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Zusammenfassung

In der vorliegenden Arbeit beschéftigen wir uns mit der Diskretisierung von Optimalsteuerprob-
lemen, deren Zustandsgleichung eine Konvektion-Diffusion Reaktionsgleichung ist. Insbeson-
dere in dem sogenannten konvektionsdominanten Fall konnen Lésungen solcher Gleichungen
Grenzschichten enthalten, d.h. schmale Regionen mit steilen Gradienten. Zur Diskretisierung
partieller Differentialgleichungen werden im Allgemeinen standardisierte Finite Elemente Meth-
oden angewendet. Diese fiihren uns jedoch in dem konvektionsdominanten Fall zu Lésungen,
welche nicht-physikalische Oszillationen enthalten. Dies motiviert den Einsatz von Stabil-
isierungstechniken, wie beispielsweise den Einsatz von algebraischen Korrekturschemata, den
sogenannten Algebraic Flux Correction (AFC) Schemes. Die Hauptmotivation fiir die Kon-
struktion solcher AFC Schemata besteht in der Erfiillung des diskreten Maximumprinzips
(DMP), sodass kinstlich auftretende Oszillationen in den diskreten Losungen verhindert wer-
den. In dieser Arbeit diskretisieren wir Optimalsteuerprobleme mit Hilfe eines AFC Schemas.
Im Allgemeinen werden in der Theorie der Optimalen Steuerung zur Diskretisierung der Op-
timierungsprobleme die Ansétze optimize-then-discretize und discretize-then-optimize herange-
zogen. Aufgrund der Nichtlinearitdt bzw. im Allgemeinen auch aufgrund der Nichtdifferen-
zierbarkeit der AFC Methode verwenden wir den optimize-then-discretize-Ansatz, d.h. wir
diskretisieren die Optimalitidtssysteme mit Hilfe eines AFC Schemas. Dadurch erhalten wir
stabilisierte und gekoppelte Systeme. In dieser Arbeit beantworten wir die Frage nach der
Losbarkeit solcher Systeme. Zudem leiten wir L2-Fehlerabschiitzungen von den AFC Losun-
gen zu den optimalen Losungen der jeweiligen kontinuierlichen Optimierungsproblemen her.
Abschliefsend werden die theoretischen Resultate durch numerische Tests unterstiitzt.






Abstract

Solutions of convection-diffusion-reaction equations may possess layers, i.e. narrow regions
where the solution has a large gradient (in particular for convection-dominated equations).
Standard Finite Element Methods lead to discrete solutions which are polluted by spurious
oscillations. The main motivation for the construction of the so-called Algebraic Flux Correction
(AFC) schemes is the satisfaction of the discrete maximum principle (DMP) to avoid spurious
oscillations in the discrete solutions. In this thesis, we apply the AFC method on several optimal
control problems governed by a convection-diffusion-reaction equation. Due to the fact that
the AFC schemes are nonlinear and usually non-differentiable, the approaches optimize-then-
discretize and discretize-then-optimize do not commute. We use the optimize-then-discretize-
approach, i.e. we discretize the state equation and the adjoint equation with the help of the
AFC method. This leads us to coupled and discretized systems. We verify the existence of
corresponding discrete solutions and derive L?-error estimates for the control and the state.
The stabilizing effect of the AFC method on the discrete solutions and L?-errors are illustrated
by numerical tests.
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1 Introduction

1.1 Motivation

Convection-diffusion reaction processes arise in many chemical, physical or biological appli-
cations. For instance, we have the air conditioning-process, the process of water resource
recovery or the spreading-process of oil in the ocean when an oil-tanker has a lack. All pro-
cesses are influenced by the directional motion (convection), the random motion (diffusion) and
the reaction of particles. Apart from the huge meaning for the engineering the modelling and
investigation of convection-diffusion reaction processes are also important for the mathematics.
In the last decades many papers concerning the analysis and the numerical treatment of such
convection-diffusion reaction equations have been published. The above-mentioned processes
can be described by the following convection-diffusion reaction equation

—eAy+b-Vy+cy=u in (1.1.1)

where  C R? is an open and bounded domain. The constant diffusion coefficient is given by
e > 0; c € L*™(9) is a nonnegative reaction where ¢y := ess inf ¢ > 0 holds. We further assume
that the convection field b € W1 (Q)? satisfies

div(b) = 0. (1.1.2)

Especially convection-dominated equations, i.e. equations where the convective transport dom-
inates the diffusion, have often been analyzed. The reason for this widespread interest is that
solutions of convection-dominated equations may possess layers, i.e. small regions where the
solution has a large gradient. The computation of discrete solutions by standard Finite Element
Methods leads to solutions which contain spurious oscillations. To reduce those oscillations,
many stabilization methods have been invented. One of the first stabilization methods was the
streamline-upwind Petrov-Galerkin method (SUPG) introduced in [BroHug82|. The discrete
solution corresponding to the SUPG-stabilization possesses the layer at the correct position,
but still oscillations appear near the layers. During the last years, further methods tied to the
SUPG method were developed like the so-called SOLD methods [JoKno07, JoKno08|, new sta-
bilization techniques like edge-based stabilization techniques |[BBK17, BurHan04| or the latest,
the Algebraic Flux Correction (AFC) schemes.

The initial idea of the construction of AFC schemes goes back to the paper of Zalesak |Zal79)
published in 1979. In the research field of computational mathematics, the AFC schemes have
gradually gained importance from 2004 onwards until today. Especially consider the works of
Kuzmin |[Kuz06, Kuz10, Kuz12|. However, the analysis of AFC schemes has been established
only since 2016 |[BJK16, BBK17, BJK17, BJKR18|. The main motivation for the construction
of an AFC scheme is the satisfaction of the discrete maximum principle (DMP) such that spu-
rious oscillations in the discrete solutions are prevented. The treatment of convection-diffusion
reaction equations is not only interesting for the Analysis and the Numerical mathematics.
Due to the fact that many physical or chemical optimization processes can be modelled by op-
timal control problems governed by a convection-diffusion reaction equation the investigation
of these problems increases in the last years as well. In this work, we consider several optimal
control problems governed by a convection-diffusion reaction equation. Apart from the analy-
sis of continuous optimal control problems for reasons of implementation, many regularization
resp. discretization methods have been applied on such problems. For detailed information
we refer to |Cas86, Cas93, MyRoTr06, KruR608, CheR609, HtKu09, HzHt09|. For reasons
of discretizing such optimal control problems, the optimize-then-discretize-approach and the
discretize-then-optimize-approach have been usually investigated (for instance see [HzR612|)
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where it is worth to mention that the discretize-then-optimize-approach has been applied more
often. In the optimize-then-discretize-approach, the necessary optimality conditions are derived
on the continuous level. Then, the optimality conditions are discretized by a Finite Element
Method. In the discretize-then-optimize-approach, the state equation is discretized by a Finite
Element Method such that the resulting optimization problem is finite dimensional. After that,
the necessary optimality conditions are derived. Regarding the introduced stabilization meth-
ods, the application of a Finite Element Method in both approaches is implemented by adding a
stabilization term to the state resp. in the optimize-then-discretize-approach also to the adjoint
equation. In [Braa09| the author points out that for symmetric and bilinear stabilization terms
both approaches coincide on the contrary to the case of non-symmetric stabilization terms. In
contrast to the SUPG method or the edge based Galerkin method, the original AFC method
contains in general solution-dependent, nonlinear and non-differentiable correction factors, the
so-called flux limiters. Due to the non-differentiability of the basic limiters, Newton-like solvers
cannot be applied on such AFC stabilized systems. Moreover, in the discretize-then-optimize-
approach it is left unsaid how to define the corresponding adjoint operator for a nonlinear and
non-differentiable operator. Additionally, sufficient and necessary optimality conditions of first
order cannot be derived since the non-differentiability does not make it possible to compute
Fréchet derivatives. It is worth mentioning that during the last years the flux limiters have
undergone many modifications so that they become differentiable (see [BadBonl7, Section 7]
or [LohSP19, p. 127]).

However, in this work we focus on the original flux limiters, i.e. the implemented limiters are
nonlinear and non-differentiable. Currently, the discretize-then-optimize-approach cannot be
applied on our problem. Hence, in this work we connect the optimize-then-discretize-approach
with the AFC method. Past publications concerned with the connection between optimal con-
trol problems and stabilization methods except the AFC method. For instance, in |ColHei02]
the authors analyzed both approaches for an unconstrained optimal control problem. The au-
thors investigate in both approaches the SUPG stabilization method. Due to the fact that the
bilinear SUPG stabilization term is non-symmetric regarding |[Braa09] both approaches do not
coincide. The verification of the existence of discrete solutions and the derivation of a priori
error estimates have been realized by the application of the theory of linear, continuous and
invertible operators. In [HzYaZh09, YaZh09| the authors stabilize an unconstrained and control
constrained optimal control problem by an edge based Galerkin method which has been estab-
lished in [BurHan04|. The stabilization term of the edge based Galerkin discretization is bilinear
and symmetric such that the discretize-then-optimize and the optimize-then-discretize-approach
coincide. Another stabilization method which has been applied for discretizing an optimal con-
trol problem governed by a convection-diffusion reaction equation is the so-called LPS-method
(see [Guer99)), i.e. a stabilization method based on local projections. In [BecVe07| the authors
use the discretize-then-optimize-approach to discuss the discretization of an unconstrained and a
control constrained optimal control problem by the LPS-method. As far as we know the papers
mentioned above are the only papers which connect stabilization methods and optimal control
problems. As already mentioned, we stabilize optimal control problems with the AFC method
in this work. Due to the nonlinearity and the non-differentiability, the indroduced approaches
discretize-then-optimize and optimize-then-discretize do not coincide in general. Currently, in
the discretize-then-optimize-approach it is neither possible to construct an adjoint operator nor
to compute Fréchet derivatives. Hence, in contrast to [BecVe07| and [HzYaZh09|, proving the
existence of discrete solutions and deriving sufficient and necessary optimality conditions of first
order for the finite dimensional optimization problem cannot be realized by the discretize-then-
optimize-approach. Additionally, in the optimize-then-discretize-approach the applied theory
for linear, continuous and invertible operators introduced in |ColHei02| cannot be transferred
to our problem. As a result, the discretization of an optimal control problem by an AFC



scheme requires new techniques to verify the existence of discrete solutions and for proving
corresponding error estimates in the context of the optimize-then-discretize-approach.

1.2 OQOutline

In this work, we consider an open, bounded and convex polygonal domain € C R? with bound-
ary I'. We study the stabilization of linear-quadratic optimal control problems governed by a
convection-diffusion reaction equation. In the first case we consider an optimization problem
governed by a convection-diffusion reaction equation with Dirichlet boundary conditions

min 4y —va 3o +3 1w o)
—eAy+b-Vy+cy=u in
y=0 onl (P)
U € Uyqg

Y € Yaq )

where y; € L*(Q) and U,q, Yog € L?(Q) are closed and convex sets. Secondly, we investigate
the stabilization of the following optimal control problem with Robin boundary control

min 3 ||y = ya 5o +5 0w llsr
—eAy+b-Vytey=0 mQl p,

0y — 2% — ¢ onT

2
ue UL,

where y; € L*(Q) and the set U, C L*(T') is closed and convex. This work is organized as
follows. In Section 2, we introduce function spaces and basic results. According to (P) resp.
(Pr), in Section 3 we analyze the convection-diffusion reaction equation with Dirichlet and
Robin boundary conditions. In Section 4, we specify the introduced optimal control problems
(P) resp. (Pr) and provide the corresponding analysis. Section 5 is dedicated to introduce
the Finite Element Method and the general AFC methodology. In connection we show the
general construction of an AFC scheme and discuss sufficient conditions such that discrete
maximum principles hold. After that, in Section 6 we show the discretization of the optimal
control problems by the AFC method in the context of the optimize-then-discretize-approach.
In Section 7, the existence of discrete solutions and corresponding error estimates will be derived
in an abstract framework. In Section 8, the abstract results of Section 7 will be applied on the
several optimal control problems. In detail, we proof the existence of discrete solutions for the
discretized systems provided in Section 6 and derive corresponding a priori error estimates. In
this context we prove that for the introduced optimal control problems the following L2-error
estimates

lw—un llog + || ¥ —yn o< Ch? (1.2.1)
and
| w—un llor + | ¥ = un lloo< Chi (1.2.2)

hold where C' > 0 is a constant, y; is the discrete state solution and u; the control, both
computed by the AFC method. In addition, we illustrate for every optimal control problem
several numerical results, i.e. we show computed L2-errors, L2-convergence orders and plots of
the AFC state resp. the AFC adjoint solutions. In Section 9, we will illustrate further optimal
control problems where the abstract results of Section 7 are applicable. Finally, we show an
optimal control problem which cannot be currently solved by the derived abstract theory.



1.3 List of symbols and notations

Table 1: Spaces, functions, notations

Symbol Description
Q Domain
r Boundary of €2
{T: i, Line segments of a polygonal boundary T’
N Natural numbers (without zero)
Np Nu{0}
R Real numbers
C*(Q) k-times continuous and differentiable functions
Cr(Q) Space of functions belonging to C*(€2)
with compact support in €2
C%(Q) Holder-continuous functions to exponents v € (0, 1]
M(Q) Space of Radon measures
LP(Q) {f : Q — R|f Lebesgue-measurable, [, |f(z)[’dz < co}
L>(Q) {f : Q@ — R|f Lebesgue-measurable, esssup,.q | f(z)| < oo}
WkP(Q) Sobolev space for integer k, i.e. space of functions
whose weak derivatives of order up to k are in LP(2)
WP (Q) Closure of C5°(Q) in W*»(Q)
HE(Q) HE(Q) = WE2(Q)
W=(Q) Dual space of W, ()
H1(Q) H Q) =W 13Q)
Wer(Q) Sobolev space for s > 0
H*(Q2) Sobolev space for s > 0 and p = 2
H*(T) Sobolev space on I" for 0 < s <1 and p =2
H*(T';) Sobolev space on line segments I';

for0<s<1landp=2

— Continuously embedded

< Compactly, continuously embedded

« Multi-index

Vf Gradient of f

n Unit outward normal vector

onf Normal derivative of f

Af Laplacian of f

supp(f) Support of f

fr max (0, f)

3 min(0, f)

Py a1 () Projection formula, P}, ,,)(-) = min{ry, max{r,-}}
Uy (- Truncation function, Wi(-) = Pi_xx(-)
B,.(7) B.(z) ={z: ||x—7|2Z7r}

[] Ceiling function

) Moreau-Yosida regularization parameter
e>0 Diffusion coefficient

b € W (Q)? Convection field

ce L>(Q) Reaction




Table 2: Norms

Symbol Description

- ller@) Norm on the space C’k(QZ

| llcor @ Norm on the space C%7(Q)

|- llope Norm on the space LP(Q2) for p # 2

|- flog Norm on the space L*(1)

|- lepe Norm on the space W*?(Q) for p # 2
|- s Norm on the space H*(2) for s > 0

- s Norm on the space H*(T") for 0 < s <1
|- kpo Seminorm on the space W*?(Q) for p # 2
| ko Seminorm on the space W*?2(Q)

|- []2 Euclidean norm on R?

| - [l Maximum norm on R?

Table 3: Symbols referring to FEM and AFC methodology

Symbol Description

Tn Triangulation

T Mesh cell of T},

En Set of all edges of the triangulation

N Dimension of the Finite Element space/
Total number of nodes

T Nodal point with index i € {1,--- , N}

S; Index set of neighbors for node x;

A, Patches of node z;

diam(S) Diameter of S C B,

hr Width of mesh cell T

h Maximum mesh width

P, Polynomials up to degree 1

Vi Space of P; Finite Elements

Vh70 Vh70 = Vh N H& (Q)

1y, Lagrange interpolation operator

A= (aij)ij=1, N Finite Element stiffness matrix

Mass = (Mij)ij=1,- Finite Element mass matrix

D = (dij)ij=1,- N Artificial diffusion matrix

D= ( ~ij)i,j:1, N Correction matrix

Qj Flux limiter

AFC stabilization term




2 Function spaces

In this section, we provide the fundamental function spaces which will be used on the following
pages. We start with the introduction to the basic function spaces, i.e. continuous and Holder-
continuous function spaces. After that, the definitions of the LP-spaces and the Sobolev spaces
will be provided. Throughout this section we assume that Q C R?, d € N is an open, bounded
domain with Lipschitz boundary I". According to |Gris85, Corollary 1.2.2.3], the following
theory also holds for an open, bounded an convex domain. For the precise definition of Lipschitz
boundaries we refer to [Gris85, Definition 1.2.1.1|. A detailed review of the upcoming functional
analysis includes |[Ada75, Brezl1, Evans98, Gris85, Pfeff15].

2.1 Classical function spaces

Definition 2.1. Let m € N. A multi-index « is a vector o = (o, -+ , Q) with a; € Ny, j =
1,---,m and

m
la] = Z ;.
=1

Definition 2.2. Let f : R? — R be a |a|-times continuous differentiable function, then the
a-partial derivative of f is defined by

ol f

aq Qg Qg *
0x " 0x5? - - - O,

Dof =

We denote the gradient of a continuous differentiable function f:R? — R by
of af >T of

Vf = (a_xl7 76_1‘d with ij:a_xj Vle,,d

Definition 2.3. Let k € Ny and let a = (ay,as) € N2 be a multi-index. The space C*(£2)
1s defined as the set of all functions f on Q with continuous derivatives D*f up to order k.
Further, we set C*(Q) = N,C*(Q) and CE(Q) = {f € C*(Q) : supp(f) C Q is compact}.
The space C*(Q) denotes the set of all functions f on Q with bounded and uniformly continuous

derivatives D*f up to order k, i.e. the derivatives D*f can continuously be extended to ) for
la| < k. The norm in C*(Q) is defined by

| f HCk(Q Z SUP| D f)(x)].

|a\<k
For k = 0 we set C(2) = C°(Q) and C(Q2) = C°(Q). Moreover, we define
C(Q) ={f € C®(Q) : supp(f) C Q is compact}.

Definition 2.4. Let vy € (0,1]. The space of all Hélder-continuous functions to the exponent
18 defined by

CONQ) ={fecC(Q): Fc>0Va, 20 € Q: |f(zy) — flaa)| <cl 21— 22 |3}

The associated norm is defined by

€T
£ llonmayi=l £ e + sup L@ =@l
xlxiea H T1 — X2 Hz
T1FTQ



Definition 2.5. The dual space of C(Q), denoted by M(Q) is called the space of Radon mea-
sures on §). The space M(S2) is endowed with the norm

|| 1% “M(Q): sup / z dp
z€B1 JQ

where

Bii={€C@: | llo@s 1}

Now, we introduce the LP-spaces for a domain G which coincides with €2, its boundary I"
or with a subset I'y C I'. Note that in the case of a boundary integral, i.e. G € {I',I';}, the
variable of integration is s and in the case of G = (2, the variable of integration is x.

Definition 2.6 (LP-spaces). Let G be 2, its boundary T' or a subset of the boundary 'y C T with
ITs| > 0. The Lebesgue space LP(G) with 1 < p < oo is the space of all Lebesque-measurable

functions f such that
/ P < oo.
g

For 1 < p < oo the LP(G)-norm is defined by

I lowsi= ([ 199)"

We denote by L*(G) the Banach space of real valued functions f such that
|f(z)] < C ae. infon G

where C' > 0 is constant. The L>(G)-norm is defined by

| fllocog:=esssup |f(x)| := inf sup |f(x)].
reG N

|N|C:% 2€G\N

Remark 2.7. The spaces (LP(G), || - llopg) and (L=(G), | - llo.co.g) are Banach spaces. For
p =2, the space L*(G) is a Hilbert space with the inner product

(F9)o = [ 15
g
and the induced norm

| £ llozg= (f, 1)E.

In the following we set

1S o=l f llo2g -

According to the LP-spaces, we have the following Holder inequality which can be found for
instance in |Brezl1, Theorem 4.6].

Lemma 2.8 (Holder inequality). Let 1 < p < oo and p' the conjugate exponent of p, i.e.
713 + z% =1. For f € L?(G) and g € L”(G) we have fg € L'(G) and the inequality

| [ 1] <07 Tosll g ows -

7



Now, we define the usual Sobolev spaces.

Definition 2.9 (W*?(Q) — spaces). Let 1 < p < oo and k € No. Furthermore, let o =
(a1, ) € N2 be a multi-index. The Sobolev space WHP(Q) is the space of all functions f €
LP(Q) whose weak derivatives D*f exist and belong to LP(Q) for |a| < k. The space W"P(Q)
18 equipped with the norm

1
P
| f Mlxp0 = I DYf 160 ifl1<p<oo
7p7
la|<k
H f ”k,oo,Q = Z H Daf HO,oo,Q .
lo| <k

The seminorms are given by

flrpo = > I D°f 15,0 if1<p<oo

|a|=k
flroon = D I1Df oo -
|a|=k
For p =2 we set
| f ke =[S k2
|f‘k,ﬂ = ’f‘k,Z,Q-

Definition 2.10. Let 1 < p < oo and k € N. The space WP (Q) denotes the closure of C3°(Q)
with respect to the norm || - ||k, €.

Wir(@) = r)

Lemma 2.11. (Poincaré inequality) Let 1 < p < oco. Then, there exists a constant C, > 0
(depending on Q and p) such that

If lope=< G VS llope  Vf € Wy"(€).
Proof. See |Brezl1, Corollary 9.19]. O
Remark 2.12. Let 1 < p < oo. Then, the norm

[flip =l VI llopa

is equivalent to the norm || - |10 on the space Wol’p(Q).

In the following we extend Definition 2.9 to non-integers s > 0. This leads us to the so-called
fractional Sobolev spaces which arise in many applications of partial differential equations and
optimal control theory. For a general introduction to fractional Sobolev spaces we refer to
| Gris85, Section 1.3] or |Trie78|.

Definition 2.13 (W*?(Q)—spaces). Let 1 < p < oo and a € N2 be a multi-index. Furthermore,
let s > 0 be a non-integer where s = k + o with k € Ny and 0 < 0 < 1. The space W*P(2)
denotes the space of all functions which belong to W*P(Q) and satisfy

|flspa = Z / / (D)) <Daf)(m2)|pdx1 dzs < 00.

=k e

B =




The corresponding norm is given by

B =

1S lsp= (I I pg T2 0)

For p =2 we set

5,82 :H f ||s,2,Q

5,Q = |f|s,2,Q-

Now, we define the Sobolev spaces W*P(I") on the Lipschitz boundary I". Note that in this
work, only the spaces W*P(I') with 1 < p < oo and 0 < s < 1 will be used. However, the
following definition also holds for an arbitrary 0 < s < k with & € N when € is of class C*~1:1,

For detailed information on the general definition of Sobolev spaces on manifolds we refer to
| Gris85, Section 1.3.3| or [Wlok92, Section 1§4].

Definition 2.14 (W*?(T')-spaces). Let 1 < p < oo and o € Ng be a multi-index. Fork € {0,1}
the space W*P(T') is the space of all functions f € LP(T') whose weak tangential derivatives 02 f
exist and belong to LP(T') for |a| < k. The corresponding norm is given by

1
p
H / Hk,p,F = Z || aaf ||0pr ifl1<p<oo

| <k

IS llkoor =D 108 losor -

lal <k

The seminorm | - |xpr is defined as in Defintion 2.9. Furthermore, we set WoP(T) := L*(T).
For every non-integer 0 < s < k and 1 < p < oo we set s =m—+o withm € Ny and 0 < o < 1.
The space W*P(T') denotes the space of all functions which belong to W™P(I') and satisfy

(02 f) (1) — (92 f) (a) [P ’
|f|s,p7I‘ = Z / / ’.’El — x2|1+0'p dSa;l dSa;Q < 0.

laj=m

The space W*P(T") is equipped with the norm

3=

1S llspri= (I f Bpr +IF )

For p =2 we set

| fllse =l f ls2r
|f|s,F = |f|572,F-

Remark 2.15. In this work, we also use Sobolev spaces on line segments of a polygonal bound-
ary I'. In detail, from Section 3 we consider an open, bounded, convex and polygonal domain
Q) C R?. Regarding |Gris85, Section 4, p. 182/, a polygonal domain is a union of open line seg-
ments {I';}, C I" with m € N and U [; =T. In Section 3.2.1 we will prove several regularity
results for a solution of an elliptic partml differential equation with Robin boundary condition.
For this, we will use for the data on the boundary the product space II7" 1W2’ (I';). Note that
the spaces W22 (Ty), i = 1,--- ,;m can be defined analogously to Deﬁmtzon 2.14. In general,
due to the lack of regulamty n the corners of I' the product space 117" 1W2’ (T';) do not coincide
with the space W2(T).



Definition 2.16. For p =2 and s > 0 we introduce the notation (H*(2), | - ||s),
(H3 (), |- |s.), (H* (@), - llsr) and (H*(T), || - lsr,), @ =1,---,m where

H*(Q) == W**(Q)
Hy () = W5*(Q)
H(T) := W*(T)
H(T;) = W*2(Ty), i=1,---,m

In the following, let us recall several embedding theorems which can be found for instance
in |Alt06, Section 8|. For a detailed introduction to Sobolev spaces and embedding theorems
we refer to |Gris85, Section 1.4], |[Ada75| or [BeLo6t76, Section 6.

Theorem 2.17. Let 1 < p,q < co and let s,t > 0 be real numbers and k a non-negative integer.
Then, the following assertions hold:

1.) Let s—d/p=t—d/q and s > t. Then, the continuous embedding W*?(Q) — Wh1(Q) is
valid.

2.) Let s —d/p >t —d/q and s > t. Then, the compact embedding W*?(Q) < WH(Q) is
valid.

8.) Let s—d/p=k+o and 0 < o < 1. Then, the continuous embedding W*P(Q) — C*°(Q)
15 valid.

4.) Let s—d/p>Fk+0 and 0 < o < 1. Then, the compact embedding W*P(2) < C*7(Q) is
valid.

For the investigation of boundary value problems it is often necessary that functions be-
longing to W#?(Q) with & > 1 have boundary values in so far as:

Theorem 2.18. Let 1 < p < oco. Then, there exists a linear and continuous mapping T :
WP (Q) — LP(T) such that for all f € C(2)

(7f)(z) = f(z) ae. onT
is valid. Moreover, there exists a constant C. > 0 such that for all f € WP(Q)
I 74 lopr< Co 1L ol I
holds.
Proof. See |Alt06, Theorem A6.6] and |BreSco02, Theorem 1.6.6]. ]

Definition 2.19. The element 7f is called trace of f on the boundary I' and the mapping T
is called trace operator. In the following we use for the trace of a function f € W'P(Q) with
1 < p < oo the notation 7f = fir.

Theorem 2.20. Let 1 < p < oo. The trace operator is a bounded and linear operator from
1
T WH(Q) — W 175””(1—‘).

Proof. See |Gris85, Theorem 1.5.1.2]. O
Lemma 2.21. Let f € WH°(Q)2. Then, the integration-by-parts formula yields

/ (f-V2)y+(f- V) z+ div(f) 2y do = /f nzp ds Yz, € HY(Q).
Q r
Proof. See |DPE11, Section 2.1.5]. O
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2.2 Elementary functions and results
Definition 2.22. Let i,j € N. The Kronecker-Delta function 6;; is defined by

1 L
Oij = 72. j
0 L1 F ]

Definition 2.23. For k > 0 we define the truncation function ¥y, : R — R by

k 2>k
Ui(z) ==X 2 Lzl <k (2.2.1)
—k , 2 < —k.

Note that the function W, is Lipschitz continuous with a Lipschitz constant L = 1.

Definition 2.24. For ri,ry € RU {—00,00} with r; < ry we define the pointwise projection
formula P, ,,) : R — R by

Py, o) (2) = min{ry, max{z,m}} VzeR.
Remark 2.25. For k > 0 we have
Up(2) =Prry(z) VzeR
Lemma 2.26. Let ri,m € RU{—00,00} with ry < ry. Then, we have for z € R
max{0,z — ro} + min{0,z — ri1} = 2 — Py, ,(2). (2.2.2)

Proof. First, we investigate the case r;, < z < ry. According to Definition 2.24, we have
IED[TLTQ}(Z) =z and

z2—1y <0 — max{0,z —ry} =0
z—1r1>0— min{0,z —r } =0.

Thus, we obtain
max{0, z — ra} + min{0, z — 11} = 0 = z — P}, 1) (2).
In the case z < ry < ry we have ]P’[TI,W](Z) =r; and

z2—1ry <0 —max{0,z -1} =0

z—r; <0—-min{0,z—ri}=2z—r
such that (2.2.2) holds. In the last case we investigate the case r; < ry < z. We have
Py r0)(2) = 1o and

z2—19>0—max{0,z — 1o} =2 —19

z—r;>0—min{0,z—r}=0

such that again (2.2.2) is valid. ]
Lemma 2.27 (Young inequality). Let a,b > 0 and p,q € (1,00) such that % + % = 1. Then
p bq
ab< &+ = (2.2.3)
p q
holds. For v > 0 we have for all a,b > 0
2 b2
ab< 14 2 (2.2.4)
2 2y

11



3 Elliptic boundary value problems

In this section, we analyze the convection-diffusion reaction equation (1.1.1) with two types
of boundary conditions. Firstly, we investigate the convection-diffusion reaction equation with
Dirichlet boundary condition which arises in (P) and secondly we provide the analysis of the
convection-diffusion reaction equation with Robin boundary condition which arises in (Pr).
From now on, let  C R? be an open, bounded, convex and polygonal domain with boundary
I'. Due to |Gris85, Theorem 1.2.2.3| the domain 2 is Lipschitz. As we have mentioned in
Section 1.1 we consider the following data of the convection-diffusion reaction equation.

(A1) € > 0 is a constant diffusion coefficient.

(A2) b € Wh>(Q)? is a convection field which satisfies

div(b) = 0.

(A3) c € L*>®(Q) is a reaction coefficient which satisfies ¢q := ess inf ¢ > 0.

Before we start with the analysis of the elliptic boundary value problems, let us recall two
fundamental results of functional analysis. Let (V)] - ||y) be a real Hilbert space, V* its dual
and v € V. Then, a continuous linear functional F; can be defined on V' by

Fu(v) = (u,v)y . (3.0.1)

The following theorem of Riesz yields the reverse case, i.e. for every functional F' € V* there
exists an element u € V such that (3.0.1) holds.

Theorem 3.1 (Riesz). Let F' be a continuous linear functional on V. Then, F' can be repre-
sented uniquely by

F(v) = (u,v)v
for some u € V. Furthermore, we have

I £

ve=[ullv .
Proof. See |BreSco02, Theorem 2.4.2|. O
The basic Lax-Milgram theorem is another relevant result which should be considered.

Lemma 3.2 (Lax-Milgram). Let V' be a Hilbert space and let a : V x V' — R be a continuous
bilinear form. Assume that a is coercive, i.e. there exists a constant C; > 0 such that

a(v,v) > Cy |v |3 VeV
Then, for every continuous linear form F € V* there exists a unique y € V' such that
a(y,v) = F(v) YveV. (3.0.2)
Furthermore, there exists a constant Cy > 0, independent of F' such that

lyllv<sCo |l F

e (3.0.3)

12



3.1 Dirichlet boundary condition

Now, let us investigate the convection-diffusion reaction equation with Dirichlet boundary con-
dition. According to Theorem 3.1 resp. Lemma 3.2, we have V = HJ(Q) and V* = H~1(Q).
For u € L?*(2) we consider the equation

—eAy+b-Vy+cy=u in ¢ (3.1.1)
y=0 onl.

We introduce the bilinear form a : Hj(2) x H}(Q) — R given by
a(y,v) := / eVy-Vu+ (b-Vy)v+cyv dr Vy,ve Hy(Q) (3.1.2)
Q
and define a linear continuous functional F : L?(Q) — H~}(Q) by

L*(Q) > uw Fy(v) = /qu dr v € Hy(9Q). (3.1.3)

Hence, the resulting weak formulation of (3.1.1) is
a(y,v) = F,(v) Yv e H}(Q). (3.1.4)
Definition 3.3. An element y € H}(Q) satisfying (3.1.4) is called weak solution of (3.1.1) .

Lemma 3.4. The bilinear form (3.1.2) is continuous and coercive, i.e. there exists a constant
C > 0 such that for all y € H} ()

a(y,y) > C |y iq.

