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Short Summary

A thermoelectric generator (TEG) consists of a series of p-n semiconductor leg pairs electrically
connected in series and thermally in parallel, and converts thermal energy to electrical energy,
serving as a potential solution to meet increasing energy demands by harvesting energy from waste
heat. Accurate performance analysis of TEGs requires solving the Domenicali’s thermoelectric heat
balance equation, which is a second order nonlinear partial differential equation with non-constant
coefficients, numerically solvable by Finite Element Methods (FEM). Since FEM is costly and time
consuming, an approximate model assuming constant material properties suggested by loffe is
widely used. However, the thermoelectric (TE) material properties are temperature (T') dependent
in general, and the Constant Properties Model (CPM) can yield meaningful estimates only if the
constant values (obtained by averaging the T dependent data) are physically appropriate. The
question of the effect of selecting an appropriate averaging method has not been exhaustively
discussed yet. Additionally, the magnitude of remaining uncertainty when using CPM for TEG
performance calculations has not been of much focus in the TE literature. Therefore, this thesis deals
with this aspect in larger detail at various levels, focussing on the device aspect but also linking

module to material optimization.

Initially, by comparing different averaging modes we demonstrate that a combination of integral
averaging over the temperature scale for the Seebeck coefficient and spatial averages (integration
over length) for the electrical and thermal resistivities proves to be the best to represent the constant
property values. We show that the still remaining deviation due to uncompensated Thomson heat
can be corrected using a simple entropy flow diagram. Further, using a material-device model
developed in-house, we not only show that the material figure of merit zT, based on CPM, can be
misleading in the search for optimum material parameters (such as carrier concentration), but we

also demonstrate the usefulness of this tool in studies such as functional material grading.

In summary, this research work provides useful insights about the usage of CPM which is most
commonly used in thermoelectrics, clarifying wide spread misconceptions, as well as providing

faster and efficient tools for performance calculation and for accurate material optimization.
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Kurze Zusammenfassung

Ein thermoelektrischer Generator (TEG) besteht aus einer Reihe von p-n-Halbleiterschenkelpaaren,
welche elektrisch in Reihe und thermisch parallel geschaltet sind und die thermische Energie in
elektrische Energie umwandeln. Sie sind eine potenzielle Losung zur Deckung des steigenden
Energiebedarfs, da sie Energie aus Abwarme gewinnen kénnen. Eine genaue Leistungsanalyse von
TEGs erfordert die Losung der thermoelektrischen Warmebilanzgleichung von Domenicali: einer
nichtlinearen partiellen Differentialgleichung zweiter Ordnung mit nicht konstanten Koeffizienten,
die numerisch durch Finite-Elemente-Methoden (FEM) geltst werden kann. Da die FEM
kostspielig und zeitaufwendig ist, wird h&ufig ein von loffe vorgeschlagenes Naherungsmodell mit
konstanten Materialeigenschaften verwendet. Die thermoelektrischen (TE) Materialeigenschaften
sind jedoch im Allgemeinen temperaturabhangig (T), und das Modell der konstanten Eigenschaften
(constant property modell - CPM) kann nur dann aussagekréftige Schatzungen liefern, wenn die
konstanten Werte (die durch Mittelwertbildung der T-abhangigen Eigenschaften ermittelt werden)
physikalisch angemessen wurden. Die Frage, wie sich die Wahl einer geeigneten
Mittelungsmethode auswirkt, ist noch nicht vollstandig erortert worden. Darlber hinaus wurde das
Ausmal} der verbleibenden Unsicherheit bei der Verwendung von CPM fir TEG-
Leistungsberechnungen in der TE-Literatur nicht abschlieend diskutiert. Daher wird dieser Aspekt
in dieser Arbeit auf verschiedenen Ebenen ausfuhrlicher behandelt, wobei der Schwerpunkt auf dem
Geréteaspekt liegt, aber auch eine Verbindung zwischen Modul und Materialoptimierung hergestellt

wird.

Zuné&chst zeigt ein Vergleich verschiedener Mittelungsmodi, dass sich eine Kombination aus
integraler Mittelung Uber die Temperaturskala fir den Seebeck-Koeffizienten und raumlichen
Mittelungen (Integration tber die Lange) fir den elektrischen und thermischen Widerstand als am
besten geeignet erweist, um die konstanten Eigenschaftswerte darzustellen. Wir zeigen, dass die
noch verbleibende Abweichung aufgrund der nicht kompensierten Thomson-Warme durch ein
einfaches Entropieflussdiagramm korrigiert werden kann. Dariber hinaus zeigen wir anhand eines
selbst entwickelten Material-Bauteil-Modells nicht nur, dass die auf CPM basierende

Materialkennzahl zT bei der Suche nach optimalen Materialparametern (wie z. B. der



Ladungstragerkonzentration) irrefihrend sein kann, sondern wir demonstrieren auch die
Nutzlichkeit der entwickelten Methodik bei weitergehenden Studien wie der Materialoptimierung

durch Gradierung.

Zusammenfassend lasst sich sagen, dass diese Forschungsarbeit nutzliche Einblicke in die
Verwendung des CPM liefert, welches in der Thermoelektrik am haufigsten verwendet wird, weit
verbreitete Missverstdndnisse ausraumt und schnellere und effizientere Werkzeuge fur die

Leistungsberechnung und die genaue Materialoptimierung bereitstellt.



Abstract

A thermoelectric generator (TEG) converts thermal energy to electrical energy, serving as a
potential energy solution to meet increasing energy demands by harvesting energy from waste heat.
A typical TEG consists of a series of p-n semiconductor leg pairs connected electrically in series
and thermally in parallel. Accurate performance analysis of TEGs requires solving the Domenicali’s
thermoelectric heat balance equation, which is a second order nonlinear partial differential equation
with non-constant coefficients, numerically solvable by Finite Element Methods (FEM). Since FEM
is costly and time consuming, an approximate model assuming constant material properties
suggested by loffe is widely used. However, the thermoelectric (TE) material properties are
temperature (T) dependent in general, and the Constant Properties Model (CPM) can yield
meaningful estimates only if the constant values (obtained by averaging the T dependent data) are
physically appropriate. The question of the effect of selecting an appropriate averaging method has
not been exhaustively discussed yet. Additionally, the magnitude of remaining uncertainty when
using CPM for TEG performance calculations has not been of much focus in the TE literature.
Therefore, this thesis deals with this aspect in larger detail at various levels, focussing on the device

aspect but also linking module to material optimization.

Initially, a comparison of different averaging modes shows that a combination of integral averaging

over the temperature scale for the Seebeck coefficient and spatial averages (integration over length)
for the electrical and thermal resistivities (& and % respectively) proves to be the best to represent the

constant property values. However, averaging spatially requires the exact temperature distribution
along the length of the thermoelectric leg (temperature profile T (x)). Therefore, a fast and easy way
of obtaining the axial T profile of a TE leg in a one-dimensional (1D) approach using simple
integration is introduced in this study. The solution is obtained by finding T (x) iteratively, starting
with a linear T (x) and converging quickly. With this tool, not only the calculation speed is reduced
by orders of magnitude compared to 3D FEM, but also the physical origin of the non-linearity of
the T profile, its relevance and magnitude can be visualised by separately plotting the individual
contributions to the bending of the temperature profile. The heat balance equation consists of
contributions from Fourier heat (due to the temperature difference between hot and cold sides),
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Joule (due to internal electrical resistance) and Thomson heat (due to the T dependence of Seebeck
coefficient). On analyzing the temperature profiles for six highly efficient and widely studied
thermoelectric materials, we find that the pronounced temperature dependence of the thermal
conductivity (k) significantly contributes to the deflection of real temperature profiles from a linear
one. It is found that the asymmetry in heat distribution (with respect to conduction and internal
sources) is important to consider and hence, a simple temperature average which is often used for k
in CPM won'’t be sufficient to appropriately represent k(7). This is because temperature averages

cannot represent spatial variation of the material properties.

Another explicit source of error in the CPM is the Thomson heat as CPM considers a constant
Seebeck coefficient (a). One of the most common assumptions is that Thomson heat is quite
negligible and hence, can be ignored. However, despite utilizing physically appropriate averages,
we find that CPM overestimates performance for many materials (e.g., for PbTe by up to 6%). On
analyzing by means of an entropy flow diagram based on the a(T) plot, we show that this remaining
deviation occurs to a large extend due to uncompensated Thomson heat, leading to a discrepancy in
the estimation of the inflowing heat, the optimum current and thus of the efficiency as calculated in
the CPM compared to the real case. The estimate of generated power at maximum efficiency
however remains less affected as it is only related to the discrepancy in the optimum current
estimation, which is usually <1%. Using the simple entropy flow diagram, we demonstrate how the

error in the estimation of Thomson heat at the hot side can be corrected.

One of the major uses of the CPM model in TE material development is to theoretically optimize
2

material properties based on the TE figure of merit zT (defined as “—Ka). However, the TE material

properties a, o, k cannot be optimized independently of each other and are directly and partially
inversely interrelated. The optimization is typically done by plotting zT vs. carrier concentration (n)
or a composition-related parameter (x) or any other parameter that needs to be optimized, for each
temperature, and finding the parameter value (e.g., n) corresponding to the maximum of zT. zT as
a performance metric is based on an analytical relation for maximum efficiency within the CPM
theory. Due to the above-mentioned uncertainties related to CPM, optimized parameters based on
zT for a module can be misleading. To test this, a study based on efficiency is conducted on p-type

Mg2Si1xSnx solid solutions which suffers from poorer material properties than its n-type counterpart
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and needs optimization of n and x. The 1D iterative solution method for device performance
calculation is integrated with an existing electronic band structure-based material model, in this
case, a single parabolic band (SPB) model, with an effective mass linearly dependent on
composition x and carrier concentration, and acoustic phonon and alloy scattering as charge carrier
scattering mechanisms. It is found that for a hot side temperature (7'n) of 500 K (which is well within
the validity limits of an SPB model) and a cold side temperature (Tc) of 300 K, the difference in
optimum n for Mg2Si1xSnx calculated once based on leg efficiency using T dependent properties or,
on the contrary, based on zT optimization, is found to be about 20%. Additionally, the usage of the
temperature average of zT within the CPM formulae for predicting optimum parameters is also
analysed and proves to be quite accurate in the determination of n or X, even though the predicted

efficiency with the temperature average of zT may be significantly different.

As a further step, in order to demonstrate the utility of this integrated performance estimation tool,
a study on the effect of grading and segmentation on Mg2Sn-based modules is presented. Here, a
two-band model developed in the work group is used to describe the properties of n-type Mg2Sn. A
functionally graded leg constructed with locally varying n (optimized based on peak zT vs n)
according to linear T variation along the length of the TE leg, amounts to a gain of about 7% in
efficiency for Th=700 K and T'<= 300 K. The compatibility criterion is checked, and it is found that
this gain is very close to the maximum gain possible with this graded configuration. Additionally, a
two-segmented TE leg was studied with Th= 700 K, Tc= 500 K for the first half of the leg and Th
=500 K, Tc=300 K for the second half. The optimum (constant) n for these two segments are found
using the tool based on device efficiency maximization, to construct the material properties of the

two segments. A gain in efficiency of 5% is predicted.

In summary, this research work provides useful insights about the usage of CPM which is most
commonly used in thermoelectrics, clarifying wide spread misconceptions, as well as providing

faster and more efficient tools for performance calculation and for accurate material optimization.

Xiii



Table of Contents

ACKNOWIBAGEMENL ... .ottt e te e e s ae e se e s eesreesbeeseesneesaeeneennee e %
SNOMT SUMIMAIY ... et e et e e st et e e s be e e st e e s beeesbeesbeeanbeenteeaneee e viii
KUIZe ZUSAMMENTASSUNG ...eouveirieiiieiiieie sttt sttt sbe e tesseeste e e eseesseesbeaneesreenteeneesneentens iX
N 41 1 - Uod SRS Xi
TADIE OF CONTENTS ...ttt b e bbbt et bbb sbeeneeneeneas Xiv
LISE OF SYMDOIS ...t e e beeres XVii
LISE OF ACTONYIMIS. ... etttk b bbbt bbbt bbb et et e e e bbb b en e XX
LSE OF FIQUIES ...ttt bbbttt ettt ettt nb et ans XXii
L [ 011 70T (8T { T o OSSPSR 1
1.1 ThermOeIECIIC EFFECES .....couiiie e 2
1.2 Performance estimation of a 1D TEG element...........ccccoiiiiiiiiniinene e 5
1.2.1  Thermoelectric heat balance eqUAtION............coiiiiiiiiie e 6
1.2.2  Analytical method — Ioffe’s Constant Properties Model (CPM).........ccccccvevveircnnnne. 10

1.3  Factors affecting performance of @ TEG Module ..........c.ccooeiiiiiii i 14
1.4  Material aspects of thermoelectric performance...........ccocoeieiiniieiiiieee e 16
1.4.1  Optimization of material Properties ... 16
1.4.2  Modelling TE properties using a Single Parabolic Band model ..............c.cccoceueneee. 18

1.5 Material grading and SEgMENTALION ...........cccveiiieiiiieiie e 21
151 ComPAatiDIIY .....ooeeieee e 23

2 Aimand oVerview OF the TheSIS........cviiiiieecc e 27

Xiv



T 0L g OF U 1 (oo -SSR 29

3 Using the Constant Properties Model for accurate Performance Estimation of Thermoelectric

Generator Elements (PUDHCATION 1) ....oc.oiuiiiiiiiiieee e 30
3.1 ADSIIACT. ...t 30
3.2 INEOTUCTION ...ttt n e n e r e 32
3.3 Methods @nd FESUILS ......c..oiuiiiiiieieeee e 32

3.3.1  Estimation of TE performance By CPM.........ccooiiiiiiiniieiseseeee e 35
34 DIESCUSSION....cuttteseeii ettt b etk b bbbt bbbttt b n e 35
3.4.1 Influence of temperature dependence of material properties...........cccceevveviveiireennen. 39
3.4.2 Insight into the discrepancy With CPM .........cccoiiiiiiiiiie e 39
3.5 CONCIUSTON ...ttt b bbbt b et 42

References for Chapter 3 (PAPET 1) .....covoieiie ettt te e sre e 52

4 Discrepancies associated with the use of CPM (Publication 2) ..........cccccoovviviiiiiiiiciiicie, 55
A1 INEFOUUCTION ...ttt b bbbt e bbb b b 56
4.2  Methods, reSults and AISCUSSION ........oeiieviieeiiiiiee et e e s s e e s e e e e s e eares 57

4.2.1 Role of the T dependence of material properties in performance estimation ........... 57
4.2.2  Peltier-Thomson heat balance and the resulting uncertainty in CPM efficiency...... 60
4.2.3  Refining the CPM efficiency eStiMate ...........cooeiiiieiiiiiercreee s 63
4.3 CONCIUSION ...t bbbttt b bbbt 66

N o] 0L 40 LD TSSO S USSR 68
References for Chapter 4 (PaPEI 2): . ..ccui oottt e et eaae e 73

5  Material optimization using exact efficiency (Publication 3) .........ccccceviiinnininninnceeee, 76

Efficiency as a performance metric for material optimization in thermoelectric generators.......... 76

XV



8

B INETOTUCTION oottt e e e e e e e e e et e e e e e e e eeeeeeeeeaeeeaaaes 78

5.2 IMIBINOU. ...ttt be et e reenre e 79
5.3 RESUILS c.teeiecie ettt ettt r e re et et e ane e neeneeereenreeneeas 82
5.3.1  Optimum carrier CONCENIIALION .........ccveiieiierieiieseee e e se e e e e e e 83
ST S B T 1ol U XS] o o PO P TP PR RPR PRSI 85
D111 1] (o] o PRSP 98
1.1 Optimum Carrier CONCENTIATION........cviieierierieite sttt 102
1.2 Material grading .....cccooeeveiiieiiiisieeie ettt ettt 102
ConClUSION AN OULIOOK.........coueiiiiie i 110
Quantification of asymmetry in heat diStribDULION .........ccccooviiiiiiiiie e 112
Effect of 3D current and heat fIOW.........cccooieiiei e 113
Effect of scattering mechanisms on temperature dependence and therefore on heat flow ....... 113
RETEIBNCES ...ttt bttt b e bbbt nae e 114

XVi



List of Symbols
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Symbol Description Unit

a Seebeck coefficient [VIK]
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1 Introduction

The importance of thermoelectric (TE) power generation can be seen from a long series of
successful U.S. and Russian deep-space and rover missions up to the recent (2020) success of
NASA’s (National Aeronautics and Space Administration) Perseverance rover operating on
Mars, including the farthest manmade objects in space (Voyager 1 and 2) that are still sending
us deep space data for more than 40 years [1-6]. Since solar power is not always available in
such missions these probes are powered by what is called Radioisotope Thermoelectric
Generators (RTG). RTGs use the decay heat from radioactive isotopes such as plutonium and
convert it to electric power for mission supply. Thermoelectric energy harvesting has gained
interest in the recent years, due to rapid advancements in materials research, as well as due to
the ongoing energy crisis [7-10]. The need for alternative and sustainable sources of energy is
on the rise as fossil fuels are depleting quickly [11]. It is also well known that about 60% of
usable primary energy is being wasted in the form of heat, such as loss in the intermediate
processes in the conversion from fuel to electricity, waste heat from industries, engine exhausts
and other sources [12-14]. Thermoelectricity helps to harvest such wasted energy and serves
as a silent, pollution-free, reliable, maintenance-free, long lasting, direct form of energy
conversion [15-18].

‘Thermo’electricity as the name implies is the reversible conversion of thermal energy into
electrical energy or vice versa [17]. Conversion of heat flow (due to an applied temperature
difference) into electrical power is the power generation mode and this can have potential for
waste heat scavenging [14], self-powering sensors [19, 20] and many applications more [15,
21-24]. A thermoelectric generator (TEG) is a device made of a number of leg pairs made of
p- and n-type semiconductor material, electrically connected in series and thermally in parallel.
A schematic of a typical TEG module is shown in Figure 1-1, where a number of pn leg pairs

can be seen between electrically insulating ceramic plates.
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Figure 1-1: Schematic representation of a TEG module consisting of pn leg pairs electrically connected in

series and thermally in parallel (reproduced with permission from [25]).

1.1 Thermoelectric effects

Generation of a voltage due to a temperature difference is called the Seebeck effect [26], which
is the phenomenon that the charge carriers (holes/electrons) which have higher kinetic energy
at the hot side (h) move to the cold side (c), resulting in an accumulation of charge on one side
compared to the other. This results in a potential difference between the hot and cold sides,
giving rise to an electromotive force (emf) [27]. The material property which quantifies this
behavior is called Seebeck coefficient («). It is simply the amount of voltage generated due to
a given temperature difference (AT = T;, — T,). A simple schematic explaining the mechanism
of the Seebeck effect in an n-type TEG leg is shown in Figure 1-2. Assuming that only one
type of carrier exists in this leg (electrons here), an equivalent electron gas model can be
considered [28]. A gradient in charge carrier concentration n can be seen throughout the leg
and here for simplicity, the accumulation of electrons only at the ends is shown. The open

circuit voltage (1, ) generated due to a given temperature difference is given by,

Vo, = —aAT 1)



The negative sign is due to the fact that the direction of the Seebeck voltage generated is against
the direction of the temperature gradient. For example, the Seebeck coefficient of an n-type
semiconductor is negative and it creates a positive potential at the hot side compared to the

cold side, while a p-type material (positive ) creates a negative potential at the hot side.

T, T,

Figure 1-2: Thermodiffusion of electrons in an n-type semiconductor due to higher momentum at the hot
side compared to the cold side, generating a positive open circuit voltage V,. Here, T}, and T, indicate hot

side and cold side temperature respectively.

The reverse effect, that when an electric current is passed through a thermoelectric material,
heat is absorbed at one side and released at the other side, is called Peltier effect and can be
used for cooling/heating applications and small-scale heat pumps such as portable refrigerators
[29-33], vaccine transportation boxes, car seat heating/cooling etc. [34, 35]. The Peltier effect
at a metal-semiconductor junction is represented by a simple schematic in Figure 1-3 [36]. By
applying a voltage difference, the electrons are forced to move between these two materials (A
and B) having different Seebeck coefficients (and therefore having different average energy
levels at which the carriers move). The electrons have to gain energy to jump from metal in
which carriers move at the average energy level Eg, to semiconductor of average energy E
(when E > Eg,; as for n-type semiconductor) by absorbing heat, and therefore cooling the
environment at this side and leave the semiconductor of energy E to a metal at lower energy
level E,, releasing the heat (warming). Here, qV represents the difference in the Fermi level
between the two contacts due to the application of voltage V. The dotted sloping line inside the
semiconductor represents the decreasing electrochemical potential from left to right. A vertical
energy axis is shown on the left for reference. The Peltier effect causes the material to serve as
a heat pump between two junctions between materials of different Seebeck coefficient [16, 37].
Unlike the irreversible Joule heating effect, the Peltier effect is reversible. When the direction

of current is reversed the heating/cooling effect is reversed. The Peltier coefficient IT is given

by,



n 2
HA_HB:QT ()

where Q is the heat flow absorbed/generated at the contact of two materials A and B when
current I flows through the interface. Q and Q are equivalently used throughout this thesis to
indicate heat flow (Q represents heat flow rate conventionally). I1, — IIg = I1,g is called the
relative Peltier coefficient, while 1, is called the absolute Peltier coefficient which is just
associated with material A. IT is related to the Seebeck coefficient as, IT = aT [38]. This is
called the first Kelvin’s relation [39].

Thermal energy

absorbed, Epq —E_—" " 00 s oo Thermal energy
dissipated, E — Ep,

Metal Epy

E contact Metal Epp =Ep1 —qV
(A)

contact
(A)

Figure 1-3: Schematic explaining the Peltier effect at a metal-semiconductor junction. As electrons move
through the circuit (indicated by arrow direction), they gain energy when travelling from a metal in
which carriers move at an average lower energy level (= Eg;) to a semiconductor of higher energy E (n-
type) cooling that side, and lose energy in the form of heat on the other side when dropping down to a
metal again. The second metal contact here has a lower Fermi energy (Eg,) due to the application of

voltage V. When the direction of flow of current is reversed, the effect is reversed.

Figure 1-3 depicts an isothermal condition. However, when there is a temperature gradient in
the semiconductor, and if the average energy is T dependent, i.e., if the Seebeck coefficient is
temperature dependent, then the Peltier effect happens continuously in a TE leg and the related
distributed Peltier effect is called the Thomson effect. It is basically the generation or
absorption of heat in a current carrying conductor when there is a temperature gradient. It

occurs due to temperature dependence of « [38]. The Thomson coefficient 1, is given by

da (3
T= Tﬁ

Hence when a(T) is constant, T = 0. From the above expression (eq. (3)), the heat

generated/absorbed is given by,

do = IaTd
Q=715 dx )



From the Peltier coefficient (IT = aT) and Eq. (3), it can be seen that

di ()
ET=T+a
This is called the second Kelvin’s relation. The majority of this thesis deals with the Peltier-
Thomson effect and the widely assumed notion that Thomson heat is quite negligible [40, 41]
and is usually ignored. A detailed explanation for the Peltier-Thomson balance and its effect

on performance estimation can be found in Chapters 3 and 4.
1.2 Performance estimation of a 1D TEG element
TEG performance estimation involves mainly finding the power output (P) and efficiency ().

This thesis entirely deals with steady state calculations. The effects of convective and radiative

heat losses are not considered.

Consider a single TE leg of length L as shown in Figure 1-4, supplied with a constant hot side

and cold side temperature.

Th
' \VO Rin
T .
0 x |
Hot side Cold side
(Th) (T¢)
1 V V V
R Ry

Figure 1-4: Schematic of an n-type TE leg of length L with hot side temperature (T},) and cold side
temperature (T,) connected to an external load resistor Ry, I indicates the current. The graph above the
leg shows the temperature variation along the length of the TE leg (T profile): the solid curved line shows

the actual T profile due to Thomson and Joule effects and the temperature dependence of the thermal
conductivity. It can either be above or below the linear T profile (dotted line) depending on the material
properties. On the right, an equivalent electrical circuit indicating the involved resistances and voltage is

presented.

The electrical power output at the load resistor due to a current flow I is given by [18].
P=V-I,whereV=V,—R;,I (6)

Here, V is the output voltage measured at the terminals of the TEG leg, V, is the Seebeck
voltage generated (the maximum output voltage, reached at open loop) given by eq. (1), R;,!
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is the voltage drop due to the internal resistance (R;,) of the TE material (R;, = pL/A, where

p is the electrical resistivity of the TE material, L — length, A — cross-sectional area).

