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ABSTRACT
From concentrated solar power plants to rocket engines,
energy conversion systems are continually reengineered
to perform ever better. Often this involves fluids being
pushed into the supercritical region, where highly non-
ideal thermodynamic effects are at play. Yet, our funda-
mental understanding of flow physics at such conditions
lags behind to successfully realize these exciting engi-
neering applications. Especially, the sharp variations in
all thermophysical properties close to the critical point
and the high optical density at supercritical pressures
lead to significantly richer flow physics and even more
intricate phenomena in turbulence. In this talk we will
present our recent fundamental on turbulence in super-
critical fluids, which are relevant in all component of a
supercritical power cycle. We will elucidate how and
when flows with supercritical fluids transition to turbu-
lence and how compressible effects can be characterized
and modelled for turbulent heat transfer.

INTRODUCTION
The continuous demand to increase the efficiency of en-
ergy conversion systems and the productivity of pro-
cess plants forces engineers and scientists to use flu-
ids at increasingly higher pressures and temperatures.
For instance, to increase the thermal efficiency of power
plants, engineers are currently developing a thermody-
namic power cycle that operates with carbon dioxide in
the supercritical region, at pressures and temperatures
high enough to exceed the critical point where fluids
behave in a highly non-ideal way. Such a power cy-
cle has the potential to enable a break-through of cost-
competitive, utility-scale solar thermal power plants.
Another example where pressures and temperatures of
fluids continuously increase is in the development of more
powerful rocket engines. The idea of engineers is to use
rocket fuels at supercritical conditions not only to in-
crease fuel mixing with the oxidizer but also to cool the
rocket engine using the fuel before it is injected into the
combustion chamber. While cooling the rocket nozzle,
the fuel is heated from initially cryogenic conditions into
the supercritical region. The net result is a rocket en-
gine that provides higher specific thrust, enabling space
access with increasingly higher payloads.
One of the major obstacles in successfully realizing

these technologies is the limited knowledge of turbulence
in the supercritical fluid region, especially when flows are
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Figure 1: Pressure – temperature phase diagram of an
arbitrary substance indicating the thermodynamic criti-
cal point and the supercritical fluid region. Pcr and Tcr
are critical pressure and temperature, respectively. Two
applications are shown which will operate in the super-
critical regime.

heated or cooled across the Widom line (see black dot-
ted line in figure Figure (1)) in the supercritical region.
The sharp variations in all thermophysical properties in
the vicinity of the Widom line lead to significantly richer
flow physics and even more intricate phenomena in tur-
bulence.

In this paper we will discuss three topics related to
flows in the supercritical fluid region. In the first topic
we will discuss boundary layer instability with flu-
ids in the vicinity of the critical point, where we will
identify the range of disturbances to which a given lami-
nar base flow is unstable and how these instabilities can
trigger the development of turbulence. In the second
topic we will discuss how fully developed turbulent
flows with highly non-ideal fluids can distinctively be
characterized by the semi-local Reynolds number and a
scaling approach we proposed recently in Ref. [1]. In the
third topic we will show how this scaling approach can
be used to properly sensitize common turbulence mod-
els to account for the “leading-order effect” of variable
properties on wall bounded turbulence.
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TRANSITION TO TURBULENCE
Most of the present knowledge on stability and laminar-
turbulent transition is limited to ideal gases [3] or in-
compressible flows, where thermodynamic properties are
constant. On the other hand, numerical simulations of
real gas effects (high-temperature chemical effects) in
hypersonic flows has just gone through an initial stage
[6, 7, 8]. These effects, often referred to as real-gas ef-
fects, include vibrational excitation, dissociation and re-
combination of gas species, ionization, radiation and sur-
face ablation. Apart from the high-temperature chemical
effects, stratifications in thermodynamic or/and trans-
port properties can substantially influence the stability
(see review by Govindarajan & Sahu [9], and references
therein). These stratifications exist both naturally (e.g.
in the Earth’s outer core) and artificially (e.g. exert wall
heating/cooling), revealing some of the non-ideal-gas ef-
fects.
We recently investigated the stability of boundary

layer flows with fluids close to the critical point [10],
through linear stability theory [11], direct numerical sim-
ulation and inviscid analysis. To account for the full non-
ideal gas effects, one must take the non-ideal equation-of-
state into consideration as well as the complicated func-
tions of thermodynamic/transport properties in terms
of its thermodynamic state, which can be determined
by two independent thermodynamic quantities (such as
density and internal energy). We study boundary layer
flows with carbon dioxide (CO2) at a constant pressure
of 80 bar, which is above the critical pressure (73.9 bar).
The flow conditions are such chosen that different ther-
modynamic regimes of interests shall be well revealed.
If a fluid at constant supercritical pressure is heated,

