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I1I

Zusammenfassung

In dieser Doktorarbeit untersuchen wir zwei numerische Approximationsmethoden zur
Bestimmung von Losungen fiir eine Klasse semilinearer partieller Differentialgleichung
(PDE) mit Gradienten-abhéngigen Nichtlinearitdten. Das Ziel ist in beiden Féllen den so-
genannten Fluch der Dimensionen zu brechen, welcher besagt, dass der Berechnungsaufwand
einer Losung exponentiell mit der Dimension der zu losenden PDE wachst. Das erste be-
trachtete Verfahren ist ein Multilevel Picard (MLP) Approximationsschema, dessen the-
oretische Grundlage aus der Formulierung der PDE als stochastische Fixpunktgleichung
(SFPE) folgt. Dafiir erarbeiten wir eine angepasste Bismut-Elworthy-Li Formel, die den
Transfer von PDEs zu korrespondierenden SFPEs ermoglicht. Diese SFPEs studieren wir
zunachst in einer abstrakten Umgebung und zeigen dort mittels eines Banachschen Fix-
punkt Arguments die Existenz und Eindeutigkeit von Losungen. Den erfolgreichen Riick-
transfer beweisen wir, indem wir zeigen, dass die SFPE Loésung - unter geeigneten Annah-
men - die eindeutige Viskositatslosung der betrachteten PDE ist. Damit kénnen wir die
Losungen von PDEs als SFPE Loésungen schreiben und begriinden die Konstruktion eines
Multilevel-Picard (MLP) Approximationsschemas. Wir definieren und untersuchen dieses
MLP Approximationsschema und bestimmen eine obere Schranke an den Approximations-
fehler. Im Fall einer glatten Losung zeigen wir - unter geeigneten Annahmen - auflerdem,
dass das MLP Approximationsschema nicht unter dem "Fluch der Dimensionen" leidet.
Als zweiten Ansatz zur numerischen Approximation von PDE Losungen betrachten wir
stochastische Gradientenverfahren (SGD) im Training tiefer neuronaler Netze mit Recti-
fied Linear Unit Aktivierungsfunktion. Wir beweisen unter der Annahme einer konstanten
Zielfunktion und ausreichend kleinen, aber nicht L!-summierbaren Schrittgrofien, dass der
Erwartungswert der Risikofunktionen des betrachteten SGD Prozessen im Training der
neuronalen Netze gegen Null konvergiert, wenn die Anzahl der SGD Schritte gegen un-
endlich konvergiert.






Abstract

In this thesis we study two numerical approximation methods for the estimation of solu-
tions of a class of semilinear partial differential equations (PDEs) with gradient-dependent
nonlinearities. In both cases the main goal is to overcome the so called curse of dimen-
sionality which means that the computational effort for the solution grows exponentially
in the dimension of the PDE to be solved. The first considered method is a Multilevel
Picard (MLP) approximation scheme which is based on the reformulation of the PDE as
stochastic fixed point equation (SFPE). For this transfer from PDEs to the corresponding
SEFPEs we develop an adjusted Bismut-Elworthy-Li formula. Then we analyse SFPEs in
an abstract setting and prove existence and uniqueness of solutions by using a Banach
fixed point argument. We successfully re-transfer the SFPE to the considered PDE by
proving that the SFPE solution is the unique viscosity solution of the PDE. Thus, we
can write the PDE solutions as SFPE solutions and therefore justify the constructions
of a MLP approximation scheme. We define and study this MLP approximation scheme
and establish an upper bound on the approximation error. Moreover, in the setting of
a smooth solution we prove - under certain assumptions - that the MLP approximation
scheme does not suffer from the curse of dimensionality. As a second approach to numer-
ically approximate PDE solutions, we consider stochastic gradient descent (SGD) type
optimization methods in the training of deep neural networks (DNNs) with Rectified Lin-
ear Unit activation function. We prove that under the assumption of a constant target
function and sufficiently small but not L'-summable SGD step sizes, the expected value
of the risks of the considered SGD process in the training of DNNs converges to zero if
the number of SGD steps goes to infinity.
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Introduction

In many applications in the world of natural sciences, engineering, and mathematical
finance partial differential equations (PDEs) play a significant role in modelling the ap-
pearing processes. The aim to understand these processes more thoroughly leads to a
strong demand in solving and understanding different kinds of PDEs. Unfortunately,
there often do not exist explicit solutions to given PDEs. That is why algorithms which
are able to solve PDEs numerically got more and more into focus over the last couple
of years. Nevertheless, developing efficient algorithms to solve PDEs has been an open
problem for a long time. First results were developed for PDEs appearing in applications
of physics and engineering which often have dimension equal or smaller than four. In
this case the PDEs can be numerically approximated by means of finite element or finite
difference methods (see, e.g., [7, 44]). However, PDEs which model processes in finance
are often high-dimensional. In this case finite difference and finite element methods lead
to a computational effort to achieve a specific approximation accuracy which grows expo-
nentially with the dimension (cf., e.g., [17, 83, 84, 85]). This difficulty is called the "curse
of dimensionality". During the last years, there have been different approaches to create
effective approximation methods which overcome this "curse of dimensionality'. In the
case of linear elliptic and parabolic PDEs of second order solutions can be numerically ap-
proximated by Monte Carlo sampling without suffering from the curse of dimensionality.
The reason for this lies within the connection between linear elliptic and parabolic PDEs
and stochastic differential equations (SDEs) given by the It formula (see [61, 72]) or the
Feynman-Kac formula (see [42, 67]). However, many problems in the world of financial
engineering lead to nonlinear PDEs. We refer, e.g., to [8, 27, 39, 43, 79, 98] for nonlinear
PDEs arising from pricing models. In this thesis we focus on possible solutions to solve
semilinear PDEs with gradient-dependent nonlinearities.

In the field of solving semilinear PDEs there have been different approximation meth-
ods proposed over the last few years. Three main approaches can be summarized in the
following categories: approximation methods that use stochastic representation of PDE
solutions by means of branching diffusion processes (see, e.g. [19, 49, 48]), full-history
recursive multilevel Picard (MLP) approximation methods (see, e.g. [16, 36, 37, 52, 53,
54, 56, 58]), and the reformulation of the PDEs as stochastic learning problems which
then are solved by using deep artificial neural networks (DNN) (see, e.g., [12, 9, 15, 21, 33,
35, 46, 47, 51, 75, 78, 88, 97]). The main disadvantage of the branching diffusion method
is that it is only applicable for PDEs with sufficiently small terminal conditions (see, e.g.,
[37, Section 4.7]). For this reason, we focus in this thesis on the latter two approaches to
establish stochastic approximation schemes which make it possible to efficiently approx-
imate the solution of high-dimensional PDEs and which do not suffer from the curse of
dimensionality.

In the setting of MLP approximation methods first results for the heat equation with
a gradient-dependent nonlinearity have already been accomplished in [52, 54]. We extend
these findings to a more general setting of semilinear PDEs of second order with gradient-
dependent nonlinearities. The main procedure works similar as the central idea to achieve



a connection between a certain class of PDEs and SFPEs stays the same. However, our
generalized assumptions allow non-differentiable terminal conditions which, together with
the Bismut-Elworthy-Li formula, cause a singularity in the endpoint of the considered
SFPEs (cf. (3) and (4)). Handling this singularity requires several new techniques and
strategies. We start by generalizing the above-mentioned connection between PDEs and
SDEs to the case of semilinear PDEs with gradient-dependent nonlinearities in Chapter 1.
For this, we first study an abstract class of SFPEs. In this setting our first main result
of Chapter 1 is the general existence and uniqueness result of solutions of SFPEs in
Theorem 1.1.11 below which is proved by Banach’s fixed point theorem. These findings
are applied in Section 1.2 to SFPEs associated with semilinear PDEs to obtain our second
main result of this chapter, Theorem 1.2.5 below. In particular, we prove in Theorem 1.2.5
the existence and uniqueness of solutions of SFPEs associated with a certain class of
semilinear PDEs with gradient-dependent nonlinearities. To illustrate the findings of
Chapter 1 in more detail, we present in Theorem 1 below a special case of Theorem 1.2.5.

Theorem 1. Let d € N, ¢,T € (0,00), let [-]: R — [0,00), [|]|: R™*! — [0,00),
||| 7: R¥4 — [0,00) be norms, let (Q,F,P, (Fy)seor]) be a filtered probability space,
let W: [0,T] x Q — R? be a standard (F,)sefo,71-Brownian motion, let p € C*(R% R?),
o € C?(R%, R) satisfy for all z,y € R? that y*o(z)(o(x))*y = 2|y|?* and

max { (z = )" (u(z) — p)), S0 (@) = cWE} < elle — I, 1)

for every ¢t € [0,T], z € R? let X7 = (X7, )sefe,r): [t T] x @ — R? be an (Fy) e rj-adapted
stochastic process with continuous sample paths satisfying that for all s € [¢, 7] it holds

a.s. that i i
Xl =x+ J p(X[,)dr + f o(X7,)dW,, (2)
t t

assume for all ¢t € [0,T], w € Q that ([t,T] x R? 5 (s,2) — X/ (w) € R?) e CO!([¢t,T] x
R%RY), for every t € [0,T], x € R? let Z = (Z},)seer): (t,T] x @ — R¥! be an
(Fs)set,;r-adapted stochastic process with continuous sample paths satisfying that for all
s € (t,T] it holds a.s. that

1
Zea = <ﬁ$§<o<X§;)>-1 (2xt,) dWT>’ ®)

let f e C([0,T) x R x R R), g e C(RY, R) satisfy for all t € [0,T), z € R, v, w € R*!
that [f(Z,z,v) = f(t, 2, w)| < c[|]v — w| and max{|g(z)|, |f(t,2,0)|} < c(||lz[°+ 1). Then
there exists a unique v € C([0,T) x R% R4 such that (v(t,z)v/T — t)1efo,1),5erd ETOWS
at most polynomially and for all ¢ € [0,7), x € R? it holds that

T
U<t7 l’) =E lg(XzT)ZgT + J f(ra thfra U(T’, thfr))Ztafr d?“] . (4>
t

Theorem 1 is an immediate consequence of Corollary 1.2.6 in Section 1.2 below. Corol-
lary 1.2.6, in turn, is a special case of Theorem 1.2.5. In this regard, Chapter 1 generalizes
the findings in [13] from gradient-independent to gradient-dependent nonlinearities.

In Chapter 2 we further analyse the established connection between certain SFPEs and
PDEs. In particular, we prove in Theorem 2.3.1 in Section 2.3 below that suitable solutions
to certain SFPEs are also viscosity solutions of the corresponding semilinear PDEs. To
achieve this, we establish a Bismut-Elworthy-Li type formula (cf. Theorem 2.2.3) and
apply this to a certain class of semilinear PDEs with gradient-dependent nonlinearities.



This leads to a one-to-one correspondence between viscosity solutions of certain semilinear
PDEs and solutions of the connected SFPEs. To illustrate the main findings of Chapter 2,
we provide in the following theorem, Theorem 2, a special case of Theorem 2.3.1.

Theorem 2. Let d € N, a,¢,L, T € (0,0), let {-,->: R? x R — R be the standard
Euclidean scalar product on R%, let ||-||: R? — [0, 0) be the standard Euclidean norm on
RY, let [|-]]|: R4 — [0,00) be the standard Euclidean norm on R4 let ||-||p: R4 —
[0,0) be the Frobenius norm on R**? let (Q,F,P, (Fy)sepor]) be a filtered probability
space satisfying the usual conditions, let W: [0,T] x @ — R? be a standard (Fy)sejo.1]-
Brownian motion, let x4 € C1(R? R?), 0 € C1(R?, R4*9) satisfy for all s € [0,T], z,y € R?,
v € R? that

max {(z — y, u(x) = p(y), lo(@) = o) I3} < 5llz— vl (5)

max{(z, u(z)), [lo(@)[|7} < (1 + [|#]?), and v*o(z)(o(z))*v = aflv|]?, assume for all
j e {1,2,...,d} that g—g and % are locally Lipschitz continuous, for every ¢ € [0, 7],
xe R let X7 = (X7, )seqer): [t T] x © — R? be an (F,)set,r-adapted stochastic process

with continuous sample paths satisfying that for all s € [t,T] it holds a.s. that
X, =z+ f p(X{,) dr + f o(X{,)dW,, (6)
t t

assume for all t € [0,7], w € Q that ([¢t,T] x R? 5 (s,z) — X (w) € RY) € COY([t,T]
xR RY), for every t € [0,T], v € R let ZF = (Zf,)seer: (t,T] x @ — R¥! be an
(IFs)se(t,r1-adapted stochastic process with continuous sample paths satisfying that for all

s € (t,T] it holds a.s. that

1
Zea = (ﬁSf(a(Xzfr»—l (2xt,) dWr>’ ")

let f € C([0, T|xR¥xR¥* 1 R), g € C(RY R) be at most polynomially growing, and assume
for all t € [0,T], s € [t,T] v € RY wy, wy € R4 that E[\g(ngT)P] + E[|f(s,X§fs, wy)?] <
oo and |f(t,z,w1) — f(t,z,we)| < L||w; — wel|. Then

(i) there exists a unique v € C([0, 7] x RY, R) n C*1([0, T') x R% R) which satisfies that
(v, Vou)(t, 2)VT — t)sefo,1),2erd grows at most polynomially and for all ¢ € [0,T),
z € RY it holds that E[|g(X7 )| Z|| + § 1£(r, X5, 0(r, XE,), (Vo) (r, XE))]
‘HZ;”T‘H dr] < co and

(v, V,0)(t, x)

r ®)
_E [g<XzT>szT ; f F(r X2, (0, Y 0)(r, XE) 22, dr] |
t

(ii) there exists a unique at most polynomially growing viscosity solution u € C([0,T] x

R? R) of

(5, 2) + (@), (Vou)(t,x))

+ 2 Tr(o(z)[o(z)]* (Hess, u) (¢, 2)) + f(t, z, (u, Vou)(t,z)) =0 (%)

with u(T, ) = g(x) for (t,z) € (0,T) x R%, and
(iii) for all t € [0,T], z € R? it holds that u(t,z) = v(t, z).



Theorem 2 is an immediate consequence of Corollary 2.3.3 in Section 2.3 below. Corol-
lary 2.3.3 follows from Corollary 2.3.2 which is a special version of Theorem 2. The findings
in Chapter 2 expand the results in [10] which covers the gradient-independent case.

In Chapter 3 we convert these theoretical results from Section 1 and 2 to a numerical
approximation scheme by introducing a new class of Multilevel Picard (MLP) approxi-
mation schemes which are suitable for a certain class of semilinear PDES with Lipschitz
coefficients and gradient-dependent nonlinearities. The findings of Chapters 1 and 2 im-
ply that MLP approximation schemes are able to numerically compute viscosity solutions
of certain semilinear PDEs with gradient-dependent nonlinearities. Combining this with
the fact that MLP approximation schemes have been shown to overcome the curse of
dimensionality justifies the construction of MLP approximation schemes as approach to
determine solutions of semilinear PDEs with gradient-dependent nonlinearities. More
precisely, Theorem 2.3.1 in Chapter 2 obtains a concrete representation of PDE solutions
as solution of associated SFPEs. These solutions can then be approximated by Monte
Carlo methods and a suitable discretization of the SDE leading to our approximation
scheme. We are able to show in Corollary 3.2.8 in Section 3.2 below that - under the
assumption of a smooth PDE solution - the overall complexity analysis for the proposed
approximation scheme grows as O(de~(+9)) for all § € (0, c0) provided that d denotes the
dimension of the problem and e the prescribed accuracy. In this sense, the approximation
scheme overcomes the curse of dimensionality and is therefore suitable for PDEs of high
dimensions. To illustrate the main result of Chapter 3, we provide the following theorem,
Theorem 3.

Theorem 3. Let d,n, M,Q €N, «,0,T € (0,0), L, K € [1,0), let ||-||: R — [0,0) be
the standard Euclidean norm on R?, let ||-]|: R4 — [0,00) be the standard Euclidean
norm on R let p = (p1,...,pa) € CHRLRY), 0 = (04)ijeq12,..ap € CHRY R>T)
satisfy for all z,y € R? that

max{ ;| (2)], B o (e |52 (@))% < K (10)

and y*o(x)(o(x))*y = ally|? let f e C(RILR), g € C(RY,R) satisfy for all 2y, 25 € RY,
y1,y2 € RTL that max{|f (y1) = f(42)|, |9(z1) —g(z2)[} < Ly — gl let u™ € C*([0,T]
R? R) satisfy for all t € [0,T], z € R? that u(T,z) = g(z) and

(%5)(t @) + (ult, o), (Vau®) (¢, )
+ 3 Tr(o(t, 2)[o(t, z)]* (Hessm Nt x) + f(t z,uP(tx), (Vu®)(tz)) =0,

for every N € N, t € [0,T] let (¢M)icq12,.8y S [—1,1] be the N distinct roots of the

Legendre polynomial [—1,1] 3 z — ﬁai—NN[(:vz — 1)) € R and ¢VBTT: [t,T] — R be

the function which satisfies for all s € [¢, T'] that

(11)

T 2c—(T—t)e;' —(t+T 23 T
#57171&

gV T(s) =
0 . else,

(12)
let (2, F, P, (IF5)sef0,r7) be a filtered probability space satisfying the usual conditions, let
O = U,y 2", let We [0,7] x Q — R? 6 € O, be i.i.d. standard (Fy)sefor7-Brownian
motions, let |-|;: R — R, t € [0,T], satisfy for all s € [0,T] that |s|; = sup([0,s] N

(ON)), for every 0 € ©, t € [0,T], x € R? let Y™ = (Y )sepury: [, T] x Q — R



satisfy for all s € [¢,T] that Yt?gm’" = x and

0,x,n 0,x.n
Yiim =Y,

t max{t |s]¢}

6,x,n 6,x,n
= M(}Q,max{t,[sh})(s —max{t, [s]:}) + o (Y] ,max{t,|s Jt})(Wse - Wiax{t,{sh})’

for every 0 e @, te [0, T], T e Rd let Df,z,n = ((nyf’n%j)se[t,T],i,je{l,Q ..... d} - [t, T] x{) — RdXd
satisfy for all 4,j € {1,2,...,d}, s € [t,T] that (Dz’f’")ij = §;; and

(13)

0,x,n 0,x,n
(Dts )ij = (D} it 5]} )i

t,max{t,

al"’l 6’ ,Z,M 0,x,n
- Z l Y et ls)e)) (Dt 51, b (5 — maxit, [se}) (14)

ao-lm 9:cn 0,z,n 0,m 6,m
* Z [ 0xk tmax{t Lsle })(Dt max{t,|s]: >k] (W Wmax{t [s]¢ })] )

let e; € R satisfy e; = (1,0,0,...,0), for every 0 € ©, t € [0,T], z € R? let Z/™" =
(sz’n)se(t,T]l (t, T] x Q — R satisfy for all s € (¢, T] that sz’" = e; and

0
ZG,SI,TL - Z@,:Jc,n = ( z,n z,n ) s 15
b tmasth|sle) ﬁ( (}/temax{t[ ]t })) 1Dfmax{t s}(We erlax{t Ls]¢ }) ( )
let V2 o [0,T) xRIx Q- R*™ meZ, 0e 0, satisfy forall € ©, m e Z, t € [0, T],
x € R? that

60,0,—1),z,n
G0mDEmy g(a)) 250

Vne,m,M,Q(t? x) = g(

=1
—1

N Z Z qQ tT (5 Z (f(V(elZ ( Y(Q,l,i),$77’b)) (16)
Mm l n,d,M,Q 57 t,s

=0 se(t,T) i=1

0,—1,i 0,0,i),x,n 6,0,i),x,n
() (VT o (s, YO 700 ]

let C € [0, o0) satisfy that
C = max{VwT,L, (\/T—F (1+ \/Lavi’)KTexp (3KT))),

FAJH(1 4 3KT exp(5KT)), (25 ([sup (8(|u(@)]|* + 4]lo() [£))]

zeRd

Texp (6+32K°T)) " + + [sup (@)l + Ha(x)HF)D

[\F+ 5(1+ 6K(1+T)exp(40K2(1+T)2))]>

(1L (V) Trloa™ (s w”)) (s)|

SUPgenN, SUPse[0,7] SUPyer L )

D, a9 (1), SUPeio 1) WPy £ (0)] .

for every n,m,M,Q € N let RN, o S No be number of realizations of standard
normal random variables required to compute on realization of the random variable
Ve nr0(0,0): @ — Rand and FE, 1, a1, S No be the number of function evaluations of f



and ¢ required to compute one realization of of the random variable Vr?,m, v(0,0): Q- R
(cf. Corollary 3.2.8 for the precise definitions). Then it holds for all N € N that

RNy~ ynN + FENN NN N

—(6+9)
< [ sup sup |[Vyw y vy (t,2) —’Uoo(t,QZ)HLz(P;Rd)]
te[0,T) zeRd

(6+6)
1164 ) vnon (5604"25"T3") .

neN

(18)

Theorem 3 is a direct consequence of Corollary 3.2.8 in Section 3.2 below. Corol-
lary 3.2.8 follows from Corollary 3.2.7 which is a special version of Corollary 3.2.6. Corol-
lary 3.2.6, in turn, is a consequence of Theorem 3.2.4. The findings in Chapter 3 generalize
the results of [54] from the case of the heat equation with gradient-dependent nonlineari-
ties to the setting of general semilinear PDEs with gradient-dependent nonlinearities.

As already mentioned above, a different approach to overcome the curse of dimension-
ality is to reformulate the PDEs as stochastic learning problems and then solve them with
DNNs. In this thesis, we focus on stochastic gradient descent (SGD) optimization meth-
ods as they can be shown to perform very effectively in the training of DNNs. Although
SGD optimization methods are already used in numerical simulations, the mathematical
proofs for the convergence of these optimization methods are still an open issue. Over
the last few years first achievements in providing mathematical proofs for the convergence
analysis of SGD optimization methods have been accomplished. In particular, there are
abstract convergence results for GD type optimization methods under convexity assump-
tions on the function which intends to minimize the optimization problem (see, e.g., [6,
80, 81, 82, 89, 66, 94] and the references mentioned therein), abstract convergence results
for GD type optimization methods without this type of convexity assumption (see, e.g.,
[1, 2, 5, 18, 30, 41, 70, 71, 74, 76, 87, 99, 93, 99, 29, 71, 100, 74, 5]), convergence results
for GD type optimization in the so-called overparametrized regime (see, e.g., [4, 31, 22,
101, 34, 62, 3, 32, 93, 102]), convergence results for GD type optimization methods in
the training of shallow artificial neural networks under specific assumptions on the tar-
get function (see, e.g., [64, 38, 24, 63, 63] ), results for lower bounds for approximation
errors for GD type optimization methods (see [65]), and certain non-convergence results
for GD type optimization methods in the training of artificial neural networks (see, e.g.,
[23, 77, 95]). In Chapter 4 we consider SGD type optimization methods in the training
of fully-connected feed-forward deep artificial neural networks with Rectified Linear Unit
activation function. We start by proving general regularity properties and representation
results for the risk functions and their generalized gradient functions in the setting of a
general measurable target function in Section 4.1. These results ensure in Section 4.2
that the risk of the gradient flow (GF) processes converge to zero with convergence rate
1 provided that the target function is constant. In Section 4.3 we use some of the key
findings from Sections 4.1 and 4.2 to prove that under the assumption of a constant tar-
get function and sufficiently small but not L!'-summable step sizes the risk functions of
gradient descent (GD) processes converge to zero. We expand these results in Section 4.4
to establish that the expected risk of the SGD process converges to zero as the number of
SGD steps goes to infinity provided that the target function is constant and the step sizes
are sufficiently small but not L'-summable. To illustrate this result, we provide in the
following theorem, Theorem 4, a special case of Corollary 4.4.12 in Section 4.4.7 below.

®), & € R satisfy 0 =
k.0
ml] >(7;7j)€{17'"7€k}X{lv"'vék—l} €

)

Theorem 4. Let L,0 € N, ({p)ren, S N, a € R, b € (a
Zﬁzl Oe(l—y + 1), for every 0 = (61,...,0,) € R? let wk? =

(



.....

1€ {1,...,€k},je {1,...,6]6,1} that

k0 k0
W;; = e(i—l)ék_ﬁj@ﬁ;iéh(eh_1+1> and b;”" = eekek_ﬁwz’z;}eh(eh_1+1)> (19)

for every k € N, 6 € R® let A%: R%-1 — R% satisfy for all z € R%1 that A}(z) =
680 + whlx, let R,.: R — R, r € [1, 0], satisfy for all r € [1,00), z € (—00,2 7], y e R,
z € [r~1 o0) that

R, e C'(R,R), R.(r)=0, 0<R.(y) < RBy(y) =max{y,0}, and Z,.(2) = z, (20)

assume SUp,.epy o) SUPeg |(#r)'(z)| < 0, let [[-[|: (UpenR") — R and M, (UnerR") —
(UnenR™), r € [1,0], satisfy for all r € [1,00], n € N, 2 = (xq,...,2,) € R" that
|zl = 20, |=:/*)Y? and M,.(2) = (B, (21),. .., Br(1)), let (2, F,P) be a probability
space, let X™™: Q — [a,b]®, n,m € Ny, be i.i.d. random variables, let (M, )nen, < N, for
every 7 € [1,0] let N¥9: R - Rz 9 e R’ keN, and £7: R® x Q — R, n € Ny, satisfy
forallne Ny, 0 e R, ke N, we  that

N2 (@) = Af(z),  NEH () = AR (D, (N (), (21)

and £7(0,w) = M%L S INEO (X (w)) — €]12, let £: R® — R satisfy for all § € R® that
L(0) = E[|IN£?(X00) —¢]|2], for every n € Ny let &": R? x Q — R® satisfy for all § € R?,
we {we Q: ((VoLl)(0,w))re[1,00) is convergent} that

B"(0, w) = lim, .o, (Vo£7) (0, w), (22)

let © = (0,)nen,: No x © — R? be a stochastic process, let (V,)nen, < [0,00), assume
that ©g and (X™")mmyemy)? are independent, and assume for all n € Ny that ©,,, =
On — 18"(0,,), (4Ld max{|al, ], [I€]l, 11)*Ev, < (|80 + 1) 72, and Y,” ;v = . Then

(i) there exists € € R such that P(sup,y,[|On] < €) =1,
(ii) it holds that P(limsup,, ., £(©,) =0) = 1, and
(iii) it holds that limsup,_,., E[£(©,)] = 0.

Theorem 4 is an immediate consequence of Corollary 4.4.12 in Section 4.4.7 below.
Corollary 4.4.12, in turn, follows from Theorem 4.4.11. To further illustrate the main
findings of Chapter 4, we provide in Section 4.5 two numerical applications of the results
presented in Theorem 4. The results in Chapter 4 generalize the findings in [63] from
the setting of shallow ANNs with just one hidden layer to deep ANNs with an arbitrary
number of hidden layers. The research reported in Chapter 4 was a joint work with Martin
Hutzenthaler, Arnulf Jentzen, Adrian Riekert, and Luca Scarpa (cf. [57]).



Notation

The following notation is used throughout this thesis. For all sets A, B,C, D with C' < D
and every function f: A +— B we denote by 1p: C — {0, 1} the function satisfying for all
x € C that

1, xzeD,

Ip(z) = {0 z#D (23)

and by f|c: C n A — B the function satisfying for all x € C'n A that f|o(x) = f(x). For
every i,j € N we denote by 6;; € {0, 1} the real number satisfying that

L
aijz{’? J (24)
0, ©#7.

-----

all 4,5 € {1,...,d} that (I);; = d;;, we denote for every A € R by A* € R™? the
transpose of A, and we denote by Sy € R¥*? the set satisfying Sy = {A € R¥™*?: A* = A}
For Hilbert spaces Hy = (Hy, -, Dy, ||-lm ) He = (Ha, (-, )m,, ||| 5,) we denote for every
n € Ny u {0} by C"(Hy, Hy) the set satisfying that

C"(Hy,Hs) = {f: H — Hy: f is n times continuously differentiable}, (25)
and we denote by CP(Hy, Hs) the set satisfying that
Cl(Hy, Ho) = {f € C*(Hy, Hz): supp(f) is compact}. (26)

For every d € N, O < R? R-vector space V we denote by C%'([0,T] x O,V) the set
of continuous functions f: [0,7] x O — V whose first order spatial partial derivatives
exist and are jointly continuous in time and space and by C*?([0,T] x O,V) the set of
functions f: [0,7] x O — V whose first temporal derivative and second order spatial
partial derivatives exist and are jointly continuous in time and space. For every d €
N we call the map {-,-): R? x R? — R that satisfies for all x = (z1,79,...,24),y =
(Y1, 92, .-, yq) € R that (z,y) = Zf:l x;y; the standard Euclidean scalar product on R?
and we call the map [|-||: R? — [0, 00) which satisfies for all z = (z1,29,...,74) € R?
that |jz]] = (X% ,]z;|?)2 the standard Euclidean norm on R?. For every d € N and
|-I: R — [0,0) the standard Euclidean norm on R¢ we denote by L(R?) the vector
space L(RY) = {A: R? — R?: Ais linear} and by |-||1ga: L(R?) — [0,50) the norm
satisfying for all A € L(R?) that

[Az]
Al = b Tl 0
For every topological space (E,E) we denote by B(FE) the Borel-sigma-algebra on (E, ).
For all measure spaces (4, A), (B, B) we denote by M(A, B) the set given by M(A, B) =
{f+ A - B: fis A/B-measurable}. For a measure space (2,4, ), a normed vector
space (V. ]|-]|), and a real number g € (0, ) we denote by L°(u; R?) the set satisfying that
L;RY) = M(A,B(RY)), we denote by ||| pa(uray: LO(1; R?) — [0,00] the mapping
which satisfies for all f € L%(u; R?) that

1/l zauray = (Lllf(w)llqu(dmy (28)



and we denote by L4(u;R?) the set given by

LU RY) = {f € L RY): || £ paumay < o0} (29)

We say a filtered measure space (€, F,P, (F;).eo,1]) satisfies the usual conditions if and
only if for all ¢ € [0,7) it holds that {A = F: P(A) = 0} < Fy and F; = Ny mFs. We
denote by %, 0- o0, 0° and /o0 the extended real numbers given by % =0,0 -0 =0,
0° = 1, and /oo = 0. For every a € (0,20), b € R we denote by 5 o5 09,07, Oia, and

z the extended real numbers given by ¢ = o, 7 = —00, 0 =0, 07 = o0, oia = o0, and

~+ =0. Forevery AC Z, f: A - R, k € Z we denote by TT5) £(i) and X207} f(4) the
real numbers given by Hf;kl f(i) =1 and Zf;kl f@@) =0.

|
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Chapter 1

Existence and Uniqueness of
Stochastic fixed point equations

(SFPEs)

In this chapter we analyse a certain class of SFPEs (see, e.g., (1.86) in Theorem 1.1.11
below) with the goal to prove existence and uniqueness of solutions of these SFPEs.
The approach to construct these solutions arises from the Feynman-Kac formula which
forges a strong connection between classical solutions of semilinear Kolmogorov PDEs and
SDEs. To transfer this idea to the setting of semilinear PDEs with gradient-dependent
nonlinearities we apply a combination of It6’s formula and a Bismut-Elworthy-Li formula.
In particular, if X2: [t,T] x R — R4, t € [0,T], x € RY, solve the SDE

dXy, = u(s,Xffs) ds + J(S,Xt”fs) dWs, se[t, T, X/ =, (1.1)
and v e C12([0,T] x R R) satisfies for all s € [0,T], y € R? that u(T,y) = g(y) and

()t 2) + ult,2), (Vou)(t,2))

+ 2 Tr(o(t,z)[o(t, z)]* (Hess, u) (¢, z)) + f(t, z, u(t, z), (Vou)(t,z)) =0 (1.2)

then the Ito formula demonstrates for all ¢ € [0,T], s € [t,T], x € R? that it holds a.s.
that

u(s, XE,) = g(Xip) + f £, X2 u(r, X2, (V) (r, X2,)) dr
r (1.3)
- | (Vo) X aw

s

Applying expectations leads to the following connected stochastic fixed point equation

T

ult,x) = E[g(XEp) + [ 0. X ulr, X9, (V) X7,))
t

te[0,T], X, = x.

(1.4)

Since PDEs of the form (1.2) often do not admit a classical solution (cf. [45]), we concen-
trate on finding solutions of the related SFPE (1.4) instead. If the nonlinearity f of the
SFPE in (1.4) is gradient-independent, then the SFPE in (1.4) is closed and can be solved
with fixed point methods. In this case and under the additional assumption of Lipschitz
continuity of the nonlinearity, the results in [13] show the existence of a unique solution
of the SFPE in (1.4).
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In this chapter, we extend the results in [13] to gradient-dependent, Lipschitz contin-
uous nonlinearities. In this case, the SFPE in (1.4) is not closed. Our attempt to still
solve the SFPE in (1.4) follows the idea that - under suitable assumptions - applying the
Bismut-Elworthy-Li formula to (1.4) shows for all ¢t € [0,T") that

(V)02 = E[g(Xz’fT)ﬁ [ ot xe @ x) am .
t 1.5

+E| f 0 X, X2, (V)0 XE ) 2 | (o0 X2 (£62,) AW, ds]
t

(cf., e.g., [40, Theorem 2.1]). The goal of this chapter is to study the closed system
of SFPEs (1.4) and (1.5) and to prove the existence of a unique solution for Lipschitz
continuous, gradient-independent nonlinearities. The main challenge of this approach
arises from the fact that a non-differentiable terminal condition and the Bismut-Elworthy-
Li formula lead to a singularity of (1.5) in the last time point. To still follow the idea
of [13] to prove the existence and uniqueness of the solution of the SFPE by Banach’s
fixed point theorem, it is necessary to define a new, suitable norm of the Banach space on
which Banach’s fixed point theorem is applied (cf. Theorem 1.1.11). Another challenge
comes from allowing non-Lipschitz continuous drift coefficients which only satisfy a one-
sided Lipschitz condition. This generalized assumption allows our results to solve an even
bigger class of SFPEs and their associated PDEs.

This chapter is structured in the following way. In Section 1.1 we study SFPEs in
an abstract setting for general stochastic processes X and Z in (1.175) below. The main
result of Section 1.1 is Theorem 1.1.11 in Subsection 1.1.5 below which proves the existence
and uniqueness of solutions to SFPEs in an abstract setting by using Banach’s fixed point
theorem. In Subsections 1.1.1 - 1.1.4 we ensure that the assumption for Banach’s fixed
point theorem are satisfied. In Section 1.2 we investigate SFPEs of the form (1.175) where
X is an SDE solution and Z is a specific stochastic process arising from the Bismut-
Elworthy-Li formula. In Theorem 1.2.5, the main result of this chapter, we apply the
abstract result Theorem 1.1.11 to these stochastic processes. In Subsections 1.2.1 and
1.2.2 we establish several auxiliary results to ensure the assumptions of Theorem 1.1.11.

1.1 Abstract stochastic fixed point equations (SF-
PEs)

In this section we study existence, uniqueness, and further general properties of ab-
stract SFPEs. The main result of this section is Theorem 1.1.11 in Subsection 1.1.5
below whose proof is an application of Banach’s fixed point theorem to the function
n (1.86). Lemma 1.1.8 in Subsection 1.1.3 below ensures well-definedness of this func-
tion, Lemma 1.1.9 in Subsection 1.1.4 below establishes the contractivity property, and
Lemma 1.1.10 proves that the space to which we apply Banach’s fixed point theorem is
indeed a Banach space. In this approach Lemma 1.1.2 is a helpful tool to overcome the
challenges of the singularity of the stochastic process arising from the Bismut-Elworthy-Li
formula, especially in in Lemma 1.1.7, Lemma 1.1.8, and Lemma 1.1.9. Throughout this
section we frequently use the following setting.

Setting 1.1.1. Let d,m € N, ¢,T € (0,0), let ||-]|: R — [0,%0), [|]|: R™ — [0, )
be norms, let O < R be a non-empty open set, for every r € (0,00) let K, < [0,T),
O, = O satisfy K, = [0,max{T — £,0}] and O, = {x € O: |z|| < r and {y € R?: ||y —
o] < 1} = O}, let (Q,F,P) be a probability space, for every t € [0,T], x € O let
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X? = (X7 )serer: [6,T] x Q@ — O and ZF = (ngs)se(tj]: (t,T] x Q@ — R™ be measur-
able, and let V e C([0,T] x O,(0,90)) satisfy for all t € [0,T), s € (t,T], x € O that

E[V (s, X7)|| 25 < o=V ¢t 2).

1.1.1 Integrability of certain stochastic processes

In the following lemma we calculate two specific integrals which will be used to prove
upper bounds and ensure the well-definedness of the SFPE (1.86) in Theorem 1.1.11
below.

Lemma 1.1.2. Leta€ R, be (a,o). Then
(i) for all X € [0,00) it holds that

A(b+a)

e Mdr =e 2 J Bl ORY: (1.6)
0

and

(7i) for all A € (0,00) it holds that

J e TR ,/4 o= (1.7)

Proof of Lemma 1.1.2. First note that the substitution (0,7) 3 6 +— z(0) = §(1—cos()) €
(0, ¢) and the fact that for all z € R it holds that (sin(z )) + (cos())? = 1 ensure that for
all A € [0,00), c € (0,00) it holds that

e ——e¢ T =
0 vVzx(c—1) 0 :E(c—m
QT

1 Ac
= 7005(9) € sin(0) do
€ sin

Jo V5= cos(@) (e — 51— cos(9))) ) (1.8)
= 1 Q%COS(G) SIH(Q) d6

Jo /(1 —cos())(1 + cos())
= 1 6% cos(0) Sln(@) do = f /\*COS(O) a9,

Jo /1 —(cos(0))? .

Hence, we obtain for all A € [0, 0) that
’ 1 b—a 1
f e—/\x dr = 6—Aaf 6_)‘31 dy

o Vb-a)@—a) o Ab—a-y)y (1.9)

s T
_A(b—a) A(b—a) _ A(b+a) A(b—a)
—e 2z /\aJ ez cos(6) do = e "2 J ez cos(0) d6.
0 0

This establishes item (i). Next, observe that the fact that SSO e dz = \/7; and the fact
that for all y € [0, Z] it holds that sin(y) > 2 yield that for all ¢ € (0,0) it holds that

qu eccos(e) do =2 JQ eccos(2y) dy _ 2J2 6c(1—2(sin(y))2) dy
0 0 0 (1.10)

s s 2 o 3
= 2¢° JQ e~ 2e(in(y)” dy < 2e° f2 P dy < Q—Wecj e dz = MW— €’.
0 0 V8¢ Jo 8¢
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Item (i) therefore shows that for all A € (0,00) it holds that

s
_ A(b+a) /\(b a)
Mdr =e " 2 f cos(9) 46
0

fm

_Abta) 273 A(b a) 3

8)\ —a) b—a

(1.11)

The proof of Lemma 1.1.2 is thus complete. ]

The next lemma uses Lemma 1.1.2 to establish integrability properties for a certain
class of stochastic processes. Lemma 1.1.3 is a generalization of the results in [13, Lemma,
2.1].

Lemma 1.1.3. Let d,m e N, ¢, T € (0,00), let ||-||: R™ — [0,0) be a norm, let O < R?
be a non-empty open set, let (2, F,P) be a probability space, for everyte [0,T], z € O let
XP = (XE)seper): [6T] x Q@ — O and ZF = (Z7,)see.): (8, T] x Q@ — R™ be measurable,
let g: O - R, h: [0,T] x O - R, and V: [0,T] x O — (0,90) be measurable, and

assume for all t € [0,T), s € (t,T], z € O that E[V (s, X7,)||Z£,[|] < 7=V (tx) and

SUD;e[0.7) SUP4e0 [ Ig((;l') 4 I iﬁ' VT — ] < . Then it holds for all t € [0,T), x € O that
T

ellcxillzells [ bz llo] <= 0

Proof of Lemma 1.1.3. Throughout this proof let a € [0, o0) satisfy for all ¢ € [0,T), z € O
that

lg(z)| < aV (T, z) and |h(t, 2)|VT —t < oV (t, x). (1.13)
Observe that the assumption that g: O — R and h: [O,T] x O — R are measurable
and the fact that for all ¢ € [0,7], z € O it holds that X: [¢t,T] x @ — O and
ZF: (t,T] x 2 — R™ are measurable imply that for all ¢t € [0,7), z € O it holds that
Q3w g(X7p(w))Zfp(w) € R™ and (¢, T] x Q 3 (s,w) = h(s, X7 (w))Z](w) € R™ are
measurable. Furthermore, note that Fubini’s theorem, (1.13), and the hypothesis that for
allt € [0,T), s € (t,T], z € O it holds that E[V (s, X},)|| ZZ,||] < 7=V (t, ¥) demonstrate
that for all t € [0,T), z € O it holds that

T
e llzzall + [t xe o]

= E[lgxin)ll|1Z 1] + ft E[[a(r, Xi )12 dr "
1.14

<E[aV(T, X7)||Zix ] + E |V (r, X7)[|Z2

| dr

T
VT —r
<—ﬁV(t,x)+£ —(T—T)(r—t)‘/t x)dr

Item (i) of Lemma 1.1.2 (applied for every t € [0,T) with a «— t, b — T, A\ = 0 in the
notation of Lemma 1.1.2) therefore shows that for all ¢t € [0,T), 2 € O it holds that

T
e [loxeolizedll + [ e Xzl o
: (1.15)

1
< ac(m +7T)V(t,x) < .

The proof of Lemma 1.1.3 is thus complete. Il
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1.1.2 Continuity of SFPEs with respect to coefficient functions

In this subsection we establish some general approximation results with the goal to ap-
proximate certain SFPEs in Lemma 1.1.8. We achieve this by approximating the terminal
conditions and nonlinearities of the SFPEs properly. For this, the following lemma demon-
strates several properties of approximating functions. Lemma 1.1.4 extends [13, Lemma

2.2] by considering the v/T" — ¢ term and replacing [0, 7] by [0, T\ K.

Lemma 1.1.4. Assume Setting 1.1.1, let g, € C(O,R), n € Ny, and h,, € C’([O T)xO,R),

n € No, satisfy for alln € N that inf,e(.m) [SUDse(o 71\ 16, SUP2e0\0, (‘;’?}x - ‘h" Vi x) 2l /T —t)] =

0, and assume that

| 9(2) — go(@)] . ha(t,2) — holt,)]
s LSE;%E‘;E( VT Voo VL )] - (119

Then
(i) it holds for every n € Ny that

9n(@)] | [ha(t, )] ]
sup su + VI —t| < oo, 1.17
te[OE’) xe(I)) |:V(T, ZL’) V(t> $) ( )

(ii) for every m € Ny there exists a unique v,: [0,T) x O — R™ which satisfies for all
€[0,T), x € O that

T
v(t,x) =E lgn(XffT)foT + J ho(r, X{0) ZE, dr} : (1.18)
t
(1ii) it holds that
n( — vp(t
limsup | sup sup <|HU (t,2) = wo(t, 2| VT ) (1.19)
n—00 te[0,T) zeO V(t :IJ)

and

(tv) it holds for every compact set K < [0,T) x O that

lim sup [(sup ([lvn(t, ) = vo(t, 2)||[VT — t)] = 0. (1.20)

n—0 t,z)elC

Proof of Lemma 1.1.4. First note that for all » € (0,00) it holds that K, and O, are
compact sets. Combining this with the fact that for all n € Ny it holds that O 5 z —
‘ng(ng) eRand [0,T) x O 3 (t,z) — };L((tif))\/T —t € R are continuous ensures that for all
n € Ng, r € (0,00) it holds that

felg 215 Wéﬁ”y) + V‘L;((;’;E)N\/T - t] < 0. (1.21)

The assumption that for all n € N it holds that inf,¢(g ) [Supte[O TI\K, super\Or(V(T i
|h" nlt2)l /77 1)] = 0 hence implies that for all n € N it holds that

V(t,x)

|gn(@)] | |ha(t,2)| ]
sup st + VT —t| < o, 1.22
te[og) xeg lV(T, x) V(t,z) (1.22)
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This and (1.16) establish item (i). Moreover, note that combining item (i) with Lemma
1.1.3 proves item (ii). Next observe that the hypothesis that for all ¢ € [0,T"), s € (¢,T7,
z € O it holds that E[V (s, X7,)|| Z7[|] < /& V (¢, %) implies that for all n e N, ¢ € [0,T),
x € O it holds that

E [‘Hgn(thfT)ZiT,T - QO(XET)ZETTHH

V(t,x)
_E |gn(thfT) - 90<thfT)’ ‘ V(T, thT)‘HZme
B V(T, X}r) V(t,x) (1.23)
o ((190(0) = 90() |\ ] E V(T X)) Zi ] |
s Lﬁé’ ( V(T.y) )] Vit,2)
|90 () — 90(y)]| c
< sup (Il ) s
This and (1.16) show that
. IE [90(Xir) ZEr] — E [90(X2r) Zi7] ||
im sp [tsggf;) p ( Vi T e

= 0.

In addition, observe that Fubini’s theorem and the assumption that for all ¢t € [0,7),
€ (t,T], = € O it holds that E[V (s, XfS)MZfSHH < \/%V(t,x) ensure that for all n € N;
t€[0,7), z € O it holds that

E(§) lln(r, Xz,) 22, — holr, X2,) 22, | v

V(t,x)
_ fTE [on(r, X5) = ho(r, X2 VT —v VL Xi) 1200
) V(r, X7,) VT —r V(t,x) (1.25)
r (s, 9) = hos. )| ) | ELV 0 X2 (122 ] |
<£ LS&?%?ES( V(s,y) )] T—rVita)

= Lifé%iﬁgchn( V)<s S;(S 8 |ﬁ>“ N e

Item (i) of Lemma 1.1.2 (applied for every t € [0,T) with a «— t, b =— T, A = 0 in the
notation of Lemma 1.1.2) hence demonstrates that for all n € N, t € [0,T), x € O it holds
that
E|§ Nn(r, Xz, 22, = holr, Xz,) 22, | ar
V(t, z)

(1.26)
hn ; —h )
< cm | sup sup (| (5:9) o5 y>|\/T—s> .
s€[0,T) yeO V<S7 y)
Combining this with (1.16) shows that

. |ELS, b (X7, 28 dr]=E[f) ho(rXg,) 28, dr]||

limsup | sup sup i VT (1.27)

n—o0 | te[0,T) €O ’
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The triangle inequality, item (ii), and (1.24) hence ensure that

n—o0 te[0,T) zeO V(t7 [E)

lim sup [ sup sup <|an<t’x) — vt D)l VT — t>] = 0. (1.28)

This establishes item (iii). Next observe that item (iii) and the hypothesis that V': [0, 7] x
O — (0,00) is continuous demonstrate that for all & < [0,7) x O compact it holds that

lim sup [(sup (llon(t, ) — vo(t, 2) || VT — t)

n—0o0 t,z)ek
(1.29)
n t7 - t?
< limsup | sup (H|v (t,2) = volt, 2)l] VT — t) sup V(t,x)| = 0.
n—00 (t,z)ek V<t7 l’) (t,x)ek
This establishes item (iv). The proof of Lemma 1.1.4 is thus complete. O

The next lemma shows the construction of an approximating series of compactly sup-
ported, continuous functions for a certain class of continuous functions. Lemma 1.1.5 is
a generalization of the results in [13, Lemma 2.3] to our setting on [0,7") instead of [0, 7]
and with the /T — ¢ term in (1.30).

Lemma 1.1.5. Let d € N, T € (0,), let ||-||: R? — [0,90) be a norm, let O < R?
be a non-empty open set, for every r € (0,0) let K, < [0,T), O, < O satisfy K, =
[0, max{T — 1,0}] and O, = {x € O: ||z|| < r and {y e R*: ||y — z|| < 1} = O}, and let
h e C([()?T) X OaR) Satisfy infre(O,oo)[Supte[O,T)\Kr SupzeO\Or(lh(tax” VT — t)] = 0. Then
there exist compactly supported h, € C([0,T) x O,R), n € N, which satisfy that

limsup | sup sup (|hn(t,z) — h(t,2)|VT —t) | = 0. (1.30)

n—0o0 te[0,T) zeO

Proof of Lemma 1.1.5. Throughout this proof let U, < [0,T) x O, n € N, satisfy for all
n e N that U, = {(t,z) € [0,T) x O: (3(s,y) € K, x O,: max{|s — ¢, |y — z[|} < 5=)}.
Observe that for every n € N it holds that K,, x O,, € [0,T) x O is a compact set, U,, <
[0,7") x O is an open set, and K,, x O,, € U,,. Urysohn’s lemma (cf., e.g., [92, Lemma 2.12])
therefore demonstrates that for all n € N there exists ¢, € C([0,T) x O, R) which satisfies
for all t € [0,T), x € O that 1k, xo0,(t,x) < pn(t,x) < 1y, (t,x). Let hy: [0,T) x O — R,
n € N, satisfy for all n e N, ¢t € [0,T), € O that h,(t,z) = ¢(t,z)h(t,z). This and the
fact that for all n € N it holds that ¢, has compact support implies that for all n € N
it holds that h,: [0,7) x O — R is a continuous function with compact support. In
addition, observe that

limsup | sup sup (|hn(t, x) — h(t,x)|vT — t)]

n—0o0 te[0,T") xeO

= limsup | sup sup ([¢n(t, ) — 1]|h(t,2)|VT — t)] (1.31)
n—aoo _te[07T) zeO

<limsup | sup  sup (|h(t,2)|VT — t)] = 0.

n—00 te[0,T)\K,, zeO\O,

The proof of Lemma 1.1.5 is thus complete. O]
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The following corollary is a consequence of Lemma 1.1.5 and proves for a certain class of
continuous functions the existence of a series of compactly supported, continuous functions
which satisfies a specific approximation property. Corollary 1.1.6 is a generalization of
the results in [13, Corollary 2.4].

Corollary 1.1.6. Let de N, T € (0, ), let ||-]|: RY — [0,00) be a norm, let O < R? be a
non-empty open set, for everyr € (0,0) let K. < [0,T), O, < O satisfy K, = [0, max{T —
L0} and O, = {z € O: ||z| <r and {y e R*: |ly—z| < 1} = O}, let he C([0,T)x O, R),
Ve C([0,T]x0, (0,0)), and assume that inf,(o o0) [SUDsefo 7))k, SupmeO\OTUh i?)l VI —t)] =
0. Then there exist compactly supported h,, € C([0,T) x O,R), n € N, which satisfy that

limsupl sup sup ('h"(t’v)(t x>(t L2 By )] (1.32)

n—0o0 te[0,T) xeO

Proof of Corollary 1.1.6. Throughout this proof let g: [0,7) x O — R satisfy for all

te[0,T), z O that g(t,x) = §2. Note that the fact that h e C([0,T) x O,R) and V e

C([0,T]x0, (0,0)) and the assumption that inf,e( .0) [SUPtefo 1) i, SUPze0\O, ( ‘h(t - ‘\/ — )]
= 0 ensure that g € C([0,T) x O,R) and

inf,e(0,00) [Supte[O,T)\KT sup,eov0, (l9(t, z)|VT —t)] = 0. (1.33)

Lemma 1.1.5 (applied with h «— ¢ in the notation of Lemma 1.1.5) hence demonstrates
that there exist compactly supported g, € C([0,T) x O,R), n € N, which satisfy that

limsup,, o, [$uPepo.r) SuPseo (|9n(t 2) — g(t, 2)|VT — )] = 0. (1.34)

In the next step let h,: [0,T) x O — R, n € N, satisfy for all n e N, t € [0,T), 2 € O that
ho(t,x) = g,(t,x)V(t,z). Observe that (1.34) demonstrates that for all n € N it holds
that h, € C([0,7) x O,R) and

s | e s (1) =10 )]

(t,7)

n—ow te[0,T) €0 (135)
= lim sup [ sup sup (\gn(t,x) —g(t, z)|[VT — t)] = 0.
n—>00 te[0,T) zeO
The proof of Corollary 1.1.6 is thus complete. =

1.1.3 Continuity of solutions of SFPEs

The following lemma shows well-definedness and continuity of certain SFPE solutions
under the assumption that the terminal condition and the nonlinearity are bounded.
Lemma 1.1.7 is a generalization of the results in [13, Lemma 2.5].

Lemma 1.1.7. Assume Setting 1.1.1, let g € C(O,R), h e C([0,T) x O,R) be bounded,
assume infyepo 1 infreo V (¢, 2) > 0, and assume for all ¢ € (0,0), t € [0,T), s € (¢,T],
z € O that

lim Sup[O 8)xO03(u,y)— [ (H Xﬁs“ > 5) + ]E[mZg,s - ZtgszH] = 0. (136)
Then .
0,T) x 05 (t,2) — E [g(ngT)ngT + J h(r, X,) 22, dr] e R™ (1.37)
t

is well-defined and continuous.
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Proof of Lemma 1.1.7. Throughout this proof let M € [0, c0) satisfy that

M = supiefo,r) SuPseo [|9(2)] + [A(E, 2)]] - (1.38)

Note that this and the assumption that infiep 7 infzeo V (¢, 2) > 0 ensure that

lg(z)| | [h(t @) ] M(1+VT)
sup su + VT —t| < - - < 0. 1.39
te[o,% meg lV(T, x)  V(t,x) infyefo.7) infreo V (£, 2) ( )

Lemma 1.1.3 and the fact that for all ¢ € [0,T), s € (t,T], x € O it holds that
E[V (s, X7)||1 2] < 7=V (t,x) hence demonstrate that for all ¢ € [0,T), x € O it
holds that

T
El|g(ng>|ngfT\|\ N f I X2 |25 dr] - (1.40)

This proves that (1.37) is well-defined. In the next step for every t € [0,T], z € O let

Zr, =0, M(T,r) = g(x), and let (t,,z,) € [0,T) x O, n € Ny, satisfy lim sup,,_,,[[t, —to| +

|zn — x0]|]] = 0. Note that the fact that limsup,,_,[|tn —to| +||zn — xo||]] = 0 ensures that

there exists ¢ € (0, 0) which satisfies for all n € Ny that (¢,,z,) € K, x O,. Furthermore,

observe that the assumption that sup,cpo ) sup,eolh(t, )| < M proves that for all n € N,
€ [0,T) it holds that

E [||h(8 X ot Zitastsin) ~ 105 Xttt Do
HHh S Xy mactstn) 2t maxsitny — P05 X ats i) Zto masis.to} H
+E [H’h 83 X maxs,tn)) Zomaxtsto) ~ 108 Xigmaxts to}) Zagmas(s o) H
E |5, X5 st | 26ty — Zimasisson A
B ({105 X0 st Zimastoso) — 105 X st Zimastonn |
<ME[ Zzinmax{stn} Zgé)(zmaX{syto} ]

+E H h(s, Xor )Z20 — h(s, X0

) 23!
tn,max{s,tn}/ “to,max{s,to} to,max{s,to}’/ ~to,max{s,to}

I

Next note that the fact that supor)sup,eolh(t, )| < M ensures that for all n € N,
s € [0,T) it holds a.s. that

tn,max{s,tn}’/ “to,max{s,to} to,max{s,tg})Zto,max{s,to}

Wh X )0 ~ h(s, X0 70

‘ (1.42)
Z0

to,max{s,to}

< QMH

Moreover, observe that the hypothesis that for all ¢ € [0,7T"), s € (¢,T], x € O it holds that
E[V (s, X7 )| Z5|1 < TV(t r) and the assumption that infyc[orinfeo V(t,2) > 0
show that for all n € N, s € (to,T'] it holds that

" s, X0, .
B[zl - | ez
1
b Viry) 8 Xigo )l Zio, 1.43
S (TS[%%] gs;lelg V( )) [ to,s ”| to SW] ( )

1 c

< = -
[Hlfre[o’T] lnfyeO V(T, y)] \/ﬂ

V(to, .]30) < 00.
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Lebesgue’s dominated convergence theorem, (1.36), (1.41), (1.42), and the fact that h €
C([0,T) x O,R) hence demonstrate that for all s € [0,7") it holds that
Zon ~ (s, X0 ) Z0

t max{s tn}) tn,max{s,tn} to,max{s,to}’/ “to,max{s,to}

limsup E HHh

n—0o0

=0 (s
Moreover, observe that (1.41) and (1.42) imply that for all n € N, s € [0,T") it holds that

EHHh X )Zan ~ h(s, X"

)2,
tn,max{s,tn}’/ “tn,max{s,ty} to,max{s,to}’/ “to,max{s,to}

H (1.45)
Zan _ o

tpn,max{s,tn } to,max{s,to}

< Mg | |+ 2078 |12 el

The dominated convergence theorem, (1.36), (1.43), and (1.44) therefore show that

T
lim sup (ft EHHh T, Xf"max{rtn}>ZZ:maX{ntn}
0
]dr) = 0.

n—ao0
In the next step note that for all k,n € Ny with ¢,, < t; it holds that

T T
‘ E { J h(r, Xg;T)foL"’T dr] — E[ f h(r Xikr)Zikr dr]
tn Ly

(1.46)
— h(r, X )27

to,max{r,to}/ “to,max{rto}

i
= H‘Elj h(r, Xﬁ;})an’fr dr]
tn

(1.47)

T
" E[ f (h(r Xg2) 250, — (. X320 252, dr ]
tk *
<& [t iz )1 i o

T
+ EU |2 (r, X ) Zim — h(r, X725 ZE5 || dr]
ty

Furthermore, observe that Fubini’s theorem, the fact that supjor)sup, ., IRt )| < M,
and the assumption that for allt € [0,T), s € (t,T], z € O it holds that E[V (s, X7,)[| Z&,|[] <
<V (t,z) ensure that for all k,n € Ny with ¢, < t; it holds that

e
r, XEn)
| [ o xolzz e <o [ B[ GE ez

rXi) HIZ’inHI] dr

< [
lnfte[()’T] lnfxeo V(t7 :C) tn

M th c (1.48)
< 3 : V tn7 Tp)—F7— dT’
infyefo,7) infreo V (¢, ) Ll ( )m
CM tk—tn 1
S ; . [ sup sup V (u, ] —dz.
lnfte[O,T] infco V(t; iL‘) uelg ye(i ( y) 0 \/E

Combining this with (1.46), (1.47), and the fact that lim._q Sgﬂ %ﬁ dz = 0 proves that

T T
lim sup HE[ J h(r, X{r )25, dr] —-E lf h(r, X{0) Z5. dr] H
n—0o0 tn to
cM lto—tal 1
< limsup |( - - [ sup sup V(u, ] J —dz 1.49
n—>oop <1nft€[0,T] 1nfer V<t7 :L‘) ueI?q ye(%)q ( y) 0 \/2 ( )

T
Bl [ ez, - ne gz e ) <o
max{to,tn }
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This and (1.44) (applied with h «— ([0,T) x O 3 (t,z) — g(x) € R)) show that

)=

This proves that (1.37) is continuous. The proof of Lemma 1.1.7 is thus complete. O

nmj;lp( o) 28 — g(Xo) 220 ]

. . (1.50)
+ IHE [ J h(r, an’jr)an’jr dr] —E l J h(r Xff)or Zz)or dr]
tn to

The next lemma extends the results of Lemma 1.1.7 by demonstrating well-definedness
and continuity of certain SFPE solutions for continuous terminal conditions and nonlin-
earities. For this, we use the approximation results proven in Corollary 1.1.6. Lemma 1.1.8
is a generalization of the results in [13, Lemma 2.6].

Lemma 1.1.8. Assume Setting 1.1.1, assume inf,cjo 7 infyeo V(t,x) > 0, assume for all
€ (0,0), te[0,T), se (t,T], x € O that

L SUD( ) 0y) - 1) | PIX L = X2 > ) + B[] 22, = Z2 ]| =0, (151)
letge C(O,R), he C([0,T)xO,R), andv: [0,T)xO — R™ satisfy inf,c(0,um) [SUDeo 1) x,
SUD,e0\0, (‘Lg((T)x‘) + ‘h ‘\/ —t)] =0 and for allt € [0,T), x € O that

T
v(t,z) =E [g(XffT)ZéfT + f h(r, XffT)Zt’fT dr] (1.52)
¢
(c¢f. Lemma 1.1.3). Then
(i) it holds that v e C([0,T) x O,R™) and
(ii) if - in addition to the above assumptions - it holds for all u € (0,0) that

E[Sf Loy (Xt |22 >>] T
lim sup [ sup  sup ( ) =0, (1.53)
[ b

r—00 te[0,T)\K, zeO\O,

then it holds that

s e (m( 2| ﬁ) (150

r=% e 0,1N\K, zc0\0, \ V (£, T)

Proof of Lemma 1.1.8. First observe that Corollary 1.1.6 and the assumption that inf,¢(o x)

[SUDtefo.7)\ &, SUPze0\0, (‘Lg((Tm + ‘h tm ‘\/ —t)] = 0 demonstrate that there exists com-

pactly supported g, € C(O,R), n e N and h, € C([0,T) x O,R), n € N, which satisfy

. |9n(2) = g(@)| | |hn(t, ) — h(t, z)] )
limsup | sup su + VT —t 1.55
n—>oop tE[O,I;) IeOp ( V(T, l’) V(ta JZ) ( )
For every n € N let v,: [0,T) x O — R™ satisfy for all t € [0,T), z € O that
T
vp(t,z) =K lgn(XZT)Z,fT + J hn(s, X{) Z{, ds] (1.56)
t

(cf. Lemma 1.1.3). Observe that Lemma 1.1.7, (1.51), and the fact that for all n € N it
holds that g, and h, are compactly supported and continuous show that for all n € N



22

it holds that v,: [0,7) x O — R™ is continuous. Furthermore, note that the fact that
gn: O > R, neN,and h,: [0,7) x O - R, n € N, are compactly supported ensures
that for every n € N there exists r, € (0,00) which satisfies that for all r € [r,, ),
t € [0,T)\K,, x € O\O, it holds that g,(z) = 0 = h,(t,z). This demonstrates that for all
n € N it holds that

inf [ [sup sup (]gn(x)] - ‘hn(t’x”\/ﬁ)] = 0. (1.57)

r€(0,%0) | te[0,1)\K, 2e0\O, V(T7 .17) V(t7 .’I)

Item (iv) of Lemma 1.1.4, (1.55), and the fact that for all n € N it holds that v,,: [0,T) x
O — R™ is continuous therefore imply that v: [0,7) x O — R™ is continuous. This
establishes item (i). To prove item (ii) assume for all u € (0,0) that

E[f; 1o,(X7) || Z¢.||(ds + or(ds) VT — ¢\ |
( ) >] =0. (1.58)

lim sup sup  sup
r—00 te[0,T)\K, zeO\O»

This and the fact that for all n € N, z € O\O,, it holds that g,(z) = 0 ensure that for all
n € N it holds that

limsup[ sup  sup (]E[|gn i)l |2 \/T7t)

r—0 | te[0,T)\K, 20\0 V(t,x)
< limsup [[ sup |gn(y)]] (1.59)
7—00 yGOrn
E[Lo,, (Xip)||ZE (] vT -
: sup  sup =0
te[0,T)\K, z€0O\O» V(t,x)

Moreover, note that (1.58) and the fact that for all n € N, ¢ € [0, T)\K,,, x € O\O,, it
holds that h,(t,z) = 0 demonstrate that for all n € N it holds that

(]E[ 5 (s, XEOU 22| as | VT =2 t)]

lim sup sup  sup
te[

r—00 0,7)\K, 2c0\Oy V(t,x)
< lim sup [[ sup sup |hn(u,y)]] (1.60)
r—00 ueKr,, yeOr,

te[0,T)\K; 2e0\O, Vit z)

T T T
| (E[st to, (X ZE 5]V =t t)”
.| sup  sup
[
Combining this, (1.56), and (1.59) shows that for all n € N it holds that

limsup[ sup  sup (|” on(t, 2] T >] (1.61)

rom | te[0,T)\Ky ze0\0, \V (t,T)
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Item (iii) of Lemma 1.1.4 and the triangle inequality therefore prove that

lim sup [ sup  sup (”'3%3; NGA )]
[

r—00 te[0,T)\ K, xeO\O,
) (1.62)

<inf | limsup| sup  sup (m”(t’x)wngif)aln)ﬂnvn(t’x)m VT — t>

neN \  roow | te[0,7)\K, ze0\O,

= inf | limsup| sup sup (—”'U(t’m&&vg)@’m)m VT — t)

neN r—00 te[0,7)\ K, zeO\Or

<inf | sup sup (Hlvtﬂ%—vgtm\l\ \/7>>

neN \ ¢e[0,1) z€0

< lim sup ( sup sup <—m”(t’@av;)(t’x)m VT — t)) =0

n—00 te[0,T) z€O

This establishes item (ii). The proof of Lemma 1.1.8 is thus complete. O]

1.1.4 Contractivity of SFPEs

The following lemma derives a contractivity property for SFPEs under a Lipschitz assump-
tion on f. This contractivity property will be used in Theorem 1.1.11 to apply Banach’s
fixed point theorem. Lemma 1.1.9 is a generalization of the results in [13, Lemma 2.8].