Efficiency is given by the ratio of output power to the input heat flow (Q;,).
n =P/Qi, (7)

Calculation of Q;, depends on if the model is considering fully T dependent material properties
or if the constant properties model (CPM) is considered. Both models will be discussed in the
following sections. While all these equations apply for a single leg, the performance of a TEG
module is scaled under ideal conditions (zero contact resistance) by the following

considerations given in Table 1, where N is the number of pn pairs.

Table 1: Thermoelectric quantities used in performance estimation of TEG modules (reproduced from

[28]).
Entity Single leg pn couple TEG
Seebeck coefficient () a, a, apn = ap + |ay| N-ap,
Electrical resistance (R) R, R, R,, =R, + R, N-Ry,
Thermal conductance K, K, Ky, =K, +K, N-Kp,
K = (%), where K is
the thermal
conductivity
Voltage Vp Vi Von =Vy +V, N:-Vp,
Current I, =1, Iyw=1,=1, Iy,
Heat flow Qp, Qn Qun =Qp +Qy N-Qpn
Electrical Power output P, P, Ppn =P, + P, NPy,
Efficiency Np) M Ppn Npn
npn = Q
pn

1.2.1 Thermoelectric heat balance equation

Domenicali [42] arrived at the thermoelectric heat balance equation considering an isotropic

material. This equation is obtained from the fact that the divergence of flowing Fourier heat

6



equals the sum of the source terms which are the Joule heat and Thomson heat [18]. From the

energy conservation, it follows that for an n type leg,

Vq = pv (8)

Here, pv is the electrical power produced per volume. Heat flux g and electric field E at any

point in the TE leg, following the sign convention in Figure 1-4 is given by
E=aVT+pjandq=—lcg—:+ aTj (9)
where pv= Ej. Hence, substituting eq. (9) in eq. (8), we get
V(—kVT + aTj) = pv (10)
Expanding, we get,
V(—KkVT) + Va - Tj + VT - aj + Vj - aT = j(aVT + pj) (11)
Due to charge conservation Vj = 0 holds. Hence, eq. (11) simplifies to,
V(—kVT) + Va - Tj = pj? (12)
Expanding Va - Tj and recollecting the second Kelvin relation IT = aT, we get,

. m . 1 1 : . (13)
Va-Tj = V(?)-T] = (TVH—EHVT)-T] =(VIl —aVT)-j

This again reinforces the fact that Peltier and Thomson effects are different aspects of Va.

Pictorially this is represented in Figure 4-3 of chapter 4. Va - T is the Peltier-Thomson term.

From the second Kelvin relation (eq. (5)), and eq.(13), eq. (12) simplifies to

V(—KVT) + AT _ 9Ty j = pf?
K Grax VD i=pi
V(—kVT) + ((t + @)VT — aVT) - j = pj? - (14)

Eq. (14) therefore simplifies to the thermoelectric heat balance equation of TE conversion as

follows,
V(—kVT) + tj - VT = pj? - (15)

When incorporating the T dependence of the material properties a, x and o, the eq. (15) is a
second order non-linear partial differential equation, typically solved using numerical methods
like Finite Element Methods (FEM) [28, 43], Finite Volume Methods (FVM) [44-46] or Finite
Difference Methods (FDM) [28] and similar numerical tools [47, 48]. Although all three

y



methods are suitable, in the following section, the basic methodology of FEM is discussed

briefly as it was used to validate the solution developed in this thesis (Chapter 3).

At the hot side, the heat flux g;, is given according to Fourier’s law. In a TE material, Peltier

heat is additionally generated and hence g, is given by

ar | .
Qin = —Kngo +jonTy. (16)

Here, —ky, -%h is the Fourier heat flux entering at the hot side and j - a}, - T, is the absorbed

Peltier heat flux at the hot side [27, 28]. Here, k;, = k(T},) and a;, = a(T},). To obtain Z—i for

determining g;,, the thermoelectric heat balance equation given (in 1D) by eq. (17) is solved
for T (x).

T )62T dr <6T> pdadl (17)
¢ dT \ox T dT ax p(1)j

T(x) gives a relation between the Fourier heat flux (;c(T) + & (aT) ), the Joule heat
(p(T)j?) and the Thomson heat (]Td—“a—T refer eq.

(4)) per area. For steady state heat conduction with constant material properties, the
temperature profile is linear between the hot and cold sides at j = 0. However, in a TE leg, the
T profile is slightly bent from linearity due to the contributions from Joule and Thomson heat
(at j # 0) as well as due to the temperature dependence of k (even under j = 0 condition) as
shown in the schematic in Figure 1-4. The importance of the T profile and the temperature

dependence of material properties is discussed in Chapter 3.

1.2.1.1 Finite Element Method (FEM)

The Finite Element Method is a widely used numerical solution method to solve partial
differential equations which can’t be solved by simple integration [49-51]. FEM works by
discretizing the geometry into finite elements (meshing) and thereby forming nodes. At each
node the solution is obtained by simplifying the governing equations (for example, in our case,
eg. (17)) to simple algebraic equations and allowing for the solution to converge. In other
words, a product of a weighted function and its residual is minimized, where the weighted
function is a trial fitting function to the solution and the residual is the remaining deviation

involved in these fitting functions. One of the major advantages of FEM is that any geometry



can be solved unlike FDM as FDM uses only rectilinear domains. An inbuilt TE toolbox in
ANSYS workbench was used to validate the solution method involved in this thesis (Chapter
3) [52]. A sample TE leg used in the simulation and the toolbox interface is shown in Figure
1-5. A schematic temperature profile is drawn above the simulated TE leg in Figure 1-5a. As
can be seen from Figure 1-5b, the thermoelectric material properties are input in the
‘Engineering Data’ (in the sample leg shown in a), T dependent properties are given as input),
geometry is created in step 2 (in this case, a rectangular bar) and meshed to created nodes in
step 3. The boundary conditions such as temperature difference between the hot and cold sides,
voltage and/or current supplied are set up in step 4 [53]. The output variables such as
temperature profile, voltage, heat flux at the hot and cold sides (to determine power output and
efficiency) are indicated in the solution step. In Figure 1-6, the workbench solution interface is
shown. As can be seen, the boundary conditions for the steady state thermoelectric conduction
are indicated: hot and cold side temperatures, current flow on one side whereas the other side
is electrically grounded. Throughout this work, the sides are assumed to be insulated and the
effect of heat loss out of the leg due to convection or radiation is not considered. All the
simulation is done in 3D. Even though 3D simulation doesn’t differ from the 1D solution for a
single TE leg and symmetric boundary conditions, it becomes inevitable when a =—shaped TE
couple is simulated. In this case especially when simulating using electrical and thermal
contacts, 3D effects such as distortion of current lines at the edges can become relevant. The
solution tab shows the output variables that we require (heat flux at the hot and cold sides and

the voltage output generated).
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Figure 1-5: a) A meshed TEG leg. The colour variations indicate the temperature variation with red being

hot and blue being cold. A schematic of a sample T profile is shown above the leg. b) the list of available



toolboxes in workbench showing Thermal-Electric toolbox and the steps involved in the FEM analysis can
be seen.

File Edit View Units Tools Help |J @ % | Jsove v ?/ShowErors F@ [id & (@)~ @vorksheet iy

|

RHTR-CRREER &S PAQ QR NGB o O

A’ Show Vertices é@Wireﬁame |D§I'35howMesh ;«!\ b Random Colors @Annotation Preferences | 3_, g_’ I_’

?1:’ (& Reset Explode Factor: | Assembly Center -

Il Edge Coloring ~ Av Av Av Av Av x [+l <0 Thicken Annotations

J
J
J
J
J
J

Environment |fi],Temperature |fi]'Ccm!.rection |fi],Rat:iiaticm Ifi],Heatv %Mass Flow Rate E;u\‘u’cbltage . Current @, Conditions v| Es |

i J Filter: Mame -
Project

B @ Model (A4)

T Geometry
=k Coordinate Systems . Current: 0.1 &
: ‘,% Mesh

B, ,/El Steady-State Thermal-Electric Conduction
(] ‘,h Analysis Settings

ﬁ] Temperature

ﬁl Temperature 2

ﬁ.g Voltage

B Solution (A6)

: ,,-[1"] Solution Information

,/@ Total Heat Flux

/M Total Heat Flux 2

/& Voltage Probe 1 1003 {m) Z/w)(
0.0015 L

< mn | ' |\ Geometry 4 Print Preview ) Report Preview /)

Figure 1-6: Thermoelectric solver interface showing the boundary conditions (temperature, voltage and
current) on the left side pane and the simulated single TE leg on the right-side workspace. The blue arrow

on the rectangular TE leg indicates the direction of current flow.

1.2.2 Analytical method — Ioffe’s Constant Properties Model (CPM)

Numerical solution methods such as FEM are time consuming and costly and are therefore
inconvenient for parameter studies to determine suitable geometry and boundary conditions for
optimizing performance in different application scenarios. In order to quickly estimate the
efficiency and power output, a constant properties model (CPM) suggested by loffe is often
used [54-57]. Consider a single TE leg out of a pn pair as shown in Figure 1-7a, maintained
between constant hot and cold sides temperatures. In each leg, there are three mechanisms
contributing to the heat flow at each side which are indicated by blue arrows on the right [58,
59]. The generated heat flow due to temperature difference (indicated as Q,), the Peltier
(indicated as Q), and the Joule heat (indicated as Q;), are transported. Figure 1-7b
schematically shows the heat transfer mechanisms in a TE leg: part of the Peltier heat difference
between the hot and cold sides is converted into useful electrical power (Per and P are

equivalently used throughout this work).
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At the hot junction, the energy balance consists of
» Fourier heat conduction (Q, = KAT) away from the hot side
 Peltier heat flowing away from the hot side (Q, = IaT}) and

+ Half of the heat from resistive Joule heating flowing towards the hot side (Q; =
1
_ElzRin)
At the cold junction, the energy balance consists of
» Fourier heat conduction (Q, = KAT) towards the cold side
* Peltier heat flowing towards the cold junction (Q,, = IaT,)
 Half of the heat from resistive Joule heating flowing towards the cold side (Q; =
1
EIZRin)
From the energy balance, the following equations hold

1, 1, (18)
Qn = KAT + IaTy — 5 I*Ryy and Qc = KAT + IaT + 5 I*Ry,

Where Q;, and Q.. are the total heat flowing into and out of the TEG respectively.

a) 0, b)

- Th Tc
Hot side
e +) K(Th-Tc
| olT,
n leg G'I'Th
%2 P, =12 IR, ] Yo Py=% o
—— Qp = Qout = Pey
e
Pel

Pg = alAT - RI?

Cold side

Figure 1-7: a) Schematic of a p-n leg pair connected to an external load resistor R;. The heat flow
direction for a leg is shown on the right. As current I flows through the TE leg, Joule heat @, and Peltier
heat Q., are generated. Fourier heat Q,. flows due to the supplied temperature difference, b) Schematic
representation of heat transfer and electrical power production in a single leg. Here, Qin & Qn, Qout © Qc,

Rin < R and P < P are equivalently used (taken from [28]).

As the heat flows from hot to cold junction, a certain portion of the heat is converted into
electrcial power [27]. Hence, from Eq. (18),

P =Qy— Q.= I(abT — IR;,). (19)
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The external load resistance plays an important role for the operation of a TEG as it determines,
together with the inner resistance, the current flow. Typically, power vs. current and efficiency
Vs. current characteristics are studied in the optimization procedure as shown in Figure 1-8 and
the TEG is operated at the optimum current corresponding to the peak performance (either
power or efficiency). Considering a TE leg connected to an external circuit as shown in Figure

1-4, eq. (6) can be written as

0=(,—Ri,] —R.DI (20)
Where,
1—(_ZL_> (21)
"~ \Ry, + R,

Setting the ratio m = R; /R;,, and from eq. (6), (21)(20) simplifies to

P—(V R Vo 1 )(Vo 1 )
U Timp 1+m)/\R, (1 +m)

p_ Vo m (22)
Ry, (m+ 1)2
The maximum power is obtained by setting Z—I; = 0. Therefor from eq. (19), it can be seen that

Prax OCCUrs when

AT (23)
2R;,

I=«a

This current I is called the optimum current for maximum power, I Therefore P, iS given

optp
from eq. (22) as

AT? (24)
Pmax = az 4pL A

From eq. (23) and (24) it can be deduced that for P, RL= Rini.e., m =1. Here, a?c (0 = % is

the electrical conductivity) is called the thermoelectric power factor.

By maximisingn = %, the maximum efficiency is obtained as [27],
h

_ AT -1+ /1+2T, (25)

Nmax =
T, T
h T_;+\/1+ZTm
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AT . . 2 . . : . .
where T8 the Carnot efficiency, zT,, = % - Ty, is the dimensionless figure of meritand T,,, =
h

% is the mean temperature. n, = ;CH— /1*2Tm s called the reduced effciency which will be

Th+J1+zT}n
discussed briefly in the section on compatibility (section 1.5.1). As can be seen, efficiency is
limited by the Carnot efficiency. The optimum current at maximum efficiency (I, ) is given
by
aAT (26)

I =
PR+ 1+ 2Ty)

which occurs at R, = Ri,+/1 + ZT,,. Therefore, as can be seen from Figure 1-8, the optimum

current for maximum power is always higher than the optimum current for maximum
efficiency. For optimizing TEGs for application scenarios, curves as given in Figure 1-8 are
calculated for different zT and hot side and cold side temperatures and for any other parameter

that needs to be optimized.

a) 30 F b) 15 ‘
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S S
2 15¢ =3
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0.0 E ) ) ) ‘ 0.0 " ) ) ) ) ‘
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Figure 1-8: Electric power density poy Vs. j @) for different zTm (T}, = 600 K) b) for different Ty, (zTm =
1); TEG efficiency n vs. j characteristics c¢) for different zTm (T}, = 600 K) d) for different Ty, (zTm =1),
calculated for a typical TE material (taken from [28]). The larger black dotted lines represent points of
maximum power or efficiency accordingly and dotted and dashed lines to serve as eye guide for primary
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and secondary points of maximum. For example, in a) the dashed lines with bigger solid dots represent
points of Pmax and dotted lines and small dots represent points of nmax. Here, Tc= 300 K, a = 180 uV/K,
and k = 1.5 W/m K.

It has become almost synonymous when estimating device performance from among them
properties that the analytical expressions given by eq. (24) and eq. (25) are the power output
and efficiency of a TEG. However, as these are derived based on the assumption of constant
properties, the question of selection of appropriately averaged values [60-64] for the TE
properties to be used in the CPM formulae has not been answered clearly yet. Usually,
temperature averaging (averaging of the properties over the temperature scale of the range of
consideration — in the following denoted by TAv) is widely used but is physically not strict [18,
28, 47,54, 65]. The error involved can be high depending on the chosen temperature range and
the temperature dependence of the material [28, 61, 64, 66]. So far, there has not been a clear
explanation as to why sometimes CPM works better and sometimes not. Often, the neglect of
Thomson heat and/or the Joule heat asymmetry are assumed to be the reasons why CPM
calculation deviates from exact results and there are some publications arguing on that the
Thomson heat is significant [40, 67-69] while others argue that it is negligible. Neither a clear
conclusion on the reasoning, nor a suitable average that can be used universally for all materials
and boundary conditions, has been proposed yet. Therefore, Chapters 3 and 4 in the thesis

address these issues.

Although not required for performance estimation, it can be seen that for CPM, eq. (17) reduces

to

da’r  j? (27)

K— =
dx? o
resulting in a parabolic T profile

T(x) =Ty + (Te—Tp) 7+ %x(L —x). (28)

1.3 Factors affecting performance of a TEG module

To summarise, as can be seen from egs. (24) and (25) and Table 1, the performance of a single

TEG leg (in 1D, considering ideally conductive bridges) depends on

e Material properties: a, o (of p), k

e Geometry: area, length and the number of TE legs
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e Contact resistances
e Supplied temperatures/heat flux

e External load resistance (or current) (discussed in the previous section 1.2.2)

Additionally, working/boundary conditions (BC) like coupling to the surrounding and
convection, and radiation affect the performance. These losses can be ideally minimized using

thermal insulation. These effects are discussed in detail in [70, 71].

Let us discuss briefly how exactly these factors affect the power output and efficiency in a

specific single leg.

Material:

The zT is a measure of the effect of material properties on efficiency as indicated by eq. (25)
and is discussed further in section 1.4. This is under the CPM assumption and hence, the heat
flow due to inner heat sources is assumed to be symmetric. However, in reality, the heat transfer
from the hot side to the cold side could be asymmetric due to the temperature dependence of

material properties and is discussed in detail in chapters 3 and 4.
Geometry and contact resistance:

Further, as can be seen from eq. (24)(24), the power output increases with area and decreases
with length of the TE leg due to the internal resistance. Ideally, the power output goes to infinity
for a leg of infinitesimally small length. However, this cannot happen in reality since contacts
are present at the ends of the TE leg and at small leg lengths the contact resistance will
dominate. Additionally, with infinitesimally small length, the thermal conductance would be
infinite and the temperature difference would no more be maintained. Gao Min [72-74]
obtained a simple analytical expression for power output incorporating the effect of thermal
and electrical contact resistance, based on CPM.

@ AT, —T,)? 29)
“2p (L+n)(1+ 2rw)?

1

e e e I T R

Here,r = k/k.,w = L./Landn = 2p./p. Subscript c is used to indicate the properties of the
contacts. Note that p, here is the specific contact resistance (2 m?) and hence n has the unit of

length. Unlike n, r has no dimensions as k. indicates thermal conductivity of the contact
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material. Normally, a good contact resistance is supposed to be around less than 10% of the
internal resistance of the TE leg [16]. For optimisation of performance curves like the ones
shown in Figure 1-9 are plotted, where the power vs length curve has a peak and drops for
smaller lengths. The longer the TE leg, the smaller will be the influence of contacts and hence
the efficiency curves increase initially and are nearly constant, reaching the limit corresponding

to ideal contacts further on.
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Figure 1-9: Power output density (P/NA) characteristics (left y-axis) and conversion efficiency (right y-
axis) for different AT for a commercial TE material with thermal and electrical contact resistances (taken
from [18]). Here, N indicates the number of pn leg pairs and A4 is the cross-sectional area of the pn couple,

n=005mandr=>5.

Temperature:

The larger the temperature difference, the larger is the power output and efficiency according
to eqns. (24) and (25). However, the efficiency cannot exceed the Carnot limit as stated earlier.

1.4 Material aspects of thermoelectric performance

1.4.1 Optimization of material properties

As can be seen from eq. (25), the material efficiency is mainly determined by the dimensionless

figure of merit zT. Intuitively, it can be seen that for a good thermoelectric material, the
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Seebeck coefficient should be high for generating more power output, and electrical
conductivity (o) should be high to reduce the losses due to the internal resistance, while the
thermal conductivity should be low. However, these are contradicting requirements since the
electrical conductivity is directly proportional to the carrier concentration while the Seebeck
coefficient is inversely related to n. Additionally, since charge carriers also carry heat with
them, the thermal conductivity consists of the electronic part (k.) as well as the lattice

conduction part (k) as given by [25, 73],
K=K+ K, (31)

where k. = L o T considers a single type of charge carriers, according to Wiedemann Franz
law (L is the Lorenz number). Hence, the electronic part of thermal conductivity and electrical
conductivity are directly proportional. Therefore, TE materials need to be optimized by tuning
the carrier concentration through doping, and possibly compositional variations to obtain the
best performance [54, 75-82]. The variation of the three main thermoelectric properties,
a, o and k along with zT, with the carrier concentration n, for insulators, semiconductors and

metals is shown in Figure 1-10.
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Figure 1-10: Typical variation of TE material properties a, o and k and zT vs free carrier concentration

for parameters corresponding to a typical TE material [25].

To reduce time-consuming and costly efforts to experimentally prepare numerous samples to
optimize the TE properties, modelling and predicting material properties from basic electronic
band structure data assuming probable scattering mechanisms is a usual approach. One of the
simplest models to calculate material properties of highly degenerate (heavily doped)
semiconductors is the Single Parabolic Band (SPB) model [83, 84]. The SPB model predicts
the a(T), o (T) and k(T) of materials assuming that only a single parabolic band contributes to
conduction and hence when bipolar contribution occurs (as in a typical semiconductor
material), SPB can no longer be applied. In such cases at higher temperatures where bipolar
conduction dominates, more sophisticated models such as a two band model [84, 85] or multi
band model [83] can be used. The main advantage of SPB model lies in its simplicity. The

fundamental idea involved in SPB modelling is discussed in the next section (1.4.2).

Traditionally, zT is being used as a measure for material optimization, usually for optimizing
the carrier concentration. However, since optimizing n based on zT is for fixed temperatures
and not for a temperature range as in real application scenarios, the optimum n for a module
could be wrongly predicted [86, 87]. Hence, Chapter 5 discusses the effect of using zT as a
parameter for optimization of material parameters and additionally, presents a combined
material and device model to address TEG efficiency directly as the maximization parameter
for optimizing material parameters. Further, the use of such a combined material-device model

for grading and segmentation studies is discussed in Chapter 6.

1.4.2 Modelling TE properties using a Single Parabolic Band model

The band theory of solids describes the energy levels that the electrons/holes can occupy in a
solid as well as the forbidden energy zones [88, 89]. Through this knowledge, the behaviour of
solids such as electrical properties can be predicted using analytical relations. Energy band
diagrams are obtained by solving the time-independent Schrodinger wave equation, and one
such example for Mg2Sio.sSho4 is shown in Figure 1-11b. In this section a simple Single
Parabolic Band (SPB) model is presented to outline the basic idea behind material modelling.
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Figure 1-11: a) Single Parabolic Band approximation to MgzSio.3Sno.7 solid solution [90]. Here, the
combination of a light conduction band (LCB) and a heavy conduction band (HCB) are approximated to
a single parabolic band. b) Electronic band structure of Mg2Sio.sSbo.s where the Fermi level is indicated
by the horizontal line [91]. The x-axis indicates different points in the Brillouin zone. At the X point

(highlighted in green), the two converging conduction bands that contribute to conduction can be

approximated by an SPB.

The SPB assumption comes from the fact that the energy dependence of electron waves in the
crystal lattice can be considered to be parabolic [83, 88] as shown by Figure 1-11a for
Mg2Sio.3Sno.7 where the (two converged) conductions band at the X point are approximated by
an SPB. Generally, the energy bands are not always parabolic, however, since most
thermoelectric materials have their Fermi levels close to the bottom of the conduction band (for
n-type) or near the top of the valence band (for p-type), the assumption of parabolic bands as

shown in Figure 1-11 is often justified.

The main equations governing the SPB model are obtained from the Boltzmann transport
equation under the relaxation time approach and are given in Chapter 5. The significance of
the model is that the properties can be described by a single density of states effective mass

mp and assigning suitable valley degeneracy N, (number of distinct extrema of the Fermi

surface contributing to conduction) to the single band under consideration as given by eq.

(32)[88, 89].
my = 3/sz mg (32
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Here, mg is the single valley effective mass. mg plays an important role in the electrical
conductivity since the mobility of charge carriers depends on it through the following
equation[88].

_ Ze c Fo(no) (33)
3m; ° Fos(o)

Hp

Here, up is the drift mobility of electrons and F; = fowlj[%nd

is the Fermi integral of the
order i, n. is the chemical potential, e is the electronic charge, 7, is the total relaxation time
constant which depends on the scattering mechanisms such as acoustic phonon scattering, alloy
scattering, grain boundary scattering, point defect scattering, ionized impurity scattering and
so on, according to the scattering parameter A. For example, for acoustic phonon scattering,

A = 0and 7, has a T~*®° dependence [17, 88, 92].

