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Zusammenfassung

Das Feld der Spintronik, bei dem der Elektronenspin neben der Elektronenladung
als zusätzlicher Freiheitsgrad zur Informationsübertragung genutzt wird, ist äuÿerst
vielversprechend in Bezug auf künftige Entwicklungen im Bereich der Informations-
verarbeitung und -speicherung. Besonders wichtig ist dabei das Spinventil, im Grun-
de ein Spintransistor`, der die externe Kontrolle des Spintransports ermöglicht. Eine
kontinuierliche Miniaturisierung von Spinventilen begründet das Konzept des Quan-
tenpunktspinventils, das das Analogon zum Einzelelektronentransistor darstellt. Es
fügt sich aus einem Quantenpunkt zusammen der an ferromagnetische Zuleitungen
gekoppelt ist und erlaubt individuelle Kontrolle über einzelne Spins, indem man den
magnetischen Tunnelwiderstand justiert, der das Spinventil de�niert. Ziel dieser Ar-
beit ist es ein umfassendes theoretisches Bild von spinabhängigem elektronischem
Transport durch ein wechselwirkendes Quantenpunktspinventil zu erstellen.
Transport durch Quantenpunktsysteme wird oft als klar voneinander getrennte

Tunnelereignisse dargestellt, bei denen je ein Elektron von der Zuleitung auf den
Quantenpunkt und dann weiter zur Ableitung tunnelt. Es hat sich jedoch gezeigt,
dass diese sequentielle Beschreibung von elektronischem Transport unzureichend ist,
insbesondere im Bereich niedriger Temperaturen und starker Ankopplung an die Zu-
leitungen. In Wirklichkeit tragen unendlich viele unterschiedliche Prozesse dazu bei,
Elektronen von der Zuleitung über den Quantenpunkt zur Ableitung zu bewegen.
Um ein vollständiges Bild von elektrischem Transport und der Spindynamik des
Quantenpunktspinventils zu erhalten, ist es grundlegend wichtig, diese resonanten
Tunnele�ekte zu berücksichtigen. Dies ist das Hauptziel dieser Arbeit. Dabei le-
gen wir besonderes Augenmerk auf das allgemeine Regime, in dem alle relevanten
Energieskalen von der gleichen Gröÿenordnung sind und dementsprechend störungs-
theoretische Ansätze fehlschlagen. Um dieses Regime inklusive resonantem Tunneln
zu charakterisieren, machen wir von der numerisch exakten Technik namens ite-
rative Summation von Pfadintegralen (ISPI) Gebrauch und erweitern sie, sodass
spinabhängiger Transport mitberücksichtigt wird. Um den Ein�uss der Spindyna-
mik auf den elektrischen Transport zu untersuchen, führen wir zusätzliche, quan-
tenpunktbasierte Observablen, wie die Besetzungszahl und die Spinprojektion, für
die Technik ein. Zusätzlich entwickeln wir die Methode weiter, indem wir sie auf
einen Transfermatrix-Ansatz abbilden. Das Ergebnis ist eine neue Implementation
der ISPI Methode, die sie vielseitiger und schneller macht.
Ausgestattet mit den beiden ISPI-Implementationen demonstrieren wir, dass es

wesentlich ist, resonante E�ekte zu berücksichtigen, um eine realistische theoretische
Beschreibung des magnetischen Tunnelwiderstands eines Quantenpunktspinventils
zu erhalten. Bei der Untersuchung des nicht-kollinearen Aufbaus des Quantenpunkt-
spinventils zeigen wir, wie die Teilchen-Loch-Symmetrie des Systems von dem Zu-
sammenspiel von Coulomb-Wechselwirkung und einem lokalen magnetischen Feld
gebrochen wird. Das führt zu Asymmetrien im Leitwert und in den Spinkomponen-
ten als Funktion der Gatterspannung.
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Summary

The �eld of spintronics, where the electron spin is used next to the electron charge
as an additional degree of freedom for information transfer, shows huge promise for
future developments in the area of information processing and storage. Of particular
importance to this �eld is the spin valve, a device that allows control of spin transport
via external means, basically a `spin transistor'. Continued miniaturization of the
spin valve motivates the proposition of a quantum-dot spin valve, the analog to a
single-electron transistor. Such a device can be constructed from a quantum dot
coupled to ferromagnetic leads and allows for individual control over single spins by
tuning the tunnel magnetoresistance e�ect that de�nes the spin valve. In this work,
we aim to give a thorough theoretical picture of spin-dependent electronic transport
through an interacting quantum-dot spin valve.
Transport through quantum-dot systems is often pictured as well-separated tun-

neling events, where a single electron tunnels from the source electrode to the quan-
tum dot and then on to the drain electrode. This sequential description of electronic
transport, however, has proven to be lacking in the low-temperature regime and at
strong coupling to the leads. In reality, in�nitely many di�erent processes contribute
to the procedure of moving electrons from the source through the quantum dot and
to the drain. To receive a complete picture of the electronic transport and the
spin dynamics of the quantum-dot spin valve, it is crucial to include all of these
resonant tunneling e�ects, which is the main goal of this work. We especially fo-
cus on the generic regime, where all relevant energy scales within the system are
of equal order of magnitude, and thus perturbative approaches severely fail. To
achieve a characterization of this regime including resonant tunneling, we employ
the numerically exact technique of iterative summation of path integrals (ISPI) and
generalize it to account for spin-dependent transport. To be able to study the im-
pact of spin dynamics on the electronic transport we expand the pool of observables
within this technique to include quantum-dot based quantities like the occupation
number and spin projection. In addition, we advance the method itself by mapping
it to a transfer-matrix approach. This leads to a novel implementation of the ISPI
technique, which increases its performance and versatility.
With the two implementations of the technique at our disposal, we demonstrate

that resonant e�ects are crucial to reach a reasonable theoretical description of the
tunnel magnetoresistance of the interacting quantum-dot spin valve. When investi-
gating noncollinear setups of the quantum-dot spin valve we show how particle-hole
symmetry of the system is broken via the interplay between Coulomb interactions
and a local magnetic �eld, leading to asymmetries in the conductance and in com-
ponents of the spin projection as a function of the gate voltage.
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1 Introduction

Microprocessors are an integral part of today's everyday life. They are small process-
ing units, where all required parts are joined in one integrated circuit. Depending
on the �eld of application microprocessors are adapted, e.g. to have minimal power
intake or maximal calculation power, to be heat- or radiation-resistant. Due to
this versatility they can be found everywhere, from washing machines, radios and
TVs to computers and mobile phones, in airplanes and cars as well as satellites and
spacecrafts, and so on. With topics like arti�cial intelligence, big data, machine
learning and the internet of things on the rise, microprocessors become even more
widespread.
Transistors are the basic building blocks of any microprocessor. Therefore, the

digital revolution which lead to today's prevalence of microprocessors was kick-
started by the invention of the transistor by Shockley, Bardeen and Brattain in
1947, for which they were awarded with the Nobel Prize in 1956. Transistors are
semiconductor circuit elements whose conductance is tunable. They are often used as
switches but also �nd application as ampli�ers. Usually, transistors are constructed
from semiconducting material that is positively (p) and negatively (n) doped in such
a way that two p-n-junctions connected in series emerge. Three contacts (source,
drain and gate) are applied, with source and drain connecting to parts with equal
doping, while the gate connects either directly or via an insulating layer to the part
in between, that is oppositely doped. Depending on the type of transistor, the
resistivity between source and drain can be tuned either via a small current between
gate and source or via a voltage that is applied to the gate. In the latter design,
which is called �eld e�ect transistor (FET), the gate voltage in�uences the charge
distribution within the semiconducting material allowing for a conducting channel
to emerge between source and drain. As a result, the width of this channel, and
with it the conductance of the transistor, is tuned via the gate voltage.
FETs were combined into increasingly complicated and powerful integrated cir-

cuits, and thus lead to the development of microprocessors. To make these micro-
processors more powerful signi�cant e�ort is put into the optimization and minia-
turization of transistors. The main bene�ts of smaller transistors are � apart from
allowing more transistors in the same area � faster switching times and an increased
power e�ciency. The latter can be understood by the fact that power is necessary to
charge and discharge the transistor's gate capacitances. Following electrodynamics,
the power to charge a capacitor is ∼ CV 2f , where C is the gate capacitance, V is
the charging voltage and f is the frequency with which the capacitor is charged. For
a smaller transistor the capacitance C is smaller and the voltage needed to charge
the transistor is smaller, too. As a result, it is often bene�cial to have transis-
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2 1 Introduction

(a)
<latexit sha1_base64="wHki1C9fBz9carlnHOCFv81Oxqo=">AAACBnicbVDLSsNAFJ34rPVVdelmsAh1U1IrPjZScOOygn1gG8pkOmmHTiZh5kYMIXs/wK1+gjtx62/4Bf6GSRrEWg9cOJxzL/feY/uCazDNT2NhcWl5ZbWwVlzf2NzaLu3strUXKMpa1BOe6tpEM8ElawEHwbq+YsS1BevYk6vU79wzpbknbyH0meWSkeQOpwQS6a4P7AGiCjmKB6WyWTUz4HlSy0kZ5WgOSl/9oUcDl0mggmjdq5k+WBFRwKlgcbEfaOYTOiEj1kuoJC7TVpRdHOPDRBlix1NJScCZ+nsiIq7WoWsnnS6Bsf7rpeJ/Xi8A59yKuPQDYJJOFzmBwODh9H085IpREGFCCFU8uRXTMVGEQhLSzBZ/HGpOdVzMkrlIcfqTwzxpH1dr9Wr95qTcuMwzKqB9dIAqqIbOUANdoyZqIYokekLP6MV4NF6NN+N92rpg5DN7aAbGxzePUJnU</latexit>

(b)
<latexit sha1_base64="jWQf1YknNr+qc1woXrvOa7UTVMo=">AAACBnicbVDLSsNAFJ34rPVVdelmsAh1U1IrPjZScOOygn1gG8pkOmmHTiZh5kYMIXs/wK1+gjtx62/4Bf6GSRrEWg9cOJxzL/feY/uCazDNT2NhcWl5ZbWwVlzf2NzaLu3strUXKMpa1BOe6tpEM8ElawEHwbq+YsS1BevYk6vU79wzpbknbyH0meWSkeQOpwQS6a4P7AGiin0UD0pls2pmwPOklpMyytEclL76Q48GLpNABdG6VzN9sCKigFPB4mI/0MwndEJGrJdQSVymrSi7OMaHiTLEjqeSkoAz9fdERFytQ9dOOl0CY/3XS8X/vF4AzrkVcekHwCSdLnICgcHD6ft4yBWjIMKEEKp4ciumY6IIhSSkmS3+ONSc6riYJXOR4vQnh3nSPq7W6tX6zUm5cZlnVED76ABVUA2doQa6Rk3UQhRJ9ISe0YvxaLwab8b7tHXByGf20AyMj2+Q65nV</latexit>

Source
<latexit sha1_base64="rnVwSdtPm4B4+uQ0O7bjbkp4DEg=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIrPnZFNy4r2ge0oUymk3bo5OHMjVhCvsAPcKuf4E7c+hV+gb/hJA1irQcuHM65L44TCq7AND+NwsLi0vJKcbW0tr6xuVXe3mmpIJKUNWkgAtlxiGKC+6wJHATrhJIRzxGs7YwvU799z6TigX8Lk5DZHhn63OWUgJbsHrAHiG+ybUm/XDGrZgY8T6ycVFCORr/81RsENPKYD1QQpbqWGYIdEwmcCpaUepFiIaFjMmRdTX3iMWXH2dMJPtDKALuB1OUDztTfEzHxlJp4ju70CIzUXy8V//O6Ebhndsz9MALm0+khNxIYApwmgAdcMgpiogmhkutfMR0RSSjonGauhKOJ4lQlpSyZ8xQnPznMk9ZR1apVa9fHlfpFnlER7aF9dIgsdIrq6Ao1UBNRdIee0DN6MR6NV+PNeJ+2Fox8ZhfNwPj4Btjim7U=</latexit>

Drain
<latexit sha1_base64="syA87wFv+ZQAp9ykH7B7aoEaghw=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4KomKj11RFy4r2Ac0oUymk3boZBJmbsQS8gN+gFv9BHfi1r/wC/wNJ2kQaz1w4XDOvZzL8SLOFFjWp1FaWFxaXimvVtbWNza3qts7bRXGktAWCXkoux5WlDNBW8CA024kKQ48Tjve+CrzO/dUKhaKO5hE1A3wUDCfEQxachygD5BcS8xE2q/WrLqVw5wndkFqqECzX/1yBiGJAyqAcKxUz7YicBMsgRFO04oTKxphMsZD2tNU4IAqN8l/Ts0DrQxMP5R6BJi5+vsiwYFSk8DTmwGGkfrrZeJ/Xi8G/9xNmIhioIJMg/yYmxCaWQHmgElKgE80wUQy/atJRlhiArqmmZRoNFGMqLSSN3OR4fSnh3nSPqrbx/Xj25Na47LoqIz20D46RDY6Qw10g5qohQiK0BN6Ri/Go/FqvBnv09WSUdzsohkYH9/c6pso</latexit>

Center
<latexit sha1_base64="yomxW/N4jYXQAm0GVTTdg+0cIUI=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KqkVH7tiNy4r2Ae0oUymN+3QySTOTMQQ8gV+gFv9BHfi1q/wC/wNJ2kQaz1w4XDOPdzLcQJGpbKsT6OwtLyyulZcL21sbm3vlHf3OtIPBYE28Zkveg6WwCiHtqKKQS8QgD2HQdeZNlO/ew9CUp/fqigA28NjTl1KsNKSPVDwoOImcAUiGZYrVtXKYC6SWk4qKEdrWP4ajHwSejpOGJayX7MCZcdYKEoYJKVBKCHAZIrH0NeUYw+kHWdPJ+aRVkam6ws9XJmZ+jsRY0/KyHP0pofVRP71UvE/rx8q98KOKQ9CBZzMDrkhM5Vvpg2YIyqAKBZpgomg+leTTLDARHcwfyWYRJISmZSyZi5TnP30sEg6J9VavVq/Oa00rvKOiugAHaJjVEPnqIGuUQu1EUF36Ak9oxfj0Xg13oz32WrByDP7aA7Gxze+u5ul</latexit>

Island
<latexit sha1_base64="TtZrsYhTZJp5UPG3C4lKWYL290k=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KokVH7uiG91VsA9oQ5lMJu3QySTO3Igh5Av8ALf6Ce7ErV/hF/gbJmkQaz1w4XDOvZzLsQPOFBjGp1ZaWFxaXimvVtbWNza3qts7HeWHktA28bkvezZWlDNB28CA014gKfZsTrv25DLzu/dUKuaLW4gCanl4JJjLCIZUsgZAHyC+VhwLJxlWa0bdyKHPE7MgNVSgNax+DRyfhB4VQDhWqm8aAVgxlsAIp0llECoaYDLBI9pPqcAeVVacP53oB6ni6K4v0xGg5+rvixh7SkWenW56GMbqr5eJ/3n9ENwzK2YiCIEKMg1yQ66Dr2cN6A6TlACPUoKJZOmvOhljiQmkPc2kBONIMaKSSt7MeYaTnx7mSeeobjbqjZvjWvOi6KiM9tA+OkQmOkVNdIVaqI0IukNP6Bm9aI/aq/amvU9XS1pxs4tmoH18A7VSm58=</latexit>

Gate
<latexit sha1_base64="jYRMvukJVTF0KNF9YWnlzfc/Cww=">AAACB3icbVDLSsNQEL2pr1pfVZdugkVwVRIVH7uiC11WsA9IQ7m5nbSX3jy4dyKWkA/wA9zqJ7gTt36GX+BvmKRBrPXAwOGcGWbmOKHgCg3jUystLC4tr5RXK2vrG5tb1e2dtgoiyaDFAhHIrkMVCO5DCzkK6IYSqOcI6Djjq8zv3INUPPDvcBKC7dGhz13OKKaS1UN4wPiaIiT9as2oGzn0eWIWpEYKNPvVr94gYJEHPjJBlbJMI0Q7phI5E5BUepGCkLIxHYKVUp96oOw4PznRD1JloLuBTMtHPVd/T8TUU2riOWmnR3Gk/nqZ+J9nReie2zH3wwjBZ9NFbiR0DPTsf33AJTAUk5RQJnl6q85GVFKGaUozW8LRRHGmkkqezEWG058c5kn7qG4e149vT2qNyyKjMtkj++SQmOSMNMgNaZIWYSQgT+SZvGiP2qv2pr1PW0taMbNLZqB9fAMFKZqx</latexit>

�L
<latexit sha1_base64="jSgdTRkm/V9pj13MdopLbkfpqpg=">AAACDXicbVDLSsNAFJ3UV62PRl26CRbBVUlUfOyKLnThooJ9QBvCZDpph85MwsyNGEK/wQ9wq5/gTtz6DX6Bv2HSFrHWAxcO59zLuRw/4kyDbX8ahYXFpeWV4mppbX1js2xubTd1GCtCGyTkoWr7WFPOJG0AA07bkaJY+Jy2/OFl7rfuqdIslHeQRNQVuC9ZwAiGTPLMcvcKC4G9LtAHSG9Gnlmxq/YY1jxxpqSCpqh75le3F5JYUAmEY607jh2Bm2IFjHA6KnVjTSNMhrhPOxmVWFDtpuPHR9Z+pvSsIFTZSLDG6u+LFAutE+FnmwLDQP/1cvE/rxNDcOamTEYxUEkmQUHMLQitvAWrxxQlwJOMYKJY9qtFBlhhAllXMynRINGM6FFp3Mx5jpOfHuZJ87DqHFWPbo8rtYtpR0W0i/bQAXLQKaqha1RHDURQjJ7QM3oxHo1X4814n6wWjOnNDpqB8fENZgSccw==</latexit>

�R
<latexit sha1_base64="rcyRcN8HHfY/R7Sd2YAmKUlpnzk=">AAACDXicbVDLSsNAFJ3UV62PRl26CRbBVUlUfOyKLnRZxT6gDWEynbRDZyZh5kYMod/gB7jVT3Anbv0Gv8DfMGmLWOuBC4dz7uVcjh9xpsG2P43CwuLS8kpxtbS2vrFZNre2mzqMFaENEvJQtX2sKWeSNoABp+1IUSx8Tlv+8DL3W/dUaRbKO0gi6grclyxgBEMmeWa5e4WFwF4X6AOktyPPrNhVewxrnjhTUkFT1D3zq9sLSSyoBMKx1h3HjsBNsQJGOB2VurGmESZD3KedjEosqHbT8eMjaz9TelYQqmwkWGP190WKhdaJ8LNNgWGg/3q5+J/XiSE4c1MmoxioJJOgIOYWhFbegtVjihLgSUYwUSz71SIDrDCBrKuZlGiQaEb0qDRu5jzHyU8P86R5WHWOqkc3x5XaxbSjItpFe+gAOegU1dA1qqMGIihGT+gZvRiPxqvxZrxPVgvG9GYHzcD4+AZvoJx5</latexit>

Figure 1.1: (a) Systematic sketch of a single-electron transistor with an island in
the middle and tunneling strengths for the left and right lead ΓL/R.
The central island can be tuned via a gate voltage. (b) Scanning
electron micrograph of an aluminum single-electron transistor. Taken
from Ref. [2].

tors as small as possible. In recent years transistors with feature sizes of less than
10 nm have been commercially available. Thanks to this development, it is possible
to have billions of transistors combined in a small microprocessor today, giving us
enough calculation power even for demanding applications like machine learning and
arti�cial intelligence.

When working with systems in the nanometer scale, we enter the regime of meso-
scopic physics and even nanophysics, where quantum e�ects, like electron tunneling,
cannot be neglected anymore. As a consequence, such structures are quantum many-
body systems, for which the �nite system size has to be taken into account. This
interplay leads to interesting e�ects, like e.g. a conductance quantum of 2e2/h per
transport channel for quantum point contacts [1].

Once quantum e�ects play a signi�cant role, it is necessary to adopt the design
of electronic devices to these circumstances. This naturally lead to the concept of a
single-electron transistor, which was pioneered by the work of Fulton and Dolan in
1987 [3]. These devices work similar to a FET, allowing control over the conductance
via a gate voltage, but are based on the quantum mechanical tunneling e�ect. They
are built from two tunnel junctions connected in series, with a small island between
them that is contacted capacitively with the gate electrode. A systematic sketch of
a single-electron transistor can be seen in Fig. 1.1 (a), while in panel (b) of that
�gure an experimental realization of an aluminum single-electron transistor can be
seen. The island between the two tunnel junctions is usually chosen such that they
only provide a �nite number of di�erent energy levels. Applying a voltage to the
gate electrode allows us to control the island's energy levels and to tune electric
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transport from source to drain. Possible realizations for the central island are e.g.
small metallic islands or quantum dots, which are small structures that provide
only one or at maximum very few energy levels. Single-electron transistors usually
cannot be used in complex circuits due to �uctuations, but other applications have
been found. Their high sensitivity means they are well-suited as charge sensors,
microwave detectors or high precision electrometers [4].
Of course, electrons are fermionic particles with spin 1

2
. This degree of freedom is

utilized in addition to the electron charge in the �eld of spintronics. The main bene�t
is an improved e�ciency in information transfer and storage. As a consequence,
spintronic devices are strong candidates for the use in the emerging in-memory
processing technology, where the processor is directly integrated within its memory
[5]. This technology is one of the basic building blocks in the �eld of neuromorphic
computing. Just as in ordinary electronics one is able to construct transistor-like
spintronic devices, so called spin valves, whose conductance di�ers depending on the
spin of the particles. These devices are based on either the giant magnetoresistance
(GMR), for whose discovery Fert and Grünberg were awarded with the Nobel Prize
in 2007, or the tunnel magnetoresistance (TMR), which is endemic e.g. in systems
that are the spintronic equivalent to the single-electron transistor, called quantum-
dot spin valves. The quantum-dot spin valve is realized via a central quantum dot,
that is tunnel-coupled to two ferromagnetic leads and contacted capacitively by a
gate electrode. The TMR e�ect then causes the conductance through the system to
vary depending on the leads' relative magnetization directions. If the magnetizations
are aligned in parallel the conductance is large, while it is suppressed if they are
aligned antiparallelly.
The quantum-dot spin valve is the main focus of this thesis. The goal is to

give a thorough theoretical description of this system. For this we make use of the
technique of iterative summation of path integrals (ISPI) and generalize it to account
for the spin-dependent transport that is necessary for an accurate physical picture of
the quantum-dot spin valve. We develop the method further and demonstrate that
it is closely related to the transfer-matrix approach, known from statistical physics.

1.1 Quantum-Dot Systems

Since the quantum-dot spin valve is a quantum-dot system, we stop short to give
a basic introduction to such systems and to introduce some of the most prominent
e�ects that are observed in them. Quantum dots are mesoscopic systems, small
enough to have discrete energy levels for electrons to occupy, to which electrons
are con�ned. The electrons occupying the quantum dot strongly interact via the
Coulomb interaction, due to the smallness of the system. As a consequence, it is
crucial to include these interactions to obtain an accurate description of transport
through a quantum-dot system, even though the interplay between nonequilibrium
electronic transport through the system and Coulomb interactions poses a great
challenge from a theoretician's point of view.
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The experimental discovery of quantum dots was in the early 1980s by Ekimov
[6, 7] and Brus [8], who �rst described an increase of the distance between energy
levels with decreasing size of quantum dots. This so-called quantum size e�ect has
found commercial application recently in liquid crystal displays. There, a thin layer
of quantum dots converts the blue backlight of the LEDs into other colors, leading
to higher brilliance and lower power consumption than the usually used phosphor
layer [9].
To allow for electric transport studies, the quantum dot is tunnel-coupled to

external leads. The leads not only have their own transport properties but also
specify the particles that partake in electric transport. Consequently, the physical
properties of the leads have signi�cantly impact on the transport characteristics of
the setup. With a quantum dot coupled to two metallic leads or to two ferromagnetic
leads we already mentioned two examples, the single-electron transistor and the
quantum-dot spin valve, respectively. We discuss some prominent e�ects that occur
in these two setups in the following and then give a short outlook to other quantum-
dot systems.

1.1.1 Coulomb Blockade and Kondo E�ect

We already mentioned the possibility to construct a single-electron transistor by
coupling the quantum dot via tunnel barriers to two normal metal leads and con-
tacting it capacitively to a gate electrode. Since the quantum dot provides only a
few discrete energy levels, one �nds very clear patterns in the transport spectroscopy
for the di�erent charge states. This can be seen in Fig. 1.2 (a), where the current is
shown as function of the gate voltage. For highly negative gate voltages the quan-
tum dot is unoccupied in this case. When increasing the gate voltage, one �nds a
sequence of peaks each followed by a valley. During these valleys the occupation
number of the quantum dot is �xed to an integer number of electrons and transport
through the device is suppressed. Whenever an additional electron is able to tunnel
on the dot, one measures a peak in the current. The width of the valleys is propor-
tional to the energy required to add an electron to the quantum dot. This addition
energy comes about from two contributions: One is the Coulomb interaction, which
is the reason why we talk about the Coulomb blockade, that causes the valleys to
form. The other is the electron a�nity of the current state of the quantum dot,
which varies the size of the valleys, since some states are more stable than others
[12]. This is the case e.g. when shells become fully occupied.
While Fig. 1.2 (a) was taken at one speci�c low bias voltage, we also have to take

di�erent bias voltages into account to get a complete transport spectroscopy of the
system. In Fig. 1.2 (b) a measurement of such a transport spectroscopy is depicted
for a silicon quantum dot. The di�erential conductance dI/dV is given as a function
of both the bias voltage and the gate voltage. In this picture, the valleys caused
by Coulomb blockade transform to prominent features, called Coulomb diamonds
(the areas in dark blue), in which the total number of electrons on the quantum dot
is again �xed and transport is suppressed. Once the bias voltage is large enough
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(a)

(b)

Figure 1.2: (a) Current through a quantum dot as a function of gate voltage, taken
from Ref. [10]. Each peak shows the transition to a new charge state,
where the occupation number is increased by one. In the areas between
the peaks the occupation remains constant. (b) dI/dV as a function of
gate and bias voltage for a silicon quantum dot, taken from Ref. [11].
The dark blue diamond shapes are the Coulomb diamonds through-
out which the occupation number of the quantum dot is constant and
transport is blocked.

to contain two or even more energy levels within the transport window, transport
through the system is possible, which is the reason why Coulomb diamonds are
only prevalent at low to intermediate bias voltages. As can be seen, the size of the
Coulomb diamonds varies, meaning � just as before � that some charge states of
the quantum dot are more stable than others. As a result it is possible to read o�
the Coulomb interaction from the average height of the Coulomb diamonds, and the
level spacing from their di�erence in size [13].
There is an e�ect that requires these distinct Coulomb diamonds, caused by a

strong Coulomb repulsion, to ensure a constant number of electrons on the dot.
The so called Kondo e�ect describes a resonance where the conductance reaches its
maximal value of the conductance quantum G = 2e2/h. A transport spectroscopy
including the Kondo e�ect is shown in Fig. 1.3 (a). The e�ect appears at su�ciently
low temperatures T < TK , with TK being the so-called Kondo temperature, see
Fig. 1.3 (b), and once the quantum dot is occupied by an odd number of electrons.
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Figure 1.3: (a) Transport spectroscopy with Kondo peaks at zero bias in the
Coulomb diamonds corresponding to a quantum dot with odd occupa-
tion number, taken from Ref. [14]. (b) The temperature dependence
of the Kondo e�ect, taken from Ref. [15]. The e�ect itself is given in
minima of the change in valley conductance δG = G(T )−G(Tbase) with
Tbase = 45mK. Minima are only visible when the occupation number
is odd.

This remarkable e�ect was �rst discovered in some metals by de Haas, de Boer and
van de Berg [16] and theoretically explained by Kondo [17]. Later it was shown that
quantum dots are Kondo systems, for which the Kondo e�ect can be tuned via the
gate voltage [15, 18].
To explain the Kondo e�ect, we assume a quantum dot with only one energy level.

If the bias voltage is much smaller than the Coulomb interaction eV � U , we are
able to create a state where the dot is only singly occupied and �rst-order transport
is blocked. The electron cannot leave the dot, since its energy is far below the
transport window, and second electron cannot tunnel onto the dot, since the two-
electron energy is far above the transport window. However, higher-order e�ects in
the tunneling still allow transport through the quantum dot via virtual tunneling
events. For the Kondo e�ect such e�ects are crucial since they allow for an e�ective
spin �ip of the electron occupying the dot. Many of these spin-�ip processes in
succession screen the spin of the electron by forming a spin-singlet state between
the electrons in the leads and on the dot [15]. Consequently, to make the Kondo
e�ect visible, low bias voltages are required in combination with strong Coulomb
interactions and low temperatures, while the hybridization of the dot via the leads
has to be high enough to allow for higher-order e�ects to occur.