Lemma 1.1.9. Assume Setting 1.1.1, let L € (0,00), let f:[0,T) x O x R™ — R be
measurable, assume for all t € [0,T), x € O, y,z € R™ that |f(t,z,y) — f(t,x,2)] <
Ly — z|||, let v,w: [0,T) x O — R™ be measurable, and assume that

ap sup [ WD ) o, L3

te[0,T) z€O V(t 17)
Then it holds for all A € (0,00), t € [0,T), z € O that

e [[[ 1700 X000 650 = Xt X0 |

As
- € |HU(Say) — w(say)m
< ch/mV(t z)e ™M Les[%%) 3161(]@)) ( Visy) VT —s|)|.

Proof of Lemma 1.1.9. First note that the assumption that f, v, and w are measurable
and the fact that for all t € [0,T], z € O it holds that X} and Z} are measurable ensure
that for all t € [0,T), x € O it holds that (¢,T] x Q3 (s,w) — [f(s, X7 (w),v(s, X[ (w)))
—f (s, X7 (w), w(s, XFo(w))]|| 28| € R is measurable. Fubini’s theorem and the assump-
tion that for all t € [0,T), z € O, y, z € R™ it holds that | f(¢,z,y)— f(t,x, 2)| < Ly — =||
therefore imply that for all A € (0,0), t € [0,T"), € O it holds that

T
EU (X 000 XE) = 0 Xl XE DI 2 0

(1.64)

[ 2lotr X = w12 o
(1.65)

M l|vr, 7 x —Ar
Lf el Mz ) |

T
< [ sup Sup As”|v(%;;u(s,y)”| m)] f E[WXT UJZ””H X g
t

s€[0,T") yeO
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This, item (ii) of Lemma 1.1.2 (applied for every t € [0,T) with a «— ¢, b = T in the
notation of Lemma 1.1. 2) and the fact that for all ¢t € [0,T), r € (t,T], x € O it holds that
EWV(r, X ZE] < V(t,r) demonstrate that for all A € (0,00), t € [0,7), z € O it

F
holds that
T
]Elf |f(r,X§T,v(r,Xt”fr)) f(r, Xtr,w(r X)) HHZ””T dr]
t
)\a
<L| sup su ( G, y) w(s | ﬁ> _cVltaw) x) o dr
Le[og) yeé3 A/ (T—r)(r—t) (166)
<cL %V(t,z)e_ﬁ [ sup sup ( ASIHU(‘;Z’; yw 23) ﬁ)]
s€[0,T) yeO
The proof of Lemma 1.1.9 is thus complete. O

1.1.5 Existence and uniqueness of solutions of SFPEs

In this section we use the results of Sections 1.1.2-1.1.4 to obtain our main result of this
section, Theorem 1.1.11. To make use of Banach’s fixed point theorem in the proof of
Theorem 1.1.11 we construct in the following lemma a vector space of SFPE solutions
and show that it is a Banach space. In this sense, Lemma 1.1.10 generalizes a result in
the proof of [13, Theorem 2.9] to the case where [0,T)\ K, is considered in (1.67) instead
of [0,T] and where (1.67) includes the v/T — ¢ term.

Lemma 1.1.10. Let d € N, T € (0,0), let ||-||: R? — [0,00) be a norm, let O < R?
be a non-empty open set, for every r € (0,0) let K, < [0,T), O, < O satisfy K, =
[0, max{T" — 2, 0}], O, = {x € O: [|lz]| <r and {y e R": ||y —z|| < ;} < O}, let (B, ||]I)
be an R-Banach space, let Ve C([0,T] x O, (0,0)) satisfy sup,e o) [infiefor) i, infzeor0,
V(t,x)] = oo, let V satisfy

V= {UEC([O,T) x O, B):

(1.67)
lim sup [ sup  sup (H v(t, 2)l| VT )] }
r—o0 | tefo,r)\K, ze0\0, \ V (¢, )
and let ||||x: V — [0,0), A € R, satisfy for all \e R, we V that
eMw(t, )| )
w|lx = sup sup | ———— VT —t]. 1.68
H H)\ te[O,IJ)“) meg ( V(t,ZL‘) ( )

Then for all X € R it holds that (V,||-||x) is an R-Banach space.
Proof of Lemma 1.1.10. Throughout this proof let Wy, W, < C([0,T) x O, B) satisfy that
— {0 CU0.T) x 0,B): supieo sipseo (I0EDIVT — 1) <0} (169

and
Wy = {v e C([0,T) x O, B):

(1.70)
Hmsup, ., [ SUPsepo. )k, SUPzco0, (J0(E, )| VT — )] = 0},
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and let ||-|lw,: Wi — [0,00), i € {1,2}, satisty for all i € {1,2}, w e W; that
lwliw; = supreo )y suPseo (lw(t, @) VT —1) . (1.71)

First we claim that ||-[[w,: W2 — [0,0) is well-defined. For this, let w € W,. Observe
that the assumption that w e C([0,7T) x O, B) and the fact that for all r € (0, o) it holds
that K, and O, are compact ensures that for all r € (0, 00) it holds that

SUDser, SUPsco, ([[w(t 2)[[VT —t) < . (1.72)

Combining this with the fact that limsup,_, . [supsepo ) x, SUPseo\0, ([w(t, 2)[[| VT —1)]
= 0 shows that

SUPyefo,1) SUPeo ([lw(t, 2) VT —t) < 0. (1.73)

This demonstrates that ||-||yy, is well-defined. In particular, this demonstrates that W, <
Wi. Next note that (Wi, ||-|lw,) is a normed R-vector space. Let (w,)nen € Wi be a
Cauchy sequence. Observe that for all € € (0,0) there exists N. € N which satisfies
for all m,n € N n [N, ) that ||w, — wy|w, < e. This implies that for all ¢ € (0, 00),
k,neNn [N, ), te[0,T), x € R it holds that

llwn(t, ) = we(t, )| VT =t < Jlwn = willw, <e. (1.74)

This ensures for all ¢ € [0,7"), z € O that (w,(, z))nen is a Cauchy sequence in B. The fact
that B is complete hence demonstrates that for all ¢ € [0,T), z € O there exists w(t,x) € B
which satisfies w(t, z) = lim,,_,o w,(t, ). Moreover, note that (1.74) demonstrates that
for all € € (0,0), n e N [N, 00) it holds that

sup. sup ([t ) — w, (¢, )| VT 1)

te[0,T) z€0
— sup sup (m lim w,,(t, x) wn(t,x)m \/ﬁ> (1.75)
te[0,T) zeO MIM—00

< limsup sup sup ([[|wn(t,z) — w,(t,2)|| VT —t) <e.
m—w  te[0,T) zeO

This and the fact that wy, € W; demonstrate that

Sup sup (et 2)lIVT —t)

te[0,T) x
< sup sup (|||w(t, x) —wy, (6, 2)||VT — t)
te[0,T") zeO (176)
+ sup sup (|[wn, (¢, z)||VT —t)
te[0,T) zeO

<1+ ||wN1||W1 < 0.

Combining this with the fact that the uniform limit of continuous functions is continuous
shows that w € W,. This proves that W; is a Banach space. Next we prove that W is a
closed subset of (W, ||-|lw,). For this, let (w,)neny S Wa and w € W satisfy that

limy, o0 ||wy, — wljw, = 0. (1.77)

For every ¢ € (0,0) let n. € N and r. € (0, 00) satisfy ||w — wy [[w, < § and supsefo 7y x,.
SUP,e0\0,. ([wn.(t,2)|[VT —t) < 5. The triangle inequality hence ensures that

r—00 te[0,T)\K, zeO\O»

i sup [ sup  sup (lult, )T = t)]

(1.78)

< lim sup [ sup sup  (JJw(t, z)||VT — t)] < limsupe = 0.
[

e—0 te[0,T)\Kr, 2€O\Oy, e—0
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This implies that w € W,. Combining this with the fact that W, < W, demonstrates
that W, is a complete subset of (W, ||-|w,). Next note that for all A € R it holds that
(V, Illx) is an R-vector space. We claim that (V,||-||o) is an R-Banach space. For this,
let v, € V, n € N, satisfy

lim sup, .. (S0P triop ey [0 — w1llo] = 0. (1.79)

This implies that §2: [0,7) x O — R, n € N, is a Cauchy sequence in (W, ||-[|w,). The
fact that (Wh, ||-|w,) is a Banach space therefore implies that there exists a unique ¢ € W,
which satisfies

hmsupH— —<15H (1.80)

n—ao0

Observe that ¢V = ([0,T) x O 3 (t,z) — ¢(t,x)V(t,x) € R™) € V and

lim sup||v, — ¢V ||p = limsup H - qu =0. (1.81)
n—0o0 n—00 Wa

This proves that (V, ||-|lo) is an R-Banach space. The fact that for all A € R, A € [A, o),

v eV it holds that

lolla < llollx < e DT v]la (1.82)
hence shows that for all A € R it holds that (V, ||-||») is an R-Banach space. The proof of
Lemma 1.1.10 is thus complete. [

Next we can combine the above findings and Banach’s fixed point theorem to obtain
this section’s main result which establishes existence and uniqueness of certain SFPE
solution under the assumption of a Lipschitz continuous nonlinearity. Theorem 1.1.11 is
a generalization of [13, Theorem 2.9] to the case of gradient-dependent nonlinearities.

Theorem 1.1.11. Assume Setting 1.1.1, let L € (0,90), assume for all ¢ € (0,0), t €
[0,T), se (t,T], x € O that

llmsup[o 5)xO3(u,y)—(t,x) [ (H - Xzs” > E) +E I:H}Zg,s - th,sm] ] =0, (183)

let feC([0,T)x O xR™R), ge C(O,R) satisfy for allt € [0,T), x € O, v,w € R™ that

|f(t,x,v)—f(t,z,w)| < L||v — wl|, and assume that inf, Ow)[supte[o VK, Super\O,«( “Z( l‘)

Lm0 tfag VT =1)] = 0, infyeor) infueo V(E,2) > 0, SUD,¢(0,00) [0 tef0.7)\ . Infze0r0, V (T, 7)]
= o0, and for all u € (0,0) that

’ E[f} 1o, (X7,) ||| 2. ¢
1IN SUP,_, o | SUP¢e[0,1)\K,. SUPzc0\O, V(t,r)

(ds”]”T‘t)] —0.  (1.84)

Then there ezists a unique v € C([0,T) x O, R™) such that
(i) it holds that

: llot, =)|
limsup, _,, |:Supte[0,T)\Kr SUP.c0\0, (m vI'—t]| =0, (1.85)

(ii) it holds that [0,T) x O 3 (t,z) — E [g(X;fT)ngT + 7 fr, XE 0(r, XE,) 28, dr] e
R™ is well-defined and continuous, and

(i) it holds for allt € [0,T), x € O that

T
v(t,z) =E lg(XZT)foT —I—J f(r, X{v (r, Xtafr))ngT dr] . (1.86)
¢
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Proof of Theorem 1.1.11. Let V satisfy

V= {v e C([0,T) x O,R™):

[ (1.87)
limsup,._, lsupte[O,T)\Kr SUPze0\O, ( V(t, ) > ] }
and let [|-[[x: V — [0,00), X € R, satisfy for all A\ € R, w € V that
Mlw(t, )| )
wl|y = sup sup | ——————— VT —t|. 1.88
ol te[og) s ( V(t,r) (1.88)

Observe that Lemma 1.1.10 proves that for all A € R it holds that (V, ||-||») is an R-Banach
space. Note that the triangle inequality, the assumption that f € C([0,T) x O x R™ R),
and the assumption that for all ¢ € [0,T), x € O, v,w € R™ it holds that |f(¢,z,v) —
f(t,z,w)| < L||v—w|| ensure that for all w € V it holds that [0,7) x O 3 (t,x) —
f(t,z,w(t,z)) € R is a continuous function which satisfies that for all t € [0,7T), z € O it
holds that

|f(t,x,w(t,x))| < |f(t,l’, 0)| + |f(t,x,w(t,:p)) - f(t,ZL’,O)|

< |f(t,2,0)] + Llfw(t, z)||. (1.89)

The assumption that inf,(o,.0) [SUDsefo 1)\ 1, SUPze0\0, ( ‘f‘ﬁt(’ff))‘ VT —t)] = 0and (1.87) hence
show that for all w € V it holds that

inf [ sup  sup (|f<txw<t )| ﬁﬂ
tef

7€(0,00) 0,T)\K, zeO\O;. V(t, x)
J\fer €0 (1.90)
t
B . <|f( 2O gy, et ol >|||ﬁ)
r€(0,00) | te[0,T)\K, 2€0\O, V(t,x) V(t,z)

Combining this with Lemma 1.1.3 and item (i) of Lemma 1.1.4 demonstrates that for all
w €V it holds that

T
[0,T) x O >3 (t,x) — Elg(XgT)ZzT + J f(r, X/ w (r, X;’fr))ZfT dr] eR™ (1.91)
t

is well-defined. Furthermore, note that items (i) and (ii) of Lemma 1.1.8 (applied for
every w € V with h —~ ([0,T) x O > (t,x) — f(t,z,w(t,z)) € R) in the notation of
Lemma 1.1.8) and (1.90) prove that for every w € V it holds that the function in (1.91)
is in V. This shows that there exists ®: V — V which satisfies for all t € [0,7T), x € O,
w €V that

(P(w))(t,z) =E [g(Xt”fT)Z;fT +£ [l XE 0 w(r, Xi)) ZE, dr] ) (1.92)

Furthermore, note that Lemma 1.1.9 demonstrates that for all A € (0,00), w,w € V it
holds that

[®(w) — P(w)][
eME[stT | £ X7 o, XE )= F 0, XE w (e XED)| [ 28 dr]
< sup sup VI —1t
te[0,T) z€0 ( Vit.e) (1.93)

< ey —
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This implies that for all A € [¢?L?73, o0), w,w € V it holds that
N 1 N
12(w) = ®(@)[lx < S llw = @] (1.94)

Banach’s fixed point theorem therefore shows that there exists a unique v € V' which
satisfies ®(v) = v. The proof of Theorem 1.1.11 is thus complete. O

1.2 SFPEs associated with stochastic differential equa-
tions (SDEs)

The aim of this section is to apply the abstract existence and uniqueness result in The-
orem 1.1.11 to the case where X is an SDE solution and Z is the stochastic process in
(1.99) below arising from the Bismut-Elworthy-Li formula. Subsections 1.2.1-1.2.2 provide
several boundedness and convergence properties of SDE solutions which will be needed
to prove our main result, Theorem 1.2.5. Throughout this section we frequently use the
following setting.

Setting 1.2.1. Let d € N, a,¢,T € (0,0), let {-,-): RY x RY — R be the standard
Euclidean scalar product on RY, let ||-||: RY — [0,00) be the standard Euclidean norm
on R%, let ||-||p: R™>*? — [0,00) be the Frobenius norm on R¥? let O < R? be an open
set, let (Q, F, P, (Fs)sepo,r]) be a filtered probability space satisfying the usual conditions, let
W:[0,T]xQ — R? be a standard (F)sejo.r1-Brownian motion, let p € C%([0,T]x O, R?),
o€ C([0,T] x O,R¥9) satisfy for all s€ [0,T], z,y € O, v e R? that

max { @~ y, u(s,2) — (s, ), Sl (s,2) = o (s,9) 3} < 5llz — vl (1.95)

and v¥o(s,z)(o(s,z))*v = a||v|?, for every t € [0,T], z € O let X¥ = ((thf’sl,...,

X;‘:gd))se[t,ﬂ: [t,T] x Q — O be an (Fs)sep-adapted stochastic process with continuous
sample paths satisfying that for all s € [t,T] it holds a.s. that

Xl =+ f pu(r, er) dr + f o(r, Xfr) dw,., (1.96)
¢ ¢

and assume for allt € [0,T], w € Q that ([t,T] x O 5 (s,x) — X[, (w) € O) € CO}([t, T] x
0,0).

1.2.1 Moment estimates

The next lemma establishes several moment estimates for SDE solutions and the stochastic
process in (1.99) below arising from the Bismut-Elworthy-Li formula.

Lemma 1.2.2. Let d e N, a,¢,T € (0,0), let t € [0,T], let {-,-): R? x R? — R be the
standard Euclidean scalar product on RY, let ||-||: R — [0, 0) be the standard Euclidean
norm on R%, let ||-||p: R4 — [0,0) be the Frobenius norm on R4 let O < R? be
an open set, let (Q, F,P,(F)epr)) be a filtered probability space satisfying the usual
conditions, let W: [0,T] x Q — R? be a standard (Fs) sefo,r)-Brownian motion, let j €
CoL([0,T] x O,RY), 0 € C¥L([0,T] x O,R¥*9) satisfy for all s € [t,T], v,y € O, veR?
that

max { (x =y, (s, @) = s, 9), Sllo(s,2) = o(s, )b} < 5o~y (1.97)
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and v*o(s,z)(o(s,z))*v = al|v||?, let m € [0,00) satisfy m = maxep,r[5]p(s,0)]* +
lo(s,0)[|F], for every x € O let X* = ((XZ1,..., X2 ))seper): [6,T] x @ — O be an
(Fs) sepe,ry-adapted stochastic process with continuous sample paths satisfying that for all

€ [t,T] it holds a.s. that

X7 =x+J u(r,Xf)dr+J o(r, X7)dW,, (1.98)
t t
assume for all w € Q that ([t,T] x O 3 (s,z) — X% (w) € O) € CO([t,T] x O0,0), and
for every x € O let Z% = (ZF)ser): (6, T] x @ — R? be an (Fy)ser1-adapted stochastic
process with continuous sample paths satisfying that for all s € (t,T] zt holds a.s. that

Ze = Sitf(a(r, X))~ (; Xx) dw,. (1.99)

Then

(i) for all x € O and all stopping times 7: Q — [t,T] it holds that

(E[Hx;cuﬂ)é < exp((2c + 1)T)(qu2 + o ) (1.100)

c+1
(ii) for all je€{1,...,d}, x € O, and all stopping times 7: Q — [t,T] it holds that
( [||ax bed| ]) < E[exp (c(r —1))], (1.101)
(ii1) for all x € O and all stopping times T: Q — [t,T'] it holds that
R
E|[| =X} ] < dexp (27 - 1)), (1.102)

(iv) for all s € [t,T], x € O it holds that

o 1
(o (s, X)) i may < (1.103)
(v) for all x € O and all stopping times 7: Q — [t,T] it holds that
T 0 dT
z\\—1 T i
E“ L (o(r, X)) <&xx ) } exp(2¢T), (1.104)
and
(vi) for all s € (t,T], x € O it holds that
E[||Zx||2] < Ljsexp@(r—t)c) dr. (1.105)
’ a(s —1)* J;

Proof of Lemma 1.2.2. Throughout this proof let e, e, ..., e; € R? satisfy that e; =
(1,0,...,0), & = (0,1,0,...,0), ..., g = (0,...,0,1). First observe that (1.97), the
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Cauchy-Schwarz inequality, and the fact that for all a, b € [0, ) it holds that 2ab < a?+b?
imply that for all z € O, s € [t,T] it holds that

T x 1 x
<X37M(S7Xs )> + 5”0-(87 Xs )H%‘
< (X pls, X7) — (s, 0)) + <X, u(s, 0))
+llo(s, X3) = a(s,0)[|% + o (s, 0)[| %

€ . . (1.106)
< SIXIN + 1IXTMels, Ol + el XTI + llor (s, 0) 17

< SIXIP + SIXE2 + S als, O + el XZ | + (s, 0) 7
< (2¢+ D] X7])? + m.

Combining this with [50, Corollary 2.5 (i)] (applied for every z € R?, j € {1,2,...,d} with
HeRLU—RET Tt a=— ([0,T -t x Q> (s,w) — pult+s,z) e R, b
([0, T—t] xQ 3 (s,w) — o(t+s,2) € R X o~ ([0, —t] x Q5 (s,w) — X7 ,(w) € 0),
p—2,a = ([0,T—t]xQ 3 (s,w) = (2c+1) € R), B =~ ([0, T—t]xQ 3 (5,w) > v/2m € R),
¢1 = 2, g2 = oo in the notation of [50, Corollary 2.5 (i)]) shows that for all z € O and all
stopping times 7: 2 — [¢, 7] it holds that

1

(EijfH?])é < exp((2¢ + 1)T) (HxI\Q + 2m LT exp(—2(2¢ + 1)s) ds) ’

=

< exp((2c + 1)T)<||x||2 + (1 — exp(—(de + 2)T))>2 (1.107)

4e + 2

< exp((2¢ + 1)T)<||x||2 o 1) ’,

This establishes item (i). Next note that (1.98), the Leibniz integral rule, the chain rule,
and the fact that g e C%([0,T] x O,R?) and o € C*L([0,T] x O, R¥*?) show that for all
se[t,T],xe€ O, je{1,2,...,d} it holds a.s. that

d
%Xﬁ —e+ ; U (;’;‘)( Xw)(%xm dr

[ (e (L) |

Moreover, observe that the chain rule, (1.97), and the assumption that for all w € Q it
holds that ([t,T] x O 3 (s,x) — X%(w) € O) € C¥([t,T] x O,0) ensure that for all
relt,T],xe O, je{l,2,...,d} it holds a.s. that

(1.108)

d

() B (e x5 35 (F) e xo x|

F

1
= lim <X"”+hef X7 p(r, Xerhej — u(r, X7 >
(0,00)3h—0 hz[ ,U( ) :U’( ) (1.109)

gl xze) ot x|

C C
(ot

: z+he; _ y=x _ vz
S8 g dim o e - x| = of

ox;

This, (1.108), and e.g., [50, Corollary 2.5(i)] (applied for every x € R, j € {1,2,...,d}
with H — Rda U — Rda T — T_ta a = ([OvT_t] x ) 3 (S;W) - Zd a_ﬂ(t‘i‘

i=1 axl
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1) X € RY), b ([0,T = 1] x Q2 (s,w) = i, £2(t + 5,2) 32 X7, € R,
X — (ainHT)TE[O,T_t], p—2,q — 2, ¢ — 0, a —~ ([0, —t] x Q 5 (s,w) — c €
[0,0]), and B ~ 0 in the notation of [50, Corollary 2.5(i)]) demonstrate that for all
je{l,2,...,d}, z € O, and every stoppping time 7: Q — [¢,T] it holds that

< [Hax X7 D < exp (e(T —1)). (1.110)

This establishes item (ii). In the next step note that item (ii) implies that for all z € O
and all stopping times 7: Q — [¢,T] it holds that

[Haxxzu } :i [Hé’x Xz|*| < dexp (2¢(T - 1)). (1.111)

This establishes item (iii). Next observe that the assumption that for all s € [t,T], z € O,
v € R? it holds that v*o(s,z)(o(s,z))*v = afv]|* ensures that for all s € [¢t,T], x € R?
it holds that o(s,z)(o(s,z))* is invertible. Combining this with the fact that for all
€ [t,T], x € O it holds that rank(o(s,z)(o(s,x))*) = rank(o(s,x)) shows that for all
€ [t,T], x € O it holds that o(s,x) is invertible. The assumption that for all s € [¢,T],
z € 0, y € R? it holds that y*o(s,x)(o(s,z))*y > ally||* therefore demonstrates that for
all se [t,T], z € O, y € R? it holds that

lyll* = y* (o (s, X)) o (s, X2) (o (s, X2))* (o5, X3) ™) "y

R (1.112)
> of| ((o(s, X9)) ) |
This implies that for all s € [¢,T], x € O it holds that
- X))yl _ 1
o(s, X") ! = sup [(Cols, X3 < — 1.113
R e I E 2 (1113

This establishes item (iv). In the next step note that the Burkholder-Davis-Gundy in-
equality, Fubini’s theorem, and items (iii) and (iv) prove that for all x € O and all stopping
times 7: Q — [t,T] it holds that

|

oI oo (20
E] dr

s JT]E [H(”(“ X (éxﬂ
< (e[l | 2 ar< L (e[| 2

ox
d (" dT
< —f exp(2¢T) dr < — exp(2cT).
a ) «

(1.114)

N

2
]dr
F

This establishes item (v). Next note that (1.108), (1.109), and e.g., [50, Corollary 2.5(i)]
(applied for every z € R j e {1,2,... d} with H —~ R, U —~ R4 T —~ T —t, a —
([O,T—t] x Q3 (s,w) — zf (s, ac) X7 €RD b~ ([0, =] x 25 (s,w) =
Zf 15+ s ) 52 ~Xlisi € R>), X~ (a_7Xt+r)re[0T i, P 2, q1 =~ 2, g — 0,

—~ ([0, T —t] x Q 3 (s,w) — c € [0,00]), and 8 — 0 in the notation of [50, Corollary
2.5(1)]) imply that for all j € {1,2,...,d}, z € O, r € [t,T] it holds that

< [Hax X7 ]) <exp (c(r —1)). (1.115)
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Combining this with the Burkholder-Davis-Gundy inequality, Fubini’s theorem, and item (iv)
demonstrates that for all s € (¢, 7], x € O it holds that
5=t [12:17] = B| | | et x) () aw |
S . ? T a.flj' T
S 3 2
<J E {H(U(T,X;?))_ <( XJL’) ] dr
ox F
; (1.116)
< [ E{lot. X0 e

< xs F] dr
<] E[lEx

ox
d S
] r < —J exp(2(r — t)c) dr.
t
This establishes item (vi). The proof of Lemma 1.2.2 is thus complete. O

«

1.2.2 Continuity in the starting point and starting time

The following lemma demonstrates convergence in probability of SDE solutions in the
starting point. Lemma 1.2.3 is a generalization of [13, Lemma 3.7].

Lemma 1.2.3. Let d,me N, T € (0,0), let ||-||: R — [0,00) and |||||: R>™ — [0, c0)
be norms, let O < RY be a non-empty open set, for every r € (0,00) let O, < O satisfy

={z € O: |z <rand{y e R lx —yl| < ;} € O}, let p e C([0,T] x O,RY),
o€ C([0,T] x O,R™™) satisfy for all r € (0,0) that

lz—yll

Sup ({ l[p(t,z) = pu(t, y)|||+\|\t|7(t 2)=0tYll . 4 ¢ [0,T),z,y € O,,x # y} U {O}) < o0, (1.117)

let (2, F, P, (Fs)seo,r)) be a filtered probability space satisfying the usual conditions, let
W:[0,T] x Q@ — R™ be a standard (Fs)sepo,r)-Brownian motion, for every t € [0,T],
e O let XP = (XF)seer): [t,T] x Q — O be an (Fy)seqi,r)-adapted stochastic process
with continuous sample paths satisfying that for all s € [t,T] it holds a.s. that

Xf,=x+ f pu(r, XZT) dr + f o(r, Xfr) dw,, (1.118)
t t
and assume for all non-empty, compact KK < [0,T] x O that
inf[ sup ( sup P(| X7 = k))] ~ 0. (1.119)
keN (t,x) e N 7: Q—[t,T] stopping time ’

Then it holds for all € € (0,00), s € [0,T], and all (t,,x,) € [0,T] x O, n € Ny, with
limsup,,_, ., [|tn — to| + ||zn — zol|] = O that

timsup, o | P (X5 g~ Xitmaston | = 2) | =0 (1.120)

Proof of Lemma 1.2.3. Throughout this proof let (t,,z,) € [0,T] x O, n € Ny, satisfy
limsup,,_,,[|tn — to| + ||zn — z0l|]] = 0 and let U, < O, n € N, satisfy for all n € N
that U, = {x € O: (Qy € O,: |ly — z|| < 5)}. Note that for every n € N it holds that
O, < O is a compact set, U, < O is an open set, and O, < U,. Combining this with
[73, Theorem 11.3.7] (applied for every n € N with £ «— [0,T] x O, A} — [0,T] x O\U,,
Ay —~ [0,T] x Oy, in the notation of [73, Theorem I1.3.7]) demonstrates that for all n € N

there exists ¢, € CF([0,T] x O,R) which satisfies for all ¢t € [0, T], z € O that

H[O,T]xOn(t;x> < (,On(t,l’) < H[O,T]xUn(th)' (1121)
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Let m,: [0,T] x RY - R% n e N, and s,: [0,T] x R — R™™ n e N, satisfy for all
neN, tel0,T], z e R? that

et )u(tz) xeO
ma(t,z) = {o e RNO (1.122)
and
_Jealt,z)o(t,z) xe0
sult, @) = {o 2 eRNO. (1.123)

Combining this with (1.117) and (1.121) shows that m,,: [0,7] x R — R?% n € N, and
Sp: [0, T] x R? — R¥>™ n e N, are compactly supported, continuous functions which
satisfy that

(I) for all n € N it holds that

[Hmn(t,x) — MY+ salt,2) = sult I | _ (1.124)

sup sup

te[0,T] z,yecR? ||Zl§' - y”

TFEY

(IT) for all ne N, t € [0,T], z € O, it holds that

[ma(t. ) — ut. )] + llsu(t.2) — ot )] =0, (1125)
and
(ITT) for all n e N, t € [0,T], x € O\U, it holds that

[l (t, @)1+ llsn(t, 2)IlI] = 0. (1.126)

Observe that [69, Theorem 5.2.9] (applied for all n € N with b —~ m,,, 0 — s, in the
notation of [69, Theorem 5.2.9]) and item (I) demonstrate that for every n € N, t €
[0,T], x € O there exists an (IFy)ep r1-adapted stochastic process X" = (X)) e,
[t,T] x Q — R? with continuous sample paths which satisfies that for all s € [t, T'] it holds
a.s. that

Xis' =x+ f my(r, X5 dr + f S (r, X7 AW, (1.127)
t t

Moreover, note that item (III) ensures that for all n € N it holds that supp(m,) U
supp(s,) < [0,7] x U,. This and [13, Lemma 3.4] (applied for every n € N, t € [0, 7],
re€OwithT —~T—1t, O~ U, p=— ([0,T —t] x O 3 (s,y) = myu(t + s,y) € RY),
o ([0,T—t]x0 3 (s,y) > sp(t+s,y) € R™™) F o~ (Fpys)sepor—e. W = ([0, T—t]xQ 3
(5,w) = Wis(w) = Wi(w) € R™), X = ([0,T —t] x Q 3 (s,w) — X}, € O) in the
notation of [13, Lemma 3.4]) show that for all n € N, ¢t € [0,T], € U, it holds that
P(Vs € [t,T]: X' € U,) = 1 and for all n € N, ¢t € [0,T], z € O\U, it holds that
P(Vs € [t,T]: X;)" = x) = 1. This ensures that for all n € N, ¢t € [0,T], z € O there
exists an (F)sef:,-adapted stochastic process X" = (X" )seqer: [t 1] x @ — O with

continuous sample paths which satisfies that for all s € [¢,T] it holds a.s. that
X =+ f my (1, X5") dr + J sn (1, X5 ) AW, (1.128)
t t

In the next step let 7%%: Q — [t,T], n € N, t € [0,T], x € O, satisfy for all n € N,
te[0,T], z€ O, weQthat 7" (w) = inf({s € [¢, T]: max{||A"||, | X7} > n} u{T}).
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Note that for every n € N, t € [0,T], z € O it holds that 7™"": Q — [¢t,T] is an (Fy)sep,1)-
stopping time. Next observe that [13, Lemma 3.5] (applied for every n € N, t € [0,T1],
€O withT —~T—t,C e~ [0,T—t]xOp, 1 = ([0, T—t]x O 3 (s,y) — u(t+s,y) € RY),
po =~ ([0, T —t] x O 3 (s,y) = mu(t + s,9) € RY), o1 — ([0,T —t] x O > (s,y) —
o(t+s,y) € R™™) gy e~ ([0, T—t] xO 3 (s,y) = sp(t+s,y) € R”™) F o~ (Fris)sepo,r—1,
W ([0, T*t] x Q3 (s,w) > Wi_s(w) —Wi(w) e R™), XO o~ ([0, T — ] x Q 3 (5,w) >

X, €0), X® e~ ([0, T —t] x Q3 (s,w) = X7}, € RY), 7~ 75" — ¢ in the notation
of [13, Lemma 3.5]), item (II), (1.117), and the fact that O,, is a compact set demonstrate
that for all n € N, ¢t € [0,T], € O it holds that

P(Vs € [t, T]: Ljscrmtny|| X" — X7 || = 0) = 1. (1.129)
This implies that for all € € (0,0), ne N, t € [0,T], s€ [t,T], x € O it holds that

P(| X" = Xill = &) <P < s)

< P(| X neel =n) < sup P(|XT | = n). (1.130)

7: Q- [t,T]
stopping time

n

Moreover, observe that [13, Lemma 3.6] and items (I) and (III) prove that there exist c,
k € N, which satisfy for all k,n € N, s € [ty, T] that

n, k
[”th max{s,tn } thzomax{s to}||2] S Ck[|t” - t0| + ||{L‘n - xOHQ]' (1131)

Furthermore, note that (1.127) shows that for all k,n € N, s € [ty, 7] it holds a.s. that

xg,k X:(:g k

to,max{s,tn } to,max{s,to}
max{s,tn } N max{s,tn} L (1132)
_ f i, X20) dr +f 0, X208 AW

Combining this with Minkowski’s inequality, the Burkholder-Davis-Gundy inequality, and
the fact that m,, n € N, and s,, n € N, are continuous functions with compact support
implies that for all k,n € N, s € [to, T] it holds that

( [H t:ﬁ(,)n’fax{s tn} tg(c)onlfax{s to}” :|>
max{s,tn } 1
gf <E[Hm’f (r, X0l ]) dr
max{s,tn} 2 %
([ o)

S

< |max{t, — s,O}ﬁl\FT( sup supHmk(t,x)]D + sup sup |Hsk(t,x)H|] < 0
te[0,T] z€O

te[0,T] z€O

(1.133)

The fact that for all a,b € R it holds that (a +b)?* < 2(a? + b*) and (1.131) therefore show
that there exist ¢ € [0,0), k € N, which satisfy for all k,n € N, s € [t, T] that

|:||Xtinmax{s tn} tg(c)orr]fax{s to} || ]
< ZE [| Xtinmax{s tn} tg(c)on]fax{s tn} || ] + Q]E[thmoon]fax{s tn} tf)orr’fax{s to} H ] (1134)

< G|t — to| + |20 — zo||* + max{t, — s,0}].
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In addition, observe that (1.127) shows that for all k,n € N, s € [0, %] it holds a.s. that

Tn,k xo,k Tn,k
tn,max{s,tn} Xtoomax{s to} tn,max{s,tn} Lo
max{s,tr } . max{s,tn } (1135)
= T, — Xo + f my(r, X") dr + J sg(r, thlnr ) dW,..
tn tn

Minkowski’s inequality, 1t6’s isometry and the fact that m,, n € N, and s,, n € N, are
continuous functions with compact support ensure that for all k,n € N, s € [0, (] it holds
that

[NIES

(E[H'Xtirjffax{s,tn} tf)onlfax{s to} || :|> o ||‘Tn - IOH

<[ el ) o

max{s,tn } 2 %
([ et o) (1150
tn

< |max{t, — S,O}|§[\FT< sup sup||mk(t,x)||> + sup sup sk (t, x)||]
0

te[0,T] xz€ te[0,T] =

< 0.

This and (1.134) imply that there exist v € [0,00), k € N, which satisfy for all k,n € N,
s € [0,T] that

Tn,k xo,k 2

E[thn,max{s,tn} Xtoomax{s to} H :|

< ”yk[|tn — to| + |zn — mol|* + Ljo,401(s) max{s — t,, 0} (1.137)
+ Lo, (s) max{t, — s, 0}]

Next note that the fact that lim sup,, o, [|t, —to| +[|7n — 2ol|] = 0 ensures that there exists
a compact set JC < [0, 7] x O which satisfies for all n € Ny that (¢,,x,) € K. Markov’s
inequality, (1.119), (1.130), and (1.137) hence show that for all € € (0,0), s € [0,T] it
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holds that

lim sup [P<||thnnmax{s ) Xz)?max{&to}ﬂ > a)]

n—00

< é?]{; ( lim sup lP <||thnmax{s tn} thnmax{s tn} || )

n—00
T, x0,k €
+ P(H‘th max{s,tn } Xtoomax{s to} H = g)

x0,k T c
+ P(H thomax{s to} Xto(?max{s,to} H > g) ] )

< inf (limsupl sup  P(|X{ ] = k)

keN n— 7: Q—tn,T]

stopping time

z k T
[|| tn max{s tn} toomax{s tO} || ] ‘ qulz . ]P)(HXtO(:TH > k):|)
aewis ol (1.138)
< inf <lim sup l sup P X[ | =k)+ sup P(| X5 = k)

keN n—00 7: Qo [tn,T] ’ T: Q—[to,T] 7

stopping time stopping time

e 2
+ —(|tn — to| + ||zn — xo||” + Lo, (s) max{s — t,,0}

n ﬂg[tm(s) max{t, — s, 0})])

= inf (limsup [ sup  P(||X[ [ =k)+  sup  P(| X5 = k)])

keN n—0o0 7: Q—tn,T] 7: Q—|to,T]
stopping time stopping time
< inf( sup [2 sup  P(|XY || = )]) =0.
FEN\ (uy)ek & 71 Q—[uT)
stopping time
This establishes (1.120). The proof of Lemma 1.2.3 is thus complete. O]

The next lemma uses the results in Lemma 1.2.3 to prove convergence in mean for
the stochastic process in (1.140) below which is the stochastic process arising from the
Bismut-Elworthy-Li formula.

Lemma 1.2.4. Assume Setting 1.2.1, for every r € (0,00) let O, < O satisfy O, = {z €

O: ||z <7 and {y e R%: |ly — z|| < 2} = O}, assume for all r € (0,0), j € {1,2,...,d}
that

Gﬁﬁ@x) (e, y)lp + 122 (1) — ()5
sup :
|z — yll (1.139)
€0, T],z,y € O,,x # y} U {O}) <
and for every t € [0,T], v € O let Z = (Z},)seqr): (6, T] x @ = R? be an (Fy)se(e,r)-

adapted stochastic process with continuous sample paths satisfying that for all s € (t,T] it
holds a.s. that

xX xX — a xX
zr, = —f o(r, X7, (axﬁ . (1.140)
Then it holds for allt € [0,T), s€ (t,T], x € O that

Wit SUD 1) 0151 (e0) | B[22 = Z24 1] = 0. (1.141)
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Proof of Lemma 1.2.4. Throughout this proof let m € [0,00) satisfy m = max[o,n
[5111(5,0)|I>+ [|lo(s,0)[|%] and for every ¢ € [0,T], x € O let Y;" = (Yi%)sepry: [, T] x Q2 —
R? be an (F s)seft,r1-adapted stochastic process with continuous sample paths satisfying
that for all s € [t,T] it holds a.s. that

T __ ’ T -1 i T
}/7-578 - J; (O-(T7 Xt,r)) (axXtﬂ”) dWr (1142)

Next observe that Markov’s inequality, items (i) and (iii) of Lemma 1.2.2 and the fact
that for all a,b € R it holds that (a + b)* < 2(a® + b?) show that for all t € [0,T], = € O,
and all stopping times 7: Q — [¢,T] it holds that

0
P + X5 > K) < B[00+ 5 x )]
2 0
< EE[HngTHz + Ha—xngTHF] (1.143)

< o (expllde + 27 (Il + 5 ) + dexp(2e)).

This implies that for all non-empty, compact K < [0, 7] x O it holds that

ig%[(t§SEK< R (AR H%Xﬁfﬂp > 1))

7: Q—[t,T] stopping time
. 2 m (1.144)
< l 4 2T< 2 ) d 2T>>]
igg[(tfng<k2(eXp(( ¢+ 2)T)(ll2l” + 5= ) + dexp(2eT)

=0.

Lemma 1.2.3 (applied with d =~ 2d, m =~ d, O —~ O x R% p — ([0,7] x R? x
R 2 (1,09 v (ult.0), ()02 € R xR, 0~ ([0.7] % R xR 3 (1.0,2)

(o(t,z), 2% (£ Z)(2, 1)z;) € R4 x R™4) and for every j € {1,2,...,d},te[0,T], x €O
with X* — ([t T] x Q3 (s,w) — (X7, (), 5 pry 2 X7, (w)) € O x RY) in the notation of
Lemma 1.2.3) and (1.139) therefore demonstrate that for all je{l,2,...,d}, € € (0,0),

s€[0,T], and all (¢,,z,) € [0,T] x O, n € Ny, with limsup,,_,.[|tn — to| + |[|zn — z0||]] = 0
it holds that
lim sup []P’(HX:”"

zo
tn,max{s,ty} Xto,max{s,to} H
n—00

) (1.145)
+ H%szZmaX{s,tn} B a_IthxOOvmaX{S»tO}H Z 8)] =0

Furthermore, note that the assumption that o is continuous implies that c~! is continuous.
Combining this with (1.145) and the Continuous Mapping Theorem shows that for all

€ (0,00), s € [0,T], (tn,zn) € [0,T]x O, n € N, with lim sup,,_, . [|t, —to| + |2 —20||]] = 0
it holds that

lim sup [P(|| (o (max{s, t,}, X }))71

tn,max{s,ty

_— 1 (1.146)
( (max{s tO} to max{s, to}))_ || = 8] = 0.

This and (1.145) ensure that for all € € (0,0), s € [0,T], (tn,x,) € [0,T] x O, n € N, with
limsup,,_,,[|tn — to| + ||&n — z0]|]] = 0 it holds that

0
I [P( ) X -1.2 xon
linjog‘p H (O’(HlaX{S } tn,max{s, tn}>> or tn,max{s,ty}

(1.147)

x — a x
o maxs, foh Xigoan) ™ 3y Kt > )] =0
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Next observe that items (iii) and (iv) of Lemma 1.2.2 show that for all ¢ € [0,T], s € (¢,T1],
x € R? it holds that

E [H(o—(s, XE)™ (;fos) H <E [H(o—(s, XED T sy

[Hafos ]: [Hafos

Combining this and (1.147) with [68, Corollary 18.13] (applied for every n € N, t € [0, 77,

€ (t,T], z € O, (tm)men S [0,s) which satisfies lim,,, .oty = ¢, (Tp)men S O which
satisfies lim,, o0 @, = & with X — W, U — (g)l/2 exp(cT), V —~ (([0,T] x Q3 (s,w) —
o (s, X7, (W) 5 XE(w) € RP), Vi (2 x [0,T] 3 (w,5) = (o(s, X7 (w))) !
(£ X7 (w)) € R) in the notation of [68, Corollary 18.13]) ensures that for all € €
(0,0), s € [0,T], and all (t,,z,) € [0,T] x O, n € Ny, with limsup,,_,,[|t. — to| + ||z —
zol|] = 0 it holds that

lim sup,, ., [[P’(H}Qifmax{sytn} = Y axts.to) || = 6)] =0. (1.149)

In addition, note that item (v) of Lemma 1.2.2 ensures that for all t € [0,T], = € O,
€ [t,T] it holds that

0 2
—XZ
ax t,s

F] (1.148)

(%

] < éexp(QCT).

dT
E[¥ 7] < & exp(2eT). (1.150)
’ (6%

Next observe that Hélder’s inequality demonstrates that for all ¢ € (0,00), s € (0,71,
u,t €[0,s), z,y € O it holds that

B[, - Vill] < e+ B[V - Yillgve.-vei5a]
1 1
+ (E[IIYJ{S - K?SHQ]) 2 (E[ﬂ{nyas—mn»}]) 2 (1.151)
1 1
+ (BLvY —val?])" (B(ve, - vl > )

Combining this with (1.149) and (1.150) proves that for all t € [0,T), s e [t,T], x € O it
holds that

limSUP[o $)xO03(u,y)— [ [|| Yt?:s||]:| = 0. (1152)

Throughout the rest of the proof let (to,xo) € [O,T] x O, sg € (to,T], and (t,,z,) €
[0,50) x O, n € N, satisfy that limsup,,_,[|tn — to| + [|zn — z0]|]] = 0. Observe that for
the proof of (1.141) it is sufficient to show that

limsup | E[ 1257, = Zi2, 1] = 0. (1.153)
n—0oo

Next note that the fact that limsup,_,[|t, — to|] = O ensures that there exists r € N

which satisfies that for all n € N it holds that ¢, € [0, so — %] The triangle inequality

hence demonstrates that for all n € N it holds that

1 1
E[HZ?”SO zoo, ] = E[

Ty o

t to,
S0 — tn S0 Sg — tO 0,50

< BV, = Vit I+ | =~ [l ]

S0 So —tn S0 — o (1.154)
< Yxn _Y$0

o [l e v

1 1 3
+ — E[ ||y, ) .
‘ 80—t0‘< tOSOHJ

SO_tn
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Combining this with (1.150) and (1.152) demonstrates (1.153). The proof of Lemma 1.2.4
is thus complete. O

1.2.3 Existence and uniqueness properties of solutions of SFPEs
associated with SDEs

In the following theorem we combine Theorem 1.1.11 with the results in Section 1.2.1-1.2.2
to obtain this section’s main result, Theorem 1.2.5. Theorem 1.2.5 extends the abstract
existence and uniqueness result in Theorem 1.1.11 to a class of SFPEs associated with
certain SDEs. In this regard, Theorem 1.2.5 generalizes [13, Theorem 3.8] to the case of
gradient-dependent nonlinearities under more restrictive assumptions.

Theorem 1.2.5. Assume Setting 1.2.1, let b, K,L € (0,0), let |-||: R — [0,0)
satisfy for all x = (xq,...,2q41) € R4 that |H:cH| = (X |2i2)V2, for every r e (0,0) let
K, < [0,T), O, < O satisfy K, = [0,max{T — £,0}] and O, = {x € O: ||z|| <r and {y €
R?: |ly — z|| < 2} = O}, assume for all r € (0, oo) jef{l,...,d} that

(1, 0) — 2(t,y)llr + 122 (1) — 22(t,9) |

o ({ Rl | (1.155)
e[0,T],z,y € O,,x ;éy} U {0}) <

for everyt € [0,T], x € O let Z} = (Zf,)seery: (6, T]xQ — R be an (Fy) se(r,ry-adapted
stochastic process with continuous sample paths satisfying that for all s € (t,T] it holds

a.s. that
1
ZE, = e (0 v 1.156
2 (stgt o(r, X2,) (a—me>dW,ﬂ,> (1.156)

let Ve CY2([0,T] x O, (0,0)) satisfy a.s. for allt € [0,T], s€ [t,T], x € O that

(50)(5, X720 + ((G0) (5, X70), (s, X7))

1.157
+ £ Trace(o (s, X7,)[o(s, X7,)]*(Hess, V))(s, X7,)) < KV (s, X[,) + b, ( )

let f e C(0,T) x OxRIFLR), g e C(O,R) satisfy for all t € [0,T), z € O, v,w €
R*Y that |f(t,x,v) — f(t,z,w)| < Lljv—wl||, and assume that inf,e(o)[SUPrejo )k,

x 2 T . . . .
Supmeo\or("f((T)L)) + |f(t( ;(3‘ (T'—1t)] = 0, and liminf, o [inf,cfo ryinfco0, V(¢ 2)] = .

Then there exists a unique v € C([0,T) x O, R¥Y) such that

(i) it holds that

limsup[ sup  sup (M \/T—t)] =0, (1.158)

r—0o0 te[0,T)\K, 2€O\O» V<t7 l’)

(i) it holds that

T
0.1) % 05 (1:0) = E|o(Xe0) 2 + [ 100 X XED 2 0| e RO
t

(1.159)
is well-defined and continuous, and
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(iii) for allt e [0,T), x € O it holds that
T
v(t,x) =E {g(ngT)Zt’fT +J [l XE o, Xi)) ZE, dr | (1.160)
t
Proof of Theorem 1.2.5. First note that the assumptions that V' e C([0,7] x O, (0, 0))
and that liminf, ., [infiepo 7 infzeor0, V (£, 2)] = o0 ensure that

infyefo,ryinfzeo V (¢, ) > 0. (1.161)

Furthermore, observe that [50, Theorem 2.4] (applied for every ¢ € [0,T], x € O with
H-RLU—~RLT—~T—t X — ([0,T—t] xQ 5 (s,w) » X7 (w) e RY), a
([0, T—t] x Q> (s,w) — put+s,z) e RY), b~ ([0, T—t]xQ 3 (s,w) — o(t+s,z) € R*),
pe—1,a— ([0,T—t]xQ 3 (s,w) — K € [0,0)), 8 — ([0,T—t]xQ 3 (s,w) — be [0,00)),
¢1 = 1, g2 = o0 in the notation of [50, Theorem 2.4]) and (1.157) demonstrate that for
all t € [0,T], z € R%, and all stopping times 7: Q — [¢,T] it holds that

B[V (r ;)] < (KD (E[V ()] 40 [ ) e

=exp(KT)V(t,z) + %(exp(KT) —1).

Moreover, note that item (vi) of Lemma 1.2.2 and the fact that for all a,b € R it holds
that v/a + b < \/a + /b show that for all t € [0,T], s € (t,T], x € R? it holds that

(Elize)" < (14 o |

< (1 + a(sd_ 9 eXp(QCT))% <1+ (a(sd_ 9 eXp(QCT)) %.

The Cauchy-Schwarz inequality and (1.162) therefore show that for all ¢ € [0, T, s € (¢, T],
x € O it holds that

B[V Xt Izl < (Bve. X)) (Bl1z2e)°

< (exp(KT) Vit,x) + %(exp(KT) - 1)) ? [1 + (ﬁ exp(?cT)>

s 2

dexp(2(r —t)c) dr)
(1.163)

D=

|

1
2

< \/%(exp(KT)V(t,xH%(exp(KT)—n) [f + <—exp(20T)) ] (1.164)
< %(exp([(?’) b (exp(KT) — 1))5

[ uel0,T7] 1nfy€0 V(U y)]

[\F - (—exp(ZcT)) ]

Furthermore, observe that for all k € N, t € [0,T], € O, and all stopping times 7: ) —
[t,T] it holds that

MW%WH—JVHMKMMMW@M

L o 1 V(7(w), X7y () P(dw) (1.165)

t ‘r(w) k}

[ inf inf V(s y)] P(| X[ = k) = [ inf inf V(s y)] P(| X7 [ = k).

s€t,T] yeO\Oy s€[0,T"] yeO\O
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Combining this with (1.162) implies that for all k € N, ¢ € [0,T], z € O, and all stopping
times 7: © — [¢,T'] it holds that

E[V(r, X{,)]
1nfse 0,77 lnfyeO\Ok V(57 y)
_ exp(KT) V{t,a) + L{exp(KT) 1)

il’lfse[07T] infyeO\Ok V(SJ y)

P XEA = k) <
(1.166)

The fact that sup,e(o p)linfiefo,rint,c0,0, V (£, )] = o0 therefore proves that for all non-
empty, compact K < [0,7] x O it holds that

inf[ sup < sup P(| X =k )}
ot s (- O P(IXE) > k)

7: Q—[0,T] stopping time
< [ I V81 o0l 1)
keN inf sef0.71 infyeor0, V (5, ¥)
_ (KT [supgper V(L 2)] + w(exp(KT) —1)

= SUDPjen [infse[o’T] inf,co\0, V(s,y)]

(1.167)

Lemma 1.2.3 and the assumption that p € C%*([0,7] x O,R?Y) and o € C%'([0,T] x
O, R™%) hence demonstrate that for all € € (0,0), s € [0,T], (t,,x,) € [0,T] x O, n € N,
with limsup,,_, . [|tn — to| + ||zn — o||] = 0 it holds that

lim sup [P(|| X} — X7o ) >¢] =o0. (1.168)

tn,max{s,tn} to,max{s,to}
n—00

In addition, observe that Lemma 1.2.4 ensures that for all t € [0,T), s € (t,T], x € O it
holds that

H P ) x 03 (uy) (o) [E || Z0s — ZEs|[]] = 0. (1.169)

Next note that (1.163) and the fact that for all £ € [0, T] it holds that StT \/% ds =2¢/T —t
demonstrate that

sup  sup [E[ fngsu\(ds+5T(ds))] T—t]

te[0,T)\K, zeO\Or

< sup  suwp [ fT( (22| ])5ds+5T<ds))m]

te[0,T)\ K, zeO\O,

< sup {LT <1 + @(Sd_ ) eXp(CT)) (ds + (5T(d8))\/T7—t}

te[0,T)\ K

= sup Tt+1+\/jexch

te[0,T)\K {( VS —
d

= sup ( T—t(T—-t+1) +\/jexp(cT)(2(T—t) +1)
o

te[0, 1)\ K

<VT(T +1) + \/gexp(cT)(QT +1).

(1.170)

=)
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This and (1.161) ensure that

(E[Sf’ 12 JI(s + e (as)] VT = )1

limsup[ sup  sup Vo)
x

r—00 te[0,T)\ K, zeO\Or

SUDrefo ), Wseor0, (E| 51 122 ]1(ds + or(ds) | VT =)
< lim sup -
7—00 | 1nfte[O,T)\KT Hlfer\o,« V(t, .%‘) (1 171)
[VT(T +1) + \/gexp(cT)(QT + 1)
< lim sup - -
r—00 | 1nft€[O,T)\KT 1nfer\Or V(t, :L')

VT(T + 1) + \/gexp(cT)@T +1)

~ liminf, ., linfiepo, 77 infzeor0, A/ V (, 2)]

Combining this, (1.164), (1.168), and (1.169) with Theorem 1.1.11 establishes item (i),
(ii), and (iii). The proof of Theorem 1.2.5 is thus complete. O

The following corollary applies the results in Theorem 1.2.5 to the case of V' e~ ([0, T'] x
R? 5 (t,x) — 1+ [Jz]|7"! € (0,00)) for sufficiently large q € [1, ).

Corollary 1.2.6. Let d e N, ce [1,00), T € (0,0), let ||-||: R? — [0,%0), ||-]|: Rt —
[0,00), ||]|r: R4 — [0,00) be norms, let (Q,F,P,(Fy)sepor]) be a filtered probability
space, let i€ C*(RY R?), o e C?(RY, R¥*9) satisfy for all x,y € RY that y*o(x)(o(x))*y =
L, (12
Ly and 2

max { (u(x) — p(y))*(z — y), lo(z) —o@)F} < cllz -yl (1.172)
for every t € [0,T], x € R? let X[ = (X],)seft.1): [t, T] x Q — R? be an (Fy) e, 77-adapted
stochastic process with continuous sample paths satisfying that for all s € [t,T] it holds
a.s. that

Xy =a+ J p(Xg,) dr + f o(X¢,)dW,, (1.173)
t t

assume for all t € [0,T], w e Q that ([t,T] x R? 3 (s,x) — X[ (w) € RY) e CO!([t,T] x

R RY), for every t € [0,T], x € R let Z7 = (ZF,)ser): (6, T] x @ — R be an

(Fs)set,r-adapted stochastic process with continuous sample paths satisfying that for all
€ (t,T] it holds a.s. that

1
Zis = s z ))- z , 1.174
b (% §,(o(XEN)T (£XE) dW,,> (1.174)

let f e C([0,T) xR xR R), ge C(RYR) satisfy for allt € [0,T), x € RY, v, w e RI+?
that |f(t,z,v) — f(t,z,w)| < ¢||lv — w|| and max{|g(x)],|f(t,z,0)|} < c(||z]|c+ 1). Then
there exists a unique v e C([0,T) x RY, R™) such that (v(t, 2)v/'T — t)iejo1) pera grows at
most polynomially and for all t € [0,T), x € R? it holds that

T
olta) = E|o(Xen)Zir + [ 0 XE ol XD 2 0. (1.175)
t

Proof of Corollary 1.2.6. Throughout this proof let V,: [0,T] x R? — (0,0), ¢ € [1, ),
satisfy that for all ¢ € [1,0), t € [0,T], z € R? it holds that V,(¢,z) = 1 + ||z||?™. First
note that for all ¢ € [1,00) it holds that

r—0 | te[0,T] zeRe,||z||>r r—0 [ zeRd |z]|>r

lim inf [ inf  inf %(t,m)] = lim inf [ inf  (1+ HxHqH)] = . (1.176)
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In addition, observe that for all ¢ € [1,0), 4,5 € {1,2,...,d}, t € [0,T], x € R? it holds
that V, € C*2([0,T] x R, (0,00)) with 52 (t,2) = (¢ + 1)||z[|*'2; and

oV,
0x; T

(t.2) = Ipyoy (@) (q + (g — Dllzll*Pziz; + Ly (i) (g + D)l=)|* (1.177)

This, the Cauchy-Schwarz inequality, and (1.172) imply that for all g € [1,0), t € [0,T1],
x € R? it holds that

[t 2)]*(Va Vo) (t, ) = [u(t, )]* (g + D|=]|* 2
[(t, @) — u(t,0)]* (g + V|| 2 + [u(t, 0)]* (g + D)l 2 (1.178)
clg+ Dlf|* + [l 0)[[(q + Dllzl|* < (g + 1)(c + |lut, 0)])) Ve(t, z).

Moreover, note that Young’s inequality, (1.172), and (1.177) ensures that for all ¢ € [1, 0),
te[0,T], x € R? it holds that

3 Tr(o(t,2)[o(t, )] (Hess, Vy)(t, 2))
= 1 Ta(o(t, @) o (t,0)]* (L o) (2) (g + V(g = Dl aia
|

<
<

+ 14y (@) (g + Dll[”™)
< <qu1>|| 1" lor (&, )1 (1.179)
< <q+1>H 171 (2]l (t, 2) = (£, 0)[13 + 2llo (¢, 0)][3) |

< cqlg+ D|z)|* + q(g + 1)z )|* o2, 0)||7
< eqlg + Djz]|7 + (g — 1)(g + V)||]|? + (g + 1)||o(t, 0)[|3
< 2¢q(q + D)V, (t,x) + (¢ + 1)||o (2, 0) || 3

Combining this with (1.178) and the fact that for all ¢ € [1,00), t € [0,T], x € R? it holds
that qu 2(t,z) = 0 proves that for all g € [1,00), t € [0,T], x € O it holds that

(Tt @) + [ult,2)]* (Vo Vo) (t, )

+ 3 Te(o (@) (1, 0)] (Hess, Vy) (¢, ) + JUSEabeall - (1.150)

< (g+1) (2cq + e+ [lu(t, 0)]]) Vo(t, ) + (g + 1)llo (¢, 0) |3

Furthermore, note that the assumption that for all + € [0,7], z € R? it holds that
max{|g(z)], | f(t,z,0)|} < c(1 + ||x[|¢) ensures that there exists a € [¢?, o0) which satisfies

. lg(x)[* | [f(t,2,0)? )
inf su su + T—1t
re(0,00) [te[O,II)“) xeRd,||l:x)||>r <Va(T>-”13) Va(t, z) ( )

2 1 c\2 2T 1 c\2
e [ ap (Sl eTOlER)
r€(0,0) | perd,||z]|>r \ 1+ [ [ L+ |z

Combining this with (1.176), (1.180), and Theorem 1.2.5 (applied with K «— (a+1)(2ca+
-+ byt ). b =~ (@-+ ) [supreyy (£, 0) 2], O = RY, V e~ Vi, i the notion
of Theorem 1.2.5) proves that there exists a unique v € C([0,7) x R¢ R4™) such that

(I) it holds that

(1.181)

t
lim sup sup sup M VT —t]| =0, (1.182)
r=o | te[max{T—1,0},T) xeRe,[z]>r \ A/1 + [[2[*+!
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(II) it holds that [0,T) x R? 5 (t,2) — E [g(ngT)ngT + 7 £, X2 0(r, XE) 22, dr]

t,ro

e R is well-defined and continuous, and

(IT1) for all t € [0,T), z € R? it holds that
T
U(th) =E |:g(th,T)Zta:T + f f(ra Xt:‘r,mv(r? ngr))Ztajr d’l“] : (1183)
t
Let w e C([0,T) x R, R¥*!) be a function satisfying that (w(t, 2)v/'T — t)e[o,1) pera LOWS

at most polynomially, [0, T) x R? > (¢, z) E[g(ngT)Zt”fT + StT f(r, Xt v(r, XENZE, dr]
e R4 is well-defined, and for all ¢ € [0,T"), x € R? it holds that

T
U)(t, I) =E lg(XZT)ZgT + J f(lra ngra UJ(T, X;T>>Z;.T d?“] : (1184>
t

Observe that the assumption that (w(t, #)vT —t).e[0,1)zere grows at most polynomially
guarantees that there exists 5 € [, 0] which satisfies that

t
lim sup sup sup M\/T —t || =0. (1.185)
r—00 te[max{T—%,O},T) zeRY, ||z||>r V 1+ Hx“5+1

Theorem 1.2.5 (applied with K «— (8 + 1)(2¢8 + ¢ + [supyjo rlln(t, 0)[]]), b = (B8 +
D[supejorllo(t, 0)[*], O =~ R? V =~ Vj in the notation of Theorem 1.2.5), (1.176),
(1.180), (1.181), and (1.184) hence show that v = w. The proof of Corollary 1.2.6 is thus
complete. Il



Chapter 2

Viscosity solutions

In Chapter 1 we established the existence of a unique solution to SFPEs of the form (1.160)
in Theorem 1.2.5. The goal of this chapter is to prove that these SFPE solutions are also
viscosity solution of their corresponding semilinear PDEs. As already mentioned above,
in the case of linear Kolmogorov PDEs, the well-known Feynman-Kac formula establishes
a strong connection between stochastic analysis and PDEs by offering stochastic repre-
sentations for the solutions of these PDEs. With the goal to achieve a similar connection
between semilinear PDEs and SFPEs, we establish in Theorem 1.1.11 a Bismut-Elworthy-
Li type formula that holds under the same assumption we made in Theorem 1.2.5. The
combination of this specialized Bismut-Elworthy-Li formula, the findings in Chapter 1,
and extended results on the existence and uniqueness of viscosity solutions then leads
to our key result of this chapter which proves that - under certain assumptions on the
coefficients - the unique viscosity solution of a PDE of the form

(2)(t,2) + Gut, ), (Vo) (1,2),) o
+ 2 Tr(o(t,z)[o(t, z)]* (Hess, u) (¢, z)) + f(t, z, u(t, z), (Vou)(t,z)) =0 '
with u(T,z) = g(z) for (t,z) € (0,T) x R? is exactly the unique solution of the SFPE
in (1.86). Hence, the findings in this chapter generalize the results in [10] to the case of
semilinear PDEs with gradient-dependent nonlinearities and therefore expand the class
of PDEs for which we can provide a stochastic representation of the viscosity solution.
Furthermore, this chapter’s results are going to justify the construction of the MLP ap-
proximation scheme in Chapter 3 to gain numerical approximations of viscosity solutions
of semilinear PDEs with gradient-dependent nonlinearities.

