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Abstract

In this thesis, we extend the Virtual Localization Formula to a wide class of motivic
ring spectra, obtaining in particular a localization formula for virtual fundamental
classes in Witt theory KW. We extend to general spectra the notions and operations
of equivariant bivariant theories. Then we specialise to SL[n~!]-oriented spectra A,
obtaining a presentations of A(BN) (where N is the normaliser of the torus in SLs),
and an Atiyah-Bott localization theorem for A (X), for X a scheme equipped with
an N-action. Of independent interest, we also describe the ring structure of KW(BN)
and give a complete computation of KW-valued Euler classes for all rank two vector
bundles over BN.

Zusammenfassung

In dieser Arbeit erweitern wir die virtuelle Lokalisierungsformel auf eine breite
Klasse von motivischen Ringspektren, und erhalten insbesondere eine Lokalisierungs-
formel fiir virtuelle Fundamentalklassen in der Witt-Theorie KW. Wir erweitern
die Begriffe und Operationen der dquivarianten bivarianten Theorien auf allgemeine
Spektren. Dann spezialisieren wir uns auf SL[n~!]-orientierte Spektren A, und er-
halten eine Darstellung von A(BN) (wobei N der Normalisator des Torus in SLa
ist) und einen Atiyah-Bott-Lokalisationssatz fiir A (X), fir X ein Schema mit einer
N-Aktion. Von unabhéngigem Interesse ist auch die Beschreibung der Ringstruktur
von KW(BN), und eine vollstdndige Berechnung der KW-wertigen Eulerklassen fiir
alle Rang-zwei-Biindel iiber BN.
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Introduction

In the presence of a torus action, many intersection theoretic and enumerative prob-
lems get simplified, looking at the fixed point locus of the problem. But to do so, one
has to precisely relate the equivariant intersection theory to the intersection theory
of the fixed points. In algebraic geometry, using Chow groups and the Bott residue
theorem of [EG98b|, one can get a complete description of equivariant characteristic
classes of a scheme X in terms of invariants of the fixed locus X”. For algebraic
K-theory analogous computations were made in [Tho86]. Often the spaces we are
interested in are not smooth and we need to take into account deformation theoretic
information to treat them. Schemes (or even algebraic stacks) equipped with a per-
fect obstruction theory, in the sense of [BF97|, give rise to virtual fundamental classes
and can basically be studied as if they were (almost) smooth (or quasi-smooth, using
the terminology from derived geometry).

In [GP99], Graber-Pandharipande, using techniques from [EG98b]|, proved a "Vir-
tual Localization Formula" for virtual classes. This formula relates the virtual fiun-
damental class of a scheme X, equipped with a torus action and a perfect obstruction
theory, to a suitable virtual class associated to the fixed point locus. Extensions of
Atiyah-Bott and virtual localization theorems, in the context of motivic homotopy
theory, were recently made in [Lev22al|, [Lev22b| and, with different techniques (ap-
plied to algebraic stacks), in [Ara+22]. One of the main reasons to extend intersection
theoretic techniques to motivic homotopy theory is that, one can get much richer in-
variants. Indeed, in the motivic homotopy category SH(k), by a celebrated theorem
of Morel, we have that the endomorphisms of the sphere spectrum corresponds to
quadratic forms in the Grothendieck-Witt ring: Endgp)(1x) =~ GW(k). In the
recent years, this led to much progress in the field, now called A'-enumerative geom-
etry, with a lot of new interesting results by Kass, Levine, McKean, Pauli, Solomon,
Wendt, Wickelgren and many others (for example one can look in [BW21] and refer-
ences therein).

The purpose of this thesis is to extend the results in [Lev22b] to the case of SL[n~!]-
oriented ring spectra (see section 2.1)). These are just SL-oriented spectra where
the algebraic Hopf map 7 is invertible. One of the main examples of such spectra
is given by the Witt spectrum, representing Balmer’s derived Witt groups. One
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can think of Witt sheaf cohomology, used in loc. cit., and the Witt spectrum as
quadratic analogues of Chow groups and K-theory. Indeed, Witt sheaf cohomology
and Witt theory capture the essentially quadratic information in Chow-Witt groups
and Hermitian K-theory, which are quadratic refinements of Chow groups and K-
theory respectively. We hope that with the result in this thesis, it will be possible to
derive a virtual localization formula in Hermitian K-theory too.

While Witt sheaf cohomology is an homotopy module, and hence it is easier to
work with, from an homotopic point of view: it is bounded (in the sense of [Lev22a,
Definition 4.13]). But the SL[n~!]-oriented spectra (like Witt theory KW) are not
bounded. One needs to be careful while working with general spectra on algebraic
stacks or ind-schemes, like the ones approximating quotient stacks following the works
of Totaro, Edidin-Graham and Morel-Voevodsky. We dedicated the whole first chap-
ter to take care of these issues. While writing the thesis, we were informed by Lorenzo
Mantovani (|[Man22]) about his work in progress on equivariant (motivic) intersection
theory for unbounded spectra. The development of such tools was made completely
independently, but there could be some unforeseen overlaps.

Relying on the foundational works of Ananyevskiy (cf. [Analb; Anal6b; Anal9]),
we are now able to extend most of the results in [Lev22a; Lev22b| to any SL[n~1]-
oriented ring spectrum. As already noted in [Lev22al, the localization theorem for
Gm-actions is not interesting in the case of spectra where 7 is invertible. In those
cases, the Euler classes we need to invert will already be zero (see corollary 2.2.6).
The closest natural candidate for a localization theorem is then N, the normaliser of
the torus in SLs. Indeed we obtained a nice presentation of the cohomology of BN:

Proposition 1 (proposition 2.2.16). For any SL[n~!]-oriented ring spectrum, we get
the following isomorphisms of graded A®(S)-modules:

A®*(BN) ~ A*(BSLs) ® A*(S)

A*(BN;yn) ~ A* 2(BSLy)e(T) @ A*(S)

where T is the tangent bundle of [P(Sym*(F))/SLa] over BSLy and vy is the gen-
erator of Pic(BN).

With this description at our disposal, we will be able to extend the Atiyah-Bott
localization theorem to our context:

Theorem 2 (theorem 4.1.18). Let X € Sch]/v]k be a scheme with an N-action and

let A € SH(k) be an SL[n~']-oriented spectrum. Let ¢ : |X|N < X be the closed
immersion. Let L € Pic(X) be an N-linearised line bundle. Suppose the N -action is
semi-strict. Then there is a non-zero integer M such that:

Lo ABE(IXIY; L) (M- )71 — ABN (X L) [(M )]

s an isomorphism.
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Finally, for schemes X equipped with special N-actions, and an N-linearised ob-
struction theory, we have:

Theorem 3 (theorem 4.3.10). Let A € SH(k) be an SL[n~!]-oriented ring spectrum.
Let 1t : X — Y be a closed immersion in Schz/vlk, with Y a smooth N-scheme. Let
e : Eo = Lx /1. be an N-linearised perfect obstruction theory. Then we have:

S

X, el = v <{|X|§y,cp(j)}j\jr Nen (N;;")_1> e AR (X, B [(M )]
j=1

where [—, —]UNiT denote the appropriate virtual fundamental class.

Outline of the Thesis

All along this work, we closely followed proofs and strategies from |[Lev19; Lev22a;
Lev22b]: the importance of those papers in our work cannot be overstated. Our orig-
inal contribution was to provide with additional or different arguments where needed
for our generalisations. In particular, we made a crucial use of the machinery devel-
oped in [Cho2la] and in [KR21]. The proofs of proposition 2.2.16, lemma 4.1.10 are
new and rely on the fact, proved in [Anal6b], that the special linear algebraic cobor-
dism MSL is the universal S L-oriented theory. These two theorems, 2.2.16 and 4.1.10,
will allow us to generalise almost all we need for our final virtual localization theorem.

Of independent interest, in Chapter 3, we also developed a theory of twisted sym-
plectic orientations on motivic spectra. We used the theory of twisted symplectic
bundles and orientations, to extend results in [Anal7| and explicitly compute the
Euler classes in KW of all irreducible rank two representations of BN. At the time
of writing, we were not aware that the notion of twisted symplectic bundles was also
studied by Asok-Fasel-Hopkins in one of their upcoming works: what we do here is
rather pedestrian compared to their work, nonetheless we hope it might be useful for
future computations. We are grateful to J. Fasel, who informed us about their work.

To summarise:

e In Chapter 1: we prove and state all the preliminary notions and properties
of equivariant Borel-Moore homology, cohomology and virtual fundamental
classes. These will be extensively used in the rest of the thesis.

e In Chapter 2: we recall the notions of S L-orientations and Euler classes; we give
a complete additive description of A®*(BN) for A an SL[n~!]-oriented spectrum
and we end with a complete multiplicative description of KW*®(BN) (corol-
lary 2.3.6).
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e In Chapter 3: we develop the notion of twisted symplectic orientations and we
extend [Anal7, Lemma 8.2] to the twisted case; this will allow us to explicitly
compute the Euler classes in Witt theory for any rank two vector bundle over
BN in proposition 3.4.3.

e In Chapter 4: we finally deal with our main theorems. Using lemma 4.1.10, we
generalise, to all SL[n~!]-oriented spectra, the Atiyah-Bott localization theo-
rem (theorem 4.1.18) and the Virtual Localization Theorem (theorem 4.3.10),
obtaining as a special case the Virtual Localization Theorem for KW in corol-
lary 4.3.12.
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Notations and Conventions

1. The categories Sch g, Sch?B will always denote quasi-projective schemes over
a base scheme B of finite Krull dimension, without or with a (left) G-action. If
we write Sm g, Sm?B then we only consider smooth quasi-projective schemes.

2. We will denote by ASt ¢ the co-category of algebraic stacks over some base S
(that could be either a scheme or a stack, but for us will always be a scheme).
Moreover given X € Sch/GB, we will denote the associated quotient stack as

[(X/Gl.

3. If not specified otherwise, whenever we are working over a field k, we will assume
it is of characteristic different from 2. If we work over a general base scheme

1
B, we will always assume 5 € O05.

4. Recall that a morphism of quasi-projective schemes f : X — S in Sch,p is
called lci (that stands for local complete intersection) if there exists a factor-

ization of f as X S MBS withia regular closed immersion and p a smooth
map. In the conventions of [DJK21|, these are called smoothable lci maps, but
we do not need such distinction.

5. If not specified otherwise, G will always denote a closed sub-group scheme inside
GL,, for some n.

6. Given a group S-scheme G, we will always denote by g¢ the sheaf associated
to the co-Lie algebra of G. If the base scheme is clear from the context, we will
only write g".

7. In [MV99, §4|, some ind-schemes were introduced to approximate quotient
stacks. For a given algebraic group G, those ind-schemes were denoted in
loc. cit. as geometric classifying spaces By, G. To distinguish between actual
quotient classifying stacks [S/G] € A4St g, over some base S, and geometric
classifying spaces (that are just ind-schemes), we will use a dual notation:

BG = [S/G] € ASt

BG = By G € Ind(Sch )

We will come back to these notations, with more details, in Chapter 1. In
general, we will try to use the calligraphic font X,), BG, etc., for algebraic
stacks.
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10.

11.

. Given a scheme (or an algebraic stack) X, we will denote its Thomason-Trobaugh

K-theory space as K(X) = K(®Perf (X)), where Perf (X) is the infinity cate-
gory of perfect complexes on X. Given X € Sch?B with associated quotient
stack X' := [X /G], the genuine equivariant K-theory of X will be denoted as
KC(X) := K(Perf 9 (X)) = K(X).

. Given infinity category C, we will denote by Map~(—, —) the mapping space of

C. If moreover C is closed monoidal, the internal mapping space of C we will
denoted as Mapc(—, -).

When dealing with bivariant theories, as known as Borel-Moore homology for
us, we will have to take into account twists by perfect complexes. For example
given a scheme (or an algebraic stack) X and a perfect complex v € Perf (X), we
can define the v-twisted Borel-Moore homology E(X, [v]) as in definition 1.1.2
(following [DJK21]), where [v] € Ko(X) = Ko(Perf(X)). When V is a lo-
cally free sheaf with associated class v := [V] € Ky(X), to the automor-
phism in SH(X) given by v-suspension X?, it will then correspond the element
Thx (V) := X1, where V := Vx (V) := Spec(Sym*® (V")) is the vector bun-
dle given by V. We will always use calligraphic letters V, &, etc., for perfect
complexes and Roman letters for vector bundles. We are also using calligraphic
letters for algebraic stacks, but this should not be source of any confusion since
it will be clear from the context to which kind of object we are referring to.

We will stick with the conventions and notation of [DJK21] for motivic bi-
variant theories as much as possible (see later on for some recap). Be aware
of the clash of conventions between |[Lev19], [Lev22b|, [Lev22a| and [DJK21]
regarding twists by line bundles: what in the former three papers is denoted
E** (X; L) is actually E*T2+! (Thy (L)), that in the notation of the latter one
is EaT20+1 (X; —[£]) where £ is the invertible sheaf corresponding to the line
bundle L. More precisely we have:

Ea,b

Levine (3 L) := ETP207 (Thy (L)) =2 Bt (X, ~[£))

where the double index conventions on the right hand side are defined in def-
inition 1.1.2. Although slightly confusing, both notation have their pros and
cons. It should be clear what we are using from the context and from the fact
that we will always use the semi-colon for one and just a comma for the other
(and square brackets if we want to stress that we are considering K-theoretic
classes). The rule of the thumb should be: if we are working with cohomology
theories and if it is a twist by a line bundle (and not by an invertible sheaf),
we are using the Epcyine(—; —)-convention, otherwise we are following [DJK21].



Chapter 1

Equivariant Cohomological
Intersection Theory

1.1  Borel-Moore Bivariant Theories and Operations

Let us briefly recall the notions of Borel-Moore motives, bivariant theories and their
operations for schemes (for details see [DJK21]). For this section we will drop the
square brackets on K-theory classes of vector bundles since there will not be confusion
with other notations.

Definition 1.1.1. We will denote by 1g € SH(S) the sphere spectrum. Given any
X € Sch g, with structure map 7x : X — 5, and given v € Ko(X), then we define
its twisted Borel-Moore motive over S as:

(X/S)BM (v) := 7x) (ZV7% 1g)

where XV is the v-suspension functor.

Proper ) . _ '
< Pullback) Given a proper map p : X — Y in Sch g and v € Ko(Y), then the unit
€x(p) : Id — p«p* ~ pip* induces a map:
* BM BM , x
p (Y/S)7 (v) — (X/S)7F (pv)
Indeed, the map p* is given by the following composition:
ry iy Ls S8 mypap 2V Ls = myp P Upty L = mx 5P Py Ly

Smooth Given a smooth map f: X — Y in Sch € Ko(Y), the adjunction co-unit
Pushforward tven a sm map J - n /S, U 0 ) junction co-uni

nj%(f) : faf* — Id together with the purity isomorphism py : f1 ~ fuXLs
induces a map:

for (X/S)PM (g + frv) — (V/S)M (v)

1



2 1. Equivariant Cohomological Intersection Theory

Indeed, the map f, is defined as the following composition:

. p % (f)
mx Bt g~y fE R 1 oy fu ST Ly Sy B0 L

Gysin . . ) . . .
( Pushforward) Given a lei map f : X — Y in Sch,g, v € Ko(Y), via deformation to the

normal bundle we get a map:
fro (X/8)PM Ly + fro) — (V)P (v)

Let p; : S8 f* — f' be the purity transformation of [DJK21, §4.3] and let
n:(f) . fift — Id be the co-unit of the adjunction. Then f, is defined as the
composition:

WX[ZLf+f*U7T§(]lS o~ WygngLff*Zvﬂ;ﬂy g Wygfgf!zvﬂ’;]ls 77!‘_(};) my 1%y lg

Definition 1.1.2. Denote again by 1g € SH(.S) the sphere spectrum. Using the same
conventions as in [DJK21], for any (unital, commutative) ring spectrum E € SH(S),
we can define the following bivariant theories:

( Cohomology ) For any scheme 7 : X — S, v € Ko(X), we define its cohomology (over S) as:

E(X,v) = MapSH(S (g, ms (X7"E))

)

where MapSH(S)(—, —) is the internal mapping spectrum in SH(S). Its associ-
ated cohomology groups will be:

E*® (X, v) = mg (Ea’b]E (X, v))

Borel-Moore
Homology

) Given 7 : X € Sch g, v € Ko(X), we define its Borel-Moore homology (some-
times referred to also as Borel-Moore bivariant theory) over S as:
BM —v_!
EPM (X/S,v) = Mapg, ((X/S) (v),E) ~ Mapg, (]lg,ﬂ* (2 %'E))
Its associated Borel-Moore homology groups will be:

EEY (X/S,v) i=mo (S "EPM (X/5,v) ) = Homgu(s) (20 (X/9)™ (1), E)

Remark 1.1.3. The operations on Borel-Moore motives, namely proper pullbacks,
smooth and Gysin pushforwards, induce on the Borel-Moore theory analogous opera-
tions respectively called proper pushforwards, smooth pullbacks and Gysin morphisms
that will be denoted f., f*, f' for f : X — Y a proper, smooth, lci map respectively.



1.1 Borel-Moore Bivariant Theories and Operations

Remark 1.1.4. Recall from [Levl7, Lemma 2.2| that the Gysin pushforward on
Borel-Moore motives, defined whenever we have a section s : X — V of a smooth
map f : V — X, is the inverse of the smooth pushforward map if f is a vector bundle.
Thus, in case f is a vector bundle, we get for free that the Gysin pushforward s on
Borel-Moore motives commutes with proper pullbacks and smooth pushforwards since
f« = (s1)71 does (for example using [Lev17, Lemma 2.3] and functoriality of smooth
pushforwards).

Notation 1.1.5. When E = 1, we simply denote its associated (absolute) Borel-
Moore bivariant theory, cohomology, homology and compactly supported cohomology
simply as HBM(.), H, H¢, H,. respectively.

Recall that given any cartesian square in Schp:

XTI_L X

ql A Jp
T ——
7 S
we get a base change map (cf. [DJK21, §2.2.7]) on bivariant theories associated to

some spectrum [E:
A EBM (XS v) — EBM (X /T, g*0)

Moreover for a lci map of schemes f : X — Y and for any motivic ring spectrum E
we can construct fundamental classes n'* that will satisfy various compatibility and
functoriality properties (cf. [DJK21, p. 4.1.4]). The Gysin pushforward defined on
Borel-Moore motive induces a Gysin pullback map on Borel-Moore homology that
corresponds with the multiplication by the fundamental class:

Theorem 1.1.6 (|DJK21, p. 4.2.1]). Let E € SH(S) a motwic ring spectrum. For
any lci map f: X —Y inSch,g, and any v € Ko(X), there is a Gysin pullback map
given by:
fro EPM(Y/S0) — EPM(X/S, L]+ f*v)
x — 77;12: -
satisfying functoriality and transverse base change as in [DJK21, p. 2.4.2].

Again from loc. cit. let us recall how refined fundamental classes and refined Gysin
maps are defined:

Definition 1.1.7 (|[DJK21, p. 4.2.5]). Suppose we have:

X sy

X?Y



4 1. Equivariant Cohomological Intersection Theory

a cartesian square of in Sch,g where f is lci.

Refined
Fundamental The refined fundamental class with respect to the square A, with coeflicients
Class
in E, is given by:
nx = A%(nf) € EPM(XY7 g [Ly])
Refined o , i
< Gysin Map ) Similarly to theorem 1.1.6, we get a refined Gysin map defined as:

ga: EBM(Y'/S,w) — EBM(X'/S,q*[Lys] + g*w)
x — nx - x

for w € Ko(Y”).

Remark 1.1.8. If the cartesian square of definition 1.1.7 is Tor-independent, then
this means that both horizontal arrows are lci, and the refined Gysin map g!A =g'is
just the usual Gysin map by transverse base change [DJK21, 4.2.6(iii)|. In particular
this holds when the vertical maps are identities and then the refined Gysin map will
just be the usual Gysin map.

Remark 1.1.9. If it is clear from the context, we will omit the pullbacks from the
twists in Borel-Moore homology and cohomology.

Refined Gysin maps satisfy some important compatibilities and functoriality prop-
erties that we will need later on, in particular we have:

Proposition 1.1.10 (|[DJK21]). Consider R € Sch ;g and v € Ko(R) and consider
the following diagram of cartesian squares in Sch g:

q
r r
h JAD VAN f (*)
w Y R

b2 p1
\ﬁ/

where we will denote as A the big cartesian square given by composing Ay, As. Then:

1.( Compatibility ) Suppose f is lci:

Proper . ) . .
1a.< Pushforward> Suppose pa is proper, then the following diagram commutes (in the oco-
category SH(S)):



1.1 Borel-Moore Bivariant Theories and Operations

h!
EBM (W /S, v) —— EBM (Z/S, v+ Ly)
D2+, J a2+
EPM (Y /S, v) —— EPM (X /S, v +Ly)

IA,

where we omitted the pullbacks from the classes in K-theory to lighten the
notation.

Smooth . ‘ ’ ‘
]b‘< Pullback ) Suppose py is smooth, then the following diagram commutes (in the oo-
category SH(S) )::

I,
EBM (Y /S, v) ———— EBM (X /8, v + Ly)
Pyl Ld
EBM (W /S, v+ Ly,) — EBM (Z/S,v+Ls +1Lp,)
A

where we omitted the pullbacks from the classes in K-theory to lighten the
notation.

2. (Functoriality) Consider the same diagram given in eq. (x) and suppose now that py,pa are lci,
then.:

(q!Q,AQ ° q!l,A1> ~ g EBM(Z/8 v) — EBM (TS v + 1,)

Intersection

3( veess > Consider the cartesian square A in eq. (x), suppose p,q are lci and that factor

p as a reqular closed immersion ps and a smooth map p1. Then we have an
excess bundle € given by the quotient bundle obtained through the natural map
of normal bundles Nz,x — h*Ny;/y. Then given any diagram of cartesian
squares like:

A4 Z T

h' Asg h A f

w’ w

=y

where the outer square will be denoted as A4. Then we have, up to homotopy,
that:

hA, = e (€) - hy,

with e®(€) the B-Euler class of €.
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Fundamental
Classes, )
. . For mx : X — S € Sch,g a lct S-scheme, we can define the E-fundamental
Poincaré
Duality

class of X by:
[X]g == T [S]g = TIEX
where [S)g € E%9(S) ~ IEOB}(\)/[ (S/8) is the class induced by Idy, € H*°(S) under
the unit map 1lg — E.
(i) For f:Y — X an lci map in Sch g, we have 'Y = [X]e.
(i) For X € Sm g, E € SH(S) and v € Ko(X), the cap product:

[X]g N EY(X,v) — EBY_, (X/S,Lx /s — v)

—a,—

defines an isomorphism, the same one induced by the purity transforma-
tion.

Proof. The compatibilities and functoriality follow from [DJK21, 4.2.6(i), 4.1.4]. The
excess intersection formula is [DJK21, 4.2.6(ii)]. The last statement is [DJK21,
4.3.8(i), 4.3.9]. O

Recall from [DJK21, §3.1] that the Thom space construction on a scheme X €
Sch g is functorial with respect to monomorphisms of vector bundles. In particular,
associated to the zero section s : X — E of a vector bundle E on X, we get a map
in pointed motivic spaces Hy (X):

s¢ 1 X4+ — Thx (F)
Definition 1.1.11 (|[DJK21, Def.3.1.2|). We will call Euler class the map:
sy : X4+ —> Thx (F)
and we will denote it as e(F). Under the natural map:
Mapy, (x) (X+, Thx (E)) — Mapgp(x)(Lx, Thx (£))

We will often interpret the Euler class as an element in twisted cohomology e(V') €
H(X, [€]) where € is the locally free sheaf associated to E.

Remark 1.1.12. We will see later on a similar, but different notion of Euler classes
for S L-oriented theories. Under appropriate Thom isomorphism these different Euler
classes will coincide (when both are defined), so there is no need to use different names
to distinguish between them. The definition we just gave, taken from [DJK21|, works
without assuming any kind of orientation.
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1.2 Geometric Approximations

We will now work over a base scheme S and we will denote by GL,, the group

scheme GL,, g := GL, xz S defined over S, where GL, is the usual group scheme
of invertible (n x n)-matrices defined over Spec(Z). Whenever we will encounter a
group scheme G over S, we will always assume that G is smooth.
We describe a version of the construction of the classifying space of G, found in
[MV99, §4.2]. We can consider V,,, = Ag(n+m) ~ Hom(Ag'H", A%) equipped with the
natural (left) GLy-action (hence we also have an induced natural G-action). Once
we identify V;,, with the scheme of (n,n 4+ m)-matrices, we can restrict to the open
subset U,, C V,, made of those matrix with rank n. On U,, we have a free GL,,-
action (hence a free G-action too) . We can define a map s, : Uy, < Upp41 sending
an element B € U, to a matrix of the form:

B :
0

The image of this map will be a closed subscheme factoring through the open Uy, ; C
Up+1 formed by matrices A € U,,,+1 such that the submatrix A; obtained forgetting
the (n4+m41)"-column has rank n. The map that forgets the last row p,, : Upi1 —
U, is a vector bundle with zero section the map s,, just described above. In this way
we get that the inclusion U,, — U,,+1 factors as:

o
um+1

Un B UL S U (1.1)

where s, is the zero section of p,, and u;, 11 denote the open immersion of U, 41 C
Upmt1-

Notation 1.2.1. Since we will closely follow [Lev22a| and [Lev22b|, we will denote
from now on F,,G = E,,SL, = E,,GL, := Uy, the open subscheme of M, ,, 4+, ~
Ag(ner) we saw before, given by matrices of maximal rank n. We will choose as a base
point g = (I, Op, . .., 0,) where I, is the (n x n) identity matrix and 0,, is the zero
vector column of length n. We will denote by ESL, = EGL, the presheaf on Smg

given by colim F,,SL,. For any closed subgroup G of GL,, or SL,, we will denote
m

the quotient scheme B,,G := E,,GL, /G whose limit gives us the approximation
BG := colim B,,G for the quotient stack BG := [S/G]|. For G = GL,, the schemes
m

B,,GL,, ~ Grg(n,n+ j) are represented by the Grassmannians; for a general smooth
closed subgroup G' C G'L,, we still have that B;G exists as a quasi-projective scheme.

Remark 1.2.2. Considering F' ~ A' the fundamental representation of GL,, we
again have that ¢; : B;,G — B, 411G factors as in (1.1) through a zero section of a



1. Equivariant Cohomological Intersection Theory

vector bundle By, G := (E,,G x F) /G, followed by an open immersion ¢, : By, G —
B,,+1G. We will denote E; G := E,,G x F.

Remark 1.2.3. It is not difficult to see that if G is smooth over S, the schemes
B, G are smooth over S too (cf. [Lev22a, Lemma 4.1]). Moreover the construction
of the BG’s depends on some choices, like the choice of the admissible gadget used
to define them. But it was proved in [MV99, §4.3] that the resulting object of H(S)
is independent of all the choices made.

Definition 1.2.4. We will denote by Schf/ g the full subcategory of Sch?s made by
schemes X such that the fppf quotient (X x E,,G) /G is representable by an element
of Sch /g. If S = Spec(k), then by [EG98a, Proposition 23] we have Schg}/]k = Sch%.
In general any quasi-projective scheme X with a G-linearised action will be in Scth/ g
by [MFK94, Proposition 7.1].

Remark 1.2.5. Given a G-scheme X € Scth/S7 we can consider V;, := X x¢E,,G =
(X x Ep,G) /G, with inclusions y, : Yy, < Y41 Using the factorization in (1.2.2),
we get an induced factorization of y,, as:

o
ym —+1

Om
Yn = Yo =XxE, GG = Xpy1=X X En1G/G
where o, is a zero section of a vector bundle and y;, ,; is an open immersion.

Notation 1.2.6. Given a X € Schf/s, with G a closed subgroup of GL,, or SL,,

we will denote X,,, := X x% E,,GL,, and as an approximation for X := [X /G| we

can consider the presheaf on Smg given by the ind-scheme X := colim X,,. We
m

will abuse the notation and also denote X the image of the presheaf under motivic
localization, i.e. as a motivic space or spectra in H(S) or SH(S). We will often refer
to the Xi,’s as the finite-level approximations of X, or the Totaro approximations of
X.

1.3 Equivariant Borel-Moore Homology and Cohomology

1.3.1 Six Operations for Algebraic Stacks

To define and talk about equivariant Borel-Moore motives and homology for X €
Scth/ g, we will now use the limit extended motivic homotopy category SHY ([X /G])
recently constructed in [KR21] and in [Cho2la]. The two different approaches in
[Cho2la] and [KR21| agree when both are defined (cf. [KR21, Corollary 12.28| or
[Cho21b, Corollary 2.5.4]), so we will use results from both sides without making any
explicit distinction. For our purposes we will only need the limit extended functor
SHY, and not the genuine theory developed in [Hoy17|, thus we will drop the super-
script < from the notation.
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In [Cho21a| the author introduced the notion of maps, between algebraic stacks, ad-
mitting sections Nisnevich-locally and used these to extend the motivic category to
those algebraic stacks that admit a Nisnevich-local cover. We will briefly recall some
notions and some of the main features of SH for algebraic stacks following loc.cit..

Definition 1.3.1. 1. Let f: X — Y be a map between schemes, we say that f
admits Nisnevich local sections if there exists a Nisnevich cover g : Y/ — Y and
amap s:Y’ — X such that the following commutes:

X
S />(
2 s

y — 45y

2. Given an algebraic stack X € ASt, we say that X is a NL-stack (for "Nisnevich
Local") if it admits a smooth atlas  : X — X, where X is a scheme, such that
for any scheme Y and any map Y — X, the map:

Yxx X =Y

has Nisnevich local sections. We call this atlas a NL-atlas for X and we denote
the category of NL-stacks as A4StV

3. Amap f: X — Y in A4St is said to admit Nisnevich local sections if there
exists a NL-atlas y : Y — ) such that we have the following commutative
diagram:

X
S />(
7
/
)

y 9.y

The Grothendieck topology on AStN generated by NL-maps will be called the
NL-topology 7np.

Remark 1.3.2. If we restrict to schemes (or even algebraic spaces), the N L-topology
is equivalent to the classical Nisnevich topology.

Denote by -(Prgtb the oco-category whose objects are presentable stable co-categories,
and whose morphisms are colimit-preserving functors. Let CAlg(Prl,) be the oco-
category of presentable stable symmetric monoidal co-categories. In [Cho2la, Theo-
rem 5.5.1], via NL-descent, the following oco-functor was constructed:

SH': (ST s cAafy(Pr,)
X —  SH(X)
/ - r
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that, informally speaking, sends an object X" to its motivic homotopy category SH(X)
and sends a map f : X — ) to the monoidal pullback functor f*: SH()) — SH(X).
Together with the pullback map f*, we have its right adjoint f, for any map in
AStNL | the tensor-hom adjunction — ® — A Map(—, —) and for any representable
map f we get a pair of adjoint exceptional functors fi 4 f.

For any representable smooth map f : X — ), a left adjointfy to f* was also
constructed. We will now show that with little to no effort we can extend this
construction to any smooth map:

Lemma 1.3.3. Given f : X — Y in ASt L, the pullback functor f* admits a left
adjoint fu.

Proof. This is widely known, we will write it here only for completeness, but no claim
on originality is made.
Since SH* lands in the oo-category of stable presentable co-categories Pr gy, to check
that f* admits a left adjoint we just need to check that f* preserves limits, by the
Adjoint Functor Theorem [HTT, Corollary 5.5.2.9]. Let z : X — X be a NL-atlas.
Then since x* is conservative by [Cho2la, Lemma 5.1.1], to check that f* preserves
limits it is the same as checking that z* f* preserves limits. But foz: X — )Y isa
smooth map from a scheme to an algebraic stack, hence it is smooth representable
and by [Cho2la, Proposition 5.1.2] we know z*f* has a left adjoint. Again by the
Adjoint Functor Theorem, this means that z* f* preserves limits. Hence f, has a left
adjoint fu. O

We can then summarise the properties of SH in the following:
Theorem 1.3.4 (|Cho2la, Theorem 5.5.1]). We have a functor:

SH* : (AStN)™” — rly,

extending the usual functor defined on schemes.

1. For every X NL-stack, we have the tensor- hom adjunction in SH(X):

- ®— MapSH(X)(_’ _)

2. For any map f: X — Y in ASt Y, we have a pair of adjoint functors:
FAr
and if f is smooth we also have:
S AL S

3. For f : X — Y a representable, separated, of finite type map in AStN", we
have another pair of adjoint functors:

fidf
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Moreover these functors, when defined, satisfy the usual compatibilities including pro-
jection formulas, (representable) smooth and proper base change, (representable) pu-
rity tsomorphism and localization triangles.

Remark 1.3.5. In this thesis we will not make use of the exceptional functors fi, f'
for non-representable morphisms. We will come back to the construction and the
properties of those functors in a forthcoming work joint with C. Chowdhury [CD23].
We are very thankful to C. Chowdhury for all the conversations the author had with
him about the motivic homotopy theory of stacks. Most of the results in this section
are restatements of results already in the literature, but any new results found in this
section should be considered as a joint work.

The natural transformations of base change Exy, smooth base change Ew;ﬁ, and
proper base change Ex% were constructed respectively in [Cho2la, Theorem 4.1.1,
Proposition 5.1.2, Proposition 5.1.4]. We are still missing the natural transformations
Exy,, Ex, Ez* and Eazik that we have at our disposal for schemes (see for example
[Hoy17, Proposition 6.12 and §6.2]), but the hard work is already done for us: we
will deduce all the missing exchange transformation (for representable maps) from
the one in [Cho21a].

Proposition 1.3.6. Consider the following cartesian diagram of representable maps
in AStNL:

9

W—Y
r

ql A lp

ZTX

(i) Suppose f is smooth and p is proper. Then we have a natural exchange trans-
formation:

Exyy: fyqe — pegy

and moreover this is an equivalence.

(ii) If p and q are separated of finite type, then we have an exchange equivalence:
Ex, :p f. ~ guq
(iii) If p is separated of finite type, then we have a natural transformation:

Ex, : prgx — feq

If f is proper the above transformation is an equivalence.
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(iv) If p is separated of finite type, then we have a natural transformation:
Ex*! :g*p! N q!f*
If f is smooth the above transformation is an equivalence.

(v) If p,q are separated of finite type and f,g are smooth, we have a natural ex-
change transformation:

Exvy : fua — pgs
and moreover this is an equivalence.

Proof. The exchange transformation in (i7) is obtained via adjunctions from Fz| and
so we get the result from |[Cho2la, Theorem 4.1.1].

