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“Es liegt natürlich sehr nahe, die Funktion ψ auf einen Schwingungsvorgang im Atom zu

beziehen, dem die den Elektronenbahnen heute vielfach bezweifelte Realität in höherem

Maße zukommt als ihnen.”

—Erwin Schrödinger

Quantisierung als Eigenwertproblem (Erste Mitteilung), Annalen der Physik 79 (1926) 372.
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Abstract

This thesis investigates complex transition metal oxide-based heterostructures, which exhibit a diverse

spectrum of fascinating physical and chemical properties such as metal-insulator transitions (MIT) or

topological insulating (TI) phases. Such effects are mostly not present in the bulk counterparts, but

emerge due to electronic and orbital reconstructions in stacked superlattices composed of distinct ma-

terials in the layers. The development of such materials requires a fundamental understanding of the

underlying mechanisms ranging from symmetry breaking, structural distortions (Jahn-Teller), charge,

spin and orbital ordering to control parameters such as the effect of Coulomb interaction.

The thesis comprises a systematic study on the effect of confinement in (0001)-oriented corundum and

(111)-oriented perovskite-derived heterostructures or rocksalt-structured quantum wells with (001)

orientations in order to give an insight into electronic and topological properties by employing first-

principles calculations based on the density functional theory (DFT). The honeycomb bilayers of the

(0001)-oriented corundum and (111)-oriented perovskite-derived heterostructures are highly interest-

ing as they form a buckled graphene-like periodic arrangement of transition metal atoms. A major

aspect is to exploit the effect of confinement to induce topologically non-trivial states.

The electronic and topological properties in corundum-based 3d, 4d as well as 5d-oxide X2O3 honey-

comb bilayers, sandwiched in the band insulator α-Al2O3 along the [0001]-direction, are investigated

as a function of strain and Hubbard U. In most cases, structural distortions lead to antiferromagnetic

(AFM) ground states, while the metastable ferromagnetic cases of X = Ti, Mn, Co and Ni with

constrained P321 symmetry of the two sublattices in the buckled honeycomb lattice exhibit a char-

acteristic set of four bands. Two of these bands are flat, whereas two show a Dirac-like crossing at

the high symmetry point K. By applying lateral strain, the Dirac point is tuned to the Fermi level so

that subsequent spin-orbit coupling (SOC) calculations open a gap of several meV showing a weak

effect for the 3d elements but still leading to a substantial anomalous Hall conductivity. A particularly

strong SOC effect for X = Ti at aAl2O3 is identified resulting in an unusually high orbital moment

antiparallel to the spin moment along the z-axis so that the system emerges as a candidate for the

realization of the topological Haldane model of spinless fermions on a honeycomb lattice.

In contrast to the 3d systems, the calculations for the 4d and 5d systems predict that X = Tc and Pt

are promising Chern insulator (CI) candidates with C = –2 and –1, while the metastable FM phase

of X = Pd points towards a trivial insulator. X = Os serves as a further example leading to a large

SOC effect, which resembles the electronic behavior of iridates like Sr2IrO4 with a single hole in the

t2g manifold.

Similar to the (0001)-oriented corundum heterostructures, the calculations for the metastable ferro-

magnetic (FM) systems such as X = Tc and Pt in (LaXO3)2/(LaAlO3)4(111) at the lateral lattice

constant aLAO reveal Chern insulating phases with Chern numbers C = 2 and 1, respectively, under

the premise that P321 symmetry is preserved. In analogy to the corundum cases, the Chern insulating

phase of X = Tc is further stabilized under tensile strain with a broader plateau and an enhanced gap.

In contrast, for X = Pd and Pt tensile strain (increasing the lateral lattice constant from aLAO to aLNO)

leads to a bond and charge disproportionation accompanied by distinct magnetic moments. Moreover,

the non-magnetic 4d and 5d homologous elements of Mo and W are identified as potential candidates
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for time-reversal invariant topological insulators with a non-trivial Z2 at aLAO, respectively. An addi-

tional study for X = Os and Ru at the lateral lattice constant aLAO and aLNO shows Chern insulating

phases with respective Chern numbers C = 2 and –1, whereas X = Fe is a trivial Mott insulator.

In a combined angle-resolved photoemission spectroscopy and first-principles study the electronic

structure of (NdNiO3)2/(LaAlO3)4(111) is assessed. Fermi surface calculations are performed for the

graphene-like oxide heterostructure with lowered P1 (1×1) symmetry and compared to the measured

SX-ARPES (angle-resolved photoemission spectroscopy) intensity maps in the kx−ky plane spanning

the major Ni 3d features near the valence band maximum.

In a further DFT study, the correlation between the topological and thermoelectric properties in

(EuO)m/(MgO)n(001) superlattices (SLs) is addressed. While (EuO)2/(MgO)2(001) exhibits a sub-

stantial anomalous Hall conductivity with values up to –1.04 e2/h, SOC opens a sizeable band gap in

(EuO)1/(MgO)3(001) SL at the lateral lattice constant of MgO due to a band inversion resulting in a

topologically non-trivial state with C = –1. The Chern insulating phase exhibits enhanced thermo-

electric performance in terms of the Seebeck coefficient. Further information about the band inversion

mechanism are unveiled by the analysis of magnetic spin textures and edge states of the system with

non-trivial topology and Berry phase (geometric phase) effects. To the end of this thesis, the elec-

tronic properties of (EuO)m/(MgO)n(001) SLs at the lateral lattice constant of EuO with FM and AFM

configurations are investigated systematically. In contrast to the studied (EuO)m/(MgO)n(001) SLs at

aMgO, the systems at aEuO are insulating for FM and AFM configurations. The band gap evolution

of (EuO)m/(MgO)n(001) SLs is explored as a function of the quantum well thickness. The results

point to an unexpected decreasing trend for the band gap evolution with an increasing number of

(EuO)m/(MgO)n(001) layers.
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Zusammenfassung

Diese Dissertation untersucht komplexe Übergangsmetalloxid-Heterostrukturen, welche ein breites

Spektrum faszinierender physikalischer und chemischer Eigenschaften aufweisen, wie z.B. Metall-

Isolator-Übergänge oder topologisch isolierende (TI) Phasen. Solche Effekte sind häufig nicht in

den Volumenmaterialien vorhanden, da sie infolge der elektronischen Zustände und Rekonstruktion

der Orbitale in gestapelten Übergittern bestehend aus unterschiedlichen Materialien in den Lagen

entstehen. Die Entwicklung von solchen Materialien setzt ein fundamentales Verständnis der zugrun-

deliegenden Mechanismen von der Symmetriebrechung, der strukturellen Instabilität (Jahn-Teller),

der Ordnungsphänomene der Ladungen, Spins und Orbitale bis hin zum Effekt des Coulombterms als

Kontrollparameter voraus.

Das Hauptaugenmerk dieser Dissertation liegt auf der systematischen Untersuchung von Confinement-

Effekten in Übergittern basierend auf (0001)-orientierten Korund- oder (111)-orientierten Perowskit-

strukturen oder Quantentopfstrukturen mit einer Kochsalzstruktur und der kristallographischen Ori-

entierung von (001), um eine tiefere Erkenntnis in elektronische und topologische Eigenschaften

unter Nutzung von materialspezifischen Rechnungen auf Basis der Dichtefunktionaltheorie (DFT)

zu gewinnen. Aufgrund der graphen-ähnlichen Anordnung von Übergangsmetallatomen in gewell-

ten Honigwabengittern, bestehend aus Bilagen in (0001)- oder (111)-orientierten Heterostrukturen,

ist diese Klasse von Materialien von besonders hoher Bedeutung. Einen wichtigen Aspekt stellt

die Nutzung des Confinement-Effektes und dessen Auswirkung auf die Entstehung von topologisch

nicht-trivialen Zuständen dar.

Die elektronischen und topologischen Eigenschaften in 3d, 4d und 5d-Oxid-Heterostrukturen wer-

den als Funktion der Verspannung und eines Coulombterms U untersucht. In diesen Systemen stellt

die X2O3 Bilage ein Honigwabengitter dar und ist von beiden Seiten vom (0001)-orientierten Band-

isolator α-Al2O3 eingeschränkt. In den meisten Fällen zeigt sich infolge der strukturellen Verz-

errung ein anti-ferromagnetischer (AFM) Grundzustand, während die metastabilen ferromagneti-

schen Systeme mit X = Ti, Mn, Co und Ni mit festgehaltener P321-Symmetrie der zwei Untergit-

ter im gewellten Honigwabengitter einen charakteristischen Satz aus vier Bändern aufweisen. Zwei

dieser Bänder sind flach, wohingegen zwei eine Dirac-ähnliche Kreuzung am Hochsymmetriepunkt

K zeigen. Unter Druckspannung kann der Dirac-Punkt zum Fermi-Niveau hin verschoben werden,

sodass anschließende Berechnungen, unter Berücksichtigung der Spin-Bahn-Kopplung, eine Band-

lückenöffnung von einigen meV zeigen und es trotz eines schwachen Effekts für die 3d-Elemente

zu einer bedeutenden anomalen Hall-Leitfähigkeit kommt. Des Weiteren wird ein starker Spin-Bahn-

Kopplungseffekt für X = Ti bei aAl2O3 festgestellt, welcher in einem außergewöhnlich hohen Orbital-

moment anti-parallel zum magnetischen Moment entlang der z-Achse resultiert, sodass sich dieses

System als Kandidat zur Realisierung des topologischen Haldane Modells von spinlosen Fermionen

auf einem Honigwabengitter herausstellt.

Im Gegensatz zu den 3d-Systemen zeigen Berechnungen für die 4d-und 5d-Systeme, dass X = Tc

und Pt als vielversprechende Chern-Isolator (CI) Kandidaten mit C = –2 und –1 in Frage kommen,

während sich die metastabile ferromagnetische (FM) Phase von X = Pd als ein trivialer Isolator er-

weist. Ein weiteres Beispiel ist X = Os, welches mit einem starken Spin-Bahn-Kopplungseffekt im
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elektronischen Verhalten mit einem Elektron-Loch im t2g Zustand den Iridaten wie Sr2IrO4 ähnelt.

Ähnlich zu den (0001)-orientierten Korund-Übergittern, zeigen die Berechnungen für die metasta-

bilen ferromagnetischen (FM) Systeme wie X = Tc und Pt in (LaXO3)2/(LaAlO3)4(111) mit der

P321 Symmetrie und einer lateralen Gitterkonstante von aLAO Chern-isolierende Phasen mit Chern-

Zahlen von C = 2 und 1. Unter Zugspannung kommt es zu einer Stabilisierung der Chern-isolierenden

Phase von X = Tc, während gleichzeitig, ähnlich wie bei den Korund-Fällen, ein breites Plateau und

eine erhöhte Bandlücke entstehen. Im Gegensatz dazu führt die Zugspannung für X = Pd und Pt,

welche durch Erhöhung des lateralen Gitterparameters von aLAO zu aLNO erreicht wird, zur Bindungs-

und Ladungsdisproportionierung und wird von unterschiedlichen magnetischen Momenten begleitet.

Außerdem werden die nicht-magnetischen 4d und 5d homologen Elemente von Mo und W als poten-

zielle Kandidaten für nicht-triviale topologische Z2-Isolatoren bei aLAO identifiziert. Das Ergebnis

einer weiteren Untersuchung für X = Os und Ru bei einem lateralen Gitterparameter von aLAO und

aLNO zeigt Chern-isolierende Phasen mit entsprechenden Chern-Zahlen von C = 2 und –1, wohinge-

gen X = Fe einen trivialen Mott-Isolator darstellt.

In einer kombinierten winkelaufgelösten Photoelektronenspektroskopie- und first-principles-Unter-

suchung wird die elektronische Struktur von (NdNiO3)2/(LaAlO3)4(111) ausgewertet. Die Fermi-

Flächen für die graphen-ähnliche Oxid-Heterostruktur mit reduzierter P1 (1×1) Symmetrie wer-

den berechnet und mit den Intensitätsverteilungen aus den SX-ARPES-Messungen (winkelaufgelöste

Photoelektronenspektroskopie) in der kx−ky-Ebene verglichen, welche die Ni 3d-Zustände am Valenz-

bandmaximum beschreiben.

In einer weiteren DFT-Studie wird für (EuO)m/(MgO)n(001) Übergitter die Korrelation zwischen den

topologischen und thermoelektrischen Eigenschaften untersucht. Während (EuO)2/(MgO)2(001) eine

bedeutende anomale Hall-Leitfähigkeit mit Werten bis zu –1.04 e2/h zeigt, öffnet sich unter Berück-

sichtigung der Spin-Bahn-Kopplung für die Überstruktur (EuO)1/(MgO)3(001) bei einer lateralen

Gitterkonstante von MgO eine beträchtliche Bandlücke infolge der Bandinversion und resultiert in

einem topologisch nicht-trivialen Zustand mit C = –1. Die Chern-isolierende Phase zeigt eine er-

höhte thermoelektrische Leistung bezüglich des Seebeck-Koeffizienten. Weitere Erkenntnisse über

die Bandinversion werden durch die Analyse der magnetischen Spintextur und Oberflächenzustände

der Systeme mit nicht-trivialer Topologie und Berry-Phase-Effekten (geometrische Phase) enthüllt.

Am Ende dieser Dissertation werden die elektronischen Eigenschaften von (EuO)m/(MgO)n(001) bei

einer lateralen Gitterkonstante von EuO mit FM- und AFM-Anordnungen systematisch untersucht.

Im Gegensatz zu den untersuchten (EuO)m/(MgO)n(001) Überstrukturen bei aMgO sind die Systeme

bei aEuO isolierend für die FM- und AFM-Konfigurationen. Die Änderung der Bandlücke der Über-

struktur (EuO)m/(MgO)n(001) wird als Funktion der EuO Schichtdicke untersucht. Die Ergebnisse

deuten auf einen unerwartet abnehmenden Trend für die Bandlückenentwicklung mit zunehmender

Anzahl von (EuO)m/(MgO)n(001) Lagen hin.
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1 Introduction

1 Introduction

Artificial transition metal oxide-based heterostructures offer a plethora of physically interest-

ing electronic phases in correlated materials, a new promise in the prospect of the discovery

of metal-insulator transitions (MIT), high-temperature superconductors (HTS), ferroelectric-

ity or topological insulators (TIs) [1]. Nowadays, conventional semiconductors are important

in a wide range of applications, e.g., as transistors or diodes [1]. The technological demands

and continuous technological improvement of fundamental limits of miniaturization of elec-

tronic devices have promoted the search for other alternative materials exhibiting additional

physical properties and the class of transition metal oxides (TMO) emerges as promising

candidates to substitute, e.g., conventional electronic devices based on semiconductors or

semiconductor heterostructures. In this respect, spin transport electronics, also known as

spintronics, has an advantage over the use of conventional semiconductors as it works with-

out using electric current [2].

Strongly Correlated Electron System

Charge

t2g

eg

d-orbitals dx²-y² dz²-r

dxz dyzdxy

Orbital

Positive charge

Spin Lattice

Negative charge

Symmetry
breaking

Charge
transfer

Figure 1: The interplay between different degrees of freedom in a strongly correlated transition metal

oxide can give rise to fascinating physical properties and a strong structure-property cou-

pling as a result of correlation effects involving the charge, lattice degrees of freedom,

orbital as well as spin [3]. The properties can be tuned by, e.g., strain, local symmetry

breaking, electrostatic coupling and charge transfer. Figure based on Fig. 2 in Ref. [4].

The formation of a 2-dimensional electron gas (2DEG) at semiconducting interfaces has been

an important prerequisite both for the discovery of the integer [5] and fractional [6] quantum

Hall effect. As a result of the interplay of charge, spin, orbital and lattice degrees of freedom,

the electrons in many functional oxides are strongly correlated so that the motion of an elec-

tron depends on all the other ones depicted in Fig. 1. This strong structure-property coupling

arising from the entanglement of charge, spin, orbital and lattice degrees of freedom can be
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exploited in interface engineering to realize new states of matter such as the formation of a

superconducting state at the oxide interface between the band insulator LaAlO3 and SrTiO3,

which is ascribed to a charge transfer owing to a polar discontinuity at the interface [7, 8].

Hence, a lot of electronic properties such as Rashba-like spin splitting [9] or quantum Hall

effect [10] have been proposed to arise as a result of this strong structure-property coupling.

Historically, the first prominent example of topological phases is the integer quantum Hall

(QH) system and began with the discovery of the quantum Hall effect in 1980 [11]. How-

ever, the concept of topology for the description of solid state properties has been introduced

for the so-called Kosterlitz-Thoules transition in 1972 [12, 13]. The Kosterlitz-Thoules tran-

sition refers to the defect (vortex), which is the driving force for this phase transition. These

electronic phases are categorized by topological numbers, which means that they are distinct

by a global topological number instead of a local symmetry. These topological numbers are

properties of a certain type of Hamiltonian and valid as long as the type of the Hamiltonian

is unchanged and protected by the symmetries such as time-reversal symmetry (TRS), inver-

sion symmetry (IS) or chiral symmetry [14], which identify the type. Later on, the theorists

J. M. Kosterlitz, D. J. Thouless and F. D. M. Haldane were rewarded the Nobel Prize in

Physics 2016 for the novel description of solids by topology.

In particular, if a gapped system within a xy plane is considered, the Chern number Cn can

be defined for a nth band, which results in an integer if the nth band is separated from other

bands by a gap. Chern insulators (CIs) are a time-reversal symmetry (TRS) broken analog

of topological insulators and a non-zero Chern number means that the band is topologically

non-trivial showing the integer QH effect. The summation ν = ∑nocc. C
n of the Chern num-

bers over occupied bands gives the number of chiral edge modes (states) within the gap in

a quantum Hall (QH) system [15, 16] for a given band insulator at T = 0 K. This topologi-

cally non-trivial QH state with ν as an integer is robust against perturbations and cannot be

changed without closing the gap. This novel category of topological phases, i.e., Chern in-

sulators [15, 16] are potentially promising candidates both for practical applications in, e.g.,

low-power electronic as well as storage devices or the realization of Majorana fermions. By

incorporating magnetism, CIs offer a unique platform to explore emerging phenomena in

topological spintronics. The proposal for the realization of a new topological insulator (TI)

state in a 2-dimensional system was made by Kane and Mele in 2005 [17] in order to explain

the occurrence of quantized Hall plateaus for Quantum Spin Hall (QSH) systems based on

calculations of the graphene band structure. In contrast to Chern insulators, a Quantum Spin

Hall (QSH) state consists of two counter-propagating spins called helical edge states, where

TRS is preserved and no external magnetic field is necessary to create such surface states.

By employing density functional theory (DFT) calculations, the systematic investigation of

these above-mentioned physical phenomena arising at complex oxide interfaces is possi-

ble, which allows to achieve a fundamental understanding. First-principles calculations are
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1 Introduction

a powerful tool for the theoretical prediction of such materials, which can be synthesized

afterward exploiting epitaxial growth by experimentalists. In 1988 Haldane [18] predicted

that the QAHE can be realized for spinless fermions on a honeycomb lattice without any

external magnetic field so that much effort has been directed to identify materials hosting a

honeycomb pattern. In particular, honeycomb lattices like the (111)-oriented perovskites or

corundum-based SLs can be utilized for inducing topologically non-trivial states. Initially

proposed by Xiao et al. [19], the realization of topologically non-trivial phases in perovskite

superlattices with a honeycomb pattern [20–30] offered a fertile playground.

Using density functional theory calculations with a Hubbard U, in the present work the elec-

tronic and topological properties are studied systematically in corundum-derived 3d, 4d as

well as 5d-oxide honeycomb lattices [31, 32] where X2O3 honeycomb layers are incorpo-

rated in the band insulator α-Al2O3 along the [0001]-direction. This study concentrates on

possible quantum anomalous Hall phases, where the constraint of TRS is lifted. The ap-

plication of lateral strain is crucial because it allows to tune the Dirac point to the Fermi

level. By applying lateral strain, it is possible to tune the Dirac point to the Fermi level for

X = Mn, Co and Ni [31] so that subsequent spin-orbit coupling (SOC) calculations open

a gap of several meV showing a weak effect for the 3d elements and leading to a substan-

tial anomalous Hall conductivity. On the other hand, a particularly strong SOC effect for

X = Ti [31] at aAl2O3 = 4.81 Å is identified resulting in an almost integer orbital moment

of –0.88 µB, which is antialigned to and almost compensates the spin-moment of 1.01 µB

and points towards a likely realization of Haldane’s model of spinless fermions on a hon-

eycomb lattice. Typically, in 3d compounds the correlation effects are weaker compared to

4d and 5d ones. Although some interesting ground and metastable states are found for the

3d corundum-derived superlattices, the emergence of stable Chern insulating phases is not

established, which was the motivation for exploring the analogous 4d and 5d systems [32].

X = Tc and Pt turn out to be promising candidates for Chern insulators with C = –2 and –1.

Moreover, the effect of strain on the CI state is investigated. The intricate balance between

correlations and SOC is demonstrated for the metastable FM phases of isoelectronic X = Pd

and Pt. Additionally, a large SOC effect induced by electronic correlations is also found for

X = Os (d5) similar to iridates Sr2IrO4 [33–35] in the d5 configuration.

In a collaborative theoretical work, the study focuses on (LaXO3)2 with X = Fe, Os and Ru

sandwiched in (LaAlO3)4(111) [36]. LaOsO3 and LaRuO3 bilayers exhibit QAHI phases

with C = 2 and –1 at the lateral lattice constant of aLAO and aLNO, respectively. The anal-

ysis of topological quantities in (LaXO3)2/(LaAlO3)4(111) is extended systematically to the

metastable ferromagnetic phases of X = Tc, Pd and Pt [37]. LaTcO3 and LaPtO3 with pre-

served P321 symmetry emerge as CIs with C = 2 and 1 at the lateral lattice constant aLAO,

respectively. Similar to the previously studied (X2O3)1/(Al2O3)5(0001) honeycomb corun-

dum layers, the effect of tensile strain on the CI phase of X = Tc is addressed. The increase

of the lateral lattice constant from aLAO to aLNO results in a site disproportionation for X =

3



Pd and Pt. The analysis of topological properties as a function of the Hubbard U parame-

ter reveals a sign reversal for the CI phase of X = Pt at higher U values associated with the

change of band gap opening mechanism. In contrast, the non-magnetic systems X = Mo and

W with conserved TRS arise as potential candidates for Z2 topological insulators at aLAO.

In a combined theoretical and experimental work, the electronic structure of a graphene-like

artificial crystal of the complex-oxide heterostructure (NdNiO3)2/(LaAlO3)4 oriented along

[111]-direction is investigated [38]. For the heterostructure with lowered P1 (1×1) symmetry

[30] an antiferro-orbital ordering of the two Ni sublattices is obtained, which is associated

with the orbitals d3z2−r and d3x2−y2 . By utilizing soft x-ray angle-resolved photoelectron

spectroscopy (SX-ARPES) as well as hard x-ray photoelectron spectroscopy (HAXPES) in

conjunction with first-principles calculations, detailed insight is gained into the momentum-

resolved and angle-integrated valence-band electronic structure.

To the end of this work, the topological and thermoelectric properties of (EuO)m/(MgO)n(001)

superlattices (SLs) are studied by using density functional theory + Hubbard U calculations

[39]. In particular, spin-orbit coupling (SOC) opens a large band gap of 0.51 eV accompa-

nied by a band inversion for the ferromagnetic (EuO)1/(MgO)3(001) superlattice at the lateral

lattice constant of MgO with C = –1, which leads to promising thermoelectric properties.

In contrast, (EuO)2/(MgO)2(001) SL shows a substantial anomalous Hall conductivity with

a finite value of –0.8 e2/h at EF and somewhat lower Seebeck coefficient. The last section

deals with the study of the electronic properties of (EuO)m/(MgO)n(001) at the lateral lattice

constant of EuO.

The remainder of this thesis is structured as follows: In Chapter 2 the theoretical concepts

are described. As a prerequisite to density functional theory, quantum-mechanical concepts

such as the Schrödinger equation and Ritz variational principle are introduced. A brief ex-

planation of the band structure methods and underlying Bloch theorem are given, which are

used to describe the electronic properties of crystal structures. Since relativistic effects play

an important role, the effect of spin-orbit coupling on the band structures is discussed. The

identification and analysis of topological insulators (TI), especially Chern insulators (CI),

require a deeper understanding of topological concepts and Berry phase physics. The last

part of this chapter deals with the Wannier interpolation technique using Wannier functions

(WF) for the computation of Berry curvatures and eventually Chern numbers.

In Chapter 3 the results are presented in detail for the corundum-based 3d, 4d and 5d-oxide

honeycomb lattices [31, 32]. Another systematic DFT +U study of the 4d and 5d series in

(LaXO3)2/(LaAlO3)4(111) SLs at the lateral lattice constants aLAO and aLNO explores the

topological properties [37]. This study is complementary to the buckled honeycomb bi-

layers (LaXO3)2/(LaAlO3)4(111), i.e., LaOsO3 and LaRuO3 bilayers [36]. The DFT +U

results for the electronic structure, in particular the theoretically calculated Fermi surfaces of

(NdNiO3)2/(LaAlO3)4(111) are compared to experimental SX-ARPES and HAXPES mea-

surements [38].
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1 Introduction

The next-to-last section is dedicated to the study of Chern insulating phases and thermoelec-

tric properties of EuO/MgO(001) SLs at the lateral lattice constant of MgO [39]. Further-

more, the electronic properties of (EuO)m/(MgO)n(001) at aEuO = 5.14 Å are investigated as

a function of the quantum well thickness. Finally, the results are summarized and an outlook

is given in Chapter 4.
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2 Theoretical background

2.1 Time-dependent and time-independent Schrödinger equation

The motion of N electrons in the field of fixed M nuclei in a solid is described by the many-

body Schrödinger equation. The Schrödinger equation [40–42] itself is a partial differential

equation with the differential operator Ĥ, eigenvalues E and the corresponding eigenfunctions

Ψ(r). If the Hamiltonian Ĥ is not time-dependent, a separation ansatz allows to rewrite the

Schrödinger equation as a time-independent equation for the description of stationary states.

The energy E of a stationary state results after the separation of its time-dependent part:

ĤΨ(⃗r) = EΨ(⃗r). (1)

The Hamiltonian operator Ĥ itself is composed of the sum of kinetic T̂ and potential V̂ (r)

energy:

Ĥ = T̂ +V̂ (⃗r). (2)

In solid state physics the Hamiltonian operator can be derived from the non-relativistic and

time-independent Schrödinger equation, which takes the following form for a system con-

sisting of N electrons and M nuclei:

Ĥ =−
M

∑
a

h̄2

2Ma
∇

2
a −

N

∑
i

h̄2

2me
∇

2
i +

M

∑
a

M

∑
b>a

ZaZbe2

R⃗ab
+

N

∑
i

N

∑
j>i

e2

r⃗i j
−

M

∑
a

N

∑
i

Zae2

r⃗ai
. (3)

The indices i, j and a, b denote the electrons and nuclei. Ma is the nuclear mass, me the elec-

tron mass, while Za is the atomic number for the nucleus a and e is the elementary charge.

The corresponding distances between the particles are denoted by Rab, rai and ri j. The first

two terms in Eq. 3 are the operators for the kinetic energy. The third and fourth terms com-

prise the potential energy of the nucleus-nucleus and electron-electron repulsion, whereas the

last term gives the attraction between the positive nucleus and the negative electron. Since

the mass of a nucleus is substantially larger than the mass of an electron, the separation of

the movement of electrons from the nuclei results mostly in a negligible error. This adiabatic

approximation is justified by the rapid adjustment of electrons to the positional change of the

nuclei and is known as the Born-Oppenheimer [43] approximation.
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2 Theoretical background

The electronic Hamiltonian operator Ĥel:

Ĥel =−
N

∑
i

h̄2

2me
∇

2
i −

M

∑
a

N

∑
i

Zae2

r⃗ai
+

N

∑
i

N

∑
j>i

e2

r⃗i j
+

M

∑
a

M

∑
b>a

ZaZbe2

R⃗ab
(4)

can be rewritten in a more simplified way:

Ĥel =−
N

∑
i

h̄2

2me
∇

2
i −

Vext (⃗ri)︷ ︸︸ ︷
M

∑
a

N

∑
i

Zae2

r⃗ai︸ ︷︷ ︸
Ô1

+
N

∑
i

N

∑
j>i

e2

r⃗i j︸ ︷︷ ︸
Ô2

+
M

∑
a

M

∑
b>a

ZaZbe2

R⃗ab
, (5)

where Vext (⃗r) describes the interaction between the nuclei and the electrons representing the

external potential. The electronic Hamiltonian operator Ĥel depends on the positions of the

nuclei. The kinetic energy contribution of the nuclei with T̂nucleus = 0 vanishes because of

the Born-Oppenheimer approximation. Moreover, the last term in Eq. 4 is the electrostatic

contribution describing the Coulomb repulsion between the nuclei, which can be considered

to be constant for fixed nuclei. In principle, there are many methods to solve the one- and

two-electron operators Ô1 and Ô2. The integral of Ô1 can be solved exactly, whereas the

expression Ô2 for the electron-electron interaction complicates the computational treatment

of these integrals within the framework of the many-body Schrödinger equation for the elec-

trons. Two methods, namely Hartree-Fock (HF) and density functional theory (DFT), are

introduced in the following sections.

