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Abstract

To each Galois extension L/K of number fields with group G, one can associate so-called
Stickelberger elements in the center Z(C[G]) of the group algebra C[G] that are constructed
from values of Artin L-functions. It is conjectured that under certain assumptions these
Stickelberger elements lie in the so-called integrality ring I(G) that lies in between the cen-
ter Z(Z[G]) of the integral group ring and the center Z(Q[G]) of the rational group algebra.
In this thesis we show that for a finite group G we have |G�|I(G) ⊂ Z(Z[G]), where G� is
the commutator subgroup of G. So a consequence of the integrality conjecture is that the
Stickelberger elements lie in 1

|G�|Z(Z[G]). We verify this for nilpotent Galois groups. As-

suming the integrality conjecture, we establish a connection between Stickelberger elements
and p-adic Artin L-functions that was already known in the abelian case. In particular, we
show that the integrality conjecture implies a special case of a conjecture of Gross.

Zusammenfassung

Zu jeder Galois-Erweiterung L/K von Zahlkörpern mit Gruppe G kann man sogenannte
Stickelberger-Elemente im Zentrum Z(C[G]) der Gruppenalgebra C[G] assoziieren, die aus
den Werten Artin’scher L-Reihen konstruiert werden. Es wird vermutet, dass sich diese
Stickelberger-Elemente unter gewissen Annahmen im sogenannten Integralitätsring I(G)
befinden, der zwischen dem Zentrum Z(Z[G]) des ganzzahligen Gruppenringes und dem
Zentrum Z(Q[G]) der rationalen Gruppenalgebra liegt.
In dieser Arbeit zeigen wir für eine endliche Gruppe G, dass |G�|I(G) ⊂ Z(Z[G]), wobei G�

die Kommutatoruntergruppe von G sei. Damit ist eine Konsequenz der Ganzzahligkeitsver-
mutung, dass die Stickelberger-Elemente in 1

|G�|Z(Z[G]) liegen. Wir verifizieren dies für

nilpotente Galois-Gruppen. Unter der Annahme der Ganzzahligkeitsvermutung etablieren
wir eine Verbindung zwischen Stickelberger-Elementen und p-adischen Artin’schen L-Reihen,
die im Abelschen bekannt ist. Im Besonderen zeigen wir, dass die Ganzzahligkeitsvermutung
einen Spezialfall einer Vermutung von Gross impliziert.
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1. Introduction

Let L/K be a Galois extension of number fields with group G and let
S be a finite set of places of K containing the infinite places. Each
irreducible complex valued character χ of G gives rise to an S-truncated
Artin-L-function LS(χ, s). These can be put together with some factors
δT (χ, s) =

∏
p∈T δ{p}(χ, s) at the places in T to the so called (S, T )-

modified equivariant Artin-L-function ΘS,T with values in the center of
the group algebra C[G], where T is a second finite set of places disjoint
to S. The values θS,T (r) of this function at non-positive integers (in
particular at r = 0) are called Stickelberger elements. It is easy to
see that Stickelberger elements actually have real coefficients and by a
classical result of Siegel [Sie70] the Stickelberger elements have rational
coefficients. Moreover, it is conjectured that under certain assumptions
Hyp(S, T ) (see Def. 4.15) on the sets S and T (in particular the places
that ramify in the extension L/K are contained in S) these elements
yield annihilators of the class group c`L of L (if r = 0) and of certain
higher K-groups of the ring of S(L)-integers (if r < 0), where S(L) is
the set of places of L above the places in S.
If we assume in addition that the extension L/K is abelian, then the
Stickelberger elements lie in the integral group ring Z[G]. Actually if
S contains the ramified places (and the infinite places) one has for the
Stickelberger element θS(0) = θS,∅(0) that

(1.1) AnnZ[G](µL)θS(0) ⊂ Z[G],

where µL is the group of roots of unity in the field L (see [DR80, Ca79]).
The ideal AnnZ[G](µL)θS(0) is generated by the (S, T )-Stickelberger ele-
ments θS,T (0) where T runs through the set of all sets of places such that
Hyp(S, T ) is satisfied. Brumer’s conjecture (see [Ta84]) predicts that the
Stickelberger elements θS,T (0) (resp. elements of AnnZ[G](µL)θS(0)) anni-
hilate the class group c`L. For L/Q abelian this conjecture follows from a
classical theorem of Stickelberger (see [St90]), which is already more than
100 years old. Furthermore, there has been a lot of evidence in support
of Brumer’s conjecture by the works of Wiles, Greither, Nickel, Greither-
Popescu, Burns and others (see e.g. [Wi90], [Grei00], [Bu07], [Ni11a] or
[GP15]). Very recently in their ground-breaking work [DK] Dasgupta
and Kakde proved Brumer’s conjecture (away from its 2-primary part).
In the non-abelian case it is not even true that the Stickelberger elements
θS,T (r) lie in the group ring Z[G] (see e.g. our Example 4.14). Conjec-
turally they are elements in the so called integrality ring I(G) = I(Z[G])
(see [Ni11c]) which is defined as the smallest module over the center of
the group ring Z[G] that contains all reduced norms (that are given by
the determinants in each simple component) of matrices over Z[G]. It
is obviously true that this integrality ring is equal to the integral group
ring in the abelian case and indeed we show that the integrality ring is
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equal to the center of the integral group ring if and only if the group is
abelian.
The integrality ring I(G) contains the so called denominator ideal H(G)
(actually this ideal is contained in the center of the group ring Z[G], but
it is also an I(G)-ideal) that is defined as set of all central elements of
the group ring Z[G] that clear all denominators of generalised adjoints
of square matrices over Z[G]. This denominator ideal H(G) satisfies
H(G)I(G) ⊂ Z(Z[G]). So if the Stickelberger element θS,T (0) is an ele-
ment of the integrality ring, for any x ∈ H(G) the element xθS,T (0) is in
Z(Z[G]) and the non-abelian Brumer conjecture predicts that xθS,T (0)
is an annihilator of c`L. Watson calculated the denominator ideal for
certain p-groups (see [Wat18]). It would be desirable to calculate the
denominator ideal for any group. However, integers inside H(G) are of
the greatest interest. The generalised adjoint of the element 0 ∈ Z[G] is

given by
TrG′
|G′| where TrG′ =

∑
g∈G′ g is the so called trace of the commu-

tator subgroup G′ of G. Hence the best possible integer we can expect to
lie in H(G) is the order |G′| of the commutator subgroup. We will deal
with this question.
The Stickelberger element θS,T (0) can be trivial. If not, we are in one of
the following three cases: the trivial extension Q/Q, an unramified exten-
sion of an imaginary quadratic field or a totally imaginary extension of a
totally real number field. The first case is not of great interest. Nomura
studied the second case (see [No18]). That’s why we limit ourselves to the
third case, which can often be reduced to case where L is a CM field (it
has degree 2 over its maximal real subfield L+). This is the situation in
which Brumer’s conjecture was first generalised to the non-abelian case
(see [Ni11c]). This non-abelian Brumer conjecture predicts that elements
of H(G)θS,T (0) annihilate c`L.
Both conjectures, the integrality conjecture and the non-abelian Brumer
conjecture, split into local parts at each prime p. The p-part of the
integrality conjecture says that the Stickelberger element θS,T (0) is con-
tained in Ip(G) which is the p-adic analogue to the global integrality
ring I(G). Similarly let Hp(G) be the p-adic analogue of the denomi-
nator ideal. Then the p-part of the non-abelian Brumer conjecture says
that elements of Hp(G)θS,T (0) annihilate the p-Sylow subgroup c`L(p)
of the class group. Both global conjectures are then equivalent to the
entirety of their p-parts.
IfM(G) is a maximal Z-order in the group algebra Q[G] that contains the
group ring Z[G], the center Z(M(G)) of M(G) contains the integrality
ring I(G). Hence a weaker conjecture on the integrality of Stickelberger
elements is that θS,T (0) is contained in Z(M(G)). Nickel proved in [Ni16]
that if the Galois group G is isomorphic to a direct product A×B, where
A is abelian and B is monomial (i.e. each irreducible character of B is
induced by a linear character of a subgroup of B) the Stickelberger ele-
ment θS,T (0) is contained in Z(M(B))[A]. In particular this means that
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this weak integrality conjecture holds for monomial Galois groups.
The integrality conjecture and the non-abelian Brumer conjecture are
strongly linked to a special case of the so-called Equivariant Tama-
gawa Number Conjecture (ETNC) formulated by Burns and Flach in
[BF01]. The ETNC for the pair (h0

(
Spec(L)

)
,Z[G]) asserts that a cer-

tain element TΩ(L/K, 0) of the relative K-group K0(Z[G],R), which
is constructed from leading coefficients of Artin-L-functions and coho-
mological Euler characteristics, is trivial. This conjecture is known for
example for totally abelian extensions and also under certain assump-
tions for abelian extensions of imaginary quadratic fields (see [BG03],
[Fl11], [Ble06], [BH21]). Stark’s conjecture (see [Ta84] Chapitre I, Con-
jecture 5.1) is weaker than the ETNC for this pair; it is equivalent
to TΩ(L/K, 0) being already in the relative K-group K0(Z[G],Q) (see
[Bu01] Theorem 2.2.4). This relative K−group decomposes into local
parts via the natural isomorphism K0(Z[G],Q) ∼=

⊕
pK0(Zp[G],Qp) and

so does the ETNC: The p-part of the ETNC asserts that the element
TΩ(L/K, 0)p vanishes. This element is the image of TΩ/L/K, 0) under
the natural isomorphism composed with the projection map on the rela-
tive K-group K0(Zp[G],Qp). If the extension L/K is CM with complex
multiplication denoted by j and if p is an odd prime, the p-part of the
ETNC further decomposes naturally into a plus- and a minus-part via the
isormorphism K0(Zp[G],Qp) ∼= K0(Zp[G]+,Qp) ⊕ K0(Zp[G]−,Qp), where
Zp[G]± = Zp[G]/(1∓ j). Stark’s conjecture holds on minus parts, which
is essentially Siegel’s result from above. In many cases p-minus-part of
the ETNC implies the p-part of the integrality conjecture as well as the
p-part of the non-abelian Brumer conjecture (see [Ni16]). Under certain
assumptions on the prime p and assuming that Iwasawa’s µ-invariant µp
vanishes, the p-minus-part of the ETNC has been proven (see [Ni16],
[Bu20]). Note that the vanishing of µp is a long-standing conjecture in
Iwasawa theory that is valid in the totally abelian case by a theorem of
Ferrero and Washington (see [FW79]).
One can also consider the ETNC attached to the maximal order M(G),
which is equivalent to the Strong Stark conjecture for all irreducible char-
acters of G (see [BF03] §3). The p-minus-part of this ETNC implies the
p-part of the weak integrality conjecture as well as some sort of weak
non-abelian Brumer conjecture which says that Fp(G)θS,T (0) annihilates
c`L(p), where Fp(G) is the so called central conducter, which is an ideal
that is in general properly contained in the denominator ideal. The
Strong Stark conjecture has been proven for totally odd characters (see
[Ni20]), hence also the weak conjectures hold (away from 2).
Also Dejou and Roblot have formulated an integrality conjecture involv-
ing a factor dG that is defined as the least common multiple of the order
of the commutator subgroup and of all cardinalities of the conjugacy
classes of G (see [DR14] and [DR16]). They predict that dG is an upper
bound for the denominators of Stickelberger elements. Also Burns has
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formulated a conjecture in [Bu11] that implies the integrality conjecture
and the non-abelian Brumer conjecture (see Remark 3.5.2 in [Bu11]).
In the abelian case it is known that the Stickelberger elements have a
connection to the p-adic L-functions Lp,S(χ, s) (as described in [GP15]),
which have been constructed for linear characters by Deligne–Ribet,
Pi. Cassou-Noguès and Barsky (see [DR80], [Ca79], [Ba77]). They
showed that there are power series Gχ,S, Hχ such that the quotient

Lp,S(χ, 1− s) :=
Gχ,S(us−1)

Hχ(us−1)
, interpolates the complex Artin-L-functions:

(1.2) Lp,S(χ, 1−m) = LS(χω−m, 1−m)

for each positive integer m, where ω is the so called Teichmüller char-
acter. Here u = κ(γ) with γ a topological generator of Γ, which is the
Galois group of the cyclotmic Zp-extension K/K. Furthermore, κ is a
character that is defined as the composition of the cyclotomic character
χcyc with the projection map on the second component of the right side of
the usual isomorphism Z×p ∼= µp−1 × (1 + pZp), i.e. κ = χcyc ⊗ ω−1. The
construction of p-adic L-functions can be extended to non-linear char-
acters via Brauer induction. It has been shown that the interpolation
property (1.2) also holds for non-linear characters for all positive inte-
gers m 6= 1 (see [Gre83]). For m = 1 the argument fails due to possibly
existing trivial zeros. However,

(1.3) Lp,S(χ, 0) = LS(χω−1, 0)

is still conjecturally true and is a special case of the Gross-Stark conjec-
ture, which predicts that the vanishing orders rS(χω−1) of LS(χω−1, s)
and rp,S(χ) of Lp,S(χ, s) at s = 0 are equal and that the leading coeffi-
cients are equal up to a p-adic regulator. From the results of Dasgupta,
Kakde and Ventullo (see [DKV18]) it can be shown via Brauer induction
that the equality of the vanishing orders rS(χω−1) and rp,S(χ) for all
χ is sufficient for the validity of the entire Gross-Stark conjecture (see
[Ni19]). Burns has shown that rS(χω−1) ≤ rp,S(χ) (see [Bu20]). For
linear characters this has also been proved by Spieß in [Spie14]. Hence
Lp,S(χ, 0) = LS(χω−1, 0) holds if LS(χω−1, 0) = 0. Under the µp = 0
assumption the Gross-Stark conjecture implies the p-minus-part of the
ETNC (see [Bu20]), hence also the p-parts of the integrality conjecture
and of the non-abelian Brumer conjecture.
In this thesis we begin in section 2 with defining integrality rings and
denominator ideals in a more general setting, we state known results and
look at some examples. In the third section we apply Clifford theory to
reduced norms and our main theorem of the section is the following:

Theorem (= Theorem 3.16). Let K be a p-adic splitting field for the
finite group G and for all of its subgroups (i.e. K is a splitting field and
a finite extension of Qp) and let F/K be a field extension and let R be an
integrally closed noetherian domain with field of fractions F . Then for a
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matrix A ∈ (R[G])b×b we have

|G′|nr(A) ∈ Z(R[G]),

where nr(A) denotes the reduced norm of A.

We conclude as a corollary of this theorem:

Corollary. For a finite group G we have

|G′| ∈ H(G) and |G′|I(G) ⊂ Z(Z[G]).

Recall that the integer |G′| is the best possible since the generalised
adjoint of 0 has denominator |G′|. Our results also show that the inte-
grality ring I(G) of a group ring Z[G] over a finite group G is equal to
the center Z(Z[G]) of the group ring if and only if the group G is abelian.

In section 4 we treat Artin-L-functions and define the Stickelberger
elements, we state known results and conjectures from above and we
give some examples for Stickelberger elements. In the fifth section we
again apply Clifford theory, this time to Stickelberger elements to see
that for nilpotent Galois groups G we have the following theorem (as
predicted by the integrality conjecture and the Corollary above):

Theorem (= Theorem 5.7). Let L/K be a Galois extension of number
fields with nilpotent Galois group G and let S and T be two finite sets of
places of K such that Hyp(S, T ) is satisfied. Then we have

|G′|θS,T (0) ∈ Z(Z[G]).

In section 6 we consider Iwasawa algebras Λ(G) of one dimensional p-
adic Lie groups G. The associated integrality rings Ip(G) are compatible
with the finite level integrality rings, in the sense that the reduced norms
are mapped to each other through projection maps. Finally in section 7
we assume the integrality conjecture (for suitable extensions). Together
with our result |G′|I(G) ⊂ Z(Z[G]) for finite groups G, we see that
the denominators of Stickelberger elements along the cyclotomic tower
remain bounded if the integrality conjecture holds. So one can construct

an infinite level Stickelberger element θ
(∞)
S,T via passing to the limit whose

χ-part will then lead to a p-adic L-function gχS . This will be shown to be
essentially the p-adic L-function Lp,S(χ−1ω, s):

Theorem (= Theorem 7.14). Let L/K be a Galois CM extension, let L
be the cyclotomic Zp−extension of L, let G be the Galois group of L/K
and let S be a finite set of places of K that contains the infinite places
and those that ramify in L/K. Then for each irreducible character χ of
G with open kernel we have

gχS =
Gχ−1ω,S

(
u(1 + t)−1 − 1

)
Hχ−1ω

(
u(1 + t)−1 − 1

) .
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In particular, this construction shows that the integrality conjecture
implies the special case 1.3 of the Gross-Stark conjecture.

Corollary. Let L/K be a Galois extension of number fields, let G be the
Galois group of the cyclotomic Zp extension L of L over K, let S be a
finite set of places in K containing the archimedean places and the places
that ramify in L/K. Finally let χ be an irreducible character of G with
open kernel. If the integrality conjecture holds, we have:

Lp,S(χ, 0) = LS(χω−1, 0)

Notation.

We write A ⊂ B or B ⊃ A if A is a subset of B (including the case
A = B). For a group G we write U ≤ G if U is a subgroup of G and
U E G if U is a normal subgroup. Similarly we write A ≤ B if A is a
submodule of B. The direct sum of modules Ai is denoted by

⊕
i∈I Ai,

where I is an index set, or if I = {1, . . . , n} is finite by A1 ⊕ · · · ⊕ An.
The direct product (e.g. of rings or groups) is denoted by

∏
i∈I Ai and

we are misusing ⊕ also for the direct product which we also write as
A1 × A2. For a ring R, a right R-module A and a left R-module B
tensor products are denoted by A ⊗R B. We further write R× for the
unit group, Z(R) for the center of R and Rm×n for the set of m × n
matrices with entries in R. We refer to the symbol directory at the end
for further notations.
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2. The integrality ring and the denominator ideal

In this section let O be a commutative noetherian integraly closed
domain with field of fractions K and let R be an O-order in a finite
dimensional separable K-algebra A (i.e. R is a full O-lattice in A that is
also a subring with the same unity, e.g. the group ring Z[G] in Q[G]). By
a theorem of Wedderburn the algebra A decomposes into a finite direct
product of simple components

(2.1) A = A1 ⊕ · · · ⊕ At
where each of these components Ai is isomorphic to a matrix ring
(Di)ni×ni over a skewfield Di over K; moreover, the centers of these
matrix rings are finite separable field extensions Ki := Z(Di) of K and
Di has degree s2

i over Ki, where si is the so-called Schur index.

2.1. Reduced norms and generalised adjoints. We briefly recall the
definition of the reduced norm nr(x) = nrA/K(x) of an element x ∈ A:
Let E be a splitting field for A, i.e. E is a field extension of K and there
is a ring isomorphism

(2.2) ϕ : A⊗K E →
s⊕
i=1

Eni×ni .

Write ϕi for the composition of ϕ with the projection map on the i-th
component and write ei ∈ A ⊗K E for the central simple idempotent
associated to the i-th component (i.e. ϕj(ei) = δi,j). Then we have:

(2.3) nrA/K(x) :=
s∑
i=1

ϕ−1
(
detE

(
ϕi(x⊗ 1)

))
ei

The reduced norms nrA/K(x) actually lie in Z(A) ∼=
⊕t

i=1 Ki and the def-
inition of the reduced norm is independent of the choice of the splitting
field and of the choice of the isomorphism ϕ. This follows from [Rei75]
Theorem 9.3 (in the simple case). The reduced norm can be extended to
matrix rings over A in the obvious way. There is also the notion of gener-
alised characteristic polynomials whose constant term is componentwise
equal to the reduced norm (up to a sign that may be different in dif-
ferent components). This reduced characteristic polynomial fH(T ) of an
element H ∈ An×n can itself be written as reduced norm by considering
the separable K(T )-algebra A⊗K K(T ):

(2.4) fH(T ) = nrA⊗KK(T )/K(T )(1⊗ T −H ⊗ 1) ∈ Z(A)[T ] ∼=
t⊕
i=1

Ki[T ]

(see Lemma 1.6.6 in [Wat18]) Furthermore, there is the notion of a
generalised adjoint matrix H∗ for matrices H ∈ An×n, which is de-
fined in the following way: Decompose H =

∑
iHi with Hi ∈ (Ai)n×n
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according to (2.1). Consider the reduced characteristic polynomials
fi(T ) =

∑
j aijT

j ∈ Ki[T ] of Hi and define

(2.5) H∗i := (−1)deg(fi)+1
∑
j 6=0

aijH
j−1
i

and then take the sum: H∗ :=
∑

iH
∗
i . By construction the generalised

adjoint satisfies

(2.6) HH∗ = H∗H = nr(H)1n×n

as it is well known for adjoint matrices and determinants over commuta-
tive rings. Furthermore, the generalised adjoint of a product is given by
the product of the adjoints:

(2.7) (HH̃)∗ = H̃∗H∗

for two square matrices H and H̃ over A. There is also a formula for the
generalised adjoint of diagonal block matrices:

Lemma 2.1. For two matrices H ∈ An×n and H̃ ∈ Am×m we have:(
H 0

0 H̃

)∗
=

(
nr(H̃)H∗ 0

0 nr(H)H̃∗

)
Proof. A proof of this can be found in [Wat18] Theorem 1.7.8 (ii). �

Furthermore, if M is any maximal O-order in A that contains R, all
coefficients of the generalised adjoint of a matrix H ∈ Rn×n lie in M.
This follows from the definition and the fact that the coeffiecients of
the reduced characteristic polynomial are integral (see [Rei75] Theorem
10.1).

In the case that R = Z[G] (or R = Zp[G]) is a group ring of a finite group
G we will also write the reduced norm as nrG. Note that in this case the
isomorphism

(2.8) C[G] ∼=
⊕

χ∈Irr(G)

Cnχ×nχ

is induced componentwise by the (C−valued) irreducible represenations.
Here Irr(G) denotes the set of all (C−valued) irreducible characters
χ : G → C of G. They are defined as the traces of the irreducible
(C−valued) representations of G. So if we write πχ : G → GLnχ(C)
for an irreducible representation of G with character χ we have

(2.9) χ(g) = Tr
(
πχ(g)

)
.

