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Abstract

In the automotive industry a robust trend towards assisted and automated driving has
evolved during the last years. Although the technology to accomplish this ambition has
made great progress recently, there are still a lot of challenges left to make assisted and
automated driving a safe and comfortable experience.
One of the main algorithmical challenges is the aptitude of the technical system to acquire
situation awareness. Especially the comprehension of the current traffic situation and the
anticipation of all traffic participants’ future behavior is an indispensable foundation for
successful decision-making.
In this thesis a prediction framework is developed that infers a driver’s maneuver intention
via a hybrid Bayesian network and predicts the future poses of any traffic participant
by solving an optimal control problem. The parameters of the methods entailed in the
framework are learned from data generated in simulation as well as data acquired from a
prototype test vehicle. Different data labeling methods are being investigated to enable
the use of supervised machine learning: While the parameters of the Bayesian network
are learned using the junction tree algorithm with extensions for hybrid networks, which
again is based on the expectation maximization algorithm, the parameters of the optimal
control formulation are found via inverse reinforcement learning.
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Kurzfassung

In der Automobilindustrie hat sich seit einigen Jahren ein robuster Trend hin zu assis-
tiertem und automatisiertem Fahren entwickelt. Zwar hat die Technologie zur Erreichung
dieser Anstrengung deutliche Fortschritte gemacht, jedoch gilt es noch viele Herausfor-
derungen zu meistern, um assistiertes und automatisiertes Fahren zu einem sicheren und
komfortablen Erlebnis zu machen.
Eine der größten algorithmischen Herausforderungen ist die Befähigung des technischen
Systems Situationsbewusstsein zu entwickeln. Besonders das Verständnis der aktuellen
Verkehrssituation und die Antizipation des zukünftigen Verhaltens aller Verkehrsteilneh-
mer ist eine unverzichtbare Voraussetzung für ein zielvolles Handeln.
In dieser Arbeit wird eine Prädiktionsstruktur entwickelt, die die Manöverintention eines
Fahrers mittels eines hybriden Bayesschen Netzes inferiert und die zukünftigen Posen eines
Umgebungsfahrzeugs durch die Lösung eines Optimalsteuerungsproblems prädiziert. Die
Parameter der in dem Prädiktionsgerüst verwendeten Methoden werden von Daten ge-
lernt, welche sowohl über Simulationen synthetisch generiert, als auch aus Realfahrten in
einem prototypischen Versuchsfahrzeug aufgezeichnet wurden. Verschiedene Labelingme-
thoden werden untersucht, um den Einsatz von Verfahren des überwachten maschinellen
Lernens zu ermöglichen: Während das Lernen der Parameter des Bayesschen Netzes mittels
des Junction Tree Algorithmus mit enthaltenen Erweiterungen für hybride Netze erfolgt,
welcher wiederum auf dem Expectation Maximization Algorithmus basiert, werden die Pa-
rameter der Optimalsteuerungsformulierung über inverses bestärkendes Lernen gefunden.
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CHAPTER 1

Introduction

1.1 Motivation

Automated driving is not science fiction anymore. Many car manufacturers as well as
technology companies and suppliers have already announced their plans to boost the ex-
isting systems for assisted driving to the next level right up to the holy grail of driving
automation: the fully automated or even driverless car.

The development of a fully automated vehicle is not just motivated by the fact that recent
progress in hard- and software enable this technology in first place. Rather the vision of
individual mobility without any fatalities or serious injuries, which is also called vision

zero (Johansson, 2009), the increase of comfort during transportation, the maximization
of efficiency and many other advantages drive the endeavor to build vehicles that not
necessarily need human drivers to transport people or goods.

When looking at the statistics of incidents with personal injuries on German highways
from 1970 to 2014 (as shown in Figure 1.1), it can be seen that the number of incidents
per 109 km has already decreased from 447 in 1970 to 82 in 2014. Several factors have
contributed to this pleasant profile, namely the introduction of stricter traffic laws (e.g.
the obligation to fasten the seatbelt and a legal alcohol limit for drivers), the improvement
of passive vehicle safety systems (optimizing the structural deformation of the vehicle body
in case of crashes, the use of airbags etc.) and the start of the era of active safety systems
with the introduction of vehicle dynamics control (VDC) systems like the antilock braking
system (ABS) or the electronic stability control (ESC).

With the aim to decrease the number of injuries even more, most recently also active exte-
roceptive systems have been introduced to assist the driver informative or even automate
specific tasks of driving. But to distinguish existing assistance systems from future sys-
tems fully automating the driving task, six levels of driving automation have been defined
by (SAE J3016, 2016) and (BASt, 2012). The automation levels range from no automa-
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Figure 1.1: Statistics of incidents with personal injuries and driving performance of all
motorized vehicles on German highways from 1970 to 2014 (BASt, 2015; Destatis, 2015).
Top: Change of incidents and driving performance relative to the year 1970. Bottom:
Number of incidents in relation to the driving performance together with introduction of
new laws and market launches of vehicle safety and driver assistance systems.

tion in level 0, where a human driver performs all driving tasks manually and is assisted
at most informative, to full automation which may imply a completely driverless car in
level 5 (see Figure 1.2)1. Often pure informative assistance systems are also referred to as
driver assistance systems (DAS), while systems intervening the vehicle control or partly
automating the driving task are called advanced driver assistance systems (ADAS). When
the driving task is fully automated (at least in specific use cases) without the driver needed
to monitor the system permanently, these systems are here also referred to as automated

1The automation levels 3 and 4 are named differently in (BASt, 2012), in particular level 3 corresponds

to high automation and level 4 is called full automation. Level 5 is not defined at all. For a comparison

it is also referred to (VDA (en), 2015) versus (VDA (ger), 2015).
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Figure 1.2: Levels of driving automation according to (SAE J3016, 2016) and (BASt,
2012)1 together with a timeline of available and expected systems most significant for
the development towards automated driving (excluding parking and pure proprioceptive
systems).
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Figure 1.3: Equipment rates of cars with vehicle dynamics control systems and advanced
driver assistance systems in 2014 (DAT, 2015).

driving systems (ADS).

Several studies have already investigated the positive impact of ADAS on traffic safety.
According to (BASt, 2006), the adaptive cruise control (ACC) has led to 17 % less severe
incidents with personal injuries. Forward vehicle collision mitigation (FVCM) systems
have caused 28 % less rear-end collisions with injured traffic participants according to
(GDV, 2009), and lane keeping assistance systems (LKAS) prevented nearly half of all
truck incidents caused by unintended lane departure (AZT, 2006).

But although driving automation systems up to level 2 are available on the market since
1994, it can be observed that the decrease of the incident rate on German highways has
slowed down and even stagnated during the last years (see Figure 1.1). One reason for this
trend is the market penetration of VDC systems and ADAS as shown in Figure 1.3: In
2014 over 90 % of all cars were equipped with ABS and at least nearly every 7th out of 10
cars utilizes ESC, but the equipment rates for ADAS like the FVCM and LKAS were still
only at a maximum of about 3 % (DAT, 2015). This means that the accident prevention
potential of VDC systems is nearly depleted, while ADAS may be able to reduce the
number of incidents further when the utilization of these systems increases in the future.

On the other hand it has been found out by (Maurer, Stiller, 2005, pp. 161 sqq.) that
while warning assistance systems of level 0 generally increase the driver’s attention (to avoid
the unpleasant warnings), systems that assist or only partly automate the driving task can
lead to an overall reduction of attention. When using level 1 driving automation systems
the driver retreats from the assisted driving task and the attention is not compensated
towards the task that is still being executed manually. Besides this, drivers generally tend
to avoid disabling a system performing the vehicle control once it has been activated. Even
in critical situations or when the driver notices a driving behavior of the system diverging
from the behavior that would have been implemented when driving manually, the driver
often bides the system’s reactions and only takes over control in the very last moment. So
to sum up, ADAS can also have a negative impact on traffic safety as long as the driving
task is only partially automated and the systems are not fully reliable, because human
drivers tend to over-trust the technology (Waymo, 2017, p. 13). As a consequence, self
driving cars fully automating the driving task (at least in specific use cases) are expected
to offer a great potential to improve the overall traffic safety.
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Figure 1.4: Model of situation awareness (SA) and its relationship to decision making
and action (Endsley, 1988). The focus of this thesis are methods for the comprehension
and projection of traffic situations on highways.