2.2 Hartree-Fock and the Ritz variational principle

Hartree-Fock is the most famous method to perform an ab initio calculation. A more de-

tailed treatment of this topic is given in Ref. [44, 45]. If the solutions to the single-particle

Hamiltonian Ô1 in Eq. 5 are known, which can be expressed as φi(ri), then the total wave-

function ψ can be constructed from these single-particle wavefunctions and combined to a

many-body wavefunction by a simple product ansatz:

ΨHartree = φ1(⃗r1) . . .φ1(⃗r2) . . .φN (⃗rN). (6)

In a self-consistent scheme, the solutions to the single particle states can be obtained itera-

tively. So far, the electron-electron interaction term in Eq. 5 is neglected. It is assumed that

every electron moves in the field of the remaining electrons.
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2.2 Hartree-Fock and the Ritz variational principle

Thus, every electron feels an averaged effective potential, which is the Hartree term:

N

∑
i

N

∑
j>i

e2

r⃗i j
≈

N

∑
i=1

Vi(⃗ri) =
N

∑
j ̸=i

〈
φ j (⃗r j)

∣∣∣∣∣ 1∣∣⃗ri − r⃗ j
∣∣
∣∣∣∣∣φ j (⃗r j)

〉
. (7)

In contrast to the Hartree method [46–48], HF takes the Pauli principle systematically into

account. The antisymmetry condition for the fermionic nature of electrons is implemented

by the construction of a Slater determinant ensuing from a single electron configuration. The

Slater [49, 50] determinant fulfills the basic requirement for fermions: the property of the

determinant ensures that a physically valid antisymmetric wavefunction is obtained when the

spatial r and spin coordinates σ of two electrons are interchanged leading to a change in the

sign of the total wavefunction Ψ:

Ψ(⃗x1, . . . , x⃗i, . . . , x⃗ j, . . . , x⃗N) =−Ψ(⃗x1, . . . , x⃗ j, . . . , x⃗i, . . . , x⃗N) (8)

with x⃗ = (⃗r,σ). As mentioned above, the Slater determinant, which meets the requirements

of the Fermi-Dirac statistics [51, 52], can be expressed in terms of a matrix:

ΨSlater (⃗x1 . . . x⃗N) =
1√
N!

∣∣∣∣∣∣∣∣∣∣
φ1(⃗x1) φ1(⃗x2) . . . φ1(⃗xN)

φ2(⃗x1) φ2(⃗x2) . . . φ2(⃗xN)

. . . . . . . . . . . .

φN (⃗x1) φN (⃗x2) . . . φN (⃗xN)

∣∣∣∣∣∣∣∣∣∣
=

1√
N! ∑

P
(−1)T P̂ |φ1(⃗x1) . . .φN (⃗xN)| .

(9)

The sum runs over all possible permutations, which are generated by the permutation opera-

tor P̂ by acting on the indices i of φi. The transposition T denotes the number of permutations

to obtain a specific permutation out of the natural permutation, whereas the factor of (−1)T

ensures the antisymmetry. The form of the spin orbitals φi is crucial for the quality of this

approach. The optimal set of spin orbitals is given after application of the Ritz variational

principle [53, 54] in order to solve the many-body Schrödinger equation including the Born-

Oppenheimer approximation:

ERitz[Ψ] =

〈
Ψ

∣∣∣Ĥ∣∣∣Ψ〉〈
Ψ
∣∣Ψ〉 ≥ E0. (10)

The Ritz variational principle constitutes the basis for most of the approximative calculations.
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2 Theoretical background

In this notation E0 is the ground state energy for a normalized test function Ψtest :

ERitz[Ψtest ] =

〈
Ψtest

∣∣∣Ĥ∣∣∣Ψtest

〉
〈
Ψtest

∣∣Ψtest
〉 ≥ E0. (11)

The iterative energy minimum search provides the expectation value ERitz, which is an upper

bound of the exact energy E0. The lower the obtained value for the expectation value ERitz,

the more accurate is Ψtest . For the sake of completeness, the HF equation can be rewritten

after the introduction of the so-called Lagrange multiplier εi,σ for each φi,σ , which makes

sure that the expectation value of the energy is an extremum:

(
−1

2
∇

2 +Vext (⃗r)+VH (⃗r)+Vex(⃗r; iσ)

)
φi,σ (⃗r) = εi,σ φi,σ (⃗r), (12)

where the exchange potential corresponds to:

Vex(⃗r; iσ) =− 1
φ∗

i,σ (⃗r)φi,σ (⃗r)
∑
j,σ ′

〈
φi,σ (⃗r)φ j,σ ′ (⃗r′)

∣∣∣∣∣∣ 1∣∣∣(⃗r)− (⃗r′)
∣∣∣
∣∣∣∣∣∣φi,σ (⃗r′)φ j,σ ′ (⃗r)

〉′

. (13)

While the Hartree potential VH(r) describes the interaction of the electron with an ensemble

of electrons including itself via the classical Coulomb interaction, the additional potential

term Vex(r; iσ) is the exchange potential. This exchange potential arises from the antisym-

metry of the wavefunction. In the HF theory the exchange is described exactly but suffers

from the missing electron correlation leading, e.g., to overestimated band gaps. Thus, HF

cannot describe the electronic properties of solids properly [55]. Nowadays, DFT function-

als make use of the exact exchange term and combine the orbital-dependent terms in Eq. 13

with correlation. In the following section, the basic principles of DFT are discussed, which

is a quite suitable method to describe many aspects of the electronic structure.

2.3 Fundamentals of density functional theory

“This result of Teller is based in part on suggestions of Sheldon who applied a

modification of TF theory, the Thomas-Fermi-Dirac theory, to the N2 molecule and

found numerically that there was no binding.”

—E. H. Lieb and B. Simon

The Thomas-Fermi Theory of Atoms, Molecules and Solids, Advances in Mathematics

23 (1977) 87.
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2.3 Fundamentals of density functional theory

The first attempts to calculate the binding energy of the electrons in an atom as a functional of

the electron density are based on the statistical method of Thomas [56] and Fermi [57]. This

density-dependent approximation is orbital-free and aims to solve the many-body problem.

For a more extended treatment of this topic the reader is referred to Ref. [45, 58, 59]. The

ground state energy of any atom with nuclear charge Z is given as:

ET F [ρ (⃗r)] = 2.871
∫

ρ
5/3(⃗r)d(⃗r)−Z

∫
ρ (⃗r)
(⃗r)

d(⃗r)+
1
2

∫ ∫
ρ (⃗r)ρ (⃗r′)∣∣∣⃗r− r⃗′

∣∣∣ d(⃗r)d(⃗r′). (14)

Within the Thomas-Fermi approach the kinetic energy term is idealized. It is assumed that

the kinetic energy stems from a non-interacting electron system in a homogenous electron

gas with a density proportional to the local density at any given point. This error of the

kinetic energy results in the non-binding theorem [60]. Because of this so-called non-binding

theorem this theoretical method is not applicable to chemical problems and it is not useful for

predicting materials properties [61]. A second density-based approach, in the context of the

Thomas-Fermi method, is given by Slater [61], which approximates the non-local exchange

potential:

Vx(⃗r) =−3
2

α

[
3
π

ρ (⃗r)
] 1

3

, (15)

while α is an adjustable parameter and its value is in the range of 2
3 up to 1 depending on the

distance.

The key idea, which made DFT a success, was provided in the middle of the sixties by the

two theorems of Hohenberg and Kohn [62]. The first theorem (i) states that the many-body

wavefunction Ψ and the external potential V (⃗r) are a functional of the electron density dis-

tribution ρ (⃗r) and additionally (ii) the energy functional of this density E[ρ (⃗r)] is stationary

and minimized by the ground state density meeting the requirements of the variational prin-

ciple. These two theorems lead to the Hohenberg-Kohn energy functional:

EHK[ρ (⃗r)] =
∫

Vext (⃗r)ρ (⃗r)d(⃗r)+
1
2

∫ ∫
ρ (⃗r)ρ (⃗r′)∣∣∣⃗r− r⃗′

∣∣∣ d(⃗r)d(⃗r′)+G[ρ (⃗r)] (16)

with the electron density distribution defined as:

ρ (⃗r) =
∫

d⃗r2 . . .
∫

d⃗rNΨ
∗(⃗r,⃗r2, . . . ,⃗rN)Ψ(⃗r,⃗r2, . . . ,⃗rN). (17)
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2 Theoretical background

In the spirit of Eq. 16, the key idea in the Kohn-Sham formalism is to map the interacting

system onto a system of non-interacting particles by extracting the kinetic energy T0[ρ (⃗r)]

of a non-interacting electron gas from G[ρ (⃗r)]. By definition, T0[ρ (⃗r)] is given as:

T0[ρ (⃗r)] =−1
2

N

∑
i=1

δi
〈
φi
∣∣∇2∣∣φi

〉
, (18)

where δi is the occupation number of the orbitals and the total electron density corresponds

to the sum of the probability of finding an electron:

ρ (⃗r) =
N

∑
i=1

δi |φi(⃗x)|2 . (19)

What remains is the determination of an unknown part, which is called exchange-correlation

energy functional:

Exc[ρ (⃗r)] = G[ρ (⃗r)]−T0[ρ (⃗r)] (20)

and its functional derivative:

νxc[ρ (⃗r)] =
∂Exc

∂ [ρ (⃗r)]
. (21)

The ground state energy as a functional of the electron density E[ρ (⃗r)] can be obtained by:

E[ρ (⃗r)] = T0[ρ (⃗r)]+
∫

Vext (⃗r)ρ (⃗r)d(⃗r)+
1
2

∫ ∫
ρ (⃗r)ρ (⃗r′)∣∣∣⃗r− r⃗′

∣∣∣ d(⃗r)d(⃗r′)+Exc[ρ (⃗r)], (22)

which can be recast in form of an effective single-particle, Kohn-Sham equation:

[
−1

2
∇

2 +νe f f (⃗r)
]

φi(⃗r) = εiφi(⃗r), (23)

where νe f f (⃗r) is composed of:

νe f f (⃗r) =Vext (⃗r)+
∫

ρ (⃗r′)∣∣∣⃗r− r⃗′
∣∣∣d(⃗r′)+νxc(⃗r). (24)

The Eq. 23 follows the single-particle formalism, although the interactions in a many-body

system are calculated. It is noteworthy that without the exchange-correlation potential νxc(⃗r)

emerging in the Eq. 23, the Kohn-Sham equation would reduce to the Hartree equation. Since

the exact form of the exchange-correlation energy functional is unknown, there are several

approximations, which will be discussed in the Section 2.3.2.
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2.3 Fundamentals of density functional theory

2.3.1 Spin density functional theory

The calculation of magnetic properties of solids is possible via DFT, but for this purpose the

exchange-correlation functional of the Kohn-Sham equation was extended. Instead of the

electron density ρ (⃗r), the spin-dependent density ρ (⃗r) consisting of ρ↑(⃗r), ρ↓(⃗r) as well as

magnetization density m(⃗r) are used for the calculation and can be expressed as [63]:

ρ (⃗r) = ρ
↑(⃗r)+ρ

↓(⃗r) (25)

and

m(⃗r) = ρ
↑(⃗r)−ρ

↓(⃗r). (26)

The resulting Kohn-Sham equation including the spinor form for the wavefunction φi(⃗r) can

be written as:

(
−1

2
∇

2 +Vext (⃗r)+VH (⃗r)+Vex[ρσ (⃗r)]
)

φi,σ (⃗r) = εi,σ φi,σ (⃗r) (27)

with σ referred to as the spin-up and spin-down part:

|↑⟩=

(
1

0

)
, (28)

|↓⟩=

(
0

1

)
. (29)

As mentioned above, the access to the magnetization density is important and enables in

connection with band structure calculation the prediction whether the electronic structure of

solids possesses a ferromagnetic or antiferromagnetic ground state.

2.3.2 Exchange correlation functionals

One of the first simple approximations to describe the unknown exchange-correlation func-

tional is the local density approximation (LDA) [64]. In contrast to Eq. 14, this functional

is constructed on a parameter-free basis. For any volume element at r⃗ in an interacting

inhomogeneous system only the local density as well as its own electron density are consid-

ered, while the value of the exchange-correlation density is substituted with the one of the

homogenous electron gas with the same density at site r⃗:
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2 Theoretical background

ELDA
xc [ρ (⃗r)] =

∫
ρ (⃗r)εhom.

xc [ρ (⃗r)]d3⃗r (30)

In principle, the exchange energy can be solved analytically, whereas the correlation en-

ergy is mostly fitted to numerical results from Quantum Monte Carlo (QMC) simulations.

The LDA approximation given in Eq. 30 can be extended to the so-called local spin-density

approximation (LSDA) for spin-polarized systems by employing two spin-densities:

ELSDA
xc [ρ ↑ (⃗r),ρ ↓ (⃗r)] =

∫
ρ (⃗r)εhom.

xc [ρ ↑ (⃗r),ρ ↓ (⃗r)]d3⃗r (31)

It is well known that the lattice parameters of solids are typically underestimated and binding

energies are overestimated by the LSDA-method. This inaccuracy can be related to the fact

that the exchange part is underestimated by 10 %, the correlation part is overestimated by

100 % as well as the self-interaction of the electron that enters the electron density [65]. In

the spirit of the LDA exchange-correlation functional, several forms of this functional have

been developed [63, 66].

Other modern exchange-correlation functionals like the GGA-method [67] (generalized gra-

dient approximation) take gradient corrections of the local density into account:

EGGA
xc [ρ ↑ (⃗r),ρ ↓ (⃗r)] =

∫
ρ (⃗r)εhom.

xc [ρ ↑ (⃗r),ρ ↓ (⃗r),∇ρ ↑ (⃗r),∇ρ ↓ (⃗r)]d3⃗r. (32)

One of the most used exchange-correlational functionals, which accounts for the local varia-

tions of the density, is developed by Perdew, Burke and Enzerhof (PBE) [68]. In contrast to

LDA, GGA tends to an overestimation of lattice parameters and underestimation of binding

energies. Nevertheless, both DFT functionals exhibit their own limitations when calculat-

ing electronic structure properties of different crystal structures. In particular, LDA predicts

the wrong ground state of Fe by resulting in an energetically more favorable non-magnetic

face-centered cubic (fcc)-Fe state. Conversely, GGA yields the correct ferromagnetic body-

centered cubic (bcc)-Fe ground state [69]. On the other hand, the GGA results for fcc-Pd

and fcc-Pt show a magnetic ground state [70], although it should be non-magnetic. In this

context, care should be taken when using exchange-correlation functionals. Both methods

completely fail to give a proper description of dispersion interactions in molecular systems

[71, 72].
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2.3 Fundamentals of density functional theory

SCF Procedure

Initial guess of:
Atom positions: {R}
Charge density: ρ(0)(r)

Input initial geometry:
A set of nuclear coordinates {RA},
atomic numbers {ZA},
number of electrons N

Compute potential

Solve Kohn-Sham equation for
all k-points (eigenvalue problem):
- Setup H and S integrals
- Diagonalize overlap matrix S

Determine the Fermi-Energy

Calculate total energy and new density F{ρ(r)}

Convergence reached within
a specified criterion?

Minimize total energy and force
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Figure 2: Schematic illustration of an iterative self-consistent-field (SCF) procedure. Figure based on

Fig. 4.3 in Ref. [73].

2.3.3 Treatment of strongly correlated systems

In Section 2.3.2 the exchange-correlation functionals are presented as an essential ingredi-

ent in DFT. Unfortunately, these approximations lead to unsatisfactory results for strongly

correlated systems such as transition metal oxides. In particular, electrons in narrow 3d as

well as 4 f/5 f bands experience strong correlations because of spatial localization of these

orbitals, which are not captured by the above-described exchange-correlation potentials. One

of the most prominent examples is NiO [74], which should be a metal according to the band

theory, but is experimentally found to be a Mott insulator [75]. In the naive picture of the

band theory, if the valence band is half-filled, e.g., in the case of sodium (Na), then it satisfies

the condition for being considered to be a metal. It should be noted that the compound NiO

crystallizes in the rocksalt-type structure with a 3d8 electron configuration and therefore the

eg-manifold is half-filled. Thus, Hubbard-type models [76, 77] have been developed in order

to give a more accurate description of electronic correlations in narrow bands.
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2 Theoretical background

The Hubbard-Hamiltonian describes the transition between a metal and an insulator, which

is of the form:

Ĥ =−t ∑
i, j,σ

ĉ†
j,σ ĉi,σ +U ∑

i
n̂i,↑n̂i,↓. (33)

The Hubbard model describes the interplay between kinetic energy and Coulomb repulsion

for the electrons with different spin orientations (σ = ↑,↓). Assume that the electrons are lo-

cated on a collection of discrete sites then the hopping processes between neighboring atoms

i and j are denoted by t. The creation and annihilation operators obey anti-commutation re-

lations. The fermionic particles are described together with the occupation operators n̂ j,σ =

ĉ†
j,σ ĉ j,σ given in Eq. 33, which can take only values 0,1. The second term in Eq. 33 describes

the on-site Coulomb repulsion U between electrons, which occupy the same lattice site and

where the electrons have opposite spin according to the Pauli principle [78]. The qualitative

physics of this metal-insulator transition (MIT) for a half-filled system, i.e., one particle per

site, is sketched in Fig. 3.

U

t

Figure 3: Schematic picture of the dynamics of the electronic interactions in the Hubbard model [76,

77]. The arrows show possible hopping processes with hopping parameter t, which can take

place. U denotes the Coulomb repulsion between two electrons occupying the same lattice

site. Figure based on Fig. 1 in Ref. [79].

In the band-limit of t »U only the hopping term survives so that the kinetic energy term gains

the upper hand. In this case, the half-filled system is metallic, which gives rise to unhindered

movement of the electron with exactly one electron per site. On the contrary, if there are

strong correlations U » t the hopping is suppressed, which means that the electrons are lo-

calized and the system will be insulating. This situation is visualized in Fig. 3, where one

site is doubly occupied and which is energetically very costly. Thus, the Coulomb repulsion

U hinders the movement of the electrons. Consequently, these two competing energy terms

determine whether the system exhibits electronic conductivity or not. The Hubbard model

is not applicable to realistic many-electron systems because of the electron interaction. Due
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2.3 Fundamentals of density functional theory

to the exponential increase of the number of quantum mechanical states with the number

of lattice sites, numerically exact calculations of the Hubbard model are computationally

demanding and only possible with small systems up to 20 lattice sites [79].

Improved DFT calculations using DFT +U functionals [80] can open the gap. By introduc-

ing an additional parameter U, the atomic interactions, especially the Coulomb interactions,

are treated on a mean-field level:

ELDA+U = ELDA +EU −EDC. (34)

Even if this LDA +U [80, 81] approach is computationally cheap, it ignores the true many-

body correlations and might give the wrong band gap size. The exchange-correlation func-

tional is extended to Eq. 34: the first term ELDA approximates the delocalized s- and p-

electrons by using a single-particle potential, whereas the strongly localized d- and f -electrons

are described by an U-dependent term EU . Since the first term ELDA also applies to the d-

and f -electrons, the resulting energy must be subtracted from the total energy by introducing

a double-counting correction term EDC:

ELDA+U = ELDA +∑
i

[
1
2

U ∑
mσ ̸=m′σ ′

⟨n̂imσ ⟩⟨n̂im′σ ′⟩− 1
2

UNl(Nl −1)

]
, (35)

where Nl denotes the number of electrons per site and n̂imσ is the occupation number of the

corresponding d- and f -electrons. So far, for a better visualization of the influence of the U

parameter, the exchange interaction of the electrons is neglected, which is considered by the

exchange-paramter J [80] and enters the double-counting correction term.

The orbital eigenvalues can be obtained by the partial derivative of the occupation number

n̂imσ :

ε
LDA+U
imσ

=
∂ELDA+U

∂ ⟨n̂imσ ⟩
= ε

LDA
imσ +U

(
1
2
−⟨n̂imσ ⟩

)
= ε

LDA+U
imσ

+ tσ
m . (36)

The energy is shifted by –U /2 if the state is occupied with n̂imσ = 1. For an empty state

n̂imσ = 0, the energy increases by U /2 and leads, in the atomic limit of the half-filled Hub-

bard model as mentioned above, to the upper Hubbard band. The effective U can be calcu-

lated using the constrained-LDA method [82]. Alternatively, the U-parameter can either be

determined semi-empirically by adjusting the on-site Coulomb repulsion parameter to exper-

imental properties of the material or another strategy is to use the linear response approach

of Cococcioni and Gironcoli [83]. The starting point is a self-consistent DFT calculation

without any Hubbard potentials. The next step involves a small, specifically positive or neg-

ative, shifting potential, which acts on the localized d- or f -electrons. The U-parameter can

be calculated with the help of linear response functions, which are derived from the resulting

changes of the occupied states of the localized electrons of the atoms.
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2 Theoretical background

2.4 Translation invariance of the lattice potential

“Als ich über das Problem nachzudenken begann, erkannte ich, dass die

Hauptschwierigkeit darin bestand, zu erklären, wie die Elektronen ungestört an

allen Ionen im Metall vorbeikommen können... Zu meiner Freude fand ich durch

eine einfache Fourier-Analyse, dass sich die Welle eines freien Elektrons nur durch

eine periodische Modulation unterschied.”

—Felix Bloch

Über die Quantenmechanik der Elektronen in Kristallgittern, Z. Phys. 52 (1929) 555.

In reality, solids are not free from defects or impurities. Solid compounds often show a peri-

odic crystalline structure. Thus, it can be assumed that the lattice potential is translationally

invariant. Many electronic properties can be inferred from the crystal symmetry resulting

from the ordered structure of the nuclei. More detailed information on this topic can be read

in Ref. [58, 84].

      V(r)

r

     Z+ Z+ Z+ Z+

a

Figure 4: Schematic illustration of a periodic array of potential barriers, which are created by atoms or

ions along an one-dimensional crystal lattice. The distance between the ions Z+ is denoted

by a. Figure based on Fig. 8.1 in Ref. [58].

The electrons, i.e., the valence and conduction electrons move in the periodic potential Vext

created by the atomic nuclei. In the formulation of his theorem, Bloch [85] exploited the

periodicity of the electronic potential Vext , which arises due to the translation symmetry:

T̂⃗Rn
Vext (⃗r) =Vext (⃗r+ R⃗n) =Vext (⃗r), (37)

where R⃗n denotes the lattice vector and is a multiple integer number of the lattice parame-

ter a. Since the translation operator T̂⃗Rn
and the Hamiltonian Ĥ commute, they have com-
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2.5 Electronic band structure methods

mon eigenfunctions. Consequently, the periodicity enters the wavefunction Ψ⃗k(⃗r) for the

infinitely extended solid:

T̂⃗Rn
Ψ⃗k(⃗r) = Ψ⃗k(⃗r+ R⃗n)

= ei⃗k · R⃗nΨ⃗k(⃗r).
(38)

The form of Eq. 38 implies that the translation by a lattice vector R⃗n is equal to a multipli-

cation with an exponential phase factor. Bloch identified the k⃗-vector as a quantum number,

which can be regarded as the wave vector of the reciprocal space. Since the system is period-

ically invariant, the quantum number k⃗ can take the values –π

a ≤ k⃗ ≤ π

a for a one-dimensional

Brillouin zone [86]. Kramer’s theorem [87] solves the complex-valued wavefunction, which

means that the energy of the wavefunction for positive and negative k⃗ values are equivalent.

Thus, this section of the reciprocal space reduces to 0 ≤ k⃗ ≤ π

a and is called the first Brillouin

zone [86]. Plane waves are often used in calculations of crystal structures for translational

invariant systems. In the spirit of Bloch’s Theorem, a tight-binding-like model (TB) can be

constructed for the function Ψ j (⃗k,⃗r) that describes the crystal orbital consisting of atomic

orbitals:

Ψ j (⃗k,⃗r) = ∑
R⃗n

ei⃗k · R⃗n ∑
A

n

∑
µ,µεA

cµ j (⃗k)φµ (⃗r− R⃗n), (39)

where φµ denotes the atomic orbital with the j-th energy eigenvalue corresponding to the

wave vector k⃗. Since this method assumes a superposition of local orbitals, the atomic char-

acter is predominant and the interstitial space is neglected. Another aspect is that the electron

density of the ground state is calculated by the variations of the coefficients cµ j. In Section

2.5 more elegant approaches are discussed in detail [88–91].

2.5 Electronic band structure methods

2.5.1 The cellular method

The main task is to solve the Schrödinger equation given for an electron in a periodic poten-

tial:

(
− h̄2

2m
∇

2 +Vext (⃗r)
)

Ψ⃗k(⃗r) = ε⃗kΨ⃗k(⃗r). (40)

The preceding sections of this Chapter 2 deal mainly with the description of the electron-

electron interactions. In the following, various methods are presented, which differ in the

choice of the nature of basis wavefunctions. The cellular method, the so-called Wigner-Seitz
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2 Theoretical background

method, solves the potential within one Wigner-Seitz [88] cell by employing Eq. 38 in order

to get the complete solution for the solid. It is assumed that the potential ν is spherically

symmetric so that the potential of the Wigner-Seitz cell at the lattice vector R = 0 is:

V (⃗r) = ν(|⃗r|)+ ∑
R̸⃗=0

ν(
∣∣∣⃗r− R⃗

∣∣∣). (41)

However, the spherically symmetric condition for the potential is only valid in the center

of the Wigner-Seitz cell. Consequently, the contribution of the neighbor cells to the total

potential is neglected and only the atomic potential ν (⃗r) at R = 0 is important. The solution

to the radially symmetric problem of one Wigner-Seitz cell is given by a separation ansatz:

Ψ(⃗r) = ϒlm(ϑ ,ϕ) ·Rl (⃗r), (42)

where ϒlm(ϑ ,ϕ) denotes the spherical harmonic function and the radial part Rl (⃗r) has to

satisfy the radial equation:

R′′
l (⃗r)+

2
r

R′
l (⃗r)−

[
l(l +1)

r⃗2 +
2m
h̄2 V (⃗r)

]
Rl (⃗r) =−2m

h̄2 εRl (⃗r). (43)

An eigenvalue problem with discrete solutions for ε is given through the choice of an appro-

priate boundary condition. In the atomic physics usually the solution vanishes at infinity, but

in the solid state physics the boundary conditions can be inferred from the Bloch condition.

For any fixed ε and angular momentum quantum number l,m, the solution to the differen-

tial equation can be determined by making use of the Runge-Kutta integration method. A

general solution of the Schrödinger equation can be obtained by a linear combination and

consideration of a finite number of coefficients Alm:

Ψε (⃗r) =
∞

∑
l=0

m=−l

∑
+l

Almϒlm(ϑ ,ϕ)Rl(E ,⃗r). (44)

The additional conditions for the wavefunction and its first derivative for r on the surface of

the Wigner-Seitz cell can be derived from the Bloch condition:

Ψε (⃗r) = e−i⃗k · R⃗nΨε (⃗r+ R⃗n), (45)

n̂(⃗r)∇Ψε (⃗r) =−e−i⃗k · R⃗n n̂(⃗r+ R⃗n)∇Ψε (⃗r+ R⃗n). (46)
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2.5 Electronic band structure methods

Since this is not applicable to all r due to the misfit of the lattice symmetry and the real

Wigner-Seitz cell, only a limited number of r has to be chosen together with the same amount

of coefficients Alm. A non-trivial solution for this homogenous matrix equation system of

Alm exists if the determinant corresponds to zero, which yields the dispersion relation ε(k).

Within the Wigner-Seitz method the solid state wavefunctions are a linear combination of lo-

cal solutions to the Schrödinger equation found on the Wigner-Seitz cell, whereas the LCAO

method requires that the atomic wavefunctions vanish at infinity.

2.5.2 Augmented Plane Wave (APW) and Linearized Augmented Plane Wave (LAPW) method

A

AA

. AA rMT

a)

Muffin-tin

A

AA

AA

b)

Atomic sphere

Figure 5: Schematic illustration of a) a muffin-tin (MT) potential including the MT-radius rMT and

b) overlapping spheres within the atomic sphere approximation. Figure based on Fig. 58 in

Ref. [92].

In 1937 Slater [90] proposed the combination of the Wigner-Seitz method and plane waves

by expanding it in terms of augmented plane waves. The unit cell is partitioned into a

sphere around the atomic positions, i.e., the Wigner-Seitz cell assuming a spherical sym-

metric atomic potential and an interstitial region with a constant potential. At the boundary

of the Wigner-Seitz cell or more precisely in the interstitial area the potential between the

atomic cores is flat. This is the so-called muffin-tin potential (cf. Fig. 5). The augmented

plane wave (APW) for these two areas is of the form:

φ
APW
k⃗+K⃗n

(⃗r,E) =


ei(⃗k+K⃗n) ·⃗r for r⃗ > r⃗mt ,
∞

∑
l=0

m=−l
∑
+l

Alm(⃗k+ K⃗n) ·ϒlm(ϑ ,ϕ) ·Rl (⃗r,E) for r⃗ ≤ r⃗mt ,
(47)

where rMT (cf. Fig. 5) is the muffin-tin radius. Similar to the Wigner-Seitz cell method the

radially symmetric Schrödinger equation for l = 0 has to be solved within the sphere given

in Eq. 44. At the boundary of the muffin-tin sphere, the interstitial part matches to a plane

wave in form of Eq. 37. As mentioned above, for an exact description it would be necessary

to consider infinitely many coefficients, but this is impossible and only a limited number

of angular momentum coefficients can be taken into account. There is no clear distinction

between the core and the interstitial region and the choice of radius rMT for the muffin-tin
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2 Theoretical background

sphere is adjusted in the initialization procedure of common software packages, e.g., the

WIEN2K code [93]. One drawback of the APW-method is that it is extremely slow due to

the strong energy dependence of φ on the band energy Eν , which is unknown and has to

be guessed initially. The so-called Linearized Augmented Plane Wave (LAPW) developed

by Andersen [91] in 1975 accelerates this procedure. In practice, a Taylor expansion of Rl

around the linearization energy Eν is carried out:

Rl(E) = Rl(Eν)+
∂Rl

∂E

∣∣∣
Eν

(E −Eν)+�������
O((E −Eν)

2)

= Rl + Ṙl(E −Eν),

(48)

while considering only terms up to the first order and neglecting the higher terms. The result

is an extended version of Eq. 44 with a sum running over a second coefficient for the partial

derivative of the linearization energy (cf. second term in Eq. 48). The corresponding terms

in Eq. 47 are substituted with the first two terms appearing in Eq. 48 for a fixed Eν and the

substitution results in the Linearized Augmented Plane Wave (LAPW):

φ
LAPW
k⃗+K⃗n

(⃗r) =


ei(⃗k+K⃗n) ·⃗r for r⃗ > r⃗mt ,

∑
l,m

(
Alm(⃗k+ K⃗n)Rl (⃗r,Eν)+Blm(⃗k+ K⃗n)Ṙl (⃗r,Eν)

)
ϒlm(ϑ ,ϕ) for r⃗ ≤ r⃗mt .

