
Optimal Control Problems
and Algebraic Flux Correction Schemes

Dissertation zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften
(Dr. rer. nat.)

Universität Duisburg-Essen
Fakultät Mathematik

genehmigte Dissertation

von
Herrn Jens Baumgartner, M.Sc.

geboren in Dinslaken

Datum der Einreichung: 29.11.2021
Datum der Disputation: 15.02.2022

1. Gutachter: Herr Professor Dr. Arnd Rösch
2. Gutachter: Herr Professor Dr. Dmitri Kuzmin



Diese Dissertation wird via DuEPublico, dem Dokumenten- und Publikationsserver der
Universität Duisburg-Essen, zur Verfügung gestellt und liegt auch als Print-Version vor.

DOI: 10.17185/duepublico/75439
URN: urn:nbn:de:hbz:465-20220222-105256-2

Alle Rechte vorbehalten.

https://duepublico2.uni-due.de/
https://duepublico2.uni-due.de/
https://doi.org/10.17185/duepublico/75439
https://nbn-resolving.org/urn:nbn:de:hbz:465-20220222-105256-2


Dissertation

Optimal Control Problems and Algebraic Flux Correction Schemes

Fakultät Mathematik
Universität Duisburg-Essen

Datum der Einreichung: 29.11.2021
Datum der Disputation: 15.02.2022

1. Gutachter: Herr Professor Dr. Arnd Rösch
Universität Duisburg-Essen
Lehrstuhl Nichtlineare Optimierung

2. Gutachter: Herr Professor Dr. Dmitri Kuzmin
TU Dortmund
Lehrstuhl Angewandte Mathematik und Numerik





Zusammenfassung
In der vorliegenden Arbeit beschäftigen wir uns mit der Diskretisierung von Optimalsteuerprob-
lemen, deren Zustandsgleichung eine Konvektion-Diffusion Reaktionsgleichung ist. Insbeson-
dere in dem sogenannten konvektionsdominanten Fall können Lösungen solcher Gleichungen
Grenzschichten enthalten, d.h. schmale Regionen mit steilen Gradienten. Zur Diskretisierung
partieller Differentialgleichungen werden im Allgemeinen standardisierte Finite Elemente Meth-
oden angewendet. Diese führen uns jedoch in dem konvektionsdominanten Fall zu Lösungen,
welche nicht-physikalische Oszillationen enthalten. Dies motiviert den Einsatz von Stabil-
isierungstechniken, wie beispielsweise den Einsatz von algebraischen Korrekturschemata, den
sogenannten Algebraic Flux Correction (AFC) Schemes. Die Hauptmotivation für die Kon-
struktion solcher AFC Schemata besteht in der Erfüllung des diskreten Maximumprinzips
(DMP), sodass künstlich auftretende Oszillationen in den diskreten Lösungen verhindert wer-
den. In dieser Arbeit diskretisieren wir Optimalsteuerprobleme mit Hilfe eines AFC Schemas.
Im Allgemeinen werden in der Theorie der Optimalen Steuerung zur Diskretisierung der Op-
timierungsprobleme die Ansätze optimize-then-discretize und discretize-then-optimize herange-
zogen. Aufgrund der Nichtlinearität bzw. im Allgemeinen auch aufgrund der Nichtdifferen-
zierbarkeit der AFC Methode verwenden wir den optimize-then-discretize-Ansatz, d.h. wir
diskretisieren die Optimalitätssysteme mit Hilfe eines AFC Schemas. Dadurch erhalten wir
stabilisierte und gekoppelte Systeme. In dieser Arbeit beantworten wir die Frage nach der
Lösbarkeit solcher Systeme. Zudem leiten wir L2-Fehlerabschätzungen von den AFC Lösun-
gen zu den optimalen Lösungen der jeweiligen kontinuierlichen Optimierungsproblemen her.
Abschließend werden die theoretischen Resultate durch numerische Tests unterstützt.





Abstract
Solutions of convection-diffusion-reaction equations may possess layers, i.e. narrow regions
where the solution has a large gradient (in particular for convection-dominated equations).
Standard Finite Element Methods lead to discrete solutions which are polluted by spurious
oscillations. The main motivation for the construction of the so-called Algebraic Flux Correction
(AFC) schemes is the satisfaction of the discrete maximum principle (DMP) to avoid spurious
oscillations in the discrete solutions. In this thesis, we apply the AFC method on several optimal
control problems governed by a convection-diffusion-reaction equation. Due to the fact that
the AFC schemes are nonlinear and usually non-differentiable, the approaches optimize-then-
discretize and discretize-then-optimize do not commute. We use the optimize-then-discretize-
approach, i.e. we discretize the state equation and the adjoint equation with the help of the
AFC method. This leads us to coupled and discretized systems. We verify the existence of
corresponding discrete solutions and derive L2-error estimates for the control and the state.
The stabilizing effect of the AFC method on the discrete solutions and L2-errors are illustrated
by numerical tests.
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1 Introduction

1.1 Motivation
Convection-diffusion reaction processes arise in many chemical, physical or biological appli-
cations. For instance, we have the air conditioning-process, the process of water resource
recovery or the spreading-process of oil in the ocean when an oil-tanker has a lack. All pro-
cesses are influenced by the directional motion (convection), the random motion (diffusion) and
the reaction of particles. Apart from the huge meaning for the engineering the modelling and
investigation of convection-diffusion reaction processes are also important for the mathematics.
In the last decades many papers concerning the analysis and the numerical treatment of such
convection-diffusion reaction equations have been published. The above-mentioned processes
can be described by the following convection-diffusion reaction equation

−ε∆y + b · ∇y + cy = u in Ω (1.1.1)

where Ω ⊆ R2 is an open and bounded domain. The constant diffusion coefficient is given by
ε > 0; c ∈ L∞(Ω) is a nonnegative reaction where c0 := ess inf c > 0 holds. We further assume
that the convection field b ∈ W 1,∞(Ω)2 satisfies

div(b) = 0. (1.1.2)

Especially convection-dominated equations, i.e. equations where the convective transport dom-
inates the diffusion, have often been analyzed. The reason for this widespread interest is that
solutions of convection-dominated equations may possess layers, i.e. small regions where the
solution has a large gradient. The computation of discrete solutions by standard Finite Element
Methods leads to solutions which contain spurious oscillations. To reduce those oscillations,
many stabilization methods have been invented. One of the first stabilization methods was the
streamline-upwind Petrov-Galerkin method (SUPG) introduced in [BroHug82]. The discrete
solution corresponding to the SUPG-stabilization possesses the layer at the correct position,
but still oscillations appear near the layers. During the last years, further methods tied to the
SUPG method were developed like the so-called SOLD methods [JoKno07, JoKno08], new sta-
bilization techniques like edge-based stabilization techniques [BBK17, BurHan04] or the latest,
the Algebraic Flux Correction (AFC) schemes.
The initial idea of the construction of AFC schemes goes back to the paper of Zalesak [Zal79]
published in 1979. In the research field of computational mathematics, the AFC schemes have
gradually gained importance from 2004 onwards until today. Especially consider the works of
Kuzmin [Kuz06, Kuz10, Kuz12]. However, the analysis of AFC schemes has been established
only since 2016 [BJK16, BBK17, BJK17, BJKR18]. The main motivation for the construction
of an AFC scheme is the satisfaction of the discrete maximum principle (DMP) such that spu-
rious oscillations in the discrete solutions are prevented. The treatment of convection-diffusion
reaction equations is not only interesting for the Analysis and the Numerical mathematics.
Due to the fact that many physical or chemical optimization processes can be modelled by op-
timal control problems governed by a convection-diffusion reaction equation the investigation
of these problems increases in the last years as well. In this work, we consider several optimal
control problems governed by a convection-diffusion reaction equation. Apart from the analy-
sis of continuous optimal control problems for reasons of implementation, many regularization
resp. discretization methods have been applied on such problems. For detailed information
we refer to [Cas86, Cas93, MyRöTr06, KruRö08, CheRö09, HtKu09, HzHt09]. For reasons
of discretizing such optimal control problems, the optimize-then-discretize-approach and the
discretize-then-optimize-approach have been usually investigated (for instance see [HzRö12])
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where it is worth to mention that the discretize-then-optimize-approach has been applied more
often. In the optimize-then-discretize-approach, the necessary optimality conditions are derived
on the continuous level. Then, the optimality conditions are discretized by a Finite Element
Method. In the discretize-then-optimize-approach, the state equation is discretized by a Finite
Element Method such that the resulting optimization problem is finite dimensional. After that,
the necessary optimality conditions are derived. Regarding the introduced stabilization meth-
ods, the application of a Finite Element Method in both approaches is implemented by adding a
stabilization term to the state resp. in the optimize-then-discretize-approach also to the adjoint
equation. In [Braa09] the author points out that for symmetric and bilinear stabilization terms
both approaches coincide on the contrary to the case of non-symmetric stabilization terms. In
contrast to the SUPG method or the edge based Galerkin method, the original AFC method
contains in general solution-dependent, nonlinear and non-differentiable correction factors, the
so-called flux limiters. Due to the non-differentiability of the basic limiters, Newton-like solvers
cannot be applied on such AFC stabilized systems. Moreover, in the discretize-then-optimize-
approach it is left unsaid how to define the corresponding adjoint operator for a nonlinear and
non-differentiable operator. Additionally, sufficient and necessary optimality conditions of first
order cannot be derived since the non-differentiability does not make it possible to compute
Fréchet derivatives. It is worth mentioning that during the last years the flux limiters have
undergone many modifications so that they become differentiable (see [BadBon17, Section 7]
or [LohSP19, p. 127]).
However, in this work we focus on the original flux limiters, i.e. the implemented limiters are
nonlinear and non-differentiable. Currently, the discretize-then-optimize-approach cannot be
applied on our problem. Hence, in this work we connect the optimize-then-discretize-approach
with the AFC method. Past publications concerned with the connection between optimal con-
trol problems and stabilization methods except the AFC method. For instance, in [ColHei02]
the authors analyzed both approaches for an unconstrained optimal control problem. The au-
thors investigate in both approaches the SUPG stabilization method. Due to the fact that the
bilinear SUPG stabilization term is non-symmetric regarding [Braa09] both approaches do not
coincide. The verification of the existence of discrete solutions and the derivation of a priori
error estimates have been realized by the application of the theory of linear, continuous and
invertible operators. In [HzYaZh09, YaZh09] the authors stabilize an unconstrained and control
constrained optimal control problem by an edge based Galerkin method which has been estab-
lished in [BurHan04]. The stabilization term of the edge based Galerkin discretization is bilinear
and symmetric such that the discretize-then-optimize and the optimize-then-discretize-approach
coincide. Another stabilization method which has been applied for discretizing an optimal con-
trol problem governed by a convection-diffusion reaction equation is the so-called LPS-method
(see [Guer99]), i.e. a stabilization method based on local projections. In [BecVe07] the authors
use the discretize-then-optimize-approach to discuss the discretization of an unconstrained and a
control constrained optimal control problem by the LPS-method. As far as we know the papers
mentioned above are the only papers which connect stabilization methods and optimal control
problems. As already mentioned, we stabilize optimal control problems with the AFC method
in this work. Due to the nonlinearity and the non-differentiability, the indroduced approaches
discretize-then-optimize and optimize-then-discretize do not coincide in general. Currently, in
the discretize-then-optimize-approach it is neither possible to construct an adjoint operator nor
to compute Fréchet derivatives. Hence, in contrast to [BecVe07] and [HzYaZh09], proving the
existence of discrete solutions and deriving sufficient and necessary optimality conditions of first
order for the finite dimensional optimization problem cannot be realized by the discretize-then-
optimize-approach. Additionally, in the optimize-then-discretize-approach the applied theory
for linear, continuous and invertible operators introduced in [ColHei02] cannot be transferred
to our problem. As a result, the discretization of an optimal control problem by an AFC
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scheme requires new techniques to verify the existence of discrete solutions and for proving
corresponding error estimates in the context of the optimize-then-discretize-approach.

1.2 Outline
In this work, we consider an open, bounded and convex polygonal domain Ω ⊆ R2 with bound-
ary Γ. We study the stabilization of linear-quadratic optimal control problems governed by a
convection-diffusion reaction equation. In the first case we consider an optimization problem
governed by a convection-diffusion reaction equation with Dirichlet boundary conditions

min
u,y

1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

u ∈ Uad
y ∈ Yad


(P )

where yd ∈ L2(Ω) and Uad, Yad ⊆ L2(Ω) are closed and convex sets. Secondly, we investigate
the stabilization of the following optimal control problem with Robin boundary control

min
u,y

1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Γ

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny − b·n·y
2

= u on Γ

u ∈ UΓ
ad

 (PΓ)

where yd ∈ L2(Ω) and the set UΓ
ad ⊆ L2(Γ) is closed and convex. This work is organized as

follows. In Section 2, we introduce function spaces and basic results. According to (P ) resp.
(PΓ), in Section 3 we analyze the convection-diffusion reaction equation with Dirichlet and
Robin boundary conditions. In Section 4, we specify the introduced optimal control problems
(P ) resp. (PΓ) and provide the corresponding analysis. Section 5 is dedicated to introduce
the Finite Element Method and the general AFC methodology. In connection we show the
general construction of an AFC scheme and discuss sufficient conditions such that discrete
maximum principles hold. After that, in Section 6 we show the discretization of the optimal
control problems by the AFC method in the context of the optimize-then-discretize-approach.
In Section 7, the existence of discrete solutions and corresponding error estimates will be derived
in an abstract framework. In Section 8, the abstract results of Section 7 will be applied on the
several optimal control problems. In detail, we proof the existence of discrete solutions for the
discretized systems provided in Section 6 and derive corresponding a priori error estimates. In
this context we prove that for the introduced optimal control problems the following L2-error
estimates

‖ u− uh ‖0,Ω + ‖ y − yh ‖0,Ω≤ Ch
1
2 (1.2.1)

and

‖ u− uh ‖0,Γ + ‖ y − yh ‖0,Ω≤ Ch
1
4 (1.2.2)

hold where C > 0 is a constant, yh is the discrete state solution and uh the control, both
computed by the AFC method. In addition, we illustrate for every optimal control problem
several numerical results, i.e. we show computed L2-errors, L2-convergence orders and plots of
the AFC state resp. the AFC adjoint solutions. In Section 9, we will illustrate further optimal
control problems where the abstract results of Section 7 are applicable. Finally, we show an
optimal control problem which cannot be currently solved by the derived abstract theory.
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1.3 List of symbols and notations

Table 1: Spaces, functions, notations

Symbol Description
Ω Domain
Γ Boundary of Ω
{Γi}mi=1 Line segments of a polygonal boundary Γ
N Natural numbers (without zero)
N0 N ∪ {0}
R Real numbers
Ck(Ω) k-times continuous and differentiable functions
Ck

0 (Ω) Space of functions belonging to Ck(Ω)
with compact support in Ω

C0,γ(Ω̄) Hölder-continuous functions to exponents γ ∈ (0, 1]
M(Ω̄) Space of Radon measures
Lp(Ω) {f : Ω→ R|f Lebesgue-measurable,

∫
Ω
|f(x)|pdx <∞}

L∞(Ω) {f : Ω→ R|f Lebesgue-measurable, ess supx∈Ω |f(x)| <∞}
W k,p(Ω) Sobolev space for integer k, i.e. space of functions

whose weak derivatives of order up to k are in Lp(Ω)

W k,p
0 (Ω) Closure of C∞0 (Ω) in W k,p(Ω)

Hk
0 (Ω) Hk

0 (Ω) := W k,2
0 (Ω)

W−1,p′(Ω) Dual space of W 1,p
0 (Ω)

H−1(Ω) H−1(Ω) := W−1,2(Ω)
W s,p(Ω) Sobolev space for s > 0
Hs(Ω) Sobolev space for s > 0 and p = 2
Hs(Γ) Sobolev space on Γ for 0 < s ≤ 1 and p = 2
Hs(Γi) Sobolev space on line segments Γi

for 0 < s ≤ 1 and p = 2
↪→ Continuously embedded
c
↪→ Compactly, continuously embedded
α Multi-index
∇f Gradient of f
n Unit outward normal vector
∂nf Normal derivative of f
∆f Laplacian of f
supp(f) Support of f
f+ max(0, f)
f− min(0, f)
P[r1,r2](·) Projection formula, P[r1,r2](·) = min{r2,max{r1, ·}}
Ψk(·) Truncation function, Ψk(·) = P[−k,k](·)
Br(x̄) Br(x̄) := {x : ‖ x− x̄ ‖2≤ r}
d·e Ceiling function
δ Moreau-Yosida regularization parameter
ε > 0 Diffusion coefficient
b ∈ W 1,∞(Ω)2 Convection field
c ∈ L∞(Ω) Reaction
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Table 2: Norms

Symbol Description
‖ · ‖Ck(Ω̄) Norm on the space Ck(Ω̄)
‖ · ‖C0,γ(Ω̄) Norm on the space C0,γ(Ω̄)
‖ · ‖0,p,Ω Norm on the space Lp(Ω) for p 6= 2
‖ · ‖0,Ω Norm on the space L2(Ω)
‖ · ‖k,p,Ω Norm on the space W k,p(Ω) for p 6= 2
‖ · ‖s,Ω Norm on the space Hs(Ω) for s > 0
‖ · ‖s,Γ Norm on the space Hs(Γ) for 0 < s ≤ 1
| · |k,p,Ω Seminorm on the space W k,p(Ω) for p 6= 2
| · |k,Ω Seminorm on the space W k,2(Ω)
‖ · ‖2 Euclidean norm on R2

‖ · ‖∞ Maximum norm on R2

Table 3: Symbols referring to FEM and AFC methodology

Symbol Description
Th Triangulation
T Mesh cell of Th
Eh Set of all edges of the triangulation
N Dimension of the Finite Element space/

Total number of nodes
xi Nodal point with index i ∈ {1, · · · , N}
Si Index set of neighbors for node xi
∆i Patches of node xi
diam(S) Diameter of S ⊂ Br

hT Width of mesh cell T
h Maximum mesh width
P1 Polynomials up to degree 1
Vh Space of P1 Finite Elements
Vh,0 Vh,0 := Vh ∩H1

0 (Ω)
Ih Lagrange interpolation operator
A = (aij)i,j=1,··· ,N Finite Element stiffness matrix
Mass = (mij)i,j=1,··· ,N Finite Element mass matrix
D = (dij)i,j=1,··· ,N Artificial diffusion matrix
D̃ = (d̃ij)i,j=1,··· ,N Correction matrix
αij Flux limiter
dh(·; ·, ·) AFC stabilization term
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2 Function spaces
In this section, we provide the fundamental function spaces which will be used on the following
pages. We start with the introduction to the basic function spaces, i.e. continuous and Hölder-
continuous function spaces. After that, the definitions of the Lp-spaces and the Sobolev spaces
will be provided. Throughout this section we assume that Ω ⊆ Rd, d ∈ N is an open, bounded
domain with Lipschitz boundary Γ. According to [Gris85, Corollary 1.2.2.3], the following
theory also holds for an open, bounded an convex domain. For the precise definition of Lipschitz
boundaries we refer to [Gris85, Definition 1.2.1.1]. A detailed review of the upcoming functional
analysis includes [Ada75, Brez11, Evans98, Gris85, Pfeff15].

2.1 Classical function spaces
Definition 2.1. Let m ∈ N. A multi-index α is a vector α = (α1, · · · , αm) with αj ∈ N0, j =
1, · · · ,m and

|α| :=
m∑
j=1

αj.

Definition 2.2. Let f : Rd → R be a |α|-times continuous differentiable function, then the
α-partial derivative of f is defined by

Dαf =
∂|α|f

∂xα1
1 ∂x

α2
2 · · · ∂x

αd
d

.

We denote the gradient of a continuous differentiable function f : Rd → R by

∇f :=
( ∂f
∂x1

, · · · , ∂f
∂xd

)T
with ∇jf =

∂f

∂xj
∀j = 1, · · · , d.

Definition 2.3. Let k ∈ N0 and let α = (α1, α2) ∈ N2
0 be a multi-index. The space Ck(Ω)

is defined as the set of all functions f on Ω with continuous derivatives Dαf up to order k.
Further, we set C∞(Ω) = ∩∞k=0C

k(Ω) and Ck
0 (Ω) = {f ∈ Ck(Ω) : supp(f) ⊂ Ω is compact}.

The space Ck(Ω̄) denotes the set of all functions f on Ω with bounded and uniformly continuous
derivatives Dαf up to order k, i.e. the derivatives Dαf can continuously be extended to Ω̄ for
|α| ≤ k. The norm in Ck(Ω̄) is defined by

‖ f ‖Ck(Ω̄):=
∑
|α|≤k

sup
x∈Ω
|(Dαf)(x)|.

For k = 0 we set C(Ω) = C0(Ω) and C(Ω̄) = C0(Ω̄). Moreover, we define

C∞0 (Ω) = {f ∈ C∞(Ω) : supp(f) ⊂ Ω is compact}.

Definition 2.4. Let γ ∈ (0, 1]. The space of all Hölder-continuous functions to the exponent γ
is defined by

C0,γ(Ω̄) := {f ∈ C(Ω̄) : ∃ c > 0 ∀x1, x2 ∈ Ω̄ : |f(x1)− f(x2)| ≤ c ‖ x1 − x2 ‖γ2}.

The associated norm is defined by

‖ f ‖C0,γ(Ω̄):=‖ f ‖C(Ω̄) + sup
x1,x2∈Ω̄
x1 6=x2

|f(x1)− f(x2)|
‖ x1 − x2 ‖γ2

.
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Definition 2.5. The dual space of C(Ω̄), denoted byM(Ω̄) is called the space of Radon mea-
sures on Ω̄. The spaceM(Ω̄) is endowed with the norm

‖ µ ‖M(Ω̄)= sup
z∈B1

∫
Ω

z dµ

where

B1 := {z ∈ C(Ω̄) : ‖ z ‖C(Ω̄)≤ 1}.

Now, we introduce the Lp-spaces for a domain G which coincides with Ω, its boundary Γ
or with a subset Γs ⊂ Γ. Note that in the case of a boundary integral, i.e. G ∈ {Γ,Γs}, the
variable of integration is s and in the case of G = Ω, the variable of integration is x.

Definition 2.6 (Lp-spaces). Let G be Ω, its boundary Γ or a subset of the boundary Γs ⊂ Γ with
|Γs| > 0. The Lebesgue space Lp(G) with 1 ≤ p < ∞ is the space of all Lebesgue-measurable
functions f such that ∫

G
|f |p <∞.

For 1 ≤ p <∞ the Lp(G)-norm is defined by

‖ f ‖0,p,G:=
(∫
G
|f |p
) 1
p
.

We denote by L∞(G) the Banach space of real valued functions f such that

|f(x)| ≤ C a.e. in/on G

where C > 0 is constant. The L∞(G)-norm is defined by

‖ f ‖0,∞,G:= ess sup
x∈G

|f(x)| := inf
N⊂G
|N|=0

sup
x∈G\N

|f(x)|.

Remark 2.7. The spaces (Lp(G), ‖ · ‖0,p,G) and (L∞(G), ‖ · ‖0,∞,G) are Banach spaces. For
p = 2, the space L2(G) is a Hilbert space with the inner product

(f, g)G =

∫
G
fg

and the induced norm

‖ f ‖0,2,G= (f, f)
1
2
G .

In the following we set

‖ f ‖0,G:=‖ f ‖0,2,G .

According to the Lp-spaces, we have the following Hölder inequality which can be found for
instance in [Brez11, Theorem 4.6].

Lemma 2.8 (Hölder inequality). Let 1 ≤ p ≤ ∞ and p′ the conjugate exponent of p, i.e.
1
p

+ 1
p′

= 1. For f ∈ Lp(G) and g ∈ Lp′(G) we have fg ∈ L1(G) and the inequality∣∣∣ ∫
G
fg
∣∣∣ ≤‖ f ‖0,p,G‖ g ‖0,p′,G .
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Now, we define the usual Sobolev spaces.

Definition 2.9 (W k,p(Ω) − spaces). Let 1 ≤ p ≤ ∞ and k ∈ N0. Furthermore, let α =
(α1, α2) ∈ N2

0 be a multi-index. The Sobolev space W k,p(Ω) is the space of all functions f ∈
Lp(Ω) whose weak derivatives Dαf exist and belong to Lp(Ω) for |α| ≤ k. The space W k,p(Ω)
is equipped with the norm

‖ f ‖k,p,Ω :=

∑
|α|≤k

‖ Dαf ‖p0,p,Ω

 1
p

if 1 ≤ p <∞

‖ f ‖k,∞,Ω :=
∑
|α|≤k

‖ Dαf ‖0,∞,Ω .

The seminorms are given by

|f |k,p,Ω :=

∑
|α|=k

‖ Dαf ‖p0,p,Ω

 1
p

if 1 ≤ p <∞

|f |k,∞,Ω :=
∑
|α|=k

‖ Dαf ‖0,∞,Ω .

For p = 2 we set

‖ f ‖k,Ω :=‖ f ‖k,2,Ω
|f |k,Ω := |f |k,2,Ω.

Definition 2.10. Let 1 ≤ p ≤ ∞ and k ∈ N. The space W k,p
0 (Ω) denotes the closure of C∞0 (Ω)

with respect to the norm ‖ · ‖k,p,Ω, i.e.

W k,p
0 (Ω) := C∞0 (Ω)

‖·‖k,p,Ω
.

Lemma 2.11. (Poincaré inequality) Let 1 ≤ p < ∞. Then, there exists a constant Cp > 0
(depending on Ω and p) such that

‖ f ‖0,p,Ω≤ Cp ‖ ∇f ‖0,p,Ω ∀f ∈ W 1,p
0 (Ω).

Proof. See [Brez11, Corollary 9.19].

Remark 2.12. Let 1 ≤ p <∞. Then, the norm

|f |1,p :=‖ ∇f ‖0,p,Ω

is equivalent to the norm ‖ · ‖1,p,Ω on the space W 1,p
0 (Ω).

In the following we extend Definition 2.9 to non-integers s > 0. This leads us to the so-called
fractional Sobolev spaces which arise in many applications of partial differential equations and
optimal control theory. For a general introduction to fractional Sobolev spaces we refer to
[Gris85, Section 1.3] or [Trie78].

Definition 2.13 (W s,p(Ω)−spaces). Let 1 ≤ p <∞ and α ∈ N2
0 be a multi-index. Furthermore,

let s > 0 be a non-integer where s = k + σ with k ∈ N0 and 0 < σ < 1. The space W s,p(Ω)
denotes the space of all functions which belong to W k,p(Ω) and satisfy

|f |s,p,Ω :=

∑
|α|=k

∫
Ω

∫
Ω

|(Dαf)(x1)− (Dαf)(x2)|p

|x1 − x2|2+σp
dx1 dx2

 1
p

<∞.

8



The corresponding norm is given by

‖ f ‖s,p,Ω:=
(
‖ f ‖pk,p,Ω +|f |ps,p,Ω

) 1
p .

For p = 2 we set

‖ f ‖s,Ω :=‖ f ‖s,2,Ω
|f |s,Ω := |f |s,2,Ω.

Now, we define the Sobolev spaces W s,p(Γ) on the Lipschitz boundary Γ. Note that in this
work, only the spaces W s,p(Γ) with 1 ≤ p < ∞ and 0 < s ≤ 1 will be used. However, the
following definition also holds for an arbitrary 0 < s ≤ k with k ∈ N when Ω is of class Ck−1,1.
For detailed information on the general definition of Sobolev spaces on manifolds we refer to
[Gris85, Section 1.3.3] or [Wlok92, Section 1§4].

Definition 2.14 (W s,p(Γ)-spaces). Let 1 ≤ p ≤ ∞ and α ∈ N2
0 be a multi-index. For k ∈ {0, 1}

the space W k,p(Γ) is the space of all functions f ∈ Lp(Γ) whose weak tangential derivatives ∂αt f
exist and belong to Lp(Γ) for |α| ≤ k. The corresponding norm is given by

‖ f ‖k,p,Γ :=

∑
|α|≤k

‖ ∂αt f ‖
p
0,p,Γ

 1
p

if 1 ≤ p <∞

‖ f ‖k,∞,Γ :=
∑
|α|≤k

‖ ∂αt f ‖0,∞,Γ .

The seminorm | · |k,p,Γ is defined as in Defintion 2.9. Furthermore, we set W 0,p(Γ) := Lp(Γ).
For every non-integer 0 < s < k and 1 ≤ p <∞ we set s = m+σ with m ∈ N0 and 0 < σ < 1.
The space W s,p(Γ) denotes the space of all functions which belong to Wm,p(Γ) and satisfy

|f |s,p,Γ :=

∑
|α|=m

∫
Γ

∫
Γ

|(∂αt f)(x1)− (∂αt f)(x2)|p

|x1 − x2|1+σp
dsx1 dsx2

 1
p

<∞.

The space W s,p(Γ) is equipped with the norm

‖ f ‖s,p,Γ:=
(
‖ f ‖pm,p,Γ +|f |ps,p,Γ

) 1
p .

For p = 2 we set

‖ f ‖s,Γ :=‖ f ‖s,2,Γ
|f |s,Γ := |f |s,2,Γ.

Remark 2.15. In this work, we also use Sobolev spaces on line segments of a polygonal bound-
ary Γ. In detail, from Section 3 we consider an open, bounded, convex and polygonal domain
Ω ⊆ R2. Regarding [Gris85, Section 4, p. 182], a polygonal domain is a union of open line seg-
ments {Γi}mi=1 ⊂ Γ with m ∈ N and

m
∪
i=1

Γ̄i = Γ. In Section 3.2.1 we will prove several regularity
results for a solution of an elliptic partial differential equation with Robin boundary condition.
For this, we will use for the data on the boundary the product space Πm

i=1W
1
2
,2(Γi). Note that

the spaces W
1
2
,2(Γi), i = 1, · · · ,m can be defined analogously to Definition 2.14. In general,

due to the lack of regularity in the corners of Γ the product space Πm
i=1W

1
2
,2(Γi) do not coincide

with the space W
1
2
,2(Γ).
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Definition 2.16. For p = 2 and s ≥ 0 we introduce the notation (Hs(Ω), ‖ · ‖s,Ω),
(Hs

0(Ω), | · |s,Ω), (Hs(Γ), ‖ · ‖s,Γ) and (Hs(Γi), ‖ · ‖s,Γi), i = 1, · · · ,m where

Hs(Ω) := W s,2(Ω)

Hs
0(Ω) := W s,2

0 (Ω)

Hs(Γ) := W s,2(Γ)

Hs(Γi) := W s,2(Γi), i = 1, · · · ,m.

In the following, let us recall several embedding theorems which can be found for instance
in [Alt06, Section 8]. For a detailed introduction to Sobolev spaces and embedding theorems
we refer to [Gris85, Section 1.4], [Ada75] or [BeLöf76, Section 6].

Theorem 2.17. Let 1 ≤ p, q <∞ and let s, t ≥ 0 be real numbers and k a non-negative integer.
Then, the following assertions hold:

1.) Let s− d/p = t− d/q and s ≥ t. Then, the continuous embedding W s,p(Ω) ↪→ W t,q(Ω) is
valid.

2.) Let s − d/p > t − d/q and s > t. Then, the compact embedding W s,p(Ω)
c
↪→ W t,q(Ω) is

valid.

3.) Let s− d/p = k+ σ and 0 < σ < 1. Then, the continuous embedding W s,p(Ω) ↪→ Ck,σ(Ω̄)
is valid.

4.) Let s− d/p > k+ σ and 0 ≤ σ ≤ 1. Then, the compact embedding W s,p(Ω)
c
↪→ Ck,σ(Ω̄) is

valid.

For the investigation of boundary value problems it is often necessary that functions be-
longing to W k,p(Ω) with k ≥ 1 have boundary values in so far as:

Theorem 2.18. Let 1 ≤ p ≤ ∞. Then, there exists a linear and continuous mapping τ :
W 1,p(Ω)→ Lp(Γ) such that for all f ∈ C(Ω̄)

(τf) (x) = f(x) a.e. on Γ

is valid. Moreover, there exists a constant Cτ > 0 such that for all f ∈ W 1,p(Ω)

‖ τf ‖0,p,Γ≤ Cτ ‖ f ‖1−1/p
0,p,Ω ‖ f ‖

1/p
1,p,Ω

holds.

Proof. See [Alt06, Theorem A6.6] and [BreSco02, Theorem 1.6.6].

Definition 2.19. The element τf is called trace of f on the boundary Γ and the mapping τ
is called trace operator. In the following we use for the trace of a function f ∈ W 1,p(Ω) with
1 ≤ p ≤ ∞ the notation τf = f|Γ.

Theorem 2.20. Let 1 < p < ∞. The trace operator is a bounded and linear operator from
τ : W 1,p(Ω)→ W 1− 1

p
,p(Γ).

Proof. See [Gris85, Theorem 1.5.1.2].

Lemma 2.21. Let f ∈ W 1,∞(Ω)2. Then, the integration-by-parts formula yields∫
Ω

(f · ∇z)ψ + (f · ∇ψ) z + div(f)zψ dx =

∫
Γ

f · nzψ ds ∀z, ψ ∈ H1(Ω).

Proof. See [DPE11, Section 2.1.5].
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2.2 Elementary functions and results
Definition 2.22. Let i, j ∈ N. The Kronecker-Delta function δij is defined by

δij :=

{
1 , i = j

0 , i 6= j.

Definition 2.23. For k > 0 we define the truncation function Ψk : R→ R by

Ψk(z) :=


k , z > k

z , |z| ≤ k

−k , z < −k.
(2.2.1)

Note that the function Ψk is Lipschitz continuous with a Lipschitz constant L = 1.

Definition 2.24. For r1, r2 ∈ R ∪ {−∞,∞} with r1 < r2 we define the pointwise projection
formula P[r1,r2] : R→ R by

P[r1,r2](z) = min{r2,max{z, r1}} ∀z ∈ R.

Remark 2.25. For k > 0 we have

Ψk(z) = P[−k,k](z) ∀z ∈ R.

Lemma 2.26. Let r1, r2 ∈ R ∪ {−∞,∞} with r1 < r2. Then, we have for z ∈ R

max{0, z − r2}+ min{0, z − r1} = z − P[r1,r2](z). (2.2.2)

Proof. First, we investigate the case r1 ≤ z ≤ r2. According to Definition 2.24, we have
P[r1,r2](z) = z and

z − r2 ≤ 0→ max{0, z − r2} = 0

z − r1 ≥ 0→ min{0, z − r1} = 0.

Thus, we obtain

max{0, z − r2}+ min{0, z − r1} = 0 = z − P[r1,r2](z).

In the case z ≤ r1 < r2 we have P[r1,r2](z) = r1 and

z − r2 < 0→ max{0, z − r2} = 0

z − r1 ≤ 0→ min{0, z − r1} = z − r1

such that (2.2.2) holds. In the last case we investigate the case r1 < r2 ≤ z. We have
P[r1,r2](z) = r2 and

z − r2 ≥ 0→ max{0, z − r2} = z − r2

z − r1 > 0→ min{0, z − r1} = 0

such that again (2.2.2) is valid.

Lemma 2.27 (Young inequality). Let a, b ≥ 0 and p, q ∈ (1,∞) such that 1
p

+ 1
q

= 1. Then

ab ≤ ap

p
+
bq

q
(2.2.3)

holds. For γ > 0 we have for all a, b ≥ 0

ab ≤ γa2

2
+
b2

2γ
. (2.2.4)
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3 Elliptic boundary value problems
In this section, we analyze the convection-diffusion reaction equation (1.1.1) with two types
of boundary conditions. Firstly, we investigate the convection-diffusion reaction equation with
Dirichlet boundary condition which arises in (P ) and secondly we provide the analysis of the
convection-diffusion reaction equation with Robin boundary condition which arises in (PΓ).
From now on, let Ω ⊆ R2 be an open, bounded, convex and polygonal domain with boundary
Γ. Due to [Gris85, Theorem 1.2.2.3] the domain Ω is Lipschitz. As we have mentioned in
Section 1.1 we consider the following data of the convection-diffusion reaction equation.

(A1) ε > 0 is a constant diffusion coefficient.

(A2) b ∈ W 1,∞(Ω)2 is a convection field which satisfies

div(b) = 0.

(A3) c ∈ L∞(Ω) is a reaction coefficient which satisfies c0 := ess inf c > 0.

Before we start with the analysis of the elliptic boundary value problems, let us recall two
fundamental results of functional analysis. Let (V, ‖ · ‖V ) be a real Hilbert space, V ∗ its dual
and u ∈ V . Then, a continuous linear functional Fu can be defined on V by

Fu(v) = (u, v)V . (3.0.1)

The following theorem of Riesz yields the reverse case, i.e. for every functional F ∈ V ∗ there
exists an element u ∈ V such that (3.0.1) holds.

Theorem 3.1 (Riesz). Let F be a continuous linear functional on V . Then, F can be repre-
sented uniquely by

F (v) = (u, v)V

for some u ∈ V . Furthermore, we have

‖ F ‖V ∗=‖ u ‖V .

Proof. See [BreSco02, Theorem 2.4.2].

The basic Lax-Milgram theorem is another relevant result which should be considered.

Lemma 3.2 (Lax-Milgram). Let V be a Hilbert space and let a : V × V → R be a continuous
bilinear form. Assume that a is coercive, i.e. there exists a constant C1 > 0 such that

a(v, v) ≥ C1 ‖ v ‖2
V ∀v ∈ V.

Then, for every continuous linear form F ∈ V ∗ there exists a unique y ∈ V such that

a(y, v) = F (v) ∀v ∈ V. (3.0.2)

Furthermore, there exists a constant C2 > 0, independent of F such that

‖ y ‖V≤ C2 ‖ F ‖V ∗ . (3.0.3)
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3.1 Dirichlet boundary condition
Now, let us investigate the convection-diffusion reaction equation with Dirichlet boundary con-
dition. According to Theorem 3.1 resp. Lemma 3.2, we have V = H1

0 (Ω) and V ∗ = H−1(Ω).
For u ∈ L2(Ω) we consider the equation

−ε∆y + b · ∇y + cy = u in Ω (3.1.1)
y = 0 on Γ.

We introduce the bilinear form a : H1
0 (Ω)×H1

0 (Ω)→ R given by

a(y, v) :=

∫
Ω

ε∇y · ∇v + (b · ∇y) v + cyv dx ∀y, v ∈ H1
0 (Ω) (3.1.2)

and define a linear continuous functional F : L2(Ω)→ H−1(Ω) by

L2(Ω) 3 u 7→ Fu(v) :=

∫
Ω

uv dx ∀v ∈ H1
0 (Ω). (3.1.3)

Hence, the resulting weak formulation of (3.1.1) is

a(y, v) = Fu(v) ∀v ∈ H1
0 (Ω). (3.1.4)

Definition 3.3. An element y ∈ H1
0 (Ω) satisfying (3.1.4) is called weak solution of (3.1.1) .

Lemma 3.4. The bilinear form (3.1.2) is continuous and coercive, i.e. there exists a constant
C > 0 such that for all y ∈ H1

0 (Ω)

a(y, y) ≥ C ‖ y ‖2
1,Ω .

Proof. Obviously, the bilinear form (3.1.2) is continuous. Due to the fact that div(b) = 0 and
y = 0 a.e. on Γ, integration-by-parts (Lemma 2.21) yields

∫
Ω

(b · ∇y) y dx = 0. Hence, we have

a(y, y) =

∫
Ω

ε∇y · ∇y + (b · ∇y) y + cy2 dx

=

∫
Ω

ε∇y · ∇y + cy2 dx

≥ ε|y|21,Ω + c0 ‖ y ‖2
0,Ω

≥ min{ε, c0} ‖ y ‖2
1,Ω

and obtain the coercivity of a(·, ·).