The associated central simple idempotents (the images of the unity in

each component) are then given by eχ = χ(1)
|G|
∑

g∈G χ(g−1)g. A charac-

ter is called linear if the associated representation is 1-dimensional (i.e.
character and representation are equal). The integer χ(1) = nχ is called
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the degree of the character. If the group G is abelian all irreducible char-
acters are linear. In general the linear characters of G are exactly those
irreducible characters that factor through the abelianization Gab = G/G′.

2.2. Examples of reduced norms and generalised adjoints.

Example 2.2. If the group G is abelian then the reduced norm of any
element x ∈ Z[G] (or x ∈ Q[G]) is just the element x itself:

nr(x) = nr(
∑
g

agg) =
∑
χ

det(
∑
g

agχ(g))eχ =
∑
χ

∑
g

agχ(g)eχ

=
∑
g

ag
∑
χ

χ(g)eχ =
∑
g

agg = x

and in general if H is a square matrix over the ring Z[G] (or over Q[G])
of size n× n the reduced norm is given by the determinant: Write H =
(
∑

χ a
χ
ijeχ)ij. Then we have

nr(H) =
∑
χ

det(aχij)ijeχ =
∑
χ

∑
σ∈Sn

(sgn(σ)
n∏
i=1

aχiσ(i))eχ

=
∑
σ

sgn(σ)
n∏
i=1

(
∑
χ

aχiσ(i)eχ) = det(H)

by the Leibniz formula for determinants. Actually this does not only
hold for group rings (over abelian groups) but for any commutative R as
above.

Example 2.3. If G is any finite group with commutator subgroup G′,
then nrG(g) = 1 for all g ∈ G′: Since the reduced norm is multiplica-
tive and since the commutator subgroup is generated by commutators
it suffices to show this for commutators. But this is clear because the
determinant of a commuator of invertible matrices is 1: Let g, h ∈ G
then we have

nrG([g, h]) =
∑

χ∈Irr(G)

det
(
πχ([g, h])

)
eχ

=
∑

χ∈Irr(G)

det([πχ(g), πχ(h)])eχ =
∑

χ∈Irr(G)

1eχ = 1.

Example 2.4. Let G be a finite group with commutator subgroup G′.
We want to compute the generalised adjoint of the element 0 ∈ Z[G]. We
have the decomposition

(2.10) C[G] ∼=
( ⊕
χ∈Irr(G) of degree 1

C
)
⊕
( ⊕
χ of degree > 1

Cnχ×nχ

)
.

9



Each irreducible character of degree 1 comes from the maximal abelian
quotient G/G′ and furthermore the generalised adjoint of 0 is 1 in de-
gree 1 components and 0 in components of higher degree: The reduced
characteristic polynomial of 0 in the χ−component is fχ(t) = tnχ where
χ(1) = nχ = 1 if χ linear and nχ > 1 if χ non-linear. So the linear
components of the generalised adjoint are 0∗χ = (−1)200 = 1 and for the

non-linear characters they are 0∗χ = (−1)nχ+10nχ−1 = 0. The linear char-
acters of G correspond to the irreducible characters of G/G′ (i.e are the
inflations of the irreducible characters of G/G′). Hence the generalised
adjoint of 0 is given by

(2.11) 0∗ =
∑

χ∈Irr(G/G′)

einf χ = eG′ :=
1

|G′|
TrG′

where TrG′ =
∑

g∈G′ g is the so called trace of the subgroup G′ and inf

denotes the inflation infGG/G′ . Note that∑
χ∈Irr(G/G′)

einf χ =
∑

χ∈Irr(G/G′)

inf χ(1)

|G|
∑
g∈G

inf χ(g−1)g

=
1

|G|
∑
g∈G

∑
χ

(inf χ)(g−1)g =
1

|G|
∑
g∈G′

∑
h∈G/G′

∑
χ

χ(h−1)gh

=
1

|G|
∑
g∈G′

∑
h∈G/G′

|G/G′|δh,1gh =
1

|G′|
∑
g∈G′

g =
1

|G′|
TrG′ .

Here in the first equation we used the definition of the idempotents einf χ,
in the second equation we used that the characters inf χ are linear and
changed the order of the summation, in the third equation we used the
fact that each element of the group G can be written uniquely as product
gh with g ∈ G′ and h running through a chosen set of representatives
of the factor group G/G′, we further used that (inf χ)((gh)−1) = χ(h−1)
(we do not really distinct between the representative h ∈ G and its class
h ∈ G/G′). In the forth equation we used the orthogonality relation

1
|G/G′|

∑
χ∈Irr(G/G′) χ(h−1) = δh,1.

Example 2.5. Let G be an abelian finite group. Then the generalised
adjoint of a matrix H = (hi,j)i,j ∈ Q[G]n×n is given by the transpose of

the cofactor matrix cof(H) =
(

(−1)i+jdet(hk,`)k 6=i,` 6=j

)
i,j

:

H∗ =
∑

χ∈Irr(G)

H∗χeχ =
∑

χ∈Irr(G)

cof(Hχ)T eχ

=
∑
χ

(
(−1)i+jdet

(
χ(hk,`)

)
k 6=i,` 6=j

)T
i,j
eχ

=
(

(−1)i+jdet(
∑
χ

χ(hk,`)eχ)k 6=i,` 6=j

)T
i,j

10



=
(

(−1)i+jdet(hk,`)k 6=i,` 6=j

)T
i,j

= cof(H)T

Here we used in the second equation the fact that over a field the adjugate
(= classical adjoint) is given by the transpose of the cofactor matrix.

2.3. The integrality ring. Now we can define the so called integrality
ring:

Definition 2.6. The integrality ring I(R) of R is defined as the smallest
Z(R)−submodule of Z(A) containing all reduced norms of matrices over
R. The multiplication is inherited from the multiplication in Z(A). If
R = Z[G] (resp. R = Zp[G] ) is a group ring we also write I(G) (resp.
Ip(G)) for I(Z[G]) (resp. for I(Zp[G])).

The study of so called non-commutative Fitting invariants has led to
its definition (see [JN13] 3.4).

Example 2.7. If G is a finite abelian group, the integrality ring of Z[G]
is just the group ring itself (see Example 2.2).

Lemma 2.8. The integrality ring I(R) is indeed a ring.

Proof. We only have to show that I(R) is closed under multiplication.
Let

∑
H∈I xHnr(H),

∑
M∈J yMnr(M) ∈ I(R) with xH , yM ∈ Z(R) and I

and J finite sets of square matrices over R. Since for any square matrix
H and any n ∈ N the reduced norms of H and of the block matrix(

H 0
0 1n

)
are equal, we can without loss of generality assume that all matrices in
I ∪ J have the same size. Then we have∑

H∈I

xHnr(H) ·
∑
M∈J

yMnr(M)

=
∑

(H,M)∈I×J

xHyMnr(H)nr(M) =
∑

(H,M)∈I×J

xHyMnr(HM)

by the multiplicativity of the reduced norm. Of course the products
xHyM are again in the center Z(R). Hence the integrality ring is indeed
a ring. �

Clearly the integrality ring always contains the center Z(R) by defini-
tion. It can be equal to the center as we have seen above for group rings
over abelian finite groups. However, this is not true in general. We will
consider some examples.
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2.4. Some non-abelian examples.

Example 2.9. Let G = S3 be the symmetric group on 3 letters, which
is the smallest non-abelian group. Then the irreducible characters are
the trivial character χ1, the sign character χ2 and the standard charac-
ter χ3 (that comes from restricting the usual action of S3 on C3 to the
hyperplane {v ∈ C3|v1 + v2 + v3 = 0}). The conjugacy classes are given
by C1 = {id}, C2 = {(123), (132)}, C3 = {(12), (13), (23)}. Furthermore,
the associated central simple idempotents are

eχ1 =
1

6

(
id+ (123) + (132) + (12) + (13) + (23)

)
=

1

6
(C1 + C2 + C3)

eχ2 =
1

6

(
id+ (123) + (132)− (12)− (13)− (23)

)
=

1

6
(C1 + C2 − C3)

eχ3 =
1

3

(
2id− (123)− (132)

)
=

1

3
(2C1 − C2).

Note that we identify a conjugacy class C with the sum
∑

x∈C x. The
reduced norm of the element (12) is given by

nr
(
(12)

)
= eχ1 − eχ2 − eχ3

= −2

3
id+

1

3
(123) +

1

3
(132) +

1

3
(12) +

1

3
(13) +

1

3
(23)

=
1

3
(−2C1 + C2 + C3).

Especially nr((12)) 6∈ Z(Z[S3]) which means that I(S3) ) Z(Z[S3]).
However, we also see that

|S ′3|nr
(
(12)

)
= |A3|nr

(
(12)

)
= 3nr

(
(12)

)
∈ Z(Z[S3]).

Note that A3 is the alternating group on 3 letters (which is the commu-
tator subgroup of S3). The same holds for example for the reduced norm
of the element 1− (12):

nr
(

1− (12)
)

=
3∑
i=1

detχi

(
1− (12)

)
eχi

=
(
χ1(1)−χ1

(
(12)

))
eχ1 +

(
χ2(1)−χ2

(
(12)

))
eχ2 +det

(
1−πχ3

(
(12)

))
eχ3

= 0eχ1 + 2eχ2 + det(1−
(
−1 1
0 1

)
)eχ3 = 2eχ2 + det

(
2 −1
0 0

)
eχ3 = 2eχ2

=
1

3
(C1 + C2 − C3)

Example 2.10. Let G = D8 = 〈a, x|a8 = x2 = 1, xax = a−1〉 be
the dihedral group of order 16. Then the commutator subgroup D′8 is
generated by a2 and cyclic of order 4. Furthermore, the conjugacy classes
of D8 are given by

C1 = {1}, C2 = {a4}, C3 = {a2, a6}, C4 = {a, a7},
C5 = {a3, a5}, C6 = {x, a2x, a4x, a6x}, C7 = {ax, a3x, a5x, a7x}.
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For the reduced norm of the element a ∈ D8 a calculation gives

nr(a) =
1

4
(3C1 − C2 − C3 + C4 + C5).

Here we also see that I(D8) is not the center of the group ring Z[D8],
but |D′8|nr(a) = 4nr(a) ∈ Z(Z[D8]).

Example 2.11. Let G = SL2(F3). This group is generated by the
matrices

α =

(
0 −1
1 1

)
, β =

(
1 1
1 −1

)
, γ =

(
1 1
0 1

)
.

Actually this group has the presentation

G = 〈α, β, γ|α4 = β4 = γ3 = 1, βγ = γα, γβ = αβγ〉.
The conjugacy classes are given by

C1 = {1}, C2 = {−1}, C3 = {γ, β3γ, βαγ, α3γ}
C4 = {γ2, αβγ2, βγ2, αγ2}, C5 = {α2γ2, βαγ2, α2βγ2, α3γ}
C6 = {α2γ, βα, αβγ, αγ}, C7 = {α, α3, β, αβ, βα, β3}.

The linear representations are given by

χ1 = 1

χ2(α) = χ2(β) = 1, χ2(γ) = ζ2
3

χ3(α) = χ3(β) = 1, χ3(γ) = ζ3.

Here ζ3 ( or in general ζn ) is of course a primitive 3rd root of unity (resp.
n-th root of unity). An irreducible 2-dimensional representation is given
by:

ρ4(α) =

(
−ζ2

3 −ζ2
3

−1 ζ2
3

)
, ρ4(β) =

(
−ζ3 1
ζ3 ζ3

)
, ρ4(γ) =

(
−1 ζ2

3

−ζ3 0

)
The other two 2-dimensional representations are

ρ5 = χ2 ⊗ ρ4, ρ6 = χ3 ⊗ ρ4.

The final 3-dimensional irreducible representation is given by

ρ7(α) =

1 0 0
0 −1 0
0 0 −1

 , ρ7(β) =

−1 0 0
0 −1 0
0 0 1

 ,

ρ7(γ) =

 0 −1 0
0 0 1
−1 0 0

 .

We now can calculate:

nr(α) = nr(β) = 1, nr(γ) =
1

8
(3C1 + 3C2 + C3 − 2C4 + C5 + 2C6 − C7)

The first two identities are no surprise as G′ = C1 ∪ C2 ∪ C7 and α, β
are elements in C7.
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In general the reduced norm nr(g) is of course 1 for all elements of the
commutator subgroup and nr(g) has denominator 8 for all other g. Note
that G′ consists of 8 elements. Also e. g.

nr(α + β) =
1

4
(5C1 − 3C2 + C7).

So again all denominators seem to be killed by the order of the commu-
tator subgroup.

Example 2.12. Now let n > 2 and let G = Dn be the dihedral group of
order 2n, i.e.

G = 〈a, x|an = x2 = 1, xax = a−1〉.
It is well known that the commutator subgroup of G is generated by a2.
So for n even the commutator subgroup is cyclic of order n

2
and for n

odd the commutator subgroup is cyclic of order n. So there are 2n
n
2

= 4

linear characters (n even) respectively 2n
n

= 2 linear characters (n odd).
Since the degree of an irreducible character divides the index [G : A]
for any abelian normal subgroup A (see [Hu67] Kap. V Satz 17.10) the
non-linear irreducible characters have degree 2 (take A = 〈a〉). So for n
even there are

2n− 4

4
=
n

2
− 1

non-linear irreducible characters and for n odd there are
2n− 2

4
=
n− 1

2

non-linear irreducible characters. Now look at the reduced norm of the
element −1 ∈ Z[G]: Actually to see that the reduced norm is not integral
(in Z[G]) in this case it is enough to compute its coefficient at 1 ∈ G where
we consider the decomposition nrG(−1) =

∑
g∈G nrG(−1)gg :

nrG(−1)1 =
1

2n

∑
χ

(−1)χ(1)χ(1)2 =
1

2n
(−4 + 4(

n

2
− 1)) = 1− 4

n

for n even. This is not an element in Z for all n 6= 4. For n odd we get:

nrG(−1)1 =
1

2n
(−2 + 4

n− 1

2
) = 1− 2

n

So this is never integral. Actually for n = 4 we have nrG(−1) ∈ Z(Z[G]).
However, for example nrG(a)1 = 1

2
. Altogether we see that

I(Dn) 6= Z(Z[Dn])

for all n ≥ 3. Also observe that for n even:

|G′| 4
n

=
n

2

4

n
= 2 ∈ Z

and also for n odd:

|G′| 2
n

= n
2

n
= 2 ∈ Z

14



2.5. First observations on integrality rings. We start with the fol-
lowing easy observation:

Lemma 2.13. We have |G|I(G) ⊂ Z(Z[G]).

Proof. Choose a number field K that is a splitting field for G. By [Hu67]
Satz 12.5 b) it is even possible to choose K such that each irreducible
representation can be realized over OK . So let us choose for each irre-
ducible character χ an associated representation πχ with values in OK .
Then clearly for every matrix H ∈ (Z[G])n×n the element

|G|nr(H) =
∑
χ

det(πχ(H))|G|eχ

is in OK [G]. Since it is also in Q[G] (and since it is central) it is an
element in Z(Z[G]). �

Remark 2.14. a) Indeed the integrality ring I(G) attached to a finite
group G is equal to the center Z(Z[G]) of the group ring if and only if
the group G is abelian. One direction of this is trivial. For the other
direction see Prop. 3.35.
b) The integrality ring of Rn×n is equal to the integrality ring of R for
any n. See Remark 1.10.6 in [Wat18].

Note that this follows also from the fact that the central conductor is
contained in the so called denominator ideal (see below).

If G is a finite group the global intregrality ring ’is the intersection’ of
the local integrality rings, precisely (see also [Ni16] Remark 2.3):

Lemma 2.15. For each finite group G one has an equality

I(G) =
⋂

p prime

(
Ip(G) ∩ Z(Q[G])

)
.

Lemma 2.16. Let G be a finite group, let U be a normal subgroup,
G = G/U and let π : G → G be the projection map (which can be
extended to group algebras and will also be denoted by π). Let B = Z or
B = Zp. Then we have:

π
(
I(B[G])

)
⊂ I(B[G]).

Furthermore, π
(
I(B[G])

)
= I(B[G]) if π : Z(B[G])� Z(B[G]).

Proof. If x is a central element in the ring B[G] the projection π(x) is
also central in B[G]. Also if H is a square matrix over the ring B[G]
we have π

(
nrG(H)

)
= nrG

(
π(H)

)
, hence π

(
I(B[G])

)
⊂ I(B[G]). For

the converse inclusion (in the case that π is surjective on the centers) we
take x =

∑
i xinrG(Hi) with xi central in B[G] and Hi square matrices

over the ring B[G]. If we take lifts x̃i ∈ Z(B[G]) and H̃i we get

π
(∑

i

x̃inrG(H̃i)
)

=
∑
i

xinrG(Hi).
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Example 2.17. Look at the smallest possible example to see that the
projection map π : B[G] → B[G] is not necessarily surjective on the
center: Take G = S3 the symmetric group on 3 symbols and take U = A3

the unique non-trivial normal subgroup. The conjugacy classes are given
by

C1 = {id}, C2 = {(123), (132)}, C3 = {(12), (13), (23)}.

Clearly (12) ∈ S3/A3 is in the center of Z[S3/A3] since the group S3/A3

is abelian. However, the center of Z[S3] is generated by C1, C2, C3 and

the preimages of (12) under the projection map (on the rational group
algebra Q[S3]) are given by −2aC1 +aC2 + 1

3
C3 with a ∈ Q. They clearly

do not lie in Z[S3]. However, if B = Zp for any p 6= 3 there are preimages
lying in Z(Zp[G]) so that

π : Z(Zp[S3])� Z(Zp[S3/A3]) = Zp[S3/A3].

2.6. The denominator ideal. We define now an ideal that measures
the failure of adjoints having coefficients in R (see [JN13]):

Definition 2.18. The denominator ideal H(R) of R is defined as the set
of all central elements x ∈ R such that xH∗ has coefficients in R for all
square matrices H over R. Again if R = Z[G] with a finite group G (or
R = Zp[G]) we write H(G) (resp. Hp(G)).

Remark 2.19. Let G be a finite group. By Example 2.4 we know that
the generalised adjoint of the element 0 ∈ Z[G] is given by

0∗ =
1

|G′|
TrG′ .

Especially we see that if m ∈ H(G) is an integer, then

m0∗ =
m

|G′|
TrG′ ∈ Z(Z[G]).

This implies that m has to be a multiple of |G′|.

Example 2.20. If G is a finite, abelian group the denominator ideal is
H(G) = Z[G].

It is not hard to see that H(R) is indeed an ideal in Z(R). However,
it is also an ideal in I(R):

Lemma 2.21. H(R) is an ideal in the integrality ring I(R) and we have

H(R)I(R) ⊂ Z(R).

Proof. We follow an argument of Watson (see [Wat18] Lemma 1.10.9):
Let x ∈ H(R). And let α = nr(M) ∈ I(G) where M ∈ Rn×n. For the
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first claim it suffices to show that for any matrix H ∈ Rb×b the matrix
xαH∗ has coefficients in R. Consider the matrix

B :=

(
H 0
0 M

)
.

By formula (2.1) for generalised adjoints of block matrices the generalised
adjoint of B is given by

B∗ =

(
nr(M)H∗ 0

0 nr(H)M∗

)
.

Since x ∈ H(R) we know by definition of the denominator ideal that
xB∗ has coefficients in R. This holds especially for the first block, there-
fore xnr(M)H∗ = xαH∗ has coefficients in R. It then immediately also
follows for all elements of α ∈ I(R) by linearity. For the inclusion
H(R)I(R) ⊂ Z(R) take x and M as above. Clearly xnr(M) is cen-
tral since x and nr(M) are central. Furthermore, xnr(M)1n×n = xM∗M
has coefficients in R since M and xM∗ have coefficients in R, hence
xnr(M) ∈ Z(R).

�

Remark 2.22. Also the denominator ideals of matrix rings Rn×n are
equal to H(R) for all n ∈ N (see Lemma 1.10.10 of [Wat18]).

Since the integrality ring of a matrix ring over a (suitable) ring and
the integrality ring of the ring itself are the same and the same holds for
the denominator ideals one can ask if this holds for any (suitable) Morita
equivalent rings, i.e. if the integrality rings (and denominator ideals) of
Morita equivalent rings are isomorphic. However, we will not adress this
question here.

Lemma 2.23. Let G be a finite group then we have an equality

H(G) =
⋂

p prime

(
Hp(G) ∩ Z(Q[G])

)
.

Proof. This is a special case of the results in [Wat18] section 2.4. �

2.7. A variant of the central conductor. We will now study the
relation to maximal orders and a variant of the central conductor:

Definition 2.24. Let M(G) be a maximal Z−order in Q[G] containing
Z[G] (there is always such an order by [Rei75] Corollary 10.4). Then we
define

F(G) :=
{
x ∈ Z

(
M(G)

)∣∣∣xZ(M(G)
)
⊂ Z

(
Z[G]

)}
.

Similarly we can define Fp(G) by considering Zp[G] and a maximal order
Mp(G) containing Zp[G] instead of Z[G] and M(G).
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Remark 2.25. This notion should not be confused with the usual central
conductor that is defined as{

x ∈ Z(M(G))
∣∣∣xM(G) ⊂ Z[G]

}
.

Lemma 2.26. For any finite group G and any prime p we have

F(G) ⊂ H(G) and Fp(G) ⊂ Hp(G).

