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Abstract

In this thesis we consider a non-convex optimization problem that is constrained by a partial
differential equation (PDE) with uncertain coefficients. The random field PDE solution is taken
into account in the objective function by means of the Conditional Value-at-Risk (CVaR), which
is a well-known risk measure. A particularly useful feature of CVaR comes to light when it is
used in the context of a proximal point method, since the proximal operator of its Fenchel conju-
gate is just the metric projection onto the so-called bounded probability simplex. Consequently,
we propose a stochastic primal-dual proximal splitting method which is adapted from the well-
known Chambolle-Pock method and solves the aforementioned problem. The stochasticity or
randomness of the algorithm arises from what we call component-wise gradient freezing or CGF.
It is motivated by randomized coordinate descent methods and requires that only a subset of the
coordinates of an occurring gradient is recalculated in each iteration. We provide an abstract
proof of almost sure weak convergence of the algorithm and specify the results for the case of
scalar and deterministic step sizes. Furthermore, we present an algorithm for computing the
aforementioned simplex projection and prove its convergence. The reduction of iteration costs
due to CGF in terms of saved PDE solutions is presented by means of two numerical examples
which are implemented in the Julia programming language.

Zusammenfassung

In dieser Arbeit betrachten wir ein nicht-konvexes Optimierungsproblem, das durch eine par-
tielle Differentialgleichung (PDGI) mit zufilligen Koeffizienten beschriankt wird. Die Losung
der PDGI in Form eines Zufallfeldes wird in der Zielfunktion mit Hilfe des Conditional Value-
at-Risk (CVaR) beriicksichtigt, welcher ein bekanntes Risikomaf} ist. Eine besonders niitzliche
Eigenschaft des CVaR tritt zutage, wenn er im Zusammenhang mit einem Proximalpunktver-
fahren verwendet wird, da die Proximalpunktabbildung seiner Fenchel-Konjugierten lediglich
die metrische Projektion auf den so genannten beschrinkten Wahrscheinlichkeitssimplex ist. Fol-
glich préasentieren wir ein stochastisches primal-duales Proximal-Splittingverfahren, das von
dem bekannten Chambolle-Pock-Verfahren abgeleitet ist und das oben genannte Problem 16st.
Die Stochastizitat oder Zufalligkeit des Algorithmus ergibt sich aus was wir komponentenweises
Gradienteneinfrieren oder CGF (vom englischen component-wise gradient freezing) nennen. Der
Algorithmus ist durch randomisierte Koordinatenabstiegsverfahren motiviert und erfordert, dass
nur eine Teilmenge der Koordinaten eines auftrenden Gradienten in jeder Iteration neu berechnet
wird. Wir liefern einen abstrakten Beweis fiir die fast sichere schwache Konvergenz des Algorith-
mus und spezifizieren die Ergebnisse fiir den Fall skalarer und deterministischer Schrittweiten.
Dariiber hinaus stellen wir einen Algorithmus zur Berechnung der oben erwéhnten Simplex-
Projektion vor und beweisen dessen Konvergenz. Die Reduktion der Iterationskosten durch
CGF in Form von eingesparten PDGI-Losungen wird anhand von zwei numerischen Beispielen
dargestellt, die in der Programmiersprache Julia implementiert sind.
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Chapter

Introduction

The mathematical field of convex analysis emerged in the 1960s mainly due to the work of R.
T. Rockafellar [Roc70] and provides the right tools to deal with the optimization of non-smooth
functions. For this reason, convex optimization has become one of the main application areas in
the following years. A typical problem for convex optimization is

min  F(K(w) +G(u), (1.0.1)

where U and V are Hilbert spaces. The functions F: V — R:=RU{c}and G: U — R
are assumed to be proper, convex and lower semi-continuous', and K: U — <V is (at first)
required to be a continuous linear operator, which makes the resulting objective function convex.
Furthermore, F is assumed to be non-smooth. Problems like this appear in many application
fields like mathematical imaging, signal processing, machine learning, and optimal control, to
name just a few. If F o K + G is proper, convex and lower semi-continuous as well (i.e. if K is a
continuous linear operator), then the optimal solution # € U to problem (1.0.1) satisfies

0 € T(7), (1.0.2)

for some maximally monotone operator T: U =3 U™ (see Definition 2.2.10). Rockafellar pro-
posed the proximal point algorithm [Roc76] to solve this optimality condition based on the prop-
erty that the operator (Id + yT) ! with y > 0 is single-valued, which follows from [Min62]. The
inclusion in (1.0.2) can then be expressed as

u=Id+yT)™ (). (1.0.3)

The term proximal point algorithm stems from the representation of (Id + yT)™! as a proximal
operator (as we will see later in Section 2.2.4), which can be seen as the “natural extension of
the notion of a projection operator onto a convex set” [CP11b]. Equation (1.0.3) enabled the
development of many different fixed-point iteration algorithms for a wide variety of problems,
depending on the properties of the involved functions. For example, if K is just the identity, one
could use explicit or forward-backward splitting [CW05; CR97; DS09], which is especially useful if
F is differentiable. Another method is called implicit or Douglas—Rachford splitting [Lio71; GB17;
BCHI15; CP07; EB92], which is also a special case of the proximal point algorithm [Eck89]. The
alternating direction method of multipliers (ADMM) [Gab83; Boy+11] is in turn a special case of
the Douglas—Rachford splitting [Eck89] and incorporates the augmented Lagrangian of (1.0.1),
as described in [CV20, Section 8.6]. This method requires the inversion of relatively complicated
set-valued mappings, which is why additional terms are often added in practice. The resulting
method is called preconditioned ADMM [ZBO11]. All these splitting methods have in common

1See Section 2.2 for a definition of the terms proper, convex, and lower semi-continuous.




1 Introduction

that they use the particular sum structure of (1.0.1) to split the whole objective function into two
parts that can be computed separately.

If K is a continuous linear operator, then it can be shown under mild assumptions [CV20, Theorem
5.10] that the problem (1.0.1) is equal to its dual formulation

min -F*(v) - G" (-K"0), (1.0.4)
veV
where F*: V — R and G*: U — R denote the Fenchel conjugates (see Definition 2.2.6) of F
and G, respectively, and K* is the adjoint operator of K. Both the primal formulation in (1.0.1)
and the dual formulation in (1.0.4) can additionally be written as the saddle-point problem

min max G(u) + (v, K(u))q — F*(v), (1.0.5)

ueld veV
where (-, ‘), denotes the inner product on V*. A derivation of the saddle-point formulation
can be found in Section 3.1. It explicitly involves the dual variable v € V and is the starting
point for the analysis of many solution algorithms [CP11a; Cha+18; DL14; HY10; MJV19; Val14;
CMV19]. These algorithms are often called primal-dual methods, since they update the primal
and the dual iterates alternately (we refer to [CP16, Chapter 5] or [Val21] for a comprehensive
comparison). One particularly useful algorithm was proposed in 2009 by Pock et al. [Poc+09] for
minimizing the so-called Mumford-Shah functional, which is “one of the most studied variational
approaches to image segmentation”, according to the authors. The more general formulation by
Chambolle and Pock in 2011 [CP11a] gained massive popularity, which is why this algorithm
is also referred to as the Chambolle-Pock method. The authors required K to be a continuous
linear operator so that the resulting problem is convex. It was shown in [HY12] that this method
is also a special case of the proximal point algorithm. However, the requirement of K being a
continuous linear operator is quite strong, and prevents the algorithm from being used for many
interesting problems. Therefore, some research has recently focused on primal-dual methods for
non-convex optimization problems [Val14; CV17; CMV19; MJV19], where K is allowed to be non-
linear. These papers, especially [CMV19], also form the basis of the convergence analysis in this
thesis. Furthermore, the original Chambolle-Pock method was developed for finite-dimensional
real vector spaces YU and V with an inner product and a norm. Hence, the results in [CP11a]
do not cover the case where U and V are of infinite dimension. However, this requirement is
needed for the optimal control of partial differential equations (PDEs) we consider in this thesis,
which is why it has recently been addressed by some papers as well [CV17; VP17, CMV19; MJV19;
cMv21].

To be more specific, we consider a constraint in form of a PDE with uncertain coefficients, hence
the mathematical area of stochastic programming [BL11; SDR14] is also relevant here. PDEs
themselves are of interest for a wide range of applications e.g. in science and engineering, and
the modeling of random coefficients makes sense whenever possible uncertainties are to be in-
cluded into the analysis. In this case, the PDE solution (i.e. state) becomes a random field making
the objective function itself random. In general, there are different ways how to substitute this
random objective by a scalar value allowing us to apply one of the primal-dual proximal splitting
methods mentioned above. For example, one could use the expectation, probabilistic functions,
distributionally robust optimization, or risk measures, as discussed in [KS18b]. In this thesis,
we focus on the latter and consider a particular risk measure called the Conditional Value-at-Risk
(CVaR), which is also known as Average Value-at-Risk, Mean Excess Loss, Expected Shortfall, or Ex-
pected Tail Loss. Its definition involves the Value-at-Risk, which is, for a given probability level S,

2Note that we have used the Riesz-Fréchet representation theorem [Bre11, Theorem 5.5] to identify V and V*.



the lowest amount « such that, with probability f, the loss will not exceed a. CVaR” is the condi-
tional expectation of the losses greater than a. The term loss stems from the fact that the random
function to be measured often represents a financial loss. Areas of application include portfo-
lio management [RU00; RUZ02], credit risk optimization [And+01], supply chain management
[WB09], medical treatment planning [CMP14], and unit commitment of power plants [BPP16].
Rockafellar and Uryasev [RU00] showed that, if CVaR is applied to the objective function of an
otherwise linear problem, the approximation by Monte Carlo sampling has an equivalent linear
programming formulation. While this approach also works if we only consider discrete random
variables with finitely many outcomes [ST06], it can no longer be used when a problem is not
linear. Although CVaR is a coherent risk measure (see Proposition 2.5.10), it is not differentiable,
which is why a smoothing approach is often used in practice [KS16; ACL06]. However, since the
proximal point algorithms presented above do not require the objective function to be differen-
tiable, they are well suited to be applied to such problems without the need of smoothing [MB21;
BH15; dOli21]. Furthermore, it turns out that the Fenchel conjugate of CVaR has a particularly
useful representation [SDR14; RS06; LD05; KS16], which results in a proximal operator that is
simply the metric projection onto the so-called bounded probability simplex (see Chapter 5). This
projection is easy to compute and hence makes the proximal splitting approach especially useful
in this case.

Another component of this work is motivated by coordinate descent methods [Wri15], which in
their original meaning are characterized by the fact that “only a subset of the coordinates of the
primal and dual iterates is updated at each iteration” [FB19]. Coordinate descent methods are
especially suited for parallel computation [BT97a] and have gained massive importance in recent
years as they have been successfully applied in various fields, most notably probably machine
learning [CHLO08; Hsi+08]. If the coordinates to be updated are chosen randomly as proposed in
[Nes12], the resulting algorithms are referred to as randomized or stochastic coordinate descent
methods [RT14; Cha+18]. An assumption that is often made in this context is that parts of the
objective function are separable or at least block-separable, in the sense that they can be ex-
pressed as the sum of functions, each of which is applied to only one coordinate [Nes12] or the
coordinates of one block [RT14; Val19; Cha+18; DL14]. Chambolle et al. considered saddle point
problems that are separable in the dual variable [Cha+18]. In this case, the proximal operators
that are applied to the dual variables can also be split up and computed separately. Therefore, the
authors proposed a stochastic extension of the Chambolle-Pock method [CP11a] where only an
arbitrarily sampled subset of these variables is updated. The proof of almost sure convergence can
be found in [AFC19; GDE20]. Similar works are for example [ZL15; ZS15; DL14; GS21]. In this
thesis we choose a slightly different approach and introduce a framework where only a subset of
the coordinates of the gradient of K is recalculated in each iteration. Because we still update all
the coordinates of the primal and dual variables, we call this procedure component-wise gradient
freezing or CGF. As a result, it is possible to drastically reduce iteration costs by eliminating the
time-consuming process of solving PDEs for many samples, as we will see in Chapter 6.

Outline

This thesis is structured as follows:

o In Chapter 2, we summarize some essential results from the mathematical fields that are
involved in this thesis, starting with differential calculus in Banach spaces. As mentioned

3See Section 2.5.4 for a formal definition of CVaR.



1 Introduction

before, we are also dealing with non-smooth functions, which is why some basics of con-
vex analysis are needed here. Furthermore, parts of non-convex analysis are relevant as
well due to the non-linearity of K. Building on measure theory, the necessary results from
stochastic programming are presented together with some basics of uncertainty, sampling,
risk-aversion, and the Conditional Value-at-Risk. We conclude this chapter with elemen-
tary results about PDEs.

« The concrete definition of problem (1.0.1) which we consider in this thesis is presented in
Chapter 3. We introduce some fundamental assumptions on the functions involved and
focus specifically on how the PDE constraint is included. Finally, we prove the existence
of a solution and derive the necessary optimality condition.

+ In Chapter 4, we present the stochastic primal-dual proximal splitting method to solve the
problem described in the previous chapter. We formalize the randomization in order to
allow for an abstract proof of almost sure weak convergence in the subsequent sections,
for which the so-called stochastic quasi-Fejér monotonicity is crucial. In the last section of
this chapter, we examine how the previously stated conditions can be satisfied in the case
of scalar and deterministic step sizes in order to develop assumptions that are easier to
verify in practice.

« As mentioned before, the proximal operator of the Fenchel conjugate of CVaR is the met-
ric projection onto the so-called bounded probability simplex. This assertion is proven in
Chapter 5, where we also explain the discretization of the probability space. After that,
we derive the optimality condition of the problem that has to be solved in order to com-
pute this projection. We present a solution algorithm that was originally developed in the
Master’s thesis [Ang18] and prove its convergence in the last section.

« In Chapter 6, we first present some examples of how the step sizes and the indices for
CGF can be chosen in practice to satisfy the theoretical assumptions of the convergence
analysis. After that, we consider two exemplary problems to show how our algorithm
performs and how CGF can reduce the iteration costs. For the first problem, which is
constrained by an elliptic PDE with a discontinuous and uncertain coefficient, we show in
detail that the necessary assumptions are indeed satisfied. We explain the discretization
of the PDE and show some numerical results. The constraint of the second problem is the
steady Burgers’ equation. For this example, we also describe the discretization and present
numerical results. All algorithms are implemented in Julia®, and the corresponding code
can be found in [Ang22].

« Chapter 7 contains some concluding remarks and highlights how future research could be
based on this work.

“4For information about the Julia programming language, see https://julialang.org/.
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Chapter

Background

In this chapter, we summarize some essential results from the mathematical fields that are in-
volved in this thesis. After introducing the main concepts of differential calculus in Banach
spaces in the first section, we cover convex analysis, which emerged in the 1960s mainly due
to the work of R. T. Rockafellar [Roc70]. It uses convexity instead of differentiability assump-
tions and is therefore the right toolbox we need to handle non-smooth functionals. However,
since only parts of the objective function we will consider are convex, we also use concepts from
non-convex analysis. Instead of differentiability and convexity, it requires a continuity property,
which is explained in the third section. In the fourth section, we summarize the most impor-
tant results from measure theory, followed by some basics regarding stochastic programming in
section five. In this context, we also address the topic of risk awareness and focus especially on
the Conditional Value-at-Risk as a risk measure. Finally, the last section covers the theory of
partial differential equations, as they form the constraints of our optimization problem later in
this thesis.

Before starting with the first subsection, we introduce some notations that are used throughout
this thesis. We will denote the extended real numbers by R := RU {co}. If (X, ] -l x) and
(Y,]| - lly) are normed vector spaces, then IL (X, Y) denotes the space of all linear and continuous
operators from X to Y, endowed with the operator norm || - ||1,(x,y)- Furthermore, we denote by
X* == L(X,R) the dual space of X. The mapping X* X X 3 (x%,x) = (x",x)x: x = x"(x) €
R is called duality pairing. The closed ball with radius » > 0 around an element x € X is
denoted by B, (x) :={z € X | || z—x||x < r}. If X is not only a normed vector space but also a
Hilbert space (i.e. a Banach space together with an inner product), we denote its inner product
by (-, )x : X XX — R. If A C X is some set, then its interior is denoted by int (A), its closure
by A or cl (A), and its complement by A := X \ A. The characteristic function y4 of A is defined
as

1, ifx €A,
ya(x) = (2.0.1)
0, ifx¢A.
The indicator function 64 of A is defined as
0, ifxeA,
da(x) := (2.0.2)
oo, ifx¢A.

The identity function is denoted by Id, and sometimes, if it is helpful for understanding, we use
a subscript to make clear in which space the function is defined, e.g. Idx: X — X. Vectors in
finite dimensional spaces will be denoted by boldface letters, e.g. x = (x1,...,x,) € R" (n € IN).




2 Background

If x € R" is such a vector, we denote by || - ||, the 2-norm on R” and by

X1
diag (x) := e R™" (2.0.3)

Xn

the diagonal matrix of x.

2.1 Differential Calculus in Banach Spaces

Since not all functions we encounter in this thesis are non-smooth, we use this section to briefly
introduce two concepts of differentiation in Banach spaces. It is based on [CV20, Section 2.2.].
We consider a mapping F: X — Y between two Banach spaces X and Y. If the one-sided limit

FOe+th) ~F(x) _
t

F'(x:h) = lim (2.1.1)

exists, it is called the directional derivative of F at x € X in direction h € X. With this preparation,
we can now define the two main concepts of differentiation in Banach spaces.

Definition 2.1.1 (Derivatives in Banach Spaces)

Let X and Y be Banach spaces, F: X — Y a mapping, and x € X be given.
(i) If the directional derivative F’(x; h) exists for all h € X and
DF(x): X - Y, hw DF(x)h:=F(x;h)

is abounded linear operator, then F is called Gateaux differentiable at x with Gateaux
derivative DF(x) € IL (X, Y). If F is Gateaux differentiable at every x € dom (F), it
is just called Gdteaux differentiable.

(i) If additionally

L IFGe+h) = FG) = DF@hlly _

im =0,

1 lx—0 [R5

then F is called Fréchet differentiable at x with Fréchet derivative F’(x) := DF(x) €

IL (X,Y). If F is Fréechet differentiable at every x € dom (F), it is just called Fréchet
differentiable.

(i) If F is Frechet differentiable and the mapping F’: X — L (X, Y) is continuous, then
F is called continuously differentiable.

This definition immediately implies that every Fréchet differentiable mapping is also Gateaux dif-
ferentiable. However, the approximation error of F near x by F(x)+DF (x)h has to be superlinear
in || h||x if F is Fréchet differentiable.



2.2 Convex Analysis

2.2 Convex Analysis

Unless stated otherwise, this section is based on [CV20, Part II]. Although most of the results
are also valid for a normed vector space X, we require throughout this section that X is a real
Hilbert space with inner product (-,-)y, so that we can use the Riesz-Fréchet representation
theorem [Brell, Theorem 5.5] to identify X and its dual space X™.

2.2.1 Convex Functions and Subdifferentials

First, recall that a proper function F: X — R, where proper means
dom (F) := {x € X | F(x) < oo} # 0, (2.2.1)
is called convex if for all x, y € X and A € [0, 1] the inequality
F(Ax+ (1=1)y) < AF(x) + (1= 1)F(y) (2.2.2)

holds. The following lemma summarizes some operations which preserve the convexity of a
given functional. We refer to [BC17, Section 8.2] or [CV20, Section 3] for a proof.

Lemma 2.2.1 (Construction of Convex Functions)

Let F: X — R be convex. Then the following functions are convex as well:
(i) aF forall ¢ > 0;
(ii) F + G for a convex G: X — R;
(iii) F o A for alinear A: Y — X and a normed vector space Y;

(iv) x > sup;¢; Fi(x) with Fj: X — R convex for all i € I and an arbitrary set I.

Since we also consider non-smooth functions in this work, the classical derivative concepts for
Banach spaces introduced in Section 2.1 are not sufficient here. Therefore, we need to define
some sort of generalized derivative.

Definition 2.2.2 (Convex Subdifferential)

We define the (convex) subdifferential of F: X — R at x € dom (F) as

OF (x) := {x* D

(x*, X —x)x-x < F(X) = F(x) forall X GX}.

Note that 9F (x) is always a convex set, hence the name convex subdifferential. It can be shown
that this definition is indeed a generalization in the sense that, if F: X — R is convex and
Gateaux differentiable at x € X with derivative DF(x), then oF (x) = {DF(x)} [CV20, Theorem
4.5]. Furthermore, the definition of the subdifferential gives us the following Fermat principle
[CV20, Theorem 4.2].
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Theorem 2.2.3 (Fermat Principle)

Let F: X — R and X € dom (F). Then

0€0F(®) & F(X) =minF(x).

2.2.2 Lower Semi-Continuity

In order to recall the definition of lower semi-continuity, we first introduce the concept of weak
convergence: A sequence (x,),cy C X converges weakly to x € X, denoted by x, "2 if

(", Xn) x+ x - (", %) = x for all x* € X™. (2.2.3)

If X is finite-dimensional, the notions of strong and weak convergence coincide [Kes09, Propo-
sition 5.1.3].

Definition 2.2.4 (Lower Semi-Continuity)

Let F: X — R and x € X. If F satisfies

F(x) < liminf F(x,)
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(i) for every sequence (x,),cy C X with x, — x, it is called lower semi-continuous
inx € X;
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(ii) for every sequence (x,),ey € X with x, — x, it is called weakly lower semi-
continuous in x € X.

If a function is lower semi-continuous in all x € X, we will just say that it is lower semi-
continuous. Since the property of lower semi-continuity will be used frequently in this work,
it is useful to have a result which shows how other lower semi-continuous functions can be
constructed from a given one. The proof can be found in [CV20, Lemma 2.3].

Lemma 2.2.5 (Construction of Lower Semi-Continuous Functions)

Let F: X — R be lower semi-continuous. Then the following functions are lower semi-
continuous as well:

(i) aF forall a > 0;
(ii) F + G for a lower semi-continuous G: X — R;
(iii) F o A for a continuous A: Y — X and a Banach space Y;

(iv) x + sup,.; Fi(x) with lower semi-continuous F;: X — R for all i € I and an
arbitrary set I.



2.2 Convex Analysis

2.2.3 Fenchel Duality

The so-called Fenchel conjugate, which is named after the German mathematician Werner Fenchel,
allows us to use an equivalent expression of the optimality condition in Theorem 2.2.3, as we will
see in Lemma 2.2.8. This is useful if the subdifferential of this transformation is easier to calculate
than the subdifferential of the original function.

Definition 2.2.6 (Fenchel Conjugate)

(i) Let F: X — R be proper. We define the Fenchel conjugate F* of F as

F':X* >R, x*m F(x"):=sup (", x)x x — F(x)) .
xeX

(ii) Letboth F: X — R and its Fenchel conjugate F*: X* — R be proper. We define the
Fenchel biconjugate F** of F as

F*:X >R, x F"(x):= sup (¢x*, %) 5 x — F*(x7)) .

x*eX*

The required properness in the above definitions ensures that the defined functionals are indeed
greater than —oo for all elements of their respective domains. The properness of F* in (ii) can
be guaranteed by assuming that F is bounded from below by an affine functional. Furthermore,
F* is always convex and lower semi-continuous, according to Lemma 2.2.1 (iv) and Lemma 2.2.5

(iv).

The next theorem shows that the biconjugate is, under certain assumptions, equal to the original
function [CV20, Theorem 5.1].

Theorem 2.2.7 (Fenchel-Moreau-Rockafellar)

Let F: X — R be proper. Then,
F*™(x) < F(x) forall x € X

with equality if and only if F is convex and lower semi-continuous.

The following lemma stems from [CV20, Lemma 5.8] and shows the connection between a func-
tion, its Fenchel conjugate, and their respective subdifferentials.

Lemma 2.2.8 (Fenchel-Young)

Let F: X — R be proper, convex, and lower semi-continuous. Then the following state-
ments are equivalent for any x € X and x* € X*:

(1) (x*x)x+x = F(x) + F*(x");
(ii) x* € oF(x);

(iii) x € 9F*(x™).

O



2 Background

For the next result, we need to recall that a function F: X — R is called coercive, if for every
sequence (xp),ew € X with || x, ||y — o0 asn — oo, we also have F (x,) — oo. With this
property, we can show under which assumptions a solution of an optimization problem exists
[CV20, Theorem 2.1].

Theorem 2.2.9 (Existence of Minimizer)

Let F: X — R be proper, coercive and weakly lower semi-continuous. Then the problem
in F
mR )

has a solution x € dom (F).

2.2.4 Monotone and Proximal Operators

We denote by A: X =3 Y a set-valued mapping A: X — 2Y, where Y is a normed vector space
and 2Y its power set. Its graph is defined as

graph (A) = { (x,y) e XXY | y € A(x)}. (2.2.4)
In this section we focus on the case where Y = X", which includes for example the convex

subdifferential mapping x +— 0F(x) as in Definition 2.2.2. One important property of set-valued
mappings is monotonicity, which is defined as follows.

Definition 2.2.10 (Monotonicity of Set-Valued Mappings)

Let A: X =3 X* be a set-valued mapping with graph (A) # 0. We call A

(i) monotone, if
(x7 = x5, %1 — x2) >0

for all (xl,x’lk ) , (xz, X, ) € graph (A);

(ii) maximally monotone, if it is monotone and there does not exist another monotone
operator B: X =3 X* such that

graph (A) ¢ graph (B) ;
(iii) strongly monotone with factor y > 0, if
(1 =200 = x2) s o 2 ¥ 21 — 22 I%

for all (x1,x7), (x2,x;) € graph (A).

Note that the definition immediately implies that 0F: X =3 X, x +— JF(x) is monotone if
F: X — R is convex. Moreover, if F is proper, convex, and lower semi-continuous, then oF
is even maximally monotone [CV20, Theorem 6.11], since X is reflexive. The following lemma
from [CV20, Lemma 7.4] shows that there is a similar connection between strong monotonicity
of dF and strong convexity of F.
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Lemma 2.2.11 (Strong Convexity/Monotonicity)

Let F: X — R. We consider the following properties:

(i) F is strongly convex with factor y > 0, i.e.
F(lx+ (1= Dy) + A1 =ML llx = y Ik < AFG) + (1= DF()

forallx,y € X and A € [0,1];
(i) OF is strongly monotone with factor y > 0.

Then (i) = (ii). If F is proper, convex and lower semi-continuous, then also (ii) = (i).

Since X is a Hilbert space with inner product (-, ), we can also define the so-called weighted
inner product, which will be useful later when we consider step size operators. For every linear
operator R € IL (X, X), let

(x, ¥)p = (Rx,y)y forallx,y € X, (2.2.5)

which is, due to the linearity of R, also a bilinear form. If, in addition to that, R is self-adjoint and
positive definite, then (-, -) is an inner product and we call it weighted inner product. Like any
inner product it induces a norm.

Definition 2.2.12 (Weighted Norm)

Let R € L (X, X) be self-adjoint and positive definite. The weighted norm of x € X is given
by
Il x llg = V{x, x)g-

If R is self-adjoint but only positive semi-definite, which we write as R > 0, then (-, -); is a positive
semi-definite Hermitian form, which induces the semi-norm || - || . Furthermore, if S € IL (X, X)
is another linear operator, we use the notation S > R to express that S — R > 0,ie. S — R is
positive semi-definite. Note that, in the following, we may use one of the introduced notations
without having proven or assumed the desired properties of the linear operator so far. However,
we will make up for this afterwards.

The definition of strongly monotone set-valued mappings given in Definition 2.2.10 can analo-
gously be used for continuous linear operators; see [BC17, Definition 2.23].

Definition 2.2.13 (Strongly Monotone Operator)

Let R € IL (X, X) be a linear operator. We call R strongly monotone with factor y > 0, if

(R, x)x 2yl xIlx

for all x € X.
If, at any point, the factor y is not relevant for the argumentation, then we also use the term
strongly monotone without explicitly mentioning y. Note that the definition of the norm directly

implies that R € IL (X, X) is strongly monotone with factor y > 0 if and only if R — yId is positive
semi-definite, which is a slightly stronger assumption than R being positive definite. However,

11
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the benefit of requiring strong monotonicity of R € L (X, X) is the resulting invertibility of R, i.e.
R~! exists and is an element of IL (X, X) [Cla20, Theorem 15.11]. It is moreover positive definite,
since for every x € X we can define x’ := R™!x such that

(R_lx,x>X =(Rx,x")x >0 (2.2.6)

due to the positive definiteness of R. If R is additionally self-adjoint, then the same is true for R~}
[Cla20, Theorem 9.4]. Hence, we can use R™! in Definition 2.2.12 to define a weighted norm if
R € IL (X, X) is strongly monotone and self-adjoint. We will exploit this in the next definition.

Since the set-valued subdifferential mapping is often not very useful for algorithms, we can
use the so-called proximal operator to find an equation that implicitly defines a subgradient in
Lemma 2.2.15. Based on the weighted norm, we present a definition of the weighted proximal
operator in the following.

Definition 2.2.14 (Weighted Proximal Operator)

Let F: X — R be proper, convex, and lower semi-continuous, and % € IL (X, X) a self-
adjoint and strongly monotone operator. The weighted proximal operator of F is defined
as

1
proxlz,: X->X, xb prox?(x) = argr)x(lin (5 |z —x ||§_1 +F(z)) .
ZE

The operator ¥ will later play the role of a step size operator. This definition is slightly different
from the one in [CV20, (6.12)], where

1
proxp: X — X, x> proxp(x) :=argmin (5 |z —x||5% + F(z)) . (2.2.7)
zeX

does not involve the weighted norm. However, the two definitions coincide for a scalar step
size o > 0, since prox,p = prongd. This extension allows us to express the weighted proximal

operator of a proper, convex, and lower semi-continuous function F: X — R in terms of the
so-called resolvent, which is for a set-valued operator A: X =3 X defined as

Ra: XX, x Ralx):=Id+A4)"" (x). (2.2.8)

The unique minimizer z in the definition of the weighted proximal operator satisfies the Fermat
principle in Theorem 2.2.3, i.e.

oeals I -xI, +F<-)) (2) = a(g I- ||§_1) (Z - x) +F(2), (2.2.9)

where we have used the sum rule with equality [CV20, Theorem 4.14] and [CV20, Lemma 4.13
(ii)] for the last equality. Since the function within the second subdifferential is differentiable, we
obtain

0e> ' {z-x}+9F(2), (2.2.10)

and therefore
Rsor(x) = Id+2oF) ' (x) =z = proxlzg(x). (2.2.11)

Since JF is maximally monotone and ¥ € IL (X, X) a self-adjoint and strongly monotone operator,
it follows from [BC17, Proposition 20.24] that 30F is maximally monotone as well. Hence, Ry yF is

12
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indeed single-valued [CV20, Corollary 6.14]. With the following lemma, we have an equivalent
expression of the relation in Lemma 2.2.8 (ii). As mentioned before, this will help us find the
solution to an optimization problem if we do not explicitly know the subdifferential but are
able to calculate the proximal operator instead. The lemma is based on [CV20, Lemma 6.18]
but reformulated to allow for linear step size operators.

Lemma 2.2.15

Let F: X — R be proper, convex, and lower semi-continuous, x, x* € X, and ¥ € LL (X, X)
a self-adjoint and strongly monotone operator. Then

x"€dF(x) o x= prox%-(x +3x™).

Proof: If we apply X to both sides of the subdifferential inclusion and add x, we get
x* € OF(x) © x + 2x" € (Id + 29F) (x)
& x € (Id+30F) ! (x + x%) (2.2.12)
o x= prox%(x +3x7"),

where we have used (2.2.11) for the last equivalence. O

2.3 Non-Convex Analysis

If we are dealing with a non-convex function, most results from the previous section can not be
applied any more. Therefore, we take a look at some tools from the field of non-convex analysis
in this section, which is based on [CV20, Part III]. In the following, we consider a Banach space
X. Since we can not rely on differentiability or convexity any more, we need to introduce a form
of continuity.

Definition 2.3.1 (Local Lipschitz Continuity)

The function F: X — R is locally Lipschitz continuous near x € X if there exist § > 0 and
a Lipschitz constant L > 0 such that

| F(x1) = F(x2) | < Ll xy = x2 [Ix

for all x1,x; € Os(x) := {x’ € X | ||x’ —x||x < 6} If F is locally Lipschitz continuous
near every x € U C X, we call F locally Lipschitz continuous on U.

An important connection between local Lipschitz continuity and the properties introduced in the
previous section (i.e. convexity and lower semi-continuity) is given by the following proposition
[CV20, Theorem 3.13].

Proposition 2.3.2

If F: X — R is convex and lower semi-continuous, then it is locally Lipschitz continuous
on int (dom (F)).