The construction of the natural transformations is exactly like in [Hoy17, §6] and
in [CD19, §2.4|. For (i), Ex4, is given by the following composition:
ni®) Ezy «  €ilq)
Erg s faqe = DD [0 > Degp@ G — Dg#

For (7i7) and (iv), the exchange transformations are given by:

"

w(f) Exf (
Exi i pige =5 fof*pige ~ frag g =2 foqn

Bt gp B gl Y gy S8 gl

g

For (v), the exchange transformation Ex4 is given by the composition:

€% (9) Ex} 0 (f)
Exvwg: feq — fa9"9% ~ faf"pge — pog
Now we only need to prove that the exchange transformations are equivalences
(under the appropriate hypothesis).
Consider the following diagram:

w9y
N Y
w A X
Jy (1.2)
W Zg—>y x

where every square is cartesian and the vertical maps x,y,w, z are NL-atlases of
X, Y, W, Z respectively. The induced maps between the atlases will be denoted by
f,a,p,q and notice that every single map in the diagram is representable.
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i) Let us start proving that Exx, is an equivalence. Assume that f is smooth
#
and p is proper. By the conservativity of z*, proving that:

0% (p) X B, £ €(q)
Exgy. : faqe — pd fats 2 pigpd’e. = pugs (1.3)

is an equivalence, is the same as proving that:

z*Ex?,

1% (p) e (a)
T Ex gyt " fuqs pr pp g =" Tpiguqes xiq rpegy  (1.4)

is an equivalence. But we can rewrite *Ez 4, as:

T fuqe —————— TP frae > TPaguqtes T T DsG#
[ Ex [ Ex [ Ext [ Ext
~ ~ Ex}, ~ ~
f#2"q. DY D [ > DeYT 54" v DY g4
R Eor 12 2 Bz, 12 Ex?,
f#d*UJ* ﬁ*ﬁ*x*f#(h Zf*g#W*q*Q* T ﬁ*g#w*
1 Bxy, 2
Sk ok Brgy o T ok
DD 42 e = Dxg#q 2 Gx
[0 Ext R Ex*
~ o~y o~y Ex; S~ sk >k =~ *
DeD* fpGw® = DxG#q GxWw %ﬁ@ Prgpw

We can fill each cell of the diagram by the naturality of the adjunctions and
the exchange transformations we already have. Hence looking at the bottom
row of the big diagram above, 2*Ex 4, in (1.4) becomes:

* o~ *E:(ﬁ)~~*~~ *Ex;:~~ ~k ~ *T]:(q)~~ *
T By, : f4Gw” == pD" fpGw™ ~ Puguq Gow™ == pegpw (1.5)

But we already know, from [Hoyl7, Proposition 6.12], that the smooth-proper
exchange transformation (induced by the top square made by the atlases in
(1.2)):

oGl < g 2 PR i@ - -
Exg,: fpie =5 pab fpde ~ Pufpd G % Puiip
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is an equivalence. Thus (1.5) is an equivalence too and, by conservativity of x*,
we get that the exchange transformation:

7% (p) By ex(q)
Exge: foqe = DD [0 = Degpd’a — Pegy

is an equivalence as well.

As we already said, that Ez’ is an equivalence follows by adjunction from the
fact that Exy is an equivalence as proved in [Cho2la, Theorem 4.1.1] .

Use the same notation of (1.2). Suppose p is separated of finite type and f
is proper. To show that Ex), is an equivalence, by conservativity of x*, it is
enough to show that:

" Ery ' prge — 2" fuq

is an equivalence. Similarly to what we did for (ii), it is possible to rewrite
z*Ex), as:

pgaw* " gt
and this is an equivalence since Exy, : p1js — fGi by [Hoy17, §6.2].

Use the same notation as in the diagram (1.2). Suppose p is separated of finite
type and f is smooth. To show that Fz* is an equivalence, by conservativity
of z*, it is enough to show that:

! | |
is an equivalence. Once again, it is possible to rewrite x* Ex), as:

Gipew* 2 G, ft
and this is an equivalence since Exy, : §ipx — G« f1 by [Hoy17, §6.2].

Use the same notation of (1.2). Suppose p,q are separated of finite type and
f, g are smooth. Similarly to all the other cases, we only need to show that:

T Exy 3" fpq — 2 pigy
is an equivalence. We can rewrite x*Ex4 as:

~ FEx *
Fudquw* =5 piguw®

But Exy : f#cj; — D14 is already an equivalence by [CD19, Theorem 2.4.26].

O
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Borel J-Homomorphism

Let X be an NL-stack and let £ be a locally free sheaf on X. Denote by p: £ — X
be a vector bundle associated to £, with zero section given by s : X — E. Notice
that both p and s are representable maps. Following [Hoy17, §5.2], we have adjoint

functors:
!

p#S« : SH(X) = SH(X) : s'p”
Lemma 1.3.7. The adjoint functors:

pus - SH(X) 5 SH(X) : s'p*
are equivalence of co-categories, inverse to one another.

Proof. Choose a NL-atlas x : X — X and consider:

Esx N
Ex ——— X
PX
-
y A x

Pulling back via z* the unit and co-unit of the adjunction (pxs. s'p*), we get:
2t @t — 2 (597 (psa) = (k) (pxgsx-)o”
2 2t (pgse) (5P%) = (pxgsxa) (sxpk)a™ — o*

and both are equivalences since the natural transformations Idsy(x) 5 (pyss) ~

(s p%) (Pxsx«) and (pxusx«)(sypy) = Idgp(x) are equivalences themselves. By
conservativity of *, we get that:

€: Idsg(x) — (s'p") (pss)
n: (pgs)(s'p%) — Idsu(x)
are equivalences and hence p4s, and s'p* are inverse to one another. O
Definition 1.3.8. In the same situation as above, the adjoint functors:
$€ = pys, : SH(X) = SH(X) : s'p* = 27¢

are equivalences of co-categories and are called Thom transformations. In particular
we have ¢ ~ %€1y ® (—). Denote by Pic(SH(X)) the oo-category of invertible
objects in SH(X'), and denote by:

Thy (E) := X1 € Pic(SH(X))

the Thom space of E, with inverse ¥=¢1 y.
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We can make a further upgrade of the Thom space construction. Thanks to [BH21b,
§16.2], we have a J-homomorphism functor:

J : K — Pic(SH)

where K : Sch?“?® — § C (Cat it the cdh-sheaf assigning to each qcqs scheme X the
Thomason-Trobaugh K-theory space and sending each map f to f* (in K-theory),
while Pic(SH) is the cdh-sheaf that assigns to each scheme the space of invertible
objects Pic(SH(X)) and sends a map f to f*. Since both are cdh-sheaves, and in
particular Nisnevich sheaves, we can Kan extend J via NL-sheafification to a natural
transformation:

J: KY(=) — Pic(SH(-))

where K? and Pic(SH<) are the functors defined on (AStV)” via [Cho2la, Theo-
rem 3.4.1].

On the other hand, the genuine K-theory for an algebraic stack X € A4St is defined
as:

K (X) := Q%K (Perf (X))

where the right hand side is the Thomason-Trobaugh K-theory space of the oo-
category of perfect complexes (cf. [Kha22|). For any map of algebraic stacks f :
X — Y, we have a pullback map f* : K()) — K(X) induced by the pullback at
the level of perfect complexes. If x : X — X is a NL-atlas, then for any map
fon: Xy =XXxy...xxy X = Xinthe Cech nerve of the atlas, we will get a pullback
map fr : K(X) - K(X%). For any NL-stack X', the space KY(X) is a limit over
the Cech nerve of one of his NL-atlases (by construction) and this is functorial in X'
Hence by the universal property of the limit we get a canonical map:

jK(=) — K(-)
between functors K, K9 : 4S5t? — §.
Definition 1.3.9. We define the Borel J-homomorphism as:
JBor := J%0j: K — Pic(SHY)

For a given NL-stack X and a given v € Ky(X), we will denote the associated auto-
morphism of SH(X) as X%, with inverse ¥7".

Remark 1.3.10. 1. If V is a locally free sheaf on a NL-stack X', with associated
vector bundle V' and with v := [V] € Ko(X), then the Jp, will send v to
Thy (V) = XV1x defined before: this is true at the level of schemes and the
same claim follows for NL-stacks by uniqueness of Kan extensions.
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2. Notice that a fiber sequence in Perf (X) of the form:
E—-F—=G

gives us a canonical path [F| ~ [£] + [G] in the space K(X). Then, by con-
struction of the Jp,, natural transformation, we get that:

v~ néynd

1.4 Equivariant Bivariant Theories and Totaro Approxi-
mations

From now on we can restrict ourselves to very specific NL-stacks: quotient stacks.
Fix a base scheme S, a smooth linear algebraic group G C GL,, s and equip S with
the trivial G-action. Let X be any G-scheme such that the fppf quotient X x¢GL,, :=
(X x GL,)/G is represented by a scheme. Then [X /G] = [X x% GL,/GL,] is a
NL-stack with NL-atlas given by X x & GL,, s, since GL, g is special.

Remark 1.4.1. Any quasi-projective scheme X with a G-linearised action gives rise
to a NL-stack [X /G] = [X x¥ GL,,/GL,).

Disclaimer 1.4.2. From now on, even if we will not specify it, we will only consider
schemes X € Sch% such that [X /G] is a NL-stack. In practice we will just restrict
ourselves to quasi-projective schemes with linearised G-action, but this assumption
is not strictly necessary in general. Since EoG = EyGL,, = GL,, any scheme Scth/ g
will give rise to a NL-stack.

Notation 1.4.3. To distinguish between the classifying quotient stack and the geo-
metric model in H(S), we will use BG := [S/G] and BG := colim E,,G/G. We will
m

see later on that this distinction will not be really necessary when working in SH(S)
and from the second chapter on we will drop the double notation and use the simpler
BG@G for both.

Notation 1.4.4. Let X € Sch% and let gV be the sheaf associated to the co-Lie

algebra of G. Then we denote by g% € QCth(X ) the G-linearised sheaf associated
to g¥ ®@g Ox. With a little abuse of notation, for X = S we will just write g" instead
of g¢, but it should be clear from the context to which sheaf we are referring to.

Definition 1.4.5. Let g : X — B be a representable, separated, of finite type map
of NL-stacks and w € Ko(&X') and let E € SH(B).

> The twisted Borel-Moore motive over B is defined as:

(x/B)*M (w) := /2% 1 5
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Borel-Moore
Homology

) The twisted Borel-Moore homology over B is defined as:

EPM (X/B, w) = Mapg, o ((X/B)™ (w), E)
The BM-homology groups will be then defined as:

EBM (X/B,w) := mg (z%v*bEBM (X/B, w)>

Generalised
Cohomology

> The twisted cohomology of X is defined as:

E (X, w) = MapSH(B (1g,9:X"¢g"E)

)

and its twisted cohomology groups as:

E* (X, w) := 7 (zaﬁbﬂz (X, w)>

Now let us consider a more specific setting:

Definition 1.4.6. Let B € Sch?s and X € Sch?B. Denote the respective quotient
stacks as B := [B/G] and X := [X/G], and consider v € K§(X) = Ko(X). Denote
by mx : X — B the structure map of X, by f: X — B the induced map of quotient
stacks, by 75 : B — B the structure map (over B) of B and by 7y =7mgof: X — B
the structure map (over B) of X. Then we can define for any motivic ring spectrum

E € SH(B):
FEquivariant
Borel-Moore The equivariant Borel-Moore motive of X twisted by v is defined as:
Motive
(X/B)BY (v) 1= (), 30" 5
FEquivariant

Borel-Moore The equivariant Borel-Moore homology ( or bivariant theory) of X twisted by

Homology
v is then:

EEM (X/B,v) == Mapg, o ((X/B)g" (v),E)
The equivariant BM-homology groups will be then defined as:

ESYG (X/B,v) =m0 (S "EEM (X/B )

a,
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FEquivariant
Cohomology

) As a special case of twisted cohomology, we can define the equivariant cohomol-

ogy of X as:

Eq (X,v) :=E(&X,v) = MapSH(B (1p, 2’7y E)

)

and its equivariant cohomology groups as:

Eg (X,v) = mo (2B (X,v))

Remark 1.4.7. We will mainly apply the above definition to the special case of
B = S and B = BG = [S/G], but it will be useful sometimes to work over a more
general Sch% with a non-trivial G-action. For example, this will be useful every
time we need to mimic proofs or constructions from [DJK21| and apply them to the
case of representable maps of NL-stacks.

Remark 1.4.8. If we had at our disposal the exceptional functors for non-representable
maps, then the definitions of equivariant motives and theories would have been
much cleaner, if not redundant. But nonetheless, these ad hoc definitions will be-
have as expected. For example, let us consider a smooth scheme M € Sch%.

The cotangent complex of M := [M /G] will be Ly /g =~ IL]\G/[/S — gX/[}, where

L%, /s € Perf Y (M), sitting in (homological) degree zero, is the equivariant sheaf ob-
tained from Lps,g = 2p7,5 and its natural G-linearization. Let f: M — BG. Then
we have:

(M/S)EM (LM/S) = TFBG')#Egvf!ELM/SHM ~

12

_1G
TBG)#0 fpDM/sElM/S frg

12

(
(
(m56) 4 [ EH TS s g o
~ (mpm)umils

where we used relative purity for the representable map f (cf [Cho2la, Theorem
5.4.1]) and the functoriality of the Thom automorphism. This tells us that the Borel-
Moore motive of a smooth quotient is indeed its classical motive. We will soon give
a more explicit description of ma 41 A4, justifying the name classical motive.

Remark 1.4.9. Up to a twist by gV, we can identify the Borel-Moore homology of the
quotient stacks with the equivariant Borel-Moore homology. Indeed, let B € Sch?s7
then we have:

EEM (/B v) = Mapg, , (7548 ((=/GYB)™ (0), E) =

~ Mapg, o ((1=/GYB)™ (v + "), 5E ) =
— BN ([ /GYB, v + ")
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Smooth

Pushforward

Proper
Pullback

where 75 : B = [B/G| — B is the structure map.
Similarly for equivariant cohomology we have:

Ec(~v) = Mapgy p (L5 727y (v5E)) = m5E([~/G) ,v)
In the special case B = S, the above computations tells us that:
E (/8 ,v) = mpgEPM ([ /G)/BG v +g")

and:
Eq(=,v) ~ mpgE([-/G],v)

Bivariant Operations

As for the case of schemes, we can talk about smooth pushforwards, proper pull-
backs and Gysin maps for representable maps of NL-Stacks, and associated operations
in BM-homology and in cohomology. We will omit the pullback maps on the twists
to make the notation lighter, but it should be clear from the context what twists we
are really using.

Definition 1.4.10. Suppose 7y : X — B and my : )V — B are representable,
separated of finite type maps in ﬂSt]/VBL and let f: X — ) be a representable map
between them.

> If f is smooth and v € Ky()), then we have a smooth pushforward map between

BM-motives:
£ (X/B)PM (v +Lyg) — (V/B)M (v)

p ()
induced by fixls f* 2 fuf* 77#—> Id. Indeed, the map f, is defined as the
following composition:

x p my(f)
WX!Zf vHLfﬂ'}]lB ~ Wy;f;gﬂ‘ff*zvﬂ';;]lg ’;Jj ﬂy!f#f*gvﬂi;]lg R 773;12%33]15

) If f is proper, then we have a proper pullback map between BM-motives:

£ B (v) — (/B)PM (v)

induced by the identification o : fi = fi by [Cho2la, Proposition 5.3.3] and
the natural transformation given by the unit €i(f) : Id — f.f*. Indeed, the
map f* is given by the following composition:

Ty X'yl E’i{) Ty fe fF Ryl ~ Try!ngf*”f*ﬂ'y]lB ~ WX!Ef*”ﬂ'}]lB
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) If f is smooth and it admits a closed section s : ) — X', then we have a natural

transformation:

Id~ (fosh(fos) = fiss'f ™Y fif' = fixhs g

This natural transformation induces then a Gysin pushforward on BM-motives:
st (V/B)PM (v) — (2/B)PM (v 4 Ly)

Indeed, the map s is given by the following composition:

Ty Xyl "y T fif S rylp ~ my ANV g o w0 1

When f is a vector bundle, then by homotopy invariance the smooth push-
forward f, is an isomorphism on BM-motives with inverse given by the Gysin
pushforward s, (the same argument in [Lev17, Lemma 2.2] works verbatim).

The operations we just defined on BM-motives will respectively induce smooth
pullbacks, proper pushforwards and Gysin pullbacks on BM-homology as in the case
of schemes. Moreover everything works in the same way also for equivariant BM-
motives and equivariant BM-homology using the identifications in remark 1.4.9.

Given a regular embedding of NL-stacks, we can define a Gysin pushforward map
closely following the construction in the schematic case. This is also known to the
experts and already appeared in [Khal9]. We will use a very special and easier
case of the construction in loc. cit., so for the reader convenience we will repeat
the construction here. The construction of a deformation space for algebraic stacks
already appeared in different places (with slightly different flavours), namely [Kre99|,
[KR19], [AP19]. Working with the deformation space over A! or P! does not really
matter for us, but since in |[Lev17| and [DJK21| the former is preferred, we will stick
with this choice. For this reason, we will slightly modify the construction of [AP19,
§7]. Consider a closed embedding of schemes X < Y and consider the classical
deformation space of Fulton:

Defy jy = Blxx oy (Y x A") \ Blxy 3 (Y x {0})

The deformation space Defy /y is flat over A! and the same proofs as in [AP19,
Lemma 7.1, Theorem 7.2| tell us that for any locally finite type map Z — Y of
algebraic stacks we have a commutative diagram:

Q:Z/y > Defz/y —o— )Y X Gm
LT LT J
{0} < Al > Gy, (1.6)
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where €z/y is the intrinsic normal cone of [AP19, Theorem 6.2]. If Z < ) is
a closed immersion of NL-stacks, with associated ideal sheaf 7z, then €z,y =~

Spec (@kzo I@/Iﬁfrl). With the deformation space at hand, we are now ready
to state the following:

Proposition 1.4.11 (Gysin for Regular Embeddings). Let ¢ : X — M be a regular
closed embedding in /’ZLSt]/Vé“, with my : X — B and war : M — B representable,

separated of finite type maps. Then for any v € _‘Perf (M) we have a natural trans-
formation:

u: (X/B)PM (70 = Ngyag) — (M/B)PM (v)
where NX/M ~ IX/IE\» is the normal sheaf of the regular embedding.
Proof. Once we get a natural transformation:

u (X/B)PY (=N pp) — (MYB)PY

it is easy to get the twisted version just following the same steps, so we will only deal
with the untwisted case.

Given a closed regular embedding ¢ : X — M, we have that the normal cone
Cx/m is isomorphic to the normal bundle Ny /a ~ Vi (Ly/a[—1]) = Va (Z/77).
By [Cho21a, Corollary 3.3.10], the deformation space Def y; o, and the normal bundle
Ny m are both NL-stacks. Hence the deformation to the normal cone construction
gives us a closed and open embedding of NL-stacks:

NX/M éN%DefX/M eeJM XGm
J

We hence have a localization sequence by [Cho21a, Proposition 5.2.1]:
J#3° = Ldsu(Det .y, pg) —> LN*UN (1.7)

By the localization sequence associated to G, y( <o A}\/t «— {0} We get a nat-

ural map:
a: Th g (A}\/l) [—1] — pl#]le,M

where p1 : Gy = M x Gy, = M is the projection map. Pulling back 0 along a
NL-atlas p : M — M, and denoting by p; : Gy, ar — M the projection, we get:

Thay (Apr) [=1] — Pralc,,
But this map is an equivalence in SH(M) since:

Thas (Aly) [1] = Sply[-1] ~ B¢, Ly = Pr1lc,,
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and by conservativity of p* (|Cho2la, Proposition 5.1.1]|) this means that 0 was an
equivalence too. Desuspending 9, we get:

~ _ —Q
Ly = 2™ Mpiyle,, [l 2 piyS omM/ Mg, (1] ~puls,, W[l (18)

where we used purity for p; (cf. [Cho21a, Theorem 5.4.1]) and the fact that Qg /a1 =

Og,, - In particular the map above will induce an equivalence:
(Gin/B)™M 1] = 76, w116, 0 [1] = Tanlayg = (M/B)PM (1.9)
where 7G,,  : G — B is the structure map of Gy, -

From the localization sequence associated to the deformation to the normal cone,
we get a boundary map:

aN:ﬂ'NX/Mg]lN _>7er,/\/l!:H‘Gm7M[1] (1.10)

where w0 Najm — B is the structure map. Using the Gysin map associated
to the zero section so : X < Ny, we get:

SQ! ZWX!Z]LX/MHX —>7TNX/M!]1NX/M (1.11)
Composing together the maps from (1.9), (1.10) and (1.11), we get:
w (X/B)PY (N ) = mxa S/ MLy — (MB)PM
O

Remark 1.4.12. In the proposition above, if we set B = M, we get as a special case
a natural map:

u s (XML = (2 M)PY (=N i) = L

For any ring spectrum F € SH(M), we get a natural map:

FBM (M /M,v) — FBM(X /M, v +1L,)

and we denote the image of 1, under the above map as n,. Then for any ring
spectrum E € SH(B), we have a map:

J: EBM(M/B,v) — EBM(x/B,v+1L)
T = M-

where the product 7, - z is defined exactly as in [DJK21, §2.2.7(4)]. This map is the
same map induced by the Gysin pushforward on Borel-Moore motives of proposi-
tion 1.4.11.

Definition 1.4.13. The element 7} € FBPM (X /M,v+1L,) is said to be an F-
orientation of ¢ (following the conventions in [DJK21, Definition 2.3.2]). We will
often omit the superscript from the orientations.
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1.4.1 Colimit Motives a la Edidin-Graham-Totaro

We want now to relate the equivariant Borel-Moore motives with the colimit motive
one can obtain from the ind-scheme given by the Totaro approximations X x¢ E,,G
as introduced in 1.2.6.

Notation 1.4.14. Given X € Schf/ g, any G-linearised perfect complex v € Perf G(X)
gives us for each m the pullback complex pjv,, € fPerf ¢ (X x E,G) via the map

p1: X X E,,G — X. By descent this gives us an element v,,, € ?etf (X,n) such that
Ly Um+1 = Uy, for ¢, @ X, — X411, Thus we have compatible maps:

(O : Perf(X) — Perf (Xn)
v — Um,

The pullback maps ¢}, on perfect complexes give rise to a pro-object in stable oco-
categories that we can name Perf (X) = lim,, Perf (X,,) (this is a very much simpler
and special case of [Henl7, Def. 1.2.2) Rmk. 1.2.3|). Sometimes we will abuse the
notation and denote by v the perfect complex in Perf ()Z' ) induced by the objects
Um. The same notations and remarks hold true for when we talk about locally free
sheaves or vector bundles.

Remark 1.4.15. Let X € Scth/S, then by remark 1.2.5 the transition maps of )Z',
denoted as i, : Xy — X1, are lci maps that can be factored through a zero
section of a vector bundle and an open immersion. In this special case we get nice
functorialities between bivariant theories. Indeed let us suppose we have Z = E Ly
ion Sch,g where s is the zero section of a vector bundle p : E — X, j is an open
immersion and let f : Z — Y be the composition. We will denote by 7_ : — — §
the structure map for — = Z, E,Y and by £ the locally free sheaf associated to F.
Let us consider any v € Ko(Y'), then the open immersion will in particular induce a
smooth pushforward map:

gre (B/S)PM () = (Y/5)PM ()

via the unit map jzj* — Id. Since p : E — Z is a vector bundle (with relative
cotangent complex L, = p*E), the smooth pushforward map:

pr: (BS)PM (v) — (2/9)™ (v - )
has an inverse given by:
505 (2)9)PM (v — &) — (B/S)™ (v)

by |Levl7, Lemma 2.2]. So we can define a Gysin map (for smooth maps with a
section) as:
fi:=s 04 : EBM(Y/S, v) — EBM (Z2/5,v — &)
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Consider now our Totaro approximations for quotient stacks. We have a fiber
sequence of cotangent complexes:

Tamlpnc/s — Lg,c/s — 8 ®0g,.a

where g, : En,G — Bp,,G, g¥ is the co-Lie algebra of G over B. Taking the
respective G-linearised sheaves, the former fiber sequence gives us a fiber sequence
on B,,G:

Lp,c/s — Lgma/s — O,

where g,, = g%mG. Using the factorization 1.2.5 and the functoriality of Borel-
Moore motives as described above, for X € Schf/s, v € K§(X) and v = {v,,} as in
notation 1.4.14, we get maps Gysin pushforward maps:

tmt * (Xin/S)PM (v + L% c/s) — Xmy1/S™M (Um+1 + Lgm+1G/S> ;

here we have abused notation and omitted the pullbacks on the twists by ]L%MG /s
But replacing vy, with v, — g, we also get:

tm! : (Xm/S)BM (Um + IL’BmG/S) - (Xm-i-l/S)BM (Um-i-l + LBerlG/S)
This will give us a map:
| . mBM BM
[ E (Xerl/S,’Uerl +]]-‘BmG’/S) — E (Xm+1/5,vm +LBm+1G/5’)

For the cohomology theory, we can consider the map Id — i« and this will
induce:
TN (Xm+1, ’l)m+1) —E (Xm, Um)

m

Definition 1.4.16. Let B € /‘ZISt]/VSL and let X)) € ﬂlStJ/\gJ be smooth NL-stacks
over B, with maps:

xr—2> 5y

i /f
1 B 2
Then we have a natural transformation:
9« frgeg” — fop (1.12)
given by the composition:
T);(f 1

e (f2) . ox . )
frage =5 fiug fifouw = figfifog 3 fou

We will refer to g, as relative pushforward along g.
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Lemma 1.4.17. Relative pushforwards are functorial with respect to compositions,
that is, given composable maps in %t]/VBL :

r—2 sy .z
e
B

then we have that (hg)sx ~ hsgsx.

Proof. The natural homotopy (hg)s« =~ h.g. is given by the following diagram:

] oy # I3 . e ) 3 (h)
fig(hg)* = figg™h* — fiu(hg) f5fag = frgfifagp ———— f3#
|
Jipg™ R [3 [
e (f2)
€5 (f2)
% Lk *6;0“3) * L * px
J1#9* [5 fauh™ —— frug™ f5 fouh” f3 fau
| e, (fs) |

fra i foph® ——— figf{ fapeh* f5 f34

M (f1) M (f1)

fouh* ——— fouh* f3 fau = foufs fau fa#

€ (f3) 3 (f2)

where the squares on the left clearly commutes, and the square on the right commutes
using the fact that 17;;( f2) o e*#( f2) ~ Id by the usual property of unit and co-unit
relative to the adjunction foy - f5. Indeed, we can fill the right square (forgetting
about the f3x everywhere) as:
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figg™h* f3 figg f3 = higfl —— Id
6;(f2)l
f149° 15 fouh™ f3

Fip g™ 15 fop f3

frgfifap f3

My (f1)

fonfs 5 (F2) Id

Remark 1.4.18. Consider again:

x—2 sy

f1\ B /fz
in ﬂlStJ/Vé: . If fo = Id, then the relative pushforward is just the map induced by the
co-unit fiu fi — Id.

Definition 1.4.19. Let p : W — Z be a representable, separated finite type map
of NL-stacks and let g : Z — B be a smooth map of NL-stacks. Then we define the
Borel-Moore motive of W over Z, relative to B, as:

W/2)5" = gapilz
If w € Perf (W), the twisted version of the relative Borel-Moore motive will be:
W/E)" (w) = gymE1z

Remark 1.4.20. Consider the following diagram in Ast™V’:

f
W—%x

ZTB
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where all the maps are representable, finite type, separated and where f, g are smooth.
In the definition above, if all the maps are representable, we can use the exchange
transformation Ex4 (cf. proposition 1.3.6) and see that:

Ex
BM 4
W/Z)g " i==gapmly ~ qfaly
A similar statement of course holds also for the twisted relative Borel-Moore motive.

Proposition 1.4.21. Given a diagram of NL-stacks:

x—2 5y

T - B
where g is smooth, then the relative pushforward g. is the same as:

fi29" =~ fopgu9" — fop
induced by 17;&(9) tg#g" — Id.

Proof. To get the claim it is enough to check the commutativity of the following
diagram:

fug" —————— frug" fs fopr ———= f1afi fox
| |
Jougug W Jopg#9" f3 fo4 " s ()
n;(g)l n;(g)l Lt
fa € (f2) Jo f3 fo 0% (f2) fa

The rectangles on the left are clearly commutative, and the rectangle on the right
commutes by the naturality of the co-unit transformations 17;( fa)o My (9) ~ 77;';( f1)-
O

Remark 1.4.22. By lemma 1.4.17, the relative pushforward induces a motive functor
that can be informally be described as:

M(-): Sm/B — SH(B)
7T)(:X*>B — Wx#]lx
g: X—=Y - G«

We also have the infinity suspension functor ¥ : Sm,p — SH(B) that sends a
smooth B-scheme X to ¥ and amap g: X — Y in Sm,p to ¥%g.

Consider the category Sm‘;’g of smooth B-schemes with smooth maps between
them. Let g: X — Y be a map in Sm%g,, then 3*°g is just the smooth pushforward
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of motives, that, by proposition 1.4.21, is equivalent to g,(1ly) : M(X) — M(Y). In
particular this implies that:

zooySmsm ~ M(=)|gpem (1.13)

/B

The functors X*° and M (—) are left Kan extended from their restrictions on Squg,

therefore it follows from (1.13) (and from the uniqueness of Kan extensions) that we
have a natural equivalence ¥*° ~ M (—) as functors over Sm /B In particular, for
any map g in Sm /B We get a natural equivalence:

Y9 ~ g,

Remark 1.4.23. Proposition 1.4.21 implies that if g : X — ) is a vector bundle, then
the relative pushforward g, will be an equivalence by homotopy invariance (i.e. since
949" 5 Id). Given any vector bundle section s : J) — X, the relative pushforward:

S« t foy = fop(g05)" = fops™g" — fing"
will be the inverse of g..

Consider now the following diagram of representable maps in A4StV ’:

!
J—Y

N fr
Pz pyl X

where all the squares are cartesian, p, pz, py are separated of finite type, and f7, fy, gz, 9v
are smooth.

Proposition 1.4.24. With the same notation as above, suppose f : Z — Y and
g : By — By factorise as zero section of a wvector bundle together with an open
immersion. Then the relative pushforward f, induces a map:

fo: (Z/Bz)g™ — (Y/By )3

that we can identify with gz4 applied to the Gysin pushforward fi := jio s as defined
in remark 1.4.15.
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Proof. By definition we have:

EQJ!#
(Z/B2 )™ =924 (Z2/B2)°™ = gz4p212 = pifz4lz

E:E]#
(Y/By )3V = gy (Y/By )™ = gyupyily = pifyyly

Therefore the relative pushforward f, gives us a map on the relative Borel-Moore
motives defined as the following composition:

(Z/B2)g™ ~ pifz4ly ~pifzuf*ly 55 pfy#ly ~ (Y/By g™

Suppose we can factorise f and g as f = wo sy and g = jos, where sy, s, are zero
sections of vector bundles vy : W — Z and v, : By — Bz. Thus we have:

vy
75— w—"—y
fz ‘ fw %
pz W X Py
p .

where again all the squares of the diagram are cartesian. Then the relative pushfor-
wards (vf)«, (vg)«, for what we said in proposition 1.4.21, can be identified with the
natural transformation associated to the adjunctions vygvy — Id and vgyvy — Id
respectively. But using purity for v,, we get:

GW #PW = GZ#Vg#DPW 1 ~
~ g7 v S pyy
~ gz#vg!PW!EQ”f ~
~ gz (vg o pw BN

that evaluated at 1y gives us:

(W/Bw )" = gwapwilw =~ gz4 (W/Bz)"M (,)

This means that the relative pushforward (vf). is just gz applied to the smooth
pushforward of Borel-Moore motives:

()= (W/Bz)M (Qu,) — (2/Bz)™

vy

induced by:
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(vg OpW)IEQ”f Ty ~ (vg Opw)!EQ”f Vily ~ pzu/fw}]lz "i(l’}) Dz

This implies that the relative pushforward (sf)s = ((vf)s) ™! (cf. remark 1.4.23) is
just gz applied to the Gysin map:
BM x BM
(Sf)! : (Z/Bz) (—Sfﬂyf) — (W/Bz)

In other words:

(s£)« = gz#(sp) (1.14)

Since the relative pushforward f, is given by the composition wyos ¢, (by lemma 1.4.17),
from proposition 1.4.21 and from (1.14) we get that f, is just gz applied to the Gysin
pushforward:

fo(2/B2)PM (=s3Q,) — (Y/By )™M

and we are done. O

We want now to apply the functoriality of relative pushforwards to the relative
Borel-Moore motives attached to the Totaro approximations of quotient stacks. In
this way we will get a colimit motive approximating the motives of quotient stacks.
Namely, consider X € Schf/s and v € Perf%(X) and write X = [X/G]. Set
Xm = X X9 E,.G, vy, € fPerf(Xm) as in notation 1.4.14, B,,G := E,,G /G with

maps:

Im

/%

Xm Xm+1 X

< ByG —— BpaG — - —— BG

m \_/
W

gm

The relative pushforwards associated to triangles:

lm
Xm — Xerl

fm\‘ X /fm+l
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will give us maps:
(Lm)* : fm#b;kn — fm+1#

This natural transformations will induce the following ones:
PUma X Ly, = P fmaty, 2 I, = P X Ly, (1.15)
But since:
BM o Ezyy V%
(Xi/BeG)pe () = gegpr!X% 1y, =" pifegX™ly, Yk
from (1.15) we get a map:
(tm)e * (Xon/BinG et (vn) — (Xons1/Bimns1G) et (vms1)

On the other hand, if we consider:

the relative pushforward, that in this case is simply the co-unit fp,4fr, — Id (cf.
remark 1.4.23), will induce a natural transformation:

Im# Py 2" Lx,, e Dfmg 21y — pE 1y
and hence a map:
(Fm)e + (Xon/BmGggg (vm) — (X/BG)™ (v)
By lemma 1.4.17, looking at:

m fm

el

we have that (fm)s« = (fin+1)«(tm)« and hence we get a well defined map:

(foo), = colim (fm)s : colim (X,/BmG)pes (vm) — (X/BG)PM (v)  (1.16)
Proposition 1.4.25. In the notation above, the following hold:
(i) We have a natural equivalence:

colim fr, 4 fr — Id
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(1) We have a natural isomorphism:
(foo), = colim (Xon/BnG)gg (vm) — (X/BG)™ (v)
Proof. First of all, we can already assume G is special replacing X with X x¢ GL,

and rewriting X as [X x G GLn/GLn]. If G is special, we can take x : X — X as
our NL-atlas.

(i) Let:
Noo : cOm fru fr, — Id
m
the natural map induced by the co-units n,, : finxf,, — Id. Consider the

following diagram, where ¢, is the projection:

X x E,G - x

-
q T
X

2
me

By our assumption, x is a NL-atlas. To show that 7., is an equivalence, by
[Cho2la, Lemma 5.1.1], it is enough to show that:

T Noo 1 T* (colim fm#f;) — 2" ldgp(xy = Tdsu(x)
m
is an equivalence. Since x* is a left adjoint, it commutes with colimits; moreover
we have that:
* * Ex; X * px* * %
T fomstfon = Cms G o = CmtCrp @ (1.17)

where Ez7 is the exchange transformation of [Cho2la, Proposition 5.1.2].
Hence our map becomes:

T Noo : cOlim cppcy, ™ — Idgh(x) (1.18)
m

But in SH(X), the map colim ¢;,4c;,1x ~ colim ¥*°(X x E,,G) — 1y is

an Al-equivalence by [MV99, §4 Proposition 2.3]. By the projection formula
[Cho21la, Theorem 5.5.1|, for any E € SH(X) we have that:

colim ¢y g0y, E = colim ¢ (Ixx ¢ ® ¢, E) ~ (colim Com 4 ]IXXEm(;> RFE ~
m m m

~ (colim cm#cfn]lx> QE S E
m
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where the last equivalence follows from x*7,, evaluated at 1x. Thus we have
an equivalence:

x* <colim fm#f;> ~ colim ¢ppcha* — Idsp(x) ~ =" Idgy x) (1.19)
m m
By conservativity of z*, as we already said, this is enough to conclude that 7.
is an equivalence too.