According to the Drude theory, which attempts to explain the behaviour of electrons under the
influence of electric field E as governed by scattering process like in the kinetic theory, the

electrical conductivity is given by [93]
j = envy (34)

where vy is the drift velocity given by Epp. Therefore, according to Ohm’s law j = oF the
electrical conductivity is given by o= enup. The scattering mechanisms determine the

temperature dependence of the electrical conductivity. The Seebeck coefficient is given by

_ (ﬁ) ((z tDFa (o) _ ) (35)
e/\ (1+A)F,(n.) ‘
For metals and highly degenerate semiconductors, this simplifies as follows.
B 8mlkg” 2 (36)
= 3enz " (Sn)

where kg is the Boltzmann constant and h is Planck’s constant. A is the scattering parameter
[88]. It can be seen that the Seebeck coefficient increases with temperature and effective mass
and reduces with increase in charge carrier concentration, while thermal and electrical
conductivity increase with n. Since these are contradictory requirements, fundamental
parameters governing these properties need to be optimized. By modelling «, ¢ and x and
therefore zT with the SPB model, the optimum carrier concentration for maximum zT or

efficiency can be found. A contour plot of a 2D dependence of zT for p-Mg2Si1-xShx at 500 K
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for which the carrier concentration and composition are to be optimized is shown in Figure
1-12. Here, acoustic photon scattering and alloy scattering mechanisms for the solid solution
were used [94]. The red area indicates the region with optimum n and x. In chapter 5, the 1D
solution method developed in chapter 3 is combined with the SPB model and the efficiency is
directly predicted from the T dependent a,c and k calculated by the SPB model. For
comparison, the use of a temperature-averaged figure of merit (zTtav) for determining optimum

parameters is also discussed.

Since bipolar conduction, which is relevant at higher temperatures, is not considered in a SPB
model, two-band models are required to model properties of materials at higher temperatures
appropriately. Therefore, a two band model description for Mg2Sn is used in Chapter 6 and the
use of the combined material-device model for studying the effect of grading and segmentation

(which will be introduced in the following section (1.5)) is discussed.
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Figure 1-12: Modelling zT using SPB model, zT variation with composition and carrier concentration in
p-Mg2Sii« Snx at 500 K [95].

1.5 Material grading and segmentation

As we have seen that the temperature dependence of the material properties affects the heat
generation and transfer according to eq. (17), one of the important problems in designing a
TEG is finding the optimum material profile along the length of the TE leg, for best

performance.
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Figure 1-13: Concept of material segmentation depicted using three materials Bi-Tes, PbTe and SiGe
which have their zTmax at different temperatures of about 400 K, 650 K and 1190 K respectively. A TE leg
made of these materials together as depicted in the figure, operating between a Th= 1200 K and Th = 300

K might be expected to have a higher overall efficiency as each material is operating near its zTmax [23].

Grading and segmentation are ways of improving performance of TEGs by modifying the
properties of the TE leg along its length, a concept initially proposed by loffe [23].
Segmentation involves using homogeneous material segments with peak performance at
different temperature intervals along the TE leg as shown in Figure 1-13. As can be seen, the
zTmax for each of these materials occurs at different temperatures and hence having these
segments work together for a temperature interval between 300 K to 1200 K can improve
efficiency. Functional grading (or material grading) is fundamentally a continuous gradual
segmentation. Material grading involves e.g. changing the material composition and/or the
carrier concentration along the length of the TE leg [23, 96].

Computational techniques to theoretically find the performance of segmented and graded TE
legs have been developed [18, 28]. The assumption here is that the TE leg is made up of a
number of small segments as shown in Figure 1-14 with constant properties each. Applying
suitable boundary conditions, the constitutive equations are formed and solved. In our case, the
effects of segmentation and grading were calculated using the tool developed in chapter 6. As
the 1D solution used to calculate the temperature profiles in homogeneous TEG elements

(Chapter 3) is also based on dividing the TE leg into small segments and considering fully T
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dependent material properties, it is quite convenient to study the effect of grading and

segmentation with this tool, likewise.

Ta TS

a1 ap a3 aN-1 | oy [ ]
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Figure 1-14: A segmented leg in 1D maintained between temperatures Ta at x = 0 and Tsat x = L with

current density j flowing through it [28].

As seen in the previous section (section 1.4), the optimum carrier concentration varies
depending on the local temperature of interest. Hence, in this thesis, segments were made of
the same material composition but with the properties corresponding to the optimum carrier
concentration for each segment i.e. with the carrier concentration that gives the highest
efficiency for the temperature interval of that segment. From the integrated SPB-TEG
calculation tool introduced in the chapter 5, an example grading with the optimum n based on
local maximum zT for each T and based on maximum efficiency for each segment are shown

in the discussion chapter 6.

One of the major challenges with segmentation is the effect of contact resistance between the
segments which should not overpower the gain in efficiency/CTE mismatch etc. [97]. Another
important factor to consider in segmented and graded materials is the compatibility between

segments. The following section sheds light on this.

1.5.1 Compatibility

The concept of compatibility originated from around 1960s, in the works of Sherman [98] and
was further developed by Snyder and Ursell [99]. The concept arises from the fact that the
optimum current depends on the material properties as also can be seen from egs. (23) and (26)
and if the TEG is operated at non-optimum currents, performance drops. This concept can be
transferred to an infinitesimal element in a TEG leg, and thus the condition of optimal current
density in dependence on material properties can be formulated locally. In a segmented

element, the j,,. condition may be different between the segments because of their different

TE properties, but the current through all elements, as connected serially, will be the same.
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Thus, independent of the choice of j it will be deviating from the locally optimum current in
most of the segments. Achieving compatibility means to adjust the properties of the joined
segments in a way that the optimum current condition is fulfilled in each segment

simultaneously.

In principle same problem exists when joining a p- and an n-type leg into a couple. However,
this can easily be resolved by adjusting the ratio of the cross sections of p and n-type legs.
Changing the ratio will vary the electric current density ratio between p and n independently
from their heat flux ratio. The crux for segmentation is that the optimum current density
condition can be traced back to a relation between electric flux and (Fourier) heat flux. Because
of the electrical and thermal serial connection of the segments in a segmented leg, the ratio
between thermal and electrical flux will not change when varying the cross section. Thus, the

only option to reduce non-compatibility is varying the TE properties locally.

The clue of the compatibility concept is that a local condition was formulated that describes
the state of compatibility in terms of material properties, in relation to the electrical and Fourier
heat flux. In a real element with T-dependent properties the TE properties will vary locally and

with them the j,,. condition will vary locally, continuously. If it varies very little over the

whole T range, i.e. the whole leg, we call it self-compatible.

In the compatibility approach, the efficiency is redefined in terms of intensive quantities with
inherent constraints, avoiding the explicit need for spatial dependence. Through such a
definition, the efficiency is seen as an intensive thermodynamic quantity and makes the
inherent constraints within the TE heat-current flow clearer. In this process, an additional
parameter called the compatibility factor is identified in addition to z as a metric to be

considered while designing modules.

This approach considers a TE leg to be made of infinitesimal segments each consisting of
constant properties at that segment and considers the compatibility of heat and current flow

within such segments. Considering the relative current density u defined to be the ratio of

electrical to thermal current, i.e., u = —= (negative sign is due to the sign convention according
3T
dx
aT

to Figure 1-4), eq. (9) and (11) can be rewritten in terms of u as, q = —K— aTug =

dT . N dT dT\ _ dT)?
—k— (1 +aTu) and p, =j@VT + pj) = —MKE(CZVT - pux$> = —K (&) u(a —
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upk). Therefore, the efficiency at infinitesimal distance dx for a cross section of the leg can

be written as,

dT\? (37)
_pydx K (&) u(a —upk)dx 4T u(a — upk)

q dr T 1
lcdx(l-l—auT) au + 5

_ u(la—upk)

Here, n, = — 1 is the reduced efficiency and dT—T is the infinitesimal Carnot efficiency.
T

dx = g—: . - can be written in terms of the figure of merit z as

1—% (38)
=T
1-I_uozT

The value of u which maximizes the reduced efficiency is called the compatibility factor s [18,
99]. s given by

V1+2zT -1 (39)

s§=—
aT

As can be seen s is a T dependent material property and is independent of geometry. If u is
quite different from s, then the material isn’t converting heat efficiently into electricity. The
significance of this approach is that the efficiency is written in terms of the minimal (reduced)
number of variables. As s is T dependent, one can also check the self-compatibility within the
leg by observing the change in s(T'(x)) [24, 100, 101]. The maximum reduced efficiency which

is achieved when u = s is given by

_ V1+2T-1 (40)
nr,max - m+1 .

Comparing eq. (25) and the case of T}, approaching T, in eq. (40), we can easily see that
compatibility approach is nothing but local formulation of maximisation of efficiency by
adjusting the optimising current. The importance of the compatibility approach lies in the fact
that it determines the efficacy of two adjacent TE segments to work together towards higher
efficiency. A high zT everywhere along a segmented leg doesn’t necessarily mean good
compatibility. Therefore, for grading and segmentation studies, it is important to check the

compatibility of the segments to judge if performance is improved.
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In this thesis work, the self-compatibility of graded material designed in Chapter 6 is checked
and it is analyzed whether the gain in efficiency by grading is due to increased compatibility

and/or increased zT.
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2 Aim and overview of the thesis

The objective of this thesis work is to find fast and accurate ways to calculate the performance
of TEGs under steady state operation. To this end, the use of the most commonly used CPM
model is analyzed and the shortcomings are pointed out. Additionally, an alternate and fully T
dependent exact solution method based on a simple iterative procedure is suggested and the
advantages of this method are shown through a combined material-device modeling which can
be used to study the effect of grading and segmentation in TE legs. The contents of the thesis

are arranged as follows:

In Chapter 3 (Paper 1), the use of appropriate averages is explained by considering the effect
of the contributing mechanisms to the bending of the T profile: pure Fourier heat, Joule heat
and Thomson heat. The individual contributions to the temperature profile are calculated using
an iterative procedure, the use of which is validated using FEM. Through this simple
calculation procedure, the calculation times are reduced by approximately 300 times compared
to FEM solution.

The importance of the individual contributions to heat transfer in a TE leg is quantitatively
discussed in Chapter 4 (Paper 2) and the remaining differences between CPM and temperature
dependent calculations are discussed by means of an entropy flow diagram. The importance of
the contribution of Thomson heat to inflowing heat in real device that is neglected in CPM,
however, partly compensated in CPM by an additional amount of Peltier heat, is highlighted.
With the entropy flow diagram, a correction for this incomplete compensation of neglected

Thomson heat in CPM is suggested and graphically illustrated.

Additionally, the suitability of using a CPM to guide material optimization is discussed in
Chapter 5 (Paper 3). It is shown that using zT (at e.g. the hot side temperature) as a metric for
carrier concentration optimization can mislead the search for optimum n, as zT is a local
parameter and insufficient for modules which operate over an extended temperature range.
Therefore, the use of efficiency as target parameters for material optimization is used and the
results are compared to or zTtav and to local zT. These calculations are employed on the
popular p-type Mg2Si1xSnx solid solutions which need optimisation of n and x. Here, an SPB
model is used to model the material properties and identifying the optimum values, providing

a guideline for experimentalists.
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In Chapter 6, the use of the combined material / device optimization tool developed and
implemented in the previous chapters is discussed with a more accurate two-band model. With
Mg2Sn as an example material, the effect of functional grading and segmentation on module
performance is presented. A two-band model is used to describe the material properties of
Mg2Sn to account for the relevant influence of bipolar conduction at upper temperatures and
the degree of compatibility reached by a straight-forward local material optimization is checked

for a graded TE leg.

Overall, with the developed tools, design optimization of TEG legs can be easily done and

routes for gain in efficiency can be accurately predicted.
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3 Using the Constant Properties Model for
accurate Performance Estimation of

Thermoelectric Generator Elements

(Publication 1)
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This paper/chapter explains the use of suitable averages while using a CPM model. A
comparison of conventionally used averaging techniques is shown. By studying the
temperature profiles for six commonly used materials, it is shown that the temperature
averaging for Seebeck coefficient and spatial averages for electrical and thermal resistivities

are physically appropriate.

This article was published on 15" March 2020 in Applied Energy Journal (Elsevier). The DOI
of the article is https://doi.org/10.1016/j.apenergy.2020.114587. Author contributions are

specified in the published article as well as at the end of this thesis.

3.1 Abstract

Thermoelectric devices convert thermal energy directly into electrical energy or vice versa.
Analytically, the performance (efficiency and power output) of a thermoelectric generator can
be quickly estimated using a Constant Properties Model (CPM) suggested by loffe. However,
material properties in general are temperature dependent and the CPM can yield meaningful
estimates only if the constant values of the TE properties used in the formulations are physically
appropriate. In this study, a comparison of different averaging modes shows that a combination

of integral averaging over the temperature scale for the Seebeck coefficient and spatial averages
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for the electrical and thermal resistivities proves to be the best among the considered
approximations to represent the constant property values. However, averaging spatially
requires the knowledge of the exact temperature distribution along the length of the
thermoelectric leg (temperature profile), which is usually obtained by Finite Element Method
(FEM) calculations. Since FEM is costly and time consuming, a fast and easy way of obtaining
a well approximated self-consistent temperature profile is used in this study. The relevance,
magnitude and the physical origin of the non-linearity of the temperature profile are visualised
by separately plotting the individual contributions to the bending of the temperature profile
(Joule, Thomson and Fourier heat contributions). On analyzing the temperature profiles for
different highly efficient thermoelectric materials, it is found that the non-constancy of the
temperature dependence of the thermal conductivity significantly contributes to the deflection
of real temperature profiles from a linear one. This mainly explains the considerable
discrepancy of CPM results from exact calculations whereas, so far, the neglect of Thomson
heat has been assumed to be the main source of discrepancy and several models with Thomson
correction factors have been proposed. With our current view, such models cannot completely
remove the discrepancy to CPM unless the T profile is taken into account and can lead to
unpredictable error for different material cases and temperatures.

Keywords: TEG performance, Device modeling, Temperature profile, Constant properties

model, Fourier heat, Thomson heat.
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3.2 Introduction

Thermoelectric generator (TEG) materials work by converting a certain fraction of the heat
passed through them into useful electrical power, involving interplay of the transport of charge
and heat in the solid state. Typically, a thermoelectric (TE) module consists of a series of pairs
of legs made of n- and p-type semiconductor material, electrically connected in series and
thermally in parallel [1]. Consider a single TE leg of length L as shown in Figure 3-1, supplied
with a constant hot side temperature of T;, and a cold side temperature of T, where AT = T}, —
T..

Ty T.
x=0 x=1L
TE Element
J
fqoad

Figure 3-1: Schematic showing a TE leg connected in a circuit to an external load resistor. At open loop
(j = 0), only Fourier heat is flowing whereas in non-zero current case additionally Joule, Peltier and

Thomson heat are involved (j — current density).

At open circuit condition, the heat flow entering at the hot side (Q;,) is the same as the heat
flow leaving at the cold side (Q,,) and no electrical power is generated. But, when the TE leg
is connected to a load as shown in Figure 3-1, current I = jA (j is the current density and A is
the area of cross section) flows in this closed circuit due to the generated thermoelectric voltage
and a part of the input heat, equivalent to Q;,, — Q. 1S converted into the thermoelectric power
P [2].

P=Q,— Qou =V -I,whereV=V,—Ry,I, V,= aAT (41)

Here, V is the output voltage at the TE leg which is given by the Seebeck voltage generated
I, (the maximum output voltage, reached at open loop) minus the voltage drop due to internal
resistance (R;,) of the TE material (R;,, = pL/A, where p is the electrical resistivity of the TE
material, L — length). The material properties, a (Seebeck coefficient) and p are generally
temperature dependent and hence the overall Seebeck voltage 1/, and the net internal resistance

(R;,) are calculated by integrating over temperature and length, respectively, i.e., V, =
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fTTh a(T)dT and R, = fOLp(T(x))dx/A. Here, T(x) is the temperature profile (temperature
distribution along the length of the TE leg).

Like for any thermodynamic machine, the efficiency (n) of a thermoelectric generator (TEG)

is given by the ratio of output power (P) to the input heat flow (Q;,).

n = P/Qiy (42)

Here,
dT
Qin Z_Kh'A'Eh +1I-a, Ty (43)

T

which is the heat input at the hot side, split into the Fourier heat flow —ky, - A - Z—xh (including

contributions to balance the Joule and Thomson heat released in the element) plus the absorbed

Peltier heat flow I - ay - Ty, (k¢ being the thermal conductivity). Please note that Qi,, Qout,

—KpA Z—ih ,lay Ty, are formally heat flows [W]. The suffix h denotes the hot side values, with

ky, = k(Ty) and ay, = a(Ty,). Here, it is noteworthy that the gradient of T (x) i.e., % is required

for determining Q;, and, thus, the efficiency. T (x) is obtained by solving the thermoelectric
heat balance equation, which is a second order non-linear partial differential equation, written
in 1D as,

0°T dx T,  dadT ” (44)
=G —JT === —p(T)j

T P
N3z + ar Gx dT dx

This equation is obtained from the physical implication that the divergence of flowing Fourier
heat equals the sum of locally appearing Joule heat and Thomson heat [2]. Thomson heat is
fundamentally the consequence of the local heat balance when flowing Peltier heat within the
TE leg changes with local temperature variation due to the temperature dependence of the
Seebeck coefficient (T (x)). Exchanged Peltier heat at the junctions of the n or p leg which is
the difference of the inflowing and outflowing Peltier heat — to be distinguished from the
flowing Peltier heat itself, I-a - T, flowing at any point of a thermoelectric circuit — is
considered as an additional heat input as in Eq. (43) and is relevant for the estimation of

efficiency but is furthermore not affecting the shaping of the temperature profile. Here, t is the
Thomson coefficient which is given by T Z—: [3]. In astrict case (incorporating the T dependence

of the material properties «, x and o), the accurate T'(x) can be obtained by solving Eq. (44)
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using numerical methods like Finite Element Methods (FEM) [4, 5], Finite Volume Methods
(FVM) [6-8] or Finite Difference Methods (FDM) [5] and according numerical tools [9, 10].
These solution methods are time consuming and costly and are impractical for parameter

studies if the geometry is varied as is intended for computational TEG module design.

On the contrary, in order to quickly estimate the electrical output power and the conversion
efficiency of a TEG, a constant property model (CPM) suggested by loffe is often used [3].
But, the question of selection of appropriately averaged values [11-15] for the TE properties to
be used in the CPM formulae has not been answered clearly yet. Practically, averaging of the
properties over the temperature scale of the range of operation (temperature averaging — in the
following denoted by TAvV) is the easiest and accordingly has been used already from loffe’s
times [3]. It has been shown to work well for certain materials [2, 5, 9, 16]. Nevertheless, the
error involved in such an approximation can be high depending on the chosen temperature
range and the temperature dependence of the material [5, 12, 15, 17], as will be shown in this
work. So far, the neglect of Thomson heat and the Joule heat asymmetry are generally assumed
to be the reasons why CPM deviates from exact results and hence, there are many publications
on the importance of Thomson heat [18-21]. But, a clear conclusion has not been achieved yet
nor has a suitable average been proposed that can be used universally for all materials and

boundary conditions.

Apart from CPM, there are also simplified models based on assuming different analytical
formulations for the T dependencies of the material properties [16, 22-24] and/or different
mathematical functions for T'(x) [25-27]. For example, recently, Ryu et al.[24] suggested an
interesting model based on the exact theory, with linear assumption of a(T) and kp(T) which
holds good for most of the thermoelectric materials. Some models are based on electrical
analogy of thermal flow [28], some assume a constant Thomson coefficient [29, 30] and some
assuming different mathematical functions for the Thomson heat [19, 31]. However, these are
again approximate methods applicable for specific materials and for certain temperature
ranges. On similar lines, recently, a novel definition of a technologically relevant figure of

merit ZT.ng has been suggested by Kim et al. [12], but here again temperature averages are
used to compensate for the ‘missing’ Thomson heat in CPM [14, 32].
In addition to the above, the excel calculator by Snyder et al. [2, 33] based on Finite Difference

Method (FDM), provides fast and accurate results with reduced variables based on the

compatibility approach. But, the temperature profile, which is significant for understanding the
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working of a TE element, is not calculated explicitly in this approach and since the calculations
are in terms of reduced current, a direct picture of the different TE effects taking place in the
leg is not easily visualised. Moreover, the calculation is no more straightforward when thermal

and electrical contact resistances have to be considered in the calculation.

In this study, the degree of universality of existing averaging methods for CPM is analysed on
material classes with different T dependence, selected based on low, medium and mid-high
temperature operations and physically appropriate averages to be used with CPM are proposed.
By analysing the individual contributions to the temperature profile, we will demonstrate how
the TE performance estimation using CPM deviates unpredictably in different material cases
and different operating temperature ranges when conventional averaging methods are used.
Further, based on the temperature profiles, we will explain when and why CPM works and why

it fails in some cases.

3.3 Methods and results

3.3.1 Estimation of TE performance by CPM

According to the Constant Properties Model (CPM) suggested by loffe [3], accumulated heat
at the hot and cold sides is given by,

Qin = @ = KAT + aTyl — S RiyI? and Quu = Q. = KAT +aT I+  (49)
1
ERinIZ

Here K is the thermal conductance given by % KAT corresponds to the average Fourier heat

flow along the element, aT;,I and aT.I are the absorbed and released Peltier heat and R;,,/? is
the Joule heat released in the leg which overlays the average Fourier heat flow, being
transported by half to each of the hot and cold sides, respectively. The maximum efficiency
Nmax Of @ TE leg is obtained from the above equations (substituting Eg. (45) in Eq.(42)) and is
given by,

AT (=1 +/1+2T,) (46)

Nmax = T, (;_;;l + 1+ ZTm)
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AT . . . . : . .
where 7 18 the Carnot efficiency and zT,, is the dimensionless figure of merit at the mean
h

temperature T, = &

2
:TC, defined as % - Trn- The maximum electrical power output using CPM

is given by (P = Qip — Qout):

AT? 47
Ppax = a? 4_pL ( )

where a?0 is called the thermoelectric power factor. The constant property values a, o and k
have to be obtained from the temperature dependent TE data by averaging. The following are
the most common averaging methods currently in practice [3, 12, 14, 15] — here, p indicates

any of the three thermoelectric properties «, o and k.

1. Temperature average (TAvV): PTAy = ﬁ fTTh p(T)dT,

1

also applied for averaging zT: (zD)ray = o

[ " z(T)TdT
2. Function value at mean temperature Ty, (FMT) (i.e., zT,):  pr, = p(Tw)

3. Mean of the function values at the boundary temperatures (MVBT):

_ p(Tp)+p(Tc) _ phtbc
m — 2 -2

4. Weighted average introduced by loffe (IWAv): Drway = ln(Tt/TC) fTTch p(TT) dT

Assuming a continuous curve of a temperature dependence p(T) which can be represented
by an appropriate fit to experimental data points, the above averages can be numerically
calculated. Since resistances (but not conductances) add up in series, for finding the integral
average value for x, 1/x(T) was used. Likewise, the electrical resistivity p is averaged to
obtain the CPM value of p(T). Figure 3-2a shows the constant material property values
obtained from the averaging techniques 1-4 (above) along with the temperature dependent
data for an n-type Mg2(Si,Sn) sample [34]. Third order polynomial fits were used for this
material to approximate the temperature curves of all properties. For such a material with
nearly linear T dependence, all the averages are located close together. For a material with
strongly temperature dependent properties like the p-type Mg2(Si,Sn) shown in Figure
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3-2b, the choice of an appropriate average is not straightforward as can be seen from the

figure. 5" order polynomial fits were used for this material.
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Figure 3-2: Graphical representation of different averages along with the T-dependent material data for
a) n-type Mg(Si,Sn) [34] and b) p-type Mgz(Si,Sn) [35]. The legend for all the graphs is given on the top
left diagram. T, =383 Kand T, = 723 K.

By calculating z for each of the above averaging methods from the individually averaged
properties (except for the (zT)rta, Case wWhere zT curve is directly averaged) for different

material classes, the maximum efficiency using CPM formulation (Eq. 46) was calculated. The
37



material data were taken from literature [34-37] (given in Appendix A). Figure 3-3 shows a
comparison of the maximum efficiency calculated using the CPM formulation, with the exact
results calculated using a Finite Element Method (calculated using Ansys 17.0 with a
converged mesh size). As can be seen, none of the above considered averages are consistent in
predicting the exact performance (Figure 3-3a). TAv — considered to be the best averaging
technique so far [2] — could involve an error as high as 5-16% for strongly temperature
dependent materials as seen. Moreover, there is no consistency in over-prediction or under-
estimation of performance with different averaging methods except that TAv and TAv(zT)
seem to always overestimate efficiency. In order to overcome this, a combination of spatial
averages for resistivities and TAv for Seebeck coefficient was studied as these are physically
closest to loffe’s definition (Eq.(45)) i.e, SpAv of p and 1/x and TAv of a are the physically
correct representations of the device parameters Rin, K and o, which Ioffe’s derivation of TE

device performance is based upon.

