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Abstract

Using classical results from non Abelian Hodge theory and more contemporary ones developed for
complex projective varieties with Kawamata log terminal (klt) singularities, we deduce necessary and
sufficient conditions for such varieties to be uniformized by each of the four classical irreducible Her-
mitian symmetric spaces of non compact type. We also deduce necessary and sufficient conditions for

uniformization by a polydisk in the klt setting, which generalizes a classical result of Simpson.

Zussamenfassung

Mithilfe von klassischen Resultaten aus der nicht-Abelschen Hodgetheorie und modernen Resultaten
iber komplexe projektive Varietdten mit Kawamata-log-terminalen (klt) Singularitaten, geben wir jeweils
notwendige und hinreichende Bedingungen fiir die Uniformisierung solcher Varietdten durch jeden der
vier klassischen irreduziblen Hermitesch-symmetrischen Rdume von nicht kompaktem Typ. Wir geben
in diesem klt-Setting auch notwendige und hinreichende Bedingungen fiir die Uniformisierung durch eine

Polydisk und verallgemeinern damit ein klassisches Resultat von Simpson.
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1 Introduction and main results

After reading the title of this thesis one might wonder what the words uniformization, klt, and bounded
symmetric domains mean. We begin by addressing these curiosities, and explaining the goal of this work.
The aim of this section is to introduce the uniformization problem, and to convince the reader that it is
indeed an interesting one, and has applications in algebraic and complex geometry.

Throughout this thesis, we work with algebraic varieties over the field C of complex numbers.

1.1 The uniformization problem

A Hermitian manifold can be regarded as the complex analytic version of a Riemannian manifold. More
precisely, it is a complex manifold with a Hermitian metric on its holomorphic tangent bundle. A Hermi-
tian symmetric space is a a Hermitian manifold with the property that at each point, there is an inversion
symmetry which preserves the Hermitian structure.

We are interested in the Hermitian symmetric spaces D of non-compact type. Each such D can be expressed
as the quotient of a real algebraic semisimple Lie group Gy by a maximal compact subgroup Ky, which
is unique up to conjugation (see Section 2.3 for details). Irreducible Hermitian symmetric spaces of non-
compact type were classified by Elie Cartan into six types- the four classical, and two exceptional ones. It
was shown by Harish-Chandra that each Hermitan symmetric space of non-compact type can be realized as

a bounded symmetric domain inside a complex vector space (see Section 3.1 for details).

Bounded symmetric domains and their quotients are of classical interest in complex geometry. Varieties
which are quotients of bounded symmetric domains are known to admit special tensors and automorphic
forms, so they are interesting from an arithmetic point of view as well. The characterization of such varieties
is then a natural problem to consider. In view of the minimal model program, it is important to work with
singular varieties. One of the most important classes of singularities occurring in the minimal model program
are the Kawamata log terminal (klt for short) singularities (see Section 2.4). For details about singularities
of the minimal model program, we refer the reader to [24].

The goal of this thesis is to answer the following question, which we call the uniformization problem.

Let X be a complex projective variety with Kawamata log terminal (klt) singularities. What are neces-

sary and sufficient conditions so that the universal cover X of X is a bounded symmetric domain?

The uniformization problem has been studied in various settings. For example, in [39], Yau showed that
smooth, projective surfaces of general type which satisfy equality in the Miyaoka-Yau inequality are uni-
formized by the unit ball B2 C C2. Simpson formulated necessary and sufficient conditions for a smooth
complex projective variety of aribitrary dimension to have a bounded symmetric domain as its universal
cover in [34], and as a consequence obtained explicit conditions for uniformization by the polydisk and by
the ball. In the ball case, Simpson’s result has been generalized to smooth quasi-projective varieties (see
[8]), and projective varieties with Kawamata log terminal (klt) singularities (see [13, 15]). The main result
of this thesis, Theorem 1.1, settles the uniformization problem for arbitrary bounded symmetric domains, in
the projective klt setting.



1.2 The role of Hodge theory

In his classical work [34], Simpson developed a method to construct representations of the topological fun-
damental group of a complex algebraic variety, which are the same as vector bundles on the variety with
vanishing curvature. To do this, he used techniques from harmonic analysis and partial differential equa-
tions. He solved the Yang-Mills equation on holomorphic vector bundles with interaction terms over complex
Kahler varieties. The solutions to this equation yield flat connections on the vector bundles if certain Chern
classes are zero. As an application in the smooth projective case, one arrives at necessary and sufficient con-
ditions for a smooth projective variety to be uniformized by any Hermitian symmetric space of non-compact
type.An important fact is that an irreducible holomorphic vector bundle £ on a projective variety has a
Hermitian-Yang-Mills metric if and only if it is stable. Moreover, if the Chern classes of £ satisfy ¢;(£) =0
and c3(€) - [Kx]"™2 = 0, then any Hermitian-Yang-Mills metric on £ is flat.

One of the main goals of [34] was to parametrize complex variations of Hodge structures as defined by
Griffiths. A complex variation of Hodge structure is a C°° vector bundle V together with a decomposition

V= EBP tg=w VP?, aflat connection D, satisfying the following Griffiths transversality condition
D:VPa AO,I(VpH,qfl) + ALO(Vp,q) + _AO,l(Vp,q) + ALO(fol,qul)

and with a polarization. In the above expression A% (VP9) denotes VP%-valued forms of type (i,j). A
polarization is a Hermitian form which makes the Hodge decomposition orthogonal, and is positive definite
on VP4 if p is even, and is negative definite if p is odd. For a VHS V' coming from a family of manifolds, there
is a lattice in V preserved by the connection D, which Griffiths included as part of his definition. Relaxing

this condition gives more complex VHSs, so a VHS can be deformed in a continuous family.

Considering infinitesimal deformations of a VHS motivates the definition of a system of Hodge bundles
(see Section 2, Definition 2.16). These are special instances of more general objects called Higgs sheaves
(see Section 2, Definition 2.7). A system of Hodge bundles arises from a VHS in a natural way. A more
interesting problem is to construct a VHS starting from a system of Hodge bundles. The upshot is that an
irreducible complex VHS corresponds precisely to a system of Hodge bundles £ which i stable and satisfies
c1(£) = 0, and c3(€) - [Kx]"2 = 0. A VHS on a variety X gives a holomorphic map from the universal
cover X of X to the classifying space D of Hodge structures. Of prime interest to us is the case when D is

a Hermitian symmetric space of non-compact type.

When X is a curve, one can construct a non-trivial VHS on X in the following way. Let £ be a line
bundle on X such that £%2 = Kx, and set £1'° = £, and £%' = LY. Then & = €19 @ £%1 together with
Higgs field @ given by %9 : £ =2 £V @ Kx, %! : LY — 0 is a system of Hodge bundles. It is easily checked
that ¢1(€) = c2(€) = 0. If the genus of X is > 2, then the only saturated subsystem of Hodge sheaves of £
is £, which has negative degree, thus £ is stable and gives a VHS. The classifying map is an isomorphism

between the universal cover X and the upper half plane H.

Now suppose X is of any dimension n. There is a canonical system of Hodge bundles £ on X given by
EL0 =L, €91 = Oy, and the Higgs field given by sending Q% to itself and Ox to zero. If £ is stable then
the Bogomolov-Gieseker inequality (2(n + 1)e2(X) — nep(X)?) - [Kx]"2 > 0 holds. If equality holds, then
X is the unit ball B". In the case that X is a surface of general type, one recovers the result of Miyaoka and
Yau which says that c1(X)? — 3¢2(X) < 0, and if equality holds then X is a ball quotient. Similarly, the
tangent bundle of X splitting as a direct sum of line bundles of negative degree, together with the Chern



class equality (c1(X)? — 2co(X)) - [Kx]|"? are sufficient conditions for X to be a quotient of the polydisk
H". This result was slightly improved by Beauville (see [3, Theorem B]), who showed that the assumption
on the Chern classes of X is not necessary.

1.3 Recent developments

The results of this thesis owe a great deal to the works [13] and [15], which extend Simpson’s non-abelian
Hodge correspondence to complex projective varieties with klt singularities. The main result of [13] is a
Miyaoka-Yau inequality for projective varieties of general type with klt singularities, formulated in terms of
Q-Chern classes (see Section 2.4), known as the Q-Miyaoka-Yau inequality. The fact that klt singularities
are quotient in codimension two allows one to define the first and second Q-Chern classes of the tangent
sheaf Tx of X, which is locally free over the big open subset of X where X has only quotient singularities.
If X is smooth in codimension two, these agree with the usual Chern classes of Tx. The authors also prove
that equality in the Q-Miyaoka-Yau inequality is a necessary and sufficient condition for a projective klt

variety which is smooth in codimension two, to be uniformized by the ball.

The protagonist in the proof of the uniformization result of [13] is the system of Hodge sheaves & =
(Q%)** @ Ox, which is the correct analog of the system of Hodge bundles Q% @ Ox, in the singular setting.
Using the semistability of Ty and (24 )*x for X klt and of general type, it is shown that & is stable as a
Higgs sheaf on X. A crucial result is that X admits a global Galois, quasi-étale cover v : Y — X, such that
the étale fundamental groups of Y and of its smooth locus Y. are isomorphic. This is known as a mazimally
quasi-€étale cover, and the aim is to show that it is smooth. Using the relationship between certain represen-
tations of the fundamental group and variations of Hodge structures in the singular setting, also dveloped in
[13], it is shown that the system of Hodge sheaves ~[**] (Q[)l(] ®0x) = Qg}] @ Oy is locally free. The solution
to the Lipman-Zariski conjecture for klt spaces then implies that Y is smooth, as desired. Then Yau’s uni-

formization result implies that Y is a ball quotient, and a further argument shows that the same is true for X.

In [15], the authors show that Higgs bundles living over the smooth locus X,¢, of a projective klt vari-
ety admit harmonic metrics. Let (£,6) be a reflexive Higgs sheaf on the smooth locus X,., of a klt space
X of dimension n, let £ denote the reflexive extension of £ to X, and let H be an ample divisor on X.
Then the main result of [15] says that (£, 6) being polystable with respect to H and satisfying the equalities
E}\zl(é") <[H]"! =0 and Ei\zg(é") -[H]"=2 = 0 is equivalent to € being locally free, and (£,6) being induced
by a tame, purely imaginary harmonic bundle whose associated flat bundle is semisimple (see Section 2.5).
As a consequence one obtains necessary and sufficient conditions for a projective klt variety X with ample
canonical divisor to be uniformized by the ball. The improvement from the uniformization result of [13] is
that one does not need to assume X to be smooth in codimension two.

The proof of the uniformization result of [15] is the same spirit as that of [13], and we use it as a tem-

plate to prove the uniformization results appearing in this thesis.

1.4 Main results

We work in the same setting as [15] and formulate the following analog of Simpson’s result of uniformization
by Hermitian symmetric spaces of non compact type, for a complex projective variety with klt singularities

and ample canonical divisor.



Theorem 1.1. Let X be a complex projective kit variety with ample canonical divisor Kx. Let D be a
Hermitian symmetric space of non-compact type. Then X = D/T, where T is a discrete cocompact subgroup

of Aut(D), whose action on D is fized point free in codimension one, if and only if:

1. The smooth locus X,eq admits a uniformizing system of Hodge bundles (P,0) for any Hodge group Gg
of which Aut(D) is a quotient by a discrete central subgroup, and

2. X satisfies the Q-Chern class equality EEQ(E/) [Kx]"=2 =0, where &' is the reflevive extension of the
system of Hodge bundles P X g to X.

The notation appearing in Theorem 1.1 will be made clear in the subsequent sections. As a consequence
of Theorem 1.1, we derive necessary and sufficient conditions for a projective klt variety X with ample
canonical divisor to be uniformized by each of the four classical Hermitian symmetric spaces of noncompact
type, and by the polydisk. In the polydisk case, our result is a slight generalization of Beauville’s, in that

we only assume that the tangent bundle T, of the smooth locus X,., of X splits as a direct sum of line

reg
bundles (see Theorem 5.1). Due to the semistability of the tangent sheaf Tx with respect to the canonical
divisor Kx, which was shown in [13], we do not need to assume that the line bundles appearing in the

decomposition of Tx . have negative degree.

reg

In each case, the conditions consist of the tangent bundle of the smooth locus Ty admitting a reduction in

reg

structure group, and X satisfying a @Q-Chern class equality. For example, the statement for uniformization

by the Hermitian symmetric space H,, of type CI (also known as the Siegel upper half space), is as follows.

Theorem 1.2. Let X be a projective kit variety of dimension n(n + 1)/2 such that the canonical divisor
Kx is ample. Then X = H,, /T, where T is a discrete cocompact subgroup of Aut(H,) = PSp(2n,R), whose
action on D is fixed point free in codimension one, if and only if X satisfies

o Tx,., = Sym*(€)

o [265(X) —c1(X)2 + 212 (&) — (n — 1)e ()] - [Kx|" 2 =0,
where & is a vector bundle of rank n on X,.4, and £ denotes the reflexive extension of € to X.

Theorem 1.2 is a consequence of combining Propositions 6.1 and 6.2 in Section 6. Analogous results to
Theorem 1.2 for Hermitian symmetric spaces of types DIII, BDI, and AIII for p # q are Theorems 7.3,
8.3, and 9.3 in Sections 7, 8, and 9 respectively. Necessary and sufficient conditions for uniformization by
the polydisk and by the Hermitian symmetric space of type AIII for p = g are formulated separately in

Sections 5 and 9 respectively.

Another consequence of Theorem 1.1 is the following Kazhdan type result, which is a klt version of [34,
Corollary 9.5].

Corollary 1.3. Let D be a Hermitian symmetric space of non-compact type, and let X be a projective kit
quotient of D by a T as in Theorem 1.1, with Kx ample. Then for any o € Aut(C/Q), the conjugate variety

X7 is also a quotient of D.

This statement appears again as Corollary in Section 4 and is proved there, following the proof of Theorem
1.1.



1.5 Structure of the thesis

In order to prove our main uniformization theorem and subsequently apply it to particular bounded symmet-
ric domains, it is important to understand Simpson’s uniformization result and its philosophy in the smooth
projective setting. The thesis is divided in two parts. Part I consists of preliminaries, Simpson’s classical
results from [34] in detail, and the proof of Theorem 1.1. In Part IT we apply Theorem 1.1 to the classical

irreducible bounded symmetric domains, and the polydisk.

In Section 2 we introduce objects, morphisms, and conventions that will be used in the following sections of
the thesis. We start by discussing nef and ample sheaves, and Galois and quasi-étale morphisms of normal
varieties. We then talk about Higgs sheaves and their stability, which play a central role in the proof of
the main theorem. We then introduce objects and notions specific to the uniformization problem, as they
appear in [34]. Next, we move to the klt setting where we make definitions of klt spaces and pairs, and
introduce Q-Chern classes of reflexive sheaves living on these. It is convenient that Q-Chern classes have the
same numerical behaviour (e.g. with respect to direct sums and tensor products) as the usual Chern classes.
Finally, we discuss harmonic bundles and related structures necessary to state the main results of [15] which

will be used in the proof of the main uniformization result.

In Section 3 we discuss in detail the material appearing in Sections 8 and 9 of [34]. For the sake of thorough-
ness, we give proofs of some important facts stated therein. In particular, using the equivalence between
isomorphism classes of flat G-bundles and conjugacy classes of representations p : w1 (X) — G, we show that
each Hermitian symmetric space D admits a uniformizing system of Hodge bundles. Moreover, we show that
this descends to a uniformizing system of Hodge bundles on any smooth projective quotient X of D. We
conclude the section by recalling the main results of [34] on which the proofs of our uniformization results
are based. We remark that one should be careful when working with bounded symmetric domains whose
automorphism group is not connected, the reason for this should become apparent in sections 5-9.

Section 4 is dedicated to extending the uniformization results of [34] to the projective, klt setting, and
is divided into two parts. In the first part we prove some auxiliary statements about the stability of certain
Higgs sheaves that will be used in the proof of the main theorem. For example, we show that a torsion
free system of Hodge sheaves being (poly/semi)stable as a system of Hodge sheaves is equivalent to it being
(poly/semi)stable as a Higgs sheaf. Using this, together with the semistablity of the tangent sheaf of a klt
variety of general type, we show that the system of Hodge bundles P x i g (introduced in Section 2.3) is
always polystable as a Higgs bundle on the smooth locus X,.., of X. In the second part of the section we
prove Theorem 1.1. As a corollary, we show that X being a quotient of a bounded symmetric domain implies

that any Galois conjugate X is too.

In Sections 5-9, we apply Theorem 1.1 to the polydisk and each of the four classical irreducible bounded
symmetric domains D and determine necessary and sufficient conditions for a projective klt variety X with
ample canonical divisor to have D as it’s universal cover. We also provide examples wherever possible.
The necessary and sufficient conditions consist of (a) the tangent bundle of the smooth locus X,., admit-
ting a reduction in structure group to K, and (b) X satisfying the Q-Chern class equality. To make these

conditions explicit for a particular D, the trick is to identify the vector bundles associated to the adjoint

—1,1
)

representations of K on the Lie algebras g ¢%% and g""~!. One can then write down the tangent bundle

as Tx,.. = P xx g~ %!, and the Q-Chern class equality follows from equating ca(P X i g) to zero.

reg
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Part I

Uniformization theorem

We remind the reader that throughout this thesis we work over the field C of complex numbers.

2 Preliminaries

In this section we introduce objects and notation that will be used to formulate our main results. We follow
the conventions of [13, Section 2], [15, Sections 2 and 3] and of [34].

2.1 Morphisms and sheaves

We recall notions of positivity for vector bundles and coherent sheaves that will be used throughout.

Definition 2.1 (Nef and ample sheaves, [15, Definition 2.4]). Let X be a normal projective variety and let
F # 0 be a nontrivial coherent sheaf on X. Then F is called ample (resp. nef) if the locally free sheaf
Op(r)(1) € Pic(P(F)) is ample (resp. nef).

Following are some well known facts about ample and nef sheaves which we list without proof.
Lemma 2.2 ([15], Facts 2.5). Let X be a normal projective variety. Then the following statements hold.

o Ample sheaves on X are nef.

A direct sum of sheaves on X is nef if and only if every summand is nef.

Pullbacks and quotient sheaves of nef sheaves are nef.

A sheaf £ on X is nef if and only if for every morphism v : C — X from a smooth curve C, the
pullback v*& is nef on C.

A closed subset Z of a normal, quasi projective variety is called small if the codimension of Z in X is at

least two. An open subset U of X is called big if the complement X \ U is small.

Definition 2.3 (Covering maps and Galois morphisms). A covering map is a finite, surjective map v : ¥ —
X of normal, quasi-projective varieties. The covering map -~y is called Galois if there exists a finite group
G C Aut(Y) such that + is isomorphic to the quotient map ¥ — Y/G.

Definition 2.4 (Quasi étale morphism). A morphism f : X — Y between normal varieties is called quasi
étale if f is of relative dimension zero, and étale in codimension one. In other words, f is quasi étale if
dim(X) = dim(Y") and if there exists a subset Z C X of codimension at least two such that the restricted
map f|x\z: X\ Z =Y is étale.

Definition 2.5 (Saturated subsheaf). Let £ be a coherent sheaf on X. A coherent subsheaf F C £ is said
to be saturated in & if the quotient sheaf £/F is torsion-free. Morever, the saturation of a subsheaf F C &
is the kernel of the map & — (£/F)/(torsion).

10



2.2 Higgs sheaves and stability

Next, we discuss Higgs sheaves and their stability on smooth quasi-projective varieties. We first introduce

more general objects, namely sheaves with operators.

Definition 2.6 (Sheaf with an operator, [13, Definition 4.1]). Let X be a smooth, quasi-projective variety,
and W a coherent sheaf of Ox-modules. A sheaf with a W-valued operator is a pair (£,0), where £ is a
coherent sheaf on X and 0 : £ — £ @ W is an Ox-linear sheaf morphism.

A Higgs sheaf on X is an example of a Q% -valued operator with some additional conditions on the

morphism 6. More precisely,

Definition 2.7 (Higgs sheaves). Let X be a smooth, quasi-projective variety. A Higgs sheaf on X is a pair
(€,0), where £ is a coherent sheaf of Ox-modules, and 0 : £ — £ ® Qk is an Q% -valued operator called the
Higgs field, such that the composed morphism

chewal B el w0l 2N 02

is zero. The composed morphism is usually denoted 6 A 6.