2 Background

Based on this continuity property, we can define the so-called Clarke subdifferential, which was
first introduced by Frank H. Clarke [Cla90] and is a generalization of the convex subdifferential
from Definition 2.2.2.

Definition 2.3.3 (Clarke Subdifferential)

Let F: X — R be locally Lipschitz continuous near x € X. The Clarke subdifferential of F
in x is given by

dcF(x) == {x* e X"

(x*,h)x-x < F°(x; h) forall h € X} ,
where F°(x; h) is the generalized directional derivative given by
F th) — F
F°(x;h) = lim sup (y +th) (y).

yox t
t\,0

It can be shown that the Clarke subdifferential is indeed a generalization of the convex subdiffer-
ential, since the equality dcF(x) = dF(x) holds for all x € int (dom (F)) if F: X — R is convex
and lower semi-continuous [CV20, Theorem 13.8]. The proof of this statement also shows that
every convex and lower semi-continuous function F: X — R is regular in the sense that its
directional derivative and generalized directional derivative coincide for all directions h € X,
ie.

F(x +th) — F(x)

t (23.1)

F(xsh) = F'(x; ) = lim

for all x € int (dom (F)). Now, Definition 2.3.3 immediately implies the following optimality
condition, which stems from [CV20, Theorem 13.4].

Theorem 2.3.4 (Fermat Principle)

If F: X — R has a local minimum in x € dom (F), then 0 € dcF ().

The Fermat principle is the starting point of many non-smooth optimization algorithms. There-
fore, it is reasonable to develop some rules that will make it easier to calculate the Clarke sub-
differential of the composition of two functions. For example, we will use the following sum rule
from [CV20, Theorem 13.20] in Section 3.3, where the objective function is indeed a sum of two
functions.

Theorem 2.3.5 (Sum Rule)
Let F,G: X — R be locally Lipschitz continuous near x € X. Then
dc (F + G) (x) C dcF(x) + dcG(x).

If F and G are regular at x, then F + G is regular at x, and equality holds.

Before we present the next calculus rule, we recall the definition of the adjoint operator. Let
therefore Y be another normed vector space. For any continuous linear operator A € L (X,Y),
the adjoint operator A* € IL (Y*, X*) is defined as

(A X))y x = (V5 AX) yey forallx e X, y* e Y". (23.2)



2.4 Measure Theory

The following chain rule handles the composition of a locally Lipschitz continuous and a contin-
uously Fréchet differentiable function [CV20, Theorem 13.23].

Theorem 2.3.6 (Chain Rule)

Let Y be a separable Banach space, K: X — Y continuously Fréchet differentiable at x € X,
and F: Y — R locally Lipschitz continuous near K(x). Then,

dc (F oK) (x) € K'(x)*acF (K(x)) = {K'(x)"y"

y* € acF (K(x)) }

If F is regular at K(x), then F o K is regular at x, and equality holds.

2.4 Measure Theory

This section is mainly based on both [Kle13, Chapters 1 and 7] and [Hyt+17, Chapter 1]. Let
(Q, A, ) be a o-finite measure space, i.e. Q is a non-empty set, A C 2 a o-algebra such that
there exists a sequence (Qp)reyny € A with Q = UpewQp and p (Qg) < oo for all k € N, and
pu: A — [0, co] is a measure.

Definition 2.4.1 (Measurable Function)

If (Q', A", 1) is another o-finite measure space, then we call a function f: Q — Q'
(A-)measurable, if
flA)cA forall A’ € A’.

In the following, if Q" = R, we will always assume that A’ = B(R) is the Borel o-algebra and p’
the Lebesgue measure, unless stated otherwise. Now, we consider for every measurable function
f:Q — R andp € [1, c0) the mappings

1/p
T ( [rreor dy(x)) (241)

as well as
| flloo :==inf{K>0][u(lf|>K)=0}. (24.2)

Following [Hin+09, Section 1.2.2.3], we can then define the Lebesgue or L”-space.

Definition 2.4.2 (L-Space)

Let p € [1, 00]. We define the L?-space by the quotient space
LP(Q) =17 (Q A, p) = LP(Q,A,p) [~
where

LP(QA, ) = LP(Q) = {f: Q>R ‘ £ is p-measurable and | 11, < oo}

and
f~g:=lf-gl,=0 forall f,ge LP(Q).
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Therefore, L? (Q) is the space of all equivalence classes of p-a.e. identical functions in L7 (Q).
The term p-a.e. is short for p-almost everywhere and means that there exists a null set N € A
(i.e. p(N) = 0) such that the respective property (e.g. f(x) = g(x)) holds for all x € Q \ N. If
is a probability measure as in Section 2.5.1, we will use the term p-a.s. instead, which stands for
p-almost surely.

In the following, we will also use the notation || - || (o) instead of || - || ,. It can be shown that
-l = LP (A, p) — [0, ) is indeed a norm for every p € [1,c0]. Furthermore, if we have
1 < p < g, then the inclusion

L1(Q, A, p) C LP (Q, A, p) (2.4.3)

holds. The case p = 2 will be of special interest in this thesis, because Y := L2 (Q,A,p) is a
Hilbert space with the inner product (-,-)y : Y XY — R given by

o)y = /Q F)9() du(x) (2.4.4)

forall f,geY.

Since we are concerned with PDEs in this thesis, we will also use a more general concept where
the image space of the function f is not R. Let therefore X be a separable Banach space. Before
stating the following definition adapted from [Hyt+17, Definition 1.1.14], we note that a function
f: Q — X is called p-simple, if there exist a number N € N, elements z; € X, and sets Ay € A
satisfying p(Ag) < oo for all k € {1,..., N} such that

N
fx) =D xac(x0)z (2.4.5)
k=1

for all x € Q [Hyt+17, Definition 1.1.13].

Definition 2.4.3 (Strongly Measurable Function)

A function f: Q — X is called strongly u-measurable, if there exists a sequence (fi)cn
of p-simple functions f;.: Q — X converging to f p-a.e.

Note that, since X is separable, any strongly p-measurable function is y-almost everywhere equal
to a measurable function in the sense of Definition 2.4.1; see [Hyt+17, Proposition 1.1.16] and
[Hyt+17, Corollary 1.1.10]. Analogously to Definition 2.4.2, we can now define the so-called
Bochner space [Hyt+17, Definition 1.2.15].

Definition 2.4.4 (Bochner Space)

Let p € [1, 00]. We define the Bochner space LP (Q; X) by the quotient space
LP(Q;X) = LP(Q A, 1, X) = LP (A, 1,X) [~
where

LP(QA, 1, X) = {f: Q- X ‘ [ is strongly p-measurable and || f[|, < oo}

and

f~9:ellf-gl,=0 forall f,ge LP (Q A, 1;X).
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The so-defined space is a Banach space for every p € [1, oo]. Furthermore, the Bochner space
L?(Q; X) and the Lebesgue space L? (Q) coincide if X = R, i.e. Definition 2.4.4 is a generalization
of Definition 2.4.2. Consequently, the norm || - ||, we used in Definition 2.4.4 is a generalization
of (2.4.1) and (2.4.2), respectively, where the absolute values have been replaced by the norm on
X, ie.

1/p
I, = (/Q Il £ () 115, du(X)) (2.4.6)
for p € [1,0), and
I fllo :=inf {K>0|pu(ll fllx >K) =0} (2.4.7)

for every strongly p-measurable function f: Q — X.

2.5 Stochastic Programming

In this section, we give a short introduction to the general framework of stochastic programming
[BL11; SDR14]. First, we explain the concept of uncertainty and how it is incorporated into
optimization models. Then, we briefly introduce a sample-based discretization approach which
will be used for the numerical experiments in Chapter 6. After that, we show how risk can be
accounted for in these models and focus especially on the Conditional Value-at-Risk as a risk
measure. Some expressions from the fields of probability and measure theory are used without
comprehensive explanation because this would go beyond the scope of this thesis. However, the
interested reader is referred to the respective references.

2.5.1 Uncertainty

The difference between deterministic and stochastic programming problems is the uncertainty
in the parameters of a stochastic program. In an application, this can be for example the return
of a financial instrument or the amount of wind energy produced during the day ahead. This
uncertainty is modeled as random variables on a probability space. The following summary is
based on [Kle13, Chapters 1 and 5].

Definition 2.5.1 (Probability Space)

A triple (£, A, P) is called a probability space if
(i) E isanon-empty set,
(i) A c 2% is a o-algebra, and
(i) P: A — [0, 0] is a measure with IP(Z) = 1.
In this case, the measure P is called a probability measure.
If (E, A, P) is a probability space, we use A! to denote the set of all elements of A with proba-

bility 1, i.e.
A' ={AcA|P(A)=1}. (2.5.1)

For a proper definition of the used terms o-algebra and measure, we refer to [Kle13, Chapter 1].
With this preparation we can now define a random variable.
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Definition 2.5.2 (Random Variable)

Let (2, A, P) be a probability space, i.e. Z is a non-empty set, A C 2% a o-algebra (i.e. a
set of events) and IP: A — [0, 1] a probability measure.

(i) A measurable function z2: & — Z’, where (Z’, A’) is a measurable space, is called
random variable.

(ii) If 8 c A is a sub-c-algebra, we define the space of 8-measurable random variables

A

z2: 2 —> & as
R(B,E') :={2: E > E’ | Zis B-measurable} .
(iif) If 2: & — =’ is a random variable, and (2, A’) = (R, Br), where Bp is the Borel
o-algebra, then Z is called a real random variable.

(iv) A vector of real random variables is called random vector.

Every random variable Z induces an image measure IP; := Poz~! in the sense of [Kle13, Definition
1.98], which is called the distribution of Z [Kle13, Definition 1.103]. If Z is a random vector of
dimension d € IN, the mapping

F:: RY — [0,1], x+ Fs(x) :=P(z < x; foralli € {1,...,d}) (2.5.2)

is called the (joint) distribution function of z. Moreover, if this distribution function takes the
form

F;(x) = [XI"'[Xdﬁ(tl,...,td) dty ... dy (2.5.3)

for all x € R and some integrable function f;: R — [0, o), then f; is called the density of F;
or the density of z.

Since a probability space is a measure space, the concepts introduced in Section 2.4 are also
applicable here. However, in Chapter 6 we will use a special notation for a Bochner space that is
defined on a probability space with the image measure of a random vector. Therefore, we briefly
introduce this notation in the following. Let

22> ScR? (2.5.4)

be a random vector with density p: S — [0, o). Following Definition 2.4.4, we define for every
q € [1, o] the Bochner space

LI ($:X) =L1(S, B(S), P X), (2.5.5)

where B(S) is the Borel o-algebra of S and IP; := IP o 27! the image measure of 2. Due to [Kle13,
Theorem 4.10], this especially implies that

yeLl($X) & yozeli(EX). (2.5.6)

In the following definition, we present a way to evaluate (i.e. assign real numbers to) random
variables, which is necessary since we want to incorporate random variables into the objective
function of an optimization problem.
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Definition 2.5.3 (Expected Value)

The expected value (also referred to as expectation or mean) of a real random variable Z €

L' (B, A, P) is given by
E () = / 3 dP.

When we explain the randomization of the algorithm in Section 4.2, we will also use the condi-
tional expectation [Kle13, Definition 8.11], which is defined as follows.

Definition 2.5.4 (Conditional Expectation)

Let ¥ C A be a sub-c-algebra and z € L' (E, A, P). A random variable j: = — R is
called the conditional expectation of Z given F, if

(i) yis F-measurable,
(ii) for any A € ¥, we have [E (214) = E (y14).
In this case, we also write E (2| F) = 3.
The so-called filtration will help us modeling the information available in each iteration of the

algorithm. It stems from the theory of stochastic processes [Kle13, Chapter 9.1] and is defined as
follows.

Definition 2.5.5 (Filtration)

A filtration A := (Ag)ken, is a family of sub-o-algebras A c A, k € Ny, such that
A C Apyq for all k € IN.

Note that we could use a more general index set here, but INy is sufficient in our case.

With these preparations, we could define a simple stochastic optimization model. For example, if
V = L* (E, A, P) is the space of random variables, U is another Hilbert space, and f: U — V
a mapping, then we could consider

min B (f(u)). (2.5.7)

In practice, this could correspond to the following scenario: U is a space whose elements repre-
sent an investment portfolio composition and f: U — YV calculates the random financial loss
of this portfolio. Then, the optimization problem would seek for a portfolio composition which
results in a minimal expected loss. If we stick with this example, it quickly becomes clear that
only minimizing the average loss is often not good enough (e.g. since large price fluctuations can
cause a total loss, no matter what the average price of the respective instrument is). Therefore,
concepts of risk averse optimization as introduced in Section 2.5.3 can help mitigating these kind
of problems.

2.5.2 Sampling

As soon as we leave the theoretical analysis of stochastic programming algorithms, we need to
think about a way how to discretize the random variables so as to solve the resulting problems by
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deterministic optimization techniques. One way to do this is called sample average approximation
or SSA, which we explain in the following, based on [SDR14, Chapter 5.1]. For that purpose, we
modify the problem in (2.5.7) such that the function f: U x RY — R explicitly takes the image

of a d-dimensional (d € IN) random vector f = (591, ces fd) with 591- € Viorallie {1,...,d} as

the second argument. The problem can then be written as
min B ( f (u, g(-))) . (2.5.8)

Now, we assume that we have a sample {§f e R4 | jeA{L,.. .,S}} of S € IN realizations of the

random vector § . This can be achieved by an appropriate transformation of independently gener-
ated and uniformly distributed random numbers, which is called Monte Carlo sampling [SDR14,
Section 5.3]. While this approach only works if one knows the distribution of the random vector
59, one could also view the sample as historical data of S observations. The sample average approx-
imation of (2.5.8) is then given by computing the average of the values f (u, &) for j € {1,...,S},
ie.

uel

min %ZS:f (u, §J) . (2.5.9)
j=1

If we recall the definition of the expected value in Definition 2.5.3, we see that the sum stems from
the discretization of the integral. As a consequence of the Uniform Law of Large Numbers [SDR14,
Section 7.2.5] it was shown in [SDR14, Section 5.1.1] that, under mild regularity conditions, the
optimal solutions and the optimal value of the sample average approximation problem (2.5.9)
converge IP-a.s. to the optimal solutions and the optimal value of the original problem (2.5.8) as
the sample size increases. Hence, it is a reasonable discretization approach.

2.5.3 Risk Aversion

In Section 2.5.1, we have seen an example of an optimization problem in which the objective
function is defined as the expected value of a random variable. This kind of structure is reason-
able if the Law of Large Numbers [Kle13, Chapter 5] can be invoked and our major concern of
the real-world problem is the long-term performance. However, this approach does not consider
fluctuations of specific outcome realizations. This could cause, for example, the loss of all in-
vested money in a portfolio optimization problem. Therefore, we need to extend the model from
Section 2.5.1 by the capability of measuring and minimizing risk.

Let £ € L' (§, A, P) be a random variable. According to [SDR14, Chapter 6.2], the main idea
of a so-called mean-risk model is to characterize the uncertain outcome of Z by two scalars: the
expected value [ (Z) describing the expected outcome, and the uncertainty of that outcome in
form of a risk or dispersion measure D (Z). These two objectives are combined to one objective

function of the form
E(2) +yD (%), (2.5.10)

where the coefficient y > 0 can be varied in order to change the weight of the risk measure, i.e.
the price of risk. By minimizing this objective function for a variety of values of y, we generate
a set of so-called efficient solutions. These solutions have the property that they, on the one
hand, minimize the value of the risk measure for a given expected value, and, on the other hand,
minimize the expected value for a given value of the risk measure. If we use this approach to
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2.5 Stochastic Programming

incorporate a risk measure D: L! (E, A, P) — R into the problem (2.5.7), it becomes
min  E (f(u)) +yD (f(u)), (2.5.11)
uel

fory > 0.

Another possible approach is to drop the expected value and only consider a risk measure within
the objective function, i.e.

ume% D (f(u). (2.5.12)

This is basically a part of the structure of our problem defined in Chapter 3. Although there is
a large variety of risk measures [SDR14, Chapter 6.2], we will focus on one particular measure
called Conditional Value-at-Risk, which is introduced in the following section.

2.5.4 Conditional Value-at-Risk

In this section, we introduce the Conditional Value-at-Risk (CVaR), which is the particular risk
measure we focus on in this thesis. As mentioned in Chapter 1, CVaR is also referred to as
Average Value-at-Risk, Mean Excess Loss, Expected Shortfall, or Expected Tail Loss. It has become an
important tool for risk management in insurance and finance [RU00, Chapter 3] (e.g. for hedging
a portfolio of investment instruments) and is a potential choice whenever it comes to measuring
the risk of some monetary loss. Possible fields of application are supply chain management
[WB09, Section 8.2] and unit commitment of power plants [BPP16], to name just a few. However,
since the definition of CVaR does not restrict its use to financial losses, many other applications
are conceivable. These include, for example, reinforcement learning [San+17], statistical learning
[TK09], wireless data broadcast systems [Kam+14], and medical treatment planning [An+17].
While, in these examples, the CVaR is used either within a constraint or as part of the objective
function, we will focus only on the latter case.

In the following, we will first give a formal definition of the CVaR based on both [RU00, Chapter
2] and [SDR14, Section 6.2.4], and then summarize some of its properties that are needed in

subsequent chapters. Let
;e L' (B A P) (2.5.13)

be a real-valued random variable. We assume that the distribution of Z has a density p;: R —
[0, 00) [Kle13, Definition 1.106], which does not necessarily need to take an analytical form (we
have seen in Section 2.5.2 that, for applications, it is enough to have an algorithm which generates
samples according to p;). The value Z(&) for an event ¢ € = is referred to as loss; Z itself is called
the loss-function. The probability of Z not exceeding a threshold & € R is given by its distribution
function F;: R — [0, 1], which is defined as

a Fi(a) =P({{€E]|2(¢§) < a}) :[ ps(2) dz. (2.5.14)

F; is non-decreasing and continuous from the right, and we assume for simplicity that it is also
continuous from the left. With this, we can define the Value-at-Risk as described informally in
Chapter 1. The usage of the minimum instead of the infimum is thereby justified by the continuity
of F; from the right.
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2 Background

Definition 2.5.6 (Value-at-Risk)

For a given probability level f € (0, 1), the Value-at-Risk of a loss-function 2 € L' (Z, A, P)
is defined as
VaRg (2) = inf {@ € R | F;(a) 2 B},

where F; is the distribution function of Z.

Although f can take any value between 0 and 1, the three values commonly considered are 0.90,
0.95 and 0.99. Note that the VaR could also serve us as a risk measure, but Artzner et al. showed in
[Art+99] that it has some undesirable mathematical properties such as the lack of subadditivity'
(see (2.5.15)), which directly implies non-convexity. Therefore, we focus on the CVaR, which has
much nicer properties. Apart from that, the definition of the CVaR (see Definition 2.5.7) ensures
that it is always greater than or equal to the VaR, meaning that a low CVaR leads to a low VaR
as well.

Since F; is continuous and non-decreasing, the set {a € R | F;(a) = B} is either a singleton or a
non-empty interval. In the latter case, the value of VaRg (2) is obviously the left endpoint of this
interval [RU00, Page 5]. Consequently, the probability of the event {§ €E ’ 2(&) = VaRy (2)}
is equal to 1 — f3, which explains the factor (1 — )~! in the following definition. Note that, in
some publications, the concept of Conditional Value-at-Risk is called Average Value-at-Risk, for
reasons that are well explained in [SDR14, Theorem 6.2]. One can also find notations where the
subscript f is the complementary probability of our probability level.

Definition 2.5.7 (Conditional Value-at-Risk)

For a given probability level § € (0, 1), the Conditional Value-at-Risk of a loss-function
2 € L' (E, A, P) is defined as its conditional expectation relative to the loss being greater
than or equal to its VaRg, i.e.

CVaRg (2) = E (2

£ > VaRy (2))

=(1-p" zpz(z) dz,
zZVaRﬁ(i)

where p; is the density of 2.

Note that the reason why we do not consider the case f = 0 is that Definition 2.5.6 implies
VaR () = —oo for all 2 € L! (E, A, P), and hence CVaR, (2) = IE (2), which is not a risk mea-
sure any more. For background information regarding conditional expectations beyond Defini-
tion 2.5.4 and how the second equality in Definition 2.5.7 is obtained, we refer to [Kle13, Chapter
8]. The condition 2 € L! (E, A, P) implies that CVaRg (2) is finite-valued and thus well defined.
If the distribution function F; is not continuous as we have assumed (e.g. if the random variable
Z has a discrete probability distribution), then the definition of CVaR has to be altered [RU02].

As mentioned before, the CVaR has some nice properties which we will utilize later. Before
presenting them, we follow [SDR14, Section 6.3] and briefly discuss the case of a general risk
measure R: L? (£, A,P) — R U {—c0} U {co} with p € [1,c0) and properness as the only
restriction. First, we introduce a pointwise partial order z > 2’ for z,2’ € L? (E, A, P), meaning

—_

z(&) = 2/ (&) for P-almost all ¢ € =. This is equivalent to requiring F;(x) < Fy(x) for all

1n fact, VaR is only subadditive if it is based on the standard deviation of normal distributions [Art+99, Remark 3.6].
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2.5 Stochastic Programming

x € R, where F; and Fy are the distribution functions of Z and Z’, respectively. This ordering is
also referred to as first-order stochastic dominance, which is explained in more detail in [MOA11,
Chapter 17.A]. Since the term risk requires one to know what is good and what is bad, we assume
throughout this section that the smaller the realizations of a random variable, the better. This
is consistent with the previously mentioned convention of referring to real random variables as
loss-functions.

The following definition summarizes some important features that can be associated with a risk
measure.

Definition 2.5.8 (Properties of Risk Measures)

Let p € [1,00) and R: L? (E, A,P) —» R U {—o0} U {o0} be a proper risk measure. Then,
R can have the following properties:

(i) Convexity: For all 2,2’ € L? (&, A,IP) and t € [0, 1] it holds that

R(tz+(1-1)2) <tR(Z)+(1-D)R(Z).

(if) Monotonicity: If 2, 2" € L? (E, A, P) and Z > %/, then

R(2) 2R (Z).

(iii) Translation equivariance: If ¢ € R and Z € L? (E, A, P), then

R(EZ+c)=R(Z) +c.

(iv) Positive homogeneity: If t > 0 and 2 € L? (5, A, P), then

R (tz2) =tR(%2).

Convexity implies that R (%2 + %2') < %R (2) + %R (') for all 2,2’ € LP (E, A, P), and together
with positive homogeneity we have

R(EZ+2)<R(2)+R(Z) (2.5.15)

forall Z,2’ € LP (E, A, IP). A risk measure satisfying this inequality is called subadditive. Since,
conversely, subadditivity together with positive homogeneity imply convexity, the following def-
inition is still consistent with the original one in [Art+99, Definition 2.4], where property (i) of
Definition 2.5.8 is replaced by the subadditivity condition (2.5.15).

Definition 2.5.9 (Coherent Risk Measure)

Let p € [1,00) and R: L? (E, A,P) —» R U {—c0} U {co} be a proper risk measure. If R
satisfies all conditions of Definition 2.5.8, then it is said to be a coherent risk measure.

As mentioned right after Definition 2.5.6, the VaR is not convex and therefore not a coherent risk
measure. However, Pflug proved in [Pfl00, Proposition 2] that the CVaR does satisfy all properties
of Definition 2.5.8, which is why we have the following result.
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Proposition 2.5.10 (Coherence of CVaR)

The Conditional Value-at-Risk as in Definition 2.5.7 is for any probability level f € (0,1)
a coherent risk measure in the sense of Definition 2.5.9.

Furthermore, since CVaR is a coherent risk measure and thus satisfies properties (i) and (ii) of
Definition 2.5.8, it is also continuous and subdifferentiable [SDR14, Proposition 6.6]. Another
property we will need for the discretization of the probability space in Section 5.1 is that CVaRg
can be written as the minimum of a convex function involving the expected value. We define
Fg: L' (E,A,P) x R —» R by

(2,a) » Fg(2,a) =a+ E(2-a)), (2.5.16)

1
1-p
where (x)* := max {0,x} for all x € R. The following theorem stems from [RU00, Theorem 1]
and shows the mentioned relationship between CVaRgs and Fp.

Proposition 2.5.11 (Characterization of CVaR)

Let § € (0, 1) be a probability level.

(i) For fixed z € L' (£, A, P), the function Fg (Z,-) : R — R as defined above is convex
and continuously differentiable.

(i) The CVaRg of any loss-function z € L' (E, A, P) can be determined by the formula

CVaRg (2) = min Fg (2, ) .
acR
(iii) The set consisting of the values of « for which the minimum in (ii) is attained, namely
Ag (2) = argmin Fg (2, @)
acR

with 2 € L' (E, A, P), is a non-empty, closed, and bounded interval. The VaRg of

the loss is given by
VaRﬁ (2) = minA/; (2) 0

(iv) The statements in (ii) and (iii) immediately imply the relation
CVaRg (£) = Fp (£, VaRg (2))

for every z € L' (E, A, P).

The gain of this proposition is that we can now calculate the CVaR without having calculated the
VaR first. Nonetheless, we are still able to obtain the VaR from (iii) if this should be necessary. The
following lemma shows that the Fenchel conjugate of CVaR can be represented as the indicator
function of a convex, closed and bounded set.
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2.6 Partial Differential Equations

Lemma 2.5.12 (Fenchel Conjugate of CVaR)

Let 8 € (0,1) be a probability level. The Fenchel conjugate of CVaRg: L' (£, A, P) —» R
is given by
CVaR; = O,

where
A= {v eL” (B, A P) | 0<v<(1-p)"'P-as. and E (v) = 1}.

Proof: Since CVaRg is a coherent risk measure (see Proposition 2.5.10), it follows from
[SDR14, Theorem 6.5] that

CVaRg(z) = sup (v, z)qy = sup ((v,2)q — 6a(0)) (2.5.17)
veA veV

for all z € V, where A is defined in [SDR14, (6.76)] by
A={oel®(EAP)|[0<0v<(1-p ' P-as andE(v) =1}. (2.5.18)

Now, Definition 2.2.6 and (2.5.17) imply that CVaRy = 52. Furthermore, A is convex,
closed, and bounded. Hence, it follows from [CV20, Lemma 2.5] that 5, is convex and
lower semi-continuous. Thus, we can apply Theorem 2.2.7 with equality, yielding

CVaRjy = 8, = 8, (2.5.19)

which concludes the proof. m|

2.6 Partial Differential Equations

Partial differential equations (PDEs) are often used for modeling complex systems in physics,
engineering, chemistry, and finance, to name just a few disciplines. Popular applications include
the heat equation (for modeling heat diffusion), Maxwell’s equations (for modeling electric fields),
Navier-Stokes equations (for modeling the motion of fluids), or the wave equation (for modeling
the propagation of mechanical or electromagnetic waves). The optimization of problems with
PDEs started in the 1970s with [Lio71] and has since then become a broad field of research. In
this section, which is based on both [Hin+09, Chapter 1] and [Del15], we summarize the most
important results needed for this thesis, especially in Chapter 6.

A typical problem considered in optimal control is

ye?ﬂflew J(y,u) st e(y,u)=0, (2.6.1)
where Y and U are Banach spaces, J: Y X U — R is the objective function, and the operator
e: Y X U — Z with a Banach space Z represents a PDE or a system of PDEs. The variable
u € U is usually referred to as control variable, since it represents the parameter determining
the PDE to be solved. The so-called state variable y € Y describes the state of the considered
PDE system (e.g. the distribution of heat). If, for each u € U, there exists a unique solution
vy =: S(u) to e(y,u) = 0, we can also consider the reduced form of (2.6.1), which reads

mig J(S(w),u) s.t. e(S(u),u)=0. (2.6.2)
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2 Background

The existence of such a unique solution can be shown, for example, if (y,u) € Y X U is a local
optimal solution to (2.6.1) and the partial derivative e, (y,u) is a bijection. Then, the implicit
function theorem [Hin+09, Theorem 1.41] yields the existence of a unique y =: S(u) such that
e(S(u),u) = 0 for all u in a neighborhood of @. Furthermore, the solution mapping S is then
continuously differentiable.

The theoretical framework used to examine the solution of such PDEs is based on functional
analysis and so-called Sobolev spaces, which we introduce after the necessary preparation. Let
d e NN, Q c R?be an open subset, and p € [1,00). We consider the measure space (Q, B, ),
where 8 C 29 is the Borel o-algebra and yi: 8 — [0, 00| the Lebesgue measure. First, similarly
to Definition 2.4.2, we define the set of locally integrable functions on Q as the factor space

LP

loc

(Q) =L (Q)/~, (2.6.3)
whereu ~w:& |lu—wl|, = 0forallu,w € LP(Q) and
Lﬁc (Q) := {u: Q>R | u is p-measurable and u € £ (K) for all compact K C Q} . (2.6.4)

One can see that L? (Q) C LlloC (Q) for all p € [1, 0]. Furthermore, let C(Q) denote the space
of all continuous functions from Q to R. For a multi-index a = (ay,...,aq) € ]Ng with order
|| := Zle a;, we define the | & |-th order partial derivative of u: Q — R atx € Q as

la|

Jd
D%u(x) = ———————u(x). 2.6.5
(9= g9 65)

d

With this, we can define the space of all functions with continuous k-th order derivatives as
CH(Q) == {u e C(Q) | D% € C(Q) for |a| < k}, (2.6.6)
as well as
Ck(ﬁ) = {u e ck(Q) | D% has a continuous extension to Q for |a| < k} (2.6.7)

for all k € Ny U {oo}. If we use supp (u) = cl({x € Q| u(x) # 0}) to denote the support of
u: Q — R, we can define the set

C(Q) = {u € C®(Q) | supp (u) C Qs Compact}, (2.6.8)
which is dense in L? (Q) for all p € [1,00) [Hin+09, Lemma 1.4]. With this space we can now

present the concept of weak derivatives, which generalize differentiation and are crucial for the
definition of Sobolev spaces.

Definition 2.6.1 (Weak Derivative)

Let u € LllOC (Q) and a = (ay,...,aq) € ]Ng be a multi-index. If there exists a function

w € L} (Q) such that
/uD“(p dx = (-1)!“! / wo dx
Q Q

for all p € C°(Q), then D%u := w is called the | « |-th order weak partial derivative of u.
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Note that the equation in Definition 2.6.1 determines the weak derivative D%u € LllOC () uniquely
[Hin+09, Lemma 1.5]. With these preparations we can now define the Sobolev space.

Definition 2.6.2 (Sobolev Space)

For k € INg and p € [1, o], we define the Sobolev space W*?(Q) by
WkP(Q) = {uel?(Q) | u has weak derivatives Du € L? (Q) forall |a| < k},

equipped with the norm

1/p

lullywwp = ( > ID%ullp| . ifp e [1,00),

|| <k

and || u|lyyre = Z | D%u || o -

|| <k

It can be shown that W5 (Q) as defined above is indeed a Banach space [Hin+09, Theorem 1.11]
for all p € [1, o0]. Moreover,
HF(Q) = Wwr2(Q) (2.6.9)

is a Hilbert space, which is why the space H'(Q) will be of special interest in this thesis. It
consists of all L?(Q)-functions with first order weak derivatives in L?(Q), i.e.

H'(Q)={yeL*(Q)| D'y e L*(Q) foralli € {1,...,d}}. (2.6.10)

In order to incorporate homogeneous boundary conditions into the function space, we denote
by Wok’p (Q) the closure of C°(Q) in W*P(Q). If equipped with the same norm as W*?(Q), this
is a Banach space, too. Furthermore, the space

HE(Q) = W (Q) (2.6.11)
is a Hilbert space.

Since W*P(Q) < L? (Q) for all k € INg and p € [1, 0], one can show under additional as-
sumptions the embedding of Sobolev spaces into L?-spaces. The following theorem stems from
[Hin+09, Theorem 1.14] and is limited to one special case, which is relevant for this thesis.

