assume for all x P ra, bsℓ0 that fpxq “ fp0q, and
let θ P Rd. Then

⟨p∇V qpθq,Gpθq⟩ “ 4LL8pθq . (4.153)

Proof of Corollary 4.2.3. Observe that Proposition 4.2.2 and the fact that for all r P

r1,8s it holds that Lrpθq “
ş

ra,bsℓ0
∥N L,θ

r pxq ´ fp0q∥2µpdxq establish (4.153). The proof of
Corollary 4.2.3 is thus complete.

4.2.2 Weak chain rule for compositions of Lyapunov functions
and GF processes

The following proposition obtains a weak chain rule for compositions of the Lyapunov
function V and GF solutions.

Proposition 4.2.4. Assume Setting 4.1.1 and let T P p0,8q, Θ P Cpr0, T s,Rdq satisfy
for all t P r0, T s that Θt “ Θ0 ´

şt

0
GpΘsq ds. Then it holds for all t P r0, T s that

V pΘtq “ V pΘ0q ´ 4L

ż t

0

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq ds. (4.154)

Proof of Proposition 4.2.4. Note that Corollary 4.1.12 and the assumption that Θ P

Cpr0, T s,Rdq ensure that r0, T s Q t ÞÑ GpΘtq P Rd is bounded. Proposition 4.2.2 and, e.g.,
Cheridito et al. [24, Lemma 3.1] (applied with T ð T , n ð d, F ð pRd Q θ ÞÑ V pθq P Rq,
ϑ ð pr0, T s Q t ÞÑ GpΘtq P Rdq in the notation of [24, Lemma 3.1]) therefore prove that
for all t P r0, T s it holds that

V pΘtq ´ V pΘ0q “ ´

ż t

0

xp∇V qpΘsq,GpΘsqy ds

“ ´4L

ż t

0

ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq ds.

(4.155)

The proof of Proposition 4.2.4 is thus complete.

Under the assumption of a constant target function this leads to the following chain
rule for compositions of the Lyapunov function V and GF solutions. Together with
Proposition 4.2.4, Corollary 4.2.5 generalizes [24, Lemma 3.2].

Corollary 4.2.5. Assume Setting 4.1.1, assume for all x P ra, bsℓ0 that fpxq “ fp0q, and
let T P p0,8q, Θ P Cpr0, T s,Rdq satisfy for all t P r0, T s that Θt “ Θ0 ´

şt

0
GpΘsq ds. Then

it holds for all t P r0, T s that

V pΘtq “ V pΘ0q ´ 4L

ż t

0

L8pΘsq ds. (4.156)

Proof of Corollary 4.2.5. Observe Proposition 4.2.4 and the fact that L8pθq “
ş

ra,bsℓ0
∥N L,θ

8 pxq´

fpxq∥2µpdxq “
ş

ra,bsℓ0
xN L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0qyµpdxq establish (4.156). The proof

of Corollary 4.2.5 is thus complete.
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4.2.3 Weak chain rule for the risk of GF processes
The following lemma provides uniform local boundedness of the gradients of the approx-
imated risk function. In particular, Lemma 4.2.6 is an expansion of [24, Lemma 3.4].

Lemma 4.2.6. Assume Setting 4.1.1 and let K Ď Rd be compact. Then

supθPK suprPr1,8q∥p∇Lrqpθq∥ ă 8. (4.157)

Proof of Lemma 4.2.6. Throughout this proof assume without loss of generality that m ą

0 and for every k P N0 let dk P N0 satisfy dk “
řk
n“1 ℓnpℓn´1 `1q. Note that Lemma 4.1.7

ensures that there exists D P r1,8q which satisfies for all k P t1, . . . , Lu that

D ě a` sup
θPK

sup
r,s,tPr1,8q

sup
iPt1,...,ℓku

sup
xPra,bsℓ0

`

|N k,θ
r,i pxq|

` |ℛspN k,θ
r,i pxqq| ` |pℛtq

1pN k,θ
r,i pxqq|

˘

.

(4.158)

Furthermore, observe that item (iii) of Theorem 4.1.9 proves that for all θ P K, r P r1,8q,
k P t1, . . . , Lu, i P t1, . . . , ℓku it holds that

ˇ

ˇ

ˇ

´

BLr
Bθℓkℓk´1`i`dk´1

¯

pθq

ˇ

ˇ

ˇ

2

“

˜

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

1tiupvkq

ı”

N L,θ
r,vL

pxq ´ fvLpxq

ı

¨

”

śL
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

µpdxq

¸2

ď 4D2L

˜

ż

ra,bsℓ0
∥N L,θ

r pxq ´ fpxq∥

¨

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff

µpdxq

¸2

“ 4m2D2L

˜«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff

¨
1

m

ż

ra,bsℓ0
∥N L,θ

r pxq ´ fpxq∥µpdxq

¸2

.

(4.159)

Jensen’s inequality hence shows for all θ P K, r P r1,8q, k P t1, . . . , Lu, i P t1, . . . , ℓku
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that
ˇ

ˇ

ˇ

´

BLr
Bθℓkℓk´1`i`dk´1

¯

pθq

ˇ

ˇ

ˇ

2

ď 4m2D2L

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff2

¨
1

m

ż

ra,bsℓ0
∥N L,θ

r pxq ´ fpxq∥2 µpdxq

“ 4mD2L

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff2

Lrpθq.

(4.160)

Moreover, note that item (ii) of Theorem 4.1.9 demonstrates for all θ P K, r P r1,8q,
k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u that

ˇ

ˇ

ˇ

´

BLr
Bθpi´1qℓk´1`j`dk´1

¯

pθq

ˇ

ˇ

ˇ

2

“

˜

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

ż

ra,bsℓ0
2
”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pxqq1p1,Lspkq

` xj1t1upkq

ı”

1tiupvkq

ı”

N L,θ
r,vL

pxq ´ fvLpxq

ı

¨

”

śL
n“k`1

`

wn,θ
vn,vn´1

“

pℛr1{pn´1qq1pN n´1,θ
r,vn´1

pxqq
‰˘

ı

µpdxq

¸2

ď 4D2L

˜

ż

ra,bsℓ0
∥N L,θ

r pxq ´ fpxq∥

¨

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff

µpdxq

¸2

“ 4m2D2L

˜«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff

¨
1

m

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ fpxq∥µpdxq

¸2

.

(4.161)

Jensen’s inequality therefore proves that for all θ P K, r P r1,8q, k P t1, . . . , Lu, i P
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t1, . . . , ℓku, j P t1, . . . , ℓk´1u we have that
ˇ

ˇ

ˇ

´

BLr
Bθpi´1qℓk´1`j`dk´1

¯

pθq

ˇ

ˇ

ˇ

2

ď 4m2D2L

«

ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff2

¨
1

m

ż

ra,bsℓ0
∥N L,θ

8 pxq ´ fpxq∥2 µpdxq

“ 4mD2L

«

ÿ

vk,vk`1,...,vLPN,
p@wPNXrk,Ls : vwďℓwq

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff2

Lrpθq.

(4.162)

This and (4.160) assure for all θ P K, r P r1,8q that

∥p∇Lrqpθq∥2

“

L
ÿ

k“1

ℓk
ÿ

i“1

„

ˇ

ˇ

ˇ

´

BLr
Bθℓkℓk´1`i`dk´1

¯

pθq

ˇ

ˇ

ˇ

2

`

ℓk´1
ÿ

j“1

ˇ

ˇ

ˇ

´

BLr
Bθpi´1qℓk´1`j`dk´1

¯

pθq

ˇ

ˇ

ˇ

2
ȷ

ď 4mD2L

«

L
ÿ

k“1

ℓk
ÿ

i“1

pℓk´1 ` 1q

¨
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

”

1tiupvkq

ı”

śL
n“k`1|wn,θ

vn,vn´1
|
ı

ff2

Lrpθq.

(4.163)

Furthermore, observe that (4.6) implies for all θ P K, r P r1,8q that

Lrpθq “

ż

ra,bsℓ0
∥N L,θ

r pxq ´ fpxq∥2µpdxq

ď 2

ż

ra,bsℓ0

”

∥N L,θ
r pxq∥2 ` ∥fpxq∥2

ı

µpdxq

ď 2m
“

supyPra,bsℓ0∥N L,θ
r pyq∥2

‰

` 2

ż

ra,bsℓ0
∥fpxq∥2µpdxq.

(4.164)

This, Lemma 4.1.8, and (4.158) prove that supθPK suprPr1,8q Lrpθq ă 8. Combining
this with (4.163) and item (iii) of Theorem 4.1.11 establishes (4.157). The proof of
Lemma 4.2.6 is thus complete.

The following proposition delivers a chain rule for the composition of the risk function
and GF solutions in the setting of a general measurable target function. This means
Proposition 4.2.7 extends [24, Lemma 3.5] to DNNs.

Proposition 4.2.7. Assume Setting 4.1.1 and let T P p0,8q, Θ P Cpr0, T s,Rdq satisfy
for all t P r0, T s that Θt “ Θ0 ´

şt

0
GpΘsq ds. Then it holds for all t P r0, T s that

L8pΘtq “ L8pΘ0q ´

ż t

0

∥GpΘsq∥2 ds. (4.165)
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Proof of Proposition 4.2.7. Note that, e.g., Cheridito et al. [24, Lemma 3.1] (applied with
T ð T , n ð d, F ð pRd Q θ ÞÑ Lrpθq P Rq, ϑ ð pr0, T s Q t ÞÑ GpΘtq P Rdq in the notation
of [24, Lemma 3.1]) implies that for all r P r1,8q, t P r0, T s we have that

LrpΘtq ´ LrpΘ0q “ ´

ż t

0

xp∇LrpΘsqq,GpΘsqy ds. (4.166)

Furthermore, observe that item (iv) of Theorem 4.1.9 ensures that for all t P r0, T s it holds
that limrÑ8 pLrpΘtq ´ LrpΘ0qq “ L8pΘtq ´ L8pΘ0q and limrÑ8xp∇LrqpΘtq,GpΘtqy “

xpGpΘtq,GpΘtqy “ ∥GpΘtq∥2. Moreover, note that the assumption that Θ P Cpr0, T s,Rdq

assures that there exists a compact set K Ď Rd such that for all t P r0, T s it holds that
Θt P K. This, the Cauchy-Schwarz inequality, Corollary 4.1.12, item (i) of Theorem 4.1.9,
and Lemma 4.2.6 hence demonstrate that

suprPr1,8q suptPr0,T s

∣∣xp∇LrqpΘtq,GpΘtqy
∣∣ ď suprPr1,8q supθPK

∣∣xp∇Lrqpθq,Gpθqy
∣∣

ď suprPr1,8q supθPK

`

∥p∇Lrqpθq∥∥Gpθq∥
˘

ă 8.
(4.167)

The dominated convergence theorem and item (iv) of Theorem 4.1.9 therefore show that
for all t P r0, T s it holds that

lim
rÑ8

„
ż t

0

xp∇L8qpΘsq,GpΘsqy ds

ȷ

“

ż t

0

”

lim
rÑ8

xp∇L8qpΘsq,GpΘsqy

ı

ds “

ż t

0

∥GpΘsq∥2 ds.
(4.168)

Combining this with (4.166) establishes (4.165). The proof of Proposition 4.2.7 is thus
complete.

4.2.4 Convergence analysis for GF processes
In the following theorem we prove - under the assumption of a constant target function -
that the risk of every solution of the associated GF differential equation converges to zero
with rate 1. Theorem 4.2.8 is a generalization of [24, Theorem 3.7].
Theorem 4.2.8. Assume Setting 4.1.1, assume for all x P ra, bsℓ0 that fpxq “ fp0q, and
let Θ P Cpr0,8q,Rdq satisfy for all t P r0,8q that Θt “ Θ0 ´

şt

0
GpΘsq ds. Then

(i) it holds that suptPr0,8q∥Θt∥ ď r2V pΘ0q ` 4L2∥fp0q∥2s1{2 ă 8,

(ii) it holds for all t P p0,8q that L8pΘtq ď 1
2t

r∥Θ0∥2 ` 2L∥fp0q∥2s ă 8, and

(iii) it holds that lim suptÑ8 L8pΘtq “ 0.
Proof of Theorem 4.2.8. Observe that item (ii) of Proposition 4.2.1 implies that for all
t P r0,8q it holds that ∥Θt∥ ď

“

2V pΘtq ` 4L2∥fp0q∥2
‰1{2. Moreover, note that Corol-

lary 4.2.5 and the fact that for all θ P Rd it holds that L8pθq ě 0 prove that for all
t P r0,8q we have that V pΘtq ď V pΘ0q. This establishes item (i). Next observe that
Proposition 4.2.7 implies that r0,8q Q t ÞÑ L8pΘtq P r0,8q is non-increasing. Combin-
ing this with Corollary 4.2.5 and item (ii) of Proposition 4.2.1 demonstrates that for all
t P r0,8q it holds that

tL8pΘtq “

ż t

0

L8pΘtq ds ď

ż t

0

L8pΘsq ds “
1

4L
rV pΘ0q ´ V pΘtqs

ď
1

4L

”

2L∥Θ0∥2 ` L∥fp0q∥2 ´
1

2
∥Θt∥2 ` 2L2∥fp0q∥2

ı

ď
1

4L

”

2L∥Θ0∥2 ` pL ` 2L2q∥fp0q∥2
ı

ď
1

2
∥Θ0∥2 ` L∥fp0q∥2 ă 8.

