
Decoherence of non-relativistic
bosonic quantum fields

Der Fakultät für Physik
der Universität Duisburg-Essen

vorgelegte Dissertation

zum Erwerb des akademischen Grades eines
Doktors der Naturwissenschaft (Dr. rer. nat)

Marduk Bolaños Puchet
aus Mexiko Stadt, Mexiko

Tag der mündlichen Prüfung: 25.10.2019

Erstgutachter: Prof. Dr. Klaus Hornberger, Universität Duisburg-Essen

Zweitgutachter: Prof. Dr. Bassano Vacchini, Università degli Studi di Milano



Diese Dissertation wird über DuEPublico, dem Dokumenten- und Publikationsserver der
Universität Duisburg-Essen, zur Verfügung gestellt und liegt auch als Print-Version vor.

DOI:
URN:

10.17185/duepublico/72927
urn:nbn:de:hbz:464-20201103-113343-2

Alle Rechte vorbehalten.

https://duepublico2.uni-due.de/
https://duepublico2.uni-due.de/
https://doi.org/10.17185/duepublico/72927
https://nbn-resolving.org/urn:nbn:de:hbz:464-20201103-113343-2


Dedicated to the memory of Sören Werneburg





Abstract

Contemporary experiments prepare and probe quantum superpositions in increas-
ingly macroscopic and complex many-body systems subject to environmental
interactions. Motivated by the fact that quantum systems with a large number
of interacting constituents are often described in the framework of quantum field
theory, in this thesis a minimal and generic field-theoretic model is developed, that
appropriately accounts for the decoherence dynamics towards a corresponding
classical field theory. The main result is a generic Markovian master equation
that induces the gradual classicalization of non-relativistic bosonic quantum fields
in one spatial dimension. It turns any quantum superposition of distinct field
configurations into a mixture, while ensuring that the expectation values of the
canonical field variables evolve according to the classical field equations. Once the
quantum coherences have decayed considerably, the semiclassical field dynamics
is indistinguishable from a classical linear Boltzmann-type equation in the func-
tional phase space of field configurations. The effect of the master equation on the
field is minimal in the sense that it leaves the first moments of the mode quadra-
tures unaffected, while increasing the field energy with a small state-independent
rate. Assuming that the initial state of the field is a superposition of single-mode
coherent states, several analytical expressions for the purity are obtained, which
are in remarkable agreement with numerical calculations. The latter are carried
out using quasi-Monte Carlo integration based on generalized Faure sequences.
As established here, this is an efficient and accurate method for calculating expec-
tation values in a high-dimensional quantum phase space. The presented results
can be applied to a wide range of quantum many-body systems, and they set
the stage for generalizations to tensorial fields in higher spatial dimensions and
relativistic quantum fields.





Zusammenfassung

Heutzutage lassen sich Quantensuperpositionen in zunehmend makroskopischen
Vielteilchensystemen herstellen, die oft komplexen Wechselwirkungen mit der
Umwelt ausgesetzt sind. Da Quantensysteme mit einer großen Anzahl wechselwirk-
ender Bestandteile oft im Rahmen der Quantenfeldtheorie beschrieben werden,
wird in dieser Dissertation ein minimales und generisches feldtheoretisches Modell
entwickelt, das den Dekohärenz-bedingten Übergang zu einer entsprechenden
klassischen Feldtheorie angemessen berücksichtigt. Das Hauptergebnis ist eine
generische Markowsche Mastergleichung, die den allmählichen quanten-klas-
sischen Übergang nicht-relativistischer bosonischer Quantenfelder in einer
räumlichen Dimension induziert. Sie wandelt jede Quantensuperposition unter-
schiedlicher Feldkonfigurationen in eine Mischung um und gewährleistet, dass
die Erwartungswerte der kanonischen Feldvariablen den klassischen Feldgle-
ichungen genügen. Sobald die Quantenkohärenzen stark zerfallen sind, lässt
sich die semiklassische Felddynamik von einer klassischen linearen Boltzmann-
artigen Gleichung im funktionalen Phasenraum von Feldkonfigurationen nicht
unterscheiden. Die Wirkung der Mastergleichung auf das Feld ist insofern min-
imal, als sie die ersten Momente der Quadraturen der Feldmoden unverändert
lässt und gleichzeitig die Feldenergie mit einer niedrigen zustandsunabhängigen
Rate erhöht. Für einen Anfangszustand des Feldes, der durch eine Superposi-
tion kohärenter Moden-Zustände beschrieben wird, werden mehrere analytische
Ausdrücke für die Purity angegeben, die eine bemerkenswerte Übereinstimmung
mit numerischen Simulationen zeigen. Diese Rechnungen werden mittels einer auf
verallgemeinerten Faure-Sequenzen basierenden Quasi-Monte-Carlo-Integration
durchgeführt, welche hier als eine effiziente und genaue Methode zur Berech-
nung von Erwartungswerten in einem hochdimensionalen Quanten-Phasenraum
etabliert wird. Die hier vorgelegten Ergebnisse lassen sich auf zahlreiche quan-
tenmechanische Vielteilchensysteme anwenden und können als Grundlage dienen
für die Verallgemeinerung zu tensoriellen Feldern, auf höheren räumlichen Dimen-
sionen und zu relativistischen Quantenfeldern.
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1 Introduction

A PhD is a ticket to a life of research and
exploration, a life of learning for learning’s
sake, and a life of sharing the joy of dis-
covery with like-minded people.

—Matthias Felleisen

This dissertation is the culmination of a research project that took more than
three years. Like any endeavor worth undertaking, the path to the objective
was sometimes uncertain but, in the end, the results are a tangible proof of
achievement. In this introductory chapter I will describe the motivation behind
this work, the goals that were pursued and what was accomplished. Moreover, I
will lay out the structure of the remainder of the manuscript.

Motivation

The Schrödinger equation describes the unitary evolution of a closed quantum
system. In practice, however, no quantum system is actually closed. It interacts
with external degrees of freedom collectively called the environment. As a result,
the quantum coherences in the system decay with time. This situation is dramat-
ically illustrated by Schrödinger’s cat, which is the paradigmatic example of a
macroscopic system that immediately ceases to exhibit quantum coherence once
it interacts with an environment.

The loss of quantum coherence and the emergence of classical behavior in
systems with a finite number of degrees of freedom have been extensively and suc-
cessfully studied using the framework of open quantum systems [1–4]. One of the
most important results of this theory is the Lindblad–Gorini–Kossakowski–Sudar-
shan master equation, usually simply called Lindblad equation. It is the most
general dynamical law for the non-unitary evolution of a quantum system in
contact with a Markovian environment. That is, an environment that “forgets”
the effect of the interaction with the system faster than the system evolves.

Understanding the phenomena of decoherence and the quantum-classical tran-
sition is of paramount importance for the development of quantum technologies,
since their performance is ultimately limited by the coupling to the surrounding
environment [5]. Moreover, there is an ongoing effort to prepare superpositions
of increasingly more massive and complex systems with the aim of understanding
how macroscopic a quantum system can be [6, 7]. Decoherence plays a central
role in these experiments probing the physics at the quantum-classical border.
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Quantum systems with a large number of interacting constituents are often
described in terms of quantum fields, since an atomistic treatment of the combined
dynamics becomes unwieldy. Therefore, one usually considers that the degrees of
freedom of the system are the collective field modes. Examples include degenerate
quantum gases and fluids [8, 9], collective degrees of freedom in strongly corre-
lated solid-state systems [10, 11], acoustic vibrations in superfluid Helium [12–
14], micromechanical oscillators [15, 16], and closely spaced chains of harmonic
oscillators realized, for example, in ion traps [17] and superconducting circuits
[18].

For these many-body systems a minimal and generic field-theoretic model that
appropriately accounts for the decoherence dynamics toward the corresponding
classical field theory is desirable. Previous works on the open-system dynamics
of bosonic fields [19–23] considered the electromagnetic and the Klein–Gordon
fields subject to interactions that lead to a master equation for quantum Brown-
ian motion [24]. While such models are adequate when the environment induces
small fluctuations in the field amplitude, they cannot appropriately describe the
decoherence of macroscopic superpositions. One reason is that the obtained decay
rates become unrealistically large, growing above all bounds as the separation
between the superposed field states increases [25].

As mentioned in the beginning, macroscopic systems are never found in a
quantum superposition. However, quantum theory does not exclude this possi-
bility. Therefore, experimentally falsifiable stochastic nonlinear modifications of
the Schrödinger equation have been proposed, whose predictions in the microscopic
scale are in agreement with quantum theory, while prohibiting superpositions
of macroscopically distinct states [26]. These models of wave-function collapse
are being tested in experiments involving molecular interferometry and opto-
mechanical systems [27]. Their field-theoretic extension becomes necessary as
the number of constituents in the many-body system grows.

Objective
Motivated by the foundational issues expounded above and by the technological
implications of a better understanding of decoherence in large quantum sys-
tems, this thesis presents a generic field-theoretic model for bosonic many-body
systems that appropriately accounts for the decoherence dynamics towards a cor-
responding classical field theory, while minimally affecting the field. In order
to simplify the exposition, a non-relativistic bosonic quantum field in one dimen-
sion is considered.

Results
In the following I summarize the results and contributions of this thesis.

Lindblad equation. The main contribution of this work is a generic field-
theoretic Lindblad equation that induces the gradual classicalization of a non-rel-
ativistic bosonic field. It induces a monotonic decay of the purity of any quantum
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state of the field, thereby suppressing all quantum coherences. At the same time,
it ensures that the expectation values of the canonical field variables, namely the
field amplitude and its canonically conjugate momentum, evolve according to the
corresponding classical linear field equations and thus the classical superposition
principle is not affected. In this sense the master equation has a minimal impact on
the bosonic field. Besides classicalizing the state of the field, the master equation
also leads to a gradual increase of the field’s energy with a constant rate that is
independent of the state. The open field dynamics can be seen as a stochastic
process in which the unitary evolution is interrupted at random times by simul-
taneous minimally imprecise generalized measurements of the canonical variables
of the field, whose results are discarded.

Semiclassical dynamics. In the functional phase space of the canonical vari-
ables of the field the dynamics induced by the master equation correspond to a
generalized linear Boltzmann equation that reduces to a Fokker–Planck equa-
tion in the diffusion limit. These equations, which describe the time evolution
of the Wigner quasi-probability distribution functional, govern the semiclassical
dynamics of the field once the quantum coherences have decayed appreciably.
This occurs due to the field being subject to random phase-space kicks, which as
mentioned above can be interpreted as generalized measurements.

Purity decay. The master equation turns any quantum superposition of dif-
ferent field configurations into a mixture. The classicalization dynamics is in
general not amenable to analytic treatment. However, for certain limiting values
of the parameters in the master equation and assuming a superposition of single-
mode coherent states, I obtained approximate analytical expressions that are in
excellent agreement with the numerical simulation of the exact dynamics. This
proved more challenging than expected, since calculating integrals in a high-
dimensional phase space requires a numerical method that converges faster than
Monte Carlo methods. This work demonstrates that quasi-Monte Carlo integra-
tion is a valuable addition to the numerical toolbox of quantum physicists.

The road ahead
In the following chapters, I discuss in detail the model system, the master equation
and its properties, the corresponding phase-space dynamics, the time evolution
of the purity decay for a superposition of single-mode coherent states and the
numerical integration method used for the calculations.

InChapter 2 I consider a linear harmonic chain subject to periodic boundary
conditions and show that in the continuum limit this many-body bosonic system
can be described in terms of a quantum field. This is the system whose classical-
ization is studied in subsequent chapters. Here I also present a short summary
of the theory of field quantization, including the phase-space methods used in
Chapter 4. Since this involves working with functional derivatives, a section will
be devoted to the necessary mathematical background.
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The generic field-theoretic Lindblad equation is introduced in Chapter 3.
First, I will provide a brief summary of the theory of open quantum systems,
including a discussion of the family of master equations generated by random
unitary transformations. Then, I will present the master equation and discuss the
physical requirements that lead to the specific form it has. Finally, after a short
presentation of the framework of generalized measurements, I will show that the
Lindblad equation presented here can be interpreted as a measurement master
equation.

The phase-space dynamics induced by the master equation are described in
Chapter 4 using the Wigner representation. As will be shown, the Wigner func-
tional in the phase space of the canonical variables of the field evolves with a
generalized linear Boltzmann equation that reduces to a Fokker–Planck equation
in the diffusion limit. Using the Wigner functional in the phase space of the mode
variables the dynamics of the purity decay of the state of the field are studied ana-
lytically and numerically for a superposition of single-mode coherent states. Since
functional integrals are used extensively in this chapter, their rigorous definition is
discussed in Appendix A. Moreover, for the sake of reproducibility, in Appendix
B I provide a Fortran program that performs the above numerical calculations.

The phase-space integrals in Chapter 4 are evaluated using a quasi-Monte
Carlo method. This class of integration methods is not well known in the quantum
optics community even though, as shown in this work, they are very useful for
studying many-body quantum systems. Chapter 5 provides a short introduction
to digital sequences with a special emphasis on Faure sequences and their general-
ization. An illustration of the usage of a Java library to generate Faure sequences
is provided in Appendix C.

The results and contributions of this research project are summarized in
Chapter 6. Here I also discuss the perspectives for extending the decoherence
model to relativistic, tensor and spinor fields.
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2 Non-relativistic bosonic fields
The central topic of this dissertation is a generic model for the classicalization of
a bosonic quantum field describing a many-body system. In this chapter, I first
present a brief summary of the theory of classical scalar fields and afterwards I
discuss several aspects of their quantization, including the Fock space and the
phase-space representation. The objective is to show how the concepts and tools
familiar from quantummechanics with finitely many degrees of freedom generalize
when describing systems with infinitely many degrees of freedom. In the final
section, I introduce the model system that will be considered throughout the
remaining chapters, a harmonic chain subject to periodic boundary conditions,
which in the continuum limit is described by a bosonic quantum field.

2.1 Classical scalar fields
I start by providing a summary of the Lagrangian and Hamiltonian formulations
of the theory of classical scalar fields. As will be shown, they are generalizations
of the corresponding formulations for N degrees of freedom, obtained in the limit
N→∞.

2.1.1 Lagrangian formalism
The configuration of a system of point-like particles may be specified by the
generalized coordinates, usually denoted qi(t) with i= 1, ..., N , where N is the
number of degrees of freedom of the system. In Lagrange’s formalism the dynamics
of the system of particles are obtained from the Lagrangian,

L=L(q1(t), ..., qN(t), q̇1(t), ..., q̇N(t), t), (2.1)

a function of the generalized coordinates qi(t), their corresponding velocities q̇i(t),
and time t, using Hamilton’s principle of stationary action [28],

δS=

∫

t1

t2
dt δL(q1(t), ..., qN(t), q̇1(t), ..., q̇N(t), t)= 0. (2.2)

For fixed t1 and t2 the action S is a functional of the generalized coordinates.
That is, it maps a set of functions to a number. The symbol δS denotes the first
variation of the functional, a generalization of the concept of total differential of a
function, which will be discussed in Section 2.2. The variation of the Lagrangian
is given by the total differential

δL(q1(t), ..., qN(t), q̇1(t), ..., q̇N(t), t)=
∑

i=1

N [
∂L
∂qi

δqi+
∂L
∂q̇i

δq̇i

]
, (2.3)
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where the variations of the generalized coordinates satisfy

δqi(t1)= δqi(t2)=0, i=1, 2, ..., N. (2.4)

Integrating by parts the second term in the right side of (2.3) and using (2.4), the
principle of stationary action yields the Euler–Lagrange equations

∂L
∂qi
� ∂t

∂L
∂q̇i

=0, i=1, 2, ..., N. (2.5)

Given the initial values of the generalized coordinates and their time derivatives,
these equations determine the time evolution of the system.

In the limit of infinitely many particles, N→∞, the index i is replaced by the
continuous variable x and the generalized coordinates become fields. That is,

qi(t)≡ q(i, t)�→ ϕ(x, t). (2.6)

The Lagrangian of the system at a given time t depends on the values of ϕ(x, t)
and ϕ̇(x, t) at every position x and is thus a functional,

L[ϕ, ϕ̇, t] =

∫
dxL(ϕ(x, t), ∂xϕ(x, t), ϕ̇(x, t);x, t), (2.7)

defined in terms of the Lagrangian density L, which for each x is a function of
the values of the field and its spatial and temporal derivatives, and it may also
depend explicitly on x and t.

The total differential of Eq. (2.3) generalizes to the first variation of the
Lagrangian [29],

δL=

∫
dx

[
δL

δϕ(x, t)
δϕ(x, t)+

δL
δϕ̇(x, t)

δϕ̇(x, t)

]
, (2.8)

and the corresponding Euler–Lagrange equations are the N→∞ generalization
of Eqs. (2.5) [29],

δL
δϕ(x, t)

� ∂t
δL

δϕ̇(x, t)
= 0. (2.9)

The functional derivatives in the last two equations, denoted with the Greek letter
delta, correspond to a generalization of the directional derivative for the case of
infinitely many variables. They are defined and discussed in Section 2.2.

2.1.2 Hamiltonian formalism

In Hamilton’s formulation the dynamics of the system are obtained from the
Hamiltonian,

H(q,π, t)=
∑

i=1

N

πi q̇i�L(q, q̇, t), (2.10)

18 Non-relativistic bosonic fields



a function of the generalized coordinates and the canonical momenta

πi=
∂L
∂q̇i

, i=1, ..., N. (2.11)

From the total differential of the Hamiltonian,

dH=
∑

i=1

N
∂H
∂πi

dπi+
∂H
∂qi

dqi+
∂H
∂t

dt

=
∑

i=1

N

q̇idπi�
∑

i=1

N

π̇idqi�
∂L
∂t

dt, (2.12)

it follows that qi and πi evolve according to Hamilton’s equations,

q̇i=
∂H
∂πi

, (2.13)

π̇i=�
∂H
∂qi

. (2.14)

The canonical coordinates qi and πi specify at each time t the state of the mechan-
ical system. Its time evolution generates a trajectory in a 2N -dimensional space,
called the phase space.

The dynamical variables of the system are functions f(q,π, t), which in gen-
eral have an explicit dependence on time. Calculating the total time derivative of
f yields

d
dt
f(q,π, t)=

∂f
∂t
+ {f ,H }P.B., (2.15)

where

{f , g}P .B.=
∑

i=1

N
∂f
∂qi

∂g
πi
� ∂f
∂πi

∂g
qi

(2.16)

is the Poisson bracket between two functions of the canonical coordinates. It is
antisymmetric under the exchange of its arguments and satisfies {f , f }P .B.=
0. The Poisson brackets between the generalized coordinates and the canonical
momenta are given by

{qi,πj}= δij , (2.17)
{qi, qj}= {πi,πj}=0. (2.18)

In the limit of infinitely many particles, N→∞, the Hamiltonian becomes a
functional,

H[ϕ,π , t] =

∫
dx [π(x)ϕ̇(x)�L(x, t)], (2.19)

of the field amplitude ϕ(x, t) and the canonical momentum field

π(x, t)=
∂L(x, t)
∂ϕ̇(x, t)

, (2.20)
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which is defined in terms of the Lagrangian density in (2.7).
The corresponding generalization of Hamilton’s equations is given by

ϕ̇(x)=
δH
δπ(x)

, (2.21)

π̇(x)=� δH
δϕ(x)

. (2.22)

The Poisson bracket (2.16) generalizes to [29]

{F ,G}P .B.=
∫
dx

[
δF

δϕ(x)
δG
δπ(x)

� δF
δπ(x)

δG
δϕ(x)

]
, (2.23)

where F [ϕ,π] and G[ϕ,π] are functionals of the canonical coordinates of the field.
Using the identity (see Section 2.2)

δf(x, t)
δf(x′, t)

= δ(x� x′), (2.24)

it follows that ϕ(x, t) and π(x, t) satisfy the canonical relations

{ϕ(x, t),π(x′, t)}= δ(x� x′), (2.25)
{ϕ(x, t), ϕ(x′, t)}= {π(x, t),π(x′, t)}=0. (2.26)

2.2 Functional differentiation

Before discussing the quantization of classical scalar fields, in this section I provide
a short summary of functional calculus, which already appeared in Section 2.1 and
will play an important role in Chapter 4. As will be shown, functional derivatives
are the straightforward generalization of the directional derivative, familiar from
the calculus of several variables, to the case of infinitely many variables. For a
comprehensive discussion the reader is advised to consult [30].

2.2.1 Linear functionals

A real-valued function f of n real variables is defined as the map

Rn→R, x= x1, x2, ..., xn $�→
f
f(x). (2.27)

A linear functional F is defined as the map

X→C, α $�→F F [α], (2.28)

where X is a normed linear space of functions. That is, F assigns to each element
α of X the complex number F [α]. It is customary to write the argument of a
functional in square brackets to distinguish it from a function.
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In general, given a setM equipped with a measure µ and a subspace X of the
space of functions h:M→C, a linear functional F [h] can be defined as

F [h] =

∫
ϱ(x)h(x) dµ(x), for all h∈X, (2.29)

for any given function ϱ ∈X, called the density function of the functional. For
example, the functional that associates a function f with its value at a point
x0 in its domain D, F [f ] = f(x0), has the Dirac delta distribution as its density
function,

F [f ] =

∫

D
f(x)δ(x�x0) dx. (2.30)

This functional is sometimes denoted as δx0[f ].