This chapter is structured as follows. In Section 2.1 we study existence and uniqueness
properties of a certain class of Kolmogorov PDEs. For this, we recall in Subsection 2.1.1
several definitions which we use in Section 2.1. In Subsections 2.1.2 - 2.1.3 we establish
results on existence and on uniqueness of viscosity solutions of semilinear PDEs, respec-
tively. Section 2.2 provides a Bismut-Elworthy-Li formula that is fitted to our setting
and that we need to derive the connection between SFPEs and PDEs. The main result
of Section 2.2 is Theorem 2.2.3 which presents said Bismut-Elworty-Li type formula. In
Section 2.3 we combine the results of Section 2.1 and Theorem 2.2.3 with the results from
Chapter 1 to prove that the solutions of certain SFPEs, established in Theorem 1.1.11,
are indeed viscosity solution of the connected PDE. The main result of Section 2.3 is
Theorem 2.3.1 below. We illustrate the findings of Theorem 2.3.1 by presenting Corol-
lary 2.3.3.
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2.1 Existence and uniqueness results for viscosity so-
lutions (VS) of Kolmogorov PDEs

In Subsection 2.1.1 we recall the definitions of elliptic functions, viscosity solutions, and
parabolic superjets. These definitions are used in Subsections 2.1.2 and 2.1.3 to prove
existence and uniqueness properties for a certain class of viscosity solutions, respectively.

2.1.1 Definitions

The concept of viscosity solutions as generalization of classical solutions to PDEs was
introduced in [26] and further developed in [25]. The following definitions are from [10,
Definitions 2.4-2.7] and [10, Definitions 2.11 and 2.13].

Definition 2.1.1 (Degenerate elliptic functions). Let d € N, T € (0,0), let O < R?¢ be a
non-empty open set, and let (-, -): R? x R — R be the standard Euclidean scalar product
on RY. Then G is degenerate elliptic on (0,7) x O x R x R? x S, if and only if

(i) it holds that G: (0,7) x O x R x R? x S; — R is a function and

(ii) it holds for all t € (0,T), x € O, r e R, pe R? A, B € S; with Vy € R?: (Ay,y) <
<By7 y> that G(t7 aj? 7"7 p? A) < G(t7 x? r’ p7 B)'

Definition 2.1.2 (Viscosity subsolution). Let d € N, T € (0,0), let O < R? be a
non-empty open set, and let G: (0,7) x O x R x R? x §; — R be degenerate ellip-
tic (cf. Definition 2.1.1). Then we say that u is a viscosity solution of (Zu)(t,z) +
G(t,z,u(t,x), (Vyu)(t,x), (Hess, u)(t,x)) = 0 for (¢,x) € (0,7) x O (we say that u is a
viscosity subsolution of (Zu)(t, ) + G(t, z,u(t, ), (V,u)(t, z), (Hess, u)(t,z)) = 0) if and
only if there exists a set A € R x R? such that

(i) it holds that (0,7) x O < A,
(ii) it holds that u: A — R is upper semi-continuous, and

(iii) for all t € (0,T), x € O, ¢ € CY*((0,T) x O,R) with ¢(¢t,z) = u(t,z) and ¢ > u it
holds that

(59)(t,2) + G(t.z, (. ), (V20)(t,x), (Hess, ¢)(¢, ) = 0. (2.2)

Definition 2.1.3 (Viscosity supersolution). Let d € N, T € (0,00), let O < R? be
a non-empty open set, and let G: (0,7) x O x R x R? x S; — R be degenerate el-
liptic (cf. Definition 2.1.1). Then we say u is a viscosity solution of (Zu)(t,z) +
G(t,z,u(t,x), (Vyu)(t,x), (Hess, u)(t,x)) < 0 for (t,z) € (0,7) x O (we say that u is
a viscosity supersolution of (Zu)(t,z) + G(t, z, u(t,z), (V,u)(t, z), (Hess, u)(t,x)) = 0) if
and only if there exists a set A £ R x R? such that

(i) it holds that (0,7) x O < A,
(ii) it holds that u: A — R is lower semi-continuous, and

(iii) for all t € (0,T), x € O, ¢ € CY*((0,T) x O,R) with ¢(¢t,z) = u(t,z) and ¢ < u it
holds that

(59)(t,2) + G(t,z,(t, ), (V20)(t,x), (Hess, ¢)(¢, ) < 0. (2.3)
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Definition 2.1.4 (Viscosity solution). Let d € N, T'e (0, 0), let O < R? be a non-empty
open set, and let G: (0,T) x O x R x RY x S; — R be degenerate elliptic (cf. Defini-
tion 2.1.1). Then we say that u is a viscosity solution of (Zu)(t, z)+G(t, z, u(t, z), (V,u)(t, ),
(Hess, u)(t,x)) = 0 for (¢,x) € (0,7) x O if and only if

(i) it holds that w is a viscosity subsolution of
(Lu)(t,z) + G(t, z,u(t, ), (Vyu)(t, x), (Hess, u)(t,z)) = 0 (2.4)
for (t,z) € (0,T) x O and
(ii) it holds that w is a viscosity supersolution of
(Zu)(t,z) + G(t,z,u(t,z), (Vyu)(t, x), (Hess, u)(t,z)) = 0 (2.5)
for (t,z) € (0,T) x O
(cf. Definitions 2.1.2 and 2.1.3).

Definition 2.1.5 (Parabolic superjets). Let d € N, T € (0,0), let O < R? be a non-
empty open set, let t € (0,7), z € O, let {,-): R x R — R be the standard Euclidean
scalar product on R?, let ||-||: RY — [0, ) be the standard Euclidean norm on R?, and
let u: (0,7) x O — R be a function. Then we denote by (PTu)(t,z) the set satisfying

(PTu)(t,z) = {(b,p, A)eR x R x Sy:
[u(s,y)—u(t,x)—b(s—t)—<p,y—$>—%(A(y—:v),y—.t)] < 0} (26)
)

lim sup

[(0.7)x O]\ {(t.2)}2(s.0) (1. t=sltle—al”

Definition 2.1.6 (Generalized parabolic superjets). Let d € N, T' € (0,0), let O < R?
be a non-empty open set, let t € (0,T), x € O, let (-,->: R? x R — R be the standard
Euclidean scalar product on RY, let ||-||: R? — [0,90) be the standard Euclidean norm
on R, and let u: (0,7) x O — R be a function. Then we denote by (B u)(t,z) the set
satisfying

(THu)(t, z) = {(b,p, A)eR x RY x S;:
(3(tn,xn, b, P> An)nen S (0,7) x O x R x R? x Sy
(Vn e N: (by, pp, Ay) € (P u)(tn, z,,)) and
iy, o (tn, Tny w(tn, Tn), bpy Pny An) = (t, 2, u(t, ), b, p, A))}

(cf. Definition 2.1.5).

2.1.2 Existence result for viscosity solutions of linear inhomo-
geneous Kolmogorov PDEs

The following proposition establishes a Feynman-Kac representation for viscosity solutions
of certain PDEs. Proposition 2.1.7 is a minor generalization of [10, Proposition 2.23] where
we replace [0, 7] by [0, T\K,.

Proposition 2.1.7. Let d,m € N, T € (0,00), let O < R? be a non-empty open set, let
(i REx RY — R be the standard Euclidean scalar product on R?, let ||-]|: RY — [0, o)
be the standard Euclidean norm on RY, let ||-||p: R™*™ — [0,00) be the Frobenius norm
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on R™>™  for every r € (0,0) let K, < [0,T), O, < O satisfy K, = [0, max{T — 1 O}]
and O, = {z € O: ||zl < rand{y € R%: |ly —z|| < 1} = O}, let g € C(O, R) h €
C([0,T]xO,R), pe C([0,T]xO,R%), 0 € C([0,T]xO, ]Rd””) Ve CY2([0,T]x0,(0,0))
satisfy for all r € (0,00) that

[z—y||

sup ({ It Hloltl=otle . 4 [0,7), 7,y € O,z # y} g {0}) <o, (28)

assume for all t € [0,T], z € O that
(%—‘t/)(t, x) +<{u(t, ), (V. V)(t z)) + % Tr(o(t, z)[o(t, z)]* (Hess, V)(t,z)) < 0, (2.9)

assume that sup,.¢ (g o) [Infrefo,7] infer\or V(t,z)] = o0 and inf,c(o,0)[SUDsepo, ) i, SUPze0\O,
( |g((x i I iﬁ' VT —t)] = 0, let (U F,P,(Fp)iepor)) be a filtered probability space, let
W0, T] xQ — R™ be a standard (4 )sefo,m-Brownian motion, for everyte [0,T], x € O
let X7 = (X7 )seper): [6,T] x @ — O be an (Fy)sep,r)-adapted stochastic process with

continuous sample paths satisfying that for all s € [t,T] it holds a.s. that

X,:fszstrJ
t

and let u: [0,T] x R* — R satisfy for all t € [0,T], x € R? that

S

u(r, XE.) dr + f o(r, XE,) AW, (2.10)
t

T
u(t,x) = E[g(Xt”fT) + f h(s, X{,) ds]. (2.11)
t
Then u is a viscosity solution of

()t @) + u(t, 2), (Vou)(t,x))

%Tr( (t,x)[o(t, z)]* (Hess, u)(t,z)) + h(t,z) =0 (2.12)

with u(T,x) = g(zx) for (t,x) € (0,T) x O.

Proof of Proposition 2.1.7. Throughout this proof let g, € C(R% R), n € N, and b, €
C([0,T]xR% R), n € N, be compactly supported functions which satisfy that [| J, .y supp(gn)]

O, [Unensupp(hn)] < [0,T] x O, and

hmsup[ sup sup (Ign(x) —g@)| _ [ha(t;2) - h(t,x)lmﬂ _0 (2.13)

n—>00 te[0,T) €0 V(Ta I) V(t7 I)

(cf. Corollary 1.1.6), let m, € C([0,T] x R%, RY), n e N, and s, € C([0,T] x R%, R>*™),
n € N, be compactly supported functions which satisfy that

(I) for all n e N it holds that

t — t t — S, (t
sup sup len( 71:) mn( 7y)|| + ||5n< ’I) sn( 7y)||F:| < o, (214>
te[0,T] z,yeR? ||l’ - yH
THFY
(I1) for all n e N, ¢t € [0,T], z € O with V(¢,z) < n it holds that
[lmn(t, ) = p(t, 2) || + llsn(t, ) — o (t, 2)|[ 7] = 0, (2.15)

and
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(II1) for all n € N, t € [0,T], x € R? with V(¢,2) = n + 1 it holds that ||m,(¢,z)| +
lon(t, )|l =0

(cf., e.g., the proof of [13, Lemma 3.7]), for every n € N, t € [0,T], z € R? let X" =
(X )sepry: [8,T] x @ — R? be an (F) e r-adapted stochastic process with continuous
sample paths satisfying that for all s € [t,T] it holds a.s. that

X =x+ f m,, (r, X7,") dr + J s, (r, X77) AW, (2.16)
t t

(cf., e.g., [69, Theorem 5.2.9]), let u™*: [0,T] x R? — R, n € Ny, k € N, satisfy for all
n,keN, te[0,T], z € R? that

T
ut(t, x) = Elgk(%f}l) + J br(s, X57) ds] (2.17)
t
and
T
uo,k(t7x) = E[gk(XZT) + J hk(s,Xt”fs) ds]7 (2.18)
t
and for every n e N, t € [0,T], x € O let 7,°": Q — [t, T satisfy
7" =inf({s € [, T]: max{V (s, X}y"),V (s, X[,)} =n} u{T}). (2.19)

Next note that [10, Lemma 2.22] (applied for every n,k € N with p —~ m,, 0 — §,,
g = @k, h — by in the notation of [10, Lemma 2.22]), item (I), and the fact that for all
n € N it holds that m,, and s, have compact support demonstrate that for all n, k € N it
holds that u™* is a viscosity solution of

(Fu™)(t, @) + ma(t, @), (Vau™*)(t, 2))

1 f (2.20)
+ 5 Tr(sn(t, 2)[5n(t, 2)]* (Hess, u™")(t, ) + bp(t,z) =0

for (t,z) € (0,T) x R%. Furthermore, note that item (II), (2.8), (2.10), (2.16) and pathwise
uniqueness ensure that for all n € N, ¢t € [0, T], z € O it holds that
P(Vs € [t,T): Tjsarrm XLT = Tjseremy XE) = 1. (2.21)

Hence, we obtain for all n,k € N, t € [0,T], = € O that

E|lon(X77) — on(Xip)| | = E| L enae(X57) — ae(X0) |

(2.22)
< Q[SUPyeofgk(y)\]P(Tf’" <T)
and
T
f E[|bk(87 :{i;”) - bk<57Xzs)‘] ds
t
T
= J E[H{Tf’"<T}‘bk(8,%z’:) _ bk(s,ngs)y] ds (2.23)
t

< 2T | sup,cjo 71 5P e0 b5 )| [P(r7" < 7).

In addition, observe that [13, Lemma 3.1] and (2.9) ensure that for all n e N, t € [0, 77,
x € O it holds that
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Markov’s inequality, (2.22), and (2.23) therefore imply that for all n,k € N, ¢ € [0,T],
x € O it holds that

(k@) )] < 2[sup|gk<y>| +T sup suplo(s,9)] [P(" < T)
ye0 s€[0,T] yeO

<2 suplau()] + 7 sup suplo(s. )| [PV (7, X ) = 1)
yeO s€[0,T'] yeO (2 25)
2 on s '
< —lsuplgk(y)l + T sup suplbk(s,y)I]E[V(Tt’ X )]
n [ yeO s€[0,T] yeO

2
< —[sup|gk<y>| AT sup sup|hk<s,y>|]v<t,x>.
n [ yeo s€[0,T] yeO

This shows that for all £ € N and all non-empty compact K < (0,7") x O it holds that

lim sup [ sup |w*(t, z) — uo’k(t,x)|] = 0. (2.26)
(

n—00 t,x) ek

Moreover, observe that item (II) and the assumption that sup,c( o) [infiefo,r)\x, infzeo\0,
V(t,z)] = oo imply that for all non-empty compact K < [0,7"] x O it holds that

lim sup [(sup (Hmn(t,x) — pu(t,2)|| + |lsn(t, ) — a(t,:z:)H)] — 0. (2.27)

n—00 t,x)eK

Combining [10, Corollary 2.20], (2.20), and (2.26) hence demonstrates that for all k € N
it holds that u®* is a viscosity solution of

(Fu*) (@) + Qu(t, ), (Vou™)(t, 2))

L 0k (2.28)
+ 5 Tr(o(t, z)[o(t, 2)]* (Hess, u™")(t,x)) + bp(t,z) = 0

for (t,z) € (0,7) x O. Next observe that [13, Lemma 3.1] and (2.9) ensure that for all
te[0,T], s € [t,T], x € O it holds that E[V (s, X{,)] < V(t,x). This demonstrates that
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forall ke N, t e (0,7), x € O it holds that
|u0’k(t7 $> - U(t, $>|
T
~ [Blas(Xz0) ~ (X)) + | Blbels. X2 ~ (s, X2)] ds|
t

ng(thfT) - g<XZT)‘V(T7 XET)]
V(T, ngT)

o [ B[R XV X T
t Vs, XF)VT — s
sup

Ty [

+[ sup sup \bk(ny)—h(ny)!m] LTE[V(&X&)]dS (2.29)

<E

- [ 9x(y) — 9(y)]

ref0,T) yeO Vi(r,y) VT = s
<| st vs
| s T [ e
ol B il R
| s o PRI TV )

Combining this with (2.13) shows that for all non-empty compact K < (0,7") x O it holds
that

lim sup [ sup |[u®F(t,z) — u(t,x)\] =0. (2.30)
(

k—o0 t,x) e

This, [10, Corollary 2.20], (2.13), and (2.28) imply that u is a viscosity solution of

(5)(t,2) + (u(t,z), (Vou)(t, @)
; ) (2.31)
+ 5 Tr(o(t, z)[o(t, x)]* (Hessy u)(t, ) + h(t,z) = 0
for (t,z) € (0,T) x O. In addition, observe that (2.11) ensures that for all z € R? it holds
that u(T,z) = g(x). This and (2.31) establish (2.12). The proof of Proposition 2.1.7 is
thus complete. O

2.1.3 Uniqueness results for viscosity solutions of semilinear
Kolmogorov PDEs

The following proposition proves that certain semilinear PDEs with Lipschitz continuous,
gradient-dependent nonlinearities admit at most one viscosity solution satisfying a spe-
cific growth condition. Proposition 2.1.8 generalizes [10, Proposition 3.5] to the case of
semilinear PDEs with gradient-dependent nonlinearities.

Proposition 2.1.8. Let d,m € N, Ly, Ly, T € (0,0), let {-,->: R? x R — R be the
standard Euclidean scalar product on RY, let ||-||: R? — [0,00) be the standard Eu-
clidean norm on R?, let ||-||: R4 — [0, 00) be the standard Euclidean norm on R et
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I-lle: (Uapey R?) — [0,00) satisfy for all a,be N, A = (Aij) (i j)eq12,..a)x{1.2,..0y € R
that | Allp =[5, Z?ZJAU-]Q]%, let O < R be a non-empty open set, for every r € (0, 0)
let K, = [0,T), O, = O satisfy K, = [0,max{T — %,0}] and O, = {x € O: ||z <
rand {y € R%: |y — 2| < 1} < O}, let g € C(O,R), f e C([0,T] x O x R x RLR),
pe C(0,T] x O,RY), 0 € C([0,T] x O,R&>™) Ve CH2([0,T] x O,[1,0)) satisfy for all
r € (0,00) that

lz—yll

sup ({ lute)—n(t)l Hlota)o e . ¢ ¢ [0, T], 2.y € O,z + y} g {0}) cow (2.32)

forallte[0,T],z€ O, r,seR, v,we R that (f(t,z,r,v)—f(t,x,s,v))(r—s) < Li|r—s|?
and | f(t,z,r,0) — f(t,z,r,w)| < Lo||v — w||, and

(St ) + u(t,2), (VaV)(t,2)) + 5 Tr(o(t, @) [o(t, 2)]* (Hess, V)(t, x))

2.33
+ Lo||(V.V)(¢,2) <0, (2.33)
and let uy, us € C([0,T]xO,R) satisfy for alli € {1,2} thatlimsup,._,, [Supte[O,T] SUP,e0\0,

Jwi(t,)]
V(t,x)

| = 0 and that w; is a viscosity solution of

(2)(t, @) + (u(t, z), (Vou;) (t, ) + 2 Tr(o(t, z)[o(t, z)]* (Hess, w;) (¢, x))
+ f(tx,uwi(t, x), (Vews)(Ex)) = 0

(2.34)

with w;(T,z) = g(x) for (t,x) € (0,T) x O. Then it holds for all t € [0,T], x € O that
ul(th) = u2(t,l’>.

Proof of Proposition 2.1.8. Throughout this proof let V: [0,T] x O — (0, 0) satisfy for
all t € [0,T], z € O that V(t,z) = e MV (t,z), let v;: [0,T] x O — R, i € {1,2}, satisfy
forallie {1,2},t€[0,T], x € O that v;(t,z) = 1{;((;7’5)), let G: (0,T)xOxRxRIxS; — R
satisfy for all t € (0,7), x€ O, re R, pe R? A e S, that

G(t,x,r,p, A) = (u(t,z),p) + %Tr(a(t, z)[o(t,x)]*A) + f(t,z,r,p), (2.35)

and let H: (0,T) x O x R x RY x Sy — R satisfy forall t € (0,T), 7€ O, r e R, p e R?,
AESd that

H(t,x,7,p, A) = 5525Vt 2)

+ %G(t, z,rV(t,z), V(t,x)p + r(V.V)(t, x), (2.36)

t,x)

V(t, 2)A + p[(Va V)t 2)]* + (Vo V)(E 2)p* + r(Hess, V)(t, x)).

Observe that (2.33) and the assumption that V' e C12([0,T] x O, (0, 0)) ensure that for
all t € [0,T], z € O it holds that Ve C*2([0,T] x O, (0,0)) and

(ZV)(t,z) + (ult, ), (Vo V) (t,2)) + L Te(o(t, 2)[o(t, 2)]*(Hess, V)(¢, z))

+ LV(E @) + Lo (V.V)(t,2)]| <0, (2.37)

Next note that (2.35) implies that G € C((0,T) x O x R x R% x Sy, R) is degenerate elliptic.
Combining this with (2.36) shows that H € C((0,T) x O x R x R? x Sy, R) is degenerate
elliptic. In the next step observe that the assumption that for all ¢ € {1,2}, x € O it holds
that w;(T, z) = g(x) implies that for all 2 € O it holds that

v (T, 2) < (T, x) < vy (T, ). (2.38)
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Furthermore, note that the hypothesis that lim sup,_,.[supepo ) SUPze0\0,

(—lul(t’@‘(ﬂg“’(t@)l)] = 0 shows that

lim sup [ sup sup <|vl(t,x) — U2(t,l‘>|>] = 0. (2.39)

r—00 te[0,T'] zeO\O»

In addition, observe that [45, Lemma 4.12] (applied for every i € {1,2} with G — H,
V =V, @~ (v;(T —t,7))se[o,r,2c0 in the notation of [45, Lemma 4.12}), (2.34), and
(2.36) demonstrate that for all i € {1,2} it holds that v; is a viscosity solution of

(Lv;)(t,2) + H(t,z,vi(t, x), (Vo) (¢, 2), (Hess, v)(t,2)) = 0 (2.40)

for (t,x) € (0,7) x O. Throughout the rest of the proof let e, ey, ..., e, € R™ satisfy
e; = (1,0,...,0), e = (0,1,0,...,0), ..., e, = (0,...,0,1), and let (t,,xn, 70, A,) €
(0, T)x O xR xSy, n € Ny, and (£, tn,An) € O x R xSy, n € Ny, satisfy limsup,,_, . [|t, —
to] + ||zn — xol| + v/nllxn — Eall]] = 0 < ro = liminf, ,x|r, — t,| = limsup,,_,,|r, — t,] <
sup,en (7] + |ta]) < 0 and for all n € N, y, 2 € R? that (y, A,y) — (z,%,2) < 5|ly — z||%.
Note that (2.32) and the fact that limsup,,_,,[v/7|zn — £a]|]] = O ensure that

limsup | nllo (b, ) = o (b, 5) 13| = 0, (2.41)
n—0o0

The fact that for all B € Sq, C € R¥™™ it holds that Tr(CC*B) = >.I" (Ce;, BCe;) and

the assumption that for all n € N, y, z € R? it holds that (y, A,y) — {(z,%2) < 5|y — z||?

therefore imply that

lim Sup [% Tr <U(tn,xn)[a(tn,xn)]*V(tm l’n)nAn . U(tn,xn)[a(tn,xn)]*v(tm xn)nﬂn>]

n—00 V(tnﬂ?n) V(t’mxn)

= lim sup g Tr <a(tn, To)[o(tn, )| An — 0 (tn, tn) o (tn, ;n)]*i’lnﬂ

n—0o0

= hmsup %Z <U tnaxn euA U(tnaxn)ez> - <U( ny?n)eugl U( n7xn)ez>>] (242)

n—o0 i=1

m
<timsup | 332 ot 2~ ot

n—0o0 1

.

= glimsup [n||a(tn,$n) —o(t n,In)H%] = 0.

n—0o0

Furthermore, note that (2.32) and the fact that Ve C*2([0,T] x O, (0,%0)) show that for
all compact K < O there exists ¢ € R which satisfies for all s € [0,T], y1,y2 € K that

o (s, o(s, * o(s, g\(s, *
sl el | (T ) - (T
< cllyr — vo|.

This, the fact that limsup,,_,.[|t, —to| + ||zn —20||] = 0 and limsup,,_,.[v/n||z, —1a||]] = 0
demonstrate that

‘U(tmxn>[a(tmxn>]* o (tn, tn)[o(tn, 1a)]*
V(tm xn) V(tna In)

lim sup [on — Il ] =0 (2.44)
F

n—oo

and

lim sup(nf|z, — gal [(Va V) (tn, 20) = (Vo V) (En, 1) [l] = 0. (2.45)

n—o0
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In addition, note that for all B € Sy, v, w € R? it holds that

Tr(Bvw*) = Tr(w*Bv) = w*Bv = {w, Bv) = (Bw,v)

= (v, Bw) = v*Bw = Tr(v* Bw) = Tr(Bwv*). (2.46)

This, the Cauchy-Schwarz inequality, (2.44), and (2.45) demonstrate that

lim sup [% Tr (U(t"’@()t&‘ig:)’x")]* (n(:cn — ) [(V V) (t, )"

+ (Vo V) (b, 20) 10 (20 — m*)

_ "““’*{}()t[f,(f:)’“)] (n(a?n = ) [(Va V) (tn, 20)]"

@ ) )|

n—o0

_ <a(tn,;§()t[:’(::),xn)] (20 — ), (Vo V) (tn,xn)>] (2.47)

: Unyxno'nyfn* Un;no'n;n*
= limsup l<( ¢ V()t[n,ggtn) ol %r()t[n,(;tn); ! >”($n—§n)a(vzv)(tmxn>>

n—0o0

~ timsup | 2zl — ), (9,9)(t0,22) )

(Al 0, — ), (7,9t 20) = (92 050 )

: O'n7n0'n7n* O'nyno'nyn*
< limsup | [ tsplelnlt — stosgloiasl | s, — g, [[(7,9) 0|
Oln,tn)|0\ln,tn *
+ || letletlatoll® |z, — g, | [[(V2V) (b 22) — (VxV)(tmxn)H]
= 0.

Next observe that the fact that (0,7) x O 3 (s,y) — %(H%%V)(s, y) € R is

continuous and the assumption that limsup,,_,.[|t, —to| + ||z, — 2o||] = 0 and lim sup,,_, [

V||, — o] = 0 show that

lim sup ‘ Tr (U(t"’gn)[a(t”’“)]* (Hess, V) (t,, rn)

N0 V(tn :Fn)

a(to,0)[o(to,x0)]*
et s 90, )

(2.48)

= lim sup ) Tr (U(t”’x")[a(t"’x")]* (Hess, V) (t,, x,)

oo V(tn,zn)

_ W(H%SA/)(%JO)) = 0.

The fact that 0 < ro = liminf,,_,|r, —t,| = limsup,,_, |7 — ta| < sup,en(|7n| +|ta]) < o
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therefore ensures that

lim sup [% Tr (U(t"’z")[g(t"’x")]* rn(Hess, V) (t,, x,)

oo V(tn,xn)

O(ln,tn)[0(ln,tn *
- V)1 )|

= % lim sup [(Tn - tn) Tr (U(tnﬂ%;‘()t[:g:)’x”)]* (HGSSIV) (tm xn))

+1t, Tt (a(tn’@()gg:)’x")]* (Hess, V) (tn, zn)
gletsssl (Hess, V) 1.1,) ) |
= QV(to 20) Tr ( (to, Z’O)[U(to, $0>]*(HGSSxV) (to, 330)) .
Combining this with (2.42) and (2.47) ensures that
lim sup [ Ty ("“"@35?;“”* (Vltwm)n, + (e, — £)[(V,V) ()]
n—00 n

+ (Vo V) (tn, zp)n(z, — 1n)* + rn(Hess, V) (¢, xn))

O'n7n0'n7n* P 250
_ %Tr( (t ;V()t[m(;tn); )] <V( m;n)nm + n( —1, [( )( m;n)] ) ( )

)
+ (Vo V) (tn, tn)n(zn — o)™ + to(Hess, V) (¢, )]
S 2V(I§,x0) Tr (U(th z0)[0(to, z0)]* (Hess, V) (to, 370)) :

Next note that the fact that (0,7") x O 3 (s,y) — ﬁ(i\/)(s, y) € R is continuous and
s,y) \ ot
the assumption that 0 < ro = liminf,, . (r, — v,) = limsup,,_, (7, — t,) < sup,en(|7| +

|t,|) < oo prove that

n—o0

= lim sup l T ;’;)(%V)(tn,:cn)

n—a0

(2.51)

T0

F)
- W(EV)(% xo).

Furthermore, observe that (2.32) and the fact that limsup,,_, . [|t, — to| + ||xn — x0]|] =
= limsup,,_,, [v/7||zn — ta]|]] ensure that

timsup | |t ) = o(tn, 20)l| 20 = all| = 0. (2.52)

n—o0

Combining this with the Cauchy-Schwarz inequality, the fact that (0,7) x O 3 (s,y) —
(V V)(s,y)) € R is continuous, and the assumption that 0 < r¢ = liminf, ,,(r, —

V
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t,) = limsup,,_, (rn — t,) < sup,ey(|7n| + |tn]) < 00 implies that
i l 1
imsup | —
n—>oop V(tn7 ZL‘n)
1
- —<M(tn7 ;n)’ V(tm xn)n(xn - ?n) + tn(vxv) (tm ?n)>]

<M(tm xn)? V(tm xn)n(xn - In) + Tn(vxv) (tm xn)>

V(tn, tn)
~timsup | (i) = (e 5 o~ 52) )
n rn<%, (Vo V) (tn, a:n)> - tn<%, (V2 V)(tn, xn)>]
< limsup [[|a(tn, ) = pltn, ta) Infl2n = wl] (2.53)
+ liznjc}jp l(rn - tn)<%, (Vo V) (ty, l’n)>]
i[5 ((FE (7))

- (Bt @) ) )|

= ity 070, (V) o, 70)).

Next note that the assumption that f € C([0,T] x O x R x R% R) shows that for all
compact K € [0,7] x O x R x R? it holds that

limsup(ﬂ,w)aa—)O[Sup ({|f(817y1a alvwl) - f(827y2’ a27w2)|:
(51,1, a1, w1), (S2, Y2, a2, w2) € K, |51 — s2| < €, (2.54)

lon = wll < =, Jas — aa] < &, g = wa| < e} o {0}) | =0

Moreover, observe that the assumption that for all t € [0,T], 1€ O, r,s € R, v,w € R? it
holds that (f(t,x,r,v) — f(t,z,s,v))(r—s) < Li|r — s> and |f (¢, z,r,v) — f(t, 2, r,w)| <
Ls||v — w|| ensures that for all n € N it holds that

f(tn7$n7rnv(tnyxn)’v(tn:mn)n(mn_ﬁn)""rn(vwv) (tn@n))
V(tn,xn)
_ f(tnJnytnv(tna?n)vv(tn»ﬁn)n(mn*?n)‘i’tn (VCEV) (tn,Xn))
V (tnskn)
< f(tn,xnyrnv(tn7$n):V(tn,zn)n(zn75n)+Tn(VIV)(tnvxn))
= V(tn,Tn)
_ f(tn7Fn77"nV(tn7?n):V(tn»ln)n(mnfxn)‘i’%n(VIV)(tnvxn))
V(tnin)
f(t’ﬂ7Fn7rnV(tn71n)7V(tnJn)n(xn_l?n)+7'n(VIV) (t’m?:n))
MGED)
f(tnaxn7th(tn7?n)7V(tnvxn)n(xn_?ﬂ)+rn(vzv) (tnvx’ﬂ))
Vi) (2.55)
+ F(tnoknstnV(tn,tn),V(tn tn)n(@n—tn) +n (Va V) (tn,tn))
V(tnaxn)
_ f(tn7Fn7th(tnaFn)7V(tn7?5n)n(an_Fn)+tn (v:cV) (tnaﬁn))
V(thn)
< f(tn,xnﬂ"nV(tn’zn)7V(tn’mn)n(rn_Fn)“‘rn(vxv)(tnvzn))
== V(tn,on)
_ Fnsknsrn V(tn i), Vit in)n(@n —1n) +70 (Vo V) (Enykn))
V(tntn)
Ly (Tn *tn)v(tn Jn) + Lo ” (T’n«ftn)(V$V) (tn 7?”) H
V(tnin) V(tn,tn) ‘

_|_

_|_
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This and (2.54) demonstrate that

: f(tn yTn ,TnV(tn 7$n):V(tn 71‘n)n(1’n *Fn)‘i’Tn (VIEV) (tn 7$n))
s | i
f(tn sEn ,an(tn 7Fn)7V(tn ,?n)n(zn _Fn)"'tn (VTV) (tn 7?n))
a V(tnyxn) ] (256)

< Timsup [ L — 1) + L2|rn—u%,|(|t<zsg><tn,;n>||] — Lyry + Ly Stoanll
n—oo

Combing this with (2.35), (2.36), (2.37) (2.50), (2.51), and (2.53) proves that

lim SUP[H(tm Lns Tn, n(xn - In), nAn) - H(tnv Ln, Th, n<xn - In)a ngln)]

n—o0

n—0o0

V(tn,zn)

+ 1Ty (f’“n@n”"(tm%”* (V(tn, 21 A, + 1(zn — 1) [(VaV) (En, xn)]*)

+ (Vo V) (tp, zp)n(z, — t0)* + r(Hess, V) (¢, :L‘n)>

5T (““”"62}:,&?;"“”* (V(ta w2 + (e = ) (Vo) (tn, 5T

+ (Vo V) (tn, t)n(n — 1n)* + to(Hess, V) (2, xn)) (2.57)

+ m@(tm $n), V(tna xn)”(mn - ?n) + T’n(va) (tn7 xn>>
m<:u(tn7 ;n)a V(tna Fn) (xn - Xn) + tn<v V)( ny Xn)>

Fn,@n, 0 V(tn,2n),V(tn,2n)n(Tn—1tn)+7n(Va V) (tn,2n))

+ Vtn,on)

o I (tnstn,tn V(tn,tn),V (tn,tn)n(Tn—tn) +tn (Va V) (tn,kn))
V(tn Fn)

< ml(%V)(to,xo) + 1 Tr(o(to, mo)[o (o, To)]* (Hess, V) (to, zo)
+ <,u(t0, Ilfo), (va) (to, ZL‘Q)> + L1V(t0, ZEo) + LQH(VIV) (to, .To)”:| < 0

This, [10, Corollary 3.4], (2.38), and (2.39) demonstrate that v; < ve and ve < v;. This
implies v; = vo. Hence, we obtain that u; = uy. The proof of Proposition 2.1.8 is thus
complete. Il

2.2 Bismut-Elworthy-Li type formula

In this section we derive in Theorem 2.2.3 a Bismut-Elworthy-Li type formula that holds
under the assumptions we used in Theorem 1.2.5. To achieve this, we use findings from
Malliavin calculus to establish the representation in (2.71) for the derivative of the PDE
solution. For this, we follow the notation of [86] and denote the Malliavin derivative of
a random variable X € D" by {D;X: t € [0,T]} where D2 < L?(€;R?) denotes the
space of Malliavin differentiable random variables. For the Skorohod integral of a Sko-
rohod integrable stochastic process u € L2([0,T] x Q;R?) we write Sg u, 0W,. To prove
the Bismut-Elworthy-Li type formula in Theorem 2.2.3 we need the following results,
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Lemma 2.2.1 and Lemma 2.2.2. Lemma 2.2.1 establishes a representation for the Malli-
avin derivative of a solution of the SDE in (2.59) below under the global monotonicity
assumption. The proof of this lemma is based on the ideas in [86, §2.3.1].

Lemma 2.2.1. Let d,;m € N, ¢,T € (0,0), let O < R? be an open set, let {-,-: RY x
R? — R be the standard Euclidean scalar product on RY, let ||-||: R — [0,00) be the
standard Euclidean norm on R%, let ||-||p: R¥>™ — [0, o0) be the Frobenius norm on R¥™,
let (2, F, P, (Fs)seo,r)) be a filtered probability space satisfying the usual conditions, let
W=W" w2 ... ,Wm):[0,T] xQ— R™ be a standard (F)sepo,r-Brownian motion, let
po=(p1, 2, -, pa) € C¥([0,T] x O,RY) and 0 = (04))ic1 2,....a1.je(1,2,...m} € C*H([0,T] %
O, R¥>*™) satisfy for all s € [0,T], x,y € O that

max{{z —y, u(s, ) — p(s,9)), 3llo(s,2) — o(s,9)[[F} < §llz —yl*, (2.58)

or every x € O let X* = Xf’(l),Xf’@), e ,Xf’(d) sefo.r1: [0, T x Q — O be an adapted
[0,1]

stochastic process with continuous sample paths satisfying that for all s € [0,T] it holds

a.s. that

X, — a2+ Ju(’r, X,)dr + Ja(r, X,)dw,, (2.59)
0 0
and assume for all w € Q that ([0,T] x O 3 (s,2) — X% (w) € O) € C¥Y([t,T] x O,0).
Then it holds a.s. for allt € [0,T], x € O that X} is invertible and it holds a.s. for all
x € O and Lebesque almost allt € [0,T], s € [t,T] that

T 0 T 0 T - z
Dth - (%Xs) <%Xt) O—(taXt>- (260)

Proof of Lemma 2.2.1. Throughout this proof let I; € R%*¢ be the unity matrix and for
every x € O let Z% = (Z3’ (ZJ))2-73-6{1727_”@}786[01] : [0, T] x Q2 — R?™? be an adapted stochastic
process with continuous sample paths satisfying that for all i,5 € {1,2,...,d}, s € [0,T]
it holds a.s. that

Zac(w) J Z Zaz(zoc [(
m d 00 a oo,
-2 Z ( oz, ) )( 5:1: )(r, Xf)]dr (2.61)

n=1p=1

m d
B ZZW‘” (220, x)am?.

1 0x;

*)r, X;)

~
o

First note that (2.59), the Leibniz integral rule, the chain rule, the assumption that for
all w € Q it holds that ([0,7] x O 3 (s,z) — X%(w) € O) € C¥([t,T] x O,0), and the
assumption that p e C%Y([0,T] x O,R%) and o € C%([0,T] x O, R¥*™) imply that for all
i,j€{1,2,...,d}, s€[0,T], x € O it holds a.s. that
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[t6’s lemma and (2.61) therefore ensure that for all i,k € {1,2,...,d}, s€[0,T], z € O it
holds a.s. that

s . d a,, 0 |
_y (52-]- 50t f 2269 3 [(ggQ(T X7) (a—me«a)) [ ar

< oo 0
2,(i0) ((09al . 2,(9) l
lZT <(9xj )(r, X7 (0 kX ) ] dWT]

e e D

(2.63)

Combining this with, e.g., [20, Proposition 4.1] and [20, Proposition 4.4] (applied for every

€ [0,T] x € O, with n — d, A —~ (%Xj), B — Z7 in the notation of [20, Proposition
4.4]) implies that for all s € [0,77] it holds a.s. that (£X?)Z% = I, = Z*(£X?). This
together with path continuity implies that a.s. it holds for all s € [0,T], z € O that
((%X ?) is invertible. Next note that [60, Corollary 3.5] (applied for every x € O with
p—~2,0—~(Q3w—axeR) b (0,T] x QxR > (s,w,2) — pu(s,z) € RY),
o ([0,T] x Q x R? 3 (5,w, 1) — o(s,r) € R¥>?) in the notation of [60, Corollary 3.5]),
the assumption that p € C%([0,T] x R4, RY), o € C%H([0,T] x R, R>™) and (2.58)
demonstrate that for all i € {1,2,...,d}, j € {1,2,...,m}, t € [0,T], se [t,T], z € O it
holds that X € DM and it holds a.s. that

aﬂz‘
6xk.

DIX™0) —gi(t, XT) J ), X5 DIX ¥ dr
t k=1

(2.64)

+Z f a"” (r, X™) DI X0 W,
t k=1

Moreover, observe that (2.62) and the fact that for all s € [0,7], x € O it holds a.s.
that (£X7)Z% = I; = Z*(£X?) imply that for all ¢ € {1,2,...,d}, j € {1,2,...,m},
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te[0,T], se[t,T], x € O it holds a.s. that
4 ou i 70
> (G XD 0N (a—Xf’(’“)) Z7" oy (¢, X7) dr
p n
’ aoil x SRS J z,(k) z,(n,p) x l
Y <axk>(r,XT)Z =X ) 270, (4, X7) AW
t =1 n

d d
T 0 x,(i 0 x,(1 z,(n, x
= oyt X7) + > [(a—xs“) - (a—Xt “)] Z0m gt XF)

(2.65)

This, (2.64), and the fact that linear SDEs are pathwise unique establish (2.60). The
proof of Lemma 2.2.1 is thus complete. O]

The following Lemma is a well-known result on the uniform convergence of the deriva-
tives of an approximating sequence, generalized to d dimensions. Lemma 2.2.2 follows
from the coordinate wise application of [91, Theorem 7.17].

Lemma 2.2.2. Let d e N, let O € R? be open, let fo: O - R, f, € CL(O,R), ne N, and
g: O — R satisfy that (fn)nen converges pointwise to fo on O and (V f,)nen converges
uniformly to g on every compact K < O. Then it holds that fo € C*(O,R) and V f, = g.

Making use of Lemma Lemma 2.2.1 and Lemma 2.2.2 leads to the following theo-
rem, Theorem 2.2.3, which establishes a Bismut-Elworthy-Li type formula under global
monotonicity assumption on the coefficients of the considered SDE.

Theorem 2.2.3. Let d € N, ¢ € [0,0), o, T € (0,), t € [0,T), let O < R? be an
open set, let {-,-y: R? x R — R be the standard Euclidean scalar product on RY, let
|-|I: R — [0, 00) be the standard Euclidean norm on R4, let ||-||p: R¥*? — [0, 00) be the
Frobenius norm on R4, let (Q, F,P, (Fy)seor]) be a filtered probability space satisfying
the usual conditions, let W: [0,T] x Q — R? be a standard (Fs) sefo,)-Brownian motion,
let e COL[0,T] x O,RY), 0 € C¥L([0,T] x O,R¥*) satisfy for all s € [t,T], x,y € O,
veR? that

max{(x — y, u(s,2) — u(s,y)), sllo(s,z) — o(s,9) |7} < §llz —yl? (2.66)

and v*o(s,z)(o(s,z))*v = al[v]|?, for every x € O let X* = (XZ)seper: [6,T] x Q — O be
an (Fy)sepe,r-adapted stochastic process with continuous sample paths satisfying that for
all s € [t,T] it holds a.s. that

Xi=z+ fu(r, X7)dr + Ja(r, X7 dw,, (2.67)
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assume for all w € Q that ([¢t,T] x O 3 (s,z) — XZ(w) e R?) € C™([t,T] x 0,0), let
f € C(O,R) satisfy for all x € O that E[|f(X%)|?] < o, let u: O — R satisfy for all
x € O that

u(z) = E[f(X7)], (2.68)
and for every x € O let Z® = (Z%)seqm: &, T] x @ — R? be an (Fy)seqri-adapted
stochastic process with continuous sample paths satisfying that for all s € (t,T] it holds
a.s. that

S

Z7 = Sitf(a(r, X))~ (%Xﬁ) . (2.69)
;
Then
(i) for all z € O it holds that
EIf(X7)Z7]] < o, (2.70)
(ii) it holds that uw € C*'(O,R), and
(iii) for all z € O it holds that
(Vu)(z) = E[f(X})Z7] . (2.71)

Proof of Theorem 2.2.5. Throughout this proof let e;, e, ..., e, € R? satisfy that e; =
(1,0,...,0), 2 = (0,1,0,...,0), ..., eq = (0,...,0,1). W.lLo.g. we assume that O is
non-empty. First note that item (vi) of Lemma 1.2.2 proves that for all z € O it holds
that

E[HZ;ZHQ] < ﬁ LT exp(2(r — t)c) dr. (2.72)

The Cauchy-Schwarz inequality and the assumption that for all x € O it holds that
E[| f(X#)]*] < oo hence show that for all z € O it holds that

E[IF(x5) 23] < ENFPINZEN < B [FCHP)? ®[1Z5°])F <2 (273)

This establishes item (i). Next we prove items (ii) and (iii) in three steps.

Step 1: In addition to the assumptions of Theorem 2.2.3 we assume in step 1 that f €
C*(O,R). Observe that the assumption that f € C?(O,R) ensures that there exists
L € (0,0) such that for all € O it holds that ||[(Vf)(z)|| < L. The chain rule, the
fundamental theorem of calculus, Jensen’s inequality, Fubini’s theorem, and item (ii) of
Lemma 1.2.2 hence demonstrate that for all A € R\{0}, j € {1,2,...,d}, x € O it holds

that
k|| (X5 — £(X5) =[] [ () af|

h
lj ‘ v )( z+,\hej)<iX;+/\heJ)‘2d)\]

ox;

<E
er)\he 0 z+Ahe; \ |2
- L B[ (V1)) (x5 | ]dA (2.74)

ox;
] J lHa_x]XgH,\heJ ]d/\

< [ e[ mnegep ] xe
<L? 1 exp (2¢(T —t)) dX = L? exp(2¢(T — t)).

o
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In addition, observe that the chain rule, the assumption that f € C*(O,R), and the fact
that for all w € Q, s € [t,T] it holds that (O 3 x — X%(w) € O) € C'(O, O) ensure that
for all j € {1,2,...,d}, z € O, w e Q it holds that

FOXR (W) — f(XEW) @

R\{(l)i}gilwo h B a_%(f(X%W))) (2.75)
= (V) (5 (XF @),

J
This, (2.74), and the Vitali convergence theorem demonstrate that for all j € {1,2,...,d},
x € O it holds that

XerheJ Xz 5
O:R\{(l)i}g}zﬁo]E“f( T })L f(XF) (Vf)(XT)(ax]X%) ]
. f(X;"rhEJ) f(X:v) i P ) H
o E[ n — (VO (5F) (2.76)
_ 1 u(x + he;) —u(x) .
- Rl\l%;?—p»o fi - E[(Vf)(XT) (a—ijTﬂ > 0.

This proves that for all j € {1,2,...,d}, z € O it holds that

) u(x + he;) —u(x) 0 T
pam h = E[(Vf )(XT) (ngT)# : (2.77)

In addition, note that item (ii) of Lemma 1.2.2 and the fact that for all z € O it holds
that ||[(Vf)(2z)|| < L demonstrate that for all he R, j € {1,2,...,d}, x € O it holds that

flons () <l = Pl

0x;
Moreover, observe that the assumption that f € C®(O,R) and the fact that for all
€ [t,T], w € Q it holds that (O 3 x — X¥(w) € O) € C(O,0) show that for all
je{l,2,...,d}, z € O, we Q it holds that

i | (700G (X)) | = (THED (@) )

R3h—0 ﬁgjj ;

Combining this, (2.78), and the Vitali convergence theorem shows that for all z € O,
je{l,2,...,d} it holds that

_X:erheJ
s

(2.78)
LQE l H —XerheJ

] < LPexp(2¢(T —t)).

0= tim B[N0 (-x5) - (N (x|
> timsup [E[ (V) (X5) (£-X57) = (9 (67) (-5 ) | (2:50)
— timsup [E[ (V1) (57" (- 57) | - E[ 0N (x5 ] > o

This proves that for all j € {1,2,...,d} it holds that (O 3 x — (Vf)(X%)(%X%)
e L'(P;R)) € C°(O, L'(P;R)). This and (2.77) demonstrate that for all j € {1,2,...,d},
x € O it holds that u € C'(O,R) and

T gy — El(v FXE) (%XT)] (2.81)

(9xj j
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Next observe that [60, Corollary 3.5] (applied with T'—~T —t, p—~ 2, m —d, 0 — (2 3
wze0), b ([0,T—t]xQx0 3 (s,w,x) > p(t+s,x) e RY), o~ ([0,T—t]xQ2x0 3
(s,w, 1) > ot +s,7) € R¥?) in the notation of [60, Corollary 3.5]), the assumption that
pe CHY0,T] x O,RY), 0 e C¥([0,T] x O,R™%), and (2.66) ensure that for all z € O
it holds that X* € D2, In addition, note that Lemma 2.2.1 (applied for every x € O
with m o~ d, T —~T —t, X* — ([0,T —t] x Q 3 (s,w) — X}, € O), in the notation of
Lemma 2.2.1) shows that it holds a.s. for all t € [0,T], z € O that £ X} is invertible and
it holds a.s. for all x € O and Lebesgue almost all t € [0,T], s € [t,T] that

D X7 = < ‘ X“””) ( d Xx)_la(t,ng). (2.82)

ox ox

This, [86, Proposition 1.2.2] (applied for every z € O with m — d, ¢ —~ f, p — 2,
F — X7 in the notation of [86, Proposition 1.2.2]), and the assumption that f € C*(O,R)
demonstrate that for all z € O it holds that f(X®) € D"? and it holds a.s. for Lebesgue
almost all r € [t,T], s € [t,r] that

-1
DL ((X7)) = (VHXDDXE = (VN (o 7) (2 x7) (s, X2 (289)
Next note that the assumption that for all s € [t,T], z € O, v € R? it holds that
v¥o(s,x)(0(s,x))*v = al|v||? ensures that for all s € [t,T], z € R it holds that o(s, z) (o (s, z))*
is positive-definite and therefore invertible. In addition, observe that the fact that o €
C([0,T] x O,R¥*9) implies that o= € C([0,T] x O,R™?). Integrating both sides of
(2.83) hence implies that for all r € (¢, T], x € O it holds a.s. that

0

(VO (=x7) g

ox

F(X2)) (S,X:))*( Xﬂf)d (2.84)

The assumption that for every x € O it holds that X* is an (F,)ep,r1-adapted process
therefore shows that for all « € O it holds that ((o/(s, XZ)) ™ (£ XZ))sefe.77 i an (Fy)see.r)-
adapted process. Combining this with [86, Proposition 1.3.4] (apphed for every j €
{1,2,...,d} withu = ([0, T]xQ 3 (s,w) = (o(t + s(T — 1), X}, r 1)) ™ - X s(r—n)€ €
R?) in the notation of [86, Proposition 1.3.4]) and (2.72) demonstrates that for all r €
[t,T], x € O it holds a.s. that

r

J(a(s,xg)) (; X“’E)(SW f (5, X7))" (&iXI)dW (2.85)

t

The duality property of the Skorohod integral (cf., e.g., [86, Definition 1.3.1 (ii)] (applied
with T e~ T —t, F —~ (Q 3 w — f(X2wW)) € RY), u — ([0,T —t] x Q 3 (s,w)
(o(t+ s, X5 )" ( ~X7.,)))) therefore shows that for all z € O it holds that

0

aa:XI)d

E | [ D (X)) (o0, X0)
! (2.86)

=E[f fTstc ain)dWs].
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This, (2.69), and (2.84) ensure that for all € O it holds that

B[ v (5a) |

_ %E j D, (f(X3)) <a<s,X§>>1(a%Xf>dS (2.87)

1 0

- T—_tIE[f(X%) J(U(S,Xf))_l<%Xf> dWs] =E[f(X7)Z7].

Combining this with (2.81) proves that u € C'(O,R) and for all x € O it holds that
(Vu)(x) = E[f(X5)Z5).

Step 2: In addition to the assumptions of Theorem 2.2.3 we assume in step 2 that f €
C.(O,R) with supp(f) & O. First note that the assumption that f € C.(O,R) ensures
that f € L'(O;R). Let f e C(R? R) satisfy for all € O that f(z) = f(x) and for all
r € RN\O that f(z) = 0, for every € € (0,0) let p. € CP(R4, [0, 0)) satisfy supp(p.) =
{z e R%: ||2|| < e} and (p,p-(x)dz =1 (cf. [96, Section 1.1]), for every € € (0,%0) let
f-: R — R satisfy for all z € RY that

fex) = , flz = y)e:(y) dy, (2.88)

and for every ¢ € (0,00) let u.: O — R satisfy for all x € O that u.(z) = E[f.(XF)].
Combining this with [96, Lemma II.1] and the fact that f € L'(O;R) implies that for
all € € (0,0) it holds that f. € C*(RY R). Step 1 therefore demonstrates that for all
e € (0,00), x € O it holds that u. € C*(O,R) and (Vu.)(z) = E[f.(X%)Z%]. Moreover,
note that (2.88), the assumption that for all € € (0, 0) it holds that {, ¢.(z)dz = 1, and
the assumption that f € C.(O,R) guarantuee that for all € € (0,0), x € O it holds that

XD < | IFCG = pledto) dy < suplf(w)] < . (2.89)

yeO

The triangle inequality, the dominated convergence theorem, [96, Lemma I1.2], and the
assumption that f € C.(O,R) therefore show that for all x € O it holds that

lisuplu («) — u(w)] = limsup [ELL(XF)] - B[ (7))
(2.90)
< limsup B[L£.(X) - F(XD)] = B limsupl £.(X) = S| = 0.

In addition, observe that the triangle inequality, the Cauchy-Schwarz inequality, and the
fact that for all € € (0,0), z € O it holds that (Vu.)(x) = E[f.(X%)Z7] prove that for all

g € (0,00), z € O it holds that

|(Vue)(@) — ELF(x5) 25| = ||BL-(X)Z5] - BLA(X) 251
: s 2o
< E(IL(x5) - FXPIIZ0 < (B0 - 7xp) 1) (RlIZE1)

This, [96, Lemma I1.2], (2.72), the assumption that f € C(O,R), and the fact that
(f2)ee(0,00) € C*(O, R) ensure that for all compact K < O it holds that

limsup sup ||(Vu.)(z) — E[f(XF) Z7]|| = 0. (2.92)

e—0 zeK
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Hence, we obtain that u. converges uniformly to (O 3 x — E[f(X%)Z%] € R?) on compact
subsets of O for ¢ — 0. Combining this with (2.90) and Lemma 2.2.2 proves that for all
x € O it holds that v € C'(O,R) and

(Vu)(a) = lim(Vu)(z) - ImE[L(X7)Z5] — EIf(XP)ZF). (299

Step 3: Throughout the third step let O,, € O, n € N, satisfy for all n € N that O,, = {z €
O: ||zl < nand {y € R?: ||y — 2| < 2} = O} and let U, = O satisfy for all n € N that
Uy ={z€0: (FyeO,: ||lz—y| < 55)}. Observe that for all n € N it holds that O,, = O is
compact, U, < O is open, and O,, € U,, € O. Combining this with Urysohn’s lemma (cf.,
e.g., [91, Lemma 2.12]) demonstrates that for every n € N there exists ¢, € C.(O, R) which
satisfies for all x € O that 1o, () < ¥,(z) < 1y, (x). For every n € N let f,: O — R,
u,: O — R satisfy for all x € O that f,(x) = f(x)¥,(z) and u,(z) = E[f,(X7)]. Note
that the fact that for all n € N it holds that v, € C.(O,R) and f € C(O,R) ensure that
for all n € N it holds that f, € C.(O,R). Moreover, observe that for all n € N, z € O
it holds that |f,(XF)| = |f(XF)n(XE)| < |f(XF) 1y, (X7)| < |f(XF)]. The dominated
convergence theorem and the assumption that for all z € O it holds that E[| f(X%)|?] < o
therefore demonstrate that for all x € O it holds that
lim sup|u, () — u(x)] < limsup E[[f.(X7) — f(X7)]]

n—o0 n—o0

(2.94)
= E [lim sup|f,(X7F) — f(X%)]] <E {liHISUp‘ﬂUH(X% — 1[f(X7)[| = 0.

n—ao0 n—aoo

Furthermore, observe that step 2 and the fact that for every n € N it holds that f, €
C.(O,R) and supp(f,) < O imply that for all n € N, z € O it holds that u,, € C'(O,R) and
(Vu,)(z) = E[f,(X7)Z%]. Combining this with the Cauchy-Schwarz inequality implies
that for all n € N, x € O it holds that

[(Vu,)(2) = E[f(X7)Z7]|| = ||E[f.(X7)Z7] - ELf(XF) Z7] |

< E{Lu, (X7) = HIF (XD Z7 1] (2.95)

1 1

< (B[[1o,(X5) — U &XDP]® B [1251°])*

This, Dini’s theorem, Lebesgue’s dominated convergence theorem, (2.72), and the fact

that for all z € O it holds that E[|f(X%)]?] < oo show that for all K < O compact it
holds that

limsup |sup ||(Vu,)(z) — E[f(X})Z7]||| = 0. (2.96)

n— o0 zeK

Hence, we obtain that u,, converges uniformly to (O 3 x — E[f(X%)Z%] € R?) on compact
subsets of O for n — 0. Lemma 2.2.2, (2.94), and (2.96) therefore prove that v € C*(O,R)
and for all z € O it holds that

(Vu)(z) = E[f(X7)Z7]- (2.97)
This establishes items (ii) and (iii). The proof of Theorem 2.2.3 is thus complete. O

2.3 Existence and uniqueness result for viscosity so-
lutions of semilinear PDEs with gradient-dependent
nonlinearities

In this section we use the results from Section 2.1 and 2.2 to show that the unique viscosity
solution of semilinear PDEs and the unique solution of their connected SFPEs coincide.
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Our main theorem, Theorem 2.3.1, proves exactly this connection under differentiability
and global monotonicity assumptions on p and o and a Lipschitz and continuity assump-
tion on f. We conclude this section with two corollaries of Theorem 2.3.1. Corollary 2.3.2
considers the case where the Lyapunov function does not depend on the time variable.
Corollary 2.3.3 uses Corollary 2.3.2 to establish the findings in the case of a Lyapunov
function of the form R? 3 2 — (14 ||z||>)2 where p € (0,0). The following theorem, The-
orem 2.3.1, extends [10, Theorem 3.7] to PDEs with gradient-dependent nonlinearities
under more restrictive assumptions.

Theorem 2.3.1. Let d e N, a, ¢, L, T € (0,00), let {-,-y: R? x R — R be the standard
Euclidean scalar product on R?, let ||-||: RY — [0,00) be the standard Euclidean norm on
Re, et ||-]|: R — [0,00) be the standard Euclidean norm on R let ||-||p: RT*4 —
[0,00) be the Frobenius norm on R4 let O < R? be an open set, for every r € (0,00) let
K, < 1[0,7), O, € O satisfy K, = [0,max{T — ,0}] and O, = {x € O: ||lz|| <r and {y €
R |ly — 2| < 1} < O}, let (O, F,P,(F s)seoT) be a filtered probability space satisfying
the usual conditions, let W: [0,T] x Q — ]Rd be a standard (Fy)sejo,rm-Brownian motion,
let e COX[0,T] x O,R%), o € C¥([0,T] x O,R™%) satisfy for all s € [0,T], x,y € O,
v e R? that

max { (@~ y, u(s,2) — (s, ), Sl (s,2) = o(s,9) |3} < 5llz — ylf (2:98)

and v¥o(s,z)(o(s,z))*v = al|v||?, assume for allr € (0,0), j e {1,2,...,d} that

({II L () — 3 (t) ||+ 1| 2= (fr)f%"j(t,y)llp
sup :

l[z— yll

e [0,T],x,y€ O, a # y} ¥ {0}) . (2.99)

for every t € [0,T], x € O let X7 = (X7 ,)serry: [, T] x Q — O be an (F)ei,r-adapted
stochastic process with continuous sample paths satisfying that for all s € [t,T] it holds

a.s. that
Xis=x+ J
t

assume for all t € [0,T], w € Q that ([t,T] x O 3 (s,z) — XF(w) € O) € C¥N([¢,T] x
0), for everyt € [0,T], x € O let Z} = (ZE)sem): (t, T] x Q — R be an (Fs)se,11-
adapted stochastic process with continuous sample paths satisfying that for all s € (t,T] it

holds a.s. that
1
78 = o i , 2.101
t,s (S tSt T Xtr 1 (%Xt,r> dWr> ( )
let Ve CY2([0,T] x O, (0,0)) satisfy that for all t € [0,T], s € [t,T], x € O it holds that

(50)(t @) + ult, @), (VaV)(t,2)) + 5 Te(o(t, 2)[o(t, 2)]* (Hess, V) (¢, x))
+ L|[(V,V)(t,z)|| <0

S

u(r,XZfT)dr—i—f o(r, X{,)dW,, (2.100)
t

(2.102)

let feC(0,T] x Ox RILR), g e C(O,R) satisfy for all t € [0,T], s € [t,T], z € O,
wi,ws € R that Ellg(Xir) 2] 4 [ (5, XEy, wn)[2] < o0 and [£(t,, 1) — £ (¢, 5)] <

ts?

