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Abstract

For a given system of bodies whose relative motions are described by a set of constraints,

the dimension of these allowed motions can provide valuable information about the

physical properties of this system. The special case of rigidity is of particular interest

for multidisciplinary research, e.g., for the analysis of crystal lattices, granular packings,

the definition of placement conditions in CAD systems, or the synthesis of multibody

systems. This thesis is dedicated to the recognition of rigid substructures in the context

of multibody systems.

The number of possible motions is characterized by the concept of the degree of free-

dom, for which several established classifications are reviewed, and three additional

categories, namely fully, transmitted, and structurally isolated degrees of freedom are

introduced. Based on this classification, it is now possible to recognize not only ab-

solutely rigid systems, but also those that are rigid in character, yet have isolated

degrees of freedom, e.g., in the form of bodies that can rotate freely between two

spherical joints.

For this purpose, a multibody system consisting of rigid bodies and joints is topolog-

ically understood as a network of coupled modular multibody loops, which simplifies

the recognition of efficient recursive solutions and enables a uniform consideration of

planar, spatial and mixed systems. The isolated degrees of freedom are first indepen-

dently identified in the individual multibody loops based on their displacement groups.

Afterward, they are tracked across the couplings of the network and are classified with

respect to newly introduced categories. In a graph, rigid subsystems, both with and

without isolated degrees of freedom, can be identified by means of simple graph cuts.

Through subsequent replacement of the determined rigid subsystems by simple bodies,

the complexity of a multibody system can be reduced. Overdetermined parts that lead

to false assumptions counting the degree of freedom are thus identified, enabling a bet-

ter determination of the actual degree of freedom of a system. Finally, the procedure

is successfully applied to well-known counter-examples in which conventional formulas

for determining the degree of freedom lead to incorrect results.
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1 Introduction

One of the probably most fundamental properties immanent to a mechanical system

is its degree of freedom, which provides insight on the number of independent move-

ments its components can undergo. It decides on whether a mechanism is capable of

performing a particular type of motion, indicates the number of necessary actuators,

or reveals that an assembly may not be able to move at all.

Thus, its correct determination has attracted researchers ever since the nineteenth cen-

tury, bringing up a wide variety of different algorithms. Especially the peculiar case

of an assembly with zero degrees of freedom, which is then referred to as a struc-

ture finds its application even beyond the field of mechanics. As such, in material

science some macroscopic properties like material strength can be better understood

by identification of underlying microscopic rigid and flexible subsystems as for cova-

lent glass networks (Thorpe, 1985), insights on proteins and molecules can be gained

(Feng and Sen, 1984; Jacobs et al., 2002, 2001; Whiteley, 2005), or granular packings

can be analyzed (Bedi and Chakraborty, 2018). In the design of novel mechanisms

or structural optimization for achieving kinematics with enhanced performance, au-

tomated synthesis methods were introduced for which, though, degenerate specimens

containing rigid subsystems have to be detected and sorted out (Ding, 2015). When

assembling complex models in computer-aided design programs, users introduce geo-

metric constraints forming a constraint graph, for the solution of which it is important

to detect not yet defined (flexible), or overconstrained subsystems leading to inconsis-

tencies (Lee, 2008; Moinet et al., 2014).

The variety of applications explains the great interest in rigidity theory and long-

lasting research in this area. While the two-dimensional case of generic rigidity has

been solved by Laman (1970) for bar-and-joint systems, the spatial problem is still an

open challenge, since a characterization of generic rigidity based only on combinatorics

is not available (Kitson and Power, 2018).

While general counting formulas are doomed to fail as they do not account for specific

topological peculiarities, pure combinatorial approaches though are in general quite

performant, yet usually, apply only to specific cases such as body-bar frameworks with

limited applicability to general mechanisms. Methods numerically analyzing the set of

constraint equations for dependencies, in general, deliver correct results for a particu-

lar realization of a mechanism, presuming numerical values for dimensions are known.

However, the full set of equations has to be established at first, particular caution has
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to be exercised in the neighborhood of any singularities, and regarding only a single

configuration does not permit a direct conclusion on the general degree of freedom. A

remedy to these shortcomings is promised by the symbolic processing of these equa-

tions as proclaimed by Gogu (2008), which would theoretically deliver not only correct

results with respect to the degree of freedom, but would even return conditions for

the presence of singularities or redundant constraints. Though determining the depen-

dence of symbolic equations is non-trivial, thus (over-) stretching the capabilities of

current computer algebra systems and even for simple cases may consume a consider-

able amount of time. Therefore, there remains a high demand for efficient approaches

tackling mobility and rigidity determination for the spatial case.

The underlying idea of the present approach is to regard a mechanism, not as an as-

sembly of bodies and joints, but instead as a network of interconnected kinematic loops

introduced by Kecskeméthy (1993b). The method proved particularly suitable to derive

(possibly closed-form) efficient solutions for systems with many coupled loops whose

implementation in Mathematica (Wolfram Research, Inc., 2019) was presented by

Kecskeméthy et al. (1997). The structural properties of each of these loops are first

analyzed individually, effectively breaking down the overall system into several smaller

ones, in a way that naturally spatial, spherical, and planar subsystems may be mixed,

for which often efficient solutions can be found. Reconstituting these “building blocks”

into a connected network and tracking the transmission of relative kinematics then

allows identifying potentially rigid or overconstrained subsystems, which reduces the

general search space.

For the structural analysis, a symbolic approach is pursued, for which symbolic opera-

tors express the relative kinematics by elementary rotations and translations, sufficient

to describe any general rigid body displacement. By analysis of invariant properties

such as points, lines, and planes, geometric characteristics can be captured to some

extent without the necessity to symbolically analyze the set of in general non-linear

closure conditions.

Building upon previous work by Xia et al. (2012), the main contribution of this work is

an approach to track and detect subsystems with isolated degrees of freedom, which for

instance, are present in spatial mechanisms of spherical joints and bars. For this pur-

pose, three new categories of isolated degrees of freedom are proposed for the detection

of which concepts of group theory are used. Necessary to that end is to automati-

cally associate joints expressed by sequences of rotational and translational transfor-

mations to corresponding displacement subgroups, for which an appropriate method
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is described. Furthermore, a quick determination of the mobility number of single-

loops based on isotropy groups following the idea of Kecskeméthy and Hiller (1992) is

elaborated and a universal procedure to treat multiple joints and also derive resulting

non-linear coupling conditions is provided. The approach is applied successfully to

well-known counterexamples to which end also “implicit” edges are of concern.

1.1 Literature Overview

In this section, an overview of different available approaches to determine the degrees

of freedom of a multibody system, and consequently, to detect rigid subsystems shall

be given. To this end, the following definition for degrees of freedom (or mobility) will

be used, which will be discussed in more detail in sec. 2.4:

“The mobility of a mechanism is the number of input parameters (usually

pair variables), which must be independently controlled in order to bring

the device into a particular position.” (Shigley and Uicker, 1995, p. 12)

If the degree of freedom is less or equal to zero, the system is regarded as a (rigid)

structure, where a negative degree of freedom indicates that the structure is overcon-

strained. As coverage of the topic of degrees of freedom to its full extent would go far

beyond the scope of this work, it was attempted to organize the general concepts by

type of methodology, though boundaries often blur.

1.1.1 Counting Formulas

Probably the most straightforward and fastest approach is the determination of de-

grees of freedom by counting formulas that take into account only the most fundamen-

tal properties as the number of bodies and joints, type or degree of freedom of the

respective joints and a parameter describing the “motion type” of the system. Gogu

(2008) provides an exhaustive discussion of counting formulas and their deficiencies in

determining the correct degree of freedom for general mechanisms, from which some

key points will be reviewed hereafter.

Over 150 years ago, Chebyshev provided a formula for determining the degrees of free-

dom of a mechanism (Chebyshev, 1854). He specified the number of links and joints

necessary to form planar mechanisms with one degree of freedom. Sylvester (1875)
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modifies the equation such that it can be applied to planar linkages with one degree of

freedom without a declared base frame and also mentions how multiple joints are to

be counted. Grübler (1883) picks up on Sylvester’s equation, which he later extends

to the spatial case with helical joints, still regarding only systems with one degree of

freedom (Grübler, 1917). To unite the calculation of degrees of freedom for planar and

spatial mechanisms within one formula, Somov (1887) introduces a motion parameter

indicating which of both is concerned. Kutzbach (1929) introduces a formula for the

calculation of the degree of freedom for spatial and planar mechanisms benefitting from

the motion parameter and furthermore taking into account joints with variable degrees

of freedom, though the whole system has to be subject to the same motion type. The

contributions of Chebyshev, Grübler, and Kutzbach are grouped into the well-known

Chebyshev-Grübler-Kutzbach formula, published in a variety of versions, which in its

original form sums up the degrees of freedom of all joints and subtracts the number of

constraints introduced by the closure of the independent kinematic loops of a mecha-

nism assuming one common motion type. Through extensions by Voinea and Atanasiu

(1960) and Manolescu and Manafu (1963) also loops of different motion types can be

mixed. Indeed, the most challenging part is to determine the correct motion parame-

ter for the individual kinematic loops, for which a pure observation of the number and

type of joints and links is not sufficient, as well as the number of dependent constraints

within the assembled system. Though, if these are known, a universally valid formalism

for the number of degrees of freedom of mechanisms can be stated:

“[...] the number of independent coordinates (parameters) needed to define

the configuration of a mechanism with closed loops is the difference between

the number of independent motion parameters of the joints [...] before loop

closures provide further constraints, and the number [...] of joint parameters

that lose their independence after loop closures.” (Gogu, 2008, p. 63)

In fact, the Chebyshev-Grübler-Kutzbach formula yields a lower bound for the degree of

freedom such that the apparent degree of freedom (see sec. 2.4.2) is always greater than

or equal to the thereby obtained degree of freedom. As a consequence, on the one hand,

the ability to correctly determine the degree of freedom of a (sub-) system is required for

the detection of rigid (sub-) systems. On the other hand, knowledge (and replacement)

of overconstrained rigid subsystems within a mechanism reveals dependent constraints

and therefore aids the correct determination of the overall degree of freedom.
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1.1.2 Analysis of the Jacobian Matrix

In general, this problem can be solved mathematically by analysis of the rank of the

Jacobian matrix derived from the constraint equations of the multibody system. A

loss of rank indicates the redundancy of some of the constraint equations, increasing

the degree of freedom. As pointed out by Gogu, Moroskine (1954) already referred

to this relationship, and furthermore Angeles and Gosselin illustrated for several ex-

amples how “the degree of freedom of the chain can be uniquely computed as the

dimension of the nullspace of the said matrix.” (Angeles and Gosselin, 1988, p. 219).

The analysis of the Jacobian and its condition number is often used in the context of

parallel manipulators and reveals sensitivities of input to output velocities as well as

insights on singular configurations for instance, in (Merlet, 2005a; Wang and Gosselin,

1998; Yang et al., 2008). For the detection of a rigid or overconstrained subsystem,

as required in computer-aided design, the Jacobian can be determined for a specific

realization called a witness and provides insights on redundantly placed constraints

by a user (Foufou and Michelucci, 2012; Michelucci and Foufou, 2006). Though, the

establishment of the set of constraint equations is cumbersome, especially for complex

mechanisms. In addition, the numerical calculation of the rank of the Jacobian matrix

presumes that numerical values for all dimensions are known, and then consequently

only returns the correct degree of freedom for the given realization of the mechanism.

Furthermore, in the proximity of a singular configuration, one has to be cautious re-

garding the interpretation of obtained numerical values. Gogu proclaims the symbolic

rank determination by the use of available computer-algebra systems as a resort to

these issues, though, this is a non-trivial task, and despite ongoing research, capabili-

ties for the symbolical analysis of equations for these systems are still somewhat limited

and time-consuming.

1.1.3 Approach Based on Lie Groups

An approach for the analysis of degrees of freedom of kinematic chains that does not

depend on actual dimensions and numerical values is based on the concept of group the-

ory and was first introduced by Hervé (1978). In general, any rigid body displacement

can be understood as an affine transformation, and it can be shown that the set of rigid

body displacements forms a group. Indeed, the set of all relative displacements between

two bodies within a kinematic chain whose constrained relative motion is a subset of

the rigid body displacements and under certain circumstances may form a subgroup
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that leaves some geometric properties invariant. For instance, if two bodies connected

by a revolute joint perform two subsequent rotations about the joint axis, the result is

again a rotation about the same axis by an angle corresponding to the angle sum. By

mathematical group composition and intersection, relationships about the relative de-

grees of freedom of bodies can be determined from the dimension of the corresponding

displacement subgroup. By this means, the degrees of freedom of kinematic chains can

be derived without the knowledge of actual dimensions, as described by Angeles (1988).

Herve classified the chains for which this method is applicable into trivial, exceptional,

and paradoxical chains, whereby the first two categories can be examined using the

group approach, while for the latter one, geometric information needs to be involved.

The concept is used for the mobility analysis of kinematic chains and was further devel-

oped by Fanghella and Galletti (1994) as well as Rico Martínez and Ravani (2003) and

was also used by Thomas and Torras (1988) in the context of computer-aided design.

This approach has been complemented with Lie algebra on screws, which transfers the

analysis from finite to infinitesimal kinematics (Hervé, 1999; Müller and Maißer, 2003;

Rico Martínez et al., 2003). Furthermore, Lee and Hervé (2002) applied this approach

successfully to analyze discontinuous mobilities.

1.1.4 Approach Based on Assur Groups

Another concept used for structural analysis of mechanisms is based on Assur groups,

commonly used in eastern Europe and Russia, which originates in the work of Assur

(1913) but became especially popular after its adoption by Artobolevskii (1951). The

term group here is not to be confused with the previously regarded mathematical defi-

nition but instead declares a set of planar kinematic chains with zero degrees of freedom

when fixed at the terminal joints, with the additional property of being minimal in the

sense that no simpler substructures may be yielded by the removal of one or more

links (Pennock and Kamthe, 2006). The underlying idea is that these chains can be

used for a sequential assembly of many technical mechanisms by subsequent addition,

such that the kinematic equations can be derived in a hierarchical fashion. As a result,

the complexity of mechanisms can be broken up into simpler modules, which leads

to a variety of decomposition schemes. Fields of application are for instance the syn-

thesis of mechanisms by adding Assur groups to a driving mechanism (Campos et al.,

2008; Jinkui and Weiqing, 1998; Manolescu, 1979), position analysis in particular also

including singular positions (Mitsi et al., 2003; Servatius et al., 2010b), or generation

and analysis of Baranov trusses by attaching the terminal joints of an Assur group to a
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single base frame (Rojas and Thomas, 2012). More recently, Servatius et al. (2010a,b)

presented the analogies to rigidity theory and showed how existing combinatorial con-

cepts could directly be merged with the theory of Assur groups (Nixon et al., 2014;

Shai et al., 2013; Sljoka et al., 2011). Since being limited in its original form to pla-

nar mechanisms, efforts are undertaken to extend the theory also to the spatial case

(Yang et al., 2015).

1.1.5 Representation as Frameworks

The analysis of frameworks with respect to rigidity and degrees of freedom such as

bar-joint, body-bar, body-hinge, or even body-cad1 frameworks, to which many kinds

of technical kinematic chains can be mapped, is an active field of research, especially

among mathematicians. This generalized treatment allows a graph representation, i. e.,

in bar-joint frameworks, joints and bars are expressed by vertices and edges respectively,

together with a configuration assigning coordinates to the vertices. Constraints induced

by the edges can be expressed in a rigidity matrix subject to further analysis. One can

distinguish between the geometric aspect, taking into account a specific embedding in

space, and a combinatorial aspect, concerning the topology, i. e., the number and distri-

bution of edges. The analysis of these frameworks with respect to rigidity dates back to

1864 when Maxwell (1864) stated a general condition for a statically determined spa-

tial joint-bar framework. In 1970 Laman proposed a relationship between the number

of bars and joints in planar bar-joint frameworks for minimal rigidity that has to be

fulfilled for each subsystem in order for the overall framework to be minimally rigid. In

consequence, a variety of algorithms based on Laman’s theorem were derived: Sugihara

(1980) introduced the first polynomial-time algorithm, followed by further algorithms

with improvements based on determining the network flow (Imai, 1985), matroid sums

(Crapo, 1990; Gabow and Westermann, 1992), bipartite matching (Hendrickson, 1992)

and a generalized “pebble game” (Jacobs and Hendrickson, 1997), by which not only

rigid but also overconstrained subsystems could be identified. However, a generalization

of Laman’s theorem to three dimensions is not directly possible, since, for the spatial

case, it only states a necessary though not sufficient criterion as the example in sec. 6.1

illustrates. Though for body-bar frameworks, Tay’s characterization gives a combina-

torial approach to treat rigidity in n-dimensional space (Tay, 1984). An algorithm that

makes use of this description and recursively merges rigid subsystems reducing average

run time is found, for instance, in (Moukarzel, 1996) and for body-bar frameworks

1These frameworks include constraints specifically present in computer aided design.
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incorporating multiple joints by using a mixed constraint graph in (Shai and Müller,

2013). Franzblau (2000) introduced additional edges to model bond angles in (spatial)

molecules to receive upper and lower bounds on the generic degree of freedom. The

search for combinatorial criteria for the spatial case continues (Chubynsky and Thorpe,

2007; Connelly, 2005; Jackson and Jordán, 2005; Servatius and Servatius, 2010), just

to name a few. Cheng et al. (2009) also emphasize the existence of non-trivial rigid

subsystems with implied edges. Particularly body-cad frameworks attract recent atten-

tion for identification of redundant constraints (Farre et al., 2016; Haller et al., 2012;

Jackson and Owen, 2016; Lee-St. John and Sidman, 2013).

1.1.6 Other Approaches

Some other mainly graph-based methods often use simplification and decomposition

techniques. Agrawal and Rao (1987a), for instance, present a method using a path

loop connectivity matrix for detecting fractionated degrees of freedom. An example

of a loop-decreasing method for the detection of degenerate chains in planar closed-

loop chains with revolute joints only is provided by Hwang and Hwang (1991), which

though according to Sunkari and Schmidt (2005) does not properly detect all degen-

erate chains. Another method for rigid subchain detection that subsequently removes

binary chains and as a result of this reduces complexity is proposed by Lee and Yoon

(1992), which was later adopted by Sunkari (2006) for the structural analysis and

synthesis of planar and spatial mechanisms that are compliant with the Chebyshev-

Grübler-Kutzbach formula. Tuttle (1996) first generated rigid chains with seven or

fewer links, and then through matching, identified these more complex systems. In

the context of mechanism synthesis, a method for detecting degenerate chains within

simple planar kinematic chains and chains containing multiple joints based on an inde-

pendent set of kinematic loops was presented by Ding et al. (2008). Xia et al. (2012)

proposed a loop-based development for planar, spherical, spatial as well as mixed sys-

tems for the detection of rigid and overconstrained subsystems analyzing the kinematic

network. This approach has the advantage of complexity reduction by decomposition

into individual smaller closed kinematic chains and was extended to spatial cases with

isolated degrees of freedom by Simroth et al. (2015c).
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1.2 Goal and Limitations

The goal of the present work is to identify whether a kinematic chain contains rigid

or overconstrained subsystems at the possible presence of isolated degrees of freedom

and, in this particular case, to localize the parts of which the rigid subsystem is com-

posed. The idea starts from the premise that isolated degrees of freedom, i. e., degrees

of freedom that leave a characteristic measurement of a kinematic chain unaltered (see

sec. 5.2.1) have no effect on the transmission of motion within a kinematic chain and

consequently, subsystems which only possess isolated degrees of freedom can be re-

garded as rigid. To that end, it is necessary to be able to (1) identify isolated degrees

of freedom within kinematic chains and (2) to track these within kinematic networks,

such that it is possible to detect structurally rigid subsystems despite a degree of free-

dom greater than zero.

When speaking of degrees of freedom, if not declared otherwise, finite or full-cycle (see

sec. 2.4.3) mobility is of concern, denoting the number of possible independent finite

displacements within a mechanism. It is assumed that the correct degree of freedom

of the individual kinematic loops can be determined by the method based on isotropy

groups described in sec. 3.3. For this reason, this work confines to ordinary multi-

body systems with rigid bodies and idealized joints. Implicated by the underlying

symbolic representation of kinematic chains through elementary translations and ro-

tations, certain geometric properties resulting from specific lengths and angles cannot

be accounted for, thus excluding paradoxical and some exceptional kinematic chains.

For the detection of isolated degrees of freedom, the involved joints are assumed to

be representable by subgroups of rigid body displacements, which is valid for all lower

pair joints and some even more complex constructs.

1.3 Overview of the Present Work

In ch. 2, some general concepts of degrees of freedom in multibody systems are intro-

duced. For this reason, first, the essential elements and terms of multibody systems

are reviewed, and a classification of a multibody system with respect to its topological

structure is depicted. Afterward, awareness is raised for challenges encountered when

using the general degree of freedom counting formulas in sec. 2.4.1. For better distinc-

tion, several general concepts of degrees of freedom are reviewed, which also reveals

some ambiguities regarding the terminology used. In sec. 2.5 the concept of isolated



10 1 Introduction

degrees of freedom as used throughout this work is introduced, and classification into

three different types is proposed.

The kinematic foundation for the concept of kinematic networks is laid in ch. 3. This

chapter shall provide both, the basic background on kinematics necessary to grasp the

concept of a kinematic transformer, and an introduction to the group-theoretic per-

spective of rigid body displacements, which will be utilized for the detection of isolated

degrees of freedom in ch. 5. To ease the understanding of displacement subgroups, a

rather theoretic description of the single rigid body kinematics is chosen in sec. 3.1. In

a similar manner, next, open kinematic chains are first regarded as group compositions

of displacement subgroups, and afterward, the kinematics are derived by concatena-

tion of elementary rotations and translations in sec. 3.3. At last, single-loop kinematic

chains are analyzed and classified with respect to their displacement group properties,

the derivation of closure conditions using isotropy groups is discussed, and finally, the

results are incorporated within a building block of a kinematic transformer.

The mapping of multibody systems to graphs is addressed in ch. 4. For this purpose,

at first basic graph-theoretic elements and terminology are illustrated in sec. 4.1. Since

only closed kinematic chains come into consideration for rigidity detection, a topologi-

cal analysis is conducted, and respective subsystems are extracted according to sec. 4.2.

After that, the concept of kinematic networks is explained, to which end it is necessary

to decompose the extracted subsystems into sets of independent loops as discussed in

sec. 4.3.1. Based on this network, general dependencies between the loops and a favor-

able sequence in which the elements can be processed is derived. At last, the efficient

implementation and derivation of general coupling conditions for multiple joints within

the graph-theoretic context is covered. The chapter concludes with a method for the

automated association of displacement subgroups to joints composed of concatenated

elementary transformations, which is required both for the detection and treatment of

multiple joints as well as for the identification of isolated degrees of freedom in the next

chapter.

Afterward, ch. 5 elaborates on the identification of isolated degrees of freedom in

sec. 5.1, utilizing the concept of group intersection for displacement subgroups. In

sec. 5.2 a unique designation for isolated degrees of freedom is declared, which allows

for tracking and classifying isolated degrees of freedom within kinematic networks. The

detection of rigid subsystems is then first demonstrated in sec. 5.3 for systems without

isolated degrees of freedom, thus exemplifying the dependencies within the kinematic

network in the form of a loop connection graph. The method is then extended such
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that isolated degrees of freedom can be accounted for, and insights on the reduction of

search space are given. At last, a summary is provided, including all necessary steps.

The capabilities of the method are then demonstrated in ch. 6 for two non-trivial

examples comprising isolated degrees of freedom. In particular, the first example is

a well-known counterexample to the general Chebyshev-Grübler-Kutzbach formula,

while the second example features the peculiarity of containing rigid subsystems which

are mobile when detached. The significant results of this work are then summarized

and reflected in ch. 7.
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2 Mobility Determination in Multibody Systems

The use of computers for the design and analysis of mechanical systems greatly reduces

development time, the need for prototypes, and physical tests. Of main interest are

the described motions as well as the internal forces and moments which result from

interaction with the external environment. One of the probably most fundamental

properties and key elements of this work are the degrees of freedom (also termed mo-

bility) of a mechanical system, which determine whether it is capable of accomplishing

the intended tasks or if there exist rigid subsystems that can be reduced to a single

entity. For this reason, a mathematical model of the physical-mechanical system is

required whose general setup will be addressed in the next section, and afterward,

different types and classifications of degrees of freedom will be covered.

2.1 Introduction to Multibody Systems

A mechanical system is characterized by its deformable components with physical prop-

erties as inertia, elasticity, viscosity, and distributed forces acting on their volumes and

surfaces. When using the methodology of continuum mechanics, these systems can be

described by partial differential equations which depend on time and location. Yet,

analytical solutions are only available for special cases, such that numerical solutions

for general cases can only be found by mathematical discretization. However, for me-

chanical systems, it is often favorable to start the discretization process already when

deriving the mathematical model from the mechanical system. Typical examples of

discretized models are finite-element systems or multibody systems (Woernle, 2016).