Proof. This is a special case of [JN13] Prop. 6.3: Let H ∈ (Z[G])n×n
and decompose according to (2.1) H =

∑
iHi for A = Q[G]. Then the

generalised adjoint is given by

H∗ =
t∑
i=1

(−1)mi+1

mi∑
j=1

aijH
j−1
i

where mi is the degree of the reduced characteristic polynomial

fHi(T ) =

mi∑
j=0

aijT
j

of Hi. Now if we define m = max(mi|1 ≤ i ≤ t) and aij = 0 for j > mi

and lastly Aj =
∑t

i=1(−1)mi+1aijei ∈ Z(M(G)) we clearly see that for
x ∈ F(G) the element xAj is in Z(Z[G]). Hence the matrix

xH∗ =
m∑
j=1

Hj−1xAj

has coefficients in Z[G] which yields that x ∈ H(G).
�

Example 2.27. Let p be an odd prime and let G = Dp be the dihedral
group of order 2p. Then the denominator ideal is

Hp(Dp) = Fp(Dp)

(see Example 6, p. 158 in [JN13]). Note that in this case the variant of
the central conducter is equal to the usual central conducter by [JN13]
Corollary 6.13.

2.8. Some further known results about denominator ideals.

Proposition 2.28. Let G be a finite group. Then we have

Hp(G) = Z(Zp[G])

if and only if p does not divide the order of the commutator subgroup G′.

Proof. This follows from [JN13] Prop. 4.4. �

Corollary 2.29. If G is a finite group and p is a prime that does not
divide the order of the commutator subgroup, then we have

Ip(G) = Z(Zp[G]).
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Proof. One always has Z(Zp[G]) ⊂ Ip(G) by definition. Since 1 ∈ Hp(G)
by Prop. 2.28 the converse inclusion follows from Lemma 2.21. �

Remark 2.30. We will also see later that for a finite group G the p-
adic integrality ring Ip(G) is not equal to Z(Zp[G]) if the order of the
commutator subgroup is divisible by p2. One might believe that the
following holds:

p
∣∣∣|G′| ⇔ Ip(G) 6= Z(Zp[G])

We will prove that this holds for nilpotent groups and we will also look
at some non-nilpotent examples.

In his PhD thesis [Wat18] Watson has dealt with denominator ideals,
e. g. for p-groups there is the following result:

Theorem 2.31. If G is a finite p-group whose commutator subgroup has
p elements and B is an integrally closed Noetherian domain of charac-
teristic 0 then the denominator ideal is given by

H(B[G]) = TrG′(B[G])⊕ (1− g)Z
(

(1− eG′)B[G]
)
.

where g is a generator of the commutator subgroup G′.
Recall that TrG′ =

∑
g∈G′ g and eG′ = 1

|G′|TrG′ =
∑

χ linear eχ.

Remark 2.32. This theorem shows that if G is a finite p-group with
cyclic commutator subgroup of order p, then |G′| = p ∈ H(G). Indeed
the commutator subgroup G′ (which is a minimal normal subgroup) is
central (see [Hu67] Satz III 7.2 a)), in particular

(1− eG′)
p−1∑
i=0

(p− i)gi ∈ Z
(

(1− eG′)Z[G]
)

and we have:

TrG′ + (1− g)(1− eG′)
p−1∑
i=0

(p− i)gi = TrG′ + (1− g)

p−1∑
i=0

(p− i)gi

= TrG′ +
(
p−

(
p− (p− 1)

))
+

p−1∑
i=1

(
p− i− (p− (i− 1))

)
gi

= TrG′ + p− 1−
p−1∑
i=1

gi = TrG′ + p− TrG′ = p = |G′|

Remark 2.33. That the reduced norm of an element of Z[G] becomes
integral after multiplication with the order of the commutator subgroup
is not a coincidence as we will see later.
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3. Applications of Clifford theory to integrality rings and
denominator ideals

We have seen before that the least possible integer that we can expect
to lie in the denominator ideal of the integral group ring Z[G] of some
finite group G is the order of the commutator subgroup. In this section
we prove that this is indeed the case. Here we will also show that the
integrality ring of a non-abelian finite group G is not equal to Z(Z[G]).
Let G be a finite group and let K be a splitting field of characteristic
0 for the group G. Then the group ring of G over the field K has the
Wedderburn decomposition

(3.1) K[G] ∼=
⊕
χ

Kχ(1)×χ(1)

where the sum is over the irreducible K-valued characters χ of G (ac-
tually given the decompostion (3.1) the irreducible characters will be
automatically have values in K).

3.1. Basics of Character Theory. We begin with some basic knowl-
edge of character theory of finite groups. We mainly follow [CR81]. Let
G be a finite group and for each character χ of G let Vχ be a G-module
with character χ. 1 If V is any finitely generated G-module, there are
mχ ∈ N (for χ ∈ Irr(G)) such that

(3.2) V ∼=
⊕

χ∈Irr(G)

V mχ
χ

and χV :=
∑

χ∈Irr(G) mχχ is then the character of V . The G-module is
called isotypic if

(3.3) V ∼= V mχ
χ

for one χ ∈ Irr(G). A character χ of G is called faithful if the associated
representation πχ is injective, i.e.

ker(πχ) = ker(χ) = {g ∈ G|χ(g) = χ(1)} = 1.

Definition 3.1. The ring R(G) := {
∑

χ∈Irr(G) zχχ|zχ ∈ Z} is called ring
of virtual characters. The addition is the obvious one, the multiplication
of two irreducible characters χ1 and χ2 is given by the character of the
tensor product Vχ1⊗K Vχ2, where the group G acts on this tensor product
by g(v1 ⊗ v2) = gv1 ⊗ gv2 for g ∈ G, v1 ∈ V1, v2 ∈ V2.

If U is a subgroup of G and if χ is any character of G and Vχ is an
associated G-module, this module can also be viewed just as U -module by
restricting the action. The associated character is then called restriction

1We view G-modules as right modules, although we might write the action of G
on the left.
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of χ to the subgroup U and denoted by resGU χ. As the name suggests,
this is also simply the restriction of χ to U as a function on G:

(3.4) resGU χ(u) = χ(u)

for all u ∈ U . If conversely ψ is a character of a subgroup U with an
associated U -module Vψ we can define a G-module by tensoring with
K[G]:

(3.5) indGU Vψ := Vψ ⊗K[U ] K[G]

The associated character is then called the induction of ψ to G and it is
given by the formula

(3.6)
(

indGU ψ
)
(g) =

1

|U |
∑

h∈G:h−1gh∈U

ψ(h−1gh).

Finally if N is a normal subgroup of G and if χ is a character of the
factor group G/N an associated G/N -module Vχ with character χ can
be made into a G-module. We let an element g ∈ G act by its class
g ∈ G/N . The associated character is called inflation of χ and denoted
by infGG/N χ. On the level of elements it is simply given by the value of
the class of the element:

(3.7)
(

infGG/N χ
)
(g) = χ(g)

If the groups are clear from the context we may also simply write resχ,
indψ or inf χ.
A class function on a finite group G with values in K is a map α : G→ K
such that α is constant on conjugacy classes. The irreducible characters
form a basis of the K vector space of class functions. Hence

(3.8) |Irr(G)| = # of conjugacy classes of G.

On the space of class functions HG there is an inner product denoted by

(3.9) 〈. . . , . . . 〉G : HG ×HG → K

(χ, ψ) 7→ 1

|G|
∑
g∈G

χ(g−1)ψ(g).

The irreducible characters of G not only form a basis of HG, they even
form an orthonormal basis with respect to this inner product. More-
over, this inner product behaves well with induction and restriction of
characters (see Theorem 10.9 in [CR81]):

Proposition 3.2 (Frobenius reciprocity). If U is a subgroup of G and
if χ is a character of G and ψ is a character of U we have:

〈χ, indGU ψ〉G = 〈resGU χ, ψ〉U
A character χ is called monomial if it is of the form χ = indGU λ where

U is a subgroup and λ is a linear character of U . The group G is called
monomial if each irreducible character of G is monomial.
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Example 3.3. (i) If G is nilpotent (i.e. a product of p-groups), it is also
monomial. A proof of this can e. g. be found in [CR81] Theorem 11.3.
(ii) The group G = SL2(F3) is the smallest non monomial group2.

Definition 3.4. Let p be a prime. A finite group G is called p-elementary
if G is isomorphic to a direct product of a cyclic group with a p-group.
The group G is called elementary if it is p-elementary for some prime p.

The following important theorem of Brauer (see e. g. [CR81] Theorem
15.9) often allows the reduction to linear characters via the so called
method of Brauer induction:

Theorem 3.5 (Theorem of Brauer). If G is a finite group, we have:

R(G) =
∑

U≤G:elementary

indGUR(U)

Especially each irreducible character of G can be written as a Z−linear
combination of monomial characters.

If N is a normal subgroup of G and if η is an (irreducible) character
of N we can let the group G act via conjugation:

(3.10) gη(x) = η(g−1xg)

for x ∈ N . Let Gη := {g ∈ G|gη = η} be the stabilizer of η with respect
to this action. Then we have the useful consequence of Clifford theory(see
[CR81] Prop. 11.4) for the restriction of characters to normal subgroups
that we will use extensively:

Proposition 3.6. Let N be a normal subgroup of the finite group G and
let χ be an irreducible character of G and η an irreducible character of
N that divides resGN χ. Then there is an e ∈ N such that:

resGN χ = e
∑

x∈G/Gη

xη

3.2. Restriction to subgroups. Now let A ∈ (K[G])b×b be a square
matrix over the group ring K[G]. Then the reduced norm of A can be
written as nrG(A) =

∑
χ αχeχ with αχ ∈ K. Note that the χ-component

of the reduced norm of a matrix A is given by detχ(A) := det(π(A)) where
π = πχ is again a K-linear representation with character χ. If now U is a
subgroup of G with splitting field K, we can “restrict”3 the matrix A to U
and get a square matrix A|U over the ring K[U ] of size b[G : U ]×b[G : U ]
and we can likewise write the reduced norm as nrU(A|U) =

∑
ψ βψeψ,

where this time the sum is over irreducible characters ψ of the subgroup
U . There is a connection between the two reduced norms as stated in
the following Lemma.

2See for example in the [GN]: https://people.maths.bris.ac.uk/~matyd/

GroupNames/1/SL(2,3).html
3The matrix A describes a K[G]-right linear map that is also K[U ]-right linear.
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Lemma 3.7. In the above setting we have

βψ =
∏
χ

α〈indGU ψ,χ〉G
χ .

Proof. This is a slight generalization of [CR87] (52.23) and [Breu04] 2.2.
IfK is a number field and A is invertible, this follows from [CR87] (52.23).
Note that in the notation of [CR87] one has

αχ = detχ(A), βψ = detψ(res(A)), res(A) = A|U

so that

βψ = detψ(res(A)) = detindGU ψ
(A)

=
∏
χ

detχ(A)〈indGU ψ,χ〉G =
∏
χ

α〈indGU ψ,χ〉G
χ .

Here we used [CR87] (52.23) in the second equation. For A not invert-
ible it follows by continuity of the reduced norm (where we consider the
topology induced by an inclusion K ↪→ C). Note that up to this point K
was supposed to be a number field. For general K the idea of proof in
[CR87] also works: Let e1, . . . , eb be the standard basis of K[G]b which
we consider as K[G]-right module and let

G =
⋃̇n

i=1
giU.

Then e1g1, . . . , ebg1, . . . e1gn, . . . ebgn is a basis of K[G]b as K[U ]-right
module. Define the K-linear map

ωG,U : K[G]→ K[U ]∑
g∈G

αgg 7→
∑
g∈U

αgg

that sends each g ∈ G \ U to 0 and extend it to matrix rings in the
natural way. Then A|U with respect to this basis is the matrix

B :=
(
ωG,U(g−1

j Agi)
)

1≤i,j≤n
.

To see this let A = (aij)1≤i,j≤b. Then Aekg` =
∑b

j=1 akjg`ej. We also
have

Bekg` =
n∑
i=1

b∑
j=1

(ejgi)ωG,U(g−1
i akjg`).

Note that we have to put the coefficients on the right because the elements
ejgi are basis elements of K[G]b as right module over K[U ]. If we look
at the coefficients at ej we have to show that

xg` =
n∑
i=1

giωG,U(g−1
i xg`)
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for x ∈ K[G]. If x = g ∈ G is actually a group element this is clear:
n∑
i=1

giωG,U(g−1
i gg`) =

∑
i:g−1
i gg`∈U

gg`

But g−1
i gg` ∈ U if and only if gg` ∈ giU . This happens for exactly one

i since G is the disjoint union of giU . For x ∈ K[G] this follows by
K-linearity of ωG,U : Let x =

∑
g∈G αgg, then we have:

n∑
i=1

giωG,U(g−1
i xg`) =

n∑
i=1

giωG,U(g−1
i

∑
g∈G

αggg`)

=
n∑
i=1

gi
∑
g∈G

αgωG,U(g−1
i gg`) =

∑
g∈G

αg

n∑
i=1

giωG,U(g−1
i gg`)

=
∑
g∈G

αggg` = xg`

Now let ψ be an irreducible character of U and let π be a representation
of U with character ψ. Then the induced representation is given by

indGU (π)(x) =
(
π(ωG,U(g−1

j xgi))
)

1≤i,j≤n

as can be found e. g. in [CR81] (10.1) and we have:

detindGU ψ
(A) = detK((indGU π)(A)) = detK

(
π(ωG,U(g−1

j Agi))
)
i,j

= detK(π(B)) = detψ(B)

The rest then follows as above.
�

Note that this is obviously also true for any field extension F/K, since
F is also a splitting field for G (and U).

3.3. Clifford theoretic observations for subgroups containing the
commutator subgroup. Now let N be a normal subgroup of G (we will
assume later that N contains the commutator subgroup G′ of G, i.e. the
factor group G/N is abelian). By Clifford theory (see Prop. 3.6) we
have:

(3.11) resGN χ = m
∑

g∈G/Gη

gη

where η ∈ Irr(N) is any irreducible character of N that appears in the
restriction of χ and m ∈ N. Since the stabilizer Gη contains the group N
we can ask what happens when we induce the character η to its stabilizer.

First we can write ind
Gη
N η =

∑s
i=1 miψi where mi, s ∈ N and the ψi

are distinct irreducible characters of Gη. Let further be χi := indGGη ψi.

Then by [Hu67] Kap. V Satz 17.11 the characters χi are exactly those
irreducible characters of G, whose restriction resGN χi to the subgroup N
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is divisible by η. So without loss of generality we can choose ψ1 =: ψ
such that χ = χ1. We then can write the induction of η to G as

(3.12) indGN η =
s∑
i=1

miχi

and we have m = m1 by Frobenius reciprocity. Likewise, by Frobenius
reciprocity (see Prop. 3.2) we have

mi = 〈ψi, ind
Gη
N η〉Gη = 〈res

Gη
N ψi, η〉N

and again by Prop. 3.6 and the fact that there are no non-trivial Gη-

conjugates of η we have res
Gη
N ψi = miη. Hence especially

(3.13) ψi(1) = miη(1).

From now on assume for the rest of this section as mentioned above that

(3.14) G′ ⊂ N.

Then the irreducible characters ψi are just “twists” of ψ as stated in
following

Lemma 3.8. Each of the irreducible characters ψi is of the form

ψi = ωi ⊗ ψ
where ωi ∈ Irr(Gη/N) are irreducible characters of the abelian group
Gη/N .

Proof. For g ∈ G we denote g = g mod N . First consider the character∑
ω ω ⊗ ψ where the sum runs over all irreducible characters ω of the

group Gη/N . If g ∈ N then we have:(∑
ω

ω ⊗ ψ
)
(g) =

∑
ω

ω(g)ψ(g)

=
∑
ω

ψ(g) = [Gη : N ]ψ(g) = [Gη : N ]mη(g).

But if g 6∈ N then the value is 0 since
∑

ω ω(g) = 0. Now consider the
induction of η to its stabilizer

ind
Gη
N η(g) =

1

|N |
∑

h∈Gη :h−1gh∈N

η(h−1gh).

SinceN is normal the element h−1gh is inN if and only if g ∈ N . So again
if g 6∈ N the value of the induced character is 0. And otherwise the value

is 1
|N | |Gη|η(g) = [Gη : N ]η(g). Finally we get m ind

Gη
N η =

∑
ω ω ⊗ ψ.

This proves the claim as each irreducible divisor ψi of ind
Gη
N η has to be

one of the irreducible components ψ ⊗ ω on the right hand side. �

Remark 3.9. This proof also shows that each ψ ⊗ ω is one of the ψi
(but the ψ ⊗ ω may not be distinct).
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As a Corollary we get that all the mi are the same and the index of N
in Gη:

Corollary 3.10. We have m = mi for all 1 ≤ i ≤ s and the index of N
in Gη is [Gη : N ] = sm2.

Proof. We have

miη(1)
(3.13)
= ψi(1) = ωi(1)ψ(1) = ψ(1) = mη(1).

Here the second identity is Lemma 3.8 and ωi(1) = 1 since ωi is an
irreducible character of the abelian factor group Gη/N . Moreover, we
have

[Gη : N ]η(1) = ind
Gη
N η(1) = m

∑
i

ψi(1) = msψ(1) = msmη(1).

�

We now compare the central simple idempotents associated to χi with
those associated to G-conjugates of η:

Lemma 3.11. The sum of the idempotents associated to the irreducible
characters χi is an element of K[N ] and indeed

s∑
i=1

eχi =
∑

x∈G/Gη

exη.

Proof. Let g ∈ G. Then the right hand side has coefficient 0 at g 6∈ N
and coefficient η(1)

|N |
∑

x
xη(g−1) for g ∈ N . While the left hand side has

coefficient

s∑
i=1

χi(1)

|G|
χi(g

−1) =
s∑
i=1

[G : Gη]ψi(1)

|G|
χi(g

−1)

=
[G : Gη]η(1)

|G|
m

s∑
i=1

χi(g
−1) =

η(1)

|Gη|
IndGNη(g−1).

The last identity is (3.12) and Corollary 3.10. Now the value of
the induced character IndGNη is also 0 outside N . Otherwise it is
[Gη : N ]

∑
x∈G/Gη

xη(g−1). This completes the proof.
�

Corollary 3.12. With the notation above the following holds:

a)
s∑
i=1

eψi = eη

b) eχi =
∑

x∈G/Gη

exψi
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Proof. For a) use the previous Lemma 3.11 for the group G̃ = Gη and
the fact that η has no non-trivial Gη-conjugates. Note that the group

N is a subgroup of G̃ containing its commutator subgroup G̃′ ⊂ G′. For
b) note first that by Frobenius reciprocity and by Prop. 3.6 we have
resGGη χ =

∑
x∈G/Gψ

xψ which yields

[G : Gψ]ψ(1) = χ(1) = indGGη ψ(1) = [G : Gη]ψ(1)

and therefore Gψ = Gη since Gη ⊃ Gψ. Then use the Lemma for the

normal subgroup Ñ = Gψi = Gψ = Gη of G that also contains the
commutator subgroup G′ of G and the character χ̃ := χi = indGGη ψi.

�

Now define for each i the group Uψi as the smallest subgroup of Gη

that contains N and all g ∈ Gη such that ψi(g) 6= 0. Since ψi = ωi ⊗ ψ
and ωi(g) 6= 0 for all g ∈ Gη they are all the same: Uψi = Uψ. An easy
observation is the following:

Observation 3.13. We have ω⊗ψ = ω̃⊗ψ if and only if the characters
ω and ω̃ in Irr(Gη/N) coincide on the group Uψ (resp. their inflations
to Gη coincide on the subgroup Uψ).

Proof. For a character ω we have ω(g)ψ(g) = ψ(g) for all g ∈ Gη if and
only if ω(g) = 1 for all g with ψ(g) 6= 0 or in other words for all g ∈ Uψ
hence if and only if the kernel of ω contains the group Uψ. So the identity
ω⊗ψ = ω̃⊗ψ is true if and only if the kernel of ωω̃−1 contains Uψ which
is true only if these characters coincide on Uψ. �

We choose now an arbitrary subgroup U of Gη which contains Uψ. So
it also contains N and especially the commutator group G′ and hence
also the commutator subgroup of Gη. So the group U is normal in Gη.
Since the characters ψi vanish outside Uψ (and hence also outside U),
the idempotents eψi are actually elements of K[U ]. We can again use
Clifford theory (Prop. 3.6) for the character ψ and the normal subgroup

U : if ρ is an irreducible component of the restriction res
Gη
U ψ, we have

(3.15) res
Gη
U ψ = f

∑
x∈Gη/Gρ

xρ

for some f ∈ N where Gρ is the stabilizer of ρ in Gη. Let

(3.16) ρi :=
(

res
Gη
U ωi

)
⊗ ρ

which is then an irreducible component of res
Gη
U ψi and the above identity

(with the same f) is also true for the pair (ψi, ρi): Let g ∈ U . Then we
have (

f
∑
x

xρi

)
(g) = f

∑
x

x
(
(res

Gη
U ωi)⊗ ρ

)
(g) = f

∑
x

xωi(g)xρ(g)

= f
∑
x

ωi(g)xρ(g) = ωi(g)f
∑
x

xρ(g) = ωi(g)ψ(g)
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=
(
ωi ⊗ ψ

)
(g) = res

Gη
U

(
ωi ⊗ ψ

)
(g).

Lemma 3.14. We have ind
Gη
U ρi = fψi and [Gρi : U ] = f 2.

Proof. The character ψi is 0 outside U and coincides with f
∑

x∈Gη/Gρ
xρi

otherwise. The induction ind
Gη
U ρi on the other hand is also 0 outside U

and has otherwise the value [Gρi : U ]
∑

x∈Gη/Gρi
xρi(g) for g ∈ U . Hence

the induction is a multiple of ψi. And lastly by Frobenius reciprocity ψi
appears f times in the induction ind

Gη
U ρi:

〈ψi, ind
Gη
U ρi〉Gη = 〈res

Gη
U ψi, ρi〉U = f

by (3.15). We also see that [Gρi : U ] = f 2.
�

Corollary 3.15. Similar to before we have:

a)eψi =
∑

x∈Gη/Gρ

exρi

b)
s∑
i=1

eψi =
s∑
i=1

∑
x∈Gη/Gρ

exρi

Proof. a) This is again a consequence of Lemma 3.11 using the fact that
in this case by Lemma 3.14 there is only one character above ρi namely
ψi.
b) This follows from a). �

3.4. Application to reduced norms. We now turn to the reduced
norms:

Theorem 3.16. Let K be a p-adic splitting field for G and all of its
subgroups (i.e. K is a finite field extension of Qp and a splitting field for
every subgroup U of G) and let F/K be a field extension and let R ⊂ F
be an integrally closed noetherian ring with total ring of fractions F . Let
A be a square matrix over the R-order R[G] in the F -algebra F [G]. Then
we have:

|G′|nr(A) ∈ Z(R[G]).