2.2.2 Functional derivatives
The directional derivative of the function (2.27) along a vector v= (v1, ..., vn) is
the function Dvf :Rn→R defined by the limit

Dvf(x)= lim
t→0

f(x+ tv)� f(x)
t

. (2.31)

Intuitively, this expression gives the rate of change of f at the point x with
respect to a small change ∆x= tv of all the coordinates x in the direction v.
Since f(x+ tv) is a function of t, (2.31) can also be stated in a form which is
more convenient for calculations,

Dvf(x)=
d
dt
f(x+ tv)

∣∣∣∣∣∣∣∣
t=0

. (2.32)

Given two elements f and g of the function space X , the functional (or vari-
ational) derivative of the functional (2.28) at the point f in the direction g is the
map from X to C defined through the limit [31]

δF [f ]
δf

(g)= lim
t→0

F [f + tg]�F [f ]
t

. (2.33)

Comparing this expression with (2.31) it becomes clear that the functional deriv-
ative can be seen as a generalization of the directional derivative. Moreover,
considering F [f + tg] as a function of t, from the Taylor series expansion of F it
follows that (2.33) can be written in a form similar to (2.32),

δF [f ]
δf

(g)=
d
dt
F [f + tg]

∣∣∣∣∣∣∣∣
t=0

. (2.34)

Higher-order functional derivatives are defined by iterative application of (2.33).
In particular, the second functional derivative of F at the point f is given by the
map from X ×X to C [31]

δ2F [f ]
δf2

(g, h)=
d
dt
δF [f + th]

δf
(g)

∣∣∣∣∣∣∣∣
t=0

. (2.35)
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2.2.3 Partial functional derivatives
The partial derivative of the function (2.27) at the point (x1, ..., xn) with respect
to a change of the k-th variable is defined as

∂f
∂xk

(x1, ..., xn)= lim
t→0

1
t
[f(x1+ tδ1k, ..., xn+ tδnk)� f(x1, ..., xn)]. (2.36)

In particular, for f(x)= xj this yields

∂xj
∂xk

= δjk. (2.37)

In an analogous way, the partial functional derivative of the functional (2.28)
at the point f with respect to a local change of f at x is defined as [31]

δF [f ]
δf(x)

=
d
dt
F [f + tδx]

∣∣∣∣∣∣∣∣
t=0

, (2.38)

where δx(y)≡ δ(y�x) is the Dirac delta centered at x. Using this definition, the
functional generalization of (2.37) is given by

δ
δf(x)

δy[f ] = δ(x� y), (2.39)

which, since δy[f ] = f(y), is commonly written as

δf(y)
δf(x)

= δ(x� y). (2.40)

Higher-order partial functional derivatives are defined through repeated applica-
tion of (2.38). In particular, the second partial functional derivative is given by

δ2F [f ]
δf(y)δf(x)

=
d
dt
δF [f + tδy]
δf(x)

∣∣∣∣∣∣∣∣
t=0

. (2.41)

2.2.4 Variation of a functional
The total differential of the function (2.27) at the point x=(x1, ..., xn) is given by

df(x,∆x)=
∑

j=1

n
∂f
∂xj

(x) dxj , (2.42)

with ∆x=(∆x1, ...,∆xn) and ∆xj=dxj. It can also be defined as a directional
derivative,

df(x,∆x)= lim
t→0

f(x+ t∆x)� f(x)
t

=
d
dt
f(x+ t∆x)

∣∣∣∣∣∣∣∣
t=0

. (2.43)

The n-th order total differential of the function f at the point x is defined as

dnf(x,∆x)=
dn

dtn
f(x+ t∆x)

∣∣∣∣∣∣∣∣
t=0

. (2.44)
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In terms of total differentials, the Taylor series of f at the point x is

f(x+∆x)≃ f(x)+df(x,∆x)+
1
2
d2f(x,∆x)+ ···+ 1

n!
dnf(x,∆x)+ ··· (2.45)

The above definitions can be generalized to the case of functionals. The first
variation of the functional (2.28) at the point f is given by [32]

δF [f , g] =

∫
dx

δF [f ]
δf(x)

g(x). (2.46)

In terms of the functional derivative, it can be calculated as

δF [f , g] = lim
t→0

F [f + tg]�F [f ]
t

=
d
dt
F [f + tg]

∣∣∣∣∣∣∣∣
t=0

. (2.47)

From the last two expressions it follows that the functional derivative of F at the
point f in the direction g can be written as

δF [f ]
δf

(g)=

∫
dx

δF [f ]
δf(x)

g(x). (2.48)

Since the n-th order variation of the functional F at the point f is given by

δnF [f , g] =
dn

dtn
F [f + tg]

∣∣∣∣∣∣∣∣
t=0

, (2.49)

in terms of variations the Taylor series of F at the point f is

F [f + g]≃F [f ] + δF [f , g] + 1
2
δ2F [f , g] + ···+ 1

n!
δnF [f , g] + ··· (2.50)

2.2.5 Product rule and chain rule
Since the functional derivative generalizes the derivative of a function of several
variables, there are a corresponding product rule and a chain rule. Given two
functionals F1 and F2, applying the definition (2.38) to the product F1F2 yields
[32]

δ(F1[f ]F2[f ])
δf(x)

=
δF1[f ]
δf(x)

F2[f ] +F1[f ]
δF2[f ]
δf(x)

. (2.51)

For a scalar function

f : y=(y1, ..., yn) $�→ g(x1(y), ..., xn(y)), (2.52)

which is the composition of the scalar function g with the coordinate functions x,
the partial derivative of f with respect to yj at the point y is given by the chain
rule

∂f(y)
∂yj

=
∑

i=1

n
∂g(x(y))
∂xi

∂xi(y)
∂yj

. (2.53)
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The chain rule for functionals must be stated carefully. The crucial point is
to note that the generalization of the coordinate functions x1, ..., xn to the case
of a continuous index is a one-parameter family of functionals,

λ(s)=Xs[f ], s∈R. (2.54)

That is, the function λmaps each s∈R onto a functionalXs[f ]. Given a functional
G acting on λ, from (2.54) it follows that

G[λ] =G[Xs[f ]]≡F [f ]. (2.55)

It is important to remark that G[Xs[f ]] does not denote the composition of two
functionals, because that is not possible. It is rather a functional F of f , since a
variation of f changes the value of λ, which in turn produces a variation of G.
The partial functional derivative of F with respect to a local change of f at x is
given by [32]

δF [f ]
δf(x)

=

∫
ds
δG[λ]
δλ(s)

δXs[f ]
δf(x)

. (2.56)

This equation is the generalization of the chain rule (2.53) for functionals.

2.2.6 Functional Wirtinger derivatives
In complex analysis, a complex-valued function of a complex variable is complex-
differentiable if and only if it is real-differentiable and a pair of partial differential
equations, the Cauchy–Riemann equations, are satisfied [33].

For a complex function α that is real-differentiable but not complex-differ-
entiable, one can define generalized complex derivatives known asWirtinger deriv-
atives. In this so-called Wirtinger calculus, α is formally regarded as a function
of two independent complex variables, z and z∗, with z= x+ iy and z∗ its com-
plex conjugate. The Wirtinger derivatives are implemented by the generalized
complex differential operators

∂
∂z

=
1
2

(
∂
∂x
� i ∂

∂y

)
, (2.57)

and
∂
∂z∗

=
1
2

(
∂
∂x

+ i
∂
∂y

)
. (2.58)

In terms of them, the Cauchy–Riemann equations have the simple expression [33]

∂α
∂z∗

=0. (2.59)

As an illustration of the Wirtinger calculus consider the function α(z)=zz∗= |z |2.
Regarding z and z∗ as two independent variables, the Wirtinger derivatives of α
are given by

∂α
∂z

= z∗ and ∂α
∂z∗

= z. (2.60)

This can be verified by writing α in terms of x and y.
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The Wirtinger calculus can be generalized to the case of linear functionals.
Considering the functional (2.28) as formally depending on two independent com-
plex functions α and α∗, with α= f +ig, the functional Wirtinger derivatives are
implemented by the generalized functional differential operators

δ
δα

=
1
2

(
δ
δf
� i δ

δg

)
, (2.61)

and
δ
δα∗

=
1
2

(
δ
δf
+ i

δ
δg

)
. (2.62)

These functional derivatives are commonly used in the description of the dynamics
of open quantum systems in the phase-space representation, which will be intro-
duced in section 2.6, as will be shown in Chapter 4.

2.3 Field quantization in an arbitrary basis

Non-relativistic quantum scalar fields can be considered as the limit N→∞ of a
sequence of discrete models with N canonical quantum degrees of freedom. It is
reasonable to assume that the larger N , the better the sequence approximates the
actual field. In the limit of infinitely many degrees of freedom the fields ϕ(x, t)
and π(x,t) can be written in a countable basis of real orthonormal functions hj(x),

ϕ(x, t)=
∑

j=1

∞
φj(t)hj(x), (2.63)

π(x, t)=
∑

j=1

∞
πj(t)hj(x). (2.64)

In the final section of this chapter I will discuss a discrete model and obtain the
corresponding quantum field in the limit N→∞.

The canonical quantization or Dirac quantization of the classical fields ϕ(x, t)
and π(x, t) consists in promoting the real sequences {φj} and {πj} in (2.63)
and (2.64) to corresponding sequences of Hermitian operators, {Φj} and {Πj},
satisfying the canonical commutation relations

[Φj ,Πj ′] = i!δjj ′, (2.65)

obtained by replacing the Poisson bracket in (2.17) with the Lie bracket or com-
mutator.

The quantized fields are thus given by

Φ(x)=
∑

j=1

∞
Φjhj(x), (2.66)

and

Π(x)=
∑

j=1

∞
Πjhj(x). (2.67)
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Actually, these are only formal expressions since, in general, for fixed x the sums
in (2.66) and (2.67) do not converge to an operator. They define so-called local
operators, which become true operators only when smeared with appropriate test
functions [34, 35]. Denoting with f and g two real test functions, the smeared
field operators are defined as

Φ[f ] =

∫
dx Φ(x)f(x)=

∑

j=1

∞
Φj

∫
dx hj(x)f(x), (2.68)

and

Π[g] =

∫
dx Π(x)g(x)=

∑

j=1

∞
Πj

∫
dx hj(x)g(x). (2.69)

With a proper choice of test-function space the integrals in the right side fall
rapidly to zero as j→∞, thereby ensuring that the sums in (2.68) and (2.69)
converge to operators.

The local field operators (2.66) and (2.67) satisfy the commutation relations

[Φ(x),Π(y)] =
∑

i,j=1

∞
[Φi,Πj]hi(x)hj(y)

= i!
∑

i=1

∞
hi(x)hi(y). (2.70)

Recalling the completeness relation of a countable orthonormal basis, given in
terms of the Dirac delta as

∑

i=1

∞
hi(x)hi(y)= δ(x� y), (2.71)

Eq. (2.70) yields the formal expression for the canonical commutation relations of
the fields

[Φ(x),Π(y)]= i!δ(x� y). (2.72)

A well-defined expression is obtained by taking the commutator of the smeared
field operators (2.68) and (2.69),

[
Φ[f ],Π[g]

]
= i!⟨f , g⟩, (2.73)

where the right side involves the inner product in the space of test functions,

⟨f , g⟩=
∫
dxf(x)g(x). (2.74)

The canonical commutation relations define the algebra of the canonical vari-
ables, which provide a complete description of the system at any given time.
Therefore, any observable of the system can be expressed as a function of Φ and
Π. However, the Hamiltonian, which is the generator of time translations, can be
written as a well-defined operator only after specifying the representation of the
canonical variables as operators in a Hilbert space.
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For a finite number of degrees of freedom the canonical variables admit a
unique physically relevant representation. The uniqueness is guaranteed by the
Stone–von Neumann theorem on the unitary equivalence of the representations
of the canonical commutation relations [36, 37]. Since the representation space
is the tensor product of the Hilbert spaces associated with the pairs of canonical
variables, the resulting Hilbert space is separable, that is, it has a countable
orthonormal basis.

For quantum systems with infinitely many degrees of freedom, however, there
exist a large number of unitarily inequivalent representations of the canonical
variables. Remarkably, the dynamics of the field determine the choice of repre-
sentation [36, 38]. Even though an infinite tensor product of Hilbert spaces with
dimension larger than one is non-separable, that is, in such a space complete
orthonormal sets are not countable, there usually is an observable of the field that
can be defined on a separable subspace of the infinite tensor product, thus pro-
viding a representation space [38, 39]. The most common example is the number
operator, which will be introduced in the next section.

2.4 Fock representation of bosonic fields

The Fock representation for infinitely many degrees of freedom, which was rig-
orously constructed by Cook [40], is the standard description of both fermionic
and bosonic free fields. However, this representation is in general unsuitable for
interacting fields and one must resort to using so-called non-Fock representations
[10, 41].

Remarkably, the Fock representation of quantum fields also provides a con-
venient mathematical framework for classical statistical mechanics [42, 43]. More-
over, it affords a natural description of stochastic processes with non-commutative
random variables. This so-called quantum stochastic calculus is the mathemat-
ical framework used in the theory of quantum noise [44, 45].

The quantum fields with which this thesis is concerned can be represented in
a bosonic Fock space. For the sake of generality, in the following I discuss this
representation without considering a particular basis.

Given a separable Hilbert space h, the corresponding bosonic Fock space is
constructed as

�(h)=
⊕

n=0

∞
h⊗s

n
= h⊗s

0⊕ h⊗s
1⊕ h⊗s

2⊕ h⊗s
3⊕ ···, (2.75)

where⊕ denotes the direct sum of two vector spaces and the component subspaces
are given by

h⊗s
0
= C,

h⊗s
1
= h,

h⊗s
2
= h⊗s h,

h⊗s
3
= h⊗s h⊗s h. (2.76)

2.4 Fock representation of bosonic fields 27



The symbol ⊗s denotes the symmetric tensor product of two vector spaces, which
is spanned by permutation-symmetric linear combinations of tensor products of
basis elements of both spaces. Since the spaces h⊗s

n
are separable, their direct sum

yields the separable Hilbert space �(h), which for historical reasons is called the
second quantization of h.

An arbitrary permutation-symmetric state in h⊗s
n
is given by [46]

|Y (n)⟩= 1

n!
√

∑

P (n)

|Yp1Yp2...Ypn⟩, (2.77)

where P (n) is the set of permutations of n indices and pi are the indices corre-
sponding to a given permutation. The operators

a[f ]|Y (n)⟩= 1

(n� 1)!
√

∑

P (n)

⟨f |Yp1⟩|Yp2...Ypn⟩, (2.78)

and

a†[f ]|Y (n)⟩= 1

(n+1)!
√

∑

P (n+1)

|fp0Yp1Yp2...Ypn⟩, (2.79)

where |f ⟩ is an arbitrary normalized element of h, map h⊗s
n
onto h⊗s

n�1
and onto

h⊗s
n+1

, respectively. Since |f ⟩ can be expressed in terms of an orthonormal basis
{|hn⟩}n=1∞ as

|f ⟩=
∑

n=1

∞
⟨hn|f ⟩|hn⟩, (2.80)

the operators (2.78) and (2.79) can be alternatively written as [47, 48]

a[f ] =
∑

n=1

∞
⟨f |hn⟩an, (2.81)

and

a†[f ] =
∑

n=1

∞
⟨hn|f ⟩an

† , (2.82)

with an= a[hn]. These operators satisfy the commutation relations
[
a[f ], a†[g]

]
= ⟨f |g⟩I, (2.83)

where

⟨f |g⟩=
∫
dx f∗(x)g(x) (2.84)

is the inner product in h. In particular,

⟨f |f ⟩≡∥f ∥2. (2.85)

The Fock representation is characterized by the existence of a unique vector
|0⟩, which has the property that for every normalized |f ⟩ in h

a[f ]|0⟩=0. (2.86)
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From Eq. (2.79) it follows that

|f ⟩= a†[f ]|0⟩, (2.87)

and

|f1f2⟩= a†[f1] a†[f2]|0⟩. (2.88)

It is clear that any other element of �(h) can be constructed like this. Therefore,
|0⟩ is called the cyclic state of the Fock representation [46].

The states (2.87) and (2.88) are eigenvectors of the total number operator N,
defined as

N=
∑

n=1

∞
an
†an. (2.89)

The operators a[f ], a†[f ] and N satisfy the commutation relations

[N, a†[f ]] = a†[f ], (2.90)

and

[N, a[f ]] =�a[f ]. (2.91)

From these commutators it follows that |f ⟩ has unit eigenvalue,

N a†[f ]|0⟩= a†[f ]|0⟩, (2.92)

and |f1f2⟩ has eigenvalue two,

N a†[f1] a†[f2]|0⟩=2 a†[f1] a†[f2]|0⟩. (2.93)

Therefore, |f ⟩ and |f1f2⟩ represent, respectively, one and two excitations of the
field, whereas |0⟩ is called the vacuum state of the field.

From Eqs. (2.78) and (2.79) it follows that monomials of a[f ] and a†[f ] transfer
excitations between the component subspaces of �(h). For this reason a[f ] and
a†[f ] are called annihilation and creation operators, respectively. The eigenvectors
of the number operator N are called Fock states and are labeled with the corre-
sponding eigenvalue. For example, the one-excitation state is usually denoted as

|1f ⟩≡ |f ⟩. (2.94)

2.5 Coherent states: quantum-classical connection

Among the states that can be constructed in the bosonic Fock space, the eigenvec-
tors of the annihilation operators a[f ], called coherent states, are of fundamental
physical importance. As will be shown in this section, they lie at the heart of a
correspondence principle between classical and quantum scalar fields, and they
are in many respects the most classical quantum states.
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Note that the creation operators have no eigenvectors in Fock space [49].
However, in the Bargmann–Segal representation of the canonical commutation
relations, which is realized in a Hilbert space of holomorphic functions, the cre-
ation operators act on functions multiplying them by a complex number [50, 51].
This representation is useful, for example, when dealing with infinite systems of
harmonic oscillators for which the state operator is not trace-class, that is, its
trace diverges [52].

For the algebra of canonical commutation relations the coherent states are
defined as

|{α}⟩=D[α]|0⟩, (2.95)

resulting from the action of the Weyl operator

D[α] = exp(a†[α]� a[α]), (2.96)

on the vacuum state. This operator satisfies the Weyl form of the canonical
commutation relations [46, 48],

D[α]D[β] =D[α+ β] exp
(
1

2
[⟨β |α⟩� ⟨α|β⟩]

)
. (2.97)

Using the Kermack-McCrae identity [53]

eA+B= eA eB e
�1

2
[A,B]

, (2.98)

which requires [A, [A,B]]= [B, [A,B]]=0, the Weyl operator can be disentangled
as [54]

D[α] = exp
(
�1

2
∥α∥2

)
exp(a†[α]) exp(�a[α]). (2.99)

Using this expression, it follows that the coherent states satisfy the relation

a[α]|{β}⟩= ⟨α|β⟩|{β}⟩. (2.100)

That is, they are eigenvectors of the annihilation operator corresponding to an
arbitrary |α⟩ in h. Since this operator is not Hermitian, its eigenvectors are not
orthonormal. The inner product of two coherent states is given by [48]

⟨{β}|{α}⟩= exp
[
�1

2
(∥α∥2+ ∥β∥2)+ ⟨β |α⟩

]
. (2.101)

The coherent states reveal the geometrical meaning of Eq. (2.97). Acting with
D[α] on |{β}⟩ yields

D[α]|{β}⟩= exp
(
1

2
[⟨β |α⟩� ⟨α|β⟩]

)
|{α+ β}⟩, (2.102)

that is, the Weyl operator acts on a coherent state as a displacement operator [55].
In the literature it is sometimes claimed that the complex phase in the right side
of (2.102) is physically irrelevant. However, this is only true when it is a global
phase of the quantum state of the field. In a superposition of a displaced coherent
state with an arbitrary state this phase is measurable and plays an important role
in several experiments [56].
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The Weyl operator (2.96) can also be written in the basis of the smeared field
operators Φ[ϕ] and Π[π] from (2.68) and (2.69). It is given by [57]

D[ϕ,π] = exp
(
i
!
[
Φ[π]�Π[ϕ]

])
, (2.103)

where ϕ(x) and π(x) are, respectively, the classical field and its canonically conju-
gate momentum field. The relationship between (2.96) and (2.103) is established
by defining the smeared creation operator

a†[α] =
∫
dx α(x)a†(x), (2.104)

where

α(x)=
1

2!
√

�
ϕ(x)+ iπ(x)

)
(2.105)

and

a†(x)= 1

2!
√

�
Φ(x)� iΠ(x)

)
. (2.106)

The coherent states generated by D[ϕ,π],

|{ϕ,π}⟩=D[ϕ,π]|0⟩, (2.107)

are eigenstates of a(x) with eigenvalue α(x). Moreover, they allow establishing a
connection between classical and quantum scalar fields, as will be shown next.

The weak correspondence principle for a scalar field states that the diagonal
matrix element

G[ϕ,π] = ⟨{ϕ,π}|G|{ϕ,π}⟩ (2.108)

of a quantum generator G of the symmetry group of the field yields the corre-
sponding classical generator G [57]. Klauder proved this relationship for the six
generators of an Euclidean-invariant field theory plus the Hamiltonian, and for the
ten generators of a Lorentz-invariant field theory. This correspondence principle
was rediscovered later, but it was considered merely ‘‘a curiosity’’ [58].

Remarkably, this association between quantum and classical quantities does
not involve the usual limit !→0. However, it requires that the quantum operators
are normal-ordered. That is, all creation operators should appear to the left of
the annihilation operators. For example, consider the free field Hamiltonian

H=
1
2

∫∫
dxdy :[Π(x)δ(x� y)Π(y)+Φ(x)W (x� y)Φ(y)]:, (2.109)

where the colons (:) indicate normal ordering andW is a distribution (or general-
ized function) chosen such that the Hamiltonian is a well-defined positive-definite
operator. Then the coherent-state expectation value yields the corresponding
classical Hamiltonian

⟨{ϕ,π}|H|{ϕ,π}⟩= 1
2

∫
dx π2(x)+

1
2

∫∫
dxdy ϕ(x)W (x� y)ϕ(y). (2.110)
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Figure 2.1. Free quantum scalar field in a coherent state. The solid line corresponds
to the expectation value ⟨{ϕ,π}|Φ(x)|{ϕ,π}⟩, which yields the classical field ϕ(x). The
blurred region shows the quantum uncertainty ∆Φ[f ] for a Gaussian f .