Proof. Obviously, the bilinear form (3.1.2) is continuous. Due to the fact that div(b) = 0 and
y = 0 a.e. on I', integration-by-parts (Lemma 2.21) yields [ (b - Vy)y dz = 0. Hence, we have
Q

a(y,y) =/€Vy-Vy+(b-Vy)y+cy2 dx
Q

:/£Vy-Vy+cy2 dx
Q

> 5’Z/|%,Q +co |y HgQ

> min{e, co} || y 1o
and obtain the coercivity of a(-,-). O

Theorem 3.5. For every u € L*(Q) the equation (3.1.1) admits a unique weak solution y €
H(Q2). Moreover, there exists a constant C > 0, depending on the domain Q0 and on the data
of (3.1.1) such that

|y 1o C u oo - (3.1.5)

Proof. First, the space (Hy(Q), | - |l1.q) is a Hilbert space. Lemma 3.4 yields the continuity
and the coercivity of a(-,-). The functional F', i.e. (3.1.3) is linear and satisfies

[Eu(0)] <[ wlloell v llog
<Cllulloellviie Yoe Hy ().
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Hence, we obtain
| Full-10< C |l ullog - (3.1.6)

Lemma 3.2 (Lax-Milgram) yields the existence of a unique solution y € H}(Q) for (3.1.4).
Moreover, we obtain by virtue of (3.1.6) the a priori H'(Q)-estimate

min{e, co} || ¥ 1.0 <|| Fu <10
< ullog -

]

Next, we define a solution operator associated with the weak formulation (3.1.4). It is helpful
to introduce a linear and continuous operator denoted by G : L*(2) — H'(2) that maps an
arbitrary u € L?(Q) to the unique solution y € H'(Q). The embedding operator is denoted by
FEg : HY(Q) — L*(Q). Then, we are able to define the solution operator S : L*(Q2) — L?*(Q2) by

u—y, y=Su= EyGu. (3.1.7)

With respect to the solution operator S the corresponding adjoint operator S* will be derived.
For this, we consider for w € L?(Q) the following convection-diffusion reaction equation

—eAp—b-Vp+eop=w in )
p=0 onl. (3.1.8)

The associated bilinear form a : Hg () x H}(2) — R is given by

i(p, ) = / V-V — (b-Vp) + et da.

such that the weak formulation is given by
a(,p) = (w,)g YV € Hy (). (3.1.9)
Definition 3.6. An element p € Hy(Q2) satisfying (3.1.9) is called weak solution of (3.1.8).
Lemma 3.7. The adjoint operator S* : L*(Q2) — L*(Q)) is given by
S*w :=p
where p € H(Q) is the weak solution of (3.1.8) with respect to w € L*(1).

Proof. Let f,w € L*()) be arbitrary functions. Moreover, let p € H}(Q2) be the unique weak
solution of (3.1.8), i.e. we have

a(z,p) = (w,2)q Vz € Hi(Q).

14



For f € L*(Q) the solution operator S yields Sf = y where y € L*(€Q) is the unique weak
solution of

a(y,z) = (f,2)a ¥z € Hy(Q).
Now, we choose z = y in the first and z = p in the second weak formulation so that we obtain

Due to the fact that we have choosen f € L*(Q) and w € L*(Q) arbitrarily, the definition of
the adjoint operator S* implies

(f,S"w)a = (Sfiw)a = (y,w)a = (f,H)e-
Hence, we obtain

S*w =

=

The operator
S*: L*(Q) — L*(Q)
w— S*w:i=p

is linear. Following the lines of the proof of Theorem 3.5, we can verify the continuity of S*. [

3.1.1 Higher regularity of solutions

Theorem 3.5 ensures the existence of a unique weak solution y € H}(Q) of (3.1.4). In our
numerical analysis we will need higher regularity of .

Theorem 3.8. Let Q C R? be an open, bounded, convex and polygonal domain. Then, for
every u € L*(Q) there exists a unique solution y € H*(QY) of the elliptic partial differential
equation

—eAy+b-Vy+cy=u in € (3.1.10)
y=0 onl.

Moreover, there exists a constant C' > 0, depending only on the domain and the data of the
partial differential equation (3.1.10) such that

1y [lo0< C | ulloe (3.1.11)
15 satisfied.

Proof. See |Gris85, Theorem 3.2.1.2]. O

3.2 Robin boundary condition

In the following we analyze the convection-diffusion reaction equation with Robin boundary
conditions. According to Theorem 3.1 and Lemma 3.2, we have V = H'(Q) and V* = H'(Q)*.
Now, we consider the equation

—Ay+b-Vy+cy=0 in

b-n-y (3.2.1)
5 =u onl.

0y —
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For the derivation of the weak formulation which corresponds to (3.2.1), let us assume that y
is sufficient regular. Then, Green’s first identity yields for v € H'(Q)

/(—aAy)v + (b - Vy)v + cyv dx
0

:/€Vy-Vv+(b-Vy)v+cyv dm—/s(@ny)v ds
Q r

b-n-
:/€Vy-Vv+(b-Vy)v+cyvdx—/ﬂ—i-uvds.
Q

r

We define the bilinear form ar : H'(Q) x H'(Q) — R by

ar(y,v) = /Qa?Vy -Vu+ (b-Vy)v+ cyv dx — /r b-n-yv ds (3.2.2)
and a linear, continuous functional F : L*(T') — H'()* by
L*(T) > uw F,(v) := /Fuv ds Yve H'(Q). (3.2.3)
The weak formulation of (3.2.1) is given by
ar(y,v) = F,(v) Yo e HY(Q). (3.2.4)

Definition 3.9. An element y € H'(Q) satisfying (3.2.4) is called weak solution of (3.2.1) .

Lemma 3.10. The bilinear form (3.2.2) is continuous and coercive, i.e. there exists a constant
C > 0 such that for all y € H'(Q)

ar(y,y) = C |y lliq -

Proof. The partial integration formula (Lemma 2.21) yields with Assumption (A2)

b-n-y?
/(b-Vy)ydx:/&ds.
0 ro 2

Hence, the bilinear form (3.2.2) is coercive, i.e. we have

2 b-n-y’
ar(y,y) = | eVy-Vy+(b-Vy)y+cy” de — Tds
0 r
:/£Vy~Vy—|—cy2d:c

Q

> elylig+collylia

> min{e, co} || y 10 -
[l

Theorem 3.11. For every u € L*(T') the equation (3.2.1) admits a unique weak solution
y € HY(Q). Moreover, there exists a constant C > 0, depending on the domain Q and on the
data of (3.2.1) such that

|y o< C ulor - (3.2.5)
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Proof. First, the space (H'(Q), || - |l1.o) is a Hilbert space. The functional F, i.e. (3.2.3) is
linear and satisfies for all v € H*(f2)

[Fu(v)] <[l w florll v llor
<Cr lullorll v e

where we have used the trace inequality (Lemma 2.18). Hence, we obtain
| Fou @< Cr [l uflor -

Combined with Lemma 3.10, Lemma 3.2 (Lax-Milgram) yields the existence of a unique solution
y € HY(Q) for (3.2.4). Moreover, we obtain the H'()-a priori estimate

min{e, co} || ¥ [0 <|| Fu [l a1 @)

]

As in the case of Dirichlet boundary conditions, we define the solution operator associated
with the weak formulation (3.2.4). We introduce a linear and continuous operator denoted by
G : L*(') — H'(Q) that maps an arbitrary u € L*(T) to the unique solution y € H'(Q).
The embedding operator is denoted by Eg : H'(2) — L*(Q2). Thus, we are able to define the
solution operator S : L*(T") — L*(Q) by

ur—y, y=Su= EyGu. (3.2.6)

For the derivation of the adjoint operator corresponding to S we consider the following convection-
diffusion reaction equation

—eAp—b-Vp+cp=w in

b-n-
0np + ; P=0 onr (3.2.7)
where w € L*(2). The associated bilinear form ar : H'(2) x H'(Q) — R of (3.2.7) is given by
b-n-
ar(p, ) 1_/5VP‘V¢ —(b-Vp)Y+cpyp dx—l—/nTW ds.
Q r
Lemma 2.21 yields
b-n-
—/(b-Vp)wdx—l—/n—st
Q T 2
b-n-
:—/(b.va dx—i—/b-n-pz/; ds—/n—wds
Q r T 2
b-n-
:/(b.vw)pdx_/n—wds
Q r 2
such that
ar(p, ) = [ eVp- Vi —(b-Vp)y +opp dov+ | ———— ds
Q r

:/gvp-w+(b-w)p+cp¢ d:p—/wds
Q

r 2
- al"(wap)‘
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The weak formulation of (3.2.7) is given by

ar(,p) = (w, ) Vo € H'(Q). (3.2.8)

Following the lines of Theorem 3.11, one can easily show that for every w € L?*(2) the equation
(3.2.8) is uniquely solvable in H(Q).

Lemma 3.12. The adjoint operator S* : L*(2) — L*(T") is given by
S*w = ﬁ|F
where p € H*(QY) is the weak solution of (3.2.8) with respect to w € L*(§2).

Proof. Let f € L*(T') and w € L*(Q) be arbitrary functions. Moreover, let p € H*(Q2) be the
unique weak solution of (3.2.8), i.e. we have

ar(z,p) = (w,2)q Vz € HY(Q).

For f € L*(T) the solution operator S yields Sf = y where y € L?(Q) is the unique solution of
ar(y,2) = (f,2)r Yz € HY(Q).

If we choose z = y in the first and z = p in the second weak formulation we obtain

/wyda::/fﬁds.
r

Q

Due to the fact that we have choosen f € L*(T") and w € L?(2) arbitrarily the definition of the
adjoint operator S* implies

(f, S"w)r = (Sf,w)a = (y,w)a = (f,D)r.
Hence, we obtain
S*w = pir.
The operator
S*: L*(Q) — L*(T)
w = S*w = pr
is linear. Thanks to the coercivity of ar(-,-) and the trace inequality, we obtain
17 llor< G | D [he< C-C | w oo

with constants C, C' > 0 so that the operator S* is continuous. ]

3.2.1 Higher regularity of solutions

For the derivation and validity of some convergence results which arise especially in Section 7.2
and Section 8 we use a higher regularity of the solutions than Theorem 3.11 provided. In this
context we refer to [JeKe81| where the authors verify H %(Q)—regularity of the solution for the
homogeneous Neumann boundary value problem

—eAy =0 1in

3.2.9
edpy=G onl ( )

18



provided that G € L*(T') and [. G ds = 0. Following |[Dhal2, Theorem 1.12|, one can easily
show that the inhomogeneous Neumann boundary value problem

—eAy=F in

3.2.10
edpy=G onl ( )

possesses a solution y € H2(Q) provided that F € H*~2(Q) for some s € (2,2], G € L*(I') and
Jo F dz+ [.G ds = 0. Moreover, one can show that

lyllso+ 11y lhr< OO F oo+ 11 G lor) (3.2.11)

holds. According to (3.2.1), the verification of the H %(Q)—regularity and the validity of an a
priori estimate can be done by defining F' := —cy — b - Vy and G := % + u. Testing (3.2.4)
with v = 1, one can prove that the solvability condition fQ F dx + fr G ds = 0 holds. Due to
Theorem 3.11 we have y € H'(Q2) and consequently F' € L*({2). By virtue of Theorem 2.20 and
u € L*(T') we obtain G € L*(T"). The combination of (3.2.11) and the H'()-a priori estimate
of y (see Theorem 3.11) yields

lyllso+lyllr<Cllulor.

Apart from the derived H %(Q)-regularity we are able to prove that H?(Q)-regularity holds
for the solution of (3.2.1). For this, it is sufficient to assume that G € II",H2(T;) where
{I';}™, C I' are the line segments of the boundary I' (see Remark 2.15). Next, in the case
where  is a quadrant, we show that there exists a solution y € H?(2) for the partial differential
equation

—eAy=F in Q)

3.2.12
edyy=G; onl;, i=1---m. ( )

However, by virtue of |Gris85, Section 1.5, pp.47|, one can prove H?())-regularity also for a
rectilinear polygon . Moreover, the H2-regularity still holds when a suitable C?-coordinate
transformation (see |Ada75, Section 3, Transformation of Coordinates|) changes the angle of a
rectangular corner. For proving the existence of a solution y € H%(Q) for (3.2.12) we start with
the verification of the existence of a function § € H?(2) such that

edp,y=G; only, i=1--- m.

Lemma 3.13. Let Q C R? be a quadrant. Moreover, let G = (Gy,--- ,Gy) € 117, H2(T;).
Then, there exists a function § € H*(Q) such that

ey=G; only, i=1--- m.

Proof. Let us consider the first quadrant R, x R of €2. In the following, we prove the surjec-
tivity of the operator T : H2(R, x R,) — H2(R,) x Hz(R,) x H2(R,) x Hz(R,) which is
defined by

y— Ty :=(Go1,G1,Go2, G2)

where
Go,l = Yjza=0
Go,z = Yjz1=0
G2 - (D.Z‘ly)|x1:0 .
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For the surjectivity of 7" we follow |Gris85, Theorem 1.5.2.4] where it is sufficient to verify that
the conditions

G(),l(O) == GQQ(O) (3213)

and

/\Gl(t) — DGoa(t)? % < o0 (3.2.14)

— < o0 (3.2.15)

hold. Now, the strategy is to define the functions Gg1,Go2 such that (3.2.13)-(3.2.15) are
satisfied. We start with condition (3.2.14). We define

z(t) := G1(t) — DGoa(t) Vte[0,1]

and Goo = fGl dt + C, i.e. Gop is the antiderivative to G with a constant C. Then, we
have z(t) =0 for all ¢ € [0, 1] and thus
/ d
t
/ 202 %y
t
0

such that (3.2.14) is fulfilled. For the verification of condition (3.2.15) we proceed in the same
way. We define

2(t) := DGo,(t) — Got)  Vte[0,1]

and Gy = f Go dt + Cy with a constant Cy. Hence, condition (3.2.15) is satisfied. Note that

due to the regularity Gy, Gy € Hz (R, ) we have Goq,Gog € H3(R.) and thus with the Sobolev
embedding theorem Gy 1, G2 € C(R;). Now, for the satisfaction of (3.2.13), we have to adjust
the constants C,Cy € R. Let us choose C7; = 0 and

o (o)~ (o a)o.
Then, we obtain
Go2(0 < / G dt) ( / Gy dt) + Cy = Goa(0).

Hence, condition (3.2.13) is fulfilled. Altogether, with the definition

/G1 thHQ R+)

/G dt + (/G1 dt> (0) — (/G2 dt) (0) € H?(R.)

the conditions (3.2.13)-(3.2.15) are valid. Thus, |Gris85, Theorem 1.5.2.4] yields the existence
of a function § € H*(2) which satisfies

€0, =G; onTi i=1,2.

The proof for the other quadrants goes in the same way. O]
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In the following, we prove the existence of a solution y € H*(Q) for (3.2.12).

Lemma 3.14. Let Q C R? be a quadrant. Then, for every (F,G) € L*(Q) x II™ Hz(T;) there
exists a solution y € H?(Q) for the partial differential equation

—eAy=F in ()

3.2.16
edpy=G; only, 1=1---m. ( )

Proof. Let us consider the boundary data of (3.2.16), i.e. (Gy,---,Gp) € O™, H2(T;). In the
case where () is a quadrant, Lemma 3.13 yields the existence of a function § € H*({2) such that

edp,y=G; only, i=1--- m.

Let us define the function £ := eAj+F € L*(Q2). Then, the homogeneous Neumann boundary
problem

—eAY = F inQ

(3.2.17)
€d,Y =0 onl

possesses a unique solution Y € H?(Q2). Consequently , the function y := Y +7 € H?(Q) solves
—eAy=—eAY —cAj=F —eAj=F inQ
and
g0y =€0,Y +€0,y=c0,y=G; only;, i1=1,---,m.

Finally, we can conclude that y € H?(Q) solves the partial differential equation

—eAy=F in

3.2.18
eyy=G; onl; i=1,--- m. ( )

]

In the case of a convex and polygonal domain €2, one can follow |Pfeff15, Definition 2.19]
where the author partitions the domain by an intersection with circles centered at the corners
which do not overlap. Hence, the domain §2 is subdivided in circular sectors around the corners
and the remaining part. According to |Pfeff15, Section 3.1.1, p.27], the H2-regularity of a
solution is valid on the remaining part. Using a suitable C%-coordinate transformation, the H>-
regularity for quadrants (see Lemma 3.14) can be transferred to each circular sector. Then, the
local H2-regularity can be extended globally to the convex polygonal domain €2 by a partition
of unity. Thus, we can state the next result.

Theorem 3.15. Let Q C R? be an open, bounded, convex and polygonal domain. Then, for
every (F,G) € L*(Q) x I H=(T;) there exists a solution y € H*(Q) for the partial differential
equation

—cAy=F in ()

3.2.19
edpy=G; only, 1=1,---m. ( )

Now, we apply Theorem 3.15 for proving the H?({2)-regularity of a solution y for (3.2.1).
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Theorem 3.16. Let Q C R? be an open, bounded, convex and polygonal domain. Then, for
every (f,u) € L*(Q) x H2(T') there erists a unique solution y € H*(Q) for the elliptic partial
differential equation

—Ay+b-Vy+cy=f in Q

b-n-y (3.2.20)
5 =u onl.

Eany -

Moreover, there exists a constant C' > 0, depending only on the domain and the data of the
partial differential equation (3.2.20) such that

19 l2a< € (I / s + 1w llr) (3.2.21)

18 satisfied.

Proof. Following the lines of Theorem 3.11, one can easily prove that there exists a unique
solution y € H'(Q) for (3.2.20). For the verification of the H?(Q)-regularity of y and the cor-
responding H2(€2)-a priori estimate, we define the operator A : H2(Q) — L2(Q) x II™, Hz (T;)
by

yHAy = (f,U17"' ,Um)
where forz=1,---,m
—eAy+b-Vy+cy=f in{

b-n-y (3.2.22)
5 =u; onl}y

0y y —

and {I;}7, are the line segments of the boundary I'. Note that every function u € Hz(I)
belongs to the product space H?;lH%(Fi) and the solution y of (3.2.20) also solves (3.2.22). In
the following, we prove that the operator A is linear, bijective and continuous. Obviously, the
operator A is linear.

Surjectivity:

Let (f,ui,--- ,um) € L2(Q) x 1™, Hz(T;) be arbitrary. The application of Green’s formula
yields the following weak formulation of (3.2.22)

b-n- m
/£Vy~Vv+(b~Vy)v+cyvdx—/# ds:/fvdm+2/ uv ds Vv € HY(Q).
Q r Q — Jr,

Following the lines of Theorem 3.11, one can easily prove by the application of Lemma 3.2
(Lax-Milgram) that there exists a unique solution y € H'(Q2). According to the continuity of
the trace operator 7 : HY(Q) — Hz(T') (see Theorem 2.20), we obtain y € H2(I'). Due to
b € WL (Q)2 we have b-n-y € Hz(T;) and consequently DY Ly, € H2(Ly) fori=1,---,m.
Now, the H?(Q)-regularity of a unique solution y for (3.2.22) follows from the application of
Theorem 3.15 applied on the partial differential equation with F := —b - Vy — ¢y + f and
boundary conditions €0,y = b'g'y +wu; =:G;onT; fori=1,---,m. Hence, the operator A is
surjective. This implies the H?(Q2)-regularity of y.
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Injectivity:

For the verification of the injectivity, let y # ¢ be two solutions. We have to check that
Ay # Ay holds. Let us assume that Ay = Agy. Then, the weak formulation of (3.2.22) implies

b-n-(y—1i
/eV(@/—g)'V?H-(b-Vy—Z?)erc(y—zj)vdx—/ - (2y DY 4 —0 woe HY(S).
Q r

The choice v = y — g yields
min{e, co} | y = 7 o< 0

so that we obtain y = ¢. This is a contradiction proving the injectivity of the operator A.
Continuity:
Since the operator A is linear it sufficies to prove the boundedness, i.e.

149 iyt s ey =1 S o+ 1wy,

<Clyll2gn -

The proof of the boundedness of the operator A is straight forward. For this, note that we have

I f llog =l =eAy +b - Vy +cy [lon
< C1 [y [l20
where C; > 0 is a constant. Moreover, using the facts that the unit outward normal n is

constant on each I';, i = 1,--- ,m and y € H%(S)), one can easily derive with the application of
the trace inequality (Theorem 2.20)

b-

R Y

<Clylle

where C' > 0 is a constant which depends on the data of the problem. Hence, the operator A is
bounded. Finally, the inverse mapping theorem |Brez11, Corollary 2.7| yields that the operator
A has a continuous inverse A~! : L2(Q) x 11", H2(T';) — H2(2) which is given by

Ail(faula' e 7um) =Y

with respect to (3.2.22). Through the continuity of A~! we obtain the desired H?(Q)-a priori
estimate

Iy llz0 =l AT (four, - um) 20
< Cp (H Flloa+ Il u II;,n)
i=1

where C'4-1 > 0 is a constant, independent of y. As we have mentioned a solution y of
(3.2.20) also solves (3.2.22). The unique solution of (3.2.20) thus belongs to H?(f2) and the
corresponding H?({2)-a priori estimate holds by virtue of (3.2.23). O

(3.2.23)
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4 The optimal control problems

In this thesis, we focus on the following optimal control problems. First, we consider optimal
control problems with distributed control and Dirichlet boundary condition. In detail, we
investigate an unconstrained optimal control problem

min J/(y,u) =3 |y —valldo+3 v llBq
—eAy+b-Vy+cy=u in (Pr)
y=0 onTl

Then, we analyze a control constrained optimal control problem

min J*(y,u) =5 |y —wa 5o +35 Il v 5q
—eAy+b-Vy+cy=u in{ (P,)
y=0 onl

Uy <u<u, ae. inf)

where u,,u;, are the control constraints which will be specified below. Another interesting
case which will be dealt with here is the following state constrained optimal control without
constraints on the control

min J*(y,u) =3 |y —vallo+3 | v ll50
—Ay+b-Vy+cy=u in P,
y=0 onl

Yo <y <y, ae inf)

The bounds y,, y, will be specified below. In Section 4.3.3 we will derive an error estimate from
a solution corresponding to (P;) to the solution of an appropriate regularization of (P;). Apart
from the investigation of the above-mentioned optimal control problems with distributed con-
trol we study the following control constrained optimal control problem with Robin boundary
control

min J'(y,u) =3 |y —va 5o +5 || v Er
—eAy+b-Vy+cy=0 inQ

b-ny
2

ul <u<wu ae onl

(Fr)

ey — =u onl

with control constraints ul,u}. 8, denotes the normal derivative with respect to the unit

outward normal n. Assumptions on the optimal control problems are formulated as follows.
(B1) The desired state y4 is a given function in L?((2).
(B2) The functions y,, y» of the pointwise state constraints belong to C%1(Q) and satisfy

Yo <0<y, ae. onl.

(B3) The control constraints u,, u, € L>(2) satisfy

Ug < Uup a.e. on €.

(B4) The control constraints ul,u} € H(I') N L>°(T) satisfy

ul <wu, ae onl.
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(B5) The Tikhonov regularization parameter A > 0 is a fixed real number.

In the following sections, we introduce the analysis of (Py), (F), (Ps) and (Fr). In detail we
verify the existence and uniqueness of solutions and provide first order sufficient and necessary
optimality conditions which correspond to the above-mentioned optimal control problems. The
analysis of problems with distributed control or boundary control can be found for instance in
|Troel| or |Lions71|. For the analysis of the state constrained optimal control problem we refer
to |Cas86|, |[KruR608|, [HtKul7| and [HzHt09]. Due to the fact that the verification of the
existence and uniqueness of optimal solutions for the optimization problems with distributed
control follows standard arguments, we keep these sections briefly. However, the analysis of
(Ps) has been extended such that the corresponding sections will be illustrated more in detail.

4.1 Unconstrained case

We start with the unconstrained optimal control problem
min J/(y,u) =3 || y — ya 15,0 +3 [l u 5.0
—eAy+b-Vy+cy=u in2 (Py)
y=0 onl

4.1.1 Existence and uniqueness

For the verification of the existence and uniqueness of optimal solutions we use the following
basic result of the infinite-dimensional optimization which can be found for instance in |Troel,
Theorem 2.14].

Theorem 4.1. Let (U,| - |v) and (H,| - ||g) be two Hilbert spaces. Let U,q € U be a
nonempty, convex, bounded and closed set. Furthermore, let yg € H, A € Ryg and S : U — H
18 a linear and continuous operator. Then, the optimization problem

. 1 A
min g(u) = 5 || Su—ya I +5 v (41.1)

uEUqq

admits a unique optimal solution .

Proof. Since g(u) > 0 there exists

j= mf g(u).
Consequently, there exists a sequence {u,}>°; C U,q such that g(u,) — j for n — co. Due to
the boundedness, closedness and the convexity of U,; and the fact that U is a Hilbert space,
there exists a weakly converging subsequence {uy, }7, such that u,, — @ with @ € U,q. The
continuity of the operator S implies the continuity of g. In combination with the convexity of
g we obtain that the objective functional g is weakly lower semicontinuous. Hence, we obtain

J = liminf g(u,, ) > g(a).
k—o00
Due to the fact that a € U,y we have g(u) = j and by assumption A > 0 that the optimal
solution # is unique. O

With the help of the control-to-state operator S, we rewrite the optimization problem (Py)
only with respect to the control u. According to Theorem 4.1, we define the so-called reduced
form of (Pf) which is given by

. 1 A
Jmin () = 7 (Suu) =5 | Su—pa [0 +5 3o (1.1.2)
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Theorem 4.2. There exists a unique optimal solution u for the optimization problem (4.1.2).

Proof. Since U,y = L*(€) is not bounded, the original proof of Theorem 4.1 cannot be applied
directly for proving the existence and uniqueness of an optimal solution for (4.1.2) . To apply
Theorem 4.1, we restrict the set of admissible controls L?*(€2) in the following way. Let ug €
L*(Q) be arbitrary. We define the set

Usg = {u € L*(Q) |l ul5o> 22" g(uo)}.

Then, we obtain
f 1 2 A 2 A 2 1
g(u) = JH(Su,u) = 5 | Su—yalloq +5 lulloez 5 N ulloo> gluo) Vue Uy (41.3)

Hence, we restrict the optimization problem (4.1.2) on the nonempty, convex, bounded and
closed set

UZy ={ue L*(Q): [lullfo<2X " g(uo)}
and consider

min g(u). (4.1.4)

uEUgd

Theorem 4.1 yields a unique optimal solution @ € U?, for the optimization problem (4.1.4) such
that

min g(u) = g(u).
uGUad

Regarding (4.1.3) and the fact uy € U2, we are able to derive
g(u) > g(ug) > g(u) YueU),
and by (4.1.4)
g(u) > g(@) Vue Uz, \ {a}.
Hence, we can conclude that u is the unique optimal solution for the unconstrained optimal
control problem (4.1.2), i.e.

JJin g9(u) = g(u).

The combination of Theorem 3.5 and Theorem 4.2 yields the following result.
Theorem 4.3. There exists a unique optimal solution (y,u) for (Pf).

The following necessary and sufficient optimality conditions of first order can be derived by
the Lagrangian approach (see |Troel, Section 2.10| and |Troel, Theorem 2.25]). Note that in
| Troel, Theorem 2.25] the considered differential operator contains no convection field. Thanks
to Assumption (A2) (see Section 3) on the convection field b, the bilinear form (3.1.2) satisfies
the assumptions in |Troel, Theorem 2.25]. Hence, the results in |Troel, Section 2.8.2, pp. 51|
can be transferred to (Fy).
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Theorem 4.4. A pair (y,u) € H(Q) x L*(Q) is a solution of (Py) if and only if there exists
an adjoint solution p € H*(Q) such that the following optimality system is satisfied

a(y,v) = (4,v)q Vv € Hy(Q) (4.1.5)
a(t,p) = (§ — ya, )oYV € Hy(Q) (4.1.6)
(\a+p,u—u)g >0 Yue L*(Q). (4.1.7)

According to |Troel, Theorem 2.28|, a pointwise discussion of the variational inequality
(4.1.7) yields in the case without any control constraints

p+Au=0 a.e. in €. (4.1.8)

Remark 4.5 (Higher regularity). Due to the fact that §j,p € H'(Q) and & = —5p, Theorem
3.8 yields y € H*(Q). Since yq € L*(Q) we have p € H*(Q).

4.2 Control constrained case

In this section, we provide the analysis of the following control constrained optimal control
problem

min J(y,u) =3 |y —va 30 +3 [ v llia
—eAy+b-Vy+cy=u inQ

P
y=0 onl (Fe)

Ug <u <1y a.e. in ()

4.2.1 Existence and uniqueness

For the verification of the existence and uniqueness of an optimal solution for (B,), let us
introduce the following nonempty, closed, convex, and bounded set of admissible controls

Uag = {u € L*(Q) : ug(z) < u(r) < up(z) a.e. in Q}.

Similar to Section 4.1, we define the reduced functional

: 1 A
min g(u) = J*(Su,u) = 7 | Su—ya 50 +5 [ llia- (4.2.1)

u€Ugq
By virtue of Theorem 4.1 we are able to state the following results.
Theorem 4.6. There exists a unique optimal solution u for the optimization problem (4.2.1).
Theorem 4.7. There exists a unique optimal solution (y,u) for (Py).

Regarding | Troel, Theorem 2.25|, necessary and sufficient optimality conditions for (P,) can
be written as follows.

Theorem 4.8. A pair (y,u) € H(Q2) x L*(Q) is an optimal solution of (B,) if and only if there
exists an adjoint solution p € HY () such that the following optimality system is satisfied

a(y,v) = (4,v)q Vv € Hy(Q) (4.2.2)
a(y,p) = (§ — ya, )oY € Hy(Q) (4.2.3)
ANa+p,u—u)g >0 Yu € Uy. (4.2.4)
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Due to [Troel, Theorem 2.28] condition (4.2.4) is equivalent to

1
U = Py, u) (—Xﬁ> a.e. in €

where Py, ,,)(+) is defined by Definition 2.24.

Remark 4.9 (Higher regularity). Due to the fact that u = P}, ,,)(—5p) € L*(), Theorem 3.8
yields y € H*(Q). Since yq € L*(Q) we have p € H*(Q).

4.3 State constrained case

In this section, we investigate the state constrained optimal control problem (FP;). For this,
recall the formulated optimal control problem

min J*(y,u) =3 |y —valldq +5 | wldg
—eAy+b-Vy+cy=u in

P
y=0 onl (Fs)

Yo <y <y, ae inf)

4.3.1 Existence and uniqueness

Now, we prove the existence and uniqueness of a solution for (Ps). For this, we introduce the
set of admissible controls by

US = {u € L*(Q) : yu(z) < Su(z) < yy(z) ae. in Q. (4.3.1)

Similar to the proofs in the unconstrained case resp. the control constrained case which cor-
respond to the existence of a solution, we have to assume that there exists a feasible control
so that U, # (). However, we require a stronger condition, that will ensure the existence of
Lagrange multipliers (see Remark 4.13).

Assumption 4.10 (Slater-condition). There exists a function 4 € L*() such that
Ya(x) < §(x) < pp(x) Vo e
where § = Su.

Note that the Slater-condition implies the existence of a feasible control @ € U2, for (P,).
Furthermore, U2, is convex, bounded and closed. Similar to the previous sections, we define
the reduced form which corresponds to (Ps) in the following way

. . 1 A
min g(u) = J(Su,w) = o || Su—ya 3o +5 | wla- (4.3.2)

uede

By application of Theorem 4.1, one can easily verify the existence of a unique optimal solution
for the optimization problem (4.3.2).

Theorem 4.11. Suppose that Assumption 4.10 is fulfilled. Then, the optimization problem
(4.3.2) admits a unique optimal solution i € US,.

Another proof corresponding to the existence of a unique optimal solution for (P;) can be
found for instance in [Cas86, Theorem 1|. Now, we provide sufficient and necessary optimality
conditions of first order. A detailed proof can be found in [Cas86, Theorem 2].
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Theorem 4.12. A pair (§,u) € Hy() x L*() is the optimal solution of problem (P,) if and
only if there exist jiq, 1y € M(Q), p € L*(Q) such that

—eAp—b-Vp+cep=9y—ya+ i — fa in
p=0 onl

p+Au=0 ae. in
/wduiZO Vo € C(Q), p(z) >0 Vre®, ic{ab}
Q

NS

> Yo a.e.in Q, (Has Yo — Y) m),c@) =0
<y ae. in Q) (up,yp — ?7>M(Q),C(Q) =0.

|

Remark 4.13. Note that the optimality conditions provided in Theorem 4.12 can be derived
also by the Lagrangian approach where the Lagrangian can be defined by

_ 1 _ A _ _
£ 1) 1= 5 1 S5 = [+ 1 e+ [ (S =) o+ [ (5o = 50) d

with Lagrange multipliers py, pto. A general introduction to the Lagrangian approach can be
found for instance in |Troel, Section 2.10, Section 2.11].

Remark 4.14. According to Theorem 4.12, the adjoint equation cannot be understood in the
usual weak sense since on the right hand side occur measures fiq, i, € M(S2). Hence, the weak
formulation of the adjoint equation can be read as follows:

a(,p) = (U = ya, Vo + (16 — fa, V) @y o Y9 € WH(Q) (4.3.3)

where s > 2. Due to the fact that in Section 4.3.5, equation (4.3.3) will be tested by functions
belonging to H*(Q), we mention that the Sobolev embedding theorem (see Theorem 2.17) yields
H?(Q) — Ws(Q) for any s > 2.

