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ABSTRACT. In the first part of this thesis (Chaptersto, we generalize and simplify
the constructions of [DR14] and [Hsi21| of an unbalanced triple product p-adic L-function
.pr (f,g,h) attached to a triple (f,g,h) of p-adic families of modular forms, allowing
more flexibility for the choice of g and h.

Assuming that g and h are families of theta series of infinite p-slope, we prove a
factorization of (an improvement of) fpf (f,g,h) in terms of two anticyclotomic p-adic
L-functions. As a corollary, when f specializes in weight 2 to the newform attached to an
elliptic curve F over Q with multiplicative reduction at p, we relate Heegner points on E to
p-adic partial derivatives of gpf (f,g,h) evaluated at the critical triple of weights (2,1,1).

In the second part (chapters @] to @ we generalize the p-adic explicit reciprocity laws
for balanced diagonal classes appearing in [DR17] and [BSV20| to the case of geometric
balanced triples (f, g, h) of modular eigenforms where f is ordinary at p, while g and h are
supercuspidal at p. This allows to obtain a geometric interpretation of the specializations
of the p-adic L-function pr (f,g,h) in the so-called geometric balanced region, when g
and h are families of theta series of infinite p-slope.

ZUSAMMENFASSUNG. Im ersten Teil dieser Arbeit (Kapitel [1| bis [5) und verein-
fachen wir die Konstruktionen einer unausgewogenen Tripelprodukt p-adischen L-Funktion
fpf(f,g,h) von |[DR14| und [Hsi21|, die einem Tripel (f,g,h) von p-adischen Familien
von Modulformen zugeordnet ist, und ermdglichen dabei mehr Flexibilitat bei der Wahl
von g und h.

Unter der Annahme, dass g und h Familien von Theta-Reihen unendlicher p-Steigung
sind, beweisen wir eine Faktorisierung von (einer Verbesserung von) pr (f,g,h) als Pro-
dukt von zwei antizyklotomischen p-adischen L-Funktionen. Falls die Spezialisierung von f
in Gewicht 2 der Modulform einer elliptischen Kurve F iiber Q mit multiplikativer Reduk-
tion bei p entspricht, erhalten wir als Korollar, dass Heegner-Punkte auf E in Beziehung zu
p-adischen partiellen Ableitungen von .pr (f,g,h) in dem kritischen Tripel von Gewichten
(2,1,1) stehen.

Im zweiten Teil (Kapitel@bis @ verallgemeinern wir die p-adischen expliziten Reziproz-
itdtsgesetze fiir ausgewogene diagonale Klassen, die in [DR17] und [BSV20] auftreten,
auf den Fall geometrisch ausgewogener Tripel (f,g,h) von Eigenformen, bei denen f bei
p gewohnlich ist, wihrend g und h bei p superkuspidal sind. Dies ermdglicht eine ge-
ometrische Interpretation der Spezialisierungen der p-adischen L-Funktion .,Zﬂpf (f,g,h) im
sogenannten geometrisch ausgewogenen Bereich, wenn g und h Familien von Theta-Reihen
unendlicher p-Steigung sind.
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Introduction and statement of the main results

The unbalanced triple product p-adic L-function. Let p > 3 be a rational prime.
We fix an algebraic closure Q of Q, an algebraic closure @p of @, together with an em-
bedding ¢, : Q- @p extending the canonical inclusion Q < @Q,. All algebraic extensions
of Q (resp. Q) are viewed inside the corresponding fixed algebraic closures. We extend
the p-adic absolute value |- |, on Q, (normalized so that [p|, = 1/p) to @, in the unique
possible way. We denote by C,, the completion of @p with respect to this absolute value.
It is well-known that C, is itself algebraically closed. We also fix an embedding ¢ : Q-C
extending the canonical inclusion Q < C and we often omit the embeddings ¢, and ¢ from
the notation.

Let L/Q), be a finite extension and let A := O [[1+pZy]] be the corresponding Iwasawa
algebra (O being the ring of integers of L). Consider a new, L-rational, Hida family

f- 2’? an(F) 7" €S (N4 x4, A)

of tame level Ny (p + Ny¢) and tame character x ¢ of conductor dividing Ny-.
Let also

+00 too
g= Zan(g)qnegﬂl(M7XgaRg) and h= Zan(h)anSQz(MathRh)
n=1 n=1

be two generalized normalized A-adic eigenforms with x ¢ - Xxg - Xn = w?® for some integer
a, where w denotes the Teichmiiller character modulo p and N¢ | M.

Our notion of generalized A-adic forms takes inspiration from [DR14} Definition 2.16].
For a precise definition and for the explanation of the notation we refer to chapter
Here we just mention that we are not imposing any condition on p-slopes and that we are
allowing the rings of coefficients Ry and R}, to be complete local noetherian flat A-algebras
(not necessarily finite as A-algebras), having the same residue field as Oy,

If g and h are Hida families, the works of Darmon-Rotger [DR14| and Hsieh [Hsi21|
attach to the triple (f,g,h) a so-called f-unbalanced square-root triple product p-adic
L-function. It arises as an element

Z](f.9,h) € Rggn = A&o, Rg®0, Ri, .

whose square interpolates the central values of the triple product L-functions attached to
the specializations of (f,g,h) at f-unbalanced triples of weights.

More precisely, given two primitive Hida families g# and h* of respective tame level
Ng and Np, Hsieh associates to the triple (f, g7, h#) a preferred choice of test vectors
(f*.g",h") of tame level Nygp = lem(Ny, Ng, Np) and then performs the construction
of the p-adic L-function for this choice of test vectors, which grants some control on the
nonvanishing of the local zeta-integrals at primes dividing Nygp appearing in Ichino’s
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formula (cf. |[IchO8| theorem 1.1]). In our applications finding the correct test vector will
not be a problem, so the reader is invited to think of our generalized families g and h fixed
above as test vectors for families of tame level dividing M.

We show in chapter [2| that the costruction of fpf (f,g,h) can be extended to our more
general setting.

PROPOSITION 0.1 (cf. definition proposition and proposition : Assume that
the residual Galois representation Vf of the big Galois representation Vg attached to f is
absolutely irreducible and p-distinguished. Then there is an element fpf(f,g,h) € Rggn
such that for every f-unbalanced triple of meaningful weights w = (x,y,z), the following
formula holds:

Lx—(f x g, % hz, k+l+m—2)
Dg/pf ’ ,h 2 _ z Y 2 f;u/,nb fw
(] (F.9.m)(w)) e 1

where:

(i) L* denotes the completed L-function (including the archimedean local factor);
1) Q¢ is a suitable period attached to f.., essentially given by its Petersson norm;
fe x

(113) ,ﬂfv‘f;b (resp. i) is a suitable normalized local zeta integral at p (resp. at £).

REMARK 0.2: Here we group some observations elucidating the relations between our
construction of fpf (f,g,h) and the existing literature on the subject.

(i) As already pointed out, we adapt Hsieh’s construction to our setting, following a
method that essentially already appears in [Hid93, chapters 7 and 8]. The theory of
generalized A-adic forms developed in chapter [I] allows us to simplify the construction.
In particular, we show that the theory of ordinary parts carries over in this generalized
setting (cf. proposition and thus we do not need to prove the equivalent of [Hsi21}
lemma 3.4].

(ii) The (only) novelty of our p-adic L-function consists in allowing g and h to be gener-
alized families in the sense described above. A natural question to ask is whether in
our generalized setting one can find more naturally families which are not captured by
Hida-Coleman theory.

(iii) In [Fuk22| the author provides a similar generalization of Hsieh’s work to the case in
which g and h are not necessarily Hida families. Yet, Fukunaga’s notion of general p-
adic families of modular forms does not allow our generality for the rings of coefficients.
Moreover, in the framework of |[Fuk22| one cannot view the Fourier coefficients of such
families as continuous/analytic function on a suitable weight space in general.

(iv) It should not be too hard to extend our results to the case where f is a Coleman family
(i.e., to the finite p-slope case), adapting the techniques of |[AI21] (cf. also the recent
preprint |[GPJ23]).

(v) As already observed, we do not perform a general and careful level adjustment as in
|[Hsi21]. It is clear that one could mimic Hsieh’s recipes to achieve more generality in
the construction.

A

Factorization of triple product p-adic L-functions. In the second part of the
paper, we discuss some arithmetic applications in the setting the we now describe.
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Assume that p > 5 and let f be a Hida family of tame level Ny with trivial tame
character. Fix K/Q a quadratic imaginary field of odd discriminant —dy and two ray class
characters 1 and 7y of K, that we can view as valued in L.

The following assumptions are in force:

(A) pis inert in K;

(B) Ny is squarefree, coprime to the discriminant of K and with an even number of prime
divisors which are inert in K (Heegner hypothesis);

(C) m; has conductor cp" Ok, with r>1 and c € Zs1, (¢,p-dg-Ng) =1, ¢ not divisible by
primes inert in K.

(D) m and ny are not induced by Dirichlet characters and the central characters of 7; and

72 are inverse to each other, so that ¢ = 7172 and ¢ = 9179 are ring class characters of
K (here (o) = Gal(K/Q)).

A classical theorem of Hecke and Shimura attaches to the character n; (resp. 72) a
cuspidal newform g (resp. h) of weight 1, namely the theta series attached to n; (resp. 72).
In chapter we describe how to realize g (resp. h) as the weight 1 specialization of a p-adic
family g (resp. h) of theta series of tame level dg. Note that our notion of generalized
A-adic form is taylored to include families such as g and h as non-trivial examples and
that the specializations of g (resp. h) will always be supercuspidal at p (hence of infinite
p-slope).

After fixing a choice of test vectors g* (resp. h*) of tame level N¢-dy - ¢?, in chap-

ter |4 we define an improved version E{:( f,g,h) of pr (f,g*,h"), satisfying a simplified
interpolation property. This relies on Hsieh’s computations of local zeta integrals (and on
Fukunaga’s generalizations of Hsieh’s results in |[Fuk22|).

Let H,, denote the ring class field of K of conductor cp™ for every n € Zsg and let Ho,
be the union of all the H,,’s. Let ¥ := Gal(Ho/K). We can identity the maximal Z,-free
quotient I'” of ¥,, with the Galois group of the anticyclotomic Z,-extension of K and there
is an exact sequence 0 > A, - %, — I'" = 0 of abelian groups with A, a finite group and

I'" = Z,. We fix a non-canonical isomorphism %, = A, x I'" once and for all.
Then ¢ (resp. 1) factors through %, and we write it as (¢, ¢7) (resp. (¢, ¢7))
according to the fixed isomorphism ¥, 2 A, xI'".

For k € Z5o N 27, let %;r};c denote the set of continuous characters 7 : I'" - C; such that
the associated algebraic Hecke character v : A} /K* — C* has infinity type (j,-j) with
l7] < k/2.

The main result of chapter [4] is the following factorization theorem for the anticyclo-
tomic projection E};ac(f,g, h) of E};(f,g, h) (cf. definition . This factorization is a
counterpart of |Hsi2l|, proposition 8.1] (which assumes p split in K) and an upgrade of
[BSV22al theorem 3.1| to the case of Hecke characters with non-trivial p-part.

THEOREM 0.3 (cf. theorem [4.25)): In the above setting, it holds:
L) (f.9.h) = 2pgn - (07 (OB (£, 1)) & ™ (OE(F,40))) -
This equality takes place in the ring
R = (RF—®ARF—) [1/p], where Rp-:= A®OLOL[[F_]]

and the notation is as follows.
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(i) ON8(f, ¢;) € Rp- (resp. ON8(f,4,) € Rp-) is (a slight generalizations of) a so-called
big theta element constructed by Castella-Longo in |CL16|, building up on works by
Bertolini-Darmon (cf. [BD96|,|BD98|,|[BD07]) and Chida-Hsieh (cf. |[CH18|). These
p-adic L-functions interpolate (the square root of the algebraic part of) the special
values L(f,/K, o, k[2) (vesp. L(f,/K, v, k[2)) for k € Zsa even and U € %;f}ct

(ii) ¢~ (7) (resp. ¥~ (7)) for 7 € Rp- denotes the image of the element 7 via the Of-linear
automorphism of Rp- uniquely determined by the identity on A and the assignment
[v] = ¢~ (M)[] (resp. [v] =9~ (7)[7]) on group-like elements on OL[[I]].

(iii) The element &¢gp € R~ is defined in proposition and satisfies the crucial property

that, for all 0, /i € .’{;fizt, Hpgn (2,0, 1) # 0.

The proof of theorem [0.3] follows from the decomposition arising in our setting at the
level of Galois representations (cf. lemma and from a careful comparison of the Euler
factors at p (or p-adic multipliers) appearing in the interpolation formulae for the various
p-adic L-functions. In particular, this requires an explicit computation of the normalized
local zeta integral at p (denoted above by fﬁjf;ﬁ’), carried out in proposition

p-adic formulas for Heegner points. In chapter [f] we apply theorem [0.3] to the
study and the construction of Heegner points on elliptic curves. In what follows, we keep
the notation as above and we let E/Q be an elliptic curve with multiplicative reduction at
p. Let fg € So(To(Ng)) be the cuspidal newform of level Ng attached to E via modularity.
Note that this implies that Ng = p- N with p + Np. Assume now that f denotes the
unique primitive Hida family in Sord(NfE, 1, A) of tame level N7, and trivial tame character,
such that f, = fg.

We also impose an extra condition on the characters n,n2 (cf. assumption :

(E) ¢ = mmn2 has conductor prime to p and v = ;75 has non-trivial anticyclotomic part
(i.e., ¥~ is non-trivial).

In particular it follows that ¢~ is trivial and that we can identify ¢ = ¢; as a character
of the finite group A.. Let H, denote the abelian extension of K cut out by ¢ and observe
that p splits completely in H,.

Upon fixing a primitive Heegner point P € E(H,) ® Q and setting a := a,(F) € {1},
one can define:

Py,i= Y (o) 'P7e(E(H,)®Q)*?
oeGal(H,/K)
P =P,ta Py ¢ E(H,)® Q.
One can show that P;a does not depend on the choice of prime p of H, above p. In what
follows we fix the choice induced by our fixed embedding ¢, : Q- @p and we view the
points P, and P, as elements of F(Q,2) ® Q under such an embedding.

Nej

As F has multiplicative reduction at p, we can take advantage of Tate’s parametrization
of E to define a logarithm logp : £(Q,2) ® Q -~ Q,2 at the level of Q,2-rational points.

Relying on theorem and on previous results by Bertolini-Darmon (cf. [BD98| and
[BD07]), we deduce the results summarized in the following statement.
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PROPOSITION 0.4 (cf. corollaries , and : In the above setting, assume moreover
that L(E/K,v,1) # 0. Then the restriction Ly, (f,g,h) of L’Z],c(f,g,h) to the line (k,1,1)

vanishes at k =2 and J
f _CE
%‘Cp(f7g7h)|k=2 =5 logg(P, )

for some explicit constant cg € Q;

Similarly, the restriction ﬁf;ac(fE,gh) of Ei:,ac(f,g, h) to the line (2,0,0) vanishes at
v =1 (the trivial character) and

d _
555,ac(fE,gh)|p=1 =cp-logp(P, )

for the same constant cg.
In particular, if ¢ is a quadratic (or genus) character, the following are equivalent:
(1) . ;
(ﬁﬁﬁ(ﬁg, h)k=2 » Eﬁg,ac(ijgh)wﬂ) #(0,0)
(it) The point P, is of infinite order.

REMARK 0.5: In [BSV22a| (cf. also [DR22|) the authors study a setting similar to ours,
but require the characters 1, and 72 to have conductor coprime to p. As a consequence,
the order of vanishing of the restriction Eg (f,9,h) to the line (k,1,1) of the corresponding
triple product p-adic L-function is at least 2. From a factorization in the style of theorem
they deduce a formula for the second derivative of Eg( f,g,h) at k=2 in terms of the
product of logarithms of two Heegner points (respectively related to the characters that
we denoted ¢ and ). Our construction allows instead to pin down a single Heegner point

from the study of L’g(f,g, h) around the triple of weights (2,1,1). A

The explicit reciprocity law. The second part of this thesis is devoted to the proof
of a p-adic explicit reciprocity laws for balanced diagonal classes, which extends those
appearing in [DR17| and [BSV20] to the setting that we now describe.

Fix a positive integer M coprime to p and a positive integer ¢ such that Mp' > 5.
We let V; := Yi(Mp')g denote the open modular curve over Q of level I'y(Mp') and
X, := X1(Mp")g denote the compactified modular curve of that level. We consider a triple
of cuspidal modular forms

feSe(Mp', xp), ge€SI(Mp',xg), heSm(Mp' xn)
We assume that the triple (f, g, h) satisfies the following requirements:

(i) For & € {f,g,h}, we assume that ¢ is a normalized eigenform (for the level Mp!) and
that £ is an eigenform for the U, operator.
(ii) The triple (f,g,h) is self-dual, i.e., xfxgXp is the trivial character modulo Mp’ (in
particular k + [+ m is an even integer).
(iii) The triple of weights (k,l,m) is balanced and geometric, i.e., (k,l,m) are the sizes
of the edges of a triangle and v > 2 for v € {k,l,m}.
We fix a finite and large enough extension L of Q, (with ring of integers Or,) containing

the Fourier coefficients of f,g,h (and a primitive Mp’-th root of 1) and we write r =
(k—2,1-2,m~-2) e (Zs)® and r = (k+1+m—6)/2.

In part 3 of [BSV22b|, the authors associate to the triple (f,g,h) a Galois cohomol-
ogy class k(f,g,h) € H(Q,V(f,g,h)) where V(f,g,h) is essentially a suitable twist of
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the tensor product of the (duals of the) Deligne representations attached to f,g,h (more
precisely the direct sum of some copies of this tensor product). These cohomology classes
are realized as the (f,g,h)-isotypical projection of the pushforward along the diagonal
d 1 Y; = Y3 (p-adic Abel-Jacobi map) of an invariant Det&' depending only on the triple
of weights (k,l,m) (or equivalently, as shown in [BSV22b, section 3.2|, the pushforward
of a so-called generalized Gross-Kudla-Schoen diagonal cycle on the corresponding prod-
uct of Kuga-Sato varieties, again only depending on the triple of weights (k,l,m)). The
construction of x(f,g,h) is recalled in more detail in chapter @

The setting in which we will work is characterized by the two following assumptions.

(fora) There exist a positive integer M; | M such that f e Sp(Mip,xs) is the ordinary
p-stabilization of a newform of level M7 > 5
(SC) The forms g and h are supercuspidal at p and lie in the kernel of U,.

REMARK 0.6: The above assumption (ii) will be relaxed in chapter 6] (cf. assumption[6.11]).
Similarly, f will be allowed to be a p-ordinary newform of level M;p® for some s <t (not
necessarily s = 1). In this introduction we impose stronger assumptions in order to obtain
cleaner statements and to avoid inessential technicalities. A

Note that the reciprocity laws proven in [DR17] and [BSV20| always require some finite
slope (or ordinarity) assumption on g and h. To the author’s knowledge, the case of g and
h supercuspidal has not been addressed in the literature so far.

A first complication introduced by assumption (SC) is that one can only hope that the
class k(f,g,h), viewed as a local class in H'(Qp, V(f,g,h)), becomes crystalline over a
non-trivial finite extension of @Q,. Nevertheless, in chapters [7| and |8 we explain (at least
when the weight & of f is at least 3) how to view the Bloch-Kato logarithm of x(f,g,h)
as a linear functional

logfic (v(f,9,1)) : FI’ (ViR (f.9.h)) ~ L
Here V*(f,g,h) arises as the Kummer dual of V(f,g,h) (and by the self-duality assump-
tion on (f,g,h) it is actually isomorphic to V' (f,g,h) itself).
One can find a distinguished element
nfzap Q@ wg @ wWp Qtrio € FﬂO(V:;R(fa g, h))

which is defined more precisely in section [7.2l The explicit reciprocity law alluded to in
the title of this section describes the value of logg?(m(f,g, h)) at n]fzap Qwyg®wp ®try as
follows.

THEOREM 0.7 (cf. theorem[9.2): Let (f,g,h) be a triple satisfying assumptions (fora) and
(SC) as above. If, moreover, the weight k of f is at least 3, then

h =
logla?' (k(f, g, W) (07" @ wy ® wi, ® trs2)
s equal to

(D 2 (r =k +2)!- ar(e f{(Tragpeanpe (9 x d572R))) .

The notation appearing in the theorem goes as follows. We let a;(§) denote the first
Fourier coefficient of the g-expansion at oo of a modular form £. The modular form f is
the normalized eigenform which is a scalar multiple of wyy, (f) (where wyy, is a suitably
defined Atkin-Lehner operator) and e 7 denotes f—isotypical projection.
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Finally, d denotes Serre’s derivative operator, which acts as qdiq on g-expansions. Note
that for a negative integer t (here (k—1-m)/2 < 0 since the triple of weights (k,l,m) is
balanced), we define d* as the p-adic limit of the operators d*+P=DP™ for m - +o0. Then d*
is an operator sending p-adic modular forms of weight v to p-adic modular forms of weight
v+2t. In particular one can interpret g x dk=l=m)/2p a5 a p-adic modular form of weight k.
Since the operator e ¥ includes an ordinary projection, Hida’s classicality theorem shows
that

6f(TI‘Mpt/M1pt (g X d(kflfm)ph))

is given by the g-expansion of a classical modular form of weight k£ and level M;p.

The proof of theorem follows closely the steps of the proof of theorem A in [BSV20)|
(namely a p-adic reciprocity law for triples of eigenforms of level coprime to the fixed prime
p) and, more generally, the recipe for the computation of the cohomological triple symbol
described in [BLZ16|. However, in our setting we had to face some further difficulties. In
particular, since the forms ¢ and h inevitably have non-trivial level at p, we are forced to
work over modular curves (or products of such) which do not have good reduction at p
and only admit a semistable model over the ring of integers of a finite (typically ramified)
extension of Q,. In this setting cohomology theories such as Hyodo-Kato cohomology
and syntomic cohomology - that typically allow this kind of computations - are more
complicated to handle.

In chapter [§ we introduce the necessary facts concerning syntomic and finite-polynomial
cohomology for semistable varieties and we describe a syntomic version of the p-adic Abel-
Jacobi map. The proof of theorem is the subject of chapter [9}

Cohomological description of fpf (f,g,h) and further directions. We complete
this introduction by underlying the close link between the p-adic L-function ,,"fpf (f,g.,h)
and the explicit reciprocity law of theorem [0.7 Indeed, when g and h are generalized
p-adic families whose classical specializations are supercuspidal at p (and p-depleted) - as
it happens in the case of families of theta series of infinite p-slope considered in proposition
[0:4] above - we have that, essentially by construction,

LI(f.9.h)(w) =7y, - ar(ep, (Trane/anyp (g, x A7 7Phy))).

for every balanced triple of meaningful weights w = (x,y, 2), where v denotes the spe-
cialization at = of the congruence number ¢ of the Hida family f (see the discussion in
section . Assuming that (f,,g,,h.) satisfies the self-duality condition (ii) described
above, we deduce immediately the equality

(-D)*2-9y,
(r-k+2)!
Such a result is consistent with the fact that one expects to interpolate p-adically in
a meaningful way the objects appearing in the RHS of formula , in particular the
classes r(f;,g,,h.). Following [DR17] and [BSV22b]|, there should exist a big diagonal
class k(f, g, h) interpolating p-adically the diagonal classes x(f,,g,,h.).

fgh

(0.1) £ (f.9,h)(w) = loggic (#(far gy h2)) (7 7 ® wg, ® wh, ® tr12)

Motivated by results of [BSV22a|, one expects to provide a relation between the special-
ization at (2,1,1) of k(f,g,h) (or a suitable improvement) to suitable p-adic derivatives of

.i”pf (f,g,h) evaluated at (2,1,1). In the arithmetic setting of proposition M this result
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would provide a link between Heegner points and (p-adic limits of) diagonal classes. The
author plans to address these sort of questions in the coming future.

Notation and conventions

If F is any field, we denote by G the absolute Galois group of F' (defined after fixing a
suitable separable closure) and we denote F® the maximal abelian extension of F (inside
such a separable closure).

If T is a profinite group and R is a topological ring we denote by R[[T']] the completed
group algebra with coefficients in R (with the profinite topology) and we write [y] for v € T’
to denote the corresponding group element in the ring R[[T']].

We denote by A the ring of adéles of Q and if B is a finite separable Q-algebra we let
Ap:= A ®g B denote the corresponding ring of adéles of B.

For every number field E, we let the Artin reciprocity map
recg : A% /E* - Gal(E®/E)

to be arithmetically normalized, i.e., if v is a finite place of E the compatible local Artin
reciprocity map

recp, : B - D, = Gal(E™/E,)

is the unique map such that for every uniformizer = of E, it holds that recg, (7) acts as the
Frobenius morphism on the maximal unramified extension of FE, (inside F). We write
Frob, to denote an arithmetic Frobenius element at the place v in Gg.

If K is a quadratic imaginary field and 1 : Gxg - R* (here R can be any ring) is a
character, we let 17 to denote the conjugate of 1, i.e., n7(y) = n(oyo ') for v € G, where
o € Gk is any element such that o|x generates Gal(K/Q) (one possible explicit choice for
o is the complex conjugation induced by the fixed embdedding ¢ ).

If x: A} /K* - C* is an algebraic Hecke character of K, we say that x has oo-type
(a,b) if for all z € C* it holds x(z®1) = 27977,

Given a smooth function f on the upper-half plane H := {7 € C | Im(7) > 0} and
w= (‘; g) € GLa(R)* (invertible 2 x 2 matrices with positive determinant) and k € Z, we
set

flrw(r) = det(w) 2 (er +d) - f(2B)  ren

If T c SLy(Z) is a congruence subgroup and k € Zs1, we let My (T") (resp. Sk(I')) be the
C-vector space of (holomorphic) modular forms (resp. cusp forms) of weight k and level
I'. For T'=T1(N) for some N >1 and x a Dirichlet character modulo N, we let My (N, x)
(resp. Sk(N,x)) denote the spaces of modular forms (resp. cusp forms) of weight k, level
' (N) and nebentypus y. Unless otherwise specified, we refer to [Miy06| for the all the
basic facts concerning the analytic theory of modular forms which are mentioned freely
without proof.

We refer to the notes [BC| for the basic facts concerning p-adic Hodge theory and for
the definition of Fontaine’s period rings Bgr, Beris and Bgt.
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CHAPTER 1

Generalized A-adic modular forms and ordinary projection

In this chapter, we define a generalized notion of A-adic forms and we extend Hida’s
theory of the ordinary projector to this setting.

1.1. First definitions and examples

Let L be (as in the introduction) a finite extension of Q,, with ring of integers Oy,
uniformizer wy, and and residue field Fy, := O /wOf.