(1) Now we want to show that:

(fre),  cOlim (X/BnG B (vm) — (X/BG)™ (v)

is an equivalence. Each element in the colimit can be rewritten as:

BM — Bz % yw
(Xm/BmG)BG (Um) = gm#pm-E 1x, =~ p!frmiwﬁfmE 1y
where we are using the cartesian diagram:

meHmX

B,,G o2 BG

So the colimit can be rewritten as:

colim (Xpn/BmG )Y (v) ~ py (cohm Fn f;;L) SU1y

m

since pp is a left adjoint and hence commutes with colimits. Then if we prove
that:
Noo : cOim fryu fr, —> Id
m

is an equivalence, we will get that (foo)s« is an equivalence too. Therefore the
claim follows from part (7).

1.4.2 Some Comparisons of Motives

Lemma 1.4.26. Let M € Sm?s such that the (fppf) quotient [M /G] ~ Qp € Sm /g
is represented by a scheme. Let mg,, and g be the structure maps of Qur and BG,
with fyr the map between them fitting in the following diagram.:
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Qum . BG

M \LWBG
TQwm S

Then we have:
(i) TQu = TBe#XS fan
(i) (Qu/ )™M ~ (M /8)gM
Proof. (i) The quotient Qps ~ [M /G] is smooth and its cotangent complex is:

G
Q) ~ I[”M/S - g\]\//[

where IL]\G4 /s sitting in (homological) degree zero is the locally free sheaf ob-
tained from ,/,5 (and its G-linearisation) and where gy is the locally free
sheaf obtained from g¥ ® Oy, with gV the sheaf of the co-Lie algebra of G. We
have equivalences:

g ~ Lpg[+1]

onr = fig’

G

]Lf v == Ly /S
where the last equivalence follows from descent and the fact that Q@ ~ BG x g
M. By functoriality of the motivic J-homomorphism, we have:

w9y ~ pH/s5 -k (1.20)
By functoriality of (—)4 we have:
TQu# ~ TBG# M4 (1.21)
Piecing everything together, we then get:

~ —-Q ~
TQum! = WQJ\/I#E M o

1.20
( ~ ) WQX#E_L%/SZQL ~

1.21 _1G
( ~ ) ngg#fM#E LM/SEQXT ~
~ TRG Egvf E_Lg[/s ~
vV
~ paaX? fan

where the first and last equivalences follow from (representable) relative pu-
rity (|Cho2la, Proposition 5.4.1]), and the second to last follows from the
commutativity of suspension transformations with the appropriate six functors
FrupSonn = farp2is’ 00 frr
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(7i) We can deduce the equality on Borel-Moore motives from the previous point.
Indeed, evaluating at 1g,, the equivalence proved before we get:

(Qu/S)™ = 7qu11q, ~ maa4S® funlo, = (M/S)e"
O

Remark 1.4.27. The previous lemma works in greater generality. Indeed, we only
need to require (s to be represented by a quasi-separated algebraic space and the
proof works verbatim. This requirement was taken only to assure that the exceptional
functors and purity statements hold, and this is the case for quasi-separated algebraic
spaces by [Cho2la, Theorem 5.5.1] applied to this very special case.

If we have a closed immersion X — M in Sch%7 such that [M/G] ~ Qu is
represented by a scheme, then [X /G] ~ Qx is represented by a scheme too. This
holds in general if we relax the representability requirement: whenever we have a
representable map of algebraic stacks, such that the target of the map is an algebraic
space, then the source is represented by an algebraic space too (cf. [Alp23, Lemma
3.3.1]).

Proposition 1.4.28. Let v : X — M a closed immersion in Sch%, such that M is
smooth and the quotient [M /G] ~ Qs is representable by a scheme Qpr € Schg.
Denote by Qx := [X /G| the scheme representing the G—quotient of X. Then there
18 a natural isomorphism:

(Qx/S)PM =~ (X/8)™

Proof. Let us fix some notations. Let U := M\ X be the open complement of X. The
map [U/G] — [M/G] =~ Q) is a representable map. Since [M /G| ~ Qp € Schyg,
then Qu := [U/G] is an algebraic space by [Alp23, Lemma 3.3.1| and hence a scheme
since Qu is open inside Qs (that was a scheme by assumption). We will denote the
various maps in the following diagram as:

° %ﬂ' S

for e = M, X,U. Let jo: Qu ~[U/G] = Qum ~ [M/G] and 1 : Qx ~ [X /G| —
Qn =~ [M /G| be the induced open and closed immersions on the respective quotients.
The map jg : Qu — Qs gives us the co-unit map 77;;(]'@) Diwis =~ jarhg — Id and
hence we get an induced natural transformation:
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TQuTq, o TQuIIGIGTQy, =% TQuM!T Qs
2 2 (1.22)

v v . Ja v
Tea#Y® fuimh, =~ TSt faniaigty,, = masE® famy,,

where the vertical equivalences follow from the first statement in lemma 1.4.26. But
using the localization sequence relative to the pair (jg, 1), we know that we have a
fiber sequence:

]G#jé; — Id — LG*LZ‘

and thus we have fiber sequences:
* Jja * LE‘ *
7TQU17TQU — 7TQM]7rQM — WQX!WQX

WBG#Egva!WEgU e, WBG#EgvfM!WEgM N WBG#EEVJCX!WE)X
Using (1.22), we then get:
TQx TG, = Cofib (WQU[ﬂ'aU ELIN ”QM!722M> ~
(1.22) v . o v .
~ " Cofib (WBG#ZQ fuimg, = a4 2" meQM) ~
~ mpapE® fximh,
and this concludes our proof. ]

Corollary 1.4.29. Let X € Schf/s and X,, := X x¢ E,,G. Then we have for each
m we have a natural isomorphism:

(Xn/S)PM =~ (X x E,G/S)EM
Proof. Just apply proposition 1.4.28 to X x E,,,G with quotient Qxxg,,g = Xm. O

The following is a well known fact (cf. for example [KR21, Theorem 12.16]):

Proposition 1.4.30. Let M € quG/s. Let myg,, + My, := M x%E,,G — S and TM :
M — S be the structure maps. Let v € Perf (M) and let vy, be the corresponding
object in Terf(Mm), as in notation 1.4.14. Then there exists a natural equivalence:

colim WMm#Evm]le — WM#EUHM
m

Proof. We can assume that G is special, otherwise replace M with M x% GL,.
Consider the following diagram:
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MXEG

— M
q’l’ 3 ‘
M

m ?
Bm

Notice that every map in the square above is representable and a is a NL-atlas. Since
B is smooth, by smooth pushforward for each m we have a map:

FMm#Evm]le ~ WM#ﬁm#,@:nZUWM]lM — WM#EU]lM

induced by n;(ﬁm) ¢ Bm# By, — Id. By naturality of the co-unit transformations, we
get a map a map:

colim WMm#va]le — ’/'I'M#Zv]l/\/t
m

Since mpy,, = Ta0 By, and since maq4 is a left adjoint (hence commutes with colimits),
we have:

colim WMm#Evm Ly, =~ WM#COHH] 5m#ﬁ;2vﬂ/\4
m m
To prove our claim is enough to show that the natural map:

colim By, 40, — Id (1.23)

induced by smooth pushforward along the (,,’s is an equivalence. This follows by the
first part of proposition 1.4.25.

O]

Corollary 1.4.31. Let M € quG/S. Let wpr, © My, := M x¢ E,G — S and
am s M — S be the structure maps. Then there exists a natural equivalence:

COYLILHI TI'Mm#]le — WM#ILM

Corollary 1.4.32. Let E € SH(S) a motivic ring spectrum and let M € quG/S.
Denote by M := [M /G] and by M,, := M x% E,,G, with respective structure maps
over S denoted as T and . Let v € PerfC(M) and let {vy,} the induced
compatible system of perfect complexes on each M,,. Then we have:

E(M,v) =Eg(M,v) ~ lUmE(M,,, v,;,)
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Proof. Tt is just a consequence of proposition 1.4.30, indeed:

Eq(M,v) := Mapggs) (Ls, T« X2 mpE) ~
~ MapSH(S) (WM#Z_UTF}(V[HS,E) ~
~ MapSH(S) (colim WMm#E_UmW}‘Mm]ls,E) ~
m
~ thlMapSH(S) (WMm#E_UmW}kaJIS,E) ~

~ lim Mapgy () (15, 7oz, « 2" oy, E) =: Im E(My,, vpn)
m m
O

Remark 1.4.33. Notice that, by remark 1.4.22, the transition maps of E(BG) ~
lim,, E(B,,G) are given by ¥4, where i,, : B;,G < By, +1G is the natural inclusion
map. In particular this means that we can compute E(BG) using the classical limit
of mapping spectra given by E(B,,G).

Remark 1.4.34. Given E € SH(S), we know by [Hoyl7, Corollary 6.25] that the
functor:

(Sch,5)” — SH(S)

[: X—=8 — ffE

is a cdh-sheaf (hence a Nisnevich sheaf). By the construction of SHY, obtained as
NL-sheafification (cf. [Cho2la, Theorem 3.4.1|), this implies that for any NL-stack
Y and any F € SH()), the functor:

(ase)f)” — suw)
g:X—=Y = gJgF

is a NL-sheaf. Then, if X — A’ is a NL-atlas and g, : X} == X Xy ... xx X = )Y
are the structure maps, we have:

g+g" == 1t (gn)(gm)
by NL-descent.

Remark 1.4.35. The corollary 1.4.31 was already proved in a different form in
[Kril2, Proposition 3.2]. Indeed, consider M as in corollary 1.4.31. Let Ty,
My =M xp ... Xy M — S and mpq 0 M — S be the structure maps. By
remark 1.4.34, we have:

TMT A TILIGIIAI WM}\LA*WR/IXA
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For any E € SH(.S), we have:
Mapgp(sy (Tm#1m; E) =~ Mapgpg) (Ls, mmpmmE) ~
~ Mapgys) (JIS,EEHAI WM;\IAMX/J}}AE> ~
~ liEHAlMapSH(S) <]15,7TMX4*7T7\/[XA> ~

n

~ lim Mapgps) (marp, 4 1 ain g, E) =
~ Mapgys) (Cgéiin Ty # Lvn M,E>
This means that:
TMAT I cr?éiin WMJ\L/I#W}WLA

by the (co-)Yoneda Lemma. But in SH(S) we have that WM”#WLXA lg ~ XM},
and hence:

colim 7arg, #mary, s = [Co (M/M))]

where the right hand side is the geometric realization of the Cech nerve given by
the atlas M — M. Then the content of [Kril2, Proposition 3.2] is equivalent to the
content of our corollary 1.4.31.

1.5 Properties of Equivariant Bivariant Theories

Proposition 1.5.1. Let f : X — Y in Scth/S, v € K§(Y) and E € SH(S) a
motwic ring spectrum. Let fg : X = [X /G] = Y := [Y /G] be the representable map
mduced on the quotient stacks.

1. If f is a reqular embedding, then fqo is a reqular embedding and induces a map:

f& EBM(Y/S,v) — EEM (X/S v+ 1Ly)

2. If f is a proper morphism, then fg is a representable proper morphism and
induces a map:

(fo)r - BEM (X/S,v) — BEM (v/S,0)
3. For f smooth, the morphism fg is smooth and induces a map:
f& EBM(Y/S,v) — EEM (X/S, v +1Ly)
4. For any f, the morphism fq induces a map:

f(*} : EG (Y7U) — EG (X7U)
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5. Forv € K§(X),w € K§(Y) we have cup product and cap product maps:
EX (X,v) x EGT (X, w) 5 BT (X, v+ w)

BM d N, mBM
Eapa (X/S,0) x B¢ (X, w) — B cp g6 (X/S, v —w)
6. Let S| € E%O(S) be the element arising from the natural map npg : TRG#Tpals —

1s composed with the unit map 1g — E. Let mx : X — S the structure map

of a scheme in Smf/s. Then we define the equivariant fundamental class of X

as:

[X]e = (mx)i (15le)

Moreover, given v € KS;(X), we have a Poincaré duality isomorphism given by
the cap product with the fundamental class:

[X]g N B (X, v) =5 BB, 6 (X/S, Lix/cyys — )

Proof. The claims in (1),(2) and (3) follow directly from the respective operations of
Borel-Moore motives in 1.4.11, 1.4.10. Indeed it is enough to notice that:

(X/$)eM = mpeSt mhly = mae Bt (X/BG)PY

where mp¢ : BG — S is the structure map of BG and where 7§ : X := [X /G] — BG.
A similar description holds also for (Y /S )gM (and for the twisted versions as well).
Applying the operations on Borel-Moore motives over BG, we get the smooth and
Gysin pullback and the proper pushforward on equivariant Borel-Moore homology as
we wanted.

The pullback map in (4) is easily defined using the adjunction fg.f& — Id. Denote
by mxy : X = S and 7wy : Y — S the structure maps. The map:

f* « Mi(fg)

TxsTy = Tysfa=[GTy == Ty«Ty

will induce the map:
Mapggy(s)(Ls, 7y 5'73E) — Mapgy(s) (]1 S M*zfévﬂ;(E)
that we define to be our map:
fe Eq(Y,v) — Eq (X,v)

For (5) we can consider maps 7§ : X — BG and 7r§}v : Y — BG. Recall from
remark 1.4.9, the equivariant cohomology and Borel-Moore homology can be rewritten
as:

Ec(X,v) = Mapgy(se)(Lsa, 74+ 2'18" (m56E)) = mpcE(X, v)
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EEM (X/S,v) = Mapsys) (a4 (X/BG)™ (1), E) =
~ Mapss(sc) ((X/BG)™ (v +¢"), iE) =
= mpcEPM (X/BG v + gV)

Similar descriptions hold for ) too. Hence we can construct cup products and cap
products for representable maps of stacks over BG and use those as definition for the
equivariant theories under the above identification. But for representable maps of
NL-stacks the constructions in [DJK21, §2.2.7(4), 2.2.9] work formally also for our
case, using the six functors of [Cho21la, Theorem 5.5.1] and the exchange transforma-
tions in proposition 1.3.6.

The Poincaré duality statement in (6) follows from the purity isomorphism for
¢+ X — BG ([Cho2la, Theorem 5.5.1]). Indeed, using the purity isomorphism
(7§)* =~ B hx/86 (7€) we get:

Eq (X,v) ~ Mapspsa) (Lsa, (7%)« X" (75) mhoE) ~

~ Maps(s) (186, (7§), 2" S 02780 (r§) m5E) = (1.24)

= o EPM (X/BG Ly 5 — v)
But Ly /g =~ []LX/BG — (Wﬁ)*gv}, hence Y¥/5%8" ~ ¥la/s6¢. This implies that:

m5cEPM (X/BG, Ly /5e — v) ~ mpEPM (X/BG, Ly /s + g¥ —v)
From the identifications remark 1.4.9, we can write:
EeM (X/S, Ly /s — v) ~ mpgEPM (X/BG, Ly /s +g" — v)
Therefore using (1.24), we get our Poincaré duality isomorphism:
Eq (X,v) ~EM (X/S, Ly /s — v)
O]

Proposition 1.5.2 (Equivariant Localization Sequence). Let ¢ : Z < X be a closed
immersion with open complement j : U — X in Schg;/s. Forwv € Kg(X), we have
the following fiber sequence:

o -
(U/9)8" (v) *= (X/S)g™ (v) = (2/5)E™ (v)
For E € SH(S), we also have a twisted fiber sequence on bivariant homology:

& i
EEM (Z/S,v) =5 EBM (X/S,v) 2% EBM (U/S, v) (1.25)
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Proof. As we did in remark 1.4.9, we can rewrite all the equivariant Borel-Moore
motives as motives over BG (up to a twist). Then we just apply the localization
sequence of [Cho2la, Proposition 5.2.1|. Evaluating at & we get the localization
sequence for Borel-Moore homology. O

Corollary 1.5.3. Let v : Z — X be a closed immersion with open complement
j:U —= X with Z,X,U € quG/S. For E € SH(S) and v € K§(X), we have the

following localization sequence in equivariant cohomology:

& i
Eq (Z,v+ Nz x) = Eg (X,0) 2% Eg (U,v) (1.26)
where NZ/X is conormal sheaf associated to the closed immersion ¢ : Z :=[Z /G| —

X = [X/G].

Proof. This is a consequence of proposition 1.5.2 and purity. By remark 1.4.9, we
can rephrase everything in terms of quotient stacks 7 : Z := [Z/G] — X := [X /G]
and 7 : U := [U/G] — X. Since Z, X are smooth, the map 7 : Z — X is lci and
the normal sheaf Nz /y ~ ./\/ZG/X can be obtained by from N,y (with its natural G-

linearisation). Moreover we have that Lz /zq =~ [./\/Z/X[l] — ]LX/BG]~ Using purity
we get:
EPM (Z2/BG Ly g —v) ~E(Z,0+ Nz, x)

EPM (X/BG, Ly /pc —v) ~ E (X, v)
EPM (U/BG, Ly /pc —v) ~E U, v)

Thus, from the localization sequence in Borel-Moore homology we get:

W& i
E(Z,0+Nz/x) ~= E(X,0) 2% E U,0)

Proposition 1.5.4 (Equivariant refined Gysin Pullbacks). Let:

W —— z
ql A lp
X?Y

be a cartesian square in Schf/s with f a regular embedding. Consider v € Kg(Z)
and E € SH(S) a motivic ring spectrum. We have a well defined map:

(9)aq : EEM(Z/S,v) — EGM (W/S,v +Ly)

induced by the equivariant operations on the quotient stacks W := [W /G] and Z :=
[Z/Gl.
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Proof. We will just apply the construction in [DJK21, Definition 4.2.5] to our case.
Consider the cartesian square of NL-Stacks:

where W = [W/G], Z =[Z/G], X = [X/G] and Y = [Y/G]. For any w € K§(X)

and any F € SH(Y'), we have a base change canonical transformation:
A FBM (/Y w) — FBM (W/Z | G w) (1.27)
induced by:
FonwfS® e e T g gt o RS TTUG ~ g s TG

Indeed, evaluating the above natural transformation on F and taking the mapping
spaces everywhere we get:

A* Mapgpy) (]ly,f*E_wf!IF> — Mapgp(y) (Ily,ﬁ*g*E_Q*wg!ﬁ*IF)
where the left hand side is:
Mapgpy) (13), f*wa!F> ~ Mapgy(y) (ﬁzw]lxﬁ) =M (X)), w)

and where the right hand side is:
Mapgi(y) (1y,5:G:5 " "§'5'F) = Mapsu(y) (327 " 1w, 5'F) = 5'F™ (W/Z, ¢"w)

Since f is a regular embedding, we have an orientation ny € EEBM (X /Y, Ly) by
remark 1.4.12 and hence an element A*(ny) € EBM (W /Z,Ly). For any v € K§(2),
we then get a map:

() : EBM(Z2/BG,v) — EBM (W/BG,v +Ly)
x — A*(ng) -z
But (W/S)eM = mpe4 28 (W/BG)PM and similarly (Z/S)e = 428 (2/BG)PM.
Thus we can rewrite:

EEM (~/S,v) = Mapgis) (m5645%" ([=/GI/BG)™ (1), E) ~

~ Masysc (([=/GYBG)™ (v +5"), sE ) =
= mcEPM ([ /G)/BG v + g")
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Hence, from (gz)"' we get a map:
|
(9)a EEM(2/S,v) — ESM (W/S v+ Ly)

O

Remark 1.5.5. If we formally apply the argument of [DJK21, Proposition 4.2.6(iii)]
to the equivariant setting (under the usual identification remark 1.4.9), we see that
if the square A is also Tor-independent then the refined Gysin map corresponds to
the Gysin map obtained in equivariant Borel-Moore homology via proposition 1.4.11
(cf. remark 1.4.12).

Remark 1.5.6. Now that we have in our equivariant setting all the usual operations
of Borel-Moore homology such as smooth pullbacks, proper pushforwards, localization
sequences and also refined Gysin pullbacks, we get for free all the properties they
satisfy in the non-equivariant case. Indeed, the proofs in [DJK21| and |Lev17| can
be formally adapted to our case using the machinery of six functors developed in
[Cho21a].

Remark 1.5.7. Suppose we have Z, W, X, Y, T, R € Sch%, together with their as-
sociated quotient stacks Z, W, X, ), T, R respectively. Moreover suppose we have
maps q1 : X = T, g2 : Z — X (with composite q := g1 0 ¢2), and adjacent Cartesian
squares:

Denote by A the big outer Cartesian square. Then the pullback transformation we
defined in (1.27):

A*FBM(T/R, =) — FBM (Zz/w, —)

is actually given by the composite KQ* o&*. This fact together with the functoriality
of Gysin maps for regular embeddings (cf. [DJK21, Theorem 3.2.21]), tells us that

we have an homotopy:

| ! !
(Dp.a = (42)py. 05 © (01)p A,
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External and Refined Intersection Products

Let Z, X € Schf/ g, and let E € SH(S). Consider the cartesian diagram:

X X g Z— 7
1" a |
X T S
and consider the associated cartesian diagram of quotient stacks:
X XBG zZ— Z
1A |

X — BG

Then following [DJK21, §2.2.7(4)] (as we did in the proof of proposition 1.5.4), we
get a base change natural transformation:

A" ERN (2/BG,v) — FEZRN (X xpa Z/X ,v)

Up to a twist by gV, we can identify the Borel-Moore homology of the quotient stacks
with the equivariant Borel-Moore homology (cf. proof of proposition 1.5.4):

EEM (/B v) = Mapsis) (1545 ((=/Gl/B)™ (v),E) =

~ Mapgy(s) (([—/G]/B)BM (v+gY), Tr;g]E> =
— 75ERM (= /GYB, v+ gY)

where g : B — [B/G| = B is the quotient map for some scheme B € Scth/ g and

where 7 : B — S is the structure map. Hence the map A* gives rise to a base
change transformation:

A" By (Z/8,v) — By (X x5 Z/X ,v)
We also have a composition product (induced by [DJK21, 2.2.7(4)]):
oG PR, (X xs Z/X o) xEBM, (X/S, w) — BEM, o (X xs Z/S, 0+ w)

Definition 1.5.8. We define the external product as the composition — ng — =
(— @Y =)o (A* x Id):

— Mz x —: Egl,\(/z[,b (Z/S,v) x Egl,\:/:[,d (X/S,w) — Egl,\g+c,b+d (X x5 Z/S,v+w)

Let Y € Smf/s and let dy : Y — Y xXgY be the diagonal. Consider:
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XXSZLXXYZ

-

Ag pXxq

Y — Y xgY
oy

Definition 1.5.9. With the notation above, we define the refined intersection prod-

uct, with respect to p : X — Y and ¢ : Z — Y, as the composition — x&, — =

' - P
Ins.G ° (— &Z,X —):
—x5 = Eoray (Z2)5,0) X B 4 (X/S,w) — Eehycpra (X Xy Z/S,v+w — Qy )
Proposition 1.5.10. In the same situation as above. Then:

1. Let 11 : Z' = Z and 19 : X' — X be closed immersions in Schg;/s. Let
qd =qou,p =pouwy. For anyaeEGab(Z'/S v) and GEGCd(X//S,w),
we have:

(11)5 (@) BZ x (12)C(8) = (11 x 12)F (@ DG x B)
(1)< (@) *ff,q (12)8(8) =~ (11 x 12)%(cx *qu, B)

2. Suppose that we have lci maps f: Z2' — Z,g: X' — X in Schg;/s, and suppose
we have Tor-independent squares:

Zxg X' — X/ 7 xg X —— > 7/
r r
Al AQ
Z— X Zxg X —— 7

Then for any o € EGab (Z/S,v) and B € Ech (X/S,w), we have:
fe(@)BG xr 96(B) = (f x 9)a(a Bz x B)

Proof. The proof in [Lev22b, Lemma 1.6] formally applies to our case as well. O

1.6 Equivariant VFC

1.6.1 Graber-Pandharipande Construction

Let us quickly recall how the virtual fundamental class in [GP99] was constructed
in the non-equivariant case for schemes. Let us first recall the notion of abelian cone:
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Definition 1.6.1. Let X be a scheme and F € QCoA(X) an element of the (derived)
(00, 1)-category of quasi-coherent sheaves (cf. for example [AP19, Definition 2.11]).
The abelian cone associated to JF is the prestack over X defined by the mapping
space:

Vx (Spec(A) ER X) = Mappa) (f*F, A)

where D(A) ~ QCoh(Spec(A)) is the derived category of A. For F € QCoh(X)¥ ~
QCoh(X) a quasi-coherent sheaf in the classical sense, we recover the classical defi-

nition Vx (F) = Specy (Sym*®(F)) (cf. [AP19, Ex. 3.2|).

Definition 1.6.2. A perfect obstruction theory on a scheme Z is given by a map
o : & =1Ly in QCoh(Z), such that & is a perfect complex of Tor-amplitude [0, 1],
ho(p) is an isomorphism and hj(p) is surjective.

Let pe : &€ — Ly, 5 a perfect obstruction theory on a scheme Z. Let us assume Z
is quasi-projective over S, in particular it will admit a closed immersion ¢tz : Z <— M
where M is quasi-projective and smooth over .S. We can then take a representative
of @, of the form:

oot (F1 = F0) = (T = 50 ys) = rilzys

where the F;’s are locally free and Z is the ideal sheaf associated to the closed im-
mersion Z — M. The assumption that e is a perfect obstruction theory, implies
that we have an exact sequence:

Fi = I/1? & Fo 5 15 Qu /s — 0 (1.28)

Hence, if @ := Ker(y), we also have a surjection 1 — Q. Let Ny, := Vg (I/IQ),
Fy :=Vz(Fo) and Fy := Vz(F1) be the abelian cones associated to Z/Z?, Fy and JFi
respectively.

The exact sequence (1.28) tells us that we have (3T, g as a subcone inside
Nz n Xz Fo and hence we can consider:

Vz(Q) =~ (Nz/m xz Fo) /vy T s
Moreover, again using (1.28), we have a closed immersion:
Vz(Q) — Fi

Inside the abelian cone Nz, we have the normal cone €, which contains the
image of 17T /s. So denoting by:

D = QtZ/M Xz Fy

the induced closed subscheme of Nz, Xz Fy, we can define a closed subcone of

Vz(Q) by: .
DY := D/i3; Ty /s
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Composing with the closed immersion Vz(Q) < Fj, we get the closed immersion:
Lpvir 2 DY Fy
We also have the projection maps:
m:D— &y

7o 1 D —s DV

exhibiting D as an affine space bundle over €z ,,; and DV respectively. Hence, for
any ring spectrum E € SH(S), the smooth pullback maps:

m EPM (€ 0/8 ,v) — EPM(D/S v + Fo) (1.29)
my EPM (DVr/S v) — EPM (D/S, v + Q) 5) (1.30)

are isomorphisms. Thus the fundamental class of the normal cone (as defined in
[LevlT7]) :

[Q:g/M:| c EBM (Qtz/M/S,QM/S)

defines the class:
(D7) =y (eh)7 €500 ) € B (D)5, o)

Definition 1.6.3. Let E € SH(S) be a motivic ring spectrum, Z a quasi-projective
scheme over S with a closed embedding into M € Sm,g. Let pe : &€ = Lz,g be a
perfect obstruction theory on Z, with 7o — 7<1lLz,5 a representative of 7<1p. Let
sp, © Z — F be the zero section of Fy := V(F7). Then the virtual fundamental class
is defined as:

1Z, 0t = sp, (tpuir iy« [D"7]) € EBM (2/S,€)

Remark 1.6.4. As shown in [Lev22b, Proposition 4.2], this construction coincides
with the virtual fundamental class defined in [Lev17], hence it is independent of all
the choices made along the way and is thus a well-defined element of EBM(Z /S, £),
depending only on Z, e : &€ = Lz/g and &.

1.6.2 Equivariant VFC after Edidin-Graham-Totaro

Now we would like to extend the Graber-Pandharipande construction to our equiv-
ariant setting. To do so, we first need a class of the normal cone. Along this section
we will work with a motivic ring spectrum E € SH(S).

Let us recall in the non-equivariant case how the class of the cone for for a closed
immersion Z < M was constructed. Given a scheme Z € Sch,g and a closed
embedding Z — M with M € Sm/g, we can construct a specialization to the
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normal cone map as follows. We will denote with 7, : x — S the structure maps of
our schemes living over S. First consider the map:

(M/S)PM (Qur/s) = man (Thay (Twr)) ~ Targmisls — Ls
where T}, is the tangent bundle of M. This map induces a map:
T E(S) — EPM (M/S, Q) 5)

that is simply the Gysin map associated to the smooth map m;. Then we can
consider:

mM _MXSGm%M
WWGN /

and by a simple computation we have:

(Gm1/S)™ (Qarys)1) = m (210751, ,, ) 1]
~ Ty (271739@,,”5 ]le’M> 1] ~
~ 2—12S1(M x Gp,) =~
~ ¥g (M X Gp) ~
~ M =myun*lg
~ (M/S)"M (U /s)
that will induce an isomorphism:

oG, EBM (M/S,w) — EBM (G, m/S,w) [—1]

for any w € Ko(M). Then back to our original closed embedding 1z : Z <— M, we
can consider the deformation space Defz 5, associated to vz with closed and open
immersions:

CZ/M %Lb Defz/M %é—)Gm’M

Taking the boundary of the localization sequence associated to g, we get a map:

Oe : EBM (G /S w) [-1] — EPM (€5, 01/S , w)
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Definition 1.6.5. Given a scheme Z € Sch g and a closed embedding vz : Z — M
with M € Smg, the specialization to the normal cone map with respect to ¢z is
given by:

sp,, i= O 0 0G,, o Ty : EPM (8/S) — EBM (€4, 04/, U /5)
The class of the cone will then be:
(€2 /0] :=sp,,([5]) € EPM (€2/m/S, Qi )s)
where [S] € EBM (S/9) is just the class of of the unit of E.

Now we would like to get an equivariant equivalent of this specialization to the
normal cone map. First, we start pointing out that the motivic space BG € SH(S)
has a natural structure map to the unit in SH(S) Indeed, by corollary 1.4.31 we have
BG = co%im TBmG#1B,¢ ~ TBG# 158G = TBG#Tpc1s and hence:

. Ny (mBG)
NBG : BG ~ WBG#T"BGHS #—> ]ls

Moreover:
BG ~ mpaylsc ~ (S/S)e (—aY) = (S/9)e" (Lsc)

This induces a map:
nhe t EPM (S/8) — EZM (S5, —g") (1.31)

Proposition 1.6.6. Let B € Schg/s, let tx : X — M be in Sch?B and let v €

K§(M). For E € SH(B), then there exists a well defined (equivariant) specialization
to the normal cone map:

spC. : EeM(M/B,v) — EGM (€x /B, v)

Proof. Using remark 1.4.9, we can identify the equivariant Borel-Moore homology
and with the Borel-Moore homology of the respective quotient stacks. To lighten
the notation, we will prove the statement of the proposition for v = 0, the general
case can be obtained by minor modifications of our arguments and it is left to the
reader. Denote by mps : M — B the structure map, with induced quotient map
(mm)a: M =[M/G] — B.

As we did in proposition 1.4.11, we have a canonical equivalence:
1y = (G /M) [+1]
This will induce an isomorphism:

G EPM(M/B) 5 EPM (G /B) [1]
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and hence, under the identification in remark 1.4.9, an equivalence:
oG EEM (M/B) 3 EEM (Gpout/B) [1]

Set X := [X/G]. Using the deformation to the normal cone as we did in proposi-
tion 1.4.11:

Cxym > Defy ) pm o= Gy
LT L r l
{0} « Al > Gy

we get a localization sequence:

EPM (G p/B) — EPM (Defy ) g/B) — EPM (€x ) a1/B)

Since €y jaq =~ [@X/M/G} and Defy g = [DefX/M/G], by remark 1.4.9, we get an
equivariant localization sequence of the form:

EeM (Gm,i/B) — E¢M (Defx /a1/B) — EEM (€x /01/B)
Therefore, we get a boundary map:
oF 1 EgM (Gp/B) [-1] — EgM (€x/1/B)
The composition of a(gm and 8g gives us the map:
sp,, 1= 0¢ oo EEM(M/B) — EEM (€x,n/B)
O]

Corollary 1.6.7. In the same situation as in proposition 1.6.6, suppose M € Sm?B
is smooth. Then we have a well defined (equivariant) specialization to the normal
cone map relative to B:

spi/B:EgM (B/B,v) — EEM ((’:X/M/B,Q?/[/B—i-v)

Proof. Suppose for simplicity that v = 0 and let us identify the equivariant Borel-
Moore homology with the Borel-Moore homology associated to the quotient stacks
using remark 1.4.9. Denote by mps : M — B the structure map, with induced quotient
map (my)g : M =[M/G] — B.

By smooth pushforward of Borel-Moore motives we get:

(v)e - EBM(B/B) — EBM (M/B, Ly 5)
inducing the map:

()i s BEM (B/B) — BEM (M/B, Q5 )
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under the identification Ly, 5 ~ Q%/B.
Composing (WM)!G with sp, . of proposition 1.6.6 we get our desired map:

0l /= OF 0 o€, o (mur)s : BEM (B/B) — BEM (€x)ui/B, 05 1)
The general case for v # 0 is left to the reader. 0

Remark 1.6.8. As a special case of the prvious corollary and of proposition 1.6.6
B = S with a trivial action we recover the specialization map over BG as a special
case.

Definition 1.6.9. Let tx : X <> M in Sch{/ s with M € Sm{ 5. Let M :=[M /]
and let [S] € EOB}S/I (S/S) be the element given by the identity map on the sphere
spectrum 1g composed with the unit map of E. Let nj, be the map in (1.31). We
define the equivariant class of the normal cone by:

[€x /) o = 5P /s([S]) € EEY0 (€x/aa/S Lays)

where:

G P onG . wBM BM
SPyy /5 7= SPyy 5a 0 Mha * BV (S/S) — B (€x/m/S Lmys)
is the equivariant specialization to the normal cone map.

Let X € Sch%, then Lx g has a natural G-linearization.

Definition 1.6.10. Let QCoA%(X) be the derived (0o, 1)-category of G-linearised
complexes on X. We say that e : &€ = Lx /g in QCoh%(X) is a G-linearised perfect
obstruction theory if o is an obstruction theory after forgetting the G-action, i.e. if
€ is of Tor-amplitude [0, 1] and if ho(¢) is an isomorphism and hj(p) is surjective.

Remark 1.6.11. Since the virtual fundamental class associated to a perfect obstruc-
tion theory only depends on its 1-truncation (cf. [AP19, Proposition 8.2|), we will
often refer to the induced map ¢ : £ = 7<1Lx 5 as the obstruction theory.