Likewise, the expectation values of the local field operators Φ(x) and Π(x) in
the coherent state |{ϕ, π}⟩ are given by the classical field amplitude and its
canonically conjugate momentum,

⟨{ϕ,π}|Φ(x)|{ϕ,π}⟩= ϕ(x), (2.111)

and

⟨{ϕ,π}|Π(x)|{ϕ,π}⟩=π(x). (2.112)

They are calculated using the commutation relation (2.72) and the identity [59]

esABe�sA=B+
∑

n=1

∞
sn

n!
Cn(A,B), (2.113)

with C(A,B)= [A,B] and for n≥ 2 Cn(A,B)= [A, Cn�1(A,B)].
As mentioned in the beginning of this section, the coherent states are the

most classical quantum states. Recalling the Robertson–Schrödinger uncertainty
relation,

∆X∆Y≥ 1
2

∣∣∣∣〈[X,Y]
〉∣∣∣∣, (2.114)

where X and Y are dimensionless observables whose variance is defined as

∆O= ⟨ψ |O2|ψ⟩� ⟨ψ |O|ψ⟩2
√

, (2.115)

it can be shown that for X=Φ[f ]/! and Y=Π[g]/!, and taking the expectations
with respect to the coherent states |{ϕ,π}⟩, the inequality (2.114) is saturated,

∆Φ[f ]∆Π[g] =
1
2
⟨f |g⟩, (2.116)

with

∆Φ[f ] =∆Π[g]. (2.117)

Therefore, when a free scalar quantum field is in the state |{ϕ, π}⟩, the field
canonical variables have equal dimensionless variances and the uncertainty pro-
duct achieves its minimum value. That is, in such a state, the field observables
behave as close as possible to their classical counterparts, as depicted in Figure
2.1. While this plot is only illustrative, a more accurate representation can be
obtained using a recently introduced method for visualizing any state of a scalar
quantum field as an ensemble of field configurations [60].
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2.6 Phase-space representation of bosonic fields
In the previous section it was shown that the Weyl operators, through their action
on the vacuum state, allow establishing a connection between normal-ordered
field observables and the corresponding classical functionals of the canonical field
variables in phase space. In general, these operators allow associating to every
observable of the field a phase-space functional. This will be the subject of this
section.

As pointed out in Section 2.3, any observable of a quantum field is a function of
the canonical field operators Φ and Π. In the Fock representation these operators
can be expressed in terms of the creation and annihilation operators, a[f ] and
a†[f ], from (2.81) and (2.82). An operator-valued function of a and a†, G(a, a†),
satisfying

Tr
(
G
�
a, a†

)
G†

�
a, a†

))
<∞, (2.118)

can be uniquely expressed in the form [61]

G(a, a†)=
∫
D2[α] g[α,α∗] D[α], (2.119)

where

g[α,α∗] =Tr
�
D†[α]G(a, a†)

)
. (2.120)

The integration in (2.119) is a functional integral , defined as (see Appendix A)
∫
D2[α] f [α] = lim

n→∞

∫
d2α1
π
··· d

2αn
π

f(α1, ...,αn). (2.121)

It is customary to omit the second argument in g[α,α∗] except when calculating
functional Wirtinger derivatives of it (see Section 2.2.6). Since α can be expressed
in terms of the classical canonical variables (see Eq. (2.105)), the functional g is
called the phase-space representation of the observable G.

As shown in [61], the representation (2.119) is established by considering the
coherent-state matrix elements of the operator-valued function

M(a, a†)=
∫
D2[α]Tr

�
D†[α]G(a, a†)

)
D[α], (2.122)

which turn out to be equal to the coherent-state matrix elements of G(a,a†). Thus,
M(a,a†)=G(a,a†). Therefore, the Weyl operatorsD[α] establish a correspondence
between an operator-valued function of the creation and annihilation operators
and a complex-valued functional of their complex eigenvalues, α,

a[α]|{α}⟩=α|{α}⟩, (2.123)

and α∗,

⟨{α}| a†[α] =α∗⟨{α}|. (2.124)

This so-called Weyl correspondence affords a representation of the state oper-
ator of the field, ρ, as a functional of α,

χ[α] =Tr
�
ρD[α]

)
, (2.125)
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called the characteristic functional of the state. It satisfies

χ[0]= 1, (2.126)

and
∣∣∣∣χ[α]

∣∣∣∣≤ 1, (2.127)

just like the characteristic function of a probability distribution. However, the
Fourier transform of (2.125),

W [η] =

∫
D2[α] χ[α] exp

(∫
dx [η∗(x)α(x)� η(x)α∗(x)]

)
, (2.128)

which involves a functional integration, see (2.121), is a quasiprobability distrib-
ution called theWigner functional [62]. It satisfies

∫
D2[η]W [η] = 1, (2.129)

and
∣∣∣∣W [η]

∣∣∣∣≤ 2, (2.130)

but, in general, it is not positive definite. In fact, it can be shown that the only
pure state that has a non-negative Wigner functional is a coherent state [63].

The Wigner functional of a coherent state can easily be obtained from that
for the vacuum state. The latter is the Fourier transform of

χ|0⟩⟨0|[α] =Tr(D[α] |0⟩⟨0|)= ⟨0|D[α]|0⟩, (2.131)

which using (2.99) has the explicit expression

χ|0⟩⟨0|[α] = e
�1

2
∥α∥2

, (2.132)

with ∥α∥2= ⟨α|α⟩. The Wigner functional of the vacuum state is thus

W|0⟩⟨0|[η] = 2e�2∥η∥
2
. (2.133)

Since the coherent state |{ξ}⟩ results from displacing the vacuum state (2.95),
the corresponding Wigner functional is the displacement of (2.133),

W|ξ⟩⟨ξ |[η] = 2e�2∥η�ξ∥
2
. (2.134)

Due to Heisenberg’s uncertainty principle the Wigner functional cannot be local-
ized in a phase-space region with a volume smaller than ! [64].

The Wigner functional can also be calculated as

W [η] = 2Tr(ρT[η]), (2.135)

that is, the expectation value of the Fourier transform of the Weyl operator, T[η],
also called the displaced parity operator, since it has the explicit expression [65]

T[η] =D[η]Π0D†[η], (2.136)
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in terms of the parity operator

Π0|{α}⟩= |{�α}⟩. (2.137)

Convolving theWigner functional with any functional θ[ξ] such that its Fourier
transform satisfies

θ̂[Re ξ , 0]= θ̂[0, Im ξ] = 1, (2.138)

yields Cohen’s class of quasiprobability distributions [66]. They allow calculating
quantum expectation values in a similar manner to how it is done in classical
statistical mechanics. That is, given a classical functional g[η] of the canonical
coordinates, the expectation value of its quantization, the operator G, is given by
the phase-space integral

⟨G⟩=
∫
D2[η] g[η]F [η], (2.139)

where F is an element of Cohen’s class. Any such functional F has the property
that integrating it with respect to one canonical variable yields the probability
distribution of the canonically conjugate variable.

For a free scalar field with mass density µ and Hamiltonian

H=
1
2

∫
dx

[
Π2(x)
µ

+ µv2[ ∂xΦ(x)]2+ µω2Φ2(x)

]
, (2.140)

where v has dimension of speed and ω is a frequency, it can be shown that the
time evolution of the Wigner functional is given by the classical Liouville equation
for a probability distribution in phase space [62],

∂tWt[ϕ,π] =

∫
dx

[
δH [ϕ,π]
δϕ(x)

δ
δπ(x)

� δH [ϕ,π]
δπ(x)

δ
δϕ(x)

]
Wt[ϕ,π], (2.141)

where

H [ϕ,π] = ⟨{ϕ,π}|H|{ϕ,π}⟩. (2.142)

However, Eq. (2.141) does not represent classical behavior unless the Wigner func-
tional is positive. Therefore, this equation governs the so-called semiclassical
dynamics of the field. Note that for a Hamiltonian with a non-quadratic poten-
tial the equation of motion for the Wigner functional is more complicated than
(2.141). In general, it is an infinite power series in !, where terms proportional
to a power of the Planck constant are called quantum corrections to the clas-
sical dynamics [64].

2.7 From a harmonic chain to a quantum field
The bosonic quantum field whose classicalization will be studied in the subsequent
chapters can be considered as the limit N→∞ of a sequence of discrete quantum
harmonic oscillators forming a chain with N degrees of freedom. In this section
I will describe this limit process.
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Figure 2.2. A scalar quantum field Φ(x) in a finite region of space can be considered the
limit N→∞ of a sequence of N discrete harmonic chains with lattice constant d, which
are subject to periodic boundary conditions. Each oscillator in the chain, with operator-
valued canonical coordinates Φj and Πj, has mass m and is subject to a local harmonic
potential of frequency ω; the coupling strength between the oscillators is given by κ.

Consider a harmonic chain consisting of N identical particles of mass m,
located at the sites of a one-dimensional lattice subject to periodic boundary
conditions, as depicted in Figure 2.2. The lattice constant is d. The particles
vibrate harmonically in a direction orthogonal to the lattice with frequency ω. In
addition, they are harmonically coupled to their nearest neighbors with frequency
Ω.

The operator-valued canonical coordinates of each particle are the amplitude
of vibration Φj and its conjugate momentum Πj, which satisfy the conditions
ΦN+1=Φ1 and ΠN+1=Π1, as well as the canonical commutation relations

[Φj ,Πj ′] = i!δjj ′. (2.143)

The Hamiltonian of the system is given by

H=
∑

j=1

N
Πj
2

2m
+
mω2

2
Φj
2+

κ
2
(Φj�Φj+1)2, (2.144)

where κ=mΩ2 is the coupling strength between nearest neighbors.

Due to the periodic boundary conditions, the Hamiltonian is invariant with
respect to lattice translations. This means that it has the structure of a circulant
matrix and, therefore, it can be diagonalized using the discrete Fourier transform
[67]. All such matrices have the same eigenvectors. The n-th eigenvector |qn⟩ has
entries

⟨j |qn⟩= 1

N
√ e�iqnj , qn=

2πn
N

, (2.145)
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where |j ⟩= ej correspond to the canonical basis vectors of the N -dimensional
Euclidean space and, due to the periodic boundary conditions, the integer index
n takes the values [68]

�N
2
<n≤ N

2
, forN even,

�N � 1
2

<n≤ N � 1
2

, forN odd. (2.146)

The eigenvectors |qn⟩ are orthonormal,

⟨qn|qm⟩=
∑

j=1

N

⟨qn|j ⟩⟨j |qm⟩

=
1
N

∑

j=1

N

eij (qn�qm)= δqnqm, (2.147)

and provide a resolution of the identity,

∑

n=1

N

|qn⟩⟨qn|= I. (2.148)

The corresponding eigenvalues λn are given by the Fourier transform of the unique
entries an of the circulant matrix,

λn=
∑

j=1

N

aj e
i(2π/N)jn. (2.149)

In terms of their Fourier components the canonical coordinates of the particles
are given by

Φj=
1

N
√

∑

q∈QN

e�iqj Φ̃q (2.150)

and

Πj=
1

N
√

∑

q∈QN

eiqj Π̃q, (2.151)

where

QN =

{
qn=

2πn
N

; n∈Z determined by (2.146)
}
. (2.152)

For q ∈QN the normal coordinates Φ̃q and their conjugate momenta Π̃q satisfy

Φ̃q
†= Φ̃�q, Π̃q

†= Π̃�q, (2.153)

as well as the canonical commutation relations

[Φ̃q, Π̃q ′] = i!δqq ′. (2.154)

In the Fourier basis, the Hamiltonian (2.144) describes a system of N uncoupled
harmonic oscillators with canonical coordinates Φ̃q and Π̃q

†,

H=
1

2

∑

q∈QN

Π̃q Π̃q
†+ωq

2 Φ̃qΦ̃q
†, (2.155)
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with the nonlinear dispersion relation

ωq
2=Ω2

(
2 sin q

2

)
2
+ω2. (2.156)

Introducing the dimensionless bosonic operators

cq=
1

2
√
(
1
λq
Φ̃q+ i

λq
! Π̃q

†
)
, λq=

!
mωq

√
, (2.157)

satisfying the canonical commutation relations
[
cq, cq ′

† ]= δqq ′, (2.158)

the Hamiltonian can be written as

H=
∑

q∈QN

!ωq
(
cq
†cq+

1

2

)
. (2.159)

As discussed in Section 2.3, the continuum limit of a sequence of harmonic
chains with N degrees of freedom yields a quantum field. That is, for N→∞,
and d→ 0, while keeping the length L=Nd constant, the vibration amplitude of
the harmonic chain and its canonically conjugate momentum become continuous
degrees of freedom, Φ(x) and Π(x) respectively.

With the replacements

Φj→Φ(xj), Πj→ d ·Π(xj), (2.160)

the Hamiltonian of the system in this limit takes the form

H= lim
d→0,N→∞

d
∑

j=1

N
Π2(xj)
2m/d

+
κd
2

(
Φ(xj)�Φ(xj+1)

d

)2
+
mω2

2d
Φ2(xj).

(2.161)

Upon taking the limits, the sum is replaced with an integral,

d
∑

j

→
∫

0

L

dx, (2.162)

yielding the Hamiltonian of the quantum field,

H=
1
2

∫

0

L

dx

[
Π2(x)
µ

+ τ

(
∂Φ(x)
∂x

)2
+ µω2Φ2(x)

]
. (2.163)

Here, the parameters characterizing the field are the mass density

µ=
m
d

(2.164)

and the tension

τ =κd. (2.165)

38 Non-relativistic bosonic fields



The commutation relations between the canonical coordinates are obtained in a
similar way,

[Φ(x),Π(x′)]= lim
d→0,N→∞

[Φ(xj),Π(xj ′)]

= lim
d→0,N→∞

i! δjj
′

d

= i!δ(x� x′). (2.166)

This equation follows from considering (2.30) as the continuum limit of
∑

n∈Z
fnδnn0= fn0. (2.167)

The field Φ(x) and its canonically conjugate momentum Π(x) are operator-
valued functions on a circle of length L. A periodic function can be written as a
Fourier series,

f(x)=
1

L
√

∑

k∈KL

eikxfk, (2.168)

where

KL=

{
2πn
L

, n∈Z

}
, (2.169)

and

⟨x|k⟩=L�1/2 eikx (2.170)

are the normalized eigenfunctions |k⟩ of the circular convolution operator [69]
evaluated at x. They are orthonormal,

⟨k |k ′⟩= 1
L

∫

0

L

dxei(k
′�k)x= δkk ′, (2.171)

and satisfy the completeness relation

δ(x� y)=
1
L

∑

k∈KL

eikxe�iky, (2.172)

where the series converges in the distribution sense [70].
Therefore, the canonical coordinates of the quantum field can be written as

Φ(x)=
1

L
√

∑

k∈KL

eikxΦk, (2.173)

and

Π(x)=
1

L
√

∑

k∈KL

e�ikxΠk, (2.174)

where Φk and Πk are, respectively, the normal coordinates and their conjugate
momenta, which for k, k ′∈KL satisfy

Φk
†=Φ�k, Πk

†=Π�k, (2.175)

and the canonical commutation relations

[Φk,Πk ′] = i!δkk ′. (2.176)
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In this representation the Hamiltonian of the system is given by

H=
1
2

∑

k∈KL

ΠkΠk
†+ωk

2ΦkΦk
†, (2.177)

with the nonlinear dispersion relation

ωk
2= v2k2+ω2, v2=

τ
µ
. (2.178)

That is, it describes a system of infinitely many independent harmonic oscillators.
In terms of the dimensionless bosonic operators

ck=
1

2
√
(
1
λk

Φk+ i
λk
! Πk

†
)
, λk=

!
µωk

√
, (2.179)

satisfying the canonical commutation relations

[ck, ck ′
† ] = δkk ′, (2.180)

the Hamiltonian can be written as

H=
∑

k∈KL

!ωk
(
ck
†ck+

1

2

)
. (2.181)

The infinite contribution of the second term in (2.181) does not represent a
problem, since it has no effect on the time evolution generated by the Hamil-
tonian. However, this does not imply that it has no physical consequences. This
so-called zero-point energy plays an important role in superfluidity [13] and many
other quantum phenomena.

Writing (2.173) in terms of the Heisenberg-picture bosonic operators

ck(t)= eiHt/!ck e
�iHt/!, (2.182)

it follows that the equation of motion of the field Φ(x, t) is given by

∂tΦ(x, t)=
i

L
√

∑

k∈KL

!ωk
2µ

√ [
ck
†(t)e�ikx� ck(t)e

ikx
]
. (2.183)

From the discussion of the weak correspondence principle in Section 2.5, it follows
that the coherent-state expectation value of (2.183) yields the equation of motion
of the classical field ϕ(x, t).
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3 Master equation for bosonic fields
This chapter introduces the main result of this thesis, a generic Lindblad master
equation that induces the classicalization of a non-relativistic bosonic field. As
will be shown, it induces a monotonic decay of the purity of any state of the
quantum field, while the corresponding Ehrenfest equations for the canonical field
variables are identical to the classical field equations. In addition to producing
decoherence, the master equation increases the field energy with a constant rate
that is independent of the quantum state of the field.

The master equation belongs to the class of quantum dynamical semigroups
generated by stochastic unitary transformations. In fact, the open field dynamics
considered here may be viewed as a stochastic process in which the unitary evolu-
tion is interrupted by phase-space kicks. The interpretation of the master equation
in the framework of generalized measurements is discussed in the final section.

3.1 Open quantum systems
The Schrödinger equation describes the unitary evolution of a closed quantum
system. Such quantum systems can often be divided into a small number of
degrees of freedom of interest, collectively called the open system S, and an in
general infinite number of degrees of freedom R, acting as an environment or as
a reservoir.

Denoting the state of the combined system with ρ, the reduced state operator
of the open system S is obtained by taking the partial trace of ρ over the degrees
of freedom of R,

ρs=TrR ρ. (3.1)

Since ρ evolves unitarily with the total Hamiltonian

H=HS+HR+HI , (3.2)

where HI describes the interaction between S and R, the reduced state operator
ρS at time t is given by

ρS(t)=TrR
�
U(t)ρ(0)U†(t)

)
, (3.3)

where U(t)= e�iHt/! is the unitary evolution operator.
In general, determining the state of the open system through Eq. (3.3) is

unfeasible. However, if the correlation functions of the reservoir decay on a time
scale which is much shorter than the time scale of the evolution of the open system,
the time evolution of the reduced state operator can be described approximately
in terms of a quantum dynamical semigroup,

ρS(t)≃V(t)ρS(0), (3.4)
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where V(t) is a continuous, one-parameter family of dynamical maps satisfying
the semigroup or Markov property

V(t1)V(t2)=V(t1+ t2), t1, t2≥ 0. (3.5)

Since V(t) maps a state operator onto a state operator, it is a completely positive,
trace-preserving operator transformation [1].

Quantum dynamical semigroups are contracting. That is, they do not increase
the trace norm ∥A∥1≡Tr |A| of a Hermitian operator A acting on the Hilbert
space of the open quantum system S. In particular, this holds for ρS. Due to this
property they can be represented in terms of a generator L [1],

V(t)= exp(Lt). (3.6)

As shown by Lindblad [71] and Gorini, Kossakowski and Sudarshan [72], the most
general form of the generator of a quantum dynamical semigroup is

LρS=
1
i! [H, ρt] +

∑

j

[
Lj ρtLj

†� 1
2

{
Lj
†Lj , ρt

}]
, (3.7)

where H is a Hermitian operator with dimension of energy, the operators Lj are
arbitrary and have dimension of square root of frequency, and {A,B}=AB+BA
is the anticommutator of two operators. The corresponding dynamical equation
for ρS is called the Lindblad master equation,

d
dt
ρS(t)=LρS(t). (3.8)

For a comprehensive treatment of the theory of open quantum systems, including
the microscopic derivation of Lindblad equations starting from the Hamiltonian
of a closed quantum system, the reader is referred to [1].

3.1.1 Randomly generated semigroups
A relevant class of quantum dynamical semigroups are the so-called random uni-
tary maps, which can be expressed as convex combinations of unitary transforma-
tions [73]. They are defined quite generally in terms of a projective representation
U of a locally compact group G and a convolution semigroup µt of probability
measures on the group satisfying [74]

µt ∗ µs= µt+s, t, s≥ 0. (3.9)

The semigroup of measures

µt= e�γt
∑

n=0

∞
(γt)n

n!
µ∗n, t≥ 0, (3.10)

where µ∗n is the n-fold convolution of a probability measure µ on G, is called the
Poisson stochastic process in G with rate γ. It induces the quantum dynamical
semigroup [74]

V(t)ρ= exp
�
�γt(I �Z)

)
ρ, (3.11)
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where I is the identity map and

Zρ=
∫

G
U(g)ρU†(g) dµ(g). (3.12)

The corresponding Lindblad equation is

d
dt
ρt= γ

(∫

G
U(g)ρtU†(g) dµ(g)� ρt

)
. (3.13)

It has the form of the master equation that will be introduced in the next section.

3.2 Field-theoretic Lindblad equation
In this section I introduce a Lindblad equation describing the open-system
dynamics of a bosonic quantum field confined to a one-dimensional region of
length L, subject to periodic boundary conditions [75]. Since the master equa-
tion is model-independent, it has a wide range of applicability.