(49)

The coefficients Alm and Blm are determined from the condition that the functions within the

muffin-tin sphere and the plane waves match in value and slope at the sphere boundary.

2.5.3 Pseudopotential (PP) method

At the end of Section 2.4 it has already been pointed out that a basis set consisting of plane

waves is an appropriate approach to describe the interstitial region between atoms in the

solid state. Nevertheless, there is a strong oscillation of the wavefunction in the vicinity

of atomic nuclei, which would require many plane waves for a proper description and be

computationally expensive. The attractive interaction between the nuclei and the electrons

as well as the repulsion between core electrons and valence electrons can be described by a

pseudopotential [89]. This approach builds on the Orthogonal Plane Wave (OPW) method.

To overcome the problem with the oscillation, the Bloch functions can be expanded using

orthogonal plane waves instead of plane waves, which are already orthogonal to the inner

core states. By applying a projection operator onto the core states:

Pk = ∑
l
|ψc

lk⟩⟨ψ
c
lk| (50)

and a linear combination of plane waves including coefficients akG:

21



2.5 Electronic band structure methods

|φk⟩= ∑
G

akG |k+G⟩ , (51)

the Bloch function can be constructed:

|ψnk⟩= (1−Pk) |φk⟩ . (52)

By exploiting the Schrödinger equation, Ψnk can be defined as:

H |ψnk⟩= εn(k) |ψnk⟩ (53)

and the substitution of the Bloch function (cf. Eq. 52) results in:

H(1−Pk) |φk⟩ = H |φk⟩− ∑
l<n

H |ψc
lk⟩⟨ψ

c
lk|φk⟩

= H |φk⟩− ∑
l<n

El |ψc
lk⟩⟨ψ

c
lk|φk⟩

= εn(k)

(
1− ∑

l<n
|ψc

lk⟩⟨ψ
c
lk|
)
|φk⟩ .

(54)

As a result, an effective Schrödinger equation is obtained for the linear combination of plane

waves |φk⟩:

[
H + ∑

l<n
(εn(k)−El) |ψc

lk⟩⟨ψ
c
lk|
]
|φk⟩= εn(k) |φk⟩ (55)

so that |φk⟩ are the eigenstates with the corresponding eigenenergies εn(k) of an effective

Hamiltonian operator describing electrons in the pseudopotential:

Vps =V + ∑
lcore

(εn(k)−El) |ψc
lk⟩⟨ψ

c
lk| . (56)

Technically, the pseudopotential is not a real potential but rather an operator or non-local

potential, which includes the influences of the inner shells and the eigenenergies that need to

be determined. The corresponding pseudovalence function has to be constructed in that way

that the real wavefunction coincides with this function at a particular distance from the core

and does not exhibit any nodal plane as illustrated in Fig. 6.
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rc

Ψ

V ≈ Z/r

VPseudo

ΨPseudo

Ψ
r

Figure 6: The schematic comparison of a wavefunction in the Coulomb potential of the nucleus

Ψ with its corresponding potential V (color-coded in black) representing an all-electron

method, whereas the wavefunction ΨPseudo and pseudopotential V Pseudo are displayed in

blue. Above a certain cutoff radius rc, both the real and pseudo wavefunction and potentials

match. Figure based on Fig. 5 in Ref. [94].

Blöchl [95, 96] developed the Projector Augmented Wave (PAW) method, which combines

the pseudopotential and linear augmented-plane-wave approach with an exact valence func-

tion reconstructing the nodal planes within the core region. Even though the information

about the core electrons is lost in usual pseudopotentials, i.e., ultrasoft pseudopotentials

(USP) [97], this method is justified by the use of relatively less evolution coefficients and

reduction of computational time. Usually, the valence electrons are crucial and determine

the chemical properties of materials. For instance, for a description of the pseudovalence

orbital of Zinc 3d the ultrasoft pseudopotential method designed by Vanderbilt [97] can be

employed.

2.6 Relativistic effects: concept of spin-orbit coupling

Topologically interesting materials contain mostly heavy elements, where relativistic effects

are of fundamental importance and cannot be neglected. Spin-orbit coupling (SOC) describes

the interaction between the spin of the electron and its precessional motion. In electronic

structure theory, SOC is essential and gives the spin a certain direction in space. Neglect-

ing this interaction in, e.g., ferromagnetic systems, would lead to a decoupling of the spin

and lattice and there would be no preference of a particular magnetization direction. The
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2.6 Relativistic effects: concept of spin-orbit coupling

natural way to start is by introducing the non-relativistic classical Hamiltonian given by the

Schrödinger equation. The relativistic corrections are considered through the Dirac equa-

tion, which extends the Schrödinger equation. Here, the origin of this relativistic theory is

discussed briefly by following the textbook of H. A. Bethe and E. E. Salpeter [98] as well

as Ref. [45] for the subsequent sections throughout this chapter. Via the three-dimensional

Dirac solution, together with the Pauli spin-matrices α and β, a relativistic theory can be

formulated for an electron in terms of an external scalar potential V and a vector potential A:

HΨ =+ih̄
∂

∂ t
Ψ = E ′

Ψ (57)

and

H =−eV (⃗r)+βmc2 +α ·(cp⃗+ eA⃗(⃗r)), (58)

where α denotes a vector of 4×4 matrices including the spin-operator σ , whereas β is of the

same rank as α and can be rewritten in terms of a 2×2 unit matrix I2:

α =

(
0 σ

σ 0

)
,β =

(
I2 0

0 I2

)
. (59)

The Hamiltonian, which acts on a four-component (bi-spinor) wavefunction Ψ, consists of a

large ψ and small component χ and is expressible in terms of a 2-vector:

Ψ =

(
ψ

χ

)
(60)

with

χ =

(
1

0

)
or

(
0

1

)
, Ψ =

(
Ψ↑

Ψ↓

)
. (61)

The relativistic effects can be extracted from this theory by rewriting the Dirac equation in

terms of the large and small components ψ and χ:

(E ′−mc2 + eV (⃗r))ψ = σ ·(cp+ eA(⃗r))χ, (62a)

(E ′+mc2 + eV (⃗r))χ = σ ·(cp+ eA(⃗r))ψ. (62b)

Since the relativistic energy terms dominate, the scalar potential can be neglected in the

non-relativistic limit:
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E ′+mc2 ≈ 2mc2 >> eV (⃗r). (63)

By using Eq. 62b with the large component ψ, the small component χ can be approximated

and inserted into Eq. 62a, which gives a single equation whilst taking into account E = E ′ –

mc2:

[
E + eV (⃗r)− 1

2m

(
p(⃗r)+

e
c

A(⃗r)
)2
]

ψ = 0. (64)

Thus, Eq. 64 is a minimally extended version of the Schrödinger equation for a particle in a

vector potential and the usual presentation of the Schrödinger equation can be recovered by

neglecting A(⃗r) and substituting the momentum operator p(⃗r) = –ih̄∇. However, the approx-

imation is crude, since no Pauli-spin matrices appear in Eq. 64, but the spin of the electron

is included in the wavefunction ψ as a spinor. The Pauli equation with spin-dependent terms

can be obtained for the large component by approximating and substituting χ in Eq. 62a and

keeping terms up to 1
c2 :

(
E + eV (⃗r)− 1

2m

(
p(⃗r)+

e
c

A(⃗r)
)2

+
1

2mc2 (E + eV (⃗r))2+

i
eh̄

(2mc)2 E⃗ (⃗r) · p(⃗r)− eh̄
(2mc)2 σ⃗ ·

(
E⃗ (⃗r)× p(⃗r)

)
− eh̄

2mc
σ⃗ · B⃗(⃗r)

)
ψ = 0, (65)

where E⃗ and B⃗ denote the electric and magnetic fields. The first three terms correspond to

the ordinary Schrödinger equation, whereas the fourth and fifth terms are denoted as mass-

velocity and Darwin terms yielding the scalar-relativistic terms and contain no spin-matrices.

The sixth term is the so-called SOC term, which introduces the relativistic correction due

to the change of mass with velocity, where the spin couples to the cross-product of the

electric field E⃗ (⃗r) and momentum p(⃗r) as a consequence of the Lorentz transformation for an

electron. The electron orbits around the nucleus and experiences a potential gradient arising

from a screened nucleus. The last term describes the interaction of the spin with the magnetic

field B⃗(⃗r) and is termed as the magnetic field term. In particular, the SOC and magnetic field

terms couple the two spin channels and the calculation of relativistic effects is possible by

implementing these expressions in DFT Hamiltonians. For an electric field, which is derived

from a spherically symmetric potential V (⃗r), the SOC term can be transformed so that the

prefactor spin-orbit coupling constant ξ and orbital momentum operator L can be correlated:

σ · (E (⃗r)× p⃗) = σ · (∇V (⃗r)× p⃗) =
1
r⃗

dV (⃗r)
d⃗r

σ · (⃗r× p⃗) =
1
r⃗

dV (⃗r)
d⃗r

· (σ ·L) = ξ σ ·L. (66)
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2.6 Relativistic effects: concept of spin-orbit coupling

The radial derivative of the potential for electrons in a solid near the nucleus is large for

heavy and small for light atoms, while both sizes scale with ξ . In particular, light atoms with

a small radial part will show a Coulomb-like behavior, e.g., V (r) = −Z/r, and its derivative

∂V/∂ r is proportional to the nuclear number Z and 1/r2. In a free atom, SOC leads to the

lifting of the degeneracy of the one-electron energy levels. However, in a solid the energy

level splitting of the valence electrons is determined by the presence of the crystal symmetry.

For instance, both the Dresselhaus [99] and Rashba effect [100] occur in crystals with broken

inversion symmetry. For now, the details of both effects are disregarded while the effect of

SOC in a cubic crystal lattice of a typical semiconductor such as Ge is considered in the

following. Before discussing the SOC effects on a specific band structure, the attention has

to be focused on the importance of the crystal symmetry. Time-reversal symmetry (TRS) is

preserved in a system without an internal or external magnetic field so that a change of the

direction of time axis will not affect the system’s properties. Kramer’s Theorem describes the

double spin degeneracy of bands and guarantees that the complex conjugate wavefunction

ψ∗(⃗r,ms) can be solved, which differs from ψ (⃗r,ms) only by a reversal of the wave vector

and electron spin. Consequently, the energy of a particle moving in k⃗-direction with spin-up

is the same as −⃗k with spin-down with time axis reversal t →−t:

ε (⃗k,↑) = ε(−⃗k,↓). (67)

If the crystal possesses inversion symmetry (IS), there is no change of the crystal lattice

under the operation of r⃗ → −⃗r. As a result, k⃗ and −⃗k have the same eigenvalues and for

spin-up and spin-down electrons the energy bands satisfy:

ε (⃗k) = ε(−⃗k), (68)

which means that the bands around k⃗ = 0 are symmetric. In the case of both TRS and IS,

Eq. 69 follows:

ε (⃗k,↑) = ε (⃗k,↓). (69)

On the other hand, a lack of inversion symmetry causes a non-vanishing potential gradient

or electric field E⃗ (⃗r) for the electrons and leads to the condition:

ε (⃗k,↑) ̸= ε (⃗k,↓). (70)
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For crystals without spatial inversion symmetry, spin-orbit coupling lifts the degeneracy of

the bands. As mentioned above, Ge crystallizes in a diamond structure and the valence

electrons px, py and pz are responsible for the chemical bonding. Thus, the effect of SOC can

be smaller, since the electrons are involved in some chemical bonding and not free to move.

Recall that a p-electron has a total orbital momentum l = 1 with corresponding magnetic

quantum numbers of ml = −1,0,1. The total angular momentum results from the coupling

of the orbital momentum and the electrons spin in j = l+ s = 3/2 and j = l− s = 1/2. As

a result of spin-orbit coupling, the three p-electrons are split into a single, two-fold split-off

band (lower-lying p1/2 state) and a four-fold degenerate highest occupied band (higher-lying

p3/2 states) at the Γ point. In this context, the effect of SOC is illustrated in a schematic

picture on p-orbitals (see Fig. 7).

E E E 

Γ Γ Γ k k k 

a) b) c) 

Figure 7: Schematic picture of the effect of SOC on the band structure with p-type character at the Γ

point. Since each of the p-bands can be filled by 2 electrons, without spin-orbit coupling a

six-fold degeneracy is obtained in a). In a crystal with inversion symmetry, SOC splits the

bands into a higher lying four-fold and lower lying two-fold degenerate bands depicted in

b). In contrast, in case of a lack of inversion symmetry c) the degeneracy is lifted completely

except at the Γ point. Figure based on Fig. 8.1 in Ref. [101].
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2.7 Definition of topology

This section addresses the question of what topology means mathematically and in solid-

state physics. The key idea of topology is to distinguish geometrical objects by their integer

numbers. Thus, the calculation of geometrical properties of objects in mathematically de-

fined spaces is required. In particular, for electrons such a space is the k⃗-space defined in the

Hilbert space.

Re(z) 

Im(z) 

P 

Figure 8: The path is denoted by the blue line with an arrow winding the point P counterclockwise,

whereas the coordinate system of the complex plane is centered at point P. Figure based on

Fig. 1 in Ref. [45], Section B1.3.

The integer number calculated for the geometrical object describes the robustness of the

respective topological property according to the class of the object. One is interested in

transforming different objects of the same class into each other by stretching and bending

without leaving the class. A change of the object with respect to the class can only be

achieved by cutting and gluing that object. Apparently, the closed line winds around the

point P twice without crossing it (cf. Fig. 8). This problem can be solved mathematically by

defining the path coordinate t ∈ [0,1) with t ∈ R as a function of t where z ∈ C is the point

P in the origin of the complex plane:

z(t) = |z(t)| ·eiφ(t), (71)

while the integral Q(z) for finding the Z-type topological invariant can be written as:

Q(z) =
1

2πi

∫ 1

0

dz(t)/dt
z(t)

dt. (72)

The solution of this integral Q(z) proves the correctness of this approach [45]:
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Q(z) =
1

2πi
·
∫ 1

0

d
dt

ln(z(t))dt

=
1

2πi
· [ln(z(t))]10

=
1

2πi
· ln

(
|z(1)|eiφ(1)

|z(0)|eiφ(0)

)
=

1
2πi

·(ln(eiφ(1))− ln(eiφ(0)))

=
φ(1)−φ(0)

2π
.

(73)

Q(z) is the winding number classifying the path by an integer number and therefore its value

cannot be changed continuously. The sign of Q(z) depends on the direction of winding,

namely positive for counterclockwise and negative for clockwise. In order to move from one

path to another one, one has to be destructive by going from 0 (path at the beginning) to 1

(path at the end) (see Eq. 73). The winding number of a path can be changed geometrically

by cutting the path and unwinding before gluing it again for constructing a closed path.

Thus, the class of object or the so-called genus can be changed. The topological winding

number is responsible for robust edge states and will be discussed in subsequent Section 2.9

in conjunction with 2D-TIs.

Genus 1 Genus 2 Genus 3

a) b) c)

Figure 9: The genus is defined by the value of the calculated Gaussian curvature integral, whereas

a 3-dimensional earth-like shape depicted in Fig. 10 without a hole corresponds to 0. The

non-zero genera are shown in a-c). Figure based on Fig. 1.10 in Ref. [102].

2.8 Berry phase physics: connection and curvature

In this section, a simplistic definition of Berry’s phase [103] will be given in order to arrive at

Berry’s connection and curvature. The Berry phase is a mathematical object and has entered

many regions of physics. One of the foundations of the Berry phase theory is the adiabaticity

theorem, which states that Berry phases appear whenever a system evolves adiabatically

along a closed path C in some parameter space X(t). Since the time derivatives are crucial,

the adiabaticity is only valid if the Hamiltonian is changing slowly in time. The adiabatic
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2.8 Berry phase physics: connection and curvature

approximation assumes that on each point during the evolution, the wavefunction can be

projected on some instantaneous solutions of the time-dependent Schrödinger equation:

ih̄∂t |ψ(t)⟩= H(X(t)) |ψ(t)⟩ (74)

formulated for the adiabatic wavefunction in [103]:

|ψ(t)⟩= ∑
n

an(t0)eiγn(C)e−
i
h̄
∫ t

0 εn(X(t ′))dt ′ |ψn(t)⟩ . (75)

The expressions |ψn(t)⟩ and εn(X(t ′)) given in Eq. 75 describe a quantum system with time-

evolved eigenstates and energies of the Hamiltonian H(X(t)), which acquires a Berry phase

or geometric phase. The Berry phase γn(C) is gauge-invariant and observable in interference

experiments, e.g., Aharonov-Bohm-effect [104]. However, it is not an ordinary phase and

cannot be gauged away by choosing a different coordinate system where the phases cancel

out. A classical example, where a vector is moved along a closed path on a sphere, is the

parallel transport. When this vector is moved along the sphere and back to its initial state, it

acquires an angle (half way around the sphere > 90°) and does not point in the same direction

anymore. This angle is the geometric phase characterized by the enclosed area on the sphere

and depends on the chosen path.

Figure 10: Schematic picture of the parallel transport of a vector along a closed curve on a sphere.

Figure based on Fig. 1 in Ref. [105].

Generally speaking, the concept of this parallel transport (see Fig. 10) can be applied to the

magnetic moment of an electron, which adapts constantly due to the local magnetization

direction picking up a Berry phase [103, 106–110]. Using the Berry connection An(X), the

Berry phase γn(C) can be recast into a purely time-independent geometrical representation,

which can be written as the line-integral of this connection on the path C:
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γn(C) =
∮

C
An(X) ·dX (76)

with An(X) defined as:

An(X) = i⟨ψn|∇x |ψn⟩ . (77)

The so-called Berry vector potential in Eq. 77 is in analogy to electromagnetism, which is a

gauge-dependent vector-valued quantity. However, both the Berry phase in Eq. 76 and Berry

curvature given in Eq. 78:

Ωn(X) = ∇x ×An(X) (78)

are gauge-invariant at each point up to integer multiple of 2π . Alternatively, the Berry

phase can be reformulated as a surface integral by means of the Stokes theorem in a three-

dimensional parameter space X with S representing a two-dimensional surface on a path

C:

γn(C) =
∫

S
Ωn(X) ·dS. (79)

The Berry curvature as a quantity reveals details about the dynamical aspects of the electronic

states, which are glued together into a fiber bundle (cf. Fig. 11).

B
er

ry
 p

h
as

e

C

trajectory

𝐴𝑛

ۧ|ψ(t)

Figure 11: The fiber bundle visualizes the curve/trajectory of the wavefunction |ψn(t)⟩, which is con-

structed for a periodic adiabatic evolution on a manifold M enclosed by the path C. Figure

based on Fig. 2c in Ref. [45], Section A6.6.

Moreover, the Berry vector potential in Eq. 77 can be rewritten in terms of σ =↑,↓ with

majority and minority spins:
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2.8 Berry phase physics: connection and curvature

An(σ) = i⟨ψσ |∇ |ψσ ⟩ , (80)

where these spin states encode the physical consequences in an emergent magnetic field of

the acquired opposite Berry phases when an electron traverses across a magnetic texture.

2.8.1 Extension of Berry curvature theorem for Bloch electrons

Recalling Eq. 38, the k⃗-dependent wavefunction ψn,⃗k for electrons in a periodic solid takes

the form of a Bloch state:

ψn,⃗k(⃗r) = ei⃗k ·⃗run,⃗k(⃗r), (81)

where k⃗ is the wave vector lying in the Brillouin zone (BZ) and un,⃗k denotes the periodic part

of the wavefunction. For the eigenvalue equation of the system it follows:

Hψn,⃗k(⃗r) = εn,⃗kψn,⃗k(⃗r), (82)

while plugging in ψn,⃗k from Eq. 81 into Eq. 82 one arrives at the Hamiltonian:

H (⃗k)un,⃗k(⃗r) = εn,⃗kun,⃗k(⃗r) (83)

with the Hamiltonian H (⃗k), which is defined as:

H (⃗k)≡ H⃗k ≡ e−i⃗k ·⃗r ·H ·ei⃗k ·⃗r. (84)

For the study of the Berry phase effects, the Berry connection in Eq. 77 of non-degenerate

band n in the parameter space of the (Bloch vector) momentum k⃗ has to be rewritten:

An(⃗k) = i
〈

un,⃗k

∣∣∣ ∇⃗k

∣∣∣un,⃗k

〉
. (85)

Then the Berry curvature component describing a rank-2 antisymmetric tensor is given by:

Ω
n
i, j (⃗k) = ∂⃗ki

An
j − ∂⃗k j

An
i =−2Im

〈
∂⃗ki

,un,⃗k

∣∣∣∂⃗k j
,un,⃗k

〉
. (86)
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The vectorial form of the Berry curvature:

Ω
n
i (⃗k) = ∇⃗ki

×An
i (⃗k) =−Im

〈
∂⃗ki

,un,⃗k |×| ∂⃗ki
,un,⃗k

〉
(87)

suggests that it can be understood as an effective magnetic field [45]. As already pointed

out in Section 2.8, the Berry curvature determines the dynamics of the electron residing at a

certain k⃗ point and band n driven by an external magnetic field or electric field. Finally, the

following gauge-invariant expression of the k⃗-space Berry curvature takes the form:

Ω
n
i, j (⃗k) =−2Im ∑

m ̸=n

〈
un,⃗k

∣∣∣∂⃗ki
H⃗k

∣∣∣um,⃗k

〉〈
um,⃗k

∣∣∣∂⃗k j
H⃗k

∣∣∣un,⃗k

〉
(

εn,⃗k − εm,⃗k

)2 . (88)

2.9 Quantized Hall conductivity and Chern number

Historically, the transverse voltage of a conductor carrying longitudinal current placed in

a vertical magnetic field was discovered by E. H. Hall [111, 112], which is dubbed the

Hall effect (HE). The electrons are pressed due to the Lorentz force F⃗ = −e(⃗ν × B⃗) to the

transverse side.

Hz 

a)          Quantum Hall (QH) b)     Quantum spin Hall (QSH) 

Mz 

c) Quantum anomalous Hall (QAH) 

Figure 12: The corresponding edge states of the three topological states a) Quantum Hall effect

(QHE), b) Quantum spin Hall effect (QSHE) and c) Quantum anomalous Hall effect

(QAHE) are denoted in red and blue, whereas the in-plane arrows mark the propagation

helicities and the out-of-plane arrows indicate the spin directions of the electrons. In the

presence of SOC, the backscattering of the two counter-propagating modes at the boundary

with different spin quantum numbers are forbidden. Hz and Mz label the external magnetic

field and internal magnetization, respectively. Figure based on Fig. 5 in Ref. [45], Section

B1.14.

In particular, the Hall effect enables the measurement of the carrier density or magnetic field

strength. An enhancement of the Hall effect was observed for ferromagnetic conductors such

as iron (Fe), which was ascribed to the spontaneous long-range magnetic ordering. Besides

this classical HE, an intrinsic anomalous Hall effect (AHE) was observed without any exter-

nal magnetic field. In a breakthrough contribution, K. von Klitzing [11] and collaborators
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2.9 Quantized Hall conductivity and Chern number

discovered the integer quantum Hall effect (IQHE) in 1980 (see Fig. 12a) and received the

Nobel Prize in Physics 1985. It turned out that at low temperatures and high magnetic fields,

the Hall resistivity ρxy reveals a series of quantized plateaus at particular values of the mag-

netic field and is accompanied by a vanishing longitudinal resistivity ρxx. Two years later,

Thouless and co-workers [113] succeeded to demonstrate that a Chern insulator with a cor-

responding Chern number or ”T KNN” number can emerge for periodic 2D solids without an

external magnetic field. In general, Chern insulators are characterized by a quantized anoma-

lous Hall conductivity given by σxy = −(e2/h)ν in units of e2/h [15, 16]. The realization of

the quantum anomalous Hall effect (QAHE) for a semimetallic/metallic, ferromagnetic 2D

system requires usually a strong spin-orbit coupling (SOC) involving heavy elements, which

causes a MIT accompanied by a band gap opening. The magnetic field breaks the TRS,

which induces a non-trivial geometry in reciprocal space. Moreover, the Chern number Cn

within the xy-plane defined for a n-th band:

σxy = ∑
n

1
2π

∫
BZ

dkΩ
n
z (⃗k) = ∑

n
Chn (89)

can be regarded physically as the number of edge states or the quantum number of Hall

conductance. The z-component of the Berry curvature Ωn
z takes the form:

Ω
n
z (⃗k) = iεi jz

〈
∂un,⃗k

∂ k⃗i

∣∣∣∂un,⃗k

∂ k⃗ j

〉
. (90)

As shown in Fig. 12, the electrons travel in one direction along the edges of the 2D system

forming edge states. However, the current carried by these electrons is dissipationless with a

quantization of conductance in units of σxy =−e2/h̄ ·ν where ν is an integer and can only be

changed by closing the gap. As mentioned above, the Chern insulating phase can be realized

without any external magnetic field, where the TRS is broken due to the intrinsic property of

the material by the formation of local spin moments, e.g., ferromagnetic long-range ordering.

This type of quantum system is the so-called spontaneous Chern insulator or also referred

to as Quantum anomalous Hall insulator (QAHE). By a formal calculation, Haldane [18]

demonstrated using a tight-binding Hamiltonian on a honeycomb lattice:

H = t1 ∑
⟨i, j⟩

c†
i c j + t2 ∑

⟨⟨i, j⟩⟩
e−iσφ c†

i c j (91)

that QAH phases can be realized even in the absence of any external magnetic fields. The

first term t1 in Eq. 91 describes the electron hopping between nearest neighbors, whereas the

second term t2 acquires a complex phase e−iσφ considering hopping between next-nearest

34



2 Theoretical background

neighbors (see Fig. 13). The value of σ corresponds to +1 for hopping within the A-sublattice

and –1 for the B-sublattice. The complex phase can be understood as a sort of a fictitious

flux of a magnetic field with a vector potential A(⃗r) : e−iφ = e−i
∫

d⃗rA(⃗r) generated by the

accumulated phase of the electron after hopping along a closed path. Both phases of the

corresponding two sublattices are opposite to each other so that the total field acting on

the electrons within the unit cell averages to zero. However, with the help of a Fourier

transformation of the lattice Hamiltonian from real space to reciprocal space Haldane could

show that the Chern number is equal to +1 for −π < φ < 0 and –1 for 0< φ < π , respectively.

A B

A

A

B

B

𝑒−𝑖𝜙

𝑒−𝑖𝜙

𝑒−𝑖𝜙

𝑒𝑖𝜙 𝑒𝑖𝜙

𝑒𝑖𝜙

Figure 13: Haldane model on a honeycomb lattice in real space. The corresponding triangles mark

the path of the hopping electrons within A- and B-sublattices. Figure based on Fig. 7a in

Ref. [45], Section A6.26.

The non-zero Chern number arises due to a non-trivial distribution of the Berry curvature in

k⃗-space. The Chern number as a topological invariant can be visualized easily by the trans-

formed BZ to a torus depicted in Fig. 14, which satisfies the periodic boundary conditions.

Two types of lines can be identified on this BZ torus where they touch each other marked by

a red cross (cf. Fig. 14).
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kx

ky

BZ
kx

ky

a) b) ∇ x A

x 

Figure 14: The Brillouin zone with kx- and ky-directions can be mapped onto a surface of a torus sat-

isfying the periodic boundary conditions as a closed manifold. The vortex-like singularity

of the Berry connection is indicated by the red cross, which means that the wavefunction

un,⃗k acquires a twist when crossing one of the equators of the 2-dimensional torus resulting

in a non-trivial winding of the phase. Figure based on Fig. 5 in Ref. [45], Section A2.10.

If An
i (⃗k) from Eq. 87 acquires a vortex-like singularity under broken TRS, then the total vor-

ticity of the Berry connection is equivalent to the quantized Hall conductivity [113, 114]. In

other words, σxy = −e2/h̄ corresponds to the number of windings of particular lines around

the BZ torus.

One of the well-studied Model Hamiltonians for 2D TIs is the Bernevig-Hughes-Zhang

(BHZ) Hamiltonian [115]. Mathematically, for a non-zero Chern number the breaking of

TRS is required, which in turn modifies the BHZ Hamiltonian [115] as a model band struc-

ture given for a 2-dimensional system with a band gap arising from the mixing of two

bands with different parity. However, for a QSH phase such a Hamiltonian has to satisfy

the fermion doubling principle and should also allow a bulk band gap without breaking the

TRS. These two requirements are crucial for a realization of the QSH phase [17, 115, 116].