1.2 Problem Statement

To accomplish the mission of a self driving car, many substantial challenges in terms of
required vehicle hard- and software have to be overcome. For instance, besides fail-safe
steering and braking systems as well as redundant and highly available sensor concepts for
sensing the vehicle’s environment also new algorithms have to be introduced to realize an
adequate decision making of the automated vehicle.

A central and critical task for the driving automation system is to obtain situation aware-
ness (SA), which according to (Endsley, 1995) names the condition of knowing and
understanding the state of the environment to a sufficient degree which is critical to the
subsequent processes of decision making and performance of action. The process of ob-
taining situation awareness has the three consecutive levels of perception, comprehension

and projection, which are illustrated in Figure 1.4.

The first level of SA is the perception, which for a human is the process of information
processing based on stimuli from the environment. But it is assumed that the amount of
stimuli that can be processed simultaneously is restricted by a maximum workload. This
is why information has to be filtered based on a given context. In general, the human
perception process is very complex and it therefore cannot be modeled in full detail.

In a technical system like an automated driving vehicle the perception is defined as the
detection of elements in the environment (objects, obstacles, lanes etc.) by a multitude of
different environment sensors like ultrasonic sensors (USS), radio and light detection and
ranging sensors (RADAR and LIDAR, respectively) and cameras. Thereby the perception
also includes the fusion of information coming from these different sensors. Furthermore
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Figure 1.5: Traffic scenario showing a cut-in maneuver of a subject vehicle in front of the
ego vehicle because of a slower preceding object vehicle.

elements are filtered, because like in human perception the resources to process informa-
tion are limited and cannot take all elements and features into account at the same time.
Obviously, when using the named environment sensors the detectable features of elements
are limited to extrinsic features like the pose of objects or the positions of lane boundaries.
Neglecting vehicle-to-vehicle communication, which has not any noteworthy market pen-
etration yet, it is not possible to measure intrinsic features like the driver’s head pose et
cetera from outside of the vehicle.

In level 2 of SA a holistic picture of the environment is built to comprehend the prevalent
situation. This includes interpreting the existence and state of elements in the situation, the
recognition of patterns and understanding the impact of the situation on the individual’s
goals and objectives.

Finally, before any decision can be made and any action can be performed - be it the
issue of a warning in an ADAS or the active steering of the vehicle in an ADS - the future
statuses of the current situation’s elements have to be projected in level 3. Only when the
future evolution of a traffic scene is anticipated the driving automation function can make
adequate decisions.

A traffic scenario where situation awareness is indispensable and it is therefore necessary to
assess the current and predict the future traffic situation is a cut-in maneuver as illustrated
in Figure 1.5. To avoid a collision the automated driving ego vehicle has to react to the
lane change of a preceding vehicle on the adjacent lane (also referred to as subject vehicle).
Depending on the distance and relative velocity between the ego and the subject vehicle
the lane change has to be detected several seconds in advance to assure a safe and also
comfortable reaction to the cutting-in vehicle. Moreover, the recognition of the lane change
intention ahead of the actual lane change execution is needed to empower the ego vehicle
to act cooperatively and to enable the lane change of a subject vehicle in first place when
the distance to the ego vehicle is too small for the subject vehicle to cut in.

Although the prediction of a traffic scene’s evolution is always afflicted with uncertainty
(e.g. arising from noisy sensor detections or from the indeterminism of human behavior),
still information about the most probable future actions of the traffic participants can
improve the vehicle’s decision making clearly.

But not only do driving automation systems profit from situation awareness, also driver
assistance systems can be enabled to warn the driver in case of critical situations or in-
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tervene the vehicle control to avoid collisions. In case of the driver performing at least
the longitudinal or lateral vehicle control manually it is beneficial to also anticipate the
behavior of the ego vehicle’s driver to verify the safety of the maneuvers planned by the
ego driver.

To summarize, the advantages of recognizing intentions and predicting maneuvers for as-
sisted and automated driving are:

• Safety: Critical situations (e.g. evoked by lane changes) can be evaded and it is
possible to maintain a safer distance to other traffic participants even in transient
traffic situations.

• Comfort: A higher ride comfort can be achieved in terms of a lower acceleration
and jerk, for example by starting to brake earlier if a cut-in maneuver is probable.

• Efficiency: Better anticipatory driving is enabled, which saves energy and reduces
the risk of traffic jams.

• Cooperativeness: Altruistic driving is empowered by recognizing maneuver inten-
tions, because traffic participants can be enabled to execute maneuvers that otherwise
could not have been performed.

1.3 Document Outline

In chapter 2 an overview of the state of the art of driver assistance systems and automated
driving is given for systems that are already available in series production as well as
systems that are still part of active research topics. Moreover, existing approaches to
a driving behavior prediction are presented and the scientific contribution of this thesis
is worked out. A new approach to recognize a driver’s maneuver intention on highways
based on a hybrid Bayesian network is presented in chapter 3. In chapter 4 this approach is
embedded in a behavior prediction framework after the requirements on the prediction for
automated driving are discussed. The methodology to learn the parameters of the intention
recognition and behavior prediction approach from data is described in chapter 5. Thereby
also the process of acquiring driving data is addressed and different strategies to label the
data are investigated. The prediction framework is evaluated in chapter 6, and finally the
thesis concludes with a discussion and an outlook in chapter 7.

Prior to this thesis several investigations have been conducted that build the foundation of
the approach to a driver’s maneuver prediction presented here. In particular, in (Rehder,
Georgiev, et al., 2015) an entropy-based information filter is used to reduce the feature
space for the task of reactively detecting lane change maneuvers with the help of lane-based
features. Besides the features’ information correlation a potentially achievable prediction
time based on the class information entropy is employed as decisive measure for a feature’s
importance.
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In (Rehder, Maas, et al., 2015) a simulator study is being conducted to gather data with
lane change motivations manually labeled by the study participants. The same entropy-
based feature selection approach is being used to find the most relevant features for clas-
sifying a driver’s lane change intention.
Investigations towards the performance and practicability of different labeling techniques
are carried out in (Rehder, Münst, et al., 2016a). For example, a pilot study in a
prototype test vehicle is carried out on a German highway, whereby the study participants
are put into responsibility to initiate lane changes from the co-driver’s seat. The triggered
lane changes (that the driver has to execute after making sure they are safe) serve as labels
in the recorded data. The driving data together with the lane change intentions labeled by
the co-drivers are used to learn the demonstrated driving behavior in a Bayesian network
in (Rehder, Münst, et al., 2016b).
Finally, in (Rehder, König, et al., 2019) the basic idea of the proposed prediction frame-
work is presented, which will be described in this thesis in full detail.
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CHAPTER 2

State of the Art

2.1 Automated Driving

Research in the field of automated driving (AD) has already started about three decades
ago. In 1987 the Pro-Art project within the scope of the Prometheus (programme
for a european traffic of highest efficiency and unprecedented safety) project was one
of the first to investigate the automation of the driving task. A van called VaMoRs

(German Versuchsfahrzeug für autonome Mobilität und Rechnersehen, a research vehi-
cle for autonomous mobility and computer vision) was used to test and demonstrate the
first automation concepts of lateral and longitudinal guidance on highways (Dickmanns,
Graefe, 1988).
The defense advanced research projects agency (DARPA) started challenges for automated
driving. For the grand challenges in 2004 and 2005 participating teams had to build and
empower a driverless test vehicle to complete an off-road course within a limited time.
The DARPA urban challenge carried on the investigations towards more realistic and
more complex driving scenarios in 2007, where the participating teams had to design a
vehicle and algorithms for navigating through a mock urban environment (Kammel et al.,
2008).
During these and many following investigations a lot of potential benefits of AD could be
pointed out:

• Safety: The majority of traffic incidents today can be put down to human error. An
inadequate perception, deficient experience, erroneous judgment or missing capacity
to react lead to a fatal misbehavior of the human driver. As technical systems are
not getting tired or distracted and are able to always act compliant to rules while
maximizing the expected utility of their outcome, automated driving offers great
potential to increase the road safety - although the validity of any particular safety
benefit forecast is based on assumptions and is therefore limited, see (Winkle, 2016).
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• Economy of time: No driver is constantly bound to the driving task anymore
when using an automation function from level 3 up, so more time can be utilized
alternatively (e.g. for work).