The physical intuition behind it is the following. It is assumed that the
quantum field is subject to certain interactions with another quantum system,
that change both the field amplitude and its canonically conjugate momentum
by a random amount. Since a local interaction confined to an infinitely small
region would affect all the field modes, it could result in an infinitely large energy
transfer. Therefore, the interaction is assumed to be non-local so that all degrees
of freedom of the field within a region of finite extent are involved. On the other
hand, if the perturbation is large enough, a linear field equation might no longer be
an appropriate description of the quantum system. Therefore, the probability dis-
tribution of the strength of the random kicks should have a finite second moment.
Finally, the interaction should not distinguish any region of the field.

The assumed perturbation of the canonical variables of the field is naturally
described as a phase-space displacement,

Ux(ξ)= exp
(∫

0

L

dyf

(
y� x
L

)[
ξΨ†(y)� ξ∗Ψ(y)

])
. (3.14)

As mentioned above, it should only affect the degrees of freedom within a finite
region centered at the position x. This is taken care of by the spread function
f of width σ/L. This real-valued function is square-integrable and L-periodic.
Moreover, it is normalized such that f(0) = 1. Therefore, the kick strength (or
displacement amplitude) is given by the complex number ξ, characterized by a
probability distribution g(ξ), with vanishing odd moments and a finite second
moment σg. In the following, the function g will be called the kick-strength dis-
tribution.

Following the discussion in the previous section on quantum dynamical semi-
groups generated by stochastic unitary transformations, in the Schrödinger picture
the master equation is given by

ρ̇t=�
i
! [H, ρt] + γ

∫

0

L dx
L

∫
d2ξ g(ξ)

[
Ux(ξ)ρtUx

†(ξ)� ρt
]
. (3.15)
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Since the phase-space displacement induced by Ux(ξ) should be the same at any
location x within the region [0, L], this parameter has the uniform distribution
1/L.

The complex field operators Ψ(y) in (3.14) are related to the canonical coor-
dinates in the usual way,

Ψ(y)=
1

2
√
(
Φ(y)
Λ

+ i
Λ
! Π(y)

)
, Λ=

!
µω

√
. (3.16)

From (2.166) it follows that they satisfy the commutation relation

[Ψ(y),Ψ†(y ′)] = δ(y� y ′). (3.17)

Using (2.173) and (2.179) they can be written in terms of the bosonic mode
operators ck as

Ψ(y)= 1

L
√
∑

k∈K
eikyΩk

+ck+ e�ikyΩk
�ck
† , (3.18)

where

Ωk
±=

1
2

(
ω
ωk

√
± ωk

ω

√ )
, (3.19)

and K= {2πj/L, j ∈Z}. That is, k runs over all integer multiples of 2π/L.
Eq. (3.18) shows that, from dimensional considerations, the function f and the

parameter ξ in Eq. (3.14) must have dimension of inverse square root of length.
Inserting the former expression into the latter yields the displacement operators
in the mode basis,

Ux(ξ)= exp

(
∑

k∈K

1

L
√

∫

0

L

dyf
( y� x

L

)
e�iky

�
ξΩk

+� ξ∗Ωk�
)
ck
† �h.c.

)
.

(3.20)

Using the change of variables z = y � x, the integral in the argument of the
exponential can be written as

1

L
√

∫

0

L

dy f
( y� x

L

)
e�iky= e�ikx

1

L
√

∫

�x

L�x
dz f

( z
L

)
e�ikz. (3.21)

The integral on the right side can in turn be decomposed into a sum of two
integrals,

∫

�x

L�x
dz f

( z
L

)
e�ikz=

∫

0

L�x
dz f

( z
L

)
e�ikz+

∫

�x

0

dz f
( z
L

)
e�ikz. (3.22)

With the change of variables z= z ′�L, since f
(
z ′�L
L

)
= f

(
z ′

L

)
, it follows that

∫

�x

0

dz f
( z
L

)
e�ikz=

∫

L�x

L

dz ′ f

(
z ′

L

)
e�ikz

′
. (3.23)
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Therefore, due to the periodicity of the spread function the operators (3.20) can
be written compactly as

Ux(ξ)= exp
(∑

k∈K
fk e�ikx

�
ξΩk

+� ξ∗Ωk�
)
ck
† � fk eikx

�
ξ∗Ωk

+� ξΩk�
)
ck

)
,

(3.24)

in terms of the real-valued Fourier coefficients of the spread function,

fk=
1

L
√

∫

0

L

dyf
( y
L

)
eiky. (3.25)

In the following sections I will discuss some of the physical consequences of
the master equation (3.15). Namely, the Ehrenfest equations for the canonical
variables of the field are identical to the classical equations of motion, the purity
of any quantum state of the field decreases monotonically with time, and the mean
energy of the field increases with a constant rate which is independent from the
state. The classicalization of a quantum superposition of field configurations will
be discussed in detail in Chapter 4, where also the phase-space representation of
the dynamics of the field will be derived.

3.2.1 Ehrenfest equations
For a non-relativistic quantum particle of mass m subject to a potential V (x),
Ehrenfest obtained the equations of motion for the expectation value of the posi-
tion and the momentum [76],

m
d
dt
⟨ψ(t)|x|ψ(t)⟩= ⟨ψ(t)|p|ψ(t)⟩,

d
dt
⟨ψ(t)|p|ψ(t)⟩=�⟨ψ(t)|V ′(x)|ψ(t)⟩, (3.26)

which are now called Ehrenfest equations or Ehrenfest’s theorem. While these
equations can be derived using the Schrödinger equation, it was shown recently
that from them and the canonical commutation relations one can obtain the
Schrödinger equation [77].

When the potential is quadratic in the position, the following equality holds

�⟨ψ(t)|V ′(x)|ψ(t)⟩=�V ′(⟨ψ(t)|x|ψ(t)⟩), (3.27)

and the equations (3.26) coincide with the classical equations of motion. Since
the quantum field considered in this thesis is described by a potential quadratic in
the field amplitude, the corresponding Ehrenfest equations for the canonical field
variables coincide with the classical equations of motion, as was shown at the end
of Section 2.7. However, it should be noted that this correspondence is neither
a necessary nor a sufficient condition for a quantum system to behave classically
[78].

As will be shown next, the Ehrenfest equations for the canonical variables of
the quantum field, resulting from the master equation (3.15), coincide with the
corresponding classical equations of motion. In this sense, the master equation
effects a minimal modification of the unitary dynamics of the quantum field.
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From the master equation (3.15), the expectation value of the mode operators
ck evolves as

d
dt
⟨ck⟩(t) = �

i
!Tr([H, ρt]ck)+γ

∫

0

L dx
L

∫
d2ξ g(ξ)Tr

(
Ux(ξ)ρtUx

†(ξ)ck
)
�γ ⟨ck⟩(t).

(3.28)

The trace in the first term,

Tr
�
[H, ρt]ck

)
=Tr

�
ρt [ck,H]

)
= !ωk⟨ck⟩(t), (3.29)

follows from the canonical commutation relations [ck, ck ′
† ] = δkk ′ and the commu-

tator identity [A,BC]= [A,B]C+B[A,C]. The trace in the second term of (3.28),

Tr
�
ρtUx

†(ξ)ckUx(ξ)
)
= ⟨ck⟩(t)+ fk e�ikx

�
ξΩk

+� ξ∗Ωk�
)
, (3.30)

is calculated using the identity (2.113).
Since g(ξ) is an even function, the second term in (3.30) does not contribute

to the dynamics of ⟨ck⟩(t). Therefore, Eq. (3.28) corresponds to the Ehrenfest
equation of ck,

d
dt
⟨ck⟩(t)=�iωk⟨ck⟩(t). (3.31)

From Eq. (3.18), the expectation value of the field operators (3.16) evolves as

d
dt
⟨Ψ(y)⟩(t)= 1

L
√

∑

k∈K

[
�eikyΩk+ iωk⟨ck⟩(t)+ e�ikyΩk

� iωk⟨ck
†⟩(t)

]
, (3.32)

where Eq. (3.31) has been used. It follows that the Ehrenfest equation for the field
amplitude,

d
dt
⟨Φ(y)⟩(t)= i

L
√

∑

k∈K

!ωk
2µ

√ [
e�iky⟨ck

†⟩(t)� eiky⟨ck⟩(t)
]
, (3.33)

corresponds to the classical equation of motion, as discussed below Eq. (2.183).
In a bosonic system with periodic boundary conditions the generator of trans-

lations is the quasimomentum

Q=
∑

k∈K
!kck

†ck. (3.34)

From the master equation (3.15), the expectation value of Q evolves as

d
dt
⟨Q⟩(t)=� i

!Tr
�
[H, ρt]Q

)
+ γ

∫

0

L dx
L

∫
d2ξ g(ξ)Tr

(
Ux(ξ)ρtUx

†(ξ)Q
)
� γ⟨Q⟩(t).

(3.35)

It involves the unitary transformation of the quasimomentum operator

Ux
†(ξ)QUx(ξ)=

∑

k

!kfk eikx(ξ∗Ωk+� ξΩk�)ck+h.c.

+
∑

k

!kfkfk
�
ξΩk

+� ξ∗Ωk�
)�
ξ∗Ωk

+� ξΩk�
)
+Q, (3.36)
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which is obtained using Eq. (2.113). Since the odd moments of g(ξ) vanish, the
first sum in (3.36) does not contribute to the dynamics of ⟨Q⟩(t). The summand in
the second sum is an odd function of k and vanishes due to symmetry. Therefore,
Eq. (3.34) yields the Ehrenfest equation for Q,

d
dt
⟨Q⟩(t)= 1

i!
〈
[Q,H]

〉
(t). (3.37)

Given that the Hamiltonian of the field (2.163) is translation-invariant, it com-
mutes with the quasimomentum and thus Eq. (3.37) reduces to

d
dt
⟨Q⟩(t)=0. (3.38)

As discussed in [79], an observable Q is a conserved quantity of a given open
quantum dynamics if (i) it is the generator of a symmetry of the adjoint Lindblad
equation, i.e.

e�iQy/!�L#Q
t
)eiQy/!=L#

(
e�iQy/!Q

t
eiQy/!

)
, (3.39)

with

L#Q
t
=
i
! [H,Qt

] + γ

∫

0

L dx
L

∫
d2ξ g(ξ)

[
Ux
†(ξ)Q

t
Ux(ξ)�Q

t

]
, (3.40)

and (ii) L#Qt=0. In order to verify that Eq. (3.39) holds, note that

e�iQy/!Ux
†(ξ)QUx(ξ)e

iQy/!=Ux�y
† (ξ)QUx�y(ξ), (3.41)

which follows from Eq. (3.36). In addition, the periodicity arguments leading to
Eq. (3.24) yield the identity

∫

0

L dx
L

Ux�y
† (ξ)QUx�y(ξ)=

∫

0

L dz
L

Uz
†(ξ)QUz(ξ). (3.42)

Therefore, Q is a symmetry generator of the adjoint Lindblad equation (3.40).
Moreover, the right side of this equation vanishes. This follows from [H,Q

t
] = 0

and Eq. (3.36). In conclusion, the quasimomentum is a conserved quantity of the
open field dynamics (3.15).

3.2.2 Purity decay
The purity of the state operator ρt is defined as

pt=Tr(ρt2). (3.43)

It is a simple measure of the degree of quantum coherence present in a state, and
satisfies pt=1 for a pure state ρt= |ψt⟩⟨ψt| and pt< 1 for a mixed state (that is,
a convex combination of pure states). The rate of change of the purity is

ṗt=2Tr(ρtρ̇t). (3.44)

From the master equation (3.15) it follows that

Tr(ρtρ̇t) = Tr
�
ρt [H, ρt]

)
+ γ

∫

0

Ldx
L

∫
d2ξ g(ξ)

[
Tr

�
ρtUx(ξ)ρtUx

†(ξ)
)
� pt

]
.

(3.45)
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Using the cyclic property of the trace the first term vanishes. Following [80], the
integrand in the second term can be written as

Tr
�
ρtUx(ξ)ρtUx

†(ξ)
)
� pt = �

1
2
Tr

�
(ρtUx(ξ)�Ux(ξ)ρt)

†(ρtUx(ξ)�Ux(ξ)ρt)
!
,

= �1
2

∥∥∥∥[ρt,Ux(ξ)]
∥∥∥∥2, (3.46)

in terms of the Hilbert–Schmidt norm ∥A∥2=Tr(A†A).
Therefore, under the open-system dynamics (3.15) the purity of the state of

the field decreases monotonically with time,

ṗt=�γ
∫

0

Ldx
L

∫
d2ξ g(ξ)

∥∥∥∥[ρt,Ux(ξ)]
∥∥∥∥2< 0. (3.47)

This equation implies that any initially pure state of the field will become mixed.
The functional dependence of the purity decay on the parameters of the master
equation (3.15) as well as on the structure of the initial state of the field will be
studied in detail in the next chapter.

3.2.3 Mean energy increase
In addition to inducing decoherence, a classicalizing non-unitary evolution will
in general also affect the dynamics of otherwise conserved quantities, such as
the energy [26]. As will be shown below, the master equation (3.15) leads to an
increase of the mean field energy, with a rate that is independent from the state
of the field and is finite even in the limit L→∞.

The time evolution of the expectation value of the energy follows from the
master equation (3.15),

d
dt
⟨H⟩(t) = � i

!Tr
�
[H, ρt]H

)
+ γ

∫

0

Ldx
L

∫
d2ξg(ξ)Tr

(
Ux(ξ)ρtUx

†(ξ)H
)
� γ⟨H⟩(t).

(3.48)

It involves the unitary transformation of the field Hamiltonian,

Ux
†(ξ)HUx(ξ)=

∑

k∈K
!ωk
[
ck
†ck+ βk(x, ξ)ck

†+ βk
∗(x, ξ)ck+ |βk(x, ξ)|

2
]
,

(3.49)

where

βk(x, ξ)= e�ikx fk (ξ Ωk
+� ξ∗Ωk�), (3.50)

which is calculated using Eq. (2.113). As before, since the odd moments of g(ξ)
vanish the terms linear in ck and ck

† in (3.49) do not contribute to the dynamics
of ⟨H⟩t. Therefore, the mean energy of the field increases with the constant rate

d
dt
⟨H⟩(t)= γ

∫
d2ξ g(ξ)

∑

k∈K
!ωk

∣∣∣∣fk (ξΩk+� ξ∗Ωk�)
∣∣∣∣2. (3.51)

Writing ξ= reiθ then
∣∣∣∣fk (ξΩk

+� ξ∗Ωk�)
∣∣∣∣2= r2|fk|2

�
cos2θ (Ωk

+�Ωk�)2+ sin2θ (Ωk
++Ωk

�)2
)
. (3.52)
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Figure 3.1. Comparison between logf(x/L), with f the periodic quasi-Gaussian func-
tion defined by the Fourier coefficients in Eq. (3.55), and log exp(�(x/L)2/2σ2).

Using the identity
�
Ωk
+)2+

�
Ωk
�)2= 1

2
ω2+ωk

2

ωkω
, (3.53)

the θ-integral can be calculated and Eq. (3.51) simplifies to

d
dt
⟨H⟩(t)= γ !

∫

0

∞
drG(r)r3

∑

k∈K
|fk |2

[
ω+

v2k2

2ω

]
, (3.54)

where G(r) is the radial component of the complex function g(ξ).
In order to calculate the rate of energy increase, the spread function f and the

kick-strength distribution g must be specified. Since they are generic represen-
tatives of even, square-integrable functions and to simplify the calculations, one
would like to use Gaussian functions. However, the function f must be L-periodic.
Therefore, it is constructed as a periodic quasi-Gaussian (shown in Fig. 3.1), with
Fourier coefficients

fk=
L

√
exp (�σ2k2/2)

ϑ3
�
0, exp

�
�2π2σ2/L2

)!, (3.55)

given in terms of the Jacobi theta function

ϑ3(z; q)=1+2
∑

n=1

∞
qn

2cos(2πnz). (3.56)

The kick-strength distribution is assumed to be isotropic, g(ξ)=G(|ξ |)/2π, with

G(r)=
exp (�r2/2σg2)

σg
2 . (3.57)
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In the limit L→∞ the following substitution can be made
∑

k∈K
�→L

∫

�∞

∞ dk
2π
, (3.58)

which, using k=2πn/L with n∈Z, allows calculating

ϑ3
"
0, exp

�
�2π2σ2/L2

)#
=

L

2πσ2
√ , (3.59)

as well as
∫
dk
2π
|fk |2

[
ω+

v2k2

2ω

]
=2πσ2

[
ω

4πσ2
√ +

v2

2ω 16πσ6
√

]
. (3.60)

The rate of energy increase is thus given by

d
dt
⟨H⟩(t)=2 π

√
γ!ωσσg2

[
1+

v2

(2σω)2

]
. (3.61)

This equation shows that the finite width σ>0 of the spread function in position
space ensures that the energy does not increase without bounds, as discussed at
the beginning of Section 3.2.

3.3 Measurement interpretation
In the framework of quantum measurements Eq. (3.15) can be interpreted as
arising from a measurement master equation involving the generalized simul-
taneous measurement of both canonical variables of the field. In this section
I provide a brief introduction to the theory of generalized measurements and
obtain the master equation (3.15) within this framework. For a comprehensive
treatment of quantum measurement theory the reader is advised to consult [81].
For a pedagogical introduction to measurement master equations see [82].

3.3.1 Generalized measurements
In the axiomatization of quantum mechanics carried out by John von Neumann
(born Neumann János Lajos) [83], given an observable with a discrete non-degen-
erate spectrum,

O=
∑

n

λn|λn⟩⟨λn|, (3.62)

the probability that a measurement of O yields the result λn is

Prob(λn)=Tr
�
ρ|λn⟩⟨λn|

)
. (3.63)

After the measurement, the state of the system is the corresponding eigenstate of
O,

ρn= |λn⟩⟨λn|. (3.64)

This projection postulate lies at the heart of the measurement problem in quantum
mechanics [84]. If the measurement result is not recorded, the state of the system
is consistently described as a probabilistic mixture of all the eigenstates of O,

ρ̄=
∑

n

Prob(λn)|λn⟩⟨λn|. (3.65)

50 Master equation for bosonic fields



Instead of associating a projector with each measurement result n, in general
one may associate a positive operator πn with it. This allows accounting for impre-
cise or unsharp measurements. Such generalized measurements are described by
an operator-valued probability measure called a positive-operator-valued measure
(POVM) [81].

The operators πn provide a resolution of the identity,
∑

n

πn=I. (3.66)

Moreover, each operator can be written in terms of pairs of operators, Aj and Aj
†,

called effects, as

πn=
∑

j

Anj
† Anj. (3.67)

This decomposition is not unique. The probability that a measurement yields the
result n is

Prob(n)=Tr(ρ πn). (3.68)

The state of the system after the measurement is

ρn=
1

Tr(ρπn)

∑

j

Anj ρAnj
† . (3.69)

If the measurement result is not recorded, then the measurement is uninformative
and the subsequent state of the system is given by the probabilistic mixture

ρ̄=
∑

n

Prob(n)ρn=
∑

n,j

Anj ρAnj
† . (3.70)

This formalism is quite general. If the measurement result is a continuous value,
the sums must be replaced by integrals. This will be the case in what follows.

3.3.2 Measurement master equation
The time evolution of the state of a quantum system continuously subject to
generalized measurements whose outcome is disregarded can be modeled as a
Poisson process with rate γ. Given a short time interval ∆t, if a generalized
measurement is performed and the result is not recorded, the state of the system
at time t+∆t is given by (3.70). Otherwise, the system evolves unitarily,

ρt+∆t= e�iH∆t/!ρt eiH∆t/!. (3.71)

Assuming that the probability of a measurement occurring during the time interval
∆t is γ∆t, to first order in ∆t this stochastic process is described by

ρ t+∆t=(1� γ∆t)ρt�
i
! [H, ρt]∆t+ γ∆t ρ̄t. (3.72)

In the limit ∆t→ 0 the measurement master equation is obtained [85],

ρ̇t=�
i
! [H, ρt] + γ(ρ̄t� ρt). (3.73)
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As will be shown below, the master equation (3.15) is a generalization of
Eq. (3.73) arising from a decomposition of the elements of a POVM in terms of
an ensemble of operators with a given probability distribution. Correspondingly,
the state of the field after an uninformative measurement is a random mixture of
state transformations of the form (3.70).

The elements of the POVM corresponding to the simultaneous measurement
of both canonical field variables are coherent-state projectors (see Section 2.5),

π[α] = |{α}⟩⟨{α}|. (3.74)

Actually, it can be shown that every POVM is related to a set of generalized
coherent states [86]. The operators π[α] yield a resolution of the identity,

∫
D2[α] |{α}⟩⟨{α}|= I, (3.75)

where the functional integral is defined as [87] (see Appendix A)
∫
D2[α] f [α] = lim

n→∞

∫
d2α1···d2αn

πn
f(α1, ···,αn). (3.76)

As implied by the notation used in (3.74), the measurement results are func-
tions of the spatial coordinates. Namely, the field amplitude and its canonical con-
jugate momentum. In fact, the operators π[α] are approximately sharp observables
[88]. That is, for any neighborhood B of a point in the set of possible measurement
outcomes, one can construct a state such that the probability that the measure-
ment result is in B is approximately 1. This shows that such observables do not
have intrinsic unsharpness. Therefore, the uncertainty in the measurement out-
come comes solely from the measured state. Indeed, the probability distribution is

Prob[α] =Tr(ρtπ[α]) = ⟨{α}|ρt|{α}⟩. (3.77)

It should be noted that this is the functional generalization of the Q-distribution
introduced by Husimi [89].