(4.169)
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Hence, we obtain for all t P p0,8q that

L8pΘtq ď
1

2t

”

∥Θ0∥2 ` 2L∥fp0q∥2
ı

. (4.170)

This establishes items (ii) and (iii). The proof of Theorem 4.2.8 is thus complete.

4.3 Gradient descent (GD) processes in the training
of deep ANNs

In this section we study GD processes in the training of DNNs with an arbitrary number of
hidden layers. We start by establishing one-step Lyapunov estimates in Subsection 4.3.1.
Subsection 4.3.2 uses these results to obtain certain time-discrete upper estimates for
composition of the considered Lyapunov function and GD processes. This sections main
result is Theorem 4.3.7 in Subsection 4.3.3 below. Theorem 4.3.7 proves that in the
training of DNNs it holds that the sequence of risks of any time-discrete GD process
converges to zero provided that the target function is constant and the step sizes are
sufficiently small but not L1-summable.

4.3.1 Lyapunov type estimates for the dynamics of GD pro-
cesses

The following lemma provides a one-step Lyapunov estimate for the GD method.

Lemma 4.3.1. Assume Setting 4.1.1 and let γ P R, θ P Rd. Then

V pθ ´ γGpθqq ´ V pθq

“ γ2∥Gpθq∥2 ` γ2
“
řL
k“1

řℓk
i“1pk ´ 1q|Gℓkℓk´1`i`

řk´1
h“1 ℓhpℓh´1`1q

pθq|2
‰

´ 4γL
“ş

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

‰

ď γ2L∥Gpθq∥2 ´ 4γL
“ş

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

‰

.

(4.171)

Proof of Lemma 4.3.1. Throughout this proof let e1, e2, . . . , ed P Rd satisfy e1 “ p1, 0, . . . , 0q,
e2 “ p0, 1, 0, . . . , 0q, . . . , ed “ p0, . . . , 0, 1q and let g : R Ñ R satisfy for all t P R that

gptq “ V pθ ´ tGpθqq. (4.172)

Note that (4.172) and the fundamental theorem of calculus demonstrate that

V pθ ´ γGpθqq “ gpγq “ gp0q `

ż γ

0

g1ptq dt

“ gp0q `

ż γ

0

⟨p∇V qpθ ´ tGpθqq, p´Gpθqq⟩ dt

“ V pθq ´

ż γ

0

⟨p∇V qpθ ´ tGpθqq,Gpθq⟩ dt.

(4.173)
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Proposition 4.2.2 therefore proves that
V pθ ´ γGpθqq

“ V pθq ´

ż γ

0

⟨p∇V qpθq,Gpθq⟩ dt `

ż γ

0

⟨p∇V qpθq ´ p∇V qpθ ´ tGpθqq,Gpθq⟩ dt

“ V pθq ´ 4γL

„
ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

ȷ

`

ż γ

0

⟨p∇V qpθq ´ p∇V qpθ ´ tGpθqq,Gpθq⟩ dt.

(4.174)

Moreover, observe that item (iii) of Proposition 4.2.1 implies that for all t P R it holds
that

p∇V qpθq ´ p∇V qpθ ´ tGpθqq

“ 2tGpθq ` 2

«

L
ÿ

k“1

ℓk
ÿ

i“1

pk ´ 1qb
k,tGpθq

i eℓkℓk´1`i`
řk´1

h“1 ℓhpℓh´1`1q

ff

.
(4.175)

Combining this with (4.174) shows that

V pθ ´ γGpθqq

“ V pθq ´ 4γL

„
ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

ȷ

`

ż γ

0

〈
2tGpθq ` 2

«

L
ÿ

k“1

ℓk
ÿ

i“1

pk ´ 1qb
k,tGpθq

i eℓkℓk´1`i`
řk´1

h“1 ℓhpℓh´1`1q

ff

,Gpθq

〉
dt

“ V pθq ´ 4γL

„
ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

ȷ

` 2∥Gpθq∥2
„
ż γ

0

t dt

ȷ

` 2

«

ż γ

0

〈
L
ÿ

k“1

ℓk
ÿ

i“1

pk ´ 1qb
k,tGpθq

i eℓkℓk´1`i`
řk´1

h“1 ℓhpℓh´1`1q
,Gpθq

〉
dt

ff

“ V pθq ´ 4γL

„
ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

ȷ

` γ2∥Gpθq∥2

` 2

«

L
ÿ

k“1

ℓk
ÿ

i“1

pk ´ 1q
ˇ

ˇ

@

eℓkℓk´1`i`
řk´1

h“1 ℓhpℓh´1`1q
,Gpθq

Dˇ

ˇ

2

ff

„
ż γ

0

t dt

ȷ

.

(4.176)

Hence, we obtain that
V pθ ´ γGpθqq

“ V pθq ´ 4γL

„
ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

ȷ

` γ2∥Gpθq∥2

` γ2

«

L
ÿ

k“1

ℓk
ÿ

i“1

pk ´ 1q
ˇ

ˇ

@

eℓkℓk´1`i`
řk´1

h“1 ℓhpℓh´1`1q
,Gpθq

Dˇ

ˇ

2

ff

“ V pθq ´ 4γL

„
ż

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

ȷ

` γ2∥Gpθq∥2

` γ2

«

L
ÿ

k“1

ℓk
ÿ

i“1

pk ´ 1q|Gℓkℓk´1`i`
řk´1

h“1 ℓhpℓh´1`1q
pθq|2

ff

.

(4.177)

The proof of Lemma 4.3.1 is thus complete.
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Lemma 4.3.1 leads to the following one-step Lyapunov estimate in the case of a con-
stant target function. Together with Lemma 4.3.1, Corollary 4.3.2 extends [63, Lemma
2.12] to the setting of deep ANNs.

Corollary 4.3.2. Assume Setting 4.1.1, assume for all x P ra, bsℓ0 that fpxq “ fp0q, and
let γ P R, θ P Rd. Then

V pθ ´ γGpθqq ´ V pθq

“ γ2∥Gpθq∥2 ` γ2
“
řL
k“1

řℓk
i“1pk ´ 1q|Gℓkℓk´1`i`

řk´1
h“1 ℓhpℓh´1`1q

pθq|2
‰

´ 4γLL8pθq

ď γ2L∥Gpθq∥2 ´ 4γLL8pθq.

(4.178)

Proof of Corollary 4.3.2. Note that Lemma 4.3.1, (4.6), and the assumption that for all
x P ra, bsℓ0 it holds that fpxq “ fp0q establish (4.178). The proof of Corollary 4.3.2 is
thus complete.

Additionally, combining Theorem 4.1.11 with Lemma 4.3.1 proves the following corol-
lary. Corollary 4.3.3 is a generalization of [63, Corollary 2.13].

Corollary 4.3.3. Assume Setting 4.1.1 and let γ P r0,8q, θ P Rd. Then

V pθ ´ γGpθqq ´ V pθq

ď 4γ2mL2a2
“
śL

p“0pℓp ` 1q
‰

p2V pθq ` 4L2∥fp0q∥2 ` 1qpL´1qL8pθq

´ 4γL
“ş

ra,bsℓ0

〈
N L,θ

8 pxq ´ fpxq,N L,θ
8 pxq ´ fp0q

〉
µpdxq

‰

.

(4.179)

Proof of Corollary 4.3.3. Observe that item (iv) of Theorem 4.1.11 and item (ii) of Propo-
sition 4.2.1 demonstrate that

∥Gpθq∥2 ď 4mLa2
“
śL

p“0pℓp ` 1q
‰

p∥θ∥2 ` 1qpL´1qL8pθq

ď 4mLa2
“
śL

p“0pℓp ` 1q
‰

p2V pθq ` 4L2∥fp0q∥2 ` 1qpL´1qL8pθq.
(4.180)

Combining this with Lemma 4.3.1 establishes (4.179). The proof of Corollary 4.3.3 is thus
complete.

4.3.2 Upper estimates for compositions of Lyapunov functions
and GD processes

The following corollary establishes a time-discrete upper estimate for compositions of the
Lyapunov function and GD processes.

Corollary 4.3.4. Assume Setting 4.1.1, let pγnqnPN0 Ď r0,8q, let pΘnqnPN0 : N0 Ñ Rd

satisfy for all n P N0 that Θn`1 “ Θn ´ γnGpΘnq, and let n P N0. Then

V pΘn`1q ´ V pΘnq

ď 4pγnq2mL2a2
“
śL

p“0pℓp ` 1q
‰

p2V pΘnq ` 4L2∥fp0q∥2 ` 1qpL´1qL8pΘnq

´ 4γnL
“ş

ra,bsℓ0

〈
N L,Θn

8 pxq ´ fpxq,N L,Θn
8 pxq ´ fp0q

〉
µpdxq

‰

.

(4.181)

Proof of Corollary 4.3.4. Note that Corollary 4.3.3 establishes (4.181). The proof of
Corollary 4.3.4 is thus complete.

Corollary 4.3.4 immediately leads to the following time-discrete upper estimate for the
composition of Lyapunov functions and GD processes under the assumption of a constant
target function.
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Corollary 4.3.5. Assume Setting 4.1.1, assume for all x P ra, bsd that fpxq “ fp0q, let
pγnqnPN0 Ď r0,8q, let pΘnqnPN0 : N0 Ñ Rd satisfy for all n P N0 that Θn`1 “ Θn´γnGpΘnq,
and let n P N0. Then

V pΘn`1q ´ V pΘnq

ď 4L
`

pγnq2mLa2
“
śL

p“0pℓp ` 1q
‰

¨ p2V pΘnq ` 4L2∥fp0q∥2 ` 1qpL´1q ´ γn
˘

L8pΘnq.

(4.182)

Proof of Corollary 4.3.5. Observe that Corollary 4.3.4 and the assumption that for all
x P ra, bsℓ0 it holds that fpxq “ fp0q establish (4.182). The proof of Corollary 4.3.5 is
thus complete.

From this follows the following final upper estimate for the composition of the Lya-
punov functions and the time-discrete GD process in the setting of a constant target
function. Corollary 4.3.4, Corollary 4.3.5, and Lemma 4.3.6 together extend [63, Corol-
lary 2.14 and Lemma 2.15] from shallow ANNs to deep ANNs.

Lemma 4.3.6. Assume Setting 4.1.1, assume for all x P ra, bsd that fpxq “ fp0q, let
pγnqnPN0 Ď r0,8q, let pΘnqnPN0 : N0 Ñ Rd satisfy for all n P N0 that Θn`1 “ Θn´γnGpΘnq,
and assume

supnPN0
pγnmq ď

`

La2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘´1

. (4.183)

Then it holds for all n P N0 that

V pΘn`1q ´ V pΘnq

ď ´4Lγn
`

1 ´
“

supmPN0
γm

‰

mLa2
“
śL

p“0pℓp ` 1q
‰

¨ p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘnq ď 0.

(4.184)

Proof of Lemma 4.3.6. Throughout this proof let g P R satisfy g “ supnPN0
pγnmq. We

prove (4.184) by induction on n P N0. Note that Corollary 4.3.5, (4.183), and the fact
that γ0m ď g imply that

V pΘ1q ´ V pΘ0q

ď 4L
`

´γ0 ` γ20mLa
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘ0q

ď 4L
`

´γ0 ` γ0gLa
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘ0q

“ ´4Lγ0
`

1 ´ gLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘ0q

ď 0.

(4.185)

This establishes (4.184) in the base case n “ 0. For the induction step let n P N satisfy
for all m P t0, 1, . . . , n ´ 1u that

V pΘm`1q ´ V pΘmq

ď ´4Lγm
`

1 ´ gLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘmq.
(4.186)

Observe that (4.186) and the fact that for all θ P Rd it holds that L8pθq ě 0 ensure that
V pΘnq ď V pΘn´1q ď ¨ ¨ ¨ ď V pΘ0q. Combining this with Corollary 4.3.5, (4.183), and the
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fact that γnm ď g demonstrates that

V pΘn`1q ´ V pΘnq

ď 4L
`

´γn ` pγnq2mLa2
“
śL

p“0pℓp ` 1q
‰

¨ p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘnq

ď 4L
`

´γn ` γngLa
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘnq

“ ´4Lγn
`

1 ´ gLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

L8pΘnq

ď 0.

(4.187)

Induction thus establishes (4.184). The proof of Lemma 4.3.6 is thus complete.

4.3.3 Convergence analysis for GD processes
The following theorem proves that the sequence of risks of any time-discrete GD process
converges to zero in the training of DNNs provided that the target function is constant and
the step sizes are sufficiently small but not L1-summable. For this reason, Theorem 4.3.7
generalizes [63, Theorem 2.16].

Theorem 4.3.7. Assume Setting 4.1.1, assume for all x P ra, bsd that fpxq “ fp0q, let
pγnqnPN0 Ď r0,8q, let pΘnqnPN0 : N0 Ñ Rd satisfy for all n P N0 that Θn`1 “ Θn´γnGpΘnq,
and assume

supnPN0
pγnmq ă

`

La2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘´1 (4.188)

and
ř8

n“0 γn “ 8. Then

(i) it holds that supnPN0
∥Θn∥ ď r2V pΘ0q ` 4L2∥fp0q∥2s1{2 ă 8 and

(ii) it holds that lim supnÑ8 L8pΘnq “ 0.