At this, multibody systems are usually resolved in a much coarser fashion than finite-

element systems, making them particularly suitable for the simulation of the dynamic

behavior of complex mechanical systems and large motions.

2.2 Elements of Multibody Systems

A multibody system can be seen as an idealized model of a mechanical system, whose

components are rigid bodies on which forces and moments are acting. The underlying

idea of multibody systems is to mimic the physical properties of real mechanical systems

as inertia, elasticity, viscosity, and force by discrete and idealized elements, as shown

in fig. 2.1. This allows for the derivation of a computationally more efficient set of
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Mechanical

System

Discretized

Elements

Multibody

System

Inertia

Elasticity

Viscosity

Force

Rigid Body

Spring

Damper

External Forces

Reaction Forces

Components

Force Elements

Constraints

Figure 2.1: Ideal multibody system

equations compared to continuous models. The forces and moments of a multibody

system can then be grouped into external and reaction forces and moments. External

forces are applied in the form of massless force elements like springs, dampers, or

actuators, as well as force fields like gravitation. Reaction forces, on the other hand,

are the result of restricting relative motions of bodies by adding constraints to the

model.

Components:

Rigid body

Constraints:

Joint (scleronomic)

Position Actuator (rheonomic)

Force Elements:

Force Actuator

Damper

Spring

Figure 2.2: General multibody system (cf. Woernle, 2016, p. 2)

2.2.1 Mass Related Elements

Mass related elements of mechanical systems are usually idealized as point masses or

rigid bodies in an ordinary multibody system or as deformable bodies in case of flexible
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multibody systems. A rigid body is formed by a discrete or continuous set of mate-

rial points for which, in contrast to deformable bodies, any two body-fixed reference

points do not change their relative position (Samin and Fisette, 2003). Indeed, many

mechanical systems are purposefully designed by appropriate choice of materials and

material thicknesses to keep deformations negligibly small in comparison to the overall

motion, thus justifying the assumption of rigid bodies for many technical applications.

Each rigid body Bi with mass mi and inertia tensor Θi is characterized by a set of

Ki

KG
i

Kw
i

Joint G

Wrench w

Body Bi

Figure 2.3: Kinematic skeleton of a rigid body

body-fixed frames which form a kinematic skeleton and usually refer to one body-fixed

base frame. Depending on the formalism used to set up the system of equations, the

origin of the base frame is often beneficially chosen at the center of mass and its axes

oriented along the principal axes of the inertia tensor. Further frames KG
i and Kw

i

mark attachment points of joints G as well as application points of external wrenches

w, respectively. Once the kinematic skeleton with all its reference frames is known, the

actual geometry and occupied volume of the rigid body are only of importance, e. g.,

for collision analysis, but can be discarded for the rigidity analysis of the system.

2.2.2 Constraints

The number of independent motions two bodies can perform with respect to one an-

other can be reduced by adding constraints to the model. Constraints result in reaction

forces and moments which are perpendicular to the allowed motions and thus prevent

relative movement along the restricted direction. Examples of rheonomic constraints

are kinematic actuators, while scleronomic constraints are introduced for instance, by

rigid massless bars and ideal joints.

Joints are also referred to as kinematic pairs and can be categorized according to

Reuleaux (1875) into two types by means of their contact type. The category of higher
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pairs is formed by connections that can be described by line or point contacts, which,

for instance, is the case for a cam and follower or a universal joint. The category of

lower pairs on the other side features joints whose elements are in surface contact and is

composed of six joints, namely revolute (R), prismatic (P), screw or helical (H), cylin-

drical (C), spherical (S), and planar (E) joints, as shown in tab. 2.1 (Shigley and Uicker,

1995).

Table 2.1: Lower kinematic pairs (cf. Kecskeméthy, 1993a, p. 21)

Type fG Symbol

Revolute R 1

β

Prismatic P 1
s

Helical H 1

s

s = h · β
β

(h: pitch)

Cylindrical C 2
s β

Spherical S 3

φ
θ

ψ

Planar E 3

s1

s2

β

In particular, revolute and prismatic joints can also be seen as special cases of the

screw joint with helix angles of 0◦ and 90◦ respectively while cylindrical, spherical, and

planar joints, as well as the higher pair of a universal joint, can be created by combining

revolute and prismatic joints in series. The relative motion, which is then allowed by

a joint G, can be parameterized by a set of joint variables β
G
= [β1, . . . , βfG ]

T whose

number is equal to the degrees of freedom fG or connectivity of the joint.
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2.2.3 Force Elements

In order to express elasticity, viscosity, and general forces of a mechanical system, active

and passive massless force elements like springs, dampers, and actuators are attached at

certain points of the multibody system. Force elements of ordinary multibody systems

may be constant (e. g., gravitational force), depend on position (e. g., springs), velocity

(e. g., dampers), or even on accelerations necessary for determining reaction forces

(e. g., friction forces), while active force elements additionally depend on time (e. g.,

force actuators).

2.3 Topological Structures of Multibody Systems

The topological structure of multibody systems significantly contributes to the com-

plexity of the resulting equations. Following the IFToMM terminology published by

Ionescu (2003), bodies are also referred to as links whereby throughout this work, only

rigid links are of concern. An assembly of links that are connected by joints is termed

a kinematic chain. If one of these links is defined as a fixed frame, the kinematic chain

forms a mechanism. There are two topological types of multibody systems that can

be distinguished: Systems formed by open kinematic chains and by closed kinematic

chains, as shown in tab. 2.2.

Table 2.2: Classification of kinematic chains (cf. Woernle, 2016, p. 280)

Open system Closed system

Open

Kinematic

Chain

Simple Open

Kinematic

Chain

Complex

Kinematic

Chain

Closed

Kinematic

Chain

Single-Loop

Kinematic

Chain

Open kinematic chains exhibit a topological tree structure, which implies that any cut
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at a joint will separate the system into two parts. As a result, all joint variables are

independent and thus form a set of minimal coordinates. The relative motion between

two adjacent links is then defined by the intermediate joint’s specific degree of free-

dom. Starting at a link declared as a base frame, a unique path to all other links

can be found, and hereby assigning each link a single predecessor. As a consequence,

the absolute motion of each link can be determined recursively by superimposing the

relative motion defined by the intermediate joint on the absolute motion of the prede-

cessor. A simple open kinematic chain fulfills the additional requirement that none of

the links is connected to more than two other links. An example of this would be a

serial manipulator.

In closed kinematic chains, each link is connected to at least two other links. This

implies that closed kinematic chains cannot be separated by a single cut, such that

there always exist two or more paths between any two links. Therefore, the joint

variables have to fulfill additional conditions for the assembly and do not represent

an independent set of minimal coordinates. Indeed, only a number of joint variables

equal to the degree of freedom of the kinematic chain will serve as a set of minimal

coordinates. Closed kinematic chains where each link is connected to exactly two other

links will be referred to as single-loop kinematic chains or just as loops.

With complex kinematic chains, here combinations of open and closed subsystems

are declared. Usually, complex kinematic chains can be dissected into their closed and

open subchains for which the relevant methodologies can be applied and will be merged

thereafter.

2.4 Degrees of Freedom of Multibody Systems

One structural key parameter for the analysis and design of multibody systems is the

degree of freedom. In order to approach this topic with its often context-sensitive

terminology, a short introduction to different definitions and formulas is given in this

section.

For the description of the position and orientation, termed pose, of an unconstrained

rigid body in space, there are six independent coordinates necessary, which will be elab-

orated in sec. 3.1.3. When it is connected to a fixed reference frame by a joint with fGi

degrees of freedom defined according to the IFToMM1 terminology as the “number of

1International Federation for the Theory of Mechanisms and Machines
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independent coordinates needed to describe the relative positions of pairing elements”

(Ionescu, 2003, p. 772), there are only fGi
independent joint variables necessary. The

joint variables are quantities that define the relative motion between the connected

links. In other words, the joint imposes rGi
= 6 − fGi

constraints, which the absolute

coordinates of the link must obey, and therefore, rGi
coordinates are dependent. Con-

sequently, for an open kinematic chain, the poses of all links can be determined by the

set of all joint variables, whereby the number of joint variables directly corresponds to

the degree of freedom of the open kinematic chain.

Things are more sophisticated once closed kinematic chains are of concern, as some of

the joint variables lose their independence through the introduction of closure condi-

tions. In general, six joint variables lose their independence for the closure of a spatial

single-loop kinematic chain. Yet, sometimes certain geometric conditions may exist,

which for example, force all links of a single-loop kinematic chain to move within one

plane, with the result that less than six joint variables lose their independence. For a

single-loop kinematic chain, the number of joint variables that lose their independence

corresponds to the motion parameter b as originally used by Somov (1887) for which a

variety of terms exist, but throughout this work, spatiality will be used as introduced

by Gogu (2005). In general, the spatiality of a planar or spherical mechanism is b = 3

and for a spatial mechanism b = 6.

According to Gogu (2008), any single-loop kinematic chain with a spatiality less than

six can be considered overconstrained. The degree N by which a mechanism is over-

constrained is given by the difference of the six generally introduced constraints per

single-loop kinematic chain, and the actually introduced constraints b. Consequently,

a planar four-bar mechanism only features one degree of freedom due to the parallelity

of its revolute joints’ axes. It is said to be overconstrained by degree N = 6 − 3 = 3.

Obviously, an open kinematic chain will never be overconstrained.

In multi-loop closed kinematic chains, further joint variables lose their independence,

as some of the joint variables are shared among several loops and therefore are subject

to additional constraints. Due to this complexity, the correct determination of the

abovementioned properties is not trivial. The next section then recalls some of the

common formulas which will be used in this work to determine some of the necessary

key parameters.
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2.4.1 Formulas for the Generic Degree of Freedom

A lot of research has been done on determining the degrees of freedom of mechanisms

from which a variety of formulas result. Gogu (2008) provides a thorough overview

of different criteria and limitations from where the following formulas were picked and

adapted in notation. These formulas will be referred to throughout this work for

reference.

Chebyshev (1854) set up a formula for determining the number of independent variables

necessary for the description of planar mechanisms with one degree of freedom. Grübler

(1917) proposed a similar formula, which he later extended for the spatial case, yet

still proceeding from mechanisms with one degree of freedom. The generalization of

Kutzbach’s version then detached from single degree of freedom mechanisms and yields

the following formula in adapted notation (Kutzbach, 1929):

f = b · (nB − 1)−

nG∑

i=1

b− fGi
(2.1)

Here, b represents the previously mentioned spatiality, nB the number of links, nG the

number of joints, and fGi
the connectivity of joint Gi. The first part of the equation

yields the total degree of freedom of the unconstrained links, whereas the second part

enumerates the constraints introduced by the connecting joints. Note that nB also

includes the predefined base frame, and diminishing nB by one removes the six absolute

degrees of freedom of the unbound system, thus effectively fixing it in space.

These contributions are commonly known as the Chebyshev-Grübler-Kutzbach formula

for closed kinematic chains which in its original form reads (Gogu, 2008, p.59):

f =

nG∑

i=1

fGi
− nL · b (2.2)

In particular, the number of degrees of freedom of the open kinematic chain expressed

by the sum of joint degrees of freedom is reduced by the closure conditions of the nL

loops with spatiality b, assuming all loops to be of the same spatiality. The number of

structurally independent loops is given by the graph-related Euler formula expressed

in terms of bodies and joints

nL = nG − nB + 1 , (2.3)

whereby the choice of suitable loops will be further discussed in sec. 4.3.1. In order to

account for systems with loops of different spatiality, i. e., systems with mixed planar
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and spatial loops, the extended Chebyshev-Grübler-Kutzbach formula in the version

of Voinea and Atanasiu (1960) can be formulated:

f =

nG∑

i=1

fGi
−

nL∑

k=1

bk (2.4)

As the last modification to be listed here, the version for which according to Gogu

(2008) contributions were proposed by (Gronowicz, 1981; Manolescu and Manafu, 1963)

and (Agrawal and Rao, 1987b; Davies, 1983; Rico Martínez and Ravani, 2004) leads to

f =

nL∑

i=1

fLi
−

nc
G∑

j=1

f c
Gj
, (2.5)

where the second term represents the number of degrees of freedom f c
Gj

of the nc
G joints

shared between the nL loops and is subtracted from the sum of degrees of freedom fLi

of the nL uncoupled loops.

The degree of freedom calculated by the formulas above is often referred to as generic

(Müller, 2007, p. 463), or general mobility (Phillips, 1984, p. 11). Yet, as Phillips con-

cludes

“the general mobility criterion, although of great importance for strength-

ening the wisdom of the analyst and the designer by being properly and

usefully applicable in all of the general circumstances, is not a one-shot

formula for solution of all of the real Problems of practical machine design”

(Phillips, 1984, p. 29),

as the following example will show.

2.4.2 The Apparent Degree of Freedom in Overconstrained Mechanisms

In order to demonstrate the shortcomings of the abovementioned degree of freedom

counting formulas, the mechanism depicted in fig. 2.4 will be analyzed. The mechanism

consists of nB = 9 links nG = 12 binary revolute joints indicated by angle symbols,

where multiple joints (i. e., joints connecting more than two links) were decomposed

into a respective number of binary joints. An efficient treatment of multiple joints will

be discussed in sec. 4.4. For the nL = 12− 9 + 1 = 4 marked structurally independent

planar loops L1,...,4, 4 shared joints are encircled. Due to the decomposition of multiple
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L1

L2

L3

L4

Number of bodies: nB = 9

Number of joints: nG = 12

Number of loops: nL = 12− 9 + 1 = 4

Spatiality: b1,...,4 = 3

Joint connectivities: fG1,...,12
= 1

Loop mobilities: fL1,...,4
= 4− 3 = 1

Figure 2.4: Two stacked four-bar linkages of which the lower one is rigid (cf.

Simroth et al., 2016, p. 108)

joints, each loop features four joints with one degree of freedom each, such that each

loop according to eq. 2.2 with the spatiality b = 3 has one degree of freedom.

Applying any of the equations in sec. 2.4.1 yields the erroneous result of zero degrees of

freedom, even though the mechanism clearly has one degree of freedom corresponding

to the relative motion of the upper loop L1:

eq. 2.1: f = b · (nB − 1)−

nG∑

i=1

b− fGi
= 3 · (9− 1)− 12 · (3− 1)= 0

eq. 2.2: f =

nG∑

i=1

fGi
− nL · b = 12 · 1− 4 · 3 = 0

eq. 2.4: f =

nG∑

i=1

fGi
−

nL∑

k=1

bk = 12 · 1− 4 · 3 = 0

eq. 2.5: f =

nL∑

i=1

fLi
−

nc
G∑

j=1

f c
Gj

= 4 · 1− 4 · 1 = 0

The reason behind is the second diagonal link within the lower structure, which intro-

duces an additional distance constraint which has to comply with the existing dimen-

sions, as an assembly would not be possible otherwise. This “redundant constraint”

(Phillips, 1984, p. 10) leads to a negative degree of freedom for the lower structure and

therefore “compensates” the real degree of freedom of the upper part, leading to an

overall degree of freedom of zero. Gogu (2005) states a formula for the degree N by

which a kinematic chain is overconstrained:

N =

nG∑

i=1

(6− fGi
)− (6 · (nB − 1)− f) (2.6)
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Following eq. 2.6 the mechanism is overconstrained by a degree of N = 12 · 5 − (6 ·

(9 − 1) − 1) = 13 of which a degree of 12 corresponds to all four planar loops being

overconstrained by three, while the last one represents the redundant constraint intro-

duced by the additional link. Note that eq. 2.6 requires the “correct” degree of freedom

of the mechanism for which Gogu proposed a general formula which “is valid without

exception” (Gogu, 2008, p. 63)

f =

nG∑

i=1

fGi
− r , (2.7)

with r being the number of joint variables that become dependent after closing the

loops. The degree of freedom determined by eq. 2.7 can be best described by the

term apparent mobility as used by Phillips (1984), which can be understood as the

observable mobility of a mechanical system. Yet, the crux of the matter remains,

namely, the correct determination of dependencies among the constraint equations

which effectively reveal the correct value or r. A discussion regarding this issue is

given in the following section.

2.4.3 Finite and Instantaneous Degrees of Freedom

In an attempt not to go beyond the scope of this discussion, just a general description of

finite and instantaneous degrees of freedom together with an example to raise awareness

about related ambiguities shall be given.

First, it has to be understood that the number of apparent degrees of freedom is subject

to change for a given assembly mode2 of a kinematic chain. That is, the number

r of constraints that lose their independence may vary for different configurations.

By configuration here, a set of possible values for the joint variables which obey the

constraints for the given kinematic chain is regarded.

The example shown in fig. 2.5 shall illustrate the variation in apparent degree of free-

dom, for which the generic degree of freedom by the Chebyshev-Grübler-Kutzbach

formula eq. 2.2 yields f = 7 · 1 − 2 · 3 = 1. This obviously matches the apparent

degree of freedom for the general configuration shown in a), but for the configuration

in c) with axes of two revolute joints being coaxial. Instead, two apparent degrees of

freedom can be observed. Both configurations allow for smooth motions which can be

2There may be different ways of assembling links and joints of a kinematic chain, such that there is

no transition from a configuration in one assembly mode to a configuration in another mode without

disassembling the kinematic chain.
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Finite: f = 1
Instantaneous: f = 1

Finite: f = 2
Instantaneous: f = 3

Finite: f = 2
Instantaneous: f = 2a) b) c)

Figure 2.5: A mechanism with varying instantaneous and full-cycle degrees of freedom

viewed as distinct operational modes of the mechanism. The configuration shown in

b), which Hunt (1978, p. 389) terms uncertainty configuration, resembles a bifurcation

from which both modes can be entered.

In order to elucidate this behavior, one has to distinguish whether finite or infinitesimal

displacements are of concern. In that sense, the finite mobility for a given configuration

is determined by the minimum number of scalar variables that are required to define

the pose of all links within a kinematic chain (Diez-Martínez et al., 2006, p. 456). On

the other side, the instantaneous mobility describes the characteristics of a kinematic

chain at a specific position and is related to the number of infinitesimal displacements

within the joint variables required to define an infinitesimal displacement (Gogu, 2008,

p. 79). One conclusion that can directly be drawn is that the instantaneous degree

of freedom is always greater than or equal to the finite degree of freedom since the

infinitesimal variations are always included within the finite variations.

For instantaneous degrees of freedom sometimes also the terms transitory (Phillips,

1984, p. 28) or differential (Müller, 2007, p. 461) are used, while for finite mobility also

full-cycle (Hunt, 1978, p. 383), permanent (Lee and Hervé, 2002, p. 645), local (Müller,

2007, p. 461), and global (Gogu, 2008, p. 33) appear. Note that Müller defines a local

degree of freedom for each mode corresponding to the respective finite degree of freedom

and declares the largest local degree of freedom as the global degree of freedom. As such,

the instantaneous degree of freedom in fig. 2.5 b) equals three while the finite degree

of freedom equals two, corresponding to the highest finite degree of freedom present at

that configuration. Gogu defines the smallest instantaneous degree of freedom as the

global degree of freedom, though in general, both statements agree, if kinematotropic

chains, i. e., kinematic chains with modes of the different finite degrees of freedom as

the one in fig. 2.5, as well as kinematic chains, which are “paradoxical-in-the-small,”

as defined by Müller (2007, p. 461), are excluded. The latter of which, as for instance,

the extended Watt linkage in (Müller, 2007, p. 461), features an instantaneous degree
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of freedom larger than the finite degree of freedom throughout all configurations of one

operation mode. As this work aims at the general detection of rigid structures, these

particular cases of kinematotropic and paradoxical-in-the-small chains are excluded, to

avoid resulting ambiguities.

Last, the method of how the number of joint variables that lose their independence

when the loops of a kinematic chain are closed shall be inspected, on which depends

whether finite or instantaneous degrees of freedom are determined. Indeed, according

to Moroskine (1954), this number directly relates to the rank of the Jacobian matrix,

which represents a linear mapping of the joint velocity space to the space of general

velocities. In that sense, when only structural parameters and symbolic dimensions are

concerned, usually, a general statement about a mechanism’s finite degree of freedom is

derived. On the other hand, if a specific configuration is concerned for which numerical

values of dimensions and joint variables are known, the instantaneous degree of freedom

is determined (Gogu, 2008, p. 66).

Though the numerical method theoretically provides the correct instantaneous degree

of freedom, the procedure requires the full assembly of the kinematic constraint equa-

tions. Furthermore, the numerical calculation of the rank for multi-loop systems is

error-prone due to rounding errors or, in close neighborhoods of singularities, due to

values for the determinant close to zero, suggesting a loss of rank. Also, the idea of

numerically deducing the finite degree of freedom by evaluating the instantaneous de-

gree of freedom at a sufficient number of configurations has to be treated with caution

due to the previously mentioned example.

A symbolical rank determination, as suggested by Gogu, would eliminate the draw-

backs of the numerical approach, but the equation solving capabilities of recent com-

puter algebra systems are still limited in the case of complex mechanical systems. As

the method presented in this work relies on the correct determination of the finite de-

gree of freedom and to circumvent the symbolic rank determination, a group theoretic

approach applicable to many typical kinematic chains is suggested in sec. 3.4.2.

Throughout the remainder of this work, if not declared otherwise, the use of ’degree of

freedom’ is to be understood as a finite degree of freedom.
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a) b)

Figure 2.6: The revolute joints of the overconstrained slider-crank in a) are replaced

by a universal and a spherical joint of which some degrees of freedom are locked in b)

2.4.4 Locked Degrees of Freedom

Locked degrees of freedom are often encountered in the context of overconstrained mech-

anisms – or rather in the attempt to avoid them. Kinematic chains with locked degrees

of freedom “have either joints which remain immobile or joints with connectivity greater

than one which function as lower pair joints with lower connectivity.” (Waldron, 1973,

p. 98). Other terms encountered in this context are idle (Gogu, 2008, p. 124), inactive

(Hunt, 1978, p. 38), or passive (Waldron, 1973, p. 98), (Phillips, 1984, p. 32) degrees of

freedom. Yet, one has to be cautious as the term passive degrees of freedom is also used

for under-actuated manipulators (Shiriaev et al., 2010, p. 893), (Jain and Rodriguez,

1993, p. 411), to distinguish between actuated and non-actuated joints or chains in

parallel manipulators (Liu et al., 2014, p. 250), or in the context of isolated degrees of

freedom (Kramer, 1992, p. 106).

The illustration in fig. 2.6 a) shows a planar slider-crank mechanism which, by choice

of its joints, is overconstrained according to eq. 2.6 by N = 4 · 5− (6 · 3− 1) = 3. If the

revolute joints are now replaced by a universal and spherical joint, as shown in fig. 2.6 b)

and applying the Chebyshev-Grübler-Kutzbach formula eq. 2.2, the mechanism retains

its degree of freedom of 1, but due to increased joint connectivities N = (5 + 4 +

3 + 5) − (6 · 3 − 1) = 0 is not overconstrained anymore. Apparently, the mechanism

still performs a planar motion, and consequently, the effective connectivities of the

universal and spherical joints are reduced to one. The joint variables corresponding to

the “locked” degrees of freedom are now constants.

In fact, the reduction of the degree by which a mechanism is overconstrained through

adequate replacement of joints plays an important role when the actual mechanical

system is to be built. Due to finite precision in manufacturing, physical realizations

of perfectly parallel axes or exact dimensions are impossible, such that one will always

“end up with an ’almost overconstrained’ mechanism” (Müller, 2007, p. 464) which may

only be able to move due to flexure of bodies and joint clearances. Thus, in reality,
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locked degrees of freedom are usually necessary to allow for misalignments, which in

turn result in small motions along the locked degrees of freedom. An example of locked

degrees of freedom introduced for manufacturing purposes is shown in fig. 4.1. The

upper two spherical joints actually function as simple revolute joints but are able to

compensate for errors in orientation. Especially in the context of this work, it is worth

mentioning that a kinematic chain of which all degrees of freedom are locked can be

regarded as a structure.

2.4.5 Redundant Degrees of Freedom

KO

KE

a)

KO

KE

b)

Figure 2.7: a) Non-redundant and b) redundant SCARA-robot

According to IFToMM terminology, redundant degrees of freedom in the context of

robotics can be defined as the “amount by which the degree of freedom of a robot

exceeds the number of independent variables that are necessary to define the task to

be performed.” (Ionescu, 2003, p. 822). The SCARA3-manipulator shown in fig. 2.7

a) whose end-effector features four degrees of freedom is commonly used for pick and

place operations. If in fig. 2.7 b) the prismatic joint is replaced by a cylindrical joint, its

degree of freedom increases to five, yet the connectivity between the base frame K0 and

the end effector KE, or in other words, the dimension of the operation space of the end-

effector with respect to the fixed reference frame remains four. The additional rotation

about the axis of the cylindrical joint therefore is a redundant degree of freedom.

