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Chapter 1

General introduction

The insurance industry is currently experiencing a transformation. Challenges, such as
the long and persistent phase of low interest rates, increasing regulation, sustainability
requirements, growing competition, demographic developments and the current COVID-
19 pandemic are exerting increasing pressure on insurance companies, leading to a constant
evolution of their product range.

The capital requirements under Solvency II force insurance companies to cover high
risks with a correspondingly high level of equity. Traditional (German) life insurance con-
tracts are designed to allow the policyholder to participate with her savings fraction in
returns from a chosen investment portfolio, while in practice any losses are excluded by
a minimum return guarantee. For the provision of this minimum return guarantee, the
policyholder has to pay a premium such that the contribution payments of traditional life
insurance contracts with guarantee commitments can be divided into two components: The
guarantee costs and the participation fraction in the investment portfolio. Although the
guaranteed interest rate has fallen in recent years, these contracts are too risky and there-
fore too expensive for insurance companies in view of the low interest rate environment
and high market fluctuations. In addition, insurance companies still hold old life insurance
contracts in their portfolio with high guarantee promises that can not be realized due to
the current low level of interest rates.

As a result, traditional life insurance contracts are increasingly becoming less im-
portant, while new, so-called innovative life insurance products are moving to the center
of the product range offered by insurance companies. These products include, for example,
select products where the policyholder has the right to choose each year between a capped
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1 General introduction

index participation or a guaranteed interest rate. Additionally, other models propose a
guaranteed interest rate that is continuously adjusted to a reference interest rate and is
thus only fixed in principle but not in amount when the contract is concluded.

However, the ongoing low interest rate phase and the associated continuous reduction
in the guaranteed interest rate to 0.25% in 2022 means that insurance companies may no
longer be able to guarantee 100% of the policyholder’s contributions (German Federal
Ministry of Finance (2021)). The regulatory requirements of Solvency II result in the fact
that the 100% contribution guarantee complicates the generation of appropriate returns
for the policyholders by reducing the flexibility of investments. Accordingly, minimum
return guarantee schemes included in traditional and innovative life insurance contracts
should be reconsidered.

The first consequences in practice can be seen in the fact that the leading insurance
company in Germany, Allianz Lebensversicherungs-AG, has abandoned the 100% contri-
bution guarantee at the beginning of 2021. Now their policyholders only have the option
of choosing between minimum return guarantees of 90, 80 and 60% at the end of the ma-
turity when they conclude new insurance contracts as e.g. KomfortDynamik, InvestFlex
and IndexSelect (Allianz Lebensversicherungs-AG (2020)).1 Other insurance companies
followed the decision of Allianz: At the beginning of 2021, R+V Lebensversicherung AG
also abandoned the 100% contribution guarantee and instead offers products, such as
PrivatRente Performance which guarantees a maximum of 90% of the contribution pay-
ments at the start of the pension (R+V Lebensversicherung AG (2020)). HDI Lebensver-
sicherung AG also offers a range of selectable minimum return guarantees with its product
TwoTrust Vario. Policyholders can choose between a guaranteed contribution of 0-80%,
an increasing guarantee rate and an individual guarantee increase in the form of lock-in
features (HDI Lebensversicherung AG (2021)).2

With the reduced guarantees, the strictly regulated insurance companies are allowed
to invest the policyholder’s contributions in a riskier but also in a potentially more prof-
itable way, i.e. the lower the guarantee rate, the higher the potential return. Moreover, the

1 The 100% contribution guarantee is currently only available for contracts of Allianz where this is required
by law, such as Riester-Rente and betriebliche Altersvorsorge (bAV) in Germany. However, there are
already discussions about completely withdrawing from new business.

2 The products offered do not only differ from traditional products in terms of the amount of the minimum
return guarantee but also in terms of their design which can be classified as the previous mentioned
innovative products.
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policyholder’s benefit must also be taken into account when designing insurance contracts
with minimum return guarantees. Some policyholders may still prefer the full contribution
guarantee, while others may have a growing interest in the increasing return opportunities
offered by contracts with lower guarantee rates. In principle, the general demand for life
insurance contracts with minimum return guarantees remains high: 32% of new business
contracts concluded in Germany are determined by life insurance contracts with minimum
return guarantees (GDV (2021a)).

It is now the challenge of the insurance companies to develop an appropriate min-
imum return guarantee scheme which is of low risk and accordingly requires low equity
capital backing but also shows consideration for the utility of the policyholder. This opti-
mal design of different guarantee schemes is subject of the present thesis. In the context
of the above problem, the thesis analyzes the cost drivers, risk management and utility
aspects of different guarantee schemes in life insurance contracts with a single contribu-
tion and periodic contributions. Thus, life insurance contracts where the minimum return
guarantee depends on the development of the insurance company’s asset return (e.g. ter-
minal, lookback and cliquet guarantee schemes) will be discussed as well as piecewise
defined versions where the minimum return guarantee depends on the development of the
future term structure. Additionally, different dynamic investment and hedging strategies
of the insurance company are considered and compared to a general benchmark portfolio
that maximizes the expected utility of the policyholder in the case where no guarantee is
prescribed (Merton (1971)).

For this purpose, methods from option pricing theory as well as numerical methods
for the approximation of expected values are needed. The analysis of different guarantee
schemes with regard to their valuation provides important insights for the insurance in-
dustry as well as for academics in the research field of life insurance and risk management.

While the value of minimum return guarantees was almost completely ignored by the
insurance industry for a long time, there have been academic contributions since the early
1970s analyzing the problem of long-term guarantees embedded in life insurance contracts
with the use of option pricing theory. Additionally to a description of different insurance
contracts and their contract features including possible minimum return guarantee and
contribution schemes, the aim of Chapter 2 is to provide a presentation of insights from
selected literature studying insurance contracts with guarantees. The pricing of minimum
return guarantees in life insurance contracts, to the best of our knowledge, goes back to
Brennan and Schwartz (1976, 1979) and Boyle and Schwartz (1977). In addition to the
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pure valuation of these contracts, insurance companies are faced with further issues as e.g.
the accurate hedge of the guarantee contracts as well as the fulfillment of regulatory re-
quirements. The second chapter examines the extent to which selected issues are addressed
by the literature and identifies fields where further research is needed.

We analyze the benefits of participating life insurance contracts with minimum re-
turn guarantees and different contribution schemes in Chapter 3. Thereby, we distinguish
between common guarantee schemes used in the existing literature as well as in practice:
Terminal, lookback and cliquet guarantee scheme. The second main focus is on the impact
of different contribution schemes, i.e. when and how much does the policyholder con-
tributes to the asset side of the insurance company. We differentiate between an upfront
contribution where the policyholder contributes her whole wealth at contract inception
and a postponed contribution where the whole contributions are postponed to the future.
Additionally, we discuss a mixture between these extreme cases: Periodic contributions.
We find that different guarantee and contribution schemes imply different guarantee costs
and benefits to the policyholder. We further identify the optimal contribution scheme for
each guarantee scheme in line with the preferences of the policyholder.

Chapter 4 is based on Chapter 3 and furthermore considers the influence of manage-
ment rules where the insurance company can adjust the investment strategy depending
on the development of the asset side.3 Our analysis differentiates between constant and
variable management rules. In the constant management rule, the insurance company ab-
stains from changing the investment strategy which is implied by Chapter 3. However, the
main focus is on the impact of the different management rules on the pricing, risk man-
agement and expected utility of the policyholder. We also account for the interactions of
the premium contribution scheme and embedded terminal guarantee scheme under these
management rules. We show that the insurance company is able to reduce the risk from
periodic contributions of the policyholder with the variable management rule. In addi-
tion, we shed light on two effects on the optimal expected utility of the policyholder. The
combination of contribution scheme, embedded guarantees and management rule has an
impact on the investment risk of the policyholder. A second main effect is a price effect:
Assuming that the guarantees are fairly priced, the guarantee costs also depend on all the
above mentioned factors.

3 The contents of Chapter 4 are based on a joint work with Prof. Dr. Antje Mahayni and Sascha Offermann.
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Academic contributions have also highlighted that hedging strategies are essential
as all insurance contracts are involved at the same time when the guarantee commitments
come into force. Chapter 5 analyzes minimum return guarantee schemes including fixed
guarantee rates prevailing for the whole contract horizon as well as innovative floating
guarantee rates which are linked to the interest rate evolution.4 In a complete arbitrage-
free market where the asset and bond price dynamics are given by Gaussian processes,
we obtain closed-form pricing solutions for both guarantee schemes. Differences in the
guarantee costs are then explained by the difference of the arbitrage-free values of the fix
and floating rate guarantees and the difference between cumulated volatilities resulting
from forward and simple volatilities. We then study the perspective of the asset liability
management, i.e. we analyze the sensitivities of the asset and liability side against changes
in the interest rate. We identify that a combination of fix and floating strike guarantees
enables a natural hedge against changes in the interest rate. We further analyze the mean-
ing of fix and floating strike guarantees for the risk management of insurance companies
as well as for the expected utility of the policyholder.

Finally, Chapter 6 concludes the thesis.

4 The contents of Chapter 5 are based on a joint work with Prof. Dr. Antje Mahayni and Oliver Lubos.
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Chapter 2

Understanding insurance contracts
with minimum return guarantee
schemes - Insights from the
literature

2.1 Introduction

Due to the ongoing low interest rate phase and volatile markets, traditional life insurance
contracts with a guaranteed interest rate in the amount of the maximum interest rate
(0.25% from 2022) are increasingly becoming unattractive for the insurance company
owning to the fact that they are too expensive as well as for policyholders because of
the associated small upside potential. Therefore, a shift towards so-called innovative life
insurance contracts with minimum return guarantees can be observed in recent years.
According to e.g. Gesamtverband der Deutschen Versicherungswirtschaft (GDV), 32% of
new business contracts in Germany include life insurance contracts with minimum return
guarantees (GDV (2021a)). While in practice the accurate valuation of guarantee contracts
was not taken into account for a long time, the first contributions on the valuation of these
contracts appeared in the literature in the 1970s. Since then, numerous papers have been
published dealing with life insurance contracts including minimum return guarantees.

In order to provide an insight from the literature, first, it should be clarified which
insurance contracts exist that contain minimum return guarantees. In this context, we refer
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to the three types of contracts most frequently discussed in the literature: Participating
life insurance contracts, unit-linked life insurance contracts and variable annuities. The
main difference between these products is that premiums for participating life insurance
contracts are invested in the investment strategy (asset side) of the insurance company,
while for both unit-linked and variable annuities premiums are invested in a fund that
is not necessarily in the insurance company’s portfolio. For this reason, unit-linked and
variable annuities are often considered together. Figure 2.1 which is based on a report of
European Insurance and Occupational Pensions Authority (EIOPA) from 2021, gives an
overview of the life lines of business per European county based on gross written premium
(GWP). Thereby, a distinction is made between unit-linked (index-linked, respectively)
and participating life insurance contracts. It can be seen that Germany, France and Italy
by far have the highest GWP from sales of participating life insurance contracts.

GWP by life line of business per European country - 2019

Figure 2.1: The figure presents the GWP by life line of business per county - As a percentage of
total life insurance GWP (top figure) and as absolute value in AC billion (bottom figure) (Source:
EIOPA (2021b)).
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Based on another analysis of EIOPA (2021c), it holds that participating life insur-
ance contracts account for 29.60% of all GWP in the European life insurance business and
unit-linked life insurance contracts (including variable annuities) account for 40% of all
GWP. Together, they cover the majority of life insurance contracts and are most studied
by the literature due to their high popularity. The characteristics of these contracts are
investigated in Section 2.2.

In addition to the explanation of different contract types, the contract design is also
discussed in Section 2.3. This includes the policyholder’s contribution as well as the under-
lying guarantee schemes. In the case of contribution payments, the literature distinguishes
between a single contribution and periodic contributions, with the latter significantly re-
ceiving less attention. In practice, however, according to e.g. GDV (2021a), 57% of all
life insurance contracts in Germany are concluded with periodic contributions. After ex-
plaining different contribution schemes, the commonly used guarantee schemes included
in participating and unit-linked life insurance contracts in the literature are presented.
These include the return-of-premium, terminal, lookback and cliquet guarantee scheme.
In contrast to these contracts, variable annuities contain additional riders that can be
distinguished between minimum guaranteed living and death benefits. The aim here is to
formally present the guarantee schemes as well as to give an overview of corresponding
literature on selected aspects.

In opposition to academic contributions published in the 1970s on the valuation of
insurance contracts with minimum return guarantees, the insurance industry has ignored
this issue for a long time. One of the earlier academic works is the contribution of Brennan
and Schwartz (1976, 1979) and Boyle and Schwartz (1977). As far as we are aware, the
authors were the first using options to replicate the payoff of unit-linked life insurance
contracts with terminal guarantees. Based on this, numerous papers have been published
with the aim of valuing contracts under more realistic conditions.

In particular, against the background of low interest rates and longer life expectancy
of policyholders, the insurance company must account for interest rate risks and mortality
risks in the valuation. Moreover, the pure evaluation of guarantee contracts is not sufficient
- In order to limit the risk, an accurate hedging strategy of the insurance company is
essential. For the reason that the risk from insurance contracts with minimum return
guarantees was underestimated by practitioners for a long time, insurance companies still
have old contracts with high interest rate guarantees in their portfolio which are hard to
finance because they significantly exceed the current risk-free rate of return. In response,
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the regulatory framework Solvency II requires the insurance company to cover high levels
of risk caused by long-term guarantee contracts with correspondingly high levels of equity.
As a result, at least since the introduction of Solvency II, insurance companies have been
in the process of restructuring their new business - Away from capital-intensive traditional
guarantee contracts and towards contracts that require less equity capital.

As already mentioned, it is not practical to offer an insurance contract that is cost-
effective for the insurance company but of no interest to policyholders. Therefore, in ad-
dition to the perspective of the insurance company, the perspective of policyholders must
also be taken into account. In this context, insurance companies are also faced with the
challenge of taking into account additional rights and unexpected actions on the part of
policyholders, such as early surrender of the contract.

In addition, certain model assumptions are made for the valuation of insurance con-
tracts. In most cases, the valuation is based on the Black-Scholes model which represents
simplified assumptions on stock price movements and therefore cannot accurately reflect
reality. Therefore, the aim is to examine which asset models are also suitable and how
they are taken into account.

Thus, Section 2.4 provides a presentation of insights from the selected literature
studying insurance contracts with minimum return guarantees. The focus is on exami-
nation of the extent to which the selected issues described before are addressed by the
literature as well as the identification of fields where further research is needed. Section
2.5 concludes.

2.2 Insurance contracts with minimum return guarantees

The following section is intended to explain selected insurance contracts in order to provide
a better understanding of the analyses that follow. In this respect, we limit the discussion
to the insurance contracts with minimum return guarantees most frequently analyzed
in the literature and refer to further contributions on other contracts when required.
We distinguish between participating life insurance contracts, unit-linked life insurance
contracts and variable annuities which receive a great degree of attention both in the
literature as well as in practice.
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2.2.1 Participating life insurance

Participating life insurance contracts (or with-profit contracts) consist of a term life insur-
ance contract and a savings component.1 In the event of the policyholder’s death, the term
life insurance contract pays out an agreed sum to the beneficiary of the contract. More-
over, the savings part is of much more interest in the academic literature. This savings
component (usually contribution less guarantee and management fees) allows the policy-
holder to participate in the asset return of the insurance company. In return for single or
periodic premiums contributed by the policyholder, a traditional participating life insur-
ance contract is primarily characterized by three contract parameters: A minimum return
guarantee paid on the contributed premiums of the policyholder, a participation in the
surplus of the insurance company and a possible terminal bonus at maturity based on the
final surplus earned by the insurance company. Papers explaining the characteristics of
participating life insurance contracts in more detail are e.g. Grosen and Jørgensen (2000),
Ballotta et al. (2006), Calidonio-Aguilar and Xu (2011), Maurer et al. (2013), Gatzert and
Schmeiser (2013), Reuß et al. (2015) and Bacinello et al. (2020).

The minimum return guarantee provides downside protection for the policyholder’s
contribution by paying interest on the contributions at least at the guaranteed interest
rate. For the moment, it is sufficient to know that this guarantee can take several forms,
such as a terminal guarantee, where the guarantee is only relevant when the contract
matures, or a cliquet-style one, where profits are periodically locked-in and not offset by
losses.2 Obviously, the guarantee is not for free. On the one hand, insurance companies
tend to retain a part of contribution premiums as guarantee costs while the other part
flows into the insurance company’s investment portfolio. This approach is usually adopted
in the literature. On the other hand, the guarantee is not explicitly charged, but the costs
are reclaimed through the surplus participation: In the event of a positive investment
result, a portion of the profit is retained to offset possible future losses and then to meet
the minimum return guarantee.

1 Products that are traded on the market include, for example, Perspektive of Allianz Lebensversicherungs-
AG, AL_Rente KlassikPur of Alte Leipziger Lebensversicherung a.G., Privat-Rente Komfort of Targo
Lebensversicherung AG, Generation private plus of Canada Life Assurance Europe plc, With-profits of
Zurich Assurance Ltd, Optimax Wealth and EstateMax of The Empire Life Insurance Company, Sun
Par Protector II and Sun Par Accumulator II of Sun Life Assurance Company of Canada and iA Par of
industrial Alliance Financial Group.

2 For the explanation of different guarantee schemes we refer to Section 2.3.2.
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There are different approaches to implement the profit-sharing mechanism (surplus
distribution). Commonly, a profit-sharing mechanism induces a smoothing scheme where
a buffer account can be used to reduce the volatility of the insurance company’s assets
in order to smooth future surplus distributions. This mechanism accounts for a cliquet
guarantee. Thereby, as soon as the surplus is added to the policy reserve (guaranteed payoff
plus surplus participation) it becomes part of the guaranteed benefit and this surplus will at
least earn the minimum return guarantee in the following periods. This approach is based
on the German insurance market, but could also be transferred to other countries. Papers
dealing with functioning of surplus distribution in participating life insurance contacts
according to procedure in practice are e.g. Hansen and Miltersen (2002), Miltersen and
Persson (2003), Kling et al. (2007a), Gatzert (2008), Graf et al. (2011), Bohnert and
Gatzert (2012) and Bohnert et al. (2015).

Bohnert et al. (2015) analyze the effectiveness of management decisions with respect
to a product mix of endowment contracts and annuities as well as the riskiness of the asset
side under different surplus distribution schemes. They show that the effectiveness of the
asset management decisions in reducing risk depends on the surplus distribution scheme
because each scheme implies a different type of guaranteed benefit payment. Bohnert and
Gatzert (2012) determine the impact of different surplus distribution schemes on the insur-
ance company’s shortfall risk and policyholder’s net present value. The surplus distribution
schemes taken into account are: (1) bonus system, (2) shortening the contract maturity
and (3) interest-bearing accumulation. They conclude that the bonus system exposes the
insurance company to the highest shortfall risk, followed by scheme (2) and scheme (3)
implies the lowest shortfall risk. Combining actuarial and financial approaches, Graf et al.
(2011) also demonstrate that asset allocation and shortfall risks depend on the surplus
distribution scheme. Gatzert (2008) analyzes the effect of asset management and surplus
distribution strategies on pricing and risk measurement. She observes that the pricing
framework induces lower shortfall risk if the guaranteed interest rate and the terminal
surplus participation rate increases while the annual surplus participation decreases. A
detailed investigation of different mechanisms defining how the surplus can be distributed
to policyholders can be found in Kling et al. (2007a). The authors further determine how
different surplus distribution schemes impact the life insurance company’s risk exposure.
They identify that a strategy where bad investment returns are compensated with good
asset returns leads to the lowest shortfall risk comparing to other strategies. Miltersen
and Persson (2003) examine the connection between minimum return rate guarantees and
surplus distribution schemes. They demonstrate that the presence of a surplus distribution
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scheme leads to the possibility of the insurance company to offer a broader type of con-
tracts. In this context, Hansen and Miltersen (2002) notice that pooling the bonus reserves
of two or more (inhomogeneous) policyholder leads to the insurance company being better
off while at least one policyholder is worse off.

Participating life insurance contracts represent a significant portion of the life insur-
ance market in many countries over the last decades (Figure 2.1). However, these products
become more and more unattractive for insurance companies due to regulatory constraints.
The regulatory framework concentrates on the minimum interest rate guarantee, surplus
participation and on default risk of the insurance company. Many countries have set max-
imum limits for interest rate guarantees in order to make sure that the insurance company
can fulfill their commitments to policyholders. Interest rate guarantees may not exceed 60%
of the rate of return on government debt in the European Union (Directive 2002/83/EC
(2002)). Since January 1, 2017 the maximum interest rate guarantee in Germany is set
at 0.9% (Deckungsrückstellungsverordnung (DeckRV) (2021)). Due to the persistent low
interest rate phase, the German Federal Ministry of Finance intends to reduce the max-
imum interest rate guarantee to 0.25% as of January 1, 2022 (German Federal Ministry
of Finance (2021)). Focusing on the surplus participation, regulatory requirements stipu-
late that the policyholder participates in the investment return of the insurance company
to the extent of at least 90% (Mindestzuführungsverordnung (MindZV) (2021)). Further-
more, Solvency II forces the insurance company to cover high risks by long-term guarantee
contracts with appropriately high equity capital. In addition, complex surplus distributions
and numerous embedded options (e.g. premium payment and surrender options) make it
difficult to model the performance of participating life insurance contracts.3

An international comparison of participating life insurance contracts between Den-
mark, Germany, Norway, the UK and the US shows that there exist different risk-return
profiles depending on the considered country (Cummins et al. (2007)). Besides the inter-
national comparison, some papers are also dealing with a comparison between different
contract designs in the sense of participating life insurance and on the risk and valuation
of those products. Wieland (2017) e.g. studies a portfolio of a new participating contract
and other existing participating insurance contracts. He exposes that (under certain con-
ditions) a transition towards the new contract can reduce the insurance company’s risk. A

3 For an analysis of the embedded options in life insurance contracts with minimum return guarantees a
reference is made to Section 2.4.7.
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portfolio consideration is also taken into account by Hieber et al. (2019) and Eckert et
al. (2021). The former examine the impact of portfolio effects in heterogeneous life insur-
ance portfolios on the fair valuation of participating contracts, while Eckert et al. (2021)
derive a methodology to measure the interaction within heterogeneous life insurance port-
folios. Reuß et al. (2015) analyze new designs of participating life insurance contracts and
compare them to traditional participating contracts. Within their analysis, they focus on
capital requirements under Solvency II and observe that the traditional contract leads to
higher capital requirements than the new contract designs. Bernard et al. (2006) examine
a new participating life insurance contract which is similar to the traditional contract
except that the minimum return guarantee is proportional to the value of a government
bond. In this setting, the authors derived closed-form solutions.

There is also literature on the comparison of participating life insurance contracts
with other insurance products: A portfolio of different insurance contracts, such as partic-
ipating life insurance contracts and hybrid products, is subject to the works of Bohnert et
al. (2014) and Bohnert and Gatzert (2014).4 Both papers compare hybrid and participat-
ing products and identify strong interaction effects between the two contracts. Bohnert et
al. (2014) focus on the policyholder’s perspective and show that interaction effects between
both contracts have an impact on the policyholder’s willingness to pay (WTP) for hybrid
products. Recently, Hanna et al. (2021) identify that hybrid products are more attractive
for policyholder than single participating or unit-linked life insurance contracts. They also
find that even the guarantee feature can in some cases improve this attractiveness. On
the contrary, hybrid products receive little attention in the academic literature compared
to participating life insurance contract. Due to the increasing market shares, it is to be
expected that these products will gain in attention in the academic literature.5

4 Hybrid products combine features of traditional participating and unit-linked life insurance contracts:
They provide the stability of traditional life insurance contracts while at the same time higher returns
can be achieved through participation in the capital market. The main feature of hybrid contracts
is that the policyholder’s savings fraction is invested in different types of investments, so-called pots.
Depending on how many investment categories are contractually agreed, hybrid products can be divided
into 2-pot and 3-pot hybrid contracts. Investment categories are given by the policy reserve stock of
the insurance company with regular interest rate guarantee, a guarantee fund and an equity fund. For
more information on hybrid products a reference is made to Gatzert and Schmeiser (2013). We further
refer to Bohnert (2013) and Deelstra et al. (2020) for a detailed analysis of hybrid products available in
Germany.

5 Hybrid products represent more than 90% of the life insurance market in France, between 30% and
40% in Italy and Luxembourg and between 10% and 30% in Austria, Hungary and Germany (EIOPA
(2021b)).
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2.2.2 Unit-linked life insurance

A unit-linked life insurance contract represents a contract in which the insurance ben-
efit is linked to the performance of a specific reference portfolio.6 These contracts are
usually structured in such a way that the policyholder depending on individual risk pref-
erences directly invests her premiums in an investment portfolio. Thereby, she is able to
choose from among various financial asset categories which has not necessarily to be in
the portfolio of the insurance company as well. Within these unit-linked life insurance
contracts, the investment risk is entirely transferred to the policyholder. Therefore, they
are basically pure investments in financial assets where the insurance company invests the
policyholder’s premiums in an investment portfolio of her choice and pays out the market
value of this portfolio to the policyholder at maturity. We refer to this type of contract
as pure unit-linked life insurance contract. However, in times of financial instability, insur-
ance companies have tended to implement minimum return guarantees in those contracts.
These guarantees provide downside protection of the policyholder’s premiums since at the
end of the contract term she will receive a guaranteed interest rate on her premiums or
her premiums will earn interest in line with the investment portfolio (whichever is higher).
Thus, in a guaranteed unit-linked life insurance contract the financial risk is shared between
the policyholder and insurance company.

Guaranteed unit-linked life insurance contracts, like participating life insurance con-
tracts, typically consist of a term life insurance, a savings component and a minimum
return guarantee: The term life insurance contract pays out an agreed sum to the benefi-
ciary of the contract if the policyholder dies during the contract’s term. Papers explain-
ing the characteristics of unit-linked life insurance contracts in more detail are e.g. Hipp
(1996), Swiss Re (2003), Hardy (2003, 2006), Hochreiter et al. (2008), Bacinello (2008)
and Gatzert and Schmeiser (2013).

After deducting any costs, the policyholder invests her savings part in the chosen
investment portfolio. This investment can either be made through single or periodic con-
tributions. The underlying investment portfolio can consist of any financial assets, such as

6 Products that are traded on the market include, for example, KomfortDynamic and InvestFlex of
Allianz Lebensversicherungs-AG, Rente Chance (Select) of ERGO Vorsorge Lebensversicherung AG,
Fonds-Rente of AXA Lebensversicherung AG, ALfonds and AL_FlexInvest of Alte Leipziger Lebensver-
sicherung a.G., CleverInvest of HDI Lebensversicherung AG and VarioRent plus-Fonds of Gothaer
Lebensversicherung AG.
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2 Understanding insurance contracts with minimum return guarantee schemes

stocks, bonds, deposits or other capital market instruments. If the reference portfolio con-
tains equities only, the contract is referred to as equity-linked. Other types of investment-
linked life insurance products are e.g. index-linked contracts, where the investment profit
is immediately linked to an equity index, bond index or other indexes. In the remainder
of this thesis, we abstain from pure unit-linked life insurance and use the term unit-linked
life insurance contract when referring to unit-linked and index-linked contracts with guar-
antees as well as all other sub-types, where the reference portfolio is linked to a financial
asset including a minimum return guarantee.

Unit-linked life insurance can contain terminal, cliquet or other exotic type of guar-
antees. Intuitively, the policyholder has to pay a fee for the minimum return guarantee.
This guarantee can be settled by constant payments that are either deducted from the
contributions of the policyholder or paid in addition. In practice, the costs are usually
calculated as an annual percentage fee which is then deducted from the portfolio value.
Basically, high risk investment portfolios lead to high guarantee fees and vice versa.

These contracts are highly transparent in comparison with participating life insur-
ance contracts which are partly opaque due to complex surplus distribution mechanisms
described in the previous section. The performance of the underlying reference portfolio
can be monitored by the policyholder at any time in an unit-linked contract. In addition,
these contracts partly offer a high flexibility owning to the fact that the policyholder may
have the right to change the initial allocation of her financial assets during the contract’s
term. On that note, Ekern and Persson (1996) develop various types of unit-linked life
insurance contracts, including different death benefits, multiple funds and other flexible
features. Furthermore, unit-linked life insurance products may offer tax advantages. Swiss
Re (2003) gives an overview of the tax treatment for many European countries.

Unit-linked life insurance contracts also include issues for insurance companies. Swiss
Re (2003) presents three categories of risks: Financial risks, operational risks and regula-
tory risks. Due to numerous variations in the underlying guarantees and various option
components, it is a challenge to accurately price these contracts. Since the behavior of
policyholders cannot be predicted, insurance companies additionally face the risk of pol-
icyholder’s early termination of the contract (lapse/surrender risk). Eling and Kochanski
(2013) analyze which contributions to lapse risk already exist in the literature and pro-
vide an overview of where research is still needed. Insurance companies also face mortality
and investment risks because it is uncertain at what point the guarantee will be valuable
and guarantee costs depend on the performance of the investment portfolio. In addition,
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regulatory directives require insurance companies to cover high levels of risks caused by
long-term guarantee contracts with correspondingly high levels of equity. Kochanski (2010)
and Rödel et al. (2021) determine the strain on insurance companies from the solvency
capital requirements (SCR) under Solvency II.

2.2.3 Variable annuities

Variable annuities combine the benefits of participating life insurance and pure unit-linked
life insurance contracts: Dynamic investments, downside protection for the policyholder’s
contribution and benefits in the event of policyholder’s death.7 Thus, they are unit-linked
life insurance contracts with minimum return guarantees designed as pension products.
Variable annuities present modern solutions in terms of post-retirement income and try to
take both the needs of retirement and the preferences of inheritance into account. Variable
annuities allow the policyholder to choose that guarantee type she prefers from a broad
pool of possible contract features (additional riders). Papers explaining the characteristics
of variable annuities in more detail are e.g. Milevsky and Posner (2001), Ledlie et al. (2008),
Bauer et al. (2008), EIOPA (2011a), Bacinello et al. (2011), The Geneva Association (2013)
and Gatzert and Schmeiser (2013).8

By contributing single or periodic premiums, the policyholder participates in the
return of the investment portfolio of her choice and is partially or fully protected against
downward movements. In addition to a protection against investment risk, variable an-
nuities also offer protection against mortality and longevity risks by selecting guarantee
features from a wide range of possible schemes. These guarantees represent modules that

7 Products that are traded on the market include, for example, Perspective II and Perspective Advisory
II of Jackson National Life Insurance Company, Investment Edge and Retirement Cornerstone of AXA
Equitable Life Insurance Company, Premier Variable Annuity of New York Life Insurance Company,
The Intelligent Variable Annuity of TIAA-CREF Life Insurance Company, Polaris Advisory and Polaris
Platinum III of American General Life Insurance Company and Lincoln Investor Advantage of The
Lincoln National Life Insurance Company.

8 Other prominent pension products in the US are e.g. equity-indexed annuities (EIA) or their German
version select products. With these products, the policyholder has the right to choose each year between
participation of her contributions in an equity index with guaranteed capital preservation and a surplus
interest rate which is equal to the interest rate that is credited to the insurance company’s traditional
products. One of these products is, for example, IndexSelect of Allianz Lebensversicherungs-AG. A
reference is made to Tiong (2000), Palmer (2006), Boyle and Tian (2008) and Alexandrova et al. (2017)
for a detailed discussion of these products.
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can either be separately used or in combination. A guarantee is only granted if this has
been specifically agreed for certain benefits - and even then only at a point in time that has
also been contractually agreed. Since these guarantees can basically be seen as embedded
financial options, they are also referred to as additional riders of the contract. The main
distinction of these riders is made between minimum guaranteed living and death benefits.
For this reason they are also denoted as GMxB, guaranteed minimum benefits with em-
bedded benefits of type "x", where "x" refers to death (D) and living (L). The guaranteed
minimum living benefit can further be divided into three sub-types: Accumulation (A),
income (I) and withdrawal (W).

The guaranteed minimum death benefit (GMDB) pays a predefined amount to the
beneficiary in case of the policyholder’s death. Within a guaranteed minimum accumula-
tion benefit (GMAB), the policyholder is guaranteed a certain amount after a fixed period
of time regardless of the portfolio’s performance. The guaranteed minimum income benefit
(GMIB) guarantees the policyholder a minimum level of pension payments during retire-
ment on a regular basis. A guaranteed minimum withdrawal benefit (GMWB) allows the
policyholder to withdraw a certain percentage of the portfolio value until full withdrawal.
Guaranteed lifetime withdrawal benefits (GLWB), which are similar to GMWB, allow the
policyholder to withdraw a certain percentage (usually smaller than the one in GMWB)
of the portfolio value for the whole policyholder’s lifetime. This withdrawal is also made
after the invested amount has been exhausted and the portfolio balance has fallen to zero.

Due to these different riders, the policyholder has access to numerous investment
options with different risk-return profiles. In addition, she can freely dispose of her portfolio
balance: She e.g. can make withdrawals, additional payments or switch assets. The way of
offering guarantees detached from the portfolio is a special feature of variable annuities. We
refer to variable annuities as unit-linked pension plans with an explicit guarantee from the
insurance company for which a transparent guarantee fee is charged. Guarantee fees and
management costs are usually determined at the beginning of the contract as a percentage
of the portfolio value and are annually withdrawn. Furthermore, it is possible to add or
remove some riders even after the contract has been concluded. The associated fees are
then offset accordingly. Thus, it is possible at any time for the policyholder to determine
exactly how much she is paying for the respective benefits.

Like unit-linked life insurance contracts, variable annuities provide a high trans-
parency. They also allow the policyholder to participate in risky assets, including a down-
ward protection. One of the main arguments in favor of variable annuities is the high
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degree of flexibility that results from the fact that the policyholder can compose her own
contract with additional guarantees of her preference. This gives her access to pension
benefits without giving up certain objectives, such as inheritance. Variable annuities meet
a social need of the world’s aging population by offering a product that provides a secure
income in retirement. Using historical data, Condron (2008) finds that variable annu-
ities, compared to traditional target date funds, allow policyholders to accumulate greater
wealth and, consequently, are able to withdraw income from their accounts over a longer
period of retirement.

According to The Geneva Association (2013) some contract designs induce insur-
ance, market and policyholder behavior risk to the insurance company. The insurance risk
is characterized by longevity risk, while the market risk primary consists of equity and
interest rate risk. For the reason that the insurance company can not predict the behavior
of the policyholder, the insurance company encounters surrender risk as well.9 In this con-
text, MacKay et al. (2017) analyze how the fee structure and surrender charges influence
the policyholder’s early surrender behavior and develop a contract design such that it is
never optimal for the policyholder to lapse the contract. Besides the unpredictable policy-
holder’s early surrender behavior, Ledlie et al. (2008) argue that the insurance company
faces asset allocation risk. Since the policyholder can choose from a wide range of funds,
there is a risk that the insurance company will make incorrect assumptions about the fund
selection. The authors suggest that the insurance company may reduce the range of funds
offered or adjust the price to the fund selected. The insurance company further can prob-
ably counter the previous mentioned risks by e.g. hedging programs with other financial
instruments, risk pooling or reinsurance. With respect to hedging programs, insurance
companies should take into account that especially demographic risks and policyholder
behaviors are difficult to effectively hedge (EIOPA (2011a)).

The regulation of variable annuities obviously poses a challenge for insurance compa-
nies, too. Baranoff et al. (2016) observe that before the financial crisis, insurance companies
tended to reduce capital buffer when guarantee risk increased. Against the background of
Solvency II, the flexibility of variable annuities forces the insurance company to frequently
review the value of all relevant riders.

9 The impact of surrenders on liquidity risk of insurance companies can be found in The Geneva Associ-
ation (2012), for example.
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2.3 Contract features

The types of contracts presented in the previous section include special features. In addi-
tion to the type of contribution made by the policyholder, with a distinction being made
between single and periodic contributions, this also includes the type of minimum return
guarantee scheme. The previously presented variable annuities contain additional riders
which will also be explained in more detail. The following is a technical introduction to
the mentioned contract features.

2.3.1 Contribution of the policyholder

The policyholder has different options to invest her contribution payments as already men-
tioned in the previous section. The contribution schemes commonly used in the existing
literature on life insurance contracts with minimum return guarantees are described in
the following, i.e. we present investment strategies that entail a single investment (upfront
or postponed) and those that involve periodic (e.g. monthly or annually) contributions.
Since different contribution schemes have an impact on the time and way in which the
policyholder’s premium is invested in the asset side of the insurance company (or in an-
other reference portfolio), they also imply different guarantee costs and benefits for the
policyholder. Gatzert (2013) shows that the considered contribution (single or periodic)
has an impact on the performance of unit-linked life insurance contracts. Opposed to the
general assumption that periodic contributions are more expensive than a single contribu-
tion, Bernard et al. (2017) find that variable annuities with periodic contributions do not
necessarily have higher fees than variable annuities with a single upfront contribution, a
fact that should accurately be taken into account in the valuation process.10

As stated in Appendix A.2, on the contrary, approximately only 30% of the relevant
literature deals with periodic contributions in the context of life insurance contracts with
minimum return guarantees, although this contribution scheme may better represent real
life insurance contracts. According to e.g. GDV (2021a), 57% of all life insurance contracts
in Germany are concluded with periodic contributions. To better understand the effect of
contribution schemes and hence minimum return guarantees in the following section, we
introduce a brief mathematical description of these schemes.

10 This issue is also subject to Chapter 4.
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We assume that the policyholder has two securities as investment options: A risky
asset and a risk-free bond. The part of the contributions that is not invested in the risky
asset is invested in the risk-free bond. The value of the risk-free bond increases according
to risk-free interest rate r. We further divide the time interval [0, T ] into equidistant
points of time t0, . . . , tn = T . The contribution dates are given by t0, . . . , tn−1, where t0

refers to an upfront and tn−1 to a postponed contribution. Notice that the latest admissible
contribution date is tn−1, i.e. the contributions are fully invested in the risky asset at latest
in tn−1. To simplify the notations, we define the set of dates where payments possibly can
take place as:

T := {t0, . . . , tn−1} .

The policyholder contributes the amount P . We assume that the policyholder ei-
ther invests at t0 the single contribution at0 or at t0, . . . , tn−1 the periodic contributions
at0 , . . . , atn−1 .

Single contribution First, we show the single contribution, i.e. the policyholder invests
her entire amount P at once. This may be at any time ti ∈ T . Moreover, there exist two
special cases: Upfront and postponed contribution as displayed in Figure 2.2. The upfront
contribution is most common in the literature of life insurance contracts with minimum
return guarantees. For reasons of comparability, we also take the postponed contribution
into account, where the policyholder invests the amount at the latest possible date tn−1.11

Single contribution

t0 t1 t2 t3 · · · tn−1 tn = T

aUpfront aP ostponed

Figure 2.2: The figure presents the possible single contribution dates, starting from time t0 to
tn−1.

11 An extensive analysis of single and periodic contributions is presented in Chapter 3 and 4.
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In the case of a single upfront contribution, the policyholder invests her whole con-
tribution at contract inception, s.t. the present value PV Upfront(a) results in

PV Upfront(a) = a.

Obviously, this is equal to a single payment aUpfront
t0 in the amount of P :

aUpfront
t0 = P.

In the case of a single postponed contribution, the policyholder invests her whole
contribution at latest possible date tn−1, s.t. the present value PV P ostponed(a) results in

PV P ostponed(a) = ae−rtn−1 .

Since the contributions remain in the risk-free bond until tn−1, the corresponding
payment aP ostponed

tn−1 is given by

aP ostponed
tn−1 = P

e−rtn−1
.

Periodic contributions The most intuitive form of periodic payments is constant con-
tributions over time, i.e. ati ≡ a for all ti ∈ T as shown in Figure 2.3. If periodic contri-
butions are considered, these constant contributions are most common in the literature of
life insurance contracts with minimum return guarantees.

Constant periodic contributions

t0 t1 t2 t3 · · · tn−1 tn = T

a a a a · · · a

Figure 2.3: The figure presents the timeline of constant periodic contributions, starting from time
t0 to tn−1.
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Since the policyholder can invest up to date tn−1 only, the present value PV Const(a)
of the payments at t0 results in

PV Const(a) = a + ae−rt1 + ae−rt2 + . . . + ae−rtn−1 = a
n−1∑
i=0

e−rti .

As assumed, the policyholder desires constant payments s.t. the fixed contribution
P is divided into regular, constant payments aConst of

aConst = P∑n−1
i=0 e−rti

.

This type of contribution scheme represents the basic model. Besides, there is a
number of other modifications discussed in Appendix A.1.12

The reason for lower attention of periodic contribution schemes in the literature
mainly is the higher complexity in the valuation of periodic contributions. They induce an
Asian-like option and obtaining closed-form solutions is complicated. Most of the literature
including periodic contributions has the aim to determine the fair premium of the insurance
contract. This can be achieved by numerical methods as e.g. done by Brennan and Schwartz
(1976), Nielsen and Sandmann (1995), Bacinello (2003a) and Schmeiser and Wagner (2011)
or by using upper and lower bounds as Hürlimann (2010) and Bernard et al. (2017) did.

2.3.2 Minimum return guarantee schemes

Due to the ongoing low interest rate phase and capital requirements under Solvency II,
there has been a shift in the product offering of life insurance companies in recent years
from traditional contracts to life insurance contracts that can be characterized as innova-
tive contracts. As a common feature both designs contain long-term guarantee promises.
These minimum return guarantees can be implemented in the insurance contracts through
various schemes. Notice that often different terms are used in the literature for the same
guarantee scheme and vice versa. In the following, we present the characteristics of dif-
ferent minimum return guarantee schemes and give a brief mathematical description of
the guarantees that are most common in the literature: Return-of-premium, terminal,
lookback and cliquet guarantee scheme.13

12 In addition to these investment strategies, we examine in Chapter 4 the consideration of additional
management rules. We also account for flexible contributions in Chapter 3 and 4.

13 The different minimum return guarantee schemes are analyzed in Chapter 3 in more detail.
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For sake of simplicity, we assume that the policyholder invests a single upfront
premium P = 1 at the contract’s inception. This setup is in line with e.g. Ruß and
Schelling (2018) and Ebert et al. (2012). Furthermore, the policyholder pays an upfront
fee for the guarantee in terms of (1−α) and the remaining part α is invested in the chosen
investment portfolio (the asset side of the insurance company, respectively). VT denotes
the portfolio value at maturity T . Obviously, the value crucially depends on the evolution
of the assets in which the single premium is invested. Additionally, we assume lock-in dates
t1, . . . , tn = T as the endpoints of n intervals of [0,T]. Then, the payoff LT of the contract,
depending on the embedded guarantee scheme, is determined as follows.

No guarantee For the sake of completeness, the case without a guarantee scheme should
also be included. Obviously, no guarantee costs are charged, i.e. α = 1. The payoff results
in:

LNoGuar
T = VT .

Return-of-premium This guarantee scheme is also known as money-back guarantee.
Here, the policyholder at least receives her contributed premium at maturity of the con-
tract but also has the opportunity to proportionately participate in upward movements of
the reference portfolio:

LRetu
T = max {αVT , P} (2.1)

= αVT + [P − αVT ]+ .

Terminal guarantee In the literature, this guarantee scheme is often referred to as an
interest rate guarantee. Moreover, this scheme is also referred to as point-to-point, maturity
or roll-up guarantee. The original premium is rolled up by the minimum guaranteed rate
until maturity such that the policyholder at least earns a guaranteed minimum interest
on her contribution. A terminal guarantee is often included in unit-linked life insurance
contracts. At contract maturity, the policyholder either receives the fraction α of the
portfolio value at T or her premium compounded with the guaranteed interest rate g:

LT erm
T = max

{
αVT , egT

}
(2.2)

= αVT +
[
egT − αVT

]+
.
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Lookback guarantee This guarantee scheme is also known as high-water-mark or
ratch-up guarantee. In addition to the terminal guarantee, one could also be interested in
the protection of interim benefits. Therefore, the policyholder either receives the highest
portfolio value that has been achieved at specific lock-in dates or the guaranteed amount
egT , whichever is higher:

LLook
T = max

{
αVt1 , . . . , αVtn−1 , αVT , egT

}
(2.3)

= αVT +
[
max

{
αVt1 , . . . , αVtn−1 , egT

}
− αVT

]+
.

Cliquet guarantee Due to the fact that cliquet is the French word for ratchet, this
guarantee scheme is often referred to as ratchet guarantee. Because of its nature, the
cliquet guarantee is also known as year-to-year guarantee.14 Here, the policyholder at
each lock-in date earns the greater of the guaranteed rate eg and the performance of
the underlying investment portfolio. At maturity, the contract pays out the compounded
return over all intervals n:15

LCliq
T = α

n∏
i=1

max
{

Vti

Vti−1

, eg

}
(2.4)

= α
n∏

i=1

 Vti

Vti−1

+
[
eg − Vti

Vti−1

]+
 .

For the special case n = 1, both the lookback and cliquet guarantee coincide with the
terminal guarantee because the additional features are not present. The terminal payoff
therefore leads to

LT erm
T = LLook

T = LCliq
T = max

{
αVT , egT

}
.

14 This guarantee scheme is often included in participating life insurance contracts. However, it may no
longer attractive for insurance companies to offer these products due to the declining interest rates
and capital requirements according to Solvency II and thus only a few insurance companies still offer
this type of guarantee as e.g. Canada Life with their product Generation private plus (Das Investment
(2021)).

15 This is one potential representation of the cliquet guarantee only. An overview of other representations
can be found in Cui et al. (2017b).
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An overview of which guarantee schemes are implemented in various papers on life
insurance contracts can be found in Appendix A.2. A few examples are given below.

Ebert et al. (2012) analyze the utility of terminal, lookback and cliquet guarantees
against the background of cumulative prospect theory (CPT) policyholders.16 In contrast
to the expected utility theory (EUT), the CPT enables them to explain the demand for
terminal guarantees. Nevertheless, the CPT is not able to explain the demand for more
exotic guarantees, such as the lookback or cliquet guarantee. The contribution of Ruß and
Schelling (2018) explains this demand with the help of "multi" cumulative prospect theory
(MCPT) which builds on CPT but also takes periodic changes in contract values into
account instead of focusing on terminal value as CPT does.

Eling and Holder (2013) investigate alternative guarantee designs, such as a 60 (40
and 20)%-rule, meaning that the minimum return rate guarantee is equal to 60 (40 and
20)% of the actual market interest rate guarantee at the beginning of the contract. They
further take a return-of-premium and a temporary guarantee which is a combination of
the 60%-rule and return-of-premium into account. The last guarantee they study is with a
fixed safety margin such that the spread between the average market rate and guaranteed
interest rate does not change within different interest rate constellations. The aim of the
paper is to determine the effect of interest rate changes on the value of those guarantees.
The authors observe that the value of the 60%-rule guarantee, the return-of-premium and
the temporary guarantee increases in low interest rate settings and that only the value of
the fixed safety margin remains unchanged.

Branger et al. (2010) and Nielsen et al. (2011) compare different guarantee schemes
which differ in the type of guarantee on the performance of an investment strategy. These
guarantee schemes are mainly found in equity-linked life insurance products and variable
annuities in practice. Branger et al. (2010) focus on a policyholder who maximizes her
expected utility and show that a combination of a constant-mix (CM) investment strategy
and a contribution guarantee scheme (which is mainly used in variable annuities) is optimal
for a policyholder with constant relative risk aversion (CRRA).

16 For more information on CPT a reference is made to Kahneman and Tversky (1979) on which this
behavioral theory is based.
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2.3.3 Benefits in variable annuities

In addition to the minimum return guarantee schemes, variable annuities contain addi-
tional riders which will be presented in the following. As already mentioned in Section
2.2.3, the additional riders of variable annuities can basically be differentiated between
death and living benefits. The living benefits can further be divided into accumulation,
income and withdrawal benefits. Other forms, such as guaranteed minimum surrender
benefits (GMSB) can be found in the literature.17 In the remainder of this section, we
abstain from other representations and concentrate on the following four riders in line
with Bacinello et al. (2011).

Guaranteed minimum death benefit Under a contract with GMDB, the beneficiary
receives a certain predefined amount in the event of the policyholder’s death prior the
stated maturity. GMDB are usually guaranteed during the accumulation phase (i.e. t ≤
T ). Besides, they can also be explicitly extended by the insurance company beyond the
policyholder’s retirement up to a certain age. In case of the policyholder’s death at time
t, the benefit BD

t is determined as

BD
t = max

{
Vt, GD

t

}
.

The beneficiary of the contract either receives the portfolio value Vt or a guaranteed
amount GD

t , whichever is higher. The amount of the guarantee can then be determined
according to the different minimum return guarantee schemes as defined in Equation (2.1)-
(2.3):

• Return-of-premium:

GD
t = P. (2.5)

• Terminal guarantee:

GD
t = egt. (2.6)

• Lookback guarantee (light version):

GD
t = max

ti<t
{Vti} , (2.7)

where i = 1, 2, . . . are the lock-in dates.

17 The GMSB, for example, is addressed in Kling et al. (2017).
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• Lookback guarantee:

GD
t = max

{
max
ti<t

{Vti} , egt
}

, (2.8)

where i = 1, 2, . . . are the lock-in dates.

• Reset guarantee:

GD
t = Vmax{ti:ti≤t}, (2.9)

where i = 1, 2, . . . are the reset dates.

The guarantee in Equation (2.5) and (2.6) is fixed, while the guarantee in Equation
(2.7)-(2.9) depends on the performance of the investment portfolio. The difference between
reset and lookback guarantee is that the benefit of the reset guarantee is not locked-in
but depends on the level of the previous portfolio value prior to policyholder’s death.
Moreover, in a contract with GMDB other combinations of these guarantee schemes are
also possible.

Guaranteed minimum accumulation benefit Within a GMAB which is sometimes
also referred to as guaranteed minimum maturity benefit (GMMB), the policyholder is
guaranteed a certain amount after a fixed period of time. They are similar to GMDB
except that they are not linked to the death of the policyholder but to survival. The
GMAB usually is available at the end of the accumulation phase T . Then, the benefit BA

T

is given by

BA
T = max

{
VT , GA

T

}
. (2.10)

If the portfolio value VT is higher than the minimum guarantee amount GA
T , then

the portfolio value is paid as maturity benefit and vice versa. The guarantee scheme of a
GMAB is determined as in Equation (2.1)-(2.3) and Equation (2.5)-(2.9), respectively. The
difference between the reset guarantee in a GMDB and the reset guarantee in a GMAB
is that in an GMAB, the reset option gives the policyholder the opportunity to postpone
the maturity date T or to renew the GMAB at maturity, respectively.
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Guaranteed minimum income benefit The GMIB provides a minimum income for
the policyholder after accumulation phase in form of periodic annuity payments. These
guaranteed periodic (usually annually or monthly) benefits bI can be calculated in three
ways, depending on the structure of the contract:

• If the guarantee refers to the annuitized amount, then the guaranteed (annual) ben-
efit is given by

bI = max
{

VT , GI
T

}
rx(T ), (2.11)

where rx(T ) is the market annuity payout rate prevailing at date T.18 The periodic
benefit is composed of the maximum of the portfolio value VT and the guarantee
value GI

T . The guarantee scheme of a GMIB is again determined as in Equation
(2.1)-(2.3) and Equation (2.5)-(2.9), respectively.

• If the guarantee refers to the annuity rate (usually defined at contract inception),
the guaranteed periodic benefit is stated as

bI = VT max {rx(T ), κ} , (2.12)

where rx(T ) is the market annuity payout rate prevailing at date T and κ is a guar-
anteed annuitization rate. Here, the annuitization rate is the higher of the market
annuity payout rate and guaranteed annuitization rate. Furthermore, the annuitized
amount is given by the portfolio value at T . This contract is also known as guaran-
teed annuity option (GAO).19

• If the guarantee refers to both the annuitized amount and annuity rate, then the
periodic benefit is given by

bI = max
{

VT , GI
T

}
max {rx(T ), κ} , (2.13)

where rx(T ) is the market annuity payout rate prevailing at date T and κ is a
guaranteed annuitization rate. Again, the guarantee scheme GI

T is determined as in
Equation (2.1)-(2.3) and Equation (2.5)-(2.9), respectively.

18 For an exact composition of the annuitization rate we refer to Pelsser (2003).
19 A reference is made to Section 2.4.7 for more information on GAO.
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In general, it can be distinguished between three contract durations such that a
periodic income is

• guaranteed up to date T ′ > T , where payments are independently made of the
policyholder’s life events,

• guaranteed up to date T ′ > T , followed by a deferred annuity for the whole life if
the policyholder survives T ′ or

• provided for the whole life of the policyholder.

Guaranteed minimum withdrawal benefit A GMWB allows the policyholder to
withdraw a certain percentage βτ of a base amount Wt after accumulation phase. With-
drawals are made at specified withdrawal dates τ (τ ≥ T ) and are guaranteed until the
total withdrawals reach the base amount Wt. This also implies that withdrawals will con-
tinue to be made even if the portfolio value falls below zero because of poor investment
performance. The periodic withdrawal amount bW

τ is denoted by

bW
τ = βτ Wτ . (2.14)

The base amount Wτ may result from the time at which the guarantee was concluded.
In the event that the guarantee was concluded at contract inception, the base amount
corresponds to the single upfront contribution Wτ = P . Other contracts are specified in
a way that the base amount refers to the portfolio value at the end of the accumulation
phase Wτ = VT .

Depending on the contract, there might be an additional lookback feature. In times
of increasing markets, the base amount Wτ (at specific dates, e.g. contract anniversaries)
may increase up to the current investment value Vτ (if it is higher). The periodic withdrawal
amount bW

τ is then given by

bW
τ = βτ max {Wτ , Vτ } . (2.15)

In some contracts a maximum increase of the periodic withdrawal amount is included
in the conditions.
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2 Understanding insurance contracts with minimum return guarantee schemes

The guarantee concerns not only the withdrawal amount but also the withdrawal
duration. As mostly assumed in the literature, it can be distinguished between three
durations, s.t. a withdrawal is provided

• fixed, up to date T ′ > T , regardless of the policyholder’s survival,

• fixed, up to date T ′ > T , provided that the policyholder survives or

• for the whole life of the policyholder.

In the former two cases, the policyholder (beneficiary of the contract, respectively)
usually receives the positive amount of the investment portfolio (if there is any) at contract
maturity. The latter case is referred to as GMWB for life or GLWB.

An overview of which benefits are implemented in various papers on variable annu-
ities can be found in Appendix A.2. A few examples are given below.

A well-known contribution in the context of variable annuities is given by Bauer et al.
(2008). The authors discuss each of the four riders (GMDB, GMAB, GMIB and GMWB)
and derive a general framework where all riders (and different policyholder strategies)
can consistently be priced. They further account for fair contract fees for the different
benefits and find that GMIB are underpriced. They argue that insurance companies tend
to incorrectly assess the behavior of the policyholder.20

Most of the literature on variable annuities focuses on a single rider. Milevsky and
Posner (2001) e.g. value GMDB and present that these benefits are overpriced in the mar-
ket, generally. The paper of Shen et al. (2016) deals with the valuation of GMAB against
the background of the policyholder’s ability to early surrender the contract. Marshall et al.
(2010) price GMIB and identify, in line with Bauer et al. (2008), that the fee rates charged
by insurance companies for GMIB may not be high enough. In the context of GMWB,
Dai et al. (2008) price these benefits and determine the optimal withdrawal strategy for a
rational policyholder and Chen et al. (2008) investigate the effect of modeling parameters
on the value of GMWB. Furthermore, Piscopo and Haberman (2011), for example, value
GLWB in the presence of mortality risk.

20 The policyholder’s behavior and their additional rights within insurance contracts is addressed in Section
2.4.7.
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2.4 Selected contract issues addressed by the literature

Having clarified both the basic insurance contracts and the features they contain, this
section focuses on providing an insight into the literature on life insurance contracts with
minimum return guarantees. We start with the valuation of these contracts which poses
a major challenge for the insurance companies. Due to the increasingly aging population
as well as the continuing low interest rate phase, academic contributions dealing with in-
terest and mortality risks should also be considered. However, an accurate valuation of
the contracts is not sufficient to limit the risk from these contracts, meaning that the
insurance company must also have an appropriate hedging strategy. In order to further
limit risk, the capital requirements for life insurance contracts with minimum return guar-
antees have been increased by Solvency II. Meeting these capital requirements also poses
a challenge to the insurance industry which is of great interest in the academic literature.
Besides the perspective of the insurance company, attention should also be paid to the
perspective of the policyholder. In addition to papers dealing with the demand for these
guarantee contracts, there are also numerous papers dealing with additional rights of the
policyholder, such as the early surrender of the contract. Furthermore, the asset model
used by the insurance company is analyzed. Thus, we examine the extent to which these
practical issues are addressed by the academic literature and identify fields where further
research might be needed.

2.4.1 Valuation of minimum return guarantees

To establish a link between minimum return guarantees shown in the previous section and
option pricing, options should first be explained. In respect of options, a distinction can
be made between call- and put-options. A call-option gives the holder the right to buy the
underlying asset at a specified price and time, while the put-option gives the holder the
right to sell it. Options may be of European or American nature. European options only
allow exercise at maturity, while American options can also be exercised once during the
contract maturity. These options are very close to minimum return guarantees included in
many insurance contracts. For example, in the case of a terminal guarantee as in Equation
(2.2), the policyholder owns a put-option since she has the right to sell the guarantee
amount PegT at the strike price K = PegT , if the strike price is higher than the portfolio
value αVT . The extra minimum return guarantee benefit is equal to an option payoff.
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In the case of a European plain vanilla put-option, the payout is as follows:

Put = max{K − ST , 0} = [K − ST ]+ . (2.16)

The payout of a European plain vanilla call-option is given by

Call = max{ST − K, 0} = [ST − K]+ . (2.17)

It holds that most contracts are much more complicated than simple European
plain vanilla options and consequently the valuation of these insurance contracts is the
main issue when considering minimum return guarantee schemes. Nevertheless, there exist
many academic contributions that discuss additional challenges going beyond the pure
valuation of the contracts, such as interest rate risks, mortality risks or surrender risks. In
this section, we start with a brief presentation of the most related research contributions
dealing with the pure valuation of insurance contracts with minimum return guarantees.
The consideration of additional issues, such as e.g. interest rate risk takes place in the
following sections.

The pricing of minimum return guarantees in unit-linked life insurance contracts,
to the best of our knowledge, goes back to Brennan and Schwartz (1976, 1979) and Boyle
and Schwartz (1977) who were the first using options to replicate the payoffs of these
insurance contracts. By no-arbitrage, the authors determine single upfront and periodic
contributions of the policyholder which need to be paid in order to fulfill the fair pricing
condition in unit-linked life insurance contracts with terminal guarantees. Bacinello and
Ortu (1993a,b) extend the work of Brennan and Schwartz (1976) to endogenous guarantees,
i.e. the terminal guarantees functionally depend on the premiums paid. Aase and Persson
(1994) investigate the issue of periodic contributions under the assumption of deterministic
interest rates. Ekern and Persson (1996) develop and value various types of unit-linked life
insurance contracts, including different death benefits, multiple funds and other flexible
features. A recent work e.g. is given by Costabile (2013) who derives analytical formulas
for the valuation of these insurance contracts with periodic contributions. The valuation
of equity-linked life insurance contracts with terminal and cliquet guarantee schemes in a
general Lévy model is subject to the work of Gerber et al. (2013) and Hieber (2017), for
example.21

21 For more information on general Lévy models we refer to Section 2.4.8.
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As far as we are aware, the pricing of participating life insurance contracts with
minimum return guarantees dates back to Briys and De Varenne (1994, 1997). Although
the authors include additional issues in the valuation of these contracts that will be dealt
with later (interest rate and default risks), nevertheless, they should be mentioned here
for the sake of completeness. Using a contingent claim framework, Briys and De Varenne
(1994, 1997) obtain closed-form solutions for the pricing of participating life insurance
contracts with terminal guarantees. Grosen and Jørgensen (2000) and Jensen et al. (2001)
develop a model for participating life insurance contracts, accounting for surplus distribu-
tion schemes, cliquet guarantees and bonus reserves. The authors assume that the surplus
is gradually distributed to the policyholder. Miltersen and Persson (2003) adjust the sur-
plus distribution of Grosen and Jørgensen (2000) in a way that the surplus is distributed
between accounts of the policyholder, of the insurance company and an account for the
terminal bonus. Hansen and Miltersen (2002) develop a model where the surplus distribu-
tion scheme is in line with Grosen and Jørgensen (2000) but the account structure refers
to Miltersen and Persson (2003).

A model for the valuation of participating life insurance contracts under specific
German regulatory frameworks is derived by Bauer et al. (2006). In contrast, Haberman
et al. (2003) pay a special focus on participating life insurance contracts which are ba-
sically sold earlier in the UK. They derive a valuation model for contracts with cliquet
guarantees and distinguish between different surplus distribution schemes. Ballotta (2005)
extends the work of Haberman et al. (2003) and aims at fair pricing of one of these surplus
distribution schemes which is based on the concept of a "smoothed asset share". Besides,
she argues that the assumption of a geometric Brownian motion is not realistic and thus
uses a jump diffusion model for the valuation of participating life insurance contracts.22

Her model is extended by Kassberger et al. (2008) to a general Lévy model. In addition,
a survey of different numerical valuation approaches for participating life insurance con-
tracts is presented by Bauer et al. (2010). Thereby, the authors analyze the Monte Carlo
approach, the partial differential equation (PDE) approach and the Least Squares Monte
Carlo approach. A recent contribution, for example, is given by Hieber et al. (2019) who
examine the impact of portfolio effects in heterogeneous life insurance portfolios on the
fair valuation of participating life insurance contracts with minimum return guarantee
schemes.

22 The jump diffusion model is also addressed in Section 2.4.8.
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The valuation of variable annuities with additional riders is also subject to various
research contributions. An early and well-known paper is given by Bauer et al. (2008). As
far as we are aware, they are the first who study all four common riders in variable annuities
(namely GMDB, GMAB, GMIB and GMWB) and derive a general pricing framework
for these guaranteed minimum benefits which is able to consistently and simultaneously
price these benefits. Holz et al. (2012) extend the framework of Bauer et al. (2008) to
variable annuities with GLWB. Furthermore, Bacinello et al. (2011) derive a unifying
framework for the numerical valuation of variable annuities with GMDB, GMAB, GMIB
and GMWB under more general assumptions. Recently, Doyle and Groendyke (2019) use
neural networks to price variable annuities with various types of guaranteed minimum
benefits.

A number of papers have been published on the valuation of selected guaranteed
minimum benefits in variable annuities. Variable annuities with GMDB and GMAB, for ex-
ample, are subject to the work of Chi and Lin (2012). They aim at pricing these guarantees
and especially investigate the fees of single and periodic contributions of the policyholder.
The fee structure and accordingly the pricing of these contracts is also analyzed by e.g.
Bernard et al. (2014) and Bacinello and Zoccolan (2019). The authors assume a fee struc-
ture for these contracts where the fee rate depends on the moneyness of the additional
riders (minimum return guarantees, respectively). Additionally, Cui et al. (2017a) price
variable annuities with guaranteed minimum benefits at contract maturity where the fees
are linked to the volatility index. Apart from this, Milevsky and Salisbury (2006) were
among the first who price variable annuities with GMWB in a continuous time model.
Their work is extended by Chen and Forsyth (2008) who price variable annuities with
GMWB under the assumption that the continuous withdrawals are in line with an im-
pulse stochastic control problem. Ko et al. (2010) price dynamic withdrawal benefits in
a Black-Scholes framework and Bacinello et al. (2016) investigate a dynamic program-
ming algorithm for the pricing of variable annuities with GMWB under a general Lévy
framework.

Most of the literature on life insurance contracts with minimum return guarantee
schemes extends previous work on, for example, stochastic interest rates, mortality risks or
surrender risks. At this point, a reference is made to the following sections which include
a detailed investigation of the relevant academic literature addressing these additional
issues.
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2.4.2 Consideration of interest rate risk

Low interest rate scenarios and downward changes in the term structure of interest rates
still may deteriorate the solvency situation of a life insurance company (EIOPA (2021a)).
In view of the long-term horizons which are common in life insurance products with min-
imum return guarantees, these guarantees can cause a substantial risk exposure to the
insurance company particularly for insurance companies whose portfolios contain a high
proportion of old contracts with high guaranteed returns.23 Insurance companies are no
longer able to generate the guarantee promises through the capital market due to the low
interest rates and therefore tend to offer products with lower or no minimum return guar-
antees.24 Thus, the consideration of interest rate risks has increasingly become the focus
of many research contributions. Table 2.1 presents an overview of research topics related
to interest rate risk in the context of insurance contracts with minimum return guarantees.

Table 2.1: Selected papers dealing with interest rate risk

Author(s)
Contract

type
Guarantee

scheme
Research topic

Bacinello and
Ortu (1993b, 1994,

1996)
ULLI Terminal

Valuation of unit-linked life insurance with
respect to interest rate risk

Briys and
De Varenne (1994,

1997)
PLI Terminal

Valuation of participating life insurance with
respect to default and interest rate risk

Albizzati and
Geman (1994)

PLI Terminal
Valuation of surrender option in participating
life insurance with respect to interest rate risk

Nielsen and
Sandmann (1995,

1996, 2002)
ULLI Terminal

Valuation of unit-linked life insurance with
respect to interest rate risk

(To be continued)

23 Based on a report of EIOPA (2019), 31% of GWP in the European life insurance business refer to a
contract maturity of more than 20 years and 36% to a lifelong maturity.

24 Policyholders who concluded their life insurance contracts in the 1990s, for example, receive a guaranteed
interest rate of 4% until contract maturity. Since 2000, the maximum guaranteed interest rate has been
regularly reduced. However, even if the maximum guaranteed interest rate changes over the years, old
contracts are not affected. From 2022, the maximum guaranteed interest rate will be at 0.25% (GDV
(2021b)).
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Selected papers dealing with interest rate risk

Author(s)
Contract

type
Guarantee

scheme
Research topic

Persson and Aase
(1997)

PLI
Terminal,
Cliquet

Valuation of participating life insurance with
respect to interest rate risk

Miltersen and
Persson (1999)

ULLI
Terminal,
Cliquet

Valuation of unit-linked life insurance with
respect to interest rate risk

Bacinello and
Persson (2002)

ULLI Terminal
Valuation of unit-linked life insurance with

respect to interest rate risk

Ballotta and
Haberman (2003)

ULLI GAO
Valuation of GAO in unit-linked life insurance

with respect to interest rate risk

Schrager and
Pelsser (2004)

ULLI Terminal
Valuation of unit-linked life insurance with

respect to interest rate risk

Bernard et al.
(2005)

PLI Terminal
Valuation of participating life insurance with

respect to default and interest rate risk

Bakken et al.
(2006)

ULLI Cliquet
Valuation of unit-linked life insurance with

respect to interest rate risk

Coleman et al.
(2006)

VA GMDB
Hedging of variable annuities with respect to

equity and interest rate risk

Zaglauer and
Bauer (2008)

PLI Cliquet
Valuation of participating life insurance with

respect to interest rate risk

Benhamou and
Gauthier (2009)

VA
GMDB,
GMAB,
GMIB

Valuation and hedging of variable annuities with
respect to interest rate risk

Hürlimann (2010) ULLI Terminal
Valuation of unit-linked life insurance with
respect to mortality and interest rate risk

Marshall et al.
(2010)

VA GMIB
Valuation of variable annuities with respect to

interest rate risk

Peng et al. (2012) VA GMWB
Valuation of variable annuities with respect to

interest rate risk

Liu et al. (2013) ULLI GAO
Valuation of GAO with respect to mortality and

interest rate risk

Maurer et al.
(2013)

PLI Cliquet
Analysis of participating insurance with respect

to mortality and interest rate risk

Eling and Holder
(2013)

PLI Cliquet
Comparison of different minimum return

guarantees with respect to interest rate changes

Berdin and Gründl
(2015)

PLI Cliquet
Impact of low interest rate environments on life

insurance companies

(To be continued)
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Selected papers dealing with interest rate risk

Author(s)
Contract

type
Guarantee

scheme
Research topic

Hieber et al.
(2015)

PLI Cliquet
Impact of low interest rates on the surplus

participation of life insurance contracts

Eckert et al.
(2016)

PLI Cliquet
Valuation of participating life insurance with

respect to credit and interest rate risk

Goudenege et al.
(2016, 2019)

VA
GLWB,
GMWB

Valuation and hedging of variable annuities with
respect to interest rate risk

Krayzler et al.
(2016)

VA
GMDB,
GMAB

Valuation of variable annuities with respect to
interest rate risk

Deelstra et al.
(2016)

ULLI GAO
Valuation of GAO with respect to the

dependence between interest rate and mortality
risk

Chang and
Schmeiser (2017)

PLI Cliquet
Impact of stochastic interest rates in the

valuation of additional options in participating
life insurance

Shevchenko and
Luo (2017)

VA GMWB
Valuation of variable annuities with respect to

interest rate risk

Augustyniak and
Boudreault (2017)

VA
GMDB,
GMAB,
GMWB

Effectiveness of hedging interest rate risk in
variable annuities

Kang and Ziveyi
(2018)

VA GMAB
Hedging of variable annuities with early
surrender feature under interest rate risk

Braun et al. (2019) PLI Cliquet
Optimal guarantee levels in participating life
insurance with respect to interest rate risk

Fergusson (2020) VA
GMDB,
GMAB

Valuation and hedging of variable annuities with
respect to mortality and interest rate risk

Molent (2020) VA GMWB
Impact of taxation on variable annuities under

interest rate risk

Wang and Xu
(2020)

VA
GMDB,
GMWB

Analysis of risk-based capital for variable
annuities under interest rate risk

Baños et al. (2020) ULLI Terminal
Valuation of unit-linked life insurance with

respect to interest rate risk

Costabile et al.
(2021)

PLI Cliquet
Valuation of participating life insurance with

respect to interest rate risk

PLI=Participating life insurance, ULLI=Unit-linked life insurance,VA=Variable annuities.
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Many of the relevant research contributions regarding interest rate risk deal with
the valuation of life insurance contracts with minimum return guarantees. As far as we
are aware, Bacinello and Ortu (1993b) were the first who discuss stochastic interest rates
in a valuation framework of unit-linked life insurance contracts which is based on Bren-
nan and Schwartz (1976, 1979). They model the interest rates along the lines of Vasicek
(1977) and Cox et al. (1985).25 The authors derive closed-form solutions for single upfront
contributions of the policyholder. Bacinello and Ortu (1994) extend their previous work to
account for single and periodic contributions, using Monte Carlo simulations and Bacinello
and Ortu (1996) consider the case where the reference portfolio is given by fixed-income se-
curities. Nielsen and Sandmann (1995, 1996, 2002) study a model similar to Bacinello and
Ortu (1994) for periodic contributions. They show that this insurance contract contains an
Asian-like option feature since the periodic contributions lead to the option payoff being
dependent on the stock price at certain points in time. Thus, no closed-form solutions can
be obtained such that the authors also use Monte Carlo simulations.