One can also define Higgs sheaves on normal varieties X (see [13, Definition 5.1]) by replacing Q% in
the above definition with the sheaf Q[)l(] of reflexive differentials. Higgs sheaves defined this way behave well

under reflexive pullback, as is explained in more detail in [13, Section 4].

We remark that an alternative definition of Higgs sheaves on normal varieties was introduced in [28, Section
4]. The advantage of this definition is that one can define define duals of Higgs sheaves, and also extend
reflexive Higgs sheaves on the smooth locus of a klt variety to reflexive Higgs sheaves on the whole variety.
This does not seem immediately possible with Higgs sheaves in the sense of Definition 2.7. However, in this
article we use Definition 2.7 because the proof of the main theorem relies on some results of [15], where this
definition is used, and we work in the same generality as [15].

The constructions in [28, Section 4] are however of independent interest, and we point the interested reader
to the article [28] for details.

Definition 2.8 (Morphism of Higgs Sheaves, [13, Definition 5.2]). In the setting of Definition 2.7, a morphism
of Higgs sheaves f : (€1,01) — (Ea,62) is a morphism f : & — & of sheaves which is compatible with the
Higgs fields, i.e., (f®Idg1 ) o by =020 f.

An important notion that will be used later in this note is that of a Higgs subsheaf. To make a definition

we must first define an invariant subsheaf of a sheaf with an operator.

Definition 2.9 (Invariant subsheaf, [13, Definition 4.8]). Let X be a smooth quasi-projective variety and
(€,0) a sheaf with a W-valued operator, as in Definition 2.6. A coherent subsheaf F C & is called 8-invariant
if the map 6 : F — £ ® W factors through F ® W. We call F generically 0-invariant if the restriction F|y is
invariant with respect to 6|y, where U C X is the maximal dense open subset of X where W is locally free.

Let (£,0) be a Higgs sheaf on X. A subsheaf F C & is called a sub-Higgs sheaf if F is f-invariant, and
if (F,0|7) is a Higgs sheaf.

Remark 2.10. For applications to uniformization (Sections 4-9), we work exclusively with Higgs sheaves over
the smooth locus X,.4 of a projective klt variety X (see Section 2.4). If F C £ is any subsheaf, then X,
being quasi-projective and Qﬁ(mg being locally free implies that the functor —® rieg is exact. In particular,
F® Qﬁ(mg cé® Qﬁ(mg holds.

11



Remark 2.11. Let (£,6) be a Higgs sheaf on a smooth, quasi-projective variety X. Then any generically
¢-invariant subsheaf F C & is actually f-invariant, because Q% is locally free. Moreover, every 6-invariant
subsheaf F is actually a Higgs subsheaf (F, 6| #), because F @ Q% C E@Q% by Remark 2.10, thus 6| z 0|z =
0.

Following [13], on a normal, quasi projective variety X, we denote by N'(X)g the Q-vector space of
numerical Cartier divisor classes. For any sheaf F on X whose determinant is QQ-Cartier, we denote the
corresponding element of N1(X)g by [F] = [detF]. The following construction gives a way to compute

intersection products between Weil and Cartier divisors.

Intersection products ([13, Construction 2.17]). Let X be a normal, projective variety of dimension
n, and let F be a non-zero coherent sheaf on X. Then det F is a Weil-divisorial sheaf, say det F = Ox (D),
for some Weil divisor D on X. Then D defines a rational equivalence class ¢ of an (n — 1)-dimensional cycle

on X. For (n—1) line bundles Ly, Ls,...,L,—1 on X, we can form the cap product, and consider the number
deg(0 N[L1] N -+ N [Ln]) € Z,

where [£;] denotes the element of N1(X)g corresponding to the line bundle £;. The above value depends only
on the numerical classes [£;], thus the sheaf F induces a well-defined Q-multilinear form on N*(X )6("_1).
Following [13], we denote the multilinear form obtained as above also by [F]. If det F is Q-Cartier, then there
is a numerical class [F] € N'(X)g, and it agrees with the one obtained by applying the above construction
to F (see [13, Remark 2.19]).

Henceforth, we denote the intersection product of a coherent sheaf F with numerical classes oy, ...,ap_1 €

NY(X)g by [F]- a1+ an_1 € Q.

We can now define the slope of any coherent sheaf on a normal projective variety with respect to a nef,

Q-Cartier divisor as follows.

Definition 2.12 (Slope with respect to a nef divisor). Let X be a normal projective variety of dimension
n, and let H be a nef, Q-Cartier divisor on X. If F is a torsion free, coherent sheaf on X, the slope of F
with respect to H is given by

7] - (7]

na(F) = rank(F)

We call F semistable with respect to H if for any subsheaf £ C F with 0 < rank(€) < rank(F), we have
pup(E) < pg(F). We call F stable with respect to H if the strict inequality holds for all .

For situations that arise later in the thesis, we would like to use notions of slope and stability which work
for sheaves defined over the smooth locus of a normal projective variety. This is developed in [14, Section
2]. For completeness, we state the relevant definitions which appear therein.

It should be pointed out that all sheaves we work with are assumed to algebraic. For coherent analytic
sheaves F on the analytic space associated to X,.q4, the pushforward j,F is in general not analytic, as re-
marked in [14, Remark 2.24]. We will view X,.., as a quasi projective variety over C, hence coherent sheaves

on X,.q will always be algebraic.

Definition 2.13 (Slope for sheaves on the smooth locus). Let X be a normal, projective variety of dimension

n, and let £ be a torsion free, coherent sheaf of rank r on the smooth locus X,.,. If H is a nef, Q-Cartier
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divisor on X, define the slope of £ with respect to H as

j*g . Hn—l
() = LA

r
where j : X,.y — X is the inclusion.

As earlier, we call £ semistable with respect to H if for any subsheaf 7 C £ on X, with 0 < rank(F) <
rank(&), we have pg(F) < pug(€). Call € stable with respect to H if the strict equality holds.

These notions can be extended to sheaves with operator on X,.4 as follows.

Definition 2.14 (Stability for sheaves on the smooth locus). Let the setting be as in Definition 2.13. Let W
be a coherent sheaf on X,.4, and let 8 : £ = £ ® W be a W-valued operator. We say that (£, ) is semistable
with respect to H if the inequality pm(F) < pp(€) holds for all generically 6-invariant subsheaves F of £
with 0 < rank(F) < rank(£). Call (€,6) stable with respect to H if the strict inequality pug(F) < pm(€)
holds. Direct sums of stable sheaves with operator of the same slope are called polystable.

A Higgs sheaf on the smooth locus X, of a normal projective variety X is called stable (resp. semistable,
polystable) with respect to H if it is stable (resp. semistable, polystable) with respect to H as a sheaf with
an Qﬁ(wq—valued operator.

Lemmas 2.26 and 2.27 in [14] give useful properties of the above notions of slope and stability.

Remark 2.15. In order to check the stability of a Higgs sheaf, it is sufficient to check only the saturated

sub-Higgs sheaves, because passing to the saturation of a subsheaf does not decrease the slope.

2.3 Uniformization

The notions of a system of Hodge bundles, principle bundles, and uniformizing systems of Hodge bundles
play a central role in the proof of the main theorem. We state the definitions here as they are in Simpson’s
paper [34]. The variety X is assumed to be smooth and quasi-projective through Definitions 2.16-2.24.

Definition 2.16 (System of Hodge sheaves). A system of Hodge sheaves on X is a Higgs sheaf (F,0) as in
Definition 2.7, together with a splitting E = @nq EP9 such that restricting the Higgs field 6 to each EP9,
we get Ox-linear maps 0|gr.q : BP9 — EP9 — EP~L4tL @ QL If E is locally free, we say it is a system of
Hodge bundles.

Let F be a system of Hodge sheaves. A subsystem of Hodge sheaves F of E is a sub-Higgs sheaf of E which
has the same decomposition F' = @p’q FP4 as B, with Higgs field given by 0| : FP4 — FP=Latl g QL
A system of Hodge sheaves E is semistable (resp. stable) with respect to a nef, Q-Cartier divisor if for any
proper subsystem of Hodge sheaves F' C E, we have puy(F) < pug(E) (resp. pu(F) < pp(FE)). We call E

polystable if it is a direct sum of stable subsystems of Hodge sheaves of the same slope.

Definition 2.17 (Complexification of a Lie group). A complexification of a real Lie group G is a complex Lie
group G¢ containing G as a closed, real Lie subgroup such that the Lie algebra g¢ of G¢ is a complexification

of the Lie algebra g of G i.e., gc = g ®g C. The group G is then called a real form of the group Gc.

Not every real Lie group G admits a complexification in the above sense. For example, the universal
cover of SL(2,R) does not admit such a complexification. The following is a collection of facts from [4,
Chapters 2 and 3.

Lemma 2.18. A real Lie group G admits a complexification in the sense of Definition 2.17 if and only if G
is a linear group. If a complexification exists, it is not necessarily unique. Compact Lie groups always admit

complezifications.
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We are specifically interested in automorphism groups of bounded symmetric domains, which are real

Lie groups with some additional properties.

Definition 2.19 (Hodge group). A Hodge group is a semisimple real algebraic Lie group Gy, together with

a Hodge decomposition of the complexified Lie algebra
g= @ gP P
p

such that [gP~P, g™~ "] C gP*"P~" and such that (—1)P*! Tr(ad(U) o ad(V)) > 0 for U,V € gP=? \ {0}.
Here ad : g — Der(g) denotes the adjoint representation of the Lie algebra g.

Let Gy be a Hodge group as in the above definition, and let Ky C G be the subgroup corresponding to
the Lie algebra ¢ = gg’o. It is the subgroup of elements k such that ad(k) preserves the Hodge decomposition
of g. In particular ad(k) preserves the positive definite form (—1)P™!Tr(ad(U) o ad(V')) so Ky is compact.

Remark 2.20. Henceforth, we will fix the Hodge group G to be linear, because this is the case for applications
to uniformization (see Sections 4-9 and [34, Section 9]). Thus Gy and K{ will admit complexifications in the
sense of Definition 2.17 (see [25, Chapter VII, Section 9]). We denote by G and K the complexifications of
G and K respectively.

Definition 2.21 (Principal system of Hodge bundles). A principal system of Hodge bundles on X for a
Hodge group Gy is a principal K-bundle P on X together with a morphism of vector bundles

0:Tx - Pxgg Mt

such that [0(u),8(v)] = 0 for all local sections u,v of Tx.

The morphism # maps local sections of Tx to elements of g~!!, thus the Lie bracket appearing in the
above definition is the usual Lie bracket of g extended to the bundle P x j g~ 1.
To any local section a of the vector bundle P x i g, we can associate the map a — (v — [0(v),a]), for all
local sections v of Tx. It is easy to check that this gives P X g g the structure of a system of Hodge bundles,

hence the name.

Definition 2.22 (Hodge group of Hermitian type). A Hodge group Gq of Hermitian type is a Hodge group
such that the Hodge decomposition of g has only types (1,—1), (0,0), and (=1, 1), and such that G has no

compact factors.

In the case of a Hodge group of Hermitian type, Ko C G is a maximal compact subgroup, and the
quotient D = Go/ Ky is a Hermitian symmetric space of non-compact type, and it can also be realized as a

bounded symmetric domain. Moreover, all bounded symmetric domains arise in this way.

We use the following result of Simpson about Lie algebras of Hodge groups of Hermitian type multiple

times later in the thesis, so we state it here.

Lemma 2.23 ([34, Corollary 9.3]). Let g be the complexified Lie algebra of a Hodge group of Hermitian
type. Let W C g be a sub-Hodge structure such that =11, W] C W, where [-,-] denotes the Lie bracket of
g. Then

dim(W=+1) > dim(Wh 1)

and if equality holds then W is a direct sum of ideals of g.
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Definition 2.24 (Uniformizing system of Hodge bundles). Let Gy be a Hodge group of Hermitian type. A
uniformizing system of Hodge bundles on X for Gy is a principal system of Hodge bundles (P, ) on X such

—1,1

that map 0 : Tx — P Xk g is an isomorphism of sheaves.

A uniformizing system of Hodge bundles on X corresponds to a reduction of structure group for 7x to
K — GL(n,C), where the map K — GL(n,C) is given by the adjoint representation of K on g~!'!. We
refer the reader to Section 3 of this thesis for more details.
Note that if W C P X g g is a subsystem of Hodge sheaves of a uniformizing system of Hodge bundles P X g g,
then W is locally a sub-Hodge structure of g. In particular, Lemma 2.23 holds locally for W.

Definition 2.25 (Uniformizing variation of Hodge structure). A uniformizing variation of Hodge structure
on X is a uniformizing system of Hodge bundles (P, 6) together with a flat metric on the associated bundle

PXKg.

The table below shows bounded symmetric domains D = G/ Ky, and the associated groups Gy, Ky, and
their respective complexifications G, K, which we use to prove our uniformization statements (Sections 5-9).

Bounded Go Ko G K
symmetric domain
Polydisk (H") SL(2,R)" U SL(2,C)" ()"
Type CI (H,,) Sp(2n,R) U(n) Sp(2n,C) GL(n,C)
Type DIII (D,,) SO*(2n) U(n) SO*(2n,C) GL(n,C)
Type BDI (B,,) SO(2,n) SO(2) x SO(n) SO(2 1 n,C) S0(2,C) x
SO(n,C)
Type AIIL (Apq) SU(p,q) SUp) x U(q)) SL(p +¢,C) S(GL(p,C) x
GL(q,C))

2.4 KIt spaces and (Q-Chern classes

One of six main classes of singularities one encounters when running the minimal model program in dimen-
sion > 3 are klt singularities, which we define next. We first introduce some basic terminology which can be

found in any standard reference on birational geometry, such as [24].

A contraction is a projective morphism f : X — Z of normal varieties with connected fibres, i.e. such
that f,Ox = Oz. A birational contraction is called a blowup or blowdown depending on the variety we start
with.

A boundary on a variety is a Q-Weil divisor D = Zi a;D; with coefficients 0 < a; < 1 for all 7. If D is a
boundary on X then (X, D) is called a log variety or log pair. For f : X — Y a birational morphism, the
boundary D’ of YV is given by the direct image of the boundary D of X, i.e., D' = f.D. A log resolution
f: X — X is a resolution of singularities such that the union U, D; U Exc(f) of proper transforms of the
D, and the exceptional locus of f is a simple normal crossing divisor.

Let f: X > X bea projective birational morphism between normal varieties, and let D be a Q-Weil divisor

on X. Suppose that Kx + D is Q-Cartier. Then we can write

Kg+D=f"(Kx+D)+)Y a(E,D)E,
E
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where D denotes the proper transform of D and a(F, D) € Q. Note that the numbers a(E, D) depend only
on X, D, and E and not on f. They are called the discrepancies. Define

discrep(X, D) = infg{a(E, D)|FE is an exceptional divisor on X}.
We are now ready to make the definitions of klt pairs and spaces.

Definition 2.26 (klt pair). A kit pair (X,A) consists of a normal variety X, and a Q-Weil divisor A =
>;a;D;, where a; € QN (0,1) such that Kx + A is Q-Cartier, and such that the discrepancy satisfies
discrep(X,A) > —1.

Definition 2.27 (klt space). A normal, quasi-projective variety X is called a kit space if there exisits an
effective Q-Weil divisor A on X such that (X, A) is a klt pair.

Klt spaces of dimension 2 are known to have only quotient singularities. In dimension > 3, a klt space
X does not in general have only quotient singularities (see Example 2.29). A standard example of a klt
singularity that is not quotient is that of a cone over a Fano variety. We first give a definition of a Fano

variety and then discuss an example.

Definition 2.28. A Fano variety is a normal projective variety with klt singularities such that —Kx is an

ample Q-Cartier divisor.

Example 2.29. Let Y be a smooth projective subvariety of P™ with hyperplane divisor H, such that Ky ~ aH
for some a € Q.
Set 7 : X = P(Oy & Oy (H)) = Y, and let E be a section such that E|y = —H. The cone X in P"*! over

Y is normal, it is the contraction f: X — X of E, and we have
K¢ ~—2E+7"(Ky —H)
~=2E+47*((a—1)H).

It follows that Kx ~ (a — 1)H. Note that they are both Weil divisors which coincide outside the vertex of
X. Thus Kx is ample if and only if a < 1.
Writing K ¢ ~ f*Kx +bFE and restricting to I gives that b = —1—a, so it follows that X has klt singularities

if and only if a < 0. Moreover, X is a Fano variety of and only if Y is a Fano variety.

One can study the geometry of klt spaces using a more general notion of Chern classes, namely the
Q-Chern classes, or orbifold Chern classes.
Let X be a kit space as in Definition 2.27. After excluding a suitable subset Z C X of codimension > 3,
only quotient singularities remain, and X \ Z can be equipped with the structure of a Q-variety that admits
a global, Cohen-Macaulay cover (see [13, Section 3.4]). Thus following Mumford’s work [32], Chern classes
can be defined on X \ Z. Since codimx(Z) > 3, one can construct on any klt space of dimension n > 3
intersection products with first and second Q-Chern classes of any reflexive sheaf £ on X. The associated

symmetric Q-multilinear forms can be written as follows.

Al(g) : Nl(X)(a_l — Q7 (alv .. '7an—1) = Zj\1(5) s Qg Qp—1
/6\1(5)2 : Nl(X)(&_2 — Q, (Oq, .. .,an_g) — /C\%(g) A Q9

Q)

2(E) Nl(X)g{1 = Q, (a1,...,ap-2)—=>(E) a1 ap_oa.

In later sections we will also consider Q-Chern characters, which are defined as follows
chi(€) =@ (€)

ha(€) = 5(@(E) ~ 20a(E)).
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The subject of Q-Chern classes has been covered in greater detail in [13, Section 3]. We will use the following

important observation about the behaviour of Q-Chern classes under quasi-etale covers.

Lemma 2.30 ([13, Lemma 3.16]). Let v :Y — X be a quasi-etale morphism between projective klt spaces.

Then the following equalities hold for all reflexive sheaves € on X, and all numerical classes aq, ..., a1 €
N'(X)g
51(7[*15) gy a1 = (deg )L (E) cay ey,

where Y¥1E = (v*€)**. Analogous statements hold for ¢, (y*1€)? and S, (y1¥€).

We will use the following formula for the Q-Chern classes of the direct sum of two reflexive sheaves E

and F of ranks r and ' respectively.

k
G(E@F) =Y &(E)-tni(F).
=0

So in particular we have

(E@F)=rci(E)+ci(F) (1)
G ® F) = 8(B) + & (B) - & (F) + & (F). @)

2.5 Harmonic bundles

Harmonic bundles play an important role in nonabelian Hodge theory. We give here some basic definitions,
facts, and results established in [15, Section 3|, which will be used in the proof of the main uniformization

result, Theorem 1.1.

Definition 2.31 ([15, Fact and Definition 3.1]). Let M be a complex manifold, and let E = (E, 9,6, h) be

tuple consisting of the following data
e A holomorphic vector bundle (E,d) and a Hermitian metric h on E.
e A Higgs field 0 : £ — £ ® Q%, where £ = ker d is the sheaf of holomorphic sections.

Denote also by € the induced A% linear morphism 6 : A°(E) — AM(E). Let 0" : A°(E) — A%(E) be
the adjoint of 6 with respect to the metric h, and let 9 be the (1,0)-part of the unique Chern connection
compatible with both the metric h and the complex structure 0. Then

VE=0+0+0+0"
is a connection. The tuple E = (E, 0,0, h) is called a harmonic bundle if Vg is flat.

For a harmonic bundle E = (E, 9,6, h) as in the above definition, denote the associated flat bundle by

Definition 2.32 ([15, Notation 3.3]). Let M be a complex manifold.

e Let £ be a locally free sheaf on M with associated holomorphic bundle (E, V). Then we say £ admits

a harmonic bundle structure if there exists a harmonic bundle of the form (E, 9,0, h).

e Let (£,0) be a locally free Higgs sheaf on M with associated holomorphic bundle (E, V). Then we say
(£,0) admits a harmonic bundle structure if there exists a harmonic bundle of the form (E, 3,6, h).
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e A flat bundle (E, V) is said to admit a harmonic bundle structure if there exists a harmonic bundle
E = (E,0,0,h) such that V = V.