Theorem 3.5. For every u ∈ L2(Ω) the equation (3.1.1) admits a unique weak solution y ∈
H1

0 (Ω). Moreover, there exists a constant C > 0, depending on the domain Ω and on the data
of (3.1.1) such that

‖ y ‖1,Ω≤ C ‖ u ‖0,Ω . (3.1.5)

Proof. First, the space (H1
0 (Ω), ‖ · ‖1,Ω) is a Hilbert space. Lemma 3.4 yields the continuity

and the coercivity of a(·, ·). The functional F , i.e. (3.1.3) is linear and satisfies

|Fu(v)| ≤‖ u ‖0,Ω‖ v ‖0,Ω

≤ C ‖ u ‖0,Ω‖ v ‖1,Ω ∀v ∈ H1
0 (Ω).
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Hence, we obtain

‖ Fu ‖−1,Ω≤ C ‖ u ‖0,Ω . (3.1.6)

Lemma 3.2 (Lax-Milgram) yields the existence of a unique solution y ∈ H1
0 (Ω) for (3.1.4).

Moreover, we obtain by virtue of (3.1.6) the a priori H1(Ω)-estimate

min{ε, c0} ‖ y ‖1,Ω ≤‖ Fu ‖−1,Ω

≤ C ‖ u ‖0,Ω .

Next, we define a solution operator associated with the weak formulation (3.1.4). It is helpful
to introduce a linear and continuous operator denoted by G : L2(Ω) → H1(Ω) that maps an
arbitrary u ∈ L2(Ω) to the unique solution y ∈ H1(Ω). The embedding operator is denoted by
EH : H1(Ω)→ L2(Ω). Then, we are able to define the solution operator S : L2(Ω)→ L2(Ω) by

u 7→ y, y = Su = EHGu. (3.1.7)

With respect to the solution operator S the corresponding adjoint operator S∗ will be derived.
For this, we consider for w ∈ L2(Ω) the following convection-diffusion reaction equation

−ε∆p− b · ∇p+ cp = w in Ω

p = 0 on Γ. (3.1.8)

The associated bilinear form ã : H1
0 (Ω)×H1

0 (Ω)→ R is given by

ã(p, ψ) :=

∫
Ω

ε∇p · ∇ψ − (b · ∇p)ψ + cpψ dx.

Hence, Lemma 2.21 yields

ã(p, ψ) =

∫
Ω

ε∇p · ∇ψ − (b · ∇p)ψ + cpψ dx

=

∫
Ω

ε∇p · ∇ψ + (b · ∇ψ) p+ cpψ dx

= a(ψ, p)

such that the weak formulation is given by

a(ψ, p) = (w,ψ)Ω ∀ψ ∈ H1
0 (Ω). (3.1.9)

Definition 3.6. An element p ∈ H1
0 (Ω) satisfying (3.1.9) is called weak solution of (3.1.8).

Lemma 3.7. The adjoint operator S∗ : L2(Ω)→ L2(Ω) is given by

S∗w := p̂

where p̂ ∈ H1
0 (Ω) is the weak solution of (3.1.8) with respect to w ∈ L2(Ω).

Proof. Let f, w ∈ L2(Ω) be arbitrary functions. Moreover, let p̂ ∈ H1
0 (Ω) be the unique weak

solution of (3.1.8), i.e. we have

a(z, p̂) = (w, z)Ω ∀z ∈ H1
0 (Ω).
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For f ∈ L2(Ω) the solution operator S yields Sf = y where y ∈ L2(Ω) is the unique weak
solution of

a(y, z) = (f, z)Ω ∀z ∈ H1
0 (Ω).

Now, we choose z = y in the first and z = p̂ in the second weak formulation so that we obtain

(w, y)Ω = (f, p̂)Ω.

Due to the fact that we have choosen f ∈ L2(Ω) and w ∈ L2(Ω) arbitrarily, the definition of
the adjoint operator S∗ implies

(f, S∗w)Ω = (Sf,w)Ω = (y, w)Ω = (f, p̂)Ω.

Hence, we obtain

S∗w = p̂.

The operator

S∗ : L2(Ω)→ L2(Ω)

w 7→ S∗w := p̂

is linear. Following the lines of the proof of Theorem 3.5, we can verify the continuity of S∗.

3.1.1 Higher regularity of solutions

Theorem 3.5 ensures the existence of a unique weak solution y ∈ H1
0 (Ω) of (3.1.4). In our

numerical analysis we will need higher regularity of y.

Theorem 3.8. Let Ω ⊆ R2 be an open, bounded, convex and polygonal domain. Then, for
every u ∈ L2(Ω) there exists a unique solution y ∈ H2(Ω) of the elliptic partial differential
equation

−ε∆y + b · ∇y + cy = u in Ω (3.1.10)
y = 0 on Γ.

Moreover, there exists a constant C > 0, depending only on the domain and the data of the
partial differential equation (3.1.10) such that

‖ y ‖2,Ω≤ C ‖ u ‖0,Ω (3.1.11)

is satisfied.

Proof. See [Gris85, Theorem 3.2.1.2].

3.2 Robin boundary condition
In the following we analyze the convection-diffusion reaction equation with Robin boundary
conditions. According to Theorem 3.1 and Lemma 3.2, we have V = H1(Ω) and V ∗ = H1(Ω)∗.
Now, we consider the equation

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny −
b · n · y

2
= u on Γ.

(3.2.1)
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For the derivation of the weak formulation which corresponds to (3.2.1), let us assume that y
is sufficient regular. Then, Green’s first identity yields for v ∈ H1(Ω)∫

Ω

(−ε∆y)v + (b · ∇y)v + cyv dx

=

∫
Ω

ε∇y · ∇v + (b · ∇y) v + cyv dx−
∫

Γ

ε(∂ny)v ds

=

∫
Ω

ε∇y · ∇v + (b · ∇y) v + cyv dx−
∫

Γ

b · n · yv
2

+ uv ds.

We define the bilinear form aΓ : H1(Ω)×H1(Ω)→ R by

aΓ(y, v) :=

∫
Ω

ε∇y · ∇v + (b · ∇y) v + cyv dx−
∫

Γ

b · n · yv
2

ds (3.2.2)

and a linear, continuous functional F : L2(Γ)→ H1(Ω)∗ by

L2(Γ) 3 u 7→ Fu(v) :=

∫
Γ

uv ds ∀v ∈ H1(Ω). (3.2.3)

The weak formulation of (3.2.1) is given by

aΓ(y, v) = Fu(v) ∀v ∈ H1(Ω). (3.2.4)

Definition 3.9. An element y ∈ H1(Ω) satisfying (3.2.4) is called weak solution of (3.2.1) .

Lemma 3.10. The bilinear form (3.2.2) is continuous and coercive, i.e. there exists a constant
C > 0 such that for all y ∈ H1(Ω)

aΓ(y, y) ≥ C ‖ y ‖2
1,Ω .

Proof. The partial integration formula (Lemma 2.21) yields with Assumption (A2)∫
Ω

(b · ∇y) y dx =

∫
Γ

b · n · y2

2
ds.

Hence, the bilinear form (3.2.2) is coercive, i.e. we have

aΓ(y, y) =

∫
Ω

ε∇y · ∇y + (b · ∇y) y + cy2 dx−
∫

Γ

b · n · y2

2
ds

=

∫
Ω

ε∇y · ∇y + cy2 dx

≥ ε|y|21,Ω + c0 ‖ y ‖2
0,Ω

≥ min{ε, c0} ‖ y ‖2
1,Ω .

Theorem 3.11. For every u ∈ L2(Γ) the equation (3.2.1) admits a unique weak solution
y ∈ H1(Ω). Moreover, there exists a constant C > 0, depending on the domain Ω and on the
data of (3.2.1) such that

‖ y ‖1,Ω≤ C ‖ u ‖0,Γ . (3.2.5)
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Proof. First, the space (H1(Ω), ‖ · ‖1,Ω) is a Hilbert space. The functional F , i.e. (3.2.3) is
linear and satisfies for all v ∈ H1(Ω)

|Fu(v)| ≤‖ u ‖0,Γ‖ v ‖0,Γ

≤ Cτ ‖ u ‖0,Γ‖ v ‖1,Ω

where we have used the trace inequality (Lemma 2.18). Hence, we obtain

‖ Fu ‖H1(Ω)∗≤ Cτ ‖ u ‖0,Γ .

Combined with Lemma 3.10, Lemma 3.2 (Lax-Milgram) yields the existence of a unique solution
y ∈ H1(Ω) for (3.2.4). Moreover, we obtain the H1(Ω)-a priori estimate

min{ε, c0} ‖ y ‖1,Ω ≤‖ Fu ‖H1(Ω)∗

≤ Cτ ‖ u ‖0,Γ .

As in the case of Dirichlet boundary conditions, we define the solution operator associated
with the weak formulation (3.2.4). We introduce a linear and continuous operator denoted by
G : L2(Γ) → H1(Ω) that maps an arbitrary u ∈ L2(Γ) to the unique solution y ∈ H1(Ω).
The embedding operator is denoted by EH : H1(Ω) → L2(Ω). Thus, we are able to define the
solution operator S : L2(Γ)→ L2(Ω) by

u 7→ y, y = Su = EHGu. (3.2.6)

For the derivation of the adjoint operator corresponding to S we consider the following convection-
diffusion reaction equation

−ε∆p− b · ∇p+ cp = w in Ω

ε∂np+
b · n · p

2
= 0 on Γ (3.2.7)

where w ∈ L2(Ω). The associated bilinear form ãΓ : H1(Ω)×H1(Ω)→ R of (3.2.7) is given by

ãΓ(p, ψ) :=

∫
Ω

ε∇p · ∇ψ − (b · ∇p)ψ + cpψ dx+

∫
Γ

b · n · pψ
2

ds.

Lemma 2.21 yields

−
∫

Ω

(b · ∇p)ψ dx+

∫
Γ

b · n · pψ
2

ds

= −
∫

Ω

(b · ∇p)ψ dx+

∫
Γ

b · n · pψ ds−
∫

Γ

b · n · pψ
2

ds

=

∫
Ω

(b · ∇ψ) p dx−
∫

Γ

b · n · pψ
2

ds

such that

ãΓ(p, ψ) =

∫
Ω

ε∇p · ∇ψ − (b · ∇p)ψ + cpψ dx+

∫
Γ

b · n · pψ
2

ds

=

∫
Ω

ε∇p · ∇ψ + (b · ∇ψ) p+ cpψ dx−
∫

Γ

b · n · pψ
2

ds

= aΓ(ψ, p).
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The weak formulation of (3.2.7) is given by

aΓ(ψ, p) = (w,ψ)Ω ∀ψ ∈ H1(Ω). (3.2.8)

Following the lines of Theorem 3.11, one can easily show that for every w ∈ L2(Ω) the equation
(3.2.8) is uniquely solvable in H1(Ω).

Lemma 3.12. The adjoint operator S∗ : L2(Ω)→ L2(Γ) is given by

S∗w := p̂|Γ

where p̂ ∈ H1(Ω) is the weak solution of (3.2.8) with respect to w ∈ L2(Ω).

Proof. Let f ∈ L2(Γ) and w ∈ L2(Ω) be arbitrary functions. Moreover, let p̂ ∈ H1(Ω) be the
unique weak solution of (3.2.8), i.e. we have

aΓ(z, p̂) = (w, z)Ω ∀z ∈ H1(Ω).

For f ∈ L2(Γ) the solution operator S yields Sf = y where y ∈ L2(Ω) is the unique solution of

aΓ(y, z) = (f, z)Γ ∀z ∈ H1(Ω).

If we choose z = y in the first and z = p̂ in the second weak formulation we obtain∫
Ω

wy dx =

∫
Γ

fp̂ ds.

Due to the fact that we have choosen f ∈ L2(Γ) and w ∈ L2(Ω) arbitrarily the definition of the
adjoint operator S∗ implies

(f, S∗w)Γ = (Sf,w)Ω = (y, w)Ω = (f, p̂)Γ.

Hence, we obtain

S∗w = p̂|Γ.

The operator

S∗ : L2(Ω)→ L2(Γ)

w 7→ S∗w := p̂|Γ

is linear. Thanks to the coercivity of aΓ(·, ·) and the trace inequality, we obtain

‖ p̂ ‖0,Γ≤ Cτ ‖ p̂ ‖1,Ω≤ CτC ‖ w ‖0,Ω

with constants Cτ , C > 0 so that the operator S∗ is continuous.

3.2.1 Higher regularity of solutions

For the derivation and validity of some convergence results which arise especially in Section 7.2
and Section 8 we use a higher regularity of the solutions than Theorem 3.11 provided. In this
context we refer to [JeKe81] where the authors verify H

3
2 (Ω)-regularity of the solution for the

homogeneous Neumann boundary value problem

−ε∆y = 0 in Ω

ε∂ny = G on Γ
(3.2.9)
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provided that G ∈ L2(Γ) and
∫

Γ
G ds = 0. Following [Dha12, Theorem 1.12], one can easily

show that the inhomogeneous Neumann boundary value problem

−ε∆y = F in Ω

ε∂ny = G on Γ
(3.2.10)

possesses a solution y ∈ H 3
2 (Ω) provided that F ∈ Hs−2(Ω) for some s ∈ (3

2
, 2], G ∈ L2(Γ) and∫

Ω
F dx+

∫
Γ
G ds = 0. Moreover, one can show that

‖ y ‖ 3
2
,Ω + ‖ y ‖1,Γ≤ C(‖ F ‖0,Ω + ‖ G ‖0,Γ) (3.2.11)

holds. According to (3.2.1), the verification of the H
3
2 (Ω)-regularity and the validity of an a

priori estimate can be done by defining F := −cy − b · ∇y and G := b·n·y
2

+ u. Testing (3.2.4)
with v = 1, one can prove that the solvability condition

∫
Ω
F dx +

∫
Γ
G ds = 0 holds. Due to

Theorem 3.11 we have y ∈ H1(Ω) and consequently F ∈ L2(Ω). By virtue of Theorem 2.20 and
u ∈ L2(Γ) we obtain G ∈ L2(Γ). The combination of (3.2.11) and the H1(Ω)-a priori estimate
of y (see Theorem 3.11) yields

‖ y ‖ 3
2
,Ω + ‖ y ‖1,Γ≤ C ‖ u ‖0,Γ .

Apart from the derived H
3
2 (Ω)-regularity we are able to prove that H2(Ω)-regularity holds

for the solution of (3.2.1). For this, it is sufficient to assume that G ∈ Πm
i=1H

1
2 (Γi) where

{Γi}mi=1 ⊂ Γ are the line segments of the boundary Γ (see Remark 2.15). Next, in the case
where Ω is a quadrant, we show that there exists a solution y ∈ H2(Ω) for the partial differential
equation

−ε∆y = F in Ω

ε∂ny = Gi on Γi, i = 1, · · ·m.
(3.2.12)

However, by virtue of [Gris85, Section 1.5, pp.47], one can prove H2(Ω)-regularity also for a
rectilinear polygon Ω. Moreover, the H2-regularity still holds when a suitable C2-coordinate
transformation (see [Ada75, Section 3, Transformation of Coordinates]) changes the angle of a
rectangular corner. For proving the existence of a solution y ∈ H2(Ω) for (3.2.12) we start with
the verification of the existence of a function ŷ ∈ H2(Ω) such that

ε∂nŷ = Gi on Γi, i = 1, · · · ,m.

Lemma 3.13. Let Ω ⊆ R2 be a quadrant. Moreover, let G = (G1, · · · , Gm) ∈ Πm
i=1H

1
2 (Γi).

Then, there exists a function ŷ ∈ H2(Ω) such that

ε∂nŷ = Gi on Γi, i = 1, · · · ,m.

Proof. Let us consider the first quadrant R+ ×R+ of Ω. In the following, we prove the surjec-
tivity of the operator T : H2(R+ × R+) → H

3
2 (R+) ×H 1

2 (R+) ×H 3
2 (R+) ×H 1

2 (R+) which is
defined by

y 7→ Ty := (G0,1, G1, G0,2, G2)

where

G0,1 = y|x2=0

G1 = (Dx2y)|x2=0

G0,2 = y|x1=0

G2 = (Dx1y)|x1=0 .

19



For the surjectivity of T we follow [Gris85, Theorem 1.5.2.4] where it is sufficient to verify that
the conditions

G0,1(0) = G0,2(0) (3.2.13)

and
1∫

0

|G1(t)−DG0,2(t)|2 dt
t
<∞ (3.2.14)

1∫
0

|DG0,1(t)−G2(t)|2 dt
t
<∞ (3.2.15)

hold. Now, the strategy is to define the functions G0,1, G0,2 such that (3.2.13)-(3.2.15) are
satisfied. We start with condition (3.2.14). We define

z(t) := G1(t)−DG0,2(t) ∀t ∈ [0, 1]

and G0,2 :=
∫
G1 dt + C1, i.e. G0,2 is the antiderivative to G1 with a constant C1. Then, we

have z(t) = 0 for all t ∈ [0, 1] and thus

1∫
0

z(t)2 dt

t
= 0

such that (3.2.14) is fulfilled. For the verification of condition (3.2.15) we proceed in the same
way. We define

z(t) := DG0,1(t)−G2(t) ∀t ∈ [0, 1]

and G0,1 :=
∫
G2 dt+ C2 with a constant C2. Hence, condition (3.2.15) is satisfied. Note that

due to the regularity G1, G2 ∈ H
1
2 (R+) we have G0,1, G0,2 ∈ H

3
2 (R+) and thus with the Sobolev

embedding theorem G0,1, G0,2 ∈ C(R+). Now, for the satisfaction of (3.2.13), we have to adjust
the constants C1, C2 ∈ R. Let us choose C1 = 0 and

C2 :=

(∫
G1 dt

)
(0)−

(∫
G2 dt

)
(0).

Then, we obtain

G0,2(0) =

(∫
G1 dt

)
(0) =

(∫
G2 dt

)
(0) + C2 = G0,1(0).

Hence, condition (3.2.13) is fulfilled. Altogether, with the definition

G0,1 :=

∫
G1 dt ∈ H

3
2 (R+)

G0,2 :=

∫
G2 dt+

(∫
G1 dt

)
(0)−

(∫
G2 dt

)
(0) ∈ H

3
2 (R+)

the conditions (3.2.13)-(3.2.15) are valid. Thus, [Gris85, Theorem 1.5.2.4] yields the existence
of a function ŷ ∈ H2(Ω) which satisfies

ε∂nŷ = Gi on Γi, i = 1, 2.

The proof for the other quadrants goes in the same way.
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In the following, we prove the existence of a solution y ∈ H2(Ω) for (3.2.12).

Lemma 3.14. Let Ω ⊆ R2 be a quadrant. Then, for every (F,G) ∈ L2(Ω)×Πm
i=1H

1
2 (Γi) there

exists a solution y ∈ H2(Ω) for the partial differential equation

−ε∆y = F in Ω

ε∂ny = Gi on Γi, i = 1, · · ·m.
(3.2.16)

Proof. Let us consider the boundary data of (3.2.16), i.e. (G1, · · · , Gm) ∈ Πm
i=1H

1
2 (Γi). In the

case where Ω is a quadrant, Lemma 3.13 yields the existence of a function ŷ ∈ H2(Ω) such that

ε∂nŷ = Gi on Γi, i = 1, · · · ,m.

Let us define the function F̂ := ε∆ŷ+F ∈ L2(Ω). Then, the homogeneous Neumann boundary
problem

−ε∆Y = F̂ in Ω

ε∂nY = 0 on Γ
(3.2.17)

possesses a unique solution Y ∈ H2(Ω). Consequently , the function y := Y + ŷ ∈ H2(Ω) solves

−ε∆y = −ε∆Y − ε∆ŷ = F̂ − ε∆ŷ = F in Ω

and

ε∂ny = ε∂nY + ε∂nŷ = ε∂nŷ = Gi on Γi, i = 1, · · · ,m.

Finally, we can conclude that y ∈ H2(Ω) solves the partial differential equation

−ε∆y = F in Ω

ε∂ny = Gi on Γi i = 1, · · · ,m.
(3.2.18)

In the case of a convex and polygonal domain Ω, one can follow [Pfeff15, Definition 2.19]
where the author partitions the domain by an intersection with circles centered at the corners
which do not overlap. Hence, the domain Ω is subdivided in circular sectors around the corners
and the remaining part. According to [Pfeff15, Section 3.1.1, p.27], the H2-regularity of a
solution is valid on the remaining part. Using a suitable C2-coordinate transformation, the H2-
regularity for quadrants (see Lemma 3.14) can be transferred to each circular sector. Then, the
local H2-regularity can be extended globally to the convex polygonal domain Ω by a partition
of unity. Thus, we can state the next result.

Theorem 3.15. Let Ω ⊆ R2 be an open, bounded, convex and polygonal domain. Then, for
every (F,G) ∈ L2(Ω)×Πm

i=1H
1
2 (Γi) there exists a solution y ∈ H2(Ω) for the partial differential

equation

−ε∆y = F in Ω

ε∂ny = Gi on Γi, i = 1, · · ·m.
(3.2.19)

Now, we apply Theorem 3.15 for proving the H2(Ω)-regularity of a solution y for (3.2.1).
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Theorem 3.16. Let Ω ⊆ R2 be an open, bounded, convex and polygonal domain. Then, for
every (f, u) ∈ L2(Ω) ×H 1

2 (Γ) there exists a unique solution y ∈ H2(Ω) for the elliptic partial
differential equation

−ε∆y + b · ∇y + cy = f in Ω

ε∂ny −
b · n · y

2
= u on Γ.

(3.2.20)

Moreover, there exists a constant C > 0, depending only on the domain and the data of the
partial differential equation (3.2.20) such that

‖ y ‖2,Ω≤ C
(
‖ f ‖0,Ω + ‖ u ‖ 1

2
,Γ

)
(3.2.21)

is satisfied.

Proof. Following the lines of Theorem 3.11, one can easily prove that there exists a unique
solution y ∈ H1(Ω) for (3.2.20). For the verification of the H2(Ω)-regularity of y and the cor-
responding H2(Ω)-a priori estimate, we define the operator A : H2(Ω)→ L2(Ω)×Πm

i=1H
1
2 (Γi)

by

y 7→ Ay := (f, u1, · · · , um)

where for i = 1, · · · ,m

−ε∆y + b · ∇y + cy = f in Ω

ε∂ny −
b · n · y

2
= ui on Γi

(3.2.22)

and {Γi}mi=1 are the line segments of the boundary Γ. Note that every function u ∈ H
1
2 (Γ)

belongs to the product space Πm
i=1H

1
2 (Γi) and the solution y of (3.2.20) also solves (3.2.22). In

the following, we prove that the operator A is linear, bijective and continuous. Obviously, the
operator A is linear.

Surjectivity:

Let (f, u1, · · · , um) ∈ L2(Ω) × Πm
i=1H

1
2 (Γi) be arbitrary. The application of Green’s formula

yields the following weak formulation of (3.2.22)∫
Ω

ε∇y · ∇v + (b · ∇y) v + cyv dx−
∫

Γ

b · n · yv
2

ds =

∫
Ω

fv dx+
m∑
i=1

∫
Γi

uiv ds ∀v ∈ H1(Ω).

Following the lines of Theorem 3.11, one can easily prove by the application of Lemma 3.2
(Lax-Milgram) that there exists a unique solution y ∈ H1(Ω). According to the continuity of
the trace operator τ : H1(Ω) → H

1
2 (Γ) (see Theorem 2.20), we obtain y ∈ H

1
2 (Γ). Due to

b ∈ W 1,∞(Ω)2 we have b ·n ·y ∈ H 1
2 (Γi) and consequently b·n·y

2
+ui ∈ H

1
2 (Γi) for i = 1, · · · ,m.

Now, the H2(Ω)-regularity of a unique solution y for (3.2.22) follows from the application of
Theorem 3.15 applied on the partial differential equation with F := −b · ∇y − cy + f and
boundary conditions ε∂ny = b·n·y

2
+ ui =: Gi on Γi for i = 1, · · · ,m. Hence, the operator A is

surjective. This implies the H2(Ω)-regularity of y.
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Injectivity:

For the verification of the injectivity, let y 6= ỹ be two solutions. We have to check that
Ay 6= Aỹ holds. Let us assume that Ay = Aỹ. Then, the weak formulation of (3.2.22) implies∫

Ω

ε∇(y − ỹ) · ∇v + (b · ∇y − ỹ) v + c(y − ỹ)v dx−
∫
Γ

b · n · (y − ỹ)v

2
ds = 0 ∀v ∈ H1(Ω).

The choice v = y − ỹ yields

min{ε, c0} ‖ y − ỹ ‖1,Ω≤ 0

so that we obtain y = ỹ. This is a contradiction proving the injectivity of the operator A.

Continuity:

Since the operator A is linear it sufficies to prove the boundedness, i.e.

‖ Ay ‖
L2(Ω)×Πmi=1H

1
2 (Γi)

=‖ f ‖0,Ω +Σm
i=1 ‖ ui ‖ 1

2
,Γi

≤ C ‖ y ‖2,Ω .

The proof of the boundedness of the operator A is straight forward. For this, note that we have

‖ f ‖0,Ω =‖ −ε∆y + b · ∇y + cy ‖0,Ω

≤ C1 ‖ y ‖2,Ω

where C1 > 0 is a constant. Moreover, using the facts that the unit outward normal n is
constant on each Γi, i = 1, · · · ,m and y ∈ H2(Ω), one can easily derive with the application of
the trace inequality (Theorem 2.20)

‖ ui ‖ 1
2
,Γi

=‖ ε∂ny −
b · n · y

2
‖ 1

2
,Γi

≤ C ‖ y ‖2,Ω

where C > 0 is a constant which depends on the data of the problem. Hence, the operator A is
bounded. Finally, the inverse mapping theorem [Brez11, Corollary 2.7] yields that the operator
A has a continuous inverse A−1 : L2(Ω)× Πm

i=1H
1
2 (Γi)→ H2(Ω) which is given by

A−1(f, u1, · · · , um) = y

with respect to (3.2.22). Through the continuity of A−1 we obtain the desired H2(Ω)-a priori
estimate

‖ y ‖2,Ω =‖ A−1(f, u1, · · · , um) ‖2,Ω

≤ CA−1

(
‖ f ‖0,Ω +

m∑
i=1

‖ ui ‖ 1
2
,Γi

)
(3.2.23)

where CA−1 > 0 is a constant, independent of y. As we have mentioned a solution y of
(3.2.20) also solves (3.2.22). The unique solution of (3.2.20) thus belongs to H2(Ω) and the
corresponding H2(Ω)-a priori estimate holds by virtue of (3.2.23).
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4 The optimal control problems
In this thesis, we focus on the following optimal control problems. First, we consider optimal
control problems with distributed control and Dirichlet boundary condition. In detail, we
investigate an unconstrained optimal control problem

min Jf (y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

 (Pf )

Then, we analyze a control constrained optimal control problem

min J b(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

ua ≤ u ≤ ub a.e. in Ω

 (Pb)

where ua, ub are the control constraints which will be specified below. Another interesting
case which will be dealt with here is the following state constrained optimal control without
constraints on the control

min Js(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

ya ≤ y ≤ yb a.e. in Ω

 (Ps)

The bounds ya, yb will be specified below. In Section 4.3.3 we will derive an error estimate from
a solution corresponding to (Ps) to the solution of an appropriate regularization of (Ps). Apart
from the investigation of the above-mentioned optimal control problems with distributed con-
trol we study the following control constrained optimal control problem with Robin boundary
control

min JΓ(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Γ

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny − b·n·y
2

= u on Γ

uΓ
a ≤ u ≤ uΓ

b a.e. on Γ

 (PΓ)

with control constraints uΓ
a , u

Γ
b . ∂n denotes the normal derivative with respect to the unit

outward normal n. Assumptions on the optimal control problems are formulated as follows.

(B1) The desired state yd is a given function in L2(Ω).

(B2) The functions ya, yb of the pointwise state constraints belong to C0,1(Ω̄) and satisfy

ya ≤ 0 ≤ yb a.e. on Γ.

(B3) The control constraints ua, ub ∈ L∞(Ω) satisfy

ua < ub a.e. on Ω.

(B4) The control constraints uΓ
a , u

Γ
b ∈ H1(Γ) ∩ L∞(Γ) satisfy

uΓ
a < uΓ

b a.e. on Γ.
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(B5) The Tikhonov regularization parameter λ > 0 is a fixed real number.

In the following sections, we introduce the analysis of (Pf ), (Pb), (Ps) and (PΓ). In detail we
verify the existence and uniqueness of solutions and provide first order sufficient and necessary
optimality conditions which correspond to the above-mentioned optimal control problems. The
analysis of problems with distributed control or boundary control can be found for instance in
[Troel] or [Lions71]. For the analysis of the state constrained optimal control problem we refer
to [Cas86], [KruRö08], [HtKu17] and [HzHt09]. Due to the fact that the verification of the
existence and uniqueness of optimal solutions for the optimization problems with distributed
control follows standard arguments, we keep these sections briefly. However, the analysis of
(Ps) has been extended such that the corresponding sections will be illustrated more in detail.

4.1 Unconstrained case
We start with the unconstrained optimal control problem

min Jf (y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

 (Pf )

4.1.1 Existence and uniqueness

For the verification of the existence and uniqueness of optimal solutions we use the following
basic result of the infinite-dimensional optimization which can be found for instance in [Troel,
Theorem 2.14].

Theorem 4.1. Let (U, ‖ · ‖U) and (H, ‖ · ‖H) be two Hilbert spaces. Let Uad ⊆ U be a
nonempty, convex, bounded and closed set. Furthermore, let yd ∈ H, λ ∈ R>0 and S : U → H
is a linear and continuous operator. Then, the optimization problem

min
u∈Uad

g(u) :=
1

2
‖ Su− yd ‖2

H +
λ

2
‖ u ‖2

U (4.1.1)

admits a unique optimal solution ū.

Proof. Since g(u) ≥ 0 there exists

j := inf
u∈Uad

g(u).

Consequently, there exists a sequence {un}∞n=1 ⊆ Uad such that g(un)→ j for n→∞. Due to
the boundedness, closedness and the convexity of Uad and the fact that U is a Hilbert space,
there exists a weakly converging subsequence {unk}∞k=1 such that unk ⇀ ū with ū ∈ Uad. The
continuity of the operator S implies the continuity of g. In combination with the convexity of
g we obtain that the objective functional g is weakly lower semicontinuous. Hence, we obtain

j = lim inf
k→∞

g(unk) ≥ g(ū).

Due to the fact that ū ∈ Uad we have g(ū) = j and by assumption λ > 0 that the optimal
solution ū is unique.

With the help of the control-to-state operator S, we rewrite the optimization problem (Pf )
only with respect to the control u. According to Theorem 4.1, we define the so-called reduced
form of (Pf ) which is given by

min
u∈L2(Ω)

g(u) := Jf (Su, u) =
1

2
‖ Su− yd ‖2

0,Ω +
λ

2
‖ u ‖2

0,Ω . (4.1.2)
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Theorem 4.2. There exists a unique optimal solution ū for the optimization problem (4.1.2).

Proof. Since Uad = L2(Ω) is not bounded, the original proof of Theorem 4.1 cannot be applied
directly for proving the existence and uniqueness of an optimal solution for (4.1.2) . To apply
Theorem 4.1, we restrict the set of admissible controls L2(Ω) in the following way. Let u0 ∈
L2(Ω) be arbitrary. We define the set

U1
ad := {u ∈ L2(Ω) : ‖ u ‖2

0,Ω> 2λ−1g(u0)}.

Then, we obtain

g(u) = Jf (Su, u) =
1

2
‖ Su− yd ‖2

0,Ω +
λ

2
‖ u ‖2

0,Ω≥
λ

2
‖ u ‖2

0,Ω> g(u0) ∀u ∈ U1
ad. (4.1.3)

Hence, we restrict the optimization problem (4.1.2) on the nonempty, convex, bounded and
closed set

U2
ad := {u ∈ L2(Ω) : ‖ u ‖2

0,Ω≤ 2λ−1g(u0)}

and consider

min
u∈U2

ad

g(u). (4.1.4)

Theorem 4.1 yields a unique optimal solution ū ∈ U2
ad for the optimization problem (4.1.4) such

that

min
u∈U2

ad

g(u) = g(ū).

Regarding (4.1.3) and the fact u0 ∈ U2
ad, we are able to derive

g(u) > g(u0) ≥ g(ū) ∀u ∈ U1
ad

and by (4.1.4)

g(u) > g(ū) ∀u ∈ U2
ad \ {ū}.

Hence, we can conclude that ū is the unique optimal solution for the unconstrained optimal
control problem (4.1.2), i.e.

min
u∈L2(Ω)

g(u) = g(ū).

The combination of Theorem 3.5 and Theorem 4.2 yields the following result.

Theorem 4.3. There exists a unique optimal solution (ȳ, ū) for (Pf ).

The following necessary and sufficient optimality conditions of first order can be derived by
the Lagrangian approach (see [Troel, Section 2.10] and [Troel, Theorem 2.25]). Note that in
[Troel, Theorem 2.25] the considered differential operator contains no convection field. Thanks
to Assumption (A2) (see Section 3) on the convection field b, the bilinear form (3.1.2) satisfies
the assumptions in [Troel, Theorem 2.25]. Hence, the results in [Troel, Section 2.8.2, pp. 51]
can be transferred to (Pf ).
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Theorem 4.4. A pair (ȳ, ū) ∈ H1(Ω) × L2(Ω) is a solution of (Pf ) if and only if there exists
an adjoint solution p̄ ∈ H1(Ω) such that the following optimality system is satisfied

a(ȳ, v) = (ū, v)Ω ∀v ∈ H1
0 (Ω) (4.1.5)

a(ψ, p̄) = (ȳ − yd, ψ)Ω ∀ψ ∈ H1
0 (Ω) (4.1.6)

(λū+ p̄, u− ū)Ω ≥ 0 ∀u ∈ L2(Ω). (4.1.7)

According to [Troel, Theorem 2.28], a pointwise discussion of the variational inequality
(4.1.7) yields in the case without any control constraints

p̄+ λū = 0 a.e. in Ω. (4.1.8)

Remark 4.5 (Higher regularity). Due to the fact that ȳ, p̄ ∈ H1(Ω) and ū = − 1
λ
p̄, Theorem

3.8 yields ȳ ∈ H2(Ω). Since yd ∈ L2(Ω) we have p̄ ∈ H2(Ω).

4.2 Control constrained case
In this section, we provide the analysis of the following control constrained optimal control
problem

min J b(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

ua ≤ u ≤ ub a.e. in Ω

 (Pb)

4.2.1 Existence and uniqueness

For the verification of the existence and uniqueness of an optimal solution for (Pb), let us
introduce the following nonempty, closed, convex, and bounded set of admissible controls

Uad := {u ∈ L2(Ω) : ua(x) ≤ u(x) ≤ ub(x) a.e. in Ω}.

Similar to Section 4.1, we define the reduced functional

min
u∈Uad

g(u) := J b(Su, u) =
1

2
‖ Su− yd ‖2

0,Ω +
λ

2
‖ u ‖2

0,Ω . (4.2.1)

By virtue of Theorem 4.1 we are able to state the following results.

Theorem 4.6. There exists a unique optimal solution ū for the optimization problem (4.2.1).

Theorem 4.7. There exists a unique optimal solution (ȳ, ū) for (Pb).

Regarding [Troel, Theorem 2.25], necessary and sufficient optimality conditions for (Pb) can
be written as follows.

Theorem 4.8. A pair (ȳ, ū) ∈ H1(Ω)×L2(Ω) is an optimal solution of (Pb) if and only if there
exists an adjoint solution p̄ ∈ H1(Ω) such that the following optimality system is satisfied

a(ȳ, v) = (ū, v)Ω ∀v ∈ H1
0 (Ω) (4.2.2)

a(ψ, p̄) = (ȳ − yd, ψ)Ω ∀ψ ∈ H1
0 (Ω) (4.2.3)

(λū+ p̄, u− ū)Ω ≥ 0 ∀u ∈ Uad. (4.2.4)
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Due to [Troel, Theorem 2.28] condition (4.2.4) is equivalent to

ū = P[ua,ub]

(
−1

λ
p̄

)
a.e. in Ω

where P[ua,ub](·) is defined by Definition 2.24.

Remark 4.9 (Higher regularity). Due to the fact that ū = P[ua,ub](− 1
λ
p̄) ∈ L2(Ω), Theorem 3.8

yields ȳ ∈ H2(Ω). Since yd ∈ L2(Ω) we have p̄ ∈ H2(Ω).

4.3 State constrained case
In this section, we investigate the state constrained optimal control problem (Ps). For this,
recall the formulated optimal control problem

min Js(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

ya ≤ y ≤ yb a.e. in Ω

 (Ps)

4.3.1 Existence and uniqueness

Now, we prove the existence and uniqueness of a solution for (Ps). For this, we introduce the
set of admissible controls by

US
ad := {u ∈ L2(Ω) : ya(x) ≤ Su(x) ≤ yb(x) a.e. in Ω}. (4.3.1)

Similar to the proofs in the unconstrained case resp. the control constrained case which cor-
respond to the existence of a solution, we have to assume that there exists a feasible control
so that US

ad 6= ∅. However, we require a stronger condition, that will ensure the existence of
Lagrange multipliers (see Remark 4.13).

Assumption 4.10 (Slater-condition). There exists a function û ∈ L2(Ω) such that

ya(x) < ŷ(x) < yb(x) ∀x ∈ Ω̄

where ŷ = Sû.

Note that the Slater-condition implies the existence of a feasible control û ∈ US
ad for (Ps).

Furthermore, US
ad is convex, bounded and closed. Similar to the previous sections, we define

the reduced form which corresponds to (Ps) in the following way

min
u∈USad

g(u) := Js(Su, u) =
1

2
‖ Su− yd ‖2

0,Ω +
λ

2
‖ u ‖2

0,Ω . (4.3.2)

By application of Theorem 4.1, one can easily verify the existence of a unique optimal solution
for the optimization problem (4.3.2).

Theorem 4.11. Suppose that Assumption 4.10 is fulfilled. Then, the optimization problem
(4.3.2) admits a unique optimal solution ū ∈ US

ad.

Another proof corresponding to the existence of a unique optimal solution for (Ps) can be
found for instance in [Cas86, Theorem 1]. Now, we provide sufficient and necessary optimality
conditions of first order. A detailed proof can be found in [Cas86, Theorem 2].
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Theorem 4.12. A pair (ȳ, ū) ∈ H1
0 (Ω)× L2(Ω) is the optimal solution of problem (Ps) if and

only if there exist µa, µb ∈M(Ω̄), p̄ ∈ L2(Ω) such that

−ε∆ȳ + b · ∇ȳ + cȳ = ū in Ω

ȳ = 0 on Γ

−ε∆p̄− b · ∇p̄+ cp̄ = ȳ − yd + µb − µa in Ω

p̄ = 0 on Γ

p̄+ λū = 0 a.e. in Ω∫
Ω

ϕ dµi ≥ 0 ∀ϕ ∈ C(Ω̄), ϕ(x) ≥ 0 ∀x ∈ Ω̄, i ∈ {a, b}

ȳ ≥ ya a.e. in Ω, 〈µa, ya − ȳ〉M(Ω̄),C(Ω̄) = 0

ȳ ≤ yb a.e. in Ω, 〈µb, yb − ȳ〉M(Ω̄),C(Ω̄) = 0.

Remark 4.13. Note that the optimality conditions provided in Theorem 4.12 can be derived
also by the Lagrangian approach where the Lagrangian can be defined by

L(ū, µb, µa) :=
1

2
‖ Sū− yd ‖2

0,Ω +
λ

2
‖ ū ‖2

0,Ω +

∫
Ω

(Sū− yb) dµb +

∫
Ω

(ya − Sū) dµa

with Lagrange multipliers µb, µa. A general introduction to the Lagrangian approach can be
found for instance in [Troel, Section 2.10, Section 2.11].

Remark 4.14. According to Theorem 4.12, the adjoint equation cannot be understood in the
usual weak sense since on the right hand side occur measures µa, µb ∈M(Ω̄). Hence, the weak
formulation of the adjoint equation can be read as follows:

a(ψ, p̄) = (ȳ − yd, ψ)Ω + 〈µb − µa, ψ〉M(Ω̄),C(Ω̄) ∀ψ ∈ W 1,s(Ω) (4.3.3)

where s > 2. Due to the fact that in Section 4.3.3, equation (4.3.3) will be tested by functions
belonging to H2(Ω), we mention that the Sobolev embedding theorem (see Theorem 2.17) yields
H2(Ω) ↪→ W 1,s(Ω) for any s > 2.