As we can see above, the Lagrange multipliers p,, i, are in general no regular functions. In
contrast to Theorem 3.8 we cannot expect that p € H?(Q) and consequently p € C(Q). This
lack of regularity causes difficulties in the numerical treatment of such problems. Due to this
fact, many regularizations of (P;) have been constructed in the last years. In this work, we
regularize the state constrained optimal control problem (Ps) by the following Moreau-Yosida
regularization which has been applied for instance in [HtKul7|.

4.3.2 Moreau-Yosida regularization

The objective functional of the Moreau-Yosida regularization is defined by
JMY(y57u5) =

1 A 0 ) )
3 Iws — va llg o +3 | us 1150 +3 | max{0,ys — »} 150 +3 | min{0, ys — va} 5.0
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where 6 > 0 is the Moreau-Yosida regularization parameter that is taken large. The Moreau-
Yosida regularization of (Ps) can be stated as follows

min JMY (ys, us)
—eAys +b-Vys +cys =us in Q p (PMY)
ys =0 onl

PMY

M) can be done

The proof of the existence and the uniqueness of an optimal solution for (
in the same way as in Theorem 4.2 resp. Theorem 4.3.

Theorem 4.15. There exists a unique optimal solution (ys, us) for (PMY).

The next result shows sufficient and necessary optimality conditions which correspond to
(PMY)). The proof is straight forward by the application of the Lagrangian approach mentioned
in Remark 4.13.

Theorem 4.16. Let (s, 15) be the optimal solution of (PMY). Then, a function pus € L*(Q)
and an adjoint state ps € H*(Q) exist such that the following optimality system is satisfied

—eAys +b-Vys + cys = us in
Yys =0 on I

—eAps —b - Vps +cps = U5 — ya + ps  in 2
ps =0 onI

ps + Aisg =0 a.e. in €
ps =06 - (max{0, §s — yo} +min{0, 75 — ya}) € L*().

In contrast to Theorem 4.12; the functions arising in Theorem 4.16 are sufficient regular
such that the numerical treatment of (PMY) is easier than (P;).

4.3.3 Error analysis

According to Section 3.1, the optimal states 7,%s corresponding to (P,) and (PMY) belong
to H?(Q2). By virtue of the Sobolev embedding theorem (see Theorem 2.17), we obtain that
7,75 € C%(Q) for 0 < v < 1. From now on, let us fix such a quantity 0 < v < 1. This section
is dedicated to show that the optimal solutions {(¥s, is) }s>o of (PMY) converge to the optimal
solution (i, u) of (P,). Moreover, we proof that a L?(2)-convergence rate of O(57}7) holds. We
would like to mention that a similar result has been proven in |[HzHt09|. However, in contrast
to our error estimate, the provided L*(Q)-error estimate is connected to the Finite Element
Method, i.e. the error estimate depends on the Finite Element mesh size h. Now, let us consider
the following result which ensures the convergence of the Moreau-Yosida regularization. A proof
can be found in [HtKul7, Remark 2.1]|.

Theorem 4.17. Let (ys, us) be the optimal solution of (PMY) and (y,u) be the optimal solution
of (Ps). Then, we have for 6 — oo

Us =y in H*(Q) N Hy(Q)
and
us — u in L*(9).
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In the following, we investigate the convergence behavior of (ys, us). For this, we first have
to prove the uniform boundedness of the controls {is}sso in the L?(Q2)-norm.

Lemma 4.18. Let (i5,us) be the optimal solution of (PMY) and (i, u) be the optimal solution
of (P,). Then, we have the uniform boundedness of {us}s=o in the L*(2)-norm, i.e.

| a5 o< C V6 >0
where C' > 0 is a constant which does not depend on §.

Proof. Recalling the definitions of the functionals J*(y,u) and J™Y¥ (y,u) the optimality of
(y,u) for (P,) and the optimality of (s, us) for (PMY") yield for 6 > 0

T (g5, us) < TV (g, a) = T (g, a) = C.
Due to the definition of JMY(-,.), we obtain the uniform boundedness
A s o< C.
O

Now, we proof that for 6 — oo the penalization terms max{0,ys — y»} and min{0, ys — v, }
converge to 0 in the L?(2)-norm.

Lemma 4.19. Let (ys, us) be the optimal solution of (PMY) and (y,u) be the optimal solution
of (Ps). Then, we have the following decay rates

| max{0, 5 — %} oa = O (%) (13.4)
|| min{07g5 - ya} ||0,Q =0 <%) . (435)

Proof. The optimality of (i, ) for (P;) and the optimality of (73, us) for (PMY) yield
MY (g5, 15) < JMY (5,0) = J*(g,a) == C.

Due to the definition of JMY(-,-), we obtain

) _ 4] . _
5 Il max{0, 55—y} 6.0 +5 | min{0, s — ya} o< C
and consequently the desired decay rates. n

Theorem 4.20. Let (i5, us) be the optimal solution of (PMY) and (3, ) be the optimal solution
of (Ps). Then, we have the following estimate

Mioa—as 5o+ 19— o0 (4.3.6)
+ ¢ || max{0, ¥s — y} ||3,Q +6 || min{0, Js — ya} ||(2),Q§ — (Mo = Har U — Us) M(©),0(©)-

Proof. According to Theorem 4.12 and Theorem 4.16, the optimality conditions of (P;) and
(PMY) yield

M4 — s ||§ o= (@ — 5,55 — D)o = a§ — ¥s, Ds — D)
and

a(y — Y5, 06 — D) = Us — U,9 — Ys)a + (6, ¥ — Ys)a — (b — Has U — Us) m),0()-
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Hence, we acquire
Moa—as 5o+ 19— 95 I50= (s, 5 — Ts)e — (16 — tas U — Us) ()0 (4.3.7)
Now, we estimate the first term on the right hand side of (4.3.7). For this, we define the sets

Q, ={r € Q:y5(x) > y(xr) ae. inQ},

Doy = {2 € Q1 ya(x) < 7s(x) < yp(z) ace. in Q}

and
Q, ={r € Q:7ys5(r) <yu(r) ae inQ}.
Note that
=0, U, U, .,
and

ps =0 - (max{0,ys — yp} + min{0, 95 —v.}) =0 in Q.

Consequently, we get

(15, — Us)o = / 6(Ys — yo) (Y — s) dx + / 6(Ys — Ya)(§J — ¥s) duv. (4.3.8)

be Ya

Inserting ¥, in the first term and g, in the second term of the right hand side of (4.3.8), we are
able to derive

~ o ‘Tj&“fji\ ~ ~
/ 505 — ) (7 — Gs) do = / ST ) de+ / 505 — ) (s — 75) do
be be be
S-—5H§a—4mHaﬂ%
= —0 || max{0, 7 — w} oo
and
<0 >0
_ o —T N _ ~
/&m—m@—%wmz/kwrwa@—%wm+/&%—m@fwwm
an an an
< =0 || 95— va 30,
= —0 || min{0, %5 — va} 5.0 -

Using (4.3.7) we receive

Mla—=as |50 + 15— s 6.0

+6 || max{0, g5 — wo} 15 o +06 || min{0, %5 — va} ||(2),Q§ — (b = Har U — Us) M(©),0(0)-
O
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From now on, we use for a better clarity for » € R also the notation

r* = max{0,r}

r~ = min{0,7}.

The next result shows a further estimation of the right hand side of (4.3.6) so that we are able

to use the decay rates derived in Lemma 4.19.

Corollary 4.21. Let (s, iis) be the optimal solution of (PMY) and (g, ) be the optimal solution

of (Ps). Then, we have the following estimate

Ma—1as 50 + 11 9= s 6.0 (e @5 — v6) ) am@.c@ — Has (T = Ya) Im@ o (43.9)

Proof. Recall the estimate of Theorem 4.20, i.e.

A a— s Hgﬂ + |y — s Hg@

(4.3.10)

+ 6 || max{0,7s — w} oo 0 || min{0, %5 — va} I5.0< — (s — Har T — Us) m@y.c@)-

Inserting y,, y» on the right hand side of (4.3.10) yields

A a— s Hgﬂ + 1| 7 — s ”(2),Q < — (b = Har ¥ — Us) M(©),0(©)
= (1o — fta, Ys — y> M(Q),C(Q)

Q
= (1 Yo) M@),0@) T (Kb Yo — U) m().0()
<

< arYs — > M(Q),C(Q)
The complementary slackness conditions of (P;) (see Theorem 4.12), i.e
(Har Yo — P m@).c@ =0
(b, Yo — Y) m@).c@) = 0
yield for (4.3.11)
Moa—as 5o+ 15 =8s 150 < (5, Ts — Yo) s@y,c@) — (Ha» Us
Due to pp, pto > 0 and the fact that

Us—v=Us — )"+ (W5 —vp)~

resp.
Yo —Us = Ya — Us)" + (Ya — Us)~
we obtain
Mla—1s 3o+ 17— 150 < (e Us — W) m@,c@) — (Has o — Ya) i
< <:ub7 ( )+>M (©),C(Q <ﬂa7 Yo —
< {w, (Us — yb)+>M @,c@) + (Has (Ya —
= (b (Ts — o) ) m) — {has (Us —

where in the last step we have used

(Yo —Us)" = —(Us — ¥a) -
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HasYa — Y >M(Q) cQ)-

- ya)M(Q),C(Q)-

M(©),0(Q)
Us) m(@),

5>+>M 0),C(Q)
Ya) ) M©).0Q)



Now, we derive a L?*(2)-estimate for the right hand side of (4.3.9). In general, we do not
have L*(Q) < L>(Q). However, the following result yields an upper L*(2)-bound for functions
f€C%(Q) with 0 <y <1 in the L>()-norm.

Lemma 4.22. Let Q C R? be an open, bounded, convex and polygonal domain. Moreover, let
[ e C®(Q) for some 0 < v < 1 with || f ||con@y< w. Then, there exists a constant C' > 0
such that the estimate

| f locon< Cao® | f ||27+2 (4.3.12)

15 satisfied.

Proof. A proof can be found in |[KruR608, Lemma 4| where the authors verify the result for an
open and bounded domain £ C R? with d = 2, 3 satisfying the inner cone condition. Note that
polygonal domains () satisfy the inner cone condition. O]

The next result shows that the boundedness condition of Lemma 4.22 is satisfied by (7s—s)"
and (s — y,)~. For this, the uniform boundedness of the controls {s}s-o in the L?(2)-norm
will be used.

Lemma 4.23. Let 0 <y < 1. Then, we have
I (@5 = )" llcom@) < Ch
(@5 = a) ™ lleon@) < Co

where Cp,Cy > 0 are constants, independent of 6.

Proof. We start with the verification of the boundedness of || (s — ys)* ||co (). The proof for
| (U5 — Ya)~ llco~(q) goes along the same lines. First, recall the regularity assumption on the
constraint y, € C%1(Q) and recall the fact that 5 € HQ(Q) holds. For 0 < 7 < 1 the Sobolev
embedding H%(Q) < C%7(2) implies

I (@5 —yo) ™ llcon@) <Nl s — 9o llcoma)
<[l ¥s lcor@y + || ¥ llcor @
<C ¥ llze + l vb llcor

Theorem 3.8 and Lemma 4.18 imply
195 ll.0< C [l G5 [lon< €
with constants €', C' > 0 such that

| (s — )" ||CON(Q)§ C1.

Corollary 4.24. Let 0 <y < 1. Then, we have
2~
(G5 = vs) " Nlooos < Cr || (F5 — wb) ™ ||27+2
| (s = Ya)” lloseo < Co || (U5 — ya)™ ||2W+2

where Cp,Cy > 0 are constants, independent of 6.

Now, we combine the L?(2)-decay rates provided in Lemma 4.19 with Corollary 4.24.
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Corollary 4.25. Let 0 < v <1 and 6 > 0. Then, we have

1\ =
| s — 1) ome < Ci (%)

] 27+2
_ — < C
H (y§ ya> H0,00}Q 2 (\/g)

where Cy,Cy > 0 are constants, independent of 0.

The next result yields that {(¥s, is) }s>0 converge in the L?*(2)-norm to the unique optimal

solution (g, %). Furthermore, we obtain a L*({2)-convergence rate of O <ﬁ).
Theorem 4.26. Let (ij5,us) be the optimal solution of (PMY) and (i, u) be the optimal solution
of (Ps). Moreover, let 0 <y < 1 and § > 0. Then, there exists a constant C' > 0, independent
of 0 such that
1 2
2v42
Moo+ o - lBes ()7

Proof. Corollary 4.25 implies

(1vs (T5 = U5) ) me)c@ <I o eyl (s —v0) ™ lle)
|

| o | pmee || (U5 — Yo) " [lo.0o0

and in the same way

(ta, s — Ya) )@ .c@ < tta |pm@) |l Us = Ya)™ [lo,00,0

o nis
<C|(—= :
<<(35)

Altogether, we obtain with Corollary 4.21

2y

3 9 _ 2 1 2v+2
AMa—1as oo+ 17— s ool C 75

where C' > 0 is a constant, independent of 6. O

Corollary 4.27. Let (s, i) be the optimal solution of (PMY) and (g, ) be the optimal solution
of (Ps). Moreover, let 0 <~y <1 and § > 0. Then, we have

1\ = 1\ &
a5 loo + 17 loas ¢ (52) =0 (5)7

4.3.4 TImproved L?(Q)-order of convergence

In this section, we improve the order of convergence O (ﬁ) to O <T12> . Regarding Corollary

4.27, we will use the verified L*(Q)-decay rate of u — @5 so that we are able to improve the
estimate of the right hand side of (4.3.9). The next result shows that the derived L*()-decay
rate of & — %5 can be used to bound the states:
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Lemma 4.28. Let 0 < v < 1. Then, we have
I (s —u) " lcon@ < C Il s — 1 [log
1 (s = ya)™ ooy < C |l ts —ullog
where C' is a constant, independent of §.

Proof. We start with the verification of the boundedness of || (s — yp)" || coa(@)- The fact
y—yp <0 a.e. in (Q yields

Us—w) " =Ws—g+7—w)"
<(ys-yT.

Hence, the regularity assumption y, € C%'(Q) and the fact 5,5 € H*(Q2) yield

I (35— 900" llcomy <1l @ — 5 lloomiey
<|l 95 — 9 llcon(y (4.3.13)
<Cl =9l -

Recall that we have
a(ys — y,v) = (s — u,v)q Yo € Hy (). (4.3.14)
Note that (4.3.14) is the weak formulation associated with the partial differential equation

—eA@s —y)+b Vs —y) +c(ys —§) =t;—u inQ
Ys—y=0 onlT.

Theorem 3.8 yields the H?({2)-a priori estimate
195 =20 < C | us — @ log -
Consequently, by virtue of the Sobolev embedding theorem, we obtain for (4.3.13)
I @5 = u)" o< C |l a5 — 1 Jlog -

The proof for || (%5 — ¥a)™ [|con(a) goes along the same lines. Note that we have § —y, > 0 a.e.
in 2 and thus

s —Ya) = Ws — U+ 7 —Ya)~

> —9)"
Due to the fact that |(r)~| = —(r)” > 0 for all » € R we have
| (W5 = va)™ llcon@ <Il Ws —9)" llcon
<[ ¥s =4 llcona
SCNYs = 20
<

Cllas—1alogq -

By using Lemma 4.28, a further application of Lemma 4.22 leads us to the next result.

36



Corollary 4.29. Let 0 < v < 1. Then

2y
—u H”’“ Il (g5 — )" H”“

I (55 — wo) "

oo i

I (Fs — Ya)~ —u HZ“’” I (%5 = Ya)

hold where C' > 0 is a constant, independent of .

Before we are able to improve the order of convergence, we use the following auxiliary
estimates.

Lemma 4.30. Let 0 <y < 1. Then

A s —a g g _ -
e ) - )
Y+ 2) || i [ mee)

MM as — @[5 g _ i
2 2 : _ + O || ( ya) ||27+1
Y+ 2) || ta |pmee)

H (g5 - yb)+ HO,oo,Q < (

| (U5 — Ya) ™ o000 < (

hold where C' > 0 is a constant, independent of 9.

Proof. We only verify the first inequality. The second goes along the same lines. Corollary 4.29
and a rearrangement of the terms yield

| (s — )™ [lo,co02

2y
<C|us—u ||2”2 I (s —w)* loa” (4.3.15)
1
A we i )\ 72 2
- <H o ||M(Q)) s =l ¢ (f() I35 =)™ low” -
We set p=2y+2 € (1,00) and ¢ = gvﬁ (1,00) so that the Young inequality (2.2.4) implies
1 1
A TR s @)\ 77 2
()" - a g o (20) ™™ ) gy 35
| ”M(Q)
2y+2 2(2742) 2y+2 2v(2v+2)
o)\ TADEED | - o Toraan
(\muﬁm))gw las—alls™ C (—H“b”f (”’) T @ = )T 5T
+
B 2y+2 27+2
2v+1
_ — 12 C ||Mb||M(Q) 27+1 + 2311
M ods—alg —5 1@ — )" lloo
- _ 2712
1 |y (27 +2) Ern)

_ Mloas—a g
| i [ pmee) (27 +2)

Hence, we get for (4.3.15)

2y
+C @ —w)" llon" -

AMus —a 3o
27+ 2) || o [l meey

2y
I @s = )" lloc0< ( +C @ =) llon " -
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The previous result implies that the L?*(2)-decay rate of s — % can be transferred to the
right hand side of (4.3.9).

Theorem 4.31. Let (5, us) be the optimal solution of (PMY) and (3, u) be the optimal solution
of (Ps). Moreover, let 0 <~y <1 and § > 0. Then, we have

2y
2y 1\ &+t
A U—1s||2ag + | 7—7 2<O(—) .
(2’y+2) H s oo+ 19— lloe< G

Proof. Recall (4.3.9), i.e

A a— s ||OQ + | ¥ — s ||OQ (tiv, (Ts — ¥6) ") m@),.c@) — as (Ts — Ya) ") m@).c@)-

Lemma 4.30 implies

{11, (Us — yb)+> Q),c §|| Kb ||M(Q)H (Ys — yb)+ HC(Q)
<Il 1 Iyl @s — )" llos

Mlas—ulljg =
< _ ) _|_ C _ 57 + 2’7+1

Al as —alffq =k
— ) + C — + 27+1

and in the same way

AMlas —a 3o
(2y+2)

(la, (s — ya)_>M(Q),C(Q) <

+C | (s — ya)~ ||2”“ :
Altogether, we have

Mia—as l5a + 15— 3 5.0
2 || us — u |5 q

C — + 2§+1 C = 2w+1
orry TN =) ol +O 1 s = va)” o

and with Lemma 4.19

27y o o _ 2y _
A( )uu—uauawHy—yauaﬂscu G5 — )" 1T +C || (5 — wa) 20T

2y +2
1\ =
<C|—=
<< (%)

where C' > 0 is a constant, independent of . n

Corollary 4.32. Let (s, iis) be the optimal solution of (PMY) and (y, @) be the optimal solution
of (Ps). Moreover, let 0 <~y <1 and § > 0. Then, we have

o - 1\ =41 1\ 12
I = o + 1| §— 3 lloa< C (%) _c (5>

where C' > 0 is a constant, independent of 9.
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4.4 Control constrained case with Robin boundary control

In the previous sections, we have investigated several optimal control problems with distributed
control. Now, we provide the analysis of the following control constrained optimal control
problem with Robin boundary control

min J'(y,u) =3 |y —va 3o +5 || v lér

—Ay+b-Vy+cy=0 inQ
(£r)

b-n-y
2

ul <u<wu, ae onl

=u onl

0,y —

4.4.1 Existence and uniqueness

The verification of the existence and the uniqueness of an optimal solution for (Pr) goes in a
similar way as in the control constrained case with distributed control. Hence, we keep this
section briefly. The set of admissible controls is defined by

Ul i={ue L*(T) : ul(z) <u(z) <up(z) ae. onT}.

Note that U, is closed, convex, and bounded. Due to Assumption (B4) the set UL, is nonempty.
Regarding Section 3.2, the control-to-state operator is given by S : L*(T') — L*(2). Now, we
consider the reduced form of (FPr), i.e.

. 1 A
min g(u) = J(Su,u) = o || Su—ya Bo +5 Il u e (4.4.1)

ueUr,
By application of Theorem 4.1, we are able to formulate the next results.
Theorem 4.33. There exists a unique optimal solution @ for the optimization problem (4.4.1).
Theorem 4.34. There exists a unique optimal solution (y,u) for (Pr).

Similar to |[Troel, Section 2.8.4], sufficient and necessary optimality conditions of first order
can be derived in so far as:

Lemma 4.35. A pair (y,u) € H'(Q) x L*(T') is an optimal solution of (Pr) if and only if there
exists an adjoint solution p € H* () such that

—eAy+b-Vy+cy=0 inQ —eAp—b-Vp+cp=7—yg inQ
b-n-y b-n-o
0,y — "Y_4% onT 0D + Z P_0 onT

(M +pu—a)r >0 YueU,
15 satisfied.
The weak formulation of the above optimality system is given by
ar(y,v) = (4,v)r Yo € H(Q)

ar(¥,p) = (§ — ya, ¥)o Vi € H'(Q)
(M +p,u—a)r >0 Yuec UL,

The pointwise discussion of the variational inequality leads us to the following representation
of the control u with the help of the projection formula

_ 1_
U= P[ug,ug] (_Xpr) :
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4.4.2 Higher regularity of solutions

As we have mentioned in Section 3.2, for the derivation of the H?(Q)-regularity of j, we have
to ensure a higher regularity of the control u € L*(T"). Regarding Theorem 3.16, for proving
y € H2(S), it is sufficient to prove @ € Hz(T'). However, we are even able to ensure & € H(I).

Lemma 4.36. Let (y,u) € H'(Q) x L*(T') be an optimal solution of (Pr) with a corresponding
adjoint solution p € H' (). Then, we have u € H*(T).

Proof. Since we have § € H'(2), Theorem 3.16 implies p € H?(2). Then, |[Necl12, Theorem
4.11] yields p € H*(T'). The assumption ul,u; € H*(T') and the application of |KinSta80,
Theorem A.1, p. 50| lead us to

1

As a direct consequence of Theorem 3.16 and Lemma 4.36, we obtain 7, p € H?(f2).

Corollary 4.37. Let (y,u) € H' () x HY(T) be the optimal solution of (Pr) with a correspond-
ing adjoint solution p € H*(Q). Then, we have §,p € H?().

5 Discretization

In this section, we introduce the Finite Element Method and discuss the AFC discretization
method. First, according to |Ciar02| and |BreSco(2|, we start with an introduction to the
Finite Element discretization. After that, based on the results in [BJK16]|, [BBK17|, |BJK17|,
IBJKR18| and [Kuzl2| we exemplify the construction of an AFC scheme for a general linear
boundary value problem with Dirichlet boundary condition. However, the case of a Robin
boundary value problem is also covered when some adjustments on the indices hold. The
modifications will be demonstrated at the end of this section. Furthermore, based on the
results in the above-mentioned AFC literature, we discuss the solvability of the derived AFC
scheme and conditions such that a discrete solution satisfies discrete maximum principles. After
this general introduction we consider the convection-diffusion reaction equations (3.1.1) and
(3.2.1). We prove error estimates in a mesh-dependent norm which also imply error estimates
in the L?*(Q)-norm. These results will be used especially in Section 8. Finally, we concern with
the design of some limiters and show that the sufficient conditions for the solvability of the
corresponding AFC scheme and sufficient conditions for the DMP hold. We mention that the
range of AFC literature increases continuously. However, an in-depth discussion is beyond the
scope of this work and we will only concentrate on the basic AFC results which are used in this
work.

5.1 Finite Element discretization

Let {Tx}ns0 be a family of triangulations of 2. The mesh T, consists of open and pairwise
disjoint triangles T € 7T}, such that

O= u T.
TETh

Furthermore, no vertex of any triangle lies in the interior of an edge of another cell. For each
element T € T;, we define the parameters pr = sup{diam(S) : S C R? is a ball in T} and
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hy = diam(T). The maximum mesh size is given by h := max hy. Moreover, we assume that
€'/h

the triangulations satisfy the following regularity assumptions:

e Shape-regularity: There exists a constant o > 0, independent of h such that for all T' € T,

h
T <o

Pr
e Size-regularity: There exists a constant ¢ > 0, independent of h such that

h <& min hry.
TeT

&y, denotes the set of all edges. The Finite Element spaces are given by
Vii={2,€C(Q) : 2|7 e P(T)V T € Ty}
and
Vio = Vi N Hy ()

where Py (7) denotes the space of polynomials of degree less than or equal to 1 on T". The set
of nodes of T}, is denoted by {xy,--- ,zyx}. In detail, {z,--- x5} is the set of inner nodes and
{Zp1,- -+ ,xn} C T is the set of boundary nodes. For a node z;, i = 1,--- | N we define the
patch A; ;= {T € Tj, : ; € T} and the index set of its neighbors

Si={j€{l,---N}\{i}: z; and x; are the endpoints of
the same edge F € &,}.

The standard nodal basis functions of V}, are denoted by {¢1, - - - , ¢n} and satisfy the conditions
wi(xj) =6;, 4,j=1,---,N (5.1.1)

where §;; are the Kronecker-Delta functions (see Definition 2.22). Since (5.1.1) we have
supp(pi) = A;, i=1,---,N. (5.1.2)

The Lagrange interpolation operator I, : C(Q2) — V}, is defined by

N

Inz(z Zz ()i

i=1

5.1.1 Basic estimates in FEM-theory

In this section, we introduce basic results corresponding to the Finite Element Method (FEM)
which can be found for instance in |BreSco02| and |Ciar02, Section 3|. First, we provide an
interpolation error estimate for functions z € C(Q) N H?(2) on convex and polygonal domains.
For detailed information on the proof we refer to |Ciar02, Theorem 3.1.6, Theorem 3.2.1].

Lemma 5.1 (Interpolation error estimate). There holds for all = € C(Q2) N H*()
| Inz = 2 lloq +hlInz = 2|10 < Ch®|z]20

where C > 0 is a constant, independent of h.
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Lemma 5.2 (Inverse inequality). Let z;, € V), and 1 < p < co. Then, we have

20 l1p0< CR7H |2

0,p,2
where C' > 0 is a constant, independent of h.
Proof. See |BreSco02, Lemma 4.5.3]. O

The next result provides an L*(2)-error estimate for functions z, € Vj,. A detailed proof
can be found for instance in |BreSco02, Lemma 4.9.1].

Lemma 5.3 (Discrete Sobolev inequality). There holds for all z, € V,

1
Iz [loco< € (14 [In A[)2 [ 21 [0

where C' > 0 1s a constant, independent of h.

5.2 AFC method for linear Dirichlet boundary
value problems

In this section, we will introduce a general construction of an AFC scheme, generally based on
the results in [BJK16|. For this, let us consider a linear boundary value problem with Dirichlet
boundary condition. Furthermore, the case of a Robin boundary value problem is also covered.
The appropriate modifications in the case of Robin boundary conditions will be illustrated later
in this section. Let us return to the case of Dirichlet boundary conditions. We can discretize
this problem using a conforming Finite Element Method. Then, the discrete solution can be
represented by a vector z € R of its coefficients with respect to a basis of the respective Finite
Element space. The components {M +1,--- , N} of z correspond to the nodes where Dirichlet
boundary conditions are prescribed. The components {1,---, M} of z correspond to the inner
nodes where these components are computed using the Finite Element discretization of the
underlying PDE. Then, the discrete solution z = (zy,-- -, 2n) € RY satisfies a system of linear
equations of the form

N
Cliij:gi, Z:L,M
> -

Zi = Gi, Z:M+1a7N

where G = (g1, , gum, gars1, -+, gn) € RY is a given right hand side vector.

Remark 5.4. Due to the compact support property of the standard nodal basis functions, only
nodes belonging to S; produce nonvanishing entries in the i-th row of the mass matric M qss =
(mij) =y which is defined by

Q

We remark that subsequently all discrete operators have the same compact sparsity pattern as

the matric M ,qss = (mij)%zl.
Now, let us return to the system (5.2.1). We assume that the matrix (a;)_, is positive
definite, i.e. there exists a constant C' > 0 such that

M M
Z 24525 Z CZZE >0 V (Zl, s ,ZM) € RM \ {0} (522)
i,j=1 =1
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The positive definiteness of the matrix (a;;);}%_, implies that
ag >0, i=1,--- M. (5.2.3)
Regarding Remark 5.4, the entries of the matrix (ai]—)%zl satisfy the condition
a; =0 Vi, je{l,--- N}, j¢&5.

The motivation for the construction of an AFC scheme is that the discrete solution z € RY
should be free of spurious oscillations. This property can be expressed by the satisfaction of
the local discrete maximum principle (local DMP).

Definition 5.5. We say that a solution z € RY of (5.2.1) satisfies the local DMP if for
ie{l,--, M)}

9 0= 2z < max = (5.2.4)
i 2 0=z 2> grélsn z; (5.2.5)

hold.
In |BJK16, Lemma 21| the authors show that the local DMP holds if the conditions

CLZ]SO \V/Z%j,Z:L,M,]:].,,N (526)
and
N
» a;>0 Vie{l,-- M} (5.2.7)
j=1

are satisfied.

Lemma 5.6. Let the conditions (5.2.6) and (5.2.7) be satisfied. Then, for a solution z € RY
of (5.2.1) the local DMP (5.2.4) resp. (5.2.5) hold.

Proof. We start with the verification of claim (5.2.4). For this, let i € {1,--- , M}, g; <0 and

C = max z; . Due to condition (5.2.7), we have
JES:

i > Z(_@ij) > 0.
JFi

Using (5.2.1) and the compact sparsity pattern-property, we are able to derive the following
inequalities

iz <Y (—ai)z =Y (—ay) (5 — O)+ Y (—a;5)C < (Z(—%)> C<a;C.
j#i jES: T Jes. jES;

The positivity of a;; yields the desired result. For the verification of claim (5.2.5) let C' := misn z;
JESI
and g; > 0. As above, one can easily derive

Qii%i 2 Z(_aij)zj = Z(—Cli]’) (zj—C)+ Z(_aij>c > (Z(-%y)) C>a;C

obtaining the desired result. O]
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5.2.1 Construction of an AFC scheme

The starting point of the AFC algorithm is the system matrix A = (a;;)};_; which will be
correspond in the following sections to the stiffness matrices of the bilinear forms a(-,-) resp.
ar(+,+). As we have mentioned above, condition (5.2.6) is sufficient for the validity of the
discrete maximum principle. However, this condition is only satisfied in a few simple situations.
For instance, consider the introduced convection-diffusion reaction equation with homogeneous

Dirichlet boundary condition (3.1.1). The entries a;; of the stiffness matrix are given by

a;; = a(pj, pi) = / eV Vi + (b- Vo)) @i+ cpjpi dv, d,j=1,---,N. (5.2.8)
Q

Integration by parts yields for ¢, j =1,--- /N

a(pj; i) : :/5v90j'V90i+ (b~ V;) @i + cpjp; da

Q
= / eV -V, — (b- V)@ + cpip; do

)
such that the matrix entries of (aij)%zl, which correspond to the inner nodes, are not sym-
metric. Consequently, condition (5.2.6) is not satisfied. This non-symmetry holds also in the
case of a convection-diffusion reaction equation with Robin boundary condition (3.2.1). To

achieve that condition (5.2.6) is satisfied, we modify the discrete problem (5.2.1). For this, we
introduce a symmetric artificial diffusion matrix D = D(A) = (d;;);";—, which is defined by

—max{aij, O, aji} R 7 # j
dij =14 _ S dy = (5.2.9)
1#1

Remark 5.7. In [Kuz12, Section 5.1] the author verifies that given an arbitrary matriz A €
RY*N the entries of A+ D = (a;; + dyj);;=, satisfy the condition

Moreover, row and column sums of A+ D = (a;; + dij)ﬁ\szl coincide with those of A. The
artificial diffusion matrizx D € RV*N is positive semidefinite.

The combination of condition (5.2.2) and Remark 5.7 yields that the matrix A + D =
(aij + dij){;—, has positive diagonal entries

aii+dii>0, Z:]_,,M

and non-positive off-diagonal entries. When condition (5.2.7) is valid, then the matrix A + D
satisfies sufficient conditions for the local DMP. After introducing the matrix D, let us start
with the modification of (5.2.1). With the help of the matrix D, we consider for (5.2.1) an
equivalent system

(A+D)z]; =g+ (Dz);, i=1,---,M

. (5.2.11)
Zi = Gi, l:M—i_l?"'vN'

Since the row sums of the matrix D vanish, it follows that

N
(DZ)Z:ZCZU(ZJ—ZZ), Z:]., ,N
j=1
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where d;;(z; — 2;) are the so-called fluxes. Now, the idea of the AFC method is to limit those
fluxes that would otherwise leads to spurious oscillations in the discrete solution. By limiting
the fluxes we obtain the system

Zamzj—i—z —j(2))dij(zj —z) =¢i, 1=1,--- M

Zi = Giy Z:M+177N

(5.2.12)

where «;; € [0,1] for 4,5 € {1,---,N}, @ # j are solution-dependent limiters. Note that
for a;; = 1 we obtain the original discrete system (5.2.1). Moreover, we mention that the
coeflicients «;; should be as close to 1 as possible to limit the modification of (5.2.1).