The POVM elements can be written as

π[α] =Ax,ξ
† [α]Ax,ξ[α], (3.78)

with

Ax,ξ[α] =D[α+ ξfx]|0⟩⟨0|D†[α]. (3.79)

The operators Ax,ξ[α] are chosen from an ensemble according to the probability
distribution g(ξ)/L, which is uniform in the position x. Therefore, the state of
the field after having performed a measurement that yielded the result α is given
by the stochastic mixture of state transformations

ρα=
1

⟨{α}|ρ|{α}⟩

∫
dx
L

∫
d2ξg(ξ)Ax,ξ[α]ρAx,ξ

† [α]. (3.80)

When the measurement results are discarded, the state of the field after the
measurement is

ρ̄=

∫
dx
L

∫
d2ξ g(ξ)Ux(ξ)ρ

′Ux
†(ξ), (3.81)
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Figure 3.2. The open field dynamics governed by the master equation (3.15) can
be viewed as a stochastic process in which the unitary evolution is interrupted by
generalized simultaneous measurements of the field canonical variables, described by
Ψ(y), whose outcomes are discarded. These fictitious measurements have finite spatial
resolution, as characterized by the spread function f of width σ.

where ρ′ is the state of the system after an uninformative measurement of π[α],

ρ′=

∫
D2[α] |{α}⟩⟨{α}|ρ|{α}⟩⟨{α}|. (3.82)

This follows from the identity

D[α+ ξfx]|0⟩⟨{α}|ρ|{α}⟩⟨0|D†[α+ ξfx] = Ux(ξ)|{α}⟩⟨{α}|ρ|{α}⟩⟨{α}|Ux
†(ξ).

(3.83)

Inserting (3.81) into Eq. (3.73) yields the master equation corresponding to this
measurement process,

ρ̇t=�
i
! [H, ρt] + γ

∫

0

Ldx
L

∫
d2ξ g(ξ)

[
Ux(ξ)ρt

′Ux
†(ξ) � ρt

]
. (3.84)

Since the state transformation (3.82) does not affect qualitatively the decoherence
dynamics and moreover ρ′≃ ρ for states such that the Husimi Q-distribution is
approximately equal to the Glauber–Sudarshan P -distribution [87], ρt′ may be
replaced with ρt in (3.84) to yield the master equation (3.15).

In conclusion, the master equation can be viewed as describing a quantum
field whose unitary evolution is randomly interrupted by stochastic phase-space
displacements. As illustrated in Fig. 3.2, given a neighborhood of width σ around
position x ∈ [0, L], the field degrees of freedom located at any point y within
this region experience a random phase-space kick of strength ξf(y/L � x/L).
This displacement, implemented by the unitary operators Ux(ξ), occurs with
the probability distribution g(ξ)/L. As will be shown in the next chapter, the
corresponding stochastic state transformation turns a superposition of single-
mode coherent states into a mixture.
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4 Classicalization of a bosonic field

In this chapter I show that the dynamics described by the master equation intro-
duced in Chapter 3 are given semiclassically by a linear Boltzmann equation
in the functional phase space of field configurations. I also show that quantum
superpositions of distinct field configurations are gradually turned into mixtures.
Assuming that the initial state of the field is a superposition of single-mode
coherent states I obtain approximate analytical expressions for the purity decay
in different time scales. They are in excellent agreement with numerical calcu-
lations of the exact dynamics carried out using an integration method described
in Chapter 5. Throughout the chapter the dynamics of the quantum field are
considered in the interaction picture with respect to the free field Hamiltonian.

4.1 Master equation in the interaction picture

The master equation introduced in Chapter 3,

∂tρt=�
i
! [H, ρt] + γ

∫

0

L dx
L

∫
d2ξ g(ξ)

[
Ux(ξ)ρtUx

†(ξ)� ρt
]
, (4.1)

can be solved straightforwardly in the interaction picture with respect to the field
Hamiltonian

H=
∑

k∈K
!ωkck

†ck, with ωk2= v2k2+ω2, (4.2)

where K = {2πj/L, j ∈Z}, and the mode operators ck are defined in (2.179). In
this basis the phase-space displacement operators are given by

Ux(ξ)= exp
(∑

k∈K
fk e�ikx(ξΩk

+� ξ∗Ωk�) ck
† � fk eikx(ξ∗Ωk

+� ξΩk�) ck

)
, (4.3)

with

Ωk
±= 1

2

(
ω

ωk

√
± ωk

ω

√ )
. (4.4)

In Eq. (4.3) the spread function f is specified by its Fourier coefficients,

fk=
1

L
√

∫

0

L

dzf
( z
L

)
e�ikz. (4.5)
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An operator Õ in the interaction picture with respect to (4.2) is related to an
operator O in the Schrödinger picture through the unitary transformation

O= e�iHt/! Õ eiHt/!. (4.6)

Inserting the interaction-picture state operator ρ̃t in the master equation (4.1)
yields

e�iHt/!∂t ρ̃t eiHt/! = γ

∫

0

L dx
L

∫
d2ξ g(ξ)

[
Ux(ξ)e

�iHt/! ρ̃t eiHt/!Ux
†(ξ)� e�iHt/! ρ̃t eiHt/!

]
.

(4.7)

Applying the inverse of the transformation (4.6) to this equation yields the master
equation in the interaction picture,

∂t ρ̃t= γ

∫

0

L dx
L

∫
d2ξ g(ξ)

[
Ũx(ξ)ρ̃t Ũx

†(ξ)� ρ̃t
]
, (4.8)

where the unitary operators

Ũx(ξ)=exp
(∑

k∈K
fke

�i(kx+ωkt)
�
ξΩk

+� ξ∗Ωk�
)
ck
†� fk ei(kx+ωkt)

�
ξ∗Ωk

+� ξΩk�
)
ck

)
,

(4.9)
are obtained using the identity [59]

ezck
†ckF (ck, ck

†)e�zck
†ck=F (ck e

�z, ck
† ez), (4.10)

valid for any function F of ck and ck
† that can be written as a power series. Since

these operators do not commute the operator monomials in the series can be
written either in normal order or in antinormal order. In the former, all creation
operators are written to the left of the annihilation operators, whereas in the
latter, all annihilation operators are written to the left of the creation operators.
The identity (4.10) holds regardless of the ordering used.

4.1.1 Solution of the master equation

In order to solve an operator differential equation, it is convenient to choose a
basis in operator space and obtain the corresponding equation of motion for the
coefficients. The Weyl operators introduced in Chapter 2 form a basis of the space
of bounded operators [37]. As will be shown below, the interaction-picture master
equation (4.8) can be readily solved in this representation, which also provides the
foundation for the quantitative analysis of the classicalization of a superposition
state in the final section of the present chapter.

In the basis of the mode operators ck the state operator is written as

ρ̃t=

∫
D2[{ηk}] χ̃t[{ηk}] D†[{ηk}], (4.11)
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where the coefficients are given by the characteristic functional

χ̃t[{ηk}] =Tr(ρ̃tD[{ηk}]), (4.12)

defined in terms of the Weyl operators

D[{ηk}] = exp
(∑

k∈K
ηk ck

† � ηk∗ ck

)
. (4.13)

The functional integral in (4.11) is defined as (see Appendix A)

∫
D2[{ηk}]F [{ηk}] = lim

N→∞

∫
d2η1···d2ηN

πN
F (η1, ..., ηN). (4.14)

Using the Weyl form of the canonical commutation relations,

D†[{αk}]D[{ζk}]D[{αk}] =D[{ζk}] exp
(∑

k∈K
αk
∗ ζk�αk ζk∗

)
, (4.15)

to simplify the operator transformation Ux
†(ξ)D[{ζk}]Ux(ξ), the equation of motion

for χ̃t[{ηk}] follows from the master equation (4.8) as

∂t χ̃t[{ηk}] =��t[{ηk}]χ̃t[{ηk}]. (4.16)

Integrating this equation yields the exact solution of the master equation (4.1) in
the phase-space representation (4.12),

χ̃t[{ηk}] = exp
(
�γ
∫

0

t

dτ �τ[{ηk}]
)
χ0[{ηk}]. (4.17)

As will be shown below, the time-dependent decay rate

�t[{ηk}] = γ � γ
∫

0

Ldx
L

∫
d2ξ g(ξ)exp

(∑

k∈K
fke

i(kx+ωkt)(ξ∗Ωk
+� ξΩk�)ηk� c.c.

)
,

(4.18)

is real and positive.

For an isotropic distribution

g(ξ)=
1
2π

G(|ξ |), (4.19)

the ξ-integral in Eq. (4.18) can be calculated using the polar representation ξ=
reiθ, d2ξ= rdrdθ. In order to carry out the θ-integral, it is convenient to rewrite
the argument of the exponential in (4.18) as

ξ∗zt[{ηk}, x]� ξzt∗[{ηk}, x] = r
∣∣∣∣zt[{ηk}, x]

∣∣∣∣
(
e�i(θ�ϕz)� ei(θ�ϕz)

)
,

= �i2r
∣∣∣∣zt[{ηk}, x]

∣∣∣∣ cos
(
θ� ϕz� π

2

)
, (4.20)
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with

zt[{ηk}, x] =
∣∣∣∣zt[{ηk}, x]

∣∣∣∣ eiϕz=
∑

k∈K
Ωk
+fk eikxeiωktηk+Ωk

�fk e�ikxe�iωktηk
∗.

(4.21)
Using the Jacobi–Anger formula

eiwcosθ= J0(w)+2
∑

n=1

∞
inJn(w)cos(nθ), (4.22)

and the invariance of the integral

1
2π

∫

0

2π

dθeiwcosθ=J0(w), (4.23)

under translations of θ, Eq.(4.18) simplifies to

�t[{ηk}] = γ � γ
∫

0

Ldx
L

∫

0

∞
dr G(r)rJ0

�
rst[{ηk}, x]

)
, (4.24)

with

st[{ηk}, x] = 2
∣∣∣∣∣∣∣∣
∑

k∈K
Ωk
+fk eikxeiωktηk+Ωk

�fk e�ikxe�iωktηk
∗
∣∣∣∣∣∣∣∣. (4.25)

The r-integral in (4.24) corresponds to the Hankel transform of G,

Ĝ(s)=

∫

0

∞
dr G(r)rJ0(rs). (4.26)

Being the characteristic function of a probability distribution, it satisfies |Ĝ|≤ 1.
In terms of it Eq.(4.18) can be expressed compactly as

�t[{ηk}] = γ � γ
∫

0

Ldx
L
ĝr

(
2

∣∣∣∣∣∣∣∣∣∣

∑

k∈K
Ωk
+fk eikxeiωktηk+Ωk

�fk e�ikxe�iωktηk
∗
∣∣∣∣∣∣∣∣∣∣

)
.

(4.27)
This expression shows that the decay rate in the equation of motion (4.16) for the
characteristic functional is real and positive.

4.2 Equation of motion of the Wigner functional

As discussed in Chapter 2, the dynamics of a quantum system can be described in
terms of the time evolution of the Wigner functional, which is defined on the phase
space of the canonical variables of the system. This representation is particularly
convenient for the semiclassical analysis of the dynamics. In this section I obtain
the equation of motion of the Wigner functional from the master equation in the
interaction picture (4.8). As will be shown, it is a generalization of the linear
Boltzmann equation, and in the diffusion limit it reduces to a Fokker–Planck
equation.
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Defining the characteristic functional

χ̃t[η] =Tr(ρ̃tD[η]), (4.28)

in terms of the Weyl operators

D[η] = exp
(∫

dy
[
η(y)Ψ†(y)� η∗(y)Ψ(y)

])
, (4.29)

theWigner functional is the Fourier transform of χ̃t[η] [8],

Wt[λ] =

∫
D2[η] χ̃t[η] exp

(∫
dy
[
λ(y)η∗(y)�λ∗(y)η(y)

])
. (4.30)

The functional integral is defined as (see Appendix A)

∫
D2[η]F [η] = lim

n→∞

∫
d2η1···d2ηn

πn
F (η1, ..., ηn). (4.31)

The properties of the Wigner functional were discussed in Section 2.6.
As shown in Section 2.7, the operators Ψ(y) are defined as a linear combina-

tion of the canonical coordinates of the field. The displacement amplitudes η(y)
correspond to their coherent-state expectation values and are given by a linear
combination of the classical canonical variables of the field. Since the equation
of motion for Wt[λ] is the Fourier transform of the dynamical equation for χ̃t[η],
this will be obtained next.

From the discussion in Section 2.7, the bosonic operators ck are related to the
field operators Ψ(y) through

ck=Ωk
+ 1

L
√

∫

0

L

dy e�ikyΨ(y)�Ωk�
1

L
√

∫

0

L

dy e�ikyΨ†(y). (4.32)

Inserting this expression into (4.9) yields the displacement operators in the basis
of the field operators Ψ(y),

Ũx(ξ)= exp
(∫

0

L

dy
[
Λt(ξ , x; y)Ψ†(y)�Λt

∗(ξ , x; y)Ψ(y)
])
, (4.33)

where the displacement amplitude

Λt(ξ , x; y)= at(x; y)ξ� bt(x; y)ξ∗, (4.34)

is a transformation of the kick strength ξ involving the time- and space-dependent
coefficients

at(x; y) =
1

L
√
∑

k

fk e
ik(x�y)�eiωkt(Ωk+)2� e�iωkt(Ωk�)2

)
,

bt(x; y) =
2i

L
√
∑

k

fk e
ik(x�y)Ωk

�Ωk
+ sin(ωkt). (4.35)
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The equation of motion for χ̃t[η] is obtained from the master equation (4.8)
in a way analogous to the previous section, but with Ũx(ξ) given by (4.33). It is
given by

∂t χ̃t[η] =��t[η]χ̃t[η], (4.36)

with the decay rate

�t[η] = γ � γ
∫

0

Ldx
L

∫
d2ξg(ξ) exp

(∫

0

L

dy
[
η(y)Λt

∗(ξ , x; y)� η∗(y)Λt(ξ , x; y)
])
.

(4.37)

This expression is the analog of (4.27) for the canonical variables of the field.

The Fourier transform of (4.36) yields the equation of motion for the Wigner
functional,

∂tWt[λ] = γ

∫

0

Ldx
L

∫
d2ξ g(ξ)

(
Wt[λ�Λt(ξ , x)]�Wt[λ]

)
. (4.38)

It describes the time evolution of a quasiprobability distribution in a functional
phase space. Each point λ therein, which is a complex linear combination of the
classical canonical variables of the field, is subject to random kicks that occur
with rate γ and whose strength depends on the spatial position x, as given by the
function Λt(ξ , x).

As may be expected from the discussion in Chapter 3, Eq. (4.38) has the
form of the forward Kolmogorov equation of a compound Poisson process with
constant rate γ and jump-size distribution g(ξ)/L [90]. In physical terms, this is a
transport equation that has the form of a generalized linear Boltzmann equation.
Correspondingly, the master equation (4.1) can be considered the field-theoretic
generalization of a quantum linear Boltzmann equation [91].

4.2.1 Diffusion limit

As shown in [92], the integral operator in the linear Boltzmann equation can be
properly approximated only by a second-order differential operator, thus yielding
a Fokker–Planck equation. Physically, this corresponds to the diffusion limit of
small and frequent kicks. In the present case it amounts to approximating all
functions of ξ with a second-order polynomial in this parameter.

In order to obtain the diffusion approximation to Eq. (4.38), I will first approx-
imate Eq. (4.36) for the characteristic functional χ̃t[η] to second order in ξ and
then take the Fourier transform. For this purpose, it is convenient to rewrite this
equation as

∂t χ̃t[η] =�γ+ γ

∫

0

Ldx
L

∫
d2ξ g(ξ)exp

�
ξ∗zt[η;x]� ξzt∗[η;x]

)
, (4.39)
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with

zt[η;x] =

∫

0

L

dy
[
η(y)at(x; y)+ η∗(y)bt(x; y)

]
. (4.40)

To second order in ξ the exponential is approximated by a polynomial,

exp(ξ∗zt[η;x]� ξzt∗[η;x]) ≃ 1+ ξ∗zt[η;x]� ξzt∗[η;x] +
1

2

�
ξ∗zt[η;x]� ξzt∗[η;x]

)
2.

(4.41)

Writing ξ = |ξ |eiθ and given that g(ξ) is an even function, the only term that
contributes to the ξ-integral is �|ξ |2|zt[η; x]|2. With this approximation (4.36)
reduces to

∂t χ̃t[η] =�
σg
2γ
L

∫

0

L

dx

∣∣∣∣∣∣∣∣
∫

0

L

dy
[
η(y)at(x; y)+ η∗(y)bt(x; y)

]∣∣∣∣∣∣∣∣
2

χ̃t[η], (4.42)

where

σg
2=

∫
d2ξ |ξ |2g(ξ) (4.43)

is the second moment of g.

The Fourier transform of (4.42) is

∂tWt[λ] = �
γσg

2

L

∫

0

L

dx

∫
dx1dx2

∫
D2[η]

[
at(x;x1)bt

∗(x;x2) η(x1)η(x2)

+ at(x;x1) at
∗(x;x2)η(x1)η∗(x2)+ bt(x;x1) bt

∗(x;x2)η∗(x1)η(x2)

+ bt(x;x1) at
∗(x;x2) η∗(x1)η∗(x2)

]
e
!
dz [λ(z)η∗(z)�λ∗(z)η(z)]χ̃t[η].

(4.44)

Since Wt[λ] is an analytic functional of λ and λ∗, the corresponding functional
Wirtinger derivatives (see Section 2.2.6) are given by

δ
δλ(y)

Wt[λ] =

∫
D2[η] η∗(y)χ[η] exp

(∫
dz
[
λ(z)η∗(z)�λ∗(z)η(z)

])
,

(4.45)

and

δ
δλ∗(y)

Wt[λ] =�
∫
D2[η] η(y)χ[η] exp

(∫
dz
[
λ(z)η∗(z)�λ∗(z)η(z)

])
.

(4.46)

These expressions follow from the identity (see Section 2.2.3)

δλ(z)
δλ(y)

= δ(z� y). (4.47)
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In terms of functional derivatives, Eq.(4.44) can thus be written as a Fokker–Planck
equation,

∂tWt[λ] =

∫
dx1dx2

[
Dtλλ (x2�x1)

δ
δ λ(x1)

δ
δ λ(x2)

+Dtλλ
∗
(x2�x1)

δ
δ λ(x1)

δ
δ λ∗(x2)

+Dtλ
∗λ(x2�x1)

δ
δ λ∗(x1)

δ
δ λ(x2)

+Dtλ
∗λ∗(x2�x1)

δ
δ λ∗(x1)

δ
δ λ∗(x2)

]
Wt[λ].

(4.48)

The coefficients in front of the functional derivatives correspond to the infinite-
dimensional generalization of the diffusion tensor,

Dt
λλ (x2�x1) = �γ σg2

∫

0

L dx
L

bt(x;x1)at
∗(x;x2),

Dt
λλ∗(x2�x1) = γ σg

2
∫

0

Ldx
L

bt(x;x1)bt
∗(x;x2),

Dt
λ∗λ (x2�x1) = γ σg

2
∫

0

Ldx
L

at(x;x1)at
∗(x;x2),

Dt
λ∗λ∗(x2�x1) = �γ σg2

∫

0

L dx
L

at(x;x1)bt
∗(x;x2). (4.49)

There are four coefficients because the coordinates in phase space are divided into
two sets: the field amplitude ϕ(y) and its canonically conjugate momentum π(y).
In this basis, the corresponding Fokker–Planck equation contains terms describing
diffusion only of the field, diffusion of both the field and the canonically conjugate
momentum, and diffusion only of the canonically conjugate momentum [24].

Following [93], for a given initial state the solution of Eq.(4.48) can be obtained
using the functional generalization of the method of characteristics [22] to solve
(4.42) and then taking the Fourier transform of the solution.

It is worth noting that the master equation associated to (4.48) results from
formally expanding Ũx(ξ)ρ̃tŨx

†(ξ) to second order in ξ using the formula

esABe�sA=B+ s[A,B]+
s2

2
[A, [A,B]]+ ···, (4.50)

with s=1, B= ρt̃ and

A=At(x, ξ)=

∫

0

L

dy [Λt(ξ , x; y)Ψ†(y)�Λt
∗(ξ , x; y)Ψ(y)]. (4.51)

The result is the Lindblad equation

∂t ρ̃t = γ

∫

0

L dx
L

∫
d2ξ g(ξ)

[
At(x, ξ)ρ̃tAt

†(x, ξ)� 1
2

{
At
†(x, ξ)At(x, ξ), ρ̃t

}]
.

(4.52)

Since the Lindblad operators At(x, ξ) are linear in the field operators, this is a
field-theoretic generalization of the quantum Brownian motion master equation
[24].
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4.3 Dynamics of the purity decay

In the Wigner representation quantum superpositions of macroscopically distinct
field configurations are characterized by a quasiprobability distribution displaying
strong oscillations between positive and negative values in a local phase-space
region of volume ! [64]. The decoherence of a superposition due to random phase-
space kicks results in the blurring of these fine structures.

As shown in [94] for a finite number of degrees of freedom, in the diffusion limit
the Wigner function turns positive after a finite time. Moreover, it is known that
the only non-negative Wigner functions correspond to coherent states [63]. Since
these results do not depend on the number of degrees of freedom of the quantum
system, once the Wigner functional has become positive, the state of the field is
indistinguishable from a mixture of classical field configurations.

