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Abstract
Deformation microstructure is studied for a |D-shear problem in geometrically nonlinear Cosserat elasticity.
Microstructure solutions are described analytically and numerically for zero characteristic length scale.
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|. Introduction

This article studies the formation of microstructure due to simple shear boundary conditions within a
geometrically nonlinear Cosserat theory.

The Cosserat model is one of the best-known generalized continuum models [1]. It assumes that mate-
rial points can undergo translation, described by the standard deformation map ¢ : Q — R* and inde-
pendent rotations described by the orthogonal tensor field R : Q@ — SO(3), where Q C R* describes the
reference configuration of the material. Therefore, the geometrically nonlinear Cosserat model induces
immediately the Lie-group structure on the configuration space R* x SO(3).

Both fields are coupled in the assumed elastic energy W = W (D¢, R, DR) and the static Cosserat
model appears as a two-field minimization problem which is automatically geometrically nonlinear due
to the presence of the non-abelian rotation group SO(3). Material frame-indifference (objectivity) dic-
tates left-invariance of the Lagrangian W under the action of SO(3) and material symmetry (here iso-
tropy) implies right-invariance under action of SO(3).

In the early 20th century, the Cosserat brothers E. and F. Cosserat introduced this model in its full
geometrically nonlinear splendor [2] in a bold attempt to unify field theories embracing mechanics,
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optics and electrodynamics through a common principal of least action. They used the invariance of the
energy under FEuclidean transformations [3,4] to deduce the correct form of the energy
W =W(R"D¢,R"9,R,R"3,R, R"9.R) and to derive the equations of balance of forces (variations w.r.t.
the deformation ¢, the force-stress tensor may loose symmetry)[5], and balance of angular momentum
(variations w.r.t. rotations R). The Cosserat brothers did not provide, however, any specific constitutive
form of the energy since they were not interested in specific applications.

I.1. Three-dimensional geometrically nonlinear isotropic Cosserat model

The underlying three-dimensional isotropic Cosserat model can be described in terms of the standard
deformation mapping ¢:Q CR®* —R? and an additional orthogonal microrotation tensor
R:Q CR?— SO@).

The goal here is to find a minimizer of the following isotropic energy (The volumetric term
(%)((detU— 1%+ ((%v) — 1)) is independent of the microrotation R and polyconvex in Dg. Its
quadratic approximation is (Dt (U —1).):

2
Elp, R) = J plsym (U — 13)‘2+Mc‘5keW(U— 13)‘2—% % ((detU— 1)2+ ( ! 1) >
0

detU
L2 T 2 T 2, @ T 2 (1)
+us (al |dev sym R"CurlR|" + a;|skewR” CurlR|" + ?tr(R CurlR) )dx
= JQ Winp (U) 4+ Waisioe (R"CurlR)dx — min ~ w.r.t. (¢, R), U=R"D¢p.

The problem will be supplemented by Dirichlet boundary conditions for the deformation ¢ and the
microrotations R can either be left free or prescribed or connected to D¢ via the coupling condition
skew (U) |p =0 with I'=9Q. Here, u > 0 is the standard elastic shear modulus, A the second elastic Lamé
parameter, and u, =0 is the so-called Cosserat couple modulus; a1, a, a3 are non-dimensional non-neg-
ative weights and L, > 0 is a characteristic length. The isotropic energy (1) is written in terms of the non-
symmetric Biot type stretch tensor U = R"D¢ (first Cosserat deformation tensor{2]) and the curvature
measure R7CurlR. We call « :=RTCurlR the second order dislocation density tensor [6]. Due to the
orthogonality of dev sym, skew and tr(.)1, the curvature energy provides a complete control of

la|* = |RTCurlR*= |CurlR]*  provided  aj,a2,a3>0. (2)
Using the result in Neff and Miinch [7],
Cur1R23x3 >C+ DR 23><3><3, 3
R R

shows that the energy (1) controls DR in L2(Q, R3>*3*3).

In this setting, the minimization problem is highly non-convex w.r.t. (¢, R). Existence of minimizers
for (1) with u,. > 0 has been shown first in Neff [8] see also [6,8—11], the partial regularity for minimizers
of a related problem is investigated in Li and Wang [12] and Gastel [13]. The Cosserat couple modulus
W, controls the deviation of the microrotation R from the continuum rotation polar(D¢) in the polar
decomposition of D¢ = polar(D¢) - /D@ D, cf. Neff et al. [14].

For u, — o, the constraint R = polar(D¢) is generated and the model would turn into a Toupin cou-
ple stress model.

Here, we derive the three-dimensional Euler—Lagrange equations based on the curvature expressed in
the dislocation tensor & = RTCurlR. We can write the bulk elastic energy as

E(go,R):J Winp(D) + Waisioc(@) dx,  U=R"Dg, a=R"CurlR. (4)
Q
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Taking variations of Equation (4) w.r.t. the deformation ¢ leads to

S8E(p,R) -8¢p = J (DWpp(U), R"DS¢) ps.; dx =0, Vg € CF(Q,R?)
Q

(5)
@J (RDWpp (D), D39, dx:J (DiV[R - Doy ()] 8) . dx = 0.
Q Q

Taking variation w.r.t. R € SO(3) results in (abbreviate F' := D)

8E(p.R) -6R= | (DWp(U),8R"F) + (DWjisioc (@), SR CurlR 4 R" CurlSR) dx
Q

= | (DWup(0),8R"R - R"F) + (DWjisioc (@), 8R"R - R"CurlR + R"CurlsR)dx  (6)
JQ

= | (DWup(@) -T",8R7R) + (DWiigoe(@), 8RR - a + R CurlsR) dx = 0.
Q

Since RTR =1, it follows that SRTR + RT6R =0 and SRTR=A € s0(3) is arbitrary. Therefore, Equation
(6) can be written as

0= J <Dme(U) . UT,A> + <DWdisloc(a) . aT,A> + <DWdisloc(a),RTCurl(RAT)> dx (7)
Q
forall 4 € C7(Q,50(3)). Using that Curl is a self-adjoint operator, this is equal to

on (DWinp(@) - T + DWagioe(@a’,4) + (Curl(R DWgigoc(@)), RAT) dx
Q

(8)
= J (DWp(@) - U + DWeistoc(@) a” —RT Curl(R DWgigioc (@), A)dx VA4 € Cy (Q,50(3)).
Q
Thus, the strong form of the Euler—Lagrange equations reads
Div[R DWp, (U)] =0, "balance of forces”,
skew [RT Curl(R DWjisioc (@))] = skew(D Wy, (U) T+ DWiisioc(@) - '), 9)

"balance of angular momentum”.