. z,0)
Lljwy — wsl|, and assume that lim sup, ¢ (g o) [SUPsefo.7)\x, SUPze0\O, (\/I‘g/((;m |\f/‘t/ |\/7)]

= 0 and liminf, o [infiepo 1) infreon0, V (t, 2)] = 0. Then
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(i) there exists a unique v e C([0,T] x O,R) n C* ([0, T) x O, R) which satisfies for all
€ [0,T), x € O that limsup,_, . [supeo 1) K, supyeo\or(%vT —-s5)] =0

[|dg tT | }HZ?TM + St |f T, thm (U,Vﬂ))(?“, th:r))H”Zgr H dT] < %0, U(T,ZE) = g(l‘),
an

T
(v, Vu)(t,z) =E [g(ngT)ngT —|—J flr, X{L, (0, Vou)(r, XE)) 2, dr] . (2.103)
t

(ii) there exists a unique viscosity solution u € {u € C([0,T] x O,R): limsup,_,
[Supte[o T SupgceO\O,«(h]l e )] - 0} Of

(Gt ) + ult, ), (Vou)(t, o))
+ 2 Tr(o(t, 2)[o(t, x)]* (Hess, u) (¢, 2)) + f(t, z, (u, Vou)(t,z)) =0

with u(T,x) = g(z) for (t,x) € (0,T) x O, and

(2.104)

(1ii) for allt e [0,T], x € O it holds that u(t,x) = v(t, ).

Proof of Theorem 2.3.1. First note that Theorem 1.2.5, (2.99), and (2.102) prove that
there exists a unique w = (wy, wo, ..., wqy1) € C([0,T) x O, R which satisfies

(I) that limsup,_,, [Supse[o,T)\K, SUPyeO\or(Ty% VI —s)] =0,

(IT) for all t € [0,T), = € O that

T
ol 120l + [ 16 X ez ar| <2 (2109

and

(III) for all t € [0,7"), € O it holds that
T
w(t,z) =E [Q(XffT)th,T +J [l XE L w(r, Xi,)) ZE, dr] . (2.106)
t

Let v: [0,T] x O — R satisfy for all ¢ € [0,7), z € O that v(t,z) = wy(t,z) and
v(T,z) = g(z), let h: [0,T] x O — R satisfy for all ¢t € [0,T), z € O that h(t,x) =
f(t,z, (v, (V) (t, ), let g, € C(O,R), n € N, and b, € C([0,T) x O,R), n € N, be
compactly supported functions which satisfy

. 9n(2) —g(@)| | [9u(t,2) = At 2)| =\ | _
hg:s(gp Ls[lg%ilelg( V(T.2) + Vo) vT t>] 0 (2.107)

(cf. Corollary 1.1.6) and let v,,: [0,T] x O — R, n € N, satisfy for all n € N, ¢ € [0, 77,
x € O that

on(t, ) = E lgn Xig) + J b (r, X7,)d ] (2.108)
(cf. item (ii) of Lemma 1.1.4). Observe that the fact that w e C([0,T) x O, R*"!) implies
that v e C([0,T) x O,R). To prove that v is continuous in 7" let (t,)neny < [0,7) satisfy

limsup,,_,,|t,—7| = 0. Note that [13, Lemma 3.1] and (2.102) imply that for all ¢ € [0, T,
€ [t,T], x € O it holds that

E[V(s,X2)] < V(t,z). (2.109)
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Combining this with Fubini’s theorem and the assumption that for all ¢t € [0,T], z € O,
21, 29 € R4 it holds that | f(t, 2, 21) — f(t, 7, 22)| < L||21 — 22| demonstrates that for all

n € N, z € O it holds that
| < [furﬁm (r Xz Dl

?

<] [ [0 X0 0 XE0) = 105 0) 170 X0

ffTXtIN rthT

'
< [ [ellwtr Xl + 170X >r]dr]

L n

(2.110)

tn,r
Jty n

T
Li|||w(r,XE (r,XE V(r,XE
=E ( [ - tn‘;()r);lf) CELING — ]dr]

i T
Lw(s, y)|||+|f 5,9,0)] EV (X3, )]
< | sup sup S VT dr
se[O T) yeO Visw) tn VT
Lllw(sy)ll+1£(s,9,0)] V(tn,2)
< | sup sup S VT J dr
| se[0.T) yeO Vis) f, VI
— | sup sup A ?{/)Eljll/f w0l [ sup V (s, x)]2 T —t,.
se[O T) yeO s€[0,T7]

Item (I), the assumption that infTE(OOO [SUDeo, )\ K, SUPze0\0, (‘\f/(t’—zi’o)'\/T —t)] =0, and

the fact that V e CY2([0,T] x O, (0,00)) therefore show that for all x € O it holds that

J for, X7 w(r, X7 ))dr] — 0. (2.111)

In addition, note that the triangle inequality and (2.109) show that for all k,n e N, x € O
it holds that

Ellg(X:, ) — g(2)l]
< Ellg(X%, ) — or(X5, )] + Ellgn(XF, 7) — gr(2)[] + Ellgr(z) — g(2)]]

19(XE ) — ar( X7 1)
- i T, X2 E Ty
VX LX) | EleX ) = sl

limsup E [

n—o0

=E

E
TE VT

EV(T, X5, )] + Ellge (X7, 1) — gk()]]

(2.112)

lor(y) — 9(v)| V(T 2)

V(T
< [SUP £(9) ]V tn, ) + Ellor(X], 7) — o (2)]]

) lsupwlm 0

< 2| su M su S, x L) — gk
\4%5 oo “ﬂﬁym>%mwmmﬂ o).
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This, [13, Lemma 3.7], the Portemonteau theorem, and (2.107) demonstrate for all x € O
that

timsup, .. Ellg(Xz 1) — g(@)]] = 0. (2113)
Combining this with (2.111) proves that for all € O it holds that
limsup,,_,,|v(tn, ) — g(z)| = 0. (2.114)

The assumption that for all z € R? it holds that v(T,z) = g(x) and the fact that v €
C([0,T) x O,R) hence demonstrate that v € C([0,T] x O,R). Next note that items (ii)
and (iii) of Theorem 2.2.3 (applied for all ¢ € [O,T), (t,T with O — RY, f =~ g and
T e—r, f—~ (R!>z+— f(r,z,w(r,z)) € R) in the notation of Theorem 2.2.3), Leibniz
integral rule, Fubini’s theorem, item (II), and the assumption that for all ¢t € [0,71],
se[t,T], x € O, ze R*! it holds that E[|g(X{)[*] + E[| f(s, X{,, 2)|*] < o0 show that
ve C%([0,T) x O,R) and for all t € [0,T), x € R? it holds that

l_l\_/

T

(Voo)t.0) = Vi (Bl 0]) + 9. ([ B Xt X0 ar)

=V (BloCxin) + [ 9 (BL0 X0 )] ) o

_E lg(XZT)ﬁ f(g(s, Xi )™ (%Xﬁ@ dWS] (2.115)

~ Bl [ ot X (L) aw:
e8] [ttt [t (S awar]

Item (I1I) therefore implies that for all t € [0, T'), x € R? it holds that (wq, ws, . . ., way1)(t, z)
= (V,v)(t,z). This, items (I)-(III), and the fact that v € C([0,T] x O,R) establish
item (i). Next we prove items (ii) and (iii). First note that item (I), the fact that for
all t € [0,T], z € O, 21,2 € R it holds that |f(t,x,21) — f(t,2,20)] < L||z1 — 2,
and the fact that limsup,e (g o) [SUDsejo 1)\, SUPe0\0, ('fvt(f wo VT =1)] = 0 imply that
he C([0,T) x O,R) and
lim sup [ sup  sup <|3(é?)| VT — t>]
r—w | te[0,T)\K, z€0\O ’

= lim sup sup  sup (f(tw(vzi); )(t,x)) |\/7>]

r—o | te[0,T)\K, zeO\O,

+£TE [f(r X2 ulr, XET))%LT(U(S,XES))* (%X&) dWS} dr

(2.116)

< lim sup sup  sup (fét(’f;c(;)l VT — ¢ 4 Lz, Vz‘g)étxx F(t,,0)] /;)]

r—o | te[0,T)\K, zeO\O,

<lmsup| sup  sup (f(t,m,O)l+5(||t(i,)vmv)(t@)||| /;T_t)] _ 0

r—oo | te[0,T)\Kr z€O\Or
Next note that (2.109) demonstrates that for all n € N, ¢ € [0,T], € O it holds that

E (l0,(XEr) ~ o650l < [sup 250200 gy (7 x )

9.(y) — 9(y)|
< [smp B vie

(2.117)



70

Combining this with (2.107) implies that

Elg. (Xz2)] — Elg(Xzp)]
( Vi) )] -

lim sup [ sup sup (2.118)

n—00 te[0,T] zeO

Moreover, observe that (2.109) shows that for all n € N, ¢t € [0,7], € O it holds that

U b, X7,) (r,X;T,)]dr]

Da(s. ) — s, )] | (FEWV X))
< | s (BT ) | [ A e
< | sup sup <|f)n(8,y) — h<s’y)|\/T— s) VT —tV (t, z).
| se[0.7) yeO V(s,y) |

This and (2.107) imply that

E[{" b, (r, X2 )dr] — E[{" h(r, X= )] dr
limsup | sup sup [ELS; n(r XE,) dr] = Eff; ACr, XE)]dr[) | _ (2.120)
n—® | te[0,T] 2€0 V(t,z)
The triangle inequality and (2.118) therefore demonstrates that
. |Un<tax) —U(t,l’>|
limsup | sup sup < = 0. 2.121
n—0o [te[O,T] xzeO V(t7 ZE) ( )

Furthermore, note that (2.108), the assumption that lim inf, . [inf;cf0 ) infzeo\0, V (¢, 2)]
= o0, and the fact that for all n € N it holds that g, and b, are compactly supported
ensure for all n € N that

Sup Sup ('Un(t,fb)l)

tefo,1]ze0r\0, \ V (L, T)

< lim sup ([ (sup|gn(ac)|) (2.122)
7—00 zeO

1
+ T | sup sup|h,(t,z)| ] sup sup ) =0
1e[0,T] 20 tef0,1] zc0\0, V (t, )

Combining this with the triangle inequality and (2.121) proves that

lim sup

r—00

lim sup [ sup sup |v(t,x)]]
r—00 te[0,T] zeO\O» V(ta .T)

< inf (limsup[ Sup  sup lo(t,z) — U(t,:c)|]

neN r—00 te[0,T] zeO\O» ( ) )
+hmsup[ sup  sup ot ’xﬂ]) 2.123
r—00 te[0,T7] zeO\Or ,SL‘) ( ' )
) lu(t, x) 7l
<inf [ sup sup
neN te[0,T] z€O

. v (
< limsup | sup sup = 0.
n—a (te[o T] zeO V(t7 Zﬂ)



CHAPTER 2. EXISTENCE AND UNIQUENESS OF VS 71

Next note that Proposition 2.1.7, (2.99), (2.102), (2.103), and (2.116) demonstrate that
v i8 a viscosity solution of

(St x) + u(t ), (Vov)(t,2))

+ 3 Te(o(t, 2)[o(t, 2)]* (Hess, v)(t,z)) + h(t,z) = 0 (2.124)

for (t,x) € (0,T) x O. This ensures that for all t € (0,T), x € O, ¢ € C**((0,T) x O,R)
with ¢ > v and ¢(t,z) = v(t, x) it holds that

(50)(8,2) + (ult,2), (Vo0) (¢, 2))
ATl )] (e 0)0.0) + it ot 0) (T0)ea)
= (5)(t,2) + (ult,x), (Vo9) (L, 2)) .
+ 5 Tr(o(t, 2)[o(t, 2)]" (Hess, ¢)(t,x)) + h(t,z) = 0.
Moreover, observe that (2.124) shows that for all t € (0,T), x € O, ¢ € C*((0,T) x O, R)
with ¢ < v and ¢(t,z) = v(¢,x) it holds that
¢)

(50)(t.2) + ult,2), (Vao)(t,2))

(u
+1T )( o(t,z)[o(t,z)]*(Hess, ¢)(t, ) + f(t, 2, (t,x), (V.0)(t, 2)) (2.126)
r(o

T~

= (G)(t.2) + {ult,2), (Vao) (t )
+ 5 Tr(o(t,2)[o(t, )" (Hess, ¢)(t, ) + h(t,z) <0.

Combining this with (2.125) proves that v is a viscosity solution of

(St 2) + u(t 2), (Vov)(t,2))

b I Te(o(t, 2)[o(t,2)]* (Hess, v)(t.2) + f(t.2, (0, Vo) (t,2)) =0 12D

for (t,z) € (0,7) x O. Proposition 2.1.8, (applied with u; = v in the notation of Propo-
sition 2.1.8), (2.102), and (2.123) therefore establish items (ii) and (iii). The proof of
Theorem 2.3.1 is thus complete. O

The following corollary applies the results of Theorem 2.3.1 to a function V' that is
independent of the time component. The proof of the Corollary 2.3.2 is similar to the one
of [10, Corollary 3.8].

Corollary 2.3.2. Let d € N, a,c,L, T € (0,0), p € R, let {-,->: R x R — R be
the standard Buclidean scalar product on R, let ||-||: R? — [0,0) be the standard Eu-
clidean norm on RY, let ||-||: R**! — [0,00) be the standard Euclidean norm on R+
let ||-||F: R4 — [0,00) be the Frobenius norm on R™? let O < R? be an open set,
for every v € (0,00) let K, < [0,T), O, = O satisfy K, = [0,max{T — %,0}] and

={zeO:|z| <rand{yeR: |y— x|| < 1} < 0}, let (O, F,P, (Fy)seor]) be a
filtered probability space satisfying the usual conditions, let W: [0, T] x Q — R< be a stan-
dard (Fs)sepo.r)-Brownian motion, let € C*'([0,T] x O,R?), o € C*([0,T] x O, R**9)
satisfy for all s € [0,T], x,y € O, v e RY that

max { @ =y, u(s,2) = (s, ), lo(s,2) = o(s,9) 3] < e =yl (2128)
and v¥o(s,z)(o(s,x))*v = af|v||?, assume for all r € (0,0), j € {1,2,...,d} that
12 () — 222, y)||F+H5f (tx)— .(t,y)llp
Sup o=yl :
(2.129)

€ [O,T],x,yeOr,x;«éy} u{O}) <o
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for every t € [0,T], x € O let XF = (X7 )serer): [, T] x Q@ — O be an (F)es/r)-adapted
stochastic process with continuous sample paths satisfying that for all s € [t,T] it holds

a.s. that
Xis=x+ J
t

assume for all t € [0,T], w € Q that ([t,T] x O 3 (s,z) — X[, (w) € O) € C¥([t,T] x
0), for everyt € [0,T], v € O let Z} = (Z},)ser): (¢, T] xQ — R be an (Fs)se,11-
adapted stochastic process with continuous sample paths satisfying that for all s € (t,T] it

holds a.s. that
1
Zt,s = (8 tSt 7" thr —1 (%th,r> dWr>> (2131)

let Ve C?*(0,(0,m)) satisfy for allt € [0,T], x € O that

u(t,z), (VV)(@)) + 5 Tr(o(t, 2)[o(t, )]" (HessV)(x))
+ LI(VV)(2)|| < pV (),

S

u(r, XE.) dr + f o(r, XE,) AW, (2.130)
t

(2.132)

let f e C([0,T] x O x RIFLR), g e C(O,R) satisfy for all t € [0,T], s € [t,T], x € O,
wi, wy € RT that B|g(Xip)P] + E[|f (s, X7y, wi)[?] < o0 and | f(t, 2, w1) = f(t, 2, w2)] <

Lwy — wa|, and assume that inf,c ) [SUDyeo 1) x, SUPze0\0, ('g(’”)H‘f/(:}T;;)'”T%)] =0

and liminf, ., [inf,eo\0, V(2)] = 0. Then

(i) there exists a unique v e C([0,T] x O,R) n C%L([0,T) x O, R) which satisfies for all
€ [0,T), z € O that lim suprﬁw[supse[(),T)\Kr SUD,c0\0, (M(”j/“ﬁy)mw —35)] =

V(y)
[’g tT HHZfT‘H + St ‘f r, thr? (Uv V;,ﬂ))(?”, Xgr))HHZI,r ‘dT’] < 0, and

T
(v, Vu)(t,x) =R {g(XZT)ZZT —i—f fr, X7, (0, Vou) (r, X7,)) 25 dr |, (2.133)
t

(ii) there exists a unique wviscosity solution u € {u € C([0,T] x O,R): limsup,_,,
[Supte[o T] Super\OTUu L )] - 0} Of

(24)(t, ) + (ult, @), (Vou)(t, z))
£ L Ta(o(t, 2)[o(t, o)) (Hess, u) (1, 2)) + F(t,2, (v, Vou)(t 7)) = 0 (2.134)

with u(T,x) = g(z) for (t,x) € (0,T) x O, and
(iii) for allt e [0,T], x € O it holds that u(t,x) = v(t, ).

Proof of Corollary 2.5.2. Throughout this proof let V: [0,T] x O — R satisfy for all

€ [0,T], x € O that V(¢t,z) = e "V (z). Note that the product rule and the fact that
V e C*(0,(0,2)) ensure that V e C*%([0,T] x O, (0,00)). This and (2.132) show that
for all £ € [0, T], € O it holds that

(50t 2) + ult, ), (VaV)(E 7)) + 5 Te(o(t,2)[o(t, 2)]* (Hess, V)(t, x))
+ L[(VoV)(2)]]

= (= V() + Gult). (VV) ()
+ 5 Tr(o(t, )[o(t, z)]* (HessV)(z)) + LH(VV)(.CE)H) <0

(2.135)



CHAPTER 2. EXISTENCE AND UNIQUENESS OF VS 73

9@, ft200)

AV (x) AV (x)

Furthermore, note that the fact that inf,c( o) [SUDsefo 7)) k, SUPze0\0, (

T —t)] = 0 ensures that
. lg(z)] If(t,w,O )
inf sup  sup ( VT —t
r€(0,00) [te[o TW\K, eO\O, m V(t :L"

. lg(z)] |f(t,2,0,0)] )]
= inf su su + \/T t 2.136
TE(O’OO)[ te[o, Tp\Kr er\% <«/e PTV (z etV (x) ( )

. |9(z )| LG 93, : )!
< Vel inf sup  sup < VT —t
r€(0,00) [ te[0,T)\K, z€O\O; \/7 VYV

In addition, observe that the assumption that liminf, . [inf,c0\0, V(2)] = o0 guarantees
that

liminf[ inf inf V(¢,2)] = oo. (2.137)

r—  te[0,T] zeO\Or

Combining this with (2.135)-(2.136) and Theorem 2.3.1 (applied with V' «— V in the
notation of Theorem 2.3.1) establishes items (i)-(iii). The proof of Corollary 2.3.2 is thus
complete. O

In the following corollary we show that the function R? 3 z — (1 + ||z[|?)2 € R,

€ (0, 0), satisfies the condition (2.102) in Theorem 2.3.1 and can therefore - under the

right assumptions on the coefficients ;1 and o- ensure that there exists a solution to the

SFPE in (2.103) which is also a viscosity solution to the corresponding PDE. The proof

of the following corollary, Corollary 2.3.3, uses some ideas of the proof of [10, Corollary
3.9].

Corollary 2.3.3. Let d e N, a,¢, L, T € (0,0), let {-,->: R x R — R be the standard
Euclidean scalar product on R?, let ||-||: R — [0, 00) be the standard Euclidean norm on
Re, let |- : RS — [0,00) be the standard Euclidean norm on R let ||-||p: R4 —
[0, 0) be the Frobenius norm on R4, let (Q, F, P, (Fy)sefo,7) be aﬁltered probability space
satisfying the usual conditions, let W: [0,T] x Q@ — R? be a standard (Fy)sejo.1)-Brownian
motion, let e C¥L([0,T] x RYRY), o € COH([0,T] x R4, R¥>9) satisfy for all s € [0,T],
z,y e R, veR? that

max {(z =y, 1u(s,0) = s,y Hlo(s,2) = o(s, )} < slo -yl (2138)

max{(z, u(t, ), |lo(t, v)||} < c(1 + [|z[|*), and v*o(s,2)(o(s,2))*v = a|v|*, assume for
allre (0,0), je{1,2,...,d} that

({Ila“(t:v) Lyl 2 ](trv)ff(ty)llp
sup :

llz—yll

(2.139)
te[0,T],z,ye{zeR ||z| < r}w;«éy}u{()})<oo

for every t € [0,T], x € R let X} = (XT,)seprr): [t T] x Q — R be an (Fs)sep,ry-adapted
stochastic process with continuous sample paths satisfying that for all s € [t,T] it holds

a.s. that
Xt“’fs =z + J
t

assume for all t € [0,T], w € Q that ([t,T] x R? 3 (s,2) — X7 (w) e R?) € CO([¢,T]
xR RY), for every t € [0,T], x € R let ZF = (Zts)se(tT (t,T] x Q — R be an

S

p(r, X{,) dr + J o(r, X{,)dW,, (2.140)
¢
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(Fs)set,r1-adapted stochastic process with continuous sample paths satisfying that for all
€ (t,T] it holds a.s. that

1
a o ) 7 (2.141)
b (s t St Xt T ! (a%Xt,’r> dWT)

let fe C(0,T] x R x RIFLR), g € C(RER) be at most polynomially growing, and
assume that for allt € [0,T), s € [t,T], z € R?, wy, wy € R™ it holds that E[|g(X{1)]*] +
E[|f(s, X¢,, wi) ] < o0 and |f(t, z,wi) — f(t,2,w2)| < L|lwy — wol||. Then
(i) there exists a unique v € C([0,T] x RY, R) n C%1([0,T) x RY, R) which satisfies that
(v, Vou)(t, 2)VT — t)ie[o,1) zera grows at most polynomially and for all t € |0, T)
x € R it holds that E[\g(XfT)HHZfT’H + StT|f (r, X7, (0, Vo) (r, X7, HH H’ dr|
o0 and

T
(v, Vu)(t,x) =R |:9(XZT)ZZT —i—f fr, X7, (0, Vou) (r, XP,)) 25 dr |, (2.142)
t

(ii) there exists a unique at most polynomially growing viscosity solution u € C([0,T] x
R4 R) of

()t 2) + ult,2), (Vou)(t,2))

+ %Tr(a(t, x)[o(t,x)]* (Hess, u)(t, z)) + f(t,z(u, Vou)(t,z)) =0 (2.143)

with w(T,x) = g(x) for (t,x) € (0,T) x R, and

(iii) for all t € [0,T], x € R? it holds that u(t,z) = v(t,z).

Proof of Corollary 2.3.5. Throughout this proof let V,: R? — (0,00), q € (0,0), satisfy
for all ¢ € (0,0), x € R? that V,(z) = (1 + ||z||?)3. First note that [13, Lemma 3.3]
(applied for every g € (0, 0) with p = ¢, O = R? in the notation of [13, Lemma 3.3]) and
the assumption that for all ¢ € [0, 7], x € R? it holds that max{{z, u(t,z)), |o(t,z)||%} <
c(1 + ||=||?) demonstrate that

(I) for all g € (0,00) it holds that V, € C*(R?, (0,00)) and
(IT) for all g € (0,0), t € [0,T], x € R? it holds that
(u(t,x), (VV)(@)) + 5 Te(o(t, 2)[o(t, 2)] " (Hess V) ()

. (2.144)
< G max{q + 1,3}V (z).

Observe that item (I) and the product rule imply that for all ¢ € (0,0), z € R? it holds
that

(VVo)(x) = qz(1+ [|z]*)2 ™" = qVy (@) e (2.145)

The fact that for all a € [0,00) it holds that a < 1 + a® therefore shows that for all
€ (0,00), x € R? it holds that

I(VV) (@) = aVy(o) il < aVy(a). (2.146)

I+]lzf]> =
Combining this with item (II) proves that for all ¢ € (0,00), t € [0,T], x € O it holds that

(u(t,z), (VVo)()) + 5 Te(o(t, 2)[o (¢, 2)]* (Hess V) (x))

+ LI[(VVy) ()| < (£ max{q + 1,3} + Lq)V,(z). (2.147)
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Next note that for all g € (0, 00) it holds that
lim infr_,oo [infxeRdyanN ‘/q(ﬁ)] = 00. (2148)

Furthermore, observe that the assumption that f and g are at most polynomially growing
ensures that there exists p € (0,00) which satisfies

t,x,0) T —t
te[0,T] zeR4 Vp(x)
This shows that for all ¢ € [p, «0) it holds that
t, 2, 0VT —t
lim sup [ sup sup <|g(m) RFAGERY) |)] = 0. (2.150)
=00 te[max{T—1,0},T) zeRe,||z||>r ‘/q(l')

Combining this with (2.148) and item (ii) of Corollary 2.3.2 (applied with p = (cp max{2p+
1,3} + 2pL), O —~ RY V = Vy, in the notation of Corollary 2.3.2) demonstrates
that there exists a unique viscosity solution v € {u € C([0,T] x R% R): limsup,_,,

[supyefo,71 SupzeRd,Hznw(%)] =0} of

(S)(t,2) + (ult,2), (Vou)(t,2)) + 5 Te(o(t, 2)[o(t, 2)]* (Hess, u)(t, )

+ f(t, o, (u, Vou)(t,z)) =0 (2.151)

with u(T,z) = g(x) for (t,z) € (0,T) x R% Let v € C([0,T] x R R) be an at most
polynomially growing viscosity solution of

()t 2) + u(t,z), (Vo) (t,2)) + 5 Te(o(t, 2)[o(t, 2)]* (Hess, v)(t, )

+ f(t,z, (v, V) (t,x)) =0 (2.152)

with v(T,x) = g(z) for (t,z) € (0,T) x R%. Observe that the assumption that v is at most
polynomially growing ensures that there exists § € [2p, 0) which satisfies that

limsup[ sup  sup ('”@’x)')] ~0. (2.153)

r—00 te[0,T] zeR4,||z||>r Vﬁ’(x)

Item (ii) of Corollary 2.3.2 (applied with p = pg, O = R? V = Vj in the notation of
Corollary 2.3.2), (2.151), and (2.152) therefore demonstrate that u = v. This establishes
item (ii). Next observe that item (i) of Corollary 2.3.2 (applied with p =~ py,, O =— R%
V' e Vy, in the notation of Corollary 2.3.2) shows that for all ¢ € [0,7], z € R? it holds

that E[|g(X7p)||| Zell + §) 1 (r X3, (u, Vou) (r, XE)|| 22, ][ dr] < o0 and

t,ro

T
(u, Vyu)(t,z) = E [g(ngT)Zt”fT + J flr, XT, (u, Vou) (r, X{,)) 25, dr] . (2.154)
t

Let w € C([0,T] x R, R) satisfy that ((w, Vow)(t, #)vVT — t)e[0.1)cerd grows at most
polynomially and that for all ¢ € [0,T], x € R? it holds that

EllaCXEZE N+ [ 170X 0 Va0 ez ] < 2as5)
and

T
(w, Vaw)(t,z) = E [g(XfT)Ztng + J fr, X7, (w, Vow) (r, XT)) 25, dr | . (2.156)
¢
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Note that the fact that ((w, V,w)(t, 2)vVT — t)ej0,1),2erd grows at most polynomially im-
plies that there exists v € [3,00) which satisfies that

lim sup Le[sup sup (W(w’vﬂ”w)(t’x”” \/ﬁ)] = 0. (2.157)

r—00 0,7)\Ky weRd, ||z]|>r V. (t, )

Items (i) and (iii) in Corollary 2.3.2 (applied with p =~ p,, O —~ R% V «— V, in the
notation of Corollary 2.3.2), (2.154), and (2.156) therefore demonstrate that u = v = w.
This establishes items (i) and (iii). The proof of Corollary 2.3.3 is thus complete. O



Chapter 3

Multi-level Picard (MLP)
approximation of high-dimensional
semilinear partial differential
equations with gradient-dependent
nonlinearities

This chapter is going to prove that the theoretical results from Chapters 1 and 2 lead
to an approximation scheme that can solve semilinear partial differential equations with
gradient-dependent nonlinearities numerically without suffering from the curse of dimen-
sionality. The central goal of this chapter is to find a numerical approximation of the
viscosity solutions u: [0, 7] x R? — R of partial differential equations of the form

(5)(t,2) + ult,2), (Vou)(t,z))

) (3.1)
+ 5 Tr(o(t,z)[o(t, z)]* (Hess, u) (¢, x)) + f(t, x, u(t, ), (Vou)(t,2)) =0

with u(T,z) = g(x) for (t,z) € (0,T) x RY. To set up our approximation scheme, we
combine the Feynman-Kac type representation result in Theorem 2.3.1 and the following
approximation approach from the theory of ordinary differential equations. If we assume
f e C(R,R) and y: [0,7] — R which satisfy y(0) = yo and ¢ = f(y) we can use the
fundamental theorem of calculus to reformulate the problem into

y(t) = o + f £(y(s)) ds. (3.2)

Moreover, if we assume f to be Lipschitz continuous, then Picard iterations for sufficiently
small ¢ € (0,77 lead to

y°(t) = o, Yy E) = yo + f: fy"(r))dr, neN. (3.3)

If we transfer this idea to the setting of stochastic fixed point equations like in Chapter 1
we receive

q)()(ta I) = E[g(XZT)ZzT]a

. T (3.4)
3" (¢, 7) = Blg(Xip) Zig] + f E[f(®"(r, X2,))Z2,]dr, ne Ny



78

The proof of Theorem 1.2.5 in Chapter 1 shows - under suitable assumptions - that
there exists a unique fixed point v € V which satisfies ®(v) = v. This together with a
telescoping sum argument leads to the following construction of an approximation scheme.
Set ®~! = 0 and define for all n e N, t € [0, T], x € R? that

O™ (¢, 1)
= E[g(XZT)ZZT]
w | @ XE) + VB @A X)) - F@ XN Zidr (35)
t k=1
— Elg(X7r) 2] +2f F@H(r, XE,)) — 1u(k) F(®(r, X7,) | 22, dr.

The next step is to approximate the continuous quantities in the above equation by dis-
crete ones. For this, we replace the expected values by Monte Carlo averages and the
time integral by GauSS-Legendre quadrature formulas, respectively. In the implementa-
tion of the Monte Carlo averages summands of large k are costly to compute but have
small variance while summands of small k£ are cheap to compute but have large variance.
The reason to use GauSS-Legendre quadrature for the discrete approximation of the time
integral is based on the fact that for smooth PDE solutions the quadrature error can be
exactly calculated (cf. Lemma 3.2.5). Putting everything together, our approximation
scheme for the numerical calculation of (u, V,u) is given by

Mm

0,0,—1),z,n 0,0,—1i),z,n
VY aro(t@) = gla)er + B ST (g(v 50700y - g(a)) 21507

.
[y

+ Z Y, G (3.6)

=0 se(t,T)

M™m— !
- [ 2 (FV,050e) = (O F (VT @) (s, Vi ) 20 ]
i=1
For the computations of Unm o the full history U 0M.Q> UT(L)1 MO Ur(z;)rnfl,M,Q needs
to be computed that is why we have full recursive multl level Picard approximation.

The chapter is structured as follows. Section 3.1 introduces and studies the Multilevel
Picard approximation scheme. First, we properly define the MLP approximation scheme
in Subsection 3.1.1. Subsections 3.1.2 - 3.1.5, then establish well-definedness and several
other properties required for the error analysis in Section 3.2. This chapter’s main result
is Corollary 3.2.8 in Subsection 3.2.2 below. Essential for the proof of Corollary 3.2.8 are
the upper error bound established in Theorem 3.2.4 and the calculation of the GauSS-
Legendre quadrature error in Lemma 3.2.5. The proof of Theorem 3.2.4, in turn, uses the
non-linear Feynman-Kac type formula developed in Subsection 3.2.1 and certain findings
from Section 3.1.

3.1 Full-history recursive MLP approximations

In this section we study MLP approximations for viscosity solutions of a certain class
of semilinear PDEs with gradient-dependent nonlinearities. In Subsection 3.1.1 we thor-
oughly introduce our MLP approximation scheme and the considered setting. Subsec-
tion 3.1.2 establishes upper bounds for certain GauSS-Legendre quadrature terms which
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will be needed for the error analysis in Section 3.2. Subsections 3.1.3 -3.1.5 prove several
measurability, integrability, independence, differentiability, and boundedness properties
of the considered MLP approximation scheme or parts thereof.

3.1.1 Mathematical description of MLP approximations

Throughout this chapter we are going to use the following setting. In contrast to Chap-
ters 1 and 2, where we assumed the coefficients u and o to fulfil the global monotonicity
assumption, we now need them to satisfy (3.7). In Lemma 3.1.2 we provide a result that
the assumption in (3.7) implies that p and o are globally Lipschitz continuous. The rea-
son why we need stronger assumptions on the coefficients than in the previous chapters
lies in the convergence of the required Euler-Maruyama approximations.

Setting 3.1.1. Let d € N, o, 3,b,T € (0,0), K € [1,0), L € R¥™! Jet L € [0,0)
satisfy that L = Zd+1|L |, let ||||: R — [0,00) be the standard Buclidean norm on R,
let ||-|I: R¥* — [0,00) be the standard Euclidean norm on R4 let p = (1, ..., pq) €
CYRYRY), 0 = (04)ijer2...ap € CHRY, R satisfy for all x,y € R? that

d
max Z
i,j=

and y*o(2)(o(z))*y = a|y|%, for every pe N, z € R? let v € [0, 00) satisfy that

7P =27 (u@)IIP + pllo()Il}), (3.8)

let f e C([0,T] x R* x R R), F: M(B([0,T] x R?), B(R¥*1)) — M(B([0,T] x
R?), B(R)) satisfy for allt € [0,T], x1,25 € R, y = (y1, Y2, - - -, Yas1), 2 = (21, 22, - - -, 2a41) €
R we M(B([0,T] x RY), B(R*1)) that

25;(@ , (Zd] %(m)])Q} <K (3.7)

j,k=1

d+1

(F<w))(t7‘rl) = f(t’xhw(t’xl)) and |f(t,$1, ) t y L2, 2 Z L, |yu - 1/ ) (39)
let g € C(RY,R) satisfy for all x, x5 € RY that
|9(z1) = g(@2)| < L]|z1 — 22|, (3.10)

let u® € CH2([0,T] x R4, R) satisfy for all t € [0,T], z € R that u(T,x) = g(z) and

(25)(t, @) + (ut, @), (Vau™) (¢, )
+ %Tr( (t,x)[o(t, z)]* (Hess, u™)(t,x)) + f(t,z,u™(t,x), (V,u?)(t,x)) = 0,

let v° € C([0, T)xR, R Y satisfy for allt € [0, T], x € R? that v*(t, z) = (u®, V,u®)(t, x),
for every N e N, t € [0,T] let (¢ )ieq12,...ny S [—1,1] be the N distinct roots of the Leg-
endre polynomial [~1,1] 3 # — 532 [(2? — D)N] € R and VT [t,T] — R be the
function which satisfies for all s € [t,T] that

(3.11)

g1 (s)

T T—t)eN —(t+T 2s T)
§; 15{1 20N}, 55 ((T tiz EHT; de :(t<T), (L ef{cV, ... N (3.12)
;ﬁi

0 . else,
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let (Q, F,P,(Fs)sepor)) be a ﬁltered probability space satisfying the usual conditions, let

O =,y Z", let WP = (Wt )te [0.17,ie{1,2,...ay: [0, 7] x Q — R, 0 € O, be i.43.d. standard

(Fs) sefo,r1-Brownian motions, for every t € [0,T] let |-];: R — R, satisfy for all s € [0,T]

that |s|; = sup([t, s] N ((Tn—_t)N)), for everyneN, e O, te[0,T], x € R let Y™ =

((Y;?s’z’n)i)se[t,T],ie{Lg ,,,,, a: [t T] x Q@ — R satisfy for all s € [t,T] that Yff’" = and
st,xn yoan

t,max{t,|s|:}

= (Yoo (8 = max{t, [s1}) + o (V. gD WY = Wikageog):
ans (t1sl)

for everyneN, 0 e O, te[0,T], v € R? et Df’x’” = ((fo")U)se[tj]’i’je{l’g ,,,,, a: [t,T] %
Q — R satisfy for all i,5 € {1,2,...,d}, s € [t,T] that (DM”)Z- = 0;; and

(3.13)

(DY) — (Do tsiey )i

t,max{t,|s|t} /%

a:ul 6,x,n 0,x,n
= 2 [a_xk(y; max{t [sjt})(Dt,max{t,[sjt})kj(s o HlaX{t? [SJt}> (314)

aaim 0,x,n 0,z,n 0,m
+ 2 [axk (Y mctelsty) (P dsle) o V™ = Wi Jt})] ’
m=1

let e, € R satisfy ey = (1,0,0,...,0), for everyn € N, € ©, t € [0,T], z € R?
let Zf’x’" = ((Zg’f’”)z)se(t Tief1,2,...d+1}: [ T] x Q@ — R+ satisfy for all s € (t,T)] that
ng”’" =e; and

0
Zte’szm - Z@,m,n = 1 0,x,n —1 no,z,n 5 (315)
) t,max{t,|s]¢} —(O'(Y )) D (W W s Jt})

s—t t,max{t,|s]+} t,max{t,|s|¢} max{t,
let o € CL2([0,T] x R%,[0,0)) satisfy for all t € [0,T], x € R? that
(%0)(t,2) + {(Va)(t,2), () + § Tr(o(x)[o(2)]*(Hess, ) (t, 2)) < Bt ) + b (3.16)

and inf,epo 1) infyepa o(r,y) > 0, and for everyn, M,Q let V!, 5: [0,T)xR*xQ — R,
m € Z, 06@ satisfy for all € ©, me Z, t € [0,T], v € R? that

Z 9 ,0,—1),z, n> B g(x))Zt(’Gj,WO,fi),x,n

Vimarg(t ) = g(z)er i1

m—1 Q.[t.T]
g@tti(s)
+ Z Z Mm—l (3.17)
1=0 se(t,T)

M'mfl
0,1, 0,—1,i 0,l,i),z,n 0,l3),x,n
| S P - 1O PO s 2

i=1
The following elementary lemma proves that the assumption in (3.7) ensures that the
coefficients p and o are Lipschitz continuous.
Lemma 3.1.2. Let K € [1,0) and let p = (w1, . .., pg) € CHRELRY), 0 = (04j)ijef1,2,..a) €
CH(R4, R¥4) satisfy for all z € R? that
5 2
( ﬂ@;)‘) < K. (3.18)

%
tax Z ‘ (?xj oxy,

Then
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(i) it holds for all x € R that

Ol 2 (7019
max{ |0z, ’,Z_: <Z ‘6xk D } sk (3.19)
1,j=1 3,j=1
and
(ii) it holds for all x,y € R? that
maxx { [u(z) — (o). o (@) = 0@l } < Kl = yl. (3.20)

Proof of Lemma 5.1.2. First observe that (3.18) and the fact that for all a,b € [0, 00) it
holds that v/a + b < y/a + /b imply that for all z € R it holds that

S0l <3 [ Lol - 5 20l o

In addition, note that (3.18) and the fact that for all a,b € [0, 00) it holds that va + b <
\/a + /b ensure that for all z € R? it holds that

d
$ (Sl (8 e
8xk — ﬁxk
Combining this with (3.21) establishes item (i). In the next step note that the mean

value theorem and the assumption that p € C1(R? R?) ensure that for all i € {1,2,...,d},
z,y € RY there exists £V € R? which satisfies that

i) = )| = (Vi) (&) |z = wll. (3.23)

Combining this with item (i) shows that for all z,y € R? it holds that

—1 &xk

) Z:] %(a:)lgx/?. (3.22)

d
(@) = n()IP = Zm — @) = VIV Pl -yl
. = (3.24)
a2 3 |2 e[ < K2l ol
| 0x;

Furthermore, observe that the mean value theorem and the assumption that o € C1(R? R%*9)
show that for all 4,7 € {1,2,...,d}, x,y € R? there exists i}’ € R¢ which satisfies that

|03 (x) — 03 ()| = (Vi) (i) ||z =yl (3.25)

This, (3.18), the assumption that K € [1,c0), and the fact that for all z = (xy,...,z4) € R?
it holds that ¢ |z;|? < (3%, |z])? demonstrate that for all z,y € R? it holds that

d
o) = ol = 3 losta) — ol = 3] (T ) Pl — ol
i,j=1 i,j—l
d 2
00 2 o0 (3.26)
— _ 2 1] ‘zzy < . 2 ”Lj
bl 35 [T < (. Z )

< K?|le =yl

This establishes item (ii). The proof of Lemma 3.1.2 is thus complete. O
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3.1.2 Preliminary results for GauSS-Legendre quadrature rules

In the following Lemma we prove upper bounds for the GauSS-Legendre quadrature of
the functions ([t,T] 5 s > -5 € R) and ([t,T] 5 s — ﬁg e R) for t € [0,T].
The proof follows the idea of [55, Lemma 3.3]. We will use Lemma 3.1.3 to ensure the
integrability of the MLP approximation scheme in Subsection 3.1.5 and to calculate the

global error in Section 3.2.
Lemma 3.1.3. Assume Setting 5.1.1 and let Q € N. Then
(i) it holds for allt € [0,T] that

1
BT %<2 T+t 3.27
se;T q t ( )

and

(i) it holds for all t € [0,T] that

1
[T < 3.28
se;T 4 \/T — 84/s— 1t i ( )

Proof of Lemma 3.1.3. First note that for all t € [0,T), r € [0,1] with 2r—1 € {¢¥,¢$, ..., cg}

the substitution [t,T] 3 # — £= € [0, 1] implies that

TN (T —t) + 1)

_JT 1—[ 20 — (T —t)c? — (t+T) W
¢ (13,0}, (T —t) + 2t — (T —t)c? — (t +T)

2r(T— t)+2t (t+T)
—t

(" 2w —t) — (T —t)c? — (T —t) (329)
_L L] (T —t)(2r — @ — 1) dr

! 2 —c? -1
=(T-1 J H —— | dy.
0 ] ie{1,2,...,Q}, 2r — i —1
@x2r—1
Combining this with (3.12) shows that for all ¢ € [0,T), r € [0, 1] it holds that
T (T —t) + 1) = (T — )¢ (r). (3.30)

This implies that for all ¢ € [0, T) it holds that

Qi[t Q¢ Q,[0,1]
q -y ¢ )+ g™ (r)
X = =VT—t ) . (331)
se(t,T) re(0,1) ( —1) re(0,1) vr
Furthermore, observe that for all € € (0,0), r € (0,1) it holds that
2Q 2Q—-1
T L (ryeyerha H (3.32)

or2Q \/r + ¢ AT
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In addition, observe that the error presentation for the GauSS-Legendre quadrature rule
(cf., e.g., [28, Display (2.7.12)] (applied with a «— 0, b =~ 1, n «— @) in the notation of |28,
Display (2.7.12)]) proves that for every ¢ € (0, 00) there exists £ € (0, 1) which satisfies

@[ ! 1 | 2Q 1

> - f ar - (o ) (3.33)
S Tre = | e mar ma v e
This and (3.32) show that for all € € (0,1) it holds that
Q[0 1 1
q 1 1

< dr < =2.

2 \/m L Jrie \[ (3.34)

re(0,1)

Combining this with (3.31) and letting ¢ — 0 implies that for all ¢ € [0, 7] it holds that

Q,[0
q~ Z q
> —ﬁ < 2VT —t. (3.35)
se(t,T) s—1 re(0,1) \/7

This establishes item (i). Next observe that (3.30) ensures that for all ¢t € [0,7) it holds
that

(3.36)

il PO 1) P
Se(zt:T) T — s+/s —t TG(ZO;I) \/(T—t)(l—r)\/r(T—t) re%;l) —7r)

Moreover, note that the general Leibniz rule ensures that for all € € (0,00), r € (0,1) it
holds that

079 1
or2Q (\/r +evl—r +5)

. [(1 —r+ s)(’”%)ij1 (—% - Z) ] (3.37)
S ey )

k=1

-[(1—r+€ (k) kﬂ( )]/

In addition, note that the error presentation for the GauSS-Legendre quadrature rule (cf.,
e.g., [28, Display (2.7.12)] (applied with a =~ 0, b =~ 1, n = @ in the notation of [28,
Display (2.7.12)])) demonstrates that for every € € (0,00) there exists n € (0,1) which
satisfies

g+ 1(r)
(Z:)\/r+€\/1r+€
re(0,1 (3.38)
:J 1 dr Q) <82Q 1 )
o Vr+evl—r+e 2Q + D[2Q)P\or*@ \/r +ev/1 -1 +¢

r=n
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Combining this with item (i) of Lemma 1.1.2 (applied with @ =~ 0, b =~ 1, A «— 0 in the
notation of Lemma 1.1.2) and (3.37) proves that for all € € (0, 1) it holds that

Q.0 1 1 1
201)\/rf€\/1—r—|—5 J\/?"-i-fi\/l—?“-l-& <fo\/Ti—r)dT:W (3.39)
This, (3.36), and letting € — 0 show that for all ¢ € [0, 7] it holds that
3 Uil 3 L O, (3.40)
se(t,T) m\/si re(0,1) r(l=r)
This establishes item (ii). The proof of Lemma 3.1.3 is thus complete. O

3.1.3 Measurability and independence properties for MLP ap-
proximations

The following Lemma establishes measurability, distributional, and independence prop-
erties of the MLP approximation scheme and its components.

Lemma 3.1.4. Assume Setting 3.1.1, n,M,Q € N, and let A < [0,T]* satisfy A =
{(t,s) € [0,T]?: t <s}. Then

(i) it holds for all € ©, t € [0,T], s € [t,T], z € R? that Y;esx” is measurable and
Df, ™ is measurable,
(ii) it holds for all 0 € ©, t € [0,T], s [t,T], x € R? that Zz’f’" is measurable,
(iii) it holds for all m € Ny, 0 € © that V!, , is a continuous random field,

(iv) it holds for all my,mq € Ny, i,7,k,l € Z, 0 € © with (i,7) # (k,l) that

0,i,5 0,k,1) .
(Vn(,mlj}W,Q(t? x))(t,z)e[O,T)de and (Vn( ,ma, MQ(ta x))(t,z)e[O,T)de are anependent;

(v) it holds for all m € Ny, 6 € © that (Vnem 2.0t ) a)efom) xre and (Sﬁ?s’m’")(tvsvx)eAde
are independent, and

(vi) it holds for all m € No, t € [0,T), x € R? that V! 1, (t,x), 0 € ©, are identically
distributed.
Proof of Lemma 3.1.4. First let Ay < Ny n [0,n) satisfy that
={keNyn[0,n): ¥0eO,te[0,T], set,T]n (L, ELT) 4 e R
it holds that Yff” Q0 — R is measurable and it holds that (3.41)
Df, T Q — R is measurable}.

Observe that the fact that for all 4,5 € {1,2,...,d}, 0 € ©,t € [0,T], s € [t,T] n (0, L],
z € R? it holds that

ylon =gy w(z)(s — max{t,0}) + o(z)(W? — Weax{t,O}) (3.42)

t,max{t,0} ~ s m

and

d
(fo" i. =0, + 2 [ZM (s — max{t,0})
1 LOTk
(3.43)

k=
d
+ 3 [T - wi)) |

m=1
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the assumption that u € C1(R% R?), o € C1(R? R¥?), and the assumption that W,
0 € ©, are Brownian motions ensure that 0 € A;. For the induction step assume k €
Ay n [0,n — 1). Combining this with (3.13), (3.14), the fact that u € C'(R4 R?) and
o € CHR4,R¥>9) and the assumption that W% 6§ € ©, are Brownian motions implies
that k + 1 € A;. Induction therefore proves item ( ). In the next step let Ay < Ny [0, n)
satisfy that

Ay ={keNgn[0,n): V9 e ©,t€[0,T),s€e[t,T] n L EDT] o e R

_ o o (3.44)
it holds that Z;"": Q@ — R*"" is measurable}.

Note that item (i), the fact that for all @ € ©, t € [0,T), s € [t,T] n (0, L], z € R? it holds
that

Zlon = ! 3.45

t,s = ( (Y9$n )) 1D9xn (W W ) 5 ( . )

t,max{t,0} t,max{t,0} max{t,0}

the fact that o~ ! € C(Rd,RdXd), and the assumption that W? 6 € ©, are Brownian
motions show that 0 € Ay. For the induction step assume that k € Ay N [0,n — 1). This,
item (i), (3.15), the fact that =% € C(R? R%*?), and the assumption that W% 6 € ©, are
Brownian motions demonstrate that k£ + 1 € A,. Induction therefore establishes item (ii).
Next let A3 < N satisfy that

A3 ={meN: Ve ©,me Nyn[0,m) it holds that

3.46
Vem g 10,T) x R? x Q — R is a continuous random field}. (3:46)

Observe that the fact that for all § € ©, ¢t € [0,T), z € R it holds that V¢, ,, o (t,2) =
0 ensures that 1 € As. For the induction step assume m € Ajz. This, item (i), the
assumption that W?, § € ©, are Brownian motions, the assumption that u e C1(R? R?),
o€ CH R, R, f and g are continuous, and (3.17) show that for all § € © it holds that
Vn@’ m.,q 18 a continuous random field. This implies that m + 1 € A3. Induction hence
establishes item (iii). Next note that (3.17) guarantees that for all m € Ny, 6 € O it holds
that

U(Vnevva’Q) - O’((W(e’ﬁ))ﬂeg). (347)

Combining this with the fact that for all 4,4, k,l € Z, 6 € © with (i,7) # (k,l) it holds
that (W @)y 0 and (W@FL9)), o are independent establishes item (iv). In the next
step observe that (3.13) ensures that for all § € ©, t € [0,T], x € R? it holds that

oY) < o(WP). (3.48)

This, (3.47), and the fact that for all § € © it holds that W? and (W), are indepen-
dent establish item (v). For the next step let Ay < N satisfy that

Ay ={m e N: Yme Ny n [0, m) it holds that

3.49
VemMQ [0,7) x R x Q — R*™ # € O, are identically distributed}. (349)

Note that the fact that for all § € ©, t € [0,T), z € R? it holds that Vo, o(t,z) = 0
ensures that 1 € A4. For the induction step assume m € A4. Observe that the assumption
that W? 6 € ©, are Brownian motions implies that for all t € [0,T], s € [¢t,T], z € R?
it holds that Yf;" 0 € ©, are identically distributed and D", 0 € ©, are identically
distributed. Therefore, we obtain that for all t € [0,T], s [t T], r € R? it holds that
Zz "0 € O, are identically distributed. Combining this with items (iii)-(iv) and [59,
Corollary 2.5] demonstrates that for all § € © it holds that V¢, /., 0 € ©, are identically
distributed. This implies that m + 1 € A4. Induction hence establishes item (vi). The
proof of Lemma 3.1.4 is thus complete. O
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3.1.4 Preliminary results for Euler-Maruyama approximations

The following lemma shows that the Euler-Maruyama approximations in (3.13), (3.14),
and (3.15) can be written as Itd processes.

Lemma 3.1.5. Assume Setting 5.1.1 and let n € N. Then

(i) it holds for all @ € ©, t € [0,T], s [t,T], v € R¢ that

K?éz,n :x_i_f M(yexn t})dT+J (Yezn )dWO (35())
t t

t,max{t,|r t,max{t,|r

(ii) it holds for all 0 € ©, i,j e {1,2,...,d}, te[0,T], se[t,T], x € R? that

d
®0
Hmn ,uz 9 T, 0,x,n
(Dts ij = 51] + Z [ tmax{t | Jt})(Dt max{t[ Jt})kj dr
o ? (3.51)
C Uzm Gxn 0,x,n
+ Z [L (Yot tr1ey) (P et o) K dwy ”
=1
and
(iii) it holds for all 0 € ©, t € [0,T], s € [t,T], x € R? that
Z@,z,n < 1 ) (3 52)
s T Qm n —11y0,z,n . .
b —t St tmax{t Tt })) 1Dt,max{t,[rjt} dWTe

Proof of Lemma 5.1.5. First observe that (3.13) implies that for all § € ©, t € [0,T7,
se [t,T], x € R it holds that

0,x,n
Yoo

o Z <PJ(Y9’M M})(min{57 DTy axt, BE-0Y)

t,max{t,
keNg:

0
1< (k+1)7£T7t) , k(’l:;t) <s

0,x,n 0 . 0
+ U(Y;,max{t, Wmin{s,%} Wmax{t,k(TT_t)})>

(+1)(T—1) y

min{s
6,x,n
=T+ Z f k(T— t)} 'LL(Y;,max{t,M}) dr

keNo : t< (k+1)7§T7t)’k(7;L—t)<s max{t,

@})(
(3.53)

(et D)(T—1)

min{s
+J o(yoon - ) awy

max{t, k(T—t) } t,max{t,
° 0,x,n ° 0,x,n

=x+ J M(Y; max{t ) dr + J (Y;t max{t ) dW9
t t

This establishes item (i). Furthermore, note that (3.14) ensures that for all § € O,
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i,je{1,2,...,d},te[0,T], se[t,T], x € R?it holds that

d
0,z,n a/J’Z 0,z,n 0,z,n
(D™ )ig = 0ij + 2 <; |:a_l'l(y;,max{t7k(7;_t)})(D gy =0

k‘ENO :

p BHDT 1) K(T—)
n n

- (mins, EEI=Y — maxf, 2201
d aaim 0,z,n 0,z,n
+ 2—1[ axl (Y;,max{t,@})(Dt,max{t,@})lj

0,m 6,m
: (Wmin{s,W} - Wmax{t,k(T_t)}):l]>

d min{s, 7(“—1)@ t)} a/L
— L. ? 9,2?,71
N 52] * Z (Z 'J k(T t) } (}xl <Y;,max{t,7k(7;;t)}> (354)
1

max{t,

kENo:
t< (k+1)7ET_t) . k(’l;b_t) <s

- (D )i; dr

t,max{t,@}

+

Fnin{s,%} 00,
m—

i 6,x,n 0,z,n o,m
yo DY AW
| k(T—t)} axl ( t,max{t,@})( t,max{t,@})l] r
d

2,

_ 5 [‘S % 6,x,n 0,x,n ]

= 0j +Z (Y, (D H})lj dr
d

L Jmax{t,

t,max{t,|r t,maxit,|r
~, o {t.lr]e} {t.lr]e

m=1 LJt axl

ao_zm 0,x,n 0,x,n m
+ Z ( <Y; smax{t,|r Jt}>(Dt max{t,|r )l] dW9 ]]

This establishes item (ii). Next observe that for all # € ©, t € [0,T], s € (t,T], v € R? it
holds that

0,x,n —1 10,z,n
o Y sy D by
Z ( ( t,max{t,ik(j;;t)})) t,max{t,ik(q;:t)}
keNp: thf(TTfﬂ<s
0 0
' <Wmin{877(k+1)rfT_t>} N Wmax{t k(T_t)})>
min{s, W} ) - ; (355)
TN — T,
- Z f k(T O-(Y; max{t BTt })) Dt max{t LT_”} dWT
max{t,i( n_t)} ’ T ’ L

keNp: t< BHDT =) K(T—t)

t,max{t,|r|:} t,max{t,|r|:}

_ J (O_(YQ,z,n ))—IDG,m,n dW,,,g
t
Combining this with (3.15) and the assumption that for all € ©, t € [0,T], z € R? it
holds that sz’” = e, establish item (iii). The proof of Lemma 3.1.5 is thus complete. [

Next we prove in the following lemma that the approximation scheme defined in (3.17)
is differentiable in the starting point x € R? and that the derivative process agrees with
the process in (3.14).

Lemma 3.1.6. Assume Setting 3.1.1, let n € N, and let t € [0,T]. Then

(i) it holds for all 9 € ©, s € [t,T], w e Q that (R 3z — V""" (w) € R?) € C* (R4, RY)
and

(i) it holds for all@ € ©, s e [t,T], we Q that 2 YM"(w) = Dz’:’"(w).
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Proof of Lemma 3.1.6. Throughout this proof let ky € N satisfy ko = inf{k € N: ([t,T] n
BT t) # g}, We prove that for all k € N n [kg,00), 0 € O, s € (max{t, w :
mm{T, MIZ04) e Q it holds that

(R 5 2 — Y2""(w) € RY) e (R, RY) (3.56)
and 5
SV (@) = DI w) (3.57)

by induction on k € N[k, o0). First observe that max{t, w&} = t and min{T, W} =
W. Furthermore, note that the fact that for all € ©, x € R%, w € € it holds that
Yff’"(w) = x ensures that for all w € Q it holds that (R 5 z — Yff’"(w) e RY) e
CY R RY) and 2Y""(w) = I; = D{""(w). Moreover, observe that (3.13) and the fact
that for all § € ©, v € RY, w € Q it holds that ¥;;""(w) = « imply that for all 6 € ©,
se (t, M] r e R4 we Q it holds that

Y w) = x4 pla)(s — 1) + o(2)(W (w) = Wi (). (3.58)

The assumption that g € C1(R4 RY) and o € C'(R?, R¥?) hence demonstrate that for all
i,je{l,2,...,d},0 €0, se(t, M] w € Q it holds that (RdamHYme( yeRY) e
C1(RY, RY) and

%m?ﬁw»i
=y | Zregts -0+ 3 | T >5kj<wf’m<w>—wfvm<w>>” (359
:(Df,f (w))ij-

This proves (3.56) in the base case k = ko. For the induction step assume that (3.56)
and (3.57) hold for k € Ny n [kg,0). Note that (3.13) ensures that for all ¢ € [0,T],
s € (@,min{T, W}], r e R we Q it holds that

Yo (w)
= Yo (@) + n(Y G, @))(s — M) (3.60)
+ o (Yl @)WY (@) = Wik (w)).
Combining this with the assumption that u € C'(R?,R?) and o € C'(R? R¥*?) and
the fact that for all € O, s € (w min{7, @}], w € Q it holds that (R? >

x> Y (w) € RY) e OMRY,RY) with 2V, (w) = D}'¥"(w) shows that for all i,j €
{1,2,....,d}, 0 € ©, s € (%,mm{T,W}], w € Q it holds that (RY 5 2 —
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V)M w) e RY) e CYRYE, RY) and

(3.61)

Induction therefore proves (3.56) and (3.57). The proof of Lemma 3.1.6 is thus complete.
[

The following Lemma establishes moment estimates for the difference of the Euler-
Maruyama approximations in (3.13) and (3.14) and their starting points. It allows us to
control these differences uniformly in the discretization step size.

Lemma 3.1.7. Assume Setting 5.1.1, let n € N, and let p € [2,0). Then
(i) for all@ € ©, t e [0,T], se[t,T], x € R? it holds that

s?p]E[HYff’" —z||P] <4 (s —t)exp ((’@ + 27 pKP) (s — t)), (3.62)
re|t,s
(ii) for all@ € ©, te[0,T], s€ [t,T], v € R? it holds that

1

(I = virr])*

1 (3.63)
< VT = (VT + V6) (2K (4T = s)exp (6 + 32K'T))  + 7).
(iii) for all@ € ©, t € [0,T], s€ [t,T], x € R? it holds that
sup E[”Dfﬁc” — IdHZ] < 3K(s—t)exp <5K(s — t)), (3.64)

re(t,s]

and
(iv) for all0 € ©, te[0,T], s [t,T], x € R? it holds that

sup E[||Dgf’” - IdH4] < 36K2(s — £)(1 + (5 — 1)) exp (160K2(s (14 (s — t))).

re(t,s]

(3.65)
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Proof of Lemma 3.1.7. First note that item (ii) of Lemma 3.1.2, the triangle inequality,
and the fact that for all a,b € [0, 00) it holds that (a + b)P < 2P~!(a? + b?) ensure that for
all@e O, te[0,T], se[t,T], x € R it holds a.s. that

0,x,n 6,x,n
IV 1P + (0 = Do ()
<27 IV = p@)| + () 7
+ 27 p = 1) (lo () = o @)l + o (@)l )
(3.66)
<27t (KPS = all + (@)
+ 27 p = 1) (K72 = all” + o (@) el
= 2 KA = ol + 27 (@) + (= Dllo(@)}).
Next observe that for all 4,5 € {1,2,...,d}, z € R? it holds that 5>-||z|[” = p|lz||P~*z; and

o2
0x;0x;

2[” = Lz\op(2)p(p — 2|2 [P~ 255 + 1 ()|~ (3.67)

Combining this with It&’s formula and item (i) of Lemma 3.1.5 demonstrates that for all
0e®©,tel0,T], selt,T], x € R?it holds a.s. that

1Y, — |

_ f PIYVEE™ — 2P (YR — o, w(VOER, Yy dr
t

t,max{t,|r

t,max{t,|r|:}

" j PIYSEm — P Yo g g (YIEn AW
t
(3.68)
z,n 0,x,n _
i1 2 f Loy (Y257 = @)plp — D)V — a7

’le

(Y = ) (YR ),

(@)l Vi = a7 2]2% Vg )oY ) A0

t,max{t,|r t,max{t,|r]:}

The Cauchy-Schwarz inequality, Young’s inequality, item (i) of Lemma 3.1.5, (3.8), and



CHAPTER 3. MLP FOR SEMILINEAR PDES 91

(3.66) therefore imply that for all § € ©, t € [0,T], s € [t,T], x € R? it holds a.s. that
0,x,n
HY;S,S - pr
B 6,x,n — 0,x,n
< | B )
t

O L e e TP U
t

t,max{t,|r|:}

* p(p_ 1) 0,x,n — 0,z,n
# | PR = ol oV I dr
t

t,max{t,|r|+}

s 6,z,n 0,x,n
< J (p = DIV =2l + | n (Yo o) IIP dr (3.69)
t .