1.1.2 Tunnel Magnetoresistance and Exchange Field

Coulomb blockade and the Kondo e�ect are general e�ects observable in quantum-
dot systems, including the quantum-dot spin valve. We now turn to two well known



1.1 Quantum-Dot Systems 7

Figure 1.4: Sketches of the densities of states (DOS) as a function of the energy
E of the two ferromagnetic leads. Majority and minority spins are
de�ned with respect to the Fermi energy EF . The left-hand side depicts
the parallel setup in which the conductance through the system is
high, while the right-hand side shows the antiparallel setup where the
conductance is suppressed.

e�ects that require that the quantum dot is tunnel coupled to two ferromagnetic
leads, and therefore can only be observed in quantum-dot spin valves.
We already mentioned the tunnel magnetoresistance (TMR) to be one of the two

e�ects allowing the realization of spin valves. As a result, the TMR e�ect is not just
some e�ect visible in the quantum-dot spin valve, but instead it is the e�ect that
de�nes a quantum-dot system with ferromagnetic leads as a quantum-dot spin valve.
We introduce the TMR and its discovery here, and then give an extensive discussion
during our results in Sec. 6.2. The TMR e�ect was �rst discovered by Julliere in
ferromagnetic �lms and is attributed to di�erent transport properties depending on
the magnetization directions of the two leads [19]. It can be understood from the
densities of states at the Fermi energy of two ferromagnets. A sketch of the parallel
and antiparallel setups of a single tunnel junction is shown in Fig. 1.4. In the parallel
setup (where the angle between the ferromagnets' magnetizations is θ = 0) the
conductance through the system is high, since transport happens from the majority
to the majority spin channel as well as from the minority to the minority spin
channel. In the antiparallel setup (where θ = π), however, spins are transported from
the majority to minority channel and from the minority to the majority channel.
As a result, in the parallel setup the majority channel is dominating, while in the
antiparallel setup the minority channel dominates transport, leading to di�erent
conductances depending on the angle between the magnetizations. There are several
de�nitions of the TMR being used. Throughout this work we choose to de�ne it as
follows:

TMR =
Ip − Iap
Ip

, (1.1)

where Ip is the current through the system with the magnetizations of the leads
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being parallel, and Iap is the current in the antiparallel setup. For a single tunnel
junction Julliere found that the TMR is described solely by the polarization p of the
magnetic leads. Julliere's value of the TMR is often used as a point of reference in
this work. When using the de�nition from Eq. (1.1) Julliere's value is given by

TMRJull =
2p2

1 + p2
. (1.2)

This value is easily derived from the fact that the transmission through the junction
for a given spin is proportional to the corresponding density of states in the source
and the drain, respectively, and the latter are proportional to 1 + p for the majority
and 1 − p for the minority spins. (We note that, in our de�nition of the TMR, we
normalize with the current for the parallel con�guration. Another common de�nition
uses the current for the antiparallel con�guration as normalization, which would give
TMRJull = 2p2/(1 − p2).) Since the �rst discovery of the e�ect it was possible to
construct spin valves with ever-increasing TMR values, especially in magnetic-layer
structured spin valves. There TMR values of up to several hundred percent have
been achieved at room temperature [20�22]. At low temperatures (T < 5 K), and
using graphene heterostructures, TMR values of over 104% were observed [23, 24].
Spin valves based on the TMR e�ect already found application in read heads of hard
discs, magnetic sensors as well as in magnetoresistive random access memory devices
(MRAM), providing fast writing and reading as well as long-lasting performance [25].
Quantum-dot spin valves usually exhibit TMR values of the order of Julliere's value,
but allow us to realize highly tunable spin-valve devices, where the TMR depends
strongly on the di�erent system parameters. This is due to the fact, that the TMR
is strongly in�uenced by the possibility to accumulate a �nite spin polarization on
the quantum dot. The spin accumulation has the tendency to weaken the spin-valve
e�ect, i.e., to reduce the TMR. The value of the dot's spin polarization, on the
other hand, results from an interplay of various processes that either lead to a spin
accumulation or that provide a relaxation channel for the accumulated spin. This
makes the TMR a highly nontrivial function of temperature, gate- and bias voltage,
and Coulomb interaction, which we show during Sec. 6.2
The second e�ect attributed to the magnetized, ferromagnetic leads that we dis-

cuss here is the exchange �eld e�ect. It emerges when the quantum dot is interacting
and coupled to spin-polarized leads [26]. It manifests as an interaction-induced spin
precession on the quantum dot, that can be described � up to �rst order in the
tunnel coupling Γ � via a magnetic �eld that is highly dependent on system param-
eters. The e�ects of this local exchange �eld become e.g. visible via a signi�cant
dependence of the conductance on the angle enclosed by the leads' magnetizations
[26, 27] or as a splitting of the Kondo peak [28].
To understand the origin of the e�ect, we assume a singly-occupied quantum dot,

that is coupled to ferromagnetic leads with parallel magnetizations. If the Coulomb
interaction is very large, double occupation of the quantum dot is suppressed. How-
ever, due to tunneling between the leads and the quantum dot, transport is still pos-
sible and causes quantum charge �uctuations. These �uctuations depend strongly
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on the spin of the electron on the quantum dot: If the electron is of majority spin it
is able to tunnel easier between leads and quantum dot, than an electron of minor-
ity spin. As a result, spin degeneracy is lifted via an exchange interaction between
the electrons spin and the ferromagnetic leads [29]. It was shown experimentally, as
well as theoretically, that the e�ect can be measured by cancelling the exchange �eld
with an external magnetic �eld in opposite direction [14, 27] or it can be probed via
an additional superconducting lead [30].

1.1.3 Superconducting Leads and Double Quantum Dots

Up to now we introduced the single-electron transistor and the quantum-dot spin
valve, but quantum-dot systems are a lot more versatile than the two examples
we introduced: Firstly, di�erent materials for the leads are possible, which have
an important role on the system's transport properties, as we mentioned before.
Secondly, one is not limited to a single quantum dot, but systems including multiple
quantum dots are feasible and under research.
We showed that ferromagnetic leads cause new e�ects, like the TMR and the ex-

change �eld, to emerge. Ferromagnetism is a collective e�ect that occurs due to a
spontaneous symmetry breaking once the material is cooled below the Curie tem-
perature. The new e�ects are then caused by the leads' order parameters, i.e. their
magnetizations. Of course, ferromagnetism is not the only such e�ect, another one
would be superconductivity. This is, again, an e�ect that occurs due to a sponta-
neous symmetry breaking once the material cooled to temperatures lower than the
critical temperature. The physical order parameter is now the superconductor's pair
condensate, which one would expect to lead to new e�ects in quantum-dot systems
when the leads are chosen to be superconducting. It is therefore not surprising that
such a system is under heavy investigation [31, 32]. The particles partaking in elec-
tronic transport in superconductors are Cooper pairs, electron-electron pairs that
interact via phonons, and quasiparticles, which are unbound electrons that broke
away from the Cooper-pair condensate [33]. The density of states of a superconduc-
tor is characterized by a gap of size 2|∆| around the Fermi level, in which transport
is suppressed. If superconducting leads are tunnel coupled to a quantum dot, they
impose unique e�ects on the system as a whole. Two prominent examples for such
e�ects are Andreev Bound States and Multiple Andreev Re�ections [34�36]. To ex-
plain Andreev Bound States, we assume an electron on the quantum dot with energy
below the gap of the superconductors. If the electron attempts to tunnel from the
dot into one of the leads it is re�ected as its time-reversed particle (a hole). This
process is called Andreev re�ection. The hole is again re�ected on the other side
back into an electron, resulting in two discrete subgap states of electron-hole pairs
with opposite spins, which are referred to as Andreev Bound States [34, 37]. Via
multiple Andreev re�ections it is then possible to transfer Cooper pairs through the
quantum dot, e�ectively allowing superconducting transport through the quantum
dot system [38]. If this is combined with the Kondo e�ect, it is actually possible
to reach a conductance larger than the conductance quantum G = 2e2/h [35]. We



10 1 Introduction

(a) (b)

Figure 1.5: (a) Scanning electron micrograph of a lateral device consisting of a
single quantum dot. The top of the surface is in dark gray, while
the gates are are depicted in light gray, taken from Ref. [45]. The
quantum dot is located at the middle of the device. (b) Scanning
electron micrograph picture of a nanotube setup for a quantum dot,
coupled to PdNi leads. The arrow labeled NT points at the carbon
nanotube, taken from Ref. [46].

stop short to note that hybrid structures, where the leads are of di�erent materials,
are under consideration. Systems with e.g. one normal and one superconducting
lead or two ferromagnetic leads coupled to a quantum dot, together with a third
superconducting lead are discussed [39, 40].
When working with systems including multiple quantum dots, the geometry of

the setup becomes crucial. Even for the easiest case, a double quantum-dot system,
two di�erent geometries are possible, either the quantum dots are connected in
series or in parallel [41]. Such systems have been discussed experimentally as well
as theoretically, since they are strong contenders for spin-based qubits [42]. It was
also shown, that a serial double quantum dot coupled to normal metallic leads, can
be mapped to a system including one quantum dot with one ferromagnetic lead [43].
As a result, the quantum-dot spin valve, where one quantum dot is coupled to two
ferromagnetic leads, is closely related to a double quantum-dot system, which also
shows in a comparison between the two [44].

1.2 Experimental Realizations of Quantum-Dot

Spin Valves

Experimental investigations of transport through quantum-dot systems are far from
trivial. Due to the smallness of the systems under investigation, impurities and
disorder have a huge impact on the setup's characteristics. The actual quantum
dot can be realized in di�erent ways, e.g. lateral and vertical quantum dot setups
or systems where a carbon nanotube behaves as a quantum dot, which is the case
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Figure 1.6: (a) The spin signal ∆G as a function of the external magnetic �eld
B and the gate voltage Vg in the linear bias regime. The black line
corresponds to a cut at Vg = −0.85V. (b) The spin signal as a function
of the external magnetic �eld and the bias voltage Vsd at a �xed gate
voltage Vg = 0.21V. The dashed line labels the cut at B = −0.75mT
that is shown in (c). The dots are experimental data, and the red line
are theoretical predictions. All panels are taken from Ref. [13]

for high contact resistances [47]. Two exemplary quantum-dot setups are shown in
Fig. 1.5, where panel (a) is a scanning electron micrograph of a lateral quantum-dot
device, taken from Ref. [45]. The basis of this setup is a GaAs/AlGaAs heterostruc-
ture, where the AlGaAs is doped with Si to introduce free electrons, that form a 2D
electron gas at the surface between the two materials. This 2D electron gas is then
manipulated by applying gates (shown in light gray) on top of the heterostructure,
creating a small, isolated island acting as the quantum dot [48]. Another real-
ization is e.g. via growing self-assembled InAs quantum dots on a GaAs/AlGaAs
heterostructure [49, 50] which are then contacted by leads. In panel (b) on the other
hand we show a setup using a carbon nanotube that is coupled to PdNi leads, taken
from Ref. [46]. The nanotubes are usually grown by chemical vapor deposition on
Si substrates and are then applied to the leads via lithographic methods [46, 51].
For quantum-dot spin valves it has shown that the accumulation of electron spin

on the quantum dot is the basis for many e�ects occurring in the system. This has
become apparent in Ref. [52], where an e�ectively 0D aluminum island is tunnel-
coupled to four cobalt terminals. Spin accumulation on the island is achieved by
injecting electron spin via a tunneling current through two of the terminals. When a
magnetic �eld is applied in-plane it was possible to measure a TMR, while a perpen-
dicular magnetic �eld leads to precession of the accumulated spin. In Ref. [13] the
spin accumulation and the spin's precession in a quantum-dot spin valve were stud-
ied in detail with a focus on a noncollinear setup. The quantum-dot was fabricated
via a carbon nanotube, which was then tunnel-coupled to two PdNi electrodes. The
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electrodes are positioned at an angle θ = π/2 to ensure that their magnetizations
are noncollinear. It is pointed out that the setup of the leads' magnetizations causes
an a priori spin precession. An external magnetic �eld can be applied parallelly to
the drain's magnetization axis (and therefore perpendicular to the source's). By
measuring the conductance G while increasing and after that decreasing the mag-
netic �eld for several gate (Vg) and bias voltages (Vsd) leads to the pictures seen in
Figs. 1.6 (a) and (b), where the spin signal ∆G = Gtrace − Gretrace is given by the
di�erence between the conductance measured while increasing the magnetic �eld
and while decreasing it. In Fig. 1.6 (a) ∆G is studied as a function of the gate
voltage and the magnetic �eld in the linear bias regime, kBT > eVsd. One �nds
clear stripes, where ∆G is positive or negative which show that hysteresis between
trace and retrace of the magnetic �eld is modulated regularly for di�erent gate volt-
ages. In Fig. 1.6 (b) the linear bias regime is left and the spin signal is studied
as a function of the bias voltage and the magnetic �eld. The gate voltage is �xed
for this measurement. As can be seen, it is possible to change the sign of the spin
signal, by tuning the bias voltage. This is emphasized in panel (c), which shows
a cut through panel (b) along the dashed line at B = −75mT. One �nds a nearly
antisymmetric curve, where the in the high-voltage regime spin relaxation and spin
accumulation are in balance. For intermediate bias voltages, out-of-equilibrium spin
precession governs the spin signal. The spin precession is controlled by the exchange
�eld, the external magnetic �eld and the total relaxation time of the dot's spin. In
this experiment, the latter is dominated by the relaxation caused by the contacts.
This contact-induced relaxation e�ect depends strongly on the bias voltage, which
makes it possible to control spin precession simply by changing the bias voltage. All
panels of Fig. 1.6 as well as the description and interpretation of the experiment are
taken from Ref. [13].
Since we already referred to the indirect measurement of the exchange �eld, by

compensating it via an external magnetic �eld, we also take the time and discuss
this particular experiment in more detail. In Ref. [28] a splitting of the Kondo
peak caused by the exchange �eld was observed for C60 atoms within a Ni gap. This
result can be reproduced for a single-wall carbon nanotube acting as a quantum dot,
coupled to pure Ni electrodes [14]. One of the main bene�ts of this setup is that it is
possible to gate the carbon nanotube, allowing to tune the exchange �eld via a gate
voltage. Since the exchange �eld visibly manifests in a splitting of the Kondo peak,
the system is cooled down beneath the Kondo temperature TK and measurements are
taken at 30 mK in a 3He/4He dilution refrigerator. The di�erential conductance as
a function of gate and bias voltage have already been shown in Fig. 1.3 with Kondo
peaks visible in the odd Coulomb diamonds at zero bias. Applying an external
magnetic �eld to the setup, it is possible to record the splitting of the Kondo peak
as a function of the magnetic �eld, see Fig. 1.7(a). This is achieved by sweeping the
external magnetic �eld from highly negative to highly positive values. It is obvious
that the splitting of the Kondo peak is compensated at B ≈ ±1.12T , giving the
desired indirect measurement of the exchange �eld strength. It is noted that, for a
second device, the Kondo peaks do not intersect, which hints at the exchange �eld
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Figure 1.7: (a) Di�erential conductance as a function of both the bias voltage and
the external magnetic �eld. The change of the splitting of the Kondo
peak is clearly visible. The splitting is compensated at B ≈ 1.12 T.
(b) Renormalization of the quantum dot's level position caused by the
exchange �eld. The peak position is plotted as a function of the level
energy and the bias voltage for di�erent magnetic �elds. Both are
taken from Ref. [14].

standing at an angle to the external magnetic �eld. Additionally, it is possible to
measure the renormalization of energy levels caused by the exchange �eld via the
majority spin peak positions in the di�erential conductance as functions of both bias
and gate voltage within one Coulomb diamond. The result can be seen in Fig. 1.7(b),
with symbols being data from measurements and the lines a �t predicted by a �rst
order perturbation theory in Γ. The inset is used to determine a parameter for the
�t. On the left side of the Coulomb diamond the dot is emptied with one electron,
while on the right side it is �lled with an additional electron. As can be seen, the
level is shifted down on the left of the Coulomb diamond. This is because a majority
spin can easily leave the quantum dot, but can only tunnel on the quantum dot if the
dot is occupied with a minority spin due to Pauli's exclusion principle. As a result
the minority spin is lowered beneath the majority spin level, on the right. Both
panels of Fig. 1.7 as well as the description and interpretation of the experiment are
taken from Ref. [14].

1.3 Structure of this Thesis

We started this thesis with a general overview of quantum-dot systems and the dis-
cussion of some prominent e�ects manifesting in these setups, including Coulomb
blockade, Kondo e�ect, TMR and exchange �eld. The further structure of this
thesis is as follows. In Chap. 2 we introduce the basic mathematical formalism to
treat fermionic systems out of equilibrium. For this we introduce the Keldysh con-
tour and nonequilibrium Green functions, general concepts that can be applied to
any nonequilibrium many-body problem. To allow for a study of fermionic systems



14 1 Introduction

within a path-integral formalism, we introduce the Grassmann algebra and fermionic
coherent states and derive several useful identities. We introduce the Hamiltonian
of the quantum-dot spin valve in detail throughout Chap. 3 and make use of the
nonequilibrium Green function formalism to derive analytic formulas for the current
through the noninteracting quantum-dot spin valve as well as its occupation number
and spin projection. The chapter is rounded o� by a discussion of several theoret-
ical approaches to the problem of spin-dependent transport through an interacting
quantum-dot system, allowing a classi�cation of the ISPI formalism. Since the ISPI
technique is based on the path-integral formalism, we demonstrate how to construct
the path integral to calculate the partition function of the quantum-dot spin valve
in Chap. 4. We explain how to incorporate interactions via a discrete Hubbard-
Stratonovich transformation and discuss how source terms are able to break time-
inversion symmetry of the Keldysh contour speci�cally to allow for the calculation
of the expectation values of time-local observables. We explicitly show the source
terms necessary to calculate the current, occupation number of the quantum dot and
its spin projections. In Chap. 5 we then introduce the ISPI formalism and discuss
the necessary approximations. We �rst demonstrate how the �nite-time implemen-
tation of the ISPI technique is derived. After that we show how the ISPI technique
can be mapped to a transfer-matrix approach, leading to the new transfer-matrix
implementation. To receive numerically exact results from the ISPI technique, one
has to apply a convergence procedure to eliminate systematic errors. We introduce
this procedure and also add some remarks on the parallelization capabilities and
performance of the method at the end of the chapter. The results for electronic
transport through a quantum-dot spin valve obtained from the ISPI technique are
showcased in Chap. 6. We �rst convince ourselves that the ISPI technique returns
reliable data, by benchmarking it against two limiting cases: the noninteracting
case and the high-temperature regime, where we compare our ISPI data with re-
sults from a perturbation theory in the tunneling. After that we turn to a setup
where the leads' magnetization directions are aligned collinearly, and demonstrate
that the TMR is heavily impacted by resonant tunneling contributions. In a next
step, we study e�ects introduced by noncollinear lead magnetizations together with
an external magnetic �eld, acting on the quantum dot. Here we �nd asymmetries
in the conductance, caused by the violation of particle/hole symmetry. Finally, we
conclude in Chap. 7.
Throughout this work we set ~ = 1 to increase readability of the formulas.



2 Theoretical Concepts for

Fermionic Systems in

Nonequilibrium

In this chapter we discuss the theoretical concepts necessary for the remainder of this
work. Throughout this thesis we study systems in nonequilibrium. Therefore, we
present the mathematical framework necessary to treat systems in nonequilibrium
in the �rst half of this chapter. These concepts are very general and not limited to a
speci�c system nor to a particular process that drives the system out of equilibrium.
We introduce the Keldysh formalism, on which we rely heavily throughout this
thesis. It allows us to treat nonequilibrium systems by propagating along a closed-
time contour, leading to a doubling of the system's degrees of freedom. First we
show the reasoning behind the Keldysh contour, and then continue by introducing
the notion of the nonequilibrium Green function as well as the Keldysh rotation.
Finally, we present some useful identities involving nonequilibrium Green functions,
including the well known Langreth theorem.
Since we are studying electronic transport through quantum-dot systems, the

particles under consideration are electrons and hence fermions. To take the fermionic
nature of the particles into account, it is necessary to require that the creation and
annihilation operators obey anti-commutation relations, given by

{cα, cβ} = 0,

{c†α, c†β} = 0,

{cα, c†β} = δαβ,

(2.1)

where {·, ·} denotes the anti-commutator, and cα, c†α are the annihilation and cre-
ation operators of the system, respectively. The indices α and β denote the quantum
mechanical state in which an electron is annihilated or created. The method used in
this thesis is based on path integrals in the basis of fermionic coherent states. Due to
the anti-commutation relations the fermionic coherent states are closely connected to
the Grassmann algebra, which gives rise to anti-commuting numbers, called Grass-
mann numbers. During the second half of this chapter we, thus, introduce the
Grassmann algebra as well as some useful identities involving Grassmann numbers
and then continue to introduce fermionic coherent states, again, with additional
identities that are used throughout the thesis.
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Figure 2.1: The Keldysh contour with the two branches C± for the forward (+)
and backward (−) propagation. The arrows indicate the propagation
direction along the contour, the initial density matrix is ρ(−∞), and
at some point in time the observable of interest O is measured. In
panel (a) the propagation stops at the operator O, while for panel (b)
the propagation is extended to t→∞. In this case the operator O is
placed on the upper contour C+ here.

2.1 Keldysh Contour

Usually when investigating equilibrium setups, the system under consideration is
evolved from a noninteracting state in the distant past, that is described by the
density matrix ρ(t → −∞) = ρ(−∞), to a state where interactions reach their
physical strength by switching them on adiabatically. Once the system is fully
interacting, the observable O is measured at time t. Some time after that, interac-
tions are again adiabatically switched o� until the time evolution reaches a point
in the distant future where the system returns to its initial state. Since the system
was in equilibrium throughout this procedure, the initial and �nal states are both
known, which allows us to calculate the expectation value of the observable O. In a
nonequilibrium setup, however, even when we switch o� interactions in the distant
future, �uctuations occurred during the time evolution and it is impossible to know
the �nal state at t → ∞. The Keldysh formalism allows us to treat systems out
of equilibrium nonetheless, at the cost of doubling the degrees of freedom. In this
section we give a short introduction to the basic idea of the Keldysh contour, where
we follow the derivation given in Refs. [53, 54].
We return to a quantum many-body system that in the distant past t → −∞ is

noninteracting and in a state described by the density matrix ρ(−∞). The system
is governed by a time-dependent Hamiltonian H(t), that on one hand includes the
adiabatic switch-on process of the interactions, and on the other hand includes a
true time dependence, e.g. due to an external �eld, that drives the system out
of equilibrium. The switch-on process is similar to the one we described before,
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meaning that starting from the system in state ρ(−∞), the interactions are switched
on adiabatically. Some time after interactions reached their full strength, some
operator O is measured. The expectation value of this operator at time t is in
general given by

〈O(t)〉 =
tr [Oρ(t)]

tr [ρ(t)]
. (2.2)

The well-known Von Neumann equation de�nes the time evolution of the density
matrix, where we emphasize that the density matrix is understood to be taken in
the Schrödinger picture

∂tρ(t) = −i [H(t), ρ(t)] , (2.3)

with [·, ·] denoting the commutator. The Von Neumann equation is solved by intro-
ducing a unitary evolution operator Ut,t′ such that [53, 54]

ρ(t) = Ut,−∞ρ(−∞)U †t,−∞ = Ut,−∞ρ(−∞)U−∞,t. (2.4)

where we employed unitarity and the fact that [Ut,t′ ]−1 = Ut′,t. Since the Hamiltonian
is time dependent, the evolution operator has to be constructed as an in�nite product
of short-time evolution operators. Each of these operators propagates the system
over one time slice of length δt, during which the Hamiltonian is assumed to be
constant. This is known as the Suzuki-Trotter formula, which is used multiple times
throughout this work [55, 56]

Ut,t′ = lim
N→∞

e−iH(t−δt)δt · . . . · e−iH(t−Nδt)δt · e−iH(t′)δt = T e−i
∫ t
t′ H(τ)dτ , (2.5)

with T being the time-ordering operator. From this de�nition of the evolution
operator it is immediately clear that Ut,t1Ut1,t′ = Ut,t′ . Plugging the solution of the
Von Neumann equation, Eq. (2.4) back into Eq. (2.2) results in

〈O(t)〉 =
1

tr [ρ(−∞)]
tr [OUt,−∞ρ(−∞)U−∞,t]

=
1

tr [ρ(−∞)]
tr [U−∞,tOUt,−∞ρ(−∞)] , (2.6)

where we made use of the cyclicality of the trace. Reading from right to left, we
start with the density matrix at time −∞. This state is then propagated forward
in time via Ut,−∞ until we reach the measurement time t, where the operator O is
located. After that we propagate in the opposite direction back to the time −∞
via U−∞,t. As a result, the system is propagated along a contour of the style seen
in Fig. 2.1 (a). The contour has two branches Cν , one for forward propagation in
time (ν = +) and one for backward propagation (ν = −). In this formulation the
operator O is positioned directly on the turning point of the contour. To avoid �nite
size e�ects it is useful to extend the contour further to t→∞, when working with
path integrals. This is achieved by inserting 1 = Ut,∞U∞,t to the left of the operator
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O [54]

〈O(t)〉 =
1

tr [ρ(−∞)]
tr [U−∞,tUt,∞U∞,tOUt,−∞ρ(−∞)]

=
1

tr [ρ(−∞)]
tr [U−∞,∞U∞,tOUt,−∞ρ(−∞)] , (2.7)

where we made use of U−∞,tUt,∞ = U−∞,∞. The contour is now expanded, such
that after reaching the measurement time t on the forward propagation, we do not
immediately propagate back in time. Instead, the forward propagation is continued
to t → ∞, and then one propagates all the way back to t → −∞. Note that the
operator O was placed on the forward branch C+, but could just as well be placed
on the backward branch, if the unit operator is inserted to the right of the operator
O. In total the system evolves along a closed time contour, the so called Keldysh
contour that is depicted in Fig. 2.1 (b).

2.2 Nonequilibrium Green Functions

As we just demonstrated, treating out-of-equilibrium systems on the Keldysh con-
tour requires a doubling of the degrees of freedom. Consequently, a point in the
physical time t is not de�ned uniquely anymore. Instead, at each physical time t,
we can either be on the upper contour C+ or on the lower C− (cf. Fig. 2.1). To ac-
count for this Keldysh structure, we introduce Keldysh-time which provides a clear
notation, given by

t̃ = (t, ν), (2.8)

where t speci�es the physical time and ν = ± the Keldysh branch on which the
time resides. It is understood that t̃ > t̃′ means that t̃ resides later on the Keldysh
contour than t̃′. This especially means that elements on the lower contour are always
larger than those on the upper contour.
When studying a system in equilibrium, Green functions have proven to be a very

useful tool. In many-body theory Green functions are understood to be propagators,
since they give the amplitude of a particle to propagate from a state β at time t′ to a
state α at time t [33]. Therefore, the Green function is given as the expectation value
of a pair of creation and annihilation operators at times t and t′. The time-ordered
Green function is then de�ned as

GT
αβ(t, t′) = −i

〈
T cα(t)c†β(t′)

〉
. (2.9)

In a nonequilibrium scenario, this is not su�cient, especially the time-ordering oper-
ator T is not clearly de�ned anymore. But one is able to show, that the perturbation
expansion of the nonequilibrium Green function has the exact same structure as the
T = 0 expansion of the equilibrium Green function [53, 57], instead of the time or-
dering operator the contour ordering operator has to be used, though. The contour
ordering operator TC orders operators along the Keldysh contour, similarly to the
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time ordering along the physical time, such that operators that reside later on the
contour are moved to the left of those that are earlier on the contour. This enables
us to de�ne the contour-ordered Green function [53, 58]

Gαβ(t̃, t̃′) = Gνν′

αβ (t, t′) = −i
〈
TCcα(t̃)c†β(t̃′)

〉
. (2.10)

Depending on the combination of ν and ν ′, there are four di�erent possibilities for
how the contour ordering acts on the operators:

Gνν′

αβ (t, t′) =



−i
〈
T cα(t)c†β(t′)

〉
for ν = +, ν ′ = +

i
〈
c†β(t′)cα(t)

〉
for ν = +, ν ′ = −

−i
〈
cα(t)c†β(t′)

〉
for ν = −, ν ′ = +

−i
〈
T̃ cα(t)c†β(t′)

〉
for ν = −, ν ′ = −

(2.11)

We are able to identify these four expressions as familiar Green functions: The �rst
is the time-ordered Green function, the second the lesser, the third the larger and
the fourth is the anti-time-ordered Green function. As a result, one is able to write
the nonequilibrium Green function as a 2× 2 matrix in Keldysh space, given by

Gαβ(t, t′) =

(
GT
αβ(t, t′) G<

αβ(t, t′)

G>
αβ(t, t′) GT̃

αβ(t, t′)

)
. (2.12)

We denote 2× 2 matrices in Keldysh space with bold letters in what follows.

2.2.1 Properties of Nonequilibrium Green Functions

The nonequilibrium Green function has some intrinsic properties that directly fol-
low from relations of its elements. We add properties, that are necessary for fur-
ther derivations. First, we note that from their de�nition in Eq. (2.11) the lesser
and larger Green functions are both anti-Hermitian,

[
G<
αβ(t, t′)

]∗
= −G<

βα(t′, t) and[
G>
αβ(t, t′)

]∗
= −G>

βα(t′, t). Both the time ordered and the anti-time ordered Green
function can be expressed in terms of lesser and larger Green functions

GT
αβ(t, t′) = θ(t− t′)G>

αβ(t, t′) + θ(t′ − t)G<
αβ(t, t′),

GT̃
αβ(t, t′) = θ(t′ − t)G>

αβ(t, t′) + θ(t− t′)G<
αβ(t, t′), (2.13)

where the Heaviside step function θ(x) is de�ned as θ(x) = 0 if x < 0 and θ(x) = 1
if x > 0. For θ(0) it is useful to deviate from the usual de�nition where θ(0) = 1.
Instead, we de�ne θ(0) = 1

2
, which can be justi�ed by using the common integral

representation for the Heaviside step function

θ(x) = lim
ε→0

1

2πi

∫ ∞
−∞

e−ixt

t− iεdt. (2.14)
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Setting x = 0 in the equation above and making use of the identity limε→0
1

t−iε =

P 1
t

+ iπδ(s) (see Ref. [59], P denotes the principal value), one readily comes to the
result that θ(0) = 1

2
. A direct consequence of Eqs. (2.13) is that the four entries

of the nonequilibrium Green function are not independent. Indeed, they ful�ll the
following relation

GT
αβ(t, t′) +GT̃

αβ(t, t′) = G>
αβ(t, t′) +G<

αβ(t, t′). (2.15)

In addition, we are able to de�ne retarded (R), advanced (A) and Keldysh (K)
Green functions with respect to the lesser and larger Green functions

GR
αβ(t, t′) = θ(t− t′)

[
G>
αβ(t, t′)−G<

αβ(t, t′)
]

GA
αβ(t, t′) = θ(t′ − t)

[
G<
αβ(t, t′)−G>

αβ(t, t′)
]

GK
αβ(t, t′) = G<

αβ(t, t′) +G>
αβ(t, t′). (2.16)

With these de�nitions and the anti-Hermiticity of lesser and larger Green functions,
it is easy to see that

[
GR
αβ(t, t′)

]∗
= GA

βα(t′, t) and
[
GK
αβ(t, t′)

]∗
= −GK

βα(t′, t).

2.2.2 Keldysh Rotation

Since the four entries of the nonequilibrium Green functions are not independent of
one another we are able to perform a linear transformation, called Keldysh rotation,
that eliminates one of the four entries. There are two versions of the Keldysh
rotation that are commonly used. One is given in Ref. [60], while the other is used
e.g. in Ref. [57, 61]. Both are based on an involutory transformation matrix, with
the exact form of the matrix di�ering for the two cases. We make use of both of
these transformations throughout this thesis. When discussing the path-integral
formalism (see Chap. 4) the �rst rotation is the starting point for a description of
the free Green functions of the leads and the quantum dot. The second convention
is what Langreth theorem is based upon and therefore �nds use when we derive the
noninteracting, analytical solution for the current through the quantum-dot spin
valve (see Sec. 3.2). Having two very di�erent approaches which should lead to the
same results, gives us the possibility to compare data from both to be sure that
there are no inherent issues.
For fermionic systems, it is customary to apply di�erent transformation matrices

from the left and from the right. This convention was �rst introduced by Larkin
and Ovchinnikov [60]. Following them, we apply a 2 × 2 transformation matrix in
Keldysh space U from the left and the matrix κzU−1 from the right, where κz is a
Pauli matrix in Keldysh space. As a result, the Keldysh rotation takes the following
form

G′αβ(t, t′) = UGαβ(t, t′)κzU
−1. (2.17)

For the �rst case the transformation matrix U is given by U = 1/
√

2

(
1 1
1 −1

)
,

and of course U−1 = U due to the involution. With this the transformed nonequi-
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librium Green function takes the form

G′αβ(t, t′) =

(
GR
αβ(t, t′) GK

αβ(t, t′)
0 GA

αβ(t, t′)

)
. (2.18)

For the case used by Langreth the transformation matrix takes the form U =(
1 0
1 −1

)
and again U−1 = U. After this transformation, the resulting Green

function is given by

G′αβ(t, t′) =

(
GR
αβ(t, t′) G<

αβ(t, t′)

0 GA
αβ(t, t′)

)
. (2.19)

The fact that for both cases one element vanishes is a direct consequence of the
identity in Eq. (2.15).