If € is a locally free sheaf on a smooth, quasi-projective variety X, then & is said to admit a harmonic
bundle structure if its analytification £ on the complex manifold X %™ admits a harmonic bundle structure.
An analogous statement holds for Higgs bundles (£,6) on X.

In the situation of Definition 2.32, let N be a complex submanifold of M, and let (£,0) be a locally free
Higgs sheaf on M. Then the locally free Higgs sheaf (£,6)|y on N admits a harmonic bundle structure via

restriction.

To study Higgs bundles on a quasi-projective varieties, the authors of [15] look at tame harmonic bundles.

Definition 2.33 (Tame harmonic bundle, [15, Definition 3.5]). Let M be a complex manifold, let D C M
be a simple normal crossing divisor, and let E = (F, 0,0, h) be a harmonic bundle on M \ D. Then E is
called tame with respect to (M, D) if there exists a locally free sheaf £y on M, a morphism of sheaves

HM : 5]\/[ — EM ®Q}\4(10gD)
and an isomorphism &y |p\p = € that identifies Op7[pn p with 6. Call (Ear,01r) an extension of (£,0).

Definition 2.34 (Purely imaginary bundles, [15, Fact and Definition 3.6]). In the setup of Definition 2.33,
assume that (FE,0,0,h) is tame, and let (Ex7,0,r) be an extension of (£,0). If D; C D is any component,
and if x € D; is any point, consider the residue and its restriction to x

resp,0y € End(Eps|p;), and (vesp,On)|e € End(Enrly)-

Then the set of eigenvalues of (resp,fyr)|. is independent of the choice of (Er, Oar)-
The harmonic bundle (E,d,0,h) is called purely imaginary with respect to (M, D) if all eigenvalues of the
residues of 0y along the irreducible components of D are purely imaginary for any extension (Eps,6as) of

(€,0).

Proposition 2.35 (Tame and purely imaginary bundles on quasi-projective bundles, [15, Fact and Definition
3.7]). Let X be a smooth quasi-projective variety, and let E = (E, 0,0, h) be a harmonic bundle on X". Let
X1 and Xo be two smooth projective compactifications of X such that D; = X; \ X, i € {1,2} are simple
normal crossing divisors. Then E is tame and purely imaginary with respect to (X1, D1) if and only if E is

tame and purely imaginary with respect to (Xa, Da).

The above proposition shows that the notion of tame purely imaginary does not depend on the compact-
ification. Thus one can talk about tame and purely imaginary harmonic bundles on the analytification X"
of a smooth quasi-projective variety X.

Denote by TPI-locFreey the family of isomorphism classes of locally free sheaves on X that admit a tame,
purely imaginary harmonic bundle structure. Let TPI-Higgsy denote the family of isomorphism classes of
locally free Higgs sheaves on X that admit a tame, purely imaginary harmonic bundle structure. Write
(£,0) € TPI-Higgsy to denote that a Higgs sheaf (£,6) on X is locally free and admits a tame, purely
imaginary harmonic bundle structure E. If (£,0) € TPI-Higgsy and if X is a big open subset of a normal

projective variety X, we say that (£,6) is induced by E.

In order to prove the sufficiency part of Theorem 1.1, we make use of the following deep existence result.
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Theorem 2.36 ([12, Theorem 1.14)). Let X be a projective klt variety. Then X admits a quasi-étale cover
v :Y — X such that the natural map of étale fundamental groups T1(Yreq) — T (Y) is an isomorphism.
This is known as a maximally quasi-étale cover

We also state the following results of [15], which are crucial to the proof of the main uniformization result.

Proposition 2.37 ([15, Proposition 3.17]). Let X be a projective kit space. Let v :Y — X be a mazimally
quasi-étale cover, let Y° = v 71 X,cq4, and let y|yo : Y° — X,.c, be the restricted morphism, which is étale.
Then for any (€x,.,.0x,.,) € TPI-Higgsx, . there exists a locally free Higgs sheaf (F,0) on'Y, and an

isomorphism

(F,0)]ye = (Vve) (Ex,eys 0,0y )-

In particular, if £ denotes the reflexive extension of Ex... to X, then & = F is locally free, and all the

reg

Chern classes of F vanish.

The following theorem is one of the main results of the paper [15], and allows us to pass from the singular

to the smooth setting in the proof of Theorem 1.1.

Theorem 2.38 ([15, Theorem 5.1]). Let X be a projective kit space of dimension n > 2. Let H be an ample
divisor on X and use H to equip X,cq with a Kdhler metric. Let (€x,.,,0x,.,) be a reflevive Higgs sheaf on

Xreg and let € denote the reflexive extension of Ex, .. to X. Then the following statements are equivalent.

reg

o The Higgs sheaf (Ex,.,,0x,.,) s (poly)stable with respect to H, and the Q-Chern characters satisfy

chi(E) - [H" ' =0 and chy(E)-[H]" 2 =0.

e The sheaf Ex,., is locally free and (Ex,.,,0x,.,) is induced by a tame, purely imaginary harmonic

bundle whose associated flat bundle is (semi)simple.

2.6 A weak characterization of klt varieties with split cotangent sheaf
The following observation is a weaker version of [16, Proposition 4.1], in a more general setting.

Lemma 2.39. Let X be normal, complex quasi-projective variety of dimension n with klt singularities.
Assume that the sheaf of reflexive differentials Q[)l(} 1s of the form

Were oL, (3)
where L; is a rank one Q-Cartier sheaf for all 1 <i <mn. Then X has only quotient singularities.

Proof. Since each L; is assumed to be Q-Cartier, there is a minimal number N; € N for each i, such that
E£®Ni] is locally free. Note that for any point x € X, for each 1 <4 < n, we can find an open neighbourhood
U; = Ui(z) of x over which ££®Ni] is trivial, i.e. such that (££®Ni])\Ui = Oyp,. Let V=), U;. Then V is a
non-empty open neighbourhood of z as it is the intersection of finitely many non-empty open neighbourhoods
of x.

Consider the restriction of £[1®N1] to V and observe that it is trivial. Let v; : V1 — V be the associated
index one quasi-étale cover which is cyclic of order N;. The variety V; again has klt singularities, and we
have Vg*]£1 = Oy, . In particular, it follows that le] = %*]Q[v”, ie., le] = ﬁ*] (Lilv)®---® VZ[L*] (Lnly) =
Oy, @@ «A"‘] (Ln]v). Note that since £[2®N2] is trivial over V, %*]ﬁ[Q@N?] is trivial over V;. Now let

vo : Vo — V1 be the associated index one quasi-étale cover which is cyclic of order Ny. We again have that
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Vy is kIt and 72 v £2 ng Thus it follows that Q% = fyg*]le] = ’yé*]'yg*] (Lilv)®--- @ ’yg " (£ lv) =
Ov, ® Oy, @ - - &I (L, ).

Continuing in this way n — 2 more times we arrive at an index one quasi étale cover vy : Vi, = Vi—1 of order
N,, such that V,, is klt and 77[1*] ...vg*]ﬁn & Oy,,. This implies that Q [* [*]Q = O@: ie., Qgi
and Ty, are both free. The solution for the Lipman-Zariski conjecture for spaces with klt singularities ([11,
Theorem 16.1]) then asserts that V;, is smooth.

The composed map v =~10---07, : V,, = V is a covering map of quasi-projective varieties. Then it follows
from [12, Theorem 3.7] that there exists a normal, quasi-projective variety V,, and a finite surjective morphism
o Vi, — V,,. such that the following holds. There exist finite groups H C G such that the composed map
yo# :V, = V and 4 are Galois with groups G and H respectively. The map ~ o 7 is called the Galois
closure of . Moreover, the branch loci of v and 7 o 4 are equal. This implies that the map yo05:V,, — V
is again quasi-étale, and V,, has at worst klt singularities. We have Q%i = ’y[*]’y[*]Qg] = Al (9@: = O%". It
follows again by the solution to the Lipman-Zariski conjecture for klt spaces that V,, is smooth. Thus we

conclude that X has quotient singularities only. O

2.7 Another remark on stability
We now make an observation about the stability of certain vector bundles associated to a semistable bundle.

Lemma 2.40. Let X be a n-dimensional algebraic variety over C and let H be an ample divisor on X. Let
& be a rank r vector bundle on X such that Sym?(E) is semistable with respect to H. Then £ and End(E)

are semistable with respect to H.

Proof. Note that Sym?(&) is a vector bundle of rank r(r + 1)/2. Let ¢;(€) = Y.i_, ci(€)t* be the Chern
polynomial of £, and let o, ..., @, be the Chern roots of £. Then the Chern polynomial of the p-th symmetric
power SymP(£) is given by

aGym?(€) = [ (14 (i +ay)t).
i1 S"'Sip

In particular, we have that ¢; (Sym?(€)) is the coefficient of ¢ in the expression [Tic;(1+ (i +a;)t). A quick
computation shows that c;(Sym?(€)) = (r + 1) Y1, a; = (r + 1)c1(E). The slope of Sym*(€) with respect
to H is given by

u(Sym3(€) - [H]"™ _ 2ea(€) - [H]™!

r(r+1)/2 r

Suppose £ is not H-semistable. Let F C & be a subsheaf of rank ' < r such that pg(F) > ug(E). Consider
the short exact sequence

pr (Sym?*(€)) = =2uu(E).

0=+F—=EE—=-G—0

where G = £/F. Note that taking Sym? preserves surjective maps, so the map Sym?(£) — Sym?(G) is
surjective. This implies that Sym?(G¥) c Sym?(£Y). Since rank(G) = r — ' and ¢;(G) = ¢1(E) — ¢1(F), we
have

un(g) = QO TN HT vy T,

r—r T

Thus pg(F) > pg(E) implies that pg(G) < pp(E), which further implies pg(GY) = —pp(G) > —pg(€) =
pr(EY). But this means that g (Sym?(GY)) > um(Sym?(€Y)), which implies that Sym?(£Y) is not H-
semistable, and hence neither is Sym?(€), a contradiction.
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Since £ is semistable with respect to H, so is the dual bundle £V, and the endomorphism bundle End(&) =
E ® &Y, because the tensor product of semistable bundles is semistable. O

An analogous statement to Lemma 2.40 holds for the second wedge power.

Lemma 2.41. Let X be a n-dimensional algebraic variety and let H be an ample divisor on X. Let € be a
vector bundle of rank r > 3 on X such that \*(&) is semistable with respect to H. Then & and End(E) are

semistable with respect to H.

The proof of this Lemma is essentially the same as that of Lemma 2.40, and is therefore omitted. Applying
/\2 also preserves surjective maps, and a simple computation shows that p g ( /\2 E) =2ug(€), just as in the
Sym? case.
It was pointed out to us by A. Langer that this Lemma does not work when the rank of £ is 2. This is
because /\2(5 ) will be a line bundle in this case, which is always semistable, but this does not imply that &€
is semistable.

3 Revisiting Simpson’s results

In this section, our goal is to study the structure of the tangent bundle of a Hermitian symmetric space D of
non-compact type. This structure descends to the tangent bundle of a smooth projective quotient X = D/T,
where T' is a discrete, cocompact group of automorphisms of D which acts freely. We use the notation of

Sections 8 and 9 of [34], and we use the theory developed in Chapter 12 of [6].

3.1 The tangent bundle of D

Let Gy be a Hodge group, and K; the subgroup corresponding to the Lie algebra ¢, = 98’0, as in the
paragraph following Definition 2.19. Since Gy and K| are linear groups (see Remark 2.20), they admit com-
plexifications in the sense of Definition 2.17. Let G and K be complexifications of Gy and K respectively.

Let X be a smooth projective variety of dimension n over C, and let (P, ) be a principal system of Hodge
bundles on X for G. Recall from Definition 2.21 that P is a principal K-bundle on X, and € is a morphism
of vector bundles

GZTX%PXKg_l’l

such that [0(u),8(v)] = 0 for all local sections u,v of Tx.

Definition 3.1. A metric H for a principal system of Hodge bundles is a C*° reduction of structure group
of P from K to Ky, i.e., a principal Ky-bundle Py C P.

Let (P, 0) be a principal system of Hodge bundles with metric Py C P. This reduction in structure group
corresponds to a Hermitian metric H on the associated system of Hodge bundles £ = PXx g = P Xk, g. Let
d’y € A'(End(E)) denote the Chern connection on E with respect to H, and let dg be the Kq-connection on
Py from which d/; is induced. Now we view F as a Go-bundle E' = Ry X, g~ !, where Ry = Py Xk, Go,
and Gy acts on g via the adjoint action. The map 6 : Ty — P xx g~ ! gives an End(E’)-valued one-form
0" € AMO(End(E")), as discussed in the paragraph following Definition 2.21. Let 6’ € A%!(End(E’)) be the
adjoint of @' with respect to H, i.e., (§'u,v), = (u,0v), for local sections u,v of E. Let o and & be the
Go-connections on Ry which induce 6 and ¢’ respectively. Then Dy = dy + 60" + 0" € AY(End(E")) is a
connection on E. Let Dy = dy + 0 + & denote the Gy-connection on Ry which induces DY;.
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Definition 3.2. A principal variation of Hodge structure for a Hodge group Gg is a principal system of
Hodge bundles (P, ) together with a metric Py such that the curvature of the associated connection Dy is

Zero.

Let (P,0) together with metric (Py, Dy) be a principal variation of Hodge structure on X, and let X
be a universal cover of X. We denote by 7 the quotient map = : X — X. Let }~{H be the pullback of the
Go-bundle Ry = Py Xk, Go to X, then Ry = 7™ (Py Xk, Go) = Py X i, Go, where Py = Py is a
principal Ky-bundle on X. The flat connection D # on Ry pulls back to a flat connection on IN%H Since
EH is a principal bundle with a flat connection on a simply connected space X , we have a trivialisation
o : EH = }5H XK, Go = X x Gy, hence EH admits a global section. A global section of ]5H Xk, Go
corresponds to a Ky-equivariant map ¢ : ﬁH — Go, which induces a map IBH/KO — Gy/Kyp. Since X is dif-
feomorphic to ﬁH/KO, we get a map X = Go/ Ky, which sends a point = € Xtoa right Ky-coset gpﬁHJ C Gy.

Let H be a Lie group. Then, corresponding to every flat principal H-bundle P — X, there is a group
homomorphism p : 71(X) — H, known as the holonomy morphism or the monodromy morphism. More

precisely, the following is true.

Theorem 3.3 ([31], Theorem 2.9). The correspondence, which sends each flat principal H-bundle over X

to its holonomy morphism, induces a bijection
{isomorphism classes of flat H-bundles over X} = {conjugacy classes of homomorphism p : m (X) — H}.

In view of this, the flat Go-bundle Ry on X corresponds to a homomorphism o : 71 (X) — Gy. Recall
from the preceding paragraph that we have a trivialisation ¢ : 7* Ry = Ry = X x Go. From the proof of
[31, Theorem 2.9], it follows that the flat bundle Ry can be expressed as

Ry = Ry /m(X) = (X x Go)/m1(X),

where 71 (X) acts on X x Gy diagonally- by deck transformations on X , and via o on Gg. This action is
described explicitly in [31], p.58-59. Setting ¢ = (¢1, =), we have that ¢(r - ) = (¢1(r)7y, o(v) " Léa(r)) for
all local sections r € Ry and all v € m(X). The map X - Go/ Ky, given by x — LpﬁH’I is equivariant

under the representation o, i.e.,

@ﬁH,’ym = SO(FY : ﬁH,T) = 0(7)(90§H7T)
for all v € 71 (X), and = € X.

Note that D = Go/Kj is a homogeneous space and its tangent bundle Tp is a homogeneous vector bundle
on D. Since Gy is a Hodge group, Go/Kj is in fact a reductive domain, i.e., there is an Ad(Kjp)-invariant
decomposition of the Lie algebra of Gy as go = £ @ m. From the discussion in [6, Chapter 12.2], there is
an isomorphism Gy X g, m = Tp. To obtain the holomorphic tangent bundle Tp of D, consider the splitting
m®C=m" ®m~, where m* = ®p>0 gP P and m™ = EBp<0 g”~P. By [6, Lemma 12.2.2], this splitting
defines a complex structure on m. By [6, Lemma-Definition 12.2.3], the holomorphic tangent bundle of D is
given by Tp = Gy Xk, m~, where K, acts on m~ via the adjoint action. Let Hy be the maximal compact
subgroup of Gy containing Ky. Then Go/Hy is a symmetric space. The associated Cartan decomposition
of go is go = ho @ po. The Cartan involution ¢ : gy — go is defined such that ¢|y, = id, and ¢|,, = —id.
The Cartan decomposition is reflected in the tangent bundle of D as follows. There is a canonical projection
w:D = Gy/Ky — Go/Hy with respect to which the tangent space at any point x € D splits into vertical
and horizontal tangent spaces given by

Tp,, = fiber of w through z, Tgw = orthogonal complement of Tp ,.
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From [6, Lemma 12.5.2], we know that the +1-eigenspaces of the Cartan involution on g are given by
h=h®C= @j cven 899, and p =py®@C = @j oqq 9779, Moreover, there are canonical identifications
Tp .. =ho /%o, and Tl’;w = po. By [6, Proposition 12.5.3], the tangent bundle Tp canonically decomposes as
Tp = T @ T4 into vertical and horizontal components. Both components are homogeneous vector bundles

on D for the adjoint action of Ky on gg. They can be written as
T = Go X, bo/to, Th = Go X, Po-

The vertical tangent bundle T3 is holomorphic, because its fibers are complex submanifolds of D (see [6,
Problem 4.4.2]). The horizontal tangent bundle is in general not holomorphic. The subbundle G x g, g~ 1! of
the complexification T{; ® C has the structure of a holomorphic vector bundle, and is called the holomorphic
horizontal tangent bundle of D.

Now suppose that Gy is a Hodge group of Hermitian type. Then K| is a maximal compact subgroup of Gy,
and D = Gy/Kj is the associated Hermitian symmetric space of non-compact type. While there may be
several GGy corresponding to a fixed D, their identity components are all isogenous, so the complexified Lie
algebra g and its Hodge decomposition are determined (see [29, Section II, Corollary 3.30]).

Lemma 3.4. The holomorphic tangent bundle Tp of the Hermitian symmetric space D can be written as
TD = P/ XK 971’15

where P’ is a principal K-bundle on D.

1 1

Proof. Let QT and Q~ denote the Lie subgroups of G' corresponding to the Lie subalgebras g~ '! and g~
of g respectively. Then Q* and @~ are abelian unipotent subgroups of G stabilized by conjugation by K

([38, Section 2.4]). There is a Zariski open embedding
]DgGo/Ko‘—)G/(KlX Qi) ~ D*

called the Borel embedding (see [20, Chapter VIII, Section 7]), where D* is a complex homogeneous projective
variety known as the compact dual of the Hermitian symmetric space D. By the discussion in the preceding
paragraph, the holomorphic tangent bundle of D* can be expressed as Tp+ & G x (KKQ7)971,1’ where K x )~
acts on g~ 1! via the adjoint action. The adjoint action of @~ on g~'! is trivial, i.e., ¢Xq~! = 0 for all
g € Q, X € g-b!. Thus the adjoint action of K x Q~ on g~ !! factors through K. Hence Tp+ admits a
reduction in structure group from K x Q~ to K, and we can write Tp- = P x g g~ "', where P is a principal
K-bundle on D* such that P x g (K x Q) = G. It follows that P = G/Q~ as principal K-bundles over D*.
Expressing the holomorphic tangent bundle 7p of D as the restriction of Tp- to D, we get Tp = P’ x g~ 11,

where P’ = P|p is principal K-bundle on D. O

Hence, it is clear that the holomorphic tangent bundle of a Hermitian symmetric space of non-compact
type is horizontal.
If X admits a uniformizing variation of Hodge structure for a Hodge group Gy of Hermitian type, then
we know from the proof of [34, Proposition 9.1] (Proposition 3.6 below), that the 71 (X)-equivariant map
X > Go/Ko = D is an isomorphism. The differential of this map is an isomorphism 6 : Tg = P x g g bl

3.2 The tangent bundle of X =D/T’

We would now like to invert the previous construction. Let X be a smooth projective variety with universal

cover X. Suppose there is a w1 (X )-equivariant holomorphic isomorphism ¢ : X - D, where D is a Hermitian
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symmetric space of noncompact type. Let 7 : X — X denote the projection map. Let Gy = Aut(D) be the
full automorphism group of D, then Gy is a Hodge group of Hermitian type with maximal compact subgroup
Ky, and we have D = Gy /K.