Formally, the effective BHZ Hamiltonian Ĥ given in Eq. 92 for two spin-sectors Ĥ↑(⃗k) =

Ĥ(∗)
↓ (−⃗k) represents a 4-band Hamiltonian in the basis of different total angular momentum

described by the quantum number m j, which has been derived from the band structure theory

of II-VI semiconductor materials like CdTe/HgTe quantum well structures. While CdTe is a

trivial band insulator, in the latter case a band inversion takes place as displayed in Fig. 15a

and b. It is noteworthy that the spin-orbit interactions act more strongly on bands with p-, d-,

or f -type character due to the periodic part of the Bloch function un,⃗k (see Eq. 81) exhibiting

an orbital quantum number than for bands derived from s-states without an orbital momen-

tum [117]. In semiconductors made of heavy atoms such as HgTe where the spin-orbit

interaction is strong enough, a crossing of the p-type valence band and s-type conduction

band may occur (see Fig. 15a).
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Figure 15: Schematic plot for the band inversion mechanism in the presence of SOC. Spin-orbit inter-

action acts differently on different orbits: p-orbitals have an orbital momentum so that the

relative energy of different states changes, whereas s-orbitals have no orbital momentum.

Figure based on Fig. 3 in Ref. [118].

It is possible to derive the k-dependent terms, which mix the valence and conduction band

from the k · p perturbation theory by starting from atomic orbitals. Since a crossing of the

two bands owing to the symmetric and antisymmetric combinations of p- and s-type states

with different energy is prohibited, avoided crossings emerge and a gap opens as sketched

in Fig. 15b. It turns out that the character of the states in the inner part between the anti-

crossings is inverted in contrast to the outer part. A symmetry analysis of the bands at the Γ

point for both band structures (see Fig. 15a and b) shows that the total product of the parities

of all occupied wavefunctions at the inequivalent time-reversal invariant momenta (TRIM)

in k-space is changed. If an inversion operation is applied to the wavefunction describing p-

states, the parity of that wavefunction is negative, whereas the sign of s-states is unchanged

by a spatial inversion (denoted by + and – signs in Fig. 15). Thus, it is sufficient to know

the parity of the Bloch wavefunctions at the TRIMs whether a material is a TI or not, which

allows the prediction of quantized transverse conductance for each spin in a system with

inversion symmetry.

The block-diagonal shape of the Hamiltonian is formed by m j = 3/2 and m j = 1/2 bands

as well as m j = −3/2 and m j = −1/2 states. The zeros in the off-diagonal terms arise

from a diagonalization of the Hamiltonian by using an appropriate unitary transformation

and require TRS as well as IS of the crystal structure:

Ĥ(kx,ky) =

(
Ĥ↑(⃗k) 0

0 Ĥ(∗)
↓ (−⃗k)

)
(92)

with

Ĥ (⃗k) = ε⃗kI2 + d⃗(⃗k) ·σ . (93)
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As depicted in Fig. 15, a two-band model consisting of the s- and p-type bands can be used

so that the Hamiltonian can be written in terms of the Pauli matrices σ and the unitary matrix

I2. All the material-dependent parameters like A, B, C, D and M [45] given in Eq. 94 and

Eq. 95 can be obtained from the curvature of the band and band gap:

ε (⃗k) =C−D(k2
x + k2

y) ·σ (94)

and

d⃗(⃗k) =

Akx

Aky

M−B(k2
x + k2

y)




velocity

gap

effective mass

. (95)

M corresponds to the gap-size, while the valence band offset is defined by C. The parameters

B, D relate to the quadratic terms of the bands and A equals to the velocity [45]. The sign of

M is distinct for both systems entering the corresponding Hamiltonians, which means that

CdTe does not show an inverted gap in contrast to HgTe. A Hamiltonian, which reads as

defined in Eq. 93, allows a further definition of a topological number ν :

ν =
1

4π

∫
d2k̂⃗d ·

(
∂
̂⃗d

∂kx
× ∂

̂⃗d
∂ky

)
, (96)

where ̂⃗d(⃗k) = d⃗(⃗k)
|d⃗(⃗k)| is the unit vector field. Interestingly, this defines the mapping from

reciprocal space kx and ky to the unit vector field and is described by the winding number

ν . In particular, this number can be regarded as a Chern number. As discussed above, the

topology of HgTe Hamiltonian in the BHZ model is non-trivial. Thus, this winding number

determines the topology of a Hamiltonian distinguishing TIs from normal insulators.

2.10 Wannier functions

The Wannier interpolation technique developed by Vanderbilt [119, 120] and his co-workers

can be used to compute properties like the Berry curvature and eventually the Chern num-

ber. In particular, the calculation of topological edge states requires a large supercell, which

is mostly not feasible due to the high computational demands, but via Wannier functions

(WF) a real-space tight-binding (TB) Hamiltonian can be constructed from the corresponding
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tight-binding parameters. Wannier functions wnR⃗(⃗r) (at R⃗ ̸= 0 in neighboring unit cells com-

plemented by an additional exponential factor) are the linear combination of Bloch eigen-

functions and a real-space representation of these Bloch functions can be achieved by a

Fourier-transformation employing the WANNIER90 code [121]:

wnR⃗(⃗r) =
V

(2π)3

∫
BZ

[
∑
m

U (⃗k)
mn ψm⃗k(⃗r)

]
e−i⃗k · R⃗d⃗k. (97)

V is the volume of the unit cell and U (⃗k)
mn represents the coefficients being a unitary matrix if

the Wannier functions equal the number of Bloch functions. For this purpose, the WFs have

to be maximally spatially localized in order to reproduce specific bands around the Fermi

level correctly from the first-principles calculation. The spread for the real space basis set of

the Wannier orbitals is defined as:

ω = ∑
n
=
[〈

wn,0(⃗r)
∣∣⃗r2∣∣wn,0(⃗r)

〉
−
∣∣〈wn,0(⃗r) |⃗r|wn,0(⃗r)

〉∣∣2] . (98)

The Bloch states are obtained from the ab initio calculation on a finite k⃗-point set, whereas a

set of an isolated group of bands close to the Fermi level yield the desired Hamiltonian H (⃗k).

As described above, for a real-space representation H(R⃗) these energy bands are Fourier-

transformed into Wannier functions. Since WFs are maximally localized and Hamiltonian

matrix elements decay rapidly as a function of
∣∣∣R⃗∣∣∣, long-range interactions can be truncated.

Finally, an inverse Fourier-transformation provides the Hamiltonian H (⃗q) at an arbitrary q⃗

vector, which may not be necessarily an element of the original k⃗-point set. These three steps

are sketched in Fig. 16.
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Figure 16: a) H (⃗k), which is obtained on a coarse grid of k⃗-point, is Fourier-transformed to b), while

H(R⃗) is defined on a finer grid where long-range interactions are truncated. An inverse

Fourier-transformation yields the Hamiltonian H (⃗q) depicted in c). Figure based on Fig. 8

in Ref. [45], Section B3.18.
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2.10 Wannier functions

The computation of the AHC as an integral of the Berry curvature over the Brillouin zone

has already been addressed in Section 2.9. Following the method by Souza, Marzari and

Vanderbilt [119, 120], a set of maximally localized Wannier functions describing the bands of

interest can be constructed and used for calculating the anomalous Hall conductivity (AHC).

For the Wannierization a sufficient number of bands of interest, extending up to the Fermi

energy and above, has to be included. In this work, the constructed WFs comprise 3d, 4d,

5d and 4 f bands including O-2p bands [31, 32, 36, 37, 39] (see Chapter 3) in order to

cover the orbital character of these Wannier-interpolated bands in the entire Brillouin zone.

The excluded bands can be defined within an outer energy window, which can be used for

obtaining more localized WFs and smoother bands in k-space, whereas the inner energy

window includes the constructed WFs of most interest and should be disentangled from the

remaining bands. Finally, the anomalous Hall conductivity Ωn
z (⃗k) is computed by employing

the WANNIER90 code [121] on a dense n× n× n grid of k-point mesh filling the Brillouin

zone uniformly. Detailed steps of this procedure can be read in Ref. [122].

40



3 Results and discussion

3 Results and discussion

A central focus of this work is to study the emergence of possibly non-trivial states in a

buckled honeycomb lattice, which bears analogies to graphene. One of the structural types

that host a honeycomb pattern is, for instance, the corundum structure. Due to confine-

ment, unexpected electronic states can arise, which is the main theme of the published pa-

per [31]. In other systematic DFT +U studies the topological properties of the 4d and 5d

series in (X2O3)1/(Al2O3)5(0001) [32] and (LaXO3)2/(LaAlO3)4(111) SLs [36, 37] are in-

vestigated. In addition, both the topological and thermoelectric properties are explored in

(EuO)m/(MgO)n(001) SLs at aMgO = 4.21 Å [39]. The remaining sections deal with the the-

oretical and experimental analysis of the electronic structure of (NdNiO3)2/(LaAlO3)4(111)

SL [38] and electronic properties of (EuO)m/(MgO)n(001) at aEuO = 5.14 Å as a function of

the quantum well thickness.

3.1 Confinement-driven electronic and topological phases in corundum-derived 3d-
oxide honeycomb lattices

In this section, electronic and possibly topologically non-trivial phases in 3d transition metal

oxide honeycomb layers confined in the corundum structure (α-Al2O3) along the [0001]-

direction are investigated using density functional theory calculations including an on-site

Coulomb term. The ground state is a trivial antiferromagnetic Mott insulator in most cases,

often with distinct orbital or spin states compared to the bulk phases. The ferromagnetic

phases of X = Ti, Mn, Co and Ni exhibit a characteristic set of four bands with imposed

symmetry of the two sublattices, two relatively flat and two with a Dirac crossing at K,

associated with the single electron occupation of e′g (Ti) or eg (Mn, Co, Ni) orbitals. By

applying strain, the Dirac point could be tuned to the Fermi level. SOC was considered in the

second-variational method with magnetization along the (001) quantization axis and leads to

a substantial anomalous Hall conductivity with values up to 0.94 e2/h. A particularly strong

effect of SOC with out-of-plane easy axis for (Ti2O3)1/(Al2O3)5(0001) was identified at

aAl2O3 = 4.81 Å, which stabilizes dynamically the system. Moreover, this system emerges as

a candidate for the realization of the topological Haldane model of spinless fermions because

of the unusually high orbital moment of –0.88 µB that nearly compensates the spin moment

of 1.01 µB. Parallels to the perovskite analogs (LaXO3)2/(LaAlO3)4(111) are discussed in

Section 3.3.
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Figure 17: a) Side view of the (X2O3)1/(Al2O3)5(0001) superlattice where one metal ion bilayer in

the corundum structure is exchanged by a X = 3d, 4d or 5d ions. b) Top view of the

buckled honeycomb lattice in a-b plane solid and dashed lines connect the next nearest

TM-ion neighbors residing on the two sublattices.

Progress in growth techniques like molecular beam epitaxy and pulsed laser deposition has

enabled the growth of transition metal oxide (TMO) superlattices with atomic precision. This

has opened possibilities to explore emergent phenomena and electronic as well as magnetic

phases in reduced dimensions that are not available in the parent compounds [1, 123–125].

Beyond the [001] growth direction, where confinement can lead to a metal-insulator tran-

sition, e.g., in LaNiO3/LaAlO3(001) superlattices (SLs) [126–128], in (111)-oriented per-

ovskite superlattices a buckled honeycomb lattice is formed by each two X-cation triangular

lattices of the AXO3 perovskite structure, as suggested by Xiao et al. [19]. In 1988 Hal-

dane [18] has already predicted a quantized Hall conductance arising from spinless fermions

on a honeycomb lattice in the absence of an external magnetic field. This model serves as

a prototype of the quantum Hall anomalous insulators (QAHI) that are of interest for fu-

ture applications in low-power electronics devices or in the search of Majorana fermions

[15, 16]. Materials realizations of QAHI are being sought in Mn-doped HgTe or Cr-, Fe-

doped Bi2Te3, Bi2Se3, Sb2Te3 [129–131], 5d transition metals on graphene [132, 133] or in

TMO with rocksalt- (EuO/CdO [134] and EuO/GdN [135]) or rutile-derived heterostructures

[136–138] or double perovskites [139, 140].

While the relevant orbitals in common topological insulators are s and p, the correlated na-

ture of the d electrons in transition metal oxides suggests a richer functional behavior. In

this context, the initial proposal of Xiao et al. [19] offered a fertile playground to explore

the realization of topologically non-trivial phases in perovskite superlattices with a honey-

comb pattern [20–30]. A recent systematic DFT +U study of the 3d series in (111)-oriented

(LaXO3)2/(LaAlO3)4 superlattices [141] revealed a broad set of competing charge, magnetic

and orbitally ordered phases. Among the 3d series, the LaMnO3 buckled honeycomb bilayer

represents a promising candidate with a topological transition from a high-symmetry Chern

insulator with a substantial gap (150 meV) to a Jahn-Teller distorted trivial Mott insulating
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3 Results and discussion

ground state. The insight obtained in this study, especially on the effect of band filling and

strain, has served to identify robust Chern insulators in the 4d and 5d series (e.g., LaOsO3

and LaRuO3 bilayers) [36].

b) corner-sharing c) edge-sharing d) face-sharing

a) corundum structure

X3+

X3+

X3+ X3+ X3+

X3+

XO6 octahedra

Figure 18: a) Geometric orientation of XO6 octahedra in (X2O3)1/(Al2O3)5(0001) superlattice, which

gives rise to different types of exchange interactions between the magnetic moments lo-

cated on the TM ion residing at the center of the octahedra. The corner-sharing, edge-

sharing as well as face-sharing geometries are illustrated in b-d).

Besides the (111)-oriented perovskite SLs, a honeycomb lattice can be found also in other

structure types as mentioned in [19] like, e.g., the corundum structure, where each metal ion

bilayer forms a honeycomb pattern with a much lower degree of buckling than in the per-

ovskite case. Another qualitative difference is the type of connectivity in the structure. While

in the perovskite only corner connectivity is present, in the corundum the XO6 octahedra are

edge-sharing in-plane and alternating corner- and face-sharing out-of-plane (cf. Figs. 17

and 18). This difference in connectivity implies different interaction mechanisms between

neighboring sites with potential impact on the electronic and magnetic behavior compared

to the perovskite superlattices. Therefore, here a systematic study of the ground state prop-

erties of 3d honeycomb layers incorporated in the band insulator α-Al2O3 is performed, as

shown in Fig. 17 and compared those to the perovskite analogs [141]. Recently, Afonso and

Pardo [142] have addressed the possibility of topological phases in 5d honeycomb layers

sandwiched in the corundum structure, concentrating primarily on cases that preserve time

reversal and inversion symmetry. In contrast, in the 3d cases the electronic correlations are
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much more pronounced, leading to a stronger affinity towards magnetically ordered states.

By taking into account the possibility of time-reversal symmetry breaking, it results in a

variety of competing magnetic and electronic phases. Analogous to the (111)-oriented per-

ovskite heterostructures [141], there is no polar mismatch at the interface between X2O3 and

Al2O3 and both the X and Al ions are formally in the 3+ oxidation state (except for the dis-

proportionation found in the case of X = Ni that is discussed below). The properties of the

SLs are also compared to the bulk parent compounds (cf. Tables 1 and 2).

In the following, a brief description of the computational details is given. Density functional

calculations were carried out for (X2O3)1/(Al2O3)5(0001) with X = 3d ion by employing

the VASP [143] code using pseudopotentials and projector augmented waves (PAW) [96].

For the exchange-correlation functional the generalized gradient approximation (GGA) of

Perdew, Burke and Enzerhof [68] and in some cases for comparison the local density ap-

proximation (LDA) is applied. An on-site Coulomb repulsion parameter was considered

within the GGA +U approach with U = 5 eV and Hund’s exchange parameter of J = 0.7

eV on all TM ions X . The approach of Dudarev et al. [144], which considers Ueff = U − J,

is used. The results are verified to be robust with regard to a reasonable variation of U,

and that LDA +U as well as GGA +U give qualitatively similar behavior (see Figs. 28 and

30). Previous studies have shown that taking into account electronic correlations may re-

sult in a trivial AFM insulator for 5d systems, initially proposed as candidates for a Z2 TIs

within tight-binding and DFT (GGA/LDA) studies. While for a SrIrO3 honeycomb bilayer

both DFT + DMFT [28] and DFT +U [25] show such a tendency, the effect of static vs. dy-

namic correlations needs to be addressed in more detail in future studies. The k-point mesh

contains at least 6×6×2 k-points including the Γ point and in some cases 9×9×3 k-points

were used. A cutoff energy of 600 eV was chosen for the plane waves. Atomic positions

were relaxed until the Hellman-Feynman forces were lower than 1 meV/Å. In selected cases,

especially in order to explore high-symmetry metastable states or symmetry-broken states,

calculations were performed using the all-electron full-potential linearized augmented plane

wave (LAPW) method as implemented in the WIEN2K code [93]. The anomalous Hall con-

ductivity (AHC) for potentially interesting cases is computed on a very dense k-point mesh

of 300×300×50 using the WANNIER90 code [121].

To model the (X2O3)1/(Al2O3)5(0001) superlattices, an Al-bilayer in the corundum struc-

ture is substituted with a X = 3d bilayer (cf. Fig. 17). Systems grown on α-Al2O3(0001)

are simulated by fixing the lateral lattice constant to the GGA value of Al2O3. The lattice

parameters of α-Al2O3 within GGA are a = 4.81 Å, c =13.12 Å, approx. 1% larger than

the experimental values a = 4.76 Å and c =12.99 Å [145]. The internal parameters and the

out-of-plane lattice parameter c were optimized for each system within GGA +U and the re-

sults are given in Table 2. Additionally, the structural and electronic properties of bulk X2O3

are calculated and displayed in Table 1. The lateral strain is defined as σ(%) = ∆a
aX2O3

where

∆a = aAl2O3 − aX2O3 is the difference between the lateral lattice parameters of Al2O3 and
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3 Results and discussion

bulk X2O3. Both ferromagnetic (FM) and antiferromagnetic (AFM) coupling are considered

and the relaxations for each spin arrangement for both the bulk compounds and the SLs are

performed. As mentioned above, the degree of buckling is much lower for the corundum-

derived honeycomb layers (0.39−0.63 Å, see Table 2) compared to the perovskite analogs

(2.27−2.44 Å) [141].
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Figure 19: Band structures and spin density distributions of (X2O3)1/(Al2O3)5(0001) with X =

Ti, Mn, Co, Ni for FM and AFM coupling. The spin density is integrated in the energy

range between –8 eV to EF, except for d-f) and j) where the integration interval is –0.6

eV to EF. In the band structure blue/orange denote majority/minority bands and the Fermi

level is set to zero. In the isosurfaces of the spin density blue (red) show the majority

(minority) contributions. The energies of metastable states are given in red, also the mag-

nitude of the spin moments of the X ions are displayed in the spin-densities.
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In this section, the electronic and magnetic properties of stable and metastable (0001)-

oriented (X2O3)1/(Al2O3)5 superlattices with AFM and FM order are discussed. Among

the 3d series four cases X = Ti, Mn, Co, Ni are identified with common features whose band

structures and spin-densities are shown in Fig. 19. The remaining systems are discussed

towards the end of this section (cf. Fig. 20). The four above-mentioned cases exhibit an

AFM insulating ground state. In the ferromagnetic cases with constrained symmetry of the

two sublattices, a common band structure is identified with a characteristic set of four bands

around EF. Two of these bands are flat and nearly dispersionless, while the other two show a

Dirac-like crossing at K close to EF. This bears similarities to the (111)-oriented perovskite

analog (LaXO3)2/(LaAlO3)4 with X = Mn, Co, Ni and originates from the single occupation

of the e′g and eg manifold, respectively, as will be discussed below.

Distinct to the perovskite case, the Dirac crossing is not exactly at EF, but ∼ 200 meV below

for X = Ti or slightly above the Fermi level for X = Mn, Co, Ni. The resulting electron

(hole) pockets are compensated by hole (electron) pockets around Γ (Ti) or along K-Γ and

Γ-M for the remaining cases. Further it is explored whether these coupled electron-hole

pockets can be quenched and the Dirac point shifted to the Fermi level using epitaxial strain

(cf. Figs. 21, 22, 23). A further notable feature is the variation of bandwidth of those bands:

while for X = Ti the bandwidth is substantial (∼ 2 eV, cf. Fig. 19c), for X = Mn, Co, Ni it

is much narrower (0.5− 0.8 eV, cf. Fig. 19f, i, l). In all four FM cases symmetry breaking

stabilizes insulating states with significant band gaps (Fig. 19b, e, h, k). Moreover, both for

FM and AFM order a rich variety of orbital reconstructions is observed visible from the spin

density of the relevant bands that are distinct from the bulk, which is discussed in more detail

in the following. In the corundum structure the symmetry of the XO6 octahedron is reduced

from octahedral to trigonal, which splits the t2g-orbitals into a1g and e′g. Similar to the per-

ovskite analog LaTiO3 [141], the Ti2O3 honeycomb layer reveals a competition between the

cubic t2g-orbitals (dxy, dxz, dyz) and the above-mentioned trigonal ones. In particular, a dxy-

shaped orbital is stabilized in the AFM ground state (Fig. 19a), while the symmetry-broken

FM state exhibits a linear combination of two orbitals (e.g., dyz+dxz, cf. Fig. 19b). On the

other hand, the FM case with constrained symmetry of the sublattices has an e′g orbital po-

larization (Fig. 19c). For comparison, in the perovskite LaTiO3-bilayer the FM ground state

comprises a staggered order of cubic orbitals (dxz, dyz) [141], whereas in the corundum case

the same orbital polarization occurs on both sublattices, likely related to the different (edge

vs. corner) connectivity in the corundum-derived honeycomb layer. It is noteworthy, that

these orbital polarizations are at variance with the a1g occupation in bulk Ti2O3. As a result

of the symmetry breaking and orbital order, a gap opens for the AFM ground state (2.33 eV)

and the FM state (0.81 eV), which lies 528 meV higher in energy.

In contrast, the FM state with symmetric sublattices is 814 meV less stable owing to the

different orbital polarization (single electron in the doubly degenerate e′g orbitals) and the re-

sulting metallic phase with the above-described set of four majority-spin bands. It would be
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interesting to explore further these states, e.g., with DFT + DMFT. The AFM ground state of

X = Mn (d4) is insulating with a gap of 1.35 eV that separates very flat bands (see Fig. 19d).

Its origin is a Jahn-Teller (JT) distortion, which lifts the degeneracy of the singly occupied

eg band and reduces the symmetry to P1. Due to the superposition of trigonal and JT distor-

tion, the relaxation pattern is more complex, the Mn-O distances change from 1.98, 2.10 Å

(symmetric FM case) to apical distances of 2.21 and 2.09 Å and basal ones varying between

1.92 and 2.03 Å for the JT distorted case. The spin-density integrated between –0.6 eV to

EF indicates a dz2-shaped orbital polarization and a strong hybridization with O-2p states.

Note that the orbitals on both sublattices have the same orientation, in contrast to the per-

ovskite JT-distorted (LaMnO3)2/(LaAlO3)4(111) case, which shows alternating orientation

of the dz2-shaped orbitals on the two sublattices [141]. Starting from the FM solution with

symmetric sublattices (Fig. 19f), which is 0.66 eV/u.c. higher in energy, a similar orbital

polarization like in the AFM case arises that opens a gap of 1.20 eV in the initially metallic

set of four bands (Fig. 19e). This case lies 110 meV higher in energy than the AFM ground

state.

X = Co and Ni show also a number of intriguing stable and metastable states. While bulk

Co2O3 is an insulator with Co 3+ (d6) in a low spin state (S = 0), the ground state of the con-

fined honeycomb corundum-derived lattice is an antiferromagnetic insulator with a band gap

of 1.61 eV and Co in the high spin state (calculated magnetic moment of 3.15 µB, Fig. 19g)

with a full d band in one spin direction and a single electron in the other. For ferromag-

netic coupling two metastable states arise: with imposed symmetry of the two sublattices

in the honeycomb layer the previously observed set of four bands emerges (Fig. 19i). This

state is 332 meV less stable than the ground state. When the symmetry constraint is lifted,

a band gap opens separating the two occupied from the two empty bands, 143 meV above

the ground state (cf. Fig. 19h). Remarkably, the symmetry breaking mechanism here is a

dimerization of the Co sites, manifested in alternating Co-Co distances of 2.80 Å and 2.85 Å,

in contrast to the 2.82 Å in the symmetric case. It is noteworthy that the X −X distances for

X = Ti and Mn (cf. Fig. 19b and e) are alternating, respectively.

The ground state of (Ni2O3)1/(Al2O3)5(0001) is also an AFM insulator with a band gap of

∼ 0.69 eV, which separates two nearly flat bands (see Fig. 19j). If for FM coupling the

symmetry of the two sublattices is constrained, a metastable state occurs 84 meV above the

ground state with the familiar set of four bands and a Ni-magnetic moment of 1.32 µB (cf.

Fig. 19l), similar to the perovskite-derived LaNiO3 bilayer [20, 21, 29, 29]. Releasing the

symmetry constraint results in a ferromagnetic insulating state with a gap of ∼ 1.0 eV, which

arises due to disproportionation of the two Ni sublattices, reflected in a large magnetic mo-

ment 1.72 µB on one site and a nearly quenched one on the second, 0.03 µB (cf. Fig. 19k).

This is accompanied by a bond disproportionation with Ni-O bond lengths of 2.05, 1.97

Å at the first and 1.91, 1.92 Å at the second site. The corresponding NiO6 volumes are

10.6 and 9.2 Å3, respectively. This behavior bears analogies to the site-disproportionation in
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rare-earth nickelates [146, 147] and LaNiO3/LaAlO3(001) and (111) SLs [29, 126–128].
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Figure 20: Band structures and spin density distributions integrated in the energy range between –

8 eV to EF for X = V, Cr and between –0.6 eV to EF for X = Fe with FM and AFM

coupling. Same color coding is used as in Fig. 19.

The band structures and spin densities for the remaining X = V, Cr, Fe with FM and AFM

coupling are shown in Fig. 20. For X = V (d2), the e′g doublet is fully occupied and both the

AFM and FM cases are insulating with broad band gaps (e.g., 2.70 eV for AFM). For FM

alignment, the set of four bands that is half-occupied for X = Ti is fully occupied and below

EF (cf. Fig. 20b). Both V and Cr (d3 with a half-filled t2g subset) are trivial AFM insulators

(cf. Fig. 20a and c). In both cases, the band gaps are significantly increased compared to the
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bulk cases due to confinement (cf. Tables 1 and 2). Interestingly, X = Fe (d5) shows almost

degenerate FM and AFM states with a slight preference for FM coupling by 3 meV/u.c.,

indicating weak exchange interaction. This is consistent with bulk α-Fe2O3 that has small

AFM in-plane magnetic interaction parameters (noting that the strongest AFM coupling in

bulk α-Fe2O3 occurs to the next layer [148, 149], which is quenched in the SL due to the

presence of Al ions). For the FM case of X = Fe, the set of four bands is fully occupied and

lies 0.2 eV below EF (Fig. 20f).
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Figure 21: Energy difference with respect to the ground state per u.c. vs. in-plane lattice constant for

X = Ti. For each value of the lateral strain, the out-of-plane lattice constant was optimized

within GGA +U. Additionally, the band structure is shown prior and after the switching of

orbital polarization from e′g to a1g at a = 5.11 Å.

As discussed above, in the symmetric ferromagnetic phases of X =Ti, Mn, Co and Ni a set

of four bands with a linear crossing at K is observed. However, this Dirac-like crossing is

either slightly below (Ti) or slightly above (Mn, Co, Ni) the Fermi level when the system is

strained at the lateral lattice constant of α-Al2O3. In the following, it is explored whether it

is possible to tune the position of the Dirac point (DP) to the Fermi level using strain. The

energy vs. lateral lattice constant and the band structure at the optimum lattice parameter are

plotted in Figs. 21 and 22. For X = Ti the compensation of the electron and hole pockets at

K and Γ is only partially possible, as at a = 5.11 Å a sharp transition from e′g to a1g orbital

polarizations takes place. The band structures and electron density distributions of the bands

between –1 eV and EF, just prior and after the transition, are shown in Fig. 21.
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Mn3+ d4 ↑↑

Co3+  d6 ↑↑ a= 5.08 Å
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Figure 22: Energy difference with respect to the ground state per u.c. vs. in-plane lattice constant for

a) X = Mn (closed and open symbols denote FM and AFM coupling) and c) X = Co.

For each value of the lateral strain, the out-of-plane lattice constant was optimized within

GGA +U. b) and d) show the band structures at the optimum lattice parameters with the

DP tuned to EF.

The stability of the FM and AFM phases of X = Mn as a function of strain is displayed

in Fig. 22a. While the AFM phase corresponds to the ground state for compressive strain,

the energy difference to the FM state is reduced with increasing tensile strain. Moreover, a

complete compensation of the electron and hole pockets can be achieved for the FM state

under tensile strain for a = 5.31 Å (Fig. 22b). For the metastable Co-bilayer this state is

reached at a smaller lateral lattice parameter, a = 5.08 Å (Fig. 22d). Finally, for X = Ni this

state occurs for a lateral lattice constant of a = 4.94 Å just slightly above aAl2O3 . Overall, in

the latter three cases the DP can be readily tuned to the Fermi level by applying tensile strain,

whereas the level of strain decreases with increasing band-filling. It should be noted that due

to the well-known overestimation of lattice constants within GGA +U, the actual transitions

may occur at smaller lattice constants.
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Figure 23: GGA + U + SOC band structures for (X2O3)1/(Al2O3)5(0001) with X = Ti, Mn, Co, Ni at

the optimum lateral lattice constant and with magnetization along the [0001]-direction.