In the general case of Eq. (4.38), however, it takes an infinite time until the
Wigner functional becomes positive. This gradual loss of coherence will be quan-
tified below through the decay of the purity of the state. For this purpose it is
convenient to use the phase-space representation (4.12), as will become clear when
considering different limit cases of the parameters characterizing the classicaliza-
tion dynamics.

In the basis of the mode variables (4.11) the purity is given by

pt=

∫
D2[{ηk}]

∣∣∣∣χ̃t[{ηk}]
∣∣∣∣2. (4.53)

This expression follows from

Tr
�
ρ̃t
2
)
=

∫
D2[{ηk}] χ̃t[{ηk}]

∫
D2[{ζk}] χ̃t∗[{ζk}]Tr

�
D†[{ηk}]D[{ζk}]

)
,

(4.54)
by recognizing that the trace on the right side,

Tr
�
D†[{ηk}]D[{ζk}]

)
=
〈
{ζk}|{ηk}

〉∫
D2[{λk}] exp

(∑

k∈K
λk
∗(ζk� ηk)�λk(ζk� ηk)∗

)
,

(4.55)

involves the functional generalization of the Dirac delta,

δ[{ζk� ηk}] = lim
n→∞

∫
d2α1···d2αn

π2n
exp

(
∑

j=1

n

αj
∗(ζj � ηj)�αj(ζj � ηj)∗

)
.

(4.56)

Inserting (4.17) into (4.53) the purity is explicitly given by

pt=

∫
D2[{ηk}]

∣∣∣∣χ0[{ηk}]
∣∣∣∣2 exp

(
�2
∫

0

t

dτ �τ[{ηk}]
)
, (4.57)

with the decay rate �τ[{ηk}] defined in Eq. (4.27).
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In order to perform analytical and numerical calculations of the purity I will
assume, as in Section 3.2.3, that the kick-strength distribution is given by (4.19),
with

Ĝ(s)= exp

(
� s

2σg
2

2

)
, (4.58)

and the spread function is specified by the Fourier coefficients (3.55).

The initial state is assumed to be a superposition of single-mode coherent
states in the mode k=0,

|ψ⟩=N 1/2
�
|α⟩0+ |β⟩0

) ∣∣∣∣{0}k=/ 0
〉
. (4.59)

In terms of the relative coordinates ∆=α� β and 2C=(α+ β), the characteristic
functional of the state at time t=0 is

χ0[{ηk}]
N = 2e

�1
2

"
k=/ 0

|ηk|2
e
�1

2
|η02| cos

�
Im∆η0

∗)e�2iImCη0∗

+ e
�1

2

"
k=/ 0

|ηk|2 exp
�
�iIm [2Cη0∗+ iIm C∗∆]

)
e
�1
2
|∆+η0|2

+ e
�1

2

"
k=/ 0

|ηk|2 exp
�
�iIm[2Cη0∗� iIm C∗∆]

)
e
�1

2
|∆�η0|2. (4.60)

Its squared modulus is given by

∣∣∣∣χ0[{ηk}]
∣∣∣∣2

N 2 = e
�
"
k=/ 0

|ηk |2
(
e�|∆+η0|

2
+ e�|∆�η0|

2
)

+ 2e
�
"

k=/ 0
|ηk|2

e�|η0
2|
(
2 cos2

�
Im∆η0∗

)
+ cos

�
2Im∆C∗

)
e�|∆|

2

)

+ 4e
�
######∆
2

######
2

cos
�
Im∆C∗

)
e
�
"

k=/ 0
|ηk|2cos

�
Im∆η0∗

)

×
(
e�|∆/2+η0|

2
+ e�|∆/2�η0|

2
)
. (4.61)

The normalization constant, which ensures that χ0[0]= 1, is

N =
[
2+2 exp(�|∆|2/2) cos(Im∆C∗)

]�1. (4.62)

From Eqs. (3.55), (4.57), (4.58) and (4.61) it is clear that the purity decay
depends on the three parameters characterizing the classicalizing dynamics, γ,
σ and σg, and on the structure of the initial state. Since the expression (4.57)
for the purity is in general not amenable to analytic calculation, in the following
I will obtain analytic approximations to it for different limiting values of the
above parameters. The resulting expressions will be compared with numerical
calculations of the exact Eq. (4.57), carried out using the discrete-chain model
of the quantum field discussed in Chapter 2, with N = 32 harmonic degrees of
freedom.
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4.3.1 Full time evolution

In order to describe the purity decay analytically at all times, it is necessary to
consider parameter regimes in which

�τ[{ηk}] = γ � γ
∫

0

Ldx
L

exp
(
�2σg2L

∣∣∣∣∣∣∣∣∣∣

∑

k∈K
Ωk
+ fk

L
√ eikxeiωkτ ηk+Ωk

� fk

L
√ e�ikxe�iωkτ ηk

∗

∣∣∣∣∣∣∣∣∣∣

2)

(4.63)

is time-independent, that is �t[{ηk}]=�[{ηk}]. This is the case for a broad spread
function and for a narrow kick distribution, as will be shown next.

If the width σ of the spread function is comparable to the size L of the
region enclosing the quantum field, the Fourier coefficients (3.55) of f can be
approximated as

fk≃ L
√

δ0k. (4.64)

Since ω0= ω, it follows that Ω0
+= 1, Ω0

�= 0. Therefore, for σ/L≃ 1 the purity
decays as

pt≃
∫
D2[{ηk}]

∣∣∣∣χ0[{ηk}]
∣∣∣∣2 exp

(
�2γt

[
1� exp

�
�2Lσg2|η0|2

)])
. (4.65)

In the limiting case of a narrow kick distribution, such that σg2L≪1, the approx-
imation

exp
�
�2Lσg2|η0|2

)
≃ 1� 2Lσg2|η0|2 (4.66)

leads to the analytically tractable expression for the purity

pt≃
∫
D2[{ηk}]

∣∣∣∣χ0[{ηk}]
∣∣∣∣2 exp

�
�4γtLσg2|η0|2

)
. (4.67)

The phase-space integral in (4.67) can be readily calculated. For the modes
with k=/ 0 it involves a Gaussian integral, and for the mode k= 0 one needs to
evaluate the integrals

∫
d2η0
π

e�|η0|
2(1+µ2) 1

2

[
1+ cos

�
2Im∆η0

∗)] = 1
1+ µ2

1
2

(

1+ e
� |∆|2

1+µ2

)

,

∫
d2η0
π

e�|∆/2±η0|
2�|η0|2µ2 cos

�
Im∆η0

∗) = 1
1+ µ2

e�|∆|
2/4,

∫
d2η0
π

e�|∆±η0|
2�|η0|2µ2 =

1
1+ µ2

e
� |∆|

2µ2

1+µ2 , (4.68)

where µ=4γtσg
2L. The purity of the state of the field for σ/L≃ 1 and σg2L≪ 1

is therefore

pt ≃
2N 2

1+ µ2

[
1+ e

� |∆|2

1+µ2 + e
�|∆|

2µ2

1+µ2 +4e�|∆|
2/2 cos

�
Im∆C∗

)
+ e�|∆|

2
cos

�
2Im∆C∗

)]
.

(4.69)
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Figure 4.1. Purity decay of a superposition of single-mode coherent states |ψ⟩ ∝
(|α⟩0+ |�α⟩0)|{0}k=/ 0⟩ with α= 2+ 2i. The parameters are v/Lω = 0.01, γ /ω = 0.2,
σ/L=1 and σg2L= 0.32. The points correspond to the exact numerical calculation of
Eq. (4.57). The solid line is the analytic approximation to this equation for σ/L≃1 and
σg
2L≪ 1, given by Eq. (4.69).

As shown in Fig. 4.1, Eq. (4.69) is in excellent agreement with the exact numer-
ical calculation of Eq. (4.57). The corresponding phase-space integrals were calcu-
lated using quasi-Monte Carlo integration based on a generalized Faure sequence.
This numerical method is explained in detail in Chapter 5.

On the other hand, when σ/L<1 and in the limit of a narrow kick distribution
such that σg2L≪ 1, Eq. (4.63) can be approximated as

�τ[{ηk}] = 2γσg
2L

∫

0

Ldx
L

∣∣∣∣∣∣∣∣∣∣
∑

k∈K
Ωk
+ eikxeiωkτ

fk
L

√ ηk+Ωk
� e�ikxe�iωkτ

fk
L

√ ηk
∗
∣∣∣∣∣∣∣∣∣∣

2

.

(4.70)
Since the integral over x vanishes, the purity remains constant,

pt≃ 1. (4.71)

4.3.2 Short-time behavior
On physical grounds, it is expected that the decay rate of the purity of a quantum
superposition of coherent states depends on their initial separation in phase space,
as compared to the width of the kick distribution. From Eqs. (4.53) and (4.36)
the initial purity decay rate R0=�ṗ0 is given by

R0=2

∫
D2[{ηk}]

∣∣∣∣χ0[{ηk}]
∣∣∣∣2�0[{ηk}], (4.72)

where

�0[{ηk}] = γ � γ
∫

0

L dx
L

exp

(
�2σg2L

∣∣∣∣∣∣∣∣∣∣
∑

k∈K
Ωk
+ fk

L
√ eikxηk+Ωk

� fk
L

√ e�ikxηk
∗
∣∣∣∣∣∣∣∣∣∣

2
)
.

(4.73)
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Figure 4.2. Initial purity decay rate, R0/ γ, of three superpositions of single-mode
coherent states, |ψ⟩ ∝ (|α⟩0 + |β⟩0)|{0}k=/ 0⟩ as a function of the separation |α � β |.
The parameters are v /Lω = 0.01, γ /ω = 1.0, σ /L = 1 and σg

2L = 0.08. The circles
correspond to the exact numerical calculation of Eq. (4.72). The solid lines show the
analytic approximation to this equation for σ/L≃ 1, given by Eq. (4.75).

The integral in (4.72) can be readily calculated in the case of a broad spread
function, that is for σ/L≃ 1. From Eq. (4.65) the corresponding decay rate is
given by

R0=2γ � 2γ
∫
D2[{ηk}]

∣∣∣∣χ0[{ηk}]
∣∣∣∣2 exp

�
�2σg2L|η0|2

)
, (4.74)

which using Eqs. (4.68) has the explicit expression

R0=2γ � 4γN 2

1+ µ2

[
1+ e

� |∆|2

1+µ2 + e
� |∆|

2µ2

1+µ2 +4e�|∆|
2/2 cos

�
Im∆C∗

)
+ e�|∆|

2
cos

�
2Im∆C∗

)]
,

(4.75)

with µ2= 2σg
2L. This equation shows that for arbitrarily large separations the

classicalization rate approaches the maximum value

Rmax
γ

=2� 1

1+ 2σg
2L
. (4.76)

In Fig. 4.2 the initial purity decay rate is plotted as a function of the separation
2∆ = |α � β | for three different values of α + β = 2C. It exhibits oscillations
for |α � β |< 1.5, and for large separations it saturates at the value expected
from Eq. (4.76). The circles correspond to the exact numerical calculation of
Eq. (4.72). The solid lines represent the analytic approximation to this equation
for the case of a broad spread function, as given by Eq. (4.75). The remarkable
agreement between both highlights the adequacy of the chosen numerical method
for calculating phase-space integrals in high dimensions.
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Figure 4.3. Purity decay of a superposition of single-mode coherent states |ψ⟩ ∝
(|α⟩0+ |�α⟩0)|{0}k=/ 0⟩ with α= 2+ 2i. The parameters are v/Lω = 0.01, γ /ω = 0.2,
σ/L= 1 and σg

2L= 32. The points correspond to the exact numerical calculation of
Eq. (4.57). The straight line shows the short-time behavior pt≃ exp(�2γt). The curve
describing the long-time behavior, pt≃1/4σg2Lγt, was obtained using Laplace’s method.

The initial decay of the purity (4.57) is given by an exponential with decay
rateR0. This follows from considering the Taylor series of log pt to linear order in t,

log pt≃ log p0+
d

dt
(log pt)

∣∣∣∣∣∣
t=0

t, (4.77)
where

d

dt
(log pt)

∣∣∣∣∣∣
t=0

=�R0. (4.78)

From Eq. (4.75), for a broad spread function and a broad kick distribution,
such that σg2L≫ 1, the initial decay rate is R0= 2γ. The corresponding purity
decay, pt≃ exp(�2γt), is observed in Fig. 4.3 for times shorter than 10 ω�1.

4.3.3 Long-time behavior
For parameter regimes such that �t[{ηk}] =�[{ηk}] the purity (4.57) is given by
a functional Laplace integral

pt=

∫
D2[{ηk}]

∣∣∣∣χ0[{ηk}]
∣∣∣∣2 exp(�2t�[{ηk}]). (4.79)

The asymptotic behavior of the purity as γt→∞ can thus be obtained using
Laplace’s method for functional integrals [95]
∫
D[Z] q[Z]e�τh[Z]≃ q[Z0] e

�τh[Z0] exp
(
�1
2
Tr logΛ(Z0)

)
as τ→∞, (4.80)

where Z0 is the solution of the functional equation (see Section 2.2)

δh[Z]
δZ

=0, (4.81)
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that satisfies
δ

δZ(y)
δ

δZ(x)
h[Z]

∣∣∣∣∣∣∣∣
Z=Z0

> 0, (4.82)

and the operator Λ(Z0) is defined as

Λ(Z0)h=
δ
δZ

δ
δZ

h[Z]

∣∣∣∣∣∣∣∣
Z=Z0

. (4.83)

In the case of a broad spread function, the asymptotic behavior of the purity
is obtained from Eq. (4.65) using the multivariate version of Laplace’s method [96]

∫

Rd
dx q(x)e�τh(x)≃ q(x0)

(
2π
τ

)
d/2 e�τh(x0)

|Hh(x0)|1/2
as τ→∞, (4.84)

where Hh is the Hessian matrix of h and x0 is a global minimum of h, that is
∇h(x0)=0 and |Hh(x0)|> 0. In the case considered here d=2,

h(η0)=2
[
1� exp

(
�2Lσg2|η0|2

)]
, (4.85)

which has a minimum at η0=0, and

q(η0)=

∫
D2[{ηk}k=/ 0]

∣∣∣∣χ0[{ηk}]
∣∣∣∣2. (4.86)

From Eq. (4.61) it follows that q(0) = 1. The asymptotic behavior of the purity
for σ/L≃ 1 is thus given by

pt≃
1

4σg
2L

1
γt

as γt→∞. (4.87)

As shown in Fig. 4.3, this expression is in good agreement with the exact numerical
calculation of Eq. (4.65) for times larger than 40 ω�1.
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5 Beyond Monte Carlo integration
This chapter contains a brief review of the numerical methods available for approx-
imating integrals in high-dimensional spaces. Special emphasis is made on low-
discrepancy digital sequences, since the integration method used in Chapter 4
belongs to this class. For a comprehensive treatment of these techniques the
reader is advised to consult [97, 98].

5.1 Classical integration methods
Before discussing integration methods based on low-discrepancy sequences, in this
section I provide a brief summary of the more familiar methods based on product
rules, analysis of variance and Monte Carlo sampling. In particular, I mention
their shortcomings when calculating integrals in very high dimensions in order to
show the motivation for the development of the methods described in the next
section.

5.1.1 Product rules
Given a function f :Ω⊂R→R one can approximate the integral

I(f)=

∫

Ω
f(x)dx (5.1)

to great accuracy using different techniques. Newton–Cotes methods use a lattice
of equally spaced points to evaluate the integrand, whereas Gaussian quadratures
evaluate the function on the lattice of roots of a polynomial. The extension of
these methods for functions of s variables consists in constructing a high-dimen-
sional lattice using the s-fold Cartesian product of the one-dimensional rule. For
this reason, the resulting method is called a product rule.

The main obstacle when calculating high-dimensional integrals with these
techniques is the so-called curse of dimensionality: the cost to compute an approx-
imation with a prescribed accuracy increases exponentially with the dimension of
the integral. For this reason, several methods have been developed that avoid the
curse of dimensionality to some extent.

5.1.2 Analysis of variance
In the analysis of variance (ANOVA) representation the integrand f of a s-
dimensional integral is decomposed into a sum of 2s terms, where each term
describes the relative importance of a subset of variables with respect to the total
variance of f [97].
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In some applications, the integrals are of low effective dimension in the super-
position sense, which means that they can be well approximated by a sum of
functions defined in a subspace of low dimension. Moreover, coordinate transfor-
mations such as the Brownian bridge [97] can be used to exploit the underlying
structure of the integral to single out the leading dimensions. In this case, the
integrand is said to be of low effective dimension in the truncation sense, which
means that only a few variables have a significant impact on the output of the
function.

This class of methods also includes the sparse grid methods, which are based
on a decomposition of a s-dimensional integral into an infinite telescopic sum that
is truncated in a way that balances computational cost and accuracy [99].

5.1.3 Monte Carlo integration
Given the integral on the s-dimensional unit cube Bs= [0, 1)s:

I[f ] =

∫

Bs

f(u)du, (5.2)

a Monte Carlo estimator of (5.2) uses N random points ui independently and
uniformly distributed in Bs:

QN =
1
N

∑

i=1

N

f(ui). (5.3)

This estimator is unbiased since [97]

E(QN)=
1
N

∑

i=1

N

E(f(ui))= I(f). (5.4)

Moreover, from the central limit theorem it follows that [97]

QN � I(f)
σ/ N
√ ⇒N (0, 1), (5.5)

where the arrow denotes convergence to the standard normal distribution and

σ2=

∫

[0,1)s
(f(u)� I(f))2 du (5.6)

is the variance of f .
Eq. (5.5) shows that the convergence rate of a Monte Carlo method is propor-

tional to N�1/2 independently of the dimension. As a consequence, in order to
reduce the error by a factor of 10, the sample size N must increase by a factor of
100, which for many applications can be prohibitive.

In order to improve the convergence rate, variance-reduction techniques have
been developed. The idea is to find another function φ whose integral is also I(f),
but has a smaller variance than f (5.6). A prominent example of this method
is the VEGAS algorithm, which is based on importance sampling and has been
successfully used in quantum electrodynamics [100, 101].

72 Beyond Monte Carlo integration



5.2 Quasi-Monte Carlo methods

An alternative approach to improve the convergence rate of Monte Carlo methods
is to use quasi-random or low-discrepancy sampling. In the context of multi-
variable integration this is referred to as a quasi-Monte Carlo method .

Informally, a low-discrepancy sample is a set of points distributed in a way
that approximates the uniform distribution as closely as possible. However, unlike
random samples, the points are not required to be independent and moreover
they are deterministic. There are two main sources of low-discrepancy point sets:
lattices and digital nets and sequences. In the following I will only consider digital
sequences, since the integration method used in this thesis belongs to this class.

5.2.1 Digital sequences

One of the simplest examples of a low-discrepancy sequence is the van der Corput
sequence in base b≥ 2

um= φb(m� 1), m≥ 1, (5.7)

defined in terms of the radical inverse function in base b:

φb(m)=
∑

k=0

∞
ak(m)b�k�1∈ [0, 1), (5.8)

where ak(m) is the k-th digit in the b-ary representation of the positive integer m

m=
∑

k=0

∞
ak(m)bk, 0≤ ak(m)<b, (5.9)

when infinitely many coefficients ak(m) are equal to zero. Compared to an equidis-
tantly spaced grid, this sequence is space-filling and extensible. That is, the points
in the sequence are ordered in such a way that they iteratively refine the partition
of the unit interval and thus do not leave large gaps. Moreover, this allows adding
more points later without having to reconstruct the point set. The first few terms
of this sequence in base 5 are given by u1= 0, u2= 1/5, u3= 2/5, u4= 3/5,
u5=4/5, u6=1/25, u7=6/25, u8= 11/25.

Given a sample PN of N points from a one-dimensional sequence, the deviation
of PN from uniformity is quantified by the so-called star discrepancy

D∗(PN)= sup
x∈[0,1)

|F (x)� F̂N(x)|, (5.10)

where F (x)=x is the cumulative distribution function (CDF) of a U(0,1) random
variable and F̂N(x) is the empirical CDF induced by PN. That is,

F̂N(x)=
1
N

∑

i=1

N

1ui≤x, (5.11)
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gives the proportion of numbers ui∈PN that are smaller than or equal to x. For
a sample PN obtained from the van der Corput sequence one has [97]

D∗(PN)≤C
logN
N

. (5.12)

A direct generalization of the van der Corput sequence in the s-dimensional
unit cube Bs uses a different base b for each of the s coordinates. The result is
the Halton sequence

um=(φb1(m� 1), ..., φbs(m� 1)), m≥ 1. (5.13)

In order to assess the deviation of this sequence from uniformity, the multidi-
mensional generalization of (5.10) is needed. Given a sample PN of N points
from a multidimensional sequence and a box anchored at the origin with sides
v=(v1, ..., vs)∈Bs

A(v)= {x∈Bs : 0≤xj ≤ vj , j=1, ..., s}, (5.14)

the number of points ui from PN that fall into the box equals the cardinality of
the set

{ui : 0≤ui,j ≤ vj , i=1, ...,N }, (5.15)

which is denoted by #(PN , A). The empirical CDF induced by PN is given by
#(PN , A)/N and the CDF of the uniform distribution over Is is

∏
j=1
s vj. Com-

paring one to the other via the Kolmogorov–Smirnov statistic yields the star
discrepancy [97]

D∗(PN)= sup
v∈Is

∣∣∣∣∣∣∣∣v1···vs�
#(PN , A)

N

∣∣∣∣∣∣∣∣. (5.16)

For the Halton sequence

D∗(PN)≤C
(logN)s

N
. (5.17)

A sequence of points u1,u2, ... is called a low-discrepancy sequence if D∗(PN)∈
O(N�1(logN)s), and the finite point sets PN obtained from such sequences are
called low-discrepancy point sets.