5.2.2 Solvability of an AFC scheme

In this section, we prove the solvability of (5.2.12). From now on, we require that the limiters
are symmetric, i.e. we have

Q5 = Qg ) % j (5213)

First, in [BJK15| the authors show that when the symmetry condition (5.2.13) does not hold,
it is not ensured that there exists a solution for (5.2.12). To prove the existence of a discrete
solution for (5.2.12), we use the following fixed-point theorem which can be found in |GirRav86,
Lemma 1.4].

Lemma 5.8. Let X be a finite-dimensional Hilbert space with inner product (-,-)x and norm
| - llx. LetT : X — X be a continuous mapping and K > 0 a real number such that
(Tz,z)x > 0 for any z € X with || z |x= K Then, there exists z € X such that || z ||x< K
and Tz = 0.

Apart from the symmetry assumption (5.2.13) for the verification of the solvability of
(5.2.12), we have to require that the limiters are continuous in so far as:

Assumption 5.9. Consider for i,j € {1,--- N} with j # i the map o;; : RN — [0,1]. We
assume that

RY 3 2 a;5(2) (2 — z1) €R
18 a continuous function of z1,- -+, zZN.

Now, with the help of the following auxiliary result the existence of a discrete solution can
be proved.

Lemma 5.10. Let N € N>y be arbitrary. Consider any ;; = Bj; <0, t,7=1,---,N. Then

N

Z zﬁz] Z ﬁz] > 0 \V/Zh * L ZN € R.

J=1 i,j=1
1<jJ

Proof. See |BJK16, Lemma 1]. O

The next result shows that there exists a discrete solution for (5.2.12) when the limiters
satisfy the continuity assumption, i.e. Assumption 5.9. A proof can be found for instance in
|BJK16, Theorem 3|. However, due to the meaning of the result we illustrate the proof.
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Theorem 5.11. Let Assumption 5.9 be satisfied. Then, the AFC system (5.2.12) possesses at
least one solution z € RY.

Proof. Let us denote by Z = (z1,- -+ , 2a) the elements of the space R™. Fori € {M+1,---,N}
we assume that z; = g;. To any Z € RM we assign the vector z := (21,--- , zn). Let us define
the operator T': RM — RM by

N
TZ); = Zaijzj +

Jj=1 Jj=

N
1—06” (Z]_Zl)_gu ZIl? JM (5214)
1

Then, z € R is a solution of (5.2.12) if and only if T'Z = 0. First, the operator T is continuous.
Due to the positive definiteness (5.2.2), we can write

M
> zayz > Cu |l 2113 (5.2.15)
ij=1
where Cy; > 0 is a constant and || - || denotes the euclidean norm on R¥. We have
M M N M M
(Tg, 2)2 = Z 2@ 25 + Z Z 2iQij 495 + Z Z Zl Oélj dzj (Zj — Zi)
ij—l i=1 j—M+1 i=1 j=1 (5.2.16)
- Zgzzl + Z Z zi(1 = aii(2))dij (g5 — 2i)-
i=1 j=M+1
By virtue of Lemma 5.10 we obtain
Z Z 2i(1 — uj(2))dij (2 — 2z;) > 0.
i=1 j=1
Furthermore, we have
N M N
Z Z — i (2))dig(g; — =) = Y Y w1l = ai(2))dijg;.
i=1 j=M+ i=1 j=M+1
(5.2.16) can be further estimated by
M M M
(T2,2)y = ) zaiz; + Z Z zaizg; + Y Y 21— ai(2))di (2 — 2)
ij 1 1= 1] M+1 i=1 j=1
- Zgzzz + Z Z zi(1 — aij(2))dij(g; — i)
i=1 j=M+1
> Z 2052 +Z Z 20595 — Zglzﬁ—z Z 2i(1 — a;(2))dijg;-
,j=1 i=1 j=M+1 i=1 j=M+1

The positive definiteness (5.2.15) yields

M

D ziaiz > Cu || 213

1,7=1
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The application of Holder’s and Young’s inequality leads us to

(TZ,%)y = Z %i0457% +Z Z 20555 — Zglzl + Z Z zi(1 = i(2))dig;

2,7=1 i=1 j=M+1 =1 j=M+1
>CM 12153 =Cill 2 s

1215 -

where C, Cy are positive constants, independent of Z. Then, for any || Z ||2> ,/%, one has

(TZ,%)y > 0. Through the application of Lemma 5.8 we obtain the existence of a vector z € RM
such that 7'z = 0. O

Remark 5.12. Due to the fact that the limiters are in general nonlinear, the uniqueness of a
solution z € RN for (5.2.12) is not guaranteed. In [BJKR1S, Section 3.3 or [Loh19, Section 3]
one can see that under certain Lipschitz-continuity assumptions on the limiters the uniqueness
of a discrete solution z € RN can be ensured.

5.2.3 Discrete maximum principle

First, there are many publications concerned with conditions such that discrete maximum
principles hold. For instance, in [BJK16, Section 5| the authors verify that under certain
assumptions on the system matrix A the local DMP holds for a solution z € RY of (5.2.12).
In [LohSP19, Lemma 4.12, Lemma 4.16] sufficient conditions on the system matrix have been
derived in an abstract framework. In the following, we show a general result for the discrete
maximum principle which is inspired by [Knob19, Theorem 1] and [BJK16, Corollary 11].
First, note that the coefficients of the solution-dependent matrix D = (d,])f\f]:l which correct
the artlﬁmal diffusion operator D are defined by

- az’jdij ) 7& J
dij =4 _ Sagdy , i=j. (5.2.17)
I1#i

Using (5.2.17) the AFC system, i.e. (5.2.12) can be written as

(./le)l = [(A—i—D—f))z]i:gi, i1=1,---, M

. (5.2.18)
zi = Gi, Z:M+17"'7N'

Let us consider A = (a;;);\;_; where

3 ai; + (1 — aij(2))dy , LF]
Y= Yan - (1 —aa(2))da , i=]
17

Recall that the compact sparsity pattern-property (see Remark 5.4) also holds for the matrix A.
Now, inspired by |[Knob19, Theorem 1] we consider a sufficient condition on the system matrix

A such that a discrete solution of (5.2.12) satisfies the discrete maximum principle (Definition
5.5).

Assumption 5.13. Consider any z = (21, ,2y) € RY and any i € {1,--- ,M}. If z; is a
strict local extremum of z with respect to the vertex x;, i.e.

zi>zp YjeS or z<z VjeS,
then
ai; = aij + (1 —ayi(2))d;; <0 VjeS,.
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The satisfaction of the DMP referring to |[Knob19, Theorem 1] is stated as follows.

Theorem 5.14. Let 2 = (2, -+ ,2y) € RY be a solution of (5.2.12) with limiters satisfying
Assumption 5.15. Moreover, let condition (5.2.7) be satisfied. Consider any i € {1,---,M}.
Then, we have

9 < 0= 2z < max = (5.2.19)
gi > 0= 2> ?égn I (5.2.20)

Proof. Let i € {1,---, M} and g; < 0. Recall that z € RY solves

N
j=1

Let us assume that assertion (5.2.19) does not hold, i.e. we have

Z; > max z;»r =:C.
JES;

By condition (5.2.7) and the definition of d;;, we obtain

Zaij =a;— Y (1= au(2))dy+ Y (aq+ (1 — au(z))dy) = Z a;; > 0. (5.2.22)

I£i I£i
On the other hand, we have also by condition (5.2.3)
Qi = @y — Z(l — Oéil(Z))dZ‘l > ay; > 0. (5223)
1£i
Similar to Lemma 5.6, we are able to derive the following inequalities
daz <Y (=iig)z = Y (=) (2 — O)+ ) _(=a;)C < (ZF%‘)) C<a; C

where we have used a;; < 0, i.e. Assumption 5.13. The last inequality is a consequence of
(5.2.22), i.e.

D (=) < (=) <
JES; i

The positivity of a; yields the contradiction proving the assertion (5.2.19). The proof of (5.2.20)
goes in the same way. O

5.2.4 Stabilization term

According to the mentioned AFC literature, the correction term in (5.2.12) is often denoted as
stabilization term. For a general definition of the stabilization term, let us define the evaluation

of z € C(Q) at nodes x;, i = 1,--- , N by z; := z(x;). Then, for z,v,w € C(£2), we introduce
the nonlinear form d(;-,-) by

dp(z;v,w) @ = Z(l — ;i (2))di;(v(z;) — v(zy))w(z;) (5.2.24)
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where a;; = ay; € [0,1] for 4,5 € {1,--- , N}, i # j are solution-dependent correction factors.
The diffusion matrix D = (d;;)};_, is defined by (5.2.9). Now, let us derive several basic

properties from dy(+; -, -) which will be used on the following pages. First, for any z € C(Q2) we
obtain

I
:MZ

dp(z;v,w) : (1 = aij(2))dij(v(z;) — v(z:))w(x;)

1

S
<
I

(1 — ey (2))di (0(5) = v(@))wla) + Y (1= aiy(2))dyj (v(;) — v(z) Jw(x,)

I
™M=

= Z(l — a;j(2))dij(v(z5) — v(;))w(Ts) + Z(l — a;i(2))dji(v(z;) — v(7;))w(T)

(1 — aij(2))dij(v(z;) — v(z:)) (w(zi) — w(z)))

I
M =

<i

.

where we have used the symmetry of the limiters o;; = oj; and the symmetry of the diffusion
coefficients d;; = d;;. Note that dy(z;v,w) = dj(z; w,v) such that the mapping d(z;-,-) is a
symmetric bilinear form. Moreover, it holds dj(z;1,v) = 0 = dp(z;w, 1) and dy(z; w,w) > 0

for all z,w,v € C(9).

5.2.5 Modifications for Robin boundary conditions

In the case of a pure Robin boundary value problem (3.2.1), the system of linear equations has
the form

N
Zaijzj = g, 1= 17 ,N. (5225)
j=1

In contrast to the Dirichlet boundary value problem, the set {xp41, -, 2y} coincides with

the set of nodes where Robin boundary conditions are prescribed. The construction of an
AFC scheme for (5.2.25) is similar to (5.2.1). Note that due to the lack of Dirichlet boundary
conditions, we have to adjust the indices of condition (5.2.2), i.e. the matrix (a;);;_, is postive
definite in so far as:

N N
Z 2525 Z CZZ? >0 V (21,"' ,ZN) ERN\{O}
i,7=1 i=1

where C' > 0 is a constant. The AFC system corresponding to (5.2.25) is given by

N N
D ayzi+ > (1= i(2))dij(z — z) = gi, i=1,--,N (5.2.26)
j=1 j=1
where «o;; € [0,1] for i, j € {1,--- , N}, i # j are the solution-dependent limiters. The proof of

the existence of a discrete solution z € RY for (5.2.26) goes along the same lines as in Theorem
5.11. Moreover, the results corresponding to the local discrete maximum principle have to be
slightly modified. For detailed information we refer to [LohSP19, Section 4.2.2].
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5.3 Application on the state equations

The goal of this section is to apply the AFC method on the state equation corresponding to
(Py), (BPy), (PMY) and (Pr). This section is generally based on the results in [BJKR18]. We

S

start with the application of the AFC method on the elliptic equations (3.1.4) and (3.2.4), i.e.
we consider for an arbitrary function g € L*(2)

a(y,v) = (g,v)q Yv € Hy(Q) (5.3.1)
and for an arbitrary function g € Hz (')
ar(y,v) = (g,v)r Yv € HY(Q) (5.3.2)

where a(-,-) is defined by (3.1.2) and ar(-,-) by (3.2.2). Recall that (5.3.1) and (5.3.2) are
the weak formulations associated with the state equations of (Pf), (P), (PMY) resp. (Pr). In

S
the following, the superscript s emphasizes that we consider the state equation. Moreover,

the superscript I' indicates that we consider the state equation of the Robin boundary control
problem (Pr). The reasons for the superscripts will become apparent in the following sections.

5.3.1 Dirichlet boundary condition
Next, we derive an AFC scheme for (5.3.1). The Galerkin method associated with (5.3.1) is
given by: Find y;, € V}, o such that

a(yn, vn) = (g,vn)a Vi € Vio. (5.3.3)

We introduce the matrix A = (a;);—; where a;; := a(p;, ;) and according to (5.2.9), the

corresponding artificial diffusion matrix D = (dij)fj:l. Let y, € Vi be a solution of (5.3.3).

N
Then, we have y, = > y;; where y; = yu(z;) for all i € {1,--- N}. Consequently, the

i=1
following system of linear equations is satisfied

N
Sagy =g, i=1-,M (5.3.4)
j=1

y=0, i=M+1,-- N

with ¢g; = (g, ¢i)q for i =1,--- , M. According to (5.2.12), the AFC system of (5.3.4) is given
by

a(Yn, vn) + i (Yn; Yn, vn) = (g, vn)a  Yon € Vio (5.3.5)

where dj (+; -, -) is defined by (5.2.24). Following the lines in Theorem 5.11 or [BJKR18, Theorem
1], we can state the next result.

Theorem 5.15. Let Assumption 5.9 on the flux limiters oy; be satisfied. Then, the equation
(5.3.5) admits a solution yp € V.
5.3.1.1 Discrete maximum principle

According to Section 5.2.3, we will verify that under the Assumption 5.13 a discrete solution
yn € Vi of (5.3.5) satisfies the local DMP, defined on patches A;, ¢ =1,---, M. The following
proof can be found for instance in [BJKR18, Theorem 2].
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Theorem 5.16 (Local DMP). Let y;, € Vi be a solution of (5.3.5) with «;; satisfying As-
sumption 5.15. Consider any i € {1,--- .M}. Then

< in A < + .3.
g<0in A; = mafx Y, ma;x Yn (5 3 6)

>0 1n Al = min > min vy, . 5.3.7
g = 1 11' Yn = 11_ Yy, ( )

Proof. We will only verify claim (5.3.6). The proof of claim (5.3.7) goes in the same way.
Similar to Theorem 5.14, we start by proving the fulfillment of the conditions (5.2.22) and
N

(5.2.23). For a solution y;, = > y,p; of (5.3.5) with y; = yx(x;), i =1,--- , N, one has
i=1

N

Zdz‘jyj =g, t=1,---,M (5.3.8)

j=1
where

alej, i) +dy (yn; 05, 04), i=1,--- M, j=1,--- N,
gz:(Q?@Z)Al7 izl,"',M.
Fori=1,---, M we have
~” > a(%y%) Z 5|S01|%7Q > O,

(5.3.9)
ZaU = 901 _'_dh(yh; 7901) — ( 7(107,'>A¢ >0

so that the conditions (5.2.22) and (5.2.23) hold. We remark that these properties follow from
the facts that (b - Vuv,v)q = 0 for any v € HJ(Q), d5(yn; pi, i) > 0 for i = 1,--- , M and
Z @; = 11in Q. Now, for any ¢ € {1,--- , M}, let ¢ < 0in A; so that g; < 0. Let us assume

that (5.3.6) does not hold, i.e. we have

= C. 5.3.10
maX Y, > AX Y, ( )
Then, it follows maxa,y, > maxpa,yn and y; = yn(z;) > 0 is a strict local maximum of

(y1, - ,yn) in S;, i.e. we have
vy >y; VjieSs.
Since a;; = 0 for any j ¢ S; U {i}, we obtain by virtue of (5.3.8)
Gy = g+ > _(—ay)y; < Y (=) (y; — C) + > _(—iy)C < Z ~a;)C < ayC (5.3.11)
JES; JES; jes; €S,

where we have used @;; < 0 for all j € S; (Assumption 5.13) and

Qi > Z(_aij>-

JES;
The positivity of a; > 0 leads us to
y < C
which is a contradiction to (5.3.10), proving the assertion. O

Remark 5.17 (Global DMP). In [BJKR18, Theorem 3] the authors prove that under Assump-
tion 5.9 and Assumption 5.13 the following global discrete mazximum principle holds:

g<0inQ = max y, < max y;
Q o0

>0in 2 = min > min y; .
g = : yh_aﬂ Yn
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5.3.1.2 Error analysis

In this section, we derive an error estimate for y — y;, where y € H*(2) N H} () is the unique
solution of (5.3.1) and yj, € V¢ is a solution of (5.3.5). For this, we define the mesh-dependent
norm

=

2

v llii= (slof+co v 30 +dimiv.))

The following theorem provides an error estimate for || y — yp [|5. A proof can be found in
IBJKR18, Theorem 4|. However, due to the fact that this result will be often used in this work,
we illustrate the proof.

Theorem 5.18. Lety € H*(Q)NH(Q) be the solution of (5.3.1) and let yj, € Vi, o be a solution
of (5.3.5). Then, there exists a constant C > 0, independent of h and the data of (5.3.1) such
that

Iy =y <C e+ {I b [§ecg + Il €600 1Y) hlylaa + di.(yns Ty, Tny).
Proof. We define
Yy —Yn= (Y — Iny) + (Iny — yn) =: wp + en.
Note that dj (yn; wp,wy) = 0. Hence, the standard FE-estimate (Lemma 5.1) yields
[ wn l5< Clet [l ¢ llo,soe h)Alyl20-
Furthermore, we have

(Il en 13)* < alen, en) + dj,(yn; en, en)

:(g»eh)Q

= a(lpy, en) + di (yn; Iny, en) — (a(yn, en) + i (Yn; Yn, €n))
= a(lpy, en) + dj (yn; Iny, en) — aly, ep)
=a(lpy — v, eh)/"’fi}i(yh; Iy, €h)l-

-~ -_—

) (2)

The first term (1) can be estimated by the standard FE-estimate so that we obtain

1
a(Tpy —y,en) < C e+ {I b G + Il ¢ [§ocn 2*3)? hlylag [l en II7 -

Due to the fact that d; (yn;-,-) is a symmetric positive semidefinite bilinear form, the Cauchy-
Schwarz inequality yields

dy (yn; Iny, en) < dj (yn; Iny, ]hy)%di(yh; €h, eh)%

1

< dp(yn; Iny, 1ny)? |l en |7, -
Consequently, we obtain the desired result. O

In the AFC literature dj (yn; Iny, Iny) is referred to as consistency error. The following
lemma yields a corresponding estimate which can also be found in |[BJKR18, Lemma 2].

Lemma 5.19. For all z;, € Vj, z € C(§2) we have
de(Zh;IhZ,IhZ) S C (€+ H b HO,OO,Q h—|— || C ||0’OO7Q h2) |Ih2‘ig
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Proof. Note that

|aij| = )/ng% -V +(b- V) pi + coip; dv

or + |l ¢l

<elpilirlojlrt 1D lloces lvilir I ¢; 0.c00ll @i llorll ¢ lloz -

Hence, the coefficients of the diffusion matrix D can be estimated by

digl < Y (cleilurlesha+ Il e

TeTh
i, er

+1b o,T}>

<C D (e+ D loss hrt Il ¢ o h7)

TeTh
:ci,:chT

< C (e+ || b lloo bt |l ¢ llocon h?) -

0,001l @i llozll @5 llor

0,007 Ueilir || @5 llor +Heeslr || @i

Then, using Lemma 5.10 and (1 — «;;(25)) < 1, we obtain

N

di (2 Inz, Inz) = Y (1 = aij(za))|dig |2 () — 2 ()
Z77L]<:jl
< > Jdiglla(a) — ()P
TET,
fL‘i,"L‘jET
< C (4 | b llocoa ht |l e llosen B7) D |2(@:) = =(a))]*
T€ETh
ZE,L',ZEjET
Since
> @) = 2(@)P < Clhnzlig
zi,x; €T
we get the desired result. ]

As we have mentioned in Section 1.1, oscillations may occur in the Galerkin solutions
when the convection dominates the diffusion, ie. ¢ <|| b [[pc0. On the one hand, an
appropriate stabilization method should compute solutions free of spurious oscillations. On the
other hand, the discrete solutions should also converge to the continuous solution for A — 0.
The combination of Theorem 5.18 and Lemma 5.19 yields that the solutions computed by the
AFC method converge with an order of O(3) to the continuous solution of (5.3.1) when the
diffusion coefficient is sufficiently small.

Corollary 5.20. In the convection-dominated case, i.e. € <|| b |l0.co0 h we obtain

1
vy —wn < Ch2 ||y |20 -

5.3.2 Robin boundary condition

Now, we derive an AFC scheme for (5.3.2). It follows the same lines as in Section 5.3.1. We
start again with the Galerkin formulation of (5.3.2) which is given by: Find y;, € V}, such that

ar(yn,vn) = (g, vn)r Vo, € Vi (5.3.12)
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We introduce the matrix A = (a;);;_; where a;; := ar(p;, ;) and the corresponding artificial

N
diffusion matrix D = (d;;)Y Let y5, € Vi, be a solution of (5.3.12). Then, we have y;, = > y;¢;

ij=1
=1
with y; = yn(z;) for all i € {1,--- | N} . Hence, the following system of linear equations is
satisfied
N
Y ayyi=g, i=1,- N (5.3.13)
j=1
with
0 , ie{l,--~,M}
9i = .
(g.0)r » i€{M+1,--- N}
According to (5.2.12), the AFC system associated with (5.3.12) is given by
ar(yn, vn) + Ay (i s vn) = (g, vn)r Vou € Vi (5.3.14)

where d;" (+; -, -) is defined by (5.2.24). Similar to Theorem 5.15, we can state the next result.

Theorem 5.21. Let the Assumption 5.9 on the flux limiters coy; be satisfied. Then, the equation
(5.3.14) admits a solution y, € V.

5.3.2.1 Discrete maximum principle

The next result shows the validity of the local DMP in the case of the pure Robin boundary
value problem. Note that the local DMP only holds on patches A; withi=1,--- , M, i.e. on
patches for the inner nodes of the triangulation. We will discuss this point in Remark 5.23.

Theorem 5.22 (Local DMP). Let y, € Vj, be a solution of (5.3.14) with oy; satisfying As-
sumption 5.15. Consider any i € {1,--- ,M}. Then

max g, < max e (5.3.15)
i > min y, . 3.
min g, > min y, (5.3.16)

Proof. We only prove claim (5.3.15). First, similar to Theorem 5.16, we prove sufficient condi-
tions for the DMP. For this, let y, € V}, be a solution of (5.3.14) and let us denote y; = yn(x;),

N
i=1,---,N. Then, y, = > y;¢; and one has
i=1

idijyj =g, 1=1---,N (5.3.17)
j=1
where
di; = ar(e, ) + & (ni @y 01), i=1, M, j=1,--- N
and

g = 0 , i€l M}
" \lgedr . ie{M+1,--- N}
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For nodes i € {1,---, M} we have

b-n-o
/%dszo‘

r

Hence, we can derive for ¢ € {1,---, M}

aii > ar(pi, pi) > €|90i|%,ﬂ >0

and
N b-n-p
Zdij =ar(L,¢;) + & (yns 1, 91) = (¢, i) a, — / Tl ds = (¢, pi)a; >0
Jj=1 T
such that the sufficient conditions for the DMP are fulfilled. Note that these properties are
N
again results of the facts that d‘;’r(yh; i, ;) > 0fori=1,--- N and > ¢; =1in Q. Now,
j=1
for i € {1,---, M} the equation (5.3.17) reduces to
N
> iy =0. (5.3.18)
j=1

Hence, for the verification of (5.3.15) we can follow the same lines of Theorem 5.16 where the
local DMP poperty has been verified for a Dirichlet boundary value problem. O

Remark 5.23. For indices corresponding to the Robin boundary nodes, i.e. x; with
t=M+1,--- N we do not know whether the boundary integral

b-n- o
/Mds
2

r

is positive or not. Since the non-negativity of the row sums (see Lemma 5.6 or [BJK16, Corol-
lary 11]) is necessary for verifying the local DMP the assertions (5.3.15) resp. (5.3.16) can only
be verified for the set of inner nodes {1,--- , M}.

Remark 5.24 (Global DMP). Similar to Remark 5.17, a solution y, € Vi, of (5.3.14) satisfies
the following global discrete maximum principle when Assumption 5.9 and Assumption 5.13

hOld.’
< +

min y, > min vy, .
gty oo Ih

5.3.2.2 Error analysis

In this section, we derive an error estimate for y — y;, where y € H?(f2) is the unique solution
of (5.3.2) and y;, € V}, is a solution of (5.3.14). The mesh-dependent norm is defined by

s S, 2
[0 157= (elola+coll v I+ (gnivv))
The next result is inspired by Theorem 5.18 resp. |BJKR18, Theorem 4|.
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Theorem 5.25. Let y € H?*(Q2) be the solution of (5.3.2) and let y, € Vi, be a solution of
(5.3.14). Then, there exists a constant C' > 0, independent of h and the data of (5.3.2) such
that

o=

Ly = [57<C (e + o {1 b B + Il € 3o B21)? hlylag + Chlylag + 5" (yn: Ty, Li)*.
Proof. The first lines of the proof are the same as in Theorem 5.18. We define
Y—Yn= (Y — Iny) + (Iny — yn) =: wp + ep.
The standard FE-estimate yields
Fwn 115" < Clet || ¢ llose.a P)BIYl20- (5.3.19)
Moreover, we are able to derive
(len 175)? < ar(Tny — y, en) + & (yn; Tny, en)- (5.3.20)

The first term on the right hand side of (5.3.20) can be written as

ar(Iny = y,en) =€ (V{Uny —y), Ven)g + (b V(Iry —y), en)q + (cllny = y),en)q
M)

/ b-n-(Iny —y)es J (5.3.21)
— 5 s.
r

J/
-

(2)

Part (1) can be estimated by

(1) <C(e+ 6 {I b l5on + Il € [80cn A7) hlyl2g Il en 17"
The Hoélder inequality yields for the second part (2)

/b-n-(lhy—y)eh
. 9

ds < C'|| b |Joeorll Iy — ¥ llor|l en [lor -

The application of the trace inequality (Theorem 2.18) and the interpolation error estimate
(Lemma 5.1) result in

I Ly — v llox <l Tny — y l5all Tny — v |11

< C (hlylsd) (B2 15)
< Ch*Plylag
and
1/2 1/2
I en llox <Ilen loall en e - (5.3.22)
The inverse inequality (Lemma 5.2) yields
1/2 _ 1/2
I en e < 712 [l en g

such that we get for (5.3.22)

I en llor < Ch™2 | en [log

5.3.23
<ChY e [T (5:3:25)
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Note that in the last inequality of (5.3.23) we have used

T
coll en 5= (len i)
Consequently, term (2) can be estimated by

/b-n-(Ihy—y)eh
I

: ds < Chlylag | en 7

Altogether, the estimates of (1) and (2) imply for (5.3.21)

i S S
ar(Iny = y.en) < C (e + 6 I b oo + 1 ¢ 3 ocn B°3)* Blylzg | en 7" +Chlylzo |l en [I5 -

Due to the fact that d‘;’r(yh; -,-) is a symmetric, positive semidefinite bilinear form, the Cauchy-
Schwarz inequality yields

& (yns Tny.en) < & (yns Ty, Tny)® | en 7"
Collecting the estimates of (5.3.19) and (5.3.20) leads us to the desired result. O

The following lemma is similar to Lemma 5.19 and yields an estimate for the consistency
error d‘;’r(yh; Iy, Iny). A similar proof can be found for instance in [LohSP19, Theorem 4.72].

Lemma 5.26. For all z, € Vj,, 2 € C(Q) we have
di (20 Inz, 1nz) < Clet [ b lloseg bt | ¢ oo h*)|Inz[3 .

Proof. Note that
b-n -0
@il = ‘/5V% Vi + (b V)) @i + cpip; de — / % ds
o r
<elpilirleilirt | b lloson l@ilir | o llor + 1l ¢ llocnll @i llozll ¢;
+ I flocorll @i

0,1

O,AiﬂAjﬂFH 90] HO,AiﬂAJ’I"IF .

Now, we estimate the diffusion coefficient dfj with the help of the trace inequality (Theorem
2.18).

i< Y (clahurlesrt lellosell @i ol @5 llor

TeTh wi,0;€T

+ I b oo, {I0
+ Cr [ b [lo,co2 {Il ¥ llo,aina;nrll ©;
< C (et || b [looo,0 bt || € llossa B) -

v L ej llor +lejlir | @i llor}

O,AiﬁAjﬁF}>

The rest of the proof goes along the same lines as in Lemma 5.19. O]
The combinition of Theorem 5.25 and Lemma 5.26 leads us to the next result.

Corollary 5.27. In the convection-dominated case, i.e. ¢ <|| b |jo.c00 b we obtain

s 1
Iy —wn Il < Chz |y |

2,0 -
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5.4 Application on the adjoint equations

The application of the AFC method to the adjoint equations corresponding to (Pf), (F,), (PMY)

S
and (Pr) goes in the same way as in Section 5.3. Now, we consider the adjoint equation of

(Py), (By), (PMY) which has for an arbitary right hand side g € L*(Q2) the form

S

a(y,p) = (9:¥)a Vi € Hy(Q) (5.4.1)
and the adjoint equation of (Pr), i.e.
ar(¥,p) = (9,¥)a VY € H'(Q). (5:4.2)

In the following, the superscript ad emphasizes that we should consider the adjoint equation.
Moreover, the superscript I' indicates the necessity to consider the adjoint equation of the Robin
boundary control problem (Pr). The Galerkin formulations of (5.4.1) resp. (5.4.2) are given by

a(Yn,pr) = (g, ¥n)a Vi € Vio (5.4.3)

and

ar (Y, pr) = (9:¥n)o Vibn € Vi (5.4.4)

The entries of the stiffness matrix corresponding to (5.4.3) are given by a;; = a(y;, ¢;) resp.
the entries of the stiffness matrix corresponding to (5.4.4) are given by a;; = ar(p;, ;). The
artificial diffusion matrices are defined by (5.2.9).

Remark 5.28 (Existence of discrete solutions / Discrete maximum principle). According to
(5.4.3) resp. (5.4.4), the corresponding variational formulations of the stabilized equations are
similar to (5.3.5) resp. (5.3.14). Hence, regarding Theorem 5.15, the claim of the existence of a
discrete stabilized solution holds when the continuity assumption on the flux limiter (Assumption
5.9) is satisfied. For the proof, we refer again to Theorem 5.11. Moreover, the fulfillment of
the local DMP property by a discrete stabilized solution p, can be verified in the same way as in
Theorem 5.16 (Dirichlet boundary condition) resp. Theorem 5.22 (Robin boundary condition)
when Assumption 5.15 is satisfied. Global discrete mazimum principles (see Remark 5.17 and
Remark 5.24) are also valid when Assumption 5.9 and Assumption 5.15 hold. Due to the fact
that Section 5.5 can be transferred analogously to the adjoint equations (5.4.3) and (5.4.4), we
keep the following sections briefly.

5.4.1 Dirichlet boundary condition

The variational formulation of the AFC stabilization corresponding to the adjoint equation
(5.4.1) is given by: Find pj, € Vj, o such that

a(n, pn) + A (pr; pr, ¥n) = (9, ¥n)a Vn € Vig (5.4.5)
where d¢?(-; -, +) is defined by (5.2.24).

Theorem 5.29. Let Assumption 5.9 on the flux limiters oy; be satisfied. Then, the equation
(5.4.5) admits a solution py, € V.

Theorem 5.30. Let p € H*(Q)NH} () be the solution of (5.4.1) and let p, € Vi, be a solution
of (5.4.5). Then, there exists a constant C' > 0, independent of h and the data of (5.4.1) such
that

1
I =pu 13'< C e+ G I [fcn + I € 5000 B7})? hlpl2a + di (915 Lup, Tnp)

where the mesh-dependent norm || - |34 is defined by

=

2

10 %= (el +co l % I +diomi v ).
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Due to the fact that the entries of the diffusion matrix D are symmetric, i.e. d;; = dj; the
consistency error estimate for the state equation (see Lemma 5.19) also hold for the consistency

error d(pp; Inp, Inp)-

Lemma 5.31. For all z;, € Vj, z € C(§2) we have
dzd(zh;fhz,fhz) S C <€+ H b HO’OO’Q h+ H C H&OO,Q h2) |Ih2’iﬂ.

Corollary 5.32. In the convection-dominated case, i.e. € K|l b |l0.c0,0 h we obtain

1
Il p—pn I3°< Chz || p |20 -

5.4.2 Robin boundary condition
For the adjoint equation (5.4.2), the stabilization method is given by: Find p, € V}, such that

ar (Vn, ) + &5 (pr; pr ¥n) = (9, ¥n)a Vo € Vi (5.4.6)
where d2*"(-;,-) is defined by (5.2.24).

Theorem 5.33. Let Assumption 5.9 on the flux limiters oy, be satisfied. Then, the equation
(5.4.6) admits a solution py, € V},.