Proof of Theorem 4.3.7. Throughout this proof let η P p0,8q satisfy

η “ 4L
`

1 ´
“

supmPN0
γm

‰

mLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥fp0q∥2 ` 1qpL´1q
˘

(4.189)

and let ε P R satisfy ε “ p1{3qrmint1, lim supnÑ8 L8pΘnqus. Note that item (ii) of Propo-
sition 4.2.1 ensures that for all n P N0 it holds that

∥Θn∥ ď r2V pΘnq ` 4L2∥fp0q∥2s1{2. (4.190)

Furthermore, observe that Lemma 4.3.6 implies that for all n P N0 it holds that V pΘnq ď

V pΘn´1q ď ¨ ¨ ¨ ď V pΘ0q. This and (4.190) establish item (i). Next note that item (ii) of
Proposition 4.2.1 ensures that for all n P N we have that V pΘnq ě 1

2
∥Θn∥2´2L2∥fp0q∥2 ě

´2L2∥fp0q∥2. Combining this with Lemma 4.3.6 and (4.189) implies that for all N P N
it holds that

η

«

N´1
ÿ

n“0

γnL8pΘnq

ff

ď

N´1
ÿ

n“0

pV pΘnq ´ V pΘn`1qq

“ V pΘ0q ´ V pΘNq ď V pΘ0q ` 2L2∥fp0q∥2.
(4.191)

This demonstrates that
8
ř

n“0

rγnL8pΘnqs ď η´1pV pΘ0q ` 2L2∥fp0q∥2q ă 8. (4.192)
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Combining this with the assumption that
ř8

n“0 γn “ 8 ensures that lim infnÑ8 L8pΘnq “

0. In the following we prove item (ii) by contradiction. For this assume that

lim supnÑ8 L8pΘnq ą 0. (4.193)

Observe that (4.193) implies that

0 “ lim infnÑ8 L8pΘnq ă ε ă 2ε ă lim supnÑ8 L8pΘnq. (4.194)

This ensures that there exist pmk, nkq P N2, k P N, which satisfy for all k P N that
mk ă nk ă mk`1, L8pΘmk

q ą 2ε, and L8pΘnk
q ă ε ă minjPNXrmk,nkq L8pΘjq. Note

that (4.192) and the fact that for all k P N, j P N X rmk, nkq it holds that 1 ď 1
ε
L8pΘjq

demonstrate that
8
ÿ

k“1

nk´1
ÿ

j“mk

γj ď
1

ε

«

8
ÿ

k“1

nk´1
ÿ

j“mk

pγjL8pΘjqq

ff

ď
1

ε

«

8
ÿ

j“0

pγjL8pΘjqq

ff

ă 8. (4.195)

Moreover, observe that Corollary 4.1.12 and item (i) imply that there exists C P R which
satisfies that

supnPN0
∥GpΘnq∥ ď C. (4.196)

Note that (4.196), the triangle inequality, and (4.195) prove that

8
ÿ

k“1

∥Θnk
´ Θmk

∥ ď

8
ÿ

k“1

nk´1
ÿ

j“mk

∥Θj`1 ´ Θj∥ “

8
ÿ

k“1

nk´1
ÿ

j“mk

pγj∥GpΘjq∥q

ď C

«

8
ÿ

k“1

nk´1
ÿ

j“mk

γj

ff

ă 8.

(4.197)

Next observe that Lemma 4.1.10 and item (i) ensure that there exists ℒ P R which
satisfies for all m,n P N0 that |LpΘmq ´ LpΘnq| ď ℒ∥Θm ´ Θn∥. Combining this with
(4.197) shows that

lim supkÑ8|L8pΘnk
q ´ L8pΘmk

q| ď lim supkÑ8pℒ∥Θnk
´ Θmk

∥q “ 0. (4.198)

The fact that for all k P N0 it holds that L8pΘnk
q ă ε ă 2ε ă L8pΘmk

q therefore implies
that

0 ă ε ď infkPN|L8pΘnk
q ´ L8pΘmk

q| ď lim supkÑ8|L8pΘnk
q ´ L8pΘmk

q| “ 0. (4.199)

This contradiction establishes item (ii). The proof of Theorem 4.3.7 is thus complete.

4.4 Stochastic gradient descent (SGD) processes in
the training of deep ANNs

In this section we study SGD processes in the training of deep ReLU ANNS. Subsec-
tion 4.4.1 introduces a mathematical description of the considered SGD processes in the
training of deep ReLU ANNs. In Subsection 4.4.2 we derive an explicit representation
for the generalized gradients of the empirical risk function. Subsection 4.4.3 analyses
measurability and independence properties and calculates expectations of the empirical
risk functions. Subsection 4.4.4 establishes upper bounds for the norm of the generalized
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gradients of the empirical risk function and proves its uniform boundedness. In Subsec-
tion 4.3.1 we present a one-step Lyapunov estimate which is used in Subsection 4.1.5 to
establish upper estimates for the composition of the considered Lyapunov function and
the SGD processes. In Subsection 4.4.7 we combine this section’s findings to obtain our
main result, Theorem 4.4.11. Theorem 4.4.11 proves that in the training of DNNs it
holds that the sequence of the risks of any time-discrete SGD process converges to zero
provided that the target function is constant and the step sizes are sufficiently small but
not L1-summable.

4.4.1 Mathematical framework for SGD processes and deep ANNs
with ReLU activation

During this section we are going to use the following setting.

Setting 4.4.1. Let L, d P N, pℓkqkPN0 Ď N, ξ P RℓL, a, a P R, b P pa,8q, 𝒜 P p0,8q, ℬ P

p𝒜,8q satisfy d “
řL
k“1 ℓkpℓk´1 ` 1q and a “ maxt|a|, |b|, 1u, for every θ “ pθ1, . . . , θdq P

Rd let wk,θ “ pwk,θ
i,j qpi,jqPt1,...,ℓkuˆt1,...,ℓk´1u P Rℓkˆℓk´1, k P N, and bk,θ “ pbk,θ1 , . . . , bk,θℓk q P Rℓk ,

k P N, satisfy for all k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u that

wk,θ
i,j “ θ

pi´1qℓk´1`j`
řk´1

h“1 ℓhpℓh´1`1q
and bk,θi “ θℓkℓk´1`i`

řk´1
h“1 ℓhpℓh´1`1q

, (4.200)

for every k P N, θ P Rd let Aθ
k “ pAθ

k,1, . . . ,Aθ
k,ℓk

q : Rℓk´1 Ñ Rℓk satisfy for all x P Rℓk´1

that Aθ
kpxq “ bk,θ ` wk,θx, let ℛr : R Ñ R, r P r1,8s, satisfy for all r P r1,8q, x P

p´8,𝒜r´1s, y P R, z P rℬr´1,8q that

ℛr P C1pR,Rq, ℛrpxq “ 0, 0 ď ℛrpyq ď ℛ8pyq “ maxty, 0u, and ℛrpzq “ z, (4.201)

assume suprPr1,8q supxPR |pℛrq
1pxq| ă 8, let ∥¨∥ : pYnPNRnq Ñ R, ⟨¨, ¨⟩ : pYnPNpRn ˆ

Rnqq Ñ R, and Mr : pYnPNRnq Ñ pYnPNRnq, r P r1,8s, satisfy for all r P r1,8s, n P N,
x “ px1, . . . , xnq, y “ py1, . . . , ynq P Rn that

∥x∥ “ p
řn
i“1 |xi|

2q1{2, ⟨x, y⟩ “
řn
i“1 xiyi, and Mrpxq “ pℛrpx1q, . . . ,ℛrpxnqq, (4.202)

for every θ P Rd let N k,θ
r “ pN k,θ

r,1 , . . . ,N
k,θ
r,ℓk

q : Rℓ0 Ñ Rℓk , r P r1,8s, k P N, and X k,θ
i Ď

Rℓ0, k, i P N, satisfy for all r P r1,8s, k P N, i P t1, . . . , ℓku, x P Rℓ0 that

N 1,θ
r pxq “ Aθ

1pxq, N k`1,θ
r pxq “ Aθ

k`1pMr1{kpN k,θ
r pxqqq, (4.203)

and X k,θ
i “ ty P ra, bsℓ0 : N k,θ

8,ipyq ą 0u, let pΩ,F ,Pq be a probability space, let Xn,m “

pXn,m
1 , . . . , Xn,m

ℓ0
q : Ω Ñ ra, bsℓ0, n,m P N0 be i.i.d. random variables, let L : Rd Ñ R and

V : Rd Ñ R satisfy for all θ P Rd that Lpθq “ Er∥N L,θ
8 pX0,0q ´ ξ∥2s and

V pθq “
“
řL
k“1

`

k}bk,θ}2 `
řℓk
i“1

řℓk´1

j“1 |wk,θ
i,j |2

˘‰

´ 2Lxξ, bL,θy, (4.204)

let pMnqnPN0 Ď N, for every n P N0, r P r1,8s let Lnr : Rd ˆ Ω Ñ R satisfy for all
θ P Rd, ω P Ω that Lnr pθ, ωq “ 1

Mn

řMn

m“1∥N L,θ
r pXn,mpωqq ´ ξ∥2, for every n P N0 let Gn “

pGn
1 , . . . ,G

n
d q : Rd ˆ Ω Ñ Rd satisfy for all θ P Rd, ω P tw P Ω: pp∇θL

n
r qpθ, wqqrPr1,8q is

convergentu that
Gnpθ, ωq “ limrÑ8p∇θL

n
r qpθ, ωq, (4.205)

let Θ “ pΘnqnPN0 : N0 ˆ Ω Ñ Rd be a stochastic process, let pγnqnPN0 Ď r0,8q, assume
that Θ0 and pXn,mqpn,mqPpN0q2 are independent, and assume for all n P N0, ω P Ω that
Θn`1pωq “ Θnpωq ´ γnG

npΘnpωq, ωq.
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4.4.2 Explicit representations for the generalized gradients of
the empirical risk function

The following proposition provides a representation for the generalized gradients of the
approximations of the empirical risk function. Proposition 4.4.2 expands [63, Proposition
3.2] from shallow ANNs to deep ANNs.
Proposition 4.4.2. Assume Setting 4.4.1 and let n P N0, ω P Ω. Then

(i) it holds for all r P r1,8q that pRd Q θ ÞÑ Lnr pθ, ωq P Rq P C1pRd,Rq,

(ii) it holds for all r P r1,8q, k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u, θ “

pθ1, . . . , θdq P Rd that
ˆ

B

Bθ
pi´1qℓk´1`j`

řk´1
h“1 ℓhpℓh´1`1q

Lnr

˙

pθ, ωq

“
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

2
Mn

Mn
ř

m“1

”

ℛr1{pmaxtk´1,1uqpNmaxtk´1,1u,θ
r,j pXn,mpωqqq1p1,Lspkq

` Xn,m
j pωq1t1upkq

ı”

1tiupvkq

ı”

N L,θ
r,vL

pXn,mpωqq ´ ξvL

ı

¨

”

śL
q“k`1

`

wq,θ
vq ,vq´1

“

pℛr1{pq´1qq1pN q´1,θ
r,vq´1

pXn,mpωqqq
‰˘

ı

,

(4.206)

(iii) it holds for all r P r1,8q, k P t1, . . . , Lu, i P t1, . . . , ℓku, θ “ pθ1, . . . , θdq P Rd that
ˆ

B

Bθℓkℓk´1`i`
řk´1

h“1 ℓhpℓh´1`1q

Lnr

˙

pθ, ωq

“
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

2
Mn

Mn
ř

m“1

”

1tiupvkq

ı”

N L,θ
r,vL

pXn,mpωqq ´ ξvL

ı

¨

”

śL
q“k`1

`

wq,θ
vq ,vq´1

“

pℛr1{pq´1qq1pN q´1,θ
r,vq´1

pXn,mpωqqq
‰˘

ı

,

(4.207)

(iv) it holds for all θ “ pθ1, . . . , θdq P Rd that lim suprÑ8∥p∇Lnr qpθ, ωq ´ Gnpθ, ωq∥ “ 0,

(v) it holds for all k P t1, . . . , Lu, i P t1, . . . , ℓku, j P t1, . . . , ℓk´1u, θ “ pθ1, . . . , θdq P Rd

that
Gn

pi´1qℓk´1`j`
řk´1

h“1 ℓhpℓh´1`1q
pθ, ωq

“
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

2
Mn

Mn
ř

m“1

”

ℛ8pNmaxtk´1,1u,θ
8,j pXn,mpωqqq1p1,Lspkq

` Xn,m
j pωq1t1upkq

ı”

1tiupvkq

ı”

N L,θ
8,vL

pXn,mpωqq ´ ξvL

ı

¨

”

śL
q“k`1

`

wq,θ
vq ,vq´1

1X q´1,θ
vq´1

pXn,mpωqq
˘

ı

,

(4.208)

and

(vi) it holds for all k P t1, . . . , Lu, i P t1, . . . , ℓku, θ “ pθ1, . . . , θdq P Rd that

Gn
ℓkℓk´1`i`

řk´1
h“1 ℓhpℓh´1`1q

pθ, ωq “
ÿ

vk,vk`1,...,vLPN,
@wPNXrk,Ls : vwďℓw

2
Mn

Mn
ř

m“1

”

1tiupvkq

ı

¨

”

N L,θ
8,vL

pXn,mpωqq ´ ξvL

ı”

śL
q“k`1

`

wq,θ
vq ,vq´1

1X q´1,θ
vq´1

pXn,mpωqq
˘

ı

.