The concept of discrepancy can be used to obtain a deterministic upper bound
on the integration error. For a function f of finite variation V (f) in the sense of
Hardy and Krause [97], the absolute error of integration,

EN = |QN � I(f)|, (5.18)

is bounded according to the Koksma–Hlawka inequality

EN ≤D∗(PN)V (f). (5.19)

Therefore, for a low-discrepancy sequence the integration error is in O((logN)s/
N). Compared to the probabilistic Monte Carlo error, which is in O(N�1/2), for
fixed dimension s the quasi-Monte Carlo error converges considerably faster. This
result is often mentioned as the motivation to prefer such methods.
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However, one issue with the van der Corput and Halton sequences is that for
large base b the space-filling property of the sequences degrades, since the points
move very slowly from 0 to 1. To overcome this problem one can use the same
base for each coordinate, but then the coordinates have to be calculated in a
different way (otherwise they would all be equal). One possibility is to apply a
linear transformation, called the generating matrix, to the coefficients ak(m) in
(5.8). This idea is used in the Sobol’ sequence [102], for which b=2, and in the
Faure sequence discussed in the next section, which uses a prime b≥ s.

The sequences mentioned above belong to the class of digital sequences intro-
duced by Niederreiter, who defined the concepts of (t, s)-sequences and (t, k, s)-
nets [98]. Given the nonnegative integers q1, ..., qs such that q = q1+ ···+ qs, a
point set PN with N = bk points is (q1, ..., qs)-equidistributed in base b if every
elementary interval defined in terms of a Cartesian product as

I(r)=
∏

j=1

s [
rj
bqj
,
rj+1
bqj

)
, 0≤ rj<bqj, j=1, ..., s, (5.20)

contains bk�q points from PN. A point set that is (q1, ..., qs)-equidistributed in
base b is called a (t, k, s)-net in base b provided q≤ k� t. The smallest integer t
for which this condition holds is the t-value of PN and also of the sequence it was
obtained from. The Faure sequence that will be discussed below was designed to
have t=0. A (t, s)-sequence is a sequence of points for which each b-ary segment
of the form ulbk, ..., u(l+1)bk�1 with k ≥ t and l ≥ 0 is a (t, k, s)-net in base b.
Niederreiter showed that the discrepancy of the first N points of a (t, s)-sequence
in base b satisfies

D∗(PN)≤C(t, s, b) (logN)s+O((logN)s�1), N ≥ 2. (5.21)

5.2.2 Faure sequences and their generalization

In 1982 Henri Faure presented [103] a method to construct a (0, s)-sequence in
any prime base b. This is only possible if s≤ b. That is, b is the smallest prime
number greater than or equal to s. The j-th coordinate of the point ui in the
Faure sequence is given by

ui,j=
∑

k=0

∞
ãj ,k(i) b�k�1, j=1, ..., s, i≥ 1, (5.22)

where

ãj,k(i)=
∑

ℓ=0

∞ (
ℓ
k

)
(j � 1)ℓ�k aℓ(i)(mod b), (5.23)

with

(
m
n

)
=

⎧
⎨

⎩

m!

n! (m�n)! , m≥n,

0, otherwise.
(5.24)
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Figure 5.1. Coordinates 49 and 50 of the first 1,000 points in base 53 of a Faure
sequence (left) and a generalized Faure sequence (5.28) (right).

In matrix form (5.23) is written
⎛

⎜⎜⎝
ãj,0(i)
ãj,1(i)
···

⎞

⎟⎟⎠=C j�1

⎛

⎝
a0(i)
a1(i)
···

⎞

⎠mod b, (5.25)

where the generating matrices of the sequence are

C j(m,n)=
(
n
m

)
jn�m, (5.26)

that is, C j is the j-th power of the Pascal matrix. The construction of the Faure
sequence is described in detail in [104].

The Faure sequence is not extensible due to the condition s≤ b. Therefore,
for different values of s new sequences must be constructed. Given a value of s
the constant in (5.21) satisfies logC(t, s, b)∈O(�s log s log s) and thus it goes to
zero exponentially fast with the dimension. By contrast, for the Sobol’ sequence
logC(t, s, b)∈O(s log s log s). As mentioned before, the t-value of this sequence
is t= 0, which means that it achieves the best possible value of the uniformity
parameter t. This is reflected in the one- and two-dimensional projections of the
first b2 points, which have optimal equidistribution in base b. However, the Faure
sequence suffers from clustering around zero. As a workaround Faure suggested
to discard the first b4� 1 points.

As shown in Figure 5.1, for large s the Faure sequence has gaps. In order to
overcome this problem, Tezuka [105] introduced generalized Faure (GF) sequences
by multiplying the generating matrices (5.26) from the left by nonsingular lower-
triangular matrices. These matrices can be constructed in a deterministic way
or randomly. In this thesis, the generating matrices of the Faure sequence are
multiplied by random striped matrices [106],

R(j)=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

h1 0 0 0 ···
h1 h2 0 0 ···
h1 h2 h3 0 ···
h1 h2 h3 h4 ···
··· ··· ··· ··· ···

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, j=1, ..., s, (5.27)
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where each element hi is uniformly distributed on Zb
+. This procedure, called a

matrix scrambling of the Faure sequence, yields GF sequences with coefficients
⎛

⎜⎜⎝
ãj ,0(i)
ãj ,1(i)
···

⎞

⎟⎟⎠=R(j)Cj�1

⎛

⎝
a0(i)
a1(i)
···

⎞

⎠mod b. (5.28)

5.2.3 Integrals with a Gaussian kernel

In this thesis, the first N points from the GF sequence (5.28) were used to approx-
imate integrals with a Gaussian kernel

Is[f ] =

∫

Rs
f(x) e�∥x∥

2
dsx. (5.29)

Since the points ui in this sequence belong to the unit hypercube Bs= [0, 1)s,
the domain of integration, Rs, has to be mapped onto Bs. Using the change of
variables

yj= φ( 2
√

xj), dyj= 2
√

φ′( 2
√

xj)dxj , j=1, ..., s, (5.30)

where φ is the CDF of the standard normal distribution N (0, 1),

φ(t)=
1

2π
√

∫

�∞

t

e�x
2/2dx, t∈ (�∞,∞), (5.31)

with

φ′(t)=
1

2π
√ e�t

2/2, (5.32)

the integral (5.29) transforms into

Is[f ] =π
s

2

∫

Bs

f
(
φ�1(y1)

2
√ , ...,

φ�1(ys)

2
√

)
dsy, (5.33)

where φ�1 is the quantile function of N (0,1), which has no analytical expression.
In order to demonstrate the high accuracy of quasi-Monte Carlo integration

using the GF sequence (5.28), consider the s-dimensional integral

Is[cos] =
∫

Rs
cos(∥x∥) e�∥x∥2 dsx, (5.34)

which in spherical coordinates reduces to a one-dimensional quadrature,

Is[cos] =
2π

s

2

�
� s
2

)
∫

0

∞
cos(r)e�r2rs�1dr, (5.35)

since the angular integral can be readily calculated [107],

∫

0

2π

dϕ

∫

0

π

dθs�2 sin θs�2 ···
∫

0

π

dθ1 sins�2 θ1=
2π

s
2

�
� s
2

). (5.36)
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s
N 9 16 25 36 49 64 81

512 10�4 10�3 10�2 10�2 10�2 10�3 10�2

1, 024 10�4 10�3 10�3 10�3 10�2 10�2 10�2

4,096 10�3 10�3 10�5 10�3 10�2 10�2 10�2

16, 384 10�3 10�3 10�4 10�3 10�2 10�3 10�3

65,536 10�4 10�4 10�5 10�3 10�2 10�3 10�3

Table 5.1. Order of magnitude of the relative error, as defined in (5.37), in the calcu-
lation of the integral (5.34) using a generalized Faure sequence.

The accuracy of the method can be quantified in terms of the relative error

η=

∣∣∣∣∣∣∣∣
QN � Is(cos)

Is(cos)

∣∣∣∣∣∣∣∣, (5.37)

with QN given by

QN = π
s
2
1
N

∑

i=1

N

cos

⎛

⎜⎜⎝ 1

2

∑

j=1

s

φ�1(uij)2

√√√√√√

⎞

⎟⎟⎠. (5.38)

As shown in Table 5.1, the order of magnitude of η is at most 10�2 over a wide
range of values of N and s. This level of accuracy is sufficient for the calculations
in Chapter 4. For the calculation of η, the quadrature in (5.35) was evaluated with
the QAGI routine of QUADPACK [108] and the quasi-Monte Carlo calculation
was carried out using the Java program discussed in Appendix C.
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6 Conclusions and outlook
Quantum fields often provide an appropriate description of quantum systems with
a large number of interacting constituents. Therefore, the objective of this research
project was the development of a generic model that describes the decoherence
dynamics of a non-relativistic bosonic quantum field towards a corresponding
classical field theory, while minimally affecting the quantum field. The construc-
tion of such a model and its physical characterization turned out to be quite
challenging, which was a great source of motivation throughout.

In this chapter I present a short summary of the results obtained, highlight
the contributions of this thesis to the field of open quantum systems, and discuss
possible extensions of the model introduced here.

Results

In Chapter 3 I introduced a generic Lindblad master equation that induces the
gradual classicalization of a non-relativistic bosonic quantum field. On the one
hand, this open-system dynamics induces a monotonic decay of the purity of
any state of the field. In consequence, any quantum superposition of field con-
figurations turns into a mixture. On the other hand, the Ehrenfest equations
for the canonical field variables are identical to the corresponding classical field
equations. Therefore, the classical superposition principle is not affected. In this
sense, the model fulfills the requirement of minimal impact on the bosonic field.
In addition to inducing decoherence, the master equation leads to an increase of
the field energy with a constant and state-independent rate. Other decoherence
models, such as spontaneous-collapse theories, have provided evidence that this
energy increase is inevitable. The open-system dynamics induced by the master
equation can be interpreted as arising from a Poisson process in which the unitary
evolution is interrupted at random times by a minimally imprecise uninformative
generalized measurement of the canonical field variables enclosed in a finite region.
This measurement process amounts to subjecting the field to random kicks in
the functional phase space of the field amplitude and its canonically conjugate
momentum.

In Chapter 4 I analyzed the classicalization dynamics of the bosonic field using
phase-space methods. As shown there, the time evolution of the Wigner functional
in the functional phase space mentioned above is described by a generalized linear
Boltzmann equation, which in the diffusion limit reduces to a Fokker–Planck
equation. Assuming that the initial state of the field is a superposition of single-
mode coherent states, I obtained approximate analytical expressions for the purity
decay. They correspond to important limiting cases of the parameters in the
master equation, and are in excellent agreement with the numerical calculation
of the exact dynamics of the purity.
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Contributions
To the best of my knowledge, the decoherence dynamics and the emergence of
classical behavior in non-relativistic bosonic quantum fields had not been hitherto
investigated using a field-theoretic Lindblad master equation. As mentioned in the
introduction, previous works only considered relativistic bosonic quantum fields
subject to phase-space dynamics described by a Fokker–Planck equation [19–23].
This thesis should encourage further investigations of the decoherence dynamics of
non-relativistic and also relativistic quantum fields. In particular, the phase-space
methods used to analyze the classicalization induced by the master equation serve
as a starting point for several possible generalizations, as will be discussed below.

Another contribution of this work is the utilization of quasi-Monte Carlo inte-
gration based on generalized Faure sequences for the efficient and accurate calcula-
tion of expectation values in a high-dimensional phase space. Integration methods
of this kind are better known in fluid mechanics and financial engineering. This
thesis makes a strong case for their inclusion in the numerical toolbox of the
quantum physicist.

Possible extensions
The field-theoretic classicalization model presented in this thesis can be applied
to a non-relativistic scalar field in one spatial dimension. In order to develop
classicalization models that can be applied to tensor fields, relativistic fields or
fermionic fields, it is desirable to use a general framework that can handle all of
these cases. In the following, I provide a brief summary of the methods that allow
constructing quantum dynamical semigroups on bosonic and fermionic algebras.

The solution of the master equation introduced in this thesis was shown to
be of the form χ̃t[η]= χ0[η]ft[η] in the Wigner phase-space representation. Here,
χ0[η] and ft[η] are a quantum and a classical function of positive type [109], given
by the Fourier transform of the Wigner functional and of a classical probability
measure, respectively. This is an example of a classical-quantum semigroup [110],
that is, a one-parameter family of mappings of the form St χ0[η] = χ0[η]ft[η]
where, in general, ft is a convolution semigroup of measures.

In the 1970s the quasi-free dynamical semigroups on the CCR algebra were
introduced [111]. They are completely positive semigroups that map Weyl oper-
ators onto Weyl operators. In the Fock representation, the generator of the
semigroup is of Lindblad form [112]. Moreover, using the correspondence between
Weyl operators and characteristic functionals in phase space, which was discussed
in Chapter 2, a quasi-free semigroup corresponds to a classical-quantum semi-
group.

In the 1980s a Poincaré-covariant quasi-free dynamical semigroup that describes
the decay of unstable neutral scalar particles was introduced [20]. As expected,
the corresponding generator is of Lindblad form. Building on this work, the emer-
gence of classical electrodynamics from quantum electrodynamics could be investi-
gated by constructing appropriate relativistic quasi-free semigroups. It is worth
noting that this framework allows the direct construction of non-unitary dynamics
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in phase space, which is the preferred representation to study the quantum-clas-
sical transition.

Phase space methods have also been developed for fermions [8, 113]. They are
based on Grassmann or anticommuting variables, since fermion operators satisfy
canonical anticommutation relations (CAR). Quasi-free semigroups on the CAR
algebra have also been studied [114]. They are defined as mappings on monomials
of the fermionic Fock operators, and have been used to describe the dynamics of
infinite fermionic systems in contact with a thermal bath [115, 116]. To the best of
my knowledge, decoherence in infinite fermionic systems has not yet been studied
using phase space methods and quasi-free semigroups.

Of course, classicalization models for tensor, relativistic and fermionic fields
can be constructed by specifying the Lindblad generator. But it would be inter-
esting to determine what are the advantages, if any, of the framework of quasi-
free semigroups. One should not forget that the road less traveled can lead to new
insights and inspire many questions.

Epilogue
Many contemporary experiments prepare quantum superpositions of increasingly
macroscopic and complex objects, which are in contact with an environment.
Probing the physics at the quantum-classical border in these many-body sys-
tems allows testing classicalization models and yields insight into the decoherence
processes that degrade the performance of quantum technologies.

Due to the above, it is clear that there will be an increased interest in the
development of field-theoretic decoherence models. I hope that this thesis will
serve as a reference to the existing literature on the subject and as a guide for
future developments, since it provides a generic model that can be generalized
in many different ways, it discusses useful analytic and numerical methods, and
provides pointers to more than a hundred books and research articles.
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Appendix A
Functional integration
As shown in Section 2.2, for countably infinite many variables the concept of the
functional derivative can be defined as a straightforward generalization of the
directional derivative for functions of n variables.

However, the integration of functions of a finite number of variables cannot
be extended to infinitely many variables by defining the integration measure as

Dx=
∏

i=1

∞
dxi. (A.1)

This is so because there is no Lebesgue measure on the infinite-dimensional vector
space V =L2(Rn) [117]. The well-defined measures in such a space are probability
measures µ, which satisfy ∫

V
dµ=1. (A.2)

These measures are defined through their inverse Fourier transform or character-
istic functional [118]

χµ[f ] =

∫

V
dµ(φ) eiφ[f ], (A.3)

with f in the Schwartz space of test functions S(Rn)⊂L2(Rn). The characteristic
functional is continuous, positive definite and satisfies the normalization χµ[0]=1.

In the case of free quantum fields the relevant measures are Gaussian, with
their characteristic functional given by [118]

χµ[f ] = exp
(
�1

2
⟨f ,Cf ⟩V

)
, (A.4)

where C is called the covariance operator and ⟨·, ·⟩V is the inner product in L2(Rn),

⟨f , g⟩=
∫

Rn
f∗(x)g(x) dnx. (A.5)

The measure corresponding to (A.4) is formally given by [118]

dµ
C
=B exp

(
�1

2
⟨f ,C�1f ⟩

)
Df , (A.6)

where B is a constant and Df is a fictitious Lebesgue measure in V . In fact, none
of the three factors is well-defined. The actual measure corresponding to (A.4) is
given by the limit n→∞ of the finite-dimensional measure [118]

dµ
CF
=

detCF
�1/2

(2π)n/2
exp
(
�1

2
⟨f ,CF

�1f ⟩
)
dxn, (A.7)
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where F is a finite-dimensional subspace of V and CF is the restriction of C to
F . For the quantum field considered in this work the covariance operator is given
by [119]

C=(ω2/v2� ∂x2)1/2, (A.8)

which is related to the scalar product in the Hilbert space of solutions of the
classical Klein–Gordon equation [120],

⟨f , g⟩=
∫
dx
[
f∗(x) ω2/v2� ∂x2

√
g(x)+ ω2/v2� ∂x2

√
f∗(x)g(x)

]
. (A.9)

For a finite number n of variables, the Fourier transform of a function f is
defined as

f̃(k)=
1

(2π)n/2

∫
dnxe

�i
"
j=1
n kjxj f(x1, ..., xn), (A.10)

which is a pointwise well-defined integral. The corresponding Fourier transform
for countably infinite variables is the limit n→∞ of (A.10). However, it is cus-
tomary to write the formal expression [121]

F̃ [ϕ] = C
∫
Dg e�i⟨ϕ,g⟩F [g], (A.11)

where C goes to zero when n→∞, but it is compensated by a diverging term con-
tained in the fictitious Lebesgue measure Dg. Considering Eq. (A.11) as a linear
mapping between functionals, it can be useful for performing analytic manipula-
tions. But one should keep in mind that it is not a well-defined integral.

For a more comprehensive discussion of functional integration the reader should
consult Ref. [121].
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Appendix B

Fortran source code

The numerical calculations in Chapter 4 can be reproduced using the Fortran
program contained in this appendix. This program takes advantage of several
features in the Fortran 2008 standard [122]. In particular, it uses Fortran coarrays
for parallelization. The free-software GNU Fortran compiler requires the instal-
lation of the OpenCoarrays library in order to support coarrays. On the Linux-
based operating system Ubuntu 18.04 the required software can be installed with
the commands

# apt update

# apt install gfortran libcoarrays-dev libopenmpi-dev open-coarrays-
bin

The Fortran program consists of two modules and a front end. The module
Faure (Figure B.2) executes the Java program discussed in Appendix C (Figure
C.1) and loads the resulting binary file into an array. The module Purity_mod
(Figures B.3 to B.9) contains the subroutines purity, which calculates the time
evolution of the purity of a given initial state, and purity_decay, which calculates
the purity decay as a function of the separation between the coherent states in a
superposition. Of course, this module also contains the necessary code to perform
these calculations. The front end in Figure B.1 allows performing the calculations
in Chapter 4. The compilation and execution of the program is carried out with
the commands

$ gfortran -c Faure.f90

$ gfortran -fcoarray=lib -O3 -c purity.f90 -lcaf_mpi

$ gfortran -fcoarray=lib Faure.o purity.o -lcaf_mpi main.f90 -o
purity

$ cafrun -np 4 ./purity

The number 4 should be adjusted to the number of processor cores available. On
a computer with 4 cores the run time of the program should be around 12 seconds.

Changing the parameters characterizing the kinematics and the dynamics of
the quantum system involves recompiling the program. This can be avoided if the
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parameters are written in a configuration file which is then passed as an argument
to the purity executable. The JSON serialization format is a standard choice for
such a task. In fact, there is a JSON library for Fortran. Another possibility to
interact more easily with the program is to use the LFortran compiler, which is
under development at the Los Alamos National Laboratory in the USA. This com-
piler extends the Fortran language providing an interactive commandline interface
and also a web interface based on the Jupyter digital notebook. As a third option
the reader might also consider translating the program to the Julia programming
language. This is straightforward and leads to a reduction in code size due to
Julia’s type inference. However, since it is a young language, for archival purposes
I chose to write the program in Fortran. In the following I will discuss some aspects
of the code in order to make it more understandable.

The module Purity_mod (Figure B.3) uses global variables instead of passing
these variables as arguments to all the subroutines and functions in the module.
The allocatable arrays are declared specifying the number of dimensions using
colons (:), but their size is determined at runtime. In fact, these arrays are allo-
cated by the subroutine setup_arrays (Figure B.6). Correspondingly, at the end of
the calculations the arrays are deallocated by the subroutine deallocate_arrays
(Figure B.6).

The program is compiled with support for coarrays and is executed on N
processor cores. However, in the present case it is not necessary to write the
result of the calculations in parallel to a file. Therefore, in the subroutines purity
(Figure B.4) and purity_decay (Figure B.5) only one of the processes (or images
in Fortran parlance) writes the file with the results of the calculation. As shown in
Figure B.5 the subroutine write_params adds a header to this file specifying the
physical parameters of the simulation. The header can be parsed by a computer
program, but if more structure is desired, it is recommended to use the JSON
format.

The subroutine eta_integrate in Figure B.7 calculates the integral of a given
function f in a high-dimensional space using the generalized Faure sequence pro-
vided by the Faure module. Since this calculation can be readily parallelized, it
relies on Fortran coarrays. The dimension of a coarray corresponds to the number
of elements it contains, whereas the codimension corresponds to the number of
images (or processes) that read from or write to the coarray. This distinction is
evident in the last section of code in the subroutine, where the results from all
coarrays are combined in the coarray corresponding to the first image.