2.5 Isolated Degrees of Freedom

In fig. 2.8 a spatial four-bar mechanism that features two degrees of freedom according

to eq. 2.2 is depicted. Clearly, one of these degrees of freedom corresponds to the

3SCARA: Selective Compliance Assembly Robot Arm
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GA

GB

GC

GD

Figure 2.8: Joint variables in GA and GD are invariant to the indicated isolated bar

spin

indicated bar spin between both spherical joints, while the other originates from the

kinematic chain’s internal motion. By inspection, it can be seen that the joint angles in

GA and GD are independent of the rotation angle of the bar, which therefore appears to

be an isolated degree of freedom. If, for some reason, it happens to be that all remain-

ing degrees of freedom are locked as described in sec. 2.4.4, within this context, the

kinematic chain can be seen as a structure. Therefore, the identification of these kinds

of degrees of freedom will be essential, which requires more thorough consideration.

Up to this point, a wide variety of terms and definitions have been used for these kinds

of degrees of freedom. Hunt (1978, p. 334) described the mobilities of a bar between

two spherical joints as superfluous spin-freedoms and suggested their removal for the

kinematic analysis. The terms passive and idle, which are also used for locked degrees

of freedom, as indicated in sec. 2.4.4, can be found with definitions and properties from

Kramer, Tsai, Angeles, and Sharma like:

“A passive degrees of freedom is one which is unconstrained but which does

not affect the transmission of motion in a mechanism.” (Kramer, 1992,

p. 106f.)

“Passive degrees of freedom cannot be used to transmit motion or torque

about an axis.” (Tsai, 2001, p. 80)

“[...] degrees of freedom that are ’idle’ or ’passive,’ i. e., degrees of freedom

not affecting the transmission of motion from link 1 to link n.” (Angeles,

1982, p. 178)
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a)

L1

Fully isolated

b)

L1

L2

Transmitted isolated

c)

L1

Structurally isolated

Figure 2.9: Different types of isolated degrees of freedom (Simroth et al., 2016, p. 111)

“A mechanism may have a redundant degree of freedom, i. e., a link can be

displaced without causing any displacement to other links.”

(Sharma and Purohit, 2006, p. 78)

or similar by Razmara et al. (2000, p. 2), Shigley and Uicker (1995, p. 362). Sometimes

these motions are even referred to as parasitic, according to Hsu et al. (2004, p. 122) or

Rolland (1999, p. 832)4. To elude confusion with ambiguous uses in different contexts,

as well as to emphasize its character of being decoupled from other degrees of freedom,

the term isolated degrees of freedom which has also been previously mentioned by

Mazzone et al. (2003, p. 189) and Woernle (2016, p. 285) will be used throughout this

work. For this purpose, the concept will be generalized to arbitrary subchains with

more than one link:

If a minimal cut set of joints, which by removal would split a closed kinematic chain

into two subchains CI and CII , allows a relative motion between CI and CII , that

leaves all joint variables within CI and CII invariant, there exist isolated degrees of

freedom corresponding to the number of independent parameters necessary to describe

this relative motion.

In addition, isolated degrees of freedom will be categorized into fully or structurally

isolated, depending on whether at least one of the subchains CI and CII contains only a

single link or if both are comprised of several links, as well as into transmitted isolated

4Note that usually the term parasitic degrees of freedom or motions is used for undesired but

inevitable dependent motion directions (Carretero et al., 2000, p. 17), (Isaksson et al., 2015, p. 4),

(Merlet, 2005b, p. 1) or for motions due to flexible compliant joints (Togashi et al., 2014, p. 436)
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for which the following descriptions will be recited from Simroth et al. (2016, p. 111):

a) Fully isolated degree of freedom:

These are immaterial motions which can be completely removed from the mech-

anism without any effect; this is the case for example of the isolated spin of an

infinitesimally thin spherical-spherical bar about its longitudinal axis shown in

fig. 2.9 a).

b) Transmitted isolated degree of freedom:

These are isolated degrees of freedom that have already been counted once as

fully isolated in one loop so that they become transmitted in a neighboring loop;

an example is shown in fig. 2.9b), where the spin of the rod has been counted

as isolated in loop L1 but becomes transmitted to loop L2; this will be essential

when regarding the transmission of isolated degrees of freedom at loop coupling

conditions of spherical joints.

c) Structurally isolated degree of freedom:

These are isolated degrees of freedom that comprise whole subchains; they leave

the internal motion of whole subchains within one loop invariant but operate on

the absolute motion of the chain as proper degrees of freedom; an example is

shown in fig. 2.9 c) where the isolated degree of freedom does not change the

internal configuration of the revolute joint on the spun subchain, but the chain

rotates as a whole about the implied spin axis connecting both spherical joints.

Note that in this type of isolated degrees of freedom, the spin axis is not constant

with respect to any body but changes with the internal motion of the involved

subchain.

Isolated degrees of freedom can also be seen as redundant degrees of freedom according

to sec. 2.4.5, but the opposite is not necessarily the case, as redundant degrees of

freedom allow for relative motions within the subchains. A detailed description of how

to isolated degrees of freedom can be detected will be given in sec. 5.1.
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3 Kinematic Processing in Multibody Systems

Mechanics, in general, address the motion of bodies and their interaction with forces.

The area of mechanics can be subdivided into dynamics and kinematics (see fig. 3.1)1.

In dynamics, the results of forces acting upon the bodies are analyzed, whereby dy-

namics can be further categorized into statics, which focuses on the state of static

equilibrium with all bodies at rest, while kinetics addresses the motion resulting from

external forces. In kinematics, the pure motion of bodies in the absence of any forces

is studied in terms of pose, velocity, acceleration, and time. In this chapter, the gen-

Mechanics

Kinematics Dynamics

Statics Kinetics

Figure 3.1: Fields of mechanics for rigid bodies classified by presence of forces

eral kinematics of both open-loop and closed-loop mechanical systems are elaborated.

There are two principal tasks to be solved in kinematics:

Forward kinematics is concerned with the absolute motion, including position, orienta-

tion, velocities, and accelerations of all components of a multibody system for known

relative joint motions. For serial manipulators, there is always a unique closed-form

solution for this problem. For systems with closed kinematic chains, which occur, for

example, in parallel manipulators, there may exist several solutions for the same set of

given joint motions, and the determination of an analytical solution is rather complex

if one can be found at all (Merlet, 2006).

The task of determining the relative joint variables for a given absolute position and

orientation of an end effector is the aim of inverse kinematics. Thus, the joint variables

have to fulfill constraints for which there may be several possible solutions, or in case

the desired end-effector position and orientation cannot be attained due to structure

and dimensions of the mechanical system, there even may be no solution at all.

To that end, global kinematics can be understood as a mapping of a set of independent

generalized coordinates q = [q1, . . . , qf ]
T and their time derivatives to the absolute

1Sometimes mechanics is also classified by time dependency: The time independent field of statics

and the time dependent field of kinematics which is divided into dynamics and kinetics depending on

whether forces are of concern or not (Shigley and Uicker, 1995, p. 4)
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positions, orientations, velocities, and accelerations of all components of a multibody

system with f degrees of freedom. Furthermore, this problem can be subdivided into

relative kinematics and absolute kinematics, as shown in fig. 3.2.

Relative kinematics map the generalized coordinates to joint variables in accordance

with closure conditions introduced by closed kinematic chains. Absolute kinematics

then establish a link between the relative joint variables and the absolute motion of all

components of the multibody system with respect to a fixed reference frame.

q
i

q̇
i

q̈
i

β

β̇

β̈

sj,Rj

vj,ωj

aj, ω̇j

Global Kinematics

Relative

Kinematics

i = 1, ..., f

Absolute

Kinematics

j = 1, ..., nB

Inverse Kinematics Forward Kinematics

Figure 3.2: Division of global kinematics into relative and absolute kinematics (cf.

Kecskeméthy, 1993a, p.24)

3.1 Rigid Body Kinematics

The continuous sequence of positions of all the material particles of a rigid body with

respect to a fixed coordinate frame describes its absolute motion. When bodies are

assumed rigid, the distances between particles are constant in time, and such is their

position with respect to a body-fixed coordinate frame. Thus, it is sufficient to describe

the general motion of a rigid body by the position and orientation as well as velocity and

acceleration of one body-fixed reference frame with respect to a space fixed reference

frame. In the following, the position of an exemplary particle position will be analyzed

for further insides on the general motion. A comprehensive explanation is given by

Bottema and Roth (1990) from which the basic theory of kinematics is reflected.

Considering one particle or point P of a rigid body, let a transformation T(P → P ′)

of Euclidean 3-space R3 be a bijective mapping of that point P to an image point

P ′, such that its inverse T
−1 is uniquely defined as the transformation P ′ → P . For

two transformations T1(P → P ′) and T2(P → P ′′) the product T2T1 results in

the transformation P ′ → P ′′ for which associativity is satisfied as the transformation
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(T3T2)T1 is equal to T3(T2T1). Last, an identity transformation I(P → P ) is defined,

that retains P unaltered. Such a transformation fulfills four group axioms, namely

closure, invertibility, associativity, as well as the identity, and therefore forms a group

that is closed under R3. Examples of such transformations are scalings, shear mappings,

translations, rotations, or reflections.

Yet, only transformations T(P → P ′) which conserve the distances PR of all point

pairs (P,R) such that these equal the distances P ′R′ of their image point pairs (P ′R′)

apply to rigid body motion and are called isometries or Euclidean transformations

(Berger, 2010). While isometries also imply that angles in original and image space are

conserved, orientations are not. This gives rise to the categorization into indirect and

direct isometries, the former one describing reflections. The latter then contain only

Euclidean transformations, which also preserve orientations and form the special Eu-

clidean group SE(n). Indeed, transformations in SE(3) describe the three-dimensional

kinematics of rigid bodies. This group can be further broken down into a translational

and a rotational subgroup with subgroups being subsets closed under the same group

operation as the enclosing group.

For the description of translations and rotations, a three-dimensional fixed reference

space with origin O is introduced, and the position vector P = OP of an arbitrary point

P of the undisplaced body-fixed space is defined. The position vector P ′ = OP ′ then

is associated with the displaced body-fixed space. A general displacement D(P → P ′)

is composed of a translation S and a rotation R as follows.

3.1.1 Translation

A translation S(P → P ′) is a displacement by a vector of translation r = OO′ for

which the image P ′ of P can be determined as

P ′ = P + r . (3.1)

The inverse of displacement S
−1(P ′ → P ) then can be written as

P = P ′ − r . (3.2)

For a rigid body subjected to a pure translation, all its points are moved in parallel.

It can be shown that translations form a commutative subgroup of SE(n), and ac-

cordingly, a sequence of translations can be performed in an arbitrary order without

altering the final result. The number of parameters necessary to perform a translation

corresponds to the dimension n of r, which is three for the three-dimensional space.
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3.1.2 Rotation

A rotation R(P → P ′) is a displacement about a fixed point O for which

P ′ = RP . (3.3)

Hereby, R is an orthogonal matrix assembled of n linearly independent unit vectors and

a determinant equal to +1 for proper rotations. The inverse results directly from the

orthogonality property such that R−1 = RT and the inverse transformation R
−1(P ′ →

P ) can be expressed as

P = R
TP ′. (3.4)

Rotations then form the special orthogonal group SO(n) of orthogonal matrices with

matrix multiplication as the group operation. Since the matrix product is not commuta-

tive, the sequence of rotations is likewise not arbitrary. A rotation can be parametrized

by n(n − 1)/n independent parameters, which is three in three-dimensional space, as

the remaining parameters result from the orthogonality conditions and a norm equal

to one for each vector.

3.1.3 General Displacement Expressed by Homogeneous Coordinates

KO

K1

P

Or1

1rP

OR1

B1x

x

y

y

z

z

Figure 3.3: Pose of a rigid body B1 specified by its position and orientation with respect

to a fixed reference frame KO

Composing a translation S and a rotation R yields the general displacement D(P →

P ′)

P ′ = r + RP . (3.5)
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The displacement of all points of a rigid body defines its pose (Angeles, 1988) such that

it is sufficient to define the origin by a position vector r and the orientation expressed by

a rotation matrix R of an arbitrary body-fixed coordinate frame, as shown in fig. 3.3.

For a rigid body, r and R are time-dependent functions for which the continuous

sequence of poses represents its motion.

A convenient way for the notation of general displacements is the use of homogeneous

coordinates, which allows a uniform representation of rotations and translations. More

precisely, homogeneous coordinates enable the expression of rigid body transformations

in eq. 3.5 from position Pi to Pj as linear mappings

Pj =
iAjPi (3.6)

with its inverse

Pi =
iA−1

j P ′
j (3.7)

by a single matrix iAj. For this purpose, the transformation can be represented in

four-dimensional space by introducing an additional parameter t, which naturally will

be normalized to one. A point can be represented by

H

P =




x

y

z

t




, P =




x/t

y/t

z/t


 and for t = 1 :

H

P =




x

y

z

1




, P =




x

y

z


 (3.8)

with
H

P denoting the point P in homogeneous coordinates. A property of homogeneous

coordinates is the possibility to express points in infinity by setting t = 0 which also

allows an origin-independent formulation of direction vectors

H

e1=




1

0

0

0




H

e2=




0

1

0

0




H

e3=




0

0

1

0




. (3.9)

In this manner, a general displacement and its inverse of one frame Ki to another frame

Kj can be formulated by the 4× 4 transformation matrix

iAj =

(
iRj

i
irj

0 1

)
and jAi = (iAj)

−1 =

(
iRT

j −iRT
j
i
irj

0 1

)
(3.10)

composed of the rotation matrix R, and the position vector r as defined before, where

the notation 1
2r3 denotes a relative vector from frame K2 to frame K3 expressed in

coordinates of frame K1.
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This allows for a simple concatenation of several transformations, noted as the matrix

product of homogeneous transformation matrices

iAj =
iAk

kAj . (3.11)

3.1.4 Velocities

Starting with the position of a general point P of a rigid body which according to

sec. 3.1.3 is given by

0
0rP = 0

0r1 +
0
R1

1
1rP , (3.12)

its velocity can be expressed by the time derivative

0
0ṙP = 0

0ṙ1 +
0
Ṙ1

1
1rP + 0

R1
1
1ṙP︸ ︷︷ ︸

= 0

. (3.13)

Due to the rigidity condition, the body cannot be deformed such that 1
1ṙP = 0. By

expressing the vector 1
1rP in coordinates of K0

0
0ṙP = 0

0ṙ1 +
0
Ṙ1 (0R1)

T

︸ ︷︷ ︸
= 0

0ω̃1

0
1rP (3.14)

the Poisson equation is obtained

0ω̃1 =
0
Ṙ1 (0R1)

T
. (3.15)

Insights into the structure of ω̃ can be gained through the time derivative of 0R1

I = 0
R1 (0R1)

T (3.16)

0 = 0
Ṙ1 (0R1)

T

︸ ︷︷ ︸
0ω̃1

+ 0
R1 (0Ṙ1)

T

︸ ︷︷ ︸
(0Ṙ1 (0R1)

T )T = (0ω̃1)
T

(3.17)

0ω̃1 = −(0ω̃1)
T . (3.18)

A square matrix is defined to be skew-symmetric if it is equal to the negative of its

transpose. As shown in eq. 3.18, ω̃ obviously is skew-symmetric:

ω̃ =




0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0


 (3.19)
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A comparison of vector product and scalar product of a skew-symmetric matrix




0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0




︸ ︷︷ ︸

·



rx

ry

rz


 =



ωyrz − ωzry

ωzrx − ωxrz

ωxry − ωyrx


 (3.20)



ωx

ωy

ωz


×



rx

ry

rz


 =



ωyrz − ωzry

ωzrx − ωxrz

ωxry − ωyrx


 (3.21)

leads to the conclusion that from ω̃ a vector ω can be extracted, which is the angular

velocity. Inserting ω into eq. 3.13 yields Euler’s law of motion which is independent of

the coordinate frame of decomposition

0ṙP = 0ṙ1 + 0ω1 × 1rP . (3.22)

The translational velocity 0v1 and angular velocity 0ω1 then describe the velocity of a

rigid body at a certain point in time.

3.1.5 Accelerations

In order to determine the acceleration for an arbitrary point P of a rigid body with

respect to a fixed reference frame K0, the time derivative of the velocity eq. 3.13 yields

0
0r̈P = 0

0r̈1 +
0
R̈1

1
1rP + 0

Ṙ1
1
1ṙP︸ ︷︷ ︸

= 0

. (3.23)

Again, an equation independent of the frame of decomposition is determined by finding

a suitable replacement for 0R̈1. Taking the derivative of eq. 3.15

0
˙̃ω1 =

0
R̈1 (0R1)

T
+ 0

Ṙ1 (0Ṙ1)
T

(3.24)

yields a relation between the angular acceleration 0ω̇1 and the elements of the rotation

matrix 0R1. Solving eq. 3.24 for 0R̈1 by right-sided multiplication with 0R1 yields

0
R̈1 = 0

˙̃ω1
0
R1 −

0
Ṙ1(

0
Ṙ1)

T 0
R1 . (3.25)

Rearranging eq. 3.15 for 0Ṙ1

0
Ṙ1 = 0ω̃1

0
R1 (3.26)
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and repeatedly inserting eq. 3.26 into eq. 3.25 making use of ω̃’s skew-symmetric prop-

erty yields

0
R̈1 = 0

˙̃ω1
0
R1 − 0ω̃1

0
R1(

0
Ṙ1)

T

︸ ︷︷ ︸
= (0ω̃1)

T = −0ω̃1

0
R1 . (3.27)

Reinsertion into eq. 3.23 yields Euler’s equation on acceleration level

0
0r̈P = 0

0r̈1 + (00
˙̃ω1

0
R1 +

0
0ω̃1

0
0ω̃1

0
R1)

1
1rP (3.28)

0r̈P = 0r̈1 + 0ω̇1 × 1rP + 0ω1 × (0ω1 × 1rP ) . (3.29)

3.2 Open Kinematic Chains

A kinematic chain is said to be open if each link is not connected to more than two

other links and a terminal link being connected to only one link. Connecting two

links by a joint introduces constraints that effectively reduce the set of possible relative

displacements between the connected links. The resulting subset of displacements may

form a subgroup of the group of general displacements. This is indeed the case for all

lower kinematic pairs. Hervé (1978) has thoroughly enumerated all ten subgroups of

the group of general displacements D and classified them by their conjugation classes.

In terms of group theory, the conjugate group Hg to a subgroup H ≤ D of the group

of displacements by an element g ∈ D representing a specific displacement is defined

as

Hg = {ghg−1 | h ∈ H} . (3.30)

The orbit of Hg, i. e., the conjugate groups of H by all elements g ∈ D, is called

the conjugacy class of H (Kosmann-Schwarzbach, 2010). For instance, the subset of

displacements permitted by a revolute joint about a certain axis u through a point

O form a subgroup of D which will be denoted as Ru,O and contains as elements the

rotations Ru,O(ϕ) with ϕ ∈ R. It can be shown, that any two rotations of the same or

opposite angle are conjugate by another rotation (Kosmann-Schwarzbach, 2010). Thus,

the conjugacy class, which will be denoted by R, defines the motion type of rotational

displacements and is composed of all subgroups of rotational displacements about any

axis. In a similar manner, the motion types T for translational, H for helical, etc.

can be defined according to tab. 3.1. The X type motion refers to spatial translation

with an additional rotation about a certain direction, which is also called Schönfließ-

motion and resembles the motion, for example, performed by a SCARA manipulator,
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as shown in fig. 2.7. The Y type motion, sometimes referred to as translating screw

motion (Fanghella, 1988), results from a translational planar motion for which there

exists an additional screw motion perpendicular to the plane.

Table 3.1: Conjugation classes of the general displacement group D (adapted from

Thomas and Torras (1988) and Hervé (1992))

Dim. Symbol Description
Associated

lower pair

0 E Identity transformation

1

Tu* Translations in the direction of u (P) Prismatic

Ru,O* Rotations about an axis determined by the direction of u and point O (R) Revolute

Hu,O,p* Screw motions about an axis (u, O) with pitch p (H) Screw

2
TP

2D* Translations parallel to plane P

Cu,O* Combined rotations and translations along an axis (u, O) (C) Cylindrical

3

T 3D* Spatial translations

GP Planar movements parallel to plane P (E) Planar

SO Spherical rotations about point O (S) Spherical

Yu,p
Screw translations allowing planar translations perpendicular

to u and screw motions of pitch p along any axis parallel to u

4 Xu

Translating hinge motions allowing spatial translations

and rotations about any axis parallel to u

6 D General rigid body motions

* Abelian group

3.2.1 Kinematic Chains as Compositions of Displacement Subgroups

The concept of displacement groups may be used to determine some general properties

of the permitted relative motions of links in a serial chain. For a serial chain of n links,

there are n(n − 1)/2 possible pairings of links which Hervé termed liaisons or bonds,

whose relative motion can be analyzed by composing and intersecting bonds for which

a short introduction is given following Hervé (1992).

A serial chain of three links connected by two kinematical pairs inhibits three bonds –

two formed directly from the intermediate kinematical pairs and a bond between the

first and the last link. Each bond represents a set of possible relative displacements

between the involved links. Insights on the permitted relative displacements between

the first and the last link can be attained by the composition product of the operators

corresponding to the intermediate bonds. Respecting the closure axiom of a group, if
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the bonds between the first and second as well as the second and third link are subsets

of the same displacement subgroup, the result of their composition is again a subset

of the common displacement subgroup or is the subgroup itself. By serially linking

lower kinematic pairs, the displacement subgroups listed in tab. 3.1 can be generated

by group composition. For instance, the bond between the end-effector and the fixed

frame of the SCARA manipulator shown in fig. 3.4 is represented by subgroup Xu with

u as the vertical axis. Here, the three revolute joints with parallel axes are a motion

generator of the planar subgroup GP with u ⊥ P and the prismatic joint is a generator

of Tu. The group composition GP ∪ Tu then yields the displacement subgroup Xu.

By this means, in many cases, conclusions about type and dimension of the relative

motion can be drawn. In tab. 3.2 conditions for certain displacement subgroups to be

included within other subgroups as well as their dimensions are given. It shall be noted

that not all displacement subsets resulting from compositions have a group structure,

which for instance, is the case for a universal joint created by two revolute joints with

perpendicular axes.

u

u

u

u

KO

KE

Figure 3.4: SCARA manipulator whose end effector performs an X type motion

3.2.2 Kinematics of Serial Chains

For open kinematic chains, the absolute kinematics can be derived in an explicit man-

ner. As all joint variables β are independent and thus form a set of generalized coor-

dinates q, the only task remaining is the calculation of the absolute poses, velocities,

and accelerations of all bodies with respect to the joint variables β.

For a chain composed of n elementary kinematic pairs G1...Gn, i. e., revolute and pris-

matic joints, pose, velocity, and acceleration of each link can be determined from the

sequence of relative transformations. Each elementary joint Gi is described by its joint
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Table 3.2: Subgroups and conditions for inclusion (adapted and extended from Hervé

(1978))

Subgroups: Tu Ru,O Hu,O,p TP
2D Cu,O T 3D GP SO Yu,p Xu D

Dimension: 1 1 1 2 2 3 3 3 3 4 6

Tu′ u ‖ u
′

Ru′,O′

u ‖ u
′

u ‖ OO
′

u ‖ u
′

Hu′,O′,p′ u ‖ OO
′

p = p′

TP
2D

u ‖ P P ‖ P ′

Cu′,O′ u ‖ u
′

u ‖ u
′

u ‖ u
′

u ‖ u
′

u ‖ OO
′

u ‖ OO
′

u ‖ OO
′

T 3D yes yes yes

GP ′ u ‖ P ′
u ⊥ P ′ P ‖ P ′ P ‖ P ′

SO′ u ‖ OO
′ O = O′

Yu′,p′ u ⊥ u
′

u ‖ u
′

P ⊥ u
′

u ‖ u
′

p = p′ p = p′

Xu′ yes u ‖ u
′

u ‖ u
′ yes u ‖ u

′ yes P ⊥ u
′

u ‖ u
′

u ‖ u
′

D yes yes yes yes yes yes yes yes yes yes yes

p, p′ ∈ IR \ 0

axis ui as well as a joint variable

βi =

{
θi if Gi is a revolute joint

si if Gi is a prismatic joint
(3.31)

and its time derivative β̇i. For this reason, two symbolic operators Trans and Rot for

translations and rotations respectively will be defined according to tab. 3.3, such that

each transformation represents either a translation or rotation about a single coordi-

nate axis and therefore represents an R or T type motion. In a sequence of transforma-

tions, each transformation applies to the transformed coordinate frame of the preceding

transformation. Indeed, these six transformations are sufficient to achieve any general

displacement by consecutive composition in any arbitrary order. A general transfor-

mation i−1Ai with a translation along the vector {a, b, c}T and a rotation expressed by

z-x-z Euler angles ϕ, θ, and φ can be composed as

i−1Ai =Trans(xi−1, a) ◦ Trans(yi−1, b) ◦ Trans(zi−1, c)◦

Rot(zi−1, ϕ) ◦ Rot(x
′
i−1, αi) ◦ Rot(zi, φ) . (3.32)

The inverse kinematics problem for a spatial kinematic chain consists of determining

the joint variables β with respect to six parameters β
q
, which describe the desired
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Table 3.3: Symbolic operators for elementary transformations

Axis Translation Rotation

x : Trans(x, s) =




1 0 0 s

0 1 0 0

0 0 1 0

0 0 0 1




Rot(x, θ) =




1 0 0 0

0 cos(θ) − sin(θ) 0

0 sin(θ) cos(θ) 0

0 0 0 1




y : Trans(y, s) =




1 0 0 0

0 1 0 s

0 0 1 0

0 0 0 1




Rot(y, θ) =




cos(θ) 0 sin(θ) 0

0 1 0 0

− sin(θ) 0 cos(θ) 0

0 0 0 1




z : Trans(z, s) =




1 0 0 0

0 1 0 0

0 0 1 s

0 0 0 1




Rot(z, θ) =




cos(θ) − sin(θ) 0 0

sin(θ) cos(θ) 0 0

0 0 1 0

0 0 0 1




end-effector pose in world coordinates. The problem then can be regarded as a closed

kinematic loop which is dealt with in sec. 3.3 with the six parameters β
q

as the input

q and the joint variables β as the output.