SOC opens a small gap at the DP at K. With the exception of X = Ti and Ni, the EF is

found to be located within the gap resulting in a topologically non-trivial gapped state.

The band structures of the ferromagnetic cases of X = Ti, Mn, Co and Ni with symmetric

sublattices indicate a possible topologically non-trivial character, which is analyzed in the

following. In a first step, the effect of spin-orbit coupling is explored for the optimum lateral

lattice constants shown in Figs. 21 and 22 and the resulting band structures are displayed

in Fig. 23. SOC leads to a gap opening at the former DP of a few meV (∼ 2.0− 5.9 meV

for the Mn and Co corundum bilayers, respectively), for X = Ti and X = Ni the avoided

crossing is 50 meV below and 6 meV above EF, respectively. It is noteworthy that here the

effect of SOC appears to be much smaller than for (LaXO3)2/(LaAlO3)4(111), where SOC

opens a gap of ∼150 meV for LaMnO3 [141]. Likewise, the orbital moments are also small

and range from 0.01 µB (Mn) to 0.03 µB (Ti) and 0.04 µB (Co and Ni). For the analysis

of the topological properties, the bands around EF are projected to Wannier functions (WF)

using the WANNIER90 code [121]. To achieve a better localization of the WF, a larger energy

window for the Wannier interpolation is chosen that includes besides X 3d also O-2p states.

The Berry curvature Ω(k) (cf. Eq. 88) is calculated through summation over all occupied

bands below the Fermi level [122]:

Ω(k) =− ∑
n<EF

∑
m ̸=n

2Im
⟨Ψnk |vx|Ψmk⟩

〈
Ψmk

∣∣vy
∣∣Ψnk

〉
(εmk − εnk)

2 , (99)

where Ψnk represents the spinor Bloch wave function of band n with an eigenenergy εnk

and vx, vy are the components of the anomalous velocity. The anomalous Hall conductivity
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(AHC) is computed by integrating the Berry curvature Ω(k), weighted by an occupation

factor fn(k), over the BZ using a dense k-point grid of 300×300×50:

σxy =− e2

2πh ∑
n

∫
BZ

dk fn(k)Ωn,z(k). (100)

Figure 24: AHC σxy in units of e2/h as a function of the chemical potential for the corundum bilayers

(X2O3)1/(Al2O3)5(0001) (X = Ti, Mn, Co, Ni).
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Figure 25: Side and top views of the Berry curvature distribution Ωz(kx,ky) for

(Co2O3)1/(Al2O3)5(0001) (left) and (Mn2O3)1/(Al2O3)5(0001) (right). Note the op-

posite sign of Ωz(kx,ky) for the two cases.

The anomalous Hall conductivity σxy of the corundum bilayers with the chemical potential

varying ±0.2 eV around EF is displayed in Fig. 24. All four systems show significant values
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approaching +1 (Ti and Mn) or −1 (Co and Ni). In particular, (Mn2O3)1/(Al2O3)5(0001)

and (Co2O3)1/(Al2O3)5(0001) exhibit values of ∼ 0.94 and ∼ −0.78 e2/h, respectively. In

contrast to other systems, such as TiO2/VO2 [136], the plateaus here are very narrow and of

the order of the small band gap opened by SOC. Hence, a small denominator and large veloc-

ity matrix elements in Eq. 99 give rise to large contributions to the Berry curvature Ω(k) as

shown in Fig. 25 where sharp peaks arise around K with values of –8000 and 3000 bohr2 for

(Co2O3)1/(Al2O3)5(0001) and (Mn2O3)1/(Al2O3)5(0001), respectively. The different signs

in the Berry curvature correlate with the negative and positive signs of the Hall conductivity.

E
g
 ≈ 1.7 eV

Ti3+  d1 ↑↑ a= 4.81 Å
c/a = 2.81

a)

b)

σ xy
 (

e²
/h

)

Figure 26: Strong effect of SOC for (Ti2O3)1/(Al2O3)5(0001) at aAl2O3 : a) band structure, b) AHC

plotted vs. the chemical potential.

Besides the cases presented above, the effect of SOC is also investigated for X =Ti at the

lateral lattice constant of α-Al2O3. In particular, two sets of calculations are performed: one

where SOC was included after the converged GGA +U calculations and one where SOC was

switched on from the start. The band structure from the first set of calculations is similar to

the one displayed in Fig. 23a with degenerate solutions for in- and out-of-plane magnetiza-

tion. In contrast, with the second approach a particularly strong effect of SOC on the total en-

ergy and band structure is obtained, although the structural differences are very small (slight

change in the degree of buckling of the honeycomb layer by 0.03Å). For the Ti2O3-layer the

state shown in Fig. 26a with magnetization along [0001] is 0.76 eV per u.c. lower in energy

than the one when SOC is included on top of the converged GGA +U calculation, indicating

strong magnetocrystalline anisotropy. The band structure is significantly modified with the

53



3.1 Confinement-driven electronic and topological phases in corundum-derived 3d-oxide
honeycomb lattices

initial set of four bands and now split into two occupied and two empty narrow bands sepa-

rated by a gap of 1.7 eV. Moreover, a large orbital moment of –0.88 µB arises, antialigned and

almost compensating the spin moment of 1.01 µB. This case bears analogies to BaFe2(PO4)2

(BFPO), where a similarly large orbital moment of 0.7 µB has recently been reported for

Fe2+ (S = 2) [150]. In this compound, Fe2+ is also arranged in a honeycomb pattern and has

a d6 occupation with completely filled inert spin-up bands and a single electron in the spin-

down channel, similar to the case with Ti3+ (3d1). As already shown in Fig. 19c, the single

electron occupies the degenerate e′g orbitals, defined as e′g =
1√
3
(dxy + eiθ dyz + eiθ dxz), with

θ = 2π√
3
, whereas the a1g orbital is higher in energy. As discussed recently by Kim and Kee

for BFPO [151], SOC acts as an atomic orbital Zeeman term: the solution with Lz = 1 and

magnetization along the [0001]-direction breaks the degeneracy of the e′g orbitals, causing a

transfer of charge from the e′g+ to the e′g− orbital and thereby opening the significant gap

as in BFPO [150]. Due to the antiparallel alignment of the spin and the orbital moment, the

total moment is almost quenched and (Ti2O3)1/(Al2O3)5(0001) can be regarded as a possible

realization of Haldane’s model of spinless fermions hopping on a honeycomb lattice [18].

The advantage compared to BFPO is that there are no further d electrons, e.g., in the other

spin-channel, to interfere with this state. Since the strong SOC effect occurs only for FM

coupling, the energy difference between the AFM and FM decreases by an order of magni-

tude from 814 meV (GGA +U) to 56 meV/u.c. (GGA +U + SOC), making this intriguing

state more likely to be realized. Moreover, a calculation of Γ-phonon modes indicates an

unusual case where strong SOC dynamically stabilizes the system (cf. Fig. 31a-d). A further

analogy to BFPO [151] appears when analyzing the band structure and QAH conductivity in

Fig. 26a and b: although σxy = 0 at EF points to a trivial FM Mott insulator, positive/negative

spikes at –0.8 eV and 2.2 eV indicate an occupied/empty set of non-trivial bands with oppo-

site Chern numbers and chirality. For BFPO Kim and Kee [151] proposed the substitution

of Ba2+ with mono or trivalent cations in order to shift EF between the lower or upper pair

of Chern bands and thereby design a QAHI. This scenario is more difficult to realize for the

corundum case, since cations other than trivalent are less common in this structure, but needs

to be explored in further studies.

In summary, the DFT +U results on (X2O3)1/(Al2O3)5(0001) indicate a broad variety of

electronic phases with respect to orbital polarization and spin state, induced by the con-

finement of the 3d honeycomb layer that are not available in the bulk X2O3 compounds.

While the ground states in most cases are trivial Mott insulators, followed in stability by

symmetry-broken ferromagnetic insulating states, for X = Ti, Mn, Co and Ni with ferro-

magnetic coupling and imposed symmetry of the two sublattices, a characteristic set of four

bands with two relatively flat and two crossing emerges at K close to the Fermi level. This

feature is similar to the one obtained for X = Mn, Co [141] and Ni [20, 21, 29, 141] in the

perovskite (LaXO3)2/(LaAlO3)4(111) superlattices and is a result of the single occupation

of the degenerate e′g or eg bands. Further analogies arise with respect to the non-magnetic
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d8 configuration in 5d corundum-derived honeycomb lattices (i.e., d4, single occupation

of eg states in each spin channel). Still, the latter topologically non-trivial configuration is

metastable (the ground state is found to be AFM for U >−3 eV) and transforms into a trivial

one with increasing U or tensile strain [142]. For (X2O3)1/(Al2O3)5(0001) with X = Mn,

Co and Ni and symmetric sublattices, the above-mentioned Dirac-crossing can be tuned to

the Fermi level using strain, while for X = Ti this is hampered by a switching of the orbital

polarization from e′g to a1g. SOC opens a small gap of several meV in these band structures

and leads to a notable anomalous Hall conductivity at the Fermi level, arising from the sharp

peak of the Berry curvature at the avoided band-crossing at K. Overall, the tendency towards

topological phases is weaker and the gap sizes smaller than in the perovskite bilayers. For

comparison, in the LaMnO3 perovskite SL a significant gap of 150 meV is opened by SOC

leading to a metastable Chern insulator [141].

Finally, for (Ti2O3)1/(Al2O3)5(0001) a case of particularly strong SOC at aAl2O3 is obtained

that opens a large trivial Mott insulating gap (1.7 eV) with an extremely high orbital mo-

ment (–0.88 µB), which almost compensates the spin moment 1.01 µB, thus making the

systems a promising candidate for the realization of Haldane’s model of spinless fermions

on a honeycomb lattice. Moreover, the presence of non-trivial pairs of bands below and

above EF, suggests that a Chern insulator may be accessible through suitable electron/hole

doping. This strong SOC effect stabilizes dynamically the system and reduces significantly

the energy difference to the AFM ground state from 814 meV and without SOC to 56 meV.

A few words about the experimental realization possibilities: the epitaxial growth of corun-

dum films and heterostructures has been less in the focus of investigation compared to per-

ovskites, but offers the advantage that fewer elements are involved (e.g., only X and Al ions,

instead of three or four different cations in a perovskite superlattice). Several studies have

reported the successful growth of corundum thin films on α-Al2O3(0001) using molecu-

lar beam epitaxy [152–154], pulsed laser deposition [155], helicon plasma-[156] or radio

frequency magnetron sputtering [157]. These reports suggest that the growth of corundum-

based superlattices is viable and hopefully the electronic phases predicted here will inspire

new experimental studies for their realization.

3.1.1 Structural and electronic properties of bulk α-X2O3

The structural, electronic and magnetic properties of bulk α-X2O3 are presented in Table 1

together with available previous experimental and theoretical results. Most phases are re-

ported to be stable in the corundum structure, with the exception of Ni2O3. Mn2O3 adopts

the corundum structure only at high pressure [158]. The stability of Co2O3 is debated and

there are reports on the band gap [159], but no structural data is available, therefore for

Co2O3 and Ni2O3 the results are compared to previous unrestricted Hartree-Fock calcula-

tions [160]. The lattice parameters of Co2O3, which Catti and Sandrone report, are larger

because they have considered ferromagnetic and antiferromagnetic arrangements, while here
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it is found that the ground state is a low spin (S = 0) state with a gap of 1.93 eV. This is in

good agreement with the only experimental reported value of 1.82 eV [159] and consistent

with previous DFT +U and hybrid functional (HSE06) calculations [161].

Table 1: Structural, electronic and magnetic properties of bulk α-X2O3. The upper part of the table

lists available experimental/theoretical results and the lower, the values obtained within this

study with GGA +U, U = 5 eV and J = 0.7 eV. The magnetic configurations are denoted as

ferromagnetic (FM), antiferromagnetic within the bilayer (AFM) or ferromagnetic alignment

within the layer and antiferromagnetic to the next bilayer (AFM2). The corresponding band

gaps and magnetic moments are given in eV and µB, whereas the abbreviation ”m” denotes

a metallic state.

Ti V Cr Mn Fe Co Ni

Exp./Theor. a [Å] 5.13

[162],

5.15

[145]

4.95

[145]

4.96

[145]

5.03

[158]

5.03

[145]

5.04

[160]

4.94

[160]

c [Å] 13.88,

13.64

14.00 13.60 14.11 13.75 13.52 13.41

Eg [eV] 0.1

[163,

164]

0.50-

0.66

[165–

167]

3.4

[168,

169]

1.29

[170]

2.0

[171]

1.82

[159]

–

this work a [Å] 5.40 5.17 5.08 5.17 5.07 4.81 4.91

GGA +U c [Å] 13.95 14.16 13.86 14.00 13.89 13.05 13.32

Magn.

order

AFM FM AFM FM AFM2 NM FM

MX [µB] 0.97/

–0.97

2.06/

2.06

3.04/

–3.04

4.2/

4.2

4.12/

–4.12

0.0/

0.0

1.12/

1.12

Eg [eV] 2.3 1.26 2.94 m 2.3 1.93 m

3.1.2 Influence of U on bulk α-X2O3 and (X2O3)1/(Al2O3)5(0001)

It is well known that GGA +U typically overestimates lattice parameters. This effect is

particularly strong for bulk Ti2O3 (see Table 1, overestimation of a by 4.8 %), therefore

additional calculations are performed to explore the dependence of lattice parameters and

band gap on the value of U both within LDA +U and GGA +U. The results are shown in

Fig. 27.
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Table 2: Structural, electronic and magnetic properties of (X2O3)1/(Al2O3)5(0001) SLs. The ground

state magnetic order is either ferromagnetic (FM) or antiferromagnetic within the bilayer

(AFM). Note that the (X2O3)1/(Al2O3)5(0001) SLs are strained to aAl2O3 = 4.81 Å. The

corresponding band gaps and magnetic moments are given in eV and µB, respectively.

Ti V Cr Mn Fe Co Ni

c [Å] 13.56 13.44 13.36 13.40 13.32 13.32 13.20

Magn.

order

AFM AFM AFM AFM FM AFM AFM

MX [µB] 0.95/

–0.95

1.96/

–1.96

3.01/

–3.01

3.87/

–3.87

4.28/

4.28

3.15/

–3.15

1.05/

–1.05

Eg [eV] 2.33 2.70 3.90 1.35 2.66 1.61 0.69

∆

zX ,X ′[Å]

0.52 0.46 0.38 0.46 0.63 0.54 0.35

Figure 27: Evolution of the c lattice parameter (top panel), in-plane lattice constant a (middle panel)

as well as the band gap (bottom panel) as a function of U (J = 0.7 eV) for bulk Ti2O3

using two different exchange-correlation functionals, GGA (generalized gradient approx-

imation) and LDA (local density approximation).

As shown in Fig. 27, the lattice parameters obtained within GGA (U = 0 eV) are close to

the experimental ones (see Table 1), but the system is metallic. Within GGA +U the band

gap opens above Ueff = 1.3 eV. While GGA +U overestimates both the lattice parameters

and the band gap, a good compromise can be obtained within LDA +U for the simultaneous
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description of structural and electronic properties for U = 3.1 eV and J = 0.7 eV, i.e.,

a = 5.14 Å and a band gap of 0.24 eV are attained accompanied by lower magnetic moments

(0.38 µB).

a)         Ti3+   d1 ↑↑ b)         Ti3+   d1 ↑↑

         GGA+U          LDA+U

Figure 28: Band structures for the ferromagnetic configurations of (Ti2O3)1/(Al2O3)5(0001) calcu-

lated within GGA +U and LDA +U with U = 3.1 eV and J = 0.7 eV for a = 4.81 Å.

Confined Ti2O3 bilayer: using those values (U = 3.1 eV and J = 0.7 eV), calculations for

the confined Ti2O3 bilayer with ferromagnetic coupling of Ti-ions both within LDA +U and

GGA +U are performed. As the band structures in Fig. 28 show, the main features from

Fig. 19c are reproduced also for the lower values of U both within LDA +U and GGA +U.

Thus, despite the fact that the bulk Ti2O3 band gap is found to be very sensitive to the value of

U, the confined Ti2O3 layer with FM coupling shows a metallic character with band features

that are reproduced for a reasonable variation of U.

Figure 29: Band structure for the corundum bilayer X = Ti obtained for U = 3.1 eV and J = 0.7 eV

within GGA + U + SOC for a = 4.81 Å showing the strong effect of SOC.

Moreover, also the strong effect of SOC is reproduced for the lower U value: Fig. 29 displays

the result of the GGA +U + SOC calculation with the lower U = 3.1 eV (J = 0.7 eV) (see

Fig. 26 for the result with U = 5 eV and J = 0.7 eV) with a significant orbital moment

of 0.73 µB (slightly lower than the one for U = 5 eV) and similar shapes of bands though

with a lower band gap due to the lower splitting of bands and the stronger dispersion of the
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conduction and valence band around K and Γ, respectively.

a)         V3+   d2 ↑↓ b)                     V3+   d2 ↑↑

V1,2: 1.82/-1.82 µ
B

a)         V3+   d2 ↑↓

V1,2: 1.94/1.94 µ
B

Figure 30: LDA +U band structure for the corundum bilayer X = V obtained for an on-site Coulomb

term U = 3.43 and J = 0.93 eV, which are necessary to obtain the correct experimental

band gap in the bulk material.

To describe the structural properties of bulk V2O3 previous calculations have used U =

2.90− 3.43 eV and J = 0.93 eV within the LDA + U approach [172, 173]. Hence, these

parameters are applied to the corundum bilayer X = V. The band structures in Fig. 30 both

for FM and AFM coupling show good agreement with the ones obtained within GGA +U

for U = 5.0 eV and J = 0.7 eV in Fig. 20a and b. This indicates that the results are robust

for reasonable variations of U.
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3.1.3 Dynamic stability of (X2O3)1/(Al2O3)5(0001): X = Ti, Mn

a)        Ti3+  d1 ↑↓ c)        Ti3+  d1 ↑↑ b)        Ti3+  d1 ↑↑ d)       Ti3+  d1 ↑↑ (SOC)

e)   Mn3+  d4 ↑↓ f)   Mn3+  d4 ↑↑ g) Mn3+  d4 ↑↑
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Figure 31: Density of states (DOS) of Gamma phonons for X = Ti and Mn with AFM and FM

coupling. The relative stability to the AFM ground state is given in red. While the AFM

(a and e) and symmetry-broken FM phases (b and f) are dynamically stable, a particularly

interesting case arises for Ti2O3 with FM coupling and symmetric sublattices: here the

strong SOC effect (see Fig. 26) with magnetization along [0001] stabilizes dynamically

the structure and reduces significantly the energy difference to the AFM ground state from

c) 814 meV to d) 56 meV.

As already pointed out above, the epitaxial growth is a process far away from equilibrium

with the major advantage that also structures that are unstable in the bulk can be realized.

While calculation of Gamma phonons is common for bulk materials, dynamical stability of

oxide heterostructures has not been addressed yet in any previous work. Here such calcu-

lations are performed for the two exemplary cases X = Ti and Mn both for AFM and FM

coupling, with and without spin-orbit coupling. On average 90 different distorted structures

needed to be calculated for each case, resulting in a significant computational effort in par-

ticular for the cases with SOC that comprise noncollinear calculations. The DOS of Gamma

phonons for the different cases indicates that the AFM ground states (Fig. 31a, e) and the FM

symmetry-broken solutions (Fig. 31b, f) are dynamically stable, whereas the solutions with

constrained symmetry of the two sublattices (Fig. 31c, g) show negative frequencies prior to

SOC for the lateral lattice constant of Al2O3. However, these systems may be stabilized as a

function of strain. Most importantly, the strong SOC effect for X = Ti (cf. Fig. 26) leads to

a dynamic stabilization of the system (Fig. 31d), accompanied by a significant reduction of

the energy with regard to the AFM ground state from 814 to 56 meV.
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3.2 Interaction-driven spin-orbit effects and Chern insulating phases in corundum-
based 4d and 5d oxide honeycomb lattices

In this section, topologically non-trivial phases in X2O3 honeycomb layers with X = 4d and

5d cation inserted in the band insulator α-Al2O3 along the [0001]-direction are explored.

Using density functional theory calculations with a Hubbard U, the effect of time-reversal

symmetry breaking in 4d and 5d systems is addressed and has been published as a paper

in the following Ref. [32]. Here the previous study of corundum-derived honeycomb lat-

tices [31] is extended to 4d and 5d cases where several promising candidates for quantum

anomalous Hall insulators (QAHI) are identified. In particular, for X = Tc and Pt spin-orbit

coupling (SOC) opens a gap of 54 and 59 meV, respectively, leading to Chern insulators (CI)

with C =–2 and –1. The nature of different Chern numbers is related to the corresponding

spin textures. The Chern insulating phase is sensitive to the Coulomb repulsion strength:

X = Tc undergoes a transition from a CI to a trivial metallic state beyond a critical strength

of Uc = 2.5 eV. A comparison between the isoelectronic metastable FM phases of X = Pd

and Pt emphasizes the intricate balance between electronic correlations and SOC: while the

former is a trivial insulator, the latter is a Chern insulator. In addition, X = Os turns out to

be a FM Mott insulator with an unpaired electron in the t2g manifold where SOC induces an

unusually high orbital moment of 0.34 µB along the z-axis. Parallels to the 3d honeycomb

corundum cases in Section 3.1 are discussed. The strategy is to move from the 3d elements

where correlation effects are notoriously strong, while SOC is weaker, to 4d and 5d elements,

where the balance between correlations and SOC can even be reversed. In particular, 4d and

5d systems show a much weaker tendency towards symmetry breaking transitions like the JT

effect, common to the strongly correlated 3d cases. This design strategy has already led to

the identification of LaRuO3 and LaOsO3 honeycomb bilayers sandwiched in LaAlO3(111)

as robust QAHI [36].

However, in the previous section the complex electronic behavior of (X2O3)1/(Al2O3)5(0001)

with X = 3d [31] has been addressed where a variety of electronic phases was identified that

strongly differs from the corresponding bulk X2O3 compounds. While in most cases AFM

ground states are found, the metastable ferromagnetic cases of X = Ti, Mn, Co and Ni with

constrained symmetry of the two sublattices showed a common band structure of four bands,

two flat and two with a Dirac-like crossing at K close to EF, associated with the single band

filling of e′g
1 (Ti) or eg

1 (Mn, Ni and Co) states. This is due to trigonal symmetry, which

splits the t2g states in an a1g and doubly degenerate e′g states. A similar band structure was

also obtained for the analogous perovskite cases of X = Mn, Co and Ni [141]. Applying

lateral strain it was possible to tune the Dirac point to the Fermi level for the corundum

X = Mn, Co and Ni, however, SOC showed a weak effect with a gap opening of several

meV, but still with considerable nearly integer anomalous Hall conductivity, arising from

the high Berry curvature around the K points. On the other hand, one case (X = Ti) of

extremely strong SOC at the lateral lattice constant of α-Al2O3 was obtained within GGA
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(a = 4.81 Å). For X = Ti SOC with magnetization along the [0001]-direction leads to an

almost integer orbital moment (−0.88 µB), which is antialigned to and almost compensates

the spin-moment of 1.01 µB, pointing towards a likely realization of Haldane’s model of

spinless fermions on a honeycomb lattice. As previously discussed, SOC acts here as a Zee-

man term and lifts the degeneracy of the half-filled e′g orbital leading to a metal-insulator

transition with a strong rearrangement of bands. A similar situation arises in BaFe2(PO4)2

(BFPO) [150, 151], where Fe2+ has a filled majority spin band and a single electron with e′g
orbital polarization in the minority band. Although (Ti2O3)1/(Al2O3)5(0001) has zero Chern

number, two pairs of non-trivial bands with integer but opposite Chern numbers are identified

above and below EF (cf. Fig. 26). Suitable doping or electric field may eventually shift the

Fermi level and turn the system into a quantum anomalous Hall insulator. This strong effect

of SOC significantly reduces the energy difference to the stable AFM ground state by one

order of magnitude. Although some interesting ground and metastable states were found for

the 3d corundum-derived superlattices, the emergence of stable Chern insulating phases was

not observed. This was the driving motivation to explore the analogous 4d and 5d systems.

Previously, Afonso and Pardo [142] studied 5d honeycomb layers sandwiched in the corun-

dum structure, concentrating only on TI cases that preserve time reversal and inversion sym-

metry. The non-magnetic Au2O3 with d8 configuration (analogous situation to the high spin

d4 case discussed above, e.g., for X = Mn but with single occupation of eg states in each

spin channel) was identified as a potential candidate for Z2 TI. Still, the latter topologically

non-trivial configuration transforms into a trivial one with increasing U or tensile strain.

Moreover, it is metastable, the ground state is found to be AFM for realistic and even nega-

tive U values (U >−3 eV) [142]. Since possible QAHI phases are of interest, the constraint

of TRS in 4d and 5d corundum-derived systems is lifted. Indeed, several promising cases

where a CI phase can be stabilized are found, e.g., for X = Tc, Pt. For Tc2O3 the depen-

dence of QAHI on the Coulomb repulsion parameter is explored showing a transition from

a CI to a trivial Mott insulator beyond a critical value Uc = 2.5 eV. Moreover, the sensitive

balance between electronic correlations and SOC in the case of the isoelectronic X = Pd

and Pt is discussed, the former being a trivial Mott insulator and the latter a CI. Last but not

least, Os2O3 is addressed, which shows a substantial orbital moment.

For the exchange-correlation functional the generalized gradient approximation (GGA) of

Perdew, Burke and Enzerhof [68] is applied. An on-site Coulomb repulsion parameter was

considered within the GGA +U approach as implemented by Liechtenstein et al. [174] with

J = 0 eV. The values of U for 4d and 5d ions are generally much lower than for 3d, in the

range of 0− 3 eV. The dependence of the topological properties of X = Tc on the value of

U is further addressed in Section 3.2.2. The hexagonal simulation cell, shown in Fig. 17,

contains 30 atoms (18 oxygens, two X and ten Al cations). The calculations were performed

using a k-point mesh of 10×10×2 including the Γ point. The optimized lattice constants

of α-Al2O3 within GGA are a = 4.81 Å, c = 13.12 Å being ∼ 1% larger than the experi-
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mentally obtained values of a = 4.76 Å and c = 12.99 Å [145]. A cutoff energy of 600 eV

was used for the plane waves. Atomic positions were relaxed until the Hellman-Feynman

forces were lower than 1 meV/Å. In particular, high-symmetry metastable or symmetry-

broken states were explored also with the all-electron full-potential linearized augmented

plane wave (LAPW) method as implemented in the WIEN2K code [93]. The anomalous

Hall conductivity (AHC) for potentially interesting cases is computed on a very dense k-

point mesh of 144×144×12 using the WANNIER90 code [121]. Using the insight obtained

from the 3d series, the discussion is extended to the 4d and 5d homologous elements of

Mn, Fe and Ni. For X = Rh and Ir only a non-magnetic solution, leading to trivial insu-

lators, is found within DFT +U. In contrast, for Re and Ru ferromagnetic solutions were

obtained, but SOC is unable to open a gap. Instead, the focus is on X = Tc and Os, where

the ferromagnetic solutions are favored by 116 meV and 18 meV per u.c. for U = 1.0 eV,

respectively, compared to the non-magnetic case. For X = Pd and Pt a ferromagnetic phase

can be stabilized, but is 0.28 eV and 0.67 eV per u.c. higher in energy than the respective an-

tiferromagnetic and non-magnetic ground states. In the following, the electronic properties

of the FM phases of Tc, Pd, Pt and Os are discussed.

E
ne

rg
y 

[e
V

]

0.56 µ
B

0.60 µ
B

a) b)

0.60 µ
B

0.60 µ
B

 Pd3+  d7 ↑↑ 

 Pt3+  d7 ↑↑ 

Figure 32: Spin-resolved band structure of (X2O3)1/(Al2O3)5(0001) with a) X = Pd (U = 1.0 eV,

a = 4.81 Å) and b) Pt (U = 0.5 eV, a = 4.76 Å). Blue/orange denote majority/minority

bands and the Fermi level is set to zero. Top c) and side view d) of isosurfaces of the

spin density, integrated in the energy range of –1 eV to EF, blue (red) show the majority

(minority) contributions.

3.2.1 GGA +U (+ SOC) results for isoelectronic Pt2O3 and Pt2O3

The band structure of the isolectronic X = Pd and Pt around EF is dominated by four major-

ity bands. While X = Pd is a semiconductor with an indirect band gap of ∼ 17 meV and a

narrower bandwidth of ∼ 0.4 eV (cf. Fig. 32a), X = Pt is metallic and the four characteristic
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majority bands show a larger bandwidth of ∼ 0.6 eV (cf. Fig. 32b). Both the bandwidth

and tendency towards metallic behavior is consistent with the larger extension of the 5d or-

bitals as compared to the 4d. The spin-densities indicate substantial occupation of both eg

orbitals, signaling a d8L configuration, similar to the one of the Ni-ion in LaNiO3 nickelates

[29, 127, 128] rather than the formal d7 occupation.
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Figure 33: GGA + U + SOC band structures for the isovalent and isoelectronic

(X2O3)1/(Al2O3)5(0001), a) X = Pd (U = 1.0 eV) and b) Pt (U = 0.5 eV) with

magnetization along the [0001]-direction as well as the Berry curvatures c) and d) along

the same k-path. e) and f) show the corresponding anomalous Hall conductivity σxy in

units of e2/h as a function of the chemical potential.