If DWiisioc(@) =0 (no moment stresses, zero characteristic length L.=0), then balance of angular
momentum turns into the symmetry constraint

DWpnp(@) - TU' € Sym(3). (10)

A complete discussion of the solutions [15] to this constraint and applications can be found in Neff
and others [4,16-18].

2. The Cosserat model in simple shear

To elucidate the proposed nonlinear theory, notably the impact of boundary and side conditions on the
microrotations, cf. figure 1, we consider the deformation of an infinite layer of material with unit height,
fixed at the bottom and sheared in e;-direction with amount vy at the upper face. We impose the bound-
ary conditions @(x;,x2,0) = (x1,x2,0)7, @1, x2, 1) = (x1 + 7, x2,x3)7, x1,x, € R. The parameter y =0 is
the amount of maximal shear at the upper face per unit length. The most general deformations are of the
form
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Figure |. A single crystal copper specimen in simple shear, showing glide planes and micro bands. Lattice rotations do not coincide
with continuum rotations. Courtesy of D. Raabe, MPI-Eisenforschung, Diisseldorf [19].

a o/

Figure 2. The deformed state exhibits a homogeneous region in the interior of the structure which motivates the kinematics of
simple shear.

T

¢ (x1,x2,x3) = (x1 + ulx, x2),x2,x3 +v(x1,x3)) ",

see Figure 2. Hence, we look for energy minimizing deformations in the form

xi + ulxy,x3) I +ue (er,x3) 00wy, (g, x3)
@y, x2,x3) = X2 , Do(x1,x2,x3) = 0 1 0 , (11)
x3 + vxg,x3) vy, (x1,x3) 0 14wy, (rr,x3)

with u(x;,0) =0, u(x;, 1) = . The infinite extension in e;-direction implies that d,, must vanish and from
symmetry of the boundary conditions at the upper and lower face, there is no reason for a displacement
in e3-direction either. Hence, the reduced kinematics

x1 + ulx3) 1 0 u(x3)
(p(xlax23x3) - X2 5 F= D(p(xlax25x3) - 0 1 0 5 (12)
X3 0 0 1
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with #(0) =0, u(1) =y suffices. The considered problem is therefore the exact formulation of the simple
shear in e;-direction with amount <y at the upper face of a layer of material with unit height, fixed at the
bottom.

Accordingly, we assume microrotations R € SO(3) in the form

cosalx;) 0 sinal(x;)
R(x1,x2,x3) = 0 1 0 . (13)
—sina(x3z) 0 cosalx;)

having fixed axis of rotation e,. Therefore,

0 —sina(x3)a’(x3) 0
CurlR=1{ 0 0 0]. (14)
0 —cosalx3)a’(xz) O

In the following, we denote x3 by x. It holds [R' CurlR|? = |CurlR|* = [@'|*.
Inserting the ansatz (11) and (13) leaves us with the energy

1
EFu,a) = J W', a,a')dx
0

1+ sin’(a)

5 /P - 2(cos(@) — 1) sin(@)u’dx (15)

1
= /.LJ 2020/ |* +2(cos(@) — 1) +
0

1
+ 'L;CJ cos?(a) (2 tan(a) — /)* dx.
0

3. A one-dimensional simple shear problem

In this article, we are now concerned with minimizers of the mechanical energy functional

1+ sin’(@)

5 |u’|2 +2(cos(a) — 1) sin(a)u’ dx

1
Ew,a) = MJ 2L2||* + 2(cos(@) — 1)* +
0
M ! 2 (1e)
+ 7J cos? (@) (2 tan(a) — /)" dx.
0

Introducing the third-order expansion cos(a)~1 — (“72), sin(a)~a — (%3) and dropping the higher
order terms leads to the reduced mechanical energy functional
14a?

1 4
Ered(u,@) = [.,LJ <2Lg]a’]2+ |u’]2+%—a3u’> dx
0

1 u/ u/ a2 ,
—|—2,U,CJO (5— a) <§— o —?(3u — 2(1)) dx.

For the definitions (16) and (17), see also [20][Equation (3.11), Equation (3.22)]. We first provide
alternative representations of these two functionals as this allows to simplify the Euler-Lagrange equa-
tions and will give insights into the minimizers later.

(17)

Lemma 1. The functionals E, E;.q defined in Equations (16) and (17) can alternatively be written as

1

Eu,a) = J W', a,a)dx (18)
0
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1 2
= %J 4L§]a/]2 + |u'[2 + <sin(a)u/ — 4sin? <%>) dx
o (19)
+ %J (cos(a)u’ — 2 sin(e))” dx,
0

|
Freali,a) = %J 42\ + i + [ala—i)Pdx

) (20)

1 2 4
8 4
Jr&J (1 — )| ]* + Y 4) e 40 - % dx
2 Jo 3 3

Proof. Both identities follow from straightforward elementary rearrangements. Trigonometric addition
formulas imply cos(2a) = cos?(a) — sin“(a) = 1 — 2sin’(a); hence,

cos(a) — 1 =— 2 sin? (%) (21)

Plugging Equation (21) into Equation (16) yields

1+ sin® .
2(cos(a) — 1%+ “;7“(“) /2 4 2(cos(a) — 1) sin(a) o
712 <2 712
_ 8sin? (%) + |“2’ s (§)|”| _ 4/ sin? (%) sin(a) (22)
1 2 |
=2 (sin(a)u' — 4sin? (%)) i %

Similarly, for the u -integral in Equation (16),

cos?(a) (2 tan(e) — u/)” = cos?(a) (4 tan®(a) — 4 tan(@)u + |/ *) 23
= 4sin’(a) — 4sin(a) cos(a)u’ + cos(a) || = (cos(@)u’ — 2 sin(a))’.