2.2.3 Langreth Theorem

As a �nal identity we introduce the well-known Langreth theorem [62, 63]. When
working with perturbation expansions (see e.g. App. A) we often encounter expres-
sions of the form

C(t, t′) =

∫
dt1 A(t, t1)B(t1, t

′), (2.20)

where A, B and C are all 2 × 2 matrices in Keldysh space in the basis given in
Eq. (2.19). Usually, we are then interested in one of the matrix elements of the
resulting matrix C. Langreth theorem relates the elements of the resulting matrix
to the elements of the initial matrices A and B. The identities take the following
form

CR/A(t, t′) =

∫
dt1A

R/A(t, t1)BR/A(t1, t
′)

C<(t, t′) =

∫
dt1
(
AR(t, t1)B<(t1, t

′) + A<(t, t1)BA(t1, t
′)
)
. (2.21)

There are two ways to prove Langreth theorem. One is rather straight forward:
we switch to Fourier space, where the convolution simpli�es to a product. Keeping
in mind that the Green functions are invariant under time translations as stated
before, we �nd for Eq. (2.20) in Fourier space

C(ω) = A(ω)B(ω). (2.22)

This is a simple matrix product, and the three elements of C take the form

CR/A(ω) = AR/A(ω)BR/A(ω)

C<(ω) = AR(ω)B<(ω) + A<(ω)BA(ω). (2.23)
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which is the same structure as in Eqs. (2.21). Indeed, when Eqs. (2.21) are Fourier
transformed, one �nds exactly Eqs. (2.23), which proves Langreth theorem.
An alternative route is the one taken by Langreth [62]. For it one transforms the

Keldysh contour such that it is build from two loops C1 and C2, both begin and end
at t0. To calculate C<(t, t′) one chooses t ∈ C1 and t′ ∈ C2. As a result

C<(t, t′) =

∫
C1

dt1 A(t, t1)B<(t1, t
′) +

∫
C2

dt1A
<(t, t1)B(t1, t

′). (2.24)

If, now, we make use of the de�nition of the retarded and advanced Green functions,
Eqs. (2.16), we are able to replace the integrals over contours with an integral over
real time, which leads exactly to the second of Eqs. (2.21).

2.3 Grassmann Numbers

The theoretical approach we take to calculate the partition function is based on
path integrals (see Chap. 4). To treat fermionic systems within this formalism, it
is necessary to introduce the notion of anti-commuting numbers, so called Grass-
mann numbers, since the fermionic creation and annihilation operators obey the
anti-commutation relations given in Eqs. (2.1). The anti-commuting nature of
Grassmann numbers therefore proves useful to depict this behavior. In fact, the
�rst application of Grassmann numbers in physics was to allow the construction
of fermionic path integrals. Nowadays Grassmann numbers are commonly used as
a basis for superspace, onto which supersymmetry is constructed [64]. In a �rst
step we construct the Grassmann algebra and draw some immediate consequences
from it. We then continue to derive some important formulas involving Grassmann
numbers and Gaussian integrals, starting with 1-dimensional integrals and �nishing
with the multidimensional versions.

2.3.1 Grassmann Algebra

The Grassmann (or exterior) algebra A is constructed using generators ξi with
i = 1, . . . , N . These generators obey the following rules [65, 66]:

1. They can be added and multiplied by complex numbers, meaning that A is
indeed a vector space, i.e.

c0 + ciξi + cjξj ∈ A, for c0, ci, cj ∈ C. (2.25)

2. The product of the generators is associative and anti-commutative. This means
that

ξiξj + ξjξi = {ξi, ξj} = 0, (2.26)

where {·, ·} denotes the anti-commutator. And for higher order products as-
sociativity means that

ξi(ξjξk) = (ξiξj)ξk = ξiξjξk. (2.27)
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From these two rules we are able to derive some basic properties of Grassmann
numbers directly. Due to the anti-commutative nature of Grassmann numbers the
square of a Grassmann number is zero

ξ2 = 0. (2.28)

Any function of Grassmann numbers is de�ned via its Taylor expansion. But the
square of a Grassmann number is zero the Taylor expansion terminates after a �nite
number of terms. Thus, some function f of a Grassmann number ξ is given by

f(ξ) =
∞∑
n=0

1

n!
f (n)

∣∣
ξ=0

ξn = f(0) +
df
dξ

∣∣∣
ξ=0

ξ, (2.29)

or in the case of a multidimensional function

f(ξ1, ..., ξk) =
∞∑
n=0

1

n!

k∑
i1...in

∂nf

∂ξi1 ...∂ξin

∣∣∣
ξ=0

ξi1 · · · ξin . (2.30)

To make this de�nition of a function work, one has to de�ne the derivative of
a function of Grassmann numbers with respect to a Grassmann number. Keeping
in mind that every function of Grassmann numbers can at most be linear in one
speci�c Grassmann number it is su�cient to give the following de�nition:

∂

∂ξi
ξj = δij. (2.31)

Integration over functions of Grassmann numbers with respect to a Grassmann
number cannot be de�ned in the sense of a Lebesgue integral, as is the case for real
or complex functions. Instead, the de�nition is chosen to preserve similarities with
bosonic descriptions. The integral is de�ned as follows [67]∫

dξ 1 = 0, and
∫

dξ ξ = 1. (2.32)

Using these de�nitions one is able to show that for Grassmann numbers integration
and derivation are e�ectively identical∫

f(ξ)dξ =

∫
(f(0) + f ′(0)ξ) dξ = f ′(0) = ∂ξf(ξ). (2.33)

2.3.2 Grassmann Gaussian Integrals

With the knowledge of the Grassmann algebra, we are now equipped to derive
some useful integral identities involving Grassmann numbers. These identities are
necessary when calculating the partition function via coherent state path integrals.
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We start by proving the following integral identity∫ N∏
i=1

dξ̄idξi exp
(
−ξ̄TAξ

)
= det(A), (2.34)

with A being a N × N matrix with matrix elements (A)ij = aij and ξ,ξ̄ are N
dimensional vectors with Grassmann-like elements ξi and ξ̄i. We emphasize that ξ̄i
and ξi are completely independent Grassmann variables. We demonstrate the proof
for case that A is a 2× 2 matrix. Higher dimensional cases can be shown the same
way, but the process is more tedious. The exponential function is written as its
Taylor series, and then the integrals are evaluated one by one:∫

dξ̄1dξ1dξ̄2dξ2 exp
(
−ξ̄1a11ξ1 − ξ̄1a12ξ2 − ξ̄2a21ξ1 − ξ̄2a22ξ2

)
=

∫
dξ̄1dξ1dξ̄2dξ2(1− ξ̄1a11ξ1)(1− ξ̄1a12ξ2)(1− ξ̄2a21ξ1)(1− ξ̄2a22ξ2)

=

∫
dξ̄1dξ1dξ̄2(1− ξ̄1a11ξ1)(1− ξ̄2a21ξ1)

∫
dξ2(1− ξ̄1a12ξ2 − ξ̄2a22ξ2)

=

∫
dξ̄1dξ1(1− ξ̄1a11ξ1)

∫
dξ̄2(1− ξ̄2a21ξ1)(ξ̄1a12 + ξ̄2a22)

=

∫
dξ̄1dη1(1− ξ̄1a11ξ1)

∫
dξ̄2(ξ̄1a12 + ξ̄2a22 − ξ̄2a21ξ1ξ̄1a12)

=

∫
dξ̄1dξ1(1− ξ̄1a11ξ1)(a22 − a21ξ1ξ̄1a12)

=

∫
dξ̄1dξ1(a22 − a21ξ1ξ̄1a12 − ξ̄1a11ξ1a22)

=

∫
dξ̄1(−a21ξ̄1a12 + ξ̄1a11a22) = a11a22 − a21a12 = det(A). (2.35)

During the calculation it is important to keep in mind that signs change when pulling
one Grassmann number in front of the other. With this the full calculation is straight
forward and one �nds the expected result. A direct consequence of Eq. (2.34) is that∫ N∏

i=1

dξ̄idξi exp

(
−

N∑
i=1

ξ̄iξi

)
= 1. (2.36)

Apart from multidimensional Gaussian integrals, we are in need of the following
identity, which we are able to prove by making use of Eq. (2.34):∫ N∏

i=1

dξ̄idξie
−ξ̄TAξ+η̄T ξ+ξ̄T η = det(A)eη̄

TA−1η, (2.37)

where η̄, η, ξ̄ and ξ are N -dimensional Grassmann vectors and A is a complex
invertible N ×N matrix. We start by shifting ξ̄ and ξ

ξ̄ → ξ̄ + η̄A−1, and ξ → ξ + A−1η. (2.38)
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As a consequence the integral reduces to∫ N∏
i=1

dξ̄idξie
−ξ̄TAξ+η̄T ξ+ξ̄T η

= eη̄
TA−1η

∫ N∏
i=1

dξ̄idξie
−ξ̄TAξ

= eη̄
TA−1η det (A) ,

where in the last step we employed Eq. (2.34), leading to the desired result.

2.4 Fermionic Coherent States

Having introduced the Grassmann algebra and some basic properties, we now turn
to the basis of fermionic coherent states, in which the path-integral formalism for
fermionic systems is usually developed. Coherent states were �rst introduced as
quantum mechanical analogue to a classical system. For bosonic systems coherent
states are de�ned as the eigenstates of the annihilation operator. This de�nition is
adopted for fermions, meaning [65, 68]

cα |ξ〉 = ξα |ξ〉 , (2.39)

with |ξ〉 being a coherent state and cα annihilates a particle in state α. In the
fermionic case the eigenvalues of the annihilation operator have to be anti-commuting,
due to the fermionic anti-commutation relations for the creation and annihilation
operators, Eq. (2.1). As a result, ξα is a Grassmann number. To account for these
we have to de�ne a generalized Fock space, which is constructed by the following
equation

|ξ〉 =
∑
α

ξα |φα〉 , (2.40)

where |ξ〉 is a vector in the generalized Fock space, that is built from a linear
combination of vectors |φα〉 from ordinary Fock space F with Grassmann numbers
as coe�cients [68]. Since in Eq. (2.39) we encounter both an annihilation operator
and a Grassmann number it is necessary to specify their commutation behavior. It
is natural to require that [68]

{cα, ξβ} = 0

{c†α, ξβ} = 0. (2.41)

We are now able to de�ne a fermionic coherent state |ξ〉 as

|ξ〉 = e−
∑
α ξαc

†
α |0〉 =

∏
α

(
1− ξαc†α

)
|0〉 . (2.42)
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It is easy to prove that this is indeed an eigenstate of the annihilation operator, by
acting on this state with the annihilation operator cβ. The proof works as follows

cβ
∏
α

(
1− ξαc†α

)
|0〉 =

∏
α 6=β

(
1− ξαc†α

)
cβ

(
1− ξβc†β

)
|0〉

=
∏
α 6=β

(
1− ξαc†α

)
ξβcβc

†
β |0〉 =

∏
α 6=β

(
1− ξαc†α

)
ξβ(1− c†βcβ) |0〉

=
∏
α 6=β

(
1− ξαc†α

)
ξβ |0〉 =

∏
α 6=β

(
1− ξαc†α

)
ξβ(1− ξβc†β) |0〉

= ξβ
∏
α

(
1− ξαc†α

)
|0〉 . (2.43)

Throughout this derivation we used that cβ commutes with ξαc†α for α 6= β and in
the second to last step we made use of the fact that ξ2

β = 0. Having found the
de�nition of a coherent state, it is now possible to derive some relations, which are
going to be necessary for constructing the path integral.
At �rst, we note that the fermionic coherent states build an over complete basis.

As a result, they are not orthogonal and the overlap between two coherent states is
given by

〈ξ|ξ′〉 = e
∑
α ξ̄αξ

′
α . (2.44)

To prove this we write out the two coherent states and develop them as their Taylor
series

〈ξ|ξ′〉 = 〈0|
∏
α

(1− ξ̄αcα)(1− c†αξ′α) |0〉

= 〈0|
∏
α

(1 + ξ̄αξ
′
αcαc

†
α) |0〉

=
∏
α

(1 + ξ̄αξ
′
α) = e

∑
α ξ̄αξ

′
α , (2.45)

which is what we wanted to show. Due to this fact one is able to build a resolution
of unity via the fermionic coherent states, taking the form

1 =

∫ ∏
α

dξ̄α dξα e
−

∑
α ξ̄αξα |ξ〉〈ξ| . (2.46)

The proof for this identity is more elaborate and we refer to Ref. [69]. Finally, we
introduce the trace of some operator O written in fermionic coherent states. This
is given by

tr(O) =

∫ ∏
α

dξ̄α dξα e
−

∑
α ξ̄αξα 〈−ξ|O|ξ〉 . (2.47)

To prove this we start by writing the trace in the basis of occupation numbers and
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introduce a resolution of unity (see Eq. (2.46)) in the next step

tr(O) =
∑
n

〈n|O|n〉

=
∑
n

∫ ∏
α

dξ̄α dξα e
−

∑
α ξ̄αξα 〈n|O|ξ〉 〈ξ|n〉

=
∑
n

∫ ∏
α

dξ̄α dξα e
−

∑
α ξ̄αξα 〈−ξ|n〉 〈n|O|ξ〉

=

∫ ∏
α

dξ̄α dξα e
−

∑
α ξ̄αξα 〈−ξ|O|ξ〉 , (2.48)

where in the third step we switched places of the two inner products, changing the
sign of one of the two states, while in the last step we used that

∑
n |n〉〈n| = 1. This

then leads to the desired identity for the trace.

2.5 Summary

Throughout this chapter we laid out the mathematical framework to treat fermionic
systems out of equilibrium. We introduced the Keldysh contour, a closed time con-
tour that allows the treatment of nonequilibrium systems at the cost of doubling the
degrees of freedom. We applied this Keldysh contour to the notion of Green func-
tions, which transforms a Green function in the traditional sense into a 2×2 matrix
in Keldysh space. Identifying the elements of this matrix, led us to several useful
identities, which allow for an easier evaluation of these four Green functions. To de-
velop a path-integral formalism for fermionic systems the notion of anti-commuting
numbers, so called Grassmann numbers, was introduced. We explained their alge-
bra and de�ned their derivative and integral. The latter allowed us to derive several
integral identities for the path-integral formalism. Finally, a generalized Fock space
was adopted to include fermionic coherent states, which are eigenvalues of the anni-
hilation operator with the respective eigenvalues being Grassmann numbers. This is
the basis in which the path-integral formalism is developed and therefore we, again,
derived several useful identities, that �nd frequent use in Chap. 4.





3 Quantum-Dot Spin Valve

We now turn our focus to the system that is discussed throughout this work, the
quantum-dot spin valve. It is a quantum dot, that is tunnel coupled to two ferromag-
netic leads and capacitively contacted via a gate electrode. The interplay between
the spin dynamics, caused by the ferromagnetic leads, the Coulomb interactions be-
tween the electrons con�ned to the small quantum dot and nonequilibrium make it
a fascinating system to study. We already introduced the TMR, Kondo e�ect and
exchange �eld e�ect in Chap. 1, which all can be studied within the quantum-dot
spin valve. We start by giving an overview of current treatments of the quantum-dot
spin valve.
On an experimental level, quantum-dot spin valves are discussed extensively with

several e�ects having been under investigation. It is possible to control spin trans-
port, and with it the TMR, via a gate voltage, which has been shown for an
InAs quantum dot coupled to Ni electrodes [50], as well as for a carbon-nanotube
quantum-dot setup [46, 47]. For both systems it has been shown that an external
magnetic �eld can compensate the exchange �eld, thus e�ectively enabling a mea-
surement of it [14]. The Kondo e�ect has been measured for both an InAs and a
carbon-nanotube quantum-dot setup [14, 49]. Additionally, measurements of the
Kondo e�ect have been carried out for a C60 molecule coupled to Ni electrodes [28].
Again, for a setup including a carbon nanotube as quantum dot the precession of
an on-site spin can be harnessed and tuned via a gate voltage [13] and the magne-
toresistance shows a strong hysteretic behavior for temperatures lower than 30 K
[70].
From a theoretician's point of view, the quantum-dot spin valve has gathered a

lot of attention, too. Coulomb interactions prohibit a diagonalization of the under-
lying many-body Hamiltonian and controlled physical approximations are needed
to investigate the emerging physical phenomena. Di�erent approximation strategies
are possible to tackle the interacting, spin-dependent problem. The most prominent
of these methods are discussed in short in Sec. 3.3. Here, we give a short overview
of the current state of research regarding the quantum-dot spin valve. Using the
Hartree-Fock method, i.e. approximating electron-electron interactions, the TMR
and the accumulated spin were examined for a noncollinear setup of the quantum-
dot spin valve [71]. Using a hierarchical quantum master equation approach in the
high temperature limit, it was discussed that exchange interactions quenching a
strong current suppression causes several peaks in the conductance [44]. Within a
weak-tunneling approximation in a wide range of bias and gate voltages, charac-
teristics of the exchange �eld have been discussed [26, 27]. A multi-level metallic
island coupled to ferromagnetic leads has been treated on the same footing [72, 73].
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Additionally, it has been shown that the exchange �eld can be probed via a third,
superconducting lead [74], or via a spin resonance, that appears when the exchange
�eld is perpendicular to one of the leads polarizations [75]. The coherent dynamics
of a quantum-dot spin valve have been shown to be distillable from full counting
statistics [76]. It was also shown recently, that the magnetizations of the attached
leads may be switched by tuning gate voltages [77].

We demonstrate in Chap. 6 that higher order e�ects have a strong in�uence on the
TMR. Consequently, numerically exact methods that include all orders of the tunnel
coupling and the Coulomb interaction are in high demand for a complete picture
of the electronic transport through quantum-dot spin valves. There are several
methods accounting for resonant tunneling that have been applied to the quantum-
dot spin valve. For the regime of linear response numerical renormalization group
(NRG) approaches work well revealing the temperature dependence of the TMR
[78], as well as allowing a discussion of the Kondo problem, including the in�uence
of the ferromagnet's band structure [79, 80]. In addition, the Kondo problem for
a quantum-dot spin valve was tackled via an equations-of-motion method [81] as
well as via a poor man's scaling approach combined with slave-boson mean �led
theory [82]. Using density matrix renormalization group (DMRG) theory, the local
density of states as well as the TMR have been calculated [83]. For the sake of
completeness, we note that quantum-dot systems coupled to normal metal leads are
also studied by means of quantum Monte Carlo simulations [84], allowing e.g. the
study of the time-dependent current through these systems, as well as the Green
functions and occupation number [85]. The short-to-intermediate time limit for e.g.
the tunneling current, could also be obtained by means of a generalized iterative
in�uence functional [86].

Throughout this work we make use of the ISPI technique, that is introduced and
expanded upon in Chap. 5. This method was already successfully used to describe
electric transport through an Anderson dot, that is coupled to two normal leads [87,
88], and to the Anderson-Holstein model [89], where the quantum dot has an intrinsic
bosonic mode. In addition, it was applied to a magnetic, interacting quantum dot
[90]. For this, the Anderson model was expanded by adding a magnetic impurity that
is localized on the quantum dot and interacts via an exchange interaction with the
localized spins of the electrons on the quantum dot. We apply the ISPI technique to
the quantum-dot spin valve and expand the formalism to allow for spin-dependent
transport. Additionally, we introduce the dot's occupation number and its spin
projection as possible observables within this approach.

In this chapter, we introduce the Hamiltonian for the quantum-dot spin valve,
and describe each of its parts in detail. We give an analytical derivation of the
tunneling current as well as the occupation number and spin projections for the
case of a noninteracting setup. Finally, we give an overview of prominent theoret-
ical approaches to the problem of treating the interacting quantum-dot spin valve,
allowing a classi�cation of the ISPI scheme, that is used for this thesis.
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Figure 3.1: Panel (a) shows a sketch of the quantum-dot spin valve at some �nite
temperature kBT , the orange parts on the left- and right-hand side
represent the leads at di�erent chemical potentials µL/R, given by the
bias voltage eV . The double arrows in the leads denote the magnetiza-
tion axes n̂L/R. The central part denotes the single-level quantum dot,
with the two solid lines describing the energy levels for single (lower)
and double (upper) occupation, while the dashed grey lines show the
impact of a magnetic �eld. The grey bars between the dot and the
leads represent tunneling barriers. (b) The common coordinate sys-
tem for the setup used throughout this work. The choice is based on
the the leads' magnetization axes.

3.1 Model

A theoretical description of electronic transport through quantum-dot systems is
usually based on an adaptation of the Anderson impurity model, which was originally
introduced by Anderson in 1961 to describe magnetic impurities embedded in metals
[91]. We adapt the Anderson impurity model too by coupling a single-level quantum
dot to two ferromagnetic leads. Each of the leads is magnetized in an arbitrary
direction and is spin-polarized, leading to spin-dependent tunneling in and out of
the quantum dot. A systematic sketch of the system is given in Fig. 3.1. The
Hamiltonian for the quantum-dot spin valve is consequently given by

H =
∑
α

Hα +Hdot +
∑
α

HT,α, (3.1)

where α = L,R labels the left- and right-hand lead. Going from left to right we
inspect each term contributing to the Hamiltonian and describe it in detail.

Leads: The �rst part of Eq. (3.1) describes the two ferromagnetic leads, which
are both modeled by a noninteracting, three-dimensional electron gas. Each lead is
magnetized along some axis n̂α, with the two axes enclosing the angle θ. We choose
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to quantize each lead along its magnetization axis. The ferromagnetic leads are
approximated by the Stoner model, meaning one assumes a strong spin asymmetry
in the density of states for majority (+) and minority (−) spins. Majority and
minority spins are distinguished based on the spin type with larger density of states
at the Fermi energy. The Hamiltonian for the leads then takes the form

Hα =
∑
kτ

(εkτ − µα)c†αkτcαkτ , (3.2)

where τ = ± di�erentiate majority and minority spin state of the electrons, and k is
the electron momentum. The operators c†αkτ and cαkτ create or annihilate a particle
in lead α, with momentum k and in spin state τ , respectively. εkτ denotes the single
particle energy and µL/R = ±eV/2 is the chemical potential, which is credited to
the bias voltage V applied between left and right lead. e is the electron charge.
The density of states of lead α is given by ρ(εαkτ ) =

∑
k δ(ω− εαkτ ). Throughout

this work we work in the wide-band limit, meaning that we assume the density of
states to be constant in energy ρ(εαkτ ) ≈ ρ(εFαkτ ). This is justi�ed since transport
properties are usually dominated by states close to the Fermi energy. Of course,
this approximation a�ects details of our results but the general physical picture is
not a�ected. This is especially true, when the stationary limit is under investigation
[92]. Additionally, including a real, energy-dependent density of states is possible
within the path-integral formalism, but would make calculations more complicated
and usually prohibit an analytical evaluation. The asymmetry between the majority
and the minority density of state in lead α is characterized by the degree of spin
polarization, given by

pα =
ρ(εFαk+)− ρ(εFαk−)

ρ(εFαk+) + ρ(εFαk−)
, (3.3)

where pα = 0 describes a nonmagnetic lead, while pα = 1 represents a half metallic
electrode with majority spins only.
The magnetization axes of the two leads n̂α help us de�ne a common coordinate

system for our setup. We choose the x-axis such that it splits the angle θ in half.
The y-axis resides in the same plane as the two magnetization axes and the x-axis,
and the z-axis is then perpendicular on both x- and y-axis. The unit vectors are
given by

êx =
n̂L + n̂R
|n̂L + n̂R|

,

êy =
n̂L − n̂R
|n̂L − n̂R|

,

êz = êx × êy. (3.4)

In Fig. 3.1 (b) the coordinate system is depicted based on the magnetization axes
from panel (a). The z-axis points out of the plane. Other conventions are of course
possible and actively used, however, with our choice the angles θL = −θR = θ/2 are
always symmetric, which simpli�es some formulas.
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For future convenience it is useful to introduce a spinor notation with the spinors
Cαk = (cαk+, cαk−)T and C†αk = (c†αk+, c

†
αk−). Using this the Hamiltonian for lead α

looks like
Hα =

∑
k

C†αkEαkCαk, (3.5)

where we de�ned the matrix Eαk =

(
εk+ − µα 0

0 εk− − µα

)
. We frequently use

the short hand εαkτ = εkτ − µα to keep formulas compact.

Quantum Dot: The quantum dot is described by a single, interacting energy level
E0, which can be tuned via a gate voltage. We choose to quantize the level along
the z-axis of the coordinate system de�ned above, Eq. (3.4). The Hamiltonian is
then given by

Hdot =
∑
σ

E0d
†
σdσ + Ud†↑d

†
↓d↓d↑, (3.6)

where σ = ↑, ↓ denote the projection of the quantum-dot's spin along the quantiza-
tion axis. d†σ and dσ create and annihilate an electron on the quantum dot with spin
σ, respectively. For convenience in further calculations we make use of the operator
identity

d†↑d
†
↓d↓d↑ =

1

2

(
d†↑d↑ + d†↓d↓ −

(
d†↑d↑ − d†↓d↓

)2
)
, (3.7)

which follows directly from the anti-commutation relations for the creation and an-
nihilation operators, Eq. (2.1). The bilinear part of the interaction is then absorbed
into the single-particle energy, leading us to de�ne ε0 = E0 + U/2. In addition, we
again introduce the spinor notation, such that D† and D are de�ned similarly to
their lead counterparts. The resulting Hamiltonian is then

Hdot = D†ε0σ0D −
U

2

(
D†σzD

)2
, (3.8)

where we made use of the Pauli matrix σz and σ0 = 12 is a 2 × 2 identity matrix.
Finally, we are also interested in the e�ects of a magnetic �eld acting on the quantum
dot in an arbitrary direction. We include this in the Hamiltonian via an additional
term

Hdot = D† (ε0σ0 + B · S)D − U

2

(
D†σzD

)2
, (3.9)

where S = 1
2
(σx, σy, σz)

T and B is the local magnetic �eld, which is understood to
be in units of gµB. Here, g is the Landé factor for electrons and µB is the Bohr
magneton.

Tunneling: Finally, the tunneling between the dot and the leads is described by
the Hamiltonian

HT,α =
∑
k

C†αkYαD + H.c. (3.10)
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Figure 3.2: Rotation of the quantization axis.

Yα includes the tunnel coupling tα as well as a passive rotation from the dot's spin
coordinate system to that of the respective lead. This is necessary since the two
leads and the dot are in general all quantized in di�erent directions. We therefore
require a SU(2) rotation between each lead and the dot. Due to our choice of the
coordinate system the di�erence between left- and right-hand side is a mere change
in sign of the angle. It is useful to split the rotation in two successive rotations, one
rotating the magnetization axis in z-direction such that it is parallel to the x-axis
afterwards and a second rotating it in y-direction such that it points along the z-axis
in the end. In general SU(2) rotations are given by

R = exp

(
− i

2
θ · σ

)
, (3.11)

where θ is the vector including the angles, while σ = (σx, σy, σz)
T . With this it is

straight forward to give the form of Yα

Yα = tα exp

(
iπ

4
σy

)
exp

(
α
iθ

4
σz

)
=

tα√
2

(
eiαθ/4 e−iαθ/4

−eiαθ/4 e−iαθ/4

)
. (3.12)

We emphasize that we have chosen tα and with it Yα energy independent.

3.2 Noninteracting Limit

Throughout this work we study the current through the quantum-dot spin valve, as
well as the occupation number and the three components of accumulated spin on
the quantum dot using the ISPI technique. All these quantities are investigated in
the stationary limit, where the dot was coupled to the leads and the bias voltage
and the Coulomb interactions have reached their current value a long time ago. This
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means, that we do not explore the e�ects of a time dependent bias or gate voltage
nor of a time dependent tunnel coupling in this work.
As a benchmark for the ISPI method we often refer to the case of vanishing

Coulomb interaction, which can be solved analytically. Hence, we derive the current
as well as the four local observables, occupation number and components of the
spin projection of the dot, using an equations-of-motion ansatz for U = 0. These
derivations can be found in e.g. Ref. [33] for the Anderson model as well as in
Ref. [57] for a multilevel quantum dot. The current for the Anderson model is given
by the well-known Meir-Wingreen formula (see Ref. [61]), which means we derive
a version of this formula that describes the current through the quantum-dot spin
valve. Since these derivations are signi�cantly easier without the spinor notation,
that we introduced for the creation/annihilation operators in the Hamiltonian, we
do not use this notation here.

3.2.1 Current

We can measure the current either on the left- or on the right-hand side of the
quantum dot. Both have to be equal since our setup conserves charge. Throughout
this work we discuss the symmetrized current I = IL+IR

2
. In general the operator

of the current on side α is de�ned as

Iα = −eṄα = −ie [H,Nα] , (3.13)

where Nα =
∑

kτ c
†
αkτcαkτ is the occupation number operator of lead α. Since Nα

commutes with both, the dot and lead Hamiltonian, only the commutator with
the tunneling Hamiltonian yields a nonzero contribution. Making use of the anti-
commutation relations of the creation and annihilation operators it is straight for-
ward to �nd

Iα = ie
∑
kτσ

Yα,τσc
†
αkτdσ − Y ∗α,στd†σcαkτ . (3.14)

We are interested in the expectation value of this operator. Since Yα,τσ and Y ∗α,στ
are only prefactors, they can be pulled from the expectation values, which then only
contain creation and annihilation operators.

〈Iα〉 = Iα = ie
∑
kτσ

Yα,τσ

〈
c†αkτdσ

〉
− Y ∗α,στ

〈
d†σcαkτ

〉
. (3.15)

These expectation values have the form of lesser Green functions, which motivates
us to de�ne mixed lesser Green functions, given by

G<
σ,αkτ (t, t

′) = i
〈
c†αkτ (t

′)dσ(t)
〉

G<
αkτ,σ(t, t′) = i

〈
d†σ(t′)cαkτ (t)

〉
, (3.16)



36 3 Quantum-Dot Spin Valve

where we note that at equal times they ful�ll G<
σ,αkτ (t, t) = −

[
G<
αkτ,σ(t, t)

]∗
. With

this the current takes the form

Iα = 2eRe

(∑
kτσ

Yατ,σG
<
σ,αkτ (t, t)

)

= 2eRe

(∑
kτσ

Yατ,σ

∫
dω

2π
G<
σ,αkτ (ω)

)
, (3.17)

where in the second step we took advantage of the fact that the mixed lesser Green
function is invariant under time translations. Therefore, we are able to write it as
G<
σ,αkτ (t, t) = G<

σ,αkτ (0, 0) =
∫

dω
2π
G<
σ,αkτ (ω).