Assumption 1.6.12. We will always assume from now on when dealing with perfect
obstruction theories, that the schemes we are working with satisfy the G-resolution
property. In other words for any ¢ : &€ — Lx /g5, we will always assume that there
exists a representative of 7<1¢ of the form (F; — Fp) — <1y /g with Fo, F1 two
G-linearised locally free sheaves on X.

Let tx : X — M be in Schf/s with M € Smg/s, equipped with a G-linearised
perfect obstruction theory ¢ : &€ — Lx /5. Take a representative of ¢ of the form
(Fr = Fo) — 7<1lyx /s- As done in the non-equivariant case section 1.6.1, us-
ing the same notation, we can define the following objects and maps in Schf/ g
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D :=Cyy x Fy D" := D/ Ty /s
. P P
LDm'r/Fl : DV s F1 ¢ \ Dvir
X/M

where ¢ pvir /i is a closed immersion and 7, 72 are affine space bundles. Denote also
by sp, : X — F} the G-equivariant zero-section of F}.

Definition 1.6.13. With X, M, ¢ : £ — Lx /g as above, let E € SH(S) be a motivic
ring spectrum. Let:

‘ -1 .
(D] o= ((m2)ls)  (m)is [€x i) € BEM (DS, o)
Then we define the equivariant virtual fundamental class of X as:
X, @]gr = (3F1)!G(LDW“/F1)§ [DW]G € EEM (X/S, &)

Remark 1.6.14. The above definition depends a priori on the choices we made, like
for example the choice of the closed embedding X — M. But formally applying
the proofs in [Lev17|, plus [Lev22a, Proposition 4.2|, we get that the construction is
actually independent of all the choices and that the virtual fundamental class only
depends on the G-scheme, the perfect obstruction theory, and the choice of a motivic
ring spectrum E.

Equivariant Vistoli’s Lemma

For later use, we record here an equivariant version of the Vistoli’s lemma proved
in [Lev22b, Proposition 2.1]; we will closely follow the construction in loc. cit. and no
claim of originality is made here. We could consider representable maps of NL-stacks,
but for the sake of simplicity we will only present the Vistoli’s lemma for quotient
stacks. Consider the following cartesian diagram in ASt g:

2:=12/G6] 2 x = [x1/G

r

f A t1

%= [X2/Gl 0 ¥ = [Y/C

with Z, X1, X2,Y € Sch?s and ¢1, ¢t closed immersions. For any closed immersion
g: W = T of locally finite type algebraic stacks, we denote by Def, or by Defyy 7
the associated deformation space, as the one in (1.6), and by &, or by &y /1 the
associated normal cone contained in Defy (cf. [AP19, §6]). The cartesian square A,
gives rise to the following diagram:
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o,
B1
B * * *
Qtag HQ f1 Q:LQ Xy f2 Q:L1 f2 Q:LQ = Q:LZ
r r
* f
fl Q:L2 zZ : Xl
r r
a2 f1 t1
¢, Xy y (1.32)

L2

Notice that 81 and 3 are closed immersions (cf. [Lev22b, §2]).
Construction 1.6.15. Define:

Defy := Defy, /3 x Al

Def2 = DefXQXAI/yXAl

Both of them have structure maps m; : Def; — ) x Al x Al. Let:
Def12 = Def1 X))xAlel Defg

be the double deformation space. The stack Defis comes equipped with a structure
map:
T2 - Def12 — Y X Al X Al

and projection maps:
pj: Def12 — Defj

Notice that we have ;! (A7 x {0} x Al) ~ €,, x Al and 7, ' (X x Al x {0}) =~ €,, x AL,
therefore we have complementary closed an open immersions:

1% m 1 1. 02 72 1
¢, X A« Def; > Y x Gy X A ¢, X A —— Defy <= Y x A' x G,
We also have a closed immersion:

(3'1 : Defa1 = Deff;€L1/¢L1 — Deflg

Morover &7 fits in the following commutative diagram:
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Def,, \ €4, «—o— Defy, ——— Defyo
2 D1
Q:Ll X Gy, —eo— Q:Ll x Al ——— Def T12

T

YV x {0} x Gp, > Y x {0} x Al — P x Al x Al

Similarly we have a closed immersion 69 : Def,, = Defffﬁz/% — Defqo, fitting in
the following commutative diagram:

Def,, \ €4, «—o— Def,, ———— Def15

€L2 X Gm —e— (¢, X Al _— Def2 T12

L2

VX Gy x {0} o> Y x Al x {0} — P x Al x Al

Therefore the closed immersions:
Defo, < 151V x {0} x Al) Defa, < 5 (¥ x Al x {0})

are both isomorphism when restricted over () x Al x A1)\ (¥ x {0} x {0}). Moreover
since:

11 (Y x {0} x {0}) = 7 (Y x {0} x A1) >y my 1 (Y x Al x {0}) = f3€, xy fi€,

we get that:
71-1_21(3} X {O} X Al) = Defoa U (f;Q:u Xy ffc:u)

and:

WfQI(y X Al X {O}) = Defaz U (fQ*Q:Ll Xy fl*Qth)

Putting everything together, we obtain the following commutative diagram:



1.6 Equivariant VFC

57

])efoé1 Def12

o1

Q:ocl &) R
02
fQ*Q:LI Xy fikelbz
T2
N@

. " Defy,
a2

Y x {0} x Al —|— Yx Al x Al (1.33)

-
yx{O}x{O}/ /
T

Y x Al x {0}

The restriction of 79 to the complement of w5 (Y x {0} x A) U (Y x Al x {0}))
gives us an isomorphism:

Def1o\m (Vx{0}xAHU(YXAx{0})) = Yx A x AN\ (¥ x {0} xAHU(Yx A x{0}))

Moreover we have the following equalities:

12 (Y x {0} x AY) U (¥ x At x {0})) = 61 (Defa,) U f5€, Xy fi €y U da(Defa,)

(féke:bl Xy fl*czw) N 61(Defa1) = Bl(czal)

(f;Q:Ll Xy fl*c:L2> N 62(Defa2) = 52(0:042)

Proposition 1.6.16 (Vistoli’s Lemma). Consider the following diagram in Sch?s:
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Cu,
by
bg % * * al
Coo — 91%, Xy 93¢, — 95¢, > &
r r
92
gfclé A X3
r r
ag g1 L1
<, Xo Y

L2

Let v € K§(Y) and let E € SH(S). Using the same notation as in proposition 1.6.6
for the equivariant specialization maps, we have:

G G
(b1), o spaG1 o spZ-G1 = (b2), © spaG2 ) Spg
as maps ECB;M (Y/S,v) — EEM (97, Xy 95€;,/S)

Proof. The proof is formal and follows using the same arguments as in [Lev22b,
Proposition 2.1|. Indeed, once we identify the equivariant Borel-Moore homology
with the Borel-Moore homology of the quotient stacks, we can use construction 1.6.15
and the formalism of the six-functors to just repeat the proof in loc. cit. in our

context. O



Chapter 2

Some Computations on
SL[n~1]-Theories of Classifying
Spaces

Assumption 2.0.1. Let k be a field with char(k) # 2. We work over a base-scheme
S that is a k-scheme of finite Krull dimension.

2.1 Quick Recap on the Background

Recall that we are distinguishing between the classifying stacks BG and the ind-
scheme approximating them BG. But in light of corollary 1.4.32, we will not distin-
guish between E(BG, —) and E(BG,v).

Let N be the normaliser of the standard diagonal torus T' C SLo. Note that

T ~ G, where for R a ring, we map t € G,,,(R) = R* to the diagonal matrix:

o )

We often simply write this matrix as ¢, when there is no cause of confusion. Notice
that N is generated by T plus the element:

(0 1
o =1\_1 ¢
As showed by the computation in [Lev19, §2|, we have:

SLZ/N ~ GLQ/N/ ~ P? \ C

59
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where N’ is the normaliser of the diagonal torus in GLy and C' is the conic defined
by the equation Q := T2 — 4Ty T5.

Closely following [Lev19, §5|, the aim of this section is to compute A(BN) for A an
SL[n~!]-oriented theory (cf. notation 2.1.7 for the convention) and get as a special
case the computation of the Witt theory of BIV.

For the reader convenience, let us recall how to view the left SLy action on SLy/N
under the above identification. Consider F' = A? with the standard left SLs action.
We get a map:

sq:P(F) —P (Sym2(F))

induced by the squaring map:

sq: F — Sym?(F)
v v?

This map is constructed in the following standard way. The map ¢ : F — F ® F
sending v — v®wv is S Ly-equivariant (where the SLg-action on F'® F' is the diagonal
one given by ¢g- (v ® w) := g-v ® g-w). Post-composing ¢ with the quotient map
FF — Sme(F) that sends a ® b to ab, we get the SLs-equivariant map sq we
wanted.

Using sq we can identify C' C P? with sq(P(F)) C P (Sym?(F)). Since sq is SLo-
invariant, this means that C' is SLe-invariant. In particular @ is SLs-invariant up
to a scalar, so considering the multiplication morphism SLs > g- : C' — C with
associated map on the global section denoted by (g-)*, we get:

SLQ — Gm
g s (922*62

But we know SLo is a simple algebraic group, so it only admits a trivial character
and hence we get that @) is actually SLs-invariant. As an ind-scheme approximation
for BN we choose as in [Lev19, §2, §5]:

BN :=SLa /5y x5L2 EGLy ~ EGLy/N ~ ESLy/N

We have that SLs is special, so ESLys — BSLy is a Zariski locally trivial
bundle and so it is BN — BSLy (cf. [Levl9, §2]). From the description of
SLy/N we recalled above, we can realise BN as an open subscheme of the P2-bundle
P (Sym?(F)) x92 ESLy — BSL,, with closed complement P(F) x512 ESLy:

BN ——e—— P(Sym?(F)) x%2 ESLy «—— P(F) x92 ESL,

l / (2.1)

BSL,
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Remember that we have a short exact sequence:
1T —N—{x1}—>1

where T is our torus in SLy. The normaliser as we already said is generated by T and
the element o, so sending 1" to 1 and o to —1 give us a representation p~ : N — G,,.

The description we just gave for the approximating ind-scheme BN is also useful
to give a different presentation of the quotient stack BN. Indeed, since SLy/ N ~
P(Sym?(F)) \ P(F) we have:

BN = [(SLy/N) /SLy] —%— [P(Sym2(F))/SLs] e [P(F)/SLs)

\ lp///

BSLo
(2.2)
Since SLy/N ~ P2\ C, aline bundle over BN can be described as a line bundle over
P2\ C together with a SLy-linearisation. The line bundle Op2(1) is equipped with
a natural SLo-linearisation (induced by the natural action of SLy on P?), hence its
restriction to P? \ C gives us a well defined element vy € Pic??2 (P2 \ C) ~ Pic(BN).

Lemma 2.1.1. Let k be a field. The Picard group Pic(BN) of BN € ASt i is
generated by the line bundle vy € Pic®L2(P?\ C) ~ Pic(BN) coming from Op2(1),
wioth its natural S La-linearisation. Moreover Pic(BN) ~ 7 /27Z.

Proof. Since we work over a field, by [Bril5, Proposition 2.10|, we can identify
Pic(BN) = Pic™ (k) ~ X(N) = Hom(N,G,,), where X(N) denotes the character
group. Let x € X(N) and let t be the parameter of the diagonal torus ' C N and
o= _01 (1) € N. Then we must have that x(¢) = ¢" for some integer n while
x(o) € {£1}. But we also have:

(6 )= (6 A))

x(o) - t" =t7" - x(0)
and hence n = 0. Therefore there can be only two characters for the group N: the
trivial one sending ¢ to the identity and the non trivial one sending o to —1. This
proves that Pic(BN) ~ Z/2Z. To see that vy is the generator, it is enough to notice
that the pullback of Op2(1) on P? \ C, with its SLo-trivialization, cannot be trivial
since there are no non-vanishing global sections of O(1) on P2\ C. Thus yy must be
the generator. Moreover we do have a non-vanishing global section for O(2), given
by Q = T? — 4Ty T, and hence 7y is indeed a 2-torsion element as expected. O

This implies:



62

2. Some Computations on SL[n~']-Theories of Classifying Spaces

Remark 2.1.2. The representation p~ : N — G, sending ¢ to —1 corresponds
exactly to the line bundle vy generating Pic(BN).

SL- and SL[n~!]-Orientations

From now on in this chapter, we will assume our base field k to be perfect. We will
denote by S our general base scheme. We have a very special element in H=1~1(5),
the algebraic Hopf map:

n: A\ {0} — Py

sending (z,y) ~ [z : y], giving us an element 1 : Xg, 1g — 1g € H~L71(S). For
any motivic ring spectrum [E, via the unit map p : 1g — E, we get a corresponding
element ng € E~L71(S9).

Definition 2.1.3. A motivic ring spectrum E € SH(S) is said to be n-invertible if
multiplication by ng, — x ng : E%?(S) — E~571(S), is an isomorphism.

Definition 2.1.4 ([Anal5, Def.1]). An SLj,-vector bundle (E,#) on some X € Schg
is the data given by a vector bundle F of rank n, together with a trivialization of the
determinant, 0 : det(E) = Ox. We will often denote the SL,-vector bundle by just
the underlying vector bundle E. If there is no need to specify the rank of the bundle,
we will say that F is a SL-vector bundle.

After Panin-Walter, we will use the following definition:

Definition 2.1.5 (cf. [Anal9]). Let C be a full subcategory of Sch,g. Given a ring
spectrum E € SH(S), an SL-orientation with respect to C for E is a rule which assigns
to each SL,-vector bundle V, over X € C, an element:

th(V) € A" (Thy (V))
with the following properties:
1. For any isomorphism ¢ : V; — V5 of S L-vector bundles over X € C, we have:
©*th(Va) = th(V1)
where ¢* is the pullback map induced by .

2. For any morphism f : X — Y in C, and V an SL-vector bundle over Y, we
have:
f*th(V) = th(f*V)

3. For V1, V5 SL-vector bundles on some X € C, we have:
th(V1 @ V) = pith(V1) U psth(V32)

where p; : V3 & Vo — V; are the projection maps.
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4. We have: .
th(AL) = 71 ~ [Brls =% S7E] € E2L(PY)

where ug : 1g¢ — [E is the unit map of the ring spectrum.

We refer to the elements th(V) as Thom classes. If a ring spectrum E has a nor-
malised SL-orientation with respect to C := Sm g, we simply say that E has an
SL-orientation, and we will say that E is SL-oriented. If C := Sch /g, then a nor-
malised SL-orientation with respect to C will be called an absolute SL-orientation,
and E will be said to be absolutely S L-oriented (following the conventions in [DF21]).

Remark 2.1.6. We will consider basically just absolute S L-orientations. What will
follow is already well known to the experts and it will be very similar to the material
already presented in [BW21, §4.3]. We only need to concentrate on SL-oriented
spectra and, by [Anal6b, Theorem 4.7|, we know that those are strongly S L-oriented
in the sense of [BW21], so the reader can safely refer to the latter if they prefer.

Notation 2.1.7. Given an SL-oriented spectrum A € SH(SS) that is also n-invertible,
we will say for short that A is SL[n~!]-oriented. We will use the letter A whenever
we want to stress the fact that we are working with SL[~!]-oriented spectra.

Remark 2.1.8. Following the conventions of [Anal5, Def.19|, any n-invertible spec-
trum A will be regarded just as a graded theory through the isomorphisms A® :=
A?50 ~ Aab induced by 7.

Definition 2.1.9. Let C be a full subcategory of Sch,g and let E € SH(S) be a
motivic ring spectrum. A system of SL-Thom isomorphism for E (over C) is the data
given by a collection of isomorphism 7y, : E*®*(X) 5 E*+2%*t"(Thy (V)), for X € C
and V SL,-vector bundle on X, such that:

1. Given amap f: X — Y in C and V an SL,-vector bundle on X, we have the
following commutative diagram:

E.’.(Y) TfVH*V Eo+2n,o+n (Thy (f*v))

|

EQ,Q(X) f:v 3 Eo+2n,o+n (ThX (V))

where the vertical arrows are induced by the pullback on cohomology.

2. Given an isomorphism ¢ : V' = W of SL,-vector bundles on X € C, we get a
commutative diagram:

T/V Eo+2n,o+n (ThX (V))
E**(X) ol
# Ee+2n.e+n (ThX (W))
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3. Given Vi, V5 S L-vector bundles of rank j, k over X € C, the Thom isomorphism
are multiplicative, that is, we have the following commutative diagram:

TV, X Ty, . .
E**(X) x B%*(X) — " 5 E*+2i+] (Thy (V1)) x E*T250+K (Thy (V)
E.’.(X) TVr\G;V E0+2(j+k)7o+j+k (ThX (Vl ® VQ))

where the vertical arrows are induced by multiplication map of E, together with
the identification Thx (V1) ® Thx (Va2) ~ Thx (Vi & V2).

4. If V is an SL,-vector bundle on X € C isomorphic to the trivial SL,-vector
bundle A%, then we have that 7y ~ y2nn,

Remark 2.1.10. If we had a collection of maps:
{rv :E**(X) = E*"**"(Thx (V))} v

satisfying (1),(2), and (4) in the previous proposition, then we automatically get that
Ty are isomorphism by a Mayer-Vietoris argument (cf. [Ana2l, Lemma 3.7]).

Remark 2.1.11. Notice that working with a special group like SL, giving Thom
classes th(V'), for SL-vector bundles V over X € C, amounts to the same data as
giving a system of Thom isomorphisms:

E** (X) :> ]Eo+2n,o+n (ThX (V))

From a system of Thom isomorphism, we can get a family of Thom classes just
taking th(V) := 7y (1). Vice versa, giving a family of Thom classes {th(V)}, we
can define 7y (=) := th(V) U p*— with p : V' — X the projection map and — U — :
E**(Thy (X)) x E**(V) — E**(Thx (V)) the cup usual product map.

So an SL-orientation will correspond to giving (a system of) Thom isomorphism for
all X € Sm/g, while an absolute SL-orientation will correspond to giving Thom
isomorphisms for all X € Schg.

By [BH21b, Example 16.30] (applied to G = (SLy)y), for any scheme X € Sch g

and any V vector SL-bundle of rank n, we have an isomorphism 7, : ¥V MSLy &
»27mMSLy, where MSLx := f*MSLg is the pullback of the special linear algebraic
cobordism spectrum of [PW22| along the structure map f : X — S. If we denote
uMSLy : 1x — MSLx the unit map of MSLy, then we have:

>V upsey 0 BV 1x — SVMSLy ~ %2"MSLx
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Notice that %V upgr . lives in MSL%?’”(ThX (V) ~ MSL%”’"(X, —[V]) and it is not
hard to check that these elements satisfy all the properties in definition 2.1.5.

Definition 2.1.12. For any X,V as above, we will denote the elements thygr, (V) :=
“Vupsry € MSLY™(Thy (V) =~ MSLE""™(X, —[V]) and we will call thysy,(V) the
canonical MSL-Thom class of V.

Canonical MSL-Thom classes give us an absolute orientation for MSLg that re-
stricts on smooth schemes to the usual S L-orientation of MSLg. For any S L-oriented
ring spectrum E € SH(S), by [Anal6b, Theorem 4.7, Lemma 4.9|, there exists a ring
spectrum map ¢ : MSLg — E such that ¢(thysr(V)) = thg(V) for each smooth
X € Sm/g and any vector SL-bundle V' on X.

Remark 2.1.13. Once we have Thom classes and Thom isomorphism in cohomology
for some E € SH, we will get Thom isomorphisms also in Borel-Moore homology
using the cohomology product action on Borel-Moore homology (cf. [Lev22a, §3.3]).
In particular if E is S L-oriented with respect to C, for any V vector SL-bundle over
X € C C Sch/g, of rank r, we will have:

EaBJgr,b+r (X/S) ; ]EaB,ll\)/[ (X/Sa [VD

Definition 2.1.14. Given E € SH(S) an SL-oriented ring spectrum and a map
@ : MSL — E of ring spectra, we call ¢ an SL-orientation map.

Since ¢ is a map of ring spectra, if we define for any X € Sch,g and any vector
SL-bundle V on X:

the (V) == p(thymst (V) € E*»™(Thy (V)

we get an absolute S L-orientation on [E extending the given S L-orientation we already
had.

Definition 2.1.15. Consider E € SH(.S) an S L-oriented ring spectrum, and suppose
we are given an SL-orientation map ¢ : MSL — E. Then we call the p-induced
absolute S L-orientation the orientation data given by Thom classes:

th (V) := p(thysy(V)) € E*"(Thy (V)

for any X € Sch,g and any vector SL-bundle V' on X. For short we will just say
p-induced S L-orientation.

We do not know a priori if the ¢ : MSL — E that can be associated with an
S L-orientation is unique. While a similar unicity statement holds true for GL- and
Sp-orientations by [DF21, Remark 2.1.5|, for S L-orientations is still open: there could
be an obstruction preventing the uniqueness of ¢ living in lim! E?»~17(MSL/™) by
[PW22, Theorem 5.8|, where MSL#" are the Thom spaces associated to the tangent
bundle of the special linear Grassmannian SGr(n,n?) (cf. [PW22, §5],[Anal6b, Def.
4.5)).
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Proposition 2.1.16. Let A € SH(k) be an n-invertible motivic ring spectrum. Then
SL-orientations are in one to one correspondence with SL-orientation maps ¢ :
MSL]k — A.

Proof. Let SGri(n,m) the special linear Grassmannian, defined as the complement
of the zero section of the determinant bundle associated to the universal bundle
E(n,m) over the Grassmannian Gry(n,m) (see [Analb| for more details). Let us
denote Th(n,m) := Thgay(n,m) (7' (n,m)) the Thom space associated to the tauto-
logical bundle 7 (n,m) of the special linear Grassmannian SGr(n,m). Since A is
n-invertible, we can adopt the single graded convention A®. By [PW22, Theorem
5.8], we know that ¢ : MSLi — A as in our claim exists and the obstruction to the
uniqueness of ¢ lies in lim* A”»~1(MSL/"), where MSL/™ = Th(n,n?) are the finite
approximation spaces for MSLy. By a cofinality argument, we have that the same
proof as in loc. cit. works also if we use, as finite level approximation for MSLy ,the
spaces MSL;ZZ”. So it turns out that ¢ is unique if:

lim" A2~ 1(MSL{™) =0
Notice that it is enough to show the surjectivity of the maps:

ce = AP(MSL§ZZ+1)) tny AP(MSLzp) — ...

induced by the maps of the direct system:
o= T(2n,4n%) 22 T(2(n+1),4(n+1)%) = ...

But since A is SL-oriented, for every k, we have isomorphisms:

e—2n Uth(2n,k) , o
A2 (SGr(2n, k) P A (Thsgyonp (T(2n,K)))

where th(2n, k) denotes the Thom class of 7 (2n, k). Using the last Thom isomor-
phism together with the computations in [Anal5, Theorem 9|, we get that i} are
surjective and hence lim! AQ”_I(MSL%”) = 0, giving us the uniqueness of ¢. O

Given an SL-oriented ring spectrum E, with an S L-orientation map ¢ : MSL — E,
the ¢-induced SL-orientation is uniquely determined. On the other hand, given
an absolute SL-orientation, its restriction to smooth schemes X € Sm g uniquely
determines an associated S L-orientation, thus we get the following:

Corollary 2.1.17. Let A € SH(k) be an n-invertible motivic ring spectrum. Then
we have a one to one correspondence between the following data:

1. SL-orientations on A;

2. maps of ring spectra ¢ : MSL — A such that p(thysy(V)) = tha(V) for any
V' wector SL-bundle over X € Sm /y;



2.1 Quick Recap on the Background

67

3. absolute SL-orientations.

Remark 2.1.18. We will only deal with SL[n~!]-oriented theories over smooth k-
schemes or just over some field k. So from now on, with a slight abuse of notation,
we will just say SL-orientation instead of absolute SL-orientation. According to the
corollary above, this will make no harm in the case we are working over a field. Using
a Leray spectral sequence argument we can also extend proposition 2.1.16 to smooth
k-scheme S (cf. proposition 3.2.1), but for most of our applications we will just
work over a field, hence we will not need this result in such generality. Thanks to
[DF21, Remark 2.1.5|, we also need no distinction between Sp-oriented and absolutely
Sp-oriented theories.

1
Recall from [PW18]| that there exists a spectrum BOg € SH(S), whenever 5 € 0z,
that represents Hermitian K-theory!.
Definition 2.1.19. Let KWg := BOg, be the Witt theory (absolute) spectrum

defined by inverting the element n € Bogl’fl(S) as done in detail in [Anal6b, §6
and Theorem 6.5].

Remark 2.1.20. The spectrum BOg is Sp-oriented (cf. [PW18]) and hence SL-
oriented. This induces an SL-orientation on KW, and indeed KW will be our main
example and focus point as an SL[n~']-oriented theory.

Thom Isomorphism and Euler Classes

For any SL-oriented theory, we can then talk about Euler classes e(FE,#) for SL-
bundles F.

Notation 2.1.21. As already mentioned in the introduction, we will adopt the con-
vention of [Lev19| for twisted cohomology theories. That means that given E an
S L-oriented theory and L — X a line bundle over some X € Sch g, we denote the
L-twisted E- cohomology by:

E® (X; L) := B2 (Thy (L))

Similarly, given a vector bundle V' — X, we will denote the L-twisted E-cohomology
on Thy (V) as:

E* (Thy (V); L) := E**2* Y (Thy (V) ® Thy (L)) ~ E**25* (Thy (V & L))

Remark 2.1.22. Notice that if L ~ Al is the trivial line bundle, then E**(X; L) :=
Ea+2,b+1 (P}() ~ Ea’b(X).

!There are recent works towards possible extension to more general schemes where 2 is not
invertible in the ring of regular functions. It is worth mentioning for example [Kum20].
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Given any vector bundle V' of rank r on X € Schg, if L := det(V), we can
construct the associated SL-vector bundle given by V & L' with its canonical triv-
ialization of the determinant weg, : V & L~ — Oy.

Definition 2.1.23. Let C be a full subcategory of Sch,g and let E € SH(S) be a
ring spectrum with an S L-orientation with respect to C. Let p: V — X be a rank r
vector bundle on X € C with determinant L := det(V).

1. We define the Thom class in L~!-twisted cohomology by:

th(V) := thygp € E*"(Thy (V); L) := E* " (Thy (Ve L))

2. Let sor, : X @ Lt sﬂd V @ L~! be the map induced by the zero section sq of
V', then we define the (twisted) Euler class as:

e(E) := s pth?(V) € E*" 2" (Thy (L71)) = E*™™(X; L71)

Proposition 2.1.24 (Twisted Thom Isomorphism). Let p : V. — X be a rank r
vector bundle over a scheme X, and let E € SH(S) be a SL-oriented ring spectrum
together with an SL-orientation map . Then we have an isomorphism:

9% = p*(—) Uth? (V) : E**(X; det(V)) — E*F2r*4(Th(V'))

Proof. Denote by L := det(V') the determinant bundle of V and let V, £ be the locally
free sheaves associated to V and L. Using the absolute S L-orientation induced by ¢,
the construction in [LR20, §3.10| works verbatim in our case. Let us briefly sketch
how one should proceed (more details can be found in loc. cit). The Thom class
thiGB ;-1 gives us a Thom isomorphism:

- B (X) N Eo+2(r+1),o+r+1(ThX (V) ;L—l)
This means that we have an equivalence of spectra:

O -VI-Lg ~
Similarly we have yO*-ILI-I£7E ~ E, and hence:
YO -V ~ $O- LR (2.3)

The equivalence of eq. (2.3) (together with homotopy invariance for p : V' — X)) gives
us our isomorphism V7. O

Remark 2.1.25. If E € SH(k) is an S L[n~!]-oriented motivic spectrum, we will drop
the ¢ from the notation in virtue of corollary 2.1.17. Notice also that the Euler classes
defined by the SL-orientations will coincide, under the relevant Thom isomorphism,
with the Euler classes defined in Chapter 1 using the formalism of [DJK21|.
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References with more details for Euler classes in S L-oriented theories can be found
in [Anal9, §3| and [LR20, §3] (even if they work with SL-orientations, everything
can be adapted to our gp-induced, absolute SL-oriented case). A treatment of Euler
classes closer to the one given here can also be found in [BW21, §5|.

Remark 2.1.26. Consider an S L-oriented spectrum E € SH(.S), with an S L-orientation
map ¢, and V' a vector bundle over X € Sch,g with determinant L := det(V) (and
associated locally free sheaves denoted by V and £). Similarly to remark 2.1.13, using
L-twisted Borel-Moore homology:

Eop (X/S:L) =E%, 1 (X/S, —[L])
we get L~ !-twisted Thom isomorphism:

By (X/S:L71) 5 Egy (X/S,[V])
using the ¢-induced Thom classes th? (V) € E?""(X; L~!). To remember how twisted
Thom isomorphism works (both for cohomology and Borel-Moore homology), it is
enough to remember that:

Z[V]@[ﬁfl]E ~ 22T+2’T+1E

or equivalently:
»20r+1),~(r+ )y Vg ~ 221n- LR

Construction 2.1.27. We will now construct a symbol element associated to a
section of a line bundle, using the construction of a symbol associated to an invertible
function on a scheme X as done in [Anal9, Definition 6.1]. For simplicity we will
restrict to the case of a scheme, but the same procedure will work for any NL-
stack without changing a word. Recall from loc. cit. that given u € I'(X,0%), for
X € Sm g and E € SH(X), we have a well defined element (u) € E*(X) induced
by the multiplication by v on T' = AL /G,, x. This element (u) is called the symbol
associated to u. Consider now a line bundle p : L — X, and consider A : X — L a
section. Denote by Z(A) the vanishing locus of A:

(5

Z()\)rwa
|
X

Let jx : U(A) <= X be the open complement in X of Z(A). Then A induces a non
vanishing section j*\ : U — j31L* of j1L. But this means we can trivialise j}L, i.e.

x>
A

we have:
AL ~yog
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with associated inverse: )
Taking the associated Thom spaces, we get:
Th(;") : Thyy (G5L) = 31y — Thyy (A1) = 21y
Twisting by £, we have:
E_OTh(Tjg\l) : Z_Ozjr\ﬁlU(A) — HU()\)

Definition 2.1.28. With the same notation above, let E € SH(.S) be a ring spectrum
with unit v : 1 — E, then we define the E-symbol associated to A : X — L to be:

(A)g :=uo E*OTh(T;) : 27 9Thy ) (J3L) = E € E°(U(N); 55L)

Example 2.1.29. Consider the section of Op2(2) given by Q = T? — 4TyT5, then
U(Q) =P?\ C with C the zero-locus of Q. Then for any E € SH(S) we have:

(Q) e E"(P*\ C;0(2))
Suppose that E is either an element of SH(S)[n™!] or it is SL-oriented. Then for any
scheme X and any line bundle L over X, by [Hau23, Proposition 3.3.1] or [Anal9,
Theorem 4.3| respectively, there exists an isomorphism:

¢ :E(X;L®?) S E(X)
Hence we get a well defined element:

@ = 9((Q)) € EO(P2\ O)
Example 2.1.30. Consider p: L — X a line bundle over X. Let:
tean : L — p*L

be the tautological section. Then U(teen) = L* = L\ 0 and for any E € SH(S) we
get:
(tean) € E¥O(L*; L)

Consider X = BGL,, and L = O(1). Then L* ~ BSL,, and we get:
(tean) € E¥(BSLy,; O(1))

Sometimes we will refer to (teqn) as the tautological symbol associated to L.
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2.1.1 S L-Orientations for NL-Stacks

We will now present an easy way to get Thom classes and Euler classes on NL-
stacks. The methods used here can be adapted to most of the common G-orientations
used in the literature, but since we will need to specialise to S L-oriented spectra any-
way, we will only talk about those.

Consider U, — BSL, the universal bundle over BSL, (the one corresponding,
under Yoneda, to the identity map of BSL,.

Proposition 2.1.31. Let E € SH(S) be an SL-oriented ring spectrum. Then we
have a natural equivalence of mapping spectra:

7 E(BSL,) — S*""E(Thgsr, (Ux))

Proof. First of all we need to construct the map 7 and then we will prove it is indeed
an isomorphism. Let SGrg(J, k) be the special linear Grassmannian, with tautological
bundle 7 (j, k). For each double index (j, k), we have natural maps o x; SGrg(j, k) —
BSL, classifying the tautological bundles, that is, we have cartesian squares:

T k) —— Uy
| J

By proposition 1.4.30, we have a natural equivalence:

Boo : cOlim TGrg (n,m) # ThsGr (nm) (T (n,m)) = 7851, #Thasr, (Uy)

But the left hand side is by definition MSL;, := colim mgqy ¢ (n,m)# Thscrg(n,m) (T(n, m))

as defined in [PW22, §4]. By construction of MSL as a spectrum (cf. [PW22, §4|),
we have a natural maps:

Up 2 T2 "MSL,, — MSL

By [PW22, Theorem 5.9] we have a map of motivic spectra ¢ : MSL — E. Consider
the following composition of maps:

the, = X¥"(pouy,) o B : msL,4#These, (Uy) — S*™"E

oo

This means that we have an element the; € E**"(Thgsr, (U,)). Let p, : Uy, —
BSL, be the projection map and let us finally define the map we are looking for:

7: E**(BSL,) — E**?%*™(Thgsy. (U,))
x — the, Up*x
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Rewriting E(BSL,) and X?*"E(Thgsy, (U,)) in terms of mapping spectra, we
want to show that the map:

T MapSH(BSLn)(ILBSLMFESLnE) — MapSH(BSLn)(ThBSLn (Uy), 5> " 7hsr, E)

is indeed an equivalence. Since SL,, is special, we can take a : S — BSL,, as our NL-
atlas. By [Cho2la, Lemma 5.1.1|, the map a* : SH(BSL,,) — SH(S) is conservative,
hence 7 is an equivalence if and only if a*7 is an equivalence. Notice that a* U, ~ A%
and denote by ¢, := a*p, : AG — S the projection map. Then we have:

a’7(—) = a"thy, Ug,— = than Ug,—

But this means that a*7 is the Thom isomorphism map associated to A%, so it is
indeed an equivalence as we wanted to show. ]

Definition 2.1.32. We define the canonical Thom class of U, — BSL, as the
element:

th(U,) = 7(1psrL,) € Ezn’n(ThBSLn (Un))
where 1557, € E%(BSL,,) is the identity element in the E-cohomology of BSL,,.

Now, let X € lejt]/\% be a NL-stack. Let v : V — X be a vector bundle of rank
n with trivialised determinant. The vector bundle V is classified by a map fy such
that:

‘j% Tn
X — BSL,
\%

Definition 2.1.33. We define the Thom class of the special linear vector bundle
V — X with values in a SL-oriented ring spectrum E € SH(S) as:

th(V) := fyth(U,) € E*™" (Thy (V)
where fy : X — BSL, is the map classifying the special linear bundle V.

As we did for schemes, once we have Thom classes for vector bundles with trivialised
determinants, we can define Thom classes for general vector bundles living in twisted
cohomology. Indeed if V' — X is a vector bundle of rank n with determinant L :=
det(V), then V @ L~ is a vector bundle of rank n + 1 with trivial determinant. We
can define:

Definition 2.1.34. The Thom class for V in L~'-twisted E-cohomology is the ele-
ment:

thy := thyg,-1 € E**"(Thy (V); L") := > (Thy (Ve L))
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Definition 2.1.35. In the same notation as above, we defined the E-valued Euler
class of a vector bundle V' — X of rank n as:

e(V) = s*thy € E**"(X; L") := E*""2"(Thy (L71))
where s* is the pullback map induced by the zero section sg : X — V.