Recall that A := Op[[1+ pZ,]] is the completed group algebra for the profinite group
1+ pZy,. It is a complete local Of algebra of Krull dimension 2, with maximal ideal
my = (wp,T) and residue field F. We fix once and for all the isomorphism

A= OL[[T]

uniquely determined by sending [1+p] — 1+7T and sometimes we write A to denote directly
OL[[T]] via this identification.

In this section, we will denote by (R, ) a complete local noetherian A-algebra (here
we also mean that ¢ : A - R is a continuous local homomorphism of Op-algebras) with
maximal ideal mp (also denoted m when it is clear from the context) and residue field
R/mp isomorphic to Fy. We let Ca to be the category of such A-algebras, with arrows
given by (continuous) homomorphisms of A-algebras. Similarly we have a category é@L
and viewing A as Op-algebra in the obvious way, we get a functor Ca — é@L by pullback.

Sometimes we just write R instead of (R, ) to simplify the notation, although the
structure morphisms are going to play an important role in what follows.

DEFINITION 1.1: For R € Ca and any complete subring Oy, € A ¢ C,, we write

WR(A) = Homgﬂogialg(Ra A) s

endowed with the topology of uniform convergence on compact sets (which is essentially

the p-adic topology). The elements of Wgr(A) will be called (A-valued) R-weights (or
R-specializations).

REMARK 1.2: Let L' be a finite extension of L inside C, with ring of integers Or,. Then

for every w € Homg’gfalg(R, L") it holds Op, c w(R) ¢ L, but w(R) cannot be a field. This

forces w(R) € Of, so that we can identify Wr(L') = Wr(Opr/) = Hom; (R, Opr/) in our
L

setting. A
We fix an embedding Z, < W (L), given by sending k € Z,, to the unique Op-algebra
homomorphism sending T+ (1 + p)¥ - 1.

DEFINITION 1.3: An element w €e Wi (C,) is an arithmetic weight if it is uniquely deter-
mined by the assignment T+ (1+p)-(1+p)*~1, where k € Zy1 and € : 1+pZ, — ppee C C, is
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a finite order character. In this case we write w = (k, <) and we denote the set of arithmetic
weights by W{"

We say that w = (k,¢) is classical if k£ > 2 and we denote the set of classical weights
by W/‘il. Clearly Z, N W/‘il =Zso C Wf\l via the embedding Z;, - W) (L).

DEFINITION 1.4: Let (R,) € Cy. We define the set of classical R-weights as
Wi = {w e Wr(C,) | wo e WE)

and the set of integral classical R-weights as
Witz = {w e Wr(Cp) [wo p € Zu}.

For every w ¢ Wf%l we define (ky,ey) == wo @ and, if wop € szlz, we simply write
w o @ = ky. For any subset V c Wr(C,) we set ¢* (V) ={wop|weV}.

DEFINITION 1.5: We say that a subset Q ¢ szl’z is (A, R)-admissible if the following
conditions are satisfied:

(i) the closure of ¢*(€) inside Z, € Wy (L) contains a non-empty open subset of Z;
(i) the intersection of prime ideals Ny Ker(w) is the trivial ideal in R.

We will need the following result later.

LEMMA 1.6: Let ReCy and let S c Wf%l be a countable infinite set. Let B denote the set of
ideals in R that can be written as a finite intersection of pairwise different primes of R of
the form q = Ker(w) for weS. For every J € B, consider R|J with the quotient topology.
Let I = Nyes Ker(w) and consider R/I with the quotient topology. Then the natural map
R/I - @JeB R/J induces an isomorphism of topological rings R/ = @Jes R/J.

PROOF. For every J € B, R/J is a complete noetherian local ring with maximal ideal
mp/I. Note that the quotient topology and the mp/J-adic topology on R/J coincide and
that the natural projection R — R/J is open and continuous (the same applies to R/I).

We claim that such topology on R/J is the same as the wy-adic topology. It is clear
that for every n > 1 it holds that (w} R+ J)/J ¢ (m +J)/J. We are left to show that, for
every n> 1, R/(J,w}) is a quotient of R/m% for m > 1 (in particular it is a finite ring).
Indeed writing J =q1 N--- N s one checks that

VACA=) —\‘O(qz,wL) ﬂ\/ qi, @7) ﬂ\/(ql,wL) mp.

The first equality follows from (N5, (q;,@}))® € (J,@}) € Ni_1(qi, @} ). The second and
the third equalities are obvious. The last one follows from the fact that \/(q;,wr) = mg
foralli=1,...,s, since R/q; is (algebraically isomorphic to) a finite extension of O, inside
Qp and R/mp = Fy, by assumption. In particular it follows that m7 ¢ (J,w}) for some
m > 1 large enough, proving our claim. Hence we have natural topological isomorphisms

for all JeB
R/J =~ @R/(J,wz).

Arguing as above it also follows that a fundamental system of open neighbourhoods of
0 in R/I is given by the open ideals {(w@] + J)/I)}n>1,7eB-
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This shows that we can realize the natural map R/I — LiI_l’lJE 5 R/J as a chain of topo-
logical isomorphisms
o1 ny o1
R/ = lim R/(J,w?) =1(£nR/J
JeB,n JeB
proving the proposition. ]

We are ready to give the key definition of this section.

DEFINITION 1.7: Let N € Zs1 be an integer with p + N, let x be a Dirichlet character
modulo Np' for some ¢ € Zs; with values in OF. We say that a generalized A-adic form
of tame level N and character x is a couple ((R,¢),&) where:

(i) (R, ) is an object of Cx, which is also flat as A-algebra and an integral domain,
(i) € € R[[¢]] is a formal g-expansion,

such that the set of integral weights
Qg z 1= {w e Wi 5 | & € M, (Np', xw? ™, C,)}

is (A, R)-admissible in the sense of definition where &, denotes the g-expansion ob-
tained applying w to the coefficients of £&. We say that ((R,¢),€) is cuspidal if, moreover,
&w is cuspidal for all w e Q¢ 7.

Given a generalized A-adic form ((R,¢),€) and a (A, R)-admissible set of integral
classical weights Q € Q¢ 7, we say that ((R,y),£) is Q-compatible. Often we shorten the
notation and we simply write £ to denote the A-adic form ((R,),€).

DEFINITION 1.8: Given a generalized A-adic form of tame level N and character y with
coefficients in (R, ), we set

Qg = {w e WE [ &, € My, (Np“, xw? ey, Cp)}
where the exponent e,, > 1 depends on the p-part of y and on w.

DEFINITION 1.9: We let Mq (N, x, (R, ¢)) (respectively Sq(NV,x, (R,¢))) denote the R-
modules of generalized A-adic forms (resp. cuspidal generalized A-adic forms) of level
N and character y, with coefficients in (R, ) and Q-compatible (where Q is a (A, R)-
admissible set of classical integral R-weights). When all the inputs are clear from the
context (or when it is not necessary to specify them) we simply write Ml and S to denote
such R-modules, which we view as submodules of R[[¢]] in the obvious way. We endow all
such R-modules with the m-adic topology.

REMARK 1.10: The noetherianity of R implies that R[[¢]] is m-adically separated and
complete. A

REMARK 1.11: On M = Mq(N, x, (R,¢)) and S = Sq(N, x, (R, ¢))) there is an action of
Hecke operators Ty for ¢ + Np prime, Uy for £ | N prime and U,. Those operators can
be defined directly on the g-expansions in such a way that the specialization maps are
Hecke-equivariant morphisms. More precisely, there is a character {-), : Z; - A* given
by (s) = [s-w™'(s)]. For (R,¢) € Cy we then let (-)p: Z, — R* to be the composition of
(-)a with ¢. Then, for every £ = ¥,,_0a,(§)q" € M and for every prime ¢ # p the Hecke
operator Ty acts as follows
+00

To(€) = 3 an(Te(€))d",  where an(Ty(€)) = Y. (d)r-x(d)d  angye (£),

n=0 d|(n,£)



GENERALIZED A-ADIC MODULAR FORMS AND ORDINARY PROJECTION 13

with the convention that x(¢) =0if ¢| N. If £| N, we write Uy to denote the T; operator

We are particularly interested about the U, operator, whose action on g-expansions is

the familiar one: N N
Up ( 2 a"qn) =2 anpd"
n=0 n=0

We end this remark recalling the action of the V), operator on g-expansions, given by
+o00 +00
o(Era)- o
n=0 n=0

This operator will appear later in the paper. Recall that U, oV, is the identity on g¢-
expansions, while 1 — V), o U, defines the so-called p-depletion operator. A

DEFINITION 1.12: Let N, x, (R,¢) and Q be as above. The notation Tq(N,x, (R,¢))
will denote the R-subalgebra of Endgr(Sq (N, x, (R,¢)) generated by the Hecke operators
Ty for ¢ + Np prime, Uy for £ | N prime and U,. When all the inputs are clear from the
context we simply write T or Tq to denote such Hecke algebra.

DEFINITION 1.13: An element £ € M is called a generalized A-adic eigenform (of given
tame level N, character, branch, coefficients) if it is a simultaneous eigenvector for the
Hecke operators Ty (¢ + Np prime) and for the Hecke operator U,,.

ExXAMPLE 1.14: Let 61 € MQI(N7X17R1) and 62 € MQQ(N, XQ,RQ). Set R := Rlé)OLRQ. If
m; ¢ R; denotes the respective maximal ideal for ¢ = 1,2, then recall that by definition

—1im [ Bo Ry
R=lim (3 @0, 7).
m,n
R is then identified with the m-adic completion of R; ® o, R2 where
m=m ®o, B2+ R1 ®p, mac R ®p, Ry
is a maximal ideal of Ry ®p, R2 such that (R; ®p, R2)/m = Fr (thanks to our strict
conditions on the residue fields of Ry and R3).

For every a € Rq,b € Ry we let a®b denote the image of a®b € Ry ®p, R1 inside R via
the natural map. We endow R with the following canonical A-algebra structure p: A - R
uniquely determined by Op-linearity and the assignment

P(T) = p1(T)81 + 18p2(T) + o1 (T)&pa(T)
where ¢; are the structure morphisms for R;, i = 1,2 (notice that this is well-defined).

We refer to |GDT71, section 0.7.7] for the needed properties of completed tensor prod-
ucts. In particular it follows that R € Cy and R is an integral domain. Note that R is a
flat A-algebra via (. This can be seen easily factoring ¢ as composition of flat morphisms

as

A N A@OLA (@17@2)

where the first arrow sends T — T®1 + 1T + T&T.

R,

By the universal property of completed tensor product it follows that, for every com-
plete subring A of C, containing O Wg(A) = Wg, (A) x Wg,(A) (also as topological
spaces) and, by our definition of ¢, it also follows that under this identification we get an
inclusion

[ [ [
ch%l,z X WJC%Q,Z c W]C%,Z
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such that

K (wy ws) = (W1, w2) 00 = (w1 0¢1) + (w0 p2) = Ky + Ky
Let © = Q; x g, viewed as a subset of W]C%{Z as above. It is easy to see that Q is (A, R)-
admissible.

It follows that &; x &3 € Mo (N, x1x2w?, R), where as usual if
+00 too
E1=) ang",  E1=) buq"
n=0 n=0
we let
+00o n R
€1 ><€2 = E Z G,J®bn_] qn € R[[q]]

n=0 \j=0
Indeed it is clear that, for all (w1, wsy) € 21 x g, it holds

4k
(€1 % €2) (wy.00) = E1un X €2, € Mg, (NP, X1 x2 -0 T @1w2), O )

1.2. The ordinary projector

We want to check that also in our generalized setting one can attach to the operator
U, an idempotent operator ¢°™ obtained as
e = lim Uy :
n—+oo

where the limit is taken in the m-adic topology. The theory of locally finite operators
developed in [Pil20] simplifies our task.

PROPOSITION 1.15: There exists a unique ordinary projector ¢4 € Endg(M) attached to
the Hecke operator Uy, such that
(i) € 4(€) = limy, o0 U;}! (&) (limit taken in the m-adic topology)
(ii) €™ and U, commute and the module M carries a U,-stable decomposition M = e ‘M e
(1 - e )M where U, is bijective on e M and topologically nilpotent on (1 — e°")M.
(1i1) e commutes with Ty for all £ + Np and is compatible with every meaningful arithmetic
specialization.
(iv) the formation of e is compatible with inclusions Mg € Mg induced by inclusions
Q' < Q of (A, R)-admissible sets of classical integral weights.
The analogue assertions for S hold.
PROOF. We only give the proof for M (the proof for S is identical). Thanks to lemmas
2.1.2 and 2.1.3 of [Pil20], in order to define an ordinary projector e = ¢**4(U,) on M, it
suffices to check the following facts:
(a) M is m-adically complete and separated.
(b) M/mM is a finite dimensional R/m-vector space.
It is clear that M is m-adically separated, being a submodule of R[[¢]] (which is m-
adically complete and separated by remark [1.10). An element (£, )ns1 € mn M/m"M
defines (by left exactness of 1(21”) a unique element

€ < R[[¢]] = lim R[[¢]]/m" R[¢]].

n




GENERALIZED A-ADIC MODULAR FORMS AND ORDINARY PROJECTION 15

If for every n > 1 we fix a lift £, € M of €, we know that for every w € Q it holds
Enw € My, (N, xw?*v Op) and by the continuity of the specializations and the fact that
M., (Npt, xw? % Op) is a finite and free Or-module (thus complete), we deduce that

Su = nEer gn,w € My, (Npt7 XwQ_kwa OL)v
so that indeed £ € M and (a) follows.

For every w € Q, M/Ker(w)M is a submodule of My, (Np',x,Or). This shows that
M/Ker(w)M is a finite free Op-module surjecting onto M/mM, which is thus a finite
dimensional R/m-vector space, proving (b). O

We are then led to the following definition:

DEFINITION 1.16: We say that a generalized eigenform & € Mo (N, x, R) (respectively & €

Sa(N,x, R)) is a generalized Hida family (resp. a cuspidal generalized Hida family) if
ord

e”(€) =¢.

We define the R-modules MJI4(N, x, R) = e”4(Mq(N,x, R)) (resp. in the cuspi-
dal case STY(N, x, R) = e“4(Sq(N, x, R))) to be the submodules of Mq(N, x, R) (resp.
Sa(N, x, R)) of ordinary generalized A-adic forms. When the inputs are clear from the
context we simply write M4 or MZ4 (resp. S or SIY).

We let TZ4(N, x, R) to denote the R-subalgebra of Endg(S4(N, x, R)) generated by
the Hecke operators Ty for ¢ + Np prime, U, for £ | N prime and U,. When all the inputs
are clear from the context, we simply write T4 or T?Zrd to denote such Hecke algebra.

REMARK 1.17: Equivalently one could define generalized Hida families asking that every
meaningful classical specialization is a p-ordinary eigenform in the usual sense. A

The following proposition shows that generalized Hida families are actually essentially
the same as classical Hida families.

ProrosITION 1.18: For any R ¢ Ca which is A-flat and an integral domain and any
(A, R)-admissible set of classical integral weights Q, the R-modules M?zrd(N,x,R) (resp.
S&d(N,x, R)) are free R-modules of finite rank. Moreover (assuming that x takes values
in OF ), there are canonical isomorphisms

MY(N, x,A) @4 R > MIY(N, x,R), S"U(N,x,A)®y R>SAYUN, v, R).

PrROOF. We will omit the proof of the cuspidal case because the proof does not change.
In this proof, we write Mf,’\rd = M"Y(N, x,A) and M%d = MY(N, x, R) to simplify the
notation. In order to prove that M(}{rd is R-free of finite rank we adapt Wiles’s proof for
classical Hida theory (cf. [Hid93| section 7.3]). We recall the main ideas for the convenience
of the reader. Let M be a finite free R-submodule of M%d, with R-basis {&1,...,€,}. Write

+o00
€i= ) an(&)"
n=0
for i = 1,...,7. Then there is a sequence of integers 0 < n; < ng < --- < n, such that

the r x r matrix (anj (52))” _, . has non-zero determinant d € R. Since by assumption
nwenKer(w) = (0), we deduce that there exists w € € such that d # 0 mod Ker(w),
so that the specializations {&1,,...,&rw} would still be Op[w]-linearly independent in
M,?id(Npt,sz_kw,(’)L[w]). It is well-known (and established by Hida) that the rank of
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M,Sid(Npt, xw?Fv Op[w]) is independent on w if ky, > 3. Hence there exists 1* € Zsg such
that M‘I){d admits finite free R-submodules of rank r*, but not of rank »*+ 1. Assume now
that M is such a finite free R-submodule of M%d of rank 7*. One checks easily that, with
the notation as above, d-M‘;{d c M. Hence, by the noetherianity of R, it follows that M‘j{d
is finitely generated as R-module. In particular it is a compact R-module (equivalently
a profinite R-module). The topological Nakayama’s lemma (cf. [Hid12, lemma 3.2.6| for
instance) implies that M3 is generated by r = dimp, (M%4/mpM%?) elements (a lift of
an Fy-basis of M4 /mpMad).

Now note that (using the flatness of R over A) M ®, R can be naturally seen as an
R-free submodule of Mj{{d of R-rank r. We define the quotient

Mgd

M{d @) R
and we claim that @ = 0. This would conclude the proof of the proposition, since it is
well-known that Mj’\rd is a free A-module of rank r*.

Picking w € Q with k,, > 3, one has Q®x R/Ker(w) = 0, since both M4 ®, R and M%¢
project onto M,?id(Npt, xw? *e Op[w]) via w (to see this one uses the trick of twisting with
a suitable family of Eisenstein series, cf. |Hid93| pag. 199]). Hence a fortiori Q®r R/m =0

and, since also @) is a profinite R-module, it follows again from the topological Nakayama’s
lemma that @ = 0. O

REMARK 1.19: Proposition shows that the R-modules M?{d(N , X, R) (respectively
S&(N, x, R)) actually does not depend on €, so that in the ordinary setting we will omit
the (A, R) admissible set of weights from the notation from now on. A

Q=
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CHAPTER 2

The unbalanced triple product p-adic L-function

In this chapter we carry out the construction of a generalized unbalanced triple prod-
uct p-adic L-function, closely following the method appearing in |[Hsi21|. Having defined
the ordinary projector €™ in wider generality and having proved proposition the
construction simplifies remarkably. For instance we do not need the equivalent of |[Hsi21,
lemma 3.4].

2.1. Remarks on the Atkin-Lehner involution

Recall that given £ € Si(M, x), one has an Atkin-Lehner involution wyy : Sp(M, x) —
Si(M,x7 1) given by w(€) = £|k(]\04 ‘01). For our constructions we will need a A-adic
version of the Atkin-Lehner involution. This entails considering more general Atkin-Lehner
operators.

Let N be a positive integer coprime to p and ¢ € Zs1. If d is an integer coprime to Np,
we write (d) = (a;b) for the diamond operator corresponding to d € (Z/Np'Z)*, where the
convention is that d =a mod N and d =b mod p’.

For ¢ € Si(Np', x) we define the Atkin-Lehner operator wy on & as

(2.1) wn(§) = (LN)(Ehwn) Wy =whp = (N]z\;c J:f]d) ’

where we require that det(wy) = N. Write x = x,,txv in a unique way for x,: a character
modulo p' and xn a character modulo N.

Then (cf. |[AL78, §1], where they define an operator which is the inverse of ours) wy
is an operator

wy  Sk(Np',x) = Su(Np', XN xp)

such that for all primes ¢ + N it holds that wy o Ty = xn(¢£)(Ty cwy) and (when ¢ > 1)
that wy o Up = xn(p)(Up o wy). One can also check that if s > >0, the action of wy on
Si(T'1(Np")) is the restriction of the action of wy on Sk(I'1(Np®)), by our choice of the
matrices wy ¢, so that it makes sense to drop p! from the notation.

In particular, if ¢ € Sp(Np', x) is a normalized newform, then wy (£) = An(€) - where
An (&) is an algebraic number of complex absolute value 1 (a so called pseudo-eigenvalue)
and £ is a normalized newform such that if

+o00 +00
§=2 and" &= bng"
n=1 n=1
then

by xN(@ag iflL4+ N
C\xp(©ar  if €| N.
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Moreover if £ € S(N, x) is a p-ordinary newform with & > 2 and &, € Sp(Np, x) is its
ordinary p-stabilisation, then Ay (€)' -wn (&) coincides with the ordinary p-stabilisation
of the newform &, so we will write

Ea = AN(E) T wn(&a).

Note that in this case it is well-known that 5 is the modular form obtained applying
complex conjugation to the Fourier coefficients of &.

Now let
+0o
£= Zlan(é)q" € S”( N, xe, Ag)

ne
be a classical new Hida family of tame level Ng with character x¢ of conductor dividing
N¢ - p, i.e., the classical specializations at integral weights of £ are either newforms of level
N¢-p or ordinary p-stabilizations of newforms of level Ng. Here Ag is a finite flat A-algebra
in Cy and we assume that L contains a primitive Ng-th root of unity. We require that
€ is normalized (i.e., a1(§) = 1). Note that we can omit the admissible set of integral
classical weights in the notation here, since classical Hida theory shows that for classical
Hida families it always happens {}¢ 7 = Wf\l&’Z.

Following [Hsi21, section 3.3], there is a unique new Hida family é € Sord(Ng, Xgl, Ag)
which is characterised by the fact that, for all x € Wﬁlg

(é )m = (gx) = )‘N(é‘m)_l 'wN(fx)'

2.2. Construction of the p-adic L-function

We fix a Hida family f
+00
= an(f)g" €S (Ng, xz.Ay)
n=1

primitive of tame level Ng, tame character x s of conductor dividing Ny - p.
We also let

+o00 +o00
g= Z an(g)qn € SQl(M7 Xg» Rg) and h = Z an(h)qn € SQZ(M7 Xh> Rh)

n=1 n=1
be two generalized normalized A-adic eigenforms with x7-xg-Xn = w?® for some integer a,
where as usual w denotes the mod p Teichmiiller character. Assume that Ng | M. In the
language of [Hsi2l|, we are implicitly thinking about g and h as test vectors for families
of tame level dividing M. We also assume that L contains a primitive M-th root of unity
from now on.

1/2

For s € Z,; and R ¢ Cp we always write (s)p” = (3)r where 3 is the unique root of the
1/2

polynomial X2 -s-w™(s) lying in 1+ pZ,. We also write (8);%1/2 =(s71)p" (note that this
does not create ambiguity).
Let Rygn = Ap®0, Rg®0, Ri, and set
x x —a- 124 \=1/245, \-1/2
(22)  Opn=0:Z > Ry O() = w7 (5) - (s 200s) 8 (s) )

View Rygn as A-algebra via [s] = (s)4,®1&1 for s € 1+ pZ,.
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We define a ©-twist operator on g-expansions given by
+00
(2.3) o Regnllall = Rygnllall  Z =) ang" = Zlo = 3, O(n)ang”.
n=0 pin
Now let = := g x (h|o) and define
Q4 on = {w=(2,y,2) € Qp x Vg x Qp, | kg = kyy + k2, k> 2}
One checks that for w = (z,y,z2) € Q(}gh it holds

(hl©)w = h: ® Yy € S, (Mp', xpw? 2,92, C,)

where (for (n,p) =1) we set
Yuw(n) = w7 (n) e (nw™ (n)) 2 -y (nw™ ()2 - 22 (nw () 2.
It follows that
Ew=gyx(h.®vy) € SkI(Mp?,X}l(,uQ_k”Ez,Cp) :

Notice that by our definition of A-algebra structure on Rggp, for w = (2,y, 2) € QpxQgxQp,
it holds k,, = k;. It follows easily that Qge gh isa (A, Rggn)-admissible set of classical integral
weights.

Looking at integral classical weights specializations w € Q(}gh N(Qpzx Qg7 xQpz) it
is easy to deduce that, according to our definitions, it holds

Ee S(M7 X}lvagh) :
Thanks to proposition we can thus consider the ordinary projection
20 = e(2) e S™(M, X}, Rygn) =S (M, xF' . Ay) ®4, Rygn

where the last equality follows easily from proposition and we emphasize (again) that
the structure of Ag-algebra on Rggp is given by a — a®1®1 for a € Ay.

We can proceed as in |[Hsi2l1| to define the triple product p-adic L-function. We will
need an assumption on our f.

AssuMPTION 2.1 (CR): The residual Galois representation Vf of the big Galois represen-
tation V¢ attached to f is absolutely irreducible and p-distinguished.

Let Tryr/n, s Serd (M, x}l,Af) - Sord(Nf,X}l,Af) be the usual trace map.

By the primitiveness of f and assumption [2.1] it follows that the so-called congruence
ideal C'(f) c Ay of f is principal, generated by a non-zero element 7y, called the congruence
number for f (it is unique up to units). One can prove that f is primitive as well and
that f and f have the same congruence number.

Since f is primitive, we also get an idempotent operator ey lying in Tgf;i ®A, Frac(Ag),
where my the maximal ideal of Tord .= Tord(Nf,Xf,Af) corresponding to f and 'I['gf;l is
the localization of T at such maximal ideal. Morally, e # plays the role of a projection
to the f-Hecke eigenspace. A similar discussion applies to f .

Then we can let ez act on Sord(Nﬁx}l,Af) ®a, Frac(Ay) and, by definition of con-
gruence number, one has that 7 - ey (&) e Sord(Nf,X}l,Af) for all £ € Sord(Nf,X}l,Af).
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We refer to |Hsi21|, section 3.3] and to |Col20, section 3.5] for a more detailed discussion
concerning congruence numbers and idempotents attached to primitive Hida families.

DEFINITION 2.2: With the above notation, the generalized f-unbalanced triple product
p-adic L-function ,fpf(f,g, h) attached to the triple (f,g,h) is defined as

gpf(f’gah’) =ax (Tlf : ef (TrM/Nf (Eord))) € ngh‘

REMARK 2.3: We view fpf(f,g, h) as a function on Wy ,(Cp) x Wg,(Cp) x Wg, (Cp). In
particular for w = (x,y, 2) € Q¢gn one gets that the evaluation of pr(f,g, h) at w is given
by

ZLI(f.9,h)(w) = ng, - ar(ep(Tragn, (ELY)).
Recall that (h|g ). is in the image of the m = (k5 —k, — k.)/2-th power of Serre’s derivative
operator d = qd% acting on p-adic modular forms of weight k., where if m is negative

one defines the m-th power of d as a p-adic limit. We can conclude that (hl|g)., is the
g-expansion of a p-adic modular form of weight £, -k, and tame level M. Hence by Hida’s
classicality theorem for ordinary forms, we deduce that

gord = e(gy xd™(h,®vYy)) € S,g;d(Mpt, X}lw}kxsx,cp)
—a—1-m _1/2_-1/2 -1/2 s
where ¢, = w e €y e, "7 and t > 1 depends on w, x4 and xp (and it is always
chosen to be large enough). A

2.3. The p-adic L-function and Petersson products

DEFINITION 2.4: We set our conventions for the Petersson inner product on the spaces
Sk (N, x) of complex modular forms of level N and character x to be

_ 1 —— pdudv
(€1,62) pet = Vol(H/To(N)) DO(N)&(T)&(T)U 2

for &1, & € Sp(N, x) where we write 7 = u + tv € H (the upper half-plane) and Dy(N) is a
fundamental domain for the action of I'o(/N') on H.