It is proceeded with the effect of SOC on the latter two cases. Inclusion of SOC for the Pd

honeycomb corundum monolayer does not alter the band gap (cf. Fig. 33a) but leads to an

avoided crossing of the two occupied bands at K and Γ and a splitting of the empty pair of

bands at Γ, resulting in strong oscillations of the Berry curvature at K between positive and

negative values (Fig. 33c) that lead to a nonvanishing σxy but with a low value at EF. In

contrast, SOC opens a gap of 59 meV at M for Pt and lifts the degeneracy of bands both at

K and Γ (Fig. 33b). The corresponding Berry curvature Ω(k) shows strong negative peaks

around M and K (Fig. 33d) that are also clearly visible in the top view of Ω(k) in Fig. 34a.

A Chern insulating phase with C = –1 is found for the experimental lattice parameter of

Al2O3, a = 4.76 Å [145] with a broad Hall plateau at EF (Fig. 33f). For a slightly larger

lateral lattice constant a = 4.81 Å (the GGA value) the highest valence band crosses the

Fermi level at M and the system becomes metallic. For comparison, a Z2 TI phase was found
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3 Results and discussion

in the non-magnetic state of the perovskite-derived (KTaO3)9/(KPtO3)2(111) SL [25]. The

latter is found to be stable for realistic values of U, but the system becomes AFM beyond

Uc > 3. In contrast to the corundum case here, no FM solution could be stabilized.

a)

k
y

k
x

Figure 34: a) Top view of the Berry curvature Ω(k) for (Pt2O3)1/(Al2O3)5(0001) at U = 0.5 eV in

the Chern insulating phase.
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3.2.2 Tc2O3: transition from a Chern to a metallic phase with U
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Figure 35: a) Spin-resolved band structure and spin density distribution integrated in the energy range

of –3 eV to EF for (X2O3)1/(Al2O3)5(0001), X = Tc at a lateral lattice constant a = 4.81

Å for U = 1.0 eV. Both the spin density in (c) and the density of states in (b) display

the strong hybridization between O-2p and Tc-4d states. Positive (negative) values of the

density of states correspond to the majority (minority) states. Same color coding is used

in c, d) as in Fig. 32.

As illustrated in Fig. 35a, for U = 1.0 eV without SOC (Tc2O3)1/(Al2O3)5(0001) is a

semimetal with majority bands nearly touching at K, whereas a pair of bands, degenerate

at Γ, comprises the conduction band minimum in the minority channel. In the 4d4 configu-

ration of Tc3+ all electrons are in the t2g subshell. According to the Hund’s rule a magnetic

moment of 2 µB is expected due to two unpaired electrons, but owing to the large bandwidth

of the Tc t2g band (∼ 2.5 eV, cf. Fig. 35a) and the strong hybridization between Tc-4d and

O-2p, visible from the spin density in Fig. 35c, the calculated value is much lower (0.93 µB).

A similar reduction of the magnetic moment has been reported also in other Tc-compounds,

e.g., ATcO3 perovskites (A = Sr, Ba, Ca) both experimentally [175, 176] and theoretically

[177, 178], as well as for ATiO3/ATcO3(001) superlattices [179].
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Figure 36: GGA + U + SOC results for (Tc2O3)1/(Al2O3)5(0001) as a function of the on-site Coulomb

repulsion parameter U : evolution of the band structure (a-c, j-l), Berry curvatures (d-f, m-

o) plotted along the same k-path and AHC σxy vs. the chemical potential (g-i and p-r).

In the following, the topological properties of (Tc2O3)1/(Al2O3)5(0001) are analyzed as a

function of U. Fig. 36 displays the band structures, Berry curvatures Ω(k) plotted along the

same k-path and the anomalous Hall conductivity versus the chemical potential as a function

of the Hubbard repulsion parameter U.
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Figure 37: Top views of the Berry curvature distribution Ω(k) for (Tc2O3)1/(Al2O3)5(0001) at U =

2.0 eV in the Chern insulating phase and trivial phase at U = 3.0 eV displayed in a) and

b).

In the GGA case, the main contribution to Ω(k) (Fig. 36d) results from the bands around K:

the valence band overlaps with the Fermi level at K and gives rise to a splitting into two peaks

in the corresponding Berry curvature. At U = 0.5 eV these two peaks around K sharpen (cf.

Fig. 36e). The conduction band at Γ crosses EF and forms an electron pocket (Fig. 36a, b).

With increasing U this band (153) is shifted to higher energies and a gap opens at U = 1.0

eV. Moreover, the two occupied bands crossing at K split, pointing to an enhanced effect of

SOC due to electronic correlation (cf. Fig. 36k for U = 2.0 eV).
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Figure 38: a) Evolution of the band gap for (Tc2O3)1/(Al2O3)5(0001) for U = 1.0 eV as a function

of the lateral lattice parameter. While for compressive strain the system is trivial metallic,

the Chern insulating phase is stabilized with increasing a. In b-d) the band structures and

e-g) the corresponding anomalous Hall conductivities σxy in units of e2/h as a function of

the chemical potential are shown at different a values.

A further trend as a function of U is the shift of the gap from K at U = 1.0 eV to M at U = 3.0

eV (cf. Fig. 36c, l). For U = 3.0 eV the gap closes and the system reverts to a metallic state.

A closer examination of the Berry curvature at U = 1.0 eV (Fig. 36f) indicates that the

largest contributions to Ω(k) [122] stem from the SOC-driven band disentanglement of the

two occupied majority bands at K as well as the small splitting between the occupied band

152 and unoccupied band 153 (cf. Fig. 36c), which result in a small denominator. These

bands are responsible for the emergence of a broad plateau of σxy just above EF and a QAHI

phase with C = −2. The predominance of negative contributions to the Berry curvature in

Fig. 36f is in agreement with the negative Chern number. In particular, the largest contribu-

tion for U = 2.0 eV arises along K-M as apparent from the top view of Ω(k) displayed in

Fig. 37a. The topological phase remains stable up to U = 2.0 eV and eventually reverts to

positive values ∼ e2/h at U = 2.5−3.0 eV with a stronger contribution of the occupied band
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152 (cf. Fig. 36r). Sharp peaks emerge near the K and M points in Ω(k) (cf. Fig. 36o), also

visible in the top view of the Berry curvature in Fig. 37b. Finally, at U = 3.0 eV (Fig. 36l)

owing to an electron pocket at K and a large hole pocket at Γ accompanied by an upward

shift of the formerly occupied band, a metallic system is obtained. As a consequence, the

large negative contribution to the Berry curvature at K (cf. Fig. 36f) vanishes completely and

drops almost down to zero (Fig. 36o). The dramatic changes of the Berry curvature with U

eventually lead to the loss of the non-trivial topological character. The results demonstrate

the strong sensitivity of topological quantities on the Coulomb repulsion parameter. A sim-

ilar transition from a Chern to a trivial Mott insulator has recently been predicted for BFPO

[180]. Furthermore, the effect of strain on the CI state is explored: the evolution of band

structure and AHC as a function of lateral lattice constant, shown in Fig. 38, demonstrates

that, while compressive strain closes the gap, the CI phase is stabilized with a broader plateau

and enhanced gap with increasing a.
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3.2.3 Spin textures of corundum-derived SLs: Tc2O3 and Pt2O3
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Figure 39: Side and top view of the spin textures in k-space from GGA + U + SOC calculations with

magnetization along [0001] of band 153 for X = Tc (compare Fig. 36c) for a-b) U = 1.0

eV and c-d) U = 3.0 eV. e-f) spin textures of band 159 for X = Pt (see Fig. 33b). The color

scale indicates the projection on the ẑ-axis with red (blue) indicating parallel (antiparallel)

orientation. The top views display the in-plane variation of the spins.

Since the Berry curvature can be regarded as an effective magnetic field [15], it is instructive

to relate Ω(k) to the corresponding spin textures of the relevant bands, i.e., number 153 for Tc

(see Fig. 36c) and number 159 for Pt (see Fig. 33b). A closer inspection of the spin textures in
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Fig. 39a-b for U = 1.0 eV reveals an orientation reversal of the out-of-plane spin component

sz from positive in the major part of the BZ to negative around the Γ point. The negative

polarization around Γ is followed by a region of predominantly in-plane components that

form a vortex and subsequently an outer region with positive sz. The size of the negatively

polarized region and the subsequent formation of a vortex is significantly reduced/almost

quenched at U = 3.0 eV, as displayed in Fig. 39c-d. Interestingly, the spin texture of the

topological phase of X = Pt in Fig. 39e-f exhibits only positive sz values, nearly zero around

Γ with an in-plane component further away from the BZ center.

3.2.4 Large SOC effect in Os2O3
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Figure 40: Band structures of FM X = Os within GGA + U with U = 1.0 eV a) without and b)

with SOC with magnetization along the [0001]-direction. Note the effect of SOC to split

the 5d bands in eight (four for each of the two Os sites in the structure) jeff = 3/2 and

four jeff = 1/2 bands, with an occupied/unoccupied pair of bands defining the gap. The

corresponding spin density distributions are integrated in the energy range of –8 eV to EF.

Same color coding is used as in Fig. 32. c) anomalous Hall conductivity as a function of

the chemical potential.

X = Os represents a further example of a large effect of SOC in a 5d system. Already within

GGA, SOC opens a gap, but both spin and orbital moments are quenched and the system is

non-magnetic. Recently, the topological features of the non-magnetic solution have been

analyzed by Afonso and Pardo [142]. Applying even small Hubbard U = 1.0 eV stabilizes

the FM state by ∼ 20 meV per u.c.. The obtained band structures using GGA + U without

and with SOC are displayed in Fig. 40a and b. Os (d5) is in the low-spin state with a single

hole in the minority spin channel and a magnetic moment of 0.94 µB without SOC. The

band structure indicates metallic behavior with two minority bands crossing EF. SOC splits

the latter and opens a gap of 0.34 eV. In particular, the conduction band has a significantly

reduced dispersion. Moreover, the spin moment is reduced to 0.59 µB, accompanied by a

72



3 Results and discussion

significant orbital moment of 0.34 µB.

Figure 41: Calculated values for spin and orbital moments as well as total moments vs. different

values of U. A higher value of U leads to an increase of both spin and orbital moments.

Since there is no Os orbital moment with antiparallel alignment to the spin moment, a

simultaneous increase of the total moment is obtained.

The evolution of the spin and the orbital moment as a function of U is shown in Fig. 41: af-

ter an initial jump between U = 0.0 (where the spin and the orbital moments are quenched)

and U = 0.5 eV with finite values, both exhibit a more moderate increase with further en-

hancement of U. Unlike the LaOsO3 honeycomb bilayer, which was predicted to be a Chern

insulator under strain [36], for Os2O3 the Hall conductivity shows large but not-quantized

values caused by non-trivial bands and no plateau at EF. In the d5 configuration, here with a

single hole in the t2g manifold, both the spin and the orbital moment are positive, in contrast

to other Os-based compounds with d1 configuration like the double perovskite Ba2NaOsO6

[34] and the antiferromagnetic d1 system KOsO4 [181] where the spin moment is almost

compensated by the orbital moment. SOC splits the t2g bands (six per Os site, twelve in

total) into four filled jeff = 3/2 and a half-filled jeff = 1/2 subset.

The moderate Hubbard U value opens up a Mott gap separating the upper and lower jeff =

1/2 Hubbard band (cf. Fig. 40b). The jeff splitting is similar to the one of Sr2IrO4 [33] and

occurs due to the large ζso∼ 0.22 eV visible in Fig. 40b. Due to Hund’s rule coupling, the

energy is lowered if L⃗ and S⃗ are aligned parallel, whereas a d1 configuration [34] yields an-

tiparallel orientation. In 5d5 iridates [35] or for the present compound X = Os, there is one

hole in the t2g manifold giving rise to an orbital moment leff = 1 due to three nearly degener-

ate orbital configurations. In contrast, the effect of spin-orbit coupling in a 5d3 system like in

the pyrochlore osmate Cd2Os2O7 [182] and NaOsO3 [183] is weak and the orbital moment

with leff = 0 is quenched because only one orbital configuration is possible for the three
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t2g electrons. In the conclusion of this section, the interplay between electronic correlation

and SOC in 4d and 5d (X2O3)1/(Al2O3)5(0001) SLs with a honeycomb pattern by means of

DFT + U + SOC calculations is explored. The ferromagnetic phases of Tc2O3 and Pt2O3 are

identified as Chern insulators with C =–2 and –1 for realistic strengths of Coulomb repul-

sion and the lateral lattice constants of a = 4.81 Å and a = 4.76 Å, respectively.

For (Tc2O3)1/(Al2O3)5(0001) with a d4 filling a transition from a CI to a trivial metallic

state occurs beyond a critical strength Uc = 2.5 eV. Strain turns out to have a similar effect:

compressive strain renders a metallic trivial state, while the CI phase is stabilized further

with tensile strain. Moreover, the evolution of Berry curvature and anomalous Hall con-

ductivity as a function of U is related to the spin texture. In particular, in the CI state

(U = 1.0− 2.0 eV) a spin-vortex emerges around Γ that is almost quenched for U = 3.0

eV. In contrast to Pt, the isovalent case of Pd does not host a non-trivial topological phase

demonstrating the importance of the interplay and favorable balance between SOC strength

and correlation effects. Last but not least, a further case of large SOC effect for ferromag-

netic (Os2O3)1/(Al2O3)5(0001) is identified, which is accompanied by the formation of a

high orbital moment and a SOC-driven metal-insulator transition (MIT) associated with the

correlation-induced splitting of the jeff = 1/2 subset as in the Mott insulator Sr2IrO4 [33].
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3.2.5 Topological and structural properties of (X2O3)1/(Al2O3)5(0001) SLs: X = Pd, Pt, Tc

In Fig. 42 the quality of Wannier fit is demonstrated by superimposing the Wannier-

interpolated bands on the original DFT bands for the strained honeycomb layers X = Pt, Pd

and Tc. Three cases are shown, comprising different energy windows X = Tc [–1.0 eV, 1.5

eV] and X = Pt, Pd [–0.5 eV, 1.2 eV] for the Wannierization of the 4d−5d bands including

O-2p bands, which are used in Figs. 33a, b and 36b, c.
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Figure 42: Comparison between the GGA + U + SOC band structure of a, b) X = Pt, Pd and c, d) Tc at

a = 4.76 Å and a = 4.81 Å calculated by DFT (red line) and the one obtained by Wannier

interpolation (dotted green lines).

As displayed in Fig. 43, the calculated surface states using WANNIERTOOLS [184] based on

Maximally Localized Wannier functions method confirm the topological properties of the

two systems.
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 Pt3+  d7 ↑↑  Tc3+  d4 ↑↑ 

a) b)

-M Γ M -M Γ M 

Figure 43: Calculated edge states of X = Pt, Tc superlattices for (100) surfaces are shown in a-b).

Warmer colors (red/white) represent higher local DOS, solid red lines are the edge states

connecting valence and conduction bands, while blue regions denote the bulk energy gap.

The Fermi level is set to zero.

In the case of X = Pt (cf. Fig. 43a), the result obtained from the band structure presents

clearly one topologically protected chiral edge state, whereas for X = Tc (cf. Fig. 43b) two

chiral edge states are identified. Since the number of edge states can be related to the Chern

number, these results are consistent with the analysis of C = –2 and –1 for X = Tc and Pt.
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Figure 44: The band gap evolution as a function of the Coulomb repulsion strength U for X = Tc at

a = 4.81 Å.

Fig. 44 reveals that the system evolves from a trivial metallic system at U = 0.5 eV to a

Chern insulator where a maximum band gap of 54 meV with U = 2.0 eV is yielded. The

Chern insulating phase persists from U = 1.0 eV up to U = 2.0 eV. Beyond Uc = 2.5 eV

the band gap decreases rapidly and eventually it is closed at U = 3.0 eV.
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3.2.6 Dynamic stability of (X2O3)1/(Al2O3)5(0001) SLs: X = Pt, Tc, Os
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Figure 45: Density of states (DOS) of Gamma phonons for a-b) X = Pt, c-d) X = Tc and X = Os is

shown in e-f). The relative stability to the non-magnetic (NM) ground state is given in red

for X = Pt.

The calculations of Gamma phonons for X = Pt indicate a structural instability of these

structures in Fig. 45a, b without and with spin-orbit coupling. A particularly interesting case

arises for the structural stability of Tc2O3 in the metallic phase shown in Fig. 45c showing

no negative frequencies, whereas the structure at U = 2.0 eV depicted in Fig. 45d shows

negative values. Hence, both the topological properties and dynamical stabilization of these

oxide heterostructures strongly depend on the Coulomb repulsion strength. The DOS of

Gamma phonons for X = Os plotted in Fig. 45e, f shows that the system is dynamically

stable.

3.3 Chern and Z2 topological insulating phases in perovskite-derived 4d and 5d oxide
buckled honeycomb lattices

Proceeding with the study of perovskite-derived SLs, in this section the topological prop-

erties of (LaXO3)2/(LaAlO3)4(111) with X = 4d and 5d cations employing density func-
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tional theory calculations including a Coulomb repulsion parameter U are explored. The

key findings of this computational study have already been published [37]. It turns out that

the metastable ferromagnetic phases of LaTcO3 and LaPtO3 with preserved P321 symmetry

emerge as Chern insulators (CI) with C = 2 and 1 and band gaps of 41 and 38 meV at the

lateral lattice constant of LaAlO3, respectively. The computed Berry curvatures, edge states

as well as spin textures provide additional insight into the nature of the CI states. While for

X = Tc the CI phase is further stabilized under tensile strain, for X = Pd and Pt a site dis-

proportionation takes place when increasing the lateral lattice constant from aLAO to aLNO.

The CI phase of X = Pt shows a strong dependence on the Hubbard U parameter with sign

reversal for higher values associated with the change of band gap opening mechanism. Par-

allels to the previously studied (X2O3)1/(Al2O3)5 (0001) honeycomb corundum layers are

discussed [31, 32]. Additionally, non-magnetic systems with X = Mo and W are identi-

fied as potential candidates for Z2 topological insulators at aLAO with band gaps of 26 and

60 meV, respectively. The calculated edge states and Z2 invariants underpin the non-trivial

topological properties.

Chern insulators and Z2 invariant topological insulators belong to subgroups of topological

insulators (TIs) with and without broken time-reversal symmetry (TRS), respectively. The

Chern insulator possesses chiral edge states with electrons traversing only in one direction,

where the number of conducting edge states is determined by the Chern number [113]. A

Z2 invariant TI supports the quantum spin Hall effect (QSHE), which can be regarded as

two copies of an IQH (integer quantum Hall) system with electrons forming Kramer’s pairs

and counter-propagating helical edge states. The properties of QSHE have been addressed

explicitly in conjunction with the graphene lattice [17] and HgTe quantum well structures

[115, 185, 186].
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Figure 46: a) Side view of the (LaXO3)2/(LaAlO3)4(111) superlattice where X represents a 4d, 5d

cation. b) Top view of the buckled honeycomb lattice in the a-b plane illustrating the

corner-sharing octahedra in the perovskite, whereas solid and dashed lines connect the

next nearest TM-ion neighbors residing on the same sublattices.
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A honeycomb pattern arises also in the corundum structure, though with smaller buckling

and different connectivity. While in the perovskite structure the octahedra are corner shar-

ing (cf. Fig. 46), in the corundum-derived SLs the XO6 octahedra in the X2O3 layer are

edge-sharing as well as alternating corner- and face-sharing to the next layer above and be-

low (cf. Fig. 18). As discussed in Sections 3.1 and 3.2, the complex electronic behavior of

corundum-derived honeycomb layers (X2O3)1/(Al2O3)5(0001) have recently been addressed

in a systematic study of the 3d series [31], whereas in the 4d and 5d systems the ferromag-

netic cases of X = Tc, Pt were identified as Chern insulators with C = –2 and –1 and band

gaps of 54 and 59 meV, respectively [32]. This was the motivation for investigating here the

perovskite analogs X = Tc, Pd, and Pt in (111)-oriented (LaXO3)2/(LaAlO3)4. Although

the ground state is AFM, it turns out that a CI phase emerges for the metastable FM cases

with C = 2 and 1.

Furthermore, the effect of strain on the stability of the CI state is explored, as well as the

dependence on the Coulomb repulsion parameter U and compared to the corundum-type

systems. Last but not least, the non-magnetic phases of X = Mo, W in (111)-oriented

(LaXO3)2/(LaAlO3)4 superlattices are identified as potential candidates for Z2 TIs where

time reversal and inversion symmetry are preserved. Density functional theory calcula-

tions were performed for (LaXO3)2/(LaAlO3)4(111) SLs employing the projector augmented

wave (PAW) method [96] as implemented in the VASP code [143]. The plane-wave cutoff

energy is fixed to 600 eV. The generalized gradient approximation (GGA) in the parametriza-

tion of Perdew-Burke-Enzerhof [68] was used for the exchange-correlation functional. The

static local correlation effects were accounted for in the GGA +U approach, using Ueff =

U − J method of Dudarev et al. [144]. Hubbard U values for the 4d and 5d ions are typ-

ically lower than for the 3d cations [32, 36] (cf. Sections 3.1 and 3.4). An U = 3 eV for

X = Tc, Pd, Mo and 1− 2 eV for X = Pt, W are used with a Hund’s exchange parameter

of J = 0.5 eV on all cations. Additionally, U = 8 eV is applied to the empty 4 f orbitals

of La. The calculations were performed using a Γ centered k-point grid of 12×12×2. The

lattice parameter c and the internal coordinates of the superlattice structure were optimized.

SOC was considered in the second-variational method with magnetization along the (001)

quantization axis. For potentially interesting cases, maximally localized Wannier functions

(MLWFs) were constructed in order to calculate the Berry curvatures and the anomalous

Hall conductivity (AHC) on a dense k-point mesh of 144×144×12 using the WANNIER90

code [121].

The previous studies [31, 32, 36, 141] on systems hosting the honeycomb lattice with X = 4d

and 5d showed that the metastable ferromagnetic state of X = Tc, Pt host quantum anoma-

lous Hall states. Using the insight gained from this investigation, the perovskite-derived SLs

with the above-mentioned TM ions are explored. Although the ground states of X = Tc, Pd

and Pt in (LaXO3)2/(LaAlO3)4(111) superlattices are AFM (cf. Table 3), with symmetry

lowering due to a dimerization and manifested in alternating X −X bond lengths, here the
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focus is put on the metastable ferromagnetic phases and their topological properties are ex-

plored. Moreover, the effect of strain on the Chern insulating phases by considering two

in-plane lattice constants of substrates LaAlO3 (3.79 Å) and LaNiO3 (3.86 Å) with a rela-

tive strain of ∼ 1.8% are investigated. Furthermore, the study is extended to non-magnetic

solutions leading to Z2 TIs. In particular, X = Mo, W turn out to possess Z2 topologically

invariant phases, although their non-magnetic phases are higher in energy by 2.0 eV and 0.4

eV per u.c. compared to the antiferromagnetic ground states (cf. Table 4), respectively.

Table 3: Structural, electronic and magnetic properties of the FM state in X = Tc, Pt, Pd SLs at aLAO

and aLNO, respectively. The relative energy difference of ferromagnetic (FM) configuration

with respect to the antiferromagnetic (AFM) ground state is given. Spin and orbital moments

are in µB. The corresponding band gaps with and without SOC are given in meV (”m”

denotes a metallic state). For each of the two lattice constants, the resulting Chern numbers

are also listed.

2LTcO aLAO aLNO

c[Å] 13.9 13.8

∆EFM−AFM[eV] 1.0 –

MS[µB] 1.96/1.96 1.96/1.96

ML[µB] 0.06/0.06 0.06/0.06

Eg[meV] m m

Eg(SOC)[meV] 41 53

C 2 2

2LPdO aLAO aLNO

c[Å] 14.0 13.7

∆EFM−AFM [eV] 0.8 –

MS[µB] 0.71/0.72 0.60/0.85

ML[µB] 0.05/0.05 0.05/0.07

Eg[meV] m 60

Eg(SOC)[meV] m 70

C 0 0

2LPtO aLAO aLNO

c[Å] 14.2 14.1

∆EFM−AFM[eV] 1.1 –

MS[µB] 0.67/0.67 1.06/0.32

ML[µB] 0.13/0.13 0.25/0.05

Eg[meV] m 370

Eg(SOC)[meV] 38 402

C 1 0
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3.3.1 GGA +U (+ SOC) results for the perovskite-derived SL: X = Tc
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Figure 47: Spin-resolved band structure of the buckled bilayers for X = Tc with corresponding lattice

constants a at a) aLAO and b) aLNO, respectively. In the band structures blue/green denote

majority/minority bands and the Fermi level is set to zero. The lower two panels depict

the top and side view of isosurfaces of the spin densities in the integration range of –3 eV

to EF, where blue (red) show the majority (minority) contributions.

In the following, the electronic and topological properties of ferromagnetic X = Tc for

in-plane lattice constants aLAO and aLNO are discussed. Without SOC and for Ueff = 2.5

eV semimetallic band structures emerge as depicted in Fig. 47a and b. In both cases the

band structures around EF are very similar and dominated by minority Tc t2g bands (cf.

Fig. 47a-b) touching at K, that extend to ∼ −1.4 eV (aLAO) and ∼ −1.0 eV (aLNO) and are

completely separated from the lower lying majority bands. This feature is dissimilar to the

band structure in the corundum honeycomb layer (Tc2O3)1/(Al2O3)5(0001) [32] where the

majority and minority bands are entangled around EF . The corresponding spin densities are

shown in the lower two panels of Fig. 47. In the 4d4 configuration of Tc3+ all electrons are

in the t2g subset with two unpaired electrons, reflected in a magnetic moment of 1.96 µB for

both Tc sites. This is in contrast to the corundum honeycomb layer with X = Tc [32] where

a much lower magnetic moment of 0.93 µB is found resulting from a violation of Hund’s

rule due to a strong hybridization between Tc-4d and O-2p states.

Next, the effect of SOC on the band structures illustrated in Fig. 48a and b are analyzed. The

strongest influence is observed at the Fermi level around the K point where SOC induces anti-

crossings and opens gaps of 41 and 53 meV for aLAO and aLNO, respectively. Calculation of

the AHC (Fig. 48e-f) shows that the LaTcO3 honeycomb layer emerges as a Chern insulator
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with C = 2 for both strain values. The largest contribution to the Berry curvature Ω(k)

(Fig. 48c-d) arises along K-M. The enhanced gap for aLNO leads to a broader Hall plateau at

EF (cf. Fig. 48e and f). The results demonstrate that with tensile strain the CI phase is further

stabilized. A similar effect of strain was observed in (Tc2O3)1/(Al2O3)5(0001) [32]. The sign

of the Chern number C = 2 for X = Tc in the (111)-oriented perovskite bilayer is reversed

compared to the corundum-derived SL (C = –2) [32]. The reversal of sign is related to the

specific band topology and band gap opening mechanism and the predominance of minority

bands, whereas in the corundum case majority bands reside around EF [32].
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Figure 48: GGA + U + SOC band structures for X = Tc in (111)-oriented perovskite bilayer at a)

aLAO and b) aLNO. The Berry curvatures (c-d) are plotted along the same k-path and (e-f)

show the corresponding anomalous Hall conductivities σxy vs. the chemical potential in

units of e2/h.
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3.3.2 GGA +U results for isoelectronic perovskite-based SLs: X = Pd, Pt
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Figure 49: Spin-resolved band structure of the buckled bilayers in (111)-oriented

(LaXO3)2/(LaAlO3)4 perovskite bilayer (a-c) at aLAO and (b-d) aLNO for the isova-

lent and isoelectronic X = Pd and Pt at Ueff = 2.5 eV and 1.0 eV. The top and side view

of isosurfaces of the spin densities are integrated in the energy range between –1 (Pt) and

–1.2 eV (Pd) to EF where blue (red) show the majority (minority) contributions.

In the following, the isoelectronic X = Pd and Pt are explored. Experimental studies sug-

gest paramagnetic metallic behavior for bulk LaPdO3 [187, 188]. For the honeycomb layer of

X = Pd and Pt at aLAO P321 symmetry is preserved and the band structures in Fig. 49a and c
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show two very similar sets of each four majority and minority bands, the former lying about

1 eV lower than the latter. Both exhibit Dirac crossings at K, the one of the majority band

being slightly above the Fermi level. Consequently, the dispersive majority and the bottom

of the minority bands cross EF and lead to a metallic state. The situation is thus somewhat

different from the isoelectronic LaNiO3 analog where for P321 symmetry the Dirac point

is fixed at the Fermi level [20, 21, 29, 141]. A substantial occupation of both eg orbitals

and contribution from the O-2p states is visible from the spin-densities (see Fig. 49), which

indicates a d8L configuration instead of the formal d7 occupation and bears analogies to the

isoelectronic LaNiO3 [29, 127, 128].

In contrast, for tensile strain (aLNO) the P321 symmetry is lowered and a gap of ∼ 60 meV

and ∼ 370 meV (cf. Fig. 49b and d) is opened for LaPdO3 and LaPtO3, respectively. The gap

opening arises due to the disproportionation of the two Pd and Pt triangular sublattices ex-

pressed in different magnetic moments: in X = Pd the two sites acquire magnetic moments

of 0.85 µB and 0.60 µB (cf. Fig. 49b). For X = Pt this site-disproportionation is more pro-

nounced with magnetic moments of 1.06 µB and 0.32 µB on the two Pt sites (cf. Fig. 49d)

resulting in a larger gap between the occupied majority and unoccupied minority pairs of

bands whose dispersion is significantly reduced. The site-disproportionation at tensile strain

goes hand in hand with a breathing mode by showing a larger and a smaller PtO6 octahedron

with volumes 13.8 and 11.8 Å3, respectively. As a consequence, the Pt-O bond lengths result

in 2.17, 2.18 Å at the first and 2.03, 2.10 Å at the second Pt site. Such a disproportionation is

common in bulk rare-earth nickelates [146, 147], (001)- or (111)-oriented LaNiO3/LaAlO3

SLs [29, 126–128, 141, 189] as well as La2CuO4/LaNiO3(001) SLs [190].
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3.3.3 (LaPtO3)2/(LaAlO3)4(111): emergence of a CI phase as a function of U
σ xy
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Figure 50: GGA + U + SOC results for X = Pt in (111)-oriented (LaXO3)2/(LaAlO3)4 as a function

of the Coulomb repulsion parameter U : Evolution of the band structure (a-d), Berry cur-

vatures (e-h) plotted along the same k-path and AHC σxy vs. the chemical potential (i-l).