Remark 2.1.36. Using remark 1.4.9, we can translate everything we did in this
section to the equivariant setting.

2.2 The Additive Structure of SL[n~']-Oriented Theories
Notation 2.2.1. To make the notation more compact, we will write:
= = [0

to denote the quotient stack of G-equivariant objects, whenever the group G is clear
from the context.

Lemma 2.2.2 (|[Lev19, Lemma 5.1]). Let F' be the tautological rank two representa-
tion of SLo and let A € SH(S) be an n-invertible spectrum. Then the structure map

T P(F) — S induces an isomorphism:

T AT(S) < Ay, (P(F))

Proof. We will denote by m_ : — — S the structure maps of our schemes and stacks.
Give to F = A? the standard left SLs-action, and equip A? \ {0} with the induced
(left) action. Equip SLg with the left SLs-action coming from matrix multiplication,
then we have a SLs-equivariant map:

ri SLy  — A%\ {0}

(‘; Z) > (ab)

that realises SLs as a (SLo-equivariant) Al-bundle over A? \ {0}, with zero section
map so : A2\ {0} — SLy. This means that once we pass to the quotient stacks we
get an A'-bundle map:

T [SL2/5L2] ~S5 — [A2\{0}/5’L2} =: Am}

with zero section sy : A%\ {0} — S. By homotopy invariance, we get an equivalence
of mapping spectra:

e o a (Tor) I
So" A(S) = MapSH(S)(]ls, A)— A (A \ {O}) = MapSH(S) (]ls, WA?\{O}*WM\{()}A)
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On the other hand, the algebraic Hopf map:
n: A%\ {0} — P(F)

induces a map on the quotients stacks:

—_~ o~

7+ A2\ {0} = P(F) = [P(F) s, |

Hence we get a well defined map:

—

7 A (P(F)) A (A?f\\{/o})

By remark 1.4.34, for any NL-stack X € %tj/vé{; and any NL-atlas X — X, we can
compute the cohomology of X using its Cech nerve X% = Cpn (X/X):

A(X) = Mapgp(g)(Ls, TasmyA) =~
~ Mapgp(s)(Ls, lim mxy iy A) =
~ 71L1€rrA1 Mapgyy(s)(Ls, Txn«Txn A) ~
I ACKD

For IPT(}/) = [P(F')/SLz] a NL-atlas is given by P(F) — IPT(\F/) with Cech nerve given

—_—~—

levelwise by C, (IP’(F) /IP(F)) — P(F) x SL", hence:

A (Iﬁ(}«f)) ~ lim A (B(F) x SL3)

—_—~—

Similarly, for A%\ {0} we get:
2/\_/ ~ |1 2 n
A (A2\{0}) ~ lim A (42 {0}) x SL})
Therefore the map 77* restricted levelwise on the Cech nerves gives us a map:
i A(P(F) x SLy) — A ((A%\ {0}) x SL%)

that is just the pullback map along 1, = n x Id : (A2\ {0}) x SLY — P(F) x SL3.
But since 7 is invertible in A, all the maps 7} are invertible and hence:

it A (P(F)) — A (42 \{0})
is an equivalence.

Now consider the following commutative diagram of quotient stacks:
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This means that we have:

And hence, since both (30)* and 77* are equivalences, the pullback map:

—

(mam) " = (7)™ (50)" s A(S) — A (B(F))

is an equivalence too.

O]

To prove the full statement of the additive presentation of A®*(BN), for an SL[n~1-
oriented A, we will need various intermediate steps.

Lemma 2.2.3 ([Lev23]). Given A € SH(S) and n-invertible spectrum, then the pull-
back of the structure map T2, IP% — S induces an isomorphism:

A*(S) — A®(PS)

Proof. We can cover P% by two opens U,V where U = P% \ {p} with p=[1:0:0],
and V =P% \ {29 = 0} ~ A%. Then we have a Mayer-Vietoris diagram:

UNV ~A2\ {0} —— U

J J+

V ~ A% _ IP%
Jv

We can identify U with the bundle Op:i (1) — P4 that sends [zg : 21 : z2] > [0 : 27
1], hence U is Al-equivalent to ]P’}g. Then up to Al-invariance, the Mayer-Vietoris
diagram becomes:

A2\ {0} ——— P}

l l

AZ 5 IP)Q
S v S
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Hence P% is Al-equivalent to P} a2\ 10y A%. But if we invert the (unstable) Hopf
map, we can replace A% \ {0} with P§ and hence P% becomes equivalent to the A%
in SH(S)[n~!]. Consider the following commutative diagram:
- \Lﬂ'ﬂﬂ
S

[PJQ 9
S
and ji, becomes an equivalence once we invert 7, therefore Tpe IS an equivalence too

S

Then we have that 7, >~ jy,m5, , but 73, is an equivalence by homotopy invariance

in SH(S)[n™!]. This means that we have an isomorphism:
7TFF;2S tA%(S) = A% (P2)
as claimed. O

Lemma 2.2.4 ([Lev23|). Let A € SH(S) be an SL[n~']-oriented spectrum. Let
T — P% be the tangent bundle of P% and let e(T) € A?(P%; Opz2(3)) ~ A%(P%; Op2(1))
be its Euler class. The cup product with e(T) induces an isomorphism:

AT2(8) = A" (PE; Opa (1)) = A"(P; Opa(3)
Proof. Consider the localization sequence associated to a point {p} «— P?:
A*2(p) < AP O(1) 7= A(PE\ {p}; O(1)

where we identified the twist by O(3) with the one by O(1) since A is SL-oriented.
As in lemma 2.2.3 homotopy invariance gives us an isomorphism:

A*(PE\ {p}; O(1)) = A*(Pg; O(1))

By definition we have A®*(PL; O(1)) = A.+1(Thﬂm‘1S (O(1))). But by homotopy in-
variance, O(1) can be identified with P} and after inverting 7, we can also identify
A2\ {0} ~ O(1)\ {0} C O(1) with P§. Hence Thp: (O(1)) becomes just a (pointed)
point, so A®*(Thp: (O(1))) = 0. Then from the localization sequence we get an iso-
morphism:

Lot A°T2(S) T A%(PE;0(1))
The pushforward map mp2, @ A*(P%;0(1)) — A*(S), with Tpy, P% — S the
structure map, is an isomorphism too since ﬂ'P% s = 1d.
Now we make the following claim: if T is the tangent bundle of P%, then Tp2 e(T)

is a unit in AY(S). To see this, we use the Leray spectral sequences for A®(S)
and A®*(P%;0(1)) (cf. [ADNI18, §4|) to reduce to computations along the fibers
A*(k(x)) and A’(Pi(x)). By the motivic Gauf-Bonnet theorem (cf. [LR20| or
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[DJK21, p. 4.6.1]), we have that x (]P)i(x)//i(flj')) = ﬂﬁ(x)*(eS(Tpi(m)), where €5(-)
denotes the Euler characteristic relative to the sphere spectrum. We know that the
Euler-characteristic of IP’i(x) is equal to (2) +(—1) € GW(k(x)) by the computation in
[Hoy14, Ex.1.8], but this means that wﬁ(z)*(e(TPi(z))) is the image of (1) € W(k(z))

under the unit map W(k(z)) — A°(k(z)). So we have that 2, )*(Lﬁ(x)*lpﬂ) =

mp2«(e(Tp2)) defines an isomorphism and is indeed a unit. Therefore:

(Ve ))oma A*2(r(@) — A*(FE,;0(1))

k()

defines an isomorphism too, as we wanted.

O]

We will now go on a brief excursus computing SL[n~!]-oriented theories of P, just
for the sake of completeness. The following lemma (as well as the last two lemmas
before) is already known (cf. [Anal6a, Theorem 2| for a more general statement):

Lemma 2.2.5. Given A € SH(S) with A an SL[n~']-oriented spectrum. Then we
have:
AQ(P2k+1) ~ A.(S) ® A072k71(5)

A* (P 0(1)) ~ 0
A*(P2) ~ A*(S)
A*(P?";0(1)) ~ A*727(S)

Proof. We will proceed by induction. Let us start considering n = 1, then take the
localization sequence associated to p < P! with open complement given by A':

-k

oo AT ALy B Ac(s) & A(S)

Then the projection map 7p: : P}g — S induces the pullback map 7* that exhibits ji
as a split surjection, telling us that 9 = 0 and that:

A*(PY) ~ A®(S) & A*L(S)
For the twisted theory of P!, we already saw in the proof of lemma 2.2.4 that:
A*(PL0(1)) ~0

Moreover lemma 2.2.3 and lemma 2.2.4 already took care of the case n = 2. Let us
assume we know the result for any m < 2n 4+ 1, then we just need to show it also
holds for 2n + 1 and 2n + 2. Let us start with ]P’%”'H, and again consider p < P2+,
Similarly to what we did in lemma 2.2.3, we can identify P2"*1\ {p} with Opon (1)
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and hence, up to Al-equivalence, with P?”. Now the localization sequence associated
to p — P2t reads as:

L ARGy (D ety Tt pep2ny Ongt pedn(gy

By induction hypothesis, we have A®*(P?") = A*(S), and once again the projection
map mp2n+1 : IP%”H — S induces a map 7pa,4. that makes j3, .4 into a split surjection,
giving us:

Ao(IP;Qn—H) ~ A.(S) ® Ao—2n—1(S)

Considering again the localization sequence associated to p < P?"*+1 but this time
with the twist by O(1), we get:

](1)3n+1

A2y Lz yepnt 1)) T pep2n, (1)) P pe-an(gy

By induction hypothesis 92,,+1(1) must be an isomorphism and thus A*(PZ"™; O(1)) ~
0. The case 2n + 2 is completely similar, and we will leave it to the reader. O

Corollary 2.2.6. For any n-inverted spectrum A € SH(S), we have:
A* (BGp,s) ~ A*(S)
A* (BGps: O(1)) ~ 0
Proof. Recall from [MV99], that the model for BG,, is given by P>°. We have that:
BG,, ~P* = co7lrilrn pm

For the untwisted case, we can take the colimit over the even dimensional projective
spaces (since this is a cofinal system). Then the structure map 7ngg,, : BG, — S,
under the identification of corollary 1.4.31, induces a map:

Th6,, + A%(S) =+ A*(BGi) = A*(BGyp) = lim A* (P*)

If we consider A®(S) as a limit spectrum over a constant pro-system, then the map
Thg,, levelwise becomes 7, @ A(S) — A(P?!). By lemma 2.2.5, Tpor 1S an equiva-
lence for every k and therefore 75 is an equivalence too, proving the first claim of
our corollary. For the second claim, we just write BG,, as a colimit of odd dimensional

projective spaces and again by lemma 2.2.5 we get:
A*(BG,,; 0(1)) ~ h}IglA'(IPQkJrl;O(l)) -0

O]

The previous corollary can also be deduced from the following stronger result proved
in [Hau23, Theorem 6.1.3|:
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Theorem 2.2.7 (Haution). The map BG,, — S is induces an isomorphism in

SH(S)[n~"].

Let § : T — P(Sym?(F)) be the tangent bundle of P(Sym?(F)). We have an
induced map:
— [T/SLs] — B(Sym?(F)) = [P(Sym?(F))/SL2]

~——

where T is the relative tangent bundle of P(Sym?(F)) over BSLs.

Lemma 2.2.8 ([Lev19, Lemma 5.2]). Let A € SH(S) be an SL[n~1]-oriented motivic
spectrum. Then:

P

(a) The map p : P(Sym?(F)) — BSLy induces an isomorphism:
p* 1 A® (BSLy) — A%y, (P(Sym*(F)))

(b) Agp, (P(Sym?(F)); O(1)) is a free A®(BSLy)-module generated by e(‘T).

Proof.  (a) Let us consider the cohomological motivic Leray spectral sequence as in
[ADN18, §4], applied to p : P(Sym?(F)) x Z — Z for any scheme Z € Sch .
Then we have:

EP = P APY(p ! (x); Na) = AP (P(Sym?*(F)) x Z)
zeZ(P)

where p* N, is the normal bundle of the inclusion ¢, : p~*(x) < Py, (Sym?(F)),
that is, the pullback of the normal bundle NV, of = : Spec(k(x)) — Z. Since A
is S L-oriented, we actually have a spectral sequence of the form:

EP = P A7 (p~'(2);det(p*Ny)) = AP (P(Sym?*(F)) x Z)

zeZ(P)
The bundle p : P(Sym?(F)) x Z — Z has fibers p~! () ~ H(w) for all z € Z.
By lemma 2.2.4, we have:

Pt Az det(N,)) = A (Pi(x); det(p*Nm,m))
But we also have the Gersten spectral sequence for Z:

EP? = P A%(k(w);det(N,)) = APT(Z)
zeZ(P)

and by the functoriality of the Leray spectral sequences? [ADN18, Proposition
4.2.10] we get that the pullback map:

p*: A%(Z) =5 A*(P(Sym?(F)) x Z)

2For Z, the Leray spectral sequence is just the Gersten one.
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is an isomorphism, since the induced map p} on the E;-terms is so. This implies
that:

A(P(Sym*(F)) x Z) = Mapgys)(Ls, (Tpsym2(r))x 2)* (T Bsym2(r))x2)*A) =
~ Mapgy(s)(1z, 7z A) =
= A(Z)
(2.4)

The pullback map:

—_—

" A(BSLy) — A(P(Sym?(F)))

by remark 1.4.34 gives us a map of limits of mapping spectra over the Cech
nerves:

~% . 1: n . 2 n
P 71L1€HAIA (SLy) — 717,1€HA1A (P(Sym?*(F)) x SLy)

But by the computation (2.4) we made above, this is a levelwise equivalence
and thus we get an isomorphism:

p* 1 A® (BSLy) = A%y, (P(Sym*(F)))
where we identified A(P(Sym?(F))) with the SLy-equivariant cohomology by
remark 1.4.9.

By a similar argument, for any scheme Z € Sch,g, we can use again the
Leray spectral sequence converging to APT4 (P(Sym2(F)) x Z; (9(1)) and the
isomorphisms:

A* (P2,0(1)) = A*2(5(2)) - e(Tpz_ )

from lemma 2.2.4. So this time the spectral sequence is telling us that e(7 z) €
A% (P(Sym*(F)) x Z), where T 7 is the tangent bundle of P(Sym?*(F)) x Z
over Z, is a generator for A® (P(Sym*(F)) x Z;O(1)) as a free A® (Z)-module.
Therefore we get an equivalence of mapping spectra:

A(Z) = SPA(Thp(gym2(r) (O(1)) X Z) (2.5)

where E3A(Thp(sym2(F)) (0(1)) x Z) = L2A(P(Sym?(F)) x Z; O(1)) by defini-
tion.

—_—

By remark 1.4.34, using the Cech nerve of P(Sym?(F)), we can rewrite:

—_~—

A(P(Sym?(F)) = lim A(P(Sym?(F)) x SL})

The isomorphism of (2.5) tells us that:

—_—

A(P(Sym*(F))) = lim STA(SLY) - e(T sey)



2.2 The Additive Structure of SL[n~']-Oriented Theories

81

But for each n, the bundles TSLg is the pullback of the relative tangent bundle

—_~—

T of P(Sym?(F))) over BS Ly, hence e(T) gets pulled back to e(T szy) along the
maps of the Cech nerve. Since we also have that A(BSLs) ~ limpea A(SLY),
we get:

A(P(Sym?(F))) ~ £2 <7111€n& A(SL3)> - e(T) =~ S 2A(BSLy) - e(T)

P

After identifying A (P(Sym?(F))) with the equivariant cohomology by remark 1.4.9,
we get our claim.

O
Now we want to use the localization sequence relative to:
j P ——
BN ¢ P(Sym?(F)) : > P(F)
\ |p //p// (2.6)
BSLo

to compute A*(BN). But first we will need the following:

Definition 2.2.9. Let E € SH(S), we say that E is even if E**(k) = 0 for all fields
k and for all integers a, b such that a — b is odd.

Remark 2.2.10. If A € SH(S) is n-invertible, since we follow the same convention
An(.) := A™O(.) ~ A"Fi(.) as in [Analb], then A is even if and only if A?(k) = 0
for all fields k and all odd n. In particular by [BH21a, p. 8.11], MSL,, is even.

Example 2.2.11. Witt theory KW and Witt cohomology HW are also examples of
even spectra.

Remark 2.2.12. Let us assume that our base scheme S = k is a field. It fol-
lows from [Anal5, Theorem 10| that, for A an SL[p~!]-oriented even spectrum,
we have A"(BSLi) = 0 for any integer k and any odd integer n. Hence using
lemma 2.2.2,lemma 2.2.8, for those kind of spectra we have that:

sp, (B(F)) =0
t, (B(Sym2(F))) ~ 0
81, (P(Sym®(F)); O(1)) =~ 0
whenever n is odd (and always working over a field k).

Remark 2.2.13. In the following proposition we are considering quotient stacks over
a base field k. We should write BGy to stress this and to avoid confusion with the
classifying stack BGg over some more general base S, but since it will be clear from
the context we will just denote them as BG (and the same applies to the ind-schemes
BG).
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Proposition 2.2.14 (|Lev19, Proposition 5.3|). Let k be a field and consider BN,

—_~—

P(Sym?(F)), P(F) € %t%f. Let T be the tangent bundle of P(Sym?(F)) over BS Ls

and let yN be the generator of Pic(BN). For any SL[n~!]-oriented ring spectrum
A € SH(k) and any integers n, k, we get split exact sequences:

0 — A% (P(Sym?(F)); O(k)) -+ A2 (BN; O(k)) 25 A2 (k) — 0
yielding the following isomorphisms of graded A®(k)-modules:
A*(BN) ~ A*(BSLs) @& A® (k)
A*(BN;yn) ~ A*2(BSLy)e(T) @ A®(k)

Proof. Let us begin noticing via the inclusion ¢, the line bundle OlP’(Sme(F))(k) €
Pic®L2 (P(Sym?2(F))) pulls back to V Op(sym2(r)) (k) = Op(r)(2k) over P(F) and that
the normal bundle of P(F) — P(Sym?(F)) is isomorphic to Op(r)(2), so that all the

twists will get trivialised over P(F).
Using the localization sequence associated to eq. (2.6), we get:

LAY P(R) B AT, (P(Sym®(F)); O(k)) L5y A20(BN; O(K)) %, A%, (P(F) — ...

(2.7)

Now let us for a moment work with the universal SL[n~!]-oriented ring spectrum

(cf. [Anal6b, Theorem 4.7]), that is, MSL,; we will drop the super-script on the

boundary maps for the moment and we will use it again at the end for the general

case. By remark 2.2.10, we know MSL,, is even and hence, by remark 2.2.12, our long
exact sequence above gives rise to short exact sequences involving only even terms:

0 — MSLZ%;, (P(Sym*(F)); O(k)) IR MSL2"(BN; O(k)) RN MSL2%y, (P(F)) — 0

We have that PicP2(P(Sym?(F))) = Z is generated by O(1), while j*O(1) ~ yy is
the generator of Pic(BN), so, by lemma lemma 2.2.8 we can further reduce to the
following two kinds of exact sequences:

0 — MSL2"(BSLy) < MSL2"(BN) -2 MSL2" (k) — 0 (2.8)

0 — MSL2"2(BSLs) - (T) - MSL2*(BN; yy) 2 MSL2"(k) = 0 (2.9)

Recall we wrote BN as [(P?\ C))/SLs], where C was the conic given by the zero
locus of the section Q = T2 — 4TyTy of Op2(2). Applying our construction 2.1.27
to the section Ag : [P?/SLy| — Opp2 /51,)(2) induced by @, we get a well defined
element (\g) € MSL%(BN). To get an A®(k)-module splitting for eq. (2.8) and

eq. (2.9), it is enough to send 1 € MSL%(]k) to some elements qg/ISL”, qiv[SL" such that

their boundary will be 1 again. For eq. (2.9), we are just content to choose any qi/[SL"
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such that 0, (qg/ISL") =1 (this will exists by surjectivity of 9;). For eq. (2.8), we can
make a clever choice: set qg/[ Slo (Aq@) constructed before. First let us show that

A (q(l)v[ SL") is invertible. By a Mayer-Vietoris argument we can reduce to the case of
a trivial vector bundle, hence to the case where A\g is just the standard coordinate
section t of Al. But in this case 9({t)) = 1 by [Anal9, Lemma 6.4] applied levelwise
to the Cech nerves. Via the isomorphism MSL;l’_l(]k) o~ MSL%(]k) given by mul-

tiplication with n~1, the boundary d((t)) is really sent to 1 and hence 80(qu SL") is
invertible. Let us prove that this boundary is not only invertible, but it is indeed
1. Let U be some dense open of P? where O(2) gets trivialised, let V' be the open
dense subset of P(F') corresponding to U N C under the identification C' ~ P(F).
Let jy : V < P(F) — IP/’(\I?) be the map defined by the composition of the open
immersion V' — P(F') together with the standard quotient map given by the atlas

e e

of P(F). Since MSLy (k) ~ MSL}(P(F')) via the pullback along the structure map
T, we can identify ji, with 7j,, where my : V' — Spec(k) is the structure map of

P(F)
V. Since on V' we can trivialise O(2), we get that j{}(@o(qg/[SL") —1) = 0. But 7y,
(and hence j§,) is injective, so this implies that 80((]18/[81“”) =1 as claimed.

For a general SL[n~!]-oriented ring spectrum A, by [Anal6b, Theorem 4.7, Lemma
4.9], we have a map go;?L : MSL,, — A of SL-oriented ring spectra. Consider again

the long exact sequence eq. (2.7) and consider elements gf* := gp;?L (qg/I SL"),q{X =
MSL . . MSL, MSL, , MSL
ent(a”"). Set i € {0,1}. Since 9 (gi*) = 9 (¢ (a; ") = (9, (@i ")

and since go;S;L is a map of ring spectra, sending s, € MSL%(E{) to 1o € A%(Kk),
we have that the boundaries of q;-A are both 1. Hence c')f are split surjective maps of
A®(k)-modules as in the MSL, case and we are done.

O

Let us generalise the previous proposition to the case of a general smooth k-scheme
S. But before doing that we will need to prove the following lemma:

Lemma 2.2.15. Let X € %tl/VBL be a smooth NL-stack and let v € Ko(X). Then

there exists a spectrum Ex, € SH(B) such that there is a natural equivalence of
functors:

0 : E)(ﬂ}(—) ~ E(X XB —,U) : SII’I/B — SH(B)

Proof. Let Y € Sm,p. Denote by 7y : X — B and by ny : Y — B the structure
maps of X and Y. We claim that:

Ex, := MapSH(B)(]lB,WX*ZUW}E) € SH(B)

is the spectrum we are looking for, where Map denotes the internal mapping space
in SH(S). Consider the following Tor-independent cartesian square:
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Notice that since the square is Tor-independent we have p5Qx ~ Ly .y /x, moreover
p1 is clearly a smooth representable map. By [Cho2la, Theorem 4.1.1(1)] we have
Eaxi : mymx1 ~ p1p; and hence we get:

Wx#z_vﬂfyﬂy#]ly ~ Wx#z_vﬁfvﬁygzﬂy ]1y ~

Exy X*
~ ﬂ;(#plE_plvgngQY 1y ~

~ myppuE PSP pilly o (2.10)
o~ Ty ppp N PSRy /X Ry
~ Wx#pl#z_pfvpz]ly >~
~ Ty 42 P xyy
where we used purity (for representable maps) twice, once for 7wy and once for p;.
But this means that:

Ex,(Y)= Mapgyy(p) (1p,my«myEx ) >~
~ Mapgjy(p) (ry 41y, Ex ) =
~ Mapgy(p) <WY#ﬂy,@SH(3)(H3,WX*Z”ﬂ}E)) ~
~ Mapgy(p) (Ty # Ly, T X'myE) ~

B (
~ MapSH(B) (ﬂx#z_v’ﬂ'}ﬂ'y#ly,E) >~
(2.10) .
~ " Mapgyp) (WXXY#E P1 ]lXXy,E) o~
~ E(X x Y,v)

This identification Ex ,(Y) ~ E(X xp Y, v) is moreover functorial in the Y, where
f Y1 = Y5 is sent to the pullback map:

f* : E/ij(YQ) ~ E(X XB ifg, U) — EX,’U(}/]_) ~ E(X XB Yl,v)
Hence we have a natural equivalence of functors:

0:Exy(—) =2 EX xp—,v):Sm,p — SH(B)
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Proposition 2.2.16. Let S € Sm . For any SL[n~']-oriented ring spectrum A €
SH(S) and any integers n,k, we get split exact sequences:

0 = AZ: (P(Sym?(F)); O(k)) L A2(BN; O(k)) -2 A?(S) — 0
yielding the following isomorphisms of graded A®(S)-modules:
A.(BNs) ~ A.(BSLzs) ® A'(S)

A*(BNg;yn) =~ A*2(BSLas)e(T) @ A*(S)

where T is the tangent bundle of P(Sym?(F)) over BSLays and vy is the generator
of Pic(BN).

Proof. Since S is smooth, using corollary 1.5.3, from (2.6) we get a localization se-

quence for BNg, Pg(Sym?(F)) := P(Sym?(F)) x S and m = ]PT(\P{) x S. For any
integer k we get:

o A%, (B (Sym2(F)); O(K)) 25 A2 (BNg: O(k)) 25 AZp, (B (F)) — ...

Using the S L-orientation, we can just consider k = 0, 1. Recall that BN = [P2 \ C/SLQ] ,

where C'is the conic given by the zero locus of the section Q = TZ — 4TyT of Op2(2).
Applying our construction 2.1.27 to the section Ag : [P?/SLy| — Op2/51,)(2)
induced by Q, we get a well defined element go € A°(BNg) (cf. proof proposi-
tion 2.2.14). The structure map mg : S — k induces a map g : BNg — BN} and
hence a pullback map:

9"+ A*(BNi; ) — A*(BNg;N)
Consider ¢ € A%(BNy;yn) constructed in the proof of proposition 2.2.14, and set:
01 = g*q1.xA°(BNs; 7v)

We then have two maps:

(j*,00): A®(BSLys) @ A*(S) — A*(BNs) (2.11)

(G*(—)e(T),01) : A**(BSLas) @ A*(S) — A*(BNs;yw) (2.12)

where o : A(S) = A(BN) sends 1 — ¢ and o1 : A(S) = A(BN;~y) sends 1 +— ¢;.

We want now to apply the homotopy Leray (or Gersten) spectral sequence of
[ADN18| to both sides of (2.11) and (2.12), but the cautious reader might object that
we are dealing with algebraic stacks and not schemes any more. But by lemma 2.2.15,
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we can then apply the results in [ADN18]| to the motivic spectra Ay and Apgr, rep-
resenting A(BNg) and A(BSLys) for S € Sm ;. Namely, we have that:

Agsr,(S) = A(BSLsg)
Apn(S) = A(BNg)

ANy (S) = A(BNg;vN)

and we can apply the results in [ADN18| to these spectra. By [ADN18, Theorem
4.2.9| (with f = Id in loc. cit.), we have spectral sequences:

EPt = @ Afy(r(s) = AR (S) = A(BN)
ses®)

B = D (Aber, (5(5) ® AT(x(5))) = APH(BS Ly, 5) @ APF(S)
s€S(®)

The map (j*,00) : A*(BSLys) ® A®(S) — A®(BNg) induces a map between
spectral sequences E and 'Eq, but the latter is an isomorphism by proposition 2.2.14
and hence (5*,00) is an isomorphism too. By a similar argument, applying again
proposition 2.2.14 at the level of spectral sequences, we get that:

(5" (=)e(T),01) : A*2(BSLas) ® A*(S) — A*(BNs; )

is an isomorphism too and we are done.

O]

Remark 2.2.17. 1. From [Anal5, Theorem 10| (plus corollary 1.4.32 and re-
mark 1.4.33), we have that A®*(BSLa2) ~ A®(S)[e], where e = e(Es) is the
Euler class of the bundle associated to the tautological rank two bundle on
BSLy. Denoting by p: BN — BSLs, from the computations we just made, we
then have that A*(BN) ~ A*(S)[p*e] ® g5 - A*(S). Then if £ : S — BN is the
base-point of BN, the projection of A®*(BN;-) onto the second factor A®(S) in
our previous theorem, is just £*. Hence computing:

((1+ap) - e(T)) =0o(ay) Ee(T)=1-¢e(T)=0

since 7 gets trivialised once pulled back to the base-point. Since 91((1 +

@) - e(T)) = 0, (1 +¢f) - e(T) must live in the factor A=2(BSLy) - e(T)

of A2(BN;vy). Thus we have that (1 4+ ¢}) - e(T) = M\ - e(T) for some

M € A°(BSLs). This is particular true for MSL,,, and hence, by universality

of MSL as SL-oriented theory, we have \{ = cp;g]L()\ll\/[SL").

2. For A = HW, our ¢}V is exactly (g) constructed in [Lev19, §5] (under the
identification of corollary 1.4.32).
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2.3 The Multiplicative Structure of KW*(BN)

The results in the previous subsection gave us the additive description of A®*(BNg)
for an SL[n~!]-oriented ring spectrum A and S a smooth k-scheme. From now on,
up to the end of this chapter, if not otherwise specified, we will always work over a
smooth k-scheme S, so we will omit the subscript from the notation.

Let us now proceed with the computation of the multiplicative structure of KW* (BN)
and the KW*® (BS Ls)-module structure of KW® (BN;yy). Let g0 := ¢&"V, ¢1 :== ¢&W
be the elements constructed in the proof of proposition 2.2.16. We have that q(2) =1
(cf. |Anal9, p. 6.2]).

Recall from remark 2.2.17 (for A = KW), we have that KW*(BN) ~ KW*(S)[p*e]®
q0 - KW*(95).

The only relations left to compute are:
go-p*e € KW? (BN) do-j*e(T) € KW? (BN; ) q0-q1 € q1-KW°(S)

To do this we can consider the inclusion G,, — N and the corresponding map
BG,, — BN, where BG,,, ~ [(SL2/G,,) /SL2]. The description of BN as the quo-
tient [(P (Sym?(F)) \P(F)) /SLs], gives us a section j*Q of j*O(2) coming from
the section Q = T? — 4TyTs of Op(sym? 7)(2), via the restriction along j : BN <

—_—

P(Sym?)(F).

Given an algebraic stack X, a line bundle V(£) on X and a section s of £L&2, we
can construct another algebraic stack X (y/s) as the fiber product:

5q

where sq : L — L%? is the squaring map and o : X — L®? is the map induced by
the section s.

In particular, on BN we have a section j*Q of j*O(2) = j*O(1)®? and we can
consider the stack BN (1/7*@). Similarly to what was showed in [Lev19, End of Sect.
§2 and §5], we can identify BG,, ~ BN (y/Q) — BN as a double cover.

Lemma 2.3.1. Consider S = Spec(k). Then we have (1+qo)-p*e = 0 in KW? (BN).

Proof. We will freely use the notation employed in the proof of proposition 2.2.16
and we will closely follow the proof in [Levl9, Lemma 5.4]. Let us recall here the
underlying geometry of our objects. We have a rank two tautological bundle Fs =
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[F/SLy] — BSLy and its pullback Ey := p*Ey — BN. The class e € KW? (BSLy)
was the Euler class of Es, under the appropriate identification (cf. corollary 1.4.32),
and so we have p*e = e(F). We have the double cover ¢ : BG,, — BN. The
pullback ¢* Ey splits as ¢*Ey ~ O(1) @ O(—1) corresponding to the decomposition of
F into the eigenspaces relative to t and t~! under the G,,-action. The Z/2Z ~ N/G,-
action sends t + ¢t~ and thus swaps the two factors O(1) and O(—1). Considering
the cone (O(1) x 0)U (0 x O(—1)) C p*Ey, we get by descent under the Z/2Z-action
the corresponding cone € C E5. We have a map v : €V := O(1) — €, induced by
the normalization of the atlas of €3. So we have the following commutative diagram:

T

Considering the localization sequences associated to:

0 = BN «> ¢ <> €\ 0 =: €° O, =BN 2 [, <> B\ 0= ES
Oy =BGy, & ¢N oo ¢V \ 0= (eN)° ~¢° Osp*EzzBGm‘gfo%go*Ez%@—’go*Eg

we get the following diagram:

8€N

KW (¢°; 0(-1)) KW~1~1(BG,,)

. E
2. KW (" £53) *"F KW~1~1 (BG,,)
p)
KWO0 (€°; O(~1)) < KW~1=1 (BN)
LQ\/EN \jd\)
KW2! <E2> o KW-1~1 (BN)
Es

(2.13)

3All the geometry we have done so far is the geometry of SLa-quotient stacks, we can just work
with their standard atlas and then by descent pass to the SLa-quotients.
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where we used the fact that the normal bundle of €V inside p*Ej is NCN/go*EQ ~

P*OBG,,, (—1) | gn-

Let : €V ~ Opg,, (1) = BG,, be the line bundle map, then we can consider on

Oen (1) =~ 7*O(1) the tautological section can : €V ~ Opg, (1) — O~ (1)%. By
definition 2.1.28, we get a well defined element (t.q,) € KW%0(€°; O(1)).
By a Mayer-Vietoris argument, to compute Ogn ({tcan)) We can restrict to trivialis-
ing open subsets, and we have that Ogn((tean)) = 7 € KW 171 (Opgg,,(1)). But
by homotopy invariance we get KW~5"1(Ogg, (1)) ~ KW 171(BG,,). Using the
isomorphism induced by 7, we can identify KW~1~1(BG,,) ~ KWY(BG,,): under
this isomorphism 7 is sent to 1, so we have dgn ({tean)) = 1 € KW (BG,,).

If we push forward through ¢, the boundary of (t.an), we get (1) = (2)(1 + qo)
by lemma 2.3.3 (see below).

Using the commutativity of the diagram eq. (2.13), we see that (2)(1 + qo) =
©s (Oen ((tean))) = Op, (Ps(Len )i(tean)) is a boundary in KW (BN), so it is sent
to zero via (sg)., where sg : BN — Fj is the zero section of the bundle. But if we
post-compose with the pullback map s;j, we also get A(So)*(SO)*(p*<1> = 0, and spelling

out the element on the left we have (2)(1+ qo) - e(E2) = 0 as we wanted.
O

We need to complete the previous proof, but before doing that we need another
technical lemma. Recall that by [Anal5, Corollary 4|, for m = 2k 4+ 1 and for any
SL[n~'-oriented ring spectrum A € SH(k), we have:

A*(B,,SLy) = A'(Ik)[e]/(em_l)
where e is the Euler class of the tautological bundle.