The spatial average of a temperature dependent quantity p [3, 24, 29] is given by

Pspav = 7 Jo PT(x))dx . (48)

Since resistances add spatially, spatial averaging is physically appropriate for thermal and
electrical resistivities. Hence, as can be seen from Figure 3-3b, performance prediction is
within an error of 1.5%, much better than any of the other averaging methods. However,
calculation of the spatial averages requires knowledge of the exact temperature profile T (x).
The results shown here are calculated with the temperature profiles corresponding to the
optimum j in the temperature dependent case, obtained with FEM (Ansys 17.0) which is again

time-consuming. j,p,. is obtained by calculating n for current denisites in the range of the CPM

Jopt (calculated using TAv), for the temperature dependent case, fitting a polynomial for n and
finding the j corresponding to the maximum 7 (the point where Z—’}? becomes zero). In order to

find T'(x) quickly, an intuitive way of obtaining the temperature profile through numerical
integration is presented in Appendix B. The T profile is obtained iteratively by integration

using a linear T profile as a starting solution.
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Figure 3-3: Comparison of maximum efficiency calculated using different averages in CPM formulation
(Eq.(46)): a) FMT, MVBT, TAv, IWAv and (zT)TAv and b) SpAv for resistivities and TAv for Seebeck

coefficient, as a comparison with FEM results for six representative TE materials.

3.4 Discussion

3.4.1 Influence of temperature dependence of material properties

In thermoelectrics, the temperature profile plays a significant role in reliably predicting the
performance parameters as outlined in the introduction. Each term in Eq. (44) corresponds to
the influence of one out of the three main thermoelectric properties «(T), p(T) and a(T) in the
heat balance i. e,

e Fourier heat flow along the leg due to the applied AT between the hot and cold sides
which leads to a significant bow of the temperature profile if the thermal conductivity
varies with temperature,

e Joule heat release due to internal resistance p(x)j? which is locally distributed along
the length x of the TE leg, and

e similarly, Thomson heat due to the T dependence of the Seebeck coefficient a(T)
amounting to jTZ—:Z—Z (which is physically a distributed Peltier effect due to the

temperature gradient and the temperature dependence of the Seebeck coefficient) which

causes a locally distributed source or sink of heat along x.

Two main aspects governing the curvature of the T profile in a real case are local heat
generation/absorption (due to Joule and Thomson effects) and heat redistribution by conduction

(obeying Fourier’s law), both depending on the temperature dependence of the material
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properties (o(T) a(T), and k(T)). The local Joule heat and Thomson heat that are generated at
each point are being transported by Fourier conduction, each making up an individual
contribution to the bow of the temperature profile. According to the magnitude of current
passing through the TE leg, the temperature profile will vary due to the current-dependent
contributions from Joule and Thomson heat. Hence, the material properties p(T(x)), vary

locally according to the T'(x) for each current.
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Figure 3-4: a) Temperature profiles and the corresponding variation of the TE properties b) Thermal
conductivity c) Electrical resistivity d) Seebeck coefficient, along the TE leg for p-type Bi.Tes. Spatial
averages for the resistivities and temperature average for the Seebeck coefficient are shown as horizontal

dashed lines.

For visualization, the temperature profiles and the corresponding material property profiles
p(x) for different current flow cases (open circuit, jo . and jmax) in p-type Bi2Tesare shown

in Figure 3-4. Here, j,.x Indicates the maximum current density at which the output voltage
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vanishes and no more thermoelectric power output is obtained, i.e., when V, = R;,I. The spatial
averages (for resistivities) and the temperature average of the Seebeck coefficient which

represent effective constant material properties are indicated as horizontal dashed lines.

The spatial average for a linear T profile is the same as the temperature average. Hence, the
difference between TAv and SpAv is illustrated by comparing the green (lowest, in our
example) dashed lines to the other ones, consequently leading to different performance

predictions as seen in Figure 3-3.

As can be seen for this material, for the j = 0 case the temperature profile is significantly bent
compared to the linear T profile. This implies that the temperature dependence of x(T)
significantly contributes to the bending of the temperature profile in this material and for this
particular temperature range. Since Joule and Thomson heat contribute only slightly to the
bending of T profile, the red and blue curves (corresponding to Joule and Thomson heat
respectively) are bent only slightly further. This can be verified by visualizing the partial

contributions to the T profile (see integration method in Appendix B). By considering the terms

T
ax?’

corresponding to x(T), Joule heat and Thomson heat separately and equating to «(T) the

temperature profiles corresponding to the individual contribution are obtained by double

integration. The exact k(x), p(x) and a(x) at j,pwere used.
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Figure 3-5: Partial contributions to the bending of the temperature profile for p-type BizTes. AT (1) (x),
AT.(x) and ATj(x) indicate the contributions due to the T dependence of the thermal conductivity,

Thomson heat and Joule heat, respectively. For better readability, the linear part of the temperature

profile has been subtracted here.

Figure 3-5 shows the individual contributions to the deviation from a linear T profile for p-type

Bi2Tesat optimum current (maximum efficiency operation). The results are in accordance with
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the spatial profiles of the temperature dependent material properties (Figure 3-4). The
contribution due to non-constancy of x(T) is positive (T profile bending above the linear T
profile) since k is higher at the hot side than at the cold side. Joule and Thomson heat generated
(or absorbed) are carried away from their points of generation (or towards their locations of
absorption) forming partial T gradients which overlay the open loop temperature profile.
Thomson heat, as depends on the slope of the a(T) curve, is negative (will be absorbed) at the
warmer section of the leg, becomes zero at the a peak and is released in the colder part as can

be read from the blue curve in Figure 3-5.

3.4.2 Insight into the discrepancy with CPM

In the CPM, Eq. (44) reduces to

a’r (49)
giving a temperature profile as
x  pj? (50)
T(.X') :Th+(Tc_Th)Z + EX(L—X)

which consists only of the linear part Ty, + (T. — Th)% due to Fourier heat assuming a constant

K and the parabolic part %x(L — x) due to Joule heat [2], neglecting the actual bending due
to k(T). For p-type Bi2Tes, a comparison of the actual T profile (with temperature dependent
material data as input) to the CPM T profile (Eg. (50) using spatially averaged p and k) can be
seen in Figure 3-6 at j = j,,¢, Where clearly the CPM temperature profile is quite close to a

linear curve but far from the actual T profile obtained by FEM.
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Figure 3-6: Linear, CPM and the actual temperature profiles for p-type Bi.Tez at optimum current.
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The maximum efficiency formulation by CPM (Eq. (46)) is based on the heat balance at the
hot and cold sides (Eq. (45)) in which a linear T profile is assumed for the contribution from
average Fourier heat flow, see Eq.(50). In the real case involving the temperature dependence

of the material properties, the temperature profile due to x(T) is quite different from a linear
one and hence k;, and k. and the corresponding % are considered to find the heat input or

output as in Eq. (43). On a first glance, it could be expected that this might lead to significant
error of an efficiency estimate in CPM. However, this is not the case because the temperature
profile due to «(T), defined as a partial profile, does not involve any additional source of heat

but rather a locally modified T gradient as a response to the local variation of k together with
an unchanged constant transmitted Fourier heat flow of the amount KTAT. Overall Fourier heat

flow is formed from the net Fourier heat transfer related to the thermal conductance K plus
smaller locally varying Fourier heat flow contributions to balance the internally released or
absorbed Joule heat plus Thomson heat respectively. In the SpAv+TAv case, the appropriate
amounts of pure Fourier heat input and output due to the transferred Fourier heat are calculated,
due to spatial averaging of k. As the constant k¥ computed using SpAv exactly represents the

true thermal conductance (since spatial averaging incorporates the exact temperature
distribution), it compensates for not considering different x(x) and the corresponding % at the

hot and cold sides. With that, the replacement of the real Fourier heat flow by KAT in the CPM

case is complete and exact.

Likewise, overall Joule heat is correctly estimated by SpAv of p; however, its distribution to
both sides is not anymore ideally symmetric to both sides as in CPM, but is biased by both the
asymmetric release due to spatial dependence of p and the asymmetric conduction of (even
symmetrically) released Joule heat towards both ends due to spatial asymmetry of x over the
element; with that, Q;, and the efficiency calculated by the CPM formula can be slightly
inaccurate. Additionally, neglecting Thomson heat in CPM is mainly compensated by
considering an averaged a in the Peltier heat input and output calculation, instead of
considering a;, and a. separately. It would be exactly compensated if Thomson heat was
symmetrically released to both ends, i.e. in a situation with linear a(x) and symmetric x(x).
In any case, the overall Peltier plus Thomson heat balance is correct; merely the location of its
appearance is shifted from the interior of the leg (as Thomson heat, in the real case) to the

junctions (as Peltier heat, for CPM). However, also here, like for the Joule heat, asymmetric
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appearance or transmission of Thomson heat may lead to a slightly shifted distribution of the
overall unchanged Thomson heat among both ends of the leg in the real case and may thus
contribute to the remaining inaccuracy of the CPM result. We note that due to this almost
complete compensation, SpAv+TAvV averaging provides quite accurate results in efficiency
estimation although the underlying CPM temperature profile might be quite far from reality.
The remaining 1-1.5% deviation of SpAv+TAv averaging (CPM) from FEM is due to the
above mentioned asymmetry[3, 5, 24, 38] of heat generation and distribution due to

temperature dependent material properties, which is disregarded by CPM.

According to energy balance, in a temperature dependent case, Thomson heat would be I
(an Ty, — a.T. — arayAT) (Thomson heat being the distributed Peltier heat).The difference
between Peltier heat balance and thermoelectrically converted electrical power is dissipated (or
delivered) across the element as Thomson heat -depending on temperature dependence and
current direction. The Thomson part is always smaller than the according Peltier heat. As
absorbed Peltier heat will transform into Thomson heat plus electric power, the released
Thomson heat is lowered where the power production is higher. Thus, the compensation of the
additionally absorbed Peltier heat at the hot side, compared to the CPM case is incomplete by
the amount of produced electrical power in the warmer half of the sample above the average
and the error in CPM would be proportional to this.

In summary, unless spatial averages are used, conventional averaging methods (like TAv,
FMT, MVBT, IWAV) and any correction factors based on just the Thomson and Joule effect
[12, 31] that could be added to CPM, would be insufficient to provide exact results for all
material cases and/or for all temperature ranges. This is also evident from the results of Ryu et
al. [24], where accurate performance estimation is obtained using spatial averages.
Additionally, the explained importance of the effect of temperature profile due to k(T can be
seen from the accuracy of ‘One-shot approximation’ in [24] where j = 0 T profiles are used.
This can be further emphasized by the j = 0 temperature profiles (where only x(T) contributes
to the T profile shape) of the various materials under consideration here as shown in Figure
3-7. For a better comparison, normalized T profiles are plotted. For materials with stronger
dependence of x(T) such as in SnSe and p-type Bi2Testhe TAw fails significantly in predicting
the efficiency (see Figure 3-3a, 17% deviation for SnSe and 5.3% for Bi2Tes), while for
materials with not much varying x(T) such as HMS (2.6 %), Mg2Si (2.2 %), n-type and p-type
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Mg2(Si,Sn) (1.34 % and 0.48 % respectively), the TAv or IWAV predict the performance better
(Figure 3-3a).
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T5 2f n- Mg, (Si,Sn)
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= 3F —Bi,Te,

-0f . . ’ .

0 20 40 60 80 100
x/L (%)

Figure 3-7: Normalised temperature profiles omitting the linear part (T(x) — T};,) at zero current for
Bi2Tes, SnSe, p-type Mgz(Si,Sn), Mg:Si, n-type Mg2(Si,Sn) and HMS.

According to Tuley and Simpson [13], the average zT is more important for higher efficiency
than the peak zT. For typical TE materials the best thermoelectric properties are obtained in
the region where minority charge carrier effects start to become relevant. This leads to
significant deviation of the thermoelectric properties vs. temperature curves from linearity and
hence linear assumptions of T profiles or material properties [24,25] do not hold well anymore.
This also implies that the use of temperature averages is not well justified anymore. As for the
typical application scenarios, where this temperature region is included or even focused on, the

difference between SpAv and TAw is relatively large, see e.g. the p-type Bi2Tes case.

3.5 Conclusion

Efficiency estimation by CPM formulae shows that a combination of temperature average for
Seebeck and spatial averages for thermal and electrical resistivities, as these represent thermo-
voltage, electrical resistance and thermal conductance of the leg physically appropriately,
predicts the performance with less error compared to other modes of averaging proposed in the
past. The remaining error (0.5-1.5%) is due to the asymmetry in heat generation and transport
which is not accounted for in the CPM formulation. A detailed explanation of how the
assumption of constant material properties affects the performance calculation and when and
why CPM works well or fails was provided. By studying temperature profiles for a
representative spectrum of dissimilar materials, a long standing issue of identifying the material
specific uncertainty with CPM has been made clear. The x(T) dependence significantly

contributes to the bending of the T profile and hence, unless T profiles are taken into account
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while averaging (i.e. correct spatial averages are involved), the effective resistance values
(electrical and thermal) would not be physically appropriate. Therefore, temperature averages
which have always been considered to be the easiest method of averaging fail significantly for
materials with strongly T dependent thermal conductivity. Neglect of Thomson heat in CPM is
mostly compensated by a shift of the Peltier heat calculated at the hot and cold sides, keeping
the overall balance of Peltier plus Thomson heat in the leg unchanged. Hence it is not a major
issue in CPM as has been considered by previous literatures. Finally, it has to be kept in mind
that even though CPM may provide quite accurate performance values with proper choice of

averaged properties, the corresponding temperature profile might be inaccurate.

For spatial averages, the exact temperature profile is needed. A fast and simple way of
obtaining the temperature profile based on integration by standard table calculation software
was presented. By solving the 1D heat balance equation by an iterative numerical procedure,
an estimate of individual contributions to the bending of the temperature profile is directly
obtained. Visualizing the weight of individual contributions to the bow of the T profile can
give an idea to experimentalists how to tune the thermoelectric material properties for better
efficiency by manipulating the different heat contributions and their distribution (Joule,

Thomson and Fourier heat).
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APPENDIX

A. Material data and boundary conditions
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Figure A.1: Temperature dependent thermoelectric material properties of representative material classes

a) Thermal conductivity b) Seebeck coefficient c) Electrical resistivity d) the corresponding zT. Since

SnSe has high resistivity the scale for it is given on the right y axis (indicated by an arrow).

Table A.1: Polynomial fit order used for material properties along with the temperature range of analysis

for all materials of Fig. A.1

Material Fitted Polynomial degree Temperature of analysis
p-Mg2(Si,Sn) 5 723 K to 383 K
n-Mg>(Si,Sn) 3 723 K to 383 K
HMS 5 833 Kto 298 K
Mg.Si 3 833 K to 298 K
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p- Biz2Tes 3 553 Kto 301 K

SnSe 9 973 Kto 373 K

B. Calculation of the exact temperature profile through integration

The solution procedure is based on the fact that (T) , Joule heat and Thomson heat can be

considered as small perturbations contributing to the non-linearity of the temperature profile.

For a slender TEG leg or suitable (symmetrical) boundary conditions (BCs), with no
convection or radiation losses, heat flow can be considered to be one-dimensional (1D) which
shall be assumed in the following, and the thermoelectric heat balance equation (Eq. 44) in 1D

is written as

dk ,0T

E(a

. da 0T

D2 —jr22 — _p(r)p? B

T
IC(T) ﬁ +

Radiation and convection effects are relevant when a leg is operated at high temperature and
open atmosphere and this will reduce the performance of the device significantly. In principle,
they can be incorporated mathematically [39-41], although not mathematically strictly ina 1D
model. However, these effects can be practically minimized by suitable thermal damping [5]

and vacuum conditions, and so they are not considered here.

Assuming that the TE leg is divided mathematically into a large number of segments along the
heat flow direction, the individual contributions to the thermal energy balance from each
section of a length dx can be calculated according to Eq. (B.1) when the T-dependent data is
known, provided that an approximated temperature profile T(x) is known initially to deduce
its derivatives. In our study, the solution is obtained by a self-consistent iterative procedure
starting with a fair initial guess for T'(x). Hence, the calculation begins with a simple linear
T (x) and since any material property p(x) = p(T(x)), p(x) is equivalent in shape to p(T) for
the starting iteration. At zero current, Joule heat and Thomson heat are absent and Eq.(B.1)

reduces to

i (KE) =0 &2

Eqg. (B.2) indicates that the divergence of Fourier heat flux gg(= —x(x) Z—i) is zero, implying

that no thermal power is converted into electrical power inside the leg and no irreversible or

reversible heat is absorbed or released at zero current. The total Fourier heat flux g initially
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can be approximated as kAT /L (koe Can be obtained as the reciprocal spatial average of
1/k(T) and AT = Ty, — T.). The temperature profile T'(x) can then be found from Eq. (B.2) by
spatially integrating qp = kAT /L | 1€

* d
T(x)j_0 = —KegtAT/L f (—x) +C (B.3)

Here, the constant of integration C is obtained with the boundary condition T(x = 0) = T,
With the T (x) thus calculated, the k(T (x)) for the next iteration is obtained and the calculation
of Eq. (B.3) is repeated until the solution converges. By this, we have calculated the
temperature profile for the open circuit condition (j = 0) which is a profile that is bowed only

due to k dependence on T.

When connected to an external load or current supply i.e., when current flows through the TE
leg, the open circuit temperature profile is taken as a first approximation for starting the
iterative solution. Rewriting Eq.(B.1) as,

() 2T — (B.4)

_dx (ar)z da T
6x2 T dr

ox TdT ox p(T)] !

the right-hand side of Eq. (B.4) is calculated using the temperature profile from the previous
step (T'(x) =, for the first step and the T (x) obtained in the subsequent steps, respectively).
The left side is solved by integrating spatially twice and solving for the two integration
constants C; and C, usingthe BCT(x = 0) =T, and T(x = L) = T,.. In summary, let

dk (6T)2 T da oT
dx

fx )——— +jT - p(T)j?
dT dx (B.5)

Hence, k(T (x)) 3272 = f(x),

Therefore, T(x)j.0 = [ fxf(x)dxd +C,+Cy

This process is repeated until convergence. By following the above procedure, T profiles have
been calculated for some of the materials that were used in the CPM section above (Section
3.3.1). Figure B.1 shows the calculated temperature profiles for a TE leg lengthof 5mmat j =
0 (aandc), j = jopt (Optimum current; Fig. 3-4b and d) for p-type Bi2Tes and for p-type SnSe.

Jopt IS obtained by calculating the efficiency for different current densities j, fitting a

polynomial for n vs j and finding the point where becomes zero; i.e, the current density
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where the efficiency is maximum. Since the TE properties of SnSe have a complex temperature

dependence, 8" and 9™ order polynomial fits were used for fitting the material properties.
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Figure B.1: Calculated T profiles for p-type Bi.Tes at a) j = 0 and b) j = j,p and for p-type SnSe (legend

same as that of BizTes) at c) j = 0 and d) j = j,p, for the first three iterations. The dashed lines represent

the relative difference between FEM T profile and the T profiles calculated using the iterative method.

Conventionally, perturbation solution is obtained using Taylor or Maclaurin series [25-27]

expansion and this very fact makes the solution convergent. Consequently, these traditional

methods require parameterization and complicated analytical computation [38]. A brief

mathematical

description on the application of perturbation theory specifically to

thermoelectrics can be found in Wee [25]. In this work, Wee assumes 2" order polynomials

for a particular material case and obtains the solution using series expansion. On a similar work,

Ju et al. [26] derived analytical expressions for the temperature profile for another particular

material case assuming parabolic functions for material properties. Later, Zhang [38] provided
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a more generalized solution based on the Homotopy perturbation method in an effort to signify
the importance of temperature dependence of material properties. Recently, Marchenko [27]
provided a comparison between using quadratic and linear approximations in perturbation

theory.

In our case, the convergence of the solution is ensured by spatial integration, which is
mathematically equivalent to summing up the individual terms of the series. In this study,
integration was done using trapezoidal rule in-built in the software Origin 8.5.1. In perturbation
theory, the closer the starting function, the faster the convergence of the solution. Hence, the
current method which inputs the temperature profile from previous step is convergent in two
or three iterations as can be seen from the very low relative deviation (right side y axis) of the
third iteration from the exact T profile (FEM) even for strongly T dependent materials as in
Figure B.1. In doing so, the calculation times are reduced tremendously compared to FEM and
individual heat contributions can be easily visualized by integrating the corresponding terms

in the heat balance equation.
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4 Discrepancies associated with the use of

CPM (Publication 2)

This paper deals with discrepancies associated with the use of a CPM despite using the
appropriate averaging technique. With the use of an entropy flow diagram based on «(T), it is
explained that there is always a certain amount of Thomson heat unaccounted for in CPM.

Additionally, an approximate correction for this uncompensated Thomson heat is suggested.
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Abstract: The efficiency of a thermoelectric (TE) generator for conversion of thermal energy into
electrical energy can be easily but roughly estimated using a Constant Properties Model (CPM)
developed by loffe. However, material properties are in general temperature (T) dependent and the
CPM yields meaningful estimates only if physically appropriate averages, i.e. spatial averages for
thermal and electrical resistivities and the temperature average (TAv) for the Seebeck coefficient («)
are used. Even though the use of at,, compensates for the absence of Thomson heat in CPM in the
overall heat balance, we find that CPM still over-estimates performance (e.g. by up to 6% for PbTe)
for many materials. The deviation originates from an asymmetric distribution of internally released
Joule heat to either side of the TE leg and the distribution of internally released Thomson heat between
the hot and cold side. The Thomson heat distribution differs from a complete compensation of the
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according Peltier heat balance in CPM. Both effects are estimated quantitatively here, showing that
both may reach the same order of magnitude but it varies from case to case, depending on the specific
temperature characteristics of the thermoelectric properties, which one dominates. The role of the
Thomson heat distribution is illustrated by a discussion of the transport entropy flow based on the
a(T) plot. The changes in the lateral distribution of the internal heat lead to a difference in the heat
input, of the optimum current and thus of the efficiency, respectively, of the CPM approximate from
the real case, while the estimate of generated power at maximum efficiency remains less affected as it
is bound to the deviation of the optimum current which is mostly <1%. This deviation can be corrected
to a large extent by estimating the lateral Thomson heat distribution and the asymmetry of the Joule
heat distribution. A simple guiding rule for the former is found.

Keywords: TEG performance, Device modeling, Temperature profile, Constant properties model,
Fourier heat, Thomson heat, Joule heat.

4.1 Introduction

Thermoelectric generator (TEG) materials convert a certain fraction of the heat passed through
them into useful electrical power, as the charge carriers (holes/electrons) absorb the thermal energy and
move from the hot side to the cold side, carrying entropy [1, 2]. The transport entropy flux related to
the convective heat transport is given by aj, with the Seebeck coefficient a(T) and current density j.
Typically, a thermoelectric (TE) module consists of a series of pn leg pairs (thermocouples), electrically
connected in series and thermally in parallel [3]. In steady-state, the exact performance of the TEG is
obtained by solving the thermoelectric heat balance equation [4] for the temperature profile T(x). In

1D, it reads

2T  dx 0T

da oT
ax2 + dT (ax

K(T) )2 =T o= —p(D)j?, (61)

where the thermal conductivity «, the electrical resistivity p and a are the three main temperature

. . a aT 82T  dk (8T\?
dependent thermoelectric properties. Here, a'{K(T) E} = K(T)E+E(§) corresponds to the

da o1
dT dx
Thomson heat absorption driven by the change of the convective entropy flux aj related to the

temperature dependence of a(T), and p(T)j? corresponds to the local Joule heat dissipation. With a
typical TE material, with x(T) falling with T and the amount of a(T) rising with T, Thomson heat will
be released and Fourier heat flow will grow from hot to cold side along a TE leg in TEG operation,
where the current flow is driven by the thermo-voltage generated by the leg. Eq. (51) is a second order

(negative) divergence of the Fourier heat flux,i.e. its local change; jT corresponds to the local

non-linear partial differential equation, which can be solved using numerical methods like Finite
Element Methods (FEM) [5, 6], Finite Volume Methods (FVM) [7-9] or Finite Difference Methods (FDM)
[6]. However, these solution methods are costly and time consuming.