3.2.3 Velocity and Acceleration Transmission

The angular velocity ωn and translational velocity vn of the origin On of a coordinate

frame Kn at the end of a sequence of elementary joints can be determined by the sum

of the relative velocities. Introducing the operator

σi =

{
0 if Gi is a revolute joint

1 if Gi is a prismatic joint
(3.33)

and its complement σ = 1−σ, following the notation and derivation from Kecskeméthy

(1993a) and Krupp (1999), a compact expression for the velocities and accelerations
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can be deduced

ωn =
n∑

i=1

σiuiβ̇i , (3.34)

vn =
n∑

i=1

σiuiβ̇i + σi(ui × i−1rn︸ ︷︷ ︸
χi

)β̇i . (3.35)

In matrix form eq. 3.34 and eq. 3.35 can be expressed as

(
ωn

vn

)
=

(
σ1u1 · · · σnun

σ1u1 + σ1(χ1) · · · σnun + σn(χn)

)



β̇1
...

β̇n


 (3.36)

with angular and translational velocity combined as the twist

ti =

(
ωi

vi

)
(3.37)

the vector of joint velocities

β̇ =




β̇1
...

β̇n


 (3.38)

and the Jacobian matrix

(Jt)n =

(
σ1u1 · · · σnun

σ1(χ1) + σ1u1 · · · σn(χn) + σnun

)
(3.39)

which maps the joint velocities to the angular and translational velocity of the tip

frame Kn.

The angular and translational accelerations ω̇ and a are formed by the time derivative

of t

ṫn = Jnβ̈ + J̇nβ̇ . (3.40)

The time derivative of the Jacobian then yields

(J̇t)n =

(
σ1u̇1 · · · σnu̇n

σ1u̇1 + σ1χ̇1 · · · σnu̇n + σnχ̇n

)
(3.41)

with the following terms for the derivatives of the joint axes u̇i and cross products χ̇i

u̇i =
i−1∑

j=1

σjuj × uiβ̇j (3.42)

χ̇i =
i∑

j=1

σjuj × χiβ̇j + σiui ×

n∑

j=i+1

(σjχj + σjuj)β̇j . (3.43)



3.3 Single-Loop Kinematic Chains 43

The performance of the Jacobian matrix in terms of computational time depends on the

coordinate frame of decomposition for which, the root coordinate frame K0 (Waldron,

1982), an intermediate frame Kl (Renaud, 1981) or the tip frame Kn (Orin and Schrader,

1984) are possible choices. Further material on this topic can be found in (Stelzle et al.,

1995).

3.3 Single-Loop Kinematic Chains

A single-loop kinematic chain is formed if each link in a kinematic chain is connected to

exactly two other links. It can be represented as a sequence of n relative homogeneous

transformations denoted by i−1Ai between successive coordinate frames Ki−1 and Ki

such that the terminal reference frame Kn coincides with the initial reference frame

K1. As a result, a general closure condition can be stated as

1A2
2A3 · · ·

n−1An = I4 (3.44)

with I4 as the 4 × 4 identity matrix. From these twelve implied conditions, of which

three arise from the position and nine from the orientation, a maximum of six inde-

pendent constraint equations can be extracted as only three orientation equations are

independent for reasons discussed in sec. 3.1.2. The actual number of independent con-

straint equations corresponds to the spatiality b of the loop as introduced in sec. 2.4.

Picking these b independent constraint equations is not trivial, which in general are of

the form

gi(β
out, q) = 0, i = 1, ..., b (3.45)

where the nG joint variables β are divided into βout = [βout
1 , . . . , βout

b ]T output variables

which depend on the remaining q = [q1, . . . , qf ]
T input variables for a loop with f

degrees of freedom. These are non-linear equations for the closure at position level in

terms of the joint coordinates and linear equations for velocity and acceleration level

in terms of the first- and second-order derivatives of the joint variables.

The reason for a spatiality of less than six relies on special geometric conditions, such

that some of the equations become redundant. In general, these dependencies can be

detected by numerical or symbolic rank analysis of the Jacobian matrix with deficiencies

mentioned in sec. 2.4.3. In the next section, group-theoretic concepts are elaborated

based on the previously introduced displacement subgroups, which allow conclusions on

spatiality and degree of freedom a priori and without the knowledge of exact geometrical

dimensions.
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3.3.1 Kinematic Loops as Intersections of Displacement Subgroups

When declaring one link as the base and another as the tip, a closed chain can also

be viewed as two parallel, serial chains connecting the base and tip link. The set of

allowed displacements corresponding to the bond between the base and the tip link is

then represented by the intersection of the displacement subsets established by the two

individual serial chains. The possible cases are shortly reworked from Hervé (1992).

If each of the two bonds created by the parallel, serial chains can be represented by

a displacement subgroup, the result of the intersection again forms a group. In that

case, the intersection bond lies either within one of the two bonds or is a subgroup

contained in both bonds. The first case would occur, for instance, for an intersection

of the subgroup of spatial translations T 3D and a general displacementD. The resulting

intersection is again within the T 3D subgroup. As an example of the latter case, two

chains, which are motion generators of Xu1
and Xu2

with u1 ∦ u2, are assumed. The

intersection due to the non-parallel rotation axes corresponds to a spatial translation:

Xu1
∩Xu2

= T 3D (3.46)

If neither subgroup is included within the other, nor a common subgroup exists, the

intersection equals the identity displacement E and the closed kinematic chain can

be viewed as rigid. The conditions necessary for the inclusion of one subgroup in

another was already given in tab. 3.2. The pairwise intersections of all subgroups whose

resulting common subgroups are not equal to the identity displacement are given in

tab. 3.4.

The group representation of kinematic chains then gives rise to the following three

classifications: A kinematic chain in which any possible bond between two links can

be represented by a subset of a certain displacement subgroup is said to be trivial. It

will directly obey the Chebyshev-Grübler-Kutzbach formula eq. 2.2 with a spatiality b

equal to the dimension of the subgroup associated with the kinematic chain.

Kinematic chains which cannot be associated with a distinct displacement subgroup,

but whose type of motion can be derived by the previously established methods of

composition and intersection of bonds, form an exception to the general CGK formula

and are termed exceptional chains. The third type cannot be analyzed by these meth-

ods and applies to so-called paradoxical chains, “which depend on specific geometric

conditions that imply relations between bar lengths and angle trigonometric functions”

(Hervé, 1999, p. 728).
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In order to apply these insights to single-loop kinematic chains, which are expressed

as sequences of elementary transformations introduced in sec. 3.2.2, it is necessary to

associate these sequences to displacement subgroups as shown in the following section.

Table 3.4: Intersections of group compositions which are different from identity dis-

placement and corresponding regular representation (adapted from Hervé (1992))

Group composition Conditions Intersection Regular representation

TP
2D · TP ′

2D Tu u ‖ P ∩ P ′ T 3D

TP
2D ·GP ′ Tu u ‖ P ∩ P ′ Xv v ⊥ P ′

GP ·GP ′ Tu u ‖ P ∩ P ′ Rv,O · T 3D ·Rv′,O′ v ⊥ P,v′ ⊥ P ′

Yu,p · TP
2D

u 6⊥ P Tv v ‖ P,v ⊥ u Xu

Yu,p ·GP u 6⊥ P Tv v ‖ P,v ⊥ u Xu ·Rw,O w ⊥ P

Yu,p · Yu′,p′ u 6‖ u
′ Tv v ⊥ u,v ⊥ u

′ Rw,O · T 3D ·Rw′,O′ w ‖ u,w′ ‖ u
′

Yu,p · Cu′,O u ⊥ u
′ Tu′ Yu,p · Ru′,O

Cu,O · Cu′,O′ u ‖ u
′ Tu Cu,O ·Ru′,O′

TP
2D · Cu,O u ‖ P Tu TP

2D · Ru,O

T 3D · Cu,O Tu Xu

GP · Cu,O u ‖ P Tu GP ·Ru,O

Xu · Cu′,O u 6‖ u
′ Tu′ Xu ·Ru′,O

Yu,p · Cu′,O u ‖ u
′ Hu,O,p Xu

GP · Cu,O u ⊥ P Ru,O Xv v ⊥ P

SO · Cu,O′ OO′ ‖ u Ru,O SO · Tu

SO ·GP Ru,O u ⊥ P SO · TP
2D

SO ·Xu Ru,O D

SO · SO′ Ru,O u = OO′/|OO′| SO ·Rv,O′ ·Rv′,O′

Yu,p · Yu′,p′ u ‖ u
′ TP

2D P ⊥ u Xu

Yu,p ·Xu′ u 6‖ u
′ TP

2D P ⊥ u Xu ·Ru′,O

GP · Yu,p u ⊥ P TP
2D Xu

GP ·Xu u 6⊥ P TP
2D Rv,O · T 3D ·Rv′,O′ v ⊥ P,v′ ‖ u

GP · T 3D TP
2D Xu u ⊥ P

Yu,p · T
3D TP

2D Xu

Xu ·Xu′ u 6‖ u
′ T 3D Ru,O · T 3D ·Ru′,O′

3.4 Computational Processing of Displacement Groups

The concept of the displacement subgroups as presented by Hervé provides a powerful

and intuitive approach to understanding some peculiarities of certain kinematic chains

and deriving some key parameters such as the spatiality. Though, it is not very handy
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when it comes down to automating this analysis by means of computer programs.

Quite straightforward to automate on the other side is an approach based on isotropy

groups introduced by Kecskeméthy and Hiller (1992) and later extended by Liu et al.

(2017) that was originally developed to find efficient closure conditions for single-loop

kinematic chains. It turns out that both concepts are closely related, allowing access to

computational processing of the approach from Hervé. For a more intuitive illustration

of the general ideas and the functionality, this work mainly utilizes the displacement

subgroups of Hervé. It is easily conceivable though, that additional benefits regarding

automation capabilities could be gained by using the isotropy groups which constitutes

a possible entry point for prospective development. Some close analogies of both con-

cepts will be worked out hereafter and are demonstrated for the derivation of the degree

of freedom for several single-loop kinematic chains in sec. 3.4.1. After some background

information on isotropy groups is given, the invariance properties matrix (IPM) will

be introduced according to Kecskeméthy and Hiller (1992) for further analysis.

Points, lines, and planes represent subsets of IR3 and ξ shall represent one of these

subsets. An isotropy group Â
iso(ξ)

with respect to one of these subsets ξ is then defined

as

Â
iso(ξ)

= {A ∈ D | A ξ = ξ} (3.47)

such that Â
iso(ξ)

includes any displacement A within the group of general displace-

ments D, which leaves the subset ξ invariant and furthermore forms a group again

(Hilgert and Neeb, 2012, p. 361). By this means, the following isotropy groups can be

identified (Meng et al., 2007, p.104):

Â
iso(ξ)

=





SO if ξ is a point

Cu,O if ξ is a line

Gu if ξ is a plane

Xu if ξ is a point at infinity

When considering only kinematic chains that consist of sequences of elementary trans-

formations as introduced in sec. 3.2.2, the invariant elements are easy to track. A point

will be denoted as O, a line as Li, a plane as Πi, and a point at infinity in accordance

with eq. 3.9 as
H

ei with i ∈ {x, y, z} representing the coordinate axes about which the

elementary transformation is performed. In tab. 3.5 the respective invariant elements

for each of the six elementary transformations are shown and marked by a 1, within

the invariance properties matrix (IPM).
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Table 3.5: Invariance properties matrix (IPM) for elementary transformations

X :

H

ex 1 1 1 1
H

ey 1 1 1 1
H

ez 1 1 1 1

G :

Πx 1 1 1

Πy 1 1 1

Πz 1 1 1

C :

Lx 1 1

Ly 1 1

Lz 1 1

S : O 1 1 1

T
r
a
n
s
(x
,a
)

T
r
a
n
s
(y
,b
)

T
r
a
n
s
(z
,c
)

R
o
t
(x
,α

)

R
o
t
(y
,β

)

R
o
t
(z
,γ

)

If a sequence of transformations is found that leaves one of the elements point, line,

plane, or point at infinity invariant, the transformation sequence can be associated

with the corresponding isotropy group. Transformations which are functions of joint

variables will be termed joint transformations and are motion generators of the re-

spective displacement subgroup. The constant transformations originating from the

kinematic chain’s geometry are referred to as link transformations and resemble only

a single element of a displacement subgroup. Therefore, depending on the number and

type of transformations, a transformation sequence that leaves one element ξ invariant,

is either a generator of the corresponding isotropy group or represents only a subset.

Hence, the dimension of the respective isotropy group forms an upper bound for the

dimension of motion generated by the underlying transformation sequence.

If a transformation sequence leaves several elements invariant, the displacement sub-

group in which the sequence operates is the result of the intersection of isotropy groups

associated with the invariant elements. For example the transformation sequence of

three subsequent rotations about the same axis

A = Rot(x, α) ◦ Rot(x, β) ◦ Rot(x, γ) (3.48)

leaves the origin O, plane Πx, line Lx, and a point at infinity
H

ex invariant. Thus,

the sequence describes a displacement, which is a subset of a subgroup common to
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all respective isotropy groups SO , Gx, Cx,O , and Xx. This common subgroup can be

determined by intersecting the respective isotropy groups according to tab. 3.4 and

tab. 3.2, as described in sec. 3.3.1

A(G) = Xx ∩Gx︸ ︷︷ ︸
Gx

∩Cx,O ∩ SO︸ ︷︷ ︸
Rx,O

= Rx,O . (3.49)

As expected, this common subgroup is the group of all rotations about the x-axis.

3.4.1 Determining the Degree of Freedom of a Kinematic Loop

The Chebyshev-Grübler-Kutzbach formula eq. 2.2 can be further simplified for a single-

loop kinematic chain which is composed of elementary transformations and joints as

the connectivity of each joint fGi
equals one

f =

nG∑

i=1

fGi
− nL · b = nG − b . (3.50)

Therefore, only the spatiality is left to be determined. For a better understanding of

the spatiality, the loop can be split at one link, thus forming a simple open kinematic

chain whose terminal links are formed by the two parts of the split link. The number of

independent relative motions between these two parts represents the spatiality of the

corresponding closed loop. It is worth mentioning that the spatiality “does not vary

with the choice of split up links” (Gogu, 2008, p. 100).

For an automated detection of the spatiality b without the necessity to establish the loop

closure conditions, by means of the previously introduced IPM, invariant properties can

be tracked and likewise an upper bound for the spatiality b and vice versa a lower bound

for the degree of freedom can be derived by according group operations as exemplified

for two closed kinematic chains in the following section.

Trivial Chains

At first, the invariant elements of the loop are detected and gathered in the invariance

properties matrix similar to tab. 3.5 whereby the columns correspond to the elementary

transformations in order of the given kinematic chain. For a single-loop kinematic

chain, the IPM is cyclic, i. e., the last column also borders the first one.

If a sequence of transformations can be found, which contains all joint transformations

of the loop and leaves one or more elements invariant, the spatiality of the loop is
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Figure 3.5: Planar four-bar mechanism and corresponding IPM

smaller or equal to the dimension of the associated isotropy group. The degree of free-

dom can then be calculated by eq. 3.50. Note that the sequence may be bordered by

further constant transformations, and in some cases, it might be necessary to commute

some of the elementary transformations in order to extend a particular sequence effec-

tively. This is possible for successive transformations that form an Abelian group, as

highlighted in tab. 3.1, i. e., subgroups which are commutative such that transforma-

tions can be performed in any order. Accordingly, any two translations, rotations about

the same axis, or a translation and a rotation about the same axis may be swapped.

In this manner, for the simple four-bar mechanism shown in fig. 3.5 the highlighted

sequence is found, which leaves the elements
H

ez and Πz invariant and contains all joint

transformations. Thus, the motion of the kinematic chain is detected to be within the

planar group

A(G) = Xz ∩Gz = Gz (3.51)

for which the spatiality is equal to b = dim(Gz) = 3. Therefore, the mechanism features

f = nG − b = 4− 3 = 1 (3.52)

degree of freedom and three independent closure conditions can be derived.
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Figure 3.6: Exceptional kinematic chain of a Sarrus mechanism

Alternatively, the same result can be directly extracted from the IPM, as the plane Πz

is invariant with respect to all joint transformations and consequently, the mechanism

is identified to be planar with a spatiality of 3.

Exceptional Chains

In some cases, two distinct transformation sequences AI and AII may be found, which

together contain all joint variables and are disconnected either by intermediate constant

transformations or by the fact that there are two different invariant elements associ-

ated. As a result, the spatiality of the loop cannot be expressed by a single associated

displacement subgroup. Yet, when the open chain achieved by concatenating AI and

AII is regarded, b directly follows from the dimension of the group composition:

b = dim(AI
(G)) + dim(AII

(G))− dim(AI
(G) ∩ AII

(G)) . (3.53)

Necessary to that end is that the dimension of any common subgroup is only counted

once, from which the subtraction of dim(A
(G)
I ∩ A

(G)
II ) follows.

This concept shall now be applied to the well-known overconstrained Sarrus mecha-

nism (Sarrus, 1853) shown in fig. 3.6. The mechanism is composed of six elementary

kinematic pairs and links, including the base frame. After the transformation sequence

is established, a corresponding IPM which marks the invariant elements is created,

as shown in fig. 3.6 with AGeneral, I and AGeneral, II representing general displacements

between the respective rigidly connected frames.

Within the IPM, subchain AI is identified as the longest sequence leaving
H

ex and Πx
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invariant and a second subchain AII was detected within the remaining columns of the

IPM leaving
H

ey and Πy invariant. Both subchains together contain all joint variables

and are associated with the groups Xx and Gx, as well as Xy and Gy, respectively.

The spatiality is then determined

b = dim(Xx ∩Gx︸ ︷︷ ︸
Gx

) + dim(Xy ∩Gy︸ ︷︷ ︸
Gy

)− dim((Xx ∩Gx) ∩ (Xy ∩Gy)︸ ︷︷ ︸
Tz

) = 3 + 3− 1 = 5

(3.54)

such that the degree of freedom follows by eq. 3.50

f = 6− 5 = 1 . (3.55)

Clearly, there is no distinct displacement subgroup that can be associated with the

kinematic chain, and even though the chain performs a spatial motion, its spatiality is

only 5.

The same conclusion can be drawn by inspection of the IPM: All joint transformations

are contained within subchains AI and AII leaving the respective planes invariant. Any

measure between those planes, such as the intermediate angle, therefore is invariant

with respect to all joint variables and the corresponding constraint does not impose any

condition on the mobility of the kinematic chain. The number of possible independent

constraints therefore reduces from 6 to 5.

Overdetermined Single-Loop Kinematic Chains

Previously, the term overconstrained was introduced, which for a single-loop kinematic

chain eq. 2.6 can be further simplified with nB = nG and f = nG − b from which follows

N = 6− b . (3.56)

Similar to a system with more equations than variables to be solved for, here, the

term overdetermined will be used for a loop that has been assigned more inputs q than

encompassed degrees of freedom f . The degree d by which a loop is overdetermined

will be defined as

d = q − f (3.57)

where d < 0 indicates an underdetermined loop with an insufficient number of input

joint variables. On the contrary, for d > 0, the underlying system of equations is
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Figure 3.7: Four-bar mechanism with isolated degrees of freedom

overdetermined, and therefore, only an approximation for the given inputs can be

determined. Yet, even if q = f variables are assigned as inputs, in some cases, this

set of input joint variables may not be independent, and therefore, additional joint

variables are required as inputs.

This is, for instance, the case if the remaining joint variables to be solved for feature

redundant degrees of freedom according to sec. 2.4.5. A lower bound for the number of

additionally required inputs can be assessed by analyzing the spatiality of the kinematic

chain, with all input joint variables regarded fixed. If the spatiality appears to be

less than the number of remaining unfixed joint variables, a corresponding amount of

additional inputs need to be provided.

As an example, a four-bar mechanism and its IPM with one isolated degree of freedom

are shown in fig. 3.7 with a spatiality of b = 6 and nG = 8 elementary joints resulting

from the decomposition of the spherical joints. In correspondence to the two degrees of

freedom of this kinematic chain, both revolute joint angles q = [α1, α2] are defined as

inputs. The spatiality can then be analyzed by treating the inputs as rigid link trans-

formations for the IPM. Within the chain of the remaining n′
G = 6 joint variables, the

two highlighted sequences containing all joint variables are identified with a resulting

spatiality of

b′ = dim(SO4
) + dim(SO5

)− dim(SO4
∩ SO5︸ ︷︷ ︸

Rx,O5

) = 3 + 3− 1 = 5 . (3.58)

Thus, the remaining chain features one redundant degree of freedom resulting from

the isolated spin, which has to be provided as an input. With the additional input,
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the loop is then overdetermined by d = 3 − 2 = 1. If initially a different set of input

variables such as α1 and φ1 was chosen, no additional inputs would be necessary.

3.4.2 Kinematics of Single-Loop Kinematic Chains

Depending on the spatiality b of a single-loop kinematic chain, up to b ≤ 6 independent

constraint equations can be extracted from the general closure condition stated in

eq. 3.45. Some common approaches for the formulation of geometric closure conditions

from a “physical” perspective are according to Hiller and Woernle (1988):

• Split the loop at one body:

As the body is considered to be rigid, both parts of the body must coincide

in their pose for reassembly, from which b general constraint equations can be

derived. The advantage of this method is its generality as it is independent of

the embedded joints and geometric dimensions. Yet, if aiming for an explicit

solution, complex algebraic eliminations are necessary for the b carefully chosen

independent constraint equations.

• Split the loop at one joint:

A cut at joint G removes fG joint variables without any additional algebraic

transformations. Thus, a system of b−fG equations results, which is independent

of the joint variables of the cut joint.

• Split at a characteristic pair of joints:

By a cut at two joints G1 and G2, the two open kinematic chains are independent

of the fG1
+ fG2

immanent joint variables. Therefore, only an implicit system of

h = b− (fG1
+ fG2

) joint variables for the two open chains has to be solved:

gchar
1...h(β

out
1...h; q) = 0 (3.59)

The complementary joint variables included in the characteristic pair of joints

then can always be determined explicitly, as the relative positions within both

kinematic chains are known from the solution of the implicit system:

gcomp
h...b (βout

1...h; β
out
h...b; q) = 0 (3.60)

In the latter case, if the characteristic pair of joints in total contains b−1 joint variables,

there is only one equation gchar
1 (βout

1 ; q) with one unknown dependent joint variable

left, which can be solved explicitly. In that case, a sequence of b recursively solvable
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functions gi plus additional input equations




βin
1
...

βin
f

g1(β
out
1 ; βin)
...

gb(β
out
b ; βout

b−1, ..., β
out
1 , βin)




︸ ︷︷ ︸
g(β)

=




1
. . .

1

0
. . .

0




︸ ︷︷ ︸
V

·




q1
...

qf




︸ ︷︷ ︸
q

(3.61)

can be derived with each function containing exactly one unknown variable βi more

than the previous functions and V as a distribution matrix, which maps inputs to joint

variables. If in addition, the dependent variables appear at most in second order within

the functions g1,...,b (or tan (βi/2) for revolute joints), the loop is explicitly solvable.

Closed-Form Solution

Due to its efficiency, it is worth searching for a recursive set of functions for which a

method was developed by Kecskeméthy and Hiller (1992). The method is based on the

previously introduced isotropy groups for finding geometric elements that stay invariant

for specific transformation sequences. For the sake of completeness, the main idea of

this approach that was recently extended by Liu et al. (2017) will be quickly reviewed.