While the previous literature only considers terminal guarantees, Miltersen and Pers-
son (1999) examine a single upfront contribution and distinguish between terminal and
cliquet guarantees within unit-linked life insurance contracts. Their analysis is based on a
more general model of Heath et al. (1992) for the term structure of interest rates. Bacinello
and Persson (2002) also use the model of Heath et al. (1992). Additionally, they extend
the previous work by taking into account both single upfront and periodic contributions.
The Heath-Jarrow-Morton (HJM) model is also used by Bakken et al. (2006) who derive
an alternative for the valuation of cliquet guarantees based on Monte Carlo simulations
as well as by Ballotta and Haberman (2003) who investigate the fair valuation of GAO in
the context of interest rate risks. Moreover, Schrager and Pelsser (2004) demonstrate that
the effect of stochastic interest rates can be interpreted as a convexity correction. They
further derive the minimum return guarantee prices of a unit-linked life insurance contract
in line with the LIBOR market model.

The valuation of variable annuities under stochastic interest rates and stochastic
volatility is subject to the work of Benhamou and Gauthier (2009), for example. The
authors investigate GMDB, GMAB as well as GMIB. The GMIB is also discussed by
Marshall et al. (2010). Assuming that the interest rate dynamics are modeled along the
lines of Hull and White (1990), they analyze the sensitivity of the GMIB value to different

25 An extensive description of various interest rate models is given by e.g. Brigo and Mercurio (2001).
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financial parameters. In a similar context, Deelstra and Rayée (2013) price GMIB under
three different volatility models, all combined with the Hull-White interest rate model.
They expose that accurate model assumptions on volatility are important for insurance
contracts with long maturities. The consideration of GMWB in the context of stochas-
tic interest rates is given by Peng et al. (2012). Under the assumption of deterministic
withdrawals, the authors analytically derive upper and lower bounds for the fair value of
variable annuities with GMWB within a Vasicek framework. In addition, Goudenege et al.
(2016, 2019) aim at valuing variable annuities with GLWB (GMWB, respectively) under
interest rate risk by using hybrid tree-PDE methods. Krayzler et al. (2016) derive closed-
form solutions for the valuation of variable annuities with GMDB and GMAB under the
Hull-White interest rate model.

The consideration of interest rate risk in the valuation of participating life insurance
products with minimum return guarantees, to the best of our knowledge, dates back to
Briys and De Varenne (1994, 1997). Using a contingent claim framework which addresses
interest rate risk, default risk and asset risk, the authors obtain closed-form solutions
for the pricing of participating life insurance contracts. Persson and Aase (1997) derive
a valuation model for participating life insurance contracts with terminal and cliquet
guarantee schemes where the interest rate dynamics are given by the Vasicek (1977) model.
Bernard et al. (2005) study a model for the term structure of interest rates that follows
a HJM framework. Besides the interest rate risk, they also include default risk in their
valuation model. While the previous work mainly examines terminal guarantees, Zaglauer
and Bauer (2008) also account for cliquet guarantees. They model the interest rates along
the lines of Vasicek (1977) and Cox et al. (1985). As no closed-form solutions can be
obtained, Monte Carlo simulations are used for the contract valuation. Costabile et al.
(2021) develop a lattice model for the valuation of participating life insurance contracts
with stochastic interest rates. The authors also account for surrender options embedded
in the model.26

The work of Albizzati and Geman (1994) also deals with the valuation of surrender
options in participating products, focusing on interest rate risk. The impact of stochas-
tic interest rates on the valuation of participating life insurance products with different
additional rights of the policyholder, such as surrender or paid-up options is analyzed
by Chang and Schmeiser (2017). They show that stochastic interest rates can lead to a

26 The policyholder’s surrender option is addressed in Section 2.4.7 in more detail.
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substantial increase in these option values. Surrender options in the context of variable
annuities are analyzed by Kang and Ziveyi (2018). They focus on variable annuities with
guaranteed minimum benefits at maturity and surrender option of the policyholder under
stochastic interest rates. Kang and Ziveyi (2018) investigate the effectiveness of hedging
strategies and find that strategies which are associated with rational surrender behavior
of the policyholder outperform hedging strategies with sub-optimal surrender behavior.

Furthermore, the hedging of variable annuities against the background of inter-
est rate risk is also subject to the work of Coleman et al. (2006) and Augustyniak and
Boudreault (2017). The former focus on GMDB in variable annuities and investigate effec-
tive hedging strategies using local risk minimization under both interest rate and equity
risk. They highlight the importance of considering stochastic interest rates in hedging
strategies and observe that risk minimization hedging can lead to risk reduction. Au-
gustyniak and Boudreault (2017) focus on the effectiveness of hedging interest rate risk in
variable annuities with GMDB, GMAB and GMWB. The determined hedging strategy of
the authors performs similar for these additional riders and accordingly is able to reduce
interest rate risk.

In addition to the issue of accurately accounting for stochastic interest rates in the
contract valuation, other work has been done in the field of insurance contracts with
minimum return guarantees and interest rate risk. The general issue of financial stability
of life insurance companies in low interest rate environments e.g. is subject to the work of
Berdin and Gründl (2015). Putting a special focus on the solvency situation, they analyze
the impact of low interest rate environments on the balance sheet of a representative
German life insurance company, i.e. in the presence of a stock of old contracts with high
minimum return guarantees. Berdin and Gründl (2015) conclude that a long period of
low interest rates has a high impact on the solvency situation of life insurance companies.
Thus, a persistently low interest rate phase leads to a high default probability, especially
for less capitalized insurance companies.

Maurer et al. (2013) analyze participating life insurance contracts with minimum
return guarantees and expose that these contracts may be an efficient way of the insurance
company to deal with unpredictable risks, such as interest rate risks. Eling and Holder
(2013) determine the effect of interest rate changes on the value of different cliquet guar-
antees as already mentioned in Section 2.3.2. Additionally, the effect of low interest rates
on the surplus participation of an insurance portfolio with different minimum return guar-
antees is subject to the work of Hieber et al. (2015). The authors argue that the insurance
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company changes its investment decision if the risk-free interest rate is not sufficient to
cover the minimum return guarantees. They find that increasing minimum return guaran-
tees (as average over all contracts) cause the insurance companies to invest in more risky
assets and therefore demand for higher capital requirements. Hieber et al. (2015) expect
that this increased risk profile could in turn cause financial instabilities for insurance com-
panies in years of low interest rates. Contrarily, Braun et al. (2019) investigate the optimal
guarantee levels in participating life insurance with respect to interest rate risk, showing
that the insurance company tends to invest in risky assets with decreasing minimum re-
turn guarantees. They argue that the utility of the policyholder increases with decreasing
guarantees because the insurance company is able to invest a larger portion of its portfolio
in risky assets that potentially generates higher returns. However, the insurance contract
with minimum return guarantee becomes unattractive for the policyholder compared to
pure investments in assets if the guarantee level within the contract is too low or if the
contract maturity is too short.

In the context of variable annuities, Wang and Xu (2020) investigate the risk-based
capital under the joint dynamics of the mutual fund (MF) and interest rates. They notice
that a positive correlation between the MF and stochastic interest rate leads to a fat-
tailed liability distribution (including value at risk (VAR) and conditional tail expectation
(CTE)). This effect is reduced with increasing contract maturity. Molent (2020) analyzes
the impact of taxation in variable annuities under interest rate risk. He concludes that
taking into account both taxation and stochastic interest rates has an impact on the with-
drawal choices as well as on the costs of variable annuities including GMWB. The author
further demonstrates that taxation may keep the policyholder from making withdrawals.

2.4.3 Consideration of mortality risk

Previous assumptions made by insurance companies about the life expectancy of policy-
holders are no longer valid due to demographic changes. Improvements in life expectancy
that were not taken into account by the insurance company lead to high risks for the insur-
ance company. For example, contracts with minimum return guarantees are underpriced if
a shorter maturity is assumed than actually occurs. In the literature, a distinction is often
made between longevity and mortality risks. Longevity risk refers to the risk that more
policyholder will survive than expected by the insurance company or that, for example,
observed death rates are lower than assumed. Mortality risk describes the risk that fewer
policyholders survive than expected or that, for example, observed mortality rates turn
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out to be higher than assumed. In the following, we use the term mortality risk to the risk
anticipated with deviations from a life expectancy trend.

Improvements in mortality lead to challenges in pricing and reserving of insurance
contracts with long-term benefits and demand for more effective approaches. Literature
dealing with modeling stochastic mortality is quite extensive. Well-known works in this
context include e.g. Dahl (2004), Biffis (2005), Lin and Cox (2005), Biffis and Millossovich
(2006b), Cairns et al. (2006a,b), Plat (2009) and Cox et al. (2010).27 The hedging of
mortality risk in insurance companies is also subject to many research papers, as e.g. Dahl
and Møller (2006), Gründl et al. (2006), Cox and Lin (2007) and Ngai and Sherris (2011).

The literature on life insurance contracts with minimum return guarantees with re-
spect to mortality risk is not as extensive as on other issues addressed in this literature
overview. In particular, it should be noted that 48% of all European insurance products
in terms of GWP are exposed to biometrical risks, especially participating life insurance
contracts (EIOPA (2019)). Thus, more research should be done in this field due to the
changing age structures and uncertain mortality shocks induced by pandemics as the cur-
rent COVID-19 pandemic. Table 2.2 presents an overview of research topics related to
mortality risk in the context of insurance contracts with minimum return guarantees.

Table 2.2: Selected papers dealing with mortality risk

Author(s)
Contract

type
Guarantee

scheme
Research topic

Brennan and
Schwartz (1976,

1979)
ULLI Terminal

Valuation and hedging of unit-linked life
insurance with respect to mortality risk

Milevsky and
Posner (2001)

VA GMDB
Valuation and hedging of variable annuities with

respect to mortality risk

Milevsky and
Promislow (2001)

VA GAO
Valuation and hedging of variable annuities with

respect to mortality risk

Bacinello (2001) PLI Cliquet
Valuation and hedging of participating life

insurance with respect to mortality risk

(To be continued)

27 The description of stochastic mortality models is too extensive to be presented here such that we refer
to Plat (2009) for a detailed overview of stochastic mortality models and the criteria that these models
have to fulfill.
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Selected papers dealing with mortality risk

Author(s)
Contract

type
Guarantee

scheme
Research topic

Wilkie et al.
(2003)

ULLI GAO
Valuation and hedging of GAO with respect to

mortality risk

Biffis and
Millossovich

(2006a)
ULLI GAO Valuation of GAO with respect to mortality risk

Ballotta and
Haberman (2006)

ULLI GAO Valuation of GAO with respect to mortality risk

Melnikov and
Romaniuk (2006)

ULLI Terminal
Performance of different mortality models for the

risk management of unit-linked life insurance

Schrager (2006) ULLI GAO Valuation of GAO with respect to mortality risk

Ulm (2008) VA GMDB
Valuation of variable annuities with respect to

mortality risk

Bacinello et al.
(2009)

ULLI Terminal
Valuation of unit-linked insurance with respect

to mortality risk

Bacinello et al.
(2010)

PLI, ULLI
Terminal,
Cliquet

Valuation of participating and unit-linked
insurance with respect to mortality risk

Hürlimann (2010) ULLI Terminal
Valuation of unit-linked life insurance with
respect to interest rate and mortality risk

Li and Szimayer
(2011)

ULLI Terminal
Valuation and hedging of unit-linked life
insurance with respect to mortality risk

Piscopo and
Haberman (2011)

VA GLWB
Valuation of variable annuities with respect to

mortality risk

Bohnert and
Gatzert (2012)

PLI Cliquet
Impact of mortality risk on insurance company’s

shortfall risk

Maurer et al.
(2013)

PLI Cliquet
Analysis of participating insurance with respect

to interest rate and mortality risk

Liu et al. (2013) ULLI GAO
Valuation of GAO with respect to interest rate

and mortality risk

Fung et al. (2014) VA GLWB
Valuation and hedging of variable annuities with

respect to mortality risk

Chen et al. (2015) PLI
Terminal,
Cliquet

Demand for minimum return guarantees with
respect to mortality risk

Deelstra et al.
(2016)

ULLI GAO
Valuation of GAO with respect to the

dependence between interest rate and mortality
risk

(To be continued)
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Selected papers dealing with mortality risk

Author(s)
Contract

type
Guarantee

scheme
Research topic

Ignatieva et al.
(2016)

VA
GMDB,
GMAB,
GMIB

Valuation and hedging of variable annuities with
respect to mortality risk

Choi (2017) VA GMWB
Valuation of variable annuities with respect to

mortality risk

Bacinello et al.
(2018)

PLI Terminal
Impact of mortality risk on a portfolio of life

insurance liabilities

Wu et al. (2020) PLI Terminal
Optimal asset allocation with respect to

mortality risk

Bacinello et al.
(2020)

PLI Terminal
Optimal contract design with respect to interest

rate and mortality risk

Fergusson (2020) VA
GMDB,
GMAB

Valuation and hedging of variable annuities with
respect to mortality risk

Bacinello et al.
(2021)

PLI Terminal
Impact of mortality risk on a portfolio of life

insurance liabilities

PLI=Participating life insurance, ULLI=Unit-linked life insurance,VA=Variable annuities.

As far as we are aware, the valuation of insurance contracts with minimum return
guarantees with respect to mortality risk goes back to Brennan and Schwartz (1976, 1979).
The authors determine the single upfront and periodic contributions which need to be paid
in order to fulfill the fair pricing condition in unit-linked life insurance contracts, allowing
for mortality risks. Bacinello (2001) aims at fair pricing of participating life-insurance
contracts and incorporates single and periodic contributions and mortality risks. More
recently, Bacinello et al. (2009, 2010) present a general framework for the valuation of
participating and unit-linked life insurance contracts with surrender options based on the
Least Squares Monte Carlo method. They also include random mortality rates in their
pricing framework. Participating life insurance contracts with minimum return guarantees
are also subject to the work of Maurer et al. (2013). The authors show that these contracts
may be an efficient way of the insurance company to deal with unpredictable risks, such
as systematic mortality risks.

In the context of unit-linked life insurance products, Melnikov and Romaniuk (2006)
compare the performance of different mortality models (namely Gompertz, Makeham and
Lee-Carter) for the pricing and hedging of these products. They study how the mortality
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model choice impacts the risk management of insurance companies over different countries,
i.e. based on different mortality data. Melnikov and Romaniuk (2006) find that the perfor-
mance of the Gompertz and Makeham model is similar. On the contrary, the performance
differences between the Lee-Carter model and the former two models are high, especially
for Japan. This highlights the importance of choosing an accurate mortality model and the
insurance company’s awareness of the corresponding risk management strategies within
these different mortality models. In contrast, Li and Szimayer (2011) develop a more flex-
ible framework by only considering the upper and lower bound of the mortality intensity
and call it the uncertain mortality intensity framework. They further aim at pricing and
hedging unit-linked life insurance contracts with different payoff structures. The authors
demonstrate that mortality risk may be mitigated by contract designs.

Milevsky and Posner (2001) use risk-neutral option pricing theory for the valuation
of GMDB in variable annuities with respect to mortality risk. They argue that the GMDB
is something between an European and American put-option because the exercise date
is not chosen by the policyholder but triggered by her death, i.e. a random event. Due
to this, Milevsky and Posner (2001) call it "Titanic option". They further determine the
fair fees for this contract and compare their results with the fees currently charged by
insurance companies. Contrarily, Piscopo and Haberman (2011) focus on the valuation
and hedging of GLWB in variable annuities and the impact of mortality risk. The authors
observe that the value of the GLWB increases with increasing life expectancy of the pol-
icyholder. Additionally, the impact of mortality risk on the value of the GLWB increases
with decreasing age of the policyholder at contract inception. Fung et al. (2014) argue
that Piscopo and Haberman (2011) only focus on mortality risk in GLWB but do not take
other risks and their interaction into account. However, Fung et al. (2014) aim to fill this
gap and determine the impact of financial and demographic parameters on the GLWB
fees. They expose that the fee increases with increasing volatility of mortality. Fung et
al. (2014) analyze risk measures and identify that VAR and expected shortfall (ES) are
higher if systematic mortality risk is included in the model.

Few contributions focus on mortality risks related to GAO. Milevsky and Promislow
(2001) e.g. argue that variable annuities with GAO contain an option on two underlying
stochastic variables for the policyholder: An interest rate option in the sense of GMDB
and an option on mortality rates. The authors use the similarities between interest and
mortality rates in order to model mortality risk, using methods for interest rate modeling.
The dependence between interest rate and mortality risk in the valuation of GAO is also
analyzed by Deelstra et al. (2016). They conclude that the degree of dependency between
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interest rate and mortality risk is model dependent. Schrager (2006) derives a stochastic
mortality model and applies it to the pricing of GAO. Furthermore, he calculates the
required economic capital for mortality risks. The author identifies that mortality risk
increases the value of the GAO. This effect increases with increasing age of the policyholder
and time to maturity. Using stochastic mortality models for the valuation of GAO is also
subject to the work of Ballotta and Haberman (2006) and Biffis and Millossovich (2006a).
The former present that inducing stochastic mortality risk into the model leads to an
increasing value of the GAO.

Most of the relevant literature regarding mortality risk deals with the valuation and
hedging of life insurance contracts with minimum return guarantees. On the contrary,
some papers address other research topics related to mortality risks in insurance contracts
with guarantees. Bohnert and Gatzert (2012) e.g. analyze the impact of different surplus
distribution schemes in participating life insurance contracts on the risk exposure of the
insurance company. Taking into account mortality risk, the authors further examine the
impact of different mortality shocks on the insurance company’s risk situation. They find
that the insurance company faces higher shortfall risk for increasing mortality shocks. The
differences in shortfall risk between the surplus distribution schemes remains similar for
different mortality shocks and the shortfall risk is equal for all surplus distribution schemes.
Furthermore, Wu et al. (2020) assume a utility-maximizing insurance company and asses
the optimal asset allocation for participating life insurance contracts with minimum return
guarantees under mortality risk.

Chen et al. (2015) analyze the demand for minimum return guarantees of EUT- and
CPT-policyholders, incorporating mortality risk. The authors conclude that the demand
for guarantees of EUT-policyholders depends on a combination of mortality, contract ma-
turity and level of risk aversion. They show that mortality is the reason for a deteriorated
performance of the overall Merton solution if the contract is terminated before maturity
and the return of the policyholder’s account is invested at risk-free rate.

Considering a portfolio of completely homogeneous policyholders, Bacinello et al.
(2018) analyze the interplay between investment and mortality risks. They assume that
mortality risk can be divided into a diversable and systematic part. Bacinello et al. (2018)
notice that the systemic mortality risk poses the highest risk, even for small portfolios.
Bacinello et al. (2021) extend their previous work by taking into account a pool of heteroge-
neous policyholders. This heterogeneity is defined by different minimum return guarantees
and contract maturities. The authors identify that higher minimum return guarantees for
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one group of policyholders has to be compensated by higher fair participation rates of the
other group. Additionally, if the two groups differ in their contract maturity, then the fair
participation rate of the group with longer contract maturities turns out to be lower. Along
the lines of Bacinello et al. (2018), Bacinello et al. (2020) aim at optimizing participating
life insurance contracts with minimum return guarantees by taking into account the per-
spective of the policyholder as well as the insurance company. They analytically present
that the insurance contract faces default and mortality risk and assume that policyholders
may perceive mortality risk as the opportunity to "bet" on their contract survival in order
to achieve higher benefits.

2.4.4 Hedging strategies of insurance companies

A way to counter the risks that minimum return guarantees pose to insurance companies is
through an appropriate hedging strategy, i.e. the insurance companies are hedging against
risk in order to manage or eliminate the risk, respectively. Therefore, hedging strategies
are of great interest in practice as well as in academic literature. Table 2.3 presents an
overview of research topics related to hedging strategies in the context of insurance con-
tracts with minimum return guarantees. Thus, a variety of approaches exists, such as e.g.
dynamic hedging strategies which assume a complete market as well as risk-minimizing
hedging strategies, assuming an incomplete financial market.

Table 2.3: Selected papers dealing with hedging strategies

Author(s)
Contract

type
Guarantee

scheme
Research topic

Brennan and
Schwartz (1976,

1979)
ULLI Terminal Dynamic hedging of unit-linked life insurance

Boyle and
Schwartz (1977)

ULLI Terminal Dynamic hedging of unit-linked life insurance

Boyle and Hardy
(1997)

ULLI Terminal
Risk measure based reserving, static and

dynamic hedging of unit-linked life insurance

Møller (1998,
2001a,b)

ULLI Terminal
Risk-minimizing hedging of unit-linked life

insurance

Hardy (2000) ULLI Terminal
Risk measure based reserving, static and

dynamic hedging of unit-linked life insurance

(To be continued)
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Selected papers dealing with hedging strategies

Author(s)
Contract

type
Guarantee

scheme
Research topic

Frantz et al.
(2003)

ULLI Terminal
Risk measure based reserving for unit-linked life

insurance

Pelsser (2003) PLI GAO Static hedging of GAO

Wilkie et al.
(2003)

ULLI GAO
Risk measure based reserving and dynamic

hedging of GAO

Melnikov and
Skornyakova

(2005)
ULLI Terminal Quantile hedging of unit-linked life insurance

Coleman et al.
(2006)

VA GMDB Risk-minimizing hedging of variable annuities

Melnikov (2006) ULLI Terminal Quantile hedging of unit-linked life insurance

Milevsky and
Salisbury (2006)

VA GLWB
Dynamic hedging and static hedging of variable

annuities

Riesner (2006) ULLI Terminal
Risk-minimizing hedging of unit-linked life

insurance

Melnikov (2006) ULLI Terminal Quantile hedging of unit-linked life insurance

Coleman et al.
(2007)

VA GMDB
Dynamic hedging and risk-minimizing hedging of

variable annuities

Mahayni and
Schlögl (2008)

ULLI Terminal
Static and dynamic hedging of unit linked life

insurance under uncertain volatility

Vandaele and
Vanmaele (2008)

ULLI Terminal
Risk-minimizing hedging of unit-linked life

insurance

Wang (2009) VA GMDB Quantile hedging of variable annuities

Klusik and
Palmowski (2011)

ULLI Terminal Quantile hedging of unit-linked life insurance

Kling et al. (2011) VA GMWB
Impact of model risk on the hedge strategy of

variable annuities

Marshall et al.
(2012)

VA GMIB Static hedging of variable annuities

Kolkiewicz and
Liu (2012)

VA GMWB Risk-minimizing hedging of variable annuities

Melnikov and
Tong (2014)

ULLI Terminal Quantile hedging of unit-linked life insurance

Kling et al. (2014) VA GMWB
Impact of policyholder behavior on the hedge

strategy of variable annuities

(To be continued)

48



2 Understanding insurance contracts with minimum return guarantee schemes

Selected papers dealing with hedging strategies

Author(s)
Contract

type
Guarantee

scheme
Research topic

Bernard and Kwak
(2016)

VA GMIB Risk-minimizing hedging of variable annuities

Augustyniak and
Boudreault (2017)

VA
GMDB,
GMAB,
GMWB

Dynamic hedging of variable annuities for
mitigating interest rate risk

Feng and Jing
(2017)

VA GLWB
Dynamic hedging of variable annuities using

analytical solutions

Kélani and
Quittard-Pinon

(2017)
VA

GMDB,
GMAB

Risk-minimizing hedging of variable annuities

Kang and Ziveyi
(2018)

VA GMAB
Dynamic hedging of variable annuities with early

surrender feature

Feng and Yi
(2019)

VA GMAB
Risk measure based reserving and dynamic

hedging for variable annuities

Doyle and
Groendyke (2019)

VA

GMDB,
GMAB,
GMIB,
GMWB

Dynamic hedging of variable annuities using
neural networks

Fergusson (2020) VA
GMDB,
GMAB

Dynamic hedging of variable annuities with
respect to interest rate and mortality risk

PLI=Participating life insurance, ULLI=Unit-linked life insurance,VA=Variable annuities.

As already shown in Section 2.4.1, the guarantee can be stated as a put-option. Thus,
a widely used approach to hedge minimum return guarantees is delta hedging. The aim of
delta hedging is to immunize the put-option (guarantee, respectively) against small price
changes of the underlying, i.e. to maintain delta neutrality. Since this delta neutrality is
only valid for a short period of time, the hedge must be regularly adjusted (rebalancing).
For this reason, this strategy is referred to as a dynamic hedging strategy.

Dynamic hedging strategies in the context of unit-linked life insurance contracts with
terminal guarantees, to the best of our knowledge, date back to Brennan and Schwartz
(1976, 1979) and Boyle and Schwartz (1977). In practice, continuous rebalancing induces
transaction costs that should be taken into account when deriving a hedging strategy.
For the reason that these transaction costs can be quite high, a trade-off between the
frequency of rebalancing (this determines the so-called hedging error) and the transaction
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costs arises. Brennan and Schwartz (1979) therefore derive a hedging strategy, under the
assumption that rebalancing takes place only at regular times or if the hedging error
becomes too large as well as under consideration of transaction costs.

Recent contributions to dynamic hedging strategies in the context of variable annu-
ities are e.g. Augustyniak and Boudreault (2017) and Kang and Ziveyi (2018). The latter
analyze variable annuities with guaranteed minimum benefits at maturity and surrender
option of the policyholder. Determining the effectiveness of hedging strategies, the authors
find that hedging strategies associated with rational surrender behavior of the policyholder
outperform hedging strategies with sub-optimal surrender behavior. The effectiveness of
dynamic hedging strategies for variable annuities in the context of interest rate risk is also
in the focus of Augustyniak and Boudreault (2017). With respect to the guaranteed min-
imum benefits, the authors derive a hedging strategy that reduces interest rate risk and
performs similarly for GMDB, GMAB and GMWB. Augustyniak and Boudreault (2017)
further point out that the model choice is of crucially relevance.

Kling et al. (2011, 2014) analyze hedge efficiency and the influence of model risk
and policyholder behavior on the hedging of variable annuities with withdrawal benefits.
They observe that the contract design in the sense of the withdrawal benefit has an
impact on the hedging strategy. Kling et al. (2011) further demonstrate that if stochastic
volatility is considered, the associated risk of the insurance company can be reduced by
implementing suitable hedging strategies. Additionally, Kling et al. (2014) notice that the
possible difference between the assumed and the actual behavior of the policyholder should
be taken into account when determining the hedging strategy.

In practice, difficulties arise with delta hedging. Marshall et al. (2012) argue the
transaction costs may be too high, especially when rebalancing a large portfolio and may
not fully be borne by the insurance company. Furthermore, the hedging effectiveness is
model dependent. Assuming a model that does not predict the true market movements,
such as jumps or stochastic volatility as well as interest rates may lead to a hedging
strategy that does not work as projected. Accordingly, an alternative for dynamic hedging
is static hedging. In static hedging, a portfolio of different financial instruments is defined
at the beginning and held until maturity date, i.e. without rebalancing. The portfolio is
designed in such a way that its payoff at maturity is as close as possible to the payoff
of the minimum return guarantee. The difference between both payoffs is called hedging
loss. Static hedging strategies therefore do not involve any transaction costs and are also
considered robust to model risks as no rebalancing is performed.

50



2 Understanding insurance contracts with minimum return guarantee schemes

Considering variable annuities with GMIB, Marshall et al. (2012) investigate the
effectiveness of static hedging strategies for these GMIB. Assuming that the GMIB is
underpriced (as already mentioned in Section 2.3.2), the authors identify that the per-
formance of static hedging strategies is "imperfect at best". Consequently, the portfolio
resulting from the static hedging strategy is not able to adequately hedge the GMIB.
Bernard and Kwak (2016) argue that static hedging strategies also bear risk for the insur-
ance company. Counterparty risk is a problem concerning static hedging strategy because
of the financial instrument’s long maturity within the hedge portfolio: The counterparty
may fail to meet its obligations after many years. In addition, it is difficult to get options
on the market that match the long duration of the guarantees (market gap risk).

The first analysis of variable annuities with GLWB under both static and dynamic
hedging strategies, to the best of our knowledge, has been done by Milevsky and Salisbury
(2006). They focus on the hedging costs of guaranteed living benefits. Milevsky and Salis-
bury (2006) present that the GLWB seems to be underpriced compared to what is being
charged on the US market. A consideration of both static and dynamic hedging strategies
for unit-linked life insurance contracts can be found in Boyle and Hardy (1997) and Hardy
(2000), for example. These contributions also take traditional actuarial risk management
into account: Risk measure based reserving. The idea behind reserving is that an amount
of money is held in risk-free bonds until maturity to meet the guarantee costs with a
given probability. The authors discuss how a comparison can be made and how to assess
which strategy is most profitable. Hardy (2000) points out that the results depend on the
assumed parameters.

Determining a self-financing strategy is not always possible and therefore the min-
imum return guarantees may not perfectly be hedged. This gives rise to the question of
other admissible hedging strategies in incomplete markets. An alternative to the previous
hedging strategies is represented by risk-minimizing hedging strategies which are a mix-
ture of static and dynamic strategies, i.e. the hedge portfolio is periodically rebalanced by
pursuing an optimal hedging strategy for an optimal criterion.28 As far as we are aware,
the work of Møller (1998, 2001a,b) was the first contribution which studies risk-minimizing
hedging strategies in the context of unit-linked insurance contracts with minimum return
guarantees. Recent contributions in the context of variable annuities are e.g. Coleman et

28 A reference is made to Møller (2002) for a discussion of different hedging strategies for unit-linked life
insurance contracts.
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al. (2006) with a focus on interest rate risk and Coleman et al. (2007) who investigate
jump risk and stochastic volatility. Coleman et al. (2007) show that risk-minimizing hedg-
ing strategies perform better than delta hedging in terms of risk reduction. Kolkiewicz
and Liu (2012) find similar results for variable annuities with GMWB. Riesner (2006) and
Vandaele and Vanmaele (2008) extend the model of Møller (1998) to an incomplete market
driven by a Lévy process.

Bernard and Kwak (2016) argue that static hedging strategies do not take fees for the
additional riders in variable annuities into account correctly. Usually, the fees are charged
periodically. However, static hedging strategies assume that the insurance company needs
to invest a large amount at the beginning of the contract to construct the hedge portfolio
and then use future periodic fees to offset the initial amount. Thus, there is a risk that the
future fees may not cover the initial amount invested by the insurance company. At this
point, Bernard and Kwak (2016) analyze new semi-static (risk-minimizing, respectively)
hedging strategies for variable annuities which exactly rebalances the hedging portfolio at
the time the fees are paid and expose that these strategies are more effective than delta
hedging and other risk-minimizing strategies in the literature.

For reasons of completeness, another strand of literature focuses on quantile hedg-
ing of unit-linked life insurance with minimum return guarantees.29 Quantile hedging is
analyzed by e.g. Melnikov and Skornyakova (2005), Melnikov (2006) and Klusik and Pal-
mowski (2011) and with a special focus on transaction costs by Melnikov and Tong (2014).

2.4.5 Regulatory requirements

The regulatory framework Solvency II imposes great challenges to insurance companies.
With the entry into force of Directive 2009/138/EC (2009) and Directive 2014/51/EU
(2014) which is transposed into German law through Versicherungsaufsichtsgesetz (VAG)
(2021), insurance companies must ensure that at all times they have eligible own funds
of at least the level of SCR and minimum capital requirement (MCR). If the insurance
company’s own funds fall below the amount of the MCR and compliance with the MCR
cannot be achieved in a short period of time, this may result in the withdrawal of the in-
surance company’s authorization by supervisory authority (Directive 2009/138/EC (2009)
Article 128 and 144, transposed into German law through VAG (2021) Article 89, 122 and

29 A detailed description of quantile hedging can be found in Föllmer and Leukert (1999), for example.
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304).30 Since the protection of policyholders is the main objective of Solvency II, the
capital adequacy requirements are intended to ensure that insurance companies hold suf-
ficient own funds to be able to bear any unexpected losses arising from the risks to which
they are exposed. Accordingly, regulatory frameworks are in the focus of various academic
contributions and Table 2.4 presents an overview of research topics related to regulatory
requirements in the context of insurance contracts with minimum return guarantees.

Table 2.4: Selected papers dealing with regulatory requirements

Author(s)
Contract

type
Guarantee

scheme
Research topic

Briys and
De Varenne (1994,

1997)
PLI Terminal

Valuation of participating life insurance
contracts in the presence of default risk

Jørgensen (2001) PLI Terminal
Valuation of participating life insurance
contracts in the presence of default risk

Grosen and
Jørgensen (2002)

PLI Cliquet
Valuation of participating life insurance
contracts in the presence of default risk

Jacques (2003) ULLI Terminal
Risk measures and fair valuation of life insurance

contracts

Barbarin and
Devolder (2005)

PLI Terminal
Risk measures and fair valuation of life insurance

contracts

Bernard et al.
(2005)

PLI Terminal
Valuation of participating life insurance
contracts in the presence of default risk

Ballotta et al.
(2006)

PLI Cliquet
Valuation of participating life insurance
contracts in the presence of default risk

Chen and
Suchanecki (2007)

PLI Terminal
Valuation of participating life insurance

contracts in the presence of default risk, Impact
of the bankruptcy procedure

Gatzert and Kling
(2007)

PLI
Terminal,
Cliquet

Risk measures and fair valuation of life insurance
contract

(To be continued)

30 Based on an analysis of EIOPA (2021c), Germany has the highest SCR coverage with a median value of
284%, while Latvia has the lowest median value of 157%. Furthermore, Finland has the highest MCR
coverage with a median value of 824%, while Romania and Iceland are the only two European countries
with a median value below 300%. They point out that 84.29% of all European life insurance companies
have a SCR and MCR above 150%.
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Selected papers dealing with regulatory requirements

Author(s)
Contract

type
Guarantee

scheme
Research topic

Kling et al.
(2007b)

PLI Cliquet
Impact of minimum return guarantees and
contract characteristics on the insurance

company’s SPF

Gatzert (2008) PLI
Terminal,
Cliquet

Impact of surplus distribution scheme and asset
management on the insurance company’s pricing

and risk measurement

Ballotta (2009) PLI Cliquet Impact of model misspecifications on SCR

Kochanski (2010) ULLI Terminal
Analysis of SCR for unit-linked life insurance

products

Costabile et al.
(2011)

ULLI Terminal
Valuation of unit-linked life insurance contracts

in the presence of default risk

Graf et al. (2011) PLI
Terminal,
Cliquet

Impact of surplus distribution scheme and asset
management on the insurance company’s pricing

and risk measurement; Risk measures and fair
valuation of life insurance contracts

Feng and Volkmer
(2012)

VA GMDB
Analytical methods for calculation of risk

measures

Fung et al. (2014) VA GLWB
Risk measures and fair valuation of life insurance

contract

Berdin and Gründl
(2015)

PLI Cliquet
Impact of low interest rate environments on life

insurance companies

Reuß et al. (2015) PLI Cliquet
Impact of life insurance contract design on

capital efficiency

Schmeiser and
Wagner (2015)

PLI Cliquet
Interactions of minimum return guarantees on
the equity capital and asset allocation of the

insurance company

Eckert et al.
(2016)

PLI Cliquet
Valuation of participating life insurance
contracts in the presence of credit risk

Devolder (2018) ULLI Terminal SCR under different risk measures

Hainaut et al.
(2018)

PLI Cliquet
Evaluation of SCR for participating life

insurance products

Mirza and Wagner
(2018)

PLI Cliquet
Optimal life insurance contract design in the

background of Solvency II

Both et al. (2019) PLI Cliquet
Analysis of surplus distribution schemes under

Solvency II

(To be continued)
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Selected papers dealing with regulatory requirements

Author(s)
Contract

type
Guarantee

scheme
Research topic

Orozco-Garcia and
Schmeiser (2019)

PLI Cliquet
Relation between fair insurance contract

premiums and policyholder’s level of default risk

Mahayni et al.
(2020)

PLI Cliquet
Optimal life insurance contract design in the

presence of default risk

Wang and Xu
(2020)

VA
GMDB,
GMWB

Analytical methods for calculation of risk
measures

Rödel et al. (2021) PLI
Terminal,
Cliquet

Profitability of life insurance products under
Solvency II

PLI=Participating life insurance, ULLI=Unit-linked life insurance,VA=Variable annuities.

The associated default risk of insurance companies in the context of Solvency II has
an impact on the pricing of insurance contracts with minimum return guarantees because in
the event of insurance company’s default, the policyholder may not necessarily receive the
agreed payments specified in the contract. The consideration of default risk of the insurance
company and therefore regulatory intervention in participating life insurance contracts, to
the best of our knowledge, dates back to Briys and De Varenne (1994, 1997). Using a
contingent claim framework, the authors obtain closed-form solutions for the pricing of
participating life insurance contracts. Their model addresses default risk, interest rate risk
and asset risk. They model the default risk of the insurance company as an European put-
option of the shareholders, i.e. if at maturity the insurance company is unable to fulfill its
liabilities, the shareholders simply walk away.

A weakness of this model is the consideration of the insurance company’s default at
maturity only. Grosen and Jørgensen (2002) extend the model of Briys and De Varenne
(1997) to a regulatory constraint for the assets of the insurance company. If the market
value of the assets at any point in time during the contract maturity falls below a critical
level, the insurance company’s authorization is withdrawn. This ensures continuous mon-
itoring of the insurance company’s solvency. They observe that the regulatory constraint
reduces the value of shareholder’s put-option. Other works dealing with the default risk of
insurance companies when valuing participating life insurance contracts are e.g. Bernard
et al. (2005) and Ballotta et al. (2006). The former extend the work of Grosen and Jør-
gensen (2002) by taking into account stochastic interest rates. Chen and Suchanecki (2007)
argue that the assumption of Grosen and Jørgensen (2002) that a default and liquidation
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occur at the same time does not fit reality very well. They discuss a US Bankruptcy Code
with Chapter 11 bankruptcy which granted the default insurance company some "grace"
period between default and liquidation. Using an Parisian barrier option framework, the
authors conclude that the option values increase with increasing length of the "grace"
period. Additionally, Eckert et al. (2016) point out that the consideration of credit risk
in the sense of defaultable bonds heavily impacts the fair valuation of participating life
insurance contracts.

The fact that the SCR is calculated with complex programs and that the influence
of model misspecifications on the SCR is not taken into account by Solvency II is the
background of the work of Hainaut et al. (2018). From an analytical perspective, they
obtain closed-form solutions and present a robust framework to evaluate the SCR of a
participating life insurance contract. Ballotta (2009) compares different market models
and also finds evidence that model misspecifications have an impact on the SCR.

The previously papers use a financial approach to handle the minimum return guar-
antees or embedded options, respectively. The financial approach deals with risk-neutral
valuation and fair pricing of the insurance company’s liabilities. Although this is an appro-
priate method for valuing the liabilities of insurance companies, this method is based on
the assumption of a perfect hedging strategy. In reality, insurance companies usually can
not follow this perfect hedging strategy, simply because there are hardly any derivatives
with a correspondingly long maturity available on the market.31 Therefore, the financial
risk remains with the insurance company. The actuarial approach on the other hand, fo-
cuses on quantifying this risk with appropriate risk measures under an objective real-world
measure.

Combining financial and actuarial approach, Barbarin and Devolder (2005) e.g. use
a two-step model for the pricing of insurance contracts with profit participation and mini-
mum return guarantees at maturity. First, they study an insurance contract without profit
and argue that the choice of the minimum return guarantee is directly linked to solvency
requirements. The minimum return guarantee is then determined by using VAR and con-
ditional VAR (CVAR). Second, they set the participation rate according to the minimum
return guarantee determined in step one. This process results in a contract that is fairly
priced and, at the same time, has a level of risk that is consistent with regulatory require-

31 A typical contract in the European life insurance business is determined by a maturity of 20 years (or
lifelong) (EIOPA (2019)).
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ments. On the contrary, Gatzert and Kling (2007) argue that this model is only applicable
if the surplus participation rate does not influence risk. Additionally, they develop a model
which addresses shortfall risk and allows an analysis of cliquet guarantees with periodic
surplus participation. The authors assess different parameter combinations that lead to
fair contracts and present the key risk driver of life insurance contracts including termi-
nal and cliquet guarantees. Among other results, Gatzert and Kling (2007) show that the
shortfall probability (SFP) for all contracts with cliquet guarantees can be reduced by in-
creasing the surplus participation at maturity and simultaneously decreasing the periodic
surplus participation. In addition, they conclude that the risk of contracts with positive
initial bonus reserves is lower than for contracts without initial bonus reserves. Increas-
ing minimum return guarantees lead to increasing SFP and ES of contracts with positive
initial bonus reserves.

In opposition to time-consuming Monte Carlo simulations, Feng and Volkmer (2012)
develop analytical methods which reduce computational time to calculate risk measures,
such as VAR and CTE in the context of variable annuities with GMDB. However, they
do not take interest rate risk into account. Wang and Xu (2020) additionally investigate
stochastic interest rates and derive an efficient method to calculate the risk measures VAR
and CTE.

A special focus on minimum return guarantees in life insurance contracts further pro-
vide the contributions of Kling et al. (2007b), Schmeiser and Wagner (2015) and Orozco-
Garcia and Schmeiser (2019). Considering the fair premiums of participating life insurance
contracts with guarantees, Orozco-Garcia and Schmeiser (2019) identify that an insurance
company is not able to on the one hand charge fair premiums and on the other hand to
ensure that all generations face the identical level of default risk. Schmeiser and Wag-
ner (2015) determine the impact of minimum return guarantees imposed by the regulator
on the asset allocation of the insurance company. They find that a shift of the risk-free
interest rate towards the guaranteed interest rate leads to a riskless asset allocation of
the insurance company and the equity capital tends towards zero. Additionally, Kling et
al. (2007b) analyze how minimum return guarantee schemes impose risk to the insurance
company, measured by SFP and thus how default risk depends on the characteristics of
participating life insurance contracts. The authors demonstrate that the reserve quote has
a high impact on the SFP, i.e. the impact of minimum return guarantees is higher (com-
pared to the impact of surplus distribution schemes) for insurance companies with low
reserves.
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More generally, Both et al. (2019) compare life insurance contracts with and with-
out surplus distribution schemes against the background of Solvency II. Graf et al. (2011)
further show that the surplus distribution scheme has an impact on the asset allocation
and on the shortfall risk of the insurance company. In addition, Gatzert (2008) analyzes
the effect of asset management and surplus distribution schemes on pricing and risk mea-
surement. She identifies that the pricing framework induces lower shortfall risk if the
guaranteed interest rate and the terminal surplus participation rate increases while the
annual surplus participation decreases.

Life insurance contract designs with minimum return guarantees in the presence of
regulatory constraints is subject to the work of Reuß et al. (2015) and Mirza and Wagner
(2018). The objective of Mirza and Wagner (2018) is to determine the key parameters
that influence the value of participating life insurance contracts. They point out that
decreasing minimum return guarantees or participation rates demand for higher equity
capital. The authors further observe that a lower required ruin probability implies more
equity capital and decreasing risk-free interest rates imply lower equity capital, which is
in line with Schmeiser and Wagner (2015). Moreover, the impact of contract design on
capital requirements under Solvency II is in the focus of Reuß et al. (2015). They analyze
new designs of participating life insurance contracts and compare them to traditional
contracts. Reuß et al. (2015) identify that the traditional contract leads to higher capital
requirements than the new contract designs. Rödel et al. (2021) measure the profitability
of life insurance products. The authors are able to derive a profit measure that illustrates
the profitability of different life insurance products in the presence of Solvency II.

The general impact of low interest rate environments on the solvency situation is
subject to the work of Berdin and Gründl (2015). They notice that a long period of low
interest rates has a high impact on the solvency situation of life insurance companies.
Thus, a persistently low interest rate phase leads to a high default probability, especially
for less capitalized insurance companies.

Another challenge that insurance companies will face in the future is sustainabil-
ity and environmental, social and governance (ESG), respectively. In line with Commis-
sion Delegated Regulation 2021/1253/EU (2021) and Commission Delegated Directive
2021/1269/EU (2021) which will come into force in 2022, the insurance company is legally
required to implement ESG commitments in both advisory process and product develop-
ment. However, to our knowledge, research on the impact of ESG (and associated reallo-
cation of assets) on life insurance contracts with minimum return guarantees is missing.
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2.4.6 Minimum return guarantees from the policyholder’s perspective

Most of the literature concentrates on the perspective of the insurance company. On the
contrary, it is also important to take the perspective of the policyholder into account
because wrong estimation of the WTP or the behavior of the policyholders can lead to
substantial risk for the insurance company. In addition, the insurance company has no
benefit if the innovative products offered are cost-effective but the demand of the policy-
holders is low. The papers in Table 2.5 present an overview of research topics related to
the perspective of policyholder in the context of insurance contracts with minimum return
guarantees.

Table 2.5: Selected papers dealing with policyholder’s perspective

Author(s)
Contract

type
Guarantee

scheme
Research topic

Berketi (1999) PLI Terminal
Policyholder’s willingness to contribute in case of

insurance company’s insolvency

Jensen and
Sørensen (2001)

ULLI Terminal
Utility loss imposed by minimum return

guarantees

Dai et al. (2008) VA GMWB Optimal withdrawal strategy of the policyholder

Døskeland and
Nordahl (2008)

PLI
Terminal,
Cliquet

Demand for minimum return guarantees of
CPT-policyholders; Optimal contract to increase

policyholder’s welfare

Gatzert and
Schmeiser (2009)

ULLI
Terminal,
lookback

Comparison of different minimum return
guarantees from the policyholder’s perspective

Branger et al.
(2010)

VA, ULLI GMAB
Optimal combination of investment strategy and

guarantee scheme for a CRRA policyholder

Gatzert et al.
(2011)

ULLI Terminal
Policyholder’s WTP for minimum return

guarantees

Bohnert and
Gatzert (2012)

PLI Cliquet
Impact of distribution scheme on policyholder’s

net present value

Ebert et al. (2012) ULLI
Terminal,
Lookback,

Cliquet

Demand for minimum return guarantees of
CPT-policyholders

Gao and Ulm
(2012)

VA GMDB
Optimal investment and withdrawal strategy of

the policyholder

(To be continued)
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Selected papers dealing with policyholder’s perspective

Author(s)
Contract

type
Guarantee

scheme
Research topic

Faust et al. (2012) PLI Cliquet
Performance analysis of participating life

insurance contracts

Gatzert et al.
(2012)

PLI Cliquet
Policyholder’s WTP for minimum return

guarantees

Guillén et al.
(2012, 2013)

PLI Cliquet
Performance analysis of participating life

insurance contracts

Mahayni and
Schneider (2012)

VA GMAB
Utility loss of the policyholder caused by

additional riders in variable annuities

Eling and Holder
(2013)

PLI Cliquet
Comparison of different minimum return

guarantees from the policyholder’s perspective

Bohnert et al.
(2014)

Hybrid,
PLI

Cliquet Policyholder’s WTP for hybrid products

Huang et al.
(2014)

VA GLWB Optimal withdrawal initiation of the policyholder

Chen et al. (2015) PLI
Terminal,
Cliquet

Demand for minimum return guarantees of
EUT- and CPT-policyholders

Schmeiser and
Wagner (2015)

PLI Cliquet
Impact of minimum return guarantee level on

policyholder’s expected utility

Steinorth and
Mitchell (2015)

VA GLWB Optimal withdrawal strategy of the policyholder

Reuß et al. (2016) PLI Cliquet
Impact of insurance contract design on

policyholder’s expected utility

Schmeiser and
Wagner (2016)

PLI
Terminal,
Cliquet

Transaction costs of policyholder for minimum
return guarantees

Mirza and Wagner
(2018)

PLI Cliquet
Impact of insurance contract design on

policyholder’s expected utility

Ruß and Schelling
(2018)

ULLI
Terminal,
Lookback,

Cliquet

Demand for minimum return guarantees of
MCPT-policyholders

Braun et al. (2019) PLI Cliquet
Impact of minimum return guarantee level on

policyholder’s expected utility

Chen et al. (2019) ULLI Terminal Optimal investment strategy of the policyholder

Gatzert (2019) PLI
Terminal,
Cliquet

Transaction costs of policyholder for minimum
return guarantees

(To be continued)
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Selected papers dealing with policyholder’s perspective

Author(s)
Contract

type
Guarantee

scheme
Research topic

Bacinello et al.
(2020)

PLI Terminal
Impact of insurance contract design on

policyholder’s expected utility

Fuino et al. (2020) PLI Cliquet
Policyholder’s preferences in life insurance

products

Mahayni et al.
(2020)

PLI Cliquet
Optimal quantile guarantee for a CRRA

policyholder

Ruß and Schelling
(2021)

PLI
Terminal,
Cliquet

Demand for minimum return guarantees of
MCPT-policyholders

PLI=Participating life insurance, ULLI=Unit-linked life insurance,VA=Variable annuities.

It is a well-known result that an expected utility maximizing CRRA policyholder
does not seek for a minimum return guarantee (Merton (1971)).32 The utility loss that
results from the guarantee is addressed by Jensen and Sørensen (2001), for example. The
guarantee can be seen as an exogenously imposed constraint on the optimal investment
strategy of the policyholder which can lead to a utility loss, especially for relatively risk
tolerant policyholders. The authors show that the utility loss may increase if these poli-
cyholders participate in an investment pool.

Nevertheless, several papers aim to explain the demand for guarantees. Using CPT,
Ebert et al. (2012) determine the utility of different guarantee schemes in unit-linked life
insurance contracts. However, the CPT is only able to explain the demand for terminal
guarantees. Other exotic guarantees are always outperformed by the optimal Merton so-
lution or by the terminal guarantee. In this context, Ruß and Schelling (2018) extend this
approach with the MCPT and are able to explain the demand for more exotic guaran-
tees, such as the lookback or cliquet guarantee. Another paper dealing with the demand
for minimum return guarantees e.g. is Chen et al. (2015). Incorporating mortality risk,
they analyze its impact on the demand for minimum return guarantees of EUT and CPT
policyholders within participating life insurance contracts. Chen et al. (2015) find that
long-term risk-averse policyholders may prefer guarantees within the EUT, depending on
the maturity of the contract as well as on the mortality and risk aversion of the policy-

32 Deviations from the Merton solution can be optimal for the policyholder in the presence of a management
rule. For more details we refer to Chapter 4.
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holder. Døskeland and Nordahl (2008) aim to determine the optimal contract design with a
minimum return guarantee which can increase the policyholder’s welfare. They use CPT to
demonstrate that the optimal contract includes a terminal guarantee, i.e. exotic guarantees
are still outperformed. A different approach is provided by the work of Fuino et al. (2020).
Based on a market survey of German population in 2014, the authors aim to determine
the demand for insurance contracts with minimum return guarantees. They observe that
the amount of the guaranteed capital is the main driver of the demand for those contracts.
Furthermore, contracts including guarantees are always preferred, even if other contracts
without guarantees but with substantial higher return exist. Contrary, Ruß and Schelling
(2021) indicate that MCPT policyholders may prefer products with smoothed returns over
unit-linked life insurance contracts with terminal or cliquet guarantee schemes.

Another strand of literature focuses on the costs of the minimum return guarantee
and accordingly on the policyholder’s WTP for those products. Gatzert et al. (2011) e.g.
are, in the context of unit-linked life insurance contracts, using an online questionnaire
and analyze if the policyholder’s WTP is sufficient to cover the costs of the guarantee as
calculated. They notice that the subjective prices are on average lower than those calcu-
lated in the theoretical pricing model. Besides, many participants’ WTP is higher than
the calculated one. Gatzert et al. (2012) assume that the customer value is represented by
the policyholder’s WTP and depends on the minimum return guarantee and annual (ter-
minal, respectively) surplus participation. They obtain combinations of these parameters
such that the customer value (WTP, respectively) is maximized, given that the contract
value is fixed for the insurance company. The authors show that the WTP substantially
varies across these parameters, even if the contract value does not change from the insur-
ance companies perspective. Besides, Berketi (1999) concludes that the policyholder’s and
insurance company’s objectives do not necessarily need to be mutually exclusive such that
the policyholder is willing to contribute if the insurance company faces insolvency risk.

Schmeiser and Wagner (2016) investigate different investment forms and the asso-
ciated transaction costs that are acceptable for the policyholder. A comparison with the
derived and observable transaction costs in the market demonstrates that insurance com-
panies have to carefully determine these costs in order to be able to provide attractive
payoffs for the policyholders. Gatzert (2019) identifies that insurance companies can charge
higher transaction costs for exotic products, such as participating life insurance contracts
with cliquet guarantees. This result heavily depends on the risk-return asset characteristics
because insurance companies with risky investment strategies may not be able to increase
transaction costs for cliquet products without losing the policyholder’s interest.
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Maximizing the policyholder’s expected utility through customization of insurance
contract designs and the level of minimum return guarantees therein is a further subject
of the literature. With respect to regulatory frameworks, Schmeiser and Wagner (2015)
e.g. study the optimal guarantee level set by the regulator in order to maximize the
expected utility of the policyholder. Considering risk-averse policyholders, the authors
show that setting lower (maximum) return guarantees by the regulator can lead to higher
utility of the policyholders. Thus, the optimal level of minimum return guarantees depend
on the policyholder’s preferences. Braun et al. (2019) are building on and point out, in
opposition to Schmeiser and Wagner (2015), that the participating life insurance contract
with minimum return guarantees becomes unattractive compared to pure investments in
assets if the guarantee level within the contract is too low or if the contract maturity is too
short. Additionally, they identify that a risk-averse policyholder does not necessarily seek
for high guarantee levels. Eling and Holder (2013) compare different cliquet guarantees as
already mentioned in Section 2.3.2. The authors notice that the expected utility of the
policyholder is nearly the same for these different guarantees.

Mirza and Wagner (2018) analyze participating life insurance contracts with respect
to regulation similar to Schmeiser and Wagner (2015). They expose that contracts with
lower minimum return guarantees and lower participation can still lead to higher expected
utility of the policyholder. Schmeiser and Wagner (2015) explain their finding by the
fact that the investment strategy can be more risky due to the alleviation of solvency
constraints for given capital and that the policyholder is still protected against downside
movements of the underlying assets by the minimum return guarantee. Optimal insurance
contracts with minimum return guarantees is also subject to the work of Reuß et al.
(2016). They present optimal combinations of asset allocation and surplus participation
that lead to an unchanged expected profitability of the insurance company while the
insurance company’s risk and accordingly capital requirements are lowered. In addition,
these contracts lead to a higher expected return of the policyholder.

A general performance analysis of participating life insurance contracts compared
to other investment possibilities without guarantees of the policyholder is presented by
Faust et al. (2012). Among other things, the authors conclude that the participating life
insurance contract is outperformed by investment possibilities without guarantees (e.g MF
or exchange traded funds (ETF)) for low initial surplus fund. This result is in line with
Guillén et al. (2012, 2013) who observe that policyholders with minimum return guarantees
may lose a significant rate of return since they invest in participating contracts with cliquet
guarantees instead of other investment strategies at the same risk level. In order to compare
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the performance of terminal and lookback guarantee schemes in a unit-linked life insurance
contract, Gatzert and Schmeiser (2009) use several performance measures, such as Sharpe
ratio and Sortino ratio which are in line with maximizing the policyholder’s expected
utility. They notice that the performance depends on the underlying fund characteristics
(e.g. volatility) and on the hedging of the guarantee (implied by constant proportion
portfolio insurance (CPPI) or option based portfolio insurance (OBPI) strategy).

Another strand of literature focuses on the optimal investment strategy to maximize
the expected utility of the policyholder. Branger et al. (2010) e.g. analyze insurance con-
tracts and assume that the policyholder has to simultaneously decide on the investment
strategy and the embedded guarantee scheme. The authors identify that the maximizing
expected utility of a CRRA policyholder can be achieved by a CM strategy in combi-
nation with a contribution guarantee scheme which is mainly used in variable annuities.
Determining the optimal investment strategy of an unit-linked life insurance contract from
the policyholder’s perspective is subject to the work of Chen et al. (2019). They use non-
concave utility maximization and find that already small tax advantages can lead to higher
expected utilities for the policyholders of these contracts.

The optimal asset allocation and withdrawal choices within variable annuities with
GMDB rider from the policyholder’s point of view is analyzed by Gao and Ulm (2012). In
line with previous work, they show that the Merton solution is not necessarily optimal for
an expected utility maximizing policyholder due to the additional death benefit. Taking
into account the perspective of the beneficiary of the contract in case of the policyholder’s
death, the authors explain this deviation from the Merton solution as an "argument" be-
tween these two parties. The optimal withdrawal strategy of the policyholder is also taken
into account by Steinorth and Mitchell (2015), for example. They demonstrate that the op-
timal withdrawal strategy is driven by a trade-off between financial returns and protection
against longevity risks. Variable annuities offer more flexible riders to the policyholder.
The utility loss of the policyholder caused by these additional riders in the sense that the
policyholder is allowed to decide about the investment strategy is analyzed by Mahayni
and Schneider (2012). The authors argue that additional riders and the flexibility therein
forces the insurance company to consider the most risky investment strategy. Additional
riders imply additional opportunities for policyholder diversification but at the same time
lead to worst case pricing. They conclude that the utility of adjusting the investment strat-
egy is statically not able to compensate the worst case pricing. In contrast, a dynamical
adjustment of the strategy can outweigh this worst case pricing.
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2.4.7 Additional rights of the policyholder within insurance contracts

In Section 2.4.1 it was shown that the minimum return guarantee can be considered as a
put-option. The policyholder has the right to sell this guarantee if the strike price is higher
than the portfolio value. Apart from that, there are numerous additional rights (options,
respectively) of the policyholder in life insurance contracts with minimum return guaran-
tee schemes. A detailed overview of these additional embedded options is given by Gatzert
and Schmeiser (2006), Ballotta and Haberman (2008) and Gatzert (2009). Moreover, the
valuation of the policyholder’s options was mainly neglected in the past until low interest
rates led to insurance companies being unable to meet their liabilities towards policyhold-
ers, resulting primarily from underestimating of these embedded options. As a result, the
correct valuation of additional rights in life insurance contracts has received increasing
attention. Table 2.6 presents an overview of research topics related to additional rights of
the policyholders in the context of insurance contracts with minimum return guarantees.
The focus of the academic literature mainly is on surrender options. Despite that fact,
other options, such as paid-up and resumption options or GAO are not to be neglected.33

Table 2.6: Selected papers dealing with additional rights of the policyholder

Author(s)
Contract

type
Guarantee

scheme
Research topic

Albizzati and
Geman (1994)

PLI Terminal
Valuation of surrender option in context of

interest rate risk

Grosen and
Jørgensen (1997)

ULLI Terminal
Valuation of surrender option in unit-linked life

insurance

Herr and Kreer
(1999)

ULLI Terminal
Valuation of paid-up and surrender options in

unit-linked life insurance

Grosen and
Jørgensen (2000)

PLI Cliquet
Valuation of surrender option in participating

life insurance

Boyle et al. (2001) ULLI Lookback
Valuation of reset options in uni-linked life

insurance

Dillmann and Ruß
(2001)

PLI Cliquet
Valuation of flexible expiration options in

participating life insurance

(To be continued)

33 The consideration of insurance company’s default is mainly treated as a default option in the literature
and already explained in Section 2.4.5.
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Selected papers dealing with additional rights of the policyholder

Author(s)
Contract

type
Guarantee

scheme
Research topic

Jensen et al.
(2001)

PLI Cliquet
Valuation of surrender option in participating

life insurance

Steffensen (2002) ULLI Terminal
Valuation of paid-up and surrender options in

unit-linked life insurance

Tanskanen and
Lukkarinen (2003)

PLI Cliquet
Valuation of switch and surrender options in

participating life insurance

Ballotta and
Haberman (2003,

2006)
ULLI GAO Valuation of GAO in unit-linked life insurance

Boyle and Hardy
(2003)

ULLI GAO Valuation of GAO in unit-linked life insurance

Pelsser (2003) PLI GAO
Hedging and valuation of GAO in participating

life insurance

Wilkie et al.
(2003)

ULLI GAO
Hedging and valuation of GAO in unit-linked life

insurance

Bacinello
(2003a,b)

PLI Cliquet
Valuation of surrender option in participating

life insurance

Linnemann (2004) PLI Cliquet
Valuation of paid-up and surrender options in

participating life insurance

Bacinello (2005) ULLI Terminal
Valuation of surrender option in unit-linked life

insurance

Shen and Xu
(2005)

ULLI Terminal
Valuation of surrender option in unit-linked life

insurance

Biffis and
Millossovich

(2006a)
ULLI GAO Valuation of GAO with respect to mortality risk

Bauer et al. (2006) PLI Cliquet
Valuation of surrender option in participating

life insurance

Gatzert and
Schmeiser (2008)

PLI Cliquet
Valuation of paid-up and resumption options in

participating life insurance

Bauer et al. (2008) VA

GMDB,
GMAB,
GMIB,
GMWB

Valuation of surrender option in variable
annuities

(To be continued)
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Selected papers dealing with additional rights of the policyholder

Author(s)
Contract

type
Guarantee

scheme
Research topic

Bacinello et al.
(2009)

ULLI Terminal
Valuation of surrender option with respect to

mortality risk

Costabile et al.
(2009)

ULLI Terminal
Valuation of surrender option with respect to

interest rate risk

Bacinello et al.
(2010)

PLI, ULLI
Terminal,
Cliquet

Valuation of surrender option with respect to
mortality risk

De Giovanni
(2010)

ULLI Terminal
Valuation of surrender option with respect to

policyholder’s rationality

Van Haastrecht et
al. (2010)

ULLI GAO
Valuation of GAO with respect to interest rate

risk and stochastic volatility

Schmeiser and
Wagner (2011)

PLI Cliquet
Valuation of paid-up, resumption and surrender

options in participating life insurance

Liu et al. (2013) ULLI GAO
Valuation of GAO with respect to interest rate

and mortality risk

Li and Szimayer
(2014)

ULLI Terminal
Valuation of surrender option with respect to

policyholder’s rationality

Deelstra et al.
(2016)

ULLI GAO
Valuation of GAO with respect to the

dependence between interest rate and mortality
risk

Moenig and Bauer
(2016)

VA GMWB
Valuation of surrender option with respect to

taxes

Shen et al. (2016) VA GMAB
Valuation of surrender option in variable

annuities

Chang and
Schmeiser (2017)

PLI Cliquet
Valuation of paid-up, resumption and surrender

options in participating life insurance

Piscopo and
Rüede (2018)

VA GMWB
Valuation of surrender option with respect to

policyholder’s rationality

Bernard and
Moenig (2019)

VA GMDB
Valuation of surrender option with respect to fee

structure

Hilpert (2020) ULLI Terminal
Valuation of surrender option with respect to

policyholder’s risk preferences

Costabile et al.
(2021)

PLI Cliquet
Valuation of surrender option with respect to

interest rate risk

PLI=Participating life insurance, ULLI=Unit-linked life insurance,VA=Variable annuities.
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The surrender option allows the policyholder to early surrender the contract before
maturity. Thereby, the policyholder receives a surrender value as a lump sum in cash which
is defined as the policy reserves less surrender fees. In Germany, for example, the surrender
option is contractually regulated by Article 168-169 Versicherungsvertragsgesetz (VVG)
(2021) and in the United States it is a consequence of Nonforfeiture (2014).

In academic literature, the term lapse risk is often used to describe the risk that
the contract will lapse, e.g. due to a lack of payment. Furthermore, lapse risk is also
defined as both the risk that a surrender value will be paid to the policyholder or that no
payments will be made after the policyholder fails to make payments. According to EIOPA
(2011b), lapse risk represents the largest sub-module in terms of the SCR within the life
underwriting risk module. Based on an analysis of EIOPA (2019), the average lapse rate
between 2013 and 2018 for European countries was 1.8%. The lapse rates significantly
vary between European countries from 0.9% (France) to 10.6% (Romania). Due to that,
the lapse risk is also of great interest in the academic literature. The work of Eling and
Kochanski (2013) provides an overview of the current state of research on the topic of lapse
risk. Eling and Kiesenbauer (2014) analyze the policyholder’s characteristics and contract
features that may lead to lapse in the life insurance market. However, we slightly limit the
academic contributions and focus on the surrender option in the following.

Most of the literature on surrender options in life insurance contracts deals with the
valuation of these options. The work of Albizzati and Geman (1994) is one of the first con-
tributions that deals with the valuation of surrender options with a focus on interest rate
risk. Grosen and Jørgensen (1997) discuss unit-linked life insurance contracts with mini-
mum return guarantees and attempt to value the embedded surrender option. The authors
point out the similarity between surrender options and American options which can also
be exercised once during the contract maturity. They observe that the surrender option
may have a considerably high value. Grosen and Jørgensen (2000) extend their previous
work to participating life insurance contracts, accounting for surplus participation, cliquet
guarantees and bonus reserves. They find that the value of the surrender option decreases
with higher surplus participation because the policyholder benefits and her incentive to
terminate the contract early disappears. Furthermore, the value of the surrender option
decreases with lower risk-free interest rate. This can be explained by the fact that the in-
surance contract’s value (including a minimum return guarantee) increases and thus, the
incentive of the policyholder to surrender the contract decreases. Additionally, Bacinello
(2003a,b) attempt to fair value participating life insurance contracts with single and peri-
odic contributions under binomial trees and surrender options. Bacinello (2005) uses the
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same framework for unit-linked life insurance contracts. A special attention to mortality
risks in the valuation of the surrender option can be found in the work of e.g. Bacinello
et al. (2009, 2010) and to interest rate risk in e.g. Costabile et al. (2009) and Costabile et
al. (2021).

De Giovanni (2010) argues that models depending on option pricing theory do not
exactly predict the policyholder’s behavior. The author derives a model that can be seen as
a link between statistical approaches and common option pricing theory. Li and Szimayer
(2014) also account for policyholder’s rationality and extend the approach of De Giovanni
(2010) to mortality risk and induce fair pricing of the insurance contract. Additionally,
Hilpert (2020) investigates the impact of policyholder’s risk and loss aversion on the surren-
der behavior and on the contract value of unit-linked life insurance contracts. He exposes
that the policyholder’s risk and loss averse surrender behavior differs from value maximiz-
ing behavior which is assumed in the valuation of exercise decisions in American options.
Moenig and Bauer (2016) take taxes into account and demonstrate that taxes are able
to close the gap between value maximizing strategies and observed policyholder surrender
behavior in the market. The policyholder’s decision to early surrender a contract is subject
to the work of Bernard and Moenig (2019). The authors analyze fee structures of vari-
able annuities and conclude that a single fee reduction can lead to mitigating surrender
incentives.