We have to acknowledge that the system is in nonequilibrium and that the lesser
Green function is only one of four elements of the full nonequilibrium Green func-
tion. For convenience we make use of the basis de�ned in Eq. (2.19). Using an
in�nite-order perturbation expansion, we are able to derive an expression for the
nonequilibrium mixed Green function (cf. App. A) given by

Gσ,αkτ (ω) =
∑
σ′τ ′

Gσσ′(ω)Y ∗α,σ′τ ′gαk,τ ′τ (ω). (3.18)

Here Gσσ′ is the dressed dot Green function in presence of the leads, while gαk,ττ ′
is the free Green function of lead α. We emphasize that bold letters again denote
a 2 × 2 matrix in Keldysh space. With this formula we are now able to employ
Langreth theorem, Eq. (2.21), to �nd an expression for the lesser Green function

G<
σ,αkτ (ω) =

∑
σ′τ ′

Y ∗α,σ′τ ′
[
G<
σσ′(ω)gAαk,τ ′τ (ω) +GR

σσ′(ω)g<αk,τ ′τ (ω)
]
. (3.19)

The elements of the free lead Green function are well-known and take the form

g
R/A
αk,ττ ′(ω) = lim

η→0+

δττ ′

ω − εαkτ ± iη
g<αk,ττ ′(ω) = i2πδττ ′δ(ω − εαkτ )fα(εαkτ ),

(3.20)

where fα(x) = f(x − µα), and f(x) =
(
1 + eβx

)−1
is the Fermi-Dirac function and

β = 1
kBT

is the inverse temperature. Plugging Eqs. (3.19) and (3.20) in the current
formula, and cancelling the sum over τ ′ via the Kronecker-Delta δττ ′ , one �nds

Iα = 2eRe

[∫
dω

2π

∑
kστσ′

Yα,τσY
∗
α,σ′τ

(
lim
η→0+

G<
σσ′(ω)

ω − εαkτ − iη

+ i2πGR
σσ′(ω)δ(ω − εαkτ )fα(εαkτ )

)]
.

(3.21)

To perform the sum over k we transform it into an integral over energy
∑

k →∫
dεατρ(εατ ) and make use of the wide-band limit ρ(εατ ) ≈ ρ(εFατ ), as discussed in
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Sec. 3.1. Thanks to this approximation, we are able to continue to work analytically.
For the second addend of the current formula the delta-function cancels the integral
over εατ , while in the �rst addend we make use of the identity [59]∫

dεατ lim
η→0+

1

ω − εατ − iη
=

∫
dεατ

( P
ω − εατ

+ iπδ(ω − εατ )
)

= iπ. (3.22)

The principle value P 1
ω−εατ vanishes since the integral runs symmetrically from −∞

to ∞. Therefore, the current takes the following form

Iα = −2e Im

[∫
dω

2π

∑
στσ′

Yα,τσY
∗
α,σ′τρ(εFατ )

(
πG<

σσ′(ω) + 2πGR
σσ′(ω)fα(ω)

)]
. (3.23)

In a �nal step we combine 2π
∑

τ Y
∗
α,σ′τρ

(
εFατ
)
Yα,τσ in one matrix

Γ̂α =
1

2

(
Γα+ + Γα− e−iαθ/2pα(Γα+ + Γα−)

eiαθ/2pα(Γα+ + Γα−) Γα+ + Γα−

)
=

(
Γα e−iαθ/2pαΓα

eiαθ/2pαΓα Γα

)
.

(3.24)

where, for the sake of clarity, we denote a 2 × 2 matrix in spin space with a hat
throughout this section. Here we introduced the spin dependent hybridization of
the dot by lead α, due to the tunneling amplitude tα, given by Γατ = 2π|tα|2ρ(εFατ ).
At this point we also de�ne that Γα =

∑
τ Γατ/2. This should not be confused with

the matrix Γ̂α. Therefore, as a �nal result for the expectation value of the current
operator we �nd

Iα = −2e

∫
dω

2π
Im

[
tr

(
1

2
Γ̂αĜ

<(ω) + Γ̂αĜ
R(ω)fα(ω)

)]
. (3.25)

Having derived an analogue to the Meir-Wingreen formula for the quantum-dot
spin valve, we are left with �nding expressions for dressed retarded and lesser Green
functions. The dressed nonequilibrium Green function obeys the Dyson equation,
given by (see App. A)

Ĝ(ω) = Ĝ0(ω) + Ĝ0(ω)Σ̂(ω)Ĝ(ω), (3.26)

with Ĝ0 being the free dot Green function and Σ̂ the self energy. Both are 4 × 4
matrices. The Dyson equation is solved via

Ĝ(ω) =
(
Ĝ−1

0 (ω)− Σ̂(ω)
)−1

. (3.27)

The free dot Green function can be chosen diagonal in Keldysh space, and conse-
quently takes the form

Ĝ0(ω) =

(
[(ω − ε0)σ0 −B · S + i0+]−1 0

0 [(ω − ε0)σ0 −B · S− i0+]−1

)
. (3.28)
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From the Dyson equation, Eq. (3.26), and Langreth theorem, Eq. (2.23), it follows
immediately that a similar Dyson equation is valid for the retarded and advanced
Green functions

ĜA/R(ω) = Ĝ
A/R
0 + Ĝ

A/R
0 (ω)Σ̂A/R(ω)ĜA/R(ω), (3.29)

while the lesser Green function obeys the Keldysh theorem

Ĝ<(ω) = ĜR(ω)Σ̂<(ω)ĜA(ω). (3.30)

The self energies are de�ned as Σ̂A/R/<(ω) =
∑

αk Y
†
α ĝ

A/R/<
αk Yα. Using the same

simpli�cations as before one �nds that

Σ̂A/R = ± i
2

∑
α

(
Γα e−iαθ/2pαΓα

eiαθ/2pαΓα Γα

)
= ± i

2

∑
α

Γ̂α

Σ̂< =
∑
α

ifα(ω)

(
Γα e−iαθ/2pαΓα

eiαθ/2pαΓα Γα

)
=
∑
α

ifα(ω)Γ̂α.

(3.31)

With this, all elements of Eq. (3.25) are known, allowing us to analytically calculate
the current through a noninteracting quantum-dot spin valve. We rely heavily on
this result, as an e�cient way to calculate noninteracting results and as a benchmark
to compare the noninteracting results from the more sophisticated methods, we
introduce in Chapter 5.

3.2.2 Occupation Number and Spin Components

Having derived an expression of the current, �nding analytical expressions for the
occupation number and components of accumulated spin is straightforward. The
operators for these observables are given by

N0 = d†↑d↑ + d†↓d↓

Sx =
1

2

(
d†↑d↓ + d†↓d↑

)
Sy =

i

2

(
d†↑d↓ − d†↓d↑

)
Sz =

1

2

(
d†↑d↑ − d†↓d↓

)
.

(3.32)

The expectation values of these operators can be easily identi�ed as elements of
the dressed lesser Green function of the quantum dot (see the de�nition of the
nonequilibrium Green function, Eq. (2.10)). We, therefore are able to apply similar
arguments as in the derivation of the noninteracting current. This leads us to

〈N0〉 =

∫
dω

2π
Im tr

(
Ĝ<(ω)

)
〈Sj〉 =

∫
dω

2π
Im tr

(
Ĝ<(ω)Sj

)
, j = x, y, z.

(3.33)
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The dressed lesser Green function is already known from the derivation of the current
expectation value, while S was introduced in Eq. (3.9) when discussing the form
of the quantum-dot Hamiltonian. With this all parts of the expectation values
are known and Eq. (3.33) is the analytical solution of the expectation values for
occupation number and spin components.

3.3 Theoretical Approaches

The combination of nonequilibrium via the tunnel-coupled leads and the on-site
Coulomb interactions prove to be di�cult in a theoretical description of the quantum-
dot spin valve. We have just derived an analytical solution for the noninteracting
limit, U = 0. Alternatively, it would be possible to �nd an analytical solution
for �nite U , but without a hybridization from the leads. Both cases are, how-
ever, insu�cient for a substantial description of the electronic transport through
the quantum-dot spin valve.
To incorporate the Coulomb interaction and a �nite hybridization strength Γ into

a theoretical model, one has to introduce controlled approximations. This work is
based on the ISPI technique, which allows us to study resonant e�ects of electronic
transport through quantum-dot systems [87, 88, 93]. In Chap. 5 we discuss this
method extensively and advance it to a transfer-matrix approach, and therefore
refer to this chapter for in-depth information on the method. The ISPI approach is
not limited to scenarios with a clear separation of energy scales and instead excels
in the study of the stationary limit for the generic case where all energy scales
are of the same order of magnitude. In this regime resonant tunneling leads to
a �nite peak broadening and accounting for Coulomb interactions is crucial for a
quantitative discussion of electronic transport through the setup. This regime is
experimentally relevant, especially for setups including larger quantum dots with
small to intermediate Coulomb interaction strengths [13]. The peak broadening as
well as interaction-induced e�ects are both well resolved within the ISPI scheme.
This technique is therefore a useful tool, providing numerically exact data when
discussing quantum-dot spin valves in the mixed-valence regime. We emphasize
that, even though we focus on the stationary limit in this work, time-dependent
problems are not out of the scope of the ISPI method. We note that there is a similar
iterative approach to calculate density matrix elements, developed independently of
the ISPI approach [94]. There are, of course, other ways to tackle the problem. To
allow a classi�cation of the ISPI technique, we introduce some prominent methods
and explain which approximations are usually made, and in which parameter range
they are applicable.
In Sec. 3.2 we introduced a solution for the noninteracting quantum-dot spin valve

in nonequilibrium. If the electrons on the quantum-dot are only weakly interacting,
it is possible to understand the noninteracting solution as the zeroth order of a
perturbation series in the Coulomb interaction U [68, 95]. The self energies and
Green functions of the noninteracting solution are then modi�ed to include e.g. �rst
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or �rst and second order processes in the Coulomb interaction, while higher order
contributions are neglected. This approach is a more controlled approximation in
the interaction strength as mean-�eld theory can provide. For mean-�eld theory
the basic assumption is that the deviations of an operator from its expectation
value are small. Applying this approximation and Wick's theorem to the interaction
Hamiltonian, leads to the mean-�eld interaction Hamiltonian, with which the theory
can be solved in a straight-forward manner [33, 96]. However, since the methods are
limited to small Coulomb interactions, many important features cannot be studied
using these methods, including e.g. Coulomb blockade.
When the quantum dot is only weakly coupled to the leads, it is possible to treat

the tunneling Hamiltonian as a perturbation, leading to a series expansion in terms
of the hybridization strength Γ. One is able to derive a master equation to allow
calculation of the density-matrix elements. This master equation is then solved e.g.
via the technique of real-time diagrammatics, where diagrams of up to some order
in Γ are taken into account, while higher order diagrams are neglected [97]. A �rst-
order approximation is referred to as sequential tunneling, while the second-order
corrections are known as cotunneling. This method has proven hugely popular since
it allows to study a wide variety of di�erent setups and in many cases allows at least
for a qualitative description of di�erent e�ects. In Sec. 6.2 we compare ISPI data
to results from a master equation approach. We thus discuss this method in more
detail in App. B.
The perturbative methods provide powerful tools in the parameter ranges where

they are applicable, respectively. There exist, however, several nonperturbative ef-
fects that are missed in studies with these methods by construction. Additionally, it
can be di�cult to link the results from perturbative methods to experimental mea-
surements, since often they are only reproduced qualitatively but not quantitatively
by perturbative approaches. As a result, numerically exact methods are in high de-
mand, allowing not only a check of the reliability of perturbative methods, but also
an expansion of the accessible parameter ranges of the systems. There are several
numerically exact methods that have been established for quantum-dot models.
Several �avors of quantum Monte Carlo simulations (QMC) have been applied to

di�erent kinds of quantum-dot models. We are not aware of previous works where
the method has been applied to the quantum-dot spin valve, but such a system
should be in the scope of the method. The di�erent approaches are usually based
on diagrammatic QMC methods [98, 99], where the theory is expanded with respect
to one part of the Hamiltonian, similar to perturbative approaches. Yet, QMC
allows sampling over all orders n of the expansion and all times t1, . . . , tn of the
di�erent vertices. Di�erent �avors of the method utilize di�erent expansions of the
Hamiltonian: CT-INT and CT-AUX both expand with respect to the interaction
part of the Hamiltonian, with CT-AUX introducing an auxiliary �eld decomposition
to the interaction part [100]. Both allow an easy treatment of large systems, but
di�culty increases for complicated onsite interactions. CT-HYB is complimentary
to the other two, expanding in terms of the tunneling Hamiltonian [101]. It excels
when interactions are complicated, but is limited to smaller systems. Finally, CT-J
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was developed to handle Kondo-like problems. All these methods are plagued by
the negative-sign problem, which becomes increasingly complicated for longer prop-
agation times. As a result, QMC methods are limited to the short-to-intermediate
time range. Yet there have been signi�cant developments to the formalism to tackle
the negative-sign problem [102].
A di�erent approach is taken by renormalization group theories. This family of

methods revolves around intelligent truncation of the many-body Hilbert space.
Two renormalization group methods are widely applied to quantum-dot systems,
including the quantum-dot spin valve: numerical (NRG) [103] and density-matrix
renormalization group theory (DMRG) [104]. Di�erent approaches are of course
possible and actively developed. For the NRG method the leads' continuous energy
spectra are discretized logarithmically around the Fermi energy [105], while for the
DMRG approach one isolates low-lying energy states of interest [106]. These meth-
ods prove especially useful to describe low-energy properties of the system but have
di�culties to account for a large range of energies [78, 107].

3.4 Summary

In this chapter we introduced the Hamiltonian for the quantum-dot spin valve. It
is built from a single-level, interacting quantum dot that is tunnel-coupled to two
Stoner ferromagnets. Due to the magnetizations and polarizations of the ferromag-
netic leads, the coupling between quantum dot and leads is spin-dependent. For the
noninteracting Hamiltonian we were able to derive analytic solutions for the electric
current through the system as well as for local observables, namely the occupation
number and the spin projection of the quantum dot. These noninteracting solutions
are used in Chap. 6 as one benchmark for the ISPI technique. However, neglecting
Coulomb interactions on the quantum dot is not realistic. To allow the discussion of
the electronic transport through an interacting quantum-dot spin valve, intelligent
approximations are necessary. We discussed some prominent approaches to tackle
this problem and set them in relation to the ISPI technique used in this work. We
argued that ISPI is a powerful method that operates in parameter regimes, where
other methods fail, and thus can help to reach a more complete picture of the whole
parameter space, when combined with these di�erent approaches.





4 Coherent-State Path Integrals

The theory of path integrals was �rst introduced by Feynman in 1948 as an alter-
native description of nonrelativistic quantum mechanics [108]. Since then the path
integral formalism was applied to a wide variety of problems in physics, including
many-body theory [65, 68]. The ISPI technique is based on this path-integral formu-
lation of many-body theory. Therefore, in this chapter we introduce the formalism
of coherent-state path integrals, and apply it to the problem of electronic transport
through a quantum-dot spin valve. We make use of the mathematical concepts from
Chapter 2 to calculate the partition function of the system using a path-integral
ansatz. We do this �rst for the noninteracting case and then introduce interactions
later on. To treat the quartic part in the dot degrees of freedom arising from the
Coulomb term in the dot's Hamiltonian, Eq. (3.9), we decouple it via a discrete
Hubbard-Stratonovich transformation. Finally, we transfer the resulting partition
function into a generating functional, by including a source term, which allows us to
calculate expectation values for di�erent observables of our system. We introduce
the source terms for the current as well as the occupation number of the quantum
dot and the three components of accumulated spin on the quantum dot.
The �rst section mostly follows the path outlined in Refs. [54, 109], applying their

ansatz for a simple toy model to our model of the quantum-dot spin valve with
the Hamiltonian H introduced in Sec. 3.1. We de�ne the nonequilibrium partition
function as

Z = tr (UCρ0) , (4.1)

where we choose the initial density matrix of our system to be the equilibrium
density matrix

ρ0 ≡
e−β[Hdot+

∑
α(Hα−µαNα)]

tr e−β[Hdot+
∑
α(Hα−µαNα)]

, (4.2)

with β = 1
kBT

and Nα =
∑

k C†αkCαk. The unitary Keldysh contour evolution opera-
tor, UC , is given in terms of the evolution operators de�ned in Section 2.1 by

UC = U−∞,∞U∞,−∞. (4.3)

From its de�nition it is clear, that the evolution operator is equal to the unit operator
as long as no external �elds break the symmetry between forward and backward
propagation of the Keldysh contour. As a result the partition function is normalized

Z = tr (1ρ0) = 1. (4.4)

43
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In Sec. 4.3 we show that one is able to explicitly break the time-inversion symmetry
via a source term to receive the expectation value of some observable of the system.
For now, however, we work out the partition function using Eq. (4.1) and fermionic
coherent states. The generalized Fock space of our system is built from the direct
product of the Fock spaces of the free dot and the leads, F = Fdot ⊗ FL ⊗ FR.
The coherent states |ξ〉 = |φ, ψL, ψR〉 are then elements of F and obey the following
eigenvalue equations

cαkτ |ξ〉 = ψαkτ |ξ〉
dσ |ξ〉 = φσ |ξ〉 , (4.5)

where ψαkτ and φσ are both Grassmann numbers. Similar equations are true for the
dual vector 〈ξ| and the respective creation operators

〈ξ| c†αkτ = 〈ξ| ψ̄αkτ
〈ξ| d†σ = 〈ξ| φ̄σ. (4.6)

We emphasize that φσ and φ̄σ are independent Grassmann numbers, that are not
somehow connected. The same is true for ψαkτ and ψ̄αkτ . Since we introduced
spinors for the creation and annihilation operators for the Hamiltonian (cf. Sec. 3.1),
we also make use of a spinor notation for the Grassmann eigenvalues, given by

Cαk |ξ〉 = Ψαk |ξ〉
D |ξ〉 = Φ |ξ〉 , (4.7)

and Ψ̄αk, Φ̄ being de�ned accordingly.
The nonequilibrium partition function, Z, from Eq. (4.1) can be written in terms

of a path integral ansatz the following way

Z =

∫
D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
ei(Sdot+

∑
α(Sα+ST,α)), (4.8)

where Sdot is the action caused by the dot Hamiltonian Hdot, Eq. (3.9), Sα is the
action for lead α, Eq. (3.5), and ST,α is the action due to the hybridization of the
dot by the leads, Eq. (3.10). The integration measure is given by

D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
= lim

N→∞

N∏
l=1

∏
ν=±

d
[
Φ̄ν
l ,Φ

ν
l , Ψ̄

ν
αk,l,Ψ

ν
αk,l

]
tr e−β[Hdot+

∑
α(Hα−µαNα)]

. (4.9)

Here l = 1, . . . , N denotes the physical time step and ν = ± the branch of the
Keldysh contour, see Eq. (4.10). This equation and the form of the action S =
Sdot +

∑
α(Sα + ST,α) are derived in what follows.
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Figure 4.1: The Keldysh contour sliced into 2N parts with N slices on the C+

branch, andN on the C− branch. The discretization length is constant,
given by δt. The source term of some observable O is introduced at
measurement time tm.

4.1 Noninteracting Limit

In Sec. 3.2 we already derived a noninteracting solution for current, occupation num-
ber and spin projection using a nonequilibrium Green function approach. Including
interactions within this derivation prohibits an analytical solution and approxima-
tions are necessary. This is similarly the case when applying the path-integral for-
malism. Therefore, we neglect interactions during this section, to allow ourselves
a straightforward introduction of the path-integral formalism for the quantum-dot
spin valve. Interactions are then reintroduced in Sec. 4.2.

4.1.1 Building the Path Integral

To construct the path integral representation of the partition function, Eq. (4.1),
we �rst employ the Trotter break-up for the evolution operator Ut,t′ from Eq. (2.5),
leading to a time-discrete version of UC . Since the Hamiltonian is not explicitly
time-dependent, we �nd

Z = lim
N→∞

tr
(
(U−δt)N(Uδt)Nρ0

)
, (4.10)

with short-time evolution operators U±δt = e∓iδtH. This discretizes the Keldysh
contour in 2N time steps total (N on the forward branch and N on the backward
branch of the contour), which are all of size δt such that Nδt = const (see. Fig. 4.1).
We emphasize that UC = (U−δt)N(Uδt)N is only true up to �rst order in δt. Due
to the limit limN→∞ this is not an issue on an analytical basis. For a numerical
treatment this introduces a systematic error, which we address during Sec. 5.3. The
trace may then be rewritten in terms of fermionic coherent states, via Eq. (2.47),
leading to

Z = lim
N→∞

∫
d
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
e−Φ̄Φ−

∑
αk Ψ̄αkΨαk 〈−ξ| (U−δt)N(U+δt)

Nρ0 |ξ〉 . (4.11)
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We are now able to insert additional unit operators between each pair of evolution
operators, by using the resolution of unity in terms of coherent states, given in
Eq. (2.46). This leads to a total of 2N sets of Grassmann �elds, over which we have
to integrate. For the sake of clarity, we employ the following naming convention:
l = 1, . . . , N counts the physical time-steps, while ν = ± labels the Keldysh branch
Cν . We use this convention to enumerate the di�erent states and Grassmann �elds
along the Keldysh contour, cf. Fig 4.1 for a graphical representation. We �nd the
following sequence

Z = lim
N→∞

∫ ∏
ν=±

N∏
l=1

d
[
Φ̄ν
l ,Φ

ν
l , Ψ̄

ν
αk,l,Ψ

ν
αk,l

]
e
∑
ν=±

∑N
l=1(−Φ̄νl Φνl −

∑
αk Ψ̄ναk,lΨ

ν
αk,l)

×
〈
ξ−1
∣∣U−δt ∣∣ξ−2 〉 〈ξ−2 ∣∣U−δt ∣∣ξ−3 〉 · · · 〈ξ−N−1

∣∣U−δt ∣∣ξ−N〉 〈ξ−N ∣∣1 ∣∣ξ+
N

〉
×
〈
ξ+
N

∣∣U+δt

∣∣ξ−N−1

〉 〈
ξ+
N−1

∣∣U+δt

∣∣ξ+
N−2

〉
· · ·
〈
ξ+

2

∣∣U+δt

∣∣ξ+
1

〉 〈
−ξ+

1

∣∣ ρ0

∣∣ξ−1 〉 .
(4.12)

Reading from right to left, we start with the intial density matrix ρ0 which connects
the lower to the upper branch at time t1 and continue along C+ until we reach
time tN , where C+ is then connected to C−. From Fig. 4.1 it is clear that at the
time tN no time-evolution happens. This results in a simple overlap of the two
fermionic coherent states

〈
ξ−N
∣∣ξ+
N

〉
, which is given in Eq. (2.44). From this point on,

we then propagate backwards in time on the C− branch until we once again reach
the physical time t1. Consequently, we are left with calculating the matrix elements
of the short-time evolution operators and of the initial density matrix.

Initial density matrix Calculating the matrix elements of the initial density matrix
is straightforward. We �rst plug in the expression of the density matrix and note
that we absorb the normalization factor into the integral measure, Eq. (4.9). Thus,
we do not include the normalization factor explicitly here, which leads to〈

−ξ+
1

∣∣ ρ0

∣∣ξ−1 〉 =
〈
−ξ+

1

∣∣ e−β(Hdot+
∑
α(Hα−µαNα)

∣∣ξ−1 〉 . (4.13)

Then, we recall that |ξ〉 = |φ, ψL, ψR〉, and thus are able to use the identity
〈φ| ed†σdσλ |φ′〉 = eφ̄σφ

′
σe
λ
and accordingly for the lead operators. This directly results

in 〈
−ξ+

1

∣∣ ρ0

∣∣ξ−1 〉 = exp

(
−Φ̄+

1 e
−βE0Φ−1 −

∑
αk

Ψ̄+
αk,1e

−β(Eαk−µασ0)Ψ−αk,1

)
. (4.14)

Short-time evolution operator For the short-time evolution operator, we are
able to split the tunneling Hamiltonian HT,α from the rest and insert an additional
resolution of unity between the two parts〈

ξνl+1

∣∣Uνδt |ξνl 〉 =

∫
d
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
e−Φ̄Φ−

∑
αk Ψ̄αkΨαk

×
〈
ξνl+1

∣∣ e−νiδt(Hdot+
∑
αHα) |ξ〉 〈ξ| e−νiδt

∑
αHT,α |ξνl 〉 .

(4.15)
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The two parts are then solved individually. Since Coulomb interactions are neglected
during this section, solving the �rst part is straightforward and one readily �nds

〈
ξνl+1

∣∣ e−νiδt(Hdot+
∑
αHα) |ξ〉 = exp

(
Φ̄ν
l+1e

−νiδtE0Φ +
∑
αk

Ψ̄ν
αk,l+1e

−νiδtEαkΨαk

)
,

(4.16)
while the tunneling part can be calculated in a similar fashion

〈ξ| e−νiδt
∑
αHT,α |ξνl 〉 = exp

(
Φ̄Φν

l +
∑
αk

Ψ̄αkΨν
αk,l

−νiδt
∑
αk

[
Ψ̄αkYαΦν

l + Φ̄Y †αΨν
αk,l

])
.

(4.17)

To obtain the �nal expression for the short-time evolution operator, we are left with
solving the integrals from Eq. (4.15). For this we expand the exponential functions
and then perform the integrals over the Grassmann variables. The calculation is
lengthy but again straightforward. We only present the �nal result here

〈
ξνl+1

∣∣Uνδt |ξνl 〉 = exp

(
Φ̄ν
l+1e

−νiδtE0Φν
l +

∑
αk

Ψ̄ν
αk,l+1e

−νiδtEαkΨν
αk,l

− νiδt
∑
αk

(
Ψ̄ν
αk,l+1YαΦν

l + Φ̄ν
l+1Y

†
αΨν

αk,l

))
,

(4.18)

where we reiterate that this is only true up to �rst order in δt.
Having obtained the short-time evolution operator in terms of coherent states as

well as the other building blocks, we are able to plug it all back into Eq. (4.12) and
�nd

Z = lim
N→∞

∫ ∏
ν=±

N∏
l=1

d
[
Φ̄ν
l ,Φ

ν
l , Ψ̄

ν
αk,l,Ψ

ν
αk,l

]
tr e−β[Hdot+

∑
α(Hα−µαNα)]

exp

[∑
ν=±

(
N∑
l=1

(
− Φ̄ν

l Φ
ν
l −

∑
αk

Ψ̄ν
αk,lΨ

ν
αk,l

)
+

N−1∑
l=1

(
Φ̄ν
l+1e

−νiδtE0Φν
l

+
∑
αk

[
Ψ̄ν
αk,l+1e

−νiδtEαkΨν
αk,l − νiδt

(
Ψ̄ν
αk,l+1YαΦν

l + Φ̄ν
l+1Y

†
αΨν

αk,l

)]))

+ Φ̄−NΦ+
N − Φ̄+

1 e
−βE0Φ−1 +

∑
αk

(
Ψ̄−αk,NΨ+

αk,N − Ψ̄+
αk,1e

−β(Eαk−µασ0)Ψ−αk,1
) ]
.

(4.19)

Note that several signs change between the two branches of the Keldysh contour,
which is due to the change of propagation direction in time. Collecting addends in
the exponential with the same combination of dot and lead Grassmann �elds, we
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are able to identify four di�erent matrices. The expressions between the Grassmann
�elds are the elements of these matrices. If we recall that the expression above still
has a 2× 2 spin substructure, the total dimension of these matrices is 4N × 4N . As
a result we �nd

Z = lim
N→∞

∫ ∏
ν=±

N∏
l=1

d
[
Φ̄ν
l ,Φ

ν
l , Ψ̄

ν
αk,l,Ψ

ν
αk,l

]
tr e−β[Hdot+

∑
α(Hα−µαNα)]

exp

[ ∑
ν,ν′=±

N∑
l,l′=1

(
Φ̄ν
l i(G

−1
0 )νν

′

ll′ Φν′

l′

+
∑
αk

Ψ̄ν
αk,li(g

−1
αk)νν

′

ll′ Ψν′

αk,l′ − Ψ̄ν
αk,li(Tα)νν

′

ll′ Φν′

l′ − Φ̄ν
l i(T

†
α)νν

′

ll′ Ψν′

αk,l′

)]
(4.20)

The true nature of the matrices G0, gαk, and Tα, T †α becomes apparent, once we
take the limit N → ∞, leading to Eq. (4.8). Comparing Eq. (4.20) with Eq. (4.8)
shows that the exponent is the action S and we are able to identify its di�erent
parts. For the part including only dot degrees of freedom we �nd

Sdot = lim
N→∞

∑
ν=±

N∑
l=1

νδt

(
iΦ̄ν

l+ν

Φν
l+ν − Φν

l

νδt
− Φ̄ν

l+νE0Φν
l

)
+ iΦ̄−NΦ+

N + Φ+
1 e
−βE0Φ−1

=

∫
dt̃ Φ̄(t̃) (i∂t̃σ0 − E0) Φ(t̃) =

∫
dt̃ Φ̄(t̃)G−1

0 (t̃, t̃)Φ(t̃). (4.21)

To account for the limit in the second step we made the replacements Φ̄ν
l → Φ̄(t̃),

Φν
l → Φ(t̃) and δt

∑
ν=±

∑N
l=1 →

∫
dt̃, while in the last step we identi�ed the inverse

of the free quantum dot's nonequilibrium Green function G−1
0 (t̃, t̃) = i∂t̃σ0−E0. The

other parts of the action are evaluated in an analogue manner

Sα =
∑
k

∫
dt̃ Ψ̄αk(t̃)(i∂t̃σ0 − Eαk)Ψαk(t̃) =

∑
k

∫
dt̃ Ψ̄αk(t̃)g−1

αk(t̃, t̃)Ψαk(t̃)

ST,α = −
∑
k

∫
dt̃
(
Ψ̄αk(t̃)Tα(t̃)Φ(t̃) + H.c.

)
(4.22)

Again, we identi�ed the inverse of the leads' nonequilibrium Green function, given by
g−1
αk(t̃, t̃) = i∂t̃σ0−Eαk. It is immediately apparent that the time-continuous actions
have to be handled with care, since the boundary terms, which are o�-diagonal in
Keldysh space, are neglected in this representation. This is especially problematic
for the terms Φ+

1 e
−βE0Φ−1 and Ψ̄+

αk,1e
−β(Eαk−µασ0)Ψ−αk,1 in the free dot and leads Green

functions, respectively. These terms are necessary to keep the normalization in tact,
which we established in Eq. (4.4). Consequently, the continuous notation can only
act as an abbreviation of the discrete notation. Thus, in what follows we work
with the previously introduced 4N × 4N matrices G0 and gαk. Importantly, these
matrices are fully occupied in Keldysh space (see Ref. [54]). To remain consistent,
we do not use the time-continuous tunnel action ST,α from Eq. (4.22) but return to
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the discrete matrices in Eq. (4.20) and compare it with Eq. (4.19), we �nd that the
matrices Tα and T †α should take the form

(Tα)νν
′

ll′ = δll′δνν′νYα (4.23)

(T †α)νν
′

ll′ = δll′δνν′νY
†
α . (4.24)

4.1.2 Solving the Path Integral

Having derived the path integral formulation of the partition function, Eq. (4.8), we
are left with the task of solving the path integral. To perform these high-dimensional
integrals we make use of the discrete notation including the Green functions, see
Eq. (4.20). The exact form of these matrices is derived later on. The partition
function is given by

Z =

∫
D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
exp

[ ∑
ν,ν′=±

N∑
l,l′=1

(
Φ̄ν
l i(G

−1
0 )νν

′

ll′ Φν′

l′

+
∑
αk

Ψ̄ν
αk,li(g

−1
αk)νν

′

ll′ Ψν′

αk,l′ − Ψ̄ν
αk,li(Tα)νν

′

ll′ Φν′

l′ − Φ̄ν
l i(T

†
α)νν

′

ll′ Ψν′

αk,l′

)]
.