Since for aLNO both LaPdO3 and LaPtO3 result in trivial Mott insulators due to site dispro-

portionation, here the topological properties at aLAO are explored where the P321 symmetry

is preserved. Upon including SOC, for X = Pd a CI phase emerges for U values beyond

Uc
eff = 3.5 eV (not shown here), which are likely too high for a 4d element.

The topological properties of (LaPtO3)2/(LaAlO3)4(111) are investigated as a function of

Hubbard U. Up to Ueff = 2.0 eV SOC leads to a band inversion between the majority and

minority bands around K. At Ueff = 0.5 eV the conduction band still overlaps with the Fermi

level (cf. Fig. 50a) and hampers the formation of a quantized Hall plateau (see Fig. 50i). For

1.0<Ueff<2.0 eV (cf. Fig. 50b and c), the Fermi level lies inside the gap and the system

becomes a Chern insulator with C = 1. Increasing the Coulomb repulsion strength from 1.0

to 1.5 eV enhances the band gap (from 31 to 38 meV) and the Hall plateau, which stabilizes

the Chern insulating phase (see Fig. 50k). As shown in Figures 50f and g, positive contribu-

tions to the Berry curvature arise around K. For higher values Ueff ≥ 2.5 eV the effect of SOC

changes from band inversion between bands of opposite spin to avoided crossing between

two bands with a larger gap of 66 meV, leading to a sign reversal of the Chern number from

+1 to –1 (cf. Fig. 50l). This is consistent with the large negative Berry curvature contribution

around K in Fig. 50h. However, for 5d systems U values beyond 2.0 eV appear to be too

high to describe correctly the electronic properties.
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3.3.4 Edge states and spin textures of CI phases in perovskite-derived SLs: X = Pt, Tc
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Figure 51: Top view of the Berry curvatures Ω(k) for a) X = Pt and b) Tc in (111)-oriented

(LaXO3)2/(LaAlO3)4 at Ueff = 1.0 eV and 2.5 eV in the Chern insulating phase. The cal-

culated edge states for the superlattices X = Pt, Tc are shown in (c-d) for (100) surfaces.

Red-white range of colors represent higher local DOS, the solid red lines correspond to the

edge states connecting valence and conduction bands. The blue regions denote the bulk

energy gap. The Fermi level is set to zero.
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Figure 52: Side and top view of the spin textures in k-space from GGA + U + SOC calculations with

out-of-plane magnetization of the highest occupied bands for (a-b) X = Tc (cf. Fig. 48a)

at Ueff = 2.5 eV and (c-d) for X = Pt (cf. Fig. 50b) at Ueff = 1.0 eV. The color scale

provides the projection of the texture field on the ẑ-axis with red (blue) indicating parallel

(antiparallel) orientation for X = Pt. In contrast, for X = Tc only negative values with

varying size are observed. The top views display the in-plane variation of the spins.

Unlike in (Pt2O3)1/(Al2O3)5(0001) [32] where contributions to the Berry curvature Ω(k)

arise along M and K, the top view of the Berry curvature for Ueff = 1.0 eV (see Fig. 51a) re-

veals that non-vanishing contributions appear solely on a rounded triangular feature around

K marking the anticrossing line of the majority and minority band. The surface states in

Fig. 51c calculated employing the MLWF method [184] present a single chiral edge state

associated with C = 1. For X = Tc the largest contribution to Ω(k) emerges along K-

M (cf. Fig. 51b and d) resulting in two in-gap chiral states whose features are similar to

(Tc2O3)1/(Al2O3)5(0001) [32]. Here, briefly the spin texture of the highest occupied band

(marked by arrows in Fig. 48a and Fig. 50b) in the Chern insulating phase for X = Tc and Pt

are discussed, respectively. For X = Pt (see Fig. 52c) the spin texture is dominated by ma-

jority (red) components in the larger part of the BZ and exhibits an orientation reversal of mi-

nority (blue) sz spin components close to K, consistent with the SOC-induced band inversion

between the occupied majority and unoccupied minority band around K as discussed above.
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The spin texture of (LaTcO3)2/(LaAlO3)4(111) in Fig. 52a is rather collinear compared to

the corundum case, which shows a vortex around Γ. In contrast, the spin texture for X = Tc

in Fig. 52a exhibits only negative sz values throughout the entire BZ. This is in agreement

with the fact that only bands of minority character appear around EF. Overall, even though

the number of edge states of the perovskite and corundum case (Tc2O3)1/(Al2O3)5(0001)

[32] are identical, the differences can be attributed to the distinct electronic structure and the

effect of SOC, as discussed in Section 3.3.1.

3.3.5 Z2 topological invariant systems: GGA +U (+ SOC) results for isoelectronic X = Mo, W

Table 4: Structural, electronic and magnetic properties of X = Mo, W SLs in

(LaXO3)2/(LaAlO3)4(111). The relative energy difference of the non-magnetic (NM)

configuration with respect to the antiferromagnetic (AFM) ground state is displayed. The

corresponding band gaps with and without SOC are given in meV, respectively. The Z2

indices are also listed.

2LMoO 2LWO

aLAO aLAO

c[Å] 14.1 14.2

∆ENM−AFM[eV] 2.0 0.4

Eg[meV] 26 67

Eg(SOC)[meV] 26 60

Z2 1 1
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Figure 53: Non-magnetic band structures without (a-b) and with SOC (c-d) of the buckled bilayers

X = Mo and W for Ueff = 2.5 eV and 1.0 eV with the in-plane lattice constants a at aLAO,

respectively. The Fermi level is set to zero.
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Figure 54: The edge states of X = Mo, W superlattices are shown in (a-b) for (100) surfaces with

same color coding as used in Fig. 51.
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Figure 55: The evolution of the Wannier charge centers (WCCs) on six time-reversal invariant mo-

mentum planes is shown in (a-f) for X = Mo.

Besides the potential CI phases in d7 and d4 systems studied above, the non-magnetic phases

of the two d3 systems containing the homologous elements X = Mo and W at aLAO are

investigated. Despite the AFM ground state (cf. Table 4), the potentially interesting systems

were identified to be non-magnetic. Previous theoretical studies [191] suggest that bulk

LaMoO3 and LaWO3 should be non-magnetic. The band structures in Figures 53a and b

reveal that the bandwidth of the t2g manifold amounts to ∼ 1.8 eV for X = W and ∼ 1.5 eV

for X = Mo. The larger bandwidth correlates with the larger extension of the 5d orbitals

as compared to 4d. In contrast to bulk LaMoO3 and LaWO3 [192] which are metallic, the

non-magnetic perovskite superlattices exhibit semiconducting behavior with gaps of 28 meV

and 62 meV. When SOC is taken into account both X = Mo and W exhibit topologically

non-trivial gaps of 26 meV and 60 meV, respectively.

In particular, the degeneracy of bands is lifted along K-Γ (cf. Figures 53c and d). Since the

investigated systems have crystal IS and TRS, Z2 can be calculated as a product of parities

of all occupied states at the TRIM points by applying the criterion of Fu and Kane [193].

In Fig. 55a-f the Wannier function center evolution (WCC) is calculated for X = Mo using

the Wilson loop method [194, 195] . For the k1 and k2 planes the Z2 indices are 0, whereas

for k3 = 0 and k3 = 0.5 the Z2 indices yield 1. In order to confirm the topological features

of these two systems, edge state calculations are performed by constructing the MLWFs.

The edge Green’s function and the local density of states (LDOS) can be simulated using an

iterative method [184, 196, 197]. In the case of X = Mo, clearly a gapless Dirac cone at the

Γ point (cf. Fig. 54a) can be seen, whereas one topologically protected chiral edge state is

obtained for X = W (cf. Fig. 54b) connecting the valence and conduction bands.
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3 Results and discussion

3.3.6 Electronic properties and dynamic stability of perovskite-based SLs: X = Pt, Tc

For the (LaXO3)2/(LaAlO3)4 perovskite bilayers oriented along [111]-direction at aLAO for

X = Tc and Pt, HSE06 calculations [198, 199] are performed. As the band structures in

Fig. 56 reveal, the main features of the band structure for X = Tc (cf. Fig. 56a) are repro-

duced (see Fig. 47a) also for the hybrid functional calculations with only a slight shift above

EF for the minority Tc t2g bands at K. For X = Pt (cf. Fig. 56b) the majority bands exhibit

Dirac crossings at K ∼ 0.5 eV above EF, whereas for the unoccupied minority bands the

shift is more pronounced lying ∼ 1 eV above EF. In this case the band structure corresponds

rather to the GGA +U result for a higher U value of 2.5 eV (cf. Fig. 50d). Hybrid function-

als also contain a mixing parameter α that renders the fraction of exact exchange. There are

many studies where values different from the standard value of 0.25 are chosen, sometimes

determined in a self-consistent fitting procedure to the dielectric constant [200]. However,

this goes beyond the scope of the present study. Nevertheless, the comparison between the

GGA +U and the HSE06 results with standard α allows a good understanding of the effect

of a Hubbard U vs. hybrid functional.
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Figure 56: Spin-resolved band structure of the buckled bilayers in (111)-oriented

(LaXO3)2/(LaAlO3)4 perovskite bilayer (a-b) at aLAO for X = Tc and Pt calculated

within the hybrid functional HSE06, respectively. In the band structures blue/green

denote majority/minority bands and the Fermi level is set to zero.

The dynamical stability of these systems is addressed by carrying out Γ-phonon calculations

for the ferromagnetic systems with constrained symmetry for X = Tc and Pt. Since the

ground state in both cases is antiferromagnetic with lower symmetry, not surprisingly nega-

tive frequencies are found for the FM case with symmetric sublattices in the phonon density

of states shown in Fig. 57a and b. Similar results were found previously for the corundum

honeycomb layers (X2O3)1/(Al2O3)5 (0001) with X = Tc and Pt (cf. Fig. 45a, d) as well as

X = Ti and Mn (see Fig. 31c, g). On the other hand, as previously shown for the latter case,

such systems can be stabilized by SOC (cf. Fig. 31d). However, due to their much higher

computational demand, dynamic calculations with SOC go beyond the current scope.
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Figure 57: Density of states (DOS) of Gamma phonons for X = Tc and Pt are shown in a-b).

3.4 Wide gap Chern Mott insulating phases achieved by design

As a part of a mutual publication, the results presented in this section are published in the fol-

lowing paper [36]. It has been referred to this work in all the previous sections. As discussed

before, the LaMnO3 buckled honeycomb bilayer [141] emerges as a promising candidate

with a topological transition from a high-symmetry Chern insulator with a substantial band

gap (150 meV) to a JT distorted trivial Mott insulating ground state. The effect of band

filling and strain were investigated and the acquired knowledge of the electronic behavior of

the 3d series has served to identify robust Chern insulators in the 4d and 5d series, such as

LaOsO3 and LaRuO3 bilayers sandwiched in LaAlO3(111) [36].

Unlike the LaOsO3 and LaRuO3 honeycomb bilayers which were predicted to be Chern in-

sulators [36], homologous LaFeO3 is a trivial antiferromagnetic Mott insulator. The low-spin

configurations of LaFeO3 are energetically higher at aLAO and aLNO by 1.1 and 1.12 eV (see

Table 5), respectively. The investigated systems exhibit band gaps, whereas the band gap at

aLNO is more pronounced (2.51 eV) compared to aLAO (2.48 eV) (cf. Table 5). In order to

explore the effect of U, calculations were performed using a Coulomb repulsion parameter

of U = 3 and 5 eV for X = Fe, while the Hund’s exchange parameter was fixed to J = 0.7

eV and an U = 8 eV is used for the empty La 4 f orbitals. The band features are reproduced

similarly for both cases but with a slight variation of the band gap. Calculation of the AHCs

on a dense k-point mesh of 144×144×12 employing the WANNIER90 code [121] (Fig. 60a-

d) shows for the LaFeO3 honeycomb layer at both strain values that there is no tendency

towards a topological nature.
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Figure 58: Spin-resolved band structure of the buckled bilayers for X = Fe at Ueff = 4.3 eV with

corresponding lattice constants a at a) aLAO and b) aLNO in the high-spin configuration,

respectively. In the band structures blue/green denote majority/minority bands and the

Fermi level is set to zero. The corresponding GGA + U + SOC band structures are shown

for X = Fe in the (111)-oriented perovskite bilayer at c) aLAO and d) aLNO.
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Figure 59: Spin-resolved band structure of the buckled bilayers for X = Fe at Ueff = 4.3 eV with

corresponding lattice constants a at a) aLAO and b) aLNO in the low-spin configuration,

respectively. The corresponding GGA + U + SOC band structures are shown for X = Fe

in the (111)-oriented perovskite bilayer at c) aLAO and d) aLNO. Same color coding is used

as in Fig. 58.
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Table 5: Structural, electronic and magnetic properties of X = Fe in the high-spin and low-spin con-

figuration at Ueff = 4.3 eV. The relative energy difference of the low-spin (LS) configuration

with respect to the ground state with the high-spin (HS) configuration is displayed. The cor-

responding band gaps with and without SOC are given in meV, respectively.

2LFeO (HS) aLAO aLNO

c[Å] 13.6 13.5

2LFeO (LS) aLAO aLNO

c[Å] 13.5 13.3

∆ELS−HS[eV] 1.1 1.12

∆zM,M′[Å] 2.32 2.28

MX [µB] 0.94/0.94 0.95/0.95

Eg(SOC)[meV] 2478 2510

C 0 0
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Figure 60: AHC σxy in units of e2/h as a function of the chemical potential depicted for X = Fe at

a, c) aLAO and b, d) aLNO with a variation of Ueff = 2.3 eV in the high-spin and low-spin

configuration, respectively.

3.5 Electronic structure of a graphene-like artificial crystal of NdNiO3

Together with experimentalists the electronic properties of (NdNiO3)2/(LaAlO3)4(111) have

been addressed in the following paper [38]. By combining bulk-sensitive soft X-Ray angle-
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resolved photoelectron spectroscopy (SX-ARPES) [201, 202], hard X-Ray photoelectron

spectroscopy (HAXPES) [203] as well as DFT including a Hubbard U, information about the

momentum-resolved and angle-integrated valence band electronic structure of (111)-oriented

(NdNiO3)2/(LaAlO3)4 SL is extracted. Although electronic-structural investigations of such

atomic SLs are quite challenging, a relationship between the measurements and the state-of-

the-art first-principles calculations could be established. The performed calculations of an

antiferro-orbitally ordered artificial SL [30] are in a good agreement with the momentum-

resolved dispersion of the Ni 3d close to EF obtained with SX-ARPES.

Furthermore, via experimental measurements and theoretical calculations the quantum states

arising from this artificial graphene-like lattice geometry are investigated. This paves a

promising way for designing and exploring exotic quantum states of matter of such complex-

oxide heterostructures with topology in a few buried layers grown along the pseudocubic

[111]-direction.
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Ni2 = -0.87 µB

Ni1 =  0.84 µB

Ni2 = -0.84 µB

√3 x √3

d(Ni-Oaxial) = 2.04 Å
d(Ni-Oequat.) = 1.91 Å

d(Ni-Oaxial) = 2.02 Å
d(Ni-Oequat.) = 1.91 Å

AFM √3 x√3 (P3)
       Top view

AFM 1x1 (P1)
    Top view

a) b)

Figure 61: Top view of the structures for buckled graphene-like layer of NdNiO3 confined between

two 4-unit cell layers of insulating LaAlO3 with a) P1- and b) P3-symmetries along [111]-

direction with lattice constants
√

2a ≡ a = 5.36 Å (1 × 1 u.c.) and
√

6a ≡ a = 9.28 Å

(
√

3 ×
√

3R30 u.c.) displaying the augmented Wigner-Seitz cell.

The lowering of the symmetry to P1 is related to the antiferro-orbital ordering of the eg

orbitals d3z2−r and d3x2−y2 [30]. Consequently, the AFM order is associated with the de-

coupling of the two Ni sublattices in the NiO6 octahedra realized by the surrounding AlO6

octahedra in the double perovskite structure. Two different orbital arrangements are possible

and shown in Figs. 61a, b for the P1-symmetry modeled in an 1× 1 unit cell containing

30 atoms and for a three-times larger unit cell of
√

3 ×
√

3R30 with P3-symmetry where

a simulation cell consisting of 38 atoms was used. DFT +U calculations were performed
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using the all-electron full-potential linearized augmented plane wave (FLAPW) method as

implemented in the WIEN2K code [93]. The generalized gradient approximation (GGA) of

Perdew, Burke and Enzerhof [68] was used as the exchange-correlation potential. An on-site

Coulomb repulsion parameter was applied within the GGA +U approach [204] with U = 5

eV and Hund’s exchange parameter of J = 0.7 eV to all Ni ions as well as U = 8 eV to the

4 f orbitals of Nd and La. The out-of-plane lattice parameters c were optimized, whereas the

lateral lattice constant was fixed to that of the LaAlO3(111) substrate.
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Figure 62: Spin-resolved band structure of the buckled bilayers a-c) for AFM

(NdNiO3)2/(LaAlO3)4(111) (P3,
√

3 ×
√

3R30), AFM (P1, 1 × 1), FM (P1, 1 × 1)

and d-f) display the corresponding OPDOS (orbital projected density of states), respec-

tively. In the band structures blue/orange denote majority/minority bands and the Fermi

level is set to zero.

The experimentally obtained matrix-element weighted density of states (MEW-DOS) from

HAXPES VB measurements (see [38], Fig. 2c) is in a well accordance with the total DOS

(red dashed lines) obtained with GGA +U (cf. Fig. 62e). While the HAXPES spectrum

recorded at a photon energy of 6.45 keV results at least in a band gap of 265 meV refer-

enced to the Au Fermi edge (see [38], Fig. 2c), the DFT +U calculation reveals a full band

gap of ∼ 1 eV (cf. Fig. 62b, e). In any case, the dominant character of NdNiO3-derived

states (4 f states) is reproduced by both the photoionization-cross-section-weighted [205]

and calculated element-projected DOS (cf. Fig. 62e) within the valence bands. The major

contribution by the 4 f states of Nd leads to a strongly localized peak at –4 eV, whereas the

Ni 3d states exhibit a strong hybridization with O-2p states dominating the whole width of

the valence bands with eg character below EF and extending up to the bottom of the VB. In

particular, the t2g states of Ni are located in between (cf. Fig. 62e) and agree well with the

soft X-ray resonant photoemission spectra (see [38], Fig. 2a, b).
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3.5 Electronic structure of a graphene-like artificial crystal of NdNiO3

Moreover, the experimental momentum dispersion measured via SX-ARPES along K’-Γ-K

reveals four most prominent features appearing at –1.6, –3.3, –5.1 and –10.0 eV obtained

using the momentum-integrated MEW-DOS (see [38], Fig. 1d) which are labeled as A-D,

respectively (see [38], Fig. 1b). The spectrum is in an excellent agreement with the cal-

culated spin-projected band structure using the DFT +U approach for AFM (P1, 1 × 1) (cf.

Fig. 62b). The band structure below the Fermi level is dominated by two flat bands represent-

ing one in each spin channel, followed by a dense set of relatively flat bands in the region

between –0.3 and –1.5 eV (cf. Fig. 62b). Nevertheless, the total width of the calculated

valence-band manifold reveals a slight underestimation when compared to the experimental

spectrum. General features such as the band gap, d-band bandwidths as well as the positions

are sensitive to the changes in Hubbard terms and such a systematic study of these effects

can be found for the wurtzite ZnO [206].
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Figure 63: Isoenergetic cuts through the band structure in reciprocal space for the majority (top row)

and minority (bottom row) bands in the energy range from –0.1 to –0.8 eV including the

corresponding hexagonal Brillouin zones for a) FM (NdNiO3)2/(LaAlO3)4(111) (P1, 1 ×
1) and b) AFM (P3,

√
3 ×

√
3R30).
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Figure 64: Isoenergetic cuts through the band structure in reciprocal space for the majority (top row)

and minority (bottom row) bands in the energy range from –0.075 to –1.3 eV for AFM

(NdNiO3)2/(LaAlO3)4(111) (P1, 1 × 1).

Additionally, momentum-resolved XPD-corrected [207, 208] isoenergetic ARPES intensity

kx − ky maps integrated over a 200 meV binding energy window (see [38], Fig. 3a) of Ni 3d

states are compared to the calculated Fermi surfaces in reciprocal space ranging from –0.5

to –1.6 eV for the majority (top row) and minority (bottom row) bands (see Figs. 64 and

65). These Fermi surface calculations span the major Ni 3d features near the VB maximum

and were carried out for different isoenergetic levels using a very dense k-point mesh of

30×30×10 and subsequently plotted via the XCRYSDEN package [209]. A major quanti-

tative difference between these two symmetries is illustrated in Fig. 63 where the BZ with
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P3-symmetry is smaller due to a three times larger unit cell when comparing the horizontal

kx scales (0.45 Å
−1

and 0.78 Å
−1

). The observed photoemission intensity distribution (see

[38], Fig. 3a) renders a hexagonal symmetry and matches perfectly with respect to the peri-

odicity as well as the BZ size to the calculated isoenergetic cuts through the band structure in

reciprocal space for the majority and minority bands in the energy range from –0.5 to –1.6 eV

(cf. Figs. 64 and 65) for AFM (P1, 1 × 1). The isoenergetic cuts exhibit hexagonal/circular

features around Γ including additional features manifested at the zone boundary around K.

In contrast to the simulated kx − ky band dispersion, finer details of the kx − ky band disper-

sion are averaged out in the experiment due to the total energy resolution of ∼ 111 meV in

experiment [38].

In particular, due to the matrix-element effects the neighboring BZs alternate in the overall

photoemission intensities, which are omnipresent in angle-resolved photoemission experi-

ments [210, 211]. This ubiquitous feature, as part of an experimental artifact, results in a

suppressed photoemission intensity for every other BZ along the high symmetry directions

Γ-M, which has been observed similarly in [111] compounds [212, 213] and solids with

hexagonal crystalline structure [214, 215]. Additional simulations provide evidence and

were performed for a wider energy range from –0.075 eV up to –3.58 eV (cf. Figs. 64, 65).

Last but not least, the experimental results are compared to one-step photoemission calcula-

tions based on a fully relativistic LDA +U layer-KKR approach and a time-reversed LEED

final state [216, 217] as an additional theoretical benchmarking test.
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Figure 65: Isoenergetic cuts for AFM (NdNiO3)2/(LaAlO3)4(111) (P1, 1 × 1) through the band struc-

ture in reciprocal space for the majority (top row) and minority (bottom row) bands, cal-

culated for the binding-energies ranging from –1.6 to –3.58 eV.
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3.6 Chern insulating phases and thermoelectric properties of EuO/MgO(001) super-
lattices

In this section, the effect of confinement and strain on the topological and thermoelectric

properties of (EuO)n/(MgO)m(001) superlattices has been studied by DFT + U + SOC calcu-

lations in conjunction with the semi-classical Boltzmann transport theory and has recently

been published in [39]. Another preprint, where the properties of bulk EuO are studied, is in

preparation [218]. On the one hand, it is demonstrated that spin-orbit coupling (SOC) opens

a large band gap of 0.51 eV accompanied by a band inversion between Eu’s 4 f and itinerant

5d conduction electrons for ferromagnetic (EuO)1/(MgO)3(001) superlattice at the lateral

lattice constant of MgO with C = –1, which in turn leads to considerable good thermoelec-

tric properties. The Chern insulating phase shows promising thermoelectric properties, e.g.,

a Seebeck coefficient between 400 and 800 µVK−1. For this system with non-trivial topol-

ogy and Berry phase effects the corresponding spin textures and edge states are analyzed in

Figs. 69 and 70.

On the other hand, a similar SOC-induced band inversion takes place in the ferromagnetic

semimetallic (EuO)2/(MgO)2(001) SL and leads to a substantial anomalous Hall conduc-

tivity with values up to –1.04 e2/h and somewhat lower thermoelectric performance. Both

systems emphasize the relation between non-trivial topological bands and thermoelectricity

also in systems with broken inversion symmetry.

Over the past years much effort has been directed to improve the thermoelectric figure of

merit ZT, which is a central quantity related to the TE efficiency:

ZT =
S2σ

κel +κph
T , (101)

where S is the Seebeck coefficient, σ the conductivity and κ the thermal conductivity. Since

to our knowledge neither experimental nor theoretical values are available in the literature for

the lattice thermal conductivity of the QW and even for bulk EuO, only the electronic part of

the thermal conductivity is considered, which can be expressed as the second moment of the

conductivity distribution. This tensorial quantity is calculated with the BOLTZTRAP code

[219] as an integral over the transmission using the Fermi distribution. Another quantity

connected to the TE performance is the power factor PF = S2σ .

One of the greatest challenges in material science is the search of high-performance ther-

moelectric (TE) materials, which provide efficient electric power generation by converting

heat into electricity [220–222]. Since topological insulators (TI) and thermoelectric mate-

rials share similar features and involve heavy elements or possess narrow band gaps, TIs

offer a new promise in this prospect, which has recently been discussed in two review papers

[223, 224]. Recent discovery of TIs attracted a lot of attention in the field of condensed

matter physics for being an insulator in the bulk, while having a topologically protected con-

ducting edge state with dissipationless charge current. Several TIs from the V-VI group, e.g.,
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3 Results and discussion

Bi2Se3, Bi2Te3, Sb2Te3, Bi2Se3 have been reported to show promising TE properties [225–

228]. Z2 TIs, which preserve time-reversal symmetry (TRS), have been extensively studied

for thermoelectric applications. In contrast, the study of Chern insulators and their potential

for TE applications have received little attention.
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Figure 66: a) Schematic view of the (EuO)n/(MgO)m(001) superlattice with n = 2 and b) the corre-

sponding Brillouin zone.

Hicks and Dresselhaus [229] have already proposed that the TE properties of materials can

be improved in reduced dimensions as, e.g., in QW. Experimentally, a giant Seebeck co-

efficient was reported in δ -doped SrTiO3 SLs [230]. The confinement- and strain-induced

enhancement of TE properties has recently been addressed based on first-principles calcula-

tions in LaNiO3/LaAlO3(001) SLs [231–233] and SrXO3/SrTiO3(001) quantum wells [234],

as well as other SrTiO3-based SLs [235–238]. For example in (LaNiO3)1/(LaAlO3)1(001)

[231] the confinement- and strain-induced metal-insulator transition (MIT) at aSTO leads to

enhanced in-plane power factor and high Seebeck coefficient.

Since the most intuitive picture for a CI is the band inversion, materials with this feature give

rise to such effects when placed together and acquire strong enough band dispersion. In this

study, the candidate materials are based on the rocksalt structure interfacing epitaxially with

EuO leading to a promising quantum well system in order to realize the QAH effect for a

proper choice of strain and layer thickness. However, in the present case the active material

is EuO and therefore there is no interaction taking place with an additional counterpart such

as CdO [134] or GdN [135] in order to emerge as a CI. Moreover, bulk EuO is considered to

be one of the few FM ordered semiconductors [239] with a Curie temperature (Tc) of 69 K.

There are a few works, which report the heteroepitaxial growth of EuO/MgO(001) system

[240–243] using lattice-matched yttria-stabilized zirconia (YSZ) with the same in-plane lat-

tice constant as aEuO = 5.14 Å. In this work, both the thermoelectric properties of the Chern

insulating state and the topologically trivial insulating ones emerge between EuO and MgO

interface under a strong compressive strain with a lattice mismatch of ∼ −18%. Indeed, in

the former case a CI phase is found for (EuO)1/(MgO)3(001) if the lattice constant is con-

strained to that of bulk MgO (aMgO = 4.21 Å). On the other hand, (EuO)2/(MgO)2(001)

103



3.6 Chern insulating phases and thermoelectric properties of EuO/MgO(001) superlattices

results in a lower thermoelectric performance with a finite value of –0.8 e2/h at EF for the

anomalous Hall conductivity compared to (EuO)1/(MgO)3(001).

Density functional calculations were performed for (EuO)m/(MgO)n(001) SLs with the pro-

jector augmented wave (PAW) method [96] as implemented in the VASP [143] code. The

cutoff energy of the plane-wave was set to 500 eV. The exchange-correlation functional was

treated within the framework of the generalized gradient approximation (GGA) by Perdew,

Burke and Enzerhof [68]. A Γ-centered k-point grid of 16×16×8 was adopted in the self-

consistent calculations employing the tetrahedron method [244]. Static electronic correlation

effects were taken into account through GGA +U calculations as prescribed in the Liecht-

enstein [174] formulation for a more accurate description of the strongly correlated and par-

tially filled Eu-4 f orbitals. Consistent with previous studies [245–248], an on-site Coulomb

repulsion parameter of U = 7.397 eV and an exchange interaction parameter J = 1.109 eV

were considered for Eu (4 f ) in order to describe correctly the experimental reported band

gap value of 1.12 eV [249] for room-temperature bulk EuO, whereas for the ferromagnetic

ground state the band gap amounts to 0.65 eV (not shown here).