S(p_l)(p_2) 0,z,n 0,x,n
# | R e i+ (o= Dl I dr
t

t,max{t,|r|:}

S
# | Bl o e
t

t,max{t,|r|:

s -1
<o 0+ [ PE e — ol s o R — ol ar
t

[ Y =l gl Y
¢
In the next step for every k € N, t € [0,T], x € R? let 7,": Q — [t,T] satisfy 7, =
inf({s € [t,T]: [|[Y,2"" — 2| = k} v {T}). This and item (ii) of Lemma 3.1.2 ensure that
forall ke N, 0e O, te0,T], se[t,T], x e R?it holds that

min{s,T;’x} ) ) ;
B [, e el o awe| <o )
t

t,min{r‘,nﬁ’x} t,max{t,min{[rjt,‘r;i’x}}

Combining this with Fubini’s theorem and (3.68) shows that for allk e N, § € ©, ¢t € [0, T1,
x € R? it holds that

E[ yoen p]
2 Bl e =
min{s,T]i‘z} 1
< Elvﬁp)(s —1)+ J p—(p2 ) ||Y;erfi’:{r oy x||?
' ' (3.71)
p—l D 9,CE,’I’L . p
+27pK ||)/t,max{t,min{[rjt,’rz’z}} ZE‘H d?”]
—1 S
<AP(s— 1)+ (p—(p )+ 2 1K) f sup E[J[yoen  —z|P]dr.
2 ¢ meltr] t,min{n,7."}

Fatou’s Lemma, the Gronwall inequality, and the fact that for all ¢ € [0,7], z € R? it
holds that limy_,., 7" = T hence prove that for all @ € ©, t € [0,T], s € [t,T], v € R? it
holds that

0,x,n . 0,z,n
sup E([|Y,,"" — ||| = sup E| lim ||[Y""" . —z|”
re(t,s] [” b || ] relt,s) [k—>:>o|| t,min{r,7,"} || ]
< sup sup E YG’Ifn R p
keN re(t,s| [H t,mm{r,q—; } H ] (372)

< AP (s —t)exp ((w + 2P 'pKP) (s — t))
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This establishes item (i). Next observe that item (i) of Lemma 3.1.5 ensures that for all
0e®©,tel0,T], selt,T], x € R it holds that

T T
Vi e = | e | o0 AV (378)

t,max{t,|r t,max{t,|r

The triangle inequality and the Burkholder-Davis-Gundy inequality hence demonstrate
that for all 0 € ©, t € [0, T], s € [t,T], z € R? it holds that

(= [ v
s (EU f S g D . (EU
<JT< [H/“‘( Y el ,5})||4])‘11 dr

g 6 0 4 :
J (Y;t HglcaZ{t [7]¢} > dWr ])

o[ (e fleozzals]) o)

< (@) swp (B[ arf?])’

u€ls, T

(3.74)

AT sup (B[00 voems])

u€ls,T

Furthermore, note that the triangle inequality, item (ii) of Lemma 3.1.2, item (i) (applied
with p =~ 4), and (3.8) prove that for all § € ©, t € [0,T], s € [t,T], x € R? it holds that

T
sup (B[] + s (& [lo0)14])

uels, T u€ls,T

1
, T, 4 .75
<2k sup (E[I¥0" =l )" + (@) + o) (37
u€| s,

< 2K (1(T = s) exp (6 + 32K°T))  + ALV,

Combining this with (3.74) shows that for all § € ©, t € [0,T], s € [t,T], x € R? it holds
that

1
(& [y —vereie])?

1 (3.76)
<VT — s(VT +V/6) (2K (VT — s) exp (6 + 32K*T))* + ’yé”) .

This establishes item (ii). Next note that Itd’s formula, item (ii) of Lemma 3.1.5, and
(3.67) imply that for all j € {1,2,...,d}, 0 € ©,te[0,T], se[t,T], x € R? it holds a.s.
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that
0 2
_Y x,n
Ha.’L’] bs J
° (9 0,x,n d a:u 0,x,n a Hxn
= Jt 2<a7jy;s,r — ej”;a_l’k(}/;’max{t’[rjt})(al’ t,max{t,|r ) >dr
d
s 0 0 do 0 0 0 0
2 e Y (e ) (Y ) AW
+L ox, b €; & &Ck( t,max{t,[rjt}) O, tmextelrley ) S
1 & e 4 0o, 0
— 212 _Zk Y@,a:,n <_Y673;7n >
"3 MZ_:l ft (a) kz_:l (1—1 2y Vit i) oz, maxitlrl) ),
d 3.77
) Z aaak (Y97ac,n )( 0 YG T,n > dr ( )
= 8:1:1 max{t,|r|¢} a ] max{t[]t} !
3 a 6,x,n all'LZ 0,x,n a 0,x,n
- Jt 22} [%j(yt,r )~ 5@3] L Oy (}/t,max{tljz})(ﬁ }/tmax{t[jz})kdr
3 0 0,z,n ao_ll 0,z,n 0 0,z,n 0.1
+ ft 2; [E(Yt )i_éij] lkz_zl . (K,max{t,lrm)(@Yi,max{t,lrjt}%dwr
d d 2
3 00k 0 0 0 )
+ 9Ok (0 (—Y an ) dr.
J; i’kz_l (; axl( max{t,[rjt}> al’j max{t,|r]+} I
Hence, we obtain that for all € ©, t € [0,T], s € [t,T], x € R? it holds a.s. that
2 d 0 2
DG,z,n ] H _ H_YG,:E,TL 4
H ts U p 2 ox; b €
S d 5/,6
0,z,n iy 0,zm 6,z,n
2 : ;1 [(D“ )i = 5"f]a_:c,€(§/fvmax{t7u V(D st g i A7
R (3.78)
s 0o,
0,x,n il 0,x,n 0,x,n 0,
" 2£ | ; 1 (i) = 0] 2, Yemactefrie) (Prmage i g AV
1,],K, 0=
s d 50' k 2
i 0,x,n 0,x.n
+J; ; X <; 61‘l (Ymax{t,[rjt})(Dt7max{t,[rjt})lj) d?“.
1,),k= =

Next note that Young’s inequality, (3.7), and the fact that for all a,b € R it holds that
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2ab < a? + b? ensure that for all € ©, t € [0,T], s € [t,T], x € R? it holds a.s. that

d
ou
O:L‘n Mg 6,x,n 0,z,n
2J Z (D i'_5”]%m,max{t,lrh})wtmax{t1J})kjdr
t i,7,k=1 k

d
’ 0
0,z,n 23 0,x,n 0,z,n
= QJ; ' 2 [(Dt,T )’L] - 5Zj:| ax (}/; l’IlaX{t L Jt}><(Dt Il’la.x{tl J ) kj — 5k]) d,r

d
s z.n aMz xz,n
o 2J > [(Df,’r’ )ij — 5ij]—ax,<5ﬁ?ﬁlzlx{t,trJt}) dr
J
d

° 0,x,n 0,x,n
2J Z [le{??.}.id} ( De™ s = 6lj>] [ae{lf}i,’f,d} ((Dt mast,[r], })“j N 5“j)]

1

Jd: ,u s d O
1 0 TN 0,x,n 7 0,x,n
2 ox tmax{t alr } dT + 2Jt HDM B ]dHF Z %j(yt,max{t,[rjt}) dr

ik=1 "k Q=1

s O,x,ny ) 0,x,n o . 3.79
<2KJ1‘, Z [le{rlr,l?%%,d} <<D“ Ju 61])][%{111,1%}.{.,(1} (Dl 5‘”)]dr 379)

7=1

v 2K [0~ L
t

s d )
5 ([ (01770 )'
L ;( e (D7) = o

[ e (Do~ )] Jar s & (L D22 = 1) o

ae{1,2,...,d}
<& [ (IDL" = Ll D~ Tal) a4 (s =)
w1 D L ar
= K=+ K [ (D0 = Ll + 1Dl ~ all) @

In addition, observe that item (i) of Lemma 3.1.2 and the fact that for all a,b € R it holds
that (a + b)? < 2(a® + b%) imply that for all € ©, t € [0,T], s € [t,T], x € R? it holds
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a.s. that

s & oo 2
ik 0,x,n 0,x.n
E E (Y" D ] d
ft - ( ox max{t t})( t,max{t,lTJt})lJ) r

d d 2
° aalk 0,x,n 0,x,n
<2 f Z (Z Ymax{t t}) <<Dt max{t,|r Jt})lj - 5lj> dr
t J.k=1 Ni=1
d (30k 0 2
t QJ 2 (Z 7 Yo mt}mﬂ) dr
: X
i,5,k=1 Nl=1
2 si m Dﬁxn ) _5 ‘ 2 Zd: d aaik (Ye,x,n ) er (380)
ae{l, QaX tomax{t,|r]i}/4) “ o0z, max{t,|r]:}
b=t v ik=1 Ni=1
s d aO'k ) 2
- 2f Z (Z ( max{t,| Jt})> dr
tik=1 \i= 0y
s d 9 9 s
2Kf e I:ae{llng,}id} < tm,ax{t,[rjt})aj - 6aj) ] dr + 2K£ dr

<2K(s—t) + 2Kf | Dy
t

tymax{t,|r|:} Id”i’ dr

Combining this with (3.78) and (3.79) shows that for all § € ©, ¢t € [0,T], s € [t,T],
z € R? it holds a.s. that

do;
0,x,n il 0,x,n 0,z,n
—2 2 [(Dt,r )ij - 51]] a_xko/;,max{t,[rjt})(Dt max{t |7]e )kj dW !

O
6,x,n % 0,x,n 0,x.n
=2 Z [(Dt,r )ij - 5Z ] @_xk(}/t,max{t,[rjt})<Dt,max{t,[rjt})kj dr (381)

2
OUZk Gmn 0,x,n
VA (Di >z») &
L ijk:l <l 4 a'fl {tlr]e} t;max{t,|r|:}/"

<3K(s—t)+KJ 2\\1)3&”-@”2%\\1)“" — 14 )
t

t,max{t,|r|¢
In the next step for every k € N, t € [0, T], z € R? let ;" : Q — [t,T] satisfy ;* = inf({s e

[t,T]: ||DM"H > k} u {T}). Observe that item (ii) of Lemma 3.1.2 implies that for all
keN,0eO, te|0,T], selt,T], € R?it holds that

min{s, tk “3 d 9 o
[ J Z [ t m;n{r,tfc’x})ij o 5”]

o (3.82)
Oim 0,x,n 0,x,n ' 0.m _
aml <)/t7max{t7min{lTJt’tZ’z}})(Dt,max{t,min{[rjht’;z}})ZJ dWT 0.

This, Fubini’s theorem, and (3.81) show that for all k e N, § € ©, t € [0,T], x € R? it
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holds that
sup E H D” = d ]
selt,T] t max{t min{s, tz }} F

< E[ZSK(S —t)

max{s,tf }
+K 2HDfﬁ1flrtt’z}_IdHi'_’_3||szlgc t,min Tt,tt’l } _IdHi—‘ dr
{r.t, {t;min{|re,t,"}

max{s,tf } o 5
<3K(s—t) +5KJ El s | Dy dep} dr

(3.83)

Fatou’s lemma, Gronwall’s inequality, and the fact that for all ¢ € [0,T], x € R¢ it holds
that limy ., t;” = T therefore prove that for all @ € ©, t € [0,T], s € [t,T], v € R? it
holds that

sup B|[|Df" = 1|3 | = sup B[ lim |[Df5r L - L]
re(t,s]

relt,s] k00 t,min{r,t;

< sup sup E[”Dg’m’,n tey — IdHi] < 3K(s—t)exp <5K(s — t))

keN reft,s] t,min{r,t*}

(3.84)

This establishes item (iii). Next note that (3.81), the Cauchy-Schwarz inequality for
square-integrable functions, and the fact that for all xq,x9, 23,274 € R it holds that
(3 2:)% < 430, 2?) show that for all € ©, t € [0,T], s € [t,T], z € R? it holds

=11
a.s. that

HDHxn Z—H4 _ HDHmn Z—H2 2
d||p d P

< (3K(8—t)+KJ 2HDZf’n_Id||2+3“Dfi§x{t[ Sy )
2 DGxn s, ooy Ygxn DGxn dWal 2
’ t ; 1 b i'_ ]axk( tmax{tlj})( t,max{t,|r )k]
1,7,
2
4<3K(s—t)) +4<2Kf HDGxn IdH;dT’)
? (3.85)
(s [ 100y - )

0o; 2

6,x,n il 0,x,n 0,z,n

+4 2J Z [<Dtﬂ“ )ij — 5ij]_(}/;,max{t,[rjt})(Dt max{t,|r )k] dW
tigki=1 Oy,

< 36K7(s—t)? + K*(s — t) f 16]| DY — 1|, + 36/ DY

4
t,max{t,[r|+} IdHFdT
93”1 6011 gmn 0,x,n i
+ 4 Z Dtr z‘ - 51]] ( tmax{t[]t})<Dt max{t,|r]: )k] dW
toggkl=1 o

Next note that (3.7) and the fact that for all a,b € R it holds that (a + b)? < 2(a® + b?)
and 2ab < a® + b? demonstrate that for all € ©, t € [0, T], r € [t,T], z € R? it holds a.s.
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that
(i Z [(Dt,’r’ )ij — 5@']a—xk(Yt@;x{tmt})(Dn’nl’ax{tmt})kj)
: doy 2
0,x,n i 0,x,n 0,z,n
< 2( ' Z [(Dt,r )ij - 5%]] a_xk(y;,max{t,[qt}) <Dt,max{t,[rjt})k?j — 5k]>)

d 2
0o;
DG,x,n il 0,x,n
+2<,Z [( tr )”’_5”] oz, (Yt,max{t,m)>

d
Ozny ) 0,z,n o )
s 2(; [ae{q}%}.{.,d}(Dt” Jas 5‘“] [ae{rlr,lzé?.)f,d}<Dt’ma"“’VJt})”] 5‘”]

1
- —Zace;rf;zm)) +2I\D§f’”—fd|\2< Zm@g;zm))
20 g, Vemastorl p3 (. 1r)e} (3.56)

d 2
O,I,n L i G,I,TL R .
S (D8 = ][ e (D220 0] )

| Dy — I
d 2
0,x,n
<20( 3 ([ s, (050 0]

2

0,x,n 2 2 0,x,n 4

seinax (D)o — Oai) ])) + 2K (1 + | D" = 1))
2

< 2K (108" = Lall® + D)oy — 1d||2) +2K2(1+ || D" = Il

t,max{t,

< AR (DI~ Ll + DI gy — Tall') + 2K (14 | DEE™ = 1)

The Burkholder-Davis-Gundy inequality therefore implies that for all § € ©, t € [0,T],
se[t,T], x € R? it holds that

d 2
s do;
0,z,n il 0,z,n 0,x,n wo
EKQJ Z [(D” >”_5U] (Y mastt i) (Dt imastr g i 4 ’f)l)]

¢ 1,9,k,l=1 (’}xk

d
5 do;
6,x,n il 6,x,n 6,z,n
S 4£ ]EU z : [<Dtﬂ“ )ij B 51]] (Y;ﬁ,max{t,['rjt})<Dt,max{t,[rjt})kj

i7j7k7l:1 axk

2] dr (3.87)

t,max{t,|r

< 4K2J (6IE [||Df;f’” - de|4] +4E [||D9’”3’” e Id||4] ) dr + 8K%(s — t).
t

Combining this with Fubini’s theorem and (3.85) shows that for all # € ©, t € [0,T],
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se [t,T] x € R? it holds that

sup ElHDo’I’” =1
]

4
. t,
geltss t,mln{q,tkl}

2 max{s,t¢ }
< 36K(s — )2 + & J ) (16E[IID9’”C’” — L[|}

. t,
s—tJ, t,min{r,t;"}

+ 36E[|| D% ey — Lall7]) dr

t,max {t,min{|r]¢,t;

max{s,tf }

3.88
+32K%*(s —t) + 16K2f (3.88)

t

(6B (100 ey = Ll

. t,x
t,min{r,t;

+4E [||Dgr ~Ll'| ) ar

t,max{t,min{ l?"Jt,tZ’x}}

< 36K%(s —t)? + 32K?%(s — t)

+ (52(s —t) + 160)KQJ IE[ sup ||Dj5m — Id||‘;] dr.
t ve(t,r]
Fatou’s lemma, Gronwall’s inequality, and the fact that for all ¢ € [0, 7], x € R? it holds
that limg ., £, = T therefore prove that for all @ € ©, t € [0,T], s € [t,T], v € R? it
holds that

0,z,n 41 . 0,x,n o 4
sup B[||DL" = | = sup B fim |DL37 ey = Tl
6,x,n 4
S el E[HD tmax{tmin{r g7} Lal ] (3.:89)

<36K2(s — t)(1+ (5 — 1)) exp (160}(2(5 )1+ (s — t))).
This establishes item (iv). The proof of Lemma 3.1.7 is thus complete. O

The findings in Lemma 3.1.7 lead to the following moment estimates for the stochastic
processes displayed in (3.15).

Lemma 3.1.8. Assume Setting 5.1.1 and let n € N. Then
(i) for all@ € ©,te[0,T], se [t,T], x € RY it holds that

(=]

(ii) for all@ € ©, te[0,T], se [t,T], x € R? it holds that

Z0en 2D§ <1+ ﬁ(l + /3K (T —t)exp (2K (s — t))), (3.90)

EllAT)
- (3.91)
SRR rreery (1 + /6K (L+T — t)exp (40K2(1+ T — t)2)>,
and
(iii) for all@ € ©, t € [0,T], s€ [t,T], z € R? it holds that
E [so(s,Y;?fv") zyen ] < ijit’%exp(ﬁT)(l t BEhoe irb1fy€]R,1 @(T,?;)]) -

.{\/Ti_t-k\/ia(l—i— 3K(T—t)exp(%K(T—t))>].
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Proof of Lemma 3.1.8. First observe that the assumption that for all =,y € R it holds
that y*o(x)(o(x))*y = a||y||? ensures that for all z,y € R? it holds that

lyll> = y*y = y*(o(2)) o(z)(o(x))* ((o(x)) ")y

_ _ (3.93)
< all((e(@)™)*yl* < all(o(@) " Eyl*.
This implies that for all z € R? it holds that
—1112 1
(o (@) [z < (3.94)

Item (iii) of Lemma 3.1.5, the triangle inequality, and the Burkholder-Davis-Gundy in-
equality therefore show that for all # € ©, t € [0,T], s € [t,T], x € R? it holds that

zbé

3 0,x,n — 6,x,n
ft (O-<Y;,max{t,[rjt})) 1(Dt,max{t,[rjt} o Id) dWTa

QD; |

1 z.n _ xr,m ’
<1+ (ﬁ E[H(U(Yfﬁl;x{t,m)) R lDrE e ]d“i] dr)

| ot o
i (3.95)

1
[0 o)

D=

s 0,x,n _ 2 % ; S
< 1+m(£ E[HDt,max{t,lTJt} [d”F] dr) * (S_t)\/a(J; dr) .

Combining this with item (iii) of Lemma 3.1.7 proves that for all 6 € ©, t € [0,T],
se [t,T], x € R it holds that

27\ 2
(=11

1 s % 1
<1+m<£ 3K(s—t)exp(5K(s—t))dr> —l—m (3.96)
1 5 (s PRI S
<1+m SK(T = t)exp (5K t>><£ d) ! a(s —1t)

<1+ﬁ<1+ 3K(T—t)exp(gK(s—t))).

This establishes item (i). Next note that the triangle inequality, the Burkholder-Davis-
Gundy inequality, item (iii) of Lemma 3.1.5, and (3.94) ensure that for all 6 € ©, t € [0, T,
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se [t,T], x € R? it holds that

el )

L (o O/tgnfaZ{t[J })) (Dfi:;({t[ 1y~ 1) dw?

1

Bl o0y TP g~ TIE]) @) o)

-

| ez awe

N[

I
Bl ) 13]) )
6 ° 0,x,n 3 %
<1+ m(ﬁ (E[HDtmax{t[ IdHF]) )
6 © N
()"
a(s —t)? ( t
This and item (iv) of Lemma 3.1.7 prove that for all € ©, t € [0,T), s€ (¢, T], z € R it

holds that
4] ) i

(=]

0,x,n
Zyy

1

+ m(ﬁ 6K (1 + (s — 1)) exp (80K2(1 4 (s — t))2> dr) ’ (3.98)

6 K(1+T—1) , NS
<1+\/a(s—t)+6\/WeXp(4OK (1+s—t))<£ dr)

6
als —t)

This establishes item (ii). Next observe that (3.16) ensures that for all 8 € ©, ¢t € [0, T,
e [t,T], z € R? it holds a.s. that

(22)(5, V50 + (Vo) (5, YO ™), m(Y,25™)

+ 3 Tr(o (Y ™) [0 (V™)1 (Hess, ¢) (s, Yii™™)) (3.99)

Va YQZn p YG‘;(E,TL 2 Zn
I é”[( @)(S(p(syg)in)( e )l < BSO(S,Y;,QQ ™Y 4 b,

<1+

(1 + /6K (L +T —t)exp (40K2(1+ T — t)2)>.

Furthermore, observe that the assumption that W has continuous sample paths implies
that Y has continuous sample paths. Combining this, (3.99), and [50, Theorem 2.4 (i)]
(applied for every 0 € ©, t € [0,T], z € R with H —~ R% U —~ R4 T —~T —t, O —~ R,

a= <[07T B t] x €13 (S7w) — M(K?r;fé;l{t,[t-i-s”(w)) € Rd)v b~ ([OvT - t] x {13 (va) =
(Y iy @) € R X ([0, — ] x Q 5 (s,w) = Yid(w) € RY), p — 2,
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a— ([0,T —t] x Q>3 (s,w) — FeR), 5~ ([0,T—t] x Q>3 (s,w) »beR), ¢ — 2,
¢2 = oo in the notation of [50, Theorem 2.4]) demonstrates that for all 6 € ©, ¢t € [0,T1],
e [t,T], x € R? it holds that

T

ol
(Ello(s. v 1) < exp(T) (iolt. ) + b oo ds)

< exp(AT) ({1 7) + 4 (1 — exp(=AT)) ) < exp(8T) (p(t,2) + 5).

Combining this with Hélder’s inequality, item (i), and the assumption that inf,c[o 7 inf,cga
©(r,y) > 0 proves that for all 9 € ©, t € [0,T], s € [t,T], x € R? it holds that

ot vtz ] < (el vion); (E [H D

< exp(0T) (go(t,x) + %)
3K(T —t)exp (5K (s — t)))] (3.101)

(3.100)

0,x,n 0,x,n
Zyy Zyy

;

| = Advress 1O

(p(t, iC) b
< \/ﬁ exp(BT) <1 Blinf,eo, 7y inf, pa @(Tvy)])
- [\/T iy 7&<1 + /3K (T — t)exp (3K (T — t)))].
This establishes item (iii). The proof of Lemma 3.1.8 is thus complete. O

3.1.5 Integrability properties for MLP approximations

The following lemma establishes integrability of the MLP approximation scheme defined
n (3.17). The proof of Lemma 3.1.9 uses the Lipschitz assumptions of the coefficients
and the results in Lemma 3.1.3 and Lemma 3.1.8.

Lemma 3.1.9. Assume Setting 5.1.1, let n, M,Q € N, and assume

sup Supl lg@)| _ [FO)E )] e ] . (3.102)

t€[0,T) zeRd (T, x) o(t, )

Then
(i) it holds for all m € Ny, 0 € © that

0
sup supE['HVn’m’M’Q(t’x)m} < 0, (3.103)
t€[0,T) zeRd o(t, )

ii) it holds for allmeN, e ©, te [0,T), v € R? that
(ii)

PR

se(t,T)

(Ve ) (Y2 2| | < . (3.104)

and

(iii) for allmeN, €O, te[0,T), z € R? it holds that
E[Vmaro(t )] = E[g(}ﬁ’")Zﬁﬁf’”]

FE| X IV )12 |

se(t,T)

(3.105)
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Proof of Lemma 3.1.9. First observe that (3.9) that for all t € [0,T], z € RY, y =
(Y1, Y2, -, Ydr1), 2 = (21,22, - -, 2441) € RITL it holds that

d+1 d+1

.9 = S0, < X Lol = 2l <y =2l K Lo < Ly =2l (3109

We are going to prove (3.103) by induction on m € Ny. Note that the fact that for all
0 €O, te[0,T), zeR?it holds that V,?,,, o(t,z) = 0 establishes (3.103) in the base
case m = 0. For the induction step assume that (3.103) holds for all m € {0,1,...,m}.
Observe that the Cauchy-Schwarz inequality, item (i) of Lemma 3.1.7 (applied with p «— 2
in the notation of Lemma 3.1.7), item (i) of Lemma 3.1.8, and (3.10) show that for all
0eO,ieR, te[0,T), r e R?it holds that

HH g(Y (6,0,—1) mn g(x))Zlf(%LO,—i),z,n
90 —1),x,n

< CE |Y90 z)wn_

ﬁE[ny“ e g ) (s [Jlze-])’
LA/ t)exp ((5 +2K%)(T — 1)) (3.107)
: l1 + \/—__t)<1 +\/3K(T — t) exp (3K(T — t)))]
< LA/AS exp( +2K2)(T—t))

l\/ﬁ <1+\/3K7—texp (3K*(T )))]

Next note that item (iii) of Lemma 3.1.8 ensures that there exists ¢z € [0,00) which
satisfies for all 0 € ©, t € [0, T, s € [t,T], z € R? it holds that

]

090 —1),z,n

0,x,n
iy

E [cp(s, yemy

] < \/%gp(t, z). (3.108)

In addition, observe that (3.102) implies that there exists a € [0, 00) which satisfies for all
te[0,T), r € R? that

lg(x)| < ap(T,x) and |(F(0)(t,2)|[VT —t < ap(t, ). (3.109)

Furthermore, observe that triangle inequality and (3.106) demonstrate that for all 6 € O,
ieR, te[0,T), z € R?it holds that

31 Y @i

1=0 se(t,T)
0l 1) 6,—1,1 6,1,1),z,n 0,1,1),z,n
E[\ V) = O (PSR N (s Y ez 0= |
0,1,1),z,n 0,1,1),,
< 3 @ [[(F0)(s, v, 28] (3.110)
se(tT
I=1se(t,T)
HH 911 0,—1,1) 911 zn 911 ]
n,l MQ n, —1,M,Q)
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Next observe that (3.108), (3.109), and item (ii) of Lemma 3.1.3 show that for all 6 € O,
ieR, te[0,T), x € R it holds that

> g [|<F<o>><s,nf§’0’1>“’">|
] (3.111)

(07071)7w7n
HZt,S

se(t,T)

< 3 agneE| P
se(t,T)
gl T(s)

< ac,p(t, ) Z N
se(t,T) T—sys—t

Moreover, observe that (3.108) and, e.g., [59, Lemma 2.2] prove that for all [ e N, 6 € O,
te[0,T], se[t,T], x € R? it holds that

(6,0,1),

SYts H

< ac,m(t, x).

9ll 0 1,1) Gll xn Gll
HH nlMQ nl 1MQ> ]
(9l1) 9 -1, )
i
(p(S y) Y(Bll)zn t,s )y~ t,s
< | sup sup (3.112)
re[0,T) yeRd 30(7", y)
9l 1), 6,1,1),z,n
E || 2 (s, v, 010 |
(0L 6,—1,1)
_ HH tine = Vi) ||| ] esett,a
< | sup sup .
re[0.T) yeRe o(r,y) Ve —t

Item (i) of Lemma 3.1.3 hence demonstrates that for all ¢ € [0, T], x € R it holds that

S (@41 0,~1,1 011 :cn 9l1
Z 2 [’qQ’[t’T HH nlMQ n(l 11\%@) ]
=1 se(t,T)
@1 0,-1,1)

Ui H‘ nlMQ Vn(l 1MQ ryHH
<c£gptm2 sup sup

=1 | 7€l0,T) yeRrd QO(T, y)

QT

5 200 (3.113)
seer) V5T t

< 2ezLNVT —tp(t, )

0.1,1 9,11
o E HH Vn(l M)Q - 71(,1—1,1\}@)(7”7 y)HH ]
2 sup sup )

=1 | 7€l0,T) yeRd @(Tv y)
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This, (3.107), (3.109), (3.110), and (3.111) show that for all € © it holds that

6
sup sup E l H|Vn,m+1,M7Q (t, IL‘) ‘H :|
te[0,T) zeR4 <,0(t, :L‘)
< sup 19
zeR4 SD(T, ;L')

1
+ sup sup ———
te[0,7) werd M™H1 Z

g
+ sup sup
te[0,T) zeRd ;)Sezt:T Mm+1-l

Ml 0,1, 0,—1,1 0,l3),x,n 0,0,),x,n
e ZEUH (FV9500) = 1P VST ) (s, Yo 2058

= o(t, )
(6,0,1),z,n 001)acn
|9(z)] [II( 9(Y 7 ) — 9(x))Z, |I]
= sup ———— + sup supE 3.114
zeRd QO(Ta ':U) te[0,T) zeR4 (t7 ill') ( )

+ sup SUPZ 2, 4t
te[0,T) zeR? 1 20 se(z,7)

(P& = O FPVS s, Y 0mm ZG e
l p(t,x)

£y2 exp((} + 2K7)T)

lnfre[O,T] lnfye]Rd o(r,y)

. {\/TJF L(1 +V3KT exp (3K2T)>]

N
: | R Ie) |
nlMQ nl 1,M,Q
+QCZ,C\/TZ[ sup sup ]
=1

< a+ aczgm +

re[0,T) yeR4 @(n y)

Induction therefore proves (3.103). This establishes item (i). Next note that the triangle
inequality, item (v) of Lemma 3.1.4, (3.106), and (3.102) imply that for all m e N, 6 € O,
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€[0,7), se[t,T], z € R? it holds that

HH F(qumMQ s Ytes’z’%zf’sz’n

]

<Blfjerone iz + ce [ ot iz
| F S stx n)| / 90(8 Y;Gs 0,x,n
E[ S YO:vn \/7 H Zts

97 b
——
07 b
o(s, Y. ")

glwpam(migmgmv7_+ﬁ¢[manerM>]

+ LE

’so(s, vz

 —

(3.115)

re(t,s] yeRd 90<7a7 y) QO(T, y)
= }
T—s

glamam(mﬂgxgmvf+£¢[manerM>]

6,x,n
Zt,s

E[ (s, Y,5")

reft,s] yeR4 90<T7 QO(’/’, y)
) CZSO(ta LU)
VT —sy/s—t
Item (ii) of Lemma 3.1.3 hence ensures that for all m e N, 8 € ©, t € [0,T), x € R? it
holds that

>, PSR [PV ano)) s, Y 20"

se(t,T)
[ s O] Vol )]
relt,s] yeRd (,0(7”, (p(T y) (3 116)
. Q1) gy 2Pt 2) '
SG%IT)Q ( )\/T—s\/s—t
o o O] 7 B atl)],
re(t,s] yeRd @(ﬂ y) 90( y)

Combining this with item (i) and (3.102) establishes item (ii). In the next step observe
that Fubini’s theorem, item (ii), item (vi) of Lemma 3.1.4, (3.17), and a telescoping sum
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argument demonstrate that for all me N, # e ©, t € [0,T), x € R? it holds that
E[Vy gt )]

1 e 0,0,—1),z,n 60,0,—1),z,n
= g(@)er + 5rm 2 B[ — g(@) 2]
=1
m—1 Q,[t,T]
q (s)
+ 2 Z m—I
1=0 se(t,T)
Mm—l
0,1, 0,—1,i 0.,0,i),z,n 0,1,i),z,n
B X, (F(V050) - 1n(OF O o) Y222
i=1
= E[g(Y;7™") 20"
m—1 QtT] () M . . ,
q (S) 0,1, 0,li),x,n 0,0,1),x,n
+ Z Z Ml ]E[(F<V71(,Z,M),Q))<S’}/tfs ) )Zt(,s ) ]
1=0 se(t,T) i=1
m—1 M™m—!
q 0,—1,i 0,1,3),x,ny\ ~(0,1,3),z,n (3~117)
- 2 > JE[(P(V, ) (s, 0405 70001
=1 =1 se(t,T)
m—1
= E[g(Y 5™ Z)5"] + g S)E[(F (V2 an0) (5, Y™ 208"
1=0 se(t,T)
m—1
- g E[(F(V) 1 an0)) (8, Y™ Z)8"
=1 se(t,T)
m—1
= E[g(V% ") 205" + 0@ s) (E[F (Va1 o)) 5, Vo) 2027
=0 se(t,T)
— L (DE[(F (Ve 1-1a10)) (5, Y;O;”’”)Z?f’”])
= Elg(V5M 205"+ D a TS E[(F(VY i) (s, Yir ™) 208",
se(t,T)
This establishes item (iii). The proof of Lemma 3.1.9 is thus complete. O

3.2 Computational complexity analysis for MLP ap-
proximations

This section’s aim is to estimate the overall complexity of our MLP approximation scheme
which is achieved in this chapter’s main result, Theorem 3.2.4 in Subsection 3.2.2 below.
Essential for the proof of Theorem 3.2.4 are the nonlinear Feynman-Kac type formula in
Lemma 3.2.1 in Subsection 3.2.1 and a helpful upper bound on error terms arising from
the nonlinear Feynman-Kac type formula which is given in Lemma 3.2.2. Combining
Theorem 3.2.4 with an explicit calculation of the error arising from the GauSS-Legendre
quadrature (cf. Lemma 3.2.5) and the assumption of a smooth PDE solution leads to the
more summarized global error bound in Corollary 3.2.6. Corollary 3.2.8 holds our main
result of this chapter. It demonstrates that - under the assumption of a smooth solution -
the computational effort of the approximation scheme in (3.17) is of order O(de~(6+%)) for
all § € (0,0) if d denotes the dimension of the problem and ¢ is the prescribed accuracy.
In this section we follow closely the proof strategies developed in [54, Section 4] but for a
larger class of semilinear PDEs under additional assumptions.
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3.2.1 Nonlinear Feynman-Kac formula for the approximation
scheme

The following lemma introduces a nonlinear Feynman-Kac formula for the approximation
scheme displayed in (3.17). An essential part of the proof is the application of the Bismut-
Elworthy-Li formula developed in Theorem 2.2.3. Lemma 3.2.1 is a generalization of the
Bismut-Elworthy-Li type formula in [55, Lemma 4.2].

Lemma 3.2.1. Assume Setting 5.1.1, let n € N, and assume that

sup sup —H|voo(t,:c)|H + sup sup —|(F<Oi)(t ?)l < 0. (3.118)

te[0,7] zeR4 o(t,r) te[0,T] zeR4 o(t, )
Then
(i) for allt€[0,T), x € R? it holds that

w(t,0) = SO +E| [ (P evi el @)

and
(ii) for allt e [0,T), z € R it holds that

L0

T
0,z,n 0,x,n 0,x,n
<vxu°0><t,x>—ﬂz[gmj )L j (o0 )oY dwf]

T T
x,n x,n — & x,n
+ E[Jt (F (™) (r, Y™ )ﬁj (U(}/;,Br;lz;x{t,[sjt})) 16—363/}?; " aw? dr].

t (3.120)

Proof of Lemma 5.2.1. First observe that the triangle inequality, (3.9), and (3.118) guar-
antee that

|(F'(v*) (¢, )]

sup sup
te[0,T) zeRd 90(?5795) (3 121)
s S ED (FO)(t,2)] |
< p sup + sup sup < 0.

t€[0,T) zeRd o(t, ) t€[0,T) zeRd o(t, )

Furthermore, note that Itd’s formula and (3.11) show that for all ¢ € [0,T), x € R? it
holds a.s. that

gV —u(t,x) = u™(T, Y, 55") — u™ (¢, Y5"")

T
= [ [V T Y o Y s, )0, Y1)
t
T
G Y, (V) e | et [(Fa ) Y dWs g
t |
T
= | R Y, (V) Ve
t

T
+ | (v aw,
t
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Combining this with (3.118) and (3.121) implies that for all ¢ € [0,T), x € R? it holds
that E[sup,cp, l§; (Veu™)o)(r, Yt?f”’”) dW,||]] < oo. This proves that for all ¢t € [0,7),
z € R? it holds that

J T((vxum)a)(r, Yrmy dw, = 0. (3.123)

Combining this with (3.122) demonstrates that for all ¢ € [0,T), s € [¢,T], z € R? it holds
that

u™(t, )

T
0,z,n 0,z,n 0,z,n 0,z,n
= E[g(Y;I )] + Elﬁ f(’r’, Y;’r ,UOO(T’, Y;,T )7 (quoo><,r7 Y;S,r )) dr (3_124)
T

~Eov) + | [ P v ar

This establishes item (i). Next observe that item (i) of Lemma 3.1.5 shows that for all
0eO,tel0,T], se[t,T], x € R? it holds that
6,x,n ° 6,z,n 3 6,z,n 6
Y;ﬁ,s =T+ Jt M(Y;,max{t,[rjt}) dr + Jt O-(}/;f,max{t,[rjt}) dWT : (3125)
Item (ii) of Lemma 3.1.2; item (i) of Lemma 3.1.6, and Theorem 2.2.3 (applied for every
0eO, tel0,T], z € R with O —~ R% p o~ ([0,T] x R 3 (s,y) — (Y5 )€

t,max{t,|s|¢}
RY), 0 —~ ([0,T] x R* 5 (s,y) — o(Y?"" ) € R™4) f «—~ g in the notation of

t,max{t,|s|¢}

Theorem 2.2.3) therefore demonstrate that for all # € ©, t € [0,7T), x € R? it holds that

0 0,x,n 0,x,n g 0,x,n - 0 0,x,n
%E[Q(K,’T7 )] = Elg(yt,’T’ )ﬁft (O (Y rmatsl)) 1%}/1‘/,5’, AWy, (3.126)
Moreover, note that Item (ii) of Lemma 3.1.2, item (i) of Lemma 3.1.6, and Theorem 2.2.3
(applied for every 6 € ©, t € [0,T), x € R? with O — R? 1~ ([0,T] x R? 5 (s,y) —
M(Yfrf;z{t sly) € R?), o — ([0,T] x R? 5 (s,y) — a(i@er’i;z{t 1sl)) € R®*?) in the notation
of Theorem 2.2.3) ensure that for all § € ©, t € [0,T), r € (t,T], x € R? it holds that
a x,n

CRIF@) Y]

z,n " T, — 0 TN

= B[ F Y2 [ o ) v s

Leibniz integral rule hence implies that for all # € ©, t € [0,7T), x € R? it holds that

%L E[<F<UOO))(T, Ytefm)] dr = L %E[(F(UOO))(n Yterxn)] ar

T T
x,n x,m - & x,n
- [ | v [ otz ) e aw | ar

Combining this and (3.126) establishes item (ii). The proof of Lemma 3.2.1 is thus
complete. Il

(3.127)

(3.128)

3.2.2 Error analysis for multi-level Picard approximations with
GauSS-Legendre quadrature rules
The following lemma, Lemma 3.2.2, establishes an upper bound for a specific error ap-

pearing in (3.151) in the proof of Theorem 3.2.4 which arises from the application of
Lemma 3.2.1.
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Lemma 3.2.2. Assume Setting 5.1.1, let n € N, and assume that

sup %?)') + sup sup

veRd ¥ t€[0,T] zeRd

Iv* @)

Sty T sup sup [EONE2)| o (3.129)

te[0,T] zeR elte)
Then
(i) it holds for all0 € ©, t € [0,T), x € R? that

1
E Y@,r,n Z@,r,n . en - .
[g( " )< " (T%S O i) DL de))”H

< [sup|g<y>|] (3.130)

yeRd

a1

(ii) it holds for all 0 € ©, t € [0,T], x € R? that

1) (1 + 3K(T — t)exp (5K(T — t)))

and

[ S QT (F(02) (5, V2o
se(t,T)
» 1
. (Zg; - (s S0 tarrfa:{t J}))_lDte,’f’n dwy H' (3.131)
<[ s 5;5<|<F<o>><s D+ L) |
4K\/ LI . ”2) (1 +3K(T — t)exp (5K (T — t))).

Proof of Lemma 3.2.2. First note that (3.14) ensures that for alli,5 € {1,2,...,d}, 0 € ©,
te[0,T], s€[t,T], x € R? it holds that

0,x,n 6,x,n 2
EI:} (Dt S )'L j (Dt max{t L Jt})Z]’ :|
d
Hxn 0,x,n
U 21 Y, mmaxtslo) (Pt 51y 1 (3 — maxd{t, [s]:}) (3.132)
d

2
b Y A DA g a2 = WL )]
klzl

t,max{t,|s|¢

t,max{t,|

The fact that for all a,b € R it holds that (a + b)? < 2(a® + b?) hence implies that for all
0eO,te0,T], se[t,T], x € R? it holds that

t,max{t,|s

E[HDf’f” DYool

QE[ Z ‘Z 5#1 anfaZ{t Jt})(Df:l;;{th})kj(S — max{t, [SJt})‘Q] (3.133)

zylkl

&all 0,z,n 0,2,n 0,0 0,0 2
+2E|: Z ‘ Z )/tmax{t Jt})(Dtmax{t[ t})kj(WS Wmax{t Jt})) :

zylkll
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Next observe that (3.7) and the fact that for all a,b € [0,00) it holds that a® + b* <
(a + )% < 2(a® + b?) show that for all 0 € ©, t € [0,T], s € [t,T], v € R? it holds that

|

5/‘61 x,m x,n
QE[ Z ‘ Z temax{t Lsl¢} )(Dfmax{t[ Jt}>kj(3 — max{t, [s]:})

z]lkl

d d
a i TN
< 4<S - HlaX{t7 lSJt})Q (El Z P%< tgmax{t )6k] ]
Q=1 k=1 "k

M&

2
o o
ij=1 (3.134)
4(T - t d a,uz 6 T, 2
< T<El2 Z (¥, mase1s1e))
2])
aefl,2,..., Pl l’k
4K2(T t) 0,x,n
< n2 <1+]E|:H‘Dtmax{t[ IdH ]
s€[t,T], r e [s,T], v € R it holds that ¥;;"* and W? — W? are independent, and the
fact that for all a,b € R it holds that (a + b)? < 2(a® + b*) ensure that for all § € ©,

d
(3[1,1 9 ,T,n 0,x,n
Z t max{t s]¢} ) <(Dt max{t Ls]¢} ) 6k])
0, SIES 5# v
|: ] [ HlaX Dt max{t[ a' - ‘U ] Z Z tmax{t sle })
Moreover, note that item (i) of Lemma 3.1.2 the fact that for alln e N, 8 € ©, t € [0,T7],
te[0,T], se[t,T], x € R? it holds that

d 2
0,z,n 0,x,n 0,1 0,1
[Z | Z o Vet Pl OV = Wiy ) ]

i,J=1 Kk,
a ao-l T,m
<4E[ max ’(Wsoa erlaX{t ] |:Z ‘ Z l temax{t )5k] ]
aef{1,2,...,d} ij=1 kl= 1

aall 0,x,n 0,x,n 2
+ E[ Z ’ Z (}LU Y;max{t Jt}) ((Dt ;max{t,|s|:} ) kj — §k])
A (3.135)

< 4(s — max{t, |s ( li

AK?(T —t
<¥<1+E[HDS$§X{H Id” D

Combining this with item (iii) of Lemma 3.1.7, (3.133), and (3.134) proves that for all
0eO,tel0,T], se[t,T], x € R? it holds that

B[ || D" = Dy lI7 ]

<4K2((T7;t)2 + (T;t))<1+E[HDf$£<m — L[} D (3.136)

< 4K2<<T;2t)2 + (T_t>> <1 + 3K (s —t)exp <5K(s—t)>).

n
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Item (iv) of Lemma 1.2.2; the Burkholder-Davis-Gundy inequality, and the fact that for
all t € [0,T], r € [t,T], x € R? it holds that (ng’n)l = 1 therefore imply that for all
e O, tel0,T], re(t,T], v R?it holds that

2] >

Sl
( [Hr— J (Yoo [fo;l;({tu} ij"] awe 2])

: o n z,n z,n
< (J l” Y;genlax{t lHi(Rd HDtemax{t lse} Dg’s’ Hi:| ds) (3137)

r—t

1 " T,n xn||2 %
St —ive (L E[”Dz}naxmsjt} — Di; HF] ds)

< 2K\/a( ! ((T_t>2 + (Tn_t)>(1+3K(T—t)exp (5K(T—t))).

r—t) n?

N

Zexn — ( r 0,2,n ! —1 yd,z,n 6)
St (U<Y )) Dt,s dWs

t,max{t,|s|¢}

NI

[N

This implies that for all § € ©, t € [0, T], € R? it holds that

1
2 2

1
Z@,x,n N T . - b
. (ﬁ ¥ (O (Y, ot s]e)) LD AW

T
Hélder’s inequality hence shows that for all § € ©, t € [0,T], x € R? it holds that

- 1
E Y&,z,n ZQ#E,” _ z,n _ x,n
_g( T ) ( . ( —t St Ytemax{t Jt})) 1Df’7‘97 de) ) ] H'

[ 1

0,x,n
sup EZ 7" — T 0,20 _1pn0zn
yeRd|9(y)|1 [ t,T ( 1tS (O-(Y;,max{t,[sjt})) lDt,s d”rf>

T
< sup|g ]ZK\/ )
| yeRd

This establishes item (i). Next note that Holder’s inequality, item (i) of Lemma 3.1.3,

E

(3.138)

1) (1 + 3K(T —t) exp (5K(T — t))).

N

H] (3139

) (1 + 3K(T — t)exp (5K (T — t))).
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and (3.137) prove that for all @ € ©, t € [0, T], z € R? it holds that

[ S QT (s) (F(02)) (s, Vi)

se(t,T)

(Ze,x,n ( 1
' s - s 0,x,n — 0,x,n
b =il (thax{tu})) LDy AW
< g@I T (s)E [I (F™)(s, Y5
< tT
[ sup sup|(F/( ] > (3.140)

s€[t,T] yeRd se(t,T)
< 1 il
s 0 T,n — 0,x,n 0
b s—t St t max{t Jt})) lDt r dWT

5| "

<lsupsup|( sy]zqﬁ

d
selt, T yER SEtT)

ZG,ac,n ( 1 )
s - 0,x.n — 6,x,n
" s—1 St o(Y,, Jt})) 1Dt,r dw?

t max{t

QK\/ (T_t)) (1 +3K(T —t) exp (5K(T—t))>

n

< s suplcre s y)\]

se[t,T] yeRd

4K\/ (T_t)Q) (1 + 3K (T — t) exp (5K(T—t))>.

n

This and (3.9) demonstrate that for all # € ©, t € [0, T], x € R? it holds that

[ S QT (s) (F(02)) (5, V™)

se(t,T)

0., 1 s 0,z,n Gxn 0
: (Zt,s - s—t), (0-<Y;7max{[rjt})) dW

(3.141)
<[ sup s PO s.0) +£||v°0<s,y>||>]
4K\/ (T;W) (1 + 3K(T — ) exp (5K(T—t))>.
This establishes item (ii). The proof of Lemma 3.2.2 is thus complete. O

The following theorem, Theorem 3.2.4, provides a recursive upper bound for the ap-
proximation error of the MLP approximation scheme. In the proof we follow the idea of
[59, Lemma 4.3] and first study the Monte Carlo error and the time discretization error
separately before combining them with a discrete Gronwall inequality to obtain a global
error bound.

Lemma 3.2.3. Assume Setting 5.1.1, let n, M, Q € N, assume that

t7
wege #07) t€[0,T weRd te[0,7] zerd PP
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and let : [0,T] x R — [0, 0]4*L satisfy for all t € [0,T], x € R? that

e(t, x)
1
_]E q tT ))<S7Y05xn< Ozn —1 n0,z,n 0>
th:n t G SO )T D AW (3 143
T 0 1
- F /UCD T,Y;xﬂl r,n — ,T,m dT .
[ ey )<nx< sy b, dWso)

Then for allm,k e N, toe [0,T), v € R?, vy e {1,2,...,d + 1} it holds that

N|=

(E [‘(Vr?,m,M,Q<t0, ) — v (to, 7))ue ‘2])
< kz_:l Z Z Z d+1} \/% llj LVz'qQ[ti_l’T] (tz)]

j:(] l1 ..... lj+1€N 1,0y tj+1€R Vlyeeny Z/j+1€{1 .....
l1<...<lj+1:m to<t1<...<tj1<T

. {ﬂl(VJ’Jrl) (ILT(thrl)( (E [‘( (t Yigfn))yj H(Zg’z{nt ),,Fl 2])

0 0 j+1 0 9 %
(05 = gD [T

=1

_l’_

1 (E
VMU
n (2K\/1 @ n 1) (1 + 3K (T —to) exp (5K (T — to))) l suplg(y)!]

n yeRd

+ 4K\/ - to T _ntO)Z) (1 + 3K (T — to) exp (5K (T — to))>

[ s (PO )]+ 2107 ) D( [H 288 o D)

1

Qut;.T) (4. g+l 2\ 2
q J (t 1) ,T,n x,n

+—J+<E (PO G Yo ) [T o D )

Mll i=1
. 1
LV' 1qQ’[tj’T](tj+1) 0,z,n s 0,z,n 2 ’
+ = Mllfl E ‘(U ( 7+1, Yto t]+1))Vj+1 H(Zt;_i,ti)l/i—l
D Y | T
+ Lllzq b (tl>
l1,...,lxeN t1,.tk€R vy, el d+1} Mm—k=h i=1

h<..<lp<mto<ti<..<tp<T

Proof of Lemma 3.2.3. First we derive the Monte Carlo error. Note that items (i) and (ii)
of Lemma 3.1.9, and (3.17) imply that forallme N, t € [0,T), z e RY, v e {1,2,...,d+1}

‘ N\
(Vo = 0) 0 YA [ 12000 D .
=1

(3.144)
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it holds that
Var((V,) o ar.0(t2))0)

1 x,n T,mn
— = Var ((90V%") = g(@)(ZF"),)
m—1
1 1,
# 3 g Var (3 00T (FO)
1=0 se(t,T)
,—1, ST, T,
- IOV ) (Y 257, -
1 x,n ST, 2
< B[00 — 9@
m—1
1 !
s Mm_lE[ @0 (5) ((F(VS4D,)
1=0 se(t,T)

|
This, the triangle inequality, and (3.9) show that for all m € N, t € [0,T), z € R,
ve{l,2,...,d+ 1} it holds that

— In()EVT o)) (5. Y. (200,

|=
[N

(B [V arots2) = BV o to)Df*] ) = (Var (Veano(t o))

N—
NI

se(t,T)
m—1 Q,[t,T] 3146
) [ 5 4207 (3.146)
=1 L se(t,T) Mm
0,l,1 ,—1, x,my |2 ST, 3
(E[1(FESE) - FESTR) v Pz, ]

1
2 2
* A 2 0 E[lEoe vzl )
\/Wse(t,T)
+m1[ Z qQ[tT](S>
=1 se(t,T) Mm_l

d+1 2 , 2
0,.,1 0,—-1,1 0,z,n JT,M
| E (Z Lo (V5 = VO 0) (5, Y w) l(ze=m, P ]
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The triangle inequality therefore demonstrates that for all m € N, t € [0,T), z € R,
ve{l,2,...,d+ 1} it holds that

(0t 8]

Q
< (&l - stz ])
: ﬁ( , 417 (=[lEoe Vo))’

3N X B (B[ (Ve — o) Y D 200, )
=1 se(t,T) v1=1
S e Ly q@TI(s) 0,z,n 0,z,m\ |2 %
) e (B (Vo ang = v™) (s Y200 )

Ly, g2 T1(S) ((10.mm) (1
+ \};q\dmflfg ) ( ((i’/M)() - ]]'(_l’m_l) (l)>
)

N[

(B[00~ o) YLl L)
(3.147)

In the next step we analyse the time discretization error. Note that item (iii) of Lemma 3.1.9
ensures that for all m e N, t € [0,T), x € R? it holds that

]E[Vnom wolt, )] = E[Q(Koiﬂx’n)zg’;’n]

+E[ S @ (s (F(VE, I,M,Q>><s,n?fv”>zzf’“}.

se(t,T)

(3.148)

In addition, observe that item (ii) of Lemma 3.1.6 and items (i) and (ii) of Lemma 3.2.1
demonstrate that for all t € [0,T), z € R? it holds that

1
Omn
g Y, ; 0,z,n — 0,z,n
( o ( tgt Y;max{t Jt})) lDt,S dWS)]

+E[ [ e e (L ppomn |

t,max{t,|s|¢}

vO(t,x) =E

(3.149)

)>_1D2,:,n de) dr|.

Combining this with the triangle inequality and (3.148) shows that for allm € N, ¢t € [0, 7)),
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reRY nue{l,2,...,d+ 1} it holds that

‘(E[VomMQ( )] — Uoo(tﬂ))u}

1
< E[ YO,:):,n ZO,x,n_ o - o
9( t,T )< t,T < tSt Ytomax{t M)) 1D2’s’ dWSO)),J
+ | X N ) Y2,
se(t,T)
T 0 1
—E f F(v® T,Y;xn < 0,z,n — 0,z,n ) dT:| .
[ ey (1 pomn e )

Furthermore, observe that the triangle inequality and (3.9) imply that for all m € N,
tel0,T],se (t,T],zeRY ve{l,2,...,d+ 1} it holds that

[ S @) (F(VY, LM,Q»(s,n?f’”xzt‘?f’")u]

se(t,T)

r 1
[L ( ( ))( b St tomax{t |s]¢ })) 1D2’57 dWSO v
T
(t,T)

<[B] 3 @t (EOR i) - ) ¥,

se

_|_

E[ S Q@I (s)(F(%)) (5, Y20
se(t,T)

(5 s, o)
o St tonfaZ{t J}))_ngfyndWB y

[ S QT (s) (F(02) (5, Y2

se(t,T)

(3.151)

1
(oo, J}»-lD?,f’"dw??),,
T . 1
0 ,:vn
- [ e (L pgeen oo awo) ||

t{t

In addition, note that (3.9) and Holder’s inequality ensure that for all ¢ € [0, T, s € (¢t,17],
reRY ve{l,2,...,d+ 1} it holds that

| 3 e <v,?,m_1,M,Q>>—<F<UOO>>><S,n?f“)(zﬁm]

se(t,T)
<E[ O <vf,m1,M,Q>>—<F<v°@>>)<s,n?f’">|\<Z§',f’">u|]
se(t,T)
d+1 (3.152)
< D0 Y Land® TS E[((Vosang = ), YDl (20570
se(t,T) vi=1

d+1

SDIPRAE (E[|<<v£m_1,M,Q—vooxs,Yt?f"))w|2|<Zﬁfv”>|2]) |

se(t,T)

D=
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In the next step we combine the bounds on the Monte Carlo error and on the time
discretization error to analyse the global error. Observe that the triangle inequality,
(3.143), (3.147), (3.150), (3.151), and (3.152) demonstrate that for all m e N, t € [0,T),
reRY ve{l,2,...,d+1} it holds that

(B [V gttt ), )
< (B [|07aro(t:) = BV so (o)D)
+ | IV a0t )] = 0% (t,2)),

VI

= (St ﬁ (E[Ito0r%™ - aenizizmnf))’
LS @) (B[P s, vz, ))
se(tT

ES QIETI(s) (1 0,m) (1
PS % e (0 1 0)
=0 se(t,T

l/11

N

(B[R ar0 = )Y 205))) (3.153)

g(YO,:E,n> ZO,x,n . 0 1 0
o o Tt St (Y, et | Jt}))letf’n dw, ,

d+1

t 0 D) Lt

se(t,T) vi=1

(1000 =)0 3 P ]

El S0 @ s) (F(%)) (5, V5

se(t,T)

(2~ (. 1 ),
be =il }/tonfaZ{t r]e} ))—1D2’f’“dWP |

Items (i) and (i) of Lemma 3.2.2 therefore prove that for all ¢t € [0,T), z € RY, v €

+ |E

N




(B[ v“’)( Yo Pl ) (3.154

+2K\/

+ 4K\/é((T;2t>3 i t>2> (1 + 3K(T —t) exp (5K(T — t)))

n
: [ sup sup (|(£(0))(s, y)| +£H|v°°(57y)||\)]
se[t,T] yeRd
d+1 L qQ [t,T](s)

+Z)Z VM (B [lo= (s vz ])

1) (1 +3K(T —t)exp (5K (T — t))> [sup|g(y)|]

yeRd

Next we prove (3.144) by induction on k& € N. Note that (3.154) establishes (3.144)
in the base case k = 1. For the induction step assume that (3.144) holds for k € N.
Item (v) of Lemma 3.1.4 ensures that for all I; € N, tg,t1,...,tx € [0,T), x € R? with
o<t <...<tpy<T,vo,v1,...,vx€{1,2,...,d+ 1} it holds that

1
k 2
(E [| (Vno,ll,M,Q(tk? Ytﬂ’,f,f) - Uoo(tlm Y;fg’,f;;n))vk| 1_[ ‘(ZOZ a:lnt )Vifl ‘2]>

i=1
k 3
- (E E ||V ang = o)) ]| o T ]) -
t0tk =1
Combining this with (3.154) and the fact that for all z € R? ¢t € [0,T), s € [t,T),
r € [s,T) it holds that Zg ™ and Y;?;?”’" are independent demonstrates that for all [; € N,
to,t1,. ..l € [O,T), xeRd, ,",...,Vg € {1,2,,d+1} with o<t <...<tp< T

(3.155)
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it holds that

(E

< <E

) (E ”gmﬁzm O e [z D
NI ti,T Vkl:1 thvz1

QLT (1 1) (F(0)) (g, Yoog™ ) B
3 (EUQ e e | (G AN

N

k
‘(Vrgll,M,Q(tk? th’,f,;n) - UOO (tka ng:f;;n»vk | H ‘(Z% xlrz )V¢71 |2] )

=1

1
k 2
O:En 0,z,n
‘( tk?Kotk Vk]i[Zl 1,4 Vzl

=1

+

tht1€(tk,T) =1

d+1

D I

2]) 2
tht1€(te,T) ve+1=1

1
el 2 (3.156)
ST, ST, 2
’ (]E [‘(Uoo(tk’-i-l’ Y;fg tk+1))’/k+1 H(ng_l,t,-)wfl | ])

i=1

n <2K\/§ (% + %) <1 +3K(T — to) exp (5K (T — to))) [sup!g(y)\]

yeRd

+ 4K\/ (Tt (ijo>2> (1 + 3K(T — to) exp (5K (T — to))>

n2

k >
[ sup_sup (|[(F(0))(s,y)| + L™ (s, y)ll) D ( [\H (Z" i D

s€[tg,T] yeRY

1—1 d+1 2L1/ ](t )
DI IEDY ki;qh—lzokﬂ

lo 1tk+1€ tk T) Vi4+1= 1

This and the induction hypothesis imply (3.144) for £ + 1. Induction therefore proves
(3.144). The proof of Lemma 3.2.3 is thus complete. O

(SIS

k+1 2
Oxn O,CE,TL 2
’((Vrglo,M,Q - ’UOO)(tk-‘rl?}/;fo tk+1))Vk+1 H(Zti717ti)Vi—1| ]) :

=1

In the following theorem we apply the findings from Lemma 3.2.3 to the case k «— m
to achieve an error bound that is not recursive. Theorem 3.2.4 generalizes the results of
[59, Theorem 4.4] to a more general setting of semilinear PDEs with gradient-dependent
nonlinearities.

Theorem 3.2.4. Assume Setting 3.1.1, letn,m,Q € N, M € Nn[2,0), vy € {1,2,...,d+
1}, to € [0,T), x € R?, assume that

sup |(( )|) + sup sup —KF(O&)g(C)I)' + sup sup

el g (3.157)
zeRd ol te[0,T] zeR4 te[0,T] zeR4

o(t,z)
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let C' € [1,00) satisfy that
C = max {VAT, £, (VT + (1 + LV3KT exp (3KT))),
K\/ L1+ 3KTexp(5KT)), (2K (v T exp (6 + 32K4T))% +98) (3.158)
: [ﬁ + \/5(1 + /6K (1 + T) exp(40K2(1 + T)Q))] }

and let e: [0,T] x R? — [0, 0]+ satisfy for all v € [0,T], y € R? that

e(t,y)
1
_E| T 42T ))<s,Y“;y"( oun o )
[ Z " e W G S 1) Dy AWy (3.159)

se(t,T) t ;max{t,|

T 1
_ 0 0,y,n
ft (F<U ))(7“, Y;t,r ) (L S:(O’(Yo’y’n t}))—lD?’,sy,n dW80> d?”] .

r—t t,max{t,|s|

Then it holds that

<]E [} (Vr?,m,M,Q(tO, ) — v°(to, 7)), |2]>§

C*(VT 6
< (1+14(8C%)" ) [ sup_sup |||e<s,y>|||] + (1+6(4C%)™"e™) —M,:gﬂ
s€[to,T] yeR4 M
T—1 1
3\ym—1 0 _
+ (1 +14C(8C%) )20\/( pra n) (lj;lR%W(?JN]
+2Tl sup sup ([(F(0))(s, y)| +C|||v°o(s,y)lll)]>
s€[to,T] yeR4
202 + (403)m€M
+ sup sup|(£'(0))(s,y
\/W sE[tQ,T]yERdK ( ))( )|
+ [ sup_sup |||v@°<s,y>|||] )
s€[to,T] yeR4
(3.160)

Proof of Theorem 3.2.4. First note that Lemma 3.2.3 (applied with & = m in the notation
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of Lemma 3.2.3) and (3.158) demonstrate that

R I )

m— J

2'7 Q?[ti717T]
SDINEDY 2 2 v | L[ Bed®t )
]=O l1 ..... J+1€N t1,eeey t]'+1ER Vlyenny llj+1€{1 ..... d+1} =1

h<..<ljpi=mto<ti<..<tjp1<T
J
: {L(Vjﬂ) (HT(th)( (E [‘( Ytgfn v, H Zolzﬁ oy
=1
J+1 9 %
o5 — 902N T T D
i=1
T —t 1
2 _
ooy (e ) ([
: 0
+2Tl sup sup ([(£(0))(s,y)| + L[v*(s, »)I) ]) < [H| VA5 D)
=1

s€[to,T] yeRd

Q5T (4. AR ]\ *
q J (t 1) ST, T,
+ LRI LS (E [‘(F“)))( +1’Y;52t +1) Zoz 1t Vl 1 ]) >

]

M

1=1

L”j qu7[tj7T](t'+1) TN s ,T,n 2 :
+ = \/W . E ‘(U <j+17Y;8 tJH))l/jH H(Z(Z 1,t; )1/1‘71 .

i=1

Item (v) of Lemma 3.1.4 hence shows that

1

(E [l(vé),m,M,Q(tO’ :L‘) - Uoo(t()? m))Vo|2]> i
WD) >t [Tt e]

7=0 11,..., lj11eN t1,..., tjr1€ER | Z N l/j+1€{1 ..... d+1}
l1<...<lj+1=m t0<t1<...<tj+1<T

J 1
.{11(uj+1)<1T(tj+1)<[ sup sup(e(s,y)) ]H(]E[ Zofﬁ ) 1|2]>
s€lto,T] yeR4
B9V 5" = 9Vt NZ05 ) [P])2 oan y 2]\
- — [ (&l ])
T—1t 1
2 —
ooy (5 +n>([s§Rglg(y)|]

+2T[ sup_sup (|(F(0))(s.9)| + L]l (5. )] Dﬁ( [z, 1\2])5)

s€[to,T'] yeR4 i=1

=g

j+1

)y supl(r)l ] TT (B[220 mﬂ)%)

s€lto,T] yeR4 i

L qQ,[tjﬁT](t. ) j+1 o 27\ 3
N i1 7+ [ sup Sup(voo(s’y))uj+l]l_[<E |:|(Zgy_£,tl)vzfl‘ :|>2 .