Lemma 3.5. In this situation, the variety X admits a uniformizing variation of Hodge structure (P,0) for

the Hodge group Gg.

Proof. The differential of the holomorphic isomorphism ¢ : X = D is the isomorphism d¢ : Tx = Tp of
holomorphic tangent bundles. From Lemma 3.4 it follows that T = P x kg b, where ]3 is a prinicipal
K-bundle on. X Recall that, by [6, Lemma-Definition 12.2.3], we have Tp = Go Xk, g~ '. Thus it follows
that Tg = P’ Xk, ¢ —L1 where P = ¢*Gy is a principal Kyp-bundle on X. Hence, we may view P as a
reduction in structure group of P from K to K.

There is natural principal G bundle R on D called the Higgs principal bundle (see [6, Definition 12.4.1]).

It is given by
E:GO Xk, Go 2D x Gy,

where the isomorphism is a Gp-equivariant map given by [g,¢'] — ([g],99"). The Higgs connection wg
on R is obtained by pulling back the Maurer-Cartan form on Gg to D x Gy, and wy is flat. Thus we
get a principal Go-bundle R’ on X given by R’ = ¢*R = ¢*(Go XK, Go) = P Xk, Go. The connection
Wy = ¢*wy on R is flat, and there is a trivialisation R =~ X x Gy. The fundamental group 71(X) acts
on X 2D by holomorphic automorphisms, so we have a representation o : 71 (X) — Go. The isomorphism
¢+ X = Gy/Ky is equivariant under o i.e., we have ¢(yz) = o(7)é(z) for all z € X and v € m(X). It
follows that the differential d¢ is also equivariant under o. The action of m (X) on X lifts to a left action of
m1(X) on the principal K-bundle P. Thus there is a left action of 71 (X ) on the associated bundle T, and
we have Tx = T¢/m(X). By the equivariance of d¢ under the representation o, we have an isomorphism
0:Tx =P xpg >, where P = P/m;(X) is a principal K-bundle on X. The pair (P, ) is a uniformizing
system of Hodge bundles on X for the Hodge group G. Since we also have T = P X, g1, it follows
that Tx = P’ xx, g~ %!, where P/ = P'/my(X) is a principal Ko bundle on X, and P’ xx, K = P. Note
that P’ is a metric for (P, ).

Recall that R’ = P’ x K, Go is a flat principal Gp-bundle on X, and we can associate to it the system of Hodge
bundles E = R’ X @G, ¢ via the adjoint action of Gy on g. We can view E as a Ky-bundle E =P X K, 0
As a Ky-bundle E' decomposes as a direct sum E = @ie{—l,o,l} P’ X5, 9°~%. The flat connection wg
on R induces a flat connection wly on the associated bundle E. From [6, Proposition 13.1.1], there is a
decomposition wh, = EH + 0 + 7, where JH is the Chern connection for the Hodge metric (see Definition
3.1) on E/, 0 € AY°(End(E)), and & is the adjoint of o with respect to the Hodge metric. By slight abuse
of notation, let wy = JH + 0 + & be the associated splitting as principal connections.

There is an action of 71 (X) on R by automorphisms, which comes from the representation o : 71(X) — Go.
This action is described explicitly in the proof of [31, Theorem 2.9]. The quotient R’ = (P’ X, Go)/m(X) =
P’ X g, Gy is a flat principal Go-bundle on X by the correspondence of Theorem 3.3.

The system of Hodge bundles E = P x g g on X admits a Hermitian metric H corresponding to the reduction
of structure group P’ of P from K to Ky. Let dj; be the Ky-connection on P’ which induces the Chern
connection on E for H. Let ' denote the connection on E corresponding to 6, ' the adjoint of 6 with
respect to H, and o, &' the G connections on R’ which induce @', §’ respectwely Then Dy = dy+0'+7" is
a Gp-connection on R’, and the connections Dy, dyy, 0,5’ pull back to D H, d, m, 0,0 respectively. Recall that
D g is a flat connection on R'. Since flatness can be checked locally, and X and X are locally diffeomorphic,

it follows that Dy is a flat connection on R’.
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Thus, (P,6) together with the metric P’ is a principal variation of Hodge structure on X for the Hodge
group Gy. It is in fact a uniformizing variation because the differential 8 is an isomorphism. O

3.3 Classical results of Simpson

In the case when X is a smooth compact complex manifold, Simpson derives the following necessary and

sufficient conditions for X to be uniformized by a Hermitian symmetric space D of noncompact type.

Proposition 3.6 ([34, Proposition 9.1]). Let X be a smooth compact complex manifold and let X be the
universal cover of X. Then X is isomorphic to the bounded symmetric domain D if and only if X admits a

uniformizing variation of Hodge structure for some Hodge group Go with D = Go/K).

A more algebraic formulation of the above Proposition, which is more useful in practice, is the following
result.

Theorem 3.7 ([34, Theorem 2]). Let X be a smooth compact complex manifold. Then X is biholomorphic
to D if and only if there is a uniformizing system of Hodge bundles (P, ) for a Hodge group Go of Hermitian
type corresponding to D, such that P X g is polystable with respect to Kx as a Higgs bundle on X, and
es(P X 9) - [Kx]""2 = 0.

Theorem 3.7 turns out to be useful in formulating explicit necessary and sufficient conditions for a complex
projective variety with klt singularities to be uniformized by each of the four classical Hermitian symmetric

spaces D of non-compact type.

Remark 3.8. To determine necessary conditions for a projective variety X over C to be uniformized by a
Hermitian symmetric space D of non-compact type, we must fix a Hodge group Gy associated to D. In
general, choosing G to be the connected component AutO(D) of the automorphism group of D will not give

necessary conditions.

In general, choosing G to be the full automorphism group of the boounded symmetric domain will always

work, but we have a little more freedom. More precisely,

Lemma 3.9. In order to determine necessary conditions for X to have a bounded symmetric domain D as
its universal cover, we can choose the Go to be a cover of Aut(D), such that the kernel of the covering map

v : Gy — Aut(D) is a discrete central subgroup of Gy.

Proof. Let Ky and My denote the maximal compact subgroups of Gy and Aut(D) respectively. Note that Gy
and Aut(D) have the same Lie algebra, and the isomorphism Go/Ky = Aut(D)/My is compatible with the
map . This means that the image of Ky via ¢ is My, and the kernel of |k, is a discrete central subgroup
of K.

Let K and M denote the complexifications of Ky and M, respectively, which exist because Ky and M, are
compact. Then, M is a quotient of K by a discrete central subgroup. Note that K acts on the complexified
Lie algebra g of G via the adjoint representation Ad : K — Aut(g), k — Ady, = kXk™!, X € g. The kernel
of the adjoint representation Ad is the center of K. It follows that the action of K on g factors through M.
From the proof of Lemma 3.5, we know that the tangent bundle of X can be expressed as Tx = P x; g~ !,
where P is a principal M-bundle on X. Since the action of K on g=!! factors through M, the tangent
bundle of X can also be expressed as Tx = P’ xx g~ 1!, where P’ = P x,; K is a principal K- bundle on

X. This concludes the proof. O
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4 Extending Simpson’s result to the klt case

In this section, our goal is to prove Theorem 1.1. Henceforth, we work in the klt setting instead of the

smooth setting. We first make some observations which will help us.

4.1 Auxiliary remarks

The following observation about the semistability of the tangent sheaf of a variety of general type is a slight
generalization of a result of H.Guenancia ([18, Theorem A]). It allows us to do away with the assumption
that the tangent sheaf has negative degree, which was made by Simpson in his uniformization result ([34,
Corollary 9.7]).

Proposition 4.1 ([13], Theorem 7.1). Let X be a projective, kit variety of general type whose canonical

divisor Kx is nef. Then the sheaves Tx and Q[)l(} are semistable with respect to K x .

In general, the (semi)stability of a sheaf on a normal, projective variety X in the sense of Definition 2.14
is equivalent to the (semi)stability of the sheaf restricted to the smooth locus X;.4. The following is a special
case of [14, Lemma 2.26].

Lemma 4.2. Let £ be a torsion-free coherent sheaf on a normal, projective variety X and let H be a nef,
Q-Cartier divisor on X. Then £ is semistable (resp. stable) with respect to H if and only if E|x,,. is

reg

semistable (resp. stable) with respect to H.

Proof. Let j : X, — X denote the inclusion. If for any proper subsheaf 7 C & we have pg(F) >
pr(E), then it follows that pp(Flx,.,) > pu(€lx,.,). Indeed, by Definition 2.13 we have pp(F
i (GaF|x,ey) = pu (F**) = pu (F), and similarly g (€lx,.,) = pa(€).

Conversely, the same argument shows that if py(Flx,.,) > nu(€|x,.,) then we have pg (F) > pp(€). O

Xreg)

Remark 4.3. In particular, if X is a projective, klt variety of general type with Kx nef, the vector bundles

Tx

and Qig(reg on X,.4 are semistable with respect to Kx.

reg
An important observation due to A. Langer is that the stability of a system of Hodge sheaves is equivalent
to the stability of the underlying Higgs sheaf. This was first proved for systems of Hodge sheaves over a
smooth projective variety X (see [26, Proposition 8.1]). The proof uses that systems of Hodge sheaves are
fixed points of the C*-action on the moduli space of Higgs sheaves (see [35, Lemma 4.1]) on X. Moreover,
[36, Lemma 6.8] says that a torsion free Higgs sheaf E on X is the same thing as a pure coherent sheaf &£
of dimension n = dim(X) on a projective completion Z of the cotangent bundle, such that the support of £
does not meet the divisor at infinity. Then £ being a C*-fixed point implies that the Quot scheme Quotz (&)
inherits a C*- action. Since Quotyz(E) is projective, the limit of the orbit of any point F € Quotz(E) under
the C*-action exists in Quotz(€), and corresponds to a quotient system of Hodge sheaves of E on X that
has the same numerical invariants as F.

This result was generalized to the setting where X is normal and projective (see [27, Corollary 3.5]). It is
shown that even in this more general setting, a torsion free Higgs sheaf is a fixed point of the C*-action if
and only if it is a system of Hodge sheaves. To prove the result it is sufficient to show that the maximally
destabilizing Higgs subsheaf of a system of Hodge sheaves is a system of Hodge sheaves. This follows from the
fact that the maximally destabilizing Higgs subsheaf is unique, so it must be a fixed point of the C*-action.
We give the following independent proof of this result for systems of Hodge sheaves on the smooth locus of

a projective variety X with klt singularities.
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Lemma 4.4. Let X be a projective variety with kit singularities. Then the stability conditions for a torsion
free system of Hodge sheaves on the smooth locus X,.q and the stability conditions of the underlying Higgs

sheaf in the sense of Definition 2.14, are equivalent.

Proof. Let E = @Z:O EP? be a torsion free system of Hodge sheaves on X,.., with Higgs field 0, i.e., we have
6:Er - EPl® Q}(mg for all 0 < p < n. Let FF C E be a Higgs subsheaf. The idea is to construct a
subsystem of Hodge sheaves F/ = @Z:O F'? of F such that F' and F’ have the same rank and first Chern
class. For each i, define G; = F N @p<i EP, where 0 < i <n+ 1. So for example Gy = 0, G; = F N Ey, and
Gny1=FN@D, ., E? = F. Thus the G;s give a filtration of F

0=GoCcGyC---CG,CGpy1 =F.

Since 0(F) C F@QY, ., and 0(@,, E?) C (B,;_, E?) @ QY _ , it follows that 0(G;) C G;—1 @ QY for
all0 <i<n+1. Let {F” o be the quotients of this filtration, i.e., F' = Gi11/G; for all i. Consider the

sequence of maps

Gi+1 — @ EP —)Ei
p<i+1
where the first map is the inclusion and the second is projection. The kernel of the composed map is Gj,
so the image of G,;;; in E' is isomorphic to the quotient F”* = G;y1/G;. Thus we have F'* C E° for
all 0 < i < n. Moreover, since (G;) C G;—1 ® Q}(my and tensoring with Qﬁ(mq is exact, it follows that
O(F") C F'"1@Q% forall0 <i<mn. Hence I’ = @,_ F'" C @,_, E” is a subsystem of Hodge sheaves.

To see that F and F’ have the same numerical invariants, we look at the series of short exact sequences

0= Go=0—>G, > F°=0

05 G — Gy — F'' 50

0= Gno1 — G, > F™ 150

0-G,—=Gp1=F—=F"—=0

From the first exact sequence it follows that rank(G1) = rank(F’°). This implies that rank(Gz) = rank(F"0)+
rank(F'!), and repeating this gives rank(G;) = rank(F’°) + - - - + rank(F"*~!). From the last exact sequence
we get rank(F) = rank(F’°) + --- + rank(F'™) = rank(F’). The same computation holds for first Chern

classes, so we have ¢;(F) = ¢1(F"). O

The above result is true also for reflexive systems of Hodge sheaves on a normal variety in the sense of
[28, Section 4]. More precisely, the stability conditions for a reflexive system of Hodge sheaves and the under-

lying reflexive Higgs sheaf in the sense of [28, Section 4] are equivalent. This is remarked in [28, Section 4.10].

Recall that any bounded symmetric domain D can be expressed as a quotient D = Gy/Kp, where Gg is
a Hodge group of Hermitian type with maximal compact subgroup K. Their complexifications are denoted
G and K respectively. The Lie algebra g of G decomposes as g = g~ "' @ g% @ g-~!. We know from the
discussion in Section 3.1 that any smooth, projective quotient X of D satisfies Tx = P xx g~ !, where P
is a principal K-bundle on X. Moreover, X admits a system of Hodge bundles P x i g which has a Hodge
decomposition induced from that of g.

We will now consider the system of Hodge bundles P x g g over the smooth locus X, of a projective, klt
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variety X. The semistability of the bundle P x x g®° is necessary to show that the system of Hodge bundles
P x g g is polystable as a Higgs bundle in the sense of Definition 2.14. This will play a central role in the
proofs of statements that appear later. We observe the following.

Lemma 4.5. Let X be a projective, kit variety of general type, and let (P,0) define a uniformizing system
of Hodge bundles for a Hodge group Go on X,cq. Then the vector bundle P x i g0 is semistable with respect
to Kx.

Proof. Let Tx
First suppose that the group G is connected. Let g = @ g; be the decomposition into simple ideals. Then

—1,1
g k)
Proposition 4.1, it follows that the V; & P x g;l’l and their duals P X g 93’71 are also semistable. Since

= @ V; be a decomposition corresponding to irreducible representations of K — Aut(g=11).

reg

=& 9;1’1 is the decomposition into irreducible representations of K. Since Tx, __ is semistable by

reg
the Lie bracket gi_l’l ®g}’_1 — g?’o is surjective (see [34, proof of Proposition 9.6]), we get a surjective map
of vector bundles

(Pxgg; ") @ (Pxggl™") = Pxgg?,

where the left hand side is a semistable vector bundle of degree zero and the right hand side is a vector bundle
of degree zero. It follows that P X g g?’o is also semistable. Indeed, if it is not, then neither is the dual bundle
(Pxxgy?)V. Note that (P x g gi")Y is also of degree zero, and is a subbundle of (Px g g; " )@ (Pxxgi ™).
Thus, if some subsheaf of (P x ¢ g."")" destabilizes it, then it also destabilizes (P xx g; ') ® (P xx g, "),
which is a contradiction. Since P x g g%% = D, P xx g?’07 it follows that P x g g% is also a semistable
vector bundle of degree zero.

Now suppose that G is not connected. Let G’ be the connected component of G, let K’ = K NG’, and let
"Y' = X,cq be a finite étale cover which the structure group of P can be reduced to K’. Note that Y’
can be completed to a projective, kit variety Y such that Ky is ample, and there is a finite quasi-étale map
f:Y — X, which restricts to f’ on Y’. Since the V;’s are semistable with respect to K x, the pullbacks f"*V;
are semistable with respect to f*Kx = Ky. If we decompose Ty = EBk V/ corresponding to irreducible
components of the representation K’ — Aut(g=!!), the V’s are direct summands of the f*V;, so they are
also semistable with respect to Ky. Since V) = f™*(P x g g,:l’l) = f*P xy g,?l’l, and G’ is connected, it
follows that f*(P x i g*) is semistable with respect to Ky of degree zero. Since f’ is finite and étale, it
follows that P x i g% is also semistable with respect to Kx of degree zero. Indeed, if not, then the pullback
along f’ of any destabilizing subsheaf of P x j g will destabilize f"*(P xx g®°). O

The following observation is at the heart of the proof of Theorem 1.1, and we again split the proof into

two cases, namely G connected and disconnected.

Proposition 4.6. Let X be a projective, kit variety with ample canonical divisor Kx and let (P,6) define
a uniformizing system of Hodge bundles for a Hodge group Go on X,cq. Then the system of Hodge bundles
P x g g is Kx-polystable as a Higgs bundle on X,cq. If g is a simple Lie algebra, then it is K x -stable.

Remark 4.7. The system of Hodge bundles P x g g on X,..4 being Kx-polystable is equivalent to the restriction
(P Xk g)|x’ being K x-polystable on X', for any big open subset X’ C X,.,. Thus we may replace X,.., by
any big open subset X’ in Proposition 4.6.

Proof of Proposition 4.6. First, suppose that the complexification G of G is connected. By assumption,
> Pxgg " on X,y Write Tx,., = @, Vi, where each
V; corresponds to an irreducible component of the representation K — Aut(g~**). We know from Remark

there is an isomorphism of vector bundles 0 : Tx, ., req
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4.3 that Tx
slope with respect to Kx. It follows that all direct summands V; are semistable with respect to Kx and

is semistable with respect to Kx, and since Kx is ample by assumption, 7, . has negative

reg reg

have the same negative slope as Tx,,, -
Let g = @, gi be a decomposition of g as a direct sum of simple ideals. Then each P Xk g; is a subsystem
of Hodge bundles of P x g (see [34, p.903]), and we have a decomposition P xx g = @, P X g;. Note
that if G is not connected, we do not in general have a global decomposition of P X g g into the bundles
P X g; associated to the simple ideals g; of g. Let g~ %! = @p, gi_l’1 be the decomposition into irreducible
representations of K C Aut(g~"*). Since V; 2 P X g;l’l for all ¢, the bundles P x g 9;1’1 and their duals
P xg 92’71 are semistable with respect to Kx. From the proof of Lemma 4.5, we know that the bundle
P xg g?’o is semistable with respect to Kx of degree zero. Thus each P X i g; is a system of Hodge bundles
on X4 of degree zero.

By Lemma 4.4, to show that P X g is polystable as a Higgs bundle, it is sufficient to show that it is
polystable as a system of Hodge bundles on X,..4. Let W C P x g g; be a subsystem of Hodge sheaves. Then
we know from Lemma 2.23 that rank(W~11) > rank(W1 1), ie., ux, (W) < 0, and if equality holds then
W = P X g;, because g; is simple. Thus each P X g g; is Kx-stable as a Higgs bundle of degree zero, and
since P xg g = @, P Xk g, it follows that P xx g is Kx-polystable as a Higgs bundle on X4, of degree
zero. Note that if g is a simple Lie algebra, then the only non trivial ideal of g is itself. So in this case,

P x g g is even Kx-stable as a Higgs bundle on X,..,.

Now suppose G is not connected. Let G’ denote the connected component of G and let K/ = K NG'.
Let f: Y’ — X,y be a finite étale cover over which the structure group of P can be reduced from K to
K’, and let Y be a normal projective completion of Y’ such that f can be extended to a quasi-étale map
7v:Y — X. Note that Y is again klt, Y’ C Y,., is a big open subset, and Ky = 7*Kx is still ample. Thus
Ty is semistable with respect to Ky of negative degree.

We can write Tys = f*Tx,,, = [*(P xg g7 ") = f*P xgr g~ "' Then Ty,,, = P' xgs g~ 1!, where P’ is
a principal K’-bundle on Y4 such that P'|y, = f*P. Since G’ is connected, we know that the system of
Hodge bundles P’ x g+ g is Ky-polystable as a Higgs bundle on Y,.4. Therefore by Remark 4.7, f*(P Xk g)
is Ky-polystable as a Higgs bundle on Y”.