Proof. Choose a normal subgroup N containg the commutator subgroup
of G. Then for each irreducible character η of N there is an irreducible
character χ of G, such that its restriction to N is divisible by η. Then
define e(η) :=

∑s
i=1 eχi =

∑
x∈G/Gη exη ∈ K[N ] where we use the notation

from before and make use of Corollary 3.12. The ring of integers OK
of K is contained in R and we clearly have |N |e(η) ∈ OK [N ]. Now
we can decompose 1 =

∑
η/∼ e(η) where the sum is over a complete

set of irreducible characters η of N with distinct e(η). Now we can
also decompose the reduced norm as nr(A) =

∑
η/∼ nr(A)e(η). We will

show now that |N |nr(A)e(η) ∈ Z(R[G]). Summing over all irreducible
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characters η of N (with distinct e(η)) and choosing N = G′ proves the
theorem. We do this via induction on |G|. If G is abelian, this statement
is clear. Now if G is not abelian, we can write by Corollary 3.12

e(η) =
s∑
i=1

eχi =
s∑
i=1

∑
x∈G/Gη

exψi

so consider the “diagonal” embedding

ιη : Z
(
F [G]e(η)

) ∼= ⊕
i

Feχi ↪→
⊕
i

⊕
x∈G/Gη

Fexψi
∼= Z

(
F [Gη]e(η)

)
that maps (ai)i to

(
(ai)x

)
i
. We have (in the previous notation)

nrG(A)e(η) =
∑s

i=1 αχieχi and also

nrGη(A|Gη)e(η) =
s∑
i=1

∑
x∈G/Gη

∏
χ∈Irr(G)

α〈ind
xψi,χ〉G

χ exψi

=
s∑
i=1

∑
x∈G/Gη

αχiexψi =
s∑
i=1

αχi
∑

x∈G/Gη

exψi =
s∑
i=1

αχieχi .

Here we used Lemma 3.7 for the first identity. The second identity is due
to 〈indxψi, χ〉G = 0 if χ 6= χi and 〈indxψi, χ〉G = 1 if χ = χi. So these
elements are the same (under the embedding ιη). Hence by induction we
can assume that G = Gη. Then there are two possible cases. The first is
that Uψ is a proper subgroup of G and the second is that Uψ = G.

In the first case choose a maximal proper subgroup U of G containing
Uψ (note that G/Uψ is abelian). Then the abelian factor group G/U has
prime order `. Now restrict the character ψ to the maximal subgroup U ,
we have resGU ψ = f

∑
x∈G/Gρ

xρ. By Lemma 3.14 we have f 2 = |[Gρ : U ].
But this index is 1 or `, hence f = 1. Now we can again decompose
e(η) =

∑s
i=1 eψi =

∑s
i=1

∑
x∈G/Gρ exρi by Corollary 3.15 and consider the

embedding

ιU : Z
(
F [G]e(η)

)
=

s⊕
i=1

Feψi ↪→
⊕
i

⊕
x

Fexρi = Z
(
F [U ]e(η)

)
.

As before the elements nrG(A)e(η) and nrU(A|U)e(η) are the same
(under the embedding ιU). Via induction we are done in the first case.

Now in the other case s = |Irr(G/N)| by Observation 3.13 and Lemma
3.8, so we have s = [G : N ] = [Gη : N ] = sm2 by Corollary 3.10 and thus
also m = 1. Let π : G → GLn(OK) be a representation with character
ψ. Choosing a representation with integral image is possible by [Hu67]
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Kap. V Satz 12.2 (and also Satz 12.5). There is an isomorphism of rings

ι : F [G]e(η) ∼=
⊕

ω∈Irr(F/N)

Fn×n ∼= (F [G/N ])n×n

mapping ge(η) for any group element g ∈ G to g mod N π(g). This

isomorphism also induces isomorphisms on matrix rings
(
F [G]e(η)

)
b×b

and of their centers Z
(
F [G]e(η)

)
∼=
⊕

ω F
∼= F [G/N ] and we have

commutative diagrams (for each b ∈ N):

(F [G]e(η))b×b
ι //

nr

��

(
(F [G/N ])n×n

)
b×b

nr

��
Z(F [G])e(η) ι

// F [G/N ]

Since the representation π is integral and the matrix A has coefficients
in the ring R also ι(Ae(η)) has coefficients over R and nr(A)e(η) maps
under this isomorphism to ι(nr(A)e(η)) = nr(ι(Ae(η)) = det(ι(Ae(η)))
which is an element of R[G/N ]. Now let g ∈ G and write g for g mod N .
Then the inverse image of g =

∑
ω ω(g)eω ∈ F [G/N ] under this isomor-

phism is: ∑
ω

ω(g)eω⊗ψ =
∑
ω

ω(g)
n

|G|
∑
h∈G

(ω ⊗ ψ)(h−1)h

=
n

|G|
∑
h

|G/N | 1

|G/N |
∑
ω

ω(g)ω(h
−1

)ψ(h−1)h

=
n

|N |
∑

h∈G:h=g

ψ(h−1)h

Here we used the orthogonal relation

1

|G/N |
∑

ω∈Irr(G/N)

ω(g)ω(h
−1

) = δg,h.

Now n
|N |
∑

h∈G:h=g ψ(h−1)h is an element of 1
|N |R[G], hence

|N |nr(A)e(η) ∈ Z(R[G]). As mentioned before, choosing N = G′

proves the Theorem.
�

Remark 3.17. By Satz 12.5 b) of [Hu67] Kap. V we can also choose a
number field K such that all representations are “potentially integral”.
Then Theorem 3.16 is also true for this global number field.

For a finite group G and an n ∈ N write En :=
∑

χ∈Irr(G): degree n eχ.

Especially E1 = eG′ =
TrG′
|G′| . Then we have the following Corollary:
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Corollary 3.18. For each finite group G and each n ∈ N we have:

|G′|En ∈ Z[G]

Proof. Write In for the set of irreducible characters of G of degree n and

further write this as disjoint union In =
⋃̇m

i=1Xi such that for each i there
is an irreducible character ηi of G′ with e(ηi) =

∑
χ∈Xi eχ. The proof of

the Theorem before shows:

|G′|e(ηi) = |G′|nrG(1)e(ηi) ∈ OK [G]

where K is a p-adic splitting field for G. If we sum over all i we get

|G′|En ∈ OK [G].

Since En is Galois invariant we get

|G′|En ∈ Zp[G].

This is valid for each prime p and therefore

|G′|En ∈ Z[G].

�

3.5. Conclusions for integrality rings and denominator ideals.
We now can use the previous Theorem 3.16 to see that the order of the
commutator subgroup indeed lies in the denominator ideal.

Corollary 3.19. Let p be a prime and let G be a finite group. Then we
have an inclusion

|G′|Ip(G) ⊂ Z(Zp[G]).

Proof. Let K be a p-adic splitting field for G. By Theorem 3.16 we have
|G′|I(OK [G]) ⊂ Z(OK [G]). Hence we have:

|G′|Ip(G) ⊂ Z(OK [G]) ∩ Z(Qp[G]) = Z(Zp[G])

�

Corollary 3.20. For each finite group G one has an inclusion

|G′|I(G) ⊂ Z(Z[G]).

Proof. The inclusion from the previous Corollary 3.19 is valid for all p.
Hence we have:

|G′|I(G) ⊂ Z(Zp[G]) ∩ Z(Q[G]) = Z(Z(p)[G])

and intersecting for all p yields

|G′|I(G) ⊂ Z(Z[G]).

�

Corollary 3.21. Let p be a prime and let G be a finite group. Then we
have:

|G′| ∈ Hp(G)
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Proof. Let R be as in Theorem 3.16 and let H be a b × b matrix
over the ring Zp[G] ⊂ R[G] with reduced characteristic polynomial
f(X) =

∑n
j=0 ajX

j = nrK(X)[G](1⊗X−H⊗1). Note that also the poly-

nomial ring R[X] is integrally closed and noetherian, hence by (the proof
of) Theorem 3.16 we know that the e = e(η)-component of |G′|f(X) is
central in R[X][G] for any irreducible character η of G′ (note that e(η) is
again defined as the sum of all idempotents associated to the irreducible
characters that divide the induction of η to G). But if we look at the
decomposition of the ring R[X][G] =

⊕∞
j=0R[G]Xj we see that also the

coefficients |G′|aje are central in R[G]. Now consider the e-component
of the generalised adjoint H∗ = −nrK[G](−1)

∑n
j=1 ajH

j−1 multiplied

by |G′|. Since all the characters χi over η have the same degree (say
χi(1) = `) the reduced norm of −1 in the e-component is just (−1)`e. So
we have in the e-component

|G′|H∗e = ±
n∑
j=1

|G′|ajeHj−1.

Since the coefficients |G′|aje are elements of Z(R[G]) and H is a matrix
over R[G], this is also a matrix over the ring R[G]. Then of course also
the sum of all components is a matrix over R[G]. Since the adjoint H∗

is also a matrix over Qp[G] (recall that we started with a matrix H over
Zp[G]) the matrix |G′|H∗ is a matrix over the intersection

R[G] ∩ Qp[G] = Zp[G]

and hence by definition of the denominator ideal we have |G′| ∈ Hp(G).
�

Corollary 3.22. Let G be a finite group. Then we have

|G′| ∈ H(G).

Proof. This follows analogously from the previous Corollary: Take a
matrix H ∈ (Z[G])b×b ⊂ (Zp[G])b×b. By Corollary 3.21 we have
|G′|H∗ ∈ (Zp[G])b×b. Since |G′|H∗ is also a rational matrix it has co-
efficients over Z(p)[G]. Intersecting for all p yields |G′|H∗ ∈ (Z[G])b×b,
hence by the definition of the denominator ideal |G′| ∈ H(G). �

Remark 3.23. Corollary 3.19 (resp. Corollary 3.20) also follow directly
from Corollary 3.21 (resp. from Corollary 3.22) since Hp(G)Ip(G) (resp.
H(G)I(G)) lies in the center of the local (or global) group ring.

3.6. The integrality ring of a group ring in the non-abelian case.
We also see that a finite group with integrality ring equal to the center
of the group ring has to have squarefree commutator subgroup:

Corollary 3.24. Let G be a finite group such that I(G) = Z(Z[G]).
Then the order of the commutator subgroup G′ is squarefree.
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Proof. Assume that G′ is not squarefree and let p be such that p2 divides

|G′|. We calculate the reduced norm of the integer |G
′|
p

:

nrG(
|G′|
p

) =
∑

χ∈Irr(G)

(
|G′|
p

)χ(1)eχ =
|G′|
p
E1 +

∑
n≥2

(
|G′|
p

)nEn

=
|G′|
p

TrG′

|G′|
+
∑
n≥2

(
|G′|
p

)n−2 |G′|
p2
|G′|En

=
1

p
TrG′ +

∑
n≥2

(
|G′|
p

)n−2 |G′|
p2
|G′|En

By Corollary 3.18 the sum on the right is in Z[G]. Since the left summand
has denominator p this is not in Z[G]. This is a contradiction to the
assumption I(G) = Z(Z[G]). So G′ has to have squarefree order.

�

Corollary 3.25. If G is a finite group and p is a prime such that p2
∣∣∣|G′|

we have:
Ip(G) 6= Z(Zp[G])

Proof. The reduced norm nrG( |G
′|
p

) has denominator p (see the proof of

Corollary 3.24). �

Example 3.26. a) The alternating groups An are perfect for all n ≥ 5,
i.e. A′n = An. Furthermore, they have order n!

2
that is divisible by 4

for all n ≥ 5. Moreover, the commutator subgroup of the group A4 is
isomorphic to the Klein four-group. So by Corollary 3.24 we have

I(An) 6= Z(Z[An])

for all n ≥ 4.
b) We have already seen that I(S3) 6= Z(Z[S3]). For n ≥ 4 the commu-
tator subgroup of Sn is An. Hence a) shows (together with our previous
Example for n = 3) that

I(Sn) 6= Z(Z[Sn])

for all n ≥ 3.
c) Let G be a non-abelian, simple finite group. Since every group of
squarefree order is solvable (compare Satz IV 2.9 in [Hu67]) the group G
has non-squarefree order. Hence Corollary 3.24 also shows that

I(G) 6= Z(Z[G]).

Corollary 3.27. If G is a finite group such that the integrality ring I(G)
is equal to Z(Z[G]), then the group G is solvable.

Proof. Corollary 3.24 shows that G has commutator subgroup of square-
free order. Finite groups of squarefree order are solvable (compare as
before Satz IV 2.9 in [Hu67]). Hence G′ is solvable. Then also G is
solvable. �
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To prove that indeed the global integrality ring I(G) is not equal to
the center Z(Z[G]) of the group ring for any non-abelian finite group G
we need the following three Lemmas:

Lemma 3.28. Let G be a p-group with commutator subgroup G′ cyclic of
order p and center Z(G) containing the commutator subgroup. Further
assume that every non-linear irreducible character χ of G is faithful. Let
x ∈ G \ Z(G). Then

nrG(x) 6∈ Z[G].

Proof. Let χ be any non-linear irreducible character of G. Since G′ is
central in G, it is also central in C[G] ∼=

⊕
χ∈Irr(G) Cχ(1)×χ(1). Then πχ(G′)

is central in Cχ(1)×χ(1), i.e. under πχ the elements g of G′ are mapped to
diagonal matrices with the same entry λ(g) on each diagonal component.
Then λ is an irreducible character of G′ (linear since G′ abelian) and we
have

resGG′ χ = χ(1)λ.

The character λ is also faithful as χ is, i.e. λ 6= 1. Since x is not central,
there is an element y ∈ G with [x, y] 6= 1. Then we have:

χ(x−1) = χ(yx−1y−1) = χ(x−1xyx−1y−1)

= χ(x−1[x, y]) = χ(x−1)λ([x, y])

Here we used that χ is a class function and that [x, y] ∈ G′. Since the
commutator [x, y] is not equal to 1 and since λ is faithful, the value
λ([x, y]) is not equal to 1. Hence the value χ(x−1) is 0. This means that
for every non-linear irreducible character χ of G the coefficient of the
associated idempotent at x is 0. Then we can calculate the coefficient of
the reduced norm nrG(x) at x:

nrG(x)x =
∑

χ linear

χ(x)
1

|G|
χ(x−1) =

1

|G|
∑

χ linear

1 =
|Gab|
|G|

=
1

p
6∈ Z

Then also nrG(x) 6∈ Z[G].
�

Definition 3.29. A finite group G is called Frobenius group if G has a
non-trivial subgroup H that has trivial intersection with all of its conju-
gated subgroups:

H ∩ g−1Hg = 1 ∀g 6∈ H
Then H is called Frobenius complement.

Remark 3.30. By a theorem of Frobenius (see [Hu67][Kap. V, Satz 7.6]
in that case we have G ∼= N oH and N = G \

⋃
g∈G g

−1(H \ 1)g is called
Frobenius kernel.

Example 3.31. a) Let n ∈ N be odd. Then the dihedral group Dn of
order 2n (equal to S3 for n = 3) is a Frobenius group with Frobenius
complement of order 2.
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b) Let q 6= 2 be a prime power. Then the group of affine transformations
Aff(q) = Fq o F×q on the field Fq is a Frobenius group with Frobenius
kernel Aff(q)′ = Fq and Frobenius complement F×q .

Lemma 3.32. Let G ∼= G′ o A be a Frobenius group with Frobenius
kernel G′ and Frobenius complement A. Let x ∈ A, x 6= 1. Then

nrG(x) 6∈ Z[G].

Proof. Let χ be any non-linear irreducible character of G. Then G′ is
not contained in the kernel of χ. Prop. 14.4 (ii) of [CR81] shows that χ
is induced from an irreducible character ψ of G′. Since G′ is normal and
since x−1 6∈ G′ we have χ(x−1) = 0 for all χ ∈ Irr(G) non-linear. As
before we can calculate the coefficient of the reduced norm nrG(x) at x:

nrG(x)x =
∑

χ linear

χ(x)
1

|G|
χ(x−1) =

1

|G′|

So also nrG(x) 6∈ Z[G]. �

Example 3.33. Recall Example 2.9 (reduced norms for S3): This
Lemma (resp. its proof) shows that the reduced norms of a transpo-
sition τ has denominator 3 (at τ).

Lemma 3.34. Let G be a finite, non-abelian, solvable group with unique
minimal normal subgroup G′ cyclic of prime order p. Then (i) G is a
p-group with G′ ⊂ Z(G) or (ii) G ∼= G′ o A is a Frobenius group with
Frobenius kernel G′ and with abelian Frobenius complement A.

Proof. First assume that G is nilpotent. Then G can be written as direct
product G ∼= P ×H where P is a p-group and p does not divide the order
of H. If H 6= 1 it is a non-trivial normal subgroup. Hence H contains
the minimal normal subgroup G′, i.e. p divides the order of H. This
is a contradiction. So G is a p-group. Furthermore, since the center of
a p-group is a non-trivial normal subgroup and since G′ is the unique
minimal normal subgroup, the commutator subgroup G′ is contained in
Z(G). Now assume that G is not nilpotent. By a theorem of Wielandt
(see [Hu67] Satz III 3.11) this means that the commutator subgroup G′

is not contained in the Frattini subgroup Φ(G) which is defined as the
intersection of all maximal subgroups of G. Since the Frattini subgroup is
normal and since G′ is the unique minimal normal subgroup, the Frattini
subgroup is trivial. So there is a maximal subgroup A such that G′ is not
contained in A. Then G = AG′ since the group AG′ is bigger than the
maximal subgroup A. Moreover, A∩G′ = 1. Otherwise (since G′ is cyclic
of order p, we would already have G′ ⊂ A which contradicts G′ 6⊂ A. So
G is a semidirect product G ∼= G′ o A. Then of course A ∼= G/G′ is
abelian. Assume that there is an element a ∈ A, a 6= 1 and an element
σ ∈ G′, σ 6= 1 with [a, σ] = 1. Since G′ is cyclic of order p, the element
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a commutes with G′. But since A is abelian it commutes with every
element in G = AG′. So the subgroup 〈a〉 is normal. The commutator
subgroup is the unique minimal normal subgroup, so G′ ⊂ 〈a〉 ⊂ A.
Again a contradiction, therefore [a, σ] 6= 1 for all a ∈ A, a 6= 1 and for all
σ ∈ G′, g 6= 1. Now assume that g ∈ G \ A and a ∈ A are elements such
that g−1ag ∈ A \ {1}. Then we have:

[g−1, a] = (g−1ag)a−1 ∈ G′ ∩ A
This commutator is not 1 by the above. So G′ ∩ A 6= {1}. This is a
contradiction. Hence we have g−1Ag ∩ A = {1} for all g ∈ G \ A, i.e. G
is a Frobenius group. �

Proposition 3.35. Let G be a non-abelian finite group. Then

I(G) 6= Z(Z[G]).

Proof. We show via induction on the group order that there is an element
x ∈ Z[G] with reduced norm nrG(x) /∈ Z[G]. If the group G has a proper
normal subgroup N such that the factor group G/N is non-abelian, by
induction hypothesis there is an element x ∈ Z[G/N ] with reduced norm
nrG/N(x) 6∈ Z[G/N ]. Let x ∈ Z[G] be a lift of x. Then also the reduced
norm nrG(x) is not in Z[G]. If there is no such normal subgroup N
the commutator subgroup G′ is contained in every non-trivial normal
subgroup N , i.e. G′ is the unique minimal normal subgroup. If G′ = G
we are done by Example 3.26. So we can assume that G′ is a proper
subgroup. If G′ is not squarefree we are done by Corollary 3.24. So
let’s assume that G′ is squarefree. By (the proof of) Corollary 3.27
we know that G is solvable. The commutator subgroup is a (here the
unique) minimal normal subgroup. By [Hu67] Satz I 9.13 the minimal
normal subgroups of solvable finite groups are p-groups (with p a prime).
But since |G′| is squarefree, it is cylic of order p. The kernel of every
irreducible character χ of G is a normal subgroup. Hence ker(χ) = 1
for every non-linear irreducible character χ of G, i.e. the non-linear
irreducible characters of G are all faithful. By Lemma 3.34 there are two
possibilities: (i) G is a p-group and G′ ⊂ Z(G). (ii) G is a Frobenius
group with Frobenius kernel G′. Now Lemma 3.28 and Lemma 3.32
show that there is an element x ∈ Z[G] with nrG(x) 6∈ Z[G]. Hence
I(G) 6= Z(Z[G]). �

Corollary 3.36. Let G be a finite group. Then the integrality ring I(G)
is equal to the center Z(Z[G]) of the group ring Z[G] if and only if G is
abelian.

Now we look at the local case of the integrality ring, first for finite
p-groups:

Lemma 3.37. Let G be a non-abelian, finite p-group. Then there is an
element x ∈ Zp[G] with

nrG(x) 6∈ Zp[G].
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Proof. We do induction on the group order. If there is a proper normal
subgroup N E G such that G/N is non-abelian, then by induction hy-
pothesis there is an element x ∈ Zp[G/N ] such that nrG/N(x) 6∈ Zp[G/N ].
Let x ∈ Zp[G] be a lift of x, then also nrG(x) 6∈ Zp[G]. Otherwise G′ is
the unique normal subgroup and every non-linear irreducible character

is again faithful. If p2
∣∣∣|G′| we know by (the proof of) Corollary 3.24 that

nrG( |G|
p

) has denominator p. If the commutator subgroup is cyclic of

order p we are in the setting of Lemma 3.28. The proof of this Lemma
shows that there is an element x ∈ Z[G] ⊂ Zp[G] such that nrG(x) has
denominator p. �

Proposition 3.38. Let G be a non-abelian, finite, nilpotent group and

let p be a prime such that p
∣∣∣|G′|. Then we have

Ip(G) 6= Z(Zp[G]).