(4.25)

For the noninteracting case both, the dot degrees of freedom and the lead degrees
of freedom, appear bilinearly and thus the integrals can be solved exactly. Starting
with the lead degrees of freedom, we make use of the identity given in Eq. (2.37),
leading to

Z = det

(
−i
∑
αk

g−1
αk

)∫
D
[
Φ̄,Φ

]
exp

[ ∑
ν,ν′=±

N∑
l,l′=1

(
Φ̄ν
l i(G

−1
0 )νν

′

ll′ Φν′

l′

− i
∑
αk

∑
ν̃,ν̃′=±

N∑
l̃,l̃′=1

Φ̄ν
l (T

†
α)νν̃
ll̃

(gαk)ν̃ν̃
′

l̃l̃′
(Tα)ν̃

′ν′

l̃′l′
Φν′

l′

)]
.

(4.26)

Solving the integrals over dot degrees of freedom by applying Eq. (2.34), we �nd

Z = det

(
−i
∑
αk

g−1
αk

)
det

(
i

(
G−1

0 − i
∑
αk

T †αgαkTα

))
. (4.27)

We note, that the �rst determinant will cancel in future calculations, allowing us to
neglect it here. Also, the prefactor of i in the second determinant can be neglected,
since it only amounts to a multiplication by 1, since i4N = 1. We are able to de�ne
the tunneling self energies

ΣT,α =
∑
k

T †αgαkTα, (4.28)

allowing us to write the noninteracting partition function in its �nal form

Z = det

(
G−1

0 −
∑
α

ΣT,α

)
= det

(
∆−1

)
, (4.29)



50 4 Coherent-State Path Integrals

where we introduced the noninteracting, discrete, dressed Green function in presence
of the leads ∆ = (G−1

0 −
∑

α ΣT)−1. This then constitutes the �nal result for the
partition function of the noninteracting quantum-dot spin valve.

4.1.3 Time-Discrete Dressed Green Function

To �nd an expression for the matrix ∆ in Eqs. (4.29) it is useful to start in Fourier
space and return to the time representation via a Fourier transform at the end.
The energy representations of the free retarded and advanced Green functions are
well known and have been introduced before for the leads, Eq. (3.20). A useful
representation of the leads' nonequilibrium Green functions is obtained via the basis
derived in Eq. (2.18) and letting the inverse Keldysh rotation act on this expression.
The result is the following expression for the lead Green functions (see Appendix C
for a derivation)

gαk =

(
gRαk 0
0 −gAαk

)
+
(
gAαk − gRαk

)( fα(ω) fα(ω)
fα(ω)− 1 fα(ω)

)
, (4.30)

where the Fermi function for lead α is fα(ω) = (1 + exp(β(ω − µα)))−1. We always
have to sum over the lead Green functions with respect to k. To evaluate this sum,
we transform it into an integral via

∑
k →

∫
dεατ ρ(εατ ) and we assume to be in the

wide-band limit ρ(εατ ) ≈ ρ
(
εFατ
)
. This is similar to the steps used in Sec. 3.2. With

this we �nd∑
k

gαk(ω) = iπ

(
2fα(ω)− 1 2fα(ω)
2fα(ω)− 2 2fα(ω)− 1

)
⊗
(
ρ
(
εFα+

)
0

0 ρ
(
εFα−
) ) , (4.31)

where we used the relation limη→0+
1

ω±iη = P 1
ω
∓ iπδ(ω) as well as the representation

of the δ-distribution πδ(ω) = limη→0
η

ω2+η2
.

To reach an expression for the tunneling self energies, we multiply the lead Green
function with κz ⊗ Y †α from the left and κz ⊗ Yα from the right, respectively, where
κz is a Pauli matrix in Keldysh space (see Eqs. (4.23)). The resulting tunneling self
energy then takes the form

ΣT,α(ω) =
i

2

(
2fα(ω)− 1 −2fα(ω)
−(2fα(ω)− 2) 2fα(ω)− 1

)
⊗
(

Γα Γαpαe
−iθ/2

Γαpαe
iθ/2 Γα

)
, (4.32)

where we introduced the spin-dependent hybridization given by Γατ = 2πt2αρ
(
εFατ
)
,

which can be written with help of the polarization as Γατ = Γα(1 + τpα), using
Γα =

∑
τ Γατ/2.

The inverse Green function of the free quantum dot including a Zeeman �eld is
well known to be

G−1
0 (ω) = κz ⊗

(
ω − ε0 −Bz −Bx + iBy

−Bx − iBy ω − ε0 +Bz

)
. (4.33)
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We note, that this equation is diagonal in Keldysh space, meaning we did neglect the
initial density matrix of the quantum dot. This is not an issue thanks to the presence
of the leads and since we only study the long-time limit. However, it changes the
normalization of the generating functional, Eq. (4.4). Again, this is not problematic
since we will always take the derivative of the generating functional to obtain the
expectation values of observables.
With Eq. (4.33) and Eq. (4.32) we are able to write down ∆(ω) according to

its de�nition in Eq. (4.29). To obtain its time representation, we have to Fourier
transform the expression, which can be either done analytically using the residue
theorem or numerically by discretizing the expression in energy space and then
applying a discrete Fourier transformation. The analytical Fourier transform via
the residue theorem is shown in Appendix D. The result is then given by

∆ll′ =

∫
dω

2π
e−iω(l−l′)δt

[
G−1

0 (ω)−
∑
α

ΣT,α(ω)

]−1

, (4.34)

where ∆ is then a 4N × 4N Toeplitz style matrix with a 2× 2 substructure for spin
and a 2× 2 substructure to account for the Keldysh branches. With it we are able
to calculate the partition function, Eq. (4.29).

4.2 Interactions

While the noninteracting quantum-dot spin valve can be solved analytically via
nonequilibrium Green functions (see Sec. 3.2), more elaborate, approximate ap-
proaches are necessary once Coulomb interactions cannot be neglected anymore.
The path-integral formulation is well suited as a starting point for such approaches.
The interaction part in the Hamiltonian, Eq. (3.9), is not bilinear in the dot's cre-
ation/annihilation operators but quartic. Such a term prohibits us from solving
the integral over the dot degrees of freedom in a straight forward manner, as we
did to reach the �nal expression for the noninteracting case Eq. (4.29). Instead
we introduce a discrete Hubbard-Stratonovich transformation to decouple the quar-
tic interaction term for each time t on the Keldysh contour C. The main idea of
the Hubbard-Stratonovich transformation is to replace a term thats quartic in the
Grassmann �elds with terms that are only bilinear in these �elds, at the cost of
coupling it to newly introduced Ising-like degrees of freedom, sl = ±1 [110, 111].
To enable a numerical implementation of the Hubbard-Stratonovich transforma-

tion, we have to work with the discretized Keldysh contour, where C+ and C− are
split into N time slices of length δt each. This is what we already have in Eq. (4.29)
allowing us to simply modify its derivation. The interaction term will be present on
each time slice, and we implement the following identity to decouple it on each time
slice

exp

(
−ν iδtU

2

(
Φ̄νσzΦν

)2
)

=
1

2

∑
s=±1

exp
(
−sλνΦ̄νσzΦν

)
, (4.35)
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with s being an Ising-like degree of freedom called the Hubbard-Stratonovich spin.
Such an independent degree of freedom emerges on each time slice. One possible
solution for the Hubbard-Stratonovich paramenter λν is given by [87, 93, 111]

λν = cosh−1

[
cos

(
δt
U

2

)
− iν sin

(
δt
U

2

)]
, (4.36)

where 0 < U < π/δt. After having implemented the Hubbard-Startonovich trans-
formation, the dot degrees of freedom, again, only appear bilinearly in the path
integral and therefore can be integrated out similarly as demonstrated in Sec. 4.1.2.
The result is analogue to Eq. (4.29) but includes an additional charging self energy
ΣC that depends on the Hubbard-Stratonovich spins

Z =
∑
{s}

det
(
∆−1 − ΣC [s]

)
. (4.37)

We introduced the Ising spin vector s =
(
s+

1 , s
−
1 , s

+
2 , s

−
2 , . . . , s

+
N , s

−
N

)
. The charging

self energy is a diagonal 4N × 4N matrix with elements

(ΣC [s])ll′ = δll′

(
λ+s

+
l 0

0 λ−s
−
l

)
⊗ σz. (4.38)

The sum over all possible spin con�gurations in Eq. (4.37) is not feasible, since
it would require summation of 22N terms, where N is usually of the order several
hundreds. Consequently, the summation has to be performed approximately, with
a more e�cient approach. This will be discussed in Chapter 5. In the last section
of this chapter, we focus on including various source terms in the path-integral
formalism that allow us to extract expectation values of several observables from
the theory.

4.3 Observables and Source Terms

Source terms are implemented as external �elds in the path-integral formalism that
break the time inversion symmetry. The source term has to be speci�cally designed
to enable the calculation of the expectation values of one speci�c observable and
has to be changed to calculate di�erent observables. In this thesis we focus on
observables that are one of the following: the current, or observables that can be
calculated directly from the current (linear conductance, di�erential conductance,
TMR), as well as the occupation number of the quantum dot or the spin projections
of quantum dot.
To �nd the form of the �tting source term for an observable O, we �rst note how

expectation values are calculated within the path integral formalism

〈O〉 =

∫
D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
eiSO

(
Φ̄,Φ, Ψ̄αk,Ψαk

)∫
D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
eiS

, (4.39)
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where O
(
Φ̄,Φ, Ψ̄αk,Ψαk

)
is the operator O in terms of the lead and dot Grassmann

�elds. We are able to write this as a derivation by including a multiplier η, which
we choose to be real. We also note that the observables we work with are all local
in time, meaning that they are all inserted at one physical time tm, which we call
the measurement time. As a result

〈O〉 = −i δ
δη

∫
D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
ei(S+ηO(Φ̄,Φ,Ψ̄αk,Ψαk))∫

D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
eiS

∣∣∣∣∣
η=0

= −i δ
δη

logZ[η]

∣∣∣∣
η=0

. (4.40)

where Z[η] =
∫
D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
ei(S+ηO(Φ̄,Φ,Ψ̄αk,Ψαk)) is called the generating func-

tional with Z[0] = Z being the partition function. Similar to the case of interactions,
to include the source term we only need to modify the derivation of Eq. (4.37) and
expand it with another term. As a result we �nd

Z[η] =
∑
{s}

det
(
∆−1 − ΣC [s] + ηΣS

)
. (4.41)

Here, ηΣS is what we call the source self energy which handles the source term and
has to be changed for each observable. The exact form is derived in the following
sections. Plugging Eq. (4.41) back into Eq. (4.40) to calculate an expectation value,
we are able to perform the derivative numerically

〈O〉 = −i
∑
{s} det (∆−1 − ΣC [s] + ηΣS)−∑{s} det (∆−1 − ΣC [s])

η
∑
{s} det (∆−1 − ΣC [s])

(4.42)

For the sake of numerical stability of the ISPI method (see Chap. 5) we require
the use of the Toeplitz matrix ∆ instead of its inverse. This can be achieved by
expanding above equation with det(∆), leading to

〈O〉 = −i
∑
{s} det (1− ΣC [s]∆ + ηΣS∆)−∑{s} det (1− ΣC [s])

η
∑
{s} det (1− ΣC [s]∆)

= −i
∑
{s} det (D[η, s])−∑{s} det (D[0, s])

η
∑
{s} det (D[0, s])

, (4.43)

with D[η, s] = 1 − (ΣC [s] − ηΣS)∆ resulting in the following expression for the
generating functional

Z[η] =
∑
{s}

det (D[η, s]) . (4.44)

The ISPI scheme is used to numerically perform the sum in this expression via an
approximation of the matrix ∆.
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4.3.1 Current

To �nd the source term of an observable we start with its operator. The current
operator is given by

Iα = ie
∑
k

(
C†αkYαD −D†Y †αCαk

)
, (4.45)

as was found in Eq. (3.14). Since this operator is normal ordered, it can simply
be written in terms of Grassmann �elds by replacing the creation and annihilation
operators with the corresponding Grassmann �elds

Iα(tm) = ie
∑
k

(
Ψ̄ν
αk(tm)YαΦν′(tm)− Φ̄ν(tm)Y †αΨν′

αk(tm)
)
. (4.46)

The question remains on which branch Cν of the Keldysh contour the di�erent
Grassmann �elds act. If we work within a fully time-discrete formulation of the
path integral, it is su�cient to place above equation on the upper or lower contour
(or half on it on the upper and the other half on the lower). This is, however, not
the route we take in our derivation. In Sec. 4.1.3 we started out with a continuous
notation, which was then discretized. Such an ansatz requires more thought for the
implementation of the source term, but is not plagued by unrealistic, δt-dependent
shifts of the observables as function of the gate voltage ε0.
For the current the implementation on the upper contour is still possible, but

this is just a coincidence. At the latest when we want to implement the occupation
number and spin projections this direct approach fails. To remain consistent we
introduce the derivation for the current, and can then just follow the same steps for
the other observables. We recall that, when deriving the current through the nonin-
teracting quantum dot in Sec. 3.2, we found that the expectation value of the current
is given by two lesser Green functions that are anti-Hermitian (see Eq. (3.17)). In
Eq. (2.11) we have shown that lesser Green functions are in general given by

G<
αβ(t, t′) = i

〈
c†β(t′,−)cα(t,+)

〉
. (4.47)

When we apply this to the lesser Green functions that build the expectation value
of the current we �nd that

Iα(tm) = ie
∑
k

(
Ψ̄−αk(tm)YαΦ+(tm)− Φ̄−(tm)Y †αΨ+

αk(tm)
)
. (4.48)

When making use of the anti-Hermiticity of the lesser Green function, we are able
to reduce the source term to

Iα(tm) = 2eRe
∑
k

Ψ̄−αk(tm)YαΦ+(tm), (4.49)

which leads to an even more sparse source self energy.
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We then include ηIα(tm) in Eq. (4.25), where we combine the interaction part
with the Green function of the free dot to form G−1[s] as well as the terms/term
from Eq. (4.48) or Eq. (4.49) with the tunneling terms. As a result we �nd for the
generating functional

Z[η] =
∑
{s}

∫
D
[
Φ̄,Φ, Ψ̄αk,Ψαk

]
exp

[ ∑
ν,ν′=±

N∑
l,l′=1

(
Φ̄ν
l i(G

−1[s])νν
′

ll′ Φν′

l′

+
∑
αk

Ψ̄ν
αk,li(g

−1
αk)νν

′

ll′ Ψν′

αk,l′ − Ψ̄ν
αk,l

(
i(Tα)νν

′

ll′ + δlmδl′mδν−δν′+eηYα

)
Φν′

l′

− Φ̄ν
l

(
i(T †α)νν

′

ll′ − δlmδl′mδν−δν′+eηY †α
)

Ψν′

αk,l′

)]
,

(4.50)

where m is the time step that includes tm. We solve the path integral as we did in
Sec. 4.1.2, which reproduces the result from Eq. (4.41), where the source self energy
is given by

ηΣνν′

S,ll′ = eη
(
νY †αg

ν−
lm δl′mδν′+Yα − δlmδν−Y †αg+ν′

ml′ ν
′Yα

)
(4.51)

Terms of order O(η2) and higher are neglected, since η is set to zero after performing
the derivative, where we used the source term from Eq. (4.48). The resulting source
self energy is a matrix with only two columns and two lines being nonzero. From
this equation it is clear, that this is closely related to the tunneling self energy,
Eq. (4.28). In fact, we can express the current's source self energy as

ηΣνν′

S,ll′ = eηΣνν′

T,α (δl′mδν′+ − δlmδν−) (4.52)

Implementing the Source term from Eq. (4.49) produces the following source self
energy

ηΣνν′

S,ll′ = 2eηνY †αg
ν−
lm δl′mδν′+Yα (4.53)

and we have to take the real part of the resulting current. This source self energy only
has two lines that are nonzero, which should prove necessary when implementing
the transfer-matrix method.

4.3.2 Occupation Number and Spin Projection

The source self energies for the occupation number and the di�erent spin projections
are implemented in an analogous manner as the current. However, while we men-
tioned that it is still possible to implement the current source term simply on the
C+ branch of the Keldysh contour, this is not the case anymore for the occupation
number and spin projections. The expectation values of these observables are given
by

〈N (tm)〉 = tr (G<
dot(tm, tm)) ,

〈Si(tm)〉 =
1

2
tr (G<

dot(tm, tm)σi) , with i = x, y, z,
(4.54)
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with G<
dot(tm, tm) =

[
Φ̄−(tm)

]T · [Φ+(tm)]
T . Just as for the current we include the

respective source term in Eq. (4.25). This time, however, it only depends on the
dot degrees of freedom and we combine it with the dot term. Since this term is not
a�ected when the lead degrees of freedom are integrated out, the source self energy
only has 2 nonvanishing elements. For the occupation number it is given by

(ηΣS)νν
′

ll′ = ηδlmδl′mδν−δν′+σ0. (4.55)

The source self energies for the spin projections are given accordingly. With this the
source self energies are known for the four observables, we discuss throughout this
thesis. They are plugged back into Eq. (4.44), which is then the main result of this
chapter. The next chapter is dedicated to performing sum over the determinant.

4.4 Summary

During this chapter, we derived the path integral formulation of the partition func-
tion to the model of the quantum-dot spin valve, that was introduced in Chap. 3.
We started o� with a noninteracting setup, which can be derived and solved ana-
lytically in the wide-band limit. We found that the partition function is given by
the determinant of the inverse of the model's time-discrete, dressed Green function
∆−1. When including onsite Coulomb interactions, one �nds that the interaction
Hamiltonian is quartic in the dot's degrees of freedom. As a consequence, analyt-
ically tracing out the dot's degrees of freedom is rendered impossible. A discrete
Hubbard-Stratonovich transformation allows us to break through this obstacle at the
cost of introducing one additional Ising-like degree of freedom per time slice. The
partition function for the interacting quantum-dot spin valve, has a similar form
as the noninteracting but one has to sum over all possible con�gurations of these
Ising-like degrees of freedom. Doing this analytically proves an impossible task, and
approximations are required, one of which is the ISPI technique introduced in the
following chapter.
In a �nal step, we explained how to calculate expectation values of several observ-

ables via the path-integral method. For this the partition function is transformed
into a generating functional, by introducing so-called source terms for the di�er-
ent observables. These source terms break time-inversion symmetry in a speci�c
way, allowing the calculation of expectation values via derivation of the generating
functional with respect to a multiplier η, added to the source term.



5 Iterative Summation of Path

Integrals

Describing resonant transport through an interacting quantum-dot spin valve is a
problem of exponential di�culty. This can be seen impressively in Eq. (4.44), where
one has to sum over all 22N con�gurations of the Ising-like Hubbard-Stratonovich
transformation. Since N usually has to be of the order of a few hundreds, it is clear
that a brute-force approach is a hopeless task. A more sophisticated and e�cient
way, including controlled approximations, is necessary to perform the sum. Such
a method is provided by the ISPI scheme [87, 93]. It is a complete deterministic
approach, based on the iterative evaluation of sums over determinants as they appear
in Eq. (4.44). The ISPI technique relies on the fact that lead-induced correlations
decrease exponentially with increasing time. This allows us to reduce the number of
summations from 22N to (N/K)22K , where K is the number of Trotter slices (of size
δt) over which correlations are taken into account. This is usually a huge reduction
of complexity since � as we mentioned before � N is of the order of a few hundreds
while K can be chosen to be 6 or 7. We remark that a similar formulation in terms
of the reduced density matrix of the system has been presented in Ref. [94].
In Fig. 5.1 we demonstrate how the dot's Green function decays with time by

showing the absolute value of ∆ as a function of t− t′ = (l− l′)δt in the continuum
limit, δt → 0 in a semilogarithmic plot. In panels (a) and (b) we demonstrate how
di�erent values of the bias voltage a�ect the time-dependence of the Green function
at high (kBT = Γ) and low (kBT = 0.1Γ) temperature, respectively. We show the
impact of a magnetic �eld in x-direction in panel (c) and of the gate voltage in
panel (d). We �nd that low temperatures make the Green function decay slower,
and both the bias voltage and the magnetic �eld may lead to oscillations in the
time-dependence but neither alter the exponential decrease. Increasing the gate
voltage suppresses the Green function and introduces small, fast oscillations that
are only visible at large times. All this is consistent with the �ndings in Refs. [87,
88, 93]. In total, we have an exponential decrease of the lead-induced correlations
with increasing times, which becomes apparent e.g. from Eq. (D.4). The system
parameters only introduce oscillations or change the slope of the decrease. This
motivates us to neglect all contributions from time di�erences t − t′ larger than a
chosen timescale tK . In the discretized version this amounts to setting all matrix
elements ∆ll′ of the dressed Green function with |l − l′|δt > tK to 0. Therefore,
lead-induced correlations are only included over a span of K Trotter slices, where
K = tK/δt. We call tK the memory or correlation time.
The truncation after K Trotter slices makes the matrix D[η, s] block tridiagonal.
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Figure 5.1: Semilogarithmic plots of the absolute value of the Green function ∆ as
a function of time for di�erent setups of the system parameters. (a)
Di�erent values of the bias voltage at large temperatures kBT = Γ. (b)
Di�erent values of the bias voltage at low temperatures kBT = 0.1Γ.
For panels (a,b) the other parameters are given by ε0 = 0, B = 0,
p = 0.5, θ = π/2. (c) Impact of a magnetic �eld in x-direction. Other
parameters are kBT = 0.2Γ, ε0 = 0, eV = 0.1Γ, p = 0.5, θ = π/2. (d)
Impact of the gate voltage with the other parameters at kBT = 0.2Γ,
eV = 0.1Γ, B = 0, p = 0.5, θ = π/2. Shaded areas demonstrate the
truncation necessary for ISPI at correlation time ΓtK = 2.

It can, then, be written in the form

D[η, s] ≈



D11 D12 0 0 · · · 0
D21 D22 D23 0 · · · 0
0 D32 D33 D34 · · · 0
0 0 D43 D44 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · DNKNK


. (5.1)

The total 4N × 4N matrix is decomposed into blocks Dnn′ of size 4K × 4K. The
index n runs from 1 to NK = N/K, and only blocks Dnn′ with |n − n′| ≤ 1 have
�nite entries. Since ΣC(s) is a diagonal matrix, the de�nition of D[η, s] in Eq. (4.44)
yields that the blocks Dnn′ in the n-th row depend only on the set of 2K Hubbard-
Stratonovich spins from the Trotter slices (n − 1)K + 1 to nK but not on spins
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from Trotter slices outside of this range. We de�ne these sets of 2K spins by sn ≡
(s+

(n−1)K+1, s
−
(n−1)K+1, . . . , s

+
nK , s

−
nK).

5.1 Finite-Time Implementation

If we use the approximation from Eq. (5.1) and apply it to Eq. (4.44), we have
to evaluate detD[η, s] for all con�gurations of Hubbard-Stratonovich spins. The
determinant of a block tridiagonal matrix can be analyzed in an iterative fashion
[87, 93, 112]. For this we iteratively make use of Schur's formula

det

(
a b
c d

)
= det a · det

(
d− ca−1b

)
, (5.2)

where a, b, c, d could be, again, matrices. In the �rst step, we apply Schur's formula
to the matrix D[η, s], such that a = D11, while b = (D12, 0, 0, . . . , 0) and c =
(D21, 0, 0, . . . , 0)T and d is the remaining, quadratic part of the matrix D[η, s], with
D22 in its upper left corner and DNKNK in its lower right corner. To calculate the
determinant of 4(N−K)×4(N−K) matrix d−ca−1b, we again use Schur's formula
with the new a taken as the upper left 4K × 4K block and, b, c, d de�ned in an
analogue manner to the �rst step. This procedure is repeated until we arrive at the
lower right corner. The result is [112]

Z[η] =
∑
{s}

detD11 · det Ď22 · . . . · det ĎNKNK (5.3)

where Ďnn is de�ned iteratively by

Ďnn[sn, . . . , s1] = Dnn[sn]−Dn,n−1[sn]
(
Ďn−1,n−1[sn−1, . . . , s1]

)−1
Dn−1,n[sn−1], (5.4)

together with Ď11 = D11. Due to this iterative de�nition, Ďnn depends on all the
blocks Dn̄n̄′ of Eq. (5.1) that are placed above of Dnn, i.e. n̄, n̄′ ≤ n. This is,
however, inconsistent with our decision to neglect all correlations beyond tK . Since
D was approximated as being block tridiagonal, we should consistently eliminate
the in�uence of Dn̄n̄′ on Ďnn when n̄, n̄′ deviates from n by more than 1.
To do this in a controlled manner, we neglect terms of the style

Dn,n−1 [Dn−1,n−1]−1Dn−1,n−2 [Dn−2,n−2]−1Dn−2,n−1 [Dn−1,n−1]−1Dn−1,n (5.5)

whenever they appear during the iteration. This is necessary, since these terms
couple the Hubbard-Stratonovich spin sets sn and sn−2, which is inconsistent with
our approximation. For example, in the third iteration step we approximate as
follows

det
(
Ď33

)
= det

(
D33 −D32 [D22]−1D23 +D32 [D22]−1D21 [D11]−1D12 [D22]−1D23

)
≈ det

(
D33 −D32 [D22]−1D23

)
.

(5.6)
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The fourth step then builds upon this approximation and is itself approximated in
the same way and so on. For the sake of clarity, we write out the iteration procedure.
Necessary steps for a consistent approximation have already been implemented,
leaving us to �nd the following expression

Z[η] =
∑
{s}

det(D11) det
(
D22 −D21 [D11]−1D12

)
det
(
D33 −D32 [D22]−1D23

)
· · ·

× det
(
DNK ,NK −DNK ,NK−1 [DNK−1,NK−1]−1DNK−1,NK

)
.

(5.7)

The result is a rather compact approximation procedure, which we can write as
follows: In Eq. (5.3) we replace each Ďnn with

D̃nn[sn, sn−1] = Dnn[sn]−Dn,n−1[sn] (Dn−1,n−1[sn−1])−1Dn−1,n[sn−1], (5.8)

with D̃11 = D11, i.e., in comparison to Eq. (5.4) we have replaced(
Ďn−1,n−1[sn−1, . . . , s1]

)−1 → (Dn−1,n−1[sn−1])−1 (5.9)

on the right hand side. This automatically leads to a consistent approximation,
for which D̃nn and, therefore, also its determinant det D̃nn depends only on two
sets of Hubbard Stratonovich spins, namely sn and sn−1 from the Trotter slices
(n−2)K+1, . . . , nK but not from earlier or later ones. This allows us to reorder the
di�erent determinants, and we are thus able to evaluate the sum over all Hubbard-
Stratonovich spins in a piecewise manner

Z[η] =
∑

{sNK ,sNK−1}

det
(
D̃NKNK [sNK , sNK−1]

)
· · ·
∑
{s2}

det
(
D̃33[s3, s2]

)
×
∑
{s1}

det
(
D̃22[s2, s1]

)
det(D11[s1]).

(5.10)

Each of the sums in Eq. (5.10) runs over 22K di�erent spin con�gurations. This is
what we refer to as the �nite-time implementation of the ISPI technique, which has
been used in previous works. It has proven to be a powerful tool when working with
systems in the regime where all energy scales are of the same order of magnitude
[88, 93]. In total, there are NK22K summations instead of the summation over the
22N con�gurations of the Hubbard-Stratonovich spins in Eq. (4.44), without the
truncation scheme. A more precise estimate of the scaling behavior of the numerical
e�ort should take into account the e�ort for building D̃nn from Eq. (5.8). An in-
depth investigation of the performance of the ISPI code is given in Sec. 5.4.

5.2 Transfer-Matrix Implementation

In the last section we introduced the �nite-time implementation of the ISPI tech-
nique. We are, however, able to take Eq. (5.10) as a basis and further develop the
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method. The shape of Eq. (5.10) suggests to rewrite it into the product of matrices
and a vector in the space of Hubbard-Stratonovich spin con�gurations. For this
we arrange the 24K di�erent values of det D̃nn[sn, sn−1] for the di�erent Hubbard-
Stratonovich spin con�gurations in a 22K × 22K matrix, which we call the transfer
matrix.

Λn,n−1 =
(

det D̃nn[sn, sn−1]
)

(5.11)

where each row corresponds to one of the 22K con�gurations for sn and each column
to one of the 22K con�gurations for sn−1. These transfer matrices are, one after
another, multiplied with a vector of dimensionality 22K , where the starting vector
is given by

|Λ1〉 = (detD11[s1]) . (5.12)

The Keldysh generating functional can, then, be written as a product

Z[η] = 〈1|ΛNK ,NK−1 · · ·Λ3,2Λ2,1 |Λ1〉 (5.13)

of the transfer matrices, where Λn,n−1 is a 22K × 22K matrix for n ≥ 2, |Λ1〉 is a 22K

dimensional column vector, and 〈1| = (1, . . . , 1) a 22K dimensional row vector. The
latter is necessary to account for the �nal spin sum

∑
{sNK }

in Eq. (5.10). Each of

the NK matrix multiplications requires a summation over 22K Hubbard-Stratonovich
spin con�gurations.
The term transfer matrix is known from statistical physics, where the transfer-

matrix method has proven to be a powerful tool. The method was �rst introduced
by Kramers and Wannier to solve the 1-dimensional Ising model [113, 114]. A few
years later it was then used by Onsager as the basis for his well-known exact solution
of the 2-dimensional Ising model [115]. The transfer-matrix method in statistical
physics allows to calculate the partition function of e.g. the 1 or 2 dimensional Ising
model by calculating the largest eigenvalue and its eigenvector of some matrix, that
is called the transfer matrix. It is, however, not limited to these models but is a
far more general approach. We choose this name consciously since Eq. (5.13) is the
starting point for a mapping of the ISPI scheme to the transfer-matrix method. The
�nal result is then the transfer-matrix implementation of the ISPI technique.
To transform the ISPI technique into a transfer-matrix method we return to

Eq. (5.13) where we set η → 0 for a moment, thus neglecting the source term. As
a consequence, we restore time-translation symmetry, Eq. (4.4), and the diagonal
blocks of the matrix D[η, s], Eq. (5.1), are all the same 4K × 4K matrices, meaning
Dnn = Dn+1n+1. This is equally true all blocks above the diagonal as well as all
blocks below the diagonal, respectively. Hence, it is clear that the di�erent transfer
matrices Λn,n′ are all equal, too, as long as the source term is not implemented. This
allows us to set Λn,n′ = Λ and write

Z[0] = 〈1|ΛΛ · · ·ΛΛ |Λ1〉 = 〈1|ΛNK |Λ1〉 . (5.14)

From Eqs. (4.44) and (4.55) it is clear that the source self energy of either the
occupation number or the components of the spin projection a�ects one line in the
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block matrix of 4K × 4K matrices Dnn, Eq. (5.1). The current's source self energy,
Eq. (4.52), is more complicated. However, employing the reduced version of the
source self energy, Eq. (4.53), it is still possible to calculate currents within the
transfer-matrix approach. Still, in this section we focus on the occupation number
and spin projections as observables. In what follows, we refer to elements in the
line that is a�ected by the source term as Dmn[η], with n = 1, . . . , NK . Thus, the
matrix D[η, s] in the proximity of Dmm takes the form

D[η, s] =

D11 · · · 0 0 0 0 · · · 0

...
. . .