• Energy efficiency: A foresighted driving style of the driving automation function
can be enforced algorithmically, which leads to a reduced energy consumption of au-
tomated driving vehicles. Moreover, the transitioning towards new mobility concepts
like ride sharing accelerated by automated driving has the potential to reduce the
emissions of greenhouse gases (Iglinski, Babiak, 2017).

• Reduced wear: A foresighted driving style also leads to a reduction of wear, e.g.
because the overall amount of acceleration and braking is reduced.

• Enabling of new mobility concepts: Vehicles equipped with a level 5 driving
automation system can be used as taxis in a car or ride sharing fleet, picking up the
passengers at any desired location and without the need to find a free parking space
at the destination. This not only increases the flexibility of individual transportation,
but also enables people with impaired mobility (e.g. elderly or disabled people as
well as children) to participate in car and ride sharing (Lenz, Fraedrich, 2016).

• Space efficiency: An increased acceptance and usage of car and ride sharing leads
to a reduction in the total amount of vehicles privately owned (VDV, 2015), leading
again to a reduced amount of parking space (which is beneficial especially in cities
where space is precious).

But a full automation of the driving task requires many different challenges to be met first,
including the controllability of the vehicle through highly available actuators, the sensing
of the environment even in bad weather situations, as well as algorithms to comprehend
and project the traffic situation and derive adequate decisions for the automated vehicle
to transport the passengers to the desired destination safe and comfortably.
Many driver assistance systems up to automation level 2 have been developed and are
already available in series production that show the increments in solving partial aspects
of the named challenges on the way to a holistic automation of the driving task. The most
important systems will therefore be presented in the following.

2.1.1 Driver Assistance Systems

Driver assistance systems (DAS) support the driver when controlling the vehicle - either
informatively and alerting or by intervening the vehicle control directly. Strictly speaking
even systems like a speedometer and an electric engine starter or vehicle dynamics con-
trol systems like the antilock braking system (ABS) and the electronic stability control
(ESC) match this definition of DAS. Nevertheless, subsequently only the most significant
assistance systems using exteroceptive sensors to observe the vehicle’s environment are ad-
dressed, because these systems are giving the direction to fully automated driving. In the
literature these systems are also referred to as advanced driver assistance systems (ADAS),
which are according to (Knapp et al., 2009) specifically characterized by
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• supporting the driver in the primary driving task,
• providing active support for the lateral and/or longitudinal control of the vehicle

with or without warnings,
• detecting and evaluating the vehicle’s environment,
• using complex signal processing and
• interacting directly with the driver.

As of today there are many ADAS available on the market. Figure 1.1 shows a timeline of
the market launches of the most significant systems (ignoring parking and pure propriocep-
tive systems) while Figure 1.2 shows the categorization of the existing and also expected
future systems in the six levels of driving automation. In the following a brief description
of these systems is given.

Forward Vehicle Collision Warning (FVCW)

One of the first systems that led the way to automating the driving task was the forward ve-
hicle collision warning (FVCW, first introduced as distance warning, DW) which launched
the market not later than 1994 (ISO 15623). The FVCW was the first to introduce extero-
ceptive sensors, in most cases a front-facing radio detection and ranging (RADAR) sensor.
This exteroceptive sensor allows for the detection of surrounding vehicles and to measure
the distance as well as relative velocity to a preceding vehicle. A warning is raised when
the values of these measures (or sophisticated metrics that can be derived from them) ex-
ceed specific thresholds. The appropriate selection of the thresholds to initiate a warning
is very important, because the driver needs to be warned in time to be able to take an
adequate action. But at the same time it needs to be assured that the driver does not get
irritated by too many false alarms, which again would lead to a denial of the system by the
driver. Because these two requirements are contrary in nature, this fundamental problem
in human-machine interaction has been named the warning dilemma (Winner, Hakuli,
Lotz, et al., 2016, p. 867). Today the ISO 15623 specifies performance requirements and
test procedures for FVCW systems.

Lane Departure Warning (LDW)

Computer vision systems were introduced into vehicles with the series production of the
lane departure warning (LDW) in the year 2000 (Winner, Hakuli, Lotz, et al., 2016,
p. 1225). Cameras paired with hardware running an image processing software are able
to detect lane markings in front of the vehicle. This enables a monitoring of the vehicle’s
lateral position relative to the lane boundaries, whereby the LDW warns the driver when
the vehicle is about to cross a lane marking unintendedly (e.g. when no indicator has been
activated by the driver). Depending on the system design, the warning is realized either
as an acoustic signal, an optical stimulus or a vibration of the steering wheel. For LDW
systems the ISO 17361 defines test and operation standards.

Lane Change Decision Aid System (LCDAS)

The lane change decision aid system (LCDAS, sometimes also referred to as lane change
assistant, LCA) was introduced in 2002 (Winner, Hakuli, Wolf, 2012, p. 566) extending
the environment sensors’ field of view to the side of the vehicle to support the driver while
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initiating lane changes. Typically ultrasonic sensors are used to sense objects occupying
the blind spot, allowing the system to warn the driver about a potential collision when
activating the indicator. Therefore these systems are also called blind spot information
system (BLIS) or blind spot assistant (BSA). Modern LCDAS often additionally utilize
RADAR sensors being capable of detecting objects approaching from behind at greater
distance with high relative velocity. These systems are often referred to as rear vehicle
monitoring (RVM) or side assist (SA). In ISO 17387 performance requirements and test
procedures are standardized individually for a blind spot warning, a closing vehicle warning
and a lane change warning (which is a combination of the first two).

Adaptive Cruise Control (ACC)

The first ADAS that not only supports the driver informatively but also actively intervenes
the vehicle control is the adaptive cruise control (ACC), available in a series production
vehicle since 1995 (Winner, Hakuli, Lotz, et al., 2016, p. 1097). As the first level 1
driving automation system the ACC implements the longitudinal control of the vehicle
and maintains a desired speed set by the driver, but as soon as a slower driving vehicle
in front is approached the speed is reduced to follow the preceding vehicle (also called
target vehicle) at a safe distance. When the target vehicle leaves the predicted driving
path of the own vehicle, the desired speed set by the driver is adjusted again. While
the first ACC systems were only able to use the throttle and downshifting to control the
vehicle’s speed, the introduction of brake-by-wire systems enabled all modern systems to
also apply the brakes if required. Moreover, the most recent system developments select
the target following vehicle not only based on the predicted path of the ego vehicle but
also take predictions of the movement of new potential lead vehicles into account (SAE
13863, 2015). While ISO 15622 standardizes the main functionality of an ACC system
(i.e., no system operation below a velocity of 5 m s−1), ISO 22179 extends the standards
to full-speed-range operability.