REMARK 2.5: Note that by the above definition our Petersson inner product is linear in
the first variable and conjugate linear in the second variable. Moreover, it is normalized
so that it does not depend on the level N considered. A

PROPOSITION 2.6: Pick w = (x,y,2) € Qfgn and set

C = CNf,M = [Fo(Nf)!Fo(M)]:NMf- H (1+%)6221.
0\ M
6Ny

Write f = f,, f= (ju" Yo, 2 =20 ¢ Sgid(Mpt,x}le_kzsx,(Cp) to simplify the notation, so
that f = AN ()t -wn(f) as before. Assume that t > 1 is large enough (in particular larger

that the p-order of the exact level of f). Then the evaluation of .,iﬂpf(f,g,h) at w can be
described as follows, depending on two mutually exclusive cases.

(A) Assume f is a newform in Sk(prs,Xfwz_kz—:,L), Then:
ng-C-pH=) (E,V,7°())per
ap(f) [/ 1Ber

(24) gpf(fvgah)(w) =
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(B) Assume that f is the ordinary p-stabilization of a newform f° € Sk(Nf,X},L) (where
X is the Ng-part of Xf). Set f# = wap(fp), where f? is obtained from f applying
complex conjugation to the Fourier coefficients. Then

ng-C-pH- (B V7)) P

ap(f) (f. f#)per
PRrOOF. This follows directly from [Hid85, proposition 4.5| (note that our conventions for

the Petersson inner product differ from those of Hida, so we have to adjust the result
accordingly). O

(2.5) LI(f,9,h)(w) =

REMARK 2.7: In case (B) of the above proposition (with the notation as above), assume
that ¢t = 1 and that we can write

e (Trarpr/nppt (2)) =€ - Bex3(p) ™" V()
for some £ € S, (N, (X})’l). Then one can check that

(2, wn (7)) et _(Ewn(f*))pet _ (E;wn(f))Pet
(f)f#>Pet (fovfo>Pet <faf>Pet .

In particular, assume that g and h are classical Hida families of tame level Ny with
XfXgXh = 1 and w = (k,I,m) € Qggp, is a triple of classical integral weights such that
g, and hy, are ordinary p-stabilizations of forms g° € S;(Nyg,xy) and h° € Sp,(Ng,x3,)
respectively. Then the hypothesis made on = is verified (cf. [BSV20, section 4.4]) and we
recover the p-adic periods which are denoted by I,(f°, h°, ¢°) in [BSV20, section 1.1] and
by fpf(fa, ha,ga) in [BSV22b, section 3.1|. Note that we have switched the role of g and
h in our construction, compared to what happens in [BSV20| and [BSV22b)|. A

2.4. Comparison with the complex L-values

In this section we compare the values of our square root triple product L-function with
the central values of the Garret-Rankin triple product L-function associated to a triple
of modular forms. Most of the material contained in this section is derived from [Hsi21
section 3|.

In this section we fix positive integers N, M coprime to p such that N | M. We consider
a triple of cuspidal modular forms

+00 too oo
f=>an(f)d",  g=> an(9)d",  h=) an(h)q"
n=1 n=1 n=1
with

f e SN, xjw* Fer), g e Si(Mp®, xyw?'e2), he Spm(Mp®, xpw* ™es),

where e; > 1 and ¢; are Dirichlet characters of p-power order for i = 1,2, 3, while xs (resp.
x¢ for £ € {g,h}) is a Dirichlet character defined modulo Np (resp. Mp).

ASSUMPTION 2.8: (i) f,g,h are normalized eigenforms, i.e., for £ € {f g,h} it holds
a1(§) =1 and £ is an eigenform for all the Hecke operators Ty for all primes ¢ + N
(resp. £ + M if £ € {g,h}). We also assume that f,g,h are eigenforms for the U,
operator.

(ii) The triple (f,g,h) is tamely self-dual, i.e., X7 xg-Xn = w?® for some integer a.
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(iii) The triple of weights (k,l,m) is arithmetic and f-unbalanced, i.e., v > 1 for v «
{k,l,m}, k+l+miseven and k > +m.

(iv) The form f is a p-stabilized ordinary newform, i.e., either the ordinary p-stabilization
of a p-ordinary newform f° of level IV or an ordinary newform of level Np®!.

(v) The tame level N is a squarefree integer.

When f is the ordinary p-stabilization of a newform f° of level N, we write oy, By for
the roots of the Hecke polynomial at p for f° and we always assume that |og|, = 1.

Let r = (k+1+m)/2 and let x4 be the adélization of the Dirichlet character
X = W (e189e3) Y2,

Let m = mf ® xa, T2 = Ty, T3 = T, where for £ € {f,g,h} we denote by m¢ the irreducible
automorphic representation of GL2(A) associated to £ as in [Bum97, chapter 3|.

It is well-known that there is a decomposition m¢ = ®y<c ¢ ¢ into local representations.

Finally let II := 7 x w9 x 73 denote the corresponding automorphic representation of
GL2(Ag) where E = Q x Q x Q is the split cubic étale algebra over Q. Thanks to our
choices one can verify that the central character of II is trivial, so that II is isomorphic to
its contragradient.

We let L(II, s) denote the triple product complex L-function attached to II (cf. for
instance [PR87]). It is known (cf. for instance the summary in [lke92, pagg. 225-228| and
the references therein) that L(II,s) is given by a suitable Euler product converging for
Re(s) > 0 and that it admits analytic continuation to an entire function with a functional
equation of the form

L*(I,s) =e(I,s)- L (11,1 - s)
Here L*(I1,s) = L(IL,s) - L(II, ) o with
L(I1,8)eo =Tc(s+7r-3/2) Tc(s—r+k+1/2) - Tc(s+r—-1-1/2)-Tc(s+r-m-1/2)

and I'c(s) =2(27)7°T'(s) (I'(-) being Euler’s gamma function). This explicit description
of the archimedean L-factor is proven in [Ike98|.
Moreover, (11, s) = [Ty<oo €¢(11, ) is an invertible function satisfying the property that
eo(11,1/2) € {1} and €4(I1,1/2) = 1 for almost all £. In particular, it is known that:
(a) £€0o(I1,1/2) = 1 in our case (this depends on the fact that the triple of weights (k,1,m)
is unbalanced);
(b) eo(I1,1/2) = 1 if £ + pM.
We are then led to the following further assumption.
ASSUMPTION 2.9: In what follows we assume that €,(II) = 1 for all £ | M.

DEFINITION 2.10: If 7 is an irreducible smooth representation of GLy(Qy) for a rational

prime ¢ and V; is a realization of 7, we let ¢(7) denote the smallest integer (which exists,

c(m)
by smoothness) such that Vi{ 1) 4 0, where for all m € Zsq we set

U (M) == {(‘Cl b) e GLa(Zy) | orde(c) > m, orde(d - 1) > m} :

Now we connect this discussion to the triple product p-adic L-function, assuming that
f=17fs 9=9, h=h, are suitable specializations of families of the types considered in
sectionwith w = (x,y,2) € Qggn so that k, = k,k, =1, k. =m (with k > [ +m as we have
assumed before). Write II,, for the corresponding automorphic representation of GLo(Ap).
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Following Harris-Kudla (|JHK91|) and Ichino (|Ich08]), Hsieh proved in [Hsi21| the fol-
lowing fact.

PROPOSITION 2.11: Under assumptions 2.8 and[2.9, the following formula holds:

L*(11,,1/2 un
(2.6 (2 (£.9.m)(w))* = c@(T?s/zf) Iy (};[4 fw)
where
(1)
(27) Qp = 250 | [y €5(f, Ad) -1 - [SLa(Z) s To(N)]
with
o im {f in case (A) of prop.
" | the newform of level Ny associated to f in case (B) of prop.
and
(2.8) E,(f,Ad) = ap(f)—C(ﬂf,p) - po(mrp) (B/2-1) (i p, 1/2) 0y,
where

1 in case (A) of prop.
of = , o
f (1—5—;) (1—%) in case (B) of prop. equiv. if ¢(mysp) =0

(1) fﬁ‘gbp is the normalized local zeta integral defined as [Hsi2l, equation 3.28];
(i) S, ¢ is the normalized local zeta integral defined as in [Hsi21|, equation 3.29];
(iv) (o(+) =77 1¢(+) where ¢(+) is the usual Riemann zeta function, so that (g(2) = /6.

PROOF. This is essentially a restatement of proposition 3.10 and corollary 3.13 in |Hsi21].
Note that our normalization for the Petersson inner product is different from Hsieh’s. This

explains the appearance of the factor CQ(Q)2 in our formula and the slight changes in the
definition of the period 2. ]

REMARK 2.12: One can compute directly that, if we are in case (B) of proposition it

holds that ( 1)k o ()1
o2 o B anf p — ¢
Hf ”Pet f )\N(f) _pk/g . (1 N 1/p) <f7 f )Pet.

We refer |Col20,, proposition 5.4.1] for a very similar computation, where the form denoted
h% there should be thought as a constant multiple of our f#. This explains the appearance
of the factor oy and allows an even more direct comparison (in the f-unbalanced region)
between the formula given by equation 2.6 and the formulas appearing in the statement of
proposition [2.6] A
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CHAPTER 3

Families of theta series of infinite p-slope

3.1. Setup for the interpolation

We fix an odd prime p and we let K be an imaginary quadratic field where p is inert.
Denote by Ng /g the norm morphism on fractional ideals in K. Let —dk be the discriminant
of K (so that p + di) and let e denote the central character of K, i.e., more explicitly

EK(n):(_dTK) i (ndg) =1

where (—) denotes the Jacobi symbol.

DEFINITION 3.1: For a ¢ Ok an integral ideal in Ok, we let Ix(a) denote the group of
fractional ideals of K prime to a and we set

Pr(a):={(a) e Ig(a)|a=1 mod *a}, Cli(a) = Ix(a)/Pk(a).
The group Clk(a) is the so-called ray class group modulo a.
REMARK 3.2: It is well-known that Clx (a) is a finite group. A

We fix a finite order character 7 : G — Q* with conductor ¢ (a non-trivial proper
integral ideal in Of). Via class field theory we will freely view 7 as a ray class character
n : Clg(c) - Q* or a finite order character 7 : A% /K* - Q* (note the slight abuse of
notation here). Moreover, we assume that 7 is not the restriction of a character of Gg.

Denote by nq the Dirichlet character defined modulo N K/Q(c) and given by

no(n) =n((n))  for (n,Ngg(c)) =1

It is then a classical theorem of Hecke and Shimura (cf. [Miy06|, theorem 4.8.2) that the
g-expansion (where as usual g = exp(27iT) for 7 € H)

(3.1) g(7) = 0,(7) ::( z): n(a)gNee(®
a,c)=1

defines a cuspidal modular form of weight 1 (the theta series attached to the character 7).
Here the sum runs over the integral ideals in Ok prime to c.

More precisely, g € S1(dk - Ngg(c),ex - ng) and since we assume that 7 is of exact
conductor ¢, g is also a newform of level dx - Ngg(c). From now on, we set N, :=

dK . NK/Q(C) and Xg ‘= €K * 77|Q'

The Fourier coefficients of g generate a finite extension of Q. We can thus view g as
a modular form whose g-expansion at oo has coefficients in a finite extension L of Q, (via
the embedding ¢p,), i.e., g € S1(Ng, xg,L). As in the previous sections, we assume that L
is large enough. In particular, here we assume that L contains the completion of K inside
C, (which we will denote by K, with ring of integers O ).
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We would like to find a p-adic family of modular forms - all with complex multiplication
by K - of varying weights (in the sense of Hida-Coleman) having ¢ (or a slight modification
of g) as a specialization in weight 1. We will see that this can actually be done explicitly.

REMARK 3.3: Since the fixed prime p is inert in K, p"Of | ¢ if and only if p?" | N jg(c).
Hence we should distinguish two cases:

(a) (pOk,c) =1, or equivalently p + N,

(b) ord,(Ng) = 2r for some € Zs;

In both cases it holds that a,(g) = 0, or equivalently that T},(g) = 0 in case (a) (resp.
Up(g) =0 in case (b)). This is usually described as g having infinite p-slope. A

REMARK 3.4: While case (a) can be reinterpreted in the realm of Hida theory (as in this
case g admits one or two ordinary p-stabilizations), case (b) is instead more genuinely
a problem in nfinite slope. This dichotomy is also reflected in the fact that the local
component at p of the automorphic representation associated with g is a principal series
in case (a) and a supercuspidal representation in case (b). A

ASSUMPTION 3.5: From now on in this section we will always assume that pOg | ¢ and we
will write ¢ = ¢+ p" O with ¢g coprime to pOk and r > 1.

REMARK 3.6: When p splits in K one can explicitly write down families of theta series,
specializing to (p-stabilizations) of modular forms of the shape described in . See, for
instance, [BDV22, section 4.2] for a discussion about this construction, which - again - is
well-understood within Hida theory. A

In what follows, we try to adapt such construction to our setting. Notice that K},/Q,
is the unique degree two unramified extension of QQ,, inside our fixed algebraic closure Q,,
so we will identify K}, = Q2 (with ring of integers Z,2). Moreover we have a decomposition

Ly = pipz_q % (1+pZy2)

induced by the Teichmiiller lift. Note that 1+pZ,> does not contain p-power roots of unity.

Let G, be the subgroup of the idélic class group Ck := Aj /K™ over K defined by

Gyim K- (C* g - ] OF)IK™
[#pO K

Set moreover I o = K- (C*-T[; O )/K™ and let Pic(Ok ) denote the classical ideal class
group of K.
The snake lemma applied to the following diagram with exact rows

0 > G >y Cx — Cg/Gp —— 0
0 > IK o0 > Cx — Pic(Og) —— 0

identifies 1 + pZ,2 = Ker(C/G), - Pic(Of). We can thus consider the diagram

1 —— 1+pZyp — Cg/Gp — Pic(Og) —— 1

-
-
-
-
L -
-
-
-

,Xk
Q
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where the horizontal row is an exact sequence of abelian groups, ¢ is given by «(u) = u™

and the dashed arrow is any (continuous) extension of ¢ to the quotient A% /G, obtained
using the divisibility of Q; Finally we let A?) to be the following composition:

AP AT K —— A% )Gy ----> Q.
We associate to A(P) an algebraic Hecke character of K of co-type (1,0) as follows:
NG K > T w= ()] = (o0 0 55 (AP (@) 1)) 23
Finally, writing A(®®) = ®v/\1()°°) one gets a character at the level of fractional ideals
N Ik(pOx) = @ arm TIA (@),
fla
where oy is a uniformizer at [. One can verify that A((«)) = a whenever a =1 mod *pOg.

DEFINITION 3.7: In the above setting, we will say that A(®) is the p-adic avatar of A and
that A(™) is the complex avatar of A.

REMARK 3.8: We will also look at AP) as a p-adic Galois character A\® : Gy — @; via
global class field theory. A

Up to enlarging L, we can assume that A(a) € L for all a € Ix(pOk) and n(a) € L for
all a e Ix(c).

DEFINITION 3.9: We let (-): OF - OF to be the projection onto the free units (note that
now OF might contain p-power roots of unity). By slight abuse of notation we will write
(A(a)) to denote L;1(<Lp(>\(a))>) (notice that this makes sense).

DEFINITION 3.10: For k € Zsy, let mg : I (¢) - Q be the character a — n(a) - (A(a))* !,
so that
gr= Y me(a)gV e e S (Ng, vi)
(a,0)=1
where Ng = Ny and xp = x4 cwl ™k = Xg -w?* where w is the Teichmiiller character and
clearly xg = Xq4 -w™l. We will also write Ng = Ng/p% in the sequel.

REMARK 3.11: Note that, since p is inert in K, the p-part of the conductor of yj is at
most p” for all k£ > 1, so that y; will never be p-primitive as a Dirichlet character modulo
Ng. This is a typical feature for newforms of infinite p-slope and level divisible by p. It is
well-known, on the other hand, that if the p-order of N and of cond(y) of a normalized
newform f € S (N, x) coincide, then a,(f) must have euclidean absolute value p*=1/2 (cf.
theorem 4.6.17 of [Miy06]). A

REMARK 3.12: Recall the (unique) continuous Zy-action on U; = {z € C, | |z — 1|, < 1}
extending the natural structure of U; as a multiplicative abelian group, namely

o0

2% = Z(Z)(z—l)" zelUy, s€Zy.

n=0
We thus view U; as a topological Z,-module. One can show that p,~(Cp,) (i.e., the

subgroup of roots of unity of p-power order) is dense inside U;. It follows that the natural

action of G, on U given by the p-adic cyclotomic character aﬁ’;g : G, = Z, is compatible

. . . (p)
with the action of Z, in the sense that o(2) = 222 for ze Uy, o € Ga,- A
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DEFINITION 3.13: We define Wk to be the smallest closed Zj,-submodule of U; containing
(A(a)) for all a e Ix(pOk).

REMARK 3.14: Note that the notation Wy makes sense, since different choices for A (i.e.,
different choices for the dashed arrow in the diagram above) differ by a finite order char-
acter, so that Wy only depends on K and not on A. A

LEMMA 3.15: Wi is a free Zy-module of rank 2. If a € Zsg is such that p* = #(Clg (pOk)®

Zp), then wP” €1 +pZy2 for all w € Wi. In particular, if p + #(Pic(Ok)), we have

Wk =1+pZy.

PRrROOF. Let m = #Clg (pOk). Since A((a)) = « for all @ =1 mod *pOx we deduce that

(Ma™)) € 1+ pZ,» for all a € I (pO), whence W™ = {w™ | w e Wi} € 1+ pZ,e.
Raising to the m/p®-th power is an automorphism of Wy as Z,-module, hence WI((p -

{wP" |weWg}cl+ pZ,z. Finally, it is also clear that 1+ pZ,2 € W, which proves the
statment concerning the rank of Wy U

REMARK 3.16: Denote by (\) : Gg - Wi the corresponding Galois character (given
by the composition (-) o AP)) and let K denote the (unique) Z2-extension of K. It
follows from the construction that (A) factors through I'e := Gal(K«/K), inducing an
isomorphism I'ee = Wg. We will consider Wi as a Gg-module via this isomorphism (and

the Gig-action on I's, by conjugation). In particular we have I'eo =T'" x I'" where
+

(i) I'* is the Galois group of the cyclotomic Zy,-extension of K, denoted by KJ , where
complex conjugation acts as the identity;

(ii) I'" is the Galois group of the anticyclotomic Zy-extension of K, denoted by K, where
complex conjugation acts as taking the inverse.

We will write Wi = Wj x W for the corresponding decomposition of Wi A

3.2. Construction a la Coleman

As above, let a € Zxo be such that p® = #(Clx (pOx) ® Zy). Since |Zyz2|y = |Zy|p, we
have group isomorphisms

log,,
= .
1 +pr2 . pr2 m Zp2 .
exp,,

LEMMA 3.17: For every a € Z,2 the formal power series

+00

(1+T)* = exp(alog(1+T)) = 3" (Z)T" ¢ Q[T]]

n=0
actually lies in the ring Zy,2[7] [[%]], where v € Cp, is a (fixed) p - 1-th root of p.
PrOOF. It is well-known that for n > 1 one has |n!|, > p_ﬁ. It follows immediately that
™ (g) € Zy2[7v] for all n >0 (the case n = 0 being trivially checked). O

For a € Ix(pOk), we define

lo tp(A
2 R AR
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and observe that, by lemma we know that p®-s(a) € Zy2 for all a € Ix(pOk). As we
did above, we define power series

(1+7)*® = exp(s(a) - log(1 +T)) € Qe [T]]
T

Py
this series converges to (A(a))"?" when evaluating at T = (1 +p)"" -1 for € Zs.

and one can check using the above lemma that (1 + 7)) ¢ Zy2 [7][5z=]]- In particular,

DEFINITION 3.18: Assuming «v € L, we define

(3.3) 9o, Z) n(a) (1+Z2)" gV ¢ (0,1 Z2) [T
a,c)=1

LEMMA 3.19: The power series g, satisfies the interpolation property

(3.4) chl(l +hp?) = gCol((l +p)1+hpa -1;q) = G1+hpe € Sl+hp“(N97X1+hpaaL)

for all h € Zo and moreover g (1) =g.
PRroor. This follows immediately from the construction. O

DEFINITION 3.20: We will write Acop == Op[[ £;$H and Oy = ACO][%] in what follows.

REMARK 3.21: The A-algebra Acg (resp. Oco) is the ring of analytic functions bounded
by 1 (resp. bounded) on the open ball of radius [p®y|, centered at the weight w =1 in the
weight space Wy (cf. section [I)). A

For k € Zs1 we have Hecke characters 7 as defined above (definition [3.10) and, passing
to p-adic avatars and via class field theory, we can consider them as Galois characters

n,(cp) : Gg — L* unramified outside ¢ such that n,(cp)(Frob[) = ng(l) for all [ ¢ O prime
ideals, [ 4 c.

It is well-known that V, := Ind%(n,ip )) is a 2-dimensional (over L) Galois representation
isomorphic to the dual of the p-adic Galois representation of Gg attached (by the work of
Shimura and Deligne) to the modular form g; when k > 2. More precisely, this means that

(3.5) det(1 — Froby|Vi - X) = 1 - ag(gi) X + xx(£)0F 1 X2

for every prime number £ + Ng, where as usual ay(gy) denotes the ¢-th Fourier coefficients
of the g-expansion of g; at oo.

We also have a big Hecke character

x _p\s(a)
(3.6) nco 1k () > Ol arn(a)-(1+22)

satisfying for all k € Zs1, k=1 mod p® the property (nco1(a))((1+p)* 1) = ni(a). Then,
again via class field theory, one gets a big Galois character nco1 : G — Of,-

DEFINITION 3.22: We set
(3.7) Vg, = IndEnco

and we call it the big Galois representation associated with the family g _ .
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3.3. Construction a la Hida

It is possible to realize the families of theta series of infinite p-slope considered above
in another way, as suggested in Hida’s blue book [Hid93| pagg. 236-237].

DEFINITION 3.23: We define the A-algebras Apiga := OL[[Wx ]| and Owiga = Amiaal1/p],
with A-algebra structure induced by the natural inclusion 1+ pZ, c W.

DEFINITION 3.24: We define

_ n(a) 0@ ¢ A
T (Z) D)y LA a7 € Argaalla]]

where recall that [ -] denotes group elements in W

Let w : Apiga = C, be a continuous Or-algebra homomorphism. Assume that there
exists integers a,, > 1 and ky, > 1 such that w sends group elements in [u] € 1+p®“Z,2 ¢ Wi

to ukw € Cp. Then

. x n(a)
nw'IK(c)_)(Cp a- ()\(Cl ) ’U)([(/\(Cl))])

is a primitive Hecke character of infinity type (k, — 1,0) with conductor p
suitable integer e(w,n) >0 (depending on a,, and the p-part of 1), so that

(3.8) gHida(w) = Z Nw(a) - qNK/@(a) € Sk, (Nw, Xw, Or[w]) ,
(a,0)=1

e(wme for a

where
(i) Ny =d - NK/@(C) .p2e(wm)
(i) Xw = ex Mo W ¥ w = xg-w
pp=(Cp), depending on w.
(i) Or[w] is the finite extension of Of, generated by the values of w (one can assume that
it is a cyclotomic extension of Of, generated by a p-power root of unity).

2k . ¢, where e, is an explicit character valued in

When w acts on group elements [u] € Wx as w([u]) = u¥ for some k > 1, we recover
the specialisations g .. (w) = gx. If, moreover, k=1 mod p* (notation as in lemma ,
we get back all the classical specializations of g .

REMARK 3.25: The family g . admits more general classical specializations than the fam-
ily g, (in particular ramification at p is allowed), but one has to allow Fourier coefficients
in the larger ring Aniga. A

One can then again produce a big Hecke character

n(a)
(A(a))

with associated Galois character Ngiga : Gx = Ojp;q,- Note that, by construction, 9gida
factors through the Galois group of the ray class field modulo ¢op™ over K.

(3.9) Mhida * [k (¢) > Ofiga @ [(A(a))]

DEFINITION 3.26: We set Vg = Ind%nHida and we call it the big Galois representation

Hida

associated with the family g . .
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REMARK 3.27: By construction, it follows that for any w as above, the 2-dimensional (over
L{w] = Frac(Or[w])) Gg-representation obtained as

Hlda( ) - g Hida ®OHldd7 L['LU]

is the dual of the Deligne representation attached to the specialization g . (w). A

3.4. Families of theta series as generalized A-adic eigenforms

Now we are ready to prove that the families of the form g, —and g, fit in the
framework of generalized A-adic modlar forms, as defined in section

LeEMMA 3.28: The families g, and (resp.) g, . constructed as in equations (3.3) and
(resp.) (3-24) satisfy (with the notation introduced in section 1] and above)

gC 1 € SQCol( 7X97 ACOI) and gH'd € SQHida( 7Xg) AHida) ’

where Qcg) = WA \Z and Qida = g i Moreover, g and g = are generalized
A-adic eigenforms, both lying in the kernel ofU

PROOF. As far as g, is concerned, it is enough to check that g 9y L 7 is (A, Agida)-

admissible. Condition (i) of definition[L.5]is clearly satisfied. For condition (ii), for every k >
2 let wy, : Amiga = C, denote the weight uniquely determined by the assignment wy([u]) =
uF~1 on group elements. We know that wy, € QgHidaZ and we claim that I := N9 Ker(wy) =
(0). Since wy, ¢ Ker(wy) for every k > 2, one can prove the assertion working in Agiqa[1/p],
where it is easy to show that N}, Ker(wy)[1/p] = [TjLs Ker(wy)[1/p] for all m >2. Using
that Amgiga[1/p] is @ UFD (since Agiqa is such), one concludes that indeed it must be I = (0).