Theorem 2.6.3 (Sobolev Embedding)

Let Q ¢ R? with d € IN be open and bounded with Lipschitz-boundary 9Q. Then
HY(Q) > L?(Q), i.e. H'(Q) is compactly embedded in L? (Q), which means that

@ 1y llze) < 1y llg(q) forall y € H'(Q),

(ii) the embedding operator i: H'(Q) — L? (Q) is compact.
The requirement that Q has a Lipschitz-boundary ensures that 9Q is sufficiently regular in the
sense that it is locally the graph of a Lipschitz continuous function. For a proper definition, see

[Hin+09, Definition 1.13]. The reason why we consider Sobolev spaces when it comes to the
solution of PDEs is that the so-called weak solutions of PDEs are elements of these spaces, which
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we illustrate with the following example. Let Q ¢ R¢ with d € IN be open and bounded, and
f € L? (Q). The Poisson equation

—-Ay=f onQ,
(2.6.12)
y=0 onoaoQ,

where A denotes the Laplace operator and 9Q the boundary of Q, is an elliptic boundary value
problem. A unique solution y € C?*(Q) N C1(§_2) can be obtained by classical methods [Eval0,
Theorem 1] only for continuous right-hand sides. Therefore, we need a generalized solution
concept, which is based on a variational formulation of (2.6.12). If we assume that y is regular
enough, we can multiply (2.6.12) with a test function v € C°(Q) and integrate over Q to get

—‘/QAyvdxz‘/va dx. (2.6.13)

Integration by parts yields

/Vy-Vv dx—/ Uande(x)szv dx, (2.6.14)
Q 9Q Q

where S denotes the surface measure on 9Q, n: 9Q — IR is the exterior normal vector, and
oy =Vy-n= % the normal derivative of y. Since v € C°(Q) and Q is open, we have that
supp (v) NIQ =0, i.e. v(x) = 0 for all x € 9Q. Therefore, (2.6.14) is equivalent to

/va-vu dx = /qu dx, (2.6.15)

and since C°(Q) is dense in H; (Q) and the terms in (2.6.15) are continuous with respect to the
Hg(Q)-norm, the equation holds for all v € H(}(Q) [Del15, p. 14]. This justifies the following
definition.

Definition 2.6.4 (Weak Solution)

A function y € H;(Q) is called a weak solution to (2.6.12) if it satisfies for all v € H; (Q)

the weak formulation
/Vy-Vde=/fde.
Q Q

The existence and uniqueness of a weak solution can be shown by the use of the Lax-Milgram
lemma [Hin+09, Lemma 1.8].
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Chapter

Optimization Problem

In this chapter, we present the risk-averse, non-smooth optimization problem that we aim at
solving by the use of the algorithm developed in Chapter 4. The first section is devoted to the
formulation of the problem. In the second section, we take a closer look at the PDE constraint
and how it is incorporated into the objective function. Finally, an optimality condition is derived
in the third section.

3.1 Problem Formulation

The problem we consider is basically a special case of the one proposed by Kouri and Surowiec
in [KS18a], which thus is the basis of this section. Let

U :=1L*(Q) :=L*(Q,0,p) (3.1.1)

be the space of control variables where (Q, O, i) is a separable measure space with Q ¢ R?
open and bounded with Lipschitz-boundary 9Q, and d € IN (typically, O will be the Borel o-
algebra of Q and p the Lebesgue measure). Furthermore, we consider a separable probability
space (=, A, IP) and the space of random variables (i.e. loss functions)

V=1 (B) =L*(E AP). (3.1.2)

Both U and V are Hilbert spaces with inner products (-, -)¢; and (-, -),. The induced norms are
denoted by || - ||¢; and || - ||/, respectively.

We first state the problem and then define the involved functions.

Problem 3.1.1 (Original Problem)

Hél(ll} CVaRg(K(u)) + G(u)

CVaRg denotes the Conditional Value-at-Risk for a probability level B € (0,1) as in Defini-
tion 2.5.7. Remember that, according to Proposition 2.5.10, CVaRy is coherent and therefore
especially convex. Moreover, it is proper and continuous as mentioned in Section 2.5.4, and thus
also lower semi-continuous. The function K: U — V involves a random field PDE solution,
which is explained in more detail in Section 3.2. It is therefore the link between the constraint
and the objective function. The following assumption summarizes the properties of G.
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Assumption 3.1.2 (Properties of G)

The mapping G: U — R is proper, convex, and lower semi-continuous. Furthermore, its
domain is bounded, i.e. dom (G) C Bg, (%) for some @# € U and a radius Rg > 0.

Finally, we present the saddle-point formulation of Problem 3.1.1, which is often the basis of
similar analyses, as mentioned in Chapter 1. Since CVaRg is proper, convex, and lower semi-
continuous, the Fenchel biconjugate of CVaRy (see Definition 2.2.6 (ii)) is, according to Theo-
rem 2.2.7, equal to CVaRy itself, i.e.

CVaRg(v) = CVaRZ*(U) = sup ((U*,U>(v*,(v - CVaRZ(U*)) (3.1.3)
v*eV*

for all v € V, where CVaR;}: V* — R is the Fenchel conjugate of CVaRg and (-, ) the
duality pairing. Together with the Riesz-Fréchet representation theorem [Brell, Theorem 5.5],
we can therefore equivalently formulate Problem 3.1.1 as follows.

Problem 3.1.3 (Saddle-Point Problem)

min max G(u) + (v, K(u))q — CVaRZ(U)

ueld oveV

Note that the justification for using the maximum instead of the supremum follows from the
representation of CVaRZ in (2.5.19) together with [CV20, Theorem 3.8] and the fact that the set
A in (2.5.18) is non-empty, convex, bounded and closed.

3.2 PDE Constraint

The optimization problem involves a constraint in form of a partial differential equation with
uncertain coefficients. This PDE can be written as

e(y,u) =0 (3.2.1)

for all controls u € U. Here, y := S(u) denotes the weak (random field) solution of this PDE. It
is an element of the space Y, which we define after introducing the following assumption from
[KS18a, Assumption 2.1].

Assumption 3.2.1 (Properties of the Solution Mapping)

(i) y:=S(u): E > H! (Q) is strongly P-measurable for all u € U.

(ii) There exist a non-negative, increasing function p: [0,00) — [0,0) and a non-
negative random variable C € L]% (E) with q € [1, co] satisfying

1) (&) I () < p (Il ller) C()
for P-ae. € Eandallu € U.

(iii) If (u,)y C U is a sequence with u, — u € U as n — oo, then S(u,) — S(u) in
H!' (Q) P-as.



3.2 PDE Constraint

This assumption ensures that S(u) € Y for all u € U, where Y is the stochastic PDE solution

space
Y =11(5AP;H (Q) (3.2.2)

with g € [1, 0] as in Assumption 3.2.1 (ii). Without loss of generality, we can assume g € IN.
Otherwise we could replace Y by L" (E, A, P;H! (Q)) for any integer r < g, since (=, A, P) is
a finite measure space and therefore the inclusion L? (E, A, P; H' (Q)) — L" (£, A, P;H' (Q))
holds. Now, as mentioned in [KS18a, p. 790], Assumption 3.2.1 ensures that S(u) € Y for all
u € U, thus S: U — Y is well-defined. Furthermore, the assumption implies that S(u,) — S(u)
in Y for any weakly convergent sequence (u,),ew € U withu,, — uasn — co. This is a different
notion of convergence than in Assumption 3.2.1 (iii) and implies that S is weakly continuous.

In the following, we examine how the function K: U« — V incorporates the solution of the PDE
constraint into the objective function. For this purpose, let

J:H' (QxE >R (3.2.3)

satisfy the following assumption [KS18a, Assumption 3.1].

Assumption 3.2.2 (Properties of J)

(i) J is a Carathéodory function, i.e. J(-, €) is continuous for P-a.e. £ € = and j(y, -) is
measurable for all y € H! (Q).

(ii) Growth condition: If ¢ € [1, o), then there exist a € L? (E) with a > 0 P-a.s. and
¢ > 0 such that

J(r.H] < a@+cllylig,

for P-ae. ¢ € Eandall y € Y. If ¢ = oo, then the uniform boundedness condition
holds: for all ¢ > 0 there exists y € V such that

[T O] <y
for P-a.e. £ € Eandall y € Y with || y ||, < c.

(iii) Convexity: J (-, £) is convex for P-ae. £ € E.
An example satisfying this assumption is the tracking-type functional

~ 1 _
J3.0 =1y =5l (3.2.4)

for some y € L? (Q) [KS18a, Example 3.2]. For example, if ¢ = 4, i.e. Y = L* (E, A, P; H! (Q)),
then

~ 1 _ 1 _
<Yy + 171 ) (3.25)
<Ny o + 1712

forall y € H' (Q) and ¢ € E, where the first inequality follows from Cauchy-Schwarz and
Young’s inequality, and the second from Theorem 2.6.3 (Sobolev Embedding). In order to satisfy
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—_

Assumption 3.2.2 (ii), we can set ¢ := 1 and a(¢) := || 37”%2(9) for all ¢ € =, which implies
a€L®(E) c L*(E) = V. Obviously, Assumption 3.2.2 (i) and (iii) are satisfied for this choice
of J as well.

We can now define for any function J: H' (Q) XE — R the so-called Nemytskii or superposition
operator J: Y — V by J(y) := J(y(:),-) forall y € Y, ie.

T (&) = J(3(9), 5 (3.2.6)

for P-a.e. £ € E. It can be shown that, under Assumption 3.2.2, J is continuous [KS18a, Theorem
3.5] and Gateaux differentiable [KS18a, Theorem 3.9]. Furthermore, the following proposition
shows that, under additional assumptions, J is even continuously Fréchet differentiable [GKT92,
Theorem 7].

Proposition 3.2.3 (Continuous Differentiability of J)

Let g from the definition of M/ in (3.2.2) satisfy q € (2, 00). If J: H' (Q) XZ — R is Fréchet
differentiable with respect to y € H' (Q) and the Fréchet derivative J,: H' (Q) X & —
L (H' (Q),R) is a Carathéodory function and satisfies the growth condition

1730 e oy my < a® +ell vl g,

for somea € L" (E),¢ > 0,and r := %, then the Nemytskii operator J: Y — YV defined
by )
y= J(y) =J(y(),)

is continuously Freéchet differentiable.

If we revisit the example given in (3.2.4), we note that the assumptions of Proposition 3.2.3 can be
easily verified with ¢ = 4. Hence, in this case, J is in fact continuously Fréchet differentiable.

With this preparation we can now define the operator K, which was introduced in Problem 3.1.1.
LetK:=JoS: U — V with J: Y — V as defined in (3.2.6) and S: U — Y the PDE solution
mapping. An assumption, which is needed in Section 3.3 to derive the optimality condition, is
the continuous differentiability of K.

Assumption 3.2.4 (Continuous Differentiability of K)

The mapping K := J o S: U — V is at least once continuously Fréchet differentiable.

3.3 Existence and Optimality Condition

In this section, we show under which assumptions Problem 3.1.1 admits a solution within the
domain of the objective function. Afterwards, we derive an optimality condition, similarly to the
approach presented in the Master’s thesis [Ang18, Section 3.2]. The difference is that now the
formulations are more generic since we do neither require K to be linear nor U to have finite
dimension.
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3.3 Existence and Optimality Condition

Recall that the problem we consider is

min  CVaRy(K (w) + G(u). (3.3.1)

In order to show the existence of a minimizer, we have to make sure that the conditions of
Theorem 2.2.9 are satisfied. As it turns out in the following proposition, the assumptions made
in Section 3.1 are sufficient.

Proposition 3.3.1 (Existence of Solution)

If the assumptions of Section 3.1 are satisfied, then Problem 3.1.1 has a solution

L_tedom(CVaRﬁoK+G).

Proof: We want to apply Theorem 2.2.9 and thus have to satisfy its conditions, i.e. the
function F := CVaRg o K + G: U — IR needs to be proper, coercive and weakly lower
semi-continuous.

Since CVaRg(v) € R forallv € L]1P (E) [SDR14, Section 6.2.4], and G is proper according
to Assumption 3.1.2, the compound function F is proper as well.

In order to show the coercivity of F, let (u,),cv € U be a sequence with || u, ||¢y — oo as
n — oo. The boundedness of dom (G) (see Assumption 3.1.2) implies that there exists an
index N € IN such that G (u,) = coforalln > N. Since CVaRg is finite-valued, this implies
that F (u,) = oo for all n > N. Therefore, by taking the limit n — oo, we get F (u,) — o
and hence the coercivity of F.

Finally, [KS18a, Proposition 3.8] shows that F is weakly lower semi-continuous, since As-
sumption 3.2.1 and Assumption 3.2.2 are satisfied. ]

In order to derive the optimality condition, we can apply Theorem 2.3.4 (Fermat Principle) and
deduce that, if u € dom (CVaRﬁ oK+ G) is a local minimizer, it satisfies

0 € dc (CVaRg o K + G) (u). (3.3.2)

We know from Assumption 3.2.4 that K is continuously Fréchet differentiable. Furthermore,
since CVaRy is convex and lower semi-continuous, it is also locally Lipschitz continuous on
int (dom (CVaRg)), according to Proposition 2.3.2, and therefore regular at K (i1). Application of
the second part of Theorem 2.3.6 (Chain Rule) yields that CVaRg o K is regular as well. On the
other hand, G is also regular for the same reason, which is why we can use Theorem 2.3.5 (Sum
Rule) with equality, i.e.

0 € dc (CVaRg o K) (1) + acG (). (3.3.3)

Consequently, we can now apply the whole Theorem 2.3.6 (Chain Rule) with equality, yielding
0 € K'(u)"9cCVaRg (K (i) + 9cG (). (3.3.4)
If this condition is satisfied, there must be a v € V such that
—K'(u)*0 € 9G(u),
0 € dCVaRy (K(u)),

(3.3.5)
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where we have intentionally replaced dc by 9 due to the convexity and lower semi-continuity of
CVaRg and G; see [CV20, Theorem 13.8]. Now we can apply Lemma 2.2.8 to the second condition
in (3.3.5) to get the equivalent formulation
—K'(2)*5 € 3G (@),
K(u) € 8CVaR2, (),

(3.3.6)

where CVaR}, is the Fenchel conjugate of CVaRg as in Definition 2.2.6. Altogether, we have
proven the following optimality condition.

Proposition 3.3.2 (Optimality Condition)

If u € dom (CVaRﬁ oK+ G) is a local minimizer of Problem 3.1.1, then there exists v € V
such that w := (u,0) satisfies
oG(u) + K’ (u)*v

: (0C)
dCVaR’(3) - K (i)

0 € Hw) :=
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Chapter

Algorithm

In this chapter we propose a stochastic algorithm that solves Problem 3.1.1. In the first section we
describe the motivation, define the necessary notation and present the algorithm in a primal-dual
and an implicit form. The former is used for implementation whereas the latter will be the basis of
the convergence analysis. In the second section we formally introduce a randomization technique
which will accelerate the numerical computation. Based on this randomized algorithm, we prove
almost sure weak convergence under some additional assumptions in Section 4.3. Finally, we
investigate in the fourth section how these assumptions can be satisfied in the case of scalar and
deterministic step sizes.

4.1 Stochastic Primal-Dual Proximal Splitting Method

In order to motivate the structure of the algorithm, we derive an equivalent formulation of the op-
timality condition (OC), which involves proximal operators. We do this by applying Lemma 2.2.15
to (3.3.6) and therefore have to prove its assumptions, i.e. G and CVaRZ need to be proper, con-
vex, and lower semi-continuous. However, G has this properties by Assumption 3.1.2 and CVaR;
is the Fenchel Conjugate of a proper function and as such convex and lower semi-continuous
[BC17, Proposition 13.13]. Moreover, since CVaRg is convex and lower semi-continuous, CVaR’,
is proper [BC17, Theorem 13.37]. This justifies the application of Lemma 2.2.15 to (3.3.6), yield-

ing

= prox, (u — TK' (u)*2)

|

(4.1.1)

= progiaR;} (0+2K (u))

S|

with self-adjoint, strongly monotone operators T € IL. (U, U) and X € IL (V, V). This suggests
the fixed-point iteration

Uk+1 = Prox ok + 2K (ur) )

Sk (
CVaRy (4.1.2)

T
Upsr = prox s (ug — K’ (ug)*og41)

where we have used uy instead of uy,; in the first line in order to decouple the dual from the
primal update. This allows us to compute vg,; without knowing w1 in advance, thus we can
first update the dual and then the primal variable. This order was chosen deliberately since, in
this way, we can reduce the number of computationally demanding PDE solutions by a factor of
up to two. This becomes clearer after introducing the following concept.

In order to accelerate the algorithm, we will make use of what we call component-wise gradient
freezing or CGF. This term stems from the discrete case in Section 6.2, where in each iteration
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only some components of the gradient of K are updated (and therefore the PDEs only need
to be updated for a subset of samples). In the more general framework, we need to consider
projections onto subsets instead of components of a discrete gradient. Therefore, we define for
every element’ A € A (ie. A is a subset of = where (Z, A, P) is the probability space) the
functionIlg: V — V as

IT4(0) :== ya()o(+) forallo € V, (4.1.3)
ie. Ia(v)(&) = ya(&o(é) forallv € V, & € &, (4.1.4)

where y4: E — {0, 1} is the characteristic function of A. We have that I, € IL (V, V) for every
A € A and especially II4 = Idy if A = E. Furthermore, given a sequence (Ax)kew € A of
random events and a sequence (ux)rew, C U of primal iterates, we recursively define for every
k € IN the functions K: U — V and K[(-)*: U — L (V,U) by

Ri (u) =T, (K () ) + (Idy — TI4,) (Kk_l (uk_l)) , (4.15)
and K| ()" =K' (u)* oIl +K_| (ug-1)" 0 (Idy — L4, ), (4.1.6)

for every u € U, where K, := K and I%(;(-)* := K’(-)*. Note that the special case without CGF
(Le. Ax = Efor all k € IN) implies that Ky = K and K} (-)* = K’(-)" for all k € IN.

So as not to rely on some predefined, deterministic choice of the sequence (Ag)rey C A, we
want to allow for a random selection of the set Ay in each iteration k € IN. This randomization
is formalized in Section 4.2, whereas examples of the concrete choice of (Ag) ey C A are given
in Section 6.2.

With this preparation, we can now replace K and K’ in the fixed-point iterations (4.1.2) with K
and I%,’C respectively. Additionally, we add a so-called over-relaxation step in the dual variable,
which corresponds to the case 6 = 1 in [CP11a, Section 3.1]. The reason for this step lies in
the desired structure of the implicit formulation in (4.1.7). As we will see later in Lemma 4.4.8,
this allows us to make the preconditioning operator M; self-adjoint by the choice of ¥ and Tj.
Altogether, we can formulate Algorithm 4.1 with the following inputs:

« a stopping criterion tolerance of ¢ > 0;

« starting vectors uy € U and vy € V;

- initial step size operators Ty € I (U, U) and 3y € I (V,V);
« an initial index set Ay = =.

The choice of Ay = E guarantees that the recursive definition of Kj and KIQ (see (4.1.5) and
(4.1.6), respectively) makes sense for the case k = 0. It also implies that, in the first iteration, the
gradients are not frozen at all. This seems to be a reasonable start, since u; and v; will not be
influenced by the randomization this way.

After reading Algorithm 4.1, it should be clear that, by updating the dual variable first, we save
the computation of many PDEs, because Ay (which determines the subset of samples for which
the PDEs need to be updated) changes right after the computation of u (which determines the
PDEs themselves). Therefore, the PDE solution computed by calculating Ki(ux) in Line 6 can be
reused for the calculation of I%];(uk)* in Line 8. Note that we have not yet specified how the step
size operators are determined in practice. However, we show in Section 4.4 how they could be

1Due to the discrete case in Section 6.2, we also refer to A € A as the index set.
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4.1 Stochastic Primal-Dual Proximal Splitting Method

chosen in the case of scalar and deterministic step sizes to guarantee convergence. In Section 6.1,
we present a concrete choice of these step sizes in practice.

Algorithm 4.1 (Primal-Dual Formulation)

1 Initialize k := 0.

2 repeat

3 if k > 1 then

4 Randomly select A; € A.

5 end

6 | Oks1:= PYOX?{,aRZ (Uk + K (uk))

7 | Oke1 = 20k41 — Uk

8 | Ups = proxs (uk — Tk}, (we)* 5k+1)

9 Determine step size operators Try; € L (U, U) and Jpyq € L (V,V).

10 Update k < k + 1.

11 until [[ux —up_q ||y < eand ||ox —ovg_q ||q <&

Due to the properties of CVaRg and the assumptions from Chapter 3, we can already prove that
the sequence of variables generated by Algorithm 4.1 is bounded.

Lemma 4.1.1 (Boundedness of Primal and Dual Variables)

Let the sequence ((uk, vk))gen, € U X V be generated by Algorithm 4.1. For allu € U
and v € V there exist radii R¢;, Ry > 0 such that

U € IBR(U (L_l) and o € IBR(V (5)

for all kK € IN.

Proof: Letu € U and v € V. Since Assumption 3.1.2 states that the domain of G is
bounded, we know that dom (G) C Bg,, () for a radius Ry > 0. Furthermore, it follows
immediately from Definition 2.2.14 that proxg‘ (U) c dom (G) for all k € INy. Thus,
together with Line 8 of Algorithm 4.1, we conclude that u; € Bg,, (1) for all k € IN.

Analogously, we can prove that there exist Ry > 0 such that v € Bg,, (v) for all k € IN.
The only condition we need to show for this is that the domain of CVaR7, (see Line 6 of
Algorithm 4.1) is bounded as well. This property follows directly from the representa-
tion CVaRZ = Jp with the bounded set A defined in Lemma 2.5.12, which implies that

dom(CVaRZ,) =dom (8p) = A is indeed bounded. O

Note that, if the starting vectors uy and v, are chosen adequately, the assertion even holds for all
ke ]N().
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The proof of convergence of Algorithm 4.1 in Section 4.3 will be based on the proximal point
method [CV20, Section 8.1]. Therefore, we need to equivalently reformulate the above algorithm
to an implicit form. The goal is to write Lines 6 to 8 of Algorithm 4.1 like

0 € WiH (Wiy1) + D (Wig1) + My (Wi1 — W), (4.1.7)

for all k € IN,, where
o wr = (up, o) €W :=UXYV,
o Wi € L (‘W, W) is the step size operator,
o H: W =3 W stems from the optimality condition (OC),
* Di: W — W is the so-called discrepancy function, and
o My € I ("W, W) is the preconditioning operator.

We fix k € INy and start with Line 6 of Algorithm 4.1. This equation is, by Definition 2.2.14 of the
proximal operator and equation (2.2.11), equivalent to

—1 n
Vg1 = (qu/ + ZkaCVaRZ) (Uk + 21K (uk)) s (4.1.8)
which can be rearranged to

ZkaCVaRZ (Vk41) — ZkKk (ug) + vgy1 — 0 = 0. (4.1.9)

We now add and subtract the term X [K (ug+1) — K (ur) — K’ (ug) (ug+1 — ug)] to get

~H ~ DIQIN

2k |9CVaRy (vg41) — K (uk+1)] + 2k [K (tpes1) = K (ug) = K (u) (tgsr — ug)]

+ Sk [K (uk) = Kie (i) | + 24K’ (uge) (tgesr — k) +0ga1 — 0 = 0, (4.1.10)

> DgGF My

The squiggly arrow annotations at the curly brackets indicate into which function definition the
respective term will enter. Since these functions will be defined later, this annotations can be
ignored for the moment.

We now consider Lines 7 to 8 of Algorithm 4.1. Analogously to (4.1.8), we have

U1 = (Idgy + T0G) ™! (uk - T;J%,i (ur)™ (20841 — vk)) , (4.1.11)
which is equivalent to
TedG (ups1) + TiK], (k)" (20841 — 0%) + Uges — ug = 0. (4.1.12)

Addition and subtraction of Tj [K’ (Uger1) " V1 + K (ug)™ (20541 — Uk)] yields
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4.1 Stochastic Primal-Dual Proximal Splitting Method

LIN
~»H M/}Dk

Tk [aG (tgs1) + K (ups1)” Z’k+1] + Tk [K, ()" - K’ (uk+1)*] Uk+1

+ T Ky (w)* = K (w)*] (2041 — 0%) + TeK” (ug)* (01 — 0k) + Ujer — U = 0. (4.1.13)

~ D’gGF oMy

Now we can use equations (4.1.10) and (4.1.13) to define the functions of the desired inclusion in
(4.1.7):

+ The step size operator on the product space ‘W is simply defined as

T. 0
W = eL (W, W), (4.1.14)

0 3
where Ty € L (U, U) and i € L (V,V) are the step size operators of Algorithm 4.1.

« We already know the function H from the optimality condition in (OC):

dG(u) + K'(u)*v
H(w) = for all w := (u,0) € W. (4.1.15)
6CVaR;}(v) - K(u)

« The discrepancy function Dy, := Dﬁm +D,fGF is divided into two parts. For all w := (u,v) €
W, the discrepancy from linearization is

DN (w) = Tic [K* ()" = K" ([ o , (4.1.16)
Sk [K (u) = K (ur) — K’ (uk) (v — ug)]

and the discrepancy from CGF is

T [K} (u)” = K’ (wg)"] (20 = o)

D" (w) = .
Sk [K (ug) = Kie (ug) |

(4.1.17)

This is indeed a reasonable definition since, on the one hand, if K is linear, we have that
K’ = K and therefore Dim (w) = 0forall w € W and all k € IN. On the other hand,
if we do not employ component-wise gradient freezing (i.e. Ay = = for all k € IN), the
definitions (4.1.5) and (4.1.6) imply Kx = K and K{(1)* = K’(u)* for all u € U and all
k € IN. Therefore, in this case we have D,fGF (w) =0forallw e W.

« The preconditioning operator is given by

dy  TK (u)*

My = (4.1.18)

iK' (ug) Idey

Therefore, the following implicit formulation is, by construction, equivalent to Algorithm 4.1,
where Lines 6 to 8 have been replaced by (4.1.7).
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Algorithm 4.2 (Implicit Formulation)

1 Initialize k := 0.

2 repeat

3 if k > 1 then

4 Randomly select Ay € A.

5 end

6 Find wiy; € W satisfying 0 € Wi H(Wi41) + D (Wi1) + M (Wra1 — Wi).

7 Determine step size operator Wi,y € I (W, W).

8 Update k « k + 1.

o until ||ug —up—1|l¢y < eand ||og —vp_1 ||y < €

4.2 Randomization

Recall the subdifferential inclusion (4.1.7)
0 € WiH (Wgy1) + Di (Wig1) + Mg (wiyr —wi)  forall k € IN, (4.2.1)

for a sequence (wi)re, € W. In order to simplify the notation, we define for all k € N, the
mapping Hi: ‘W =3 W as i
Hi(w) := WiH (w) + Dg (w) (4.2.2)

for all w € ‘W. Thus, (4.2.1) is equivalent to
0 € Hi (Wea1) + My (Wi — w)  for all k € IN,. (4.2.3)

Since the set Ay € A is selected randomly at each iteration k € IN of Algorithm 4.2, the inclusion
(4.2.3) has to hold P-almost surely. Therefore, we consider the randomized inclusion

0€ I:I;C (Wgs1) + Mg (Wigr — wi)  P-as. forall k € IN, (RI)

where the probability measure P has not yet been defined. To make up for this, let (©, 7, P) be
a probability space where E (- | 8) denotes the conditional expectation given 8 C ¥ (see Def-
inition 2.5.4). From now on, we use Ay to denote a random variable on (O, ¥, P) with values
in A. Since A is involved in the definition (4.1.17) of DEGF , Dy is a random variable as well.
Furthermore, we assume that the step size operator Wy, is a random variable because we want
to keep the possibility to make it dependent on previous iterations. The definition (4.1.18) di-
rectly implies that My and consequently wy,; are random variables as well. In order to properly
describe the information available in each iteration, we will use a filtration as introduced in Defi-
nition 2.5.5. The following definition summarizes the conditions under which we have a filtration
& = (Fi)ken, such that F models all the information available before commencing iteration k
of Algorithm 4.2 (i.e. before the random selection of Ay € A).
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Definition 4.2.1 (Compatible Filtration)

Let § = (Fr)ren, be a filtration with 7y == 71 := {©,0}, and (wi)gen, € R (F, W)
a solution to (RI). We call § a compatible filtration if, for every k € IN with k > 2, ¥ is
the smallest o-algebra such that the following random variables are F;-measurable for all

i€e{2...,k}:

Ai1: 0 > A,

Di-1:® = {f: W —> W},
W;: ©@ > L(W, W),
M;i:© > L(W, W),
wi: @ —> W.

We have omitted the indices i € {0, 1} here, because the first random selection of Ay € A takes
place in iteration k = 1. Thus, every random variable used before is actually not random at all,
since it depends only on the input of the algorithm. Also note that we slightly abuse the notation
and do not explicitly mention the dependence on the probability space, for example the mapping
(Mie(+)) (Wie1 () = wie (1)) : © — W s just denoted by My (g1 — wi).

4.3 Weak Convergence

In this section, we present a convergence proof of Algorithm 4.2 based on the ideas in [Val18] and
[CMV19]. The first subsection deals with an abstract convergence result that is not specific to
this particular algorithm. However, it clearly has a structure we will be able to exploit later. Since
the so-called stochastic quasi-Fejér monotonicity is crucial for the proof, we present a sufficient
condition for this property in the second subsection. Finally, in the third subsection, we derive
estimates that are tailored to the algorithm such that we have a more tractable formulation of
the abstract result from the first subsection.

4.3.1 Abstract Proof

For the proof of convergence, we want to adopt the idea in [VP17] of testing the subdifferential
inclusion (RI) by a linear operator, as described in [Val18]. It requires us to use the weighted
norm we introduced in Definition 2.2.12. The following assumption summarizes the required
properties which guarantee that the weighted norm is indeed a norm.

Assumption 4.3.1

Let § = (Fx)ren, be a filtration and (Rg)jcn, 2 sequence of random variables such that
Ry € R (Fi, L (W, W)) for all k € IN;. We assume that there exist ® € Fland ¢ # 0
such that, for all 8 € ®’ and all k € Ny, the following holds:

(i) Rr(0) is self-adjoint;

(i) Rx(0) > £Idqy.
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Note that Assumption 4.3.1 (ii) especially implies the positive definiteness of Ri(6). In the fol-
lowing, we will focus on real-valued, non-negative random variables, and therefore define

L (F) = {(x1) ke, | Xk € R (Fr, [0,00)) for all k € Ny} (4.3.1)
and
(g = {(xk)ke]NO €L(F| D) xk <o P—a.s.} (4.3.2)
kelN,

for all p € (0, ) and a filtration & = (F¢)xcn,- Now, we first present a lemma that shows under
which conditions a sequence of non-negative random variables converges P-a.s. It stems from
[CP15, Lemma 2.2] and was first proven in [RS71, Theorem 1].

Lemma 4.3.2 (Robbins-Siegmund)

Let § := (Fi)ken, be a filtration. Let further (ax)ien,, (Fk)ken, € L (&) and
(M) ke, » (XK ken, € I1 (%) such that

E(aks1 | Fi) + 9 < (1+ xi) ax +n - P-as.
for all k € INy. Then (9 )gen, € I1 (%) and there exists an @ € R (F, [0, o)) such that

o — a P-as.

From now on, let W ((xx)xc1y,) denote the set of all weak accumulation points of the sequence
(k) ke, € W. The following proposition is an extension of parts of [CP15, Proposition 2.3] that
enables us to use the weighted, stochastic norm || - [|[g, with Ry € R (F, L (W, W)). Moreover,
the right-hand side of the inequality in Proposition 4.3.3 (ii) additionally contains the term A (z),
which will be helpful when estimating the discrepancy resulting from CGF. The proof is almost
identical to [CP15] but does not require the subset of ‘W to be closed.

Proposition 4.3.3 (Weak Convergence)

Let Z C ‘W be non-empty and (wi ey, € R (F, W) a sequence of random variables.
Let (Ri)ken, satisfy Assumption 4.3.1. We define the filtration § := (Fx)ren, € F such
that wr and Ry are Fi-measurable for all k € IN,. We further assume that

i) 3C € R such that || R || < C? P-as. forall k € IN;
(i) L(W, W)

(ii) for every z € Z there exist sequences (Ar(2))gen, € L (§) and (A4 (2))ren, €
I1 (%) such that the so-called stochastic quasi-Fejér monotonicity

1 2
~E (Wi = 211,

1
Ti) + Bk(2) < 5w =z, +Aa(2)

holds P-a.s. for all k € INy;

(i) W ((wWi)gen,) © £ P-as., ie. there exists © € ¥ such that MW ((wk(9))k€]N0) cZ
forall 0 € ©;
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4.3 Weak Convergence

(iv) there exists 0 e F1 such that, for all 0 € (:)’, there is a linear operator R (6) €
L (W, W) satistying

Ry (O)w = Ro(O)w as k — oo

for all w € W and every weakly convergent subsequence (wy, (6)), eNy-

Then there exists W € R (¥, Z) such that wy — w P-a.s. as k — oo.

Proof:

Step 1

Step 2

We divide the proof into three steps.
P-a.s.-boundedness of (wi) ke, -

Let z € Z be fixed. If we employ Lemma 4.3.2 with yx(8) = 0 for all € O,
Ik = Ak(2), ik = Ak(2), and o = % || we — z ||§k, we deduce from condition (ii)
that there exists & € R (F, [0, 00)) such that

1
2 || we — 2z ||§3k — a P-as. (4.3.3)

Thus, the sequence (|| Wg — 2z lezk)k N is bounded P-a.s. and so is (wg)jen, due to
0

S
Assumption 4.3.1 (ii), i.e. there exists ®" € 1 such that (Wi (0)) ke, is bounded

forall € @,
Construction of ©.