As we can see above, the Lagrange multipliers µa, µb are in general no regular functions. In
contrast to Theorem 3.8 we cannot expect that p̄ ∈ H2(Ω) and consequently p̄ ∈ C(Ω̄). This
lack of regularity causes difficulties in the numerical treatment of such problems. Due to this
fact, many regularizations of (Ps) have been constructed in the last years. In this work, we
regularize the state constrained optimal control problem (Ps) by the following Moreau-Yosida
regularization which has been applied for instance in [HtKu17].

4.3.2 Moreau-Yosida regularization

The objective functional of the Moreau-Yosida regularization is defined by

JMY (yδ,uδ) :=

1

2
‖ yδ − yd ‖2

0,Ω +
λ

2
‖ uδ ‖2

0,Ω +
δ

2
‖ max{0, yδ − yb} ‖2

0,Ω +
δ

2
‖ min{0, yδ − ya} ‖2

0,Ω
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where δ > 0 is the Moreau-Yosida regularization parameter that is taken large. The Moreau-
Yosida regularization of (Ps) can be stated as follows

min JMY (yδ, uδ)

−ε∆yδ + b · ∇yδ + cyδ = uδ in Ω

yδ = 0 on Γ

 (PMY
s )

The proof of the existence and the uniqueness of an optimal solution for (PMY
s ) can be done

in the same way as in Theorem 4.2 resp. Theorem 4.3.

Theorem 4.15. There exists a unique optimal solution (ȳδ, ūδ) for (PMY
s ).

The next result shows sufficient and necessary optimality conditions which correspond to
(PMY

s ). The proof is straight forward by the application of the Lagrangian approach mentioned
in Remark 4.13.

Theorem 4.16. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ). Then, a function µδ ∈ L2(Ω)

and an adjoint state p̄δ ∈ H1(Ω) exist such that the following optimality system is satisfied

−ε∆ȳδ + b · ∇ȳδ + cȳδ = ūδ in Ω

ȳδ = 0 on Γ

−ε∆p̄δ − b · ∇p̄δ + cp̄δ = ȳδ − yd + µδ in Ω

p̄δ = 0 on Γ

p̄δ + λūδ = 0 a.e. in Ω

µδ = δ · (max{0, ȳδ − yb}+ min{0, ȳδ − ya}) ∈ L2(Ω).

In contrast to Theorem 4.12, the functions arising in Theorem 4.16 are sufficient regular
such that the numerical treatment of (PMY

s ) is easier than (Ps).

4.3.3 Error analysis

According to Section 3.1, the optimal states ȳ, ȳδ corresponding to (Ps) and (PMY
s ) belong

to H2(Ω). By virtue of the Sobolev embedding theorem (see Theorem 2.17), we obtain that
ȳ, ȳδ ∈ C0,γ(Ω̄) for 0 < γ < 1. From now on, let us fix such a quantity 0 < γ < 1. This section
is dedicated to show that the optimal solutions {(ȳδ, ūδ)}δ>0 of (PMY

s ) converge to the optimal
solution (ȳ, ū) of (Ps). Moreover, we proof that a L2(Ω)-convergence rate of O( γ

2γ+1
) holds. We

would like to mention that a similar result has been proven in [HzHt09]. However, in contrast
to our error estimate, the provided L2(Ω)-error estimate is connected to the Finite Element
Method, i.e. the error estimate depends on the Finite Element mesh size h. Now, let us consider
the following result which ensures the convergence of the Moreau-Yosida regularization. A proof
can be found in [HtKu17, Remark 2.1].

Theorem 4.17. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Then, we have for δ →∞

ȳδ → ȳ in H2(Ω) ∩H1
0 (Ω)

and
ūδ → ū in L2(Ω).
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In the following, we investigate the convergence behavior of (ȳδ, ūδ). For this, we first have
to prove the uniform boundedness of the controls {ūδ}δ>0 in the L2(Ω)-norm.

Lemma 4.18. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Then, we have the uniform boundedness of {ūδ}δ>0 in the L2(Ω)-norm, i.e.

‖ ūδ ‖0,Ω≤ C ∀δ > 0

where C > 0 is a constant which does not depend on δ.

Proof. Recalling the definitions of the functionals Js(y, u) and JMY (y, u) the optimality of
(ȳ, ū) for (Ps) and the optimality of (ȳδ, ūδ) for (PMY

s ) yield for δ > 0

JMY (ȳδ, ūδ) ≤ JMY (ȳ, ū) = Js(ȳ, ū) := C.

Due to the definition of JMY (·, ·), we obtain the uniform boundedness

λ ‖ ūδ ‖0,Ω≤ C.

Now, we proof that for δ →∞ the penalization terms max{0, ȳδ − yb} and min{0, ȳδ − ya}
converge to 0 in the L2(Ω)-norm.

Lemma 4.19. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Then, we have the following decay rates

‖ max{0, ȳδ − yb} ‖0,Ω = O
(

1√
δ

)
(4.3.4)

‖ min{0, ȳδ − ya} ‖0,Ω = O
(

1√
δ

)
. (4.3.5)

Proof. The optimality of (ȳ, ū) for (Ps) and the optimality of (ȳδ, ūδ) for (PMY
s ) yield

JMY (ȳδ, ūδ) ≤ JMY (ȳ, ū) = Js(ȳ, ū) := C.

Due to the definition of JMY (·, ·), we obtain

δ

2
‖ max{0, ȳδ − yb} ‖2

0,Ω +
δ

2
‖ min{0, ȳδ − ya} ‖2

0,Ω≤ C

and consequently the desired decay rates.

Theorem 4.20. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Then, we have the following estimate

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω (4.3.6)
+ δ ‖ max{0, ȳδ − yb} ‖2

0,Ω +δ ‖ min{0, ȳδ − ya} ‖2
0,Ω≤ −〈µb − µa, ȳ − ȳδ〉M(Ω̄),C(Ω̄).

Proof. According to Theorem 4.12 and Theorem 4.16, the optimality conditions of (Ps) and
(PMY

s ) yield

λ ‖ ū− ūδ ‖2
0,Ω= (ū− ūδ, p̄δ − p̄)Ω = a(ȳ − ȳδ, p̄δ − p̄)

and

a(ȳ − ȳδ, p̄δ − p̄) = (ȳδ − ȳ, ȳ − ȳδ)Ω + (µδ, ȳ − ȳδ)Ω − 〈µb − µa, ȳ − ȳδ〉M(Ω̄),C(Ω̄).
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Hence, we acquire

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω= (µδ, ȳ − ȳδ)Ω − 〈µb − µa, ȳ − ȳδ〉M(Ω̄),C(Ω̄). (4.3.7)

Now, we estimate the first term on the right hand side of (4.3.7). For this, we define the sets

Ωyb := {x ∈ Ω : ȳδ(x) > yb(x) a.e. in Ω},

Ωya,yb := {x ∈ Ω : ya(x) ≤ ȳδ(x) ≤ yb(x) a.e. in Ω}

and

Ωya := {x ∈ Ω : ȳδ(x) < ya(x) a.e. in Ω}.

Note that

Ω = Ωya ∪ Ωyb ∪ Ωya,yb

and

µδ = δ · (max{0, ȳδ − yb}+ min{0, ȳδ − ya}) = 0 in Ωya,yb .

Consequently, we get

(µδ, ȳ − ȳδ)Ω =

∫
Ωyb

δ(ȳδ − yb)(ȳ − ȳδ) dx+

∫
Ωya

δ(ȳδ − ya)(ȳ − ȳδ) dx. (4.3.8)

Inserting yb in the first term and ya in the second term of the right hand side of (4.3.8), we are
able to derive

∫
Ωyb

δ(ȳδ − yb)(ȳ − ȳδ) dx =

∫
Ωyb

δ

>0︷ ︸︸ ︷
(ȳδ − yb)

≤0︷ ︸︸ ︷
(ȳ − yb) dx+

∫
Ωyb

δ(ȳδ − yb)(yb − ȳδ) dx

≤ −δ ‖ ȳδ − yb ‖2
0,Ωyb

= −δ ‖ max{0, ȳδ − yb} ‖2
0,Ω

and

∫
Ωya

δ(ȳδ − ya)(ȳ − ȳδ) dx =

∫
Ωya

δ

<0︷ ︸︸ ︷
(ȳδ − ya)

≥0︷ ︸︸ ︷
(ȳ − ya) dx+

∫
Ωya

δ(ȳδ − ya)(ya − ȳδ) dx

≤ −δ ‖ ȳδ − ya ‖2
0,Ωya

= −δ ‖ min{0, ȳδ − ya} ‖2
0,Ω .

Using (4.3.7) we receive

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω

+ δ ‖ max{0, ȳδ − yb} ‖2
0,Ω +δ ‖ min{0, ȳδ − ya} ‖2

0,Ω≤ −〈µb − µa, ȳ − ȳδ〉M(Ω̄),C(Ω̄).
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From now on, we use for a better clarity for r ∈ R also the notation

r+ = max{0, r}
r− = min{0, r}.

The next result shows a further estimation of the right hand side of (4.3.6) so that we are able
to use the decay rates derived in Lemma 4.19.

Corollary 4.21. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Then, we have the following estimate

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω≤ 〈µb, (ȳδ − yb)+〉M(Ω̄),C(Ω̄) − 〈µa, (ȳδ − ya)−〉M(Ω̄),C(Ω̄). (4.3.9)

Proof. Recall the estimate of Theorem 4.20, i.e.

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω (4.3.10)
+ δ ‖ max{0, ȳδ − yb} ‖2

0,Ω +δ ‖ min{0, ȳδ − ya} ‖2
0,Ω≤ −〈µb − µa, ȳ − ȳδ〉M(Ω̄),C(Ω̄).

Inserting ya, yb on the right hand side of (4.3.10) yields

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω ≤ −〈µb − µa, ȳ − ȳδ〉M(Ω̄),C(Ω̄)

= 〈µb − µa, ȳδ − ȳ〉M(Ω̄),C(Ω̄)

= 〈µb, ȳδ − yb〉M(Ω̄),C(Ω̄) + 〈µb, yb − ȳ〉M(Ω̄),C(Ω̄)

− 〈µa, ȳδ − ya〉M(Ω̄),C(Ω̄) − 〈µa, ya − ȳ〉M(Ω̄),C(Ω̄).

(4.3.11)

The complementary slackness conditions of (Ps) (see Theorem 4.12), i.e.

〈µa, ya − ȳ〉M(Ω̄),C(Ω̄) = 0

〈µb, yb − ȳ〉M(Ω̄),C(Ω̄) = 0

yield for (4.3.11)

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω ≤ 〈µb, ȳδ − yb〉M(Ω̄),C(Ω̄) − 〈µa, ȳδ − ya〉M(Ω̄),C(Ω̄).

Due to µb, µa ≥ 0 and the fact that

ȳδ − yb = (ȳδ − yb)+ + (ȳδ − yb)−

resp.

ya − ȳδ = (ya − ȳδ)+ + (ya − ȳδ)−

we obtain

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω ≤ 〈µb, ȳδ − yb〉M(Ω̄),C(Ω̄) − 〈µa, ȳδ − ya〉M(Ω̄),C(Ω̄)

≤ 〈µb, (ȳδ − yb)+〉M(Ω̄),C(Ω̄) + 〈µa, ya − ȳδ〉M(Ω̄),C(Ω̄)

≤ 〈µb, (ȳδ − yb)+〉M(Ω̄),C(Ω̄) + 〈µa, (ya − ȳδ)+〉M(Ω̄),C(Ω̄)

= 〈µb, (ȳδ − yb)+〉M(Ω̄),C(Ω̄) − 〈µa, (ȳδ − ya)−〉M(Ω̄),C(Ω̄)

where in the last step we have used

(ya − ȳδ)+ = −(ȳδ − ya)−.
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Now, we derive a L2(Ω)-estimate for the right hand side of (4.3.9). In general, we do not
have L2(Ω) ↪→ L∞(Ω). However, the following result yields an upper L2(Ω)-bound for functions
f ∈ C0,γ(Ω̄) with 0 < γ ≤ 1 in the L∞(Ω)-norm.

Lemma 4.22. Let Ω ⊆ R2 be an open, bounded, convex and polygonal domain. Moreover, let
f ∈ C0,γ(Ω̄) for some 0 < γ ≤ 1 with ‖ f ‖C0,γ(Ω̄)≤ $. Then, there exists a constant C > 0
such that the estimate

‖ f ‖0,∞,Ω≤ C$
2

2γ+2 ‖ f ‖
2γ

2γ+2

0,Ω (4.3.12)

is satisfied.

Proof. A proof can be found in [KruRö08, Lemma 4] where the authors verify the result for an
open and bounded domain E ⊆ Rd with d = 2, 3 satisfying the inner cone condition. Note that
polygonal domains Ω satisfy the inner cone condition.

The next result shows that the boundedness condition of Lemma 4.22 is satisfied by (ȳδ−yb)+

and (ȳδ − ya)−. For this, the uniform boundedness of the controls {ūδ}δ>0 in the L2(Ω)-norm
will be used.

Lemma 4.23. Let 0 < γ < 1. Then, we have

‖ (ȳδ − yb)+ ‖C0,γ(Ω̄) ≤ C1

‖ (ȳδ − ya)− ‖C0,γ(Ω̄) ≤ C2

where C1, C2 > 0 are constants, independent of δ.

Proof. We start with the verification of the boundedness of ‖ (ȳδ − yb)+ ‖C0,γ(Ω̄). The proof for
‖ (ȳδ − ya)− ‖C0,γ(Ω̄) goes along the same lines. First, recall the regularity assumption on the
constraint yb ∈ C0,1(Ω̄) and recall the fact that ȳδ ∈ H2(Ω) holds. For 0 < γ < 1 the Sobolev
embedding H2(Ω) ↪→ C0,γ(Ω̄) implies

‖ (ȳδ − yb)+ ‖C0,γ(Ω̄) ≤‖ ȳδ − yb ‖C0,γ(Ω̄)

≤‖ ȳδ ‖C0,γ(Ω̄) + ‖ yb ‖C0,γ(Ω̄)

≤ C ‖ ȳδ ‖2,Ω + ‖ yb ‖C0,γ(Ω̄) .

Theorem 3.8 and Lemma 4.18 imply

‖ ȳδ ‖2,Ω≤ C ‖ ūδ ‖0,Ω≤ C̃

with constants C, C̃ > 0 such that

‖ (ȳδ − yb)+ ‖C0,γ(Ω̄)≤ C1.

Corollary 4.24. Let 0 < γ < 1. Then, we have

‖ (ȳδ − yb)+ ‖0,∞,Ω ≤ C1 ‖ (ȳδ − yb)+ ‖
2γ

2γ+2

0,Ω

‖ (ȳδ − ya)− ‖0,∞,Ω ≤ C2 ‖ (ȳδ − ya)− ‖
2γ

2γ+2

0,Ω

where C1, C2 > 0 are constants, independent of δ.

Now, we combine the L2(Ω)-decay rates provided in Lemma 4.19 with Corollary 4.24.
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Corollary 4.25. Let 0 < γ < 1 and δ > 0. Then, we have

‖ (ȳδ − yb)+ ‖0,∞,Ω ≤ C1

(
1√
δ

) 2γ
2γ+2

‖ (ȳδ − ya)− ‖0,∞,Ω ≤ C2

(
1√
δ

) 2γ
2γ+2

where C1, C2 > 0 are constants, independent of δ.

The next result yields that {(ȳδ, ūδ)}δ>0 converge in the L2(Ω)-norm to the unique optimal
solution (ȳ, ū). Furthermore, we obtain a L2(Ω)-convergence rate of O

(
γ

4γ+4

)
.

Theorem 4.26. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Moreover, let 0 < γ < 1 and δ > 0. Then, there exists a constant C > 0, independent
of δ such that

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω≤ C

(
1√
δ

) 2γ
2γ+2

.

Proof. Corollary 4.25 implies

〈µb, (ȳδ − yb)+〉M(Ω̄),C(Ω̄) ≤‖ µb ‖M(Ω̄)‖ (ȳδ − yb)+ ‖C(Ω̄)

≤‖ µb ‖M(Ω̄)‖ (ȳδ − yb)+ ‖0,∞,Ω

≤ C

(
1√
δ

) 2γ
2γ+2

and in the same way

〈µa, (ȳδ − ya)−〉M(Ω̄),C(Ω̄) ≤‖ µa ‖M(Ω̄)‖ (ȳδ − ya)− ‖0,∞,Ω

≤ C

(
1√
δ

) 2γ
2γ+2

.

Altogether, we obtain with Corollary 4.21

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω≤ C

(
1√
δ

) 2γ
2γ+2

where C > 0 is a constant, independent of δ.

Corollary 4.27. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Moreover, let 0 < γ < 1 and δ > 0. Then, we have

‖ ū− ūδ ‖0,Ω + ‖ ȳ − ȳδ ‖0,Ω≤ C

(
1√
δ

) γ
2γ+2

= C

(
1

δ

) γ
4γ+4

.

4.3.4 Improved L2(Ω)-order of convergence

In this section, we improve the order of convergenceO
(

γ
4γ+4

)
toO

(
γ

4γ+2

)
. Regarding Corollary

4.27, we will use the verified L2(Ω)-decay rate of ū − ūδ so that we are able to improve the
estimate of the right hand side of (4.3.9). The next result shows that the derived L2(Ω)-decay
rate of ū− ūδ can be used to bound the states:
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Lemma 4.28. Let 0 < γ < 1. Then, we have

‖ (ȳδ − yb)+ ‖C0,γ(Ω̄) ≤ C ‖ ūδ − ū ‖0,Ω

‖ (ȳδ − ya)− ‖C0,γ(Ω̄) ≤ C ‖ ūδ − ū ‖0,Ω

where C is a constant, independent of δ.

Proof. We start with the verification of the boundedness of ‖ (ȳδ − yb)
+ ‖C0,γ(Ω̄). The fact

ȳ − yb ≤ 0 a.e. in Ω yields

(ȳδ − yb)+ = (ȳδ − ȳ + ȳ − yb)+

≤ (ȳδ − ȳ)+.

Hence, the regularity assumption yb ∈ C0,1(Ω̄) and the fact ȳδ, ȳ ∈ H2(Ω) yield

‖ (ȳδ − yb)+ ‖C0,γ(Ω̄) ≤‖ (ȳδ − ȳ)+ ‖C0,γ(Ω̄)

≤‖ ȳδ − ȳ ‖C0,γ(Ω̄)

≤ C ‖ ȳδ − ȳ ‖2,Ω .

(4.3.13)

Recall that we have

a(ȳδ − ȳ, v) = (ūδ − ū, v)Ω ∀v ∈ H1
0 (Ω). (4.3.14)

Note that (4.3.14) is the weak formulation associated with the partial differential equation

−ε∆(ȳδ − ȳ) + b · ∇(ȳδ − ȳ) + c(ȳδ − ȳ) = ūδ − ū in Ω

ȳδ − ȳ = 0 on Γ.

Theorem 3.8 yields the H2(Ω)-a priori estimate

‖ ȳδ − ȳ ‖2,Ω ≤ C ‖ ūδ − ū ‖0,Ω .

Consequently, by virtue of the Sobolev embedding theorem, we obtain for (4.3.13)

‖ (ȳδ − yb)+ ‖C0,γ(Ω̄)≤ C ‖ ūδ − ū ‖0,Ω .

The proof for ‖ (ȳδ − ya)− ‖C0,γ(Ω̄) goes along the same lines. Note that we have ȳ− ya ≥ 0 a.e.
in Ω and thus

(ȳδ − ya)− = (ȳδ − ȳ + ȳ − ya)−

≥ (ȳδ − ȳ)−.

Due to the fact that |(r)−| = −(r)− ≥ 0 for all r ∈ R we have

‖ (ȳδ − ya)− ‖C0,γ(Ω̄) ≤‖ (ȳδ − ȳ)− ‖C0,γ(Ω̄)

≤‖ ȳδ − ȳ ‖C0,γ(Ω̄)

≤ C ‖ ȳδ − ȳ ‖2,Ω

≤ C ‖ ūδ − ū ‖0,Ω .

By using Lemma 4.28, a further application of Lemma 4.22 leads us to the next result.
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Corollary 4.29. Let 0 < γ < 1. Then

‖ (ȳδ − yb)+ ‖0,∞,Ω ≤ C ‖ ūδ − ū ‖
2

2γ+2

0,Ω ‖ (ȳδ − yb)+ ‖
2γ

2γ+2

0,Ω

‖ (ȳδ − ya)− ‖0,∞,Ω ≤ C ‖ ūδ − ū ‖
2

2γ+2

0,Ω ‖ (ȳδ − ya)− ‖
2γ

2γ+2

0,Ω

hold where C > 0 is a constant, independent of δ.

Before we are able to improve the order of convergence, we use the following auxiliary
estimates.

Lemma 4.30. Let 0 < γ < 1. Then

‖ (ȳδ − yb)+ ‖0,∞,Ω ≤
λ ‖ ūδ − ū ‖2

0,Ω

(2γ + 2) ‖ µb ‖M(Ω̄)

+ C ‖ (ȳδ − yb)+ ‖
2γ

2γ+1

0,Ω

‖ (ȳδ − ya)− ‖0,∞,Ω ≤
λ ‖ ūδ − ū ‖2

0,Ω

(2γ + 2) ‖ µa ‖M(Ω̄)

+ C ‖ (ȳδ − ya)− ‖
2γ

2γ+1

0,Ω

hold where C > 0 is a constant, independent of δ.

Proof. We only verify the first inequality. The second goes along the same lines. Corollary 4.29
and a rearrangement of the terms yield

‖ (ȳδ − yb)+ ‖0,∞,Ω

≤ C ‖ ūδ − ū ‖
2

2γ+2

0,Ω ‖ (ȳδ − yb)+ ‖
2γ

2γ+2

0,Ω (4.3.15)

=

(
λ

‖ µb ‖M(Ω̄)

) 1
2γ+2

‖ ūδ − ū ‖
2

2γ+2

0,Ω C

(‖ µb ‖M(Ω̄)

λ

) 1
2γ+2

‖ (ȳδ − yb)+ ‖
2γ

2γ+2

0,Ω .

We set p = 2γ + 2 ∈ (1,∞) and q = 2γ+2
2γ+1

∈ (1,∞) so that the Young inequality (2.2.4) implies

(
λ

‖ µb ‖M(Ω̄)

) 1
2γ+2

‖ ūδ − ū ‖
2

2γ+2

0,Ω C

(‖ µb ‖M(Ω̄)

λ

) 1
2γ+2

‖ (ȳδ − yb)+ ‖
2γ

2γ+2

0,Ω

≤

(
λ

‖µb‖M(Ω̄)

) 2γ+2
2γ+2 ‖ ūδ − ū ‖

2(2γ+2)
2γ+2

0,Ω

2γ + 2
+
C
(
‖µb‖M(Ω̄)

λ

) 2γ+2
(2γ+2)(2γ+1) ‖ (ȳδ − yb)+ ‖

2γ(2γ+2)
(2γ+2)(2γ+1)

0,Ω

2γ+2
2γ+1

=
λ ‖ ūδ − ū ‖2

0,Ω

‖ µb ‖M(Ω̄) (2γ + 2)
+
C
(
‖µb‖M(Ω̄)

λ

) 1
2γ+1 ‖ (ȳδ − yb)+ ‖

2γ
2γ+1

0,Ω

2γ+2
2γ+1

=
λ ‖ ūδ − ū ‖2

0,Ω

‖ µb ‖M(Ω̄) (2γ + 2)
+ C ‖ (ȳδ − yb)+ ‖

2γ
2γ+1

0,Ω .

Hence, we get for (4.3.15)

‖ (ȳδ − yb)+ ‖0,∞,Ω≤
λ ‖ ūδ − ū ‖2

0,Ω

(2γ + 2) ‖ µb ‖M(Ω̄)

+ C ‖ (ȳδ − yb)+ ‖
2γ

2γ+1

0,Ω .
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The previous result implies that the L2(Ω)-decay rate of ūδ − ū can be transferred to the
right hand side of (4.3.9).

Theorem 4.31. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Moreover, let 0 < γ < 1 and δ > 0. Then, we have

λ

(
2γ

2γ + 2

)
‖ ū− ūδ ‖2

0,Ω + ‖ ȳ − ȳδ ‖2
0,Ω≤ C

(
1√
δ

) 2γ
2γ+1

.

Proof. Recall (4.3.9), i.e.

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω ≤ 〈µb, (ȳδ − yb)+〉M(Ω̄),C(Ω̄) − 〈µa, (ȳδ − ya)−〉M(Ω̄),C(Ω̄).

Lemma 4.30 implies

〈µb, (ȳδ − yb)+〉M(Ω̄),C(Ω̄) ≤‖ µb ‖M(Ω̄)‖ (ȳδ − yb)+ ‖C(Ω̄)

≤‖ µb ‖M(Ω̄)‖ (ȳδ − yb)+ ‖0,∞,Ω

≤‖ µb ‖M(Ω̄)

λ ‖ ūδ − ū ‖2
0,Ω

‖ µb ‖M(Ω̄) (2γ + 2)
+ C ‖ µb ‖M(Ω̄)‖ (ȳδ − yb)+ ‖

2γ
2γ+1

0,Ω

=
λ ‖ ūδ − ū ‖2

0,Ω

(2γ + 2)
+ C ‖ (ȳδ − yb)+ ‖

2γ
2γ+1

0,Ω

and in the same way

〈µa, (ȳδ − ya)−〉M(Ω̄),C(Ω̄) ≤
λ ‖ ūδ − ū ‖2

0,Ω

(2γ + 2)
+ C ‖ (ȳδ − ya)− ‖

2γ
2γ+1

0,Ω .

Altogether, we have

λ ‖ ū− ūδ ‖2
0,Ω + ‖ ȳ − ȳδ ‖2

0,Ω

≤
2λ ‖ ūδ − ū ‖2

0,Ω

(2γ + 2)
+ C ‖ (ȳδ − yb)+ ‖

2γ
2γ+1

0,Ω +C ‖ (ȳδ − ya)− ‖
2γ

2γ+1

0,Ω

and with Lemma 4.19

λ

(
2γ

2γ + 2

)
‖ ū− ūδ ‖2

0,Ω + ‖ ȳ − ȳδ ‖2
0,Ω ≤ C ‖ (ȳδ − yb)+ ‖

2γ
2γ+1

0,Ω +C ‖ (ȳδ − ya)− ‖
2γ

2γ+1

0,Ω

≤ C

(
1√
δ

) 2γ
2γ+1

where C > 0 is a constant, independent of δ.

Corollary 4.32. Let (ȳδ, ūδ) be the optimal solution of (PMY
s ) and (ȳ, ū) be the optimal solution

of (Ps). Moreover, let 0 < γ < 1 and δ > 0. Then, we have

‖ ū− ūδ ‖0,Ω + ‖ ȳ − ȳδ ‖0,Ω≤ C

(
1√
δ

) γ
2γ+1

= C

(
1

δ

) γ
4γ+2

where C > 0 is a constant, independent of δ.
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4.4 Control constrained case with Robin boundary control
In the previous sections, we have investigated several optimal control problems with distributed
control. Now, we provide the analysis of the following control constrained optimal control
problem with Robin boundary control

min JΓ(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Γ

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny − b·n·y
2

= u on Γ

uΓ
a ≤ u ≤ uΓ

b a.e. on Γ

 (PΓ)

4.4.1 Existence and uniqueness

The verification of the existence and the uniqueness of an optimal solution for (PΓ) goes in a
similar way as in the control constrained case with distributed control. Hence, we keep this
section briefly. The set of admissible controls is defined by

UΓ
ad := {u ∈ L2(Γ) : uΓ

a(x) ≤ u(x) ≤ uΓ
b (x) a.e. on Γ}.

Note that UΓ
ad is closed, convex, and bounded. Due to Assumption (B4) the set UΓ

ad is nonempty.
Regarding Section 3.2, the control-to-state operator is given by S : L2(Γ) → L2(Ω). Now, we
consider the reduced form of (PΓ), i.e.

min
u∈UΓ

ad

g(u) := JΓ(Su, u) =
1

2
‖ Su− yd ‖2

0,Ω +
λ

2
‖ u ‖2

0,Γ . (4.4.1)

By application of Theorem 4.1, we are able to formulate the next results.

Theorem 4.33. There exists a unique optimal solution ū for the optimization problem (4.4.1).

Theorem 4.34. There exists a unique optimal solution (ȳ, ū) for (PΓ).

Similar to [Troel, Section 2.8.4], sufficient and necessary optimality conditions of first order
can be derived in so far as:

Lemma 4.35. A pair (ȳ, ū) ∈ H1(Ω)×L2(Γ) is an optimal solution of (PΓ) if and only if there
exists an adjoint solution p̄ ∈ H1(Ω) such that

−ε∆ȳ + b · ∇ȳ + cȳ = 0 in Ω −ε∆p̄− b · ∇p̄+ cp̄ = ȳ − yd in Ω

ε∂nȳ −
b · n · ȳ

2
= ū on Γ ε∂np̄+

b · n · p̄
2

= 0 on Γ

(λū+ p̄, u− ū)Γ ≥ 0 ∀u ∈ UΓ
ad

is satisfied.

The weak formulation of the above optimality system is given by

aΓ(ȳ, v) = (ū, v)Γ ∀v ∈ H1(Ω)

aΓ(ψ, p̄) = (ȳ − yd, ψ)Ω ∀ψ ∈ H1(Ω)

(λū+ p̄, u− ū)Γ ≥ 0 ∀u ∈ UΓ
ad.

The pointwise discussion of the variational inequality leads us to the following representation
of the control ū with the help of the projection formula

ū = P[uΓ
a ,u

Γ
b ]

(
−1

λ
p̄|Γ

)
.
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4.4.2 Higher regularity of solutions

As we have mentioned in Section 3.2, for the derivation of the H2(Ω)-regularity of ȳ, we have
to ensure a higher regularity of the control ū ∈ L2(Γ). Regarding Theorem 3.16, for proving
ȳ ∈ H2(Ω), it is sufficient to prove ū ∈ H 1

2 (Γ). However, we are even able to ensure ū ∈ H1(Γ).

Lemma 4.36. Let (ȳ, ū) ∈ H1(Ω)×L2(Γ) be an optimal solution of (PΓ) with a corresponding
adjoint solution p̄ ∈ H1(Ω). Then, we have ū ∈ H1(Γ).

Proof. Since we have ȳ ∈ H1(Ω), Theorem 3.16 implies p̄ ∈ H2(Ω). Then, [Nec12, Theorem
4.11] yields p̄ ∈ H1(Γ). The assumption uΓ

a , u
Γ
b ∈ H1(Γ) and the application of [KinSta80,

Theorem A.1, p. 50] lead us to

ū = P[uΓ
a ,u

Γ
b ]

(
−1

λ
p̄|Γ

)
∈ H1(Γ).

As a direct consequence of Theorem 3.16 and Lemma 4.36, we obtain ȳ, p̄ ∈ H2(Ω).

Corollary 4.37. Let (ȳ, ū) ∈ H1(Ω)×H1(Γ) be the optimal solution of (PΓ) with a correspond-
ing adjoint solution p̄ ∈ H1(Ω). Then, we have ȳ, p̄ ∈ H2(Ω).

5 Discretization
In this section, we introduce the Finite Element Method and discuss the AFC discretization
method. First, according to [Ciar02] and [BreSco02], we start with an introduction to the
Finite Element discretization. After that, based on the results in [BJK16], [BBK17], [BJK17],
[BJKR18] and [Kuz12] we exemplify the construction of an AFC scheme for a general linear
boundary value problem with Dirichlet boundary condition. However, the case of a Robin
boundary value problem is also covered when some adjustments on the indices hold. The
modifications will be demonstrated at the end of this section. Furthermore, based on the
results in the above-mentioned AFC literature, we discuss the solvability of the derived AFC
scheme and conditions such that a discrete solution satisfies discrete maximum principles. After
this general introduction we consider the convection-diffusion reaction equations (3.1.1) and
(3.2.1). We prove error estimates in a mesh-dependent norm which also imply error estimates
in the L2(Ω)-norm. These results will be used especially in Section 8. Finally, we concern with
the design of some limiters and show that the sufficient conditions for the solvability of the
corresponding AFC scheme and sufficient conditions for the DMP hold. We mention that the
range of AFC literature increases continuously. However, an in-depth discussion is beyond the
scope of this work and we will only concentrate on the basic AFC results which are used in this
work.

5.1 Finite Element discretization
Let {Th}h>0 be a family of triangulations of Ω̄. The mesh Th consists of open and pairwise
disjoint triangles T ∈ Th such that

Ω̄ = ∪
T∈Th

T̄.

Furthermore, no vertex of any triangle lies in the interior of an edge of another cell. For each
element T ∈ Th we define the parameters ρT = sup{diam(S) : S ⊂ R2 is a ball in T} and
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hT = diam(T ). The maximum mesh size is given by h := max
T∈Th

hT . Moreover, we assume that

the triangulations satisfy the following regularity assumptions:

• Shape-regularity: There exists a constant σ > 0, independent of h such that for all T ∈ Th

hT
ρT
≤ σ.

• Size-regularity: There exists a constant σ̂ > 0, independent of h such that

h ≤ σ̂ min
T∈Th

hT .

Eh denotes the set of all edges. The Finite Element spaces are given by

Vh := {zh ∈ C(Ω̄) : zh|T ∈ P1(T ) ∀ T ∈ Th}

and

Vh,0 := Vh ∩H1
0 (Ω)

where P1(T ) denotes the space of polynomials of degree less than or equal to 1 on T . The set
of nodes of Th is denoted by {x1, · · · , xN}. In detail, {x1, · · · , xM} is the set of inner nodes and
{xM+1, · · · , xN} ⊂ Γ is the set of boundary nodes. For a node xi, i = 1, · · · , N we define the
patch ∆i := {T ∈ Th : xi ∈ T} and the index set of its neighbors

Si := {j ∈ {1, · · ·N} \ {i} : xi and xj are the endpoints of
the same edge E ∈ Eh}.

The standard nodal basis functions of Vh are denoted by {ϕ1, · · · , ϕN} and satisfy the conditions

ϕi(xj) = δij, i, j = 1, · · · , N (5.1.1)

where δij are the Kronecker-Delta functions (see Definition 2.22). Since (5.1.1) we have

supp(ϕi) = ∆i, i = 1, · · · , N. (5.1.2)

The Lagrange interpolation operator Ih : C(Ω̄)→ Vh is defined by

Ihz(x) :=
N∑
i=1

z(xi)ϕi(x).

5.1.1 Basic estimates in FEM-theory

In this section, we introduce basic results corresponding to the Finite Element Method (FEM)
which can be found for instance in [BreSco02] and [Ciar02, Section 3]. First, we provide an
interpolation error estimate for functions z ∈ C(Ω̄)∩H2(Ω) on convex and polygonal domains.
For detailed information on the proof we refer to [Ciar02, Theorem 3.1.6, Theorem 3.2.1].

Lemma 5.1 (Interpolation error estimate). There holds for all z ∈ C(Ω̄) ∩H2(Ω)

‖ Ihz − z ‖0,Ω +h|Ihz − z|1,Ω ≤ Ch2|z|2,Ω

where C > 0 is a constant, independent of h.
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Lemma 5.2 (Inverse inequality). Let zh ∈ Vh and 1 ≤ p ≤ ∞. Then, we have

‖ zh ‖1,p,Ω≤ Ch−1 ‖ zh ‖0,p,Ω

where C > 0 is a constant, independent of h.

Proof. See [BreSco02, Lemma 4.5.3].

The next result provides an L∞(Ω)-error estimate for functions zh ∈ Vh. A detailed proof
can be found for instance in [BreSco02, Lemma 4.9.1].

Lemma 5.3 (Discrete Sobolev inequality). There holds for all zh ∈ Vh

‖ zh ‖0,∞,Ω≤ C (1 + |ln h|)
1
2 ‖ zh ‖1,Ω

where C > 0 is a constant, independent of h.

5.2 AFC method for linear Dirichlet boundary
value problems

In this section, we will introduce a general construction of an AFC scheme, generally based on
the results in [BJK16]. For this, let us consider a linear boundary value problem with Dirichlet
boundary condition. Furthermore, the case of a Robin boundary value problem is also covered.
The appropriate modifications in the case of Robin boundary conditions will be illustrated later
in this section. Let us return to the case of Dirichlet boundary conditions. We can discretize
this problem using a conforming Finite Element Method. Then, the discrete solution can be
represented by a vector z ∈ RN of its coefficients with respect to a basis of the respective Finite
Element space. The components {M + 1, · · · , N} of z correspond to the nodes where Dirichlet
boundary conditions are prescribed. The components {1, · · · ,M} of z correspond to the inner
nodes where these components are computed using the Finite Element discretization of the
underlying PDE. Then, the discrete solution z = (z1, · · · , zN) ∈ RN satisfies a system of linear
equations of the form

N∑
j=1

aijzj = gi, i = 1, · · · ,M

zi = gi, i = M + 1, · · · , N

(5.2.1)

where G = (g1, · · · , gM , gM+1, · · · , gN) ∈ RN is a given right hand side vector.

Remark 5.4. Due to the compact support property of the standard nodal basis functions, only
nodes belonging to Si produce nonvanishing entries in the i-th row of the mass matrixMmass =
(mij)

N
i,j=1 which is defined by

mij =

∫
Ω

ϕiϕj dx.

We remark that subsequently all discrete operators have the same compact sparsity pattern as
the matrixMmass = (mij)

N
i,j=1.

Now, let us return to the system (5.2.1). We assume that the matrix (aij)
M
i,j=1 is positive

definite, i.e. there exists a constant C > 0 such that
M∑
i,j=1

ziaijzj ≥ C
M∑
i=1

z2
i > 0 ∀ (z1, · · · , zM) ∈ RM \ {0}. (5.2.2)
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The positive definiteness of the matrix (aij)
M
i,j=1 implies that

aii > 0, i = 1, · · · ,M. (5.2.3)

Regarding Remark 5.4, the entries of the matrix (aij)
N
i,j=1 satisfy the condition

aij = 0 ∀ i, j ∈ {1, · · · , N}, j /∈ Si.

The motivation for the construction of an AFC scheme is that the discrete solution z ∈ RN

should be free of spurious oscillations. This property can be expressed by the satisfaction of
the local discrete maximum principle (local DMP).

Definition 5.5. We say that a solution z ∈ RN of (5.2.1) satisfies the local DMP if for
i ∈ {1, · · · ,M}

gi ≤ 0⇒ zi ≤ max
j∈Si

z+
j (5.2.4)

gi ≥ 0⇒ zi ≥ min
j∈Si

z−j (5.2.5)

hold.

In [BJK16, Lemma 21] the authors show that the local DMP holds if the conditions

aij ≤ 0 ∀ i 6= j, i = 1, · · · ,M, j = 1, · · · , N (5.2.6)

and
N∑
j=1

aij ≥ 0 ∀ i ∈ {1, · · · ,M} (5.2.7)

are satisfied.

Lemma 5.6. Let the conditions (5.2.6) and (5.2.7) be satisfied. Then, for a solution z ∈ RN

of (5.2.1) the local DMP (5.2.4) resp. (5.2.5) hold.

Proof. We start with the verification of claim (5.2.4). For this, let i ∈ {1, · · · ,M}, gi ≤ 0 and
C̄ := max

j∈Si
z+
j . Due to condition (5.2.7), we have

aii ≥
∑
j 6=i

(−aij) ≥ 0.

Using (5.2.1) and the compact sparsity pattern-property, we are able to derive the following
inequalities

aiizi ≤
∑
j 6=i

(−aij)zj =
∑
j∈Si

(−aij) (zj − C̄)︸ ︷︷ ︸
≤0

+
∑
j∈Si

(−aij)C̄ ≤

(∑
j∈Si

(−aij)

)
C̄ ≤ aii C̄.