Lemma 2.3.2. Let A € SH(k) be a SL[n~!]|-oriented ring spectrum. Denote by
VUm : BN — BN the natural map to the quotient stack and by p : BN — BSLs the
structure map over BSLo. Let e be the Fuler class of the tautological bundle over
BSLy. Then, for each odd integer m,the pullback map:

vy, A*(BN) ~ A®(k)[p*e] ® qo - A*(k) — A*(B,,N)
is surjective with kernel Ker(v}:,) = (p*e™~1) - A®(k)[p*e].
Proof. Denote for short:
P(F) := P(F) x°%2 E,,SLy

P, (Sym?(F)) := P(Sym?(F)) x5 E,,SL,

4For a line bundle p : L — X, we get a tautological section on p*L — L from the fact that for
every y = p(l) we have (p*L); ~ L, 3 [, so the section in this case is just [ — (I,1).
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and let jy, : BN < Py, (Sym?(F)) and ¢y, : P (F) < Py, (Sym?(F)) be the associ-
ated open and closed immersions. Let:

T : P (Sym?(F)) — B,,SLo
be the structure map over B,,SLs.
We will start proving the following:

Claim 1. The map induced by proper pushforward along t,:
(tm)s 2 A* (P (F)) — A*T (P (Sym?(F)))

18 the zero-map.

Proof of the Claim. Consider Ty, the relative tangent bundle of 7, : P, (Sym?(F)) —
BmSLy. The fibers of m,, are m,!(x) ~ Pi(m), hence comparing the Leray spectral
sequences it is easy to see that:

T A*(BpSLa) — A® (P(Sym?(F)) x5*2 E,,,SL,)

is an equivalence. Indeed, the map between spectral sequences, induced by 7, above,
is an isomorphism by lemma 2.2.3. We also have an isomorphism given by:

(= Ue(Tr,,)) omh, : KW*™2(B,,,SLy) — A* (P(Sym?(F)) x* E,,SLs)

This follows again from the comparison of Leray spectral sequences, using the fact
that on the fibers the map induced by (—Ue(T},,)) o 7}, is an isomorphism (cf. end
of proof of lemma 2.2.4). In particular we get that the map:

(—Ue(Tr,)) : A* (B (Sym?(F))) — A*F2 (P (Sym®(F)): O(1))
is an isomorphism. But 4;, T = fits in a short exact sequence:

0— Tx,0ip, — iy Tr,, — Nippy — 0

where NN;,, is the normal bundle of the closed immersion. This implies that i}, e(Ty,,) =
0, indeed T%, oi,, and N;  are line bundles and Euler classes of line bundles are triv-
ial for SL[n~!]-oriented spectra (see [Levl19, Lemma 4.3]). Then by the projection
formula, for any z € KW*™! we have:

(im)«(2) U e(Tx,,) = (im)«(x Uiy, e(Tx,,)) =0

But (—Ue(T%,,)) is an isomorphism, in particular it is injective and this implies that
we must have i () = 0 as claimed.

(Claim 1)
|



2.3 The Multiplicative Structure of KW*(BN)

91

From claim 1, it follows that for each integer k the localization sequence:

U AR B, (Sym2(F))) 2 AR(BLN) 2 ARP,,(F) ‘S (2.14)

splits into short exact sequences:

0 — AR, (Sym2(F))) 22 AR(B,N) 275 AR, (F)) = 0

Let xg be the base point of B,,SLs and consider yo € 7' (zg) the k-point g :
Spec(k) — P,,(Sym?(F)) given by [1 : 0] in the fiber of 25. Then the map:

”];m(sme(F)) t A% (k) — A.(Pm(Sme(F))) (2.15)

is injective, and splits via y5. Let qo := qé € A°(BN) be the element we used to get
the splitting of proposition 2.2.14 and denote by g n, its pullback to B,,N. Recall
that the map py, : B, N — B, SLs is given by the composition of j,, and 7, (and
similarly for p: BN — BSLsy). Then by (2.14) and (2.15), we deduce that the map:

i = (Pl o T, ) # A%(BuSLa) @ A*(k) —> A*(B,, N)

is injective. Therefore, denoting by o, : B;,SLo — BSLs the natural map to the
quotient stack, we get a commutative diagram:

A*(BSLy) @ A*(k) — 5 A*(BN)

(o, Id) l lv;*n

A*(BnSLa) & A*(k) —— A*(BnN) (2.16)

m

But this implies that Ker(v},) ~ Ker(o},). For m odd, by [Anal5, Corollary 4,
Theorem 10|, we have:

Ker(ay,) = (¢"71) - A*(k)[e]

and we are done.

O]

As promised, let us now complete the proof of lemma 2.3.1 where we used the
following computation:

Lemma 2.3.3. Let S = Spec(k) and let ¢ : BG,, — BN be the double cover we
already introduced. Then we have:

@i (1) = (2)(1 + qo) € KWO(BN)
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Proof. As already mentioned, we have BG,,, ~ BN (1/Q) and we can use Grothendieck-
Serre Duality to compute ¢,1 for KW (cf. [LR20, §8D]). We will reduce the com-
putation on BN to a computation on the finite level approximations given by B,, N.
From proposition 2.2.14, we know that:

KW'(BN) ~ (KW*(k)[p*e])° ® KW(k) - qo

Hence:
o0

pu(1) =) aie* +b-q
1=0
where a; € KW™%(k) and b € KW’(k). Once we determine the coefficients a;’s and
b we are done. We have a natural map:

o : KWY(BN) — HW'(BN)

from the 0" Witt theory to the 0t Witt sheaf cohomology, induced by sheafification.
Under this map, we have:

s (1)) = ao +b- g

But we also have:
a(p. (1)) = pIV(1)

where " is the pushforward map on Witt sheaf cohomology. By [Lev19, Proof of
Proposition 5.3], we know that V(1) = (2)(1 + ¢}") and hence:

a(p (1)) =ap+b- " = 2)(1 + ¢")

implying that:
ag = b= <2> (2.17)

It remains to determine all the remaining a;’s for ¢ > 0. By lemma 2.3.2, these
coeflicients are determined via the pullback map to By, N for m going to infinity. By
construction B, G, = By N(v/Qm), where Q,, is the section obtained via pullback
from the Op2\(2)-section Q = T? — 4TyTy. Indeed, if t denotes the tautological
section of 7*O(1), associated to 7 : O(1) — B, N, then B,,,G,, ~ V(t? — 7*Qp) C
7*O(1) is the zero locus of the section (t2 — 7*Q,,). The map on locally free sheaves
O(-1) — Op, G, sends a local section y of O(—1) to yt restricted to B,,G,,. Let
©m : BmGy — By N be the map between the finite approximations, then we get that
(¢m)+O0B,,G,, = Op,, N ® O(—1). A local section of ,,.Op, g, will then be of the
for x + yt, with z,y local sections of Op, n and O(—1) respectively. Due to the fact
that ¢, is étale, we have a well defined trace map Try,, : (¢m)«OB,.G., = OB, N-
Then for x + yt local section of ¢,,+OB,,c,, We get that:
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In other words:
Try,, ((1)) = (2)(1 + qo,m)

with go , the pullback of gg.

Thanks to [LR20, §8D], we can identify (¢, )«(1) with the quadratic form given by
Tr,,. ((1)), that is:

()« (1) = (2)(1 + go,m) (2.18)

Now let m be an odd integer. Notice that the difference ¢, (1) — (2)(1 + qo) is sent
to (m)« (1) — (2)(1 4+ qo.m) in KWO(B,, N), thus by (2.18) we get:

Vi (4(1) = (2)(1 4 q0)) = (om)«(1) = (2)(1 + gom) =0 (2.19)
By lemma 2.3.2 (for A = KW), this implies that:

m—1

Vi (p(1) = (2)(1 + @) = D aie =0

>0

and therefore a; = 0 for all 0 < ¢ < m. For bigger and bigger m, this gives us that
a; = 0 for all 7 > 0. Hence, together with (2.17), we have that:

Pi(l) = Zaiem +b-q0=(2)(1+qo)

as claimed.
O

Proposition 2.3.4 (|[Lev19, Lemma 5.4|). Consider S = Spec(k). We have (1+qp) -
pre =0 in KW2(BN), (14 qo) - j%e(T) = 0 in KW? (BN;yn) and (1 + qo) -q1 =
@1 € q1 - A%(K).

Proof. We will freely use the notation employed in the proof of proposition 2.2.16.
We already proved that (1 + qo) - p*e = 0 in lemma 2.3.1. Let us prove the sec-
ond statement, that is, (1 + qo) - j*e(Z) = 0. By remark 2.2.17, there exists a
unique A = AXW ¢ KW (BSLy) such that (1 + qo) - j*¢(T) = X -e(7T). But
then multiplying both sides by p*e, since we already know (1 + qg) - p*e = 0, we
get 0 = (14 q)-p'e-j*e(T) = X-pe-j*e(T). An element in KW°(BSLy) is a
power series Y, a;p*e’ with a; € KW™%(S), so A - p*e - j*¢(T) = 0 implies that
S aipteitt =0 € KW?(BSLy), that is, a; = 0 V i and hence A = 0.

Let us now show that (1 4 qg) - ¢1 = ¢1. Recall that ¢; in proposition 2.2.14 was
chosen to be any element that was sent to 1 under d;. Let §; € KWY(BN;~y) be
another element such that 91(q;) = 1. Then ¢; — ¢1 € Ker(0;), that is:

a—qg=a-j5%€T)
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for « € KW2(BSLs). Then we have:
(14 q0)q1 = (1 +qo)(a-je(T) +q1) = (1 + qo)@1 (2.20)

since (1 + qp)j*e(7T) = 0. Without loss of generality we can therefore replace ¢
with any other ¢; € KWY(BN;~y) such that 9;(41) = 1. On P? with coordinates
[Ty : T} : T3], consider the quadratic form:

—(Tox? + Thoy + Toy?)

and set G € KW?(BN) to be the corresponding element. Let us check that the

boundary of ¢ is indeed 1. Let mz— IP(F) — Spec(k) be the structure map of

P(F)
P(F), then we know that KW*® (k) is isomorphic to KW*(P(F)) via ngf(}/). Let U be

any dense open subset of P2 where O(2) gets trivialised, denote by V := U N C the
corresponding dense open in C' and denote by my : V' — Spec(k) the structure map
of V. Since there always exists a rational k-point in V', the map:

my : KW (k) — KW* (V)

must be injective and this implies that the map n}, (7 )~! is injective too. Now

P(F)
take U = {Tj # 0}, then we have 51’(] = —(z*+t1xy, tay ), with t; = and ty = %
Diagonalising ¢;

}U, we get:

- t1 2
il == |+ g+ (= e -

:—{(ﬁtl

S W)+ qo\UyQ}

So (jl}U -1+ qg}U and hence J( ql‘U = 1 since 0(qo) = 1 on U. But this implies

that W{}(Wﬁ(}/)) Lo (q1) — 1) = o ql}U —1 =0, and, being Wi",(ﬂ%(xf))_l injective,
we deduce that 01(¢1) = 1 as we wanted to show.

Now that we know that 91(¢1) = 1, by (2.20), we can replace ¢1 in (1 + gp)q1 with
G1. Since on U we have ¢y -1+ qo’U, we have that (1 + qo’U)('jl‘U = 0. But this
implies:

|U:

W?/(W;:@g))fl((l +40)d1) = (14 qo|;)dr |, =0

-1

and since 7, (7% )7" is an injective map, we get that (1 + ¢p)g1 = 0 and we are

P(F)

done.

O]

Putting together all the result we got so far, we get:
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Corollary 2.3.5. Let KW*(k)[xzo,z2] be the graded algebra over KW*(k), freely
generated by xo,xe in degrees deg(x;) = i. Sending xo to qp := q(IfW and xo to pte
defines a KW (k)-algebra isomorphism:

i : KW'(k)[[mo,m]]/(xg “ 1, (1 + 2g)as) — KW (BN)

Moreover KW® (BN; vy ) is the quotient of the free KW*® (BN)-module KW*~2(BS Ls)-

e(T) @ q1 - KW*(k) modulo the relations (1 + qo)j*e(T) =0, (14 qo)q1 = 0.

Proof. 1Tt is just a consequence of proposition 2.2.16 and proposition 2.3.4. The rela-
tion #3 = 1 comes from g3 = 1 that holds for any quadratic form (u) where u is a
unit. O

Corollary 2.3.6. Let S be a smooth k-scheme. Let KW®(S)[xzg, z2] be the graded
algebra over KW*(S), freely generated by xo,xo in degrees deg(x;) = i. Sending xg
to qo := q(I)(W and zo to p*e defines a KW(S)-algebra isomorphism:

byt KW*(S) [[xo,m]]/(mg C 1, (14 wo)zs) — KW (BN)

Moreover KW® (BN ;vy) is the quotient of the free KW® (BN )-module KW*~2(BSLy)-

e(T) ®qr - KW*(S) modulo the relations (1 + qo)j*e(T) =0, (1 + qo)q1 = 0.

Proof. We will prove the corollary reducing to the case over a field, hence we will use
subscripts to indicate over which base are we working with. By proposition 2.2.16
for A = KW (and by [Analb, Theorem 10]), additively we have the following isomor-
phism:

KW.(BNs) ~ KW* (BSLQ’S) ©® KW.(S) +qo,S

Therefore we have a natural map:
@Ys : KW.(S) [[56075,56275]] — KW* (BNs)

sending x to p*eg € KW(BSLs ), i.e. the Euler class of the tautological bundle of
BSLs s , and sending g to qo,s. By corollary 2.3.5, the natural map:

Yk - KW.(E{) [[x07]1{, wg’kﬂ —s KW* (BN]k)

passes to the quotient giving us the isomorphism:

P KW (k) [zo,1, 22,1 ] / (mg’k 1L xo’k)m) 5 KW* (BNy,)

The structure map 7 : S — Spec(k) induces, via the pullback 7%, a map:

s : KW*(S)0,5. 22,51 — KW* (1) 10, 2]
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sending g g to ok and x2 5 to xo k. We also get a map:
05N : KW.(BNS) — KW.(BNIR)

induced again by 75 and sending p*eg to p*ex and qg s to go . This implies that pg
passes to the quotient, giving us a map:

g : KW*(S) [[xo,saxzs]]/(xas —1,(1+ 560,5)332,5) — KW* (BN)

Since g is an isomorphism on the underlying modules, we get that ¥g is also an
isomorphism of KW*(S)-algebras.

The twisted case KW*®(BNg;~y) is completely analogous and left to the reader.
O



Chapter 3

Euler Classes Computations

3.1 SL[n~']-Theories on BGL,

In this chapter, we are going to compute the KW-Euler classes for some special rank
2 vector bundles of the ind-scheme BN. By the identifications proposition 1.4.30 and
corollary 1.4.32, this Euler classes can be used to better understand the Witt theory
of BN and give some computational insight for a possible Grothendieck-Riemann-
Roch formula for KW. We will follow the notations as in [Lev19, §6]. Before diving
into these enumerative formulas, we will see how we can reduce computations of
characteristic classes from general vector bundles to special linear ones. Then we will
need to introduce twisted symplectic bundles to handle formal ternary laws (in the
sense of [DF21]) that will be crucial for our last computation, eq. (3.11). Throughout
we will be identifying the motives and the cohomology theories of the ind-schemes BG
with those of the quotient stacks BG, using proposition 1.4.30 and corollary 1.4.32.

Recall from [Lev19, §4| that for any SL-oriented ring spectrum E we have a map:

7 A*(BGL,) ® A®* (BGL,;det(E,)) — A* (BSL,) (3.1)
Indeed we have the pullback map:
7o+ A* (BGL,) — A®* (BSL,)

induced by mg : BSL, — BGL,. Now consider the tautological rank n vector
bundle E, — BGL, with det(E,) = O(1), then its pullback 7jE, will be the
tautological special linear bundle over BSL,, so we have a canonical trivialization
0 : det (r3E,) ~ 750(1) = Opgsr,. Composing the pullback map on the twisted
theories with 6, := (Tﬂao(l))_l, given by the inverse Thom isomorphism (cf. 2.1.9),
we get:

A* (BGLy; O(1)) =% A* (BSLy; 750(1)) 2 A® (BSL,)

and we denote this map as 7] := 6, o wj. Then putting together 75 and 7 we get
our desired 7*.

97



98 3. Euler Classes Computations

We would like to reduce the computations of characteristic classes from general
vector bundles to special linear ones. With a minor adaptation of the arguments in
[Lev19, Proposition 4.1] we can prove the following:

Proposition 3.1.1. Let S € Sm . Let E, be the universal tautological bundle of
BGL,, and let A € SH(S) be an SL[n~']-oriented ring spectrum. Then the map
(3.1):

7 : A* (BGL,) ® A®* (BGL,;det(E,)) — A* (BSL,)

s an isomorphism. In particular we have:

(n =2m)
7* (A®* (BGL,)) ~ A*(S)[p1, .-, Dm-1,€%]
m* (A* (BG Ly det(En))) = e A*(S)[p1, .., pm, €]
where p; = p;i(I (n,00)) are the Pontryagin classes (cf. [Anal5, Theorem 10])

of to the tautological bundle T (n,o0) over BSL, and e = e(T (n,o0)) is the
Euler class of the tautological bundle.

(n=2m+1) Then A® (BGLy;det(E,)) ~ 0 and:
7" (A* (BGL,)) — A®* (BSL,)
is an isomorphism.

Proof. Let us consider the line bundle ¢ : O(1) := det(F,) — BGL,. We can
identify the map m : BSL, — BGL,, with the G,,-principal bundle go j : O(1) \
{0} — BGL,, where j: O(1) \ {0} — O(1). By homotopy invariance we can also
identify A(BGLy,) ~ A(O(1)), thus we have the localization sequences:

... = A*(BGL,) -A**(BSL,) — ...

AT (BG Ly det(By)) “ S AT (BGL,)
(3.2)

.. = A% (BGL,; O(~1)) = A (BSLy,; m;O(—1)) Oap pa—1b-1 (BGL,) — ...
(3.3)
By [Lev19, lemma 4.3| the cup product with e(L) for any line bundle L is zero in any
n-inverted S L-oriented ring spectrum, so the long exact sequence (3.2) splits in short
exact sequences:

Oq —1,b—
0= A" (BGLy) = A" (BSL,) = A*" (BGLy; det(Ey)) = 0

We want now to find a splitting for 0 and we already have a natural candidate 7y,
in the notation used above the proposition. Let us consider the tautological section
can : O(1) — ¢*O(1). Using definition 2.1.28, the tautological section defines an
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element (tean) € AY0(BSL,,m;0(1)) ~ A*(BSL,,7;0(-1)). The map 7} we
constructed before was:

A* (BGLy; O(1)) =25 A® (BSLy; m0(1)) 2 A® (BSL,,)

but 6, is just multiplication by (tcqn). To show that the short exact sequence actually
splits we need to prove that 0 o 7w} is an isomorphism. As a first step we claim that
for any © € A*(BGL,;O(1)) we have:

O(m1 () = I{tean)) Uz

Indeed:

A(mi(x)) = O((tean) Ump(2)) = O((tean) U ¢ 5" (7))

and 0 is A*(BGL,;O(1))-linear, with A*(BGL,;O(1)) acting on E*(BSL,) via
multiplication through ¢*j* and on E*(BGL,;O(1)) just via multiplication, and this
proves the claim.

We want now to prove that multiplication by 9({ten)) € A~5"1(BGL,,) is an iso-
morphism:

O{tean)) U+ : A% (BGL,; O(1)) — A M"Y BGL,; O(1))

Using a Mayer-Vietoris argument on the finite approximation pieces B,,GL, we can
reduce ourselves to a local computation, where we already know the result by [Anal9,
Lemma 6.4]. Indeed given two open sets U, V' of B,,GL,,, we get a Nisnevich excision
square related to {U, V, U U V'} and a Mayer-Vietoris exact sequence for any Nisnevich
sheaf. In particular multiplication by an element v € A~ ~1(B,,GL,) gives us a map
of Mayer-Vietoris sequences:
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uyJ-

AU UV;0(1)) AL T UV;0(1))

(wU-uuU-)

AU 0(1) & A% (V;0(1)) —————— AHH(T;0(1)) @ A1 H(V;0(1))

uUy-

AU NV;0(1)) AL (T AV;0(1))

uwy-

ALY (U UV, 0(1)) AL (U UV, 0(1))

So to show that multiplication by d({ten)) is an isomorphism, it is enough to show
that O((tcan)) restricts to an invertible element when passing to open sets U; covering
B;nGL,. But in local coordinates O((teqn)) restricts to n by [Anal9, Lemma 6.4] and
thus we get our desired splitting for B,,GL,. This implies that for any k& we have:

7 A¥(B,,GL,) ® A¥(B,,GL,; O(1)) = A*(B,,SLy,)

where 7, is the map induced by 7* at the finite level approximations. Since the
isomorphism holds for any k, we have an equivalence of mapping spectra:

7% A(BjGLy) @ A(BnGLp; O(1)) = A(B,,SLy,)

where A(B,,G) = Map(X*B,,G,A) (and similarly for the twisted version). But
since A(BG) = Map(BG, A) = lim,, Map(B,,G, A), from the equivalence of mapping
spectra 7, we get:

7 : A(BGL,) ® A(BGL,;O(1)) — A(BSL,)

again at the level of mapping spectra, and this gives us our claim.

For the explicit presentation of the image of 7* the same argument as in the proof
of [Lev19, Proposition 4.1] will give us the result, using the statement of [Anal5, The-
orem 10| generalised over any smooth k-scheme S in theorem 3.2.3 (we will actually
generalised it to smooth NL-stacks).
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O

Remark 3.1.2. The previous proposition was already proved independently in [Hau23,
Remark 6.3.7] using stronger results. Indeed in loc. cit. it is proved that BGLg, ~
BGLyy1 and BGLyyy1 =~ BSLy.y 1 in SH(S)[n~!] (this are respectively [Hau23,
Theorem 6.3.3, Theorem 6.3.6]).

The proof of proposition 3.1.1, used as a key input that BSL, can be seen as
the complement of the zero section of the determinant tautological bundle of BGL,,.
And that is all we actually need: the same proof goes through verbatim if we consider
BN — BNg where Ng is the normaliser of the torus inside GLs. The model for
BNg is given by (GLa/ Ng) x%%2 EG Lo, where again GLy/Ng ~ SLy/N ~ P2\ C.
We then have:

Proposition 3.1.3. Let S € Sm . For any SL[n=1]-oriented ring spectrum A €
SH(S) we have an induced isomorphism:

7 A* (BNg) @ A® (BNg; O(1)) — A® (BN)

Proof. Use the same exact proof as in proposition 3.1.1, replacing BSL,, with BN and
BGL,, with BNg and pulling back the appropriate maps along the morphisms BN —
BSLy and BNg — BGLs induced by N < SLy and Ng < GGL4 respectively. O

Remark 3.1.4. The previous proposition was also proved in [Vie23, Proposition
2.5.10] under the assumption that the unit map of A makes the A®(—)-cohomology
into a module for the sheaf of Witt groups HW.

Remark 3.1.5. As a corollary of proposition 3.1.3, it is not hard to get an additive
description for A®*(BNg), using proposition 2.2.16, and a multiplicative description
of KW*(BNg) using corollary 2.3.6. We are very grateful to Annaloes Viergever that
made us realise we could improve and apply our results to the case of BNg.

3.2 Kiinneth Formulas

We want now to prove some Kiinneth formulas for BSL,,BGL, and BN. Let
us start with an extension of [Anal5, Theorem 9]. Notice that using our model for
the approximations B,,SL, we have that B,,SL, ~ SGr(n,n + m). Since we will
work over different base schemes we will denote the special Grassmannian over some

scheme S as SGrg(n, k).

Proposition 3.2.1. Let S € Sm/ and let A € SH(S) be an SL[n~']-oriented
ring spectrum. Let Ty := T (2n,2k + 1) be the tautological bundle of rank 2n on

SGri(2n,2k 4+ 1), with Pontryagin classes p;(T1). Then there is an isomorphism of
A*(S)-algebras:

Q : A.(S)[p17p2a O 7pk76]/J2n,2k+1 — A.(SGTS(2’I”L, 2k + 1))
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where:

Jon 2k = (€2 = Prs Ghnt1(P1, - - s Pn) s Ghmn+2(P1s -, Dn)s -, Gk(D1s - Pm))

is defined with the same polynomials as in [Anals, Theorem 9] and ¢ is defined by
sending o(pi) == pi(T1) and p(e) := e(11).

Proof. It S = Spec(k), then this is just [Anal5, Theorem 9|. For a general smooth
k-scheme .S, we have a map:

v :A*(S)[p1,...,e] — A*(SGrg(2n,2k +1))

sending p; to p;(T1) and e to e(71). The structure map 7g : S — Spec(k) induces a
pullback map:

g A*(SGry(2n,2k + 1)) — A*(SGrs(2n,2k + 1))

The tautological bundle 77 on SGrg(2n,2k + 1) is the pullback of the tautological
bundle T} i on SGri(2n,2k+1), hence the Pontryagin and Euler classes of T; satisfy
all the relations in Ja,, 241 since they hold for the classes of T} i (by [Anal5, Theorem
9]). This implies that ¢ passes to the quotient, that is, we get a map:

¢ : A*(S)[p1,p2s - ,Pnae]/J2n72k+1 — A*(SGrs(2n,2k + 1))

By [ADN18, Theorem 4.2.9], we have Leray spectral sequences both for source and
target of ¢:

E1177q _ @ Aq(K(S))[p17p27 ey Pn, e]/JQn,2k+1 = AP-HI(S)[pl,pQ, S ) e]/J2n,2k+1
seS(p)

"BV = D AYSCry (20, 2k + 1)) = APHI(SGrg(2n, 2k + 1))
s€S(®)

The map between spectral sequences by ¢ is an isomorphism by [Anal5, Theorem 9|,
hence ¢ is an isomorphism too as claimed.
O

Theorem 3.2.2. Let S € Sm y and let X € ﬂSt]/VSL be a smooth NL-algebraic stack.
Let A € SH(S) be an SL[n~']-oriented ring spectrum. Then we have a map:

o A (X)[p1,pa, - - P, e]/JQn’%+1 — A*(X x5 SGrs(2n, 2k + 1))
that is an isomorphism, where:

Jon2k+1 = (62 — P Gh—n+1(PLs - - -+ Pn)s Gh—nt2(P1s - -5 Pn)s - - - G (P15 - - - Dn))

and ¢ is defined by sending ¢(p;) := pi(Th) and p(e) := e(T1) with Ty the tautological
bundle of SGrg(2n,2k + 1).
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Proof. Via the pullback map induced by the first projection p; : X xg SGrg(2n, 2k +
1), we get an A®(X)-algebra structure on A*(X xg SGrg(2n,2k + 1)). Since the
Pontryagin and Euler classes in A*(X xg SGrs(2n,2k + 1)) are the pullback of the
respective classes in A*(SGrg(2n,2k+1)), then there exists a unique map of A®(X)-
algebras:

ox : A%(X)[p1,p2, - ,pn,e]/JQWkH — A*(X x5 SGrg(2n,2k + 1))

defined by sending p; to p;(71) and e to e(T7). Let = : X — X be a NL-atlas and let
X% = Cr(X/X) be the scheme at the r'-level of the Cech nerve. By proposition 3.2.1
we have isomorphisms:

oxr, : APUXE) L -, e]/JMk+1 s APRI(XT, x g SGrg(2n, 2k + 1))

for each r and for each bi-degree (p,q). This implies that we have an equivalence of
mapping spectra:

~

Map(XYy, AJQMHI) — Map(SGrX/r( (2n,2k +1),A) (3.4)

where Ay, ..., is the ring spectrum representing A®(—)[p1, ..., pn, €]/ Jon2x+1. The
equivalence (3.4), by remark 1.4.34, implies that we have:

Ay () 2 T A, (XB)
~ }16% Map(X¥, Ay, isr) =
o~ }iGH&M(SGTX;{ (2n,2k +1),A) ~
~ llen& A(SGrxr,(2n,2k + 1)) ~
~ A(X x5 SGrg(2n,2k + 1))
In other words:

Px . A.(X)[pl7p2a R apn)e]/J2n72k+1 — A.(X XS SGTS(an 2k + 1))

is an equivalence as claimed. O

Theorem 3.2.3 (Kiinneth for BSL). Let S € Sm i and let X € f‘LS‘tJ/VSL be a

smooth NL-algebraic stack. Denote by U, the universal tautological rank r bundle
over BSL,s. Let A € SH(S) be an SL[n~!]-oriented ring spectrum. Then there are
unique A®(X)-algebra maps:

Px - A.(X)[[phan o 7pnflve]] — A.(X XS BSLQTL,S)
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Px - A.(X)[[plap27 cee 7pnﬂ — A.(X Xs BSL2TL+1,S)
that are continuous with respect to the topology given by the restriction to the finite
level approximations X xg SGrg(2n,2k + 1), resp. X xg SGrg(2n+ 1,2k + 1), and

with px (pi) = pi(Uan), resp. ox(pi) = pi( Uznt1) and px(e) = e(Uszn).
Moreover the maps @x are isomorphisms. In particular we get an isomorphism:

S —_
A.(H BSij’S) =~ A.(BSLkO,S)®A°(S) ce ®A'(S)A.(BSLI£S,S) = ®A.(BSL]€J.7S)
J=0 J
Proof. Let us start with the even case (the only case we are actually interested in for
future applications). We know that the ind-scheme BSL,, s = co}cim SGrs(n,2k +

1), since the system made of SGrg(n,2k + 1) is cofinal inside the system made
by all special linear Grassmannians. Then theorem 3.2.2 tells us that the sys-
tem {A®(X xg SGrs(n,2k+ 1))} satisfies the Mittag-Leffler condition. Hence by
corollary 1.4.32, applied to the spectrum Ay as constructed in the proof of proposi-
tion 2.2.16, we have:

A*(X x5 BSLy,s) ~ lim A*(X x SGrs(n, 2k + 1))

By theorem 3.2.2 this gives us the isomorphism:
ox  A*(X)[p1,p2, -, Pn—1,€] — A*(X x5 BSLays)

For the odd case, it is enough to use the identification A®(SGrg(2n + 1,2k + 1)) ~
A*(SGrg(2k — 2n,2k + 1)) as pointed out in [Anal5, Remark 14] and hence reduce
to the same argument used in the even case.

Now for the last statement of the theorem, it is enough to show that:

A*(BSLy, s x BSLi,s) ~ A*(BSL, $)®ae(5)A*(BSLi,.s)

and then iterate. Without loss of generality, we can suppose k1 = 2n and ky =
2m + 1. Let us denote the Pontryagin and Euler classes of BSLy, s by p;1,e; and
denote by p; 2 the Pontryagin classes of BSLy, s. Then by what we just proved, for
X = BSLy, s, we have:

A*(BSLy, s x BSLy, s) ~ A*(BSLg, s)[p12,---sPm2] ~
~ (A*(S)[p11s-- s pa-11,e1]) [pr2, - o s Pm2] =
~ A*(S)[pr1s- - Pno1.1, €1]@pe(5)(A°(S)[Pr2s - - Pm2] ~
~ A*(BSLj,,5)®ae(5)A*(BSLi,.s)

as we wanted. All the other cases are totally analogous and then we can iterate the
computations for the general case H;:() BSLy;. O
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Corollary 3.2.4 (Kiinneth for BGL). Let S € Sm; and let X € ﬂLS‘t]/VSL be a

smooth NL-algebraic stack. Let U, be the universal tautological bundle over BG L, g.
Let A € SH(S) be an SL{n~!]-oriented ring spectrum. Then there is a unique A*(X)-
algebra map:

Yx . A.(X) [[pl,pg, A ,pn]] — A’(X XS BGLans) ~ A.(X Xs BGL2n+17S)

that is continuous with respect to the topology given by the finite level approximations
Grs(2n,k), resp. Grs(2n+ 1, k), and such that the elements p; are sent to the Pon-
tryagin classes p;(‘Uay,), resp. pi( Uzn+t1)-

Moreover pyx is an isomorphism. In particular, we get an equivalence:

—_

A* (][ BGLk,;,s) ~ A*(BGLry5)@as(s) - - - Dae(s)A"(BG Ly, 5) = QA (BGLy, )
j=0 j

Proof. Under the identifications BG'Lay,, g ~ BG Loy 1,5 =~ BSLoyyq of [Hau23, The-
orem 6.3.3, Theorem 6.3.7] in SH(S)[n], the corollary follows from theorem 3.2.3
(implicitly using corollary 1.4.32). O

Proposition 3.2.5. Let S € Sm /. Let A be an SL[n~1]-oriented ring spectrum.
Let X = [[;_, BGLy, s x [131., BSLy, s. Then we have:

Jj=s+1
s st
A*(X;L) ~ (R A® (BGLy; Li) @y Q) A* (BSLay; Ly)
i=1 j=s+1
with L := L1X...X Ly, and L; € Pic(BGLy,) fori=1,...,s and L; € Pic(BSLy,)
forj=s+1,...,s+ 1 and where ® denotes the completed tensor product.

Proof. The proposition follows by a Mayer-Vietoris argument from the untwisted
cases in theorem 3.2.3 and corollary 3.2.4. O

3.3 Twisted Borel Classes

To aid in computing Euler classes of certain interesting rank 2 bundles on BN, we
introduce the notion of twisted Borel classes. We will always work over some base
scheme S € Sm ..

In analogy with the fact that any rank two SL-bundle has a canonical symplectic
structure, we would like to consider a general rank two vector bundle with non-trivial
determinant as a twisted symplectic bundle:
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Definition 3.3.1. Given a vector bundle V over a scheme X and a line bundle
L € Pic(X), an L-twisted symplectic form on V is a non-degenerate alternating form
wl @ A2V — L. A vector bundle V equipped with an L-twisted symplectic form
will be an L-twisted symplectic bundle (V,w’).

Remark 3.3.2. 1. Any rank 2 vector bundle V over any scheme X has a canonical
det(V)-twisted symplectic form weqn : A2V — det(V) given by the identifica-
tion of its second exterior power with its determinant.

2. For trivial twists L ~ Ox, we recover the notion of symplectic bundles.

Definition 3.3.3. A twisted symplectic Thom structure on an S L-oriented ring coho-
mology theory [E is a rule that assigns to each rank two L-twisted symplectic bundle
(E,wr) over X, a class:

th(E,w") € E*? (Thy(E); L) := Ej} (X, —[L & EJ)
such that:

1. For an isomorphism of twisted symplectic bundles u : (E1,wr,) — (F2,wr,),
we have u*th(E, wlt) = th(Es, wl?).

2. For amap f: X — Y and a twisted symplectic bundle (E,w") over Y, we
have f*th(FE,wl) = th(f*E, f*wb).

3. For can : A2(’)§( 5 Ox the canonical isomorphism, the class th((’)g(, can) is the
image of 1 € E*°(X) under the suspension isomorphism:

E*0(X) ~ E**(85*?1x) = E**(Thy (0%))

Notation 3.3.4. To distinguish between Thom classes coming from (twisted) sym-
plectic bundles and the ones coming from S L-vector bundle, we will denote the latter
as thoL(.).

The following is basically due to Ananyevskiy [Anal6a, Corollary 1]:

Proposition 3.3.5. Any SL-oriented ring spectrum | admits a twisted symplectic
Thom structure.

Proof. For a rank 2 vector bundle V' over some X € Sch /g, we get the canonical
identification weqy, : A2V — det(V). Then we define:

th(V, can) := th®L (V) € E¥?(Thy (V) ;det ~1(V))

where th¥%(V) is the SL-Thom class living in the twisted cohomology as defined in
definition 2.1.23.