As far as g is concerned, we are left to prove that
&0
Q2= Wiz —> (L+p"Z) N L
is a bijection (then the lemma immediately follows). Recall that (Acol = OL[X]], ¢co1)
is a A-algebra via @co(T) = p®yX + p, with v a fixed (p — 1)-th root of p. Let pi =
(T+1-(1 +p)k) c A (for some k > 2) be the kernel of the specialization to weight k. To
give w € W " with w o oo = k is equivalent to give a prime ideal of Acg) lying over pg
and with remdue field a finite extension of L, i.e., to glve a prime ideal of

Pellp, ~ (x - @)D )
Py

Acol ®a

with residue field a finite extension of L. Given « € L it is clear (look at the inverse of

X —ain L[X]] when a #0) that
ACO][%] o L < aewLOL
(X-a)

otherwise

so that for us there exists a unique w € WXlCth such that woyce = k if and only if p* | k-1.
This proves the claimed bijection. O

REMARK 3.29: The families g, and g, are examples of A-adic forms admitting classical
specializations also for arithmetic weights w with k,, = 1. A



31

CHAPTER 4

Factorization of triple product p-adic L-functions

4.1. Remarks on complex L-functions

In this section we recollect some facts concerning Hecke L-functions and Rankin-Selberg
convolution that will be needed in the sequel.

Fix K/Q a quadratic imaginary field and let x¢ : A /K* - C* be an algebraic Hecke
(a+b)/2
Ak

is a unitary Hecke character (i.e. taking values in {z € C* | |z| = 1}) and the completed
L-function L*(xo, ) attached to x(¢ has meromorphic continuation and functional equation
with center s = 1/2 (cf. Tate’s thesis). Note that L*(xo,s) is actually an entire function if

Xo is not of the form xo = v o N g for some Dirichlet character v.

character of co-type (a,b). Let |-|s, denote the adélic norm. Then x¢ = xo-| - |

As explained in |JL70, theorem 11.3 and proposition 12.1], one can attach to xc an
automorphic representation m(x) of GL2(Ag) such that L*(7(x),s) = L*(xo0,s). Note
that if b=0 and a > 0, then 7w(x) is the automorphic representation attached to the theta
series 6, and L*(0y,s) = L*(7(x),s +a/2).

Given two automorphic representations 7; and my of GLa(A) with central characters
wy and wo, one can construct - via the so-called Rankin-Selberg method - an L-function
L*(m x mg,s), prove its meromorphic continuation and functional equation of the form

L*(ﬂ'l ><7T2,8) 28(7T1 ><7T2,8) 'L*(ﬁ'l ><77('2,1—S)

where 7 denotes the contragradient representation of . The poles of L*(m x mq,s) are
those of L(wiwse,2s—1). Moreover, the e-factor e(m; x w2, s) is an invertible function.

We refer to the standard reference [Jac72| for this construction and for the definition
of the local L-factors and e-factors of such L-functions. The local theory is also nicely
summarized in [GJ78| section 1]). For the definition of the local e-factors we always use
the standard additive character of the corresponding local field and the self-dual Haar
measure with respect to the standard character.

Starting from two cuspidal eigenforms f € Si(Ny¢,x¢) and g € S;(Ng,x4), one can
also define the L-function L(f x g, s) more classically via an Euler product expansion (cf.
|[Kat04, section 7]). If f and g are newforms and k > [, it holds

L(fxg,5)-Te(s) -Te(s—1+1) = L* (mf x mg, 5 — 222,

Finally, if f € Sp(Nf,xs) and ¢ : A} /K* - C* is an algebraic Hecke character of oo-type
(a,b), we set

L*(f/K7¢> 5) = L*(ﬂ'f X 71'(1/;)’ S — k—lga-#b)'
One can write L*(f/K,v,s) = Leo(f/K,%,s) - L(f/K,1,s) with archimedean L-factor
given by

Loo(f/K,1,s) =T¢(s—min{a,b}) -T'c(s—min{k —1,|a - b|} — min{a,b}).
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Assume now that we are given f € Si(Ny,xr) a Hecke eigenform and two Hecke
characters 11,1y of K of co-type (I —1,0) and (m — 1,0) respectively (here [ > 1,m > 1),
which are not induced by Dirichlet characters. Then g = 6, and h = 0, are cuspidal
newforms, say g € S;(N;, xg) and h € S, (Np, xp). Assume that x¢-xg-xn = 1 and consider
the Garret-Rankin triple product L-function

L*(f x g xhys) = L (g xw(ar) x (i), s — Eebgnsdy,

If one looks at the corresponding ¢-adic Galois representations for £ any rational prime,
one easily deduces the following decomposition

Vi(£) ® Vilg) @ Ve(h) = Vi(f) ® (IndZvneps @ IndZn g ) =
(4.1) = (Vi(f) ® ndRaniin) @ (Vi(f) ® IndGapng) -

For the sake of precision, here V;(£) denotes the dual of the Deligne representation
attached to £ and we look at 1 and 19 as Galois characters attached to the ¢-adic avatars
of i1 and 9 via class field theory.

The decomposition (4.1]) corresponds to the following factorization of L-functions
(42) L*(f X g X h,S) = L*(f/Ka 1/)11,[12, S) : L*(f/Ka 77[)17/’5,5) .

4.2. Study of the big Galois representations

As usual, we let L denote a (large enough) finite extension of Q,, containing all the
needed coeflicients.

SETTING 4.1: We work in the following setting.

(i) We fix f e SN £,1,A¢) a primitive Hida family with trivial tame character, square-
free tame level Ny and coefficients in Ay (a ring in Ca, which is also finite flat over
A =0OL[[1+pZ,]]), satistying assumption

(ii) We let K/Q denote a quadratic imaginary field of odd discriminant —dg (i.e. we have
dg =3 mod 4) coprime to pN¢ such that the fixed odd prime p is inert in K and does
not divide the class number of K. Writing Ny = N;{ . NJZ where N}‘ is the product of
prime factors of Ny which are split in K, we assume that N 5 is the product of an odd
number of prime factors (Heegner hypothesis).

(iii) We fix two ray class characters 1y and 7y of Gk, both of conductor e¢p” Ok with ¢
a positive integer with (¢,pNg) =1 and 7 > 1. We then let g and (respectively) h
denote the generalized A-adic eigenforms attached to n; and (respectively) no via the
construction explained in section [3.3]

(iv) We assume that the central characters of n; and 79 are inverse to each other (self-
duality condition).

(v) We assume that the prime divisors of the integer ¢ are all split in K.

REMARK 4.2: Let (ecye) : Gg = 1+ pZ, be the character g = ecye(g) - w(gcye(g)) ™!, where
Ecye : Gg — Z, is p-adic cyclotomic character. We then get automatically a universal
weight character (cf. remark for the notation):

(€cye)a : Gg > A g+ [{ecye(9))] = (- )a o cye(g)
and, for (R,p) € Cr, we set (Ecye)r = 90 (Eeye)r = ()R 0 Eeye : Gg = R™.
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Since we assume that p does not divide the class number of K, we have Wy =1+ pZ,2
(cf. lemma [3.15)) and moreover (with the notation of remark [3.16)

(4.3) {ecyedlar = (M) - (A7
A

By the work of Hida and Wiles, it is known that one can attach to f a big Galois
representation V¢, which can be realized as a free module of rank 2 over A¢[1/p] equipped
with a continuous action of Gg, specializing for all x € Wf\lf to the dual V,,(f,) of the p-adic

Deligne representation attached to f, (or, in case f, is the p-stabilization of a newform
of level Ng, to the dual of the representation attached to such newform). In particular
it holds that det(Vy) = weyc * (cyc)a,. We refer to [BSV22b, section 5] for a detailed
discussion concerning such Galois modules.

We defined a big Galois representation Vg (resp. V},) attached to g (resp. h) as
Vg = Indgm (resp.Vp, = Ind%ng),
where 11 (resp. 12) is the big Galois character valued in Apiqa[1/p] constructed as in

section [3.3]

NOTATION 4.3: We will write Ri = Agiqa in what follows, to simplify the notation. We
will also write (A\) g, : Gk = R} for the big Galois character given by g = [(A(g))].

LEMMA 4.4: We have
det(Vg) =e M <EcyC) : (ECyC>RK7 det(Vy) =ex -m™ - (Ecy6> : <5cyC>RK~

PRrOOF. It follows easily form equation (4.3)). O

Consider the Galois representation V := Vy®,Vg®,Vy. It is a free R := Rygn[1/p]-
module of rank 2 and it follows immediately from the above discussion and our assumptions
that

det(V) = wgyc '5E$c : (<80yC>Af®<5CYC>RK®<8CYC>RK)‘
Since p is odd, there exists a character X fgn = X : Gg — R* such that ecyc - x> = det(V),
i.e. we can write

X = Weye (5cy0>_2 : (<5cyC>Af®<5CyC)RK®<5CyC>RK)1/2-

If we define
Vi=VerR(x ™),
then one checks easily that such representation is Kummer self-dual, i.e.
(V1)Y(1) = Homp (VT, R)(1) = VI
We want to study the specializations VT(w) for a suitable w € Q fah-
DEFINITION 4.5: We define the following big Galois characters

(4.4) @ =mm(MN)7 (N Aae and =m0 - Aae,
where s
)‘ac : GK - R;( Aa,c = <)\)R/K ! (<)‘>URK)71/2 .

REMARK 4.6: Note that Wg, (Cp) = Homgﬁzt(WK, C,) has a natural group structure, so

it makes sense to multiply or invert weights. A
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LEMMA 4.7: Let w = (x,y,2) € Qpgn with k = k; even and let f° be the newform associated
to f, (as in proposition @) Then there is a decomposition

Viw) = ((Vp(f°) ®ru) ndZey. ) @ (Vo(F°) @) Indiap,.)) (-5)

where f°:= f° @ wk* e /2
Moreover, setting | = k: and m =k, the Hecke character of K attached to @,.. (resp.
to v,.) is anticyclotomic and has oco-type (”m 2 2ol =57 (resp. (l Logus l))

Proor. This is an easy computation. The only passage when one has to be slightly
careful consists in observing that for a Gg-character 7 and an even Gg-character x it

holds ((Ind (1)) (x) = Td (7 xleyc ). O

4.3. Improvement of the triple product p-adic L-function
We let M :=c? - dj - Ny in what follows.

Inspired by the level adjustment performed by Hsieh in [Hsi21, section 3.4, we are led
to consider the following test vectors associated to our families g and h, namely we set

(4.5) g = g(qu) € SQHida(M7 Xg>s Rk), h*:= h(qu) € SQHida(M7 Xh» Rk ).

One can check that our adjustment matches Hsieh’s more general version, in view of the
following facts concerning the local automorphic types for the specializations of the families
f, g and h.

PROPOSITION 4.8: Let £ be a prime different from p. Let w = (x,y,2) € Qpgn and write
(f,9,h) = (fu,9y,hz). Denote by mey the local component at £ of the automorphic repre-
sentation ¢ attached to &€ {f,g,h}. Then the following facts hold.

(i) The automorphic type of m¢y does not depend on the chosen specialization for & €
{f,9,h} (rigidity of automorphic types).
(ii) If £ + M, then e o is an unramified principal series representation for & € {f,g,h}.
(iii) If €| Nyg, then ms is special, while w4 and ¢ are unramified principal series.
(iv) If €| *dg, then Ty s an unramified principal series, while wg, and 7y 0 are ramified
principal series.

Proor. All the assertions regarding 7 are well-known for Hida families and for the choice
of squarefree tame level Ny and trivial character in our setting. The assertions regarding
mg0 and 7y, ¢ follow from the explicit description of the Weil-Deligne representations which
correspond to them via the local Langlands correspondence. Here we use the assumption
that di is odd and that the prime divisors of ¢ split in K to grant that the restriction of
Vp(g) and V,(h) to a decomposition group at ¢ is reducible when £ | dg. O

Along the lines of [Hsi2l|, proposition 6.12], we can thus define the so-called fudge
factors at the primes dividing M.

PROPOSITION 4.9: For each £ | M, there exists a unique element §ggp ¢ € R}gh such that
Jor all w e Qgqp it holds

(ffgh,f)w = fl‘[w,f )
with A, as in proposition [2.6,
PRrROOF. This is proven (adapting Hsieh’s methods) in the same way as in |[Fuk22, section
5.1]. O
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DEFINITION 4.10: We define the element
* * -1/2
ﬁg(.fag7h) = gpf(.fvg h ) : H ffg/h”g € ngh
M
and call it the square root f-unbalanced p-adic triple product L-function attached to our

triple (f,g,h).

COROLLARY 4.11: With the above notation, for all w € Qggp lying in the f-unbalanced
region, it holds

L*(11,1/2) b
(46) (ﬁg(fag7h)(w))2 = 2 02 IZILZ,p :
CQ(2) 'Qf
PROOF. Obvious from the formula (2.6) and the definition of E},c( f.g,h). O

We are left to find a more explicit description of the local integral fﬂ‘:l”p. We will fix
a triple of weights w = (z,y, 2) € Qggn which is f-unbalanced. Write k = k;,l = ky,m = k.
as usual, so that k£ >+ m. Assume furthermore that k is even.

Let (f,g,h) = (£, 9y, h:) as above and, only for this section, set

ST ®X1,  M2i=Tgp,  MRIEThp.

where

_ w(k+l+m—6)/2 -1/2

5(1 ) (ngygz)
Let x1 = ayp - X1, where ay), denotes the unramified character of Q) such that arp(p) =
ap(f)pt R,

Then ; is an irreducible smooth representations of GL2(Q)) for ¢ = 1,2, 3 and, by our
assumptions, we know the following.

LEMMA 4.12: The representations wo and 73 are always supercuspidal. The representation

1 satisfies one of the following:

(a) 1 is the principal series m = x1 By with vy = wﬁpxil where wy )y, is the p-component
of the central character of w¢,;

(b) w1 is the special representation m = x1|-|/2St.

The latter case happens if and only if x =2 and f = f; is p-new.

PROOF. All the assertions concerning 71 are well-known for Hida families. The fact that
mo and 73 are always supercuspidal follows from the fact that g and h are theta series
attached to a Hecke character of K ramified at p (recall that the prime p is inert in K by
assumption). O

PROPOSITION 4.13: In the above setting, we have that

unb _ L(W2®7T3®X171/2)
o ™ c(my @ m3® x1,1/2) - L(ma ® m3 ® 11, 1/2) - L7, ® my ® 3, 1/2)

PrOOF. This follows adapting |Hsi21| proposition 5.4] in the same way as it is suggested
in [Fuk22, remark 3.4.8|. O
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We can give an even more explicit description of Jﬁ‘sz. Write ¢ (resp. 1) to denote

- again only in this section - the p-component of ¢, (resp. 9,,.) seen as Hecke character
of K. Let also p1 and pg denote the characters of Q2 given by

_ -1/2 _o-1 -1)2
p=(app-wp,")oNg g, 2= (g, wp ") e Ny g,

r_ -1/2
and set m =7y, ®uwy "

ProrosiTION 4.14: With the above notation, it holds fﬁgbp = Ipw - Fpw, where for
ne{p,} we set

_ L(m(np),1/2)
(4.7) jmw = / ’
e(m(np1),1/2) - L(m(np2), 1/2) - L(my @ 7(n), 1/2)
Moreover one can compute %, as follows.
(1) Assume that we are in case (a) of lemmal[{.13 and that the character nu is unramified,

then
k-2 \2
p
Frw=11- .
" ( %(f)2)

(2) Assume that we are in case (b) of lemma and that the character nuy of QJ, is
unramified, then

P -2
jnyw:]_—mzl—ap(f) .

(3) Assume that the character nuy of Q;z 1s ramified of level n, then
no n(k-2)
p p
Foa :( 2) W)
ap(f) (1)

where 1 1s the unitary character of Q2 given by nuy on Z;z and such that n(p) =1
and W (n) denotes the root number of 1, defined as

W () =e(1,1/2),

which is an algebraic integer of complex absolute value 1.

PROOF. The factorization ﬂﬁ:{’p = Ipw- Iy w follows directly from the corresponding fac-
torization at the level of Galois representations given in lemma[4.7]and the local Langlands
correspondence for GL2(Q,). Hence we know that

7o L(np,1/2) .
T e(nu, 1/2) - L(npz, 1/2) - L(ng @ 7(n), 1/2)

Now note that for 7 € {¢,%} we have that nu; is a unitary character Q2 > C*, since @y

and v, /. are anticyclotomic and p; is unitary for ¢ = 1,2. The fact that ¢y, and ¢, /. are
anticyclotomic also implies that n(p) = 1.

We can proceed depending on the three cases, applying the known facts from Tate’s
thesis for the definition local L-factors and e-factors attached to Hecke characters.
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(1) If nuy is unramified, then e(nui,1/2) = 1. Moreover, if 7] is the unramified principal
series 7] = aﬁp-w]—c;/2 oz}lp-w}y2, then L(7m} x7(n),s) = L(nui,s) - L(nuz, s). Hence

).

o (2
Ty = Lz, 1/2) = (1= (p)- 1) = (1 ) ap’gsz) '

;/2| -|71/28t, then L(x} x w(n),s) = L(nu1,s). Hence
Inaw = L(npz, 1/2) ™ = 1= nua(p)p™ = 1= ap ()72,
where we used that this situation can only occur with x =k = 2.

(3) If nuy is ramified of level n (so that necessarily also nug is ramified), all the L-factors
involved are equal to 1, so that .7, ., = e(nu1, 1/2)7! and by Tate’s thesis we know

e(nu1,1/2) =nu1(p)" - (7, 1/2). Hence

S =l 112 = ()" W)

(2) I 7y =ayp- Wy

p n pn(k—2)
ap(f>2) W)
O

REMARK 4.15: We observe that the results of the above computation match perfectly the
shape of the modification of the Euler factor at p (for the Galois theoretic side) described
in [Coa91} pagg. 162-163|, also in the cases of bad reduction at p. A

We have some control on the root numbers appearing in proposition [£.14] (case (3)).

LEMMA 4.16: With the notation introduced above, if x =k =2 mod (p—1) and the char-
acter n € {@, v} is ramified, then W(n) = W(n) € {1}. Moreover the sign W(p) (resp.
W (%)) depends only on the parity of j1 = (Il+m—2)/2 (resp. jo=(1-m)/2).
PROOF. Note that under our assumptions the character denoted p; above is unramified
and 7 =7} is of finite order and trivial on Q;. We can thus apply [MS00, proposition 3.7] to
a suitable twist of  to deduce that W (n) = n~!(a), where a € Q) is a primitive 2(p—-1)-th
root of unit, so that 1 =7(-1) =n(a)~2. In particular this shows that W (n) e {+1}.
Recall that Z;2 = pp2_1 x (1 +pZ,2). Thus the only way one can affect the sign W (n)
is changing the weights [, m. More precisely, one can check (cf. remark that
(p-1)(l+m-2) " (p-1)(I-m)
30|,up2_1 = 7717)2|,up2_1 : (_) 2 ) 7/}|Mp2_1 =M |up2_1 : (_) 2
Writing o = ¢®*D/2 for ¢ a primitive (p?—1)-th root of 1, we see that the sign W () (resp.
W (%)) depends only on the parity of j; = (I +m —2)/2 (resp. jo = (I-m)/2). O

4.4. Anticyclotomic p-adic L-functions

As in the introduction, let H,, denote the ring class field of K of conductor ¢p™ and let
H be the union of all the H,’s. It follows that the big characters ¢ and 9 (defined in
equation factor through ¥4, := Gal(Hs/K). With the same notation as in remark
we can identify I'” = Gal(K_ /K) (the Galois group of the anticyclotomic Zy-extension of
K) with the maximal Z,-free quotient of ¥, i.e. there is an exact sequence

0-A,»¥% -1 -0

of abelian groups with A, a finite group and I'” = Z,,. We fix a non-canonical isomorphism
Y 2 Ac xI'” once and for all. Notice that A, will factor through I'".
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2 2
of weights w = (k,y,z) is f-unbalanced (i.e. k¥ >1+m), then it follows immediately that

lji| < & for i =1,2.

Building up on previous work of Bertolini-Darmon (|[BD96|, [BD98|) and Chida-Hsieh
(ICH18|), Castella and Longo in |[CL16| have constructed so-called big theta elements,
denoted

(4.8) OLB(f) e Ryr- = Ay®0, OL[[T7]]

attached to the Hida family f and the quadratic imaginary field K (satisfying a suitable
Heegner hypothesis relative to the tame level of f). The two variables are given by the
weight specializations for f and by continuous characters © : I'" — C such that the
associated algebraic Hecke character v : A} /K™ — C* has infinity type (j,-j) with |j| <
k/2. We let Z{;r;ct to denote the set of characters ¥ satisfying such requirement for a fixed k.

As in lemma set j1 == E=2 and jy := 5™ If we assume moreover that the triple

The specializations of the square of O (f) at (k,2) with k > 2 even integer and o ¢ %;r}j
interpolate the (algebraic part of the) special values L(f;/K,v, k/2).

Following the strategy of Castella and Longo applied to the more general construction
of Hung (JHun17]), one can construct a big theta element OS5 (£, y¢) € Ry r- associated
with the Hida family f and a branch character x; of conductor ¢ (i.e. a character of the
finite group A.).

REMARK 4.17: The construction of ©5L (f,xt) depends on the following choices that we

fix from now on:

(a) a factorization N;Op = N* -9F, where recall that Ny is the product of the prime
divisors of Ny that split in K;

(b) a family of quaternionic modular forms ® associated to f, with the property that
there exists an open neighbourhood Uy of 2 in Wy, (Op) such that for all k € Uy nZxo
it holds

DL =AB -0k,
where Apj € L™ and ¢ corresponds to f; via a version of the Jacquet-Langlands
correspondence.
We can (and will) choose the following normalizations for ®:

(1) /\372 = 1;

(ii) mpe n- =1 for ke Up NZ,2.

The period nfe N~ (appearing in the following proposition) is defined as a suitable Petersson

norm of ¢y, which we can normalize to be 1 (this will determine ¢y, up to sign). We refer

to [BDO07, theorem 2.5] for the existence of ® and its properties and to [CH18, equations

3.9 and 4.3| for the description of 7o - as Petersson norm (Chida-Hsieh’s notation is

<f7r’af7r’>R)- A

PROPOSITION 4.18: Fiz an even integer k € UpNZsz and a character U € %;r}gt of conductor
p". Write f = f;, and f° = f;, (with the usual conventions). Then:

L(f°/ K, xev, k[2)
Qo n-

(49)  (O1°%(F/K.x1))" (k.2) = Ap(k)* - Cp(f.xew) - ep(f.xav) -

where:
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(i) setting ug = #(29;( and 0 = \/dx, one has

2+2j-k

Co(foxev)=(-1)" 2 -T(k/2+5)-T(kj2-7) c 0 " uk -e(mpp, 1/2) - xav (NF);
(i)

p " Con(k=2) .
(ap(f)Q) D ifn>0
k-2 \2
ep(fyxev) = (1—&—”2) ifn=0 and f isp-old ;
k-2
1_af(f)2 ifn=0 and f is p-new

(i) Qo N~ is Gross’s period, that we can write as

AT £ By - Co(2) - [SLa(Z) : To(N

0 . - U1 T Co(2) SL(E) : To(Np))
210 N-

Proor. This follows from the work of Chida-Hsieh [CH18|, Hung [Hunl7| and Castella-

Longo |CL16|. We refer in particular to |[CL16| section 4.2] and to [Hunl7, theorem 5.6]

for the interpolation formula. O

REMARK 4.19: We keep the notation of proposition The Heegner hypothesis (iii) on
Ny in assumption implies that the sign of the functional equation for L(f°/K,x,s)
is +1 for every anticyclotomic Hecke character x of K of conductor coprime to Ny -dg
(unless k = 2, fy is p-new and x is unramified at p), i.e. we are in the so-called definite
setting. One of the main results of |[Hunl7] (namely theorem C in the introduction),
generalizing work of Vatsal [Vat02| and Chida-Hsieh [CH18|, implies that in our setting it
holds L(f°/K, xtv,k/2) # 0 for all but finitely many o € %;r,f A

4.5. Factorization of the triple product p-adic L-function
We consider the automorphism s of Rx®p, Ri in é@L given by the assignment
[v]®[d] = [y'/?6" ] @ [1/?671/7]

on group-like elements (note that again it is important that p # 2 for this to be a well-
defined automorphism).

Let again Ko, denote the (unique) Zg—extension of K. Recall (remark that the
character (\) induces an isomorphism I'o, @ Wg. The natural projection 'y, - I'™ can be
described as v~ v/2(77) /2. Accordingly, we get a morphism

(4.11) 7Ry - OL[[T7].

NOTATION 4.20: We set ¢ := mma|a, and ¢ = mng|a.. With respect to the chosen
isomorphism ¥, ¥ A. xI'", we also define the characters of I'" given by ¢~ := nins|p- and

YT =mng -

Note that the assigments [v] — ¢ (v)[7] (resp. [v] » ¥~ (y)[v]) define Op-linear
automorphisms ¢~ : O[T £ OL[T-]) (resp. ¥~ : Or [T = OL[[T"]), since |~ (7) -
1|p <1 (resp. |~ () - 1|, < 1) for v e I'". By slight abuse of denote by ¢~ (resp. ¥~) the
automorphism of Ry p- given by the identity on A and ¢~ (resp. 1) on Or[[I'"]].
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LEMMA 4.21: Consider the composition
1®9T®T

A0, O[T 80, OLIT]]-

Given a specialization (k,D, 1) € folfz X f{;r}gt X f{;r}; (with k > 2 even integer), then the
specializations in Qggn which lift (k,0, 1) are f-unbalanced triples w = (k,y,z) with the
property that

(112 p= @l YT s W)l

Moreover, we can always find such y € Qg and z € Qp, for given U and fi such that w =
(k,y,z) is f-unbalanced.

1®
Plgc ngh d ngh

Proor. This is an easy exercise. O

NOTATION 4.22: Now let oym+ € ¥ denote the projection to ¥4, of the element of G
corresponding to M by class field theory. We write (Uc,'ygﬁ) =omr € AexI™ 2%, to
denote the components of oyn+ according to the fixed isomorphism A, x '™ = 4., (note
that such yy+ € I'™ is well-defined). We also choose an element o, € Q such that a;z =
ot(oe) - (oe). We will also write

R = (A0, OL[[T 1180, O[T 1) [1/p]

in what follows.

PROPOSITION 4.23: There exists an element o/ggn € R~ such that

(i) for infinitely many k € Up NZso and for all U, fi € %;f}f, it holds (with f = f}, as usual)
ng (6%

Apan(k, 0, 1) = oo ) b (e ) -
(ii) for all 0, jue XY, Apgn(2,0, /1) # 0.

PrOOF. It follows from [BSV22a, lemma 3.3] that there exists an element .o/ € A¢[1/p]
such that for infinitely many k € Uy N Zs3 it holds

oy, = L .
T ™ Np (k) - £,(f, Ad) - o5
and such that @7¢(2) # 0. We now set
_ e (o) ¢ ()
w = 5
c-ug

e L*.