This proves Equation (19). The proof of Equation (20) is immediate from

a4 3.7 |”/’2 az 112 ! 2
+ ——a’u' = +7(|u| —2au +a”),

1 2‘ /‘2
u
2 2

2

and a re-ordering of the u -integral.

Remark 1. The w -part of E,q cannot be written as a complete quadratic form since some higher order

terms have been dropped. However, by keeping the terms ¢ (%\u’ > —ladu + %a6> of the Taylor

expansion of W, we find

1

Frali,a) = J Wrealtl, @, o) dx (24)
0

w (! 2 we [P [2—a? 6a — a3\’
= —} 42| ) + || + [ala—u)] dx 4+ =< J u' — dx.  (25)
2, ¢ 2 Jo 2 3

From now on we will use this representation (25) instead of (20).
We consider the minimization problem

E(u, ) — min (26)
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subject either to the consistent coupling conditions [21] (derived from skew(RTF )if0,13 =0)
u(0) =0, u(l)=1, W' (0) =2tan(a(0)), u'(1)=2tan(a(l)) (27)

or subject to the Dirichlet boundary conditions (for prescribed microrotation angle ap € R at the upper
and lower faces)

u(0)=0, u(l) =1, a(0) =a(l) =ap. (28)
To single out solutions, we may impose the further symmetry constraint
W' (1) =4'(0). (29)
The Euler—Lagrange equations related to Equation (26), replacing [20][Equation (3.14)], read

2p+ (e — p) cos*(@)]u” = 2(u, — p) (sin(e) cos(@)u’ + cos*(@) —sin*(a))a’ + 2ucos(@)a’,  (30)
2.1 __ o . _ . I ) g _

dulia” = (cos(a)u’ —2sin(a)) [(M ) (sm(a)u 4 sin (2)) 2,uc} (31)

for x=x3; € Q :=(0, 1) subject to either Equations (27), (29) or (28), (29). The Equations (30) and (31)

constitute balance of force and angular momentum, respectively. Equation (31) is the form that

Equation (10) takes for the ansatz made here.

Equation (30) is equivalent to (d/dx)7(u, «) =0 in Q for the force stress tensor 7= 7(u, «) defined by

ri=Du W, a,d) = p [u' + sin(@) (sin(a)u' — 4sin? (%m + 1, cos(@[cos(@) — 2sin(@)].  (32)

The Euler—Lagrange equations related to Ereq (1, ®) — min lead to the reduced system

1
— [M(l + az)—l—,u,c<1—a2—|— —a“ﬂu” = (4p, 3wl +2(u—p)ad v — 2o

4

(33)

+ M o — §a o

C 6 5

1 3 1 1 2 1
m (—Lfa”+ §a3 — Zazu’ + 4a|u/|2> + 1, <—4a|u'|2 + o’ — §a3 +a— 2u’) "
+ la3]u’|2 —ia4u'+ ia5 =
“\8 24 12
forx=x3 € Q:= (0, 1) subject either to the reduced consistent coupling boundary conditions

u(0)=0, u(1) =1y, 2a(0) =u/(0), 2a(1) =u'(1) (35)

and Equation (29) or subject to Equations (28) and (29). Underlined in Equations (33) and (34) are those
higher order terms that are only present if E.q is defined by Equation (25) instead of Equation (17) or
(20).

Equation (33) is equivalent to (d/dx)7eq(u,@)=0 in Q for the reduced force stress tensor
Tred = Tred (U, &) defined by

2—a*\[2-a*® , 6a-a’
Tred::DU/W(ul,a,a'):M[u’—a2(a—u')]+MC< a)[ « f— « «

5 5 U 3 . (36)
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%108

p=1,p =0,u'=08

—— u®y(a)

0.2 0.4 0.6
a

Figure 3. The double-well potential u®,(a) for @ € [-0.2, 1, ” =0.8and = I.

p=1,p, =0.02,u'=08 p=1, g =0.05,u' =08 p=1,p =03,u=08

—— i, () + e Qula)
—— n®,(a)

—u®y () + 1Qu(a)
——pdy(a)

-0.2 0 0.2 0.4 0.6 0.8 1

Figure 4. The potential u®,(a) + . Q,(a) (in red) compared with the double-well potential u®, () (in blue) for & € [-0.2, 1],
u'=0.8and = I. Left: u.=0.02. Center: u=0.05. Right: u.=0.3.

We point out that Equation (34) can equally be written as
pLia" = woe®,(a) + . 0.0, (@) (37)

with the potentials

2 3\ 2
D, (a) := éaz(a —u')?, Oula) := % <2 2a uw 3 = ) : (38)

For small values w,. = 0, the double-well potential ®, (see Figure 3) is dominant and Equation (37) cor-
responds to a stationary Allen—Cahn equation (Allen—Cahn equation: d,u = ¢Au — ¢ (u) with a double-
well potential ). The larger the Cosserat couple modulus w,., the stronger the influence of the quadratic
potential Q,. There is a bifurcation and a critical value u", such that for w, = u™, the right-hand side
of Equation (37) has only one minimizer (see Figure 4).

Related to different boundary conditions, we introduce the reflexive Banach spaces

A ={wa) € (W@ B) w0 =0 u) =y, al)=al)=ap},
(39)
XD::{(u,a) e WIRAQR) x LHQ R [u0) =0, u(l)=1y, a(O):a(l):aD}

and correspondingly for the consistent coupling conditions
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ched::{(u,a) e (WH2(Q; R) [u(0) =0, u(l) =17, 2a(0) =u'(0), 2a(1):u'(1)},

XC::{(u,a) e (W2 R)) [u(0) =0, u(1) =7, 2tana(0) =u'(0), 2tana(1):u’(1)},

X<, ::{(u,a) e Wh2(Q; R) x LA(Q; R) [u(0) =0, u(l) =1, 2a(0) =u'(0), 2a(1):u’(1)},

x¢ ::{(u,a) e WI2(Q; R) x LY(Q; R) |u(0) =0, u(1) =7, 2tana(0)=u'(0), 2tana(1):u’(1)}.
(40)

Lemma 2 Let L. > 0. Then, for any u >0, w.=0, Eq defined by Equation (25) possesses a minimizer

(u, @) In ched, XP and E possesses a minimizer in X, XP. For L, =0, E.q has minimizers in Xr‘éd, xP

and E has minimizers in X, X?.