such that the Widom line is crossed (see black dotted line
in figure Figure (1)), highly non-ideal effects are at play.
In the vicinity of the Widom line, which is an extension
of the liquid-vapor coexistence line into the supercritical
fluid regime (see solid orange line in figure Figure (1)), a
seemingly continuous phase transition from a compress-
ible liquid to a dense vapor occurs with large changes in
all thermophysical properties [12, 13, 14]. As the tem-
perature at the wall increases towards the Widom line
(due to viscous heating), the stability of the flow in-
creases significantly (see neutral stability curves in the
right column of figure Figure (2) (a,b) for two different
Mach numbers). By crossing the Widom line, figure Fig-
ure (2)(c), a novel and peculiar second mode (Mode II)
appears which overlaps with Mode I. Until now, such a
phenomenon has not been observed and further research
is required to unveil this intriguing mechanisms using
advanced theory, comprehensive simulations and novel
experiments.
To characterise the boundary layer flow we use the

Reynolds number, Re∞, Prandtl number, Pr∞, Eckert
number, Ec∞ and the Mach number, Ma∞ (all based on
freestream parameters) which are given as:

Re∞ = ρ∗∞u
∗
∞l
∗
0

µ∗∞
, Pr∞ =

µ∗∞C
∗
p∞

κ∗∞
,

Ec∞ = u∗2∞
C∗p∞T

∗
∞
, Ma∞ = u∗∞

a∗∞
. (1)

The subscript ∞ denotes freestream values, superscript
∗ stands for dimensional variables, l∗0 is a chosen length
scale, a∗∞ is the speed of sound in the freestream. Note
that for an ideal gas Ec∞ = (γ − 1)Ma2

∞, where γ is
the heat capacity ratio. In linear stability theory, l∗0 is
chosen to be the local boundary layer thickness scale δ∗,
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Figure 2: Boundary layer temperature profiles (left col-
umn) and corresponding neutral stability curves as func-
tion of Reynolds number, Reδ, and perturbation fre-
quency, F , (right column) for cases with increasing free
stream Mach number (M∞ = [0.4, 0.5, 0.6]). The equiv-
alent ideal gas solution is shown in gray to highlight
differences. The wall is adiabatic and the free stream
temperature is at 280 K.

which results in the definition of Reδ:

δ∗ =
(
µ∗∞x

∗

ρ∗∞u
∗
∞

)1/2
,

Reδ = ρ∗∞u
∗
∞δ
∗

µ∗∞
=
(
ρ∗∞u

∗
∞x
∗

µ∗∞

)1/2
. (2)

Besides the known stabilization of compressibility ef-
fects (increase Ec∞), the boundary layer flow is further
stabilized by non-ideal gas effects in the subcritical or
supercritical regime. In either regime, the temperature
profile remains below or above T ∗pc, the stabilization is
more prominent when T ∗∞ is closer to T ∗pc and/or Ec∞ is
increased.

The most interesting results lie in the transcriti-
cal regime, where the temperature profile crosses the
pseudo-critical point (Tpc = 307.7 K). We show in fig-
ure Figure (3) a detailed evolution of the growth rate
with T∞ = 280 K by gradually increasing the Eckert
number afrom Ec∞ = 0.11 to Ec∞ = 0.202, such that
the insulated wall temperature increases. Figure Fig-
ure (3)(a,b) shows the neutral curve of Mode I, while
in figure Figure (3)(c) we show Mode II that becomes
unstable at Ec∞ ≥ 0.19. It appears that the maximum
critical Reynolds number Reδ occurs at Ec∞ = 0.16.
The flow enters the transcritical regime (the tempera-
ture crosses the pseudo-critical point) at Ec∞ ≥ 0.17,
and the growth rate and the extent of the neutral curve
of Mode I again increases. Figure Figure (3)(b) shows
the evolution of Mode I in the transcritical regime. With
an increase in Ec∞, the range of unstable Reδ decreases,
while the range for unstable F increases. Most notewor-
thy is the growth rate of Mode II, which increases much
faster with Ec∞ and becomes much larger than Mode I.
This indicates that the flow in the transcritical regime is
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Figure 3: Growth rates of perturbations in the F − Reδ stability diagram with T ∗∞ = 280 K. (a) Ec∞ =
0.11, 0.12, ..., 0.19, (b) Ec∞ = 0.194, 0.196, ..., 0.202.

significantly destabilized by non-ideal gas effects through
Mode II.
The inviscid analysis shows that in the transcritical

regime, Mode II is not caused by the trapped acoustic
waves which is deemed to give rise to higher modes in hy-
personic flows. We show that the generalized inflection
point criterion expressed in density D(ρ0DU0) is valid
for non-ideal gases. As result, an inviscid mechanism
is present in the trans- and supercritical regimes in con-
trast to the subcritical regime which contains the viscous
instability only.