Theorem 5.34. Let p € H%(Q)) be the solution of (5.4.2) and let p, € Vi, be a solution of
(5.4.6). Then, there exists a constant C' > 0, independent of h and the data of (5.4.6) such
that

a — 1 a 1
1P =pu I3 <C (e + i I b [§oon + | € I8 00 A°3)* hlplog + d™ (pu: Lup, Lip)?

where the mesh-dependent norm is defined by

1

4 15T (el + co 6 1o+ (oni 1))

For the same reasons as in Lemma 5.31 the proof of Lemma 5.26 can be applied to verify
the following consistency error estimate.

Lemma 5.35. For all z, € V}, and z € C(Q2) we have
& (2ps Inz, Inz) < C (e+ || b [loon b+ || € oo B2) [Inz]iq-

Corollary 5.36. In the convection-dominated case, i.e. € <|| b |l0.c0,0 h we obtain

1
Ip=pu " < Ch2 |l p ll20 -

5.5 AFC limiters

In this section, we introduce the construction of the Kuzmin limiter and the BJK limiter. The
construction corresponds to a linear boundary value problem with Dirichlet boundary condition.
However, by adjusting the indices the following definitions and results can be transferred to a
linear boundary value problem with Robin boundary condition (see Section 5.2.5). For detailed
information on the general design principle of the limiters we refer to [BJK16, Lemma 6]. We
remark that for reasons of a better convergence behavior and implementation, many modified
variations of the originally Kuzmin limiter resp. BJK limiter have been developed. For instance,
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in [BadBon17| differentiable resp. regularized limiter have been constructed such that Newton-
like solution strategies are applicable. In [Knob21| the author modifies the Kuzmin limiter such
that the DMP is guaranteed on arbitrary meshes. In [Kuz18| a gradient based limiter is derived
such that a higher order of convergence is obtained. Further information on other limiters and
their modifications can be found for instance in [Kuz10|, |[BJKR18|, [Loh19|, [LohSP19| and
|JThaTh20]. In the following, we show the design for both types of limiters (Kuzmin/BJK) and
verify that Assumption 5.9 and Assumption 5.13 are satisfied such that the local resp. the
global DMP property holds. Furthermore, we discuss the meaning of the linearity-preserving
property of limiters. In this context, we mention the numerical results in [BBK17| and [BJK17]
which suggest a better convergence behavior when the limiter possesses the linearity-preserving
property (see also [Kuzl2, Section 7]).

Assumption 5.37. The limiters a;; possess the linearity-preserving property, if
aij(z) =1 for z€ P (R?), i=1,---,M, j=1,---,N.

The construction of the following limiters is generally based on |[BJK16|, [BJK17|, |[BJKR18|,
|Kuz12| and |Kuz12/2|. We start with an introduction to the Kuzmin limiter.

5.5.1 Kuzmin limiter

The design of the Kuzmin limiter starts with the definition of the following values. For i =
1,---, N we compute

+ . + + . —
Pi = ij Qz = E ij
JES; JES;
aji<ag;
- . — - . +
Pi'_ ij Qz '—_E ij
JES; JES;
ajiSag;

where f;; := d;;(z; — z;) are the fluxes, f;; = max{0, fi;}, and f;; = min{0, f;;}. Then, one
defines fort =1,--- | N
+ —
Rf = min{l,%ﬂr}, R = min{1,%}. (5.5.1)

If Y =0o0r P =0, we set R :=1resp. R; := 1. Furthermore, at Dirichlet nodes, we also
set

Rf:=1, R =1 i=M+1,---,N. (5.5.2)

)

Then, for any ¢,j € {1,--- , N}, i # j with aj; < a;; the Kuzmin limiter is defined by

Q5 = 1 if fij = O, (553)
Ry if fi; <0

]

with aj; := ay;. In [BJK16, Theorem 3| and |[BJKR18, Lemma 4] it is shown that the Kuzmin
limiter satisfies the continuity assumption (Assumption 5.9). Note that a proof corresponding
to the satisfaction of Assumption 5.9 will be performed in Lemma 5.38 for the BJK limiter.
However, the proof can be transferred to the Kuzmin limiter as well. Moreover, when the
entries of the system matrix satisfy

min{aij,aﬁ}go, izl,"',M, j:].,"',N, Z?é] (554)



then, |[BJKR18, Lemma 5| yields that the Kuzmin limiter satisfies Assumption 5.13 so that
the local and global DMP hold. However, it is worth to mention that (5.5.4) does not hold on
arbitrary meshes. In detail, Barrenechea et al. discuss in [BJK16, Remark 14| that (5.5.4) is not
guaranteed for so-called non-Delaunay meshes, i.e. for meshes which contain obtuse triangles
with angles bigger than 7. In [Knob21]| the author provides a modification of (5.5.3) so that the
local DMP property holds on arbitrary meshes. As we have mentioned in the introduction of
this section, the satisfaction of the linearity-preserving property (Assumption 5.37) may leads
us to a better convergence behavior of the AFC method. Hence, in the next section we will
introduce a linearity-preserving limiter.

5.5.2 BJK limiter

Similar to the Kuzmin limiter, the design of the BJK limiter is initiated by the definition of

the following values. For i = 1,--- | N we compute
Pri=> "1 Qf = qi(zi — ™) (5.5.5)
JES;
Pr=) [y Qi = iz — 2™ (5.5.6)
JES;

where again f;; = d;;(2; — z;) and

max .__ min ,__ : e
2" = max z;, 2= min z;, ¢ =" 5 d;j
JjES;U{i} JES;U{i} 4
JES;

with fixed constants 7; > 0. The quantities R} and R; are defined by (5.5.1) and (5.5.2).
Then, for i,5 € {1,--- , N}, i # j we set

Ry if f; <0
and finally
Qi = min{dij, d]l} (558)

The next result shows that the BJK limiter is continuous and fulfills the sufficient condition
for the local DMP property. The following proof can also be found in [BJKR18, Lemma 6.

Lemma 5.38. The BJK limiter satisfies Assumption 5.9 (continuity) and Assumption 5.13
(local DMP).

Proof. We start with the verification of Assumption 5.9. It sufficies to show that &;;(2s)(z; —2;)
is a continuous function of z, € Vj, with z; := z,(x;), ¢ = 1,--- , N. For this, let us consider
fij(zn) > 0 and d;; < 0 since the case d;; = 0 leads to a;; = 1. Due to d;; < 0, we have z; > z;.
We thus get fi;(Z,) > 0 for functions Z, in a neighborhood of zj,. Using definition (5.5.7) we
obtain

Q;r} B min {Pﬁ, Qf}

i ] i

: P+ _ -
with P = E e
kES;
k#j
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The numerator and the denominator are continuous functions and by virtue of f;; > 0 the
denominator is positive in a neighborhood of z,. Consequently, &;; is a continuous function at
zp,. In the case f;;(z,) < 0 we obtain with z; < z;

Q- min{ - P, —Qi_} _ Z
&i-(zh):R;:min{l, 1}: _ with P~ =S fr.
! PZ |fl]‘ - Pz kes;

ki
Hence, we can conclude in the same way as for f;;(z,) > 0. The last case is f;;(z,) = 0 which
leads with the help of (5.5.7) and d;; < 0 to &;;(21)(z; — 2;) = (2; — z;) = 0. The boundedness

of a;; € [0,1] yields
aij(2n) (2 — Z) = 0
as Z; — Z;. Finally, the BJK limiter satisfies Assumption 5.9.

Now, we prove that the BJK limiter satisfies Assumption 5.13. For this, we assume that z;,
i€{l,---, M} is a strict local extremum of z = (z1,--- , zx). Then, we have to prove

CLij + (1 — min{dij(zh), &ji(zh)})dij S 0 Vj S SZ (559)

If d;j = 0, then a;; < 0 and hence (5.5.9) holds. Now, let us assume that d;; < 0 and z; > z;
for any j € S;. Then, fi; > 0 and 2™ = z; so that P." > 0, Q = 0. Hence, &;; = R = 0.
Combined with the fact that a;; + d;; < 0 we obtain (5.5.9). The proof of the case z; < z; for
any j € S; goes in the same way. Thus, the BJK limiter satisfies Assumption 5.13. m

5.5.3 Linearity-preserving property

As we have mentioned the linearity-preserving property suggests a better convergence behavior
of the AFC method. Now, we see that for the BJK limiter the linearity-preserving property
holds. In |[BJK17, Section 6| the authors show that the validity of Assumption 5.37 is ensured
when

Q:— > ‘P7L+ for fij > 0, Qz_ < ‘Pi_ for fij <0 (5510)
hold. Moreover, the authors illustrate that if 2 € P;(R?) satisfies

Zi — 2N < (2 — ), 2P 2 < iz — 2 (5.5.11)

(]

for appropriate constants ; > 0, then (5.5.10) is valid. Hence, the constants ~; will be adjusted
in such a way that the linearity-preserving property holds. Note that by changing the sign
of the function z the first inequality of (5.5.11) implies the second. Thus, it sufficies to use
constants such that

zi — 2 < (2P — ) Yz € P(R?). (5.5.12)

)

In the case where the patches A; are symmetric with respect to the vertex x;
|BJK17, Lemma 6.1] yields that (5.5.12) holds with «; = 1. In the case of general patches A;
|BJK17, Theorem 6.1] yields that inequality (5.5.12) holds, when
max |z; — ;|
$368A1

h= dist(z;, OAF™)’

where A" is the convex hull of A; and OA{*™ its boundary. The next result shows that the
BJK limiter is linearity-preserving under the assumption that the constants ~; fulfill condition
(5.5.12). A proof can also be found in |[BJKR18, Lemma 7.

i=1,--,M
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Lemma 5.39. Let ~y; fori=1,--- M fulfill (5.5.12). Then, the BJK limiter (5.5.8) satisfies
Assumption 5.37.

Proof. Let i € {1,---,M}. Tt sufficies to verify that for any z;, € P;(R?), one has R} (z;,) =
1 = R; (zp,). Using condition (5.5.12), we obtain

P = Z dij(z; — z) < Z dij (2" — z) < Z digyi(z — ™) = QF

JES; JES; JES;
2j<z;
and hence R;” = 1. Similary, one obtains R; = 1. O

6 Coupled formulation of optimality conditions
and AFC discretization

In this section, we provide a discretization concept corresponding to (P), (B), (PMY) and

(Pr). In the context of the optimize-then-discretize-approach we will obtain for each problem a
coupled and discretized system. For this, recall that in the optimize-then-discretize-approach,
first the optimality conditions are derived on the continuous level. After that, the discretization
will be organized on the derived optimality systems. In this work, the optimality systems of
(Py), (By), (PMY) and (Pr) will be discretized by the AFC method. For detailed information on

S

the analysis of (Py), (B), (PMY) and (Pr), we refer to Section 4. Furthermore, we remark that

in Section 7 resp. Section 8 the following coupled and discretized systems will be analyzed.

6.1 Unconstrained case

Now, let us start with the discretization of the unconstrained optimal control problem

min J/(y,u) := % | v — ya H%a +% | u H(%Q
—eAy+b-Vy+cy=u in (Pr)
y=0 onl

For this, regarding Section 4.1, the unique solution (y,u) of (Py) satisfies the following opti-
mality system

a(g,v) = (@,v)a Vv € Hy(Q)
a($,p) = (§ —ya, ) Vi € Hy ()
p+Au=0 ae. in {2

where p is the corresponding adjoint solution.

6.1.1 Discretized system

Following the optimize-then-discretize-approach, we obtain a coupled and discretized system

a(yn,vn) + &5 (Yn; Yn, vn) = (un, vn)a  Yon € Vi
a(tn, pr) + ds(pn; pr, Yn) = (Yn — Y, n)a Yibu € Vio ¢ (P)
Aup +p, =0 a.e. in )

Note that d5(yn;yn, vn) resp. di%(pp;pn,n) are the stabilization terms introduced in (5.3.5)
resp. (5.4.5).
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Definition 6.1. A pair (yn, up) € Vio X Vi is called solution for (P,{) if there exists a discrete
adjoint solution py, € Vi o such that

a(yn, vn) + 5 (Yn; Y, vn) = (un, vn)a  Yon € Vi (6.1.1)
a(Pn, pr) + & pw; pry Vn) = (Yn — Ya, Yn)a You € Vig (6.1.2)
Aup +pp, =0 a.e. in Q) (613)

18 satisfied.

6.2 Control constrained case

Now, we apply the optimize-then-discretize-approach on the control constrained optimal control
problem

min J°(y,u) := % |y — va ||3Q +% | w H(%Q
—eAy+b-Vy+cy=u inQ (P,)
y=0 onl '

Uy <u <y a.e. in ()
Regarding Section 4.2, the solution (y,u) of (P,) satisfies the following optimality system

a(y,v) = (u,v)q Vv € Hy(Q)
a(,p) = (§ — ya, V)oY € Hy(Q)

1
U= ]P[umub] (—Xﬁ> a.e. in §2.

6.2.1 Discretized system

The coupled and discretized system is given by

a(yn, vn) + d5,(yn; yn, vn) = (un, vp)o Yon € Vi
a(Vn, pr) + 2 (pw; rs Vn) = (Y — Ya. Yn)a Vb € Vio ¢ (PF)
Up = Plug ) (—%ph) a.e. in

Definition 6.2. A pair (yn,un) € Vio x L*(Q) is called solution for (P?) if there exists a
discrete adjoint solution p, € Vi, o such that

a(yn, vn) + d5,(Yn; Yn, vn) = (un,vn)a  Yon € Vig

a(Vn, ) + dr(pn; Dry V) = (Y — Ya, Yn)a  Yn € Vig (6.2.2)
1
Up = Py ) (_Xph> a.e. in ) (6.2.3)

18 satisfied.

6.3 State constrained case - Moreau-Yosida regularization

As we have mentioned in Section 4.3, the lack of regularity of the measures i, t, complicates
the numerical treatment of (P;). Thus, a direct application of the optimize-then-discretize-
approach on (Ps) is not advisible and currently not realizable. The remedy is to be found in

64



the discretization of an appropriate regularization of (P;) (see Section 4.3.2). In our work,
we use the Moreau-Yosida regularization (PY). Now, the strategy is to construct a solution
(Yn,upn) € Vio X Vio with a corresponding adjoint solution p, € Vo for the Moreau-Yosida
regularization which is also an approximation for the solution (y,u) € Hj(2) x Hj(€) with
p € H}(Q) corresponding to (P,). For this, recall the weak formulation of the optimality

conditions of (PMY) (see Theorem 4.16):

a(Ps,v) = (s, v)q Vv € Hy ()
a(y,ps) = (Us — ya, V)a + (us, ) VY € Hy(Q)
Mg+ ps =0 a.e. in Q

ps = 0 - (max{0,ys — yp} + min{0, s — y,}) a.e. in Q.

(6.3.1)

In the following, we use a different representation of ps. In detail, we use the pointwise projec-
tion formula PP, ,,1(+) given by

]P)[ymyb] (T) = min{?/b? max{r, ya}}'

According to Lemma 2.26, we are able to rewrite the weak formulation (6.3.1) in so far as:

a(s,v) = (U5, v)q Vv € HE ()
a(t, ps) = (s — Ya, Vo + (s, )oY € Hy(Q)
Mis+ps =0 ae. in

s = - (@j(; — P[ymyb] (375)) a.e. in €2.

6.3.1 Discretized system

The optimize-then-discretize-approach yields the following coupled and discretized system

a(yn, vn) + 5 (Yn; Yn, vn) = (un,vp)a  Yop € Vi
a(¢haph) + dzd(ph;phv 77ZJh) = (?Jh — Yd, ¢h)Q + (:u(};w wh)Q v¢h € Vh,O MY

(Pin')
Aup +pp, =0 a.e. in €

) =0+ (Yn — Py, yp(yn)) a.e. in Q

Definition 6.3. A pair (yn,un) € Vio X Vi is called solution for (PYY) if there exists a
discrete adjoint solution p, € Vi, o such that

a(Yn, vn) + dy (Yn; Yn, vn) = (Un,vn)a Yo € Vi (6.3.2)
a(Wn, o) + i (pn; oo on) = (Un — yas vn)a + (0. ¥n) o, Vo € Vi (6.3.3)
Aup +pp, =0 a.e. in (6.3.4)
1 =0+ (yn — Py (vn)) a.e. in Q (6.3.5)

1s satisfied.
6.4 Control constrained case with Robin boundary control

Apart from the optimal control problems with distributed control, we apply the optimize-then-
discretize-approach on the following control constrained optimal control problem with Robin
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boundary control.

min J'(y,u) = 3|y —vall3o+3 [ ull3r

—eAy+b-Vy+cy=0 in
(Fr)

b-n-y
2

ul <u<wu ae onl

=u onl

Eany -

Section 4.4 provides that the solution (y, @) of (Pr) satisfies

ar(g,v) = (@,v)r Yo € HY(Q)
ar(¥,p) = (1 — ya, V)oY € H'()

1
u = ]P)[ur,ull:] <—X]§> a.ec.on

<

where p is the corresponding adjoint solution.

6.4.1 Discretized system

The optimize-then-discretize-approach yields the following coupled and discretized system

ar(yn, vn) + A3 (yn; yn, vn) = (up,vn)r You € Vi,

ar (Y, pr) + &2 (pr; pry n) = (Un — Ya, Yn)a Vibn € Vi, ¢ (Pr)
ry (—%ph) a.e. on I

ul up

Up = ]P)[
Note that the stabilization terms dZ’F(yh; Y, Up) TESP. dzd’r(ph; Ph,¥n) have been introduced in
(5.3.14) resp. in (5.4.6).

Definition 6.4. A pair (yn,up) € Vi x L*(T) is called solution for (P}) if there exists a discrete
adjoint solution py € Vi, such that

a(yn, vn) + & (Yn; Y, vn) = (un, vn)r Yo € Vi, (6.4.1)
a(tn, pr) + v (pri prs ) = (yn — ya, Yn)a Vibn € Vi

1
un = Ppr o (—Xph> a.e. on I' (6.4.3)

18 satisfied.

7 Abstract formulation

An accurate observation of the discretized systems (P}), (PP), (PMY), and (Pl) yields that the
structure of all systems are quite similiar. In detail, we are able to rewrite the discrete systems
by an abstract operator equation

Khxh = QXh + G in X; (701)

where &), is a finite dimensional Hilbert space, A} its dual, and G' € X}’. The structure of
(7.0.1) guides us to the supposition that the discrete problems can be analyzed in a unique
way. Hence, in the first part of this section we prove for a general framework of (7.0.1) the
existence of a discrete solution x;,. After that, we derive for general coupled systems a L?-error
estimate for the control and the state. We remark that in Section 8, the following abstract
results will be applied for the analysis of (P), (P}), (PMY), and (PF).
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7.1 Existence of discrete solutions

In the following let X' be a Hilbert space with inner product (-, )y and norm || - ||x. Moreover,
let (X, | - ||lx,) with &, C X be a finite dimensional Hilbert space with inner product (-, -)x,
and norm || - ||x,. We consider a functional G € X} and continuous operators K : X, — X

and @ : X, — X}

Assumption 7.1. We assume that the operator Ky, : X, — X is continuous and satisfies
<Khxh,xh),y;7;(h > Ck || xx ||§(h V x5, € X, (7.1.1)

where C'i > 0 is a constant.

Assumption 7.2. We assume that the operator Q) : X, — X} is continuous and satisfies

<Qxhyxh>X*,Xh < CQ H Xh HXh V x5, € X, (712)
h
where Cg > 0 is a constant.

The following lemma yields the existence of a discrete solution x; € &), for the operator
equation

Kpxp, = Qx, + G in &)
Lemma 7.3. Under the Assumptions 7.1 and 7.2 there exists a solution x;, € X}, such that
Kpxp, =Qxp,+ G in X)) (7.1.3)
18 satisfied.
Proof. We define the operator 17" : &}, — &} by
Txy, = Kpx, — Qx, — G.
Assumption 7.1 and Assumption 7.2 imply

(Txn, Xn) xz 2, = (KnXn, Xn) xp 2, — (QXn, Xn) xz 3, — (G Xn) vy 0,
> Ck || %0 113, —Co | %0 llx, — | G|

x| Xn Hxh .

The application of Young’s inequality on the last two terms on the right hand side results in

C c3 Gl
(T xn) a2, 2 Crc || % (13, =5 % I3y, — 5% =~
' ? Ck Cx (7.1.4)
—QWXWAEJG@
= 5 holl g, OK —OK
By virtue of Riesz’s respresentation theorem (see Theorem 3.1) we get
(Txn, %Xn) x, = (TXn, Xn) a7 2, - (7.1.5)

Hence, for all x;, € &), with

2(C3+11G
Ck

2 >
.
Xh

| xn ||, >
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it holds
(TXh, Xh)Xh >0

with respect to (7.1.4) and (7.1.5). Lemma 5.8 yields the existence of a solution X, € X}, such
that

T}Zh =0 in Xh.
Again, the application of Theorem 3.1 implies
T}_(h =0 in X,;k

and consequently the desired result. O]

7.2 General error estimates for coupled systems

Let G be Q or the boundary I'. In the case where G = €, let X = H}(Q2) and X}, = Vj,, the
Finite Element space of P; Finite Elements, introduced in Section 5.1. In the case G =T, let
X = HY(Q) and X}, = V},. For the several cases of G we use the corresponding product spaces
X =X x X and &), = X}, x X;,. Now, we introduce operators, sets and spaces which will be
used in this section. Initially, let U C L?(G) be a nonempty, closed and convex set. We consider
an operator K* € £(X, X*) with the corresponding adjoint operator K := (K*)* € L(X, X*)
where £(X, X*) denotes the set of all linear and continuous functionals from X to X*. Moreover,
we consider G € X™*, operators Diy - Xy — L(Xn, X5), Dy« Xp — L(Xp, X)), continuous
operators

Z:CQ)—=U, R:CQ)—C(1Q)
and constants 8,6 € R>( such that

§—0>0.

We assume that the following continuous problem possesses a solution (y,u) € (X N C(Q2)) x
L*(G) with a corresponding adjoint solution p € X N C(Q) such that for all (v,79) € X the
system

<K5y7 U>X*,X - (U, U)g
d

Kp, ) xex = (6-y =0 Ry, ¢)a+ (G, ) x+x
u=/Zp ae. ing
M +pw—u)g>0 YweU

(P)

is satisfied. In addition to the continuity assumption, the operator R satisfies the following
condition.

Assumption 7.4. The operator R : C(Q) — C(Q) is Lipschitz continuous in so far as: For

z,2 € C(QQ) we have
(Rz — Rz,v)a <| z—Z |loall v oo Vv e C(Q).
Furthermore, we assume that for z € C(Q)

| Rz joo< Cr

where Cr > 0 1s a constant, independent of z.
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Remark 7.5. For varying 9, 3, G,Z, R, and U, the continuous problem (P) corresponds to the
optimality systems of (Py), (Py), (PMY), and (Pr). We will return to this discussion in Section
§.

Now, let us consider the discrete counterpart to (P). We assume that there exists a solution
(yn,un) € X x L*(G) with a corresponding discrete adjoint solution pj, € X} such that for all
(vp, ¥p) € A the system

(KYn, vn)x= x + Dy, Yn, vn) x5, = (Un, Vn)g

(K pp, ) x+ x + (D&pn, Yn) xz.x, = (8- yn — 0 - Ryn,Un)a + (G, n) x+ x
up = Zpp, a.e. in g

(Aup +pr,w —up)g >0 YweU

(Pn)

is satisfied. Now, according to (P) and (P,), we derive a general L?-error estimate for the
differences y — vy, and v — uy, with respect to the following auxiliary problem. For this, let us
assume that (ys,us) € Xj, x L*(G) with p, € X, solves (P,). Moreover, we assume that there

exists a solution (7,p) € X N (C(2) x C(2)) such that for all (v,9) € X the system

(K*y,v)x+ x = (up,v)g

A~ Paux
(K9, p)x« x = (0 - yn — 0 - Ryp, ) + (G, ¢>X*,X} ( )

is satisfied.

Lemma 7.6. Let Assumption 7.4 on the operator R be fulfilled. Furthermore, let (y,u)_e
(X NC(Q)) x LAG) be a solution of (P) with a corresponding adjoint solution p € X N C ().
Moreover, let (yn,ur) € X5, X L*(G) be a solution of (Py,) with a corresponding adjoint solution

pn € Xp. The pair (g,p) € X N (C(Q) x C(2)) solves (Puuz). Then, we have

A §—0 _ : _
M=o+ g =y B < C =5 26 +Cn |~ 7 oo
52 N
+ 20— 9) | yn — 0 H(2),Q
where C, Cg > 0 are constants.
Proof. First, we consider the variational inequalities
M+pw—u)g>0 YwelU (7.2.1)
and
(Auh + Ph, W — uh)g >0 Ywel. (7.2.2)

Note that u = Zp € U and uj, = Zpy, € U. Hence, by virtue of (7.2.1) and (7.2.2), we are able
to derive the inequality
Miun =56 < (pn—p,u —un)g
= (ph - ]57 u— 'Lbh)g + (ﬁ —Dbu—= Uh)g : (723)

N / (\ /

-~

i) @)
For (1), Young’s inequality yields

(pr — Dy —un)g <|| pr — D llogl un — u |log

B A
<Cllpn—7llog t3 | un—u§g -
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For the second term (2), we get by using the equations of (P) resp. (Piuz)

(ﬁ —p,u—= Uh)g = <K8y - Ks@;ﬁ _p>X*,X
=(y—7, (K°)'Dp— (K*°)"p)x x~
— _ ~7Kadpv o Kadp .
(y—u A )X x N (724
= (0 (yn—y) =0 (Ryn — Ry),y — §)a

=0-(Wn =Y,y =Yoo =0 (Ryn — Ry,y — §)a.
() (@)

For (3), we obtain by inserting the discrete solution yj,

- (uh—vy—Pa=0-Wh—v,¥y—Un)o+0-(Un— Y, Y — 9o
<=5un—vyllea+lyn—y ool vn — 7 llog -

For (4), we get
0 (Ry— Ryn,y — §)a =0 - (Ry — Ryn,yn — 7)o + 0 - (Ry — Ryn,y — yn)a
<OCR | yn — 3 oo +0 [l v —wn 30

where we have used for the first term the uniform boundedness of R and for the second term
the Lipschitz continuity of R (see Assumption 7.4). Hence, we can derive for (7.2.4)

(5 —pyu—un)g < (0=0) |l yn =y 5.0 +0 [l yn = ¥ lloall vn = § lloe +6Cx [l yn — 7 llo -
Collecting and rearranging of the estimated terms (1), (2) yields for (7.2.3)

A 2 . . _
5 lun=wullog +0—=0) lyn =yl < Cllpn =5 llog +Cr [l yn = llo

+0 [l yn =y lloall yn — 7 lloo -
Consequently, Young’s inequality (2.2.4) implies with v =9 — 6>0
A

3 lun =g+ =8) I yn =y 50 < C I =5 56 +0Ck || s~ 7 llne
+ “;5) Ly =y [2a +2<55—i5> I9n = 9 ll60
and finally
% = g+ 3 = e < C llom =g +0Cr |l 31— 7 oo
+2(55—i3) lon =3 IR

]

We note that in the next section an estimate for || y, — ¥ |joo and || pn — D |lo,g Will be
provided for a specific framework of (P,) and (P,,.) such that the cases (P/), (PY), (PMY),
and (P}) are covered. The application of Lemma 7.6 and the results of the following section
will be demonstrated in Section 8.
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7.2.1 Auxiliary error estimates

As we can see in Lemma 7.6, the estimate depends on || p, — D |log and || yn — 7 ||o,o Where

(7,P) is the auxiliary solution of (P,,,). In the following, we derive for 8,6 € Rso with 6 —6 > 0
and G = Q resp. G = I' an auxiliary error estimate for p, — p and vy, — 7 in the L?-norm. For
this, let us recall the introduced auxiliary problem (see Section 7.2)

(K*7,v)x+ x = (un,v)g (
(K5, ) xe x = (8- yn — 0 - Ryn, ¥)a + (G, %) x+ x

where u, = Zp, a.e. in G. Note that (y,,up) € X;, x L*(G) with p, € X, solves for all
(vn, Y1) € A the discrete system

Paur)

(K*Yn, vn)x= x + Dy, Yns vn) x3.x,, = (Un, Vn)g

(K“pp, bw) x+ x + (D3pp, thn) x:.x, = (0 - yn — 0 - Ryn, Un)a + (G, n) x+ x
up, = Zpp, a.e. ing

(Aup +pr,w —up)g >0 Yw e U

(Pn)

As we have described in Section 7.2, the discretized systems (P}), (P}), (PNY), and (Py)
can be expressed uniformly by (P,) where the several problems are obtained by varying the
definition of G, 9, 5, Z,R, and U. First, we derive an auxiliary L?*(Q2)-error estimate for the
differences §j — y, and p — pj, in the case G = Q such that the systems [(P}), (P?), (PMY)] are
covered. After that, we derive an auxiliary L?-error estimate for the case G = T such that (P})
is covered.

7.2.1.1 Auxiliary result for G = ()

According to Section 7.1, for the investigation of (P/), (PP), (PMY) we set X}, = Vi C
H}(Q) =X and &), = Vo x Vo C X = H}(Q) x HL(Q) where X is equipped with the norm

I (g, p) = /1yt a + [Pl o
The finite dimensional space A, is equipped with the norm

- =l Ml
Throughout this section we consider the following operators:

o K* e L(X,X*) defined by

(K*y,v)x x = a(y,v)
o (K°) = K € £(X,X") defined by

(K*p, ¢)x- x = a(y, p)
e G € X* defined by

<G7 1/}>X*,X = (_ydv 77D)Q
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° D(s.) : X — L(Xp, X)) defined by
wy, — Dy, € L(X, X;)
and
<Dz;hyhavh>X;;,Xh = d (Wh; Yn, Un)
o D?f)i : X, — L(Xp, X)) defined by

Wy, DZ}C}ZL S ;C(Xh,XZ)
and

(D2 p, n) xz x, = di (Wi pr, )

Note that (5,5 € Ry with 6 — 6 > 0 are fixed constants. In the following, we consider the
general Problem (P,) which corresponds for specified 8,6 € Rsq to (Pf), (P?), and (PMY). For
the next results it is helpful to remark that the state and the adjoint equation of (F},) can be
written as

a(yn, vn) + dj, (Yn: Yn, vn) = (un,vn)gq  Yon € Vi

. (7.2.5)
a(Pn, pr) + A (pr; pryWn) = (0 - yn — 6 - Ryn, Yn)a — (Was ¥n)gq  Yon € Vio.
(Puuz) can be expressed by
a(y,v) = (up, v Yo e HY(Q
(y ) ( h )Q 0( ) (7.2.6)

a(t,p) = (6 -yn — 0+ Ryp, ¥)a — (ya. V) Vb € HY(Q).

According to Section 5.3 resp. Section 5.4, the state (adjoint) equation of (7.2.5) is the cor-
responding stabilized equation for the auxiliary state (adjoint) equation of (7.2.6). Before we
start with the error analysis between (P,,.) and (P,), we derive H?({2)-a priori estimates for
the auxiliary solution (7, ). The meaning of these estimates will become apparent in Section
8.

Lemma 7.7. Let G = Q and (yn, un) € X5 X L2(Q) be a solution of (P,) with a corresponding
adjoint solution py, € X,. Then, there exists a unique solution (y,p) € X N (H?*(Y) x H*(Q))
for (Pauz). Moreover, the following H?()-a priori estimates hold:

150 < C 1l un llos (7.2.7)
15 0 < C (61 wn llog +0Cr+ Il yallos) - (7:2.8)

Proof. The operators K* and K are defined by the coercive and continuous bilinear form
a(-,-) on X (see Lemma 3.4). Considering (7.2.5) and (7.2.6), the right hand sides

X22v— (Uh,U)Q (729)
and

X3¢ (6-yn— 0 Ryn,)a — (yar ) (7.2.10)

define linear and continuous functionals on X such that Lemma 3.2 (Lax-Milgram) yields
the existence of a unique solution (g,p) € X. Theorem 3.8 yields the H?(Q)-regularity, i.e.
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(g,p) € X N (H*(Q) x H*(Q)). By estimating (7.2.9), we obtain again by virtue of Theorem
3.8 the H*(Q)-a priori estimate

19 [l20< C [ un llog -

By means of Assumption 7.4 on the operator R, we can derive the H?(Q2)-a priori estimate

17 l2.0= € (6 wn oo +6Ch+ | a o) -

U

The next result is inspired by Theorem 5.18 resp. Theorem 5.30 and provides auxiliary

error estimates for the differences § — y;, and p — py, in the mesh-dependent norm || - |5 resp.
I 115

Lemma 7.8. Let (yp,up) € X x L2() be a solution of (Py) with a corresponding adjoint
solution p, € Xj,. Moreover, let (§,p) € X N(H?2(2) x H*(Q)) be the unique solution of (Pays)-
Then, we have

- s _ 1o s |
19— yn [R<Ce+ ' {I D Bocq + I € 5000 h*H)20IGl20 + di(yn; 17, 1n§)*

and

N[

- a _ 1o a U
15— pn 1'<Ce + g Il b B + 1| € I8 A1) ZRIBl2g + di (b 1np, 1np) .