Proof. (i) Let L. > 0. We first consider the case of Dirichlet boundary conditions for u and «. Rewriting
Equation (25) as a functional defined on X := (Wol’z((O, 1); R)?, we find with Young’s inequality for
(u,a) € Xy

[T

1
Ered(u+vy,a+ap) = J 420/ + @ + 92+ [(a+ap)(a+ap — (o + )] dx
0

+ W + v)

&J' (2—(oz+ozp)2

_6latap) — @+ap)’\’
2 2

0 3

\%

N[E

1

J 4L5]a/|2—|—(u/ + y)de

10 1 /! 2 (41)
2 2 u Y

:ML 2020/ + E\u'\ + <5> 2y + de

12/21/21/2 272
= u OZLC|a\ +§]u\ —Z]u\ — 4y +7dx

1 2
1 Ty
| 2Ll Zlul? = - ax

With the Poincaré inequality valid on X, and the Banach—Alaoglu theorem, this demonstrates that the
level sets

{(u, a) € xP | Ereq(u, a) < C}

for constants C > 0 are sequentially weakly precompact proving the coercivity of E..q, see, for example,
Struwe [22].

We observe that the integrand W.q(/, @, ') as defined in Equation (24) is a Carathéodory function
and strictly convex both in #’ and «'. Despite the dependence of W,.q on a, the proof of weak lower semi-
continuity of E,q in X” can thus be carried out in the spirit of the well-known Tonelli-Serrin theorem,
see Dacorogna [23, Section 3.2.6] for details. Alternatively, the weak lower semicontinuity can be derived
from the more general result in Acerbi and Fusco [24] based on gradient Young measures. By the direct
method in the calculus of variations, the coercivity and weak lower semicontinuity of E..q yield the exis-
tence of a minimizer (v, @) € XP. The proof of minimizers of Eyeq in X rced 1s similar.

Now let us consider the case of Dirichlet boundary conditions for E. Proceeding as above and estimat-
ing the quadratic terms from below by 0, we find for (4, @) € X

1
Eu+vy,a+ap) = %J 4Lg|a'|2+ W + v)*dx.
0
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181 () = 4sin’(a/2)

sin(a)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
«
4sin? 4
sin (@)

Figure 5. Plot of the function n(a) =

fora € [0, %]

This coincides with Equation (41). From there, with the Poincaré inequality the coercivity of E in AP
can be shown as above. The lower semicontinuity of £ is again a consequence of strict convexity and the
Tonelli-Serrin theorem. The proof of minimizers of £ in X is similar.

ii. Let L.=0. The coercivity of E;.q w.r.t. weak-convergence can be shown similar to (i). In contrast,
E is 27-periodic in o which replaces the coercivity in a. Equations (25) and (19) imply the lower
semicontinuity of E..q and E. With the direct method, the existence of minimizers of Ey.q in X,
X¢, and of E in XP, X€ for any u >0, w. = 0 follows. O

red

For the detailed discussion of the Euler—Lagrange equations related to problem (26), we introduce the
function

4sin® (9)

sin(a) (42)

n(a) :=
It holds lim,_.o n(a) =0 and n(a) is invertible, monotone increasing and close to a linear function (cf.
Figure 5).

In the following discussion, we first ignore the boundary conditions on # and « and study sufficiently
regular solutions u € W%2(Q) and a € W'2(Q). Clearly, not every solution is in this class (cf. Section 4).

Lemma 3. Let L, =0 and u >0, w, = 0. Then every solution

(u,a) € W>2(Q) x whH2(Q)

of the Euler-Lagrange Equations (30) and (31) is continuous in Q and satisfies
W'(x)=ad'(x) =0 for a.e. x € Q. (43)

Proof. Due to the Sobolev embedding W!2(Q) — C°(Q), both & and u are continuous.

1. For u = w,, the Euler-Lagrange Equations (30) and (31) simplify to

1" = cos(a)d, (44)

0= cos(a)u’ — 2sin(a) (45)
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to be satisfied pointwise for x € Q. /
(441;4quat}plzl (45) is equivalent to ' = 2 tan(a) and taking the derivative yields v” = #ﬁ‘w) With Equation
, we fin
20’

m = COS(CY)CY . (46)

Since 2 = cos®(a) has no solution, Equation (46) implies o/ =0, and so with Equation (44) «” =0.
ii. Let >0, u,=0 with u # u.. Considering the Euler-Lagrange Equation (31) with L, =0, two
cases may occur.
Case 1: o = arctan (u'/2).

2a’

This implies #' =2 tan(a) such that v” = Inserting this identity in Equation (30) yields

cos?(a)”
(o — [sin(a) cos(@)u’ + cos?(a) —sin*(a)]a’ weos(a)a’ S (47)
He™H 21+ (i, — ) cos?(a) 20 + (—p)cosi(a)  cost(a)’

(The denominator in Equation (47) is positive, for example, 2u + (, —u) cos?(a) =2u >0 for p, = u
and 2u + (u, — ) cos?(a) =2u — (. —p) >0 for m, <p.)
Using «' =2 tan(a) on the right gives after simplifications

/

(e —ptpcos(@]e’  a
2+ (,— ) cos?(a)  cos?(a)

(48)

which is equivalent to
weos’ (e’ =2ua’.
Since u > 0, this proves as in (i) that @’ = 0 which with Equation (30) results in z” = 0.