If a scalar measure between two invariant elements ξ
A

and ξ
B

of a transformation

sequence

Â
iso(ξ

A
)

︸ ︷︷ ︸
ÂA

A Â
iso(ξ

B
)

︸ ︷︷ ︸
ÂB

(3.62)

is determined, the measure is independent of the transformations included in ÂA and

ÂB and consequently is only defined by the transformation A. Possible measures or

projections g(...) : IR4 × IR4 → IR as depicted by Hiller and Kecskeméthy (1989) for the

elements plane Πi
2, line Li, and point P of the origin between an initial frame K and

2The same measure applies to planes and “points at infinity”
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the displaced frame K′ are:

1. Squared distance between two points

gPP (A) = ||Trans[A ]|| (3.63)

2. Distance between a plane and a point

gEP (A,
H

ei) = (
H

ei)
T A

H

o (3.64)

3. Cosine of the angle between two planes

gEE(A,
H

ei,
H

e
′

j) = (
H

ei)
T A

H

e
′

j (3.65)

4. Distance of two lines corresponding to the length of the common normal

gLL(A,
H

ei,
H

e
′

j) = (
H

ei)
T [Rot[A ]

H

e
′

j ×Trans[A ]] (3.66)

5. Squared distance between a line and a point

gLP (A,
H

ei) = ||Trans[A ]||2 − (
H

e
T

i A
H

o)2 (3.67)

with i, j ∈ {x, y, z},
H

o= [0, 0, 0, 1]T , and the operators Trans[A ] = A
H

o ≡ OK
rOK′

and

Rot[A ] ≡ KRK′ which extract the translational and rotational part of A, respectively.

For these purposes, a projection operator π ( ξ
L
, ξ

R
,A ) is introduced, which derives

the scalar measurements from eq. 3.63 to eq. 3.67 with respect to the “left” and “right”

coordinate frame of a transformation sequence A. Possible combinations are shown in

tab. 3.6 and the derivation of projection equations is given in (Krupp, 1999).

Table 3.6: Projections defined by π ( ξ
L
, ξ

R
,A ) (Kecskeméthy and Hiller, 1992, p. 394)

ξ
R

o Πj Lj

ξ
L

o gPP (A) gEP (A
−1;

H

e j) gLP (A
−1;

H

e j)

Πi gEP (A;
H

e i) gEE(A;
H

e i,
H

e j) none

Li gLP (A;
H

e i) none gLL(A;
H

e i, ej)

Afterward, for a single-loop kinematic chain represented by a sequence of transforma-

tions

1A2
2A3...

n−1An = I4 (3.68)

the longest sequence in terms of joint variables leaving element ξ
A

invariant is declared

as ÂA. Similarly, within the remaining transformations, the longest sequence ÂB that

leaves an element ξ
B

invariant can be labeled. With the intermediate sequences AI
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and AII the chain can be written as

AIÂBAIIÂA = I4 (3.69)

and is then resorted such that

ÂBAIIÂA = A−1
I . (3.70)

Applying the projection operator to both sides of eq. 3.70

π ( ξ
B
, ξ

A
; ÂBAIIÂA )

︸ ︷︷ ︸
= π ( ξ

B
, ξ

A
;AII )

= π ( ξ
B
, ξ

A
;A−1

I ) (3.71)

yields a scalar equation, which only depends on the transformations included in the

transformation sequences AI and AII . If both sequences ÂA and ÂB contain together

b − 1 dependent joint variables βout, eq. 3.71 yields a scalar equation containing only

the remaining dependent joint variable and can be solved explicitly.

For instance, if ÂA and ÂB represent a spherical and a universal joint in a spatial loop,

the measures gPP (AI) and gPP (AII) between the center of the spherical joint and the

intersection of the universal joint axes are independent of the five complementary joint

variables. The corresponding closure condition g1(β
out
1 ; q) = gPP (AII)− gPP (A

−1
I ) = 0

can be solved for the dependent joint variable βout
1 as a function of the q inputs.

Then the remaining complementary joint variables can always be determined explicitly,

as described by Hiller and Woernle (1988, p.848) since the relative motions of the

subchains AI and AII are known. An algorithm for the automatic derivation of the

set of closure conditions is given by Kecskeméthy and Hiller (1992). If no explicit

solution can be found, standard implicit methods need to be applied.

3.4.3 Closure Conditions on Velocity and Acceleration Level

Formally, the velocity relationships can be established by differentiating the constraint

equations with respect to the joint variables and partitioning the joint variables into

input βin and output βout variables unveils the following structure:
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ġ =
∂g

∂β
β̇ =




1
. . .

1
x . . . x
x . . . x
x . . . x
x . . . x
x . . . x
x . . . x︸ ︷︷ ︸
J
in
β

x x x x
x x x x
x x x x
x x x x
x x x x x
x x x x x x




︸ ︷︷ ︸
J
out
β

[
β̇
in

β̇
out

]
= Jinβ β̇

in
+ Joutβ β̇

out
= 0

Here, for the case of direct ordering of inputs, the dotted section is of diagonal form

with f rows. The dashed and solid sections correspond to the implicit characteristic

system gchar
1...h and explicit complementary system gcomp

h...b , respectively. For the case of

h = 1, Joutβ is of triangular form, otherwise, for a loop composed of a sequence of

elementary joints, there will be at least two complementary joint variables as depicted

above. By rearrangement, the output velocities β̇
out

can be formulated as

β̇
out

= −(Joutβ )−1
J
in
β︸ ︷︷ ︸

Jq

β̇
in
. (3.72)

A more elegant approach for the derivation of the Jacobian matrix is described by

Krupp (1999, p. 71). Similar to the previous derivation of the position constraint

equations, the closed kinematic chain can be partitioned into two open chains PI and

PII with the same initial reference frame KA and terminal frame KB. The twist AtB =

[AωB, AvB]
T for both chains has to be equal

AtB = JI β̇I
= JII β̇II

(3.73)

for which the Jacobians can be derived according to eq. 3.39 and which are functions of

the joint velocities β̇
I

and β̇
II

contained in PI and PII , respectively. These again can

be solved using the projection method, as shown by Krupp (1999, p. 72) and Woernle

(1988).

Differentiating eq. 3.72 gives rise to the acceleration equation

β̈
out

= J̇qβ̇
in
+ Jqβ̈

in
. (3.74)

Summarizing the previous equations, and associating βin with fL inputs q the following
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equations are gained

βout = βout(q) , (3.75)

β̇
out

= Jq q̇ , (3.76)

β̈
out

= J̇q q̇ + Jq q̈ . (3.77)

Hence, a building block termed kinematical transformer is introduced in fig. 3.8, which

comprises the above equations. Once derived, the structural and geometric properties

are already incorporated in the equations and therefore can be discarded. If there is

no explicit solution possible or for the overdetermined case d > 0, an iterative solution

scheme has to be applied.

Li

βout
1

βout
b

d
maximum of b outputs

fq1

qf+d

f + d inputs ...
...

Figure 3.8: Symbolic representation of the kinematics of a closed kinematic chain
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4 Graph-Theoretic Mapping of Multibody Systems

The application of graph theory to multibody systems brings along a wide variety of

tools and algorithms which can be used for systematic analysis and efficient compu-

tation. After a short introduction to graph theoretic concepts, the main effort is put

on the complex type of closed kinematic chains. These will be broken down into sin-

gle closed kinematic chains for which, in many technical cases, efficient closed-form

solutions may be found.

4.1 Introduction to Graph Theory Illustrated by the TriMule

Hybrid Robot

For illustration, the five degree of freedom hybrid robot called TriMule from Dong et al.

(2018) is regarded, which is composed of a two degree of freedom wrist mounted on

a three degree of freedom parallel mechanism. The joints are indicated by R, P, U,

S, as shown in fig. 4.1 corresponding to revolute, prismatic, universal, and spherical

joints, respectively, while the underlined prismatic joints are actuated. In this section, a

graph representation of the TriMule robot is established for which a short introduction

to graph theory is given following the notation of Deo (1974) and additions of Berge

(1976) as well as Gondran and Minoux (1984).

RP limb
Base link

2-DOF
wrist

UPS limb

RPS limb

Figure 4.1: TriMule hybrid robot with five degrees of freedom (cf. Dong et al., 2018,

p. 81)1

1Pictorial material in fig. 4.1, fig. 4.2, and fig. 4.10 by kind permission of Prof. Dr. Haitao Liu
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Figure 4.2: Topological graph of the TriMule robot

4.1.1 Basic Elements

A graph G = (V, E) can be understood as a set of nv vertices V = {v1, v2, ...} rep-

resenting entities of any kind and a set of ne edges E = {e1, e2, ...} expressing the

relations between these entities. An undirected edge ek = (vi, vj) is associated with

an unordered pair of vertices, which are its end vertices. If an orientation is assigned

to an edge defining one initial and one terminal end vertex, edges are termed arcs or

directed edges, and the resulting graph forms a directed graph or digraph. Furthermore,

any edge ei may be associated with a weight wei . An edge with identical initial and

terminal end vertex is called a self-loop. Two end vertices of an edge or two nonpar-

allel edges sharing a common vertex are adjacent to another, while an end vertex of

an edge is incident to the edge and vice versa. The degree of a vertex is defined as

the number of incident edges and can be further specified as in- and out-degree for

directed edges terminating and originating at a vertex, respectively. A vertex vi with

no incident edges is termed isolated vertex, and a vertex with only one incident edge is

referred to as pendant vertex. A graph with at least one pair of vertices sharing mul-

tiple incident edges is called a multigraph while a graph with edges connecting more

than two vertices, forming so-called hyperedges, is termed hypergraph. A graph without

parallel edges, hyperedges, or self-loops is considered a simple graph. As in general,

hyperedges can be decomposed into binary edges connected to an additional vertex, in

the following only graphs with binary edges are of concern if not stated otherwise. If

it is possible to separate all vertices V of a graph G into two groups V1 and V2, such

that no edges of G are incident to two vertices of the same group, G is called bipartite.

In fig. 4.2 coordinate systems K1, ...,K10 are assigned to the links of the TriMule robot,

and K0 is designated as the fixed base. The relative poses of two bodies connected by
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Chain:

Path:

Cycle:

Spanning Tree:

Figure 4.3: Examples of a chain, path, cycle and a spanning tree rooted at v10 with

indicated dotted chords and weighted edges

a joint can be described by a sequence of elementary transformations as depicted in

sec. 3.2.2. If the coordinate systems are then mapped to vertices v0, ..., v10, and their

connections are represented by edges e1, ..., e13 a graph representation is established.

The depicted example of the edge e6 represents a directed edge from v6 to v5 in ac-

cordance with the defined transformation. Yet, as the inverse for each transformation

sequence can be derived, orientations within the graph were not depicted. If necessary,

an arbitrary number of additional coordinate systems can be introduced to charac-

terize, for instance, articulation points of joints or external forces. For some of the

following tasks, edges will also be weighted by the number of implied joint variables

within the corresponding transformation sequence.

4.1.2 Structural Properties

If V′ ⊂ V and E′ ⊂ E, G′ = (V′, E′) is called a subgraph of G = (V, E) . The alternating

sequence of vertices and edges being passed when traversing a graph between two

vertices is called chain, with edges being incident to the preceding and succeeding

vertex and not passing any edge twice. A path is a chain that fulfills the additional

criteria that no vertex is passed twice2. A path that starts and terminates at the same

vertex forms an elementary cycle. If not stated otherwise, herein by the term cycle,

elementary cycles are concerned. In fig. 4.3 examples of a chain, path, and cycle are

given.

If there is no path between a pair of vertices in a graph, the graph is disconnected,

and both vertices belong to different components of the graph. A component is defined

2Note that Berge (1976) and Gondran and Minoux (1984) use the term elementary chain for paths

and instead associate path to chains with edges directed in the same way. Here, this case will be

indicated by the term directed in accordance to Deo (1974)
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as a set of vertices for which paths between all pairs of vertices exist. Furthermore,

a graph is k-edge connected if a minimum removal of k edges increases the number of

components. A bridge is an edge whose removal increases the number of connected

components. In that sense, the graph in fig. 4.2 is 1-edge connected, as the removal of

the bridge e12 splits the graph into two components. An acyclic graph, i. e., a graph

without cycles, is termed tree if it is connected and a forest in the other case. If one

of the vertices is distinguished from the others, it is called root, and the corresponding

tree will be considered a rooted tree. If a subgraph T of a connected graph G contains

all vertices of G and is acyclic, it is called a spanning tree of G. All edges within a tree

T are called branches while the remaining edges are termed chords of T and form the

cotree. In fig. 4.3 a spanning tree rooted at v10 of the TriMule graph is indicated by

solid edges. The dotted edges are the corresponding chords which together form the

cotree. If the edges of a graph are associated with a weight, the spanning tree with the

lowest sum of weights of its branches is called the minimum spanning tree.

4.1.3 Mathematical Representation

It can be shown that an undirected graph G can be associated with a vector space

over the Galois field modulo 2 (see Deo, 1974) such that algebraic methods can be

applied. The Galois field is defined as the set {0,1} with two operations addition and

multiplication under modulo 2 arithmetic. In that sense, edge e1 can be represented

by the unit vector

(1
e1
, 0
e2
, 0
e3
, 0
e4
, 0
e5
, 0
e6
, 0
e7
, 0
e8
, 0
e9
, 0
e10
, 0
e11
, 0
e12
, 0
e13
) (4.1)

and the path in fig. 4.3 can be derived from the vector sum of vectors corresponding

to the set of edges {e1, e12}

(1
e1
, 0
e2
, 0
e3
, 0
e4
, 0
e5
, 0
e6
, 0
e7
, 0
e8
, 0
e9
, 0
e10
, 0
e11
, 1
e12
, 0
e13
) . (4.2)

Obviously, any vector of the vector space associated with G can be obtained by a

linear combination of the ne linearly independent unit vectors associated with the

individual edges, which thus form a natural basis. In the given context, a set of vectors

x1,x2, ...,xk is linearly independent if the expression

c1x1 + c2x2 + ...+ ckxk = 0 (4.3)

with scalars c1, c2, ..., ck ∈ {0, 1} only holds for the trivial solution c1, c2, ..., ck = 0

under modulo 2 arithmetic. As the dimension of a vector space is equal to the mini-

mum number of linearly independent vectors necessary to span the vector space, the

dimension must be equal to the number of edges ne .
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S =




e1 e2 e3 e4 e5

v1 1 1 0 0 1
v2 1 0 0 1 0
v3 0 1 1 0 0
v4 0 0 1 1 0
v5 0 0 0 0 1


 Sv5 =




e1 e2 e3 e4 e5

v1 1 1 0 0 1
v2 1 0 0 1 0
v3 0 1 1 0 0
v4 0 0 1 1 0




Figure 4.4: Subgraph of the TriMule with incidence matrix S and reduced incidence

matrix Sv5

For computer processing and analysis, it is suitable to express graphs by matrices for

which one common representation is an incidence matrix. The incidence matrix S is

defined as an nv by ne matrix with rows corresponding to vertices and columns to

edges. The entries are defined as

Si,j =

{
1 if edge ej is incident to vertex vi and

0 otherwise.
(4.4)

The rank of the incidence matrix is nv − k where k is the number of connected com-

ponents. For a disconnected graph, by proper swapping of rows and columns, the

incidence matrix can be written in block diagonal form, such that each connected com-

ponent is represented by a sub-matrix. Furthermore, if for a connected component, one

vertex vref is declared as a reference vertex, the corresponding row of the associated

incidence matrix can be removed, yielding the reduced incidence matrix Svref
. As bi-

nary edges always have two entries per column, the removed row can be reconstructed

without loss of information. For a tree graph with its ne = nv − 1 edges, the reduced

incidence matrix is a non-singular square matrix. Examples of the incidence matrix of

a subgraph of the previously established TriMule graph are shown in fig. 4.4.

The above concepts also apply with some changes to directed graphs. In particular,

the non-negative entries of the incidence matrix have to account for the direction of the

edges. Thus, +1 and −1 describe an edge out and into a vertex, respectively. In this

sense, vector spaces associated with directed graphs are over the field of real numbers

using ordinary arithmetic.

4.2 Topological Analysis and Decomposition

Once a graph-based representation of a multibody system has been established, the

connected components can be identified easily from the incidence matrix. For each

connected component, the absolute kinematics can be derived independently, for in-

stance, using a systematic approach presented by Wittenburg (2008). In particular,
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an open kinematic chain of nB links, with one link declared as the base frame, can be

represented by a rooted tree with respect to v0. Utilizing the corresponding reduced

square incidence matrix Sv0 , a path matrix T can be derived from the inverse of the

reduced incidence matrix

T = S
−1

v0
(4.5)

where the entries of T are defined as

Ti,j =





+1 if edge ei is on the path from vj to v0, directed towards v0,

−1 if edge ei is on the path from vj to v0, directed towards vj,

0 otherwise.

(4.6)

The index i = 1, ..., (nB − 1) corresponds to the vertices excluding v0 and j = 1, ..., nG

to the edges. As the path of any vertex to the reference vertex is unique in a tree, each

column contains all edges being passed. If displacement transformations between the

links are stored in a second matrix in an adequate manner, the absolute kinematics for

each body can be established by simple matrix multiplication. The same idea can then

be transferred to the spanning tree of a closed kinematic chain. For a closed kinematic

chain, the resulting equations are then supplemented by algebraic closure conditions

introduced by the cut joints represented by the chords. The overall system of equations

then needs to be solved iteratively in order to satisfy the closure conditions.

However, no advantage is taken of subsystems for which efficient closed-form solutions

may exist. Complex kinematic chains, as shown in tab. 2.2 are characterized by the

existence of at least one subsystem which forms a closed kinematic chain or subsystems

of closed kinematic chains connected by serial chains. In the latter case, the relative

kinematics of subsystems corresponding to the closed kinematic chains can be solved

independently, which may be of particular interest if closed-form solutions exist for

some of the subsystems. Furthermore, rigid or overconstrained subsystems may only

exist within closed kinematic chains, such that only closed subsystems are of inter-

est in this aspect. Therefore, subsystems representing open kinematic chains will be

discarded, and only closed-loop kinematic chains are further analyzed. The decompo-

sition can be achieved by identification and removal of bridges within the graph, such

that the remaining connected components form closed kinematic chains whose relative

kinematics can be solved independently. Tarjan is considered the first who introduced

linear-time algorithms to accomplish these tasks Tarjan (1972, 1974). For the decom-

position, a simple algorithm introduced by Schmidt (2013) is utilized which conducts

the following steps:
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Figure 4.5: Depth-first search tree rooted at vertex 10 with roman numbering in or-

der of visit, edge orientations indicating directed paths to root vertex 10, and dotted

backedges

1. Create a depth-first search tree

Starting at a root vertex, traverse the graph depth-first and label all vertices in

order of visit. All tree edges will be oriented towards the root vertex, and all

chords termed backedges will be oriented away from the root vertex.

2. Perform chain decomposition

Mark vertices as unvisited and iterate through all vertices in the previously estab-

lished order. For each backedge starting at the current vertex, follow the directed

cycle spanned by the backedge and stop at the first visited vertex. All passed

vertices are associated with a chain Ci and are marked visited.

3. Identify bridges

All edges not listed in any chain are bridges. After the removal, each connected

component forms a closed kinematic chain, which can be analyzed according to

the next sections.

The steps are illustrated in fig. 4.5, where the roman numberings correspond to the

order in which the vertices were visited during the depth-first search according to step

1. In step 2, the first and only vertex encountered which possesses backedges is vIII .

Successively traversing the three backedges results in the following three chains

C1 = {e2, e3, e4, e1}

C2 = {e5, e6, e7}

C3 = {e8, e9, e10, e11} .

In step 3, edges e12 and e13 are identified as bridges as these are not included in any of

the chains. After the removal of the bridges, only one component remains, representing

the closed kinematic chain of the TriMule manipulator without the 2-DOF wrist.
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4.3 Closed Kinematic Chains as Systems of Kinematic Trans-

formers

ββ
γγ

β1

β1β1

β1

β2

β2

β2

β2

β3β3

γ1

γ1

γ1

γ1

Kinematic Loop Kinematic Transformer

Coupling Coupling Condition

Multi-Coupling Branching

Figure 4.6: Elements of a kinematic network (cf. Kecskeméthy, 1993a, p. 49)

In sec. 3.3 an approach for an efficient solution of the relative kinematics of a single-loop

kinematic chain was reviewed and condensed in the concept of a kinematic transformer.

Following the idea of Hiller, Kecskeméthy, and Wörnle in Hiller et al. (1986), closed

kinematic chains can be decomposed into a set of interconnected kinematic transformers

termed kinematic network. Through the kinematic network, a hierarchical structure of

equations can be derived, thus determining the order in which the kinematic loops have

to be solved, possibly yielding a closed-form solution. Aside from efficient kinematics,

the kinematic network will lay the foundation for the detection of rigid subsystems

described in sec. 5.3. Therefore, its basic elements will be introduced in correspondence

to Kecskeméthy (1993a).

In general, the kinematic network can be characterized by three building blocks: Kine-

matic transformers representing a single-loop kinematic chain each, couplings arising at

well-defined joints, and branchings at joints shared among several loops. The resulting

network then visualizes relations between the loops, from which the order of processing

can be derived by an adequate orientation of edges. The building blocks are illustrated

in fig. 4.6 based on a planar four-bar mechanism.
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1. Kinematic Transformers

The building block of a kinematic transformer comprises a non-linear set of equa-

tions, as shown in sec. 3.4.2, which are necessary to determine dependent relative

joint variables from a set of independent input joint variables. In the present

case, the output lever angle γ is defined through the transmission function γ(β),

which depends on the input angle β. Each kinematic transformer renders an

individual module enclosing all geometric information of the kinematic loop.

2. Couplings

In a multi-loop closed kinematic chain, individual kinematic transformers are not

independent. As a result, certain coupling conditions have to be fulfilled. The

number of couplings nC that arise at a joint connecting nB links is determined

by the number of incident loops nL :

nC = nL − nB + 1 (4.7)

In the simple case of the two connected four-bar mechanisms in fig. 4.6 the input

angle β2 of the second kinematic transformer results from the sum of the output

angle γ1 and a constant angle α where sign and value correspond to lever geometry

and measurement direction:

β2 = ±γ1 + α (4.8)

3. Branchings

The case of an output joint variable, which gives rise to several couplings, is

modeled by a branching. This is, for example, the case if the output lever of

the first kinematic transformer also constitutes the input levers of the other two

kinematic transformers, from which the following branching conditions arise:

βi = ±γ1 + αi , i = 2, ... (4.9)

By analysis of the block diagram of the kinematic network, some properties can directly

be extracted. For instance, in correspondence to the modified Chebyshev-Grübler-

Kutzbach formula in eq. 2.5, the sum of degrees of freedom of all kinematic transformers

within a kinematic network reduced by the number of coupling conditions represents the

degree of freedom of the system. Furthermore, after directing the edges of the kinematic

network, which will be elaborated in sec. 4.3.2, the order in which the underlying set

of equations has to be solved is visualized. In the case of an acyclic kinematic network

without overdetermined kinematic transformers, a recursive solution for the system can

be derived.
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C =




e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11

c1 1 1 1 1 0 0 0 0 0 0 0
c2 1 0 0 0 1 1 1 0 0 0 0
c3 0 1 1 1 1 1 1 0 0 0 0
c4 1 0 0 0 0 0 0 1 1 1 1
c5 0 1 1 1 0 0 0 1 1 1 1
c6 0 0 0 0 1 1 1 1 1 1 1




Figure 4.7: Closed kinematic chain of the TriMule manipulator and corresponding cycle

matrix C

4.3.1 Determination of Independent Single-Loop Kinematic Chains

When setting up a kinematic network, the question for a suitable set of independent

loops within the closed kinematic chain arises, for which again some insights from graph

theory can be used.

A cycle within a given graph can be represented by a vector, as mentioned in sec. 4.1.3.

If all cycles of a graph are gathered in a matrix, such that each row represents the vector

of exactly one cycle, a cycle matrix is attained with elements defined as

Ci,j =

{
1 if edge ej is within the ith cycle

0 otherwise.
(4.10)

The resulting cycle matrix for the closed kinematic chain of the TriMule manipulator

is shown in fig. 4.7, which contains six cycles in total. Yet, not all of these cycles are

independent, as for instance, the addition of cycles c1 and c2 under modulo 2 arithmetic

yields the cycle c3 as demonstrated in fig. 4.8. In fact, similar to a plane forming a

subspace of the three-dimensional space, cycles form a cycle subspace of a graph, which

in this case, contains six cycles. The dimension of the subspace and thus the number

of independent cycles nc necessary to generate all other cycles corresponds to the rank

of the cycle matrix, which equals the cyclomatic number

nc = ne − nv + k (4.11)

where k is the number of connected components. The minimum set of cycles necessary

to span the cycle subspace forms the cycle basis B. Note that eq. 2.3 from sec. 2.4.1

is the direct result of eq. 4.11. The equation can be easily understood for a tree with

ne = nv − 1 edges for which any additional edge closes another cycle. While the

number of independent cycles is fixed, the choice of the cycle basis is not unique. From

a kinematic point of view, it appears reasonable, that a set of kinematic loops with

only a few couplings is more likely to render an efficient closed-form solution than a
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Figure 4.8: Addition of cycles

system of highly dependent kinematic loops. Since couplings arise at joints shared

among several loops, shorter cycles in terms of joint variables in general lead to fewer

couplings. If each edge of a graph is weighted by the number of joint variables necessary

to describe the underlying joint displacements, the weight of each cycle wc is the result

of the sum of weights of its edges we . While no final conclusion on the optimal set

of cycles could be drawn, it seems appropriate to favor a cycle basis with an overall

weight of its cycles

wB =
∑

c∈B

wc (4.12)

which is the minimum of all cycle bases.