The positivity of aii yields the desired result. For the verification of claim (5.2.5) let
¯
C := min

j∈Si
z−j

and gi ≥ 0. As above, one can easily derive

aiizi ≥
∑
j 6=i

(−aij)zj =
∑
j∈Si

(−aij) (zj −
¯
C)︸ ︷︷ ︸

≥0

+
∑
j∈Si

(−aij)
¯
C ≥

(∑
j∈Si

(−aij)

)
¯
C ≥ aii

¯
C

obtaining the desired result.
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5.2.1 Construction of an AFC scheme

The starting point of the AFC algorithm is the system matrix A = (aij)
N
i,j=1 which will be

correspond in the following sections to the stiffness matrices of the bilinear forms a(·, ·) resp.
aΓ(·, ·). As we have mentioned above, condition (5.2.6) is sufficient for the validity of the
discrete maximum principle. However, this condition is only satisfied in a few simple situations.
For instance, consider the introduced convection-diffusion reaction equation with homogeneous
Dirichlet boundary condition (3.1.1). The entries aij of the stiffness matrix are given by

aij := a(ϕj, ϕi) =

∫
Ω

ε∇ϕj · ∇ϕi + (b · ∇ϕj)ϕi + cϕjϕi dx, i, j = 1, · · · , N. (5.2.8)

Integration by parts yields for i, j = 1, · · · , N

a(ϕj, ϕi) : =

∫
Ω

ε∇ϕj · ∇ϕi + (b · ∇ϕj)ϕi + cϕjϕi dx

=

∫
Ω

ε∇ϕj · ∇ϕi − (b · ∇ϕi)ϕj + cϕiϕj dx

such that the matrix entries of (aij)
M
i,j=1, which correspond to the inner nodes, are not sym-

metric. Consequently, condition (5.2.6) is not satisfied. This non-symmetry holds also in the
case of a convection-diffusion reaction equation with Robin boundary condition (3.2.1). To
achieve that condition (5.2.6) is satisfied, we modify the discrete problem (5.2.1). For this, we
introduce a symmetric artificial diffusion matrix D = D(A) = (dij)

N
i,j=1 which is defined by

dij :=

−max{aij, 0, aji} , i 6= j

−
∑
l 6=i
dil , i = j. (5.2.9)

Remark 5.7. In [Kuz12, Section 5.1] the author verifies that given an arbitrary matrix A ∈
RN×N the entries of A+D = (aij + dij)

N
i,j=1 satisfy the condition

aij + dij ≤ 0 ∀ i 6= j, i, j = 1, · · · , N. (5.2.10)

Moreover, row and column sums of A + D = (aij + dij)
N
i,j=1 coincide with those of A. The

artificial diffusion matrix D ∈ RN×N is positive semidefinite.

The combination of condition (5.2.2) and Remark 5.7 yields that the matrix A + D =
(aij + dij)

N
i,j=1 has positive diagonal entries

aii + dii > 0, i = 1, · · · ,M

and non-positive off-diagonal entries. When condition (5.2.7) is valid, then the matrix A + D
satisfies sufficient conditions for the local DMP. After introducing the matrix D, let us start
with the modification of (5.2.1). With the help of the matrix D, we consider for (5.2.1) an
equivalent system

[(A+D)z]i = gi + (Dz)i, i = 1, · · · ,M
zi = gi, i = M + 1, · · · , N.

(5.2.11)

Since the row sums of the matrix D vanish, it follows that

(Dz)i =
N∑
j=1

dij(zj − zi), i = 1, · · · , N
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where dij(zj − zi) are the so-called fluxes. Now, the idea of the AFC method is to limit those
fluxes that would otherwise leads to spurious oscillations in the discrete solution. By limiting
the fluxes we obtain the system

N∑
j=1

aijzj +
N∑
j=1

(1− αij(z))dij(zj − zi) = gi, i = 1, · · · ,M

zi = gi, i = M + 1, · · · , N

(5.2.12)

where αij ∈ [0, 1] for i, j ∈ {1, · · · , N}, i 6= j are solution-dependent limiters. Note that
for αij = 1 we obtain the original discrete system (5.2.1). Moreover, we mention that the
coefficients αij should be as close to 1 as possible to limit the modification of (5.2.1).

5.2.2 Solvability of an AFC scheme

In this section, we prove the solvability of (5.2.12). From now on, we require that the limiters
are symmetric, i.e. we have

αij = αji, i 6= j. (5.2.13)

First, in [BJK15] the authors show that when the symmetry condition (5.2.13) does not hold,
it is not ensured that there exists a solution for (5.2.12). To prove the existence of a discrete
solution for (5.2.12), we use the following fixed-point theorem which can be found in [GirRav86,
Lemma 1.4].

Lemma 5.8. Let X be a finite-dimensional Hilbert space with inner product (·, ·)X and norm
‖ · ‖X . Let T : X → X be a continuous mapping and K > 0 a real number such that
(Tz, z)X > 0 for any z ∈ X with ‖ z ‖X= K Then, there exists z ∈ X such that ‖ z ‖X< K
and Tz = 0.

Apart from the symmetry assumption (5.2.13) for the verification of the solvability of
(5.2.12), we have to require that the limiters are continuous in so far as:

Assumption 5.9. Consider for i, j ∈ {1, · · · , N} with j 6= i the map αij : RN → [0, 1]. We
assume that

RN 3 z 7→ αij(z)(zj − zi) ∈ R

is a continuous function of z1, · · · , zN .

Now, with the help of the following auxiliary result the existence of a discrete solution can
be proved.

Lemma 5.10. Let N ∈ N≥1 be arbitrary. Consider any βij = βji ≤ 0, i, j = 1, · · · , N. Then

N∑
i,j=1

ziβij(zj − zi) = −
N∑

i,j=1
i<j

βij(zi − zj)2 ≥ 0 ∀z1, · · · , zN ∈ R.

Proof. See [BJK16, Lemma 1].

The next result shows that there exists a discrete solution for (5.2.12) when the limiters
satisfy the continuity assumption, i.e. Assumption 5.9. A proof can be found for instance in
[BJK16, Theorem 3]. However, due to the meaning of the result we illustrate the proof.
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Theorem 5.11. Let Assumption 5.9 be satisfied. Then, the AFC system (5.2.12) possesses at
least one solution z ∈ RN .

Proof. Let us denote by z̃ = (z1, · · · , zM) the elements of the space RM . For i ∈ {M+1, · · · , N}
we assume that zi = gi. To any z̃ ∈ RM we assign the vector z := (z1, · · · , zN). Let us define
the operator T : RM → RM by

(T z̃)i :=
N∑
j=1

aijzj +
N∑
j=1

(1− αij(z))dij(zj − zi)− gi, i = 1, · · · ,M. (5.2.14)

Then, z ∈ RN is a solution of (5.2.12) if and only if T z̃ = 0. First, the operator T is continuous.
Due to the positive definiteness (5.2.2), we can write

M∑
i,j=1

ziaijzj ≥ CM ‖ z̃ ‖2
2 (5.2.15)

where CM > 0 is a constant and ‖ · ‖2 denotes the euclidean norm on RM . We have

(T z̃, z̃)2 =
M∑
i,j=1

ziaijzj +
M∑
i=1

N∑
j=M+1

ziaijgj +
M∑
i=1

M∑
j=1

zi(1− αij(z))dij(zj − zi)

−
M∑
i=1

gizi +
M∑
i=1

N∑
j=M+1

zi(1− αij(z))dij(gj − zi).

(5.2.16)

By virtue of Lemma 5.10 we obtain

M∑
i=1

M∑
j=1

zi(1− αij(z))dij(zj − zi) ≥ 0.

Furthermore, we have

M∑
i=1

N∑
j=M+1

zi(1− αij(z))dij(gj − zi) ≥
M∑
i=1

N∑
j=M+1

zi(1− αij(z))dijgj.

(5.2.16) can be further estimated by

(T z̃, z̃)2 =
M∑
i,j=1

ziaijzj +
M∑
i=1

N∑
j=M+1

ziaijgj +
M∑
i=1

M∑
j=1

zi(1− αij(z))dij(zj − zi)

−
M∑
i=1

gizi +
M∑
i=1

N∑
j=M+1

zi(1− αij(z))dij(gj − zi)

≥
M∑
i,j=1

ziaijzj +
M∑
i=1

N∑
j=M+1

ziaijgj −
M∑
i=1

gizi +
M∑
i=1

N∑
j=M+1

zi(1− αij(z))dijgj.

The positive definiteness (5.2.15) yields

M∑
i,j=1

ziaijzj ≥ CM ‖ z̃ ‖2
2 .
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The application of Hölder’s and Young’s inequality leads us to

(T z̃, z̃)2 =
M∑
i,j=1

ziaijzj +
M∑
i=1

N∑
j=M+1

ziaijgj −
M∑
i=1

gizi +
M∑
i=1

N∑
j=M+1

zi(1− αij(z))dijgj

≥ CM ‖ z̃ ‖2
2 −C1 ‖ z̃ ‖2

≥ CM
2
‖ z̃ ‖2

2 −C2

where C1, C2 are positive constants, independent of z̃. Then, for any ‖ z̃ ‖2>
√

2C2

CM
, one has

(T z̃, z̃)2 > 0. Through the application of Lemma 5.8 we obtain the existence of a vector z̃ ∈ RM

such that T z̃ = 0.

Remark 5.12. Due to the fact that the limiters are in general nonlinear, the uniqueness of a
solution z ∈ RN for (5.2.12) is not guaranteed. In [BJKR18, Section 3.3] or [Loh19, Section 3]
one can see that under certain Lipschitz-continuity assumptions on the limiters the uniqueness
of a discrete solution z ∈ RN can be ensured.

5.2.3 Discrete maximum principle

First, there are many publications concerned with conditions such that discrete maximum
principles hold. For instance, in [BJK16, Section 5] the authors verify that under certain
assumptions on the system matrix A the local DMP holds for a solution z ∈ RN of (5.2.12).
In [LohSP19, Lemma 4.12, Lemma 4.16] sufficient conditions on the system matrix have been
derived in an abstract framework. In the following, we show a general result for the discrete
maximum principle which is inspired by [Knob19, Theorem 1] and [BJK16, Corollary 11].
First, note that the coefficients of the solution-dependent matrix D̃ = (d̃ij)

N
i,j=1 which correct

the artificial diffusion operator D are defined by

d̃ij :=

αijdij , i 6= j

−
∑
l 6=i
αildil , i = j. (5.2.17)

Using (5.2.17) the AFC system, i.e. (5.2.12) can be written as

(Ãz)i := [(A+D − D̃)z]i = gi, i = 1, · · · ,M
zi = gi, i = M + 1, · · · , N.

(5.2.18)

Let us consider Ã = (ãij)
N
i,j=1 where

ãij :=

aij + (1− αij(z))dij , i 6= j

aii −
∑
l 6=i

(1− αil(z))dil , i = j.

Recall that the compact sparsity pattern-property (see Remark 5.4) also holds for the matrix Ã.
Now, inspired by [Knob19, Theorem 1] we consider a sufficient condition on the system matrix
Ã such that a discrete solution of (5.2.12) satisfies the discrete maximum principle (Definition
5.5).

Assumption 5.13. Consider any z = (z1, · · · , zN) ∈ RN and any i ∈ {1, · · · ,M}. If zi is a
strict local extremum of z with respect to the vertex xi, i.e.

zi > zj ∀ j ∈ Si or zi < zj ∀ j ∈ Si,

then

ãij = aij + (1− αij(z))dij ≤ 0 ∀ j ∈ Si.
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The satisfaction of the DMP referring to [Knob19, Theorem 1] is stated as follows.

Theorem 5.14. Let z = (z1, · · · , zN) ∈ RN be a solution of (5.2.12) with limiters satisfying
Assumption 5.13. Moreover, let condition (5.2.7) be satisfied. Consider any i ∈ {1, · · · ,M}.
Then, we have

gi ≤ 0⇒ zi ≤ max
j∈Si

z+
j (5.2.19)

gi ≥ 0⇒ zi ≥ min
j∈Si

z−j . (5.2.20)

Proof. Let i ∈ {1, · · · ,M} and gi ≤ 0. Recall that z ∈ RN solves

N∑
j=1

ãijzj = gi. (5.2.21)

Let us assume that assertion (5.2.19) does not hold, i.e. we have

zi > max
j∈Si

z+
j =: C̄.

By condition (5.2.7) and the definition of dij, we obtain

N∑
j=1

ãij = aii −
∑
l 6=i

(1− αil(z))dil +
∑
l 6=i

(ail + (1− αil(z))dil) =
N∑
j=1

aij ≥ 0. (5.2.22)

On the other hand, we have also by condition (5.2.3)

ãii = aii −
∑
l 6=i

(1− αil(z))dil ≥ aii > 0. (5.2.23)

Similar to Lemma 5.6, we are able to derive the following inequalities

ãiizi ≤
∑
j 6=i

(−ãij)zj =
∑
j∈Si

(−ãij) (zj − C̄)︸ ︷︷ ︸
≤0

+
∑
j∈Si

(−ãij)C̄ ≤

(∑
j∈Si

(−ãij)

)
C̄ ≤ ãii C̄

where we have used ãij ≤ 0, i.e. Assumption 5.13. The last inequality is a consequence of
(5.2.22), i.e. ∑

j∈Si

(−ãij) ≤
∑
j 6=i

(−ãij) ≤ ãii.

The positivity of ãii yields the contradiction proving the assertion (5.2.19). The proof of (5.2.20)
goes in the same way.

5.2.4 Stabilization term

According to the mentioned AFC literature, the correction term in (5.2.12) is often denoted as
stabilization term. For a general definition of the stabilization term, let us define the evaluation
of z ∈ C(Ω̄) at nodes xi, i = 1, · · · , N by zi := z(xi). Then, for z, v, w ∈ C(Ω̄), we introduce
the nonlinear form dh(·; ·, ·) by

dh(z; v, w) : =
N∑

i,j=1

(1− αij(z))dij(v(xj)− v(xi))w(xi) (5.2.24)
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where αij = αji ∈ [0, 1] for i, j ∈ {1, · · · , N}, i 6= j are solution-dependent correction factors.
The diffusion matrix D = (dij)

N
i,j=1 is defined by (5.2.9). Now, let us derive several basic

properties from dh(·; ·, ·) which will be used on the following pages. First, for any z ∈ C(Ω̄) we
obtain

dh(z; v, w) : =
N∑

i,j=1

(1− αij(z))dij(v(xj)− v(xi))w(xi)

=
N∑
j<i

(1− αij(z))dij(v(xj)− v(xi))w(xi) +
N∑
j>i

(1− αij(z))dij(v(xj)− v(xi))w(xi)

=
N∑
j<i

(1− αij(z))dij(v(xj)− v(xi))w(xi) +
N∑
j<i

(1− αji(z))dji(v(xi)− v(xj))w(xj)

=
N∑
j<i

(1− αij(z))dij(v(xj)− v(xi))(w(xi)− w(xj))

where we have used the symmetry of the limiters αij = αji and the symmetry of the diffusion
coefficients dij = dji. Note that dh(z; v, w) = dh(z;w, v) such that the mapping dh(z; ·, ·) is a
symmetric bilinear form. Moreover, it holds dh(z; 1, v) = 0 = dh(z;w, 1) and dh(z;w,w) ≥ 0
for all z, w, v ∈ C(Ω̄).

5.2.5 Modifications for Robin boundary conditions

In the case of a pure Robin boundary value problem (3.2.1), the system of linear equations has
the form

N∑
j=1

aijzj = gi, i = 1, · · · , N. (5.2.25)

In contrast to the Dirichlet boundary value problem, the set {xM+1, · · · , xN} coincides with
the set of nodes where Robin boundary conditions are prescribed. The construction of an
AFC scheme for (5.2.25) is similar to (5.2.1). Note that due to the lack of Dirichlet boundary
conditions, we have to adjust the indices of condition (5.2.2), i.e. the matrix (aij)

N
i,j=1 is postive

definite in so far as:

N∑
i,j=1

ziaijzj ≥ C
N∑
i=1

z2
i > 0 ∀ (z1, · · · , zN) ∈ RN \ {0}

where C > 0 is a constant. The AFC system corresponding to (5.2.25) is given by

N∑
j=1

aijzj +
N∑
j=1

(1− αij(z))dij(zj − zi) = gi, i = 1, · · · , N (5.2.26)

where αij ∈ [0, 1] for i, j ∈ {1, · · · , N}, i 6= j are the solution-dependent limiters. The proof of
the existence of a discrete solution z ∈ RN for (5.2.26) goes along the same lines as in Theorem
5.11. Moreover, the results corresponding to the local discrete maximum principle have to be
slightly modified. For detailed information we refer to [LohSP19, Section 4.2.2].
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5.3 Application on the state equations
The goal of this section is to apply the AFC method on the state equation corresponding to
(Pf ), (Pb), (P

MY
s ) and (PΓ). This section is generally based on the results in [BJKR18]. We

start with the application of the AFC method on the elliptic equations (3.1.4) and (3.2.4), i.e.
we consider for an arbitrary function g ∈ L2(Ω)

a(y, v) = (g, v)Ω ∀v ∈ H1
0 (Ω) (5.3.1)

and for an arbitrary function g ∈ H 1
2 (Γ)

aΓ(y, v) = (g, v)Γ ∀v ∈ H1(Ω) (5.3.2)

where a(·, ·) is defined by (3.1.2) and aΓ(·, ·) by (3.2.2). Recall that (5.3.1) and (5.3.2) are
the weak formulations associated with the state equations of (Pf ), (Pb), (P

MY
s ) resp. (PΓ). In

the following, the superscript s emphasizes that we consider the state equation. Moreover,
the superscript Γ indicates that we consider the state equation of the Robin boundary control
problem (PΓ). The reasons for the superscripts will become apparent in the following sections.

5.3.1 Dirichlet boundary condition

Next, we derive an AFC scheme for (5.3.1). The Galerkin method associated with (5.3.1) is
given by: Find yh ∈ Vh,0 such that

a(yh, vh) = (g, vh)Ω ∀vh ∈ Vh,0. (5.3.3)

We introduce the matrix A = (aij)
N
i,j=1 where aij := a(ϕj, ϕi) and according to (5.2.9), the

corresponding artificial diffusion matrix D = (dij)
N
i,j=1. Let yh ∈ Vh,0 be a solution of (5.3.3).

Then, we have yh =
N∑
i=1

yiϕi where yi = yh(xi) for all i ∈ {1, · · · , N}. Consequently, the

following system of linear equations is satisfied

N∑
j=1

aijyj = gi, i = 1, · · · ,M (5.3.4)

yi = 0, i = M + 1, · · · , N

with gi = (g, ϕi)Ω for i = 1, · · · ,M . According to (5.2.12), the AFC system of (5.3.4) is given
by

a(yh, vh) + dsh(yh; yh, vh) = (g, vh)Ω ∀vh ∈ Vh,0 (5.3.5)

where dsh(·; ·, ·) is defined by (5.2.24). Following the lines in Theorem 5.11 or [BJKR18, Theorem
1], we can state the next result.

Theorem 5.15. Let Assumption 5.9 on the flux limiters αij be satisfied. Then, the equation
(5.3.5) admits a solution yh ∈ Vh,0.

5.3.1.1 Discrete maximum principle

According to Section 5.2.3, we will verify that under the Assumption 5.13 a discrete solution
yh ∈ Vh,0 of (5.3.5) satisfies the local DMP, defined on patches ∆i, i = 1, · · · ,M . The following
proof can be found for instance in [BJKR18, Theorem 2].
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Theorem 5.16 (Local DMP). Let yh ∈ Vh,0 be a solution of (5.3.5) with αij satisfying As-
sumption 5.13. Consider any i ∈ {1, · · · .M}. Then

g ≤ 0 in ∆i ⇒ max
∆i

yh ≤ max
∂∆i

y+
h (5.3.6)

g ≥ 0 in ∆i ⇒ min
∆i

yh ≥ min
∂∆i

y−h . (5.3.7)

Proof. We will only verify claim (5.3.6). The proof of claim (5.3.7) goes in the same way.
Similar to Theorem 5.14, we start by proving the fulfillment of the conditions (5.2.22) and

(5.2.23). For a solution yh =
N∑
i=1

yjϕj of (5.3.5) with yi = yh(xi), i = 1, · · · , N , one has

N∑
j=1

ãijyj = gi, i = 1, · · · ,M (5.3.8)

where

ãij = a(ϕj, ϕi) + dsh(yh;ϕj, ϕi), i = 1, · · · ,M, j = 1, · · · , N,
gi = (g, ϕi)∆i

, i = 1, · · · ,M.

For i = 1, · · · ,M we have

ãii ≥ a(ϕi, ϕi) ≥ ε|ϕi|21,Ω > 0,

N∑
j=1

ãij = a(1, ϕi) + dsh(yh; 1, ϕi) = (c, ϕi)∆i
> 0

(5.3.9)

so that the conditions (5.2.22) and (5.2.23) hold. We remark that these properties follow from
the facts that (b · ∇v, v)Ω = 0 for any v ∈ H1

0 (Ω), dsh(yh;ϕi, ϕi) ≥ 0 for i = 1, · · · ,M and
N∑
j=1

ϕj = 1 in Ω. Now, for any i ∈ {1, · · · ,M}, let g ≤ 0 in ∆i so that gi ≤ 0. Let us assume

that (5.3.6) does not hold, i.e. we have

max
∆i

yh > max
∂∆i

y+
h =: C̄. (5.3.10)

Then, it follows max∆i
yh > max∂∆i

yh and yi = yh(xi) > 0 is a strict local maximum of
(y1, · · · , yN) in Si, i.e. we have

yi > yj ∀j ∈ Si.
Since ãij = 0 for any j /∈ Si ∪ {i}, we obtain by virtue of (5.3.8)

ãiiyi = gi +
∑
j∈Si

(−ãij)yj ≤
∑
j∈Si

(−ãij)(yj − C̄) +
∑
j∈Si

(−ãij)C̄ ≤
∑
j∈Si

(−ãij)C̄ ≤ ãiiC̄ (5.3.11)

where we have used ãij ≤ 0 for all j ∈ Si (Assumption 5.13) and

ãii ≥
∑
j∈Si

(−ãij).

The positivity of ãii > 0 leads us to

yi ≤ C̄

which is a contradiction to (5.3.10), proving the assertion.
Remark 5.17 (Global DMP). In [BJKR18, Theorem 3] the authors prove that under Assump-
tion 5.9 and Assumption 5.13 the following global discrete maximum principle holds:

g ≤ 0 in Ω ⇒ max
Ω̄

yh ≤ max
∂Ω

y+
h

g ≥ 0 in Ω ⇒ min
Ω̄

yh ≥ min
∂Ω

y−h .
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5.3.1.2 Error analysis

In this section, we derive an error estimate for y − yh where y ∈ H2(Ω) ∩H1
0 (Ω) is the unique

solution of (5.3.1) and yh ∈ Vh,0 is a solution of (5.3.5). For this, we define the mesh-dependent
norm

‖ v ‖sh:=
(
ε|v|21,Ω + c0 ‖ v ‖2

0,Ω +dsh(yh; v, v)
) 1

2
.

The following theorem provides an error estimate for ‖ y − yh ‖sh. A proof can be found in
[BJKR18, Theorem 4]. However, due to the fact that this result will be often used in this work,
we illustrate the proof.

Theorem 5.18. Let y ∈ H2(Ω)∩H1
0 (Ω) be the solution of (5.3.1) and let yh ∈ Vh,0 be a solution

of (5.3.5). Then, there exists a constant C > 0, independent of h and the data of (5.3.1) such
that

‖ y − yh ‖sh≤C
(
ε+ c−1

0 {‖ b ‖2
0,∞,Ω + ‖ c ‖2

0,∞,Ω h
2}
) 1

2 h|y|2,Ω + dsh(yh; Ihy, Ihy)
1
2 .

Proof. We define

y − yh = (y − Ihy) + (Ihy − yh) =: wh + eh.

Note that dsh(yh;wh, wh) = 0. Hence, the standard FE-estimate (Lemma 5.1) yields

‖ wh ‖sh≤ C(ε+ ‖ c ‖0,∞,Ω h)h|y|2,Ω.

Furthermore, we have

(‖ eh ‖sh)2 ≤ a(eh, eh) + dsh(yh; eh, eh)

= a(Ihy, eh) + dsh(yh; Ihy, eh)−
=(g,eh)Ω︷ ︸︸ ︷

(a(yh, eh) + dsh(yh; yh, eh))

= a(Ihy, eh) + dsh(yh; Ihy, eh)− a(y, eh)

= a(Ihy − y, eh)︸ ︷︷ ︸
(1)

+ dsh(yh; Ihy, eh)︸ ︷︷ ︸
(2)

.

The first term (1) can be estimated by the standard FE-estimate so that we obtain

a(Ihy − y, eh) ≤ C
(
ε+ c−1

0 {‖ b ‖2
0,∞,Ω + ‖ c ‖2

0,∞,Ω h
2}
) 1

2 h|y|2,Ω ‖ eh ‖sh .

Due to the fact that dsh(yh; ·, ·) is a symmetric positive semidefinite bilinear form, the Cauchy-
Schwarz inequality yields

dsh(yh; Ihy, eh) ≤ dsh(yh; Ihy, Ihy)
1
2dsh(yh; eh, eh)

1
2

≤ dsh(yh; Ihy, Ihy)
1
2 ‖ eh ‖sh .

Consequently, we obtain the desired result.

In the AFC literature dsh(yh; Ihy, Ihy) is referred to as consistency error. The following
lemma yields a corresponding estimate which can also be found in [BJKR18, Lemma 2].

Lemma 5.19. For all zh ∈ Vh, z ∈ C(Ω̄) we have

dsh(zh; Ihz, Ihz) ≤ C
(
ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h

2
)
|Ihz|21,Ω.
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Proof. Note that

|aij| =
∣∣∣ ∫

Ω

ε∇ϕi · ∇ϕj + (b · ∇ϕj)ϕi + cϕiϕj dx
∣∣∣

≤ ε|ϕi|1,T |ϕj|1,T+ ‖ b ‖0,∞,Ω |ϕi|1,T ‖ ϕj ‖0,T + ‖ c ‖0,∞,Ω‖ ϕi ‖0,T‖ ϕj ‖0,T .

Hence, the coefficients of the diffusion matrix D can be estimated by

|dij| ≤
∑
T∈Th
xi,xj∈T

(
ε|ϕi|1,T |ϕj|1,T+ ‖ c ‖0,∞,T‖ ϕi ‖0,T‖ ϕj ‖0,T

+ ‖ b ‖0,∞,T {|ϕi|1,T ‖ ϕj ‖0,T +|ϕj|1,T ‖ ϕi ‖0,T}
)

≤ C
∑
T∈Th
xi,xj∈T

(
ε+ ‖ b ‖0,∞,Ω hT+ ‖ c ‖0,∞,Ω h

2
T

)
≤ C̃

(
ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h

2
)
.

Then, using Lemma 5.10 and (1− αij(zh)) ≤ 1, we obtain

dsh(zh; Ihz, Ihz) =
N∑

i,j=1
i<j

(1− αij(zh))|dij||z(xi)− z(xj)|2

≤
∑
T∈Th
xi,xj∈T

|dij||z(xi)− z(xj)|2

≤ C̃
(
ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h

2
) ∑
T∈Th
xi,xj∈T

|z(xi)− z(xj)|2.

Since ∑
xi,xj∈T

|z(xi)− z(xj)|2 ≤ C|Ihz|21,Ω

we get the desired result.

As we have mentioned in Section 1.1, oscillations may occur in the Galerkin solutions
when the convection dominates the diffusion, i.e. ε �‖ b ‖0,∞,Ω. On the one hand, an
appropriate stabilization method should compute solutions free of spurious oscillations. On the
other hand, the discrete solutions should also converge to the continuous solution for h → 0.
The combination of Theorem 5.18 and Lemma 5.19 yields that the solutions computed by the
AFC method converge with an order of O(1

2
) to the continuous solution of (5.3.1) when the

diffusion coefficient is sufficiently small.

Corollary 5.20. In the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h we obtain

‖ y − yh ‖sh≤ Ch
1
2 ‖ y ‖2,Ω .

5.3.2 Robin boundary condition

Now, we derive an AFC scheme for (5.3.2). It follows the same lines as in Section 5.3.1. We
start again with the Galerkin formulation of (5.3.2) which is given by: Find yh ∈ Vh such that

aΓ(yh, vh) = (g, vh)Γ ∀vh ∈ Vh. (5.3.12)
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We introduce the matrix A = (aij)
N
i,j=1 where aij := aΓ(ϕj, ϕi) and the corresponding artificial

diffusion matrixD = (dij)
N
i,j=1. Let yh ∈ Vh be a solution of (5.3.12). Then, we have yh =

N∑
i=1

yiϕi

with yi = yh(xi) for all i ∈ {1, · · · , N} . Hence, the following system of linear equations is
satisfied

N∑
j=1

aijyj = gi, i = 1, · · · , N (5.3.13)

with

gi =

{
0 , i ∈ {1, · · · ,M}
(g, ϕi)Γ , i ∈ {M + 1, · · · , N}.

According to (5.2.12), the AFC system associated with (5.3.12) is given by

aΓ(yh, vh) + ds,Γh (yh; yh, vh) = (g, vh)Γ ∀vh ∈ Vh (5.3.14)

where ds,Γh (·; ·, ·) is defined by (5.2.24). Similar to Theorem 5.15, we can state the next result.

Theorem 5.21. Let the Assumption 5.9 on the flux limiters αij be satisfied. Then, the equation
(5.3.14) admits a solution yh ∈ Vh.

5.3.2.1 Discrete maximum principle

The next result shows the validity of the local DMP in the case of the pure Robin boundary
value problem. Note that the local DMP only holds on patches ∆i with i = 1, · · · ,M , i.e. on
patches for the inner nodes of the triangulation. We will discuss this point in Remark 5.23.

Theorem 5.22 (Local DMP). Let yh ∈ Vh be a solution of (5.3.14) with αij satisfying As-
sumption 5.13. Consider any i ∈ {1, · · · ,M}. Then

max
∆i

yh ≤ max
∂∆i

y+
h (5.3.15)

min
∆i

yh ≥ min
∂∆i

y−h . (5.3.16)

Proof. We only prove claim (5.3.15). First, similar to Theorem 5.16, we prove sufficient condi-
tions for the DMP. For this, let yh ∈ Vh be a solution of (5.3.14) and let us denote yi = yh(xi),

i = 1, · · · , N . Then, yh =
N∑
i=1

yjϕj and one has

N∑
j=1

ãijyj = gi, i = 1, · · · , N (5.3.17)

where

ãij = aΓ(ϕj, ϕi) + ds,Γh (yh;ϕj, ϕi), i = 1, · · · ,M, j = 1, · · · , N

and

gi =

{
0 , i ∈ {1, · · · ,M}
(g, ϕi)Γ , i ∈ {M + 1, · · · , N}.
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For nodes i ∈ {1, · · · ,M} we have ∫
Γ

b · n · ϕi
2

ds = 0.

Hence, we can derive for i ∈ {1, · · · ,M}

ãii ≥ aΓ(ϕi, ϕi) ≥ ε|ϕi|21,Ω > 0

and
N∑
j=1

ãij = aΓ(1, ϕi) + ds,Γh (yh; 1, ϕi) = (c, ϕi)∆i
−
∫
Γ

b · n · ϕi
2

ds = (c, ϕi)∆i
> 0

such that the sufficient conditions for the DMP are fulfilled. Note that these properties are

again results of the facts that ds,Γh (yh;ϕi, ϕi) ≥ 0 for i = 1, · · · , N and
N∑
j=1

ϕj = 1 in Ω. Now,

for i ∈ {1, · · · ,M} the equation (5.3.17) reduces to

N∑
j=1

ãijyj = 0. (5.3.18)

Hence, for the verification of (5.3.15) we can follow the same lines of Theorem 5.16 where the
local DMP poperty has been verified for a Dirichlet boundary value problem.

Remark 5.23. For indices corresponding to the Robin boundary nodes, i.e. xi with
i = M + 1, · · · , N we do not know whether the boundary integral∫

Γ

b · n · ϕi
2

ds

is positive or not. Since the non-negativity of the row sums (see Lemma 5.6 or [BJK16, Corol-
lary 11]) is necessary for verifying the local DMP the assertions (5.3.15) resp. (5.3.16) can only
be verified for the set of inner nodes {1, · · · ,M}.

Remark 5.24 (Global DMP). Similar to Remark 5.17, a solution yh ∈ Vh of (5.3.14) satisfies
the following global discrete maximum principle when Assumption 5.9 and Assumption 5.13
hold:

max
Ω̄

yh ≤ max
∂Ω

y+
h

min
Ω̄

yh ≥ min
∂Ω

y−h .

5.3.2.2 Error analysis

In this section, we derive an error estimate for y − yh where y ∈ H2(Ω) is the unique solution
of (5.3.2) and yh ∈ Vh is a solution of (5.3.14). The mesh-dependent norm is defined by

‖ v ‖s,Γh :=
(
ε|v|21,Ω + c0 ‖ v ‖2

0,Ω +ds,Γh (yh; v, v)
) 1

2
.

The next result is inspired by Theorem 5.18 resp. [BJKR18, Theorem 4].
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Theorem 5.25. Let y ∈ H2(Ω) be the solution of (5.3.2) and let yh ∈ Vh be a solution of
(5.3.14). Then, there exists a constant C > 0, independent of h and the data of (5.3.2) such
that

‖ y − yh ‖s,Γh ≤C
(
ε+ c−1

0 {‖ b ‖2
0,∞,Ω + ‖ c ‖2

0,∞,Ω h
2}
) 1

2 h|y|2,Ω + Ch|y|2,Ω + ds,Γh (yh; Ihy, Ihy)
1
2 .

Proof. The first lines of the proof are the same as in Theorem 5.18. We define

y − yh = (y − Ihy) + (Ihy − yh) =: wh + eh.

The standard FE-estimate yields

‖ wh ‖s,Γh ≤ C(ε+ ‖ c ‖0,∞,Ω h)h|y|2,Ω. (5.3.19)

Moreover, we are able to derive

(‖ eh ‖s,Γh )2 ≤ aΓ(Ihy − y, eh) + ds,Γh (yh; Ihy, eh). (5.3.20)

The first term on the right hand side of (5.3.20) can be written as

aΓ(Ihy − y, eh) = ε (∇(Ihy − y),∇eh)Ω + (b · ∇(Ihy − y), eh)Ω + (c(Ihy − y), eh)Ω︸ ︷︷ ︸
(1)

−
∫

Γ

b · n · (Ihy − y)eh
2

ds︸ ︷︷ ︸
(2)

.
(5.3.21)

Part (1) can be estimated by

(1) ≤ C
(
ε+ c−1

0 {‖ b ‖2
0,∞,Ω + ‖ c ‖2

0,∞,Ω h
2}
) 1

2 h|y|2,Ω ‖ eh ‖s,Γh .

The Hölder inequality yields for the second part (2)∫
Γ

b · n · (Ihy − y)eh
2

ds ≤ C ‖ b ‖0,∞,Γ‖ Ihy − y ‖0,Γ‖ eh ‖0,Γ .

The application of the trace inequality (Theorem 2.18) and the interpolation error estimate
(Lemma 5.1) result in

‖ Ihy − y ‖0,Γ ≤‖ Ihy − y ‖1/2
0,Ω‖ Ihy − y ‖

1/2
1,Ω

≤ C
(
h|y|1/22,Ω

)(
h1/2|y|1/22,Ω

)
≤ Ch3/2|y|2,Ω

and

‖ eh ‖0,Γ ≤‖ eh ‖1/2
0,Ω‖ eh ‖

1/2
1,Ω . (5.3.22)

The inverse inequality (Lemma 5.2) yields

‖ eh ‖1/2
1,Ω ≤ Ch−1/2 ‖ eh ‖1/2

0,Ω

such that we get for (5.3.22)

‖ eh ‖0,Γ ≤ Ch−1/2 ‖ eh ‖0,Ω

≤ Ch−1/2 ‖ eh ‖s,Γh .
(5.3.23)

56



Note that in the last inequality of (5.3.23) we have used

c0 ‖ eh ‖2
0,Ω≤ (‖ eh ‖s,Γh )2.

Consequently, term (2) can be estimated by∫
Γ

b · n · (Ihy − y)eh
2

ds ≤ Ch|y|2,Ω ‖ eh ‖s,Γh .

Altogether, the estimates of (1) and (2) imply for (5.3.21)

aΓ(Ihy − y, eh) ≤ C
(
ε+ c−1

0 {‖ b ‖2
0,∞,Ω + ‖ c ‖2

0,∞,Ω h
2}
) 1

2 h|y|2,Ω ‖ eh ‖s,Γh +Ch|y|2,Ω ‖ eh ‖s,Γh .

Due to the fact that ds,Γh (yh; ·, ·) is a symmetric, positive semidefinite bilinear form, the Cauchy-
Schwarz inequality yields

ds,Γh (yh; Ihy, eh) ≤ ds,Γh (yh; Ihy, Ihy)
1
2 ‖ eh ‖s,Γh .

Collecting the estimates of (5.3.19) and (5.3.20) leads us to the desired result.

The following lemma is similar to Lemma 5.19 and yields an estimate for the consistency
error ds,Γh (yh; Ihy, Ihy). A similar proof can be found for instance in [LohSP19, Theorem 4.72].

Lemma 5.26. For all zh ∈ Vh, z ∈ C(Ω̄) we have

ds,Γh (zh; Ihz, Ihz) ≤ C(ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h
2)|Ihz|21,Ω.

Proof. Note that

|aΓ
ij| =

∣∣∣ ∫
Ω

ε∇ϕi · ∇ϕj + (b · ∇ϕj)ϕi + cϕiϕj dx−
∫

Γ

b · n · ϕiϕj
2

ds
∣∣∣

≤ ε|ϕi|1,T |ϕj|1,T+ ‖ b ‖0,∞,Ω |ϕi|1,T ‖ ϕj ‖0,T + ‖ c ‖0,∞,Ω‖ ϕi ‖0,T‖ ϕj ‖0,T

+ ‖ b ‖0,∞,Γ‖ ϕi ‖0,∆i∩∆j∩Γ‖ ϕj ‖0,∆i∩∆j∩Γ .

Now, we estimate the diffusion coefficient dΓ
ij with the help of the trace inequality (Theorem

2.18).

|dΓ
ij| ≤

∑
T∈Th,xi,xj∈T

(
ε|ϕi|1,T |ϕj|1,T+ ‖ c ‖0,∞,Ω‖ ϕi ‖0,T‖ ϕj ‖0,T

+ ‖ b ‖0,∞,Ω {|ϕi|1,T ‖ ϕj ‖0,T +|ϕj|1,T ‖ ϕi ‖0,T}

+ Cτ ‖ b ‖0,∞,Ω {‖ ϕi ‖0,∆i∩∆j∩Γ‖ ϕj ‖0,∆i∩∆j∩Γ}
)

≤ C
(
ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h

2
)
.

The rest of the proof goes along the same lines as in Lemma 5.19.

The combinition of Theorem 5.25 and Lemma 5.26 leads us to the next result.