Then the element pgp = u - (Jz{fé[’yw]é)[’yw]) e R~ visibly satisfies the required inter-
polation property (cf. notation |4.22)). O

DEFINITION 4.24: In the setting , the image of Eg(f, g, h) under the map pr,,. of lemma
is denoted by E{;ac(f, g, h) and called the anticyclotomic projection of ﬁj{j(f, g,h).

THEOREM 4.25: Under the natural identification

R = (Ar80, 01T 80, O[T 1) [1/p] = (Ry.c-&r, Ry.c-) [1/p].
we have that

(4.13) L] oo(F:9,h) = 25 - (07 (OB (f00)) & 0™ (OS5 (F,40)))

as elements of R™.
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PROOF. It is enough to check that squares of both sides of equation agree, when
specialized to (k, 7, f1) for infinitely many k € Uy N Z,2 and for every © and /i finite order
characters of I'" (so that ¢~ and ¢~ lie in .’f;r}ct for every such k).

We have
L] ac(f 19, 1) (k. 0, 0) = £ (£, 9, h) (kyy. 2)
for any vy, z satisfying condition [{.12]

On the other hand we have that
¢ (O B(f 1)) (k,0) = O B(f,00) (kD)
and
U (OB (F,10)) (K, 1) = O (F ) (k07 1) -
The result follows putting together the following ingredients:
(i) the factorization of the corresponding complex L-functions (cf. equation and

lemma ;
(ii) the comparison formulas (4.6) and (4.9);

(iii) our explicit computations for the local factor fﬁ‘;‘{’p (cf. proposition and lemma

[.16));

(iv) the control on the factor #/f4p, as described in proposition m
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CHAPTER 5

Derivatives of triple product p-adic L-functions and Heegner
points

In this chapter we describe some applications of theorem We keep the notation
as in the previous section (cf. setting [4.1)).

5.1. Heegner points and Tate’s parametrization

Let p > 3 denote our fixed prime and let E/Q be an elliptic curve with multiplicative
reduction at p. This means that the conductor of £ is of the form Ng = Np,-p with p + Np,.
We let fr € So(T'o(Ng)) to denote the cuspidal newform associated to E via modularity,
whose g-expansion at co will be denoted

+o00

fr=2 an(E)q" .

n=1
In particular we have a,(E) € Z for all n > 1 and a,(F) =1 (resp. a,(E) = -1) if E has
split (resp. non-split) multiplicative reduction at p. We write a := ap(E) € {£1} in the
sequel.

Hida theory shows that there exists a unique primitive Hida family
feST(Ng,1,A)
of tame level Ny := Np and trivial tame character, such that f, = fp.

This family will play the role of the Hida family f of the previous section. As for
the rest, we keep working in the setting and, possibly, add further restrictions. In
particular, the conductor Ng of our elliptic curve F is squarefree and to satisfies a suitable
Heegner hypothesis with respect to the fixed quadratic imaginary field K.

For our applications, we are led to impose one further condition throughout this section.
ASSUMPTION 5.1: ¢ =112 has conductor prime to p and ¢ = 7179 has non-trivial anticy-
clotomic part ¥~.

With the notation of section {4} it follows that ¢~ is trivial and that we can identify
Pt = .

Following the discussion in [BD07, section 4.3|, one can define a Heegner point
P E(H,)% if op+1

YTIB(K)eQ ifp=1
associated with ¢, essentially coming from a parametrisation of £ in terms of the Jacobian
of a suitable Shimura curve. Here H, is the field cut out by ¢. Note that, since p is inert

in K and H, is contained in the Hilbert class field of K, it follows that p splits completely
in Hy,, so that we can fix an embedding H, c Q2 and view the point P, as a point

(5.1)
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in £(Q,2) ® Q. Under this identification, the Galois actions on P, of the Frobenius (as
generator of Gal(Q,2/Q,)) and of any Frobenius element for the abelian extension H,/Q
coincide. It follows that the points

P, =P,xa P, ¢ E(H,)®Q.

do not depend on the choice of prime p of Hy, above p. In what follows, we fix the choice
induced by our fixed embedding ¢, : Q - Q, and we view the points P, and P;a as
elements of F(Q,2) ® Q under such an embedding.

Since E has multiplicative reduction at p, it admits a Tate parametrisation, i.e., there
is an isomorphism of rigid analyitic varieties

(52) ®Tate : Gi;g’(@zﬂ /QE = E(Si :

One can define the branch log,, : C; - C, of the p-adic logarithm, uniquely determined
by the condition log, (qr) = 0, where qg € pZ, is Tate’s p-adic period associated with E.
This yields a logarithm

(5.3) logp =log,, o Priee E(Qp2) = Q2

at the level of Qp2-rational points.

5.2. Restriction to the line (k,1,1)

We now restrict our attention to the line (k,1,1). Recall that y =1 (or z = 1) means
that we consider the specializations given by y([u]) = z([u]) = u on group-like elements
u € W . For the first variable, we let k vary in Ug nZs» (same notation as in remark.
The corresponding characters of I'™ via equation are clearly both the trivial character
1p-.

An easy check shows that, with this choice of specializations, the square of the element

Ly(fIK,9) = O (f, ) (-, 1r-) € A

interpolates the algebraic part of the special values L(f7/K, ¢, k/2), at least when k > 2.
For k = 2 the p-adic multiplier e, (g, ) (cf. proposition vanishes, as a manifestation
of a so-called exceptional zero for our p-adic L-function.

Moreover, we see that the element £,(f/K,¢) coincides with the square-root Hida-
Rankin p-adic L-function attached to f and ¢ in [BDO07|. This follows comparing the above
stated interpolation formula and the one of [BD07, theorem 3.8].

We can now state one of the main results of [BD07| (extended to the case of not
necessarily quadratic characters ¢ = n;n2).

THEOREM 5.2: (|BDO7, theorem 4.9]) In the setting described above, it holds

logp (P )

d
L (FIK P =

dk

DEFINITION 5.3: We set L,(f/K, ) =~ (@?oeeg(f,wt)) (+,1p-) € Ay and we define the
restriction to the line (k,1,1) of Eg(f,g, h) as

LI(f.9,h) =L (f.9.h)(-,1,1) = L] . (f,9,R)(-,1p-,1p-) € Ay
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COROLLARY 5.4: In the above setting (in particular under assumption , assume that
L(fg/K,¥,1) #0. Then Eg(f,g,h)(2) =0 and

d CE
LD (f29: D)z = = Togp(Pr ),

where Cp = :I:%fgh(Z, 19171, ,al,l) . ﬁp(f/K,w)(Q) € @;
In particular, %Eg(f,g, h) k=2 = 0 if and only if the point P}, is of infinite order.
PRrROOF. This follows immediately from the above theorem [5.2] the running hypothesis,

lemma [4.23] and the factorization proven in theorem [.25] Note that

Lo(F/E,9)(2) = O (£, ) (2,47) #0.
Indeed, by assumption we have that 1~ is non-trivial, so that the p-adic multiplier

ep(fr, ™) of the interpolation formula never vanishes for k € U N Zxo. O
REMARK 5.5: Note that (cf. remark [4.19)) the condition L(fg/K,1,1) # 0 is generically
expected to be satisfied. A

5.3. Restriction to the line (2,v,v)

In this section we fix the weight k£ = 2 and we let the anticyclotomic twists vary along

the diagonal of f{;fizt x %;“; In this situation, %;fi; is given by finite order characters of I'".

DEFINITION 5.6: We define the restriction of ﬁg(f,g, h) to the line (2,v,v) as

L] ac(fE:gh) = L] 0o(f,9, 1) jos oo € OL[T7]].
We also set
0o (BJK, ) = OX(f, 0z € OL[[T]
and

Ooo (BJK, ) = 47 (O (f,41)) .y € OLITT.

One can check that, under our assumptions, the element 6., (E/K, ¢) coincides with the
theta-element defined by Bertolini-Darmon (cf. [BD96| section 2.7]) in the case of trivial
tame character and in more generality by Chida-Hsieh (|[CH18|) and Hung (|Hunl7]).
Similarly, the element 0 (E/K,1) is essentially a shift a such a theta-element.

Any choice of topological generator vy € I'” gives rise to a topological isomorphism
(5.4) OL[I N1 = OL[T]]
sending 7o to 1+ 7. One of the main results of [BD98| can be stated as follows.

THEOREM 5.7: (cf. [BD9S, theorem B]) The element O (E/K, @) lies in the augmentation
ideal of OL[[T7]]. Equivalently, viewing 0 (E /K, ) as an element of Op[[T]] via the above
identification we have
0 (EJK, ) € T-OL[[T].
Moreover, taking derivatives we obtain
o (BIK, £)ir-0 = 085(P7,0),
This formula does not depend on the choice of a topological generator of I'".

This leads to the following result concerning our triple product p-adic L-function.
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COROLLARY 5.8: In the above setting (in particular under assumption , assume that
L(fg/K,¥,1) #0. View E,J;ac(fE,gh) as an element of OL[[T]] via (5.4). Then

Eg,ac(ny gh)|T:0 =0
and

d -
d_Tﬁg,ac(vaghﬂT:o =cp-logp(FPpa),

where cg € @; 18 the same explicit constant as in corollary .

PROOF. This follows essentially from the above theorem [5.7] the factorization of theorem
[4:25] and the running hypothesis, in the same way as corollary [5.4] O

5.4. A corollary
Keeping the same setting as in the previous sections (in particular assumption we
impose moreover that ¢ = ¢; is a quadratic (or genus) character of K.

As explained in [BDO07, section 3.1], if the quadratic character ¢ is non-trivial, it cuts
out a biquadratic extension H, = Q(\/di,\/d2) where d; is a fundamental discriminant
for i = 1,2 and dids = —=dg. If we define ¢; to be the Dirichlet character attached to the
quadratic extension Q(+/d;) for i = 1,2, one sees that 3¢9 = . In particular we get

¢1(-Ng)p2(-Ng) =ex(-Ng) = -1

where the last equality follows from our Heegner assumption.

When ¢ is trivial, one sets H, = K (this situation corresponds to the case {di,ds} =
{17 _dK})'

If A\g € {1} denotes the eigenvalue relative to f for the Atkin-Lehner involution wy,,
we can always assume (up to reordering) that

©1(-Ng) =Ang,  ¢2(-NEe) = -Ang -
Moreover, it follows from [BDO07, corollary 4.8] that
(5.5) P = o1 (p)P, .
Here is a corollary combining the discussion of the previous sections.

COROLLARY 5.9: In the setting described by assumptions[{.1] and [5.1], assume that ¢ = ¢4
is quadratic and that L(fg/K,1,1) #0. Then the following facts are equivalent:

(i) ; ;
(FeE0(F 0.2 2L el gl ) # (0,0)
(1t) The point P, is of infinite order.
PROOF. Equation [5.5] shows that, under our assumptions,
pt {2-P¢ if p1(p)a = +1

w20 if p1(p)a=7F1

Then the result follows immediately from corollaries [5.4] and [5.§ and the fact that the
kernel of logp, is given by finite order points in E(Q,2). O
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CHAPTER 6

Balanced diagonal classes and the étale Abel-Jacobi map

Fix a prime number p. In this chapter we introduce the facts about étale and de
Rham cohomology of modular curves with p-adic coefficients which are needed to define
the balanced diagonal classes and the étale Abel-Jacobi map alluded to in the title above.
Most of the material is covered in more detail in [BDP13| section 1] and/or in [BSV22b),
sections 2 and 3| and in the references given therein.

6.1. De Rham of modular curves

For every integer N > 5, we let Y7 (N) denote the open modular curve of level I'; (IV),
defined over Z[1/N], classifying isomorphism classes of pairs (E, P) where F is a family
of elliptic curves over a Z[1/N ]-scheme S and P € E(S) is a section of exact order N. The
curve Y1(N) is affine and smooth over Z[1/N]. The universal elliptic curve arising from
this moduli problem will be denoted ui(N): &1(N) — Yi(N).

As explained in [KM85| chapter 8|, the normalization of the projective j-line in Y (V)
is a smooth projective curve over Z[1/N], usually denoted by X;1(NN). The curve X;(N)
contains Y7 (V) as an open subscheme and the complement C1(N) of Y1(N) in X;(N),
with the reduced subscheme structure, is finite and étale over Z[1/N]. It is usually called
the subscheme of cusps. Indeed, over Z[1/N,{n] (where (y is a fixed primitive N-th root
of unity in @), the scheme C1(N) is simply given by a disjoint union of points (usually
one refers to those as the cusps).

For any Z[1/N]-algebra R, we let Y1(N)g (resp. X1(N)gr), C1(N)g) denote the base
change of Y1(N) (resp. X1(N), C1(N)) to R.

In what follows, F' will be a field of characteristic zero and we write Y := Y1(N)p,
X = Xi(N)p, C = C1(N)p. We let, moreover, u : & — Y denote the universal elliptic
curve.

The notation (Tate(q), Prate) /R (g1 Will denote the Tate elliptic curve Gy, /q”, with a
' (N)-level structure Prye defined over F[¢n]((¢'/%)) for some d | N. We let wean denote
the canonical differential weay := dT'/T over F((q)), where T is the parameter on G,,. The
level structure Prage corresponds (over F[(n]((¢*%))) to a point of order N on Tate(q),
i.e., a point of the form C}qu/d for some i € {1,...,N -1} and j € {1,...,d — 1} with
(i,N)=1and (j,d) = 1.

We let w = u, sy be the line bundle of relative differentials on &/Y and we let
H = Rlu*(Q;a/Y) be the relative de Rham cohomology sheaf on Y. The latter is a rank 2
vector bundle over Y, equipped with Hodge filtration

(6.1) 0>w—H >w ' —0.
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The vector bundle 7 is also equipped with the so-called Gauss-Manin connection

(6.2) VA > 0.
The Kodaira-Spencer map is the composite
(6.3) KS:iw-> S #e0) >uleh

induced by the Gauss-Manin connection and the Hodge filtration. It turns out that K.S
is an Oy-linear isomorphism of sheaves, giving rise to an identification w? = Q%, of line
bundles on Y.

One can extend w and 47 to sheaves on the projective curve X, which will be again
denoted (resp.) w and 7. One way to proceed is to view X as moduli space for a suitable
moduli problem involving generalised elliptic curves. Since these constructions are well-
known and appear often in the literature, we only introduce the facts which are needed in
this work.

The sheaf w on X is essentially characterised by the fact that for F' = C there is an
identification HO(X,w*) = My (I'1(N)) (where My (I'1(N)) denotes the C-vector space
of holomorphic modular forms of level I'1(N)). The local sections of w in the (formal)
neighbourhood Spec(F[¢x][¢"/4]]) of the cusp attached to the pair (Tate(q), (ng'/?) are
expressions of the form h - weay with h e F[( N][[ql/ 4] and wean the canonical differential
on the Tate curve.

The extension of 77 is then determined by the extension of w and the Hodge filtration
(6.1)). The Gauss-Manin connection V extends to a connection with logarithmic poles at
the cusps

(6.4) Vi - A0 (0)

The local sections of 2 in a neighbourhood of (Tate(q),(ng"/%) are F[¢n][qY]-
linear combinations of wean and the local section 7)can, which is defined by the equation

d
(65) VWean = Nean @ Eq

Over Spec(F[¢(n][[¢"/4]]), the Gauss-Manin connection is completely determined by the
above equation and by Vnean = 0.

The Kodaira-Spencer map gives rise to an isomorphism o : w? — Q%(C), which over
Spec(F[¢n][[¢"4]) is simply described by o(w2,,) = %.

can q

A possible definition of modular forms of weight k£ > 2 and level T'1(N) with F-
coefficients is then given by

M (T1(N),F) = H(X,w") = H*(X,w"? @ Q%(C))
with subspace of cusp forms defined as
Sp(T1(N), F) = H(X, "2 0 Qk).
We now let, for r > 1, 7, := Sym" () (which we view as a sheaf on Y or X, depending
on the context). The sheaf .77, is endowed with a Hodge filtration
I3 10w dw
induced by the filtration . We will set Fil' 2. := #_; ® W' for i = 0,...,r.
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The Gauss-Manin connectionextends to a connection V, : J4. — %@Q}((C ) which
satisfies Griffiths transversality
V(Fil''' 24) cFill b Q4 (C)  (0<i<r—1)
and induces isomorphisms on the graded pieces

Gt = Gr' A 0 Q5 (C)  (0<i<r-1).

We let £ := Homo, (7€,Ox) be the dual of 5 and for r > 1 we set .Z,. := Tsym" (.Z)
(the notation Tsym refers to the submodule of symmetric tensors). We use the same
notations for the restrictions of these sheaves to Y. Also .Z (and consequently .Z;) is
equipped with an induced Hodge filtration and integrable connection. For % € {7, £}
we finally define the de Rham cohomology groups

(6.6) Hin(X, 7)) =H{(X, 7 1> Z, 0 Q%(C)),

where H denotes hypercohomology. These de Rham cohomology groups are naturally
endowed with a two-step descending filtration. In particular, one has an identification

Fil' Hig (X, ) ®F F[(n] = Mysa(T1(N), F) ® F[(N] i=1,...,r+1.

Since we are working with connections with logarithmic poles at the cusps, the de Rham
cohomology groups defined above can actually be defined on the open modular curve Y,
i.e., there is a natural isomorphism of filtered F-vector spaces

(6.7) Hig(X, 7)) 2 Hig (Y, Zly).
One can similarly define de Rham cohomology with compact support HQR’ LY F).

Over Y, there is a perfect pairing (essentially coming from Poincaré duality on the
universal elliptic curve &)

(,):H 00, H — Oy[-1].
Here Oy [n] is the sheaf Oy, with trivial connection and shifted filtration (i.e., Fil’ Oy [n] =
Oy if j <—n and FiVOy[n] =0 if j > 1-n). Such a pairing induces a perfect duality
(6.8) (s )r 2 ®0y S — Oy[-r],
which at the level of de Rham cohomology becomes a perfect duality

(6.9) (s )aryy : Hig(Y, 74) ®F Hag (Y, 56) = Hig (Y, Oy [-r]) = F[-r - 1].

6.2. Etale cohomology of modular curves

The sheaves 7, (resp. %) admit (Kummer) pro-étale versions. One can work in the
more classical setting of [FK88, §12] and obtain locally constant p-adic sheaves J¢,. (resp.
) on Yi(N), so that it makes sense to study the cohomology groups HZ (Y1(N)g, J4.)
(resp. HZ (Y1(N)r,-Z)) for any Q-algebra R (cf. [BSV22b, section 2.3] and the references
therein). In this section, we prefer to focus on the rigid analytic (or better adic) setting
and to adopt the more modern approach of [Sch13| (and its various generalizations, for
instance [Dia+23]).

In this section we denote by F' a complete discretely valued field of mixed characteristic
(0,p) with perfect residue field and fixed algebraic closure F'.
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NOTATION 6.1: For a rigid analytic variety S over F', we write Zp s (resp. @p s) to denote
the constant sheaf on Sp,q¢ associated to Zj, (resp. Qp) and for a Z,-local system L (resp.

Qp-local system) on S, we let L to denote the lisse Zp s-module (resp. Qp s-module) on
Sprost associated with I (cf. the discussion in [Sch13, section 8.2]). We let H gt(S,]L) (resp.
H gt(S 7#,1L)) denote the p-adic étale cohomology groups.

For A a complete subring of C, and F a Z, s-module, we also set F4 = F ®5 Ag,

where Ag is the constant pro-étale sheaf attached to A.

REMARK 6.2: According to [Sch13| proposition 8.2|, the association L — L defines an
equivalence between the category of Z,-local systems on S¢; and the category of lisse Zj, s-
modules on Sprogt- A

In what follows we view the algebraic varieties Y, X, & introduced in section as
rigid analytic varieties over @, (or better locally noetherian adic spaces over Spa(Q,,Z,)),
without changing the notation.

DEFINITION 6.3: We let H1(&) := Rlu*Zp,g to be the first relative pro-étale cohomology

sheaf of the family u : & - Y. We also let 7,(&) = Homy, Y(Hl(g’),zpjy) denote the
P,

relative p-adic Tate module of the family u:& - Y.

The sheaves H!(&) and T,(&) are (pro-étale versions of) rank 2 Z,-local systems. The
perfect relative p-adic Weil pairing can then be seen as a perfect pairing

(6.10) To(6) @, , To(8) > Lyy (1),

under which one obtains an isomorphism 7, (&) 2 HYE)(1).
Here Zpy(l) is the Tate twist of Zpy (one can obtain it as usual as hm My with

Galois action given by the p-adic cyclotomic character). More generally for a lisse Zp,y—

module and every n € Z, we let F(n) = F ®; _ Zpy(n) (with the usual conventions on
P,

higher Tate twists).

DEFINITION 6.4: For every integer r > 0, we define Zp,y—modules A= Sym" (H(&)) and
% =Tsym" (T,(&)) on Yiroet-

Clearly, the relative Weil pairing (6.10)) induces for all integers r > 0 an isomorphism
(6.11) Syt jfr,@p TQp( )

(we have to invert p to obtain an isomorphism when we pass to Sym" and Tsym").
The careful reader will immediately notice the abuse of notation for the symbols 7,
and .Z,. This is justified in the following remark.

REMARK 6.5: Let S be any smooth rigid analytic variety over Q, (or any smooth locally
noetherian adic space over Spa(Qp,Z,)). As explained in [Sch13| (and extended in [Dia+23|
to the case of not necessarily proper varieties), when a Zp-local system L on Sg is de
Rham (cf. [Sch13, definition 8.3], [LZ17, theorem 3.9]), one can attach to it a pair (£,V),
where £ is a filtered vector bundle on S and V:& - £€® Q}g is an integrable connection
satisfying Griffiths transversality, in such a way that for all integers j > 0 there is a canonical
isomorphism

(6.12) Bar ®2z, H%(Sg,, L) = Bar ®g, HiR (S, ),
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implying that
DdR(Hgt(SQp7L)) = HO (QpaBdR ®Zp Hgt(s@va)) = H(JiR(Sv 5) .

Let us mention here two more features of this kind of results.

(i) One can extend such result to a comparison between Kummer-étale cohomology and
de Rham cohomology with poles along a divisor, considering the datum of S as above
together with a normal crossing divisor D c S. More precisely one can define a notation
of de Rham Kummer-étale Zy-local system on (S, D) and, given such a local system
L, one can attach to it a pair (£,V), where £ is a filtered vector bundle on S and Vv
is an integrable log connection (same as above) satisfying Griffiths transversality
(cf. |[DF23, theorem 1.7]). We will need this when S = X1(N)q, and D = C1(N)q,
(the cusps).

Moreover, the étale analogue of the isomorphism [6.7] holds, i.e., there are canonical
identifications

(6.13) Hie(X1(N)g, Fr(n)) 2 Hy (Y1(N)g,, Zr(n))

for F e {H, L}, r € sy and n € Z (note that abusively we do not change the notation
for the coefficients on the Kummer étale side).

(ii) The whole picture extends also to the case of cohomology with compact support. We
refer to [LLZ23| for this generalization.

It is clear that, under the association L —» (£,V), the Zp—local system H'(&) is sent to
(o,V), whence the choice of keeping the same notation for .. and ., for r € Zs. A

We conclude this section recalling the needed facts concerning the Hecke action on
cohomology groups.

(i) For .7 € {7, £} one can define the action of Hecke operators Ty for primes ¢ + N
and Uy for ¢ | N and of dual Hecke operators 7, for ¢ + N and U, for £ | N on
the cohomology groups HZ, (Y1(N)g,#,) for any Q-algebra R. We refer to [BSV22b,
section 2.3] (where J# is denoted .#) for the precise definition of these operators (as
usual they arise from the suitable Hecke correspondences).

(ii) One can also define, for every unit d € (Z/NZ)*, a diamond operator (d) and a dual
diamond operator (d) on H, (Y1(N)g,%#,) for any Q-algebra R. An Atkin-Lehner

operator wy (and its dual wy ) acts on HZ (Y1(N)g,#,) for any Q[(y]-algebra R,
where (y is a fixed N-th root of unity in Q. We refer to [BSV22b| paragraph 2.3.1]
for more details.

(iii) The action of Hecke and diamond operators can also be defined on compactly supported
cohomology and on the corresponding de Rham cohomology groups.

(iv) Assume that N = N°p™ with p + N° and n € Zs;. In the sequel we will also need
Atkin-Lehner operators wye and wy,» acting on modular forms and more generally on
the cohomology of Y1 (N°p™) (where p + N°). The action of wye on a cuspidal modular
form & € Si(I'1(N°p™)) has already been described in equation (2.1)). Concerning wpn,

we define:

610 0p© =0 E) o= (D ).
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where we require that det(wy») = p" and the diamond operator (p";1) is the one
corresponding to the unique element of (Z/N°p™)* which is congruent to 1 modulo p"
and to p"™ modulo N°.

The operators wye- and w,» are the inverses of the corresponding operators ap-
pearing in [AL78|. One can also define a geometric version of such operators (and of
their duals wh. and w).) on Hy(Y1(N)g,.%,) for F € {#, £} and for any Q[(n]-
algebra R (where (y is a fixed primitive N-th root of unity in Q). We refer again to
(cf. |BSV22b| paragraph 2.3.1]) for more details.

(v) The isomorphisms s, and Poincaré duality induce perfect pairings ( , ),:

Hélt(YVI(N)@’gT(l))@p ®Qp H(élt,c(Yl(N)Qvf%éf’)Qp
(6.15) L
Hgt,c(YI(N)@»Zp(l))Qp 2Qp.

The operators Ty and T}, (resp. T, and Ty) are adjoint to each other under the pairing
(6.15). The same applies to the operators U; and U for £ | N.

(vi) After fixing an algebraic embedding Q, < C, the classical Eichler-Shimura isomor-
phism

(6.16) Hi(Yi(N)g, ) ®z, C = Myia(T1(N)) © Spia(T1(N))

commutes with the action of Hecke and diamond operators on both sides. If N = N°p”
with p 4+ N°, the isomorphism commutes also with the action of wy» on both sides.

REMARK 6.6: In chapter [9] we will need a more explicit geometric description of some of
the operators mentioned above. Fix an integer N > 5 and a prime p. In this remark we
write X; := X1(Np')g and we view it as (the compactification of) the curve classifying
triples (E,tn, ) where E is a family of (generalized) elliptic curves over a Q-scheme S
and ¢y : pun,s = E and ¢y ¢ e g - E are embeddings of group schemes.