If W C P xg g is any saturated subsystem of Hodge sheaves with deg(W) > 0, then f*W is a subsystem
of Hodge sheaves of f*(P x g g) of degree zero, and is therefore a direct summand of f*(P Xk g) by [34,
Proposition 3.3]. This implies that locally on Y, f*W is a sub-Hodge structure of g. Then by Lemma 2.23,
f*W is locally a direct sum of simple ideals of g, i.e., f*W is locally a direct sum of the P X i g;. Hence the
same holds for W on X,.4. From the discussion in [34, p.903], there is a unique finest global decomposition

PXKQZ@EJ' (4)

on X,.4 such that each &; is a subsystem of Hodge bundles of P x g g, and is locally a direct sum of simple
ideals of g. We want to show that each &; in the decomposition 4 is K x-stable as a system of Hodge bundles
of degree zero on X,.4.

There is similarly a finest global decomposition f*P X g = @, &, on Y’, and since f*P Xk g is Ky-
polystable as a system of Hodge bundles of degree zero, each &;, is Ky-stable as a system of Hodge bundles
of degree zero. The pullbacks f*&; are direct sums of the &}, thus each &£; also has degree zero.

Now we argue as in the proof of [34, Corollary 9.4]. If W C &; is any saturated subsystem of Hodge sheaves
of degree > 0, then W must have degree zero, and we know that W is a locally a direct sum of simple ideals
of g. Therefore we must have W = £; by minimality of the decomposition (4). Thus &; is stable with respect
to Kx as a system of Hodge bundles of degree zero. It follows that P x i g is K x-polystable as a system of
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Hodge bundles, which is equivalent to P x i g being K x-polystable as a Higgs bundle on X,.4, by Lemma
4.4. O

We are now ready to prove Theorem 1.1.

4.2 Proof of Theorem 1.1

We split the proof into two steps, in order to make it more readable. The first step is to show that if

X 2 D/T, then X satisfies the two conditions of Theorem 1.1. The second step is to prove the converse.

Proof. Step I. Suppose we can write X = D/I", for a Hermitian symmetric space D of noncompact type.
Let Gy = Aut(D) be the full automorphism group of D, then I' C Gy. In this case G is a Hodge group of
Hermitian type, and Ky is a maximal compact subgroup of Gy. Let G and K denote complexifications of
Gy and K respectively. Since the smooth locus X, is (the analytic space associated to) a quasi-projective
variety, its fundamental group m1(X,.4) is finitely generated, and isomorphic to I". Then from Selberg’s
lemma (see [1]), it follows that I" admits a normal torsion free subgroup T of finite index. Thus the quotient
map D — D/T = X factors as

D% DT L D)L =X,

where D/ [ =Y is smooth and projective because T acts freely and cocompactly on D. The map v:Y — X
is quasi-étale and Galois with group H =T/ T. Recall from Lemma 3.4 that the holomorphic tangent bundle
of D satisfies Tp = P x i g~ 1!, where P is a principal K-bundle on D. Since Y is uniformized by D, it
follows from the classical Theorem 3.7 that Y admits a uniformizing system of Hodge bundles (P’,0) for
the Hodge group Gy, such that ¢, (P’ xx g) - [Ky]" ™! = co(P’' xx g) - [Ky]""2 = 0. There is hence an
isomorphism of vector bundles Ty =2 P’ x g g~ %! on Y, where P’ = P/f

By the purity of branch locus, v : Y — X branches only over the singular locus of X. Let Y° = v71(X,,).
Then v|yo : Y — X,  is étale, and Y° C Y is a big open subset. We have Tyo = Ty|yo = P xx g~ b1,
where P = P’|y.. The action of H on Y restricts to a free action on Y and lifts to a left action on Tyo.
On X4, we have Tx
isomorphism Tp = P x g g~

=~ Tyo/H, and the isomorphism Ty = P” xj g~ 1! is H-equivariant because the
1,1 1,1

reg

is I'-equivariant. Thus there is an isomorphism 6 : Tx, = P Xk g~ ", where
P = P"/H is a principal K-bundle on X,,4. It follows that (P, ) is a uniformizing system of Hodge bundles
on X,eg.

Let &€ be the system of Hodge bundles P xx g on X,,4, and let £ denote the unique extension of £ to X
as a reflexive sheaf. Then, Y*/€ = P’ x i g on Y, because 4[*/€ and P’ x x g are both reflexive and agree
on the big open subset Y° of Y. Moreover, we have Ky = v*Kx. From the behaviour of Q-Chern classes

under quasi-étale covers (Lemma 2.30), it follows that
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(deg(7)) ter(WMEN) - [ Ex]" ! = (deg(7)) ter (P xk g) - [Ky ]
(b) &(E') - [Kx]"% = (deg(7)) " 'e(vME") - [y Kx]" % = (deg(7)) 'ea(P’ xk g) - [Ky]" 2.

The right hand sides of equalities (a) and (b) are zero, again by Theorem 3.7. Thus it follows that
cha(E") - [Kx]"~2 = 0. This proves one implication of Theorem 1.1.

Step II. Conversely, suppose that X is a projective klt variety which satisfies the two conditions of Theorem
1.1. Let Gy, Ky, G, and K be as in Step I. By assumption, we have an isomorphism of vector bundles
0 : Txmg

Let v : Y — X be a Galois, maximally quasi-étale cover with Galois group H. The existence of such a cover

~Pxgg !on Xyeg-
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is known by [12, Theorem 1.14]. Note that Y is again klt (see [24, Proposition 5.20]), and Ky = v*Kx is
ample. Since 7 branches only over the singular locus of X, the restricted map 7|y. : Y° — X,., is étale.
Here Y° = 771 (X,ey) C Yyey, and note that Y is a big open subset of Y. Then Tyo = (ylyo)*Tx,., =
(Ylye) (P xx g~ %) = P’ xg g~ 5%, where P’ = (vy|y.)*P is a principal K-bundle on Y°. Thus there is an
isomorphism of vector bundles ¢ : Ty, = P" xg g~ ! on Y,¢y, where P” is a principal K-bundle on Y.,
such that P"[y. = P’. Note that Ty, , has negative degree, and is semistable with respect to Ky, again by
Remark 4.3.

Let F = P” xi g, then F is a system of Hodge bundles on Y., with Higgs field coming from 6’. By
Proposition 4.6, we know that F is Ky-polystable as a Higgs bundle on Y4, and of degree zero. Let F’ and
&' be the unique extensions of F to Y and of P X g to X respectively, as reflexive sheaves. Since v*/€" and
F' agree on the big open subset Y, we have F’ = 4*£’. By assumption, Ei\zg(é") - [Kx]"=2 = 0 holds, and
by the behaviour of Q-Chern classes under quasi-étale covers (Lemma 2.30), we have chs (F)-[Ky]"2=0.
From Theorem 2.38, it follows that (F,6’) is induced by a purely imaginary harmonic bundle whose asso-
ciated flat bundle is semisimple, i.e., (F,8) € TPI-Higgsy, - Since Y is already maximally quasi-étale,
Proposition 2.37 implies that the reflexive extension F' of F is locally free. Since Ty is a direct summand of
F', it follows that Ty is locally free. The solution to the Lipman-Zariski conjecture for klt spaces (see [11,
Theorem 16.1]) asserts that Y is smooth. We may thus apply Simpson’s classical Theorem 3.7 to conclude
that Y is uniformized by Go/Ko = D.

This means that Y = D/T”, where I is a discrete, cocompact, torsion free group of automorphisms of D,
and X 2 Y/H, where H acts fixed point freely in codimension one on Y by automorphisms. By arguments
analogous to those in the proof of [13, Theorem 1.3], (specifically, step (1.3.3) = (1.3.1)), there is an exact
sequence of groups 1 — IV — I' — H — 1, where T is a discrete, cocompact subgroup of Aut(D) acting
properly discontinuously, and fixed point freely in codimension one, such that X = D/I". This concludes the

proof of Theorem 1.1. O

Corollary 4.8. Let D be a Hermitian symmetric space of non-compact type, and let X be a projective kit
quotient of D by a T as in Theorem 1.1, with Kx ample. Then for any o € Aut(C/Q), the conjugate variety
X7 is also a quotient of D.

Proof. The variety X? again has klt singularities and ample canonical divisor Kx-. From the proof of
Theorem 1.1 we know that X admits a smooth, quasi-étale cover v : Y — X such that Y is uniformized by
D. The conjugate variety Y7 = X7 x x Y is again smooth, and by the result for smooth projective varieties
([34, Corollary 9.5]), it follows that Y7 is also uniformized by D. Thus Y admits a uniformizing system of
Hodge bundles £ which is polystable with respect to Ky, and has vanishing first and second Chern classes.
The map 77 : Y7 — X is also quasi-étale and finite, since these properties are preserved under base change.
Thus there is a uniformizing system of Hodge bundles F on X7,/ which is polystable with respect to Kxo,
such that the reflexive extension F’ of F to X7 pulls back to &, i.e., (y7)(F') = £. By the behaviour of
Q-Chern classes under quasi‘etale covers (Lemma 2.30), the first and second Q-Chern classes of F’ vanish.

Then we conclude by Theorem 1.1 that X is uniformized by D. O
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Part II

Applications

We are now in good shape to apply Theorem 1.1 to the polydisk, and each of the four classical irreducible
bounded symmetric domains. Before we begin, we remark that for each bounded symmetric domain D,
necessary and sufficient conditions for uniformization by D are formulated separately. Recall from Section 4

that to obtain such conditions, we must choose a Hodge group G associated to D.

Remark A. If we choose Gy to be a cover of Aut(D) such that the kernel of the covering map is a
discrete central subgroup of Gy, the sufficient conditions for uniformization by D are also necessary. However
in some cases, such a choice of Gy implies that the complexification G is disconnected, and this does not
give meaningful (nice) conditions on the tangent bundle Tx, ,. Thus in cases when G is disconnected, we

formulate necessary conditions for uniformization by D up to a finite, quasi-étale cover.

5 Uniformization by a polydisk

We are now ready to state the first uniformisation result, which is an application of Theorem 1.1. This is an
extension of [34, Corollary 9.7], to the klt setting. We make the steps of the proof of Theorem 1.1 explicit

in this section and therefor do not use any of the results of Section 4.

5.1 Sufficient conditions

Theorem 5.1. Let X be an n-dimensional projective kit variety of general type whose canonical divisor Kx

is big and nef. Suppose that the tangent sheaf Tx,,, of the smooth locus X,.q splits as a direct sum

reg

TX :Ll@"'@['n (5)

reg

where each direct summand L; is a line bundle. Then the canonical model X o, of X admits a Galois,
quasi-€étale cover v : Y — Xean, where Y is a smooth projective variety whose universal cover is the polydisk
H™.

Let X be as in Theorem 5.1 and let E be a vector bundle on the smooth locus X,., of X. Let D'(E)
denote the sheaf of differential operators A : E — E of order < 1 whose symbol o(A) is scalar. The Atiyah

class of E is the class at(FE) of the extension
0— End(E) - DYE) S Tx =0

in H'(X,End(E) ® Q). We refer the reader to [22, p. 180] for further details.

In order to prove Theorem 5.1, we would like to define the Atiyah class of a reflexive sheaf £ of rank one
on X. This turns out to be the extension class of an exact sequence, whose restriction to X4 is the exact
sequence corresponding to the classical Atiyah class at(L|x,.,) of the line bundle £L|x,,,. This construction

is used to prove an analog of [3, Lemma 3.1], and may also be of independent interest.

Proposition 5.2. Let X be a projective kit variety of dimension n and let L be a line bundle on the smooth

locus Xyeq. Consider the following short exact sequence of sheaves

0— &End(L) - DY L)L Tx,.. =0 (6)

reg
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on Xyeg, known as the Atiyah sequence of L. Let j : X,eq — X be the natural inclusion map. Then, the
sequence

0 — juEnd(L) — j.D (L) — j.Tx,.. — 0 (7)

reg
is exact on X.

Proof. Note that since £ is a line bundle on X4, we have End(L) = Oy, . Moreover, since Ox and
~ Ox. Let Z € X be the subset of X
consisting of points which are not quotient singularities. Since X is klt, it follows that Z has codimension
>3 in X. Let X’ = X \ Z denote the complement of Z in X and let i : X,., — X’ denote the inclusion
map. Note that X’ is Q-factorial and hence 7, L is a Q-Cartier sheaf on X’.

The extension class at(£) of the Atiyah sequence (6) on X,., is an element of Extl(Txmg,Oxmg) &
Hl(Xrerkqu and coincides with the first Chern class ¢;(£) of L. Since i,L is Q-Cartier on X', we
can associate to it a cohomology class ¢;(i,£) € HY (X', QL) = Ext'(Ox.,QL,), which we call the first
Chern class of i,L, (see [17, Section 4]). Moreover, c¢1(i.L) corresponds to the extension class of a short

J+Ox,., are both reflexive and agree on X,.4, we have j.Ox

reg

exact sequence in Extl(O x7,2%/) which is locally split, hence the dual sequence of this exact sequence is
also exact and locally split (see [17, Section 4]). Since this dual sequence is precisely the pushforward along

ix of the Atiyah sequence (6), we have a short exact sequence
0— Ox — i,DY (L) = Tx' — 0 (8)

on X’. Let 7 : X’ — X denote the inclusion map. To complete the proof we want the pushforward of the
exact sequence (8) along i), to stay exact.
Since the direct image functor is left exact it follows that the sequence

0— OX —)]*'Dl(ﬁ) — TX — le*OX

reg

is exact on X.

From [19, Corollary 1.9], we know that ’HZH(OX) >~ RPi! Ox/, for all p > 0, so in particular, we have
H%Z(Ox) = R'j,Ox
we may assume X = Spec(A), for some Noetherian ring A. Let Z C Ox denote the ideal sheaf associated to
the closed subset Z C X. Let € Z be any point. Then we have by [10, Lemma 2.4] that

In order to show that the sequence (7) is exact it suffices to work affine locally, so

reg "’

depth,Ox = infyez(depthy Ox ) = infz, 5, (depth(Ox p))

where Z, denotes the localization of Z at z, p is a prime ideal such that Z, C p C Ox 5, and depth(Ox ;)
denotes the depth of the local ring Ox , over its maximal ideal. By the assumptions on X, we know that
X is a Cohen-Macaulay scheme, which means that every local ring Ox , of X is Cohen-Macaulay, and
the same holds for O ,, where p C Ox . is any prime ideal. The Cohen-Macaulay condition implies that
depth(Ox ) = dim(Ox ) = height(p). Since the codimension of Z in X is > 3, we have dim(Ox ) =
height(p) > 3, i.e., depth(Ox ) > 3 for all primes p such that Z, C p C Ox s, v € Z. It follows that
depth,Ox = infz, -, (depth(Ox ,)) > 3. Thus by [19, Theorem 3.8], we have H%,(Ox) =0 for p < 3, i.e., in
particular H%(Ox) = 0. This implies that R',Ox = R'j,Ox
exact on X. O

= 0, and hence that the sequence (7) is

reg

Lemma 5.3. Suppose X satisfies the assumptions in Theorem 5.1, and let L; be a direct summand of Tx
for each 1 < i <n. Then we have ¢1(L;)> =0 for each 1 <1i < n.
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Proof. Recall from Section 2.2, that for a reflexive sheaf £; on X, ¢1(£;)? : Nl(X)a(nd) — Qis a Q-
multilinear form which maps a tuple (ay,...,a,_2) € Nl(X)S(”_Q) to ¢1(L;)? - a1...an—2 € Q, such that
the properties listed in [13, Theorem 3.13], hold.

Recall also that Kx is big and nef, so that we can choose a sufficiently increasing and divisible sequence
of numbers 0 << my << --- << my_o and a general tuple of elements (H, ..., H,_2) € [[, |m;Kx]|, and
set S = HyN---NH,_5. Note that S has only quotient singularities and hence is contained entirely in
X=X\ Z, where Z C X is the subset of X containing points which are not quotient singularities.

In order to show ¢1(£;)? = 0, it suffices to show ¢;(£;)? - S = 0 for every surface S of complete intersection
constructed as above. Since S C X', the latter equality is equivalent to ¢1(L;|x/)% - S = 0. Since X’ is
Q-factorial, £;|x/ is Q-Cartier and hence has an associated first Chern class ¢1(£;|x/) € H(X',Q%,). This
cohomology class can be identified with an element in H2(X’, Q), which we also denote by c;(L;|x). Thus
we have ¢1(L;|x/)?+S = ¢1(L|x/)?- S, where the latter intersection product is computed as the cup product
of c1(Li|x/)? € HY(X',Q) and [S] € H>™=2)(X’, Q). Choose an integer m large enough so that (L£;|x/)®™
is locally free. Then c;(L;|x/)? - S = 0 implies that ¢ ((£;]x/)®™)? - S = 0 and conversely, hence we may
assume for the remainder of the proof that £;|x is locally free.

Recall that the first Chern class ¢;(£;]x) corresponds to the extension class at(L;]x-) of the exact sequence
0— Ox: = i.D'(Li|x,.,) = Txr = 0 (9)

in H'(X',Q%,). We know from [3, Lemma 3.1], that the above exact sequence restricted to X,., is exact
and splits over the sub-bundle ' = @,; £j[x,., C Tx,.,. hence at(Lilx,.,) € H'(Xyeq, U, ) vanishes in
H'Y(X,cq, F*) and comes from H'(X,cq, Lf|x,.,)-

The pushforward of the Ox, -linear map F — D'(L;|x,,,) along the inclusion i : X,y — X gives an
Ox--linear map i, F — i.D'(L;|x,.,). Over an open subset U C X, this map sends a local section u €
HO(U,i,F) = H(Uyey, F) to Dy, € H*(U, i, D*(Li|x,.,)) = H*(Ureq, D (L;
U N X;eq. Moreover, the pushed forward symbol map .0 : i*Dl(L‘Hx,‘eg) — Tx maps D, to u, for every

X..,))s Where Upey = iU =

local section u of i, F. Hence we see that the exact sequence (9) splits over the subsheaf i, F of Tx/. Thus
its extension class at(L;|x/) € H'(X', QL) vanishes in H(X", (i,F)*), hence comes from H' (X', (L|x/)*).
Since (L;|x/)* is a locally free sheaf of rank 1 on X', we have at(L;|x/)? € H2(X', A°(Li|x/)*) = 0. This
implies ¢1 (L] x+)? = 0, and hence ¢; (£;)?-S = 0, for every surface S C X of complete intersection constructed
as earlier. O

The proof of Theorem 5.1 is based on the following key auxiliary Propositions.

Proposition 5.4. Let X be an n-dimensional projective, kit variety of general type whose canonical divisor
Kx is big and nef. Suppose that the tangent sheaf Tx, ., of the smooth locus X,eq splits as in (5). Then, the
tangent sheaf of the smooth locus of the canonical model Xcan of X also splits as in (5), where each direct

summand is a line bundle of negative degree.

Proof. Let m: X — X 4, be the birational crepant morphism to the canonical model X.,,. We know from

[15] that X, is also projective and klt and its canonical divisor Kx__ is ample.

Let U C X be the largest open subset of X restricted to which 7 is an isomorphism. Let V C X ., be the
open subset defined as the intersection V' = 7(U) N Xcan,reg, Where Xcapn reg denotes the smooth locus of
Xean. Since Xeqn \ 7(U) is a codimension > 2 subset of X4y, it follows that Xean,req \ V' is a codimension
> 2 subset of X,qn,reg. The subset X,.., \ 7~ 1(V) is a codimension > 1 subset of X,.g.

The restriction Tx., ., |r—1(vy = Tz—1(v) splits as a direct sum of line bundles because we have by assumption

that Tx,.. = L1 @®--- @ L, where each L; is a line bundle. Since we have 7=1(V) = V| it follows that the

reg
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corresponding tangent bundle 7Ty of V' also splits as a direct sum of line bundles, say Ty = M1 @ - - & M,,.
Let M/ denote the unique extension of M, as a reflexive sheaf of rank 1 over X4y req for all 1 < i < n.
Then by uniqueness of the extensions, we have that M} & - - & M) = Tx
TXcan.rey must be locally free. This implies that the summand M; must be locally free, i.e. a line bundle,
forall 1 <i<n.