It is not difficult to check that this class satisfies the desired relations, see for
example [LR20, §3] for a detailed account of these classes (in the case X € Sm,g). O
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Definition 3.3.6. Given a scheme X, L € Pic(X) and an L-twisted symplectic
bundle (V,w’) of rank 2n + 2, we define the L-twisted quaternionic Grassmannian
as:

HGr (k, V) := {W € Gr(k,V) ‘ wL}W AW Lis non—degenerate}

We will often denote the corresponding tautological rank & bundle as L{"} if not spec-
ified otherwise. When k = 2, we will call this the twisted quaternionic projective
space and we will denote it with HP% (V).

Let (V,w!) be a twisted symplectic bundle of dimension 2n + 2 over a scheme X,
then if the base scheme X is clear from the context we will just write:

HP} .= HP% (V)

Consider now any rank 2 vector bundle V over X with its zero section sg : X — V,
E an SL-oriented ring spectrum. By the twisted Thom isomorphism (cf. proposi-
tion 2.1.24), we get an induced map s, : E¥0(X) — E*?(Thx(V);det™ (V) such
that s.(1) = th(V, ween ). Post-composing with the map forgetting supports, we also
get 5, : E90(X) — E*?(V;det (V). In particular the element 5,(1) will be the
image of the class (th(V'), weqn) through the map forgetting supports.

Definition 3.3.7. Let E be an S L-oriented ring spectrum with a twisted symplectic
Thom structure, and let (V,wy) be an L-twisted symplectic, rank 2, bundle over X
with zero section s : X — V. Let o* : E**(Thx (V);L) — E**(V; L) be the map
forgetting supports. We define the twisted Borel class of V as:

b (V,wr) = —s*a*th(V,wy) € E¥?(X; L)
If the ring spectrum E is clear from the context we will drop it from the notation.

Remark 3.3.8. If V is an SL-bundle of rank 2 over X, then its twisted Borel class
boy (V,wean) € EM?(Thx(V);Ox) = E%3(Thx (V) ® Thx(AL)) ~ E4*(Thx(V))
corresponds to the classical untwisted Borel class coming from the S L-orientation of
E, so no harm is done if we just refer to Borel class of V.

Theorem 3.3.9 (Twisted Quaternionic Projective Bundle Theorem). Let E be an
SL-oriented ring spectrum with a twisted Thom structure. Let (V,w") be a twisted
symplectic bundle of rank 2n over a scheme X € Sm/g, let (Z/I,wL‘u) be the tau-
tological rank 2 bundle over HP} and let ¢ := b(U,wL‘u) be its Borel class. Write
m: HP} — X for the projection map. Then for any closed subset Z C X we have the
isomorphism of E(X)-modules:

n—1
(1a C7 C27 s 7Cn_1) : @EZ(X7 L®_j) — EW71(Z)(HP2)
=0
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Moreover there are unique classes b]L(g,wL) € EY2I(X; L®7) such that:

"= b (B, o) U 4 (B0 U T — L (D) (B, wE) =0
and if (E,wl) is the trivial symplectic bundle then b;(E,wl) =0 for j=1,....
Proof. The map we are looking for is given by:

(17 Cv <27 EEER) Cnil) : @?:_é EZ(X? L®7j) — Eﬂ'*l(Z)(H]P)TLl)

(ao,...,an_l) — Zg ajCJ
Find opens that trivialise L over X and use them with a Mayer-Vietoris argument to
reduce to the untwisted case proved in [PW18, Theorem 8.2]. O

Definition 3.3.10. The classes b*(£,w!) of the theorem above are the Borel classes
associated to (V,w’) with respect to the twisted Thom structure defined over E. For
i>nand i <0 set b (€, wl) =0 and set bE(E,wl) = 1. We define the total twisted
Borel class as:

bE(V,wh) =1+ bE(V, )t + .+ bR (VWb

Construction 3.3.11. Let (E,w’) be L-twisted symplectic bundle of rank 2r: we
want now to construct a twisted version of the quaternionic flag bundle. First con-
sider:

7 : HFlagh (1,7 — 1; E) :== HGr% (2, E) — X

Then over HFlagk (1, 7—1; E) we have the tautological rank 2 twisted bundle Uy ; (the
one classified by the identity map of HGr% (2; E)). The bundle U ; is a sub-bundle
of w7 E, therefore we can consider:

Uﬁl = {w € E’ wh(w,u) =0V u e ULl}

that is the tautological sub-bundle of rank 2r — 2 over HFlag% (1,7 — 1; E). Let us
rename Ulfl as:

Wi = Uj,
This gives us a decomposition:
(r B, mjw) = (Ui, wi) L (Wh,ww,)

where wy 1 := ﬂ’lkwL‘Ul and wyy, = waL|W1.

Now we iterate; to ease the notation we will drop the upper and lower scripts from
the twisted hyperbolic Grassmannians HGr. Consider the natural map:

po : HFlagk (12,7 — 2; ) := HGr(2; W) — HFlagk (1,7 — 1; F)
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and denote by Us 2 the universal tautological rank 2 bundle over HFlagh (12,7 —2; E).
This bundle is a natural sub-bundle of p5W; and again, naming Wy := szQ, we get:

(PsW1, psww, ) =~ (U2, wa2) L (Wa,wws,)

where wy o and wyy, are the restrictions of piwy, to Uz and Wy respectively. In
particular, if mo : HFIag%(lQ, r —2; F) — X is the map given by 7 o p2, we have the
following decomposition:

(m3 B, mhwh) o~ pb (Ur1,wi1) L (Ur2,w11) L (Usa,way)

Notice that on HFlagk(12,r — 2; E) we have three tautological bundles, namely
ULQ = p§U1,1, UQ’Q and WQ.

Proceeding again in the same way, we can inductively construct:
pr - HFlagh (1% r — k; E) := HGr(2; Wy_;) — HFlagk (1* 1, r -k + 1, E)
together with a natural map:
7 s HFlagh (1%, r — k; B) — X

Over HFlagk (1%, — k; E) we have the following (inductively defined) tautological
bundles:

Uik, wik) =prUik—1,wik—1) i=1,...,k—1
(Ug o Wi i)
(Wk’7ka) = (Ulime,j-,k)

where Uy, i, is the tautological rank 2 bundle of HGr(2; Wj,_1). By construction, we
have:

k
7Tk E w | zkawzk (kaka)
=1

Definition 3.3.12. Let (E,wL) be an L-twisted symplectic bundle of rank 2r, then
we define the complete twisted quaternionic flag bundle as:

HFlagk (E,w") := HFlagk (1",0; E)
and we denote its tautological rank 2 bundles as (U4;, wlL) = (U1 pywip) fori=1,...,r.

Let g : HFlagi (E,w") = X be the projection map, then by construction we have:

T

¢"(B,w") ~ P th,wf)

=1
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Definition 3.3.13. Let (E,w’) be an L-twisted symplectic bundle of rank 2r and
let HFlagk (E,w’) be its associated complete flag variety. Given U; tautological rank
2 bundle over HFlagk (E, w!), we define the i*" twisted Borel root of (E,w") to be:

u; ;= b (Z/{i,wZ-L)

Definition 3.3.14. Let GL;,, be the following sub-group of GL;":
GLY b = { (91, -.0) € GLY" | det(gr) =... = det(g) } € GL3"

We have an inclusion SLy" C GLJ7 . fitting into the following exact sequence:

1 — SL;" — GLy i

Remark 3.3.15. Let D, be the universal bundle over BGL;S «t- The quotient stack
BGLS?., is the stack classifying r-tuples of rank 2 vector bundles Vj, over some
scheme X, together with isomorphisms p; : det(V;) = L for L € Pic(X). In other
words, if ¥V := ({Vi},,L,{pi};) denotes a collection of such objects over X, then

there exists a classifying map f;/ fitting in the following cartesian diagram:

(Vlﬁ Q)r
X — BGL;!,
fo ’
The map:
arn, S e,
induces a map: .
det : BGL;Qet — BG,,

Denote by Upg,, the universal bundle of BG,,. The universal bundle D, is given by
an r-tuple of rank 2 bundles V;, together with isomorphisms det(V;) ~ det*Z/{BGm.

The inclusion SL;" C GL;7 . gives rise to a natural map:
. xr T
io: BSL}" — BGLh,

Let O(1) be the tautological bundle of BG,,; with a little abuse of notation we will
denote with O(1) also the pullback to BGLy [, of the tautological bundle of BG,

along the natural map BGL;! , — BG,,. The pullback i5O(1) is isomorphic to
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the determinant of the rank 2 tautological bundles of BSL;" and therefore it gets
trivialised. Let 9 : det(i5O0(1)) = Opg Ly be such trivialization. For any SL-oriented

spectrum A, via the (inverse of the) Thom isomorphism associated to ¥, we have an
identification map:

Oyt AY*(BSLS";i50(1)) — A**(BSLS")
Then the pullback i induces the two following maps:

ih s A (BGLSY,,) — A%*(BSL}")

0= 0, 0if s A% (BGLS i O(1)) — A®*(BSL}")

Considering i, and i} together we get the map:

i A”'(BGL;Set) &) A"'(BGLQX,Set; O(1)) — A**(BSL;") (3.5)
Proposition 3.3.16. Let A be an SL[n~']-oriented ring spectrum. Then the map
(3.5):

i A'(BGL;Qet) @ A'(BGL;Set; O(1)) — A*(BSL;")

s an isomorphism.
Proof. Recall that we have:

1 — SLY" — GLT., ) Gm —1

The bundle O(1) is the tautological bundle of BG,, pulled back to BGL" ., and we

have that BSL;" ~ O(1)\ {0}. Then, we can identify BSL;" — BGL; . with the
natural map O(1)\ {0} — BGL,,, given by the composition of the open immersion
Jj:O01)\ {0} — O(1) with the projection map from O(1). From here, the same
argument used to prove the first part of proposition 3.1.1 applies verbatim replacing
BSL, with BSL;" and BGL,, with BGL;Qet. We will sketch the proof again for
more clarity, but we will leave the details to the reader.

By homotopy invariance we can identify A(BGL;get) ~ A(O(1)), and we get a
localization sequence:

<o A (BGLG, ) = A" (BSLYT) — ...

Oq 1 e .
A (G 00) OB A (Bary, )
(3.6)

By |Lev19, Lemma 4.3| this sequence splits into short exact sequences:

Oa 1=
010 (B ) - a0 (525) S 400 (GG c0(0) o

det?
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To conclude, we need to find a splitting for 0,5 and the candidate map is given by:

i == 0. 04 : A(BGLSh; O(1)) — A*(BSL")

We now want to prove that 0 o] is an isomorphism. Let 0 be the boundary map in
the twisted localization sequence:

b

1

. = A% (BGL,; O(—1)) = A%’ (BSL,;i0(-1)) =% A*2-1(BGL,) — ...

Let (tean) € AYBSLS";i50(1)) ~ AY(BSL)";i50(—1)) given by the tautological
section of O(1). Then we have:

doij(—) = 6(<tcan>) U—

To check that multiplication by O((teqn)) is an isomorphism, by the Milnor’s lim!-
exact sequence, we can reduce to prove the claim on the finite level approximations
B, SL;" and B,,GLJ .. By a Mayer-Vietoris argument, we can further restrict to

opens of B,,GL;", . where O(1) gets trivialised. But then the restriction of 9((tcan))

becomes just 7 by [Anal9, Lemma 6.4], and hence the map 9((tcqn)) U — is invertible
as claimed. O

Theorem 3.3.17 (Twisted Symplectic Splitting Principle). Let E be an SL[n~!]-
oriented ring spectrum with its canonical twisted Thom structure and let X € Sm g
be a smooth S-scheme. Take L € Pic(X), let (E,w’) be a twisted symplectic bundle
and let q : HFlag%(E,wL) — X be the associated complete twisted quaternionic flag
bundle. Then the map:

¢ : E*(X) — E* (HFlagk (B, w"))

1s injective. Moreover we have that:
T
¢ (B,w") = [[ oot )
j=1

with (Us,w?) the universal rank 2 bundles of HFlagk (E,w’).

Proof. The first claim is just an iterated application of the Twisted Projective Bundle
theorem 3.3.9. For the remaining claim, we already noticed that ¢*F ~ @@;_, (UZ-, wiL )
Now these (Z/{ijwiL ) are twisted symplectic bundles of rank 2, but that means they
are just rank 2 vector bundles together with isomorphisms wiL s det (U;) & L‘ui'
Therefore, we get a natural map:

p: HFlagk (B,w") — BGLS".,

classifying ({U;}, L, {w;}) (cf. remark 3.3.15). The universal bundle D, of BGL; ., is
given by an r-tuple of rank 2 bundles V;, together with isomorphisms p; : det(V;) =
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O(1), where O(1) is the pullback of the tautological bundle over BG,,. We can
regard the V; as twisted symplectic bundles, with twisted symplectic forms given by
Wican : A2V =~ det(V;) 28 O(1). Then by construction of p, we get that:

P* (V’H wi,can) = (uu WZL)

If we prove the claim of our theorem for the bundle € (V;,wi can), then, via the
pullback map p*, we get the relation we want for ¢*(E,w”). This means that it is
enough to prove the following:

b?(l) <@(Vi7wi,caN)> - Hb?(l)((vivwiw”))

By proposition 3.3.16, we have an injective map:
i A® (BGLYG,: 0(1)) = A* (BSLS") (3.7)

induced by ip : BSLS" — BGL;get For each i, the pullback i§V; is isomorphic to

the universal rank 2 SL-vector bundle W; of BSLS". Recall that the map i} was
given by the pullback map i, together with the inverse of the Thom isomorphism
associated to the determinant of the SL-vector bundles j*V;. By injectivity of (3.7),
we can therefore reduce ourselves to prove:

b (Wi Yican) ) = TTOVi: tican)

with ; can the canonical symplectic form given by their SL-structure. But this
amounts to the usual Cartan Sum formula for (untwisted) symplectic bundles, and
therefore we can conclude by [PW18, Theorem 10.5]. O

Corollary 3.3.18 (Twisted Cartan Sum Formula). If we have (F, wL) ~ (El,wlL) <)
(Eg,wé:) a direct sum of L-twisted symplectic bundles, then:

bz{J(Fva) = th(EhwlL)bz{J(E?aw%)

b (F, ") = Zb (B, wi)bf (Ba, wy)
Proof. Using the twisted symplectlc splitting principle, we can just follow the same
steps as in [PW18, Theorem 10.5]. O

Remember that the spectrum BO®*® defined in [PW18] is (8,4)-periodic, with pe-
riodicity isomorphism:
BO.+8’.+4 ‘UE_S’;LV BO**
with v € BO™87%(pt) the element corresponding to 1 € BO%?(pt) under the period-
icity isomorphism:

BOO’O(pt) ~ GW%O} (pt) ~ GWB_ZH (pt) ~ BO_8’_4(pt)
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and GWETL} are the higher Grothendieck-Witt groups of [Sch10]. We will call ~ the
Bott element of Hermitian K-Theory. This element will induce the 4 periodicity on
KW once we invert the n-map.

Now to explicitly compute the Euler classes of Z’)Vi(m), we need a twisted version
of [Anal7, Lemma 8.2|:

Lemma 3.3.19 (Ananyevskiy). Let Ey, Ea, E3 be rank 2 bundles over some scheme
X € Sm g, with the determinants Ly, L, L3 respectively, together with their canon-
1cal twisted symplectic structures; let E .= E1 ® Fy ® F3 be the L1 ® Ly ® L3-
twisted symplectic bundle of rank 8, with the induced twisted symplectic structure. Let
L:=1L1®Ly® L3, & := bF(E;) € KWY2(X; L;) and denote with o(ny,na,n3) the
sum of all the monomials lying in the orbit of £ €52E5® under the action of Ss. Then:

bi (E) =y0(1,1,1)

bE(E) = ~v0(2,2,0) — 20(2,0,0)

b (E) =~v0(3,1,1) — 80(1,1,1)

bE(E) =~0(2,2,2) + 0(4,0,0) — 20(2,2,0)

Remark 3.3.20. Notice that (mod 2), the sequences (n1,n2,n3) (and their permu-
tations) appearing in the formulas above for b*(E) are the same. This means that
the terms land in the same twists, under the canonical identifications:

KW*(X; L9 © LY @ L$*) ~ KW*(X; Ll @ L% @ %)

for:
(04,&2,@3) = (b1’b27b3) (mOd 2)

Proof of 3.3.19. 1t is enough to prove the theorem for X = BGL;?’, but again by the
Kiinneth formula 3.2.5 and proposition 3.1.1 we can reduce to BS L;s case. Taking the
finite level approximation B,,SLs we can use Ananyevskiy’s result [Anal7, Lemma
8.2] and since Witt theory for BS Ly satisfies the Mittag-Leffler condition by [Anal5,
Theorem 9] (or by proposition 3.2.1), taking the limit of the theories on the finite
level approximation we get the desired result for BSLs. O

~+
3.4 Euler classes for O (m)

Before actually computing the Euler classes we are interested in, let us recall some
facts on about the rank 2 vector bundles of BN. Let us identify:

L Gm — T5L2

t 0
b= <0t—1>
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where Ty, is the torus in SLy. We will denote as done before:

0 1
0'.—(_1 0>€N

Definition 3.4.1. For m > 1 an integer, let F=(m) := k2, then we define represen-
tations (F'£(m), pit) by:

o= 5

sioms( e 8)

We call (Fo, po) the trivial one-dimensional representation, and (Fp, p, ) the one de-
fined by py (t) =1 and p; (o) = —1.
We denote with p*m™) : (~9i(m) — BN the rank 2 vector bundle:

pE™ . FE «N ESLy — ESLy/N = BN

~+
corresponding to pif, with zero section s(()im) . BN — O (m) and th®™ ¢

KW ((NDi(m), det(@i(m))) the Thom class defined as (séim))*(ﬂ).

Remark 3.4.2. We recall that Pic (BN) ~ Z/2Z can be generated by v := O (0).
For the one dimensional representation det(pt) we choose the generator given by
e1 A ez, with e; = (1,0) and e3 = (0,1) the standard basis of k?. Then we have

canonical isomorphisms det (@i(m)) ~ Opp for m odd and det <6i(m)) ~ ~ for

m > 0 even.

Given a triple tensor product of rank two bundles U; ® Us ® Us, we denote their
bases as {e1,es},{f1, fo},{91,92}. We have the isomorphism:

(;j—l—(l) 2 (~9+(1) 2 (7)+(1) ~ (7)-1—(3) o (7)+(1)693

where the base chosen for this identification is given by dual pairs {v;, w;} that are
perpendicular to all other vectors:

vii= e ®f1®G wi=e® fr®ge
vei=—e1 X f1®gs wr=e2® foR¢g
vz3i=—e1® fa®g1 w3=e2® f1 D go
V= - ® 1091 wi=e ® fr®go

In a similar way, for any m > 1 we have:

O med Med W) ~0 m+2)a0 (m)*2ed (m—2) (3.8)
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where the base is given by:

V= a®[1®gn w=e® fr®g
V=1 ®f1®g wr=e® fra®aq
v3i=—e1® fr®g w3=e2® f1 X9
vp= 1 ®f®g wi=ea® f1e®og

We also have:

~+ ~+

07200 220 1)~0" 5 a0 3)*2ad (1) (3.9)

with with bases:

V= e®f1®g wi=e® fr®g

vyi=—e1®f1®g wr=e® f2Qg
3= e g wi3=e® f1®g
V= @109 wi=e1® fr®g

Proposition 3.4.3. We have the following:

1. For any m:

2. For m > 1 the recurrence relation:

b0 (m +2)) = (v¢* = 2)b1(O (m)) — b1(O (m —2))

In particular b1(0+(m)) is always a multiple of e := e((’)+(1)) for m odd and

é:=e(O (2)) for m even respectively.

3. Form =2n+ 1:

by (87 (m)) = D21 Fap e (3.10)
=0

with e = e((’)Jr(l)) and ay,n, defined by the recurrence relation:

apn =2n+1 Vn>0
Qfn = Z?:lj Ok —1n—j Vn>k>0

apn =0 else
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4. For m = 2n:

by <(~9+(m)> =e (ri(—l)"k“ﬁkm’yker) (3.11)

k=0

with e = e(@Jr(l)), €= e((~9+(2)) and By defined by the recurrence relation:

IBO,n =n Vn>0
/Bk,n = Z?:lj : /Bk—l,n—j Yn>k>0
Bien = else
5. We also have:
&% = —de 4 el (3.12)

Proof. First let us notice that from our computations in Chapter 2, it follows that
we can compute the Witt theory of BN by its finite level approximations B,,N. In
particular, we get that the Cartan Sum Formula and Ananyevskiy’s Lemma hold true
for BN too.

The first assertion of the proposition follows from the fact that p and p;, are iso-
morphic as representation through (z,y) — (—z,y), but this map induces a (—1) on

the determinant, so we get e(O (m)) = —6(0+(m)).
The decomposition eq. (3.8) and the Cartan Sum Formula 3.3.18, for m > 1, gives
us:

b (07 (m)© 0T (1)) = bi(O (m+2)) + 2010 (m)) + b1 (O (m))
while for m = 1 we have:
by (6*(1) ® 6+(1)®2) = b1 (O7(3)) + 361 (O (1))

At the same time, using Ananyevskiy’s lemma 3.3.19 we have:

610" (m) @ O (1)%2) = 7B, (O (m))p?

Putting this all together we get:

b1(O (3)) = —3e + 7e3

and for m > 1:

b1 (O (m +2)) = (ve* — 201 (O (m)) — b1 (O (m — 2)) (3.13)

. . L : - ~ 4+

From this by induction is not difficult to see that e and é divides b1(O (m + 2)) for
odd or even m > 1 respectively, but it will be even more clear from the recursive
formulas we are going to show.
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Now let us consider m = 2n 4+ 1. We want to prove the recursive formula eq. (3.10).
We just saw the formula for m = 3. Now we proceed by induction on n, let us
suppose we know the formula for m = 2n + 1 and we want to prove it for m 4+ 2 =
2(n+1) + 1 = 2n+ 3. Using the induction hypothesis on eq. (3.13), we have:

b1(O " (m +2)) = (W = 2)b1 (O (m)) = bi(O (m —2)) =

n n n—1
= Z(_l)nfkak’n,yk+1b2k+3 _9 Z(_l)nfkakm,ykbwwrl _ Z(_l)nflfkak’n_l,ykakJrl _
k=0 k=0 =0

n
= (=1)"" ~agn-1+ 2a0,)b+ Z(_l)n—l—l—k(_ak’n_l 207 B
k=1
n+1
) (D)™ gy B TP =

h=1
n

= (_1)n+1(2n + 3)b + Z(_l)n+1_k (_ak‘,n—l + 2ak‘,n + ak—l,n) 7kb2k+1 + an,n7n+lb2n+3
k=1

and it is easy to see that the coefficients agpn4+1 and ap41,,41 are already of the
desired form. The only thing left to check is that:

—Okn—1 + Qak,n + Of—1n

is actually:
n+1

E J Q-1 nt1—j

Jj=1

for k=1,...,n. using the induction hypothesis:

— Okn—1 + 20%,71 + Qg _1n =

n—1 n
== Zj FQp—1n—1—j + 2 Zj CQ—1n—j T -1 =
j=1 Jj=1
n—1 n—1
== Zj CQ—1n—1—j + 2 Z(h +1) a1 n—1-h + 205151 + Q1,0 =
j=1 h=1

|
—

n

(—J+2j+2) Qp—1p-1—j+ 2 Qpeip1 + Qo1 =

=1
n—1 n+1

=D (+2) ap1n-1-j+ 2 01 pt1-2 + U 1,n41-1 = Z T Qk—1ntl-r
3=0 r=1

And this completes the proof of the claim for the odd case m = 2n + 3.
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For the even case m = 2n the proof is basically the same and we will leave it as an
exercise.

Lastly, again using Ananyevskiy’s lemma 3.3.19 and the Cartan sum formula on
the decomposition from eq. (3.9), we have:

. —+ ~+ ~+ ~+
~éte = by (o 2)%2® 0 (1)) = b, (O (5)) + by (0 (3)) b (0 (1))
And from what we proved before, this means:
vé2e = (5e — 5yed + ved) + (—3e + ve®) — 2e = —4ye3 + yed

but since 7y is an isomorphism, multiplication by ~ye is injective on the first summand
of KW*(BN) ~ KW*(S)[e] ® qo - KW*(S) and hence:

&2 = —4e® + 'ye4

O
Remark 3.4.4. Here is a table of easy examples of coefficients ay, ,, of the odd Euler
classes:
k
0o 1 2 3 4 5 6
n
01
113 1
215 5 1
3|7 14 7 1
419 30 27 9 1
511 55 77 44 11 1
613 91 182 156 65 13 1

It is not hard to show that ai, = 2?21 j? = %,an_zn =n+12n+
1),an—1n =2n+1,ay, = 1. Recall that the coefficient of the lowest degree term in
the recursive formula will be (=1)"(2n+1) = (=1)"-m for m = 2n+ 1, so the lowest

degree term of eXW ((5+ (m)) will have the same form of the Witt cohomology Euler

class computed in [Lev19, Theorem 7.1].
For even Euler classes, the table of the first coefficients looks like:

k

o1 2 3 4 5 6
n

1

4 1

10 6 1

20 21 8 1
35 56 36 10 1
56 126 120 55 12 1

N O TR W N
N O TR W N
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Again the coefficient of the lowest degree term in the recursive formula will be
(=1)" ' = (=1)"'% for m = 2n, so the lowest degree term of eXW (5+(m)
will have the same form as the formula obtained for the Witt cohomology Euler class
in [Lev19, Theorem 7.1]. But this is not just a coincidence:

Corollary 3.4.5 (|[Lev19, Theorem 7.1|). Let HW be the spectrum representing Witt-
sheaf cohomology. Denote by eV := eHW <6+(1)> and MW = MW ((5+(2))
Then:

2

(—1)771771 -m-e™  for m odd
(—1)TJr -2 EHW for m even

Proof. By [FH23, Remark 6.7|, we know that the formal ternary law of Hermitian K-
theory recovers the computations of [Anal7, Lemma 8.2]. Setting v = 0, we recover
the formal ternary law for Witt sheaf cohomology by [DF21, Theorem 3.3.2]. Using
the formulas for Witt sheaf cohomology obtained from lemma 3.3.19 for v = 0, we
can proceed by induction as we did for KW in proposition 3.4.3. In this way we
recover the (closed form) formulas of [Lev19, Theorem 7.1 as claimed. O

Remark 3.4.6. Clearly (~9+(1) ~ p*Fy where p: BN — BSLs and Ej is the bundle

arising from the universal bundle of BSLy, so the class e := e <(~’)+(1)> is the free

generator of KW*® (BN) by corollary 2.3.6. Similarly the class é := e ((7)+(2)) is the
free generator of KW® (BN;~yy) again by corollary 2.3.6 and [Lev19, Lemma 6.1].

The reason we are so interested in these rank 2 vector bundles (~9i(m) is that the
pt’s classify irreducible representations of BN with a choice of the determinant. This
together with [Analb, Splitting Principle, §9 |, proposition 3.1.1, and the structure
theorem corollary 2.3.6, tells us that the characteristic classes of these bundles, and
their symmetric powers, will recover all the characteristic classes of any vector bundle
on BN.

Remark 3.4.7. Let us notice that given any rank two vector bundle £ — X over
some X, we have e(Sym* F) = 0 € KW**1(X; det ™! Sym* E) for k even since Sym* F
will have rank k + 1 and thus we can apply [Lev19, Lemma 4.3]. For k = 2r + 1 odd,
e(Sym* E), seen as a polynomial in e := e(@+(1)), will have as lowest degree term
Kll.er*! where k!l :== k- (k—2)-...-3-1. The proof of this fact is basically the same
proof used in [Lev19, Theorem 8.1] using the concrete description we have for the

lowest degree term of e(OJr(m)) given by proposition 3.4.3 and the fact we remarked
above that they recover the same computations done in [Lev19, Theorem 7.1]).

Moreover it is worth noticing that this correlation between Euler classes in Witt
theory and Witt cohomology is reminiscent of a Grothendieck-Riemann-Roch formula
for the negative Borel character of [DF21|. By [Bacl18, Corollary 38|, a good heuristic
principle is to look in classical stable homotopy for GRR formulas. For example we
expect formulas similar to the ones in [LM89, Prop. 11.14, 11.22, 11.24] (and also
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[Hu22, Thm. 2.23|) to hold true in the motivic context. We hope to come back to
these questions in the future.






Chapter 4

Virtual Localization

4.1 Atiyah-Bott Localization

We are now ready to extend the Atiyah-Bott localization theorem to any SL[n~!]-
oriented ring spectrum A, closely following [Lev22al. Once again, we remind the
reader that we will freely interchange the quotient stack BN with its (Al-equivalent)
ind-scheme approximation BN, implicitly using proposition 1.4.30.

Disclaimer 4.1.1. To avoid burdening the notation too much, in the following chap-
ter we will drop the G from the upper- and lower-superscripts of the equivariant
operations on Borel-Moore homology and cohomology.

Definition 4.1.2. Let K D k be a field, x : G,, — G,, a G;,-character such that
x(—Id) =1, and take A € K*. Define the subgroup scheme A(x,\) C Nk as:

ACGA) =x "M Ix ' (A o

Definition 4.1.3. As done in [Lev22al, consider again K D k a field, a character
X : G, — Gy, and the following types of N-homogenous spaces X over K (where
Kx will denote the N-invariants of Ox (X)):

(a) X = (N/x"'(1)) g
(b) Suppose x(—Id) =1 and let X = N /A(x, ) for some X € K*;
(c+) Let K/ D K a degree two extension:

(c+) Suppose x(—Id) = 1 and take some A € K*. Let 7 be the conjugation
of K" over K. We can choose an isomorphism of G,,-homogeneous spaces
Gm/x Y1)k’ ~ Gy, i inducing the isomorphism:

(N/X_l(]‘))K/ = Gm,K’ o - Gm,K’

123
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Let p(c* - x) == o -0 - %, for ¢+ = 0,1, be the K’-automorphism of
(N/Xfl(l))K,. Composing with 7, we get the F-automorphism, 7 o p
which gives us a Z/2Z-action on (N/X_l(l))K,. The left N-action on N de-
scends to a left action on the quotient and hence we get an N-homogeneous
space:

X o= (N/x7H1)) /(70 p)

(c-) If x(—1Id) = —1, we can take some \g € K™, then choose a generator
Vva for K’ over K (with a € K*) and take A := A\gy/a. With this A we
can define as before p(o - ) := o - o - %, for i = 0,1, and consider the
N-homogeneous space:

X o= (N/x7H1)) /(70 p)

These will be all the N-homogeneous spaces we have to consider, using a special
case of [Lev22a, Lemma 7.4|:

Lemma 4.1.4 ([Lev22a, Lemma 7.4]). Let X be an N-homogeneous space. Suppose
Gy acts non-trivially on X and that X is smooth over kx := HY(X,Ox)N. Let
Y := X /Gy, with its induced structure as a Z/27Z-homogeneous space over kx. Then:

1. As a Y-scheme X ~ Gy, y;

2. Fix a closed point yo € Y, let A C Z /27 be the isotropy group of yo, let B be
the kernel of the action map A — Auty, (kx(yo)). Then there are three cases:

(Case a) B=A={0};
(Case b) A= B =17Z/2Z;
(Case ¢c) A=7/27 and B = {0}.

3. In (Case a) X is a homogeneous space of type (a); in case (b) then X is of type

(b); in case (c) then X is of type (cx), depending on whether x(—Id) = +1,

and K(yo) is the degree two extension of kx+ referred to in definition 4.1.5.
Via the N-action, the map mx : X — Spec(kx) — Spec(k) induces a map:

¥ x= [(X/N] = BN
For any A € SH(k), this induces the pullback maps:
(7X)* 1 A%(BN) — A} (X)
(7%)" : A*(BN;yw) — AN (X Tw)

where yy is the generator of Pic(BN).
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Notation 4.1.5. Similarly to remark 3.4.6, we will denote by e the Euler class
of (W%)*@Jr(l) living in A%(X) ~ A (X xV EN). We will omit the appropriate
pullbacks from the twists in our equivariant theories, if it is clear from the context
what twist should actually be used; the same will happen for pullbacks on bundles
and associated Euler classes.

Lemma 4.1.6 (|Lev22a, Lemma 7.6]). Let X,x be as in lemma 4.1.4. Suppose
x(t) = t™ for some integer m > 1. Let A € SH(k) be an SL[n~']-oriented ring
spectrum. Then we have:

(a) In case (a), e goes to zero in A} (X).

(b) In case (b), m is even and e(O(m)) goes to zero in AN (X TN
(c+) In case (c+), i.e. m even, e(O(m)) goes to zero in AN (X% N)-

(c-) In case (c—), i.e. m odd, e(O(2m)) goes to zero in AN (X5 YN
Remark 4.1.7. In the cases (b) and (c+), the pullback of vy gets trivialised. Hence
the Euler classes, considered in the previous lemma, live in A%} (X).

Proof. The same proof used in |[Lev22a, Lemma 7.6] works verbatim for a generic
A, since only the vanishing of FEuler classes for odd rank vector bundles and multi-
plicativity of Euler classes was used there, and these properties still hold true for any
SL[n~!]-oriented spectrum. O

Notation 4.1.8. From now on, we will denote the Euler classes of the (~9i(m) as
&(m) = e (0" (m).

Remark 4.1.9. Consider X € Sch]/vIk7 L € Pic(X) an N-linearised line bundle,
and let A € SH(k) be an SL[n~!]-oriented ring spectrum.. Then products in A-
cohomology induce a structure of graded commutative ring on A}, (X) and a struc-
ture of A% (X)-module on A% (X;L). Identifying A% (X;L®?) ~ A% (X), we get a
commutative graded product:

AN(X5 L) @ AN (X5 L) — AN(X)

For s € A3(X), we say that an element z € A% (X;L)[s™!] is invertible if there
exists y € A% (X; L)[s7!] such that zy = 1 € A% (X)[s™!]. A homogeneous element
r € A% (X; L) is invertible if and only if 22 € A%?(X) is invertible in the usual sense
as an element of the commutative graded ring.

Lemma 4.1.10 (Key Lemma). Let A € SH(k) be an SL[n~!]-oriented ring spectrum.
For any odd integer m, the Euler class €T (m) is invertible in:

A*(BN) [(m-e)™!]
For any even integer m = 2n, the Euler class €™ (m) is invertible in:

A*(BN;vn) [(m . e)_l]
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Proof. For this proof we will make use of the ind-scheme BN approximating BN, by
proposition 1.4.30 we already know that all the computations will carry over to BN.
To prove our claim, it is enough to consider the universal case MSL,: the general
case will follow considering the SL-orientation map gp;;‘ : MSL,, — A associated to
the SL[n~!]-oriented ring spectrum.