Analogously to the proof of [CP15, Proposition 2.3 (ii)], one can easily show that
we can omit the squaring and the multiplication by % in (4.3.3) and still get P-a.s.-
convergence, i.e.

VzeZ 30,7, a, € R(F,[0,00)) st

| we(0) — 2 ||lg, (o) — @(0) foralld € ®,. (43.4)

Since ‘W is separable, we can find a countable subset Y C Z such thatcl (¥) > Z.
Now let
0:=0'n ( M @Z), (4.3.5)
zelY

where ©' stems from Assumption 4.3.1 and ensures that || - [|g, () is indeed a norm
for every k € INy and 6 € ©. It follows from the countability of V/ that

P(@)=1-P(@°)=1-P

@’Cu(U@;)

zely

(4.3.6)

>1-P(@)- > P(€) =1,
zelY

which implies that P((:)) =1,ie. ® € FL.

Let now z € Z be fixed. The goal is to show convergence of || wi(0) — z[|g, (9),
where 0 stems from the more general © instead of a specific ©, as in (4.3.4). Since
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cl(Y) > Z, there exists a sequence (z,),cy, € Y such that z, — z. If we apply
(4.3.4) to every element of this sequence, we conclude that there exists for every
n € INy a random variable «, € R (F, [0, >)) such that

| Wi () = zn [[r,(0) = @n(0) (4.3.7)

for all 0 € © as k — co. Since || - |k, () is @ norm for all k € INg and 0 € ©, we can
apply the usual triangle inequality to get

—llzn = z g0y < 1wk (0) = 2 llg,.9) — | Wk (0) — zn IR, 0)
(4.3.8)

< |l zn = zllg.(0)

for all n € INy. According to condition (i), we have

20 = 2 llge0) < IREO) o) 120 = 2llay < Cllzn—zllay  (43.9)
foralln € Ng,k € N,and 0 € ©. Therefore, (4.3.8) implies

~Cllzn = zllay < | wi(0) = zllg,0) — | W (0) = zn IR, (o)
(4.3.10)
<Cllzn—2zllqy-

Applying lim infy_,. and lim sup,_,, on the middle part of the inequality yields

~Cllzn=zllay < liminf (1 e(0) = 2llgy ) ~ W (0) = 20 gy o)

(4.3.7),. .
i nf (| wi(0) = 2 g, o)) = @n(0)

< limsup (|| we(6) = 2 llg,(6)) — @n(9) (43.11)

k—o0

(4.3.7),.
=t sup (1| wi(0) = 2 lg, 5) — 19e(60) = 20 I o)

k—o0

<Cllzn—zllqy
for all n € IN,. Hence, taking the limit n — oo, we obtain that

Jlim [ wie(6) = zllg,) = lim @ (0) (4.3.12)

for all @ € ©, ie. the sequence (|| wi(0) — z ||Rk(9))k N converges. We also have
€llNg

that lim,,_, @, (0) < oo because otherwise, (4.3.12) and (4.3.11) would imply that
Cllzn — zl||lqy = oo for all n € INy. The improvement compared to (4.3.4) is the
changed order of quantifiers:

0 eF! VzeZ Fa, e R(F,[0,0)) st

| wi(0) = zllg 9y = @z(6) foralld € ©. (4.3.13)
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4.3 Weak Convergence

Step 3 Convergence of (wi)ien,-

-

Let ® and @ be defined as in conditions (iii) and (iv) of this proposition, ® as
defined in Step 1, and © as constructed in Step 2. Let

0cd=0n0 N0 Nd (4.3.14)

be fixed. According to [BC17, Lemma 2.46], (wk(0))kcny, converges weakly if
and only if it is bounded and possesses at most one weak accumulation point.
Since the boundedness of (wi(6))xc, Was already shown in Step 1, it suffices
to show that all weak accumulation points coincide. Therefore, let w(60), w’ () €
W ((wi(0))ren,) be two weak accumulation points of (wx (6))xc,, i-e.

Wy, (0) = w :=w(0) (4.3.15)

and  wy, (0) = W' =W (0) (4.3.16)
as k — oo. Because of condition (iii), we know that w, w’ € Z. Therefore, we can

apply (4.3.13) to see that (|| wi(6) — w ||Rk(9))k€mo and (|| wie(6) = ' ||, (9))k€]NO

converge. Since

— = 1. Ly— 2
(Wk(e)’w -w >Rk(0) D) I w HRk(O) + 5 ” w ||Rk(e)
1 2 1 — 2
= 5 H wir(0) —w ”Rk(9) - 5 | wi (0) —w ”Rk(G) , (43.17)
the left-hand side must also converge, say

— = 1. _ 9 T2
(wi(0), w — w >Rk(9) -3 1w 15, (0) + 5 (| ||Rk(9) —pelR (4.3.18)
as k — oo. The weak convergence of the subsequence wy, () — w together with

the strong convergence of the operator in condition (iv), i.e. Ry, (0)w — Reo(0)w
for all w € ‘W, imply that

2
Ruy, (0)

j— — 1 A 1 w
<Wnk(9),w -w >Rnk(9) 3 [l w ||123nk(9) + 2 H w

_ _ _, 1, _ 1,_,
— <w,w - w >Rm(9) -3 || w ||§m(9) + > ”w ||;m(9) (4.3.19)

as k — oco. Since we have shown in (4.3.18) that the whole sequence converges, it
follows that

_ _ o, 1, _ 1,_,
p= (w,w -w >Rm(0) -3 || w ||fem(9) + > || w ”12200(9) . (4.3.20)

Analogously, by considering the subsequence wy, (6) — W', we get

—r = =7 1, 1 —
p= (w W —w >Rw(9) -3 || w “12‘?00(9) + 2 ||w ”12?00(0) . (4.3.21)
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Subtracting (4.3.21) from (4.3.20) yields

0=(w-w,w-w) =||w-

Ru(6) = (4.3.22)

12
w ”Rw(e)

and therefore W = W', since Assumption 4.3.1 (ii) implies the positive definiteness
of Ry (8). The measurability of w: ® — Z follows from [Pet38, Corollary 1.13]

and since P (é)) =1, we conclude that wy — w € R (F,ZZ) P-as.ask —> co. O

4.3.2 Stochastic Quasi-Fejér Monotonicity

The aforementioned testing approach adapted from [VP17] requires us to multiply the inclusion
(RI) by a testing operator Z; € L (W, W) for every k € INo, which is, in this case, also a
random variable. The resulting product ZyM; € R (F, L (W, W)) will take the place of the
operator Ry in Proposition 4.3.3. Therefore, a sufficient condition for the stochastic quasi-Fejér
monotonicity

1 1
SE(Ilwen =2 I, | F5) + A2 < 5 w2, + Aa(2)

in Proposition 4.3.3 (ii) will be helpful when it comes to verifying the assumptions of the proposi-
tion. The following lemma is a result of applying the conditional expectation to [Val18, Theorem
2.1] and adding the term Ag. Consequently, the presented proof is almost identical to the original
one.

Lemma 4.3.4

Let (RI) be solvable for a sequence (wi)xenw, € R (F, W). Let further § be a compatible
filtration as in Definition 4.2.1 and (Z) e, € I (W, ‘W) a sequence of testing operators.
If, for all k € INy, Zx My is self-adjoint P-a.s. and the condition

E (<I:Ik (Wk+1) > W1 — Z>Zk ’ﬂ) + Ak

1

1
~E (11 Wit =2 W - zenn, | F) = 5E (s = i I, | F5) + B ECD)

v

is satisfied P-a.s. for some z € W, (Ap)ren, € I+ (F), and (A)ren, € I (&), then the
so-called stochastic quasi-Fejér monotonicity

1 1
~E (1wt =2 Wy | F) + Bk < S i = 2 1, + (SQF)

holds P-a.s.

Proof: Let k € INy be fixed. Inserting (RI) into (ECI) yields

— E ((Wks1 — Wk, Wit — Z) Z My |ﬂ) + Ak

\%

1 1
> 2 (Wi = 21 - zomn | F) = 5E (I1wkes = wic g, | F5) + A (@3.23)
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4.3 Weak Convergence

P-a.s. Together with the three-point version of Pythagoras’ identity

(Wis1 — Wi, Wie1 — Z>ZkMk
1 2 1 2 1 2
= 5 | Wis1 — Wi ”ZkMk - 5 | wi — 2 ”ZkMk + E | i1 — 2 ||ZkMk , (43.24)

we conclude that (4.3.23) is equivalent to

1 1 1
= S (lwkes = wic I, [ F5) + 5 1w = 2 W g, = 5 (1 Wi =2 W | ) +
1 2 1 2
> (Ilwies =2 e | 7] = 5E (ks = 2150, | 75
) (4.3.25)
- 5E (|| Wis1 = Wi |2 m, |5L7<) + A
P-a.s. After rearranging, we can easily see that this is equivalent to (SQF). O

In order to better understand the motivation for using the testing approach, we apply, under the
assumptions of Lemma 4.3.4, the expectation to (SQF), which yields

1 1
ZE (W =2l g ) +E A0 < SE(Ilwi =220 ) +EGO) (4320)
P-a.s. for all k € IN;. If we sum over all k € {0,..., N — 1} with some N € IN, we get

N-—

1
SE (Il =210 ) < SE (w0 =2 1) + 5 E (R0, (43.27)
k=0

—_
—_

[\

where we have used Ay > 0 due to the assumption that (Ag)ken, € L+ (&). Furthermore, since
(A ken, € I1 (F), we know that there exists a constant C € [0, o) such that

D& =C P-as. (4.3.28)
k=1

Applying the expectation together with the theorem of monotone convergence [Kle13, Theorem

4.20] implies that
N-1
E(A) /' C P-as. (4.3.29)
k=1

as N — oo. Hence, it follows from (4.3.27) that

1 1
“E(Ilwy =210 ) < 5E (w0 = 2112, ) +C (4.3.30)

P-a.s. We can see that the operator ZyMy forms a local metric which measures how close the
iterates wy are to a solution z. Therefore, the goal is to choose the step size and testing operators
such that ZyMy grows fast as N — co. In fact, we have the following result showing under
which circumstances we obtain a convergence rate in the sense of mean convergence as in [Kle13,
Definition 6.8]. It is adapted from [Val18, Proposition 2.4].
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Proposition 4.3.5 (Convergence Rate in Expectation)

Under the assumptions of Lemma 4.3.4, assume that ZyMy > p(N)Idqy P-a.s. for all
N € IN and an increasing function p: IN — [0, 00) with limy_,c (N) = co. Then

E(lle—z||§W) —0

at the rate O (1/p(N)) as N — co.

Proof: Let N € IN. The inequality (4.3.30) together with the definition of the weighted
inner product (2.2.5) implies

E( (ZNMy (W = 2), Wy — 2)ay ) <E (|| wo — 2 ||ZZOMO) +20=C, (4.3.31)

and since ZyMy > p (N) Idqy P-a.s., we have

E (||l w -z ]fy) < u(CN). (4.3.32)

Taking the limit N — co concludes the proof. m]

4.3.3 Convergence to Optimal Solution

The following proposition shows under which specific condition on A, together with some other
assumptions, the iterates of (RI) not only converge weakly to some limit, but to an optimal solu-
tion of Problem 3.1.1. It is basically a reformulation of [CMV 19, Proposition 2.2].

Theorem 4.3.6 (Weak Convergence to Optimal Solution)

Let (RI) be solvable for a sequence (wx) e, € R (F, W). Let further & be a compatible fil-
tration as in Definition 4.2.1, Z ¢ H~'(0) anon-empty subset, and (Zi ), € L (W, W)
a sequence of testing operators. We assume that

(i) Ry := ZyMy satisfies Assumption 4.3.1 for all k € INy;

(ii) 3C € R such that || Zy M ||, w) < C? P-a.s. for all k € IN;

(1ii) 35 > 0 such that, for all z € Z, there exist sequences (Ax(2))ien, € L+ (&) and
(A (2)) ke, € Ii (§) satisfying (ECI) with

A

o)
Ar(z) 2 EE (|| Wit — W 12, |9"7<) P-a.s.

for all k € INg;

(iv) if Zx My (Wie1 — wi) — 0 P-as. as k — oo, then every weak accumulation point of
(Wi)ken, is P-a.s.in Z, ie.

W ((wie(0))gen,) € <

for all 6 € © and some © € F1;
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(v) there exists 0 e F1 such that, for all 0 € (:)’, there is a linear operator R (6) €
L (W, W) satistying

ZnMp, (O)w — Ro()w as k — oo

for all w € W and every weakly convergent subsequence (wp, (6)), .-

Then wp — w P-a.s. as k — oo for some w € R (F, ).

Proof: We want to use Proposition 4.3.3 with Z = H~1(0) and Ry := Z; My for all k € IN,.
Therefore, we need to prove its assumptions.

First of all, condition (i) guarantees that Assumption 4.3.1 is true and Proposition 4.3.3 (i)
is equivalent to Theorem 4.3.6 (ii). Condition (iii) and Lemma 4.3.4 imply that (SQF) holds
for all z € Z, which verifies Proposition 4.3.3 (ii). Since Proposition 4.3.3 (iv) is equivalent
to Theorem 4.3.6 (v), it only remains to show that ¥ ((wx)zc,) € Z P-a.s. But we have
already seen that (SQF) holds for all z € Z, so we can employ Lemma 4.3.2 with y; = 0,
Ik = A (2), i = Ak(2) and o = % || we — z ||ZZkMk, yielding (Ak)ren, € It (&), ie.

ﬁ) < Z Ar(z) < 00 P-as, (4.3.33)

6 2
Z E P | W1 — wie “ZkMk
kEINO

kE]No

where the first part of the inequality stems from condition (iii). If we now apply the ex-
pectation together with [Kle13, Theorem 5.3 (vi)], we see that

5
> E (5 | Wies1 — wie IIZZkMk) < oo (4.3.34)
kE]N()

It follows from [Kle13, Theorem 6.12 (i)] that

s

2 | West = wi 15,0, = 0 P-as. (4.3.35)
as k — oo. Since Z; My is P-a.s. self-adjoint and positive (semi-)definite for every k € Ny,

there exists a self-adjoint and positive semi-definite Qx € R (7, L (W, W)) such that
Q7 = Qk © Qk = ZxMy [Rud91, Theorem 12.33]. It follows from (4.3.35) that

| Ok (Wie1 — wi) I3y = 0 P-as,, (4.3.36)
and together with the Cauchy-Schwarz inequality we get
| ZeMic (Wier = wid) 115y = (QF © Ok (Wie1 = Wi) » Ok (Wi1 — Wi) )y
<1 Q% Il capwry I @k (Wir = wie) 113, (43.37)
< C I Qk (Wi —wi) [l — 0 Pas,

as k — oo, where we have used condition (ii) for the last inequality. ’Iherefo_re, there exists
© € F! such that Z; My (0) (wis1(0) — wi(0)) — 0 as k — oo for all @ € ©. This verifies
the assumption in (iv), thus the inclusion W ((wi)cn,) € Z holds P-ass. m
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4.4 Scalar and Deterministic Step Sizes

In this section, we examine how the conditions of Theorem 4.3.6 can be satisfied in the case of
scalar and deterministic step sizes. The goal is to develop assumptions that are easier to verify
than those in the previous section. After stating some of these assumptions in the first subsec-
tion, we show that they enable us to prove that the central inequality (ECI) holds. In the third
subsection, we summarize the results into a theorem proving the almost sure weak (and under
additional assumptions global) convergence of Algorithm 4.1. Since this requires the primal iter-
ates to stay inside a neighborhood where the fundamental assumptions are satisfied, we conclude
with a technical result that could help proving this condition.

4.4.1 Fundamental Assumptions

In the following, we need a few fundamental assumptions, which are almost identical to [CMV 19,
Section 3.1]. First of all, we already require by Assumption 3.2.4 that K is continuously Fréchet
differentiable. This can be used analogously to [CV20, Lemma 2.11] to show that K is locally
Lipschitz continuous. In fact, since K': U — L (U, V) is continuous, we can find for a given
u € U a constant § > 0 such that

1K' () = K’ (@) llp gy < 1 (44.1)
for all u € Bs (). This inequality implies
1K (W) Iz < 1+ 1K (@) e (4.4.2)
for all u € Bs (i), and together with the mean value theorem [DM13, Theorem 3.2.7] we get

1K@ =K @)y < sup (1K@ =) g = o
tel0,1
(4.4.3)
< (141K @ lpcar ) e =o' Nl

for all u,u’ € Bs (1), since v’ +t (u —u’) € Bs (u) as well. This justifies the following defini-
tion.

Definition 4.4.1 (Locally Lipschitz K)

For a given i € U, let Uy, be a neighborhood of # such that
L=1+[K" (@) llp(z,)
is the Lipschitz constant of K on U}, i.e.
1 K(u) K @) ly < LlJu—u"|lg

for all u,u’ € Uy,

In addition, we need the following local property of the Fréchet derivative K.
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Assumption 4.4.2 (Locally Lipschitz K’)

For a given i € U, there exist a constant L’ > 0 and a neighborhood UZ of # such that

” Kl(u) -K (u') ”]L(‘ZI,(V) < L ” u—u’ ”"LI

forall u,u’ € (Llf(

Analogously to the reasoning preceding Definition 4.4.1, one can easily see that Assumption 4.4.2
is satisfied for every twice continuously differentiable K: ¢4 — V. Before stating the next
assumption, we derive a property which will be useful later. It follows from Assumption 4.4.2
together with the mean value theorem [DM13, Theorem 3.2.6]. The latter implies that

1
K (@) = K(u) + K’ () (i — u) + / (K'(u +t(i-u)) - K'(u)) (i —u) dt (4.4.4)
0
for all u,u € U. Applying the Cauchy-Schwarz inequality as well as Assumption 4.4.2 yields
(K (@) = K(u) = K'(u) (u —u),0)

1
< / 1K (a1 (@ =) K@) a1 ullag dt [0 [l
0

’

= 2
< Zla-ullyllolly

(4.4.5)

forall u,u € (LIIZ< and v € V. If we now choose v := K (u) — K(u) — K’ (u) (u — u), we get the
desired inequality

’

1K @ - K@) =K @) @l < S 1Tl (446

Since we know from the beginning of Section 4.1 that CVaRE is convex, we also know that
dCVaR’, is a monotone operator. Similarly, dG is monotone due to the postulated convexity
of G. However, G can also be strongly convex and hence oG strongly monotone, according to
Lemma 2.2.11. This case is addressed in the following assumption, where we use a local version
of strong monotonicity.

Assumption 4.4.3 (Monotone JG)

For given u € U and 0 € V, there exist a constant yg > 0 and a neighborhood U of u
such that 9G is strongly monotone with factor yg at u for z := —=K’ (u)* 0, i.e.

(z—zu—-u)yy > Yc ||u—ﬁ||?u forallu € Ug, z € IG(u).

Here, strong monotonicity with factor ys = 0 just means monotonicity, which is compliant
with Definition 2.2.10.

Since CVaR; is not strongly convex and therefore 6CVaR;; not strongly monotone, we do not
need to assume anything regarding dCVaR’, here. However, if G is strongly monotone, we might
be able to accelerate the algorithm as in [CMV19] by using a factor jg, which is introduced in
the following assumption.

51



4 Algorithm

Assumption 4.4.4

For givenu € U, v € V,and yg > j > 0, there exist a constant yq; > 0 and a neighbor-
hood U;, of i such that

(Y6 —7¥6) llu—ullg, + (K" (w) ~ K" (@) ) (u~1u),0), = yulu-iully

forallu € Us N (LI?(

Note that this assumption trivially holds if K is linear. In general, Assumption 4.4.3 and Assump-
tion 4.4.4 imply that

(z—zu—-iyq+ (KW' -K (@) 0,u—-iu), = yullu-illy (4.4.7)

forallu € Us N U and z € dG(u). According to Definition 2.2.10, this is equivalent to (a
local version of) the strong monotonicity of the set-valued mapping G + K'(-)*0: U =3 U.
On the other hand, if the mapping U > u — G(u) + (v, K(u)), is (locally) strongly convex,
Lemma 2.2.11 also implies the local strong monotonicity of dG + K’ (-)*0. Hence, taking a look at
the saddle-point formulation in Problem 3.1.3, one can see that Assumption 4.4.4 acts as a local
convexity assumption similar to sufficient second-order conditions; see [CMV 19, p. 8].

Furthermore, it is a simplification of the so-called three-point condition, which is a combination
of a smoothness estimate of K as well as a second-order growth condition. It is introduced in the
following lemma, which is a simplified version of [CMV19, Proposition 3.2].

Lemma 4.4.5 (Three-Point Condition on K)

Suppose Assumption 4.4.2 (Locally Lipschitz K), Assumption 4.4.3 (Monotone 9G), and
Assumption 4.4.4 hold. Then, the following three-point condition is true for all u,u’ €
UENU} and & > 0:

(K" () =K (@) 0,u—u),+ (yc - o) lu—ill3
(L)?
4¢

2 _
llu = llg 15115 -

> (yu— ) lu—ullg, -

Proof: Letu,u’ € UzNU 13( be arbitrary and denote by A the left-hand side of the inequal-
ity to be proven. Applying Assumption 4.4.4 as well as the Cauchy-Schwarz inequality
yields

A=((K W) -K @) au-iu),+(yc—c) lu-illy
> yy llu—ully, - (K'(w) - K (u)) (u—-1),3),, (4.4.8)

> ya llu—allg, = 1K' (w) =K @) g e =allg 131l

If we now use Assumption 4.4.2 and the scaled version of Young’s inequality, which is also
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referred to as Peter-Paul inequality, we get

- 112 — —_
Azyyllu—ully —Lllu—ullgllu-ullylloly

) 12,15 )2 a2
4§ u u u 0 v

for any ¢ > 0, which concludes the proof. O

> (yu 8 lu—ullg, -

In a final step, we want to combine all the defined neighborhoods into one definition.

Assumption 4.4.6 (Desired Ball)

For given u € U and 0 € V, let U}, (Llf( and Ug be the neighborhoods as defined
in Definition 4.4.1, Assumption 4.4.2, and Assumption 4.4.3, respectively. For ys from
Assumption 4.4.3 and an arbitrary jg € [0, yg], let further U be the neighborhood as in
Assumption 4.4.4. Let pqy (1) € [0, 0] be a radius such that B, ) (u) C (Ll}( N (L(IZ( N

‘LIIE"( N Ug. We define the desired ball B (u,0) C U as
B (4,0) = B, @) (4)

and assume that it is non-empty.

Note that, since 8B (1, 0) is closed and convex, it is also weakly closed [CV20, Lemma 1.10].

4.4.2 Satisfaction of Central Inequality

In this subsection we formulate estimates which guarantee that the inequality (ECI) holds in the
case of scalar and deterministic step sizes. For this purpose, we develop explicit bounds on the
step size and testing operators, which also require that the iterates stay in a neighborhood of the
critical point. First, we assume that the step size operator defined in (4.1.14) takes the form

i Idgy 0
Wy = eL (W, W) (4.4.10)
0 oldy

for all k € IN with 7, o € (0, 00), i.e. Ty := 1;Idq; and 3 := old. Consequently, the previously
defined testing operator becomes

g 0
7 R €L (W, W) (4.4.11)

0 Yldy

for all k € INy with ¢k, ¥ € (0,0). Note that o and ¢ are intentionally written without index k
because they are not supposed to change. Multiplying the preconditioning operator My by Zx
yields
kIdqy Tk K’ (ug)”
A onK ()™} L (W W) (4.4.12)
Yok’ (u) Yldy

for all k € IN. The following assumption specifies some relationships between the step size and
testing operators.
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Assumption 4.4.7 (Step-Size-Testing-Relation)

Let 6 > 0,k € (0,1), and > 0. We require that the following relationships hold for all
k e IN():

(i) ek =yYo=n
(i) @re1 = @ (1+2y67%)

(iii) (1-x)Idy > orxK’ (ug) o K’ (ug)* P-as.

An example of possible step size choices satisfying this assumption is presented in Section 6.1.
Note that a sufficient condition to satisfy Assumption 4.4.7 (iii) is

ot || K (uie) I gqppy <1 P-as. (4.4.13)

In this case, we can find a ¥ € (0, 1) such that
’ * 12 ’ 2 1-x
I K (ux) H]L(’V,(LI) = || K" (ux) ||]L(ru,q/) < 0'_1'k P-a.s., (4.4.14)
and since || K’ (ux)*v ||§u < || K’ (ug)* IlZ]L((V,ﬂ) |0 ||§V for all v € V, this implies that
, 112 1-x 2
| K" (up)™ollgy < ——lvll5, P-as. (4.4.15)
OTk

for all v € V. Now, the definition of the norm || - ||¢, and multiplication by o7} yield
ot (K" (ur) o K'(ug)*) v,0)qy < (1 —k) (v,0)q; P-as. (4.4.16)

for all v € <V, which means that (1 — k) Idqy — oK’ (ux) o K’ (ug)* is P-a.s. positive semi-
definite.

We can now formulate the following lemma, which also gives us a justification for using || - || 7 as,
to denote at least a semi-norm. It is based on [CMV19, Lemma 3.4].

Lemma 4.4.8

Let k € INy and suppose Assumption 4.4.7 holds. Then Z;M; is self-adjoint P-a.s. and
satisfies

Serldy

0
ZiMy > s
0 ’f_;alﬁldq/

P-a.s.
for any 6 € (0,k].

Proof: Let k € INy. Applying Assumption 4.4.7 (i) to (4.4.12), we can easily see that Z; My
is self-adjoint P-a.s. Proving the desired inequality is equivalent to showing that

Spildy 0 |\ [A-0e¢ldy @rrK’ (ue)”

) (4.4.17)
0 Tsyldy YooK’ (ux) =5yldy

Zi My —

is P-a.s. positive semi-definite. Therefore, we consider for every w = (u,v) € U X V the
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inner product

(1-0)erldy ek’ (ug)”
= w, w

yoK' (ue)  5yldy W (4.4.18)
’ * 1-xk
=(1-06)pr||lu ||3J — 20k Tk (K (ux)” o, —u)w + Té¢ || v ||2q, P-a.s.,

where we have used the identity yo = @7 from Assumption 4.4.7 (i). For the middle
term, we use the Cauchy-Schwarz as well as the scaled version of Young’s inequality to
estimate

207 (K (wie)" 0, —u) o, < 2017k | K" (i) 0 || 1w Nl

o2 ) (4.4.19)
<or(1=8)llull} + ﬁ |K () o, P-as.
with § € (0, x]. Plugging this into the previous equation yields
2
1-k PrT, , . N2
Q= yllolld, - | K" () ol
1= 1-9 (4.4.20)

=(1- 5)_1( (1 =x)yYov,0)q — ((pkr]f (K" (ug) o K’ (ug)") v,v)v) P-a.s.

Now, using the identity n = @iy as well as Assumption 4.4.7 (iii) multiplied by ¢ yields
Q > 0 P-a.s., which implies that (4.4.17) is P-a.s. positive semi-definite. O

The following technical result gives us a first estimate of a bound for some of the terms of the
sum occurring in (ECI). It is based on [CMV 19, Lemma 3.6].

Lemma 4.4.9

Let (w,0) = w € W, and k € Ny fixed. Suppose that, for some radius pqs (#) > 0,
Assumption 4.4.6 (Desired Ball) is satisfied (i.e. 8 (u,0) is non-empty) and that the in-
clusion ug, ugy; € B (4,0) is P-a.s. true. Furthermore, assume that § is a compatible fil-
tration as in Definition 4.2.1, the inequality || vk —0|lq < }/ﬂ% holds P-a.s., and let

Ee (O, Yu — 371“, | ok+1 — 0 ||y ] If Assumption 4.4.7 holds, then

. _ 1 _
E ((Hk (Wk+1) » Wiea1 — W>Zk ﬁ) = EE (|| West = W |5 M-z |ﬁ)

(L)? . _ 3L _
>-nk ((4_§ o113 + - k1 = 0 1oy ) Il i — i 113,

— 1 (|| (& 0" = K @) @oes =) | Nos =@l | 7

g

— E (|| i () = K () [l N1 = o | 75)

holds P-a.s.
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Proof: First, we define

. _ 1 .
Q:= <Hk (Wk+1) , Wia1 — W>Zk T3 | wiesr —w ||Zk+1Mk+1—ZkMk . (4.4.21)

Unless stated otherwise, all equations in this proof are meant to hold P-a.s. It follows from
(4.4.12) and Assumption 4.4.7 that

(@rs1 — i) Idqy nK’ (ug1)” = K’ (ug)”
ZiiMis1 — Zp My = . (4.4.22)

K’ (upee1) = nK” (ug) 0

Since Assumption 4.4.7 (i) and (ii) imply ¢r+1 — @x = 2nys, we can expand

1 — 2
9 [ Wieer — W ”Zk+1Mk+1—ZkMk
= 1y s — 1+ (K (ko) — K () ) (o = 0, 0ss — B+ (£4.23)

Together with the definition of Hy in (4.2.2) as well as the discrepancy function Dy, we
then have

Q = (H (Wies1) s Wit = W)z, + (D™ (Wiean) s Weer = W) .
+(DEOT (Wiea1) s Wiews = W), = ¥ | wers = 117 (4.4.24)
-n <(K, (1) = K’ (uy) ) (Uks1 — U) , Vfey1 — 5>’V .

The first term of the sum on the right-hand side can be expanded as follows, using the
definition of H in (4.1.15):

(H (Wis1) s Wiy1 — "_V>kak =n <8G (1) + K’ (1) " Okesrs Uper — a)«u
(4.4.25)
+1(ICVaR} (9141) = K (1t 0k = 3)

Now let z; := —K’ (u)* 0 € dG () and z, := K (u) € 6CVaR73 (). Addition and subtraction
of these terms yields

<H (Wk+l) > Wkl — W)kak

=1 (9G (ug+1) — 21, U1 — Uqg + 17 <K/ (Uk+1)" Va1 + 21, Ukss = 17)11
(4.4.26)
+n <8CV3RZ (Uk+1) —22,0k41 — 5>(V +n (z, - K (uk+1) > Ok+1 — 5>(V .

The monotonicity of 8CVaR; as well as the (strong) monotonicity of dG with factor y; (see
Assumption 4.4.3) imply

<H (Wk+l) > Wkl — W)kak

> nye | ug —u ”Eu +7 <K, (ts1)" Va1 — K ()" 0, Upeq — 17>ru
(4.4.27)
+n (K (1) = K (ug+1) s 0,41 — 0)eyy -
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We now recall the definitions of DéIN and DIfGF in (4.1.16) and (4.1.17), respectively, which
imply

<D£IN (Wk+1) > Wik+1 — "_V>Zk =hn <(K' (uk)* -K (Uk+1)* )Uk+1a Uk4+1 — ﬁ)w

+ 1 (K (1) — K (ug) = K’ (ur) (Ugear — uk) , k1 — 0) ey

(4.4.28)
and
(D (i) wis =) 5, = 0 ( (KL ()" = K (w)") (2001 = 00) e = )
(4.4.29)
+7 (K (uk) - Kk (Uk) > Ok+1 — Z_)>rv .
Combining (4.4.24), (4.4.27), (4.4.28), and (4.4.29) yields
n7'Q 2 (vo — ¥o) lluks — Il
+ <K/ (ts1)" 1 — K" (@) 0, tgyq — a>w
+ (K (1) = K (tg+1) s 0,41 — 0) ey
+ <(K, ()" = K’ (ups1)” )Uk+1s Uk+1 — a>(u
(4.4.30)

+ (K (ugsr) = K (uge) = K () (tesr = ) , 01 = 3y
— (K (ugs1) = K’ () ) (ugess = @), 041 = 0) )

+ <(Kk ()" =K' (uk)*) (2001 — k), Usg — a)w

+ (K (u) = Ki (ug) . 0ga1 = 0) -

Rearranging after addition and subtraction of the terms (K’ (ug+1) (Ug+1 — U) , Vg1 — 0) ey
and (K’ (ux) (ug41 — u),0)q yields

n'Q = (vo = 76) lluksr — w13, + (K" () = K’ ()" 8, upsy — i),

+ (K () = K (ts1) = K" (ups1) (& = Ups1) , Os1 — )y

+ (K (1) — K (ur) = K (u) (i1 = i) , 041 = 0)p (4.4.31)
+2 <(K/ (ur) — K’ (ugs1) ) (Ugs1 — U) , 041 — 5>(V
+ R,

where

R .= <(KI/< (up)" - K’ (uk)*) (20141 — k) 5 Ukes1 — ﬁ>(u (4.4.32)

+ (K (ur) = Kic (ug) g1 = 0). -

In order to further estimate (4.4.31), we now consider each line of the right-hand side
separately:
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1. On the first line, we can apply Lemma 4.4.5, i.e.