FULLY TURBULENT FLOWS
Figure (4) shows three turbulent channel flow simula-
tions using DNS. The fluid is volumetrically heated,
while the temperature at the wall is kept at a constant
value. Different constitutive relations for density, ρ, and
viscosity, µ, as a function of temperature, T , were used.
The case CRe?τ (figure (a)) corresponds to a flow for
which density and viscosity are decreasing away from the
wall, such that the semi-local Reynolds number Re?τ is
constant across the whole channel height. The semi-local
Reynolds number is defined as

Re?τ ≡
√
〈ρ〉 /ρw
〈µ〉 /µw

Reτ , (3)

where 〈·〉 denotes Reynolds averaging, the subscript w
indicates quantities at the isothermal wall (no averaging
at the wall is required), Reτ = ρwuτwh/µw is the friction
Reynolds number based on friction velocity, uτw , and a
characteristic length, h. Although this case has arbitrary
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Figure 4: Contour plots of instantaneous density ρ (top
half) and dynamic viscosity µ (lower half) for cases CRe?τ
(a), Gas-like (b), and Liquid-like (c).
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Figure 5: Contour plots of instantaneous density ρ (top
half) and dynamic viscosity µ (lower half) for cases CRe?τ
(a), Gas-like (b), and Liquid-like (c).

thermophysical properties, it is worthwhile to mention
that it bears similarities to supercritical fluids, for which
both density and viscosity decrease when heated across
the pseudo-critical temperature [15, 16]. The cases GL
and LL (figure (b) and (c)) are flows with gas-like and
liquid-like property variations that both have large gra-
dients in Re?τ . More details on the governing equations,
the numerical scheme and the DNS cases can be found
in [1].
The streamwise velocity profiles are shown in Fig-

ure (5). Note, the van Driest velocity transfor-
mation (left figure), which is defined as uvD =∫ √
〈ρ〉 /ρw d(〈u〉 /uτw

), is not capable to provide a col-
lapse for the velocity profiles of these three DNS cases.
On the other hand, the velocity scaling as proposed by
[17], and later independently derived by [18], provides a
good collapse for all cases (right figure). The u?-velocity
scaling based on the semi-local Reynolds number is ex-
pressed as,

u? =
∫ uvD

0

(
1 + y

Re?τ

dRe?τ
dy

)
d
〈
uvD

〉
. (4)

This transformation has been obtained by scaling the
Navier-Stokes equation using semi-local scales, which is
the key to account for the leading-order effect of variation
in thermophysical properties on turbulence. This semi-
local scaling approach provides a framework to collapse
other turbulence properties as well and consequently pro-
vides insight to properly models turbulence as discussed
in the next section.

TURBULLENCE MODELING
Common turbulence models for solving the Reynolds-
averaged Navier-Stokes (RANS) equations do not
correctly account for variations in thermody-
namic/transport properties, such as density and
viscosity, which can cause substantial inaccuracies in
predicting important quantities of interest, for example,
heat transfer and drag. RANS equations with simple
extensions of eddy viscosity models (EVM) are cur-
rently used to predict turbulence in supercritical fluids.
For example, if the turbulent kinetic energy (TKE)
equation is derived on the basis of the compressible
Navier-Stokes equations, additional terms appear, i.e.
pressure -work and -dilatation, dilatational dissipation,
and additional terms related to fluctuations of density,
velocity, pressure, etc. The modification of the TKE
in flows with strong heat transfer has been attributed
to these terms and according models have been pro-
posed in the past [19, 20, 21]. A different approach

to sensitize turbulence models for compressible flows
with large density variations, was proposed by Catris
and Aupoix [22]. They used the formulation developed
by Huang et al. [23] for the closure coefficients, to
modify the diffusion term of the turbulent dissipation
transport equation. Additionally, they argued that the
diffusion of TKE acts upon the energy per unit volume
[(kg m2/s2)/m3] of turbulent fluctuations, which can
be expressed as ρk. The diffusion of TKE is therefore
based on ρk, while the diffusion coefficient is divided by
the density on the basis of dimensional consistency.

Based on the semi-locally scaled turbulent kinetic en-
ergy equation, introduced in [1], we analytically derive
a modification of the diffusion term of turbulent scalar
equations to improve the prediction of eddy viscosity
models for wall-bounded turbulent flows with strong gra-
dients in the thermo-physical properties. The modifica-
tions are based on the fact that the “leading-order ef-
fect” of variable properties on wall bounded turbulence
can be characterized by the semi-local Reynolds number
only [18]. For instance, the modified TKE equation reads
(averaging operators omitted),

∂ρk

∂t
+ ∂ρkuj

∂xj
=

Pk − ρε+ 1
√
ρ

∂

∂xj

[
1
√
ρ

(
µ+ µt

σk

)
∂ρk

∂xj

]
.