Corollary 5.27. In the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h we obtain

‖ y − yh ‖s,Γh ≤ Ch
1
2 ‖ y ‖2,Ω .
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5.4 Application on the adjoint equations
The application of the AFC method to the adjoint equations corresponding to (Pf ), (Pb), (P

MY
s )

and (PΓ) goes in the same way as in Section 5.3. Now, we consider the adjoint equation of
(Pf ), (Pb), (P

MY
s ) which has for an arbitary right hand side g ∈ L2(Ω) the form

a(ψ, p) = (g, ψ)Ω ∀ψ ∈ H1
0 (Ω) (5.4.1)

and the adjoint equation of (PΓ), i.e.

aΓ(ψ, p) = (g, ψ)Ω ∀ψ ∈ H1(Ω). (5.4.2)

In the following, the superscript ad emphasizes that we should consider the adjoint equation.
Moreover, the superscript Γ indicates the necessity to consider the adjoint equation of the Robin
boundary control problem (PΓ). The Galerkin formulations of (5.4.1) resp. (5.4.2) are given by

a(ψh, ph) = (g, ψh)Ω ∀ψh ∈ Vh,0 (5.4.3)

and

aΓ(ψh, ph) = (g, ψh)Ω ∀ψh ∈ Vh. (5.4.4)

The entries of the stiffness matrix corresponding to (5.4.3) are given by aij = a(ϕj, ϕi) resp.
the entries of the stiffness matrix corresponding to (5.4.4) are given by aij = aΓ(ϕj, ϕi). The
artificial diffusion matrices are defined by (5.2.9).

Remark 5.28 (Existence of discrete solutions / Discrete maximum principle). According to
(5.4.3) resp. (5.4.4), the corresponding variational formulations of the stabilized equations are
similar to (5.3.5) resp. (5.3.14). Hence, regarding Theorem 5.15, the claim of the existence of a
discrete stabilized solution holds when the continuity assumption on the flux limiter (Assumption
5.9) is satisfied. For the proof, we refer again to Theorem 5.11. Moreover, the fulfillment of
the local DMP property by a discrete stabilized solution ph can be verified in the same way as in
Theorem 5.16 (Dirichlet boundary condition) resp. Theorem 5.22 (Robin boundary condition)
when Assumption 5.13 is satisfied. Global discrete maximum principles (see Remark 5.17 and
Remark 5.24) are also valid when Assumption 5.9 and Assumption 5.13 hold. Due to the fact
that Section 5.3 can be transferred analogously to the adjoint equations (5.4.3) and (5.4.4), we
keep the following sections briefly.

5.4.1 Dirichlet boundary condition

The variational formulation of the AFC stabilization corresponding to the adjoint equation
(5.4.1) is given by: Find ph ∈ Vh,0 such that

a(ψh, ph) + dadh (ph; ph, ψh) = (g, ψh)Ω ∀ψh ∈ Vh,0 (5.4.5)

where dadh (·; ·, ·) is defined by (5.2.24).

Theorem 5.29. Let Assumption 5.9 on the flux limiters αij be satisfied. Then, the equation
(5.4.5) admits a solution ph ∈ Vh,0.
Theorem 5.30. Let p ∈ H2(Ω)∩H1

0 (Ω) be the solution of (5.4.1) and let ph ∈ Vh,0 be a solution
of (5.4.5). Then, there exists a constant C > 0, independent of h and the data of (5.4.1) such
that

‖ p− ph ‖adh ≤ C
(
ε+ c−1

0 {‖ b ‖2
0,∞,Ω + ‖ c ‖2

0,∞,Ω h
2}
) 1

2 h|p|2,Ω + dadh (ph; Ihp, Ihp)

where the mesh-dependent norm ‖ · ‖adh is defined by

‖ ψ ‖adh :=
(
ε|ψ|21,Ω + c0 ‖ ψ ‖2

0,Ω +dadh (ph;ψ, ψ)
) 1

2
.
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Due to the fact that the entries of the diffusion matrix D are symmetric, i.e. dij = dji the
consistency error estimate for the state equation (see Lemma 5.19) also hold for the consistency
error dadh (ph; Ihp, Ihp).

Lemma 5.31. For all zh ∈ Vh, z ∈ C(Ω̄) we have

dadh (zh; Ihz, Ihz) ≤ C
(
ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h

2
)
|Ihz|21,Ω.

Corollary 5.32. In the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h we obtain

‖ p− ph ‖adh ≤ Ch
1
2 ‖ p ‖2,Ω .

5.4.2 Robin boundary condition

For the adjoint equation (5.4.2), the stabilization method is given by: Find ph ∈ Vh such that

aΓ(ψh, ph) + dad,Γh (ph; ph, ψh) = (g, ψh)Ω ∀ψh ∈ Vh (5.4.6)

where dad,Γh (·; ·, ·) is defined by (5.2.24).

Theorem 5.33. Let Assumption 5.9 on the flux limiters αij be satisfied. Then, the equation
(5.4.6) admits a solution ph ∈ Vh.

Theorem 5.34. Let p ∈ H2(Ω) be the solution of (5.4.2) and let ph ∈ Vh be a solution of
(5.4.6). Then, there exists a constant C > 0, independent of h and the data of (5.4.6) such
that

‖ p− ph ‖ad,Γh ≤C
(
ε+ c−1

0 {‖ b ‖2
0,∞,Ω + ‖ c ‖2

0,∞,Ω h
2}
) 1

2 h|p|2,Ω + dad,Γh (ph; Ihp, Ihp)
1
2

where the mesh-dependent norm is defined by

‖ ψ ‖ad,Γh :=
(
ε|ψ|21,Ω + c0 ‖ ψ ‖2

0,Ω +dad,Γh (ph;ψ, ψ)
) 1

2
.

For the same reasons as in Lemma 5.31 the proof of Lemma 5.26 can be applied to verify
the following consistency error estimate.

Lemma 5.35. For all zh ∈ Vh and z ∈ C(Ω̄) we have

dad,Γh (zh; Ihz, Ihz) ≤ C
(
ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h

2
)
|Ihz|21,Ω.

Corollary 5.36. In the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h we obtain

‖ p− ph ‖ad,Γh ≤ Ch
1
2 ‖ p ‖2,Ω .

5.5 AFC limiters
In this section, we introduce the construction of the Kuzmin limiter and the BJK limiter. The
construction corresponds to a linear boundary value problem with Dirichlet boundary condition.
However, by adjusting the indices the following definitions and results can be transferred to a
linear boundary value problem with Robin boundary condition (see Section 5.2.5). For detailed
information on the general design principle of the limiters we refer to [BJK16, Lemma 6]. We
remark that for reasons of a better convergence behavior and implementation, many modified
variations of the originally Kuzmin limiter resp. BJK limiter have been developed. For instance,
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in [BadBon17] differentiable resp. regularized limiter have been constructed such that Newton-
like solution strategies are applicable. In [Knob21] the author modifies the Kuzmin limiter such
that the DMP is guaranteed on arbitrary meshes. In [Kuz18] a gradient based limiter is derived
such that a higher order of convergence is obtained. Further information on other limiters and
their modifications can be found for instance in [Kuz10], [BJKR18], [Loh19], [LohSP19] and
[JhaTh20]. In the following, we show the design for both types of limiters (Kuzmin/BJK) and
verify that Assumption 5.9 and Assumption 5.13 are satisfied such that the local resp. the
global DMP property holds. Furthermore, we discuss the meaning of the linearity-preserving
property of limiters. In this context, we mention the numerical results in [BBK17] and [BJK17]
which suggest a better convergence behavior when the limiter possesses the linearity-preserving
property (see also [Kuz12, Section 7]).

Assumption 5.37. The limiters αij possess the linearity-preserving property, if

αij(z) = 1 for z ∈ P1(R2), i = 1, · · · ,M, j = 1, · · · , N.

The construction of the following limiters is generally based on [BJK16], [BJK17], [BJKR18],
[Kuz12] and [Kuz12/2]. We start with an introduction to the Kuzmin limiter.

5.5.1 Kuzmin limiter

The design of the Kuzmin limiter starts with the definition of the following values. For i =
1, · · · , N we compute

P+
i :=

∑
j∈Si
aji≤aij

f+
ij , Q+

i := −
∑
j∈Si

f−ij

P−i :=
∑
j∈Si
aji≤aij

f−ij , Q−i := −
∑
j∈Si

f+
ij

where fij := dij(zj − zi) are the fluxes, f+
ij = max{0, fij}, and f−ij = min{0, fij}. Then, one

defines for i = 1, · · · , N

R+
i := min

{
1,
Q+
i

P+
i

}
, R−i := min

{
1,
Q−i
P−i

}
. (5.5.1)

If P+
i = 0 or P−i = 0, we set R+

i := 1 resp. R−i := 1. Furthermore, at Dirichlet nodes, we also
set

R+
i := 1, R−i := 1, i = M + 1, · · · , N. (5.5.2)

Then, for any i, j ∈ {1, · · · , N}, i 6= j with aji ≤ aij the Kuzmin limiter is defined by

αij :=


R+
i if fij > 0,

1 if fij = 0,

R−i if fij < 0

(5.5.3)

with αji := αij. In [BJK16, Theorem 3] and [BJKR18, Lemma 4] it is shown that the Kuzmin
limiter satisfies the continuity assumption (Assumption 5.9). Note that a proof corresponding
to the satisfaction of Assumption 5.9 will be performed in Lemma 5.38 for the BJK limiter.
However, the proof can be transferred to the Kuzmin limiter as well. Moreover, when the
entries of the system matrix satisfy

min{aij, aji} ≤ 0, i = 1, · · · ,M, j = 1, · · · , N, i 6= j (5.5.4)
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then, [BJKR18, Lemma 5] yields that the Kuzmin limiter satisfies Assumption 5.13 so that
the local and global DMP hold. However, it is worth to mention that (5.5.4) does not hold on
arbitrary meshes. In detail, Barrenechea et al. discuss in [BJK16, Remark 14] that (5.5.4) is not
guaranteed for so-called non-Delaunay meshes, i.e. for meshes which contain obtuse triangles
with angles bigger than π

2
. In [Knob21] the author provides a modification of (5.5.3) so that the

local DMP property holds on arbitrary meshes. As we have mentioned in the introduction of
this section, the satisfaction of the linearity-preserving property (Assumption 5.37) may leads
us to a better convergence behavior of the AFC method. Hence, in the next section we will
introduce a linearity-preserving limiter.

5.5.2 BJK limiter

Similar to the Kuzmin limiter, the design of the BJK limiter is initiated by the definition of
the following values. For i = 1, · · · , N we compute

P+
i :=

∑
j∈Si

f+
ij , Q+

i := qi(zi − zmax
i ) (5.5.5)

P−i :=
∑
j∈Si

f−ij , Q−i := qi(zi − zmin
i ) (5.5.6)

where again fij := dij(zj − zi) and

zmax
i := max

j∈Si∪{i}
zj, zmin

i := min
j∈Si∪{i}

zj, qi := γi ·
∑
j∈Si

dij

with fixed constants γi > 0. The quantities R+
i and R−i are defined by (5.5.1) and (5.5.2).

Then, for i, j ∈ {1, · · · , N}, i 6= j we set

α̃ij :=


R+
i if fij > 0,

1 if fij = 0,

R−i if fij < 0

(5.5.7)

and finally

αij := min{α̃ij, α̃ji}. (5.5.8)

The next result shows that the BJK limiter is continuous and fulfills the sufficient condition
for the local DMP property. The following proof can also be found in [BJKR18, Lemma 6].

Lemma 5.38. The BJK limiter satisfies Assumption 5.9 (continuity) and Assumption 5.13
(local DMP).

Proof. We start with the verification of Assumption 5.9. It sufficies to show that α̃ij(zh)(zj−zi)
is a continuous function of zh ∈ Vh with zi := zh(xi), i = 1, · · · , N . For this, let us consider
fij(zh) > 0 and dij < 0 since the case dij = 0 leads to αij = 1. Due to dij < 0, we have zi > zj.
We thus get fij(z̃h) > 0 for functions z̃h in a neighborhood of zh. Using definition (5.5.7) we
obtain

α̃ij(zh) = R+
i = min

{
1,
Q+
i

P+
i

}
=

min
{
P+
i , Q

+
i

}
fij + P̃+

i

with P̃+
i =

∑
k∈Si
k 6=j

f+
ik .
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The numerator and the denominator are continuous functions and by virtue of fij > 0 the
denominator is positive in a neighborhood of zh. Consequently, α̃ij is a continuous function at
zh. In the case fij(zh) < 0 we obtain with zi < zj

α̃ij(zh) = R−i = min
{

1,
Q−i
P−i

}
=

min
{
− P−i ,−Q−i

}
|fij| − P̃−i

with P̃−i =
∑
k∈Si
k 6=j

f−ik .

Hence, we can conclude in the same way as for fij(zh) > 0. The last case is fij(zh) = 0 which
leads with the help of (5.5.7) and dij < 0 to α̃ij(zh)(zj − zi) = (zj − zi) = 0. The boundedness
of αij ∈ [0, 1] yields

α̃ij(z̃h)(z̃j − z̃i)→ 0

as z̃j → z̃i. Finally, the BJK limiter satisfies Assumption 5.9.
Now, we prove that the BJK limiter satisfies Assumption 5.13. For this, we assume that zi,
i ∈ {1, · · · ,M} is a strict local extremum of z = (z1, · · · , zN). Then, we have to prove

aij + (1−min{α̃ij(zh), α̃ji(zh)})dij ≤ 0 ∀j ∈ Si. (5.5.9)

If dij = 0, then aij ≤ 0 and hence (5.5.9) holds. Now, let us assume that dij < 0 and zi > zj
for any j ∈ Si. Then, fij > 0 and zmax

i = zi so that P+
i > 0, Q+

i = 0. Hence, α̃ij = R+
i = 0.

Combined with the fact that aij + dij ≤ 0 we obtain (5.5.9). The proof of the case zi < zj for
any j ∈ Si goes in the same way. Thus, the BJK limiter satisfies Assumption 5.13.

5.5.3 Linearity-preserving property

As we have mentioned the linearity-preserving property suggests a better convergence behavior
of the AFC method. Now, we see that for the BJK limiter the linearity-preserving property
holds. In [BJK17, Section 6] the authors show that the validity of Assumption 5.37 is ensured
when

Q+
i ≥ P+

i for fij > 0, Q−i ≤ P−i for fij < 0 (5.5.10)

hold. Moreover, the authors illustrate that if z ∈ P1(R2) satisfies

zi − zmin
i ≤ γi(z

max
i − zi), zmax

i − zi ≤ γi(zi − zmin
i ) (5.5.11)

for appropriate constants γi > 0, then (5.5.10) is valid. Hence, the constants γi will be adjusted
in such a way that the linearity-preserving property holds. Note that by changing the sign
of the function z the first inequality of (5.5.11) implies the second. Thus, it sufficies to use
constants such that

zi − zmin
i ≤ γi(z

max
i − zi) ∀z ∈ P1(R2). (5.5.12)

In the case where the patches ∆i are symmetric with respect to the vertex xi
[BJK17, Lemma 6.1] yields that (5.5.12) holds with γi = 1. In the case of general patches ∆i

[BJK17, Theorem 6.1] yields that inequality (5.5.12) holds, when

γi =

max
xj∈∂∆i

|xi − xj|

dist(xi, ∂∆conv
i )

, i = 1, · · · ,M

where ∆conv
i is the convex hull of ∆i and ∂∆conv

i its boundary. The next result shows that the
BJK limiter is linearity-preserving under the assumption that the constants γi fulfill condition
(5.5.12). A proof can also be found in [BJKR18, Lemma 7].
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Lemma 5.39. Let γi for i = 1, · · · ,M fulfill (5.5.12). Then, the BJK limiter (5.5.8) satisfies
Assumption 5.37.

Proof. Let i ∈ {1, · · · ,M}. It sufficies to verify that for any zh ∈ P1(R2), one has R+
i (zh) =

1 = R−i (zh). Using condition (5.5.12), we obtain

P+
i =

∑
j∈Si
zj<zi

dij(zj − zi) ≤
∑
j∈Si

dij(z
min
i − zi) ≤

∑
j∈Si

dijγi(zi − zmax
i ) = Q+

i

and hence R+
i = 1. Similary, one obtains R−i = 1.

6 Coupled formulation of optimality conditions
and AFC discretization

In this section, we provide a discretization concept corresponding to (Pf ), (Pb), (P
MY
s ) and

(PΓ). In the context of the optimize-then-discretize-approach we will obtain for each problem a
coupled and discretized system. For this, recall that in the optimize-then-discretize-approach,
first the optimality conditions are derived on the continuous level. After that, the discretization
will be organized on the derived optimality systems. In this work, the optimality systems of
(Pf ), (Pb), (P

MY
s ) and (PΓ) will be discretized by the AFC method. For detailed information on

the analysis of (Pf ), (Pb), (P
MY
s ) and (PΓ), we refer to Section 4. Furthermore, we remark that

in Section 7 resp. Section 8 the following coupled and discretized systems will be analyzed.

6.1 Unconstrained case
Now, let us start with the discretization of the unconstrained optimal control problem

min Jf (y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

 (Pf )

For this, regarding Section 4.1, the unique solution (ȳ, ū) of (Pf ) satisfies the following opti-
mality system

a(ȳ, v) = (ū, v)Ω ∀v ∈ H1
0 (Ω)

a(ψ, p̄) = (ȳ − yd, ψ)Ω ∀ψ ∈ H1
0 (Ω)

p̄+ λū = 0 a.e. in Ω

where p̄ is the corresponding adjoint solution.

6.1.1 Discretized system

Following the optimize-then-discretize-approach, we obtain a coupled and discretized system

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Vh,0
a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Vh,0
λuh + ph = 0 a.e. in Ω

 (P f
h )

Note that dsh(yh; yh, vh) resp. dadh (ph; ph, ψh) are the stabilization terms introduced in (5.3.5)
resp. (5.4.5).
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Definition 6.1. A pair (yh, uh) ∈ Vh,0×Vh,0 is called solution for (P f
h ) if there exists a discrete

adjoint solution ph ∈ Vh,0 such that

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Vh,0 (6.1.1)
a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Vh,0 (6.1.2)
λuh + ph = 0 a.e. in Ω (6.1.3)

is satisfied.

6.2 Control constrained case
Now, we apply the optimize-then-discretize-approach on the control constrained optimal control
problem

min J b(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

ua ≤ u ≤ ub a.e. in Ω

 (Pb)

Regarding Section 4.2, the solution (ȳ, ū) of (Pb) satisfies the following optimality system

a(ȳ, v) = (ū, v)Ω ∀v ∈ H1
0 (Ω)

a(ψ, p̄) = (ȳ − yd, ψ)Ω ∀ψ ∈ H1
0 (Ω)

ū = P[ua,ub]

(
−1

λ
p̄

)
a.e. in Ω.

6.2.1 Discretized system

The coupled and discretized system is given by

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Vh,0
a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Vh,0
uh = P[ua,ub]

(
− 1
λ
ph
)

a.e. in Ω

 (P b
h)

Definition 6.2. A pair (yh, uh) ∈ Vh,0 × L2(Ω) is called solution for (P b
h) if there exists a

discrete adjoint solution ph ∈ Vh,0 such that

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Vh,0 (6.2.1)
a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Vh,0 (6.2.2)

uh = P[ua,ub]

(
−1

λ
ph

)
a.e. in Ω (6.2.3)

is satisfied.

6.3 State constrained case - Moreau-Yosida regularization
As we have mentioned in Section 4.3, the lack of regularity of the measures µa, µb complicates
the numerical treatment of (Ps). Thus, a direct application of the optimize-then-discretize-
approach on (Ps) is not advisible and currently not realizable. The remedy is to be found in
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the discretization of an appropriate regularization of (Ps) (see Section 4.3.2). In our work,
we use the Moreau-Yosida regularization (PMY

s ). Now, the strategy is to construct a solution
(yh, uh) ∈ Vh,0 × Vh,0 with a corresponding adjoint solution ph ∈ Vh,0 for the Moreau-Yosida
regularization which is also an approximation for the solution (ȳ, ū) ∈ H1

0 (Ω) × H1
0 (Ω) with

p̄ ∈ H1
0 (Ω) corresponding to (Ps). For this, recall the weak formulation of the optimality

conditions of (PMY
s ) (see Theorem 4.16):

a(ȳδ, v) = (ūδ, v)Ω ∀v ∈ H1
0 (Ω)

a(ψ, p̄δ) = (ȳδ − yd, ψ)Ω + (µδ, ψ)Ω ∀ψ ∈ H1
0 (Ω)

λūδ + p̄δ = 0 a.e. in Ω

µδ = δ · (max{0, ȳδ − yb}+ min{0, ȳδ − ya}) a.e. in Ω.

(6.3.1)

In the following, we use a different representation of µδ. In detail, we use the pointwise projec-
tion formula P[ya,yb](·) given by

P[ya,yb](r) = min{yb,max{r, ya}}.

According to Lemma 2.26, we are able to rewrite the weak formulation (6.3.1) in so far as:

a(ȳδ, v) = (ūδ, v)Ω ∀v ∈ H1
0 (Ω)

a(ψ, p̄δ) = (ȳδ − yd, ψ)Ω + (µδ, ψ)Ω ∀ψ ∈ H1
0 (Ω)

λūδ + p̄δ = 0 a.e. in Ω

µδ = δ ·
(
ȳδ − P[ya,yb](ȳδ)

)
a.e. in Ω.

6.3.1 Discretized system

The optimize-then-discretize-approach yields the following coupled and discretized system

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Vh,0
a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω +

(
µδh, ψh

)
Ω
∀ψh ∈ Vh,0

λuh + ph = 0 a.e. in Ω

µδh = δ · (yh − P[ya,yb](yh)) a.e. in Ω

 (PMY
s,h )

Definition 6.3. A pair (yh, uh) ∈ Vh,0 × Vh,0 is called solution for (PMY
s,h ) if there exists a

discrete adjoint solution ph ∈ Vh,0 such that

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Vh,0 (6.3.2)
a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω +

(
µδh, ψh

)
Ω
∀ψh ∈ Vh,0 (6.3.3)

λuh + ph = 0 a.e. in Ω (6.3.4)
µδh = δ · (yh − P[ya,yb](yh)) a.e. in Ω (6.3.5)

is satisfied.

6.4 Control constrained case with Robin boundary control
Apart from the optimal control problems with distributed control, we apply the optimize-then-
discretize-approach on the following control constrained optimal control problem with Robin
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boundary control.

min JΓ(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Γ

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny − b·n·y
2

= u on Γ

uΓ
a ≤ u ≤ uΓ

b a.e. on Γ

 (PΓ)

Section 4.4 provides that the solution (ȳ, ū) of (PΓ) satisfies

aΓ(ȳ, v) = (ū, v)Γ ∀v ∈ H1(Ω)

aΓ(ψ, p̄) = (ȳ − yd, ψ)Ω ∀ψ ∈ H1(Ω)

ū = P[uΓ
a ,u

Γ
b ]

(
−1

λ
p̄

)
a.e. on Γ

where p̄ is the corresponding adjoint solution.

6.4.1 Discretized system

The optimize-then-discretize-approach yields the following coupled and discretized system

aΓ(yh, vh) + ds,Γh (yh; yh, vh) = (uh, vh)Γ ∀vh ∈ Vh
aΓ(ψh, ph) + dad,Γh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Vh
uh = P[uΓ

a ,u
Γ
b ]

(
− 1
λ
ph
)

a.e. on Γ

 (P Γ
h )

Note that the stabilization terms ds,Γh (yh; yh, vh) resp. dad,Γh (ph; ph, ψh) have been introduced in
(5.3.14) resp. in (5.4.6).

Definition 6.4. A pair (yh, uh) ∈ Vh×L2(Γ) is called solution for (P Γ
h ) if there exists a discrete

adjoint solution ph ∈ Vh such that

a(yh, vh) + ds,Γh (yh; yh, vh) = (uh, vh)Γ ∀vh ∈ Vh (6.4.1)

a(ψh, ph) + dad,Γh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Vh (6.4.2)

uh = P[uΓ
a ,u

Γ
b ]

(
−1

λ
ph

)
a.e. on Γ (6.4.3)

is satisfied.

7 Abstract formulation
An accurate observation of the discretized systems (P f

h ), (P b
h), (PMY

s,h ), and (P Γ
h ) yields that the

structure of all systems are quite similiar. In detail, we are able to rewrite the discrete systems
by an abstract operator equation

Khxh = Qxh +G in X ∗h (7.0.1)

where Xh is a finite dimensional Hilbert space, X ∗h its dual, and G ∈ X ∗h . The structure of
(7.0.1) guides us to the supposition that the discrete problems can be analyzed in a unique
way. Hence, in the first part of this section we prove for a general framework of (7.0.1) the
existence of a discrete solution xh. After that, we derive for general coupled systems a L2-error
estimate for the control and the state. We remark that in Section 8, the following abstract
results will be applied for the analysis of (P f

h ), (P b
h), (PMY

s,h ), and (P Γ
h ).
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7.1 Existence of discrete solutions
In the following let X be a Hilbert space with inner product (·, ·)X and norm ‖ · ‖X . Moreover,
let (Xh, ‖ · ‖Xh) with Xh ⊂ X be a finite dimensional Hilbert space with inner product (·, ·)Xh
and norm ‖ · ‖Xh . We consider a functional G ∈ X ∗h and continuous operators Kh : Xh → X ∗h
and Q : Xh → X ∗h .

Assumption 7.1. We assume that the operator Kh : Xh → X ∗h is continuous and satisfies

〈Khxh,xh〉X ∗h ,Xh ≥ CK ‖ xh ‖2
Xh ∀ xh ∈ Xh (7.1.1)

where CK > 0 is a constant.

Assumption 7.2. We assume that the operator Q : Xh → X ∗h is continuous and satisfies

〈Qxh,xh〉X ∗h ,Xh ≤ CQ ‖ xh ‖Xh ∀ xh ∈ Xh (7.1.2)

where CQ > 0 is a constant.

The following lemma yields the existence of a discrete solution xh ∈ Xh for the operator
equation

Khxh = Qxh +G in X ∗h .

Lemma 7.3. Under the Assumptions 7.1 and 7.2 there exists a solution xh ∈ Xh such that

Khxh = Qxh +G in X ∗h (7.1.3)

is satisfied.

Proof. We define the operator T : Xh → X ∗h by

Txh := Khxh −Qxh −G.

Assumption 7.1 and Assumption 7.2 imply

〈Txh,xh〉X ∗h ,Xh = 〈Khxh,xh〉X ∗h ,Xh − 〈Qxh,xh〉X ∗h ,Xh − 〈G,xh〉X ∗h ,Xh
≥ CK ‖ xh ‖2

Xh −CQ ‖ xh ‖Xh − ‖ G ‖X ∗h‖ xh ‖Xh .

The application of Young’s inequality on the last two terms on the right hand side results in

〈Txh,xh〉X ∗h ,Xh ≥ CK ‖ xh ‖2
Xh −

CK
2
‖ xh ‖2

Xh −
C2
Q

CK
−
‖ G ‖2

X ∗h
CK

=
CK
2
‖ xh ‖2

Xh −
C2
Q

CK
−
‖ G ‖2

X ∗h
CK

.

(7.1.4)

By virtue of Riesz’s respresentation theorem (see Theorem 3.1) we get

(Txh,xh)Xh = 〈Txh,xh〉X ∗h ,Xh . (7.1.5)

Hence, for all xh ∈ Xh with

‖ xh ‖Xh>

√√√√2
(
C2
Q+ ‖ G ‖2

X ∗h

)
C2
K
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it holds

(Txh,xh)Xh > 0

with respect to (7.1.4) and (7.1.5). Lemma 5.8 yields the existence of a solution x̄h ∈ Xh such
that

T x̄h = 0 in Xh.

Again, the application of Theorem 3.1 implies

T x̄h = 0 in X ∗h

and consequently the desired result.

7.2 General error estimates for coupled systems
Let G be Ω or the boundary Γ. In the case where G = Ω, let X = H1

0 (Ω) and Xh = Vh,0, the
Finite Element space of P1 Finite Elements, introduced in Section 5.1. In the case G = Γ, let
X = H1(Ω) and Xh = Vh. For the several cases of G we use the corresponding product spaces
X = X ×X and Xh = Xh ×Xh. Now, we introduce operators, sets and spaces which will be
used in this section. Initially, let U ⊆ L2(G) be a nonempty, closed and convex set. We consider
an operator Ks ∈ L(X,X∗) with the corresponding adjoint operator Kad := (Ks)∗ ∈ L(X,X∗)
where L(X,X∗) denotes the set of all linear and continuous functionals fromX toX∗. Moreover,
we consider G ∈ X∗, operators Ds

(·) : Xh → L(Xh, X
∗
h), Dad

(·) : Xh → L(Xh, X
∗
h), continuous

operators

Z : C(Ω̄)→ U, R : C(Ω̄)→ C(Ω̄)

and constants δ, δ̂ ∈ R≥0 such that

δ − δ̂ > 0.

We assume that the following continuous problem possesses a solution (y, u) ∈ (X ∩ C(Ω̄)) ×
L2(G) with a corresponding adjoint solution p ∈ X ∩ C(Ω̄) such that for all (v, ψ) ∈ X the
system

〈Ksy, v〉X∗,X = (u, v)G

〈Kadp, ψ〉X∗,X = (δ · y − δ̂ ·Ry, ψ)Ω + 〈G,ψ〉X∗,X
u = Zp a.e. in G
(λu+ p, w − u)G ≥ 0 ∀w ∈ U

 (P )

is satisfied. In addition to the continuity assumption, the operator R satisfies the following
condition.

Assumption 7.4. The operator R : C(Ω̄) → C(Ω̄) is Lipschitz continuous in so far as: For
z, z̃ ∈ C(Ω̄) we have

(Rz −Rz̃, v)Ω ≤‖ z − z̃ ‖0,Ω‖ v ‖0,Ω ∀v ∈ C(Ω̄).

Furthermore, we assume that for z ∈ C(Ω̄)

‖ Rz ‖0,Ω≤ CR

where CR > 0 is a constant, independent of z.
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Remark 7.5. For varying δ, δ̂,G, Z,R, and U , the continuous problem (P ) corresponds to the
optimality systems of (Pf ), (Pb), (P

MY
s ), and (PΓ). We will return to this discussion in Section

8.

Now, let us consider the discrete counterpart to (P ). We assume that there exists a solution
(yh, uh) ∈ Xh × L2(G) with a corresponding discrete adjoint solution ph ∈ Xh such that for all
(vh, ψh) ∈ Xh the system

〈Ksyh, vh〉X∗,X + 〈Ds
yh
yh, vh〉X∗h,Xh = (uh, vh)G

〈Kadph, ψh〉X∗,X + 〈Dad
ph
ph, ψh〉X∗h,Xh = (δ · yh − δ̂ ·Ryh, ψh)Ω + 〈G,ψh〉X∗,X

uh = Zph a.e. in G
(λuh + ph, w − uh)G ≥ 0 ∀w ∈ U

 (Ph)

is satisfied. Now, according to (P ) and (Ph), we derive a general L2-error estimate for the
differences y − yh and u − uh with respect to the following auxiliary problem. For this, let us
assume that (yh, uh) ∈ Xh × L2(G) with ph ∈ Xh solves (Ph). Moreover, we assume that there
exists a solution (ỹ, p̃) ∈ X ∩ (C(Ω̄)× C(Ω̄)) such that for all (v, ψ) ∈ X the system

〈Ksỹ, v〉X∗,X = (uh, v)G

〈Kadp̃, ψ〉X∗,X = (δ · yh − δ̂ ·Ryh, ψ)Ω + 〈G,ψ〉X∗,X

}
(Paux)

is satisfied.

Lemma 7.6. Let Assumption 7.4 on the operator R be fulfilled. Furthermore, let (y, u) ∈
(X ∩ C(Ω̄))× L2(G) be a solution of (P ) with a corresponding adjoint solution p ∈ X ∩ C(Ω̄).
Moreover, let (yh, uh) ∈ Xh×L2(G) be a solution of (Ph) with a corresponding adjoint solution
ph ∈ Xh. The pair (ỹ, p̃) ∈ X ∩ (C(Ω̄)× C(Ω̄)) solves (Paux). Then, we have

λ

2
‖ uh − u ‖2

0,G +
(δ − δ̂)

2
‖ yh − y ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,G +δ̂CR ‖ yh − ỹ ‖0,Ω

+
δ2

2(δ − δ̂)
‖ yh − ỹ ‖2

0,Ω

where C,CR > 0 are constants.

Proof. First, we consider the variational inequalities

(λu+ p, w − u)G ≥ 0 ∀w ∈ U (7.2.1)

and

(λuh + ph, w − uh)G ≥ 0 ∀w ∈ U. (7.2.2)

Note that u = Zp ∈ U and uh = Zph ∈ U . Hence, by virtue of (7.2.1) and (7.2.2), we are able
to derive the inequality

λ ‖ uh − u ‖2
0,G ≤ (ph − p, u− uh)G

= (ph − p̃, u− uh)G︸ ︷︷ ︸
(1)

+ (p̃− p, u− uh)G︸ ︷︷ ︸
(2)

. (7.2.3)

For (1), Young’s inequality yields

(ph − p̃, u− uh)G ≤‖ ph − p̃ ‖0,G‖ uh − u ‖0,G

≤ C ‖ ph − p̃ ‖2
0,G +

λ

2
‖ uh − u ‖2

0,G .
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For the second term (2), we get by using the equations of (P ) resp. (Paux)

(p̃− p, u− uh)G = 〈Ksy −Ksỹ, p̃− p〉X∗,X
= 〈y − ỹ, (Ks)∗p̃− (Ks)∗p〉X,X∗
= 〈y − ỹ, Kadp̃−Kadp〉X,X∗
= (δ · (yh − y)− δ̂ · (Ryh −Ry), y − ỹ)Ω

= δ · (yh − y, y − ỹ)Ω︸ ︷︷ ︸
(3)

− δ̂ · (Ryh −Ry, y − ỹ)Ω︸ ︷︷ ︸
(4)

.

(7.2.4)

For (3), we obtain by inserting the discrete solution yh

δ · (yh − y, y − ỹ)Ω = δ · (yh − y, y − yh)Ω + δ · (yh − y, yh − ỹ)Ω

≤ −δ ‖ yh − y ‖2
0,Ω +δ ‖ yh − y ‖0,Ω‖ yh − ỹ ‖0,Ω .

For (4), we get

δ̂ · (Ry −Ryh, y − ỹ)Ω = δ̂ · (Ry −Ryh, yh − ỹ)Ω + δ̂ · (Ry −Ryh, y − yh)Ω

≤ δ̂CR ‖ yh − ỹ ‖0,Ω +δ̂ ‖ y − yh ‖2
0,Ω

where we have used for the first term the uniform boundedness of R and for the second term
the Lipschitz continuity of R (see Assumption 7.4). Hence, we can derive for (7.2.4)

(p̃− p, u− uh)G ≤ (δ̂ − δ)· ‖ yh − y ‖2
0,Ω +δ ‖ yh − y ‖0,Ω‖ yh − ỹ ‖0,Ω +δ̂CR ‖ yh − ỹ ‖0,Ω .

Collecting and rearranging of the estimated terms (1), (2) yields for (7.2.3)

λ

2
‖ uh − u ‖2

0,G +(δ − δ̂) ‖ yh − y ‖2
0,Ω ≤ C ‖ ph − p̃ ‖2

0,G +δ̂CR ‖ yh − ỹ ‖0,Ω

+ δ ‖ yh − y ‖0,Ω‖ yh − ỹ ‖0,Ω .

Consequently, Young’s inequality (2.2.4) implies with γ = δ − δ̂ > 0

λ

2
‖ uh − u ‖2

0,G +(δ − δ̂) ‖ yh − y ‖2
0,Ω ≤ C ‖ ph − p̃ ‖2

0,G +δ̂CR ‖ yh − ỹ ‖0,Ω

+
(δ − δ̂)

2
‖ yh − y ‖2

0,Ω +
δ2

2(δ − δ̂)
‖ yh − ỹ ‖2

0,Ω

and finally

λ

2
‖ uh − u ‖2

0,G +
(δ − δ̂)

2
‖ yh − y ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,G +δ̂CR ‖ yh − ỹ ‖0,Ω

+
δ2

2(δ − δ̂)
‖ yh − ỹ ‖2

0,Ω .

We note that in the next section an estimate for ‖ yh − ỹ ‖0,Ω and ‖ ph − p̃ ‖0,G will be
provided for a specific framework of (Ph) and (Paux) such that the cases (P f

h ), (P b
h), (PMY

s,h ),
and (P Γ

h ) are covered. The application of Lemma 7.6 and the results of the following section
will be demonstrated in Section 8.
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7.2.1 Auxiliary error estimates

As we can see in Lemma 7.6, the estimate depends on ‖ ph − p̃ ‖0,G and ‖ yh − ỹ ‖0,Ω where
(ỹ, p̃) is the auxiliary solution of (Paux). In the following, we derive for δ, δ̂ ∈ R≥0 with δ− δ̂ > 0
and G = Ω resp. G = Γ an auxiliary error estimate for ph − p̃ and yh − ỹ in the L2-norm. For
this, let us recall the introduced auxiliary problem (see Section 7.2)

〈Ksỹ, v〉X∗,X = (uh, v)G

〈Kadp̃, ψ〉X∗,X = (δ · yh − δ̂ ·Ryh, ψ)Ω + 〈G,ψ〉X∗,X

}
(Paux)

where uh = Zph a.e. in G. Note that (yh, uh) ∈ Xh × L2(G) with ph ∈ Xh solves for all
(vh, ψh) ∈ Xh the discrete system

〈Ksyh, vh〉X∗,X + 〈Ds
yh
yh, vh〉X∗h,Xh = (uh, vh)G

〈Kadph, ψh〉X∗,X + 〈Dad
ph
ph, ψh〉X∗h,Xh = (δ · yh − δ̂ ·Ryh, ψh)Ω + 〈G,ψh〉X∗,X

uh = Zph a.e. in G
(λuh + ph, w − uh)G ≥ 0 ∀w ∈ U

 (Ph)

As we have described in Section 7.2, the discretized systems (P f
h ), (P b

h), (PMY
s,h ), and (P Γ

h )
can be expressed uniformly by (Ph) where the several problems are obtained by varying the
definition of G, δ, δ̂, Z,R, and U . First, we derive an auxiliary L2(Ω)-error estimate for the
differences ỹ − yh and p̃− ph in the case G = Ω such that the systems [(P f

h ), (P b
h), (PMY

s,h )] are
covered. After that, we derive an auxiliary L2-error estimate for the case G = Γ such that (P Γ

h )
is covered.

7.2.1.1 Auxiliary result for G = Ω

According to Section 7.1, for the investigation of (P f
h ), (P b

h), (PMY
s,h ) we set Xh = Vh,0 ⊆

H1
0 (Ω) = X and Xh = Vh,0 × Vh,0 ⊂ X = H1

0 (Ω)×H1
0 (Ω) where X is equipped with the norm

‖ (y, p) ‖X=
√
|y|21,Ω + |p|21,Ω.

The finite dimensional space Xh is equipped with the norm

‖ · ‖Xh :=‖ · ‖X .

Throughout this section we consider the following operators:

• Ks ∈ L(X,X∗) defined by

〈Ksy, v〉X∗,X := a(y, v)

• (Ks)∗ = Kad ∈ L(X,X∗) defined by

〈Kadp, ψ〉X∗,X := a(ψ, p)

• G ∈ X∗ defined by

〈G,ψ〉X∗,X := (−yd, ψ)Ω

71



• Ds
(·) : Xh → L(Xh, X

∗
h) defined by

wh 7→ Ds
wh
∈ L(Xh, X

∗
h)

and

〈Ds
wh
yh, vh〉X∗h,Xh := dsh(wh; yh, vh)

• Dad
(·) : Xh → L(Xh, X

∗
h) defined by

wh 7→ Dad
wh
∈ L(Xh, X

∗
h)

and

〈Dad
wh
ph, ψh〉X∗h,Xh := dadh (wh; ph, ψh)

Note that δ, δ̂ ∈ R≥0 with δ − δ̂ > 0 are fixed constants. In the following, we consider the
general Problem (Ph) which corresponds for specified δ, δ̂ ∈ R≥0 to (P f

h ), (P b
h), and (PMY

s,h ). For
the next results it is helpful to remark that the state and the adjoint equation of (Ph) can be
written as

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Vh,0
a(ψh, ph) + dadh (ph; ph, ψh) = (δ · yh − δ̂ ·Ryh, ψh)Ω − (yd, ψh)Ω ∀ψh ∈ Vh,0.