We know from Proposition 4.1 that the tangent sheaf Tx_, is semistable with respect to Kx, . Since

Since Xcan,reg is smooth,

can,reg”’

Kx_,, is ample, we have [Kx_, ]™ > 0 and it follows that
[det (T, )] - K x " 70 B, ]”
— can can —_ can < 0.
IU’KXcan (TXcan) rank(TXcan) n
Since Tx, decomposes as a direct sum of line bundles, it follows that 7x_,, decomposes as a direct sum

>~ P, jM';, where j : Xcanreg = Xcan denotes the
can> We have pg (juM]) < pry,, (Tx...) < 0 by the
This implies that ¢; (j.M}) - [Kx,,,]" ! <0 for all 1 <i <n. Note that [Kx
corresponds to the class of a smooth curve in X4, because Kx_  is ample. Hence ¢;(M}]) - [Kx
c1(juM}) - [Kx,, "' <0 for all 1 <i < n. Thus the tangent bundle Tx
sum of line bundles of negative degree. O

of rank 1 reflexive sheaves on X ,. Namely, Tx

can

inclusion. For each direct summand j. M. of Tx

semistability of Tx n—1

cn,n]

"t =

can* (:a.'n.]

can

of Xcan,reg splits as a direct

can} can,reg

Proposition 5.5. Let X be an n-dimensional projective kit variety such that the tangent sheaf Tx,,, of the
regular locus Xyeq splits as a direct sum of line bundles as in (5). Let v:Y — X be a Galois, quasi-étale

cover. Then, the tangent sheaf Ty,

reg

of the regular locus Yr.eq also splits as a direct sum of line bundles.

Proof. Note that since v : Y — X is quasi-étale, Y is again projective and klt of dimension n. By purity of
branch locus, we know that v branches only over the singular locus of X. It follows that 'y_l(Xreg) =Y°,
where Y° denotes the open subset of Y restricted to which the map «y is étale. Note that Y C Y4, because
any singular point of Y necessarily belongs to the branching locus of . Since « is finite, the codimension of
the branching locus of v in Y is equal to the codimension of the singular locus of X in X. This implies that
Y? is a big open subset of Y, and in particular of the smooth locus Y,..4.

Since the restricted map v : Y°? — Xyeg is finite and étale, we have Kyo = v*Kx __, and Tyo &2 v*Tx, =
YLy @ @y Ly, where the L;’s are the line bundles appearing in the direct sum decomposition of Tx,,, -
Let L] denote the unique extension of v*L, as a reflexive sheaf over Y.y, for all 1 < ¢ < n. Then by

uniqueness of the reflexive extension, we have £} & --- @ L] = Ty, is locally

reg”

Since Y4 is smooth, Ty,

reg

free, which implies that each £} is locally free, i.e. a line bundle for all 1 < i < n. O

Proposition 5.6. Let X be a projective, kit variety of dimension n, and let the canonical divisor Kx be

ample. Suppose the tangent sheaf Tx,_ . of the smooth locus of X splits as a direct sum of line bundles as in

reg

(5), and suppose that X is mazimally quasi-étale, i.e., there is an isomorphism of étale fundamental groups

T1(Xpeg) 2T (X). Then X is smooth.

Proof. Since Tx
respect to Kx (Remark 4.3) implies that each line bundle £; appearing in the direct sum decomposition of
Tx,., has negative degree i.e., c1(L;) - [Kx]" 1 <0foralll<i<n.

Let Gop = SL(2,R)", then Gq is a connected Hodge group corresponding to the polydisk H", which is a

2L ®---PL,, and we have assumed Kx to be ample, the semistability of Tx,_ with

reg reg

Hermitian symmetric space of noncompact type. Let G = SL(2,C)™, a complexification of Gy, and let

g = sl(2,C)", the Lie algebra of G. Explicitly, g consists of n-tuples of trace zero 2 x 2 complex matrices
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([aj b ]) . Since Gy is a Hodge group of Hermitian type, g has the following Hodge decomposition

g= 971,1 6990,0 @91’71,

with [gP P, g%~ 9] C gPt9 P74 for p,q € {—1,0,1}, where [, -] denotes the Lie bracket of g. The summands

) A5 ) (3 0])

respectively. Note that H" = G/Ky, where Ky = U(1)" is a maximal compact subgroup of Gy. Let K
denote the complexification of Ky, then we have K = (C*)", and K sits inside SL(2,C)™ as the set of all
n-tuples of diagonal matrices.

Since Tx,., splits as a direct sum of line bundles, it admits a reduction in structure group from GL(n,C) to
K = (C*)". Let P denote the principal K = (C*)"-bundle over X, associated to Tx,.,,

locally trivializing cover and the same transition functions as @, £;. Note that K acts on g~ 1! via the
1,1

—-1,1 .0,0 1,—-1
, 9", and g

0
g consist of n-tuples of the form ( 0

i.e., P has the same
adjoint representation, which in the present case is simply by scaling. Thus C®" and g=!! are isomorphic
as K-representations, and it follows from the associated bundle construction that there is an isomorphism
of vector bundles

0:Tx,. — Pxgg >t (10)

reg

such that [#(u),0(v)] = 0 for all local sections u, v of Tx
bundles on X,.q,. In particular, & = P X g is a system of Hodge bundles on X,.,. It has a Hodge
decomposition £ = E~1! ¢ E%0 @ B~ induced by the Hodge decomposition of g, i.e., E» ™ 2 P x g g¥~*
for i € {—1,0,1}.

The isomorphism 6 induces a map from Tx

Thus (P, ) is a uniformizing system of Hodge

reg "

.., to the endomorphism bundle £nd(E). This map is given
locally by sending an element a € Tx, ., » = g~ "' to the endomorphism b — [#(a),b] in End(E),. Hence
0 corresponds to an element in H°(X,eq, Q, ~® End(E)) via the isomorphism Hom(Tx,.,,End(E)) =
QY ®End(E). Since Oy, ®End(E) =Qy ®E®E* = Hom(E,E®Q, ), we see that § eventually
corresponds to a morphism 0:F—E ®Q§(TW. The map fis given locally by sending an element a € F, = g
to the map b — [0(b), a] € Hom(Tx,., =, Ex) o~ Qﬁ(mg,z ® E,. Thus on the direct summands E?'? appearing
in the Hodge decomposition of E, we have § : EP9 — EP—Latl g Qﬁ(my. Moreover, it is straightforward to
see that O A 0 = 0, where 9 A B denotes the composition

8l po ol el 1PN pe a2

reg reg reg

é\Aa:Ei)E@)Q%( req®
Thus 0 is in fact a Higgs field on E. We can decompose g as as direct sum of simple ideals g = €, g,
where g; 2 sl(2,C) for all 1 < ¢ < n. Since G = SL(2,C)™ is connected, we have a global decomposition
E =P xgg=@,P xk gi, Each g; is a sub-Hodge structure of g, i.e., there is a decomposition g =
gfl’l@g?’o@g}’_l for each i. Moreover, gi_l’l is irreducible as a K-representation, and from the decomposition
of Tx _ it follows that £; & P x g gi_l’l. Similarly, we have P X g?’o = Ox,,, for all i. Hence we have
Ei=Pxgg=2LiDL @ (QXMQ for all 1 <14 <n, and each Ej; is a subsystem of Hodge sheaves of E.

We want to show that E is K x-polystable as a Higgs bundle on X,..4, and by Lemma 4.4 it is sufficient to

reg

show that F is K x-polystable as a system of Hodge bundles. To do this, we will show that E; is a K x-stable
as a system of Hodge bundles, and hence as a Higgs bundle on X,.g4, for all 1 <i < n.
Let F C E; be a subsystem of Hodge sheaves with 0 < rank(F) < rank(F;). For each local section a € F, we

can identify the image 6(a) with a local section (b [0(b), a]) € Hom(Tx.,.., E;), withb € Tx,. = Pxgg "L

reg? i reg
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6(b) can be expressed as an n-tuple of trace zero upper-diagonal

(b)),

Bj € Cforalll < j<n. If Fis asubsystem of Hodge sheaves of E; of rank one, then F is a subsheaf of one
of the direct summands of E;. If F C L;, then ¢, (F) - [Kx]|" ! < 0 because c¢;(£;) - [Kx]" ! <0 and L; is
semistable. If 7 C L}, then any non-zero local section a € F can be represented by an n-tuple of the form

(07...,07[0 O],o,...,o),
Q5 0

where the matrix is in the i-th position. The bracket [0(b), a] gives

0.0 |%% 0 o o).
0 —aB

Thus the image é\(a) is a non-zero local section in Oy, . ® Q}(mq, for all non-zero a € F, which implies
that é\(}" ) is not contained in F & Qﬁ(mg. It follows that F is not f-invariant, hence not a Higgs subsheaf
of E;. Similarly, we see that if 7 C Ox,,,, then F is not f-invariant and hence not a Higgs subsheaf
of E;. If F is a rank two subsystem of Hodge sheaves of E;, then F is a subsheaf of either £; & L}, or
L;®O0x,,,,or LI®Ox,,, . fFCL;®Ox,,,, then it is straightforward to see that ¢;(F)-[Kx, ,]""* <0.
If ¥ C L} ® Ox,,,, then any non-zero local section a € F can be expressed as a n-tuple of the form

(0,...,0, [% 0 ] ,0,...,0)
Qi =i

with a;,v; € C*. For a non-zero local section b € Tx,,, as earlier, the bracket [0(b), a] is then

B, _9~. B,
N L I A B
0 —of;

~ ~

Thus the image f(a) is a non-zero local section of (£; ®Ox, . ) ® Qﬁ(mg, i.e., the image 6(F) is not contained

For each non-zero local section b € Tx

reg?

2 x 2 matrices of the form

reo

in F® Q}(Mq. It follows that J is not f-invariant and hence not a Higgs subsheaf of F;. It can similarly be
verified that if F C L; @ L}, then F is not f-invariant and hence not a Higgs subsheaf of E;. These are all
the cases, hence we conclude that any proper subsystem of Hodge sheaves of F; has slope strictly less than
zero, which implies that F; is Kx-stable as a Higgs bundle for all 1 < ¢ < n. Since FE is a direct sum of all
the Ej’s, it follows that E is K x-polystable as a Higgs bundle on X..

Note that £ = Tx, .,
Then we have Fx = Tx @ng @Oﬁ?”, and by construction it follows that ¢; (F) = 0. Note that Tx = @, j«Li,
where j : X,., — X denotes the natural inclusion. Therefore ¢(Fx) = ., ¢1(j«L;)? by the formula (2). It
follows from Lemma 5.3 that ¢1(j.£;)? = 0 for all 1 <14 < n and hence ¢ (Fx) = 0. In particular, we have
EEQ(?X) [Kx]"2 =@ (Fx) - [Kx]""2 = 0. Theorem 2.38 thus implies that (E,6) € TPI-Higgsy, ., -

Then Proposition 2.37 together with the assumption that X is maximally quasi-étale implies that Fx is
locally free. Since Tx is a direct summand of Fx = Tx @ Q[)l(] ® (’)g?", it follows that Tx must be locally
free. The solution of the Lipman-Zariski conjecture for klt spaces ([11, Theorem 16.1]) thus asserts that X

@ kag @ (’)_ﬁ?:’ew and let Fx be the unique extension of E as a reflexive sheaf on X.

is smooth, and we are done. O
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Proof of Theorem 5.1
Suppose X is an n-dimensional projective, klt variety of general type which satisfies the assumptions of
Theorem 5.1. Recall from Proposition 5.4 that the canonical model X.,, of X is projective, klt, and the
tangent sheaf of its regular locus splits as a direct sum of line bundles of negative degree. Moreover, the
canonical divisor Kx_,  of X¢un is ample. Let v : Y — X 4, be a Galois, maximally quasi-étale cover (see
Lemma 2.36). Y is again klt, andthe canonical divisor Ky = v*Kx,,
5.5 and the semistability of 7y with respect to Ky (Proposition 4.1), we have that Ty,

reg

is ample. Moreover, by Proposition
splits as a direct sum
of line bundles of negative degree. Thus Y satisfies the assumptions of Proposition 5.6 and we conclude that
Y is smooth. It follows that Y also satisfies the assumptions of [34, Corollary 9.7], hence Y is uniformized
by the polydisk H". O
Remark 5.7. While the splitting of the tangent bundle Ty, of the smooth locus X, of X as a direct sum
of line bundles is a sufficient condition for (the canonical model of) X to be uniformized by the polydisk, it
is not a necessary condition. The reason, as pointed out by Catanese and Di Scala in [7], is that the group
Aut(H™) of holomorphic automorphisms of the polydisk is not PSL(2,R)", but is the semidirect product of
PSL(2,R)"™ and the symmetric group o,,. Thus there is a split sequence

1= Aut(H)" — Aut(H") = 0, — 1

where Aut(H)" = Aut®(H") = PSL(2,R)". The group Aut(H") is a disconnected Hodge group of Hermitian
type. The splitting of the tangent bundle Tg» = @ ; Tu descends to a quotient X = H"/T', where
I C Aut(H") acts discretely and cocompactly on H", only if T" acts diagonally on H", i.e., only if T' C
Aut(H)™ = PSL(2,R)™. However, since any subgroup I' C Aut(H™) can be expressed as an extension of a
subgroup I of PSL(2,R)"™ by a subgroup H of o,, because of the above exact sequence, every projective,
klt quotient X of a polydisk admits a Galois, quasi-étale cover v : Y — X such that Y is also a polydisk

quotient whose tangent sheaf 7y splits as a direct sum of reflexive sheaves of rank one.

5.2 Necessary conditions

Next we would like to formulate a necessary condition for a projective klt variety of general type to be

uniformized by the polydisk. This will be a more precise version of Remark 5.7.

Proposition 5.8. Let X be a n-dimenstonal projective kit variety with Kx is ample, and such that X =
H"/f, where T C PSL(2,R)™ x g, = Aut(H") is a discrete cocompact subgroup acting fixed point freely in
codimension one. Then X admits a smooth quasi-étale cover v : Y — X such that Ky is ample, and the

tangent bundle Ty splits as a direct sum of line bundles.

Proof. Due to the structure of the automorphism group Aut(H") = PSL(2,R)"™ x 0,,, we know that T can

be expressed as an extension
1-I"=>T = H =1,

where I € PSL(2,R)™ is normal of finite index in f, and H C o, is finite. The quotient map 7 : H* — X

thus factors as
H" — H"/T" — H"/T = X,

where Y/ = H"/T" is also kit and projective, and the map Y’ — X is Galois and quasi-étale. Using Selberg’s
lemma we know that I'V has a torsion free normal subgroup I' of finite index. The quotient map 7' : H" — Y’
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thus factors as
H" - H"/T — H"/T' =Y".

Since I' acts freely and cocompactly on H", the quotient Y = H" /T is a smooth projective variety. The map
Y — Y’ is Galois and quasi-étale, and after composing with the map Y’ — X, we get a quasi-étale map
Y — X. Recall from Lemma 3.4 that the tangent bundle of H" can be expressed as Tg» = P xg g~ "1,
where K = (C*)" is maximal compact inside SL(2,C)", and g = s[(2,C)". The action of I" on H" lifts to

—L1 where

a left action of I" on Tg» via pushforward of tangent spaces, so it follows that Ty = P’/ X g
P’ = P/T as principal K-bundles on Y. Since Ty also has structure group K = (C*)", it splits as a direct
sum of line bundles. Since the map v : Y — X is finite, and Kx is ample by assumption, it follows that
Ky = v*Kx is also ample. The semistability of Ty with respect to Ky then implies that the line bundles

appearing in the direct sum decomposition of 7y all have negative degree. O

Remark 5.9. If X is a smooth projective quotient of the polydisk, then we do not in general have a repre-
sentation 71 (X) — PSL(2,R)"™. Therefore the action of 71 (X) on H" is not in general compatible with the
reduction in structure group of Ty~ from GL(n,C) to (C*)™ = K. Hence the splitting of the tangent bundle
into a direct sum of line bundles does not in general descend to the quotient variety X.

There is however always a representation 71(X) — PSL(2,R)" x 0, and the action of 71 (X) on H" is
compatible with the reduction in structure group of Ty~ from GL(n,C) to (C*)" x o, = K’. The tangent
bundle of X thus always admits a reduction in structure group from GL(n,C) to K’ i.e., we can write
Tx = P x g g~ b1, for some principal K’ = (C*)" x o,-bundle P on X.

Ezxample 5.10. Let C4,...,C, be smooth projective curves, each of genus g; > 2, and let G be a finite group
acting faithfully by automorphisms on each of the n curves. Necessary and sufficient conditions for a finite
group G to act on a curve by automorphisms are given by [2, Theorem 2.1], which is a reformulation of the
Riemann ezistence theorem. Consider the cartesian product Y = Cy x --- x (), and let X be the quotient
variety X = Y/G. If the action of G on Y is free, then X is said to be a variety isogenous to a product of
curves of unmized type. The universal cover of X (and of course of V) is the polydisk H".

We restrict our attention to product-quotient surfaces i.e., quotients X = (Cy x Cq)/G, where G acts
diagonally on C; x Cs. If the action of G is not free, then we know from [2, Remark 2.4] that G has a
finite set of fixed points, and X has a finite number of cyclic quotient singularities, which are rational. In
particular, X is klt, and the quotient map C; x Cy — X is quasi-étale. Since G acts diagonally, the tangent
bundle of the smooth locus X, splits as a direct sum of line bundles, so it follows from Theorem 5.1 that
X is uniformized by the bidisk H?.

If X is any resolution of singularities of X then we have equality of topological fundamental groups m; (X) =
71(X). Let py(X) and ¢(X) denote the geometric genus and irregularity of X respectively. Then all surfaces
X = (C1 x C3)/G with g1,g2 > 2 where the action of G on C; x Cy is unmixed, and such that X has only
rational double point singularities and py(X) = ¢(X) = 0 have been classified in 2, Theorem 0.20]. A list of
all such surfaces is given in [2, Table 2], and each entry of the table gives an example of a singular polydisk
quotient. For example, g3 = 3, go = 22, and G = PSL(2,7) produces a surface with 7 (X) = (Z/2Z)?,
which is finite, while g1 = 4, go = 21, and G = o5 produces a surface with 7 (X) = Z? x (Z/37Z), which is
infinite.
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6 Uniformization by Hermitian symmetric space of type C'I

For any n € Z>1, the Siegel upper half space H,, is a Hermitian symmetric space of non-compact type, of

dimension n(n+ 1)/2. The bounded symmetric domain realization of CT is as follows (see [30, Ch.4, Sec.2]).
Cl={Z€Dp,:2" =2},
where the domain D,, ,, is given by
Dpn={Z € M(n,nC)=C" : 1, - 277 > 0}. (11)

In the above definition, the condition in the bracket is that the matrix I, — ZT Z is positive definite. We
know, for example from [37, p.108], that the automorphism group of H,, is PSp(2n,R), which is a Hodge
group of Hermitian type. Another Hodge group associated to H,, is Go = Sp(2n,R), which is a cover of
PSp(2n,R) and has maximal compact subgroup Ky = U(n). Thus we have H,, & Go/Ky = Sp(2n,R)/U(n).
The complexified Lie algebra g of Gy has complex dimension n(2n + 1), and it follows from the list on [20,

A B
p.341], that g can be expressed as the set of complex 2n X 2n trace zero matrices o Kk where A is a
complex n X n matrix, and B and C are complex symmetric n X n matrices. By definition, the Lie algebra
¢ admits a Hodge decomposition given by g = g~ ! @ g?° @ g ~!, where g~! consists of matrices of the
0 A 0
form [O , 999 consists of matrices of the form o _ar| and g~ ! consists of matrices of the form
0 0 : -1,1 0,0 1,—-1 : : 2
o ol The Lie algebras g—**, g”°, and g ~* have complex dimensions n(n + 1)/2, n*, and n(n + 1)/2
respectively.

The compact dual of H,, is the Lagrangian Grassmannian Y,,, which is a homogeneous complex projective
variety of dimension n(n 4 1)/2 for the action of G = Sp(2n,C). It parametrizes all Lagrangian (i.e. max-
imally isotropic) subspaces of a complex symplectic vector space of dimension 2n. We know from [9] that
there is an open embedding j : H,, — Y,,, and the tangent bundle of Y;, is given by Ty, = Sym2(8 ), where
£ is the tautological vector bundle on Y,,, and corresponds to the standard representation of Ky = U(n). It
follows that the tangent bundle of H,, can be expressed as Tz, = Sym?(£’), where £ denotes the restriction
of £ to H,,.