For every t > 0, one can define two degeneracy maps:

(6.17) pri: Xp1 = Xy, prh: Xpa - Xy

The map pr} is described as the map which, at the level of the moduli problem of level
[ (Npt*t) and Ty (Np'), sends (E, LN, Lyt+1) 0 (B tn,p - tye1). On the other hand, prh
sends a triple (E,tn,tyte1) to (E, iy, by )/Cp, where Cp = 141 (p1p,5). One checks that
for i = 1,2 the maps pr! have degree p? if t > 1 and degree p> -1 if t = 0.

ri-t

Fort>s2>0and:=1,2, we will also write pr?s =pr;o---opr; ~ as morphisms X; - Xj.

As explained in [DR17, section 1.2], one can show that for every ¢ € Zs; one has
p-Up = (pry). o (pry)” = (pri )" o (pry ).
as operators on HéR(Xt,%). A

From now on in this section L will denote a finite extension of Q.

NoTATION 6.7: If V' is a Qp-vector space, we write Vf, := V ®q, L and if M is a Z,-module,
we write My, := M ®z, L.

For an L-vector space H endowed with an action of the good Hecke operators of level N
and for £ € S, (N, x, L) an eigenform, we let H[£] denote the £-Hecke isotypical component
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of H (i.e., the maximal L-vector subspace where the Hecke operators act with the same
eigenvalues as on §).

DEFINITION 6.8: Given £ € S, (N, x, L) with v > 2 a normalized eigenform, one can attach
to it two Galois representations.

(i) We let Viy(€) be the maximal L-quotient of Hgt(Yl(N)@,cf,,_g(l))L where the dual
good Hecke operators and dual diamond operators act with the same eigenvalues as
those of .

(i) We let V3 (&) == Hélt,C(Yl(N)@,%_g)L[f] (cf. notation be the maximal L-

submodule of Hgt7C(Y1(N)@,%_2)L where good Hecke and diamond operators act

with the same eigenvalues as those of &.

When the level N is understood, we simply write V(£) = Vi (§) and V*(§) = V3 (£).

REMARK 6.9: If ¢ is new of level N, then V(&) is identified with the p-adic Deligne
representation associated to £ and V() is identified with its dual. In general Viy(§) (resp.
Vi (€) is non-canonically isomorphic to finitely many copies of Vi, (§°) (resp. V]\*]E €°)),
where £° is the newform of level dividing IV associated to { and N¢ | N is the corresponding
level. A

DEFINITION 6.10: For an eigenform & € S, (N, x, L) (with v > 2) and 7 € {*, @}, we set
VJR,N(Q = Dar (Vy (€)) = H*(Qp, Bar ®1 Vi (€))

and we simply write Vd?R(g ) if the level N is understood.

The comparison isomorphism ((6.12)) yields canonical isomorphisms

(6.18)  Fil'Var(§) = Su(T1(N), L)[€"]  Fil'Vi(8) = Sy (T1(N), L)[€]
(where & := wy(£) and we follow notation and a perfect duality

(6.19) (= =) : Var(§) ®L Vgr(§) = Dar(L) = L

under which we get identifications

(6.20) ViR (§)/FI' ViR (€) 2 (S,(T1(N), L)[€*])"

and

(6.21) Var (§)/Fil’Var (€) = (Sy(T1(N), L)[€])

where (-)" denotes the L-dual of an L-vector space.

6.3. The étale Abel-Jacobi map

In this section we fix a positive integer M coprime to p and a positive integer ¢t and we
assume that Mp' > 5. We consider a triple of cuspidal modular forms

+00 too oo
f=2an(N)d",  g=> an(9)d",  h=) an(h)q"
n=1 n=1 n=1
with

feSe(Mpl, x> HRoep), ge S (Mp! xgw* 0ey),  he Sy (Mph, xpw® ™ 0gy,).

Here, w is the Teichmiiller character modulo p, x¢ is a character defined modulo M and e¢
is a character valued in ppe for £ € {f, g, h}.
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AssumpTION 6.11: (i) For £ € {f,g,h}, we assume that £ is a normalized eigenform, i.e.,
it holds a1(&) = 1 and £ is an eigenform for all the Hecke operators Ty for all primes
¢+ M (i.e., the good Hecke operators). We also assume that £ is an eigenform for the
U, operator.

(ii) There exist a positive integer My | M and a non-negative integer s < ¢ such that
f € Sp(Myp® ,Xwa_ke #,L) is a normalized p-ordinary newform of level Mp® > 5 or
the ordinary p-stabilization of a newform of level M7 > 5.

(iii) The triple (f,g,h) is tamely self-dual, i.e., x xgxn is the trivial character modulo M
and kg +mg+1lp=0 mod (p-1).

(iv) The triple of weights (k,l,m) is balanced and geometric, i.e., (k,I,m) are the sizes of
the edges of a triangle and v > 2 for v € {k,l,m}.

NOTATION 6.12: (i) We fix a finite extension L of Q, containing the Fourier coefficients
of f,g,h (and a primitive Mp'-th root of 1) via the fixed embedding ¢,.
(ii) From now on in this section, we write Y; := Y1(Mp")g (modular curve over Q), with

. . . . Ut
corresponding universal elliptic curve &; — Y;.

DEFINITION 6.13: With the above notation, we set r; := k-2, ro :=1-2, r3 :=m — 2,
r:=(ry+ro+73)/2, r:=(r1,r2,73). We also define the Dirichlet characters of conductor a
power of p given by:

(7‘2+T‘3—7‘1—2k0)/2 —1/2

‘(5}1egsh)

Applying |[AL78, theorem 3.2|), we can give the following definition.

(6.22) Xpgh = w" - (eregen) ™2, Ypgni=w

DEFINITION 6.14: We let f’ denote the unique normalized newform of level dividing M;p?
such that f ®wk_2+k05}1 = f'P] (p-depletion, i.e., f'P1 = f/ - Voo Up(f")).

REMARK 6.15: It holds that f" € Sk(Mlps,Xfwk_Q_kos}l,L). More precisely:

(i) if f is the ordinary p-stabilization of a newform f° of level Mj, then f’ = f° (we have
k=2 mod p-1 and e trivial in this case);

(i) if f e So(Mip,xy,L) is a newform, then f’ = f;

(iii) if f is new of level M;p® with s > 1 and it is p-primitive (i.e., the conductor of w
is exactly p°), then f’ is the normalized eigenform given by a suitable multiple of
wps (f) (this follows looking at the action of the good Hecke operators and knowing
that wps (f) is new of level M;p®).

k—2+k0
ef

A

Write h' := h ® 1fg,. Since we are not assuming that g and h are newforms, it is
harmless to impose that f is new of level M1p® with s € Zsp such that s < t/2. In this
way it follows that h' € Sm(Mpt,th2_m5h1/1]2cgh) (i.e., that the p-part of the level is not
increased by the twist).

DEFINITION 6.16: We define
(6.23) V(f,9.h) = Vit (f) ©L Vit (9) ®L Vagpe (B) (-1 -1)

and

(6.24) V*(f,9,0) = Ve (F) ©1 Vg (9) 1 Vi (R (r +2) .
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REMARK 6.17: (i) The representations V(f,g,h) and V*(f,g,h) are Kummer self-dual
by design and moreover they are canonically isomorphic to the Kummer dual of each

other (essentially by the pairing (6.15])).
(ii) Note that if the character of f has trivial p-part (e.g. cases (i) and (ii) in remark

above) and if we assume that the triple (f,g,h) is self-dual (i.e., the product of
the characters of the three forms is the trivial character), then Vj}pt (&)= VA?/[pt(f ) for
Ee{f,h} and ? € {*,&}.

A

In [BSV22b), section 3], the authors associate to the triple (f, g, h) a Galois cohomology
class #(f,9,h) e H{(Q,V(f,g,h)).

Here is a diagram depicting the situation.

Deté € HY (Vy, #4.(1)) — Hy (Y7, ey (r +2))

Al
\ le

(Q,Ht( o [r](Q—T))) — Hl(@,Ht( o [r](r+2)))

pr, ftghl
k(f,9,h) e HY(Q,V(f,g,h))

REMARK 6.18: The following discussion explains the diagram above.
(i) di : Yy = Yy xY; x Y, is the diagonal embedding and dy . is the corresponding Gysin
(ii) ?oip. e{H, L} and r = (r1,r2,73) as above, the Z,-local system .%; on Y; is defined
as
Ty = Fpy ®p, Fry O, Fry
and the Zp-local system #[;] on Y} is defined as

cg\[r] = piﬂrl ®7, p;ﬂ\rz ®7, pgﬂrg

where p; : Yy x Yy xY; » Y} is the natural projection on the j-th factor. In particular,
it follows that di 7] = F+.
(iii) The map HS is a morphism coming from the Hochschild-Serre spectral sequence

(6.25) H(Q, HY, i (r+2))) = HI(YE, 4 (1 +2)).

(V35 4

The existence of such a morphism is due to the fact that Hj, (V> 0 A (r+2)) =0 (by

Artin vanishing theorem, as Y; is an affine curve).

(iv) The étale Abel-Jacobi map in this setting is defined as AJg; := d; . o HS.

(v) The isomorphism s, is induced by the isomorphisms s,.; for j € {1,2,3} (cf. equation
G.11)).

(vi) The projection pry;
tient of H3 (Y2 L0
ing Hecke isotypical component.

fgh

Z1x1(2-7)) via Kiinneth formula and projection to the correspond-

is induced in Galois cohomology by viewing V(f,g,h) as a quo-

A



BALANCED DIAGONAL CLASSES AND THE ETALE ABEL-JACOBI MAP 55

fgh

The class x(f,g,h) is the image under the composition pri”" o s, o AJg; of the element

(6.26) Dety' € HY (Y, #4(r))L,

which we now describe. Write Y =Y} till the end of this section.
We fix a geometric point y : Spec(Q) — Y and we consider the étale fundamental group
7{*(Y,y). Passing to the stalk at y induces an equivalence of categories

Locy (Z,) = Repy™ (77" (Y, y)),
where:
(i) Locy(Zy) is the category of étale Zy,-local systems on Y;

(ii) Rep%opnt(wft(Y, y)) is the category of continuous representations of 7{'(Y,y) in finite
free Z,-modules.

In particular, the stalk 7,(&), is a rank 2 free Zy,-module. The p-adic Weil pairing

To(8)y®z, Tp(E)y — Zy(1) is well-known to be perfect, Z,-bilinear, alternating and Galois-

invariant (for the action of Gg). The construction recalled in appendix |[A| applies to this

setting (with M = T,(&),), yielding an element

Det, € Hgont(Auth(ﬁ(@@)y), Sy ® Zy[r]) .

The action of 7¢%(Y,y) on 7,(&), is encoded in a continuous morphism 7$*(Y,y) —
Autz, (T,(&£)y). We thus obtain a functor

()% : Repi2 (Autz, (Ty(8),) = RepiZ™ (x4 (Vo)) = Locy (Z,), N~ N
It follows from the construction that, with the notation of appendix [A] S = 7, for all

integers n > 0 and Z,[m]® = Z,(m) for all m € Z. As a consequence, we obtain an inclusion

at the level of invariants
HY,pi(Atttz, (Tp(8)y): Se ® Zp[r]) = HYpy (71" (Y, y), H4(r)y) = HE (Y, 74(r)) .

The element Det¢' is defined as the image of the invariant Det, inside H3 (Y, /4 (r))., via
the above inclusion (followed by extension of scalars to L).
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CHAPTER 7

Some p-adic Hodge theory

In this chapter we introduce the necessary tools from p-adic Hodge theory and we apply
them to the study of the Galois representation V(f, g,h), seen as a representation of Gg, .
The main references are |BLZ16, section 1] and [GMO09].

7.1. Filtered (¢, N)-modules and Galois representations

For the generalities on (¢, N)-modules with coefficients we refer to [GMO09, section 2].
As in the previous chapters, we let L be a finite and large enough extension of @, and we
denote by Q)" the maximal unramified extension of Q, (inside the fixed algebraic closure
Qp) and we let o € Gal(Q}"/Qp) denote the Frobenius (i.e., the unique lift to Q)" of the

Frobenius automorphism x + 2? of F))

DEFINITION 7.1: A filtered (p, N,Gg,, L)-module D is a free (Q)" ®q, L)-module of finite
rank endowed with:
(i) the Frobenius endomorphism: a o-semilinear, L-linear, bijective map ¢ : D — D;

(ii) the monodromy operator: a Q)" ®q, L-linear, nilpotent endomorphism N : D — D
such that Nop=p-po N;

(iii) a o-semilinear, L-linear action of Gg,, commuting with ¢ and N;

(iv) a decreasing, separated, exhaustive, Gg,-stable filtration on Qp ®qnr D given by free
(Qp ®q, L)-submodules.

There are similar definitions for filtered (¢, N, Gp, L)-modules, where F is any finite
extension of Q, and one can view filtered (p, N, Gg,, L)-modules as filtered (¢, N,Gp, L)-
modules by restriction.

NOTATION 7.2: We fix a filtered (¢, N,Gq,, L)-module D and we let F be a finite extension

of Q,. Denote by Fp the maximal unramified subextension of F' and let ¢ = p? be the
cardinality of the residue field of F. We will always assume that F' € L in what follows.
We set

G G 5 \G N=0
Dg,ry = D7"  Dg,p:=D"" ®p, F, Dar,r:=(D®qp Qp)™", Derisp =Dy

ASSUMPTION 7.3: Every p-adic Galois representation V' of Gg, appearing in the sequel
will be a de Rham (equivalently, potentially semistable) representation.

DEFINITION 7.4: (i) If V is a p-adic Galois representation of Gg, with coefficients in L,
F is a finite extension of Q, and 7 € {dR,st, cris}, we set

Dy (V) = (B ©g, V)OF.

We say that V' is F-semistable (resp. F-crystalline) if Dy (V) (resp. Degis,p(V)) is
a free Fp ®q, L-module of rank equal to dimp (V).
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(ii) For V as in (i), we also define the (Q" ®q, L)-module attached to it as

(7.1) Dpst (V) := lim (Bs; ®g, V).

M/Qp
finite

REMARK 7.5: If V' is a p-adic Galois representation of Gg, with coefficients in L, the
(Qp" ®q, L)-module Dy (V') inherits a natural structure of filtered (p, N, Gg,, L)-module.
The functor Dy (—) provides an equivalence of categories between potentially semistable
Galois representations with coefficients in L and admissible filtered (¢, N, Gq,, L)-modules.

A

For later purposes, we define the so-called Bloch-Kato subspaces in first Galois coho-
mology group.

DEFINITION 7.6: For V' a (de Rham) p-adic Galois representation of Gg, and F' a finite
extension of Q,, one defines:

Hy(F,V):=Ker (H(F,V) > H' (F,Bar ®g, V)) ,

Hi(F,V):=Ker (H(F,V) > H'(F,Buis ®g, V))

HYF,V):=Ker (H'(F,V) - H(F,B ®q, V)) .

cris

One can study the cohomology of admissible filtered (y, N)-modules and compare it
with the Galois cohomology of the associated Galois representation.

DEFINITION 7.7: Let D be a filtered (p, N,Gg,,L)-module and F' ¢ L as above. The

cohomology groups HZ (F, D) are given by the cohomology of the complex
Cep(D): Dy g, ®Fil’Dar + D, i, ® Dst, 1y ® Dar,r — Dst.i,

(7.2) (u,v) ——— (1= p)u, Nu,u—v)

(w7x7y) — Nw - (1 —pQO)fE
concentrated in degrees 0, 1 and 2.

THEOREM 7.8: The complex C’S't?F(—) computes Ext groups Exti((@zT@QpL, =) fori=0,1,2
in the category of (admissible) filtered (¢, N,Gp, L)-modules. If V is a p-adic representa-
tion of G, with L-coefficients and D = Dyst(V'), the functor Dy induces functorial maps
HY.(F,D) - H'(F,V) for every finite extension F' € L of Q,. This maps are isomorphisms
Jor i =0 and injective for i =1. If V is F'-semistable, then for i =1 the image of the map
HL(F,D) - HY(F,V) coincides with the subspace Hgl(F, V') of definition ,

Proor. This is well-known. Let us just note here that the fact that the image of the
inclusion Hslt,F(D) ~ HY(F,V) coincides with H;(F,V) is a consequence of Hyodo’s
theorem (or a way of stating it). O

DEFINITION 7.9: Let V' be an F-semistable representation of Gg, with L-coefficients. We
define the semistable Bloch-Kato exponential map for V' as the isomorphism

expy v ¢ Hyy (F, Dpsi (V) = Hy (F,V)
afforded by theorem
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Now we describe slight generalizations/modifications of the complex C§ (D) for D a

filtered (p, N, Gq,, L)-module. We let ® = ©? so that ® is Fy-linear on DF and extends
to a linear endomorphism of Dy p. For every polynomial Q(7T') € 1+7'-L[T"] one can define
two variants of the above complex (7.2)) given by

% ro(D): Dsyr @ Fil’Dar + Dst. i, ® Dst, 1, ® Dar,r — Dst,

(7.3) (,0) —— (Q()u, Nu,u - v)
(U], x, y) — N’LU - Q(p@)l’
and
Cpo(D): Dy p@®Fil’Dyr + Dy p ® Dy p ® Dapp — D r
(7.4)

(u,v) ——— (Q(P®)u, Nu,u —v)
(w,z,y) ——— Nw-Q(qP)z

and define cohomology groups Hsit,Q(F» D) and ﬁsityQ(F, D) (for i =0,1,2) accordingly. In
particular, note that Hsit’l_T(F7 D) = H..(F, D) in our notation.

LEMMA 7.10: Let Py, P> € 1+T-L[T] be two polynomials. Then there is a natural morphism
of complexes C§ . p (D) = C§  p p,(D) given by

10
Ce.rp (D) : Dy, ® Fil'Dar,r — Dst,ry ® Dst iy ® Dar,r — Dst,F,
lcPQ lide)id ng (p)@ideid lPQ (pw)
) 10
Cerpp,(D):  Dsr ®@Fil'Dag p — Dst, i, ® Dst.r, ® Dar,r — Dst Ry

which is a quasi-isomorphism if Py(p) and Pa(pp) are bijective on Dg g, .
Moreover the morphism cp, always induces a short exact sequence of the form:

P =0, N=0
0— Hsot,Pg(Fv D) - Dst?lg’s(f) - Ker(Hslt,Pl(F7 D) - Hslt,Png(F7 D)) -0
w = [(w,0,0)]

PRrROOF. This is also an easy exercise. The only point where one has to be a slightly careful
is to show that every class [(w,=,y)] inside Ker(H} p (F,D) — H. p.p, (I, D)) can be

represented as [(w’,0,0)] for a suitable w’ € Df},‘s):o’ N=0.

But if (P (p)w,z,y) = (P1P2(p)u, Nu,u—-v) for some (u,v) € Dg f, @FilODdRF, then
w’ =w — P1(¢)u does the job. O

DEFINITION 7.11: An admissible (¢, N, Gg,, L)-module D is (F,Q)-convenient if D is
F-crystalline (i.e., Dgr,r = Dgt,p = Deris, ) and Q(®) and Q(q®) are bijective on Dy p.

LEMMA 7.12: In the above setting, if D is (F,Q)-convenient, then the morphism of com-
plexes [FilODdRF - Dgr,r = 0] = C;t7F7Q(D) given by the obvious inclusions OfFﬂODdRF

inside Dy p @ FilODdRF and of Dar,r inside Dy p @ Dg p ® Dar,F s actually a quasi-
isomorphism. If, moreover, we consider P(T) € 1+ T - L[T] such that P(T) | Q(T?), then
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we can actually identify
DR,

Fi® Dup ~ H} o(F,D) 2 Hy p(F,D).

PRrROOF. This is an easy exercise. One can check that the inverse to the isomorphism
Dar,r

Fil’Dyg,

is given by [(w,z,y)] = y — Q(®) " w mod Fil’Dgg r. The identification H;t’P(F,D) v

ﬁ§t7Q(F,D) follows immediately from lemma taking Py(T) = P(T) and Py(T) =
Q(T")/P(T). O

= H} p(F,D)

For PQel+T-L[T], welet P%Q €1+ T-L[T] be the polynomial whose roots are
{if;} if {oy} and {f;} are the roots of P and @ respectively. We then have the following
proposition.

PROPOSITION 7.13: Let D1, Do be two filtered (o, N,Gq,, L)-modules. Then there are cup
products

Cet,r.p(D1) x Cg 5 o(D2) » Cfy . paq(D1 ®qnreg, L D2),
associative and graded-commutative up to homotopy, hence inducing well-defined products
on cohomology groups.
PROOF. See |[BLZ16|, proposition 1.3.2. O

REMARK 7.14: Here we include the table (taken from |[BLZ16|) giving the recipe to com-
pute the pairing of the above lemma

I (u',0") \ (', 2", y") \ 2 \
b(p1,p2) (udw’),
(u,v) (u@u',v®v) ( Ve, ) b(1,pp2)(u® 2')
(7.5) , (s (1-7)0) 9y’
(w’ z, y) a(w’i;)é}:@u ), _Q(QOI,PSoz)(w ® 37:) 0
yo('+(1-A)u') +b(pep1, p2)(z @ w')
z a(pe1,p2)(z@u’) 0 0

In the table, we have fixed a(X,Y),b(X,Y) € L[ X,Y ] such that
PxQ(XY)=a(X,Y)P(X)+b(X,Y)Q(Y)

and A € L. One can check that changing the polynomials a(X,Y") and b(X,Y") or changing
A will change the product by a chain homotopy (i.e., the induced pairings on cohomology
groups are well-defined). A

7.2. Study of the relevant filtered (p, N)-modules

Now we can go back to the setting of section to study the filtered (¢, N)-modules
attached to the modular forms (f, g, h) more closely. Recall that
Vd?R(nga h) = DdR(V?(f7g7 h)) .

We let f := Mg, (f) ™1 war, (f), where App, (f) is the pseudo-eigenvalue for the action
of wyy, on f. It follows from |AL78, theorem 1.1] that Ayp (f) is an algebraic number
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of complex absolute value 1. We denote by e ¥ the idempotent corresponding to f by the
theory of p-stabilized ordinary newforms (cf. [Hid85, chapter 4]).

DEFINITION 7.15: (i) For £ € {g,h'} we let wg € FillVd*RMpt(&) be the element corre-
sponding to £ under the isomorphism .

(i) Consider the Gg-representation Vyy <(f') (note that we are imposing s = 1, i.e., work-
ing on Y1(Mp)g), if f is the ordinary p-stabilisation of a newform of level coprime to
p). Welet npr s € Vig yps (f1)/Fil! ViR arps (f') be the element corresponding under the
isomorphism to the linear functional

Se(T1(Mp*), L)[f™] — Sk(Mip®, xF'w?**hoey, L) —— L

v > T rps /0 ps ()

d > al(ef(é))

Note that this gives rise to a non trivial functional since f € S, (I'y(Mp®), L)[f™].

REMARK 7.16: The fact the such a linear functional actually takes values in L follows from
the work of Hida (cf. |Hid85, proposition 4.5]). A

REMARK 7.17: Since f is p-ordinary, we know that V]\}ps( f) is Fi-semistable, where Fj

is a cyclotomic extension of QQ, generated by a p"-th root of unity for some n > 0. More

precisely (cf. remark [6.15)):

(i) if f is the ordinary p-stabilisation of a newform f° of level M, then Vitps (f) is already
crystalline over Qp;

(ii) if f e Sa(Mip, xy, L) is a newform, then Vi .(f) is semistable (but not crystalline)
over Qp;

(iii) if f is new of level M;p® and p-primitive, then V]\}ps( f) becomes crystalline over
Qp(Cps) (where (ps is a primitive p®-th root of unity).

The same remarks apply to Vi . (f'). A
LEMMA 7.18: The filtered L-vector space Vig Mps(f') decomposes, as L-vector space, as

* . * * =ap(f) Gal(F1/Qp)
VdR,MpS(f,) = FlllVdR,MpS(f,) ® (Fl ®Q, Dst,my (VMpS(f,)yp ! )

PROOF. In order to simplify the notation, we write V' = Vi, . (f'), Var = Vg pps (f') and

Vst,ry = Dst, iy (Vj\}ps(f')) in this proof.

It is possible to describe explicitly the structure of filtered (¢, N,Gal(F1/Qp),L)-
module of Vi . We refer to [GM09, sections 3.1 and 3.2|, where the authors actually
describe the duals of our modules.

Combining everything, we can give the following explicit description of Vi . Such
module is non-canonically isomorphic to a finite number of copies of a two-dimensional
filtered (¢, N, Gal(F1/Q,), L)-module with Hodge-Tate weights {1-k,0}, which we denote
by D. Clearly, it is enough to prove the corresponding statement of the lemma for D.
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If V is Fy-crystalline, then D has a basis {e1,e2} as L-vector space such that

pler) = X ()P lap(H) 7 e
ple2) = ap(f) - e2
Fil'D =  (Fieg, L)(zse1+yser)
N _ 0
gler) = (W27k5f) (9)-er
g(e2) = €2
g c Gal(F1/Qy)

where xy,yy € It ®q, L are elements such that either yy = 0 and 2y # 0 (the split case) or
they are both non-zero (the non-split case). These elements are unique up to multiplication
by elements of L*.

If V is not Fi-crystalline (i.e., f € So(Mip, xs) newform, under our assumptions), then
we can choose F = Q, and D has a basis {ej,ea} as L-vector space

pler) = prap(f)-e
p(e2) = ap([f) - €2
Fil'D =  (Fi®g, L)(e1 - Le2)
N(e1) = e
N(e2) = 0

where £ = £,(f) is the £-invariant of f (defined as in [Maz94]).

From the explicit description of the filtration on D, it follows easily in all cases that
Fil' (D) n (i ®g, DF() = {0}

and that D¥=%(/) is one-dimensional (over L). We thus get a decomposition of I ®q, D
as L-vector space given by

Fieg, D=Fil'De (F1 ®q, D9”:“P(f))

and it follows that such a decomposition is stable for the action of Gal(F1/Qp) (cf. the
discussion in [GMO09, section 3.2]) and gives an analogous decomposition for Iy ®q, Vit,r, -
Taking Gal(F}/Qp)-invariants yields

)Gal(Fl/@p) _

Var = (F1 ®q, Vit

— (F111VdR7F1)Ga1(F1/Qp) ® (

_ Gal(F1/Q
Fi &g, Deanth) 1)

)

~ Gal(F; /Q
= Fil'Vyp @ (Fl ®0, D‘P“’p(f)) (F1/Q)

as we wished to prove. ]
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REMARK 7.19: We observe that the decomposition proved in the above lemma does
not depend on the choice of Fy ¢ Qu(pp=) (Galois over Qp) such that Vi, .(f') is Fi-
semistable, i.e., if F5 is another such extension we can identify

Gal(F1/Qp) Gal(F2/Qp)

(Fl ®q, DSt,Fl (V]\j[pS (f/))tpzap(f)) = (FQ ®Q, Dst,F2 (V]\’;Ips (f’))‘P:ap(f)) .