(7.2.5)

(Paux) can be expressed by

a(ỹ, v) = (uh, v)Ω ∀v ∈ H1
0 (Ω)

a(ψ, p̃) = (δ · yh − δ̂ ·Ryh, ψ)Ω − (yd, ψ)Ω ∀ψ ∈ H1
0 (Ω).

(7.2.6)

According to Section 5.3 resp. Section 5.4, the state (adjoint) equation of (7.2.5) is the cor-
responding stabilized equation for the auxiliary state (adjoint) equation of (7.2.6). Before we
start with the error analysis between (Paux) and (Ph), we derive H2(Ω)-a priori estimates for
the auxiliary solution (ỹ, p̃). The meaning of these estimates will become apparent in Section
8.

Lemma 7.7. Let G = Ω and (yh, uh) ∈ Xh × L2(Ω) be a solution of (Ph) with a corresponding
adjoint solution ph ∈ Xh. Then, there exists a unique solution (ỹ, p̃) ∈ X ∩ (H2(Ω)×H2(Ω))
for (Paux). Moreover, the following H2(Ω)-a priori estimates hold:

‖ ỹ ‖2,Ω ≤ C ‖ uh ‖0,Ω (7.2.7)

‖ p̃ ‖2,Ω ≤ C
(
δ ‖ yh ‖0,Ω +δ̂CR+ ‖ yd ‖0,Ω

)
. (7.2.8)

Proof. The operators Ks and Kad are defined by the coercive and continuous bilinear form
a(·, ·) on X (see Lemma 3.4). Considering (7.2.5) and (7.2.6), the right hand sides

X 3 v 7→ (uh, v)Ω (7.2.9)

and

X 3 ψ 7→ (δ · yh − δ̂ ·Ryh, ψ)Ω − (yd, ψ)Ω (7.2.10)

define linear and continuous functionals on X such that Lemma 3.2 (Lax-Milgram) yields
the existence of a unique solution (ỹ, p̃) ∈ X . Theorem 3.8 yields the H2(Ω)-regularity, i.e.
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(ỹ, p̃) ∈ X ∩ (H2(Ω)×H2(Ω)). By estimating (7.2.9), we obtain again by virtue of Theorem
3.8 the H2(Ω)-a priori estimate

‖ ỹ ‖2,Ω≤ C ‖ uh ‖0,Ω .

By means of Assumption 7.4 on the operator R, we can derive the H2(Ω)-a priori estimate

‖ p̃ ‖2,Ω≤ C
(
δ ‖ yh ‖0,Ω +δ̂CR+ ‖ yd ‖0,Ω

)
.

The next result is inspired by Theorem 5.18 resp. Theorem 5.30 and provides auxiliary
error estimates for the differences ỹ − yh and p̃ − ph in the mesh-dependent norm ‖ · ‖sh resp.
‖ · ‖adh .

Lemma 7.8. Let (yh, uh) ∈ Xh × L2(Ω) be a solution of (Ph) with a corresponding adjoint
solution ph ∈ Xh. Moreover, let (ỹ, p̃) ∈ X ∩ (H2(Ω)×H2(Ω)) be the unique solution of (Paux).
Then, we have

‖ ỹ − yh ‖sh≤C(ε+ c−1
0 {‖ b ‖2

0,∞,Ω + ‖ c ‖2
0,∞,Ω h

2})
1
2h|ỹ|2,Ω + dsh(yh; Ihỹ, Ihỹ)

1
2

and

‖ p̃− ph ‖adh ≤C(ε+ c−1
0 {‖ b ‖2

0,∞,Ω + ‖ c ‖2
0,∞,Ω h

2})
1
2h|p̃|2,Ω + dadh (ph; Ihp̃, Ihp̃)

1
2 .

Proof. We illustrate the proof for ỹ − yh. The proof for p̃ − ph goes along the same lines. We
start by defining

ỹ − yh = (ỹ − Ihỹ) + (Ihỹ − yh) =: qh + eh.

Note that dsh(yh; qh, qh) = 0. Hence, the standard FE-estimate yields

‖ qh ‖sh≤ C(ε+ ‖ c ‖0,∞,Ω h)h|ỹ|2,Ω. (7.2.11)

Similar to Section 5.3.1.2, we are able to derive

(‖ eh ‖sh)2 ≤ a(eh, eh) + dsh(yh; eh, eh)

= a(Ihỹ, eh) + dsh(yh; Ihỹ, eh)−
(uh,eh)Ω︷ ︸︸ ︷

(a(yh, eh) + dsh(yh; yh, eh))

= a(Ihỹ, eh) + dsh(yh; Ihỹ, eh)− a(ỹ, eh)

= a(Ihỹ − ỹ, eh) + dsh(yh; Ihỹ, eh)

(7.2.12)

where we have used the state equation of (7.2.5) and the auxiliary state equation of (7.2.6).
The first term on the right hand side of (7.2.12) can be estimated by

a(Ihỹ − ỹ, eh) ≤ C(ε+ c−1
0 {‖ b ‖2

0,∞,Ω + ‖ c ‖2
0,∞,Ω h

2})
1
2h|ỹ|2,Ω ‖ eh ‖sh . (7.2.13)

Due to the fact that dsh(yh; ·, ·) is a symmetric, positive semidefinite bilinear form, the Cauchy-
Schwarz inequality yields

dsh(yh; Ihỹ, eh) ≤ dsh(yh; eh, eh)
1
2dsh(yh; Ihỹ, Ihỹ)

1
2

≤ dsh(yh; Ihỹ, Ihỹ)
1
2 ‖ eh ‖sh .

(7.2.14)

Collecting (7.2.11), (7.2.12), (7.2.13), and (7.2.14) we obtain the desired result.
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Corollary 7.9. Let (yh, uh) ∈ Xh × L2(Ω) be a solution of (Ph) with a corresponding adjoint
solution ph ∈ Xh. Moreover, let (ỹ, p̃) ∈ X ∩ (H2(Ω)×H2(Ω)) be the unique solution of (Paux).
Then, we have in the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h

‖ ỹ − yh ‖sh≤ Ch ‖ ỹ ‖2,Ω +Ch
1
2 |Ihỹ|1,Ω

and

‖ p̃− ph ‖adh ≤ Ch ‖ p̃ ‖2,Ω +Ch
1
2 |Ihp̃|1,Ω.

Proof. According to Lemma 5.19 resp. Lemma 5.31, the consistency errors dsh(yh; Ihỹ, Ihỹ) resp.
dadh (ph; Ihp̃, Ihp̃) can be estimated by

dsh(yh; Ihỹ, Ihỹ) ≤ C(ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h
2)|Ihỹ|21,Ω

resp.

dadh (ph; Ihp̃, Ihp̃) ≤ C(ε+ ‖ b ‖0,∞,Ω h+ ‖ c ‖0,∞,Ω h
2)|Ihp̃|21,Ω.

The combination of the above consistency error estimates with Lemma 7.8 leads us to the
desired result.

7.2.1.2 Auxiliary result for G = Γ

In this section, we derive an auxiliary error estimate for the case G = Γ. According to Section
7.2, we set Xh = Vh ⊆ H1(Ω) = X and Xh = Vh × Vh ⊂ X = H1(Ω) × H1(Ω) where X is
equipped with the norm

‖ (y, p) ‖X=
√
‖ y ‖2

1,Ω + ‖ p ‖2
1,Ω.

The finite dimensional space Xh is equipped with the norm

‖ · ‖Xh :=‖ · ‖X .

Throughout this section we consider the operators:

• Ks
Γ ∈ L(X,X∗) defined by

〈Ks
Γy, v〉X∗,X := aΓ(y, v)

• (Ks
Γ)∗ = Kad

Γ ∈ L(X,X∗) defined by

〈Kad
Γ p, ψ〉X∗,X := aΓ(ψ, p)

• G ∈ X∗ defined by

〈G,ψ〉X∗,X := (−yd, ψ)Ω

• Ds,Γ
(·) : Xh → L(Xh, X

∗
h) defined by

wh 7→ Ds,Γ
wh
∈ L(Xh, X

∗
h)

and

〈Ds,Γ
wh
yh, vh〉X∗h,Xh := ds,Γh (wh; yh, vh)
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• Dad,Γ
(·) : Xh → L(Xh, X

∗
h) defined by

wh 7→ Dad,Γ
wh
∈ L(Xh, X

∗
h)

and

〈Dad,Γ
wh

ph, ψh〉X∗h,Xh := dad,Γh (wh; ph, ψh)

Now, we prove that (Paux) possesses a solution (ỹ, p̃) ∈ H2(Ω) × H2(Ω). Regarding Section
3.2.1 (Theorem 3.16), we assume uh ∈ H

1
2 (Γ). Note that the higher regularity of uh is sufficient

to obtain the H2(Ω)-regularity of ỹ. Thus, Theorem 2.17 yields (ỹ, p̃) ∈ C(Ω̄)× C(Ω̄).

Lemma 7.10. Let (yh, uh) ∈ Xh × H
1
2 (Γ) be a solution of (Ph) with a corresponding adjoint

solution ph ∈ Xh. Then, there exists a unique solution (ỹ, p̃) ∈ H2(Ω) × H2(Ω) for (Paux).
Moreover, the following H2(Ω)-a priori estimates hold:

‖ ỹ ‖2,Ω ≤ C ‖ uh ‖ 1
2
,Γ (7.2.15)

‖ p̃ ‖2,Ω ≤ C
(
δ ‖ yh ‖0,Ω +δ̂CR+ ‖ yd ‖0,Ω

)
. (7.2.16)

Proof. The operators Ks
Γ and Kad

Γ are defined by the coercive and continuous bilinear form
aΓ(·, ·) on X (see also Lemma 3.10). Moreover, the right hand sides of (Paux), i.e.

X 3 v 7→ (uh, v)Γ

resp.

X 3 ψ 7→ (δ · yh − δ̂ ·Ryh, ψ)Ω − (yd, ψ)Ω

define linear and continuous functionals on H1(Ω) such that Lemma 3.2 (Lax-Milgram) yields
the existence of a unique solution (ỹ, p̃) ∈ X . Theorem 3.16 yields the H2(Ω)-regularity, i.e.
(ỹ, p̃) ∈ H2(Ω)×H2(Ω). Moreover, Theorem 3.16 implies

‖ ỹ ‖2,Ω≤ C ‖ uh ‖ 1
2
,Γ

and by virtue of Assumption 7.4, we get

‖ p̃ ‖2,Ω ≤ C
(
δ ‖ yh ‖0,Ω +δ̂CR+ ‖ yd ‖0,Ω

)
.

Similar to Lemma 7.8, we can state the next result. The proof goes in the same way.

Lemma 7.11. Let (yh, uh) ∈ Xh ×H
1
2 (Γ) be a solution of (Ph) with a corresponding discrete

adjoint solution ph ∈ Xh. Moreover, let (ỹ, p̃) ∈ H2(Ω) × H2(Ω) be the solution of (Paux).
Then, we have

‖ ỹ − yh ‖s,Γh ≤C(ε+ c−1
0 {‖ b ‖2

0,∞,Ω + ‖ c ‖2
0,∞,Ω h

2})
1
2h|ỹ|2,Ω + ds,Γh (yh; Ihỹ, Ihỹ)

1
2

and

‖ p̃− ph ‖ad,Γh ≤C(ε+ c−1
0 {‖ b ‖2

0,∞,Ω + ‖ c ‖2
0,∞,Ω h

2})
1
2h|p̃|2,Ω + dad,Γh (ph; Ihp̃, Ihp̃)

1
2 .

Similar to Corollary 7.9, the combination of Lemma 5.26 resp. Lemma 5.35 and Lemma
7.11 yields the following auxiliary estimates for the convection-dominated case.

75



Corollary 7.12. Let (yh, uh) ∈ Xh×H
1
2 (Γ) be a solution of (Ph) with a corresponding discrete

adjoint solution ph ∈ Xh. Moreover, let (ỹ, p̃) ∈ H2(Ω) × H2(Ω) be the solution of (Paux).
Then, we have in the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h

‖ ỹ − yh ‖s,Γh ≤ Ch ‖ ỹ ‖2,Ω +Ch
1
2 |Ihỹ|1,Ω

and

‖ p̃− ph ‖ad,Γh ≤ Ch ‖ p̃ ‖2,Ω +Ch
1
2 |Ihp̃|1,Ω.

Remark 7.13. Regarding Lemma 7.8 resp. Lemma 7.11, we can see that the auxiliary error
estimates depend on ỹ resp. p̃. Lemma 7.7 and Lemma 7.10 provide H2(Ω)-a priori estimates
for (ỹ, p̃) which depend on yh resp. ph. Hence, the auxiliary error estimates are currently not
useful for the derivation of error estimates for y−yh and u−uh (see Lemma 7.6). However, in
Section 8 we will see that for a specific setting of the problem (P ) resp. (Ph) the discrete solutions
yh, ph are uniformly bounded in the L2(Ω)-norm. In the case of Dirichlet boundary condition
the control uh is bounded in the L2(Ω)-norm. In the case of Robin boundary condition, we
verify the H

1
2 (Γ)-regularity of uh and the uniform boundedness in the H

1
2 (Γ)-norm. Therefore,

the H2(Ω)-a priori estimates of ỹ, p̃ become helpful and the auxiliary error estimates (Corollary
7.9/Corollary 7.12) as well.

8 Application on optimal control problems
In this section, we apply the abstract results derived in Section 7 on the discrete systems (P f

h ),
(P b

h), (PMY
s,h ), and (P Γ

h ). First, we verify the existence of discrete solutions corresponding to
(P f

h ), (P b
h), and (PMY

s,h ). In the case of Dirichlet boundary conditions [(P f
h ), (P b

h), (PMY
s,h )], the

Finite Element framework is different as in the case of Robin boundary condition (P Γ
h ). Hence,

we discuss the discrete system (P Γ
h ) separately. According to Section 7.1, for the investigation

of (P f
h ), (P b

h), and (PMY
s,h ) we set Xh = Vh,0 ⊆ H1

0 (Ω) = X and Xh = Vh,0 × Vh,0 ⊂ X =
H1

0 (Ω)×H1
0 (Ω) where X is equipped with the norm

‖ (y, p) ‖X=
√
|y|21,Ω + |p|21,Ω.

The norm on the finite dimensional space Xh is given by

‖ · ‖Xh :=‖ · ‖X .

8.1 Unconstrained case
Let us start with the coupled and discretized system, introduced in Section 6.1 which corre-
sponds to the unconstrained optimal control problem (Pf ). The system is given by

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Xh

a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Xh

λuh + ph = 0 a.e. in Ω

 (P f
h )
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8.1.1 Existence

By means of Lemma 7.3, we start with the verification of the existence of a discrete solution.
For the application of Lemma 7.3, an intuitive strategy is to add the adjoint equation of (P f

h )
to the state equation. Then, after rearranging the terms, the operator Kh can be defined by
the sum of the left hand sides of (P f

h ) and the operator Q+G can be defined by the sum of the
right hand sides. However, following this strategy the operator Q+G does not satisfy condition
(7.1.2) so that Lemma 7.3 is not applicable. Hence, we modify this strategy by considering an
equivalent regularized system of (P f

h ) so that the sufficient conditions (7.1.1) and (7.1.2) for
the application of Lemma 7.3 hold.

8.1.1.1 Regularized system

We regularize the coupled and discretized system (P f
h ) in the following way:

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Xh

1
λ
a(ψh, ph) + 1

λ
dadh (ph; ph, ψh) = 1

λ
(yh − yd, ψh)Ω ∀ψh ∈ Xh

λuh + ph = 0 a.e. in Ω

 (P f,rg
h )

Definition 8.1. A pair (yh, uh) ∈ Xh is called solution for (P f,rg
h ) if there exists a discrete

adjoint solution ph ∈ Xh such that

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Xh (8.1.1)
1

λ
a(ψh, ph) +

1

λ
dadh (ph; ph, ψh) =

1

λ
(yh − yd, ψh)Ω ∀ψh ∈ Xh (8.1.2)

λuh + ph = 0 a.e. in Ω (8.1.3)

is satisfied.

Due to the fact that (P f
h ) and (P f,rg

h ) are equivalent systems, a solution of (P f,rg
h ) is also

a solution of (P f
h ) and vice versa. Hence, the strategy is to apply the theory of Section 7.1

on (P f,rg
h ) so that we are able to verify the existence of a discrete solution for (P f

h ). The
regularized system can be transferred to the following equivalent operator equation: Find
xh = (yh, ph) ∈ Xh such that

(K +Dh)xh = Qxh +G in X ∗h (8.1.4)

where for zh = (vh, ψh) ∈ Xh

• 〈Kxh, zh〉X ∗,X := 〈Ksyh, vh〉X∗,X + 〈 1
λ
Kadph, ψh〉X∗,X

• 〈Dhxh, zh〉X ∗h ,Xh := 〈Ds
yh
yh, vh〉X∗h,Xh + 〈 1

λ
Dad
ph
ph, ψh〉X∗h,Xh

• 〈Qxh, zh〉X ∗h ,Xh := (− 1
λ
ph, vh)Ω + ( 1

λ
yh, ψh)Ω

• 〈G, zh〉X ∗,X := − 1
λ
(yd, ψh)Ω.

Note that the operators have been introduced in Section 7.2.1.1.

Lemma 8.2. The operator Kh := (K +Dh) : Xh → X ∗h satisfies Assumption 7.1 and the
operator Q̃ := Q+G defined by

〈Q̃xh, zh〉X ∗h ,Xh := 〈Qxh +G, zh〉X ∗h ,Xh

satisfies Assumption 7.2.
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Proof. First, the continuity of the limiters (see Assumption 5.9) implies the continuity of Dh.
Regarding Section 7.2.1.1, the continuity of K and Q̃ is obvious. Moreover, we have to prove
that Kh := (K +Dh) satisfies

〈Khxh,xh〉X ∗h ,Xh ≥ CK ‖ xh ‖2
Xh ∀ xh ∈ Xh (8.1.5)

and

〈Q̃xh,xh〉X ∗h ,Xh ≤ CQ ‖ xh ‖Xh ∀ xh ∈ Xh (8.1.6)

where CK , CQ > 0 are constants. We start with (8.1.5). For this, let xh = (yh, ph) ∈ Xh be
arbitrary. The coercivity of a(·, ·) and dsh(yh; yh, yh) ≥ 0 resp. dadh (ph; ph, ph) ≥ 0 imply

〈Khxh,xh〉X ∗h ,Xh = a(yh, yh) +
1

λ
a(ph, ph) + dsh(yh; yh, yh) +

1

λ
dadh (ph; ph, ph)

≥ min{ε, ε
λ
}(|yh|21,Ω + |ph|21,Ω)

= min{ε, ε
λ
} ‖ xh ‖2

Xh .

For the verification of the second condition we have

〈Q̃xh,xh〉X ∗h ,Xh = 〈Qxh +G,xh〉X ∗h ,Xh

= (−1

λ
ph, yh)Ω + (

1

λ
yh, ph)Ω −

1

λ
(yd, ph)Ω

= −1

λ
(yd, ph)Ω

≤ ‖ yd ‖0,Ω

λ
‖ ph ‖0,Ω

=
‖ yd ‖0,Ω

λ

√
‖ ph ‖2

0,Ω

≤ ‖ yd ‖0,Ω

λ

√
‖ yh ‖2

0,Ω + ‖ ph ‖2
0,Ω

≤ Cp
‖ yd ‖0,Ω

λ
‖ xh ‖Xh

where Cp > 0 is the Poincaré constant (see Lemma 2.11).

Lemma 8.3. There exists a solution xh = (yh, ph) ∈ Xh for the operator equation (8.1.4).

Proof. According to Lemma 8.2, the operators Kh and Q+G satisfy the assumptions of Lemma
7.3. Consequently, we obtain a solution xh = (yh, ph) ∈ Xh such that the operator equation
(8.1.4) holds.

Corollary 8.4. There exists a solution (yh, uh) ∈ Xh with a corresponding adjoint solution
ph ∈ Xh for the regularized system (P f,rg

h ).

Proof. First, Lemma 8.3 yields the existence of a discrete solution xh = (yh, ph) ∈ Xh for the
operator equation (8.1.4). Due to (8.1.3), we can define a discrete control by uh = − 1

λ
ph. Now,

we consider the variational formulation of (8.1.4), i.e.

〈(K +Dh)xh, zh〉X ∗h ,Xh = 〈Qxh +G, zh〉X ∗h ,Xh ∀ zh ∈ Xh. (8.1.7)

Testing (8.1.7) with z1
h = (vh, 0), z2

h = (0, ψh) ∈ Xh where vh, ψh ∈ Xh are arbitrary, we can
conclude that according to Definition 8.1, the pair (yh,− 1

λ
ph) ∈ Xh is a solution of (P f,rg

h ) with
a corresponding adjoint solution ph ∈ Xh.
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As we have mentioned in Remark 7.13, we are also interested in L2(Ω)-norm estimates of
the discrete solutions.

Lemma 8.5. Let (yh, uh) ∈ Xh be a solution of (P f,rg
h ) with a corresponding adjoint solution

ph ∈ Xh. Then, we have the following L2(Ω)-norm estimates

‖ uh ‖0,Ω ≤ Cc (8.1.8)
‖ yh ‖0,Ω ≤ Cs (8.1.9)
‖ ph ‖0,Ω ≤ Cad (8.1.10)

where Cc, Cs, Cad > 0 are constants, independent of h.

Proof. We add the regularized state equation (8.1.1) to the adjoint equation (8.1.2) with respect
to (8.1.3) and obtain for all (vh, ψh) ∈ Xh

a(yh, vh) +
1

λ
a(ψh, ph) + dsh(yh; yh, vh) +

1

λ
dadh (ph; ph, ψh) = (−1

λ
ph, vh)Ω +

1

λ
(yh − yd, ψh)Ω.

Now, we set vh = yh and ψh = ph such that we obtain in combination with the coercivity of
a(·, ·) and dsh(yh; yh, yh) ≥ 0 resp. dadh (ph; ph, ph) ≥ 0

c0 ‖ yh ‖2
0,Ω +

c0

λ
‖ ph ‖2

0,Ω≤ −
1

λ
(yd, ph)Ω. (8.1.11)

Thus, we obtain

‖ ph ‖0,Ω≤
1

c0

‖ yd ‖0,Ω=: Cad

and

‖ uh ‖0,Ω=‖ −1

λ
ph ‖0,Ω≤

1

λc0

‖ yd ‖0,Ω=: Cc.

By means of (8.1.11), we get for a discrete state solution

‖ yh ‖0,Ω≤
√

1

λc0

‖ yd ‖0,Ω Cad =: Cs.

The equivalence of the systems (P f,rg
h ) and (P f

h ) implies that (yh, uh) = (yh,− 1
λ
ph) ∈ Xh is

also a solution of (P f
h ). Hence, we can state the next result.

Corollary 8.6. A solution (yh, uh) ∈ Xh for (P f,rg
h ) is also a solution for (P f

h ) and the corre-
sponding L2(Ω)-norm estimates (8.1.8) - (8.1.10) are valid.

8.1.2 L2(Ω)-error estimates

In the following, we derive L2(Ω)-error estimates for a discrete solution (yh, uh) ∈ Xh of (P f
h )

to the solution (ȳ, ū) ∈ X ∩ (H2(Ω)×H2(Ω)) of (Pf ). Regarding Section 7.2, we consider the
following specific setting:

Assumption 8.7. We assume that

• G = Ω
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• U = L2(Ω)

• δ = 1 and δ̂ = 0

• Z : C(Ω̄)→ U is defined by

Zw := −1

λ
w a.e. in Ω.

Due to Assumption 8.7, the discretized system (P f
h ) coincides with the general system (Ph)

resp. (Pf ) coincides with (P ). Note that the variational inequality

(λuh + ph, u− uh)Ω ≥ 0 ∀u ∈ U

is satisfied by λuh + ph = 0 a.e. in Ω resp.

(λū+ p̄, u− ū)Ω ≥ 0 ∀u ∈ U

is satisfied by λū + p̄ = 0 a.e. in Ω. Note that we have in the unconstrained case R = 0
resp. δ̂ = 0 such that Assumption 7.4 holds. Now, by virtue of Lemma 7.6 we can derive the
following L2(Ω)-error estimate. For this, we remark that the Sobolev embedding theorem yields
H2(Ω) ↪→ C(Ω̄).

Lemma 8.8. Let (ȳ, ū) ∈ X ∩ (H2(Ω)×H2(Ω)) be the solution of (Pf ) with the corresponding
adjoint solution p̄ ∈ X ∩H2(Ω). Moreover, we have the solution (ỹ, p̃) ∈ X ∩ (H2(Ω)×H2(Ω))
of (Paux) and a solution (yh, uh) ∈ Xh of (P f

h ) where ph ∈ Xh is the corresponding discrete
adjoint solution. Then, we have

λ

2
‖ uh − ū ‖2

0,Ω +
1

2
‖ yh − ȳ ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,Ω +

1

2
‖ yh − ỹ ‖2

0,Ω .

Proof. Lemma 7.6 yields for general δ, δ̂ ∈ R≥0 with δ − δ̂ > 0 the estimate

λ

2
‖ uh − ū ‖2

0,Ω +
(δ − δ̂)

2
‖ yh − ȳ ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,Ω +

δ2

2(δ − δ̂)
‖ yh − ỹ ‖2

0,Ω . (8.1.12)

Setting δ = 1 and δ̂ = 0 in (8.1.12) leads us to the desired L2(Ω)-norm error estimate.

According to Corollary 7.9 and Remark 7.13, the next result shows that the auxiliary solu-
tions ỹ, p̃ are uniformly bounded in the H2(Ω)-norm.

Lemma 8.9. Let (ỹ, p̃) ∈ X ∩ (H2(Ω) × H2(Ω)) be the solution of (Paux). Moreover, let
(yh, uh) ∈ Xh be a solution of (P f

h ) where ph ∈ Xh is the corresponding discrete adjoint solution.
Then, we have

‖ ỹ ‖2,Ω ≤ C1 (8.1.13)
‖ p̃ ‖2,Ω ≤ C2 (8.1.14)

where C1, C2 > 0 are constants, independent of h.

Proof. Lemma 7.7 yields the H2(Ω)-a priori estimates

‖ ỹ ‖2,Ω ≤ C ‖ uh ‖0,Ω

and

‖ p̃ ‖2,Ω ≤ C (‖ yh ‖0,Ω + ‖ yd ‖0,Ω) .

By virtue of Lemma 8.5, we get the desired result.

80



Due to our huge interest in the convection-dominated case, we combine Corollary 7.9,
Lemma 8.8, and Lemma 8.9 to obtain the following L2(Ω)-error estimates corresponding to
the control and the state solution.

Theorem 8.10. Let (ȳ, ū) ∈ X ∩ (H2(Ω)×H2(Ω)) be the solution of (Pf ) and (yh, uh) ∈ Xh
be a solution of (P f

h ). Then, we have in the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h

‖ uh − ū ‖0,Ω + ‖ yh − ȳ ‖0,Ω ≤ Ch
1
2

where C > 0 is a constant, independent of h.

8.1.3 Numerical results

This section is dedicated to show the results of our numerical tests. On the one hand, for
given data of a test problem, we compute the state resp. the adjoint solution by the Galerkin
method. Here, we will see the occurrence of node-to-node oscillations. On the other hand,
we have applied the AFC method for the computation of stabilized discrete solutions, i.e.
solutions without oscillations. According to the derived L2(Ω)-error estimates, we show the
computed L2(Ω)-convergence rates for the state solution and the adjoint solution. We remark
that in the following sections, all numerical tests have been performed on a unit square mesh
Ω = [0, 1]× [0, 1]. According to the FEM, in Figure 1 we can see the several refinement levels of
the unit square mesh Ω. For the implementation of the AFC stabilization technique, we have
used the continuous and linearity-preserving BJK limiter, introduced in Section 5.5.2. Due to
the fact that the BJK limiter is nonlinear and non-differentiable, we use an iterative method for
solving the coupled and discretized systems. In the last years, many regularized versions of the
BJK limiter have been developed such that Newton methods can be applied on the stabilized
equations. For detailed information, we refer for instance to [BadBon17] or [LohSP19]. In
our numerical investigations, the coupled and discretized systems have been transferred to a
relaxed preconditioned Richardson iteration (see [LohSP19, Section 6.2.3]). The method has
been implemented in Python 3. Moreover, we have used the FEniCS package to build up the
stiffness matrices of the bilinear forms of the state equation resp. to build up the stiffness
matrices of the bilinear form of the adjoint equation. In all numerical tests we set

• ε = 0.001 diffusion coefficient

• b = (1, 1) convection field

• c = 1 reaction coefficient

• λ = 0.5 Tikhonov parameter

• tolerance for the residual = 10−10.

Grid level mesh mesh size
1 (4, 4) 3.5355e-01
2 (8, 8) 1.7678e-01
3 (16, 16) 8.8388e-02
4 (32, 32) 4.4194e-02
5 (64, 64) 2.2097e-02
6 (128, 128) 1.1049e-02
7 (256, 256) 5.5243e-03
8 (512, 512) 2.7621e-03

Figure 1: (16, 16)-mesh (l.h.s.) and grid levels
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8.1.3.1 Test problem

According to Section 6.1, we consider the following unconstrained optimal control problem

min 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u+ f in Ω

y = 0 on Γ

 (P test
f )

where f ∈ L2(Ω) is for the first time an arbitrary function which will be specified later in
Section 8.1.3.2. The corresponding optimality system is given by

−ε∆ȳ + b · ∇ȳ + cȳ = ū+ f in Ω −ε∆p̄− b · ∇p̄+ cp̄ = ȳ − yd in Ω

ȳ = 0 on Γ p̄ = 0 on Γ

λū+ p̄ = 0 a.e. in Ω.

8.1.3.2 Analytical solutions

To review that the iterative method computes accurate AFC solutions, the right hand sides
f, yd have been adjusted such that the test problem (P test

f ) possesses the following analytical
optimal state solution

ȳ(x1, x2) =
(
x1 −

e(−(1−x1)/0.01) − e(−1/0.01)

(1− e(−1/0.01))

)
·
(
x2 −

e(−(1−x2)/0.01) − e(−1/0.01)

(1− e(−1/0.01))

)
and the analytical optimal adjoint solution

p̄(x1, x2) =
(

(1− x1)− e(−x1/0.01) − e(−1/0.01)

(1− e(−1/0.01))

)
·
(

(1− x2)− e(−x2/0.01) − e(−1/0.01)

(1− e(−1/0.01))

)
.

Figure 2: Analytical state solution ȳ Figure 3: Analytical adjoint solution p̄

Figure 4: Analytical state solution ȳ Figure 5: Analytical adjoint solution p̄
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8.1.3.3 Galerkin solutions

Below, we plot the Galerkin solutions computed on a (32, 32)-unit square mesh. In Figure
6/Figure 8 and Figure 7/Figure 9 we can see that the Galerkin solutions possess node-to-node
oscillations. A reason for such a behavior is that sufficient conditions for the discrete maximum
principle are not satisfied by the stiffness matrices corresponding to the state and the adjoint
equation. Moreover, standard FEM cannot resolve the narrow region of the layers. As we have
mentioned in the previous sections, we prevent the occurrance of oscillations by the satisfaction
of the DMP property resp. by the application of the AFC method. Hence, in the next sections
we show the results of our numerical test corresponding to the applied AFC method.

Figure 6: Galerkin state solution Figure 7: Galerkin adjoint solution

Figure 8: Galerkin state solution Figure 9: Galerkin adjoint solution

8.1.3.4 Experimental order of convergence

According to Theorem 8.10, we will review L2(Ω)-convergence rates for the state and the adjoint
solution. For this, we compute the AFC state and the AFC adjoint solution with respect to
the adjusted right hand sides f, yd. For a given mesh size h we compute the L2(Ω)-errors of

eh := ȳ − yh
kh := p̄− ph

where ȳ, p̄ are the analytical solutions and yh, ph the corresponding stabilized and discrete
solutions computed by the AFC method. The orders of convergence are calculated by the
experimental order of convergence (EOC). For this, let z ∈ X be a continuous solution and
zh, zh′ ∈ Xh are the corresponding Finite Element solutions for mesh sizes 0 < h 6= h′ < 1.
Then, for a given norm ‖ · ‖ the EOC is calculated by

EOC = EOC‖·‖(h, h′) =
ln(‖ z − zh ‖)− ln(‖ z − zh′ ‖)

ln(h)− ln(h′)
.
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In Table 4 we see L2(Ω)-convergence rates for eh = ȳ − yh and kh = p̄ − ph. Since we have
ū = − 1

λ
p̄ and uh = − 1

λ
ph, for a comparison of the theoretical and the numerical results

corresponding to the controls, it sufficies to compare the AFC adjoint solution ph and the
analytical adjoint solution p̄. The iteration for the first grid level l = 1 is started with the
zero-state and the zero-adjoint solution. For a grid level l ∈ {2, · · · , 7} the start solutions of
the iteration are the interpolated AFC solutions of the previous grid level l − 1.

Table 4: L2(Ω)-errors / EOC (P test
f )

Grid level c0 ‖ eh ‖0,Ω EOC c0 ‖ eh ‖0,Ω c0 ‖ kh ‖0,Ω EOC c0 ‖ kh ‖0,Ω

1 1.2548e-01 - 9.5584e-02 -
2 5.9655e-02 1.07 5.4306e-02 0.82
3 3.3926e-02 0.81 2.5750e-02 1.08
4 2.9008e-02 0.23 2.3975e-02 0.1
5 2.2116e-02 0.39 2.0466e-02 0.23
6 1.2117e-02 0.87 1.1621e-02 0.82
7 6.1237e-03 0.98 5.9555e-03 0.96
8 3.2566e-03 0.91 3.1901e-03 0.90

Remark 8.11. As we can see in Table 4, the EOC of the adjoint and the state solution are
nearly O(1). This result does not confirm the theoretical order of O(1

2
) provided in Theorem

8.10. A reason for the higher order of convergence in our numerical test could be that in
the estimation of the consistency errors (see Lemma 5.19/Lemma 5.31) the factors (1 − αij)
have been estimated too roughly by 1. Additionally, the limiters αij depend nonlinear on the
structure of a solution. In Section 5.5.2, we have shortly discussed the question in which way
the structure of a solution influences the order of convergence, in the context of the linearity-
preserving property of the limiter. For this, recall the numerical tests in [BJK17] where it is
shown that the linearity-preserving property leads to higher orders of convergence in the tests
than the theoretical results predict.

Figure 10 illustrates the behavior of the L2(Ω)-errors eh and kh. We can see that the L2(Ω)-
errors decrease asymptotically while the grid level increases resp. the mesh size h decreases.

Figure 10: L2(Ω)-errors behavior (P test
f )
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8.1.3.5 AFC solutions

In the following, we plot the AFC solutions computed on a (32, 32)-unit square mesh. We
can see that the AFC solutions are free of oscillations. Moreover, a comparison of the layers
between the AFC solutions (Figure 13/Figure 14) and the analytical solutions (Figure 4/Figure
5) leads us to the conclusion that the iterative method computes accurate discrete solutions.
Finally, we can state that the AFC method is a remedy to prevent oscillations in the discrete
solutions corresponding to (P test

f ).

Figure 11: AFC state solution Figure 12: AFC adjoint solution

Figure 13: AFC state solution Figure 14: AFC adjoint solution

8.2 Control constrained case
In this section, we investigate the coupled and discretized system corresponding to the control
constrained optimal control problem (Pb). Regarding Section 6.2, we consider the system

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Xh

a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Xh

uh = P[ua,ub](− 1
λ
ph) a.e. in Ω

 (P b
h)

8.2.1 Existence

As in the unconstrained case, the existence of a discrete solution for (P b
h) cannot be verified

directly since the uniform boundedness of yh in the L2(Ω)-norm cannot be ensured from the
above system. Following the strategy in the unconstrained case (see Section 8.1.1.1), the
operator Q+G : Xh → X ∗h defined by

〈(Q+G)xh, zh〉X ∗h ,Xh := (P[ua,ub](−
1

λ
ph), vh)Ω + (yh − yd, ψh)Ω
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where xh = (yh, ph) and zh = (vh, ψh) does not satisfy condition (7.1.2) in Assumption 7.2.
Hence, as in Section 8.1.1.1 we regularize (P b

h) so that we are able to apply Lemma 7.3 for the
verification of the existence of a discrete solution.

8.2.1.1 Regularized system

Let k ∈ N be arbitrary. Instead of (P b
h), we consider the following truncated, coupled and

discretized system

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Xh

a(ψh, ph) + dadh (ph; ph, ψh) = (Ψk(yh)− yd, ψh)Ω ∀ψh ∈ Xh

uh = P[ua,ub](− 1
λ
ph) a.e. in Ω

 (P b,k
h )

where Ψk is defined by (2.2.1).

Definition 8.12. Let k ∈ N. A pair (yh, uh) ∈ Xh×L2(Ω) is called solution for (P b,k
h ) if there

exists a discrete adjoint solution ph ∈ Xh such that

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Xh (8.2.1)
a(ψh, ph) + dadh (ph; ph, ψh) = (Ψk(yh)− yd, ψh)Ω ∀ψh ∈ Xh (8.2.2)

uh = P[ua,ub](−
1

λ
ph) a.e. in Ω (8.2.3)

is satisfied.

Now, the strategy is to solve the truncated system (P b,k
h ) for an arbitrary k ∈ N. After that,

we will verify that a discrete state solution yh ∈ Vh,0 of (P b,k
h ) satisfies

Ψk(yh) = yh a.e. in Ω

for a k ∈ N which is large enough. First, the system (8.2.1)-(8.2.3) can be transferred to the
following operator equation: Find xh = (yh, ph) ∈ Xh such that

(K +Dh)xh = Qkxh +G in X ∗h (8.2.4)

where for zh = (vh, ψh) ∈ Xh

• 〈Kxh, zh〉X ∗,X := 〈Ksyh, vh〉X∗,X + 〈Kadph, ψh〉X∗,X

• 〈Dhxh, zh〉X ∗h ,Xh := 〈Ds
yh
yh, vh〉X∗h,Xh + 〈Dad

ph
ph, ψh〉X∗h,Xh

• 〈Qkxh, zh〉X ∗h ,Xh := (P[ua,ub](− 1
λ
ph), vh)Ω + (Ψk(yh), ψh)Ω

• 〈G, zh〉X ∗,X := (−yd, ψh)Ω.

Lemma 8.13. Let k ∈ N be arbitrary. The operator Kh := (K +Dh) : Xh → X ∗h satisfies
Assumption 7.1 and Q̃k := Qk +G defined by

〈Q̃kxh, zh〉X ∗h ,Xh = 〈Qkxh +G, zh〉X ∗h ,Xh

satisfies Assumption 7.2.
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Proof. First, for the continuity of the operator Kh we refer to Lemma 8.2. Due to the Lipschitz
continuity of the projection formula P[ua,ub](·) and Ψk(·) we obtain the continuity of Q̃k :=
Qk + G. The verification of condition (7.1.1) in Assumption 7.1 goes in the same way as in
Lemma 8.2. The proof of condition (7.1.2) in Assumption 7.2, i.e.

〈Q̃kxh,xh〉X ∗h ,Xh ≤ CQ ‖ xh ‖Xh ∀ xh ∈ Xh (8.2.5)

where CQ > 0 is slightly different. For this, let xh = (yh, ph) ∈ Xh be arbitrary. Then, we have

〈Q̃kxh,xh〉X ∗h ,Xh = 〈Qkxh +G,xh〉X ∗h ,Xh

= (P[ua,ub](−
1

λ
ph), yh)Ω + (Ψk(yh), ph)Ω − (yd, ph)Ω

≤ C ‖ yh ‖0,Ω +C(k) ‖ ph ‖0,Ω + ‖ yd ‖0,Ω‖ ph ‖0,Ω

≤ Ck

(√
‖ yh ‖2

0,Ω +
√
‖ ph ‖2

0,Ω

)
≤
√

2Ck

√
‖ yh ‖2

0,Ω + ‖ ph ‖2
0,Ω

≤
√

2CkCp ‖ xh ‖Xh
where Cp > 0 is the Poincaré constant and Ck > 0 a constant which depends on k.