Forward Vehicle Collision Mitigation (FVCM)

As the quality of the environment detection by the sensors improved it became possible
for ADAS to implement even critical interventions to the vehicle control. For example,
the forward vehicle collision mitigation (also known as brake assist system, BAS), which
was introduced in 1997 (Winner, Hakuli, Lotz, et al., 2016, p. 1152), intervenes the
longitudinal control of the vehicle to avoid or at least mitigate the impacts of a collision.
A FVCM at first warns the driver and prestresses the brake system for a quicker reaction
if a potential front-end vehicle collision is detected (according to the functionality of the
FVCW). If the driver reacts and starts to brake, the FVCM applies an additional braking
pressure to support the driver’s braking maneuver. In case of no reaction by the driver at
all, modern systems (which are also known as automatic emergency braking, or autonomous
or advanced emergency braking, AEB) apply the braking maneuver fully automated and
also react to pedestrians and crossing traffic. As falsely initiated full braking maneuvers
clearly pose a high threat to following vehicles, a high detection quality of the environment
sensors is crucial for these systems. ISO 22839 specifies operation, performance, and
verification requirements for a FVCM system.
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Lane Keeping Assistance System (LKAS)

As a consequence of the lane departure warning the lane keeping assistance system (also
lane keeping support, LKS, or lane departure prevention, LDP) has been introduced in 2002
(Winner, Hakuli, Lotz, et al., 2016, p. 1225) as a level 1 driving automation system.
With the introduction of power steering and brake-by-wire systems the LKAS is able to
actively guide the vehicle away from the lane marking back to the center of the lane by
applying a steering torque or by wheel-individual braking. ISO 11270 has been introduced
to standardize the basic control strategy, minimum functionality requirements, basic driver
interface elements, as well as minimum requirements for diagnostics and reaction to failure,
and performance test procedures for LKAS.

Highway Driving Assistant (HDA)

The next evolution of ADAS is the highway driving assistant. It is a level 2 driving
automation system, which means the system performs the lateral and longitudinal control
of the vehicle while the driver must monitor the system permanently. It originates from
the combination of the ACC and the LKAS system and is therefore one of the first systems
that makes use of different environment sensors at the same time. The HDA at first was
designed to work only at low speeds in traffic jams or stop-and-go traffic, which is why
it launched the market in 2013 (Winner, Hakuli, Lotz, et al., 2016) as traffic jam
assistant. Since then the operation range of the available systems has increased to allow
them being activated at full speed range (0 to >200 km h−1) and lane changes to adjacent
lanes can be realized automatically when the driver activates the indicator (provided the
system detects sufficient free space on the target lane). The system allows the driver to
take the hands off of the steering wheel for a short period of time like when using the LKA,
but per definition of a level 0 to 2 driving automation system the driver must observe the
system permanently and has to be able to react to a system’s malfunction instantaneously.
A hands-off warning is often implemented to ensure the attentiveness of the driver (which
is generally recommended by the ISO 12100 for the manual control of machines whose safe
operation depends on permanent, direct control by the operator).

2.1.2 Highly Automated Driving

The transition from a level 2 driving automation system like the highway driving assistant
to a level 3 system seems to be a small increment at first glance, because the longitudinal
as well as lateral control of the vehicle is already carried out by the technical system. This
suggests that the technical aspects of the driving automation are already solved. But in
fact the transition of the responsibility for the driving task from the human driver to the
technical system increases the demands on the system’s operation range and reliability
vastly.

In contrast to a level 2 system, where the driver can be assumed to act as a backup in
all situations in that the system’s operation range is exceeded or when a malfunction of
the system occurs, a level 3 system has always to be able to transition to a safe state.
Indeed a takeover request can be triggered by the system if an exceedance of the system’s
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operational limits is predicted, but if the driver is not able to take over the control of the
vehicle within a specified takeover time (e.g. because of a medical emergency) the system
is required to come to a safe stop. On the one hand this implies that all system components
being critical to the system’s ability to transition to a safe state have to be fail-safe. On
the other hand it has to be assured that the system can reliably handle all use cases for
that it has been specified, which greatly increases the effort that has to be spent on tests
and coverage.
Up to now no level 3 driving automation system is available in series production, but
several car manufacturers and other technology companies have announced to bring a
highly automated driving (HAD) systems to market by the end of this decade (provided
legal regulations exist). The main use case for which the systems are currently being
developed is driving on highways, because the structural separation of lanes with opposing
driving direction, the simple road topology (i.e., no intersections) as well as the absence of
traffic participants other than cars, trucks and motorcycles constitute a traffic environment
with a lower complexity compared to inner-city driving.

2.1.3 Fully Automated Driving

In a fully automated driving (FAD) system the intended use cases of a level 4 system are
being enhanced, meaning that more areas will be covered in that the system’s operation is
facilitated. While HAD systems are mainly focused on highway scenarios, FAD systems are
expected to be able to also operate in inner-city areas, requiring the automation function
to cope with much more complex traffic scenarios including the presence of pedestrians,
cyclists, traffic lights, intersections, roundabouts and suchlike.
As inner-city traffic situations often change much more short-termed (for example cyclists
being occluded by other elements in the environment and suddenly crossing the road,
forcing the automated driving vehicle to evade or brake immediately), a level 4 driving
automation system is not triggering takeover requests. Instead the system has to stay
operational without any interaction with the driver.
Finally, a level 5 driving automation system is defined as a fully automated and driverless
vehicle.

2.2 Driving Behavior Prediction

As stated in section 1.2 an essential element required for generating driving behavior and
for planning vehicle trajectories is situation awareness, which includes the assessment of
the current and especially the projection of the future traffic situation. This is why the
term driver behavior prediction as well as the terms that are related and sometimes also
used equivalently like intention recognition, behavior identification or state propagation
can nowadays often be found in the literature. Many different approaches exist that aim
for anticipating human driving behavior for different reasons. Thereby the underlying
methodologies are as diverse as the specific prediction objectives and the actual perfor-
mance of the approaches.
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Figure 2.1: Categorization of prediction hypotheses according to (Lefevre et al., 2014)
shown for two consecutive time steps with the past trajectory visualized in gray and the
predicted future trajectory in black. Left column: Vehicle traversing along right lane at tn.
Right column: Vehicle already started to merge into left lane at tn+1. *Interaction-based
category added to refer to prediction solely based on interactions (see dashed line in (c)).

In general, the approaches to driver behavior prediction found in the literature can be
sorted according to different categories, which will be presented in the following.

Prediction Hypothesis and Horizon

Different approaches to human driving behavior prediction aim at different prediction hy-
potheses. The reason for this is that different use cases for the prediction exist that justify
varying model assumptions the prediction relies on. Thereby assumptions can either be
mild or strong, resulting in varying prediction accuracies and different prediction horizons
for the different use cases. In (Lefevre et al., 2014) three common prediction hypothesis
models are identified, in particular the physics-based, maneuver-based and interaction-

aware motion models.

The physics-based models often make the naïve assumption of a vehicle moving with
constant velocity (CV) or constant acceleration (CA), sometimes together with for instance
also assuming constant turn rate (CT). Obviously these assumptions are wrong when
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predicting a vehicle’s motion over a longer time horizon, so physics-based models are valid
only for a short term prediction of up to one second, which is also illustrated in Figure 2.1a.
It can be seen that as soon as a maneuver is executed the assumption of constant velocity
and constant turn rate looses its validity and the prediction accuracy decreases.

In (Lin et al., 2000) a single track model with the assumption of constant longitudinal
velocity and constant steering angle is employed to project the future path of the ego
vehicle to realize a lane departure warning system.

A physics-based prediction for a vehicle collision detection is also accomplished in (Käm-

pchen et al., 2009) by computing all reachable future vehicle positions limited by the
maximum realizable acceleration in terms of Kamm’s circle (i.e., taking into account that
the sum of the lateral and longitudinal acceleration maximally transmittable by the tires
is constant).

In (Barth, Franke, 2008) a constant acceleration and constant turn-rate (CACT) model
is used inside an extended Kalman filter to track the motion of oncoming vehicles in a
camera image directly.

A survey on kinematic models for the task of vehicle tracking, which also comprises the
prediction of future vehicle positions, can be found in (Schubert et al., 2008).

A maneuver-based prediction assumes rational driving behavior. It is believed that a
vehicle follows the course of lanes and executes maneuvers like turns, lane changes et cetera,
but for simplicity no interaction between different vehicles is taken into account. Once a
maneuver has been started it can be detected as such and it is assumed that the future
movement of the vehicle will match the pre-knowledge about that maneuver. This extends
the prediction horizon to the length of the respective maneuver, which for the example of
lane changes usually is a maximum of about three seconds.