The integrands of the integrals carried out by the program are constructed
using the function chi_sq_sup_coh (Fig. B.8), which contains all the terms
present in the squared modulus of the characteristic functional of a superposition
of coherent states. This function takes a function as an argument in order to avoid
repeating code. For calculating the decay of the purity the integrand is deter-
mined by chi_sq_sup_coh_states (Fig. B.8) and for the calculation of the time
evolution of the purity the integrand is specified by chi_sq_sup_coh_t (Fig. B.9).
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The function g_r in Figure B.9 implements the core of the decoherent dynamics.
It is also the part of the code that determines its performance. The reason for
this is that it involves a function of three physical variables: time, position and
Fourier modes. A typical imperative implementation would use three nested loops
to calculate this function. Whereas in Julia this algorithm is efficient, in For-
tran it is more performant to precalculate the function and store it in a three-
dimensional array, which is done by the subroutine setup_arrays (Fig. B.6), and
use a single loop to extract two-dimensional sub-arrays. It is important to keep
in mind that in both Fortran and Julia arrays are stored in memory column-wise.

The source code in this Appendix should allow the interested reader to repro-
duce the results of Chapter 4. Moreover, it can be used as a starting point to
perform calculations with other superposition states or to study different deco-
herent dynamics. In order to facilitate this, the Java and Fortran files are available
permanently at [123].
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program main
use Faure
use Purity_mod

implicit none

integer, parameter :: dp = kind(0.0D0)
integer :: i, N, eta_points, t_points, N_states, mode_alpha, mode_beta
real(dp) :: Gamma, sigma_g, C, sigma_f, max_separation, T_final
complex(dp) :: alpha_ini, beta_ini
complex(dp), allocatable :: eta(:,:)
real(dp), allocatable :: t(:), d(:)
type(t_state) :: state
type(t_params) :: params

N = 32 ! Number of oscillators in the chain
eta_points = 2**12 ! Discretization of phase space
t_points = 64 ! Discretization of time
T_final = 100.0 ! Calculate the purity until T_final

Gamma = 0.2 ! Kick rate
sigma_g = 1.0 ! Width of the kick distribution
C = 0.01 ! Dimensionless coupling constant
sigma_f = 1.0 ! A name for sigma_x/L

alpha_ini = (2.0D0, 2.0D0) ! 2.0 + 2.0i
beta_ini = (-2.0D0, -2.0D0) ! -2.0 - 2.0i
mode_alpha = 0
mode_beta = mode_alpha

N_states = 99 ! Number of superposition states
max_separation = 3.0 ! Maximum separation between the coherent states

state = t_state(alpha_ini, beta_ini, mode_alpha, mode_beta)
params = t_params(Gamma, C, sigma_f, sigma_g)

allocate(eta(N,eta_points))
eta = faure_eta(eta_points, 2*N)

allocate(t(t_points+1))
t = T_final*[(1.0D0/t_points*i, i=0,t_points)]

allocate(d(N_states+1))
d = max_separation*[(1.0D0/N_states*i, i=0,N_states)]

call purity(eta, state, params, t, "purity.dat")
call purity_decay(eta, state, params, d, "purity_decay.dat")

end program main

Figure B.1. Fortran program to perform the calculations of Chapter 4 (main.f90).
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module Faure

implicit none

integer, private, parameter :: dp = kind(0.0D0)

contains

function faure_eta(points, dims)
integer :: points, dims, i, j, status, fileunit, rec_len
character(128) :: cmd, filename
logical :: file_exists

real(dp), dimension(points*dims) :: eta_1D
real(dp), dimension(points,dims) :: eta_2D
complex(dp), dimension(points*dims/2) :: eta_C_1D
complex(dp), dimension(dims/2,points) :: faure_eta

rec_len = storage_size(eta_1D)/8*size(eta_1D)

write(filename, "(*(g0))") "Faure_eta", "_", points, "_", dims, ".dat"
filename = trim(filename)

inquire(file=filename, exist=file_exists)

if (.not. file_exists) then
write(cmd, "(*(g0))") "FaureGen_eta", " ", points, " ", dims
call execute_command_line("java -cp ssj.jar:. " // trim(cmd))
call exit(0)

endif

open(newunit=fileunit, file=filename, convert=’big_endian’,&
access=’direct’, recl=rec_len, iostat=status)

if (status .eq. 0) then
read(unit=fileunit, rec=1) eta_1D
close(fileunit)

else
print *, "Error reading " // filename
call exit(0)

endif

eta_2D = reshape(eta_1D/sqrt(2.0), [points, dims])
eta_C_1D = [((cmplx(eta_2D(i,j), eta_2D(i,j+1)), i=1,points), j=1,dims,2)]
faure_eta = transpose(reshape(eta_C_1D, [points, dims/2]))

end function faure_eta

end module Faure

Figure B.2. Source code of the module Faure (Faure.f90).
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module Purity_mod

implicit none

public :: purity, purity_decay
public :: t_state, t_params

private

integer, parameter :: dp = kind(0.0D0)
real(dp), parameter :: Pi = 4*atan(1.0D0)
complex(dp), parameter :: Im = (0.0D0, 1.0D0)

integer :: N, eta_points, t_points, N_states
real(dp) :: Gamma, sigma_g, C, sigma_f

complex(dp), allocatable :: exp_jtq(:,:,:)
real(dp), allocatable :: W_sqrt(:), Fq(:), qs(:)

complex(dp) :: c1, c2
complex(dp), allocatable :: alpha_tilde(:)
real(dp) :: Norm_sq

integer :: mode_alpha, mode_beta
complex(dp) :: alpha_ini, beta_ini

type t_state
complex(dp) alpha_ini
complex(dp) beta_ini
integer mode_alpha
integer mode_beta

end type t_state

type t_params
real(dp) Gamma
real(dp) C
real(dp) sigma_f
real(dp) sigma_g

end type t_params

contains

! The subroutines and functions contained in the module will be
! presented in separate listings. When writing the file purity.f90,
! they must be included here.

end module Purity_mod

Figure B.3. Source code of the module Purity_mod (purity.f90).
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subroutine purity(eta, state, params, t, filename)
complex(dp) :: eta(:,:)
type(t_state) :: state
type(t_params) :: params
real(dp) :: t(:)
character(len=*) :: filename

real(dp) :: p_t(size(t))
integer :: unit, i

N = size(eta, 1)
eta_points = size(eta, 2)
t_points = size(t)

call setup_state_params(state, params)

call setup_arrays(t)

call setup_state()

call eta_integrate(chi_sq_sup_coh_t, eta, t, p_t)

if (this_image() == 1) then
open(newunit=unit, file=filename)
call write_params(unit)
write(unit, "(*(g0))") "# ", "time, ", "purity"
write(unit, "(*(g0))") (t(i), " ", p_t(i), new_line("A"), i=1,size(t))
close(unit)

endif

call deallocate_arrays()
end subroutine purity

subroutine setup_state_params(state, params)
type(t_state) :: state
type(t_params) :: params

alpha_ini = state%alpha_ini
beta_ini = state%beta_ini
mode_alpha = state%mode_alpha
mode_beta = state%mode_beta

Gamma = params%Gamma
C = params%C
sigma_f = params%sigma_f
sigma_g = params%sigma_g

end subroutine setup_state_params

Figure B.4. Source code of the subroutines purity and setup_state_params.
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subroutine purity_decay(eta, state, params, d, filename)
complex(dp) :: eta(:,:)
type(t_state) :: state
type(t_params) :: params
real(dp) :: d(:)
character(len=*) :: filename

real(dp) :: p_d(size(d))
integer :: unit, i

N = size(eta, 1)
eta_points = size(eta, 2)
t_points = 1
N_states = size(d)

call setup_state_params(state, params)

call setup_arrays([0.0D0])

call eta_integrate(chi_sq_sup_coh_states, eta, d, p_d)

if (this_image() == 1) then
open(newunit=unit, file=filename)
call write_params(unit)
write(unit, "(*(g0))") "# ", "2|delta| = |alpha - beta|, ", "purity"
write(unit, "(*(g0))") (d(i), " ", p_d(i), new_line("A"), i=1,size(d))
close(unit)

endif

call deallocate_arrays()
end subroutine purity_decay

subroutine write_params(unit)
integer :: unit

write(unit, "(*(g0))") "# N: ", N
write(unit, "(*(g0))") "# eta_points: ", eta_points
write(unit, "(*(g0))") "# Gamma: ", Gamma
write(unit, "(*(g0))") "# sigma_x/L: ", sigma_f
write(unit, "(*(g0))") "# C: ", C
write(unit, "(*(g0))") "# sigma_g: ", sigma_g
write(unit, "(*(g0), SP)") "# alpha: ", real(alpha_ini), " ",&

aimag(alpha_ini), "i"
write(unit, "(*(g0))") "# mode_alpha: ", mode_alpha
write(unit, "(*(g0), SP)") "# beta: ", real(beta_ini), " ",&

aimag(beta_ini), "i"
write(unit, "(*(g0))") "# mode_beta: ", mode_beta
write(unit, *)

end subroutine write_params

Figure B.5. Source code of the subroutines purity_decay and write_params.
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subroutine setup_arrays(t)
real(dp) :: t(t_points)
integer :: i,j,k

allocate(alpha_tilde(N))

allocate(qs(N))
qs = 2*Pi*mode_range(N)/N

allocate(W_sqrt(N))
W_sqrt = sqrt(sqrt(1.0 + 2.0*C**2*(1.0 - cos(qs))))

allocate(exp_jtq(N, t_points, N))
exp_jtq = reshape([(((exp(Im*(qs(i)*j + W_sqrt(i)**2*t(k))), j=1,N),&

k=1,t_points), i=1,N)], [N,t_points,N])

allocate(Fq(N))
Fq = exp(-sigma_f**2*qs**2*N**2/2.0)
Fq = sqrt(N*1.0D0)*Fq/sum(Fq)

end subroutine setup_arrays

subroutine deallocate_arrays()
deallocate(alpha_tilde)
deallocate(W_sqrt)
deallocate(Fq)
deallocate(qs)
deallocate(exp_jtq)

end subroutine deallocate_arrays

subroutine setup_state()
complex(dp) :: sum_alpha_tilde_conj_Z
complex(dp) :: abs_sq_alpha_tilde
complex(dp), dimension(N) :: alpha, beta, Z
integer :: i

alpha = [(merge(alpha_ini, 0.0*Im, qs(i) == mode_alpha), i=1,N)]
beta = [(merge(beta_ini, 0.0*Im, qs(i) == mode_beta), i=1,N)]
Z = (alpha + beta)/2.0

alpha_tilde = alpha - Z
sum_alpha_tilde_conj_Z = sum(alpha_tilde*conjg(Z))
abs_sq_alpha_tilde = sum(alpha_tilde*conjg(alpha_tilde))

c1 = 2.0*cos(4.0*aimag(sum_alpha_tilde_conj_Z))*exp(-4.0*abs_sq_alpha_tilde)
c2 = 4.0*cos(2.0*aimag(sum_alpha_tilde_conj_Z))*exp(-abs_sq_alpha_tilde)

Norm_sq = 1.0/(2.0 + 2.0*exp(-1.0/2*sum(abs(alpha - beta)**2))*&
cos(aimag(sum(conjg(alpha)*beta))))**2

end subroutine setup_state

Figure B.6. Source code of the subroutines setup_arrays, deallocate_arrays and setup_state.
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function mode_range(N)
integer :: N, i
real(dp), dimension(N) :: mode_range

if (modulo(N,2) == 0) then
mode_range = [(i, i=-N/2+1, N/2)]

else
mode_range = [(i, i=-(N-1)/2, (N-1)/2)]

endif
end function mode_range

! Only part of the code that involves coarrays (indexed with square brackets)
subroutine eta_integrate(f, eta, x, p)

abstract interface
function chi_sq_f(eta_i, v)
complex(kind(0.0D0)) :: eta_i(N)
real(kind(0.0D0)) :: v(size(x)), chi_sq_f(size(x))

end function chi_sq_f
end interface

procedure(chi_sq_f) :: f

complex(dp), intent(in) :: eta(:,:)
real(dp), intent(in) :: x(:)
real(dp), intent(out) :: p(size(x))

real(dp), allocatable :: s(:)[:]
integer :: eta_points, img, i

eta_points = size(eta, 2)
allocate (s(size(x))[*])
s = 0.0D0
img = this_image()

do i = img, eta_points, num_images()
s = s + f(eta(:,i), x)

enddo

sync all

if (img == 1) then
do i = 2, num_images()

s(:) = s(:) + s(:)[i]
enddo
s = s/eta_points
p = s

endif
end subroutine eta_integrate

Figure B.7. Source code of the function mode_range and the subroutine eta_integrate.
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function chi_sq_sup_coh(f, eta_i, t) result(chi_sq)
abstract interface

function f_inter(eta_i, v)
complex(kind(0.0D0)) :: eta_i(N)
real(kind(0.0D0)) :: v(size(t)), f_inter(size(t))

end function f_inter
end interface

procedure(f_inter) :: f
real(dp), dimension(t_points) :: chi_sq, t
complex(dp), dimension(N) :: eta_i
complex(dp) :: im_a_tilde_c_eta_i

im_a_tilde_c_eta_i = aimag(sum(alpha_tilde*conjg(eta_i)))
chi_sq = f(eta_i,t)*(2.0 + 2.0*cos(4.0*im_a_tilde_c_eta_i) + c1)
chi_sq = c2*cos(2.0*im_a_tilde_c_eta_i)*f(eta_i - alpha_tilde,t) + chi_sq
chi_sq = c2*cos(2.0*im_a_tilde_c_eta_i)*f(eta_i + alpha_tilde,t) + chi_sq
chi_sq = f(eta_i + 2*alpha_tilde,t) + f(eta_i - 2*alpha_tilde,t) + chi_sq
chi_sq = chi_sq*Norm_sq

end function chi_sq_sup_coh

function chi_sq_sup_coh_states(eta_i, d) result(chi_sq_sep)
complex(dp), dimension(N) :: eta_i
real(dp), dimension(N_states) :: d, chi_sq_sep

complex(dp) :: sep, delta_unit, Z
integer :: i

sep = abs((alpha_ini - beta_ini)/2.0)
delta_unit = (alpha_ini - beta_ini)/(2.0*sep)
Z = (alpha_ini + beta_ini)/2.0

do i = 1,N_states
alpha_ini = Z + d(i)*delta_unit
beta_ini = Z - d(i)*delta_unit
call setup_state()
! The decay rate is minus the time derivative of the purity
! sum is used to extract the only element of the array
chi_sq_sep(i) = -sum(chi_sq_sup_coh(dec_kernel_t0, eta_i, [0.0D0]))

enddo

contains
function dec_kernel_t0(eta_i, t)
real(dp), dimension(t_points) :: t, dec_kernel_t0
complex(dp), dimension(N) :: eta_i

dec_kernel_t0 = -2.0*Gamma*(1.0 - sum(real(g_r(eta_i)))/N)
end function dec_kernel_t0

end function chi_sq_sup_coh_states

Figure B.8. Source code of the functions chi_sq_sup_coh and chi_sq_sup_coh_states.
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function chi_sq_sup_coh_t(eta_i, t) result(chi_sq)
real(dp), dimension(t_points) :: chi_sq, t
complex(dp), dimension(N) :: eta_i

chi_sq = chi_sq_sup_coh(dec_kernel_t, eta_i, t)

contains

function dec_kernel_t(eta_i, t)
complex(dp), dimension(N) :: eta_i
real(dp), dimension(t_points) :: dec_kernel_t, t

dec_kernel_t = exp(-2.0*Gamma*t_int(1.0-sum(real(g_r(eta_i)),1)/N,t))
end function dec_kernel_t

end function chi_sq_sup_coh_t

function g_r(eta_i)
complex(dp), dimension(N) :: eta_i
complex(dp), dimension(N, t_points) :: g_r
integer :: i

g_r = (0.0D0, 0.0D0)
do i=1,N

g_r = g_r + Fq(i)*(real(eta_i(i)*exp_jtq(:,:,i))/W_sqrt(i) +&
Im*aimag(eta_i(i)*exp_jtq(:,:,i))*W_sqrt(i))

enddo

g_r = exp(-2.0*abs(g_r)**2*sigma_g**2)
end function g_r

function t_int(integrand, t)
real(dp), dimension(t_points) :: t_int, integrand, t
integer :: n

t_int = cumsum(integrand)*t/[(n, n=1,t_points)]
end function t_int

function cumsum(x) result(s)
real(dp) :: x(:)
real(dp) :: s(size(x))
integer :: i

s(1) = x(1)
do i=2,size(x)

s(i) = x(i) + s(i-1)
enddo

end function cumsum

Figure B.9. Source code of the functions chi_sq_sup_coh_t, g_r, t_int, and cumsum.
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Appendix C
Generating Faure sequences with SSJ

The library Stochastic Simulation in Java (SSJ) [124] contains a generator of Faure
sequences and also implements random striped matrices. Therefore, it allows
constructing the GF sequence in Eq. (5.28). Since it also implements the inverse
function of (5.31), after applying this transformation to the points in the sequence
they can be readily used for performing the quasi-Monte Carlo integration in
(5.38). However, unlike a software library written in the programming language
C, a Java library cannot be easily used from other programming languages. On
the positive side, Java excels at reproducibility. This means that on every major
operating system (Linux-based, macOS, or Windows) a Java library can be readily
used after installing the Java Development Kit.

In order to take advantage of SSJ for performing quasi-Monte Carlo inte-
gration in any programming environment, it is necessary to write a short Java
program that generates the first N points of a GF sequence in s dimensions
and stores them in a file. For compactness, it is convenient to write the file in
binary format. Java uses big-endian format, wherein the binary representation of
a number begins with the most significant byte.

Assuming that the source code in Figure C.1 is stored in the file FaureGen.java,
located in the same directory as the Java archive ssj.jar, the command

$ javac -cp ssj.jar FaureGen.java

compiles the program to Java byte code, generating the file FaureGen.class. For
N = 4096 and s= 64, the command

$ java -cp ssj.jar:. FaureGen 4096 64

executes the program FaureGen, that generates the file FaureGen_4096_64.dat
which can be read by most programming environments. When executing the last
command in Windows the colon (:) must be replaced with a semicolon (;).

For example, the above Java program can be used for calculating the quasi-
Monte Carlo integral (5.38). This can be done using the free and open-source
computer algebra system Maxima. The program in Figure C.2 shows how to do
this. First, the function GF executes the Java program FaureGen and reads the
resulting file FaureGen_points_dim.dat into a one-dimensional array, which is
then reshaped into an N × s array. This array is then converted into a matrix,
which in Maxima is implemented as a list of lists and can thus be processed using
functional programming, a programming paradigm based on the λ-calculus that
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import umontreal.ssj.probdist.NormalDist;
import umontreal.ssj.rng.*;
import umontreal.ssj.hups.*;
import java.io.*;

public class FaureGen {
public static void main(String[] args) throws IOException {

String msg = "Usage: java -cp ssj.jar:. FaureGen points
dimension";

if (args.length < 2){
System.out.println(msg);
System.exit(0);

}

int points = Integer.parseInt(args[0]);
int dim = Integer.parseInt(args[1]);
String filename = String.format("Faure_eta_%d_%d.dat",

points, dim);

DigitalNet faure = new FaureSequence(points, dim);
RandomStream RNG = new MRG32k3a();
NormalDist normal = new NormalDist();
double[] point = new double[dim];

faure.stripedMatrixScramble(RNG);
PointSetIterator iter = faure.iterator();

// Skip the first point, (0,..,0), where
normal.inverseF is not defined

iter.nextPoint(point, dim);

// Write the coordinates of the points in binary format
DataOutputStream dos =

new DataOutputStream(new
FileOutputStream(filename));

for (int i = 0; i < points; i++) {
iter.nextPoint(point, dim);

for (Double coord : point)
dos.writeDouble(normal.inverseF(coord));

}
}

}

Figure C.1. Java program that generates a generalized Faure sequence using the SSJ
library.
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load(numericalio)$
load(stringproc)$

I(s):= (quad:quad_qagi(cos(r)*exp(-r^2)*r^(s-1),r,0,inf)[1],
float(2*%pi^(s/2)*quad/gamma(s/2)))$

GF(points, dim):= block(
system(simplode(["java -cp ssj.jar:. FaureGen", points,

dim], " ")),
filename: sconcat(simplode(["Faure_eta", points, dim], "_"),

".dat"),
array(GF_arr, flonum, points*dim),
read_binary_array(openr_binary(filename), GF_arr),

GF_Ns: make_array(flonum, points, dim),
fillarray(GF_Ns, GF_arr),
genmatrix(GF_Ns, points-1, dim-1, 0, 0))$

f(y):= cos(sqrt(apply("+", map(lambda([y_i], y_i^2/2), y))))$

Q(points, dim):= block([fPi: float(%pi)],
apply("+", maplist(f,

rest(GF(points,dim))))/points*fPi^(dim/2))$

eta(points, dim):= abs((I(dim) - Q(points,dim))/I(dim))$

Figure C.2. Maxima program for calculating the quasi-Monte Carlo integral (5.38)
and the relative error (5.37).

allows expressing computations in a similar way to mathematics [125]. This is
illustrated by the function f, which performs the mapping

ui=(ui1, ..., uis)�→
f

cos

⎛

⎜⎜⎝ 1

2

∑

j=1

s

φ�1(uij)2

√√√√√√

⎞

⎟⎟⎠ (C.1)

on a given point of the GF sequence, and the function Q, which maps the N points
of the sequence into the quasi-Monte Carlo integral (5.38).

Assuming that the source code in Figure C.2 is stored in the file Faure.mac,
located in a directory that contains ssj.jar and FaureGen.class, Maxima should
be invoked as

$ maxima --init-mac=Faure.mac

in order to obtain an interactive session. Calling the function eta for given values
of N and s yields the relative error (5.37).
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