On the other hand, when assuming constant properties of the TE properties, an approximate
solution can be found analytically as suggested by loffe [1]. This solution by the Constant Property
Model (CPM) involves a discrepancy from exact results due to the underlying simplification. Moreover,
the choice of the averaged constant properties to be obtained from the actual temperature dependent
data is not straight-forward. As can be seen from Eq. (51), the Thomson heat vanishes when the Seebeck
coefficient (and with that the convective entropy flux aj) remains constant. Various models on corrected
CPM to compensate for this ‘missing Thomson heat’ [10-16] have been proposed. Meanwhile, Sandoz
et al. [17] attempted to explain the use of the T-averaged Seebeck coefficient in predicting exact power
in CPM mathematically, but did not recognise the importance of the asymmetry in heat distribution on
the prediction of efficiency.

In a previous study [18], on the physically appropriate choice of averages in CPM we highlighted
that spatial averages (SpAv) for resistivities (electrical and thermal) and temperature averaging (TAv)
for the Seebeck coefficient are essential for a meaningful CPM estimate. However, there is still a
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remaining deviation due to unconsidered local redistribution of internal heat release or absorption and
of thermal conduction in CPM which is linked to a change in the T profile T(x) [1, 12, 18, 19]. Here, we
will analyze the individual heat contributions exemplarily for six representative thermoelectric
materials that we considered previously [18], plus PbTe [20] as this is one of the best TE materials in
practice and shows an especially large deviation between CPM and exact results.

Initially, the effect of the T dependence of each of the TE properties, @, p and k, leading to locally
shifted heat release and transport over the TE element, for performance estimation is studied
separately. Calculated maximum efficiency in the full temperature dependent case, 1.y, is compared
with tailored model materials, in order to separate and quantify the individual contributions. Model
materials are defined by setting one or two of the three TE properties constant at its respective average
while keeping the other properties T-dependent. Next, we explain the physical origin of a relevant part
of the discrepancy between CPM results and the real situation using a schematic plot of the convective
entropy flux derived from a a(T) graph, alongside showing that the net Peltier/Thomson heat is
correctly considered by CPM when appropriate temperature averaging is used for a(T). Marked areas
in the entropy flux diagram quantify the exchange of Peltier and Thomson heat, and with that, a

_ nmax_nmaxCPM

correction for the related deviation in CPM efficiency estimation, dfya.x = ST is suggested
max

and demonstrated.
4.2 Methods, results and discussion

4.2.1 Role of the T dependence of material properties in performance estimation

Since a generalized temperature dependence study for all types of T dependence is quite elaborate,
a comparative study based on seven well-known and representative TE materials [20-24] was
conducted. To understand the role of the T dependence of each of a, p and k in performance estimation,
the calculated maximum efficiencies when all properties are considered as T dependent (referred to as
‘real case’ or ‘exact’ from now on) were compared with the calculated efficiencies of model materials.
These model materials have the same T dependence as the real materials for one or two of the three
thermoelectric transport properties, while the remaining properties are kept constant; these materials
are denoted as 2TD (two temperature dependent properties) materials and 1TD materials, respectively.
The constants used to define the model materials were obtained using the spatial averages (SpAv; for
electrical and thermal resistivity) at a current density corresponding to the maximum efficiency of the
real material and the temperature average (TAv; for the Seebeck coefficient). The SPAv and TAv of a
T-dependent quantity p for a hot-side temperature T}, and a cold side temperature T, are given by [1,
12, 18, 25]

Pray =P = 3 [ p(DdT, (52)
Pspav = (P) =1 [y P(T(0))dx, (53)
where AT = Ty, — T, and L is the length of the TE leg. The exact efficiency using Tdependent
properties was obtained using the 1D solution algorithm developed in [18] by calculating

P=V-I, (54)
where V=V, — Rj,I, V, = aAT and
1 =P/Qin (55)
Here, P is the output power, V is the net output voltage which is given by the Seebeck voltage
generated, 1, = fTi " @(T)dT , minus the voltage drop due to internal resistance R; = pSprwL, where 4 is

the area of the TE leg and pspay = % ) OL p(T(x))dx. I = jA is the current passing through the TE material
due to the generated voltage. The efficiency () is given by the ratio of output power to the input heat
flow (Qi,) as in eq. (55) where Q;, is given by

Qun =Ky A5 +1 ay T, (56)
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Qj, consists of the Fourier heat flow —ky, A - Z—Zh (including the fraction of Joule and Thomson heat

contributions released in the leg which is flowing to the hot side) plus the Peltier heat absorbed at the
hot side. The suffix h indicates the hot-side values, i.e. k, = k(Ty,) and a, = a(Ty). As the spatial
averages depend on T (x) which in turn varies with current, they are formed pre-assuming the optimum
current of the real materials, and for brevity, their efficiency was also calculated at the optimum current
of the real material. The optimum current in the numerical calculation was obtained by finding the
current where 2—7 becomes zero.

The relative deviation (RD) of the calculated maximum efficiency between the 2TD model

_ model
materials and the real materials, snmodel = ImaxTlmax____ ¢ shown in Figure 4-1a. Here and in the

Nmax

following, for brevity we will use § and d to denote a relative and absolute deviation, respectively. The
comparison shows how strongly each of the contributing T dependences alone would shift efficiency.
Obviously, the T dependence of p will affect the calculated efficiency to a lower extent than a(T) and
k(T) will do for some materials (middle section of Fig. 1a); the asymmetry of Joule heat generation
mostly plays a minor role. However, this does not hold for all materials and it does not mean that the

RD between CPM and a real material due to asymmetric distribution of Joule heat, M max; = d;’g}?x 6 th,
would be insignificant, as all of the three identified effects will act simultaneously when comparing
CPM and the real case. Although the effects of the T dependence of a(T) and x(T) are much larger for
some materials, they often partly cancel each other. A comparison of the real Joule heat partial T profiles
in Figure 4-1b shows a considerable asymmetry, in correlation to the deviations in the p(T) = const.
case for SnSe and PbTe (Figure 4-1a, mid); however the RD contribution related to the profiles in Figure
4-1b is larger as they contain an asymmetry due to the asymmetry of axial heat conduction linked to
k(T), in addition to the asymmetry of Joule heat generation which alone is represented by Figure 4-1a.
Calculation of the partial T profiles is explained in the Appendix (Sect. 2). It should be noted that unlike
for a(T) where the absence of the T dependence means an absence of Thomson heat, the absence of the
T dependence of p just means that there is no local asymmetry in Joule heat generation whereas the
amount of appearing Joule heat remains unchanged. Both symmetrically or asymmetrically released
Joule heat will contribute, together with Thomson heat, to the effect of a T dependence of k(T) that
consists in shifting the distribution of the inner reversible and irreversible heat towards the hot and
cold sides. Accordingly, the magnitude of the effect of a T dependence of k(T) will scale with the total
amount of inner heat.

When « or k is kept constant, there can be large discrepancies as seen from the scatter in the left
and right section of the Figure 4-1a. Switching off Thomson heat results in a change from non-constant
to constant convective entropy flux linked to different partition of reversible (Peltier + Thomson-bound)
heat to both sides of the leg. When setting x(T) = const., net Fourier heat transmitted does not change
as the thermal resistance of the leg is fixed by the definition of the SpAv. Rather, the observed
differences are merely due to changed lateral distribution of Thomson and Joule heat. Comparing to
Figure 4-2a reveals that large RD for k(T) = const. correlates to strongly non-linear T profiles linked to
k(T) (seeT profiles for j = 0); see also Appendix, Figure Ala, where SnSe, Bi2Tes and PbTe have
significantly different k}, and k. and Figure A2a showing that the weight of Joule and Thomson heat to
Qin is comparably large for these materials.
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Figure 4-1: a) Comparison of the relative deviation of the calculated maximum efficiency of 2TD model
materials (one of the TE properties kept constant,) from their real counterpart for the example materials,
b) T profile bending caused by Joule heat for example materials. Distinct asymmetry is observed
particularly for PbTe and SnSe, correlated to maximum offset values in the middle part of Fig a).

The dominating effect of the T dependence of k and « on the estimated performance is also seen
by comparing the T profiles of the model cases with the real temperature profile of n-type Mg2(Si,5n)
(shortly referred to as n-Mg2X), Figure 4-2b. All profiles are calculated for the optimum current for
maximum efficiency of the real material. Here, in addition to the 2TD materials, also 1TD materials
were involved. a(T) and k(T) play a dominating role in the shaping of the temperature profile which
is reflected by the closeness of the a(T) # const., k(T) # const. case to the real material.

The effects of the 2TD cases on the overall inflowing Fourier heat and thus on the efficiency of n-
Mg:X from Figure 4-1a (red dots) can be discussed in terms of the hot side slopes of the corresponding
temperature profiles (red lines) in Figure 4-2b when comparing between cases with the same x(T). The
downward %h for the 2TD material with a(T) = const. (red solid line) indicates an increase of the

inflowing Fourier due to missing Thomson heat, compared to the actual case (dark green line).
Simultaneously but only partly compensated in the Q;, balance by missing Thomson heat, less Peltier
heat is absorbed at the hot side and therefore the efficiency is overestimated (Fig. 1a left side, red dot).
The 2TD k(T) = const. (red dotted line) deforms the T profile considerably but does hardly increase the
heat input (Eq. (56)) compared to the real material as the SpAv of x(T) maintains an unchanged thermal
resistance of the TE leg. We can conclude that replacing the T dependence of a(T) and k(T) by adequate
constants will, although significantly changing the T profile, influence the inflowing heat and thus
efficiency to a much lower extent due to compensating effects. The RD of CPM efficiency in effect arises
mainly from a redistribution of internal Joule and Thomson heat due to considerable deformation of
the T profile by neglecting the T dependence of k(T) and a(T) and local redistribution of reversible
heat generation as a consequence of neglect of the T dependence of the convective entropy flux.
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Figure 4-2: a) Bending of T profiles for the real materials at j = 0 (dotted lines) and j = j, (solid lines),
normalized to AT, b) T profile bending for the 1TD and 2TD model materials in comparison to the full
T dependent case and the CPM case, along with the individual contributions to the fully T dependent
profile for a n-Mg2(Si,Sn) TE leg with Ty, =723 K and T, = 383 K.
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For the comparison to 1TD and 2TD model materials additionally a shift of the SpAv values of p
and k as a consequence of different T profiles as well as coupling effects among the individual
contributions play a role, but only to a very minor extent as proven by the close coincidence of their
profiles to combinations of the individual partial T profiles of the real material, see Fig. 2b (pink and
cyan lines). The latter represent the physical contributions to the real temperature profile, ATjoye,
ATThomson and AT,y and are plotted by symbols + lines in Fig. 2b. They sum up, together with the linear
AT
L

part, Ty, (x) = Ty, — x —, to the total temperature profile,

T(x) = Tlin(x) + AT]oule(x) + ATThomson(x) + ATlc(T) (x). (57)

The procedure to calculate the partial profiles is described in Appendix 2.

From the close coincidence of combinations of the real partial T profiles to the T profiles of the 1TD
and 2TD model materials as evident from Fig. 2b we can conclude that the contributions from each of
the effects (Thomson heat, Joule heat, T dependence of k) to the total T(x) behave in good
approximation independent and additive (A small note on this is given in the Appendix 0). The reason
for the overall weak cross-coupling between the contributing effects is the small amplitude of the partial
T profiles ATjoyie, ATthomsons ATy (ry compared to the overall AT but also the fact that ATy omson and AT (r)
often partially compensate. Therefore, also the T profiles of a real material and CPM may be quite close
to each other for some materials. It is evident that the shape of a(T) and k(T) affects the temperature
profile much more than that of p(T) but this does not mean that the asymmetry of Joule heat
distribution between the hot and cold side would contribute insignificantly to the difference of the
inflowing heat between the CPM case and a real material. Redistribution of Joule heat affects the
maximum efficiency to a relevant extent along with the redistribution of Thomson heat. Thus we can
split the RD of the maximum efficiency according to the physical origin — redistribution of Peltier-

_ 7Im.ax_nmaxCPM

Thomson heat and Joule heat — as 1.5 = oM = Mmaxy, T 577max]-

Depending on the slope ratio of k(T) and a(T) the efficiency discrepancy due to Joule heat
asymmetry, §7max;, Will vary considerably between different materials and may change sign from case
to case, as observed in [18].

Now, let us proceed to understand in more detail how the absence of Thomson heat in CPM will
affect the efficiency calculation. We will see that it is partially and usually not entirely compensated by
the difference in Peltier heat between a real material and its CPM approximate.

4.2.2 Peltier-Thomson heat balance and the resulting uncertainty in CPM

efficiency

Consider a TE material with constant k and a linearly increasing a(T) curve (which is typical for a
TE material below the peak zT temperature), as schematically shown in Figure 4-3. In a TE material
under current flow, the convective entropy flux is given by $(T) = ja(T). Hence, in a TE leg with a
current flow I, the convective entropy flow S(T) =Ia(T) is directly linked to the temperature
dependence of the Seebeck coefficient.
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Figure 4-3: Schematic representation of reversible heat exchange in a TE leg for a linear a(T) curve (black
line) in a plot of the convective 1D entropy flow with a constant current I. According to the relation
Qr = IaT areas in the S(T)diagram represent certain amounts of (flowing or exchanged) Peltier
(including Thomson) heat. The dark blue and light blue rectangles — in- and outflowing Peltier heat;
trapezium above the S(T)curve — Thomson heat (marked with slant lines); trapezium below the $(T)
curve (marked in checked lines) — gross electrical power generated (V,I); red trapezium — Thomson heat
flowing to the hot side; orange rectangle — hot side Peltier heat (CPM). The green triangle indicates part
of the difference amount of absorbed Peltier heat at the hot-side between the actual and the CPM cases)
that is not compensated in the real material by backflowing Thomson heat Q1.

Peltier heat absorbed at the hot side (T},) in the real case is given by Qn_h = [ay Ty, while at the cold
side, it is Q¢ = Ia.T.. Areas in the diagram of Fig. 3 represent certain amounts of Peltier and Thomson
heat but also generated electric power. This allows a schematic comparison of reversible heat exchange
in a T-dependent material to its CPM approximate. The difference in the Peltier heat balance,
I(ay Ty, — a.T,), is given by the difference of the light and dark blue line marked areas. It is composed
of the area below the S(T)curve (marked in checked lines) given by P, = IV, = I fTTc " a(T)dT, which is

the gross produced electrical power (that includes Joule heat). The area to the left from the S(T) curve
(indicated by slant lines) which is
Iay . Th d a Th . (58)
f Tds=1f T—dT=If 7dT = Q,
T, Te dT Te
wheret =T % is the Thomson coefficient. This area represents the net Thomson heat generated in

the TE leg, Q,, which is directly linked to the variation of the convective entropy flow over the leg. The
reversible heat balance
Qn’,h - Qn’,c = QT + Py, (59)

tells that the loss of Peltier heat in the sample equals released Thomson heat plus produced gross
electrical power. Q, and P, are counted here as positive when going out of the system. Part of the Thomson
heat will flow back, as a contribution to the overall Fourier heat flow, to the hot side. For simplification
we assume that Thomson heat that is released at any point in the leg will flow out to the closer side.
This is physically not strict but sufficient to qualitatively illustrate the relevant effect of under-

compensation of the difference in Peltier heat exchanged at the hot side in a real material compared to
CPM

CPM by Thomson heat flowing back to the hot side, i.e, compensation of dQuy = Qun — Qrec = =
ITy(a, — @) by Qup =1 foihex Tda. The relevant question on the Seebeck value a, ¢y from which on the
integration gives the correct amount of Q. (and its corresponding temperature Tiex With ey =
a(TT_eX)) will be touched below.

In CPM, the Peltier heat at the hot side is given by /aT,, while at the cold side it is IaT,, where @ =
Otpy is the temperature average of a(T) (see Eq.(52)). Therefore, the following equation holds,
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. CPM . CPM —
Qun = Qre " =1&(Ty—T) =1 [ a(DdT, (60)

i.e. Peltier heat is completely balanced by electrical production.
From Eq. (59) and (60), it is obvious that globally the explicit absence of Thomson heat in CPM is

taken care of correctly by the use of temperature averaged @ in the CPM, i.e,
CPM . CPM (61)

Qn:,h - Qn’,c - Q‘t = Qn’,h — Qn = IaAT = P,.

With this choice of @ as the CPM value, the gross power generated is exactly the same in CPM as
in the real material, at the same current. On the other hand, it implies that, typically, considerably less
Peltier heat is absorbed at the hot side in the CPM case than actually, whereas back-flowing Thomson
heat partly compensates the actually higher Peltier heat intake. Fig. 3 visualizes by the green triangle
that this compensation is incomplete, i.e. dQrrp = dQrp — Qzn > 0. Accordingly more Thomson heat is
leaving at the cold side. It is evident, that this holds not only for a linear but also for a left- or right-
hand bowed Seebeck curve.

In a less typical case with strongly asymmetric heat conduction, i.e. k(T) strongly increasing with
T, or if a(T) forms a significant maximum, this typical tendency could reverse, but mostly it leads to
underestimation of the inflowing heat in the CPM case Qin ™ and hence to overestimation of the
efficiency by CPM. With p-Mg2X, a particular example is given in the Appendix (Figure A2c) where,
with a(T) weakly changing between T, and T}, but peaking inside, this compensation can also be almost
perfect, or, as for SnSe (Figure 4-5b and Figure 4-6), even overcompensation may occur.

Overall, the efficiency deviation between the real and CPM cases would be negligible if
Qin = Qin“™. For a rising a(T) curve, which is the typical case applying for most of the established TE

materials, the Peltier-Thomson part, Q'}%TCPM, of Q;, will remain lower than the real Q!.. Thus the
efficiency is often overestimated by CPM. Furthermore, a shift in I,LoptCPM against the true I, ;¢ has to
be taken into consideration due to a change in the current-dependent contributions to Q;,. The usually
higher intake of reversible heat at the hot side in the real case, Q,, compared to CPM (8 Q'm,h > 0)

results in a steeper curve Q;,(I) than 0 "M (D). Efficiency as defined by n(I) = P/Q;, will accordingly
have a lower slope in reality than for CPM, equivalent to a lower maximum position Iop,. Thus,

I _jCPM
usually, CPM will overestimate the optimum current, 6lope, = W < 0, and hence will
opt

overestimate output power at maximum efficiency (6P, < 0) which adds to the overestimate of

Mmax

maximum efficiency: 6nyax = 0P, — 8Qi,, amplifying the effect of §Q;, (see Figure 4-4a). Hence, for

Mmax
a quantitative analysis, we have to consider three contributions to the (absolute) deviation of Qin
0Q 62
Q| g (©2)
ol ptn

loPt"]

where, similar to the outflowing Thomson heat, also outflowing Joule heat is counted as positive
and dQJ is due to the Joule heat asymmetry at the hot side. Asymmetry of Joule heat distribution and

inn = dQL - dQ}‘ = dC 2{:const _ dQ;LI:const +

heat conduction will, with falling x(T) as for PbTe and SnSe, favor heat release to the cold side. This
will contribute to a higher Qi and steeper Qin (D) likewise, amplifying the same trend as from reversible
heat, or will counteract it with rising x(T). Thus, asymmetry of Joule heat distribution will add to the

mispoint in Iopt_nCPM.

Figure 4-4a shows that for most materials, I,y , changes about 1% or less and consequently also the
deviation of the output power remains small. However, for PbTe, Iy, reaches 10%. Then the
deviation of output power, 6P, _, may grow in absolute amount as large as §Q;,, doubling its effect.
Whereas the contribution to §Q;,, due to 8o, usually remains insignificant, it becomes relevant for
PbTe where it compensates half of dQ;, related to the distribution of inner heat at unchanged current,
dQbh:(Toptn) — dQ}'(TIopty ), see Eq. (12), black stars in Figure 4-4a.
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Figure 4-4: Calculated relative deviation (RD) of a) the maximum efficiency, 6npax, heat input,
5Qin, power at maximum efficiency, 6B, , and optimum current, 6l,py,; additionally, 5Q;, when
neglecting 81y, (black stars), b) Joule heat, 85Qh., reversible heat, & Q}‘ (see Eq. (12)) and, for direct
comparison, also dQ}'/Q%,

The RD of hot side Joule heat, §QJ, and Peltier/Thomson heat, §Q%, with Qh, = Q1 — QP are shown
in Fig. 4-4b. 5" reaches quite significant nominal values, mainly due to the low magnitude of Q' itself.
For direct comparison to §Q%,, the (absolute) deviation dQ* related to QR is plotted and shows that
both effects reach the same order of magnitude. Typically, both contributions partly compensate.
Furthermore, no general behavior can be observed in their mutual relation over the materials, in some
cases clearly one effect dominates, in others the other.

As seen from Fig. 4-1b, usually, more Joule heat is released to the hot side than to the cold side in
a real material whereas there are symmetric amounts in the CPM case. This contributes to an
underestimation of the efficiency in the CPM case, 8Mmax; > 0. On the other hand, as explained, the
Peltier-Thomson balance tends to an overestimation, 67may,,, < 0, thus both effects counteract and
partially compensate. From Figure 4-4a can be seen that CPM overestimates the efficiency compared to
the real case for all selected materials except Bi2Tes, which has an exceptionally higher x;, compared to
the cold-side (Figure Ala in the Appendix) together with high Joule release (Figure 4-4b) and almost
compensation of the Peltier-Thomson balance. Thus the Joule contribution dominates, leading to a
resulting underestimation of the efficiency. Also, SnSe behaves partly different from the general trend
with a falling a(T) curve (Appendix Figure Alb) and the resistivity overweight at the cold side
(Appendix Figure Alc). Moreover, ky, is much lower than k.. As an effect, Joule heat is preferentially
lead to the cold side; consequently hot side Joule heat is greatly overestimated in CPM (Fig. 4-4b), but
as the relative contribution of Joule heat to Qj, is small (Figure A2a), the resulting trend towards
overestimation of performance in CPM remains moderate. On the other hand, as seen from Appendix
Figure Alb Thomson heat is absorbed in the leg as a(T) for SnSe is a falling curve and is mainly bound
to the hot side. As seen from Fig. 4b, for SnSe, the hot side Peltier-Thomson heat will, unlike for most
of the other materials, be overestimated by the CPM. However, the resulting underestimation of
efficiency in CPM will be overcompensated by the counteracting Joule heat distribution.

The first four materials in our list (see Figure 4-4a) show a minor discrepancy of the CPM to reality.
Although Joule heat asymmetry is contributing comparably, from case to case, mostly the dominating
source of discrepancy is the uncompensated Peltier heat according to Eq.(61). It is particularly relevant
in the cases of n-Mg2X, Mg:S5i and PbTe, which have larger Thomson contributions (Figure A2a) leading
to larger discrepancies of the CPM efficiency estimate.

4.2.3 Refining the CPM efficiency estimate

Having identified the effects causing a systematic uncertainty in the CPM efficiency estimation,
they shall be accordingly corrected.
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We want to analyze how this can be done practically for the Thomson contribution, §Q%,, by
calculating the uncompensated Peltier heat at the hot side. Therefore we discuss the approach for
example materials with dissimilar a(T) characteristics.

CPM

The values of @}, and Qn_h are known from Ty, a and @, for a given current, where as a first

approximation Iggtl?/,[, is used. We have seen that the Thomson heat flowing to the hot side is strictly

AATThomson
dx

form a reference for an approximate estimation to be developed because of which we shall omit a
numerical calculation of exact T profiles. As derived from Eq. (10) we obtain the uncompensated Peltier-

calculated from the partial T profile ATrpomson(X) by QT_h = —Kp " . We apply this route to

Thomson heat from dQl, = Qn,h + Q'T‘h - Q'n,hCPM. Neglecting any deviation of current, this can be
illustrated in the a(T) diagram based on our interpretation of areas by amounts of reversible heat, see
Fig. 3. Thus we aim for a good approximate of the green marked area in Fig. 3 by a good and simple
approximate. The problem splits into two aspects: finding the temperature T, ., above which the inner
Thomson heat is conducted to the hot side and finding a close approximate of the integral. As a(T) may
be quite different (see Fig. Alb), we meet various situations, represented by different ATtyomson (*)
temperature profiles (Fig. A2b), among them typical ones with a single maximum according to
Thomson heat flowing out to both sides, but also less typical ones with a single minimum (Thomson
heat flowing in from both sides) or even two extrema (for BizTes) where Thomson heat is released to
the cold side but absorbed from the hot side. A rule to treat all of the cases likewise is needed. Fig. 5 a)
and b) and Fig. A2 c) and d) show accordingly scenarios where a(T) contains almost linear intervals
aside with strongly bowed ones / where a(T) is monotonous or contains a maximum / where ay, and @
are far from each other or close together / where a(T) is crossing the & horizontal once or twice. The
position of the extrema (maxima or minima) of ATryomson(X) Was marked in each diagram by a brown
line. Accordingly, the area corresponding to the uncompensated heat might be more complex than
shown in Fig. 3, e.g. see Figure 4-5a. The area to the left from the a(T) curve to the a-axis from this
point up to the hot side a;, (marked by a red border) represents Q.. Take into account that the
respective area contains also negatively counting parts when a(T) goes through a maximum.
Accordingly, the upper slim boat-shaped area in Fig. 5a counts negative; symbolically, it was mirrored
into the green area.