Proof. Since G is nilpotent we can write G ∼= P ×H, where P is a non-
abelian p-group and p does not divide the order of H. Then the group P
is isomorphic to G/H. By Lemma 3.37 there is an element x ∈ Zp[G/H]
with nrG/H(x) 6∈ Zp[G/H]. Let x ∈ Zp[G] be a lift of x. Then also
nrG(x) 6∈ Zp[G], hence Ip(G) 6= Z(Zp[G]). �

Corollary 3.39. Let G be a finite, nilpotent group and let p be a prime.

Then Ip(G) = Z(Zp[G]) if and only if p 6
∣∣∣ |G′|.

Proof. Prop. 3.38 and Corollary 2.29.
�

Remark 3.40. The proof that we used in the global case cannot be
mimicked in the local case for non-nilpotent groups: We can assume that
p2 does not divide |G′| and we can do an induction step if we assume that
there is a normal subgroup N of G such that the order of the commutator
subgroup of G/N is divisible by p. Otherwise we just know that all non-
trivial normal subgroups N of G contain all elements of order p of G′.
Also there are non-abelian simple groups G, whose order is divisible by
p, but not by p2 (such as A5). In the global case we just had to use that
there is a square divisor. The suspected equivalence might still hold.
However, another proof idea is needed.

3.7. More examples for local integrality rings. Here we give some
more examples of (non-nilpotent) finite groups G for which indeed the
integrality ring associated to the local group ring Zp[G] is not equal to
the center Z(Zp[G]) for all p that divide |G′|.

Example 3.41. The group S3 (the smallest non-nilpotent group) has
commutator subgroup of order 3 and indeed in Example 2.9 we have
seen that I3(S3) 6= Z(Z3[S3]).
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Example 3.42. The special linear group SL2(F3) (which is non-
nilpotent since it is even non-monomial) has commutator subgroup of
order 8 = 23 and clearly I2(SL2(F3)) 6= Z(Z2[SL2(F3)]).

Example 3.43. Let M be the Monster group, which is the biggest of
the sporadic simple groups. Then M has order

246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71.

Let P = {17, 19, 23, 29, 31, 41, 47, 59, 71} be the set of all primes that
divide |M | only once. We want to show that Ip(M) 6= Z(Zp[M ]) for all
prime divisors p of |M ′| = |M |. We already know this for p 6∈ P . Let
n ∈ Z. Then the coeffiecient of the reduced norm nrM(n) at 1 is given
by

nrM(n)1 =
1

|M |

A︷ ︸︸ ︷∑
χ∈Irr(M)

nχ(1)χ(1)2 .

This cannot be computed easily since the degrees of the irreducible char-
acters are too big (the highest degree is ≈ 2.6 · 1026). However, it is
enough to see that for each p ∈ P there is an integer n such that p 6 |A.
Let n = −1. Then 4:

p 17 19 23 29 31 41 47 59 71
A mod p 1 1 9 15 10 5 17 31 51

So we see that Ip(M) 6= Z(Zp[M ]) for all p
∣∣∣ |M | = |M ′|.

Example 3.44. Let G = Dn = 〈a, x|an = x2 = 1, xax = a−1〉 be the
dihedral group of order 2n (this group is non-nilpotent as long as it is not
a 2-group). Then our former Example 2.12 shows that Ip(G) 6= Z(Zp[G])
for all p | |G′| as long as n 6≡ 4 mod 8. In general: If χ is a non-linear,
irreducible character of G, then χ(x) = χ(x−1) = 0 (see [Se77] section
5.3). Hence

nrG(x)x =
1

|G|
∑

χ linear

χ(x)χ(1)χ(x−1) =
1

|G′|
6∈ Zp

for all p
∣∣∣|G′|. Therefore Ip(G) 6= Z(Zp[G]) for all p

∣∣∣|G′|.
Example 3.45. Let G = G′oA be a finite Frobenius group with Frobe-
nius kernel G′ (such as the group of affine transformations of a finite
field). This group is also non-nilpotent. If it would be nilpotent, the
commutator subgroup G′ would be contained in the Frattini subgroup
and G′A = G would imply A = G. Now for all x ∈ G \ G′ we have

4The degrees of the irreducible characters of M are implemented in GAP,
see also [GP] https://groupprops.subwiki.org/w/index.php?title=Linear_

representation_theory_of_monster_group. We calculated the values A mod p
with Python/Spyder.
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(compare the proof of Lemma 3.32): nrG(x)x = 1
|G′| 6∈ Zp for all p

∣∣∣ |G′|.
Hence Ip(G) 6= Z(Zp[G]) for all p

∣∣∣ |G′|.
Example 3.46. Let p be an odd prime, let n ≥ 1 be an integer, let
q = pn (or let q = 2n, n > 1) and let G = GL2(Fq) be the general linear
group over the field Fq of size 2 × 2. Then the commutator subgroup is
given by G′ = SL2(Fq) and its order is

|G′| = q(q − 1)(q + 1).

Now the degrees and quantities of irreducible characters (of each degree)
are (see [JL01] Chapter 28):

degree quantity
1 q − 1
q q − 1

q + 1 (q−1)(q−2)
2

q − 1 q2−q
2

Since 4 divides |G′| we see I2(G) 6= Z(Z2[G]). Let ` be an odd prime
dividing |G′|. A straightforward calculation gives:

nrG(−1)1 =
1

|G|
∑

χ∈Irr(G)

(−1)χ(1)χ(1)2

=
−(q − 1) + (−1)qq2(q − 1)

(q − 1)|G′|

+
(−1)q+1(q + 1)2(q − 1)(q − 2) + (−1)q−1(q − 1)2(q2 − q)

2(q − 1)|G′|

=
1

(q − 1)|G′|

(
(1− q)− (−1)q(q4 − 3q3 + q2 + 1)

)
=
−1− (q3 − 2q2 − q − 1) (−1)q

|G′|
Now if ` = p the denominator is divisible by ` = p and the numerator

is congruent to −2 modulo `. If ` is a prime divisor of q + 1 or of q − 1,
the numerator is congruent to −4 modulo ` and the denominator is again
divisible by `. Together we see that

I`(G) 6= Z(Z`[G])

for all primes ` dividing |G′|.
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4. The integrality conjecture and the non-abelian Brumer
conjecture

Let L/K be a Galois extension of number fields with Galois group G
and let S be a finite set of places of K that contains the set S∞ of all
archimedean places. We will be mainly interested in the case where the
extension L/K is a CM extension (i.e. L is totally imaginary, K is totally
real and L has degree 2 over its maximal real subfield L+). Denote the
generator of the Galois group Gal(L/L+) by j. For a CM extension there
are two different types of characters: A character χ of the Galois group
is called even if χ(j) = χ(1), it is called odd if χ(j) = −χ(1).

4.1. Artin L-functions. We follow [Ta84]. For each (irreducible) char-
acter χ of the group G there is an Artin L-function LS(L/K, χ, s) which
is defined as the product of Euler factors outside of S:

(4.1) LS(χ, s) = LS(L/K, χ, s) =
∏
p/∈S

detC(1− ϕPN(p)−s|V IP
χ )−1

Here GP is the decomposition subgroup at P (a place of L above p)
and IP is the inertia subgroup (i.e. the kernel of the epimorphism
GP � Gal(κ(P)κ(p) mapping the decomposition subgroup onto the
Galois group of the residue field extension κ(P)/κ(p)). The element
ϕP ∈ GP is a lift of the Frobenius of this residue field extension at P.
Furthermore, Vχ is the (up to isomorphism unique) G-module with char-
acter χ. The group IP can often be omitted in the notation since we
are going to consider mainly the case that all primes outside of S are
unramified).

These Artin L-functions converge absolutely for s on the complex half
plane Re(s) > 1 and they can be extended meromorphically to the whole
complex plane. More precisely: LS∞(χ, s) can be completed with some
additional factors at the infinite places (essentially given by Γ-factors).
The resulting completed Artin L-function is then denoted by Λ(χ, s).
The factor at the archimedean places is given by

(4.2)

L∞(χ, s) := 2r2χ(1)(1−s)π−
a2(χ)

2
− s

2
nχ(1)Γ(s)r2χ(1)Γ(

s

2
)a1(χ)Γ(

1 + s

2
)a2(χ).

Here r2 is the number of complex places in K, n is the degree of K
over Q and

a1(χ) :=
∑
p real

dimC(V GP
χ ), a2(χ) :=

∑
p real

codimC(V GP
χ ).

The completed L−function is then defined as
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(4.3) Λ(χ, s) := (|dK |χ(1)N(fχ))
s
2L∞(χ, s)LS∞(χ, s),

where dK is the discriminant of K and fχ is the Artin conducter of χ
(see Chapitre I of [Ta84] for more details). This completed function then
satisfies a functional equation of simple shape:

(4.4) Λ(χ, 1− s) = W (χ)Λ(χ̆, s)

where W (χ) ∈ C is a constant with absolute value 1 (the so called Artin
root number).

Let YS :=
⊕

P∈S(L) ZP and XS := ker(augS) where

augS : YS → Z∑
P

nPP 7→
∑
P

nP.

Then we have the following result for the vanishing order rS(χ) of
LS(χ, s) at s = 0:

Proposition 4.1. The vanishing order of the Artin L-function LS(χ, s)
at s = 0 is

rS(χ) =
∑
p∈S

dimC(V GP
χ )− dimC(V G

χ )

= 〈χ, ψS〉G = dimC

(
HomG(V ∗,C⊗XS)

)
,

where ψS is the character of C⊗XS.

Proof. This is [Ta84] Ch. I, Prop. 3.4. �

Example 4.2. If χ = 1 is the trivial character we obviously have

rS(1) = |S| − 1.

Corollary 4.3. Let K be a number field that is not totally real and let
χ be a non trivial irreducible character of G. Then rS(χ) > 0.

Proof. S contains at least one complex place p. So we have

rS ≥ dimC(V GP
χ )− dimC(V G

χ ) = dimC(Vχ)− dimC(V G
χ ) > 0.

�

Corollary 4.4. Let K be totally real and L not totally imaginary. Then
also rS(χ) > 0 for every non trivial irreducible character χ of G.

Proof. There is a real place p ∈ S that remains real in L. Then the same
proof as before applies. �

These two corollaries are special cases of the more general:

Corollary 4.5. If S contains a place that is completely split in the ex-
tension L/K and if χ is a non-trivial irreducible character, we have
rS(χ) > 0.
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Proof. If p ∈ S is completely split the stabilizer of each place above p is
trivial. Hence

rS(χ) ≥ dimC(Vχ)− dimC(V G
χ ) > 0

for all χ non-trivial. �

4.2. Equivariant Artin L-functions and Stickelberger elements.
If T is another finite set of places which is disjoint to S, one can define
the δ-factor

(4.5) δT (χ, s) :=
∏
p∈T

detC(1− ϕ−1
P N(p)1−s|V IP

χ )

and put these together to the so called (S, T )-modified equivariant
Artin L-function

(4.6) ΘS,T : C→ Z(C[G]) ∼=
⊕
χ

Ceχ

s 7→ δT (χ, s)LS(χ̆, s)eχ

and also put LS,T (χ, s) = δT (χ̆, s)LS(χ, s). The values

(4.7) θS,T,L/K(r) := ΘS,T (r)

of the function ΘS,T at non positive integers r are called Stickelberger
elements. If r = 0 we will also simply write θS,T,L/K and if T = ∅ we will
drop this in the notation. The Artin L-functions are compatible with
inflation and induction of characters, i.e.:

If U is a normal subgroup of G and χ is a character of the factor group
G/U = Gal(LU/K), then we have:

(4.8) LS,T (L/K, infGG/U χ) = LS,T (LU/K, χ)

If U is any (also non normal) subgroup of G and if χ is a character of U
we have:

(4.9) LS(LU ),T (LU )(L/L
U , χ) = LS,T (L/K, indGU χ)

Here S(LU) (resp. T (LU)) are the primes above S (resp. T ) in the field
LU . They are also compatible with sums of characters:

(4.10) LS,T (L/K, χ1 + χ2) = LS,T (L/K, χ1)LS,T (L/K, χ2)

which can be used to define Artin L-functions for (virtual) characters.
Because of the inflation property of Artin L-functions the Stickelberger

elements are compatible with the projection map π : Q[G]→ Q[G/U ] for
any normal subgroup U , i.e.: Let L′ be the fixed field under U , then we
have

(4.11) π
(
θS,T,L/K(r)

)
= θS,T,L′/K(r).
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To see this, write e :=
∑

χ∈Irr(G/U) einfχ then obviously π(e) = 1 and

π
(
θS,T,L/K(r)

)
= π

(
θS,T,L/K(r)e+ θS,T,L/K(r)(1− e)

)
= π

(
θS,T,L/K(r)e

)
= π

( ∑
χ∈Irr(G/U)

LS,T ( ˘infχ, r)einfχ
)

=
∑

χ∈Irr(G/U)

LS,T (χ̆, r)eχ = θS,T,L′/K(r).

It is easy to see that these Stickelberger elements have actually real co-
efficients:

Lemma 4.6. For every non-positive integers r we have:

θS,T,L/K(r) ∈ Z(R[G])

Proof. For s ∈ C let s denote the complex conjugation (as usual). We

have δT (χ̆, s) = δT (χ, s) and LS(χ, s) = LS(χ̆, s) so that also

LS,T (χ, s) = LS,T (χ̆, s).

This means for the Stickelberger element:

θS,T,L/K(r) =
∑
χ

LS,T (χ̆, r)eχ =
∑
χ

LS,T (χ̆, r)eχ

=
∑
χ

LS,T (χ, r)eχ̆ =
∑
χ

LS,T (χ, r)eχ̆ = θS,T,L/K(r)

Since it is invariant under complex conjugation it can only have real
coefficients. �

By a classical theorem of Siegel (see [Sie70]) the coefficients are even
rational:

Theorem 4.7 (Siegel). For any non positive integer r we have:

θS,T,L/K(r) ∈ Z(Q[G])

If we choose an isomorphism ι : C→ Cp (that we often suppress in the
notation) we can also view the Stickelberger elements under the canonical
embedding

Z(Q[G]) ↪→ Z(Qp[G]) =
⊕

χ∈Irrp(G)

Qp(χ).

Its image is given as
∑

χ ι(LS,T (L/K, χ̆, r)eι◦χ.
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4.3. The abelian case: integrality and the conjecture of Brumer.
In the abelian case Deligne-Ribet and Pi. Cassou-Noguès have indepen-
dently shown that these elements θS,L/K(r) have integer coefficients after
multiplying them with Z[G]-annihilators of the group of roots of unity
µL of L (resp. a tensor power of it) if one assumes that S also contains
the set Sram of places that are ramified in the extension L/K (see [Ca79]
and [DR80]):

Theorem 4.8 (Pi. Cassou-Noguès, Deligne-Ribet). If L/K is Galois
with abelian Galois group G and if S is a finite set of places in K that
contains S∞ and the places that ramify in L/K, then

AnnZ[G](µ
⊗(1−r)
L )θS,L/K(r) ⊂ Z[G]

for any non positive integer r.

Remark 4.9. For r = 0 this theorem means that θS,T,L/K ∈ Z[G] for all
admissible S and T (see subsection 4.5) as the annihilator AnnZ[G](µL)
is generated by elements δT =

∑
χ δT (χ, 0)eχ.

One furthermore has the following conjecture that these elements an-
nihilate the class group (see [Ta84]):

Conjecture 4.10 (Brumer). If G is abelian and S is a finite set of
places that contains the ramified places Sram and the archimedean places
S∞ then

AnnZ[G](µL)θS,L/K(0) ⊂ AnnZ[G](c`L).

This conjecture has been known some cases, e. g. in the case that K =
Q it is valid by a result of Stickelberger from 1890. Recently Dasgupta
and Kakde (see [DK]) proved a strengthening of Conjecture 4.10 away
from its 2-primary part. So conjecture 4.10 is now virtually proven.

4.4. Some examples.

Example 4.11. Consider the field extension Q(i)/Q with Galois group
G = 〈j〉. Let S = S∞ ∪ Sram = {∞, 2} and let χ be the non-trivial
irreducible character of G. Since S contains more than one place the S-
Stickelberger element is equal to its χ−component. To compute it, note
that the Dedekind zeta function of a given number field K has leading
term (see Theorem 10.5.1 in [Co07])

(4.12) lim
s→0

s−rζK(s) = −hKRK

ωK

where r = r1 + r2 − 1 is the rank of the group of units, hK is the class
number, RK is the regulator and ωK is the number of roots of unity in
the field K. So in our case r = 0, hQ(i) = RQ(i) = 1 and ωQ(i) = 4. That
means

−1

4
= ζQ(i)(0) = LS∞(1, 0)LS∞(χ, 0) = ζQ(0)LS∞(χ, 0) = −1

2
LS∞(χ, 0).
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Hence LS∞(χ, 0) = 1
2
. Furthermore,

LS(χ, 0) = LS∞(χ, 0)detC(1− ϕP22
−0|V GP2

χ )

= LS∞(χ, 0)detC(1− ϕP2|V G
χ ) = LS∞(χ, 0)detC(1− ϕP2|0) = LS∞(χ, 0).

Here P2 is of course the (unique) prime ideal above 2. Then the
S−Stickelberger-element is

θS,Q(i)/Q = LS(χ̆, 0)eχ = LS(χ, 0)
1

2
(1− j) =

1

4
(1− j).

Actually if S̃ is another finite set of places containing S, the S̃-
Stickelberger-element is equal to θS,Q(i)/Q (if S̃ contains no prime that is
congruent to 1 mod 4) or it is 0. Now the annihilator of µQ(i) = {±1,±i}
is

AnnZ[G](µQ(i)) = {a+ (a+ 4k)j|a, k ∈ Z} = 〈4, 1 + j〉Z[G].

So elements of AnnZ[G](µQ(i))θS,Q(i)/Q are exactly the elements b(j − 1)
with b ∈ Z. They clearly lie in Z[G]. Also Brumer’s conjecture trivially
holds as the class group of Q(i) is trivial. This simple example also
shows that containing only the archimedean places is not sufficient for
the integrality: The S∞−Stickelberger-element is

θS∞,Q(i)/Q = LS∞(1, 0)e1 + LS∞(χ, 0)eχ =
1

2

(1

2
(1 + j)

)
+

1

2

(1

2
(1− j)

)
= −1

4
− 1

4
j +

1

4
− 1

4
j = −j

2
.

If we multiply this with the element 1 + j (that is an annihilator of the
roots of unity) we get

(1 + j)θS∞,Q(i)/Q = −1

2
(1 + j) 6∈ Z[G].

Example 4.12. Now let L = Q(
√
−D) with D > 0, D 6= 1 squarefree

and let G = 〈j〉 be again the Galois group of L/Q. Then we the roots
of unity are µL = {±1} (or µL = 〈ζ6〉 if D = 3) and let S = S∞ ∪ Sram.
Let χ be again the non trivial irreducible character. Then we have the
L-value at 0 given by LS∞(χ, 0) = hL (if D 6= 3) or LS∞(χ, 0) = 1

3
(if

D = 3) since RL = 1 for every L imaginary quadratic. Again we have

LS(χ, 0) = LS∞(χ, 0)

since every ramified prime p has a single prime P above it in L and
the ramification groups are therefore GP = G. So the S Stickelberger
element is

θS,L/Q = LS(χ̆, 0)eχ =
hL
2

(1− j)
for D 6= 3 or

θS,L/Q =
1

6
(1− j)

for D = 3. If D 6= 3 the annihilator of the group of roots of unity is

AnnZ[G](µL) = {a+ (a+ 2k)j|a, k ∈ Z} = 〈1 + j, 2〉Z[G]

45



and each element of AnnZ[G](µL)θS,L/Q is of the form

khL(1− j)
with k ∈ Z. This obviously annihilates the class group c`L. In the case
that D = 3 the class group is trivial, so the annihilation property trivially
holds. Moreover, if we multiply the Stickelberger element θS∞,L/Q with
(1 + j) that is an annihilator of µL (in both cases) we get

(1 + j)θS∞,L/Q = −1

2
(1 + j) 6∈ Z[G].

Example 4.13. Let f(x) = x3−x2 + 1 ∈ Q[x] and let L be the splitting
field of f(x). 5 Consider the field extension L/Q that has Galois group
G ∼= S3. The discriminant is dL = −233, so p = 23 is the only ramified
prime. We want to compute the Stickelberger element for S = {∞, 23}.
We have already seen (see Example 2.9) that there are three irreducible
characters, the trivial characterχ1 = 1, the sign character χ2 = sgn and
the so called standard character χ3. Since S contains two places the
χ1−part of the Stickelberger element is 0 (Example 4.2). Furthermore,
for each irreducible character χ one has

LS(χ, 0) = LS∞(χ, 0)detC(1− ϕP|V GP
χ )

where P is a prime in L above 23. Note that there are three primes above
23. They have ramification index 2 and inertia degree 1. Hence IP = GP

has order 2. For the standard character χ3 we have V
GP
χ3 6= 0. Hence also

the χ3-component of the Stickelberger element is trivial (as the Frobenius

is trivial). However, for sign character χ2 we have V
GP
χ2 = 0. Hence this

determinant factor is 1 and we have

LS(χ2, 0) = LS∞(χ2, 0).

Now this L-function has the value LS∞(χ2, 1) ≈ 1.965202054 6 and the
functional equation implies LS∞(χ2, 0) ≈ 3.000000. So the Stickelberger
element is

θS,L/Q = LS(χ̆2, 0)eχ2 = LS∞(χ2, 0)eχ2 = 3eχ2 =
1

2
(C1 + C2 − C3).