The optimized bulk lattice constants of EuO with ferromagnetic and antiferromagnetic ar-

rangements within GGA +U are a = 5.184 Å (FM) and a = 5.193 Å (AFM) with a band

gap of 1.13 eV close to the experimental value of a = 5.141 Å [250], whereas for bulk MgO

GGA yields a bulk lattice parameter of a = 4.24 Å with a slight deviation to the experimen-

tal lattice constant a = 4.21 Å [251–253]. Within GGA the band gap of MgO is significantly

underestimated (4.28 eV) compared to the experimental value of 7.83 eV [254] and can be

improved only by considering many body effects [255, 256]. Still the GGA MgO band gap is

much larger than the one of the active material EuO, thus the phenomena in the heterostruc-

ture are determined by the confined EuO and not affected by the size of the band gap of MgO.

The heterostructures were modeled at the experimental lateral lattice constant of MgO and

internal parameters were relaxed until the Hellman-Feynman forces are less than 1 meV/Å,

while the c lattice constant was either fixed at the value of bulk MgO or relaxed. In the case

of (EuO)1/(MgO)3(001) the topologically non-trivial case was also explored using the all-

electron full-potential linearized augmented plane wave (LAPW) method as implemented in

the WIEN2K code [93]. In particular, the anomalous Hall conductivity (AHC) calculations

have been performed on a dense k-point mesh of 144×144×12 using the WANNIER90 code

[121]. The transport coefficients based on input from the DFT calculations have been ob-

tained within the constant relaxation time approximation τ by using the BOLTZTRAP code

[219].

3.6.1 GGA +U results for (EuO)m/(MgO)n(001) quantum wells

In this section, the electronic properties of the (EuO)n/(MgO)m(001) superlattices are dis-

cussed, referred to as (n,m) in the following. According to Hund’s rule, Eu2+ exhibits a for-

mal 4 f 7 high-spin configuration with a closed shell and a large magnetic moment of ∼ 7.05
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3 Results and discussion

µB. The GGA +U element- and orbitally resolved band structure and the spin-dependent

projected density of states (DOS) of (EuO)1/(MgO)3(001) with cMgO are shown in Fig. 67a

and c. Just below the Fermi level the band structure is dominated by the narrow (bandwidth

∼ 2 eV) half-filled Eu-4 f bands, whereas the conduction bands are strongly dispersive, e.g.,

along M-Γ-X and of prevailing Eu-5d character (see Fig. 67a), respectively. Moreover, the

top of the valence and bottom of the conduction band of this quantum well touch along Γ-Z,

rendering the system semimetallic with predominant contribution of majority spin bands.
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Figure 67: Element- and orbital-projected band structure of ferromagnetic (EuO)n/(MgO)m(001) a)

for n = 1 and m = 3 with an out-of-plane lattice parameter c = 2aMgO and b) for n = 2

and m = 2 with optimized c. The corresponding projected density of states (DOS) are

displayed in c-d), respectively. The orbital character is color coded, highlighting that the

states below/above the Fermi level have predominantly Eu-4 f (blue)/Eu-5d (green) as well

as O-2p (red) character, respectively.

The main effect of the c relaxation is the enhanced dispersion and overlap of conduction

and valence bands along Γ-Z (cf. Fig. 68b). On the other hand, the band structure of

(EuO)2/(MgO)2(001) with relaxed c (cf. Figs. 67b and 68c) bears some similarities to n = 1,

m = 3 at the MgO c lattice constant, especially the touching flat conduction and valence

bands along Γ-Z. However, (EuO)2/(MgO)2(001) exhibits a much stronger overlap and hy-

bridization between the Eu-4 f and O-2p bands and a pronounced O-2p contribution along

Γ-Z just below the Fermi level, visible also in the orbitally projected DOS in Figs. 67c, d.
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3.6 Chern insulating phases and thermoelectric properties of EuO/MgO(001) superlattices

3.6.2 Effect of spin-orbit coupling and topological analysis

Despite the similar features in the band structure, the effect of spin-orbit coupling is very

distinct for the three systems. The corresponding band structures are displayed in Fig. 68d-f.

While (EuO)1/(MgO)3(001) with relaxed c remains metallic with no pronounced rearrange-

ment of bands, at c = 2aMgO a significant band gap of 0.51 eV is opened for SOC with

out-of-plane magnetization direction. Apparently, the degeneracy of the touching bands at

the Fermi level is lifted giving rise to a band inversion along Γ-Z. The band inversion is

present, but the band gap is nearly vanishing for (EuO)2/(MgO)2(001) with relaxed c (see

inset in Fig. 68f). In order to analyze the origin of the band rearrangement and inversion in

Fig. 69a and b the element and orbital projections on the band structures with SOC for (1,3)

and (2,2) are plotted. In contrast to the previously reported band inversion between Eu-4 f

and Cd-5s bands in EuO/CdO(001) [134] or Eu-4 f and Gd-5d states in EuO/GdN SL [135],

for (EuO)1/(MgO)3(001) at c = 2aMgO the band inversion takes place between the 4 f and 5d

states of Eu itself.

Eg ≈ 0.51 eV 

E
ne

rg
y 

[e
V

]
E

ne
rg

y 
[e

V
]

a) c)

f)

d)

(EuO)
1
(MgO)

3
@a

MgO
,c

 
= 8.4 Å (EuO)

2
(MgO)

2
@a

MgO

Γ X M Γ Z R A Z Γ X M Z R A ZΓ

0

0 b)

e)

Γ X M Γ Z R A Z

(EuO)
1
(MgO)

3
@a

MgO
,c

opt 
= 9.6 Å

2

4

-2

-4

2

4

-2

-4

 0.2

-0.2
0

Figure 68: GGA +U band structures of ferromagnetic (EuO)n/(MgO)m(001) at a fixed lateral lattice

constant of MgO and a) constrained or b) optimized out-of-plane lattice constant c for

n = 1, m = 3, as well as c) optimized c for n = 2, m = 2. Majority and minority channels

are shown in dark blue/light orange. The corresponding GGA +U + SOC band structures

are displayed in the bottom panels d-f).

The strong interaction of these bands of opposite parity and ∆l = 1 lead to a substantial

band gap opening. Interestingly, this bears analogies with previous reports of bulk EuO un-

der pressure, where fluctuations between (4 f )7(5d)0 and (4 f )6(5d)1 configurations were

suggested in experimental [257] and theoretical studies [258, 259]. Upon inclusion of SOC,

the band structure of (EuO)2/(MgO)2(001) with relaxed c shows a reduced contribution of

O-2p along Γ-Z and a similar inversion of the topmost Eu-4 f and lowest 5d band around
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Figure 69: a-b) GGA +U + SOC band structures for FM (EuO)1/(MgO)3(001) and

(EuO)2/(MgO)2(001) with magnetization along the [001]-direction; c-d) Berry cur-

vatures along the same k-path. The corresponding anomalous Hall conductivities (AHC)

σxy in units of e2/h as a function of the chemical potential are displayed in e-f).

EF, though with a vanishing band gap. Having identified the origin of the band rearrange-

ment and inversion for the two systems, subsequently the topological properties are analyzed.

The non-trivial nature of the (1,3) system is underpinned by the Berry curvature (cf. Fig. 69c),

which exhibits pronounced negative peaks along Γ-X as well as M-Γ paths, and a flat region

along Γ-Z. This leads to the emergence of a broad plateau in the anomalous Hall conduc-

tivity σxy at EF in Fig. 69e, rendering (EuO)1/(MgO)3(001) a Chern insulator with a quan-

tized C = –1. As shown in Fig. 69d, sharp peaks arise in the Berry curvature Ω(k) of

(EuO)2/(MgO)2(001) at the avoided crossing of Eu-4 f and 5d bands along the M-Γ and Z-R

paths with values of 3000 and 8000 bohr2. For (EuO)2/(MgO)2(001) the Hall conductivity

in Fig. 69f shows substantial, nearly quantized values (–1.04 e2/h) caused by the non-trivial

bands with the plateau being just below EF and a finite value of –0.8 e2/h at EF.

3.6.3 Edge states and spin textures of CI phase in (EuO)1/(MgO)3(001) superlattices

As illustrated in Fig. 70a, the spin texture of the relevant bands denoted by arrows (see

Fig. 69a) is analyzed. The occupied band exhibits only positive sz values throughout the

whole BZ. In contrast, the out-of-plane spin component sz of the lower part of the unoccupied

parabolic band shows a reversal of sz around Γ, which is followed by positive sz values

further away from the BZ center. This switching of spin orientation can be ascribed to

the SOC-induced band inversion between the occupied majority 4 f states and unoccupied
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Figure 70: a) The band-decomposed spin-texture in k-space from the GGA +U + SOC calculation

with magnetization along [001] for the topmost occupied and lowest unoccupied bands

(cf. Fig. 69a) of the FM (EuO)1/(MgO)3(001) superlattice. The color scale denotes the

projection on the ẑ-axis with red (blue) indicating parallel (antiparallel) orientation. b)

edge states for (EuO)1/(MgO)3(001) and c) (EuO)2/(MgO)2(001). Red/white represent

higher local DOS, blue regions denote the bulk energy gap and red lines mark the edge

state connecting the valence and conduction band.

minority 5d states band along Γ-Z, occurring just above EF in Fig. 68a. The surface states

shown in Fig. 70b using WANNIERTOOLS [184] based on the Maximally Localized Wannier

functions (MLWF) method present one topologically protected chiral edge state, connecting

the valence and conduction band. In contrast, the edge state for (EuO)2/(MgO)2(001) in

Fig. 70c is obscured due to the overlap of valence and conduction bands along Γ-Z.

3.6.4 Thermoelectric properties of (EuO)m/(MgO)n(001) SLs

In the following, the thermoelectric properties of the (EuO)n/(MgO)m(001) SLs with and

without optimized out-of-plane lattice constants c (cf. Figs. 68a, d and b, e) including

relativistic effects are investigated. A central quantity related to the TE efficiency is the

figure of merit given in Eq. 101, where S is the Seebeck coefficient, σ the conductivity and κ

the thermal conductivity. Another related quantity is the power factor PF = S2σ . In Fig. 71

σ/τ , the Seebeck coefficient and PF/τ are plotted for the systems studied in Fig. 68 at

two different temperatures, 300 and 600 K. While (EuO)1/(MgO)3(001) with c = 8.4 Å is a

Chern insulator upon inclusion of SOC (cf. Fig. 71), the other two systems remain metallic

or semimetallic. This is reflected in the vanishing out-of-plane conductivity for the former,

whereas the more dispersive bands of (EuO)1/(MgO)3(001) with relaxed c lead to higher

σ/τ . On the other hand, the flat touching bands along Γ-Z in (EuO)2/(MgO)2(001) result

in a vanishing out-of-plane conductivity. The Chern insulating system (EuO)1/(MgO)3(001)

exhibits a much higher Seebeck coefficient, reaching values between 400-800 µVK−1 and

PF/τ of 0.8 ·1011 (300 K) and 1.2 ·1011 W/K2ms (600 K). The electronic figure of merit

ZT |el attains in- and out-of-plane values of ∼ 0.8 and ∼ 0.5 at 300 K and ∼ 0.8 and ∼ 0.7 at

600 K at the valence band edge, while values of ∼ 0.4 and ∼ 0.6 at 300 K and ∼ 0.9 and ∼ 0.7

at 600 K at the conduction band edge are obtained, respectively. In contrast, S, PF/τ and
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Figure 71: The in- and cross-plane components of the electrical conductivity tensor divided by the

relaxation time τ , the Seebeck coefficient, PF/τ and the electronic contribution to the

figure of merit ZT |el are shown as a function of the chemical potential in a-b) at 300 K

and 600 K for FM (EuO)1/(MgO)3(001) superlattice at c = 8.4 Å, whereas c-d) show the

thermoelectric properties with the optimized out-of-plane parameter of copt = 9.6 Å, and

e-f) the thermoelectric performance of the (EuO)2/(MgO)2(001) SL.

109



3.7 Electronic properties of (EuO)m/(MgO)n(001) quantum wells for the in-plane lattice constant
constrained to that of EuO

electronic figure of merit ZT |el are much lower for the metallic case with optimized c. On

the other hand, (EuO)2/(MgO)2(001) SL exhibits significant values for S (∼ 200 µVK−1),

PF/τ (0.8 ·1011 W/K2ms at 600 K) and ZT |el (∼ 0.6) may be reached upon doping.

Thus, both systems with topologically non-trivial bands, in particular the Chern insulating

phase, show promising TE properties. The improved performance is associated with the

mixture of flat bands around Γ-Z due to the SOC-induced band inversion that leads to a

steep increase of DOS at the band edges, thereby enhancing S and dispersive bands that

contribute to the electrical conductivity. Since only the electronic contributions to the thermal

conductivity are considered, it is expected that the high atomic number of Eu (63) and the

phonon scattering at interfaces in this layered structure will be beneficial to reduce the lattice

contribution to κ .

In summary, the (EuO)1/(MgO)3(001) SL exhibits enhanced thermoelectric performance in

terms of Seebeck coefficient of 400-800 µVK−1 and PF/τ of 0.8-1.2 ·1011W/K2ms and an

electronic figure of merit of 0.4-0.9 at the band edges depending on temperature, driven

by both the confinement and topological nature of the system. Similarly, an out-of-plane

electronic ZT of 0.6 is achievable in (EuO)2/(MgO)2(001) SL. The opening of a gap due

to SOC-driven band inversion with steep increase of DOS at the band edges owing to the

flatness of bands along the Γ-Z direction promotes high values of the Seebeck coefficient and

PF, whereas concomitant dispersive bands contribute to the electrical conductivity. Similar

effect of systems at the verge of a metal-insulator transition (though not topological) has

been found in other oxide heterostructures [231, 234]. Furthermore, the results establish a

link between topological and thermoelectric properties, in particular for systems with broken

inversion symmetry.

3.7 Electronic properties of (EuO)m/(MgO)n(001) quantum wells for the in-plane lat-
tice constant constrained to that of EuO

In this final section, the electronic properties of (EuO)m/(MgO)n(001) SLs at the lateral lat-

tice constant of aEuO = 5.14 Å are investigated. The preliminary results shed light on the

evolution of the band gap as a function of the quantum well thickness. Despite the large

lattice mismatch of ∼ −18% for the bulk constituents, the heteroepitaxial growth of EuO

thin films or EuO/MgO(001) QW heterostructure have been experimentally realized [240–

243] using lattice-matched yttria-stabilized zirconia (YSZ) with the same in-plane lattice

constant as aEuO = 5.14 Å. Thus, the investigation of the quantum confinement effect opens

a promising avenue for a better control and modification of the band gap in EuO-based het-

erostructures.

110



3 Results and discussion

Figure 72: Band gap evolution shows the decreasing trend with an increasing number of

(EuO)m/(MgO)n(001) layers. The dashed lines indicate the band gaps for bulk EuO with

AFM and FM configuration.

GGA +U calculations were performed using the Liechtenstein [174] approach, whereas a

Hubbard U parameter of U = 7.397 eV and an exchange interaction parameter J = 1.109

eV were considered for Eu (4 f ). These parameters were used in order to give a better de-

scription of the strongly correlated, partially filled Eu 4 f orbitals [245–248] and match the

experimental reported band gap value of 1.12 eV [249] for bulk paramagnetic (PM) EuO.

In Fig. 72 the band gap evolution is presented and it becomes apparent that the band gap

decreases with an increasing number of (EuO)m/(MgO)n(001) layers, whereas the dashed

lines are taken as reference lines indicating band gaps of ∼ 1.13 eV at a = 5.193 Å (AFM)

and ∼ 0.65 eV at a = 5.184 Å (FM) for bulk EuO, respectively. The ferromagnetic state is

the ground state which is 70 meV/u.c. lower in energy. The spin-resolved band structures

are shown in Fig. 73 for the (001)-oriented superlattices (EuO)2/(MgO)2, (EuO)4/(MgO)4,

(EuO)6/(MgO)4, (EuO)8/(MgO)4, (EuO)8/(MgO)8, which are considered for both FM (right

panel) and AFM (left panel) coupling. For each spin arrangement the out-of-plane lattice

parameters c were optimized.

For a better understanding of this intriguing feature such as the decreasing band gap with

an increasing number of (EuO)m/(MgO)n(001) layers, the local density of states (LDOS) is

plotted layerwise (see Tab. 6 and Fig. 74) for different quantum wells. Neither the band

gap of EuO located in the central layer nor EuO layer at the interface (cf. Tab. 6) explain

the emergence of this phenomenon. Since further investigations of this intriguing band gap

evolution are needed, single-shot G0W0 calculations are planned in order to include quasi-

particle effects [260–263].
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Figure 73: Spin-resolved band structures of (EuO)m/(MgO)n(001) superlattices shown for AFM a-e)

and FM f-j) configuration, respectively. The relative energy difference of AFM configu-

ration with respect to the FM ground state is given in red for the metastable states. In the

band structures blue/orange denote majority/minority bands and the Fermi level is set to

zero.

112



3 Results and discussion

Table 6: Band gaps are given for the central and interface layers of different number of

(EuO)m/(MgO)n(001) layers for FM in eV, respectively. For comparison, the band gaps

obtained from the band structures are also listed.

(EuO)m/(MgO)n c [Å] Eg (central) [eV] Eg (interface) [eV] Eg (band structure) [eV]

2/2 9.08 0.92 0.92 0.87

4/4 18.17 0.67 0.67 0.66

6/4 23.42 0.33 0.29 0.54

8/8 36.32 0.30 0.26 0.48
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Figure 74: LDOS of (EuO)m/(MgO)n(001) superlattices for FM displayed in a-d).
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4 Conclusion and outlook

This thesis deals with Mott insulating phases and topologically non-trivial states in complex

oxide heterostructures. Topics of investigation are the topological and electronic properties in

corundum-derived (X2O3)1/(Al2O3)5(0001) honeycomb bilayers with X = 3d TM ions [31].

In most cases, it turned out that, despite the fact that the ground state is AFM, the metastable

ferromagnetic cases of X = Ti, Mn, Co and Ni with constrained symmetry of the two sub-

lattices in the buckled honeycomb lattice exhibit a characteristic set of four bands around EF.

Two of these bands are flat and nearly dispersionless, whereas the other two show a Dirac-

like crossing at K close to EF. Lateral strain was applied so that the Dirac point could be

tuned to the Fermi level. SOC showed a weak effect with a band gap opening of several meV

and a substantial almost integer anomalous Hall conductivity with values up to 0.94 e2/h for

X = Mn. Moreover, a particularly strong SOC effect for X = Ti at aAl2O3 = 4.81 Å was ob-

tained when the structural optimization is performed with SOC leading to an unusually high

orbital moment of –0.88 µB nearly compensating the spin moment of 1.01 µB. The study

of topological phases was extended systematically to 4d and 5d systems [32], where X =

Tc and Pt are identified as promising candidates for Chern insulators with Chern numbers

C = –2 and –1 with a gap of 54 and 59 meV, respectively. Interestingly, the Chern insulating

phase of X = Tc is further stabilized under tensile strain. Besides these promising Chern

insulators, a large SOC effect induced by electronic correlations was found for X = Os (d5)

with a single hole in the t2g manifold accompanied by an unusually high orbital moment of

0.34 µB along the z-axis. The study of perovskite-derived (LaXO3)2/(LaAlO3)4(111) SLs

with X = Fe, Os and Ru, which share the same d5 electronic configuration, revealed that

LaOsO3 and LaRuO3 exhibit QAHI phases with C = 2 and –1 at the lateral lattice constant

of aLAO and aLNO, respectively [36]. In contrast, the LaFeO3 honeycomb bilayer resulted in

a trivial Mott insulator.

An additional study of 4d and 5d series in (LaXO3)2/(LaAlO3)4(111) SLs showed that

LaTcO3 and LaPtO3 with preserved P321 symmetry emerge as Chern insulators with C = 2

and 1 with band gaps of 41 and 38 meV at the lateral lattice constant aLAO, respectively

[37]. Similar to (Tc2O3)1/(Al2O3)5(0001), tensile strain stabilizes the Chern insulating

phase of (LaTcO3)2/(LaAlO3)4(111), whereas an increase of the lateral lattice constant from

aLAO to aLNO for X = Pd and Pt results in a bond and charge disproportionation with

different magnetic moments. The non-magnetic 4d and 5d homologous elements of Mo

and W are identified as potential candidates for time-reversal invariant topological insula-

tors with a non-trivial Z2 at aLAO, respectively. Furthermore, by employing SX-ARPES

and HAXPES measurements in conjunction with DFT + U calculations, it could be demon-

strated that spectroscopy methods are suitable for the study of exotic quantum states in the

(NdNiO3)2/(LaAlO3)4(111) SL, arising from such artificial graphene-like lattice geometries

[38]. The first-principles calculations agree well with the momentum-resolved dispersion
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4 Conclusion and outlook

of the Ni 3d close to EF obtained with SX-ARPES for the antiferro-orbitally ordered arti-

ficial SL [30]. Fermi surface calculations were performed for (NdNiO3)2/(LaAlO3)4(111)

in reciprocal space for different isoenergetic levels and compared to momentum-resolved

XPD-corrected [207, 208] ARPES intensity kx−ky maps integrated over a 200 meV binding

energy window.

The study of the effect of confinement and strain on the topological and thermoelectric prop-

erties of (EuO)n/(MgO)m(001) superlattices at the lateral lattice constant of MgO (aMgO =

4.21 Å), by employing DFT + U + SOC calculations in conjunction with the semi-classical

Boltzmann transport theory, indicates promising thermoelectric properties for the system in

the Chern insulating phase with C = –1 resulting in a gap of 0.51 eV for the ferromagnetic

(EuO)1/(MgO)3(001) SL [39]. The substantial band gap is opened after taking spin-orbit

coupling (SOC) into account, which is accompanied by a band inversion between Eu’s 4 f

and itinerant 5d conduction electrons. In particular, the Chern insulating phase obtained for

the (EuO)1/(MgO)3(001) SL exhibits enhanced thermoelectric properties with a Seebeck co-

efficient between 400 and 800 µVK−1 compared to the (EuO)2/(MgO)2(001) SL. Despite

the vanishing band gap for ferromagnetic as well as semimetallic (EuO)2/(MgO)2(001), a

similar SOC-induced band inversion is obtained and leads to nearly quantized values (–1.04

e2/h) caused by the non-trivial bands with the plateau being just below EF and a finite value

of –0.8 e2/h at EF. The last study deals with the investigation of electronic properties of

(EuO)m/(MgO)n(001) SLs at the larger aEuO = 5.14 Å as a function of the quantum well

thickness. The preliminary results show an intriguing band gap evolution with EuO thick-

ness. Further investigations are needed and planned by proceeding with single-shot G0W0

calculations in order to consider quasi-particle effects [260–263].

In conclusion, the study of these oxide-based heterostructures reveals that the Chern insulat-

ing phase is fragile and very sensitive to the Hubbard U term, strain effects and mostly ham-

pered by structural distortions. As stated above, in most cases AFM is the ground state ac-

companied by a structural distortion and reduction of the symmetry from P321 to P1 leading

to trivial Mott insulators in both corundum-based (X2O3)1/(Al2O3)5(0001) and perovskite-

derived (LaXO3)2/(LaAlO3)4(111) systems for the honeycomb bilayers. Furthermore, the

combined study of angle-resolved photoemission spectroscopy and first-principles calcula-

tions shows good agreement for the observed photoemission intensity distribution [38] of the

electronic structure of (NdNiO3)2/(LaAlO3)4(111) with lowered P1 (1×1) symmetry. This

intensity distribution renders a hexagonal symmetry and matches perfectly with respect to

the periodicity as well as the BZ size to the calculated Fermi surfaces spanning the major Ni

3d features near the valence band maximum and which were carried out for different isoen-

ergetic cuts through the band structure in reciprocal space. These findings underpin that DFT

calculations can be employed as a reliable tool for designing and exploring the exotic quan-

tum states of such complex oxide heterostructures.

The results in systems like (EuO)n/(MgO)m(001) SLs with broken inversion symmetry em-
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phasize the relationship between non-trivial topological bands and thermoelectricity. As

evidenced by the analysis of thermoelectric properties, a high thermoelectric performance

strongly correlates with the non-trivial topological character of the studied systems. How-

ever, the realization of the QAH effect in these materials remains an immense challenge and

epitaxial growth using molecular beam epitaxy [152–154], pulsed laser deposition [155], he-

licon plasma [156] or radio frequency magnetron sputtering [157] might help to overcome

this obstacle. In most cases, the topological band gaps are opened either in the purely major-

ity bands (cf. Figs. 33b, 36c) or minority bands (cf. Fig. 48a, b), which in turn means that

these candidates for Chern insulators illustrate a spin-polarized QAH phase associated with

a spin-polarized edge current [264]. By applying an external magnetic field, it would be pos-

sible to reverse both the spin polarization and the direction of the edge current by reversing

the magnetization, which makes these predicted topologically non-trivial bilayers superior

for future spintronic applications.

In this respect, this thesis highlights the challenges and opportunities of possible applica-

tions of potentially interesting 2-dimensional oxide-based heterostructures in electronics and

spintronics devices if one succeeds to engineer these materials and exploit the correlation ef-

fects to the advantage of suppressing undesired competing electronic phases. The theoretical

description of strongly correlated systems could be improved by employing other computa-

tionally demanding methods such as GW, hybrid functionals or dynamical mean-field theory.

Despite doping and shifting the Fermi level toward valence or conduction band, the substi-

tution of the surrounding oxygen atoms with, e.g., carbodiimide atoms, may be possible,

whereby the isostructural bilayer systems might adopt a ferromagnetic ground state. This

has been demonstrated successfully for antiferromagnetic Cr2O3 and Cr2NCN3 [265]. In-

stead of a bilayer system, structural variations such as the construction of a trilayer system

can be undertaken in the future to operate not only on the electronic phases but also the dy-

namic stability of the systems by avoiding, e.g., sublattice symmetry breaking transitions.

As an additional degree of freedom, the valley degree of freedom could be exploited in or-

der to realize spin-polarized edge states, which has already been shown in previous studies

for graphene [266–268]. The consideration of stacking faults (AB- or BA-stacking type)

in corundum- or perovskite-derived honeycomb bilayers may lead to non-zero Chern valley

numbers with gapped Dirac cones at the corner of the BZs, i.e., K and K′.
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Appendix

A standalone program was written for generating and plotting the spin textures depicted in

the Sections 3.2, 3.3, 3.6. The documentation for this C++ code can be found on the next

pages and the executable code is available at https://github.com/OkanKoeksal/

Spin-Texture-VASP.
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Contents

• Definition of the spin texture
• Application of C++: Preparation of the k-mesh grid and parsing of

the output files obtained from the simulation package VASP 
• Drawing of the spin texture via the graphing utility gnuplot
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Spin texture of magnetic 
materials
• Spin texture of electronic bands is derived from the coupling of spin and 

orbital motion of electrons known as spin-orbit coupling (SOC)
• A magnetic field is generated by the orbiting electrons due to their orbital and 

spin motion
• Useful for investigation of the non-trivial topology nature of systems, i.e., 

Chern insulators by analyzing the band structures obtained from non-collinear
calculations

3O. Köksal and R. Pentcheva, Scientific Reports 9, 17306 (2019).

Top viewSide view

Spin texture of magnetic 
materials
• Spin texture plots are not only restricted to systems with a hexagonal 

structure but also possible for systems with a tetragonal structure

4O. Köksal and R. Pentcheva, Phys. Rev. B 103, 045135 (2021).

Side view
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Step 1: Preparation of the 
k-point grid 
• The written code generates 900 number of points along the reciprocal axis kx, 

ky and kz
• Execute the already compiled code using the executable file „main.exe“
• Choose the desired k-point path (see exemplary message):

• The KPOINTS file for VASP should look like the output example below:

5

• 1st line: Arbitrary comment line

• 2nd line: Total number of k-points

• 3rd line: Reciprocal coordinates option

• 4th line: Reciprocal coordinates of each
k-point and its weight of 1.0

Step 2: VASP calculation 

• Use CHGCAR for the non SCF calculation from the pre-converged non-collinear
SCF calculation

• Flags for INCAR: ICHARG = 11, ISMEAR = 0, ISYM = -1, LSORBIT = .TRUE., 
LNONCOLLINEAR = .TRUE., SAXIS = 0 0 1 (by default)

• Required files for plotting the spin texture: 
PROCAR: Magnetization components Sx, Sy and Sz for atoms arranged in the
order of the POSCAR file
EIGENVAL: Eigen energy values for the chosen band
OUTCAR: Fermi energy EF of the system

6
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Step 3: Running the main 
program
• Before running „main.exe“ copy all necessary files „PROCAR, EIGENVAL and 

generated KPATH.txt into the current folder where you execute „main.exe“
• Run „main.exe“, note that the size of the PROCAR file can be huge (several

GBs)!
• After having performed the calculation with the finer grid, the main code can

be executed (follow instructions on screen):

7

• If there was no error encountered, then it can be continued with the next step
of plotting the spin texture

Step 4: Post-Processing/Gnuplot

• Use delivered gnuplot scripts for plotting side and top view of spin textures
(example here: 2D-material hosting the honeycomb lattice)

Run sequentially the scripts (adjust the energy scale before running):
1. gnuplot –p top_view.gnu
2. gnuplot –p side_view.gnu
(optional: labelling positions of the high-symmetry points by using
‘KPATH.dat‘) 

Output filenames (recommendation: *.ps files for high quality figures, see
produced figures on page 3):
1. top_view.ps
2. side_view.ps

Congratulations, the spin texture was plotted!

8
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