However, in such a case the integration can be simplified switching from the hot to the cold side,
as Qun = Q; — Q¢ and with Eq. (10), Q; = Qupn — Qrc — Po- Note that if there are two extrema of
ATthomson (X), then we have two Ty oy values where the Thomson heat between both can be neglected as
it cancels completely. Only the intervals outside, (TC; TT_EX) or (TT_EX; Th) has to be considered. Among
both intervals, the side has to be chosen where a(T) is a monotonous function in the relevant
temperature interval, where it is closer to linearity, and possibly where T, ¢ is closer to Ty, or T.

Applying Eq.(11) accordingly to the chosen interval, the integration for Q, can be substituted by

one for Py, e.g. for the cold side: Q, . = Q.,T,me — Qne— fTTT‘eX adT.

This is facilitating practical execution as mostly a(T) is known as a low-order polynomial, thus
integration could be done analytically.

If the Thomson T profile is not known, half of the leg length, g, can be taken as a first guess of the
position for the calculation of Q.. The according temperature is marked in the diagrams. This can be a
quite good estimate when the Thomson T profile is close to symmetric as for PbTe (see Figure A2b) but
may fail greatly when Thomson heat is strongly asymmetric as for SnSe. On the contrary, an entropy
consideration of Thomson heat in the TE leg (see Appendix A3) leads to a thumb rule for T, ¢, that is

a(TT,eX) =~ .
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Indeed, it applies well for all example materials involved here. With this rule, approximation of
Q. facilitates considerably, as just a crossing point of a(T) with its TAv has to be found.
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Figure 4-5: Plot of the convective 1D entropy flow at constant current I for a) PbTe and b) SnSe. Relevant
areas are marked to determine the uncompensated Peltier-Thomson heat dQl; (green area). Note that

the g temperature and the temperature T, ¢y according to the extremum of ATryomson () may be located

quite apart (b) whereas T; ¢ is very close to the crossing point of a(T) to a.

Figure 4-6 shows the remaining efficiency deviation, dngmyx, corrected by the uncompensated
Peltier-Thomson heat calculated from the a(T) graph using the g position, using T, ¢, according to the
extremum (maximum) position of ATtyemson(x) but neglecting the current deviation 81,y ., as well as

corrected by the exact deviation dQ% = Q. — Q. — Q.,,,hCPM. The efficiency estimate by CPM is greatly
improved when the ATty mson () extremum position is used.
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Figure 4-6: RD in maximum efficiency, g ax, corrected with respect to Q!
peak of the exact Thomson profile; blue), dQh, (exact numerical calculation; red; cmp. also Eq. 12) and

. L ..
a first guess by the = position.

Only occasionally, e.g. when a(T) is close to linear, the % position works well for correction but
fails for most materials as it does not take into account the asymmetry of heat sources and heat
conduction. Similarly, models suggesting half of the Thomson heat on either side for correcting the
CPM results [14-16, 26, 27] will mostly not work sufficiently. The correction employing the ATthomson (X)
peak position is close to the exact numerical correction for most materials as this position considers the
asymmetry exactly. The difference between both cases is merely due to the change of the optimum
current which is yet unconsidered by the graphical correction. The remaining discrepancy is due to
Joule heat asymmetry.
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Whereas we have used exact numerical calculations to demonstrate the principle of the Thomson
correction method and to show that the rule a(T,,) ~ & holds well, the suggested practical procedure
for correction of dQ:=°"* described here which is based on an analysis of the physical effects behind
the deviation of CPM performance estimates is limited to basic algebraic operations which can be
instantaneously be calculated by any table calculation software.

43 Conclusion

From the study on 2TD and 1TD model materials with one or two selected properties among «a, p
and k set as constant, which results in both redistribution of heat between the hot and cold side of the
element and the change of spatial averages, we see that in some examples large deviations in efficiency
Snmodel arise as a consequence of considerable modification of the T profile. In comparison to the
efficiency deviation between CPM and real materials &npy,, which conserve the spatial property
averages and are mostly below 2%, this shows that a change of spatial averages due to an arbitrary
modification of the T profile may contribute a strong shift to the efficiency estimate. Thus, conservation
of the leg’s thermal and electrical resistance is essential for a valid efficiency estimate. However, the
shift remains mainly low if solely p(T) is switched to constant. Nevertheless, it cannot be concluded
from this that the temperature dependence of the electrical resistivity plays a minor role in the efficiency
estimation by CPM. The 2TD and 1TD model materials lead to quite good approximates of the partial
T profiles ATjoy1e (X), ATThomson (X) and AT,z (x).

It is shown that the deviation of a CPM-based efficiency estimate, 8Ny, is not just due to the
absence of Thomson heat in CPM, as the choice of the temperature average of a(T) as a CPM parameter
mainly compensates for the absence of Thomson heat. Rather, the discrepancy in efficiency
determination in CPM is shown to be, to a major extent, due to the excess unaccounted heat at the hot-
side in CPM 8Q;, which usually leads to overestimation of performance (but may vary up to change of
sign in less typical cases), and to a minor extent, due to a shift of the optimum current 81y, and,

consequently, of the produced electrical power at maximum efficiency, 6P, In most cases, the

change of the optimum current is merely small. In materials with rising a(T), less of the released
Thomson heat flows back to the hot side than would compensate for the reduced hot-side Peltier heat
absorption assumed by CPM. This systematic undercompensation tends towards an actually higher
heat intake at the hot side compared to CPM, thus overestimating efficiency by using CPM. Asymmetry
of Joule heat usually has an opposite influence but is overcompensated in most cases.

In order to correct for the Peltier-Thomson heat-related deviation 8Q, a graphical illustration in
terms over convective entropy flow based on the a(T) curve is given. It confirms that die rule for the
splitting of Thomson heat to the sides (T, ,) ~ @ which results from an entropy consideration holds
well. This enables a valid approximation of 8Qf, with a simple algebraic procedure, omitting the exact
numerical calculation of the temperature profile. Although a considerable deformation of the T profile
caused by the T dependence of x(T) is observed, it will affect the deviation between the real situation
and its CPM approximation merely via a local shift of the thermal and electrical resistivity but will not
explicitly contribute to the inflowing heat balance Q;.

In summary, the performance of a TE material does not only depend on its averaged material
parameters but also on local asymmetry of Thomson and Joule heat, driven by the T dependence of the
TE properties. Particularly Thomson heat can show highly asymmetric distribution. Thus, TE device
efficiency can be varied beyond the averaged properties, represented by a figure of merit.
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Appendix A

0. Note from section 2.1

A very good approximate of the actual T profile and hence the SpAv of p and k in accordance to a real

material can be calculated straight forward from the T dependent properties without using iterative
solution [18] for T (x). This may considerably simplify estimation of appropriate SpAvs as CPM property
values. ATjoye(x) can be obtained analytically from the CPM case, ATy (ry from a integration of the

Fourier equation and ATty omson from and a 1TD a(T) model by a single integration.

1. Material data and boundary conditions
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Figure Al: Temperature dependent thermoelectric material properties of representative material
classes: a) thermal conductivity b) Seebeck coefficient c) electrical resistivity d) figure of merit. Since
SnSe has much higher resistivity, the scale for it is given on the right y axis. All the raw experimental
data taken from the literature [20-24] were fitted with appropriate polynomials (usually 3 or 4" order).
For SnSe, a 9t order polynomial fit was used owing to the complex T dependence and hence shows an
unusual very high zTmax. However, this does not affect the physics discussed and hence this fitted data
was used throughout the manuscript.

Table A1l: Temperature range of analysis for all materials of Fig. A1l

Material

Temperature range

of analysis
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p-Mg2(Si,Sn) 723 K to 383 K

n-Mg(Si,5n) 723 K to 383 K
HMS 833 K to 298 K
Mg:Si 833 K to 298 K

p- Bi:Tes 553 K to 301 K
SnSe 973 K to 373 K
PbTe 850 K to 320 K

1. Additional information

a. Finding individual contributions to the total T profile

3272 in Eq. (51) to each of the other

corresponding term assuming isothermal boundary conditions and fixing all coefficients in the
equation according to the total T profile T (x). Thus, solving for the respective partial T profile reduces
to a double integration, where the first step provides the total amount of each partial heat contributing
to the thermal balance.

As the partial T profiles can have opposite sign in amplitude and partially compensate for many
of the common TE materials (however, not always), the T profiles of a real material and CPM may be
quite close, as in the example of n-type Mg:X, Fig. 2b.

The partial T profiles are found, each, by equating x(T)

b. Contributions to Q;,

Asboth Joule and Thomson heat, after appearing inside the leg will flow out, physically, as Fourier
heat, we have to consider in this discussion the pure Fourier heat Qgy, = KAT (with K = (k™*)"*A/L)
which is merely related to the thermal resistance of the leg and is constant along the leg, separately
from the Joule- and Thomson-related contributions. Accordingly, Q;, is composed of

Qin = Qrn + Qrpn — Qun — Q],h _ (A1.63)

The real Joule- and Thomson-related contributions —Q,, and —@;, to the inflowing hot side heat
are calculated by splitting the overall temperature profile T(x) into additive partial T profiles, each
related to one of the individual physical contributions. Partial Thomson T profiles of example materials

- . d d .
are plotted in Figure A2b. Evaluating —«y, - (E ATThomson)h and —ky, - (E AT]oule)h from the partial T

profiles gives Q. and Q;,, respectively.

en Qun _ Qb _ Quh g
Qir} CQin CQin Qin

comparison reveals that Joule and Thomson heat contribute about 1-5% to Q;,, usually flowing out,
with their contributions being roughly of the same order. Figure A2a also shows the fraction of

Thomson heat and Joule heat distributed to the hot side (% and Q(;—h)
T ]

Figure A2a shows the relative contribution of each heat to Qin:

In order to illustrate example situations of distribution of Peltier and Thomson heat along the leg,
a(T) graphs for p-Mg:X and BizTes are given in Figure A2c and Figure A2d respectively. Due to the
bowed shape of the a(T) graph and relatively close a;, to a, values for p-Mg:X, the difference between
Qrpn and Q,E‘I;,M is almost negligible, but Q,;, amounts to more than twice the amount of Q. — Q,EiM
Nevertheless, this did not affect the efficiency deviation &y, too much as Qr,h is quite small,
absolutely. In the case of BizTes, Q55" is even higher than Q,;, again due to the curved shape of a(T)
affecting the position of ats,. However, Q. , almost completely compensates this Peltier heat difference

keeping the influence on the efficiency deviation negligible.
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Figure A2: a) Ratio of individual heat contributions to Qj, (Eq. A1.1) calculated from the corresponding
partial temperature profiles) (for comparison, all quantities are accounted positive when flowing into
the element) (left y-axis), and distribution factors (right y-axis) for Thomson and Joule heat. b) Thomson
T profiles for all example materials c) S(T)diagram for p-Mg2X showing the area between Ia(T;,) and
lappy (corresponding to the Peltier heat difference between CPM and real case) being very small due
to the shape of a(T). The position of the first peak in the Thomson partial T profile is marked as a brown
vertical line. d) S(T) diagram for Bi:Tes where arp, > a(T},). Hence Q',E’I;M is higher than Qn_h.

A3. Thomson heat distribution and entropy

With the TEG leg, we discuss the entropy flow in a reversible system of Peltier heat transport and
Thomson heat exchange which is running on a non-equilibrium temperature background mainly fixed
by the continuous flow of Fourier heat. As released Thomson heat will be transported as Fourier heat
but is small in relation to the Fourier heat background (see Fig. A2 a) which is driven by the temperature
difference and the thermal resistance of the TE leg, we will treat the variation of the temperature profile

by the conducted Thomson heat as insignificant for the following consideration.

In the steady state, the entropy of the system remains constant; there is a continuous entropy production

by the dissipative heat transport from hot to cold and the balancing continuous entropy export by
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transmitted Fourier heat (plus negligible fraction arising from outflowing Joule heat). Assuming ideal

outer current leads with a = 0, there is no other entropy exchange at the hot and cold sides.

In the CPM, we have a constant convective entropy flow @/ throughout the element, equal to the
absorbed and released entropy rate al by absorption and release of Peltier heat at the terminals. In a
real material, the absorbed entropy rate ay/ equals the convective entropy flow at the hot side, and
likewise, at the amount of a.[ at the cold side. The variation of a along the leg drives local Thomson
heat production dQ, = TZ—:I dT = Tlda, contributing an entropy flow increment dS = Ida. Thomson
heat is flowing to the hot and cold sides, the related total entropy exchange is (ay — a.)l = Aal. It

distributes by the fraction xy, to the hot and cold sides;

AS‘T,h = xy(ap, — a.)I and AS’TIC =1 —xy)(a, —a)l.
(A3.1)

Driven by the gradient of the partial Thomson temperature profile, all Thomson heat released at one
side of a maximum (or minimum) of this profile will be exchanged to this side of the leg. With the
temperature T, o4 of this position and its Seebeck coefficient a; ¢y = a(TT_eX), the shares of the entropy

exchange which are bound to each of the sides are

ASeh = (ath — @pey)] and ASie = (agex — ac)l. (A3.2)
Multiplying both by the respective temperature of the side yields total Thomson heat:
Qr = To(an = Arex)l + Te(@rex — ac)l = {Than = Tettc — Aex(Th = T} = AQy — I exAT. (A3.3)
Comparing (A3.3) with the energy balance of reversible heat Q. = AQ,; — IV, we can conclude that

A exAT = Vo = @AT, thus a e = @ .

(A3.4)

This gives us a rule on the temperature intervals over which the Thomson heat is flowing to either side
of the leg. Consequently, Thomson heat has to be integrated from the crossing point of the curve of the
Seebeck coefficient a(T) with its temperature average @. As a reversible approximation, this result is
approximate and not strict as we have neglected here that dissipative processes are involved when
Thomson heat is conducted to the leg sides. Below we will analyze these changes and find that these
are small, thus the rule stated here on the position of a. ., although not strict, is a good guide for
estimates of the distribution of Thomson heat. Indeed, as observed by comparison to exact numerical

calculations this rule is almost perfectly fulfilled for all the example materials.
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Within this reversible approximation, the Thomson heat flowing to the hot side is obtained as Q.j, =
Ty(ay — @)I. This would be equivalent to a complete compensation of the Peltier heat difference
between reality and CPM, i.e. vanishing axial redistribution of reversible heat which is consistent to the
simplifying assumption that the Thomson heat flowing to the outside is transmitted free of dissipation,
i.e. equivalent to reversible heat. Here, the (additional) T gradient related to the flow of Thomson heat
is neglected whereas an underlying T profile related to an independent heat flow (here the background
of Fourier heat transfer) does, in effect, not contribute to its dissipation. We will see below that this
happens as Thomson heat flowing to different sides will contribute almost compensating shares to the
entropy balance. What was neglected here is that the Thomson heat itself when flowing to the ends of
the leg will dissipate, according to the slight shift of the inner T profile it is causing. Above, this T offset
was separated and called the partial T profile due to Thomson heat, ATtpomson(*). Also this omission

will contribute to a weak deviation from the position rule a, ¢, = @.

The dissipative part of the entropy transport to the sides of the leg is related to the T drop or step-up
between the location where an increment of Thomson heat dQ; is released and the side temperature,

Ty, or T.. The entropy increment released over a segment of the leg with the T increment dT is dS =

Ida = %. With the transfer to the, e.g. cold side, the transmitted increment of Thomson heat do,

increases its entropy up to dS. = dTQT, the according entropy gain is
C
\ > G dor dor dor s T-Tc
dASC:dSC_dS:T_C_T:T_TC(T_TC):dST—C' (A35)

Summing over all Thomson heat flowing to that side we have
; 1 cla : I @ I (Tg,.d _
ASc = fwf‘c(T —T.)dS =T—cf;’c (T —T)da = T—CfTC TZodT —1(@ - a,). (A3.6)

Multiplying with the cold side temperature, AQ,. = T.AS, = fTTC aTZ—;dT —I(@ — a )T, gives us the
amount of Thomson heat that is just the difference to the Peltier-Thomson heat balance of CPM, AQ. . =
QT_C - (QEEM - Q'n,c), i.e. the part that we have identified as uncompensated Peltier-Thomson heat in a
real material. Note that QS?M contains merely completely reversible exchange of Peltier heat. Thus, the
incomplete compensation of the Peltier-Thomson heat balance can be understood as an effect of the

partly dissipative character of the exchange of the Thomson heat in a real system when conducted to

the side. Accordingly, with the same consideration for the hot side, with ds, = dT—QT we obtain
h
. . . dQ- dQ- 1 1 (T d —
ASy=dSy —dS =TF === ST - Ty)da =i Jr TZ2dT — I(ay, — @), (A3.7)
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i.e. AS), gives a negative contribution to the entropy balance. This sounds contradictive to the second
law of thermodynamics but is not as the Thomson heat is not really flowing from lower to higher
temperature but, when released, reduces the T gradient of the underlying background of flowing

Fourier heat thus reducing the Fourier heat flow by the amount of “upstreaming” Thomson heat.
Both the hot and cold side entropy change together gives

AS = AS, + AS, = TLf;h(T — Ty)da + Tiff (T - T)da =
h c c

(A3.8)

=L (Tapda L (Thpda gp _
=l TdeT+TthaTdeT I(ay, — ap).

. 1 ra ~ — 1 rap ~ _
With T_cfflc Tda S @ — a, and Efﬁ Tda < a, — @ we get

TL fTT “ Tz—z arT + TL fTTi’l T% dT ~ I(ay, — a) and thus AS =~ 0. Hence, assuming . ¢, = @, the entropy
clc h Ta

balance of the inner Thomson heat transfer as an offset of a much larger background Fourier heat flow
is almost zero. This indeed confirms our approach to deduce a rule for the local distribution of Thomson
heat based on a reversible approximation, i.e. assuming AS ~ 0 but also shows that the rule is not

completely strict.
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5 Material optimization using exact

efficiency (Publication 3)

This paper deals with the problems associated with using zT as a parameter for optimizing the
carrier concentration of TE modules. zT is used typically for optimizing n at each temperature,
however, a module operates within a range of temperature. Therefore, efficiency is considered
as a parameter for such an optimization. SPB model is used for modelling the material
properties of Mg2(Si,Sn) solid solutions and it is shown that efficiency and zTtav are suitable

parameters to be used for optimization of material parameters.
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The optimization of thermoelectric (TE) materials with respect to carrier concentration,
chemical composition, microstructure, etc. is inevitable for maximizing the performance of
thermoelectric devices. Theoretical performance prediction can speed up this process
dramatically as the synthesis and experimental characterization of all relevant combinations is
practically impossible. Conventionally, the dimensionless figure of merit (zT) is considered as
a measure of TE energy conversion capability. However, zT could mislead the search for
optimized materials as it is only an intermediate parameter. To resolve this issue, we combined
a device performance calculation routine (one-dimensional continuum theory-based, with fully
temperature dependent TE properties) with a band structure-based material model. As an
example, a study was conducted on p-type Mg2SiixSnx solid solutions for which optimization
of carrier concentration (n) and composition (x) is required. Here, according to previous
findings, a single parabolic band (SPB) model was assumed, with an effective mass linearly
dependent on composition and carrier concentration, and acoustic phonon and alloy scattering
of the charge carriers. It was found that for a cold side temperature of 300 K and a hot side
temperature of 500 K (which is well within the validity limits of a SPB model), the optimum n
for Mg2Si1xSnx based on efficiency was found to be at 4.5 x 101° cm™3, while based on zT max
it was found to be about 20% higher. Additionally, the usage of the temperature average of zT
(zTav) for finding the optimum parameters is also analyzed. For p-Mgz(Si,Sn) zTtav predicts
the optimum composition and carrier concentration close to the exact efficiency calculation,
despite the fact that the efficiency predicted by zTrav can be quite off from exact efficiency.
The usage of zTtav was further tested for common TE material examples such as n-type
Mg2SiixSnxand PbTe and a similar conclusion is obtained. Finally, the reason for this closeness

and the importance of using exact efficiency plots is discussed.

Keywords: TEG performance, Device modelling, Material modelling, Single Parabolic Band

(SPB) model, Material optimisation, Carrier concentration.
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5.1 Introduction

Devices made of thermoelectric (TE) materials convert a certain fraction of the heat passed
through them into useful electrical power or, vice versa, can pump heat from cold to hot, driven
by an electric current (1). A good thermoelectric generator material needs to be able to maintain
the temperature (T) difference (i.e. should have low thermal conductivity k) while being able
to transport the generated electric power to the external load at low internal loss (high electrical
conductivity o). The Seebeck coefficient («), which is proportional to the output voltage, is
inversely related to electrical conductivity (more specifically to the number of charge carriers)
(2). Due to this inherent, partially reverse coupling, an optimum between these TE properties
has to be found for best performance (2). Materials have to be engineered to meet this optimum,
resulting in exploration of several adjustable parameters such as base composition, ratios of the
constituting elements, doping level, dopants species, etc., affecting the electronic band
structure and thermal transport. For example, tuning the doping species and concentrations in
Skutterudites (3), MgsSbh2 (4, 5) or tuning of x in PbTe1xSe (6), Bi2xShxTes (7), SnixSe (8),
Mg2Si1xSnx (9) and changing the Zr or Hf concentration in half-Heuslers (10, 11) are some

strategies to optimize performance.

In order to reduce time-consuming experimental efforts to study the effect of each of the free

parameters, modelling material properties and thereby predicting TE device performance is a
2
convenient approach. Conventionally, a dimensionless figure of merit (zT) defined as a—xa T

is used as a measure of performance, guiding the development of thermoelectric materials (1).

However, zT as a measure of efficiency originates from the maximum efficiency expression

n _ AT (=1+/1+2Tm)
max — - (;_24_ m)

whereas in reality, the material properties are temperature dependent. Constant averaged

derived under the Constant Property Model (CPM) assumptions,

material properties entering the CPM model (obtained by averaging the temperature dependent
data) must be chosen such that they reflect the actual material behaviour in the device as good
as possible. Despite the use of appropriate averages, the efficiency prediction is inaccurate due
to asymmetry in distribution of Joule heat to the hot and cold side of the device and assumption
of magnitude and distribution of Peltier-Thomson heat in CPM compared to reality (12-17).
Additionally, the Carnot efficiency (16, 18, 19) is not taken into account when considering just
the figure of merit z. Therefore, zT alone can be quite misleading for performance estimation
(16-20).
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To overcome this, here, we analyse the device efficiency (for temperature dependent
properties) directly to estimate the optimum parameters. This is done by a custom-made 1D
performance calculation tool (based on the solution of the 1D heat balance) that was developed
in (17). The material properties can be obtained from electronic band structure models such as
the single parabolic band (SPB) model (21, 22), a multiband model (23-25) or similar models
which give simplified expressions for material properties based on the solution of the
Boltzmann transport equation (BTE). The 1D device performance routine is combined with the
BTE-based models in a single calculation routine such that the fundamental material

parameters are directly coupled to the predicted device efficiency.

As an example for the implementation of the technique, p-type Mg2Si1-xSnx has been chosen as
Mg2(Si,Sn) solid solutions have gained popularity due to the high performance of the n-type
materials (26, 27), availability, low cost and progress in contact development (28, 29).
However, the p-type suffers from still limited performance with a maximum reported zT of
about 0.5 (9, 30) and hence, the performance needs to be improved. Previously, several authors
(9, 31-34) have shown the capability of an SPB model to closely describe the behaviour of p-
type Mg2Si1-xSnx. In a recent study (31), the SPB model was successfully applied to the whole
compositional range of p-type Mg2Si1xSnx, involving acoustic phonon and alloy scattering as
dominant scattering mechanisms. This allowed for an approximate identification of the
optimum carrier concentration n,,. and optimum composition x,,.. However, the optimum
was determined based on zTmax Which is not exact. Here, we would like to identify refined
optimum parameters for p-Mg2Si1xSnx using the actual efficiency and compare the results with

those obtained using averaged zTtav as an indicator of optimum parameters.