Figure 2.1b illustrates a maneuver-based prediction and it can be seen that lane keeping
behavior is predicted even if most likely a lane change is desired by a driver because
of a slower vehicle in front. Not until the vehicle started the lane change (which may
be detected on the basis of the vehicle’s lateral movement towards an adjacent lane),
maneuver-based prediction algorithms detect the maneuver characteristics and adjust the
prediction output accordingly. In most approaches this also implies that the predicted
maneuver is not necessarily free of collisions. But it has to be emphasized that this is not
compellingly a downside of the approach, because the prediction of potential future vehicle
collisions would be eliminated by the assumption of maneuvers only being executed if they
are safe.

An example of a maneuver-based prediction is presented in (Bahram et al., 2014), where
a generative maneuver classification algorithm based on a vehicle’s lateral position and
lateral velocity with respect to the lane the vehicle is currently driving on is used.

Lane changes on highways as well as turn maneuvers at intersections are classified in
(Berndt, Emmert, et al., 2008) using hidden Markov models (HMM). As prediction
features signals like gas and brake pedal input, steering wheel angle and map data are
used. The algorithm has been trained and tested based on data collected in a prototype
vehicle by proficient male drivers.

Turn maneuvers at intersections are investigated by (Eichhorn et al., 2013) modeling the
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human driver as the optimizer of an optimal control problem with an unknown terminal
state. Cost-to-go gradients are introduced to allow for the anticipation of whether a vehicle
is about to cross an intersection or to make a turn.

Unfortunately, maneuver-based prediction approaches don’t make use of the fact that
maneuvers like lane changes are only executed when a motivation exists to do so. A
motivation for a lane change arises for example from the current traffic situation with
respect to surrounding traffic participants. Consequently, the use of features describing
the relative dynamics to other vehicles are expected to improve the quality of the prediction.

To overcome this, approaches have been proposed that extend the feature set of a
maneuver-based prediction by features characterizing the relative distance and dynamics to
surrounding vehicles. These approaches are referred to as interaction-aware prediction
models in (Lefevre et al., 2014).

For example, a hand parameterized Bayesian network (BN) is used in (Dagli, Breuel,
et al., 2004) (with modifications towards an object-oriented Bayesian network (OOBN) in
(Kasper et al., 2011)) to fuse different evidences regarding the trajectory a vehicle might
be following, the position relative to the lane the vehicle is currently driving on and the
free space with respect to surrounding vehicles on adjacent lanes. Based on these evidences
the algorithm infers the probability of a vehicle executing a lane change on highways.

(Weidl, Madsen, 2016) carries on the approaches by extending the BN to a dynamic
Bayesian network (DBN) and taking the relative dynamics to the object in front of the
subject vehicle into account to classify cut-in maneuvers.

In (Schreier et al., 2014) a BN is modeled and manually parameterized to assess the
collision probability of vehicles. Thereby first interaction-aware predictions are carried out
for each vehicle individually using causal as well as agnostic inference. Subsequently the
collision risk for every pair of vehicles is computed.

However, all named approaches do not distinguish between detecting a maneuver that has
already been started and recognizing the motivation of a driver in advance to executing a
maneuver solely based on the current traffic situation. This derogates the applicability of
these approaches for implementing a cooperative driving behavior.

As a consequence, here it proposed to use an additional category of interaction-based

prediction models to refer to approaches that are decisively based on the assumption that
drivers have a mutual influence and avoid collisions when possible, see Figure 2.1c. Un-
fortunately, in (Dagli, Reichardt, 2002) it is shown that taking all possible future
interaction-based maneuvers into account in a possible worlds structure is not compu-
tationally feasible. Therefore the notion of plausible worlds is introduced to reduce the
computational resources by only considering valid and plausible plans for the prediction
of relevant traffic participants. Following this basic idea, in (Lawitzky et al., 2013) and
(Deo et al., 2018) first feasible physics- or maneuver-based trajectory hypotheses are gen-
erated for each traffic participant individually. Afterwards it is solved for the optimal set
of maneuvers in terms of minimizing the overall collision risk. But by doing so still the
computational complexity grows exponentially with the number of traffic participants and
their feasible maneuvers, which hinders a real time application.

One solution to this problem is to use only asymmetric motion dependencies. In other

17



2 State of the Art

words, it is assumed that surrounding traffic affects the future movement of the vehi-
cle of interest, but not vice versa. Thereby often the human decision making process is
modeled explicitly, being composed of three sequential steps which are illustrated in Fig-
ure 2.2. The first step is the emergence of a maneuver intention, which is the motivation
to change the lane without knowing yet if the maneuver is realizable at all. According to
(Q. Yang, Koutsopoulos, 1996) a lane change intention can have either a discretionary
or a mandatory cause. While the intention for a discretionary lane change arises from a
higher contentedness on the new lane (e.g. because of a speed advantage), mandatory lane
changes are executed to stay on the route to reach a planned destination. The second
lane change decision making step is the check whether the lane change is realizable. If the
target lane is blocked, the maneuver intention may persist until either the driver finds or
enforces a gap on the target lane or until a change of the traffic situation eliminates the
intention to leave the current lane (for example because a slower preceding vehicle that
motivated the lane change exited the highway). Finally, if a lane change is both desired
and realizable, the third step starts, which is the execution of the lane change.

This modelling of the lane change decision making process shows that the very first in-
dication of a potential future lane change maneuver is the maneuver intention. But at
this point it has to be noted that several publications misleadingly use the term intention
recognition to refer to the detection of the third decision making step only, namely the
final execution of the maneuver, as for example in (Kuge et al., 1998; Schlechtriemen,
Wedel, Hillenbrand, et al., 2014) (just to name a few). Admittedly it is correct that
a driver still has a maneuver intention while moving to the target lane (as depicted in Fig-
ure 2.2), but because the maneuver intention emerges even before the maneuver execution
and also a maneuver intention may be existing without a maneuver ever being executed
(as described before), the usage of the term intention recognition is often incorrect in the
literature.

An early approach to model the hierarchy of the human lane change decision making
process explicitly is presented in (Gipps, 1986). While the model has been designed for
the use in a driving simulation software for simulating logical driving behavior, and not
specifically for the task of a behavior prediction (which would require modeling realistic
behavior), yet the basic concept and model assumptions are transferable. In particular,
the following factors have been found to be most important for modelling the lane change
decision process: 1) Whether it is physically possible and safe to change the lane. 2)
The location of permanent obstructions. 3) The presence of transit lanes. 4) The driver’s
intended turning movement. 5) The presence of heavy vehicles. 6) Finally, the speed
advantage after a possible lane change.

In (Q. Yang, Koutsopoulos, 1996) modelling the discretionary lane change intention
of a driver has also been accomplished by checking admissible adjacent lanes for speed
advantages compared to the current lane (if the vehicle’s current speed is lower than the
driver’s desired velocity). Parameters such as an impatient factor or a speed indifference
factor are used to estimate the grade of the lane change intent.

The model in (Ehmanns, Hochstädter, 2000) follows a similar approach by estimating
the contentedness of a driver on all admissible lanes (composed of the speed relations,
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Figure 2.2: Traffic scenario showing a cut-in maneuver of the subject vehicle in front of
the ego vehicle because of a slower preceding object vehicle together with the idealized
chronological sequence of the lane change decision making process.

vehicle interactions like the pushing of a faster vehicle from behind etc.) and raising a lane
change intention if the contentedness on an adjacent lane exceeds the one on the current
lane by a specified threshold.

Unfortunately, in all these approaches the parameters have been chosen based on (subjec-
tive and individual) expert knowledge and the models have not been validated for the task
of predicting human driving behavior in real world traffic.

In contrast, (Graf et al., 2013) uses a case-based reasoning (CBR) approach to classify
overtaking maneuvers and learns the cases from data. But as similarity measure for the
cases the time series of only the relative distance and velocity to the preceding vehicle are
taken into account, which is only a very limited characterization of the traffic situation.

The approach presented in (Bonnin et al., 2014) relies on the time to collision (TTC)
and relative velocity to the preceding vehicle, the size of the gap on the target lane, and
the time and acceleration that is needed to enter the gap to predict lane changes to the
left only. But the model neglects factors like the succeeding traffic or the speed advantage
gained through the lane change (if any).