Proof. We illustrate the proof for § — y,. The proof for p — p, goes along the same lines. We
start by defining

Y—yn =9 —1ng) + (Ing — yr) = g + €n.
Note that dj (yn; qn, qn) = 0. Hence, the standard FE-estimate yields
Iqn < Clet || ¢ lloses h)RIT]20- (7.2.11)
Similar to Section 5.3.1.2, we are able to derive

(I en 117)? < alen, en) + di,(yn; en, en)
(un,en)o
= a(Ing, en) + dy (yn; 107, en) — Ea(yh, en) + d5 (Yn; Yn, eh)y (7.2.12)
= a(Ing, en) + dj,(yn; 1n, en) — a(y, en)
= a(lng — ¥, en) + dy,(yn; In7, en)

where we have used the state equation of (7.2.5) and the auxiliary state equation of (7.2.6).
The first term on the right hand side of (7.2.12) can be estimated by

a(lnj —g.en) < Cle+ g {I b 5 ocn + Il € l50cn H* D) 2RIFl20 I en |5 - (7.2.13)

Due to the fact that d; (ys; -, ) is a symmetric, positive semidefinite bilinear form, the Cauchy-
Schwarz inequality yields

N < 1 RNt
dy (Yn; Ing, en) < dj(yn; €n, en)2dy, (yn; InG, 1ny)2

o) (7.2.14)
< d; (yn; InG, 1ny)2 || en ||y, -

Collecting (7.2.11), (7.2.12), (7.2.13), and (7.2.14) we obtain the desired result. O
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Corollary 7.9. Let (yn,un) € X5, x L2(Q2) be a solution of (P,) with a corresponding adjoint
solution py, € X,. Moreover, let (§,p) € X N(H?*(Q) x H?(Q)) be the unique solution of (Payuz)-
Then, we have in the convection-dominated case, i.e. € K[| b {0000 P

- B - 1o .
| 7= un < Ch|| 7§ |l2.0 +CR2 13|10
and
~ a ~ 1 ~
15— pn 1< Ch || B ||l +Ch2|Iyp|10-

Proof. According to Lemma 5.19 resp. Lemma 5.31, the consistency errors d§ (yn; [, Iny) resp.
d%(pp; Inp, I1,p) can be estimated by

& (yn; 1, 1) < Cle+ || b oo bt || € o B8]0
resp.
i (pn; 1np, Inp) < Ce+ || B oo ht || € loss BP0l -

The combination of the above consistency error estimates with Lemma 7.8 leads us to the
desired result. 0

7.2.1.2 Auxiliary result for G =T

In this section, we derive an auxiliary error estimate for the case G = I'. According to Section
72, weset Xp =V, C H(Q) = X and &, =V, x V}, C X = H'(Q) x H(Q) where X is
equipped with the norm

| w0 o= /Iy e + 112 20

The finite dimensional space A}, is equipped with the norm
|- =0l
Throughout this section we consider the operators:
o K} e L(X,X") defined by
(Kty,v)x-x = ar(y,v)
o (K&)* = K&l e L(X,X") defined by
(Kp, ) x- x := ar(¢, p)
e G € X* defined by
(G, ) x+ x = (—yd,@/f)g
o D(S)F : Xp = L(Xp, X}) defined by
wy, — DiE € L(Xy, X;)
and
(va’,l:yh, V) X: X, = dfjr(wh; Yh» Un)
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o DV

1 Xy — L(Xn, Xj) defined by

)
Wy, +— Dfui’r € ,C(Xh,X;)
and

<DZ}C}ZL’th7 wh>X;;7Xh = did’r(wh; Ph, ¢h)

Now, we prove that (P,,,) possesses a solution (7,p) € H?(2) x H?(2). Regarding Section
3.2.1 (Theorem 3.16), we assume uy, € H2(T'). Note that the higher regularity of uy, is sufficient
to obtain the H?(Q)-regularity of . Thus, Theorem 2.17 yields (g,p) € C(Q) x C(Q).

Lemma 7.10. Let (yn,upn) € Xp, X H%(F) be a solution of (Py) with a corresponding adjoint
solution p, € Xj,. Then, there exists a unique solution (7,p) € H%(Q)) x H*(Q) for (Pauz)-
Moreover, the following H*(Q))-a priori estimates hold:

17 llz0 < C [l un |1 p (7.2.15)

17 1.0 < C (81 g oo +Cr+ Il ya o) (7.2.16)

Proof. The operators K3 and K2 are defined by the coercive and continuous bilinear form
ar(-,-) on X (see also Lemma 3.10). Moreover, the right hand sides of (P,,.), i.e.

X 3 v (up,v)r
resp.
X 3 1/}'_> <5yh_(§Ryh7w)ﬂ_ (ydaw>ﬂ

define linear and continuous functionals on H'(Q) such that Lemma 3.2 (Lax-Milgram) yields
the existence of a unique solution (7,p) € X. Theorem 3.16 yields the H?(Q)-regularity, i.e.
(g,p) € H*(Q2) x H*(Q2). Moreover, Theorem 3.16 implies

17 20 C lun [y p

and by virtue of Assumption 7.4, we get

1520 < € (6 n oo +3Ca+ |l va o) -

Similar to Lemma 7.8, we can state the next result. The proof goes in the same way.

Lemma 7.11. Let (yp, up) € X, x H2(T') be a solution of (Py) with a corresponding discrete
adjoint solution p, € Xj,. Moreover, let (§,p) € H*(Q) x H?(Q) be the solution of (Pauz)-
Then, we have

(SIS

5 s _ 1 s o
15— un ;" <Cle+ i I b 3o + | € oo P2 2RITl20 + di* (yn: Ini, 1ni)

and
~ a — 1 ~ a ~ ~\ L
15— 155 <Cle+ g {lI b I ser + Il € 5o P21 2RIBl2g + dp™ (pn; 1, Inp)?.

Similar to Corollary 7.9, the combination of Lemma 5.26 resp. Lemma 5.35 and Lemma
7.11 yields the following auxiliary estimates for the convection-dominated case.
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Corollary 7.12. Let (y, un) € X, x H2(T) be a solution of (P,) with a corresponding discrete
adjoint solution p, € X,. Moreover, let (3,p) € H*(Q) x H*(Q) be the solution of (Payz)-
Then, we have in the convection-dominated case, i.e. € K[| b {0000 P

15 —wn [3°< Ch || § [lo0 +Ch2| 1G] g
and
15— pu I < Ch || B lla +Ch2 |11 0.

Remark 7.13. Regarding Lemma 7.8 resp. Lemma 7.11, we can see that the auxiliary error
estimates depend on 7 resp. p. Lemma 7.7 and Lemma 7.10 provide H*(2)-a priori estimates
for (g,p) which depend on yy, resp. py. Hence, the auziliary error estimates are currently not
useful for the derivation of error estimates for y —y, and u—uy, (see Lemma 7.6). However, in
Section 8 we will see that for a specific setting of the problem (P) resp. (Py) the discrete solutions
Yn, pn are uniformly bounded in the L*(2)-norm. In the case of Dirichlet boundary condition
the control wy, is bounded in the L*(Q)-norm. In the case of Robin boundary condition, we
verify the H%(F)-regulam'ty of up, and the uniform boundedness in the H%(F)—norm. Therefore,
the H?(Q)-a priori estimates of i, p become helpful and the auxiliary error estimates (Corollary
7.9/Corollary 7.12) as well.

8 Application on optimal control problems

In this section, we apply the abstract results derived in Section 7 on the discrete systems (P,f ),
(PY), (PMY), and (P)). First, we verify the existence of discrete solutions corresponding to

(P]), (P?), and (PMY). In the case of Dirichlet boundary conditions [(P}), (P), (PMY)], the
Finite Element framework is different as in the case of Robin boundary condition (P} ). Hence,
we discuss the discrete system (Pl) separately. According to Section 7.1, for the investigation
of (P]), (Pp), and (PMY) we set X, = Vo € HI(Q) = X and &), = Vi x Vio C X =
H(Q2) x Hj(2) where X is equipped with the norm

I (v p) llx= 1/ 19liq+IPli g

The norm on the finite dimensional space X}, is given by

I M=l Ml

8.1 Unconstrained case

Let us start with the coupled and discretized system, introduced in Section 6.1 which corre-
sponds to the unconstrained optimal control problem (Py). The system is given by

a(yn, vn) + d5 (Yn; yn, vn) = (un,vn)o Vo, € X,
a(tn, pr) + A2 (pn; pr, Un) = (Yn — Ya, n)a Yibu € X p (P))
Aup +pp, =0 a.e. in €
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8.1.1 Existence

By means of Lemma 7.3, we start with the verification of the existence of a discrete solution.
For the application of Lemma 7.3, an intuitive strategy is to add the adjoint equation of (P}{ )
to the state equation. Then, after rearranging the terms, the operator Kj can be defined by
the sum of the left hand sides of (P,{ ) and the operator Q + G can be defined by the sum of the
right hand sides. However, following this strategy the operator )+ G does not satisfy condition
(7.1.2) so that Lemma 7.3 is not applicable. Hence, we modify this strategy by considering an
equivalent regularized system of (P/) so that the sufficient conditions (7.1.1) and (7.1.2) for
the application of Lemma 7.3 hold.

8.1.1.1 Regularized system

We regularize the coupled and discretized system (P}{ ) in the following way:

a(yn,vn) + d5,(Yn; Yn, vn) = (un,vn)o Yo, € X,
La(n, pn) + 2dpp; pron) = (Yn — yas¥n)a  Vabn € X p (P7)
Aup +p, =0 a.e. in )

Definition 8.1. A pair (yn,up) € X is called solution for (PI™) if there exists a discrete
adjoint solution py € X, such that

a(yh,vh) + dfl(yh;yh,vh) = (uh,vh)g V’Uh € X, (8.1.1)
1 1 1

X“Wh;ﬁh) + Xdzd(ph;phﬂﬂh) = X(yh —Ya, Yn)a  Vn € Xy, (8.1.2)
Aup +pp =0 a.e. in Q) (8.1.3)

1s satisfied.

Due to the fact that (P/) and (P/"?) are equivalent systems, a solution of (P/") is also
a solution of (P,f ) and vice versa. Hence, the strategy is to apply the theory of Section 7.1
on (P/™) so that we are able to verify the existence of a discrete solution for (P/). The
regularized system can be transferred to the following equivalent operator equation: Find
xp, = (Yn, pn) € Xp, such that

(K+Dp)xp, =Qxp,+G in A} (8.1.4)
where for z, = (vp, ) € &
o (KXp,zn)xex = (KYn, vn) x+.x + (Kp, ) x+ x
o (Dyxn,zn)xz x, = (D5, Yn, Un) x:.x, + (3 D8Ph, Un) x; x,,
(Q%n,2Zn) xr 2, = (—ipmvh)sz + (%yh; Un)a
o (G, Zh>X*,X = _i(yd»@bh)Q
Note that the operators have been introduced in Section 7.2.1.1.

Lemma 8.2. The operator Ky, := (K + D) : X, — A&} satisfies Assumption 7.1 and the
operator Q) := Q) + G defined by

(Qxn, Zn) xx x, = (QXn + G, Zn) x v,

satisfies Assumption 7.2.
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Proof. First, the continuity of the limiters (see Assumption 5.9) implies the continuity of Dj,.
Regarding Section 7.2.1.1, the continuity of K and @ is obvious. Moreover, we have to prove
that K, := (K + D)) satisfies

<Khxh,xh>z\.’;:,)(h > OK || Xp ||-2Xh A Xy € X, (815)

and
<Qxhaxh>X;,Xh < CQ H Xh HX}L VX, € A& (816)

where Ck,Cg > 0 are constants. We start with (8.1.5). For this, let x, = (yn,pn) € X be
arbitrary. The coercivity of a(-,-) and d (yu; yn, yn) > 0 resp. d3(pn; pn, pr) > 0 imply
1

/\dﬁd(ph;ph,ph)

1
(KnXn, Xn) xx x, = a(Yn, yn) + Xa(pmph) + dy (Yns Yn, Yn) +

. €
> min{e, X}(\yh\in + [pali o)
. €
= min{e, 5} [0 [,
For the verification of the second condition we have

(Qxn, Xp)xx x, = (Qxn + G, Xp) 1 x,

1

1 1
= (—Xpm?/h)(z + (th,ph)a - X(yd7ph)ﬂ

1
= —X(ymph)sz

| Ya llogo

< 1194 110,82
<Lvadon
_ || Yd ||0,Q H

A

| 9 llos
< S Ny o+ 1 o

H Yd Ho,ﬂ
< CpT Il xn || 2,

2
0,0

where C), > 0 is the Poincaré constant (see Lemma 2.11). O
Lemma 8.3. There exists a solution X, = (yn, pn) € X, for the operator equation (8.1.4).

Proof. According to Lemma 8.2, the operators K} and )+ G satisfy the assumptions of Lemma
7.3. Consequently, we obtain a solution x; = (yn,pn) € A} such that the operator equation
(8.1.4) holds. O

Corollary 8.4. There exists a solution (yn,un) € X, with a corresponding adjoint solution
pr € Xy, for the reqularized system (pl_{,rg)'

Proof. First, Lemma 8.3 yields the existence of a discrete solution x;, = (yn,pn) € &), for the
operator equation (8.1.4). Due to (8.1.3), we can define a discrete control by u;, = —%ph. Now,
we consider the variational formulation of (8.1.4), i.e.

<(K + Dh) Xhazh>X;{,Xh = <QXh + G, Zh>X[{,Xh A Zp € Xh. (817)

Testing (8.1.7) with z; = (vp,,0),22 = (0,¢5) € X, where vy, 1, € X), are arbitrary, we can
conclude that according to Definition 8.1, the pair (y4, —5pn) € &), is a solution of (P9 with
a corresponding adjoint solution p, € Xj. O]
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As we have mentioned in Remark 7.13, we are also interested in L?(2)-norm estimates of
the discrete solutions.

Lemma 8.5. Let (yn,u) € &), be a solution of (P{"™) with a corresponding adjoint solution
pn € Xp,. Then, we have the following L*(Q)-norm estimates

| un Jloo < Ce (8.1.8)
| yn llog < Cs (8.1.9)
[ 21 lloo < Caa (8.1.10)

where C,,Cy, Cyq > 0 are constants, independent of h.

Proof. We add the regularized state equation (8.1.1) to the adjoint equation (8.1.2) with respect
to (8.1.3) and obtain for all (vj, ) € X,

1 1 1 1
a(yn, vn) + Xa(¢h»ph) + d5, (Yn; yn, vn) + Xdzd(ph;ph, Uy) = (—Xph, Up)a + X(yh — Yd, V).

Now, we set v, = y, and ¢, = pp such that we obtain in combination with the coercivity of
a(-,-) and d; (yn; Yn, yn) > 0 vesp. dy(pu; pa, pn) > 0

C

1
0
co || yn Hgﬂ "‘X | P Hg,ﬂﬁ _X(ydaph)ﬂ' (8.1.11)

Thus, we obtain

1
I 2 o< — 1l e loa=: Cua
Co
and
lun o=l —pn o< ~— I va loa=: C
u =[| - — =: C..
h 110,Q /\ph 0,0> /\Co Yd |l0,Q

By means of (8.1.11), we get for a discrete state solution

1
| yn llo.o< \/)\_CO | Ya llo.o Caa =: Cs.

]

The equivalence of the systems (P"9) and (P/) implies that (y,us) = (yn, —<pn) € Xy is
also a solution of (P}{ ). Hence, we can state the next result.

Corollary 8.6. A solution (yn,us) € X, for (P/") is also a solution for (P!) and the corre-
sponding L*(Q)-norm estimates (8.1.8) - (8.1.10) are valid.

8.1.2 L*(Q)-error estimates

In the following, we derive L?(Q)-error estimates for a discrete solution (yu,us) € &, of (P})
to the solution (y,u) € X N (H?*(QY) x H*(2)) of (Pf). Regarding Section 7.2, we consider the
following specific setting:

Assumption 8.7. We assume that

e G=0)

79



o U=L*N)
ed=1andd=0
e 7:C(Q) — U is defined by
1

Zw = —Xw a.e. in €.

Due to Assumption 8.7, the discretized system (P,,{ ) coincides with the general system (Py,)
resp. (Pf) coincides with (P). Note that the variational inequality

(Aup +pp,u—up)g >0 YuelU
is satisfied by Auy + pp, = 0 a.e. in € resp.
Mi+pu—1a)y>0 YuelU

is satisfied by A\u +p = 0 a.e. in ). Note that we have in the unconstrained case R = 0
resp. 6 = 0 such that Assumption 7.4 holds. Now, by virtue of Lemma 7.6 we can derive the
following L?(2)-error estimate. For this, we remark that the Sobolev embedding theorem yields
H?(Q) — C(Q).

Lemma 8.8. Let (y,u) € X N (H*(Q) x H*(Q)) be the solution of (Py) with the corresponding
adjoint solution p € X N H?*(Q). Moreover, we have the solution (7,p) € X N (H*(Q) x H*(Q))
of (Puuz) and a solution (yn,up) € X of (P,{) where p, € X, is the corresponding discrete
adjoint solution. Then, we have

A ) 1 ) N 1 i
5Huw—u%@+§Hyh—yH&ﬁECpr—p%n+§Hyh—y%@-

Proof. Lemma 7.6 yields for general 5,5 € R>g with 6 — 6 > 0 the estimate

2= 1+ =5 0 < O =5 B+ =5 (5012
2 h 0,02 2 h 0, = h 0,92 2(6 . 8) h 0,92 - e
Setting = 1 and 6 = 0 in (8.1.12) leads us to the desired L?(Q)-norm error estimate. O

According to Corollary 7.9 and Remark 7.13, the next result shows that the auxiliary solu-
tions 7, p are uniformly bounded in the H?(£2)-norm.

Lemma 8.9. Let (§,p) € X N (H*(Q) x H*(Q)) be the solution of (Puyuz). Moreover, let
(Yn, un) € X, be a solution of (P}]) where py, € X}, is the corresponding discrete adjoint solution.
Then, we have

17 20 < C1 (8.1.13)
15 [l2,0 < Co (8.1.14)

where C1,Cy > 0 are constants, independent of h.
Proof. Lemma 7.7 yields the H?(Q)-a priori estimates
17 ll20 < C |l un lloe

and

17 llze < Cll yn llog + 1 ya llog) -

By virtue of Lemma 8.5, we get the desired result. O]
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Due to our huge interest in the convection-dominated case, we combine Corollary 7.9,
Lemma 8.8, and Lemma 8.9 to obtain the following L?(Q)-error estimates corresponding to
the control and the state solution.

Theorem 8.10. Let (y,u) € X N (H*(Q) x H*(Y)) be the solution of (Pf) and (yn,upn) € X
be a solution of (P]). Then, we have in the convection-dominated case, i.e. € <|| b |jo.se0r b

1
Fun = o + [ yn — 7 lloe < Ch2

where C' > 0 is a constant, independent of h.

8.1.3 Numerical results

This section is dedicated to show the results of our numerical tests. On the one hand, for
given data of a test problem, we compute the state resp. the adjoint solution by the Galerkin
method. Here, we will see the occurrence of node-to-node oscillations. On the other hand,
we have applied the AFC method for the computation of stabilized discrete solutions, i.e.
solutions without oscillations. According to the derived L?*({2)-error estimates, we show the
computed L?(Q)-convergence rates for the state solution and the adjoint solution. We remark
that in the following sections, all numerical tests have been performed on a unit square mesh
2 =0,1] x[0,1]. According to the FEM, in Figure 1 we can see the several refinement levels of
the unit square mesh €. For the implementation of the AFC stabilization technique, we have
used the continuous and linearity-preserving BJK limiter, introduced in Section 5.5.2. Due to
the fact that the BJK limiter is nonlinear and non-differentiable, we use an iterative method for
solving the coupled and discretized systems. In the last years, many regularized versions of the
BJK limiter have been developed such that Newton methods can be applied on the stabilized
equations. For detailed information, we refer for instance to [BadBonl7| or |LohSP19|. In
our numerical investigations, the coupled and discretized systems have been transferred to a
relaxed preconditioned Richardson iteration (see |LohSP19, Section 6.2.3]). The method has
been implemented in Python 3. Moreover, we have used the FEniCS package to build up the
stiffness matrices of the bilinear forms of the state equation resp. to build up the stiffness
matrices of the bilinear form of the adjoint equation. In all numerical tests we set

e ¢ — (.001 diffusion coefficient
e b =(1,1) convection field

e ¢ = 1 reaction coefficient

A = 0.5 Tikhonov parameter

tolerance for the residual = 10719,

Grid level | mesh mesh size

1 (4,4) 3.5355¢-01
2 (8,8) 1.7678e-01
3 (16,16) | 8.8388¢-02
' 4 (32,32) | 4.4194e-02
o 5 (64,64) | 2.2097e-02
6 (128,128) | 1.1049e-02
7 (256, 256) | 5.5243e-03

de ez er b a0 8 (512,512) | 2.7621e-03

Figure 1: (16, 16)-mesh (L.h.s.) and grid levels
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8.1.3.1 Test problem

According to Section 6.1, we consider the following unconstrained optimal control problem

min 3 ||y —ya 5o +5 lu 6.0
—eAy+b-Vy+ey=u+[f inQ (P
y=0 onl

where f € L*(Q) is for the first time an arbitrary function which will be specified later in
Section 8.1.3.2. The corresponding optimality system is given by

—Ay+b-Vy+cy=u+f inQ —eAp—b-Vp+cp=9y—1yqg in
y=0 onTl p=0 onTl

AMi+p=0 ae. in Q.

8.1.3.2 Analytical solutions

To review that the iterative method computes accurate AFC solutions, the right hand sides
f,yaq have been adjusted such that the test problem (P}e“) possesses the following analytical
optimal state solution

) p(—(1=21)/0.01) _ ,(~1/0.01) o(—(1=22)/0.01) _ ,(~1/0.01)
y(r1,72) = (xl - (1— 6(_1/0.01)) ) (372 (1-— @(—1/001)) )

and the analytical optimal adjoint solution

) p(—21/0.01) _ (=1/0.01) p(—22/0.01) _ ,(~1/0.01)
p(x1,72) = ((1 —x1) — (1 — e(=1/0.01)) ) ((1 2) )

(1— e(—1/0~01))

Figure 2: Analytical state solution §  Figure 3: Analytical adjoint solution p

Figure 4: Analytical state solution y  Figure 5: Analytical adjoint solution p
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8.1.3.3 Galerkin solutions

Below, we plot the Galerkin solutions computed on a (32,32)-unit square mesh. In Figure
6/Figure 8 and Figure 7/Figure 9 we can see that the Galerkin solutions possess node-to-node
oscillations. A reason for such a behavior is that sufficient conditions for the discrete maximum
principle are not satisfied by the stiffness matrices corresponding to the state and the adjoint
equation. Moreover, standard FEM cannot resolve the narrow region of the layers. As we have
mentioned in the previous sections, we prevent the occurrance of oscillations by the satisfaction
of the DMP property resp. by the application of the AFC method. Hence, in the next sections
we show the results of our numerical test corresponding to the applied AFC method.

Figure 6: Galerkin state solution Figure 7: Galerkin adjoint solution

Figure 8: Galerkin state solution Figure 9: Galerkin adjoint solution

8.1.3.4 Experimental order of convergence

According to Theorem 8.10, we will review L?({2)-convergence rates for the state and the adjoint
solution. For this, we compute the AFC state and the AFC adjoint solution with respect to
the adjusted right hand sides f,y4. For a given mesh size h we compute the L?(2)-errors of

€p -
]fhl

|
<

—Yn
— DPh

Il
3

where ¢, p are the analytical solutions and yp, p, the corresponding stabilized and discrete
solutions computed by the AFC method. The orders of convergence are calculated by the
experimental order of convergence (EOC). For this, let z € X be a continuous solution and
Zn, 2z € X, are the corresponding Finite Element solutions for mesh sizes 0 < h # b/ < 1.
Then, for a given norm || - || the EOC is calculated by

(|l 2 =z ) = ([ = = 2w [
In(h) — In(h)

EOC = EOC(h, b') =
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In Table 4 we see L?(2)-convergence rates for ¢, = i — y;, and k, = p — p,. Since we have
u = —%]5 and u, = —%ph, for a comparison of the theoretical and the numerical results
corresponding to the controls, it sufficies to compare the AFC adjoint solution p, and the
analytical adjoint solution p. The iteration for the first grid level [ = 1 is started with the
zero-state and the zero-adjoint solution. For a grid level [ € {2,--- 7} the start solutions of
the iteration are the interpolated AFC solutions of the previous grid level [ — 1.

Table 4: L?*(Q2)-errors / EOC (P;est)

Grid level | ¢ || en loo | EOC ¢ || en lloa | o || kn lloo | EOC ¢ || En |log

1 1.2548e-01 - 9.5584e-02 -

2 5.9655e-02 1.07 5.4306e-02 0.82
3 3.3926e-02 0.81 2.5750e-02 1.08
4 2.9008e-02 0.23 2.3975e-02 0.1
5 2.2116e-02 0.39 2.0466e-02 0.23
6 1.2117e-02 0.87 1.1621e-02 0.82
7 6.1237e-03 0.98 5.9555e-03 0.96
8 3.2566e-03 0.91 3.1901e-03 0.90

Remark 8.11. As we can see in Table 4, the EOC of the adjoint and the state solution are
nearly O(1). This result does not confirm the theoretical order of O(%) provided in Theorem
8.10. A reason for the higher order of convergence in our numerical test could be that in
the estimation of the consistency errors (see Lemma 5.19/Lemma 5.31) the factors (1 — ;)
have been estimated too roughly by 1. Additionally, the limiters «;; depend nonlinear on the
structure of a solution. In Section 5.5.2, we have shortly discussed the question in which way
the structure of a solution influences the order of convergence, in the context of the linearity-
preserving property of the limiter. For this, recall the numerical tests in [BJK17] where it is
shown that the linearity-preserving property leads to higher orders of convergence in the tests
than the theoretical results predict.

Figure 10 illustrates the behavior of the L?(Q)-errors e;, and kj,. We can see that the L*(()-
errors decrease asymptotically while the grid level increases resp. the mesh size h decreases.

Figure 10: L*(€)-errors behavior (Pj*')

—e— state = ¢,
—s—adjoint = ky,

1071

GRID LEVEL
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8.1.3.5 AFC solutions

In the following, we plot the AFC solutions computed on a (32,32)-unit square mesh. We
can see that the AFC solutions are free of oscillations. Moreover, a comparison of the layers
between the AFC solutions (Figure 13/Figure 14) and the analytical solutions (Figure 4/Figure
5) leads us to the conclusion that the iterative method computes accurate discrete solutions.
Finally, we can state that the AFC method is a remedy to prevent oscillations in the discrete
solutions corresponding to (P}*).

Figure 11: AFC state solution Figure 12: AFC adjoint solution

Figure 13: AFC state solution Figure 14: AFC adjoint solution

8.2 Control constrained case

In this section, we investigate the coupled and discretized system corresponding to the control
constrained optimal control problem (P,). Regarding Section 6.2, we consider the system

a(yn, vn) + 45 (Yn; Yn, vn) = (un, vn)a Vo, € X,
a(Vn, pr) + A8 (pr; Pry V) = (Un — Ya, Yn)a  Yn € Xi p (PP)
up, = ]I”[umub](—%ph) a.e. in

8.2.1 Existence

As in the unconstrained case, the existence of a discrete solution for (P}) cannot be verified
directly since the uniform boundedness of y; in the L?(Q)-norm cannot be ensured from the
above system. Following the strategy in the unconstrained case (see Section 8.1.1.1), the
operator @ + G : &), — X} defined by

1
((Q + G)Xh; Zh)x;;,xh = (P[ua,ub}(_xph); Uh)ﬂ + (yh — Yd, "¢h)ﬂ
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where x;, = (yp,pn) and z, = (vp,¥p) does not satisfy condition (7.1.2) in Assumption 7.2.
Hence, as in Section 8.1.1.1 we regularize (P) so that we are able to apply Lemma 7.3 for the
verification of the existence of a discrete solution.

8.2.1.1 Regularized system

Let k € N be arbitrary. Instead of (PP), we consider the following truncated, coupled and
discretized system

a(Yn, vn) + dj,(Yn; Y, vn) = (un, vn)o  Vop € Xp,
a(Pn, pn) + di(pr; pr ¥n) = (Wi(yn) — ya, vn)a  Vibn € Xn p (PPF)
up = P[umub](_%ph) a.e. in ()

where Wy is defined by (2.2.1).

Definition 8.12. Let k € N. A pair (yn,us) € X, x L*(Q) is called solution for (PY") if there
exists a discrete adjoint solution p, € X; such that

a(yn, vn) + i (Yn; Yn, vn) = (un, vn)a Yo, € X,

a(Vn, pr) + A2 (pr; ory V) = (Wr(yn) — va, Yn)a Vb € X,

1 .
up = IP’[umub](—Xph) a.e. in (8.2.3)

18 satisfied.

Now, the strategy is to solve the truncated system (P;;k) for an arbitrary £ € N. After that,

we will verify that a discrete state solution y;, € Vj, of (P,ll’k) satisfies
\I/k(yh) =1Yn a.ce. in Q

for a k € N which is large enough. First, the system (8.2.1)-(8.2.3) can be transferred to the
following operator equation: Find x;, = (yn, pr) € &) such that

(K + Dh) Xp = Qth + G in X;Lk (824)
where for z;, = (v, V1) € X,
o (Kxp,zp)xs 2 = (K*yn, vn) xox + (Kp, p) x+ x

{
° <thhazh>X;:,Xh = (Dzhyh,vh>xg,xh + <ngph>¢h>xg,xh
o (QrXn,Zn)x; x, = (Pua ) (—520), vn)e + (Vi(yn), ¥n)a
(

° G, Zh>X*,X = (—ydﬂbh)ﬂ-

Lemma 8.13. Let k € N be arbitrary. The operator Ky := (K + Dy) : X, — &} satisfies
Assumption 7.1 and Qr := Qi + G defined by

(QuxXn, z0) x: 2, = (Quxn + G, Zp) e,

satisfies Assumption 7.2.
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Proof. First, for the continuity of the operator K we refer to Lemma 8.2. Due to the Lipschitz
continuity of the projection formula Py,, ,,j(-) and W,(-) we obtain the continuity of Qj :=
Qr + G. The verification of condition (7.1.1) in Assumption 7.1 goes in the same way as in
Lemma 8.2. The proof of condition (7.1.2) in Assumption 7.2, i.e.

<C~2th,Xh>X;;,Xh <Cq |l xnllx, Vxn€Xh (8.2.5)
where C > 0 is slightly different. For this, let x, = (yn, pr) € &) be arbitrary. Then, we have
<Qkxh7 Xh,>X;,Xh = (Qixp + G,Xh)X;:,Xh

= (P[ua,ub](—iph),yh)n + (Y5 (yn), pr)o — (Ya, pr)a

<l yn lloe +C &) [ pa llog + Il ya llogll pr llog

<G (Il I3a+ /I on 1)

< V20l v 1B + Il on 1B

< V2C,Cy || % ||,

where C}, > 0 is the Poincaré constant and C} > 0 a constant which depends on k. O

Lemma 8.14. Let k € N be arbitrary. Then, there exists a solution x;, = (yn, pn) € Xy for the
operator equation (8.2.4).

Proof. According to Lemma 8.13, the sufficient conditions for the application of Lemma 7.3
are fulfilled by the operators K and @ := Qr + G. Consequently, we obtain a solution
X, = (Yn, pn) € X such that the operator equation (8.2.4) holds. ]

Following the lines of Corollary 8.4, one can easily prove the next result which is a direct
consequence of Lemma 8.14.

Corollary 8.15. Let k € N be arbitrary. Then, there exists a solution (yn,us) € X x L*(2)
with a corresponding adjoint solution py, € X, for the reqularized and discretized system (P;Zk)

Note that the control uy, is given by u;, = P[ua,ub](_iph>‘ Now, we prove for a specific k € N

that a solution (y,us) € X5 x L*(Q) of (PP*) also solves (P}). For the right choice of k € N,
we consider the following a priori L*°({2)-estimate corresponding to a state solution y, € X}, of
(8.2.1).

Lemma 8.16. Let y, € X, be a solution of the state equation (8.2.1). Then, we have

;C(Ua,Ub,Q)
00 C(1+ |In(h)])z ——=.
I oS COL+ (i) o
Proof. Setting v, = yp, in (8.2.1), the coercivity of a(-,-) and the positivity of dj (yn;yn,yn)
imply

minfe,co} | yn [ < (Puo(—520), )
< Clua, up, Q) || yn llo.e
< Cua; up, Q) | yn 1,0
and consequently
| yn [1,0< %~
The discrete Sobolev inequality (Lemma 5.3) yields the desired result. [
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In the following, we set

C'(tq, up, )

k= k(h) = [C(1+ |In(h)])2 min{e, co}

(8.2.6)

where [r] denotes the usual ceiling function.