Mllil s€[to,T] yeR4 i=1

(3.162)
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Furthermore, note that the Cauchy-Schwarz inequality, item (ii) of Lemma 3.1.7, item (ii)
of Lemma 3.1.8, (3.10), and (3.158) ensure that for all t € [0,T), v € {1,2,...,d + 1} it
holds that

(B][a(v™) - gt >><Z?;f">u| ]) < (B - x,|2“,zgg,n‘|‘z]>é

< e(sliver o))’ (s[l25 )’
< LVT —t(VT + V6) ( (V9T —t) exp (6 + 32K4T))% +%§”)

- {1 Vv (1 + /6K (1 +T —t)exp (A0K2(1+ T — t)z))] (3.163)

= LT +6) (2K (49T exp (6 + 32K°T) )+ 1)
: {\/T+ \/g(l +1/6K(1+T)exp (40K3(1 +T)2)>}
C*(VT +/6).
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Combining this with (3.158) and (3.162) proves that

I

< [ sup sup<e<s,y>>u0] + Sl 4 20@ ([ sup\g@)!]
s€[to,T] yeRd yeRd

+2Tl sup sup(I(F(O))(S,y)!+£Hlv°°(8,y)H|)D

s€(to,T] yeR4
[suPcrry, 77 SUP, g |(F(0))(s,)]]

i > a1 Nw) (E[1(Zei)wl])?

t1 E(to,T]

51;11 Ly [supsefty, 7 SUP, cpa (V7 (5,9))vy ] Q,[to.T] 0,z,n\ |2 3
+ s > e mw) ({2250

t1€(to,T]

m—1

+ > > > T

j=1 1,...,l;eN t1,...,tj+1€R V1, ovip1€{1,...,d+1}

h<..<lj<mto<ti<..<tj41<T
Lu-qQ’[ti_l’T](ti)]

J 0, 2 2

Ane (| s e, |1 ([l ))
s€lto,T] yeR4

J 1
C2(VT+6) 0,z,n 21\2
T H( [ thltz”“|]>
=1

+20 (T;;O + %) ([ Sup|g(y)|]

<.
Il <.
—_ z

yeRd
! O:Dn 2 %
+27| sup_sup (((F(0))(s, )| + Ll (s, mll) | ) TT (B[ 1287500 )
s€[to,T] yeR4 i=1
G5 TNty )b epyg 2 590 el FO) )] T oem o7y &
+ M H (E [’(Zti—lyti)y’ifl‘ ])
=1
» 1
Lo, oy a5 (b5 1) [P scqeg 77 0P, | (0% (5.9))or 4 1] . %
4 it J+ \/AEI?I?]l yeR G+1 H <E [}(ZZ Lt )Vi—1| :|> .
=1

(3.164)

Next note that item (i ) of Lemma 3.1.8 and (3.158) ensure that for all j € N, t1,t9,...,t; €
[0,T) with tg < t; < ... <t; <T it holds that

Q(E[‘ Zolxﬁt Voo 1 ])é <ﬂ<1+ﬁ<l+Mexp(gKT))>
< (m+( + o VIRT e (3K )) Hm (3.165)
o]
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Next note that for all 7 € N it holds that

> ﬁL — (%L) Syel (3.166)

v1,..vje{l,...,d+1} i=1

This, (3.164), and (3.165) show that
1
(B [V anlto: ) = v*(to, )| )

) 1
+ ST 4 o (T o+ n) ([SUP|9(?J>|]

yeRd

< [ sup Sup(%?(S,y))uo
se[to,T] yeRd

+m1sm>wmgwm@wn+mmwawﬂ>

s€[to,T] yeR4

n C[supse[tO,T] supyeRd|(F(0))(S,y)|] g0 (1)
VM™ Vii—to
t1€(to,T]
CZVl 1Ly [Supse[tO,T] SuPyeRd‘(vw(s’y))yl ] M
\/Mmfl \/m
t1€(to,T]

m—1 .
(2CL) [supsefsq, ] SUP, g ll€(s,9)]]
+ E U Rt
VMm—ith

Jj=1 Ii,...,l;eN
h<..<lj<m

t’L IT(t)
Z 1_[ \/tz ti—1

t1,..,t;€R  i=1

t<t1<...<t]-<T (3167)
J
(2CLYI C?*(VT+/6) g@lti—1 T
* \/Mm—j Z 1_[ Vii—ti—1

t1,....t;€ER i=1
t<ty<..<t;<T

J
(2CcL)i+1 g lti—1,T1() T— to
t Vi =i + )| | suplg(y)l
t1,t;€R  i=1 yeRd
t<ti<..<t; <T

+ 2Tl sup_sup (|(£(0))(s,y)| + Ll[o* (s, y)ll) ])

s€[to,T] yeRd

. j+1
+ (QCL")J [SuPse[to,T] SupyeRdl(F(O))(s»y)‘] Z ]r[ »ti—1,T1(t;)
VM™m—3i Vit
t1,....tj 1R
t<ti1<.. <tj+1 <T
(2C)! LI [sup e(s 11 5UP g 107 (s,9)l q@ti—1. T
+ VAT > ] L
t1,....tj1€R i=1

t<ti<..<tj1<T

Combining this with [55, Lemma 3.3], the assumption that Y91 [, = £, and the fact
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that I'(3) = /7 guarantees that

1
2

(B ||V srqlto 2) = ™ (to, 2’|

N % + 20\/(% + l) ([ suplg(y)\]

+2T[ sup sup (|(£(0))(s,y)] +~C|Hv‘”(8,y)HI)D

s€[to,T] yeR4

L 2OVT —to<[sur>setoT]supyeRdl( (0))(s, )]

< [ sup sup(e(s, y))u,
s€[to,T] yERd

N NI

+L [ sup sup |HUOO(8,?/)H|] )
s€[to,T] yeR4

= (2CLA/7(T — t0) ) [SUPsefsy ) SUPyera (s, ) I]
2, ), { VMmhT(d) (3.168)

j=1 l1,...l;eN

205\/7—150302 VT ++/6)
VML (%)

N (QC%F(%;O)) \/<Tn_2t0 + %) ([SeuRglg(y)l]

+ QTl sup_sup (|(F(0))(s,y)| + Ll[o* (s, y)ll}) ])

s€[to,T] yeR4
N (2CLY (\/7(T — t0))"* [supsefyy 11 SuUPyere| (F(0)) (5, 9) ]
MIT(d +1)
(2CY (LA/T(T — ) [Supsery 7y SUPyere [[07 (5, 9)I]
VAT |
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This, [55, Lemma 3.4], and (3.158) demonstrate that
© 21\ 2
(B [V anlto: ) = v (to. @) )
C2(\VT +/6) \/ T—t, 1
ZAWVE TV Lo l
t— . X ( > +n) [S%g!g(y)\

+2Tl sup sup(|(F(0))(8,y)|+C|Hv°°(8,y)!||)]>

s€[to,T] yeR4

, 20T —t()([supsetoT]Supye]RdK (0))(s, )]

< [ sup sup(e(s,y))u,
s€(to,T] yeR4

N NI

+C

sup sup [|lv™ (s, y)!ll] )
s€(to,T] yeR4
2[Supse[to 7] SUPyerd |||8 5,Y ||| = 03\/ = ml( — - 1)
VAT j=1 =1 j—1

(\F“fmz QCgf ( j ) (3.169)

_.|_

Jj=

= j]% ( T;t°+%><lS§Rglg(y)l]

+2T[ sup sup(I(F(O))(S,y)I+C|||voo(8,y)|||)])

s€lto,T] yeR4e

| [2C59Defty 11 5P e | (F(0)) (5, )] o (2C3VM) <m— 1)
VMm 1 I J

Jj=

59D 1) SUPyere [V (5, y) ] ’”Z (2C%V M )J“( >
1 y ’
VM PR NG J
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Combining this with (3.158) ensures that
( [|<vmeQ<to,x> =]
< ( mz s (" 1)) [ sup_sup ws<s,y>w]

s€[to,T] yeRd

(203 MY (m -1\ C2(VT + /6)
+<1+2j_1—%) ( j )>—W

+<1+W2 ) 2 < 3_11)>2C\/(T;2t0+%> (3.170)

- ([ suply(y)]| + 27| s s ((FO)(s.)] + Cllo™ ()] ])

" (20T [SUD.e (1, 1y 5Py (F(0)) (5. )]
oo B (7)) e
54

+203< C?’W < ' )) [SUP e,y SUPyera [0 (5 )T
J

J+1

A /Mm—l

Throughout the rest of the proof let |-|: [0,00) — [0, 0) satisfy for all a € [0,00) that
la] = sup([0,a] N Np). Furthermore, observe that for all z € [0, c0) it holds that

m—1 5 m—1 5 [%J 22171 lmT_lj 2’2l
me <Zr TN LT 4T
j=1 (%) j=1 157D =1 I=1 (3.171)
1511 o | 711 L2042
+ <z(z+1)e?
! !
=0 =0

Combining this with the fact that for all j € {1,...,m — 1} it holds that (m;l) <

" (™-1) = 2m! and with the fact that I'(3) = /7 ensures that for every z € [0, )
it holds that

L\ & T 72
< (22)" WM(WVM + 1)eM < 2(22)" MM
and
m—1 i m—1
VM) -1 1 M
(Z j) (m )<(22)m—1 M(—+ — )
Jj=1 F(ﬁ) J ﬁ =1 F(T) (3173)
1
< (22)"'WM (T +VM(WVM + 1)eM) < 3(22)" W MBeM.
T
Next note that for all j € {1,2,...,m — 1} it holds that
o) S ) 5 )
=1 ‘7 -1 1=j—1 Ml j —1
1 i1 (3.174)
M=) Mm=i




128

Combining this with (3.171) implies that for all z € [0, o) it holds that

=R i1 STEH0- &)
BNV A S SY v A NS < S S R R 1C)
< (1 — \/Li)mfl et 1"(%) (1 _ \/Lﬁ)mfl ﬁ ) F(%)

This, (3.169), (3.171), (3.172), and (3.174) imply that
1
A
(B [V aralto. @) = v (o, 2)[*] )

< (1 + 14(803)m_1) [ sup sup |||5(3,y)|||] + (1 + 6(403>m_1€M) m

Mmf3

s€(to,T] yeR4e

+ (14 14C(3C%™ 1) 20\/(T;2t° + %) (l sup|9(y)|]

yeR4

s€(to,T] yeR4e

+2T[ sup_sup ([(F(0))(s, y)| +C|||v°o(87y)|||)]>

[sup supyega|(£(0)) (s, y)|]
2 3\m M s€(to,T] yeR
+ (207 + (4C?)meM) N
[sup supyepa v (s, y)|l]
3 3\m M s€(to, T yeR
+ (2C° + (4C®)meM) N .

(3.176)
The proof of Theorem 3.2.4 is thus complete. O]

The upper bound for the approximation error given in Theorem 3.2.4 still contains
the unknown error term ¢ arising from the GauSS-Legendre quadrature rule which we
intend to determine now. The following lemma therefore calculates this error term under
the additional assumption that the solution is smooth.

Lemma 3.2.5. Assume Setting 5.1.1, let n,Q € N, t € [0,T), v € RY, assume that
u® e C*([0,T] x R4 R), and assume for all k € Ny that

(%) + s (Vau™)) + 5 Te(oo* (Hess, u)))* (s, y)
sup sup
s€[0,T"] yeR4 90(37 Z/)

< 0. (3.177)

Then there exists € = (&1,...,&441) € [t, |4 which satisfies for all v e {1,2,....d + 1}
that

1
tT S,Yoémn ( z,n — x,n )
[ Z a HRULED 2 oYy rey)) Dy AWy y

se(t,T) t ;max{t,|

T 1
—| (F Y, en 1 0zn dr]
L (FED)r Y, ( L S oY ) T D dWs‘))V (3.178)

— (L) E| (%) + <, (Vo)

1 * 2Q+1 O:L’n [Q|] ( )2Q+1
+ 1 Tr(oo™(Hess, u™))) ¢ (6 Ve )] (2Q + D[2Q)'*
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Proof of Lemma 3.2.5. Throughout this proof let Uy,: [0,T] x R? — R, k € Ny, satisfy for
all ke Ny, s € [0,T], y € R? that

Ui(s,y) = ((22) + {p, (Vou®)) + L Tr(oo* (Hess, u™)))" (5, ). (3.179)

First note that the dominated convergence theorem and (3.177) show that for every k € Ny
it holds that
([t,T] 2 s — E[Ui(s,Y,;"")] e R) € C([t, T], R). (3.180)

Furthermore, observe that [td’s formula and the assumption that u® € C*([0,7T) x R%, R)
ensure that for all k € Ny, s € [¢,T] it holds a.s. that

\Ijk(sa Y;O;U,Tl) - \I/k(t7 ZL‘)

- [ Emevimar s [ ey ae
t t

+3 Zj () (r, YO ALV, (V0]

Lo (3.181)
- f (B2 Y2 4 V), (T, V)

t

L Te(o (V) [ (V)] (Hess, wy)| dr

n f (Vo 0) (1, YOO (Y05™) A,
t

This and (3.177) imply that for all £ € N it holds that

E[ sup f (Vo 0g) (r, Y o (Yr™) de] < 0. (3.182)
se(t,T] | Jt
Hence, we obtain that for all s € (¢,7] it holds that
| Tew v awe ~ o (3.183)
t

Combining this with Fubini’s theorem, (3.179), and (3.181) demonstrates that for all
k € Ny, s € [t,T] it holds that

E[Tk(s, V") — Ui(t,x) = fE[\PkH( Yosm ] dr. (3.184)

Moreover, observe that (3.184) (applied with £ = 1) and (3.180) (applied with k£ = 2)
ensure that

(It,T] > 5 — E[Uy(s,Y2"")] € R) € CL([t, T], R). (3.185)
Induction, (3.180) and (3.184) therefore prove that ([t,T] 2 s — E[¥;(s,Y,X"")] e R) €

C*([t, T],R) and that for all k € N, s € [t,T] it holds that
ak 0,z,n 0,z,n
SB[ (5, Y] = B[Wa (5, V). (3.186)

Combining this with the error presentation for the GauSS-Legendre quadrature rule (see,
e.g., [28, Display (2.7.12)]), (3.11), and (3.179) demonstrates that there exists ¢ € [t,T]
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which satisfies

Z U SE[(F (%)) (s, 5] f E[(F(u*))(r, Y2™)] dr

2 q tT \111(3 Y;SOSSC n)] - f E[\I{l(r7 }/t(,)v::v’n)] dr

@) : (3.187)
o aQQ 0,z,n [Q'] ( )2Q+1
- (aﬁQE[‘Pl(S’)@S >]> = (2Q + 1)[(2Q)1]3

[QUY(T —1)*9*!
(2Q + D[P
In addition, observe that the error presentation for the GauSS-Legendre quadrature rule

(see, e.g., [28, Display (2.7.12)]), item (ii) of Lemma 3.2.1, (3.11), and (3.186) demonstrate
that there exists € = (£1,&, ..., &) € R? which satisfies for all v € {1,2,...,d} that

x,m 1 ° x,m — x,m
S a0 (P ) (5 [ 0 ok an?) |
t v

S_
se(t,T)

= E[Ws01(¢, Y, "™)]

r —

T T
z,n 1 T,n — T,
—Jﬁhﬂwwmn%>( ;[ etz ok aw?) Jar
t t v

= X ) B[P Y] - [ B Y ar

l/

e T) (3.188)

Z gt ai,,E[‘Ifl(S%f’f’"ﬂ_L 821@[@1@,1@&”)] "
e oany))|  [QUIT—02e
= (3p0 2 B0 Y2 N)| . 5o+ Dreonr
— 0 0,z,n [Q']( >2Q+1
= axyE[‘I’zQH(wa;Eu >] (2Q + DH[(2Q)']*

Combining this with (3.179) and (3.187) proves (3.178). The proof of Lemma 3.2.5 is thus
complete. Il

Theorem 3.2.4 and Lemma 3.2.5 lead together to the following Corollary which pro-
vides an upper bound for the approximation error under the assumption of a smooth
solution. The proof of Corollary 3.2.6 uses ideas from [55, Corollary 4.6].

Corollary 3.2.6. Assume Setting 3.1.1, let n,m,Q € N, M € [2,0), a € [0,1], 1y €
{1,2,...,d+1}, to € [0,T), v € R? assume that u® € C*([0, T]xR% R), and let C € [1, )
satisfy that

C= max{\/ﬁ,/l, (\/T—F (1+ \/LEVSKTeXp (3KT))),

K\/ 1(1+3KT exp(5KT)) (2K (19T exp (6 + 32K°T))* + 1) (3.189)

T

[\F+\[ 1+ +/6K(1+T)exp(40K>(1 + T)? ))]}
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Then it holds that

<]E [‘(vam,M,Q(to, ) — v™(to, 2))we |2D§
C2(VT +/6)
=

+ (1 +14C(8C%)™ 1) 20\/(Tn2 i) <l5£|g(y)|]

+2T[ sup sup (|(F(0))(s, y)| +C|||v°o(syy)lll)]>

s€[to,T'] yeR4

< (1+6(4Cc?)" M) ————

2 Uchren (F(0)(s.9) N
sup sup s,y
N Mm=3 s€[to,T] yeR4

+ [ sup sup |||Uw(87y)|||])

s€lto,T'] yeR4

(1 + 14(3C3)m—1) 720!
+ Q2aQ

0T +00(Tau) 4§ Tl (s ) (5|
sup sup sup O .
keN se[0,T] yeR4 '

Proof of Corollary 3.2.6. To prove (3.190) we assume w.l.o.g. that the right-hand side of
(3.190) is finite. Note that [90, Displays (1)-(2)] demonstrates that for all k£ € N it holds

that
2wk(g) k'<F() et (3.191)

Combining this with the fact that for all £ € N it holds that resk < 8 implies that for
all £ € N it holds that

RR((2k + D)DK RMR)Y RV 2akb e b
2k + D[R] [(2k)!]2te [V/27(2k)2+ 3 e~ 2k]2+a

26\ @
_ (m)z—ak1—ge§2—2(2k+%) ( 2€k+1> < 2rkes2—4h—1p2ko—2k (3.192)
2 2
E §k<62)k< Sk8TF <1
= e 61) ST < L
Hence, we obtain for all z € [0, 00) that
[ ] s kZak[k|]4 ]
(2Q + DI ~ QQ“Q ken (2k + )[( R
l2al l' 1—a l 3103
QMQ[ e 2+ )] ']SH%S kK “] (3:195)

[suplzal 25+1l)1a Hsup 2 ]< 1 [supL],
S| TR D) LR (e ] S gl | TR Gy
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Next observe that Theorem 3.2.4 and (3.158) show that

<E[}(V£m,M,Q(to,x) ot 7)) | ])é
C*(VT +/6)
Mm

+ (1 + 14(80%)™ ) 20\/(T —ho %) ([ suplg(y)ll

2
n yeRd

< (1+340?)ymteM) ——o=——

s€[to,T] yeR4

+ 20[ sup sup ([(F'(0))(s,y)| + Cllv™(s,y)|l) }) (3.194)

£ (20 + (4C%)meM) ([supse[to,ﬂ P IO (s

A /Mm—3

+ (1 + 14(8C%)™ 1) [ sup sup H|£(s,y)||] :

s€(to,T] yeR4e

[Supse[to,T] SUPyerd |HUOO(S7 y) |||] )

Combining this with Lemma 3.2.5 demonstrates that

(E[|V2maralto.n) vt 20 ]’
C2(VT ++/6)
VM

+ (14 140(8C3™Y) 20\/(Tn2 le) <l§§Rg|g(y>I]

+2Tl sup sup (|(F(0))(s, y)] +C|||v°°(s7y)\||)]>

s€(to,T] yeR4
| 20° 4 (40%) e ( [ ] (3.195)

< (1+6(4C%)" M) ———m—

sup sup|(F'(0))(s,y)|
s€[to,T] yeR4

A /Mm—3

+ [ SUp sup |||v°0(8,y)|||])
s€[to,T] yeR4

+ (1 + 14(8C%)™ ) ([ sup sup

s€[0,T] yeRd

(1, Vo) (%) + s (Vo))

Q+1 Q' 4T2Q+1
Q|

+ £ Tr(oo™(Hess, u™ ‘H 0+ 1
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This and (3.193) show that

<]E [}(Vrgm,M,Q(to, z) — v t07$))u0|2]>%

< (1+6(4C%)m 1) —02%7;%;@
+ (1 +14C(8C%)™ 1) 20\/<T;2t0 + %) (l sﬁ;!g(y)\]

+2Tl sup sup (|(£(0))(s, y)| +C!||v°°(8,y)H!)D

s€[to,T] yeRd
20 + (40%)meM (3.196)
+

A /Mm—3

sup sup|(F(0))(s,y)|

s€[to,T] yeRd

+ [ sup sup |||v°°(8,y)!||])
s€[to,T] yeR4
L (L4 1480 Hr2en

QZaQ

0T (B Ty 5 Trlo™ (esse ) o) ]

: [sup sup sup T

keN se[0,T] yeRd
The proof of Corollary 3.2.6 is thus complete. O]

The following corollary is an application of Corollary 3.2.6 to the special case that

m=M=0,n=m", and a = %. Note that in the case a = i it holds that +/M~—™ and
Q~2%Q are equal.

Corollary 3.2.7. Assume Setting 3.1.1, let N € N [2,0), vy € {1,2,...,d+ 1}, tp €
[0,T), x € RY, vy € {1,2,...,d + 1}, assume that u® € C*([0,T] x RYR), and let
C € [0,00) satisfy that

C = max{\/ﬁ,ﬁ, (\/T—F (1+ \/LEVSKTexp (3KT))),

K \/ L(1 4 3KT exp(5KT)), (2K (79T exp (6 + 32K7T)) +70)  (3.197)

VT #5104 VBRI + T explaor?1+ 7)) |},
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Then it holds that

S

C*(VT ++/6)
VNN

+ (1 + 14C(8C3H)N1) 20\/(% + %) ([ sup|g(y)|]

yeRd

1
2

< (1+6(4C*)Ve)

+ ZT[ sup sup ([(F(0))(s, y)| + Clllv“(s,y)lll)D

s€[to,T'] yeR4
20% 4 (4C3)NeN (3.198)
_|_

sup sup|(£(0))(s,y)|
s€[to,T] yeRd

A/ NN-3

+ [ Sup sup !I\vw(s,y)\”])
s€[to,T'] yeR4
N (1 + 14(8C3>N—1)T2N+1
1/]\]’N

0T+ u(Tau) 4§ Trloo™ (s ) (5)| ]

- | sup sup sup -
keN se[0,T] yeRd (k1)1

Proof of Corollary 3.2.7. Note that Corollary 3.2.6 (applied with a — }L, ni—~ NN m—
N, M —~ N, @ — N in the notation of Corollary 3.2.6) implies (3.198). The proof of
Corollary 3.2.7 is thus complete. O

The following corollary proves that if the constant in (3.197) below is finite then
the computational complexity of the approximation scheme in (3.17) is bounded by
O(de=+%) for any § € (0,00) where d denotes the dimensionality of the problem and e
the prescribed accuracy. In the corollary for every n,m, M, Q) € N we think of RN, », a0
as the number of realizations of a scalar standard normal random variable required to
compute one realization of the random variable V) 1/ 5(0,0): @ — R and we think of
FE, g as the number of function evaluations of f and g required to compute on
realization of the random variable V7, ,,5(0,0): @ — R.

Corollary 3.2.8. Assume Setting 5.1.1, let 6 € (0,00), assume that u® € C*([0,T] x
R R), let C € [0,0) satisfy that

C = max{\/ﬁ,ﬁ, (\/T+ (1+ \/La\/?’KiTeXp (gKT)))7

KL (1+3KT exp(5KT)), (2K ([sup ()T exp (6 + 32KT)) ¥

+ [sup %&”]) [x/T + \/Ea + /6K (1 +T) exp(40K°>(1 + T)z))], (3.199)

\H(LW((%>+<u,<vzu°0>>+§ Tr(oo (ttess, u)(s)|

SUPgenN, SUPse[0,1] SUPyeRrd s

SUD ezl 9(y), SUD o) SUD ezl (F(0)) (5, )1}
let (RN m.Q)nmomgez < No satisfy for all n,m, M, Q € N that RN, oo =0 and

m—1

RNymarg < dnM™ + Y [QM™(dn + RNy + In(l) + RNni1ang)],  (3.200)
=0
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and let (FEpma,0)nmmgez S No satisfy for all n,m, M,Q € N that FE, o nmq = 0 and
m—1
FEnmag <M™+ Y [QM™ (1 + FEnyuq + In(l) - FEy-1000)]- (3.201)
1=0

Then it holds for all N € N n [2,00) that

RNy~ nnn + FENN NN N

—(6+9)
< v t £ .
Ls[lgl;) :BRIZ” o v () — v x)||L2(P,Rd>] (3.202)
(6+96)
1164 Y Vo <56(J4“25“T3“>
neN

Proof of Corollary 3.2.8. First observe that [36, Lemma 3.15] and [36, Lemma 3.16] (ap-
plied for all N € N with d ~ dN¥ in the notation of [36, Lemma 3.15] and [36,
Lemma 3.16]) demonstrate that for all N € N it holds that RNy~ yyn < 8dN3N and
FEn~ nyn < 8N*V. Combining this with Corollary 3.2.7 and (3.197) shows that for all
N e N it holds that

(RNy~ NN+ FENy NN )
(6+9)
‘ LGS[ISI;) e IVen v (8 @) = 0% (& @) oo g
(1 +6(4C*)N—1eMYC2 (VT + 1/6)
A /NN—3

(1 + 14(8CHNI2C3)(C + 4C?*T) (203 + (4C3H)NeMN)20
+ A /NN + NN*S

(1 + 148cHN-nyrve )
+

< 8(d+ 1)N*N (

(3.203)

VN¥

5603N+125N(T 4 1)2N+1 (6+9)
A /NN

(649)
(6C 25T + 1))

‘(15"

< 8(d+ 1)N*N (

< Q0.

< 16d Z
neN

The proof of Corollary 3.2.8 is thus complete. Il
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Chapter 4

Convergence proof for stochastic
gradient descent (SGD) in the
training of deep neural networks
with ReLU activation for constant
target functions

In this chapter we focus on a different approach to calculate solutions of high-dimensional
semilinear PDEs with gradient-dependent nonlinearities: reformulating the PDEs as
stochastic learning problems and then solving them by using artificial neural networks
(ANNs). With this goal, we prove in this chapter the convergence of the expected risk of
certain SGD processes in the training of fully-connected feedforward deep artificial neural
networks (DNNs) with rectified linear unit (ReLU) activation function as the number of
SGD steps goes to infinity. In our approach we consider the plain vanilla SGD optimiza-
tion method. One of the main challenges in our convergence analysis arises from the fact
that the ReLLU activation function

R 5z — max{z,0} e R (4.1)

is not differentiable and therefore does not admit a gradient. We overcome this issue by
defining a suitable sequence of approximating functions which are appropriate continu-
ously differentiable, converge to the ReLLU function, and whose derivatives converge to
the left derivative of the ReLU function. With this technique, we can prove that the
expected risk of the SGD process converges to zero as the number of steps goes to infinity
provided that the target function is constant and the step sizes are sufficiently small but
not L'-summable.

To illustrate the setting of deep neural networks considered in this chapter we offer in
Figure 4.1 a graphic visualization of a deep neural network with 3 hidden layers. The
mathematical description of such deep neural networks requires a lot of terminology (cf.
Setting 4.1.1). To better understand the appearing objects, we provide the following
explanations. We denote by L € N the number of affine linear transformations in the
considered DNN. In this sense, L—1 denotes the number of hidden layers and L+1 denotes
the number of overall layers including the input and output layer of the considered DNN.
We denote by £y, ¢1,...,¢; € N the dimensions of the layers which present the number of
neurons of the layers of the considered DNN. We call [a,b]® 3 2 — NP (2) e Rz, 0 =
(01,...,0,) € R®, the realization function of the considered deep ReLU ANNs (see (4.5)),
Ly: R® — R the risk function (see (4.6)), G = (G1,...,Gy): R® — R® the generalized
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Input layer 1st hidden layer 2nd hidden layer 3rd hidden layer Output layer
(1st layer) (2nd layer) (3rd layer) (4th layer) (5th layer)
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Figure 4.1: Graphical illustration of the used deep ANN architecture in the
case of a simple example deep ANN with 3 hidden layers (corresponding
to L = 4 affine linear transformations), with 5 neurons on the input layer
(corresponding to £y = 5), 8 neurons on the 1st hidden layer (corresponding
to £1 = 8), 7 neurons on the 2nd hidden layer (corresponding to ¢, = 7), 9
neurons on the 3rd hidden layer (corresponding to ¢3 = 9), and 3 neurons
on the output layer (corresponding to ¢4, = 3). In this situation we have
for every ANN parameter vector € R = R?!3 that the realization function
R°3 72 +— No%’e(x) € R? of the considered deep ANN maps the 5-dimensional
input vector x = (xy, 79, 73,74, 25) € [a,b]° to the 3-dimensional output

vector /\/'é’e(x) = (/\/’;91(96),/\/’;92(15);/\/‘;%(95)) :
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gradient function associated to the risk function, and V: R® — R the Lyapunov function
which we will use for the mathematical analysis of GD and SGD optimization methods
in the training of DNNs (see (4.7)). We denote by f: [a,b]® — R*C the target function
which describes the relationship between the input data and the output data. The main
purpose of the DNN is to approximatively learn this target function. In Section 4.4 we
assume that the target function is a constant function represented by the ¢, -dimensional
vector € € R’ . This assumption is fundamental for the procedure we used in the proofs
below. In general, in settings where the target function is not constant, there exist non-
global local minimum points in the risk landscape whose domain of attraction admit a
strictly positive probability. In this case, the conclusions made in our analysis therefore
do not hold true.

This Chapter is structured as follows. In Section 4.1 several regularity properties
and representation results for the risk function and its generalized gradient function are
proven in the setting of general measurable target functions. These results are used
in Section 4.2 to show that - in the case of a constant target function - the risks of
GF processes converge to 0 with convergence rate 1. In Section 4.3 the findings from
Section 4.1 and 4.2 are applied to show that - under the assumption of a constant target
function and L!-summable step sizes - the risks of GD processes converge to zero. These
results are then extended in Section 4.4 proving that, in the setting of a constant target
function and L!'-summable but sufficiently small step sizes, the expectations of risks of
SGD processes converge to zero. In Section 4.5 we offer two numerical examples to display
practical applications of the theoretical findings in Theorem 4.4.11.

4.1 Properties of the risk function associated to deep
artificial neural networks (ANNSs)

The main goal of this section is to introduce and analyse the risk function and its gener-
alized gradient function in the setting of deep ANNs with an arbitrary number of hidden
layers and a general measurable target function. We start by giving a mathematical
description of the considered DNN in Section 4.1.1. In Section Subsection 4.1.2 we ap-
proximate the considered risk function by approximating the ReLLU activation function.
One of this section’s main results is Theorem 4.1.9 in Section 4.1.3 which establishes an
explicit representation for the generalized gradients of the risk function. Section 4.1.4 en-
sures that the considered risk and realization function are Lipschitz continuous. Another
main result of this section is Theorem 4.1.11 in Subsection 4.1.5 which proves an explicit
polynomial growth estimate for the generalized gradient functions. In Subsections 4.1.6
and 4.1.7 we analyse the convexity properties of the considered risk function. In partic-
ular, we establish in Corollary 4.1.19 that the risk function is convex if and only if the
product of the total mass and the number of hidden layers vanishes. This implies that for
every measurable target function the risk function is convex provided that the underlying
measure is not the zero measure.

4.1.1 Mathematical framework for deep ANNs with ReLU ac-
tivation

Throughout this chapter we frequently use the following mathematical description of
DNNS.

Setting 4.1.1. Let L, 0 e N, ({y)gen, €N, a,a€e R, be (a,0), o € (0,0), B € (,0)
satisfy 0 = S lp(lr_y + 1) and a = max{|al,|b],1}, for every 6§ = (61,...,60,) € R®
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let 050 = (v077) et b} (Lot} € RE¥-1 ke N, and b7 = (b77,...,b677) € R%,
ke N, satisfy for all ke {1,...,L}, i € {1,. ék} JjE {1 lk—1} that
k0 k.0
Wi = 9 1)1 +i+35 ] n(ho1+1) and b;” efkfk 1+ ] (1 +1) (4.2)

Jor every k e N, € R let A} = (A} ,..., A}, ): R — R% satisfy for all x € R%—
that A% (x) = 6% + whi%, let #,: R — R, r € [1,00], satisfy for all v € [1,0), z €
(—co, dr7 Y, yeR, z e [Br=t, o) that

R, € C'(R,R), %,.(r) =0,0 < R,(y) < Bo(y) = max{y, 0}, and &,.(2) =z, (4.3)

aSSUMme SUP,e(y o) SUPer | (%) (2)] < 0, let [|]: (UnenR") — R, () & (Unen(R™ x
R™)) > R, and M, : (UpenR") — (UnenR™), r € [1, 0], satisfy for all r € [1,0], n € N,
r=(x1,...,20), ¥y = (Y1,---,Yn) € R" that

ol = (s )2, (2,9) = Xy wiys, and My(x) = (Rp(x1), .. Fn(2n)), (44)

for every 6 € R® let NF0 = (j\[ _/\[Zk) R - R%, e [1,00], k€ N, and X <

r

R, k.i e N, satisfy for all r € [ ] keN,ie{l,..., 0}, x € R® that
N (@) = Al(w), N (@) = AR (Oan (N (2))), (4.5)
and X = {y € [a,b]%: NJi(y) > 0}, let p: B([a,b]%) — [0,0] be a measure, let
m e R satisfy m = p([a,b]), let f = (f1,..., fe,): [a,b] — R be measurable, for every
re[1,00] let L,: R® — R satisfy for all 0 € R® that
L(0) = S0 INZ (@) = () |? p(da), (4.6)

let G = (Gi,...,Gy): R® — R? satisfy for all § € {¥ € R®: ((VL,)(V))ref1,00) @5 convergent}
that G(0) = lim,_,o(VL,)(0), and let V: R® — R satisfy for all 0 € R® that

V() = [ oy (R[620)2 + 350k, 3047 [y 12)] — 2L f(0), 627, (4.7)

4.1.2 Approximations of the realization functions of the consid-
ered deep ANNSs

The following lemma presents elementary results for the realization functions of the DNN
defined in Setting 4.1.1.

Lemma 4.1.2. Assume Setting /.1.1 and let § € R®, r € [1,00]. Then
(i) it holds for all ke N, i e {1,... 0}, v = (1,...,74,_,) € R that

lg—1
AL —b”Jer O, (4.8)
(ii) it holds for all i € {1,...,01}, x = (x1,...,74,) € R® that

N (@ _b”+2m O, (4.9)

and
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(iii) it holds for all k e N, i e {1,...,ly11}, v € R that

Ly
NE (@) = 65419 13 1ol H 158,00 (N (0). (4.10)

J=1

Proof of Lemma j.1.2. Observe that (4.5) and the assumption that for all k € N, x €
R%-1 it holds that AJ(z) = b*Y + w*¥x establish (4.8), (4.9), and (4.10). The proof of
Lemma 4.1.2 is thus complete. O

Next we study the approximations of the ReLLU activation function and establish the
following convergence rate result.

Lemma 4.1.3. Assume Setting 4.1.1. Then
(i) it holds for all x € R that
limsup, o0 (|%r(2) = Roo(2)] + |[(Rr)(2) = Lo, (2)]) = 0 (4.11)
and
(ii) it holds for allr € [1,0), x € R that | R, (z) — Be(2)] < Br— 1.

Proof of Lemma 4.1.3. Note that (4.3) ensures that for all » € [1,0), z € (—o0,0] it
holds that &#,.(z) = 0 = max{z,0} = R, (x). Therefore, we obtain for all r € [1,0),

x € (—0,0] that
R (x) = Roo ()] + |(R2)'(2) = L(0.0) ()] = 0. (4.12)
Furthermore, observe that (4.3) proves that for all x € (0, 0) there exists R € [1,o0) such

that for all r € [R, ), y € (¥/2,0) it holds that &, (y) = R (y). Hence, we obtain for all
€ (0,00) that

linsup, o, (| %0 (&) — P ()] + (R, (2) — () ()]) = 0. (4.13)

Combining this with (4.12) establishes item (i). Note that (4.3) shows that for all r €
[1,0), y € (0, Br~!) it holds that

(R, (y) — B (y)| = Roo(y) — B (y) < Bos(y) <y < Br . (4.14)

Moreover, observe that (4.3) proves that for all r € [1,00), x € (—o0,0] U [Br~!, o) it
holds that &, (x) = Ry (z). Combining this with (4.14) establishes item (ii). The proof
of Lemma 4.1.3 is thus complete. O

The following proposition provides examples of suitable approximating functions of
the ReLLU function for deep ANNs.

Lemma 4.1.4. Let o € (0,0), B € (4,0), n € C*(R,R) satisfy for all x € (—o0,0],
yeR, ze[l,0) that n(x) = 0 < n(y) <1 =n(z) and for everyr € [1,0) let Z,: R - R

satisfy for all x € R that R, (x) = max{z, 0}n(2=2). Then

(i) it holds for all v € [1,0), x € (—oo, Ar~'] that %.(z) = 0,

)
(ii) it holds for all r € [1,00), v € [Br~!, w) that R,(x) = =,
(7ii) it holds for all r € [1,00), x € R that 0 < R,.(xr) < max{z, 0},
)

[
[
[
[

(iv) it holds for all r € [1,0) that R, € C*(R,R), and
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(v) it holds that Sup,.efy o) SUPLer|(£r) ()| < 0.

Proof of Lemma /.1./. Note that the assumption that for all x € (—o0,0] it holds that
n(xz) = 0 establishes item (i). Observe that the assumption that for all z € [1, ) it holds
that n(x) = 1 proves item (ii). Note the assumption that for all € R it holds that
0 < n(x) < 1 establishes item (iii). Observe that item (i), the fact that for all r € [1, o0),
z € (0,00) it holds that &, (z) = an(Z=2), and the assumption that n € C*(R,R)
establish item (iv). Note that the chain rule implies for all r € [1,00), z € (0, Br~!] that

(%) ()] = [n(2=2) + 2| 5= |0 (5=2)| < 1+ [3Z5 ] [sup,erln’ (W)]]- (4.15)

Combining this with items (i) and (ii) proves that for all r € [1,0), x € R it holds that

(%) (2)] < max{0,1,1+ [ 5% ][sup,ealn’ ()]}

(4.16)
<1+ [5%7][supyeeln’ )] < oo
This establishes item (v). The proof of Lemma 4.1.4 is thus complete. O

The next lemma establishes a successful approximation of realization functions in the
setting of deep ReLU ANNSs. Proposition 4.1.5 is a generalization of [63, Proposition 2.2].

Proposition 4.1.5. Assume Setting 4.1.1, for everyr € [1,0], k € N let M, ;: R% — R%
satisfy for all x € R that M, x(z) = M, (x), and let ke {1,...,L}, 6 € R*. Then

(i) it holds for all r € [1, 0] that
Nk,e
Af k=1 (4.17)
Az o MT1/(1€71)7;€_1 o AZ—l 0...0 Mr1/271 o Ag o Mr,l o A? c k> 1,

(i) it holds that

el ’ J D’ J (418)
< B[ (SUDreqt o) SUDser [(R2) (2)]) (201 16a])] < o0,
(#i) it holds that
SUD,e[1,00) SUPeRrto MAXie(1, ., ek}(rl/(max{’f—l,l})‘,/\[T’ff(a:) — /\/'o’f)f(x)D (4.19)

< B[ (SUDret.on) SUPser [(Br) ()]) (02, 160]) | L0y (K) < o0,

(iv) it holds for alli e {1,...,0;}, v € R that
limsup, . (N5 (2) = NS0 + 9,0 (N (1)) — o (NEL(2))]) = 0, (120)
and

(v) it holds for allie {1,... 0}, x € R% that

limsup, ., |(Fpue) (N (2)) — Lk ()] = 0. (4.21)
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Proof of Proposition /4.1.5. Throughout this proof let L € R satisfy
L= SUPre[1,00) SUPzeRr ’(%J’(Z‘)‘, (4'22)

let ¢ € R satisfy ¢ = L[Z?zl 0;]], and for every K € {1,...,L}, r € [1,0] let ex, € R
satisfy

.....

€Ky = SUPerto MAXe(1, . 0y} | Rp1/x (/\/;Iie(m)) - %oo(/\/'g’f(x)ﬂ. (4.23)

Observe that (4.22) and the fundamental theorem of calculus ensure that for all r € [1, 0),
x,y € R it holds that
| % (2) = Rr(y)| < Lz —y. (4.24)

Furthermore, note that (4.5) establishes item (i). Observe that Lemma 4.1.3 assures that
for all r € [1,00) it holds that

SUP e | Br(Y) — Roo(y)| < Br . (4.25)

Item (ii) of Lemma 4.1.2 therefore ensures that for all r € [1,00), i € {1,..., 6}, v € R
it holds that

R (N (@) = Roc (N (@))] = | B (NG (2)) = Roo(Nogh(2))] < Brt. (4.26)
Combining this with (4.23) proves for all r € [1,00) that
err < Brt. (4.27)

Moreover, note that item (iii) of Lemma 4.1.2 and (4.24) ensure that for all r € [1,0),
KeNn|[1,L),ie{l,... .01}, x € R it holds that

| B0 (NS T () = Rpasacsny (N 0 ()] < LN () = N0 ()]
= LY, w5 (R (N (1)) — R (N ()]
< L[Z |mK+19\|=%1/K(/\/£’9($)) R (Ng ] (2))]]

L2, i [maxgeq ... 0} | R (N () = R (N ()] (4.28)
L[>, |9 |][maxy€{12 ..... 0} [ B (NS (1)) — Ben (N ()]
[

LZymem

Combining this with (4.25) ensures that for all r € [1,00), K € Nn[1,L), i€ {1,... , {1},
z € R it holds that

| R0 (N (@) — Ron (N T ()]
<P VST (@) = Rpasiocen W T (@)

+ | R (N (@) — Reo (N ()]
<L[Z 116, |]6KT+<%7’ [EHD) = epe e+ Br— Y EHD,

//\

K+1 9 ] I:Inaxje{l,Q

//\

l

(4.29)

Hence, we obtain for all r € [1,0), K e NN [1, L) that ex 41, < ex,c+ Br YEFD This
shows for all r € [1,0), K € Nn (1, L] that

eK,T

< C[GK,M] + BrVE < C[erer + ggr—l/(K—l)] + BroVUK

= C26K—2,7’ + Z;ZO%CjT*I/(K*j) <...< CK?ler(Kfl),r + Z;(:BQ %erfl/(Kfj)
=cfley, + Z;i?f Bl (E=]),

(4.30)



144

Combining this with (4.27) demonstrates for all r € [1,00), K € Nn [1, L] that

ey < cfley, + ZK 293037‘*1/([( D K1 RBrt 4 Z]K;OQ BIr—V/EK=)

K-1 (4.31)
= [2 07]95’7“’1/1(.
=0
This establishes item (ii). Observe that (4.2), (4.5) and (4.23) ensure that for all € [1, c0),
KeNn(1,L],ie{1,2,..., g}, x € R it holds that

INEA (@) = NS ()] = |35 0l (R o (N (@) — B (N (2))) ]
< T (Il H% v (N () — (NK Y (2))

§ B (4.32)
< ( EK 1‘m D (maxje{m _____ gKil}le%rl/(Kfl)( 10(@) t%oo(-/vof,j 1’9(@)‘)
< (Zj:1 ‘0j|) eK*l,T'
Therefore, we obtain for all K € Nn (1, L] that
SUDPye[1,00) SUPgeRrt MaXie{1,2,... 0k} (Tl/(maX{Kfl’l}”Mfgﬁ(x) - Nolo(ze(x”)
< D 0. sup,. Tl/(max{K—l,l})eKi ,
(Z] 1 1031) [59Dep1.00) ( )] (4.33)

2 )] sup (5 erc,)]

Combining this with (4.5), (4.23), and item (ii) establishes item (iii). Note that items (ii)
and (iii) prove item (iv). It thus remains to prove item (v). For this observe that item (iv)
assures for all i € {1,..., 0}, v € R with No’f)f(x) < 0 that there exists R € [1,0) such

that for all r € [R, o) it holds that fo(x) < 0. Combining this with (4.3) demonstrates

for all i € {1,..., 0}, v € R with Nolgf(x) < 0 that there exists R € [1,00) such that for
all r € [R, o) it holds that

(Roan) (N (2) = 0 = Loy N0 () = Lako (). (4.34)

In addition, note that item (iv) shows for all i € {1,...,£}, z € R% with N;Zf(x) >0
that there exists R € [1,0) such that for all 7 € [R, o) it holds that ./\f:f(x) > Brlk,

Combining this with (4.3) demonstrates for all i € {1,...,4}, x € R% with /\/’O]Z(j(x) >0
that there exists R € [1,00) such that for all r € [R, ) it holds that

(R0 Y WE () = 1= Loy (NES (@) = Lo () (4.35)

Furthermore, observe that item (iii) assures that for all i € {1,2,..., 4}, x € R* it holds
that

SUD (1,00 (110 D/ BT BN AT () — NG ()])
= SUD, e[y o) (1O N/ LI AT () — N ()]) < o0,
This and the fact that —(14+11y(k))/(k—L(1,0)(k)) < —1/k assure for alli € {1,2,..., 4},

x € R% with ./\/'H( ) = 0 that there exist €, R € [1,00) such that for all r € [R,0) it
holds that

(4.36)

N (@)] = [N (2) = N ()] < €rm o @V Etam®N] < g7tk (4.37)
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Moreover, note that (4.3) assures that for all 7 € [1,0), y € R with |y| < o/r~"* it holds
that (#,-1x)'(y) = 0. Combining this with (4.37) proves for all i € {1,2,...,{;}, x € R%
with Nggf(w) = 0 that there exists R € [1,00) such that for all r € [R, o) it holds that

(R0} (N (2)) = 0 = L) (Nl (@) = Lapo (). (4.38)

Combining this, (4.34), and (4.35) establishes item (v). The proof of Proposition 4.1.5 is
thus complete. Il

The next step is to calculate the gradients of the approximation of the realization
function. The gradients are presented in the following lemma.

Lemma 4.1.6. Assume Setting /.1.1, for every k € Ny let di, € Ny satisfy d;, = ZZ:l Cpn(ly—1+

1), and let x = (x1,...,24,) € [a,b], 7 € [1,0). Then

(i) it holds for all k € {1,...,L}, i € {1,...,0;} that R® 3 6 — N (z) € R® s
differentiable,

(ii) it holds for all K € {1,...,L}, ke {l,...,K}, i € {1,..., 0}, 7 € {1,... . lp_1},
he{l,... k), 0=(0y,....00) € R that
0

ae(i—l)ek—l +j+dg_1

= Y[R W @) 10 () + 2t (8] (4 59)

Uk Uk 41, VKEN,
VweNn[k,K]: vy <y

N1 00| Lo 000 | [ T (022, (i) N0 @D]) |

(W (@)

T

and

(iii) it holds for all K € {1,...,L}, ke {1,...,K}, i € {1,..., 4}, h € {1,... (K},
0=(0,...,60,) € R that

0

K0
T
59zkek,1+i+dk,1( i )

_ > [IL{Z-} (Uk)] [ﬂ{h} (UK)] (4.40)

Vk,Vk 41, VK EN,
VweNn[k,K]: vy <y

(T (0, [ Y N N]) |

Proof of Lemma /.1.6. Observe that items (ii) and (iii) of Lemma 4.1.2 and the assump-
tion that &, € C'(R,R) establish item (i). We now prove (4.39) and (4.40) by induction
on K € {1,...,L}. Note that item (ii) of Lemma 4.1.2 implies that for all i € {1,...,¢;},
je{l,...; b}, he{l,... t1},0 = (01,...,0,) € R® it holds that

0
00(i—1)e9+j

0

1,0 .
O(2)) = 2;1 d
W) =l amd ot

NS(@) = Ty (). (441)

This establishes (4.39) and (4.40) in the base case K = 1. For the induction step let K €
N [1, L) satisfy for all ke {1,..., K}, ie{l,... . 0}, je{l,... . b1}, he{l,... lk},
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0 = (91,...,90) e R° that
0

NK’G x
ae(i*1)€k71+j+dk—1 ( nh ( ))

_ Z [%rl/(max{k—l,l}) (N:}ax{k’—lﬂ},e (l‘))]l(l,K] (kf) + l'jﬂ{l}(k’)] (442)

Vs Uk 41545 vg€eN,
VweNn[k,K]: v <lyw

N 0] [1m @) [ T 1 (02, (B Y N L @) |

and

0

aefkék,l +i+di_1

— Z [l{i}(vk)] [l{h}(UK)] (4.43)

Vg, Vk+1,-- VKEN,
VYweNn[k,K]: vy <lw)

T (o2, [y N @]

Observe that item (iii) of Lemma 4.1.2 and (4.42) demonstrate that for all k € {1,..., K},
1€ {1,...,€k}, ] € {1,...,€k_1}, h e {1,...,€K+1}, 0= (91,...,93) € R? it holds that

0

ae(ifl)€k71+]’+dk71

r

(W3 ()

(Mljjlﬂ(x))

-

o K+1 0 K+1 0 K0
= + m (%rl K i’ (x)))
ae(i*1)€k71+j+dk71 < 2 "

14

=

, 5
ol (G W )] (5 (M’,i-’%)))]
1— k—17TJ k—1

oy, (R ) (N (2))]

D5 10

«
I
—

maxik— (444
> B W @)1 g () + 21 (8) | )

Vs Uk 415045 UKEN7
VweNn[k,K|: vw<ly

|00 | Loy o) | | T s (w2, [ N2 >)]>]]

_ 3 | Pty NSO @) 1y () + 2510y ()

Vg Uk 415+ VK +1€EN,
VweNn [k, K+1]: vy <lw

N1 0] |1 )| | THS A (02, (R (N >>])]].

Furthermore, note that item (iii) of Lemma 4.1.2 ensures that for all i € {1,..., g1},
jge{l,... . lx}, hef{l,... . bk}, 0 =(01,...,0,) € R® it holds that

0

00(i—1)tsc+j+dx

W) = g (o 4 Sl ) )

00(i—1)eyc+j+dx =

= R,k (er,g’e(l‘))]l{h} (Z)
(4.45)
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Moreover, observe that item (iii) of Lemma 4.1.2 and (4.43) demonstrate that for all
ke{l,...,K},ie{l,.... 0}, he{l,... {1}, 0= (61,...,90) € R? it holds that

)
Oewk 1+i+dg_q 0040, 1 +itdy s

=2mK“9 Tl/K>’<Mfi’9<x>>]( ’ (Mfi’%)))

aezkfk—l +it+dg_1

- ZZK[mff;“9[(%@'(/%?9(@)] > [t |[1ees]

ig=1 Vg, Vk 415 VKEN,
VweNn[k,K]: vw<lw

[t e vz
- > |16 | |2 o) | [ TS w0, (s Y N0 @) |-

VksVk 415+ VK +1EN,
VweNn [k, K+1]: vy <lw

(4.46)
In addition, note that item (iii) of Lemma 4.1.2 shows for all i € {1,..., 0k 1}, h €
(1, lxar), 0= (61,...,60,) € R that
0
NK+1 ,0
59£K+1eK+i+dK< (@)
0 .
= e (o S ) (47
69€K+1ZK+i+dK =1
= Ly (D).
Induction thus establishes (4.39) and (4.40). The proof of Lemma 4.1.6 is thus complete.
[l

4.1.3 Explicit representations for the generalized gradients of
the risk function

The following lemma provides an a-priori bound for the introduced approximations of the
realization function and its gradients.

Lemma 4.1.7. Assume Setting /.1.1 and let K < R® be compact. Then
(i) it holds for all x € [0,00) that

SUD, (1 o0) SUPye[ o] (| % (W)] + [(£:) (y)]) < 0, (4.48)
(ii) it holds for all k € {1,..., L} that

k.0
SUPgex Supre[l o0) Supze{l L} Supxe [a,b]%0 "/\[m (l‘)l < 00, (4'49)

.....

..... ri (L 450
+I(%)’(J\Cﬂ"fée(:r))!) < o, 0

and
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(iv) it holds that

L 6
SUPge i Supre[l 0) Supze{l lr} Sup]e{l 0} Supme [a,b]% ‘ 20; (N ))} < 0. (4'51)

..........

Proof of Lemma /.1.7. Observe that the fundamental theorem of calculus and the as-
sumption that for all r € [1, ) it holds that 9? e C'(R, R) ensure that for all r € [1, ),
x € R we have that Z,(z) = %.(0)+ {(%,) (y) dy = §;(%.)'(y) dy. Combining this with
the assumption that supre[1 ) supyeR|( ) ( )| < oo shows that for all z € [0, 0) it holds
that Sup,e(s o) SUPye[—s21|#r(y)| < 0. This establishes item (i). We now prove (4.49) by
induction on k € {1,...,L}. Note that the assumption that K is compact ensures that
there exists € e R Which satisfies that

supgex|lf] < €. (4.52)

Observe that (4.52) and item (ii) of Lemma 4.1.2 demonstrate for all § € K, r € [1,0),
ie{l,...,01}, x € [a,b]® that
N (@) < 107+ 25 i [|] < a(lo + 1) (4.53)

This shows (4.49) in the base case k = 1. For the induction step let k € N [1, L) satisfy
that

SUDPge i SUPre(1,00) SUPse(1,....0,,} SUPze[a,b]% | (1‘)| < ©. (4'54>

Note that (4.52) and item (iii) of Lemma 4.1.2 imply for all 0 € K, r e [1,0), i €
{1,...,lr1}, x € [a,b]% that

N )] < [0 0 i | (NG (2))] < (14 b masyeqs,. e | R (N (2))]).
4.55)
This, item (i), and (4.54) demonstrate that

k+1,0
SUPge i Supre[l o0) Supze{l lri1} Supme [a,b]%0 ’A/’rjl (SE>| < . (4'56>

77777

Induction thus establishes (4.49). This completes the proof of item (ii). Observe that
items (i) and (ii) prove item (iii). Note that item (iii) and Lemma 4.1.6 establish item (iv).
The proof of Lemma 4.1.7 is thus complete. ]

The following lemma is an elementary integrability result for the target function.

Lemma 4.1.8. Assume Setting /.1.1. Then
f 1 @)IP u(de) + f 1 (@)l ude) < 0. (4.57)
[a,b [a,b]eO

Proof of Lemma /.1.8. Observe that (4.6), the fact that £,,(0) € R, and the fact that for
all 2 € R it holds that N£°(x) = 0 assure that

Stapo If @)I7 () = Loo(0) < 0. (4.58)
Holder’s inequality and the fact that m = u([a,b]®) € R hence show that
1/2 1/2
Spopoll (@) 1(42) < [§p 0 1 0(2) | [ S 1 (@)1 il |
1
= Vi S L F @I )| < oo,

Combining this with (4.58) establishes (4.57). The proof of Lemma 4.1.8 is thus complete.
[

(4.59)
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The following theorem establishes an explicit representation for the generalized gradi-
ent function of the risk function. Theorem 4.1.11 extends [63, Lemma 2.5] from the case
of shallow ANNs to deep ANNs with an arbitrary number of hidden layers.

Theorem 4.1.9. Assume Setting 4.1.1, for every k € Ny let di € Ny satisfy d =
S ly(boy + 1), and let 6 = (0y,...,60,) € R*. Then

n=1

(i) it holds for all r € [1,00) that L, € C*(R?, R)
(ii) it holds for all r € [1,0), ke {1,...,L}, i€ {l,... . b}, je{l,... 01} that

oL
. 0
(ae(il Wp—1+j+dr_1 ) ( )

= Z J[ " 2 [%Tl/(max{kfl,l}) (Ngax{k_l’l}’g(:r))]l(ll](k)
a,b|*0

VweNn[k,L]: vy <l

a1y () || 1y ()| [ M52 (2) = o, ()]
T (032 [ Y N @)]) | )

(4.60)

(1ii) it holds for all v € [1,00), ke {1,...,L}, i € {1,... 0} that
oL,
(36 , )(9) = >, f ﬂ{z} Uk ]
C Ll 1+i+dr_1 Vl Ukt rees vreN,
VweNA[k,L]: vw<luw (4.61)

NEL @) = fon @) [T (032, [( R NV @N)]) | (),

(iv) it holds that limsup,_ (|£.(0) — Ly (0)] + [ (VL,)(0) — GO)]) =
(v) it holds for all ke {1,..., L}, i€ {1,..., 0}, j€{1,... , lx_1} that

g(z e 1+j+di— 1(9>
= X ﬁﬂg%@ﬁMﬁ“””me@mm+%mmm]
a,b|*0

VYweNn[k,L]: vo<lw

.[ﬂ{i}(vk)][/\/oc%( ) = for (2 )] [Hﬁ:kﬂ(m% ooy Lar 119(@)]#@;5),

(4.62)

and

(vi) it holds for all ke {1,...,L}, i € {1,... 4y} that

gékékfl-i-i—i-dkfl (9) = Z L b]ZO 2 |:]l{z} (Uk):l

VweNm[k’ L]: vwgk (463)

|NEL @) = fo @) [T (2, L (@) | ()

Proof of Theorem 4.1.9. Note that Lemma 4.1.6 and the chain rule show that for all
e [1,00), i € {1,...,0}, x € [a,b]* it holds that R® 3 9 — |NLY(z) — f(2)|? € R is
differentiable at # and that

s INEO (@) = @) = 23555 (N (2) = f3(2)) [N (@)])- (4.64)
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Combining this with Lemma 4.1.8, Lemma 4.1.7, Lemma 4.1.6, and the dominated conver-
gence theorem establishes items (i), (ii) and (iii). Observe that the dominated convergence
theorem and the fact that for all z € [a, b]* it holds that limsup,_, ., |(N2%(z) — f(z)) —
(NE(z) — f(x))] = 0 ensure that

limsup,_,, |£,(0) — L (0)| = 0. (4.65)

Furthermore, note that items (iv) and (v) of Proposition 4.1.5 demonstrate that for all
ke{l,...,L},ie{l,..., 0}, je{l,...,lx_1}, v € [a,b]® it holds that

lim ( Z [g%ru(max{kfm})(./\/:’l}ax{kil’l}’e(m))ﬂ(LL](/C) + Ijﬂ{l}(k})]

r—00
Vk,Vk+1,---VLEN,

VweNn[k,L]: vy <luw

N 00| [MES @) = Fun @) || T (0032, (Y N ))])D (4.66)

_ 3 [%o(N;‘f}"{k*l’”’e(fc))ﬂ(l,L](’f) + xjﬂ{l}(k)]

Vk Uk +1,---,VLEN,
VweNn[k,L]: vy <l

[ @0 |[[VES, @) = fon @] [Ty (032, T (2) ]

and

nm( S @] [V @) - )

r—00
Vk Uk 41, VLEN,
VweNn[k,L]: vy <lw

AT (00 [ YN M >>])]> (4.67)
=Y ] [VEL @) — £ @[Tk (000, Lo @) ]

Uk Uk +1,---,VLEN,
VweNn[k,L]: vy <luw

Combining Lemma 4.1.7, Lemma 4.1.8, (4.65), (4.66), (4.67), and the dominated conver-
gence theorem establishes items (iv), (v) and (vi). The proof of Theorem 4.1.9 is thus
complete. O

4.1.4 Local Lipschitz continuity properties of the risk function

In the next result we prove that the risk and the realization functions are Lipschitz
continuous. In this sense, Lemma 4.1.10 extends [63, Lemma 2.4].

Lemma 4.1.10. Assume Setting 4.1.1 and let X < R® be compact. Then there exists
Z € R which satisfies for all 0,9 € X that

[Loo(6) = Loo(9)] + SuPefapyo [N () = NP ()| < £116 ). (4.68)
Proof of Lemma /.1.10. Observe that, e.g., Beck et al. [11, Theorem 2.1] (applied with

d—20,1=(lol,...,l) —~ (bo,l1,...,Lr) in the notation of [11, Theorem 2.1]) implies
that for all 8,9 € & it holds that

SUD,eq 100 [N (0) =N (@) | < La[[ 1,2 (6+1) |V (max{1, |91, |6]}) [6—0]l. (4.69)
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Furthermore, note that the fact that % is compact ensures that there exists k € [1, )
which satisfies for all § € # that
1] < & < . (4.70)

Observe that (4.69) and (4.70) demonstrate that there exists & € R which satisfies for all
0,9 € K that
SUP a0 [N (@) = Nog (@) < Z 110 = ). (4.71)

Combining this with the Cauchy-Schwarz inequality shows for all 6,9 € # that
|Loo(0) = Loo(D),

[ [l = s )| | [, e - sl )| ]

< | IINE @) - @) - INE @) - S@)P| (o)
[a.b]

- f[ i (N () = N (), NP () + N () — 2f (2)) | p(de) (4.72)

< J[ o INE () — N2 () | IINES (2) + NEP (2) — 2f (2)|| e(d)

<210l [ INE) + NE ) 21l i) |

This, (4.70), (4.71), and the fact that for all z € [a,b]% it holds that N2°(z) = 0 imply
that for all 8,9 € & we have that

£20) = £o0) < L0 =1 [ INEw) + M) + 12 o)) )|

< 210~ 0| (sup oy IV )] + I + 2

[a,b

Hf(fc)Hu(dw)]
Jo

= 210 0l [ (e [INVE )~ N+ TN )~ N0 )
(4.73)

2 x da
ez 1l ua)|

< slo—9) [m(ffnen + o)) <2

[a,b

@) u(dx>]
1¢0

< 23[mszm+ j[ b]lollf(x)Hu(dw)]H@—19||-

Combining this, Lemma 4.1.8, and (4.71) establishes (4.68). The proof of Lemma 4.1.10
is thus complete. O

4.1.5 Upper estimates for the norm of the generalized gradients
of the risk function

The following theorem provides an explicit polynomial growth estimate for the generalized
gradient functions of the risk function. Theorem 4.1.11 generalizes [63, Lemma 2.5] to
the setting of deep ANNS.