There exist a variety of different more or less restrictive classes of cycle bases, which

are characterized by Kavitha et al. (2009). At first sight, a fundamental cycle basis Bf

seems suitable, as the independence of cycles is directly ensured by its construction.

Based on a minimum spanning tree, which can be derived resorting to the algorithms

of Prim (1957) or Kruskal (1956), each chord closes a cycle consisting of the chord

and a path connecting the chord’s end vertices within the spanning tree. As there are

exactly ne − nv + 1 chords for a connected component and each chord is contained

in exactly one cycle, a sufficient number of independent cycles is attained. For the

TriMule manipulator, a fundamental cycle basis is shown in fig. 4.9 with a total weight

of wBf
= 10 + 7 + 12 = 29.

Yet, the problem of finding a minimum fundamental cycle basis is NP-complete ac-

cording to Deo et al. (1982), thus implying that it can only be inefficiently solved by

testing all possible solutions. Fortunately, for the given problem, the cycle basis does

not necessarily have to be fundamental, such that any minimum cycle basis is suffi-

cient. For this reason, a simple greedy algorithm can be used, which successively adds

independent cycles in order of non-decreasing weight. Independence of the partial set

of cycles is easily checked by Gaussian elimination under modulo 2 arithmetic, after

which rows of zeros indicate dependent cycles. However, the maximum number of
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a) b)

Figure 4.9: a) Fundamental cycle basis with highlighted chords of an underlying mini-

mum spanning tree and b) the corresponding minimum cycle basis

possible cycles can become large with up to

2ne−nv+1 − 1 (4.13)

cycles, which directly follows from the number of linear combinations of cycles within

the cycle basis, excluding the empty set. A first polynomial-time algorithm was pre-

sented by Horton (1987), who reduced the candidate set of cycles to nv · ne . Ever

since, many improvements have been achieved, as for example in (Amaldi et al., 2009;

Hariharan et al., 2006; Kaveh and Roosta, 1994; Kavitha et al., 2004). An example

of a minimum cycle basis for the TriMule manipulator is given in fig. 4.9b) with an

overall weight of wBmin
= 7 + 7 + 9 = 23 which is indeed less than the weight of the

fundamental cycle basis.

Each cycle forms a kinematic transformer with kinematics derived in sec. 3.4.2 and

all three cycles share e1, which represents the combined prismatic rotational joint

connecting K1 and K2, such that according to eq. 4.7 two couplings C1 and C2 arise.

These are the elements of the kinematic network for which a solution is derived in the

next section. Note that L1 and L2 are examples of exceptional chains with a spatiality

b = 5 each, which can be derived analogously to the Sarrus linkage example in sec. 3.4.1.

4.3.2 Finding a Closed-Form Solution

After a minimum cycle basis is found, a kinematic network can be established by

regarding kinematic transformers and couplings as vertices whose relations are repre-

sented by edges. A particularly beneficial solution for the kinematics of a multibody

system exists, if the elements of the kinematic network can successively be solved in a

sequence, such that any kinematic transformer or coupling is solved in terms of previ-

ously determined and externally provided joint variables which in quantity correspond
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to the degree of freedom of the respective element. If all elements yield an explicit so-

lution for the given set of inputs and the overall number of external inputs equals the

degree of freedom of the multibody system, the kinematics can be solved recursively in

closed form. Clearly, such recursively solvable systems with at least one global input,

are non-rigid and do not need to be considered for further rigidity analysis.

For the detection of a suitable solution sequence, a sequence of elements can be regarded

as a topological order of the kinematic network. Orientations of the edges are then de-

fined in a way such that the terminal end vertex of a directed edge is a successor of the

initial end vertex with respect to the topological order, forming a directed acyclic graph.

For the TriMule robot, a recursively solvable ordering (L1 → C1 → C2 → L2 → L3) is

visualized in fig. 4.10. Here, the branching can be seen as a hyperedge with only one

input. On the other hand, for some multibody systems or a certain choice of global

L1

L2

L3
L1

L2

L3

C1

C2

2

2
2

0x

0x

0x

3

Figure 4.10: Kinematic network for TriMule robot with a recursive solution flow

inputs, such a recursively solvable sequence does not exist, and the kinematic network

needs to be solved iteratively. In that case, when trying to solve the system sequen-

tially, some of the inputs must be guessed at first, forming so-called pseudo inputs, with

the result that the sum of external inputs exceeds the global degree of freedom of the

system. The pseudo inputs then lead to additional implicit constraint equations at a

succeeding element and the subsequence needs to be solved iteratively until the pseudo

inputs are determined. The number of implicit constraints is marked within the kine-

matic network and is determined by the number of inputs exceeding the local degrees

of freedom of an element. In order to keep subsystems with iterative solutions small

and reduce the search space for rigidity analysis, a solution sequence with a minimum

number of pseudo inputs is sought. In close relation to the sink method presented by

Hiller and Anantharaman (1989), a simple greedy algorithm is applied, which builds

up a topological order starting at the last element and successively prepending the

element that yields the least number of implicit constraints. Afterward, underdeter-
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Figure 4.11: Non-recursive solution flow due to predefined inputs at the translational

actuators entailing one indicated pseudo input

mined elements, i. e., elements with a higher degree of freedom than assigned inputs,

are supplemented with a corresponding number of external inputs. Depending on the

actual implementation, additional rules for prioritization may be applied, for instance,

regarding whether implicit constraint equations are formed in couplings or loops. If

for the resulting set of inputs, the number of inputs at each element corresponds to its

degree of freedom and allows for an explicit solution, a recursive solution sequence has

been found. The external inputs then form a set of independent global inputs for the

system.

4.4 Multiple Joints

In this section, some attention shall be put on multiple joints, i. e., joints which connect

more than two bodies, and arising coupling conditions. A thorough treatment of lin-

ear joint couplings is given by Kecskeméthy (1993a) based on linear transformations.

Here the concept is extended to non-linear coupling conditions arising, for instance, at

multiple spherical joints using the previously introduced tools of graph theory.

In analogy to a binary joint G that defines the set of allowed relative displacements

between two links, a multiple joint Ĝ defines the allowed relative displacements between

any of the nB connected links. In order to relate all of the nB(nB − 1)/2 bonds, the

bonds must belong to the same displacement subgroup Ĝ(G), which is associated with

the multiple joint. From the displacement subgroups listed in tab. 3.1, here, only

those subgroups are regarded, which can be generated by sequences of elementary

transformations (i. e., all subgroups except H and Y ). If one link is assumed as a

reference and relative poses of the nB − 1 remaining links with respect to the reference

link are known, also the relative poses between any two of the links are defined. Thus,

the number of independent joint variables necessary to define all relative poses is equal
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a)

B1

B2

B3

B4

B5

B6

ĜA ĜB

b) c)

Figure 4.12: A kinematic chain a) and its topological graph with two different decom-

positions b) and c) of multiple joints ĜA and ĜB

to the degree of freedom f
Ĝ

of the multiple joint

f
Ĝ
= b · (nB − 1) (4.14)

where b = dim(Ĝ(G)). Consequently, any excess of joint variables used to describe the

relations among the links leads to an equal number of coupling conditions that have to

be fulfilled to ensure the multiple joint’s integrity.

4.4.1 Modeling Strategy for Multiple Joints

In general, multiple joints can be circumvented by decomposition into nB − 1 indepen-

dent binary joints. Indeed, this is a common practice for modeling multibody systems

in commercial multibody software packages such as Adams3, though the decomposi-

tion is not unique. In fact, the number of possible decompositions equals the number

of spanning trees of a complete graph with nB vertices, which can be enumerated by

Cayley’s formula (Cayley, 1889) and yields n
nB−2
B possible decompositions.

In addition, the choice of decomposition may affect the complexity of the corresponding

kinematic network as the example of a kinematic chain with six links B1, ...,B6 con-

nected by revolute joints in fig. 4.12 a) illustrates, where ĜA and ĜB can be regarded

as multiple joints. If the multiple joints ĜA and ĜB connecting links B1,...,3 and B4,...,6

respectively, are decomposed into binary joints, as shown in b), a minimum cycle basis

B with a total weight of wB = 8 is derived. On the other hand, the decomposition

in c) gives rise to a minimum cycle basis B′ with a larger weight of wB′ = 9 and an

additional coupling due to a second shared edge. Therefore, the direct replacement of

multiple joints by binary joints not only obliviates some topological information but

also has an impact on the resulting kinematic network.

In that sense, it seems advisable to treat multiple joints as a whole within the topo-

logical graph of a kinematic chain for setting up the kinematic network. Formally, a

3Adams: Automatic Dynamic Analysis of Mechanical Systems
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multiple joint can be thought of as a hyperedge that connects all incident links in the

topological graph of a kinematic chain with a weight corresponding to the dimension of

the displacement subgroup associated with the multiple joint. Two intuitive approaches

come to mind for modeling this behavior, as illustrated in fig. 4.13:

a) Insert binary edges for all possible pairs of connected links

b) Insert an artificial vertex adjacent to all connected links

a) b)

Figure 4.13: Decomposition of multiple joints by complete graphs a) and by artificial

vertices b)

Both approaches are successfully applied in literature, as by Yan and Hsu (1988) and

Ding et al. (2013). Yet, in the first case, a complete graph with nB(nB − 1)/2 edges is

inserted for each multiple joint which not only increases the run time for detection of

the minimum cycle basis but also introduces additional cycles.

In the second case, one vertex and only nB edges are temporarily added for each multiple

joint. To differentiate the artificial vertices within the topological graph, these will be

marked, leading to a bicolored graph. However, the nB links of a multiple joint are

now connected by paths of two edges. In order to compensate for the extra edge when

determining the weight of the minimum cycle basis, the edge weights are divided by

two. Afterward, a minimum cycle basis without extra cycles and of the same weight

as for directly connected links can be found.

For the reasons above, the second approach will be implemented for the establishment

of the topological graph. After a minimum cycle basis has been detected, the artificial

multiple joint vertices have to be resolved into equivalent binary edges and couplings

for setting up the kinematic network.

4.4.2 Coupling Conditions at Multiple Joints

For the derivation of coupling conditions, a multiple joint Ĝ is assumed connecting nB

links B1,...,nB
shared among nL loops. Each loop Lk defines the relative pose of two links

Bi, Bj, for which a set of dim(Ĝ(G)) joint variables β
k

is necessary. The relative poses
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can then be described by standard sequences of elementary transformations which are

functions of these joint variables. Each sequence acts as a motion generator of the

respective group Ĝ(G).

A multiple joint is then expressed as a graph with vertices v1,...,nB
corresponding to the

connected links B1,...,nB
and edges e1,...,nL

with a weight wek = dim(Ĝ(G)) incident to

the vertices vi, vj representing the links connected by loop Lk. Clearly, a cycle within

the graph forms a single-loop kinematic chain giving rise to b = dim(Ĝ(G)) closure

conditions. In this context, the cycle forms a coupling between the involved loops and

the implied closure equations form coupling conditions on the respective joint variables.

Therefore, the number of couplings directly corresponds to the cyclomatic number in

eq. 4.11 with the number of connected components k = 1 as in closed kinematic chains,

all links are part of at least one loop. Therefore, the number of couplings at a multiple

joint Ĝ is equal to

nC = nL − nB + 1 (4.15)

which is in direct agreement with Kecskeméthy (1993a, p. 53). As each coupling

introduces b equations, the total number of coupling conditions consequently reads

b · (nL − nB + 1).

Since the transformation sequences corresponding to each edge define displacements

within the same displacement subgroup, all single-loop kinematic chains resembling

the couplings must be trivial as in sec. 3.4.1. A general procedure for deriving the

resulting closure conditions has already been provided in sec. 3.4.2. Although the

coupling conditions, in general, are non-linear, a considerable amount of technically

implemented joints correspond to the commutative groups indicated in tab. 3.1. For

these, the transformation sequences can be rearranged and partitioned into elementary

transformations of the same kind, which can be solved independently yielding linear

coupling conditions. The coupling of a cylindrical joint for instance, can be partitioned

into a sequence of translations and rotations leading to two decoupled linear equations.

For illustration, an example of a multiple spherical joint connecting five links is shown

in fig. 4.14 a). In fig. 4.14 b) it is assumed that a minimum cycle basis within the

topological graph was found, in which six loops were recognized to include the multiple

joint. Each loop then defines the relative position between two links of the multiple

joint, expressed by an edge within the corresponding multiple joint graph in fig. 4.14

c). Edge e1 for instance defines the relative pose of B2 with respect to B1 by a transfor-

mation sequence such as Rot(z, β1a)◦Rot(x, β1b)◦Rot(z, β1c). The three joint variables
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Figure 4.14: a) Multiple spherical joint, b) its representation by a bicolored topological

graph, and c) couplings resulting from its decomposition

yield the weight of we1 = 3.

According to eq. 4.15 two couplings arise whose coupling conditions arise from the

closure of the two cycles shown in fig. 4.14 c). When concatenating the transformation

sequences of the coupling cycles, edge directivity must be acknowledged. If the orien-

tation of an edge is in opposition to the direction of the corresponding coupling cycle,

its inverse transformation is incorporated. Note that the edge introduced by L6 forms

a bridge and is not included in any couplings. Thus, the relative pose of B5 is solely

determined by L6 and is not subject to any coupling conditions. Furthermore, the edge

introduced by L2 is part of two couplings and consequently forms a branching. The

resulting kinematic network is depicted in fig. 4.15. The number next to the couplings

indicates the number of introduced coupling conditions.

L1 L2 L3

L4 L5L6

fL1
fL2

fL3

fL4
fL5

fL6 0x 0x

0x0x0x

0x

33
C1 C2

Figure 4.15: Kinematic network of the multiple spherical joint

4.4.3 Detection of Decomposed Multiple Joints

If a multibody system was modeled without explicitly indicating multiple joints, the

following approach is proposed to detect multiple joints as such to take advantage of the
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aforementioned benefits. For this reason, the topological graph is prepared such that

additional coordinate frames are introduced at the attachment points of joints, and each

joint is modeled as a sequence of consecutive elementary joint transformations between

two of these attachment points. In that manner, the edges of the topological graph can

be partitioned into joint and link edges, containing only joint and link transformations,

respectively. If all link edges are removed, a disconnected subgraph containing only

joint edges is obtained. Each connected component contains either one joint edge in

case of a binary joint or several joint edges in case of a potential multiple joint.

As stated before, all bonds between the connected links of a multiple joint must belong

to the same displacement subgroup. Therefore, for the component of a potential multi-

ple joint, all edges or just a connected subset of edges must form motion generators of

the same displacement subgroup. In the latter case, only the denoted subset of edges

forms a multiple joint.

Whether a set of edges has a mutual displacement subgroup can be tested easily using

the IPM. For each edge, an IPM for the respective transformation sequence is estab-

lished – for all edges, the elements found to be invariant must be the same. In addition,

each edge must also be a motion generator of the corresponding subgroup as elaborated

in sec. 4.5. If a set of joint edges has been identified to form a multiple joint, it can

be replaced within the topological graph by a multiple joint vertex connected to the

vertices incident to the former joint edges. Afterward, the search for a minimum cycle

basis and derivation of couplings is carried out as previously described.

4.5 Associating Joint Transformations to Displacement Sub-

groups

By concatenation of elementary joint transformations or analogously by group com-

position of the respective displacement subgroups, joints and subgroups of a higher

degree of freedom and dimension can be generated. In the foresight of detecting iso-

lated degrees of freedom in ch. 5, the following method is introduced to find a potential

displacement subgroup of which a transformation sequence might be a generator.

In order to associate a given joint transformation sequence A1,...,n = A1A2...An to its

representative displacement subgroup A1,...,n
(G), provided it can be represented by a

displacement subgroup, an IPM according to tab. 3.5 is constructed, where Ai with i ∈

{1, ..., n} represents elementary joint transformations. For the analysis, two operations



78 4 Graph-Theoretic Mapping of Multibody Systems

Table 4.1: Composition of displacement subgroups based on isotropy groups

Rx,O Rx,O Rx,O Cx,O Rx,O Cx,O Rx,O Rz,O Rx,O SO

H

ex 1 1

⇒

1
H

ex 1 1

⇒

1
H

ex 1 1

⇒

H

ey
H

ey
H

ey
H

ez
H

ez
H

ez 1

Πx 1 1 1 Πx 1 Πx 1 1

Πy Πy Πy

Πz Πz Πz 1

Lx 1 1 1 Lx 1 1 1 Lx 1 1

Ly Ly Ly

Lz Lz Lz 1

O 1 1 1 O 1 O 1 1 1 1

A1 A2 A1,2 A1 A2 A1,2 A1 A2 A3 A1,2,3

a) Same subgroup b) Included subgroup c) Common superior group

will be of particular interest: First, each column is associated with the displacement

group derived by the group intersection of the isotropy groups correlated to its invariant

elements. Second, a sequence of columns is associated with the displacement group

corresponding to the group composition of the groups previously associated with the

respective columns.

For this purpose, it shall be determined whether a sequence of neighboring columns

is a generator of another displacement subgroup by searching for common invariant

elements. For instance, a sequence A1A2A3 = Rot(z, ϕ) ◦ Rot(x, θ) ◦ Rot(z, ψ) leaves

the element O invariant and can directly be associated with the spherical group SO
4.

Thus, the three columns can be merged into a single column A123 associated with SO

with only one invariant element O. Yet, if the number of motion generators is less

than the dimension of the subgroup associated with the common invariant elements,

the sequence of transformations only forms a subset of that group. This may also be

true for a sufficient number of motion generators, of which some are redundant. For

instance, a z-z-x sequence of rotations featuring the same number and type of motion

generators as the previous example only specifies a subset of SO , corresponding to a

universal joint as one of the first two rotations is redundant.

Therefore, it is necessary to merge redundant transformations first. Under the following

conditions, neighboring columns can be merged repeatedly into one column, again

4Due to singularities, the rotation sequence does not fully represent the spherical group SO . Yet,

for the general case, it is sufficient to assume non-parallel axes.
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representing a displacement subgroup:

a) Neighboring columns representing the same subgroup:

If consecutive columns share all their invariant elements, each column is a gener-

ator of the same group such that the sequence can be reduced to a single column

retaining all invariant elements, as shown in tab. 4.1 a).

b) Columns representing subgroups of a neighboring column:

If a column i shares all its invariant elements with a neighboring column which

features additional invariant elements, the neighboring column represents a sub-

group of column i and can be merged, retaining only the common invariant

elements as depicted in tab. 4.1 b).

c) Neighboring columns forming a generator of a superior group:

If several columns have one or more invariant elements in common and cannot be

reduced by the previous two rules, the columns represent independent subgroups

of the group associated with the common invariant elements. The sequence of

columns forms a generator of the superior group, provided that the sum of di-

mensions of the subgroups is greater or equal to the dimension of the superior

group. The columns can then be replaced by a single column retaining only the

common invariant elements, as illustrated in tab. 4.1 c).

If, after recursive application of these rules, only one column is left, the joint transfor-

mation sequence can be associated with the displacement subgroup of the remaining

column. The dimension of that displacement subgroup then represents the connectiv-

ity of the joint, while the number of joint variables exceeding the dimension equals the

redundant degrees of freedom as depicted in sec. 2.4.5.
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Degrees of Freedom

Certain kinematic chains may not be able to exhibit any relative motions, i. e., feature

zero degrees of freedom and are called structures (Sharma and Purohit, 2006, p. 73).

In other words, all degrees of freedom are locked, implying that all joint variables are

independent of time, and instead solely depend on the constraint equations introduced

by the structure itself. Once the joint variables have been determined, the structure and

its underlying set of equations can be replaced by a single entity, leading to a reduced

kinematic chain. If the structure was additionally overconstrained, inconsistencies

regarding the Chebyshev-Grübler-Kutzbach formula could subsequently be eliminated.

6x

nB = 6

nG = 8

f = 6 · (6− 1)− 8 · 3 = 6

Figure 5.1: Example of a structure featuring isolated degrees of freedom.

The same idea can be applied to kinematic chains that possess isolated degrees of

freedom according to sec. 2.5, but besides show no relative motion of its links. The

Chebyshev-Grübler-Kutzbach formula regards these isolated degrees of freedom as

proper degrees of freedom, which obscure the “rigid character” of a structure as well

as potentially overconstrained subsystems. For illustration, in fig. 5.1 a tetrahedron is

shown, which is composed of six bars and four multiple spherical joints that can equiva-

lently be counted as eight binary spherical joints. Consequently, the system implicates

six degrees of freedom corresponding to the six isolated bar spins. If this structure were

embedded into another kinematic chain at its tips, clearly, the bar spins had no impact

on the surrounding system, and the tetrahedron could just as well be replaced by a

single rigid body. Therefore, here a kinematic chain of which all degrees of freedom

are either locked or isolated is regarded as a structure as well. This chapter addresses
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Figure 5.2: a) A general link Bk with attached joints G1 to Gn and an example in b)

which features a fully isolated degree of freedom

the detection of such structures by means of identifying and tracking isolated degrees

of freedom.

5.1 Classification of Isolated Degrees of Freedom by Groups

5.1.1 Fully Isolated Degrees of Freedom

The concept of fully isolated degrees of freedom was introduced for immaterial motions,

which can be “removed from the mechanism without any effect.” (Simroth et al., 2016,

p. 111). This description shall be further accounted for, resorting to the previously

presented concept of displacement subgroups.

In a closed kinematic chain, each link is connected to at least n ≥ 2 other links by

joints G1, ..., Gn, as shown in fig. 5.2 a). If a link Bk is able to perform a particular type

of motion (1) without violating the constraints imposed by the attached joints, and (2)

leaves the poses of all connected bodies invariant, the respective degree of freedom of

that motion is regarded fully isolated.

In order to determine whether a link Bk features isolated degrees of freedom, first, all

directly connected links are assumed fixed in space. The set of displacements that Bk

can undergo is the result of the intersections of the n bonds with its immediate neigh-

bors defined by the joints G1, ...,Gn. If all joints can be represented by displacement

subgroups G1
(G), ...,Gn

(G), whose intersection

f iso(G) = G1
(G) ∩ ... ∩ Gi

(G) ∩ ... ∩ Gn
(G) (5.1)
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is derived according to sec. 3.3.1 and yields a displacement subgroup f iso(G) apart from

the identity displacement, link Bk features isolated degrees of freedom. The number of

isolated degrees of freedom f iso directly relates to the dimension of the corresponding

displacement subgroup dim(f iso(G)).

For instance, link B shown in fig. 5.2 b) is connected to three other links by a revolute

joint G1, a cylindrical joint G2, and a spherical joint G3. Each of these joints can be

associated with a respective displacement subgroup, with all groups sharing a common

characteristic axis. Obviously, B is able to spin about its own axis without altering the

relative poses of the connected links. The isolated degree of freedom can be determined

according to eq. 5.1

f iso(G) = G1
(G) ∩ G2

(G) ∩ G3
(G) = Rex1

,O1
∩ Cex2

,O2︸ ︷︷ ︸
Rex1

,O1

∩ SO3
= Rex1

,O1
, (5.2)

where the x-axis exi
and origin Oi correspond to the body-fixed frame Ki, respectively.

Therefore, B features a single isolated degree of freedom associated with the dimension

of the rotational displacement subgroup Rex1
,O1

. For this analysis, the displacement

subgroups A1
(G), A2

(G), and A3
(G) associated with the joint transformations A1, A2,

and A3 are obtained following the method proposed in sec. 4.5. The group intersections

are then evaluated by means of tab. 3.4 such that common subgroups are identified.

5.1.2 Structurally Isolated Degrees of Freedom

The concept of fully isolated degrees of freedom can be extended to whole subchains

for which a subset of displacements obeying the constraints of connected joints exists,

which leave both, the poses of the links outside the subchain as well as the relative

poses within the subchain invariant. In this case, the term structurally isolated degree

of freedom will be used.

For this reason, a closed kinematic chain is regarded, which shall be partitioned into

two distinct components by cutting a minimum set of n joints G1, ...,Gn, such that each

component in itself is connected as indicated in fig. 5.3 a). Assuming that each of these

joints can be associated with a displacement subgroup, the kinematic chain features a

structurally isolated degree of freedom in analogy to eq. 5.1, if the group intersection of

the displacement subgroups associated with the cut joints is different from the identity

displacement.

While a structurally isolated degree of freedom acts on the absolute motion of a kine-
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Figure 5.3: a) A compound of connected links with attached joints G1 to Gn and an

example in b) where such a compound features a structurally isolated degree of freedom

matic chain as a proper degree of freedom, it does not affect the relative poses of links

within each component. On the other hand, characteristic properties such as points

and axes of the subgroup associated with the structurally isolated degree of freedom

are subject to change by motions within the components.