Prediction Scope

Not all approaches are appropriate to predict driving behavior in different driving situations
equally well. While some approaches are targeted at predicting lane changes on highways,
others specifically aim at anticipating intersection turn maneuvers in urban environments.
Only a few methods are designed to generalize to all kinds of driving situations.

Besides the already mentioned approach of (Eichhorn et al., 2013) another contribution
focusing on predicting driving maneuvers at intersection scenarios is for example the ap-
proach of (Liebner et al., 2013), where a naïve Bayes classifier with the indicator, velocity
and gaze direction as features is used to create hypotheses about possible future paths.
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The approach is tested to predict right-turns at intersections. A study was conducted to
collect data from 6 subjects on 5 intersections, which summarizes to 200 right turn ma-
neuvers that were used to parameterize the probability distributions of the classifier. Data
from a different study containing 15 hours of driving data collected by 12 subjects was
used to evaluate the model.

(Petrich et al., 2013) uses an extended Kalman filter (EKF) with a pseudo-measurement
in the update step to select a representative set of reasonable trajectories for predicting
the future motion of a vehicle in complex scenarios like intersections. The plausibility of
each of the trajectories in the set is then assessed by an adaptive multivariate cumulative
sum (MCUSUM) algorithm.

An approach specifically targeted at detecting lane changes on highways (as are the already
introduced ones e.g. by (Bahram et al., 2014; Berndt, Emmert, et al., 2008; Weidl,
Madsen, 2016)) is the one by (Schlechtriemen, Wedel, Breuel, et al., 2014) using
Gaussian mixture models (GMM) to represent probable future vehicle positions in longitu-
dinal direction. The model parameters have been trained and validated using data samples
from tracked objects on test drives summing up to roughly 87 hours of driving.

(Morris et al., 2011) predicts highway lane change maneuvers of the ego driver by in-
corporating features like steering wheel angle, indicator state, lane-relative position, the
driver’s head orientation and relative speed to a preceding vehicle with all values of a short
time window of the past in a relevance vector machine (RVM).

In (Gindele et al., 2015) a hierarchical dynamic Bayesian model describing the physical
relationships as well as the driver’s behaviors and plans is presented to predict driving
behavior in varying traffic situations, but in (Bonnin et al., 2013; Bonnin et al., 2014)
it is claimed that methods generic in scope predict behaviors only with low quality, while
methods designed for a specific and narrow scope can predict behavior for even complex
scenarios. Therefore in (Bonnin et al., 2013; Bonnin et al., 2014) it is strived for a
combination of classifiers to cover a wide scope with high prediction quality. The use
of a location-based hierarchy of prediction models is proposed, i.e., a generic maneuver
classifier at the top of the hierarchy predicts the future traffic scene all the time, but it
can be overruled by specific classifiers that are activated depending on the traffic scene or
location of the vehicle.

Reviews and comparisons particularly of lane change models (which also served as infor-
mation source here) can also be found in (Rahman et al., 2013; Zheng, 2013).

Prediction Subject

It can be found that there are mainly two different prediction subjects of interest, namely
the ego vehicle (which is the own vehicle that is supposed to be equipped with the predic-
tion system in question) and the vehicles that exist in the surrounding of the ego vehicle
and that potentially have an influence on the ego vehicle’s driving behavior, hereafter
called surrounding or traffic vehicles. For the later of course the first step to making
a prediction is the assessment of the relevance of each vehicle in the surrounding.

The ego vehicle is subject to the prediction of the approach e.g. in (McCall et al., 2007),
(Kuge et al., 1998) and (D. D. Salvucci et al., 2007). But while the prediction of the
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Figure 2.3: Examples of intrinsic and extrinsic prediction features without explicit de-
piction of features that can be derived from them, like (angular) velocities, accelerations
et cetera.

ego vehicle behavior in manual driving mode may be useful as status information to send
to other vehicles or to road infrastructure elements via vehicle-to-vehicle communication,
or used to enable a monitoring system that detects abnormal or harmful human driving
behavior (as passive automated driving function), in general for the task of automated
driving it is especially important to anticipate the driving behavior of surrounding vehicles.

For example, in (Dagli, Breuel, et al., 2004; Kasper et al., 2011; Bonnin et al., 2013)
subject to the prediction are the surrounding vehicles.

In general it shouldn’t matter if an approach to driving behavior prediction is used to
anticipate the future movements of the ego vehicle or that of surrounding vehicles, but in
practice the approaches differ in the information used as input to the prediction algorithm.
This limits for example the applicability of algorithms targeted at ego vehicle lane change
prediction to predicting cut-in maneuvers of surrounding vehicles, because some features
used for the classification may either be of too low quality when measured via exteroceptive
sensors (like the lane relative lateral acceleration) or they may be not available at all (e.g.
the head pose of the driver).

Prediction Input

Which measurements and features serve as input to the different prediction approaches of
course greatly depends on the prediction subject and the prediction objective. For example,
the already mentioned approach of (McCall et al., 2007), that classifies lane changes of
the ego vehicle, uses intrinsic features like gas and brake pedal position, steering wheel
angle and the head orientation of the driver (among other features), which can be measured
with proprioceptive sensors, and it is shown that the prediction performance decreases
when the head movement of the driver is omitted.

(Kuge et al., 1998) relies on the steering wheel angle and steering velocity as input features
to a hidden Markov model. The model has been evaluated based on a simulator study
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with ten participants.

In (P. Kumar et al., 2013) the lane relative lateral position and steering angle (including
their derivatives) are used to predict lane changes of the ego vehicle’s driver in highway
scenarios in France. Using a stereo camera for the detection of lane markings, 139 lane
changes were executed by two different drivers for training and testing their classification
approach.

In contrast, extrinsic features like lane relative features (lateral offset and velocity), fea-
tures that describe the relative distance, velocity and acceleration to a gap on the adjacent
lane a vehicle could potentially merge to, as well as trajectory features (i.e., recordings over
time) like time-to-line-crossing (TTLC), maximum lateral acceleration and the track angle
are used in (Dagli, Breuel, et al., 2004) to detect possible cut-in maneuvers. All data is
discretized to be used in a probabilistic network that infers the lane change probability of
a possible cut-in vehicle. Based on approximately 800 test kilometers driven on German
motorways it is pointed out that with a single front-facing light detection and ranging
(LIDAR) sensor (36◦ beam angle) a proper lane change prediction is achieved only within
a range of 18 - 60 m.

Trends and levels of distances and relative velocities to the preceding vehicles on the own
and the adjacent lane are being used in (Graf et al., 2013) to associate the current traffic
situation to known cases that have been stored in memory. Because the future driving
maneuver of a vehicle has been recorded for the cases available in memory, this way the
purpose of a vehicle to cut-in into the ego vehicle’s lane can be inferred.

Prediction Output

Different prediction approaches existing in the literature represent future driving behavior
differently. A broad categorization of the prediction output can be achieved by differ-
entiating between the output of categorical actions and future positions of traffic
participants.

A categorical representation of future driving behavior is typically the output of a maneuver
classification algorithm. Out of a set of n possible maneuvers, e.g. M = {m1, m2, ..., mn} =
{lane change left, lane change right, ..., no maneuver}, the prediction at a discrete point in
time t can be given by the realization of a single outcome like Mt = m1. Often a categorical
representation is combined with a probabilistic depiction to represent uncertainty about
the future actions. The output is then a binomial distribution over the set of actions M

denoted as P(Mt), where e.g. the probability of the realization of the single outcome m1

would be depicted by P(Mt = m1).

In (Dagli, Breuel, et al., 2004) the binary probability of a cut-in maneuver of a particular
vehicle is emitted by a probabilistic model. (Kasper et al., 2011) extends the approach to
the output of a probability distribution over the discrete maneuvers lane follow, leave lane

towards the left and leave lane towards the right, which is computed via an object-oriented
Bayesian network (OOBN).