5.2 Method

The basic SPB model equations describing the three main TE transport properties («, o and k)

are given below (22)

kg Fi(n.) (64)

ol = ?(2 Fo(ne) "”>
o= neu (65)
K=k, +LoT (66)

15
n =4m (T) Fos(nc)
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where F; = [*—S%€__js the Fermi integral of the order i, kg is the Boltzmann constant, e is
0 1+4el€—ncl

the electronic charge, . = :—FT is the reduced chemical potential of the charge carriers and Eg
B

is the Fermi energy. n is the charge carrier concentration given by eq. (67) where my, is the
density of states effective mass, h is Planck’s constant, and u is the mobility. In contrast to the
original publication where the experimental data is discussed and a linear fit for mp is used
(31) we have introduced here a bilinear equation for mp with a dependence both on n and x.
The additional weak dependence on n improves the agreement between experimental data and
model as discussed in (31); the best fit is given by mpy(x,n) = (2.14 — 1.39 x + 0.16 *
10729 cm3 n)m,, where m, is the electron rest mass. The fitted 2D plot and the comparison
of a purely linear fit of mp,(x) and mp(x, n) with my, obtained by comparing the SPB model
with experimental data is given in the Supplementary information (SI) in Figure S1. In p-type
Mg2Si1-xShx, the mobility is assumed to be governed by acoustic phonon and alloy scattering
mechanisms (31). The exact equations for these scattering mechanisms and the scattering
potentials used (from (31) which were obtained by comparing the SPB model with

experimental data) are given in the SI.

For predicting the properties using the SPB model, for each n (taken as a free parameter), the
chemical potential is calculated from the Fermi integral and with this, a(T) is calculated. The
electrical conductivity o(T) is calculated according to eq. (65). The thermal conductivity k

consists of the lattice thermal conductivity x;, and the conductivity associated with the charge

2 3Fy (F,()—4F; ()2
; ;o(ﬂ)z —)(39).

k,(T) is an input parameter for an SPB model and, for the considered case, it is obtained from

transport given by L o T, where L is the Lorenz number (L = (%B)

experimental data as in (31). A 2D polynomial fit function x (x,T) covering the whole

compositional range as described in (31) was used.

From all of these temperature dependent parameters the TE properties are obtained. Employing
x and n as independent variables matches the experimental reality as a change in x corresponds
to an isovalent substitution of Si by Sn and n is adjusted by adding small amounts of dopants
(Li substituting Mg in this case); hence x and n can be adjusted basically independent of each
other [Mila]. While applying the SPB model, the validity of the assumptions should be
discussed. The SPB assumption fails above the temperature at which bipolar conduction

becomes relevant i.e., where more than one band contributes significantly to conduction.
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Conventionally, the validity range of the SPB model can be judged by visual examination of
the Pisarenko plot (21) or by comparing experimental results and calculated SPB model output. Here we have
used the shape of the zT (T) curve as a criterion to estimate the validity range as it is related to
efficiency. An example zT curve calculated using the SPB model (solid lines) for a composition

of x = 1,and n[102° cm~3] =1.51, 2.47 and 2.68 is compared to the experimental data (dotted

d(ZTexp)

lines) in Figure 5-1. For simplicity, the zT maximum, i.e. the point where = 0 was

chosen as the validity limit of the SPB model. Z—: was analyzed for comparison and it was found

.. .., Ad(zT, . . ..
that the results are very similar, with % being the more conservative limit on average, see

Figure S2 in Sl. Such data were obtained for a number of samples available from literature (31,
36-38) and the validity limit was interpolated over the whole compositional range. In order to
avoid unphysical extrapolation, the maximum validity limit outside the known experimental

points was set to 700 K.

0.5 : . - . - . - .

| n(10* em™)

04+ SPB .
—=— 2.68 (experimental)
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Figure 5-1: Comparison of the interpolated experimental figure of merit and the figure of merit
calculated by the SPB model for different carrier concentrations n=1.51, 2.47, and 2.68 x10%°[ cm?] in p-

type Mg2Sn. The temperature corresponding to the peak (marked) of the experimental zT curves is taken
as the validity limit of the SPB model.

Considering a single TE leg with a hot side temperature Th and a cold side temperature T'c, the
device performance, i.e. efficiency and power output, is calculated (17, 35) using the material
properties obtained employing the SPB. In the steady-state, the exact temperature profile T'(x)
obtained by solving the thermoelectric heat balance equation (39, 40) (eq. (68)) is used for
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accurate performance calculation of the TEG. In 1D, the heat balance equation is written as
(35),

da dT (68)

)= IT o = —p(Df

d ( dT
dT dx

—_— 'C_
dx\ dx
where j is the current density. The term dd—x (x Z—Z) corresponds to the Fourier heat flux which

da OT

also compensates for the locally appearing Joule heat p(T);? and Peltier-Thomson heat T e

. The exact solution of eq. (51) is obtained using the iterative procedure described in . From the

temperature profile, the exact power and efficiency are obtained as follows:
p=V-j (69)
where V =V, —R;I, and V, = fTTh a(T)dT. Here, p is the electrical output power density

given by the product of output voltage V and the current density j(= 17). V' consists of the
generated Seebeck voltage V, and the voltage drop due to the internal resistance R; =
%folp(T(x))dx where A is the cross-sectional area, | the length of the TE leg and p(T) the

resistivity of the TE material. The efficiency (n) is the ratio of output power density to the

inflowing heat flux at the hot side of the TEG leg (g;,; EQ. (55)), where g;, is given by (Eq.
(56))

N =P/qin (70)
ar | .
Qin = K 5o +J @ Ty (1)

Here, —ky, -Z—zh is the Fourier heat flux into the leg and j - a;, - Ty, is the Peltier heat flux

absorbed at the hot side. The suffix h indicates the properties at the hot side, i.e., k, = k(T},)
and a;, = a(Ty,). The maximum efficiency or power is obtained by building the n vs. j or p vs
j characteristics, respectively, and finding the maximum (first derivative being zero). This
calculation is done for the entire range of composition of p-Mg2SiixSnx and carrier

concentrations based on the interpolated microscopic parameters my, (x, n) and kp (x, T).
5.3 Results
The validity limit was obtained as explained in section 5.2 (Figure 5-1) using the experimental

data available in literature (31, 36, 38). The full data used is given in Table S1 in the
Supplementary info. The data was interpolated using the Thin Plate Spline (TPS) algorithm
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available in the Origin software (41) and is shown in Figure 5-2. As expected, as we move from
Mg2Si to Mg2Sn, the maximum temperature up to which the SPB model is valid reduces for a
fixed n, due to the decreasing band gap, and as we move from lower carrier concentrations to
higher, the validity limit increases as the contribution of the minority carriers decreases (31,
42). The partially wavy form of the temperature contour lines is due to the input data, which

was obtained from different sources and shows the usual experimental scatter.
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Figure 5-2: Contour plot indicating the temperatures up to which the SPB was applied as function of x

and carrier concentration n for p-type MgzSi1xSnx.

5.3.1 Optimum carrier concentration

Contour plots showing the calculated maximum efficiency for a hot side temperature (T},) of
500 K and a cold side temperature (T.) of 300 K as a function of x and n are shown in Figure

5-3a. For comparison to zTmax (Figure 5-3b), zTtav contours are also plotted in Figure 5-3c,
where zTtav = ﬁ fTT " 2T (T)dT (a physically appropriate temperature average for Seebeck

coefficient (but not o,k) suggested by loffe) (1). Since minority carrier effects are not
considered in an SPB model, zT increases monotonously with T and therefore zTmax is the
result of the SPB model at the considered hot side temperature (here 500 K). The line for the
chosen Ty, of 500 K from the validity plot in Figure 5-2 is superimposed onto these plots (the
area with SPB valid only up to less than 500 K indicated by the dimmed region) to clarify what
part of the modelling results is physically interpretable. Note that the performance maximum
near x = 1 is thus not accessible. It arises due to the low my for low n and high x and

overcompensates the effect of increasing lattice thermal conductivity for x — 1, but is outside
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the validity range for the SPB model; practically zT is lower here than predicted by the SPB
model due to the influence of minority carriers.

As can be seen from Figure 5-3d, the optimum carrier density n,,. differs between the
calculated efficiency and zTmax plots, while n,,. from the zTTav plot coincides approximately

with that from the efficiency plot. For efficiency, the maximum is found at n = 0.44 x 10°°cm’

3 for zTtav, While for zTmax, the maximum occurs at n = 0.54 x 10 cm™.
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Figure 5-3: @) Maximum calculated efficiency for Th =500 K and Tc= 300 K; b) zT at 500 K; ¢) zTtav for
Th=500 K and T.= 300 K, for different n and x for p-type MgzSi1«Shx; the SPB approximation does not
hold in the shaded region on the graphs as discussed by Fig 2. d) optimum n with respect to the calculated
maximum efficiency (x = 0.64), zTmax (x = 0.65), and zTrav (x = 0.64), all curves normalized to their

maximum values.

84



5.4 Discussion

The necessity to define a validity range is due to employing an SPB model for the efficiency
calculation, which naturally fails at higher temperatures due to bipolar contributions. This
could be overcome by a multiband description, but so far no multiband model with a good
agreement of experimental and modelling data has been published. To date, most modelling
approaches were focused on n-type Mg2Sio.4Sno.s for which the SPB model is usually valid for
a larger temperature range, partially because of the higher mobility of the electrons compared
to the holes (4, 43-45). Previous approaches to estimate the validity range of an SPB were

based on the analysis of the temperature dependence of the calculated electrochemical potential

d(zT)

(31) or approximate two-band modelling (46); using —

as a criterion is a more pragmatic

approach. As % decreases towards higher T, the zT of the model will usually be higher than

that of the real sample; hence the efficiency from the SPB model will be too high if the chosen
temperature interval includes a range close to the experimental zTmax. However, we estimate
this maximum relative difference in efficiency to about 10%. From Figure 5-4, it can be seen
that the possibility to predict nopt, xopt and the efficiency at the optimum fails beyond a hot side
temperature of 610 K, since for higher Ty, the optimum lies outside the valid region of the
employed SPB model. Nevertheless, with an expected maximum application Th of = 700 K,
the SPB model can be applied to a significant fraction of the relevant temperature range and

the modelling results are of practical relevance.
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Figure 5-4: Calculated maximum efficiency contours for a cold side temperature of T, = 300 K and hot
side temperature T}, of 610 K with the black line showing the validity limit of the SPB model. With
increasing distance from the black line into the dimmed region the predicted efficiency is increasingly
overestimated as the (detrimental) influence of the minority carriers is not taken into account by the

employed SPB model.

From Figure 5-3, it can be seen that the maximum efficiency plot and the zTmax (zT at 500 K)
plot do not result in the same optimum region. This is because zTmax is one of the less suitable
methods of representing the performance of the TE material (17, 20, 47) and overestimates
performance (12). For Th = 500 K, the optimumn determined by zTmax is off from the

efficiency prediction by 21% as seen from Figure 5-3.

Figure 5-5a and Figure 5-5b shows the changes in optimum n and x respectively, for Th = 400
K, 500 K, 600 K with Tc = 300 K. It can be seen that the optimum n using zTmax is always
overestimated and that the discrepancy can be > 20%. Also, as expected, the discrepancy
reduces as the temperature interval gets smaller, i.e. tending towards the constant properties
model. A similar trend but much weaker in magnitude is observed in the case of zTtav. There
is no significant difference in optimum x with respect to the exact efficiency and zTtav and
ZTmax as seen from Figure 5-4b. Analyzing Figure 5-5a and Figure 5-3d it can be concluded
that the shift in the optimum n with T is for p-MgzSi1xSnx of minor practical relevance. The
maximum of n(n) is wide, and hence a deviation from nopt by even 20% will mean a
performance loss of only about 1.5%. Similar for n(x), a mean composition near 0.635 would

be suitable for all Th for p-Mg2Si1xSnx.
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Figure 5-5: a) Change in optimum carrier density n and b) optimum composition x, estimated using

ZTmax, ZTTav and exact efficiency.
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The optimum parameters obtained with zTtav plots almost coincide with those from the
efficiency  plots. This is because the basic input SPB  parameters
(mp, deformation potential constant (Epef), k1) do not vary erratically with x and n for the
considered material. However, to see if the optimum position (x, n) predicted by CPM (using
zT1av Or zTmax in the efficiency formula) is different from that of exact efficiency, it is
important to see how the parameters that determine this discrepancy between CPM and exact
calculation vary with n and x, rather than considering the discrepancy in the obtained efficiency
value between CPM and the exact calculation. This is because even though the discrepancy
between the CPM and exact efficiency might be quite large, the change of the factors that
determine this discrepancy, for different n and x, might be constant or negligibly varying,
leading to the same optimum position (x, n) in both cases, i.e., the parameters to be optimized
(n and x in our case) can often nevertheless be obtained with high accuracy using CPM. A
large discrepancy might be expected if the difference between CPM and exact efficiency is

itself a strong function of n and x.

Additionally, as a comparison, the optimum parameters obtained for n-type Mg2Si1-xSnhx (48)
and PbTe (49) using zTtav and exact efficiency are shown along with p-type Mg2Sii1-xSnx in
Figure S3 of the SI (normalized efficiency and zTtav are presented). As can be seen, the width
of the n and zTtav curves vs n varies from case to case, and zTtav predicts the optimum n very

similar to exact efficiency in all cases.

If an SPB model is employed to describe the thermoelectric properties, it is presumably rare to
see a material case where zTtav cannot be used to predict optimum parameters since it doesn’t
include any intrinsic carrier effects. The accuracy of efficiency prediction by CPM varies with
a qualitative change in the slope and curvature of the TE properties on T. In particular, these
vary with the relative relevance of bipolar effects (12, 16, 17). With constant or moderately
changing parameters of a SPB model there won’t be qualitative changes in the curve shape of

the TE properties: a(T) and p(T) will rise approximatively linearly and x(T)will decrease

approximately as k o« % + ¢, (22, 50). The relation between the chosen mode of zT definition

and the physically justified loffe ZT (from the adequate averages of Seebeck and resistivities)
will be quite stable under these conditions and also the distribution of Joule and Thomson heat,
as discussed, will not vary a lot, as it is more the change of slope of the properties with T rather
than their absolute magnitude which makes the effects here. With that there is good reason to

trust in that if zTtav gives a very good match in two examples it would do so for many more
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materials; zTtav can thus be a convenient alternative if the SPB model can be employed.
However, in order to achieve higher efficiency, higher temperatures where bipolar conduction
occurs are usually employed for applications and hence the SPB assumption and therefore
zTtav Can prove to be ineffective due to the stronger change of temperature dependence of the
transport properties. Note also, that even though zTtav apparently can be used to identify the
optimum carrier concentration, it can show quite some inaccuracy for the calculation of
efficiency itself (12, 16, 17). Finally, the approach shown here can relatively easily be upgraded
to a p-n couple (22) and electrical and thermal contact resistances can be implemented. Then
the approach shown here helps for an accurate estimation of device efficiency and optimized
material properties under realistic application conditions. Employing the efficiency derived
from the temperature dependent properties (Eq 8??) allows for an optimization with respect to
n in scenarios when the area adjustment (18) to accommodate for different currents in p and n

leg cannot be done for some practical reason or when contact resistances play a large role.

5.4.1 Summary and outlook

A simple and efficient tool to predict the exact optimum composition of the solid solution and
optimum carrier density has been shown using p-Mg2Si1-xSnx as an example. This approach is
applicable to any material for which a description of the thermoelectric properties is given.
This is demonstrated exemplarily by Figure.S3 in the supporting material, where the efficiency
(normalized) vs n curves for PbTe and n-Mg2Sio.sSnos has been provided. The difference in
optimum carrier concentration obtained using commonly used indicators such as zTmax Or
zT1av VS the optimum obtained considering the locally varying thermoelectric properties for p-
Mg2X has been discussed. Even though the discrepancy in calculated efficiency between CPM
and exact calculations exists, for some materials like the one considered here, zTtav can be
used to find optimum carrier concentration and composition with good accuracy for practical

use.

In practice, to reach maximum efficiency, hot side temperatures entering the range of bipolar
conduction are important, and to model such cases, multi band models are necessary. With the
shown TEG calculation routine, the effect of having metal contacts and its effect on optimum
parameters can be easily implemented and studied. The combination of a semiconductor
physics model such as SPB and continuum theoretical efficiency calculation can also be

employed to optimize material grading or segmentation for further performance enhancement.
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Supplementary Information (SI)

SPB relevant quantities

The mobility due to acoustic phonon scattering (u4F) (51) and alloy scattering (u5°) (52) are

given as follows,

nv/8eh* pv)?
4'EDef2 (mg)%5(kgT)1>

16eh*N,

AS _
and MO - 3(2)1-5nx(1—x)E1§5(mS)2'5(kBT)O.S

AP _
Up =

where p is the theoretical (mass) density, v, is the longitudinal sound velocity both assumed to
vary linearly from Mg2Si to MgzSn as in (31). N, is the number of atoms per unit volume, mg

is the single valley effective mass, Eper IS the deformation potential constant, E g is the alloy
scattering parameter. These constants were taken exactly as in (31).

According to Matthiessen’s rule (33, 53), the total mobility when the contributing scattering
mechanisms are considered to be independent of each other is given by

L= 5+ —, where uy = o =25, py is the Hall mobility.
Ho Ho Ho

2F,
Fitting of the effective mass:

Table S2: Data that was used for fitting mp and the fitted results:linear fit with x, as well as bilinear fit with x and n
along with the error %.

For the bilinear fit, a goodness of fit value of 92.9% was obtained and for a linear fit it was
82.5%.

Relative | Fitted | Relative
deviation | (linear) | deviation
(%)- (%)-linear fit
n Raw data bilinear
X (10 cm™® | (31) Fitted (bilinear) fit
(214-139x + (2.2 -
0.16 x 10% cm?® 1.1x)
Equation: n) Mo Mo
0 0 2.2 2.14 -2.85 2.2 0.00
0.6 0.57 1.45 1.39 -4.07 1.54 6.21
0.6 0.95 1.42 1.45 2.23 1.54 8.45
0.6 1.2 1.53 1.49 -2.55 1.54 0.65
0.8 1.24 1.01 1.22 17.21 1.32 30.69
0.8 1.45 1.18 1.25 5.82 1.32 11.86
0.8 1.93 1.26 1.33 5.22 1.32 4.76
0.8 0.4 1.01 1.09 7.11 1.32 30.69
1 0.73 0.95 0.86 -13.57 1.1 -1.79
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1 1.52 1.12 0.99 -3.05 1.1 -5.98
1 2.47 1.17 1.14 -4.05 1.1 -0.84
1 2.7 1.22 1.17 -10.48 1.1 15.79
) Fitted mp* Y
a
2 M ' '
"= ~ 235 e = 7
S 20 p2is 8 ol 1
® | gy A
5 - 22 10| 2 q
.% 1.5 - 1.75 3 § A
= §=
5 " 1.55 é 5O L -
109 135 A9°E
3 2 e -0 —— — 4 l
5 1.15 5 % @ RD of bilinear fit from exp data| *
B 05 : E 4 RD of linear fit from exp data
5 0.95 20 Error averaged (bilinear fit) 7
i 0.75 v Error averaged (linear fit)
0.0 0.2 0.4 0.6 1.0 L 1 L

X content in Mg,S8i,_ Sn,

0.0

0.5 1.0

x content in Mg,Si) Sn,

Figure S1: a) Bilinear fit for mp, with x and n. b) Relative difference (RD) of the linearly and bilinearly

fitted mp from experimental data. Different points for each x indicate different samples. Bilinear fit has

considerably lower deviation from experimental my,.

1 | | 1
700 | w 8
650 |- * g %
600 ‘CA)'
\M_/ 550
= ®
500 | O
Maximum T using
450 * ZT(T) o
400 | O o(T)
1 1 1 1
0.2 04 0.6 0.8 1.0 1.2
x in Mg,S1,_,Sn,
Figure S2: Validity limits calculated using the experimental zT curve and the experimental Seebeck
coefficient curve, the markers correspond to dz:;” = 0 and dS/dT=0, respectively. The colours indicate

different samples (with different carrier concentrations that are listed in Table 3 below). At higher x
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values d(zT)/dT gives a lower validity limit than the Seebeck curve and hence zT is considered as the

more conservative validity limit.

Table S4: Experimental data used for interpolation of the validity range of the employed SPB model. T

corresponds to dzT/dT = 0 and indicates the maximum temperature up to which SPB can be employed for

that sample.
x | Reference n (10%° cm) T(K)
0 2.5 700
0.2 0.5 700
0.4 0.47 655
0.6 0.57 640
0.6 | (31) 095| 655
0.6 1.20 660
0.6 | (38) 180 700
0.8 0.40 520
0.8 1.15 590
0.8 1.45 650
0.8 | (31) 1.93 675
0.8 | (38) 320| 700
1| (54) 060| 420
1 1.51 600
1 2.47 700
1| (31) 2.68 700

These temperatures are obtained by finding the temperature corresponding to0 zTmax. AS we
move along an increasing n the validity limit would be higher and higher as seen. Similarly, as
me move along the x grid for a fixed n, the validity limit decreases from Mg2Si to Mg.Sn due

to decreasing band gap along x.
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Figure S3: Normalized i (symbol + line) and zTtav (solid line) vs n for Th=600 K,Tc=300K for p-type
Mg2Si1xShx , n-type Mg2Sio.4Shos (48) and PbTe (6).
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6 Discussion

So far, we have seen the problems involved with the use of CPM in assessing module
performance as well as in material optimisation. Even though a correction for considering the
Thomson heat in CPM was suggested, the error associated with the asymmetry in heat
distribution still exists and it could be high for strongly temperature dependent materials.
Therefore, it is suggested to stick with the quick fully temperature dependent 1D iterative

solution for exact performance estimation and for material optimisation.

Previously in Chapter 5 we employed the TE leg efficiency (based on temperature dependent
material properties) directly as a parameter for n optimisation using a combined material-
device model [13, 14, 18]. The methodology was shown using Mg2(Si,Sn) solid solutions as
an example. An SPB model was used to model the material properties and it was confirmed

that n,,.,7 at e.g. the hot side temperature is significantly different from the optimum n
determined by maximizing efficiency over the temperature range of application

Nopen (= Max (n(n, T, Ty))) and the differences were quantified.

Usually, the zT of a thermoelectric material approaches its maximum in the temperature curve
zT (T) when minority carriers start to become excited to a significant extent and influence the
transport properties visibly and hence a SPB model as used in Chapter 5 becomes unreliable
here. To overcome this, at least a two-band model is required, one band to account for majority
and minority carriers, each. Since most of the n optimization studies use zTmaxn at fixed

temperatures to optimize n [78, 80, 102-109], we again analyze the use zTmaxn at fixed

1

temperatures and also the temperature averaged zT (zTTav = p——
h~1c

fTTh z(T)TdAT, over the

temperature range of application of the device) and compare with the results from using

efficiency, using a realistic two band model.

In addition, the advantage of this combined material-device model is demonstrated by studying
the effect of material grading. Functional material grading involves tuning the material
properties spatially along the arbitrary length (x) of the TE leg, to achieve a gain in
functionality, power or efficiency [28, 110-113]. There have been some models to predict the
gain in thermoelectric performance of such functionally graded materials [114-119], as well as

several advanced experimental techniques that have practically made them feasible [110, 111,
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120-123]. While more complex grading is in principle feasible, the practically easiest is a mere
optimization of the n(x) profile as this can be achieved by tailoring the dopant concentration
profile of the material. This leaves the material chemically quite homogeneous and also does
not affect the lattice thermal conductivity a lot (if neglecting a minor effect due to point defect

scattering). Here, grading is done using n,p .t (T) for each temperature (or position) along the
length of the TE leg, and the corresponding local properties based on this nqp,r(T). In order

to verify if such a graded material has the highest possible efficiency, the compatibility criterion
as explained in the introduction (Section 1.5.1) [18, 99, 101, 124] is checked.

We have chosen n-type Mg2Sn as an example material since it is an end member of the Mg2Si-
Mg2Sn solid solution series, a promising class of TE materials [125-127], and has received
interest as a potential TE material due to its relatively high power factor for both n- and p-type
material [127-130].. Even though the method is presented here for Mg2Sn, it can be applied to

any material system using suitable physical models to predict TE properties.

The basic methodology of a combined material-device model was established in Chapter 5
[131] using a SPB model. For a more realistic modeling of the material properties including
bipolar effects at high temperatures the SPB model was replaced by a two-parabolic-band
model to adequately describe the thermoelectric properties a (T, n), a(T, n), k(T,n) of Mga2Sn.
Using this model, it is straightforward to study the effects of different spatial profiles of n i.e.,
n(x) profiles along the length of the TE leg. The two-band model developed by H. Naithani

et al. [132] is used here. The relevant material parameters and equations are given below.