(Y6 = 76) llukar = @ 13+ (K (u) = K’ (2) )"0, s = ),
_n (@) 2 1712
> (yu = &) lluger —ully, - N luers —wcllg ol (4.4.33)
for all £ > 0.

2. For the second line, we use the Cauchy-Schwarz inequality and (4.4.6) to estimate

(K () = K (1) = K (uks1) (U = Ugs1) , Ot — 0)qy

|l ogs1 —0 ||(v Il K (L_l) - K (ug41) — K’ (uk+1) (1«_‘ — Uk41) ||'v
’ , (4.4.34)
-5 loks1 =0 lloy Il g — [l -

v

v

3. Using (4.4.5), the third line can be estimated as follows:

(K (uk+1) = K (ur) = K" (uge) (1 — k) , 01 — 0)ey

2 = lloee =9 lly ll s — e 1%, (4.4.35)

4. For the fourth line, we need the Cauchy-Schwarz inequality, Assumption 4.4.2, and
Young’s inequality, to estimate

2((K" () = K’ (k1) ) (tiesr = 1), 041 = 0)

\%

—2L || uge — upar llqg N ttiesr — @l Nl 0k = 0l
) , (4436)
—L" | o1 = 0 |y N ttgear = ukc 15, = L' | 0ke1 = 0 |y | ttgen — 2 |7, -

\%

Putting all these estimates (4.4.31), (4.4.33), (4.4.34), (4.4.35), and (4.4.36) together, we get
(L)
4¢

L _ ., L _ ) (4.4.37)
= 5 Mok =0l ke =@l = = Noran = 0 lloy Nl tgess = e Il

N0 = (yu — &) ll ks —ull — s — e 117, 119 115,

— L' || ogs1 = 0l Nl thrs — uie 5y = L' | 01 = @ Nl |l tien — 2 I, + R

which can be rearranged to

- 3L _ —_
" lgz(m—f— : ||vk+1—v||v)||uk+l—u||i,
wE L s ] 2 (4.4.38)
=S N+ Nk =l | ks = e + R
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Since we assumed that & < yq; — % | vk+1 — 0 ||, the inequality (4.4.38) implies

(L/)2 _ 3L _
i 1918+ okt =0l |l — el + R (4459)

Now we consider the definition of R in (4.4.32) again and use the Cauchy-Schwarz inequal-
ity to estimate

n‘lQZ—(

R | (R )" = K (0)") @oras =00 || Nltos =l

(4.4.40)
— || Kk () = K () ||, 1 041 = 3 [l -
Plugging this into (4.4.39) yields
~ (L/)Z B 3L’ B
n'Q 2—( 2 1511% + == lloksr = 3 Ml | Il tgsn — e 117
3 2
> * / * - 4.4.41
(R o - K @) o a0 || s =ty 444D
— || K () = K (i) || Nl 0k = 3 Il -
Multiplication by n and application E (- | ) on both sides concludes the proof. O

In the following, we want to use the inequality proven in Lemma 4.4.9 to show that (ECI) holds
as well. Since the functions Kj and I%]’C defined in (4.1.5) and (4.1.6) are involved in the former,
we need an additional assumption to guarantee that the discrepancy resulting from CGF will
somehow decrease.

Assumption 4.4.10 (Reduction of CGF)

There exists a constant M > 0 such that the sequence (Ax) ey € R (F, A) satisfies

E (ess sup yac (£) ﬁ) < Mk™ P-as.
E€E

for all k € IN, where A7 (0) denotes the complement of Ax(6) € A in = for all 6 € ©.

In order to better understand the meaning of this assumption, we recall the definition of the
essential supremum to see that

0, ifP(ag) =0,
) = P-a.s. (4.4.42)

esssup yag () = inf (sup xag (£)
L if P (4g) %o,

£eE ]P(N)S:O £eE\N

for all k € IN. Thus, the assumption restricts the expectation of the set A; having measure > 0
in iteration k, given the information of all preceding iterations. If we would additionally assume
that the sequence (Ax)c is independent, then the o-algebra generated by yac and Fi would
be independent, too. This follows from the assumption that § is a compatible filtration as in
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Definition 4.2.1. Thus, we could apply [Kle13, Theorem 8.14 (vi)], yielding

ﬁ) =E (ess sup XA;(SZ)) P-a.s. (4.4.43)

EeE

om0

EeE

The improvement here is that we have the expectation instead of the conditional expectation on
the right-hand side. Together with (4.4.42) it follows that

E

ess sup ya (£) ﬁ) - P( (oeo|P(A0) = o}) - P(]P (AS) # o). (4.4.44)
EeE

Note that IP refers to the probability measure of V = L? (Z, A, P), whereas P is the probability
measure of (0, ¥, P), which stems from the randomization of the algorithm (see Section 4.2). In
conclusion, in order to satisfy Assumption 4.4.10, it suffices to assume independence of (Ax) el
as well as

P(]P (A7) # 0) <Mk P-as. (4.4.45)

for some constant M > 0. In a discrete setting as in Chapter 6, the left-hand side would corre-
spond to the probability that at least one component of the gradient is frozen in iteration k. An
example of a possible choice of (Ax) ey € A is given in Section 6.2.

With Assumption 4.4.10 we can now prove the following result, which gives us upper bounds on
the conditional expectation of the CGF-error.

Lemma 4.4.11 (Upper Bound of the CGF-Error)

For given (u,0) = w € ‘W, suppose that Assumption 4.4.6 (Desired Ball) is satisfied for
some radius pq; (#) > 0. Let the sequence ((uk,0k))ken, = (WK)kew, € R (F, W) be
such that (ug,vr) € Bg, (u) N B (u,0) X Bg,, (0) P-as. for all k € Ny and some radii
Ry, Ry > 0. Furthermore, we assume that the sequence (Ax)reny C R (F, A) satisfies
Assumption 4.4.10, and that § is a compatible filtration as in Definition 4.2.1. Then the
following inequalities hold P-a.s. for all k € IN:

(i) E (||1€’k (u) — K (ug) ||q,|ﬁ) < 2LRyMk™?,

) E (| (Re (0" = K o)) @oran =00 |, | F5) < 2L'Rus (3R + 113 1) MK2.

Proof: All equations are meant to hold P-a.s. First note that

HAj.O"‘OHAi:Hmk AS (4446)

i=j*i

forallk € INand j € {1,...,k}. We show by mathematical induction that the following
equality holds for all k € IN:

bl

Ky ()" = K (w)* = ) (K’ (uj1)" =K’ (uj)*) oIk e (4.4.47)

i=jri
J

1l
—_
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- Base case (k = 1): Using the definition Ké(-)* := K’(-)* and (4.1.6) we have
I%f (ul)* -K (ul)* =K’ (ul)* ° HA1 +I€6 (Uo)* © (Id - HAl) -K’ (ul)*

(4.4.48)
= (K" (u0)" = K’ (w1)") o Tac.

« Inductive step (k ~» k + 1): Using (4.1.6) again yields

Kppy ()" =K' (uen)* = K (terr) 0 Tay,, + Ky (u)” 0 Tlae | = K (1)’

= K (u)" o Tag | = K’ (uge) 0 T,
(4.4.49)

which is, by the induction hypothesis for k, equal to

k

Z (K, (uj-1)" =K’ (“j)*) ° Hm{;}.Ag + K’ (ug)”
=1

oIlac = K’ (ths1) © Tag

S

+1

= (K’ (uj1)" - K’ (uj)*)onﬂ,_ﬁ_lAc_. (4.4.50)
i=j i

-
Il
A

Analogously to the proof of (4.4.47), we can use the definition of K in (4.1.5) to show that
. k
Ric (i) = K () = 2 Toe e (K (1) = K (1) | (4.4.51)
j=1

for all k € IN. Now, we divide the rest of the proof into two parts, one for each inequality
to be proven.

(i) Letk € Nand 9; := K (uj_1) — K (u;) forall j € {1,...,k}. From (4.4.51) we know

that
k

Kic () = K (ue) = 2o ac (55) (4.4.52)
Jj=1

Therefore, we can estimate

e (1 &t~y | 72) < S (|1t 00, |7)
= (4.4.53)
k k
= E( I—[)(Ag(')ﬁj(') ﬁ)
J=1 i=j Y

where we have used equation (4.4.46) as well as the definition of I14 in (4.1.3). The
definition of the norm of V = L? (Z, A, P) and the fact that Xfx? = Xac imply

k 1/2
([ Il XA§(§)5J(§)2dP(§)) (4.4.54)
E =j

k
[ Txas();0)
i=j

v

61



4 Algorithm

62

(ii)

forall j € {1,...,k}. Holder’s inequality (with p = 1 and g = o) yields

k
[ Toag(93;(8)°dP(§) < (
=j

k-1
[ )m;(é*)ﬁj(f)zdP(f)) (es§ sup XA;(f))
i=j €

(4.4.55)

< || 0 ||2q, €ss sup yac (&),
EeE

where we have used in the last inequality that ya<(§) < 1foralli e {j,...,k -1}
and all ¢ € =. Due to the local Lipschitz continuity of K (see Definition 4.4.1) and
the fact that u; € Bg,, (1) P-a.s. for all j € IN;, we can estimate

185 1y = 1K (1) = K () [loy < Ll o1 = [lq, < 2LRu (4:4.56)

forall j € {1,...,k}. If we combine (4.4.53), (4.4.54), (4.4.55), and (4.4.56), we get

E (” K (we) — K (ug) ”(v | Tk) < 2LRykE (es; sup XA;(('f)
£eE

")
(4.4.57)

< 2LRyMk™2,

where we have used Assumption 4.4.10 for the last inequality.

The proof of the second inequality is similar to the one above. Let k € IN and 0 :=
2041 — Ug. From (4.4.47) we know that

i=j*7i

k
I%,'( (ue)" =K' (u)* = Z (K' (uj-1)" - K’ (uj)*) oIl k4. (4.4.58)
=

Therefore, we have

£ (| (o - o) @], | 73)

k
< V(1K () = K () Ty | T @] | 7)
=1
! (4.4.59)
k * ’ * ~
< Z ” K’ (”j—l) -K (”j) L(V.U) E (H Hmfszg (0) ”(V | 7:k) )
=
where we have used the #;-measurability of H K’ (uj-1)" =K' (uj)” Levan @

R for all j € {1,...,k} together with [Kle13, Theorem 8.14 (iii)]. Due to the local
Lipschitz continuity of K’ (see Assumption 4.4.2) and the fact that u; € Bg,, (1)
P-a.s. for all j € INy, we can estimate

*

K" (wj-1)" = K’ (u;)

L(V,U) — ”K, (wj-1) =K' (uj) ”]L(,u)(v) < 2L'Rq; (4.4.60)

forall j € {1,...,k}. For the term of (4.4.59) involving the conditional expectation,
we use Holder’s inequality analogously to (4.4.55) to get

[Tt s @] <115 1y esssup s (). (4.4.61)
=i v £es
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Since v; € Bg,, (0) P-as. for all j € INy, we know that

131l = Il 20k1 = 0k [l < 2|l 0gss =0l + ok =0 |y + [0 ]|
. (4.4.62)
<3Ry + o]l .

If we combine this with (4.4.59), (4.4.60), and (4.4.61), and apply Assumption 4.4.10,
we get

E (” (I%’2 (we)" - K (uk)*) (2041 — V) ||fu | ﬁ)

k
< Z 2L'Rq (3R(v +||o ||(V) E |esssup XAi(SZ) Fr
j=1 15 (4.4.63)
< 2L'Rq; (3Ry + 1|9 ||lqy) MK™2,
which concludes the proof. m]

Now we can prove under which additional conditions the inequality (ECI) is satisfied.

Proposition 4.4.12 (Satisfaction of Central Inequality)

For given (4,0) = w € ‘W, suppose that Assumption 4.4.6 (Desired Ball) is satisfied for
some radius pq; () > 0. Let the sequence ((uk,vk))keN, = (Wikew, € R (F, W) be
such that (ug,vr) € Bg, (#) N B (u,0) X Bg,, (0) P-as. for all k € INy and some radii
Rqs, Ry > 0. Furthermore, we assume that the sequence (Ax)rewy € R (F, A) satisfies
Assumption 4.4.10, § is a compatible filtration as in Definition 4.2.1, and Assumption 4.4.7
(Step-Size-Testing-Relation) holds. If || vg41 — 0 || < yru% P-a.s. for all k € INy and there

exists & € (0, 1) such that

13 11% + v — §k+1) P-a.s.

2n ((L’)2
)

>
v (1_8 bo) 4érk+1

for some § € (0,k], &g € R(Tkﬂ, (0, yar — 37U || ogs1 — 0 ||(V]) and all k € INy, then there
exists (Ax)ken, € L+ (&) with

A

)
Bk = ZE (| Wi = wi [, | ) Pras.
for all k € INy such that (ECI) is satisfied for z = w and
= nE (|| (R )" = K (") @0k = 00 | Nk = ot | 72)
+1E (|| R () = K @0 || N0k = 5 1oy | 7).

Moreover, we have (Ax)ren, € IL(F), ie. Zken, Ak < o0 P-as.
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Proof: First, we want to show that (ECI) is satisfied for all k € IN; with z = w, A} as
defined above, and some sequence (Ax)icn, € I+ (&), ie.

E ((Hk (Wkt1) » Wie1 — Z>zk |7'7<) + Ak
1 1
> 26 (| Wi = 212 i -zomn, | F) = 5E (1kes = wic I, | 75) + Ak ECD

holds P-a.s. Let now k € INj be fixed. If we plug z = w into (ECI) and rearrange such that
the left-hand side is identical to the one of Lemma 4.4.9, we get

~ _ 1 _
E ((Hk (wk+l) s Wkl — W>Zk |7:k) - EE (” Wiyl — W ||ZZk+1Mk+1—ZkMk |7:k)
1
> _EE (|| Wis1 — Wi ||ZZkMk |7‘7<) + A — A P-as. (4.4.64)

Therefore, if we apply Lemma 4.4.9, we only need to show that we can find a Ay €
R (T, [0, 00)) satistying

(L/)Z B 3L’ B
—UE(( 1315 + == loker = lly | s = v 17 | Fi

4§k+1 2

1
> —E (|| weer = Wi [, |ﬁ) + A, Pas. (4.4.65)

as well as

STH

Ae > SE (|| weer = Wi 5, |ﬂ) P-as. (4.4.66)

This is true, if

1
= npintE (Il uges = we | Fa) + S (1l wiern = wic 5,0, | 75)

A

é
> E (1l Wi = wi Iy, | 7)) (4467)
7\2 ’
holds P-a.s., where pr,; := % || o H%/ + % | oks1 — 0 ||qy. We know from Lemma 4.4.8
that
K—9
| Wiest = Wi 12, a1, = S0k Nl e — i 117, + m'# ok — ok I3, P-ass. (4.4.68)

for any § € (0,x], where x stems from Assumption 4.4.7. Therefore, in order to show
(4.4.67), it suffices to prove that

125 2 (1-8) (-9 2
—,OwkE (Il tresr = wic 15, | Fe) + Wlﬁ (Il ot — vk 1 | F)

> NpieE (Il s — ui 15| F2)  P-as. (4.4.69)

Since the second term of the sum on the left-hand side is non-negative and the conditional
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expectation is monotone [Kle13, Theorem 8.14 (ii)], this is true if

1-6 (L')? 3L
—5<pk 2 NPkt =17 e 91 + n—- logsr =0 llq P-as. (4.4.70)

Now, the assumption &4 < yqr — 37U || vk+1 — 0 ||, P-a.s. implies that it suffices to show

—55 ()" 3112, + g P- (4.4.71)
700k 2| e 1ol + yu = Gen as., 4.

which is equivalent to the assumed inequality

(L)?

2
Y = 1 (4 [|o ||q, +yu - §k+1) P-a.s. (4.4.72)
(1 — 5) &k

It remains to prove that (Ax)en, € It (§), which is also a condition of (ECI). Recall that

5= nE (| (R ()" = K7 @)*) o = 00) | llges =@l | 75)
(4.4.73)

+ 7 (|| Ric () = K @) [l 9621 = 5 1oy | 7]

for all k € INy. Since (ug, vi) € Bg,, () X Bg,, (0) P-a.s. for all k € IN;, we have

A < R (|| (R (wo)” = K (") 2ogan =00 | | 72)
+ pRyE (|| Ric (we) = K () |l ‘ 7—;) (4.4.74)

P-a.s. Therefore, in order to show that (Ax)rcn, € I; (&), it suffices to show that

g}R'”E (H (KIQ ()" =K’ (uk)*) (20k41 — 1) Hw ’ ﬁ)

+ > RyE (||1%k () = K () ||, | 7—‘k) <o (4.4.75)
k=1

P-a.s., where k = 0 is intentionally disregarded because the corresponding term of the sum
is zero anyway. According to Lemma 4.4.11, we know that

S5 et | 6 07 < ¢ ) -0 | )
+57 RyE (|1 K ) ~ K () | 72)
k=1
< 2RyM(L'Rys (3R + |3 |y) + LR Sk <o (4476)

k=1

P-a.s., since 277 | k2= ”?2 [Dan12]. O
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4.4.3 Convergence

In this subsection we combine all results of the previous subsections of Section 4.4 to formulate a
theorem proving the weak convergence of the iterates of Algorithm 4.1 to a critical point. We will
use Theorem 4.3.6, which requires (ECI) to hold for all z in some subset Z < H~1(0). Therefore,
in order to being able to use Proposition 4.4.12 to show that (ECI) is satisfied, we need to make
the following assumption.

Assumption 4.4.13 (Existence of Z)

Let the sequence ((uk, vk))ken, C R (F, U x V) be generated by Algorithm 4.1. Let fur-
ther (z,0) € H™1(0) be fixed. It follows from Lemma 4.1.1 that there exist radii Rg;, R > 0
such that (u,vx) € Bg, () X Bg,, (0) P-a.s. for all k € IN. We assume that there exist a
non-empty, bounded subset Z ¢ H ~1(0) and constants® L, L’, Yo = 0, and yq; > 0 such
that

(i) for all (u,v) € Z there exists a radius pq(u) € [0, o] such that Assumption 4.4.6
(Desired Ball) is satisfied for the given constants L, L', yg > 0 and yq¢; > 0;

(i) £ C B xV where B := N(y,0)cz B (u,0) and B (u,v) = B,,, () (u) is the desired
ball from Assumption 4.4.6;

(i) Z > H™'(0) N D where D := Bg,, (i) X Bg,, (0).

Basically, Assumption 4.4.13 (i) and (ii) guarantee that every element of Z lies in a ball where the
assumptions from Section 4.4.1 hold for the same constants L, L', yg > 0, and yq; > 0. Part (iii) of
Assumption 4.4.13 makes sure that Z contains at least all the critical points which can possibly be
reached by the algorithm. Note that, in the special case where the assumptions from Section 4.4.1
hold globally, the desired balls may have infinite radius. Therefore, Assumption 4.4.13 (i) and (ii)
are satisfied for all Z ¢ H™!(0), and a simple choice satisfying Assumption 4.4.13 (iii) could be
Z =HY0).

Now we can extend Proposition 4.4.12 to show that (ECI) is satisfied not only at one arbitrary
point in W, but at every point of a subset Z ¢ H~!(0). This is what we need to formulate the
following theorem, which is based on [CMV 19, Theorem 4.1]. It shows P-a.s. weak convergence
of the sequence generated by Algorithm 4.1 to a saddle point in Z.

Theorem 4.4.14 (Weak Convergence of the Algorithm)

Let the sequence (Wi)ken, = ((Uk, 9)) ke, € R (F, W) be generated by Algorithm 4.1
and assume that the following conditions are satisfied:

(i) Z < H™1(0) satisfies Assumption 4.4.13 with constants L, L, yg > 0, y¢; > 0, radii
Rqs, Ry > 0, and the sets B and D as defined in Assumption 4.4.13 (ii) and (iii),
respectively;

(i1) ug € B P-a.s. for all k € IN;

(iif) Assumption 4.4.7 (Step-Size-Testing-Relation) holds for some y € [0, ys], k € (0, 1),
and n > 0;

2These constants stem from Definition 4.4.1, Assumption 4.4.2, Assumption 4.4.3, and Assumption 4.4.4, which are
inherent in Assumption 4.4.6.
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(iv) the sequence (Ag)renw € R (F, A) satisfies Assumption 4.4.10 (Reduction of CGF)
with a constant M > 0;

(v) & is a compatible filtration as in Definition 4.2.1;
i) ||ogs1 — 0|l < y(u% P-a.s. for all k € INg and all (u,0) € Z;

(vii) there exist § € (0, k), Se (0,1), and &gy1 € R (Fr+1, (0, 00)) such that, for all k € IN,,
and (u,0) € Z, we have

’

3L _
ki1 € (0, Yu— — ok -0 Iqu} P-a.s.

2
and )
2 L’ _
(P UA (i ) lo ||§V +yu — §k+1) P-a.s.
(1 — 5) o) &kt

(viii) the primal step sizes are bounded away from 0, i.e. there exists 7 € (0, o) such that
1 > t for all k € INy;

(ix) the mapping

(1,0) > Ky
K(u)

is P-a.s. weak-to-strong continuous in 9, i.e. its graph is P-a.s. sequentially closed
in the Cartesian product of the weak and the strong topological space of ‘W in the
sense of [BC17, Section 2.4];

(x) there exists a linear operator K’ € IL (U, V) such that, for every P-a.s. weakly con-
vergent subsequence (Wp, )y, » We have K’ (up, ) — K’ P-a.s. as k — oo,

Then wr — w P-a.s. as k — oo for some w € R (F, ).

Proof: We want to use Theorem 4.3.6 and therefore need to satisfy its assumptions:

(i) We know from condition (iii) that Assumption 4.4.7 holds, and according to Assump-
tion 4.4.7 (i), (@x)ren, is monotonically increasing. Thus, if we apply Lemma 4.4.8
with § € (0,k), we conclude that Z; My is P-a.s. self-adjoint and there exists ¢ # 0
such that Zy My > £°Idqy P-a.s. for all k € IN. Therefore, Assumption 4.3.1 is satis-
fied as well.

(if) Assumption 4.4.7 (i) and condition (viii) imply that the sequence (¢x )¢y, is bounded
from above. Moreover, we know from condition (i) that (ug, vx) € D for all k € IN.
Therefore, since K': U — IL (U, V) is continuous, we also know that there exists
a C’ € (0,00) such that || K’ (ug) [l,(¢r,y) < C” P-as. for all k € IN. Altogether,
considering the definition of Z; M in (4.4.12), we can easily see that there exists a
C € R such that || Zx Mg |Ip,cw wy < C? P-as. for all k € IN.

(iii) In order to prove assumption (iii) of Theorem 4.3.6, we apply Proposition 4.4.12 to
every element (#,0) = z € Z. Its assumptions are satisfied by conditions (i)-(vii) of
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(iv)

this theorem. Therefore, for every z € Z, we have sequences (A (2))ren, € L+ (&)
and (A (2))ken, € L (&) with

A

o)
Ar(z) > EE (|| Wiat = Wi 101, | ﬁ) P-a.s.

for all k € INy such that (ECI) is satisfied.

For the proof of Theorem 4.3.6 (iv), we assume that Z My (wi4; — wi) — 0 P-as.
as k — co. We now need to show that every weak accumulation point of (wg)xen,
is P-a.s. in Z. Therefore, let (#,0) = w € ‘W be a weak accumulation point such
that (unk+1,vnk+1) = Wp,+1 — W P-as. as k — oo. Since the sequence (Wk)ke]NO was
generated by Algorithm 4.1, we know that (RI) holds, i.e.

0 € Wn H (Wngt1) + Dy (Wrgt1) + My, (Wnps1 — Wy, )  P-as. (4.4.77)

for all k € INy, where we have used the definition of H in (4.2.2). Now let

oG (u)
S(w) = (4.4.78)
aCVaR;(v)
for all (u,v) =w € W and
-K’ (unk+1)* Ung+1
Xnp+1 = Wnk - an (Wnk+1) - Mnk (Wnk+1 - Wnk) . (4479)

K (unk+1)
The inclusion (4.4.77) is then equivalent to
Xnp+1 € Wy, S (wnk+1) P-a.s. (4.4.80)

We have already seen that (@), is monotonically increasing. Consequently,
the sequence of primal step sizes (7x)jcny, is monotonically decreasing, and since
it is bounded from below according to condition (viii), it must converge to some
T € [g, To]. Therefore, there exists a regular linear operator W € IL (‘W, ‘W) such
that W, — W as k — oo. We now define

[~k @)%
Xx=W . (4.4.81)
K (1)

If we recall the definition of H in (4.1.15), we can easily see that w € H~'(0) is
equivalent to o
X € WS(w). (4.4.82)

In order to show the latter inclusion, we note that G and CVaR, are proper, convex,
and lower semi-continuous. Thus, according to [BC17, Proposition 16.36], the graph
of S is sequentially weakly-strongly closed, i.e. if Wy, +1 — W P-a.s. and S (wp41) 2
Wn_klxnkﬂ — W % P-as. as k — oo imply that x € WS(w) P-a.s. Therefore, all we
need to show is that x,, 1 — x P-a.s. as k — oo by examining the terms of the sum
of (4.4.79) separately.
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Due to condition (iii) and the convergence of the primal step size sequence (7x) ke,
we know that the sequences (@), and hence (Zg)ien, converge (strongly) to

some Z € IL (W, W) with Z # 0 as well. Therefore, the convergence assumption
Z My (W1 — W) — 0 P-as. as k — oo implies that the third term of the sum in
(4.4.79) converges, i.e.

My, (Wngs1 — Wy ) = 0 P-as. (4.4.83)

as k — oo. Furthermore, since § < k, it follows from Lemma 4.4.8 that there exists
& > 0 such that

Id K’ (ug)”
zom = | M KON pas, (4.4.84)

nK' (ue)  yldy

for all k € INy. Again, due to the assumption that Zp My (wg4; — wi) — 0 P-ass. as
k — oo, it follows that

|| Wit = wag oy < | Wagsr = Wi ||2an w,, =0 Pas. (4.4.85)

which we need in the following.

Now we consider the term Dy, (Wny+1) = DEIN (Wpy41) +DSCT (Wpys1). From (4.1.16)
and Assumption 4.4.7 we know that

Tny [K/ (unk)* -K (”nk+1)*] Ung+1

DﬁiN (W”k+1) =
o [K (tnr1) = K (uny) = K7 () (tnrr = u"k)]

(4.4.86)

Due to Assumption 4.4.2 (Locally Lipschitz K’), condition (viii), and (4.4.85), we have

” Tnk I:K, (unk)* - K, (unk+1)*] an+1 ”(L(

< 1, L ”unk+1 — Up, ”‘L{ || Ung+1 ”‘V — 0 P-as. (4.4.87)

as k — oo, since v, 41 — 0 implies the boundedness of (z)nkﬂ)ke]NO. Similarly, due
to Assumption 4.4.2 (Locally Lipschitz K’) and (4.4.6), we get

” o [K (unk"'l) -K (”nk) -K’ (”nk) (unk+1 - unk)] ”(v
< 6—L,|
2

|unk+1 — Up, ”fu — 0 P-as. (4.4.88)

and thus D%N (Wnk+1) — 0 P-a.s.as k — co. For the convergence of the discrepancy
from CGF, we recall from (4.1.17) that

Tng [I%;zk (”nk)* -K (unk)*] (20"k+1 - Unk)

A (4.4.89)
o [K (unk) - Knk (unk)]

Lemma 4.4.11 (ii) applied to every (u,v) € Z implies that
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e (|1 [, ()" = K ()] (20me1 = 00 g | 7
< 2L'Rqy (3Ry + A) Mni™®  (4.4.90)

holds P-a.s. for all k € IN, where A := sup 5z [0 |ly < oo since Z is bounded.
Now, Definition 2.5.4 (Conditional Expectation) implies that E (E (X | Fne) 14) =
E (X1,4) for every X € R (7’~ U) and A € F,,. Since T, is a o-algebra of ©, we can
choose A := ©, yielding E (E (X | Fne)) = E (X). Therefore, taking the expectation of
(4.4.90) and summing over k ylelds

STE([Ks, (1) =K ()] (2o = 000) [

k=1

< 2L'Ryy 3Ry + A)M > my.™°
k=1
(4.4.91)

<2L'Ry BRy +A)M > k™2
k=1

We know from [Dan12] that 3> k2 = ”?2, thus the right-hand side of (4.4.91)
is finite. This is why we can apply [Klel13, Theorem 6.12 (i)], which gives us the
convergence

(K., (tn)" = K (tn)"] (2001 —0n) = 0 P-as. (4.4.92)

ng
as k — oo. Since 7,, — 7 as k — oo, the first component of DSkGF(wnkH) in
(4.4.89) hence converges P-a.s. to 0. For the second component, we analogously
apply Lemma 4.4.11 (i) to every (u,0) € Z, yielding
E (||I%nk (ttny.) — K (tny ) ||(V|5"nk) < 2LRyMn; ™% P-as. (4.4.93)
for all k € IN. As above, this implies

(%

k=1

2
o (tng) = K (un,) ||(V) < 2LR«L,M% < oo (4.4.94)

and thus
Ku, (un,) — K (un,) > 0 P-as. (4.4.95)

as k — oo. Altogether, we have proven that

Dy (Wnt1) = DN (i) + D50 (Wi1) = 0 P-as. (4.4.96)

n
ask — oo.
For the first term of the sum in (4.4.79), we note that condition (ix) implies

K’ (u *U _[-K' @)
Wnk ( nk+1) ni+1 W ( ) =x P-as. (4497)

K (unk+1) K (ﬁ)
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since (unk+1,vnk+1) — (u,0) as k — oo.

Altogether, we have shown that x,,,; — x P-a.s., which implies x € WS (w) P-as.
and thus w € H~!(0) P-a.s. We know from Assumption 4.4.13 that (wg) € R (F, D)
for all k € INy and since D is compact and closed, it is also weakly closed according
to [CV20, Lemma 1.10]. Therefore, we have w € O P-a.s. and since w € H1(0)
P-a.s. is also true, it follows from Assumption 4.4.13 (iii) that w € Z P-a.s.

(v) In order to prove Theorem 4.3.6 (v), let (w,,k) wen be a weakly convergent subse-
quence. If we recall the definition of the preconditioning operator My in (4.1.18), we
see that conditions (viii) and (x) imply

My K ()| [l f(l?)

My, = “
©\oK (un)  1dy oK' 1dy

P-as. (4.4.98)

as k — oco. Furthermore, we have already seen that (¢x);cy, is monotonically in-
creasing and bounded from above. Therefore, there exists ¢ € (0, c0) such that

pld K)
O A (€) € R (F, L (W, W)) (4.4.99)
nkK’ yldy

satisfies Z,, M,, w — Roow P-a.s. as k — oo.

We can now apply Theorem 4.3.6, since we have shown that all of its conditions are satis-
fied. This yields the existence of w € R (¥, Z) such that wy — w P-a.s. as k — oo, which
concludes the proof. ]

Note that condition (viii) of Theorem 4.4.14, which requires that there exists a 7 € (0, o) such
that ;. >  for all k € Ny, implies that the sequence (¢x);cpy, is bounded from above (as we
have already seen in the above proof). This conflicts with Assumption 4.4.7 (ii) if yg > 0, since
Pr+1 = Pk + 2Ygn implies that ¢ — oo as k — oo. However, we can remedy the situation by
setting y = 0 after a finite number of iterations [CV17, Remark 2.1]. This stops the acceleration
due to the strong convexity of G but allows us to prove the convergence of the algorithm.

Furthermore, it is not trivial to show under which circumstances the assumption that u, € 8
P-a.s. for all k € INy in condition (ii) holds. However, as a consequence of the bounded domains of
G and CVaR’l’}, we know from Lemma 4.1.1 and Assumption 4.4.13 that (ug, vx) € D P-a.s. for all
k € Ny, i.e. ux € Bg,, (#) P-as. forall k € Ny, aradius R/ > 0, and some (%,5) € H~'(0). Hence,
if Bg,, (u) C B holds, condition (ii) of Theorem 4.4.14 is satisfied automatically. The meaning
of this inclusion is that the assumptions from Section 4.4.1 hold at least within the domain of
G, which is of course the case if they hold globally. In this case, Theorem 4.4.14 shows global
convergence for any starting vector (u,v9) € U X V.

4.4.4 Local Step Size Bound

In condition (ii) of Theorem 4.4.14, we require that uy € B P-a.s. for all k € INy, i.e. the primal
iterates stay inside a region where the assumptions from Section 4.4.1 are satisfied. The proof that
this condition holds under certain assumptions regarding the initial step size was, for a similar
algorithm, conducted in [CV20, Lemma 4.6]. However, due to the randomization we introduced
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in Section 4.2, this result cannot be easily adapted to our framework. Nevertheless, the following
lemma provides a primal step size bound which sets a limit on how far the next iterate can escape
from a given neighborhood around a critical point. It is adapted from [CMV19, Lemma 3.8].