We want to formulate necessary and sufficient conditions for a complex projective klt variety of dimen-
sion n(n + 1)/2 with ample canonical divisor to be uniformized by the Siegel upper half space H,,. To do

this, we apply Theorem 1.1.

6.1 Sufficient conditions

Proposition 6.1. Let X be a projective, kit variety of dimension n(n + 1)/2 for some n € Z>1 with Kx
ample. Suppose that the tangent bundle of the regular locus X,cy of X satisfies Tx,,, = Sym?(E), where £
is a vector bundle of rank n on X,.,. Let £ denote the reflexive extension of £ to X, and suppose that the

Chern class equality
[262(X) — €1 (X)? 4+ 2nc2(E) — (n — 1)e1(E)?] - [Kx]" 2 =0 (12)

holds on X. Then X = H, /T, where T' C PSp(2n,R) is a discrete, cocompact subgroup, and acts fized point

freely in codimension one on the Siegel upper half space H.,,.
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Proof. Let j : X;oq — X denote the natural inclusion. Then we have Tx = j,7x,., = Syml? (&) =
Sym?(E’)** by the uniqueness of reflexive extension. Let Gy = Sp(2n,R), Ko = U(n) a maximal compact
subgroup of Gy, Then complexifications G and K of Gy and Ky respectively, are G = Sp(2n,C) and
K = GL(n,C).

Let P be the frame bundle of £. Then P is a principal K = GL(n,C)-bundle on X,., and we can write
&2 PxyV, where V denotes the typical fiber of €. It follows that Tx,,, = Sym*(Px x V) = P x x Sym*(V),

so in particular Tx,,  admits a reduction in structure group from GL(n(n + 1)/2,C) to K. As mentioned

—1,1

reg

earlier, every element of g can by expressed as an n X n complex symmetric matrix, and the adjoint

action of K on such an element is given by conjugation by unitary matrices. Hence it follows that Symz(V)

-1,1

and g are isomorphic as K-representations. Thus there is an isomorphism

1,1

0:Tx.. > Pxgg

reg

such that [0(u),8(v)] = 0 for all local sections u,v of Tx

Hodge group, so the Lie bracket of any two elements of g~'! lands in g

The latter statement is clear because Gy is a
—2.2

y , which is zero. It follows that
(P,0) is a uniformizing system of Hodge bundles on X,,.

Hence we can form the system of Hodge bundles E = P xg g =P xg g "' @ P xx g% @ P xp gh 1,
where we have P x g gb~! = Sym?(£V) = Qﬁgreg, and P x g g%% = End(£). The last isomorphism follows
from observing that g®° and End(V) are isomorphic as K-representations. Indeed, they are isomorphic
as C-vector spaces, and the adjoint action of K on g°° is compatible with the action of K on End(V) by
conjugation.

Note that the system of Hodge bundles E' = P x g g = Tx,,, ®End(€) @Q}(mg is in particular a Higgs bundle
with Higgs field 0:E—E® kag given by sending a local section u of E to the local section v — [6(v), u]
of Hom(Tx,.,, E) = E® rieg. It is clear that E has slope zero with respect to Kx. By Proposition 4.6,
we know that E is K x-polystable as a Higgs bundle on X,.4. In fact, E is K x-stable as a Higgs bundle on
Xyeq because g = sp(2n, C) is a simple Lie algebra.

Let Fx denote the reflexive extension of E to X, then Fx & Tx ® End(E') & Q[)i]. It is clear that ¢;(Fx) -

[Kx]"~! = 0. Moreover, we compute using the formulae (1) and (2)
G (Fx) = 26(X) — 1 (X)* + 206 (&) — (n — 1)E1 (X)?,

so by the assumption of the Proposition we have ¢a(Fx) - [Kx]" 2 = Ei\zg(}"x) [Kx]"2 =0.
Therefore, X satisfies the two conditions of Theorem 1.1, and we conclude that X = #,, /T, where I' C
PSp(2n,R) is a discrete, cocompact subgroup acting fixed point freely in codimension one on H,,. O

6.2 Necessary conditions

Since the automorphism group Aut(#,) = PSp(2n,R) is a connected Lie group, we choose the associated
Hodge group to be Gy = Sp(2n,R), and its complexification to be G = Sp(2n,C), which is also connected.
Thus by Remark A the sufficient conditions of Proposition 6.1 are also necessary conditions for a projective

klt variety with ample canonical divisor to be uniformized by H,,.

Proposition 6.2. Let X be a projective kit variety of dimension n(n + 1)/2 with Kx ample, such that
X = ’Hn/f, where T C Aut(H,) acts discretely, cocompactly, and fived point freely in codimension one on
H,. Then the tangent bundle of the reqular locus of X satisfies Tx
bundle on X. Moreover, X satisfies the Chern class equality 12.

>~ Sym?(&), where & is a rank n vector

reg

Proof. We know from Theorem 1.1 that the smooth locus X,., of X admits a uniformizing system of Hodge
bundles (P, 8) corresponding to the Hodge group Go = Sp(2n,R), such that E = P X g is K x-polystable
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as a Higgs bundle on X4, and ¢2(E’) - [Kx]|""2 = 0, where E’ denotes the unique reflexive extension of F

1,1

to X. Thus there is an isomorphism 6 : Tx, = P Xk g~ . Recall from the proof of Proposition 6.1 that

g1t
So we can write Tx,,, = P Xk Sym?(V') = Sym?(£), where € = P x ¢ V is a rank n vector bundle on X,
We also have kaq >~ Sym?(EY) =2 P xg gt~ !, and End(E) = P xx g%, from which it follows that the
system of Hodge bundles P x g is isomorphic to Tx,., ®End(E) & Q&Mg.

Let £ denote the reflexive extension of £ to X. Then E' = Tx & End(&') & Q[)l(], and the equality ¢2(E') -

[Kx]"~2 = 0 is equivalent to

is isomorphic as a K-representation to Sym?(V), where V is a complex n-dimensional vector space.

& (Tx ® End(E) @ QY)Y - [Kx]" 2 =0.

Using the formula (2) for the second Q-Chern class of a direct sum of reflexive sheaves, the above equality

can be rephrased as
[QEQ(X) - /C\l(X)Q + 271/0\2(5/) — (n — 1)/0\1 (5/)2} . [Kx]n_2 =0.
Thus it follows that X satisfies the required Chern class equality (12), this concludes the proof. O

Putting together Propositions 6.1 and 6.2, we arrive at Theorem 1.2.

7 Uniformization by Hermitian symmetric space of type DIII]

This example is very similar to the Siegel upper half space. The Hermitian symmetric space of type DIII,
which we denote by D,,, can be expressed as the quotient Gy/Ky, where the associated Hodge group is
Go = SO*(2n) defined as

SO*(2n) = {M € SL(2n,C) : M"M = I, M* J, M = J,},

0
-1,

KO:{M:

from which it is clear that U € U(n) & K, for n € Z>1. The bounded symmetric domain realization of
DIIT is as follows (see again [30, Ch. 4, Sec. 2]).

I
where J, is the matrix given by J,, = [ (;L] . We know from [30, Ch.4, Sec.2] that the maximal compact
subgroup K of Gy is given by

U 0
0 0

:MESU(n,n)}7

DIII ={Z€D,,: 2" =-7},

where the domain D,, ,, is as defined in the expression (11). From [37, p. 111], the group of holomorphic
automorphisms of D,, is Aut(D,,) = PSO*(2n), so Aut(D,,) is a quotient of Gy by a discrete central sub-
group. From the list on [20, p.341], the complexified Lie algebra g of Gy has complex dimension n(2n — 1),
A B
_AT|’
n X n matrix, and B and C are complex skew-symmetric n X n matrices. Since Gy is a Hodge group of

and can be expressed as the set of complex 2n X 2n trace zero matrices where A is a complex

Hermitian type, the Lie algebra g has a Hodge decomposition given by g = g~ 5t @ g% @ g =1, where g= 1!

0,0 1

A 0 .
consists of matrices of the form 0 and gl*~! consists

0
consists of matrices of the form , 0 )
0 0 —AT
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0
of matrices of the form ol The Lie algebras g~ 11, ¢®° and g*~! have dimensions n(n —1)/2, n?, and

n(n — 1)/2 respectively.

The compact dual of D,, is the Isotropic Grassmannian [,,, which is a homogeneous complex projective
variety of dimension n(n — 1)/2 for the action of G = SO*(2n,C). It parametrizes all isotropic subspaces
of a complex vector space of dimension 2n equipped with a complex inner product. Just as in the case
of the Lagrangian Grassmannian, there is an open embedding j : D,, — I,,. The tangent bundle of I,, is
given by Ty, = /\2 (€), where & is the tautological vector bundle on I,,, and corresponds to the standard
representation of Ky = U(n). It follows that the tangent bundle of D,, can be expressed as Tp, = /\2 &,
where £’ denotes the restriction of £ to D,,.

We want to formulate necessary and sufficient conditions for a complex projective variety of dimension
n(n — 1)/2 with klt singularities and ample canonical divisor to be uniformized by the Hermitian symmetric
space D,, of type DIII.

7.1 Sufficient conditions

A version of Proposition 6.1 also holds in this case, and the proof is essentially the same. For completeness,

we repeat the proof.

Proposition 7.1. Let X be a projective, kit variety of dimension n(n — 1)/2 for some n € Z>1 with Kx
ample. Suppose that the tangent bundle of the reqular locus X,eq of X satisfies Tx, ., = /\2(5), where £ is
a vector bundle of rank n on X,eq. Let &' denote the reflexive extension of € to X, and suppose that the
Chern class equality

[262(X) — E(X)? + 2n65(E") — (n— 1)e1 ()] - [Kx]" 2 =0 (13)

holds on X. Then X = D, /T, where T' C PSO*(2n,R) is a discrete, cocompact subgroup, and acts fized

point freely in codimension one on the domain D,, of type DIII.

Proof. Let j : X,cg — X denote the natural inclusion. Then we have Tx = j.Tx,., = /\[2] (&) = (N*(E)
by the uniqueness of reflexive extension. Let Go = SO*(2n,R), Ky = U(n) a maximal compact subgroup
of Gy. Then we choose complexifications G and K of Gy and K respectively, to be G = SO*(2n,C) and
K = GL(n,C).

Let P be the frame bundle of £. Then P is a principal K = GL(n,C)-bundle on X,., and we can write
& = PxkV, where V = C" denotes the typical fiber of £. It follows that Tx, ., = AN (PxgV)=Pxg N\ (V),
so in particular T, admits a reduction in structure group from GL(n(n—1)/2,C) to K. Note that analogous

g
-1,1

to the previous case, each element of g can be expressed as an n X n anti-symmetric matrix, and the

-1,1

action of K is given again by conjugation by unitary matrices. Hence /\2(V) and g are isomorphic as

K-representations. Thus there is an isomorphism

1,1

0:Tx —)PXKg_’

reg

such that [#(u), 0(v)] = 0 for all local sections u, v of Tx
Hodge bundles on X,.g4.

Hence we can form the system of Hodge bundles E = P xg g =P xg g "' @ P xx g% @ P xp gb 1,
where we have P x g gb 1 = A\*(EVY) = QY ., and P x g g%% = End(E). The last isomorphism follows from

observing, as in Proposition 6.1, that g°:° and End(V) are isomorphic as K-representations. Hence we have

It follows that (P,0) is a uniformizing system of

reg "’
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P xg g% 2= P xgEnd(V) = End(P xx V).

Note that the system of Hodge bundles E = P xx g = Tx,., ® End(&) @ rieg is in particular a Higgs
bundle with Higgs field 9:E— E® kag given by sending a local section u of E to the local section
v [0(v),u] of Hom(Tx,. ,E) =2 E® Q}(mg. It is clear that E has slope zero with respect to Kx. We know
from Proposition 4.6 that F is K x-polystable as a Higgs bundle on X,..4. In fact, ' is Kx-stable as a Higgs

reg’

bundle on X,.., because again g is a simple Lie algebra.
Let Fx denote the reflexive extension of E to X, then Fx = Tx & End(E’) & Q[;]. It is clear that ¢;(Fx) -

[Kx]"~! = 0. Moreover, we compute again using (2)
G(Fx) = 262(X) = e1(X)? 4 2n62(&") — (n — 1)e1 (X)?,

so by the assumption of the Proposition we have ¢y (Fyx) - [Kx]|" 72 = Ei\zg(}'X) [Kx]"2 =0.
Again we see that X satisfies the two conditions of Theorem 1.1, and we conclude that X = D, /T", where

' € PSO*(2n,R) is a discrete, cocompact subgroup, acting fixed point freely in codimension one on D,,. [

7.2 Necessary conditions

Since Aut(D,,) = PSO*(2n) is a connected Lie group, we take the associated Hodge group to be Gy =
SO*(2n), and its complexification to be G = SO*(2n, C), which is also connected. Then Remark A implies
that the sufficient conditions of Proposition 7.1 are also necessary conditions for a projective klt variety
with ample canonical divisor to be uniformized by D,. We have Ky = U(n) and its complexification
K = GL(n,C). The proof is essentially the same as that of Proposition 6.2.

Proposition 7.2. Let X be a projective klt variety of dimension n(n — 1)/2 with Kx ample, such that
X = Dn/f, where T C Aul(D,,) acts discretely, cocompactly, and fized point freely in codimension one on
D,,. Then the tangent bundle of the regular locus of X satisfies Tx,,, = N (E), where & is a rank n vector
bundle on X,.q. Moreover, X satisfies the Chern class equality 13.

Proof. From Theorem 1.1, it follows that X,., admits a uniformizing system of Hodge bundles (P,6) cor-
responding to the Hodge group Gy = SO*(2n), such that the system of Hodge bundles E = P Xk g is
K x-polystable as a Higgs bundle on X,.,. Moreover, the equality ¢2(E’) - [Kx]""2 = 0. holds, where E’

denotes the extension of F to X as a reflexive sheaf. Hence there is an isomorphism 6 : Ty = P x g g~ b1,

—bL1 is isomorphic as a K-representation to /\2 (V), where V

Recall from the proof of Proposition 7.1 that g
is a complex n-dimensional vector space. So we can write Tx, ., = P X N (V) = A* (), where £ = Px g V
is a rank n vector bundle on Y. We also have rieg = AN*(EV) = P xgght, and End(E) = P x i g*0, from
ey @ ENA(E) © Qﬁ(mq.

Let £’ denote the reflexive extension of € to X. Then E’' = Tx &&nd(E’) @Q[)l(], and the Chern class equality

G (E') - [Kx]"2 = 0 is equivalent to

which it follows that the system of Hodge bundles P X g g is isomorphic to Tx

& (Tx @ End(E) & Q) - [Kx" 2 =0.

Using the formula (2) for the second Q-Chern class of a direct sum of vector bundles, the above equality can

be rephrased as
[262(X) — €1 (X)? 4+ 2n62(E) — (n — 1)E1(E)?] - [Kx]" "2 = 0.

Thus it follows that X satisfies the Chern class equality (13), and we are done. O
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Putting together Propositions 7.1 and 7.2, we arrive at the following necessary and sufficient condition
for a projective klt variety X with ample canonical divisor to be uniformized by the Hermitian symmetric
space D,, of type DIII.

Theorem 7.3. Let X be a projective kit variety of dimension n(n—1)/2 such that the canonical divisor K x
is ample. Then X =2 D, /T, where T' C PSO*(2n,R) is a discrete, cocompact subgroup, and acts fixed point

freely in codimension one on D,, if and only if X satisfies
. Tx,., = N(€)
o [265(X) —c1(X)2 + 212 (E) — (n— 1)er (8] - [Kx]|" 2 =0,

where € is a vector bundle of rank n on X,eq, and &' denotes the reflexive extension of £ to X.

8 Uniformization by Hermitian symmetric space of type BDI

The Hermitian symmetric space of type BDI, which we denote by B,, can be expressed as the quotient
Go/ Ky, where we may take the associated Hodge group to be Gy = SO(2,n), and Ky = SO(2) x SO(n) a
maximal compact subgroup of Gy, for n € Z>5. The bounded symmetric domain realization of BDI is more
involved than the other examples, we refer the reader to [30, p. 75] for details. When n = 2, the domain
By is isomorphic to the bidisk H?, which we have already studied. Thus we may assume n > 3. The Lie
group Gy has two connected components, and the automorphism group PSO(2,n) of B,, (see again [37]) is
a quotient of SO(2,n) by a discrete central subgroup. The dimension of B,, as a complex manifold is n. The
complexified Lie algebra of Gy is g = s0(2+n, C). The Lie algebra g has complex dimension (2+n)(1+n)/2,

A B
and using [20, p. 341], can be expressed as the set of complex (n + 2) X (n + 2) matrices e where A

is a 2 x 2 orthogonal matrix, D is a n X n orthogonal matrix, and B and C are 2 X n and n X 2 matrices
respectively. The group Gy = SO(2,n) is in fact a Hodge group of Hermitian type, therefore the Lie algebra

¢ has a Hodge decomposition given by g = g~ ' @ g% @ g1, where g~ ! consists of those matrices of g of

the form , and g1 consists of matrices of the form

O] , 829 consists of matrices of the form

0 0
. The Lie algebras g~
C o g g

By Lemma 3.4, we know there is be a principal K = SO(2,C) x SO(n, C)-bundle P on B,, such that there is
~1,1

L1590 and g —1 are of dimensions n, n(n — 1)/2 + 1, and n respectively.

an isomorphism 0 : T, — P Xi g . Then there is an orthogonal vector bundle W of rank n, and a line
bundle £ such that the system of Hodge bundles P x g g is isomorphic to /\2(WEB£69£V). From the Hodge de-
composition of the Lie algebra g, it follows that Px g g1 2 T = Hom(W, L), Px ¢ g°° = A*(W) & Op,
and P xx gt ! = Qp = Hom(W,LY). Note that, since W is an orthogonal bundle, it is self-dual.

We want to determine necessary and sufficient conditions for a projective, kit variety of dimension n with

ample canonical divisor to be uniformized by B,,.

8.1 Sufficient conditions

We apply Theorem 1.1 to prove the following.

Proposition 8.1. Let X be a projective, kit variety of dimension n > 3 with Kx ample. Suppose that the

tangent bundle of the reqular locus X,y of X satisfies Tx,,, = Hom(W, L), where W is an orthogonal vector

reg

45



bundle of rank n, and L is a line bundle on X,.q. Let W' and L' denote the reflexive extensions of W and

L respectively to X, and suppose that the Chern class equality
W AW') + 28,(W') —ney (L)) - [Kx]" 2 =0 (14)

holds on X. Then X = B, /T, where I' C Aut(B,,) is a discrete, cocompact subgroup, and acts fixed point

freely in codimension one on B,,.

Proof. Let j : X;cq — X denote the natural inclusion. Then we have Tx = j.7Tx,., = j«Hom(W,L) =
Hom(W', L) by the uniqueness of reflexive extension. Let Gy = SO(2,n), Ko = SO(2) x SO(n) the maximal
compact subgroup of Gg, and let G and K denote complexifications of Gy and Ky respectively. We choose
G = SO(2+n,C), then K = SO(2,C) x SO(n,C).

We can deduce from [5, Table 2] that the Lie algebra g = s0(2 4+ n,C) and the typical fiber of the vector
bundle /\2 (W@ L& LY) are isomorphic as K-representations, although this is also straightforward to check.
Moreover, the vector bundle A*(W & £ & £V) admits a reduction in structure group from GL((n + 2)(n +
1)/2,C) to K = S0O(2,C) x SO(n,C). Thus there is a principal K-bundle P on X,., such that P xx g
AN’ (W @& L& LY). Recall from the earlier discussion that the Hodge decomposition of g gives P x x g~ 1!
HomW, L), P xx g"° = A\2W @ Ox., and P xx gh~' = Hom(W, LY). Since Tx,. = Hom(W,L) by
assumption, we have the following isomorphism

1R

reg? reg

1,1

GZTX —>PXKg_’

reg

such that [0(u), 8(v)] = 0 for all local sections u, v of Tx
of Hodge bundles on X,.
The system of Hodge bundles £ = P xg g & Tx, ., ® NW e Ox,., ® Qﬁ(mg is in particular a Higgs

It follows that (P, 6) gives a uniformizing system

reg*

bundle with Higgs field 9:E— E® Qﬁ(mg given by sending a local section u of E to the local section
v = [0(v),u] of Hom(Tx,.,,E) = E® Q}(Ng. Since W is self-dual, we have that det(W) = Ox
hence ¢1(F) = ¢1(P Xk g) = 0. We know again from Proposition 4.6 that the system of Hodge bundles E

reqs and
is Kx-polystable as a Higgs bundle on X,.,. In fact, E¥ is Kx-stable as a Higgs bundle on X,.., because
50(2 4+ n,C) is a simple Lie algebra for n > 3.