Corollary 8.17. Let k € N be defined by (8.2.6). Then, a solution (yn,uy) € X x L*(Q) of
(PY*) with a corresponding adjoint solution p, € X, is also a solution for (PY).

Proof. Lemma 8.16 yields that a discrete state solution y;, € X, satisfies

%C(uaa Up, Q) <k

<C(1+ |In(h)])z——F——"
I'yn llocon< C(1+ [In(h)]) min{e,co}

such that Wi(y,) = vy a.e. in Q. Consequently, the regularized system (P,I;k) corresponds to
the discretized system (P?). Hence, a solution (yn,un) € X, x L*(Q) of (PP*) with a discrete
adjoint solution p, € X, solves (P?). O

Remark 8.18. In the special case that the control constraints are nonnegative, i.e.
Ug, Up > 0 a.e. in Q resp. nonpositive, i.e. uqg,up < 0 a.e. in 2, the global discrete mazimum
principle (Remark 5.17) implies that the discrete state solution y, of (PP) satisfies

Ug,Up < 0in Q = mgx Yn SI%%X yi

Ug,Up > 0in Q = mﬁin Yp > nalézn Yy -

Lemma 8.19. Let (yn,un) € Xp x L*(Q) be a solution of (P}) with a corresponding adjoint
solution p, € Xp,. Then, we have the following L?(Q2)-norm estimates

| un [loo < Ce (8.2.7)
| ya lloo < Cs (8.2.8)
| pn [lo,0 < Caa (8.2.9)

where C,,Cy, Cyq > 0 are constants, independent of h.

Proof. The boundedness of the control u, in the L?(2)-norm follows directly by definition, i.e.

1
Fan Moo=l Pluan) (=5P0) loo=: Ce. (8.2.10)
By virtue of (8.2.1), we are able to derive for y, € X},

o |y 5.0 < alyn. yn) + di(yn; Yn, yn)

= (un, yn)o
<[l un logll yn llog
< Ce |l yn llogq -
Thus, we have
Ce
Fon lloos — =: Ci. (8.2.11)
0
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By means of (8.2.2) and Corollary 8.17 we obtain for the discrete adjoint solution pj,

co || pn 5.0 < alpn, pr) + di(pns; pr, pr)
= (Yn — Ya, Pr)o
< (lyn lloso + 1l wa lloo) Il pu llo.0 -
Due to (8.2.11), we get

co || pu o< Cst | ya llog (8.2.12)

and consequently

C,+
| pn oo ———— Hcyd lo.o =: Oy
0

8.2.2 L*(Q)-error estimates

In this section, we derive error estimates in the L?(€)-norm for a solution (yp,us) € Xj, x L*(Q)
of (P?) to the corresponding solution (7, ) € (X N H2(2)) x L?(Q2) of (F,). Regarding Section
7.2, we have in the control constrained case the following assumptions:

Assumption 8.20. We assume that
e G=0Q
o U:=Uy=1{ueL*Q):u,(z) <u(z) <up(z) a.e inQ}.
ed=1andd=0
o 7:C(Q) — U is defined by

1
Zw = Py, 4] <—Xw> a.e. in €.

Due to Assumption 8.20, the discretized system (P}) coincides with the general system ()
and (P,) coincides with (P). The general L?-error estimate (see Lemma 7.6) leads us to the
next result. Note that the proof goes along the same lines as in Lemma 8.8.

Lemma 8.21. Let (y,u) € (X N H*(Q)) x L*(Q) be the solution of (B,) with a corresponding
adjoint solution p € X N H?(Q). Moreover, we have the solution (g,p) € X N (H*(Q) x H*(Q))
of (Pauz) and a solution (yn,un) € X x L*(Q) of (P?) where p, € Xy, is the corresponding
discrete adjoint solution. Then, we have

A _ 1 _ B 1 -
5 | up —u ||(2),Q +§ |l yn — ¥ ||(2),Q <C|pn—0 ||(2),Q +§ | yn — 3 ||(2),Q .

The combination of Lemma 7.7 and Lemma 8.19 yields the uniform boundedness of the
auxiliary solutions ¢, p in the H?*(Q2)-norm.

Lemma 8.22. Let (§,p) € X N (H%*(Q) x H?(Q)) be the solution of (P..). Moreover, let

(yn, un) € Xp x L2(2) be a solution of (P}) where py, € X}, is the corresponding discrete adjoint
solution. Then, we have

17 [l20 < C1 (8.2.13)
15 [l < Cy (8.2.14)

where C1,Cy > 0 are constants, independent of h.
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The combination of Corollary 7.9, Lemma 8.21, and Lemma 8.22 leads us in the convection-
dominated case to the next result.

Theorem 8.23. Let (y,u) € (X N H*(Q)) x L*(Q) be the solution of (Py) and (yn,up) €
X5, x L2(2) be a solution of (PP). Then, we have in the convection-dominated case, i.e.
e || b locen b

1
| un =@ lloo + || yn — 7 llog < Ch2

where C' > 0 1s a constant which depends on the data of the problem.

8.2.3 Numerical results

In this section, we see the results of our numerical tests concerned with the application of
the AFC method for discretizing the control constrained optimal control problem (F,). For
this, the test problem has been constructed such that the analytical solutions ¢, p introduced
in Section 8.1.3.2 are the optimal solutions of the test problem. Moreover, we use the same
iterative solver as in the unconstrained case. The following test problem has been solved on a
[0, 1] x [0, 1] unit square mesh. For the stabilization of the discrete solutions we have used the
BJK limiter, introduced in Section 5.5.2. For a general introduction to the numerics, i.e. data
of the convection-diffusion reaction equation, Tikhonov parameter, grid levels etc. we refer to
Section 8.1.3.

8.2.3.1 Test problem

According to Section 6.2, we consider the following optimal control problem
min 3 | y—yallge +5 | ulie
—Ay+b-Vy+cy=u+f inQ
y=0 onl
u € Uy

(Pfesty (8.2.15)

where f € L?(Q) will be defined later in this section. The set of admissible controls is given by
Ugg = {u € L*(Q) : ug(z) < u(x) <up(z) ae. in Q.
In the numerical test, we use the following control constraints
o u, =—1
o uy = 1.
Recall that for (P!*") the optimality system is given by

—Ay+b-Vyg+cy=u+f inQ —eAp—b-Vp+cp=y—yy; in
=0 onTl p=0 onl

(Aa+p,u—u)g >0 Yu € Uyy.

The functions f,y,; have been adjusted in the same way as for (P]'Z“t). The analytical control
corresponding to the variational inequality in the optimality system above can be expressed by
U = P}, u,)(—3D). Since the projection formula is Lipschitz continuous, the L?(2)-convergence
rates of the adjoint solution can be transferred to obtain L?()-convergence rates for the control
Uy, = P[umub](—iph). Moreover, since the discrete AFC adjoint solution has no oscillations, the
AFC control has no oscillations as well. The computed AFC solutions are the same as illustrated
in Figure 13 and Figure 14.
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8.2.3.2 Experimental order of convergence

In the following, we see L?(§2)-convergence rates for e, = 4 — y, and kj, = p — p, where yp, pp
are the computed AFC solutions for a given mesh size h. As we can see in Table 5, the orders
of convergence are quite similar to the orders in the unconstrained case (see Section 8.1.3.4).
This observation confirms the theoretical results derived in Theorem 8.10 and Theorem 8.23
which predict a similar convergence behavior of the discrete solutions in these two cases. For
an explanation referring to the higher convergence rates in our numerical test than provided in
the theoretical results we refer to Remark 8.11.

Table 5: L*(Q)-errors /| EOC (Pfest)

Grid level Co || €h ||079 EOC Co || €ph ||0’Q Co || k)h ||0’Q EOC Co || k?h ||0’Q

1 1.1846e-01 - 9.4863¢-02 -

2 5.6450e-02 1.07 5.4000e-02 0.81
3 3.0850e-02 0.87 2.5383e-02 1.09
4 2.7093e-02 0.19 2.4073e-02 0.08
) 2.1647e-02 0.32 2.0554e-02 0.23
6 1.2056e-02 0.84 1.1638e-02 0.82
7 6.1042¢-03 0.98 5.9624e-03 0.96
8 3.2474e-03 0.91 3.1941e-03 0.90

8.3 State constrained case - Moreau-Yosida regularization

In this section, we analyze the discretized system (PS%Y) corresponding to the Moreau-Yosida
regularization (PMY). As we have mentioned in Section 6.3 a direct application of the optimize-
then-discretize-approach on the optimality system of (Ps) (see Theorem 4.12) is currently not
possible. Hence, we have discretized the Moreau-Yosida regularization (PMY) by the AFC
method. Following the optimize-then-discretize-approach, we have got the coupled and dis-
cretized system

a(Yn, vn) + dj,(Yn; Y, vn) = (un, vn)o  Vop € Xy,
a(tns ) + A5 (pn; Py V) = (Yn — Ya r)a + (1, ¥n), Vibn € X

11, =0 (yn — Py g (yn))  ae. in Q
Aup +pp, =0 a.e. in €

8.3.1 Existence

Now, we verify the existence of a discrete solution for (PS%Y). Note that the uniform bound-

edness of g, in the L?*(Q)-norm cannot be derived directly from (P)Y). Hence, as in the

unconstrained case resp. in the control constrained case, we regularize (PMY). For this, we

rewrite the right hand side of the adjoint equation in so far as:

(yn — Ya, U)o + (19, Un)g =0 +1) (s ¥n)e — Wa ¥n)a — 6 - (Pl (W), Un), -
Then, instead of (P;"), we consider for all (vs, ) € &) the system

a(Yn, v) + d5,(Yn; Yns vr) = (Un, vp)o (8.3.1)
a(Pn, pn) + A (pn; o ¥n) = 04+ 1) - (Yn, ¥n)a = War ¥n)a — 0 - (P (Wn), ¥n)g  (8.3:2)
Aup +p, =0 a.e. in Q. (8.3.3)
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8.3.1.1 Regularized system

For the verification of the existence of a discrete solution, we derive again an equivalent and
regularized system to (8.3.1)-(8.3.3) such that we are able to apply Lemma 7.3. For this, the
state equation (8.3.1) is multiplied with 6 + 1 and the adjoint equation (8.3.2) is divided by A
so that we obtain for all (v, ) € A}, the following regularized system

(6 +1) - alyn,vn) + (6 + 1) - di(Yn; yn, vn) = (6 + 1) - (un, v1)g
$a(Pn, pr) + A3 (pns phy bn) = @ (W V) — 3 Was U)o = 3 (Plyausl (Un), ¥n) g, (P
Aup +pp, =0 a.e. in

PMY,rg

Definition 8.24. A pair (yu,us) € &), is called solution for (P,},""?) if there exists a discrete
adjoint solution py, € X}, such that for all (vp,vn) € Xy

(6 +1) - alyn,vn) + (6 +1) - dj,(Yn; yn, vn) = (0 + 1) - (un, va)g (8.3.4)
1 1 (6 +1) 1 5

Xa(l/}h,ph) + th (Ph; Phy 1) = 3 (Yns V) — X(?Jm%)m Y (Plyays)(wn)s ¥n) o (8.3.5)
Aup +pp, =0 ae. in (8.3.6)

18 satisfied.

Now, the system (P%LY’W) can be transferred to the following operator equation: Find
Xy, = (Yn, pn) € X, such that

(K + Dh) X, = Qx, +G in XZ (837)
where for z, = (v, ¥p) € &),
o (Kxp,zp)x+x = (0 4+ 1) - (K*yp,vn) x+ x + (3 K“Dp, thn) x+ x

o (DnXp, Zn)x: x, = (0 + 1) - (D5, yn, vn)xz.x, + 5 (Dopp, ¥n) xr x,

o (QXn,2Zn)x; x, = —@ “(Ph,vn)q + @ W Un)g = 5 (Pryas(Wn), V)

o (G, zp)x-x = —5Ya, ¥n)a-
Note that the operators are defined in Section 7.2.1.1.

Lemma 8.25. The operator K, := (K + Dy) : X, — X' satisfies Assumption 7.1 and Q =
Q + G defined by

(Qxn, Zn) xx x, = (QXn + G, Z0) xy v,
satisfies Assumption 7.2.

Proof. First, for the continuity of the operators K, and Q we refer to Lemma 8.2. Now, we
prove the satisfaction of the conditions (7.1.1) and (7.1.2). For this, let x, = (yn, pr) € X, be
arbitrary. The coercivity of a(-,-) and d; (yn; yn, yn) > 0 resp. d%(pp; pn, prn) > 0 imply

1
(KnXn, Xn) xp,2, = (0 + 1) - a(yn, yn) + Xa(Ph,Ph)
1
+ 0+ 1) - dy (yns yn, yn) + 3
. € 2 2
> min {(6+1) & 5} (mlio+ Ipalie)

. 3
= min {6 +1) &5} 30 [l -

dﬁid (ph; DPh, Ph)
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For proving the second condition, we are able to derive

(Q%n, Xn) e 2, = (@1 + G, Xp)ar v,

IA

O+ || a lloo
Corlvaloa) Ay g + 1 on B

C5+ |l ya llo.
Pl | %n ||,

where C > 0 is a constant and Cp > 0 the Poincaré constant. O

0+ 1 0+1
! ) (Pry Yn)g ( ) (Yns Ph)g
A A
) 1
T (P[ya o) (Yn), ph) Y (ycbph)g
(bl
< ;) 7
Co+ [ a llo,
=( ) e B
C

IA

Lemma 8.26. There exists a solution X, = (yn, pn) € X, for the operator equation (8.3.7).

Proof. According to Lemma 8.25, the operators K, and Q = @ + G satisfy the sufficient
conditions for the application of Lemma 7.3. Consequently, we obtain a solution x;, = (yp, pn) €
A}, such that the operator equation (8.3.7) holds. [l

Corollary 8.27. There exists a solution (yn,up) € X, with a corresponding adjoint solution
MY,rg

pn € Xy, for the system (P.},""7).

Proof. Lemma 8.26 yields the existence of a discrete solution (yn,pn) € &) for the operator

equation (8.3.7). According to Definition 8.24, the discrete control can be defined by u;, = —%ph

such that (yn,un) = (Y, —3 1pn) € A, is a solution for the regularized system (Pj‘flyrg ). O]
Now, we prove the L?*(€2)-boundedness of a solution (yx,us). As we have mentioned in

the previous sections, these estimates are meaningful for the H?(2)-estimates of the auxiliary

solutions ¥, p provided in Lemma 7.7. We will return to this discussion in Section 8.3.2.

Lemma 8.28. Let (yn,up) € A, be a solution of (P Myrg) with a corresponding adjoint solution

pn € X, Then, we have the following L*(Q)-norm estimates

| yn lloo < Cs (8.3.8)
| P llo.o < Caa (8.3.9)
| un Jloo < Ce (8.3.10)

where Cy, Cpq, C. > 0 are constants, independent of h.

Proof. We add the regularized state equation (8.3.4) to the adjoint equation (8.3.5) and obtain
for all (vp,,¥p) € X,

1 1
(04 1) - alyn,vn) + Xa(wh,ph) + (0 +1) - dj (yn; Yn, vn) + Xdzd(PhQPha )

(041) (0+1)

== \ - (ph,vn)a + 3

1)
(Ya Un)a — Y (Plyan) (Un), ¥n)

1
. (yhawh)ﬂ - X
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Setting vy, = yp, and v, = py, we get in combination with the coercivity of a(-,-) and
5 (Yni Y yn) = 0 vesp. di(pa; prypr) > 0

Co )

1
6+ Deo [l yn 5.0 + \ I on I50< _X(ydaph)ﬂ BBy (Plyaysl (Un)s P1) ¢ - (8.3.11)

Thus, we obtain with the pointwise boundedness of Py, ,,1(-)

1 1)
| P [loo< @ Il ya llog +C—OC(ya,yb7Q) =: Caa (8.3.12)

where C(yq, yp, ©2) > 0 is a constant, independent of h. By means of (8.3.11) and (8.3.12), we
are able to derive for a discrete state solution y, € X,

(5 Il g llo.o +3C Wa, 9, 2)) Coa
< A > By as ) ad CS.
I yn o< \/ 5

The L?(Q)-boundedness of u, = —5pj, is a direct consequence of (8.3.12). O

Finally, by virtue of Corollary 8.27, we obtain the existence of a discrete solution for (PS%Y)
with the corresponding L?(€2)-norm estimates.

Corollary 8.29. A solution (yn,us) € X, of (P%Y’Tg) is also a solution for (P)Y). Further-
more, the L*())-estimates (8.3.8)-(8.3.10) are valid.

8.3.2 [L?*(Q)-error estimates

In this section, we derive L?(Q)-error estimates for the differences 7s — vy, and @s — uj, where
(yn, un) € Xy is a discrete solution of (PMY) and (75, us) € X N(H?*(Q) x H*(Q)) is the optimal
solution of (PMY) with the help of Lemma 7.6. Finally, we will return to the state constrained
optimal control problem (P,) and show that a solution (y,un) € X of (P)}) is also an
approximation for the solution (y,u) of (Ps), with respect to the data of the problem and the
regularization parameters.

8.3.2.1 Moreau-Yosida regularization

According to Section 7.2, the discretized system (P,}") coincides to the general system (P)
and (PMY) coincides to (P) when the following assumptions hold:

Assumption 8.30. We assume that
e G=0
o U=L*N)
ed:=0+1andd:=4

The operator Z : C(Q) — U s given by

1
Zw = —Xw a.e. in <2

The operator R : C(Q)) — C() is defined by

R(z) :== ]P)[ya,yb](z)

where Py, ,1(-) is given by Definition 2.24.
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Note that the operator R : C(Q) — C(Q) is Lipschitz continuous in the sense that for
2,z € C(Q2) the condition

(Rz — RZ,v)a <|| 2 — Z |logall v oo Vv e C(Q)
holds. Moreover, the operator R fulfills the condition
H Rz HO,QS CR = C(ymyb:Q)'

Consequently, with respect to Assumption 8.30, the sufficient conditions for the application of
Lemma 7.6 are satisfied so that the general L?(Q)-error estimate (see Lemma 7.6) leads us to
the next result.

Lemma 8.31. Let (ys,us) € X N (H*() x H2(Q)) be the solution of (PMY) with the cor-
responding adjoint solution ps € X N H*(Q). Moreover, we have the solution (g,p) € X N
(H?(2) x H*()) of (Pauz) and a solution (yn,un) € Xy of (P)})) with a corresponding discrete
adjoint solution py, € Xy. Then, it holds

A _ 1 N - N
5 | wn — s ||(2),Q +§ | yn — U5 ”(2),9 <Cl|pn—> ||(2),Q +0Cr || yn — 7 llog

(6 +1)?
L

I yn =7 50
where Cr = C(Ya, Yp, ) > 0 and C > 0 are constants, independent of h.

For the boundedness of the auxiliary solutions ¢, p in the H?()-norm, we use Lemma 7.7
and Lemma 8.28 so that we can state the next result.

Lemma 8.32. Let (yn,un) € X be a solution of ( Shy) where p, € Xy, is a corresponding
discrete adjoint solution. Moreover, let (y,p) € X N(H H? Q) x H%(Q)) be the solution of (Puuz)-
Then, we have

17 ll20 < C1 (8.3.13)
| D [l2,0 < Co (8.3.14)

where C1,Cy > 0 are constants, independent of h.

The combination of Corollary 7.9, Lemma 8.31 and Lemma 8.32 yields in the convection-
dominated case the following L?(2)-error estimate.

Theorem 8.33. Let (ys,us) € X N(H?(Q) x H*(Q)) be the solution of (PMY) and (yn,un) € Xy
be a solution of (Pg,[ly). Then, we have in the convection-dominated case, i.e. € <|| b |[p.coq b

1 1
| wn — s lloo + || yn — Us lloo < CsCrh* + Csh?
where Cs, Cr > 0 are constants, independent of h.

It is worth to mention that the constant Cs > 0 depends linear on the regularization
parameter 0 > 0 (see Lemma 8.31).
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8.3.2.2 State constrained case

Now, we return to the state constrained optimal control problem (P;). As we have mentioned,
the Moreau-Yosida regularization of (P;) has been only a tool to construct a discrete solution
which approximates the unique solution (g, u) of (P;). The next result shows that a discrete
solution of the regularized problem (PMY) is also an approximation for the solution of (P;).
However, as we can see in Theorem 8.33, the accuracy of the approximation in the L?(2)-norm
depends on the choice of the regularization parameter 6 > 0. For this, recall also the error
analysis in Section 4.3.3 where the L?(Q)-errors of § — 75 and 4 — s have been analyzed. Now,

the combination of Corollary 4.32 and Theorem 8.33 yields the following result.

Theorem 8.34. Let (j,u) € X N (H?(2) x H*(Q)) be the solution of (Ps) and (yn,un) € X
be a solution of (PS%Y). Then, we have for § > 0 and 0 < v < 1 in the convection-dominated
case, i.e. € L|| b o000 P

||uh—ﬂ

5
1\ =
0.0 T [ yn — 7 llog < CsCrhi + Csh? + C (%)

where C,Cys, Cr > 0 are constants, independent of h.

Remark 8.35. We remark that an optimal parameter adjustment between the mesh size h and
the reqularization parameter 6 > 0 is currently not possible. Moreover, since é resp. 6 > 0 arise
i the constants C, Cy, it is worth to mention that the error estimate provided in Theorem 8.34
should be regarded for fired € > 0 and § > 0.

8.3.3 Numerical results

In this section, we show the results of our numerical tests referring to the application of the

AFC method to the Moreau-Yosida regularization (PMY). The iterative solver is the same as

in the unconstrained case resp. in the control constrained case. The following test problems
have been solved on a unit square mesh Q = [0, 1] x [0, 1] with the BJK limiter introduced in
Section 5.5.2. For a general introduction to the numerics, i.e. data of the convection-diffusion
reaction equation, Tikhonov parameter, grid levels etc., we refer to Section 8.1.3.

8.3.3.1 Test problem

The basis of our numerical investigations is the following state constrained optimal control
problem

min J*(y,u) =3 |y —wallfa+3 | w3
—eAy+b-Vy+cy=u+f inQ

y=0 onl (P)

Yo <y <y ae inf

In all tests we have considered y; = 4 and f = 1. Moreover, we have the following state
constraints

Yo = —0.5
Yp = 0.7.
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As we have seen in Section 4.3.2, the solution (ys,us) of the Moreau-Yosida regularization
converge to the solution (y,u) of (Ps) when 6 — oo. The Moreau-Yosida regularization corre-
sponding to (P**) is given by

min JMY (ys, us)
—eAys +b-Vys +cys =us + f in Qp (PN (8.3.15)
Ys = 0 onT

where the objective functional is defined by

o .
T (ys o) = T (ys, us) + 3 (I max{0, 55 — wu} 5.0 + || min{0, g5 — va} [15,0)

with a regularization parameter 0 > 0 that is taken large. Moreover, according to Section 4.3.2,

we have derived that the solution (7s, i5) of (P!s%MY) satisfies the following optimality system
—eAYs +b-Vys+cys=us+f inQ —eAps —b - Vs +cps = Ys — ya + ps  in
Ys=0 onT ps=0 onl

ps =0 - (max{0,¥s — yp} + min{0,Ys — va}) =+ (U5 — Ppyu)(¥s)) a.e. in Q
Ais+ps =0 a.e. in €.

Regarding Section 6.3.1, the discrete version of the optimality system corresponding to (PestMY)
has the form

a(yn,vn) = (up + fLon)a  Yon € Vi
a(¥n,pn) = (Yn — Ya, Yn)a + (o, Yn)a  Vibn € Vig

where

(g =6 - (max{0,ys — yo} + min{0,y» — ya}) =0 - (Y — Py (vn)) a.e. in Q

Aup +pp, =0 a.e. in €.

In our numerical tests, we have reviewed the stabilizing effect of the AFC method on discrete
solutions for different choices of 6 > 0. Note that for given § > 0, the analytical solutions of
(Plest MYy are unknown. Hence, we use a specific formula to compute the experimental order
of convergence in the L?(2)-norm.

8.3.3.2 Experimental order of convergence

Due to the fact that the computation of the FOC).| where || - || is an appropriate norm is
not often reliable by using a computed reference solution, we have performed our numerical
tests with the help of a specific formula for the EOC).|. Let us start with the derivation of

the formula. For a grid level [ € {1,---,8}, we consider the corresponding mesh size h; and
the computed discrete state solution yj, resp. the discrete adjoint solution pp,. Note that the
coarest mesh size h; is refined by h; = 21%1111 forl=2,---,8resp. hyy1 = %hl forl=1,---,7.

Now, a numerical method of order ¢ should satisfy

w = wp, + e(w)(hy)? (8.3.16)
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where e(w)(hy)? is the error between the computed discrete solution wy, and the analytical
solution w of the test problem. As we can see in (8.3.16), the discrete solution converges to the
analytical solution when h; — 0. For the computation of the order ¢, we consider

w = wy, + e(w)(hy)?
w = wh,,, + e(w)(hy)?
(

W = Why, te w)(hl-f-?)q'
Now, we get

Why = Wiy, = e(w) (i) = e(w) ()

1 ! q q
——dw)((§) m-—m) (8.3.17)
and
a 8.3.18
> B 1) B ( )
Hence, we obtain by virtue of (8.3.17) and (8.3.18)

In (H whl+2 - whz+1 H) —q- In <1)
|| Whyy — Why H 2

and consequently the formula for the computation of the order ¢

n lwn, oy —wh |l
lw,,  —wn, |l

In (5)
In the following, we show for regularization parameters ¢ = 1,10, 100 the computed EFOC),
for discrete state solutions y,, and discrete adjoint solutions py, in the L*(Q)-norm. For this,
the computed EOC),, of the state solution is denoted by ¢/ resp. the EOC.,, of the

adjoint solution is denoted by ¢ for [ = 1,--- ;6. Moreover, we introduce for [ = 1,--- ,7 the
differences

> = (q = EOO”.H. (8319)

Chy = Yhypr — Yny

(8.3.20)
Er, := Phy — Phy-

8.3.3.3 Numerical results § =1

In Table 6, for the differences (8.3.20), the computed L?(Q2)-norms are illustrated for the regular-
ization parameter § = 1. For the state and the adjoint solutions, the values of the L?(Q)-norms
decrease while the grid level increases. Moreover, by using the FOC-formula (8.3.19), the
L*(Q)-order of convergence is nearly O(1).
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Table 6: L?(Q)-errors / EOC (PlestMY) 5 =1

s ad

co |l en llogo | @ 0,2 | 4
1.8278e-01 - 2.2768e-01 -
1.2829¢-01 | 0.51 | 1.7061e-01 | 0.42
9.4977e-02 | 0.43 | 1.2622¢-01 | 0.43
6.7941e-02 | 0.48 | 9.0822e-02 | 0.47
4.7805e-02 | 0.51 | 6.4380e-02 | 0.50
2.8016e-02 | 0.77 | 3.7896e-02 | 0.76
1.3770e-02 | 1.02 | 1.8683e-02 | 1.02

co || Fn, |

N O U W N~

The following plots of the AFC state solution and the AFC adjoint solution has been com-
puted on a (128,128)-unit square mesh for a regularization parameter 6 = 1. As we can see,
there occur no spurious oscillations in the computed discrete solutions.

Figure 15: AFC state solution Figure 16: AFC adjoint solution

Figure 17: AFC state solution Figure 18: AFC adjoint solution

8.3.3.4 Numerical results § = 10

In Table 7, for the differences (8.3.20), the computed L?*(2)-norms are illustrated for the reg-
ularization parameter 6 = 10. As in the case of § = 1, the values of the L*(Q)-norms decrease
while the grid level increases. Moreover, the FOC-formula (8.3.19) leads us to a L*(Q)-order
of convergence nearly O(1) for the state and the adjoint solutions.
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Table 7: L?(Q)-errors / EOC (PlstMY) 5§ =10

s ad

Co || €h, ||0,Q q 0, | q
1.4887e-01 - 2.1034e-01 -
1.0148e-01 | 0.55 | 1.4968e-01 | 0.49
7.5458e-02 | 0.43 | 1.0985e-01 | 0.45
5.4358e-02 | 0.47 | 7.9610e-02 | 0.46
3.8342e-02 | 0.50 | 5.6657e-02 | 0.49
2.2548e-02 | 0.77 | 3.3389e-02 | 0.76
1.1088e-02 | 1.02 | 1.6471e-02 | 1.02

co || Fn, |

N O U W N~

Now, we plot the AFC state resp. the AFC adjoint solution computed for a regularization
parameter 6 = 10 on a (128, 128)-unit square mesh.

Figure 19: AFC state solution Figure 20: AFC adjoint solution

Figure 21: AFC state solution Figure 22: AFC adjoint solution

8.3.3.5 Numerical results § = 100

In Table 8, for the differences (8.3.20), the computed L?*()-norms are illustrated for the regu-
larization parameter = 100. As in the cases 6 = 1 and ¢ = 10, the values of the L?*(2)-norms
decrease while the grid level increases. Moreover, the EFOC-formula (8.3.19) leads us to a
L*(Q)-order of convergence nearly O(1) for the state and the adjoint solutions.
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Table 8: L%*(Q)-errors / EOC (PlestMY) ' § = 100

s ad

co |l en llogo | @ 00 | 4
1.3171e-01 - 1.9526e-01 -
8.5484e-02 | 0.62 | 1.3936e-01 | 0.49
6.3388e-02 | 0.43 | 1.0213e-01 | 0.45
4.5958e-02 | 0.46 | 7.4082e-02 | 0.46
3.2425e-02 | 0.50 | 5.2792¢-02 | 0.49
1.9155e-02 | 0.76 | 3.1403e-02 | 0.75
9.3454e-03 | 1.04 | 1.5368e-02 | 1.03

co |l Fn, |

N O U W N~

Now, we can see the computed AFC state resp. the AFC adjoint solution for a regularization
parameter 6 = 100 on a (128, 128)-unit square mesh.

Figure 23: AFC state solution Figure 24: AFC adjoint solution

Figure 25: AFC state solution Figure 26: AFC adjoint solution

8.4 Control constrained case with Robin boundary control

In this section, we investigate the discrete system (P}) corresponding to the control constrained
optimal control problem with Robin boundary control. According to Section 7.1, we set X, =
Vi CHY Q) =X and X}, =V, x V;, C X = HY(Q) x H(Q2) where X is equipped with the
norm

| @.2) = /Iy o + 12 [0

The finite dimensional space X, is endowed with the norm

I M=l Ml
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The starting point of the next sections is the following coupled and discretized system, provided
in Section 6.4.

ar(Yn, vn) + dy" (Yni yn, vn) = (un, vp)r  You € X5,

ar(Yn, pn) + dp™ (o s ¥n) = (Wn — Yas ) Von € X ¢ (Pr)

Uy, = IP’[ ry (—%ph) a.e. on I,

ul up

8.4.1 Existence

First, we state that the systems (P?) and (P}) have a similar structure. Hence, for the verifi-
cation of the existence of a discrete solution for (P} ), we follow the regularization strategy of
(PP), provided in Section 8.2.1.

8.4.1.1 Regularized system

Let k£ € N be arbitrary. We consider the following truncated, coupled and discretized system

ar(Yn, vn) + dz’r(yh§yhuvh) = (up,vp)r Yup € X

ar(Yn, pn) + Ay (0w s n) = (Ur(yn) — Yas U)o Yo € X5, (2"
up = P[ug,ug}(—iph) a.e. on I,

Definition 8.36. Let k € N. A pair (yn, up) € Xy x L*(T') is called solution for (Py"*) if there
exists a discrete adjoint solution p, € X; such that

ar(yn, vn) + A" (yns yns vn) = (up,vn)r Yo, € X (8.4.1)

ar(Vn, o) + A" (pr; on, Un) = (Wa(yn) — ya, n)a Yo € X, (8.4.2)
1

Up = P[ugmbl"](—xph) a.e. on I (843)

18 satisfied.

Similar to the control constrained case (see Section 8.2.1), the strategy is to solve the system
(Phrk) for a k € N which is large enough. After that, we verify that Wy (y,) = y, a.e. in Q.
First, the system (8.4.1)-(8.4.3) can be transferred to the following operator equation: Find
xp, = (Yn, pn) € X, such that

(K + Dp)xp = Qkxp + G in Ay (8.4.4)
where for z, = (v, ¥p) € &),
o (Kxp,2zp)x+x = (Kfyn, vn) x+.x + (K¥p, n)x+ x
o (Dnxn, zn)x: x, = (Dglyn, vn) xz x, + (Do pu, Un) x: x,
o (QuXn,zn)xz %, = (Prrury(—30n), vn)r + (Wi (yn), ¥n)o

o (G, zn)x-x = (—Ya,¥n)a
Note that the above operators have been defined in Section 7.2.1.2.