Lemma 4.4.15 (Local Step Size Bound)

72

Let k € IN; be arbitrary and (#,0) = w € H~1(0). Let further (L(Il< be the neighborhood from
Definition 4.4.1 (Locally Lipschitz K) and assume that Assumption 4.4.2 (Locally Lipschitz
K”) holds for a neighborhood (L(Iz( Furthermore, we assume that

(i) the inclusions
uj € By, (u) forallje{0,...,k},

and o; € Bg, (v) forallje {kk+1},
are satisfied for some radii r¢;k, Ry > 0;

(i) (Uk+1,0k41) = Wis1 satisfies (RD);

(iii) the step size bound

S
(3R +113 ) (11 K" () Ml oo + 2L ruasTi) + || K7 @ 5,

T <

holds P-a.s. for I} := Z’;zl Hf:j €SS SUPgez xac(§) and a constant dq/x > 0;

(iv) the inclusion B,,,, +s,,, (1) C Uy N U is true.

Then, the following inclusion holds as well:

U+l € ]Br’ll,k+5’Ll,k (1’_‘) .

Proof: Unless stated otherwise, all equations in this proof are meant to hold P-a.s. We
need to show that

| uksr —wllqs < rak + Sk (4.4.100)

holds. We do this by dividing the proof into two parts. In the first part, we show that

luksr —ullys < rak + Carpsn (4.4.101)

for some Cqy x+1 > 0, and in the second part, we prove that

Carjsr < Ok (4.4.102)

follows from the assumed step size bound.

(i) Since wy,; satisfies (RI), we can multiply the inclusion by (ux,; — #,0)" € W, yield-
ing

0 € 7% (0G (ujes1) + K (ges1)” Opesr, s — ) g + Tk (Dict (Wia1) » e — i) g,

+ (tpesr — e + K’ ()" (V41 = Ok) , Uper — ) g, (44.103)
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where

Dy (Wiy1) = [K/ ()" =K’ (Uk+1)*] Ok+1
+ K] (ue)* = K" (w)*] (20pe1 —0p) . (4.4.104)
The three-point version of Pythagoras’ identity

(Uks1 — Uk, U1 — ﬂ)(u

= e — el = 5 =T+ 5 e — @1, (44.205)
yields
| ux —u ||§u € 27% <5G (tgs1) + K" (urs1)” 0ps1 + Dt (Wiea1) , Uperr — l_l>(u
+ 21 (K7 (up)” (Oe1 — OK) , Ups1 — ﬂ)w (4.4.106)
+ l ugeer = uge 11 + e — 2 117, -
Since 0 € H (w), we can subtract <8G () + K’ ()" 0, ugsq — E)W, which implies
lug —ull5, € 20k (0G (ups1) — 0G () , Upsr — Uy
+ 27k (K’ (tges1)" 01 = K (@) 0 + Dpet (Wiea1) > Upear — ) 4
+ 275 (K ()" (0pe1 = 0k) » U1 — 1) 4
g = g 1y + Nt — 17 -

(4.4.107)

The first term on the right-hand side can be estimated using the monotonicity of G
such that the Cauchy-Schwarz inequality yields

luk — 117, > =2Cqpern Nl wrsr — i gy + wrer — wic 15 + | s — 6 115, (4.4.108)
with
Catk+1 = Tk HK, (1) 01 — K" ()" 0

+K' ()" (0ke1 — 0k) + Dt (Wieat) |- (4.4.109)

If we rearrange (4.4.108) and use that || ug41 —  ||qy < || therr — vk |l + || uk — U |4
we get

2 =112
| uresr — ur gy + Nl usr — w |7,

< Nlue =l + 2Caspe (N wrar — g llqg + Nk — it llqg),  (4.4.110)

which is equivalent to

2 — 12 — 2
k+1 — Uk Il — “Uk+1 k+1 — U = k — U Uk+1) - e
(Il u u || C )"+ lu ully, < (lue—ullg +C ) (4.4.111)
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Therefore, we have

|k —ullq < lluk —ullg + Cuger < ruk + Capper- (4.4.112)

(ii) Now, we prove that Cqyx < 8¢/ . Expanding the definition of Dy ; (wg1) in (4.4.104)

yields

Catjerr = 7 || =K (@) 0+ K’ ()" (20541 — v5)
+ K] (we)" = K (ue)*] 201 — o) ||, (4.4.113)
and together with equation (4.4.47) it follows that
7 "Caterr < || K (@) || + 1 K () Nz 1| 20k41 — 0 Ny
k
! ’
+ Z; K" (wj-1) = K" () ||, (1.9 HHQZLJA; (20841 — k) ”(V (4.4.114)
Jj=
Since we assumed that v; € Bg,, (0) for all j € {k,k + 1}, we can use the inequality
| 20k41 = vk Iy < 2Nl 0gs1 = Ollp+ll ok =0 [lp+|[ 2]l < 3Ry +]| 0 || together with

the local Lipschitz continuity of K’ and the reasoning of the proof of Lemma 4.4.11
to see that

7 'Catgert < [|K” @) 8| + 1 K" (i) lar) 3Ry + 113 1)
k k

+ 2L rq i || 20k41 — Ok ||y Z ess sup l_[ xac(8). (4.4.115)
=1 EeE iz

Here, we can interchange the essential supremum and the product operator, yielding

ko k
7 "Catprr < 3Ry + 110 o) [I1 K" (uie) ncagvy + 2L ras O, | | ess sup xac(€)
J=1 i=j &eE
+|| K (@3, . (44.116)

The desired inequality Cqy x+1 < dq7 % now follows directly from the assumed primal
step size bound. O



Chapter

Simplex Projection

In this chapter, we describe the metric projection onto the so-called bounded probability simplex,
which turns out to be equal to the proximal operator of CVaR%, once we have discretized the prob-
ability space. After presenting this discretization in the first section, we state the optimization
problem that needs to be solved in order to compute the projection, followed by the correspond-
ing optimality condition. In the fourth section, we present an efficient algorithm for computing
this projection and prove its convergence afterwards. The content of Sections 5.2 to 5.5 is mostly
taken from the master’s thesis [Ang18], where a similar problem was considered.

5.1 Discretization of the Probability Space

In Section 3.1 we defined a separable probability space (Z, A, IP) and the space of random vari-
ables V := L%, (E) := L* (€, A, P). The approach we use to discretize the probability space is the
sample average approximation (SAA) introduced in Section 2.5.2. Therefore, we need to bring the
objective function into a form like (2.5.8). Since G does not involve random variables, we only
need to focus on CVaRg o K here. If we assume that the PDE constraint introduced in Section 3.2
has d € IN uncertain coefficients in IR, we can use a d-dimensional random vector

%= (%,..., %) : 2> R? (5.1.1)

with %; € V for all i € {1,...,d} to model this uncertainty. Let then f: U x RY — R be given
such that

flu () = Kw)(), (5.1.2)
ie. E3&m f(ux(9)) =K (&) (5.1.3)

for all u € U. Therefore, the first term of the sum of the objective function of Problem 3.1.1 can
be written as

CVaRg(K(u)) = CVaRg(f (u,%(-)))

B ((f(w() - a)*))

(5.1.4)

=min|a +
acR

1
1-p
for all u € U, where we have used Proposition 2.5.11 (ii) for the last equality. Now, we assume

that we have a sample {§j e R¢ | jed{s,..., S}} of S € NN realizations of the random vector x,
e.g. obtained by Monte Carlo sampling. The discretization of the integral within the expected
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5 Simplex Projection

value yields the approximation

S

1
CVaRg (2) ~ mm a+——— =55 ; (zj—a)"|, (5.1.5)

where £ := K(u) forsomeu € U andz; := 2 (¢) = K(u) (&) = f (u, &) € Rforallj € {1,...,S}.
In the following, we will denote the right-hand side of (5.1.5) by CVaRg(z) with z € RS, so the
argument of CVaRg provides the information whether we are dealing with the exact CVaRy or
its approximation.

Since the dual step of Algorithm 4.1 requires us to compute the proximal operator of CVaR7, we
need to investigate how this operator can be approximated. The following lemma is a modifi-
cation of [Ang18, Lemma 3.2.1] and shows that CVaR; is equal to the metric projection (with
respect to the weighted norm) onto a specific set.

Lemma 5.1.1 (Proximal Operator of CVaR

5)

Let S € IN be the sample size, = € IL (R%, R®) a self-adjoint and strongly monotone opera-
tor, B € (0,1) a probability level, and CVaRg the approximation as defined in (5.1.5). Then,
the proximal operator of the Fenchel conjugate of CVaRg is, for all z € RS, given by

1
proxCVaR* (z) = pI’OJA(Z) = arg min P lz-y ||2 i
yeA

where

A::{yERs

1—1and0<y]_( forallje{l,...,S}}

ﬁ)

is the so-called bounded probability simplex and 1 € RS denotes the vector of all ones.

Proof: Let z € RS. First, we recall from (5.1.5) that

1 S N
CVaR = mi PR i — . 5.1.6
aRg(z) 21611{{1(0(+ (1_/3)52(21 a) ) ( )
The use of the function (-)* can be avoided by introducing new variables w; € R for every
j €{1,...,S}. The minimization on the right-hand side is then equivalent to
min Wj
acR, weRS ﬁ)S Z /

(5.1.7)
st. a+w; 2z Vjie{1,...,S},

w; =20 Vje{1,...,S}.
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5.1 Discretization of the Probability Space

This linear optimization problem has a non-empty feasible set (e.g. w; := max {O, z j} for
all j € {1,...,S} and & := 0 satisfy its constraints), and since

M“
C/)l'—‘

s
(1—/3) JZ] a+wj)

I
—

(5.1.8)

\%
»i -
.M(’)
Q[

-~
1l
—_

Vv

—00

5

its objective function is bounded from below. Thus, problem (5.1.7) has an optimal solu-
tion and is, due to strong duality [BT97b, Theorem 4.4], equivalent to its dual problem.
Following [BT97b, Chapter 4.2], the dual can be written as

max >z
j=1

yeRS
L 0<y<—t  Vie{l.. .S (5.1.9)
st. 0<y; < ——— Vj oo Sh, 1.
Y a-ps
s
2. vi=1
=1
Now, the definitions of A and the indicator function 55 immediately imply
CVaRg(z) = sup (y'z-6a(y)). (5.1.10)
yeRS

This is, according to Definition 2.2.6, the Fenchel conjugate of J,, i.e.

CVaRg(z) = 6,(2). (5.1.11)

Since A is convex and closed, d, is weakly lower semi-continuous [CV20, Lemma 2.5] and
convex, and thus also lower semi-continuous [CV20, Corollary 3.2]. Furthermore, A is
non-empty, hence , is proper. We can therefore apply Theorem 2.2.7 (Fenchel-Moreau-
Rockafellar) with equality, yielding

CVaRj(z) = 5, (2) = 6a(2). (5.1.12)
Now, Definition 2.2.14 (Weighted Proximal Operator) implies that

1
prOXéVaR*ﬂ (z) = argmin (5 lz—y ||§71 +38a(y)

yeRS
1
= arg min — ||z—y||§_1 (5.1.13)
yeA 2
= proji(z). O
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5 Simplex Projection

Apparently, the metric projection (with respect to the weighted norm) onto the bounded proba-
bility simplex plays a major role in Algorithm 4.1, since it needs to be computed in every iteration
to update the dual variable. Fortunately, under an additional assumption, this projection can be
computed very efficiently by using a specially tailored algorithm, which we develop in the fol-
lowing sections.

5.2 Problem Formulation

As in Section 5.1, we assume that S € IN is the sample size and f € (0, 1) the probability level of
CVaRg. Additionally, we assume that there exist 01,...,0s > 0 such that > = diag (01,...,0%).
Recall that the bounded probability simplex is defined as the set

1
A={yeR’|y"1=1and0 < vs—forallje{l,...,S}}. (5.2.1)
{y g YEa=ps
If we want to compute proji(z) forany z = (z1,...,zs) € RS, we need to find the solution to the
following optimization problem:
. 1 2
yrg]er}S 5 lz—yll5
t. 0<y;< ! Vje{1 S}
S- . i = A~ EER AR ] b
<y < a-ps J (5.2.2)

S
Z yj =1.
j=1

This is a quadratic program with a strictly convex objective function, and several solutions have
been described for similar problems. For example, John Duchi et al. developed an algorithm to
compute the projection onto the positive simplex [Duc+08], i.e. they considered a set like A but
with an arbitrary value on the right-hand side of the equation in (5.2.1) and no upper bound on
y. The key idea of their proof is sorting the elements of the point being projected in a descending
order and finding the last index that satisfies a certain condition. Weiran Wang and Miguel
A Carreira-Perpinan slightly changed this problem and used the so called probability simplex
instead [WC13], which means that the condition y"1 = 1 has to be satisfied for all y in the set
(i.e. the right-hand side of the equation is not arbitrary anymore). They proposed a proof that
uses the KKT conditions and also the sorting as in the previously mentioned paper. A similar
approach was used by Nelson Maculan and Geraldo Galdino de Paula Jr. [MdP89].

All aforementioned authors did not consider the possibility of an upper bound on the elements
of the respective set like y; < W in (5.2.1). Yunmei Chen and Xiaojing Ye used tools from
the field of convex analysis like the proximal operator and the Fenchel conjugate to construct an
algorithm where this upper bound is equal to 1 [CY11].

The algorithm presented in the following sections is based on the ideas in [WC13] and modified
such that there is an upper bound on y. This upper bound can be any real, positive number. While
the optimality condition in the next section still allows for a diagonal weight matrix 3 € R5*S
as defined above, this assumption is tightened for the algorithm in Section 5.4 by requiring that
> =oldwithao > 0.
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5.3 Optimality Condition

5.3 Optimality Condition

In order to derive the optimality condition for the above problem (5.2.2), we apply the KKT
conditions [NW06, Theorem 12.1]. The Lagrangian of the problem is

1
Lyvpd) = llz=ylli —vy-pT (p1-y)-A(y"1-1)

(5.3.1)

where 1 € R and v,z € RS are the Lagrange multipliers and p := ﬁ The following KKT

conditions hold for the optimal solution y*:

Vo Ly vV, A) =Sy —z) - v +p" - 1"1=0, (5.3.2)
yT1-1=0, (5.3.3)

y; 20 Vjie{l,...,S}, (5.3.4)

pP—y; 20 Vje{l,...,S}, (5.3.5)

viz0 Vje{l,...,S}, (5.3.6)

Hi =0 Vie{1,...,S}, (5.3.7)

Yivi = Vje{1,...,S}, (5.3.8)

i (p—y;f)zo Vje{1,...,S}. (5.3.9)

Now we use the complementarity conditions (5.3.8) and (5.3.9) to derive an explicit description
of the optimal solution y*. Let j € {1,...,S}. We distinguish the following cases:

« if y; > 0 then v} =0;

— if y; < p then p} = 0; it follows from (5.3.2) that

P>y =zj+0; A" > 0; (5.3.10)
- if y; = p then y; > 0; it follows from (5.3.2) that
zj+o0; ' A 2 zj+07! (/1* —y;f) =y =p>0; (5.3.11)

« if y7 = 0 then v} > 0; since p > 0 we have y; < p and therefore y/; = 0; it follows from
(5.3.2) that

—1 9% -1, %
. ) =—0. V. <
zj+0; A o;v;<0.

; (5.3.12)

It can easily be shown that the following y* satisfies the KKT conditions in all of the above
cases:

yj =
Since we do not know the Lagrangian multiplier A* in advance, we need to develop an algorithm
that is able to compute it.

max{min {zj +0j_1/1*,p},0}. (5.3.13)
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5 Simplex Projection

5.4 Algorithm

As mentioned before, we additionally assume from now on that there exists ¢ > 0 such that
3 = old € L(R%RS). In this case, the metric projection in Lemma 5.1.1 simplifies to the
Euclidean projection

. . O o1 .
proﬁ(z) =argmin—||z—y ||§ =argmin-|[z—-y ||§ =: proj, (z), (5.4.1)
yeA 2 yeA 2

which does not depend on the operator > anymore. Therefore, problem (5.2.2) simplifies to

. 1
min =z}

yeRS
t. 0<y;< ! Vjed{l S}
S.t. >~ i = . N~ ] PN H
Yj (1 _ ﬁ)S (5.4.2)
s
2.0 =1
=1
where the weighted norm || - ||x-1 has been replaced by the Euclidean norm || - ||,. The corre-

sponding optimality condition is obtained by choosing ¢ := 1 in (5.3.13), yielding

*_

y; = max {min {z; + 1*, p} , 0}. (5.4.3)

Algorithm 5.1 uses this optimality condition to find the optimal solution y* to problem (5.4.2).

Algorithm 5.1 (Euclidean Projection onto the Bounded Probability Simplex)

1
1-p)s

1 Sort z into u: u; > up > - - > ug, define uy == uy + p.

Input: z€ RS, p =

[\

Compute ¢ := max {j € {0,...,S} jp+Zi5:jJr1 max{0,u; + p —u;} < 1}.

3 if {p+ Zfzgﬂ max{0,u; + p — us} = 1 then
4 A =p—ug
5 else

6 p::max{j€{§+1,...,5}‘uj+j%§(1—§p—2{':§+lui) >0}
7| A=l (1 —§p—2ip:§+l ui)

s end

Output: y* € RS with y;f = max{min {zj +)L*,p},0} forall j € {1,...,S}

The algorithm has the following geometric interpretation: Place the values zi,. .., zs as points
on the abscissa. Then the optimal solution is given by a shift of these points such that the ones
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5.4 Algorithm

to the right of the ordinate sum up to 1, and whenever a point would be greater than p, it is set
to p. An implementation in Julia can be found in [Ang22, SimplexProj.jl].

Note that finding ¢ in Line 2 of Algorithm 5.1 could take a great share of the computation time,
especially if it is done by simply checking the condition

S
jp+ > max{0,u;+p—u;} <1 (5.4.4)

i=j+1

for every j € {0,...,S}, starting at j = 0 and terminating if the condition is not satisfied any
more. Certainly, the actual computational cost depends on the given input z and p, but yet it is
reasonable to use a smarter way of finding (.

Let us assume that we want to find the greatest integer j € {m,...,n} (m,n € IN) such that
¢(j) < 1, where ¢: {m,...,n} — R is a non-decreasing function. In our framework, ¢ would
be defined as :
i oe(j) =jp+ Z max{0,u; + p — u;}. (5.4.5)
i=j+1

In inequality (5.5.11) we show that ¢ is indeed non-increasing. The recursive Algorithm 5.2 is a
very simple solution that can in fact perform better in some cases than the successive checking
of (j) < 1, as we will see in Section 6.3.6.

Algorithm 5.2 (Find ()

Input: m,n € N, ¢: {m,...,n} - R non-decreasing
1 if p(m) > 1then{ :=m—1
2 elseif ¢p(n) < 1then{ :=n
3 elseif m+1=nthen{:=m

4 else

n-m
2

5 j=m+|

6 Run the algorithm again with {m, ..., j} as the domain of ¢; the solution is
denoted by k.
7 if k = j then
8 Run the algorithm again with {j + 1,..., n} as the domain of ¢; the solution
is denoted by [.
9 if | =jthen{:=k
10 else { =1

11 else { .=k

12 end

Output: {
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5 Simplex Projection

Lines 1 to 3 handle some trivial cases. Then the domain of ¢ is cut in two halves (see Line 5) and
the algorithm is run again with the lower half as the domain of ¢ (see Line 6). If the solution k
is not equal to the new upper bound j, it must be the final solution (see Line 11). Otherwise, the
final solution is either k itself or it lies in the upper half of the domain, i.e. in {j + 1,...,S}. This
is checked by running the algorithm again with the upper half as the domain of ¢ (see Line 8).
Note that | -] denotes the function of rounding down to the next integer that is less or equal to
the argument. An implementation in Julia can be found in [Ang22, SimplexProj.jl].

Algorithm 5.3 (Find { With an Initial Guess)

Input: u€ RSs.t.uy >+ >us, p= W optional: initial guess {, € {1,...,n}
1 Define ¢(j) = jp + Z?:jH max{0,u; + p — u;} for every j € {1,...,S}.

2 if {j is empty then

3 Call Algorithm 5.2 with ¢: {1,...,5S} — R and denote the solution by ¢.
4 else

g G1:="0o

6 while true do

7 if (1) < 1 then

8 =10

9 Update {; <« {3 +1

10 else

11 if the previous if-condition was true during the last iteration then break
12 else

13 Update {; « (3 — 1

14 if (1 >0then{ =

15 else break

16 end

17 end
18 end
19 end

Output: {

Since Algorithm 5.1 is called in every iteration of Algorithm 4.1, we can make another improve-
ment that might speed up the search for {. In this case, it is reasonable to assume that the input
of Algorithm 5.1 is not significantly different from the input of the previous function call. There-
fore, the index { is likely to change only slightly from one call to the next one. Algorithm 5.3
enables us to pass an initial guess of { and iterate up- or downward until the real { is found.
However, if no initial guess is provided, it just calls Algorithm 5.2. An implementation in Julia
can also be found in [Ang22, SimplexProj.jl].
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5.5 Convergence

5.5 Convergence

The proof of convergence of Algorithm 5.1 is based on [WC13, Chapter 3] and extended such
that it is applicable to our modified assumptions.

Theorem 5.5.1 (Convergence of Projection Algorithm)

Let S € N be the sample size, f € (0,1) a probability level, p := W, and z € RS,
Then, Algorithm 5.1 finds the optimal solution to the problem (5.4.2), i.e. the output y* =
(y5....,y%) satisfies

Vi = max{min {z; +/1*,p},0}
forall j € {1,...,S5} and some 1* € R.

Proof: Without loss of generality, we assume that the components of z are sorted and y*
uses the same ordering, i.e.

Z1 > > 25 and yT > e > y; (551)

Therefore, we do not need to consider the sorting in Line 1 of Algorithm 5.1. Let further-
more p € {1,...,5} be the greatest index with y; > 0and {’ € {1,..., S} the greatest index
with z; + A* > p, where A* is the Lagrange multiplier of the optimal solution described in
Section 5.3, i.e.

y,>0 and y;=0 forallje {p+1,...,S}, (5.5.2)
zz+A">2p and z;+A" <p forallje{{+1,...,S}. (5.5.3)

It is possible that there is no { € {1,...,S} with z; + 1* > p at all. In this case we define
{ = 0. If we disregard the case where z = (0, ..., 0), which has the solution y* = (0,...,0),
there must be a p € {1,...,S} as defined above. The KKT condition (5.3.3) implies

S p
1= Z y}k = Z y"f, (5.5.4)

Jj=1 j=1
and with (5.3.10) and (5.3.11) we get
p P
1= > p+ D (zj+ 1) (5.5.5)
j=1 j=1
yi=p Vi<p
p P
= >, p+ D, (zi+1) (5.5.6)
j=1 j=1
zj+l*2p Zj+).*<p
min{p.¢} p
= >, p+ D, (z+X) (5.5.7)
Jj=1 j=min{p,{ }+1
P
={p+ >, (zj+ ). (5.5.8)
Jj={+1

83



5 Simplex Projection

84

The last equation holds since { < p. Otherwise, there would be a j € {1,...,5} such that
p < J < ¢, which implies y; = 0. The choice of { then implies p < z; + A" and together
with (5.3.12) we have p < z; + A* < 0. This leads to a contradiction to the choice of p.

Since we do not know the value of 1*, we need to calculate (. If we eliminate p from the
sum in equation (5.5.8), we get

S
{p+ > max{0,z; + A"} = 1. (5.5.9)

j=¢+1

This is true since for all j € {p +1,...,S} we have y}* = 0 (see (5.5.2)), which implies
zj+ A" <0 (see (5.3.12)).

To motivate the next idea, we recall the geometric interpretation of Algorithm 5.1. We
assume that all points are non-positive. We start shifting them to the right and whenever
a point reaches p, it will not be shifted any further. Obviously, there must be a last point
that reaches p. All of the following points (i.e. smaller values) can still be shifted to the
right but will never reach p. We will see that the following idea even makes sense if the
assumption of all points being non-positive does not hold.

The previously mentioned shift is determined by the optimal Lagrange multiplier 1*. We
know from (5.5.3) that p —z; < A" and A" < p —z; forall j € {{+1,...,5}. If we take
the left-hand side of (5.5.9), replace { by any j € {0,...,S} and A* by p — z;, we get the
sequence

s
(@) jeqo.5y = [Jp+ 2 max{0,z; +p —z;} , (5.5.10)
i=j+ j€f0,....5}
where zy := z; + p guarantees z; + p —zp < O foralli € {1,...,S}. In the framework

of the geometric interpretation, the latter inequality is equivalent to the assumption of all
points being non-positive. The sequence (g;)

518 non-decreasing because for every
je€{0,...,S—1} we have

jefo,.

S
gj+y1 = ]p+ Z max{O,z,-+p—zj+1}+p—max{0,zj+1 +p—Zj+1}

i=j+1

=0

(5.5.1) S
> jp+ Z max{0,z; + p — z;}
i=j+1

= g, (5.5.11)

Note that this property is the justification for using Algorithm 5.2 to find {. The assumption
B € (0,1) implies that gs > 1, and since g = 0, there is a maximal j € {0,..., S} satisfying
g; < 1. This maximal index turns out to be the index of the mentioned last point that
reaches p, i.e.

{=max{je[0,S]NN|g; <1} (5.5.12)

as in Line 2 of Algorithm 5.1, where { = 0 means that none of the points reaches p.

With this, we are able to calculate A*. If ¢ = 1, equation (5.5.9) is already satisfied and the
algorithm terminates with
Mo=p-z. (5.5.13)



5.5 Convergence

Otherwise, we have p — z; < A" < p — z74;. Taking p into account again, we get { # p
(otherwise (5.5.8) yields {p = 1 in contradiction to g; < 1). Together with { < p we have
{ < p. This allows us to rearrange (5.5.8) such that

2= plg( —Ip- ,—Z; ) (5.5.14)

The last step is to prove that

Z+ i (1 —¢p- ﬁ zi) > 0} . (5.5.15)

p=maxqje({,SININ
i={+1
Let j € {{+1,...,5}. We consider three different cases:

Zp +

L . (5311)
(1 -{p- Z Zi) R zp+ A 0; (5.5.16)

i=+1

o
-¢

ciff < j<p:

1 P P
Tg((j—§)2j+1—gp— Z zZi+ Z Zl‘)

i={+1 i=j+1

(5.5.14)

(p-0)A* (5517)

(<J—§><ZJ+A>+ Z<zl+A>) 3,

i=j+1

i-¢

o ifj> p:

w

P J
=—((J—§)Z]+1—§P PEEDY )

i={+1 i=p+1

(5.5.14)

(p-)2*
(5.5.18)

:_év (,0 g)(zj+/1)+2(zj_zl) <0.
~—— i=p+1 ~~——

5.3.12) (5.5.1)
<0 <0
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This justifies the choice of p and guarantees that we find the optimal 1* in any possible
case. Therefore, we can construct y* = (yi‘ .. y;) as in (5.4.3), i.e.

yj = max { min {zj + A*,p} , 0} (5.5.19)

for all j € {1,...,S}. The reasoning of Section 5.3 then shows that y* satisfies the KKT
conditions and is hence the optimal solution to problem (5.4.2). O
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Chapter

Applications

In this chapter we consider two exemplary problems that stem from [KS16] and show how our
algorithm performs in practice. In the first two sections we develop step size choices and index
selection rules that satisfy the assumptions made in Section 4.4. After that, we consider a problem
constrained by an elliptic PDE with a discontinuous and uncertain coefficient in the third section,
where we prove that the aforementioned assumptions are indeed satisfied for this particular
example. Furthermore, we derive a discretized version of Algorithm 4.1 and present numerical
results for different parameter settings using the Julia code provided in [Ang22]. The last section
deals with a constraint in form of a parabolic equation and also shows how the algorithm behaves
for different choices of parameters.

6.1 Choice of Step Sizes

In this section we present a possible way to choose the step sizes in order to satisfy Assump-
tion 4.4.7 (Step-Size-Testing-Relation). We have already seen in the proof of Theorem 4.4.14 that,
under the given assumptions, there exists a C € (0, ) such that || K" (ux) ||1,(¢/,17) < C P-as. for
all k € IN. Furthermore, we have seen in (4.4.13) that a sufficient condition for Assumption 4.4.7
(iii) is

otk || K’ (uie) I gqrpy <1 P-as. (6.1.1)
for all k € INy. Hence, if we are able to compute C in advance, we could set y¢ = 0 (i.e. no
acceleration) and choose constant step sizes 7 = 7x > 0 for all k € IN; and ¢ > 0 such that

or < C2 (6.1.2)

In the case of non-constant (primal) step sizes, we could choose some acceleration parameter
Yo € (0,y5) (Where yi is the monotonicity factor of G, see Assumption 4.4.3) and initial step
sizes 7y > 0 and o > 0 such that

oty < C72. (6.1.3)

This inequality is automatically satisfied for all 7. as well, since Assumption 4.4.7 (i) and (ii) imply
that (7x) ke, is monotonically decreasing. In practice, if we do not know the constant C but have
already obtained a discretization' of K’ (u)* in form of a matrix K’ (ug)* € RN*® for the starting
vector uy € RN, we can obtain an estimate of the norm by using the equation

1K o) I a0y ~ 1K (00)* I vy = A (6.1.4)

I\We use the adjoint here, since this is the operator we discretize in Section 6.3.4, see (6.3.97).
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where A0 € R is the largest eigenvalue of the symmetric matrix M := K’ (ug)K’(ug)* € RS,
see [Bjo15, Section 1.1.7]. This eigenvalue can be estimated by the following algorithm, which is
called power method and stems from [Bj615, Section 3.3.1].

Algorithm 6.1 (Power Method)

Input: kyae € IN, M € R5%S, g € RS with ||z ||, = 1
1 Initialize k := 0.
2 repeat
3 z, = Mz.
i
4 Zky = m
5 Update k < k + 1.
6 until k = k,,4x

Output: p := zzmaxMzk

max

The sequence (zx)rel, generated this way converges to the eigenvector of M corresponding to
the largest eigenvalue A,,4x. The so-called Rayleigh quotient p approximates this eigenvalue well
enough after only a few iterations.

6.2 Index Selection Rules

As we have seen in Section 4.4.2, the main assumption regarding the index selection for CGF is
Assumption 4.4.10 (Reduction of CGF), i.e. there exists a constant M > 0 such that the sequence
(Ar)rew C R (F, A) satisfies

E (ess sup yac (£) ﬁ) < Mk™® P-as. (6.2.1)

EeE

for all k € IN. In this section, we present two possible index selection rules satisfying this as-
sumption.

First, recall from Section 5.1 that we assumed that the PDE constraint introduced in Section 3.2
has d € IN uncertain coefficients in R. We used a d-dimensional random vector %#: £ — R? to
model this uncertainty and obtained a sample {§f e R | jed{1,..., S}} of S € IN realizations of
this random vector. If we consider the set {.f €= | xX(&) =& for some j € {1,.. .,S}} and assume
that, for each j € {1,...,S}, there exists exactly one & € = satisfying X(£) = &;, then it is clear
that = can be identified by the set {1,...,S}. Furthermore, A can be identified by the power
set of {1,...,5}, ie. A = 215}, This gives us the justification to approximate every random
variable v € V = L? (E, A, P) by a vector v € R5. The characteristic function y.: & — {0,1}
for a set A € A can then be represented by a vector x4 = (xA,l, .. .,xA,S) e {0, 1}5 with

. 1, ifjeA,
xa,j = xa(j) = (6.2.2)
0, ifj¢A,
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for all j € {1,...,S}. Consequently, the function IT4, which was defined in (4.1.3) for every
element A € A, then simply maps a vector v = (vq,...,05) € R to itself, except that all
components with index not in A are set to 0, i.e.

vj, lf] €A,
HA(V)j = xA’jUj = (6.2.3)
0, ifjeA
for all j € {1,...,S}. This is the reason why the term component-wise gradient freezing, as in-

troduced in Section 4.1, makes sense, since the definitions of Ki and Ki(-)* in (4.1.5) and (4.1.6),
respectively, imply that only those components with indices in Ay are updated. The others are
frozen in the sense that they just remain at their respective values of the previous iteration.