This follows easily from the fact that the action of ¢ and the Galois action commute and
from Hilbert Theorem 90. A

DEFINITION 7.20: With the notation introduced above, we define

-a . —a,(£)\Gal(F1/Qp) .
77?,,57’ € (Fl ®Q, Dst, 7y (VMpS(f,))w vl )) c VdR7MpS(f,)

= Gal(F1/Qp)
as the unique lift of Nf s to the Subspace (Fl ®QP ]D)st,Fl (V]\}ps(f,))@ ap(f)) 1/Np .

DEFINITION 7.21: We let 77, := (prg’s)*(nf,fg”) € Virp(f) € Hig(X,q,, Hi2)L

ap

denote the pullback of the class nf,: s under the degeneracy map (prg’s)*.

REMARK 7.22: Since the triple (k,1,m) is balanced, we have that
(7.6) 17 @ wy ®wi & tria € FIl' (ViR (f,9,h)).

Here, for all n € Z, t,, denotes a (canonical) generator of Q,(n) (on which the Frobenius ¢
acts as multiplication by p™™). A

The idea is now to associate to &(f,g,h) an element in Fil®(Var(f,g,h))", so that we
can pair it with 77?,_“” ®uwy ®wp ®try2. We are led to study the Bloch-Kato local conditions

for the Galois representation V(f,g,h).

DEFINITION 7.23: A triple (f,g,h) satisfying assumption is called F-exponential if
the equality

HY(F,V(f.g,h)) = H{(F,V(f,g,h)) = H)(F,V(f.g,h))

holds (for an appropriate F' depending on (f,g,h)).

We say that a triple (f,g,h) satisfying assumption is (F,Q)-convenient for a
finite extension F'/Q, and Q € 1+ T - L[T] if the (¢, N, Gg,, L)-module Dys (V' (f, g,h)) is
(F,Q)-convenient, in the sense of definition

REMARK 7.24: It is easy to check that if (f,g,h) is (F,1 - T)-convenient, then it is F-
exponential. A

As already explained in the introduction, in the sequel we will be mostly interested in
the following setting.

ASSUMPTION 7.25: The forms g and h are supercuspidal at p and lie in the kernel of U,,. In
particular (since p is odd), the Galois representations Vit (g) and Vjy,t(h), seen as local
Galois representations of Gg,, are isomorphic to (finitely many copies of) the induced
representations of a character of a quadratic extension of @, (which is not the restriction
of a character of Gg,).
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REMARK 7.26: Asking that g and h are supercuspidal at p implies directly that g and h
lie in the kernel of U)" for some m large enough, since we are not assuming that g and
h are new of level Mp'. The slightly stronger assumption will be needed to simplify
some arguments in what follows. A

REMARK 7.27: As explained in [GMO09, sections 3.3 and 3.4|, under our assumption we
can find a finite Galois extension of @, which we denote by F', such that:

(i) the maximal unramified subextension of F' is of the form Fp := Q2. for some a € Z1;
(ii) F contains the cyclotomic extension Fj of remark
(iii) F' is contained in our field of coefficients L (up to extending L if necessary);
(iv) Varpt(9), Varpt (h) and Vyg,e (h') are F-crystalline.

Moreover, one can describe the filtered (¢, N, Gal(F'/Q,),L)-modules associated to
Varpt (§) for € € {g, h,h'} as follows (always relying on [GMO09, sections 3.3 and 3.4]). Such
modules are given by (finitely many copies of) a rank 2 free I'p®q, L-module D¢ with basis

{ve, we} and such that

¢(ve) = He-vg
p(we) = g we
N = 0
s € L
ord,(pe) = 1;2”

where v denotes the weight of the form £. Note that py, = pp since h' is a twist of h by a
character of order a power of p.

One could also give a more explicit description of the Galois group Gal(F'/Q)) and of
its action on such modules, but we will not need it for the moment. The same remark
applies to the filtration on F' ® g De.

Recall that the Frobenius endomorphism ¢ is Fy-semilinear, so that if we want to look
at it as a linear operator on D¢, we have to view D¢ as an L-vector space of dimension
4a. A
PROPOSITION 7.28: Under assumptions [6.11 and [7.25, we have that:

(a) if the form f has weight k > 2, then the triple (f,g,h) is (F,1—T)-convenient (for F
as in remark ,
(b) if the form f is a newform in So(Mip, x ¢, L), then the triple (f,g,h) is F'-exponential.

Proor. The inclusions
HY(F.V(f,9.h)) € HH(F,V(f,9,h)) € Hy(F,V(f.9,1))
are always true. Since V(f,g,h) is Kummer self-dual (by design), in order to show that
(f,g,h) is F-exponential, it is enough to prove that H!(F,V(f,g,h)) = H}(F, V(f,g,h)).
As a consequence of [BK90, corollary 3.8.4], we are then reduced to show that
DCriS,F(V(f7 g, h))¢:1 = {0} .
We will write
ngh = Df/ ®f Dg X7 Dy, ®F (L 't—l—r) ,
where L := F ®q, L and recall that 7 = (k+1+m - 6)/2 and that p(t_1_,) = p""t_1_,.
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Here Dy is, up to extending scalars to Fp, the dual of the module D appearing in the
proof of lemma We can fix an L-basis of D given by {vs,ws} (essentially passing
to the dual basis of the one described in the proof of lemma [7.18]), such that

o) =xs @) P Fap() vy pwp) =ap(f) T wp, N =0
if V(f) is Fi-crystalline and

p(vp) = ap(H) 7 vp, elwy) = (pap(f) ™ -wp,  N(up) =-wy  N(ws)=0
if fis a newform in So(Mip, x¢,L).

Since Dg¢, #(V (f, g, h)) is isomorphic to a finite direct sum of copies of Dy, it is enough
to prove that D?;’N:O = {0}. We will look at D¢y, as an L-vector space of dimension 16a
where @-acts L-linearly.

We fix a € L, a primitive p** — 1-th root of 1, so that Fy = Q,(a) and the arithmetic
Frobenius o (i.e., the generator of Gal(Fy/Qp) inducing the arithmetic Frobenius modulo
p) acts on « simply as o(«a) = .

By our previous discussion we know that a basis % of Dy, as L-vector space can be
described as follows:

B = {(apj ®1)-e.1j=0,...,2a-1, T¢ {v,w}{1,2,3}}
where for 7:{1,2,3} - {v,w} we let
er=7(1);®7(2)g® T(3)p ®t-1-r

Now we prove assertion (a) in the statement. Since k > 2, Vj 1t (f) is F-crystalline (so
that V(f,g,h) is F-crystalline) and we have

. (p-1)p | jr+2-k -1, ) ((a” ) ' -
NN X ()T ap () - pgp - (07 1) er) if 7(1) = v,
plla” ®1)-er) = {a(p—l)pj " ap ()7 g (o ®1) <€) if 7(1) = w.

If we let \j - to be the ¢-eigenvalue relative to (ozpj ® 1) - e, as described above, we can
immediately compute that

Ao, = pli? if 7(1) = v,
PTR ptR2 i (1) = w.

so that if we assume k > 2 it cannot happen that A\;; =1 or \;, = p~t. We have thus
proven that (f,g,h) is (F,1 - T)-convenient (and in particular F-exponential).

For assertion (b), note that N((apj ®1)-e;) =0 if and only if 7(1) = w. Assuming
7(1) = w we get
e((” ®1) ;) =P pTan(£)7 pgp - (o7 ®1) - er).
and one checks that
|0‘(p_1)p] ' ap(f)_l *bghwlp = D,

so that also in this case ng:;’Nzo = {0} and the proof is complete. O
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When (f,g,h) is F-exponential, |BK90, corollary 3.8.4] shows that the Bloch-Kato
exponential map
]DdR,F(V(f> g, h))

- HNFEV(f,g,h))=HNF,V(f,g,h
Fi0Dan - (V(f,9. 1)) c(FV(f.g,h)) = Hy(F,V(f,9,h))

(77) eXpBK’F :
is an isomorphism.

The perfect duality (6.19) induces a perfect duality
(7.8) (= =)rgn : Var(f,9,h) ®L Var(f, 9, h) = Dar(L(1)) = L,
under which one has an identification

VdR(f7 g, h)/Fllo(VdR(f7 9, h)) = Fﬂo(vd*R(fv g, h’))v

Moreover, note that we have identifications
DdR,F(V(f7g’ h)) =F ®@p VdR(fvga h) ; FﬂODdR,F(V(faga h)) =F ®Qp FﬂOVdR(faga h)
yielding an isomorphism

]D)dR,F(V(fag?h)) ~ 0 VdR(f7gah)

FﬂODdR,F(V(fvgah)) ! FllO(VdR(fagah))

(7.9)

DEFINITION 7.29: Let (f,g,h) be an F-exponential triple (for some finite Galois extension
F/Q,). We define the Bloch-Kato logarithm

logfe' + Hy(Qp, V(f,9. 1)) ~ Fil'(Vir(£,9.1))"
as the following composition (we write V =V (f, g, h) for simplicity):

—1 -1
Res 7 eXPEk
H,(Q,,V) e Hgl(F’V)Gal(F/Qp)[ Q] R

Fil(‘)/(d‘ZR) = Fil (V)"
REMARK 7.30: The first isomorphism Resp/q, above follows from the Hochschild-Serre
spectral sequence in continuous group cohomology and the fact that the representations
involved are vector spaces over characteristic zero fields (Bggr is a field). Note that the
map logég;; is actually independent of F' (i.e., if F’ is another finite Galois extension of
Qp such that V(f,g,h) is F'-semistable, we obtain the same map via our construction).
Note, moreover, that we are crucially using the isomorphism and the fact that the
exponential map is equivariant for the action of Gal(F/Q,) (so that it induces and
isomorphism between the Galois invariants on both sides).

In the next chapter, we will show that x(f,g,h) € Hy(Qp, V(f,g,h)), so that one can

indeed view logf;*‘i? (k(f,g,h)) as a linear functional on FilO(Vd*R( fyg,h)) and study its
value at
05 ® wy ® Wy ® thp € FIl' (Vi (£.9.h)).
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CHAPTER 8

The syntomic Abel-Jacobi map

This chapter develops the formalism of syntomic and finite polynomial cohomology,
with the aim of giving a syntomic description of the Abel-Jacobi map in our setting. We
also recall the needed facts about the Coleman’s study of the geometry of modular curves
as rigid analytic spaces.

8.1. Syntomic and finite-polynomial cohomology

In this section we recollect some facts concerning syntomic (and finite-polynomial)
cohomology and we postulate some properties for syntomic (and finite-polynomial) coho-
mology with coefficients that will be assumed in the sequel, trying to motivate why we
expect such properties to hold.

We will have to consider recent extensions of the original theory (due, among others, to
Besser, cf. |Bes00]), since the modular curves X;(Mp") (for ¢ > 1) only admit a semistable
model over the ring of integers of a (large enough) finite extension of Q.

As in the previous chapters, let F' denote a fixed finite extension of Q,, with ring
of integers Op and residue field kp. We fix a choice of a uniformizer w € Op. Let
Fo =W (kp)[1/p] denote the maximal unramified subextension of Q, inside F.

The theory of syntomic cohomology for trivial coefficients and general smooth rigid
varieties over F' (without specific requirements on the existence of semistable models over

Or) is established in [NN16| (cf. also |[BLZ16]).

We will refer to the work of Ertl and Yamada (cf. |[EY21] and the preprints [EY22],
[EY23|) for a version of Hyodo-Kato cohomology for strictly semistable log-schemes over
k% (where k% denotes the log-scheme Spec(kp) with the log structure associated with the
monoid homomorphism N — kg, 1 ~ 0). Building up on the aforementioned works, the
preprints [Yam22| and [HW22|) develop versions of syntomic (and finite polynomial) co-
homology with coefficients for strictly semistable log schemes over OF (where OF denotes
the scheme Spec(Op) with canonical log structure associated with the monoid homomor-
phismm N - Op, 1 » w).

We let X' denote a proper strictly semistable log scheme over OF, with horizontal
divisor D c X (cf. |[EY23, definition 4.16]) and open complement U« = X’ N\ D. Denote by Xj
the special fiber of X (which is a strictly semistable log-scheme over k%) and by Dy c X
the corresponding horizontal divisor. Finally, we denote X = X, D = Dp, U = Up the
corresponding generic fibers.

Given a filtered overconvergent isocrystal (&, ®,Fil) over X, |[Yam22| constructs a
Hyodo-Kato map in the derived category of Fy-vector spaces (dipending on the choice of
the uniformizer @ € Op and of a branch of the p-adic logarithm log : F* - F)

Vs tog, Fy * BT HK (XD, &) = RUqr(X, &4r) -
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The notations is as follows:

(i) RTuk(Xo, &) is a complex of Fy-vector spaces with Fy-semilinear Frobenius ¢ and Fy-
linear monodromy N such that Ny = pp N which computes Hyodo-Kato cohomology;

(i) RTqr(X,&4r) = RI'(X, 4r®Q% (D)) is the complex of F-vector spaces with filtration
which computes de Rham cohomology of X with coefficients in &3 (the de Rham
realization of &) and log poles along D (or equivalently the de Rham cohomology of
U with coefficients in &yR).

Analogously, |[EY23| in the compactly supported case constructs a map
U log, Foc : RTHK (X0, &) = RL 4R (X, Sar)
Here RT'pk (&Xo, &) computes Hyodo-Kato cohomology with compact support and
RU4r,(X, &gr) = RI'(X, 6qr ® Q% (-D))
computes compactly supported de Rham cohomology of U with coefficients in &yg.

Assuming that & is unipotent (i.e., an iterated extension of the trivial isocrystal)
makes sure that the map W 100 77 := Vg log 1,2 ®F, F' (for 7 € {¢,@}) is an isomorphism
(cf. [Yam22, proposition 8.8] and |[EY23| corollary 3.9]).

On the other hand (cf. [HW22, section 6]), if one was able to prove that W e 7
(for 7 € {¢,@}) is an isomorphism also for an isocrystal (&, ®, Fil) which is not necessarily
unipotent, then the definition of syntomic (and finite polynomial) cohomology via a suit-
able mapping fiber and the subsequent formalism would work in the same way as in the
unipotent case.

From now on we will suppress the dependance on w and of log : F* — F from the
notation and we fix a polynomial P € 1+ T -Qp[T'] (one can also make the whole theory
L-linear for any finite extension L of Q, and work with P e 1+ T - L[T], but we will avoid
it here for simplicity). Moreover, we will assume that ¥+ is an isomorphism for ? € {c, &}
and for every log overconvergent filtered isocrystal considered. Provided this assumption,
one can define the complex computing syntomic P-cohomology of X with coefficients in
(&, ®,Fil) twisted by any n € Z formally as in [EY21, definition 4.5], where the authors
work with trivial coefficients and P(T) =1-1T.

Since we are assuming that X is proper, this complex can be defined directly as the
homotopy limit (cf. [EY21] section 1.2 for the conventions on the notation):

RFsyn,P,?(Xv ga n)

P(p™ 7\1,—1
RTyk 2 (X0, &) (w7 Ye)

- K

RTuk 2 (X0, &)

RTuk 2(Xo, &) ® RUgR 2 (X, &4r) [Fil"

Lo

> RPHK;)(XO, (50)

(8.1)

P(p™mp)

We will write simply RIgyy p2(X,n) when (&, ®,Fil) is the trivial filtered isocrystal.

REMARK 8.1: In this remark we axiomatize some features of syntomic P-cohomology that
we will need in the sequel (in the setting described above).

(i) Assume that a filtered isocrystal (&, @, Fil) is such that &g is the de Rham realization
of a Kummer étale Zy-local system L on (X, D). Then, for Pe1+T-Q,[T], neZ
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and ? € {¢, @}, there is a spectral sequence

(8.2) Ey = H. p (F Dpst(Hgt’?(U@p,L(n))) = H'" (X,8,n).

syn,P,?
(ii) (cf. [HW22, section 4.2|) Given P,Q € 1+ T -Q,(T) and log overconvergent filtered
isocrystals (&1, ®1,Fily) and (&3, @9, Fils), one has for every n,m € Z a natural map
(8-3) Rrsyn,P(Xv (9({}1, TL) ®Kg Rrsyn,Q,c(Xy 52; m) - Rrsyn,P*Q,c(Xa @@1 ® @@27 n+ m) )

inducing cup products

(84) Hsl:yn,P(X’ é1, n) X Hsjyn,Q,c
The spectral sequence (8.2) is compatible with this cup product and the cup product
of proposition [7.13]

(iii) If P e 1+T-Q,(T) is such that P(1) # 0 # P(p ') and X has dimension dyx, then
there is a trace map

(8.5) Try synp : HA b (X, dx +1) > Hy p(F, Q7 (1)) 2 F

(X,&,m) > H'I P (X EL® Em+m).

Syn7

whose kernel is the second step Fil? of the 3-step filtration induced on the cohomology
group nydrf( ;’10(21? ,dx +1) by the spectral sequence

The isomorphism Hslh p(F,Qp"(1)) = F is explicitly given by sending a class
[(w,2,9)] € H), p(F,Qp"(1)) to y - P(p™") " w.

(iv) (cf. [HW22| section 4.2|) Assume that ¢ : Z - X is a closed immersion of proper
strictly semistable log schemes of codimension j such that Z (the generic fibre of Z)
is smooth over K. Then for every i € Zsg, P € 1 +T-Q,(T), n € Z and every log
overconvergent filtered isocrystal (&, ®, Fil) on X, there are pushforward maps

(8.6) bet Hiy p(2,0°(6),n) > HUPL(X, 6 0+ ).

It follows from the construction of such pushforward maps that the following projection
formula holds:

(8.7) teaU B =1 (aul™p)

for every a ¢ Hsiyn,P(Z,L*(éDl),n) and every (3 € Hsjynpc()(,é"g,m), where the cup

product is the syntomic cup product defined in (8.4]) (on X and Z respectively).
A

REMARK 8.2: The results discussed in (i)-(iv) in the above remark are well-known in the
case of trivial coefficients, as established in [NN16| (cf. also |[BLZ16| for the P-syntomic
case and |EY21] section 5] for the comparison between Nekovai-Niziol and Ertl-Yamada
syntomic cohomology in our setting). Thanks to the so-called Lieberman’s trick (cf. for
instance |[BSV22b, section 3.2| and/or [BSV20, paragraph 4.1.3|), we will always be able to
assume that the relevant cohomology groups for (products of ) modular curves appearing in
the sequel are direct summands of cohomology groups of (products of) suitable Kuga-Sato
varieties with trivial coefficients. Hence we will use freely the properties (i)-(iv) in the
sequel.

On the other hand, it is still an interesting problem (cf. [HW22, section 1.3]) to single
out a nice and not too restrictive category of syntomic coefficients for which the properties
(i)-(iv) can be proven. As already noted in [HW22| section 1.3|, the category of syntomic
coefficients introduced in [Yam22]| looks a bit too restrictive, since one is allowed to consider
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only unipotent log overconvergent isocrystals (while for instance the isocrystals associated
with the local systems .77, or .Z, of section [6.1] are not unipotent, but satisfy the property
that the Hyodo-Kato map Uk » for 7 € {¢, @} is an isomorphism, as it was already shown
in |CI10]). A

REMARK 8.3: As explained in [BLZ16, section 2.4] (cf. also |[EY21, section 4.2]), a class

n e Hsiyn’P’?(X, &,n) can be represented by a sextuple (u,v;w,z,y;z), where

ue Rl 7 (X0, &), v € Fil"RTg 7 (X, 6ur) »
w,x € RTi (X0, &) y € RUE 2 (X, ar)
z € RT{g 2(X0, &)

and the following relations are satisfied (where d denotes the differential in the respective
complex):

du =0, dv=0,
dw=P(p"p)u, dr=Nu,
dy =V (u)-wv, dz=Nw-P(p'"p)z.

One can give explicit formulas for the cup products (8.4) introduced above in terms of this
description. We refer to |[BLZ16, proposition 2.4.1] for that. A

8.2. De Rham cohomology and overconvergent modular forms

In this section we recall some facts concerning the geometry of X1 (Mp') (for t > 1 and
p+ M) as a rigid analytic variety over Q, (or a suitable extension of Q,). One can find
a more detailed treatment in |[Col97|, [BE10, section 4.4] and [DR17, section 4.1|. Recall
that L denotes a large enough finite extension of @@, as usual.

Set K := Qp((yt) (where (,+ denotes a primitive p’-th root of unmity). It is well-
known that X;(Mp")g, admits a proper flat regular model X;(Mp") over Ok, = Zy[(yt]
(cf. |[KMS5, chapters 12-13]). If the integer M considered is large enough (which we
can always ensure), we can assume that the irreducible components of the special fiber of
X1 (Mp') are all smooth of genus at least 2. It is known that exactly two of the irreducible
components of X; (Mp')q (the special fiber of X3 (Mp')) are isomorphic to the Igusa curve
usually denoted Ig(Mp') as curves over F,. Usually this two irreducible components are
denoted Ig,, (p') and Igy(p'), as Ig., (p') contains the cusp oo, while Ig,(p') contains the
cusp 0.

Up to extending scalars to a finite extension F' ¢ L of Q,((yt), one can construct a
regular stable model X; of X; p = X (M p")r over Spec(Or), together with a birational
map X; - X1 (Mp')o,. This maps identifies two irreducible components of X; ¢ (the special
fiber of X;) with Ig., (p")k, and Igy(p')k, (where kp is the residue field of F).

We can look at Xy g, (resp. X; ) as a rigid analytic space X'k, (resp. Xf%) over
K; (resp. F). We define two so-called wide open subspaces Weo (p') and (resp.) Wo(p')
of X7 = as the preimages of Ig,, (p') and (resp.) Igy(p') under the reduction map. The
preimage of the smooth locus of Ig.. (p') (resp. Igy(p')) is an affinoid subset of X'k, which
will be denoted by Ae (p') (resp. Ao(p")).
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Since X g, is proper over Ky, rigid de Rham cohomology agrees with algebraic de Rham
cohomology. In particular we can consider for every v > 2 and for ? € {o0,0} restriction
maps

Resy : Hig (X, i, H-2) 1 = Hig OV (0"), -2 1.

According to [BE10, lemme 4.4.1], one can equip the groups Hiz (Wr(p'), #,_2) with an
action of Hecke and diamond operators away from Mp in such a way that the restriction
maps are Hecke equivariant.

Since X; r admits a stable model over Op, we can consider (up to fixing once a for all
a uniformizer w € Op and a branch of the p-adic logarithm) the Hyodo-Kato cohomology
Hiix (X0,-72).

Recall that the Fy-vector space H%IK(XtO,%_Q) is endowed with the structure of
(¢, N)-module. We let ® := o¢ (where d = [Fy: Q,]) so that, extending scalars from Fy to
F, we can endow, via the isomorphism W, o, g of the previous section, H, éR(Xt 7y -2)
with an F-linear Frobenius ® and monodromy operator N such that No® = p?.®o N (cf.
also the discussion in remark .

One can endow the F-vector spaces Hip (Wr(p')F, #,-2) with an F-linear Frobenius
®- such that the restriction map Res? is Frobenius equivariant for ? € {o0,0}, as explained
in [Col97]. One of the main results of [Col97| (namely theorem 2.1) can be stated as follows.
The restriction maps induce an isomorphism

(8.8) Hig(Xep, H-2)] " = HigWeo (0') 7y H-2) ], © Hig Vo ('), #i-2)],

Here Hp (X r, #,-2)7"™" denotes the p-primitive subspace, i.e., the subspace spanned
by the common eigenspaces for the action of Hecke and diamond operators relative to
systems of eigenvalues coming from p-primitive modular eigenforms of exact level dividing
Mp! (recall that a modular newform is p-primitive if the p-part of the conductor of its
nebentypus equals the p-part of its level).

The notation H éR(W? (p")F,,-2)} denotes the so-called pure classes, i.e., those whose
restriction to supersingular annuli is trivial.

One can show that the action of ® on overconvergent modular forms of weight v, seen
as sections of w” in a wide open neighbourhood of A (p!) inside We, (p'), can be described
by the d-th power of the operator p*~(p;1)V. Here (cf. the end of section (a;b)
denotes the diamond operator corresponding to the unique class in (Z/Mp'Z)* which is
congruent to a modulo M and to b modulo p’, while V acts on g-expansions sending q ~ ¢”
as usual.

This yields an operator ®o on Hig (Weo (p') F,#,—2) 1, which is the F-linear extension
of the d-th power ¢% of an operator e on Hiy (Weo(p'), #,-2). One can define the
corresponding operator g on Hiz (Wo(p'), #,-2) 1, simply as g = (w;tl)* 0 Poo © Wit

The isomorphism (8.8)) is equivariant for the action of ® on H, éR(Xt F, %,g)iﬁm and
the action of (Peo, @) on Higy Weo (), H-2); & Hig Wo(p') F, #,-2)}, where clearly
D := (w;})* 0 ®o 0wpe. One can also show that on Hip (Weo(p'), #,-2) 1, it holds UoV =
VoU =1, where U is the usual U, operator.

For these facts we refer again to |[BE10, section 4.4] and to [DR17, section 4.1]
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8.3. The syntomic Abel-Jacobi map

In the above section [8.2] - after possibly replacing the field F' of remark [7.27] by a
finite extension and enlarging M - we fixed stable model &; of X;  over Spec(Op). Using
the recipes of |[Har0O1], one can also obtain a regular strictly semistable variety W; over
Spec(OF), together with a morphism of Op-schemes (obtained by successively blowing up
the products of irreducible components of the special fiber of X;) by : Wy - Xixo, Xixo, Xt
The morphism b, after base change to F', induces an identification Wy r = Xf” - Moreover,
there is a unique factorization

Wy
-7

ot -~
s by

-
Xt Tt) Xt X@F Xt XOF Xt

afforded by the universal property of blow-ups, where d; is the diagonal embedding. By
|[GW20, proposition 13.96], it also follows that the lift d; is still a closed embedding.