...
...

...
...

...
...

0 · · · Dm−2m−2 Dm−2m−1 0 0 · · · 0

0 · · · Dm−1m−2 Dm−1m−1 Dm−1m 0 · · · 0

0 · · · 0 Dmm−1[η] Dmm[η] Dmm+1[η] · · · 0

0 · · · 0 0 Dm+1m Dm+1m+1 · · · 0

...
...

...
...

...
...

. . .
...

0 · · · 0 0 0 0 · · · DNKNK





,

(5.15)
The boxes denote the elements included in the transfer matrices Λm−1,m−2 (red),
Λm,m−1[η] (black) and Λm+1,m[η] (blue). It is obvious that two of the transfer matri-
ces are a�ected by the source self energy, while all other transfer matrices still ful�ll
Λn,n′ = Λ, for n, n′ 6= m.
To account for the inclusion of the source term, we have to modify Eq. (5.14),

which leads to the following formula for the generating functional including the
source term

Z[η] = 〈1|ΛΛ · · ·ΛΛm+1,m[η]Λm,m−1[η]Λ · · ·ΛΛ |Λ1〉
= 〈1|ΛNK/2−1Λm+1,m[η]Λm,m−1[η]ΛNK/2−1 |Λ1〉 .

(5.16)

To evaluate ΛNK/2−1 we recall that we are interested in the long-term limit, which
is reached once NK → ∞. When decomposing the transfer matrix in terms of its
eigenvectors we �nd

lim
L→∞

ΛL = lim
L→∞

∑
µ

λLµ |λµ〉〈λµ| ≈ λL0 |λ0〉〈λ0| , (5.17)

where λµ are the eigenvalues of the transfer matrix Λ with |λ0| > |λ1| > . . ., and
|λ0| > 1. With |λµ〉 we denote the eigenvectors corresponding to the eigenvalue λµ.
Plugging this back into Eq. (5.16), we �nd

Z[η] = λNK−2
0 〈1|λ0〉 〈λ0|Λm+1,m[η]Λm,m−1[η] |λ0〉 〈λ0|Λ1〉 . (5.18)

When calculating expectation values by using this generating functional in Eq. (4.43),
constant factors cancel and we �nd

〈O〉 = − i
η

(〈λ0|Λm+1,m[η]Λm,m−1[η] |λ0〉
λ2

0

− 1

)
. (5.19)
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Thus we reduced the number of transfer matrices we need to evaluate from NK

in the ISPI case to 3: Λ, Λm+1,m[η] and Λm,m−1[η], which decreases computation
times, as we show in Sec. 5.4. There, we also discuss in detail how the transfer-
matrix approach compares in detail with the usual ISPI technique. We are able to
advance the transfer matrix approach further since it allows to analytically calculate
the derivative with respect to η, which is necessary to calculate expectation values,
Eq. (4.40). For this we �rst symmetrize Eq. (5.16), and then demonstrate step by
step how to perform the derivative δ

δη
Z[η]|η=0.

5.2.1 Symmetrization

To symmetrize Eq. (5.16), we recall the derivation of this formula by iteratively
applying Schur's formula, Eq. (5.2), to the truncated matrix D, Eq. (5.1). During
this derivation we introduced the matrix D̃nn, whose determinant provides the el-
ements of the transfer matrix Λn,n′ . Using Schur's formula, we are able to rewrite
the determinant of D̃nn, leading to

det
(
D̃nn

)
=

∣∣∣∣ Dn−1,n−1 Dn−1,n

Dn,n−1 Dn,n

∣∣∣∣ |Dn−1,n−1|−1

= det
(
D̄n,n−1

)
det (Dn−1,n−1)−1 , (5.20)

where we de�ned D̄n,n−1 as the 2 × 2 block matrix with Dn−1,n−1 in its upper left
corner and Dn,n in its lower right corner. This matrix depends, similarly to D̃nn

on two sets of Hubbard-Stratonovich spins, sn−1 and sn. On the other hand, the
matrix in the second determinant on the right-hand side of Eq. (5.20) only depends

on sn−1. This representation of det
(
D̃nn

)
allows us to give a di�erent formulation

of the generating functional, by plugging it back into Eq. (5.10)

Z[η] =
∑
{sNK }

∑
{sNK−1}

det
(
D̄NK ,NK−1[sNK , sNK−1]

)
det (DNK−1,NK−1[sNK−1])−1 · · ·

×
∑
{s2}

det
(
D̄3,2[s3, s2]

)
det (D2,2[s2])−1

∑
{s1}

det
(
D̄2,1[s2, s1]

)
.

From this equation, we are able to de�ne two transfer matrices, Un,n−1 and Vn,
similarly to how we de�ned the transfer matrix Λn,n′ in Eq. (5.11).

Un,n−1 =
(
det D̄n,n−1[sn, sn−1]

)
(5.21)

Vn = (detDn,n[sn]) , (5.22)

where, again, each row corresponds to one of the 22K con�gurations of sn, and each
column to one of the 22K con�gurations for sn−1. As a result, the transfer matrix
Un,n−1 is a fully occupied 22K × 22K matrix in the space of Hubbard-Stratonovich
spin con�gurations, while Vn is a diagonal matrix in that same space. We note that
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from Eq. (5.20) it follows directly that Λn,n−1 = Un,n−1V
−1
n−1. With this we are able

to give a symmetrized version for the generating functional

Z[η] = 〈1|UNK ,NK−1V
−1
NK−1 · · ·Um+1,m[η]V −1

m [η]Um,m−1[η]V −1
m−1 · · ·U2,1 |1〉 . (5.23)

Applying Eq. (5.17) and the long-term limit NK →∞, we are able to write this as

Z[η] = λNK−2
0 〈1|λ0〉 〈λ0|Um+1,m[η]V −1

m [η]Um,m−1[η]V −1
m−1 |λ0〉 〈λ0|1〉 . (5.24)

We emphasize that in this symmetrized version two fully occupied and one diagonal
transfer matrix are a�ected by the source self energy. However, it allows us to ana-
lytically calculate the derivative δ

δη
Z[η]|η=0, which we demonstrate in the following

section.

5.2.2 Analytic Derivatives

To calculate expectation values of observables we use Eq. (4.40), which requires us
to calculate δ

δη
logZ[η]|η=0 = Z[0]−1 δ

δη
Z[η]|η=0. For this we use Eq. (5.24) and the

product rule, which leads us to the following expression

Z[0]−1 δ

δη
Z[η]|η=0 = λ−2

0 〈λ0|
[(

δ

δη
Um+1,m[η]

)
V −1
m [0]Um,m−1[0]

+ Um+1,m[0]

(
δ

δη
V −1
m [η]

)
Um,m−1[0]

+Um+1,m[0]V −1
m [0]

(
δ

δη
Um,m−1[η]

)]
V −1
m−1 |λ0〉 .

(5.25)

These three parts can be solved one by one, which we do in what follows. For these
calculations we use the notation Ān,n−1, which denotes a part of a NK ×NK block
matrix A with 4K × 4K blocks, that is de�ned similarly to D̄n,n−1 in Eq. (5.20).
We start with the derivation of δ

δη
Um+1,m[η]. The derivative acts on the elements

of the transfer matrix, which themselves are given by the determinant of D̄m+1,m

with di�erent con�guration of the spins sm+1 and sm. Therefore, we make use of
the identity ∂ det(A) = det(A) tr(A−1∂A) [116], and use the de�nition D̄m+1,m[η =
0] = D̄2,1[η = 0] = D̄0. We �nd

δ

δη
det
(
D̄m+1,m[η]

)
= det

(
D̄0

)
tr

(
D̄−1

0

δ

δη
D̄m+1,m[η]

)
= det

(
D̄0

)
tr

(
D̄−1

0

δ

δη

(
D̄0 + ηΣ̄S,m+1,m∆̄m+1,m

))
= det

(
D̄0

)
tr
(
D̄−1

0 Σ̄S,m+1,m∆̄m+1,m

)
, (5.26)

where in the second step we made use of the de�nition of D[η, s], Eq (4.44), and in-
troduced the matrices Σ̄S and ∆̄, which are also submatrices of ΣS and ∆. Σ̄S for the
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occupation number as well as spin projection is given by Σ̄S,m+1,m =

(
ΣS,mm 0

0 0

)
,

where ΣS,mm is a 4K×4K matrix with only two nonzero elements, see Eq. (4.55). It
is useful to express ∆ in terms ofD0. SinceD0 = 1−ΣC∆, we �nd ∆ = Σ−1

C (1−D0),
where it is assumed that the Coulomb interaction U 6= 0. Plugging this back into
Eq. (5.26) we �nd

δ

δη
det
(
D̄m+1,m[η]

)
= det

(
D̄0

)
tr
(
D̄−1

0 Σ̄S,m+1,mΣ̄−1
C,m+1,m(1− D̄0)

)
= det

(
D̄0

)
tr
(
D̄−1

0 Σ̄S,m+1,mΣ̄−1
C,m+1,m − Σ̄S,m+1,mΣ̄−1

C,m+1,m)
)

= det
(
D̄0

)
tr
(
D̄−1

0 Σ̄S,m+1,mΣ̄−1
C,m+1,m

)
, (5.27)

where we used that tr
(
Σ̄SΣ̄−1

C

)
= 0. Due to the sparseness of Σ̄S and Σ̄−1

C , we are
able to reduce above expression, leaving us with the �nal result

δ

δη
Um+1,m[η] = det

(
D̄0

)
tr
(
(D̄−1

0 )11ΣS,mm(Σ−1
C )11

)
(5.28)

The calculation for δ
δη
Um,m−1[η] is completely analogue, and we �nd

δ

δη
Um,m−1[η] = det

(
D̄0

)
tr
(
(D̄−1

0 )22ΣS,mm(Σ−1
C )22

)
(5.29)

To derive δ
δη
V −1
m [η], we proceed similarly to the case of the other transfer matrix

Um+1,m. The derivative acts on the elements of the transfer matrix, and since it is
diagonal we �nd

δ

δη
det (Dmm)−1 =

δ

δη
det
(
D−1
mm

)
= det

(
D−1

0,11

)
tr

(
D0,11

δ

δη
D−1
mm

)
, (5.30)

where we note that the matrices are only one 4K × 4K block and we again made
use of time-translation invariance Dmm[η = 0] = D0,11. Applying the chain rule, we
�nd

δ

δη
det (Dmm)−1 = det

(
D−1

0,11

)
tr

(
D0,11(−1)D−2

0,11

δ

δη
Dmm

)
= − det

(
D−1

0,11

)
tr

(
D−1

0,11

δ

δη
Dmm

)
. (5.31)

The trace is similar to the one from the derivative of Um+1,m, and is evaluated
accordingly, leading to the following result

δ

δη
Vm[η] = − det

(
D−1

0,11

)
tr
(
(D0,11)−1ΣS,mm(ΣC,11)−1

)
(5.32)

We note that for the derivative of Um+1,m one calculates the of inverse of D̄0 and
then takes the upper left element, while for the derivative of Vm one �rst takes the
upper left element and then calculates the inverse of this 4K × 4K matrix.
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Um+1,m
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Figure 5.2: Zoomed in version of the black and blue box of Eq. (5.15). The el-
ements of the truncated Green function D[η, s] that are required to
build the three transfer matrices are shown by three squares, black
contains the elements for Um,m−1, blue the elements for Um+1,m and
in the dashed green square contains the elements necessary to build
V −1
m . In areas that are shaded grey the elements are zero due to the

truncation.

Plugging Eqs. (5.28), (5.29) and (5.32) back into Eq. (5.25) allows for an analytic
expression of the derivative of the generating functional. When inspecting these
three expressions of the derivations of the three transfer matrices closely, it is strik-
ing that they all have the same structure. If we recall that the Green function is
symmetric under time translation, one might assume that they are all equal, except
that δ

δη
V[η] has opposite sign. This would, of course, be very bene�cial, since then

it would be su�cient to evaluate the diagonal transfer matrix Vm to calculate an
expectation value. In Fig. 5.2 we show a sketch of the elements that contribute to
the three di�erent transfer matrices a�ected by the source self energy. The black
and blue box represent the elements included by Um,m−1 and Um+1,m respectively.
The remaining central box denotes the elements included in Vm. As a consequence,
Eq. (5.23), can be interpreted such that each U transfer matrix propagates the sys-
tem two steps forward, while each V −1 transfer matrix propagates the system one
step back, leading to a pilgrim step-like procedure. If we assume that the source
term is located at the center of the green box in the middle, the three transfer matri-
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Figure 5.3: The regression in the Trotter step size δt for the current (a), as well
as the occupation number and spin expectation values (b-e). For the
current we show di�erent Coulomb interaction strengths, while for the
other observables two di�erent values of the gate voltage ε0 are de-
picted. For the current the parameters are chosen as kBT = 0.2Γ,
ε0 = Γ, eV = 0.1Γ, B = 0, p = 0.5, θ = 0 and ΓtK = 1, while for the
other observables we show the case kBT = 0.2Γ, U = 0.5Γ, eV = 0.1Γ,
By = 0.2Γ, p = 0.5, θ = π/2 and ΓtK = 1.

ces still include di�erent elements. As a result, the three contributions in Eq. (5.25)
are not all equal apart from a minus sign, but instead have di�erent values, that
should converge for large K. For the values of K we are working with here, however,
this is only an approximation, which we do not implement. Instead, we work with
the results obtained from Eq. (5.25).

5.3 Convergence

When applying the ISPI scheme, two systematic errors are accumulated. For the
discrete Hubbard-Stratonovich transformation, Eq. (4.35), �nite discretization time
steps δt are necessary. This time-discretization introduces a �nite Trotter error for
the calculation of the path integral along the Keldysh contour [111, 117], which scales
with polynomially with δt for δt → 0, with the order of the polynomial depending on
the observable of interest. A second source of systematic error comes from truncating
correlations beyond tK to enable us to solve the spin sum from Eq. (4.37). To
reduce both errors and estimate the remaining error bars, we perform a convergence
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procedure. We describe the general process here and discuss the peculiarities the
di�erent observables impose.

(i) Trotter error To eliminate the Trotter error, we �rst choose a �nite correla-
tion time tK . For this tK , the observable is calculated for di�erent values of the
discretization length δt. The result is a set of di�erent realizations for every observ-
able O(tK , δt(K)) for discretization lengths δt(K) = tK/K with K = 2, . . . , 7. We
then perform the well-established extrapolation [117, 118] to the continuum limit,
δt → 0. Since the actual δt-dependence varies strongly depending on the observable
O under discussion, we �t against the polynomial expression

O(tK , δt → 0) = lim
δt→0

n∑
i=0

ciδ
i
t. (5.33)

This means that O(tK)|δt=0 is given by the constant c0, which inherits a natural
deviation due to the (non)linear �tting procedure. In practice, we have chosen
Γδt ≤ 0.5, which allows to resolve all physical properties for �nite bias voltage and
temperature. Note that for the current expectation values the �tting function is
linear in δt, whereas the occupation number N and the components of the spin pro-
jection Sx,y,z are �tted with quadratic order to su�cient accuracy for gate voltages
−2Γ < ε0 < 2Γ. Typical outcomes of this procedure are shown in Fig. 5.3 for the
di�erent observables. For the current we demonstrate di�erent values of Coulomb
interaction strength at the correlation time ΓtK = 1. The other parameters are
given by kBT = 0.2Γ, ε0 = Γ, eV = 0.1Γ, B = 0, p = 0.5, θ = 0. For the occu-
pation number and the spin expectation values we show di�erent gate voltages ε0

at the same correlation time ΓtK = 1. Other parameters are given by kBT = 0.2Γ,
U = 0.5Γ, eV = 0.1Γ, By = 0.2Γ, p = 0.5, θ = π/2. ISPI data are given as symbols,
and the solid lines display the �tted polynomial expression, which is used for the
extrapolation towards δt → 0. This step eliminates the Trotter error.

(ii) Truncation error We repeat the extrapolation δt → 0 for di�erent �nite val-
ues of the correlation time tK . Using the resulting values bereft of the Trotter error
O(tK), we eliminate the respectively associated truncation error by extrapolating
to in�nite correlation time with the help of a linear regression for 1/(ΓtK) → 0.
This step is similar for the current, occupation number and spin projections. The
y-intercept of the linear regression is the �nal value with eliminated Trotter and
truncation error. The procedure is shown in Fig. 5.4, again for the di�erent ob-
servables, with the parameters chosen as before. For the current correlation times
ΓtK = 0.5, . . . , 2 are taken into account, while for the occupation number and spin
projections we use ΓtK = 0.5, . . . , 1.5. These are the ones that are compatible with
Γδt ≤ 0.5, while still allowing for a large enough number of values to perform the
δt → 0 extrapolation from step (i).
Having eliminated the two sources of systematic errors, we are able to estimate

error bars for the results of the convergence procedure from the standard deviations
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Figure 5.4: The regression in the inverse correlation time tK for the current (a),
as well as the occupation number and spin expectation values (b-e).
For the current we show di�erent Coulomb interaction strengths, while
for the other observables two di�erent values of the gate voltage ε0 are
depicted. The parameters are chosen similar to Fig. 5.3.

of both subsequent linear regressions.
Since we are interested in the stationary values of the di�erent observables, we

need to set the measurement time tm large enough to overcome transient behavior.
We �nd that for the quantum-dot spin valve Γtm ≥ 10 is su�cient. We note in
passing, that other systems, like e.g. a quantum dot coupled to a normal lead and
a superconductor, may require signi�cantly larger measurement times to reach the
stationary state.
For the noninteracting case, U = 0, the errors are eliminated very e�ciently with

the described extrapolations, such that error bars are smaller than the symbol size
in all curves presented for this case. With increasing U , the error bars become
larger. We are able to obtain reliable results within reasonable computation time
for intermediate values of the interaction up to U = 2Γ. Whenever the orbital of
the dot is tuned far outside the transport window opened by the bias voltage (large
|ε0| or small eV ), the ISPI data for the current become noisy.

5.4 Parallelization and Performance

Even though we reduced the number of summations from 22N in Eq. (4.44) with
N ∼ O(102) to NK22K in Eq. (5.13) via the ISPI scheme, where we took K ≤ 7 into
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Figure 5.5: Systematic sketch of the parallel implementation of ISPI. After the
initialization, each core calculates several lines of the transfer matrix
independently of the others (symbolized by di�erent colored boxes).
These lines are then shared with the other cores, to build the full
transfer matrix of this iteration step.

account, the method is still computation-intensive. On the one hand calculating
current for one speci�c combination of discretization length δt and correlation time
tK still requires the summation over a large number of possible con�gurations of
the Ising-like spins, with the di�erent addends being built from determinants of
products of matrices. On the other hand this has to be repeated several times to
allow for the convergence procedure.
The ISPI code is fully parallelized allowing the calculation of K ≤ 8 within

reasonable computation time. The parallelization is implemented in such a way, that
each core calculates some elements of the transfer matrix (meaning some possible
con�gurations of the Ising-like spins) during each iteration step. The parallelization
is realized using the Message Passing Interface (MPI). A sketch of the parallelization
is given in Fig. 5.5. All calculations during the initialization of the iteration step are
performed by all cores simultaneously. However, each core gets assigned a certain
number of spin-con�gurations, which they calculate independently of one another
to �ll the transfer matrix. Each line is then multiplied with the current state vector
|Λn〉, resulting into one element of state vector |Λn+1〉. In a �nal step the elements
calculated from each core are shared with all the others, building the full state vector
|Λn+1〉. This process is then repeated in the following iteration step until Eq. (5.13)
is fully evaluated.
To better demonstrate the performance of the parallelization, we refer to Fig. 5.6.

There, in panel (a) we demonstrate how the average calculation time per iteration
step increases exponentially with increasing K. To obtain this picture, we run the
ISPI code on three di�erent machines: On S3 the code is not parallelized and runs
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Figure 5.6: (a) Exponential increase of the average calculation time per iteration
step with increasing K for di�erent machines (see text). (b) Decrease
of average calculation time per iteration step with increasing number
of available processor cores for the case K = 6, with two di�erent
machines.

on one core of an Intel Xeon E5-2697 v2 at 2.70GHz, on the Opterox, the code
runs on 16 cores of the type Intel Xeon E5-2650 at 2.00GHz, while on the Cray
XT6m we used 240 cores. On these machines the current is calculated for a �xed
correlation time, ΓtK = 1 and set of parameters but with values K = 2, . . . , 6
for S3 and Opterox and K = 4, . . . , 7 for the Cray. We �nd a clear exponential
increase in calculation time, which is attributed to the exponential increase of spin
con�gurations with K. In panel (b) we show how calculation time per iteration step
decreases when calculating the current with the same parameters and correlation
time, while keeping K = 6 constant but varying the number of available processors.
These calculations are only possible for the Opterox and Cray, since the code on
the S3 runs sequential. For the Opterox we choose the number of processors as
Nproc = 8, . . . , 64 in steps of 8, while on the Cray we choose Nproc = 24, . . . , 240.
From Fig. 5.6 (b) it is obvious that the time necessary for one iteration step decreases
such that doubling the number of processors reduces the necessary calculation time
to about 50%, proving the e�ciency of the parallelization procedure.

In Fig. 5.7 we compare the performance of our code for the �nite-time implemen-
tation (Sec. 5.1) and for the transfer-matrix implementation (Sec. 5.2). We plot
the time necessary to calculate the dot's occupation number for one speci�c param-
eter set as a function of K. Parameters are given by kBT = 2

11
Γ, ε0 = 0.5Γ, U =

Γ, eV = 3Γ, p = 0.5, θ = π/2, and measurement time tmΓ = 10, and the memory
time tKΓ = 1. On average, we �nd that the transfer-matrix implementation is faster
by a factor of 7. In addition, the necessary time for the �nite-time implementation
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Figure 5.7: Comparison between the performance of the iterative summation
scheme and the transfer-matrix approach. The time shown in this
plot is the time to calculate the dot's occupation number for one spe-
ci�c set of parameters: kBT = 0.1̄8Γ, ε0 = 0.5Γ, U = Γ, eV = 3Γ, p =
0.5, θ = π/2. The measurement time is given by tmΓ = 10 and the
memory time tKΓ = 1.

increases linearly with tm/tK , while the transfer-matrix technique is not a�ected by
this. We also emphasize that the transfer-matrix implementation allows calculating
multiple observables for the same set of parameters without having to build the
transfer matrix Λ completely new. However, these faster calculation times are paid
for with higher memory requirements, since it is necessary to store the complete
transfer matrix. For K = 6 one fully occupied transfer matrix requires 256 MB of
memory, K = 7 needs 4 GB and for K = 8 64 GB of memory are necessary. This
is less an issue for the �nite-time implementation since there it is su�cient to work
with the transfer matrix line by line.

There are other di�erences between the two implementations: The transfer-matrix
approach works by de�nition in the long-term limit, while for the �nite-time imple-
mentation we have to choose the measurement time large enough to reach this limit.
However, the �nite-time implementation allows us to study systems with e.g. a
time-dependent gate or bias voltage, for which the transfer-matrix approach is not
viable. Finally, calculating correlations between two points in time proves to be
challenging within the �nite-time implementation, but such calculations are usually
possible within transfer-matrix approaches, and might be possible here, too.
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5.5 Summary

In this chapter we introduced the ISPI scheme, which is used to break up the in-
surmountable summation over all con�gurations of all Hubbard-Stratonovich spins
into manageable blocks of these spins. To achieve this we neglected lead-induced
correlations after some memory time tK , since they decay exponentially with time.
We demonstrated how one is then able to construct an iterative scheme on the basis
of continued use of Schur's formula to solve the sum over Hubbard-Stratonovich
spin con�gurations. This resulted in the �nite-time implementation of the ISPI
technique. We were able to develop this method further, by introducing a mapping
of the ISPI scheme to a transfer-matrix approach. This transfer-matrix implemen-
tation allows us to calculate expectation values of observables from a representation
of the source term in the space of Hubbard-Stratonovich spin con�gurations and the
largest eigenvalue and its corresponding eigenvector of the so-called transfer matrix.
In the rest of the chapter, we explained how one is able to obtain numerically

exact data from the ISPI technique by making use of a convergence procedure.
During this process we were able to eliminate the Trotter error, which was introduced
by discretizing time, and the truncation error, caused by the truncation of the
Green function, via consecutive extrapolations. The standard deviations of these
extrapolations allow for an estimate of the error bars. We described how the ISPI
code is parallelized, using the message passing interface (MPI) and demonstrated
the scalability of this parallelization. Finally, we gave a comparison between the two
implementations of the ISPI technique, presented within this chapter, which showed
that they very much complement each other.





6 Results

In this chapter we present the results obtained via the two implementations of
the ISPI method. The goal is to give a thorough investigation of the interact-
ing quantum-dot spin valve. To achieve this we �rst demonstrate in an extensive
benchmark, that our technique is valid and reproduces the results of other methods
in the noninteracting limit and in the high temperature limit. Also, we show a
comparison between the �nite-time and the transfer-matrix implementation of the
ISPI method. We then turn to the setup where the leads are magnetized collinearly
(θ = 0 or θ = π). For this setup the main observable is the tunnel magnetoresistance
(TMR) of the system, which is a measure for the strength of the spin-valve e�ect
of the system. Afterwards we turn to e�ects that are introduced by a noncollinear
setup via noncollinear magnetization directions of the leads and via an externally
applied magnetic �eld. In this part we very much focus on the e�ect of resonant
tunneling on the spin dynamics of the system and, thus, study the current through
the system together with the dot's occupation number and spin projections.
Some results presented throughout this chapter were previously published in

Refs. [119, 120]. Therefore, some parts of this chapter follow these works in an
analogous manner, and other in verbatim. The same is true for some of the �gures.

6.1 Benchmark

Having introduced the ISPI method, we convince ourselves of the reliability of our
ISPI code. We therefore perform two benchmark tests. First, we consider a non-
interacting spin valve, U = 0. In this case, the current as well as the occupation
number and components of the spin projection of the quantum dot are calculated
analytically (see Sec. 3.2). These analytic solutions are compared with ISPI data.
Next, we compare the interacting ISPI data in the high-temperature regime with
solutions from a �rst order and a �rst plus second order perturbation expansion
in the hybridization strength Γ. A short introduction of this method is given in
App. B, for a more detailed explanation we refer to Refs. [97, 121].

6.1.1 Noninteracting Limit

We have given derivations of the current as well as occupation number and spin
components in Sec. 3.2 (see Eqs. (3.25) and (3.33)) for the case of a noninteracting
quantum dot. For the cases θ = 0 and θ = π without a magnetic �eld, we are able to
simplify the noninteracting, analytical solution for the current given in Eq. (3.25).

75
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The current formulas for parallel (θ = 0) and antiparallel (θ = π) magnetization
con�guration of the leads are given by

Ip =

∫ ∞
−∞

dω
2Γ2

+Γ2
− + (Γ2

+ + Γ2
−)(ω − ε0)2

[Γ2
+ + (ω − ε0)2][Γ2

− + (ω − ε0)2)]

[
f

(
ω − eV

2

)
− f

(
ω +

eV

2

)]
Iap =

∫ ∞
−∞

dω
2Γ+Γ−

Γ2 + (ω − ε0)2

[
f

(
ω − eV

2

)
− f

(
ω +

eV

2

)]
.

(6.1)

These integrals are evaluated with the help of Cauchy's residual theorem. Collecting
the residues at the poles of the Fermi functions, which are given by the Matsubara
frequencies, and of the expression in front of the Fermi functions, we get

Ip =
∑
τ=±

∑
γ,γ′=±1

γ

2
Γτ

{
iγ′Ψ

[
1

2
+ γ′

βΓτ
2π
− iβ

2π

(
γ
eV

2
− ε0

)]
−πf

(
γ
eV

2
+ iΓτ + ε0

)}
Iap =

∑
γ,γ′=±1

γΓ(1− p2)

{
iγ′Ψ

[
1

2
+ γ′

βΓ

2π
− iβ

2π

(
γ
eV

2
− ε0

)]
−πf

(
γ
eV

2
+ iΓ + ε0

)}
,

(6.2)

where Ψ(x) denotes the digamma function [122]. For more complex setups, like
noncollinear magnetizations of the leads or an additional magnetic �eld active on
the dot, solving the energy integral is complicated and leads to lengthy expressions,
that we do not write down here. Alternatively, one is able to solve the integrals
numerically.
For a collinear setup, θ = 0, π, the results can be seen in Fig. 6.1, where in panel

(a) the current through the system in a parallel and antiparallel setup as a function
of bias voltage V is shown. In the inset, we depict the TMR, see Eq. (1.1), resulting
from this setup. In panel (b) on the other hand we show the TMR for di�erent values
of the polarization p as a function of the gate voltage ε0. The solid lines represent
the analytical solution and the symbols ISPI data, with the errors being of the order
of the symbol size. The other parameters are given in panel (a) by kBT = 0.2Γ,
ε0 = 0, p = 0.8 and B = 0 and for panel (b) by kBT = 0.2Γ, eV = 0.1Γ, B = 0.
We �nd excellent agreement between the analytical results and ISPI for both the
full I − V characteristics and the TMR as a function of ε0. In the TMR we �nd a
central maximum, at eV = 0, ε0 = 0, which is well resolved in the ISPI data.
In Fig. 6.2 we turn to a noncollinear setup and include an external magnetic �eld

in di�erent directions. We show the linear conductance for di�erent setups of the
lead magnetizations, namely parallel (θ = 0), orthogonal (θ = π/2) and antiparallel
(θ = π) as a function of the gate voltage ε0. The quantum dot is subject to an
external Zeeman �eld in x-direction of Bx = 2Γ (panel (a)), in y-direction of By = 2Γ
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Figure 6.1: (a) I −V characteristics of the noninteracting quantum-dot spin valve
in collinear setup. (inset) The TMR resulting from the currents in
parallel and antiparallel setup of the leads' magnetizations. Other
parameters are kBT = 0.2Γ, ε0 = 0, p = 0.8. (b) TMR as a function
of gate voltage ε0, in the linear response regime eV = 0.1Γ at low
temperature kBT = 0.2Γ. Lines show the analytical results, symbols
represent ISPI data. No external magnetic �eld has been applied for
this �gure. Error bars are of the order of the symbol size.