Now, if we take a look at (6.2.1) again, we see that it can be rewritten as

E( max_ (1-x4, ;) ﬁ) <Mk P-as. (6.2.4)

je{1,...,S}

for all k € IN, where Ag: © — 2155} is the randomized index set for all k € IN. Following the
reasoning after Assumption 4.4.10, if we assume that the sequence (Ax )y is independent, we
can simplify the left-hand side to get

E 1- J=1-E i | < Mk3 6.2.5
(jer{rll?.)fS}( e )) (jeﬁl..r.{S}xA"’J ) (625)

for all k € IN. Since minje(y, sy X4,,; is a random variable taking values in {0, 1}, we can equiv-
alently write

1- P(Vj €{L....S} :xa = 1) - P(Elj € {L....S}:xa = o) < Mk3 (6.2.6)

for all k € IN. Therefore, the left-hand side is the probability that at least one component is frozen
in iteration k.

The following lemma presents a possible strategy one could pursue in order to satisfy (6.2.6).

Lemma 6.2.1 (Index Selection Rule Ne1)

Let M > 0 and (gk)rew C [0, 1] be an arbitrary sequence of probabilities. If, in each
iteration k € IN, we independently select every index in {1,. .., S} with probability

9k if k < M3,

pi =
max {qi, (1 - Mk%)"S},ifk > MY,

then Assumption 4.4.10 is satisfied.

Proof: Let k € IN. Due to the the definition of p; we have, in any case, that
Py >1- Mk (6.2.7)

Since px = P (xa,; =1) forall j € {1,...,S} and the indices are selected independently,
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this implies that
s
~P(Vie (Lo Sy ixay = 1) = 1= [ [Plrag=1)=1-pf <MK (628)
Jj=1
Therefore, inequality (6.2.6) is satisfied and hence Assumption 4.4.10 as well. ]

Note that the sequence (qx) ey C [0, 1] is not necessary to satisfy Assumption 4.4.10. However,
if we would just set py := max {O, (1-Mk™?) 1/5}, then no indices would be selected at all before

reaching an iteration with k > M'/3,

In the case that we do not want to select every index equally likely, we can use the following
lemma, which presents another index selection rule.

Lemma 6.2.2 (Index Selection Rule Ne2)

Let (qk)rey € [0,1] be a sequence with gx — 1 as k — co. If, in each iteration k € IN,
we select [qxS] indices in {1, ..., S} such that the sequence (Ax)scqy is independent, then
Assumption 4.4.10 is satisfied.

Proof: Since gx — 1as k — oo, we know that there exists K € IN such that [¢xS] = S for
all kK > K. This means that, if k > K, we select all indices in iteration k, i.e.

P(Elj €{L....S}: xa =o) ~0 (6.2.9)

for all k > K. We can therefore choose any M > K* to see that inequality (6.2.6) and hence
Assumption 4.4.10 is satisfied. O

Note that the question how the desired number of indices is selected in each iteration is not an-
swered in this lemma. Therefore, any approach that maintains the independence of the sequence
(Ax) ke is permissible here.

6.3 Elliptic Equation with a Discontinuous Coefficient

In this chapter, we use Algorithm 4.1 to solve a problem constrained by an elliptic partial differ-
ential equation that is described in [KS16, Section 6.1]. After the problem’s formulation, we show
that the assumptions of Section 4.4 are satisfied and how the PDE and the involved functions are
discretized. We finish with numerical results for different parameter settings.

6.3.1 Problem Formulation

We consider the optimal control of a linear elliptic PDE with a discontinuous coefficient where
the location of the discontinuity is uncertain. Let U := L? (Q) be the space of control variables
with Q := (=1,1), and V := L, (£) the space of random variables with a separable probability

90



6.3 Elliptic Equation with a Discontinuous Coefficient

space (E, A, P). Let further € (0, 1) be the probability level of CVaR and & := 10~* the weight
of the penalty term. The problem described in [KS16, Section 6.1] can be formulated as

/Q(y (5(-),x;u) - 1)2 dx

where f: =Z — A :=[-0.1,0.1] X [-0.5,0.5] is a two-dimensional random vector with uniform

1
min —-CVaR Vi
ueld 2

+ %/Qu(x)z dx, (6.3.1)

density p = 5and y := y(u) € LIZJ (A; Hy (Q)) solves the weak form of
—ax(e(/L X)ory(A, x)) = (A x) +u(x), VL x) e AXQ, (6.3.22)
y(A,-1) = y(4,1) =0, VA € A. (6.3.2b)

For the sake of simplicity, we write y(A, x; u) or y(4, x) (if the dependency on u is obvious) instead
of y(u)(A)(x) for all (A,x) € AX Qand u € L? (Q). The discontinuous coefficient is modeled
as

€(Ax) == 0.1y—12,1(x) + 10y, 1)(x) forall (A, x) € AXQ. (6.3.3)

The function f: AX Q — R is defined by (A, x) — f(A,x) := exp (—(x — A2)?). In order to bring
problem (6.3.1) in the form of Problem 3.1.1, i.e.

mi& CVaRg(K(u)) + G(u), (6.3.4)
uc
we additionally introduce a bounded subset

Uag ={u €U | us(x) <u(x) <up(x) for p-a.e. x € Q} (6.3.5)

for some u,, u, € U, and define the functions

G: U — R, u Gu) = g / u(x)? dx + 8q;,, (u), (6.3.6)
Q
K:U—V, u - K(u) = %/Q (y (5(-),x;u) - 1)2 dx. (6.3.7)

The resulting problem is slightly different from [KS16, Section 6.1], since we restrict the controls
to the set U,,. However, this is necessary in order to satisfy Assumption 3.1.2, stating that the
domain of G is bounded.

6.3.2 Satisfaction of the Assumptions

The first assumption we need to prove is Assumption 3.1.2 (Properties of G). Due to the spe-
cific definition of G, we can even show strong convexity here, which directly implies the strong
monotonicity of dG as required in Assumption 4.4.3.

Lemma 6.3.1 (Properties of G)

The mapping G: U — R as defined in (6.3.6) has a bounded domain. Moreover, it is proper,
lower semi-continuous, and strongly convex with factor a. Consequently, the convex sub-
differential 0G: U =3 U™ is strongly monotone with factor a.
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Proof: Clearly, G has a bounded domain dom (G) = U,y. Since U, is non-empty and
lullqgy < oo forall u € U, we can easily see that G is proper. Furthermore, due to the
continuity of || - ||¢;, G is continuous on U,,. Since U, is closed, we also have

841, (w) < lim inf 3ay,, () (6.3.8)

for every sequence (ui)rey C U with up — u € U. Hence, 6q,, is lower semi-
continuous, and due to Lemma 2.2.5 (ii), G is lower semi-continuous as well.

In order to show the strong convexity in the sense of Lemma 2.2.11 (i), let u,u’ € U and
0 € [0, 1]. Without loss of generality, we assume that u, u’ € U,y. Then,

G(0u+ (1= 0)') = 0G(w) - (1 - H)G(W)
= 2 (I10u+ (=00 gy = 0wl - (1= 0) 1 Iy
=-2001-0) (Il - 2 ) + 1 1) (639)
=-0(1~ 9)% llu—u'll%.
which implies
G(0u+(1=0)u') +0(1-0)% | u—u' Iy < 0G(w) + (1 - OGW). (63.10)

Hence, G is strongly convex with factor «, and Lemma 2.2.11 implies that oG is strongly
monotone. O

In order to show the remaining assumptions, we first derive the weak form of (6.3.2), since we
will need it later. Let ¢ € Lf) (A;Hj (Q)) be a test function. Multiplying the left-hand side of
(6.3.2) with ¢, integrating over x € Q and A € A, and integrating by parts yields

[ o [ -anet0a,y00)p(hx) ax a2
A Q

= /Ap(/l) /Q (A, x)dxy(A, x)oxp(A,x) dx dA =: a(y, ¢). (6.3.11)
Multiplying the right-hand side of (6.3.2) with ¢ and integrating yields
‘/Ap(/l) '/Q (f(4x) +u(x))p(4,x) dx dA =: F(¢). (6.3.12)
Therefore, in order to solve equation (6.3.2), we need to find y € LIZJ (A; H (Q)) such that

a(y,p) =F(p) forallp e Lf, (AsHy (Q)). (6.3.13)

The same problem, with the expectation instead of CVaR, was studied in [Kou+13, Section 5.1].
The authors showed that, for any u € U, (6.3.13) has a unique solution y = y(u) € Lf; (AsH, (Q)),
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and that the mapping A4 — y(u)(A) is continuous, hence y € L (A;Hj (Q)). Due to the equiv-
alence in (2.5.6) and the image measure theorem [Kle13, Theorem 4.10], this implies that

ji=yoéel®(EH(Q) c L (B HH(Q) =Y (6.3.14)

is the unique solution to

a(3,9) = F(p) forall g € L? (2, HL (Q)), (6.3.15)

where
i) = [ [ e(é0.x) vt dx dp) (6:316)

and
ﬂ¢w=[;£(f@@mxyuuw)w;xnudP@> (63.17)

for all y,¢ € L?(E;H; (Q)). It follows from the definition of the Bochner space (see Defini-
tion 2.4.4) that fE Il 9.(&) ”}l-Il(Q) dIP(&) < oo, and together with Theorem 2.6.3 (Sobolev Embed-
ding) we get

[ 13© =11 g 4@ < (63.18)

which implies that K(u) € ¥V = L?(E). Hence, the mapping K: U — V is well defined.
Furthermore, we can write K as K = J o S where S: U — Y is the PDE solution operator and
J: Y — V the Nemytskii operator

Ty =J(y().") (6.3.19)

for all y € Y with the tracking-type function from (3.2.4) (with y = 1), i.e.

~ ~ 1
JiH (QXE->R, (38 ]38 =51y =1l (6.3.20)

In the following, we show that the assumptions of Section 4.4.1 are satisfied globally so that we
do not need to worry about condition (ii) of Theorem 4.4.14, which requires the iterates to stay
within the desired ball 8 (where the aforementioned assumptions are satisfied).

Lemma 6.3.2 (Lipschitz Continuity of K)

The mapping K: U — V as defined in (6.3.7) is Lipschitz continuous.

Proof: Let y(u), y(v') € Ly (A; Hy (Q)) solve the weak form of (6.3.2) for some controls
uwu €U.

First, we show that the PDE solution operator S: U — Y is Lipschitz continuous. If we
subtract the respective PDEs and define y(A, x) := y(u)(1)(x) — y(v’)(1)(x) and @(x) =
u(x) —u'(x) forall A € Aand x € Q, we get

=0 |€(4,x)0xy(A4x)| =d(x) forall (4, x) e AXQ. (6.3.21)
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The Lax-Milgram lemma [Tr610, Lemma 2.2] applied to the weak form of this PDE yields

YA ) ) <cllillqy (6.3.22)

for all 1 € A and some ¢ > 0 independent of & and A. If we expand y and @, we get
Il y@) (D) = y@) (D) lgrq) < cllu—ullq, (6.3.23)

hence the mapping y(-)(1): U — H; (Q) is Lipschitz continuous with constant ¢ for all
A € A. Together with the notation y, := y(u) o fand Y =yW)o 59, this implies that

1/4
19— Fu lly = ( / 1 94(®) = 9 (®) s o dIP(sf))

) . 1/4 (6.3.24)
=(AHyOOO)—yW)U)mpm)dPgM)

<cllu—ullqy

where we have used the image measure theorem [Kle13, Theorem 4.10] for the second
equality as well as P E(A) = P(Z) = 1 for the inequality. Therefore, the PDE solution
operator S: U — Y withu — S(u) :== 9, = y(u) o é is Lipschitz continuous.

Now, let §{ € = and M > 0 such that || $u,(&) [l (q) s || Pu (&) ||H1(Q) < M, which is pos-

sible since y,, y» € L™ (E;H, (Q)). Together with the definition of J in the proof of
Lemma 6.3.3, we can estimate

17 G O =T Gu) (O] = 5| 1500 = 1) = 150D = 1 s |

(6.3.25)
< a(®) | 9u(®) = Juw (&) 20y -
where we have used
1 R N
a(®) = 5 (1 9u(O = V2 + 11 9 (O = Lll2(ay) (63.26)
and the reverse triangle inequality. Since a(&) < M + p(Q) =: ¢/, we have
1T (3u) (&) =T (Gu) (D) | < ¢ 1 9u(E) = I (E) 2 - (6.3.27)
Inequality (6.3.27) holds for IP-almost every & € =, hence we can further estimate
1/2
1T (D) =T D) Nl = (/ﬁ 1T (9u) (6) =T (Gw) (&) d]P(§))
(6.3.28)

1/2
< ( / 1 94(®) = 90 (O 12 e dIP(g))

= || Ju = Jw ||L2(E;Hg(§2)) ’

where the last inequality is due to (6.3.27) and Theorem 2.6.3 (Sobolev Embedding). If, for
every y € L* (£;H) (Q)) = Y, we define f,,(§) = || y(¢) ”?{1(9)’ then Holder’s inequality
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[Hin+09, Lemma 1.3] yields

1/2
|y ||L2(E;Hg(§z)) = (ny “Ll(E)) ( )
6.3.29

1/2
< (16 e 11 l) =1yl

where we have used that || 1|2(z) = P(£)!/2 = 1. Applying this together with (6.3.24) to
(6.3.28) yields

1T (D) =T Gu) ly <" N Pu = Juw lly < Lllu—u"llgy (6.3.30)

with L := c¢c’. Since the constants ¢ and ¢’ are independent of u and u’, this inequality
holds for all u,u” € U. Due to the definition S(u) = J,, we conclude the desired Lipschitz
continuity of K = J o S, i.e.

IKu) -K @) ly <Llu-ullqy (6.3.31)

forallu,u’ € U. O

The following lemma shows that K also satisfies Assumption 3.2.4.

Lemma 6.3.3 (Continuous Differentiability of K)

The mapping K: U — V as defined in (6.3.7) is continuously Fréchet differentiable.

Proof: We know from (3.2.4) (with y = 1) that Assumption 3.2.2 (Properties of J) is
satisfied. Moreover, y — J(y, £) is Fréchet differentiable for all ¢ € = and the derivative

Jy HY (@ XE-LHE(Q.R), 1) h0d=@-1)paq (6332

satisfies Assumption 3.2.2 (i) (Carathéodory). Due to the Cauchy-Schwarz inequality and
Theorem 2.6.3 (Sobolev Embedding), the growth condition

1753 &) |l (a2 0, = | sup )(y— LBy | S a@®+ 1 yllme@ — (63.33)
€H,(Q)
”h”Hl(Q)Zl

holdsforall y € H] (Q) and ¢ € Ewitha = 1(Q)Y/2. Hence, we can apply Proposition 3.2.3
with ¢ = r = 4 to see that J: Y/ — V is continuously Fréchet differentiable.

To show the continuous Fréchet differentiability of S: U — Y, we define the space
X =L%(E;H,y (Q)) (6.3.34)

and note that the mapping d: X X X — R as defined in (6.3.16) is bounded and X-elliptic
in the sense of the Lax-Milgram lemma [Tr610, Lemma 2.2]. Therefore, we know from
[Tr610, Lemma 2.35] that the operator A: X — X* defined by

(Ay, @)y« y =a(y,p) forally,peX (6.3.35)

is linear, continuous, and bijective, and the inverse operator A~1: X* — X is continuous
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as well. For the same reason, the operator B: U — X* defined by

(Bu, @)y« y = / / u(x)p(&x) dx dP(é) forallue U,p € X (6.3.36)
zJa

is linear and continuous. The PDE, which induces the weak form (6.3.15), can then be
expressed as

e(y,u) =Ay—Cf—Bu=0¢eX* (6.3.37)
forallu € U and y € Y, where f € X is defined by f(f) (x):=f (f(f),x) and C is some

linear operator mapping f into X*. Consequently, the solution operator can be written
as
ur> S(u) = A 'Bu+ AT'Cf (6.3.38)

with the linear and continuous operator A71B: U — X, henceS: U — X is continuous as
well. Furthermore, we already know from the proof of Lemma 6.3.2 thatS: U - Y c X
is Lipschitz continuous. Therefore, the representation in (6.3.38) yields that S: U — Y is
continuously Fréchet differentiable with derivative

urS'(u)=A""BeL(U,Y), (6.3.39)

which is independent of u € U.

Together with the continuous Fréchet differentiability of J, we can apply the chain rule
[CV20, Theorem 2.7] again, which yields that K = J o S is Fréchet differentiable with

K'(u) =J'(S(w) o S (w) (6.3.40)

for all u € U. Since J and S are continuously Fréchet differentiable, K’ is the composition
of continuous functions and as such continuous as well. O

In the following lemma, we show that Assumption 4.4.2 is also satisfied globally.
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Lemma 6.3.4 (Lipschitz Continuity of K’)

The mapping K': U — L (U, V) with K: U — V as defined in (6.3.7) is Lipschitz
continuous.

Proof: We have already seen in the proof of Lemma 6.3.3 that the PDE solution operator
S: U — VY is continuously Fréchet differentiable with derivative u — S’(u) = A™'B €
L (U, Y) independent of u € U. The proof of Lemma 6.3.3 further shows that

K'(u) =] (S(w)) oS"(u) = J'(S(u)) o A™'B (6.3.41)

forallu € U.

Therefore, we focus on the Lipschitz continuity of u — J'(S(u)) € L (Y, V). Due to the
definition in (6.3.20), we have

J(Sw)y =S () =1, y()) 120 (6.3.42)

forall y € Y. Let now u, u” € U. The definition of the operator norm yields
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|7 (S(w) - T (S(w")) “]L(y,(V)
= sup H S(w)(-) = S@W) (), YDz a) ||(V

yey
Iy lly=1

,  (6:3.43)

< s [ L1560 = 56@ By 1900 I o) aPD)
Iy lly=1

where we have used the Cauchy-Schwarz inequality. Using Holder’s inequality, we can
further estimate

1/2
sup ( / 1S@)(&) = S@)E) 20 | (D) [ 0 dlp@)

yelY
Tylly=1
1/4 1/4
< sp ( JAECICEETAICT le(g)) ( JAEGIAAEE
Tylly=1
< sup 1S -S@) Iy Iyl
yely
Tylly=1

1S(u) = S(u) |y,
(6.3.44)

where we have used Theorem 2.6.3 (Sobolev Embedding) for the last inequality. We know
from the proof of Lemma 6.3.2 that S: Y — Y is Lipschitz continuous, hence we can
combine (6.3.43) and (6.3.44) to see that there exists some constant L’ > 0 such that

|77 (S(w) = J'(S()) |}M vy SLNu=ully (6.3.45)

for all u,u’ € U. Together with the representation of S’ (u) in (6.3.41), we can estimate

| K" (w) = K" () [l ()
= sug || (K’(u)—K'(u’))ﬁ”,V

ue
Il llq=1

= sup || (7 (sw) —]’(S(u’)))A_lBﬁ“(V
Hir= (6.3.46)

<[ 7 (S@) =1 (S") ||1L(y,(v) |A™'B “L(w,y) :c‘u(g a1l

Il 2 flq=1

<Lllu-ullqy

for all u,u’ € U, where L = L’ ||A‘lB ||]L(,u ) > 0 is independent of u and u’. Hence,
u +— K’(u) is Lipschitz continuous. ]
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The validity of Assumption 4.4.4, which leads to the three-point condition on K in Lemma 4.4.5,
is proven in the following lemma.

Lemma 6.3.5

Let K: U — V as defined in (6.3.7). For given yg € [0, @) there exist a constant yq; > 0
such that

(@ = 6) llu=u g+ {(K'(w) =K' ()) (=), 0).) 2 yar lu—u" lIg

forall u,u’ € U andov € V.

Proof: Since Y 3 y — J(y,&) is convex for all ¢ € Z, this is also true for ¥ 3 y —
J(¥)(&). Furthermore, we know from (6.3.37) that the PDE solution operator U > u +—
S(u) = A7'Bu + A_1Cf is affine. Therefore, K is pointwise convex, i.e. the mapping
U>su J(S(w)(§) =K(u)(§) is convex for all £ € E. Now let F,: U — Rforallv € V
be defined by

Fy(u) = (K(u),v)q (6.3.47)

forallu € U. Due to the pointwise convexity of K as well as the monotonicity and linearity
of the integral, we can estimate

Fy(Bu+ (1-0)') = ‘/:K(Qu +(1-0)u')(&o(&) dP (&)

< /_ (G(K(u)(f)v(é‘)) +(1-10) (K(u')(f)y(éf))) ap(s)  (6348)
= OFy(u) + (1 - 0)F,(u")

for all u,u’ € U and 6 € [0, 1], hence F, is convex for all v € V. We know from Sec-
tion 2.2.4 that, in this case, u +— 0JF,(u) is monotone. Since F, is differentiable with

F)(u) = (K'(u)(-),v)q € L(U,R) for all u € U, this means that that u +— {Fz’,(u)}
is monotone for allv € V| i.e.

(F;(u) - Fy(u'),u— u'>(u*’(u = <(K'(u) -K'W))(u-u), 0>,V >0 (6.3.49)

for all u,u’ € U and v € V. Since a > yg, there exists yqy > 0 such that « — y5 > yq,
which proves the asserted inequality. O

The lemma shows that Assumption 4.4.4 holds globally with y; := «, if 6 < y. However, this
is only a minor restriction since the exact choice of ys only has an impact on the acceleration
due to the strong convexity of G and does not affect the convergence of the algorithm.

6.3.3 PDE Discretization

As in Section 5.1, let S € IN and {§j €A | jeAy,.. .,S}} be the set of samples from the random

variable § For all j € {1,...,S} we consider the weak form of (6.3.2) with fixed A := &/, which
reads
agi(y,¢) = Fei(p) forallg € H; (Q) (6.3.50)
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for the state y = y (¢/) € Hy (Q), where

agi (v, ) = /Qe(fj,x) A Y (x)dxp(x) dx (6.3.51)

and

&ﬂ¢%=zjf@iﬂ+uw»¢&wh. (6352

The PDE (6.3.2) is discretized using the finite element method, following [Cla21], with inner grid
points xi, ..., xy € Q (N € IN) such that

“1=xy<x1 <+ <xN31:=1. (6.3.53)
For the approximation by piecewise linear polynomials, we define
S = {U e C'(Q) | Ol[x;1x;] € Prforallie{1,...,N+ 1}} (6.3.54)
as well as
Spc = {0 € C%Q) | vl(x; ,x;] € Prforallie {1,...,N+1}, 0(-1) =0(1) =0},  (6.3.55)

where P; is the space of all linear polynomials. The subscript BC stands for boundary condition
and means that functions in Spc automatically satisfy the boundary condition (6.3.2b). Obvi-
ously, we have Spc € S. A basis (¢, . .., ¢n+1) of S is given by the linear B-splines

ot x € [xion ),
it Q= R, x = @i(x) = ﬁ, x € [xi, xi41], (6.3.56)
0, else,
foralli € {1,...,N}, as well as
0T _ ;1__;;, x € [xo,x1],
0o: Q > R, x> @o(x) = (6.3.57)
0, else,
and
=N x € [xn, XN+1),
one1: Q o R, x > g (x) = { TN * (6.3.58)
0, else.

A basis of Spc is then given by (¢4, . . ., ¢n). Therefore, it is sufficient to require equation (6.3.50)
only for these basis functions, i.e. for each scenario j € {1,...,S} we need to find a y; € Spc
such that

agi (yj» i) = Fgi(@i) forallie{1,...,N}. (6.3.59)

For a given y; € Spc, lety; :== (y1,..., yn;) T € RY be the vector of the coefficients of y; with
respect to the basis functions, i.e.

N
yi= > v forallje{1,...,8}. (6:3.60)
i=1
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Since ¢;(x;) = 1 and @i (x;) = 0forall i,k € {1,..., N} with k # i, the coefficients y; ;,..., yn ;
of the approximate solution y; € Spc to (6.3.59) are, at the grid points, equal to the function
values of the true solution y (&/) € Hj (Q) to (6.3.50), i.e.

yixi)=yij=y (g”) (x;) forallie{1,...,N}. (6.3.61)

The functions f: AX Q — Rand u: Q — R are discretized the same way, i.e. the vectors
(ﬁ],]‘, s ,fN+1,j)T S RN+2, and (u(), Ceey UN+1)T € RN+2 (6362)

contain the coefficients with respect to the basis of S such that

) N+1 N+1
F(E.x)~ D) fijei(x)  and  u(x) = > uipi(x) (6.3.63)
i=0 i=0

forall j € {1,...,S} and x € Q. Since f and u do not have to satisfy the boundary condition, we
need the basis functions ¢y and ¢y, here, too. However, we will primarily use the coefficients
with respect to the basis of Spc in the following, which is why we define

fi=(fijo- - fv)) €RY  and  w:=(uy,...,un)" € RV (6.3.64)
Furthermore, we define the so called stiffness matrix D; := ((Dj)i’k)i,ke{l,...,N} € RN*N by
(D) = azi (@i 1) (6.3.65)

foralli,k € {1,...,N}and j € {1,...,S}, which is self-adjoint due to the symmetry of ag;. Then,
equation (6.3.59) is approximated by

Here, M := (Mi)ike{1,..N} € RN*N refers to the mass matrix, which is defined by

Mg =i or) (6.3.67)

forall i,k € {1,..., N}, and which is obviously self-adjoint. Note that, on the right hand side of
(6.3.66), we have used that f and u are approximated by piecewise linear functions, i.e.

Z

f (fj,x) +u(x) = Z (fij + ui) @i(x) (6.3.68)

i=1

for all x € Q and scenarios j € {1,...,S}.

We assume that €: A X Q — R is constant between each pair of adjacent grid points, i.e.
€(&,x) =€ (¥, xi) = € (6.3.69)

for all x € (x;_1,x;] and alli € {1,..., N + 1}. With this assumption, we can easily compute

the entries of D; for the particular basis functions given in (6.3.56). Let j € {1,...,S}. For every
i€{1,...,N} we have
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6.3 Elliptic Equation with a Discontinuous Coefficient

(Dj)i,i = /QE (S(j:x) (9x@i(x))? dx

Xi ) 1 2 xi+1 . 1 2
=/ e (&, x;) (—) dx+/ e(ff,xiﬂ)(—) dx
Xi_1 Xi — Xi-1 X; Xi+1 — Xi

6. . 6. .
- by T (6.3.70)
Ax;  Axiy
with Ax; := x;—x;_q foralli € {2,..., N}. To compute the minor diagonal of Dj, leti € {2,...,N}.
Due to symmetry we have

(Df)i,i—l = (Dj)i—l,i = /Qe (§j,x) 0x i (x)0xi—1(x) dx

Xi . 1 2
= —/. 6(§J,xi) (x—,' _xi_l) dx

€ij
=-—=L 6.3.71
Ax, (6.3.71)

All remaining entries of D; are zero since the corresponding basis functions have no overlapping
region where they are both non-zero. Similarly, we obtain

Ax; + Ax;
M;; =i, 0i)qs = % forallie {1,...,N}, (6.3.72)
Ax,- .
Mi,i—l = Mi—l,i = <¢i, qu_1>(u = T foralli e {2, ey N} s (6373)
using integration by substitution. Since D; is symmetric and positive definite forall j € {1,..., S},
equation (6.3.66) can be written as
y; =D;'M(f; +u). (6.3.74)

6.3.4 Function Discretization

We recall from the description of Algorithm 4.1 that the functions involved in iteration k € N,
which we discretize in the following, are

prox?\‘,aRE: V-V, proxg‘ U - U, (6.3.75)
Ke: U -V, and K.(): U - L(V,U). (6.3.76)

As we have seen in (5.4.1), the proximal operator of CVaRE is independent of the scalar step size
operator X and reads

proxCVaR;(z) = proj, (z), (6.3.77)

where

A::{yE]RS

1
"M =1and0<y; < ———forallj € {1,...,5}} (6.3.78)
y y] (1 —ﬁ)S

is the bounded probability simplex.
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In order to derive the explicit form of prox* for iteration k € IN, we define the function ¢%: U —
p pPToX 4 k

R by
1 o
2o Gi(2) = llz—ulip+ S Nzl (6.3.79)

for a given u € U with « as above. Definition 2.2.14 (Weighted Proximal Operator) yields

proxg‘ (u) = argmin (§} (2) + Sy, (2)) (6.3.80)

zeU

forallu € U. Let u € U be the minimum on the right-hand side, which satisfies the Fermat
principle in Theorem 2.2.3, i.e.

0 € 9 (¢ +dur,,) () = 0y () + 9buy,,, (i), (6.3.81)

where we have used the sum rule with equality [CV20, Theorem 4.14]. Since ¢} is Gateaux
differentiable with derivative

D¢ (z) =(z - u, ‘>T];l +alz, Yy

(6.3.82)
={(Id + aTy)z — u, ‘>Tk—l eU”
for all z € U, and Ty = 7Id is positive definite, condition (6.3.81) is satisfied if
—u* € d8q, (1), (6.3.83)

where u* € U is the Riesz representation of ((Id + aTy)u — u, )¢, € U*. Due to Lemma 2.2.15,
this is equivalent to
u= proxg(u (u—Tu") (6.3.84)
ad

for some self-adjoint and strongly monotone operator I' € IL (U, U). Especially, if we set T :=
(Id + aT;) ™! = (1 + arx) ~'Id and use the fact that proxgw is the projection onto U,,, we get
ad

U = projq (1 +am) 'u). (6.3.85)

Plugging this into (6.3.80) and using the explicit form of the projection in [Ceg12, Section 4.1.6]
yields

proxg" (#) = max { min {(1 +are) ub} , ua}, (6.3.86)
forallu € U, ie.
uq(x), if ((1+ate)u) (x) < uq(x),
(prOX(T;k(u)) () =9 (A +ar) Tu(x), ifug(x) < ((1+am) u) (x) < up(x), (6.3.87)
up(x), if ((1+am) ') (x) > up(x),

for all u € U and x € Q. The i-th component of the discretization prox(T;": RN — RN with
T = i 1d is therefore given by

(prox(T;" (u)) = max {min {(1 + o) ", uﬁ’} , ul“} (6.3.88)
foralli € {1,...,N}andu = (uy,...,un) € RN, where ul == uq(x;) and ul.b = up (x;).
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6.3 Elliptic Equation with a Discontinuous Coefficient

In order to derive the discretization of I%]; and I%,’c()* as defined in (4.1.5) and (4.1.6), respectively,
we recall from (6.2.3) that

vj, lf_]EA,

HA(V)]' = (6.3.89)

0, ifj¢A,

forallv= (vy,...,05) €e RS, A C {1,...,S},and j € {1,...,S}. Therefore, we only need to focus
on the discretization of K and K’(+)*, since they are independent of the projection onto A.

Let j € {1,...,S}. We can write the j-th component of K as

K@) = ||y (€50 -1l

R
2 Jo
1N+1
/ (yi-1ji-1(x) + yi s (x) = 1) d (6.3.90)
N+1 X 5
_ Z 2Axl " ( YVi-1,j — 1) Xi — (y,-,j - 1) Xj_1+ ()/i,j — J/i—l,j) x) dx
=: K(u);

for all u € U with yy ; = yn+1,j = 0 due to the boundary condition (6.3.2b). Using integration by
substitution, we get

1 N+1 AX,‘

Ku,;==> ——
) 6; Vij = Yi-1j

1N+1

== Z sz( i =)+ (v = 1) (31 = 1) + (yio1j - 1)° )

((Yi,j —1)° = (yim1y - 1)3)

(6.3.91)

where we have used that a® — b®> = (a® + ab + b?) (a — b) for all a,b € R. In order to discretize
K'(-)*, let y’ (¢;u) : U — H; be the Fréchet derivative of U 5 v’ — y (v') (&) inu € U. We
can derive from equation (6.3.74) that

(v (&5wh) (i) ~ (D] Mh)l_ AL (6.3.92)

for everyi € {1,...,N} and h € U with h := (h(xy),.. .,h(xN))T € RN. Together with (6.3.91),
it follows that the j-th component of the Frechet derivative K’ (u);: U — R is approximated for
all h € U by

N+1
K’ (u)jh ~ Z 8x;(2 (31 = 1) 45+ 95 (e = 1)+ (= 1) ¥y + 2 (i1 = 1) i)

N+1
=% > Ax,-( (291 + yie1j = 3) ¥ij+ (2yic1j + yij = 3) y§-1,j)
i=1

= K/ (ll)jh.
(6.3.93)
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Using yy ; = yy 4, =0 and rearranging yields
K'(u);h = Xy’ (6.3.94)
.
where y’; == (y{,j, . .,y]’\],j) € RN and

Ax1 (2y1,J - 3) + AXZ (2y1,J + yZ,j - 3)
Axz (2y2 + Y1 = 3) + Axs (22, + y3, = 3)

1
X; = S e RN. (6.3.95)
Axn-1 (2yn-1j + YN-2j — 3) + Axn (2yN-1j + YN, — 3)
AXN (zyN,j + yN—l,j — 3) + AXN+1 (zyN,j — 3)
It follows from (6.3.92) that
K'(w); =X/ D;'M (6.3.96)

for all j € {1,...,S}, and transposing the matrix with rows {K’(u)j | je{1,. ..,S}} yields the
adjoint operator of K’ (u), i.e.