Recall that the conjugacy classes of S3 are C1 = {id}, the set of 3-cycles
C2 = {(123), (132)} and the set of 2-cycles C3 = {(12), (13), (23)}. Now
L has just the roots of unity ±1. The Z(Z[G])-annihilator is given by

AnnZ(Z[G])(µL) = {aC1 + bC2 + (a+ 2c)C3|a, b, c ∈ Z}.
Note that an element aC1 + bC3 + cC3 ∈ Z(Z[G]) acts on −1 as

(aC1 + bC3 + cC3)(−1) = (−1)a+2b+3c

5This is number field 6.0.12167.1 in [LMF], see https://www.lmfdb.org/

NumberField/6.0.12167.1
6The Artin representation is 1.23.2t1.a.a in [LMF], see https://www.lmfdb.org/

ArtinRepresentation/1.23.2t1.a.a. For the associated L-function (and its value
at 1) see https://www.lmfdb.org/L/1/23/23.22/r1/0/0
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because every element of G acts trivially and C2 has 2 elements and C3

has 3 elements. This is trivial (equal to 1) if and only if a ≡ c mod 2.
Then we can compute

(aC1 + bC2 + (a+ 2c)C3)θS,L/Q

= (−a+ b− c)C1 + (−a+ b− 3c)C2 + (a− b+ 3c)C3 ∈ Z(Z[G]).

So although this extension is not abelian, a similar statement to Deligne–
Ribet/Pi. Cassou-Noguès holds.

However, this is just a coincidence. The problem in the non-abelian
case is that these elements need not to be integral anymore as another
simple example shows:

Example 4.14. We consider a second Galois extension L/Q with Galois
group G ∼= S3: Let f(x) = x3 − 2x− 2 ∈ Q[x] and let L be the splitting
field of f(x). This field has discriminant dL = −24193. Hence the primes
that ramify in L/Q are 2 and 19. Let S = {∞, 2, 19}. Then the associated
Stickelberger element is

θS,L/Q =
1

3
(C1 + C2 − C3).

Again there are only the trivial (i.e. rational) roots of unity. For example
the element C1 + C3 annihilates them. But we have

(C1 + C3)θS,L/Q = −2

3
(C1 + C2 + C3)

which is clearly not integral. The same holds obviously for the simplest
annihilator 2 ∈ AnnZ[G](µL).

4.5. The non-abelian case. So to speak about “integrality” of Stick-
elberger elements in the non-abelian case another ring was needed that
lies between the centers of Z[G] and Q[G] and the integrality conjecture
simply is that they lie in this ring. This ring is the integrality ring I(G).
First we need some notation:

Definition 4.15. For two finite sets of places S and T set

ET
S (L) := {x ∈ O×S(L)|x ≡ 1 mod T (L)}.

We say that they satisfy Hyp(S, T ) if

• S and T are disjoint,
• S contains the archimedean places S∞(K) = S∞ and the ramified

places Sram = Sram(L/K)
• and ET

S (L) is torsionfree.

Remark 4.16. a) x ≡ 1 mod T (L) means that it is congruent to 1
modulo every prime contained in T (L).
b) The torsionfreeness of ET

S (L) just means that there is no non-trivial
root of unity congruent to 1 modulo all primes above T .
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c) Assume that T contains two primes p and q with residue characteristic
p 6= q. Then ET

S (L) is torsionfree.

Now we can formulate the so called integrality conjecture (see Conjec-
ture 2.1 in [Ni11c] or Remark 2.3 in [Ni16]):

Conjecture 4.17 (integrality conjecture). If S and T are two finite sets
of places that satisfy Hyp(S, T ) we have:

θS,T,L/K ∈ I(G)

Remark 4.18. As mentioned before this conjecture holds by Theorem
4.8 (r = 0) in the abelian case.

The following Lemma is an easy observation on the integrality conjec-
ture.

Lemma 4.19. If L/K is a Galois CM extension with group G and U
is a normal subgroup such that LU/K is again CM and the integrality
conjecture 4.17 is valid for the Stickelberger element θS,T,L/K then it is
also valid for the Stickelberger element θS,T,LU/K.

Proof. We have an inclusion ET
S (LU) ↪→ ET

S (L) so the sets S, T also
satisty the hypotheses of the integrality conjecture for the subextension.
Let G = G/U and let π be the projection map Q[G] → Q[G]. By as-
sumption we have θS,T,L/K ∈ I(G), hence

θS,T,LU/K = π
(
θS,T,L/K

)
∈ π
(
I(G)

)
⊂ I(G)

by Lemma 2.16 . �

Example 4.20. Consider again the field extension from Example 4.14.
The Stickelberger element is

θS,L/Q =
1

3
(C1 + C2 − C3) = nrG

(
1− (12)

)
.

(Recall that we computed this reduced norm in Example 2.9.) So the
integrality conjecture holds for this explicit extension. (Note that the
smooting ’δ-factor’ is also just a reduced norm for any finite set T that
is disjoint to S.)

Assuming this integrality one can also generalize Brumer’s conjecture
to the following non-abelian Brumer conjecture (see [Ni11c]):

Conjecture 4.21 (non-abelian Brumer). If S and T satisfy Hyp(S, T ),
then

H(G)θS,T,L/K ⊂ AnnZ(Z[G])(c`L).

If we define

aS := 〈δT (0)|T satisfies Hyp(S, T )〉Z(Z[G])

where δT (0) =
∑

χ δT (χ, 0)eχ we can formulate the integrality conjecture

and the non-abelian Brumer conjecture also as (see [Ni11c]):
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Conjecture 4.22. If S contains Sram and S∞ then we have

aSθS,L/K ⊂ I(G) and

H(G)aSθS,L/K ⊂ AnnZ(Z[G])(c`L).

Remark 4.23. a) There are three cases in which the Stickelberger ele-
ment θS,T,L/K can be non-trivial:
(1) L totally imaginary, K totally real
(2) K imaginary quadratic, L/K unramified and S = S∞
(3) The trivial case: L = K = Q and S = S∞
If K is not totally real we have LS(χ, 0) = 0 for χ 6= 1 by Lemma 4.3. So
θS,L/K = 0 unless LS(1, 0) 6= 0. In this case (recall that rS(1) = |S| − 1)
S contains only one place, i.e. L/K is unramified and K has only one
archimedean place. Since furthermore K is not totally real, K has to be
imaginary quadratic. If K is totally real, but L is not totally imaginary
we also have LS(χ, 0) = 0 for all non trivial χ by Lemma 4.4. So also
θS,L/K = 0 unless LS(1, 0) 6= 0. In this case again |S| = 1 i.e. L/K is
unramified and K = Q (since K is totally real). But then we also have
L = Q as every non-trivial extension L/Q has ramification. Nomura has
considered case (2) in [No18]. Case (1) can often be reduced to the case
of CM extensions (see [GP15] Prop. 6.4 for the abelian case and [Ni16]
Prop. 4.1). Hence we will assume that L/K is CM.
b) If G is abelian we have

δT (0) =
∑
χ

δT (χ, 0)eχ =
∑
χ

∏
p∈T

detC(1− ϕ−1
P N(p)|V IP

χ )eχ

=
∑
χ

∏
p∈T

detC(1− ϕ−1
P N(p)|Vχ)eχ =

∑
χ

detC

(∏
p∈T

(1− ϕ−1
P N(p)|Vχ)

)
eχ

= nrG

(∏
p∈T

(1− ϕ−1
P N(p))

)
=
∏
p∈T

(1− ϕ−1
P N(p)).

Where we used that G is abelian only in the last equation. So δT (0)
annihilates µL by assumption on T , i.e. Conjecture 4.17 is true in the
abelian case (this is just Theorem 4.8 of Deligne–Ribet/Pi. Cassou-
Noguès). Also we see that the non-abelian Brumer conjecture 4.21 re-
covers the abelian Brumer conjecture 4.10 in the abelian case (recall that
H(G) = Z[G]).
c) The integrality conjecture and the non-abelian Brumer conjecture are
strongly connected to the Equivariant Tamagawa Number Conjecture for
the pair (h0

(
Spec(L)

)
,Z[G]) that just says that some particular element

in the relative K-group K0(Z[G],R) vanishes. This element is also con-
structed among other things via Artin L-functions. This conjecture is e.
g. known in the case of totally abelian extensions (see [BG03], [Fl04],
[Fl11]).
d) In [Bu11] Conjecture 2.4.1 it is conjectured that in many cases (e.
g. G abelian or dihedral or of odd order) the Stickelberger element can
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already be written as reduced norm of one matrix and not only as linear
combinations of reduced norms.
e) If the integrality conjecture 4.17 holds we have |G′|θS,T,L/K ∈ Z(Z[G])
since |G′|I(G) ⊂ Z(Z[G]) by Corollary 3.20.

Lemma 4.24. Let S ⊂ S̃ and T be sets of places such that Hyp(S, T ) and
Hyp(S̃, T ) are satisfied. Then the conjecture 4.17 also holds for (S̃, T ) if
it holds for (S, T ).

Proof.

nrG

( ∏
p∈S̃\S

(1−ϕ−1
P )
)
θS,T,L/L =

(∑
χ

( ∏
p∈S̃\S

detC(1−πχ(ϕ−1
P ))

)
eχ

)
θS,T,L/K

=
(∑

χ

( ∏
p∈S̃\S

detC(1− πχ(ϕ−1
P )t)

)
eχ

)
θS,T,L/K

=
(∑

χ

( ∏
p∈S̃\S

detC(1− πχ̆(ϕP))
)
eχ

)
θS,T,L/K

(∑
χ

( ∏
p∈S̃\S

detC(1− ϕP|Vχ̆)
)
eχ

)
θS,T,L/K = θS̃,T,L/K .

Here in the first equation we used the definition of the reduced norm,
in the second equation we used that for a square matrix A the matrices
1 − A and (1 − A)t = 1 − At have the same determinant and in the
third equation we used the fact that the dual representation π∗ of some
representation π is given by π∗(g) = π(g−1)t. �

There are also analogue conjectures on the integrality of Stickelberger
elements θS,T,L/K(r) with r a negative integer and also on annihilation
properties, this time not on the class group but on higher K-groups of
S(L)-integers.

Conjecture 4.25. If r < 0 is an integer then the element θS,T,L/K(r) is
also in the integrality ring I(G).

Conjecture 4.26. Let r < 0 and assume conjecture 4.25. Then one has

H(G)θS,T,L/K(r) ⊂ AnnZ(Z[G])

(
K−2r(OL,S)

)
.

Remark 4.27. Similar to the r = 0 case before these conjectures are
related to the Equivariant Tamagawa Number Conjecture, this time for
the pair (h0(Spec(L))(r),Z[G]) (see e.g. Theorem 7.1 in [Ni16]).

It is also possible to split the integrality conjecture as well as the non-
abelian Brumer conjecture into local parts:

Conjecture 4.28 (p-part of the Integrality Conjecture). Let p be a
prime. Then:

θS,T,L/K ∈ Ip(G)
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Remark 4.29. We have similar to the global case before the following
fact: If the local integrality conjecture 4.28 for a prime p holds we have
|G′|θS,T,L/K ∈ Z(Zp[G]) by Corollary 3.19.

Lemma 4.30. Conjecture 4.17 holds for the Stickelberger element
θS,T,L/K if and only if Conjecture 4.28 holds for the Stickelberger element
θS,T,L/K and all primes p.

Proof. This follows immediately from Lemma 2.15. �

Conjecture 4.31 (p-part of the non-abelian Brumer conjecture). Let p
be a prime and let AL be the p-Sylow subgroup of the class group c`L.
Then:

Hp(G)θS,T,L/K ⊂ AnnZ(Zp[G])(AL)

Similarly Conjecture 4.21 is valid if and only if Conjecture 4.31 is valid
at every prime.

4.6. Results for Frobenius groups. For some special Galois groups
that are isomorphic to a direct product of an abelian group with a Frobe-
nius group the (local) integrality conjecture has been shown to be valid
(under a certain condition on the prime p).

Proposition 4.32. If the Galois group G is isomorphic to a direct prod-
uct A × B where A is abelian and B is a Frobenius group B ∼= N o H
with abelian Frobenius complement H and if p is a prime that does not
divide the order of the group N then

θS,T,L/K(r) ∈ Ip(G)

for every (S, T ) that satisfies Hyp(S, T ).

Proof. This is Theorem 4.11 in [Ni16]. �

Using the above one gets:

Corollary 4.33. If G ∼= A×B with A abelian and B ∼= D` (the dihedral
group of order 2`) or B ∼= Aff(`n) (group of affine transformations of the
field with `n elements) with ` an odd prime and if Hyp(S, T ) is satisfied
then

θS,T,L/K(r) ∈ I(G).

Proof. This is Corollary 4.12 in [Ni16]: If p 6= ` the p−part of the in-
tegrality conjecture holds by Proposition 4.32. Note that the Frobenius
kernel of D` is isomorphic to C` (the cyclic group of order `) and the
Frobenis kernel of Aff(`n) is isomorphic to the finite field F`n of order
`n. For the other case I`(B) = Z(M`(B)) by Propositions 6.7 and 6.9
in [JN16]. Then I`(A × B) = Z(M`(B))[A] by Corollary 2.4 in [Ni16].
Now the Stickelberger element is contained in Z(M`(B))[A] by Theorem
5.2 in [Ni16]. �
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4.7. Non-abelian Brumer Stark conjecture. It is also possible to
generalise the Brumer-Stark conjecture to non-abelian extensions: Let
L/K be CM with j the non trivial element in Gal(L/L+). First define
ωL := nr(|µL|) and for α ∈ L× let Sα be the set of primes that divide
the norm of α. The element α is called anti-unit if α1+j = 1. If the
extension is abelian and if S ⊃ S∞, Sram(L/K) the (abelian) Brumer-
Stark conjecture asserts that for each non-trivial fractional ideal a of L
there is an anti-unit α that generates the ideal aωLθS.L/K and such that

the extension L(α
1
ωL )/K is abelian. Now the non-abelian Brumer-Stark

conjecture is (see [Ni11c] Conjecture 2.7):

Conjecture 4.34. Let S be a finite set of places containing Sram and
S∞, then ωLθS,L/K ∈ I(G) and for each x ∈ H(G) and each fractional
ideal a of L there is an anti-unit α that is a generator of axωLθS,L/K such
that for all T with Hyp(S ∪ Sα, T ) there is an αT ∈ ET

Sα
(L) with

αzδT (0) = αzωLT

for all z ∈ H(G).

4.8. An alternative integrality conjecture. An integrality conjec-
ture has also been formulated by Dejou and Roblot in [DR14] and [DR16].

First define for a finite group G

dG := lcm
(
|G′|, |Cg|

∣∣∣g ∈ G),
where Cg denotes the conjugacy class of the element g ∈ G. Then the
conjecture states:

Conjecture 4.35. If S is a finite set of places that contains S∞ and
Sram one has that

dG

(
ϕP −N(p)

)
θS,L/K ∈ Z[G]

for almost all primes P in L.

In fact it might well be possible that the factor that comes from the
conjugacy classes is not necessary in this conjecture. Consider the fol-
lowing example from [De11].

Example 4.36. Dejou has considered in her PhD thesis [De11] (p. 83)
a Galois extension with group G = SL2(F3) (the splitting field L of the
polynomial P (X) = X8−2X7+X6+X5−X4+2X3+4X2−16X+16 over
the base field K = Q) and calculated the Stickelberger element (recall
our notation from Example 2.11)

θS,L/Q =
1

3

(
1− (−1)

)(
− 42C1 + 2C3 − 21C5 − 22C6

)
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where S = S∞ ∪ Sram = {∞, 853} 7 8. Note that the commutator sub-
groupG′ has order 8 and it looks like this element would not lie in 1

|G′|Z[G]

but in 1
dG

Z[G] (here dG = 24). However, the denominator 3 disappears if

one rewrites the Stickelberger element by using the formula C3 = (−1)C6

( p. 78 of [De11] or see Example 2.11 and note that α2 = −1 ). Then
the Stickelberger element becomes

θS,L/Q =
1

3
(−42C1 + 2C3 − 21C5 − 22C6 + 42C2 − 2C6 + 21C4 + 22C3)

=
1

3
(−42C1 + 42C2 + 24C3 + 21C4 − 21C5 − 24C6)

= −14C1 + 14C2 + 8C3 + 7C4 − 7C5 − 8C6

and one sees that it is indeed not only an element of 1
|G′|Z[G] but even

itself integral. So we see that for this extension the integrality conjecture
4.17 holds as θS,L/K ∈ Z(Z[G]) ⊂ I(G) and for every admissible T also
δT =

∏
p∈T nrG(1−N(p)ϕ−1

P ) ∈ I(G) so θS,T,L/K ∈ I(G).

7Note that by (−1) we mean the element in G and not the additive inverse of the
identity matrix 1 ∈ G in Z[G].

8Our notation (see Example 2.11): (C1, C2, C3, C4, C5, C6, C7)
Dejou’s notation (same order): (I2, Cτ = τ, Cσ−2 , Cσ2 , Cσ−1 , Cσ, Cρ)
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5. Application of Clifford theory to Stickelberger elements

In this section we show that as predicted by the integrality conjecture
|G′|θS,T,L/K(r) ∈ Z(Z[G]) for certain groups.

5.1. The linear part. We begin with the following easy observation for
the linear part of Stickelberger elements:

Lemma 5.1. Let L/K be a Galois extension of number fields with group
G and let (S, T ) be a pair of finite places in K that satisfy Hyp(S, T )
and let r be a non positive integer. Then:

|G′|θS,T,L/K(r)eG′ ∈ Z(Z[G]).

Proof. Consider the C-linear map

ϕ : C[Gab]→ C[G], g 7→ 1

|G′|
∑

h∈G:h=g

h.

Under this map we have

ϕ(eχ) = ϕ(
1

|Gab|
∑
g∈Gab

χ(g−1)g) =
|G′|
|G|

∑
g∈Gab

χ(g−1)
1

|G′|
∑

h∈G:h=g

h

=
1

|G|
∑
h∈G

(infχ)(h−1)h = einfχ.

Then we clearly also have

ϕ
(
θS,T,Lab/K(r)

)
= ϕ

( ∑
χ∈Irr(Gab)

LS,T (χ̆, r)eχ

)
=

∑
χ∈Irr(Gab)

LS,T (χ̆, r)ϕ(eχ) =
∑

χ∈Irr(Gab)

LS,T (inf χ̆, r)einfχ

=
∑

χ∈Irr(G) linear

LS,T (χ̆, r)eχ = θS,T,L/K(r)eG′

by the above and by the inflation property of Artin L-functions. Fur-
thermore, ϕ(Z[Gab]) ⊂ 1

|G′|Z[G]. Now θS,T,Lab/K ∈ Z[Gab] by Deligne–

Ribet/Pi. Cassou-Noguès (see Remark 4.23b) and Theorem 4.8). �

A similar statement holds for the other degrees of irreducible characters
(in the case of a nilpotent Galois group). See Corollary 5.8.

5.2. Some additional Clifford theoretic results. As before in Theo-
rem 3.16 (for reduced norms) we want to do induction on the group order
to prove that the Stickelberger elements become integral after multiply-
ing them with the order of the commutator subgroup. But first we need
some additional character theoretic observations.
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Definition 5.2. We call a character ψ of a finite group G normally
quasimonomial if it is of the form ψ = indGH λ where H is a proper
normal subgroup of G and λ is an (not necessarily linear) irreducible
character of H.

Let G be a finite group and let ψ be an irreducible character of G that
is also is normally quasimonomial, precisely assume that

(5.1) ψ = indGHλ

for H a normal subgroup of G and λ ∈ Irr(H).

Lemma 5.3. In this situation we have:

(1) resGH ψ =
∑
c∈G/H

cλ

(2)Gλ = H

Proof. By Frobenius reciprocity λ divides the restriction resGH(ψ) and we
also see that the multiplicity is 1:

〈resGH ψ, λ〉H = 〈ψ, indGH λ〉G = 〈ψ, ψ〉G = 1

So by Prop. 3.6 we can write:

resGH(ψ) =
∑

c∈G/Gλ

cλ

Now if we look at the degree of the character ψ we get

ψ(1) = [G : Gλ]λ(1).

But also as ψ = indGH(λ) we get

ψ(1) = [G : H]λ(1).

So H = Gλ. �

Now let N be a normal subgroup of G containing the commutator
subgroup G′ and assume that resGNψ remains irreducible. Recall that in
this case (since Gη = G for η|resGNψ irreducible, i.e. η = resGNψ)

Uψ = 〈N, g ∈ G|ψ(g) 6= 0〉.

Lemma 5.4. In the given situation further assume that Uψ = G. The
inclusion H ↪→ G then indudes an isomorphism H/(N ∩H) ∼= G/N . In
particular: the irreducible characters of G/N can be identified with those
of H/(H ∩N). Furthermore, for all ω ∈ Irr(G/N) we have

(1)ψ ⊗ ω = indGH(λ⊗ ω)

(2)eψ⊗ω =
∑
c∈G/H

ecλ⊗ω ∈ F [H]

where F is a splitting field for the group H.
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Proof. Since ψ is induced by a character of the normal subgroup H it
vanishes outside of H. So we have Uψ ⊂ NH. But by assumption
Uψ = G. So also NH = G which implies that G/N ∼= H/(H ∩ N).
For (1) it is clear that both sides vanish outside of H. Furthermore, for
h ∈ H we have:(

indGH(λ⊗ ω)
)
(h) =

1

|H|
∑
g∈G

(
λ⊗ ω

)
(g−1hg)

=
1

|H|
∑
g∈G

λ(g−1hg)ω(h) = indGH(λ)(h)ω(h) = (ψ ⊗ ω)(h)

Now look at the associated central idempotents:

eψ⊗ω =
ψ(1)

|G|
∑
g∈G

(ψ ⊗ ω)(g−1)g

=
[G : H]λ(1)

|G|
∑
g∈H

∑
c∈G/Gλ

cλ⊗ ω(g−1)g

=
∑
c∈G/H

λ(1)

|H|
∑
g∈H

(cλ⊗ ω)(g−1)g =
∑
c∈G/H

ecλ⊗ω

�

Lemma 5.5. For all c ∈ G/H the character

resHH∩N
cλ = resHH∩N

cλ⊗ ω =: ηc

is irreducible and cλ⊗ ω divides indHH∩N ηc for all ω ∈ Irr(G/N).