Since we are working in SH(k), by [BH21a, Theorem 8.8, we have:

MSLy (k) ~ W (k)[y2, y4, Y6, - - -]

where y9; has degree —4i. But then by [Anal5, Theorem 10| and our proposi-
tion 2.2.16, we get:

MSLy (BN) ~ (W (K)[y2, 4, - - ]) [e] @ q5™>" - W (K)[y2, 4, - - ]

Let us suppose m is odd. Since é*(m) has degree two, we have:
o
éJr(m) _ Z a - e2itl
=0

where a; = a;(y2,ys,...) € (W (K)[y2,y4,-..))"*. Notice that ag € W(k), since it
has degree zero. The map %l;IW : MSL,, — HW, induced by the SL-orientation, is a
map of ring spectra given by sending each y; — 0. Thus we have:

P (ag - ¢) = g - H (NS0

Hw

n (ao) = aop(0,0,...). But comparing the Euler classes in MSL,, and

where ag 1= ¢
HW, we get:
PV (& (m)) = @ - Y = m - Y

thus a¢(0,0,...) = @p = +m by the computations made in [Lev19, Theorem 7.1].
But ag, as we said before, as degree zero, hence ag = +m. But this implies that, in
MSL(BN) [m~1t], we can write:

eF(m) =+m-e(1+ ij -e)
j=1

and (1+ 3>, ,0; - e’) is already invertible in MSLy(BN) [m~!']. Hence " (m) is
invertible in MSL} (BN) [(m . e)_l} . The even case m = 2n is completely analogous.
We still have that:

MSLy (BN;yw) = e(T) - (W (K)[y2, 94, - - ]) [e] © ™" - W (k) [y2, ya, - - ]

by proposition 2.2.16 (and |[Anal5, Theorem 10]), where 7 is the pullback of the
tangent bundle of P(Sym?(F)) x%%2 ESLy relative to BSLy. From [Levl9, Lemma
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6.1], we know € := €t (2) = e(7).

As before we have:
er(2n)=¢- (Z ci - 62’)
=0

where ¢; = ci(y2,ya,...) € (W(K)[y2,v4,...])”*. Again we can make a compar-
ison between the Euler classes of MSL, and HW, and we get that gpfw(co) =
c(0,0,...) = £n by [Levl9, Theorem 7.1]. But then ¢y = =£n, since it is a de-
gree zero element. Thus, in MSL}(BN) [n~1],we can write:

é+(2n) =¢- (j:n . 6) (1 + idz . 621'—1)
=1

where the element (1 + Y%, d; - e* 1) is already invertible in MSL}(BN) (n~t]. If
we consider (é+(2n))2 € MSL%(BN), we have:

o] 2
(é+(2n))2 =& (+n-e)? (1 I Z d; - €2i—1)
i1

Using the fact that (6#")? = —4e € HW*(BN) (cf. [Lev19, Theorem 7.1]), again
by looking at the formal power series of €2 compared to (67"V)2 we get that:

(" (m))* =€ (£m-e)* (1 +...) € MSLL(BN)

So in the end it is enough to invert m - e and we also get that €*(m) is invertible in
MSLS (BN; yx) [(m : e)_l} . O

Proposition 4.1.11. Let X be an N-homogeneous space, and let A be an SL[n~!]-
oriented ring spectrum. Then there exists an integer M > 0 such that:

AN(X)[(Me)™ =0

Proof. Using lemma 4.1.6, if X is of type (a), then we just invert e and M = 1.
For case (b) and (c+), again by lemma 4.1.6 we have that é*(m) will go to zero for
an appropriate m depending on the type of X. Then we conclude by lemma 4.1.10,
noticing that if the Euler class going to zero is some ¢ (2k) living in the twisted
theory, then its square é(2k)? € A% (X) will also go to zero.

O

Remark 4.1.12. Let T be the standard torus inside N. Since N /T ~ Z /27, given
X an N-equivariant scheme over k, we have that its T-fixed points X7 C X are the
union of the O-dimensional N-orbits.
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Theorem 4.1.13 (Torus Localization, cf. [Lev19, Theorem 7.10]). Let X € SchJ/\f]k

and let v : XT <5 X the the associated closed immersion. Then for any SL[n=']-
oriented ring spectrum A, and for any L € Pic(X) with an N-linearization, there
exists an integer M > 0 such that:

b ABY (XT/k; 07 L) [(M . e)*l} — ABY(X/k; L) [(M - e)*l}
18 an isomorphism.

Proof. Remember that char(k) > 2. If we invert the exponential characteristic p of k,
then taking the perfect closure of kP*"/ of k induces an isomorphism AP (. /k;.) =

A.B% (-/lkperf; ) by [EK19, p. 2.1.5], so we can assume p | M and k to be perfect.
Using the localization sequence for equivariant Borel-Moore homology, we reduce
ourselves to show that if X has no zero-dimensional orbits, that is, X7 = (), then
ABN (X /k; L) ~ 0. By [Lev22a, Proposition 1.1], there exists a finite stratification
X = I1,X, such that for each o we have that X, /N exists as a quasi-projective
k-scheme and we can take 7, : X, — X, /N to be smooth. So applying again a
localization sequence argument, we can reduce to the case of Z := X /N is a quasi-
projective k-scheme and 7w : X — Z is smooth. Again by localization sequence
argument, we can assume Z is integral and 7 is equi-dimensional. We have to show
that if 7 has strictly positive relative dimension, then ABN (X /k; L) ~ 0, so we can
assume 7 has strictly positive dimension. ’
Let us consider the finite level approximation for N-equivariant Borel-Moore homol-
ogy:

APNm (X[ L) := AP (X xN By N/k; L)

For each of these we have a Leray homological spectral sequence (cf. [ADNI1S,
p. 4.1.2]):

BM BM
Eyo= @ AP o (Xofii Do) = ABY | (X/k; L)

ZEZ(Q)

But by purity for k — x(z), since z € Z(g), we have:

ABN L (Xofi(2) L) = ABM. ) (X /k: L)

and hence the spectral sequence becomes:

Epy= D AN (Xofr(2); Lz) = APYL iy (X/k; L)
ZEZ(,I)

If £ is a generic point of Z, then there exists an open neighbourhood U of £ such
that each fiber X, of m : X — Z has the same same type, as homogeneous space
for N over k(z), as does X¢. So after taking a further stratification, we can assume
that all the fibers X, for z € Z, have the same type. So by proposition 4.1.11 there
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exists an M such that AE%("L) (X./k(2)) [(Me)_l} ~ 0, since Aﬁ%(m) (X./k(2)) is

a module over cohomology A% (X.) ~ A?}X[, (X./kK(2)). The module map is obtained
through the pullback induced by the natural map E,,N — Spec(k), after identifying
Borel-Moore Witt homology and Witt theory (up to some re-indexing) via purity,
relative to X, — z (which is a smooth map, since it is a fiber of X — Z). Notice that
the integer M only depends on the type of X, so it is the same integer for any z € Z.
But again, since A}Iilx[,(m) (X./k(2); L.) is a also module over cohomology A% (X>),
we have V z € Z:

A% (X.) [(Me)_l] ~ 0= AN (X./(2): L) [(Me)—l} ~0

and hence the spectral sequence Eéq tells us that:

ABM | (X/Kk; L)) [(Me)—l] ~0Vp,q¥m

In particular, this means that:

{AEEJ,N(M (X/k; L)) [(Me)—l]}

satisfies the Mittag-Leffler condition. Therefore the limit of those groups actually

computes AEE;,N (X/k; L)) [(Me)fl}. Hence we get:

meN

ARM v (X/k: 1)) [(Me) '] =0

as we wanted to prove.
O

Before we finally get the Atiyah-Bott localization for an N-action, we need to recall
some more theorems and definitions from |[Lev22al:

Definition 4.1.14 (|Lev22a, Def. 8.2|). Let ¢ be the image of 0 € N in N /T ~
Z)27 = (7).

1. Let us denote | X |V the union of the irreducible components Z C X7 such that
the generic point £z is fixed by &, and let us denote X 27;1 4 the union of irreducible
components W C X7 such that - W NW = (.

2. We say that the N-action is semi-strict if Xg;d =|XNu Xﬁd-

3. A semi-strict N-action is said to be strict if | X|¥ N XL, = 0 and we can

decompose | X |V as disjoint union of two N-stable closed subschemes:
XV =XM1 X7,

where the N /T-action on X ]]c\fn is free.



130

4. Virtual Localization

Notation 4.1.15. For any group G, a character x will correspond to a line bundle
over BG that we will denote as L.

Proposition 4.1.16. Let X € Sch]/vIk with a trivial N-action, and let L be a line
bundle on X also with trivial N-action. Let x : N — Gy, be a character with
associated line bundle L. Let A be an SL[n~1-oriented ring spectrum. Then, up to
inverting the exponential characteristic of k, we have an isomorphism.:

AT (BN; Ly) © AP (X/k; L) = ARG(X/k; Ly © L)

Proof. We can assume that k is perfect, if it is not we will invert its exponential
characteristic and use [EK19, Corollary 2.1.7]. Notice that since A is SL-oriented, if
we twist or untwist ARM (X /k; L, ® L) by the determinant of the co-Lie algebra n"
of N, nothing changes 7(up to isomorphism). To simplify the notation, we give the
proof in the untwisted case (i.e. for trivial L and L,); the proof in the twisted case
is the same and is left to the reader. Notice that [X /N] ~ X x BN. Consider:

X X BN — BN

r

A

X —> Spec(k)

Using the composition product, under the identification A=*(BN) ~ ABM (BN /BN),
together with the base change A* : ABM (X /k,v) — ABM (X x BN /BN), we get a
map:

Y= (-0 =)o (A* x Id) : ABM(X/k) ® A=*(BN) — ABM(X x BN/BN)

Under the identification remark 1.4.9, the target of 1 is just A%’\E(X/]k, —nY).

Using the Leray spectral sequence (JADN18, Theorem 4.1.2|), we can show that 9
is an equivalence. Indeed, we have:

EYT = P Apl(s(a)/k) = APy (X/k)
zeX ()
‘B = D AP (BN.(w)/BN) = AP (X x BN/BN)
xeX(®)
But A*(BNy) is a free A®(k)-module by corollary 2.3.5 and hence from F; we get:

"EPI = @ APM (k(z)/k) ® A*(BN) = ADM (X/k) ® A*(BN)

zeX (@

But the map 1 at the level of spectral sequences induces a map ”E{"™" —' E;"* that
becomes an isomorphism. Let us go into more details on why that is true. Since we
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assumed that k is perfect, for any 2 € X®) the extension s(z)/k is separable, that
is, Spec(k(x)) is smooth over k. Then we can use purity to see that ABM (x(z)/k) ~
A(k(z)) and ABM(BNK(:E)/BN) ~ A(BN(y)). But by proposition 2.2.16 for S =
Spec(k(z)) with x € X we have that:

A*(k(7)) ®pew) A*(BN) = A*(BN,y(y)) (4.1)

To see why this equivalence it is true, proposition 2.2.16 tells us that A®*(BN) ~
A*(BSL2) @ A*(k). Then to check that (4.1) holds, it is equivalent to check that the
same equality holds for BSLy instead of BN. By [Anal5, Theorem 9| (or proposi-
tion 3.2.1), we know that we can compute A®(BSLs k) using the finite approximations
B, SLy . for any field k. Since filtered limits commute with finite colimits, we have:

A*(5(2)) @ae(i0 (nnrp A'(BmSLQ)) ~ Tim A® (5(2)) @ pe ) A* (B S L)
Clearly the right hand side is just A*(BS Ly () and we have our claim.

Therefore 1 induces an isomorphism on spectral sequences and thus it is an iso-
morphism itself and we are done.

O]

Proposition 4.1.17. Let X € Sch/ with an N-action, let L € Pic(X) an N-
linearised line bundle, and let A € SH(k) be an SL[n~!]-oriented ring spectrum.

1. Let 1y : XN < X the closed immersion. For each connected component XN of
XN there is a line bundle L; on XZ-N with trivial N-action and a character x;
such that LSL‘X_N ~ L; ® Ly, as N-linearised line bundle. Moreover:

ARM (XN L) ~ @@ APMXN;Li) @ A7 (BN Ly,)
pt+q=k

2. Let ting : Xﬁd — X be the inclusion, then:
AN (X /K5 tpgL) [e71] =0
where e is the Euler class associated to (the pullback of) (7)+(1).

Proof. For the first assertion we may assume X' is connected. The line bundle
tpL lives over a space with trivial N-action, so N will act with a character x on
1y L (corresponding to a line bundle L, ) so that we will have an isomorphism of N-
linearised line bundles (jL ~ Lo ® L, for some line bundle Ly having the trivial
N-action. Then the isomorphism of the first assertion in the proposition will follow
from proposition 4.1.16.

For the second assertion, consider (1, ..., (9, the irreducible components of Xﬁd
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with 6C9;,_1 = C9;. We will proceed by induction on r. Let us start with » = 1, as
an N-scheme X! , = C; 11 Cy ~ (N /T) x Cy with the trivial action on Cy. Hence:

[Xg;zd/N] ~ (C x BT
and we get:
AOB,% (Xz'j;zd/]k3 L?ndL) = A?M (Ci/k; Ly) ®W(]k)A7. (BT; LX01>

where L is a line bundle over C; and LXC1 is the bundle associated to a character
xc, of T. Let ¢ : BG,, — BN, we have q*(~’)+(1) ~ O(1) ® O(—1), and so e =
7re(0 (1) = e<q*6+(1)) — ¢(O1)®O(-1)) = 0. But A~* (BT; Lxcl) is a

A~* (BT)-module and A~* (BT) [e~!] =0, hence A™* (BT; Lxcl) [e7!] = 0 and we
are done for the initial inductive step.

For r > 1, consider XZ.:CLd =CUC where C :=C{IICy and C' :=C3U...UCy,.
By induction:

ARM(Cfk;15,0L) [e71] = ARM (C'/k; g L) [e71] =0

Moreover CNC’ = (C, N CHII(Cy N C') ~ (C1 N C")F-(C1 N C'), hence (C N C")xN
EN ~ (C1NC') x BT similar to the computation made for »r = 1. But using the
same argument as before, we get in this way that ARM (C' N ¢’ /k; al) [e‘l] = 0.
Then using the localization sequence, it easy to see that:

ARM (X gk L) [e71] = 0
O

Theorem 4.1.18 (Atiyah-Bott Localization for N-action). Let X € Sch]/\[]k be a
scheme with an N-action and let A € SH(k) be an SL[n~']-oriented spectrum. Let
v | X|V < X be the closed immersion. Let L € Pic(X) be an N-linearised line

bundle. Suppose the N-action is semi-strict. Then there is a non-zero integer M
such that:

b ABY(IX|Y; L) [(M-e)_l} — ABN (X L) [(M.e)_l}
18 an isomorphism.

Proof. Since the action is semi-strict, we can consider the closed immersion X7 ~
XTI UIX|N < X, that has X \ X7 as open complement. By proposition 4.1.17, we
have A]%M (Xng/k; L;‘ndL) [e’l] = 0. Applying again proposition 4.1.17, this time to
the scheme | X |V, we get:

ARM (XE

ind

N |X|N/]k;L;-kndL) [6_1] =0
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since (|X|N)md ~ X1 N|X|". But using a localization sequence, this implies that:

AR (X g \ [X N /ics L) [e71] = 0

as well. So we have that the inclusion |X|V < X7 induces an isomorphism on
N-equivariant Borel-Moore homologies, and so we get the final claim using theo-
rem 4.1.13. O

4.2 Bott Residue Formula

Consider now ¢ : Y — X a regular embedding in Schj/v]k. Let Ny,x be the
normal bundle associated to ¢, it has a natural N-linearisation, so we can consider
en(Ny/x) € AE%I (Y /k; det_l(]\fy/x))7 where 7 is the rank of Ny /x.

Lemma 4.2.1. Let L € Pic(X) and let A € SH(k) be an SL[n~!]-oriented ring
spectrum. Then:

Voot ABN (V/k; L) — APM y (Y/k; L@ det ™ (Ny ) x))
is the cup product with ey (Ny/X).

Proof. Rewriting the equivariant Borel-Moore homology as Borel-Moore homology
over BN (cf. remark 1.4.9), the claim follows using the same arguments as in [DJK21,
Corollary 4.2.3|. O

Following [Lev22a, Lemma 9.3, Construction 2.7], we have that the Euler class of
an N-linearised vector bundle V' on some connected Y & Sch]/\[Ik gets inverted once
we invert some Euler classes coming from representations of IV over k. Let us briefly
recall such construction (for details refer to loc. cit.). Let V be an N-linearised locally
free sheaf on some connected scheme Y € Schl/v]k.

(Case 1) Suppose N acts trivially on Y. Then for each point y € Y, we can find N-
stable open neighbourhoods jy, : Uy < Y of y such that our locally free sheaf
trivialises as 1), : j(*JyV = Oy, @k V (f) for some k-representation f of N. Taking
the decomposition of V' (f) into isotypical components, we get the corresponding
decomposition of jg;yv. We can actually find a global decomposition of V into
isotypical components, indexed by k-irreducible representations of N:

V=PV,
¢
in such a way that on each trivialising open subset jy : U <— Y we have:

gV = Oy @ V()™

where V() is a k-irreducible representation of N. The B, V' (¢)"¢ turns out to
be completely determined by V), up to isomorphism. We denote its isomorphism
class as [VI°].
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(Case 2) Suppose T' = G, C N acts trivially on Y. We can decompose V into weight

spaces V = @,,, Vi, and let V™ := EBm#) Vin. Then for any N-trivialised open
Ju : U =Y, we have:

itV = Vo & @ Ov @77 V(pm)™

m>0

where p;’s are the rank two N-representations introduced in Chapter 3, and
- @77 V(p;) denotes the Op-semi-linear extension of the representations in
the sense of [Lev22a, Def.2.5|. Then isomorphism class of the representation
DB,.~0 V(pm)™™ is uniquely determined by V and hence we denote this class by
[voer|.

(Case 3) Suppose G, =T C N acts trivially on Y and that ¢: Y - Y /N ~Y /(5) is a

degree 2 étale cover, where & is the image of o in N /T ~ 7Z /27 ~ (7). Then
for any N-trivialised open jiy : U < Y, we have:

][*]V ~ Oy @77 V(po)no D @ Oy ®%7 V(pm)nm

m>0

where the notation is the same as in Case 2. This time the isomorphism class
of V(po)™ @ B,,~0 V (pm)"™™ is uniquely determined by V, and we denote this
class by [V9¢"].

Definition 4.2.2 ([Lev22a, Def. 4.7]). Let V an N-linearised vector bundle on a
connected Y € Schj/v]k. Suppose we are in one of the three cases when [V9°"] is
defined. Choose a representative V9" € [V9¢"| and suppose it has even rank 27 (this
is always true in Case 2). Let A € SH(k) be an SL[n~!]-oriented ring spectrum.
Then we have:

en(VI") € A*" (BN;det™ (V™))

en(V9")? € AY (BN)

We then define the generic Fuler class as the subset:
[en (Vo) i= {u-en(Vem)? | e (A°()*} € AY(BN)

and this depends by construction only on the isomorphism class of V as an N-
linearised bundle. The localization:

Ay (V) [len (V)] ™']

will denote the localization with respect to any element y € [en(V9¢")] seen as an
element in Ay (Y') through the A(BN)-module map. If the representative V9" has
a trivialization of its determinant, then it will give us an actual class ey (V9¢") €
A% (BN) and then it becomes a localization by ex(V9¢") in the usual sense.
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Lemma 4.2.3 ([Lev22a, Lemma 9.3|). Let V an N-linearised vector bundle on a
connected scheme Y € Sch]/\[Ik of rank 2r. Let A € SH(k) be an SL[n~!]-oriented
ring spectrum. Let us suppose that assumptions of [Lev22a, Construction 2.7]| are
satisfied, so we are in Case 1,2,8 in loc.cit. and hence we get a generic Fuler class

(€% (V)] € A (BN). Choose an element en(V9") € [en(V9")]. Then en(V) €
A% (Y;det™1 (V) is invertible in A3 (Y;det™ (V) [(e‘?\?n(V))A]

Proof. We need to show that ey (V) is invertible in A3*(Y;det=(V)) [(ef’\fn(V))_l],
but this is equivalent to show that multiplication by exn(V):

er(N) s AR(Videt™ (V) [ (47 (V) 7| — AR (Vi det™ (V) [ (8" (V)) ]

is an isomorphism. By assumptions, we can find an open cover made by N-stable
opens U; C Y such that V trivialises over each U;. Then by a Mayer-Vietoris ar-
gument, we can reduce ourselves to prove our claim on all the intersections of our
U;’s. But there the claim is obvious, since on each U; we have an isomorphism of
vector bundles (with an N-action) V| p, = Ty VI, where my 0 Y — Spec(k) is the
structure map.

O]

Theorem 4.2.4 (Bott Residue Formula). Let X € Schj/v]k, L € Pic(X) an N-
linearised line bundle, and A € SH(k) an SL[n~!]-oriented ring spectrum. Let us
suppose that each connected component t; : |X|§V — X of | X|V is a regular embed-
ding. Moreover for each normal bundle N; associated to v;, assume that the hypoth-
esis of Case 1,2,3 in [Lev22a, Construction 2.7] are satisfied for V.= Nj;. Denote
by €% (Nyiz) the products of €5;" (N;)’s. Finally assume that the N-action on X is
semi-strict.

Denote P :=p- M - e, where p is the exponential characteristic of the ground field k
and M 1is the same integer as in theorem 4.1.185.

Under the identification induced by the decomposition |X|N = UJ\XUV in its con-
nected components:

ARM (1 |V ic; L) = TTARM (1% 155 5L)
J
the inverse of the isomorphism:
et AR (XN L) (P e (Npia)) '] — ARM (X5 L) [ (P " (Npi)) ]

s given by:

x HL;(SL‘) Nen(N;) ™
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Proof. After inverting P, we can use theorem 4.1.18 and hence see " (Ny;y;) and
e% " (N;) as elements in ARM (X /k; L). Inverting said elements will invert also ey (N;)

by lemma 4.2.3. By theorem 4.1.18 we can find elements:
* en -1
vy € ARM (IXIY L) [(P- e (V) 7|

such that:
J

for any z € ARM (X /k; L) {(P . eg];\;m(me))—I} Since by lemma 4.2.1 we have:

L;(l’) = L!]-Lj*yj =y; Nen(Nj)
the map we defined sending z to []; L!j (z) Nen(N;)~! will be indeed the inverse to
Ly. ]

Remark 4.2.5. If X € Sch]/\[Ik is smooth, then X7 is smooth too, the action will

be semi-strict, and each ¢; : | X |§V — X will be a regular embedding. Moreover
the respective normal bundles will be of the form N; = N, so we are in Case 2 of
[Lev22a, Construction 2.7] and we can indeed apply the previous theorem.

4.3 Virtual Localization Formula

We now have all the formal properties we need to prove the virtual localization
formula of virtual fundamental classes of N-equivariant schemes following [Lev22b]
and hence |GP99].

For this section, let us fix X € Sch/k" with a closed immersion ¢ : X < Y in
Sch%{, where Y is a smooth k-scheme. Let us also suppose X is equipped with an
N-equivariant perfect obstruction theory represented by a two term complex &, :=
(&1 — &), of N-linearised locally free sheaves, together with an N-equivariant map
e : e — Lx k-

Now consider the maximal subtorus 7' := G,,, € N. We have the fixed T-schemes
XT C YT, where we give X' the scheme structure X7 := X N Y”. Notice that Y7
is smooth (this is true in much greater generality, for example see [Rom22, Theorem
4.3.6|); consider its connected components Y7, . .., Ys and inclusion maps LZY Y, =Y.
Let us denote ¢j : X; :=Y; N X < X so that X7 = I1; X;-

Let F be a T-linearised coherent sheaf on X;. The T-action on the X; is trivial, so
we can decompose JF into its weight spaces for the T-action:

F~ EB Fm
mEeEZ

If F is locally free, then so are the Fp,’s.
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Notation 4.3.1. Let F be a T-linearised coherent sheaf on some scheme Z with a
trivial T-action. Let F ~ @, ., Fm be its decomposition in weight spaces, then we

will denote:
F" = @ Fm
mezZ\{0}
the moving part, and by:
Fli=F
the fized part of F.

In the situation described above where we have ¢; : X; < X and a perfect obstruc-
tion theory e : £ — Ly /i on X, then ¢o induces maps:

ngj) : L;fgz — Lx, /x

that by [GP99, Proposition 1| are perfect obstruction theories for the X’s.

Definition 4.3.2. The virtual conormal sheaf of each X; is defined to be the perfect
complex /\/'J?)" = 5EY.

By |Lev22b, Lemma 6.2] we have:

Lemma 4.3.3 (|[Lev22b, Lemma 6.2|). For each j, the perfect obstruction theory
@SJ) : L;fé’i — Ly, /x and ./\/j”" have a natural N -linearisation.

Remark 4.3.4. If Y is smooth then the N-action is semi-strict [Lev22a, Remark
9.6]. By [Lev22b, Remark 6.4], if the N-action on Y is strict, then the N action on
X will also be strict.

We will assume the N-action on X is strict.

Definition 4.3.5. By conventions set before X; := X N'Y; with Y} connected com-
ponents of Y. Let us denote:

X[ =XV N X;

and thus we have:
XV~ T

J
where each | X ];V has its own perfect obstruction theory gosj ) with associated virtual
normal cone given by ./\/’;’". Each | X |§V will decompose in connected component that

we will denote as \X\;Vk

Remark 4.3.6. In the case of a strict N-action, consider an N-linearised locally
free sheaf V on some connected components of X7. Suppose that V = V™. Then
V admits a generic representation type [V9¢"] in the sense of [Lev22a, Construction
2.7], which is an isomorphism class of N-representations over k.
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Lemma 4.3.7. Let A € SH(k) be an SL[n~!]-oriented ring spectrum. Consider
X € Schj/v]k. Let V an N-linearised sheaf on X and suppose the N-action on X is

strict and we have V = V™ on | X|N. The restriction of V on the connected components
|X|§Vk will be denoted by V; . For fized j, k we have:

1. there exists integers M,n such that en (V]}") is invertible in A® (BN) {(M : e")fl} .

2. the class ey (Vj ) is invertible in A%y (]X];Yk;detfl({G’k)) {(M . en)—l}

Proof. The second claim is a consequence of lemma 4.2.3. For the first claim it
is enough to notice that Vﬁn is given by irreducible k-representations of N, and we
know that we can recover any irreducible representation of N by tensor products of the

representations p;!, py. Then we conclude by applying multiple times lemma 4.1.10.
O

Let us recall again our setting: we are working with ¢ : X — Y an N-equivariant
closed immersion with Y smooth over k; we are given an N-linearised perfect ob-
struction theory ye : £& —> Lx /. We suppose that the N-action on X is strict.

Definition 4.3.8. Let A € SH(k) be an SL[np~!]-oriented ring spectrum. Then we
have:

(7) For each connected component L}/ Y = Y of YT, by lemma 4.3.7, there exists
an integer M jY such that e N(L}/*T}‘}‘) will be invertible in:

Ay (Vi det™ (1)) [(M}/'e)_l]

(1) For each component ¢, : \X|§Yk < X of | X|V, by lemma 4.3.7, there exists an
gen
integer M]Xk such that ey ((L; kE}“) ) is invertible in:

An (X5 det™ (15, EP)) (M55 ) ']
Hence we can define:

ex (N20) = ext(5,B8)) -en((, 1))

. —1
living in Ay (|X|§Yk;det—1(Ngfjfg)> [(M]Xk : e) }

Denoting MJX =11, M]X;g we can also define:

en (NE7) i= {en (N2) | € An (IX[sdet™ (N27) ) (1% €)'
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where we use the identification:
Ay (\Xlé-\f;det_1 (Nf;”’)) [(MJX : e)_l} ~

ZEIAN (1X15%s det™ (M) ) [ (% €)'

Remark 4.3.9. From theorem 4.1.18, we also have an integer used in the Atiyah-Bott
localization theorem for X that we will denote as M.

Theorem 4.3.10 (Virtual Localization Formula). Let A € SH(k) be an SL[n~!]-
oriented ring spectrum. Let v : X — Y be a closed immersion in Schj/v]k, with Y a
smooth N-scheme. Let @o : Eo — Lx i be an N-linearised perfect obstruction theory.
Suppose the N -action on X is strict. With the notation introduced in definition 4.3.8,
we set:

M= M- [ MY - M)

1]
Let [|X]J ,go.' ]mr ABM <]X\N/Jk *Ei) the N-equivariant virtual fundamental
()

class for the N-linearised perfect obstruction theory s’ on |X|§V Then we have:
S .
X el = e ([|X|§-V PO Tnew (Vo) ) e AR (x, &) [(M )]
j=1

Proof. We have developed along the way all the necessary tools used in the proof
[Lev22b, Theorem 6.7], upgrading them to the case of an SL[n~!]-oriented ring spec-
trum. Then the very same strategy used in loc. cit. works also in our case. For
completeness, we will sketch now the proof for a general SL[n~!]-oriented ring spec-
trum, but no claim of originality is made here.

Now consider X; = Y; N XT. By proposition 4.1.17, the localised Borel-Moore

homology of ngd vanishes. By assumption, our action is strict and thus we have

= |X |N ox;nx,, T . By a localization sequence argument, we can replace X with

X \ I and Y with Y \ X[ ,, so without loss of generality we can assume X} , =0
and X =X ];V Let us denote the following inclusions:

t: X =Y ij : Xj — X

Lj: Xj =Y ZZYVJC_)Y
The N-equivariant fundamental class [Y]y of Y lives in ARM (Y /S, Qy /]k) The
fixed locus Y7 is smooth over k, with connected components Y7, ...,Ys. Let Yjln €

ARM(Y; /K, Qy, /i) be the fundamental classes of the connected componentb Since

Y'1Yj < Y is given by (L}/)*Tm by theorem 4.2.4

the normal bundle associated to L v /Ko

and remark 4.2.5 we have that:

v =300 (Bl new (7)) € AR (v, 0) [(atye) ]

j=1



140

4. Virtual Localization

where we used the functoriality of lci fundamental classes (cf. [DJK21, Theorem
4.2.1]) to identify (L}-/)![Y] ~ = [Yj]n. Consider the following cartesian square:

SN Ve

X
-
l A lfdy

Yj—>Y
Y
J

<

L

If we take the refined intersection product with respect to ¢+ : X <— Y and Idy :
Y — Y, by compatibility with proper pushforwards (proposition 1.5.10), from the
equation above we get:

s

. . . —1
X, I3 = X, @R ot [V I = D () ([X, AN 4y Wil Nen ()T )
j=1

We will then only need to show that:
Claim 2.

) -1 N .\ —1
X oy Wl e () T8) = XG0 DIR new (N27)

Notation 4.3.11. To make the rest of the proof easier to read, we will change our
notation a bit. Given a cartesian square:

XY

| |

VA (—ﬁ w
where f is lci, we will denote the refined Gysin map as f':= g!A. And for any given
vector bundle £ — W, we will denote its zero section as sg : W — E.

Let us briefly recall our construction of the equivariant virtual fundamental class
from section 1.6.2. We have the cone D := €x /y x V(&) = Cx )y x Ep, with quotient
D" := D /it*Ty ;.. The virtual cone D""" has a closed immersion ¢, : D"" — Fy :=
V(&) in Schj/v]k. Then the virtual class was defined as:

X, @I = s, ((4p)<[D""]n) € ARM (X/k, E)

For each X; the N-linearised obstruction theory is given by @l . z}"é’i — 1<1lix; /K.
Der;oting by Dj = Cx, /vy, X L;E(f) and D}’i’" = D}’" / L;Tyj the corresponding cones,
we have:

X5, 0 DIR = sl gy (g0 [DF7 ) € AR (X, B

Let us start with the proof of the following:
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Claim 3. Consider the cartesian squares:

ty.

ty x i i, * X i
STy — D uTy, ———— D; it T;r/ —— Dj x5 Eq
r r
Su* Ty Al AQ l AYJ
-k
X ———F X]%z;fE{ Xj —— 5k

The refined Gysin pullbacks associated to the squares above will give us:

i
(X, eIN" = siry 85, [D]v
; ! ! !
[X; ‘P(])]%T = Suy, SQ;E{ [Dj]n
; ! ! .
(X @IV * iy VIV = sisiory sismy [Dg X 15 EG]

The first two equations in claim 3 follow from the squares A, Ay and the func-
toriality of (refined) Gysin pullbacks (remark 1.5.7). Let 5JD : Dj x i;Ef — D be
the closed immersion of cones, then an application of the equivariant Vistoli’s lemma
proposition 1.6.16 tells us that:

(87)+ [D; x 3EF] . = 7y, [Dln (4.2)

where 7r§/j denotes the refined Gysin pullback with respect to 7y, : Y; — S. Then
using eq. (4.2) and the commutativity of refined Gysin pullbacks, we get the third
equation in claim 3 (see [Lev22b, Theorem 6.7, Proof: Step 4| for more details).

(Claim 2)

Notice that (zf)*T}f, ~ Ty;, hence (’i}/)*Ty ~ Ty, © (zf)*T{}‘ Then we have:

! ! rm] ! ! vir Sk m
SixTy Sit By [Dj X 1jEO] = S TpSitE [Dj X 1jEO]

Claim 4. We have that:
X, @8 4 Wil New (GER) = s g (sh [0} x 35BSl ) e (550 T)

We have a closed immersion D}’" X x; Z;Eg‘ — i;D / L;nyj and composing this map
with the natural map i;D/L;TTyj — 47 Eq, we get a map o : D}’i’" X x; Z;E‘O“ — z;‘El
Denote by Z, (D}’” X X; z;‘ ES‘) the scheme-theoretic pullback of D}}” XX, z;“E(’)" along
the zero section of 7 Ey. There exists a commutative diagram in Schj/vk:
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2, (Dyir xx, 5 EY) AN 5

; |

sk kM
Z]L TY — > A

Let av := sé; o {D}’" X X; sz{)“] By the (equivariant) excess intersection formula (cf.
[DJK21, Prop. 3.3.4]), we have:
Siti T (fele) Nen (SEF)) = Siz gy (9«(a) Nen (i50°TY))

and this gives us the formula of claim 4.

(Claim 3)
|

Now we can finally prove claim 2. We have a natural map (L@(j) ,d™) D;’”’ x i Byt —
*

i7 ET', induced by the inclusion ¢,,(;) and by the "moving" differential d™ on E™. By Al-

homotopy invariance, we can suppose that (L@(j),dm) factors via the first coordinate
projection D;" X Z;E{)“ 2 D}””, and the natural inclusion map D}’" — GET CiiEy.
By the equivariant excess intersection formula, we have:

S!i;fE{)“S;;E{" [D}m X i§E31]N = (S;;E{" [D}M X Z;E(T]) Ney (Z;Eén) -
= [%5,09]" new (i3 ET)
Putting together all the statements we proved, we got:
XI5 Wy ew (T8 =

= Si;L*TYS;;E1 [D; x i5Ef| Nen ((L;)* }“}/k)il =
= e perpstem, [DY X 5ER] Nen ((L}”)*Tg/k)_l .
= g (shm (D77 % BRI ) 1 (e (GER)) ™ =
= [Xj go(j)} A

that is exactly our claim 2. Thus we have just proved our virtual localization theorem.
O

VY

" hen (B 0 (en (1E))

Corollary 4.3.12 (Virtual Localization For Witt Theory). In the same situation as
in theorem 4.3.10, for A = KW we get:

X =3 ([rxrév @] ey (Nz;")‘l) € KWEM (X, E.) [(M - )]
j=1
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