(5)

If compared to the conventional model for the TKE,
the newly derived equation shows only one major differ-
ence that lies in the diffusion term. The diffusion term
that emerges from the semi-local scaling methodology is
a function of ρk (instead of k), while the diffusion co-
efficient and the overall diffusion term are divided by√
ρ. This is similar to the density corrections proposed

by [22], except that in [22], only the diffusion coefficient
is divided by ρ.

The developed methodology is generic and applica-
ble to a wide range of eddy viscosity models. We
have applied the same methodology to several turbulent
scalars (ε, ω, among others) of common eddy viscos-
ity models: the eddy viscosity correlation of Cess [24],
the one-equation model of Spalart Allmaras (SA) [25],
the low Reynolds number k − ε model of Myong
and Kasagi (MK) [26], Menter’s shear stress transport
model (SST) [27], and the four-equations v2 − f model
(V2F) [28]. An additional modification we have intro-
duced is to replace y+ and Reτ , e.g. within the eddy
viscosity correlation of Cess and for the damping func-
tion of the MK turbulence model, by their semi-local
counterparts, namely y? and Re?τ [1].

We have tested the EVM to available direct numeri-
cal simulations (DNS) of volumetrically heated fully de-
veloped turbulent channel flows with varying thermo-
physical properties which have been introduced earlier.
The density and the viscosity are a function of temper-
ature and different constitutive relations are used, that
resemble behaviours of liquids (LL), gases (GL), super-
sonic fluids (SS), and fluids close to the vapour-critical
point (CRe?τ ).

The results are reported in Figure (6) in terms of u?
(see equation (4)) and uvD, which is the van Driest ve-
locity transformation. The modifications clearly improve
the EVM for flows with strong variations on the thermo-
physical properties. A substantial improvement is seen in
Cess and the MK model; the damping function of these
modified models is able to correctly account for varia-
tions of transport properties. Interestingly, the original
SA model, originally developed for external flow, gives
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Figure 6: Universal velocity transformation u? with respect to the semi-locally scaled wall normal distance y? for a
fully developed turbulent channel. The grey dashed lines represent u? = y? and u? = 1/κ ln(y?) + C, the viscous
sublayer and log-law region, respectively, where C = 5.5.

the most reliable results, with respect to other conven-
tional EVM, for the cases studied. For the modified SST
model, the performance with respect to the universal law
of the wall is not satisfactory. The modified V2F formu-
lation improves the collapse with the DNS data if com-
pared to the conventional form for all the cases. For
the profile of u?, a good collapse is seen with the DNS
data for most of the modified EVM, outperforming the
original models.

CONCLUSION
Several conclusions can be drawn on the topics discussed
in this paper, which are separately discussed hereafter.
Boundary layer stability The compressibility ef-

fects close to the critical point strongly stabilise the
boundary layer. Using modal stability analysis we
showed that for conditions where the free-stream tem-
perature is below the pseudo-critical point, the maxi-
mum boundary layer stabilisation is achieved when the
temperature at the wall increase towards the Widom line.
Once the temperature at the wall crosses the Widom line,
due to an increase in Mach number, a novel instability
mode appears. The growth rate of this mode increases
much faster with Ec∞ and becomes much larger than
Mode I. This indicates that the flow in the transcriti-
cal regime is significantly destabilised by non-ideal gas
effects.
Fully developed turbulent flows We have recently

derived a simple scaling transformation of the Navier-
Stokes equations using semi-local quantities, which al-
lows to account for the “leading order effect” of variable
properties on turbulence. One outcome of this approach

is a velocity transformation that allows to collapse ve-
locity profiles for channel flows with arbitrary variations
in density and viscosity.
Turbulence modelling Based on the semi-local scal-

ing framework we have also derived a novel method-
ology to improve eddy viscosity models for predicting
wall-bounded turbulent flows with strong variations in
thermo-physical properties. The major difference of the
new methodology is the formulation of the diffusion term
in the turbulence scalar equations. The conclusion is that
the diffusion of turbulent kinetic energy acts upon the en-
ergy per unit volume and not per unit mass. In general,
the modified EVMs result in a much better agreement
with the DNS data in terms of velocity profiles and heat
transfer of fully developed turbulent channel flows with
variable property fluids. The next step in modelling tur-
bulence should focus on effects related to very large den-
sity fluctuations (larger than the ones considered herein)
and to turbulence deterioration emerging from flow ac-
celeration and buoyancy forces.
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