Proof. First let ηc ∈ Irr(H ∩ N) be any irreducible component of
resHH∩N(cλ) = resHH∩N(cλ ⊗ ω). We will show that ηc is equal to this
restriction. By Frobenius reciprocity we have:

〈cλ⊗ ω, indHH∩N ηc〉H = 〈resHH∩N(cλ⊗ ω), ηc〉H∩N > 0

Hence cλ ⊗ ω divides indHH∩N ηc for every ω ∈ Irr(G/N). This means
that (recall that cλ⊗ ω are pairways distinct)

[G : N ]λ(1) ≤ [H : H ∩N ]ηc(1) = [G : N ]ηc(1).

But of course also ηc(1) ≤ λ(1) since ηc divides the restriction of cλ. So
λ(1) = ηc(1). This means resHH∩N

cλ = ηc. �

Recall that e(η) was defined for irreducible characters η of N dividing
resGNψ, i.e. here η = resGNψ.

Corollary 5.6. We have:

(1) indHH∩N ηc =
∑

ω∈Irr(G/N)

cλ⊗ ω

(2)e(η) =
∑
c∈G/H

e(ηc)
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Here e(ηc) is defined as sum of all idempotents associated to the irre-
ducible characters that divide the induced character indHH∩Nηc, so

e(ηc) =
∑

ω∈Irr(G/N)

ecλ⊗ω.

Proof. (1) We have seen that cλ⊗ ω divides indHH∩N ηc for all irreducible
characters ω ∈ Irr(G/N). Hence it suffices to show that both sides have
the same degree. The left hand side has degree

[H : H ∩N ]ηc(1) = [G : N ]cλ(1) = [G : N ]λ(1).

And the right hand side has degree∑
ω

(cλ⊗ ω)(1) = [G : N ]λ(1).

(2) We can decompose

e(η) =
∑

ω∈Irr(G/N)

eψ⊗ω =
∑
ω

∑
c∈G/H

ecλ⊗ω =
∑
c

∑
ω

ecλ⊗ω =
∑
c

e(ηc)

where we used in the first identity Corollary 3.12 b), the definition of
e(η) and the fact that here Gη = G, the second equation is Lemma 5.4
(2) and the last is the definition of e(ηc) from above. �

5.3. Application to Stickelberger elements for nilpotent Galois
groups. Now as before we want to reduce to the abelian case. However,
the proof of Theorem 3.16 cannot be mimicked completely. This is why
we restrict to nilpotent groups.

Theorem 5.7. Let L/K be a Galois extension of number fields with
nilpotent Galois group G. Let (S, T ) be a pair of sets of places that
satisfy Hyp(S, T ) and let r ≤ 0 be an integer. Then we have

|G′|θS,T,L/K(r) ∈ Z(Z[G]).

Proof. Let F be a splitting field for G and its subgroups. We replicate
(part of) the proof of Theorem 3.16. Let N be a normal subgroup of G
that contains the commutator subgroup G′. Then for each irreducible
character η of N we want to show that |N |θS,T,L/K(r)e(η) ∈ Z(OF [G]).
(For the definition of e(η) see the proof of 3.16.) Then N = G′ finishes the
proof. We do this via induction on the group order: Under the diagonal
embedding

ιη : Z
(
F [G]e(η)

)
↪→ Z

(
F [Gη]e(η)

)
we have for the Stickelberger element

ιη(θS,T,L/K(r)e(η)) = ιη(
s∑
i=1

LS,T (χ̆i, r)eχi) =
s∑
i=1

∑
x∈G/Gη

LS,T (χ̆i, r)exψi
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=
s∑
i=1

∑
x∈G/Gη

LS,T (
^
xψi, r)exψi = θS(LGη ),T (LGη ),L/LGη e(η).

Recall that χi = ind xψi for all x ∈ G/Gη. So by induction we can assume
that G = Gη. Then there are again two different cases: Uψ is a proper
subgroup and Uψ = G.
In the first case we can again choose a maximal proper subgroup U of G
containing Uψ and under the embedding ιU we have

ιU(θS,T,L/K(r)e(η)) = ιU(
s∑
i=1

LS,T (ψ̆i, r)eψi) =
s∑
i=1

∑
x∈G/Gρ

LS,T (ψ̆i, r)exρi

=
s∑
i=1

∑
x∈G/Gρ

LS(LU ),T (LU )(
^
xρi, r)exρi = θS(LU ),T (LU ),L/LU e(η).

Recall that ρi was defined as an irreducible character of U that divides

the restriction res
Gη
U ψi and that ind

Gη
U

xρi = ψi for all x ∈ G/Gρ by
Lemma 3.14 (and the proof of Theorem 3.16).
Now the second case: If ψ is already linear, consider the factor groups
G = G/G′, N = N/G′ and the characters ψ ∈ Irr(G) and η ∈ Irr(N)
such that

ψ = infG
G
ψ, η = infN

N
η

(note that ψ and η are trivial on G′ since ψ is linear and η = resGN ψ).
By Theorem 4.8 we know that θS,T,Lab/K(r) ∈ Z[G]. Furthermore,

|N |e(η) ∈ OF [N ] ⊂ OF [G]

by the proof of Theorem 3.16 (for G,N, ψ, η). Consider the map ϕ from
the proof of Lemma 5.1. The element |N |θS,T,Lab/Ke(η) lies in OF [G] and

is mapped to |N |θS,T,L/Ke(η) under ϕ. So this element lies in 1
|G′|OF [G]

(compare the proof of 5.1). Then:

|G′||N |θS,T,L/Ke(η) = |N |θS,T,L/Ke(η) ∈ OF [G].

Now let ψ be non-linear. Since G is nilpotent (as well as all of its sub-

groups) we can write ψ = indG
H̃
λ̃ with some linear character λ̃ on some

subgroup H̃. The group G is nilpotent. So it also satisfies the normal-
izer growth condition (see 5.2.4 in [Rob96]). This means that there is
a proper normal subgroup H of G that contains H̃. Then ψ = indGH λ

where λ = indH
H̃
λ̃. So we are in the situation of the previous Lemmas and

Corollaries (recall that we assume that G = Gη which means that the
restriction of ψ to the normal subgroup N remains irreducible). Hence
we have an inclusion (see Corollary 5.6 (2))

ι : Z(F [G]e(η)) ∼=
⊕

ω∈Irr(G/N)

F ↪→
⊕

ω∈Irr(G/N)

⊕
c∈G/H

F ∼= Z(F [H])e(η).
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Under this embedding we have:

ι(θS,T,L/K(r)e(η)) = ι
( ∑
ω∈Irr(G/N)

LS,T (
^
ψ ⊗ ω , r)eψ⊗ω

)

=
∑
c

∑
ω

LS,T (
^
ψ ⊗ ω , r)ecλ⊗ω =

∑
c

∑
ω

LS(LH),T (LH)(
ĉλ⊗ ω, r)ecλ⊗ω

= θS(LH),T (LH),L/LH (r)e(η).

Here we used Lemma 5.4 (2) and Corollary 5.6 (2) and the fact
that for all c we have ind cλ ⊗ ω = ψ ⊗ ω. By induction we have
θS(LH),T (LH),L/LHe(ηc) ∈ 1

|N∩H|Z(Z[H]) for all c ∈ G/H. So also

|N |θS,T,L/K(r)e(η) ∈ Z(Z[G]).
�

Let’s write as before En :=
∑

χ∈Irr(G): degree n eχ. We get a generaliza-
tion of Lemma 5.1

Corollary 5.8. Let L/K be a Galois extension of number with nilpotent
Galois group G and let (S, T ) be sets of places in K with Hyp(S, T ).
Further let r ≤ 0, n ≥ 1 be integers. Then we have

|G′|θS,T,L/K(r)En ∈ Z(Z[G]).

Proof. Let In ⊂ Irr(G) be the set of irreducible characters of G with

degree n. As before write this as disjoint union In =
⋃̇s

i=1Xi such that
for each i there is an irreducible character ηi of G′ with e(ηi) =

∑
χ∈Xi eχ.

Then the proof of Theorem 5.7 shows that

|G′|θS,T,L/K(r)e(ηi) ∈ Z(OF [G])

for all i. This also holds if we sum over all i. Furthermore, En ∈ Q[G]
and also |G′|θS,T,L/K(r) ∈ Q[G], so

|G′|θS,T,L/K(r)En ∈ Z(OF [G]) ∩ Q[G] = Z(Z[G]).

�
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6. The integrality ring of the Iwasawa algebra

Let L/K be a Galois extension of number fields with Galois group G and
let L be the cyclotomic Zp-extension of L with unique subfields Ln of
degree pn over L. Let G be the Galois group of L/K. In this section we
deal with the Iwasawa algebra of G.

6.1. Iwasawa algebras. LetO be a commutative, noetherian, local ring
with finite residue field that is complete with respect to the m-adic topol-
ogy, where m is the maximal ideal in O (e.g. O = Zp or more generally
O = OF with F/Qp finite). Furthermore, let G be a profinite group (e.g.
as above a Galois group of some infinite Galois extension of a number
field). Then the completed group ring O[[G]] is defined as the projective
limit over all group rings of finite factor groups of G:

(6.1) O[[G]] := lim←−
UEG open

O[G/U ]

By augG we denote the augmentation map, i.e. the natural epimorphism
O[[G]]→ O. If the coefficient ring is just Zp we will write Λ(G) = Zp[[G]]
for the Iwasawa algebra of G. If the profinite group G = Γ is itself
isomorphic to Zp we will also simply write Λ := Λ(Γ). It is well known
that Iwasawa algebras of Γ ∼= Zp are isomorphic to the ring of power
series (over the same coefficient ring) in one variable:

Proposition 6.1. We have an isomorphism of topological rings:

O[[Γ]] ∼= O[[T ]], γ 7→ 1 + T

Proof. See [NSW08] Prop. 5.3.5. �

In particular on the power series point of view the augmentation augΓ

corresponds to the evaluation ev0 at zero.

6.2. The total ring of fractions of Iwasawa algebras as semisim-
ple rings. We follow [RW04]: Now we assume that the profinite group
is of the form G ∼= H o Γ, where H is finite and Γ is isomorphic to Zp.
This is a situation that arises in the theory of Zp-extensions of number
fields. In this case there is a power Γp

n
of Γ such that Γp

n ⊂ Z(G) (the
homomorphism Γ→ Aut(H) that defines the group operation has a ker-
nel with finite index). Choose such an n and set Γ0 := Γp

n
. Also define

Λ0 := Λ(Γ0). For a ring R denote by Q(R) its total ring of fractions and
let Q(G) := Q(Λ(G)), i.e. in our case

(6.2) Q(G) = {a
b
|a ∈ Λ(G), b ∈ Λ0, b 6= 0}.

Further let Qc(G) := Qc
p⊗Q(G). A character ρ of G is said to be of type

W if H ⊂ ker(ρ), i.e. ρ is trivial on H. Let Irr(G) be the set of all
Cp-valued irreducible characters of G with open kernel. Two irreducible
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characters χ1, χ2 ∈ Irr(G) are equivalent if there is a character ρ of type
W such that

(6.3) χ2 = χ1 ⊗ ρ.
The group G acts on the set of irreducible characters of H by conjugation:
ηg(h) = η(gh) = η(g−1hg) for g ∈ G and h ∈ H and η ∈ Irr(H). Write Gη
for the stabilizer of η ∈ Irr(H). For an irreducible character χ ∈ Irr(G)
define

(6.4) εχ :=
∑

η| resGH χ

eη.

Let ωχ := [G : Gη], where η is an irreducible component of resGHχ and
choose a generator γ of Γ. Then Ritter and Weiss proved:

Proposition 6.2. The ring Qc(G) is semisimple and Q(G) is a finite
dimensional separable algebra over the field Q(Γ0). For every character
χ ∈ Irr(G) there is a unique element γχ ∈ Z(Qc(G)εχ) such that

(i)γχ = gc, g ∈ G is mapped to γωχ mod H, c ∈ (Qc
p[H]εχ)×

(ii)γχ acts trivially on Vχ.

Moreover γχ = gc = cg and γp
m

χ ∈ Gεχ for some m and γχ (topologically)
generates a subgroup Γχ ∼= Zp of (Qc(G)εχ)×. The elements εχ are central
simple idempotents and

Qc(Γχ) ∼= Z(Qc(G)εχ).

Two idempotents εχ1 and εχ2 are equal if and only if χ1 and χ2 are equiv-
alent. Furthermore,

γχ⊗ρ = γχρ(γ)−ωχ

if ρ has type W.

Proof. [RW04] Prop. 5, Prop. 6 and the Corollary after Prop. 6. �

For a character ρ of G of type W define an automorphism ρ# of Qc(Γ)
by setting

(6.5) ρ#(γ) := ρ(γ)γ.

Then define

(6.6) MapsW (Irr(G),Qc(Γ)) :=

{f : Irr(G)→ Qc(G)|f(χ⊗ ρ) = ρ#(f(χ)) for all ρ of type W}.
If R ⊂ Qc(Γ) is a subring on which ρ# is defined for type W characters,
also define MapsW (Irrp(G), R) in a similar way. Furthermore, for an
irreducible character χ ∈ Irr(G) define the map jχ : Z(Qc(G)) → Qc(Γ)
as composition
(6.7)

Z(Qc(G)) ∼=
⊕
χ/∼

Z(Qc(G))εχ � Z(Qc(G))εχ ∼= Qc(Γχ)
γχ 7→γωχ
↪→ Qc(Γ).
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They do not depend on the choice of the generator γ (see [RW04] Prop.
6 (4)).

Then the maps jχ yield an isomorphism of rings:

Theorem 6.3. There is a natural ring isomorphism

J : Z(Qc(G)) ∼= MapsW (Irr(G),Qc(Γ))

z 7→ fz : [χ 7→ jχ(z)]

Proof. [RW04] Theorem 7. Exemplarily we show that indeed the map
fz is in MapsW (Irr(G),Qc(Γ)). Let χ ∈ Irr(G), then it is enough to
consider z = γχ and let ρ be a type W character. Then we have

fz(χ⊗ ρ) = jχ⊗ρ(γχεχ⊗ρ) = jχ⊗ρ

(
ρ(γ)ωχγχ⊗γεχ⊗ρ

)
= ρ(γ)ωχγωχ .

Here in the first equation we used the definition of fz, in the second
equation we used that γχ = ρ(γ)ωχγχ⊗ρ and the last equation we used
the definition of jχ⊗ρ : γχ⊗ρ 7→ γωχ (where ωχ = ωχ⊗ρ). On the other
hand we also have

ρ#(fz(χ)) = ρ#
(
jχ(γχεχ)

)
= ρ#(γωχ) = ρ(γ)ωχγωχ .

�

Let similar to the finite group case Rp(G) defined as the free abelian
group with generators given by Irr(G). Then for z ∈ Z(Qc(G))× the
map χ 7→ jχ(z) can be extended to a homomorphism Rp(G)→ Qc(Γ)× .
Define Hom∗(Rp(G),Qc(Γ)×) to be the set of homomorphisms

f : Rp(G)→ Qc(G)

such that it has the type W property

(6.8) f(χ⊗ ρ) = ρ#(f(χ))

for characters ρ of type W and

(6.9) f(χσ) = f(χ)σ,

where σ ∈ GQp (the absolute Galois group of Qp). Then taking Galois
invariants yields:

Theorem 6.4.

Z(Q(G))× ∼= Hom∗(Rp(G),Qc(Γ)×)

Proof. This is (the proof of) [RW04] Theorem 8. �

The ring Λ(G) is a Λ0-order in the finite dimensional separable Q(Λ0)−
algebra Q(G). Hence we are in the setting of section 2. For a matrix

H ∈
(
Qc(G)

)
b×b

we will denote the reduced norm by

(6.10) nrG(H) =
∑
χ/∼

detQc(Γχ)(Hχ)εχ.
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Similar to the finite group case we will write

(6.11) Ip(G) := 〈nrG(H)|H ∈ (Λ(G))b×b, b ∈ N〉Z(Λ(G)) = I
(

Λ(G)
)

for the integrality ring of the Iwasawa algebra Λ(G). Now fix a layer n in
the extension L/L. For any α ∈ Λ(G) (or also for matrices α over Λ(G))
write α for its image under the projection map Λ(G)� Zp[Gn]. We view
any irreducible character χ of Gn via inflation as irreducible character of
G with open kernel (containing Gal(L/Ln)). Then we have the following
Proposition:

Proposition 6.5. For α ∈
(

Λ(G)
)
b×b

we have

nrGn(α) =
∑

χ∈Irr(Gn)

(augΓ ◦ jχ)(nrG(α))eχ.

Note that jχ

(
nrG(α)

)
∈ Qc

p ⊗ Λ and augΓ can be extended to Qc
p ⊗ Λ.

Proof. This follows from the proof of Theorem 6.4 in [Ni10]. �

Actually as γχ acts trivially on Vχ the projection map Z(Qp⊗Λ(G))→
Z(Qp[Gn]) is given by

z 7→
∑

χ∈Irr(Gn)

(augΓ ◦ jχ)(z)eχ.

Hence:

Corollary 6.6. Let α ∈
(

Λ(G)
)
b×b

. Then under the projection map

π : Z
(
Q(G)

)
→ Z(Qp[Gn]) the reduced norm nrG(α) is mapped to the

reduced norm nrGn(α), in particular

π
(
Ip(G)

)
⊂ Ip(Gn).
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7. Stickelberger-elements and p-adic L-functions

Let L/K be a Galois CM extension of number fields with Galois group
G and let L be the cyclotomic Zp-extension of L with intermediate fields
Ln. Let G be the Galois group of L/K and Gn = Gal(Ln/K). Further
let S be a finite set of places of K that contains all infinite places and
all places that are ramified in L/K (especially Sp ⊂ S since the p-adic
places are exactly those that are ramified in the extension L/L). Let
as before T be a second set of places in K such that Hyp(S, T ) holds
simultaneously for all extensions Ln/K. This is e.g. possible by Remark
4.16 c).

7.1. Climbing up the cyclotomic tower. We consider the Stickel-
berger elements

(7.1) θ
(n)
S,T := θS,T,Ln/K(0) =

∑
χ∈Irr(Gn)

LS,T (Ln/K, χ̆, 0)eχ.

From now on we assume that the local integrality conjecture holds for
the extensions Ln/K, i.e.

Assumption 7.1.

θ
(n)
S,T (0) ∈ Ip(Gn)

for all n ∈ N.

This means especially also |G′n|θ
(n)
S,T (0) ∈ Z(Zp[Gn]) for all n by Corol-

lary 3.19. We now use the following two easy Lemmas to see that the
denominators remain bounded along this extension:

Lemma 7.2. Let π : A� B be an epimorphism of groups. Then |B′| ≤
|A′|.

Proof. Since for a1, a2 ∈ A the commutator [a1, a2] is mapped to the com-
mutator [π(a1), π(a2)] the epimorphism π restricts to a homomorphism

π : A′ → B′.

B′ is generated by commutators [b1, b2], b1, b2 ∈ B. Since π is surjective
there are a1, a2 ∈ A with π(ai) = bi. Then also π([a1, a2]) = [b1, b2] so

π : A′ � B′.

�

Lemma 7.3. Let G be a group such that G ∼= F o A with F finite and
A abelian. Then the commutator subgroup of G is finite.

Proof. In the second component of the semidirect product F o A the
group multiplication is just given by the usual multiplication in A. So
we see that commutators are trivial in the second component (since the
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group A is abelian). So (under the isomorphism G ∼= F o A) the com-
mutator subgroup G′ is contained in F × {1}. Hence it is finite. �

In our case G ∼= HoΓ with Γ ∼= Zp abelian and H finite. So G ′ is finite
and the orders of all commutator subgroups G′n are bounded by the order
of G ′ by Lemma 7.2. Hence also the denominators of the Stickelberger
elements along this extension remain bounded. So there is an element

m ∈ N (e.g. m = |G ′|) such that mθ
(n)
S,T ∈ Zp[Gn] for all n ∈ N and since

the Stickelberger elements are compatible with the inverse system (which
of course remains true after multiplying with the same constant) we can
consider the element

(7.2) lim←−
n

mθ
(n)
S,T ∈ Z(Λ(G)).

The element

(7.3) θ
(∞)
S,T :=

1

m
lim←−
n

mθ
(n)
S,T

then lies in Z(Qp ⊗ Λ(G)) and is independent of m. We also want to get
rid of the additional factors from the places in T that were needed for
the integrality. So define further the infinity level δ-factor

(7.4) δ
(∞)
T := nrG

(∏
p∈T

(
1− ϕ−1

wp
N(p)

))
∈ Ip(G).

Here ϕwp is of course the Frobenius endomorphism at the place wp (which

is one of several places in L above p) and this element δ
(∞)
T is well defined

because the reduced norm is invariant under conjugation. Now define the
infinity level S-Stickelberger element

(7.5) θ
(∞)
S := (δ

(∞)
T )−1θ

(∞)
S,T .

We will see that this element is indeed independent of T .