Case 2: sin(e)u’ =4sin* (%) + M{Lﬁ

For p.=0, one solution is a =2wk for some k € Z. Then ¢’ =0 and Equation (30) shows u” =0.
Alternatively, for @ &= 27k, we have sin(a) # 0 such that

, 2, 4sin*(2)

" (w— ) sin@) | sin(a) (49)

Taking the derivative yields

p_ 2w cos(a)a’ [4sin(%) cos(%) sin(a) — 4 sin® (9) cos(a) ]’

(u — ) sin’(a) sin’ (a) '
We use 4 sin(%) cos(§) =2 sin(a) and —4 sin? (§) =—2+2cos(a). With the Euler—Lagrange equation
(30), this leads to

2, cos(a)a’ 2 [sin2 (@) — cos(a) + cos?(a)]a’

(w—p,) sin? () sin? (@)
[2(w. —p) (sin(e) cos(a)u’ + cos?(a) — sin’ (@) +2pcos(a)]a’
2u+ (u,—p) cos?(a)
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and simplifies to

M, cos(a)a’ [1 — cos(a)]a’
(m,— ) (1 — cos?(ar)) 1 — cos?(a)
(e —w) (sin(e) cos(@)u’ + cos?(a) — sin®(a)) + pcos(a)] o
N 2p+ (m,—p) cos?(a) '

On the right, we plug in the expression (49) for «’. So we obtain,

[(u,—w) (1 — cos(a)) + u, cos(a)]e’
(. —m) (1 — cos?(a))
[—2p, cos(a) + pcos(a) + (u, — ) (2 cos(a) — 2 cos?(a) + cos?(a) — sin’ (@))]a’
2+ (m,—p) cos?(a) '

After simplifications, this is equivalent to

(e —p) + peos(a)e’ — [—pcos(a) — (. —p)]a’

(n,—w (1 —cos2(@)  2m+ (u,—pm)cos2(a) (50)
Expanding this, we find
[2p(p, — p) + 2% cos(a) + (u, —p)? cos®(a) + p(p, —p) cos’ ()]’ (51)
= [—ml.—p) cos(a) — (m,—p)* 4w, —p) cos’ () + (n,—p)? cos®(@)]a’.
This simplifies further to
20 + plp,—p)] cos(@)a’ = 2u(n—mp,) — (n.—w)?]a’ (52)
and eventually
plu + w)cos(@a’ =(u + p)(w—pa'.
Hence, either o’ =0 or
Q= @4 := arccos <M> (53)
®
provided | % < 1. In both cases, we have o’ =0 which shows with (30) that «” =0. O

Remark 2. The consistent coupling condition is made such that the homogenecous deformation
u(x) = yx remains a solution of the boundary value problem.
For given y > 0 and fixed k£ € Z, we introduce the constants

oy =2k, a = arctan(%), a3 ::7]—1(*)/).

Corollary 1. Any solution u € X :={W?>2(Q) | u(0) =0, u(1) =y} to (26) is monotonically increasing.
The homogeneous function #(x) : = yx solves the Euler-Lagrange Equations (30) and (31). Depending
on the values of u and w,, the corresponding solution a to Equations (30) and (31) is given by

D) p=pm,: abkx)=a.

54
(@, y) is a local minimizer of E. (54)
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() u,=0: akx)=a, akk)=a, alx) =a;.

55

(u, a1) and (4, a3) are local minimizers of E. (35)

(i) w, >0, u#p,: a=ay. If (56)
2p+ (o — )/ y* + 4>0, (57)

then (u, ay) is a local minimizer of E.

Proof. Due to Lemma 3, any minimizer u € W>2(Q) to Equation (26) must be piecewise linear.
Choosing a function u with #(0) =0, u(1) =+ which is not monotonically increasing enlarges the com-
ponent (§)[u’ % in W (cf. Equation (19)). With Equation (43), this demonstrates the optimality of #(x) in
the class X of regular solutions. It remains to find the optimal values of «, and the strict positivity of
the second variation Dﬁ (u, @) is sufficient for that, see (66) below.

For fixed u € X and a test function o € C*((0, 1); R), the second variation of E with respect to « is

1
DLE(u, ) (da, da) = J (Waa W, a,a') - % Wow (', a, a’)>6a(X)2 + Worw W, , )80/ (x)*dx (58)
0

where subscripts denote partial derivatives. Here, we have (cf. Equation (19)),

2
W, a,d)= %\u’|2 + % <sin(a)u’ — 45sin® (%)) + % (cos(a)u/ — 2 sin(oz))2

such that W,/ ,a, ') = Wy (W', a,a’) = 0. So the second variation (58) w.r.t. a simplifies to

1
D2E(u,a)(8a, 8a) = J W, &) Bar(x)* dx. (59)
0
Here and below, we simply write W (i, ) instead of W/, a, ) due to L. =0.
Direct computations reveal

W, , a) = /u(sin(a)u’ — 4sin® (%)) (cos(a)u’ — 2 sin(a))

—p.(cos(@)u’ — 2 sin(a))(sin(@)u’ + 2 cos(a)), (60)
Waa W ,a) = (n— p.)(cos(@)u’ —2 sin(a))2 + . (sin(a)u’ 42 cos(a))2

—p(sin(@u’ — 4sin’(2))(sin(@u’ + 2 cos(a)).

1. For u=pu,, by direct investigation of Equations (44) and (45), we can verify that (%, ay) solves the
Euler-Lagrange equations. With Equation (60), we find

o

W @, a2) = p(sin(as)y +2cos(as))? — ,u(sin(az)y —4 sin2< ;)) (sin(az)y + 2 cos(az))

= p(sin(az)y + 2 cos(ay)) <sin(a2)y+2cos(a2) —sin(ay)y + 4 sin’ <%> )
————

2
61
= 2-2cos(az) ( )
= 2u(sin(az)y+ 2 cos(ay))
= (y* +4)pcos(@).
Next, we observe the identities
1
cos(arctan (¢)) = teR, (62)
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t

sin(arctan (7)) = , teR. 63
(aretan () = ——— (63)
Consequently,
2
cos(az) = cos (arctan(%)) = W (64)
Y
sin(ay) = sin(arctan (%)) = ﬁ (65)
Y
such that

Waa (H/’ a2) = ('Yz + 4)[,LCOS(C¥2) = 2/“* V 72 + 4.