(4.209)
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Proof of Proposition 4.4.2. Note that items (i), (ii), (iii), (iv), (v) and (vi) of Theo-
rem 4.1.9 (applied with µ ð pBpra, bsℓ0q Q A ÞÑ 1

Mn

řMn

m“1 1ApXn,mpωqq P r0, 1sq, f ð

pra, bsℓ0 Q x ÞÑ ξ P RℓLq in the notation of Theorem 4.1.9) prove items (i), (ii), (iii), (iv),
(v) and (vi). The proof of Proposition 4.4.2 is thus complete.

4.4.3 Properties of expectations of the empirical risk functions
In the following proposition we establish that the expected value of the empirical risk func-
tion and the risk function agree. Proposition 4.4.3 is a generalization of [63, Proposition
3.3].

Proposition 4.4.3. Assume Setting 4.4.1. Then it holds for all n P N0, θ P Rd that

ErLn8pθqs “ Lpθq. (4.210)

Proof of Proposition 4.4.3. Observe that the fact that for all n P N0, θ P Rd, ω P Ω it
holds that Ln8pθ, ωq “ 1

Mn

řMn

m“1∥N
L,θ
8 pXn,mpωqq ´ ξ∥2, the fact that for all n P N0, θ P Rd

it holds that Lpθq “ Er∥N L,θ
8 pX0,0q ´ ξ∥2s, and the assumption that Xn,m : Ω Ñ ra, bsℓ0 ,

n,m P N0, are i.i.d. random variables imply that for all n P N0, θ P Rd we have that

ErLn8pθqs “
1

Mn

Mn
ÿ

m“1

E
“

∥N L,θ
8 pXn,mq ´ ξ∥2

‰

“ E
“

∥N L,θ
8 pX0,0q ´ ξ∥2

‰

“ Lpθq. (4.211)

The proof of Proposition 4.4.3 is thus complete.

The following lemma proves measurability and independence properties for certain
stochastic processes. Lemma 4.4.4 extends the findings in [63, Lemma 3.4].

Lemma 4.4.4. Assume Setting 4.4.1 and let Fn Ď F , n P N0, satisfy for all n P N that
F0 “ σpΘ0q and Fn “ σpΘ0, pX

n,mqn,mPpNXr0,nqqˆN0q. Then

(i) it holds for all n P N0 that RdˆΩ Q pθ, ωq ÞÑ Gnpθ, ωq P Rd is pBpRdqbFn`1q{BpRdq-
measurable,

(ii) it holds for all n P N0 that Θn is Fn{BpRdq-measurable, and

(iii) it holds for all m,n P N0 that σpXn,mq and Fn are independent.

Proof of Lemma 4.4.4. Note that Lemma 4.1.10, items (ii) and (iii) of Proposition 4.4.2,
and the assumption that for all r P r1,8q it holds that ℛr P C1pR,Rq ensure that for
all n P N0, r P r1,8q, ω P Ω we have that Rd Q θ ÞÑ p∇θL

n
r qpθ, ωq P Rd is continuous.

Furthermore, observe that items (ii) and (iii) of Proposition 4.4.2 and the assumption that
for allm,n P N0 it holds thatXn,m is Fn`1/Bpra, bsℓ0q-measurable imply that for all n P N0,
r P r1,8q, θ P Rd it holds that Ω Q ω ÞÑ p∇θL

n
r pθ, ωqq P Rd is Fn`1{BpRdq-measurable.

Combining this and, e.g., Beck et al. [14, Lemma 2.4] (applied with pE, δq ð pRd,BpRdqq,
pΩ,Fq ð pΩ,Fn`1q, X ð pRd ˆ Ω Q pθ, ωq ÞÑ p∇θL

n
r qpθ, ωq P Rdq in the notation of [14,

Lemma 2.4]) demonstrates that for all n P N0, r P r1,8q we have that Rd ˆ Ω Q pθ, ωq ÞÑ

p∇θL
n
r qpθ, ωq P Rd is pBpRdq b Fn`1q/BpRdq-measurable. Item (iv) of Proposition 4.4.2

hence proves that for all n P N0 it holds that Rd ˆ Ω Q pθ, ωq ÞÑ Gnpθ, ωq P Rd is
pBpRdq b Fn`1q/BpRdq-measurable. This establishes item (i).

Next we prove item (ii) by induction on n P N0. The assumption that F0 “ σpΘ0q

implies that Θ0 is F0/BpRdq-measurable. This establishes item (ii) in the base case n “ 0.
For the induction step let n P N0 satisfy that Θn is Fn/BpRdq-measurable. Note that the
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fact that Fn “ σpΘ0, pX
n,mqn,mPpNXr0,nqqˆN0q ensures that Fn Ď Fn`1. Therefore, we obtain

that Θn is Fn`1/BpRdq-measurable. Moreover, observe that the fact that Fn Ď Fn`1 and
item (i) imply that Gn is Fn`1/BpRdq-measurable. Combining this, the fact that Θn is
Fn`1/BpRdq-measurable, and the assumption that Θn`1 “ Θn ´ γnG

npΘnq proves that
Θn`1 is Fn`1/BpRdq-measurable. Induction thus establishes item (ii).

In addition, note that the assumption that Xn,m, n,m P N0, are independent, the
assumption that Θ0 and pXn,mqpn,mqPpN0q2 are independent, and the fact that Fn “

σpΘ0, pX
n,mqn,mPpNXr0,nqqˆN0q establish item (iii). The proof of Lemma 4.4.4 is thus com-

plete.

Combining Proposition 4.4.3 and Lemma 4.4.4 leads to the following corollary. Corol-
lary 4.4.5 is an extension of [63, Corollary 3.5].

Corollary 4.4.5. Assume Setting 4.4.1. Then it holds for all n P N0 that

ErLn8pΘnqs “ ErLpΘnqs. (4.212)

Proof of Corollary 4.4.5. Throughout this proof let Fn Ď F , n P N0, satisfy for all n P N0

that F0 “ σpΘ0q and Fn “ σpΘ0, pX
n,mqn,mPpNXr0,nqqˆN0q and let Ln : pra, bsℓ0qMn ˆRd Ñ R,

n P N0, satisfy for all n P N0, θ P Rd, x1, . . . , xMn P ra, bsℓ0 that

Lnpx1, . . . , xMn , θq “
1

Mn

Mn
ÿ

m“1

∥N L,θ
8 pxmq ´ ξ∥2. (4.213)

Observe that (4.213) and the assumption that for all n P N0, θ P Rd, ω P Ω it holds that
Ln8pθ, ωq “ 1

Mn

řMn

m“1∥N
L,θ
8 pXn,mpωqq ´ ξ∥2 imply that for all n P N0, θ P Rd, ω P Ω we

have that
Ln8pθ, ωq “ LnpXn,1pωq, . . . , Xn,Mnpωq, θq. (4.214)

Combining this with Proposition 4.4.3 demonstrates that for all n P N0, θ P Rd it holds
that

ErLnpXn,1, . . . , Xn,Mn , θqs “ ErLn8pθqs “ Lpθq. (4.215)
Moreover, note that (4.214) assures that for all n P N0 it holds that

Ln8pΘnq “ LnpXn,1, . . . , Xn,Mn ,Θnq. (4.216)

Combining this, (4.215), Lemma 4.4.4, and, e.g., [66, Lemma 2.8] (applied with pΩ,F ,Pq ð

pΩ,F ,Pq, G ð Fn, pX,X q ð ppra, bsℓ0qMn ,Bppra, bsℓ0qMnqq, pY,Yq ð pRd,BpRdqq, X ð

pΩ Q ω ÞÑ pXn,1pωq, . . . , Xn,Mnpωqq P pra, bsℓ0qMnq, Y ð pΩ Q ω ÞÑ Θnpωq P Rdq in the
notation of [66, Lemma 2.8]) proves that for all n P N0 it holds that

ErLnpXn,1, . . . , Xn,Mn ,Θnqs “ ErLpΘnqs. (4.217)

This and (4.214) establish (4.212). The proof of Corollary 4.4.5 is thus complete.

4.4.4 Upper estimates for the norm of the generalized gradients
of the empirical risk function

The following lemma establishes an upper bound for the norm of the generalized gradients
of the empirical risk function. Lemma 4.4.6 generalizes [63, Lemma 3.6].

Lemma 4.4.6. Assume Setting 4.4.1 and let n P N0, θ P Rd, ω P Ω. Then

∥Gnpθ, ωq∥2 ď 4La2
“
śL

p“0pℓp ` 1q
‰

p∥θ∥2 ` 1qpL´1qLn8pθ, ωq. (4.218)
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Proof of Lemma 4.4.6. Observe that item (iv) of Theorem 4.1.11 (applied with µ ð

pBpra, bsℓ0q Q A ÞÑ 1
Mn

řMn

m“1 1ApXn,mpωqq P r0, 1sq, f ð pra, bsℓ0 Q x ÞÑ ξ P RℓLq in
the notation of Theorem 4.1.11) establishes (4.218). The proof of Lemma 4.4.6 is thus
complete.

This leads to the following uniform boundedness result of the norm of the generalized
gradients of the empirical risk function which generalizes [63, Lemma 3.7].

Lemma 4.4.7. Assume Setting 4.4.1 and let K Ď Rd be compact. Then

supnPN0
supθPK supωPΩ∥Gnpθ, ωq∥ ă 8. (4.219)

Proof of Lemma 4.4.7. Note that Lemma 4.1.10 (applied with µ ð pBpra, bsℓ0q Q A ÞÑ
1
Mn

řMn

m“1 1ApXn,mpωq P r0, 1sq, f ð pra, bsℓ0 Q x ÞÑ ξ P RℓLq in the notation of Lemma 4.1.10)
ensures that there exists C P R which satisfies for all θ P K that supxPra,bsℓ0∥N

L,θ
8 pxq∥2 ď C.

The fact that for all n,m P N0, ω P Ω it holds that Xn,mpωq P ra, bsℓ0 hence demonstrates
that for all n P N0, θ P K, ω P Ω we have that

Ln8pθ, ωq “
1

Mn

Mn
ÿ

m“1

∥N L,θ
8 pXn,mpωqq ´ ξ∥2

ď
2

Mn

Mn
ÿ

m“1

“

∥N L,θ
8 pXn,mpωqq∥2 ` ∥ξ∥2

‰

ď 2C ` 2∥ξ∥2.
(4.220)

Combining this with Lemma 4.4.6 establishes (4.219). The proof of Lemma 4.4.7 is thus
complete.

4.4.5 Lyapunov type estimates for the dynamics of SGD pro-
cesses

The following lemma presents a one-step Lyapunov estimate for the considered SGD
method. Lemma 4.4.8 extends [63, Lemma 3.9] to the setting of deep ANNs .

Lemma 4.4.8. Assume Setting 4.4.1 and let n P N0, θ P Rd, ω P Ω. Then

V pθ ´ γnG
npθ, ωqq ´ V pθq

“ pγnq2∥Gnpθ, ωq∥2 ` pγnq2
„

L
ř

k“1

ℓk
ř

i“1

pk ´ 1q|Gn
ℓkℓk´1`i`

řk´1
h“1 ℓhpℓh´1`1q

pθ, ωq|2
ȷ

´ 4γnLL
n
8pθ, ωq

ď pγnq2L∥Gnpθ, ωq∥2 ´ 4γnLL
n
8pθ, ωq.

(4.221)

Proof of Lemma 4.4.8. Observe that Corollary 4.3.2 (applied with µ ð pBpra, bsℓ0q Q A ÞÑ
1
Mn

řMn

m“1 1ApXn,mpωqq P r0, 1sq, fp0q ð ξ, γ ð γn in the notation of Corollary 4.3.2)
establishes (4.221). The proof of Lemma 4.4.8 is thus complete.

4.4.6 Upper estimates for compositions of Lyapunov functions
and SGD processes

The following lemma provides an upper estimate for the composition of the Lyapunov
function and the time-discrete SGD process. Lemma 4.4.9 is a generalization of [63,
Lemma 3.10].
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Lemma 4.4.9. Assume Setting 4.4.1. Then it holds for all n P N0 that

V pΘn`1q ´ V pΘnq

ď 4L
`

pγnq2La2
“
śL

p“0pℓp ` 1q
‰

p2V pΘnq ` 4L2∥ξ∥2 ` 1qpL´1q ´ γn
˘

Ln8pΘnq.
(4.222)

Proof of Lemma 4.4.9. Note that Lemma 4.4.6 and item (ii) of Proposition 4.2.1 (applied
with µ ð pBpra, bsℓ0q Q A ÞÑ 1

Mn

řMn

m“1 1ApXn,mpωqq P r0, 1sq, f ð pra, bsℓ0 Q x ÞÑ ξ P RℓLq

in the notation of Proposition 4.2.1) demonstrate that for all n P N0 it holds that

∥GnpΘnq∥2 ď 4La2
“
śL

p“0pℓp ` 1q
‰

p∥Θn∥2 ` 1qpL´1qLn8pΘnq

ď 4La2
“
śL

p“0pℓp ` 1q
‰

p2V pΘnq ` 4L2∥ξ∥2 ` 1qpL´1qLn8pΘnq.
(4.223)

Lemma 4.4.8 therefore implies that

V pΘn`1q ´ V pΘnq ď pγnq2L∥GnpΘnq∥2 ´ 4γnLL
n
8pΘnq

ď 4pγnq2L2a2
“
śL

p“0pℓp ` 1q
‰

¨ p2V pΘnq ` 4L2∥ξ∥2 ` 1qpL´1qLn8pΘnq ´ 4γnLL
n
8pΘnq

“ 4L
`

pγnq2La2
“
śL

p“0pℓp ` 1q
‰

¨ p2V pΘnq ` 4L2∥ξ∥2 ` 1qpL´1q ´ γn
˘

Ln8pΘnq.