Lemma 8.37. Let k € N be arbitrary. The operator Ky := (K + D) : X, — X satisfies
Assumption 7.1 and Qr := Qr + G defined by

(Qrxn, Zn) xx x, = (QrXn + G, Zn) x7 3,

satisfies Assumption 7.2.
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Proof. First, the continuity of the operator K} is obvious. Due to the Lipschitz continuity
of the projection formula P[ug,ug](') and W,(-), we get the continuity of Q; := Qj + G. The
verification of condition (7.1.1) in Assumption 7.1 goes in the same way as in Lemma 8.2. For
this, let x5, = (yn, pn) € A be arbitrary. The coercivity of ar(-,-) and de’F(yh; Yn, Yn) > 0 resp.

dy™ (pn; pn,pn) = 0 imply
(EKnxp, Xn)xz x, > min{e, co} || xp |3, -
For the satisfaction of condition (7.1.2) in Assumption 7.2, we are able to derive
(QuXn, Xn)ar.x, = (QuxXn + G, Xn)ar v,

1
= (P[ua,ub]< Xph)ayh)f‘ + (Vi(yn)s pr)a — (Ya; pr)a

< Cl ynllor +C&) || o lloo + || ya llooll Pr llog
S CC |y e +CK) || pa llo + 1| wa llo.all Pr lloo

<G (Vo ot /llmn 30)
< V20l B+ 1l pn 12

= C || xp ||,

where (), > 0 is a constant which depends on k£ and on the constant C; > 0 of the trace
inequality (see Theorem 2.18). O

Lemma 8.38. There exists a solution X, = (yn, pn) € Xy, for the operator equation (8.4.4).

Proof. According to Lemma 8.37, the operators K, and Q := Q + G satisfy the sufficient
conditions for the application of Lemma 7.3. Consequently, we obtain a solution x, = (yp, pn) €
A}, such that the operator equation (8.4.4) holds. O

Now, we are able to define a solution for (P, ") with the help of x; = (y, ). According
to (8.4.3), the control can be defined by wuj, = P[ug,ug](_%ph) a.e. on I'. Hence, the following
corollary is a direct consequence of Lemma 8.38.

Corollary 8.39. There exists a solution (yn,uy) € X; x L*(T') with a corresponding adjoint
solution py € X}, for the reqularized discretized system (P}fk)

In the same way as in Section 8.2.1, we consider for the right choice of k£ € N, the following
L*>(2)-a priori estimate of a discrete solution y;, € Xj,.

Lemma 8.40. Let y, € Xj be a solution of the state equation (8.4.1). Then, we have

é( ub7Q)

min{e, co}

N[

I'yn llope.0< C(1+ [In(h)])

Proof. Setting vy, = y, in (8.4.1), the coercivity of ar(-,-) and the positivity of df;r(yh; Yhs Yn)
imply

minge, o} | on [ < (Bgagy (—320), )
)

< C(ua7ub7 || Yn ||0F
< OTC(UZ,UZ,, ) || Yn HLQ
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where we have used the trace inequality. Hence, we get
C(ul,ul', 0
| vn [l10< M

min{e, co}

with a constant C'(ul,ul, Q) > 0. Finally, the discrete Sobolev inequality (Lemma 5.3) yields
the desired result. O

In the following, we set
C(ug, uy, Q)
min{e, co}

D=

k= k(h) = [C(1 + [In(h)]) (8.4.5)

where [r] denotes the usual ceiling function.

Corollary 8.41. Let k € N be defined by (8.4.5). Then, a solution (yn,up) € X, x L*(T) of
(P,fk) with a corresponding adjoint solution p, € X}, is also a solution for (PL).

Proof. Lemma 8.40 yields that a discrete state solution ¥, satisfies
% C(Ug, U’II;7 Q) < k

<
I'9n llo.ce< C(1+ [In(h)]) min{e, co}

such that Ux(yn) = yp a.e. in Q. Consequently, the regularized system (PhF *) coincides with
the discretized system (P}) such that (yp,up) € X, x L*(T) with p, € X, solves (P). O

Next, we verify higher regularity of uy, i.e. wu, = P[ug,ug}(_iph) € H %(F). According to
Lemma 7.10 and Lemma 7.11, the higher regularity of wuy is sufficient to obtain the H?(£2)-
regularity of the auxiliary solution y. The meaning of this result will become apparent in
Section 8.4.2. In addition to the higher regularity of u,, we verify that y,, p; are uniformly
bounded in the L2(€)-norm resp. uy, is uniformly bounded in the Hz(I')-norm.

Lemma 8.42. Let (yn,up) € X x L2(T') be a solution of (PL) with a corresponding adjoint
solution py, € Xy. Then, uy € H%(F) and we have the following estimates

Il un [l p < Ce (8.4.6)
| yn llog < Cs (8.4.7)
| o1 [0 < Cad (8.4.8)

where C.,Cy, Coq > 0 are constants, independent of h.

Proof. We start with the higher regularity of w,. Since p, € X, C H'(2), we have (py)r €
H2(I). Hence, with the regularity assumption (B4), i.e. ul,ul € H'(I), |KinSta80, Theorem
A1, p. 50| yields u;, = P[ug,u}:](_%ph> € Hz(T'). Moreover, we obtain the uniform boundedness
of the control in the H2(I')-norm resp. in the L2(I")-norm by
1

n) 1 p= Ce. (8.4.9)

Fun Mo <[l un I p=ll Brug up) (=3P
(Q

Now, we prove the boundedness of 3, and p;, in the L*(2)-norm. Considering the discretized
state equation (8.4.1) with v, = y,, we obtain with (8.4.9) and the trace inequality (Theorem
2.18)

min{e, co} || yn 7.0 < ar(yn, yn) + " (yni Yn vn)
= (un, Yn)r
<[ wn llo,rll n llo,r
<CCr | yn e -
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Thus, we get
C.C-

min{e, o} B

| yn o< 1 Cs. (8.4.10)

For the verification of the L?(2)-boundedness of py,, we consider the discretized adjont equation
(8.4.2). Setting ¢, = pp, in (8.4.2), leads us to

co | pn lI2a < ar(pn, pr) + dy™ (bn; i 1)
= (yh - yd>ph)ﬂ
< (Il yn lloe + 1l wa llo.@) I P& llog -

By means of (8.4.10), we get

co |l o llo.o< Cst | wa llog (8.4.11)
and consequently

Ci+
| pn ool ————— Hcyd lo.o =: Oy
0

8.4.2 [%-error estimates

In this section, we derive a L?(Q)-error estimate for § — y, and a L?(I')-error estimate for
i — uy, where (yn,up) € X, x Hz(T') is a discrete solution of (PF) and (3, @) € H*(Q) x H'(T)
is the solution of (Pr) (see Corollary 4.37). Regarding Section 7.2, the discretized system
(PL') coincides with the general system (P,) and (Pr) coincides with (P) when the following
assumptions hold:

Assumption 8.43. We assume that
e G=T
o U:=Ul,={ue L2 :ul(z) <u(z) <u(r) ae onT}
e 0=1andé=0.
o 7 :0(Q) = U is defined by

1
Jw = ]P)[ug,ug] <—Xw> a.e. on I

Now, we derive a L?-error estimate for the state and the control.

Lemma 8.44. Let (y,u) € H*(2) x HY(T) be the solution of (Pr) with the corresponding
adjoint solution p € H*(Q). Moreover, we have the solution (7,p) € H*(Q) x H*(Q) of (Puz)
and a solution (y,,uy) € Xp x H2(T) of (PL) with a corresponding discrete adjoint solution
pn € Xp. Then, we have

A

_ 1 _ . 1 .
5 | un — @ [I§r +§ lyn =350 <Cllpn—7llor +§ Iy =3 5 -
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Proof. Lemma 7.6 yields for G = I and general 8,6 € R>( with 6 — 6 > 0 the estimate

A — 2 (5_5) 112 <12 62 ~ 112
9 | un —u ||0,F + 9 | yn — 7 ||0,Q <Cllpn—p ”O,F +2(5 —5) | yn — 9 ||0,Q
Thus, setting 6 = 1 and 6 = 0 leads us to the desired result. [

Lemma 8.45. Let (7,p) € H*(2) x H?(Q) be the solution of (Puz). Moreover, let (yn,up) €
X X H%(F) be a solution of (PL) where p, € X}, is a corresponding discrete adjoint solution.
Then, we have

17 lo0 < Ch (8.4.12)
15 [l < Cy (8.4.13)

where C',Cy > 0 are constants, independent of h.
Proof. Lemma 7.10 yields the a priori estimates
19l < Cllunll1r
15 1l20 < C(l yn llog + 1l va lloq) -
By virtue of Lemma 8.42, we obtain the desired result. O]

Theorem 8.46. Let (3, a) € H2(Q) x HY(T) be the solution of (Pr) and (yp,us) € Xp x H2(T)
be a solution of (P}).Then, we have in the convection-dominated case, i.e.
e || b o0 h

h2 B
| un — @ |lor + || Yo — ¥ [lo,o < C— + Ch>.
&

W

Proof. Lemma 8.44 provides the estimate

A B 1 B 5 1 .
5 | un — @[3 r +3 lun =550 <Cllpn—pl5r +3 I yn =7 5

where p, € X}, is a corresponding discrete adjoint solution and g, p the auxiliary solutions of
(Pauz). The auxiliary error estimate (see Corollary 7.12) yields with (8.4.12)

Ly — G o< Ch2. (8.4.14)

For the estimation of || p, — p [|§ r, we use the trace inequality (Theorem 2.18) and get

1 1
I pn =D llor < Cr lpn =B lIgall pn =P 10 - (8.4.15)
The L?()-norm can be estimated by Lemma 7.12 and (8.4.13) such that we obtain
| v =5 o< C | pn =B ;"< Che.
The H'(2)-norm can be estimated by

1

. €2 .
| pn =D |l < T | o =D |10

2
1 <12 12 \3

= (el pn =P l5.0 +elon — B3 )
1 ~ 1jad,I’ ~ 1jad,I’ %

< o5 (Cellpe=p I+ (lon =5 540)
1+ Ce  adT

< | pn —p 0"

<£1h%

<
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where we have used in the last step again Lemma 7.12. Consequently, we get for (8.4.15)

~ 1 C 1
| pn — D llor < Chi - —hi
1
hz
<C—
ci
and by virtue of (8.4.14) the desired result. -

8.4.3 Numerical results

In this section, we show the numerical results concerning the application of the AFC method to
the control constrained optimal control problem with Robin boundary control (Pr). We use the
same iterative solver as in the numerical tests of the previous sections. Moreover, the following
test problem has been solved on a unit square mesh Q = [0,1] x [0, 1] where we have used the
BJK limiter, introduced in Section 5.5.2. For a general introduction to the numerics, i.e. data
of the convection-diffusion reaction equation, Tikhonov parameter, grid levels etc., we refer to
Section 8.1.3.

8.4.3.1 Test problem

For the numerical investigation, we consider the following test problem

min 5 |y —ya |50 +5 [ v —ua |5y

—Ay+b-Vy+cy=f inQ

b-ny
2

ul <u<wu ae onl

(PLe)

g0y — =u+g onl

where f € L*(Q2) and g,uq € L*(T") will be specified later. The optimality system corresponding
to (PEt) is given by

—eAy+b-Vy+cy=f in —eAp—b-Vp+cp=9y—1yys in
b-n-i b-n-o
0,y — Z y:ﬂ+g on I’ €0,D + Z P—0 onrm

(M@ —ug) +pu—a)r >0 Yue U,
The set of admissible controls is defined by

Ul i={ue LA(T) : ul(v) <u(z) <up(z) ae. onT}.

8.4.3.2 Analytical solutions

The functions f,y, on the right hand sides of (P*") resp. the function g on the boundary have
been adjusted such that the optimal control problem possesses the following analytical optimal
state solution

e(—(1=21)/0.01) _ e(—1/0.01)>

Q(Il, QUQ) =T - (1 — IQ) . <$1 - (1 IR 6(,1/0.01))

resp. the analytical optimal adjoint solution

o(—21/0.01) _ e(—1/0.01)>

p(x1,02) = 29 - (1 — 2) - ((1 — 1) — (1 — e(=1/00D))
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The function g on the boundary has been defined by

b-n-u
g =0y — Y
2
Moreover, the desired control uy is given by
.
Ug 1= <Xp+ u) a.e. on [’

with
U(z1, 22) = Ppyp ory (sin(mzy) - sin(7zs)).

Thus, the variational inequality in the optimality system is fulfilled by the optimal control

u = ’17,|1" =0.

Figure 27: Analytical state solution § Figure 28: Analytical adjoint solution p

Figure 29: Analytical state solution § Figure 30: Analytical adjoint solution p

8.4.3.3 Experimental order of convergence

In this section, we show the computed L?*(Q)-errors and L*(Q)-convergence orders for the
differences

where y,p are the analytical optimal solutions and y,p, are the computed AFC solutions
corresponding to the state resp. the adjoint equation. Note that the focus of this test lies on
the stabilizing effect of the AFC method for the state and the adjoint equation.
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Table 9: L?(Q2)-errors / EOC (Ptest)

Grid level Co || €h ||0’Q EOC Co || €ph ||07Q Co || k)h ||0’Q EOC Co || k)h |0’Q

1 2.2385¢-01 - 2.3250e-01 -

2 6.6020e-02 1.76 6.5494e-02 1.83
3 1.7123e-02 1.95 1.6349e-02 2.00
4 8.7421e-03 0.97 8.4029¢-03 0.96
) 5.6111e-03 0.64 5.4623e-03 0.62
6 2.9642¢-03 0.92 2.9018e-03 0.91
7 1.4827e-03 1.00 1.4547e-03 1.00
8 7.8458¢-04 0.92 7.7105e-04 0.92

8.4.3.4 AFC solutions

In the figures below, we plot the AFC solutions computed on a (128, 128)-unit square mesh.
Firstly, the solutions possess no oscillations and secondly, a comparison with the analytical
solutions Figure 29/Figure 30 leads us to the conclusion that the iterative solver computes
accurate discrete solutions.

Figure 31: AFC state solution Figure 32: AFC adjoint solution

Figure 33: AFC state solution

Figure 34: AFC adjoint solution

9 Further applications and an open problem

In the previous sections, we have investigated several optimal control problems where the AFC
method has been applied in the context of the optimize-then-discretize-approach. Now, we see
further optimal control problems where the existence of a discrete solution and corresponding
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error estimates can be derived with the help of Section 7. We remark that the proofs for the
existence of discrete solutions and the derivation of error estimates for the following optimal
control problems are similar to the proofs provided in Section 8. Hence, we keep this section
brief. In contrast to this we will show an unconstrained optimal control problem with Robin
boundary control where the theory of Section 7 is not applicable.

9.1 State and control constrained case

First, let us introduce the following state and control constrained optimal control problem

min J%(y, u) := % |y —va Hgg "‘% | u Hg,a\
—eAy+b-Vy+cy=u in{
y=0 onT (PSC)

U, <u<wu, a.e. in )

y <1y a.e. inf

/

Optimal control problems of type (Ps.) have been investigated for instance in [Cas86|, [HtKu09],
|HtKul7|, or |[KruR608| where in [KruR608|, a state and control constrained Robin boundary
control problem has been considered. However, the results in [KruR608| can also be transferred
to the case of distributed control, i.e. (Ps.). In contrast to Section 8.3, we consider control
constraints, but we do not have any lower state constraints. For the application of the abstract
results derived in Section 7, one can use as in the previous sections, the optimality system
corresponding to a regularization of (Py.). Following the strategy in |[KruRo608|, the authors
regularize problem (Ps.) by using the so-called virtual control approach. The virtual control
problem corresponding to (Py.) reads as follows:

3\
20 +22 | v, |24

min JY (Y, e, 05) = 5 (| Yo — va (5.0 +5 1| s
—eAy, +b-Vy, + cy. =u, in

y«=0 onT (PiS)
Uy < U < U a.e. in

Ye < yp +<(K)v, a.e. in Q )

where k£ > 0 is a regularization parameter and o(k), (k) are positive and real valued functions.
In an analogous way to |KruR08, Corollary 2|, one can prove the following L?(Q)-error estimate

Anm—amﬂ+nm—ym@sc(<“)> (9.1.1)
()

where (i, 4) is the optimal solution of (P,.) and (¥, i, V) is the optimal solution of (PY¢).
Choosing o(k),s(k) so that

k") _,

Jolr)

lim
K— 00

we get the following L?(£2)-convergence
e =¥ in L*(Q)

U, — @ in L*(Q).
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However, we are currently not able to apply the discretization technique provided in Section
6 or a modified technique to the virtual control problem (PY¢). In Section 8.3, we have seen
that the Moreau-Yosida regularization is an appropriate tool to construct a discrete solution
for the state constrained optimal control problem (P;). The Moreau-Yosida regularization of

(Ps.) is given by

8,9 +g || maX{O, Ys — yb} |(2),Q

—eAys +b - Vys + cys = us in Y

min J2Y (ys, us) == min 3 || ys — va |30 +3 | us

ys=0 onl

Uy < us < up a.e. in

where 0 > 0 is a Moreau-Yosida regularization parameter that is taken large. Fortunately,

under suitable assumptions on the regularization parameters d,0(k),s(x), the virtual control

problem (PY¢) coincides with the Moreau-Yosida regularization (PMY). In detail, setting
(%)

0 = 6(k) := 55, the optimal solution (s, @s) of (Py'") coincides with (yy, %) and by virtue
of (9.1.1) we obtain

1
1\53
M= lon + 15~ 7o < © ()

The combination of the discretization techniques provided in Section 8.2.1 and Section 8.3.1
leads us to a discretization technique for (PMY) and consequently to a discrete solution which
approximates the optimal solution of (P;.). In this context, we remark that similar to Section
6.3, the optimality system corresponding to (PY) is the basis of the application of the optimize-
then-discretize-approach. Corresponding L?(Q)-error estimates for the control and the state can
be derived as in the previous sections by the general L?-error estimate provided in Lemma 7.6.

Finally, one can prove that the following L?(Q)-error estimate holds:

1 1
0.0 + |l yn — Us lo,o < CsCrh2 + Ch2

| un — s

where (yp,up) € Vi x L*(Q) is an AFC solution for (s, us) and C, Cs,Cr > 0 are constants,
independent of h.

9.2 Robin boundary control with boundary observation

Now, we consider two types of a pure Robin boundary control problem where the optimize-
then-discretize-approach combined with the AFC method is applicable. First, we introduce the
following unconstrained pure Robin boundary control problem

min J"2(y,u) =1 |y —yr 130 +5 | v Br

—Ay+b-Vy+cy=0 inQ
by (77)

5 = U onT

Eany -
ue U,

where UL, = L2(I"), A > 0 and yr € L?(T"). The starting point of the discretization of (P?) in the
context of the optimize-then-discretize-approach is again the optimality system. Then, similar
to the case of (Py), the theory of Section 7 will be applied to a regularized, discrete, and coupled
system. We remark that one can regularize the discrete system in the same way as (P,f "),
by dividing the adjoint equation with the Tikhonov parameter A\. Hence, the discretization
concept, the results corresponding to the existence of a discrete solution, and the derivation of
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L*error estimates for (P/) can be transferred to the case of (P2). Another boundary control
problem where the theory of Section 7 is applicable is the following control constrained Robin
boundary control problem

min S (y,u) =5 [y —yr [0 +3 | w Br
—Ay+b-Vy+cy=0 in 5
0,y — % =u onl
ue UL,
where A > 0, yr € L*(T") and
Ul i={ue L*(T) : u (v) < u(x) <uy(z) ae. onl}

For the discretization of (P3), one can use the technique of the control constrained optimal
control problem (P,) provided in Section 8.2.1. The structure of the weak formulation corre-
sponding to the optimality systems of (BP;) resp. (P2) are quite similar. The differences are the
right hand sides of the state equation and the adjoint equation. In detail, the right hand sides
of (B,) are L*(Q)-inner products and the right hand sides of (P2) are L*(T)-inner products.
However, these differences do not influence the way of discretizing (P3). Firstly, as in Section
8.2.1, one can follow the optimize-then-discretize-approach. Secondly, one can regularize the
resulting coupled and discretized system by truncating the discrete state on the right hand side
of the adjoint equation. A L°°(I')-a priori estimate of a discrete AFC state solution and an
appropriate choice of the truncation parameter £ € N will lead us to a discrete solution for the
initial coupled and discretized system. Finally, for (P?) and (P2), one can derive the following
L?-error estimates by the application of a modified version of the abstract L2-estimate provided
in Lemma 7.6

| un — @ llor + || yn — 7 llor < Ch3

where (g, %) is the unique optimal solution of (P?) resp. (P3) and (yp,us) is a AFC solution
of the corresponding coupled and discretized systems. The constant C' is independent of h.
We mention that in contrast to the problems with distributed control, we obtain a convergence
order of (9(}1), since the application of the trace inequality and the inverse inequality reduces
the order of such boundary control problems. For detailed information see also Theorem 8.46
in Section 8.4.

9.3 An open problem

In this section, we show an optimal control problem where the application of the theory in
Section 7 is currently not possible. For this, let us consider the following unconstrained Robin
boundary control problem

min J"(y,u) =1 |y —va 3o +5 | w lér

—eAy+b-Vy+cy=0 1in ()

bny _
Y =

(7r)

0,y — u onl[
ue U,

where UL, = L?(T"). Following the optimize-then-discretize-approach, leads us to the coupled
and discretized system

ar(Yn, vn) + di’r(yh; Yn, V) = (up,vp)r Yo, € Vy

ar (Yn, ) + dy™" (0n; Py n) = (yn — Yas U)o Yo € Vi, Py
up = —%ph a.e. on I’
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In contrast to the previous sections, we are not able to derive the uniform L?(Q)-boundedness
of y;, or pp, from (PhF ’4). Hence, following the strategy provided in Section 8.4.1 the operator
Q : X, — &) defined by

(Qn, pn), (Vn, ) ax x, = (_iphﬂ]h)l“ + (Yn — Ya, ¥n)a

does not satisfy condition (7.1.2) in Assumption 7.2. Additionally, for proving the uniform
L?(Q2)-boundedness of 3, or py, an appropriate regularization corresponding to (P{ ’4) is cur-
rently not available. Hence, Lemma 7.3 cannot be applied to (P,f ’4). Furthermore, the lack
of the uniform L?*(Q)-boundedness of y;, and p, has also an influence on the derivation of a
L?-error estimate for the state and the control. For instance, we have seen in Lemma 8.45
that the H?(Q)-norm of the auxiliary solutions 3 and p is bounded by the L*-norms of the
corresponding right hand sides of the state and the adjoint equation. Due to the lack of the
uniform L*-boundedness of y;, and py, it is not ensured that the H*(2)-a priori error estimates
of § and p do not depend on the mesh size h. In this case, the L*-error estimate (see Theorem
8.46) is not useful. Thus, we cannot conclude that the discrete solution (yp,us) = (Yn, —5pn)
approximate the optimal solution (7, %) of (P?).
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10 Summary

In this thesis, we have investigated the discretization of optimal control problems by applying
the AFC method. We started this work with an introduction to function spaces and elementary
results in Section 2, which have been used throughout this work. The focus of Section 3 was the
analysis of an elliptic boundary value problem with two types of boundary conditions. Firstly,
we have analyzed a convection-diffusion reaction equation with Dirichlet boundary conditions
and secondly, we have provided the analysis of a convection-diffusion reaction equation with
Robin boundary conditions. In detail, for both types of boundary conditions, the existence of a
weak solution and the validity of H?(Q)-regularity were proven. After that, in Section 4, we have
provided the analysis of the continuous optimal control problems, which were the main objects
of investigation in this work. Moreover, the Moreau-Yosida regularization was also investigated
for the state constrained optimal control problem. We have seen that the optimal solution of
the state constrained optimal control problem has been approximated by the solutions of the
Moreau-Yosida regularization with a L?(2)-convergence order of O(3). The Finite Element
Method has been introduced in Section 5. In addition, we have also shown the construction
and the analysis of an AFC scheme for a general linear boundary value problem. Recall that
the goal of the construction of an AFC scheme is that the discrete solution should satisfy the
discrete maximum prinicple such that spurious oscillations are prevented. For this, we have seen
in Section 5 sufficient conditions for the discrete maximum principle. Moreover, according to
Section 3, we have applied the AFC method on the introduced elliptic boundary value problems.
Finally, we have seen the construction of the Kuzmin limiter and the BJK limiter. For both
limiters, the corresponding AFC scheme possesses a discrete solution satisfying the discrete
maximum principle. Moreover, for the BJK limiter it was shown that the linearity-preserving
property holds. In Section 6, we have discretized the several optimal control problems with the
AFC method. Due to the fact that the limiters are in general nonlinear and non-differentiable,
we have used the optimize-then-discretize-approach. During this section, we have provided a
discretization concept for optimal control problems with distributed control and for optimal
control problems with Robin boundary control. Due to the lack of regularity of the measure
arising in the optimality system of the state constrained optimal control problem, we have
discretized the optimality system of the Moreau-Yosida regularization. Collecting the derived
systems, we have seen that all systems have a similar structure. Hence, in Section 7, we have
provided abstract results such that the existence of a discrete solution and corresponding L>-
error estimates can be proven for the derived coupled systems. The application of these results
on the introduced optimal control problems has been demonstrated in Section 8. Here, we have
investigated the existence of a discrete solution for the several coupled and discretized systems.
Furthermore, we have verified L?-error estimates between the AFC state solution and the
optimal state solution respective between the computed AFC control and the optimal control
corresponding to the continuous problem. In the case of distributed control, we have proved
a L?(Q)-convergence order of O(3) where for the state constrained optimal control problem
the convergence order of O(1) only holds for the solution of the discretized Moreau-Yosida
regularization. The derived L*(Q)-error estimate between the solution of the state constrained
optimal control and a solution of the discretized Moreau-Yosida regularization depends on the
regularization parameter 6. Apart from the theoretical results, there were several numerical
tests for proving the stabilizing effect of the AFC method and for reviewing the derived L?2-
error estimates performed. In the numerical tests, we have solved the AFC systems by a
preconditioned relaxed Richardson iteration on a 2 = [0,1] x [0, 1] unit square mesh. For the
stabilization of the discrete solutions, we have used the BJK limiter. It was shown that every
computed AFC state and AFC adjoint solutions are free of spurious oscillations. Moreover,
a comparison to the analytical solutions led us to the conclusion that the iterative method
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computed accurate AFC solutions with layers at the correct position. In addition, as we can
see in the numerical tests of the mentioned AFC literature, the computed L2-convergence rates
are higher than the theoretical results predicted. In the last section, we have shown further
optimal control problems which can be discretized and solved in a similar way as illustrated in
the previous sections. For this, we have mentioned that the abstract results provided in Section
7 have to be modified at some points. However, the demonstrated strategy in the context of
the optimize-then-discretize-approach still holds for investigating the optimal control problems
provided in Section 9. In contrast to the problems where the derived theory is applicable, we
have also seen an unconstrained optimal control problem with Robin boundary control. It was
shortly demonstrated that the general results in Section 7 are not applicable since the uniform
L?-boundedness of the discrete solutions cannot be ensured. This leads us to the following
conclusion with an outlook on possible further research work.

11 Conclusion and Outlook

The goal of this work was to apply the AFC methodology for the discretization of optimal
control problems governed by a convection-diffusion reaction equation. As we have seen, the
AFC method stabilizes the discrete solutions in the context of the optimize-then-discretize-
approach. Especially in the unconstrained, the control constrained case and in the case of
Robin boundary control we are convinced that the application of the AFC method is helpful to
obtain stabilized and accurate solutions. The derived discretization concepts are quite easy to
understand and the corresponding numerical calculation of the solutions does not require much
effort. However, in the case of state constrained optimal control problems, we also see potential
of improvement since an optimal parameter adjustment between the regularization parameter
0 of the Moreau-Yosida regularization and the mesh size h is not derived yet. Finally, we have
also the opinion that the non-differentiability of the method complicate the numerical treatment
since many established solvers like Newton-solvers for optimal control problems cannot be used.
As we have mentioned in the introduction of this thesis, the combination of AFC schemes with
optimal control problem is currently not investigated by the community of optimal control
problems. Since, the analysis of AFC schemes has been established recently in 2016, there are
consequently many open problems for the optimal control and AFC community.

11.1 AFC

Due to the fact that the first papers concerning the theoretical analysis of the AFC methodology
have been established in 2016, there are many problems which are currently of interest. As we
have mentioned in the context of the numerical tests, we have seen higher convergence orders
than our theorectical results predicted. A reason for this behavior could be that the limiters have
been estimated too roughly by 1 (see Remark 8.11). Hence, it should be interesting to establish
sharper estimates for the limiters. Another part of investigation is the development of further
limiters respective modified limiters such that the DMP, the linearity-preserving, continuity or
differentiability properties hold. Differentiable limiters (see |BadBonl7|) are of huge interest
so that efficient nonlinear solutions strategies can be applied. For detailed information, we
refer also to |JhaJol9|, [JhaJo20| or |Loh21|. During the last years, the works of Kuzmin
|Kuz12, Kuz12/2, Kuz18| and Barrenechea et. al [BJK16, BBK17, BJK17| have provided basic
design criteria of limiter such that discrete maximum prinicples and the continuity property
are satisfied. However, the basic Kuzmin limiter introduced in Section 5.5.1 does not guarantee
the DMP property on arbitrary meshes. The work of Knobloch [Knob21| provides a modified
version of the basic Kuzmin limiter such that the DMP holds. Here, we can see that the
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structure of the Finite Element meshes also influences the need of new resp. modified limiter.
According to steady-state convection-diffusion reaction equations, an a priori error analysis has
been provided in [BJKR18|. A counterpart to the a priori error analysis is the a posteriori error
analysis where the quality of the computed discrete solutions can be evaluated. First results
to a posteriori error estimators can be found for instance in [JhaTh20| or [Jha21|. Finally, we
remark that according to the general Flux-correction methodology (see |Zal79]|), there are not
only stationary convection-diffusion reaction equations which are currently under investigation.
For instance, in |JoKno21| the authors analyze an evolutionary convection-diffusion reaction
equation: Find w(z,t) such that

%—Z)—EijLb-Vw—i—cw:g in Q x (0,7

is satisfied where (0, 7] is the time interval and Q C R? with d = 2,3 a bounded polygonal or
polyhedral domain with Lipschitz-continuous boundary I'. Note that in [JoKno21|, Neumann
and Dirichlet boundary conditions are prescribed. Furthermore, the limit case of the diffusion
coefficient, i.e. ¢ = 0 is analyzed in the works of Kuzmin |Kuzl12, Kuzl8| where the author
often investigates time-dependent transport equations: Find w(z,t) such that

ow :

E—FV-(VU}):Q in Q x (0,7
where v = v(z,t) is a velocity field. A compact overview on the application of limiting strategies
can be found for instance in [LohSP19| where stationary and time-dependent advection-reaction
equations have been considered. In addition, the author extends the application of limiting to
an advection-reaction equation for symmetric tensor quantities.

11.2 Optimal control theory

In this work, we have seen that the optimize-then-discretize-approach is a possible strat-
egy for discretizing several optimal control problems. Especially, for general nonlinear and
non-differentiable discretization methods like the AFC method the optimize-then-discretize-
approach is a useful choice. In the theory of optimal control, the problems are often discretized
by the discretize-then-optimize-approach where the existence of discrete solutions is usually
verified by standard techniques in contrast to the optimize-then-discretize-approach. In this
work, all derived discrete systems have undergone some regularizations before the existence
of discrete solutions could be proved. Due to the fact that there are many different types of
optimal control problems (see Section 9), one has to develop further regularizations such that
the optimize-then-discretize-approach is applicable. However, in the state constrained case, we
have seen that a direct application of the optimize-then-discretize-approach is currently not
possible. For the approximation of the optimal solution corresponding to the state constrained
optimal control problem, we have used the coupled and discretized system corresponding to the
Moreau-Yosida regularization. Currently, we cannot prove an optimal parameter adjustment for
the L?(2)-error estimate provided in Theorem 8.34. Hence, one would like to derive other con-
cepts for discretizing state constrained optimal control problems respective for discretizing the
regularized counterparts. In addition to this, we remark that there exist many regularizations
of state constrained optimal control problems. For instance, we have the so-called Lavrientiev
regularization where the application on a state constrained optimal control problem has been
demonstrated in [CheR609|. For this, it will be interesting how to discretize this regularization
in the framework of the optimize-then-discretize-approach. According to the current state of
research, the application of the AFC method on parabolic optimal control problems or the
derivation of a posteriori error estimates of AFC-discretized optimal control problems can be
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investigated in future work. Due to the fact that the combination of optimal control problems
with the AFC methodology is completely new, we are convinced that future work will arise
many, currently unknown but nevertheless relevant problems.
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