For the representation of driving behavior as future vehicle positions, (Kuchar, L. C.
Yang, 2000) gives an overview of state propagation representations for the prediction of
future aircraft positions, which have here been adapted to the domain of vehicles. Fig-
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ure 2.4 shows the different position representations graphically.

The nominal state propagation (illustrated in Figure 2.4a) describes the future positions
of a vehicle over time by a single trajectory. The trajectory represents the true future
vehicle positions based on the vehicle’s current state as long as the state estimation and
the prediction hypothesis by which the trajectory has been generated is correct. Due to
sensor noise that influences the state estimation and due to the fact that the vehicle may
not behave as expected, the nominal prediction representation can be inaccurate. The
representation of the nominal trajectory can e.g. be a single polynomial of reasonable
order (Kasper et al., 2011), a spline, a Bézier curve (Gindele et al., 2010) or positions
at discrete points in time.

To overcome the inaccuracies of the nominal future state representation, probabilistic state
propagation methods take uncertainties in the current state estimation as well as variations
in the driving behavior itself into account when estimating future vehicle positions. The
distribution of possible future vehicle positions is sometimes also referred to as stochastic
reachable set. The greatest challenge in using probabilistic state propagation methods
is the quantification of uncertainty. A nominal trajectory can always be derived from a
probabilistic representation by following the most likely trajectory, and also a set of possible
future positions can be extracted by following any trajectory with equal likelihood. In
general different approaches exist to represent uncertainty in state propagation.

First, there exist sampling- or particle-based methods as shown in Figure 2.4b and for
instance used in the approaches by (Gindele et al., 2015).

Second, parametric density-based methods can be used, e.g. employing Gaussian densities
as illustrated by the σ, 2σ and 3σ confidence intervals in Figure 2.4c and used in (Petrich

et al., 2013).

Another way of representing the probability of presence in future time steps is to dis-
cretize the state space and to assign a probability to each of the discrete states (e.g. using
Cartesian grids for a 2-dimensional vehicle position representation with occupancy prob-

abilities assigned to each grid cell as shown in Figure 2.4d). State space discretization is
used in (Althoff et al., 2009) to detect probable future vehicle collisions.

As it is quite hard to reuse a probabilistic future state representation e.g. for a trajectory
planning algorithm, sometimes a vehicle’s future position is represented area-based. An
example is a worst case representation which estimates the area of all positions a vehicle is
able to reach within a given period of time when performing any of all possible maneuvers
(sometimes also referred to as reachable set). This is mostly achieved by applying force field
methods, where it is for example assumed that the vehicle’s motion is only restricted by the
forces transmittable by the tires (prediction areas resulting from a worst case prediction
with the so-called circles of forces are exemplarily shown in Figure 2.4e).

One example for an area-based prediction output is the already mentioned approach of
(Kämpchen et al., 2009), using Kamm’s circle to estimate all future positions reachable
by a particular vehicle.

But there also exist approaches with interaction-aware prediction hypotheses that represent
the prediction results area-based. For example, in (Schlechtriemen, Wabersich, et
al., 2016) the deterministic areas occupied by a vehicle in the future are computed lane

23



2 State of the Art

(a) (b) (c) (d) (e)

Figure 2.4: Common representations of predicted future vehicle positions (following
(Kuchar, L. C. Yang, 2000), but extended by different probabilistic representations).
(a) Nominal trajectory prediction. (b) Probabilistic particle or sampling based future po-
sition representation. (c) Parametric density-based prediction. (d) Future vehicle position
represented by occupancies in a discrete state space (here: probabilistic occupancy grid
for a single point in time). (e) Area-based prediction representation.

discrete in a curvilinear coordinate system via confidence bounds on a longitudinal and
lateral probability density function which has been learned from data to describe the
future probability of presence of surrounding traffic participants. With this area-based
representation it is easier to detect potential future vehicle collisions (or compute the safe
driving space by inverting the occupancies) and to plan a safe trajectory for the automated
driving ego vehicle.

Methodology

Which methodology and which algorithms may be used to predict driving behavior greatly
depends on the requirements on the prediction. The algorithms of the approaches referred
to so far are already very versatile.

First, as a matter of principal, it can be found that the task of behavior prediction is
closely related to the task of behavior planning as anticipating driving behavior means to
mimic a subject vehicle’s decision making and action. But in practice the premises are
often different: On the one hand it is assumed that all intrinsic data of the ego vehicle
together with high quality environment perception data is available as model input, but
for the task of the surrounding vehicles’ behavior prediction only a subset of the features
are available. On the other hand (Rolnick, Lubow, 1991; Festner et al., 2016) found
out that with a lack of controllability most passengers are more prone to motion sickness
and feel uncomfortable when a system which is not controlled by themselves mimics the
driving characteristics of a human driver too closely. As a consequence they expect that an
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automated vehicle drives more defensive and comfortable compared to the human driver.
This is why behavior planning algorithms will not be investigated for the task of behavior
prediction here.

Many models to replicate (not necessarily to explicitly predict) human driving behavior
exist that are being completely defined by expert knowledge. A pundit models the rela-
tionship between the environment and human decision making manually and subjectively.

Examples of expert models are the deterministic rule-based models by (Gipps, 1980;
Gipps, 1986), with the former modeling a vehicle’s longitudinal car following (CF) be-
havior and the later focusing on lane changing (LC) behavior. A lane change is executed
by the Gipps model when it is desired, necessary and realizable. (Q. Yang, Koutsopou-

los, 1996) extends Gipps’ lane change model by probabilistic maneuver decisions and to
the application on highways. Moreover a distinction between discretionary and mandatory
lane changes is introduced. In contrast, (Hidas, 2005) repeals Gipps’ assumption that lane
changes are only executed when they are safe, which is why three different lane change
categories are introduced: free, cooperative and forced lane changes.

In (Kesting et al., 2007) the lane change model of minimizing overall braking induced
by lane changes (MOBIL) is introduced, which is based on the intelligent driver model
(IDM) for the longitudinal behavior introduced in (Treiber et al., 2000). A lane change
decision is made by anticipating and then comparing all involved vehicles’ accelerations for
the case of changing the lane versus staying on the current lane. With a politeness factor
introduced to weight between egoistic and altruistic behavior a lane change is executed
when the overall acceleration induced by the lane change is greater than when staying on
the lane.

Utility theory based algorithms are those of (Ahmed, 1999; Toledo, Koutsopoulos,
et al., 2007), where lane change decisions are made based on a utility measure that incor-
porates individual driving characteristics and past lane change decisions.

In (D. D. Salvucci et al., 2007) a technique called model tracing is used, which simulates
all possible future maneuvers based on a behavioral model and classifies the actual action
of a vehicle afterwards using a similarity measure. The behavioral model in this case is
an expert model, which simulates lane keeping and lane changing maneuvers of the ego
vehicle.

Another group of lane change models are cellular automata approaches. The models of
(Rickert et al., 1995; Wagner et al., 1997; Nagel et al., 1998; Maerivoet, Moor,
2005) are consecutive improvements of (Nagatani, 1994) by incorporating stochastic in-
fluences on the lane change decision process. They describe the lane usage inversion phe-
nomenon on highways (i.e., overuse of fast lanes when the traffic density increases) and
solve planning conflicts when multiple vehicles select the same cell to drive in.

Fuzzy logic is used in (Wu et al., 2000) and (Moridpour et al., 2009). In these approaches
fuzzy sets are defined on the input features like inter-vehicle space gaps, relative speeds
and average velocities and then a logic rule deduces the truth value of the current situation
being a lane change or no lane change situation.

The downside of the approaches based on expert knowledge described so far is that every
expert subjectively defines the models to represent human driving behavior as well as
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the characteristics the models depend on. Moreover, tuning the models’ parameters is
often a very complex and time consuming task, because many dependencies between the
parameters exist that are not apparent. In contrast, machine learning approaches fit the
models’ parameters to observed driving data using objective cost functions while taking
into account dependencies between the parameters.