An example of a structurally isolated degree of freedom is given in fig. 5.3 b). Here, a

kinematic chain is partitioned into two components highlighted in white and gray by

cuts at joints G1 and G2, for which

f iso(G) = G1
(G) ∩ G2

(G) = SO1
∩ SO2

= R
1e2,O1

, (5.3)

where 1e2 is the direction vector from spherical joint G1 to G2. Clearly, if the gray com-

ponent “contracts,” the axis 1e2 changes with respect to the poses of bodies B1,B2,B3,

and B4. On the other side, the respective inner configurations within both components

are invariant to the rotation described by the isolated degree of freedom. Therefore,

this degree of freedom will be disregarded, when searching for rigid subsystems, as only

the distance between both spherical joints defined by the gray component contributes

to the relative kinematics of the white component. Against this background, a fully

isolated degree of freedom can be seen as a special case of a structurally isolated degree

of freedom where one of the two components comprises only a single link.
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5.2 Identification and Transmission of Isolated Degrees of Free-

dom

In sec. 4.3 the concept of decomposing a closed kinematic chain into a system of kine-

matic loops that are coupled at shared joints was presented forming a kinematic net-

work. With this representation as a starting point, the search for isolated degrees

of freedom is first independently performed for each individual kinematic loop. This

simplifies the search as only two joints need to be cut in a loop in order to partition

the chain into two distinct subchains. Though, since there are coupling conditions

introduced at shared joints, degrees of freedom that are isolated in one kinematic loop

may turn out to be proper degrees of freedom in another connected loop. Therefore

two steps will be conducted:

1. Detect isolated degrees of freedom within each closed kinematic chain

2. Track and classify isolated degrees of freedom within the network

Both steps will be further elaborated within the next two sections.

5.2.1 Detection of Isolated Degrees of Freedom in a Kinematic Loop

The task of detecting fully isolated degrees of freedom within a kinematic loop is

straightforward: Check for each link Bk and its incident joints Gi and Gj within the

kinematic loop, whether the intersection of the associated groups Gi
(G) and Gj

(G) feature

an isolated degree of freedom according to eq. 5.1. All detected isolated degrees of

freedom will be enumerated and labeled by the cut joints

f iso
a : {Gi,Gj}︸ ︷︷ ︸

joint set

, (5.4)

where the joint set contains the cut joints, and a is an ongoing (global) index. f
iso(G)
a

then refers to the displacement subgroup associated with the isolated degree of freedom.

The same labeling is applied to structurally isolated degrees of freedom except that both

joints are not required to be incident to the same link. For this reason, the labeling

only includes the joints and not the links. The case of identifying all independent

structurally isolated degrees of freedom is not trivial. For example, in a single-loop

kinematic chain of n links and n spherical joints, n · (n − 1)/2 potential structurally

isolated degrees of freedom can be identified, as any pair of spherical joints features an
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isolated degree of freedom referring to the rotation about their common axis. However,

already for n = 5 it becomes obvious, that not all isolated degrees of freedom can

simultaneously coexist, as there are f = 6·(5−1)−5·3 = 9 degrees of freedom, but 5·(5−

1)/2 = 10 potential isolated degrees of freedom. Five of these can directly be associated

with the spins, and the remaining isolated degrees of freedom can be interpreted as

“foldings” of the kinematic chain. Nevertheless, the choice of the remaining independent

structurally isolated degrees of freedom is ambiguous and non-trivial. However, raising

no claim to completeness, two general statements can be easily understood:

• All fully isolated degrees of freedom are also independent

• An isolated degree of freedom with both cut joints within the same structurally

isolated subchain of a single-loop kinematic chain is independent of the struc-

turally isolated degree of freedom and vice versa.

The first statement follows directly from the definition that a fully isolated degree of

freedom leaves the relative kinematics of the surrounding kinematic chain invariant.

Therefore, any other fully isolated degree of freedom must be independent. In the

second case, the structurally isolated degree of freedom leaves the internal kinematics

of both subchains invariant. On the other hand, as previously stated, characteristic

properties of the structurally isolated degree of freedom as axes and points may depend

on the internal motion within the subchains. However, as an isolated degree of freedom

within one of these subchains has no impact on the subchain’s overall configuration, it

also leaves the characteristic properties of the structurally isolated degree of freedom

unchanged, and both degrees of freedom can be assumed as independent.

Clearly, this is not the case for two structurally isolated degrees of freedom whose

respective subchains “overlap,” as the characteristic properties of one isolated degree

of freedom would depend on the isolated motion of the other. Furthermore, the set

of structurally isolated degrees of freedom that fulfill the given statements is also not

necessarily unique. Nevertheless, in the case of a directed kinematic network, it is of

particular interest, whether there exist structurally isolated degrees of freedom that

leave dedicated inputs stemming from other kinematic loops within the network in-

variant. For this reason, the search for structurally isolated degrees of freedom will be

limited to those cases.

Fortunately, this can easily be implemented by temporarily regarding all inputs from

other kinematic loops fixed. Afterward, the hereby connected subchains are checked

for the existence of structurally isolated degrees of freedom. These are then labeled in
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the same manner as described above.

5.2.2 Transmission of Isolated Degrees of Freedom

The isolated degrees of freedom detected within a kinematic loop are in the first place

locally isolated within that loop. Only if these are isolated for all kinematic loops within

a closed kinematic chain, the degrees of freedom are also globally isolated and then

may be disregarded for the detection of rigid structures. Referring to Simroth et al.

(2016), locally isolated degrees of freedom that actually transmit motion into another

coupled kinematic loop will be termed transmitted isolated degrees of freedom. For

this classification, the locally isolated degrees of freedom will be tracked along with the

coupled kinematic loops. To that end, it is only necessary to analyze the kinematic

loops, coupled by joints involved in the isolated degree of freedom, since the remaining

joints are left invariant.

In particular, for two kinematic loops that are coupled by a joint which is involved in a

locally isolated degree of freedom f iso
a of the first kinematic loop, there must also exist a

locally isolated degree of freedom f iso
b of the same (or a superior) displacement subgroup

in the second kinematic loop, in order for the locally isolated degree of freedom to be

globally isolated. That is, in order for both isolated degrees of freedom to comply, their

group intersection

f iso(G)
a ∩ f

iso(G)
b 6= E (5.5)

must be different from the identity displacement. As each locally isolated degree of

freedom involves two joints, there may be more kinematic loops coupled, for which the

same condition must hold. As the degree of freedom can be classified as a globally

isolated degree of freedom only once, the remaining locally isolated degrees of freedom

are marked as transmitted.

For illustration, the example in fig. 5.4 a) is regarded. The kinematic loops L1 and

L2 are coupled by joint G2. L1 features a locally fully isolated degree of freedom

f iso
1 : {G1,G2} with f

iso(G)
1 : R

1
e
2
,O1

, and similarly, L2 features a locally fully isolated

degree of freedom f iso
2 : {G2,G3} with f

iso(G)
2 : R

2
e
3
,O2

. Since L1 and L2 share G2, for

the locally isolated degree of freedom f
iso(G)
1 there must also be a locally isolated degree

of freedom in L2 in order for the spin of B to be globally isolated. This is indeed the

case since f
iso(G)
1 ∩f

iso(G)
2 = R

1
e
2
,O1

, and the isolated spin of B is globally isolated. The

spin of B can only be assigned once as fully isolated, and for the later inspection, this
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Figure 5.4: a) Fully isolated and b) transmitted isolated degrees of freedom

motion can be thought of as locked. For L2, the rotation then forms a transmitted

isolated degree of freedom, which describes the relative rotation of the links attached

to G2 and G3.

In fig. 5.4 b), the kinematic loops L1, and L2 are also coupled by joint G2 and feature the

locally isolated degrees of freedom f iso
1 : {G1,G2} and f iso

2 : {G2,G3} with f
iso(G)
1 : R

1
e
2
,O1

and f
iso(G)
2 : R

2
e
3
,O2

, respectively. However, even though both loops possess an isolated

degree of freedom, which involves G2, from 1e2 ∦ 2e3 follows that f
iso(G)
1 ∩ f

iso(G)
2 = E.

Therefore, there is no globally isolated degree of freedom, but instead, the motion of

f iso
1 from L1 is transmitted to L2, where it acts as a proper degree of freedom.

5.2.3 Example: Transmission of Isolated Degrees of Freedom

In sec. 2.5 the concepts of fully, structurally, and transmitted isolated degrees of free-

dom were introduced and shall now be applied to the example of the tetrahedron

shown in fig. 5.5a). There are three independent closed kinematic chains L1, L2, and

L3, which are coupled through the mutual spherical joint coupling D. In this case,

coupling D is of particular importance for the transmission of isolated degrees of free-

dom and shall be examined in more detail from a qualitative point of view. Hence,

before applying the previously introduced group-based concepts, the next section is

dedicated to couplings arising at multiple spherical joints which is a revised version

from (Simroth et al., 2016).
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Loop coupling conditions at a spherical joint

When multiple loops coincide at one spherical joint, the product of rotation matrices

of the relative rotations over all incident loops must yield unity, thus producing 3 inde-

pendent coupling conditions. Furthermore, when multiple bars coincide in a spherical

joint, one can always decompose the relative rotation between the bars within a loop

into two terminal rotations about the connecting bars, and one intermediate rotation

about some arbitrary axis, which should however be warranted never to become parallel

to one of the bars over the complete motion. In this way, one obtains loop couplings at

a spherical joint between two isolated bar spin degrees of freedom and one proper aper-

ture angle for each loop incident to that joint. An example is given in fig. 5.5b). Here,

the loop coupling equation between the three loops L1, L2 and L3 can be expressed as

R3(ξ, ψ, ζ) = R1(α, ϕ, β) · R2(η, θ, γ) , (5.6)

where R(·, ·, ·) denotes the rotation matrix in terms of (z-x-z) Euler angles in the order

of the arguments. The coupling equation can be interpreted such that the three internal

rotations ξ, ψ, ζ of loop L3 result numerically as a (non-linear) function of the three

internal rotations α, ϕ, β and η, θ, γ of loops L1 and L2, respectively. Topologically,

this coupling has particular properties due to the implicitly assumed isolated degrees of

freedom about the bars that are incident to the spherical joint, which can be described

qualitatively without resorting to the explicit resolution of the spatial loop coupling

conditions in terms of the output angles ξ, ψ, ζ, as discussed next.
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Assuming that the other ends in fig. 5.5b) (not shown) of the bars are also attached

to spherical joints, which is the case for the tetrahedron, the bars will be allowed to

spin about their longitudinal axis. However, only one rotation per bar can be regarded

as truly fully isolated: If a loop “registers” one isolated spin as fully isolated, then for

the neighboring loop this rotation becomes transmitted. This is shown by the chosen

colors in fig. 5.5b): Assuming that the spin of bars 1 and 2 have been registered as fully

isolated in loop L1, these can be regarded as immaterial spinnings of the pins within

the sleeves of the joints of bars 1 and 2, denoted by angles α and β, respectively;

however, the rotation within loop L3 about bar 1, denoted by ξ, is then not fully

isolated anymore, and actually “pushes” apart or together the legs of loop L3 as when

unfolding two faces of an origami at the edge folded along the axis of bar 1. Thus,

the angle ξ is a transmitted isolated degree of freedom. Similarly, the rotation within

loop L2 about bar 2, denoted by η, rotates the yellow chain within loop L2 about the

axis of bar 2, and is thus again a transmitted isolated degree of freedom. Finally, the

rotation γ of the inner pin of the revolute joint along bar 3 can be regarded again as a

fully isolated degree of freedom once, which in the case of fig. 5.5b) has been arbitrarily

assigned to loop L2. This makes the rotation about bar 3 within loop L3, denoted by

ζ, again a transmitted isolated degree of freedom.

By the loop coupling conditions, one can recognize that, if loop L3 is the “output” of

the coupling conditions according to eq. 5.6, then two of the incoming variables of loop

L3, namely ξ and ζ, are transmitted isolated degrees of freedom that do not affect the

inner kinematics of loop L3, but the third one, namely ψ, is a proper transmission angle

which regulates the relative orientation of bars 1 and 3 with respect to each other. This

angle is a function of the opening angles ϕ and θ of loops L1 and L2, respectively, but

also of the transmitted isolated degree of freedom η of loop L2, which thus becomes

material. If the three loops L1, L2, L3 are assumed to be triangles with spherical joint

nodes (as it is the case for the regarded mechanism), then the angles ϕ, θ, ψ must

remain constant, which means that loop L3 induces an implicit constraint equation

for the transmitted isolated degree of freedom η of loop L2. This kind of tracking of

transmitted isolated degree of freedom up to locations of implicit constraint equations

will prove useful for detecting rigid and movable substructures in multiple spherical-

spherical bar mechanisms.
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Group-based tracking and classification of isolated degrees of freedom

Based on the idea developed above “by inspection” for tracking isolated degrees of

freedom for the multiple spherical joint, next, all isolated degrees of freedom for the

tetrahedron will be systematically detected and tracked based on the associated dis-

placement subgroups. The directed kinematic network shown in fig. 5.6a), which can be

derived following the steps in sec. 4.3.2, serves as a starting point for the classification.

As already shown in sec. 5.2.3, L3 “receives” three joint variables from D, of which the

opening angle is already determined by the inner loop closure conditions. In addition,

an external input for the spin of the bar not shared with L1 and L2 is necessary, from

which follows that L3 is overconstrained by one. At this point, when adding up all

external inputs and subtracting the degrees by which L3 is overconstrained, a degree

of freedom of f = 6 corresponding to the six bar spins results. In the next step, these

bar spins shall be detected as fully isolated degrees of freedom and classified according

to the following procedure, such that the tetrahedron can be identified as a structure.
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Figure 5.6: a) Directed kinematic network of the tetrahedron before and b) after clas-

sification of isolated degrees of freedom

The method is initialized with two lists. One list determines the order in which the

loops are handled and naturally defaults to the total order described in sec. 4.3.2

as it also resembles the order in which the loop kinematics are processed. In this

way, isolated degrees of freedom are marked as fully isolated at the place of their

first occurrence within the solution flow, while for the remaining loops ”downstream”

they appear as transmitted isolated degrees of freedom. In a second list, locally isolated

degrees of freedom within all loops are detected and enumerated according to sec. 5.2.1.

Throughout the process, these are successively declared either fully or transmitted

isolated and once classified, are removed from the list of locally isolated degrees of

freedom.

Similar to the examples in fig. 5.4, a degree of freedom that is locally isolated for a

specific loop is only fully isolated for the considered kinematic chain, if the associated
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motion within the joints also leaves the relative kinematics within the loops coupled

through these joints invariant. Therefore, the goal of the following procedure is to

check consecutively for each locally isolated degree of freedom whether there exists at

least one “compatible” locally isolated degree of freedom with a common displacement

subgroup in the loops connected by the joints performing this particular motion. If

not, it can directly be regarded as a transmitted degree of freedom. Iterating through

all loops, starting with the first loop within the total order, for each locally isolated

degree of freedom f iso
i , the following steps are conducted:

1. Find all unvisited loops coupled by at least one of the joints involved in f iso
i and

mark these as visited for f iso
i (loops can be revisited for other degrees of freedom)

2. For each of the coupled loops, check if there is at least one “compatible” locally

isolated degree of freedom, i. e., one whose intersection with f
iso(G)
i yields a dis-

placement subgroup other than the identity displacement

3. Recursively apply steps 1 and 2 to the “compatible” isolated degrees of freedom

until no further coupled loops are found.

4. Classify f iso
i as fully isolated if there is at least one compatible locally isolated

degree of freedom for each coupled loop and else mark f iso
i as transmitted

5. Mark the “compatible” degrees of freedom as transmitted and remove from list
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Figure 5.7: Locally isolated degrees of freedom in the tetrahedron

These steps are now applied to the directed kinematic network in fig. 5.6 a) of the

tetrahedron for which one possible total order is given by the sequence (L1 → L2 →
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D → L3). For better tracking, the multiple joints were decomposed in fig. 5.7 and were

indexed by joint and loop numbers for which the relative poses are defined. The table

in fig. 5.7 lists all locally isolated degrees of freedom that were identified within the

loops and couplings.

Starting with L1 and f iso
1 of the three locally isolated degrees of freedom, according

to step 1, no loops are coupled to joints GC1 and GA1, thus steps 2 and 3 can be

skipped. In step 4, f iso
1 can directly be marked as fully isolated and is removed from

the list. As no coupled, locally isolated degrees of freedom exist, step 5 is also omitted.

Repeating step 1 for f iso
2 , the coupling loop D is found to be coupled by GD1. Following

step 2, the two isolated degrees of freedom f iso
10 and f iso

12 share joint GD1 and due to

f
iso(G)
2 ∩ f

iso(G)
10 = f

iso(G)
2 ∩ f

iso(G)
12 = R

A
e
D
,OD

both are compatible. The previous steps

are now repeated for both compatible isolated degrees of freedom of which at least one

needs to be compatible in order for f iso
2 to be fully isolated: For f iso

10 L2 is coupled by

GD2, and of the three locally isolated degrees of freedom f iso
4 is compatible as f

iso(G)
2 ∩

f
iso(G)
10 ∩f

iso(G)
4 = R

A
e
D
,OD

due to AeD ‖ DeA and both points OA, OD being elements of

the same rotation axis. For f iso
4 , there are no further unvisited coupled loops to check.

Applying the same procedure to f iso
10 , which is coupled to L3 by GD3, no compatible

locally isolated degree of freedom can be found. In conclusion, for f iso
2 compatible

locally isolated degrees of freedom were found in all coupled loops such that f iso
4 is

marked fully isolated. The compatible degrees of freedom f iso
10 and f iso

4 on the other

side are marked as transmitted and altogether are removed from the list of locally

isolated degrees of freedom.

In the same manner, the remaining isolated degree of freedom f iso
3 in L1 is tracked and

found to be fully isolated, and the compatible degrees of freedom f iso
12 and f iso

9 will be

marked as transmitted.

The next item within the total order is L2 for which only f iso
5 and f iso

6 remain listed

as locally isolated degrees of freedom, both being fully isolated, whereas f iso
11 and f iso

7

being transmitted by f iso
6 . For D, all locally isolated degrees of freedom were already

classified, and for L3 only f iso
8 is left to be assigned as fully isolated. The resulting

classification of the external inputs has been visualized within the kinematic network

in fig. 5.6b).
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5.3 Identifying Rigid Subsystems

Before proceeding to the detection of rigid subsystems with isolated degrees of freedom,

the general method based on Xia et al. (2012) will be illustrated for the kinematic chain

shown in fig. 5.8 a). For the analysis of the dependencies among the kinematic loops

within the kinematic network in fig. 5.8 b), a loop connection graph is introduced, to

which the kinematic network is mapped as depicted in fig. 5.8 c).

1

2 1x

1

2

L1L1 L2

L2

β1

β1
β2

β3β3

β4
β4

β5
β5

β6
β6

β7

β8

A

A

B

B

11 0x 1x

X1

X2

S

a) b) c)

Figure 5.8: a) Rigid double four-bar structure, b) its associated kinematic network,

and c) its corresponding loop connection graph

5.3.1 Elements of the Loop Connection Graph

The loop connection graph visualizes the “solution flow” of the previously established

directed kinematic network as a layered acyclic directed graph, which eases the appli-

cation of standard graph-theoretic tools. For this reason, the kinematic transformers

are mapped as nodes, retaining only the loop index as well as an annotation denoting

the degree by which the number of inputs exceeds the node’s degree of freedom, in case

this degree is greater than zero. The latter nodes are also highlighted in gray.

Multiple edges within the kinematic network are merged into single weighted edges,

with a weight w corresponding to the number of transmitted joint variables. In addi-

tion, a source node is added, which symbolizes the origin of any external input for the

regarded system. The elements of the loop connection graph are summarized in tab. 5.1

and are compared to those of the kinematic network. The nodes of the loop connec-

tion graph are arranged in layers, expressing the level of dependency, with elements of

the lower layers being dependent on elements of the upper layers. Consequently, the

source node, which is independent of any kinematic transformer, is positioned at the
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Table 5.1: Elements of a loop connection graph (LCG) adapted from Xia et al. (2012)

LCG Kinematic network Description

i Li

f 0x Kinematic transformer

i dx Li

f d Kinematic transformer overdetermined by d

S Li

f d
q Source of external inputs

w
Li

ff dd

Lj
Edge with weight w corresponding to the

number of joint variables

w
Li

f

f

f

d

d

d

Lk

Ll

Branching with weight w corresponding to the

number of joint variables

i, j, k Li

f

f

f

d

d

d

Lj

Lk

Reduced rigid subsystem

From left to right: Fully, transmitted, and

structurally isolated degrees of freedom

top. For a recursively solvable system, then the path from the source to an individual

loop node points out the sequence in which the loops have to be solved.

5.3.2 Search for “Rigid” Cuts

The loop connection graph can be analyzed by performing directed “cuts” X, separating

the loop connection graph into an upstream component containing the source node and

a downstream component, such that all cut edges are directed from the upstream to

the downstream component.
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The sum of the annotated degrees of the loop nodes in the downstream part is termed

absorbing degree dX of the cut X, and the weight wX of a cut X is determined by the

accumulated weights of the cut edges. With these definitions, the cut degree of freedom

fX is defined as the difference of cut weight and absorbing degree

fX = wX − dX (5.7)

and is an indicator of the degree of freedom of the subsystem formed by the down-

stream part. Its meaning is similar to the Chebyshev-Grübler-Kutzbach formula if

only the elements comprised in the subsystem were regarded. Indeed, the cut directly

underneath the source node returns the result from the Chebyshev-Grübler-Kutzbach

formula of the regarded kinematic chain.

For a better understanding of absorbing degree and cut weight, it is recalled that the

elements within the downstream component of the cut represent a system of equations

with the joint variables being the unknowns to be solved for. The absorbing degree

then resembles the balance between the total number of joint variables and the number

of (constraint) equations introduced by loop closures, couplings, as well as prescribed

inputs. Consequently, an absorbing degree greater than zero indicates that the system

of equations is overdetermined, and some of the inputs lose their independence. If

the absorbing degree is greater or equal to the number of overall inputs entering the

regarded subsystem, all inputs lose their independence. As a result, these can be

determined solely from the constraints imposed by the subsystem, which can then be

regarded as rigid. Thus, the search for a rigid subsystem mainly consists of the search

for cuts with a degree of freedom of zero or less.

For illustration, the system displayed in fig. 5.8a) is regarded, which is composed of

two coupled planar four-bar mechanisms, featuring one degree of freedom each. The

corresponding kinematic network and loop connection graph are shown in fig. 5.8b)

and c). There are two possible cuts, of which cut X2 features fX2
= 2− 1 = 1 degree

of freedom, corresponding to the single degree of freedom of the subsystem comprising

only the four-bar represented by L2. Thus, one of the two inputs denoted by the cut

depends on the other. However, X1 with fX1
= 1− 1 = 0 indicates that the regarded

system of both four-bars is a rigid structure. The Jacobian matrix of the underlying

constraint equations illustrates the dependencies, where an x indicates the non-zero

partial derivatives:
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Jβ =
∂g

∂β
=




β1 β2 β3 β4 β5 β6 β7 β8

β1 1

↑ x x

L1 x x x

↓ x x x x

A −1 1

B −1 1

↑ x x

L2 x x x

↓ x x x x




Each of the two kinematic transformers introduces three closure equations. In addition,

there is one input equation defining β1 and two coupling equations arising from the

shared joints. The resulting overdetermined system of nine equations and eight un-

knowns implies that the input equation defining β1 can be omitted as β1 is determined

by solving the remaining equations.

Though, as depicted in the introductory example in fig. 2.4, some degrees of freedom

may be “conceiled” by some overdetermined subsystem. Therefore, the cut with the

most negative degree of freedom, thus indicating the most overdetermined subsystem, is

concerned first, and the identified subsystem is replaced by a single element symbolized

as depicted in tab. 5.1. As no inputs are required, it will be located at the top layer

of the loop connection graph. This implies that former inputs from elements within

the loop connection graph are now outputs of the reduced rigid subsystem, and the

degrees of the connected elements have to be updated accordingly. The procedure of

cutting and pruning is then repeated for the new reduced loop connection graph until

no further rigid subsystems are detected.

5.3.3 Limiting the Search Space to Pruned Graphs

Proceeding from a general loop connection graph usually, the number of nodes can be

significantly reduced if recursively solvable subsystems are present. For these systems,

the number of inputs directly equals the degree of freedom, as there are no overdeter-

mined elements. These subsystems are readily identified within the loop connection

graph as non-overdetermined pendant nodes, which can be removed from the loop

connection graph. In addition, further reduction rules may be applied to the loop

connection graph, as listed in (Xia et al., 2012).
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For the remaining loop connection graph, all pendant nodes (termed “sinks”) are overde-

termined to some degree. The search then confines to “pruned graphs” (Xia et al., 2012)

for each of these sinks, which consist only of the sink itself as well as all its predeces-

sors on the path to the source node. In general, besides the pruned graphs themselves,

also the graphs generated by their combinations have to be regarded, thus potentially

leading to a large number of systems that need to be analyzed. Fortunately, not all

combinations yield distinct subsystems, such that the search space can be limited by

the following two rules (Simroth et al., 2015b):

Rule 1: A pruned graph for a pendant sink node covers all combinations of

that sink node with all other sink nodes contained in the pruned

graph.