K'(w)* = (MD;1X1 MD5‘1X5) e RN*S, (6.3.97)

Although we do not need a discretization of the objective function for the algorithm itself, it is
still reasonable to consider the progression of the objective function value when investigating

the convergence in Section 6.3.6. Without loss of generality, let z = (z1,...,2z5) € R be an
ordered vector, i.e. z; < -+ < zg. In order to find an expression for CVaR/;(z), we consider a
discrete random variable Z: & — {z;, ..., zs} with uniform distribution. This means that
P({tez|2®)=2})=5" (6:3.98)
forall j € {1,...,S}, hence the distribution function is
S
Fi(a) =571 D7 X(—eoa1(2)) (6.3.99)
j=1

for all @ € R. Definition 2.5.6 then yields for a probability level § € (0, 1) that

VaRg (2) = min{a € R | F;(a) > f}

S
= min {Z €{zy,...,zs} Z X(~oo2] (Zj) > ﬁS}
= (6.3.100)

S
= min {z €{z,...,zs} Z X(=o0z](2)) = fﬂﬂ}

J=1

= 2[pS]
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6.3 Elliptic Equation with a Discontinuous Coefficient

due to the ascending order of z. With Proposition 2.5.11 (iv) and m := [S], we get

1
CVaRg (2) = zpm + TE ((Z2=zm)")

B
1 S N
:Zm+—(1_ﬁ)S;(Zj—Zm)

) s (6.3.101)

=Zm+ —(1 — ﬁ)s j:%H (Zj — Zm)

_ m-—f§ 1 S
STps T TP 2,

=m+1

Therefore, we can use

_1ps1-p5 Ly
CVaRg (z) = A= p)s A + mjzr%ﬂ zj

(6.3.102)

to compute the Conditional Value-at-Risk of a vector z € R® that is sorted in ascending order.

The function G can be discretized by calculating the integral in (6.3.6) analogously to (6.3.90) and
(6.3.91), yielding

N+1 Xi

Gu) = = 2 (w10 () +uipi() — 1)° de

a N+1
— 2 2
= g E Ax,-(ui +ujui—1 +ul-_1)
i=1

i—

(6.3.103)

for every u € U,y = {z e RN | Ug(x;) < z; < up(x;) foralli e {1,...,N}} and ug = un41 = 0.
Combining (6.3.91), (6.3.102), and (6.3.103) yields the approximation of the objective function in
(6.3.4), ie.

F(u) := CVaRg (K(u)) + G(u) (6.3.104)

forallu e (L~Iad.

As a comparison, we will also consider a risk-neutral modification of problem (6.3.4) in Sec-
tion 6.3.6, where the Conditional Value-at-Risk is replaced by the expected value. Therefore, we
follow the order in Section 5.1 and discretize IE first and determine the proximal operator of the
Fenchel conjugate afterwards. Recall from Section 2.5.2 that the sample average approximation
yields

18 1
E(z) = JZ:; zj = 5 (L2)gs (6.3.105)

for every z € RS. According to Definition 2.2.6, the Fenchel conjugate of IE is then given by

E* (z) = sup (z - S_ll,v>Rs = ds-113 (2) (6.3.106)

veRS

for every z € RS. Therefore, Definition 2.2.14 and the independence of the step size o (see (6.3.77))
yield
proxg. (z) = projs-15y(2) (6.3.107)
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for all z € RS. As we have mentioned in Section 2.5.4, one could also view the expected value as
the Conditional Value-at-Risk for the probability level f = 0. This is compliant with the form of
the proximal operator of CVaR;; presented in (6.3.77), since, in this case, the probability simplex
reads

A={yeR’|y"1=1and0<y; <S'Vje{1,...,5}} ={s"1}. (6.3.108)

Therefore, we have
proxCVaRS(z) = projs-11}(z) = proxy.(z) (6.3.109)

for all z € RS.

6.3.5 Discrete Algorithm

If we combine the results of Section 6.3.3 and Section 6.3.4, we can formulate a discrete version

of Algorithm 4.1. The primal and dual iterates are denoted by u; = (u{c . u;‘\,) € RN and
Vi = (U]f, e vlg) € RY, respectively. The required inputs are the stopping criterion tolerance

e > 0, the starting vectors uy € RN, vy € R® and the initial step size operators Ty € RNXN|
%o € RS*S. Furthermore, following Section 6.2, we denote by Ay € A = 2{1--5} the set of the
indices in iteration k € INy, for which the gradients are not frozen. However, there is no freezing
in the first iteration due to the choice of A, := {1, ..., S}.

Algorithm 6.2 (Discrete Formulation)

1 Initialize k := 0.

2 repeat

3 if k > 1 then

4 Randomly select Ay € A.

5 end

6 Compute y; = D]._IM (f; + ug) for every j € Ay.

7 Compute K (ug); by (6.3.91) for every j € Ay.

8 Vk+1 1= PrOXcygrs (v + 2K (ug))

9 Vil ©= 2Vq1 — Vi

10 Compute column j of K’ (ug)* by (6.3.97) for every j € Ag.
1| Uk = prox S (e — Tk (W) Vi)

12 Determine step size operators Tz ; € RV*N and %3, € R5*S,

13 Update k « k + 1.

14 until ||up —up_1 ||, <ecand || og — o1 ||, < €

An implementation of Algorithm 6.2 in Julia can be found in [Ang22, Algorithm.jl].
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6.3.6 Numerical Results

In the following, we present some numerical results using the Julia code provided in [Ang22,
EEDC.jl]. Throughout this section, we define the bounds within U,; by —10 and 10, respectively,
ie.

Uy ={ze RN |-10 <z <10foralli € {1,...,N}}, (6.3.110)

and use the starting vectors
u=(0,...,00 e RN and v, =(0,...,0) € R. (6.3.111)
For a given dual step size o > 0, the initial primal step size is defined by
70 :=0.99 (op) ', (6.3.112)

where p is the Rayleigh quotient determined by 5 iterations of Algorithm 6.1 with the matrix
K’(u9)K’(ug)* and the starting vector zy := S™21. Note that, although G is strongly monotone,
we can not accelerate the algorithm by choosing y > 0 for this particular problem in practice.
However, this allows us to set yG := 0 in Lemma 6.3.5, which resolves the conflict with condition
(viii) of Theorem 4.4.14 as discussed at the end of Section 4.4.3.

To give a first impression of the problem, we first present in Figure 6.1 the optimal control and
state of problem (6.3.1) for a probability level of f = 0.9, S = 1,000 scenarios, and N = 256
equidistant grid points. The solution was computed using constant scalar step sizes with ¢ = 0.01
and a stopping criterion tolerance of ¢ = 1071°. The big jump in the control around x = 0 can
be explained by the change of the PDE coefficient €(x) from 0.1 to 10, which appears at some x
within [-0.1,0.1].

4 - |
1.5 5

—~ 2 |
Na
S

0 -

| | |
-1 -0.5 0 0.5 1
X x
(a) Optimal control (b) Optimal state (mean + one and standard de-
viations)

Figure 6.1: Example of optimal control and state for § = 0.9

Figure 6.2 illustrates how the use of the Conditional Value-at-Risk as a risk measure affects the
solution. The blue graph shows the risk-averse control and state for a probability level of f = 0.99
and all other parameters as in Figure 6.1. The red graph shows the risk-neutral case where the
Conditional Value-at-Risk is replaced by the expected value as described in (6.3.107). One can see
that, especially in the region where the discontinuity of the coefficient appears, the risk-averse
optimal state has a smaller deviation from its mean than the risk-neutral state. Apparently, this
is achieved by the sharp dip of the risk-averse optimal control around x = 0.
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y(x)

-1 -0.5 0 0.5 1
x x
(a) Optimal control (b) Optimal state (mean (solid) + two (dotted) stan-

dard deviations)

Figure 6.2: Comparison of risk-averse (f = 0.99) and risk-neutral case

In the following we examine the convergence behavior for different choices of the probability
level S. Figure 6.3 shows how the norm of the difference of successive iterates changes in relation
to the number of solved PDEs. This norm is particularly interesting because it is the norm of the
residual of the fixed-point iteration (4.1.2), which is the basis of our algorithm. The results were
computed using ¢ = 0.01 with constant scalar step sizes, S = 1,000 scenarios, N = 256 grid
points, and a stopping criterion tolerance of ¢ = 1071°. Apparently, in order to reach the required
tolerance, a higher probability level leads to more PDE solves. Interestingly, this behavior is
not visible in Figure 6.4, where the function values approach their asymptotes around the same

number of PDE solves.

T T T T T T T T T T T TTTm T T 17T 10_1 L AL I 111 B I 1 B B B BRI R R ALY
= 107 1=
T - 1074 §
F o) |
§ ->¥ 10—7 = N
= 1077 | | =
10—10 Y N T AN YT IR A AN TT/ M WHRNIT) S 10—10 Y Y Y1 NI N TTI N FAET] [ [y
10° 10t 10° 10° 107 10® 10° 10t 10° 10° 107
Number of solved PDEs Number of solved PDEs
a onvergence or primal variable onvergence or dual variable
(@) C f primal variabl (b) C f dual variabl

Figure 6.3: Convergence behavior for § = 0.01, f = 0.5, and

Before investigating the convergence behavior for different choices of parameters, we briefly
show how the use of Algorithm 5.2 and Algorithm 5.3 can decrease the computation time in
practice. We already mentioned in Section 5.4 that simply checking the condition

S
jp+ > max{0,u;+p—u;} <1 (6.3.113)

i=j+1

for all j € {0,...,S} (starting with j = 0 until it is not satisfied any more) in order to compute
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the index ¢ in Algorithm 5.1 can be computationally demanding in some cases. Here, the vector
(uq,...,us) € R® does not refer to the control, but to the sorted argument of proxCVaR;, ie.

u; = -+ = us. While in the most examples we consider in this section, there is no significant
difference in terms of computation time, we can deliberately choose a combination of parameters
to make the performance difference visible. Solving the problem with parameters N = 256,
S =1,000, f = 0.01, and £ = 10~ !° takes about 89 seconds, if we use the straightforward approach
explained above (using the Julia function findfirst) and constant scalar step sizes with ¢ = 0.01.
In contrast, using Algorithm 5.2 and Algorithm 5.3 results in a computation time of about 76
seconds, which is about 15% less. An explanation for the difference in this specific case could be
that the combination of S and f leads to an upper bound of p := ((1 — )S) ! in the definition of
the probability simplex (see (6.3.78)) that is close to 0. Therefore, condition (6.3.113) is violated
only for large indices, which means that the repeated checking for the condition takes long when
starting with j = 0.

1

0.8 | |
=
=)
R

"l \ |

0.4W T T B I 1 B B W W E 111 A W

10°  10* 10° 10° 107 108

Number of solved PDEs

Figure 6.4: Convergence behavior for f = 0.01, f = 0.5, and

Since the core of this work lies in the component-wise gradient freezing (CGF), we show in
the following how this method can reduce the number of PDE solves in Line 6 and Line 10 of
Algorithm 6.2. For the subsequent examples, we also use N = 256 grid points, S = 1,000 scenarios,
£ =10"1% and o = 0.01 with constant scalar step sizes as above. First, we note that one way to
save PDE solves could be to modify Line 10 of Algorithm 6.2 such that only the columns of
K’ (ug)* with index j € Ag \ By, where

Br={je{1....S}| (Vks1); =0}, (6.3.114)

are computed. The idea is that we do not need these columns in Line 11 because they are multi-
plied with 0 anyway. However, the algorithm changed this way no longer fits into our theoretical
framework, since it uses two different index sets for CGF, which are also not stochastically in-
dependent. However, we present in Table 6.1 how many iterations and PDE solves are required
to reach the stopping criterion tolerance in dependence of the probability level . The number
of iterations is not affected by the use of Bx. One can see that there is almost no saving in the
number of solved PDEs if § is close to 0. However, the larger  becomes, the more PDE solves we
can save. In contrast, CGF is able to save more PDE solves if f is close to 0, as we will see later.
The reason for this effect becomes clear if we recall the definition of the bounded probability
simplex given in Lemma 5.1.1, which is

1
y'1=1and0 < y; < (1— forall j € {1,...,5}}. (6.3.115)

— S
A._{yER = B)s
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If 8 is close to 0, then the upper bound W is close to %, which means that almost all coor-
dinates of the projection’s result in Line 8 of Algorithm 6.2 need to be at this bound in order to
satisfy the equality in the definition of A. As a consequence, there cannot be many coordinates
j€A{1,...,S}suchthat (Vii1); = 2 (0k41); — (0k); = 0, since vy4y, vx € Aforall k € IN. Therefore,
the cardinality of By is often close to 0, hence the effect of disregarding indices in By, is very small.
On the other hand, one can observe that the cardinality of By is close to S if f is close to 1. This is
the reason why very few PDE solves are needed in Line 10 in this case and the savings by using
By are almost 50% for f = 0.99.

# solved PDEs

f  without By ~ with By  savings

0.01 3.16-10° 3.15-10° 0.47%
0.1 1.23-107 1.17-107 5.13%
0.5 1.04-107 7.78-10° 25.16%
0.9 1.95-107  1.07-107 44.93%
0.99 3.81-107 1.93-107 49.26%

Table 6.1: Number of solved PDEs with/without By, for different values of

In the following, we investigate how this compares to the savings we achieve by the use of CGF.
We start with index selection rule Nel as described in Lemma 6.2.1 with a constant sequence of
probabilities g := q for some g € [0,1] and all k € IN, and M := 10%°. Note that M is deliberately
chosen so large that the stopping criterion is likely to be reached in an iteration k < M'/3 and we
can observe the maximal possible effect of using CGF”. In Figure 6.5 we show the convergence
behavior for a probability level of f = 0.01 and different values of g.
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Figure 6.5: Convergence behavior for f = 0.01 with CGF and index selection rule Nel for g = 0.5,
q=0.1, , and without CGF (dotted)

2Recall that, if k > M'/3, the probability for choosing an index is max {qk, (1- Mk_3)1/5}. Hence, the expected

number of frozen indices gradually decreases beyond the iteration threshold of M 1/3,
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6.3 Elliptic Equation with a Discontinuous Coefficient

The stopping criterion is satisfied in all presented examples in an iteration k < 19,000, hence the
probability p is in fact used throughout the whole algorithm. One can see that, even for g = 0.01,
i.e. if we expect to select 10 indices in each iteration, the algorithm converges. Table 6.2 shows
how the choice of q affects the percentage of required PDE solves.

# solved PDEs

q absolute relative

- 3.16-10°  100%

0.5 1.57-10° 49.68%
0.2 5.78-10° 18.28%
0.1 3.69-10° 11.67%
0.05 1.89-10° 5.97%
0.01 6.99-10* 2.21%

Table 6.2: Number of solved PDEs for = 0.01 with CGF and index selection rule Nel in relation
to the choice of g

The first row contains the number of solved PDEs without CGF. Apparently, the number of re-
quired PDE solves decreases with g and is actually quite accurate g times the number of PDE
solves without CGF. Only for g = 0.01, the number of selected indices is presumably so low that
it needs to be compensated by a higher number of iterations (and hence by a higher number of
PDE solves). However, this choice still results in a saving of almost 98% in the number of solved

PDEs.
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Figure 6.6: Convergence behavior for f = 0.99 with CGF and index selection rule Nel for ¢ = 0.5,
q=0.2, , and without CGF (dotted)

As a comparison, we also show the corresponding results for f = 0.99 in Figure 6.6. As it turns
out in this case, we can not choose q as small as above and still obtain convergence. This can be
explained by the observation we made earlier, stating that (Vi41); = 0 for many j € {1,...,S}
and k € IN if 5 is close to 1. In this case, only a few columns of K’ (ug)* are multiplied with a
non-zero coordinate in Line 11, and thus the probability q cannot be chosen too small in order to
still achieve sufficient progress in the primal iterates. Therefore, we only present the graphs for
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6 Applications

q € {0.5,0.2} and additionally show how even more PDE solves can be saved for ¢ = 0.2 if we
also use the set By from (6.3.114). It turns out that the number of solved PDEs can be reduced by
80.5% if we use g = 0.2, and by 89.7% if we incorporate By as well.

In order to investigate the effects of using index selection rule Ne2 as described in Lemma 6.2.2,
we define the sequence (k) e by gk = log(k)a™ for a fixed a > 0 and all k € IN, and use the
Julia function StatsBase.sample to sample a number of min {S, max{1, |'qkS'|}} indices from
{1,...,S} (without replacement) in each iteration k € IN. Figure 6.7 shows the convergence
behavior for § = 0.01 and a € {10,10% 10}, if we use equal sample weights (i.e. every index is
equally likely to be selected). The corresponding number of samples per iteration for this example
is depicted in Figure 6.8.
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Figure 6.7: Convergence behavior for f = 0.01 with CGF and index selection rule Ne2 for a = 10,

a=10?% , and without CGF (dotted)

103 [ T T HHH\ T T \\HH\ T T \\HH\ T T \7\7
» g ]
2 |- .
= B ]
5107 £
LH B 8
S I i
—
2 10! 4
£ E
=] i
Z -

100 E | | | B

10! 102 103
Iteration k

_
S
[=]

Figure 6.8: Number of samples per iteration for f = 0.01 and index selection rule Ne2 for a = 10,
a=10% and

We can see that this index selection rule can lead to similar savings in the number of solved
PDEs as index selection rule Nel. Although a direct comparison of Figure 6.5 and Figure 6.7 is
not meaningful since the results depend strongly on how the sequence (qx);cy is defined, one
can still notice two advantages of the second rule. First, we can exactly control the number of
selected indices per iteration and not just the average number, as in rule Nel. Second, rule No2
does not require the indices to be selected equally likely, which is why information about the
scenarios could be used to define individual probabilities, e.g. in an adaptive approach.
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6.4 Steady Burgers’ Equation

6.4 Steady Burgers’ Equation

In this chapter, we use Algorithm 4.1 to solve a problem constrained by the steady Burgers’
equation presented in [KS16, Section 6.2]. This equation was named after the Dutch physicist
Johannes Martinus Burgers and is a one-dimensional nonlinear model for convection-diffusion
phenomena [Vol00]. Unlike the previous section, we do not prove that the assumptions are
satisfied for this particular problem, but we focus on the discretization and numerical results.

6.4.1 Problem Formulation

We consider the optimal control of the steady Burgers’ equation with uncertain coefficients. Let
U = L? (Q) be the space of control variables with Q := (0,1) and V := L]ZP (E) the space of
random variables with a separable probability space (=, A,IP). Let further f € (0,1) be the
probability level of CVaR and a := 10~% the weight of the penalty term. The problem described
in [KS16, Section 6.2] can be formulated as

min %CVaRﬁ [/Q (y (g(-),x;u)—l)z dx +%/Qu(x)2dx, (6.4.1)

ue

where 5 : 2 — A :=[-1,1]*is a four-dimensional random vector with uniform density p = 274,

(3, 7, P) is a probability space, and y = y(u) € L} (A; H' (Q)) solves the weak form of
—v(A)dxex Y(A, %) + Y(A,x)0x y(A, x) = (A, x) + u(x), V(A4 x) e AXQ, (6.4.2a)
y(40) =dy(1), y(A41)=di(A), VA e A. (6.4.2b)

The random coefficient v (also referred to as viscosity parameter), the values of f, and the bound-
aries dp and d; are given by
Az

A A
= A1—2 = —_— = —3 = 4
V) =100 fOLx) = Sh do(h) = e Do, and di(D) =

(6.4.3)

forall A € A and x € Q. Apart from the domain Q, which has changed from (-1, 1) to (0, 1), the
objective function takes the same form as in Section 6.3. Therefore, we can adopt the notation
from (6.3.6) and (6.3.7) and write problem (6.4.1) as

mi{lr} CVaRg(K(u)) + G(u). (6.4.4)

Since this definition also includes the set U4 as defined in (6.3.5), the resulting problem is slightly
different from [KS16, Section 6.2].

6.4.2 PDE Discretization

The PDE (6.4.2) is discretized using a finite difference method (FDM, see [Del15, Section 2.4]) and
N € N inner grid points x1,...,xy € Q = (0,1), i.e.

0=x)<x1<--<xN <XNny1:=1 (6.4.5)

We assume that the grid is uniform and denote the distance between two adjacent points by Ax,
ie. Ax := x; —x;_q forall i € {1,...,N +1}. Since Q is one-dimensional, it follows from the
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Sobolev Embedding Theorem [Hin+09, Theorem 1.14] that H! (Q) << C°(Q). Therefore, the
solution to (6.4.2) is continuous and can hence be approximated pointwise.

Let S € IN and {ff €A | jeA{1,.. .,S}} be the set of samples from the random variable f In or-
der to keep the notation simple, we consider only one arbitrary scenario j € {1,..., S} for now.
Therefore, we can drop the dependence on &/. So as not to worry about the inhomogeneous
Dirichlet boundary conditions (6.4.2b) when discretizing the differential operators, we first in-
troduce the function

§:Q = [do,di], x = §(x) = (dy — do) x +do. (6.4.6)

We can then write the solution y(u) (¢/) € H' (Q) to (6.4.2) for the given scenario &/ € A and a
control u € U as

y(u) = yo(u) + 3, (6.4.7)
where y(u) € H; (Q) satisfies
e(yo(w), u) = =voxx (yo (W) + ) + (yo(u) + §)ox (o (W) + J) = f—u=0 (6.4.8)
as well as, due to the definition of H; (Q), the homogeneous Dirichlet boundary conditions
yo(u)(0) = yo(u)(1) = 0. (6.4.9)
Since we know the derivatives of y, we can simplify (6.4.8) to get
e(yo(u), u) = —Voxx Yo (u) + (yo(u) + y)axyo(u) + (yo(u) + 37) (di—doy)—f—-u=0. (6.4.10)

The function values at the grid points will be denoted by

Yo,i = Yo(u)(x;), yi = y(xi), (6.4.11)
fi = f(x), and u; == u(x;) (6.4.12)

foralli € {1,..., N}. The respective vector notations are
Vo= (Yo1---> Yon) " € RN, ¥:= (..., 9n)" € R, (6.4.13)
f:=(fi,....fn)" € RV, and u:=(uy,...,uy)’ € RN, (6.4.14)

We will also write yo(u) instead of yy to emphasize the dependence on the discretized control u.
Together with the matrices Dy, D, € RN*N given by
0 1 -2 1
Dy = (2Ax)7Y -1 and  Dy=(Ax)2| U | (6.4.15)
.t L1 t. . °. L1

10 1 -2

we can use the first and second order central difference discretization to approximate equation
(6.4.10) by

0 = e(yo(u),u) ~ € (yo,u)
~ ) (6.4.16)
:= —vDyy, + diag (yo + ¥) D1yo + (yo + ¥)(di —dp) — f —u.
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6.4 Steady Burgers’ Equation

This equation can be solved for every (discretized) control u € RN by applying Newton’s method
[Del15, Section 4.2] to the function

Q: RN - RV, yo > ¢(yo) := €(yo, u). (6.4.17)

The Jacobian of ¢ at y, € RV is given by
JQD (y0) = —VDZ + dlag (D1Y0) + dlag (Yo + 5’) D1 + (dl - d())Id, (6418)

where Id € RN*V is the identity matrix. Together with a starting vector y) € R" and a tolerance
¢ > 0 for the stopping criterion, this results in the following algorithm, which must be run
separately for each scenario.

Algorithm 6.3 (Newton’s Method)

1 Initialize k := 0.

2 repeat

3 Solve J, (y’g)éy’g = go(y’g) for 5y’0‘.

4 | yk=yk 4 osyk
5 Update k « k + 1.

o until o ()], <

6.4.3 Function Discretization

Except for the PDE, this problem is identical to the one described in Section 6.3.1. Therefore, we
can use the discretizations of proxqy,z: , proxg‘, and CVaRg described in Section 6.3.4. However,

due to the different PDE and its discretization method, we need to derive approximations for
K(u), K'(u)*, and G(u) for every control u € U.

The function K: U — RS can be discretized by using the trapezoidal rule for every j € {1,...,S},
which yields

N
K(u); ~ K(u), ;:% (do (&) = 1)"+ (dy (&) = 1)* +2 > (i - 1)°] (6.4.19)
i=1

where y; ;= y (&/,x;;u) foralli € {1,...,N}.
The j-th component of the Fréchet derivative K'(u);: U — R for u € U is given by

h— K (w)h=(y (&, u) -1y (wh), = (¥ @ (yw -1),h), (6.4.20)
for every h € U, where y'(u) ==y’ (&;u) : U — H' (Q) is the Fréchet derivative of U 3 u’ —

y (') (&) inu and y'(u)*: H' (Q) — U its adjoint operator. The derivative can be determined
by differentiating equation (6.4.10) with respect to u, yielding
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d ,

5 ¢ (0(w),u) = ey, (yo(w), u)y’ (w) + eu(yo(w), u) = 0, (6.4.21)
where e,, and e, denote the partial derivatives of e. Since e, (yo(u), u) = —Id, we can equivalently
write

/ -1 —
Y (u) = ey, (yo(w),u) ™ =~ Jp (yo) 77, (6.4.22)

where J, (yo) is the Jacobian from (6.4.18). The adjoint operator can then be approximated by
transposition, i.e.

YW= (Jp (y)") (6.4.23)

where we have used that the transpose of the inverse is equal to the inverse of the transpose of
a matrix. In order to determine the function K’(u)*: RS — U, we note that for all h € U and
v =(0vy,...,05) € R’ we have

(K'(u)*v, h)q = (v, K'(u)h)Rs

(6:4.20) iv]_ <y, (§j, .;u)* (y (é_/j, -;u) _ 1)’h>(u (6.4.24)

Jj=1

= <,Z:‘ 0y (&, 5u) (y (&, 5u) - 1)’h>

Uu

due to the bilinearity of (., -)¢,. Therefore, we can write the approximation as

s i ) :
K'wv = >luy (& (y (&, 5u) - 1)
Jj=1
5 S -
o (o)) e +5-1) (6429
Jj=1
K (6.4.26)

where K’ (u)*: RS — RN is the matrix in RN*S given by

K@= (Up o)) T (o +5=1) - Upyow)g) " (vow +5-1)). (6427

Note that, since y, is the approximate solution of € (yy,u) = 0 (see equation (6.4.16)), it still
depends on the sample &’ (even if this is not explicitly mentioned here).

Finally, the function G can be discretized by using the trapezoidal rule for the integral in (6.3.6),
which yields

N+1
G(u) = Z Ax
(6.4.28)

a XN
= —Ax Z u?
2 =

foreveryu € U,y = {z e RN | Ug(x;) < z; < up(x;) foralli e {1,.. .,N}}.
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6.4 Steady Burgers’ Equation

6.4.4 Numerical Results

In this section, we present some numerical results using the Julia code provided in [Ang22,
SBE.jl]. As in Section 6.3.6, we define the bounds within U,; by —10 and 10, use the starting
vectors ug = (0,...,0) € RN and vo = (0,...,0) € RS, and set Y = 0. Furthermore, we use the
same rule to determine the primal step size for a given dual step size o > 0.
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| | | | | | | |
0 0.2 04 06 038 1 0 0.2 04 06 038 1
X X
(a) Optimal control (b) Optimal state (mean + one and standard de-
viations)

Figure 6.9: Example of optimal control and state for f = 0.5

A first impression of the problem is given in Figure 6.9, where the optimal control and state of
(6.4.1) are shown for a probability level of f = 0.5. In this and all following examples, we use
S = 100 scenarios and N = 512 grid points. The solution was computed using constant scalar
step sizes with ¢ = 0.1, a stopping criterion tolerance of ¢ = 107°, and a tolerance for Newton’s
method of ¢ = 1078,
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Figure 6.10: Convergence behavior for f = 0.01, f = 0.5, and

The convergence behavior without CGF is presented in Figure 6.10, where N = 256 grid points
and constant scalar step sizes with ¢ = 0.1 were used to compute the solution for the probability
levels f € {0.01,0.5,0.99}. The stopping criterion tolerance for this and all following examples is
£ = 107% with a tolerance for Newton’s method of ¢ = 1078, As in Section 6.3.6, we can observe
that a higher probability level does lead to a slower convergence. In the following analysis, we
consider the case § = 0.5.
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For the investigation of index selection rule Nel, we use the same constant sequence of probabil-
ities gx := g for some g € [0,1] and all k € IN and M := 10%° as in Section 6.3.6. Figure 6.11 shows
the convergence behavior for f = 0.5 and q € {0.5,0.1,0.01}. The required number of PDE solves
in relation to the approach is shown in Table 6.3. As in Table 6.2, we can also observe here that
the number of required PDE solves is pretty close to the product of ¢ and the number of PDE
solves without CGF.
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Figure 6.11: Convergence behavior for f = 0.5 with CGF and index selection rule Nel for ¢ = 0.5,
q=0.1, , and without CGF (dotted)

We already noticed in Section 6.3.6 that the use of index selection rule Ne2 leads to similar savings
in the number of solved PDEs, which is why we do not consider index selection rule Ne2 in this
example at all.

# solved PDEs

q absolute relative

- 598-10°  100%

0.5 1.59-10° 49.95%
0.2 6.36-10° 20.00%
0.1 3.19-10° 10.04%
0.05 1.60-10° 5.03%

0.01 3.21-10* 1.01%

Table 6.3: Number of solved PDEs for f = 0.5 with CGF and index selection rule Nel in relation
to the choice of g
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Chapter

Conclusion

In this thesis, we considered a non-convex optimization problem that is constrained by a partial
differential equation (PDE) with uncertain coefficients. This problem was described in Chapter 3
after a short summary of some elementary but necessary results from the involved mathematical
fields in Chapter 2. We chose the Conditional Value-at-Risk (CVaR), which is non-smooth, to
measure the risk of the random field PDE solution and to include it into the objective function.
The well-known Chambolle-Pock method does not require the objective function to be differen-
tiable, which is why we used it as a template in Chapter 4 to develop a stochastic primal-dual
proximal splitting method that solves the problem at hand. For the randomization of this method,
we proposed the so-called component-wise gradient freezing or CGF, which was motivated by
randomized coordinate descent methods and requires that only a subset of the coordinates of an
occurring gradient is recalculated in each iteration. Furthermore, we used a special feature of
the CVaR resulting in a proximal operator that is simply the metric projection onto the bounded
probability simplex. We presented an algorithm that computes this projection efficiently and
proved its convergence in Chapter 5. However, as the main part of this work, we proved the
almost sure weak convergence of the proposed stochastic primal-dual proximal splitting method
under some abstract assumptions in Chapter 4 and specified the results for the case of scalar and
deterministic step sizes. Furthermore, we implemented the algorithm in Julia and used this code
to provide insight into the performance of the algorithm in Chapter 6 using two examples. We
discovered that a remarkable reduction of the iteration costs in terms of PDE solves of about 99%
can be achieved in some cases by using CGF.

Future Research

Finally, we present some ideas about where future research might build on this work:

« In Section 4.4.4, we proved a lemma providing a primal step size bound which sets a limit
on how far the next iterate can escape from a given neighborhood around a critical point.
This lemma could be used to relax the requirement on G having a bounded domain in
Assumption 3.1.2. It was needed in Lemma 4.1.1 to show that the primal iterates stay
within a closed ball around the critical point. However, the idea in [CV20, Lemma 4.6] can
possibly be adapted to also work in the present case. This way, one could get rid of the box
constraints in (6.3.5).

« In Section 4.4, we considered the abstract convergence proof of the previous section and
developed assumptions that are easier to verify in the case of scalar and deterministic
step sizes. Firstly, the restriction of a fixed dual step size could be dropped. Secondly, the
requirement of scalar and deterministic step sizes could be weakened by allowing step size
operators, which may also be random in addition [Val19].
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7 Conclusion

120

+ We described in Section 5.1 the discretization of the probability space based on Monte Carlo
sampling and the sample average approximation introduced in Section 2.5.2. However,
additionally to CGF, a sparse grid [GG98] could result in a greatly reduced number of
solved PDEs, as demonstrated in [KS16]. Another approach is called adaptive stochastic
collocation, which is an interpolation-based technique that produces decoupled systems of
deterministic PDEs [Kou+13].

« Apart from the discretization of the probability space, one could also employ a more so-
phisticated discretization of the PDEs in space. For example, Kouri and Surowiec [KS16]
used continuous piecewise linear finite elements built on a piecewise uniform mesh that
is denser in those areas where optimal control and state of the problem constrained by the
steady Burgers’ equation deflect strongly (see Figure 6.9).

« The index selection rules proposed in Section 6.2 are rather simple because we required the
independence of the sequence (Ax)ycqy in order to satisfy Assumption 4.4.10 (Reduction of
CGF). However, there may be a way to remove this condition of independence so that more
sophisticated rules for selecting the index sets could be used. For example, an adaptive
sample size [BBN18; Bei+20; Cha+18] could further reduce the number of necessary PDE
solves.
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