(4.224)

The proof of Lemma 4.4.9 is thus complete.

Applying Lemma 4.4.9 inductively establishes the following lemma which generalizes
[63, Corollary 3.11].

Corollary 4.4.10. Assume Setting 4.4.1 and assume

P
`

supnPN0
γn ď

“

La2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q
‰´1˘

“ 1. (4.225)

Then it holds for all n P N0 that

P
ˆ

V pΘn`1q ´ V pΘnq ď ´4γnL
”

1 ´ rsupmPN0
γms

¨ La2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

ı

Ln8pΘnq ď 0

˙

“ 1.

(4.226)

Proof of Corollary 4.4.10. Throughout this proof let g P R satisfy that g “ supnPN0
γn.

We prove (4.226) by induction on n P N0. Observe that Lemma 4.4.9 and the assumption
that γ0 ď g ensure that it holds P-a.s. that

V pΘ1q ´ V pΘ0q

ď 4L
”

´γ0 ` γ20La
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

ı

L0
8pΘ0q

ď 4L
´

´γ0 ` γ0gLa
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

¯

L0
8pΘ0q

“ ´4γ0L
´

1 ´ gLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

¯

L0
8pΘ0q.

(4.227)

This and (4.225) establish (4.226) in the base case n “ 0. For the induction step let n P N
satisfy that for all m P t0, 1, . . . , n ´ 1u it holds P-a.s. that

V pΘm`1q ´ V pΘmq

ď ´4γmL
´

1 ´ gLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

¯

Lm8pΘmq ď 0.
(4.228)
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Note that (4.228) implies that it holds P-a.s. that V pΘnq ď V pΘn´1q ď . . . ď V pΘ0q.
Combining Lemma 4.4.9 with (4.225) and the assumption that γn ď g hence shows that
it holds P-a.s. that

V pΘn`1q ´ V pΘnq

ď 4L
´

´γn ` γ2nLa
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

¯

Ln8pΘnq

ď 4L
´

´γn ` γngLa
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

¯

Ln8pΘnq

“ ´4γnL
´

1 ´ gLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

¯

Ln8pΘnq ď 0.

(4.229)

Induction thus establishes (4.226). The proof of Corollary 4.4.10 is thus complete.

4.4.7 Convergence analysis for SGD processes
The following theorem proves that in the training of DNNs it holds that the sequence
of risks of any time-discrete SGD processes converges to zero provided that the target
function is constant and the SGD steps are sufficiently small but not L1-summable. For
this reason, Theorem 4.4.11 extends [63, Theorem 3.12] from shallow ANNs to DNNs with
an arbitrary number of hidden layers.

Theorem 4.4.11. Assume Setting 4.4.1, assume
ř8

n“0 γn “ 8, and let δ P p0, 1q satisfy

infnPN P
`

γnLa
2r
śL

p“0pℓp ` 1qsp2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q ď δ
˘

“ 1. (4.230)

Then

(i) there exists C P R such that PpsupnPN0
∥Θn∥ ď Cq “ 1,

(ii) it holds that Pplim supnÑ8 LpΘnq “ 0q “ 1, and

(iii) it holds that lim supnÑ8 ErLpΘnqs “ 0.

Proof of Theorem 4.4.11. Throughout this proof let g P r0,8s satisfy g “ supnPN0
γn.

Observe that (4.230) and the assumption that
ř8

n“0 γn “ 8 ensure that g P p0,8q. This
and (4.230) imply that there exists C P r1,8q which satisfies

PpV pΘ0q ď Cq “ 1. (4.231)

Note that (4.231) and Corollary 4.4.10 demonstrates that

P
`

supnPN0
V pΘnq ď C

˘

“ 1. (4.232)

Item (ii) of Proposition 4.2.1 (applied with µ ð pBpra, bsℓ0q Q A ÞÑ 1
Mn

řMn

m“1 1ApXn,mpωqq P

r0, 1sq, f ð pra, bsℓ0 Q x ÞÑ ξ P RℓLq in the notation of Proposition 4.2.1) therefore shows
that

P
`

supnPN0
∥Θn∥ ď C

˘

“ 1. (4.233)

This establishes item (i). Observe that Corollary 4.4.10 and (4.230) ensure that for all
n P N0 it holds P-a.s. that

´ pV pΘnq ´ V pΘn`1qq

ď ´4γnL
`

1 ´ gLa2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q
˘

Ln8pΘnq.
(4.234)
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This and (4.230) prove that for all n P N0 it holds P-a.s. that

γnL
n
8pΘnq

ď
V pΘnq ´ V pΘn`1q

4Lr1 ´ gLa2r
śL

p“0pℓp ` 1qsp2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1qs

ď
V pΘnq ´ V pΘn`1q

4Lp1 ´ δq
.

(4.235)

Furthermore, note that item (ii) of Proposition 4.2.1 (applied with µ ð pBpra, bsℓ0q Q

A ÞÑ 1
Mn

řMn

m“1 1ApXn,mpωqq P r0, 1sq, f ð pra, bsℓ0 Q x ÞÑ ξ P RℓLq in the notation of
Proposition 4.2.1) ensures that for all n P N0 it holds P-a.s. that V pΘnq ě 1

2
∥Θn∥2 ´

2L2∥fp0q∥2 ě ´2L2∥fp0q∥2. Combining this with (4.232) and (4.235) implies that for all
N P N0 it holds P-a.s. that

N´1
ÿ

n“0

γnL
n
8pΘnq ď

řN´1
n“0 pV pΘnq ´ V pΘn`1qq

4Lp1 ´ δq
“
V pΘ0q ´ V pΘNq

4Lp1 ´ δq

ď
V pΘ0q ` 2L2∥fp0q∥2

4Lp1 ´ δq
ď

C ` 2L2∥fp0q∥2

4Lp1 ´ δq
ă 8.

(4.236)

Hence, we obtain that
ř8

n“0 γnErLn8pΘnqs “ limNÑ8

“
řN´1
n“0 γnL

n
8pΘnq

‰

ď
C`2L2∥fp0q∥2

4Lp1´δq
ă 8. (4.237)

Moreover, observe that Corollary 4.4.5 proves that for all n P N0 it holds that ErLn8pΘnqs “

ErLpΘnqs. This and (4.237) show that
ř8

n“0 γnErLpΘnqs ă 8. The monotone convergence
theorem and the fact that for all n P N0, ω P Ω it holds that LpΘnpωqq ě 0 therefore
ensure that

E
“
ř8

n“0 γnLpΘnq
‰

“
ř8

n“0 ErγnLpΘnqs ă 8. (4.238)

Hence, we obtain that
P
`
ř8

n“0 γnLpΘnq ă 8
˘

“ 1. (4.239)

Next let A Ď Ω satisfy

A “
␣

ω P Ω:
“`
ř8

n“0γnLpΘnpωqq ă 8
˘

^
`

supnPN0
∥Θnpωq∥ ď C

˘‰(

. (4.240)

Note that (4.233), (4.239) and (4.240) ensure that A P F and PpAq “ 1. In the following
let ω P A be arbitrary. Observe that (4.240) ensures that

supnPN0
∥Θnpωq∥ ď C. (4.241)

In addition, note that the assumption that
ř8

n“0 γn “ 8 and the fact that
ř8

n“0 γnLpΘnpωqq

ă 8 show that lim infnÑ8 LpΘnpωqq “ 0. In the following we prove item (ii) by contra-
diction. For this assume that

lim supnÑ8 LpΘnpωqq ą 0. (4.242)

This implies that there exists ε P p0,8q which satisfies

0 “ lim infnÑ8 LpΘnpωqq ă ε ă 2ε ă lim supnÑ8 LpΘnpωqq. (4.243)

Observe that (4.243) assures that there exist pmk, nkq P N2, k P N, which satisfy that
for all k P N it holds that mk ă nk ă mk`1, LpΘmk

pωqq ą 2ε, and LpΘnk
pωqq ă ε ă
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minjPNXrmk,nkq LpΘjpωqq. Combining this with the fact that
ř8

n“0 γnLpΘnpωqq ă 8 shows
that

8
ÿ

k“1

nk´1
ÿ

j“mk

γj ď
1

ε

«

8
ÿ

k“1

nk´1
ÿ

j“mk

pγjLpΘjpωqqq

ff

ď
1

ε

«

8
ÿ

k“0

pγkLpΘkpωqqq

ff

ă 8. (4.244)

Furthermore, note that (4.241) and Lemma 4.4.7 ensure that there exists D P R which
satisfies for all n P N0 that ∥GnpΘnpωq, ωq∥ ď D. This, (4.244), and the fact that for all
n P N0, ω P Ω it holds that Θn`1pωq ´ Θnpωq “ ´γnG

npΘnpωq, ωq demonstrate that

8
ÿ

k“1

∥Θnk
pωq ´ Θmk

pωq∥ ď

8
ÿ

k“1

nk´1
ÿ

j“mk

∥Θj`1pωq ´ Θjpωq∥

“

8
ÿ

k“1

nk´1
ÿ

j“mk

γj∥GjpΘjpωq, ωq∥ ď D

«

8
ÿ

k“1

nk´1
ÿ

j“mk

γj

ff

ă 8.

(4.245)

Moreover, observe that Lemma 4.1.10 (applied with µ ð pBpra, bsℓ0q Q A ÞÑ 1
Mn

řMn

m“1

¨1ApXn,mpωqq P r0, 1sq, f ð pra, bsℓ0 Q x ÞÑ ξ P RℓLq in the notation of Lemma 4.1.10) and
(4.241) prove that there exists ℒ P R which satisfies for all m,n P N0 that |LpΘmpωqq ´

LpΘnpωqq| ď ℒ∥Θmpωq ´ Θnpωq∥. Combining this with (4.245) proves that

lim supkÑ8|LpΘnk
pωqq ´LpΘmk

pωqq| ď lim supkÑ8

`

ℒ∥Θnk
pωq ´Θmk

pωq∥
˘

“ 0. (4.246)

This and the fact that for all k P N0 it holds that LpΘnk
pωqq ă ε ă 2ε ď LpΘmk

q

demonstrate that

0 ă ε ď infkPN|LpΘnk
pωqq ´ LpΘmk

pωqq|
ď lim supkÑ8|LpΘnk

pωqq ´ LpΘmk
pωqq| “ 0.

(4.247)

This contradiction proves that lim supnÑ8 LpΘnpωqq “ 0. Combining this with the fact
that PpAq “ 1 establishes item (ii). Note that item (i) and the fact that L is continuous
show that there exists C P R which satisfies that

PpsupnPN0
LpΘnq ď Cq “ 1. (4.248)

Observe that item (ii), (4.248), and the dominated convergence theorem establish item (iii).
The proof of Theorem 4.4.11 is thus complete.

The following corollary, Corollary 4.4.12, is a special case of Theorem 4.4.11 and
generalizes [63, Corollary 3.13].

Corollary 4.4.12. Assume Setting 4.4.1, assume
ř8

n“0 γn “ 8, and assume for all n P N0

that
P
`

p4Ldmaxta, ∥ξ∥uq2Lγn ď p∥Θ0∥ ` 1q´2L
˘

“ 1. (4.249)

Then

(i) there exists C P R such that PpsupnPN0
∥Θn∥ ď Cq “ 1,

(ii) it holds that Pplim supnÑ8 LpΘnq “ 0q “ 1, and

(iii) it holds that lim supnÑ8 ErLpΘnqs “ 0.
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Proof of Corollary 4.4.12. Throughout this proof let B P R satisfy B “ maxta, ∥ξ∥u.
Note that item (ii) of Proposition 4.2.1 (applied with µ ð pBpra, bsℓ0q Q A ÞÑ 1

Mn

řMn

m“1

¨1ApXn,mpωqq P r0, 1sq, f ð pra, bsℓ0 Q x ÞÑ ξ P RℓLq in the notation of Proposition 4.2.1)
and the fact that for all x, y P R, M P N it holds that px ` yqM ď p2M`1 ´ 1qpxM ` yMq

ensure that it holds P-a.s. that

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q ď
`

2p2L∥Θ0∥2 ` L∥ξ∥2q ` 4L2∥ξ∥2 ` 1
˘pL´1q

ď p4L∥Θ0∥2 ` 6L2∥ξ∥2 ` 1qpL´1q

ď p2L ´ 1q
`

p4L∥Θ0∥2qpL´1q ` p6L2∥ξ∥2 ` 1qpL´1q
˘

.

(4.250)

Therefore, we obtain that it holds P-a.s. that

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q ď p2L ´ 1q

”

p4LqpL´1q∥Θ0∥2pL´1q ` p7B2L2qpL´1q
ı

ď p2L ´ 1qp7L2qpL´1qB2pL´1qp∥Θ0∥2pL´1q ` 1q ď 14LL2pL´1qB2pL´1qp∥Θ0∥ ` 1q2L.
(4.251)

This and (4.249) show that for all n P N0 it holds P-a.s. that

γnLa
2
“
śL

p“0pℓp ` 1q
‰

p2V pΘ0q ` 4L2∥ξ∥2 ` 1qpL´1q

ď γnL
2L´1B2L14L

“
śL

p“0pℓp ` 1q
‰

p∥Θ0∥ ` 1q2L

ď γn14
LpLBq2L

“
śL

p“0pℓp ` 1q
‰

p∥Θ0∥ ` 1q2L

ď γn14
LpLBq2LdL`1p∥Θ0∥ ` 1q2L

ď γn14
LpLBdq2Lp∥Θ0∥ ` 1q2L ď 14L4´2L “ 7L8´L ă 1.