7.2. p-adic L-functions. The goal is to show that these infin-
ity level Stickelberger elements have a connection to the classi-
cal p-adic L-functions constructed by Deligne-Ribet in [DR80]: Let
χcyc : Gal(L(ζp)/K) → Z×p be the p-adic cyclotomic character that is

defined via g(ζ) = ζχcyc(g) (for p-power roots of unity ζ and elements
g ∈ Gal(L(ζp)/K)). Furthermore, let ω (the so called Teichmüller char-
acter) resp. κ be the composition of the cyclotomic character with the
projection maps

(7.6) Z×p � µp−1

(7.7) Z×p � (1 + pZp)

considering the canocial isomorphism

(7.8) Z×p ∼= µp−1 × (1 + pZp).
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As before choose a generator γ of Γ and set u := κ(γ). If ψ is an one
dimensional, totally even character of G (e. g. in the abelian case) there
are power series Gψ,S(t), Hψ(t) ∈ Zp(ψ)[[t]] such that the quotient of
these power series interpolates the Artin-L-function, precisely:

(7.9)
Gψ,S(um − 1)

Hψ(um − 1)
= LS(ψω−m, 1−m)

for each positive m ∈ N. Actually the power series in the denominator is
of simple shape: Hψ(t) = ψ(γ)(1 + t) − 1 for H ⊂ kerψ and Hψ(t) = 1
otherwise. The p-adic L-function is then defined as

(7.10) Lp,S(ψ, 1− s) =
Gψ,S(us − 1)

Hψ(us − 1)

for s ∈ Zp and it is a p-adically analytic function with possible pole
at s = 1 for the trivial character. The definition can be extended to
higher dimensional characters via Brauer induction: By a theorem of
Brauer each (irreducible) character of G with open kernel can be written
as a Z−linear combination of characters that are induced from linear
characters (with open kernel) on certain subgroups. These L-functions
for non-linear characters ψ then still satisfy the interpolation property

(7.11) Lp,S(ψ, 1−m) = LS(ψω−m, 1−m)

at least for m ≥ 2 (see [Ta84] Chapitre III, §1). For m = 1 the argu-
ment fails due to trivial zeros that could exist. However, there is the
following conjecture that is also a special case of a conjecture of Gross
about vanishing orders and leading coefficients of p-adic and complex
Artin L-functions (see [Gro81] §2):

Conjecture 7.4.
Lp,S, (ψ, 0) = LS(ψω−1, 0)

Burns has shown in [Bu20] Theorem 3.1 that the vanishing order of
the p-adic L-function is at least the vanishing order of the complex L-
function. So assuming that the complex Artin-L-function is 0 then also
the p-adic L-function has to be 0 which is conjecture 7.4.

Remark 7.5. Since conjecture 7.4 is true for linear characters it is easy
to see that it is also true for monomial characters ψ (i.e. ψ is induced by
a linear character). Especially the conjecture holds if the Galois group is
monomial (i.e. every irreducible character is monomial).

7.3. Constructing the p-adic L-functions via Stickelberger ele-
ments. We will show that the infinity level Stickelberger elements yield
p-adic L-functions that are compatible with inflation and induction and
are essentially the classical p-adic L-functions in the one dimensional
case. Hence they define the same p-adic L-functions also in the higher
dimensional cases via Brauer induction.
We first show that our infinity level Stickelberger element θ

(∞)
S is inde-

pendent of the choice of T :
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Lemma 7.6. The element θ
(∞)
S is well defined.

Proof. Let p′ be a place of K outside S and T and let T ′ := T ∪{p′}. For
p a place of K let wp be a place above it in L and for each finite level n
set wp,n := wp ∩Ln which is a place above p in Ln. Finally for a place w
let ϕw be the Frobenius at w. Then we have:

δ
(∞)
T ′ = nrG

( ∏
p∈T ′

(
1− ϕ−1

wp
N(p)

))
= nrG

(
1− ϕ−1

wp′
N(p′)

)
nrG

(∏
p∈T

(
1− ϕ−1

wp
N(p)

))
= δ

(∞)
{p′}δ

(∞)
T

and also on level n (we use that the reduced norms are compatible, see
Corollary 6.6)

θ
(n)
S,T ′ = θS,T ′,Ln/K(0) = nrGn

( ∏
p∈T ′

(
1− ϕ−1

wp,n
N(p)

))
θS,Ln/K(0)

= nrGn

(
1− ϕ−1

wp′,n
N(p′)

)
nrGn

(∏
p∈T

(
1− ϕ−1

wp,n
N(p)

))
θS,Ln/K(0)

= nrGn

(
1− ϕ−1

wp′,n
N(p′)

)
θS,T,Ln/K(0)

so that
θ

(∞)
S,T ′ = δ

(∞)
{p′}θ

(∞)
S,T

by Corollary 6.6 and therefore also

(δ
(∞)
T )−1θ

(∞)
S,T = (δ

(∞)
T )−1(δ

(∞)
{p′})

−1δ
(∞)
{p′}θ

(∞)
S,T = (δ

(∞)
T ′ )−1θ

(∞)
S,T ′ .

�

We will now look at the ’χ-part’ of the Stickelberger element: Recall
that we have an isomorphism

J : Z(Q(G)) ∼= Hom∗(Rp(G),Qc(Γ)×).

z 7→ [χ 7→ jχ(z)]

Definition 7.7. Define for χ ∈ Rp(G):

gχS := J
(
θ

(∞)
S

)
(χ) and

fχS,T := J
(
θ

(∞)
S,T

)
(χ) = J

(
δ

(∞)
T

)
(χ) gχS .

For χ ∈ Irr(G) the χ-component of θ
(∞)
S,T lies in Qc

p ⊗ Λ(Γχ). Hence
fχS,T is an element of Qc

p ⊗ Λ(Γ).

Lemma 7.8. If G = Gal(L′/K) = G/N is a quotient of G by a finite
normal subgroup N , χ is an irreducible character of G with open kernel
and χ = infχ, then

fχS,T = fχS,T
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Proof. Say G ∼= H o Γ and G ∼= H o Γ (note that N ⊂ H since Γ has
no non-trivial finite subgroups) and let η be an irreducible component of

resG
H
χ. Then η := infH

H
η is an irreducible component of resGH χ. Since

the kernel of the composition G � G � G/Gη is exactly the stabilizer

Gη of η we have G/Gη ∼= G/Gη, especially ωχ = ωχ so that fχS,T = fχS,T .
Here we also used that the Stickelberger elements are compatible along

this extension, i.e. θ
(∞)
S,T,L/K (the infinite level Stickelberger element θ

(∞)
S,T

for the extension L/K) and θ
(∞)
S,T,L′/K (the Stickelberger element for the

extension L′/K) have the same χ-part due to the inflation property of
Artin L-functions. �

Proposition 7.9. Let G ′ = Gal(L/K ′) be a subgroup of G of finite index,
let χ′ be an irreducible character of the subgroup G ′ with open kernel and
let χ := indGG′ χ

′. Then we have

fχS,T = fχ
′

S′,T ′

under the embedding Qc
p ⊗ Λ(Γ′) ↪→ Qc

p ⊗ Λ(Γ), γ′ 7→ γn. Here S ′ (resp.
T ′) are the places in K ′ above S (resp. T ) and n = [K ∩K ′ : K], where
K is the cyclotomic extension of K. This also holds for

gχS = gχ
′

S′ .

Proof. Let fχ′(t) be the image of f indχ
′

S,T under the usual isomorphism

γ 7→ 1 + t and gχ′(t
′) be the image of fχ

′

S′,T ′ under γ′ 7→ 1 + t′ and let
further hχ′(t) be the image of gχ′(t

′) under the embedding γ′ 7→ γn (or
equivalentely t′ 7→ (1 + t)n − 1). Then define Pχ′(t) := fχ′(t) − hχ′(t).
By the following Lemma 7.10 we have Pχ′(0) = 0 for all χ′. If ρ′ is now
a character of G ′ of type W, it it of the form ρ′ = resGG′ ρ where ρ is a
character of G of type W and we have fχ′⊗ρ′(t) = fχ′(ρ(γ)(1 + t)−1) and

hχ′⊗ρ′(t) = gχ′⊗ρ′
(

(1 + t)n − 1
)

= gχ′
(
ρ′(γ′n)(1 + t)n − 1

)
= hχ′

(
ρ(γ)(1 + t)− 1

)
.

Hence ρ(γ)− 1 is a root of the power series Pχ′(t) for every character ρ′

of G ′ of type W. Therefore Pχ′(t) has to be trivial by [Wash97] Corollary

7.4. The identity gχS = gχ
′

S′ follows similarly.
�

Lemma 7.10. In the setting of Prop. 7.9 we have

augΓ(fχS,T ) = augΓ′(f
χ′

S′,T ′).

Proof. On the left hand side we have augΓ(fχS,T ) = fχS,T (0) = LS,T (χ, 0)

and on the right hand side we have augΓ′(f
χ′

S′,T ′) = LS′,T ′(χ
′, 0). Since

Artin L-functions are compatible with induction of characters these val-
ues coincide.

�

68



We now use Brauer induction and see that those elements fχS,T also
decompose into products that come from the (non unique) decomposition
of χ as a Z linear combination of induced characters:

Corollary 7.11. Let χ be an irreducible character of G with open kernel
and write

χ =
n∑
i=1

mi indGUi λi

where mi ∈ Z and the λi are linear characters on finite index subgroups
Ui. Then we have:

fχS,T =
n∏
i=1

(fλiSi,Ti)
mi

where Si and Ti are the places above S (resp. T ) in LUi.

Proof. By Prop. 7.9 we have f indλiS,T = fλiSi,Ti . In Qc(Γ) these elements are
invertible. Hence:

n∏
i=1

(fλiSi,Ti)
mi =

n∏
i=1

(f indλiS,T )mi = f
(
∑n
i=1miindλi)

S,T = fχS,T

�

Extend the augmentation map augΓ by setting augΓ(f
g
) = f(0)

g(0)
(on

power series level) for f, g ∈ Qc
p ⊗ Λ(Γ) if g(0) 6= 0 and augΓ(f

g
) = ∞

otherwise.

Lemma 7.12. Let f, g ∈MapsW
(
Irrp(G),Qc(Γ)

)
such that

f =
f1

f2

, g =
g1

g2

,

where fi, gi ∈ MapsW
(
Irrp(G),Qc

p ⊗ Λ(Γ)
)

and f2, g2 6= 0 be two maps

with (
augΓ ◦ f

)
(χ) =

(
augΓ ◦ g

)
(χ) 6=∞

for almost all χ ∈ Irrp(G). Then f = g.

Proof. The proof resembles the proof of Prop. 7.9. We first consider the
case that f = f1, g = g1. Let χ be an irreducible character of G with
open kernel and identify f(χ) (resp. g(χ) ) under the usual isomorphism
γ 7→ 1 + t with power series fχ (resp. gχ). Then define

hχ(t) := fχ(t)− gχ(t).

The condition augΓ ◦ f = augΓ ◦ g almost everywhere means on power
series level that hχ(0) = 0 for almost all χ. So choose for every equiv-
alence class in Irrp(G) a character χ such that hχ(0) = 0. Now we just
have to show that hχ = 0. The type W condition on power series level
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is fχ⊗ρ(t) = fχ(ρ(γ)(1 + t)− 1) for characters ρ of type W and similarly
for g. So we have:

0 = hχ⊗ρ(t)|t=0 = hχ

(
ρ(γ)(1 + t)− 1

)
|t=0

= hχ

(
ρ(γ)− 1

)
Hence ρ(γ) − 1 is a root of hχ for almost every character ρ of type W.
For each n ∈ N there is a type W character ρn mapping γ to a primitive
pn-th root of unity ζpn , i.e. hχ has infinitely many roots at ζpn − 1 for
almost all n. Therefore, hχ = 0 by [Wash97] Corollary 7.4.
Consider now the general case: define

f̃ = ff2g2 = f1g2 and g̃ = gf2g2 = g1f2.

Then (
augΓ ◦ f̃

)
(χ) =

(
augΓ ◦ g̃

)
(χ)

at for almost all χ. So f̃ = g̃ and also f = f̃
f2g2

= g̃
f2g2

= g. �

Lemma 7.13. Define for χ ∈ Irrp(G)

f(χ) =
Gχ−1ω,S

(
u(1 + t)−1 − 1

)
Hχ−1ω

(
u(1 + t)−1 − 1

) .

Then f ∈MapsW (Irrp(G),Qc(Γ)).

Proof. The ’type W’ property does hold for both power series Gχ,S and
Hχ (see [RW04] Property (2) on p. 563):

Gχ⊗ρ,S(t) = Gχ,S

(
ρ(γ)(1 + t)− 1

)
Hχ⊗ρ = Hχ

(
ρ(γ)(1 + t)− 1

)
for characters ρ of type W. Therefore also f satisfies the ’type W’ con-
dition (note that ρ−1 is also of type W if ρ is of type W):

f(χ⊗ ρ) =
Gχ−1ω⊗ρ−1,S

(
u(1 + t)−1 − 1

)
Hχ−1ω⊗ρ−1

(
u(1 + t)−1 − 1

)

=
Gχ−1ω,S

(
ρ−1(γ)(1 + u(1 + t)−1 − 1)− 1

)
Hχ−1ω

(
ρ−1(γ)(1 + u(1 + t)−1 − 1)− 1

)

=
Gχ−1ω,S

(
ρ−1(γ)u(1 + t)−1 − 1

)
Hχ−1ω

(
ρ−1(γ)u(1 + t)−1 − 1

)
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Here in the first equation we used the definition of f and in the sec-
ond equation we used that Gχ−1ω,S and Hχ−1ω both satisfy the ’type W’
property (for the type W character ρ−1). On the other hand we have:

ρ#(f(χ)) = f(χ)|t=ρ(γ)(1+t)−1 =
Gχ−1ω,S

(
u(1 + t)−1 − 1

)
Hχ−1ω

(
u(1 + t)−1 − 1

)
|t=ρ(γ)(1+t)−1

=
Gχ−1ω,S

(
u(1 + ρ(γ)(1 + t)− 1)−1 − 1

)
Hχ−1ω

(
u(1 + ρ(γ)(1 + t)− 1)−1 − 1

)
=
Gχ−1ω,S

(
uρ(γ)−1(1 + t)−1 − 1

)
Hχ−1ω

(
uρ(γ)−1(1 + t)−1 − 1

)
In the first equation we used the definition of ρ# and in the second the
definition of f . So we see that also f has the ’type W’ property. �

In the following Theorem we state the link of our constructed elements
gχS to the classical p-adic L-functions that were proved to exist as inter-
polating function of Artin L-function by Deligne-Ribet in [DR80] in the
linear case and extended to the non-linear case by Greenberg.

Theorem 7.14. The element gχS is related to the classical p-adic L-
function

Lp,S(ψ, 1− s) =
Gψ,S(us − 1)

Hψ(us − 1)

in the following sense:

gχS =
Gχ−1ω,S

(
u(1 + t)−1 − 1

)
Hχ−1ω

(
u(1 + t)−1 − 1

)
respectively

Lp,S(ψ, s) = gψ
−1ω

S (us − 1).

Especially we have
gχS(0) = Lp,S(χ−1ω, 0).

Proof. Both sides are compatible with induction (and inflation) of char-
acters: the right hand side by extension of the definition of p-adic L-
functions to non-linear characters via Brauer induction, the left hand
side by Prop. 7.9. So we may assume that we are in the linear case. Let
T be such that Hyp(S, T ) holds.

Let f, g ∈MapsW (Irrp(G),Qc(Γ)) be defined by g(χ) = gχS and similar
to the Lemma before

f(χ) =
Gχ−1ω,S

(
u(1 + t)−1 − 1

)
Hχ−1ω

(
u(1 + t)−1 − 1

) .
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Now we want to show that f and g are equal. The maps f and g : χ 7→
jχ(δ

(∞)
T )−1fχS,T are from the type as in 7.12. Hence by this Lemma it is

enough to show that augΓ◦f = augΓ◦g. By the definition of the elements
gχS via Stickelberger elements (whose χ-part is given by the L-value at
χ−1) we have: (

augΓ ◦ g
)
(χ) = gχS(0) = LS(χ−1, 0).

On the other hand by the interpolating property of the p-adic L-functions
we have:

(
augΓ ◦ f

)
(χ) =

Gχ−1ω,S

(
u(1 + t)−1 − 1

)
Hχ−1ω

(
u(1 + t)−1 − 1

)
|t=0

=
Gχ−1ω,S(u− 1)

Hχ−1ω(u− 1)
= Lp,S(χ−1ω, 0)

= LS(χ−1, 0) = LS(χ−1, 0).

�

7.4. A corollary: the identity of global and p-adic L-functions at
0. As a corollary we get the identity for the p-adic and global L-functions
at 0 for characters of arbitrary degree as predicted by Conjecture 7.4:

Corollary 7.15. Assume the integrality conjecture 4.28 for the exten-
sions Ln/K. If ψ is any totally even irreducible character of G with open
kernel we have

Lp,S(ψ, 0) = LS(ψω−1, 0).

Proof. Write for simplicity ψ = χω. By Theorem 7.14 we have

Lp,S(ψ, 0) = gχ
−1

S (0).

But by the definition via Stickelberger elements this is the χ−1-part of
the Stickelberger element which is the L-value LS(χ, 0). �
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[Ba77] D. Barsky: Fonctions zêta p-adiques d’ une classe de rayon des corps
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Tome 5 (1977-1978), Exposé no. 16, 23 p., MR0525346

[BF01] D. Burns, M. Flach: Tamagawa numbers for motives with (non-
commutative) coefficients, Doc. Math. 6 (2001), 501-570, MR1884523

[BF03] D. Burns, M. Flach: Tamagawa numbers for motives with (non-
commutative) coefficients II, Amer. J. Math. 125 (2003), no. 3, 475-512,
MR1981031

[BG03] D. Burns, C. Greither: On the equivariant Tamagawa number conjecture
for Tate motives, Invent. Math. 153 (2003), no. 2, 305-359, MR1992015

[BH21] D. Bullach, M. Hofer: On trivial zeroes of Euler systems for Gm, preprint,
2021, arXiv:2102.01545

[Ble06] W. Bley: Equivariant Tamagawa number conjecture for abelian exten-
sions of a quadratic imaginary field, Doc. Math. 11 (2006), 73-118,
MR2226270

[Breu04] M. Breuning: Equivariant local epsilon constants and etale cohomology,
J. London Math. Soc. (2) 70 (2004), 289-306, MR2078894

[Bu01] D. Burns: Equivariant Tamagawa numbers and Galois module theory I,
Compositio Math. 129 (2001), no. 2, 203-237, MR1863302

[Bu07] D. Burns: Congruences between derivatives of abelian L-functions at s=0,
Invent. Math. 169 (2007), no. 3, 451-499, MR2336038

[Bu11] D. Burns: On derivates of Artin L-series, Invent. Math. 186 (2011), no.
2, 291-371, MR2845620

[Bu20] D. Burns: On derivatives of p-adic L-series at s = 0, J. Reine Angew.
Math. 762 (2020), 53-104, MR4195656

[Ca79] Pi. Cassou-Noguès: Valeurs aux entiers négatifs des fonctions zêta
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Symbol Directory

N set of natural numbers (without 0)
Z ring of integers
Zp ring of p-adic integers
Q field of rational numbers
Qp field of p-adic numbers
Fq finite field of q elements, where q is a prime power
R field of real numbers
C field of complex numbers
Cp p -adic completion of an algebraic closure of Qp

s image of the complex number s under the complex conjugation
lcm(. . . ) least common multiple of two or more integers
L+ maximal real subfield of the number field L
ζn primitive n-th root of unity
ζK Dedekind zeta function of the number field K
R× unit group of the ring R
Z(R) center of the ring R
Q(R) total ring of fractions of the ring R
Rm×n set of m× n-matrices with entries in R
GLn(R) set of invertible n× n-matrices over the ring R
SLn(R) set of matrices over the ring R with determinant 1
1n unit matrix of size n× n
detK(A) determinant of the square matrix or K-linear endomorphism A,

where K is a field
Tr(A) trace of the square matrix (resp. endomorphism) A
eχ central primitive idempotent associated to the character χ
µK set of roots of unity in the field K
c`K class group of the number field K
AnnR(M) annihilator ideal of the R-module M
R[G] group ring of the finite group G over the ring R
V G G− invariants of the G-module V
Λ(G) Iwasawa algebra of the profinite group G overZp

χ̆ contragredient character of the character χ
πχ representation with character χ, i.e. a homomorphism G→ GLχ(1)(K),

where K is a field that realizes πχ
Vχ G−module with character χ
R(G) ring of virtual characters of the group G
〈χ, ψ〉G inner product of the class functions χ and ψ
G′ commutator subgroup of the group G
Gab abelianization of the group G
TrG trace of the group G, i.e. the sum

∑
g∈G g
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[g, h] commutator of the elements g and h, i.e. ghg−1h−1

indGU χ character of the group G
induced from the character χ of the subgroup U

infG
G
χ character of the group G

inflated from the character G of the factor group G
resGU χ character of the subgroup U of G

that is given by the restriction of the character χ of the group G
Irr(G) set of (C-valued) irreducible characters of the finite group G
GP decompostion subgroup at the prime P in the number field L,

where L/K is Galois of group G
IP inertia subgroup of some Galois group at the prime P
S∞(K) set of infinite places of the number field K,

where we simply write S∞ if it is clear from context
Sram(L/K) set of places of the number field K that ramify in the extensionL/K
Sp(K) set of places above the prime p in the number field K,

where we simply write Sp if it is clear from context
LS(χ, s) S-truncated Artin L-function attached to the character χ
Lp,S(χ, s) p-adic S-truncated Artin-L-function attached to the character χ
θS,T (r) Stickelberger element at the non-positive integer r

attached to the finite set of places S and T
Sn symmetric group on n symbols
An alternating subgroup in Sn
sgn(σ) sign of the permutation σ
(a1 . . . ak) permutation mapping ai 7→ ai+1 mod k

Dn dihedral group of order 2n
Cn cyclic group of order n
I(R) integrality ring of the O-order R

in the finite dimensional separable K-algebra A (see Def. 2.6)
I(G) integrality ring of the group ring Z[G],

where G is a finite group
Ip(G) integrality ring of the p-adic group ring Zp[G],

where G is a finite group and p is a prime
Ip(G) integrality ring of the Iwasawa algebra Λ(G),

where G is a one dimensional p-adic Lie group
nr(x) reduced norm of the element x,

where x is inside a fixed finite dimensional separable K -algebra A
H∗ generalised adjoint of the square matrix H

over a fixed finite dimensional separable K − algebra A
H(R) denominator ideal in the integrality ring of R (see Def. 2.18)
H(G) denominator ideal in the integrality ring of Z[G],

where G is a finite group
Hp(G) denominator ideal in the integrality ring of Zp[G],

where G is a finite group and p is a prime
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