The paid-up option, like the surrender option, is also defined by law. In Germany,
for example, it is regulated by VVG (2021) Article 165 and in the United States it is
also a consequence of Nonforfeiture (2014). The paid-up option allows the policyholder to
stop paying premiums during the contract maturity. In opposition to surrender options, the
contract continues with reduced benefits and is not terminated. Accordingly, the insurance
benefit depends on the policy reserve at exercise date. This benefit (minus option fees) is
then used as a single upfront contribution in order to purchase the same contract as the
original one, i.e. the policyholder has the right to replace the initial contract for a new
contract without paying premiums but with reduced benefits.

Paid-up options together with surrender options are analyzed by e.g. Herr and Kreer
(1999), Steffensen (2002) and Linnemann (2004). The work of Herr and Kreer (1999) stud-
ies stochastic interest rates but do not take mortality risk into account, i.e. they assume
that the policyholder can exercise the option until maturity without paying attention to
possible early death. Steffensen (2002) presents a general framework for the valuation of
paid-up options which is based on optimal intervention strategies. Furthermore, a com-
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parison between different actuarial approaches for the valuation of paid-up options can be
found in Linnemann (2004).

The resumption option allows the policyholder to resume premium payments and
therefore is mainly analyzed together with the paid-up option. This option may be limited
to a certain period of time after the contract has been paid up. In order to increase
the previously reduced insurance benefits and thus return to the original benefits, the
policyholder may either pay the suspended premiums in arrears or adjust the original
amount of premiums. If the premiums are not adjusted, the insurance benefit at the end
of the contract will correspondingly be lower.

Resumption options together with paid-up options are investigated by e.g. Gatzert
and Schmeiser (2008). The combination of these two options lead to the right of the
policyholder to stop premium payments and additionally continue these payments once
after the paid-up option is exercised. The authors focus on the assessment of risk resulting
from the minimum return guarantee, guaranteed interest rate, surplus participation and
volatility of investment. They find that the paid-up option has a significantly high value,
while the additional resumption option on the other hand increases the option value only
slightly. Focusing on the minimum return guarantee, Gatzert and Schmeiser (2008) show
that this is the key driver for the value of these embedded options: A decrease in the
guaranteed interest rate leads to a huge increase in the option value. Schmeiser and Wagner
(2011), in addition, take the surrender option into account and focus on the joint valuation
of these options regarding the exercise behavior of the policyholder. They identify that
the policyholder’s exercise behavior has a strong impact on the option values. Chang and
Schmeiser (2017) extend the framework of Schmeiser and Wagner (2011) and also account
for stochastic interest rates. The authors expose that stochastic interest rates can lead to
a substantial increase in the option values.

The flexible expiration option analyzed by Dillmann and Ruß (2001) allows the pol-
icyholder to terminate the insurance contract prior to regularly expiration and is very
similar to the surrender option. This option can normally be exercised at certain times
towards the end of the contract only. If the policyholder exercises the flexible expiration
option, she receives the insurance benefit including minimum return guarantees and sur-
plus participation, but without any surrender charges. The authors show that the option
value can be huge. Furthermore, Tanskanen and Lukkarinen (2003) analyze the so-called
switch option in participating life insurance contracts which is a right to switch between
different bonus mechanism within the contract duration. At the beginning of each period,
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the policyholder accordingly can choose her preferred bonus policy from a wide range of
contracts. They demonstrate that the switch option has a considerably high value, es-
pecially in low interest rate environments. Another path-dependent option is the reset
option, analyzed by Boyle et al. (2001) which is in fact similar to a lookback guarantee
as presented in Section 2.3.2. Here, the policyholder has the right so reset the guaran-
teed level certain times (usually two resets each period). The authors induce a valuation
method for these options, using Monte Carlo simulations.

The previously mentioned GAO is also an additional right of the policyholder. The
GAO allows the policyholder at contract maturity to convert her accumulated funds into
annuities at fixed conversion rates which are payable until the policyholder’s death. Due
to low interest rates and decreasing fund values, it usually is more beneficial for the policy-
holder to draw life-long annuities nowadays. This is contrary to the original assumptions
of the insurance companies which assumed that GAO would remain out of the money due
to the high interest rates in the past. In addition, improvements in mortality are also an
issue for insurance companies offering GAO. Because of the accompanying challenges for
insurance companies to remain solvent, GAO have also received attention in the academic
literature.

A detailed analysis of GAO is provided by the work of Boyle and Hardy (2003)
and Biffis and Millossovich (2006a), for example. The former identify that the interaction
between financial and mortality risks has an impact on the pricing of GAO. Ballotta and
Haberman (2003) determine a fair pricing model for the valuation of GAO and Ballotta
and Haberman (2006) extend their work by incorporating mortality risk. They show that
stochastic mortality may lead to a reduction in the expected value of the GAO. Van Haas-
trecht et al. (2010) extend the former work by incorporating both stochastic interest rates
and stochastic mortality. However, these contributions focus on the fair pricing of GAO,
while Pelsser (2003) e.g. focuses on the hedging of GAO. He uses swaptions in order to
deal with interest rate risk and thus to hedge the GAO. On the contrary, Boyle and
Hardy (2003) argue that swaptions do not deal with equity risk and Ballotta and Haber-
man (2006) point out that mispricing because of ignoring mortality improvements has an
impact on the GAO’s value. A more recent work of Deelstra et al. (2016) analyzes the
impact of the dependence structure between interest rate and mortality risks when pricing
GAO and demonstrates that the degree of dependency between these two risks is model
dependent.
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2.4.8 Asset model choice

The pricing of minimum return guarantees as described in Section 2.4.1 depends on the
structure of the asset model, i.e. on the risk factors the stock is exposed to. These risk
factors can be e.g. stochastic volatility or jumps. For example, Ballotta (2009) points out
that the Black-Scholes model underestimates the liability value of the insurance company.
Additionally, Kassberger et al. (2008) also demonstrate the impact of the asset price
process on the insurance contract value with minimum return guarantees is notable. Thus,
the asset model choice is significant. In the following, we give a description of the asset
models that are widely used in the literature on insurance contracts with minimum return
guarantees. In this context, Appendix A.2 exposes which models are used by selected
papers.

Black-Scholes model Black and Scholes (1973) introduced the well-known Black-Scholes
model which is most common in the literature of life insurance contracts with minimum
return guarantees. As stated in Appendix A.2, approximately 75% of the relevant litera-
ture uses the Black-Scholes model in the context of life insurance contracts with minimum
return guarantees.34 This mainly is due to the simple handling. For this reason, we give a
detailed description of the Black-Scholes model in Appendix A.3.1.

The assumption of Black and Scholes (1973) is that the stock price follows a geo-
metric Brownian motion which means that the stock price St develops according to the
following continuous-time stochastic differential equation (SDE):

dSt = µStdt + σStdWt. (2.18)

The parameter µ represents the rate of return (drift, respectively) and σ the volatility
of the process. Wt is a Wiener process or a standard Brownian motion, respectively. The
unique solution of the above SDE is given by

St = S0e(µ− 1
2 σ2)t+σWt , (2.19)

where S0 is the initial asset price.

34 Note that we have also assigned extensions of the Black-Scholes model to the term Black-Scholes model,
such as the consideration of multiple assets.

72



2 Understanding insurance contracts with minimum return guarantee schemes

It is usual that the Black-Scholes model focuses on the stock price’s log-return, i.e.

ln
(

St

S0

)
∼ N

((
µ − 1

2σ2
)

t, σ2t

)
. (2.20)

The derived geometric Brownian motion and the corresponding log-normal distri-
bution form the basis for the Black-Scholes model. Under risk-neutral valuation the price
of European call- and put-options at time t with strike K and maturity T results in

Call[St, T − t, K, σ] = Ct = StΦ (d1) − Ke−r(T −t)Φ (d2) (2.21)

Put[St, T − t, K, σ] = Pt = Ke−r(T −t)Φ (−d2) − StΦ (−d1) , (2.22)

where d1 =
ln
(

St
K

)
+
(
r + 1

2σ2
)

(T − t)
σ

√
T − t

,

d2 = d1 − σ
√

T − t.

Φ(·) denotes distribution function of the one-dimensional standard normal distribution.
Proof: The proof for an European call-option is given in Appendix A.3.2.

As can be seen, the price of a European call- or put-option depends on five param-
eters: Stock price St, strike K, risk-free interest rate r, maturity T and volatility σ. All
parameters are observable on the market, except for the volatility parameter. Moreover,
if market prices for options are known, this volatility can be implicitly determined by
finding the volatility for which the model price equals the market price of the option. This
volatility is called implied volatility. Mathematically, the implied volatility σimp is sought
for which the market price of the option CM

t corresponds to the price according to the
Black-Scholes model CBS

t at time t, s.t.

CM = CBS (St, T − t, K, σimp) .

Given that the Black-Scholes model is correct, it can be assumed that the implied
volatility σimp equals the volatility expected by the market. Moreover, assuming that the
price of the underlying is given by a geometric Brownian motion, the implied volatility must
be the same for all possible strike prices and maturities of an option on the same underlying.
In reality, however, the so-called volatility smile is observed for most stock markets. This
is the peculiarity that options with the same maturity but different strike prices have
different implied volatilities. Visualizing the dependence between the implied volatility
and strike price results in a convex curve that reminds of a smile and is therefore called
a volatility smile. A symmetrical volatility smile mainly occurs in the case of currency
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options, whereas in the case of stock options a monotonically falling volatility curve is
observed. The trend in which the implied volatility decreases with increasing strike price
is also referred to as volatility skew. However, this is not consistent with the assumption
of the Black-Scholes model which actually requires a flat volatility curve.

Volatility models The problem mentioned before raises questions about a model that
can better explain the derived implied volatility or the option prices observed in the
market. Therefore, numerous models have been developed in the literature that extend
the Black-Scholes model. With respect to volatility, a distinction is often made between
local and stochastic volatility models.

In the local volatility model, it is no longer assumed that volatility is represented by
a constant σ but deterministically varies as a function of t and St, i.e. σ(t, St). Well-known
papers dealing with local volatility in the context of option pricing are e.g. Derman and
Kani (1994) and Dupire (1994). The stock price evolution in the local volatility model is
given by

dSt = µStdt + σ(t, St)StdWt. (2.23)

Obviously, for the constant function σ(t, St) ≡ σ, the basic Black-Scholes model is
obtained.

The volatility in local volatility models is endogenous. Thus, σ(t, St) is a determin-
istic function and perfectly correlated with the stochastic variable St, i.e. it is driven by
a process that is subject to the same risk factors as St. Since the stock price is the only
stochastic factor, this leads to the preservation of the assumption of market completeness.

The assumption of a complete capital market does not necessarily reflect reality.
Exogenous factors that influence the stock price are ignored. Yet, as has been shown in
practice, factors, such as e.g. political events, natural disasters and pandemics, do have an
impact on the development of the stock price. In early 2020, the S&P 500 stock market
index reacted to the COVID-19 pandemic by losing more than 30% of its value. Therefore,
financial markets are in principle incomplete.

This market incompleteness is a part of stochastic volatility models. In these models,
it is assumed that not only the stock price itself but also its volatility is uncertain. As men-
tioned above, the volatility of stock prices is expected to increase after shocks. Moreover,
since such developments are unpredictable, two processes are specified in the stochastic
volatility models: One for the stock price itself and the other for its volatility (variance,
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respectively). Well-known papers dealing with stochastic volatility in the context of option
pricing are e.g. Hull and White (1987), Stein and Stein (1991), Heston (1993) and Schöbel
and Zhu (1999). A model that is commonly used in practice is the Heston model which we
will now discuss as an example. Here, the stochastic processes of the stock price St and
variance vt are given by

dSt = µSt + √
vtStdW s

t (2.24)

dvt = κ(θ − vt)dt + η
√

vtStdW v
t , (2.25)

where √
vt is the volatility of the stock price St, η is the volatility of the volatility √

vt

which is also referred to as vol of vol. The parameter θ represents the mean-reversion
level. In the long term, the variance fluctuates around the mean θ which is also known as
mean-reversion. κ is the speed of mean-reversion for the variance vt.

The Brownian motions W s
t and W v

t are correlated with

Corr (W s
t , W v

t ) = ρ,

where ρ ∈ [−1, 1].

The volatility in stochastic volatility models is exogenous, i.e. it is driven by a
process that is subject to other risk factors than St, such as other Brownian motions here
or jump processes as investigated in the following. This leads to the market model being
incomplete.

Local volatility models to describe the asset dynamics in the context of insurance
contracts with minimum return guarantees have been used by e.g. Li and Szimayer (2011,
2014) for unit-linked life insurance contracts with terminal guarantees or Deelstra and
Rayée (2013) for variable annuities with GMIB. Stochastic volatility models have been
used by e.g. Eckert et al. (2016) for participating life insurance contracts with cliquet
guarantees and Cui et al. (2017a) for variable annuities with GMAB.

Jump diffusion models If the Black-Scholes model is to be retained in general but
modified in a way that more realistic stock price movements are also reproduced in the
model, it is advisable to allow for jumps in the stock price. Jumps are generated in reality
by unpredictable new information or events. The Black-Scholes model’s pure assumption
of a geometric Brownian motion does not allow for large asset price movements within
a short period of time. Therefore, jump diffusion models consist of two basic building
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blocks: A geometric Brownian motion which is the diffusion part and a Poisson process
which represents the jump part. Well-known papers on jump diffusion models in option
pricing are e.g. Merton (1976) and Kou (2002). The model setup in the following goes back
to Merton (1976) and is also known as Merton jump diffusion model. Within the Merton
jump diffusion model, the asset price St is modeled as

dSt

St−
= (µ − λκ)dt + σdWt + (Jt − 1)dNt, (2.26)

where St− defines the stock price before a jump appears at time t. µ represents the drift,
σ the volatility of the asset return and Wt is a standard Brownian motion. Nt is a Poisson
process with intensity λ, where λ defines the average number of jumps per unit time. The
relative jump size is given by Jt − 1 which is log-normal distributed with expected value
E(Jt − 1) = eµ+ 1

2 σ2 − 1 ≡ κ. The stock price St of the Merton jump diffusion model is
subject to two risk factors, the Wiener process and the stochastic jump risk. Accordingly,
this model as well as the stochastic volatility model discussed before results in a market
that is no longer complete. As a result, a valuation based on arbitrage considerations only
is no longer possible.

Jump diffusion models for the valuation of life insurance contracts with minimum
return guarantees have been used by e.g. Coleman et al. (2006) for variable annuities with
GMDB and Orozco-Garcia and Schmeiser (2015) for unit-linked life insurance contracts
with terminal and lookback guarantees. The latter find that the guarantee price and ex-
pected maturity payoff for terminal and lookback guarantees are the same under the jump
diffusion model of Merton (1976) and Kou (2002). Hence, we use the term jump diffusion
model to refer to any model driven by both a standard Brownian motion and a Poisson
process.

General Lévy models Additional models that are exclusively based on jump processes
are the so-called Lévy models. Here, the Brownian motion from the Black-Scholes model
is basically replaced by a Lévy process. A Lévy process is a stochastic process with inde-
pendent and stationary growth. Accordingly, a Brownian motion is also a Lévy process.
However, it is considered as a special case since it is the only random process without
jumps. The vast majority of Lévy processes contain paths with jumps, such as the Pois-
son process from above. Therefore, the above jump diffusion model is also a Lévy process
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but similar to the Brownian motion, it is considered as a special case.35 Models based on
general Lévy processes with jumps, in opposition to models based on Brownian motion,
are often more able to explain extreme stock price movements and thus to reproduce real
observations in the capital market. This mainly is because they have distributions that
can account for skewness and kurtosis excess. Examples of general Lévy processes are the
Variance Gamma process, the Inverse Gaussian process and the Generalized Hyperbolic
process.36

General Lévy models to implement the asset dynamics in the context of insurance
contracts with minimum return guarantees have been used by e.g. Ballotta (2005, 2009)
for participating life insurance contracts with cliquet guarantees and Hieber (2017) for
unit-linked life insurance contracts, also dealing with cliquet guarantees.

2.5 Conclusion

Academic contributions on the valuation of life insurance contracts with minimum return
guarantees already have been published in the 1970s. Since then, there have been nu-
merous contributions addressing a broad range of issues that insurance companies face
when dealing with guarantee contracts. The chapter provided an insight into the relevant
literature and identifies areas for potential further research.

Due to the declining attractiveness of traditional life insurance contracts, an increas-
ing number of new so-called innovative life insurance contracts is offered by insurance com-
panies in recent years. Many policyholders still associate the guarantee with some kind of
security and therefore continue to conclude life insurance contracts with guarantees (GDV
(2021a)).

In addition to the contracts presented in this chapter, there exist various other
exotic life insurance contracts with minimum return guarantees and hybrid forms. Hybrid
products, in particular, which are a combination of participating and unit life insurance,
are already present in individual markets: According to EIOPA (2021b), hybrid products
define more than 90% of the life insurance market in France, between 30% and 40% in
Italy and Luxembourg and between 10% and 30% in Austria, Hungary and Germany. An

35 Note that in our study, we use the term general Lévy model to refer to models that do not belong to
the Black-Scholes or Merton/Kou Jump diffusion model.

36 For further information on Lévy processes in finance a reference is made to Schoutens (2003).
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increase is also expected in other countries. On the contrary, hybrid products receive
little attention in academic literature. Due to the increasing market shares, these hybrid
products should be investigated intensively. Additionally, given that e.g. approximately 57
% of all life insurance contracts concluded in Germany are paid with periodic premiums,
the academic literature should take a closer look at the contribution schemes.

Comparatively limited research exists on mortality risks in life insurance contracts
with minimum return guarantees. Considering that 54% of participating and 36% of unit-
linked life insurance contracts in the European Economic Area are exposed to biometrical
risk (in terms of GWP), more attention should be paid to this issue (EIOPA (2019)).
Especially the recent COVID-19 pandemic has led to increases in overall mortality risks.
Unlike initial expectations, the global insurance sector has proven to be resilient after
the initial financial market shock according to the International Association of Insurance
Supervisors (IAIS) (IAIS (2020)). In 2021, Germany, for example, was able to maintain
the high level of GWP of the previous year (GDV (2021a)).37 Despite that fact, given
uncertain duration and impact of the COVID-19 pandemic, potential vulnerabilities, such
as the impact of the low interest rate environment on life insurance companies offering
long-term guarantee contracts remain. It can therefore be assumed that further research
will be conducted on the long-term effects of COVID-19.

Another relevant topic which will gain more importance in the future is sustainabil-
ity and ESG, respectively. In line with Commission Delegated Regulation 2021/1253/EU
(2021) and Commission Delegated Directive 2021/1269/EU (2021) which will come into
force in 2022, the insurance company is legally forced to implement ESG obligations in
both the consulting process and product development. The demand from customers is
also increasing and some insurance companies are already offering sustainable life insur-
ance products.38 It is therefore to be expected that ESG will also receive greater attention
in the literature in future.

37 According to GDV (2021a), the number of new business contracts decreased compared to the previous
year. One reason for this could be the lack of personal customer contact as described by Organisation
for Economic Co-operation and Development (OECD) (OECD (2021)). On the other hand, German
insurance companies recorded a historically low lapse rate. Obviously, the companies were able to provide
sufficient support to their customers in cases of payment difficulties. Detailed procedures and further
responses from government, supervisors and industry can be found in OECD (2020).

38 Sustainable products include e.g. Eco-Rente Chance of ERGO Vorsorge Lebensversicherung AG,
GrüneRente performance+ of Stuttgarter Lebensversicherung a.G. and CleverInvest Privatrente of HDI
Lebensversicherung AG.
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Chapter 3

Impact of minimum return
guarantee schemes in life
insurance contracts with periodic
contributions

3.1 Introduction

A common practice in the life insurance sector is that the policyholder participates with her
contributions (minus guarantee costs) in the investment strategy of the insurance company.
This type of contract is also referred to as participating life insurance contract as already
explained in Section 2.2.1. Usually, this participation only refers to a possible surplus.
Regulatory rules and the competition imply that the policyholder receives at least some
guaranteed value or a guaranteed interest on her savings amounts. Although insurance
companies, such as e.g. Allianz Lebensversicherung-AG and R+V Lebensversicherung AG
tend to lower the guarantee rates in life insurance contracts, they still have an important
role since the policyholder can participate in positive market developments and at the same
time has a downside protection due to the guarantee scheme.1 Thus, many policyholders

1 Allianz Lebensversicherung-AG and R+V Lebensversicherung AG have abandoned the 100% contribu-
tion guarantee at the beginning of 2021. The policyholders of Allianz only have the option of choosing
between minimum return guarantees of 90, 80 and 60% at the end of the maturity when they conclude
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still associate the guarantee with some kind of security and therefore continue to conclude
life insurance contracts with minimum return guarantees (GDV (2021a)).

In practice, policyholders can usually choose whether to pay their contributions once
at the beginning of the contract (single upfront contribution) or periodically (e.g. monthly
or annual).2 Thereby, periodic contributions are well accepted by policyholders: 57% of all
life insurance contracts in Germany are concluded with periodic contributions as stated
from GDV (2021a). On the contrary, as given in Appendix A.2, approximately only 30%
of the relevant academic literature deals with periodic contributions in the context of
insurance contracts with minimum return guarantees. A reason for the fact that periodic
contributions are less frequently assumed than upfront contributions could be the higher
complexity in the valuation of periodic contributions for the reason that they imply Asian-
like options, i.e. options whose payoff depends on the stock price at certain points in time.

Since different guarantee and contribution schemes have an impact on when and
how the policyholder is invested in the insurance company’s asset side, they also imply
different guarantee costs and benefits to policyholders. Accordingly, we analyze different
contribution schemes and their impact on the guarantee price and policyholder’s expected
utility. We further identify the optimal contribution scheme, taking into account different
guarantee schemes. We distinguish between common guarantee schemes as used in the
existing literature: Terminal, lookback and cliquet guarantee schemes. While the problem
of pricing life insurance contracts with guarantees and periodic contributions is already
discussed in the literature (e.g. Boyle and Schwartz (1977), Nielsen and Sandmann (1996)
and Bernard et al. (2017)), a combined analysis of the impact of different contribution
schemes on the guarantee price of the three guarantee schemes and expected utility of the
policyholder is, to the best of our knowledge, still missing. A paper dealing with related
problems is Mahayni and Muck (2017a) which quantifies and illustrates the guarantee
costs of terminal and cliquet guarantee schemes, the utility and WTP of the policyholders
as well as the default probabilities and capital requirements of insurance companies. How-
ever, they consider constant contributions of the policyholder, while we investigate flexible
contribution schemes and additionally include a lookback guarantee in the analysis.

new contracts as e.g. KomfortDynamik, InvestFlex and IndexSelect. R+V guarantees a maximum of 90%
of the contribution payments at the start of the pension within their product PrivatRente Performance.

2 Products include e.g. Rente Chance (Select) of ERGO Vorsorge Lebensversicherung AG, Pri-
vatRente KlassikClever of Württembergische Lebensversicherung AG and PrivatRente of Allianz
Lebensversicherungs-AG.
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Some of our results can thus be applied to products which belong to the class of
unit-linked life insurance contracts with an interest rate guarantee where the insurance
benefit is linked to the performance of a specific reference portfolio as explained in Section
2.2.2. In addition, these results concern variable annuities which are insurance contracts
with guarantees designed as pension products, where the trusted fund is invested in a
reference portfolio presented in Section 2.2.3. In order to isolate the interaction of different
guarantee schemes with periodic contributions and their joint impact on the expected
utility of the policyholder, we abstain from additional rights which may be included in
those insurance products, such as surrender options, paid-up and resumption option and
GAO.3 In general, we focus on the characteristics that these contracts have in common: The
value of the insurance benefits depends on an economic factor that can not be controlled
by the insurance company.

This chapter is related to several strands of the literature including (i) pricing of em-
bedded guarantees (options, respectively), (ii) periodic contribution schemes, (iii) utility
losses caused by guarantees and/or sub-optimal investment decisions conducted by insur-
ance companies, (iv) portfolio planning and (v) innovative guarantee contracts. Without
postulating completeness, we only refer to a subset of the related literature and hint at the
additional literature given within the mentioned papers as well as on the previous chapter
which gives a detailed overview of the relevant literature.

Traditional life insurance contracts contain long-term guarantees. The value and
risk management of these guarantees have been investigated in the academic literature
since the pioneer work of Brennan and Schwartz (1976), where option pricing theory is
used for fair contract pricing. Further analysis of this topic can be found in Briys and
De Varenne (1994, 1997), Aase and Persson (1994) and Ekern and Persson (1996). The
insurance industry has ignored the pricing problem almost completely for a long time
until the last years. Recent academic contributions include Bauer et al. (2010), Nielsen et
al. (2011), Orozco-Garcia and Schmeiser (2019), Hieber et al. (2019) and Bacinello et al.
(2021).

The first consideration of periodic contributions, as far as we are aware, dates back
to Brennan and Schwartz (1976) and Boyle and Schwartz (1977). Further discussions
about single and periodic contributions can be found in Bacinello and Ortu (1993a,b,
1994) and Nielsen and Sandmann (1995, 1996). While they only consider constant periodic

3 The policyholder’s additional rights are already explained in Section 2.4.7.
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contributions, we account for flexible contributions which can vary over time. More recently
contributions are e.g. Gatzert (2013), Reuß et al. (2016), Bernard et al. (2017), Braun et
al. (2019) and Eckert et al. (2021). Gatzert (2013) points out that the contribution scheme
has an impact on the performance of unit-linked life insurance contracts and Bernard et al.
(2017) identify that variable annuities with periodic contributions do not necessarily have
higher fees than variable annuities with a single upfront contribution. While Braun et al.
(2019) and Eckert et al. (2021) analyze the optimal cliquet guarantee level in participating
life insurance with regular contributions with respect to interest rate risk, we account for
different guarantee schemes and flexible contributions.

In order to determine the value of the contract from the policyholder’s point of view,
it is useful to review the literature on behavioral theory. A contribution that deals with
the explanation of the demand for guarantees under the EUT and CPT is e.g. Chen et al.
(2015). The consideration of CPT is further given in Døskeland and Nordahl (2008) and
Ebert et al. (2012). Ruß and Schelling (2018) explain the demand for exotic guarantees
under MCPT.

To assess life insurance contracts with minimum return guarantees and participation
in the surplus of the insurance company, it is necessary to evaluate the asset strategy
itself. There exists a strong connection to the literature of portfolio optimization which
already dates back to Merton (1971). He solves the problem of maximizing the expected
utility of an investor with CRRA in a Black-Scholes model setup. The continuous utility
maximizing strategy is given in terms of a constant investment fraction in the risky asset.
Further literature on portfolio optimization in a Black-Scholes model setup is given by
e.g. Branger et al. (2010), Schmeiser and Wagner (2015, 2016), Mahayni and Schneider
(2016), Chen and Hieber (2016), Reuß et al. (2016), Chen et al. (2019), Nguyen and Stadje
(2020), He et al. (2020) and Bär et al. (2021). The latter use a modified utility function
in order to derive optimal investment strategies in retirement planning.

Life insurance contracts with minimum return guarantee schemes are e.g. subject to
the work of Eling and Holder (2013) who discuss different cliquet guarantee designs and
determine the effect of interest rate changes on the value of those guarantees as well as
Mahayni and Muck (2017a) who investigate terminal and cliquet guarantee schemes in the
context of constant periodic contributions. Considering the different guarantee schemes,
mostly related to our work are the contributions of Ebert et al. (2012) and Ruß and
Schelling (2018). Ebert et al. (2012) analyze the utility of terminal, lookback and cliquet
guarantees against the background of CPT policyholders. They find that the CPT is able
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to explain the demand for the terminal guarantee scheme but not for more exotic guarantee
schemes, such as the lookback or cliquet guarantee. The work of Ruß and Schelling (2018)
follows on from this and explains the demand for exotic guarantees with the MCPT.
However, the authors only investigate a single upfront contribution and do not account
for the impact of flexible periodic contributions on the policyholder’s utility as done in the
following.

Therefore, this chapter deals with participating life insurance contracts with periodic
contributions and their benefits to the policyholder. The main focus is on the impact of
different guarantee schemes and their interaction with periodic contributions with respect
to the expected utility of the policyholder. We identify the optimal contribution scheme
for each guarantee scheme in line with the preferences of the policyholder.

The proceeding is as follows: We use a Black-Scholes model setup consisting of two
assets, a risky stock (or index, respectively) and a risk-free asset growing with constant
interest rate as given in Section 3.2. The price dynamics of the risky asset are driven by a
geometric Brownian motion. In a scenario where the insurance company invests a constant
fraction of the asset side in the risky asset, the asset side of the insurance company is also
driven by a geometric Brownian motion. Here, the riskiness of the investment strategy
can exclusively be described by the volatility of the risky asset scaled by the constant
investment fraction.4

In Section 3.3, the contract designs including guarantee prices of the terminal, look-
back and cliquet guarantee scheme with respect to different contribution schemes are
presented. In order to get a first intuition about the behavior of the guarantee prices for
single and periodic contributions, they are studied in more detail in Section 3.4. For the
purpose of comparing insurance contracts with different guarantee schemes that are worth
the same, we determine the fair price of these contracts in Section 3.5 and accordingly
derive conditions on the contract parameters such that the contracts are fairly priced,
given the remaining contract parameters. Before we start with the analysis of the policy-
holder’s expected utility, we consider the risk-return profile of insurance contracts with the
terminal, lookback and cliquet guarantee scheme under single and periodic contributions
in Section 3.6.

4 The risk structure in this setup is constant over the investment horizon. In Chapter 4 we also add
management rules due to possible stock market movements which imply a different risk profile of the
asset side.
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Finally, Section 3.7 determines the expected utility of the policyholder. Assuming
that the risk preferences of the policyholder are described by a CRRA, we study her
portfolio planning problem in terms of maximizing her expected utility with respect to the
optimal contribution date. In order to take the individual preferences of the policyholder
under different levels of risk aversion into account, our model uses a utility function to
evaluate the policyholder’s perspective. First, we examine the case without a guarantee
scheme in order to better identify any utility loss resulting from the guarantee in the
following section. Within the utility analysis for the case with guarantee scheme, we then
distinguish between the impact of different contract parameters, such as premium fraction,
investment fraction, participation fraction, as well as the impact of the policyholder’s
level of risk aversion on her expected utility under the assumption of single and periodic
contributions. Section 3.8 concludes.

3.2 Model framework

Before we get into the analysis of participating life insurance contracts with terminal,
lookback and cliquet guarantee schemes, first, we introduce the financial market model
and investment behavior of the insurance company. Thus, we define the different asset
classes in which the insurance company may invest and the resulting portfolio wealth
process.

Our financial market model over the filtrated probability space (Ω, F , (Ft)t∈[0,T ],P) is
given by the Black-Scholes model.5 The filtration (Ft)t∈[0,T ] is generated by the standard
Brownian motion (Wt)t∈[0,T ]. Because of the completeness of the Black-Scholes model,
there exists a uniquely defined equivalent martingale measure P∗ under which the process
(W ∗

t )t∈[0,T ] is a standard Brownian motion. In particular, the risky asset (St)t∈[0,T ] and
risk-free bond dynamics (Bt)t∈[0,T ] are given by

dSt = St (µ dt + σ dWt) = St (r dt + σ dW ∗
t ) , S0 = 1

dBt = Btr dt, B0 = b.

5 We are aware of the limitations of the Black-Scholes model (see also Section 2.4.8). However, we expect
that the impact of more sophisticated models, such as stochastic volatility models or stochastic interest
rate models would have a minor effect relative to the behavior of the policyholder that we are mainly
interested in.
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Under the real world probability measure P, the asset price follows a geometric Brow-
nian motion with constant drift parameter µ (µ > r) and constant volatility σ (σ > 0).
Under the martingale measure (pricing measure) P∗, the asset price follows a geometric
Brownian motion with constant drift r and constant volatility σ (σ > 0). The risk-free
bond B grows at constant interest rate r. The time to maturity of the contract is given
by T (T < ∞).

Following a CM strategy, the insurance company can set a constant fraction of
wealth (so-called investment fraction) which is invested into the risky asset S. According
to common practice, this investment fraction π is restricted to values between zero and
one (π ∈ [0, 1]), i.e. no short selling and borrowing is allowed. The remaining part (1 − π)
is invested in the risk-free bond B. The evolution of the portfolio wealth, denoted by the
stochastic process (At)t∈[0,T ], is described by

dAt = At

(
π

dSt

St
+ (1 − π)dBt

Bt

)
, A0 = 1. (3.1)

The solution of Equation (3.1) is again given by a geometric Brownian motion. It
holds under the real world measure P and pricing measure P∗:

At = A0e(µA− 1
2 σ2

A)t+σAWt = A0e(r− 1
2 σ2

A)t+σAW ∗
t ,

where the drift µA and volatility σA is given by

µA := πµ + (1 − π)r = r + π(µ − r)

σA := πσ. (3.2)

Throughout the following, we consider a maturity of T = 2 such that in consequence
for the solution of Equation (3.1) it holds under the real world measure P and pricing
measure P∗:

A2
A0

= A1
A0

A2
A1

= eµA− 1
2 σ2

A+σAW1eµA− 1
2 σ2

A+σA(W2−W1)

= er− 1
2 σ2

A+σAW ∗
1 er− 1

2 σ2
A+σA(W ∗

2 −W ∗
1 ). (3.3)

The above setting describes the investment behavior of the insurance company. Ad-
ditionally, we now focus on the contributions of the policyholder which are invested into
the asset side of the insurance company.
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We take the common single upfront contribution as well as a postponed contribution
into account, where the whole contribution is paid at t = 1. We refer to this as single
upfront or postponed contribution. Besides, our main focus is on the combination of these
two settings: We allow the policyholder to pay one part of her contribution at t = 0 and
the remaining part at t = 1. We refer to this as periodic contributions. The policyholder
only is able to decide about the invested amount in the stock at t = 0. The remaining part
is invested at risk-free rate.

At the first premium date t = 0, the policyholder contributes the premium fraction β

and the second one (1−β)er at t = 1 s.t. the present value of the contributions is normalized
to one. At t = 0, β is invested in the asset side A of the insurance company (i.e. βπ in S) and
the remaining part is invested in a risk-free bond with continuously compounded interest
rate r. After t = 1, the policyholder is fully invested in the asset side A of the insurance
company. Consequently, she has no more influence on the riskiness of her investment and
her fraction (in S) is equal to the investment fraction of the insurance company.

In addition to the decision when and how the policyholder pays her contributions,
she can also decide if she demands for an additional guarantee feature. Obviously, this
guarantee is not for free. Remember that we normalize the present value of the policy-
holder’s contributions to one, i.e. the policyholder pays an upfront fee for the guarantee
in terms of (1 − α) and the remaining part α is invested in the asset side of the insur-
ance company. We refer to α as the participation fraction such that the so-called savings
fraction is stated in terms of αβ and α(1 − β)er, respectively.

Combining the contributions of the policyholder with the asset strategy of the in-
surance company, we find the following terminal account value VT for a maturity of T = 2
of the investment strategy:

V2 = αβ
A1
A0

A2
A1

+ α(1 − β)er A2
A1

= V1
A2
A1

, (3.4)

where V1 = α

(
β

A1
A0

+ (1 − β)er
)

. (3.5)

The payoffs at time t = 1 and T = 2 are not independent because both terms contain
the asset return A2

A1
. Accordingly, we are not able to obtain closed-form solutions whenever

we accept periodic contributions.
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3.3 Contract designs

In the last section, we modeled the periodic contributions of the policyholder in order to
receive the terminal value of the investment strategy V2 in Equation (3.4). The aim of this
section is to introduce an important feature of the insurance contract for the policyholder:
The minimum return guarantee scheme. Thus, we analyze terminal, lookback and cliquet
guarantees. A comparison between these guarantee schemes is also subject to the papers of
Ebert et al. (2012) and Ruß and Schelling (2018). On the contrary, the authors only account
for single contributions, i.e. we extend their previous analysis to periodic contributions of
the policyholder.

Due to the non-consistent usage of the terminologies in the academic literature,
first, we specify the different guarantee schemes. The three schemes are based on the
single contribution contracts presented in Section 2.3.2. On the contrary, remember that
we distinguish between two savings fractions, αβ at time t = 0 and α(1 − β)er at time
t = 1. The guaranteed interest rate is denoted by g where the guarantee rate has to
be smaller than the risk-free interest rate, i.e. g < r.6 We assume that the policyholder
has to finance the guarantee costs by herself. As stated in the following, the guarantee
costs can be written as a put-option on the terminal value of the investment strategy V2

and we therefore refer to the guarantee costs as Put0. The normalized contributions of the
policyholder are split up into three parts such that the following fair pricing condition of the
policyholder’s terminal wealth Lw

2 (α, β) (liabilities of the insurance company, respectively)
for each type of guarantee w ∈ {Term, Look, Cliq} results in:

e−2rEP∗ [Lw
2 (α, β)] = αβ + α(1 − β)︸ ︷︷ ︸

= α

+Putw
0 (α, β) = 1. (3.6)

With this result, we are able to state the general optimization problem of the chapter
as follows:

max
β

EP [u(Lw
2 (α, β))] , (3.7)

s.t. e−2rEP∗ [Lw
2 (α, β)] = 1.

6 The condition g < r ensures the existence of a fair contract (Bacinello (2001)).
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3.3.1 Terminal guarantee scheme

The first discussed minimum return guarantee scheme is the terminal guarantee. Including
this guarantee product into the policyholder’s payoff of the insurance contract, her terminal
wealth at maturity T = 2 which is denoted by LT erm

2 (α, β) results in

LT erm
2 (α, β) := max{G2, V2}

= V2 + (G2 − V2)+

= αβ
A2
A0

+ α(1 − β)er A2
A1

+
(

G2 − αβ
A2
A0

− α(1 − β)er A2
A1

)+
, (3.8)

where G2 = e2g.

The guarantee feature compares the terminal value of the investment strategy V2

with the guaranteed amount G2 and pays off the maximum of both components. As ob-
servable in Equation (3.8), we can write the terminal guarantee scheme as a put-option
such that we can calculate the costs for this guarantee (denoted with PutT erm

0 (α, β)) by
calculating the t = 0-price of a put-option on the underlying V2 with strike G2 under the
pricing measure P∗:

PutT erm
0 (α, β) := e−2rEP∗

[
(G2 − V2)+

]
= e−2rEP∗

[(
G2 −

[
αβ

A2
A0

+ α(1 − β)er A2
A1

])+
]

. (3.9)

Notice that in the following P BS
t (St, T − t, K, σ) denotes the t-price of a European

put-option with underlying S, current asset price St and time to maturity T − t in a
Black-Scholes model setup where the dynamics of S are given in terms of a geometric
Brownian motion with volatility σ. The evaluation of the put price is already stated in
Equation (2.22) in Section 2.4.8. Accordingly, the single upfront (β=1) and postponed
(β=0) contribution can be solved in closed-form.7

7 This setup is in line with the constant management rule in Chapter 4. There is also shown how the put
price for periodic contributions can be calculated in quasi-closed-form depending on different manage-
ment rules.

88



3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Proposition 1 (Terminal guarantee costs for β = 1 and β = 0)
Let PutT erm

0 (α, β) be the guarantee costs for the terminal guarantee scheme, G2 = e2g

the guarantee feature and Φ(·) the distribution function of the one-dimensional standard
normal distribution.

(i) For β = 1 the following result holds:

PutT erm
0 (α, 1) = e−2rEP∗

[(
G2 − α

A2
A0

)+
]

= e−2rG2Φ

−
ln
(

α
G2

)
+ 2r − σ2

A√
2σA

− αΦ

−
ln
(

α
G2

)
+ 2r + σ2

A√
2σA


= αP BS

0

(
1, 2, K = G2

α
, σA

)
.

(ii) For β = 0 the following result holds:

PutT erm
0 (α, 0) = e−2rEP∗

[(
G2 − αer A2

A1

)+
]

= e−2rG2Φ

−
ln
(

αer

G2

)
+ r − 1

2σ2
A

σA

− αΦ

−
ln
(

αer

G2

)
+ r + 1

2σ2
A

σA


= αP BS

0

(
1, 1, K = G2

αer
, σA

)
.

Proof: The proof is given in Appendix B.3.

3.3.2 Lookback guarantee scheme

Another guarantee scheme that we consider is the lookback guarantee. Here, the policy-
holder’s terminal wealth, denoted by LLook

2 (α, β), is stated as

LLook
2 (α, β) := max{G2, V1, V2}

= V2 + (max{G2, V1} − V2)+

= αβ
A2
A0

+ α(1 − β)er A2
A1

+
(

max
{

G2, αβ
A1
A0

+ α(1 − β)er
}

−αβ
A2
A0

− α(1 − β)er A2
A1

)+
, (3.10)

where G2 = e2g.
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In our setup, the comparison between the guaranteed amount and the terminal
account value of the investment strategy is made at time t = 1 and T = 2. Thus, the
policyholder receives the overall maximum of the asset return over time or the guaranteed
amount G2, whichever is higher. The costs for the lookback guarantee scheme can also be
written as a put-option as seen in Equation (3.10). The lookback guarantee costs for the
policyholder, denoted by PutLook

0 (α, β), are given by

PutLook
0 (α, β) := e−2rEP∗

[
(max {G2, V1} − V2)+

]
= e−2rEP∗

[(
max

{
G2, αβ

A1
A0

+ α(1 − β)er
}

−αβ
A2
A0

− α(1 − β)er A2
A1

)+
]

. (3.11)

The representation of the upfront contribution can be interpreted as a reset put-
option with strike K = G2

α , 2 reset dates (t = 1 and T = 2) and the corresponding asset
returns A1

A0
and A2

A0
respectively as underlying. Applying the results of Gray and Whaley

(1999) for a volatility of σ = σA = πσ and correlation coefficient ρ =
√

t/T =
√

0.5 for
the two-dimensional normal distribution N (µ, Σ) with mean µ = (µ1, µ2) and correlation
matrix

Σ =

 ρ11 ρ12

ρ21 ρ22

 ,

we receive the closed-form solution given in Proposition 2. The representation of the look-
back guarantee with a postponed contribution of the policyholder is in line with a Euro-
pean floating strike lookback put-option with strike M = max

{
e−rG2

α , 1
}

. Applying the
results of Goldman et al. (1979a,b) for the pricing of these options, we obtain the following
closed-form solution.

Proposition 2 (Lookback guarantee costs for β = 1 and β = 0)
Let PutLook

0 (α, β) be the guarantee costs for the lookback guarantee scheme and G2 = e2g

the guarantee feature. Furthermore, Φ(·) denotes the distribution function of the one-
dimensional standard normal distribution and N (µ, Σ) the two-dimensional normal dis-

tribution with mean µ = (µ1, µ2) and correlation matrix Σ =

 ρ11 ρ12

ρ21 ρ22

.
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(i) For β = 1 the following result holds:

PutLook
0 (α, 1) = e−2rEP∗

[(
max

{
G2, α

A1
A0

}
− α

A2
A0

)+
]

= αe−2rEP∗

[(
max

{
G2
α

,
A1
A0

}
− A2

A0

)+
]

= αe−rΦ(a1)Φ(−c2) − αΦ(a1)Φ(−c1) + e−2rG2N (µ1, Σ) − αN (µ2, Σ),

where a1 =
ln
(

α
G2

)
+ r + 1

2σ2
A

σA
, a2 = a1 − σA,

b1 =
ln
(

α
G2

)
+ 2r + σ2

A√
2σA

, b2 = b1 −
√

2σA,

c1 =
r + 1

2σ2
A

σA
, c2 = c1 − σA,

µ1 = (−a2, −b2),

µ2 = (−a1, −b1),

Σ =

 1
√

0.5
√

0.5 1

 .

(ii) For β = 0 the following result holds:

PutLook
0 (α, 0) = e−2rEP∗

[(
max {G2, αer} − αer A2

A1

)+
]

= αe−rEP∗

(max
{

e−rG2
α

, 1
}

− A2
A1

)+


= α

[
−Φ(−e1) + Me−rΦ(−e2) + σ2

A

2r

(
Φ(e1) − e−rM

2r

σ2
A Φ(e3)

)]

= −αΦ(−e1) + αMe−rΦ(−e2) + α
σ2

A

2r

(
Φ(e1) − e−rM

2r

σ2
A Φ(e3)

)
,

where e1 =
ln
(

α
e−rG2

)
+ r + 1

2σ2
A

σA
,

e2 = e1 − σA,

e3 = e1 − 2r

σA
.

Proof: The proof is given in Appendix B.4.

Remark For M = e−rG2
α , it holds that PutLook

0 (α, 0) = PutT erm
0 (α, 0).
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3.3.3 Cliquet guarantee scheme

The third minimum return guarantee scheme of our analysis is given by the cliquet guar-
antee. Including this guarantee product into the policyholder’s payoff, her terminal wealth
at maturity T = 2, denoted by LCliq

2 (α, β), is given by

LCliq
2 (α, β) := max {eg, V1} max

{
eg,

V2
V1

}
= max

{
eg, αβ

A1
A0

+ α(1 − β)er
}

max
{

eg,
A2
A1

}
=
[
αβ

A1
A0

+ α(1 − β)er +
(

eg − αβ
A1
A0

+ α(1 − β)er
)+
]

∗
[

A2
A1

+
(

eg − A2
A1

)+
]

. (3.12)

This guarantee scheme compares at each point in time the return of the investment
strategy with the minimum guarantee rate for one period and sets the maximum of both
components. In our setup, this happens at t = 1 and T = 2.

For the fair pricing of the cliquet guarantee costs without periodic contributions we
refer to Kijima and Wong (2007), Ebert et al. (2012) and Ruß and Schelling (2018), for
example. Moreover, to derive the costs of the cliquet guarantee in our periodic setup, we
use the fair pricing condition of the policyholder’s liabilities as stated in Equation (3.6).
It holds:

e−2rEP∗

[
LCliq

2 (α, β)
]

= α + PutCliq
0 (α, β) = 1.

Rearranging the above fair pricing condition, we receive the following result for the
costs of the cliquet guarantee scheme:

PutCliq
0 (α, β) := e−2rEP∗

[
LCliq

2 (α, β)
]

− α

= e−2rEP∗

[
max

{
eg, αβ

A1
A0

+ α(1 − β)er
}

max
{

eg,
A2
A1

}]
− α. (3.13)

We are able to calculate closed-form solutions for the put price of the upfront and
postponed contribution of the policyholder under the cliquet guarantee scheme as given
in the following proposition.
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Proposition 3 (Cliquet guarantee costs for β = 1 and β = 0)
Let PutCliq

0 (α, β) be the guarantee costs for the cliquet guarantee scheme, e2g the guar-
antee feature and Φ(·) the distribution function of the one-dimensional standard normal
distribution.

(i) For β = 1 the following result holds:

PutCliq
0 (α, 1) = e−2rEP∗

[
max

{
eg, α

A1
A0

}
max

{
eg,

A2
A1

}]
− α

= (α + eg−rΦ(−f2) − αΦ(−f1))(1 + eg−rΦ(−h2) − Φ(−h1)) − α

= α + αP BS
0

(
1, 1, K = eg

α
, σA

)
P BS

0 (1, 1, K = eg, σA) − α,

where f1 =
ln
(

α
eg

)
+ r + 1

2σ2
A

σA
, f2 = f1 − σA,

h1 =
ln
(

1
eg

)
+ r + 1

2σ2
A

σA
, h2 = h1 − σA.

(ii) For β = 0 the following result holds:

PutCliq
0 (α, 0) = e−2rEP∗

[
max {eg, αer} max

{
eg,

A2
A1

}]
− α

= e−r max {eg, αer} (1 + eg−rΦ(−h2) − Φ(−h1)) − α

= e−r max {eg, αer} P BS
0 (1, 1, K = eg, σA) − α,

where h1 =
ln
(

1
eg

)
+ r + 1

2σ2
A

σA
, h2 = h1 − σA.

Proof: The proof is given in Appendix B.5.

Additionally to these three guarantee schemes, we take the possibility into account
that the guaranteed interest rate g vanishes, i.e. g → −∞. In this setup, the terminal and
cliquet guarantee coincide and result in the terminal wealth of the investment strategy V2.
The lookback guarantee on the other hand, still contains a value even if g → −∞. For
g = 0 we have G2 = 1 which is referred to as return-of-premium guarantee as already
explained in Section 2.3.2
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3.4 Analysis of guarantee prices

After the specification of the terminal, lookback and cliquet guarantee in the previous
section, we start analyzing the different guarantee prices in this section. The terminal
guarantee is the simplest scheme for the reason that the guarantee feature is only deter-
mined by the minimum guarantee rate g. If we assume that the contract only runs one
period and therefore only a single upfront contribution is made, the payoffs of the lookback
and cliquet guarantee would match the terminal one because their additional features are
not present. In our periodic setup, the lookback and cliquet guarantee offer more features
than the terminal guarantee scheme. The lookback guarantee locks in the value of the in-
vestment account at each lock-in date such that the policyholder’s payoff at maturity can
not be less than G2 or V1 (V2, respectively), whichever is higher. Accordingly, the lookback
guarantee compares at time t = 1 and T = 2 the guarantee G2 with the actual value of the
investment strategy and updates the guarantee G2 if its value is exceeded by the account
value of the investment strategy. The cliquet guarantee on the other hand, locks in the
previous period’s return. The return is determined by the maximum of the guarantee rate
and the return of the investment strategy for the corresponding period. The policyholder
then receives the compounded returns over two periods at maturity T = 2.

The additional features of the lookback and cliquet guarantees are more complex
and thus these guarantee schemes are more expensive than the terminal guarantee scheme.
For sufficiently high guarantee rates, it holds when all other parameters are fixed:

0 ≤ PutT erm
0 (α, β) ≤ PutLook

0 (α, β) ≤ PutCliq
0 (α, β). (3.14)

Moreover, it holds that with a ceteris paribus increase in the investment fraction,
the guarantee costs also rise due to the riskier portfolio composition, i.e.

Put0(π1) ≤ Put0(π2), for all π1 ≤ π2. (3.15)

For the moment, we leave aside the fair pricing of the contracts which we examine
in more detail in the next section. This leads us to initially set α = 1 and accordingly
assume that the policyholder does not cover the cost of the guarantee. First, we focus
on the analysis of the put prices of the three guarantee schemes. Since no closed-form
solutions are obtained for 0 < β < 1, we have to numerically calculate the put prices
and fair guarantee rates. For our numerical analysis we assume the following parameters
throughout the chapter, unless otherwise stated.
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Table 3.1: Benchmark parameter constellation - Periodic contributions

Drift µ Volatility σ Risk-free interest rate r

0.037 0.15 0.01

Throughout the analysis, we distinguish between three guarantee rates commonly
used in practice: g ∈ {1

2 ln(0.9); 0; 0.0025}. Notice that a guarantee rate smaller than
0 implies that the guaranteed amount on the savings fraction is smaller than the ini-
tial contribution, i.e. g = 1

2 ln(0.9) implies that G2 = e
1
2 ln(0.9)∗2 = 90% of the initial

contribution are guaranteed as implemented in the product KomfortDynamik of Allianz
Lebensversicherungs-AG, for example. The return-of-premium guarantee is given by g = 0
and g = 0.0025 refers to the maximum interest rate guarantee from January 1, 2022
(German Federal Ministry of Finance (2021)).

Figure 3.1 presents the guarantee price Putw
0 (α, β) for the terminal, lookback and

cliquet guarantee scheme depending on the policyholder’s premium fraction. It is depicted
that the guarantee price of all three guarantee schemes is increasing in the premium
fraction, i.e. the price is higher for an upfront contribution β = 1 than for a postponed
contribution β = 0. The price for g = 1

2 ln(0.9) increases less than for the other two
guarantee rates for the reason that only 90% of the contributions are guaranteed and the
guarantee costs are therefore significantly lower. Furthermore, the insurance period for β =
1 is longer and thus more expensive because the policyholder invests her entire contribution
in the asset side of the insurance company at t = 0. For β = 0, she invests later (t = 1), i.e.
her contribution is invested in the risk-free bond until t = 1 and the guarantee is therefore
less expensive. For the lookback guarantee scheme it is noticeable that, contrary to the
terminal guarantee, the put price PutLook

0 (α, β) is the same for postponed contributions
regardless of the guarantee rates. The price of the cliquet guarantee is initially stable for
postponed contribution before increasing as the premium fraction β increases.

It is also worth mentioning that the put price of the cliquet guarantee scheme has
the highest value, followed by the lookback guarantee and the terminal guarantee schemes
is the cheapest scheme. Moreover, the differences are most observable in contracts with
upfront contribution, whereas in contracts with postponed contribution these differences
are relatively small. This mainly is due to the fact that the additional features of the
cliquet and lookback guarantee have a higher impact depending on how much is invested
in the asset side of the insurance company at inception of the contract.

95



3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Put price depending on premium fraction for different guarantee schemes
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Figure 3.1: The figure presents the put price Putw
0 (α, β) for different guarantee schemes depending

on the premium fraction β of the policyholder for π = 0.3. The top left figure refers to the terminal
guarantee scheme, the top right figure to the lookback and the bottom left figure presents the
cliquet guarantee scheme. The black line refers to g = 1

2 ln(0.9), the gray dashed to g = 0 and
the black dashed line to g = 0.0025. The bottom right figure presents the terminal (black line),
lookback (gray dashed line) and cliquet (black dashed line) guarantee scheme for g = 0.0025.

Figure 3.2 depicts the impact of the investment fraction π on the put price Putw
0 (α, β)

for the terminal, lookback and cliquet guarantee scheme. The put price for all three guar-
antee schemes is strictly monotonically increasing in the investment fraction π as a higher
investment fraction leads to a riskier portfolio and therefore the guarantee is more expen-
sive. Obviously, this impact is highest for upfront contribution as in this case the whole
premiums are invested in the investment strategy of the insurance company at contract
inception. Another result is that the price of the cliquet guarantee scheme with upfront
contribution is most sensitive towards changes in the investment fraction, followed by the
lookback guarantee. This behavior results from the additional features of the two guar-
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Put price depending on investment fraction for different guarantee schemes
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Figure 3.2: The figure presents the put price Putw
0 (α, β) for different guarantee schemes depending

on the investment fraction π for g = 0.0025. The top left figure refers to the terminal guarantee
scheme, the top right figure to the lookback and the bottom left figure presents the cliquet guarantee
scheme. The black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to
β = 1. The bottom right figure presents the terminal (black line), lookback (gray dashed line) and
cliquet (black dashed line) guarantee scheme for β = 1.

antee schemes since the return of the investment strategy has a higher relevance in this
context and thus the guarantee has a higher value. For postponed contribution on the
other hand, the prices of the cliquet, lookback and terminal guarantee schemes increase
similar with increasing investment fractions.

The dependence of the put price Putw
0 (α, β) on the minimum guarantee rate g

for the terminal, lookback and cliquet guarantee scheme is displayed in Figure 3.3. The
put price for all three guarantee schemes is increasing in the guarantee rate g which is
intuitively clear because a higher minimum guarantee rate imposes higher risk to the
insurance company and therefore the guarantee is more expensive. As already mentioned,
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Put price depending on guarantee rate for different guarantee schemes
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Figure 3.3: The figure presents the put price Putw
0 (α, β) for different guarantee schemes depending

on the minimum guarantee rate g for π = 0.3. The top left figure refers to the terminal guarantee
scheme, the top right figure to the lookback and the bottom left figure presents the cliquet guarantee
scheme. The black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to
β = 1. The bottom right figure presents the terminal (black line), lookback (gray dashed line) and
cliquet (black dashed line) guarantee scheme for β = 1.

it also holds for all guarantee schemes that the put price is increasing in the premium
fraction β. However, the impact of the premium fraction on the costs for the terminal
guarantee scheme PutT erm

0 (α, β) is lowest, followed by the lookback and cliquet guarantee
scheme. It can also be stated that the distinction between the contribution schemes is
negligible for very high and/or low guarantee rates.

The comparison between the three guarantee schemes for an upfront contribution
shows that for g → −∞ it holds that LT erm

2 (α, β) = LCliq
2 (α, β), i.e. the put prices for the

terminal and cliquet guarantee schemes coincide (and are equal to zero) if the guarantee
vanishes. The lookback guarantee on the other hand, still contains value for g → −∞ due
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to its lock-in features of the investment account. Additionally, for a sufficient high value
of the minimum guarantee rate, the terminal guarantee scheme coincides with the look-
back guarantee scheme owning to the fact that the guarantee G2 overcomes the additional
features of the lookback guarantee scheme. Moreover, in this case, the cliquet guarantee
becomes more expensive due to the obligation of the insurance company to compound
premium contributions with at least the minimum guarantee rate at each period. It can
also be stated that while the price of the cliquet is lower than the lookback guarantee
scheme for certain negative guarantee rates, there exists a point where the curves cross
and the price of the cliquet exceeds that of the lookback guarantee since the cliquet guar-
antee scheme is more valuable from a certain guarantee rate.

Put price depending on volatility and interest rate for different guarantee
schemes
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Figure 3.4: The figure presents the put price Putw
0 (α, β) for different guarantee schemes depending

on the volatility σ and interest rate r for g = 0.0025 and for π = 0.3. The left figure refers to the
impact of the volatility for upfront contribution (β = 1). The middle (right) figure shows the
impact of the interest rate for upfront contribution (β = 1) (postponed contribution (β = 0)). The
black line refers to the terminal, the gray dashed line to the lookback and the black dashed line to
the cliquet guarantee.

For reasons of completeness, we present the dependence of the three guarantee
scheme’s put price Putw

0 (α, β) on the volatility and on the interest rate in Figure 3.4.
The behavior of the figure on the left-hand side (volatility) is relatively clear because of
its strong relation to the investment fraction (the investment strategy of the insurance
company, respectively). Additionally, it can be stated that the put price is decreasing in
the interest rate r. This is due to the fact that the guarantee is worth less for high interest
rates as the return of the investment strategy likely exceeds the guaranteed return. For the
upfront contribution, the cliquet guarantee has the highest price, followed by the lookback
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and finally the terminal guarantee. For the postponed contribution on the other hand, it
can be illustrated that the price of the terminal and lookback guarantee coincide until
a prescribed interest rate (r = g). At this point, all three guarantee schemes have the
same price. Afterwards, the prices of the guarantee schemes diverge again the lookback
approaches the more valuable cliquet guarantee.

3.5 Analysis of fairly priced contracts

The guarantee feature has to be financed by the contributions of the policyholder as
already mentioned. The guarantee costs in our model are equal to (1 − α), s.t. α has to be
smaller than one for a fraction of the contributions to be used to fund the guarantee. In the
following, we compare contracts including terminal, lookback and cliquet guarantees that
are worth the same. Assuming the principle of equivalence, the present value of the benefits
must be equal to the present value of the policyholder’s contribution. In our analysis, we
determine contracts (α, β, π, g) ∈ (0, 1]× [0, 1]× [0, 1]× [−∞, r] s.t. the following definition
of a fair contract holds.

Definition 1 (Fair contract guarantee schemes)
A contract is called fair if the no-arbitrage price of the payoff L2 is equal to the contribution
of the policyholder, i.e. for w ∈ {Term, Look, Cliq} it holds

e−2rEP∗ [Lw
2 (α, β, π, g)] = α + Putw

0 (α, β, π, g) = 1.

Proof: The proof is given in Appendix B.6.

In what follows, we fix the participation fraction α, premium fraction β and in-
vestment fraction π and identify the guarantee rate g for each contract such that the
fair pricing condition is fulfilled, which is in line with Ebert et al. (2012) and Ruß and
Schelling (2018). The authors argue that the guarantee rate g has to be the redundant
variable owning to the fact that this is more intuitive in the context of behavioral theo-
ries.8 The participation fraction α is a suitable choice variable since (1 − α) represents the

8 We refer to Nielsen et al. (2011) for an investigation of fairly priced participating life insurance contracts
where α is the redundant variable and to Bernard et al. (2017) for the case of variable annuities.
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guarantee costs for each contract, the investment fraction π is a measure of the aggressive-
ness of the investment strategy and β represents the policyholder’s premium fraction for
each contract. As already observed in the previous section, comparing contracts with the
same value of g might be misleading as each contract assigns a different importance to the
guarantee rate. For the terminal guarantee scheme, for example, the guarantee rate has
the highest importance because it always determines the guarantee at contract maturity.
The importance of g is declining for the other guarantee schemes due to their additional
features. Accordingly, we denote by gw∗(α, β, π) the fair guarantee rate in the following.

Definition 2 (Fair guarantee rate)
For w ∈ {Term, Look, Cliq}, the fair guarantee rate gw∗(α, β, π) is the solution of

1 = α + Putw
0 (α, β, π, g∗).

It holds that gT erm∗,Cliq∗(α, β, π) ∈ [−∞, r] exists in the terminal and cliquet guar-
antee scheme for all combinations of (α, β, π) ∈ (0, 1] × [0, 1] × [0, 1]. On the other hand, it
holds for every premium fraction that no solutions gLook∗(α, β, π) for the lookback guaran-
tee scheme exist for large participation and investment fraction α and π as the embedded
options imply a contract value that is greater than one for every guarantee rate. More-
over, if such a gw∗(α, β, π) exists then it is unique, i.e. the contract value is increasing
in the guarantee rate. For given participation, premium and investment fraction, we have
gT erm∗ ≥ gLook∗ ≥ gCliq∗ due to the additional features of the lookback and cliquet guar-
antee schemes.

The dependence of the fair guarantee rate gw∗(α, β, π) on the premium fraction β

is presented in Figure 3.5. The lower bound of the participation fraction α is chosen to
be equal to 0.6 (bottom row) and the upper bound α = 0.9 is in line with the regulatory
requirements (MindZV (2021)) which stipulate that the policyholder participates in the
investment return of the insurance company to the extent of at least 90%. It is presented
that the fair guarantee rate is decreasing in the premium fraction for sufficient high par-
ticipation fractions. Thus, for a participation fraction α = 0.6, the impact of the premium
fraction on the fair guarantee rate is not noticeable for both investment fractions. On the
contrary, for α ≥ 0.9, the fair guarantee rate is decreasing in the premium fraction for both
investment fractions. This impact is more significant for high investment fractions (as e.g.
π = 0.8). This is due to the fact that the upfront contribution has a longer maturity and
accordingly a riskier investment strategy of the insurance company has a higher relevance
and consequently is more expensive. At lower investment fractions, the premium fraction
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Fair guarantee rate depending on premium fraction for different guarantee
schemes
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Figure 3.5: The figure presents the fair guarantee rate gw∗(α, β, π) for different guarantee schemes
depending on the premium fraction β. The top and bottom figures on the left-hand side refer to
the terminal guarantee, the figures in the middle show the lookback guarantee and the top and
bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are determined
by π = 0.8 and the bottom figures by π = 0.3. The black line refers to α = 0.6, the gray dashed to
α = 0.9 and the black dashed line to α = 0.95.

does not have a large impact on the fair guarantee rate. It is also observable that this
impact increases as the participation fraction increases.

In addition, it can be seen that the fair guarantee rate for a postponed contribution
is equal for the terminal and lookback guarantee scheme again. In general, it is depicted
that the cliquet guarantee scheme is most expensive, followed by the lookback and terminal
guarantee scheme. The fair cliquet guarantee rate is smaller than zero in order to meet
the fair pricing condition and the level obviously depends on the investment fraction.
Therefore, if we consider the 90% with which the policyholder should at least participate
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in the investment strategy of the insurance company, this inevitably leads to the fair cliquet
guarantee rate falling below 0% in order to ensure a fair valuation. The fair guarantee rates
of the other two schemes are also very low in this case. This issue is also reflected in the
products currently offered on the life insurance market.

Periodic contributions result in a higher fair guarantee rate as the contributions are
paid into the investment strategy at a later date and therefore only have to be guaranteed
over a shorter period of time. As a result, the guarantee costs determined at inception of
the contract of the insurance company may be too low. Especially in the case of periodic
contributions, the insurance company should be aware that periodic contracts can repre-
sent a risk if the minimum return guarantee is underpriced and the guarantee costs (1−α)
paid in the future are then not sufficient to hedge the guarantee.9

Figure 3.6 displays the fair guarantee rate gw∗(α, β, π) depending on the investment
fraction for the terminal, lookback and cliquet guarantee. It holds that for small investment
fractions and α = 0.9, the fair guarantee rate for the terminal and lookback guarantee
approximately remains the same. Thereby, the fair guarantee rate corresponds to the
risk-free interest rate since g < r is a necessary condition for fair contract pricing. After
a certain height of the investment fraction, the fair guarantee rate is decreasing in the
investment fraction. However, the fair guarantee rate for the cliquet guarantee scheme
already starts decreasing in the investment fraction for small investment fractions. Due to
the longer investment horizon for upfront contributions, this effect is greater for upfront
contributions than for postponed contributions for all types of guarantee schemes.

When comparing the three guarantee schemes, it is worth mentioning that for up-
front contribution β = 1 the fair guarantee rate for the terminal guarantee is greater than
the one of the lookback and the fair lookback guarantee rate is greater than the one of
the cliquet guarantee. For postponed contribution β = 0 on the other hand, it holds that
terminal and lookback guarantee schemes coincide because the additional lock-in feature
of the lookback guarantee vanishes. The fair guarantee rates here are equal to the risk-free
rate. The fair cliquet guarantee rate is smaller for every premium fraction which is due to
the fact that the cliquet guarantee has more features that are accordingly more expensive.

For a smaller participation fraction α = 0.6 the impact of the premium fraction
vanishes, i.e. the fair guarantee rate is similar for every premium fraction β. Thus, it can

9 The problem of underpricing the minimum return guarantee costs when studying periodic contributions
is subject to Bernard et al. (2017) and to Chapter 4.

103



3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Fair guarantee rate depending on investment fraction for different guarantee
schemes
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Figure 3.6: The figure presents the fair guarantee rate gw∗(α, β, π) for different guarantee schemes
depending on the investment fraction π. The top and bottom figures on the left-hand side refer
to the terminal guarantee, the figures in the middle show the lookback guarantee and the top and
bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are determined
by α = 0.9 and the bottom figures by α = 0.6. The black line refers to β = 0, the gray dashed to
β = 0.5 and the black dashed line to β = 1.

be stated that the impact of periodic contributions on the fair guarantee rate gw∗(α, β, π)
decreases in the participation fraction (see also Figure 3.5). It can further be noted that
the investment fraction almost has no impact on the fair guarantee rate for the terminal
and cliquet guarantee scheme since α = 0.6. In this constellation, both guarantee schemes
coincide. Besides, the impact of the investment fraction on the fair guarantee rate for
the cliquet guarantee scheme is worth mentioning: The fair guarantee rate decreases for
increasing investment fractions for the reason that at each period the performance of the
investment strategy is maximized with the guaranteed return.
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Fair guarantee rate depending on participation fraction for different
guarantee schemes
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Figure 3.7: The figure presents the fair guarantee rate gw∗(α, β, π) for different guarantee schemes
depending on the participation fraction α for π = 0.3. The left figure refers to the terminal
guarantee, the middle figure shows the lookback guarantee and the right figure refers to the cliquet
guarantee. The black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to
β = 1.

Figure 3.7 presents the impact of the participation fraction α on the fair guarantee
rate gw∗(α, β, π) for each guarantee scheme. The fair guarantee rate of the terminal and
lookback guarantee scheme remains constant in the participation fraction for all premium
fractions until a high participation fraction of about 90%. After reaching this point, the fair
guarantee rate strictly decreases. This is due to the fact that small participation fractions
force the insurance company to keep the fair guarantee rate constant in order to ensure fair
pricing of the contract. In this case, the fair guarantee rate is equal to the risk-free interest
rate. Additionally, this holds true for the cliquet guarantee scheme owning to the fact
that the fair guarantee rate is constant for participation fraction until the participation
fraction is high enough (approximately 90%). Afterwards, the fair cliquet guarantee rate
also strictly decreases: A high participation fraction implies that the remaining amount
to finance the guarantee (1 − α) decreases. This leads to less expensive contracts and
accordingly to lower guarantee rates against the background of fair pricing.

It is also worth mentioning that the figures are based on an investment fraction
π = 0.3. In this case, the fair guarantee rate of the cliquet guarantee scheme has to be
smaller than zero for every participation fraction, which means that less than 100% of the
policyholder’s savings fractions can be guaranteed under the fair pricing condition. It is
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also worth mentioning that the participation fraction of the lookback guarantee scheme
here is smaller than one because the guarantee always contains value, even if g → −∞.
The reason for that is that the policyholder receives the maximum from the investment
strategy over all periods regardless of the guaranteed rate. The results do not significantly
change for other investment fractions.