(4.252)

Combining this with Theorem 4.4.11 establishes items (i), (ii) and (iii). The proof of
Corollary 4.4.12 is thus complete.

4.5 Numerical simulations
In this section we illustrate the theoretical findings of Section 4.4 by two numerical ex-
amples. First, we study a shallow ANN with one hidden layer in Subsection 4.5.1. Then
we consider a deep ANN with two hidden layers in Subsection 4.5.2.

4.5.1 Numerical simulation of an SGD processes for certain
ANNs with one hidden layer

In this subsection we present numerical simulations for a certain SGD process in the
training of some shallow ANNs with 1 neuron on the input layer, with 7 neurons on
the hidden layer, and with 1 neuron on the output layer (see Figure 4.2, Table 4.1, and
Figure 4.3). More formally, assume Setting 4.4.1, let e1, e2, . . . , ed P Rd satisfy e1 “

p1, 0, . . . , 0q, e2 “ p0, 1, . . . , 0q, . . . , ed “ p0, . . . , 0, 1q, assume

L “ 2, ℓ0 “ 1, ℓ1 “ 7, ℓ2 “ 1, ξ “ 1, a “ 0, and b “ 1,
(4.253)

assume for all k P t1, 2, . . . , du, x P R that PpX0,0 ă xq “ maxtmintx, 1u, 0u and

Ppxek, pℓ1q1{2Θ0y ă xq “
şx

´8
p2πq´1{2 exp

`

´
y2

2

˘

dy, (4.254)

and assume for all n P N0 that Mn “ 100 and γn “ 1
2000

. Observe that (4.253) ensures
that the number of ANN parameters d satisfies

d “
řL
k“1 ℓkpℓk´1 ` 1q “ 2ℓ1 ` ℓ1 ` 1 “ 3ℓ1 ` 1 “ 22. (4.255)
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x N 2,θ
8 pxq

Hidden layer
(2nd layer)

Input layer
(1st layer)

Output layer
(3rd layer)

ℓ1 “ 7 ℓ2 “ 1ℓ0 “ 1

Figure 4.2: Graphical illustration of the ANN architecture used in Subsec-
tion 4.5.1 (ℓ0 “ 1 neuron on the input layer, ℓ1 “ 7 neurons on the hidden
layer, and ℓ2 “ 1 neuron on the output layer). In this situation we have
for every ANN parameter vector θ P Rd “ R22 that the realization function
R Q x ÞÑ N 2,θ

8 pxq P R of the considered ANN maps the 1-dimensional input
x P r0, 1s to the 1-dimensional output N 2,θ

8 pxq P R.

Figure 4.3: Plot of the estimated mean square error (expected risk) against
the number of SGD steps for Subsection 4.5.1
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Furthermore, note that (4.253) assures that the considered ANNs consist of 14 weight
parameters and 8 bias parameters. We also refer to Figure 4.2 for a graphical illustration
of the ANN architecture described in (4.253). Moreover, observe that (4.254) ensures
that for all n,m P N0 we have that Xn,m is continuous uniformly distributed on p0, 1q.
In addition, note that (4.254) assures that pℓ1q1{2Θ0 is a 22-dimensional standard normal
random vector. In Table 4.1 we approximately specify the mean square error (expected
risk)

ErLpΘnqs (4.256)

against the number n of SGD steps for several n P t1, 2, . . . , 106u and in Figure 4.3 we
approximately plot the values of Table 4.1. In Table 4.1 and Figure 4.3 we approximate
the expectations in (4.256) by means of Monte Carlo averages with 106 samples. The
Python source code used to create Table 4.1 and Figure 4.3 can be found in Source
Code 4.1. Moreover, in Source Code 4.2 we present a simplified variant of the Python
code in Source Code 4.1.
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Table 4.1: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.1

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

1 0.400 147 825 479 507 0.400 147 757 334 473
2 0.396 873 384 714 127 0.396 873 312 108 460
3 0.392 277 061 939 240 0.392 276 965 724 788
4 0.394 556 581 974 030 0.394 556 505 069 431
5 0.397 466 093 301 773 0.397 465 997 116 809
6 0.382 976 621 389 389 0.382 976 568 877 238
7 0.400 645 166 635 513 0.400 645 150 542 984
8 0.384 297 370 910 645 0.384 297 314 109 511
9 0.375 544 518 232 346 0.375 544 491 625 370
10 0.389 181 315 898 895 0.389 181 306 471 692
11 0.373 209 863 901 138 0.373 209 880 330 711
12 0.382 972 270 250 320 0.382 972 322 131 645
13 0.373 731 762 170 792 0.373 731 763 163 821
14 0.368 176 460 266 113 0.368 176 516 276 078
15 0.368 835 985 660 553 0.368 836 011 472 468
16 0.363 389 700 651 169 0.363 389 745 330 901
20 0.370 313 495 397 568 0.370 313 523 500 136
24 0.367 217 361 927 032 0.367 217 434 342 550
28 0.364 903 062 582 016 0.364 903 210 618 829
32 0.355 952 948 331 833 0.355 953 070 249 735
36 0.358 898 729 085 922 0.358 898 892 476 224
40 0.355 168 431 997 299 0.355 168 573 533 324
44 0.321 540 951 728 821 0.321 541 034 787 801
48 0.335 629 969 835 281 0.335 630 057 706 390
52 0.319 862 246 513 367 0.319 862 350 559 697
56 0.328 886 300 325 394 0.328 886 373 083 635
60 0.323 966 592 550 278 0.323 966 670 151 027
64 0.326 734 960 079 193 0.326 734 973 376 403
80 0.298 752 039 670 944 0.298 752 152 929 733
96 0.272 277 683 019 638 0.272 277 733 625 831
112 0.266 797 602 176 666 0.266 797 774 851 729
128 0.250 351 667 404 175 0.250 351 894 209 231
144 0.239 569 738 507 271 0.239 570 030 816 244
160 0.224 916 756 153 107 0.224 917 150 023 337
176 0.212 934 911 251 068 0.212 935 429 076 293
192 0.201 422 691 345 215 0.201 423 289 459 759
208 0.187 521 025 538 445 0.187 521 578 610 189
224 0.177 595 525 979 996 0.177 596 129 156 231
240 0.167 538 091 540 337 0.167 538 661 745 551
256 0.158 610 120 415 688 0.158 610 717 976 725
320 0.125 099 778 175 354 0.125 100 202 566 862
384 0.098 203 480 243 683 0.098 203 721 155 615
448 0.080 468 311 905 861 0.080 468 544 308 340
512 0.063 573 107 123 375 0.063 573 213 667 754
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Table 4.1: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.1

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

576 0.051 985 166 966 915 0.051 985 308 415 053
640 0.040 908 116 847 277 0.040 908 288 056 718
704 0.033 746 954 053 640 0.033 747 045 870 249
768 0.026 494 434 103 370 0.026 494 502 661 920
832 0.021 851 047 873 497 0.021 851 090 644 621
896 0.016 827 533 021 569 0.016 827 623 175 335
960 0.013 607 602 566 481 0.013 607 615 542 691
1024 0.010 773 501 358 926 0.010 773 505 154 788
1280 0.004 222 723 655 403 0.004 222 709 641 419
1536 0.002 011 111 238 971 0.002 011 089 506 127
1792 0.000 904 137 094 039 0.000 904 125 545 469
2048 0.000 461 409 537 820 0.000 461 409 349 747
2304 0.000 260 941 335 000 0.000 260 947 146 381
2560 0.000 156 190 508 278 0.000 156 196 426 245
2816 0.000 129 971 638 671 0.000 129 974 761 110
3072 0.000 119 722 702 948 0.000 119 724 364 107
3328 0.000 114 423 724 881 0.000 114 423 680 885
3584 0.000 104 955 994 175 0.000 104 955 114 117
3840 0.000 107 468 149 508 0.000 107 467 034 215
4096 0.000 109 119 770 059 0.000 109 117 431 248
5120 0.000 082 289 298 007 0.000 082 288 763 445
6144 0.000 101 874 691 609 0.000 101 874 056 815
7168 0.000 094 819 704 827 0.000 094 819 460 726
8192 0.000 095 279 065 135 0.000 095 279 867 034
9216 0.000 086 695 865 321 0.000 086 697 109 961
10240 0.000 075 270 487 287 0.000 075 272 454 079
11264 0.000 088 507 214 969 0.000 088 508 677 075
12288 0.000 073 549 970 693 0.000 073 551 115 951
13312 0.000 069 636 291 300 0.000 069 636 594 517
14336 0.000 062 663 675 635 0.000 062 665 247 234
15360 0.000 066 875 043 558 0.000 066 874 971 056
16384 0.000 055 498 523 579 0.000 055 497 834 259
20480 0.000 049 061 156 460 0.000 049 058 356 528
24576 0.000 049 805 254 093 0.000 049 802 507 159
28672 0.000 036 901 041 312 0.000 036 899 520 277
32768 0.000 024 025 355 742 0.000 024 024 804 251
36864 0.000 024 539 234 801 0.000 024 536 956 892
40960 0.000 023 680 300 728 0.000 023 680 059 877
45056 0.000 025 016 855 943 0.000 025 013 418 711
49152 0.000 016 035 986 846 0.000 016 033 751 002
53248 0.000 017 649 770 598 0.000 017 648 362 293
57344 0.000 016 380 216 039 0.000 016 378 699 475
61440 0.000 018 981 387 257 0.000 018 978 539 977
65536 0.000 016 854 279 238 0.000 016 853 033 162
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Table 4.1: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.1

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

81920 0.000 010 368 178 664 0.000 010 369 734 776
98304 0.000 010 430 661 860 0.000 010 432 632 213
114688 0.000 009 490 538 105 0.000 009 493 783 692
131072 0.000 008 730 737 136 0.000 008 732 925 002
147456 0.000 006 400 678 103 0.000 006 398 105 292
163840 0.000 004 872 399 131 0.000 004 867 179 719
180224 0.000 005 805 000 455 0.000 005 801 188 995
196608 0.000 005 238 976 428 0.000 005 228 108 959
212992 0.000 003 307 908 855 0.000 003 295 626 299
229376 0.000 002 462 194 061 0.000 002 440 680 873
245760 0.000 003 611 708 735 0.000 003 593 632 356
262144 0.000 003 336 253 030 0.000 003 317 915 866
327680 0.000 002 536 854 481 0.000 002 520 310 529
393216 0.000 001 119 518 060 0.000 001 108 944 636
458752 0.000 000 290 656 800 0.000 000 286 179 921
524288 0.000 000 465 935 557 0.000 000 462 486 579
589824 0.000 000 226 278 445 0.000 000 224 031 931
655360 0.000 000 066 586 750 0.000 000 065 128 884
720896 0.000 000 115 260 363 0.000 000 113 909 821
786432 0.000 000 040 924 679 0.000 000 039 977 428
851968 0.000 000 056 510 213 0.000 000 055 672 129
917504 0.000 000 066 116 016 0.000 000 065 633 661
983040 0.000 000 048 902 429 0.000 000 048 764 219
1048576 0.000 000 067 959 760 0.000 000 067 938 356
1310720 0.000 000 012 907 666 0.000 000 012 231 249
1572864 0.000 000 007 840 144 0.000 000 006 764 327
1835008 0.000 000 007 447 369 0.000 000 006 311 093
2097152 0.000 000 017 747 798 0.000 000 016 540 680
2359296 0.000 000 001 681 142 0.000 000 000 086 757
2621440 0.000 000 002 234 637 0.000 000 000 101 382
2883584 0.000 000 009 444 941 0.000 000 007 922 566
3145728 0.000 000 002 858 044 0.000 000 001 248 282
3407872 0.000 000 002 784 514 0.000 000 001 107 729
3670016 0.000 000 001 924 778 0.000 000 000 016 104
3932160 0.000 000 001 853 827 0.000 000 000 011 564
4194304 0.000 000 002 756 206 0.000 000 001 396 554
5242880 0.000 000 002 140 371 0.000 000 000 004 159
6291456 0.000 000 001 891 979 0.000 000 000 137 176
7340032 0.000 000 001 896 622 0.000 000 000 000 992
8388608 0.000 000 001 844 519 0.000 000 000 000 522
9437184 0.000 000 002 155 239 0.000 000 000 046 701
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1 import numpy as np
2 import torch
3 import copy
4 import matplotlib.pyplot as plt
5

6 # use GPU if available
7 dev = torch.device("cuda") if torch.cuda.is_available() else torch.Ðâ

device("cpu")
8

9 # set precision to double
10 torch.set_default_dtype(torch.float64)
11

12 # configure the training parameters
13 steps = 10000000 # n
14 batch_size = 100 # M_n, number of sample points
15 gamma = 1/2000 # step size (learning rate)
16

17 # get sample data
18 torch.manual_seed(0)
19 sample_data_double = (torch.rand(batch_size*(steps+1), 1)).to(dev)
20 sample_data_single = sample_data_double.type(torch.float32)
21

22 # set parameters
23 l_0, l_1, l_2, = 1, 7, 1 # dimensions of the layers
24 a, b = 0, 1 # the domain will be [a,b]
25 xi = 1 # constant target function
26