Lemma 8.14. Let k ∈ N be arbitrary. Then, there exists a solution xh = (yh, ph) ∈ Xh for the
operator equation (8.2.4).

Proof. According to Lemma 8.13, the sufficient conditions for the application of Lemma 7.3
are fulfilled by the operators Kh and Q̃k := Qk + G. Consequently, we obtain a solution
xh = (yh, ph) ∈ Xh such that the operator equation (8.2.4) holds.

Following the lines of Corollary 8.4, one can easily prove the next result which is a direct
consequence of Lemma 8.14.

Corollary 8.15. Let k ∈ N be arbitrary. Then, there exists a solution (yh, uh) ∈ Xh × L2(Ω)
with a corresponding adjoint solution ph ∈ Xh for the regularized and discretized system (P b,k

h ).

Note that the control uh is given by uh = P[ua,ub](− 1
λ
ph). Now, we prove for a specific k ∈ N

that a solution (yh, uh) ∈ Xh × L2(Ω) of (P b,k
h ) also solves (P b

h). For the right choice of k ∈ N,
we consider the following a priori L∞(Ω)-estimate corresponding to a state solution yh ∈ Xh of
(8.2.1).

Lemma 8.16. Let yh ∈ Xh be a solution of the state equation (8.2.1). Then, we have

‖ yh ‖0,∞,Ω≤ C(1 + |ln(h)|)
1
2
C(ua, ub,Ω)

min{ε, c0}
.

Proof. Setting vh = yh in (8.2.1), the coercivity of a(·, ·) and the positivity of dsh(yh; yh, yh)
imply

min{ε, c0} ‖ yh ‖2
1,Ω ≤ (P[ua,ub](−

1

λ
ph), yh)Ω

≤ C(ua, ub,Ω) ‖ yh ‖0,Ω

≤ C(ua, ub,Ω) ‖ yh ‖1,Ω

and consequently

‖ yh ‖1,Ω≤
C(ua, ub,Ω)

min{ε, c0}
.

The discrete Sobolev inequality (Lemma 5.3) yields the desired result.
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In the following, we set

k = k(h) := dC(1 + |ln(h)|)
1
2
C(ua, ub,Ω)

min{ε, c0}
e (8.2.6)

where dre denotes the usual ceiling function.

Corollary 8.17. Let k ∈ N be defined by (8.2.6). Then, a solution (yh, uh) ∈ Xh × L2(Ω) of
(P b,k

h ) with a corresponding adjoint solution ph ∈ Xh is also a solution for (P b
h).

Proof. Lemma 8.16 yields that a discrete state solution yh ∈ Xh satisfies

‖ yh ‖0,∞,Ω≤ C(1 + |ln(h)|)
1
2
C(ua, ub,Ω)

min{ε, c0}
≤ k

such that Ψk(yh) = yh a.e. in Ω. Consequently, the regularized system (P b,k
h ) corresponds to

the discretized system (P b
h). Hence, a solution (yh, uh) ∈ Xh × L2(Ω) of (P b,k

h ) with a discrete
adjoint solution ph ∈ Xh solves (P b

h).

Remark 8.18. In the special case that the control constraints are nonnegative, i.e.
ua, ub ≥ 0 a.e. in Ω resp. nonpositive, i.e. ua, ub ≤ 0 a.e. in Ω, the global discrete maximum
principle (Remark 5.17) implies that the discrete state solution yh of (P b

h) satisfies

ua, ub ≤ 0 in Ω ⇒ max
Ω̄

yh ≤ max
∂Ω

y+
h

ua, ub ≥ 0 in Ω ⇒ min
Ω̄

yh ≥ min
∂Ω

y−h .

Lemma 8.19. Let (yh, uh) ∈ Xh × L2(Ω) be a solution of (P b
h) with a corresponding adjoint

solution ph ∈ Xh. Then, we have the following L2(Ω)-norm estimates

‖ uh ‖0,Ω ≤ Cc (8.2.7)
‖ yh ‖0,Ω ≤ Cs (8.2.8)
‖ ph ‖0,Ω ≤ Cad (8.2.9)

where Cc, Cs, Cad > 0 are constants, independent of h.

Proof. The boundedness of the control uh in the L2(Ω)-norm follows directly by definition, i.e.

‖ uh ‖0,Ω=‖ P[ua,ub](−
1

λ
ph) ‖0,Ω=: Cc. (8.2.10)

By virtue of (8.2.1), we are able to derive for yh ∈ Xh

c0 ‖ yh ‖2
0,Ω ≤ a(yh, yh) + dsh(yh; yh, yh)

= (uh, yh)Ω

≤‖ uh ‖0,Ω‖ yh ‖0,Ω

≤ Cc ‖ yh ‖0,Ω .

Thus, we have

‖ yh ‖0,Ω≤
Cc
c0

=: Cs. (8.2.11)
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By means of (8.2.2) and Corollary 8.17 we obtain for the discrete adjoint solution ph

c0 ‖ ph ‖2
0,Ω ≤ a(ph, ph) + dadh (ph; ph, ph)

= (yh − yd, ph)Ω

≤ (‖ yh ‖0,Ω + ‖ yd ‖0,Ω) ‖ ph ‖0,Ω .

Due to (8.2.11), we get

c0 ‖ ph ‖0,Ω≤ Cs+ ‖ yd ‖0,Ω (8.2.12)

and consequently

‖ ph ‖0,Ω≤
Cs+ ‖ yd ‖0,Ω

c0

=: Cad.

8.2.2 L2(Ω)-error estimates

In this section, we derive error estimates in the L2(Ω)-norm for a solution (yh, uh) ∈ Xh×L2(Ω)
of (P b

h) to the corresponding solution (ȳ, ū) ∈ (X ∩H2(Ω))×L2(Ω) of (Pb). Regarding Section
7.2, we have in the control constrained case the following assumptions:

Assumption 8.20. We assume that

• G = Ω

• U := Uad = {u ∈ L2(Ω) : ua(x) ≤ u(x) ≤ ub(x) a.e. in Ω}.

• δ = 1 and δ̂ = 0

• Z : C(Ω̄)→ U is defined by

Zw := P[ua,ub]

(
−1

λ
w

)
a.e. in Ω.

Due to Assumption 8.20, the discretized system (P b
h) coincides with the general system (Ph)

and (Pb) coincides with (P ). The general L2-error estimate (see Lemma 7.6) leads us to the
next result. Note that the proof goes along the same lines as in Lemma 8.8.

Lemma 8.21. Let (ȳ, ū) ∈ (X ∩H2(Ω))× L2(Ω) be the solution of (Pb) with a corresponding
adjoint solution p̄ ∈ X ∩H2(Ω). Moreover, we have the solution (ỹ, p̃) ∈ X ∩ (H2(Ω)×H2(Ω))
of (Paux) and a solution (yh, uh) ∈ Xh × L2(Ω) of (P b

h) where ph ∈ Xh is the corresponding
discrete adjoint solution. Then, we have

λ

2
‖ uh − ū ‖2

0,Ω +
1

2
‖ yh − ȳ ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,Ω +

1

2
‖ yh − ỹ ‖2

0,Ω .

The combination of Lemma 7.7 and Lemma 8.19 yields the uniform boundedness of the
auxiliary solutions ỹ, p̃ in the H2(Ω)-norm.

Lemma 8.22. Let (ỹ, p̃) ∈ X ∩ (H2(Ω) × H2(Ω)) be the solution of (Paux). Moreover, let
(yh, uh) ∈ Xh×L2(Ω) be a solution of (P b

h) where ph ∈ Xh is the corresponding discrete adjoint
solution. Then, we have

‖ ỹ ‖2,Ω ≤ C1 (8.2.13)
‖ p̃ ‖2,Ω ≤ C2 (8.2.14)

where C1, C2 > 0 are constants, independent of h.
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The combination of Corollary 7.9, Lemma 8.21, and Lemma 8.22 leads us in the convection-
dominated case to the next result.

Theorem 8.23. Let (ȳ, ū) ∈ (X ∩ H2(Ω)) × L2(Ω) be the solution of (Pb) and (yh, uh) ∈
Xh × L2(Ω) be a solution of (P b

h). Then, we have in the convection-dominated case, i.e.
ε�‖ b ‖0,∞,Ω h

‖ uh − ū ‖0,Ω + ‖ yh − ȳ ‖0,Ω ≤ Ch
1
2

where C > 0 is a constant which depends on the data of the problem.

8.2.3 Numerical results

In this section, we see the results of our numerical tests concerned with the application of
the AFC method for discretizing the control constrained optimal control problem (Pb). For
this, the test problem has been constructed such that the analytical solutions ȳ, p̄ introduced
in Section 8.1.3.2 are the optimal solutions of the test problem. Moreover, we use the same
iterative solver as in the unconstrained case. The following test problem has been solved on a
[0, 1]× [0, 1] unit square mesh. For the stabilization of the discrete solutions we have used the
BJK limiter, introduced in Section 5.5.2. For a general introduction to the numerics, i.e. data
of the convection-diffusion reaction equation, Tikhonov parameter, grid levels etc. we refer to
Section 8.1.3.

8.2.3.1 Test problem

According to Section 6.2, we consider the following optimal control problem

min 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u+ f in Ω

y = 0 on Γ

u ∈ Uad

 (P test
b ) (8.2.15)

where f ∈ L2(Ω) will be defined later in this section. The set of admissible controls is given by

Uad := {u ∈ L2(Ω) : ua(x) ≤ u(x) ≤ ub(x) a.e. in Ω}.

In the numerical test, we use the following control constraints

• ua = −1

• ub = 1.

Recall that for (P test
b ) the optimality system is given by

−ε∆ȳ + b · ∇ȳ + cȳ = ū+ f in Ω −ε∆p̄− b · ∇p̄+ cp̄ = ȳ − yd in Ω

ȳ = 0 on Γ p̄ = 0 on Γ

(λū+ p̄, u− ū)Ω ≥ 0 ∀u ∈ Uad.

The functions f, yd have been adjusted in the same way as for (P test
f ). The analytical control

corresponding to the variational inequality in the optimality system above can be expressed by
ū = P[ua,ub](− 1

λ
p̄). Since the projection formula is Lipschitz continuous, the L2(Ω)-convergence

rates of the adjoint solution can be transferred to obtain L2(Ω)-convergence rates for the control
uh = P[ua,ub](− 1

λ
ph). Moreover, since the discrete AFC adjoint solution has no oscillations, the

AFC control has no oscillations as well. The computed AFC solutions are the same as illustrated
in Figure 13 and Figure 14.
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8.2.3.2 Experimental order of convergence

In the following, we see L2(Ω)-convergence rates for eh = ȳ − yh and kh = p̄− ph where yh, ph
are the computed AFC solutions for a given mesh size h. As we can see in Table 5, the orders
of convergence are quite similar to the orders in the unconstrained case (see Section 8.1.3.4).
This observation confirms the theoretical results derived in Theorem 8.10 and Theorem 8.23
which predict a similar convergence behavior of the discrete solutions in these two cases. For
an explanation referring to the higher convergence rates in our numerical test than provided in
the theoretical results we refer to Remark 8.11.

Table 5: L2(Ω)-errors / EOC (P test
b )

Grid level c0 ‖ eh ‖0,Ω EOC c0 ‖ eh ‖0,Ω c0 ‖ kh ‖0,Ω EOC c0 ‖ kh ‖0,Ω

1 1.1846e-01 - 9.4863e-02 -
2 5.6450e-02 1.07 5.4000e-02 0.81
3 3.0850e-02 0.87 2.5383e-02 1.09
4 2.7093e-02 0.19 2.4073e-02 0.08
5 2.1647e-02 0.32 2.0554e-02 0.23
6 1.2056e-02 0.84 1.1638e-02 0.82
7 6.1042e-03 0.98 5.9624e-03 0.96
8 3.2474e-03 0.91 3.1941e-03 0.90

8.3 State constrained case - Moreau-Yosida regularization
In this section, we analyze the discretized system (PMY

s,h ) corresponding to the Moreau-Yosida
regularization (PMY

s ). As we have mentioned in Section 6.3 a direct application of the optimize-
then-discretize-approach on the optimality system of (Ps) (see Theorem 4.12) is currently not
possible. Hence, we have discretized the Moreau-Yosida regularization (PMY

s ) by the AFC
method. Following the optimize-then-discretize-approach, we have got the coupled and dis-
cretized system

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω ∀vh ∈ Xh

a(ψh, ph) + dadh (ph; ph, ψh) = (yh − yd, ψh)Ω +
(
µδh, ψh

)
Ω
∀ψh ∈ Xh

µδh = δ · (yh − P[ya,yb](yh)) a.e. in Ω

λuh + ph = 0 a.e. in Ω

 (PMY
s,h )

8.3.1 Existence

Now, we verify the existence of a discrete solution for (PMY
s,h ). Note that the uniform bound-

edness of yh in the L2(Ω)-norm cannot be derived directly from (PMY
s,h ). Hence, as in the

unconstrained case resp. in the control constrained case, we regularize (PMY
s,h ). For this, we

rewrite the right hand side of the adjoint equation in so far as:

(yh − yd, ψh)Ω +
(
µδh, ψh

)
Ω

= (δ + 1) · (yh, ψh)Ω − (yd, ψh)Ω − δ ·
(
P[ya,yb](yh), ψh

)
Ω
.

Then, instead of (PMY
s,h ), we consider for all (vh, ψh) ∈ Xh the system

a(yh, vh) + dsh(yh; yh, vh) = (uh, vh)Ω (8.3.1)
a(ψh, ph) + dadh (ph; ph, ψh) = (δ + 1) · (yh, ψh)Ω − (yd, ψh)Ω − δ ·

(
P[ya,yb](yh), ψh

)
Ω

(8.3.2)
λuh + ph = 0 a.e. in Ω. (8.3.3)
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8.3.1.1 Regularized system

For the verification of the existence of a discrete solution, we derive again an equivalent and
regularized system to (8.3.1)-(8.3.3) such that we are able to apply Lemma 7.3. For this, the
state equation (8.3.1) is multiplied with δ + 1 and the adjoint equation (8.3.2) is divided by λ
so that we obtain for all (vh, ψh) ∈ Xh the following regularized system

(δ + 1) · a(yh, vh) + (δ + 1) · dsh(yh; yh, vh) = (δ + 1) · (uh, vh)Ω

1
λ
a(ψh, ph) + 1

λ
dadh (ph; ph, ψh) = (δ+1)

λ
(yh, ψh)Ω −

1
λ
(yd, ψh)Ω − δ

λ

(
P[ya,yb](yh), ψh

)
Ω

λuh + ph = 0 a.e. in Ω

 (PMY,rg
s,h )

Definition 8.24. A pair (yh, uh) ∈ Xh is called solution for (PMY,rg
s,h ) if there exists a discrete

adjoint solution ph ∈ Xh such that for all (vh, ψh) ∈ Xh

(δ + 1) · a(yh, vh) + (δ + 1) · dsh(yh; yh, vh) = (δ + 1) · (uh, vh)Ω (8.3.4)
1

λ
a(ψh, ph) +

1

λ
dadh (ph; ph, ψh) =

(δ + 1)

λ
(yh, ψh)Ω −

1

λ
(yd, ψh)Ω −

δ

λ

(
P[ya,yb](yh), ψh

)
Ω

(8.3.5)

λuh + ph = 0 a.e. in Ω (8.3.6)

is satisfied.

Now, the system (PMY,rg
s,h ) can be transferred to the following operator equation: Find

xh = (yh, ph) ∈ Xh such that

(K +Dh)xh = Qxh +G in X ∗h (8.3.7)

where for zh = (vh, ψh) ∈ Xh
• 〈Kxh, zh〉X ∗,X := (δ + 1) · 〈Ksyh, vh〉X∗,X + 〈 1

λ
Kadph, ψh〉X∗,X

• 〈Dhxh, zh〉X ∗h ,Xh := (δ + 1) · 〈Ds
yh
yh, vh〉X∗h,Xh + 1

λ
〈Dad

ph
ph, ψh〉X∗h,Xh

• 〈Qxh, zh〉X ∗h ,Xh := − (δ+1)
λ
· (ph, vh)Ω + (δ+1)

λ
· (yh, ψh)Ω −

δ
λ
·
(
P[ya,yb](yh), ψh

)
Ω

• 〈G, zh〉X ∗,X := − 1
λ
(yd, ψh)Ω.

Note that the operators are defined in Section 7.2.1.1.

Lemma 8.25. The operator Kh := (K +Dh) : Xh → X ∗h satisfies Assumption 7.1 and Q̃ :=
Q+G defined by

〈Q̃xh, zh〉X ∗h ,Xh := 〈Qxh +G, zh〉X ∗h ,Xh
satisfies Assumption 7.2.

Proof. First, for the continuity of the operators Kh and Q̃ we refer to Lemma 8.2. Now, we
prove the satisfaction of the conditions (7.1.1) and (7.1.2). For this, let xh = (yh, ph) ∈ Xh be
arbitrary. The coercivity of a(·, ·) and dsh(yh; yh, yh) ≥ 0 resp. dadh (ph; ph, ph) ≥ 0 imply

〈Khxh,xh〉X ∗h ,Xh = (δ + 1) · a(yh, yh) +
1

λ
a(ph, ph)

+ (δ + 1) · dsh(yh; yh, yh) +
1

λ
dadh (ph; ph, ph)

≥ min
{

(δ + 1) · ε, ε
λ

}(
|yh|21,Ω + |ph|21,Ω

)
= min

{
(δ + 1) · ε, ε

λ

}
‖ xh ‖2

Xh .
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For proving the second condition, we are able to derive

〈Q̃xh,xh〉X ∗h ,Xh = 〈Qxh +G,xh〉X ∗h ,Xh

= −(δ + 1)

λ
(ph, yh)Ω +

(δ + 1)

λ
(yh, ph)Ω

− δ

λ
·
(
P[ya,yb](yh), ph

)
Ω
− 1

λ
(yd, ph)Ω

≤
(
Cδ+ ‖ yd ‖0,Ω

λ

)
‖ ph ‖0,Ω

=

(
Cδ+ ‖ yd ‖0,Ω

λ

)√
‖ ph ‖2

0,Ω

≤
(
Cδ+ ‖ yd ‖0,Ω

λ

)√
‖ yh ‖2

0,Ω + ‖ ph ‖2
0,Ω

≤ CP

(
Cδ+ ‖ yd ‖0,Ω

λ

)
‖ xh ‖Xh

where C > 0 is a constant and CP > 0 the Poincaré constant.

Lemma 8.26. There exists a solution xh = (yh, ph) ∈ Xh for the operator equation (8.3.7).

Proof. According to Lemma 8.25, the operators Kh and Q̃ = Q + G satisfy the sufficient
conditions for the application of Lemma 7.3. Consequently, we obtain a solution xh = (yh, ph) ∈
Xh such that the operator equation (8.3.7) holds.

Corollary 8.27. There exists a solution (yh, uh) ∈ Xh with a corresponding adjoint solution
ph ∈ Xh for the system (PMY,rg

s,h ).

Proof. Lemma 8.26 yields the existence of a discrete solution (yh, ph) ∈ Xh for the operator
equation (8.3.7). According to Definition 8.24, the discrete control can be defined by uh = − 1

λ
ph

such that (yh, uh) = (yh,− 1
λ
ph) ∈ Xh is a solution for the regularized system (PMY,rg

s,h ).

Now, we prove the L2(Ω)-boundedness of a solution (yh, uh). As we have mentioned in
the previous sections, these estimates are meaningful for the H2(Ω)-estimates of the auxiliary
solutions ỹ, p̃ provided in Lemma 7.7. We will return to this discussion in Section 8.3.2.

Lemma 8.28. Let (yh, uh) ∈ Xh be a solution of (PMY,rg
s,h ) with a corresponding adjoint solution

ph ∈ Xh. Then, we have the following L2(Ω)-norm estimates

‖ yh ‖0,Ω ≤ Cs (8.3.8)
‖ ph ‖0,Ω ≤ Cad (8.3.9)
‖ uh ‖0,Ω ≤ Cc (8.3.10)

where Cs, Cad, Cc > 0 are constants, independent of h.

Proof. We add the regularized state equation (8.3.4) to the adjoint equation (8.3.5) and obtain
for all (vh, ψh) ∈ Xh

(δ + 1) · a(yh, vh) +
1

λ
a(ψh, ph) + (δ + 1) · dsh(yh; yh, vh) +

1

λ
dadh (ph; ph, ψh)

= −(δ + 1)

λ
· (ph, vh)Ω +

(δ + 1)

λ
· (yh, ψh)Ω −

1

λ
(yd, ψh)Ω −

δ

λ
·
(
P[ya,yb](yh), ψh

)
Ω
.

93



Setting vh = yh and ψh = ph, we get in combination with the coercivity of a(·, ·) and
dsh(yh; yh, yh) ≥ 0 resp. dadh (ph; ph, ph) ≥ 0

(δ + 1)c0 ‖ yh ‖2
0,Ω +

c0

λ
‖ ph ‖2

0,Ω≤ −
1

λ
(yd, ph)Ω −

δ

λ

(
P[ya,yb](yh), ph

)
Ω
. (8.3.11)

Thus, we obtain with the pointwise boundedness of P[ya,yb](·)

‖ ph ‖0,Ω≤
1

c0

‖ yd ‖0,Ω +
δ

c0

C(ya, yb,Ω) =: Cad (8.3.12)

where C(ya, yb,Ω) > 0 is a constant, independent of h. By means of (8.3.11) and (8.3.12), we
are able to derive for a discrete state solution yh ∈ Xh

‖ yh ‖0,Ω≤

√(
1
λ
‖ yd ‖0,Ω + δ

λ
C(ya, yb,Ω)

)
Cad

(δ + 1)c0

=: Cs.

The L2(Ω)-boundedness of uh = − 1
λ
ph is a direct consequence of (8.3.12).

Finally, by virtue of Corollary 8.27, we obtain the existence of a discrete solution for (PMY
s,h )

with the corresponding L2(Ω)-norm estimates.

Corollary 8.29. A solution (yh, uh) ∈ Xh of (PMY,rg
s,h ) is also a solution for (PMY

s,h ). Further-
more, the L2(Ω)-estimates (8.3.8)-(8.3.10) are valid.

8.3.2 L2(Ω)-error estimates

In this section, we derive L2(Ω)-error estimates for the differences ȳδ − yh and ūδ − uh where
(yh, uh) ∈ Xh is a discrete solution of (PMY

s,h ) and (ȳδ, ūδ) ∈ X ∩(H2(Ω)×H2(Ω)) is the optimal
solution of (PMY

s ), with the help of Lemma 7.6. Finally, we will return to the state constrained
optimal control problem (Ps) and show that a solution (yh, uh) ∈ Xh of (PMY

s,h ) is also an
approximation for the solution (ȳ, ū) of (Ps), with respect to the data of the problem and the
regularization parameters.

8.3.2.1 Moreau-Yosida regularization

According to Section 7.2, the discretized system (PMY
s,h ) coincides to the general system (Ph)

and (PMY
s ) coincides to (P ) when the following assumptions hold:

Assumption 8.30. We assume that

• G = Ω

• U = L2(Ω)

• δ := δ + 1 and δ̂ := δ

• The operator Z : C(Ω̄)→ U is given by

Zw := −1

λ
w a.e. in Ω

• The operator R : C(Ω̄)→ C(Ω̄) is defined by

R(z) := P[ya,yb](z)

where P[ya,yb](·) is given by Definition 2.24.
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Note that the operator R : C(Ω̄) → C(Ω̄) is Lipschitz continuous in the sense that for
z, z̃ ∈ C(Ω̄) the condition

(Rz −Rz̃, v)Ω ≤‖ z − z̃ ‖0,Ω‖ v ‖0,Ω ∀v ∈ C(Ω̄)

holds. Moreover, the operator R fulfills the condition

‖ Rz ‖0,Ω≤ CR := C(ya, yb,Ω).

Consequently, with respect to Assumption 8.30, the sufficient conditions for the application of
Lemma 7.6 are satisfied so that the general L2(Ω)-error estimate (see Lemma 7.6) leads us to
the next result.

Lemma 8.31. Let (ȳδ, ūδ) ∈ X ∩ (H2(Ω) × H2(Ω)) be the solution of (PMY
s ) with the cor-

responding adjoint solution p̄δ ∈ X ∩ H2(Ω). Moreover, we have the solution (ỹ, p̃) ∈ X ∩
(H2(Ω)×H2(Ω)) of (Paux) and a solution (yh, uh) ∈ Xh of (PMY

s,h ) with a corresponding discrete
adjoint solution ph ∈ Xh. Then, it holds

λ

2
‖ uh − ūδ ‖2

0,Ω +
1

2
‖ yh − ȳδ ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,Ω +δCR ‖ yh − ỹ ‖0,Ω

+
(δ + 1)2

2
‖ yh − ỹ ‖2

0,Ω

where CR = C(ya, yb,Ω) > 0 and C > 0 are constants, independent of h.

For the boundedness of the auxiliary solutions ỹ, p̃ in the H2(Ω)-norm, we use Lemma 7.7
and Lemma 8.28 so that we can state the next result.

Lemma 8.32. Let (yh, uh) ∈ Xh be a solution of (PMY
s,h ) where ph ∈ Xh is a corresponding

discrete adjoint solution. Moreover, let (ỹ, p̃) ∈ X ∩ (H2(Ω)×H2(Ω)) be the solution of (Paux).
Then, we have

‖ ỹ ‖2,Ω ≤ C1 (8.3.13)
‖ p̃ ‖2,Ω ≤ C2 (8.3.14)

where C1, C2 > 0 are constants, independent of h.

The combination of Corollary 7.9, Lemma 8.31 and Lemma 8.32 yields in the convection-
dominated case the following L2(Ω)-error estimate.

Theorem 8.33. Let (ȳδ, ūδ) ∈ X ∩(H2(Ω)×H2(Ω)) be the solution of (PMY
s ) and (yh, uh) ∈ Xh

be a solution of (PMY
s,h ). Then, we have in the convection-dominated case, i.e. ε�‖ b ‖0,∞,Ω h

‖ uh − ūδ ‖0,Ω + ‖ yh − ȳδ ‖0,Ω ≤ CδCRh
1
4 + Cδh

1
2

where Cδ, CR > 0 are constants, independent of h.

It is worth to mention that the constant Cδ > 0 depends linear on the regularization
parameter δ > 0 (see Lemma 8.31).
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8.3.2.2 State constrained case

Now, we return to the state constrained optimal control problem (Ps). As we have mentioned,
the Moreau-Yosida regularization of (Ps) has been only a tool to construct a discrete solution
which approximates the unique solution (ȳ, ū) of (Ps). The next result shows that a discrete
solution of the regularized problem (PMY

s,h ) is also an approximation for the solution of (Ps).
However, as we can see in Theorem 8.33, the accuracy of the approximation in the L2(Ω)-norm
depends on the choice of the regularization parameter δ > 0. For this, recall also the error
analysis in Section 4.3.3 where the L2(Ω)-errors of ȳ− ȳδ and ū− ūδ have been analyzed. Now,
the combination of Corollary 4.32 and Theorem 8.33 yields the following result.

Theorem 8.34. Let (ȳ, ū) ∈ X ∩ (H2(Ω) × H2(Ω)) be the solution of (Ps) and (yh, uh) ∈ Xh
be a solution of (PMY

s,h ). Then, we have for δ > 0 and 0 < γ < 1 in the convection-dominated
case, i.e. ε�‖ b ‖0,∞,Ω h

‖ uh − ū ‖0,Ω + ‖ yh − ȳ ‖0,Ω ≤ CδCRh
1
4 + Cδh

1
2 + C

(
1√
δ

) γ
2γ+1

where C,Cδ, CR > 0 are constants, independent of h.

Remark 8.35. We remark that an optimal parameter adjustment between the mesh size h and
the regularization parameter δ > 0 is currently not possible. Moreover, since 1

ε
resp. δ > 0 arise

in the constants C, Cδ, it is worth to mention that the error estimate provided in Theorem 8.34
should be regarded for fixed ε > 0 and δ > 0.

8.3.3 Numerical results

In this section, we show the results of our numerical tests referring to the application of the
AFC method to the Moreau-Yosida regularization (PMY

s ). The iterative solver is the same as
in the unconstrained case resp. in the control constrained case. The following test problems
have been solved on a unit square mesh Ω = [0, 1] × [0, 1] with the BJK limiter introduced in
Section 5.5.2. For a general introduction to the numerics, i.e. data of the convection-diffusion
reaction equation, Tikhonov parameter, grid levels etc., we refer to Section 8.1.3.

8.3.3.1 Test problem

The basis of our numerical investigations is the following state constrained optimal control
problem

min Js(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u+ f in Ω

y = 0 on Γ

ya ≤ y ≤ yb a.e. in Ω

 (P test
s )

In all tests we have considered yd = 4 and f = 1. Moreover, we have the following state
constraints

ya = −0.5

yb = 0.7.
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As we have seen in Section 4.3.2, the solution (ȳδ, ūδ) of the Moreau-Yosida regularization
converge to the solution (ȳ, ū) of (Ps) when δ → ∞. The Moreau-Yosida regularization corre-
sponding to (P test

s ) is given by

min JMY (yδ, uδ)

−ε∆yδ + b · ∇yδ + cyδ = uδ + f in Ω

yδ = 0 on Γ

 (P test,MY
s ) (8.3.15)

where the objective functional is defined by

JMY (yδ, uδ) := Js(yδ, uδ) +
δ

2

(
‖ max{0, yδ − yb} ‖2

0,Ω + ‖ min{0, yδ − ya} ‖2
0,Ω

)
with a regularization parameter δ > 0 that is taken large. Moreover, according to Section 4.3.2,
we have derived that the solution (ȳδ, ūδ) of (P test,MY

s ) satisfies the following optimality system

−ε∆ȳδ + b · ∇ȳδ + cȳδ = ūδ + f in Ω −ε∆p̄δ − b · ∇p̄δ + cp̄δ = ȳδ − yd + µδ in Ω

ȳδ = 0 on Γ p̄δ = 0 on Γ

µδ = δ · (max{0, ȳδ − yb}+ min{0, ȳδ − ya}) = δ ·
(
ȳδ − P[ya,yb](ȳδ)

)
a.e. in Ω

λūδ + p̄δ = 0 a.e. in Ω.

Regarding Section 6.3.1, the discrete version of the optimality system corresponding to (P test,MY
s )

has the form

a(yh, vh) = (uh + f, vh)Ω ∀vh ∈ Vh,0
a(ψh, ph) = (yh − yd, ψh)Ω + (µδh, ψh)Ω ∀ψh ∈ Vh,0

where

µδh = δ · (max{0, yh − yb}+ min{0, yh − ya}) = δ ·
(
yh − P[ya,yb](yh)

)
a.e. in Ω

λuh + ph = 0 a.e. in Ω.

In our numerical tests, we have reviewed the stabilizing effect of the AFC method on discrete
solutions for different choices of δ > 0. Note that for given δ > 0, the analytical solutions of
(P test,MY

s ) are unknown. Hence, we use a specific formula to compute the experimental order
of convergence in the L2(Ω)-norm.

8.3.3.2 Experimental order of convergence

Due to the fact that the computation of the EOC‖·‖ where ‖ · ‖ is an appropriate norm is
not often reliable by using a computed reference solution, we have performed our numerical
tests with the help of a specific formula for the EOC‖·‖. Let us start with the derivation of
the formula. For a grid level l ∈ {1, · · · , 8}, we consider the corresponding mesh size hl and
the computed discrete state solution yhl resp. the discrete adjoint solution phl . Note that the
coarest mesh size h1 is refined by hl = 1

2l−1h1 for l = 2, · · · , 8 resp. hl+1 = 1
2
hl for l = 1, · · · , 7.

Now, a numerical method of order q should satisfy

w = whl + e(w)(hl)
q (8.3.16)
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where e(w)(hl)
q is the error between the computed discrete solution whl and the analytical

solution w of the test problem. As we can see in (8.3.16), the discrete solution converges to the
analytical solution when hl → 0. For the computation of the order q, we consider

w = whl + e(w)(hl)
q

w = whl+1
+ e(w)(hl+1)q

w = whl+2
+ e(w)(hl+2)q.

Now, we get

whl − whl+1
= e(w)(hl+1)q − e(w)(hl)

q

= e(w)

((
1

2

)q
hql − h

q
l

)
= e(w)

((
1

2

)q
− 1

)
hql

(8.3.17)

and

whl+1
− whl+2

= e(w)(hl+2)q − e(w)(hl+1)q

= e(w)

((
1

2

)q
hql+1 − h

q
l+1

)
= e(w)

((
1

2

)q
− 1

)
hql+1

= e(w)

((
1

2

)q
− 1

)(
1

2

)q
hql .

(8.3.18)

Hence, we obtain by virtue of (8.3.17) and (8.3.18)

ln
(‖ whl+2

− whl+1
‖

‖ whl+1
− whl ‖

)
= q · ln

(
1

2

)
and consequently the formula for the computation of the order q

ln
(‖whl+2

−whl+1
‖

‖whl+1
−whl‖

)
ln
(

1
2

) = q =: EOC‖·‖. (8.3.19)

In the following, we show for regularization parameters δ = 1, 10, 100 the computed EOC‖·‖0,Ω
for discrete state solutions yhl and discrete adjoint solutions phl in the L2(Ω)-norm. For this,
the computed EOC‖·‖0,Ω of the state solution is denoted by qsl resp. the EOC‖·‖0,Ω of the
adjoint solution is denoted by qadl for l = 1, · · · , 6. Moreover, we introduce for l = 1, · · · , 7 the
differences

ehl := yhl+1
− yhl

khl := phl+1
− phl .

(8.3.20)

8.3.3.3 Numerical results δ = 1

In Table 6, for the differences (8.3.20), the computed L2(Ω)-norms are illustrated for the regular-
ization parameter δ = 1. For the state and the adjoint solutions, the values of the L2(Ω)-norms
decrease while the grid level increases. Moreover, by using the EOC-formula (8.3.19), the
L2(Ω)-order of convergence is nearly O(1).
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Table 6: L2(Ω)-errors / EOC (P test,MY
s ), δ = 1

l c0 ‖ ehl ‖0,Ω qsl c0 ‖ khl ‖0,Ω qadl
1 1.8278e-01 - 2.2768e-01 -
2 1.2829e-01 0.51 1.7061e-01 0.42
3 9.4977e-02 0.43 1.2622e-01 0.43
4 6.7941e-02 0.48 9.0822e-02 0.47
5 4.7805e-02 0.51 6.4380e-02 0.50
6 2.8016e-02 0.77 3.7896e-02 0.76
7 1.3770e-02 1.02 1.8683e-02 1.02

The following plots of the AFC state solution and the AFC adjoint solution has been com-
puted on a (128, 128)-unit square mesh for a regularization parameter δ = 1. As we can see,
there occur no spurious oscillations in the computed discrete solutions.

Figure 15: AFC state solution Figure 16: AFC adjoint solution

Figure 17: AFC state solution Figure 18: AFC adjoint solution

8.3.3.4 Numerical results δ = 10

In Table 7, for the differences (8.3.20), the computed L2(Ω)-norms are illustrated for the reg-
ularization parameter δ = 10. As in the case of δ = 1, the values of the L2(Ω)-norms decrease
while the grid level increases. Moreover, the EOC-formula (8.3.19) leads us to a L2(Ω)-order
of convergence nearly O(1) for the state and the adjoint solutions.
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Table 7: L2(Ω)-errors / EOC (P test,MY
s ), δ = 10

l c0 ‖ ehl ‖0,Ω qsl c0 ‖ khl ‖0,Ω qadl
1 1.4887e-01 - 2.1034e-01 -
2 1.0148e-01 0.55 1.4968e-01 0.49
3 7.5458e-02 0.43 1.0985e-01 0.45
4 5.4358e-02 0.47 7.9610e-02 0.46
5 3.8342e-02 0.50 5.6657e-02 0.49
6 2.2548e-02 0.77 3.3389e-02 0.76
7 1.1088e-02 1.02 1.6471e-02 1.02

Now, we plot the AFC state resp. the AFC adjoint solution computed for a regularization
parameter δ = 10 on a (128, 128)-unit square mesh.

Figure 19: AFC state solution Figure 20: AFC adjoint solution

Figure 21: AFC state solution Figure 22: AFC adjoint solution

8.3.3.5 Numerical results δ = 100

In Table 8, for the differences (8.3.20), the computed L2(Ω)-norms are illustrated for the regu-
larization parameter δ = 100. As in the cases δ = 1 and δ = 10, the values of the L2(Ω)-norms
decrease while the grid level increases. Moreover, the EOC-formula (8.3.19) leads us to a
L2(Ω)-order of convergence nearly O(1) for the state and the adjoint solutions.
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Table 8: L2(Ω)-errors / EOC (P test,MY
s ), δ = 100

l c0 ‖ ehl ‖0,Ω qsl c0 ‖ khl ‖0,Ω qadl
1 1.3171e-01 - 1.9526e-01 -
2 8.5484e-02 0.62 1.3936e-01 0.49
3 6.3388e-02 0.43 1.0213e-01 0.45
4 4.5958e-02 0.46 7.4082e-02 0.46
5 3.2425e-02 0.50 5.2792e-02 0.49
6 1.9155e-02 0.76 3.1403e-02 0.75
7 9.3454e-03 1.04 1.5368e-02 1.03

Now, we can see the computed AFC state resp. the AFC adjoint solution for a regularization
parameter δ = 100 on a (128, 128)-unit square mesh.

Figure 23: AFC state solution Figure 24: AFC adjoint solution

Figure 25: AFC state solution Figure 26: AFC adjoint solution

8.4 Control constrained case with Robin boundary control
In this section, we investigate the discrete system (P Γ

h ) corresponding to the control constrained
optimal control problem with Robin boundary control. According to Section 7.1, we set Xh =
Vh ⊆ H1(Ω) = X and Xh = Vh × Vh ⊂ X = H1(Ω) × H1(Ω) where X is equipped with the
norm

‖ (y, p) ‖X=
√
‖ y ‖2

1,Ω + ‖ p ‖2
1,Ω.

The finite dimensional space Xh is endowed with the norm

‖ · ‖Xh :=‖ · ‖X .
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The starting point of the next sections is the following coupled and discretized system, provided
in Section 6.4.

aΓ(yh, vh) + ds,Γh (yh; yh, vh) = (uh, vh)Γ ∀vh ∈ Xh

aΓ(ψh, ph) + dad,Γh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Xh

uh = P[uΓ
a ,u

Γ
b ]

(
− 1
λ
ph
)

a.e. on Γ.

 (P Γ
h )

8.4.1 Existence

First, we state that the systems (P b
h) and (P Γ

h ) have a similar structure. Hence, for the verifi-
cation of the existence of a discrete solution for (P Γ

h ), we follow the regularization strategy of
(P b

h), provided in Section 8.2.1.

8.4.1.1 Regularized system

Let k ∈ N be arbitrary. We consider the following truncated, coupled and discretized system

aΓ(yh, vh) + ds,Γh (yh; yh, vh) = (uh, vh)Γ ∀vh ∈ Xh

aΓ(ψh, ph) + dad,Γh (ph; ph, ψh) = (Ψk(yh)− yd, ψh)Ω ∀ψh ∈ Xh

uh = P[uΓ
a ,u

Γ
b ](− 1

λ
ph) a.e. on Γ.

 (P Γ,k
h )

Definition 8.36. Let k ∈ N. A pair (yh, uh) ∈ Xh×L2(Γ) is called solution for (P Γ,k
h ) if there

exists a discrete adjoint solution ph ∈ Xh such that

aΓ(yh, vh) + ds,Γh (yh; yh, vh) = (uh, vh)Γ ∀vh ∈ Xh (8.4.1)

aΓ(ψh, ph) + dad,Γh (ph; ph, ψh) = (Ψk(yh)− yd, ψh)Ω ∀ψh ∈ Xh (8.4.2)

uh = P[uΓ
a ,u

Γ
b ](−

1

λ
ph) a.e. on Γ (8.4.3)

is satisfied.