Let Fx denote the reflexive extension of E to X. It is clear that ¢ (Fx) - [Kx]"~! = 0. Moreover by (2),
we have

(Fx) - [Ex|"?=a(\W el eLV) - [Kx]" >

Expanding the right hand side of the above equality gives [co(W' A W') + 2c,(W') — ner(L£1)?] - [Kx]" 72,
which by assumption is zero. Therefore, we have chy(Fx) - [Kx]" ™2 = 0.
It follows from Theorem 1.1 that X = B, /T", where I' C Aut(8,,) is a discrete, cocompact subgroup, and

acts fixed point freely in codimension one on B,,. This concludes the proof. O

8.2 Necessary conditions

Note that the full automorphism group of B, is a quotient of Gy = SO(2,n) by a discrete central subgroup,
thus the complexification of Gy is G = SO(2+n, C). The complexification of the maximal compact subgroup
of Aut(B,,) is a quotient of K = SO(2,C) x SO(n,C) by a discrete central subgroup. Since G is connected,
it folloes from Remark A that the sufficient criteria for uniformization by B,, are also necessary.

Proposition 8.2. Let X be a projective klt variety of dimension n > 3 with Kx ample, such that X = Bn/f,

where T’ C Aut(B,,) is a discrete, cocompact subgroup which acts fized point freely in codimension one on B,,.
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>~ Hom(V, M), where V is an orthogonal

vector bundle of rank n, and M is a line bundle on X,.,. Moreover, X satisfies the Chern class equality 14.

Then the tangent bundle of the reqular locus of X satisfies Tx

reg

Proof. Again from Theorem 1.1, it follows that the smooth locus X, of X admits a uniformizing system
of Hodge bundles (P,8) corresponding to the Hodge group Go = SO(2,n), such that E = P xg g is Kx-
polystable as a Higgs bundle on X,.,. Furthermore, the equality ¢;(E’) - [Kx]"~2 = 0 is satisfied, where E’
denotes the reflexive extension of E to X. Hence there is an isomorphism 6 : Ty, = P X g~ b1 Recall that
~b1 s isomorphic as a K-representation to Hom(W, L), where W and
>~ P x g Hom(W, L) =
Hom(W, L), where W is an orthogonal rank n vector bundle, and £ is a line bundle on X,.,. We also have
Q}(mg =~ Hom(W, LY) = P x i gh ! and A° W& Ox,., = P xx g%°, from which it follows that the system
of Hodge bundles P x x g is isomorphic to A>(W & L @& LY).

Let B/, W, and £’ denote the reflexive extensions of E, W, and L respectively to X. Then the equality
G (E") - [Kx]"~2 = 0 is equivalent to

from the proof of Proposition 8.1 that g

L are complex n and 1-dimensional vector spaces respectively. So we can write Tx

reg

a(\WaeL oLl [Kx]" =0

Expanding the above expression using the formulae (1) and (2) for Q-Chern classes, we arrive at the following

expression.
[Ea(W AW') + 26,(W') —néy (L£)?] - [Kx]" "2 = 0.
Therefore, X satisfies the Q-Chern class equality (14). O

Putting together Propositions 8.1 and 8.2, we arrive at the following necessary and sufficient condition
for a projective klt variety X with ample canonical divisor to be uniformized by the Hermitian symmetric
space B, of type BDI.

Theorem 8.3. Let X be a projective klt variety of dimension n > 3, such that the canonical divisor Kx is
ample. Then X = B, /T, where I' C Aut(B,,) is a discrete, cocompact subgroup acting fized point freely in

codimension one on B,, if and only if X satisfies

o Tx,., = Hom(W, L)

reg

o [ (W AW')+26,(W') —ner(L')?] - [Kx]" 2 =0,

where W is an orthogonal vector bundle of rank n, L is a line bundle on X,.q, and W' and L' denote the

reflezive extensions of W and L to X.

9 Uniformization by Hermitian symmetric space of type Alll

The Hermitian symmetric space of type AIII, denoted A,,, can be expressed as the quotient Go/ Ky, where
we may take Gy = SU(p,q), and Ko = S(U(p) x U(g)) its maximal compact subgroup, for p,q € Z>1,
pq > 1. The domain A, can also be realized as follows (see [30])

qu :{ZGM(paQ7(C) g(cpqllq—ZTZ>0},

where the 7> 0” again means positive definiteness. The complex dimension of A, is pg. The complexified Lie
algebra of SU(p, q) is g = sl(p+¢q, C). The Lie algebra g has complex dimension (p+¢)? — 1, and again using
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A B
the list on [20, p.341], can expressed as the set of complex (p+¢) X (p+¢q) matrices c pl’ where AisapXp

matrix, B is a p X ¢ matrix, C' is a ¢ X p matrix, and D is a ¢ x ¢ matrix, and T'r(A) +Tr(D) = 0. Note that
Go = SU(p, q) is a Hodge group of Hermitan type, and g has a Hodge decomposition g = g~ 1! @ g% 0@ gl !

1,1

0 B
as in Definition 2.22, where g~ =" consists of matrices of the form [O O] , 690 consists of matrices of the

0
ol The Lie algebras g~ !

1,1 0,0
form , 9

,and gb~

0
D] , and gl ! consists of matrices of the form l

have complex dimensions pq, p? + ¢ — 1, and pq respectively.

Let P be a principal K = S(GL(p,C) x GL(q,C))-bundle on A, such that  : T4, = P xx g~ !, which
we know exists by Lemma 3.4. Then there are vector bundles V and W of ranks p and ¢ on A,g, such
that the system of Hodge bundles P X g is isomorphic to Endyg(V @ W), the bundle of trace zero endo-
morphisms of V @ W. From the Hodge decomposition of g, we get P xx g~ =2 Hom(V, W) = Ta,,s
P x g"0 = (End(V) @ End(W))o, and P x i g~ = Hom(W, V) = Q}%q. The domain A, corresponding
to p = 1 is the unit ball B¢ C CY. In this case we have V = Q,, W = Opa, and the system of Hodge bundles
is given by P X i g = Endo(Qh, & Opa)

As usual, the goal is to formulate necessary and sufficient conditions for a projective, klt variety of dimension

pq with ample canonical divisor to be uniformized by A,q.

9.1 Sufficient conditions
We again apply Theorem 1.1 to make the following characterization.

Proposition 9.1. Let X be a projective, klt variety of dimension pq for some p,q € Z>1, pqg > 1, with Kx
>~ Hom(V, W), where V

and W are vector bundles of ranks p and g on X,cq. Let V' and W' denote the reflexive extensions of V and

ample, such that the tangent bundle of the regular locus X,eq of X satisfies Tx

reg

W to X, and suppose that the Chern class equality
200+ @)(@0V) +W)) = (p+a- D)@V +aW)?) +2a(V)aW)] - [Kx]" 2 =0 (15)

holds on X. Then X = A,, /T, where I' C Aut(Ayq) is a discrete, cocompact subgroup, and acts fized point

freely in codimension one on the domain A,q of type AIII.

Proof. Let j : X,y — X denote the natural inclusion. Then we have Tx = j.Tx,., = jsHom(V, W) =
Hom(V', W') by the uniqueness of reflexive extension. Let Gy = SU(p, q), Ko = S(U(p) xU(gq)) the maximal
compact subgroup of Gy, and let G and K denote complexifications of Gy and K| respectively. We choose
G=SL(p+q,C) and K = S(GL(p,C) x GL(q,C)).

Let Endy(V @ W) denote the bundle of trace zero endomorphisms of V & W. We deduce again from [5,
Table 2], that the Lie algebra g = sl(p + ¢,C) and the typical fiber Endg(CP,C?) of Endo(V & W) are
isomorphic as K-representations. Moreover, the vector bundle Endy(V & W) admits a reduction in structure
group from GL((p + q)?> — 1,C) to K = S(GL(p,C) x GL(q,C)). Thus there is a principal K-bundle P
on X,.4 associated to Endo(V & W) i.e., we have P Xk g = Endo(V & W). The Hodge decomposition of g
together with identifying isomorphic K-representations using [5, Table 2] gives P x i g~ 1!t = Hom(V, W),
Pxg?0 = (End(V)DEnd(W))o, and P x g gh~t 2 Hom(W, V). Since Tx,, = Hom(V, W) by assumption,

we have the following isomorphism

reg

0:Tx.. — Pxgg bt

reg
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such that [f(u),8(v)] = 0 for all local sections u, v of Tx
of Hodge bundles on X,.,4.

The system of Hodge bundles E = P Xx g = Tx,. & (End(V) & EndW))o & kag is in particular a Higgs
bundle with Higgs field 0. E— E® Q}(Teg given by sending a local section u of E to the local section
v [0(v),u] of Hom(Tx,.,, E) 2 E® Q}(Nq. Note that F fits into the following short exact sequence

It follows that (P, 6) gives a uniformizing system

reg’

reg

0= E=_Endo(VeW) = End(V W) = L =0 (16)

where L is a line bundle of degree zero. Thus we have ¢1(E) = ¢1(Endy(V & W)) = 0. From Proposition 4.6,
it follows that E is K x-polystable as a Higgs bundle on X,.4, and in fact £ is Kx-stable as a Higgs bundle
on X,.4 because g = sl(p + ¢,C) is a simple Lie algebra.

Let Fx denote the reflexive extension of ¥ to X. Then Fx also fits into an exact sequence

0= Fx > &EndV eaW)—=L -0

where £’ is a coherent sheaf of degree 0. Thus ¢;(Fx) - [Kx|" ! = &1 (End(V' @ W')) - [Kx]"~! = 0, and
e (Fx)  [Kx]" 2 =2(End(V @ W')) - [Kx]|" 2. Moreover, we compute using (2)

(Fx) - [Kx]" 2 =20+ @0V) +eW)) - (p+q— D@V ) +aW)?) +2a(V)aW)] - [Kx]" 2,

so by the assumption of the Proposition we have ¢a(Fx) - [Kx]" 2% = EEQ(.FX) [Kx]"2? =0.

Thus the conditions of Theorem 1.1 are satisfied, and it follows that X = A,,/T', where I' C Aut(A,,)
is a discrete, cocompact subgroup acting fixed point freely in codimension one on the domain Ay,,. This
concludes the proof. O

In order to determine the necessary conditions for uniformization by A4, we consider two separate cases,
namely when (i) p # ¢, and (ii) p = ¢. This is because the group of automorphisms Aut(A,,) of A,, is
connected when p # ¢, and is a quotient of SU(p,q) by a discrete central subgroup. However when p = g,
Aut(A,p) has two connected components, and is a quotient of SU(p, p) x Z2 by a discrete central subgroup
(see [37]).

9.2 Necessary conditions when p # ¢

From [37, p. 114], we know that the automorphism group of A,, when p # ¢ is Aut(A,,) = PSU(p, ¢). This
is a connected Lie group and is a quotient of SU(p,q) by a discrete central subgroup. Thus we can choose
the associated Hodge group to be Gy = SU(p, q), and its complexification as G = SL(p+ ¢, C), which is also
connected. Thus the sufficient conditions of Proposition 9.1 are also necessary conditions for a projective klt
variety with ample canonical divisor to be uniformized by Ay,,. The proof is essentially the same as that of

Proposition 6.2.

Proposition 9.2. Let X be a projective kit variety of dimension pq, p # q with Kx ample, such that
X = qu/f, where T C Aut(Ayg) is a discrete, cocompact subgroup acting fized point freely in codimension
>~ Hom(E,F), where £ and F

are vector bundles of ranks p and q on X,eq. Moreover, X satisfies the Chern class equality 15.

one on Apq. Then the tangent bundle of the reqular locus of X satisfies Tx

reg

Proof. By Theorem 1.1, the smooth locus X,., of X admits a uniformizing system of Hodge bundles (P, §)
corresponding to the Hodge group Gy = SU(p, q), such that the system of Hodge bundles F = P X i g is Kx-
polystable as a Higgs bundle on X,..,. Moreover, X satisfies the Q-Chern class equality ¢2(E’) - [Kx]" ™2 = 0,
where E’ denotes the unique reflexive extension of E to X. Hence there is an isomorphism 6 : Ty, = =

reg
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P x g g~ ! Recall from the proof of Proposition 9.1 that g—%! is isomorphic as a K-representation to

Hom(V, W), where V' and W are complex p and ¢-dimensional vector spaces. So we can write Tx,,, =
P x g Hom(V,W) = Hom(V, W), where V and W are vector bundles of ranks p and ¢ on X,.,. We also
have riea = Hom(W,V) 2 P xg gb~ !, and (End(V) © End(W))o = P xx g°°, from which it follows that
the system of Hodge bundles P X g g is isomorphic to Endg(V & W). Let V' and W’ denote the reflexive
extensions of V and W to X. Then the Chern class equality ¢2(E’) - [Kx]" "2 = 0 is equivalent to

& (Endo(V @ W) - [Kx]"~2 = 0.

Using the short exact sequence (16), and the formula (2) for the second Q-Chern class of a direct sum of

reflexive sheaves, the above equality can be rephrased as
2(p + q)(@(V) + W) = (p+q—1)(@V)? +aW)?) +2a(V)a (V)] - [Kx]" 2 =0.
Thus it follows that X satisfies the Chern class equality (15), which completes the proof. O

Putting together Propositions 9.1 and 9.2, we arrive at the following necessary and sufficient condition
for a projective klt variety X with ample canonical divisor to be uniformized by the Hermitian symmetric
space A,q (p # q) of type AIII.

Theorem 9.3. Let X be a projective kit variety of dimension pq > 2, p,q € Z>1, p # q, such that the
canonical divisor Kx is ample. Then X = Ay, /T, where I' C Aut(A,q) is a discrete, cocompact subgroup,

and acts fized point freely in codimension one on A,g, if and only if X satisfies

o Tx... 2 Hom(V,W)

o 20p+9)@(V) +RWV) ~ (p+ g - D@V +@W)) + 26 (V)W) - [Kx]"2 =0,

where V and W are vector bundles of ranks p and q on X,eq, and V' and W' denote the reflexive extensions
of V and W to X.

Note that when p = 1 and ¢ = n, the associated domain is the unit ball B™. In this case we have
V= Qﬁ(mg, W = Ox,.., and the system of Hodge bundles is given by P X i g = Endy (Qﬁ(wg © Ox,,,)- The
condition on the structure of the tangent bundle is tautological, and the Chern class condition is the well

reg?

known Bogomolov-Miyaoka-Yau equality satisfied by ball quotients.

9.3 Necessary conditions when p = ¢

In this case the group of holomorphic automorphisms has two connected components. Again from [37]
we know that Z — Z7 is an automorphism of App of order 2 that is not contained in the connected
component of Aut(Ay,). This defines a group homomorphism Z; — Aut(A,,), i.e., there is a splitting
Aut(A,p) = Aut®(A,,) X Zy, where Aut’(A,,) = PSU(p,p). Tt follows that Aut(A,,) is a quotient of
SU(p,p) X Zo by a discrete central subgroup. Let G denote the chosen complexification of SU(p,p) x Zs,
and K the complexification of Ko = S(U(p) x U(p)) x Zy. Then the tangent bundle of the regular locus of a
projective, klt quotient of A,,, admits a reduction in structure group to K. However, as in the polydisc case,
such a reduction in structure group does not give a meaningful condition on the tangent sheaf. Therefore,
we state the result up to a 2:1 quasi-étale cover. The proof is essentially the same as that of Proposition 6.2.

Proposition 9.4. Let X be a projective klt variety of dimension p? with Kx ample, such that X is a quotient

of App by a discrete, cocompact subgroup I' of Aut(App) acting fizxed point freely in codimension one. Then
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X admits a 2:1 quasi-étale cover X' such that the tangent bundle of the regular locus X;eg C X' satisfies

TX,’.ey = Hom(E,F), where £ and F are vector bundles of rank p on X,eq. Moreover, X' satisfies the Chern
class equality 15 for p = q.

Proof. Since the automorphism group Aut(.A,,) has two connected components, the group I' can be expressed

as an extension of a normal subgroup I'" by a subgroup of Z,. Thus the quotient map A,, — X factors as
App = App/T" = App /T = X,

where X’ = A,,/T", and the map X’ — X is a Galois, 2:1 quasi-étale cover. Note that X’ is again projective,
klt, and Kx/ is ample. Again from Theorem 1.1, it follows that the smooth locus X ., of X' admits a
uniformizing system of Hodge bundles (P, ) corresponding to the Hodge group Gy = SU(p, p), such that
the system of Hodge bundles £ = P x i g is K x/-polystable as a Higgs bundle on X7 . Moreover, X' satisfies
the Q-Chern class equality ¢2(E’) - [Kx/]" "2 = 0, where E’ is the reflexive extension of E to X. Therefore,

L1 of vector bundles. Recall from the proof of Proposition 9.1

there is an isomorphism 6 : TXLE_E, 2 Pxgg~
that g~1! is isomorphic as a K-representation to Hom(V, W), where V and W are p-dimensional complex
vector spaces. So we can write the tangent bundle as Tx, = P xx Hom(V,W) = Hom(V, W), where V
and W are vector bundles of rank p on X;eg. Moreover, we have Q}qeg ~ P xgghT! =2 Hom(W,V), and
P x5 g%0 = (End(V)® End(W))o. Thus the system of Hodge bundles P x f g is isomorphic to Endo(V & W).
Let V' and W’ denote the reflexive extensions of ¥V and W to X’. Then E’ = Endo(V’ & W’), and the

Q-Chern class equality ¢a(E’) - [Kx/]"2? = 0 is equivalent to
[Ea(Endo(V, W] - [Kx/]" "% = 0.
Expanding this using Chern class formulae (1) and (2) we arrive at the following expression
[4p(@(V) + (W) — (2p — D(@ (V') +a(W')?) + 2a(V)e (W) - [Kx/]" 72 = 0.
Thus X’ satisfies the Chern class equality as claimed, and this completes the proof. O

Ezample 9.5. As mentioned earlier, when p = 1, the corresponding domain A;, is the unit ball B¢ C C?. It
is well known that projective klt ball quotients satisfy the Q-Bogomolov-Miyaoka-Yau equality.

In the two-dimensional case, there are many interesting examples of smooth ball quotient surfaces such as
the fake projective planes considered by Keum in [23].

Hirzebruch described a method to construct smooth projective surfaces X satisfying c;(X)? = 3ca(X)
starting with line arrangements on the projective plane P? in [21].

Another class of examples is given by algebraic surfaces X such that the intersection form on H?(X,Q) is
positive definite. These are smooth surfaces of general type and satisfy ¢;(X)? = 9 and co(X) = 3, so in
particular they are ball quotients.

One can obtain examples of singular ball quotients by taking quotients of fake projective planes by finite
automorphism groups. There are only four possibilities for non-trivial automorphism groups of fake projective
planes, determined by Prasad and Yeung in [33]. Namely, the groups Z/3Z, Z/7Z, 7 : 3, and (Z/3Z)*.
Quotients of fake projective planes and their minimal resolutions have been classified completely by Keum

in [23]. When the group of automorphisms has prime order, he obtains the following.

Theorem 9.6 ([23, Theorem 1.1]). Let G be a group of automorphisms of a fake projective plane X. Let
Z =X/G and v :Y — Z be a minimal resolution. Then the following statements hold.

o [f the order of G is 3, then Z has 8 singular points of type %(1,2), and Y is a minimal surface of
general type with K% =0, p, = 0.

o1



o [f the order of Y is 7, then Z has 3 singular points of type %(1, 3), and Y is a minimal elliptic surface
of Kodaira dimension 1 with 2 multiple fibres. The pair of the multiplicities is one of the following
three cases: (2,3), (2,4), (3,3).

Note that the surface Z is a singular ball quotient with isolated quotient singularities.
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