Theorem 4.1.11. Assume Setting 4.1.1, let 6 € R®, for every k € N, i € {1,... 4} let
Qri € R satisfy Qr; = 652 + Zf’;‘ﬂmﬁ’ﬂ?, and let Qr € R, k € Ny, satisfy for all k € N
that Qo =1 and Qi = 1 + Zfil Qk.i- Then
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i) it holds for all ke {1,..., L}, ie{l,...,0;}, x € [a,b]® that
(i)

[ Rer (N ()P < TIN5 (2)* < @®Qual TTpmo (6 + 1)Qy) ], (4.74)

(ii) it holds for all K € {1,...,L} that [T;_y Q, < (|I6]]* + D)X,
(#ii) it holds for all K € {1,...,L}, ke {l,..., K}, ie{l,...,4} that

> [l{i}(vk)][ﬂf pea 000, ] } < ||0)2E R, (4.75)

Vg,V 41, VK EN,
VweNn [k, K]: vw<lyw

and

(iv) it holds that
IG(O)11* < 4Lma®[T T, (L + D16 +1)* 7 Loo (6). (4.76)

Proof of Theorem 4.1.11. We first prove item (i) by induction on k € {1,...,L}. Note
that (4.5), the fact that for all x € R it holds that |Z4(z)| = | max{z,0}| < |z|, and the

Cauchy-Schwarz inequality ensure that for all i € {1,..., 01}, x = (z1,...,7,) € [a,b]® it
holds that

R (NE5 ()2 < NG @) = (677 + 350 oo

< (EO + 1)(|bz‘170|2 + Zj=1|mz',j | |$J| ) (4'77)

a’(ly + 1)(|6}7* + Zﬁillm}ﬂ?) = a%(ly + 1)Q1..

This establishes item (i) in the base case k = 1. For the induction step let k€ Nn [1, L)
satisfy for all i € {1,..., 0}, = € [a, b]* that

| R (N ()P < NG5 () < @ Qual T oo (6 + 1)Qy) |- (4.78)

Observe that (4.78), the fact that for all x € R it holds that |%(z)| = | max{z, 0}| < |z|,
the fact that for all p € Ny it holds that Q, > 1, and the Cauchy-Schwarz inequality
demonstrate that for all i € {1,..., 01}, x = (21,...,74,) € [a,b]* it holds that

R (NE (@)

< WEE @) = 65 4+ it b (WS ()]

< (0 + 1) (JBEP + X ok TR (N () )

< (6 + D) (0P + Sk [l PatQu, [T (6 + 12,) ) (4.79)
< (G + DT (6 + Q) (16F P + X0k o) (1 + 20k, Qi)

= a*[[ T (6 + 1)) J (1671 + T3t 1)

= a’Qp1, [H];:o((gp +1)Q,)].

Induction thus establishes item (i). Note that the fact that for all k€ {1,..., L} it holds
that Qg = 1 and

Q= 1+ 3%, Qus = 1+ 2% ([6]2 + ) ol 2) < 1+ [J6)])” (4.80)
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establishes item (ii). We now prove item (iii) by induction on K € {1,...,L}. Observe
that the fact that for allé € {1,..., ¢k} it holds that 3% 1;;(v) = 1 establishes (4.75) in
the base case K = 1. For the induction step let K € Nn[1, L) satisfy forall k € {1,..., K},
1€ {1, . 7€k} that

2 [ﬂ{z’}(vk)] [Hff R LN ] < [|g)PER. (4.81)

Uk V41, VKEN,
VweNN [k, K]: v <ly

Note that (4.81) implies that for all k € {1,..., K + 1}, i € {1,..., ¢} it holds that

2 |1y (o) || T oo, |

VksUk 415 VK +1EN,
VweNn[k,K+1]: vy <lyw

L 41
T O ) Tt o o I

Vk,Vk+1,--, VK EN, vg+1=1
_VweNm[k,K] D V<l

N

Y [t ][I aln, P] 1o < o,

Uk Uk 15+, VK EN,
_VweNm[k,K]: Voo <l

Induction thus establishes item (iii). It thus remains to prove item (iv). For this as-
sume without loss of generality that m > 0, for every £ € Ny let dy € Ny satisfy
dy = X 0,(ly_y + 1), and for every k € {1,...,L}, i € {1,...,4} let Wy, € R sat-

n=1

isfy

Wii= > [T [ITealons, ] (4.83)

Uk, Vk+1,--VLEN,
VYweNN[k,L]: vy <luw

Observe that item (vi) of Theorem 4.1.9 proves that for all ke {1,..., L}, i€ {1,..., 0}
it holds that

‘gfkfkq +itdg—1 (‘9) ‘2

_ [ 5[]V @ - )

Vk,Vk+1,--,VLEN,
VweNn[k,L]: vy <lw

: [Hﬁ:kﬂ (g, Lap-ro (90))] #(dw)]

4.84
<4U INLO () — f(z)| -
[a,b]0

. [ Z [ﬂ{i}(vk)] I:Hﬁ:k—&-lhngnevn 1‘]] M(dx)]

Vk,Vk+1,--,VLEN,
YV weNN[k,L]: vy <l

= 4| Wi, IV (@) = f (@) u(de) 2~
i |
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Jensen’s inequality hence shows that for all k€ {1,... L}, 1€ {1,..., ¢} it holds that

2
Gectrrivas (B < 4m* (W) [% j[ o[ @) = F@) u(dm]
o010 (4.85)

<m0 [ INE) = o)) | =m0V, L(0)

0

Furthermore, note that item (v) of Theorem 4.1.9 and Jensen’s inequality imply for all
kef{l,...,L},ie{l,... 0}, je{l,...,lxk_1} that

G-yt i ()
— [ Z ﬁ b]e 2 [%m(Norg;x{k—l,l},e(.CE))]]_(LL](k’) + l‘jﬂ{l}(k)]
a,b]to

Vi,V 41, VLEN,
VYweNN[k,L]: vy <lw

L 0 || NEL, @) = o (@) || T (020, T (@) | u(dw)]
< 4[ f[ [ TN ) 10 (8) + 250 ()
JNE (@) - f<x>||wk,m<dx>] (4:86)
o [Wk’i [i f[a,b]eo [Foo WG @) L g () + 5Ly (k)

INE ) — £ u(dx)”

1 max -
< 4m2<w,f,i)2[a J[ . [Poo NI () L 1y (k) + 2510y (K)]
a 0

2

JWE @) - f@)IP u(dx)]-

This ensures for all i € {1,..., 01}, j€{1,...,4} that
G-y s < Ama® (W1, )2L..(0). (457)

Moreover, observe that (4.86) and item (i) demonstrate for all k € Nn(1, L], i € {1,..., {},
je{l,..., 01} that

1G-1)0 s +s+dis (O)
< 4m(Wk,i>2[S[a,b]eo a’Qu-1,[[ 1256 + 1) Q| INE’ () — f (w)\l%(dx)] (4.88)
< Am(Wi)?a® Q15[ T 1556y + 1) Q| Loo (6).

In addition, note that the Cauchy-Schwarz inequality and item (iii) imply for all k €
{1,...,L},ie{l,..., {4} that

(Wk,i)2 < [Hﬁ:k%—lgp] [Z Vk,Vk+1,--,VLEN, [l{i} (Uk)] [Hs=k+1|mgf1}n1|2]] (4 89)

VweNn[k,L]: vy <luw

< [Tkl 10125,
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Combining this with (4.85) and (4.87) assures that

1 M=

[|g51€0+1 | + Z ’g €0+J ]

< i“m(vvu)2 - Z Ama* (W) 2} L(0 ] (4.90)

< 4m[1_[ ]||9||2 (L— 1>(151 +a2l1ly) L (0)
<4ma2[Hﬁf (€, + D] 1017 D Lo (6).

Furthermore, observe that (4.85), (4.88), and (4.89) prove that

L Y Ly
Z [|gfk£k—1 +itdy_1 (9) |2 + Zl |g(i*1)£k71 +j+dr—1 (9) |2]
j=

< 4m l§2 §<(Wm)2 +a? Zgl(WmVQk—u [H';;S(ﬁp + 1)Qp]> ] ] L (0)
— 4m é _-EZ]Z<(W’“')2<1 +a2(Qer — D[[T2(, + 1)Qp])>”£oo(e)
< am| 3 [[TTE i 610170, (1.91)

(1@ D[+ 1e)]]en0)

p=0

L
< datm| [[[TE 6] 6l

(@ i+ i o] feno

This, item (ii), and the fact that for all k € N it holds that 1 < H’;;g Q, show that

hp

i bﬁw

L1
[|gfkfk—1+i+dk 1( )| + Z |g 1)1 +j+dy— 1(0)|2]

- 4a2m[ s [[H;Ik 6110125 P[TTE2(0, + )]

: (1 + (Qp—1 — 1)[ﬁ Qp])]]ﬁoow) (4.92)
<atm{[Tq(t, + ][ S 00215 0, |20

< da’m[[ T, (6, + 1)] li (helPE=» el + 1)’“‘1)]&0(9)

<da’m(L — V[T (6 + D](I0)2 + DE1L(0),
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Combining this with (4.90) ensures that

L 4 L1
GO = % 2 G ssieas OF + £ 10u-vnser-a,OF

7=1

< 4ma’[[[,_o(6, + D)]II0]*E7V Lo (6) (4.93)
+da’m(L — D[TT,-o(6 + D10 +1)* 7 Loo(6)
< da’mL{[ [y (6, + D]([0]* + 1)E71Lo (6).
This establishes item (iv). The proof of Theorem 4.1.11 is thus complete. ]

Combining Lemma 4.1.10 and Theorem 4.1.11 proves that the generalized gradient
function is bounded. This is stated in the following corollary, Corollary 4.1.12, which
generalizes [63, Corollary 2.6].

Corollary 4.1.12. Assume Setting 4.1.1 and let K < R® be compact. Then

supgerc[|G ()] < co. (4.94)

Proof of Corollary 4.1.12. Note that Lemma 4.1.10 and the assumption that K is com-
pact demonstrate that supy.; Lo(0) < 0. Item (iv) of Theorem 4.1.11 therefore estab-
lishes (4.94). The proof of Corollary 4.1.12 is thus complete. O

4.1.6 Convexity properties of the risk function

In the next proposition we recall the fact that convex functions from R° to R do not own
any non-global local minimum points.

Proposition 4.1.13. Let € N and let L: R® — R satisfy for all 6,9 € R®, X\ € [0,1]
that LN0 + (1 — M\)J) < AL(O) + (1 — N)L(D). Then

{9 € RDI (38 € (O, OO)Z infﬁe{weRa: lo—0]|<e} E(ﬁ) = E(Q) > infqgeRa ,C(ﬁ))} = @ (495)

Proof of Proposition /.1.13. We prove (4.95) by contradiction. For this let 6,9 € R?,
e € (0,00) satisfy
inf¢e{¢eRa; llp—6|<e} E((,D) = E(Q) > E(ﬂ) (496)

Observe that (4.96) and the fact that for all A € [0, 1] it holds that L(AJ + (1 — \)f) <
AL(Y) + (1 — A)L(6) imply that for all A € (0,1) it holds that

LW+ (1= N)0) < ALW) + (1= N)LO) < ALO) + (1= NL(O) = L£(F).  (4.97)

Combing this and (496) with the fact that infgoe{qgeﬂgb: lo—0]<e} ,C(QO) = infgpe{d)E]RD: ol <e} £(9+
¢) shows that for all A € (0,1) it holds that

LG+ A0 = 0)) < infeeqpere: oj<e) L0 + ). (4.98)
This contradiction establishes (4.95). The proof of Proposition 4.1.13 is thus complete. [

The following elementary lemma presents a characterization for affine linear functions.

Lemma 4.1.14. Let V and W be R-vector spaces and let ¢o: V' — W be a function. Then
the following three statements are equivalent:

(i) It holds for all X € [0,1], v,w € V that p(Av + (1 — A)w) = Ap(v) + (1 — N)p(w).
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(7i) It holds for all A € (0,1), v,w € V that o(Av + (1 — Nw) = Ap(v) + (1 — N)p(w).
(ii1) It holds for all X € R, v,w € V that p(Av+w)—¢(0) = A(p(v)—(0))+(p(w)—p(0)).

Proof of Lemma /.1.14. Note that the fact that for all A € {0,1}, v,w € V it holds that
©(Av + (1 = Nw) = Ap(v) + (1 — A)p(w) establishes that (item (i) < item (ii)). We now
prove that (item (iii) — item (i)). Observe that item (iii) ensures that for all A € [0, 1],
v,w € V it holds that

p(Av + (1= Nw) = Ap(v) = ¢(0)) + (1 = Nw)
= Ap(v) = 9(0)) + (1 = A (p(w) = ¢(0)) + (0) = Ap(v) + (1 = A)p(w).

This establishes that (item (iii) — item (i)). We now prove that (item (i) — item (iii)).
Note that item (i) implies that for all A € [0, 1], v € V' it holds that

p(Av) = p(dv + (1 = A)0) = AMp(v)) + (1 = A)p(0) = A(e(v) = ¢(0)) + ¢(0).  (4.100)

Furthermore, observe that item (i) shows that for all A € (1,00), v € V' it holds that

Ap(5Av + (1= 5)0)
v) + A1 = 3)p(0) = o(Av) — (1 = X)p(0).

This and (4.100) prove that for all A € [0,00), v € V' it holds that
p(Av) = Ap(v) = ¢(0)) + ¢(0). (4.102)

Combining this with item (i) ensures that for all v € V' it holds that

(0) = (0) = (2'0— 2v) (0) = 3¢(2v)
% ((v) = ¢(0)) + 52(0) + 52(p(=v) = ©(0)) + 30(0) — (0) (4.103)
= ¢(v) + ¢(—v) = 2<ﬂ(0)-

This and (4.102) show that for all A € (—o0,0), v € V it holds that

SD(M) —¢(0) = —p(=v) + ¢(0) = =(p(=Av) — ¢(0))
—(=Ale(v) = 9(0)) + ¢(0) = ¢(0)) = Alp(v) = ¢(0)).

Combining this with (4.102) proves that for all A € R, v € V' it holds that

p(Av) = Ap(v) = ¢(0)) + #(0). (4.105)

Hence, we obtain for all v,w € V' that

(4.99)

Ap(v) =
Ao (4.101)

=
2

(4.104)

o(v+w) = gp( 2v + 12w) = %@(21}) + %@(Qw)

— 19(p(0) — 9(0)) + 2p(0) + 22(p(w) — 9(0)) + 2p(0) = 9(v) + plw) — (o). 100
This and (4.105) demonstrate that for all A € R, v,w € V' it holds that
(A +w) —(0) = p(Av) + p(w) — 2p(0)
— M) = 9(0)) + 9(0) + () — 20(0) (4.107)
— M) — 0(0)) + () — p(0)).

This establishes that (item (i) — item (iii)). The proof of Lemma 4.1.14 is thus complete.
[
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We will use the characterization stated in Lemma 4.1.14 to prove in the following
proposition that the risk function with respect to the last affine linear transformation is
convex.

Proposition 4.1.15. Assume Setting 4.1.1, let § € Ny satisfy § = 25;11 O (lp—1 + 1), let
0 = (0;)ennos: N [0,6] — R be a function, and let L: R(2-1+D — R satisfy for all
v =(v1,..., 000, +1)) € REECEFD that

L(U) = LOO (91, 92, e ,95, V1, V2, ... ,UgL(gL71+1)). (4108)

Then it holds for all v, w € R:(¢c-1+1) X € [0, 1] that

L(Av + (1 = Mw) < AL(v) + (1 — M)L(w). (4.109)
Proof of Proposition /.1.15. Throughout this proof let ¥ = (¢, ..., 1) R+ — R?
satisfy for all v = (vi,..., Ve, (0, +1)) € REEL=1+D that

w(U) = (917 02) SR a957 U1, V2, ... 7UZL(ZL,1+1)> (4110)

and for every v € Ree(e—1+1) Jet #v: Rf — R% satisfy for all z € R% that
N (z) = NEXO) (z). (4.111)

Note that Lemma 4.1.14, (4.2), and (4.110) ensure that for all v,w € Rfz(e—1+D X e [0, 1],
z € R2-1 it holds that

bL;lZ)()xU-’r(l—)\)w) + mL,w(AU-&-(l—)\)w)x _ bL,Aw(U)-&-(l—)\)dx(w) + mL,)\dJ(v)-i-(l—)\)w(w)x
= A5V (1 — AP L AWy 4 (1 — N Bv )y (4.112)
= A6 4 BV W] 4+ (1 — A\)[65¥ ™) 4 lv(w)g].

Next observe that (4.5) shows that for all v e R:(2-1+1D 5 e R% it holds that

pLv () 4 plv iy L=1

N L) (z) =
w© pLv(®) 4l (M, (N (2))) - L> 1.

(4.113)

Therefore, we obtain that for all v,w e Rf:(¢c-1tD X\ e [0, 1], z € R% it holds that
Nog,w()\v+(1—>\)w) (l’)
pLAOU+(I=Nw) | Lo+ (1-Nw) ;. L =1 (4.114)

pLt Mo +(1=Nw) 4 1 Ly Qv+ (1=Nw) (moo(Nogfl,iﬁ(Aer(lf)\)w)(gj))) -1

Combining this with (4.112) implies that for all v,w € R -1+D X e [0,1], z € R% it
holds that

Nog,w()\er(lf)\)w) (.T)
A[BE40) 4 B o] + (1= \) [V + levtug) o

= )\[bL,zﬁ(v) + L@ (gﬁoo (Nog—lyw(MJr(l—)\)w) (I)))]
+(1 _ )\) [bL,w(w) + mL,TZ)(w) (mw(N£_1’¢(Av+(l_)\)w) (SE)))] L >1.

(4.115)
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Item (i) of Proposition 4.1.5, (4.2), and the fact that for all i e N n [1, Zk L0 (0 + 1)),
v, w e Rer—1+1) it holds that ¢;(v) = 1;(w) hence imply that for all v,w e Rf(¢r-1+1),
A e [0,1], z € R it holds that

Nog,q/)()\v+(1—)\)w) (ZL’)
A[BE40) 4 wpE@)g] 4 (1 — WbV 4 bilg] L — 1

= )\[deJ(W + byl (moo(NL bt ( )))]
+( _)\)[bL,zp +mL¢w)( (_/\/L bt ( )))] L=

(4.116)

Moreover, note that (4.113) ensures that for all v,w € R2(Cc—1+D X e [0,1], z € R% it
holds that

ANEYO (@) 4 (1= NNEY) a)
A[BE40) 4 B8 0)g] 4 (1 — A)[BR40) 4 rlbtg] oL =1

= )\[wa(U + ol ( (NL bt ( )))]
+(1- )\)[wa +mL¢w)( (NLW ()))] L=

(4.117)

Combining this with (4.116) demonstrates that for all v, w € Rf¢-17D X € [0, 1], z € R
it holds that
NEAQo=2w) () = A\ NEAO) () 4 (1 = NNEY®) (1), (4.118)

This and (4.111) show that for all v, w € R:(2-1+1) "X € [0, 1], 2 € R% it holds that

/VAU+(1—/\)w(x) _ Nog’w()\v+(1_/\)w)($) _ )\Nog,w(v)<m) + (1 . )\)Nol'g,w(w) (ZL“)

= AN(z) + (1 = NN (x). (4.119)

Next observe that (4.6), (4.108), (4.110), and (4.111) ensure that for all v € Rf:(z-1+1) it
holds that

L) = £o(e) = | INEOe) — @)1 i)
@b (4.120)

= | e = s e

Combining this, (4.119), and the fact that for all A € [0,1], x,y € R it holds that (Az +
(1 —Ny)? < Az? + (1 — \)y? shows that for all v,w € R¢-1+1) X € [0, 1] it holds that

]LO\U + (1 - )\)w) = J[ o Hl/’/)\er(lf)\)w(x) _ f(I)HZM(d.I)

- J[ b]go\lk(/tfv(:c) — f(@) + (1= N (W) — f(2)]]? p(dz)
S LWO [MI/V”(:B) — f@)|+ (1= N)||#*(x) — f(x)”] (da) o
< j[ N [N (@) = F@) + (1= V(@) - £(@)] plde)

[ @ = s an | -] [ - s aa)]
ZAL() + (1 — AL(w). |

This establishes (4.109). The proof of Proposition 4.1.15 is thus complete. O
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This leads to the following corollary which proves the convexity of the risk function.

Corollary 4.1.16. Assume Setting 4.1.1 and assume (L — 1)m = 0. Then it holds for all
0,9 € R X € |0,1] that

Lo (M + (1= X)) < Mo (0) + (1 — \)Lop (). (4.122)

Proof of Corollary 4.1.16. Throughout this proof we distinguish between the case m = 0
and the case m # 0. We first prove (4.122) in the case

m =0, (4.123)

Note that (4.6) and (4.123) ensure that for all § € R® it holds that
£.(6) - f[ WE ) €l () =0 (1.124)
a,b]to

Therefore, we obtain that for all #,¢ € R?, A € [0, 1] it holds that
LM+ (1=XN)1Y)=0=ALs(0)+ (1 —N)Ls(V). (4.125)
This establishes (4.122) in the case m = 0. Next we prove (4.122) in the case
m # 0. (4.126)

Observe that (4.126) and the assumption that (L — 1)m = 0 imply that L = 1. Proposi-
tion 4.1.15 hence demonstrates that for all 6,9 € R®, X € [0, 1] it holds that

Lo+ (1= N9) < ALop(8) + (1 — \)Lon (D). (4.127)

This establishes (4.122) in the case m # 0. The proof of Corollary 4.1.16 is thus complete.
[

4.1.7 Non-convexity properties of the risk function

The following proposition, Proposition 4.1.17, computes arithmetical averages in the ar-
gument of the risk function.

Proposition 4.1.17. Assume Setting /.1.1, assume L > 1, let £ = (&1,...,&;,) € R, let
(k) (ijemy)s S R satisfy for alli,j € No, k € N that o ji, = il + 7 +sz Ch(lp—q +
1), and let 0 = (01,...,60,), 9 = (V1,...,0) € R? satisfy for all i € {1,...,01}, j €

{17 <. 70}\(U£L=1{05£L—1,1,L*17 &0.1,L, afL,k,L}) that
00£L71,1,L—1 = 79060,1,L =1, QQZL,i,L = /l9aZL,i,L = giv (4.128)
(md Haoﬁu = ﬁaéL,l,l,L—l = 0j = 19]‘ = O




CHAPTER 4. CONVERGENCE OF SGD 161

Proof of Proposition 4.1.17. Note that items (ii) and (iii) of Lemma 4.1.2, and (4.128)
ensure that for all z € [a,b] it holds that N&2¥(x) = N5”(z) = €. This and (4.6) imply
that

£.0(0) = Lo(9) = f[ e T a) (4.130)

Furthermore, observe that items (ii) and (iii) of Lemma 4.1.2 and (4.128) demonstrate
that for all x € [a,b]® it holds that

NEPDR) = b {0} + 6= 6+ . (1131

Moreover, note that items (ii) and (iii) of Lemma 4.1.2 and (4.128) ensure that for all
i€ Nn(1,0.], z € [a,b]* it holds that NQ?”)/Q(:U) = ¢;. Combining this with (4.130)
and (4.131) shows that

eo(50) = [ @ =00+ Sl - n)

|J e ruan| 4 [ s« [[ g @)

_ [Ew(e);ﬁw(ﬁ)] b %[&m_f[a,b]eo fl(x)u(dx)].

This establishes (4.129). The proof of Proposition 4.1.17 is thus complete. [

Proposition 4.1.17 is used in the following corollary to establish that the risk function
is not convex.

Corollary 4.1.18. Assume Setting 4.1.1, assume (L—1)m # 0, let £ = (1,...,&,) € R
satisfy &, = m™! S[a oo J1(2) (), Tet (@) jmemoy: S R satisty for all 4, j € No, ke N

that o, jr = 1 + 75 + Zi;} U (bp—1 + 1), and let § = (04,...,6y), 9 = (V1,...,10) €R®
satisfy for all 7 € {1, ce ,EL}, ] € {1, ce ,0}\(UiL=1{OégL71,1’L_1, Qo.1,L, aZL,k,L}> that

O 1L—1:190¢01L:17 O iL: Qg L = &i,
11,1, .1, £y, .1, £r,, (4133)
and HQO’M = ﬁaZL,l,l,L—l = 9]' = 19]' = 0
Hhen 040\ [Lon(0) + Lon(®) Loo(0) + Lon(D)
+ 0 + Loy m 0 + Lo
L (0) - [ L0

Proof of Corollary 4.1.18. Observe that Proposition 4.1.17 and the assumption that & =
m! S[a oo J1(2) p(dz) demonstrate that

‘o <m) _ lﬁoo(e) + Em(ﬁ)] Lmo %lglm _ f[a’b]eo fl(m)u(dx)]

2 2 16
(4.135)
| Leo(0) + Lo(D) N m
B 2 16
The fact that m # 0 therefore implies that
ﬁoc(e;ﬁ) > 500(9);&0(79). (4.136)

The proof of Corollary 4.1.18 is thus complete. O
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This leads to the following characterization of the convexity of the risk function. In
particular, Corollary 4.1.19 shows that - provided that the underlying measure is not the
zero measure - for every measurable target function it holds that the risk function is not
convex.

Corollary 4.1.19. Assume Setting 4.1.1. Then it holds that (L — 1)m = 0 if and only if
it holds for all 8,9 € R®, X € [0, 1] that

Loo(M+ (1= N9) < AL (8) + (1 — N)Lon (D). (4.137)

Proof of Corollary 4.1.19. Note that Corollary 4.1.16 and Corollary 4.1.18 establish (4.137).
The proof of Corollary 4.1.19 is thus complete. O

4.2 Gradient flow (GF) processes in the training of
deep ANNSs

This section’s purpose is to study GF processes in the training of deep ANNs with an
arbitrary number of hidden layers under the assumptions that the target function is
constant. In Subsection 4.2.1 we establish properties of the considered Lyapunov function
in the setting of GF processes. Subsection 4.2.2 and Subsection 4.2.3 present a weak chain
rule for the composition of Lyapunov functions and GF solutions and compositions of the
risk of GF' processes, respectively. Subsection 4.2.4 contains this sections main result,
Theorem 4.2.8, which proves under the assumption of a constant target function that the
risk of every solution of the associated GF differential equation converges with rate 1 to
zZero.

4.2.1 Lyapunov type estimates for the dynamics of GF processes

The following proposition shows a presentation of the Lyapunov function as well as reg-
ularity properties. Proposition 4.2.1 generalizes [63, Proposition 2.8] from shallow ANNs
to deep ANNSs.

Proposition 4.2.1. Assume Setting 4.1.1 and let # € R®. Then

(i) it holds that
ﬁ —1 s s
V(0) = S (K[30 [65712] + [0, 20y [l f 2] — 2L[ 300, £i(0)61°]), (4.138)
(i) it holds that 16]? — 2L2| £(0)|?> < V(0) < 2L|0|* + L[ £(0)|?, and
(iii) it holds that

(VV)(0)

4.139
_ 2(1’01’6, bl,e’ m2,9’ 2[]2,07 . mLfl,G’ (L . 1)bL71,€’ mL,@) L(bL,G . f(O))) ) ( )

Proof of Proposition 4.2.1. Observe that (4.7) establishes item (i). Next note that (4.7),
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the Cauchy-Schwarz inequality, and the Young inequality demonstrate that

L O lu—1
{Z k\|bk9|\2+2 Z o) ] )| = 2L{f(0),857)
L
— 116]1 + Z D[I"[* — 2L{£(0), b™7) > [|0]]* — 2L{f(0), ") (4.140)

1

> |01 = 2L| FO)I6™7]l = [16]* — 22 £(0)I* = S II6™|*
1

> SlI1* = 2221 F(O)]1*

Furthermore, observe that (4.7) shows that

L Oy L1
= | SO0+ 2 3] )| - 21700, 040)
- 101 + 2 16— 22450, 6 (a.141)
<0l + 2 IS + [204(0), 64

The Cauchy-Schwarz inequality and the Young inequality hence imply that

H9||2+Z 1)[[6"4]12 + 2L F(0) ||| 6™
(4.142)

<|lol* + Z D612 + LIFO)I* + LI6™|* < 2L]|6]* + L] f(0)]]*.

Combining this and (4.140) proves item (ii). Note that item (i) establishes item (iii). The
proof of Proposition 4.2.1 is thus complete. O]

In the following proposition we determine the scalar product of the gradient of the
Lyapunov function and the generalized gradient function associated to the risk function.
In this sense, Proposition 4.2.2 generalizes [63, Proposition 2.9].

Proposition 4.2.2. Assume Setting 4.1.1 and let # € R°. Then
(OVI0).60) = 4L| [ (VE )~ 1) NE ) = 1) )| (a3
a,b
Proof of Proposition 4.2.2. Throughout this proof let (dg)ren, S No satisfy for all k£ € Ny

that d, = 3*_ £,(¢,_1 + 1). Observe that item (iii) of Proposition 4.2.1 demonstrates
that

L
{(VV(0) =] 2 2kb!Guyorviprdy, (0)
k=11,=1
L & Lk
+ 2 Z Z Zm% i1 Zlc 1)£k—1+ik_1+dk_1(9) (4.144)

k= llk 1lk1 1

— Z 2szL géLZL 1+ip+dr— 1(‘9)

lLl
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Next we claim that for all k € {1,..., L} it holds that

U, Ly £ k—1

L
m,9
Z Z im gfmﬁm_l-i-im-i-dm 1 Z Z mzk i1 Zk 1)£k71+ik71+dk—1(9)

ip=11_1=1 (4145)
=2 f[ | E @) — J ) NE ) ).
a,b|*0
We prove (4.145) by induction on k € {1,..., L}. Note that items (v) and (vi) of Theo-
rem 4.1.9 and (4.5) ensure that
£y, r—1

Ly
Z bfﬁgfoLﬂ-‘ri—&-qu (0) + Z Z miL,}eg(i—l)ﬁL—1+j+dL—1 (0>

i=1 i=1 j=1

—Zzb” f (VL) — filw)pldz)

(4.146)
,0 max{L—1,1},0
Nty [ @) L0 (1) + it (D)

(NEe) ~ f@)nldo)
—2 [ (NE() - S(0). NE @) ).
[a,b]0

This establishes (4.145) in the base case k = L. For the induction step let k € N n [2, L]
satisfy

L i O L1
m,0
Z 2 blm gémfmfl'i‘im‘i'dm 1 2 Z mlk Thp—1 Zk 1)£k~—1+ik—1+dk—1(0)
m=k im=1 ir=lig_1=1 (4.147)

o j (NEO(2) — f(2) N (2)) ().
[a,b]%0
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Observe that items (v) and (vi) of Theorem 4.1.9 show that

Z Z bmoge b1 +im+dm_1 (0)

m=k—1im=1
L1 g2
k—1,0
+ Z Z 05, ik s Zk 1*1)[k72+ik—2+dk72(9>
tg—1=11g_2=1
L im lr_1
m,0 k—1,0
= Z Z b gz'mzm 1+7:'m+dm71 (0) + Z bzk 1 gék 1£k 2+’Lk 1+dk 2(0)
m=kim—1 Z’k,171
b1 A2

k—1,0
+ Z Z mlk 1,0k— Qg(lk 1_1)&@ 2tig_o+dg— 2(0)

lklllkgl

-y Z 67Gr b1ttt (60) (4.148)

m=Fk im=1
fk 1 Zk?
k—1,0 k 19
R I Cia o
Zk 1_1 Zk2 1

& m&?i””<mmﬂw—w+a¢ﬂm%—”m

Vk—1,Vk,--,VLEN, l(Nog ZL( ) - va (x))

(YmeNn[k—1,L]: vm<lm)
'MMMWAﬂHéAm%%ihﬁf@ﬂﬂﬂumwl

Therefore, we obtain that

L I
,0
Z Z b:’ln gemem—l“!‘lm‘i‘dm—l(e)
m=k—1im=1

L1 lg_2

k—1,0
+ Z Z W, ks lk 1_1)gk72+ik—2+dk72(0)

Zklllkgl

L b
- Z Z bz:egémemfl"‘im*‘dmfl(e)

m=k ipym=1
Lrp—1 Ly _2
okl k—1, k—1,0
+ 2 Z [ f Zk ikfl I:]]-X’iiillﬂ (:C):I (blkl + Z mikflaik—Q (4149)
in_1=1 | Jlablfo ;=1 ih_o=1

[ (J\/';lj:{'; 2,1}, 0( o) lay(k—1) + 2 ,Lay(k — 1)])

> VB @ - @] [16 0]

Uk Uk 415, VLEN,
VweNn[k,L]: vw<lw

: [H£=k+1 (o, [HXJL,L L (f)])] N(dm)]'
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Item (v) of Theorem 4.1.9, (4.5), and (4.147) hence imply that
L I
m=k—1im=1
-

+ Z
k—1=
m=~k im=

+2 Y “ b [V @)

ir-1=1 0 =1 (4.150)
> VR @ - fu @] L 0]

Uk Uk 41, VLEN,
YweNn[k,L]: v <lw

‘ [Hﬁ:kﬂ (00, L (I))] u(dx)]

megé gm 1+7;m+dm—1 (9)

L2

k—1,0
Z 1, lk 1_1)£k72+ik72+dk72(0)
=1

l—1,0k—2

7 Zk

b

1

bzm Gl +im+dm1 (0)
1

f}g Ek 1

L i
Z Z gﬁ Lin—1+im+dpm— 1 Z Z mzk . 1g(ik*1)5k71+ik71+dk71(0)

f (NEO(2) — f(2), NE9(2)) p(da).

Induction thus establishes (4.145). Next note that (4.145) ensures that

ék Ek gk 1

L
Z k Z b gfkék 1+Hig+dg— 1 + Z Z Z mzk il 1g(7;k_1)zk—1+ik71+dk71 (9)
k=1

k=1ig=1ij_1=1 (4.151)

ip=1

=L NEE) - ). NE) i)

Combining this and (4.144) demonstrates that

<(VV Z Z Zkbf;;agfkfk—1+ik+dk_1 (6)
IZk 1

Ly Zkl

L
+Z Z Z 2mlk ig—1 lk 1)£k71+ik71+dk—1(9)

k=1ip=14p_1=1

— Z 2Lf1,L gfLEL 1+in+dy— 1(9)

i1 (4.152)
- | ” (NE(r) — 7). NE ) k)
Y [ J 0 B ONEL, (@) = fu o) et
=L NEE) - 5. NE @)~ S0) )

The proof of Proposition 4.2.2 is thus complete.
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Proposition 4.2.2 leads to the following corollary ensuring that the scalar product of
the gradient of the Lyapunov function and the generalized gradient function of the risks
is non-negative. This implies that V' is indeed a Lyapunov function for the considered GF
process. Corollary 4.2.3 in Subsection 4.2.1 extends [63, Corollary 2.10].

Corollary 4.2.3. Assume Setting 4.1.1, assume for all x € [a, b]® that f(x) = f(0), and
let 6 € R°. Then
(VV)(0),G(0)) = ALLA(0) . (4.153)

Proof of Corollary 4.2.5. Observe that Proposition 4.2.2 and the fact that for all r €

[1, 0] it holds that £,.(0) = i, 0 [INV;" O(x) — f(0)||*u(dx) establish (4.153). The proof of
Corollary 4.2.3 is thus complete O]

4.2.2 Weak chain rule for compositions of Lyapunov functions
and GF processes

The following proposition obtains a weak chain rule for compositions of the Lyapunov
function V' and GF solutions.

Proposition 4.2.4. Assume Settmg 4.1.1 and let T € (0,00), © € C([0,T],R°) satisfy
for allt € [0,T] that ©, = So s)ds. Then it holds for all t € [0,T] that

V(0,) = V(©y) —4L£f[ W) = J@) M) = F(0) pldr)ds. (4154

Proof of Proposition 4.2./. Note that Corollary 4.1.12 and the assumption that © €
C([0,T],R?) ensure that [0,7] 2t — G(O,) € R? is bounded. Proposition 4.2.2 and, e.g.,
Cheridito et al. [24, Lemma 3.1] (applied with T «—~ T, n —~ 0, F —~ (R* 560 — V() € R),
¥~ ([0,T] 2t — G(O,) € R?) in the notation of [24, Lemma 3.1]) therefore prove that
for all ¢ € [0,T] it holds that

t
V(1) - V(©) = - [ (TV)(0.).6(0.))ds
o (4.155)
AL | [ (WE@) - 1), M) - 1(0)) i) ds
0 J[a,b]*
The proof of Proposition 4.2.4 is thus complete. O]

Under the assumption of a constant target function this leads to the following chain
rule for compositions of the Lyapunov function V and GF solutions. Together with
Proposition 4.2.4, Corollary 4.2.5 generalizes [24, Lemma 3.2].

Corollary 4.2.5. Assume Setting 4.1.1, assume for all x € [a, b]® that f(x) = f(0), and
let T € (0,00), © € C([0,T],R®) satisfy for all ¢ € [0, T] that ©; = O — S(t) G(Os)ds. Then
it holds for all ¢ € [0, T] that

V(0,) = V(6y) — 4L f t £(0,)ds. (4.156)

Proof of Corollary 4.2.5. Observe Proposition 4.2.4 and the fact that £, (0) = S[a b0 INVE? (2)—

F@)Pu(dz) = §i, o NE? () = f(2), N (x) = f(0)) p(der) establish (4.156). The proof
of Corollary 4.2.5 is thus complete. [
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4.2.3 Weak chain rule for the risk of GF processes

The following lemma provides uniform local boundedness of the gradients of the approx-
imated risk function. In particular, Lemma 4.2.6 is an expansion of [24, Lemma 3.4].

Lemma 4.2.6. Assume Setting /.1.1 and let K = R® be compact. Then
SUPge i Supre[l,oo)”(v‘67")<9)’| < 0. (4-157)

Proof of Lemma 4.2.6. Throughout this proof assume without loss of generality that m >
0 and for every k € Ny let dj, € Ny satisfy dj, = Z':L:I l,(l,—1 +1). Note that Lemma 4.1.7
ensures that there exists © € [1,00) which satisfies for all k€ {1,..., L} that

D >a+sup sup sup  sup (|/V;k%9<x)|
OeK r,s,te[1,00) i€{1,....ly} x€[a,b]% 7 (4158)

+ RN (@))] + () (NG (2))]).

Furthermore, observe that item (iii) of Theorem 4.1.9 proves that for all § € K, r € [1, 0),
ke{l,...,L},ie{l,..., 4} it holds that

(o)l

aefkﬁk_l +i+dg_1

:< > | ] - )

VweNn[k,L]: vy <l

AT (032, [P N )] u(dx))

< 49 <f[ o IV () = (@)l

> [taw)] [Hﬁ_mlmﬁf,vn_ll]] u(dx)>

Vk,Vk 415+, VLEN,
VweNN[k,L]: vy <lw

- 4m2@2L< > e [nﬁ_mlmz;fml]]

Vky Uk 415+, VLEN,
VweNn[k,L]: vy <lyw

. l L.,0 r) — . . 2
mf[ay,,]eo”Nr (z) = /()| p(d >).

(4.159)

Jensen’s inequality hence shows for all 6 € K, r € [1,0), k€ {1,...,L}, i € {1,..., 0}
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that

oL,
(s

2 [ﬂm<vk>}[ni_kﬂ|mzf%1@]

Uk, V415, VLEN,
VweNn[k,L]: v <lw

l L6 xT) — T 2 i
5 ) V@) — S e

221
< 4m D

(4.160)

= 4mD** Z [H{i}@k)] [H£=k+1|mgfvn71 |]] L£,(0).

Vk,Vk+1,--,VLEN,
VYweNn[k,L]: v <lw

Moreover, note that item (ii) of Theorem 4.1.9 demonstrates for all 8 € K, r € [1,0),
ke{l,...,L},ie{l,... .0y}, j€{l,... ,lx_1} that

Gl

ae(ifl)fkflJerrqu

- ( 2 J ) 2 [@p/(max(k—l,l})(-/\/:EaX{k_Ll}’e(fb))]l(l,L](kj)
[a,b]%0

VYweNN[k,L]: vy <luw

+ 2510 (0)| [ L (00 | | V5L (2) = £ ()]

: [Hﬁzkﬂ (ol [(%1/@4))/(M’fv_,f,’f(ﬂf))])] M(dx)>

<49 ( J. @ = (1161)

2 [ﬂ{i}(vk)] [Hﬁzkﬂlmz}f% |]] ,u(dx))

VksVk 415+, VLEN,
VweNn[k,L]: v <lw

e (R L [raer]

Vk,Vk 41, VLEN,
VYweNn[k,L]: v <lw

l LO(2) — f( . ?
mf[a,b]eo INE (@) — £ (@) >> |

Jensen’s inequality therefore proves that for all § € K, r € [1,0), k € {1,...,L}, i €
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{1,...,6}, j€{1,...,lx_1} we have that
oL, 2
[ mrm—l
(i=1)lg—1+j+dg—1

2 [ﬂ{i}(vk)] [Hﬁ:mlmﬁfvn 1l]]

Uk V415, VLEN,
VYweNn[k,L]: v <lw

221
< 4mD

X (4.162)
o INE @) - @) utao)
[a,b]0
2
_ 4D DR EETCES] ||y J]] £,(0).
O ST e
This and (4.160) assure for all § € K, r € [1,00) that
||(VE )( )|1?
2 e oL 2
0) + - 0
Z Z “ <89@k5k 1+i+de—1 >( )‘ ]; ‘<ae(i—1)4k1+j+dk1 >( )’ ]
L &
<4mD| Y by + 1) (4.163)
k=1i=1
2
Z [1{1}(?}19)] [Hn k+1|mvn Up— 1|]] ET(H)
Vi sV 4195 ’L)LGN,
VYweNn[k,L]: v <lw
Furthermore, observe that (4.6) implies for all § € K, r € [1,0) that
£A0)= | INH@) — )P
a,b|*0
<2f [+ s fua (1.164)

< 2m[sup,epq py00 [V (9)]17] + 2]{ . 1 (@)1 pe(d).

This, Lemma 4.1.8, and (4.158) prove that Supgey SUD,e1,00) £+(0) < c0. Combining
this with (4.163) and item (iii) of Theorem 4.1.11 establishes (4.157). The proof of
Lemma 4.2.6 is thus complete. ]

The following proposition delivers a chain rule for the composition of the risk function
and GF solutions in the setting of a general measurable target function. This means
Proposition 4.2.7 extends [24, Lemma 3.5] to DNNs.

Proposition 4.2.7. Assume Settmg 4.1.1 and let T € (0,0), © € C([0,T],R®) satisfy
for all t € [0,T] that ©; = So s)ds. Then it holds for all t € [0,T] that

L(0;) = L (0g) — KHQ(@S)H? ds. (4.165)
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Proof of Proposition 4.2.7. Note that, e.g., Cheridito et al. [24, Lemma 3.1] (applied with
T—~T,n—~0 F—(R°30— L.(0) eR), ﬁr\([O T]>t— G(O,) € R%) in the notation
of [24, Lemma 3.1]) implies that for all r € [1,00), ¢ € [0,T] we have that

L£,.(0,) — J (VL.(65)),G(8,))ds. (4.166)

Furthermore, observe that item (iv) of Theorem 4.1.9 ensures that for all ¢ € [0, 7] it holds
that lim, o (L£-(0:) — L£,(0g)) = L4(0:) — Lon(Og) and lim,,{((VL,)(0;),G(0;)) =
{(G(6y),G(0)) = ||G(6;)]]*. Moreover, note that the assumption that © € C([0,T],R®)
assures that there exists a compact set K < R® such that for all ¢ € [0, 7] it holds that
©,; € K. This, the Cauchy-Schwarz inequality, Corollary 4.1.12; item (i) of Theorem 4.1.9,
and Lemma 4.2.6 hence demonstrate that

SUPye[1,00) Supte[O,T]K(v‘CT)(@t) @t >| X SUPye[1,m0) SupaeKK VC )(9) 9(9)>|

< SUP, (1 0) SUPger ([(VL)O)IIG(O)]]) < 0.

The dominated convergence theorem and item (iv) of Theorem 4.1.9 therefore show that
for all ¢ € [0,T] it holds that

Jim, [ f:«mo)(@s), G(©.)) ds]
- f [ 1im (V£..)(6,),6(0,))] ds = j 16O ds.

Combining this with (4.166) establishes (4.165). The proof of Proposition 4.2.7 is thus
complete. Il

(4.167)

(4.168)

4.2.4 Convergence analysis for GF processes

In the following theorem we prove - under the assumption of a constant target function -
that the risk of every solution of the associated GF differential equation converges to zero
with rate 1. Theorem 4.2.8 is a generalization of [24, Theorem 3.7].

Theorem 4.2.8. Assume Setting 4.1.1, assume for all z € |a, b]fo that f(x) = f(0), and
let © € C([0,0),R?) satisfy for all t € [0,00) that ©, = O — §; G(O,)ds. Then

(i) it holds that sup,co ..)||O¢ll < [2V(O0) + 4L?|| f(0)[|*]'/? < oo,
(i) it holds for allt € (0,00) that L(O;) < [||O0l|* + 2L|| f(0)[]*] < o0, and

(iit) it holds that limsup,_,., L (0:) = 0.

Proof of Theorem 4.2.5. Observe that item (ii) of Proposition 4.2.1 implies that for all

t € [0,00) it holds that [|©] < [2V(©,) + 4L2Hf(0)H2]1/2. Moreover, note that Corol-

lary 4.2.5 and the fact that for all 8 € R® it holds that £, (6) = 0 prove that for all
€ [0,00) we have that V(0;) < V(©g). This establishes item (i). Next observe that

Proposition 4.2.7 implies that [0,00) 3 t — L, (©;) € [0,0) is non-increasing. Combin-

ing this with Corollary 4.2.5 and item (ii) of Proposition 4.2.1 demonstrates that for all
€ [0, 0) it holds that

©) = [ £a@)as < [ £a()ds = Livien - vie)
< oz 2zl + 1) - e + 2L2||f( I (4169
22180l + (L 2221 0)1F] < el + LISOIF < o=
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Hence, we obtain for all ¢ € (0, 00) that
1
Lo(00) < 5| 60l +2L] £(0) ] (4.170)

This establishes items (ii) and (iii). The proof of Theorem 4.2.8 is thus complete. O

4.3 Gradient descent (GD) processes in the training
of deep ANNs

In this section we study GD processes in the training of DNNs with an arbitrary number of
hidden layers. We start by establishing one-step Lyapunov estimates in Subsection 4.3.1.
Subsection 4.3.2 uses these results to obtain certain time-discrete upper estimates for
composition of the considered Lyapunov function and GD processes. This sections main
result is Theorem 4.3.7 in Subsection 4.3.3 below. Theorem 4.3.7 proves that in the
training of DNNs it holds that the sequence of risks of any time-discrete GD process
converges to zero provided that the target function is constant and the step sizes are
sufficiently small but not L!-summable.

4.3.1 Lyapunov type estimates for the dynamics of GD pro-
cesses

The following lemma provides a one-step Lyapunov estimate for the GD method.
Lemma 4.3.1. Assume Setting /.1.1 and let v € R, 0 € R*. Then

V(0 —G(0)) —V(0)

= F}/QHQ(G)HZ + 72 [Zézl Zfil<k - 1)‘g€k€k—1+i+2ﬁ;i Lp(bp—1+1) (9)|2]

~ L [§j, o (NE(@) = [ (@), NE(2) = (0)) pu(dla)]
<Y LIGO)1P = 4L (S0 p100 <N£’9(a:) — flx), N2V () — f(0)> p(dz)].

(4.171)

Proof of Lemma 4.5.1. Throughout this proof let e;, s, . .., €, € R? satisfy e; = (1,0,...,0),
e =(0,1,0,...,0), ..., e =(0,...,0,1) and let g: R — R satisfy for all ¢ € R that

g(t) =V (0 —1tG(0)). (4.172)
Note that (4.172) and the fundamental theorem of calculus demonstrate that

V(6 —G(0)) = g(v) = g(0) + f ") ar

=9(0) + JV (VV)(6 —1G(0)), (=G(0))) dt (4.173)

0

~ V(o) - f (VV)(6 — 1G(6)).G(0)) dt.
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Proposition 4.2.2 therefore proves that
V(0 —~G(0))
”

— V(o) - f {(VV)(6),6(60)) dt + j (VV)(6) — (VV)(6 - 1G(9)), G () dt

0 0

= Vi) - MU{ o N2 @) = (@), N2 () = F(0)) p(d) (4.174)

i J ((VV)(6) — (TV)(0 — 16(6)),G(6)) dt.

0

Moreover, observe that item (iii) of Proposition 4.2.1 implies that for all ¢ € R it holds
that

(VV)(0) = (VV)(6 —tG(0))
Z Zk ktg(e ezkekfl‘H'JFZZ;} fh(£h1+1)] ’

k=1i=1
Combining this with (4.174) shows that

V(o 160)
V) | [ NE) = (@) V) - 50) )|

+f0 <2tg + 2[22 )by €t iyl (£h1+1)]’g(9>> dt
VO | [ NE) = 1) N ) - 50) )|
v2100) | [ ear] (.76

v [ L
+2 [ f <Z Di(k—1) bf’tg(”ezkekfwwzﬁ;i o (ly_1 41 g(9)> dt]

0 \g=1i=1

(4.175)
— 2tG(6) + 2

V)~ [ ) ) NE ) - 1) )| 1000

+2 [ZL: i(k - 1)Keekzk_ﬁwz’;;ieh(zh_1+1)v 9(9)>‘2] [fvtdt]'

k=1i=1 0

Hence, we obtain that
Vo -16(6)
VO L[N - ) NE @) = 1) o) | #2100
[a,5]

L
2 2
. [z;i_1<k = DRerty it e 90)] ] (4.177)

VO | [ NE )~ (0. M) - S0) )| + 1901

L
+ 72 [Z Z(k - 1)|g€k€k,1+l+zz;i fh(fh,1+1) (0)|2] .

k=1i=1

The proof of Lemma 4.3.1 is thus complete. O
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Lemma 4.3.1 leads to the following one-step Lyapunov estimate in the case of a con-
stant target function. Together with Lemma 4.3.1, Corollary 4.3.2 extends [63, Lemma,
2.12] to the setting of deep ANNs.

Corollary 4.3.2. Assume Setting 4.1.1, assume for all x € [a,b]® that f(x) = f(0), and
let v e R, 6§ € R°. Then
V(0 —~G(0)) - V(0)
=GO +~° [Z£:1 Zf;(k - 1)|gzkgk_l+i+z’;;gh(gh_1+1)(9>|2] —4yLL(0) (4.178)
< 2LIG(O) 2 — 4YLL(9)
Proof of Corollary 4.3.2. Note that Lemma 4.3.1, (4.6), and the assumption that for all

x € [a,b]® it holds that f(x) = f(0) establish (4.178). The proof of Corollary 4.3.2 is
thus complete. Il

Additionally, combining Theorem 4.1.11 with Lemma 4.3.1 proves the following corol-
lary. Corollary 4.3.3 is a generalization of [63, Corollary 2.13].

Corollary 4.3.3. Assume Setting 4.1.1 and let v € [0,00), § € R°. Then

V(0 -+G(0)) — V(0)
< 4y’mL%a?[[ 5o (6, + D](2V(6) + 4L2 F(0)[2 + D)=L, (9) (4.179)

~ L[ §jy e (NE (@) = f(@), N (2) = £(0)) pu(dla)],

Proof of Corollary 4.3.5. Observe that item (iv) of Theorem 4.1.11 and item (ii) of Propo-
sition 4.2.1 demonstrate that
IGO)* < 4mLa®[[T,_o(6, + D](I6]* + 1) Lo (6)

p=0

< dAmLa®[[ 15 (6, + 1)](2V(0) + 4L2| £(0)||> + D)ED L, ().

p=0

(4.180)

Combining this with Lemma 4.3.1 establishes (4.179). The proof of Corollary 4.3.3 is thus
complete. O

4.3.2 Upper estimates for compositions of Lyapunov functions
and GD processes

The following corollary establishes a time-discrete upper estimate for compositions of the
Lyapunov function and GD processes.

Corollary 4.3.4. Assume Setting 4.1.1, let (Vn)nen, S [0,90), let (On)nen,: No — R®
satisfy for all n € Ny that ©,,,7 = 0,, —7,G(0,,), and let n € Ny. Then

V(@nﬂ) - V(@n)
<4(m)’mL%2[[ Ty (6 + D]@V(00) + 4L FO)]2 + DEVL(O0)  (4.181)
- 4%L[S[a,b]€o <No€®"($) - f(ﬁ)a/\/’og’@" (x) — f(0)> ,u(dx)].

Proof of Corollary 4.3.4. Note that Corollary 4.3.3 establishes (4.181). The proof of
Corollary 4.3.4 is thus complete. O

Corollary 4.3.4 immediately leads to the following time-discrete upper estimate for the
composition of Lyapunov functions and GD processes under the assumption of a constant
target function.
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Corollary 4.3.5. Assume Setting 4.1.1, assume for all x € [a,b]¢ that f(z) = f(0), let
(Y )neny S [0,00), let (©,)nen, : No — R? satisfy for all n € Ny that 6,11 = 0,,—7,G(0,,),
and let n € Ny. Then
V(Oni1) = V(O0n)
<AL((n)*mLa’([[T,_o(6, + 1)] (4.182)
- (2V(0,) + 4L2[ F(0)|* + )Y = 4,) Ls(O,).
Proof of Corollary 4.5.5. Observe that Corollary 4.3.4 and the assumption that for all

x € [a,b]® it holds that f(x) = f(0) establish (4.182). The proof of Corollary 4.3.5 is
thus complete. O

From this follows the following final upper estimate for the composition of the Lya-
punov functions and the time-discrete GD process in the setting of a constant target
function. Corollary 4.3.4, Corollary 4.3.5, and Lemma 4.3.6 together extend [63, Corol-
lary 2.14 and Lemma 2.15] from shallow ANNs to deep ANNs.

Lemma 4.3.6. Assume Setting /.1.1, assume for all x € [a,b]? that f(z) = f(0), let
(Y )neny S [0,00), let (O©,)nen, : No — R? satisfy for alln € Ny that ©,,11 = 0,,—7,G(0,,),
and assume

_ -1
SUP,en, (Yam) < (La®[[To_o(€, + 1)](2V(O0) + 4L2[| £(0) + 1)) (4.183)
Then it holds for all n € Ny that

V(On41) = V(6n)
< —4Ly, (1 = [sup,en, Ym |mLa® [Hﬁzo(ﬂp +1)] (4.184)
(2V(00) + 4L2(| f(0) |1 + 1)E") Lo (0,) < 0.
Proof of Lemma 4.5.6. Throughout this proof let g € R satisfy g = sup,cy, (v,m). We
prove (4.184) by induction on n € Ny. Note that Corollary 4.3.5, (4.183), and the fact
that yom < g imply that
V(1) = V(6o)
< AL(—70 + ygmLa[[ [,y (6, + 1)](2V(Op) + 4L £(0)[|2 + 1)E7D) Lo (Oo)
4L (=0 + yoala’ [T, («4 + 1](2V(80) +4L?|| f(0)|1* + 1)) Lo (89)  (4.185)
—dLyo (1 — aLa’[[T,_o(fy + 1)](2V(B0) + 4L2[ £(0)[|* + 1)E1) Lo, (6y)
0.

A

N

This establishes (4.184) in the base case n = 0. For the induction step let n € N satisfy
for all m € {0,1,...,n — 1} that
V(Oms1) = V(On)

—4Lym (1 — gLa® [T, (6, + 1)](2V(O0) + 4L*|[ £(0)[|* + 1)=V) Loy (O1). (4.186)

Observe that (4.186) and the fact that for all § € R? it holds that £4(0) > 0 ensure that
V(0,) <V(0,.1) < - <V(60g). Combining this with Corollary 4.3.5, (4.183), and the
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fact that v, m < g demonstrates that
V(®n+1) - V(Gn)

< 4L(—7n + (Vn)*mLa’ []_Lf:o(ﬁp + 1)]
- (2V(O0) + 4L7| F(0)]1* + 1) V) Lo (O)

(4.187)
< AL (0 + 30La[[1E (6 + D]@V(O0) + A2 FO)2 + 1)ED) £.o(6,)
= —4Lv,(1 — gLa’ [szo(rp +1)](2V(00) + 4L f(0)[|* + 1)ED) L (6,,)
< 0.
Induction thus establishes (4.184). The proof of Lemma 4.3.6 is thus complete. ]

4.3.3 Convergence analysis for GD processes

The following theorem proves that the sequence of risks of any time-discrete GD process
converges to zero in the training of DNNs provided that the target function is constant and
the step sizes are sufficiently small but not L!'-summable. For this reason, Theorem 4.3.7
generalizes [63, Theorem 2.16].

Theorem 4.3.7. Assume Setting /.1.1, assume for all x € [a,b]? that f(z) = £(0), let
(Y )neny S [0,00), let (©n)nen, : No — R? satisfy for alln € Ny that ©,,11 = 0,,—7,G(0,,),

and assume
supe, (1um) < (La?[[Ty_o(6s + D]@V(€0) + 4L FO)[* + D) (4.188)
and Yo vn = 0. Then
(i) it holds that sup,cy, ||Onll < [2V(00) + 4L2| f(0)[[*]V* < 0 and
(ii) it holds that limsup,,_, ., Lo(0,) = 0.
Proof of Theorem 4.3.7. Throughout this proof let n € (0, ) satisfy

1 = 4L(1 = [suppen, Y JmLa®[[ [0 (6, + 1)](2V(60) + 4L2[ f(0)[|* + 1)E~D)  (4.189)

and let € € R satisfy ¢ = (1/3)[min{1, limsup,,_,,, L+(0,)}]. Note that item (ii) of Propo-
sition 4.2.1 ensures that for all n € Ny it holds that

19l < [2V(©n) + 4L £(0)]|*]"2. (4.190)

Furthermore, observe that Lemma 4.3.6 implies that for all n € Ny it holds that V(0,,) <
V(Op-1) < -+ < V(Op). This and (4.190) establish item (i). Next note that item (ii) of
Proposition 4.2.1 ensures that for all n € N we have that V(0,,) = 5|0,/ —2L?||f(0)|]* >
—2L2|| f(0)||*>. Combining this with Lemma 4.3.6 and (4.189) implies that for all N € N
it holds that

! LZ:;) el ] (6ns1)) (4.191)

This demonstrates that

S ulen (©4)] < 7 (V(©0) + 212 F(O)]?) < oo (4.192)

n=0
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Combining this with the assumption that Z;O:o Yn = 00 ensures that liminf, ., L, (0,) =
0. In the following we prove item (ii) by contradiction. For this assume that

limsup,,_,., L(0,) > 0. (4.193)
Observe that (4.193) implies that
0 = liminf, o, L,(0,) <& < 2e < limsup,,_,,, Lo(Oy). (4.194)

This ensures that there exist (my,n;) € N?, k € N, which satisfy for all k& € N that
my < np < Myg1, Lo(Om,) > 26, and L(Op,) < € < Miljenn[my,n) Lo(O;). Note
that (4.192) and the fact that for all k € N, j € N n [my,ny) it holds that 1 < 1£,(0;)
demonstrate that

> i SIS [Z kZ (£ ] i[Z(vjﬁw(@j))] < . (4.195)

k=1j=my k=1 j3=my 7=0

Moreover, observe that Corollary 4.1.12 and item (i) imply that there exists € € R which
satisfies that

SUDyen, |9 (On)[| < €. (4.196)
Note that (4.196), the triangle inequality, and (4.195) prove that

[o's) o np—1 o np—1
Dl0m =Oull < X X 1050 =650l = > > (16O
k=1 B k=1j7=my k=1j3=my (4197)
< G[Z Z 7j] < o0
k=1 j=my

Next observe that Lemma 4.1.10 and item (i) ensure that there exists & € R which
satisfies for all m,n € Ny that [£(0,,) — £L(0,)| < Z||©,, — ©,]|. Combining this with
(4.197) shows that

lim supy,_, 0| Lo (On,) — Loo(Om, )| < limsup,_, o (ZL||On, — Om,||) = 0. (4.198)

The fact that for all £ € Ny it holds that £,,(0,,) <& < 2e < L(0,,,) therefore implies
that

0 < e < infren|Ls(On,) — Lo(On, )| < lmsup,_, | Lo (On,) — Loo(Om, )| = 0. (4.199)

This contradiction establishes item (ii). The proof of Theorem 4.3.7 is thus complete. [

4.4 Stochastic gradient descent (SGD) processes in
the training of deep ANNs

In this section we study SGD processes in the training of deep ReLU ANNS. Subsec-
tion 4.4.1 introduces a mathematical description of the considered SGD processes in the
training of deep ReLU ANNs. In Subsection 4.4.2 we derive an explicit representation
for the generalized gradients of the empirical risk function. Subsection 4.4.3 analyses
measurability and independence properties and calculates expectations of the empirical
risk functions. Subsection 4.4.4 establishes upper bounds for the norm of the generalized
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gradients of the empirical risk function and proves its uniform boundedness. In Subsec-
tion 4.3.1 we present a one-step Lyapunov estimate which is used in Subsection 4.1.5 to
establish upper estimates for the composition of the considered Lyapunov function and
the SGD processes. In Subsection 4.4.7 we combine this section’s findings to obtain our
main result, Theorem 4.4.11. Theorem 4.4.11 proves that in the training of DNNs it
holds that the sequence of the risks of any time-discrete SGD process converges to zero
provided that the target function is constant and the step sizes are sufficiently small but
not L!'-summable.

4.4.1 Mathematical framework for SGD processes and deep ANNs
with ReLU activation

During this section we are going to use the following setting.

Setting 4.4.1. Let L0 e N, ({1)ren, SN, E€ R ag,ae R, be (a,00), o € (0,0), B €
(o, 0) satisfy © = S bu(lp_1 + 1) and a = max{|al, |b], 1}, for every 6 = (61,...,6,) €
R let 070 = (007) . i)et,ntn) (1t 1) € RE*H1 k€N, and b5 = (b1, b;") e R%,

-----

k e N, satisfy for all ke {1,... L}, i € {1,. ék} je{l,... b1} that

po? —9 and phl —

&J (i—=1)€g— 1+]+Zh 1€h(fh 1+1) i eekgk 1+Z+Zh igh(gh 1+1)0 (4200)

Jor every k e N, 0 € R let A} = (A} ,..., A}, ): R — R% satisfy for all x € R%—
that Al (z) = b + wki%, let #,: R — ]R r € [1,00], satisfy for all v € [1,0), x €
(—o, dr7 Y, yeR, z€ [Br~!, o) that

R, e CYR,R), R,.(x) =0,0 < R, (y) < Boo(y) = max{y,0}, and R,(z) = z, (4.201)

assume Sup, ey o) sup,cg [(#,.) ()] < oo, let ||||: (UnenR™) — R, () : (Upen(R™ x
R™)) —» R, and M, : (UpenR") — (UnenR™), r € [1, 0], satisfy for all r € [1,0], n € N,
r=(T1,...,%n), Y= (Y1,...,Yn) € R" that

lzll = (20, |2s®)Y2, (2, y) = Xy zi, and My (2) = (Re(1), ..., Re(2)), (4.202)

for every 0 € R® let NF0 = (N /\/Zk) R — R%, r e [1,00], ke N, and X

T

R%, k,i e N, satisfy for all r € [1 ], keN,ie{l,...,4}, veR% that
NY(z) = Al(z),  NEO(2) = AL (Man (NP (2))), (4.203)

and XM = {y € [a,b]: /\/’O’Zf(y) > 0}, let (Q,F,P) be a probability space, let X™™ =
(X", XM Q= a, bl, n,m € Ny be i.i.d. random variables, let L: R® — R and
V:R® — R satisfy for all § € R® that L£(0) = E[||NE?(X°0) — ¢|2] and

V(0) = [, (k622 + Sk S0 ol 2)] — 2L4€, 629, (4.204)

let (My)nen, S N, for every n € NO, r e [1,00] let £7: R® x Q — R satisfy for all
0eR, weQ that £}(0,w) = 3 SMn [NEO (X (W) — €2, for every n e Ny let &™ =
(BF,...,82): R x Q — R® satisfy for all 0 € R, we {we Q: ((Vo£l)(0,w))re[1,00) S
convergent} that

&"(0,w) = lim,_,(VeLl)(0,w), (4.205)

let © = (O)neny: No x Q — R® be a stochastic process, let (Vn)nen, S [0,0), assume
that ©g and (X™™)mmyemo)2 are independent, and assume for all n € Ny, w € € that
On1(W) = Oy (W) = 71,E" (O, (W), w).
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4.4.2 Explicit representations for the generalized gradients of
the empirical risk function

The following proposition provides a representation for the generalized gradients of the
approximations of the empirical risk function. Proposition 4.4.2 expands [63, Proposition
3.2] from shallow ANNs to deep ANNs.