With Equation (59), this implies the strict positivity of the second variation w.r.t. «, that is, there is a
constant K > 0 such that

DXE(@, a) S, 8a) = K || Sa|? (66)

for any test function é«, proving that (@, ;) is indeed a local minimizer of E, see, for example,
Giaquinta and Hildebrandt [25].

ii. For w, =0, the Euler-Lagrange equations read

= [cos(a) — sin(a) cos(@)u + sin*(a) — cos(a) ], (67)

.- cos’(a)] ,
|

0 = (cos(a)u/ — 2sin(a)) (sin(a)u’ — 4sin® (%)) (63)

Direct investigation of Equations (67) and (68) shows that (z, «1), (&, az), and (@, a3) are solutions of the
Euler—Lagrange equations. With Equation (60), we find

Wea @, 1) = py* >0,

Woo (', a3) = pu(cos(as)y — 2 sin(az))’.

Hence, W@, a3) = 0 only if cos(a3)y = 2sin(az) or equivalently a3 :=n~!(y) = arctan (%), that is,
only if y=m(arctan (y/2)), that is, only if

- 4sin” (M) 2 —2cos(arctan (y/2)) (69)
Y= sin(arctan (y/2))  sin(arctan (y/2))

where Equation (21) was used. With Equations (62) and (63), Equation (69) becomes

2 2 D) 1 ¥
/1 2 /4 +——2 2
y= y/;y/ - y/24 & y2:4,/1+%—4 & Y 44=2\4+7y
\1+7y%/4

The last equality is only satisfied for y =0, proving W, (@, a3) > 0 for y # 0 which yields as in (i) the
strict positivity (66) of the second variation w.r.t. « such that (i, @) and (u, a3) are local minimizers of £.

ii. For u>0, w.>0, u# u,, Lemma 3, Case | in (ii) shows that (#, ap) solves the Euler—Lagrange
Equations (30) and (31).
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To verify that (i, ;) is a local minimizer of £, we once more investigate the second variation (59) of E
w.r.t. @. Starting from Equation (60), we find

Wea @, @2) = (0 — p.) (cos(az)y — 2sin(az))” + p.(sin(as)y + 2 cos(az))’
=0

- (sin(az)y —4sin? (%) ) (sin(ay)y + 2 cos(ay))
—_——

= 2005((12)—2 (70)
= (1, — w)(sin(an)y + 2 cos(as))? + 2 (sin(az)'y 2 cos(az))

2
Yt cos(a)

4 .
= 2+ cos(az)[2u + (r. — w) (sin(a)y + 2 cos(ay))].

Using the formulas (64) and (65) in (70), this yields

2 2
_ v+ 4 2 0% 4
Wea @, ap) = ———— |20+ (u,— ) +
2 Y +4 ‘ VYE+4 Y +4

=y +4[2M+ (e = V7 +4].
This shows the strict positivity (66) of D2E (i, a3) (S, 8a), provided the condition (57) holds. O

Remark 3. We point out that the solution (u, a4) of the Euler—Lagrange equations found in Lemma 3,
(i1) is not an independent case. The solution (i, a4) requires |%| < 1, cf. Equation (53), and then, by
the very definition of Case 2 in Lemma 3,

. . 2 2
sin(ayg)y=4 sin’ (%> + e _5_» cos(oy) + ot

2 M= e M= (71)
o 2p—p) G e 20 2p,Cp—p,)
0 e T R R A 1 (TR VA I
Due to the relationship
sin(arccos () =V1—#  forte[-1, +1], (72)
this yields
. (w—p)? 1
sin(ag) = /1 — 22— /u Cp— ). (73)
W ®

With Equation (71), we obtain
2u.Cu — ) 2u.Qu — ) M 2/ Qe — ) (74)

YT e posin(as)  mle— ) Ve Qe — ) M= M
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For vy given by Equation (74), we have

. —p, 2
ycos(ay) —2sin(ayg) = vy R R ;VMC(ZM — K.

i
2/ Cp — ) p—p, 2
= - —— V1 Qu—p) =0,
M= e % %

leading to vy cos(a4) =2 sin(ay) or equivalently (%) = tan(ay). This shows
a4 = arctan (%) = (75)

for y given by Equation (74).
To have y >0 in Equation (74), it must hold 0 <u,<u, and the condition |%| =<1 is automati-
cally satisfied.

Remark 4. The following table lists the mechanical energies corresponding to the local minimizers of
Corollary 1.

@) p=p,: E(ﬁ,az)zu{vz+4—2x/vz + 4}- (76)
(i) po=0: E@ ay)=E@ as)= %yz. (77)

(i) w.>0, u# p, : E(ﬁ,az)zu[y2+4—2\/y2+4} if 2p+ (w, — wVy*+4>0. (78)

Remarkably, in all cases, the minimal energy level is independent of the Cosserat couple modulus u,.
Remark 5. We want to investigate whether (&, @) is a minimizer of E in the situation of Remark 3, that
is, if

0<:u‘c<M and (M_/‘LC)YZQ'VMc(zM_MC) (79)
As 7' (x) = vy and assuming that a(x) = a for constant ¢ € R and x € (0, 1), it is enough to investigate the

real function

e L S L SRS 97\ N R 18 a2
fl@):=w@a=Ly+L <ysm(a) 4sin (2)) + £ (ycosta) - 2sin(@)’,

cf. the definition of W in Equation (19). Straightforward computations yield

f'(@) = (ycos(a) — 2sin(a))[(u — p.)(7ysin(a) +2cos(a)) — 2u],

@) = (e — ) [(y cos(a) — 2sin(@)? — (ysin(a) +2 cos(a))z} +2u(ysin(@) + 2 cos(a)),
f" (@) = (ycos(a) — 2sin(a))[2u — 4(u — p,) (ysin(a) + 2 cos(a))],

9@ =4 — p) [(y sin(@) + 2 cos(@))? — (ycos(a) — 2 sin(a))z} —2u(ysin(a) + 2 cos(@)).