3.6 Distribution of terminal wealth

Besides the fair guarantee rate gw∗(α, β, π), it is also interesting to study the development
of the policyholder’s terminal wealth for the different guarantee schemes in order to get an
insight into the risk-return characteristics of these schemes. For this purpose, the following
investigations are based on an identical Monte Carlo sample of size m = 300, 000 and
financial market parameters as given in Table 3.1. The risk-free return in this setup is
equal to 1.0202 at maturity T = 2.10

Figure 3.8 presents the terminal wealth distribution of fair contracts with terminal,
lookback and cliquet guarantees for an upfront and a postponed contribution of the poli-
cyholder. The truncated bar represents the probability that the terminal wealth is equal
to the guarantee level egT . The exact values are given in the corresponding Table 3.2.
The table also states the fair guarantee rate gw∗(α, β, π) of the related contracts shown in
Figure 3.8, the guarantee level as well as the probability that the payoff is equal to the
minimum return guarantee given by the guarantee level frequency in the last column. In
addition to Figure 3.8, Table 3.2 also presents the results for a premium fraction β = 0.5.

Table 3.2 indicates that the guarantee level frequency is increasing with decreasing
premium fraction β for every contract design. This implies that the probability of the
guarantee level matching the terminal wealth is highest for postponed contribution. This
mainly is due to the fact that the maturity is shorter in this case and therefore there is less
opportunity to participate in the asset return of the insurance company more frequently
(here only at t = 1). Obviously, it increases the probability that no return is generated
which exceeds the guarantee level. It remains to be noted that periodic (and especially

10 Notice that the real-world measure P is used for simulation (i.e. distribution of terminal wealth, utility
measurement and risk management in the following chapters), while the risk-neutral measure P∗ is used
for contract valuation. Thus, switching from P to P∗ implies that the drift µ shifts to the risk-free interest
rate r (Braun et al. (2019)).
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Distribution of terminal wealth of different guarantee schemes
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Figure 3.8: The figure presents the relative frequency of the terminal payoff Lw
2 (α, β, π, g) of

different guarantee schemes for α = 0.9. The top and bottom figures on the left-hand side refer
to the terminal guarantee, the figures in the middle show the lookback guarantee and the top and
bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are determined
by π = 0.8 and the bottom figures by π = 0.3. The dark gray histogram refers to β = 1 and the
light gray to β = 0.

postponed) contributions by the policyholder represent a higher risk for the insurance
company to pay out the promised guaranteed amount. For β ≤ 1 it also follows that the
guarantee level and frequency of the terminal and lookback guarantee scheme coincide for
small investment fractions. Moreover, the differences in the guarantee level and frequencies
for large investment fractions are relatively small. This coincidence can also be seen in the
distribution of terminal wealth in Figure 3.8. The reason for this behavior is that the
additional features of the lookback guarantee become less valuable in the case of periodic
contributions and the lookback guarantee therefore possesses a similar risk-return profile
as the terminal guarantee scheme.

For upfront contribution (β = 1), the terminal guarantee scheme has the highest
guarantee level as well as the highest guarantee level frequency for all investment fractions,
followed by the lookback guarantee scheme which has slightly smaller guarantee levels and
frequencies. This is caused by the fact that the lookback guarantee locks in the portfolio
value at certain points in time as soon as it exceeds the guarantee level. In Figure 3.8,
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Table 3.2: Guarantee level frequency for different guarantee schemes

α = 0.9
Fair guarantee rate

gw∗ (α, β, π)
Guarantee level egT

Guarantee level
frequency

β = 1
Terminal 0.00936 1.01889 92.06%

Lookback 0.00934 1.01886 91.84%

Cliquet -0.00253 0.99495 32.25%

β = 0.5
Terminal 0.00984 1.01987 96.85%

π = 0.3 Lookback 0.00984 1.01987 96.85%

Cliquet -0.00231 0.99539 33.36%

β = 0
Terminal 0.00993 1.02006 98.56%

Lookback 0.00993 1.02006 98.56%

Cliquet -0.00231 0.99539 33.36%

β = 1
Terminal -0.00841 0.98332 59.20%

Lookback -0.01316 0.97403 49.69%

Cliquet -0.04013 0.92287 18.73%

β = 0.5
Terminal -0.00018 0.99964 67.69%

π = 0.8 Lookback -0.00065 0.99869 64.73%

Cliquet -0.02511 0.95102 28.81%

β = 0
Terminal 0.00260 1.00522 73.73%

Lookback 0.00260 1.00522 73.74%

Cliquet -0.02234 0.95630 34.88%

it can be considered that this results in the right tail of the lookback guarantee to be
heavier than the terminal one, indicating a greater upside potential. The guarantee level
and frequency of the cliquet guarantee are significantly lower than those of the other
two guarantee schemes. First, fair pricing in the cases above requires that the guarantee
rate is negative, which means that the policyholder is guaranteed less than 100% of her
contributions paid in. The cliquet guarantee is structured in such a way that a minimum
interest rate is guaranteed for each period and accordingly protects against high losses.
This distinguishes it from the other two guarantee schemes which tend to guarantee a small
gain compared to the initial contribution. Furthermore, the policyholder has the possibility
to participate in the performance of the portfolio in each period such that a single good
performance can in principle be sufficient to exceed the terminal value of the guarantee.
Thus, the terminal wealth distribution shows a much heavier right tail compared to the
lookback and terminal guarantee scheme.

It is also illustrated in Figure 3.8 that, due to the guarantee, all terminal wealth
distributions are right skewed. The distribution of wealth indicates that the terminal
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wealth of the terminal and lookback guarantee scheme does not fall below the contribution
of the policyholder. In addition, the terminal wealth of the cliquet may fall below the
policyholder’s level of contribution but it is also observed that the cliquet guarantee has
the highest upside potential since it granted upside participation. However, this upside
potential comes at the cost of a lower guarantee level. It can further be seen that the
upside potential increases for all guarantee schemes with increasing investment fractions
because higher investment fractions imply the possibility of higher gains. Additionally,
the guarantee level frequency is decreasing in the investment fraction. This is due to the
fact that the probability that the portfolio return exceeds the terminal guarantee increases
when investing more riskily. The distribution of the terminal wealth for a pure CM strategy,
i.e. without guarantee scheme, can be found in Figure B.1 in Appendix B.1. The pure CM
strategy implies the highest upward participation but, accordingly, does not provide the
policyholder with any protection.

3.7 Expected utility of the policyholder

The fair pricing analysis of terminal, lookback and cliquet guarantee schemes involves dif-
ferent contract parameters as the participation fraction α, investment fraction π, premium
fraction β and guarantee rate g. Moreover, a policyholder might choose the contract with
the highest participation fraction α as an indication for high returns. This behavior is not
necessarily appropriate for the reason that risk and return should be considered simulta-
neously, taking into account the risk tolerance of the policyholder. Accordingly, to perform
a utility-based analysis in the following, we now discuss the attractiveness of the differ-
ent guarantee schemes for the policyholder. This requires knowledge of the preferences of
the policyholder. We therefore assume that the relative risk aversion of policyholder is
constant (CRRA) and use a power utility function defined by

u(x) :=


x1−γ

1−γ , for γ > 1

ln(x), for γ = 1,
(3.16)

where γ represents the CRRA parameter, i.e. an increasing risk aversion of the policyholder
is modeled through an increase in the parameter γ.11

11 The modeling of the policyholder’s preferences is in line with e.g. Branger et al. (2010) and Schmeiser
and Wagner (2015, 2016).
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The logarithmic utility is a special case of the CRRA utility function. We determine
the limit

lim
γ→1

u(x) = lim
γ→1

→0︷ ︸︸ ︷
x1−γ − 1

1 − γ︸ ︷︷ ︸
→0

.

Owning to the fact that the denominator and nominator converge to zero, we need
to apply L’Hôpital’s rule to the above utility function.12 Calculating the derivatives, we
receive

lim
γ→1

x1−γ − 1
1 − γ

=lim
γ→1

∂(x1−γ−1)
∂x

∂(1−γ)
∂x

=lim
γ→1

−x1−γ ln(x)
−1

= ln(x) lim
γ→1

x1−γ

= ln(x).

3.7.1 Savings plan without guarantee scheme

We start our analysis with a savings plan without guarantee in order to get an intuition of
the impact of periodic contributions. Since we do not account for guarantees, the terminal
wealth of the policyholder results in the terminal account value V2. The expected utility can
only be calculated in closed-form for upfront (β = 1) and postponed (β = 0) contribution
due to the fact that the payoffs at time t = 1 and T = 2 are not independent as both
terms contain the asset return A2

A1
. For β = 1 and β = 0 straightforward calculations give

EP
[
u
(
V

(β=1)
2

)]
= 1

1 − γ
e2(1−γ)(µA− 1

2 γσ2
A)

EP
[
u
(
V

(β=0)
2

)]
= 1

1 − γ
e(1−γ)(r+µA− 1

2 γσ2
A).

12 L’Hôpital’s rule states: lim
x→x0

g(x)
h(x) = lim

x→x0

g′(x)
h′(x) .
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We further calculate the certainty equivalent in order to make the results compara-
ble. The certainty equivalent of an uncertain or random wealth is the amount of certainty
whose utility for the person concerned is equivalent to the expected utility of the uncertain
wealth, i.e. the fixed amount which leads to an indifference of the policyholder between
CE2 and V2. With u(CE2) = EP[u(V2)] it follows

CE
(β=1)
2 = e2(µA− 1

2 γσ2
A)

CE
(β=0)
2 = e(r+µA− 1

2 γσ2
A).

For the savings rate y2, defined by e2y2 = CE2 or y2 = 1
2 ln CE2 respectively, it holds

y
(β=1)
2 = µA − 1

2γσ2
A

y
(β=0)
2 = 1

2

(
r + µA − 1

2γσ2
A

)
.

Assuming γ = 1 leads to the special case of the CRRA utility function - The loga-
rithmic utility function ln(x). It holds

EP
[
u
(
V

(β=1,γ=1)
2

)]
= ln

(
e2(µA− 1

2 σ2
A))

= 2
(

µA − 1
2σ2

A

)
EP
[
u
(
V

(β=0,γ=1)
2

)]
= ln

(
e(r+µA− 1

2 σ2
A))

= r + µA − 1
2σ2

A

CE
(β=1,γ=1)
2 = e2(µA− 1

2 σ2
A)

CE
(β=0,γ=1)
2 = e(r+µA− 1

2 σ2
A)

y
(β=1,γ=1)
2 = µA − 1

2σ2
A

y
(β=0,γ=1)
2 = 1

2

(
r + µA − 1

2σ2
A

)
.

Using the famous result of Merton (1971), we are aware of the optimal investment
fraction π in a Black-Scholes model setup that maximizes the expected utility of the pol-
icyholder in the case where no guarantee is prescribed, i.e. g → −∞ within the terminal
and cliquet guarantee scheme.13 The optimal portfolio investment strategy is character-

13 Remember that in this setup, the terminal and cliquet guarantee coincide and result in the terminal
wealth of the investment strategy V2. Due to its design, the lookback guarantee still contains a value.
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ized by a constant investment fraction in the risky asset which results from the ratio of
the difference between the drift µ and risk-free interest rate r and the squared volatility
weighted by the level of relative risk aversion γ:

πMer := µ − r

γσ2 . (3.17)

The optimal Merton solution in Equation (3.17) holds for a continuous time re-
balancing, i.e. the assumed discrete payments in our model induce a discretization error.
However, Rogers (2001) shows that this error is negligibly small for a time lag τ < 2. We
have a time lag of 1 in our model setup such that we are still in line with the Merton
solution.

It is a well-known result that the maximal certainty equivalent for a CRRA policy-
holder is achieved by a pure CM strategy with an investment fraction equal to the Merton
solution πMer in combination with an upfront contribution β = 1. An illustration is given
in Figure B.3 in Appendix B.1. This results in the following maximal certainty equivalent
which we use as a benchmark:

CEMer
2 = e

2
(

r+πMer(µ−r)− 1
2 γπMer2

σ2
)

. (3.18)

For the corresponding savings rate yMer
2 it holds that

yMer
2 = 1

2 ln
(

e
2
(

r+πMer(µ−r)− 1
2 γπMer2

σ2
))

= r + πMer (µ − r) − 1
2γπMer2

σ2

= r + µ − r

γσ2 (µ − r) − 1
2γ

(
µ − r

γσ2

)2
σ2

= r + (µ − r)2

γσ2 − 1
2

(µ − r)2

γσ2

= r + (µ − r)2

2γσ2 . (3.19)

Since the optimal solution of a CRRA policyholder is a pure CM strategy with
π = πMer, it follows that any deviation from the optimal Merton solution results in a
utility loss of the policyholder. The utility loss is measured by the loss rate l2 which
determines the loss in the certainty equivalent due to the sub-optimal investment fraction.
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Definition 3 (Loss rate without guarantee scheme)
The loss rate l2 of the insurance contract without any guarantee scheme relative to the
optimal Merton solution CEMer

2 over an investment horizon of T = 2 years is

l2 := yMer
2 − y2.

For the upfront contributions, deviations from above and below the Merton solution
give the same impact on the loss rate, i.e in case of an upfront or postponed contribution
of the policyholder it holds for the loss rate

l
(β=1)
2 = yMer

2 − y
(β=1)
2

= 1
2γσ2

(
π − πMer

)2

l
(β=0)
2 = yMer

2 − y
(β=0)
2

= 1
2 l

(β=1)
2 + 1

4γσ2(πMer)2.

To gain further intuitions, it is convenient to study the actual fraction of wealth of
the policyholder which is invested in the risky asset S and thus its deviations from the
optimal Merton solution. Notice that the dynamics of the asset side can alternatively be
represented by (e.g. Balder and Mahayni (2010))

At = A0e−(π−1)(r+ 1
2 πσ2)t

(
St

S0

)π

.

Accordingly, for t ∈ [0, 1] the value process Vt of the policyholder is given by

Vt = β
At

A0
+ (1 − β)ert

= βe−(π−1)(r+ 1
2 πσ2)t

(
St

S0

)π

+ (1 − β)ert.

The fraction of wealth of the policyholder which is invested in the stock is given by

π
(PH)
t =

∂Vt
∂St

St

Vt

= βe−(π−1)(r+ 1
2 πσ2)t (St)π−1 πSt

βe−(π−1)(r+ 1
2 πσ2)t (St)π + (1 − β)ert

= βπ
e−(π−1)(r+ 1

2 πσ2)t (St)π

βe−(π−1)(r+ 1
2 πσ2)t (St)π + (1 − β)ert

.
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At inception of the contract it holds π
(PH)
0 = βπ. On the contrary, for t > 0, the

investment fraction of the policyholder depends on the asset evolution. In particular, it
holds

π
(PH)
t ≥ βπ

⇔ e−(π−1)(r+ 1
2 πσ2)t (St)π

βe−(π−1)(r+ 1
2 πσ2)t (St)π + (1 − β)ert

≥ 1

⇔ e−(π−1)(r+ 1
2 πσ2)t (St)π ≥ ert

⇔ St ≥ e(r− 1
2 (1−π)σ2)t

⇔ π ≥ 2 ln(St)
σ2 − 2r

σ2 + 1, respectively.

Besides the consideration of sub-optimal investment fractions and their impact on
the expected utility of the policyholder, our focus is also on the impact of periodic contri-
butions of the policyholder. For the reason that the optimal Merton solution is achieved for
an upfront contribution, it is not immediately obvious how the optimal premium fraction
changes in the case that the investment fraction differs from the Merton solution πMer.

Therefore, let us discuss the CM strategy without any guarantee if the investment
fraction differs from the optimal Merton solution πMer at first. A hint how the optimal
premium fraction changes in this context is given by the following Proposition 4 which
compares the savings rate for an upfront and postponed contribution.

Proposition 4 (Savings rate)
Let y(β=0) and y(β=1) be the savings rates as defined before, then it holds

y(β=0) > y(β=1) ⇔ π > 2πMer.

Proof: The proof is given in Appendix B.7.

Proposition 4 shows that postponing the contribution to t = 1 has its merits for
the policyholder if the investment fraction of the insurance company in the risky asset
is twice the optimal Merton solution πMer. On the other hand, an upfront contribution
is beneficial if the investment fraction of the insurance company is lower than twice the
Merton solution. An illustration is given in Figure 3.9.
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Loss rate depending on investment fraction for a pure CM strategy
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Figure 3.9: The figure presents the loss rate l2 following a pure CM strategy depending on the
investment fraction π. The left figure refers to a risk aversion parameter γ = 1 (πMer = 1.2), the
middle figure to γ = 2 (πMer = 0.6) and the right figure to γ = 4 (πMer = 0.3). The black line
refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

The policyholder is able to split her premium fraction β in order to invest one part
at t = 0 and the remaining part at t = 1, s.t. 0 < β < 1. In the following, we investigate
the utility changes of the policyholder and determine her optimal expected utility in the
setting of a CM strategy without guarantee. For a given investment fraction, the optimal
(expected utility maximizing) premium fraction β∗, where

β∗ := argmax
β∈[0,1]

EP [u (V2)] = argmax
β∈[0,1]

EP

[
u

(
β

A2
A0

+ (1 − β)er A2
A1

)]
(3.20)

can be determined numerically only, if the strategy π which is implemented by the insur-
ance company does not coincide with the Merton solution (implying β∗ = 1).

Intuitively, it is clear that the optimal premium fraction β∗ is independently deter-
mined of A2

A1
: Determine β at inception implicitly defines the remaining fraction (1 − β)

which is contributed at t = 1. The policyholder is 100% invested in the asset side of the
insurance company for t ∈]1, 2]. This intuition can also be derived mathematically: Notice
that the first order condition (FOC) of the above optimization problem is of the following
form:

0 = EP

[
u′ (V2)

(
A1
A0

A2
A1

− er A2
A1

)]
= EP

[(
β

A1
A0

A2
A1

+ (1 − β)er A2
A1

)−γ (A1
A0

A2
A1

− er A2
A1

)]

= EP

[(
β

A1
A0

+ (1 − β)er
)−γ (A1

A0
− er

)(
A2
A1

)1−γ
]

. (3.21)
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Since A1
A0

and A2
A1

are independent, the FOC thus simplifies to14

0 = EP

[(
β

A1
A0

+ (1 − β)er
)−γ (A1

A0
− er

)]
.

Loss rate depending on premium fraction for a pure CM strategy
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Figure 3.10: The figure presents the loss rate l2 following a pure CM strategy depending on the
premium fraction β. The left figure refers to a risk aversion parameter γ = 1, the middle figure to
γ = 2 and the right figure to γ = 4. The black line refers to π = 0.3, the gray dashed to π = 0.5
and the black dashed line to π = 0.8.

Figure 3.10 presents the loss rate of a pure CM strategy depending on the premium
fraction without a guarantee. As already explained, for π = πMer it can be seen that
the loss rate is minimized for an upfront contribution. On the contrary, if the investment
fraction exceeds the Merton solution, it holds that the policyholder tends to periodically
contribute in order to mitigate the risk from sub-optimal investment fractions. This effect
obviously depends on the policyholder’s risk attitude as displayed in Figure 3.11: The loss
rate of the single upfront contribution is increasing with increasing risk aversion parameter
and accordingly exceeds the loss rate of the postponed and periodic contributions. After
that, it holds that the periodic contributions provide the lowest loss rate until the policy-
holder is very risk-averse and therefore receives the highest utility if the contributions are
invested into the risk-free bond over the period [0, 1] (postponed contribution).

14 Changing the derivation and expectation is possible because of the dominated convergence theorem:
∂

∂β
E
[
u
(
β A2

A0
+ (1 − β)er A2

A1

)]
= E

[
∂

∂β
u
(
β A2

A0
+ (1 − β)er A2

A1

)]
.
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Loss rate depending on level of risk aversion for a pure CM strategy
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Figure 3.11: The figure presents the loss rate l2 following a pure CM strategy depending on the
risk aversion parameter γ. The figure on the left-hand side is determined by π = 0.3 and the figure
on the right-hand side by π = 0.8. The black line refers to β = 0, the gray dashed to β = 0.5 and
the black dashed line to β = 1.

3.7.2 Savings plan with guarantee scheme

Our general interest is on insurance contracts with minimum return guarantees in combina-
tion with periodic contributions which imply deviations from the optimal Merton solution.
As we focus on the benefits that arise from insurance contracts for savings towards retire-
ment, we assume that the policyholder only derives utility from the terminal wealth. The
policyholder is further restricted to fairly priced contracts, i.e. the optimization problem
of the policyholder can be stated as follows

max EP [u(Lw
2 (α, β, π, g))] , (3.22)

s.t. e−2rEP∗ [Lw
2 (α, β, π, g)] = 1.

The insurance company’s strategy is prescribed, i.e. the policyholder only is able
to influence her expected utility by adjusting the premium fraction. Our aim is to max-
imize the policyholder’s expected utility by selecting the optimal premium fraction for
any guarantee scheme and given investment and participation fraction and guarantee
rate. It holds that the fair pricing condition of the terminal wealth is only fulfilled if
α + Putw

0 (α, β, π, g) = 1. Thus, we can reformulate the optimization problem (3.22) to

max
{β∈[0,1]:

α+P utw
0 (α,β,π,g)=1}

EP[u(Lw
2 (α, β, π, g))]. (3.23)
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As already discussed, this problem is not solvable in closed-form such that we need to
use simulations. We numerically calculate the expected utility for fair contracts determined
by the fair guarantee rate for each contract and find

βw∗ := argmax
{β∈[0,1]:

α+P utw
0 (α,β,π,g)=1}

E [u(Lw
2 (α, β, π, g))].

In order to make the results comparable, we calculate the certainty equivalents and
the loss rates of the three guarantee contracts. Remember that the certainty equivalent is
the fixed amount which leads to an indifference of the policyholder between CEw

2 and Lw
2 .

With u(CEw
2 ) = EP[u(Lw

2 )] it follows15

CEw
2 = ((1 − γ)EP [u(Lw

2 )])
1

1−γ .

The corresponding savings rate yw
2 results in

yw
2 = 1

2 ln
(
((1 − γ)EP[u(Lw

2 )])
1

1−γ

)
.

Ebert et al. (2012) show that CEMer ≥ CEw∗ holds for every guarantee scheme,
where CEw∗ refers to the maximum certainty equivalent for fair guarantee contracts w

determined by the fair guarantee rate gw∗(α, β, π). However, the results are only proved
for a single upfront contribution. The aim now is to analyze the impact of periodic contri-
butions on the expected utility of the policyholder for the terminal, lookback and cliquet
guarantee scheme.

Since the optimal solution of for policyholder with CRRA is a pure CM strategy, it
follows that any minimum return guarantee scheme is undesired by a CRRA policyholder,
i.e. any deviation from the optimal Merton solution results in a utility loss of the policy-
holder. This utility loss is measured by the loss rate lw2 for each guarantee scheme which
determines the loss in the certainty equivalent due to the inclusion of a guarantee. We
define the loss rate as follows.

15 The terms of course still depend on the participation, premium and investment fraction and guarantee
rate as well as on the risk aversion parameter. For reasons of readability this presentation is omitted at
this point.
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Definition 4 (Loss rate with guarantee scheme)
The loss rate lw2 of the insurance contract with guarantee scheme w ∈ {Term, Look, Cliq}
relative to the optimal Merton solution CEMer

2 over an investment horizon of T = 2 years
is stated as

lw2 := yMer
2 − yw

2 .

In the following, the impact of periodic contributions and guarantee schemes on the
certainty equivalent and loss rate of the policyholder is to be investigated. We start with a
brief discussion of the impact of the contribution scheme (premium fraction, respectively)
on the policyholder’s certainty equivalent and loss rate and then proceed to an extended
analysis of the impact of the investment fraction, the participation fraction and the policy-
holder’s risk attitude on the optimal contribution scheme for the three guarantee schemes.
We also consider the impact of the chosen utility function and compare the results to other
utility functions.

For numerical illustration, we study policyholders with CRRA parameters of γ = 2
and γ = 4. Using the benchmark parameter constellation according to Table 3.1, this
results in the following optimal investment strategies according to Merton: πMer,γ=2 = 0.6
and πMer,γ=4 = 0.3.

Premium fraction

Figure 3.12 presents the policyholder’s certainty equivalent CEw
2 for the terminal, look-

back and cliquet guarantee scheme depending on the premium fraction for a risk aversion
parameter γ = 4. The equivalent figure for γ = 2 can be found in Appendix B.1. As shown,
the certainty equivalent is increasing in the premium fraction for smaller investment frac-
tions (here π = 0.3) for all guarantee schemes. This increase is more evident for higher
participation fractions for the reason that they induce lower guarantee rates. This means
that the policyholder derives a higher utility from the upfront contribution for smaller
investment fractions and thus follows the Merton solution.

In contrast, for higher investment fractions (here π = 0.8) the results change: The
certainty equivalent increases and then decreases after reaching a maximum if the partic-
ipation fraction is high enough. For α = 0.95 e.g. it holds for all guarantee schemes that
the maximum certainty equivalent is achieved for periodic contributions instead of a single
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Certainty equivalent depending on premium fraction for different guarantee
schemes γ = 4
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Figure 3.12: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

γ = 4, depending on the premium fraction β. The top and bottom figures on the left-hand side
refer to the terminal guarantee, the figures in the middle show the lookback guarantee and the
top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are
determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to α = 0.6, the
gray dashed to α = 0.9 and the black dashed line to α = 0.95.

upfront contribution. For α = 0.9 this effect is also visible but the difference in the cer-
tainty equivalent between the optimal periodic contributions and the upfront contribution
is not very significant.

It is also worth mentioning that the certainty equivalent in the case of an upfront
contribution is considerably higher for α = 0.9 than for α = 0.95. This is due to the
risk aversion of the policyholder: The high investment fraction of π = 0.8 in combination
with a high participation fraction makes it less attractive for the risk-averse policyholder
to invest her entire wealth in the asset side of the insurance company at the beginning
of the contract. The fact that risk aversion obviously has an influence on the optimal
premium fraction can also be seen from the Figure B.5 in Appendix B.1 for γ = 2 where
the certainty equivalent increases with the height of the participation fraction.

The guarantee schemes behave in a similar way, with the lookback guarantee leading
to the highest certainty equivalent for high investment and participation fractions, followed
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

by the terminal and cliquet guarantee scheme. The reason for this is that even at a low
guarantee rate (which is preferred by the CRRA policyholder), the contract still locks
in the maximum of the investment strategy of each period. This protection, which is
independent of the guarantee rate, is only provided by the lookback guarantee scheme.

The comparison with a simple CM strategy in Figure B.2 in Appendix B.1 observes
that the highest certainty equivalent is achieved when following the Merton solution in
combination with an upfront contribution. On the contrary, in the case of deviations from
the optimal Merton solution, the guarantee can provide an additional utility in opposition
to the pure CM strategy.

Loss rate depending on premium fraction for different guarantee schemes
γ = 4
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Figure 3.13: The figure presents the loss rate lw
2 of different guarantee schemes for γ = 4, depending

on the premium fraction β. The top and bottom figures on the left-hand side refer to the terminal
guarantee, the figures in the middle show the lookback guarantee and the top and bottom figures
on the right-hand side refer to the cliquet guarantee. The top figures are determined by π = 0.8
and the bottom figures by π = 0.3. The black line refers to α = 0.6, the gray dashed to α = 0.9
and the black dashed line to α = 0.95.

The deviation from the optimal Merton solution in terms of the loss rate is presented
in Figure 3.13. The figure depicts the policyholder’s loss rate lw2 for the terminal, look-
back and cliquet guarantee scheme depending on the premium fraction for a risk aversion
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parameter γ = 4. It holds for both investment fractions that the premium fraction for
α = 0.6 has no impact on the loss rate. For higher participation fractions as e.g. α = 0.9
and α = 0.95, it can be considered that the loss rate is decreasing in the premium frac-
tion β if the investment fraction coincides with the Merton solution. This implies that if
following the Merton solution, the single upfront contribution implies the smallest utility
loss for the policyholder.

If the investment strategy of the insurance company differs from the optimal Merton
solution, a different result is obtained: It holds for the three guarantee schemes that a shift
from an upfront contribution to periodic contributions generates the smallest loss rate if
the participation fraction is sufficiently high. The same result holds for a CM strategy
without guarantees (see also Figure 3.10). The findings show that the loss rate of the
pure CM strategy is higher than the loss rates resulting from the guarantee contracts if
the investment fraction differs from the optimal Merton solution, i.e. guarantee contracts
can provide a higher expected utility for the policyholder for high investment fractions
depending on the policyholder’s level of risk aversion.

Figure B.9 in Appendix B.1 states the results for γ = 2. It can be seen from the
figure that a less risk-averse policyholder receives the lowest loss rate in this constellation
from the single upfront contribution. Accordingly, the risk attitude of the policyholder has
an influence on the loss rate as discussed in a later section.

It can also be concluded that the premium fraction β has a higher impact on the
loss rate of the terminal and lookback guarantee than on the one of the cliquet guarantee
scheme. Additionally, it holds that the optimal premium fraction is smaller for the terminal
and lookback guarantee than for the cliquet guarantee scheme (see also Table 3.3). As
already mentioned, the lookback guarantee scheme induces the highest certainty equivalent
and thus the lowest loss rate due to its lock-in feature.

Obviously, different parameters affect the policyholder’s optimal contribution scheme
under the assumption of terminal, lookback and cliquet guarantees. These are presented
in the following.

Investment fraction

Figure 3.14 presents the policyholder’s certainty equivalent CEw
2 for the terminal, lookback

and cliquet guarantee scheme depending on the investment fraction for a risk aversion
parameter γ = 4. The results for γ = 2 can be found in Figure B.6 in Appendix B.1.
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Certainty equivalent depending on investment fraction for different
guarantee schemes γ = 4
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Figure 3.14: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

γ = 4, depending on the investment fraction π. The top and bottom figures on the left-hand side
refer to the terminal guarantee, the figures in the middle show the lookback guarantee and the
top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are
determined by α = 0.95 and the bottom figures by α = 0.9. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1.

It is observed that the certainty equivalent is constant for small investment fractions for
the terminal and lookback guarantee. This is due to the fact that the fair guarantee
rate gw∗(α, β, π) corresponds to the risk-free interest rate. The certainty equivalent of the
cliquet guarantee starts increasing even for small investment fractions because the fair
guarantee rate already decreases.

It holds for all guarantee schemes that after reaching a maximum, the certainty
equivalents are decreasing. This can be explained by the policyholder initially deriving
a utility from the fact that the fair guarantee rate has to decrease as the investment
fraction increases since a CRRA policyholder does not seek a guarantee. Accordingly, the
certainty equivalent increases until the point where the contract is too risky for the risk-
averse policyholder and the expected utility (certainty equivalent, respectively) starts to
decrease.
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Furthermore, in Figure B.6 in Appendix B.1, we see that this maximum obviously
depends on the risk aversion parameter of the policyholder: For γ = 2, i.e. a less risk-averse
policyholder, the maximum certainty equivalent is only reached at higher investment frac-
tions. The position of the maximum varies between the three guarantee schemes which
is due to the different fair guarantee rates. However, the certainty equivalent of the pol-
icyholder behaves relatively similar under the terminal and lookback guarantee scheme
owning to the fact that the two contracts are similar in structure and coincide if V1 ≤ V2.

Comparing the upper and lower figures, it can be concluded that the certainty
equivalent is higher for higher participation fractions α. This is due to the fact that, in
the case of fair contracts, the fair guarantee rate has to decrease as a result of a higher
participation fraction. As already mentioned, the certainty equivalent of the policyholder
reaches the maximum for a pure CM strategy (implying α = 1) where the investment
fraction corresponds to the Merton solution. The development of the certainty equivalent
for the pure CM strategy is displayed in Figure B.3 in Appendix B.1. Comparing the two
figures, it can be considered that the expected utility (certainty equivalent, respectively) of
the CRRA policyholder in the presence of guarantees is always lower than in the absence
of guarantees. In addition, it is also observed that although the upfront contribution
(β = 1) generates the highest certainty equivalent, it significantly declines after reaching
the maximum. In contrast, the certainty equivalent for periodic contributions remains
relatively stable. In return, the maximum certainty equivalent for periodic contributions is
only reached at higher investment fractions. It can also be seen that the certainty equivalent
of the postponed contribution (β = 0) is always lower than for periodic contributions. It
is more beneficial for the policyholder to split her wealth over the two contribution dates
than to invest it at t = 1 in the asset side of the insurance company only. The influence of
the premium fraction increases with increasing participation and investment fraction (see
also Figure 3.12).

Table 3.3 is part of Figure 3.14 and therefore also depicts the certainty equivalent
depending on the investment fraction. Additionally to Figure 3.14, the table also states
the optimal premium fraction βw∗ to achieve the highest certainty equivalent and the
corresponding fair guarantee rate gw∗(α, β, π), given that α = 0.9 and γ = 4. The results
for γ = 2 can be found in Table B.1 in Appendix B.2. In opposition to the figure which
only reviews β = 0, 0.5, 1, the certainty equivalent here was analyzed for every β ∈ [0, 1].

The table depicts that the upfront contribution is optimal up to an investment
fraction π = 2πMer for all guarantee schemes. This indicates that Proposition 4 may also
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Table 3.3: Certainty equivalent for different guarantee schemes α = 0.9 and γ = 4

α = 0.9, γ = 4
Certainty equivalent

CEw∗
2

Premium fraction βw∗ Fair guarantee rate
gw∗ (α, β, π)

π = 0
Terminal 1.02020 1.0000 0.01000

Lookback 1.02020 1.0000 0.01000

Cliquet 1.02020 1.0000 0.01000

π = 0.1
Terminal 1.02020 1.0000 0.01000

Lookback 1.02020 1.0000 0.01000

Cliquet 1.02173 1.0000 0.00587

π = 0.2
Terminal 1.02029 1.0000 0.00996

Lookback 1.02029 1.0000 0.00996

Cliquet 1.02280 1.0000 0.00177

π = 0.3
Terminal 1.02104 1.0000 0.00936

Lookback 1.02105 1.0000 0.00934

Cliquet 1.02358 1.0000 -0.00253

π = 0.4
Terminal 1.02229 1.0000 0.00768

Lookback 1.02237 1.0000 0.00755

Cliquet 1.02429 1.0000 -0.00769

π = 0.5
Terminal 1.02353 1.0000 0.00492

Lookback 1.02366 1.0000 0.00441

Cliquet 1.02470 1.0000 -0.01408

π = 0.6
Terminal 1.02433 1.0000 0.00124

Lookback 1.02449 1.0000 -0.00010

Cliquet 1.02453 1.0000 -0.02170

π = 0.7
Terminal 1.02450 0.9768 -0.00287

Lookback 1.02467 0.9161 -0.00399

Cliquet 1.02357 0.9846 -0.02998

π = 0.8
Terminal 1.02433 0.7684 -0.00395

Lookback 1.02459 0.7497 -0.00576

Cliquet 1.02213 0.8059 -0.03313

π = 0.9
Terminal 1.02392 0.6349 -0.00601

Lookback 1.02426 0.6212 -0.00792

Cliquet 1.02036 0.6803 -0.03674

π = 1
Terminal 1.02323 0.5118 -0.00816

Lookback 1.02363 0.5115 -0.01024

Cliquet 1.01829 0.5736 -0.04004

hold for guarantee contracts in the sense that a deviation from an upfront contribution is
optimal if π = 2πMer. After that, it can be considered that it is optimal for the policyholder
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to periodically contribute. This is because the investment fraction becomes too high for
the risk-averse policyholder and the periodic contributions balance the over-investment in
the stock.

As already depicted in the figure, the certainty equivalent of the terminal guarantee
is about the same as that of the lookback guarantee. Contrarily, a larger reduction of
β is required for the lookback guarantee, i.e. the policyholder has to contribute more
at t = 1 in order to reach the certainty equivalent of the terminal guarantee. It is also
observed that the highest certainty equivalent for the cliquet guarantee scheme is achieved
for a lower investment fraction than for the terminal and lookback guarantee scheme.
This is due to the fact that, unlike the terminal and lookback guarantee, the cliquet does
not guarantee small profits and only protects against high losses, consequently, a higher
investment fraction is riskier and reduces the certainty equivalent of the policyholder (see
also Table 3.2). In addition, the cliquet guarantee scheme induces the highest certainty
equivalent until the investment fraction becomes too risky in view of the fact that it offers
the highest contact features.

Given the minimum participation fraction α = 0.9 in line with the regulatory require-
ments, the table also depicts that the maximum certainty equivalent of the policyholder
is achieved for lower guarantee rates than historically set by the insurance companies and
than the maximum interest rate guarantee set by supervisory authorities (0.25% as of
2022). Thus, it can be concluded that the decision about the guarantee rate remains with
the insurance company.16

This comparison with the optimal Merton solution shall now be deepened. For this
purpose, first, we look at the certainty equivalents for the terminal, lookback and cliquet
guarantee scheme for g → −∞, i.e. for vanishing guarantees.

Table 3.4 presents the highest certainty equivalent CEw∗
2 , determined by the optimal

premium fraction βw∗ and the corresponding fair participation fraction αw∗(β, π, g) for
two cases: g → −∞ and g = 0.0025. It is shown that for g → −∞, the terminal and the
cliquet guarantee scheme correspond to a pure CM strategy such that the highest certainty
equivalent (in bold) is achieved with the Merton solution π = πMer. Since there is no
guarantee and accordingly no guarantee costs, the policyholder must participate 100% in
the investment strategy of the insurance company under fair pricing, i.e. αw∗(β, π, g) = 1.
In contrast, the lookback guarantee is different: Although the policyholder is no longer

16 This result is in line with Schmeiser and Wagner (2015) and Braun et al. (2019).

126



3 Impact of guarantee schemes in life insurance contracts with periodic contributions

Table 3.4: Certainty equivalent for different guarantee schemes g → −∞ and g = 0.0025
for γ = 4

Certainty Premium Fair participation

γ = 4 equivalent CEw∗
2 fraction βw∗ fraction αw∗ (β, π, g)

g → −∞ g = 0.0025 g → −∞ g = 0.0025 g → −∞ g = 0.0025

π = 0
Terminal 1.02020 1.02020 1.0000 1.0000 1.0000 1.0000

Lookback 1.02020 1.02020 1.0000 1.0000 1.0000 1.0000

Cliquet 1.02020 1.02020 1.0000 1.0000 1.0000 1.0000

π = 0.1
Terminal 1.02480 1.02368 1.0000 1.0000 1.0000 0.9960

Lookback 1.02433 1.02355 1.0000 1.0000 0.9978 0.9949

Cliquet 1.02480 1.02301 1.0000 1.0000 1.0000 0.9895

π = 0.2
Terminal 1.02757 1.02446 1.0000 1.0000 1.0000 0.9815

Lookback 1.02656 1.02429 1.0000 1.0000 0.9925 0.9789

Cliquet 1.02757 1.02400 1.0000 0.6000 1.0000 0.5805

π = 0.3
Terminal 1.02850 1.02466 1.0000 1.0000 1.0000 0.9622

Lookback 1.02749 1.02447 1.0000 0.8617 0.9869 0.9630
(πMer) Cliquet 1.02850 - 1.0000 - 1.0000 -

π = 0.4
Terminal 1.02804 1.02454 0.7502 0.8861 1.0000 0.9451

Lookback 1.02763 1.02448 0.7502 0.7650 0.9812 0.9467

Cliquet 1.02804 - 0.7502 - 1.0000 -

π = 0.5
Terminal 1.02665 1.02438 0.6001 0.8020 1.0000 0.9276

Lookback 1.02746 1.02436 0.6001 0.7256 0.9756 0.9282

Cliquet 1.02665 - 0.6001 - 1.0000 -

π = 0.6
Terminal 1.02434 1.02416 0.5000 0.7407 1.0000 0.9096

Lookback 1.02699 1.02418 0.5000 0.6865 0.9700 0.9099

Cliquet 1.02434 - 0.5000 - 1.0000 -

π = 0.7
Terminal 1.02111 1.02392 0.4284 0.6995 1.0000 0.8909

Lookback 1.02625 1.02396 0.4284 0.6697 0.9644 0.8901

Cliquet 1.02111 - 0.4284 - 1.0000 -

π = 0.8
Terminal 1.01698 1.02366 0.3746 0.6595 1.0000 0.8726

Lookback 1.02522 1.02371 0.3746 0.6482 0.9590 0.8707

Cliquet 1.01698 - 0.3746 - 1.0000 -

π = 0.9
Terminal 1.01195 1.02337 0.3327 0.6427 1.0000 0.8526

Lookback 1.02398 1.02345 0.3327 0.6319 0.9535 0.8511

Cliquet 1.01195 - 0.3327 - 1.0000 -

π = 1
Terminal 1.00605 1.02310 0.2991 0.6176 1.0000 0.8340

Lookback 1.02250 1.02317 0.2991 0.6080 0.9482 0.8326

Cliquet 1.00605 - 0.2991 - 1.0000 -

127



3 Impact of guarantee schemes in life insurance contracts with periodic contributions

guaranteed a fixed amount at the end of the contract maturity, this scheme still contains
a kind of guarantee: At any point in time, the return of the investment strategy is locked
in and the policyholder is credited with the maximum of the past periods at the end of
the maturity. This feature does not exist in the other guarantee schemes, resulting in a
cost for the lookback guarantee even at g → −∞ and therefore the policyholder does
not participate 100% in the investment strategy of the insurance company. This results in
the certainty equivalent of the lookback guarantee being lower than that of the terminal
and cliquet guarantee as the policyholder experiences a loss of utility due to the lower
participation rate. Only for higher investment fractions (here from π = 0.5), it holds that
the certainty equivalent of the lookback guarantee is higher than the one of the other
two schemes. This can be explained by the fact that the risk-averse policyholder derives
more utility from participating less than 100% in the risky investment strategy of the
insurance company but in return the account value is locked-in at each period than from
participating 100% in the risky investment strategy and receiving the terminal account
value V2 only. It should also be noted that the optimal certainty equivalent of the lookback
guarantee scheme is achieved for a higher investment fraction than the optimal Merton
solution due to its additional feature.

Table 3.4 also depicts that for π ≤ πMer and g → −∞, the optimal premium
fractions βw∗ are equal to 1. The policyholder invests all of her money at inception of
the contract to maximize her expected utility and thus, follows the Merton solution. The
policyholder aims to have an investment fraction equal to the Merton solution, therefore
the certainty equivalent increases until that point. A higher investment fraction than
30% results in a loss of utility which is reflected in the falling certainty equivalent. To
compensate for this additional risk (over-investment, respectively), the policyholder then
tends to periodically split her contributions. For π ≥ πMer, it can be stated that the
optimal premium fraction βw∗ is less than 1, i.e. periodic contributions generate a higher
utility than a single upfront contribution. The policyholder accordingly balances the over-
investment in the stock.17 The results for γ = 2 are basically the same and can be found
in Table B.2 in Appendix B.2.

The table also presents the results when the guarantee rate is equal to 0.25% which
corresponds to the maximum interest rate guarantee prescribed by the regulator from

17 Remember that at t = 0 the policyholder is able to decide about the invested amount βπ in the stock.
The remaining part is invested at the risk-free rate.
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January, 1 2022. First, it should be noted that the dashes in the cliquet guarantee box
mean that there exists no fair participation fraction for g = 0.0025 (see also Figure 3.7).
However, for smaller investment fractions, it can be seen that the policyholder suffers a
utility loss due to the guarantee since the policyholder receives a participation fraction
smaller than 1 due to the guarantee costs. But it can also be observed that a scenario
can occur where an increase in the guarantee rate increases the certainty equivalent of
the contract. This holds true for higher participation fractions owning to the fact that
the risk-averse policyholder without a guarantee participates higher in the risky strategy
of the insurance company than desired, i.e. experiences a deviation from the optimal
Merton solution. Therefore, she tends to reduce the participation fraction by agreeing to
the guarantee as the participation fraction is decreasing in the guarantee rate and thus
balances the over-investment in the stock. The effect depends on the degree of risk aversion
of the policyholder as presented in Table B.2 in Appendix B.2: For γ = 2 it holds that the
policyholder’s certainty equivalent for the guarantee contract does not exceed the one for
g → −∞. In addition to the acceptance of the guarantee scheme, the policyholder uses
the possibility of periodic contributions to counteract the undesirably high risk resulting
from the high investment fraction.

As already mentioned, the additional guarantee scheme leads to a utility loss of
the policyholder which will be analyzed in the following. Figure 3.15 states the loss rate
lw2 of the terminal, lookback and guarantee scheme depending on the investment fraction
for γ = 4. The corresponding Figure B.10 in Appendix B.1 states the results for γ = 2
which are qualitatively similar. It can be considered that the loss rate of the terminal and
lookback guarantee for small investment fractions is constant due to the fact that the fair
guarantee rate gw∗(α, β, π) equals the risk-free interest rate r. After that, the loss rate
decreases up to a certain investment fraction and increases after reaching the minimum.
This effect is greater the higher the participation fraction. In particular, it holds that the
higher the participation fraction, the lower the loss rate. This is due to the fact that for
α = 1, the fair guarantee rate approaches −∞ and the investment strategy of the terminal
and cliquet guarantee scheme then corresponds to a CM strategy. It also follows that the
loss rate of the three guarantee schemes shifts in the direction of the optimal Merton
solution πMer (here πMer = 0.3) with increasing participation fraction.

It is also displayed that the impact of the postponed contribution is smallest across
all investment fractions. Additionally, the postponed contribution results in the highest
loss rate until the investment fraction is sufficiently high. This indicates that it is not
utility-maximizing for a CRRA policyholder to only invest all of her wealth at time t = 1
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Loss rate depending on investment fraction for different guarantee schemes
γ = 4
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Figure 3.15: The figure presents the loss rate lw
2 of different guarantee schemes for γ = 4, depending

on the investment fraction π. The top and bottom figures on the left-hand side refer to the terminal
guarantee, the figures in the middle show the lookback guarantee and the top and bottom figures
on the right-hand side refer to the cliquet guarantee. The top figures are determined by α = 0.95
and the bottom figures by α = 0.9. The black line refers to β = 0, the gray dashed to β = 0.5 and
the black dashed line to β = 1.

if the riskiness of the insurance company’s investment strategy is admissible from the pol-
icyholder’s point of view. Furthermore, the minimum loss rate of the upfront contribution
is closer to the optimal Merton solution than the minimum of the periodic contributions.
This indicates that it is optimal to deviate from the Merton solution and therefore follow
a riskier investment strategy when discussing guarantee contracts with periodic contribu-
tions. Figure 3.9 depicts that, regardless of a guarantee scheme, it is optimal for a CRRA
policyholder to invest more riskily when periodic contributions are considered which is in
line with Proposition 4.

When comparing the three guarantee schemes, it can be stated that the cliquet
guarantee achieves the lowest loss rate for a smaller investment fraction than the terminal
and lookback guarantee. Notice that the cliquet guarantee scheme protects against rather
high losses in each period but the other two schemes guarantee a small gain compared to
the initial premium. Even if the differences are not huge, the terminal guarantee scheme
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3 Impact of guarantee schemes in life insurance contracts with periodic contributions

induces the highest loss rate compared to the lookback and cliquet guarantee scheme.
This is because these contracts have a certain upside participation, whereas the terminal
guarantee scheme corresponds to pure downside protection.

Participation fraction

We now analyze the joint impact of the participation fraction α and contribution scheme
on the certainty equivalent CEw

2 for the terminal, lookback and cliquet guarantee scheme
which is given in 3.16. The corresponding figure for γ = 2 can be found in Appendix B.1.
The figure depicts that the participation fraction has no impact on the certainty equiva-
lent for small α for all guarantee and contribution schemes. This effect is greater as the
investment fraction is lower.

Certainty equivalent depending on participation fraction for different
guarantee schemes γ = 4
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Figure 3.16: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

γ = 4, depending on the participation fraction α. The top and bottom figures on the left-hand
side refer to the terminal guarantee, the figures in the middle show the lookback guarantee and
the top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures
are determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1.
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For larger participation fractions, it can be seen in the top figure that the certainty
equivalent reaches a maximum if the investment fraction is high enough (here π = 0.8).
In Figure B.7 in Appendix B.1, we see that this maximum obviously depends on the risk
aversion parameter of the policyholder: For γ = 2, i.e. a less risk-averse policyholder, the
maximum certainty equivalent has not yet been achieved for any participation fraction.
The certainty equivalent is increasing in the participation fraction. The increasing certainty
equivalent results from the fact that higher participation fractions induce lower guarantees
which is preferred by a CRRA policyholder since she experiences a utility loss due to the
guarantee. For γ = 4, it holds that the policyholder is more risk-averse and thus experiences
a utility loss from higher investment fractions. For lower investment fractions it is shown
that the certainty equivalent is increasing for higher participation fractions for both risk
aversion parameters. This is due to the fact that the investment strategy is not enough
risky for the policyholder to derive a utility loss as e.g. for π = 0.8. The results hold for
the terminal, lookback and cliquet guarantee scheme.

Studying the impact of the contribution scheme in Figure 3.16, it can be concluded
that for π = 0.8 the upfront contribution for all guarantee schemes already reaches the
maximum certainty equivalent for smaller participation fractions than the periodic or
postponed contribution which is the result of a longer investment period. However, it is
also noticeable that the certainty equivalent for higher participation fractions falls below
that of the postponed contribution for higher investment fractions due to the riskiness
of the investment strategy. For the reason that the periodic contributions imply that less
than 100% is invested in the asset side of the insurance company right at the beginning
of the contract, the certainty equivalent of the periodic contributions also increases for
higher participation fractions. It can also be considered that the certainty equivalent of
the periodic contributions exceeds that of the upfront contribution, implying that the
policyholder has a higher utility of making periodic contributions if the participation
fraction is high enough. This result holds for the terminal, lookback and cliquet guarantee
scheme. Furthermore, the impact of the postponed contribution on the certainty equivalent
is nearly the same for all participation fractions. This particularly becomes evident with
the cliquet guarantee scheme.

Again, the loss rate caused by the deviation from the Merton solution should be
discussed. The impact of the participation fraction α on the loss rate lw2 for the terminal,
lookback and cliquet guarantee scheme is given in 3.17. The bottom figure depicts the
impact of the participation fraction on the loss rate when the investment fraction cor-
responds to the optimal Merton solution, i.e. π = πMer = 0.3. It can be seen that the
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Loss rate depending on participation fraction for different guarantee schemes
γ = 4
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Figure 3.17: The figure presents the loss rate lw
2 of different guarantee schemes for γ = 4, depending

on the participation fraction α. The top and bottom figures on the left-hand side refer to the
terminal guarantee, the figures in the middle show the lookback guarantee and the top and bottom
figures on the right-hand side refer to the cliquet guarantee. The top figures are determined by
π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the gray dashed to
β = 0.5 and the black dashed line to β = 1.

loss rate is constant for every premium fraction β until the participation fraction becomes
sufficiently high. From this point on, the loss rate decreases in the participation fraction
which is due to the fact that a higher participation fraction implies a lower fair guarantee
rate. Since the CRRA policyholder does not seek a guarantee, the loss rate must therefore
decrease when the participation fraction increases. The fact that the loss rate of the cliquet
guarantee is lower than that of the terminal and lookback guarantees is due to the fact
that, under fair pricing, the participation fractions shown require the fair guarantee rate
to be negative which provides a higher utility to the CRRA policyholder.

If we consider a higher investment fraction than the optimal Merton solution, we
can see that the loss rate of the three guarantee schemes reaches a minimum for the
upfront contribution and then rises again for high participation fractions. Because of the
risky investment strategy, the policyholder suffers a loss of utility if she participates too
much in the risky strategy of the insurance company. It is also interesting to see that
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the periodic contribution for high participation fractions results in the smallest loss rate.
Despite the risky investment strategy, it is beneficial for the policyholder to periodically
split her contributions instead of making a single upfront or postponed contribution. The
observation that the loss rate of the lookback guarantee for periodic contributions is lower
than the terminal and cliquet guarantee scheme can be explained by the fact that this
guarantee also contains a value for g → −∞ (α → 1, respectively).

The results depend on the risk aversion parameter γ of the policyholder. Figure
B.11 in Appendix B.1 presents the results for a less risk-averse policyholder (γ = 2).
Here, the minimum loss rate has not yet been achieved for any participation fraction and
accordingly the loss rate is decreasing in the participation fraction. On the contrary, for
γ = 4 it holds that the policyholder is more risk-averse and experiences a utility loss from
higher investment fractions.

Level of risk aversion

As already mentioned, the results obviously depend on the risk aversion of the policyholder.
Figure 3.18 depicts the certainty equivalent CEw

2 for the terminal, lookback and cliquet
guarantee scheme depending on the risk aversion parameter for α = 0.9 and different
contribution schemes. The corresponding results for α = 0.95 are given in Figure B.8
in Appendix B.1. It is evident for all guarantee schemes that the certainty equivalent is
decreasing in the risk aversion parameter. This is an obvious result as a more risk-averse
policyholder looses more utility when investing in a risky portfolio. Therefore, this effect
is higher for higher investment fractions. At low investment fractions, the policyholder’s
certainty equivalent decreases only slightly and there is also no significant impact from
periodic contributions.

When considering high investment fractions, it is noticeable that the periodic con-
tributions have an impact on the certainty equivalent. For low risk aversion parameters,
the upfront contribution provides the highest certainty equivalent but the results change
for higher parameters of risk aversion: For all guarantee schemes, the upfront contribution
then provides the lowest certainty equivalent compared to periodic or postponed contribu-
tions. Accordingly, it is more attractive for a very risk-averse policyholder to periodically
pay her contributions if the investment strategy of the insurance company is too risky. A
higher participation fraction consequently leads to a higher certainty equivalent for low
risk aversion parameters, followed by a greater decrease in the certainty equivalent for
higher risk aversion parameters as can be seen in Figure B.8 in Appendix B.1.
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Certainty equivalent depending on level of risk aversion for different
guarantee schemes α = 0.9
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Figure 3.18: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

α = 0.9, depending on the risk aversion parameter γ. The top and bottom figures on the left-hand
side refer to the terminal guarantee, the figures in the middle show the lookback guarantee and
the top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures
are determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1.

The comparison with a simple CM strategy in Figure B.4 in Appendix B.1 also
illustrates that the certainty equivalent is decreasing in the risk aversion. Moreover, for
high investment fractions it can be concluded that the certainty equivalent is lower than for
the guarantee contracts, i.e. the guarantee can provide an additional utility in opposition
to the pure CM strategy for more risk-averse policyholders.

The policyholder’s loss rate depending on the risk aversion parameter γ should also
be discussed for a participation fraction α = 0.9 (Figure 3.19). The corresponding Figure
B.12 in Appendix B.1 states the results for α = 0.95 which are qualitatively similar.
It can be considered that the loss rate is decreasing in the risk aversion parameter for
small investment fractions (bottom figure). The results differ only slightly in the premium
fraction. For the cliquet guarantee scheme it even holds that the loss rate for every premium
fraction coincides.
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Loss rate depending on level of risk aversion for different guarantee schemes
α = 0.9
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Figure 3.19: The figure presents the loss rate lw
2 of different guarantee schemes for α = 0.9,

depending on the risk aversion parameter γ. The top and bottom figures on the left-hand side
refer to the terminal guarantee, the figures in the middle show the lookback guarantee and the
top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are
determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the gray
dashed to β = 0.5 and the black dashed line to β = 1.

A difference in the premium fractions is noticeable once the investment fraction rises
(top figure). For small risk aversion parameters, it holds that the upfront contribution
generates the smallest loss rate for all guarantee schemes. Besides, for higher risk aversion
parameters, i.e. for a more risk-averse policyholder, the postponed contribution becomes
more attractive. In this case, the upfront contribution leads to a significantly higher loss
rate. The periodic contribution leads to the lowest loss rate until a very high risk aversion
parameter and is then replaced by the postponed contribution leading to a lower loss rate.
This is caused by the fact that the risk-averse policyholder prefers the risk-free interest
rate in the first period. Furthermore, the cliquet guarantee scheme induces the highest loss
rate with increasing risk aversion parameter because the cliquet guarantee scheme does
not guarantee a small gain compared to the terminal and lookback guarantee.

The loss rate for a pure CM strategy is given in Figure 3.11 in the previous section.
The results show that, following the Merton solution (π = 0.3), the guarantee contracts
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for high risk aversion parameters lead to a lower loss rate than the pure CM strategy.
This is obviously because the policyholder with a different risk aversion parameter γ

has a different optimal Merton fractions. However, the results are interesting since the
insurance company usually does not adapt its investment fraction to the risk attitude
of the policyholder and thus it can be seen to what extent guarantee contracts can be
advantageous for the policyholder depending on her risk attitude.

Utility function

The previous analysis is based on a power utility function u(x) = x1−γ

1−γ for γ > 1. Addition-
ally, it is also interesting to study the impact of the chosen utility function on our results,
i.e. we substitute the previous utility function with a logarithmic and an exponential al-
ternative. The logarithmic utility function is given by ulog(x) = ln(x) and the exponential
utility function is of the form uexp(x) = − e−ax

a . The results are given in the following table.

Table 3.5: Certainty equivalent for different guarantee schemes and utility functions

α = 0.9 u(x) ulog(x) uexp(x)

γ = 2 γ = 4 a = 0.5 a = 2 a = 4

π = 0.3

β = 1
Terminal 1.02115 1.02104 1.02120 1.02123 1.02114 1.02104

Lookback 1.02116 1.02105 1.02121 1.02124 1.02115 1.02104

Cliquet 1.02463 1.02358 1.02518 1.02545 1.02459 1.02351

β = 0.5
Terminal 1.02048 1.02046 1.02049 1.02050 1.02048 1.02046

Lookback 1.02048 1.02046 1.02049 1.02050 1.02048 1.02046

Cliquet 1.02444 1.02341 1.02498 1.02524 1.02440 1.02334

β = 0
Terminal 1.02029 1.02029 1.02030 1.02030 1.02029 1.02029

Lookback 1.02029 1.02029 1.02030 1.02030 1.02029 1.02029

Cliquet 1.02444 1.02341 1.02498 1.02524 1.02440 1.02334

π = 0.4

β = 1
Terminal 1.02276 1.02229 1.02302 1.02314 1.02273 1.02224

Lookback 1.02285 1.02237 1.02311 1.02324 1.02282 1.02232

Cliquet 1.02624 1.02429 1.02727 1.02777 1.02615 1.02414

β = 0.5
Terminal 1.02131 1.02117 1.02164 1.02142 1.02130 1.02116

Lookback 1.02131 1.02117 1.02164 1.02142 1.02130 1.02115

Cliquet 1.02541 1.02361 1.02635 1.02682 1.02533 1.02347

β = 0
Terminal 1.02066 1.02061 1.02070 1.02071 1.02066 1.02060

Lookback 1.02066 1.02060 1.02070 1.02071 1.02066 1.02060

Cliquet 1.02539 1.02359 1.02634 1.02680 1.02531 1.02346
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Overall, Table 3.5 observes that the impact of the utility function on the certainty
equivalent of the policyholder is quiet low. Accordingly, the certainty equivalent given
by different contribution schemes does not (significantly) change under different utility
functions and therefore the impact on the optimal premium fraction is negligibly small.

3.8 Conclusion

The chapter analyzes participating life insurance contracts including three commonly used
minimum return guarantee schemes in the literature as well as in practice: Terminal, look-
back and cliquet guarantee scheme. While the policyholder was permitted to periodically
pay in her contributions, this chapter was intended to determine the impact of different
guarantee schemes and their interaction with periodic contributions with respect to the
expected utility of the policyholder. We further derive the optimal premium fraction that
maximizes the policyholder’s expected utility under the three guarantee schemes.

The solution can, to a large extent, be explained by means of the classical Merton
problem with and without an additional constraint (posed by the guarantee scheme) on the
payoff value. The optimal contribution scheme of the policyholder (i.e. how she optimally
splits the present value of her contributions over time) can basically be explained in terms
of sticking as close as possible to the overall Merton solution. In the special case that
the insurance company already invests along the lines of the Merton solution, the optimal
contribution without guarantee scheme is given by a single upfront contribution of the
policyholder. The same holds true for any investment fraction of the insurance company
which is lower than the Merton solution (based on the risk aversion of the policyholder). If
the investment fraction is higher than the Merton solution, the policyholder benefits from
splitting her contributions over time.

Following the optimal Merton solution, we are not able to explain the demand for
minimum return guarantees in life insurance contracts with periodic contributions. When
comparing the three guarantee schemes, it can be stated that the cliquet guarantee scheme
achieves a lower loss rate than the terminal and lookback guarantee for small investment
fractions. The cliquet guarantee scheme protects against rather high losses in each pe-
riod but the other two schemes guarantee a small gain compared to the initial premium.
However, even if the differences are not huge, the terminal guarantee scheme induces the
highest loss rate compared to the lookback and cliquet guarantee scheme. This results
from the fact that these insurance contracts have a certain upside participation, whereas
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the terminal guarantee scheme corresponds to pure downside protection. Therefore, the
terminal guarantee scheme offers the highest guarantee rate, at a price the policyholder is
not willing to pay.

Moreover, the minimum return guarantee contracts are outperformed by a pure
investment in the asset side of the insurance company. But, as already presented, there is
still demand for life insurance contracts with minimum return guarantees. Further research
may include other behavioral theories under the consideration of periodic contributions of
the policyholder, such as PT or CPT. Another explanation of the demand for guarantee
contracts may be that some policyholders do not have the opportunity to invest in the
same assets as the insurance company and therefore choose the guarantee contract (Braun
et al. (2019)).

We show that a scenario can occur where an increase in the guarantee rate increases
the certainty equivalent of the policyholder: For sufficiently high investment (above the
Merton solution) and participation fractions, the policyholder tends to reduce the par-
ticipation fraction by agreeing to the guarantee scheme since the participation fraction is
decreasing in the guarantee rate and the policyholder thus balances the over-investment in
the stock. Additionally to the acceptance of the guarantee scheme, we derive the optimal
premium fractions that maximize the policyholder’s expected utility under the terminal,
lookback and cliquet guarantee scheme. We thereby account for the level of the risk aver-
sion of the policyholder and investigate how the results of the model are affected by the
selection of the utility function. We find that the optimal contract design crucially depends
on the risk aversion of the policyholder and that offering identical contracts to policyhold-
ers with different levels of risk aversion leads to a sub-optimal strategy. The insurance
company may design contracts in line with policyholder’s preferences in order to increase
their WTP.

Given the minimum participation fraction α = 0.9 in line with the regulatory require-
ments, we observe that the maximum certainty equivalent of the policyholder is achieved
for lower guarantee rates (depending on the individual level of risk aversion) than his-
torically set by the insurance companies and the maximum interest rate guarantee set
by supervisory authorities (0.25% as of 2022). Accordingly, the regulatory requirements
do not affect the optimal product design and some insurance companies already offer life
insurance contracts with a guaranteed interest rate below the maximum. As a result, the
role of regulation in determining the guaranteed interest rate is becoming increasingly
unimportant and is now more likely to be decided by the insurance company.
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Further research could extend our analysis in different ways. First, one could incor-
porate stochastic interest rates or mortality risk into the model.18 For the reason that this
chapter focuses exclusively on the policyholder’s side (i.e. her expected utility), it would
also be interesting to look at the insurance side and see how much equity capital is re-
quired for the three guarantee schemes under periodic contributions.19 This also includes
the consideration of a default of the insurance company. Furthermore, one could discuss
a longer maturity of the insurance contracts in order to account for the impact of the
contract maturity on the optimal premium fraction of the policyholder. Other contract
components may include, for example, the analysis of surrender options.

18 Stochastic interest rates in participating life insurance contracts with minimum return guarantees are
subject to Chapter 5.

19 The capital requirements for the terminal guarantee scheme under periodic contributions are investigated
in Chapter 4.
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Chapter 4

Effect of management rules in life
insurance contracts with terminal
guarantee schemes and periodic
contributions

4.1 Introduction

This section is intended to discuss life insurance contracts with minimum return guarantees
where the policyholder receives the maximum of a guaranteed amount and a fraction of
a stochastic payoff given by the outcome of a risky investment strategy of the insurance
company. Under fair pricing, the contribution of the policyholder defines the possible
combinations of guaranteed amount and the participation fraction in the stochastic payoff.
It holds that the higher the minimum return guarantee, the lower the fair participation in
the stochastic payoff.

While there is a large strand of literature which studies the risk management, the
pricing and benefits to the policyholder in the context of a single upfront contribution,
less work concerns the impact of periodic contributions, i.e. where some contributions are
postponed to the future. We use a stylized model setup to analyze the effects of such
postponements on the risk profile of the insurance company as well as the benefits to
the policyholder. Additionally, we consider a management rule under which the insurance
company can adjust the investment strategy to the market development.
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Our results concern existing products, such as unit-linked life insurance products,
EIA which are very popular in the North American market or their German version select
products.1 In addition, the results also concern variable annuities. However, a special focus
is on traditional (German) participating life insurance contracts with an annual surplus
distribution which is also linked to the asset side of the insurance company where the
insurance company can adjust the stochastic payoff by adapting a management rule to
market movements. In general, we focus on the value of the insurance benefits which
depends on an economic factor that can not be controlled by the insurance company. In
order to isolate the impact of the management rule, we abstain from additional rights
which may be included in those insurance products, such as surrender options, paid-up
and resumption option and GAO.

As already mentioned, the terminal guarantee scheme is not for free, i.e. the poli-
cyholder pays an upfront fee for the guarantee and the remaining part is invested in the
asset side of the insurance company. Accordingly, the combination of an upfront fee and
periodic contributions is highly relevant for the insurance company because small changes
in the contribution scheme of the policyholder can lead to significant changes in the risk
structure of the insurance company. Considering a single upfront contribution also implies
that the policyholder pays the guarantee costs at the beginning of the contract, i.e. the
insurance company can use the whole amount to hedge the guarantee. This is not possible
if the contributions and thus the guarantee premium are postponed to the future. With-
out pre-financing, which requires the implementation of a dynamic hedging strategy at the
beginning, that part of the guarantee costs that is paid in the future may be lower than
the amount which is then needed to hedge the guarantee. This mainly depends on the
moneyness of the guarantee (put-option, respectively) at that time. Bernard et al. (2017)
conclude that periodic contributions constitute a significant risk for the insurances com-
pany in the context of variable annuities. The authors argue that insurance contacts with
periodic contributions tend to be underpriced if the insurance company is not aware of the
additional risk that periodic contributions impose. Consequently, the insurance company
should adjust the guarantee costs whenever periodic contributions of the policyholder are
allowed.

1 One of these products is IndexSelect of Allianz Lebensversicherungs-AG, for example. For a detailed
analysis of this product and an overview of further equity-linked products we refer to Alexandrova et
al. (2017).
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We assume that the insurance company does not adjust the guarantee costs at the
beginning of the contract but rather is able to adjust the investment strategy in the future.
Under consideration of a management rule, the insurance company can use the adjustment
such that the additional risk from the periodic contributions is mitigated. Basically, this
implies the first management rule that we investigate: The portfolio insurance strategy. In
order to compare the results to a benchmark, we also study a constant risk strategy. We
further consider a gambling strategy, where the insurance company increases the riskiness
of the investment strategy in times of declining markets.

Since different contribution schemes have an impact on when and how the policy-
holder is invested in the asset side of the insurance company, they also imply different
guarantee costs. The analysis of the terminal guarantee scheme finds that the guarantee
costs are strictly increasing and convex in the initial contribution payed by the policy-
holder, i.e. guarantee costs can be reduced if the contributions are paid in the future.
From the perspective of the risk management, it holds that future contributions lead to
an increasing SCR for the insurance company. We show how the insurance company can
implement the management rule in order to decrease the resulting risk from periodic con-
tributions and thus decrease the SCR.

We also investigate the perspective of the policyholder. We examine the impact of
periodic contributions of the policyholder on her expected utility under different man-
agement rules (investment strategies, respectively) of the insurance company. We suppose
that the policyholder can decide between different contribution schemes, i.e. single and pe-
riodic contributions. Assuming that the risk preferences of the policyholder are described
by a CRRA, we study her portfolio planning problem in terms of maximizing her expected
utility (and accordingly her WTP) with respect to how to split her contributions over time.
A management rule which is linked to previous market movements implies that future de-
viations from the Merton solution are random. The risk-averse policyholder neither likes
these deviations nor their randomness. In addition, assuming an CRRA policyholder, she
basically dislikes a minimum return guarantee. We shed light on the combined effects of
random deviations from the Merton solution and the guarantee scheme.