Similar to the control constrained case (see Section 8.2.1), the strategy is to solve the system
(P Γ,k

h ) for a k ∈ N which is large enough. After that, we verify that Ψk(yh) = yh a.e. in Ω.
First, the system (8.4.1)-(8.4.3) can be transferred to the following operator equation: Find
xh = (yh, ph) ∈ Xh such that

(K +Dh)xh = Qkxh +G in X ∗h (8.4.4)

where for zh = (vh, ψh) ∈ Xh
• 〈Kxh, zh〉X ∗,X := 〈Ks

Γyh, vh〉X∗,X + 〈Kad
Γ ph, ψh〉X∗,X

• 〈Dhxh, zh〉X ∗h ,Xh := 〈Ds,Γ
yh
yh, vh〉X∗h,Xh + 〈Dad,Γ

ph
ph, ψh〉X∗h,Xh

• 〈Qkxh, zh〉X ∗h ,Xh := (P[uΓ
a ,u

Γ
b ](− 1

λ
ph), vh)Γ + (Ψk(yh), ψh)Ω

• 〈G, zh〉X ∗,X := (−yd, ψh)Ω.

Note that the above operators have been defined in Section 7.2.1.2.

Lemma 8.37. Let k ∈ N be arbitrary. The operator Kh := (K +Dh) : Xh → X ∗h satisfies
Assumption 7.1 and Q̃k := Qk +G defined by

〈Q̃kxh, zh〉X ∗h ,Xh := 〈Qkxh +G, zh〉X ∗h ,Xh
satisfies Assumption 7.2.
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Proof. First, the continuity of the operator Kh is obvious. Due to the Lipschitz continuity
of the projection formula P[uΓ

a ,u
Γ
b ](·) and Ψk(·), we get the continuity of Q̃k := Qk + G. The

verification of condition (7.1.1) in Assumption 7.1 goes in the same way as in Lemma 8.2. For
this, let xh = (yh, ph) ∈ Xh be arbitrary. The coercivity of aΓ(·, ·) and ds,Γh (yh; yh, yh) ≥ 0 resp.
dad,Γh (ph; ph, ph) ≥ 0 imply

〈Khxh,xh〉X ∗h ,Xh ≥ min{ε, c0} ‖ xh ‖2
Xh .

For the satisfaction of condition (7.1.2) in Assumption 7.2, we are able to derive

〈Q̃kxh,xh〉X ∗h ,Xh = 〈Qkxh +G,xh〉X ∗h ,Xh

= (P[uΓ
a ,u

Γ
b ](−

1

λ
ph), yh)Γ + (Ψk(yh), ph)Ω − (yd, ph)Ω

≤ C ‖ yh ‖0,Γ +C(k) ‖ ph ‖0,Ω + ‖ yd ‖0,Ω‖ ph ‖0,Ω

≤ CτC ‖ yh ‖1,Ω +C(k) ‖ ph ‖0,Ω + ‖ yd ‖0,Ω‖ ph ‖0,Ω

≤ C̃k

(√
‖ yh ‖2

1,Ω +
√
‖ ph ‖2

1,Ω

)
≤
√

2C̃k

√
‖ yh ‖2

1,Ω + ‖ ph ‖2
1,Ω

= Ĉk ‖ xh ‖Xh

where Ĉk > 0 is a constant which depends on k and on the constant Cτ > 0 of the trace
inequality (see Theorem 2.18).

Lemma 8.38. There exists a solution xh = (yh, ph) ∈ Xh for the operator equation (8.4.4).

Proof. According to Lemma 8.37, the operators Kh and Q̃k := Qk + G satisfy the sufficient
conditions for the application of Lemma 7.3. Consequently, we obtain a solution xh = (yh, ph) ∈
Xh such that the operator equation (8.4.4) holds.

Now, we are able to define a solution for (P Γ,k
h ) with the help of xh = (yh, ph). According

to (8.4.3), the control can be defined by uh = P[uΓ
a ,u

Γ
b ](− 1

λ
ph) a.e. on Γ. Hence, the following

corollary is a direct consequence of Lemma 8.38.

Corollary 8.39. There exists a solution (yh, uh) ∈ Xh × L2(Γ) with a corresponding adjoint
solution ph ∈ Xh for the regularized discretized system (P Γ,k

h ).

In the same way as in Section 8.2.1, we consider for the right choice of k ∈ N, the following
L∞(Ω)-a priori estimate of a discrete solution yh ∈ Xh.

Lemma 8.40. Let yh ∈ Xh be a solution of the state equation (8.4.1). Then, we have

‖ yh ‖0,∞,Ω≤ C(1 + |ln(h)|)
1
2
C̃(uΓ

a , u
Γ
b ,Ω)

min{ε, c0}
.

Proof. Setting vh = yh in (8.4.1), the coercivity of aΓ(·, ·) and the positivity of ds,Γh (yh; yh, yh)
imply

min{ε, c0} ‖ yh ‖2
1,Ω ≤ (P[uΓ

a ,u
Γ
b ](−

1

λ
ph), yh)Γ

≤ C(uΓ
a , u

Γ
b ,Ω) ‖ yh ‖0,Γ

≤ CτC(uΓ
a , u

Γ
b ,Ω) ‖ yh ‖1,Ω
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where we have used the trace inequality. Hence, we get

‖ yh ‖1,Ω≤
C̃(uΓ

a , u
Γ
b ,Ω)

min{ε, c0}

with a constant C̃(uΓ
a , u

Γ
b ,Ω) > 0. Finally, the discrete Sobolev inequality (Lemma 5.3) yields

the desired result.

In the following, we set

k = k(h) := dC(1 + |ln(h)|)
1
2
C̃(uΓ

a , u
Γ
b ,Ω)

min{ε, c0}
e (8.4.5)

where dre denotes the usual ceiling function.

Corollary 8.41. Let k ∈ N be defined by (8.4.5). Then, a solution (yh, uh) ∈ Xh × L2(Γ) of
(P Γ,k

h ) with a corresponding adjoint solution ph ∈ Xh is also a solution for (P Γ
h ).

Proof. Lemma 8.40 yields that a discrete state solution yh satisfies

‖ yh ‖0,∞,Ω≤ C(1 + |ln(h)|)
1
2
C̃(uΓ

a , u
Γ
b ,Ω)

min{ε, c0}
≤ k

such that Ψk(yh) = yh a.e. in Ω. Consequently, the regularized system (P Γ,k
h ) coincides with

the discretized system (P Γ
h ) such that (yh, uh) ∈ Xh × L2(Γ) with ph ∈ Xh solves (P Γ

h ).

Next, we verify higher regularity of uh, i.e. uh = P[uΓ
a ,u

Γ
b ](− 1

λ
ph) ∈ H

1
2 (Γ). According to

Lemma 7.10 and Lemma 7.11, the higher regularity of uh is sufficient to obtain the H2(Ω)-
regularity of the auxiliary solution ỹ. The meaning of this result will become apparent in
Section 8.4.2. In addition to the higher regularity of uh, we verify that yh, ph are uniformly
bounded in the L2(Ω)-norm resp. uh is uniformly bounded in the H

1
2 (Γ)-norm.

Lemma 8.42. Let (yh, uh) ∈ Xh × L2(Γ) be a solution of (P Γ
h ) with a corresponding adjoint

solution ph ∈ Xh. Then, uh ∈ H
1
2 (Γ) and we have the following estimates

‖ uh ‖ 1
2
,Γ ≤ Cc (8.4.6)

‖ yh ‖0,Ω ≤ Cs (8.4.7)
‖ ph ‖0,Ω ≤ Cad (8.4.8)

where Cc, Cs, Cad > 0 are constants, independent of h.

Proof. We start with the higher regularity of uh. Since ph ∈ Xh ⊂ H1(Ω), we have (ph)|Γ ∈
H

1
2 (Γ). Hence, with the regularity assumption (B4), i.e. uΓ

a , u
Γ
b ∈ H1(Γ), [KinSta80, Theorem

A.1, p. 50] yields uh = P[uΓ
a ,u

Γ
b ](− 1

λ
ph) ∈ H

1
2 (Γ). Moreover, we obtain the uniform boundedness

of the control in the H
1
2 (Γ)-norm resp. in the L2(Γ)-norm by

‖ uh ‖0,Γ≤‖ uh ‖ 1
2
,Γ=‖ P[uΓ

a ,u
Γ
b ](−

1

λ
ph) ‖ 1

2
,Γ:= Cc. (8.4.9)

Now, we prove the boundedness of yh and ph in the L2(Ω)-norm. Considering the discretized
state equation (8.4.1) with vh = yh, we obtain with (8.4.9) and the trace inequality (Theorem
2.18)

min{ε, c0} ‖ yh ‖2
1,Ω ≤ aΓ(yh, yh) + ds,Γh (yh; yh, yh)

= (uh, yh)Γ

≤‖ uh ‖0,Γ‖ yh ‖0,Γ

≤ CcCτ ‖ yh ‖1,Ω .
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Thus, we get

‖ yh ‖1,Ω≤
CcCτ

min{ε, c0}
=: Cs. (8.4.10)

For the verification of the L2(Ω)-boundedness of ph, we consider the discretized adjont equation
(8.4.2). Setting ψh = ph in (8.4.2), leads us to

c0 ‖ ph ‖2
0,Ω ≤ aΓ(ph, ph) + dad,Γh (ph; ph, ph)

= (yh − yd, ph)Ω

≤ (‖ yh ‖0,Ω + ‖ yd ‖0,Ω) ‖ ph ‖0,Ω .

By means of (8.4.10), we get

c0 ‖ ph ‖0,Ω≤ Cs+ ‖ yd ‖0,Ω (8.4.11)

and consequently

‖ ph ‖0,Ω≤
Cs+ ‖ yd ‖0,Ω

c0

=: Cad.

8.4.2 L2-error estimates

In this section, we derive a L2(Ω)-error estimate for ȳ − yh and a L2(Γ)-error estimate for
ū− uh where (yh, uh) ∈ Xh ×H

1
2 (Γ) is a discrete solution of (P Γ

h ) and (ȳ, ū) ∈ H2(Ω)×H1(Γ)
is the solution of (PΓ) (see Corollary 4.37). Regarding Section 7.2, the discretized system
(P Γ

h ) coincides with the general system (Ph) and (PΓ) coincides with (P ) when the following
assumptions hold:

Assumption 8.43. We assume that

• G = Γ

• U := UΓ
ad = {u ∈ L2(Γ) : uΓ

a(x) ≤ u(x) ≤ uΓ
b (x) a.e. on Γ}.

• δ = 1 and δ̂ = 0.

• Z : C(Ω̄)→ U is defined by

Zw := P[uΓ
a ,u

Γ
b ]

(
−1

λ
w

)
a.e. on Γ.

Now, we derive a L2-error estimate for the state and the control.

Lemma 8.44. Let (ȳ, ū) ∈ H2(Ω) × H1(Γ) be the solution of (PΓ) with the corresponding
adjoint solution p̄ ∈ H2(Ω). Moreover, we have the solution (ỹ, p̃) ∈ H2(Ω)×H2(Ω) of (Paux)

and a solution (yh, uh) ∈ Xh × H
1
2 (Γ) of (P Γ

h ) with a corresponding discrete adjoint solution
ph ∈ Xh. Then, we have

λ

2
‖ uh − ū ‖2

0,Γ +
1

2
‖ yh − ȳ ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,Γ +

1

2
‖ yh − ỹ ‖2

0,Ω .
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Proof. Lemma 7.6 yields for G = Γ and general δ, δ̂ ∈ R≥0 with δ − δ̂ > 0 the estimate

λ

2
‖ uh − ū ‖2

0,Γ +
(δ − δ̂)

2
‖ yh − ȳ ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,Γ +

δ2

2(δ − δ̂)
‖ yh − ỹ ‖2

0,Ω .

Thus, setting δ = 1 and δ̂ = 0 leads us to the desired result.

Lemma 8.45. Let (ỹ, p̃) ∈ H2(Ω)×H2(Ω) be the solution of (Paux). Moreover, let (yh, uh) ∈
Xh ×H

1
2 (Γ) be a solution of (P Γ

h ) where ph ∈ Xh is a corresponding discrete adjoint solution.
Then, we have

‖ ỹ ‖2,Ω ≤ C1 (8.4.12)
‖ p̃ ‖2,Ω ≤ C2 (8.4.13)

where C1, C2 > 0 are constants, independent of h.

Proof. Lemma 7.10 yields the a priori estimates

‖ ỹ ‖2,Ω ≤ C ‖ uh ‖ 1
2
,Γ

‖ p̃ ‖2,Ω ≤ C (‖ yh ‖0,Ω + ‖ yd ‖0,Ω) .

By virtue of Lemma 8.42, we obtain the desired result.

Theorem 8.46. Let (ȳ, ū) ∈ H2(Ω)×H1(Γ) be the solution of (PΓ) and (yh, uh) ∈ Xh×H
1
2 (Γ)

be a solution of (P Γ
h ).Then, we have in the convection-dominated case, i.e.

ε�‖ b ‖0,∞,Ω h

‖ uh − ū ‖0,Γ + ‖ yh − ȳ ‖0,Ω ≤ C
h

1
2

ε
1
4

+ Ch
1
2 .

Proof. Lemma 8.44 provides the estimate
λ

2
‖ uh − ū ‖2

0,Γ +
1

2
‖ yh − ȳ ‖2

0,Ω ≤ C ‖ ph − p̃ ‖2
0,Γ +

1

2
‖ yh − ỹ ‖2

0,Ω

where ph ∈ Xh is a corresponding discrete adjoint solution and ỹ, p̃ the auxiliary solutions of
(Paux). The auxiliary error estimate (see Corollary 7.12) yields with (8.4.12)

‖ yh − ỹ ‖0,Ω≤ Ch
1
2 . (8.4.14)

For the estimation of ‖ ph − p̃ ‖2
0,Γ, we use the trace inequality (Theorem 2.18) and get

‖ ph − p̃ ‖0,Γ ≤ Cτ ‖ ph − p̃ ‖
1
2
0,Ω‖ ph − p̃ ‖

1
2
1,Ω . (8.4.15)

The L2(Ω)-norm can be estimated by Lemma 7.12 and (8.4.13) such that we obtain

‖ ph − p̃ ‖0,Ω≤ C ‖ ph − p̃ ‖ad,Γh ≤ Ch
1
2 .

The H1(Ω)-norm can be estimated by

‖ ph − p̃ ‖1,Ω ≤
ε

1
2

ε
1
2

‖ ph − p̃ ‖1,Ω

=
1

ε
1
2

(
ε ‖ ph − p̃ ‖2

0,Ω +ε|ph − p̃|21,Ω
) 1

2

≤ 1

ε
1
2

(
Cε(‖ ph − p̃ ‖ad,Γh )2 + (‖ ph − p̃ ‖ad,Γh )2

) 1
2

≤
√

1 + Cε

ε
‖ ph − p̃ ‖ad,Γh

≤ C

ε
1
2

h
1
2
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where we have used in the last step again Lemma 7.12. Consequently, we get for (8.4.15)

‖ ph − p̃ ‖0,Γ ≤ Ch
1
4 · C
ε

1
4

h
1
4

≤ C
h

1
2

ε
1
4

and by virtue of (8.4.14) the desired result.

8.4.3 Numerical results

In this section, we show the numerical results concerning the application of the AFC method to
the control constrained optimal control problem with Robin boundary control (PΓ). We use the
same iterative solver as in the numerical tests of the previous sections. Moreover, the following
test problem has been solved on a unit square mesh Ω = [0, 1]× [0, 1] where we have used the
BJK limiter, introduced in Section 5.5.2. For a general introduction to the numerics, i.e. data
of the convection-diffusion reaction equation, Tikhonov parameter, grid levels etc., we refer to
Section 8.1.3.

8.4.3.1 Test problem

For the numerical investigation, we consider the following test problem

min 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u− ud ‖2

0,Γ

−ε∆y + b · ∇y + cy = f in Ω

ε∂ny − b·n·y
2

= u+ g on Γ

uΓ
a ≤ u ≤ uΓ

b a.e. on Γ

 (P test
Γ )

where f ∈ L2(Ω) and g, ud ∈ L2(Γ) will be specified later. The optimality system corresponding
to (P test

Γ ) is given by

−ε∆ȳ + b · ∇ȳ + cȳ = f in Ω −ε∆p̄− b · ∇p̄+ cp̄ = ȳ − yd in Ω

ε∂nȳ −
b · n · ȳ

2
= ū+ g on Γ ε∂np̄+

b · n · p̄
2

= 0 on Γ

(λ(ū− ud) + p̄, u− ū)Γ ≥ 0 ∀u ∈ UΓ
ad

The set of admissible controls is defined by

UΓ
ad := {u ∈ L2(Γ) : uΓ

a(x) ≤ u(x) ≤ uΓ
b (x) a.e. on Γ}.

8.4.3.2 Analytical solutions

The functions f, yd on the right hand sides of (P test
Γ ) resp. the function g on the boundary have

been adjusted such that the optimal control problem possesses the following analytical optimal
state solution

ȳ(x1, x2) = x2 · (1− x2) ·
(
x1 −

e(−(1−x1)/0.01) − e(−1/0.01)

(1− e(−1/0.01))

)
resp. the analytical optimal adjoint solution

p̄(x1, x2) = x2 · (1− x2) ·
(

(1− x1)− e(−x1/0.01) − e(−1/0.01)

(1− e(−1/0.01))

)
.
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The function g on the boundary has been defined by

g := ε∂nȳ −
b · n · ȳ

2
− ū.

Moreover, the desired control ud is given by

ud :=

(
1

λ
p̄+ ũ

)
a.e. on Γ

with

ũ(x1, x2) := P[uΓ
a ,u

Γ
b ](sin(πx1) · sin(πx2)).

Thus, the variational inequality in the optimality system is fulfilled by the optimal control

ū := ũ|Γ = 0.

Figure 27: Analytical state solution ȳ Figure 28: Analytical adjoint solution p̄

Figure 29: Analytical state solution ȳ Figure 30: Analytical adjoint solution p̄

8.4.3.3 Experimental order of convergence

In this section, we show the computed L2(Ω)-errors and L2(Ω)-convergence orders for the
differences

eh := ȳ − yh
kh := p̄− ph

where ȳ, p̄ are the analytical optimal solutions and yh, ph are the computed AFC solutions
corresponding to the state resp. the adjoint equation. Note that the focus of this test lies on
the stabilizing effect of the AFC method for the state and the adjoint equation.
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Table 9: L2(Ω)-errors / EOC (P test
Γ )

Grid level c0 ‖ eh ‖0,Ω EOC c0 ‖ eh ‖0,Ω c0 ‖ kh ‖0,Ω EOC c0 ‖ kh ‖0,Ω

1 2.2385e-01 - 2.3250e-01 -
2 6.6020e-02 1.76 6.5494e-02 1.83
3 1.7123e-02 1.95 1.6349e-02 2.00
4 8.7421e-03 0.97 8.4029e-03 0.96
5 5.6111e-03 0.64 5.4623e-03 0.62
6 2.9642e-03 0.92 2.9018e-03 0.91
7 1.4827e-03 1.00 1.4547e-03 1.00
8 7.8458e-04 0.92 7.7105e-04 0.92

8.4.3.4 AFC solutions

In the figures below, we plot the AFC solutions computed on a (128, 128)-unit square mesh.
Firstly, the solutions possess no oscillations and secondly, a comparison with the analytical
solutions Figure 29/Figure 30 leads us to the conclusion that the iterative solver computes
accurate discrete solutions.

Figure 31: AFC state solution Figure 32: AFC adjoint solution

Figure 33: AFC state solution Figure 34: AFC adjoint solution

9 Further applications and an open problem
In the previous sections, we have investigated several optimal control problems where the AFC
method has been applied in the context of the optimize-then-discretize-approach. Now, we see
further optimal control problems where the existence of a discrete solution and corresponding
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error estimates can be derived with the help of Section 7. We remark that the proofs for the
existence of discrete solutions and the derivation of error estimates for the following optimal
control problems are similar to the proofs provided in Section 8. Hence, we keep this section
brief. In contrast to this we will show an unconstrained optimal control problem with Robin
boundary control where the theory of Section 7 is not applicable.

9.1 State and control constrained case
First, let us introduce the following state and control constrained optimal control problem

min Jsc(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Ω

−ε∆y + b · ∇y + cy = u in Ω

y = 0 on Γ

ua ≤ u ≤ ub a.e. in Ω

y ≤ yb a.e. in Ω


(Psc)

Optimal control problems of type (Psc) have been investigated for instance in [Cas86], [HtKu09],
[HtKu17], or [KruRö08] where in [KruRö08], a state and control constrained Robin boundary
control problem has been considered. However, the results in [KruRö08] can also be transferred
to the case of distributed control, i.e. (Psc). In contrast to Section 8.3, we consider control
constraints, but we do not have any lower state constraints. For the application of the abstract
results derived in Section 7, one can use as in the previous sections, the optimality system
corresponding to a regularization of (Psc). Following the strategy in [KruRö08], the authors
regularize problem (Psc) by using the so-called virtual control approach. The virtual control
problem corresponding to (Psc) reads as follows:

min JV C(yκ, uκ, vκ) := 1
2
‖ yκ − yd ‖2

0,Ω +λ
2
‖ uκ ‖2

0,Ω +σ(κ)
2
‖ vκ ‖2

0,Ω

−ε∆yκ + b · ∇yκ + cyκ = uκ in Ω

yκ = 0 on Γ

ua ≤ uκ ≤ ub a.e. in Ω

yκ ≤ yb + ς(κ)vκ a.e. in Ω


(P V C

sc )

where κ > 0 is a regularization parameter and σ(κ), ς(κ) are positive and real valued functions.
In an analogous way to [KruRö08, Corollary 2], one can prove the following L2(Ω)-error estimate

λ ‖ ūκ − ū ‖0,Ω + ‖ ȳκ − ȳ ‖0,Ω ≤ C

(
ς(κ)√
σ(κ)

) 1
3

(9.1.1)

where (ȳ, ū) is the optimal solution of (Psc) and (ȳκ, ūκ, v̄κ) is the optimal solution of (P V C
sc ).

Choosing σ(κ), ς(κ) so that

lim
κ→∞

ς(κ)√
σ(κ)

= 0

we get the following L2(Ω)-convergence

ȳκ → ȳ in L2(Ω)

ūκ → ū in L2(Ω).
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However, we are currently not able to apply the discretization technique provided in Section
6 or a modified technique to the virtual control problem (P V C

sc ). In Section 8.3, we have seen
that the Moreau-Yosida regularization is an appropriate tool to construct a discrete solution
for the state constrained optimal control problem (Ps). The Moreau-Yosida regularization of
(Psc) is given by

min JMY
sc (yδ, uδ) := min 1

2
‖ yδ − yd ‖2

0,Ω +λ
2
‖ uδ ‖2

0,Ω + δ
2
‖ max{0, yδ − yb} ‖2

0,Ω

−ε∆yδ + b · ∇yδ + cyδ = uδ in Ω

yδ = 0 on Γ

ua ≤ uδ ≤ ub a.e. in Ω

 (PMY
sc )

where δ > 0 is a Moreau-Yosida regularization parameter that is taken large. Fortunately,
under suitable assumptions on the regularization parameters δ, σ(κ), ς(κ), the virtual control
problem (P V C

sc ) coincides with the Moreau-Yosida regularization (PMY
sc ). In detail, setting

δ = δ(κ) := σ(κ)
ς2(κ)

, the optimal solution (ȳδ, ūδ) of (PMY
sc ) coincides with (ȳκ, ūκ) and by virtue

of (9.1.1) we obtain

λ ‖ ūδ − ū ‖0,Ω + ‖ ȳδ − ȳ ‖0,Ω ≤ C

(
1√
δ

) 1
3

.

The combination of the discretization techniques provided in Section 8.2.1 and Section 8.3.1
leads us to a discretization technique for (PMY

sc ) and consequently to a discrete solution which
approximates the optimal solution of (Psc). In this context, we remark that similar to Section
6.3, the optimality system corresponding to (PMY

sc ) is the basis of the application of the optimize-
then-discretize-approach. Corresponding L2(Ω)-error estimates for the control and the state can
be derived as in the previous sections by the general L2-error estimate provided in Lemma 7.6.
Finally, one can prove that the following L2(Ω)-error estimate holds:

‖ uh − ūδ ‖0,Ω + ‖ yh − ȳδ ‖0,Ω ≤ CδCRh
1
2 + Ch

1
2

where (yh, uh) ∈ Vh,0 × L2(Ω) is an AFC solution for (ȳδ, ūδ) and C,Cδ, CR > 0 are constants,
independent of h.

9.2 Robin boundary control with boundary observation
Now, we consider two types of a pure Robin boundary control problem where the optimize-
then-discretize-approach combined with the AFC method is applicable. First, we introduce the
following unconstrained pure Robin boundary control problem

min JΓ,2(y, u) := 1
2
‖ y − yΓ ‖2

0,Γ +λ
2
‖ u ‖2

0,Γ

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny − b·n·y
2

= u on Γ

u ∈ UΓ
ad


(
P 2

Γ

)

where UΓ
ad = L2(Γ), λ > 0 and yΓ ∈ L2(Γ). The starting point of the discretization of (P 2

Γ) in the
context of the optimize-then-discretize-approach is again the optimality system. Then, similar
to the case of (Pf ), the theory of Section 7 will be applied to a regularized, discrete, and coupled
system. We remark that one can regularize the discrete system in the same way as (P f,rg

h ),
by dividing the adjoint equation with the Tikhonov parameter λ. Hence, the discretization
concept, the results corresponding to the existence of a discrete solution, and the derivation of
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L2-error estimates for (P f
h ) can be transferred to the case of (P 2

Γ). Another boundary control
problem where the theory of Section 7 is applicable is the following control constrained Robin
boundary control problem

min JΓ,3(y, u) := 1
2
‖ y − yΓ ‖2

0,Γ +λ
2
‖ u ‖2

0,Γ

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny − b·n·y
2

= u on Γ

u ∈ UΓ
ad


(
P 3

Γ

)

where λ > 0, yΓ ∈ L2(Γ) and

UΓ
ad := {u ∈ L2(Γ) : uΓ

a(x) ≤ u(x) ≤ uΓ
b (x) a.e. on Γ}.

For the discretization of (P 3
Γ), one can use the technique of the control constrained optimal

control problem (Pb) provided in Section 8.2.1. The structure of the weak formulation corre-
sponding to the optimality systems of (Pb) resp. (P 3

Γ) are quite similar. The differences are the
right hand sides of the state equation and the adjoint equation. In detail, the right hand sides
of (Pb) are L2(Ω)-inner products and the right hand sides of (P 3

Γ) are L2(Γ)-inner products.
However, these differences do not influence the way of discretizing (P 3

Γ). Firstly, as in Section
8.2.1, one can follow the optimize-then-discretize-approach. Secondly, one can regularize the
resulting coupled and discretized system by truncating the discrete state on the right hand side
of the adjoint equation. A L∞(Γ)-a priori estimate of a discrete AFC state solution and an
appropriate choice of the truncation parameter k ∈ N will lead us to a discrete solution for the
initial coupled and discretized system. Finally, for (P 2

Γ) and (P 3
Γ), one can derive the following

L2-error estimates by the application of a modified version of the abstract L2-estimate provided
in Lemma 7.6

‖ uh − ū ‖0,Γ + ‖ yh − ȳ ‖0,Γ ≤ Ch
1
4

where (ȳ, ū) is the unique optimal solution of (P 2
Γ) resp. (P 3

Γ) and (yh, uh) is a AFC solution
of the corresponding coupled and discretized systems. The constant C is independent of h.
We mention that in contrast to the problems with distributed control, we obtain a convergence
order of O(1

4
), since the application of the trace inequality and the inverse inequality reduces

the order of such boundary control problems. For detailed information see also Theorem 8.46
in Section 8.4.

9.3 An open problem
In this section, we show an optimal control problem where the application of the theory in
Section 7 is currently not possible. For this, let us consider the following unconstrained Robin
boundary control problem

min JΓ,4(y, u) := 1
2
‖ y − yd ‖2

0,Ω +λ
2
‖ u ‖2

0,Γ

−ε∆y + b · ∇y + cy = 0 in Ω

ε∂ny − b·n·y
2

= u on Γ

u ∈ UΓ
ad


(
P 4

Γ

)

where UΓ
ad = L2(Γ). Following the optimize-then-discretize-approach, leads us to the coupled

and discretized system

aΓ(yh, vh) + ds,Γh (yh; yh, vh) = (uh, vh)Γ ∀vh ∈ Vh
aΓ(ψh, ph) + dad,Γh (ph; ph, ψh) = (yh − yd, ψh)Ω ∀ψh ∈ Vh
uh = − 1

λ
ph a.e. on Γ

 (P Γ,4
h )
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In contrast to the previous sections, we are not able to derive the uniform L2(Ω)-boundedness
of yh or ph from (P Γ,4

h ). Hence, following the strategy provided in Section 8.4.1 the operator
Q : Xh → X ∗h defined by

〈Q(yh, ph), (vh, ψh)〉X ∗h ,Xh := (−1

λ
ph, vh)Γ + (yh − yd, ψh)Ω

does not satisfy condition (7.1.2) in Assumption 7.2. Additionally, for proving the uniform
L2(Ω)-boundedness of yh or ph, an appropriate regularization corresponding to (P Γ,4

h ) is cur-
rently not available. Hence, Lemma 7.3 cannot be applied to (P Γ,4

h ). Furthermore, the lack
of the uniform L2(Ω)-boundedness of yh and ph has also an influence on the derivation of a
L2-error estimate for the state and the control. For instance, we have seen in Lemma 8.45
that the H2(Ω)-norm of the auxiliary solutions ỹ and p̃ is bounded by the L2-norms of the
corresponding right hand sides of the state and the adjoint equation. Due to the lack of the
uniform L2-boundedness of yh and ph, it is not ensured that the H2(Ω)-a priori error estimates
of ỹ and p̃ do not depend on the mesh size h. In this case, the L2-error estimate (see Theorem
8.46) is not useful. Thus, we cannot conclude that the discrete solution (yh, uh) = (yh,− 1

λ
ph)

approximate the optimal solution (ȳ, ū) of (P 4
Γ).
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10 Summary
In this thesis, we have investigated the discretization of optimal control problems by applying
the AFC method. We started this work with an introduction to function spaces and elementary
results in Section 2, which have been used throughout this work. The focus of Section 3 was the
analysis of an elliptic boundary value problem with two types of boundary conditions. Firstly,
we have analyzed a convection-diffusion reaction equation with Dirichlet boundary conditions
and secondly, we have provided the analysis of a convection-diffusion reaction equation with
Robin boundary conditions. In detail, for both types of boundary conditions, the existence of a
weak solution and the validity ofH2(Ω)-regularity were proven. After that, in Section 4, we have
provided the analysis of the continuous optimal control problems, which were the main objects
of investigation in this work. Moreover, the Moreau-Yosida regularization was also investigated
for the state constrained optimal control problem. We have seen that the optimal solution of
the state constrained optimal control problem has been approximated by the solutions of the
Moreau-Yosida regularization with a L2(Ω)-convergence order of O(1

6
). The Finite Element

Method has been introduced in Section 5. In addition, we have also shown the construction
and the analysis of an AFC scheme for a general linear boundary value problem. Recall that
the goal of the construction of an AFC scheme is that the discrete solution should satisfy the
discrete maximum prinicple such that spurious oscillations are prevented. For this, we have seen
in Section 5 sufficient conditions for the discrete maximum principle. Moreover, according to
Section 3, we have applied the AFC method on the introduced elliptic boundary value problems.
Finally, we have seen the construction of the Kuzmin limiter and the BJK limiter. For both
limiters, the corresponding AFC scheme possesses a discrete solution satisfying the discrete
maximum principle. Moreover, for the BJK limiter it was shown that the linearity-preserving
property holds. In Section 6, we have discretized the several optimal control problems with the
AFC method. Due to the fact that the limiters are in general nonlinear and non-differentiable,
we have used the optimize-then-discretize-approach. During this section, we have provided a
discretization concept for optimal control problems with distributed control and for optimal
control problems with Robin boundary control. Due to the lack of regularity of the measure
arising in the optimality system of the state constrained optimal control problem, we have
discretized the optimality system of the Moreau-Yosida regularization. Collecting the derived
systems, we have seen that all systems have a similar structure. Hence, in Section 7, we have
provided abstract results such that the existence of a discrete solution and corresponding L2-
error estimates can be proven for the derived coupled systems. The application of these results
on the introduced optimal control problems has been demonstrated in Section 8. Here, we have
investigated the existence of a discrete solution for the several coupled and discretized systems.
Furthermore, we have verified L2-error estimates between the AFC state solution and the
optimal state solution respective between the computed AFC control and the optimal control
corresponding to the continuous problem. In the case of distributed control, we have proved
a L2(Ω)-convergence order of O(1

2
) where for the state constrained optimal control problem

the convergence order of O(1
2
) only holds for the solution of the discretized Moreau-Yosida

regularization. The derived L2(Ω)-error estimate between the solution of the state constrained
optimal control and a solution of the discretized Moreau-Yosida regularization depends on the
regularization parameter δ. Apart from the theoretical results, there were several numerical
tests for proving the stabilizing effect of the AFC method and for reviewing the derived L2-
error estimates performed. In the numerical tests, we have solved the AFC systems by a
preconditioned relaxed Richardson iteration on a Ω = [0, 1] × [0, 1] unit square mesh. For the
stabilization of the discrete solutions, we have used the BJK limiter. It was shown that every
computed AFC state and AFC adjoint solutions are free of spurious oscillations. Moreover,
a comparison to the analytical solutions led us to the conclusion that the iterative method
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computed accurate AFC solutions with layers at the correct position. In addition, as we can
see in the numerical tests of the mentioned AFC literature, the computed L2-convergence rates
are higher than the theoretical results predicted. In the last section, we have shown further
optimal control problems which can be discretized and solved in a similar way as illustrated in
the previous sections. For this, we have mentioned that the abstract results provided in Section
7 have to be modified at some points. However, the demonstrated strategy in the context of
the optimize-then-discretize-approach still holds for investigating the optimal control problems
provided in Section 9. In contrast to the problems where the derived theory is applicable, we
have also seen an unconstrained optimal control problem with Robin boundary control. It was
shortly demonstrated that the general results in Section 7 are not applicable since the uniform
L2-boundedness of the discrete solutions cannot be ensured. This leads us to the following
conclusion with an outlook on possible further research work.

11 Conclusion and Outlook
The goal of this work was to apply the AFC methodology for the discretization of optimal
control problems governed by a convection-diffusion reaction equation. As we have seen, the
AFC method stabilizes the discrete solutions in the context of the optimize-then-discretize-
approach. Especially in the unconstrained, the control constrained case and in the case of
Robin boundary control we are convinced that the application of the AFC method is helpful to
obtain stabilized and accurate solutions. The derived discretization concepts are quite easy to
understand and the corresponding numerical calculation of the solutions does not require much
effort. However, in the case of state constrained optimal control problems, we also see potential
of improvement since an optimal parameter adjustment between the regularization parameter
δ of the Moreau-Yosida regularization and the mesh size h is not derived yet. Finally, we have
also the opinion that the non-differentiability of the method complicate the numerical treatment
since many established solvers like Newton-solvers for optimal control problems cannot be used.
As we have mentioned in the introduction of this thesis, the combination of AFC schemes with
optimal control problem is currently not investigated by the community of optimal control
problems. Since, the analysis of AFC schemes has been established recently in 2016, there are
consequently many open problems for the optimal control and AFC community.

11.1 AFC
Due to the fact that the first papers concerning the theoretical analysis of the AFC methodology
have been established in 2016, there are many problems which are currently of interest. As we
have mentioned in the context of the numerical tests, we have seen higher convergence orders
than our theorectical results predicted. A reason for this behavior could be that the limiters have
been estimated too roughly by 1 (see Remark 8.11). Hence, it should be interesting to establish
sharper estimates for the limiters. Another part of investigation is the development of further
limiters respective modified limiters such that the DMP, the linearity-preserving, continuity or
differentiability properties hold. Differentiable limiters (see [BadBon17]) are of huge interest
so that efficient nonlinear solutions strategies can be applied. For detailed information, we
refer also to [JhaJo19], [JhaJo20] or [Loh21]. During the last years, the works of Kuzmin
[Kuz12, Kuz12/2, Kuz18] and Barrenechea et. al [BJK16, BBK17, BJK17] have provided basic
design criteria of limiter such that discrete maximum prinicples and the continuity property
are satisfied. However, the basic Kuzmin limiter introduced in Section 5.5.1 does not guarantee
the DMP property on arbitrary meshes. The work of Knobloch [Knob21] provides a modified
version of the basic Kuzmin limiter such that the DMP holds. Here, we can see that the
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structure of the Finite Element meshes also influences the need of new resp. modified limiter.
According to steady-state convection-diffusion reaction equations, an a priori error analysis has
been provided in [BJKR18]. A counterpart to the a priori error analysis is the a posteriori error
analysis where the quality of the computed discrete solutions can be evaluated. First results
to a posteriori error estimators can be found for instance in [JhaTh20] or [Jha21]. Finally, we
remark that according to the general Flux-correction methodology (see [Zal79]), there are not
only stationary convection-diffusion reaction equations which are currently under investigation.
For instance, in [JoKno21] the authors analyze an evolutionary convection-diffusion reaction
equation: Find w(x, t) such that

∂w

∂t
− ε∆w + b · ∇w + cw = g in Ω× (0, T ]

is satisfied where (0, T ] is the time interval and Ω ⊆ Rd with d = 2, 3 a bounded polygonal or
polyhedral domain with Lipschitz-continuous boundary Γ. Note that in [JoKno21], Neumann
and Dirichlet boundary conditions are prescribed. Furthermore, the limit case of the diffusion
coefficient, i.e. ε = 0 is analyzed in the works of Kuzmin [Kuz12, Kuz18] where the author
often investigates time-dependent transport equations: Find w(x, t) such that

∂w

∂t
+∇ · (vw) = g in Ω× (0, T ]

where v = v(x, t) is a velocity field. A compact overview on the application of limiting strategies
can be found for instance in [LohSP19] where stationary and time-dependent advection-reaction
equations have been considered. In addition, the author extends the application of limiting to
an advection-reaction equation for symmetric tensor quantities.

11.2 Optimal control theory
In this work, we have seen that the optimize-then-discretize-approach is a possible strat-
egy for discretizing several optimal control problems. Especially, for general nonlinear and
non-differentiable discretization methods like the AFC method the optimize-then-discretize-
approach is a useful choice. In the theory of optimal control, the problems are often discretized
by the discretize-then-optimize-approach where the existence of discrete solutions is usually
verified by standard techniques in contrast to the optimize-then-discretize-approach. In this
work, all derived discrete systems have undergone some regularizations before the existence
of discrete solutions could be proved. Due to the fact that there are many different types of
optimal control problems (see Section 9), one has to develop further regularizations such that
the optimize-then-discretize-approach is applicable. However, in the state constrained case, we
have seen that a direct application of the optimize-then-discretize-approach is currently not
possible. For the approximation of the optimal solution corresponding to the state constrained
optimal control problem, we have used the coupled and discretized system corresponding to the
Moreau-Yosida regularization. Currently, we cannot prove an optimal parameter adjustment for
the L2(Ω)-error estimate provided in Theorem 8.34. Hence, one would like to derive other con-
cepts for discretizing state constrained optimal control problems respective for discretizing the
regularized counterparts. In addition to this, we remark that there exist many regularizations
of state constrained optimal control problems. For instance, we have the so-called Lavrientiev
regularization where the application on a state constrained optimal control problem has been
demonstrated in [CheRö09]. For this, it will be interesting how to discretize this regularization
in the framework of the optimize-then-discretize-approach. According to the current state of
research, the application of the AFC method on parabolic optimal control problems or the
derivation of a posteriori error estimates of AFC-discretized optimal control problems can be
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investigated in future work. Due to the fact that the combination of optimal control problems
with the AFC methodology is completely new, we are convinced that future work will arise
many, currently unknown but nevertheless relevant problems.
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