(panel (b)), in z-direction of Bz = 2Γ (panel (c)). Other parameters are kBT = 0.2Γ,
eV = 0.1Γ, p = 0.5. We compare the analytic results (solid lines) with ISPI data
(symbols) and note that ISPI error bars are of the order of the symbol size. For
all cases ISPI data reproduces the analytical solution perfectly. Resonant transport
through a noninteracting single level results in a Lorentzian conductance pro�le as
a function of gate voltage ε0 for p = 0. The maximum is centered around ε0 = 0
and the width is determined by the tunnel coupling strength Γ at low temperatures
kBT < Γ. A �nite magnetic �eld lifts the spin degeneracy and two maxima, which
are split by Bx/y/z, develop as a function of ε0, see Fig. 6.2. Due to a low but �nite
temperature and the tunnel coupling Γ, the peak splitting is not fully developed,
i.e. the peak-to-peak distance is somewhat smaller than Bx/y/z/Γ = 2 here.

The impact of the angle θ on the linear conductance varies signi�cantly, depending
on the direction of the magnetic �eld. In Fig. 6.2(a) we observe an asymmetry that
develops as a function of the gate voltage, when the magnetic �eld points along the
x-axis. This asymmetry does depend strongly on the angle θ as well as the degree
of polarization p of the leads. For θ = 0 the di�erence between left and right peak
is largest, while it decreases for increasing angle, until we reach a fully symmetric
setup at θ = π. This asymmetry is traced back to the polarization strength of the
leads, in our case p = 0.5, which introduces spin-dependent hybridization strengths
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Figure 6.2: Linear conductance as a function of the gate voltage for the case of a
noninteracting quantum dot and a nonzero magnetic �eld that points
in (a) x-direction with Bx = 2Γ, (b) y-direction with By = 2Γ, (c)
z-direction with Bz = 2Γ. Lines show the analytical results, symbols
represent ISPI data. Error bars are of the order of the symbol size.
Other parameters are given by kBT = 0.2Γ, eV = 0.1Γ, p = 0.5.

Γα± = Γα(1± p). As a consequence, the coupling between dot and leads is stronger
for the majority spins, resulting in a broader peak. We have convinced ourselves that
this asymmetry survives even for bias voltages outside the linear response regime
(eV ≥ Γ).
When applying the magnetic �eld in y-direction (Fig. 6.2(b)), we �nd that the

two peaks are symmetric with respect to ε0 = 0, meaning that an external �eld
in y-direction does not break the system's particle-hole symmetry for U = 0. The
conductance is maximal for θ = 0 and becomes suppressed as the angle increases,
reaching its minimum in the antiparallel setup θ = π. This can be understood via
the geometry of the setup and the fact that spins precess around magnetic �elds
that are noncollinear to the spins magnetic moment. For the case of θ = 0, the
magnetic �eld is perpendicular to the magnetization direction of the leads, leading
to precession of the spins around the y-axis. Thus, both minority and majority
spins can easily move in and out of the quantum dot, whenever they are aligned
properly. For the case of antiparallel magnetization, θ = π, however, the spin's
magnetic moment and the Zeeman �eld are aligned and no precession occurs. As
a result majority spins in the left lead cannot freely pass to the right lead, since it
is magnetized in the opposite direction. Consequently, the minority spins dominate
transport for θ = π, leading to the observed suppression.
In Fig. 6.2(c) we �nd that the width of the peaks is maximal for the antiparallel

setup and minimal for the case of the magnetizations being parallel. The width
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of the peaks varies with θ, where the width increases with the angle reaching its
maximum at θ = π. The height of the peaks is not a�ected, small variations are due
to a stronger overlap of the two peaks. The two peaks are symmetric with respect
to ε0 = 0, since, again, an external magnetic �eld in z-direction keeps the system's
particle-hole symmetry intact for the noninteracting case U = 0.
We turn to the occupation number and the components of the spin projection

in the case of a quantum-dot spin valve that is noninteracting, but in presence
of an external magnetic �eld. We focus on the cases of magnetic �eld in x- and
z-direction. From the noninteracting, analytical solution, Eqs. (3.33), we �nd the
following formulas for the components of spin projection, if the magnetic �eld points
in x-direction

〈Sx〉 =

∫
dω

4π

2Γ(2Bx(ω − ε0) + p cos
(
θ
2

)
c+
x )

(c−x )2 + 4Γ2[(ω − ε0) + pBx cos(θ/2)]2
[fL(ω) + fR(ω)] (6.3)

〈Sy〉 = −
∫

dω

4π

2Γp sin(θ/2)c+
x
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〈Sz〉 =

∫
dω

4π

4Γ2p sin(θ/2)[Bx + p(ω − ε0) cos(θ/2)]
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[fL(ω)− fR(ω)], (6.5)

where we introduced the short hands c±j = [(ω− ε0)2±B2
j + (Γ2p2 cos(θ)−Γ↑Γ↓)/2],

with j = x, y, z and fL/R(ω) = f(ω ∓ eV/2). When the magnetic �eld points in
z-direction we �nd
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) (
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〈Sy〉 = −
∫

dω

4π

2Γp sin(θ/2)c+
z

(c−z )2 + 4Γ2(ω − ε0)2
[fL(ω)− fR(ω)] (6.7)

〈Sz〉 =

∫
dω
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[fL(ω)− fR(ω)]

]
. (6.8)

One is able to evaluate the integrals via residue theorem or numerically. The re-
sulting formulas are lengthy, and we do not write them down here. These formulas
are used as benchmarks for the noninteracting cases of the components of the spin
projection in what follows.
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Figure 6.3: The four local observables 〈N〉, 〈Sx,y,z〉 for the noninteracting case as a
function of the gate voltage ε0. Parameters are chosen as in Fig. 6.2 (c),
where Bz = 2Γ.

In Fig. 6.3 we study the occupation number and spin-projection expectation values
as a function of the gate voltage ε0 for the same setup as in Fig. 6.2 (c), meaning
the local magnetic �eld is given by Bz = 2Γ. Again, we �nd a good agreement
for all four observables between the analytical solution and the data received via
the ISPI scheme. We �nd a doubly occupied dot for large negative gate voltages
ε0 < −2Γ and an unoccupied dot for gate voltages ε0 > 2Γ. At the particle-hole
symmetric point, ε0 = 0, the dot is singly occupied. Di�erences for the di�erent
angles are marginal. Regarding spin expectation values, we �nd �nite 〈Sx〉, which
is particularly developed for θ = 0 and θ = π/2 due to resonant tunneling e�ects,
as opposed to lowest-order-in-Γ predictions for the quantum-dot spin valve [27]. A
small but �nite 〈Sx〉 for θ = π is addressed to the external magnetic �eld. We
observe symmetric 〈Sy〉 curves with respect to ε0 = 0 for θ = π and θ = π/2,
whereas 〈Sy〉 = 0 for θ = 0, see Eqs. (6.6), where 〈Sy〉 ∝ sin(θ/2). The footprint
of the external magnetic �eld applied in z-direction is re�ected in 〈Sz〉, where a
clear minimum at ε0 = 0 is visible. Also, the dependence on the enclosed angle θ is
superposed by the external �eld and hence marginally detectable.
When applying a magnetic �eld in x-direction, see Fig. 6.4, left-right symmetry

is broken, as was already shown for the conductance. The asymmetry in ε0 due
to the spin-dependent coupling between dot and leads is also visible in the spin
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Figure 6.4: The four local observables 〈N〉, 〈Sx,y,z〉 for the noninteracting case as a
function of the gate voltage ε0. Parameters are chosen as in Fig. 6.2 (a),
where Bx = 2Γ.

projection, i.e. only the curves for θ = π are symmetric with respect to ε0 = 0.
Note that due to the absence of a spin-valve e�ect, for θ = 0 both 〈Sy〉 and 〈Sz〉 are
vanishing, whereas for the other angles all three components of the spin projection
are �nite. In fact, even though the leads are magnetized within the x-y-plane the
spin projection in z-direction is nonzero. This behavior is caused by precession of
the spin around the magnetic �eld in x-direction. The asymmetry e�ect cancels for
a magnetic �eld in y- or z-direction in the absence of interactions. These particular
choices of the magnetic �eld result in a spin precession that annihilates the e�ect of
aforementioned spin-dependent hybridization.
To sum up our �ndings for the noninteracting case, we have ensured that ISPI

data match perfectly with the analytic solution for all observables and all parameter
choices studied in this work. It is noteworthy that even in the noninteracting case
an asymmetric functional shape in the current and subsequently the occupation
number and spin expectation values is observable when gate voltages are tuned.

6.1.2 High-Temperature Regime

In the presence of interactions a fully analytical solution is not available anymore.
However, in the limit of high temperature, kBT � Γ, the tunnel coupling can be
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Figure 6.5: Percental di�erence between the current in a (anti)parallel setup ob-
tained via ISPI and a sequential (seq.) or sequential plus cotunneling
(cot.) ansatz, respectively, as a function of temperature. Lines are
guide to the eye only. Other parameters are ε0 = 0, U = Γ, eV = 3Γ,
B = 0, p = 0.5.

treated as a perturbation and the theory expanded in orders of Γ (see App. B).
To lowest order, only sequential-tunneling processes contribute, while cotunneling
processes are taken into account when expanding to the second order in Γ. The �rst
order theory for the quantum-dot spin valve was formulated within a diagrammatic
real-time technique [27] and was expanded upon including second order contributions
[123, 124], referred to sequential plus cotunneling in this thesis.
This enables us to perform a benchmark for the interacting case. We compare the

ISPI data with those obtained from sequential as well as sequential plus cotunneling
calculations as a function of temperature, and check whether the ISPI data converge
for high temperatures with the results from the master-equation approach. The
result is shown in Fig. 6.5, where we plot the relative deviation of the sequential
(seq) or sequential plus cotunneling (cot) current from the ISPI results as a function
of temperature. We de�ne

∆I =

∣∣∣∣Iseq/cot − IISPIIISPI

∣∣∣∣. (6.9)

For the perturbative results we use the scheme developed in Ref. [123, 124] and we
cover both the parallel (θ = 0) and the antiparallel (θ = π) con�guration. Other
parameters are set to eV = 3Γ, ε0 = 0, U = Γ, p = 0.5. Lines are guides to the eye
only.
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Figure 6.6: The quantum dot's occupation number as a function of the gate volt-
age ε0 for the cases U = 0.5Γ, B = 0 as well as U = Γ, Bz = 2Γ.
We compare the results obtained via the �nite-time implementation
and via the transfer-matrix implementation. Shaded areas are error
estimates. Other parameters are kBT = 0.2Γ, eV = 0.1Γ, p = 0.5,
θ = π/2. The measurement time tm is Γtm = 20 for the �nite-time
implementation.

We �nd a good agreement between ISPI data and the results from perturbative
calculations, once kBT � Γ. While sequential tunneling is only su�cient for temper-
atures much larger than Γ, a sequential plus cotunneling approach remains reliable
for temperatures that are only somewhat larger than Γ. As soon as kBT ≤ Γ,
however, perturbation theory clearly fails and cannot compete with the ISPI ap-
proach. Since tunnel processes of di�erent orders in the tunnel coupling contribute
very di�erently to spin accumulation and spin relaxation, we are not surprised that
a perturbative calculation of the TMR breaks down already at relatively high tem-
peratures.

6.1.3 Finite-Time and Transfer-Matrix Implementation

Having assured ourselves that the code of the �nite-time implementation of the ISPI
technique produces reliable results, we now compare these results with the ones ob-
tained from the code handling the extension to the transfer-matrix implementation,
Eq. (5.25). In Fig. 6.6 we show the occupation number as a function of the gate
voltage ε0. We show two di�erent parameter regimes: For the �rst we choose a
rather low Coulomb interaction strength U = 0.5Γ and do not apply an external
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magnetic �eld, B = 0. The second case is a more demanding regime, where we
have increased the Coulomb interaction U = Γ and added a strong Zeeman �eld in
z-direction Bz = 2Γ. Other parameters are given by kBT = 0.2Γ, U = 0.5Γ, B = 0,
eV = 0.1Γ, p = 0.5 and θ = π/2. For the �nite-time results the measurement
time was chosen to be Γtm = 20 to reach the stationary limit. The transfer-matrix
approach on the other hand operates in the stationary limit by construction.
For the �rst case, where U = 0.5Γ, B = 0, we �nd perfect agreement between the

two implementations. When Coulomb interactions are low and no external mag-
netic �eld is applied, the system reaches the stationary limit very early and thus the
two implementations yield the same results. For the more sophisticated setup with
higher Coulomb interactions and an additional Zeeman �eld, both implementations
still very much agree. However, there is a slight di�erence between the results of the
two implementations. This is due a slower convergence of the time evolution to the
stationary limit. As a result, one would have to increase the measurement time in
the �nite-time implementation further to perfectly reproduce the results from the
transfer-matrix approach. Nonetheless, this shows that the transfer-matrix imple-
mentation is a viable option to calculate the occupation number or spin projections
via the ISPI technique.

6.2 Collinear Setup

(a)
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Figure 6.7: Collinear setups of the lead magnetizations in the quantum-dot spin
valve used in the de�nition of the TMR.

We now turn to the discussion of the TMR through a quantum-dot spin valve
for the experimentally relevant regime in which the energy scales for Coulomb in-
teraction, tunnel coupling, and temperature are all of the same order of magnitude.
Neither the fully analytical U = 0 formulas, nor a perturbative treatment of tun-
neling, nor any zero-temperature calculation done with other methods such as NRG
is applicable. We study the system in a collinear setup, where the angle between
the magnetizations of left and right lead is some multiple of π, i.e. θ = 0, π, 2π, . . ..
For the case of θ = 0 the magnetizations are parallel and aligned in the positive x-
direction (Fig. 6.7 (a)). When θ = π the leads are magnetized along the y-direction
in an antiparallel fashion (Fig. 6.7 (b)). For θ = 2π the magnetizations are again
parallel, but pointing in the −x-direction. The TMR introduced during Sec. 1.1.2
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and de�ned in Eq. (1.1), with Ip ≡ I(θ = 0) and Iap ≡ I(θ = π). There we also
mentioned that the TMR depends sensitively on the relative importance of di�erent
tunnel processes that contribute directly and indirectly to the current.
The fact that the nature of the dominating transport channel largely a�ects the

TMR has been extensively discussed in the literature. Measurements of the TMR for
weak tunnel coupling outside the Coulomb-blockade regime [13] could be explained
within a sequential-tunneling picture. In the Coulomb-blockade regime, however,
cotunneling dominates, leading to an enhancement of the TMR as compared to the
sequential-tunneling result [83, 123�126]. For a qualitative explanation of the TMR
measured through a quantum-dot spin valve with strong tunnel coupling, a Breit-
Wigner form of the transmission has been assumed [46, 50]. While the Breit-Wigner
form takes resonant-tunneling processes into account, it fails to describe correlations
that, at very low temperature, give rise to the Kondo e�ect. The formation of Kondo
correlations is accompanied by an enhancement of the transmission through the dot,
which gives rise to a large, bias-voltage-dependent TMR as observed in Refs. [14,
28, 49]. Finally, we mention that also for quantum-dot spin valves in which not only
the leads but also the island is ferromagnetic, an enhancement of the TMR due to
cotunneling has been experimentally [127�129] and theoretically [130] found.

6.2.1 Temperature Dependence

The importance of resonant tunneling, i.e. higher-order tunneling contributions, for
a proper description of transport through a quantum-dot spin valve is nicely demon-
strated by the temperature dependence of the TMR. In Fig. 6.8 we demonstrate this
for the regime of low and high bias voltage (panel (a) eV = 0.1Γ, panel (b) eV = 3Γ)
and for a noninteracting quantum dot, U = 0. Shown are the analytical solution of
the TMR (ANA) together with ISPI data (symbols) and the results of a perturba-
tion theory for the TMR in Γ. We show the expansion up to order Γ, up to order
Γ2, up to order Γ3 and up to order Γ4.
We �nd that ISPI data perfectly reproduces the analytical solution, just as in

the benchmarks in Sec. 6.1.1. In the sequential-tunneling approximation (up to
order Γ), the TMR is independent of both, temperature and bias voltage, if U = 0
and is just given by TMR = p2 [123]. Including the second or higher orders, the
TMR becomes a nonmonotonic function of temperature, which converges to the
sequential value for large temperatures kBT � Γ. Nonphysical oscillations arise,
which even extend to values of the TMR outside the interval [0; 1]. These oscillations
are less severe once the bias voltage becomes su�ciently large, since then higher order
processes are increasingly suppressed. The cotunneling approximation (up to order
Γ2) seems to give reliable results for temperatures of kBT ≈ 10Γ. Strikingly, not
even a fourth order expansion is able to properly describe the correct temperature
dependence of the TMR down to kBT . Γ. We infer, that in the regime where the
temperature and Γ are both of the same order of magnitude, resonant tunneling
becomes overwhelmingly important and perturbation theory fails severely.
We continue by introducing Coulomb interactions on the quantum dot, and study
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Other parameters are chosen as in Fig. 6.8.
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their impact on the temperature dependence of the TMR. In Fig. 6.9, we show the
TMR as a function of the temperature for di�erent values of the Coulomb interaction
strength. Again, in panel (a) we show the low bias regime eV = 0.1Γ, while in panel
(b) the regime of large bias voltage, eV = 3Γ, is shown. The other parameters
are the same as for Fig. 6.8. For �nite U an analytical solution is not available
anymore, and we also abstain from showing results from a perturbation expansion,
since its values are far o� for the temperature regime under discussion. Coulomb
interactions increase the TMR, but they do not change the qualitative behavior of
the temperature dependence. In the regime of small bias voltage, Fig. 6.9(a), we
�nd a nonmonotonic behavior of the TMR. For kBT → ∞ the TMR approaches
the sequential-tunneling value TMR = p2 = 0.25, as was already discussed for
Fig. 6.8. Interestingly, for ε0 = 0 and at small bias voltage, the low-temperature
limit, kBT → 0, yields TMR = p2, too. This can be understood directly, from
the analytical formulas, Eqs. (6.1). For kBT → 0 the Fermi functions are replaced
by Heaviside functions, and for eV → 0 the di�erence between the two Heaviside
functions is replaced by δ(0). With these results, and for ε0 = 0, one readily �nds
the desired result. For intermediate temperatures, the TMR is decreased, displaying
a minimum at kBT = 0.5Γ with TMR ≈ 0.195.
With increasing bias voltage the value of the TMR at kBT → 0 decreases (not

shown here). The nonmonotonic behavior is lost once the bias voltage becomes
su�ciently large, see Fig. 6.9(b). For eV = 3Γ the TMR increases monotonically
with temperature and approaches the expected sequential tunneling value p2.

6.2.2 Transport Spectroscopy

We turn to the evaluation of the gate and bias voltage dependence of the TMR
since both are usually tunable in experiment with high precision. Again, we start
with a discussion of the noninteracting case, U = 0. At low temperature kBT =
0.1Γ, the TMR shows a rather rich structure as a function of both voltages, see
Fig. 6.10. In particular, there is a peak at ε0 = 0, eV = 0. The full width at
half maximum of the peak as a function of ε0 and eV , respectively, depends on the
degree of spin polarization p, see inset of Fig. 6.10. With increasing bias voltage,
the local maximum of the TMR as a function of ε0 �rst stays at ε0 = 0 but then
bifurcates into two local maxima. The position of the local maximum as a function
of ε0 is highlighted by a dashed line in Fig. 6.10. Once the level position ε0 is
tuned far away from resonance, |ε0| � Γ, |eV |, the TMR approaches Julliere's value,
Eq. (1.2), TMRJull = 0.4. This is expected, since in this regime, accumulation and
relaxation of the quantum-dot spin can be neglected. The quantum dot becomes
e�ectively invisible for transport, since cotunneling processes dominate. As a result,
the quantum-dot spin valve behaves like a single tunnel junction. On the other
hand, once the bias voltage is large, |eV | � Γ, |ε0|, the TMR converges to the value
obtained by sequential tunneling. Again, this is not a surprise since this is exactly
the regime of sequential tunneling, where higher order processes are suppressed and
can be neglected e�ectively.
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Figure 6.10: TMR for the noninteracting system as a function of gate and bias
voltage. The temperature is kBT = 0.1Γ, the leads' polarization is
p = 0.5 and no external magnetic �eld is applied. The dashed line
highlights the position of the local maximum of the TMR as a function
of ε0. We �nd a bifurcation at �nite bias voltage. (Inset) Full width
half maximum of the local maximum in the center along the ε0 and
eV as a function of the polarization p.

The failure of perturbation theory is once more demonstrated impressively in
Fig. 6.11. Here, we show the gate-voltage dependence of the TMR for U = 0
in the linear response regime, eV = 0.1Γ, and compare it to the full analytical
result (ANA), obtained from Eqs. (6.1), as well as a perturbative expansion of the
latter up to fourth order in Γ. The ISPI data (symbols) perfectly match the full
analytical results, while �nite order perturbation theory is not only quantitatively
but even qualitatively wrong. Only when |ε0| � Γ become second and higher order
perturbation theories reliable, predicting Julliere's value of the TMR. This, again,
emphasizes the importance of resonant-tunneling e�ects for the TMR, especially, in
a scenario where all energy scales are of the same order of magnitude.
We now include �nite Coulomb interaction, U 6= 0. In Fig. 6.12(a) we show the

gate-voltage dependence of the TMR for U/Γ = 0, 1, and 2 in the linear-response
regime eV = 0.1Γ. The local maximum at resonance ε0 = 0 remains clearly visible
for all chosen values of U . The error bars of the ISPI data are quite moderate even
for U = 2Γ. Since for large |ε0| the TMR goes up to Julliere's value, there are two
minima symmetrically placed around the central maximum. With increasing U , the
depth of the minima seems to shrink a bit.
In Fig. 6.12(b) we switch to the nonlinear-response regime eV = 1.5Γ. This bias
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Figure 6.11: Gate voltage dependence of the TMR for the noninteracting case U =
0 at low temperatures kBT = 0.2Γ and low bias voltage eV = 0.1Γ.
Comparison between the analytical results, ISPI data (symbols) and
di�erent orders of perturbation theory. The leads' polarization was
set to p = 0.5 and no external magnetic �eld was applied B = 0.

voltage is chosen close to the bifurcation point indicated in Fig. 6.10. The central
maximum has just split into two local maxima, a �nite Coulomb interaction U seems
to wash out the �ne structure visible for U = 0. Note that the limiting value of the
TMR for |ε0| � Γ is again set by Julliere's value.
We complete the discussion of the gate-voltage dependence of the TMR with the

remark that also for the case of �nite U a �rst plus second order calculation fails
completely at low temperatures. This is shown in Figs. 6.12(c) and (d), in which the
same parameters as in Figs. 6.12(a) and (b) are used, respectively. Both datasets
are plagued by severe and nonphysical divergences. They fail to reproduce the
central maximum as well the resulting minima. Just as before only Julliere's value
is reproduced correctly at |ε0| � Γ. However, perturbation theory predicts that the
system reaches this value for all too small gate voltages ε0.
Finally, we study the bias-voltage dependence of the TMR at ε0 = 0 and kBT =

0.2Γ for di�erent values of the Coulomb interaction strength, see Fig. 6.13. Since the
current is an antisymmetric function of the bias voltage V , the TMR is symmetric
with respect to V = 0. For large bias voltages, the TMR approaches the value
obtained for sequential tunneling, TMR = p2 = 0.25 at p = 0.5. At U = 0 there
is a well-pronounced local maximum in the center. Two local minima are placed
symmetrically around the central peak. As U increases, the form of the TMR
becomes modi�ed. At the center (linear-response regime), the TMR �rst grows until
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Figure 6.12: Gate-voltage dependence of the TMR for U/Γ = 0, 1, 2 and kBT =
0.1Γ. The polarization is p = 0.5 and shaded areas represent error
bars. The voltage is chosen to be (a), (c) in the linear-response regime
eV = 0.1Γ, and (b), (d) slightly beyond the bifurcation point eV =
1.5Γ. In (c) and (d) we depict the results of a �rst plus second order
calculation for the parameters of (a) and (b), respectively.

U ≈ Γ and then drops again. In the non-linear regime, |eV | < Γ, the interaction
always increases the TMR. As a consequence the minima are getting washed out for
U > Γ. The error bars indicate the increasing numerical challenge for increasing U ,
especially in the linear-response regime.

6.2.3 Summary

The TMR through a quantum-dot spin valve is a highly nontrivial function of tem-
perature as well as gate and bias voltage. For negligible Coulomb interaction one
is able to calculate the TMR analytically. In the limit of weak tunnel coupling, a
perturbative treatment of tunneling including sequential or sequential plus cotun-
neling is possible. In a generic experimental scenario, however, the energy scales for
charging energy, tunneling strength, and temperature are all of the same order of
magnitude. As a result, neither neglecting interactions nor a perturbative treatment
of tunneling is justi�ed. In contrast, resonant-tunneling e�ects in the presence of
�nite Coulomb interactions are important for a proper, physical description of the
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Figure 6.13: Bias-voltage dependence of the Tmr for U/Γ = 0, 0.5, 1, 2. The other
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represent depict error bars.

TMR. The ISPI technique provides reliable, numerically exact data that naturally
includes tunneling contributions from all orders in the tunnel-coupling strength,
which seems to be extremely important. For intermediate values of the charging en-
ergy, up to the same order of magnitude as the tunnel coupling strength, numerical
convergence is achieved.
We have analyzed the temperature as well as the gate- and bias-voltage depen-

dence of the TMR. We �nd that for kBT . Γ perturbation theory severely fails
since resonant tunneling becomes important. The TMR displays a well-pronounced
peak at ε0 = 0 and eV = 0. We are able to clearly resolve this peak within our ISPI
scheme and study the in�uence of a �nite Coulomb interaction.

6.3 Noncollinearity and Zeeman �eld

We continue the discussion with the system being in an arbitrary, in general non-
collinear setup and include a local Zeeman term on the quantum dot. A sketch of
the setup is given in Fig. 6.14. We, again, choose the symmetric case, meaning that
the lead polarizations are chosen such that pL = pR = p, whereas hybridization
strengths are ΓL = ΓR = Γ and the bias voltage is de�ned by µL = −µR = eV/2.
The angle between the leads' magnetizations is θL = −θR = θ/2, c.f. Eq. (3.10).
As we are especially interested in resonant transport and spin e�ects, we choose
kBT � Γ in the following. We have shown in the previous sections that a weak-
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Figure 6.14: Noncollinear setup of the quantum-dot spin valve. The angle θ can
be chosen arbitrary, the Zeeman �eld B has arbitrary direction and
strength.

coupling theory does not apply in this regime, while the ISPI method is able to give
reliable predictions, once convergence is reached.
Once the temperature is lower than the system's Kondo temperature TK , the

quantum-dot spin valve shows a clear Kondo peak in the conductance at zero bias
[131]. It was predicted that for the quantum-dot spin valve the Kondo peak is split
even without an external magnetic �eld applied, which is caused by the exchange
�eld emerging due to the spin-polarized leads [132, 133], which was veri�ed exper-
imentally [14, 28]. The magnitude and sign of this spin splitting can even be con-
trolled via the gate voltage [134]. Throughout this work we study the quantum-dot
spin valve in the mixed valence regime, where Kondo correlations should be present
but not universal. As a consequence, we do not observe a Kondo peak within our
data.

6.3.1 Interaction-Induced Current Asymmetry

For a start, we return to the parameters settings from Fig. 6.2(c), i.e. kBT = 0.2Γ,
eV = 0.1Γ and p = 0.5, with the magnetization chosen noncollinearly, θ = π/2.
However, we now include ISPI calculations for Coulomb interaction strengths 0 ≤
U ≤ 2Γ. For small bias voltages, i.e. the linear conductance regime, we �nd the
results shown in Fig. 6.15(a). Spin degeneracy is lifted by the Zeeman �eld in z-
direction, and in the absence of interactions U = 0, see blue solid line, we observe
peaks at ε0 ≈ ±Bz/2, as was discussed before already. Finite Coulomb interaction
U 6= 0 renormalizes the peak positions, which are then located at ε0 ≈ ±(Bz+U)/2.
Additionally, the Coulomb interaction breaks the spin (particle-hole) symmetry,
leading to an asymmetry in the gate voltage dependence of the conductance with
respect to ε0 = 0, i.e. G(ε0) 6= G(−ε0). Strikingly, this asymmetry is modi�ed with
the Coulomb interaction strength and becomes more pronounced for increasing U .
Especially, the heights of the peaks are a�ected: The conductance peak for ε0 > 0,
attributed to the spin σ =↑-channel is higher whereas its counterpart ε0 < 0 for σ =↓
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Figure 6.15: (a) Linear and (b) nonlinear di�erential conductance of the interact-
ing spin valve as a function of gate voltage ε0 for noncollinear lead
magnetizations. An external Zeeman �eld of strength Bz = 2Γ is
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error estimates.
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error estimates.
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Figure 6.17: Occupation number and spin projections as a function of gate voltage
ε0 at di�erent interaction strengths U in the linear response regime
eV = 0.1Γ. Parameters are as in Fig. 6.15. Shaded areas are error
estimates.

is suppressed. Since this e�ect vanishes for collinear lead magnetizations θ = (0, π)
and for U = 0, we conclude it to be a spin-dependent, interaction-induced current
asymmetry.
Turning to the nonequilibrium setup, i.e. eV = Γ, see Fig. 6.15(b) we note

that the Zeeman splitting is smeared out by the �nite bias voltage of comparable
order as the Zeeman �eld, e.g. the blue solid curve for U = 0. Nevertheless,
�nite U > 0 lifts the spin degeneracy of the energy level and a splitting evolves for
interaction strengths U ≥ Γ. Again, with increasing Coulomb interaction strength,
the asymmetry of the peak splitting increases. In comparison to the linear-response
regime, the asymmetry-e�ect is less pronounced, probably due to the washing out
of quantum e�ects at large bias voltages. However, in this generic regime where all
energy scales are of the same order of magnitude, nonequilibrium and interaction
e�ects should be treated on equal footing, as is possible with the ISPI method, in
order to obtain a complete physical picture.
To further illustrate the appearance of the interaction-induced asymmetry, we

show in Fig. 6.16 the linear conductance G(Bx) in panel (a) and G(Bz) in panel (b)
for di�erent gate voltages ε0 and Coulomb interactions U = 0 and U = Γ. For U = 0
we reproduce the asymmetry properties, known from Fig. 6.2(a) and (c). In that
case, when tuning Bz all curves are symmetric, i.e. left-right symmetry is intact,
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Figure 6.18: Same as Fig. 6.17 but in the nonequilibrium regime, eV = Γ.

while when tuning Bx we �nd asymmetric curves even for the noninteracting case,
while the gate voltage is nonzero. The left-right symmetry is broken in this case by
the di�erent hybridization strengths for the two spin channels.
Finite Coulomb interaction strength U a�ects both cases. For one the conductance

is suppressed, which is due to Coulomb blockade. Secondly, in both cases increasing
the Coulomb interaction decreases the width of the curves and moves peaks closer
together (in the case of ε0 = Γ). This makes sense, since Coulomb interaction pushes
the quantum dot's energy levels further apart, additionally to the magnetic �eld. As
a result lower magnetic �elds are necessary for a similar e�ect in the conductance.
However, when tuning Bx, the Coulomb interaction does not signi�cantly impact the
asymmetry of the curve. When tuning Bz, on the other hand, Coulomb interaction
serves to break left-right symmetry, and the conductance is sensitive to the sign of the
magnetic �eld, resulting in asymmetric line shapes in the �gure. Note that for ε0 = 0
the particle-hole symmetric point is under investigation and as a result this case
remains symmetric. Only when ε0 6= 0 we �nd that the particle-hole symmetry is
broken and with it G(Bz) 6= G(−Bz). The asymmetry in the two cases develops very
di�erently. When tuning Bx we �nd a global maximum at Bx/Γ ≈ 1.3, for ε0 = Γ,
while when tuning Bz the same case shows a global maximum at Bz/Γ ≈ −0.9. This
means while the general lineshapes seem similar, apart from a minus sign, there are
signi�cant quantitative di�erences.
In order to complete the picture, we discuss the spin projections and occupation

number for the same cases as shown in Fig. 6.15. All four observables are shown
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in Fig. 6.17(a)-(d) for the linear response regime eV = 0.1Γ and in Fig. 6.18(a)-
(d) for �nite bias voltage eV = Γ. We �nd that 〈Sx〉 and 〈Sz〉 display a certain
asymmetry, even in the noninteracting case, which is absent in the linear-response
regime. Having a �nite Coulomb interaction, the exchange �eld plays a role as well,
i.e. an interaction-induced magnetic �eld which stems from inherent coherences of
the system (cf. Sec. 1.1.2). The exchange �eld is generated by the Coulomb interac-
tion and its orientation is determined by the direction of the leads' magnetizations.
Of course its particular form and strength depend strongly on all other system pa-
rameters. Its impact on 〈Sx,y,z〉 is visible when increasing the Coulomb interaction
strength. The x- and z-components are barely a�ected qualitatively by the increas-
ing Coulomb interaction, yet they are shifted towards more negative values in the
respective expectation value, see panels (b) and (d) in Figs. 6.17 and 6.18. For the
y-component, however, U 6= 0 changes the line shape signi�cantly. While for the
noninteracting case the y-component is suppressed at low bias voltages, Coulomb
interactions introduce an additional, asymmetric contribution to the y-component
(see Fig. 6.17(c)). With increasing eV the y-component is not suppressed anymore,
see Fig. 6.18(c), and the e�ect of the asymmetric contribution becomes less relevant
as a result.