This chapter is related to several strands of the literature including (i) pricing of
embedded guarantees (options, respectively), (ii) periodic contribution schemes, (iii) risk
management, (iv) utility losses caused by guarantees and/or sub-optimal investment deci-
sions conducted by insurance companies, (v) portfolio planning and (vi) regime switching.
Without postulating completeness, we only refer to a subset of related literature and hint
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at the additional literature given within the mentioned papers as well as on Chapter 2
which gives a detailed overview of the relevant literature. We also refer to the previous
chapter for the reason that the topics partly coincide and therefore keep the literature
review shorter at these topics.

While the pricing of long-term guarantees by no-arbitrage dates back to Brennan and
Schwartz (1976), the fair valuation of participating life insurance contracts is, to be best of
our knowledge, first analyzed by Briys and De Varenne (1994, 1997). Recent contributions
are e.g. Bauer et al. (2006), Hieber et al. (2019) and Bacinello et al. (2021). The first
consideration of periodic contributions also dates back to Brennan and Schwartz (1976).
Further discussions about single and periodic contributions can be found in e.g. Bacinello
and Ortu (1993a,b, 1994) and Nielsen and Sandmann (1995, 1996). They only consider
constant periodic contributions, while we allow for flexible periodic contributions of the
policyholder. Recent works include Gatzert (2013), Bernard et al. (2017) and Eckert et al.
(2021). However, our periodic contributions generally do not lead to closed-form solutions
because the combination of periodic contributions and asset returns of the terminal wealth
results in a dependency structure. These features result in a complex evaluation, especially
for the guarantee costs. One possibility to overcome this complexity is to use upper and
lower bounds for guarantee pricing as done by e.g. Hürlimann (2010), Chi and Lin (2012)
and Bernard et al. (2017), while the latter two also include flexible contributions. We
differentiate from their approach and derive a quasi closed-form solution for the guarantee
pricing.

The consideration of default risk embedded in life insurance contracts with terminal
guarantee schemes, as far as we are aware, dates back to Briys and De Varenne (1994,
1997). Further contributions are given by Grosen and Jørgensen (2002), Bernard et al.
(2005) and Ballotta et al. (2006), for example. Bernard et al. (2005) extend the previous
work of Grosen and Jørgensen (2002) by taking into account stochastic interest rates.
Moreover, quantifying the risk resulting from long-term guarantees with appropriate risk
measures is done by e.g. Barbarin and Devolder (2005), Gatzert and Kling (2007), Feng
and Volkmer (2012), Fung et al. (2014), Devolder (2018) and Wang and Xu (2020). In
fact, Feng and Volkmer (2012) and Wang and Xu (2020) concentrate on variable annuities
and analytically calculate risk measures, such as VAR and CTE. While Devolder (2018)
analyzes the SCR under different risk measures, we account for different management
rules in order to compensate the additional risk resulting from periodic contributions of
the policyholder.

144



4 Effect of management rules in life insurance contracts

In order to assess life insurance contracts with minimum return guarantees and
participation in the surplus of the insurance company, it is necessary to evaluate the
investment strategy of the insurance company. Here exists a strong connection to the lit-
erature of portfolio optimization which already dates back to Merton (1971) who solves the
problem of maximizing the expected utility of an investor with CRRA in a Black-Scholes
model setup. Further works on portfolio optimization include e.g. Branger et al. (2010),
Schmeiser and Wagner (2015, 2016), Chen and Hieber (2016), Jensen and Nielsen (2016)
and Mahayni et al. (2020). The latter also analyze the utility losses of the policyholder
caused by sub-optimal investment strategies of the insurance company. The surplus par-
ticipation of the policyholder including the calculation of her expected utility with focus
on the German-speaking countries is analyzed in Maurer et al. (2013).

We further study a management rule such that the insurance company is able to
adjust the investment strategy if positive or negative shocks on the stock market occur.
For example, such management rules may be conducted by a regulatory framework and
have a regime switching character. An overview of regime switching contributions is given
by Elliott et al. (2010). We additionally refer to previous works on regime switching,
such as Zhou and Yin (2003) who investigate Markowitz’s mean-variance portfolio selec-
tion problem in a Markovian regime switching model. Fu et al. (2014) solve the portfolio
optimization problem in a regime switching market that contains derivatives.

While there exist contributions considering periodic contribution schemes, an anal-
ysis of the joint impact of different contribution schemes and management rules on the
guarantee price, risk management and expected utility of the policyholder is, to the best
of our knowledge, still missing.

We fill this gap by analyzing and comparing periodic contribution schemes with
respect to the implied guarantee costs, the risk management and the expected utility to the
policyholder. Furthermore, we discuss the interaction between the terminal guarantee and
management rules concerning the investment decisions (the risk profile) of the insurance
company.

The rest of the chapter is organized as follows. First, we present the general contract
design in Section 4.2. In Section 4.3 we give further details on the financial market assump-
tions resulting from the Black-Scholes model. The definition of the management rule to
control the investment fraction in the second period of the contract is stated in Section 4.4.
After presenting the contract and model assumptions, we analyze the terminal guarantee
price in Section 4.5. We thereby derive quasi-closed-forms for the guarantee price in the
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presence of periodic contributions of the policyholder. As the insurance contract is to be
fairly priced, we determine the fair participation fraction in Section 4.6. Before we account
for the perspective of the risk management of the insurance company, the distribution of
the policyholder’s terminal wealth is subject to Section 4.7. Thus, the risk management
in terms of the SCR for the insurance contract including a terminal guarantee is analyzed
in Section 4.8. Despite that, the perspective of the policyholder should also be consid-
ered such that Section 4.9 derives the expected utility of the policyholder under different
contribution schemes and management rules. Section 4.10 concludes.

4.2 Contract design

Owning to the fact that insurance premiums are typically paid in discrete time, we study a
contract design based on a set of discrete dates T = {t0 = 0, . . . , tn−1, tn = T}. T denotes
the maturity of the contract and the contributions of the policyholder are given by a
periodic contribution scheme, where ati denotes the contributions paid at ti ∈ T \ {tn}.
The policyholder’s terminal wealth (liabilities of the insurance company, respectively) LT

at T = tn is defined by the maximum of two ingredients: The portfolio (or account,
respectively) value VT of the policyholder and a terminal guarantee GT , i.e.

LT = max{VT , GT }

= VT + [GT − VT ]+, (4.1)

where [GT −VT ]+ = max{GT −VT , 0}. In summary, the contract payoff can be interpreted
by means of two components: The portfolio (or account, respectively) value VT and the
payoff of a European put-option with maturity T , strike K = GT and underlying V (with
payoff VT ). We refer to the second component as the insurance put.

The portfolio value VT is linked to the investment return (account value) of the
insurance company which, at ti (i = 0, . . . , n), are denoted by Ati . Furthermore, the
participation in the investment return depends on the guaranteed amount GT as well as
on the amount of the contributions paid at each point in time.

Since the contract payoff defined by Equation (4.1) is increasing in the guaranteed
amount GT , we assume in addition that only a part ãti = αati is invested in the asset side
of the insurance company (i.e. the remaining part finances the guarantee). In particular,
the special case GT = 0 implies α = 1 (ãti = ati) and the participation fraction α is
decreasing in GT . This observation already dates back to Nielsen and Sandmann (1996).
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It holds

VT = Vtn =
n−1∑
i=0

ãti

Atn

Ati

.

We further assume that the investment decisions of the insurance company are
invested on a complete and arbitrage-free financial market as well as the existence of
a risk-free asset growing with a constant interest rate r. This implies the existence of
a uniquely defined pricing measure P∗ where the discounted account increments are a
martingale, i.e.

e−r(tn−ti)EP∗

[
Atn

Ati

∣∣∣∣Ati

]
= 1.

Abstracting from mortality risk and assuming that the periodic contributions are
paid with certainty, it is convenient to define Vti as the arbitrage-free ti-price of the payoff
(portfolio value) VT , i.e.

Vti := e−r(tn−ti)EP∗ [Vtn | {At0 , . . . , Ati}] .

However, another possible representation of the account value is given in the follow-
ing lemma.

Lemma 1 (Account value V )
Let Ati denote the investment return of the insurance company at ti and ati the contribu-
tions of the policyholder paid at ti. Then the account value Vti is given by

Vti = α

i−1∑
j=0

atj

Ati

Atj

+ ati +
n−1∑

j=i+1
e−r(tj−ti) atj

 .

Proof: The proof is given in Appendix C.3.

The so called account value Vti is defined by means of the sum of three components:
The already realized participation in the account value, the current contribution and the
present value of future contributions. Furthermore, the account value at ti+1 depends on
the value at ti, the investment return of the insurance company in the period [ti, ti+1] and
the present value of the contributions at and after ti+1. The account value can be written
as follows.
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Lemma 2 (Dynamics of V )
Let PVti := ∑n−1

j=i e−r(tj−ti)atj (i = 0, . . . , n − 1) denote the present value of the contri-
butions at and after ti. Then, it holds Vt0 = αPVt0 and Vti+1 (i = 0, . . . , n − 1) is given
by

Vti+1 = Vti

Ati+1

Ati

+ α

(
PVti+1

(
1 − e−r(ti+1−ti) Ati+1

Ati

))
.

Proof: The proof is given in Appendix C.4.

Throughout the following, we discuss the case that the present value of the periodic
contributions is equal to one, i.e.

PVt0 =
n−1∑
i=0

e−r(ti−t0) ati = 1, (4.2)

s.t. Vt0 = α.

We further consider a so-called premium fraction which describes how the contribu-
tions of the policyholder are split over time.

Definition 5 (Premium fraction)
Normalizing the present value of the periodic contributions to one, Equation (4.2) implies
that the periodic contributions can be stated by means of a premium fraction {βt0 , . . . , βtn−1},
where

βi ≥ 0 for all i = 0, . . . , n − 1,
n−1∑
i=0

βi = 1,

s.t. ati := βie
r(ti−t0).

The extreme cases are thus implied by (i) β0 = 1 (and βi = 0 for i = 1, . . . n − 1)
and (ii) βn−1 = 1 (and βi = 0 for i = 0, . . . n − 2) s.t.

(i) (at0 , at1 , . . . , atn) = (1, 0, . . . , 0) (upfront contribution) and

(ii) (at0 , at1 , . . . , atn) = (0, 0, . . . , er(tn−1−t0)) (postponed contribution).
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Now, consider the general case that βi ∈]0, 1[. With the definition of β, it follows

PVti =
n−1∑
j=i

e−r(tj−ti)atj

=
n−1∑
j=i

e−r(tj−ti)βjer(tj−t0)

= er(ti−t0)
n−1∑
j=i

βj . (4.3)

Accordingly, it holds:

Proposition 5 (Dynamics of V - Premium fraction)
It holds Vt0 = α and Vti+1 (i = 0, . . . , n − 1) is given by

Vti+1 = βi+1

(
αer(ti+1−t0) +

Ati+1

Ati

(
Vti − αer(ti−t0)

))
+
(
1 − βi+1

)
Vti

Ati+1

Ati

,

where βi+1 :=
n−1∑

j=i+1
βj and 1 − βi+1 =

i∑
j=0

βj .

Proof: The proof is given in Appendix C.5.

The above proposition states that Vti+1 depends on a premium fraction βi+1 that
denotes the present value of the current and future contributions and on 1 − βi+1 which
denotes the past contributions up to time ti.

Notice that for Vtn it holds βn = 0, s.t. we receive Vtn = Vtn−1
Atn

Atn−1
. Furthermore,

it holds

Vt1 = α

(
erβ1 + (1 − β1)At1

At0

)
.

Qualitatively, the impact of periodic contributions of the policyholder (compared to
a single upfront contribution) can be derived in a stylized setup with two contribution
dates. To simplify the expositions, we study a stylized contract design which refers to
n = 2, where T = {t0 = 0, t1 = 1, t2 = T = 2}. We set β0 = β s.t. β1 = 1 − β, i.e.
the analysis reduces to one premium fraction β ∈ [0, 1]. Recall that the contribution at
time t = 0 is then given by a0 = β and a1 = (1 − β)er such that the present value of
the contributions is normalized to one. The extreme cases are now given by the upfront
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contribution (β = 1), where all contributions are invested at t0 = 0 and the postponed
contribution β = 0, where all contributions are postponed to t = 1. With Lemma 1, we
immediately receive for the portfolio value Vi (i = 0, 1, 2)

V0 = α

V1 = α

(
β

A1
A0

+ (1 − β)er
)

V2 = α

(
β

A2
A0

+ (1 − β)er A2
A1

)
= V1

A2
A1

.

Recall that the research question include the impact of upfront and postponed con-
tribution and the cases between these extremes on the pricing, the risk management and
the expected utility to the policyholder. In order to ensure the comparability of different
contribution schemes, we assume that all contracts are fairly priced. Notice that fair pric-
ing means that the t0-value of the contributions is equal to the t0-value of the contract
payoff LT as given in Equation (3.8), i.e. in the stylized contract design it holds

1 = e−2rEP∗

[
V2 + (G2 − V2)+

]
(4.4)

= e−2rEP∗

[
αβ

A2
A0

+ α(1 − β)er A2
A1

+
(

G2 − αβ
A2
A0

− α(1 − β)er A2
A1

)+
]

,

where G2 = e2g.

With e−2rEP∗ [V2] = V0 = α, it follows

1 − α = e−2rEP∗

[
(G2 − V2)+

]
, (4.5)

i.e. 1 − α coincides with the guarantee costs at t = 0, denoted with Put0(α, β), where

Put0(α, β) := e−2rEP∗

[
(G2 − V2)+

]
is the price of an Asian put-option.2

Both sides of Equation (4.5) depend on the participation fraction α such that the
fair α is the solution of a fix-point problem. In addition, the fair α depends on the premium
fraction β, i.e. on the periodic contributions a0 and a1.

2 Asian put-option means that V2 is a weighted average of stochastic increments.
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The guarantee costs in the periodic contributions setting depending on the premium
fraction β can thus be stated in terms of

Put0(α, β) = e−2r EP∗

[
(G2 − V2)+

]
= e−2r EP∗

[(
G2 − αβ

A2
A0

− α(1 − β)er A2
A1

)+
]

= e−2r EP∗

[(
G2 − α

(
β

A1
A0

+ (1 − β)er
)

A2
A1

)+
]

= e−2r EP∗

[(
G2 − V1

A2
A1

)+
]

= e−r EP∗

[
e−r

(
G2 − V1

A2
A1

)+
]

= e−r EP∗

[
e−r EP∗

[(
G2 − V1

A2
A1

)+
∣∣∣∣∣V1

]]
. (4.6)

Notice that the inner expectation denotes the guarantee costs at t = 1, i.e.

Put1(α, β) = e−r EP∗

[(
G2 − V1

A2
A1

)+
∣∣∣∣∣V1

]
.

These are given by the price of a European put-option with time to maturity T = 1,
strike K = G2 and underlying V , currently priced at V1. Accordingly,

Put0(α, β) = e−r EP∗ [Put1(α, β)] .

In the special case of (i) β = 1 (upfront contribution), it follows V2 = ã0
A2
A0

= αA2
A0

and thus

Put0(α, 1) = e−2rEP∗

[(
G2 − α

A2
A0

)+
]

.

Here, the Asian feature vanishes and the guarantee costs are given by a European
put-option with maturity T = 2. In the special case of (ii) (postponed contribution), it
follows V2 = ã1

A2
A1

= αer A2
A1

, i.e.

Put0(α, 0) = e−2rEP∗

[(
G2 − αer A2

A1

)+
]

= EP∗

[
e−rEP∗

[(
e−rG2 − α

A2
A1

)+
∣∣∣∣∣A1

]]
.
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The Asian feature again vanishes and the guarantee costs are given by a forward
starting option. Let G2 = e2g where g < r. In line with the previous chapter, the condition
g < r ensures the existence of a fair contract (for upfront contribution). It follows

Put0(α, 0) = EP∗

[
e−rEP∗

[(
e−(r−g)eg − α

A2
A1

)+
∣∣∣∣∣A1

]]

≤ EP∗

[
e−rEP∗

[(
eg − α

A2
A1

)+
∣∣∣∣∣A1

]]
.

In summary, the comparison of the guarantee costs linked to the extreme cases
(i) and (ii) basically reduces to comparing a guaranteed rate over different investment
horizons, i.e. if the investment returns Ai+1

Ai
are independent and identically distributed.

However, in practice, the investment decisions of the insurance company may depend on
the market movements. This implies a dependence structure even in the case of a Black-
Scholes model setup for the investment opportunity set. Further details on the financial
market assumptions and the investment decisions of the insurance company are postponed
to the subsequent section.

4.3 Model framework

The model framework of this chapter is in line with the framework of Chapter 3 generally,
i.e. the financial market model over the filtrated probability space (Ω, F , (Ft)t∈[0,T ],P) is
given by the Black-Scholes model. The filtration (Ft)t∈[0,T ] is generated by the standard
Brownian motion (Wt)t∈[0,T ]. Because of the completeness of the Black-Scholes model,
there exists a uniquely defined equivalent martingale measure P∗ under which the process
(W ∗

t )t∈[0,T ] is a standard Brownian motion. In particular, the risk-free bond (Bt)t∈[0,T ]

grows at constant interest rate r, i.e. Bt = ert and the risky asset (St)t∈[0,T ] is given by

dSt = St (µ dt + σ dWt) = St (r dt + σ dW ∗
t ) , S0 = 1.

Under the real world probability measure P, the asset price follows a geometric
Brownian motion with constant drift parameter µ (µ > r) and volatility σ (σ > 0). Under
the martingale measure (pricing measure) P∗, the asset price follows a geometric Brownian
motion with constant drift r and constant volatility σ. Recall that the stylized contract
design implies a maturity of T = 2 and a discrete payment structure. We are interested in
the returns S1

S0
and S2

S1
of the risky asset. The solution of the corresponding SDE is given
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by a log-normal distribution, s.t. it holds

Si+1
Si

underP= eµ − 1
2 σ2+σ(Wi+1−Wi) underP∗

= er − 1
2 σ2+σ(W ∗

i+1−W ∗
i ), i = 0, 1.

The insurance company can decide which fraction of wealth πt at time t is invested
in the risky asset S. According to common practice, πt is restricted to values between zero
and one (πt ∈ [0, 1]), i.e. no short selling and borrowing is allowed. The remaining part
(1 − πt) is invested in the risk-free bond B. Accordingly, the evolution of the portfolio
wealth (investment return), denoted by the stochastic process (At)t∈[0,T ], is defined over
the risky and risk-free asset:

dAt = At

(
πt

dSt

St
+ (1 − πt)

dBt

Bt

)
, A0 = 1. (4.7)

Within the stylized contract design we are interested in the returns A1
A0

and A2
A1

of
the investment. The solution of Equation (4.7) is again given by a log-normal distribution
s.t. it holds

Ai+1
Ai

underP= eµA,i− 1
2 σ2

A,i+σA,i(Wi+1−Wi) underP∗
= er− 1

2 σ2
A,i+σA,i(W ∗

i+1−W ∗
i ), i = 0, 1, (4.8)

where the cumulated drift µA,i and volatility σA,i are given by

µA,i := πiµ + (1 − πi)r

σA,i := πiσ. (4.9)

With the possibility of different investment fractions in t = 0 and t = 1 the insurance
company can react to (good or bad) market movements and adapt the investment strategy.
For the special case where the investment fraction is constant over time, i.e. πt = π, for
all t ∈ [0, T ], we follow a CM strategy as in Chapter 3. In the following, we will refer to
this special case as a constant management rule, i.e. the main focus is on the impact of
variable management rules where the insurance company adjusts the investment strategy
in t = 1 according to the asset evolution.

Due to of the definition of µA,i and σA,i in Equation (4.9), we obtain different risk
structures on the two intervals [0, 1] and [1, 2]. These differences for i = 0, 1 are controlled
by a management rule which is discussed in the following. Thus, the insurance company is
able to adjust the risk profile in t = 1 in this model. Notice that another risk spread in the
setup is on the side of the policyholder (liability side of the insurance company) because
she is allowed split her contributions between t = 0 and t = 1.
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4.4 Definition of management rule

As stated before, the differences between µA,i and σA,i for i = 0, 1 play a crucial role for the
risk spread on the asset side of the insurance company. These differences represent changes
in the investment fraction which in the following lead to the management rule (regime
switching, respectively). Typically, the classical regime switching literature is targeted
at modeling different market movements via adjustments of the drift µ and volatility σ.
These adjustments are generated by introducing a Markov chain Yt which controls the
characteristics of the drift and volatility: µ(Yt) and σ(Yt). One can differentiate between
an observable and unobservable (hidden) Markov chain depending on whether the regimes
are known or unknown at the evaluation time t. These regimes are known in our setup.
In the opposition to the classical literature, we model the different regimes by introducing
a management rule which controls the investment fraction π and accordingly the risk
structure of the insurance company. This also has an influence on the drift and the volatility
of the portfolio wealth (Equation (4.9)) such that we are in line with an observable Markov
chain regime switch.

Remember that the policyholder only can decide about the investment fraction π0

in the risky and risk-free asset at the beginning of the contract such that a fraction is
invested in the risky asset and the remaining part is invested in the risk-free bond. The
composition of the portfolio at t = 1 then depends on the evolution of the stock S and
of the Brownian motion, respectively.3 Since the policyholder has no influence on her
portfolio composition at t = 1, the insurance company controls the investment fraction π1

by taking the evolution of the asset return A1
A0

into account, i.e. the following definition
applies.

Definition 6 (Investment fraction π1)
The investment fraction π1, invested in the risky asset S, is defined by

π1 := m

(
A1
A0

)
,

where m : R → [0, 1] is a non-negative function.

3 The relation between S1
S0

and W1 is given by

S1

S0
= eµ− 1

2 σ2+σW1 i.e. W1 = 1
σ

(
ln
(

S1

S0

)
− µ + 1

2σ2
)

.
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We refer to the function m
(

A1
A0

)
as the management rule (function) which allows the

insurance company to adapt different investment strategies in a regime switching environ-
ment. There are different possibilities of the evolution of the asset return A1

A0
, i.e. positive

or negative shocks on the stock market may occur and therefore the insurance company
should be able to adjust the investment strategy in t = 1. Possible strategies are presented
in the following.4 However, the focus is on the fact that the insurance company uses the
management rule to manage the risk structure resulting from the periodic contributions.

Obviously, there exist lots of different management rules or investment strategies,
respectively. The following three investment strategies are presented in order to give the
basic reactions of an insurance company and to get an intuition about how the management
rule can work. Thereby, the constant u > 1 leads to an enlargement of π0 and d < 1 leads
to a reduction of the investment fraction π0. To simplify the notations, we set πu

1 = uπ0

and πd
1 = dπ0. Notice that under the pricing measure P∗ only the volatility of the portfolio

wealth σA,i depends on the investment fraction πi.

Definition 7 (Investment strategies induced by management rules)
For the real numbers d, u with 0 ≤ d ≤ 1 and 1 ≤ u ≤ 1

π0
we define three different

investment strategies mi : R → [0, 1] (i = 1, 2, 3) depending on the asset return A1
A0

:

(i) m1

(
A1
A0

)
:= dπ01{A1

A0
<er

} + uπ01{A1
A0

≥er

} (Portfolio insurance strategy)

⇒ σA,1 = σπd
11{A1

A0
<er

} + σπu
1 1{A1

A0
≥er

}
(ii) m2

(
A1
A0

)
:= π01{A1

A0
<er

} + π01{A1
A0

≥er

} = π0 (Constant risk strategy)

⇒ σA,1 = σπ01{A1
A0

<er

} + σπ01{A1
A0

≥er

} = σA,0

(iii) m3

(
A1
A0

)
:= uπ01{A1

A0
<er

} + dπ01{A1
A0

≥er

} (Gambling strategy)

⇒ σA,1 = σπu
1 1{A1

A0
<er

} + σπd
11{A1

A0
≥er

}.

4 Specifying the investment fraction can lead to different investment strategies, e.g. OBPI and CPPI. For
a detailed investigation of these strategies we refer to Bertrand and Prigent (2001). An application of
further strategies, such as Buy and Hold (B & H) can be found in e.g. Branger et al. (2010).
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(i) Portfolio insurance strategy: The insurance company increases the riskiness of
the investment strategy in times of increasing markets and decreases it in times of
declining markets. This strategy is mostly applied by insurance companies in order
to hedge the long-term guarantee of life insurance contracts.

(ii) Constant risk strategy: The investment fraction is constant over time, i.e. indepen-
dent of the market evolution. This strategy may be applied by insurance companies
who believe in a constant market behavior.

(iii) Gambling strategy: The insurance company decreases the riskiness of the invest-
ment in times of increasing markets and increases it in times of declining markets.
This strategy may be applied by insurance companies who speculate against the
trend.

The constant risk strategy can be implemented by setting the management rule
equal to the investment fraction π0. We refer to this as a constant management rule.5

For an investment fraction π0 ̸= π1 we obtain a variable management rule. As mentioned
previously, we assume that the insurance company uses the management rule to mitigate
the additional risk resulting from the periodic contributions of the policyholder. In the
following, we call the management rule variable if the investment fraction π1 differs from
the investment fraction π0.

As stated in Definition 7, we assume that the threshold of the asset return A1
A0

at
which the insurance company decides to increase or decrease the investment fraction π1

corresponds to the return of the risk-free interest rate er. Obviously, the insurance company
can also use other values as a threshold or, for example, decide that the management rule
does not depend on the development of the asset return but on the stock performance.
We focus on the evolution of the asset return as mainly assumed in practice. This choice
on the other hand, has a direct influence on the probability of exceeding or falling below
the threshold c and thus on the increase or decrease of the investment fraction in t = 1.
This probability can be calculated as follows.

5 The constant management rule is in line with Chapter 3.
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Given that

A1
A0

= er− 1
2 σ2

A,0+σA,0(W ∗
1 −W ∗

0 ),

it holds for the event that A1
A0

< c:

P∗
(

A1
A0

< c

)
= P∗

 ln
(

A1
A0

)
− (r − 1

2σ2
A,0)

σA,0
<

ln(c) − (r − 1
2σ2

A,0)
σA,0


= Φ

(
ln(c) − (r − 1

2σ2
A,0)

σA,0

)

and for the event that A1
A0

≥ c:

P∗
(

A1
A0

≥ c

)
= 1 − Φ

(
ln(c) − (r − 1

2σ2
A,0)

σA,0

)
.

4.5 Analysis of terminal guarantee price

Remember that the policyholder, additionally to the decision about her contribution dates,
can decide if she demands for a guarantee feature. We thereby focus on the terminal
guarantee scheme as already discussed in Section 3.3. The policyholder pays an upfront
fee for the guarantee in terms of (1 − α) and the remaining part is invested in the asset
side of the insurance company.

Upfront fees in combination with periodic contributions of the policyholder may
pose risk to the insurance company since small changes in the contributions can lead to
significant changes in the insurance company’s risk structure. Upfront contribution also
implies that the policyholder pays the guarantee costs (1 − α) at contract inception, i.e.
the insurance company can use the whole amount to hedge the guarantee. This is not
possible if the contributions and accordingly the guarantee premium are postponed to
t = 1. That part of the guarantee costs that is paid in t = 1 may be lower than the
amount which is then needed to hedge the guarantee depending on the moneyness of the
guarantee (put-option) at that time. Considering variable annuities, Bernard et al. (2017)
show that periodic contributions constitute a significant risk for the insurances company.
They argue that there is a tendency for insurance contacts with periodic premiums to
be underpriced if the insurance company is not aware of the additional risk that periodic
contributions impose. Consequently, the insurance company should adjust the guarantee
costs whenever periodic contributions of the policyholder are allowed.
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Instead of adjusting the guarantee costs at the beginning of the contract, we assume
that the insurance company is able to adjust the investment strategy at t = 1. Under
consideration of the management rule, the insurance company can use the adjustment
such that the additional risk from the periodic contributions is mitigated.

As introduced in the last section, the guarantee costs for the premium fraction
β ∈ [0, 1] are given by Put0(α, β), i.e. by the t = 0-price of the payoff (G2 − V2)+.
Notice that V is the result of an admissible investment strategy with price process V0 = α,
V1 = α

(
β A1

A0
+ (1 − β)er

)
and V2 = V1

A2
A1

. For the reason that the dynamics of A are given
in terms of a geometric Brownian motion with drift (µA – for pricing µA is irrelevant),
volatility σA (σA,0 and σA,1, respectively) and V2 = V1

A2
A1

, we can also interpret V2 as the
result of a geometric Brownian motion (starting at t = 1 with V1) with volatility

σV,1 = σA,1 = π1σ.

Using the stylized model setup, we can state the t = 0 costs in terms of a European
put-option P BS(x, T, K, σ) in a Black-Scholes model setup with underlying X, current
price x, time to maturity T and strike K where the dynamics of X are given in terms of
a geometric Brownian motion with volatility σ. The evaluation of the put price is already
stated in Equation 2.22 in Section 2.4.8.

Applying this representation to the model-free results from Section 4.2, we can calcu-
late the costs of the terminal guarantee in quasi closed-form in the following proposition.6

Proposition 6 (Terminal guarantee costs in quasi closed-form)
Let Put0(α, β) be the guarantee costs for the terminal guarantee scheme, G2 = e2g the
guarantee feature and Φ(·) the distribution function of one-dimensional normal distribu-
tion. σA,1 states the cumulated volatility depending on the management rule. The guarantee
costs can be stated for V1 = α

(
β A1

A0
+ (1 − β)er

)
in terms of

6 This is in contrast to the results of Bernard et al. (2017) who receive upper and lower bounds for the
price of a terminal guarantee including periodic contributions.
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(i) Periodic contributions: For β ∈]0, 1[ it holds

Put0(α, β) = e−r EP∗ [Put1(α, β)]

= e−r EP∗

e−rG2Φ

−
ln
(

V1
e−rG2

)
− 1

2σ2
A,1

σA,1


−V1Φ

−
ln
(

V1
e−rG2

)
+ 1

2σ2
A,1

σA,1


= e−r EP∗

[
P BS(V1, 1, G2, σA,1)

]
.

(i) Single contribution: For β = 1 and β = 0 it holds

Put0(α, 1) = e−r EP∗

e−rG2Φ

−
ln
(

αA1
e−rG2A0

)
− 1

2σ2
A,1

σA,1



− α
A1
A0

Φ

−
ln
(

αA1
e−rG2A0

)
+ 1

2σ2
A,1

σA,1


= e−r EP∗

[
P BS

(
α

A1
A0

, 1, G2, σA,1

)]

Put0(α, 0) = EP∗

e−2rG2Φ

−
ln
(

α
e−2rG2

)
− 1

2σ2
A,1

σA,1



− αΦ

−
ln
(

α
e−2rG2

)
+ 1

2σ2
A,1

σA,1


= EP∗

[
αP BS

(
1, 1,

G2
αer

, σA,1

)]
.

Proof: The proof is given in Appendix C.6.

Remark

(i) For the upfront premium case (β = 1) the strike of the inner option decreases with
increasing A1

A0
.

(ii) For the case of a constant management rule, i.e. π0 = π1 (σA,1 = σA,0, respectively),
the guarantee price of the single upfront and postponed contribution can be stated
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in closed-form in line with Proposition 1:7

PutCMR
0 (α, 1) = e−2rG2Φ

(
−

ln( α
e−2rG2

) − σ2
A,0√

2σA,0

)
− αΦ

(
−

ln( α
e−2rG2

) + σ2
A,0√

2σA,0

)

= αP BS
(

1, 2,
G2
α

, σA,0

)

PutCMR
0 (α, 0) = e−2rG2Φ

(
−

ln( α
e−2rG2

) − 1
2σ2

A,0
σA,0

)
− Φ

(
−

ln( α
e−2G2

) + 1
2σ2

A,0
σA,0

)

= αP BS

(
1, 1,

e−rG2
α

, σA,0

)
.

(iii) With the results from (ii) we can derive upper and lower bounds for the put price
such that the put price is in the interval:

[PutCMR
0 (αMax, 0), PutCMR

0 (αMin, 1)],

where αMax solves α + PutCMR
0 (α, 0) = 1 and αMin solves α + PutCMR

0 (α, 1) = 1.

As already discussed in the last section, the risk spread on the asset side and on
the liability side is highly relevant for our analysis. Here, this is shown by the fact that
the guarantee price in Proposition 6 is directly influenced by the premium fraction β and
the management rule as the volatility in the put price is given by σA,1. Notice that the
management rule, implying the regime on [1, 2] only depends on A2

A1
in terms of σA,1.

Assuming the fair pricing condition in Equation (4.4), Proposition 6 implies that
Put0(α, β) = (1 − α) denotes the upfront guarantee costs for the policyholder at the
beginning of the contract t = 0. The problem of underpricing arises since the policyholder
periodically contributes and usually does not pay the whole guarantee costs at inception.
Given that contributions are paid on a periodic basis, it is common for the guarantee costs
to be paid proportionally to the contributions, i.e the policyholder pays the guarantee fee
β(1 − α) at t = 0 and (1 − β)er(1 − α) at t = 1. This poses a challenge for the insurance
company as the risk structure at t = 1 differs from the one at inception which can also
been seen in Proposition 6 because we take the expectation of the guarantee price, i.e. the

7 Remember that P utCMR
0 (α, β) is stated as the t = 0-price of a forward starting option, i.e. a put-option

starting at t = 1 with V1. For β ∈]0, 1[, the distribution of V1 = α
(
β A1

A0
+ (1 − β)er

)
can not be stated

in closed-form. On the contrary, the special cases (i) β = 1 implies V1 = α A1
A0

and (ii) β = 0 implies
V1 = αer such that V1 is deterministic. Thus, we can calculate the guarantee costs in closed-form.
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average over all possible guarantee prices at t = 1. This can result in the risk that the
insurance company underprices the guarantee costs since the guarantee fee (1−β)er(1−α)
in t = 1 of the policyholder may not be sufficient for the risk structure in this period and
therefore may be lower than the amount which is needed to hedge the guarantee.

To overcome this problem in our setting, the insurance company can adjust the
investment fraction at t = 1 by implementing the management rule such that the risk
structure for the period [1, 2] coincides with the guarantee costs (1 − β)er(1 − α).

As in the previous chapter, first, we leave aside the fair pricing of the contracts
which we examine in more detail in the next section. This leads us to initially set α = 1
and accordingly assume that the policyholder does not cover the cost of the guarantee. We
focus on the analysis of the put prices implied by the management rule. For the following
numerical analysis we assume the parameters stated in Table 3.1 throughout the chapter,
unless otherwise stated as well as the constants u = 1.2 and d = 0.8. Additionally, we
examine a constant management rule (implying π1 = π0) as well as a variable management
rule with π1 > π0 and one with π1 < π0.

The price of the guarantee depends on different conditions, such as the risk spread
on the asset side (σA,1) as well as the risk spread on the liability side (α and β) and the
promised guarantee rate g. The results for the constant management rule are already shown
in Section 3.4. Moreover, this section focuses on the influence of the variable management
rule on the guarantee price, i.e. cases where the investment fraction π1 differs from the
investment fraction π0 of the period [0,1]. The impact of the premium fraction β on the
guarantee price of the terminal guarantee scheme Put0(α, β) for different management
rules is presented in Figure 4.1.

It holds for all three management rules that the highest guarantee rate implies the
highest put price which is an obvious result. The results for the constant management rule
are in between the two variable management rules due to the risk spread on the asset side
(σA,1): π1 > π0 leads to higher volatility and thus to a higher put price, while π1 < π0 leads
to a decrease in the put price compared to the constant management rule. Additionally, the
gap between the three management rules is decreasing with increasing premium fraction.
This is due to the fact that the insurance company adjusts the investment fraction at
t = 1 by implementing the management rule. The impact on the put price is higher for
a postponed contribution as the whole wealth is contributed in t = 1 and then directly
invested in the different adjusted investment strategies (implying different π1). This results
in the largest differences in the guarantee prices. In contrast, a single upfront contribution
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Terminal guarantee price depending on premium fraction for different
management rules
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Figure 4.1: The figure presents the put price Put0(α, β) for different management rules depending
on the premium fraction β for π0 = 0.3. The top left figure refers to the variable management rule
with π1 < π0, the top right figure to the variable management rule with π1 > π0 and the bottom
left figure presents the constant management rule. The black line refers to g = 1

2 ln(0.9), the gray
dashed to g = 0 and the black dashed line to g = 0.0025. The bottom right figure presents the
variable management rule with π1 < π0 (black line), constant management rule (gray dashed line)
and variable management rule with π1 > π0 (black dashed line) for g = 0.0025.

implies that the whole contribution is invested in π0 for the period [0, 1] which is the
same for all management rules and consequently, the effect of the management rule is
mitigated. This shows that the management rule has a greater impact in the case of
periodic contributions (postponed contributions, respectively) and is therefore a useful
tool for reducing the risk arising from periodic contributions.

It can also be noted that the put price is lower for a postponed contribution (β = 0)
than for an upfront contribution (β = 1), i.e. the put price is increasing in the premium
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fraction for all three management rules. The insurance period for β = 1 is longer and
accordingly more expensive because the policyholder invests her entire contribution in the
asset side of the insurance company at the beginning of the contract (t = 0). For β = 0, she
invests later (t = 1), i.e. her contribution is invested in the risk-free bond until t = 1 and
the guarantee is therefore less expensive. Furthermore, it is displayed that the put price
is strictly monotonically increasing and convex in the premium fraction β which holds
for different investment fractions and guarantee rates. The proof is given in the following
lemma and proposition, respectively.

Lemma 3 (Properties of guarantee costs in β - Constant management rule)
Notice that the put price is a decreasing and convex function of the underlying independent
of the model assumption. For β ∈ [0, 1] it especially holds

P BS(βx0 + (1 − β)x1, T, K, σ) ≤ βP BS(x0, T, K, σ) + (1 − β)P BS(x1, T, K, σ).

Using the convexity property for Jensen’s inequality, we receive8

PutCMR
0 (α, β) = e−r EP∗

[
P BS(V1, 1, G2, σA,0)

]
≥ e−r P BS (EP∗ [V1], 1, G2, σA,0)

= e−r P BS (αer, 1, G2, σA,0) = PutCMR
0 (α, 0).

We can use the convexity property and again Jensen to show

P BS (V1, T, K, σ) ≤ βP BS
(

α
A1
A0

, T, K, σA,0

)
+ (1 − β)P BS(αer, T, K, σA,0)

= βP BS
(

α
A1
A0

, T, K, σA,0

)
+ (1 − β)P BS

(
EP∗

[
α

A1
A0

]
, T, K, σA,0

)
≤ βP BS

(
α

A1
A0

, T, K, σA,0

)
+ (1 − β)EP∗

[
P BS

(
α

A1
A0

, T, K, σA,0

)]
,

where the last inequality is again implied by Jensen. Taking expectations on both sides of
the calculated inequality we receive

EP∗

[
P BS (V1, T, K, σ)

]
≤ EP∗

[
P BS

(
α

A1
A0

, T, K, σA,0

)]
and thus

PutCMR
0 (α, β) ≤ PutCMR

0 (α, 1).

8 Jensen’s inequality states that for a convex function u it follows E[u(X)] ≥ u(E[X]).
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Proposition 7 (Properties of terminal guarantee costs in β)
PutCMR

0 (α, β) is monotonically increasing and convex in β, s.t. lower and upper bounds
for the guarantee costs for β ∈]0, 1[ are given by

PutCMR
0 (α, 0) ≤ PutCMR

0 (α, β) ≤ PutCMR
0 (α, 1),

while a tighter upper price bound is implied by

PutCMR
0 (α, β) ≤ βPutCMR

0 (α, 1) + (1 − β)PutCMR
0 (α, 0).

Using the same argumentation as in the previous lemma, we find for the variable
management rule that

Put
(β=0),V MR
0 ≤ PutV MR

0 ≤ Put
(β=1),V MR
0 .

The impact of the investment fraction π0 on the terminal guarantee price Put0(α, β)
for different management rules is illustrated in Figure 4.2.9 The put price for all three
management rules is increasing in the investment fraction π0 which is intuitively clear
because a higher investment fraction leads to a riskier portfolio and therefore the guarantee
is more expensive. Obviously, this impact is higher for an upfront contribution as in this
case the whole contributions are invested in the investment strategy of the insurance
company at contract inception. The variable management rule with π1 > π0 has the
highest impact on the put price as it implies the highest investment fraction for the period
[1, 2]. In addition, the difference between the put price for an upfront contribution and
postponed contributions for high investment fractions π0 is the greatest for the variable
management rule with π1 < π0. This implies that the impact of the contribution scheme
on the put price is higher for variable management rules with π1 < π0 than with π1 > π0

as presented in Figure C.1 in Appendix C.1. This relationship will be examined in more
detail in the next section and, in particular, the resulting opportunity of the management
rule to mitigate or control the risk of periodic contributions, respectively.

Figure 4.3 depicts the terminal guarantee price Put0(α, β) depending on guarantee
rate g for different management rules. Remember that a guarantee rate smaller than 0
implies that the guaranteed amount on the savings fraction is smaller than the initial

9 Notice that the investment fraction π0 is only presented for the interval [0.1,0.8]. According to common
practice, the investment fraction is restricted to values between zero and one (π ∈ [0, 1]), i.e. no short
selling and borrowing is allowed. Owning to the fact that we assume d = 0.8 and u = 1.2, the investment
fraction π1 would exceed the restriction for very high or very low investment fractions π0.
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Terminal guarantee price depending on investment fraction π0 for different
management rules
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Figure 4.2: The figure presents the put price Put0(α, β) for different management rules depending
on the investment fraction π0 for g = 0.0025. The top left figure refers to the variable management
rule with π1 < π0, the top right figure to the variable management rule with π1 > π0 and the
bottom left figure presents the constant management rule. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1. The bottom right figure presents the
variable management rule with π1 < π0 (black line), constant management rule (gray dashed line)
and variable management rule with π1 > π0 (black dashed line) for β = 0.

contribution, e.g. g = 1
2 ln(0.9) implies that G2 = e

1
2 ln(0.9)∗2 = 90%. Besides, the put

price for all three management rules is increasing in the guarantee rate g because a higher
minimum guarantee rate imposes higher risk to the insurance company and therefore the
guarantee is more expensive. As stated in Proposition 7, it also holds for all management
rules that the put price is increasing in the premium fraction β. When comparing the
three management rules, it is again shown that the results for the constant management
rule are in between the two variable management rules.
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Terminal guarantee price depending on guarantee rate for different
management rules
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Figure 4.3: The figure presents the put price Put0(α, β) for different management rules depending
on the guarantee rate g for π0 = 0.3. The top left figure refers to the variable management rule
with π1 < π0, the top right figure to the variable management rule with π1 > π0 and the bottom
left figure presents the constant management rule. The black line refers to β = 0, the gray dashed
to β = 0.5 and the black dashed line to β = 1. The bottom right figure presents the variable
management rule with π1 < π0 (black line), constant management rule (gray dashed line) and
variable management rule with π1 > π0 (black dashed line) for β = 0.

4.6 Analysis of fairly priced contract

As in Chapter 3, the guarantee feature has to be financed by the contributions of the
policyholder. The guarantee costs in our model are equal to (1 − α), s.t. α has to be
smaller than one for a fraction of the contributions to be used to fund the guarantee. In
the following, we compare contracts including constant and variable management rules
that are worth the same. Assuming the principle of equivalence, the present value of the
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benefits must be equal to the present value of the policyholder’s contribution. In our
analysis, we determine contracts (α, β, π0, π1, g) ∈ (0, 1] × [0, 1] × [0, 1] × [0, 1] × [−∞, r]
s.t. the following definition of a fair contract holds.

Definition 8 (Fair contract management rule)
A contract is called fair if the no-arbitrage price of the payoff L2 is equal to the contribution
of the policyholder, i.e.

e−2rEP∗ [L2(α, β, π0, π1, g)] = α + Put0(α, β, π0, π1, g) = 1.

In the opposition to Chapter 3, we now fix the guarantee rate g, premium fraction
β and investment fraction π0 (π1, respectively) and identify the participation fraction α

for each contract such that the fair pricing condition is fulfilled. This is now possible as
we no longer compare different guarantee schemes but focus on the terminal guarantee
scheme under different management rules, i.e. the guarantee rate has the same importance
for all management rules. We denote the fair participation fraction by α∗(β, π0, π1, g) in
the following.

Definition 9 (Fair participation fraction)
For the terminal guarantee scheme, the fair participation fraction α∗(β, π0, π1, g) is the
solution of

1 = α∗ + Put0(α∗, β, π0, π1, g).

This results in the fact that α∗(β, π0, π1, g) ∈ (0, 1] exists for all combinations of
(β, π0, π1, g) ∈ ×[0, 1] × [0, 1] × [0, 1] × [−∞, r] and is unique, i.e. the contract value is
increasing in the participation fraction. Additionally, for given guarantee rate, premium
and investment fraction, we have α(π1<π0)∗ ≥ α(π1=π0)∗ ≥ α(π1>π0)∗ .

Figure 4.4 presents the fair participation fraction α∗(β, π0, π1, g) depending on the
premium fraction β for the three management rules. It is displayed that the fair participa-
tion fraction is decreasing in the premium fraction for all management rules. Furthermore,
this impact is higher for higher investment fractions as they obviously induce a riskier
investment strategy. It can also be seen that the variable management rule with π1 < π0

induces the greatest difference in the fair participation fraction between the upfront and
postponed contribution. The guarantee rate g = 0.0025 results in the lowest fair partic-
ipation fraction compared to g = 0 and g = 1

2 ln(0.9) which obviously can be explained
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Fair participation fraction depending on premium fraction for different
management rules
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Figure 4.4: The figure presents the fair participation fraction α∗(β, π0, π1, g) for different manage-
ment rules depending on the premium fraction β. The top and bottom figures on the left-hand side
refer to the variable management rules with π1 < π0, the figures in the middle show the constant
management rule and the top and bottom figures on the right-hand side refer to the variable man-
agement rules with π1 > π0. The top figures are determined by π0 = 0.8 and the bottom figures
by π0 = 0.3. The black line refers to g = 1

2 ln(0.9), the gray dashed to g = 0 and the black dashed
line to g = 0.0025.

by the fact that a higher guarantee rate implies a lower fair participation fraction under
the fair pricing condition. This also identifies that if the policyholder decides to accept
a minimum guaranteed contribution of less than 100%, the insurance company has the
opportunity to increase the policyholder’s participation in the asset side due to the lower
guarantee costs which results in higher return potential for the policyholder.

Figure 4.5 presents the fair participation fraction α∗(β, π0, π1, g) depending on the
investment fraction π0 for the three management rules. Notice that the fair participation
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Fair participation fraction depending on investment fraction π0 for different
management rules
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Figure 4.5: The figure presents the fair participation fraction α∗(β, π0, π1, g) for different man-
agement rules depending on the investment fraction π0 for g = 0.0025. The left figure refers to the
variable management rules with π1 < π0, the middle figure shows the constant management rule
and the right figure refers to the variable management rules with π1 > π0. The black line refers to
β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

fraction is decreasing in the investment fraction for all management rules. A higher in-
vestment fraction implies a riskier investment strategy of the insurance company which
results in a higher guarantee price and thus a lower fair participation fraction in order to
compensate the additional risk. It further holds that α(π1<π0)∗ ≥ α(π1=π0)∗ ≥ α(π1>π0)∗ , as
already mentioned,. This is due to the fact that the variable management rule with π1 < π0

mitigates the risk from the high investment fraction of the period [0,1] and accordingly re-
sults in a lower fair participation fraction. Additionally, the upfront contribution induces
the lowest fair participation fraction for all management rules as it implies the highest
guarantee price. The difference between the fair participation fraction for an upfront con-
tribution and postponed contribution for high investment fractions π0 is the greatest for
the variable management rule with π1 < π0. Figure C.2 in Appendix C.1 shows that the
impact of the contribution scheme on the fair participation fraction is higher for variable
management rules with π1 < π0 than with π1 > π0: The contribution schemes converge as
the investment fraction π1 increases.

The fair participation fraction α∗(β, π0, π1, g) depending on the guarantee rate g

for different management rules is depicted in Figure 4.6. As explained in Chapter 3, the
fair participation fraction is decreasing in the guarantee rate, i.e. a higher guarantee rate

169



4 Effect of management rules in life insurance contracts

Fair participation fraction depending on guarantee rate for different
management rules
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Figure 4.6: The figure presents the fair participation fraction α∗(β, π0, π1, g) for different manage-
ment rules depending on the guarantee rate g. The top and bottom figures on the left-hand side
refer to the variable management rules with π1 < π0, the figures in the middle show the constant
management rule and the top and bottom figures on the right-hand side refer to the variable man-
agement rules with π1 > π0. The top figures are determined by π0 = 0.8 and the bottom figures
by π0 = 0.3. The black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line
to β = 1.

implies a higher guarantee price which in turn implies a lower participation fraction. The
effect is greater for higher investment fractions π0. It is also observable that the fair
participation fraction for the upfront contribution is lower than the one for the periodic
or postponed contributions. Furthermore, one can see that condition g ≤ r is sufficient
for the existence of a fair participation fraction. Comparing three management rules, it
is depicted that the variable management rule π1 > π0 induces the lowest participation
fraction as it induces the highest guarantee costs compared to the other two rules.
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4 Effect of management rules in life insurance contracts

As already mentioned, the insurance company uses the management rule to mitigate
the risk arising from periodic contributions. The policyholder pays the guarantee costs
proportionally to her premiums, i.e. she also pays a part of the costs while the contract
is still in force. The guarantee costs paid in the future may not be sufficient to hedge
the guarantee at that time (depending on the moneyness of the guarantee (put-option,
respectively)).

One approach using the management rule may be to control the investment fraction
at time t = 1 in such a way that the price of the periodic contributions corresponds to
the price of the single upfront contribution. We assume that the upfront contribution re-
quires that the insurance company receives the full guarantee costs at the inception of the
contract and therefore does not need the management rule to adjust the risk. Thus, the
upfront contribution implies the constant management rule, where the investment fraction
does not change at time t = 1.

Contract value depending on guarantee fee for constant management rule -
Upfront vs. periodic contributions
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Figure 4.7: The figure presents the contract value depending on guarantee fee (1−α) for a constant
management rule with investment fraction π0 = π1 = 0.3. The left-hand side refers to the case
where the volatility σ of both contribution schemes is equal to 0.3 and the right-hand side shows
the results for σ = 0.3 (upfront) and σ = 0.2 (periodic). The gray dashed line refers to β = 0.5
and the black line to β = 1.

To get an impression of the relationship between the periodic contributions and the
upfront contribution, first, let us consider the case of the constant management rule. Fig-
ure 4.7 presents the contract values depending on the guarantee fee (1 − α) for an upfront
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(β = 1) and periodic (here β = 0.5) contributions for a constant management rule. The fair
pricing condition implies that the contract value is equal to one. The corresponding fair
guarantee fees for the upfront and periodic contributions are labeled. The left-hand side of
Figure 4.7 observes that for the same investment fraction and therefore the same volatility,
the single upfront contribution is more expensive than the periodic contributions. Besides,
the right-hand side shows that increasing the volatility of the periodic contributions with
unchanged volatility of the upfront contribution results in the periodic contributions being
more expensive than the upfront contribution. Accordingly, the volatility has an impact
on the fair guarantee fees which is also identified by Bernard et al. (2017).

Contract value depending on guarantee fee for variable management rule -
Upfront vs. periodic contributions
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Figure 4.8: The figure presents the contract value depending on guarantee fee (1−α) for a variable
management rule with investment fraction π0 = 0.3. The figure on the left-hand side refers for the
periodic contribution to the case where π1 < π0 (π1 = 0.12) and the figure on the right-hand side
refers to π1 > π0 (π1 = 0.5). It holds for the upfront contribution that π0 = π1 for both figures.
The gray dashed line refers to β = 0.5 and the black line to β = 1.

Now, let us discuss the variable management rule. Instead of directly modifying
the volatility as above, the management rule changes the investment fraction at time
t = 1 which in turn implies a change of the volatility (Equation 4.9). We assume that the
investment fractions π0 of both contribution schemes coincide. Furthermore, the invest-
ment fraction of the upfront contribution remains unchanged over the period [1, 2]. On
the contrary, the investment fraction π1 of the periodic contribution is adjusted by the
management rule. The contract values depending on the guarantee fee (1 − α) for upfront
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(β = 1) and periodic (β = 0.5) contributions for a variable management rule are displayed
in Figure 4.8. The left-hand side of the figure demonstrates the case where the investment
fractions π1 of the periodic contribution scheme is smaller than π0 (assuming d = 0.4)
and the right-hand side refers to an investment fraction π1 greater π0 (assuming u = 1.6).
First, although the proportions of the increase and decrease in the investment fraction are
similar, it can be seen that the decrease in the investment fraction π1 causes the curves
of the two contribution schemes to be further apart than in the case of an increase in the
investment fraction. This is in line with the argumentation of the previous section. Notice
that the management rule can ensure that the fair fees of the periodic contributions are
higher than the upfront contribution and vice versa. Thus, the insurance company is able
to control the risk that comes from periodic contributions with the adjustment of the
variable management rule.

The question arises whether there is an investment fraction at t = 1 for which the
cost of the single upfront contribution corresponds to the cost of the periodic contributions.
Figure C.3 in Appendix C.1 shows that there is such an investment fraction π1. The figure
depicts that, in this setup, for an investment fraction π1 = 1.323π0, the fair fees of both
contribution schemes coincide.

4.7 Distribution of terminal wealth

Besides the fair participation fraction α∗(β, π0, π1, g), it is also interesting to study the
development of the policyholder’s terminal wealth resulting from different investment
strategies performed by the insurance company. We thereby assume that these invest-
ment strategies are induced by management rules as the insurance company adjusts the
investment fraction for the period [1, 2], depending on the asset return A1

A0
. The contribu-

tions of the policyholder are invested following the investment strategies mi(A1
A0

) of type
i ∈ {1 = Portfolio insurance strategy (PI), 2 = Constant risk strategy (CR), 3 = Gambling
strategy (G)} as given in Definition 7. Our analysis aims at getting an insight into the
risk-return characteristics of these investment strategies. For this purpose, our analysis
is based on an identical Monte Carlo sample of size m = 300, 000 and financial market
parameters as given in Table 3.1. The risk-free return in this setup is equal to 1.0202 at
maturity T = 2.

Our results obviously depend on the choice of the threshold c as already mentioned.
If we assume that this threshold is given by the risk-free return, i.e. A1

A0
≥ er or A1

A0
< er,
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then it holds for our simulation that the probability of falling below the threshold is10

P
(

A1
A0

< er
)

= P

 ln
(

A1
A0

)
− (µA,0 − 1

2σ2
A,0)

σA,0
<

ln(er) − (µA,0 − 1
2σ2

A,0)
σA,0


= Φ

(
r − (µA,0 − 1

2σ2
A,0)

σA,0

)

and the probability of exceeding the threshold is given by

P
(

A1
A0

≥ er
)

= 1 − Φ
(

r − (µA,0 − 1
2σ2

A,0)
σA,0

)
.

The probability depends on the investment fraction π0 of the period [0, 1] (Equation
4.9). It holds for our Benchmark parameter setup (given in Table 3.1) that the probabil-
ity of exceeding the risk-free return is greater than the probability of falling below the
threshold for every considered investment fraction π0 ∈ [0.1, 0.8].

Figure 4.9 presents the terminal wealth distribution of the portfolio insurance, con-
stant risk and gambling strategy induced by the management rules for fair contracts. The
truncated bar represents the probability that the terminal wealth is equal to the guarantee
level egT . The exact values are given in the corresponding Table 4.1. The table addition-
ally states the fair participation fraction αi∗(β, π0, π1, g) of the related contracts depicted
in Figure 4.9 as well as the probability that the payoff is equal to the minimum return
guarantee given by the guarantee level frequency in the last column. In addition to the
Figure 4.9 which depicts the histogram for upfront and postponed contribution, Table 4.1
also presents the results for a premium fraction β = 0.5.

Table 4.1 displays that the guarantee level frequency of the portfolio insurance and
constant risk strategy is decreasing with decreasing premium fraction β. The probability
of the guarantee level matching the terminal wealth is highest for upfront contribution
for these strategies. This result may seem surprising, considering that in the previous
section it was observes that the guarantee level frequency for the terminal guarantee

10 Notice that the fair pricing takes place under the pricing measure P∗, while the terminal wealth of the
policyholder is calculated under the real world measure P.
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Distribution of terminal wealth for different investment strategies
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Figure 4.9: The figure presents the relative frequency of the terminal payoff Li
2(α, β, π0, π1, g) of

different investment strategies induced by management rules for g = 0.0025. The top and bottom
figures on the left-hand side refer to the portfolio insurance strategy, the figures in the middle
show the constant risk and the top and bottom figures on the right-hand side refer to the gambling
strategy. The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The dark
gray histogram refers to β = 1 and the light gray to β = 0.

scheme (here constant risk strategy) decreases in the premium fraction. The reason for
the different representations is that in this setup the contract is designed in such a way
that the participation fraction α is fair for a given guarantee rate g. In the previous
section, however, the fair guarantee rate was determined for a given participation fraction.
This made it appear as if the results are different which is not the truth as they are
presented only differently. Here, it can be argued that for β = 1, the maturity is longer
and therefore there are more opportunities of the policyholder to participate in the asset
return (here at t = 0 and t = 1) which in turn increases the probability that a return
is generated which is above the guarantee rate. On the contrary, the gambling strategy
provides other results: The upfront contribution still leads to the highest guarantee level
frequency but it also becomes evident that the guarantee level frequency does not decrease
in the premium fraction β. Thus, the periodic contribution (β = 0.5) of the policyholder
has a lower probability of the terminal wealth matching the guarantee level than the
postponed contribution (β = 0).
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Table 4.1: Guarantee level frequency for different investment strategies

g = 0.0025 → Guarantee level 1.00501
Fair participation

fraction αi∗ (β, π0, π1, g)
Guarantee level

frequency

β = 1
Portfolio insurance 0.9609 59.56%

Constant risk 0.9621 55.94%

Gambling 0.9624 52.25%

β = 0.5
Portfolio insurance 0.9734 52.49%

π0 = 0.3 Constant risk 0.9747 49.75%

Gambling 0.9752 46.24%

β = 0
Portfolio insurance 0.9779 48.89%

Constant risk 0.9793 48.93%

Gambling 0.9799 47.35%

β = 1
Portfolio insurance 0.8396 79.96%

Constant risk 0.8425 77.35%

Gambling 0.8434 74.69%

β = 0.5
Portfolio insurance 0.8808 76.48%

π0 = 0.8 Constant risk 0.8839 73.64%

Gambling 0.8856 70.25%

β = 0
Portfolio insurance 0.8976 73.24%

Constant risk 0.9006 73.51%

Gambling 0.9029 72.49%

Comparing the guarantee level frequencies of the three investment strategies iden-
tifies that the gambling strategy induces the lowest guarantee level frequency for all con-
tribution schemes because it has the highest upside potential as shown in Figure 4.9.
The portfolio insurance strategy induces the highest guarantee level frequency for upfront
and periodic contributions. In the case of postponed contributions, the guarantee level
frequency of the constant risk strategy exceeds the one of the portfolio insurance and
gambling strategy. It holds that the investment strategies induced by management rules
can result in the probability of matching the guarantee being lower than the one of the
constant risk strategy.

It can further be noted that the fair participation fraction αi∗(β, π0, π1, g) of the
gambling strategy is highest, followed by the constant risk strategy and portfolio insurance
strategy. This is due to the fact that the gambling strategy is designed in a way such that
the insurance company decreases the investment fraction π1 if the asset return A1

A0
is greater

than the risk-free return er and vice versa. Based on the above probability distribution, it
is known that the case where the insurance company reduces the investment fraction π1 of
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this strategy occurs more often than the case where it increases it. As a result, the strategy
becomes more inexpensive and, consequently, has a higher participation rate. Additionally,
the gambling strategy has the highest upside potential (Figure 4.9) and therefore the lowest
guarantee level frequency. The opposite holds true for the portfolio insurance strategy.

4.8 Risk management

We now discuss the risk for the insurance company resulting from the periodic contribution
scheme of the policyholder. The insurance regulatory framework - Solvency II - contains
the condition that the SFP with respect to a time horizon of one year is limited to 0.5%.
The upper bound on the SFP determines the amount of initial capital which is needed
to assure the solvency to a high degree, i.e. to honor the liabilities to the policyholder.
Accordingly, we are interested in the required solvency capital amount SC at time t = 0
such that the SPF of ε = 0.005 at t = 1 of the periodic contract is matched. With this
setting, we can measure the effects of postponed contributions for the risk structure of the
insurance company. Furthermore, we are able to analyze how a management rule affects
the SCR, i.e. the riskiness of the insurance company’s assets and how to reduce it.

The following calculations of the SFP in general hold

P
(

L1 > SCer + A1
A0

)
≤ ε ⇔ P

(
L1 − A1

A0
> SCer

)
≤ ε. (4.10)

We need to calculate and characterize the random variable L1 − A1
A0

in more detail.
It follows

L1 − A1
A0

= V1 + EP∗

[
e−r

(
G2 − V1

A2
A1

)+
]

− A1
A0

= V1 + Put1(α, β) − A1
A0

, (4.11)

where Put1(α, β) = P BS(V1, 1, G2, σA,1) = V1P BS
(
1, 1, G2

V1
, σA,1

)
. It holds for the guar-

antee costs at t = 0 (Equation (4.5))

1 − α = e−2rEP∗

[
(G2 − V2)+

]
= Put0(α, β).

Using the representations of Put0(α, β) and Put1(α, β), we can write L1 − A1
A0

as
follows.
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Proposition 8 (Representation of the random variable L1 − A1
A0

)
The random variable L1 − A1

A0
is given in terms of

(i) Periodic contributions: For β ∈]0, 1[ it holds

L1 − A1
A0

= Put1(α, β) − V1
α

Put0(α, β) + (1 − β)
(

er − A1
A0

)
.

(ii) Single contribution: For β = 1 and β = 0 it holds

L1 − A1
A0

= Put1(α, 1) − A1
A0

Put0(α, 1)

L1 − A1
A0

= Put1(α, 0) − erPut0(α, 0) + er − A1
A0

, respectively.

Proof: The proof is given in Appendix C.7.

Corollary 1 (Random variable L1 − A1
A0

of the constant management rule)
For the case of a constant management rule, i.e. π0 = π1 (σA,1 = σA,0, respectively), we
are able to simplify the representation of the random variable L1 − A1

A0
for the single upfront

(β = 1) and postponed contribution (β = 0):

(i) For β = 1 it holds

L1 − A1
A0

= PutCMR
1 (α, 1) − A1

A0
PutCMR

0 (α, 1)

= P BS
(

α
A1
A0

, 1, G2, σA,0

)
− A1

A0
αP BS

(
1, 2,

G2
α

, σA,0

)
.

(ii) For β = 0 it holds

L1 − A1
A0

= er − A1
A0

.

Proof: The proof is given in Appendix C.8.

According to Proposition 8, we are able to analyze the impact of the periodic contri-
bution scheme as well as the impact of the management rule on the values of the random
variable L1 − A1

A0
.

As seen in Section 4.5, the guarantee costs Put0(α, β) are increasing in the pre-
mium fraction β such that the policyholder may prefer the lower guarantee costs and
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thus postponed contributions. This is an interesting observation since postponed (periodic
contributions, respectively) lead to an increasing capital requirement for the insurance
company compared to an upfront contribution. The insurance company then has a target
conflict: Fulfilling the needs of the policyholder vs. minimizing its capital requirements.

Here, the management rule can be applied by the insurance company: As shown in
Section 4.5, it holds that PutV MR

0 (α, β) > PutCMR
0 (α, β) (for fixed β), i.e. by applying

a management rule the insurance company can reduce the random variable L1 − A1
A0

and
accordingly the required solvency capital SC, even though a postponed (periodic contri-
bution, respectively) scheme is implemented. Furthermore, the participation fraction α is
decreasing in Put0(α, β) such that the effect is amplified.

To determine the required solvency capital SC regarding to the SFP of ε = 0.005,
we solve

P
(

L1 − A1
A0

> SCer
)

≤ ε

via Monte Carlo simulation of size m = 300.000.

Figure 4.10 displays that the management rule (investment strategies, respectively)
influences the SCR. Following a portfolio insurance strategy reduces the capital require-
ment for a fixed premium fraction β compared to the constant risk strategy. The gambling
strategy on the other hand, increases the required solvency capital SC compared to the
constant risk strategy. Furthermore, for the portfolio insurance strategy, we see that with
increasing constants u (implying decreasing d) the SCR is decreasing (for fixed β). Thus,
the insurance company can reduce their capital requirements by following a management
rule instead of investing a constant fraction of wealth over time.

We also find that periodic contributions have a huge impact on the required solvency
capital SC. Figure 4.11 presents that following a constant risk strategy, the postponed
contribution of the policyholder significantly requires more capital than the upfront con-
tribution. The postponed contribution of the policyholder results in an increasing SPF
of the insurance company. It further follows that a constant management rule (constant
risk strategy, respectively) of the insurance company in combination with a postponed
contribution of the policyholder maximizes the SFP of the insurance company, while an
upfront contribution minimizes the SFP.

It is shown that for different management rules (investment strategies, respectively),
the optimal premium fraction β which leads to a minimal SCR differs. Considering a gam-
bling strategy, we receive the same results as for the constant risk strategy. On the contrary,
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Distribution of L1 − A1
A0

for different contribution schemes
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Figure 4.10: The figure presents the impact of the management rule on the distribution of L1 − A1
A0

for different contribution schemes. The black line in the top figures refer to the constant risk
strategy, the gray line to the portfolio insurance and the black dashed line to the gambling strategy.
The black line in the bottom figure is given by the portfolio insurance for (u = 1.2; d = 0.8) and
the gray dashed by (u = 1.4; d = 0.6). The figures on the left-hand side refer to the upfront
contribution, the figures in the middle to β = 0.5 and the figures on the right-hand side present
the postponed contribution.

the results for the portfolio insurance differ: The extreme case in the bottom right figure
observes that in theory it is possible to adjust the investment fraction with the manage-
ment rule such that the postponed contribution requires less solvency capital than the
upfront contribution. Obviously, it is not realistic that the insurance company will double
its investment fraction whenever the evolution of the asset return is good and stops invest-
ing in the risky asset whenever the asset return is in a bad state. We also observe for more
viable investment strategies that there exists an optimal premium fraction β∗ such that the
initial solvency capital and thus the SFP is minimized. From Figure 4.11, we can conclude
that the upfront contribution is optimal for small constants u. With increasing constants
u (and decreasing d), we find that the optimal premium fraction decreases. The insurance
company is able to calculate for a given management rule the optimal premium fraction β∗

such that the SPF (SCR, respectively) is minimized. Possible optimal premium fractions
such that there only is a SFP of ε = 0.005 for the corresponding investment strategies are
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Required solvency capital depending on premium fraction for different
investment strategies
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Figure 4.11: The figure presents the initial solvency capital SC for different investment strategies
induced by management rules depending on the premium fraction β. The left figure of the top refers
to the gambling strategy (1.2,0.8), the middle figure to the constant risk (1,1) and the right figure
to the portfolio insurance strategy (1.2,0.8). The bottom figures present the portfolio insurance
strategy for the management rules (1.4,0.6) (left), (1.7.0.3) (middle) and (1.99,0.01) (right).

presented in Table 4.2. The last column displays the solvency capital corresponding to the
used management rule and premium fraction β∗ which leads to SCmin.

Table 4.2: Required solvency capital for different premium fractions and investment strate-
gies

Strategy β = 0 β = 0.3 β = 0.5 β = 0.8 β = 1 (SCmin/β∗)

G (1.6,0.4) 0.129066 0.122683 0.119373 0.115558 0.113524 (0.113524 / 1)

G (1.4,0.6) 0.120868 0.114864 0.112206 0.109320 0.107752 (0.107752 / 1)

G (1.2,0.8) 0.112481 0.106879 0.104865 0.102907 0.101802 (0.101802 / 1)

CR (1,1) 0.104011 0.098904 0.097566 0.096477 0.095778 (0.095778 / 1)

PI (1.2,0.8) 0.095448 0.091038 0.090431 0.090086 0.089721 (0.089721 / 1)

PI (1.4,0.6) 0.087073 0.083735 0.083825 0.083986 0.083885 (0.083708 / 0.34)

PI (1.6,0.4) 0.079032 0.077337 0.077864 0.078288 0.078378 (0.077145 / 0.2)

CR=Constant risk strategy, G=Gambling strategy, PI=Portfolio insurance strategy.
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4.9 Expected utility of the policyholder

Our interest is also on the expected utility of the policyholder and the resulting impact of
the management rule on her expected utility. As already mentioned, we are in the same
model setup as in Chapter 3 and also have the same assumptions about the risk preferences
of the policyholder, i.e. our benchmark is also the optimal Merton solution. Owning to
the fact that the CRRA policyholder actually does not seek a guarantee, we will now
analyze the impact of the management rule and the associated investment strategies in
combination with periodic contributions on the expected utility of the policyholder.