Remarkably, /' (ay) =f"(az) =" (az) =0, but

12u?
D) = —F— >,

C

showing that «; is a minimizer of / and indicating that (i, ) is a local minimizer of £ for constant
a(x) = ap under the choice of parameters (79). The minimal energy coincides with Equation (78) for y
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B=1, =03, 7=2.0404, o, = 0.795399

1=1, py =03, 7= 2.0404, a, = 0.795399 1,1, 03,72 20404, 20705358
03673515 4

10

0.367351
—fla) s —f'(e)

0.3673505
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Figure 6. Left and center: Plot of f(a), f'(a) near a; for w= I, u.=0.3 and 7y given by Equation (74). Right: Close-up of f (a) near
a. The tiny oscillations of the graph near «; in the close-up are numerical rendering artifacts generated by MATLAB.

given by Equation (74). Due to f'(as) =f"(az) =" (an) =0, the function 1 is extremely flat near sy,
making it very difficult to numerically compute the correct minimizer (see Figure 6).

Remark 6. Let >0 and y >0 be given. Then in the limit w, \, 0, Equation (57) is not satisfied, as
Equation (57) for w, =0 leads to the contradiction

2—+/7y* + 4>0.

So, for small . > 0, the necessary Legendre condition DiE (U, az) (b, da) = 0 1s violated and (u, ay) is
no local minimizer of E, especially in Corollary 1, (ii). Contrary, for u.> 0 large enough, (57) clearly
holds. In conclusion, for

: (80)

R ] | ——
Vyi+4

Equation (57) is valid and (%, «;) is a minimizer of E. This result is also confirmed by our numerical
simulations (cf. Figure 12).

Remark 7. It is instructive to compare Corollary 1 and Remark 4 with the results in Fischle and Neff
[26], stating that

For p.=pn>0: W, . (R;F)~W (R;F), (81)
For u>u,=0: Wy R F)~W1 o(R; F oy ) (82)

Here, F=D¢ € R"*" is a given deformation gradient, ﬁu, p = (0 — ) /WF,

f~g <= argminf (R) = argmin g(R)
ReSO(n) ReSO(n)

for two functions f and g, and
Wi (R F) 1= u|sym@®R"F — 15)|” + p |skew(RTF — 1)|” (83)

which coincides with Equation (19) for L. =0, F given by Equation (12), and R € SO(3) defined by
Equation (13). _

Replacing W, , (R;F) by Wi o(R; F,,.) corresponds to rescaling the parameters of £ in Equation
(19) by

- (n—p,)? -
M=, Mt
w
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while leaving y unchanged. Indeed this rescaling does not affect neither the constant minimizer «; nor
a; and a3 which are independent of w, u,. and are functions of vy, only. In conclusion, Corollary 1 and
Remark 4 confirm the results in Fischle and Neff [26].

4. Numerical simulations for vanishing internal length scale

For L. > 0, various advanced numerical tools such as multigrid methods are available [27]. We will not
discuss this here. In contrast, the case L. = 0 is numerically challenging as the regularizing term 2uL?|o’ |2
in £ and E,.q disappears in the limit. We investigate the problem in two different ways and compare the
solution strategies. We begin with the situation of non-regular solutions with a € L*(Q).

1. Newton-GMRES algorithm
For L.=u.=0 and a € L*(Q), the solutions (u,a) to Eyq(u, @) — min satisfy pointwise for
x € Q= (0, 1) the two purely algebraic equations (see Neff and Miinch [20, Equation (3.30)] for a

derivation),
ala —u) (a — z) =0, (84)
2
1
W -0 i+ 50y ) =0 (55)

subject to the boundary conditions

u0) =0, u(l)=vy, 0)=d1), al)=all)=ap (86)

for a constant ap € R and with ¢ := (1 +a3)u/(0) — a3,
In general, there is a multitude of solutions to (84)—(86). To specify a solution, one may prescribe
a volume fraction 6 € [0, 1] such that

L'{xeQ|ak)=0})=0, (87)

where £' denotes the one-dimensional Lebesgue measure.
To compute solutions to Equations (84)—(86), the derivative ' is approximated by central differ-
ence quotients leading to a discrete problem in the standard form

Find x c R Gx) =0 (88)

for a differentiable function G : R*?¥73—R?"~3 and with N € N denoting the number of discretiza-
tion points in Q. The solutions to Equation (88) are computed using a Newton-GMRES method
where the Fréchet derivative DG of G is approximated by

for suitable small 6 >0 and GMRES is used to solve the linearized equations. While the algo-
rithm computes DG automatically thanks to Equation (89), its practicability is limited by the huge
memory requirements.

The implementation details related to the definition of G are left out here.
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2. BFGS Quasi-Newton method
As in the first method, the values of «, o/, and ' are discretized along N € N points z; € Q. Letting
fi:=W{W (z),az),a (z)) be the integrand either in (18) or in (24), the repeated Trapezoidal rule

1 el 1
<5f1 - ;f + EfN>

is used for the approximate integration. The minimization of the functional is carried out by a Quasi-
Newton method where the approximate Hessian is computed by the Broyden-Fletcher-Goldfarb-
Shanno update formula [28]. Again, we leave out the implementation details, but refer to Blesgen
[29-31], where the limited-memory variant of the algorithm is applied to Cosserat plasticity and
recrystallization.

In comparison, both algorithms compute the same solutions. However, the BFGS Quasi-Newton
method is capable of handling larger values of N due to the tremendous memory needs of the Newton-
GMRES scheme.

Figure 7 displays three minimizers of E,q in X? for different values of N and prescribed slope «'(0) at
the boundary. The deformation uy forms a sawtooth pattern with alternating, constant slopes, while the
values of randomly concentrate at 0 and y. The computations of Figure 7 suggest further that uy con-
verges to the homogeneous deformation #(x) :=yx as N — o°.

Figures 8 and 9 compare the minimizers of E.q in X and X for three different values of N. Again,
« randomly concentrates at 0 and -y while the deformation uy forms a sawtooth pattern with alternating,
constant slopes. The computed deformation u is extremely close to # but energetically beats the homoge-
neous solution.