For each carrier type [88], ||, g, k , noap @and n are calcualted according to the equations given

in Chapter 5. These constants were taken exactly as in [132].

For a two-band model, n, + n = np + p, where na denotes the ionized acceptor impurity
concentration and np is the ionized donor impurity concentration, n and p correspond to the

charge carrier concentration for n and p type respectively.

o = JCBOCBHOVEOVE (72)
ocBtOvVB

0 = 0Ocg + Oyp (73)

_ Rycp0¢p + Ryveoig (74)

Ry =

(ocp + Oyp)?
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OcgOvB

_9cBOvB (75)
Ocg T+ Oyp

_ 2
Ke = Kgcp T Kecp + (acg — ayp)“T

Here, CB-conduction Band, VB-Valence Band, k,-electronic part of thermal conductivity, Ry

- Hall coefficient.

The basic idea of segmenting and material grading (continuous segmentation) is presented
schematically in Figure 6-2 as introduced in chapter 1. A TE leg of length L connected to an
external load resistor RL is shown. When a temperature difference is applied, a temperature
profile (T (x)) develops over the TE leg [28, 133]. This T'(x) is in principle non-linear due to
the temperature dependence of k as well as the Joule and Thomson effects as discussed in the
previous Chapters [28, 133], but as discussed later and shown in Figure 6-1, the deviation from

linearity is relatively small.

15t \ /A 4

A
20 | —=— Graded material T
—A— Homogeneous materia
1 1

0.000 0.002 0.004 0.006
x (m)

Figure 6-1: T profile bending beyond linearity for graded and homogenous material. Since the maximum
possible deviation is only about 22 K, the nopt(T) was found simply for a linear T profile instead of
iterating the procedure with the actual T profile. It should also be pointed out that for the considered case

the T (x) of the graded sample is more linear than that of the optimum homogeneous material.

Since ngp,r Varies with temperature, a gain in efficiency is possible when the a priori

unknown optimum n is set along the length of the TE leg according to the temperature at each
position in the leg. As n is a monotonous function of zT, choosing n(x) according to the n that
maximizes zT locally is a plausible strategy. Since T (x) is not far from linearity in a TEG, the
temperature dependence in nopt(T) can be translated directly into the required spatial

dependence, i.e. n(x) = max (zT(n,T(x))) =:Ngptr(T) assuming a linear T (x). For better
n

accuracy, it is possible to find the n,,,r according to the exact T(x) of the TE leg i.e.,

noptzr (T (x)), by iterating the calculation routine [134], required for materials with highly bent
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temperature profiles [135], however it is avoided here to minimize the computation time. For
segmentation, the TE leg is divided into a number of sections along the length of the TE leg
and nypey is obtained for each section considering the hot and cold side temperatures of that

section.

b [T - - - -

a) T 0.6
T(x)

0.4F

zT

02p F S —
0.1F s 7y 73 .”3’% .

0 1 2 3 4
n (10%° cm™)

Figure 6-2: a) Schematic of a TE leg connected to an external load resistor R with an applied
temperature difference AT = T, — T,. Taking the shown linear T(x) as a starting point, the n(x) for a

graded sample is chosen according to the ngp,,r (Optimum n based on zTmaxn). For segmentation, ngp,

for each section i (e.g., Ths1=700K-Tcs1= Ths2=600 K and so on) is used, b) Optimum n according to zT

(Mopt.r ) is found for each T and the properties corresponding to n,p, ,7(T) are set at each temperature

point, dashed vertical lines indicate the corresponding optimum n.

For grading Mg2Sn, zT vs. n characteristics at different temperatures are shown in Figure 6-1b.
The obtained n,p. ,7(T) profile is superimposed over the TE leg spatially and the properties
corresponding to nopt at each temperature then make up the spatially dependent properties of
the graded material. For example, if ngp,r is ny at 700 K as shown in Figure 6-1a, then
a(700 K) = a(n,) at 700 K and similarly a(n,) at 600 K and so on, forming the temperature
dependent properties of the graded TE leg. For segmentation, the material properties
corresponding to n,.,, for each section are set. For example, if ns1 is the optimum n for a
section 700 K-500 K, then « for the temperatures between 700-500 K is given by a(T, ns1).
Here again, a linear T'(x) is assumed for calculation of the ns values and hence, for this

particular example, 500 K corresponds to the mid-point of the TE leg.

Then, the efficiency and/or power output for this graded or segmented material is calculated

using the iterative procedure described in Chapter 3 [133], and compared with the
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homogeneous material. The maximum efficiency and power output are obtained as explained

in the previous Chapters.

6.1 Optimum carrier concentration

The pink curve in Figure 6-2 shows n,p,r(T) obtained based on the results shown in Figure
6-1b. As a comparison, the n,p, for a homogeneous material [131, 133] (black curve) and

zTav (1.. Noptzry,, = Max (ZTTAV(n, TC,Th)), blue curve) for the considered temperatures
n

as Th with a Tc of 300 K is also shown. It can be seen that n ., (T, Ty, ) is quite different from
Nopt,zr(Th) With a maximum relative overestimation of about 86% for Th = 700 K; employing
this nyp¢ .7 in @ homogeneous material would then lead to a reduction of the efficiency by 9%.

For the same temperature interval, comparing ngp¢,r.,, With that of n the relative

optn
difference is about 5%, which translates, however, only to a relative difference in efficiency of
about 0.2%, showing that zTtav is useful as a parameter for optimization for this material. This
has been found previously for this and other materials, but only in the temperature range where

the SPB model can be employed [131].
It can also be seen from Figure 6-1b that the ngp,+(T) varies quite a lot with T, providing us
the opportunity to explore the potential of performance improvement by grading.

3.6 T T T 1 T

32"

opt.n from max ((n, T, Ty))
nop‘_zT(TAV)from max (zT;,, 0, T, T))) E

28r from max (zT (n,T))

P —o—n
24l
20
1.6
1.2

0.8

opt.zT

I

10 ¢

~
<

300 400 500 600 700
T(K)

Figure 6-3: Optimum n according to different optimization parameters: nope ,1(T), Nopey (Th = T, T.) and

Noptarra,(Th = T, Te) (for Tc=300 K).

1.1 Material grading

A graded material is formed from n,,,r(T) having the material properties corresponding to
noptat that particular T as shown in Figure 6-3. The background lines correspond to the ngp .1
for T = 300 Kto 700 K (in 50 K intervals). The points of intersection of the red curve (graded)
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and the background lines correspond to the n,,,r(T) at the respective T. For comparison, the

material properties of a homogeneous material with n = 1.75 x10%° cm (corresponding to

Nopty fOr Th = 700 K and T = 300 K) is also shown (black curve with symbols). Figure 6-3d
also shows a comparison of the spatially averaged zT, zT spav= % ) OL zT (x)dx, for homogeneous

and graded material. To obtain the spatial averages, the exact temperature profiles obtained
from the shown material properties are used. As might be expected, the largest differences in
zT are observed towards the lower and upper temperature limit and zT'spav is 9% larger for the
graded material. Consequently, a gain in efficiency of 7.3% can be obtained by such a material

grading over the highest efficiency possible from a non-graded material (Table 5).

a) -80 — . . , , b) . . . . .
—8— Graded material s Popezr (106 em™) il
-100 —A— Homogeneous material with | 4000 3.26 S
-120F N at 700K - 1500 L 2.69 S
_ _ 319 0.93
&Z-140F 1 E3000f 177 0.08
> 2 0.07
571601 1 225001 .
3 -180 1 1 ®2000} ]
-200 | 1 1500 .
220 ] 1000 | .
_240 L 1 1 1 1 500 1 1 1 1 1
300 400 500 600 700 300 400 500 600 700
T (K) T (K)
C) 8.0 T T T T T d) 06 | ' ' .
7.5t §
7.0F . 05F
/-\6.5 - T 04F |
Eool 1 SN
2s5.5f ] 03} ]
“50f ) 02}
45 F . 4
40l \.\. ] 0.1F . .
5 1 L 1 1 L 200 400 600 800
300 400 500 600 700 T (K)

T (K)

Figure 6-4: a) Seebeck coefficient; b) electrical conductivity; c) thermal conductivity and d) zT, for a

graded material with n,,. ,r (T) and the homogenous material with the optimum constant n for the full

T range based on efficiency. The material properties of the graded material are obtained at each T from
the ng,,r atthatT.
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It was shown previously that a graded material with a maximized zT (T") does not necessarily
give the highest possible efficiency [99] due to the limited self-compatibility of materials, i.e.,
due to incompatible heat vs. current flow. A strict optimization of n(x) with respect to
efficiency can be done mathematically as shown e.g. in [28, 114, 118, 119]. Here, we analyze
the impact of compatibility on the material with the grading as obtained from

Nopt,.(T) following the approach from Snyder and Ursell [101], explained in the introduction

chapter (Section 1.5.1). For T, =300 K and T}, = 700 K, the reduced current density

u :ﬁ is calculated as function of T. The current density j and T(x) correspond to the
ax

maximum efficiency obtained for the graded material. In compatibility approach, the u(T) is

(=1+V1+2T) 1+V1+z

compared with the compatibility factor s(T) = 7) [18]. If u =s holds at any

temperature, full self-compatibility of the leg is reached, i.e. the material contributes with its
full potential to the efficiency of the device. Differing u and s correspond to a lower
compatibility, limiting device efficiency. As shown in Figure 6-5a, u and s are not identical
over the whole temperature range, but they are closer for the graded material compared to the
homogenous material. We have calculated the reduced efficiency nr, (for given hot and cold
side temperature n = nr Ncamot) given by eq. (38) [18, 112]. The nr corresponding to u and s
(maximum reduced efficiency) are shown in Figure 6-5b, showing almost perfect coincidence

for the graded material. The integral average of the relative difference in reduced efficiency
ie., ﬁf:h(lnr,ul — Inr51)/Inr| AT is a qualitative indicator for how close the employed

Noptr(T) Matches to the ideal (unknown) n(x) giving maximum efficiency. This relative

difference calculated with u and s is about 0.8% for the graded material indicating that the
nopt(T) profile based on zTmax is very close, for this material and temperature conditions, to
the maximum possible efficiency that can be obtained by n(x) grading. For the homogeneous
material, this difference amounts to about 2.9%, indicating that in addition to an increased
overall zT in the graded material, the compatibility also improved. Considering a CPM TEG
module made of materials with zT corresponding to graded and homogeneous TE leg, a gain
in efficiency of 6.44 % is predicted. Therefore, overall gain in efficiency in graded leg is mainly
due to the increase in the effective zT of the graded leg, but an additional 0.82% gain in
efficiency is due to increased compatibility. Unlike previous studies on functional grading [28,

114, 118, 119] where compatiblity criterion has not been considered for such grading studies,
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our study shows that the chosen n,. ,+(T) gives a close to maximum gain in efficiency based

on self-compatibility for the considered material.
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Figure 6-5: a) Variation of u and s with T for the graded and homogenous material. Maximum nr is
obtained locally when u = s. b) Actual nr and maximum nr for the graded and homogenous material. It
can be seen that at higher temperatures, actual nr is quite deviant from maximum nr for homogenous

material.

The combined material-device model derived in this thesis offers flexibility to check the effect
of arbitrarily chosen n(x) profiles on efficiency or power output. For example, the same study
when performed with a linear grading following the equation n = (—1.02985 * 102° +
5.64 * 1023K™1 = T(x)) m~3 (obtained using the endpoints with respect to temperature of
nopt,zT(T'(x))), results in a relative increase in efficiency of 5.3% compared to the homogeneous
sample. Hence, if a material grading according to zTmaxn i not possible, a simple linear n(T)
grading can already give quite a gain in efficiency. Additionally, the possibility of segmentation
can be easily explored as well with such a model. For a Mg2Sn leg with segments for the
temperature intervals 700 K — 500 K and 500 K — 300 K, the ny,.,, is found to be n = 2.27

x10%° cm=and 0.98 x10% cm respectively. The material properties corresponding to such a
segmented TE leg are shown in the Figure 6-6. As our model is based on the iterative
integration method (Chapter 3) [133], it is straightforward to find the efficiency of such
segmented leg. A gain in efficiency of 5.1% compared to the homogenous material is observed
in such a TE leg which can be easily realized experimentally. The integral average of the

relative difference in reduced efficiencyﬁ fTTh(IUr,uI — 17,51)/1ny | dT for the segmented leg

amounts to be about 0.67% indicating higher compatibility compared to the locally graded
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material based on zT. The graphs corresponding to u

efficiencies are given in Figure 6-6e and f.
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Figure 6-6: Material properties of segmented Mg2Sn leg a) Seebeck coefficient b) Electrical conductivity c)
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Table 5 summarizes the gain in efficiency of grading based on ng .+ (T), linear grading and

two segmented leg, over the homogeneous leg.

Table 5: Efficiency and relative gain for differently graded legs for T. =300 K and Th=700 K.

Two segmented

Linear grading leg

n with n1= 2.27

Graded | = (—=1.02985 * 10%° | x10*°cm®and

Homogeneous + 5.64 % 1023 K1 n2=0.98 x10%°

leg (nopt,zT (M) | = T(x)) m~3 cm®

Nmax (%) 6.85 7.35 7.21 7.20
Relative -

gain in
efficiency 7.3 5.3 5.1

In summary, the advantages of using a simple and efficient combined material-device tool in
optimizing performance has been discussed using n-type Mg2Sn as an example. Using a two
band model the thermoelectric transport properties can be described over the full application
temperature range and the effect of a locally varying n(x) profile on the predicted conversion
efficiency can easily be studied. Assuming a linear T (x) and adjusting n(x) such that zT is
maximized at each position x, a gain in efficiency of 7.3% can be achieved in n-type Mg2Sn,
compared to the best homogeneous material with constant n. We furthermore show that an
increase of about 5% can be achieved by using a simple linear n(x) or by using a leg with two
segments, which would be practically much easier to fabricate than a linearly graded or even
non-linear n(x). We not only show possibilities to obtain gain in efficiency by material grading
or segmentation but also consider the obtained results based on compatibility criterion. For
Mg2Sn, we find that grading according to the local zT also improves the self-compatibility of
the material, increasing efficiency beyond the gain of the average zT. As the general
temperature dependencies and interrelations between a, g,k are similar within the whole
Mg2(Si,Sn) family it is plausible that the suggested approach is fruitful for that material class.
Therefore, materials with such drastic variation in optimum n vs T as well as materials with
highly bent temperature profiles such as PbTe [135] are potential candidates to check for any
improvement in performance through grading. According to Chapter 5 (Figure 5-5), grading or
segmentation with Mg2Si1-xSnx would not yield much gain as the variation of n,,. vs T is much

less compared to the one shown here. However, the comparability is limited as only an SPB
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model was employed there. If an accurate two band model is employed like in chapter 6, it is
likely that gain in efficiency through grading is possible. Similar studies on other material
systems can give a hint of the achievable gain in efficiency through such simple engineering.
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Supporting Information:

In the discussion above, we have restricted ourselves order to linear temperature variation for
grading to reduce computation time. In order to further prove the feasibility of this
simplification, an iteration of T(x) was done and the optimum nand the subsequent
temperature profile are shown as overlaps to Figure 6-3 and Figure 6-1 in Figure 6-7. There is
no significant change in the gain in efficiency nor the compatibility in the iteratively graded
material as can been seen, with a very slight change in optimum n at the low temperature side
(350 K to 450 K in Figure 6-7a) of the TE leg where the temperature profile is slightly bent.
This amounts to 0.01% change in efficiency between the iterated and non-iterated graded

material and hence negligible.
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Figure 6-7: ) nope (T (x)) where T(x) is the temperature profile of the graded material (red curve in
b)Figure 6-7) formed assuming a linear T(x). The temperature profile of the graded material obtained
after setting the np. .7 (T (x)) according to the red curve. The red and black curves (with square symbols)

coincide as can be seen.
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7 Conclusion and outlook

Beginning with the problems involved in CPM, this thesis not only highlights the importance
of using fully temperature dependent calculation on the module level, but also provides a
complete tool connecting module to materials, highlighting the importance of efficiency as a
parameter for material optimization instead of using the local material parameter zT. In the

process, a faster and simpler tool for performance calculation has been created.

In Chapter 3, it was explained that a combination of temperature average for Seebeck
coefficient and spatial averages for thermal and electrical resistivities are physically
appropriate averages as these represent the Seebeck voltage, electrical resistance and thermal
conductance of the leg correctly. In order to obtain the exact temperature profile needed to
calculate spatial averages, an iterative procedure for obtaining the T profile was developed and
employed. With such a procedure it is also possible to determine the separate individual
contributions to the bending of the T profile. The importance of the influence of the temperature
dependence of k(T) on the bending of the T profile is shown and unless spatial averages are
employed, the effective material properties for electrical and thermal resistivities would not be
physically appropriate. Therefore, the temperature averages which are commonly used with
CPM calculations can fail significantly in performance prediction for materials with strong
k(T) dependence. The error in CPM remaining even when the physically appropriate averages
are used was identified to be due to the asymmetry in the local distribution of the Joule heat
and the incomplete compensation of the neglect of Thomson heat by the estimate of inflowing
Peltier heat in CPM, and it is shown and discussed that the absence of Thomson heat in CPM

does not affect the power prediction.

The neglected Thomson heat is mainly compensated by a simultaneously different estimate of
Peltier heat in CPM, as «a;, (and a.) assumed in CPM are considerably different from the real
ones, due to the assumption of a constant @. This covers the main fraction of the neglect of
Thomson heat, even, depending on the characteristics of the T dependence of «, it might be an
over- or under-compensation. The uncompensated Thomson heat not only affects the
calculation of Qn but also the optimum current for efficiency in CPM. The remaining, non-

compensated part can be easily estimated based on the entropy flow diagram.
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Illustrated by an entropy flow diagram of a TE leg, it is shown that a portion of Thomson heat
appearing in a real device but neglected by the CPM assumption of a constant Seebeck
coefficient always remains uncompensated at the hot side in CPM and a correction using the
a(T) diagram is suggested. Such a correction is simple due to the essential finding that the
crossing of the temperature-averaged Seebeck coefficient with that of the Seebeck curve
physically represents the zero point of Thomson heat reflowing within the TE leg. The

remaining minor error in CPM is due to the asymmetry in heat distribution.

With this work we have identified the best averaging mode for CPM and provided a correction
for one of the major sources of remaining error, providing a way to use CPM with higher
accuracy than before. The fact that we still need the T-dependent calculation to do so, limits

the practical usability, but does not nullify the argument.

Based on the CPM efficiency expression, zT is usually considered as the main indicator of
performance of the material and is therefore almost generally used as a parameter for
optimising material specific parameters such as the carrier concentration. Such an optimization
does not consider the fact that the TE leg operates over a temperature range and hence
optimizing zT for a specific temperature can be misleading. On the contrary, usually, maximum
ZT values of materials are ranked. Therefore, a combined material-device model was devised
here to signify the importance of using leg efficiency directly as a measure for optimizing n.
Using an SPB approach for modelling the properties of p-Mg2Si1xSnx as an example, the
differences in optimum n obtained using zT max Or zT Tav VS the optimum n obtained considering
the efficiency was shown. It was concluded that zTrav can be used practically with good
accuracy to find optimum carrier concentration and composition even though the predicted
efficiency with zTtav can be, in principle, different from reality. Using zTmax as a parameter

for optimizing n at 600 K leads to an error as high as 20% in n,p for p-Mg2Si1-xSnx compared

to using efficiency as a parameter for the temperature range of operation 600 K — 300 K.

Practically, hot side temperatures involving bipolar conduction are necessary to reach highest
efficiency. Hence, transport models beyond a single band model are required to describe TE
properties. Using a two-band model for describing the properties of n-type Mg2Sn as an
example, the advantages of using the combined material-device tool in grading and
segmentation studies was demonstrated. Adjusting n(x) such that zT is maximized at each
position x, a 7 % gain in efficiency can be obtained in n-type Mg2Sn, compared to the best
homogeneous material with a constant n (optimized for maximum efficiency). Additionally,
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the compatibility criterion was checked and it was found that this grading results in an
efficiency very close to the maximum possible efficiency. Such a grading improved the overall
zT in addition to improving the self-compatibility of the material. Studies on other material
systems with such a combined model can not only provide insights into the achievable gain in
efficiency through such engineering approaches but can give direct correlation of device

performance based on fundamental material parameters.

Additionally, the integrated performance analysis tool provides flexibility to study the effect
of fundamental material parameters such as effective mass, valley degeneracy, scattering
mechanisms, deformation potentials and many others, directly on TEG performance, which
can be quite useful in TE material development. This tool can further be developed to
incorporate the effect of contact resistances, providing realistic estimates on accurate gains in

TEG performance through grading and segmentation.

Quantification of asymmetry in heat distribution

In Chapter 4 (Paper 2), it was mentioned that, besides the change of the Peltier-Thomson heat
balance due to the CPM assumption, the asymmetry in heat distribution (local asymmetry in
release of Joule heat and local asymmetry in the outflow of inner heat due to asymmetric
distribution of thermal conductivity along the leg) leads to the remaining differences between
CPM and exact calculations. It would be recommended to quantify this by studying the slope
of the a(T), o(T) and k(T) curves and be able to correct for this asymmetry in CPM using
analytical expressions. This can be done by performing a study using generally observed slopes

of TE material properties and quantifying the asymmetry based on the slopes.

Given the importance of temperature dependence of material properties in altering the heat
generation and distribution, it would be interesting to see if a gain in efficiency could be
obtained by adjusting the temperature dependence of material properties and thereby altering
the heat flow within the leg, to reduce or relocate resistive losses and improve efficiency. For
example, a falling a(T) curve takes away Thomson heat from the hot side, contributing to
increased efficiency compared to an equivalent material with rising a(T). It would also be
interesting to study what type of curvature of the three main TE properties is optimum for best
efficiency and power output. Similar studies have been done previously in simpler forms [136,

137] and can be quite useful especially for designing graded and segmented modules.
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Effect of 3D current and heat flow

While the focus of the thesis was to find faster and accurate ways to perform TEG performance
calculations, it has to be kept in mind that the developed tools are all based on the assumption
that the transport is homogeneous with respect to the leg cross section, reducing the geometry
of the problem to 1D, disregarding e.g. the potential impact of radiative and convective losses
from the leg’s envelope surface that might be relevant in realistic application scenarios. These
can be modelled using appropriate mathematical description and it would be interesting to see
the effects in comparison to the 1D assumption. In an approximate approach, the convective
and radiative exchange terms can be added to the 1D model described in Chapter 3 and the
iterative solution can be expanded accordingly. Previously similar attempts have been made on
1D models [74, 138] and have proved useful. Such a quasi-1D model can be an improvement
over the simple 1D model implemented in the course of this thesis. It could be validated against
3D FEM simulations with not just a single leg but a unicouple to make the model more realistic
also geometrically, as this will involve that the current in- and outflow into the leg is not
symmetric due to the typical pi-shape of a thermocouple. Based on this study correction factors
could be derived to be added to the 1D model so that the simplicity is maintained yet the output
is more realistic. Further, the effect of module filling factors (the way the pn couple is packed
in a TEG), area ratio between p-type and n-type legs and of non-ideal metal contacts need to
be incorporated.

Additionally, when the effect of metal contacts is included, more geometrical effects as
mentioned preciously such as current constriction in a p/n-couple can become important.
Hence, a comparative study using 2D or 3D FEM simulation for an actual p/n-couple is

recommended.

Effect of scattering mechanisms on temperature dependence and therefore on heat

flow

Since scattering mechanisms of charge carriers and phonons are what alters the temperature
dependence of the TE properties mainly in addition to intrinsic carrier effects, with the
combined material-device tool it would be interesting to see how scattering mechanism can be
tuned to obtain a gain in efficiency if possible. From such a study, it could also be possible then

to obtain the convenient scattering mechanism for a material class and tune it accordingly.
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Further, it would be recommended to study different types of grading such as by tuning the

composition, or using a criterion other than zTmax as used in Chapter 6. In Chapter 6, it was

found that there was an increase in compatibility in addition to improving overall zT by

grading. While this might be a coincidence for this material case, it would be useful to study

the correlation between increase in zT vs variation in compatibility while grading.

Generally, with the combined material-device model, the effect of several material parameters

on device performance can be studied in a direct and easily operable tool.
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