The policyholder is again restricted to fairly priced contracts, i.e. the optimization
problem of the policyholder can be stated as follows

max EP
[
u
(
Li

2(α, β, π0, π1, g)
)]

, (4.12)

s.t. e−2rEP∗

[
Li

2 (α, β, π0, π1, g)
]

= 1.

The investment strategy i ∈ {1 = Portfolio insurance (PI), 2 = Constant risk (CR),
3 = Gambling (G)} of the insurance company is prescribed by the management rule such
that the policyholder only is able to influence her expected utility by adjusting the premium
fraction β. Thus, our aim is to maximize the policyholder’s expected utility by selecting
the optimal premium fraction for each investment strategy implied by a management rule
and given investment fraction, participation fraction and guarantee rate.

As already discussed, this problem is not solvable in closed-form such that we need
to use the previous simulations. We numerically calculate the expected utility for fair
contracts determined by the fair participation fraction for each investment strategy of the
insurance company and find

βi∗ := argmax
{β∈[0,1]:

α+P uti
0(α,β,π0,π1,g)=1}

EP
[
u
(
Li

2(α, β, π0, π1, g)
)]

.

In order to make the results comparable, we again calculate the certainty equiva-
lents and the loss rates of the three investment strategies. Remember that the certainty
equivalent is the fixed amount which leads to an indifference of the policyholder between
CEi

2 and Li
2. With u(CEi

2) = EP[u(Li
2)] it follows11

CEi
2 =

(
(1 − γ)EP

[
u(Li

2)
]) 1

1−γ .

11 The terms of course still depend on the participation, premium and investment fraction and guarantee
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The corresponding savings rate yi
2 results in

yi
2 = 1

2 ln
(
((1 − γ)EP[u(Li

2)])
1

1−γ

)
.

In view of the fact that the optimal solution of a CRRA policyholder is a CM
strategy, it follows that any guarantee scheme is undesired by a CRRA policyholder, i.e.
any deviation from the optimal solution results in a utility loss of the policyholder as
discussed in Chapter 3. This utility loss is measured by the loss rate li2 of Definition 4.
While the previous chapter analyzes the expected utility (loss rate, respectively) of the
policyholder for different guarantee schemes and periodic contributions, we now focus
on the terminal guarantee scheme and analyze the impact of management rules and the
associated investment strategies of the insurance company on the expected utility (loss
rate, respectively) of the policyholder in the presence of periodic contributions.

As in the previous chapter, we start our analysis with a brief investigation of the
contribution scheme’s impact on the utility of the policyholder and then investigate the
impact of the investment fraction, the participation fraction and the policyholder’s risk
attitude on the optimal contribution scheme in more detail for each investment strategy
and management rule, respectively. In addition, we study the impact of the chosen utility
function and compare the results to other utility functions.

For numerical illustration, we concentrate on policyholders with CRRA parameters
of γ = 2 and γ = 4. Using the benchmark parameter constellation according to Table 3.1,
this results in the optimal investment strategies in line with Merton: πMer,γ=2 = 0.6 and
πMer,γ=4 = 0.3.

4.9.1 Premium fraction

Figure 4.12 depicts the certainty equivalent of the portfolio insurance, constant risk and
gambling strategy depending on the premium fraction β for γ = 4. The corresponding
certainty equivalent for γ = 2 is given in Figure C.4 in Appendix C.1. The bottom part
of the illustration refers to the Merton solution π0 = 0.3: For the reason that the CRRA
policyholder does not wish for a guarantee, the highest certainty equivalent is obviously

rate as well as on the risk aversion parameter. For reasons of readability, this presentation is omitted at
this point.
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Certainty equivalent depending on premium fraction for different investment
strategies
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Figure 4.12: The figure presents the certainty equivalent CEi
2 of different investment strategies

induced by management rules depending on the premium fraction β for γ = 4. The top and
bottom figures on the left-hand side refer to the portfolio insurance strategy, the figures in the
middle show the constant risk and the top and bottom figures on the right-hand side refer to the
gambling strategy. The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3.
The black line refers to g = 1

2 ln(0.9), the gray dashed to g = 0 and the black dashed line to
g = 0.0025.

achieved for the lowest guarantee rate for all investment strategies. Additionally, the cer-
tainty equivalent is increasing in the premium fraction to be as close as possible to the
overall Merton solution (implying β = 1).

Comparing the three investment strategies for g = 0.0025 and g = 0, it follows that
the certainty equivalents coincide for a postponed contribution. With increasing premium
fractions, the difference between the certainty equivalents is increasing: It holds that the
gambling strategy provides the highest certainty equivalent, followed by the constant risk
strategy. As already mentioned, the gambling strategy induces the greatest upside potential
and the highest participation fraction which leads to the highest utility of the policyholder.
Considering the three investment strategies for g = 1

2 ln(0.9), it can be concluded that the
certainty equivalent of the gambling strategy is exceeded by the constant risk strategy
for smaller premium fractions. However, if the guarantee is sufficiently high, then it holds
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that the gambling strategy is more beneficial to the policyholder for periodic and upfront
contributions. Accordingly, the certainty equivalent exceeds the one of the optimal Merton
solution shown in Figure B.2 in Appendix B.1.

An investment fraction of π0 = 0.8 basically means a higher risk for the CRRA
policyholder than desired. It can be seen that the lowest guarantee rate (here g = 1

2 ln(0.9))
leads to the lowest certainty equivalent in view of the fact that the policyholder uses
the guarantee to mitigate the risk. Moreover, the return-of-premium guarantee (g = 0)
provides a higher certainty equivalent than g = 0.0025 for the constant risk and gambling
strategy. This indicates that the policyholder suffers a utility loss if the guarantee is too
high, even if the investment fraction π0 is high (Figure 4.16). In the portfolio insurance
strategy, the certainty equivalents for these guarantee rates are very close to each other
as already presented previously.

In addition, it can be concluded that the certainty equivalents of all investment
strategies initially increase in the premium fraction β and then decrease after reaching
a maximum. Periodic contributions can mean a higher utility for the policyholder if the
investment fraction π0 is high enough. If again the three strategies are compared it becomes
evident that the certainty equivalent of the strategies for postponed contributions is the
same and furthermore, that the gambling strategy leads to the highest certainty equivalent
for periodic and postponed contributions. For γ = 2, it holds that the highest certainty
equivalent is achieved for the lowest guarantee rate for both π0 = 0.3 and π0 = 0.8. Thus,
the investment strategy is not enough risky for the less risk-averse policyholder to accept
a guarantee.

Let us now consider the loss rate of the policyholder. Figure 4.13 illustrates the loss
rate li2 of the portfolio insurance, constant risk and gambling strategy depending on the
premium fraction β for γ = 4. Figure C.7 in Appendix C.1 corresponds to γ = 2. First,
it can be seen that the lowest guarantee rate (here g = 1

2 ln(0.9)) leads to the lowest loss
rate for π0 = πMer = 0.3. As already explained before, in this case the gambling strategy
provides a loss rate which is smaller than zero for high premium fractions β. Furthermore,
the loss rate is decreasing in the premium fraction to be as close as possible to the Merton
solution. For g = 0.0025 and g = 0 it holds that the difference between the loss rates of
the three investment strategies are similar in case of a postponed contribution. However,
with increasing premium fractions, the difference between the loss rates is increasing: The
gambling strategy leads to the lowest loss rate since it implies the highest fair participation
fraction for a given guarantee rate g.
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Loss rate depending on premium fraction for different investment strategies
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Figure 4.13: The figure presents the loss rate li
2 of different investment strategies induced by

management rules depending on the premium fraction β for γ = 4. The top and bottom figures
on the left-hand side refer to the portfolio insurance strategy, the figures in the middle show the
constant risk and the top and bottom figures on the right-hand side refer to the gambling strategy.
The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The black line
refers to g = 1

2 ln(0.9), the gray dashed to g = 0 and the black dashed line to g = 0.0025.

Comparing these results with an investment fraction above the desired Merton so-
lution π0 = 0.8, it is depicted that the lowest guarantee rate does no more lead to the
lowest loss rate. This can be explained by the fact that the CRRA policyholder uses the
guarantee to mitigate the risk from the high investment fraction as the guarantee results
in a lower participation fraction. The lowest loss rate is achieved for g = 0, indicating that
the policyholder suffers a utility loss if the guarantee is too high, even if the investment
fraction π0 is high (see also Figure 4.17). Additionally, it holds that the loss rates of the
three strategies have a minimum, i.e. periodic contributions mean a lower loss rate if the
investment fraction π0 is high enough. Thus, it can again be stated that the policyholder
mitigates the risk from the deviation of the Merton solution through the acceptance of
a guarantee and the contribution scheme.12 For γ = 2 it holds that the lowest loss rate

12 Remember that we assume that the policyholder is not able to change the guarantee rate, i.e. she only
can influence the risk by adjusting the contribution scheme.
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is provided by the lowest guarantee rate for π0 = 0.8. Depending on the respective risk
attitude, the policyholder therefore tends not to accept a guarantee immediately after
exceeding the optimal Merton solution but only for higher investment fractions.

Obviously, various parameters affect the policyholder’s optimal contribution scheme
under different investment strategies and management rules, respectively. These will be
presented in the following.

4.9.2 Investment fraction

Figure 4.14 presents the certainty equivalent CEi
2 of the policyholder for different invest-

ment strategies induced by management rules depending on the investment fraction π0 for
a risk aversion parameter γ = 4. The corresponding certainty equivalent for γ = 2 is given

Certainty equivalent depending on investment fraction π0 for different
investment strategies
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Figure 4.14: The figure presents the certainty equivalent CEi
2 of different investment strategies

induced by management rules depending on the investment fraction π0 for γ = 4. The top and
bottom figures on the left-hand side refer to the portfolio insurance strategy, the figures in the
middle show the constant risk and the top and bottom figures on the right-hand side refer to
the gambling strategy. The top figures are determined by g = −∞ and the bottom figures by
g = 0.0025. The black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line
to β = 1.
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in Figure C.5 in Appendix C.1. The top figures are determined by g → −∞, i.e the
guarantee rate vanishes. In this case, the constant risk strategy corresponds to a CM
strategy where the highest certainty equivalent is achieved at the optimal Merton solution
in combination with an upfront contribution as presented in Figure B.3 in Appendix C.1
(here π0 = π1 = πMer = 0.3). This also holds true for the other two investment strategies,
although it should be noted that their maximum certainty equivalent is lower than the
certainty equivalent of the constant risk strategy due to the (random) deviation from the
optimal Merton solution.

Notice that although the upfront contribution (β = 1) generates the highest cer-
tainty equivalent for all investment strategies, it significantly declines after reaching the
maximum. The certainty equivalent for periodic contributions, in contrast, decreases more
slightly. Moreover, the maximum certainty equivalent for periodic and postponed contribu-
tions is only reached at higher investment fractions compared to the upfront contribution.
It can further be noted that the certainty equivalent of the postponed contribution (β = 0)
is always lower than that for periodic contributions. Accordingly, it is more beneficial for
the policyholder to split her wealth over the two contribution dates than to fully invest it
at t = 1 in the asset side of the insurance company for every investment fraction π0. The
same behavior can be observed for γ = 2 but a shift towards higher investment fractions
takes place since γ = 2 implies an optimal Merton solution of π0 = π1 = πMer = 0.6.

For small investment fractions π0 < πMer and g → −∞, we find that the certainty
equivalent of the three investment strategies is almost equal for every contribution scheme
as the impact of the management rule is hardly observable there. Considering the upfront
contribution, it holds that for high investment fractions π0, the certainty equivalent of the
portfolio insurance coincides with the certainty equivalent of the constant risk strategy.
In this case, the certainty equivalent of the gambling strategy is significantly lower than
those of the other two strategies. The reason for this is that in this case the policyholder’s
contributions are fully invested in the asset side of the insurance company for both periods
[0,1] and [1,2]. Assuming that there is no minimum return guarantee, this is already a risky
strategy for the policyholder. The additional riskier gambling strategy of the second period
then results in a loss of utility for the risk-averse policyholder. Even the higher probability
that the insurance company will reduce the investment fraction π1 does not change the
higher risk.

For the periodic contributions, the certainty equivalent of the portfolio insurance
strategy decreases and converges to the certainty equivalent of the gambling strategy for
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high investment fractions π0. Thus, the constant risk strategy offers the highest utility to
the policyholder. For a postponed contribution, the certainty equivalent of the portfolio
insurance strategy even drops under the level of the gambling strategy. Consequently, if the
policyholder invests her entire contribution in the insurance company’s investment strategy
as late as possible (here at t = 1), she will benefit more from the higher-risk strategy. The
reason for this is that in this case the policyholder’s contributions are invested at the risk-
free interest rate in the first period, balancing the riskier strategy of the second period.
However, the constant risk strategy still leads to the highest certainty equivalent as the
other two investment strategies imply a high risk for the policyholder and accordingly
random deviations from the optimal Merton solution.

Comparing the top and bottom figures, it can be concluded that the expected utility
(certainty equivalent, respectively) of the CRRA policyholder in the presence of guarantees
is always lower than in the absence of guarantees. It can also be seen that the certainty
equivalent of the strategies decreases after it has reached a maximum. It holds for all
investment strategies that after reaching a maximum, the certainty equivalents are de-
creasing for g = 0.0025. This can be explained by the policyholder initially deriving a
utility from the fact that investment fraction increases to be as close as possible to the
Merton solution. The certainty equivalent increases until the point where the contract is
too risky for the risk-averse policyholder and the expected utility starts to decrease.

Comparing the three strategies, it is shown that the gambling strategy achieves the
highest certainty equivalent for upfront and periodic contributions. Based on the above
probability distribution, it is known that the case where the insurance company reduces
the investment fraction π1 of this strategy occurs more often than the case where it in-
creases it. As a result, the strategy becomes less expensive and, consequently, has a higher
participation fraction and the highest upside potential (see also Figure 4.9). Moreover, this
strategy has a lower probability of deviating from the Merton solution, i.e. the insurance
company tends to reduce the investment fraction π1 which implies that at t = 1 it is closest
to the optimal Merton solution for the gambling strategy. Since for the CRRA policyholder
the CM strategy with an investment fraction equal to the Merton solution is maximizing
the utility (without guarantee, implying α = 1), the policyholder tends to choose the
strategy that implies at least the highest fair participation fraction αi∗(β, π0, π1, g). The
portfolio insurance strategy in turn induces the lowest certainty equivalent. For postponed
contributions, this upside potential from the first period vanishes as the policyholder’s con-
tributions are invested in the risk-free bond for the first period which results in converging
certainty equivalents of the three investment strategies for every investment fraction π0.
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Table 4.3: Certainty equivalent for different investment strategies g → −∞ and g = 0.0025
for γ = 4

Certainty Premium Fair participation

γ = 4 equivalent CEi∗
2 fraction βi∗ fraction αi∗ (β, π0, π1, g)

g → −∞ g = 0.0025 g → −∞ g = 0.0025 g → −∞ g = 0.0025

π0 = 0.1
PI 1.02480 1.02320 1.0000 1.0000 1.0000 0.9957

CR 1.02481 1.02371 1.0000 1.0000 1.0000 0.9959

G 1.02475 1.02411 1.0000 1.0000 1.0000 0.9959

π0 = 0.2
PI 1.02755 1.02366 1.0000 1.0000 1.0000 0.9808

CR 1.02759 1.02451 1.0000 1.0000 1.0000 0.9815

G 1.02748 1.02529 1.0000 1.0000 1.0000 0.9817

π0 = 0.3
PI 1.02835 1.02369 1.0000 1.0000 1.0000 0.9609

CR 1.02850 1.02469 1.0000 1.0000 1.0000 0.9621
(πMer) G 1.02832 1.02568 1.0000 0.8339 1.0000 0.9674

π0 = 0.4
PI 1.02773 1.02353 0.7602 1.0000 1.0000 0.9384

CR 1.02802 1.02465 0.7529 0.8796 1.0000 0.9454

G 1.02771 1.02579 0.7456 0.7487 1.0000 0.9512

π0 = 0.5
PI 1.02615 1.02331 0.6164 1.0000 1.0000 0.9145

CR 1.02660 1.02449 0.6019 0.8072 1.0000 0.9274

G 1.02611 1.02575 0.5873 0.7001 1.0000 0.9305

π0 = 0.6
PI 1.02363 1.02303 0.5228 1.0000 1.0000 0.8898

CR 1.02426 1.02428 0.5011 0.7545 1.0000 0.9088

G 1.02354 1.02563 0.4793 0.6601 1.0000 0.9155

π0 = 0.7
PI 1.02015 1.02272 0.4580 1.0000 1.0000 0.8647

CR 1.02100 1.02403 0.4290 0.7069 1.0000 0.8904

G 1.01999 1.02547 0.3999 0.6363 1.0000 0.8966

π0 = 0.8
PI 1.01575 1.02240 0.4111 1.0000 1.0000 0.8396

CR 1.01682 1.02389 0.3747 0.6837 1.0000 0.8707

G 1.01547 1.02528 0.3384 0.6259 1.0000 0.8767

CR=Constant risk strategy, G=Gambling strategy, PI=Portfolio insurance strategy.

Table 4.3 is part of Figure 4.14 and therefore also presents the certainty equivalent
depending on the investment fraction π0. The corresponding results for γ = 2 can be
found in Figure C.1 in Appendix C.2. Additionally to Figure 4.14, the table also states
the optimal premium fraction βi∗ to achieve the highest certainty equivalent and the cor-
responding fair participation fraction αi∗(β, π0, π1, g) given that γ = 4 and g = −∞ and
g = 0.0025, respectively. In opposition to the figure which only studies β = 0, 0.5, 1, the
certainty equivalent here was analyzed for every β ∈ [0, 1]. Notice that the results are pre-
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sented for the constants u = 1.2 and d = 0.8. Tables C.2 and C.3 in Appendix C.2 present
the results for other constants. As already mentioned, the constants have an influence on
the amount of the increase or decrease of the investment fraction. Consequently, they also
affect the optimal investment fraction.

The table observes that for g = −∞ the constant risk strategy provides the high-
est certainty equivalent when following the Merton solution. Owning to the fact that
there is no guarantee and accordingly no guarantee costs, the policyholder must partic-
ipate 100% in the investment strategy of the insurance company under fair pricing, i.e.
αi∗(β, π0, π1, g) = 1. Thus, it is optimal for the policyholder to contribute the whole wealth
at contract inception, i.e. βi∗ = 1 for π0 ≤ πMer in order to follow the Merton solution.
The policyholder aims to have an investment fraction equal to the Merton solution, leading
to an increasing certainty equivalent of the three strategies until that investment fraction.
On the contrary, a higher investment fraction than the Merton solution results in a util-
ity loss which is reflected in the falling certainty equivalent. In this case, it holds that
the policyholder tends to periodically contribute in order to balance the over-investment
in the stock, i.e. periodic contributions generate a higher utility than a single upfront
contribution.

It can further be noted that the certainty equivalent of the constant risk strategy
exceeds the one the portfolio insurance and gambling strategy for every investment frac-
tion since the CRRA policyholder neither likes deviations from the Merton solutions nor
their randomness. The gambling strategy provides the lowest certainty equivalent for the
reason that this strategy is too risky without a guarantee feature. The result changes
when considering a terminal guarantee with g = 0.0025 such that the gambling strategy
now leads to the highest certainty equivalent for every investment fraction. The strategy
provides the highest upside potential and participation fraction and is now combined with
a terminal guarantee which leads to a high certainty equivalent of the policyholder. In
addition, it holds for investment fractions above the Merton solution that the gambling
strategy provides the highest probability of decreasing the investment fraction and thus
to be closest to the Merton solution.

It holds that the highest certainty equivalent of the gambling strategy is achieved for
an investment fraction above the Merton solution. The optimal premium fraction βi∗ of the
gambling strategy then starts decreasing even in case of the Merton solution. It holds that a
management rule in combination with periodic contributions and a terminal guarantee can
lead to a certainty equivalent of the policyholder that is higher than the one of a constant
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risk strategy (CM, respectively). It is also interesting that the portfolio insurance strategy
generates its highest certainty equivalent for βi∗ = 1 for every investment fraction, i.e. it is
not optimal for the policyholder to split her contribution over the two contribution dates.

The policyholder suffers a utility loss due to the guarantee as the policyholder re-
ceives a participation fraction smaller than one because of the guarantee costs. But it
is also demonstrated that a scenario can occur where an increase in the guarantee rate
increases the certainty equivalent of the policyholder. For higher participation fractions,
it holds that the policyholder tends to reduce the participation fraction by agreeing to the
guarantee as the participation fraction is decreasing in the guarantee rate. Thus, a con-
tract with a terminal guarantee results in a higher certainty equivalent of the policyholder
than a contract without a guarantee feature if the investment strategy of the insurance
company is risky enough.

Loss rate depending on investment fraction π0 for different investment
strategies
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Figure 4.15: The figure presents the loss rate li
2 of different investment strategies induced by

management rules depending on the investment fraction π0 for γ = 4. The top and bottom figures
on the left-hand side refer to the portfolio insurance strategy, the figures in the middle show the
constant risk and the top and bottom figures on the right-hand side refer to the gambling strategy.
The top figures are determined by g = −∞ and the bottom figures by g = 0.0025. The black line
refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.
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Figure 4.15 represents the loss rate li2 for the portfolio insurance, constant risk and
gambling strategy depending on the investment fraction π0 for γ = 4. Figure C.8 in
Appendix C.1 is given by γ = 2. The top figure refers to g → −∞, i.e. the constant risk
strategy corresponds to the CM strategy and therefore provides a loss rate lCR

2 = 0 for
π0 = π1 = πMer in case of an upfront contribution. As already mentioned, the loss rates
of the other two strategies are also minimized (but not equal to zero) for π0 = π1 = πMer

and β = 1. Moreover, after reaching a minimum, the loss rates of all investment strategies
and contribution schemes are increasing as they are too far away from the optimal Merton
solution. This behavior can also be observed at γ = 2, although the optimal Merton
solution is higher (πMer = 0.6).

It can further be seen that the loss rate of the postponed contribution is always
higher than that for periodic contributions. The policyholder derives a higher utility if she
splits her wealth over the two contribution dates than to invest the whole contributions at
t = 1 in the asset side of the insurance company for every investment fraction π0. When
comparing the investment strategies, it holds that their loss rates are similar for small
investment fractions as the impact of the management rule is hardly noticeable here, i.e
π0 = 0.1 results in π1 = 0.1 ∗ 1.2 = 0.12 and π1 = 0.1 ∗ 0.8 = 0.08, respectively. The
impact of the management rule becomes greater as the investment fraction π0 increases
and accordingly, the differences in the loss rates become greater. It further holds that the
loss rate of the gambling strategy for high investment fractions π0 in combination with an
upfront contribution is higher than the loss rate of the other two investment strategies:
In case that there is no minimum return guarantee, this implies a very risk investment
strategy of the policyholder as already explained previously.

The bottom figure refers to g = 0.0025. The loss rate is higher than for g → −∞
since the CRRA policyholder does not seek a guarantee. It is observable that the loss
rate starts decreasing for low investment fractions as the policyholder derives a utility
from increasing investment fractions π0 to be as close as possible to the Merton solution.
For investment fractions above the Merton solution, the loss rate starts increasing as the
contract becomes to risky for the risk-averse policyholder. However, the loss rate does not
fall as much as in the case without a guarantee for the reason that the guarantee ensures
that the policyholder participates less in the insurance company’s asset side. She accepts
a guarantee to balance the over-investment in the stock.

For the constant risk and gambling strategy, it is also evident that for higher invest-
ment fractions π0, in addition to accepting the guarantee, the policyholder has a lower loss
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rate if she deviates from the upfront contribution and periodically contributes. With the
portfolio insurance on the other hand, the upfront contribution brings by far the lowest loss
rate. Due to the fact that this strategy is the most expensive as already explained in the
previous section (and thus implies a lower participation fraction) and the higher probabil-
ity that the investment fraction will be increased in the second period, it is more beneficial
for the policyholder to invest her contributions at the beginning of the contract as a shift
to periodic contributions does not bring any greater utility. It is further depicted that the
gambling strategy provides the lowest loss rate for upfront and periodic contributions for
all investment strategies. Because of the higher probability that the insurance company
will reduce the investment fraction π1, the strategy is closer to the Merton solution and
therefore brings a lower loss rate.

4.9.3 Guarantee rate

Figure 4.16 presents the certainty equivalent CEi
2 of the portfolio, constant risk and gam-

bling strategy induced by management rules depending on the guarantee rate g for γ = 4.
Figure C.6 in Appendix C.1 presents the certainty equivalent for γ = 2. Considering an
investment fraction π0 = 0.3, it holds that the upfront (postponed) contribution pro-
vides the highest (lowest) certainty equivalent for all investment strategies. It can further
be concluded that the certainty equivalent of all strategies and all contribution schemes
decreases for sufficiently high guarantee rates in view to the fact that the CRRA policy-
holder does not seek any guarantee feature. On the contrary, the certainty equivalent of the
portfolio insurance strategy for upfront contribution starts decreasing for lower guarantee
rates compared to the constant risk strategy. The certainty equivalent of the gambling
strategy slightly increases as the guarantee rate increases (but is still negative) because
the policyholder initially benefits when the riskier investment strategy is overlaid with a
guarantee. But again, the policyholder suffers a utility loss if the guarantee rate is too
high and accordingly participates less in the asset side of the insurance company.

Comparing the three investment strategies for the upfront contribution of the pol-
icyholder, it holds that for low guarantee rates, the constant risk strategy provides the
highest certainty equivalent since the other two investment strategies imply a deviation
from the optimal Merton solution and are therefore too risky for the policyholder (see
also Figure 4.14). With increasing guarantee rates, the gambling strategy becomes more
attractive as already explained and thus results in the highest certainty equivalent. This
observation also applies to periodic contributions. For postponed contribution, it also holds
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Certainty equivalent depending on guarantee rate for different investment
strategies
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Figure 4.16: The figure presents the certainty equivalent CEi
2 of different investment strategies

induced by management rules depending on the guarantee rate g for γ = 4. The top and bottom
figures on the left-hand side refer to the portfolio insurance strategy, the figures in the middle
show the constant risk and the top and bottom figures on the right-hand side refer to the gambling
strategy. The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The
black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

that the constant risk strategy provides the highest certainty equivalent for low guarantee
rates. With increasing guarantee rates, the certainty equivalents of the three investment
strategies coincide.

Comparing the results with a higher investment fraction π0 = 0.8, the results differ,
i.e. the certainty equivalent is increasing in the guarantee rate for all investment strategies.
This can be explained by the fact that the CRRA policyholder aims to have a participation
fraction equal to the Merton solution (here πMer=0.3

0 ). The higher investment fraction of
the insurance company can be compensated by the policyholder by the acceptance a
guarantee which implies a lower participation fraction in the risky investment strategy of
the insurance company. After reaching a maximum, the certainty equivalent decreases. For
γ = 2, the certainty equivalent for π0 = 0.8, for example, behaves similar to π0 = 0.3 for the
reason that the risk of the investment fraction is not sufficiently high for the policyholder
to receive a utility from the guarantee.
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For γ = 4 it can be seen that the upfront contribution no longer leads to the
highest certainty equivalent as it is too risky for the risk-averse policyholder to invest
the whole contribution into the risky investment strategy of the insurance company from
the beginning of the contract. The policyholder tends to offset the over-investment in
the stock through the periodic contributions. It is further displayed that the gambling
strategy reaches the highest certainty equivalent for periodic contributions, followed by an
upfront contribution. Accordingly, the postponed contribution leads to the lowest certainty
equivalent of the policyholder for the gambling strategy. The policyholder achieves the
highest utility if she invests a part of her contribution β in the asset side of the insurance
company in the first period and invests the other part (1−β) at the risk-free interest rate.

A similar result is obtained with the constant risk strategy but the certainty equiva-
lents of the upfront and postponed contribution intersect for low guarantee rates. However,
notice that the periodic contributions lead to the highest certainty equivalent if the invest-
ment fraction π0 deviates from the Merton solution for sufficiently low guarantee rates. For
the portfolio insurance strategy, it also holds that the periodic contributions lead to the
highest certainty equivalent for negative guarantee rates. But contrary to the other two
strategies, the upfront contribution exceeds this certainty equivalent for sufficiently high
guarantee rates. The portfolio insurance strategy is less risky than the gambling strategy
and as a result, it can be beneficial for the policyholder to invest all of her wealth in the
asset side of the insurance company at the beginning of the contract.

Comparing the three investment strategies for the upfront contribution, it holds
that the gambling strategy provides the highest certainty equivalent even for low guaran-
tee rates which is in opposition to the results for π0 = 0.3. In the event of a deviation
from the Merton solution, it can therefore be stated that the management rule can lead
to a higher certainty equivalent for the policyholder. In the gambling strategy, the prob-
ability of decreasing the investment fraction is higher than increasing it and, accordingly,
the probability of deviating from the Merton solution is lowest and the probability of ap-
proaching the Merton solution is highest, respectively. As the premium fraction decreases,
the differences in the certainty equivalents become smaller as presented in Figure 4.12.

The loss rate li2 of the three investment strategies depending on the guarantee rate
g for γ = 4 is depicted in Figure 4.17. The corresponding figure for γ = 2 can be found
in Appendix C.1 (Figure C.9). The results are qualitatively similar. For an investment
fraction π0 = 0.3, it is demonstrated that the upfront contribution of the policyholder
provides the lowest loss rate and that the postponed contribution leads to the highest loss
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Loss rate depending on guarantee rate for different investment strategies
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Figure 4.17: The figure presents the loss rate li
2 of different investment strategies induced by

management rules depending on the guarantee rate g for γ = 4. The top and bottom figures on the
left-hand side refer to the portfolio insurance strategy, the figures in the middle show the constant
risk and the top and bottom figures on the right-hand side refer to the gambling strategy. The top
figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The black line refers to
β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

rate for all investment strategies. It is further observable that the loss rate is increasing as
the guarantee rate increases: The CRRA policyholder does not seek a guarantee and thus
derives a utility loss as the guarantee rate increases. Furthermore, the policyholder aims
to be as close as possible to the overall Merton solution which implies an investment of
30% in the asset side of the insurance company. However, the guarantee costs cause the
participation fraction to decrease and the policyholder is no longer in line with the Merton
solution.

The loss rate of the gambling strategy for upfront contribution is negative for certain
negative guarantee rates, implying that the gambling strategy exceeds the Merton solution.
The fair participation fraction of the gambling strategy is higher than the one of the
constant risk strategy as observed in Table 4.3. This leads to the policyholder investing
more on the asset side of the insurance company, weakening the guarantee in contrast
to the constant risk strategy. However, with increasing guarantee rates the policyholder
suffers a utility loss.
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For π0 = 0.8, it follows that the loss rate is decreasing in the guarantee rate for
low guarantee rates. The reason for that is that an investment fraction of 80% is far
above the desired investment fraction (30%). The increasing guarantee rate causes the
participation fraction to decrease which means that the policyholder is less invested in the
insurance company’s high-risk investment strategy. This effect decreases as the guarantee
rate increases.

It is shown that the periodic contribution leads to the lowest loss rate for the gam-
bling and constant risk strategy because the upfront contribution is too risky. The pol-
icyholder manages the risk of high investment fractions, i.e. the over-investment in the
stock, through the acceptance of a guarantee and through the shift from a single upfront
contribution to periodic contributions. For the portfolio insurance strategy in opposition
to the other two strategies, notice that the loss rate of the upfront contribution is lower
than for periodic contributions if the guarantee rate is sufficiently high. The portfolio in-
surance strategy is less risky than the gambling strategy and it therefore can be utility
maximizing to invest the whole contributions at contract inception.

Unlike the observations for π0 = 0.3, for π0 = 0.8, it holds that the gambling strategy
induces the lowest loss rate even for low guarantee rates. This is due to the fact that the
probability of getting closer to the Merton solution is highest with this strategy. It can be
concluded that the management rule can lead to a lower loss rate than the overall Merton
solution.

4.9.4 Level of risk aversion

Figure 4.18 presents the certainty equivalent CEi
2 of the portfolio insurance, constant risk

and gambling strategy depending on the risk aversion parameter γ for g = 0.0025. As
already mentioned, the previous results obliviously depend on the risk aversion of the
policyholder. Thus, the certainty equivalent is decreasing in the risk aversion parameter
for all investment strategies: A more risk-averse policyholder loses more utility when in-
vesting in a risky portfolio. Therefore, the certainty equivalent decreases more sharply for
higher investment fractions π0. For low risk aversion parameters, the upfront contribution
provides the highest certainty equivalent for all investment strategies to be as close as
possible to the Merton solution.

The results change for higher parameters of risk aversion. Considering the portfolio
insurance strategy for π0 = 0.3, it is displayed that the upfront contribution provides the
lowest certainty equivalent for high risk aversion parameters. The results of the constant
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Certainty equivalent depending on risk aversion for different investment
strategies
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Figure 4.18: The figure presents the certainty equivalent CEi
2 of different investment strategies

induced by management rules depending on the risk aversion parameter γ for g = 0.0025. The top
and bottom figures on the left-hand side refer to the portfolio insurance strategy, the figures in the
middle show the constant risk and the top and bottom figures on the right-hand side refer to the
gambling strategy. The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3.
The black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

risk and gambling strategy are as follows: For an investment fraction π0 = 0.3, it can be
seen that the postponed contribution derives the lowest certainty equivalent. In addition,
for high risk aversion parameter, the certainty equivalent of the periodic contribution
exceeds the one of the upfront contribution. Accordingly, it is more attractive for a very
risk-averse policyholder to periodically pay her contributions if the investment strategy
of the insurance company is too risky. The results are similar for an investment fraction
π0 = 0.8. It holds for the constant risk strategy that the certainty equivalent of the
upfront contribution drops to the level of the postponed contributions for high risk aversion
parameters.

Comparing the three investment strategies for both investment fractions π0, it holds
again that the gambling strategy provides the highest certainty equivalent for upfront
and periodic contributions, followed by the constant risk strategy. As already explained
previously, the certainty equivalents of the three strategies converge for a postponed con-
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tribution. The comparison with a simple CM strategy in Figure B.4 in Appendix C.1
additionally identifies that for high investment fractions the certainty equivalent is lower
than for the investment strategies induced by management rules, i.e. the guarantee and
management rule can provide an additional utility in contrast to the pure CM strategy
for higher risk-averse policyholder.

Loss rate depending on risk aversion for different investment strategies
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Figure 4.19: The figure presents the loss rate li
2 of different investment strategies induced by

management rules depending on the risk aversion parameter γ for g = 0.0025. The top and bottom
figures on the left-hand side refer to the portfolio insurance strategy, the figures in the middle
show the constant risk and the top and bottom figures on the right-hand side refer to the gambling
strategy. The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The
black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

The loss rate li2 of the portfolio insurance, constant risk and gambling strategy de-
pending on the risk aversion parameter γ for g = 0.0025 is depicted in Figure 4.19. For
π0 = 0.3, it holds that the loss rate is decreasing in the risk aversion parameter. Further-
more, for low risk aversion parameters, it can be concluded that the upfront contribution
leads to the lowest loss rate for all investment strategies. On the contrary, the results dif-
fer with increasing risk aversion of the policyholder: Periodic contributions then provide
a lower loss rate than upfront contribution. Accordingly, it is more attractive for a very
risk-averse policyholder to periodically pay her contributions if the investment strategy
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4 Effect of management rules in life insurance contracts

of the insurance company is too risky. This obviously is because the policyholder with
a higher risk aversion parameter γ has a lower optimal Merton solution, i.e. the upfront
contribution becomes to risky.

Considering π0 = 0.8, it is shown that the loss rate first decreases in the risk aversion
parameter, then increases after reaching a minimum. This can be explained by the fact
that a very high risk-averse policyholder suffers a loss of utility if the investment fraction
is too high. Additionally, it holds for the constant risk strategy that the loss rate of the
upfront contribution increases up to the level of the postponed contributions for high risk
aversion parameters. This is caused by the fact that the risk-averse policyholder prefers
the risk-free interest rate in the first period.

It holds for the gambling (and constant risk) strategy that the periodic contributions
lead to the lowest loss rate for high risk aversion parameters. For the portfolio insurance
strategy on the other hand, it can be seen that the postponed contribution results in the
lowest loss rate. Considering the probability of falling below or exceeding the threshold as
explained before, it holds that the probability of the portfolio insurance strategy to increase
the investment fraction is higher than the probability of decreasing it. The investment
fraction may become even more riskier (here π1 = 1.2 ∗ 0.8 = 0.96) and thus the deviation
from the Merton solution increases.

4.9.5 Utility function

The previous analysis is based on a power utility function u(x) = x1−γ

1−γ for γ > 1. As in
Chapter 3, we also discuss the impact of the chosen utility function on our results and
thus take a logarithmic and an exponential utility function into account. The logarithmic
utility function is given by ulog(x) = ln(x) and the exponential utility function results in
uexp(x) = − e−ax

a .

Table 4.4 depicts that the certainty equivalents under different utility functions do
not change necessarily, i.e. the impact of the chosen utility function is very minor. It fol-
lows that the certainty equivalent given by different contribution schemes and investment
strategies does not (significantly) change under different utility functions which results in
a negligibly small impact on the optimal premium fraction.
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4 Effect of management rules in life insurance contracts

Table 4.4: Certainty equivalent for different investment strategies and utility functions

α = 0.9 u(x) ulog(x) uexp(x)

γ = 2 γ = 4 a = 0.5 a = 2 a = 4

π = 0.3

β = 1
PI 1.02486 1.02369 1.02548 1.02579 1.02479 1.02359

CR 1.02578 1.02469 1.02636 1.02665 1.02573 1.02460

G 1.02661 1.02559 1.02715 1.02741 1.02656 1.02550

β = 0.5
PI 1.02424 1.02334 1.02471 1.02494 1.02420 1.02327

CR 1.02516 1.02432 1.02560 1.02582 1.02513 1.02426

G 1.02605 1.02526 1.02646 1.02666 1.02602 1.02520

β = 0
PI 1.02348 1.02278 1.02385 1.02403 1.02345 1.02272

CR 1.02349 1.02280 1.02385 1.02403 1.02347 1.02275

G 1.02344 1.02277 1.02378 1.02396 1.02341 1.02272

π = 0.4

β = 1
PI 1.02506 1.02353 1.02591 1.02633 1.02497 1.02337

CR 1.02606 1.02462 1.02685 1.02724 1.02598 1.02447

G 1.02693 1.02557 1.02767 1.02803 1.02686 1.02544

β = 0.5
PI 1.02437 1.02318 1.02501 1.02533 1.02430 1.02307

CR 1.02546 1.02432 1.02606 1.02636 1.02540 1.02422

G 1.02654 1.02547 1.02711 1.02739 1.02649 1.02538

β = 0
PI 1.02366 1.02272 1.02416 1.02441 1.02361 1.02264

CR 1.02366 1.02274 1.02415 1.02439 1.02362 1.02266

G 1.02363 1.02274 1.02411 1.02435 1.02359 1.02266

CR=Constant risk strategy, G=Gambling strategy, PI=Portfolio insurance strategy.

4.10 Conclusion

We discuss the interactions of the periodic contribution scheme, embedded guarantees
and different management rules accounting of a regime switch in the risk profile of the
insurance company. Within a Black-Scholes model setup and an policyholder with CRRA,
we study the impact of periodic contributions on the pricing of participating life insurance
contracts, the risk management and the utility implied to the policyholder under different
management rules. We identify that the management rule has an impact on all the previous
mentioned factors. As cornerstone examples, we investigate three benchmark management
rules: The first one prescribes that the riskiness of the investment strategy is reduced in
times of falling markets (portfolio insurance), the second one is a constant risk structure
and the third one prescribes to increase the riskiness in times of falling markets (gambling).

202



4 Effect of management rules in life insurance contracts

Since different contribution schemes have an impact on when and how the policy-
holder is invested in the asset side of the insurance company, they also imply different
guarantee costs. We observe that the guarantee costs are strictly increasing and convex
in the initial contribution payed by the policyholder. Besides, from the perspective of the
risk management, we find that postponed contributions lead to an increasing SCR for the
insurance company. Under consideration of a management rule, we additionally show that
the insurance company can use the adjustment in order to decrease the resulting risk from
periodic contributions and thus decrease the SCR.

Additionally, we also study the perspective of the policyholder. We investigate the
impact of periodic contributions of the policyholder on her expected utility under differ-
ent management rules (investment strategies, respectively) of the insurance company. We
present that the choice of the optimal premium fractions crucially depends on the level of
risk aversion of the policyholder and initial investment fraction of the insurance company.
When taking a management rule into account, we find that this rule also has an impact
on the choice of the optimal premium fractions. We shed light on two effects on the utility
of the policyholder. The combination of contribution scheme, embedded guarantees and
management rule has an impact on the investment risk of the policyholder. Assuming
that the guarantees are fairly priced, the guarantee costs also depend on all the above
mentioned factors.

The solution in the benchmark with case constant management rule (i.e. without a
regime switch) can, to a large extent, be explained by means of the classic Merton problem
with and without an additional constraint (posed by the guarantee) on the payoff value.
The optimal contribution scheme (i.e. how the policyholder optimally splits the present
value of her contributions over time) of the policyholder basically can be explained in terms
of sticking as close as possible to the Merton solution. For example, in the special case that
the insurance company already invests along the lines of the Merton solution, the optimal
contribution without an embedded guarantee is given by an upfront contribution of 100%
of the present premium value. The same holds true for any investment fraction of the
insurance company which is lower than the Merton solution (based on the risk aversion of
the policyholder). However, if the investment fraction is higher than the Merton solution,
the policyholder benefits from splitting her contributions over time. This benchmark setup
is used to shed light on the impact of periodic contributions by analyzing the expected
utility and by comparing them to the Merton solution, in particular in terms of the sub-
optimality described by the certainty equivalent (loss rate, respectively).
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4 Effect of management rules in life insurance contracts

The main contribution concerns the introduction of a variable management rule
which defines the investment strategy of the insurance company. Owning to the fact that
the risk structure of the asset side can now depend on the previous market movements, the
optimal contribution scheme can not be explained by the Merton solution, immediately.
We shed light on partly opposing effects. Obviously, a management rule which is lined
to previous market movements implies that future deviations from the Merton solution
are random. Basically, the risk-averse policyholder neither likes these deviations nor their
randomness. In addition, assuming a CRRA policyholder, she basically does not demand
for an embedded guarantee. We shed light on the combined effects of random deviations
from the Merton solution and the terminal guarantee scheme.

Without guarantee, in the special case that the initial (and expected future) invest-
ment fraction of the insurance company coincides with the Merton solution, we show that
the highest expected utility of the policyholder is implied by the constant management rule
which does not incorporate random deviations from the Merton solution, i.e. the constant
management rule forms an upper bound for deviating investment fractions.

When accounting for a terminal guarantee scheme, it holds in general that the
policyholder benefits from the investment strategy that brings the lowest probability of
deviation from the Merton solution. The periodic contributions are additionally used by the
policyholder to mitigate the high risk arising from the investment strategy. We also identify
that the management rule in combination with a terminal guarantee scheme, is able to
result in the policyholder’s expected utility exceeding that of the Merton solution. This
result depend on the upside potential of the strategy, the participation of the policyholder
as well as on the guarantee rate and contribution scheme. Therefore, it holds that the
portfolio insurance strategy which decreases the SCR of the insurance company provides
less utility to the policyholder compared to other investment strategies. Further research
could be done on incorporating stochastic interest rates and mortality risk into the model,
for example.13 Furthermore, one might consider a longer contract maturity to account for
the impact on the results. The focus of this chapter is on the terminal guarantee scheme.
In addition, the guarantee schemes from the previous chapter could also be included.
Other contractual components, such as the policyholder’s option to surrender the contract
prematurely might also be of interest. Focusing on the perspective of the policyholder,
further research may include other behavioral theories, such as PT or CPT.

13 Remember that stochastic interest rates in participating life insurance contracts with minimum return
guarantees are subject to Chapter 5.
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Chapter 5

Natural hedging against interest
rate risk with minimum return
guarantee schemes

5.1 Introduction

Low interest rate scenarios and (downward) changes in the term structure of interest rates
may deteriorate the solvency situation of a life insurance company. In this chapter, we
focus on the possibilities to build a natural hedge against interest rate risk by offering a
suitable product mix of different minimum return guarantee schemes. In particular, we
discuss both immunization of interest rate risk on the liability side as well as on the asset
and liability side simultaneously.

Minimum return guarantee schemes are embedded in traditional and innovative
participating life insurance contracts which are e.g. popular in German speaking countries.1

Here, the savings account of the policyholder grows at least according to a guaranteed
rate but the policyholder also participates in the excess returns of the investment strategy
conducted by the insurance company, i.e. if there is any.2 In general, our results can thus

1 For example, reference is made to the products Perspektive of Allianz Lebensversicherungs-AG,
AL_Rente KlassikPur of Alte Leipziger Lebensversicherung a.G., Privat-Rente Komfort of Targo
Lebensversicherung AG.

2 For more information on participating life insurance contracts, we refer to Section 2.2.1.
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5 Natural hedging against interest rate risk with minimum return guarantee schemes

be applied to other life insurance products, i.e. we focus on the characteristics that these
contracts have in common: The value of the insurance benefits depends on an economic
factor that can not be controlled by the insurance company.

In view of the long-term horizons which are common in life insurance products, the
guarantees (long-term put-options) can cause a substantial risk exposure to the provider.3

Recently, writing (traditional) long-term terminal guarantees is often considered as too
expensive by the insurance industry, in particular in view of low interest rate regimes and
the capital requirements posed by the Solvency II regulation as analyzed by e.g. Berdin
and Gründl (2015) and Mirza and Wagner (2018). In consequence, there are innovative
insurance products discussed and placed on the market linking the guaranteed rate to the
interest rate evolution and/or the policyholder’s investment results which are considered as
less expensive and riskily if compared to traditional guarantees (Eling and Holder (2013)
and Reuß et al. (2016)).

In a dynamic version, a natural hedge on the liability side implies that the value
of the product mix does not change if there is a change in the term structure of interest
rate, i.e. if the interest rate sensitivities of both products coincide, each weighted by the
number of products. In first instance, we analyze the possibilities of building such a natural
hedge. Regarding the products, we compare fixed guarantee rates prevailing for the whole
contract horizon and floating guarantee rates linked to the interest rate evolution.

With respect to the numerical illustrations, we place ourselves in a complete and
arbitrage-free financial market model setup where the asset and bond price dynamics are
given in terms of Gaussian processes. We assume a competitive insurance and financial
market (as well as competition between the insurance and financial market) such that
the guarantee contracts under consideration are priced under the no-arbitrage condition.
Using well-known pricing results concerning the option to exchange two log-normal assets,
we obtain closed-form pricing solutions for the benchmark contract designs. A contract
is called fair (competitive) if the arbitrage-free value of the liabilities to the policyholder
are equal to her (up front) contribution. For a given initial contribution and guarantee
rate, it basically is possible to determine the participation in the excess returns such that
the contract is fair.4 In particular, higher guarantee costs are associated with a lower

3 A typical contract in the European life insurance business is determined by a maturity of 20 years (or
lifelong) (EIOPA (2019))

4 Alternatively, one can determine the fair guarantee rate for a given participation fraction as done in
Chapter 3.
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participation fraction. We compare the participation fractions of fixed rate and interest
rate linked floating strike guarantees. The Gaussian model setup is especially convenient to
obtain an intuitive explanation for the differences in the guarantee costs of fix and floating
rate guarantees. Both guarantee costs are exclusively specified by the arbitrage-free values
of the (fix, floating) guaranteed amount and the difference between cumulated volatilities
resulting from forward and simple volatilities of the asset side which is determined by
an investment strategy in assets traded on the financial market. We then study the price
sensitivities of the asset (investment strategy) and liability side (consisting of fix and
floating strike guarantees) towards changes in the interest rates and the correlation between
the assets and interest rate. We show that fix and floating strike guarantees give rise to
opposing effects such that a suitable combination of fix and floating interest rates can build
a natural hedge against interest rate and correlation risk. Illustrations are given in terms
of a Black-Scholes/extended Vasicek model (Hull and White (1990)). We further analyze
the meaning of fix and floating strike guarantees for the risk management of insurance
companies as well as for the expected utility of the policyholder.

The contributions of the chapter can be summarized as follows. While natural hedg-
ing possibilities are, for example, discussed in the context of life insurance and annuities
(Gatzert and Wesker (2012)), we are, to the best of our knowledge, the first who discuss
the possibility to build up a natural hedge by means of a suitable product mix of different
guarantee schemes. Compared to an immunization of the buffer (difference of assets and
liabilities) by adjusting the duration of the asset side, the natural hedge has in addition
the following advantage: Reducing the stochastic duration of the asset side may be dif-
ficult because it is not necessarily possible to trade in liquid bonds which are consistent
with the long maturities of life insurance contracts. Additionally, any modification of the
investment strategy (asset side) also impacts the value of the guarantees (liability side).
In contrast, a natural asset liability management (ALM) hedge based on a product mix
on the liability side has no impact on the asset side.

This chapter is related to several strands of the literature including the ones on (i)
pricing and hedging embedded guarantees (options, respectively), (ii) risk management,
(iii) utility losses caused by guarantees and/or sub-optimal investment decisions conducted
by insurance companies, (iv) portfolio planning, (v) innovative guarantee contracts and (vi)
natural hedging by means of life insurance products. Without postulating completeness,
we only refer to the most related literature and hint at the additional literature given
within the mentioned papers as well as on Chapter 2 which gives a detailed overview of
the relevant literature.
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The pricing of embedded options by no-arbitrage already dates back to Brennan
and Schwartz (1976). For a fair valuation of participating life insurance contracts we refer,
among others, to Briys and De Varenne (1994, 1997), Tanskanen and Lukkarinen (2003),
Ballotta (2005), Bauer et al. (2006), Eckert et al. (2016), Orozco-Garcia and Schmeiser
(2019) and Bacinello et al. (2021). Risk management and hedging aspects are discussed
in e.g. Mahayni and Schlögl (2008), Klusik and Palmowski (2011) and in the context of
variable annuities in Feng and Yi (2019).

Accounting for default risk in life insurance products with terminal guarantees is, as
far as we are aware, first done by Briys and De Varenne (1997) and Grosen and Jørgensen
(2002). More recent papers are Schmeiser and Wagner (2015), Devolder (2018) and Ma-
hayni et al. (2020) where also utility losses caused by sub-optimal investment strategies
for the policyholder are analyzed. Other papers on this topic are e.g. Jensen and Sørensen
(2001) and Jensen and Nielsen (2016). Surplus participation of the policyholder including
the calculation of her expected utility with focus on German-speaking countries is analyzed
in Maurer et al. (2013).

Literature on portfolio planning with a main focus on insurance contracts with
guarantees includes e.g. Huang et al. (2008), Milevsky and Kyrychenko (2008), Boyle and
Tian (2008), Branger et al. (2010), Mahayni and Schneider (2016), Chen et al. (2019)
and Nguyen and Stadje (2020). Portfolio planning itself dates back to Merton (1971)
who, among other results, solves the portfolio planning problem for a CRRA investor. For
alternative or innovative guarantee contracts, we refer to Ebert et al. (2012), Eling and
Holder (2013), Reuß et al. (2016), Mahayni and Muck (2017a,b) and Ruß and Schelling
(2018).

Hedging of mortality risk in life insurance contracts is related to our basic idea since
contracts with opposing sensitivities to mortality risk are combined. Cox and Lin (2007)
e.g. analyze natural hedging of life insurance and annuity liabilities. Wang et al. (2010)
show that natural hedging can significantly lower the sensitivity of an insurance portfo-
lio with respect to mortality risk. They use simulations to select portfolios of insurance
contracts which immunize the insurance company’s solvency against chances in mortality.
While Wang et al. (2010) only concentrate on the liability side and do not consider the asset
side, Gatzert and Wesker (2012) take both asset and liabilities as well as their interaction
into account. Luciano et al. (2017) extend the previous literature by introducing hedges
within a single generation and across generations in the presence of both longevity and
interest rate risks. Wang et al. (2010) further analyze the effect of life insurance product
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design on natural hedging by using a variety of standard products. A natural hedge based
on a product mix is also subject to the work of Bernard and Boyle (2011). The authors
focus on EIA and study a standard equity linked contract and a so-called monthly sum
cap EIA, both accounting for a fix strike guarantee. However, we discuss a product mix
of a fix strike guarantee and a floating strike guarantee which is linked to the interest rate
evolution in a participating life insurance contract where the policyholder also participates
in the insurance company’s excess returns of the driven investment strategy.

The rest of the chapter is organized as follows. Section 5.2 introduces fix strike
and floating strike guarantees. We state the model setup for the asset and interest rate
evolution and derive the pricing formulas for the different benchmark guarantee schemes.
Fair pricing is subject to Section 5.3. In Section 5.4, we model the asset side of the insurance
company by means of a strategy conducted at the financial market. We then analyze the
sensitivities of the asset and liability side with respect to changes in the interest rate in
Section 5.5. We further discuss the possibilities to obtain a natural hedge on the liability
side which immunizes the buffer (assets minus liabilities) against changes in the interest
rate. In Section 5.6, the results are illustrated in a Black-Scholes/Vasicek model setup. The
perspective of the risk management takes place in Section 5.7 and the expected utility of
the policyholder is considered in Section 5.8. Section 5.9 concludes.

5.2 Contract designs

We analyze two versions of minimum return guarantees which are meaningful in the con-
text of participating life insurance contracts. One version is implied by a guaranteed rate
where the terminal value is once determined at contract inception. We refer to it as fix
strike guarantee. The other version is a (stochastic) guarantee rate which is implied by the
interest rate accumulation over the contract horizon. We call it floating strike guarantee.
These two versions are understood as corner cases of more general contract designs. Be-
cause the policyholder receives the maximum of the guarantee and a fraction of the asset
result, we need assumptions on the evolution of the asset side and interest rate dynamics.
We use a Gaussian model setup which gives rise to closed-form (market consistent) values
of the liabilities of the insurance company and allows to obtain first insights about the
differences of the guarantee costs associated with fix strike and floating strikes. A detailed
analysis of the interactions of asset and liabilities which are closely linked to the investment
strategy conducted by the insurance company is dedicated to the subsequent section.
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The contribution of the policyholder consist of a single premium P0 at the inception
t = 0 of the contract.5 Her payoff prevails at T > 0 and is given in terms of a participation
on positive investment results and includes a return guarantee. To simplify the expositions,
we restrict ourselves to terminal guarantees and, as mentioned above, we distinguish be-
tween two corner cases. One is implied by a guarantee which is determined at the contract
initialization. The other benchmark case is given by a guarantee which is proportional to a
(stochastic) money account growing with the interest rates (rt)t∈[0,T ]. Formally, the bench-
mark guarantee schemes (contracts, respectively) are described as follows. Let (At)t∈[0,T ]

denote the value process of the insurance company’s investment portfolio (asset side), then
the payoff to the policyholder with a terminal guarantee is of the form

PT = P0 max
{

K, α
AT

A0

}

= P0

(
α

AT

A0
+
(

K − α
AT

A0

)+
)

, (5.1)

where K = f(I(0, T )) and I(t, T ) :=
∫ T

t
ru du

and α denotes the participation fraction of the investment return AT
A0

. K represents the
terminal guaranteed return which we refer to as strike guarantee for the reason that the
payoff can be represented in the form of a put-option on insurance company’s assets with
strike K. In the following, we discuss two types of guarantees:

(i) The fix strike guarantee is given by a constant strike K = Kfix.

(ii) The floating strike guarantee is given in terms of a strike which is proportional to
the money market account, i.e. Kfl. = α̃eI(0,T ), where α̃ denotes the fraction of the
interest rate accumulation.

Assuming a competitive insurance (and financial) market, the participation fraction
(or the strike of the guarantee option) is determined such that the initial contribution P0

matches the arbitrage-free value of the contract payoff. Thus, we have to pose assumptions
on the asset and interest rate dynamics. We assume a complete and arbitrage-free financial
market model under interest rate risk where the dynamic of the price process (At)t∈[0,T ]

5 Since we abstract from mortality or surrender risk, here is no loss of generality due to a single premium
compared to more flexible premium payments.
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as well as the dynamics of the zero coupon bonds B(·, t̄) paying one monetary unit at
maturity t̄ ∈ [0, T ] are log-normal.6

The index dynamic is modeled along the lines of Black and Scholes (1973), the
interest rate dynamic is given by a Gaussian Markov HJM (1992) model. In particular,
there exists a uniquely defined martingale measure P∗ s.t.

dAt = At (rt dt + σA(t) dW ∗
t ) (5.2)

dB(t, t̄) = B(t, t̄) (rt dt + σt̄(t) dW ∗
t ) , (5.3)

where W ∗ denotes a d-dimensional Brownian motion with respect to P∗ and σA and σt̄

satisfy the usual regularity conditions.

To further simplify the notation, we introduce the cumulated volatility (of the pro-
cess Z) from time t up to time T by v(t, T ), i.e.

v(t, T ) :=
√∫ T

t
∥σZ(s)∥2 ds, (5.4)

where ∥ · ∥ depicts the euclidean norm.

The subsequent pricing results can be traced back to the pricing of an option to
exchange two assets. The pricing formula for a European option to exchange two log-
normal assets dates back to Margrabe (1978) and is summarized in the following lemma.

Lemma 4 (Pricing formula for exchange option)
Let X and Y denote two log-normal assets.7 Then, the t–value of the European option to
exchange the asset Y for the asset X at maturity T with payoff [XT − YT ]+ is given by

C(t, Xt, Yt) = XtN (d1(t, Zt)) − YtN (d2(t, Zt)), (5.5)

where Z = X

Y
,

d1(t, Z) =
ln(Z) + 1

2v2(t, T )
v(t, T ) , d2(t, Z) = d1(t, Z) − v(t, T ),

v(t, T ) =
√∫ T

t
∥σZ(s)∥2 ds.

6 We call a stochastic process (Zt)0≤t≤T log-normal if and only if it is a solution of
dZt = Zt(µt dt + σZ(t) dWt) with deterministic dispersion coefficient σZ : [0, T [→ Rd

+.
7 A log-normal (synthetic) asset in fact means that its dynamic is log-normal and that under the risk

neutral pricing measure the local drift coefficient is equal to rt.
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Using the above pricing formula for the option to exchange two log-normal assets
X and Y immediately implies closed-form pricing formulas for the insurance contracts
with fix and floating strikes. To simplify, from now on we concentrate on the case where
P0 = A0 = 1, i.e. where the initial single premium paid by the policyholder as well as the
initial value of the insurance company’s investment portfolio is normalized.

(i) First, consider the fix strike guarantee (K = Kfix). Let Yt = αAt, i.e. Y is (along
the lines of Equation (5.2)) a log-normal process. In addition, observe that the guarantee
payoff is [XT −YT ]+, where XT = Kfix. Notice that the (arbitrage-free) value of payoff XT

at time t is given by the expectation (under the pricing measure P∗ and given the infor-
mation prevailing at t) of the discounted payoff, i.e.

Xt = EP∗

[
e−I(t,T )Kfix|Ft

]
= KfixEP∗ [e−I(t,T )|Ft]

= B(t, T )Kfix.

Additionally, we need the cumulated volatility v(t, T ) of the quotient process Zt =
Xt
Yt

. It is given by

v(t, T ) =
√∫ T

t
∥σZ(s)∥2 ds

=
√∫ T

t
∥σA(s) − σT (s)∥2 ds.

(ii) Now, consider the floating strike guarantee (K = α̃eI(0,T )). Again, let Yt = αAt.
Now it holds XT = α̃eI(0,T ) s.t. the t-value of the asset X now is given by

Xt = EP∗

[
e−I(t,T )α̃eI(0,T )|Ft

]
= α̃EP∗ [e−I(t,T )+I(0,T )|Ft]

= α̃eI(0,t).

Notice that

dXt = d

(
α̃e
∫ t

0 ru du
)

= α̃rte
I(0,t) dt

= Xtrt dt,
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s.t. the cumulated volatility v(t, T ) of the quotient process Zt = Xt
Yt

is given by

v(t, T ) =
√∫ T

t
∥σZ(s)∥2 ds

=
√∫ T

t
∥σA(s)∥2 ds.

Accordingly, using Lemma 4 together with the payoff definition of fix and floating
strike guarantees gives the following pricing results for the guarantee contracts.

Proposition 9 (Contract pricing of fix and floating strike guarantees)
Let P0 = 1 and let C(t, Xt, Yt) be defined by Equation (5.5). The arbitrage-free prices
Cω(t, Kω

t , αAt) (ω ∈ {fix, fl.}) of the guarantee payoffs are then given by

Cω (t, Kω
t , αAt) = αAt + C (t, Kω

t , αAt) .

(i) For ω = fix (fix strike guarantee) it holds

Kfix
t = B(t, T )Kfix

vfix(t, T ) =
√∫ T

t
∥σA(s) − σT (s)∥2 ds.

(ii) For ω = fl. (floating strike guarantee) it holds

Kfl.
t = α̃eI(0,t)

vfl.(t, T ) =
√∫ T

t
∥σA(s)∥2 ds.

Recall that C(t, K, αAt) denotes the option price to exchange the strike K for the
policyholder’s asset fraction αAt. In its interpretation, this option is a put-option on the
insurance company’s assets, i.e. a option to sell the assets back at strike K which is granted
in addition to the asset participation. The contract price of a fix strike guarantee contract
is thus obviously increasing in Kfix and the one of the floating strike guarantee contract in
the accumulation factor α̃. An important observation concerns the pricing impact of the
correlation between the asset price and interest rate.
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5.3 Fair contract pricing

Before further analyzing the effects of interest rate changes on the guarantee values, first,
we express the guarantee costs by means of the participation fraction α which ensures
that the contract value is equal to the initial contribution of the policyholder.8 We call the
associated participation fraction the fair participation fraction. In fact, the participation
fraction is valid if one assumes a competitive market.

Formally, let C(t, Xt, Yt) be defined by Equation (5.5). For ω ∈ {fix, fl.} and for
given guarantee strikes (Kfix or accumulation factor α̃, respectively), the participation
fraction αω is called fair if and only if

αωA0 + C (0, Kω
0 , αωA0) = P0, (5.6)

where Kω
t is given as in Proposition 9. Note that the guarantee costs can be resembled by

the fair participation fraction αfair, i.e. the lower the αfair, the higher the guarantee costs.
In particular, since we assume P0 = A0 = 1, the actual guarantee costs are

C (0, Kω
0 , αω) = 1 − αω.

We aim to shed a light on the question whether the costs of a floating strike guarantee
are lower than the ones of a fix strike guarantee. The answer is simple if one assumes that
the present value of the guarantees are equal, i.e.

α̃ = B(0, T )Kfix.

Recall that the option price which defines the guarantee costs is increasing in the
cumulated volatility of the quotient process Z. Accordingly, for α̃ = B(0, T )Kfix, the
difference of the floating strike guarantee and fix strike guarantee is determined by the
difference of the cumulated volatilities. It immediately follows that for α̃ = B(0, T )Kfix

the guarantee costs of the floating strike guarantee are lower than the ones of the fix strike
guarantee (i.e. αfix

fair < αfl.
fair), if and only if∫ T

0
∥σA(s) − σT (s)∥2 ds >

∫ T

0
∥σA(s)∥2 ds.

8 Notice that analogous reasoning can be conducted along the lines of the strikes, i.e. one can also fix the
participation fraction α and determine the fair strike Kfix (accumulation factor α̃).
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Remember that at time s the local forward volatility
√

∥σA(s) − σT (s)∥2 which
defines the guarantee costs of the fix strike guarantee is decreasing (increasing) in the
local asset bond (interest rate) correlation. In contrast, the correlation between the interest
rate (bond prices) and asset value does not affect the guarantee costs of the benchmark
floating strike guarantee. Thus, the difference of fix and floating strike guarantee costs is
decreasing (increasing) in the asset bond (interest rate) correlation. Assuming a constant
correlation between asset prices and interest rates e.g. implies that there exists a critical
level ρcrit of the correlation such that the fair participation fractions of fix and floating
strike guarantees are equal.

It is worth mentioning that, ceteris paribus, the price of the floating strike guarantee
does not depend on the initial interest rate term structure (zero bond curve, respectively).
On the other hand, falling interest rates (rising bond prices) positively impact the value of
a fix strike guarantee contract. In addition, it is necessary to discuss the impact of the term
structure of interest rates which is introduced by its impact on the asset value At. The
value of both guarantee versions, fix and floating, are given in terms of the prices of options
written on the insurance company’s asset value. A change in the term structure of interest
rate effects the asset value and thus also the liability value. For further clarification, we
model the asset dynamics of the insurance company by means of the value process of an
investment strategy with financial market instruments in the next section.

5.4 Model framework

Recall that for both fix and floating strike guarantees the contract value at time t ∈ [0, T ]
depends on the dynamics of the insurance company’s asset side (At)t∈[0,T ]. In the previ-
ous section, we assumed that the asset dynamics are described by a log-normal process
(Equation (5.2)) such that the contract values are explicitly given in terms of the current
value of the insurance company’s assets At and the riskiness of the asset side measured
by the cumulated volatility v(0, T ) (Proposition 9). In the following section, we model the
asset side as the result of an investment strategy conducted by the insurance company
on the financial market. In the first instance, we pose assumptions on the investment
strategies and the investment opportunity set which are consistent with the closed-form
pricing formulas derived in the previous section. Accordingly, the contract prices can still
be expressed in closed-form. The same is true for the sensitivities of all risk factors in the
subsequent section.
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Throughout the following, we assume that the insurance company can invest in one
risky asset S and (risky) bonds B(·, t̄) with maturities t̄ ∈ [0, T ]. We assume that the bond
dynamics under the pricing measure P∗ are given as defined by Equation (5.3). The stock
dynamic is modeled by

dSt = St (rt dt + σS dW ∗
t ) , (5.7)

where W ∗ denotes a d-dimensional Brownian motion with respect to P∗ and σS denotes
the constant stock volatility. In particular, P∗ is uniquely defined (the financial market
model is complete in the stock and d−1 bonds with different maturities). In order to stick
to a Gaussian model setup with respect to the insurance company’s asset dynamics At

(and also with respect to realistic applications), we assume that the investment strategy
conducted by the insurance company is a CM strategy, i.e. a strategy which is defined
by constant fractions of portfolio wealth invested into the traded assets. Let the fractions
of wealth invested in S and the bonds with maturities t1 < t2 < . . . td−1 be denoted by
π = (πS , π1, . . . , πd−1), where πS + ∑d−1

i=1 πi = 1. The above assumptions imply that the
dynamics of the asset side are given by a (d-dimensional) log-normal process, i.e.

dAt

At
= πS

dSt

St
+

d−1∑
i=1

πi
dB(t, ti)
B(t, ti)

. (5.8)

Alternatively, the dynamics can be represented in terms of the numbers ϕ
(S)
t = πSAt

St

and ϕ
(i)
t = πiAt

B(t,ti) , i.e.

dAt = ϕ
(S)
t dSt +

d−1∑
i=1

ϕ
(i)
t dB(t, ti). (5.9)

Owning to the fact that the strategy ϕ =
(
ϕ

(S)
t , ϕ

(1)
t , . . . , ϕ

(d−1)
t

)
is self-financing, we

also have

At = ϕ
(S)
t St +

d−1∑
i=1

ϕ
(i)
t B(t, ti). (5.10)

Thus, we still can rely on the closed-form pricing formula as summarized in Propo-
sition 9 and shed further light on the (joined) sensitivities of the asset and liability side of
the insurance company.
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5.5 Interest rate sensitivities and natural hedging

Proposition 9 implies that the sensitivities (Greeks) of both fix and floating strike guar-
antee contracts can be stated in closed-form.9 Our main focus is on the ALM of interest
rate risk. Accordingly, we also focus on the sensitivities of the asset and liability side, i.e.
on the sensitivity of the buffer At − Lt. For the reason that we intend an immunization
on the basis of the duration as well as convexity, we consider in the following the first two
derivations according to the interest rate. Along the lines of our assumptions, At is defined
by Equation (5.8). We assume that the insurance company issues one type of contract with
a fix strike guarantee and one type of contract with a floating strike guarantee. Let ηfix

and ηfl. denote the fractions of those fix and floating contracts issued by the insurance
company and ηfix + ηfl. = 1 s.t. the liabilities can be described by

Lt = ηfixCfix
(
t, Kfix

t , αfixAt

)
+ ηfl.Cfl.