We will adopt the following notation in the set M™(R) of finite positive Radon measures. For a
sequence (v)jen and a Carathéodory function /" such that

f,v) — | x— Jf(x,A)dvx(A) in L'(R)
R

. . Y
for a parameterized measure v = (v,),cr, We use the shorthand notation v; — v.

Remark 8. The numerical computations in Figures 7-9 indicate the following result regarding non-
regular solutions.

Let L. =0 and (uy, ay)yey be a minimizing sequence of Eq in W2(Q) x L*(Q) with uy (x) — u(x),
ay — a for N — o, Then, there is a (not relabelled) subsequence and a constant 6 € [0, 1] such that

Wrealuy, ay) — 680 + (1 — 6)3,. (90)

The existence of a limiting Young measure generated by the subsequence (uy, ay) can be made rigorous
by applying the fundamental theorem of Young measures, see, for example, Miiller [32]. We observe
that the family (Wyeq(uy, an))yen is uniformly bounded in L' and equi-integrable by the Dunford-Pettis
theorem.

Figure 10 displays minimizers of E in XC. Except near Q= {0, 1}, the minimizing rotation « takes
constant values with either a=a; :=0 or a=a3:=7"!(y) in accordance with Corollary 1 (ii).
Depending on the initial values at start of the optimization, the BFGS-algorithm computes one of two
different minimizers # which both converge in Q to u(x) as N — o0. The first, u; with a = a1, is a straight
line except near 9Q. The second, u, with a=a;, leads to a scaled function
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Figure 7. Minimizers of E,eq in XC for N= 23, N=59,and N=149 for u=1, u. =0, y=0.8, prescribed u'(0) =u/(1) (blue line)
and ap =u(0) =u(l) =0.1. The blue balls are the computed values of & randomly concentrating at 0 and y. The green line displays
the homogeneous deformation ti(x) = yx. The deformation u is rendered in red forming a microstructure with a sawtooth pattern.
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Figure 8. Minimizers of E,q in Xfed for N=23, N=59,and N= 149 for w =1, u. =0, y=10.8. The blue balls are the computed
values of & randomly concentrating at 0 and y. The deformation u is rendered in red and forms a microstructure with a sawtooth
pattern which is extremely close to the homogeneous deformation ti(x) = yx rendered in green. The differences between u and u
are amplified by the blue line rendering the rescaled deformation usce (x) :=yx + N(u(x) — yx). The value «(0) is strictly smaller
than /2 and indicates by which amount the sawtooth solution u energetically beats the homogeneous solution.
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Figure 9. Minimizers of E,eq4 in XP for N=24, N =60, and N = 150 for w=1, u, =0, y=0.8. The blue balls are the computed
values of a randomly concentrating at 0 and y. The deformation u is rendered in red and forms a microstructure with a sawtooth
pattern which is extremely close to the homogeneous deformation ti(x) = yyx rendered in green. The blue line is the rescaled
deformation Uscle (x) : = yx + N(u(x) — yx) amplifying the differences between u and . As can be seen, the oscillation of u is largest

near dQ and smallest at x=0.5.
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Figure 10. Minimizers of E in X for u=1, =0, y=0.8and N=49, N= 149, N=500, N =700. The blue balls are the
computed values of  with either « = a; =0 or @ = a3 ="' (y) =0.760053. In cyan the computed stress tensor T which is
constant in Q. The deformation u is rendered in red, extremely close to ti(x) = yx rendered in green. The blue line is the rescaled
deformation uscye : = yx + N(u(x) — yx).
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Figure | 1. Minimizers of E in X for u= =1 and N=300 (left), N= 600 (right) and y=0.3 top line, y = 0.8 center, and

v =2.0 bottom line. The blue balls are the computed values of a with either « =0.14868 ~ a; = arctan (0.15) =0.14889 (top),

a =0.3804 ~ a; = arctan (0.4) = 0.380506(center), and a = 0.7852 ~ a; = arctan (1) = 0.785398 (bottom) as predicted by
Corollary 1 (i). In cyan the computed stress tensor 7. The deformation u is rendered in red, extremely close to t(x) = yx rendered

in green. The blue line is the rescaled deformation usce : = yx + N(u(x) — yx).
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Figure 12. Minimizers of E in A for u= 1, y=0.8, and N = 500. Top left: u, = 0.5 with & =0.3801 ~ a; = arctan (y/2). Top
right: u. = 0.1 with a =0.3804 ~ «,. Bottom left: u.=0.02 with o = 0.0548 # «,. Bottom right: u.=0.01 with a =0.026 # ;.
The results underline the validity of Corollary | (iii) and demonstrate that for w, small enough, a3 is no longer a minimizer of E (cf.
Remark 6). The critical value of u_ predicted by (80) is u™ ~ 0.0715. In cyan the computed stress tensor 7. The deformation u is
rendered in red, extremely close to ti(x) = yx rendered in green. The blue line is the rescaled deformation

Uscale : =YX + N(u() — ’yX).

Uscale(X) := yx 4+ N(ua(x) — yx) which is a bended curve (see Figure 10). The energy levels of both com-
puted local minimizers are extremely close with

E(u1, ;) = 0.32001744, E(us, a3) = 0.320018, (91)

confirming Equation (77). Yet, numerical optimization favors (%, @) over (&, a3), underlining that the
energy landscape for geometrically nonlinear Cosserat materials is extremely complicated and emphasiz-
ing why it is so hard to numerically compute the correct global minimizers. In comparison with
Equation (91), the theoretical infimal energy is E(u, o) = %yz =0.32, but (&, a1) violates the consistent
coupling condition (27).

Figure 11 studies minimizers in X related to Corollary 1, (i). Again, uy — % in Q for N — . The
minimizing microrotation angle « is constant (except near 9Q) and takes the values predicted by
Corollary 1.

Figure 12 confirms the validity of Corollary 1, (iii) and of Condition (80). The numerical results indi-
cate that for w, > 0 large enough, a; = arctan (y/2) is a local minimizer of E(#, - ) while for u, close to
0, this is no longer true.
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