6.3.2 Angular Dependence

Before, we only discussed three di�erent angles between the leads' magnetizations,
θ = 0, π/2, π. Now we focus on the angular dependence of the di�erent observables.
Fig. 6.19 shows the linear conductance G(θ)/G(θ = 0) for di�erent values of the
gate voltage ε0. We choose U = 2Γ, no external magnetic �eld is applied to the
dot, and the other parameters are given by kBT = 0.2Γ, eV = 0.1Γ. We compare
data from a perturbative calculation performed in Ref. [27] with ISPI data. Note
that the quantity G(θ)/G(0) is closely related to the TMR, in fact TMR = 1 −
G(π)/G(0). Of course, one could just as well de�ne an angle-dependent TMR,
TMR(θ) = 1 − G(θ)/G(0). Due to the �nite polarization p, all datasets have a
pronounced minimum at θ = π. Taking into account resonant tunneling e�ects,
we observe that the minimal value varies strongly for di�erent gate voltages ε0,
such that G(θ)/G(0)|ε0=Γ < G(θ)/G(0)|ε0=0 < G(θ)/G(0)|ε0=3Γ. This behavior is
consistent with our �ndings from Sec. 6.2.2. The results obtained via perturbation
theory does not account this. However, in this data the impact of the exchange �eld
is visible very clearly. While for ε0 = 0 and ε0 = 3Γ the linear conductance shows a
cosine-like behavior, the case ε0 = Γ deviates and the width is smaller. This e�ect
is attributed to the exchange �eld. The cosine-like behavior is only reproduced for
resonant tunneling when the gate voltage ε0 � Γ. However, for small gate voltages,
especially in the case of ε0 = 0, resonant-tunneling results deviate signi�cantly.
In Fig. 6.20 we present the e�ect that an external magnetic �eld has on the angular

dependence of the linear conductance through the quantum-dot spin valve. In panel
(a) we apply a local Zeeman �eld in x-direction and in panel (b) we apply it in
z-direction. We compare di�erent strengths of the magnetic �eld and di�erent gate
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Figure 6.19: Linear conductance as a function the angle θ enclosed by the leads'
magnetizations. We show ISPI data for di�erent gate voltages ε0

(shaded areas are error estimates) and compare it to results from
sequential tunneling (denoted by the shorthand seq.). Parameters
are kBT = 0.2Γ, eV = 0.1Γ, U = 2Γ, p = 0.5 and B = 0.
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the linear conductance through the quantum-dot spin valve. In panel
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p = 0.5.
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voltages. The other parameters are given by kBT = 0.2Γ, eV = 0.1Γ, U = Γ and
p = 0.5. Comparing both panels with Fig. 6.19 it is obvious that due to the magnetic
�eld the angular dependence of the linear conductance is changed drastically: The
central minimum at θ = π is lost and replaced by a behavior that heavily depends
on the strength and orientation of the magnetic �eld as well as the gate voltage. The
case ε0 = 0 is symmetric with respect to θ = π and there are only minor di�erences
between the magnetic �eld pointing in x- or z-direction. At Bx/z = Γ and ε0 = 0
the linear conductance is almost constant, only small oscillations are visible. When
increasing the magnetic �eld further to Bx/z = 2Γ a maximum at θ = π develops,
which is slightly higher when the magnetic �eld points in z-directions. Once ε0 6= 0,
however, the direction of the magnetic �eld has a strong impact. When the magnetic
�eld points in z-direction we �nd that the linear conductance oscillates and the
symmetry with respect to θ = π is lost, which is only the case for U 6= 0. This e�ect
is of course closely related to the asymmetry discussed in Fig. 6.15. If the magnetic
�eld points in x-direction on the other hand (panel (b)), we �nd a very di�erent
picture. A striking new feature is that G(0) 6= G(2π), which at �rst glance seems
unintuitive. However, based on our choice of coordinate system (see Sec. 3.1), θ = 0
means that the leads' magnetizations are aligned in +x direction, while for θ = 2π
they point in −x direction. Since the magnetic �eld points along the x-axis it is
very plausible that we �nd di�erent values for the linear conductance. For θ = 4π
the system then returns into the same state as for θ = 0.

6.3.3 Summary

When studying a quantum-dot spin valve with noncollinear magnetized leads and
subjecting the quantum dot to a local Zeeman �eld, we �nd an interaction-induced
asymmetry in the current pro�le, when changing the gate voltage. The Zeeman
�eld together with a small to intermediate Coulomb interaction produces asymmet-
ric current line shapes, as the spin-symmetry together with left/right-symmetry is
broken. We were able to trace back this asymmetry in the linear and di�erential
conductance to the y-component of the spin projection, which is also strongly in�u-
enced by Coulomb interactions. As a result, we argue that the interaction-induced
exchange �eld depends highly on resonant tunneling e�ects, leading to this strong
asymmetry e�ect, that a�ects both the conductance and the spin projections of the
quantum dot. This e�ect is most pronounced at small bias voltages, but does also
survive a �nite bias voltage that drives the system out of equilibrium, as long as
resonant tunneling e�ects have an impact on the underlying physics.
We also discussed the conductance as a function of the angle between the leads'

magnetizations and found signi�cant di�erences between resonant and sequential
tunneling, which are consistent with our earlier predictions of the TMR. When acti-
vating an external magnetic �eld, the angular dependence of the linear conductance
becomes rather complicated and heavily depends on the strength of the magnetic
�eld, its direction and the gate voltage.



7 Conclusions

The goal of this work has been to study spin-dependent, resonant transport through
an interacting quantum-dot spin valve in the generic regime where all energy scales
are of the same order of magnitude. For this we expanded the technique of iterative
summations of path integrals in three ways: We implemented spin-dependent pro-
cesses within the technique, we showed that it is possible to calculate the quantum
dot's occupation number and spin projection in addition to the current as observable
using the ISPI technique, and we proposed a mapping of the ISPI technique itself
to a transfer matrix approach.
In Chapter 3 we introduced the Hamiltonian of the quantum-dot spin valve and

described it in detail. The system is comprised from a central, single-level quantum
dot, that is tunnel-coupled to two Stoner ferromagnets and contacted capacitively by
a gate electrode. For the quantum-dot we employed the Anderson impurity model.
We demonstrated how spin-dependent tunneling is established and controlled via
the magnetization directions of the leads and their respective polarization strength.
Using a nonequilibrium Green functions approach, we derived an analogue to the
Meir-Wingreen formula for the noninteracting quantum-dot spin valve. In addition,
we derived analytic solutions for the quantum dot's occupation number and spin
projection, again, for the noninteracting setup. Due to the smallness of the central
quantum dot, a noninteracting solution is not su�cient to describe the transport
properties of the setup in a quantitative or qualitative manner. A number of di�er-
ent approaches have been employed to tackle this problem, one of them being the
ISPI technique. To allow a classi�cation of this method, we compared it at the end
of the chapter with perturbative approaches in the Coulomb interaction U and in the
hybridization strength Γ, as well as with numerically exact methods, namely quan-
tum Monte Carlo simulations and renormalization group approaches. We argued
that the ISPI technique is a unique approach that excels in the generic parameter
regime where all energy scales are of the same order of magnitude. As a result, the
ISPI technique can act as a bridge, connecting the regimes of applicability of the
other methods.
In Chapter 4 we demonstrated how one is able to calculate the system's parti-

tion function using a path-integral ansatz. To allow a treatment of the Hamilto-
nian's quartic interaction term within this approach, we decoupled this term using
a Hubbard-Stratonovich transformation, which introduces one Ising-like Hubbard-
Stratonovich spin per time step. The result is a formula for the partition function,
where it is necessary to sum over all con�gurations of the Hubbard-Stratonovich
spins. This is an impossible task, and the point where the ISPI method is applied.
Finally, we showed how one is able to purposefully break time-translation invari-
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ance by including a source term within the partition function, transforming it into
a generating functional. The logarithmic derivative of this generating functional
enabled us to calculate the expectation values of the current, occupation number
and components of the spin projection via a �tting source term.
We introduced the ISPI technique in Chap. 5. Since lead-induced correlations

decay exponentially with time, we were motivated to truncate these correlations after
some memory time, which is the main approximation of the ISPI method. One then
is able to construct an iteration scheme, where the number of Hubbard-Stratonovich
spins over which one has to sum per iteration step is reduced signi�cantly. Via a
convergence procedure we were able to reach numerically exact data for the current
as well as the occupation number and spin projection. We also proposed a direct
mapping of the ISPI technique to a transfer-matrix approach, leading to the transfer-
matrix implementation of the ISPI technique. This implementation and the standard
�nite-time implementation complement one another. To calculate the stationary
limit of observables, the transfer-matrix implementation reduces calculation times,
as we have shown when testing the performance of the two implementations. In
addition, the transfer-matrix formulation may be suited to allow calculation of non-
time-local observables within the ISPI technique.
In Chap. 6 we presented our results for the resonant transport through quantum-

dot spin valves. We started with an extensive benchmark of the ISPI technique,
comparing its results with those of the noninteracting solution derived before, as well
as to results from a sequential and a sequential plus cotunneling approach. We found
perfect agreement between ISPI and the noninteracting solution, and showed that
for large temperatures ISPI reproduces the results from the perturbative method.
Also, we compared results from the �nite-time implementation with those from the
transfer-matrix implementation and, again, found a perfect agreement between the
two.
In a next step we studied the TMR for the interacting quantum-dot spin valve and

found that it shows a highly nontrivial behavior as a function of the temperature as
well as the gate and bias voltage. We also were able to demonstrate that to describe
low-temperature features of the TMR a perturbation theory in the hybridization Γ
severely fails, while ISPI produces reliable data.
Finally, we discussed the e�ects of noncollinear leads combined with a local mag-

netic �eld acting on the dot. We found that magnetic �elds may introduce asymme-
try in the current as a function of gate voltage. Such an asymmetry is already visible
for the noninteracting setup, when the magnetic �eld points in x-direction. However,
this e�ect can be understood in a rather straightforward manner by spin-dependent
couplings. The interplay between Coulomb interaction, noncollinear leads and a
magnetic �eld creates an additional asymmetry e�ect, whose origin is much less
obvious. We were able to track it down to the fact that the interplay between these
three constituents, has a signi�cant e�ect on the y-component of the spin projection,
which causes the e�ect in the current.



A In�nite Order Expansion

The formalism of nonequilibrium Green functions introduced in Sec. 2.2 proves par-
ticularly useful for perturbative approaches. Via an expansion in the tunneling
Hamiltonian up to in�nite order it is possible to give a formula for the dressed Green
function Gσσ′ , called the Dyson equation. In addition, we derive a formula, again
via in�nite order expansion, for the mixed Green function Gσ,αkτ , which is necessary
in Sec. 3.2 where we derived the current through the noninteracting quantum-dot
spin valve. We can think of these Green functions as being built from simple parts,
namely the Green function of the free quantum dot G0,σσ′ , the Green function of lead
α, gαk,ττ ′ , and the tunneling verteces Yα,τσ, Y ∗α,στ . The free Green functions denote
propagation of the system in time, while the tunneling verteces present tunneling
between dot and leads.
For an easy notation of the expansion a diagrammatic representation has proven

very useful and is widely used in literature [33, 68, 135]. To use it, we introduce the
diagrammatic representations of the di�erent building blocks in energy space

Gσσ′(ω) =
σ σ′

, G0
σσ′(ω) =

σ σ′

, gαk,ττ ′(ω) =
αkτ αkτ ′

Yα,τσ =
αkτ σ

, Y ∗α,στ =
σ αkτ

(A.1)

In addition it is very useful to de�ne the irreducible self energy in the diagrammatic
representation. Translating Eq. (3.31) into diagrams leads to

Σσσ′(ω) ≡
σ σ′

=
σ αkτ αkτ ′ σ′

(A.2)

We note that when connecting di�erent diagrams, it is understood that all interme-
diate degrees of freedom are summed.

Dressed Green function Having de�ned all necessary basic building blocks, we
are able to build a perturbation expansion of the dressed Green function by adding
up all possible diagrams. The result takes the following form

σ σ′

=
σ σ′

+
σ σ′

σ1 σ2
+
σ σ′

σ3 σ4σ1 σ2
+· · · (A.3)

It is important to note that we already employed the linked cluster theorem, which
states that non-connected diagrams cancel exactly, leaving only above connected
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diagrams [33]. The factor 1
n!
, which one would expect from a Taylor series is com-

pensated by permutations of the intermediate states. On the right hand side we are

able to bracket
σ

σ1 σ2
from the second term onwards, leading to the following

expression

σ σ′

=
σ σ′

+
σ

σ1 σ2
×
(σ2 σ′

+
σ2 σ′

σ3 σ4
+ · · ·

)
=
σ σ′

+
σ σ′

σ1 σ2
, (A.4)

where in the last step we made use of the fact that this expansion is indeed in�nite.
The last line is then the famous Dyson equation in its diagrammatic formulation. If
we translate it back, replacing the diagrams with their respective formulas, we �nd

Gσσ′(ω) = G0
σσ′(ω) +

∑
σ1,σ2

G0
σσ1

(ω)Σσ1σ2(ω)Gσ2σ′(ω). (A.5)

This equation may be solved easily, obtaining the following result for the dressed
Green function in matrix notation

Ĝ(ω) =

[(
Ĝ0(ω)

)−1

− Σ̂(ω)

]−1

. (A.6)

Mixed Green Function The mixed Green function Gσ,αkτ , introduced during the
derivation of the noninteracting current, see Eq. (3.16), can be derived in a similar
fashion. Since the creation and annihilation opertaros for this mixed Green function
are from both the quantum dot and the leads, the propagator has to start in lead
α and end on the quantum dot. As a result tunnel vertices are necessary explicitly
for the expansion

Gσ,αkτ =
σ αkτ

σ1 αkτ1

+
σ αkτ

σ1 αkτ1

αkτ2 σ2

σ3 αkτ3

+ · · · (A.7)

=
σ αkτ

σ1 αkτ1

+
σ αkτ

σ1 αkτ1
σ3 σ2

+ · · · , (A.8)

where we reintroduced the self energy in the second step. We now proceed similar

to the derivation of the Dyson equation by bracketing
σ1 αkτ1

αkτ
from all terms,

leading to

Gσ,αkτ =

( σ σ1

+
σ σ1

σ3 σ2
+ · · ·

)
×
σ1 αkτ1

αkτ

=
σ αkτ

σ1 αkτ1

(A.9)
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The last line is then our �nal result, which we can again translate back, leading to
the exact formula used during Sec. 3.2

Gσ,αkτ =
∑
σ1,τ1

Gσσ1(ω)Y ∗α,σ1τ1gαk,τ1τ (ω). (A.10)





B Master Equation Approach

Assuming that the quantum dot is only weakly coupled to the leads, one is able to
understand the tunneling as a perturbation and expand in orders of the tunneling
Hamiltonian. We used results from this approach throughout Secs. 6.1 and 6.2
to compare our ISPI data with them. Here, we demonstrate how observables are
calculated using a �rst-order expansion with respect to the tunneling Hamiltonian.
For this sequential tunneling approximation, it is assumed that the coupling to the
leads is weak enough such that the time between tunneling events is the largest time
scale in our system. This method has proven very popular and is used successfully
for many di�erent problems, e.g. [33, 97, 121, 136].
We start by discussing the results obtained when only incoherent processes con-

tribute to the tunneling. The quantum dot is in one of the following states |0〉, |↑〉,
|↓〉, |d〉, which denote the unoccupied state, a state where it is occupied by a particle
with spin up or down or doubly occupied, respectively. Employing Fermi's golden
rule, transitions between these states due to tunneling through the left (L) or right
(R) junction are governed by the matrix elements [33]

Ω
L/R
αβ = 2π

∑
fβ ,iα

∣∣ 〈fβ|HT,L/R|iα〉
∣∣2Wiαδ

(
Efβ − Eiα

)
, (B.1)

where iα denotes the initial con�guration of the internal degrees of freedom of state
α, and fβ is the �nal con�guration of the degrees of freedom of state β. We sum over
all of these degrees of freedom, and weigh them by a thermal distribution function
Wiα , which is in our case the Fermi function f(Eiα). Since we used a symmetric
setup throughout this thesis, the transition rates for the left and right junction are
also chosen equal ΩL

αβ = ΩR
αβ = Ωαβ. With the transition rates being known, we are

able to write down the master equations. These are kinetic equations that describe
the dynimcal behavoir of the distribution function Pα.

d

dt
Pα = −

∑
β

ΩβαPα +
∑
β

ΩαβPβ. (B.2)

This equation allows a direct interpretation: The �rst term represents the rate of
decay of state α, via processes that start in state α and end in any other state β.
The second term is then the rate of opposite processes, which start in an arbitrary
state of the system and end in the state α. In this work we only discussed the steady
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state, where d
dt
Pα = 0, which means

0 =


− (Ω↑0 + Ω↓0) Ω0↑ Ω0↓ 0

Ω↑0 − (Ω0↑ + Ωd↑) 0 Ω↑d
Ω↓0 0 − (Ω0↓ + Ωd↓) Ω↓d
0 Ωd↑ Ωd↓ − (Ω↑d + Ω↓d)




P0

P↑
P↓
Pd

 ,

(B.3)
where it understood that

∑
α Pα = 1. Once the di�erent Pα are calculated using the

equation above, the current can be obtained from the expression [33, 137]

I = −e
∑
N

(ΩN+1N − ΩN−1N)P (N). (B.4)

Eq. (B.3) treats tunneling in and out of the dot incoherently. However, for the
quantum-dot spin valve coherences are crucial even in a sequential approximation.
This is already visible from the reduced density matrix, which for the quantum-dot
spin valve takes the following form [27]

ρdot =


P0 0 0 0

0 P↑ P ↓↑ 0

0 P ↑↓ P↓ 0

0 0 0 Pd

 . (B.5)

The o�-diagonal elements immediately prove that coherences are taken into account.
It proves very much useful to de�ne the components of the vector of average spin S
via

Sx =
P ↓↑ + P ↑↓

2
; Sy =

P ↓↑ − P ↑↓
2

; Sz =
P↑ − P↓

2
. (B.6)

as well as P1 = P↑ + P↓. This way the dot state is characterized by the set of
parameters (P0, P1, P2, Sx, Sy, Sz). As a consequence we require six �rst order master
equations, where the �rst three are given by [27]

d

dt

 P0

P1

P2

 =
∑
α=L,R

Γ

 −2f+
α (E0) f−α (E0) 0

2f+
α (E0) −f−α (E0 + U) 2f−α (E0 + U)

0 f+
α (E0 + U) −2f−α (E0 + U)

 P0

P1

P2


+
∑
α=L,R

2pΓ

 f−α (E0)
−f−α (E0) + f+

α (E0 + U)
−f+

α (E0 + U)

S · n̂α,

(B.7)

where f+
α (ω) is the Fermi function and f−α (ω) = 1 − f+

α (ω). The energy E0 was
introduced in Sec. 3.1 and is de�ned as E0 = ε0 − U/2. The second three master
equations are concerned with the evolution of the spin, and are given by

dS

dt
=

(
dS

dt

)
acc

+

(
dS

dt

)
rel

+

(
dS

dt

)
rot

(B.8)
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with(
dS

dt

)
acc

=
∑
α=L,R

pΓ

[
f+
α (E0)P0 +

−f−α (E0) + f+(E0 + U)

2
P1 − f−α (E0 + U)Pd

]
n̂α

(B.9)(
dS

dt

)
rel

=
∑
α=L,R

Γ
[
f−α (E0) + f+

α (E0 + U)
]
S (B.10)(

dS

dt

)
rot

= S×
∑
α=L,R

Bα, (B.11)

where Bα is the exchange �eld from lead α. From this we see that the three parts
that a�ect the change of the quantum dot's average spin are accumulation processes,
which depends on the occupation probabilities, relaxation processes, which account
for the decay of the dot spin, and rotation processes, caused by the exchange �eld,
which causes precession of the spin. For a detailed discussion of the derivation of
these formulas and their results, we refer to Ref. [27].





C Inverse Keldysh Rotation

We derive Eq. (4.30), starting with the Green function in the rotated basis from
Eq. (2.18). To reach this basis we made use of the involutory transformation matrix

U =
1√
2

(
1 1
1 −1

)
(C.1)

and followed the convention from Larkin and Ovchinnikov [60](
gRαk gKαk
0 gAαk

)
= U

(
gTαk g<αk
g>αk gT̃αk

)
κzU. (C.2)

To return to the initial basis we revert the rotation. For this we make use of the
fact that U is involutory, U = U−1. As a result, we �nd the following expression
for the reverse Keldysh rotation

U

(
gRαk gKαk
0 gAαk

)
Uκz =

1

2

(
gAαk + gRαk + gKαk gAαk − gRαk + gKαk
−gAαk + gRαk + gKαk −gAαk − gRαk + gKαk

)
. (C.3)

The advanced and retarded Green functions of the free lead are well known, see
Eq. (3.20). We therefore are left with �nding a formula to describe the Keldysh
Green function gKαk in terms of gRαk and gAαk. For this we start with the de�nition of
gKαk

gKαk = −i
〈

[Cαk, C†αk]
〉

= g>αk + g<αk = −2πi(1− 2fα(ω))δ(ωσ0 − Eαk). (C.4)

Since gRαk − gAαk = −2πiδ(ωσ0 − Eαk), we are able to plug this into the equation
above, �nding

gKαk = (1− 2fα(ω))(gRαk − gAαk), (C.5)

which is the desired result. Plugging this back into Eq. (C.3), we �nd the expression

gαk =

(
gRαk 0
0 −gAαk

)
+ (gAαk − gRαk)

(
fα(ω) fα(ω)

fα(ω)− 1 fα(ω)

)
. (C.6)

We stop short to note that Eq. (C.5) can be rewritten, using the identity f(x) =
1
2
− 1

2
tanh βx

2
leading to the �uctuation-dissipation theorem for fermions

gKαk = tanh
β(ω − µα)

2
(gRαk − gAαk), (C.7)

which is a generic relation for systems in equilibrium.
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D Fourier Transformation of the

Tunneling Self-Energies

With Eq. (4.44) we derived a formula for the generating functional, that is based
on the sum of determinants of the dressed Green function ∆ plus the source self
energy ηΣS and the charging self energy ΣC over all con�gurations of the Hubbard-
Stratonovich spins. Since the theory is formulated time-discretely, they all are ma-
trices in time. For ΣC we derived its time representation in Eq. (4.38), the same
is true for ηΣS for occupation number and spin components (see Eq. (4.55)). How-
ever, for the dressed Green function, we only derived a formula in energy space and
found that it is de�ned in accordance to the Dyson equation (Eqs. (4.34)). For the
source self energy of the current we found that it is given by the di�erence of parts
of the tunneling self energy, for which we only have a formula in energy space, too
(Eqs. (4.48) and (A.6)). Consequently, it is necessary to Fourier transform these
two building blocks, which can be either done via a discrete Fourier transformation
or analytically using residue theorem. The latter is what we want to show here.

Current Source Self Energy We start our discussion with the Fourier transfor-
mation of the current's source self energy. We start with the tunneling self energy
Eq. (4.32) which we Fourier transform to build the source self energy for the cur-
rent. First we make use of the identity for the Fermi function fα(ω) ≡ f(ω− µα) =
1− f(−ω + µα). Applying this to Eq. (4.32) we get

ΣT,α(ω) =
i

2

(
f(ω − µα)− f(−ω + µα) −2f(ω − µα)

2f(−ω + µα) f(ω − µα)− f(−ω + µα)

)
⊗ Γ̂α, (D.1)

with Γ̂α being de�ned as in Eq. (3.24). As a result, we are left with Fourier trans-
forming f(ω − µα) and f(−ω + µα). We present the calculation in detail here∫ ∞

−∞
dω e−iωtf(ω − µα) =

∫ ∞
−∞

dω
e−iωt

1 + eβ(ω−µα)
= lim

η→0

∫ ∞
−∞

dω
e−iωteηω

1 + eβ(ω−µα)
, (D.2)

where we introduced an exponential cut-o� with the small parameter η > 0. This is
necessary to ensure that the integral remains �nite. Next we employ the substitution
x = ω − µα leading to∫ ∞

−∞
dω e−iωtf(ω − µα) = lim

η→0

∫ ∞
−∞

dx
e−i(x+µα)teη(x+µα)

1 + eβx

= lim
η→0

e−iµα(t+iη)

∫ ∞
−∞

dx
e−ix(t+iη)

1 + eβx
. (D.3)
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This integral is solveable analytically leading to the �nal result of the Fourier trans-
formation of f(ω − µα)∫ ∞

−∞
dω e−iωtf(ω − µα) = lim

η→0
e−iµα(t+iη) iπ

β sinh
(
π
β
(t+ iη)

)
=

{
π
δt

+ µα if t = 0

e−iµαt iπ

β sinh(πβ t)
otherwise,

(D.4)

where δt is the stepsize of the time-discretization, which appears due to δ(t− t′) =
δtt′
δt
. The Fourier transformation of f(−ω + µα) is performed accordingly, the only

di�erence is that the cut-o� parameter has to be chosen such that η < 0, leading to

∫ ∞
−∞

dω e−iωtf(−ω + µα) =

{
π
δt
− µα if t = 0

−e−iµαt iπ

β sinh(πβ t)
otherwise.

(D.5)

One now only has to plug this back into Eq. (D.1) and has found an expression
for the tunneling self-energy in time space, with which one is able to calculate the
current's source self energy, via Eq. (4.52).

Dressed Green function We now turn to the Fourier transformation of the dressed
Green function ∆(ω) =

(
G−1

0 (ω)−∑α ΣT,α(ω)
)−1

. Since the elements of ∆(ω) are
rather lengthy, due to the inversion, we only describe the procedure in general, which
can then be applied to each of the elements. We forst note that all elements have
the following structure

∆νν′

σσ′(ω) = A(ω) +B(ω)fL(ω) + C(ω)fR(ω), (D.6)

where the coe�cients A(ω), B(ω) and C(ω) are prefactors that can depend on the
di�erent system parameters. These parts are Fourier transformed seperately, using
Residue theorem. For this one determines the roots of the coe�cients' denominators
and sorts them by the sign of their imaginary part. According to Ref. [138], one is
then able to calculate the Fourier transform by adding the integral over two closed
contours, one involving the upper half of the complex plane, the other involving
the lower half, cf. Fig. D.1. For the �rst part in Eq. (D.6) the poles of the Fermi
function do not appear, and one �nds the following expression

∫ ∞
−∞

dω e−iωtA(ω) = 2πi

Θ(−t)
∑
{a0↑}

Resa0↑A(ω)−Θ(t)
∑
{a0↓}

Resa0↓A(ω)

 , (D.7)

where {a0
↑} which includes the roots of the denominator of a(ω) with positive imag-

inary part and {a0
↓} which includes the roots with negative imaginary part. The
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Figure D.1: The upper (blue) and lower (red) contours of the complex integra-
tion to Fourier transform the elements of the dressed Green function.
Crosses denote poles, with the poles of the Fermi function (right hand
side, due to �nite bias voltage) being in�nitely many. Since the arks
are pushed to in�nity, they do not have a contribution to the integral.

negative sign between the two parts is attributed to the fact that the contour in-
volving the lower half of the complex plane runs counter-clockwise, which introduces
this additional minus sign.

For the second and third addend one has to take into account not only the poles
of the coe�cient, but the poles of the Fermi function, too. The Fermi function
f(x) =

(
1 + eβx

)−1
has an in�nite number of poles given by {f 0} = {x|∃n ∈ Z :

x = (2n+1) iπ
β
}. One �nds that the residue is for all of them given by Resf0f(ω) = 1

β
.

With this, one is then able to transform these addends as

∫ ∞
−∞

dω e−iωtB(ω)fL(ω) = 2πi

Θ(−t)

∑
{b0↑}

Resb0↑B(ω)fL(ω) +
∑
{f0↑}

Resf0↑B(ω)fL(ω)


−Θ(t)

∑
{b0↓}

Resb0↓B(ω)fL(ω) +
∑
{f0↓}

Resf0↓B(ω)fL(ω)


(D.8)
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∫ ∞
−∞

dω e−iωtC(ω)fR(ω) = 2πi

Θ(−t)

∑
{c0↑}

Resc0↑C(ω)fR(ω) +
∑
{f0↑}

Resf0↑C(ω)fR(ω)


−Θ(t)

∑
{c0↓}

Resc0↓C(ω)fR(ω) +
∑
{f0↓}

Resf0↓C(ω)fR(ω)

 ,

(D.9)

where {b0
↑/↓} and {c0

↑/↓} are de�ned in accordance with {a0
↑/↓}. With this, one

element of the dressed Green function is Fourier transformed. The other elements
are transformed accordingly.
As a result, the time representations of all elements in Eq. (4.44) are known

analytically, and with it one is then able to apply the ISPI scheme to calculate the
generating functional.
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