(
t, Kfl.

t , αfl.At

)
= ηfix

(
αfixAt + C(t, Kfix

t , αfixAt)
)

+ ηfl.
(
αfl.At + C(t, Kfl.

t , αfl.At)
)

=
(
ηfixαfix + ηfl.α

fl.
)

At + ηfixC
(
t, Kfix

t , αfixAt

)
+ ηfl.C

(
t, Kfl.

t , αfl.At

)
. (5.11)

Equation (5.11) shows that the value of the liabilities can be divided into three parts.
One part refers to the assets, one to the guarantee costs of the fix strike guarantee and
one of the floating strike guarantee. It follows that the buffer value can be described by

At − Lt =
(
1 − ηfixαfix − ηfl.α

fl.
)

At − ηfixC
(
t, Kfix

t , αfixAt

)
− ηfl.C

(
t, Kfl.

t , αfl.At

)
.

(5.12)

A default occurs if the buffer value becomes negative, i.e. At − Lt < 0. Notice that
the proposed bond dynamics are affine, i.e.

B(t, T ) = e−B(t,T )rt+A(t,T ). (5.13)

9 Closed-form solutions for the price sensitivities are especially convenient since numerical approximation
of the derivatives of non-closed-form solutions are demanding.
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Thus, it holds for the interest rate sensitivities of the bond

∂B(t, T )
∂rt

= −B(t, T )B(t, T ) (5.14)

∂2B(t, T )
∂r2

t

= −B(t, T )∂B(t, T )
∂rt

= B(t, T )2B(t, T ). (5.15)

With Equations (5.10) and (5.13), the interest rate sensitivities of the asset side are
given by

∂At

∂rt
=

d−1∑
i=1

ϕ
(i)
t

∂B(t, ti)
∂rt

= −
d−1∑
i=1

πiAt

B(t, ti)
B(t, ti)B(t, ti)

= −At

d−1∑
i=1

πiB(t, ti) < 0 (5.16)

∂2At

(∂rt)2 = −∂At

∂rt

d−1∑
i=1

πiB(t, ti)

= At

(
d−1∑
i=1

πiB(t, ti)
)2

> 0, (5.17)

where B(t, ti) denotes the duration of the bond maturing at ti, i.e. B(t, ti) is an increasing
function in ti and ∑d−1

i=1 πiB(t, ti) is the duration of the portfolio.

Proposition 10 (Interest rate sensitivities of the buffer value)
The interest rate sensitivities of the buffer value are given by

∂(k)(At − Lt)
(∂rt)(k) =

(
1 − ηfixαfix − ηfl.α

fl.
) ∂(k)At

(∂rt)(k) − ηfix
∂(k)C

(
t, Kfix

t , αfixAt

)
(∂rt)(k)

− ηfl.
∂(k)C

(
t, Kfl.

t , αfl.At

)
(∂rt)(k) .

According to Equation (5.5), the price of the exchange option C (t, Kω
t , αωAt) for

ω ∈ {fix, fl.} denotes
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C(t, Kω
t , αωAt) := Kω

t N
(

d1

(
t,

Kω
t

αωAt

))
− αωAtN

(
d2

(
t,

Kω
t

αωAt

))
,

where d1

(
t,

Kω
t

αωAt

)
=

ln Kω
t

αωAt
+ 1

2v2(t, T )
v(t, T ) ,

d2

(
t,

Kω
t

αωAt

)
= d1

(
t,

Kω
t

αωAt

)
− v(t, T ).

Accordingly, it holds

∂C(t, Kω
t , αωAt)

∂rt
= ∂Kω

t

∂rt
N
(

d1

(
t,

Kω
t

αωAt

))
− αω ∂At

∂rt
N
(

d2

(
t,

Kω
t

αωAt

))
.

In particular,

∂Kfix
t

∂rt
= ∂B(t, T )

∂rt
Kfix

= −B(t, T )B(t, T )Kfix < 0

∂Kfl.
t

∂rt
= α̃

∂eI(0,t)

∂rt

= α̃rte
I(0,t) > 0.

For the convexity it holds

∂2C(t, Kω
t , αωAt)

(∂rt)2 = ∂2Kω
t

(∂rt)2 N
(

d1

(
t,

Kω
t

αωAt

))
− αω ∂2At

(∂rt)2 N
(

d2

(
t,

Kω
t

αωAt

))

+ N ′
(

d1

(
t,

Kω
t

αωAt

)) 1
v(t, T )

(
1√
Kω

t

∂Kω
t

∂rt
+
√

Kω
t

At

∂At

∂rt

)2

and

∂2Kfix
t

(∂rt)2 = −B(t, T )∂B(t, T )
∂rt

Kfix

= B(t, T )2B(t, T )Kfix > 0

∂2Kfl.
t

(∂rt)2 = α̃e
∫ t

0 rsds + α̃rt
∂e
∫ t

0 rsds

∂rt

= α̃e
∫ t

0 rsds + α̃r2
t e
∫ t

0 rsds

= α̃e
∫ t

0 rsds(1 + r2
t ) > 0.

Proof: The proof is given in Appendix D.3.
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Proposition 10 states the following: With regard to the general interest rate sensi-
tivity of the buffer value, we can see three influencing factors: One factor is represented by
the interest sensitivity of the asset portfolio, one by the interest sensitivity of the exchange
option price with the fix strike and one with the floating strike guarantee. The exchange
option price sensitivity depends on two factors, one regarding the interest rate sensitivity
of the strike and one regarding the interest rate sensitivity of the asset portfolio. For the
fix strike, one can see that the interest rate sensitivity is negative. For the fix strike option
it holds

∂C(t, Kfix
t , αfixAt)
∂rt

= ∂Kfix
t

∂rt︸ ︷︷ ︸
<0

N
(

d1

(
t,

Kfix
t

αfixAt

))
︸ ︷︷ ︸

>0

− αfix ∂At

∂rt︸ ︷︷ ︸
<0

N
(

d2

(
t,

Kfix
t

αfixAt

))
︸ ︷︷ ︸

>0

.

In general, the exchange option price with a fix strike is decreasing with increasing
interest rate if it holds

∂Kfix
t

∂rt
N
(

d1

(
t,

Kfix
t

αfixAt

))
< αfix ∂At

∂rt
N
(

d2

(
t,

Kfix
t

αfixAt

))
.

Thus, depending on the investment strategy (and the option’s moneyness), we may
observe an option price which is increasing, decreasing, or immune against interest rate
changes. Formally, there exists a critical level l∗ s.t. for −∂At

∂rt
< l∗ (sufficient low interest

rate duration of the asset side) it holds

∂C(t, Kfix
t , αfixAt)
∂rt

> 0.

The critical level is defined by

l∗ = −∂Kfix
t

∂rt

N
(

d1

(
t,

Kfix
t

αfixAt

))
αfixN

(
d2

(
t,

Kfix
t

αfixAt

)) .

Contrary to this, the exchange option price with a floating strike is always increasing
with increasing interest rate, i.e.

∂C(t, Kfl.
t , αfl.At)

∂rt
= ∂Kfl.

t

∂rt︸ ︷︷ ︸
>0

N
(

d1

(
t,

Kfl.
t

αfl.At

))
︸ ︷︷ ︸

>0

− αfl. ∂At

∂rt︸ ︷︷ ︸
<0

N
(

d2

(
t,

Kfl.
t

αfl.At

))
︸ ︷︷ ︸

>0

> 0.

Accordingly, if the directional effects are opposing each other, a suitable number of fix
and floating strike guarantee products can (locally) immunize the interest rate sensitivity
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on the liability side. However, from the perspective of the ALM, it is merely important to
immunize the difference of the asset and the liability value against interest rate changes.
We call this a natural ALM hedge in fix and floating strike guarantee products.

Such a natural hedge is meaningful if the duration of the asset side is low compared
to the duration implied by a full investment in the bond maturing at the terminal contract
date T . In particular, this is the situation faced by the life insurance industry. Assuming
that the interest rate duration of the asset side is rather low, we can determine the optimal
fraction η∗

fix of fix strike guarantees such that the buffer value is immunized against a change
in the interest rate, i.e. such that

∂(At − Lt)
∂rt

= 0.

There are a few comments worth mentioning. Basically, one can also obtain an
immunization of the buffer by adjusting the duration of the asset side. Usually, the duration
of the asset side of a life insurance company is much lower than the one of the liability side.
This may turn out difficult because of at least two reasons: For one, it is not necessarily
possible to trade in (liquid) bonds which are consistent with the long maturities of life
insurance contracts. Additionally, any modification of the investment strategy (asset side)
also impacts the value of the guarantees (liability side). In contrast, a natural ALM hedge
which is constructed by a product mix (on the liability side) has no impact on the asset
side. In the following, we illustrate and the results by means of a two-factor model.

5.6 Illustration - Two-factor model

The main focus of the following sections is an illustration of the possibilities to obtain an
interest rate immunization by introducing floating strike guarantees in addition to fix strike
guarantees. For the numerical illustrations, we assume that the asset price dynamics S are
log-normal with a constant volatility σ and the interest rate dynamics are given along
the lines of the (extended) Vasicek model, i.e. we place ourselves in a two-dimensional
Gaussian setup along the lines of Equation (5.2) and (5.3), where

σS =

 ρσ√
1 − ρ2σ

 and σT (t) =

 σT (t)

0

 ,

where σT (t) = σr

a
(1 − e−a(T −t)).
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Alternatively, we can formulate this model setup by means of the asset and Vasicek
interest rate dynamics (and in terms of two independent Brownian motions) where under
the risk neutral probability it holds

dSt

St
= rt dt + ρσ dW

(1)
t +

√
1 − ρ2σ dW

(2)
t (5.18)

drt = a(θ(t) − rt) dt + σr dW
(1)
t . (5.19)

W (1) and W (2) denote two independent Brownian motions under the risk neutral
measure P∗. In addition, the volatility σ of the stock is a constant, σr is also a constant. a

denotes the speed of mean-reversion of the Ornstein-Uhlenbeck process driving the interest
rate dynamics with mean-reversion level θ(t), where θ(t) is a deterministic function of
the extended Vasicek model. In the special case of the Vasicek model it is constant, i.e.
θ(t) = b.10 In particular, the mentioned interest rate dynamics result in the following bond
price dynamics

dB(t, t)
B(t, t) = rt dt − σrB(t, t) dW

(1)
t , (5.20)

where B(t, t) = 1
a

(
1 − e−a(t−t)

)
,

implying (e.g. Brigo and Mercurio (2001))

B(t, t) = e−B(t,t)rt+A(t,t), (5.21)

where A(t, t) = (B(t, t) − (t − t))
(

b − σ2
r

2a2

)
− σ2

r

4a
B2(t, t). (5.22)

Notice that the interest rate model is complete in two bonds. This implies that any
duration of the asset side (Equation (5.16)) can be resembled by an investment strategy
which only refers to two bonds. Thus, we simplify the exposition by referring to investment
strategies including the stock and two bonds with different maturities.

Let π = (πS , π1, π2) with (πS + π1 + π2 = 1) denotes the (constant) fractions of
wealth invested in the asset S and zero coupon bonds with maturities T1 and T2. This
implies the insurance company’s asset process A given by

dAt

At
= πS

dSt

St
+ π1

dB(t, T1)
B(t, T1) + (1 − πS − π1) dB(t, T2)

B(t, T2) . (5.23)

10 A reference is made to Appendix D.4 for more details.
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In view of the fact that all three asset dynamics are given by a log-normal processes,
is holds that the process A is also log-normal. In particular, for the pricing purpose, we
only need the volatility structure of A and B(., T ), i.e. (in terms of a two-dimensional
Brownian motion)

σA(t) =

 ρπSσ + π1σT1(t) + (1 − πS − π1)σT2(t)√
1 − ρ2πSσ



σT (t) =

 σT (t)

0

 ,

where σT (t) = σr

a
(1 − e−a(T −t)).

Without loss of generality, we restrict ourselves to the case where T1 = T and a very
short bond T2 → t (i.e. a cash position) s.t.

σA(t) =

 ρπSσ + πBσT (t)√
1 − ρ2πSσ

 and σT (t) =

 σT (t)

0

 ,

where πB = π1 is the fraction invested in the bond and 1−πS −πB is the fraction invested
in the cash position.

Throughout the following analysis, we use the benchmark parameter constellation
given in Table 5.1 unless otherwise stated.11

Table 5.1: Benchmark parameter constellation - Natural hedging

Contract Black-Scholes Vasicek Portfolio

α T P0 S0 σ µS r0 a b̃ b σr ρ πS πB

0.9 5 1 1 0.2 0.07 0.0115 0.3 0.042 0.0305 0.015 0.15 0.15 0.4

11 Our benchmark parameter setup is consistent with the one used in recent literature (e.g. Hieber et al.
(2019), Graf et al. (2011)).
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5.6.1 (Fair) guarantee prices

Before we start with the analysis of the correlation effects and thus on the natural hedg-
ing, first, we discuss the two guarantee schemes in more detail. Therefore, we illustrate the
guarantee price of the fix and floating strike guarantee in Figure 5.1. For the benchmark
parameter constellation given in Table 5.1, the figure shows the guarantee price of the
fix and floating strike guarantee for varying asset bond correlation, stock fraction, bond
fraction, strike, participation fraction and time to maturity.
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Figure 5.1: The figure illustrates the guarantee price of the fix and floating strike guarantee
for varying asset bond correlation ρ, stock fraction πS , bond fraction πB , strikes Kfix and α̃,
participation fraction α and time to maturity T . The black line refers to the fix strike guarantee
and the gray dashed line to the floating strike guarantee. We set Kfix = e0.02 and α̃ = B(0, T )Kfix.

It is shown that the guarantee price of the fix and floating strike guarantee is increas-
ing in the stock fraction which is intuitively clear for the reason that a riskier investment
portfolio of the insurance company leads to more expensive guarantees. On the contrary,
the guarantee prices for varying bond fraction and asset bond correlation are opposing: A
low bond fraction πB (asset bond correlation ρ) leads to the fix strike guarantee being more
expensive than the floating, while the opposite holds true for a larger bond fraction (asset
bond correlation). The consequences are explained in more detail in the next section.
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The figure also presents the guarantee price for a varying strike and participation
fraction. It holds that the guarantee price of the floating strike guarantee is always higher
than the fix strike guarantee if the same strike is assumed. As a result, the fair strike of the
floating strike guarantee is lower than the one of the fix strike guarantee (intersection with
0.1 ((1−α), respectively)). Additionally, the guarantee prices are decreasing in the partici-
pation fraction because a higher participation fraction α lowers the value of the guarantees.
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Figure 5.2: The figure illustrates the fair participation fraction of the fix and floating strike
guarantee for varying asset bond correlation ρ, stock fraction πS , bond fraction πB , strikes Kfix

and α̃ and time to maturity T . The black line refers to the fix strike guarantee and the gray dashed
line to the floating strike guarantee. We set Kfix = e0.02 and α̃ = B(0, T )Kfix.

We are interested in insurance contracts that are equal in their value. Accordingly,
we consider the fair participation fraction of fix and floating strike guarantees such that the
fair pricing condition in Equation (5.6) is fulfilled. Figure 5.2 presents the fair participation
fraction of both guarantees for varying asset bond correlation, stock fraction, bond fraction,
strike and time to maturity. In general, the figure shows the opposite behavior of Figure
5.1 in the view of the fact that the higher guarantee price leads to a lower fair participation
fraction and vice versa. As already mentioned, the results can also be stated in terms of the
fair strike. The results are presented in Figure D.1 in Appendix D.1. Having established a
basic understanding of the two types of guarantees, we next address the correlation effects.
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5 Natural hedging against interest rate risk with minimum return guarantee schemes

5.6.2 Correlation effects

Recall that at time t (t ≤ T ) the guarantee costs depend on the cumulated asset volatilities
(forward volatilities, respectively) v(t, T ). Depending on the investment fractions πS (stock
fraction) and πB (wealth fraction invested in the bond with maturity T ), it holds

v2
fix(t, T ) =

∫ T

t
∥σA(s) − σT (s)∥2 ds

= π2
Sσ2(T − t) +

∫ T

t
(2ρπS(πB − 1)σσT (s) + (πB − 1)2σ2

T (s)) ds

v2
float.(t, T ) =

∫ T

t
∥σA(s)∥2 ds = π2

Sσ2(T − t) +
∫ T

t
(2ρπSπBσσT (s) + π2

Bσ2
T (s)) ds.

Assuming that the investment fractions are non-negative (no short positions), the
above equations imply that the directional effects of the bond position πB on the volatilities
(cumulated volatilities) of fix and floating strike guarantees are different, i.e. for a given
stock fraction πS . While the (cumulated) volatility σA needed for pricing the floating strike
guarantee contract is increasing in the bond fraction πB, this is not necessarily true for
the forward volatility σA,T needed for pricing the fix strike guarantee. Notice that the
difference of fix and floating (cumulated) volatilities is determined by∫ T

t
∥σA(s) − σT (s)∥2 ds −

∫ T

t
∥σA(s)∥2 ds

= − 2ρπsσ

∫ T

t
σT (s) ds + (1 − 2πB)σ

∫ T

t
σ2

T (s) ds,

i.e. for a sufficiently high asset bond correlation, the fix strike cumulated volatility is lower
than the floating strike cumulated volatility.

Based on the benchmark parameters summarized in Table 5.1, Figure 5.3 illustrates
the cumulated volatilities of fix and floating strike guarantees in the special case that
πS = 1 and πB = 0.12 Here, the cumulated volatility of the floating strike guarantee is

12 In particular, in the special case πS = 1 and πB = 0 (pure stock investment) it holds (Appendix D.5)

v2
fix(t, T ) =

∫ T

t

∥σA(s) − σT (s)∥2 ds

=
(

σ2 − 2ρσ
σr

a
+ σ2

r

a2

)
(T − t) + 2

(
ρσ

σr

a2 − σ2
r

a3

)(
1 − e−a(T −t))+ σ2

r

2a3

(
1 − e−2a(T −t))

v2
float.(t, T ) =

∫ T

t

∥σA(s)∥2 ds = σ2(T − t).
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Cumulated volatility and critical level of correlation of fix and floating strike
guarantees
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Figure 5.3: For varying asset bond correlations ρ, the figure on the left-hand side depicts the
cumulated volatility for the fix and floating strike guarantee. The figure on the right-hand side
gives the critical level of correlation such that cumulated volatilities ot both guarantees are equal
depending on the time to maturity. The black line refers to the fix strike guarantee and the gray
dashed line to the floating strike guarantee.

constant, while the one of the fix strike guarantee is decreasing. In addition, the critical
level of correlation for varying maturities is also shown, i.e. the correlation such that the
cumulated volatility of the fix strike guarantee is equal to the cumulated volatility of the
floating strike guarantee. This critical level is increasing with increasing contract maturity
(right-hand side of Figure 5.3).

An illustration of the (cumulated option) volatility effects with respect to the asset
fraction πS , πB and the asset bond correlation ρ is given by Figure 5.4. Along the lines of
the above reasoning, for a given asset fraction, the cumulated volatilities embedded in the
pricing of the floating strike guarantee options are increasing in the investment fraction
for the long bond (gray dashed lines). The effect may be reversed in the case of the fix
strike guarantee options.
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Cumulated volatility of fix and floating strike guarantees
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Figure 5.4: For varying bond fractions πB , the figures depicts the cumulated volatility for fix and
floating strike guarantees for T = 1. The top (bottom) figures refer to a stock fraction πS = 0.375
(πS = 0.125). The figures on the left- (right-)hand side are based on an asset bond correlation of
ρ = 0.25 (ρ = 0.1). The black line refers to the fix strike guarantee and the gray dashed line to the
floating strike guarantee.

5.6.3 Natural hedging

We now illustrate the perspective of the ALM. The main focus is on the possibility to
obtain a natural hedge by means of a suitable mix of fix and floating strike guarantees.
To simplify the exposition, we normalize the current asset value to one, i.e. we set At = 1.
In reality, the duration (minus times the interest rate sensitivity) of the asset side of an
insurance company is lower than the duration of the liability side. Basically, the insurance
company can obtain a higher duration of the asset side by changing its investment strategy
towards investments in bonds with higher time to maturity. However, any modification of
the investment strategy has also an impact on the liability side.
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5 Natural hedging against interest rate risk with minimum return guarantee schemes

Recall that in the two-factor model setup the interest rate duration can be resembled
by the duration of an investment in two bonds only, in particular a long-term bond,
maturing at the guarantee contract horizon T and a very short term bond, i.e. cash
position. In addition, we consider an investment in stocks. Notice that (for a given fraction
of stock investment πS) an increase of the investment fraction πB of the long-term bond
is the same as a reduction of the cash position 1 − πS − πB. Intuitively, it is clear that
the value of a fix (floating) strike guarantee is increasing (decreasing) in the fraction πB

of the long-term bond.

While the fix strike guarantee can be honored almost surely for a sufficiently large
investment in the long-term bond (in this case the guarantee put is worthless), a higher
cash position (accumulation according to the short term interest rate) decreases the value
of the floating strike guarantee put. Thus, the directional effect of varying the investment
fraction πB has an opposing effect with respect to fix and floating strike guarantees.

Table 5.2: Natural hedging

T α πS πB Kfair
fix α̃fair ∂At

∂rt

∂Cfix
∂rt

∂Cfloat.
∂rt

η∗
fix

∂At−Lt

∂r2
t

5 0.9 0.15 0 1.1331 0.9983 0 -2.3088 0.0108 0.0047 -1.0330

5 0.9 0.15 0.2 1.1345 0.9980 -0.1757 -2.2194 0.1572 0.0736 -2.4691

5 0.9 0.15 0.4 1.1354 0.9973 -0.3515 -2.1123 0.2988 0.1385 -3.9745

5 0.9 0.15 0.6 1.1359 0.9963 -0.5272 -1.9882 0.4329 0.2006 -5.5759

5 0.9 0.15 0.8 1.1362 0.9949 -0.7030 -1.8492 0.5576 0.2609 -7.4074

10 0.9 0.15 0 1.3425 0.9930 0 -2.3179 0.0098 0.0042 -0.978

10 0.9 0.15 0.2 1.3511 0.9915 -0.1457 -2.3510 0.1170 0.0533 -2.5973

10 0.9 0.15 0.4 1.3574 0.9883 -0.2914 -2.3621 0.2149 0.0947 -4.2869

10 0.9 0.15 0.6 1.3614 0.9835 -0.4371 -2.3388 0.3004 0.1304 -5.9642

10 0.9 0.15 0.8 1.3632 0.9769 -0.5828 -2.2714 0.3728 0.1630 -7.6736

20 0.9 0.15 0 1.9247 0.9799 0 -1.9174 0.0085 0.0044 -0.8488

20 0.9 0.15 0.2 1.9585 0.9754 -0.0974 -2.0256 0.0683 0.0373 -1.7645

20 0.9 0.15 0.4 1.9852 0.9665 -0.1947 -2.1281 0.1195 0.0618 -2.7044

20 0.9 0.15 0.6 2.0036 0.9535 -0.2921 -2.2033 0.1604 0.0802 -3.6047

20 0.9 0.15 0.8 2.0128 0.9370 -0.3895 -2.2207 0.1923 0.0958 -4.4428

In order to make the guarantee contracts comparable, we only discuss contracts
which are equal in their value. In Table 5.2, we fix the varying long-term bond investment
fractions πB and the participation fraction α = 0.9 and determine the fix strike Kfix

(column five) and the floating strike accumulation factor α̃ (column six) such that the
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5 Natural hedging against interest rate risk with minimum return guarantee schemes

contract value is equal to one. Along the lines of the above reasoning, we observe that Kfair
fix

(α̃fair) is increasing (decreasing) in the long-term investment fraction πB, i.e. increasing
πB reduces (increases) the value of a fix (floating) strike guarantee which is compensated
by increasing (decreasing) the strike.

We then summarize the interest rate sensitivities of the asset side (column seven),
the fair fix strike guarantee (column eight) and the floating strike guarantee (column
nine) for different investment strategies (in terms of πS and πB). Notice that the interest
rate duration (minus times the sensitivity) of the asset side is increasing in the long-term
investment fraction πB. The same is true for the (fairly priced) fix and floating strike guar-
antee contract. On the other hand, the sign of the interest rate duration of the floating
strike contract is negative, while the one of the fix strike guarantee is positive, i.e., ceteris
paribus, writing floating strike guarantee contracts can reduce the duration of the liability
side and thus immunize the duration of the asset side. The penultimate column states
the fraction of fix strike guarantee contracts which immunizes the buffer Bt = At − Lt

against changes in the interest rate. A graphical illustration of this fraction is given in
Figure 5.5. The last column states the convexity of the buffer immunized by the interest
rate sensitivity.

Optimal fraction of fix strike guarantees depending on bond and stock
fraction
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Figure 5.5: For varying bond fractions πB (stock fractions πS) the figure on the left- (right-)hand
side depicts the optimal fraction of fix strike guarantees η∗

fix. The stock (bond) fraction is equal
to πS = 0.15 (πB = 0.4). The black line refers to a time to maturity T = 5, the dashed black line
to T = 10 and the dotted gray line to T = 20.
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Figure 5.5 depicts the optimal fraction of fix strike guarantees such that the buffer
Bt = At − Lt is immunized against interest rate changes for varying bond and stock frac-
tions. It is shown that η∗

fix is increasing in the bond fraction, while the impact of the
stock fraction on the optimal number of fix strike guarantees is rather low. In addition,
Figure 5.6 presents the optimal fraction of fix strike guarantees depending on the asset
bond correlation, participation fraction and time to maturity for different levels of bond
fraction (top figures) and stock fraction (bottom figures.).
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Figure 5.6: For varying asset bond correlation ρ, fair participation fraction α and time to maturity
T , the figures depicts the optimal fraction of fix strike guarantees η∗

fix.The black line of the top
figures refers to πB = 0, the gray dashed to πB = 0.4 and the black dashed to πB = 0.8 while the
stock fraction is fixed at πS = 0.15. The black line of the bottom figures refers to πS = 0, the gray
dashed to πS = 0.3 and the black dashed to πS = 0.6 while the bond fraction is fixed at πB = 0.4.

Accordingly, natural hedging with floating strike guarantees is possible if the dura-
tion of the asset side is rather low, which is consistent with the situation of participating
life insurance. While switching to a higher duration on the asset side (increasing the money
spent in long-term bonds if possible) has an impact on the liability side at the same time,
the reduction of the duration of the liability side can be obtained without an impact on
the asset duration.
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5.7 Risk management

Due to the strict capital requirements for insurance contracts with minimum return guar-
antees, the assessment of risk management for the fix and floating strike guarantees should
also be discussed. In order to get an intuition about the risk-return profile of the insurance
contracts, first, we calculate the distribution of the payoff of the asset side AT (i.e. without
guarantees) as well as the distribution of the payoffs given fix (P fix

T ) and floating (P float
T )

strike guarantees.

Distribution of payoffs - Asset side and guarantee contracts
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Figure 5.7: The figure presents the relative frequency of the payoffs of the asset side AT , fix strike
guarantee P fix

T and floating strike guarantee P float
T . The left figure is determined by T = 5, the

middle by T = 10 and the right figure by T = 20. The black histogram refers to P fix
T , the light

gray to P float
T and the gray to AT .

The results are given in Figure 5.7. The truncated bar refers to the probability that
the terminal payoff is equal to the guarantee level K fair

fix . Obviously, the fix strike guarantee
is provided with a downside protection. Due to the lack of protection, the asset side and
the floating strike guarantee have a higher upside potential. The distribution of the floating
guarantee is shifted to the left compared to the asset side.

The main focus of this section is to assess the natural hedging strategies using the
one-year VAR in line with Solvency II. Solvency II requires insurance companies to hold
sufficient high equity capital such that the SFP with respect to a time horizon is of one
year is limited to 0.5%. The buffer at time t is defined by Bt = At − Lt, i.e. the difference
between the value of the investment strategy at time t and the liabilities defined by the
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5 Natural hedging against interest rate risk with minimum return guarantee schemes

payoffs at time t. We define a shortfall if the buffer is negative at t, i.e. the SFP results in

SFP = P (Bt < 0)

= P (At < Lt) .

Remember that the buffer represents a profit variable, i.e. profit is described by
positive values and loss is described by negative values. The one-year VAR and the CVAR
with confident level κ are given by

V aRκ = argmin
x

{P (B1 < x) = 1 − κ}

CV aRκ = E [B1|B1 < V aRκ] .

To meet the capital requirements posed by Solvency II, we consider a one-year VAR
with confidence level κ = 0.995.

Our analysis is based in an identical Monte Carlo sample of size m = 100, 000. We
calculate the short term interest rates using Equation (5.19) and investment portfolios
using Equation (5.23) simultaneously based on the benchmark parameters summarized
in Table 5.1.13 Prices of zero-coupon bonds are determined for each path using Equation
(5.21). For given investment fractions πS and πB and participation rate α = 0.9, the fix
strike Kfix and the floating strike accumulation factor α̃ are determined such that the
contract value is fair. The values of the guarantees at time t = 1 are calculated as given in
Proposition 9. For all simulation paths we then determine the buffer value after one year
B1 = A1 − L1 using Equation (5.12). In addition to the one-year VAR of the buffer value,
we also calculate the CVAR and the variance of the buffer value at time t = 1.

Table 5.3 supplements the previous results by the different risk measures. For varying
investment fractions in the corresponding long-term bond (πB = 0, 0.2, 0.4, 0.6, 0.8), the
fair initial strike of a fix strike K fair

fix guarantee, the fair accumulation rate of a floating

13 Remember that for simulation we need to change to the real world measure P. Assuming a constant
market price of interest rate risk λr leads to asset and interest rate dynamics under the real world
measure given by

dSt

St
= µS dt + ρσ dW̃

(1)
t +

√
1 − ρ2σ dW̃

(2)
t (5.24)

drt = a(b̃ − rt) dt + σr dW̃
(1)
t , (5.25)

where b̃ = b − λrσr
a

. For the market price of interest rate risk we set λr = −0.23.
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5 Natural hedging against interest rate risk with minimum return guarantee schemes

Table 5.3: Risk measures induced by natural hedging

T α πS πB Kfair
fix α̃fair η∗

fix
∂At−Lt

∂r2
t

V AR0.995 CV AR0.985 V ariance

5 0.9 0.15 0. 1.1331 0.9983 0.0047 -1.0330 0.0708 0.0693 0.00089

5 0.9 0.15 0.2 1.1345 0.9980 0.0736 -2.4691 0.0690 0.0674 0.00084

5 0.9 0.15 0.4 1.1354 0.9973 0.1385 -3.9745 0.0675 0.0659 0.00079

5 0.9 0.15 0.6 1.1359 0.9963 0.2006 -5.5759 0.0664 0.0648 0.00075

5 0.9 0.15 0.8 1.1362 0.9949 0.2609 -7.4074 0.0652 0.0640 0.00073

10 0.9 0.15 0. 1.3425 0.9930 0.0042 -0.9780 0.0692 0.0681 0.00080

10 0.9 0.15 0.2 1.3511 0.9915 0.0533 -2.5973 0.0661 0.0650 0.00072

10 0.9 0.15 0.4 1.3574 0.9883 0.0947 -4.2869 0.0631 0.0617 0.00065

10 0.9 0.15 0.6 1.3614 0.9835 0.1304 -5.9642 0.0598 0.0583 0.00058

10 0.9 0.15 0.8 1.3632 0.9769 0.1630 -7.6736 0.0564 0.0549 0.00052

20 0.9 0.15 0. 1.9247 0.9799 0.0044 -0.8488 0.0637 0.0623 0.00062

20 0.9 0.15 0.2 1.9585 0.9754 0.0373 -1.7645 0.0602 0.0586 0.00056

20 0.9 0.15 0.4 1.9852 0.9665 0.0618 -2.7044 0.0556 0.0542 0.00048

20 0.9 0.15 0.6 2.0036 0.9535 0.0802 -3.6047 0.0508 0.0495 0.00041

20 0.9 0.15 0.8 2.0128 0.9370 0.0958 -4.4428 0.0463 0.0451 0.00035

strike guarantee α̃fair, the fraction of fix strike guarantee contracts which immunizes the
buffer Bt = At−Lt against changes in the interest rate as well as the resulting convexity are
adopted from Table 5.2. Additionally, the one-year VAR with confidence level κ = 0.995,
the one-year CVAR with confidence level κ = 0.985 and the one-year variance of the buffer
are stated in the last three columns.14 Observe that all three risk measures are decreasing
in the long-term investment fraction πB. A graphical illustration of this result is given in
the top of Figure 5.8. The figure illustrates the reduction in the risk for different maturities.

We also study the impact of the fraction of fix strike guarantee ηfix in more detail.
Thus, we calculate the corresponding risk measures for varying fractions of ηfix, presented
in the bottom of Figure 5.8. It is shown that there exists an optimal fraction ηfix such that
the risk measures are minimized. Accordingly, a suitable combination of fix and floating
strike guarantees can help to minimize the resulting risk of the insurance company. The
optimum fraction of fix strike guarantees is between 0.3 and 0.4 depending on the maturity
of the contract. The exact values can be taken from Table D.1 in Appendix D.2.

14 We use a lower confidence level (κ = 98.5%) for the one-year CVAR compared to the one-year VAR
(κ = 99.5%) since the CVAR is lower.
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Risk measures for varying bond fractions and fractions of fix strike
guarantees
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Figure 5.8: The top (bottom) figures depict the risk measures for varying bond fractions πB (
fractions of fix strike guarantees ηfix). The figures on the left-hand side depict the one-year VAR
with confidence level κ = 0.995, the figures in the middle the one-year CVAR with confidence level
κ = 0.985 and the figures on the right-hand side depict the variance. The black lines of the top
figures refer to a time to maturity T = 5, the gray dashed to T = 10 and the black dashed line to
T = 20. The gray dashed line of the bottom figure refers to t = 1

5.8 Expected utility of the policyholder

As already mentioned at the beginning of the thesis, it is not practical to offer an insurance
contract that is cost-effective for the insurance company but of no interest to the policy-
holders. Accordingly, the main focus is on the expected utility of the insurance guarantee
contracts to the policyholder throughout the following. In addition to the guarantee, i.e. fix
strike or floating strike guarantee, the utility depends on the risk-return profile of the asset
side of the insurance company where we assume that the insurance company can invest
in stocks and bonds. In line with the previous sections, we consider a CRRA policyholder
with utility function u, where

u(x) :=


x1−γ

1−γ , for γ > 1

ln(x), for γ = 1.
(5.26)
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5 Natural hedging against interest rate risk with minimum return guarantee schemes

For the reason that we focus on the benefits that arise from insurance contracts for
savings towards retirement, we assume that the policyholder only derives utility from the
terminal wealth (liabilities of the insurance company, respectively) which is given by

LT = ηfixP fix
T + (1 − ηfix)P fl.

T

= ηfix max
{

K fair
fix , αAT

}
+ (1 − ηfix) max

{
α̃faireI(0,T ), αAT

}
.

The expected utility results in

EP[u(LT )]. (5.27)

It holds for the certainty equivalent, implicitly is defined by u(CET ) = EP[u(LT )]

CET = ((1 − γ)EP [u(LT )])
1

1−γ . (5.28)

Thus, the maximization problem of the policyholder results in

max
ηfix

EP[u(LT )], (5.29)

s.t. the fair pricing condition of Equation (5.6) is fulfilled.

In order to get a first intuition, we start with calculating the corresponding certainty
equivalents of Table 5.2. The results are given in Table 5.4. We distinguish between the risk
aversion parameters γ = 2; 4; 6. The first result is that the certainty equivalent is decreasing
in the risk aversion parameter and increasing in the time to maturity T . Furthermore, it
can be seen that the certainty equivalent is increasing in the optimal fraction of fix strike
guarantees ηfix, resulting in the fix strike guarantee providing a higher certainty equivalent
than the floating strike guarantee. However, it can be assumed that the bond fraction also
has an impact on the certainty equivalent as shown in Figure 5.9 and 5.10.

Figure 5.9 presents the certainty equivalent for the fix and floating strike guarantee
depending on the asset bond correlation, stock fraction and bond fraction. The results
state that the certainty equivalent of the fix strike guarantee is increasing in the bond
fraction for a constant stock fraction of πS = 0.15, while the certainty equivalent of the
floating strike guarantee is decreasing in the bond fraction. Thus, we observe opposing
effects. This also holds true for the asset bond correlation. Moreover, it can also be seen
that the certainty equivalents of the fix and floating strike guarantee move into the same
direction since they are both decreasing in the stock fraction.
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Table 5.4: Certainty equivalent induced by natural hedging

T α πS πB Kfair
fix α̃fair η∗

fix CEγ=2
T CEγ=4

T CEγ=6
T

5 0.9 0.15 0. 1.1331 0.9983 0.0047 1.11168 1.10797 1.10428

5 0.9 0.15 0.2 1.1345 0.9980 0.0736 1.11348 1.11023 1.10700

5 0.9 0.15 0.4 1.1354 0.9973 0.1385 1.11503 1.11218 1.10936

5 0.9 0.15 0.6 1.1359 0.9963 0.2006 1.11630 1.11381 1.11134

5 0.9 0.15 0.8 1.1362 0.9949 0.2609 1.11729 1.11512 1.11298

10 0.9 0.15 0. 1.3425 0.9930 0.0042 1.29680 1.28221 1.26784

10 0.9 0.15 0.2 1.3511 0.9915 0.0533 1.29965 1.28634 1.27329

10 0.9 0.15 0.4 1.3574 0.9883 0.0947 1.30126 1.28903 1.27707

10 0.9 0.15 0.6 1.3614 0.9835 0.1304 1.30158 1.29025 1.27921

10 0.9 0.15 0.8 1.3632 0.9769 0.1630 1.30078 1.29026 1.28003

20 0.9 0.15 0. 1.9247 0.9799 0.0044 1.80936 1.75924 1.71091

20 0.9 0.15 0.2 1.9585 0.9754 0.0373 1.81399 1.76704 1.72200

20 0.9 0.15 0.4 1.9852 0.9665 0.0618 1.81512 1.77074 1.72829

20 0.9 0.15 0.6 2.0036 0.9535 0.0802 1.81308 1.77079 1.73041

20 0.9 0.15 0.8 2.0128 0.9370 0.0958 1.80903 1.76853 1.72991

The results are due to Figure 5.2 which shows that the fair participation fraction of
the fix strike guarantee increases in the bond fraction (asset bond correlation), while that
of the floating strike guarantee decreases. Owning to the fact that the policyholder does
not demand a guarantee feature and therefore prefers a participation fraction of α = 1,
this leads to the results in Figure 5.9. Accordingly, an increasing stock fraction also leads
to a decreasing certainty equivalent.

Certainty equivalent for fix and floating strike guarantees
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Figure 5.9: The figure shows the certainty equivalent CET of the fix and floating strike guarantee
for varying asset-bond correlations ρ, stock fractions πS and bond fractions πB for γ = 4. The black
line refers to the fix strike guarantee and the gray dashed line to the floating strike guarantee.
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Certainty equivalent for varying fractions of fix strike guarantees
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Figure 5.10: For varying fractions of fix strike guarantees ηfix, the figure depicts the certainty
equivalent CET for different fractions of stocks, bonds and asset bond correlation for γ = 4. The
black line of the figure on the left-hand side refers to ρ = −1, the gray dashed to ρ = 0 and the
black dashed to ρ = −1, given that πS = 0.15 and πB = 0.4. For πB = 0.4, the black line of the
middle figure refers to πS = 0, the gray dashed to πS = 0.3 and the black dashed line to πS = 0.6.
For πS = 0.15, the black line of the figure on the right-hand side refers to πB = 0, the gray dashed
to πB = 0.4 and the black dashed line to πB = 0.8.

The certainty equivalent for varying fractions of fix strike guarantees ηfix is presented
in Figure 5.10. Thereby, we distinguish between the impact of the asset bond correlation,
stock fraction and bond fraction. The figure on the right-hand side illustrates that the
certainty equivalents for different bond fractions intersect, i.e. for low ηfix the certainty
equivalent is decreasing in the bond fraction, while for high ηfix, the certainty equivalent
is increasing in the bond fraction (see also Figure 5.9). It is also evident that the cer-
tainty equivalent is increasing in ηfix, independently of the composition of πS and πB.
Accordingly, fix strike guarantees lead to a higher expected utility (certainty equivalent,
respectively) of the policyholder than floating strike guarantees. This holds true for every
stock-bond combination as displayed in Table D.2 in Appendix D.2.

In addition to the dependency of the certainty equivalent on various stock and bond
combinations, the impact of the policyholder’s level of risk aversion should also be inves-
tigated. Table 5.5 states the certainty equivalent of the fix and floating strike guarantee
for different level of risk aversion γ of the policyholder. It can be seen that both certainty
equivalents are decreasing in γ. Moreover, the floating strike guarantee is more sensitive
towards changes in the risk aversion parameter while the certainty equivalent of the fix
strike guarantee decreases only slightly. This behavior is also depicted in Figure 5.11.
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Table 5.5: Certainty equivalent for different levels of risk aversion

γ πS πB Kfair
fix α̃fair CEfix CEfloat ∆CE

2 0.15 0.4 1.1354 0.9973 1.13952 1.11063 0.02889

3 0.15 0.4 1.1354 0.9973 1.13941 1.10876 0.03065

4 0.15 0.4 1.1354 0.9973 1.13930 1.10689 0.03241

5 0.15 0.4 1.1354 0.9973 1.13919 1.10503 0.03416

6 0.15 0.4 1.1354 0.9973 1.13909 1.10317 0.03592

7 0.15 0.4 1.1354 0.9973 1.13900 1.10131 0.03769

8 0.15 0.4 1.1354 0.9973 1.13891 1.09946 0.03945

9 0.15 0.4 1.1354 0.9973 1.13882 1.09761 0.04121

10 0.15 0.4 1.1354 0.9973 1.13874 1.09576 0.04298

11 0.15 0.4 1.1354 0.9973 1.13866 1.09392 0.04474

12 0.15 0.4 1.1354 0.9973 1.13858 1.09208 0.04650

Figure 5.11 also shows that the highest certainty equivalent is achieved for ηfix = 1,
i.e. a portfolio which only consists of fix strike guarantees. The figure also illustrates that
the impact of the risk aversion decreases with increasing fractions of floating strike guar-
antees.

Certainty equivalent for different levels of risk aversion
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Figure 5.11: The figure on the left-hand side shows the certainty equivalent CET of the fix and
floating strike guarantee for varying risk aversion parameter γ. The black line refers to the fix strike
guarantee and the gray dashed line to the floating strike guarantee. The figure on the right-hand
side depicts the certainty equivalent for varying fractions of fix strike guarantees ηfix. The black
line refers to γ = 2, the gray dashed to γ = 4 and the black dashed line to γ = 6.
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The previously analysis is based on a power utility function u(x) = x1−γ

1−γ for γ > 1.
However, it is also worth to discuss the impact of the chosen utility function on our re-
sults. Therefore, we substitute the previous power utility function with a logarithmic and
an exponential alternative. The logarithmic utility function is given by ulog(x) = ln(x)
and the exponential utility function is of the following form: uexp(x) = − e−ax

a . The results
are given in the following table:

Table 5.6: Certainty equivalent for different utility functions

α = 0.9 u(x) ulog(x) uexp(x)

T ηfix γ = 2 γ = 4 a = 0.5 a = 2 a = 4

5 0 1.11063 1.10689 1.11251 1.11365 1.11099 1.10695

5 0.5 1.12590 1.12475 1.12649 1.13967 1.16323 1.16682

5 1 1.13952 1.13930 1.13965 1.16522 1.21345 1.22267

10 0 1.29631 1.28162 1.30374 1.30434 1.29181 1.27395

10 0.5 1.40319 1.39952 1.40508 1.36522 1.39594 1.39665

10 1 1.50255 1.50237 1.50265 1.42406 1.49128 1.50220

20 0 1.80808 1.75759 1.83402 1.83127 1.76944 1.69502

20 0.5 2.04907 2.03624 2.05588 1.98771 2.02672 2.01256

20 1 2.26410 2.26293 2.26480 2.13499 2.24579 2.26069

Overall, Table 5.6 depicts that the impact of the utility function on the certainty
equivalent of the policyholder is quiet low. Thus, it holds for every considered utility
function that the certainty equivalent of the policyholder is increasing in the fraction of
fix strike guarantee ηfix and time to maturity T .

5.9 Conclusion

Low interest rate scenarios and (downward) changes in the term structure of interest rates
may deteriorate the solvency situation of a life insurance company. In this chapter, we
focus on the possibilities to build a natural hedge against interest rate risk by offering a
suitable product mix of different minimum return guarantee schemes.

We analyze two versions of minimum return guarantee schemes which are meaning-
ful in the context of participating life insurance contracts. One version is implied by a
guaranteed rate which is once determined at the contract inception (fix strike guarantee).
The other version is a (stochastic) guarantee rate which is implied by the interest rate
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accumulation over the contract horizon (floating strike guarantee). We use a Gaussian
model setup which gives rise to closed-form (market consistent) values of the liabilities.
This is especially convenient to obtain insights in the price sensitivities.

We then propose a natural hedge against changes in the term structure of interest
rates. The natural hedge is based on the coexistence of fix and floating strike guarantee
products. Usually, the duration of the asset side of a life insurance company is much lower
than the one of the liability side. In this case, we show that selling floating strike guarantee
products reduces the (stochastic) duration of the liability side such that it is possible to
obtain an immunization.

Compared to an immunization of the buffer (difference of assets and liabilities) by
adjusting the duration of the asset side, the natural hedge has the following advantage:
Reducing the (stochastic) duration of the asset side may be difficult because it is not
necessarily possible to trade in (liquid) bonds which are consistent with the long maturities
of life insurance contracts. Additionally, any modification of the investment strategy (asset
side) also impacts the value of the guarantees (liability side). In contrast, a natural ALM
hedge which is based on a product mix on the liability side has no impact on the asset
side. Finally, we illustrate the results by means of a two-factor model.

We further calculate different risk measures in terms of VAR, CVAR and variance.
We find that floating strike guarantees in addition to fix strike guarantees can decrease
capital requirements. From the perspective of the policyholder it holds that the fix strike
guarantees provide a higher expected utility, independently of the assumed utility function.
However, further research might include other behavioral theories that are in general able
to explain the demand for guarantee schemes and thus might derive different results.

It could also be of interest to study other interest rate models in order to ensure
the robustness of the results. Additionally, one could also take periodic contributions into
account as in the previous sections. Focusing on the minimum return guarantee scheme, it
could also be interesting to consider other guarantees, such as the lookback or the cliquet
guarantee scheme. Other contract components may include, for example, the analysis of
surrender options. In this context, the influence of mortality risks should also further be
investigated.
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Chapter 6

General conclusion

The main focus of this theses is on the optimal design of life insurance contracts with
minimum return guarantee schemes under different contribution schemes. Therefore, we
investigate utility aspects of these guarantee schemes with a single contribution and peri-
odic contributions as well as the corresponding cost drivers and their relevance for the risk
management of the insurance company. Life insurance contracts with terminal, lookback
and cliquet guarantees are discussed as well as piecewise defined versions in which the
minimum return guarantee depends on the development of the future term structure. In
addition, different dynamic investment- and hedging strategies of the insurance company
are considered and compared to a general benchmark portfolio that maximizes the ex-
pected utility of the policyholder and thus her WTP in the case where no guarantee is
prescribed. Our results give insights for both practitioners and academics in the research
field of life insurance and risk management.

The analysis starts with an insight into the relevant literature on life insurance
contracts with minimum return guarantee schemes and identifies areas for potential further
research. The following chapters aim to answer some of the outstanding research questions.

First, we discuss terminal, lookback and cliquet guarantee schemes under periodic
contributions of the policyholder. Following the optimal Merton solution, we are not able
to explain the demand for minimum return guarantees in life insurance contracts with
periodic contributions, i.e. the three guarantee schemes are outperformed by a pure CM
strategy. In this case the cliquet guarantee is closest to the CM, followed by the lookback
and terminal guarantee scheme. However, we find that the policyholder chooses the peri-
odic contributions as soon as the insurance company’s investment strategy is riskier than
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6 General conclusion

the optimal Merton solution. We derive the optimal premium fraction that maximizes the
policyholder’s expected utility under the three guarantee schemes. We additionally show
that a scenario can occur where an increase in the guarantee rate increases the expected
utility of the policyholder: For sufficiently high investment (above the Merton solution)
and participation fractions, the policyholder tends to reduce the participation fraction
by agreeing to the guarantee scheme since the participation fraction is decreasing in the
guarantee rate and the policyholder thus balances the over-investment in the stock. Given
the minimum participation fraction α = 0.9 in line with the regulatory requirements, we
further show that the maximum expected utility of the policyholder is achieved for lower
guarantee rates than historically set by the insurance companies and the maximum in-
terest rate guarantee set by supervisory authorities (0.25% as of 2022). Accordingly, the
regulatory requirements does in general not affect the optimal product design. This finding
is also reflected in the current product range of insurance companies. With the reduced
guarantees, the strictly regulated insurance companies are allowed to invest the policy-
holders’ contributions in a riskier but also in a potentially more profitable way. We find
that the results depend on the policyholder’s level of risk aversion and that offering iden-
tical contracts to policyholders with different levels of risk aversion leads to a sub-optimal
strategy.

The following analysis examines, in the above setting, the impact of management
rules where the insurance company can adjust the investment strategy depending on the
development of the asset side. We study the impact of periodic contributions on the pricing
of life insurance contracts, the risk management and the utility implied to the policyholder
under different management rules. As cornerstone examples, we consider three benchmark
investment strategies implied by management rules: Portfolio insurance, constant risk and
gambling strategy. We find that the management rule has an impact on all the previous
mentioned factors. We further show that the insurance company can use the management
rule in order to decrease the resulting risk from periodic contributions and thus decrease
the SCR. Furthermore, we discuss the impact of periodic contributions of the policyholder
on her expected utility under different management rules and investment strategies of the
insurance company, respectively. We find that the policyholder in general benefits from
the investment strategy that brings the lowest probability of deviation from the Merton
solution. The periodic contributions are additionally used by the policyholder to mitigate
the high risk arising from the investment strategy. We also show that the management rule
in combination with a terminal guarantee scheme is able to result in the policyholder’s
expected utility exceeding that of the Merton solution. This result depends on the upside
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potential of the strategy, the participation of the policyholder as well as on the guarantee
rate, contribution scheme and level of risk aversion.

Academic contributions have also highlighted that hedging strategies are essential
as all insurance contracts are involved at the same time when the guarantee commitments
come into force. In this context, low interest rate scenarios poses a great challenge to
insurance companies. We focus on the possibility to build a natural hedge against interest
rate risk by offering a suitable product mix of different minimum return guarantee schemes
including fixed guarantee rates prevailing for the whole contract horizon as well as floating
guarantee rates which are linked to the interest rate evolution. In particular, we discuss
both immunization of the interest rate risk on the liability side as well as on the asset
and liability side simultaneously. Usually, the duration of the asset side of a life insurance
company is much lower than the one of the liability side. In this case we show that selling
floating strike guarantee products reduces the duration of the liability side such that it is
possible to obtain an immunization. Accordingly, we show that a combination of fix price
and floating strike guarantees enables a natural hedge against changes in the interest rate.
From the perspective of the risk management, we find that floating strike guarantees in
addition to fix strike guarantees can decrease capital requirements. Moreover, from the
perspective of the policyholder, it holds that the fix strike guarantee provides a higher
expected utility than the floating strike guarantee.

Further research could address the design of life insurance contracts with minimum
return guarantees that simultaneously meet the policyholder’s preferences and manages
the challenging risk management of these products. Referring to our analysis, it could
be interesting to study other contractual components, such as the policyholder’s option
to surrender the contract prematurely or to stop paying premiums during the contract
maturity. Furthermore, there exists a variety of potential innovative products that can be
incorporated in our investigation, such as, for example, hybrid or select products which
are gaining in importance over the last years. It could also be of interest to consider other
behavioral theories, such as PT or CPT. However, this is left for future research.
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Appendix to Chapter 2

A.1 Admissible investment strategies

Fixed amount periodic contributions This contribution scheme implements an in-
crease or decrease of the policyholder’s contributions. The periodic contributions are con-
stant over time in line with the benchmark case. As in Figure A.1, we additionally assume
that the policyholder can add a fixed amount B at each date ti on the contribution a, s.t.
the contribution stream (ati)ti∈T is given by

ati = a + iB, for all ti ∈ T .

Fixed amount periodic contributions

t0 t1 t2 t3 · · · tn−1 tn = T

a a + B a + 2B a + 3B · · · a + (n − 1)B

Figure A.1: The figure presents the timeline of fixed amount periodic contributions, starting from
time t0 to tn−1.

We obtain a periodic increasing investment strategy if B is greater than zero and a
periodic decreasing investment strategy if it is smaller than zero. Thus, the present value
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PV F ixB(a) of the contributions at t0 is given by

PV F ixB(a) = a + (a + B)e−rt1 + (a + 2B)e−rt2 + (a + 3B)e−rt3 + . . .

+ (a + (n − 1)B)e−rtn−1

= a
n−1∑
i=0

e−rti +
n−1∑
i=0

iBe−rti .

The fixed contribution P is divided into contribution aF ixB
ti

of

aF ixB
ti

= P −
∑n−1

i=0 iBe−rti∑n−1
i=0 e−rti

.

To ensure that the last contribution in tn−1 of the decreasing strategy is still greater
or equal zero, the fixed amount B has to fulfill the following condition:

a + (n − 1)B ≥ 0

B ≥ − a

n − 1 .

Percentage amount periodic contributions Similar to the latter investment strat-
egy, the policyholder could decide to increase/decrease her constant contributions a with
a fixed percentage of p (%) every period for all ti ∈ T as shown in Figure A.2. The
contribution stream (ati)ti∈T is determined as

ati = a(1 + ip), for all ti ∈ T .

Percentage amount periodic contributions

t0 t1 t2 t3 · · · tn−1 tn = T

a a(1 + p) a(1 + 2p) a(1 + 3p) · · · a(1 + (n − 1)p)

Figure A.2: The figure presents the timeline of percentage amount periodic contributions, starting
from time t0 to tn−1.
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The policyholder increases the contributions for p > 0 and she decreases them for
p < 0. The contribution stream is well-defined as long as p ≥ − 1

n−1 because otherwise
contributions will be negative as in the investment strategy above (fixed amount). Since
the policyholder can only invest up to date tn−1, the present value PV P er(a) of the con-
tributions at t0 results in

PV P er(a) = a + a(1 + p)e−rt1 + a(1 + 2p)e−rt2 + a(1 + 3p)e−rt3 + . . .

+ a(1 + (n − 1)p)e−rtn−1

= a
n−1∑
i=1

(1 + ip)e−rti .

Here, the fixed contribution P is divided into contributions aP er
ti

of

aP er
ti

= P∑n−1
i=0 (1 + ip)e−rti

.

Up-Down periodic contributions The policyholder could further ask for an invest-
ment strategy where she can increase the contribution a up to period tk with fixed p (%)
and then decrease the contribution up to period tn−1 with fixed p (%). The contribution
stream (ati)ti∈T is illustrated in Figure A.3 and is of the following form:

ati =

a(1 + ip), for ti ≤ tk

a(1 + (2k − i)p), for ti > tk

.

Up-down periodic contributions

t0 t1 · · · tk tk+1 · · · tn−1 tn = T

a a(1 + p) · · · a(1 + kp) a(1 + (2k − (k + 1))p) a(1 + (2k − (n − 1))p)

Figure A.3: The figure presents the timeline of up-down periodic contributions, starting from time
t0 to tn−1.
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To ensure that the last contribution in tn−1 is greater or equal zero, p ≥ − 1
2k−(n−1)

must hold true. The present value PV UD(a) of the contributions at t0 results in

PV UD(a) = a + a(1 + p)e−rt1 + . . . + a(1 + kp)e−rtk + a(1 + ((2k − (k + 1)p)e−rtk+1 + . . .

+ a(1 + (2k − (n − 1))p)e−rtn+1

= a

 k∑
i=0

(1 + ip)e−rti +
n−1∑

i=k+1
(1 + (2k − i)p)e−rti

 .

The fixed contribution P is divided into contributions aUD
ti

of

aUD
ti

= P∑k
i=0(1 + ip)e−rti +∑n−1

i=k+1(1 + (2k − i)p)e−rti
.

Interim modifications periodic contributions Another admissible investment strat-
egy is given by a constant contribution a, where within a time interval [tl, tu] a single
decrease or increase of the contribution in the amount of δ (%) takes place (presented in
Figure A.4). Thus, the contribution stream (ati)ti∈T is of the following form:

ati =


a, for ti < tl

a(1 + δ), for ti ∈ [tl, tu]

a, for ti > tu

.

Interim modifications periodic contributions

t0 a · · · tl · · · tu tu+1 · · · tn−1 tn = T

a a · · · a(1 + δ) · · · a(1 + δ) a · · · a

Figure A.4: The figure presents the timeline of interim modifications periodic contributions, start-
ing from time t0 to tn−1.

For δ = −1, the contribution is suspended over that time interval. δ > 0 implies an
increase of the contribution and δ < 0 a decrease. The contribution stream is well-defined
as long as δ ≥ −1 because otherwise interim contributions will be negative.
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The present value PV IM (a) of the contributions at t0 are stated as follows:

PV IM (a) = a + ae−rt1 + · · · + a(1 + δ)e−rtl + · · · + a(1 + δ)e−rtu + ae−rtu+1 + · · ·

+ ae−rtn−1

= a

l−1∑
i=0

e−rti +
u∑

i=l

(1 + δ)e−rti +
n−1∑

i=u+1
e−rti

 .

Thus, the fixed contribution P is divided into contributions aIM
ti

of

aIM
ti

= P∑l−1
i=0 e−rti +∑u

i=l(1 + δ)e−rti +∑n−1
i=u+1 e−rti

.
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A.2 Overview of asset model choices

Table A.1: Extended literature analysis

Author(s) Year Contract Guarantee scheme Asset model Contribution

Aase, Persson 1994 ULLI Terminal Black-Scholes Single, Periodic

Albizzati, Geman 1994 PLI Terminal Black-Scholes Single

Augustyniak, Boudreault 2017 VA GMDB, GMAB, 
GMWB Black-Scholes Single

Bacinello 2001 PLI Cliquet Black-Scholes Single, Periodic

Bacinello 2003 PLI Cliquet Black-Scholes Periodic

Bacinello 2003 PLI Cliquet Black-Scholes Single

Bacinello 2005 ULLI Terminal Black-Scholes Single, Periodic

Bacinello, Biffis, Millossovich 2009 ULLI Terminal Stochastic Volatility, Jump 
Diffusion Single

Bacinello, Biffis, Millossovich 2010 PLI, ULLI Terminal, Cliquet Stochastic Volatility, Jump 
Diffusion Single

Bacinello, Chen, Sehner, 
Millossovich 2021 PLI Terminal Black-Scholes Single

Bacinello, Corsato, Millossovich 2020 PLI Terminal Black-Scholes Single

Bacinello, Millossovich, Chen 2018 PLI Terminal Black-Scholes Single

Bacinello, Millossovich, 
Montealegre 2016 VA GMWB Black-Scholes, Jump 

Diffusion, General Lévy Single

Bacinello, Millossovich, Olivieri, 
Pitacco 2011 VA GMDB, GMAB, 

GMIB, GMWB Stochastic Volatility Single

Bacinello, Ortu 1993a/b, 1994 ULLI Terminal Black-Scholes Single, Periodic

Bacinello, Ortu 1993c ULLI Terminal Black-Scholes Single

Bacinello, Ortu 1996 ULLI Terminal Black-Scholes Single

Bacinello, Persson 2002 ULLI Terminal Black-Scholes Single, Periodic

Bacinello, Zoccolan 2019 VA GMDB, GMAB Stochastic Volatility Single

Bakken, Lindset, Olson 2006 ULLI Cliquet Local Volatility Single

Ballotta 2005, 2009 PLI Cliquet Black-Scholes, Jump 
Diffusion, General Lévy Single

Ballotta, Haberman 2003, 2006 ULLI GAO Black-Scholes Single

Ballotta, Haberman, Wang 2006 PLI Cliquet Black-Scholes Single

Baños, Lagunas-Merino, Ortiz-
Latorre 2020 ULLI Terminal Stochastic Volatility Single, Periodic
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Author(s) Year Contract Guarantee scheme Asset model Contribution

Barbarin, Devolder 2005 PLI Terminal Black-Scholes Single

Bauer, Bergmann, Kiesel 2010 PLI Cliquet Black-Scholes, General Lévy Single

Bauer, Kiesel, Kling, Ruß 2006 PLI Cliquet Black-Scholes Single

Bauer, Kling, Ruß 2008 VA GMDB, GMAB, 
GMIB, GMWB Black-Scholes Single

Benhamou, Gauthier 2009 VA GMDB, GMAB, 
GMIB Stochastic Volatility Single

Berdin, Gründl 2015 PLI Cliquet Black-Scholes Periodic

Bernard, Cui, Vanduffel 2017 VA GMDB, GMAB, 
GMIB, GMWB Black-Scholes, General Lévy Single, Periodic

Bernard, Hardy, MacKay 2014 VA GMDB Black-Scholes Single

Bernard, Kwak 2016 VA GMIB Black-Scholes Single

Bernard, Le Courtois, Quittard-
Pinon 2005, 2006 PLI Terminal Black-Scholes Single

Bernard, Moenig 2019 VA GMDB Black-Scholes Single

Biffis, Millossovich 2006a ULLI GAO Stochastic Volatility, Jump 
Diffusion Single

Bohnert, Born, Gatzert 2014 PLI, Hybrid Terminal, Cliquet Black-Scholes Single

Bohnert, Gatzert 2012 PLI Cliquet Black-Scholes Periodic

Bohnert, Gatzert 2014 PLI, Hybrid Cliquet Black-Scholes Single

Bohnert, Gatzert, Jørgensen 2015 PLI Cliquet Black-Scholes Single, Periodic

Both, Horneff, Kaschützke, Maurer 2019 PLI Cliquet Black-Scholes Single

Boyle, Hardy 1997 ULLI Terminal Black-Scholes Single, Periodic

Boyle, Hardy 2003 ULLI GAO Black-Scholes Single

Boyle, Kolkiewicz, Tan 2001 ULLI Lookback Black-Scholes Single

Boyle, Schwartz 1977 ULLI Terminal Black-Scholes Single, Periodic

Branger, Mahayni, Schneider 2010 ULLI, VA GMAB Black-Scholes Single

Braun, Fischer, Schmeiser 2019 PLI Cliquet Black-Scholes Periodic

Brennan, Schwartz 1976, 1979 ULLI Terminal Black-Scholes Single, Periodic

Briys, de Varenne 1994, 1997 PLI Terminal Black-Scholes Single

Calidonio-Aguilar, Xu 2011 PLI Cliquet Black-Scholes Single, Periodic

Chang, Schmeiser 2017 PLI Cliquet Black-Scholes Single, Periodic
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Author(s) Year Contract Guarantee scheme Asset model Contribution

Chen, Forsyth 2008 VA GMWB Black-Scholes Single

Chen, Hentschel, Klein 2015 PLI Terminal, Cliquet Black-Scholes Single

Chen, Hieber, Nguyen 2019 ULLI Terminal Black-Scholes Single

Chen, Suchanecki 2007 PLI Terminal Black-Scholes Single

Chen, Vetzal, Forsyth 2008 VA GMWB Black-Scholes Single

Chi, Lin 2012 VA GMDB, GMAB Black-Scholes Single, Periodic

Choi 2017 VA GMWB Black-Scholes Single

Coleman, Kim, Li, Patron 2007 VA GMDB Black-Scholes, Stochastic 
Volatiliy, Jump Diffusion Single

Coleman, Li, Patron 2006 VA GMDB Black-Scholes, Jump Diffusion Single

Costabile 2013 ULLI Terminal Black-Scholes Periodic

Costabile, Gaudenzi, Massabò, 
Zanette 2009 ULLI Terminal Black-Scholes Periodic

Costabile, Massabò, Russo 2011 ULLI Terminal Black-Scholes Single

Costabile, Massabò, Russo, Staino 2021 PLI Cliquet Black-Scholes Single

Cui, Feng, MacKay 2017 VA GMAB Stochastic Volatility Single

Cummins, Miltersen, Persson 2007 PLI Cliquet Black-Scholes Single

Dai, Kwok, Zong 2008 VA GMWB Black-Scholes Single

De Giovanni 2010 ULLI Terminal Black-Scholes Single

Deelstra, Devolder, Gnameho, 
Hieber 2020 PLI, Hybrid Terminal Black-Scholes Single

Deelstra, Grasselli, Van Weverberg 2016 ULLI GAO Black-Scholes Single

Deelstra, Rayée 2013 VA GMIB Local Volatility Single

Devolder 2018 ULLI Terminal Black-Scholes Single

Dillmann, Ruß 2001 PLI Cliquet Binomial Tree Single, Periodic

Døskeland, Nordahl 2008 PLI Terminal, Cliquet Black-Scholes Single

Doyle, Groendyke 2019 VA GMDB, GMAB, 
GMIB, GMWB Black-Scholes Single

Ebert, Koos, Schneider 2012 ULLI Terminal, 
Lookback, Cliquet Black-Scholes Single

Eckert, Gatzert, Martin 2016 PLI Cliquet Stochastic Volatility Single

Eckert, Graf, Kling 2020 PLI Cliquet Black-Scholes Single, Periodic
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Author(s) Year Contract Guarantee scheme Asset model Contribution

Ekern, Persson 1996 ULLI Terminal, Cliquet Black-Scholes Single

Eling, Holder 2013 PLI Cliquet Black-Scholes Single

Faust, Schmeiser, Zemp 2012 PLI Cliquet Black-Scholes Periodic

Feng, Jing 2017 VA GLWB Black-Scholes Single

Feng, Volkmer 2012 VA GMDB Black-Scholes Single

Feng, Yi 2019 VA GMAB Black-Scholes Single

Fergusson 2020 VA GMDB, GMAB Black-Scholes Single

Frantz, Chenut, Walhin 2003 ULLI Terminal Black-Scholes Single

Fung, Ignatieva, Sherris 2014 VA GLWB Black-Scholes Single

Gao, Ulm 2012 VA GMDB Black-Scholes Single

Gatzert 2008, 2019 PLI Terminal, Cliquet Black-Scholes Single

Gatzert 2013 ULLI Terminal Black-Scholes Single, Periodic

Gatzert, Holzmüller, Schmeiser 2012 PLI Cliquet Black-Scholes Single

Gatzert, Huber, Schmeiser 2011 ULLI Terminal Black-Scholes Single

Gatzert, Kling 2007 PLI Terminal, Cliquet Black-Scholes Single

Gatzert, Schmeiser 2006, 2008 PLI Cliquet Black-Scholes Periodic

Gatzert, Schmeiser 2009 ULLI Terminal, Lookback Black-Scholes Periodic

Gerber, Shiu, Yang 2013 ULLI Terminal General Lévy Single

Goudenège, Molent, Zanette 2016 VA GLWB Black-Scholes, Stochastic 
Volatility Single

Goudenège, Molent, Zanette 2019 VA GMWB Black-Scholes, Stochastic 
Volatility Single

Graf, Kling, Ruß 2011 PLI Terminal, Cliquet Black-Scholes Single

Grosen, Jørgensen 1997 ULLI Terminal Black-Scholes Single

Grosen, Jørgensen 2000, 2002 PLI Cliquet Black-Scholes Single

Gullién, Konicz, Nielsen, Pérez-
Martin 2012 PLI Cliquet Black-Scholes Periodic

Haberman, Ballotta, Wang 2003 PLI Cliquet Black-Scholes Single

Hainaut, Devolder, Pelsser 2018 PLI Cliquet General Lévy Single

Hansen, Miltersen 2002 PLI Cliquet Black-Scholes Periodic
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Author(s) Year Contract Guarantee scheme Asset model Contribution

Hardy 2000 ULLI Terminal Black-Scholes Single

Herr, Kreer 1998 ULLI Terminal Binomial Tree Periodic

Hieber 2017 ULLI Cliquet General Lévy Single

Hieber, Korn, Scherer 2015 PLI Cliquet Black-Scholes Single

Hieber, Natolski, Werner 2019 PLI Cliquet Black-Scholes Single

Hilpert 2020 ULLI Terminal Black-Scholes Single

Hochreiter, Pflug, Paulsen 2008 ULLI Terminal Black-Scholes Periodic

Holz, Kling, Ruß 2012 VA GLWB Black-Scholes Single

Huang, Milevsky, Salisbury 2014 VA GLWB Black-Scholes Single

Hürlimann 2010 ULLI Terminal Black-Scholes Periodic

Ignatieva, Song, Ziveyi 2016 VA GMDB, GMAB, 
GMIB Local Volatility Single

Jacques 2003 ULLI Terminal Black-Scholes Single

Jensen, Jørgensen, Grosen 2001 PLI Cliquet Black-Scholes Single

Jensen, Sørensen 2001 ULLI Terminal Black-Scholes Single

Jørgensen 2001 PLI Terminal Black-Scholes Single

Kang, Ziveyi 2018 VA GMAB Stochastic Volatility Single

Kassberger, Kiesel, Liebmann 2008 PLI, ULLI Cliquet Black-Scholes, General Lévy Single

Kélani, Quittard-Pinon 2017 VA GMDB, GMAB Black-Scholes, Jump 
Diffusion, General Lévy Single

Kling, Richter, Ruß 2007a PLI Cliquet Black-Scholes Single

Kling, Richter, Ruß 2007b PLI Cliquet Local Volatility Single

Kling, Ruez, Ruß 2011, 2014 VA GMWB Black-Scholes, Stochastic 
Volatility Single

Klusik, Palmowski 2011 ULLI Terminal Black-Scholes Single

Ko, Shiu, Wei 2010 VA GMWB Black-Scholes Single

Kochanski 2010 ULLI Terminal Black-Scholes Single, Periodic

Kolkiewicz, Liu 2012 VA GMWB Black-Scholes Single

Krayzler, Zagst, Brunner 2016 VA GMDB, GMAB Local Volatility Single

Li, Szimayer 2011 ULLI Terminal Local Volatility Single, Periodic
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Author(s) Year Contract Guarantee scheme Asset model Contribution

Li, Szimayer 2014 ULLI Terminal Local Volatility Single

Liu, Mamon, Gao 2013 ULLI GAO Black-Scholes Single

MacKay, Augustyniak, Bernard, 
Hardy 2017 VA GMDB, GMAB Black-Scholes Single

Mahayni, Lubos, Offermann 2020 PLI Cliquet Black-Scholes Single

Mahayni, Schlögl 2008 ULLI Cliquet Stochastic Volatility Periodic

Mahayni, Schneider 2012 VA GMAB Black-Scholes Single

Marshall, Hardy, Saunders 2010, 2012 VA GMIB Black-Scholes Single

Maurer, Rogalla, Siegelin 2013 PLI Cliquet Black-Scholes Single

Melnikov 2006 ULLI Terminal Black-Scholes Single

Melnikov, Romanyuk 2006 ULLI Terminal Black-Scholes Single

Melnikov, Skornyakova 2005 ULLI Terminal Jump Diffusion Single

Melnikov, Tong 2014 ULLI Terminal Black-Scholes Single

Milevsky, Posner 2001 VA GMDB Black-Scholes Single

Milevsky, Salisbury 2006 VA GMWB Black-Scholes Single

Miltersen, Persson 1999 ULLI Terminal, Cliquet Local Volatility Single

Miltersen, Persson 2003 PLI Cliquet Black-Scholes Single

Mirza, Wagner 2018 PLI Cliquet Black-Scholes Single, Periodic

Moenig, Bauer 2016 VA GMWB Black-Scholes Single

Molent 2020 VA GMWB Black-Scholes Single

Møller 1998 ULLI Terminal Black-Scholes Single

Møller 2001a ULLI Terminal Local Volatility Single

Møller 2001b ULLI Terminal, Cliquet Black-Scholes Single

Nielsen, Sandmann 1995 ULLI Terminal Black-Scholes Periodic

Nielsen, Sandmann 1996, 2002 ULLI Terminal Local Volatility Periodic

Nielsen, Sandmann, Schlögl 2011 ULLI Terminal Local Volatility Periodic

Orozco-Garcia, Schmeiser 2015 ULLI Terminal, Lookback Jump Diffusion Single, Periodic

Orozco-Garcia, Schmeiser 2019 PLI Cliquet Black-Scholes Single
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Author(s) Year Contract Guarantee scheme Asset model Contribution

Pelsser 2003 PLI GAO Black-Scholes Single

Peng, Leung, Kwok 2012 VA GMWB Black-Scholes Single

Persson, Aase 1997 PLI Terminal, Cliquet Black-Scholes Single

Piscopo, Habermann 2011 VA GLWB Black-Scholes Single

Piscopo, Rüede 2018 VA GMWB Black-Scholes Single

Reuß, Ruß, Wieland 2015, 2016 PLI Cliquet Black-Scholes Periodic

Riesner 2006 ULLI Terminal General Lévy Single

Rödel, Graf, Kling, Reuß 2021 PLI Terminal, Cliquet Black-Scholes Single

Ruß, Schelling 2018 ULLI Terminal, 
Lookback, Cliquet Black-Scholes Single

Schmeiser, Wagner 2011 PLI Cliquet Black-Scholes Periodic

Schmeiser, Wagner 2015 PLI Cliquet Black-Scholes Single

Schmeiser, Wagner 2016 PLI Terminal, Cliquet Black-Scholes Single

Schrager, Pelsser 2004 ULLI Terminal Black-Scholes Single, Periodic

Shen, Sherris, Ziveyi 2016 VA GMAB Black-Scholes Single

Shen, Xu 2005 ULLI Terminal Black-Scholes Single

Shevchenko, Luo 2017 VA GMWB Black-Scholes Single

Steffensen 2002 ULLI Terminal Black-Scholes Single

Steinorth, Mitchell 2015 VA GLWB Black-Scholes Single

Tanskanen, Lukkarinen 2003 PLI Cliquet Black-Scholes Single

Ulm 2008 VA GMDB Black-Scholes Single

Van Haastrecht, Plat, Pelsser 2010 ULLI GAO Black-Scholes, Stochastic 
Volatility Single

Vandaele, Vanmaele 2008 ULLI Terminal General Lévy Single

Wang 2009 VA GMDB Black-Scholes Single

Wang, Xu 2020 VA GMDB, GMWB Black-Scholes Single

Wieland 2017 PLI Cliquet Black-Scholes Periodic

Wu, Dong, Lv, Wang 2019 PLI Terminal Black-Scholes Single

Zaglauer, Bauer 2008 PLI Cliquet Black-Scholes Single
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A.3 Revision of the Black-Scholes model

A.3.1 Derivation

Black and Scholes (1973) assume a complete and arbitrage-free financial market consist-
ing of a risk-free bond and a risky asset. Thus, their model is based on the following
assumptions:

• The interest rate r is known and constant over time,

• no dividends or other distributions are taken into account,

• there are no transaction costs or taxes,

• all assets are divisible without restriction,

• the option is of European nature, i.e. only exercisable at maturity,

• sanctions for short selling do not exist,

• trading activities take place continuously and

• the price of the underlying asset follows a geometric Brownian motion, where the
expected rate of return µ and volatility σ is constant.