The following diagram summarizes the étale and the syntomic versions of the Abel-
Jacobi maps over F. Note that, by abuse of notation, we use the same symbol for the
syntomic coefficients and their étale counterparts. Here (f, g, h) is again a triple of modular
forms satisfying assumption [6.11

H (X, A4, r) = HY (Yo r, #6(1))

Adst F
Adsyn,F \

HY (F, Dyt (3 (VY e (r+2))1)) =2 Hy (F, HE (Y A (r+2))1)

i
P

Sr | Elsr
~

HY (P Dot (HE (Vg (2= 1))1)) =2 Hy (FHE (Y e (2-1))1)

h h
prlf lpr;s,feq

¥

H (F, Dpse(V(f.9,1))) » HA(F,V(f.g,h))

REMARK 8.4: Some remarks are in order.
(i) The isomorphism Hgyn(Xt,%,r) ~ HY (Y; p, #(r)) can be realized as the composi-
tion of the following canonical isomorphisms:
Hgpn (X, H,7) 2 Hy (F, Dyt (Hg (Y, g, 7 (1)))
> HY(F,H (Y, g, (1))
= He (i, 7(r))

The first isomorphism follows from the corresponding spectral sequence [8:2] the third
isomorphism follows from theorem [7-§ and the third isomorphism is afforded by the
Hochschild-Serre spectral sequence.

(ii) The construction of the syntomic Abel-Jacobi map AJgy, i follows the same ideas as
for the étale counterpart (cf. the diagram above remark and the remark itself).
The fact that §; is a closed immersion gives rise to pushforward map

51&,* : Hgyn(Xta%‘?r) - H4 (Wt’%r]’r + 2) ’

syn
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Set D7 := Dpst (HIZét(Xf,@p’ A (1 + 2)L)). Then the spectral sequence

(8.9) Ey = Hi\(F, D7) = H (Wi, Hp,m+2)) 1
induces a surjective morphism Hgyn(Wt,,%”[r],r +2)p - HL(F,D?), whose kernel is
the second step filtration Filz(nyn(Wt, He1,7+2) ). The syntomic Abel-Jacobi maps
is the composition

615,*
AJS}’H,F : Hsoyn(Xt’%7r) - H;lyn(wtv(st*(%’)ﬂl + 2) - Hslt(F) D3)
A
COROLLARY 8.5: The class k(f,g,h) € H'(Q,,V(f,g,h)) defined in section always
belongs to the subspace H;(QP,V(f,g, h)).

PROOF. The above discussion shows that the image of x(f,g,h) inside H*(F,V (f,g,h))
belongs to the subspace H;(F,V(f,g,h)) and it is Gal(F'/Qp)-invariant. We conclude
recalling that restriction induces an isomorphism (cf. remark [7.30))

Resp/q .
HY(Qy, V(f,9,h)) ——2 HL(F,V(f,g,h)) %),
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CHAPTER 9

The explicit reciprocity law

In this chapter we state and prove the main result of the second part of this thesis.

9.1. Statement and first consequences

We consider as before a triple (f,g,h) of modular forms satisfying assumption
and which is moreover F-exponential (cf. definition [7.23]). In what follows we keep the
notation introduced in the previous chapters

DEFINITION 9.1: We define the p-adic period
Io(f.9.h) = loghilt (5(f.9, 1)) (N ™ ® wg ®wyy @ tri2) € L
attached to the F-exponential triple (f,g,h).

Note again that the definition of .#,(f,g,h) does not depend on F, but only on the
triple (f,g,h) (and possibly on the common level Mp' chosen).

THEOREM 9.2: If the triple (f,qg,h) satisfies assumption (i.e., the forms g and h are
supercuspidal at p and killed by Uy) and k > 2, we have

Ip(f9,0) = (D)2 (r =k +2)!- ar(e f(Tragge anpe (9 x d57PR))

where d = qdiq denotes Serre’s derivative operator and a1(—) denotes the first Fourier coef-
ficient of the q-expansion at oo.

The rest of this chapter is devoted to the proof of theorem [9.2]

9.2. Reduction to a pairing in de Rham cohomology

For ¢ € {g,h'} we have
Feq, Vig,my(§) < HéR,c(Yt,R%—z)L

and this inclusion is compatible for the structure of (®, N, L)-module on both sides (recall
that ® = p?, d = [Fp: Q,]). In particular we deduce that

— P, =0
(91)  we® b, e Pl Hig J(Vir, Hooa)r 0 Hing o(Xoo, Hpoayv = 1) 15970

where P¢(T):=1—-pep”™t-T €1+T-L[T] and (as before) ¢, is a (canonical) generator of
Qp(n).
With the notation introduced in section we can rephrase (9.1) as

we ®ty1 € Hy p, (F, Dypst (Hgy (Vi g, A2 (v = 1))L)) :
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LEMMA 9.3: Assume v > 2. Then for every P(T) e 1+ T - L[T] and every n € Z there are
natural isomorphisms

(9-2)
SynPc(Xta 2>n)L_>HtP(FD (n)) HsynPc(Xtv 27n)L_)HtP(F Dl(n))
where

DI (n) = Dy (Hly Yy, H2(m))1)

PROOF. Since in this case Hig (Vs p, H#-2) = Hig (Yo r, #,-2) = 0 (cf. [BDP13, lemma
2.1]) and (by duality) H3g (Yz,r, H—2) =0 = HgRﬁ(Y}’F, H,,—2), then the spectral sequence
(cf. equation (8.2))

(9.3) Ey! = H p (F. D’ (n)) = H] (X, H2,m)
has E;j =0 unless j =1 and i € {0,1,2}. The required isomorphisms follow directly from

the degeneration of this spectral sequence. O

PROPOSITION 9.4: For { € {g,h'}, the class we ® t,—1 can be lifted to a class

a)f,l/*l EHyn P§ c(Xt7 271/ l)L

Such a lift is unique if v > 2 and it is unique up to an element of F' ®q, L if v =2.

PrOOF. This follows directly from lemma [9.2 when v > 2, so we assume v = 2.
The first four terms of the 5-term exact sequence assoaated to the spectral sequence

(9.3) (with n=v-1=1) look like
0~ Hg p (F,D°(1)) = Hyp p (X2, 1)1 > Hgy p (F,D'(1)) » Hy p (F,D°(1)),
so that the existence of a lift we 1 is equivalent to the vanishing of we ® t1 under the knight
move H&Pg(F,Dl(l)) - H2 Pg(F, DP(1)). One can easily compute that
Fy®q, L
Pe(1)(Fo®g, L)
Looking at p-adic absolute values, one sees that P¢(1) # 0, showing that HSQt P, (F,D%) =0

also if ¥ = 2. Hence in this case the required lift exists and it is unique up to an element
of HL. » (F,D°(1)) 2 F ®q, L. O
s Lg p

Hg p(F,D°(1)) 2 H p, (F, Q" (1) ®q, L) &

DEFINITION 9.5: For £ € {g,h'} and with the notation of remark we will represent the
class wg -1 afforded by proposition as the sextuple (we ® t,—1,we ® ty_1; Fe, ¢, ye;0),
where, by abuse of notation, we let we denote the differential form or the section in Hyodo-
Kato cohomology affording the corresponding cohomology class we.

REMARK 9.6: Note that the natural map

Hy p, o X0, I 2,n>mHtp5 (P Dyt (HE o (Vig, #-2(n))1))

arising from the spectral sequence (9.3) clearly sends a class n = [(u,v;w,x,y;0)] to the
class [(@, )] (where 7 denotes the cohomology class of the section 7).

Moreover, since by construction the differential forms we®,-1 for € {g, h'} lie already
in Fil¥ _IRFCIIR(XL ryH,-2) 1, it follows from the discussion in remark that the section
Y in definition is a constant (and actually ye =0 if v > 2). A
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REMARK 9.7: Similarly, one lift »
class. One has that

- k2 Ps(9)=0

05 @ thoaer € FIF 2T HYy (Yip, Hon)r 0 Hing (X0, Hopa k=2 1) 970
where Py(T) =1-ap(f)™'-p*>7-T e1+T-L[T]. One can proceed as above to get a lift
(9.4) T iray € Ho pp (X, Ao, k=2 = 7)

‘?’:ap c Vd*R,Mpt(f,) c HéR(Xt,Fv‘%ﬁ—?)L to a syntomic

of 77?,: “? ® t_o_r. Such lift is unique for k£ > 2. One can actually show that if k£ = 2 and
f" is p-primitive, then one still gets a unique lift, since Ps(p") # 0 # Py (p"*1) (one has to

use that the complex absolute value of a,(f) is pl/ 2 for every embedding Q = C in this

case). A

PROPOSITION 9.8: Assume that (f,g,h) is (F,1-T)-convenient. Then the p-adic period
introduced in definition satisfies (with the notation introduced above):

(95> rﬂp(.ﬂ 9, h) = TrXt,syn,Pfgh (ﬁfrz’gig_r U T(Detiyn U (Dg,l—l U a]h’,m—l))
The notation is as follows.

(i) Dety™™ € HY, (X, 7, 7) is the syntomic incarnation of Dets' (via the isomorphism

discussed in remark[8.4) (i)).

(i) The cup products are taken in syntomic cohomology and the big cup product \J arises
from the pairing

Heo(k-2-1) ®0x, Hi—o(r+2) - Ox, »(2),
where recall that for all i > 0 one has pairings %ﬁ-@o)&p H; — Ox, »(=1) (cf. equation
0.8), which we also use to produce the map
T : () ®0y, , H_o(1—-1) ®0y, . H—a(m—1) > H,o(r+2).
(i1i) The syntomic trace map

[F:Qp] ™' Trpq, ®1

. 3
TrXt,Syn,Pfgh : Hsyn,Pfgh,c(Xh 2)L > F ®Qp L

is defined since Ppgp, := Py * Py % Py satisfies the conditions Ppgp(1) # 0 # Prgp(p™)
(by the assumption that (f,g,h) is (F,1-T)-convenient).

PROOF. Since we are assuming that Dy (V' (f,g,h)) is an (F,1-T)-convenient quotient

of Dyt (H, g’t(Yf’@ , Ay (7 +2))1), the compatibility between cup products in the spectral
INEP

sequences of type [8.2] implies that

(9.6) <ﬂp(f,g, h) = TrWt,Syn,Pfgh (5t7*(Detiyn) Ulr] a}fgh) ,
The notation is as follows.

(i) The trace Trw, syn Py, : HT

Syn,Pron W, 4), > L is defined in the same way as

Tr/'\fusympfgh'
(ii) The class @ygp is any lift of the element

(nf,:ap ® tk;_g_r) U (wg ® tl—l) U (wh, ® tm—l) € Hsot,Pfgh (F, Dpst(Hgmc(Y;t,@p?%(r + 2))L))
under the surjective map

H; W, ey, m +2) > H p, (F, Dyst (HE, (Vi g, (7 + 2))L))

syn,Pfgh
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(note that we have implicitly used Kiinneth decomposition).
iii) The cup product U, is induced by the pairing
[r]

<%’T:r] (T + 2) ®OX?,F <%’T:r] (T + 2) - OX?,F (4) :
Applying the projection formula (8.7)), it follows that

(97) jp(fvga h) = TrXt,syn,Pfgh (Detiyn Ur (ﬁ;fr:’]jig_r ) a}g,l—l J a}h’,m—l))
where the cup product Uy arises from the pairing J4.(r) ®o,, . H(r +2) > Ox, »(2),
obtained combining the pairings %7 ®0x, . Hi — Ox, p(=i) forie{ri,ra,r3}.

Formula (9.5 in the statement of the proposition is essentially after suitably
rearranging the pairings. (Il

Once obtained the formula in proposition [9.8] we move the computation to the rigid
analytic setting, where the objects involved can be made more explicit.

ASSUMPTION 9.9: From now on, we assume that the triple (f, g, h) satisfying assumptions
and also satisfies k > 2 (in particular it is always (F,1—T")-convenient).

DEFINITION 9.10: We define
ggh’ = [(wgh'7xgh'7 ygh’)] € Hslt,Pgh/ (F7 Dpst(Hélt(Yva ‘%—2(T + 2))L))
as the class corresponding to

~ ~ 2
T(Detiyn Uwgi-1U wh/7m_1) € HSYILPgh’ (Xt, %_2, r+ 2)L

under the isomorphism of lemma [9.3

Fix polynomials a(X,Y),b(X,Y) € L[ X,Y] such that
Py (XY) = a(X,Y)Py(X) + b(X,Y) Py (Y).
For instance we can (and will) choose a(X,Y) := ppp™ ! -Y and b(X,Y) := 1.

LEMMA 9.11: With the notation of definition and definition the class [ygn'] €
Ho (X, Ho[r +2]) 1 can be represented by the differential form yg = Y(DetiR @ ¢),
where
y, =Yg U (wh/ ® tm—l) - (wg ® tl—l) U yp .
In particular ygp is trivial in HcllR(XnF,,%’ig_g[r +2])g if 1>2 and m > 2.
The class [wgp] € HI%IK(XLO,%72,T +2) can be represented by the differential form
wyp = Y (Detd® @ w'), where

w' = a(p, ) (Fy ® (W ®tm-1)) = b(0, ) ((wy ® t1_1) ® Fpr).

The notation Det® stands for the de Rham incarnation of DetSt wia the natural identifi-
cations of remark[8.4] (i).

PRrROOF. The proposition follows from the explicit description of the cup product in syn-
tomic cohomology given in |BLZ16, proposition 2.4.1]. A class in szn P (X, Ko, m+2)
g
is represented by a sextuple (u,v;w,z,y;z) as in remark Analogously, the syntomic
classes Wy ;-1 and Wy p,-1 are represented by sextuples described in definition
It follows that the cup product @y 1 U Wh ;-1 can be represented by the sextuple

(u',v" ;0" 2 y'; 2"), where in particular
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(1) ¥ =g U (wn ®tm-1) — (wg @ t1-1) U yns;

(i) 0 = alp, 0) (Fy ® (i @ 1))~ b, 2) (g ® t1-1) ® Fi).

The isomorphism of lemma used to define &g sends the class [(uv/,v";w', 2",y ;2")]
to [(w’,2’,y’)], where 7 denotes the cohomology class corresponding to 7. The statement
concerning the vanishing of yg,/ follows from remark @ g

LEMMA 9.12: Under assumption and with the notation as in , we have

_ F/@p w=ap _ 1 ,
Ip(fr9:h) = ®l (nf’ ® th=2-r Ygh' = Py Ty Woh )dR,Xz,F,k—z

rF/@p

- __ 1 ,
= e ® (172" @tz (075 )- (o Pron( 1) 9" ))dR,XS,F,k_z’

. . 1
where we view wgyy as a class in Hyp (Xy p, H—o[r +2]) L.

PRrROOF. The fist equality follows from the compatibility between cup product in syntomic
cohomology and the de Rham duahty . cf. |BLZ16 proposition 1.4.3 and proposition
3.4.1]) and the fact that, since gp(nf, ) = ap(f) nf, “? by design, one has

Porr (p™" - ap(f) " 27) = Pror(07) .

The second equality follows from the projection formula in de Rham cohomology. O

9.3. End of the proof

This section concludes the proof of theorem We split the discussion into two cases:

(©) f is new of level M;p® for s > 1, p-ordinary, with s < ¢/2 as prescribed by assumption

725

(¢) f is the ordinary p-stabilization of a newform f° of level My (p + My).

In case (©), we know that f’ is essentially wps(f). Since f is p-ordinary, wp sf is
anti-ordinary. In particular the class njf,:’ sa” is fixed by the anti-ordinary projector e/ ;.

In case (¢), one obtains the same conclusion due to the presence of the idempotent e jin

the definition of nf,: f P as linear functional and the fact that f is the ordinary p-stabilization
of f °.

REMARK 9.13: The fact that we manage to reduce our computation to a pairing in de
Rham cohomology theoretically allows us to perform the computation over Q,, since the
cohomology classes appearing in the pairing are already defined over X;g,. Hence the
trace Trp)q, appearing in the formulas of lemma [9.12] “ does not affect the computation and
can be safely removed. A

LEMMA 9.14: We can perform the computation of Z,(f,g,h) after restricting to Weo(p")
(as a rigid analytic space over K; = Qy((y)) and the following formula holds:

= 1
(9-8) ]p(fvgv h) = (77?: ”® lk-2-r 5 €ord (ygh' - ngh,))dR,Ww(pt),k—2 .
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PROOF. Since the anti-ordinary projector e, ; is adjoint under the given pairing to the
ordinary projector e,q, we can compute (for every w € HéR(Xt7F7%_2[T +2])1) that

SD:a’p t75 )

(77f,’5 ® tk—2—'r7 (Pr2 )*(w) dR, X, F7k—2

= (Cha (2 @ thar), (prs)«(w))

= (n?,:ap ® tp—2—r, €ord © (Prg’s)*(w))

dR, X, k-2

dR, X, g k-2

(nf, ® tg—2- ra(prQ ) Oeord(w))dR,Xs,ka_2

p=a
= (nf/ P® tk—277'7 eord(w))dR X, p k=2 .

The chain of equalities follows observing that eg.q o (prg’s)* = (pr;’s)* o egq. The latter
is a consequence of the fact that (p-U,)'™* = (prt )0 (prt ) on Hlp(Xs r,H#—o) and
that (p-U,)"* = (pr ) o (pr2 )« on Hip (X, #—5) (cf. remark

The isomorphism (8.8 induces an isomorphism
Hle(Xt,ijﬁﬁ—Q)L[f,] = HigWeo (0') 1, #-2) L] @ Hin OWo(0") s H4:2) L[ f']-

In case (¥), we observe that Up,(wps (f)) = X7 (p)p* Lap(f) L -wps (f), so that from the
explicit description of the action of Frobenius ®o, on W (p') it follows that ® acts as
multiplication by a,(f)¢ on HdR(W (V) p, H—2)3 [ f'] (vecall d = [Fy : Qp])

The Frobenius action on Hiz (Wo(p')F, #—2)* is given by ®g = (w,; 1) o dy
One can check that

(9.9) wyi o (pr™)* = (pry*)* o (p° 1) 0wy
to deduce that actually

(9.10) (pr *)* 0o dg=Pgo (pr

as maps

HirWo(p*)r, #i-2), = Hin Do (9" ks Hii2) ] -
One checks easily that ®( acts via multiplication by 8,(f)? on Hiz OWo(p®)r, #-2)*[f'],
where §,(f) := Xf(p)pk_lap(f)_l whence ®( will act by multiplication by ﬁp(f)d also on
HOWo(p') py Ha) i L f ] Since B,(f) is not a p-adic unit (as k # 1), while a,(f) € OF,
it follows that the class ny, 27 restricts trivially to Wo(p!) .

In case (¢) one has to be more careful, since the ®-eigenspaces for the eigenvalues a,( f)?
and B,(f)? intersect non-trivially with both the subspaces Hiz (Weo (p ) 7 H-2)7 [ f']
and Hiz Wo(p')r, #i—2);[f']. Again, looking at the definition of 77f’ 7 in this case,
one sees that, since for the dual operator U (whlch is adJomt to U, under the pairing
(= =)dR,X, pk-2) We have (p;1) o Uy = w0 U owpt (and w? ot = = (p';-1)), it follows that
U, acts on such class as multlphcatlon by a,(f)xs(p)7, so that

Upo wp(”?fz,fp ap(f)wp(nf/ ap)

It follows that, restricting our attention to Wy(p) and keeping track of the various defini-
tions, one obtains:

o0y o) = (W) © Peo 0 wp (1" o)) = Bl 151" ooy s
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p=ap

Since by construction @(n?ff”) = (ap(f))d nf, 1" we deduce that 17 |W0(p)F 0 also in
this case and, using again the equality (9.10} , we conclude that 77f, |W0(p yp =0 as well.

Finally, the fact that we can forget the trace Trr/g, and that we can work on We (p")
as a rigid space over K; follows from the discussion of remark [9.13]

0

Now we turn our attention to the term appearing in the RHS of the pairing in the
formula above and we try to make it more computable.

LEMMA 9.15: Fiz § € {g,h'}. Then the restriction Fely,_ () of the section Fg (cf. defini-
tion can be described around the cusp oo as

v-2
- UV — _ .
Feeoi= S P3(" ) - @) - wtl @ than 0
70

where E € Z((q)) ® L satisfies & — pep”  xe(p)VE = dV"'E as q-expansions and d = qd% 18
Serre’s derivative operator.
PROOF. Let & denote either g or A’ and write v for the corresponding weight and write F¢ o

for the restriction of F¢ to a formal neighbourhood of the cusp oo, where by construction
(cf. remark and definition it satisfies

dq

VE oo = (£(q) — e’ " xe(P)E()) - Wl ® . ®ty_1.

Then the result follows formally as in [Col94, section 9. O

PROOF OF THEOREM [0.2] Recall that UoV =V oU =1 on HdR(W ("), ,%”)L for every
1 € Zso. The operator U = U, kills sections of the form £(g) - wiad @ 77 ® X where ¢(q)
is a p-depleted g-expansion (i.e. a g-expansion where the terms Correspondlng to integers

divible by p vanish). It follows that, when restricting to We (p'), such sections are exact
(hence trivial in Hjz Weo (p'), 74)1).

Assumption implies that the g-expansions of g and h' are p-depleted, so that the
differential forms w, and wys are exact when restricted to Weo (p). Since (cf. remark
the sections y, and yjs are constants, we immediately deduce that (also if [ =2 or m = 2)

ygh’|Wm(pf) =0in HéR(Woo (pt)7%—2[r + 2])

It is easy to check that the product of a p-depleted g-expansion and of a g-expansion
of the form Y,/ b,¢"" is still p-depleted.

Note that the g-expansion G found in lemma above can be described explicitly as

G- Z an(g) n +Zo:o ngg(p)an(g) np _d- lg ,U,ng(p)V(dl lg)

= nl-1

Given t € Zs1, recall that the operator d~! is the p-adic limit of the operators d-t+(p-1p"
for k — +o00. Hence the second equality above makes sense because the g-expansion of g is
already p-depleted. Similarly H' = d*"™h' — pupxn(p)V (d*"™1').
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Define, for £ € {g,h’}, the sections F/ and F{’ of 7,5 over W (p") which in a neigh-
bourhood of the cusp co are described by:

v-2
. (-2 o o .
N N K el LA D
50

and
v-2

=2\ iy o
o= % (15 j ) VI e @y ® .
=0

so that F¢ = Iy - pep” ™t P VE = we ®t,-1 and oo (FY) = F{'.

The above discussion shows that in the cohomology group Hiz (Weo(p'), #—2[r+2])1
we have:

T(petf © W)W (o) =

=T (Dets™ @ a((Poos Po0 ) (Fy @ (Wi @ tn-1)) = b(0eo, Po0 ) (g @ 11-1) ® Fir))

=T (Dt @ (Fy @ inp™ " oo (Wi ® tn-1) = (wy ® 11-1) ® F))

=T (D6t @ (tght " 2 (FY © pon i © 1)) + (F) © (e ©111))))

= T (Det™ ® Py (o0 ® Poo) (Fy ® (wis @ tm-1))))

= P (o) (Y0t ® (w0, 0 111) ® FL)).

In the same way as in [BSV20, pagg. 1023-1024], over Woo (p') one can compute that

eora (T (Dety" ® (wy ®t1_1) ® Fyr)) = (1) (r =k +2)! - wzora(y pry ® trsa,

where 2%(g, 1') := egra(g x dF1=")/21") . Combining everything we can conclude that

— p=a 1
Ip(f9,h) = (”f’ " ®tp-2-r 5 Cord (_W%h’))df{,wx(pt),k—z
Pgh/ (p_2—T¢w)(WEord(g7hl) ® t?“+2)

Pron(p~t)

- (_1)k—2(r—k+2)!-(n}ff”” ® th oy )
dR, Weo (pt),k—2

= ()P (r =k 4 2)ln 7 (2 g, 1))
The first equality follows directly from the previous computations, while the second
follows from the fact that the functional n‘lf,:ap includes a projection to the f-isotypical

component. Indeed, having control on the action of U and (p;1) on f , we can check that
on We (p') it holds

l+m—2

Pypr(9o0) (Wi @ tria) = (1= pgpnd™™ 2po0) (wf ® tri2) = Pron(p™) - (W @ trsa)
This concludes the proof of the theorem. O



81

APPENDIX A

Construction of the invariant Det,

In this section we let R denote either a local ring or a principal ideal domain and we
let M denote a free R-module of rank 2, with perfect alternating R-bilinear form

(, )M:MxM-R.

Set G := Autr(M) and let S := Homp (M, R) denote the R-dual of M, which we consider
as a left-R[G] module in the usual way, i.e.

g+ Aw) =g (v)) geG A eSvelM.

For n > 0 we let S, := Sym"(S) denote the n-th symmetric power of S, defined as the
maximal symmetric quotient of S®*. We view S,, as a R[G] module with the induced
action.

For m € Z, we let R[m] denote the ring R, with G-action via the m-th power of the
determinant. We think of R[m] as the free R-module of rank one, with fixed generator
am =1 € R such that g * a,, = det(g)™ - a,, for all g € G.

In particular, the pairing ( , )5 can be viewed as a perfect alternating R-bilinear form
(, )ar: M x M — R[1], which is also G-equivariant, i.e. (g *v1,g*v2)ar = g * (v1,v2).
We fix a triple of non-negative integers r := (r1,72,7r3) such that:

(i) r=(r1+r2+7r3)/2 € Z;
(ii) for every permutation of {7,7,k} of {1,2,3}, it holds r; + r; > .

We finally set Sy := Sy, ®R Sy, ®r Sry, which we endow with the structure of R[G]-
module via the diagonal action on the three factors.

The aim of this section is to produce a canonical invariant element
Det, € H'(G, Sy ® R[r]).
In order to proceed more explicitly, we fix a symplectic R-basis {ej,ea} of M (i.e.
(e1,e2)ar =1, (ea,e1)nr = —1). Welet {e1,e2} be the R-basis of S which is dual to {e,es}.
In this way we identify M = R ® R (column vectors), S = R @ R (row vectors) and

G = GL2(R), with the natural action of GLo(R) by matrix multiplication on column
vectors on M and the action of GLa(R) on S given by

grA=X-g'  geGLy(R),\¢€S.

For every m > 0 we can then identify S,, with the R-module of two-variable homogeneous
polynomials of degree n with R-coefficients, with GLy(R)-action given by

g+ Ple,2)) = P (g7 (3))'),

where (-)! denotes transposition.
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We view S, as the R-module of polynomials in six variables (z1,x2,y1,y2, 21, 22) with
R-coefficients which are homogeneous of degree 1 with respect to (z1,z2), homogeneous
of degree 7y with respect to (y1,y2) and homogeneous of degree r3 with respect to (z1, 22).
The action of GLa(R) on Sy can then be explicitly described in terms of the variables.

We finally define an element P, € S, as follows

ooz r—r3 . " r—ro y r—r]
P.(x1, 2, 21, 22) = det L2 det [T T2 det |7t 72
(71,2, Y1, Y2, 21, 22) (y1 o 0 7 o

and one can easily check that for every g € GLa(R) it holds g * P, = det(g)™" - Py, so that
clearly Det, := P ® a, € Sy ® R[r] is an invariant for the G = GLy(R)-action.

It is also clear that the element Det, depends only on M and the pairing { , )as, but
not on the choice of a symplectic basis.
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