27

28 # define loss function
29 def loss(N, x):
30 y = N(x)
31 return (y-xi).square().mean()
32

33

34 # function setting the starting model parameters as normally Ðâ

distributed
35 def init_weights(n):
36 if isinstance(n, torch.nn.Linear):
37 torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(l_1))
38 torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(l_1))
39

40

41 # set up NN model
42 N_double = torch.nn.Sequential(
43 torch.nn.Linear(l_0, l_1),
44 torch.nn.ReLU(),
45 torch.nn.Linear(l_1, l_2)
46 ).to(dev)
47

48 # set up normally distributed starting model parameters
49 torch.manual_seed(0)
50 N_double.apply(init_weights)
51 N_single = copy.deepcopy(N_double)
52 N_single.type(torch.float32)
53

54 # define observation points
55 obs = np.empty(shape=129)
56 index = 0
57 for i in range(0, 23, 2):
58 for k in range(2**i, min(2**(i+2), steps)):
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59 if k % max(1, 2**(i-2)) == False:
60 obs[index] = k
61 index = index + 1
62

63 # set up table
64 losses_table = np.empty((len(obs), 3), dtype=object)
65

66 # approximation in double precision
67 # optimizer function
68 optimizer_double = torch.optim.SGD(N_double.parameters(), lr=gamma)
69

70 # train the network
71 for step in range(steps+1):
72 # generate uniformly distributed samples from [0,1]
73 x = sample_data_double[step*batch_size:(step+1)*batch_size]
74 # set the gradients back to zero
75 optimizer_double.zero_grad()
76 # compute the loss
77 L = loss(N_double, x)
78 # compute the gradients of L w.r.t. the model parameters
79 L.backward()
80 # update the model parameters
81 optimizer_double.step()
82 # save results in the table
83 if step in obs:
84 losses_table[np.where(obs == step)[0], [0, 2]] = step, L.data
85

86 # approximation in single precision
87 # optimizer function
88 optimizer_single = torch.optim.SGD(N_single.parameters(), lr=gamma)
89

90 # train the network
91 for step in range(steps+1):
92 # generate uniformly distributed samples from [0,1]
93 x = sample_data_single[step*batch_size:(step+1)*batch_size]
94 # set the gradients back to zero
95 optimizer_single.zero_grad()
96 # compute the loss
97 L = loss(N_single, x)
98 # compute the gradients of L w.r.t. the model parameters
99 L.backward()

100 # update the model parameters
101 optimizer_single.step()
102 # print and save results in the table
103 if step in obs:
104 losses_table[np.where(obs == step)[0], [0, 1]] = step, L.data
105

106 # save table
107 np.savetxt('mean_square_error_example1.csv', losses_table, delimiter='Ðâ

,',
108 fmt='%s, %.64f, %.64f')
109

110 # plot mean square error
111 plt.loglog(losses_table[:, 0], losses_table[:, 2], "r", label='Double Ðâ

precision')
112 plt.loglog(losses_table[:, 0], losses_table[:, 1], "b", label='Single Ðâ

precision')
113 plt.ylim([0.00000000000000000001, 10])
114 plt.xlim([1, 12000000])
115 plt.xlabel('Number of SGD steps')
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116 plt.ylabel('Mean square error (expected risk)')
117 plt.legend()
118 plt.savefig('mean_square_error_example1_loglog_graph', dpi=1200)

Source Code 4.1: Python code used to create Table 4.1 and Figure 4.3 in
Subsection 4.5.1 (filename: sgd1.py).

1 import numpy as np
2 import torch
3 import matplotlib.pyplot as plt
4

5 # use GPU if available
6 dev = torch.device("cuda") if torch.cuda.is_available() else torch.Ðâ

device("cpu")
7

8 # set precision to double
9 torch.set_default_dtype(torch.float64)

10 torch.manual_seed(0)
11

12 # configure the training parameters
13 steps = 10000000 # n
14 batch_size = 100 # M_n, number of sample points
15 gamma = 1/2000 # step size (learning rate)
16

17 # set parameters
18 l_0, l_1, l_2, = 1, 7, 1 # dimensions of the layers
19 a, b = 0, 1 # the domain will be [a,b]
20 xi = 1 # constant target function
21

22

23 # define loss function
24 def loss(N, x):
25 y = N(x)
26 return (y-xi).square().mean()
27

28

29 # function setting the starting model parameters as normally Ðâ

distributed
30 def init_weights(n):
31 if isinstance(n, torch.nn.Linear):
32 torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(l_1))
33 torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(l_1))
34

35

36 # set up NN model
37 N = torch.nn.Sequential(
38 torch.nn.Linear(l_0, l_1),
39 torch.nn.ReLU(),
40 torch.nn.Linear(l_1, l_2)
41 ).to(dev)
42

43 # set the starting model parameters as normally distributed
44 N.apply(init_weights)
45

46 # optimizer function
47 optimizer = torch.optim.SGD(N.parameters(), lr=gamma)
48
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49 # define observation points
50 obs = np.empty(shape=129)
51 index = 0
52 for i in range(0, 23, 2):
53 for k in range(2**i, min(2**(i+2), steps)):
54 if k % max(1, 2**(i-2)) == False:
55 obs[index] = k
56 index = index + 1
57

58 # train the network
59 loss_table = np.empty((len(obs), 2), dtype=object)
60 for step in range(steps+1):
61 # generate uniformly distributed samples from [0,1]
62 x = (torch.rand(batch_size, 1)).to(dev)
63 # set the gradients back to zero
64 optimizer.zero_grad()
65 # compute the loss
66 L = loss(N, x)
67 # compute the gradients of L w.r.t. the model parameters
68 L.backward()
69 # update the model parameters
70 optimizer.step()
71 # save results in the table
72 if step in obs:
73 loss_table[np.where(obs == step)[0], :] = step, L.data
74

75 # plot mean square error
76 plt.loglog(loss_table[:, 0], loss_table[:, 1], color= "r")
77 plt.ylim([0.00000000000000000001, 10])
78 plt.xlim([1, 12000000])
79 plt.xlabel('Number of SGD steps')
80 plt.ylabel('Mean square error (expected risk)')
81 plt.show()

Source Code 4.2: Simplified variant of the Pythonscript in Source Code 4.1
above (filename: sgd1_short.py).

4.5.2 Numerical simulation of an SGD process for certain ANNs
with two hidden layers

In this subsection we present numerical simulations for a certain SGD process in the
training of some deep ANNs with two hidden layers with 1 neuron on the input layer,
with 3 neurons on the first hidden layer, with 7 neurons on the second hidden layer, and
with 1 neuron on the output layer (see Figure 4.4, Table 4.2, and Figure 4.5). Assume
Setting 4.4.1, let e1, e2, . . . , ed P Rd satisfy e1 “ p1, 0, . . . , 0q, e2 “ p0, 1, . . . , 0q, . . . , ed “

p0, . . . , 0, 1q, assume

L “ 3, ℓ0 “ 1, ℓ1 “ 3, ℓ2 “ 7, ℓ3 “ 1, ξ “ 1, a “ 0, and b “ 1, (4.257)

assume for all k P t1, 2, . . . , du, x P R that PpX0,0 ă xq “ maxtmintx, 1u, 0u and

Ppxek, pℓ1q
1{2Θ0y ă xq “

şx

´8
p2πq´1{2 exp

`

´
y2

2

˘

dy, (4.258)

and assume for all n P N0 that Mn “ 100 and γn “ 1
2000

. Observe that (4.257) ensures
that the number of deep ANN parameters d satisfies

d “
řL
k“1 ℓkpℓk´1 ` 1q “ 2ℓ1 ` ℓ2pℓ1 ` 1q ` ℓ2 ` 1 “ 42. (4.259)
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x N 3,θ
8 pxq

1st hidden layer
(2nd layer)

2nd hidden layer
(3rd layer)

Input layer
(1st layer)

Output layer
(4th layer)

ℓ1 “ 3 ℓ2 “ 7ℓ0 “ 1 ℓ3 “ 1

Figure 4.4: Graphical illustration of the ANN architecture used in Subsec-
tion 4.5.2 (ℓ0 “ 1 neuron on the input layer, ℓ1 “ 3 neurons on the first
hidden layer, ℓ2 “ 7 neurons on the second hidden layer, and ℓ3 “ 1 neuron
on the output layer). In this situation we have for every ANN parameter
vector θ P Rd “ R42 that the realization function R Q x ÞÑ N 3,θ

8 pxq P R of the
considered ANN maps the 1-dimensional input x P r0, 1s to the 1-dimensional
output N 3,θ

8 pxq P R.

Figure 4.5: Plot of the estimated mean square error (expected risk) against
the number of SGD steps for Subsection 4.5.2
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Furthermore, note that (4.257) assures that the considered deep ANNs consist of 31 weight
parameters and 11 bias parameters. We also refer to Figure 4.4 for a graphical illustration
of the deep ANN architecture described in (4.257). Moreover, observe that (4.258) ensures
that for all n,m P N0 we have that Xn,m is continuous uniformly distributed on p0, 1q.
In addition, note that (4.258) assures that pℓ1q

1{2Θ0 is a 42-dimensional standard normal
random vector. In Table 4.2 we approximately specify the mean square error (expected
risk)

ErLpΘnqs (4.260)

against the number n of SGD steps for several n P t1, 2, . . . , 106u and in Figure 4.5 we
approximately plot the values of Table 4.2. In Table 4.2 and Figure 4.5 we approximate
the expectations in (4.260) by means of Monte Carlo averages with 106 samples. The
Python source code used to create Table 4.2 and Figure 4.5 can be found in Source
Code 4.3. In addition, in Source Code 4.4 we present a simplified variant of the Python
code in Source Code 4.3.
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Table 4.2: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.2

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

1 0.706 932 902 336 120 605 0.706 932 967 138 238 499
2 0.700 160 920 619 964 600 0.700 161 001 923 618 631
3 0.692 209 482 192 993 164 0.692 209 648 713 430 048
4 0.674 339 354 038 238 525 0.674 339 512 871 169 444
5 0.663 867 592 811 584 473 0.663 867 713 542 396 265
6 0.665 305 376 052 856 445 0.665 305 491 643 243 152
7 0.637 214 303 016 662 598 0.637 214 477 437 771 265
8 0.644 249 260 425 567 627 0.644 249 489 759 242 344
9 0.640 169 501 304 626 465 0.640 169 765 706 354 976
10 0.614 596 188 068 389 893 0.614 596 437 233 441 484
11 0.622 903 585 433 959 961 0.622 903 790 396 874 713
12 0.599 834 263 324 737 549 0.599 834 490 971 253 409
13 0.599 541 306 495 666 504 0.599 541 385 384 985 026
14 0.594 309 568 405 151 367 0.594 309 729 521 948 493
15 0.584 528 028 964 996 338 0.584 528 235 794 900 985
16 0.581 495 761 871 337 891 0.581 495 960 783 550 370
20 0.536 507 546 901 702 881 0.536 507 626 272 968 663
24 0.502 628 862 857 818 604 0.502 628 907 151 508 431
28 0.470 990 091 562 271 118 0.470 990 082 727 713 422
32 0.446 294 248 104 095 459 0.446 294 283 281 347 737
36 0.413 737 267 255 783 081 0.413 737 193 101 316 181
40 0.387 975 394 725 799 561 0.387 975 368 523 888 475
44 0.391 652 226 448 059 082 0.391 652 243 089 415 986
48 0.352 867 037 057 876 587 0.352 867 130 722 372 913
52 0.343 804 329 633 712 769 0.343 804 420 667 347 455
56 0.310 209 423 303 604 126 0.310 209 522 295 310 847
60 0.293 376 773 595 809 937 0.293 376 803 131 859 376
64 0.269 867 300 987 243 652 0.269 867 384 751 054 873
80 0.219 015 121 459 960 938 0.219 015 261 939 558 031
96 0.180 515 885 353 088 379 0.180 515 989 031 416 441
112 0.135 529 562 830 924 988 0.135 529 872 406 490 698
128 0.108 072 988 688 945 770 0.108 073 233 786 722 886
144 0.083 469 435 572 624 207 0.083 469 614 461 651 020
160 0.066 193 692 386 150 360 0.066 193 793 764 961 095
176 0.052 916 873 246 431 351 0.052 916 943 858 673 952
192 0.041 961 964 219 808 578 0.041 962 060 046 887 420
208 0.034 614 630 043 506 622 0.034 614 665 473 569 797
224 0.027 720 309 793 949 127 0.027 720 308 228 354 095
240 0.023 386 158 049 106 598 0.023 386 173 634 538 612
256 0.018 949 629 738 926 888 0.018 949 635 241 030 473
320 0.010 387 994 349 002 838 0.010 387 979 366 239 279
384 0.007 233 595 941 215 754 0.007 233 591 252 614 298
448 0.005 628 840 532 153 845 0.005 628 851 876 781 546
512 0.005 078 634 712 845 087 0.005 078 631 535 377 190
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Table 4.2: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.2