Proposition 4.4.2. Assume Setting 4./.1 and let n € Ny, w € Q. Then
(i) it holds for all v € [1,0) that (R® 3 0 — £"(0,w) € R) € C'(R®, R),

(77) it holds for all r € [1,00), ke {1,...,L}, i € {1,..., 0k}, g € {1,....0p1}, O =
(01,...,0,) € R® that

0
( &) 6.0)
ae% 1) 1+J+Zh L (bh—1+1)

M max{k—1,1},0
= Y R W 0 (w0)) 1,1 ()
Vi yVk4+19--» vLEN, m=1 (4206)

VweNn[k,L]: v <lw
X @)Ly (0)] [140 (o) || MBS (X7 @) — €,
T (082, [( P YN @) .

i11) it holds for allr € [1,0), ke {1,...,L}, 1€ {1,.... s}, 0 = (01,...,0,) € R® that
(iii)

0
( &)
aeek‘ekfl it Y1 Ch(Cho1+1)

- Y 2 e ME ey -a] o

m=1

Uk Vk+15-VLEN,
VYweNN[k,L]: vy <l

T (022, [ YN (X @))]) .
(iv) it holds for all § = (04, ...,0,) € R® that limsup,_, . ||(VL£")(0,w) — &™(0,w)|| =0

(v) it holds for all ke {1,...,L}, i€ {1,....lx}, j€{1,... . bp_1}, 0 = (01,...,0,) e R?
that

n 0
. . _ w
(zfl)emlﬂiﬁ;fh(ehfﬁl)( )
M,

=Y e X (@) L (R)

m=1
Uk ;Uk+1,---,VLEN,

YweNA[k,L]: vy <lu (4.208)
X @)y () || 1y (o) || W, (X)) = € |
[T (22, L (X)) .

and

(vi) it holds for all k€ {1,...,L}, i€ {1,... .4y}, 8 = (01,...,0,) € R® that

My

n - 2
®Ek@k71+i+zlz;} fh(ehfﬂrl)(e’w) - Z Mn Z_: [ﬂ{l}(vw]
Ve y Uk 1 eees vr,eN, m=
VwéNrifkl,L]: o<l (4.209)

ML @) = o | [T (08, Lo (X7 (@) |
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Proof of Proposition 4.4.2. Note that items (i), (ii), (iii), (iv), (v) and (vi) of Theo-
rem 4.1.9 (applied with p «—~ (B([a,b]®) 3 A — =3 1,(X»™(w)) € [0,1]), f

My
([a,b]% > 2 — & € R*) in the notation of Theorem 4.1.9) prove items (i), (ii), (iii), (i )
(v) and (vi). The proof of Proposition 4.4.2 is thus complete. O

4.4.3 Properties of expectations of the empirical risk functions

In the following proposition we establish that the expected value of the empirical risk func-
tion and the risk function agree. Proposition 4.4.3 is a generalization of [63, Proposition
3.3].

Proposition 4.4.3. Assume Setting /./.1. Then it holds for all n € Ny, 0 € R® that
E[£0(0)] = L(0). (4.210)

Proof of Proposition 4./.3. Observe that the fact that for all n € Ny, # € R®, w € Q it
holds that £2 (A, w) = 7= 0" N2 (X™™(w)) — €||?, the fact that for all n € N, 6 € R?
it holds that £(A) = E[JN£?(X%0) — £||?], and the assumption that X™": Q — [a, b]%
n, m € Ny, are i.i.d. random variables imply that for all n € Ny, 6 € R® we have that

B0 =51 Z [INES(X™™) = €)1°] = B[INVE(XO0) = €|°] = £(0).  (4.211)

The proof of Proposition 4.4.3 is thus complete. O]

The following lemma proves measurability and independence properties for certain
stochastic processes. Lemma 4.4.4 extends the findings in [63, Lemma 3.4].

Lemma 4.4.4. Assume Setting 4.4.1 and let F,, < F, n € Ny, satisfy for all n € N that
FO = O'(@O) and Fn = 0'(@0, (Xn7m>n,me(Nm[0,n))><N0>- Then

(i) it holds for alln € Ny that R®x Q 3 (0,w) — &"(0,w) € R? is (B(R*)®F,,11)/B(R?)-
measurable,

(ii) it holds for all n € Ny that ©,, is F,,/B(R®)-measurable, and
(#ii) it holds for all m,n € Ny that o(X™™) and IF,, are independent.

Proof of Lemma 4./.4. Note that Lemma 4.1.10, items (ii) and (iii) of Proposition 4.4.2,
and the assumption that for all r € [1,00) it holds that &, € C'(R,R) ensure that for
all n € Ny, r € [1,0), w €  we have that R® 3 § — (Vy£")(0,w) € R® is continuous.
Furthermore, observe that items (ii) and (iii) of Proposition 4.4.2 and the assumption that
for all m, n € Ny it holds that X™™ is F,,,1/B([a, b]*)-measurable imply that for all n € N,
€ [1,00), § € R® it holds that Q 3 w — (V£"(0,w)) € R? is F,,;1/B(R°)-measurable.
Combining this and, e.g., Beck et al. [14, Lemma 2.4] (applied with (E, ) —~ (R° B(R?)),
(QF) =~ (Fpp1), X = (R* x Q3 (0,w) — (Vo£l)(0,w) € R®) in the notation of [14,
Lemma 2.4]) demonstrates that for all n € Ny, r € [1,00) we have that R® x Q2 3 (6,w) —
(VoL (0,w) € R® is (B(R?) ® F,,1)/B(R?)-measurable. Item (iv) of Proposition 4.4.2
hence proves that for all n € Ny it holds that R* x Q 3 (f,w) — &"(f,w) € R® is
(B(R®) ® F,,41)/B(R®)-measurable. This establishes item (i).
Next we prove item (ii) by induction on n € Ny. The assumption that Fy = o(©y)
implies that Oy is Fy/B(R®)-measurable. This establishes item (ii) in the base case n = 0.
For the induction step let n € Ny satisfy that O, is F,,/B(R?)-measurable. Note that the
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fact that F,, = 0(00, (X™™)nmemn[on)xN,) ensures that F, < F,,;. Therefore, we obtain
that ©,, is F,,,1/B(R®)-measurable. Moreover, observe that the fact that F,, < F,,; and
item (i) imply that &, is F,,,1/B(R?)-measurable. Combining this, the fact that ©,, is
F,..1/B(R%)-measurable, and the assumption that 6, = 6, — 7,®"(0,,) proves that
Ont1 is Fyp 1 /B(R®)-measurable. Induction thus establishes item (ii).

In addition, note that the assumption that X™™ n,m € Ny, are independent, the
assumption that ©g and (X™™)(,m)en)2 are independent, and the fact that IF,, =
(B0, (X™™)nme(Nnlon))xN,) establish item (iii). The proof of Lemma 4.4.4 is thus com-
plete. Il

Combining Proposition 4.4.3 and Lemma 4.4.4 leads to the following corollary. Corol-
lary 4.4.5 is an extension of [63, Corollary 3.5].

Corollary 4.4.5. Assume Setting 4.4.1. Then it holds for all n € Ny that
E[£5,(0n)] = E[£(On)] (4.212)

Proof of Corollary 4.4.5. Throughout this proof let ,, € F, n € Ny, satisty for all n € Ny
that Fy = 0(0p) and F,, = 0(Og, (X™™)nmen[o,n))xN,) and let L™: ([a, b]fo)Mn x R® — R,
n € Ny, satisfy for all n e Ny, 0 € R?, x1,..., 2y, € [a,b]* that

1
LG an 0) = g 2 N o) = €11 (4213)
" m=1

Observe that (4.213) and the assumption that for all n € Ny, § € R?, w € Q it holds that
£ (0,w) = 3= S IV (X (w)) — €||? imply that for all n € No, 0 € R, w € Q we
have that

£ (0, w) = L"(X™ (w),..., X" (w),0). (4.214)

Combining this with Proposition 4.4.3 demonstrates that for all n € Ny, 6 € R® it holds
that
E[L™(X™, ..., XM 0)] = E[£2(0)] = L(6). (4.215)

Moreover, note that (4.214) assures that for all n € Ny it holds that
£n(0,) = LM (X™, ... X" 0,). (4.216)

Combining this, (4.215), Lemma 4.4.4, and, e.g., [66, Lemma 2.8| (applied with (Q, F,P) —
(Q,F.P), G = F,, (X, X) = (([a,b])*", B(([a,0]°)")), (Y, V) = (R, BR")), X =
Q3w (X" (W),..., X"M (W) e ([a,b])"), Y =~ (Q 3 w — O,(w) € R®) in the
notation of [66, Lemma 2.8]) proves that for all n € Ny it holds that

E[L™(X™, ..., X"M 9,)] = E[L(6,)] (4.217)

This and (4.214) establish (4.212). The proof of Corollary 4.4.5 is thus complete. O

4.4.4 Upper estimates for the norm of the generalized gradients
of the empirical risk function

The following lemma establishes an upper bound for the norm of the generalized gradients
of the empirical risk function. Lemma 4.4.6 generalizes [63, Lemma 3.6].

Lemma 4.4.6. Assume Setting /.4.1 and let n € Ny, 0 € R®, w € Q. Then

[6™(0,w)||* < 4La [Hﬁzo(@, + )](16)* + 1) E7Den (6, w). (4.218)
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Proof of Lemma j.4.6. Observe that item (iv) of Theorem 4.1.11 (applied with pu —
(B([a,b10) 5 A > =300 1,(X*(w) € [0,1]), f —~ ([a,b]® > & — ¢ € R%) in
the notation of Theorem 4.1.11) establishes (4.218). The proof of Lemma 4.4.6 is thus
complete. Il

This leads to the following uniform boundedness result of the norm of the generalized
gradients of the empirical risk function which generalizes [63, Lemma 3.7].

Lemma 4.4.7. Assume Setting 4./.1 and let K < R® be compact. Then
SupneNo SUPge i SupweQHQSn(ev w) || < 0. (4219)

Proof of Lemma J./.7. Note that Lemma 4.1.10 (applied with pu —~ (B([a,b]*) 3 A —
i M LA(X™(w) € [0,1]), f e~ ([a,b] 3 2 — € € R) in the notation of Lemma 4.1.10)
ensures that there exists € € R which satisfies for all § € K that sup,¢(, 40 INE? ()] < €.

The fact that for all n,m € Ny, w € Q it holds that X™™(w) € [a, b]® hence demonstrates
that for all n € Ny, 0 € K, w € Q) we have that

£5,(0,w) = A{ E:WVLOXWW())—SW
y (4.220)
ERZ
Z INSP (XM ™ (w))]I” + [1€]1%] < 2€ + 2[|€]1*.

n m=1

Combining this with Lemma 4.4.6 establishes (4.219). The proof of Lemma 4.4.7 is thus
complete. O

4.4.5 Lyapunov type estimates for the dynamics of SGD pro-
cesses

The following lemma presents a one-step Lyapunov estimate for the considered SGD
method. Lemma 4.4.8 extends [63, Lemma 3.9] to the setting of deep ANNs .

Lemma 4.4.8. Assume Setting /.4.1 and let n € Ny, € R®, w € Q. Then

V(0 = m®"(0,w)) = V(0)

L
SEC RO (RO D o{CE I I 0] I
- 47?1L£7010(97 w)
< (WPLIS (0. — L2 (0,0).

Proof of Lemma /.4.8. Observe that Corollary 4.3.2 (applied with u =~ (B([a,b]®) 3 A —
M%LZ%; La(X™™(w)) € [0,1]), f(0) =~ &, v = 7, in the notation of Corollary 4.3.2)
establishes (4.221). The proof of Lemma 4.4.8 is thus complete. O

4.4.6 Upper estimates for compositions of Lyapunov functions
and SGD processes
The following lemma provides an upper estimate for the composition of the Lyapunov

function and the time-discrete SGD process. Lemma 4.4.9 is a generalization of [63,
Lemma 3.10].
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Lemma 4.4.9. Assume Setting 4./.1. Then it holds for all n € Ny that

V(Oni1) = V(6n)

< AL((y)*La2[TTE o (6, + D](2V(0,) + 4L2[[€]12 + 1)ED — ,) £2 (O, (4.222)

Proof of Lemma /./.9. Note that Lemma 4.4.6 and item (ii) of Proposition 4.2.1 (applied
with e~ (B([a,0]) 3 A = 5= 3007 Ta(X™™(w)) € [0,1]), f = ([a,0] 52 — £ e R™)

m=

in the notation of Proposition 4.2.1) demonstrate that for all n € Ny it holds that

16™(©u)* < 4La’[T T, (6 + D](10a* + D* VL1 (0,)

(4.223)
<4La’[[ [ o(6 + 1)](2V(O,) + 4L2[|€]* + 1)V LR (,).

Lemma 4.4.8 therefore implies that
V(Ons1) = V(0n) < (1)°L[6™(0,) [ — 47, L L7, (O,)
AL [Ty (6 + D)
S (2V(O,) + 4L2|€]* + 1)EV L (0,) — 44, LLR(O,) (4.224)

AL((yn)?La[[ oo (6 + 1)]
- (2V(0,) + AL €)1 + 1) — 4,) £2.(6,).

N

The proof of Lemma 4.4.9 is thus complete. n

Applying Lemma 4.4.9 inductively establishes the following lemma which generalizes
[63, Corollary 3.11].

Corollary 4.4.10. Assume Setting 4.4.1 and assume
_11-1
P(Suppen, 1o < [La® [T (6, + 1)](2V(00) + 4L2||> + HED]T) = 1. (4.225)
Then it holds for all n € Ny that
P(V(010) = V(0 < ~1L[1 = [0, 0]

(4.226)
CLa? ([T (6, + 1)](2V(©) + 4L |I€]|* + 1)<L—1>]£§O(@n) < o) ~ 1.

Proof of Corollary 4.4.10. Throughout this proof let g € R satisfy that g = sup,,y, Yn-
We prove (4.226) by induction on n € Ny. Observe that Lemma 4.4.9 and the assumption
that 79 < g ensure that it holds P-a.s. that

V(©1) - V(O)

< 4L| =90+ 33 La[[ 116y + D](2V () + 4L2[€] + 1)V | £5,(€0)
P B 0 (4.227)

< 4L (=0 + voaLa[[ 1oty + 1)](2V(O0) + 4L ¢]|* + 1)V £, (€0)

= —470L(1 = gLa*[[ 116y + 1] (2V(€0) + 4L2]¢]* + 1)) £, (©0).

This and (4.225) establish (4.226) in the base case n = 0. For the induction step let n € N
satisfy that for all m € {0,1,...,n — 1} it holds P-a.s. that

V(@erl) - V(@m)

< —4”YmL<1 — gLa’[[T,_o(6, + D](2V(0y) + 4L2|[¢][* + 1)(L‘1)>£2’3(@m) < 4228)
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Note that (4.228) implies that it holds P-a.s. that V(0,) < V(©,_1) < ... < V(6y).
Combining Lemma 4.4.9 with (4.225) and the assumption that 7, < g hence shows that
it holds P-a.s. that

V(©n1) = V(©,)
< AL (= + 2222 ([Tl + 1] 2V (€0) + ALZIE]> + 1)1EV ) £2(0,)

< 4L<_'7n + 7ngLaQ[HL (fp -+ 1)] (2V(@0) + 4L2||£“2 + 1)(L_1))£go(@n) (4229)

p=0

= —4%L<1 —gLa’[[ T _,(6, + 1)](2V(O0) + 4L2||€|I* + 1)<L*1>>2;}O(@n) < 0.

Induction thus establishes (4.226). The proof of Corollary 4.4.10 is thus complete. [

4.4.7 Convergence analysis for SGD processes

The following theorem proves that in the training of DNNs it holds that the sequence
of risks of any time-discrete SGD processes converges to zero provided that the target
function is constant and the SGD steps are sufficiently small but not L'-summable. For
this reason, Theorem 4.4.11 extends [63, Theorem 3.12] from shallow ANNs to DNNs with
an arbitrary number of hidden layers.

Theorem 4.4.11. Assume Setting /./.1, assume Z:):o Yn = 0, and let 6 € (0,1) satisfy
infen P(ynLa?[[ [,_o (6, + 1)](2V (00) + 4L2[|€]1 + 1)EY < §) = 1. (4.230)
Then
(i) there exists € € R such that P(sup,y,||On]] < €) =1,
(ii) it holds that P(limsup,,_,., £(©,) =0) =1, and
(i) it holds that limsup,,_,., E[£(60,)] = 0.

Proof of Theorem 4.4.11. Throughout this proof let g € [0, 0] satisfy g = sup,,cy, Yn-
Observe that (4.230) and the assumption that >, , v, = o ensure that g € (0,0). This
and (4.230) imply that there exists € € [1,00) which satisfies

P(V(0,) < €) = 1. (4.231)
Note that (4.231) and Corollary 4.4.10 demonstrates that
P(sup,ey, V(0,) < €) = 1. (4.232)

Item (ii) of Proposition 4.2.1 (applied with p = (B([a, b]®) 3 A — Min SMn 14X (W) €
[0,1]), f = ([a,b]® > 2 — £ € R%) in the notation of Proposition 4.2.1) therefore shows
that

P (sup,en, ||On]] < €) = 1. (4.233)

This establishes item (i). Observe that Corollary 4.4.10 and (4.230) ensure that for all
n € Ny it holds P-a.s. that
— (V(©n) = V(On11))

< —a,L(1 = gL [[TL (6, + D](2V(80) + 42262 + DD en0,).
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This and (4.230) prove that for all n € Ny it holds P-a.s. that

'Yn’gg)(Gn)

< V(®n) _ V(@n+1)

T AL[L - gLa?[[ 5o (6, + 1)](2V () + 4L2[i€])? + 1)V (4.235)
_ V(60) = V(Bns)

- 4L(1 - 9)

Furthermore, note that item (ii) of Proposition 4.2.1 (applied with pu «—~ (B([a,b]®)
A 30 1a(X ™ (w)) € 0,1]), f = ([a,b]% 2 2 — & € R%) in the notation of
Proposition 4.2.1) ensures that for all n € Ny it holds P-a.s. that V(0,) > 1[|6,[* —
2% f(0)]|> = —2L?||f(0)||*>. Combining this with (4.232) and (4.235) implies that for all
N € Ny it holds P-a.s. that

o 50s0 (V(On) = V(©n11)) _ V(©0) — V(On)
;0 M (On) < AL(1—9) ~ 4L(1-9)

(4.236)
V(©o) + 22| f(0)* _ €+ 2L%|£(0)]?
< < < 0.
4L(1 - 9) AL(1 - 9)
Hence, we obtain that
S E[L(0,)] = limy oo [T 7,22 (6,,)] < SO <o (4.237)

Moreover, observe that Corollary 4.4.5 proves that for all n € Ny it holds that E[£7(©,,)] =
E[£(O,)]. This and (4.237) show that Y,  7,E[L(6,)] < 0. The monotone convergence
theorem and the fact that for all n € Ny, w € Q it holds that £(0,(w)) = 0 therefore
ensure that

E[S7 03 L(04)] = X7, E[1,L(6,)] < . (4.238)

Hence, we obtain that

P> o1 L(0,) <) = 1. (4.239)
Next let A < (2 satisfy
A={weQ: [(Xr_mL(O,(w)) <) A (supen, [|0:(w)| < €)]}. (4.240)

Note that (4.233), (4.239) and (4.240) ensure that A € F and P(A) = 1. In the following
let w e A be arbitrary. Observe that (4.240) ensures that

SUP,eny, [|On (W) || < €. (4.241)

In addition, note that the assumption that Y}, v, = o0 and the fact that >, 7,L(0,(w))
< o show that liminf,, o £(©,(w)) = 0. In the following we prove item (ii) by contra-
diction. For this assume that

limsup,, ., £(6,(w)) > 0. (4.242)
This implies that there exists € € (0, 00) which satisfies
0 = liminf, o, £(0,(w)) < e < 2¢ < limsup,,_,,, L(O,(w)). (4.243)

Observe that (4.243) assures that there exist (my,n,) € N2, k € N, which satisfy that
for all £ € N it holds that my < ng < mgi1, L(On, (w)) > 2¢, and L(O,, (w)) < € <
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N jeN A my,ny) £(O(w)). Combining this with the fact that >, 7,L(0,(w)) < o0 shows
that

Z kz_] Vi S Z kz: (75 £ ] i[Z(%ﬁ(Gk(w)))] < 0. (4.244)

k=1j=my k=1 j=my k=0

Furthermore, note that (4.241) and Lemma 4.4.7 ensure that there exists © € R which
satisfies for all n € Ny that ||8"(0,(w),w)|| < ©. This, (4.244), and the fact that for all
n € Ny, w € Q it holds that 0,1 (w) — O, (w) = —7,8"(0,(w),w) demonstrate that

o0 0 ngp—1
ZH@nk — O, (W) < )] Z 10j4+1(w) = O;(w)||
R L (4.245)
=2, 2, ulel® o1 2
k=1j=my k=1j=my

Moreover, observe that Lemma 4.1.10 (applied with u — (B([a,b]*) 3 ML
A A(XM™(w)) € [0,1]), f = ([a,b]* 3 2 +— & € R*) in the notation of Lemma 4.1.
(4.241) prove that there eX1sts & € R which satisfies for all m,n € Ny that |£(O,,
L(O,(w))| < Z||Om(w) — O,(w)||. Combining this with (4.245) proves that

1im Supy, 0| £(On,, (W) = L(Om, ()] < limsupy, 0 (Z|On,, (W) = Oy (W)]]) = 0. (4.246)

This and the fact that for all & € Ny it holds that £(0,, (w)) < ¢ < 2¢ < L(O,,)
demonstrate that

Zﬁf
10) an
(w))

D<e 1nfkeN|£(@nk (W)) - ﬁ(@mk (w))|

< limsupy, 0 |£(On, (W) — L(Om, (w))] = 0. (4.247)

Combining this with the fact

This contradiction proves that limsup,,_,, £(0,(w)) =
(i) nd the fact that £ is continuous

that P(A) = 1 establishes item (ii). Note that item
show that there exists € € R which satisfies that

P(sup,en, £(0n) <€) = 1. (4.248)

Observe that item (ii), (4.248), and the dominated convergence theorem establish item (iii).
The proof of Theorem 4.4.11 is thus complete. O]

The following corollary, Corollary 4.4.12, is a special case of Theorem 4.4.11 and
generalizes [63, Corollary 3.13].

Corollary 4.4.12. Assume Setting 4.4.1, assume Zfzo v, = 00, and assume for all n € Ny
that
P((4Lo max{a, [|£]|})* 7, < (|©o + 1)7*") = 1. (4.249)

Then
(i) there exists € € R such that P(sup,y,[|On| < €) =1,
(ii) it holds that P(limsup,,_,,, £(0,) =0) = 1, and
(iii) it holds that limsup,,_,, E[£(©,)] = 0.
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Proof of Corollary /4.4.12. Throughout this proof let B € R satisfy B = max{a, ||¢]}.

Note that item (ii) of Proposition 4.2.1 (applied with p =~ (B([a,b]*) 5 A — ]Vl[ S

(XM (w)) € [0,1]), f = ([a,b]® 3 2 +— & € R) in the notation of Proposition 4.2.1)
and the fact that for all 2,y € R, M € N it holds that (z + )M < (2M*! — 1)(2M + yM)
ensure that it holds P-a.s. that
(2V(80) + 4L7[¢]* + D)™V < (2(2L]60]1* + LIIE|*) + 4L2[i€]1* + 1)
< (4L)|©0]* + 6L2(|€|)* + 1)V (4.250)
< (25 = D((AL]8o]) Y + (6L2[E]* + 1)*EY).

Therefore, we obtain that it holds P-a.s. that

(L—=1)

(2V(89) + AL ]2 + 1)) < (25 = 1)| (4L) &V @24 4 (TBLA) Y|
< (2L . 1)(7L2)(L_1)B2(L_1)(||@Q||2(L_1) + 1) < 14LL2(L—1)B2(L—1)(||®O|| + 1)2L‘
This and (4.249) show that for all n € Ny it holds P-a.s. that
YnLa®[[ T, (6, + 1] 2V (O0) +4L||€]> + 1)~V
< LB [T (6, + D] (100]] + 1)
< 7145 (LB [T, (6 + D] (180l + 1)** (4.252)
< 7145 (LB)* 0 (||0o ] + 1)**
< Y145 (LB)*E (|6 + 1) < 14t472b = 7887 F < 1.

(4.251)

Combining this with Theorem 4.4.11 establishes items (i), (ii) and (iii). The proof of
Corollary 4.4.12 is thus complete. O

4.5 Numerical simulations

In this section we illustrate the theoretical findings of Section 4.4 by two numerical ex-
amples. First, we study a shallow ANN with one hidden layer in Subsection 4.5.1. Then
we consider a deep ANN with two hidden layers in Subsection 4.5.2.

4.5.1 Numerical simulation of an SGD processes for certain
ANNs with one hidden layer

In this subsection we present numerical simulations for a certain SGD process in the
training of some shallow ANNs with 1 neuron on the input layer, with 7 neurons on
the hidden layer, and with 1 neuron on the output layer (see Figure 4.2, Table 4.1, and
Figure 4.3). More formally, assume Setting 4.4.1, let eq,eq,...,6, € R® satisfy e; =
(1,0,...,0), e =(0,1,...,0), ..., e = (0,...,0,1), assume

L:2, 6021, £1=7, 6221, gzl, CLZO, and b=1,
(4.253)
assume for all k € {1,2,...,0}, z € R that P(X*" < ) = max{min{z, 1},0} and

P((er, (61)200) < x) = §*_(2m) "2 exp(—L) dy, (4.254)

and assume for all n € Ny that M, = 100 and v, = 5555. Observe that (4.253) ensures
that the number of ANN parameters 0 satisfies

0=k Gl +1) =26+ +1 =30 +1=22 (4.255)
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Input layer Hidden layer Output layer
(1st layer) (2nd layer) (3rd layer)

- e

\ O »w'w

by =1 b =7 by =1

Figure 4.2: Graphical illustration of the ANN architecture used in Subsec-
tion 4.5.1 (¢y = 1 neuron on the input layer, /; = 7 neurons on the hidden
layer, and ¢ = 1 neuron on the output layer). In this situation we have
for every ANN parameter vector § € R® = R?2 that the realization function
Rz~ No%’e(x) € R of the considered ANN maps the 1-dimensional input
z € [0,1] to the 1-dimensional output N2 (z) € R.

10!

—— Double precision
—— Single precision

10—2 4

10—8 4

10—11 4

10—14 4

Mean square error (expected risk)

10—17 4

10720 T T . . : : .
100 10! 102 103 104 10° 106 107
Number of SGD steps

Figure 4.3: Plot of the estimated mean square error (expected risk) against
the number of SGD steps for Subsection 4.5.1
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Furthermore, note that (4.253) assures that the considered ANNs consist of 14 weight
parameters and 8 bias parameters. We also refer to Figure 4.2 for a graphical illustration
of the ANN architecture described in (4.253). Moreover, observe that (4.254) ensures
that for all n,m € Ny we have that X™™ is continuous uniformly distributed on (0, 1).
In addition, note that (4.254) assures that (£;)/?0q is a 22-dimensional standard normal
random vector. In Table 4.1 we approximately specify the mean square error (expected
risk)

E[L(©,)] (4.256)

against the number n of SGD steps for several n € {1,2,...,10°} and in Figure 4.3 we
approximately plot the values of Table 4.1. In Table 4.1 and Figure 4.3 we approximate
the expectations in (4.256) by means of Monte Carlo averages with 10° samples. The
PYTHON source code used to create Table 4.1 and Figure 4.3 can be found in Source
Code 4.1. Moreover, in Source Code 4.2 we present a simplified variant of the PYTHON
code in Source Code 4.1.
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Table 4.1: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.1

Number of SGD steps

Estimated mean square error (expected risk)

Single precision

Double precision

1 0.400 147 825479 507 0.400 147757 334473

2 0.396 873384714127 0.396 873 312 108 460

3 0.392 277061 939 240 0.392276 965 724 788

4 0.394 556 581 974 030 0.394 556 505 069 431

) 0.397466 093 301 773 0.397 465997 116 809

6 0.382976 621 389 389 0.382976 568 877 238

7 0.400 645 166 635513 0.400 645 150 542 984

8 0.384297 370910 645 0.384297 314109511

9 0.375 544 518 232 346 0.375544 491 625 370
10 0.389181 315898 895 0.389181 306471 692
11 0.373209 863901 138 0.373209 880330711
12 0.382972270250 320 0.382972 322131 645
13 0.373731762170792 0.373731763 163 821
14 0.368 176 460 266 113 0.368176 516 276 078
15 0.368 835 985 660 553 0.368 836 011472468
16 0.363 389 700 651 169 0.363 389 745 330 901
20 0.370 313 495 397 568 0.370313 523 500 136
24 0.367 217361927032 0.367217434 342 550
28 0.364 903 062 582 016 0.364903 210618 829
32 0.355952948 331 833 0.355953 070249 735
36 0.358 898 729 085 922 0.358 898 892 476 224
40 0.355168 431997 299 0.355168 573 533 324
44 0.321 540951 728 821 0.321 541034787801
48 0.335 629 969 835 281 0.335630057 706 390
52 0.319862246 513 367 0.319 862 350 559 697
26 0.328 886 300 325 394 0.328 886 373 083 635
60 0.323 966 592 550 278 0.323966 670 151 027
64 0.326 734960 079 193 0.326 734973 376 403
80 0.298 752039 670 944 0.298 752152929 733
96 0.272277683 019 638 0.272277733 625831
112 0.266 797 602 176 666 0.266 797 774851729
128 0.250 351667404 175 0.250 351 894 209 231
144 0.239569 738 507 271 0.239 570030 816 244
160 0.224 916 756 153 107 0.224917 150 023 337
176 0.212934 911 251 068 0.212935429 076 293
192 0.201 422 691 345 215 0.201 423 289 459 759
208 0.187521 025538 445 0.187521578610 189
224 0.177595 525979 996 0.177 596 129 156 231
240 0.167 538 091 540 337 0.167 538661 745 551
256 0.158 610120415 688 0.158610 717976 725
320 0.125099 778 175 354 0.125100 202 566 862
384 0.098 203 480 243 683 0.098203 721155615
448 0.080468 311905 861 0.080468 544 308 340

512

0.063 573107 123 375

0.063 573213667 754
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Table 4.1: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.1

Number of SGD steps

Estimated mean square error (expected risk)

Single precision

Double precision

576 0.051 985 166 966 915 0.051 985 308 415053

640 0.040908 116 847 277 0.040 908 288 056 718

704 0.033 746 954 053 640 0.033 747045 870 249

768 0.026494 434 103 370 0.026 494 502 661 920

832 0.021 851047873497 0.021 851 090 644 621

896 0.016 827 533 021 569 0.016 827623175 335

960 0.013 607 602 566 481 0.013607 615 542691
1024 0.010773 501 358 926 0.010 773 505 154 788
1280 0.004 222723 655403 0.004 222 709 641 419
1536 0.002011 111238971 0.002011 089 506 127
1792 0.000904 137094 039 0.000 904 125 545 469
2048 0.000461 409 537 820 0.000461 409 349 747
2304 0.000 260 941 335 000 0.000 260947 146 381
2560 0.000 156 190 508 278 0.000 156 196 426 245
2816 0.000129971 638671 0.000129974761 110
3072 0.000119 722702 948 0.000 119724 364 107
3328 0.000114 423 724 881 0.000 114 423 680 885
3584 0.000104 955994 175 0.000104 955114 117
3840 0.000 107 468 149 508 0.000107 467 034 215
4096 0.000109 119770 059 0.000109 117431 248
5120 0.000 082289 298 007 0.000 082 288 763 445
6144 0.000101 874691 609 0.000 101 874 056 815
7168 0.000094 819 704 827 0.000 094 819 460 726
8192 0.000095 279 065 135 0.000095279 867034
9216 0.000 086 695 865 321 0.000 086 697 109 961
10240 0.000075270 487 287 0.000075272 454079
11264 0.000 088 507 214 969 0.000 088 508 677075
12288 0.000073 549970 693 0.000073 551115951
13312 0.000 069 636 291 300 0.000 069 636 594 517
14336 0.000062 663 675 635 0.000 062 665 247 234
15360 0.000066 875043 558 0.000 066 874 971 056
16384 0.000 055498 523 579 0.000 055497 834 259
20480 0.000 049 061 156 460 0.000 049 058 356 528
24576 0.000 049 805 254 093 0.000 049 802 507 159
28672 0.000036 901 041 312 0.000 036 899 520 277
32768 0.000 024 025 355 742 0.000024 024 804 251
36864 0.000024 539 234 801 0.000 024 536 956 892
40960 0.000 023 680 300 728 0.000 023 680 059 877
45056 0.000 025 016 855 943 0.000025013418 711
49152 0.000 016 035 986 846 0.000016 033 751 002
53248 0.000017 649 770 598 0.000 017 648 362 293
57344 0.000 016 380 216 039 0.000016 378 699475
61440 0.000 018981 387 257 0.000018978 539977
65536 0.000016 854 279 238 0.000016 853 033 162
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Table 4.1: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.1

Number of SGD steps

Estimated mean square error (expected risk)

Single precision

Double precision

81920 0.000010 368 178 664 0.000010 369 734776

98304 0.000010430 661 860 0.000010432 632213
114688 0.000009 490 538 105 0.000 009493 783 692
131072 0.000008 730 737 136 0.000 008 732925 002
147456 0.000 006 400678 103 0.000 006 398 105 292
163840 0.000 004 872399 131 0.000004 867179719
180224 0.000 005 805 000 455 0.000 005 801 188 995
196608 0.000005 238976 428 0.000 005 228 108 959
212992 0.000003 307 908 855 0.000 003 295 626 299
229376 0.000002 462 194 061 0.000002 440 680 873
245760 0.000003 611 708 735 0.000003 593 632 356
262144 0.000003 336 253 030 0.000 003 317915 866
327680 0.000 002 536 854 481 0.000002 520 310 529
393216 0.000 001 119 518 060 0.000001 108 944 636
458752 0.000 000 290 656 800 0.000000286 179921
524288 0.000000 465 935 557 0.000 000462 486 579
589824 0.000 000226 278 445 0.000000224 031931
655360 0.000 000 066 586 750 0.000 000 065 128 884
720896 0.000 000 115 260 363 0.000 000 113909 821
786432 0.000000 040924679 0.000 000039977 428
851968 0.000 000 056 510 213 0.000 000055672129
917504 0.000 000 066 116 016 0.000 000 065 633 661
983040 0.000 000 048 902 429 0.000 000 048 764 219
1048576 0.000 000 067959 760 0.000 000 067 938 356
1310720 0.000 000 012907 666 0.000000 012231 249
1572864 0.000000 007 840 144 0.000 000 006 764 327
1835008 0.000 000007 447 369 0.000 000 006 311 093
2097152 0.000000017 747 798 0.000 000 016 540 680
2359296 0.000000 001 681 142 0.000 000000 086 757
2621440 0.000000 002234 637 0.000 000000 101 382
2883584 0.000000 009 444 941 0.000 000007922 566
3145728 0.000 000 002 858 044 0.000000 001 248 282
3407872 0.000 000 002 784 514 0.000 000001 107 729
3670016 0.000000001924 778 0.000 000000016 104
3932160 0.000 000 001 853 827 0.000 000000011 564
4194304 0.000 000 002 756 206 0.000 000 001 396 554
5242880 0.000000 002 140371 0.000 000000 004 159
6291456 0.000000001 891979 0.000000000 137176
7340032 0.000 000 001 896 622 0.000 000 000 000992
8388608 0.000 000 001 844 519 0.000 000 000 000 522
9437184 0.000 000 002 155 239 0.000 000 000 046 701
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import numpy as np

import torch

import copy

import matplotlib.pyplot as plt

# use GPU if avatlable
dev = torch.device("cuda") if torch.cuda.is_available() else torch.<

device("cpu")

# set prectsion to double
torch.set_default_dtype(torch.float64)

# configure the training parameters

steps = 10000000 #n
batch_size = 100 # M_n, number of sample points
gamma = 1/2000 # step size (learning rate)

# get sample data

torch.manual_seed(0)

sample_data_double = (torch.rand(batch_sizex(steps+1), 1)).to(dev)
sample_data_single = sample_data_double.type(torch.float32)

# set parameters

10, 11,12,=1,7,1 # dimensions of the layers
a, b=0, 1 # the domain will be [a,b]
xi =1 # constant target function

# define loss function
def loss(N, x):
y = N(x)
return (y-xi).square() .mean()

# function setting the starting model parameters as normally <«
distributed
def init_weights(n):
if isinstance(n, torch.nn.Linear):
torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(1_1))
torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(1_1))

# set up NN model

N_double = torch.nn.Sequential(
torch.nn.Linear(1_0, 1_1),
torch.nn.RelLU(),
torch.nn.Linear(1_1, 1_2)

) .to(dev)

# set up mormally distributed starting model parameters
torch.manual_seed(0)

N_double.apply(init_weights)

N_single = copy.deepcopy(N_double)
N_single.type(torch.float32)

# define observation points
obs = np.empty(shape=129)
index = 0
for i in range(0, 23, 2):
for k in range(2%*i, min(2**(i+2), steps)):
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59 if k % max(1l, 2%x(i-2)) == False:
60 obs[index] = k
61 index = index + 1

62
63 |# set up table

64 |losses_table = np.empty((len(obs), 3), dtype=object)
65
66 |# approximation in double precision

67 |# optimizer function

68 | optimizer_double = torch.optim.SGD(N_double.parameters(), lr=gamma)
69
70 |# train the network

71 |for step in range(steps+1):

72 # generate untiformly distributed samples from [0,1]

73 x = sample_data_double[step*batch_size: (step+l)*batch_size]
74 # set the gradients back to zero

75 optimizer_double.zero_grad()

76 # compute the loss

77 L = loss(N_double, x)

78 # compute the gradients of L w.r.t. the model parameters

79 L.backward()

80 # update the model parameters

81 optimizer_double.step()

82 # save results in the table

83 if step in obs:

84 losses_table[np.where(obs == step) [0], [0, 2]] = step, L.data

85
86 |# approximation in single precision

87 |# optimizer function

ss |optimizer_single = torch.optim.SGD(N_single.parameters(), lr=gamma)
89
90 |# train the network

91 |for step in range(steps+1):

92 # generate untiformly distributed samples from [0,1]

93 x = sample_data_single[step*batch_size: (step+1l)*batch_size]
94 # set the gradients back to zero

95 optimizer_single.zero_grad()

96 # compute the loss

97 L = loss(N_single, x)

98 # compute the gradients of L w.r.t. the model parameters

99 L.backward()

100 # update the model parameters

101 optimizer_single.step()

102 # print and save results in the table

103 if step in obs:

104 losses_table[np.where(obs == step) [0], [0, 1]] = step, L.data

105
106 |# save table

107 |np.savetxt('mean_square_error_examplel.csv', losses_table, delimiter='<«—

1
>

108 fmt="'%s, %.64f, %.64f")
109
110 |# plot mean square error

111 |plt.loglog(losses_table[:, 0], losses_table[:, 2], "r", label='Double <«
precision')

112 |plt.loglog(losses_table[:, 0], losses_table[:, 1], "b", label='Single <«
precision')

113 |plt.ylim([0.00000000000000000001, 10])

114 |plt.xlim([1, 12000000])

115 |plt.xlabel ('Number of SGD steps')
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plt.ylabel('Mean square error (expected risk)')
plt.legend ()
plt.savefig('mean_square_error_examplel_loglog_graph', dpi=1200)

Source Code 4.1: PYTHON code used to create Table 4.1 and Figure 4.3 in
Subsection 4.5.1 (filename: sgdl.py).

import numpy as np
import torch
import matplotlib.pyplot as plt

# use GPU if avatlable
dev = torch.device("cuda") if torch.cuda.is_available() else torch.<
device("cpu")

# set prectsion to double
torch.set_default_dtype(torch.float64)

torch.manual_seed(0)

# configure the training parameters

steps = 10000000 #n
batch_size = 100 # M_n, number of sample points
gamma = 1/2000 # step size (learning rate)

# set parameters

10, 11,12, =1,7,1 # dimensions of the layers
a, b=0, 1 # the domain will be [a,b]
xi =1 # constant target function

# define loss function
def loss(N, x):
y = N(x)
return (y-xi).square() .mean()

# function setting the starting model parameters as normally <
distributed
def init_weights(n):
if isinstance(n, torch.nn.Linear):
torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(1_1))
torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(1_1))

# set up NN model

N = torch.nn.Sequential(
torch.nn.Linear(1_0, 1_1),
torch.nn.ReLU(),
torch.nn.Linear(1_1, 1_2)

) .to(dev)

# set the starting model parameters as normally distributed
N.apply(init_weights)

# optimizer function
optimizer = torch.optim.SGD(N.parameters(), lr=gamma)
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490 |# define observation points
50 |obs = np.empty(shape=129)

51 |index = 0

52 |for i in range(0, 23, 2):

53 for k in range(2%*i, min(2**(i+2), steps)):
54 if k % max(1l, 2%x(i-2)) == False:

55 obs[index] = k

56 index = index + 1

57
58 |# train the network

50 |loss_table = np.empty((len(obs), 2), dtype=object)
60 |for step in range(steps+1):

61 # generate untiformly distributed samples from [0,1]

62 x = (torch.rand(batch_size, 1)).to(dev)

63 # set the gradients back to zero

64 optimizer.zero_grad()

65 # compute the loss

66 L = loss(N, x)

67 # compute the gradients of L w.r.t. the model parameters
68 L.backward()

69 # update the model parameters

70 optimizer.step()

71 # save results in the table

72 if step in obs:

73 loss_table[np.where(obs == step) [0], :] = step, L.data

74
75 | # plot mean square error

76 |plt.loglog(loss_table[:, 0], loss_table[:, 1], color= "r")
77 |plt.ylim([0.00000000000000000001, 10])

78 |plt.x1lim([1, 12000000]1)

79 |plt.xlabel('Number of SGD steps')

so |plt.ylabel('Mean square error (expected risk)')

81 |plt.show()

Source Code 4.2: Simplified variant of the PYTHONscript in Source Code 4.1
above (filename: sgdl_short.py).

4.5.2 Numerical simulation of an SGD process for certain ANNs
with two hidden layers

In this subsection we present numerical simulations for a certain SGD process in the
training of some deep ANNs with two hidden layers with 1 neuron on the input layer,
with 3 neurons on the first hidden layer, with 7 neurons on the second hidden layer, and
with 1 neuron on the output layer (see Figure 4.4, Table 4.2, and Figure 4.5). Assume
Setting 4.4.1, let ey, eq, ..., e, € R? satisfy e; = (1,0,...,0), e = (0,1,...,0), ..., e =
(0,...,0,1), assume

L= 3, f() = 1, fl = 3, 62 = 7, 53 = 1, 6 = 1, a = O, and b= 1, (4257)
assume for all k € {1,2,...,0}, z € R that P(X*° < x) = max{min{z, 1},0} and
P({ex, (61)200) < x) = §°_ (2m) "2 exp(—%) dy, (4.258)

and assume for all n € Ny that M, = 100 and 7, = 5555. Observe that (4.257) ensures

that the number of deep ANN parameters 0 satisfies
0= bu(limr +1) =20 + L6 +1) + Lo+ 1 =42, (4.259)
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Input layer 1st hidden layer 2nd hidden layer Output layer
(1st layer) (2nd layer) (3rd layer) (4th layer)

N ()

by =1 l =3 by =7 I3 =1

Figure 4.4: Graphical illustration of the ANN architecture used in Subsec-
tion 4.5.2 (¢p = 1 neuron on the input layer, ¢; = 3 neurons on the first
hidden layer, ¢/, = 7 neurons on the second hidden layer, and /3 = 1 neuron
on the output layer). In this situation we have for every ANN parameter
vector € R? = R*2 that the realization function R 3 z — N2?(z) € R of the
considered ANN maps the 1-dimensional input = € [0, 1] to the 1-dimensional
output N2 (z) € R.

10!

—— Double precision

—— Single precision
10—2 .

10—5 .

10—8 4

10—11 4

10—14 4

Mean square error (expected risk)

10—17 -

10720 T T : . : . .
100 10! 102 103 104 10° 106 107
Number of SGD steps

Figure 4.5: Plot of the estimated mean square error (expected risk) against
the number of SGD steps for Subsection 4.5.2
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Furthermore, note that (4.257) assures that the considered deep ANNSs consist of 31 weight
parameters and 11 bias parameters. We also refer to Figure 4.4 for a graphical illustration
of the deep ANN architecture described in (4.257). Moreover, observe that (4.258) ensures
that for all n,m € Ny we have that X™™ is continuous uniformly distributed on (0, 1).
In addition, note that (4.258) assures that (¢;)/?0y is a 42-dimensional standard normal
random vector. In Table 4.2 we approximately specify the mean square error (expected
risk)

E[L(©,)] (4.260)

against the number n of SGD steps for several n € {1,2,...,10°} and in Figure 4.5 we
approximately plot the values of Table 4.2. In Table 4.2 and Figure 4.5 we approximate
the expectations in (4.260) by means of Monte Carlo averages with 10° samples. The
PYTHON source code used to create Table 4.2 and Figure 4.5 can be found in Source
Code 4.3. In addition, in Source Code 4.4 we present a simplified variant of the PYTHON
code in Source Code 4.3.
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Table 4.2: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.2

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

1 0.706 932902 336 120605 | 0.706 932967 138 238 499
2 0.700 160920 619964 600 | 0.700161 001923 618 631
3 0.692209482 192993164 | 0.692209 648 713 430 048
4 0.674 339354 038 238 525 | 0.674 339512871169 444
5 0.663 867 592811584473 | 0.663 867 713 542 396 265
6 0.665 305376 052856445 | 0.665 305491 643 243 152
7 0.637214 303016662598 | 0.637214477 437771265
8 0.644 249260 425 567627 | 0.644 249489 759 242 344
9 0.640 169 501 304 626 465 | 0.640 169 765 706 354 976
10 0.614 596 188 068 389893 | 0.614 596 437 233 441 484
11 0.622903 585433959961 | 0.622903 790396 874 713
12 0.599834 263 324 737549 | 0.599834 490971 253 409
13 0.599 541 306 495 666 504 | 0.599 541 385 384 985 026
14 0.594 309 568 405 151 367 | 0.594 309 729 521 948 493
15 0.584 528 028 964 996 338 | 0.584 528 235 794 900 985
16 0.581495761 871337891 | 0.581 495960 783 550 370
20 0.536 507 546 901 702881 | 0.536 507 626 272 968 663
24 0.502 628 862 857818604 | 0.502628907 151 508 431
28 0.470990 091 562271 118 | 0.470990 082 727 713 422
32 0.446 294 248 104 095459 | 0.446 294 283 281 347 737
36 0.413737267255783081 | 0.413737193101 316181
40 0.387975394 725799561 | 0.387975 368 523 888475
44 0.391 652226 448 059082 | 0.391 652243 089 415 986
48 0.352867 037057876 587 | 0.352867 130722372913
52 0.343804 329633 712769 | 0.343 804 420667 347 455
56 0.310209423 303604 126 | 0.310209 522295 310 847
60 0.293 376 773595809937 | 0.293 376 803 131 859 376
64 0.269 867 300 987243652 | 0.269867 384 751 054 873
80 0.219015 121459960938 | 0.219015261 939 558 031
96 0.180515 885353088379 | 0.180515989 031416441
112 0.135529 562830924 988 | 0.135529 872406 490 698
128 0.108072988 688945770 | 0.108073 233 786 722 886
144 0.083469 435572624207 | 0.083469614 461 651 020
160 0.066 193 692 386 150 360 | 0.066 193 793 764 961 095
176 0.052916 873246431351 | 0.052916 943 858 673 952
192 0.041961 964219808578 | 0.041962 060 046 887 420
208 0.034614 630 043 506 622 | 0.034614 665473 569 797
224 0.027720 309793949 127 | 0.027 720 308 228 354 095
240 0.023 386 158 049 106 598 | 0.023 386 173 634 538 612
256 0.018949 629 738 926 888 | 0.018 949635241 030473
320 0.010 387994 349 002838 | 0.010387979 366 239 279
384 0.007233 595941215754 | 0.007233 591252614 298
448 0.005 628 840 532 153845 | 0.005628 851 876 781 546
512 0.005078634 712845087 | 0.005078631 535377 190
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Table 4.2: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.2

Number of SGD steps

Estimated mean square error (expected risk)

Single precision

Double precision

576

0.004 586 841 445416 212

0.004 586 845 028 329 780

640

0.004703 775513917208

0.004703 779 346 907 735

704

0.004 578 266 292 810 440

0.004 578 280 407 570 739

768

0.004 344 602 581 113 577

0.004 344 615838 743 911

832

0.005 446 200 259 029 865

0.005 446 222 167 284 568

896

0.004 311 462 398 618 460

0.004 311483074 770 449

960

0.003 878945 717 588 067

0.003 878958 647 074 864

1024

0.004 567 413 590 848 446

0.004 567 433 820 685 929

1280

0.003 858 407 726 511 359

0.003 858 417 882718 607

1536

0.004175057 634 711 266

0.004 175 069 395 585 085

1792

0.003 732 035 402 208 567

0.003 732030 766 466 828

2048

0.003 560 277167 707 682

0.003 560 283 940 305 226

2304

0.003 390471450984 478

0.003 390 475492 865 211

2560

0.002 882433 589 547 873

0.002 882426 419 749 709

2816

0.002 699 112985 283 136

0.002699 110 136 409 389

3072

0.002723 007 462918 758

0.002 722 985 090 608 629

3328

0.002 500 885 399 058 461

0.002 500 865 152138 916

3584

0.002 069 632 522 761 822

0.002 069 605 185433 262

3840

0.001949 147 321 283 817

0.001949 128 522125018

4096

0.002179 505 769 163 370

0.002179 503 693 993 366

5120

0.001 634 338 521 398 604

0.001 634 332 821 930 987

6144

0.001 564 364 531 077 445

0.001 564 358 853 229 929

7168

0.000 946 448 592 003 435

0.000946 448 757 445718

8192

0.001 129 143 405 705 690

0.001 129149 484013035

9216

0.001 083385315723 717

0.001 083 391 904 055 565

10240

0.001 037654 001 265 764

0.001 037657 068 415 507

11264

0.000960678 677074611

0.000960 677619 513 325

12288

0.000 981 489 778 496 325

0.000 981 488 230 215470

13312

0.000 824 468 035 716 563

0.000 824 465 739 739 446

14336

0.000 878 931 663 464 755

0.000878932 036 012423

15360

0.000969 799 584 709 108

0.000 969 792 660 626 467

16384

0.000 923 463 318 031 281

0.000923 458 249 482 142

20480

0.000961 496 261 879 802

0.000961 492195195671

24576

0.000 704 382 197 000 086

0.000 704 390 226 468 234

28672

0.000 762 685 143 854 469

0.000 762 688 985 258 432

32768

0.000 886 771 129 444 242

0.000 886 774 141 138 815

36864

0.000 828 889 256 808 907

0.000 828 894 363 205 109

40960

0.000 659 720 099 065 453

0.000659 727 355584 151

45056

0.000 712938 548 531 383

0.000 712942 853 875 637

49152

0.000 725765014 067 292

0.000 725 755 426 905 822

53248

0.000 598 815 735 429 525

0.000 598 795 392153 763

57344

0.000 556 507 555 302 233

0.000 556 480 800 988 887

61440

0.000505671 196 151 525

0.000 505 635 702427932

65536

0.000469 137914478 779

0.000469 114 685 532213
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Table 4.2: Estimated mean square error (expected risk)
against the number of SGD steps for Subsection 4.5.2

Number of SGD steps Estimated mean square error (expected risk)
Single precision Double precision

81920 0.000229416 749 789 380 | 0.000 229405 646 326 853
98304 0.000084 995779616293 | 0.000084 993 291 888 553
114688 0.000020 156 248 865533 | 0.000020 153 375721 047
131072 0.000001 501737756371 | 0.000001 501 306 134 988
147456 0.000 000407918 861 356 | 0.000 000404 662 873 524
163840 0.000000076 140 302951 | 0.000000073 643 535 799
180224 0.000 000 000 803 792644 | 0.000000001 018 668 246
196608 0.000 000 003 045 388 830 | 0.000 000004 077 964 365
212992 0.000 000060278 104286 | 0.000 000 058 752246 754
229376 0.000 000 000 660 325405 | 0.000 000 000 104 608 825
245760 0.000 000 046 855735292 | 0.000000031 151713762
262144 0.000000 041 359 754732 | 0.000000 023 552 372 543
327680 0.000 000020014 702784 | 0.000 000003 767 749 569
393216 0.000 000 000 740 123 351 | 0.000 000 000 004 497 087
458752 0.000 000006 188 518 586 | 0.000 000 000 001 728 945
524288 0.000 000 005677824877 | 0.000 000000001 306 597
589824 0.000 000 031 732060 535 | 0.000 000000 362 378 984
655360 0.000 000000716 110560 | 0.000 000 000 000 239 891
720896 0.000 000019258 559192 | 0.000 000 000 050 518 082
786432 0.000 000012250 540 138 | 0.000 000 000 000 173 275
851968 0.000 000 045 770 057966 | 0.000 000001 553 045 828
917504 0.000 000000 677049472 | 0.000 000000 000 066 103
983040 0.000000 014 426 149164 | 0.000 000 000 000 073 339
1048576 0.000 000039 385387396 | 0.000000 000000059871
1310720 0.000000019 737989021 | 0.000 000000000014 316
1572864 0.000 000 000 630 332564 | 0.000 000 000 000 008 420
1835008 0.000 000000 771909037 | 0.000 000000000 001 648
2097152 0.000 000 000 663 941 346 | 0.000 000 000 000 002 328
2359296 0.000 000 000 649475085 | 0.000 000 000000000111
2621440 0.000 000 000 691 767865 | 0.000 000 000 000 000 626
2883584 0.000 000 000 538 107503 | 0.000 000 000 000 000 506
3145728 0.000 000 000 602 551176 | 0.000 000 000 000 000 444
3407872 0.000 000 000 639 608 255 | 0.000 000 000 000 000 058
3670016 0.000 000 000559835511 | 0.000 000000 000 000 144
3932160 0.000 000 000 643 322007 | 0.000 000 000 000 000 360
4194304 0.000 000 000470332384 | 0.000000 000000000 134
5242880 0.000 000 005 787236 024 | 0.000 000 000 000 000 177
6291456 0.000 000003 829629946 | 0.000 000 000 000 000 026
7340032 0.000 000 000421432528 | 0.000 000 000 000 000 028
8388608 0.000 000 000 530893 718 | 0.000 000 000 000 000 007
9437184 0.000 000 000 555500201 | 0.000 000 000 000000001
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import numpy as np

import torch

import copy

import matplotlib.pyplot as plt

# use GPU if avatlable
dev = torch.device("cuda") if torch.cuda.is_available() else torch.<

device("cpu")

# set prectsion to double
torch.set_default_dtype(torch.float64)

# configure the training parameters

steps = 10000000 #n
batch_size = 100 # M_n, number of sample points
gamma = 1/2000 # step size (learning rate)

# get sample data

torch.manual_seed(0)

sample_data_double = (torch.rand(batch_size*(steps+1), 1)).to(dev)
sample_data_single = sample_data_double.type(torch.float32)

# set parameters

10, 1.1, 1.2, 1_3 1, 3, 7, 1 # dimensions of the layers
a, b=0, 1 # the domain will be [a,b]
xi =1 # constant target function

# define loss function
def loss(N, x):
y = N(x)
return (y-xi).square() .mean()

# function setting the starting model parameters as normally <
distributed
def init_weights(n):
if isinstance(n, torch.nn.Linear):
torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(1_1))
torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(1_1))

# set up NN model

N_double = torch.nn.Sequential(
torch.nn.Linear(1_0, 1_1),
torch.nn.RelLU(),
torch.nn.Linear(1_1, 1_2),
torch.nn.ReLU(),
torch.nn.Linear(1_2, 1_3)

) .to(dev)

# set up normally distributed starting model parameters
torch.manual_seed(0)

N_double.apply(init_weights)

N_single = copy.deepcopy(N_double)
N_single.type(torch.float32)

# define observation points
obs = np.empty(shape=129)
index = 0
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97
98
99
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104
105

107
108
109

110
111
112
113

114

for i in range(0, 23, 2):
for k in range(2%*i, min(2**(i+2), steps)):
if k % max(1l, 2*%x(i-2)) == False:
obs[index] = k
index = index + 1

# set up table
losses_table = np.empty((len(obs), 3), dtype=object)

# approxzimation in double precision
# optimizer function
optimizer_double = torch.optim.SGD(N_double.parameters(), lr=gamma)

# train the network
for step in range(steps+1):
# generate uniformly distributed samples from [0,1]
x = sample_data_double[step*batch_size: (step+1)*batch_size]
# set the gradients back to zero
optimizer_double.zero_grad()
# compute the loss
L = loss(N_double, x)
# compute the gradients of L w.r.t. the model parameters
L.backward()
# update the model parameters
optimizer_double.step()
# save results in the table
if step in obs:
losses_table[np.where(obs == step) [0], [0, 2]] = step, L.data

# approxzimation in single precision
# optimizer function
optimizer_single = torch.optim.SGD(N_single.parameters(), lr=gamma)

# train the network
for step in range(steps+1):
# generate untiformly distributed samples from [0,1]
x = sample_data_single[step*batch_size: (step+1)*batch_size]
# set the gradients back to zero
optimizer_single.zero_grad()
# compute the loss
L = loss(N_single, x)
# compute the gradients of L w.r.t. the model parameters
L.backward ()
# update the model parameters
optimizer_single.step()
# save results in the table
if step in obs:
losses_table[np.where(obs == step) [0], [0, 1]] = step, L.data

# save table

np.savetxt('mean_square_error_example2.csv', losses_table, delimiter='<«

1
)

fmt="'%s, %.64f, %.64f"')

# plot mean square error

plt.loglog(losses_table[:, 0], losses_table[:, 2], "r", label='Double «

precision')

plt.loglog(losses_table[:, 0], losses_table[:, 1], "b", label='Single «

precision')
plt.ylim([0.00000000000000000001, 10])
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plt.x1im([1, 12000000])

plt.xlabel('Number of SGD steps')

plt.ylabel('Mean square error (expected risk)')

plt.legend()
plt.savefig('mean_square_error_example2_loglog_graph', dpi=1200)

Source Code 4.3: PYTHON code used to create Table 4.2 and Figure 4.5 in
Subsection 4.5.2 (filename: sgd2.py).

import numpy as np
import torch
import matplotlib.pyplot as plt

# use GPU if avatlable
dev = torch.device("cuda") if torch.cuda.is_available() else torch.<
device("cpu")

# set precision to double
torch.set_default_dtype(torch.float64)

torch.manual_seed(0)

# configure the training parameters

steps = 10000000 #n
batch_size = 100 # M_n, number of sample points
gamma = 1/2000 # step size (learning rate)

# set parameters

10,11,12,13=1, 3,7, 1 # dimensions of the layers
a, b=0, 1 # the domain will be [a,b]
xi =1 # constant target function

# define loss function
def loss(N, x):
y = N(x)
return (y-xi).square() .mean()

# function setting the starting model parameters as normally <«
distributed
def init_weights(n):
if isinstance(n, torch.nn.Linear):
torch.nn.init.normal_(n.weight, 0, 1/np.sqrt(1_1))
torch.nn.init.normal_(n.bias, 0, 1/np.sqrt(1_1))

# set up NN model

N = torch.nn.Sequential(
torch.nn.Linear(1_0, 1_1),
torch.nn.RelLU(Q),
torch.nn.Linear(1_1, 1_2),
torch.nn.RelLU(),
torch.nn.Linear(1_2, 1_3)

) .to(dev)

# set the starting model parameters as normally distributed
N.apply(init_weights)
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# optimizer function
optimizer = torch.optim.SGD(N.parameters(), lr=gamma)

# define observation points

obs = np.empty(shape=129)

index = 0

for i in range(0, 23, 2):

for k in range(2%*i, min(2**(i+2), steps)):
if k % max(1l, 2%x(i-2)) == False:

obs[index] = k
index = index + 1

# train the network
loss_table = np.empty((len(obs), 2), dtype=object)
for step in range(steps+1):
# generate uniformly distributed samples from [0,1]
x = (torch.rand(batch_size, 1)).to(dev)
# set the gradients back to zero
optimizer.zero_grad()
# compute the loss
L = loss(N, x)
# compute the gradients of L w.r.t. the model parameters
L.backward()
# update the model parameters
optimizer.step()
# save results in the table
if step in obs:
loss_table[np.where(obs == step) [0], :] = step, L.data

# plot mean square error

plt.loglog(loss_table[:, 0], loss_table[:, 1], color= "r")
plt.ylim([0.00000000000000000001, 10])

plt.x1im([1, 12000000])

plt.xlabel('Number of SGD steps')

plt.ylabel('Mean square error (expected risk)')

plt.show()

Source Code 4.4: Simplified variant of the PYTHONscript in Source Code 4.3
above (filename: sgd2_short.py).
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