Rule 2: Pruned graphs that have no other node in common but the source

node does not need to be combined.

The procedure depicted in the previous sections will also be applied to systems with

isolated degrees of freedom, though a more detailed inspection of the subsystems re-

garding the classification and transmission of isolated degrees of freedom is necessary,

which is the subject of the next section.

5.4 Detection of Rigid Systems with Isolated Degrees of Free-

dom

The challenge of applying this approach to systems with isolated degrees of freedom

resides in the determination of the cut weights. Reverting to the tetrahedron example

with its loop connection graph depicted in fig. 5.9 a), all relevant subsystems can

be identified by performing directed cuts as introduced before, whereby each of the

downstream components represents a subsystem with the cut edges as its inputs. An

algorithm for enumerating all minimal cut-sets is provided in Abel and Bicker (1982).

The possible cuts are displayed in fig. 5.9 b) of which none has a degree of freedom less

or equal to zero since the isolated bar spins are included. In order to disregard isolated

bar spins for the detection of rigid subsystems, the hereby identified subsystems can be

extracted, and the inputs are classified as fully, structurally, or transmitted isolated.

For the cut X1 that describes the entire tetrahedron, this classification has already

been performed in sec. 5.2.3 and the external inputs will now be labeled according to

the notation in tab. 5.1.
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Figure 5.9: a) The loop connection graph of the tetrahedron, b) with potential directed

cuts, and c) highlighted isolated degrees of freedom

In this sense, the external input edges of the loop connection graph shown in fig. 5.9 c)

are declared as follows: For L1, all three isolated degrees of freedom f iso
1 , f iso

2 , and f iso
3 ,

were classified as fully isolated, such that all three external input edges will be marked

by dotted lines. For L2, two isolated degrees of freedom f iso
5 and f iso

6 were found to

be fully isolated, while f iso
4 corresponds to the shared link with L1 and therefore was

classified as transmitted and is marked by a dashed line. For coupling D, no external

input edges that need to be marked exist. In L3, f
iso
7 and f iso

9 are transmitted by the

internal input edge corresponding to GD3. The external input edge is then associated

with the fully isolated degree of freedom f iso
8 .

For the evaluation of the cut X1, now the edges marked as fully isolated will be ac-

counted for with a weight of 0, effectively removing the fully isolated degrees of freedom

for the rigidity detection. As a result, the degree of freedom of the cut X1

fX1
= wX1

− dX1
= 1− 1 = 0 (5.8)

indicates that the tetrahedron is a structure that features six fully isolated degrees of

freedom.

For a better overview, the individual stages of the overall procedure are summarized

in fig. 4.11. When starting from a general kinematic chain, a topological graph is de-

rived. To this end, the relations between the links which are described by sequences of

elementary transformations are analyzed, and multiple joints are identified. The topo-

logical graph is then used to find a minimum cycle basis. Each cycle is then regarded

as a kinematic transformer, which incorporates the underlying kinematics. Regular

joints and multiple joints are resolved into couplings, which, together with the kine-

matic transformers, lead to a kinematic network. By use of a simple greedy algorithm,

a sequence by which the elements may be solved efficiently is determined. Afterward,
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ĜD

3 N

3 O

3 3 N3

3

L 1 L 2

L 3

D

GA 1 GA 2

GB 2

GB 3GC 3

GC 1

GD 1 GD 2

GD 3

ĜA

ĜBĜC

ĜD
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Figure 5.10: General stages of the described approach for detecting rigid subsystems

all kinematic loops are traversed in this order and locally isolated degrees of freedom

are identified. The dependencies within the kinematic network are illustrated in a loop

connection graph, in which potentially rigid subsystems are identified through evalu-

ating directed cuts. For the hereby depicted subsystems, isolated degrees of freedom

among the inputs are classified as fully, structurally, or transmitted isolated. By this

means, it is possible to disregard isolated degrees of freedom for the rigidity search,

such that overdetermined subsystems that were previously “hidden” by the presence of

isolated degrees of freedom are found. After merging these subsystems, general con-

clusions about the real degree of freedom as well as links forming a rigid component

can be made.
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6 Applications

In this chapter, the previously derived concepts and methods shall be applied to the

well-known “double banana” paradoxical example as well as to the more recently pub-

lished “7 roofs” challenge. A solution to the first problem applying the methodologies

of the present work was published in (Simroth et al., 2015c, 2016) while the latter chal-

lenge was approached in (Simroth et al., 2015a,b). In the following two sections, some

portions of the published work are adopted and will be further elaborated.

6.1 Solving the “Double Banana” Paradoxical Example

DOF: +1

DOF: -1

ĜAĜA

ĜBĜB

Figure 6.1: Counterexample of mobility criteria known as the “double banana” which

features isolated bar spins (Simroth et al., 2016, p. 108)

The kinematic chain in fig. 6.1 is commonly referred to as the “double banana” and has

puzzled researchers for many decades (Rojas and Thomas, 2013). Many algorithms

for rigidity detection have been provided so far, but the automatic detection of rigid

substructures involving implied hinges, as indicated by the dot-dashed line, remains a

challenge.

The double banana can be seen as a system comprised of 18 bars connected by 8 mul-

tiple spherical joints, which could equivalently be decomposed into 28 binary spherical

joints with 3 degrees of freedom each. As a result, eq. 2.1 yields an overall degree of

freedom of 18, implicating the 18 isolated bar spins. Thus, after subtraction of those,

it implies the system to be rigid with a degree of freedom of 0.
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However, one can clearly “see” in fig. 6.1 that the double banana structure consists of

two rigid bipyramids, one at the left and one at the right, which are coupled together

by two spherical joints (ĜA and ĜB). Thus, the segment ĜAĜB is an implied hinge

(Cheng et al., 2009) about which the two halves can rotate with respect to each other,

while the longitudinal direction is equally defined by the left and the right compound

and therefore is overconstrained with a degree of freedom of −1. This implied degree

of freedom also remains undetected by the famous test equation for rigidity according

to Maxwell’s rule proposed in (Maxwell, 1864), which states that a statically and

kinematically determined framework with nB links and nG joints follows the equation

nB = 3 · nG − 6 . (6.1)

It is evident that a bipyramid (single banana), with 9 bars and 5 joints correctly satis-

fies the condition of Maxwell’s rule. However, also the double banana structure obeys

Maxwell’s rule, although it is obviously not rigid. Thus, this structure is a classical

non-trivial example of a mechanism satisfying Maxwell’s rule of a statically and kine-

matically determined framework, which is nevertheless generically able to move, and

which has thus attracted considerable attention in literature: Fowler and Guest (2002)

analyzed the symmetry of the structure and presented the result of the symmetry of

multiple banana mechanisms; Cheng et al. (2009) studied the rigidity of the 3D struc-

ture with the double banana as an example, and Rojas and Thomas (2013) proposed

the double banana closure conditions as a paradigm for position analysis in robots.

The cause for the double banana paradox consists in the existence of isolated degrees

of freedom in the mechanism (e. g., the bar spin between two spherical joints) which

create an own level of transmission kinematics, and which thus need to be tracked in

order to be able to detect which substructures are rigid and which are movable. For

this reason, in a first step, a topological graph for the double banana is derived. The

graph corresponding to the left bipyramid is depicted in fig. 6.2 where the connected

bars of the right bipyramid are indicated by dashed lines. The bodies are enumerated

as 1-3, 4-6, and 7-9 with respect to the upper, middle, and the lower triplet of bars.

Since there are only spherical joints present, within the topological graph, all edge

weights equal 3/2 for the given case of multiple joint edges. As the resulting graph is

already 2-edge connected, no further subdivisions into components of closed kinematic

chains are necessary and one can directly proceed with the detection of a minimum

cycle basis.

According to eq. 2.3 there exist nL = 28 − 18 + 1 = 11 independent loops. Here,

a minimum cycle basis was detected such that every bipyramid contains 5 triangular
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ĜD
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Figure 6.2: Topological graph for the left single banana

loops with one quadrilateral loop connecting both parts.

Next, the multiple joints are resolved into couplings, according to fig. 6.3. It can

easily be verified by eq. 4.15 that the condition for the existence of a coupling is not

fulfilled at joints ĜB and ĜC , while ĜD and ĜE (and their respective counterparts in the

right bipyramid) give rise to one coupling each and from ĜA two couplings A1 and A2

originate. Obviously, referring to the coupling graph of ĜA, both couplings A1 and A2

are independent. Since representing spherical joints, each coupling gives rise to three

coupling conditions such that for each coupling three joint variables can be determined

as a function of the remaining joint variables. In the given case, two of these can be

interpreted as isolated spins of two bars while the third one defines the angle between

both bars. Based on the derived elements, a kinematic network is established shown

A1

A2

DE

GA2 GA3

GA1

GE4 GE5

GE2 GE3

GD5

GD11

GD3 GD1

Figure 6.3: Resulting couplings A1, A2, E, and D of the left bipyramid

in fig. 6.4 a). All loops feature a spatiality of six such that L1, ..., L10 with nine joint

variables stemming from the three spherical joints, have a degree of freedom of three

each. These degrees of freedom can be understood as isolated spins of the respective
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bars. L11 then features six degrees of freedom, of which four can directly be associated

with the bar spins.
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Figure 6.4: a) Undirected kinematic network and b) associated solution flow

In order to find a suitable solution flow for the kinematic network, elements that are

least overdetermined when prepended to the topological order are sought subsequently.

Indeed, all of the elements L1, L4, L6, L10, and L11 possess a degree of freedom greater or

equal to the accumulated weight of incident edges, such that these can be positioned

at the end of the topological order, orienting the edges into these elements. From

the remaining elements, the couplings A1,A2,D,E,F, and G can be prepended next,

effectively directing all edges into the couplings that are not incident to the previously

added elements. At last, L2, L3, L5, and L7, L8, L9 are added to the beginning of the

topological ordering without yielding any overdetermined elements. Afterward, each

element is checked for compatibility of chosen inputs and the requirement of additional

external inputs. Apparently, the inputs for L1, L4, L6, and L10 from the multiple joint

couplings also include the aperture angle of the involved triangles, which is likewise

defined by the inner geometry of the kinematic loops. As a result, these loops introduce

an implicit constraint equation with which the inputs have to comply. Furthermore,

these kinematic loops require an additional external input for the spin of the bar not

included in any of the other loops. Similarly, the aperture angles of the left and right

side of L11 introduced by both bipyramids depend on one another, thus introducing

one implicit constraint, while the spin about the implied hinge forms an external input.

Also, the respective three bar spins in L2, L3, L5 and L7, L8, L9 have to be supplemented

by external inputs. A cross-check of the kinematic network with respect to eq. 2.5 with

a total sum of 36 degrees of freedom in loops L1,...,11 and 18 coupling conditions verifies

the consistency with the previously determined degree of freedom of 18.

In the next step, the dependencies among the elements are expressed in the loop con-
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Figure 6.5: a) The loop connection graph for the double banana and b) with highlighted

isolated degrees of freedom

nection graph shown in fig. 6.5 a). For each subsystem, isolated degrees of freedom are

classified into fully, transmitted, and structurally isolated as described in sec. 5.4. For

this reason, all locally isolated degrees of freedom are enumerated and subsequently

tracked among the elements in alignment with the total order. The result can easily be

verified by inspection: Each isolated spin of a bar is declared only once as fully isolated

and for all other elements is regarded as transmitted. In L11, a structurally isolated

degree of freedom corresponding to the rotation about the implied edge between ĜA

and ĜB is detected, which leaves the kinematic loop’s inputs invariant.

For the loop connection graph in fig. 6.5 a), the degree of freedom of cut X1 can be

derived by counting 23 inputs and an absorbing degree of 5 such that fX1
= 23−5 = 18,

which suggests the double banana to be rigid if the 18 bar spins are excluded. However,

the system is identified to be overconstrained by a degree of freedom of fX1
= −1 if

the fully isolated spins in fig. 6.5 b) are omitted.
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Figure 6.6: Pruned graphs resulting from the loop connection graph with highlighted

isolated degrees of freedom

In order to resolve this ambiguity, the rigid parts need to be identified, for which the
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pruned graphs in fig. 6.6 are analyzed. Of these, only the pruned graph depicted in a)

contains a non-positive cut. Indeed, the corresponding subsystem of a tetrahedron was

already addressed and found to be rigid in sec. 5.4. The subsystem is then replaced

by a single rigid compound retaining only fully isolated degrees of freedom as all other

degrees of freedom are locked due to its inherent constraints and the procedure is

restarted. Next, within the subsystem in fig. 6.7 a) a zero degree of freedom cut

is found and the corresponding subsystem is again replaced by a single compound

yielding the graph in fig. 6.7 b). Here, both bipyramids are already detected as rigid

structures with isolated degrees of freedom. For the remaining system, there are only

isolated degrees of freedom entering, one of which structurally isolated. It can again

be replaced retaining all isolated degrees of freedom such that the implicit condition is

dissolved and the graph shown in fig. 6.7 c) is obtained. A cut now reveals that there

are 19 degrees of freedom in total, of which 18 are fully isolated corresponding to the

bar spins and one is structurally isolated representing the rotation of both bipyramids

about the implied hinge.
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Figure 6.7: Step-by-step replacement of rigid subsystems

6.2 Solving the “Seven-Roof” Paradoxical Example

Cheng et al. (2009) introduced a nucleation-free kinematic chain, which is composed

of seven “roofs,” as depicted in fig. 6.8. In contrast to the previous example, it does

not contain any overconstrained subsystems, but instead, the peculiarity consists of

the detection of rigid substructures, which are mobile when detached. The solution

approach was previously published in Simroth et al. (2015b), of which some of the

following passages are reproduced. Each of the seven topologically identical modules

is comprised of eight bars, connected by five multiple spherical joints. The hereby

formed triangles have one common multiple spherical joint at their center and can
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ĜII
C

ĜI
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B

L0

Figure 6.8: a) The seven-roof kinematic chain as a system of 56 bars and b) with

shaded rigid components (Simroth et al., 2015b, p. 386)

rotate about the bars shared with the neighboring triangles. The roofs are connected

by the alternating pairs of spherical joints, which are not directly connected by bars,

resulting in a cyclic structure. Overall, the system consists of nB = 56 bars and nG = 91

binary spherical joints, yielding according to eq. 2.1

f = 6 · (56− 1)− 91 · 3 = 57 (6.2)

degrees of freedom. Of these, 56 degrees of freedom can be regarded as isolated spins of

the bars about their longitudinal axes, while a single proper degree of freedom remains

for the internal mobility of the ring structure, which is to be detected.

By inspection, the triangles can be recognized as rigid faces similar to those of an

origami-type mechanism, and each roof forms a spherical four-bar with a single proper

degree of freedom if regarded detached from the remaining circle. The roofs can rotate

relative to each other about implied edges displayed as dot-dashed lines in fig. 6.8 b).

After closing the cycle, the internal motion of each roof is locked, and the remaining

loop L0 hence becomes a simple 7R spatial loop with one proper degree of freedom.

The analysis will be demonstrated for a single roof embedded into the overall system.

Due to the repetitive scheme, all bar, loop, and coupling labels are kept the same

for each roof, and where necessary, are enumerated by roman numberings indicating

the respective roof. In the first step, the topological graph is established, as shown in
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fig. 6.9, such that precisely three multiple spherical joints ĜA, ĜB, and ĜC are associated

with each roof while the corresponding uniform edge weights were omitted for better

readability. The numbers 1 to 3 and 6 to 8 denote the upper and lower triplet of bars,

and 4 and 5 denote the intermediate bars, respectively. Here, the succeeding roof is

indicated by dashed, and the preceding roof by dotted lines. As the system cannot be

further subdivided into open and closed kinematic chains, one can proceed with the

establishment of a minimum cycle basis.
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ĜV II
B

1

2

3 4

5
6

7

8

LI
4 LI

2

LI
3 LI

1

L0

LI
5

LV II
5

Roof I Roof IIRoof VII

Figure 6.9: Topological graph for the embedded roof I

The total number of required loops is stated by eq. 2.3 to be nL = 91 − 56 + 1 = 36,

and one possible minimum cycle basis can be obtained in a way, that each roof features

four triangular loops L1, ..., L4, seven quadrilateral loops L5 in between the roofs, and

a spanning loop L0 which traverses through one bar of each roof. At Joint ĜC , the

number of incident loops is not sufficient to form any coupling conditions, such that

this joint can directly be decomposed into binary spherical joints. The couplings arising

at joints ĜA and ĜB are depicted in fig. 6.10.
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A4 GI
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A3 GI
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GV II
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GII
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B1

GB0

GII
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Figure 6.10: Resulting couplings A1, A2, A3, and B at the embedded roof I
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Notably, the three couplings A1, A2, and A3 emerge at joint ĜA, for which additionally

the joint edges contributed by the involved loops form branchings, while at ĜB only

a single coupling B results. Analogously to the previous example, each of these cou-

plings gives rise to three coupling conditions. The next step consists of setting up the

kinematic network and finding an appropriate solution flow.
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Figure 6.11: Undirected kinematic network of the seven-roof kinematic chain depicted

for an embedded roof

Within the resulting kinematic network illustrated in fig. 6.11, loops L1, ..., L4 render

three degrees of freedom each, L5 renders six, and L0 comprises 15 degrees of freedom,

of which three, four, and seven can directly be associated with the spins of the involved

bars, respectively. When searching for a recursive solution flow, first, the loops L2, L3,

and L4 are found not to be overdetermined if all internal edges were directed into these

elements and thus will be prepended to the solution sequence. This directly brings

A2 as the next element, followed by A1 and A3 in that order. After the same order is

found for all roofs analogously, there is only one unassigned edge incident to L5 left,

such that L5 is prepended next, followed by B and consequently L1. At last, only L0

remains, which will be the first element within the topological order. At this point, the

determined solution sequence actually appears to be potentially recursively solvable.

Though, when traversing through the elements, identifying the additionally required

external inputs, loops L2, ..., L4 are found to be overdetermined, as the aperture angle

of the triangle transmitted through coupling A is already defined by the inner loops’

geometry. The resulting oriented kinematic network with its external inputs is shown

in fig. 6.12. Again, the network can be verified by summing up the degrees of freedom

of all loops and subtracting the number of coupling conditions according to eq. 2.5

which yields 141−84 = 57 degrees of freedom as determined before. On this basis, the
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loop connection graph can be derived for the detection of rigid substructures.
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Figure 6.12: The directed kinematic network of the seven-roof kinematic chain depicted

for an embedded roof

The dependencies among the elements of the kinematic network are depicted in the

loop connection graph in fig. 6.13 a). Here, the subgraph shaded in gray highlights the

elements associated with a single roof and the connections to its neighboring roofs. Of

all possible directed cuts, in this case, two are of particular interest and will be further

examined.

X1, which separates the source node from the remaining graph, indicates the previously

determined 57 degrees of freedom of the seven-roof determined through its cut weight

of wX1
= 15 + 7 · 9 = 78 reduced by an absorbing degree of dX1

= 7 · 3 = 21. The

proper degree of freedom of the system will be revealed after classifying the isolated

degrees of freedom into fully and transmitted degrees of freedom. At this point, instead

of providing an exhaustive list of locally isolated degrees of freedom, the tracking is

explained by inspection, and the result for X1 is shown in fig. 6.13 b). As each roof is

comprised of eight bars that are able to spin freely between the spherical joints, there

are eight fully isolated degrees of freedom that can be assigned for each roof. These

fully isolated inputs will be assigned in order of occurrence within the topological order

as follows. Starting with loop L0, the isolated spin of bar 8 (compare fig. 6.9) can be

classified as fully isolated. Following the solution sequence, the spin of the same bar is

marked as transmitted in loop L1, while the remaining two spins of bars 5 and 7 are

registered again as fully isolated. Of the three external inputs for L5, two correspond

to spins of bar 2 within the two incident roofs and are marked as fully isolated. Indeed,

the remaining input can be regarded as structurally isolated for L5 between joints
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ĜA. However, it is clearly not isolated within the remaining system, and therefore,

is marked as transmitted. The remaining loops L3, L4, and L2 possess one bar not

shared with any other loop, such that the corresponding spins are marked as fully

isolated. As a result, the degree of freedom of X1 omitting the isolated spins yields

fX1
= (8 + 7 · 2)− 7 · 3 = 1.
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Figure 6.13: a) The loop connection graph of the seven-roof kinematic chain, b) for

which cut X1 yields one degree of freedom, and c) X2 yields zero degrees of freedom

Though, it remains to detect that the embedded roofs form rigid substructures for

which reason X2 shown in fig. 6.13 c) will be analyzed. The classification of isolated

degrees of freedom follows analogously to cut X1, except that due to the absence of

L0, now the spin of bar 8 is registered as fully isolated for L1. The case arising at

coupling B will be inspected in more detail. Referring to fig. 6.10, coupling B receives

GI
B1 and GII

B1 from loops LI
1 and LII

1 as inputs, such that in B according to sec. 5.2.1 a

structurally isolated degree of freedom f iso : {GI
B5,GB0} with f iso(G) = SB is detected:

The rotation of the detached triangles formed by bars 5, 7, and 8 about joint ĜB leaves

the internal kinematics of LI
1 and LII

1 invariant. However, within the coupled loop LI
5

only the rotation about the implied edge between joints ĜI
B and ĜI

C is isolated, such
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that by group intersection actually f iso(G) = R
B
e
C
,B with dim(R

B
e
C
,B) = 1. Thus,

only one input for coupling B is marked as structurally isolated, while the remaining

two inputs are transmitted. Now, omitting the fully and structurally isolated degrees

of freedom, the degree of freedom of X2 with a weight of wX2
= 7 · 3 = 21 and an equal

absorbing degree of dX2
= 7 · 3 = 21 is zero and therefore indicates that the described

subsystem containing the 7 individual roofs is rigid with isolated degrees of freedom.

In Simroth et al. (2015b), the same conclusion was achieved for a different solution

sequence for which L0 was set as the most dependent element.
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7 Summary and Outlook

Within the present work, a systematic approach for the detection of rigid subsystems

with isolated degrees of freedom is presented, including some non-trivial cases featuring

implied edges in kinematic chains. For this purpose, three new types of isolated degrees

of freedom are introduced, which are tracked throughout the kinematic chain.

The approach is based on regarding a multibody system as a network of coupled kine-

matic loops acting as individual transmission elements. For determining the respec-

tive spatiality as well as an efficient solution to the kinematics of each of these el-

ements, a method utilizing isotropy groups is provided, extending the approach of

Kecskeméthy and Hiller (1992). By analysis of the topological graph associated with

the kinematic chain, the system is dissected into components of closed kinematic chains.

For each component, independent kinematic transmission elements are determined by

finding a minimum cycle basis. To this end, multiple joints are considered as integral

entities, which are afterward decomposed into linear or non-linear coupling conditions.

The resulting kinematic network forms the basis for detecting rigid subsystems and

tracking isolated degrees of freedom. For each of its elements, isolated degrees of

freedom are enumerated for which insights on the identification and transmission are

elaborated, referring to displacement subgroups as presented initially in Hervé (1978).

To this end, an automated method to associate joints represented by combinations of

elementary joints to displacement subgroups is provided. By this means, isolated de-

grees of freedom of subsystems are classified according to the proposed types, whereby

fully isolated degrees of freedom are disregarded for the detection of rigid subsystems.

Subsystems in which all remaining degrees of freedom are locked, i. e., are determined

by the subsystems’ internal constraints such that they are constant over time, will

be regarded as rigid, and are replaced by a single element. In this manner, over-

constrained subsystems are resolved, and inconsistencies with respect to the classical

degree of freedom counting rules can be overcome.

The method is successfully applied to two non-trivial examples of spherical-spherical

bar systems of which one is overconstrained, and the other one is “nucleation-free,” i. e.,

it contains rigid subsystems which are mobile if regarded independently but become

rigid and form “implied hinges” when embedded in a specific system. By regarding a

kinematic chain as a system of connected kinematic loops, subsystems of different spa-

tiality can easily be mixed in a uniform way, and through the loop-wise consideration,

the detection of implied edges is possible. As all properties and dimensions can be
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managed symbolically, the solution does not depend on any numeric values.

However, even though many of the steps within the described procedure can be ac-

complished by standard graph-theoretic algorithms, others take more effort, for exam-

ple, verifying if conditions for displacement subgroup inclusion are satisfied in case of

non-trivial (non-rectilinear) characteristic directions. Also, some questions as the in-

dependence of the solution with respect to the choice of the cycle basis and respective

solution sequence could not conclusively be answered and state indications for future

research.
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