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

576 0.004 586 841 445 416 212 0.004 586 845 028 329 780
640 0.004 703 775 513 917 208 0.004 703 779 346 907 735
704 0.004 578 266 292 810 440 0.004 578 280 407 570 739
768 0.004 344 602 581 113 577 0.004 344 615 838 743 911
832 0.005 446 200 259 029 865 0.005 446 222 167 284 568
896 0.004 311 462 398 618 460 0.004 311 483 074 770 449
960 0.003 878 945 717 588 067 0.003 878 958 647 074 864
1024 0.004 567 413 590 848 446 0.004 567 433 820 685 929
1280 0.003 858 407 726 511 359 0.003 858 417 882 718 607
1536 0.004 175 057 634 711 266 0.004 175 069 395 585 085
1792 0.003 732 035 402 208 567 0.003 732 030 766 466 828
2048 0.003 560 277 167 707 682 0.003 560 283 940 305 226
2304 0.003 390 471 450 984 478 0.003 390 475 492 865 211
2560 0.002 882 433 589 547 873 0.002 882 426 419 749 709
2816 0.002 699 112 985 283 136 0.002 699 110 136 409 389
3072 0.002 723 007 462 918 758 0.002 722 985 090 608 629
3328 0.002 500 885 399 058 461 0.002 500 865 152 138 916
3584 0.002 069 632 522 761 822 0.002 069 605 185 433 262
3840 0.001 949 147 321 283 817 0.001 949 128 522 125 018
4096 0.002 179 505 769 163 370 0.002 179 503 693 993 366
5120 0.001 634 338 521 398 604 0.001 634 332 821 930 987
6144 0.001 564 364 531 077 445 0.001 564 358 853 229 929
7168 0.000 946 448 592 003 435 0.000 946 448 757 445 718
8192 0.001 129 143 405 705 690 0.001 129 149 484 013 035
9216 0.001 083 385 315 723 717 0.001 083 391 904 055 565
10240 0.001 037 654 001 265 764 0.001 037 657 068 415 507
11264 0.000 960 678 677 074 611 0.000 960 677 619 513 325
12288 0.000 981 489 778 496 325 0.000 981 488 230 215 470
13312 0.000 824 468 035 716 563 0.000 824 465 739 739 446
14336 0.000 878 931 663 464 755 0.000 878 932 036 012 423
15360 0.000 969 799 584 709 108 0.000 969 792 660 626 467
16384 0.000 923 463 318 031 281 0.000 923 458 249 482 142
20480 0.000 961 496 261 879 802 0.000 961 492 195 195 671
24576 0.000 704 382 197 000 086 0.000 704 390 226 468 234
28672 0.000 762 685 143 854 469 0.000 762 688 985 258 432
32768 0.000 886 771 129 444 242 0.000 886 774 141 138 815
36864 0.000 828 889 256 808 907 0.000 828 894 363 205 109
40960 0.000 659 720 099 065 453 0.000 659 727 355 584 151
45056 0.000 712 938 548 531 383 0.000 712 942 853 875 637
49152 0.000 725 765 014 067 292 0.000 725 755 426 905 822
53248 0.000 598 815 735 429 525 0.000 598 795 392 153 763
57344 0.000 556 507 555 302 233 0.000 556 480 800 988 887
61440 0.000 505 671 196 151 525 0.000 505 635 702 427 932
65536 0.000 469 137 914 478 779 0.000 469 114 685 532 213
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Table 4.2: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.2

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

81920 0.000 229 416 749 789 380 0.000 229 405 646 326 853
98304 0.000 084 995 779 616 293 0.000 084 993 291 888 553
114688 0.000 020 156 248 865 533 0.000 020 153 375 721 047
131072 0.000 001 501 737 756 371 0.000 001 501 306 134 988
147456 0.000 000 407 918 861 356 0.000 000 404 662 873 524
163840 0.000 000 076 140 302 951 0.000 000 073 643 535 799
180224 0.000 000 000 803 792 644 0.000 000 001 018 668 246
196608 0.000 000 003 045 388 830 0.000 000 004 077 964 365
212992 0.000 000 060 278 104 286 0.000 000 058 752 246 754
229376 0.000 000 000 660 325 405 0.000 000 000 104 608 825
245760 0.000 000 046 855 735 292 0.000 000 031 151 713 762
262144 0.000 000 041 359 754 732 0.000 000 023 552 372 543
327680 0.000 000 020 014 702 784 0.000 000 003 767 749 569
393216 0.000 000 000 740 123 351 0.000 000 000 004 497 087
458752 0.000 000 006 188 518 586 0.000 000 000 001 728 945
524288 0.000 000 005 677 824 877 0.000 000 000 001 306 597
589824 0.000 000 031 732 060 535 0.000 000 000 362 378 984
655360 0.000 000 000 716 110 560 0.000 000 000 000 239 891
720896 0.000 000 019 258 559 192 0.000 000 000 050 518 082
786432 0.000 000 012 250 540 138 0.000 000 000 000 173 275
851968 0.000 000 045 770 057 966 0.000 000 001 553 045 828
917504 0.000 000 000 677 049 472 0.000 000 000 000 066 103
983040 0.000 000 014 426 149 164 0.000 000 000 000 073 339
1048576 0.000 000 039 385 387 396 0.000 000 000 000 059 871
1310720 0.000 000 019 737 989 021 0.000 000 000 000 014 316
1572864 0.000 000 000 630 332 564 0.000 000 000 000 008 420
1835008 0.000 000 000 771 909 037 0.000 000 000 000 001 648
2097152 0.000 000 000 663 941 346 0.000 000 000 000 002 328
2359296 0.000 000 000 649 475 085 0.000 000 000 000 000 111
2621440 0.000 000 000 691 767 865 0.000 000 000 000 000 626
2883584 0.000 000 000 538 107 503 0.000 000 000 000 000 506
3145728 0.000 000 000 602 551 176 0.000 000 000 000 000 444
3407872 0.000 000 000 639 608 255 0.000 000 000 000 000 058
3670016 0.000 000 000 559 835 511 0.000 000 000 000 000 144
3932160 0.000 000 000 643 322 007 0.000 000 000 000 000 360
4194304 0.000 000 000 470 332 384 0.000 000 000 000 000 134
5242880 0.000 000 005 787 236 024 0.000 000 000 000 000 177
6291456 0.000 000 003 829 629 946 0.000 000 000 000 000 026
7340032 0.000 000 000 421 432 528 0.000 000 000 000 000 028
8388608 0.000 000 000 530 893 718 0.000 000 000 000 000 007
9437184 0.000 000 000 555 500 201 0.000 000 000 000 000 001
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1 import numpy as np
2 import torch
3 import copy
4 import matplotlib.pyplot as plt
5

6 # use GPU if available
7 dev = torch.device("cuda") if torch.cuda.is_available() else torch.Ðâ

device("cpu")
8

9 # set precision to double
10 torch.set_default_dtype(torch.float64)
11

12 # configure the training parameters
13 steps = 10000000 # n
14 batch_size = 100 # M_n, number of sample points
15 gamma = 1/2000 # step size (learning rate)
16

17 # get sample data
18 torch.manual_seed(0)
19 sample_data_double = (torch.rand(batch_size*(steps+1), 1)).to(dev)
20 sample_data_single = sample_data_double.type(torch.float32)
21

22 # set parameters
23 l_0, l_1, l_2, l_3 = 1, 3, 7, 1 # dimensions of the layers
24 a, b = 0, 1 # the domain will be [a,b]
25 xi = 1 # constant target function
26

27

28 # define loss function
29 def loss(N, x):
30 y = N(x)
31 return (y-xi).square().mean()
32

33

34 # function setting the starting model parameters as normally Ðâ

distributed
35 def init_weights(n):
36 if isinstance(n, torch.nn.Linear):
37 torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(l_1))
38 torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(l_1))
39

40

41 # set up NN model
42 N_double = torch.nn.Sequential(
43 torch.nn.Linear(l_0, l_1),
44 torch.nn.ReLU(),
45 torch.nn.Linear(l_1, l_2),
46 torch.nn.ReLU(),
47 torch.nn.Linear(l_2, l_3)
48 ).to(dev)
49

50 # set up normally distributed starting model parameters
51 torch.manual_seed(0)
52 N_double.apply(init_weights)
53 N_single = copy.deepcopy(N_double)
54 N_single.type(torch.float32)
55

56 # define observation points
57 obs = np.empty(shape=129)
58 index = 0
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59 for i in range(0, 23, 2):
60 for k in range(2**i, min(2**(i+2), steps)):
61 if k % max(1, 2**(i-2)) == False:
62 obs[index] = k
63 index = index + 1
64

65 # set up table
66 losses_table = np.empty((len(obs), 3), dtype=object)
67

68 # approximation in double precision
69 # optimizer function
70 optimizer_double = torch.optim.SGD(N_double.parameters(), lr=gamma)
71

72 # train the network
73 for step in range(steps+1):
74 # generate uniformly distributed samples from [0,1]
75 x = sample_data_double[step*batch_size:(step+1)*batch_size]
76 # set the gradients back to zero
77 optimizer_double.zero_grad()
78 # compute the loss
79 L = loss(N_double, x)
80 # compute the gradients of L w.r.t. the model parameters
81 L.backward()
82 # update the model parameters
83 optimizer_double.step()
84 # save results in the table
85 if step in obs:
86 losses_table[np.where(obs == step)[0], [0, 2]] = step, L.data
87

88 # approximation in single precision
89 # optimizer function
90 optimizer_single = torch.optim.SGD(N_single.parameters(), lr=gamma)
91

92 # train the network
93 for step in range(steps+1):
94 # generate uniformly distributed samples from [0,1]
95 x = sample_data_single[step*batch_size:(step+1)*batch_size]
96 # set the gradients back to zero
97 optimizer_single.zero_grad()
98 # compute the loss
99 L = loss(N_single, x)

100 # compute the gradients of L w.r.t. the model parameters
101 L.backward()
102 # update the model parameters
103 optimizer_single.step()
104 # save results in the table
105 if step in obs:
106 losses_table[np.where(obs == step)[0], [0, 1]] = step, L.data
107

108 # save table
109 np.savetxt('mean_square_error_example2.csv', losses_table, delimiter='Ðâ

,',
110 fmt='%s, %.64f, %.64f')
111

112 # plot mean square error
113 plt.loglog(losses_table[:, 0], losses_table[:, 2], "r", label='Double Ðâ

precision')
114 plt.loglog(losses_table[:, 0], losses_table[:, 1], "b", label='Single Ðâ

precision')
115 plt.ylim([0.00000000000000000001, 10])
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116 plt.xlim([1, 12000000])
117 plt.xlabel('Number of SGD steps')
118 plt.ylabel('Mean square error (expected risk)')
119 plt.legend()
120 plt.savefig('mean_square_error_example2_loglog_graph', dpi=1200)

Source Code 4.3: Python code used to create Table 4.2 and Figure 4.5 in
Subsection 4.5.2 (filename: sgd2.py).

1 import numpy as np
2 import torch
3 import matplotlib.pyplot as plt
4

5 # use GPU if available
6 dev = torch.device("cuda") if torch.cuda.is_available() else torch.Ðâ

device("cpu")
7

8 # set precision to double
9 torch.set_default_dtype(torch.float64)

10 torch.manual_seed(0)
11

12 # configure the training parameters
13 steps = 10000000 # n
14 batch_size = 100 # M_n, number of sample points
15 gamma = 1/2000 # step size (learning rate)
16

17 # set parameters
18 l_0, l_1, l_2, l_3 = 1, 3, 7, 1 # dimensions of the layers
19 a, b = 0, 1 # the domain will be [a,b]
20 xi = 1 # constant target function
21

22

23 # define loss function
24 def loss(N, x):
25 y = N(x)
26 return (y-xi).square().mean()
27

28

29 # function setting the starting model parameters as normally Ðâ

distributed
30 def init_weights(n):
31 if isinstance(n, torch.nn.Linear):
32 torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(l_1))
33 torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(l_1))
34

35

36 # set up NN model
37 N = torch.nn.Sequential(
38 torch.nn.Linear(l_0, l_1),
39 torch.nn.ReLU(),
40 torch.nn.Linear(l_1, l_2),
41 torch.nn.ReLU(),
42 torch.nn.Linear(l_2, l_3)
43 ).to(dev)
44

45 # set the starting model parameters as normally distributed
46 N.apply(init_weights)
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47

48 # optimizer function
49 optimizer = torch.optim.SGD(N.parameters(), lr=gamma)
50

51 # define observation points
52 obs = np.empty(shape=129)
53 index = 0
54 for i in range(0, 23, 2):
55 for k in range(2**i, min(2**(i+2), steps)):
56 if k % max(1, 2**(i-2)) == False:
57 obs[index] = k
58 index = index + 1
59

60 # train the network
61 loss_table = np.empty((len(obs), 2), dtype=object)
62 for step in range(steps+1):
63 # generate uniformly distributed samples from [0,1]
64 x = (torch.rand(batch_size, 1)).to(dev)
65 # set the gradients back to zero
66 optimizer.zero_grad()
67 # compute the loss
68 L = loss(N, x)
69 # compute the gradients of L w.r.t. the model parameters
70 L.backward()
71 # update the model parameters
72 optimizer.step()
73 # save results in the table
74 if step in obs:
75 loss_table[np.where(obs == step)[0], :] = step, L.data
76

77 # plot mean square error
78 plt.loglog(loss_table[:, 0], loss_table[:, 1], color= "r")
79 plt.ylim([0.00000000000000000001, 10])
80 plt.xlim([1, 12000000])
81 plt.xlabel('Number of SGD steps')
82 plt.ylabel('Mean square error (expected risk)')
83 plt.show()

Source Code 4.4: Simplified variant of the Pythonscript in Source Code 4.3
above (filename: sgd2_short.py).
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