The starting point of the model is the assumed price dynamic of the underlying asset
(stock). The assumption that the stock price follows a geometric Brownian motion means
that the stock price St develops according to the following continuous-time SDE:

dSt = µStdt + σStdWt. (A.1)

The parameter µ represents the rate of return (drift, respectively) and σ the volatility
of the process. Wt is a Wiener process or a standard Brownian motion, respectively. A
Wiener process is a continuous-time stochastic process with independent and normally
distributed increments.

The stock price process in Equation (A.1) is a process without memory, i.e. the stock
price history plays no role in the expectation about future price developments. Due to this
property, the process is also called Markov-process.
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However, the unique solution of the above SDE is given by

St = S0e(µ− 1
2 σ2)t+σWt , (A.2)

where S0 is the initial asset price and the exponential functional of the standard Brownian
motion is defined as a geometric Brownian motion.

A positive random variable X is log-normally distributed with the two parameters
µ and σ if ln(X) is normal distributed with N(µ, σ2). It follows that St is log-normal
distributed

ln(St) = ln(S0) +
(

µ − 1
2σ2

)
t + σWt ∼ N

(
ln(S0) +

(
µ − 1

2σ2
)

t, σ2t

)

with mean ln(S0) +
(
µ − 1

2σ2
)

t and variance σ2t. Furthermore,

E(St) = S0eµt

V ar(St) = S0
2e2µt(eσ2t − 1).

However, it is usual that the Black-Scholes model focuses on the stock price’s log-
return, i.e.

ln
(

St

S0

)
∼ N

((
µ − 1

2σ2
)

t, σ2t

)
. (A.3)

Thus, the derived geometric Brownian motion and the corresponding log-normal
distribution form the basis for the Black-Scholes model.

To obtain the distribution of the underlying stock S from Equation (A.1) at some
future time, we resort to Itôs Lemma

Itôs Lemma If the stochastic process X satisfies the following SDE

dXt = a(t, Xt)dt + b(t, Xt)dWt,

it holds true for (suitable) functions G(t, X) that

dG(t, X) =
(

∂G

∂t
+ ∂G(t, X)

∂X
a(t, X) + 1

2
∂2G(t, X)

∂X2 b(t, X)2
)

dt + ∂G(t, X)
∂X

b(t, X)dWt.
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We now assume, that the value of a derivative (an option, for example) depends on
the time t and underlying stock price St. To simplify the notation, we set Vt = V (t, St).
We apply Itôs Lemma and use a(t, X) = µSt and b(t, X) = σSt in line with Equation
(A.1) in order to compute the derivative’s differential as follows:

dVt =
(

∂V

∂t
+ ∂V

∂S
µSt + 1

2
∂2V

∂S2 σ2S2
t

)
dt + ∂V

∂S
σStdWt. (A.4)

A comparison of Equation (A.1) and (A.4) shows that both the price process of
the underlying asset St and differential of the derivative Vt depend on the same Wiener
process Wt. This risk factor can be eliminated by constructing a hedge portfolio consisting
of a suitable combination of the underlying stock St and a risk-free bond Bt. The number
of stocks at time t is denoted as ϕ(S), the number of risk-free bonds as ϕ(B), respectively.
The hedge portfolio Πt thus is given by

Πt = ϕ(S)St + ϕ(B)Bt, (A.5)

where Bt = B0ert. (A.6)

To be self-financing, the portfolio value satisfies

dΠt = ϕ(S)dSt + ϕ(B)dBt.

Applying Itôs Lemma with the corresponding derivatives result in:

∂Π
∂t

= ϕ(B)rBt,
∂Π
∂S

= ϕ(S),
∂2Π
∂S2 = 0 (A.7)

and thus

dΠt =
(
ϕ(B)rBt + ϕ(S)µSt + 0

)
dt + ϕ(S)σStdWt. (A.8)

Value changes in the derivative are assumed to be identical to value changes in the
portfolio strategy, s.t. dVt

!= dΠt:(
∂V

∂t
+ ∂V

∂S
µSt + 1

2
∂2V

∂S2 σ2S2
t

)
dt + ∂V

∂S
σStdWt

!=
(
ϕ(B)rBt + ϕ(S)µSt

)
dt + ϕ(S)σStdWt.

(A.9)
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Now, we can compare the left- and right-hand side of Equation (A.9) in order to
obtain the necessary number of stocks and bonds. It immediately follows that

ϕ(S) = ∂V

∂S
. (A.10)

From the arbitrage-free condition in combination with Equation (A.5) and (A.10),
we obtain:

Πt = Vt = ∂V

∂S
St + ϕ(B)Bt

⇔ ϕ(B) = 1
Bt

(
Vt − ∂V

∂S
St

)
. (A.11)

Using the results of ϕ(S) and ϕ(B) as in Equation (A.10) and (A.11), Equation (A.9)
gives(

∂V

∂t
+ ∂V

∂S
µSt + 1

2
∂2V

∂S2 σ2S2
t

)
dt + ∂V

∂S
σStdWt =

( 1
Bt

(
Vt − ∂V

∂S
St

)
rBt + ∂V

∂S
µSt

)
dt

+ ∂V

∂S
σStdWt

⇔ ∂V

∂t
+ ∂V

∂S
µSt + 1

2
∂2V

∂S2 σ2S2
t = r

(
Vt − ∂V

∂S
St

)
+ ∂V

∂S
µSt

⇔ ∂V

∂t
+ 1

2
∂2V

∂S2 σ2S2
t = rVt − r

∂V

∂S
St

⇔ ∂V

∂t
+ rSt

∂V

∂S
+ 1

2σ2S2
t

∂2V

∂S2 = rVt. (A.12)

Thus, the risk factor of the Wiener Process Wt is eliminated and Equation (A.12)
results in the Black-Scholes differential equation. The Black-Scholes equation is not limited
to call- or put-options but can be applied to any derivative with respect to an underlying
asset with price St. The requirement for this is that St follows a geometric Brownian
motion and the price of the derivative until exercise only depends on current price and
time. Therefore, the Black-Scholes equation must be adapted to the respective derivative
by means of corresponding boundary conditions. The boundary conditions for a call- or
put-option are given in Equations (2.17) and (2.16), respectively.
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A.3.2 Proof of call-option price

The Black-Scholes equation for call-options with Ct defined in Equation (2.22) is given by:

∂C

∂t
+ rSt

∂C

∂S
+ 1

2σ2St
2 ∂2C

∂S2 = rCt.

For simplicity, we first consider the derivations separately from each other.

(1) ∂C
∂t :

∂C

∂t
= StN

′(d1)∂d1
∂t

−
(

rKe−r(T −t)N(d2) + Ke−r(T −t)N ′(d2)∂d2
∂t

)
.

We first need to discuss N ′(d1):

N ′(d1) = N ′(d2 + σ
√

T − t)

= 1√
2π

e− 1
2 (d2+σ

√
T −t)2

= 1√
2π

e− 1
2 (d2

2+2d2σ
√

T −t+(σ
√

T −t)2)

= 1√
2π

e− 1
2 d2

2−d2σ
√

T −t− 1
2 σ2(T −t).

With N ′(x) = 1√
2π

e− 1
2 x2 follows

N ′(d1) = N ′(d2)e−d2σ
√

T −t− 1
2 σ2(T −t).

Using d2 =
ln(St

K ) + (r − 1
2σ2)(T − t)

σ
√

T − t
=

ln(St
K ) + r(T − t) − 1

2σ2(T − t)
σ

√
T − t

leads to

N ′(d1) = N ′(d2)e
−
(

ln( St
K

)+r(T −t)− 1
2 σ2(T −t)

σ
√

T −t

)
σ

√
T −t− 1

2 σ2(T −t)

= N ′(d2)eln( St
K

)−r(T −t)+ 1
2 σ2(T −t)− 1

2 σ2(T −t)

= N ′(d2)eln( St
K

)−r(T −t)

= N ′(d2)K

St
e−r(T −t).
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Now, we can compute ∂C
∂t :

∂C

∂t
= StN

′(d1)∂d1
∂t

−
(

rKe−r(T −t)N(d2) + Ke−r(T −t)N ′(d2)∂d2
∂t

)

= StN
′(d1)∂d1

∂t
− rKe−r(T −t)N(d2) − StN

′(d1)∂d2
∂t

= −rKe−r(T −t)N(d2) + StN
′(d1)

(
∂d1
∂t

− ∂d2
∂t

)
.

Using d1 − d2 = σ
√

T − t leads to

∂C

∂t
= −rKe−r(T −t)N(d2) + StN

′(d1)∂

∂
(σ

√
T − t)

= −rKe−r(T −t)N(d2) − StN
′(d1) σ

2
√

T − t
.

(2) ∂C
∂S :

∂C

∂S
= N(d1) + StN

′(d1)∂d1
∂S

− Ke−r(T −t)N ′(d2)∂d2
∂S

.

With StN
′(d1) = N ′(d2)Ke−r(T −t) follows

∂C

∂S
= N(d1) + StN

′(d1)∂d1
∂S

− StN
′(d1)∂d2

∂S

= N(d1) + StN
′(d1)

(
∂d1
∂S

− ∂d2
∂S

)
.

Because of ∂d1
∂S

= ∂d2
∂S

, it follows

∂C

∂S
= N(d1).

(3) ∂2C
∂S2 :

∂2C

∂S2 = N ′(d1)∂d1
∂S

,

where ∂d1
∂S

= 1
Stσ

√
T − t

,

s.t. ∂2C

∂S2 = N ′(d1) 1
Stσ

√
T − t

.
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After separately consideration, we now bring the results of (1)-(3) together:

∂C

∂t
+ rSt

∂C

∂S
+ 1

2σ2St
2 ∂2C

∂S2 = rCt

⇔ −rKe−r(T −t)N(d2) − StN
′(d1) σ

2
√

T − t
+ rStN(d1) + 1

2σ2St
2N ′(d1) 1

Stσ
√

T − t
= rCt

⇔ −rKe−r(T −t)N(d2) + rStN(d1) = rCt

⇔ r
(
StN(d1) − Ke−r(T −t)N(d2)

)
= rCt,

where StN(d1) − Ke−r(T −t)N(d2) = Ct,

s.t. rCt = rCt.
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Appendix to Chapter 3

B.1 Supplementary figures

Distribution of terminal wealth for a pure CM strategy
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Figure B.1: The figure presents the relative frequency of the terminal payoff following a pure CM
strategy. The left figure refers to π = 0.3, the middle figure to π = 0.8 and the right figure presents
π = 1. The dark gray histogram refers to β = 1 and the light gray to β = 0.
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Certainty equivalent depending on premium fraction for a pure CM strategy
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Figure B.2: The figure presents the certainty equivalent CE2 following a pure CM strategy de-
pending on the premium fraction β. The figure on the left-hand side refers to a risk aversion
parameter γ = 2 and the figure on the right-hand side to γ = 4. The black line refers to π = 0.3,
the gray dashed to π = 0.5 and the black dashed line to π = 0.8.

Certainty equivalent depending on investment fraction for a pure CM
strategy
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Figure B.3: The figure presents the certainty equivalent CE2 following a pure CM strategy de-
pending on the investment fraction π. The figure on the left-hand side refers to a risk aversion
parameter γ = 2 and the figure on the right-hand side to γ = 4. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1.
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Certainty equivalent depending on level of risk aversion for a pure CM
strategy
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Figure B.4: The figure presents the certainty equivalent CE2 following a pure CM strategy de-
pending on the risk aversion parameter γ. The figure on the left-hand side is determined by π = 0.3
and the figure on the right-hand side by π = 0.8. The black line refers to β = 0, the gray dashed
to β = 0.5 and the black dashed line to β = 1.
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Certainty equivalent depending on premium fraction for different guarantee
schemes γ = 2
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Figure B.5: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

γ = 2, depending on the premium fraction β. The top and bottom figures on the left-hand side
refer to the terminal guarantee, the figures in the middle show the lookback guarantee and the
top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are
determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to α = 0.6, the
gray dashed to α = 0.9 and the black dashed line to α = 0.95.
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Certainty equivalent depending on investment fraction for different
guarantee schemes γ = 2
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Figure B.6: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

γ = 2, depending on the investment fraction π. The top and bottom figures on the left-hand side
refer to the terminal guarantee, the figures in the middle show the lookback guarantee and the
top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are
determined by α = 0.95 and the bottom figures by α = 0.9. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1.
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Certainty equivalent depending on participation fraction for different
guarantee schemes γ = 2
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Figure B.7: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

γ = 2, depending on the participation fraction α. The top and bottom figures on the left-hand
side refer to the terminal guarantee, the figures in the middle show the lookback guarantee and
the top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures
are determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1.

295



Appendix B

Certainty equivalent depending on level of risk aversion for different
guarantee schemes α = 0.95

2 4 6 8 10 12
0.98

0.99

1.00

1.01

1.02

1.03

1.04

Risk Aversion

C
er

ta
in

ty
E

qu
iv

al
en

t

2 4 6 8 10 12
0.98

0.99

1.00

1.01

1.02

1.03

1.04

Risk Aversion

C
er

ta
in

ty
E

qu
iv

al
en

t

2 4 6 8 10 12
0.98

0.99

1.00

1.01

1.02

1.03

1.04

Risk Aversion

C
er

ta
in

ty
E

qu
iv

al
en

t

2 4 6 8 10 12
0.98

0.99

1.00

1.01

1.02

1.03

1.04

Risk Aversion

C
er

ta
in

ty
E

qu
iv

al
en

t

2 4 6 8 10 12
0.98

0.99

1.00

1.01

1.02

1.03

1.04

Risk Aversion

C
er

ta
in

ty
E

qu
iv

al
en

t

2 4 6 8 10 12
0.98

0.99

1.00

1.01

1.02

1.03

1.04

Risk Aversion

C
er

ta
in

ty
E

qu
iv

al
en

t

Figure B.8: The figure presents the certainty equivalent CEw
2 of different guarantee schemes for

α = 0.95, depending on the risk aversion parameter γ. The top and bottom figures on the left-hand
side refer to the terminal guarantee, the figures in the middle show the lookback guarantee and
the top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures
are determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the
gray dashed to β = 0.5 and the black dashed line to β = 1.
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Loss rate depending on premium fraction for different guarantee schemes
γ = 2
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Figure B.9: The figure presents the loss rate lw
2 of different guarantee schemes for γ = 2, depending

on the premium fraction β. The top and bottom figures on the left-hand side refer to the terminal
guarantee, the figures in the middle show the lookback guarantee and the top and bottom figures
on the right-hand side refer to the cliquet guarantee. The top figures are determined by π = 0.8
and the bottom figures by π = 0.3. The black line refers to α = 0.6, the gray dashed to α = 0.9
and the black dashed line to α = 0.95.
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Loss rate depending on investment fraction for different guarantee schemes
γ = 2
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Figure B.10: The figure presents the loss rate lw
2 of different guarantee schemes for γ = 2, depend-

ing on the investment fraction π. The top and bottom figures on the left-hand side refer to the
terminal guarantee, the figures in the middle show the lookback guarantee and the top and bottom
figures on the right-hand side refer to the cliquet guarantee. The top figures are determined by
α = 0.95 and the bottom figures by α = 0.9. The black line refers to β = 0, the gray dashed to
β = 0.5 and the black dashed line to β = 1.
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Loss rate depending on participation fraction for different guarantee schemes
γ = 2
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Figure B.11: The figure presents the loss rate lw
2 of different guarantee schemes for γ = 2, depend-

ing on the participation fraction α. The top and bottom figures on the left-hand side refer to the
terminal guarantee, the figures in the middle show the lookback guarantee and the top and bottom
figures on the right-hand side refer to the cliquet guarantee. The top figures are determined by
π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the gray dashed to
β = 0.5 and the black dashed line to β = 1.
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Loss rate depending on level of risk aversion for different guarantee schemes
α = 0.95
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Figure B.12: The figure presents the loss rate lw
2 of different guarantee schemes for α = 0.95,

depending on the risk aversion parameter γ. The top and bottom figures on the left-hand side
refer to the terminal guarantee, the figures in the middle show the lookback guarantee and the
top and bottom figures on the right-hand side refer to the cliquet guarantee. The top figures are
determined by π = 0.8 and the bottom figures by π = 0.3. The black line refers to β = 0, the gray
dashed to β = 0.5 and the black dashed line to β = 1.
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B.2 Supplementary tables

Table B.1: Certainty equivalent for different guarantee schemes α = 0.9 and γ = 2

α = 0.9, γ = 2
Certainty equivalent

CEw,∗

2
Premium fraction β∗ Fair guarantee rate

gw∗ (α, β, π)

π = 0
Terminal 1.02020 1.0000 0.0100

Lookback 1.02020 1.0000 0.0100

Cliquet 1.02020 1.0000 0.0100

π = 0.1
Terminal 1.02020 1.0000 0.0100

Lookback 1.02020 1.0000 0.0100

Cliquet 1.02185 1.0000 0.0059

π = 0.2
Terminal 1.02030 1.0000 0.0100

Lookback 1.02030 1.0000 0.0100

Cliquet 1.02327 1.0000 0.0018

π = 0.3
Terminal 1.02115 1.0000 0.0094

Lookback 1.02116 1.0000 0.0093

Cliquet 1.02463 1.0000 -0.0025

π = 0.4
Terminal 1.02276 1.0000 0.0077

Lookback 1.02285 1.0000 0.0076

Cliquet 1.02624 1.0000 -0.0077

π = 0.5
Terminal 1.02474 1.0000 0.0049

Lookback 1.02493 1.0000 0.0044

Cliquet 1.02798 1.0000 -0.0141

π = 0.6
Terminal 1.02671 1.0000 0.0012

Lookback 1.02703 1.0000 -0.0001

Cliquet 1.02960 1.0000 -0.0217

π = 0.7
Terminal 1.02846 1.0000 -0.0033

Lookback 1.02891 1.0000 -0.0060

Cliquet 1.03094 1.0000 -0.0304

π = 0.8
Terminal 1.02985 1.0000 -0.0084

Lookback 1.03040 1.0000 -0.0132

Cliquet 1.03185 1.0000 -0.0401

π = 0.9
Terminal 1.03083 1.0000 -0.0141

Lookback 1.03137 1.0000 -0.0217

Cliquet 1.03225 1.0000 -0.0507

π = 1
Terminal 1.03132 1.0000 -0.0204

Lookback 1.03172 1.0000 -0.0318

Cliquet 1.03209 1.0000 -0.0620

301



Appendix B

Table B.2: Certainty equivalent for different guarantee schemes g → −∞ and g = 0.0025
for γ = 2

Certainty Premium Fair participation

γ = 2 equivalent CEw,∗

2 fraction β∗ fraction αw∗ (β, π, g)

g → −∞ g = 0.0025 g → −∞ g = 0.0025 g → −∞ g = 0.0025

π = 0
Terminal 1.02020 1.02020 1.0000 1.0000 1.0000 1.0000

Lookback 1.02020 1.02020 1.0000 1.0000 1.0000 1.0000

Cliquet 1.02020 1.02020 1.0000 1.0000 1.0000 1.0000

π = 0.1
Terminal 1.02526 1.02398 1.0000 1.0000 1.0000 0.9960

Lookback 1.02471 1.02383 1.0000 1.0000 0.9978 0.9949

Cliquet 1.02526 1.02323 1.0000 1.0000 1.0000 0.9895

π = 0.2
Terminal 1.02942 1.02516 1.0000 1.0000 1.0000 0.9815

Lookback 1.02798 1.02494 1.0000 1.0000 0.9925 0.9789

Cliquet 1.02942 1.02483 1.0000 1.0000 1.0000 0.5805

π = 0.3
Terminal 1.03267 1.02574 1.0000 1.0000 1.0000 0.9622

Lookback 1.03057 1.02547 1.0000 1.0000 0.9869 0.9584

Cliquet 1.03267 - 1.0000 - 1.0000 -

π = 0.4
Terminal 1.03500 1.02596 1.0000 1.0000 1.0000 0.9401

Lookback 1.03252 1.02574 1.0000 1.0000 0.9812 0.9355

Cliquet 1.03500 - 1.0000 - 1.0000 -

π = 0.5
Terminal 1.03640 1.02608 1.0000 1.0000 1.0000 0.9166

Lookback 1.03383 1.02589 1.0000 0.9460 0.9756 0.9183

Cliquet 1.03640 - 1.0000 - 1.0000 -

π = 0.6
Terminal 1.03686 1.02611 1.0000 1.0000 1.0000 0.8922

Lookback 1.03450 1.02597 1.0000 0.8917 0.9700 0.8982

Cliquet 1.03686 - 1.0000 - 1.0000 -

π = 0.7
Terminal 1.03663 1.02610 0.8576 0.9270 1.0000 0.8727

Lookback 1.03478 1.2598 0.8576 0.8060 0.9644 0.8788

Cliquet 1.03663 - 0.8576 - 1.0000 -

π = 0.8
Terminal 1.03593 1.02601 0.7507 0.9147 1.0000 0.8505

Lookback 1.03489 1.02596 0.7507 0.7830 0.9590 0.8707

Cliquet 1.03593 - 0.7507 - 1.0000 -

π = 0.9
Terminal 1.03476 1.02595 0.6673 0.8863 1.0000 0.8295

Lookback 1.03484 1.02591 0.6673 0.7597 0.9535 0.8511

Cliquet 1.03476 - 0.6673 - 1.0000 -

π = 1
Terminal 1.03312 1.02586 0.6005 0.8522 1.0000 0.8098

Lookback 1.03463 1.02583 0.6005 0.7449 0.9482 0.8326

Cliquet 1.03312 - 0.6005 - 1.0000 -
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B.3 Proof of Proposition 1

The representation of the terminal guarantee with upfront contribution of the policyholder
is in line with a European put-option with strike K = G2

α , time to maturity T = 2 and
the corresponding asset return A2

A0
as underlying. Using the standard results for European

put-options in the Black-Scholes framework the claimed result holds.

PutT erm
0 (α, 1) = e−2rEP∗

[(
G2 − α

A2
A0

)+
]

= αe−2rEP∗

[(
G2
α

− A2
A0

)+
]

= α

[
e−2r G2

α
Φ
(

−
ln( α

G2
) + 2r − σ2

A√
2σA

)
− Φ

(
−

ln( α
G2

) + 2r + σ2
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2σA

)]

= e−2rG2Φ
(

−
ln( α

G2
) + 2r − σ2

A√
2σA

)
− αΦ

(
−

ln( α
G2

) + 2r + σ2
A√

2σA

)
.

The corresponding representation of the terminal guarantee with postponed contri-
bution of the policyholder is also in line with a European put-option with strike K = G2

αer ,
time to maturity T = 1 and asset return A2

A1
as underlying.

PutT erm
0 (α, 0) = e−2rEP∗

[(
G2 − αer A2

A1

)+
]

= αe−rEP∗

[(
G2
αer

− A2
A1

)+
]

= α

[
e−r G2

αer
Φ
(

−
ln(αer

G2
) + r − 1

2σ2
A

σA

)
− Φ

(
−

ln(αer

G2
) + r + 1

2σ2
A

σA

)]

= e−2rG2Φ
(

−
ln(αer

G2
) + r − 1

2σ2
A

σA

)
− αΦ

(
−

ln(αer

G2
) + r + 1

2σ2
A

σA

)
.
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B.4 Proof of Proposition 2

The representation of the lookback guarantee with upfront contribution of the policy-
holder is in line with a reset put-option. The results of Gray and Whaley (1999) can be
summarized as follows: The terminal value of the reset put-option with single reset date
and strike X, stock price on the reset date St and stock price on the expiration date ST

is given by

WT =


St − ST , if St > X, ST ≤ St,

X − ST , if St ≤ X, ST ≤ X,

0, if (St > X and ST > St) or (St ≤ X and ST > X).

The expected terminal value results in

W = e−rTE (St − ST |St > X, ST ≤ St) P (St > X, ST ≤ St)

+ e−rTE (X − ST |St ≤ X, ST ≤ X) P (St ≤ X, ST ≤ X)

= W1 + W2.

The terms W1 and W2 can thus be expressed as

W1 = e−rTE [St|St > X] P [St > X] P [ST ≤ St]

+ e−rTE [ST |St > X, ST ≤ St] P [St > X] P [ST ≤ St]

= Se−dtΦ (a1) Φ (−c2) e−r(T −t) + Se−dT Φ (a1) Φ (−c1)

W2 = e−rtX P [ST < X, ST ≤ X]

− e−rTE [ST |St < X, ST ≤ X] P [St < X, ST ≤ X]

= Xe−rT N
(

−a2, −b2,
√

t/T

)
− Se−dT N

(
−a1, −b1,

√
t/T

)
,

where a1 =
ln
(

S
X

)
+
(
r − d + 1

2σ2
)

t

σ
√

t
, a2 = a1 − σ

√
t,

b1 =
ln
(

S
X

)
+
(
r − d + 1

2σ2
)

T

σ
√

T
, b2 = b1 − σ

√
T ,

c1 =

(
r − d + 1

2σ2
)

(T − t)
σ
√

(T − t)
, c2 = c1 − σ

√
(T − t).

N (a, b, ρ) defines the two-dimensional normal distribution with upper integral limits
a and b and correlation coefficient ρ.
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Thus, the lookback guarantee with upfront contribution is in line with a reset put-
option with strike K = G2

α , 2 reset dates (t = 1 and T = 2) and the corresponding asset
returns A1

A0
and A2

A0
as underlying. Applying the above closed-form results of Gray and

Whaley (1999) for a volatility of σ = σA = πσ and correlation coefficient ρ =
√

t/T =
√

0.5 for the two-dimensional normal distribution N (µ, Σ) with mean µ = (µ1, µ2) and

correlation matrix Σ =

 ρ11 ρ12

ρ21 ρ22

, we are able to obtain closed-form solutions for

PutLook
0 (α, 1), i.e.:

PutLook
0 (α, 1) = α

e−rΦ

 ln
(

α
G2

)
+ r + 1

2σ2
A

σA

Φ
(

−
r − 1

2σ2
A

σA

)

−Φ

 ln
(

α
G2

)
+ r + 1

2σ2
A

σA

Φ
(

−
r + 1

2σ2
A

σA

)

+e−2r G2
α

N

−
ln
(

α
G2

)
+ r − 1

2σ2
A

σA
, −

ln
(

α
G2

)
+ 2r − σ2

A√
2σA

 ,
√

0.5



−N

−
ln
(

α
G2

)
+ r + 1

2σ2
A

σA
, −

ln
(

α
G2

)
+ 2r + σ2

A√
2σA

 ,
√

0.5



= αe−rΦ

 ln
(

α
G2

)
+ r + 1

2σ2
A

σA

Φ
(

−
r − 1

2σ2
A

σA

)

− αΦ

 ln
(

α
G2

)
+ r + 1

2σ2
A

σA

Φ
(

−
r + 1

2σ2
A

σA

)

+ e−2rG2N

−
ln
(

α
G2

)
+ r − 1

2σ2
A

σA
, −

ln
(

α
G2

)
+ 2r − σ2

A√
2σA

 ,
√

0.5



− αN

−
ln
(

α
G2

)
+ r + 1

2σ2
A

σA
, −

ln
(

α
G2

)
+ 2r + σ2

A√
2σA

 ,
√

0.5

 .
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A shorter representation is given by

PutLook
0 (α, 1) = αe−rΦ(a1)Φ(−c2) − αΦ(a1)Φ(−c1) + e−2rG2N (µ1, Σ) − αN (µ2, Σ),

where a1 =
ln
(

α
G2

)
+ r + 1

2σ2
A

σA
, a2 = a1 − σA,

b1 =
ln
(

α
G2

)
+ 2r + σ2

A√
2σA

, b2 = b1 −
√

2σA,

c1 =
r + 1

2σ2
A

σA
, c2 = c1 − σA,

µ1 = (−a2, −b2),

µ2 = (−a1, −b1),

Σ =

 1
√

0.5
√

0.5 1

 .
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B.5 Proof of Proposition 3

The put-price for the cliquet guarantee with upfront contribution results in

Put
(Cliq)
0 (α, 1) = e−2rEP∗

[
max

{
eg, α

A1
A0

}
max

{
eg,

A2
A1

}]
− α.

It holds that A1
A0

is independent of A2
A1

and measurable transformations preserve the
independence property, s.t. we immediately receive

Put
(Cliq)
0 (α, 1) = αe−rEP∗

[
max

{
eg

α
,
A1
A0

}]
e−rEP∗

[
max

{
eg,

A2
A1

}]
− α.

Furthermore, it holds that A2
A1

D= A1
A0

:

Put
(Cliq)
0 (α, 1) = α

(
e−rEP∗

[
A1
A0

]
+ e−rEP∗

[
max

{
eg

α
,
A1
A0

}])
∗
(

e−rEP∗

[
A1
A0

]
+ e−rEP∗

[
max

{
eg,

A1
A0

}])
− α.

Due to the risk neutral representation of A1
A0

= er− 1
2 σ2

A+σAW ∗
1 and σAW ∗

1 ∼ N(0, σ2
A),

it holds that EP∗

[
A1
A0

]
= er and thus

Put
(Cliq)
0 (α, 1) = α

(
1 + e−rEP∗

[
max

{
eg

α
,
A1
A0

}])(
1 + e−rEP∗

[
max

{
eg,

A1
A0

}])
− α.

Using the standard results for European put-options in the Black-Scholes framework
the claimed result holds.

The put-price for the cliquet guarantee with postponed contribution is given by:

Put
(Cliq)
0 (α, 0) = e−2rEP∗

[
max {eg, αer} max

{
eg,

A2
A1

}]
− α.

With the results from the upfront contribution, we receive

Put
(Cliq)
0 (α, 0) = e−rEP∗ [max {eg, αer}] e−rEP∗

[
max

{
eg,

A2
A1

}]
− α

= e−r max {eg, αer}
(

e−rEP∗

[
A1
A0

]
+ e−rEP∗

[
max

{
eg,

A1
A0

}])
− α

= e−r max {eg, αer}
(

1 + e−rEP∗

[
max

{
eg,

A1
A0

}])
− α.

Using the standard results for European put-options in the Black-Scholes framework
the claimed result holds.
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B.6 Proof of Definition 1

It holds for the terminal account value V2 that

e−2rEP∗ [V2] = e−2rEP∗

[
αβ

A2
A0

+ α(1 − β)er A2
A1

]

= αβe−2rEP∗

[
A2
A0

]
+ α(1 − β)e−rEP∗

[
A2
A1

]
= αβe−2re2r + α(1 − β)e−rer

= αβ + α(1 − β)

= α,

where e−2rEP∗

[
A2
A0

]
= e−2rEP∗

[
e2r−σ2

AeσAW ∗
2
]

= e−σ2
AEp∗

[
eσAW ∗

2
]

and e−rEP∗

[
A2
A1

]
= e−rEP∗

[
er− 1

2 σ2
AeσA(W ∗

2 −W ∗
1 )]

= e− 1
2 σ2

AEP∗

[
eσA(W ∗

2 −W ∗
1 )] .

Under the condition that

σAW ∗
2 ∼ N

(
0, 2σ2

A

)
and E [ex] = eµ+ 1

2 σ2
,

where X ∼ N
(
µ, σ2

)
,

it follows that

e−2rEP∗

[
A2
A0

]
= e−σ2

AEP∗

[
eσAW ∗

2
]

= e−σ2
Ae

1
2 2σ2

A

= 1

and

e−rEP∗

[
A2
A1

]
= e− 1

2 σ2
AEP∗

[
eσA(W ∗

2 −W ∗
1 )]

= e− 1
2 σ2

Ae
1
2 σ2

A

= 1.
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(i) It holds for the terminal guarantee scheme that

e−2rEP∗

[
LT erm

2 (α, β, π, g)
]

= e−2rEP∗

[
V2 + (G2 − V2)+

]
= e−2rEP∗ [V2] + e−2rEP∗

[
(G2 − V2)+

]
= α + PutT erm

0 (α, β, π, g).

(ii) It holds for the lookback guarantee scheme that

e−2rEP∗

[
LLook

2 (α, β, π, g)
]

= e−2rEP∗

[
V2 + (max{G2, V1} − V2)+

]
= e−2rEP∗ [V2] + e−2rEP∗

[
(max{G2, V1} − V2)+

]
= α + PutLook

0 (α, β, π, g).

(iii) The price of the cliquet guarantee scheme immediately follows from the fair pricing
condition, s.t.

e−2rEP∗

[
LCliq

2 (α, β, π, g)
]

= α + PutCliq
0 (α, β, π, g).

Thus, fair pricing of the liabilities (e−2rEP∗ [Lw
2 (α, β, π, g)] = 1) is fulfilled if

α + Putw
0 (α, β, π, g).

B.7 Proof of Proposition 4

Let y(β=0) = 1
2(r +µA − 1

2γσ2
A) and y(β=1) = µA − 1

2γσ2
A be the savings rates of the upfront

and postponed contributions, where µA = r + π(µ − r) and σA = πσ:

y(β=0) > y(β=1)

⇔ 1
2r + 1

2µA − 1
4γσ2

A > µA − 1
2γσ2

A

⇔ 1
2r − 1

2µA + 1
4γσ2

A > 0

⇔ −1
2π(µ − r) + 1

4γπ2σ2 > 0

⇔ π2 >
2π(µ − r)

γσ2

⇔ π > 2πMer.

The last transformation holds because of π ∈ [0, 1].
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Appendix to Chapter 4

C.1 Supplementary figures

Terminal guarantee price depending on investment fraction π1 for different
management rules
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Figure C.1: The figure presents the put price Put0(α, β) for a management rule depending on the
investment fraction π1 for g = 0.0025. The figure on the left-hand side refers to the investment
fraction π0 = 0.3 and the figure on the right-hand side to π0 = 0.8. The black line refers to β = 0,
the gray dashed to β = 0.5 and the black dashed line to β = 1.
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Fair participation fraction depending on investment fraction π1 for different
management rules
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Figure C.2: The figure presents the fair participation fraction α∗(β, πt, g) for different management
rules depending on the investment fraction π1 for g = 0.0025. The figure on the left-hand side refers
to the investment fraction π0 = 0.3 and the figure on the right-hand side to π0 = 0.8. The black
line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

Contract value depending on guarantee fee for variable management rule -
Equal fees of upfront and periodic contributions
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Figure C.3: The figure presents the contract value depending on the guarantee fee (1 − α) for
a variable management rule with investment fraction π0 = 0.3. The upfront contribution implies
π0 = π1 and the periodic contribution refers to π1 = 1.323π0. The the gray dashed line refers to
β = 0.5 and the black line to β = 1.
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Certainty equivalent depending on premium fraction for different investment
strategies γ = 2
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Figure C.4: The figure presents the certainty equivalent CEi
2 of different investment strategies

induced by management rules depending on the premium fraction β for γ = 2. The top and
bottom figures on the left-hand side refer to the portfolio insurance strategy, the figures in the
middle show the constant risk and the top and bottom figures on the right-hand side refer to the
gambling strategy. The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3.
The black line refers to g = 1

2 ln(0.9), the gray dashed to g = 0 and the black dashed line to
g = 0.0025.
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Certainty equivalent depending on investment fraction π0 for different
investment strategies γ = 2
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Figure C.5: The figure presents the certainty equivalent CEi
2 of different investment strategies

induced by management rules depending on the investment fraction π0 for γ = 2. The top and
bottom figures on the left-hand side refer to the portfolio insurance strategy, the figures in the
middle show the constant risk and the top and bottom figures on the right-hand side refer to
the gambling strategy. The top figures are determined by g = −∞ and the bottom figures by
g = 0.0025. The black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line
to β = 1.
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Certainty equivalent depending on guarantee rate for different investment
strategies γ = 2
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Figure C.6: The figure presents the certainty equivalent CEi
2 of different investment strategies

induced by management rules depending on the guarantee rate g for γ = 2. The top and bottom
figures on the left-hand side refer to the portfolio insurance strategy, the figures in the middle
show the constant risk and the top and bottom figures on the right-hand side refer to the gambling
strategy. The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The
black line refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.
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Loss rate depending on premium fraction for different investment strategies
γ = 2
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Figure C.7: The figure presents the loss rate li
2 of different investment strategies induced by

management rules depending on the premium fraction β for γ = 2. The top and bottom figures
on the left-hand side refer to the portfolio insurance strategy, the figures in the middle show the
constant risk and the top and bottom figures on the right-hand side refer to the gambling strategy.
The top figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The black line
refers to g = 1

2 ln(0.9), the gray dashed to g = 0 and the black dashed line to g = 0.0025.
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Loss rate depending on investment fraction π0 for different investment
strategies γ = 2
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Figure C.8: The figure presents the loss rate li
2 of different investment strategies induced by

management rules depending on the investment fraction π0 for γ = 2. The top and bottom figures
on the left-hand side refer to the portfolio insurance strategy, the figures in the middle show the
constant risk and the top and bottom figures on the right-hand side refer to the gambling strategy.
The top figures are determined by g = −∞ and the bottom figures by g = 0.0025. The black line
refers to β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.
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Loss rate depending on guarantee rate for different investment strategies
γ = 2
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Figure C.9: The figure presents the loss rate li
2 of different investment strategies induced by

management rules depending on the guarantee rate g for γ = 2. The top and bottom figures on the
left-hand side refer to the portfolio insurance strategy, the figures in the middle show the constant
risk and the top and bottom figures on the right-hand side refer to the gambling strategy. The top
figures are determined by π0 = 0.8 and the bottom figures by π0 = 0.3. The black line refers to
β = 0, the gray dashed to β = 0.5 and the black dashed line to β = 1.

317



Appendix C

C.2 Supplementary tables

Table C.1: Certainty equivalent for different investment strategies g → −∞ and g = 0.0025
for γ = 2

Certainty Premium Fair participation

γ = 2 equivalent CEi∗
2 fraction βi∗ fraction αi∗ (β, π0, π1, g)

g → −∞ g = 0.0025 g → −∞ g = 0.0025 g → −∞ g = 0.0025

π0 = 0.1
PI 1.02533 1.02353 1.0000 1.0000 1.0000 0.9959

CR 1.02528 1.02401 1.0000 1.0000 1.0000 0.9959

G 1.02520 1.02438 1.0000 1.0000 1.0000 0.9959

π0 = 0.2
PI 1.02950 1.02442 1.0000 1.0000 1.0000 0.9815

CR 1.02945 1.02522 1.0000 1.0000 1.0000 0.9815

G 1.02932 1.02594 1.0000 1.0000 1.0000 0.9817

π0 = 0.3
PI 1.03271 1.02486 1.0000 1.0000 1.0000 0.9609

CR 1.03270 1.02578 1.0000 1.0000 1.0000 0.9621
(πMer) G 1.03253 1.02665 1.0000 0.9348 1.0000 0.9645

π0 = 0.4
PI 1.03496 1.02506 1.0000 1.0000 1.0000 0.9384

CR 1.03503 1.02606 1.0000 1.0000 1.0000 0.9401

G 1.03481 1.02703 1.0000 0.8539 1.0000 0.9470

π0 = 0.5
PI 1.03625 1.02518 1.0000 1.0000 1.0000 0.9145

CR 1.03644 1.02619 1.0000 1.0000 1.0000 0.9166

G 1.03615 1.02726 1.0000 0.7810 1.0000 0.9296

π0 = 0.6
PI 1.03660 1.02521 1.0000 1.0000 1.0000 0.8898

CR 1.03690 1.02625 1.0000 0.9993 1.0000 0.8923

G 1.03653 1.02739 1.0000 0.7362 1.0000 0.9110

π0 = 0.7
PI 1.03621 1.02519 0.8644 1.0000 1.0000 0.8647

CR 1.03665 1.02623 0.8620 0.9444 1.0000 0.8721

G 1.03617 1.02746 0.8596 0.6963 1.0000 0.8924

π0 = 0.8
PI 1.03533 1.02512 0.7593 1.0000 1.0000 0.8396

CR 1.03593 1.02617 0.7544 0.8966 1.0000 0.8523

G 1.03533 1.02749 0.7496 0.6747 1.0000 0.8728

CR=Constant risk strategy, G=Gambling strategy, PI=Portfolio insurance strategy.
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Table C.2: Certainty equivalent for different investment strategies - Varying constants u

and d and g → −∞

Portfolio insurance strategy Gambling strategy

γ = 4, g = −∞ u = 1.3 u = 1.3 u = 1.2 u = 1.3 u = 1.3 u = 1.2

d = 0.8 d = 0.7 d = 0.7 d = 0.8 d = 0.7 d = 0.7

π0 = 0.1
CEi∗

2 1.0249 1.0248 1.0248 1.0248 1.0247 1.0246

βi∗ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

π0 = 0.2
CEi∗

2 1.0276 1.0275 1.0274 1.0275 1.0274 1.0273

βi∗ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

π0 = 0.3 CEi∗
2 1.0283 1.0282 1.0283 1.0282 1.0281 1.0282

(πMer) βi∗ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

π0 = 0.4
CEi∗

2 1.0273 1.0274 1.0277 1.0273 1.0273 1.0277

βi∗ 0.7636 0.7638 0.7603 0.7418 0.7419 0.7456

π0 = 0.5
CEi∗

2 1.0254 1.0256 1.0263 1.0254 1.0255 1.0263

βi∗ 0.6221 0.6236 0.6179 0.5813 0.5801 0.5861

π0 = 0.6
CEi∗

2 1.0224 1.0228 1.0241 1.0223 1.0227 1.0240

βi∗ 0.5308 0.5337 0.5257 0.4710 0.4684 0.4767

π0 = 0.7
CEi∗

2 1.0183 1.0190 1.0209 1.0181 1.0188 1.0207

βi∗ 0.4683 0.4725 0.4622 0.3893 0.3853 0.3959

CEi∗

2 =Certainty equivalent, βi∗=Premium fraction, αi∗=Participation fraction.
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Table C.3: Certainty equivalent for different investment strategies - Varying constants u

and d and g = 0.0025

Portfolio insurance strategy Gambling strategy

γ = 4, g = 0.0025 u = 1.3 u = 1.3 u = 1.2 u = 1.3 u = 1.3 u = 1.2

d = 0.8 d = 0.7 d = 0.7 d = 0.8 d = 0.7 d = 0.7

π0 = 0.1
CEi∗

2 1.0232 1.0230 1.0230 1.0243 1.0243 1.0242

βi∗ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

αi∗ 0.9953 0.9955 0.9958 0.9957 0.9959 0.9962

π0 = 0.2
CEi∗

2 1.0235 1.0232 1.0234 1.0255 1.0257 1.0255

βi∗ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

αi∗ 0.9796 0.9802 0.9814 0.9808 0.9816 0.9825

π0 = 0.3
CEi∗

2 1.0234 1.0232 1.0234 1.0259 1.0261 1.0259

βi∗ 1.0000 1.0000 1.0000 0.8607 0.8041 0.8142
(πMer) αi∗ 0.9588 0.9599 0.9620 0.9650 0.9681 0.9695

π0 = 0.4
CEi∗

2 1.0232 1.0230 1.0233 1.0260 1.0263 1.0261

βi∗ 1.0000 1.0000 1.0000 0.7609 0.7273 0.7129

αi∗ 0.9355 0.9371 0.9401 0.9483 0.9519 0.9550

π0 = 0.5
CEi∗

2 1.0230 1.0228 1.0231 1.0260 1.0264 1.0262

βi∗ 1.0000 1.0000 1.0000 0.7039 0.6791 0.6472

αi∗ 0.9107 0.9129 0.9167 0.9301 0.9345 0.9394

π0 = 0.6
CEi∗

2 1.0227 1.0225 1.0228 1.0259 1.0263 1.0261

βi∗ 1.0000 1.0000 1.0000 0.6881 0.6311 0.6234

αi∗ 0.8853 0.8880 0.8926 0.9098 0.9172 0.9218

π0 = 0.7
CEi∗

2 1.0224 1.0222 1.0225 1.0257 1.0262 1.0260

βi∗ 1.0000 1.0000 1.0000 0.6602 0.6107 0.5990

αi∗ 0.8594 0.8627 0.8681 0.8901 0.8983 0.9041

CEi∗

2 =Certainty equivalent, βi∗=Premium fraction, αi∗=Participation fraction.
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C.3 Proof of Lemma 1

The account value Vti is given by

Vti = e−r(tn−ti)EP∗ [Vtn | {At0 , . . . , Ati}]

= e−r(tn−ti)EP∗

n−1∑
j=0

ãtj

Atn

Atj

∣∣∣∣∣∣ {At0 , . . . , Ati}



= e−r(tn−ti)EP∗

 i−1∑
j=0

ãtj

Ati

Atj

Atn

Ati

+
n−1∑
j=i

ãtj

Atn

Atj

∣∣∣∣∣∣ {At0 , . . . , Ati}


=

i−1∑
j=0

ãtj

Ati

Atj

+
n−1∑
j=i

e−r(tj−ti) ãtj

= α

i−1∑
j=0

atj

Ati

Atj

+
n−1∑
j=i

e−r(tj−ti) atj



= α

i−1∑
j=0

atj

Ati

Atj

+ ati +
n−1∑

j=i+1
e−r(tj−ti) atj

 .

321



Appendix C

C.4 Proof of Lemma 2

Using the representation of Lemma 1, the account value Vti is given by

Vti = α

i−1∑
j=0

atj

Ati

Atj

+ ati +
n−1∑

j=i+1
e−r(tj−ti) atj

 .

Furthermore, notice that at ti+1 (i ≤ n − 2) it holds

Vti+1 = α

 i∑
j=0

atj

Ati+1

Atj

+ ati+1 +
n−1∑

j=i+2
e−r(tj−ti+1) atj



= α

Ati+1

Ati

i−1∑
j=0

atj

Ati

Atj

+ ati

Ati+1

Ati

+ ati+1 + er(ti+1−ti)
n−1∑

j=i+2
e−r(tj−ti) atj



= α

i−1∑
j=0

atj

Ati

Atj

+ ati

 Ati+1

Ati

+ ati+1 + er(ti+1−ti)
n−1∑

j=i+2
e−r(tj−ti) atj



= Vti

Ati+1

Ati

+ α

−

 n−1∑
j=i+1

e−r(tj−ti)atj

 Ati+1

Ati

+ ati+1

+er(ti+1−ti)
n−1∑

j=i+2
e−r(tj−ti) atj



= Vti

Ati+1

Ati

+ α

−

 n−1∑
j=i+1

e−r(tj−ti)atj

 Ati+1

Ati

+ er(ti+1−ti)
n−1∑

j=i+1
e−r(tj−ti) atj



= Vti

Ati+1

Ati

+ α

 n−1∑
j=i+1

e−r(tj−ti)atj

(er(ti+1−ti) −
Ati+1

Ati

)

= Vti

Ati+1

Ati

+ α

 n−1∑
j=i+1

e−r(tj−ti+1)atj

(1 − e−r(ti+1−ti) Ati+1

Ati

) ,

such that

Vti+1 = Vti

Ati+1

Ati

+ α

 n−1∑
j=i+1

e−r(tj−ti+1)atj

(1 − e−r(ti+1−ti) Ati+1

Ati

)
= Vti

Ati+1

Ati

+ α

(
PVti+1

(
1 − e−r(ti+1−ti) Ati+1

Ati

))
.
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C.5 Proof of Proposition 5

Using the representation of the account value in Lemma 2 together with Equation (4.3),
we find that

Vti+1 = Vti

Ati+1

Ati

+ α

er(ti+1−t0)
n−1∑

j=i+1
βj

(
1 − e−r(ti+1−ti) Ati+1

Ati

)
= αβi+1er(ti+1−t0) +

(
Vti − αer(ti−t0)βi+1

) Ati+1

Ati

= αer(ti−t0)
[
er(ti+1−ti)βi+1 −

Ati+1

Ati

βi+1

]
+ Vti

Ati+1

Ati

= er(ti−t0)
[
βi+1

(
αer(ti+1−ti) − α

Ati+1

Ati

)]
+ Vti

Ati+1

Ati

(
βi+1 +

(
1 − βi+1

))

= er(ti−t0)
[
βi+1

(
αer(ti+1−ti) − α

Ati+1

Ati

+ Vti

Ati+1

Ati

)]
+ Vti

Ati+1

Ati

(
1 − βi+1

)

= er(ti−t0)
[
βi+1

(
αer(ti+1−ti) +

Ati+1

Ati

(e−r(ti−t0)Vti − α)
)

+
(
1 − βi+1

)(
e−r(ti−t0)Vti

Ati+1

Ati

)]

= βi+1

(
αer(ti+1−t0) +

Ati+1

Ati

(
Vti − αer(ti−t0)

))
+
(
1 − βi+1

)
Vti

Ati+1

Ati

.
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C.6 Proof of Proposition 6

According to Equation (4.6), the put price with V1 = α
(
β A1

A0
+ (1 − β)er

)
can be written

as

Put0(α, β) = e−rEP∗

[
e−rEP∗

[(
G2 − V1

A2
A1

)+
∣∣∣∣∣V1

]]
.

Calculating the inner expectation it holds

e−rEP∗

[(
G2 − V1

A2
A1

)+
∣∣∣∣∣V1

]
= e−rG2Φ

−
ln
(

V1
e−rG2

)
− 1

2σ2
A,1

σA,1


− V1Φ

−
ln
(

V1
e−rG2

)
+ 1

2σ2
A,1

σA,1


= P BS(V1, 1, G2, σA,1).

Inserting this result in Equation (4.6) leads to

Put0(α, β) = e−rEP∗

[
P BS(V1, 1, G2, σA,1)

]
.

The result for the single upfront and postponed contribution immediately follows by
setting β = 1 or β = 0.
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C.7 Proof of Proposition 8

Using the representation of Put1(α, β), we find that

L1 − A1
A0

= V1 + V1P BS
(

1, 1,
G2
V1

, σA,1

)
− A1

A0

= V1

(
1 + P BS

(
1, 1,

G2
V1

, σA,1

))
− A1

A0
.

With V1 = α(β A1
A0

+ (1 − β)er) it follows

L1 − A1
A0

=
[
αβ

A1
A0

(
1 + P BS

(
1, 1,

G2
V1

, σA,1

))
+α(1 − β)er

(
1 + P BS

(
1, 1,

G2
V1

, σA,1

))]
− A1

A0

=
[
β

(
α

A1
A0

+ α
A1
A0

P BS
(

1, 1,
G2
V1

, σA,1

))
+(1 − β)

(
αer + αerP BS

(
1, 1,

G2
V1

, σA,1

))]
− A1

A0

= β

(
α

A1
A0

P BS
(

1, 1,
G2
V1

, σA,1

)
− (1 − α)A1

A0

)
+ (1 − β)

(
αerP BS

(
1, 1,

G2
V1

, σA,1

)
+ αer − A1

A0

)

= β

(
α

A1
A0

P BS
(

1, 1,
G2
V1

, σA,1

)
− (1 − α)A1

A0

)
+ (1 − β)

(
αerP BS

(
1, 1,

G2
V1

, σA,1

)
− (1 − α)er + er − A1

A0

)
.

Recall that (1 − α) = Put0(α, β) and thus L1 − A1
A0

can be written as

L1 − A1
A0

= α

(
β

A1
A0

+ (1 − β)er
)

P BS
(

1, 1,
G2
V1

, σA,1

)
−
(

β
A1
A0

GC0 + (1 − β)erGC0

)
+ (1 − β)

(
er − A1

A0

)

= Put1(α, β) − V1
α

Put0(α, β) + (1 − β)
(

er − A1
A0

)
.
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C.8 Proof of Corollary 1

The general formula for the random variable L1 − A1
A0

is received by inserting the corre-
sponding formulas for the constant management rule case from Section 4.5. For the special
case of a postponed contribution it holds V1

α = er and thus

erPutCMR
0 (α, 0) = EP∗ [PutCMR

1 (α, 0)].

Furthermore, it holds

PutCMR
1 (α, 0) = P BS(erα, 1, G2, σA,0).

This is a deterministic value s.t.

erPutCMR
0 (α, 0) = PutCMR

1 (α, 0).

Inserting the result in the general formula gives the claim. For the upfront contri-
bution insert the definition of V1 with β = 1 and the claimed result holds.
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Appendix to Chapter 5

D.1 Supplementary figures

Fair strike of fix and floating strike guarantees
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Figure D.1: The Figure illustrates the fair strike of the fix and floating strike guarantee for varying
asset bond correlation ρ, stock fraction πS , bond fraction πB , participation fraction α and time
to maturity T . The black line refers to the fix strike guarantee and the gray dashed line to the
floating strike guarantee.
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D.2 Supplementary tables

Table D.1: Risk measures for varying fractions of fix strike guarantees

t = T t = 1

ηfix V AR0.995 CV AR0.985 V ariance V AR0.995 CV AR0.985 V ariance

T = 5

0 0.155005 0.151413 0.00475957 0.070023 0.068438 0.00086697

0.1 0.151864 0.147971 0.00457569 0.067905 0.066423 0.00080850

0.2 0.149152 0.146084 0.00446313 0.067087 0.065485 0.00077423

0.3 0.149172 0.145649 0.00442187 0.066947 0.065771 0.00076415

0.4 0.150677 0.146854 0.00445192 0.068991 0.067335 0.00077827

0.5 0.152711 0.149708 0.00455327 0.071744 0.070288 0.00081658

0.6 0.157017 0.154246 0.00472593 0.075836 0.074273 0.00087909

0.7 0.163444 0.160338 0.00496989 0.080836 0.079227 0.00096580

0.8 0.171218 0.167948 0.00528516 0.086664 0.085093 0.00107670

0.9 0.181206 0.176876 0.00567174 0.093426 0.091714 0.00121180

1 0.191757 0.186962 0.00612962 0.100802 0.098941 0.00137110

T = 10

0 0.269188 0.261315 0.00952182 0.065884 0.064823 0.00072359

0.1 0.255911 0.247686 0.00893079 0.062974 0.061510 0.00064615

0.2 0.244507 0.237655 0.00862653 0.061221 0.059665 0.00059905

0.3 0.239096 0.231859 0.00860903 0.060955 0.059635 0.00058229

0.4 0.237247 0.230972 0.00887829 0.062877 0.061553 0.00059588

0.5 0.241124 0.235374 0.00943432 0.066778 0.065540 0.00063981

0.6 0.251456 0.245956 0.01027710 0.073018 0.071339 0.00071408

0.7 0.268458 0.262364 0.01140670 0.079950 0.078566 0.00081869

0.8 0.291044 0.283398 0.0128230 0.088221 0.086884 0.00095364

0.9 0.314519 0.307743 0.01452610 0.097818 0.095891 0.00111890

1 0.341299 0.334853 0.0165159 0.107919 0.105366 0.00131460

T = 20

0 0.513846 0.501898 0.0229588 0.0576709 0.0563784 0.00052044

0.1 0.481341 0.470320 0.0217790 0.0543323 0.0530150 0.00045920

0.2 0.458033 0.445647 0.0218231 0.0524083 0.0509481 0.00042180

0.3 0.438681 0.430788 0.0230912 0.0518511 0.0506874 0.00040822

0.4 0.43876 0.429633 0.0255832 0.0535810 0.0524135 0.0004185

0.5 0.455779 0.444769 0.0292991 0.0574989 0.0561634 0.00045253

0.6 0.488593 0.477838 0.0342390 0.0630642 0.0615851 0.00051043

0.7 0.536762 0.525194 0.0404028 0.0697219 0.0683030 0.00059215

0.8 0.594612 0.582836 0.0477906 0.0777707 0.0759669 0.00069770

0.9 0.661136 0.647229 0.0564023 0.0863460 0.0843385 0.00082708

1 0.730310 0.716073 0.0662380 0.0951578 0.0931699 0.00098030
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Table D.2: Certainty equivalent of fix and floating strike guarantees for different stock-
bond combinations for γ = 4

πS πB Kfair
fix α̃fair CEfix CEfloat ∆CE

0.1 0 1.1358 0.9999 1.13963 1.10924 0.03039

0.1 0.1 1.1364 0.9998 1.14018 1.10921 0.03097

0.1 0.2 1.1369 0.9998 1.14061 1.10916 0.03145

0.1 0.3 1.1372 0.9997 1.14094 1.10907 0.03187

0.1 0.4 1.1375 0.9995 1.14116 1.10892 0.03224

0.1 0.5 1.1376 0.9993 1.14132 1.10871 0.03261

0.1 0.6 1.1377 0.9990 1.14142 1.10842 0.03300

0.1 0.7 1.1378 0.9986 1.14148 1.10803 0.03345

0.1 0.8 1.1378 0.9980 1.14151 1.10752 0.03399

0.1 0.9 1.1378 0.9973 1.14152 1.10689 0.03463

0.2 0 1.1284 0.9944 1.13299 1.10415 0.02884

0.2 0.1 1.1292 0.9941 1.13372 1.10394 0.02978

0.2 0.2 1.1299 0.9938 1.13435 1.10364 0.03071

0.2 0.3 1.1305 0.9934 1.13488 1.10325 0.03163

0.2 0.4 1.1310 0.9929 1.13530 1.10277 0.03253

0.2 0.5 1.1313 0.9922 1.13562 1.10220 0.03342

0.2 0.6 1.1316 0.9915 1.13585 1.10153 0.03432

0.2 0.7 1.1317 0.9906 1.13598 1.10077 0.03521

0.2 0.8 1.1318 0.9897 1.13602 1.09991 0.03611

0.3 0 1.1129 0.9799 1.11933 1.09135 0.02798

0.3 0.1 1.1136 0.9796 1.12000 1.09103 0.02897

0.3 0.2 1.1143 0.9791 1.12056 1.09061 0.02995

0.3 0.3 1.1148 0.9785 1.12101 1.09011 0.03090

0.3 0.4 1.1152 0.9778 1.12137 1.08952 0.03185

0.3 0.5 1.1155 0.9770 1.12162 1.08885 0.03277

0.3 0.6 1.1157 0.9761 1.12176 1.08809 0.03367

0.3 0.7 1.1157 0.9751 1.12181 1.08724 0.03457

0.4 0 1.0906 0.9592 1.10085 1.07467 0.02618

0.4 0.1 1.0912 0.9587 1.10134 1.07432 0.02702

0.4 0.2 1.0917 0.9582 1.10174 1.07390 0.02784

0.4 0.3 1.0921 0.9575 1.10205 1.07340 0.02865

0.4 0.4 1.0923 0.9567 1.10227 1.07284 0.02943

0.4 0.5 1.0925 0.9559 1.10240 1.07220 0.03020

0.4 0.6 1.0925 0.9549 1.10244 1.07150 0.03094

(To be continued)
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πS πB Kfair
fix α̃fair CEfix CEfloat ∆CE

0.5 0 1.0635 0.9344 1.08065 1.05786 0.02279

0.5 0.1 1.064 0.9339 1.08097 1.05755 0.02342

0.5 0.2 1.0643 0.9333 1.08121 1.05718 0.02403

0.5 0.3 1.0646 0.9326 1.08139 1.05677 0.02462

0.5 0.4 1.0647 0.9318 1.08149 1.05630 0.02519

0.5 0.5 1.0647 0.9309 1.08151 1.05579 0.02572

0.6 0 1.0333 0.9071 1.06162 1.04369 0.01793

0.6 0.1 1.0336 0.9065 1.06180 1.04345 0.01835

0.6 0.2 1.0339 0.9059 1.06192 1.04318 0.01874

0.6 0.3 1.0340 0.9052 1.06199 1.04288 0.01911

0.6 0.4 1.0340 0.9044 1.06201 1.04254 0.01947

0.7 0 1.0012 0.8782 1.04613 1.03367 0.01246

0.7 0.1 1.0014 0.8776 1.04621 1.03352 0.01269

0.7 0.2 1.0015 0.8769 1.04626 1.03335 0.01291

0.7 0.3 1.0015 0.8762 1.04627 1.03317 0.01310

0.8 0 0.9679 0.8484 1.03529 1.02786 0.00743

0.8 0.1 0.9680 0.8479 1.03531 1.02779 0.00752

0.8 0.2 0.9681 0.8472 1.03532 1.02771 0.00761

0.9 0 0.9342 0.8184 1.02882 1.02520 0.00362

0.9 0.1 0.9342 0.8179 1.02883 1.02517 0.00366

1 0 0.9005 0.7885 1.02567 1.02428 0.00139
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D.3 Proof of Proposition 10

The buffer is described as in Equation (5.12). For the derivation of the interest rate sensitivities of
the exchange option we need the following lemmata.
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Now, we can proof Proposition 10 using Lemma 5-7:
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Thus, the interest rate sensitivities of the buffer value are given by
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D.4 Revision of the Vasicek model

Consider the special case that θ(t) = b which implies the Vasicek model, i.e.
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Straightforward calculations give:
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In particular, it follows:

Lemma 9 (Bond pricing formula)
For B(s, t) = EP∗ [e−I(s,t)] it holds
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D.5 Cumulated volatilities

Lemma 10 (Cumulated volatilities)
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+ (1 − ρ2) σ2

)2

=
(

ρσ − σr

a

(
1 − e−a(T −t)

))2
+
(
1 − ρ2)σ2

= ρ2σ2 − 2ρσ
σr

a

(
1 − e−a(T −t)

)
+ σ2

r

a2

(
1 − e−a(T −t)

)2
+ σ2 − ρ2σ2

= σ2 − 2ρσ
σr

a

(
1 − e−a(T −t)

)
+ σ2

r

a2

(
1 − e−a(T −t)

)2

= σ2 − 2ρσ
σr

a

(
1 − e−a(T −t)

)
+ σ2

r

a2

(
1 − 2e−a(T −t) + e−2a(T −t)

)
= σ2 − 2ρσ

σr

a
+ 2ρσ

σr

a
e−a(T −t) + σ2

r

a2 − 2σ2
r

a2 e−a(T −t) + σ2
r

a2 e−2a(T −t)

=
(

σ2 − 2ρσ
σr

a
+ σ2

r

a2

)
︸ ︷︷ ︸

A1

+ 2
(

ρσ
σr

a
− σ2

r

a2

)
︸ ︷︷ ︸

A2

e−a(T −t) + σ2
r

a2︸︷︷︸
A3

e−2a(T −t).
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Appendix D

It follows∫ T

t

∥σZ(s)∥2ds = A1(T − t) + A2
1
a

e−a(T −t) + A3
1
2a

e−2a(T −t)

=
(

σ2 − 2ρσ
σr

a
+ σ2

r

a2

)
(T − t) + 2

(
ρσ

σr

a2 − σ2
r

a3

)(
1 − e−a(T −t)

)
+ σ2

r

2a3

(
1 − e−2a(T −t)

)
.
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