An approach to driver behavior prediction based on machine learning is for example pre-
sented in (P. Kumar et al., 2013), where a support vector machine (SVM) with a gener-
alized Bradley-Terry model is used to obtain a probabilistic maneuver classification. The
output of the SVM is smoothed in a Bayesian filter (BF) afterwards to reduce the rate of
false alarms and missed detections.

(Dogan et al., 2011) compares two types of artificial neural networks (ANN, or NN
in short), namely a recurrent neural network (RNN) and a feed-forward neural network
(FFNN) to the classification performance of a support vector machine.

The downside of SVM and NN is that no probabilistic inference is used to account for un-
certainties in the representation of a state of knowledge. This uncertainty arises in human
perception as well as in measurements through technical sensors. How a human acts in
everyday driving situations depends on the state of knowledge regarding the environment,
which is fraught with uncertainty.

Models dealing with uncertainty are (among others) the ones based on Markov processes
like presented in (Worrall et al., 1970; Pentland, Liu, 1999; Singh, Li, 2012).
(Toledo, Katz, 2009) describes the human decision making process by integrating a hid-
den Markov model (HMM) into a utility-based approach. A double-layer hidden Markov
model is used in (He et al., 2012).

(Boyraz et al., 2009) utilizes hybrid dynamic systems combining stochastic modeling (like
a HMM) with control theoretic models. This is justified by constituting that the nature
of driving is stochastic and therefore it should be searched for trends in the data instead
of exact matches in numerical sense.

In (Schlechtriemen, Wedel, Hillenbrand, et al., 2014) a naïve Bayes classifier is
compared to Gaussian filtering and to a hidden Markov model. It is shown that for the
use case of an interaction-aware lane change prediction the naïve Bayes classifier performs
best.

Bayesian networks (BN) are used for instance in the already mentioned approaches of (Gin-

dele et al., 2015; Dagli, Breuel, et al., 2004; Kasper et al., 2011; Weidl, Madsen,
2016), although only in (Gindele et al., 2015) the parameters of the probabilistic network
are indeed learned from data. A hand-parameterized BN is also presented in (Schreier

et al., 2014), where the approach is primarily focused on criticality assessment. It is used to
predict unlikely vehicle collisions and therefore does not take the complete traffic situation
into account. In other words, the implicit premise for predicting driving maneuvers is that
drivers do not notice each other, which is why the features taken into account are limited
to vehicle-lane relations and the relative dynamics to the vehicle in front only.

In general, the downside of Bayesian networks is that inference in domains with discrete
as well as continuous variables is hard, which is why often discretization is used (leading
to information loss).
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2.3 Summary

While many approaches for a maneuver-based driver behavior prediction exist, only a
few approaches can be found that recognize a maneuver intention before the maneuver
actually takes place. In a few existing behavior models like the ones by (Gipps, 1986; Q.
Yang, Koutsopoulos, 1996; Ehmanns, Hochstädter, 2000) indeed the lane change
intention is computed explicitly, but the parameters of all presented models are not chosen
empirically and the models are not validated with real world driving data.
Without raising claim to completeness, Table 2.1 summarizes the already mentioned ex-
isting approaches in the field of driver behavior prediction. Contributions not emphasizing
the task of prediction are omitted. Moreover, if many contributions from the same authors
exist across which the presented approach is only changed slightly, only the latest known
publication is listed here.
Another classification of existing methods for risk assessment and driver intent inference
that focuses on the prediction hypotheses and the underlying prediction methodologies can
be found in (Winner, Hakuli, Lotz, et al., 2016, pp. 896 sqq.).

27



2 State of the Art

Hyp. Scope Subj. In Out Meth. Data

p
h
y
si

cs
-b

a
se

d

m
a
n
eu

v
er

-b
a
se

d

in
te

ra
ct

io
n
-a

w
a
re

in
te

ra
ct

io
n
-b

a
se

d

h
ig

h
w

ay
tr

a
ffi

ca

in
n
er

-c
it

y
tr

a
ffi

c

eg
o

v
eh

ic
le

su
rr

o
u
n
d
in

g
v
eh

ic
le

s

in
tr

in
si

c
fe

a
tu

re
s

ex
tr

in
si

c
fe

a
tu

re
s

ca
te

g
o
ri

ca
l

p
re

d
ic

ti
o
n

n
o
m

in
a
l

tr
a
je

ct
o
ry

p
ro

b
a
b
il
is

ti
c

o
cc

u
p
a
n
cy

ex
p

er
t

m
o
d
el

m
a
ch

in
e

le
a
rn

in
g

m
o
d
el

si
m

u
la

to
r

d
a
ta

re
a
l-

w
o
rl

d
d
ri

v
in

g

(Althoff et al., 2009) • • • • • • • • •
(Bahram et al., 2014) • • • • • • •b •
(Berndt et al., 2008) • • • • • • • • •
(Bonnin et al., 2014) • • • • • • • • •

(Deo et al., 2018) • • • • • • • • • •
(Dogan et al., 2011) • • • • • • • • •b

(Eichhorn et al., 2013) • • • • • • • •
(Firl et al., 2011) • • • • • • • •

(Gerdes, 2006) • • • • • • • • •
(Gindele et al., 2015) • • • • • • • •

(Graf et al., 2013) • • • • • • • •
(He et al., 2012) • • • • • • •b

(Jordan et al., 2015) • • • • • • • •
(Kuge et al., 1998) • • • • • • •b

(Kumar et al., 2013) • • • • • • • •
(Lawitzky et al., 2013) • • • • • • • • •

(Liebner et al., 2013) • • • • • • • •
(Lin et al., 2000) • • • • • • • • •

(Mandalia et al., 2005) • • • • • • • • •
(Meyer-D. et al., 2009) • • • • • • • • •

(Morris et al., 2011) • • • • • • • •
(Oliver et al., 2000) • • • • • • • • •

(Petrich et al., 2013) • • • • • • • • •
(Platho et al., 2013) • • • • • • • •

(Salvucci et al., 2007) • • • • • • • •b •
(Schlechtr. et al., 2014) • • • • • • •
(Schlechtr. et al., 2015) • • • • • • • •
(Schreier et. al., 2014) • • • • • • • • • •

(Tomar et al., 2012) • • • • • • •c

(Torkolla et al., 2005) • • • • • • • • •b

(Weidl et al., 2016) • • • • • • • •
(Wiest et al., 2012) • • • • • • •

aIncluding main and rural roads with structural separation of opposing traffic streams.
bData has been obtained from a conducted study with human drivers.
cData has been recorded from a spectator’s view (world-fixed sensor installation).

Table 2.1: Categorization of existing prediction approaches.
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2.4 Scientific Contribution

Existing models to driver behavior anticipation either not recognize the intention of a
driver to execute a specific maneuver explicitly, are too complex to be parameterized by
a human expert, or are not validated using real world driving data. On the other hand,
many models directly learned from data like e.g. neural networks can only be used as
black-box models without any expert being able to interpret the model parameters after
the model training phase.
Therefore the need for a new interaction-aware lane change model arises which represents
the causal relations of driving behavior and is able to infer a driver’s maneuver intention
solely based on the predominant traffic situation. Also, as the human behavior is non-
deterministic by nature, the model has to be able to account for uncertainties by using
probabilistic representations of the dependencies. For this purpose in this thesis a three-
layered hybrid Bayesian network is proposed which uses the concept of lane contentedness
estimations to model the drivers’ lane change decision making process. Thereby the na-
ture of all variables’ cardinalities is taken into account without loosing information by
discretizing the continuous variables’ states.
An extension of the junction tree algorithm is employed for exact inference in the proba-
bilistic graphical model containing both continuous and discrete variables. On top of the
inference process a learning method for discrete variables with hidden continuous parent
nodes is presented, because when applying the model to predict human behavior the inter-
nals of the driver’s decision making are unobservable through the vehicle’s sensors. Still,
to be able to learn the model’s parameters from real world driving data while at the same
time providing for human interpretable parameters in the hidden layers, two basic ap-
proaches are being pursued: First, different data labeling strategies are being investigated
to gather information about a driver’s intentions. For this purpose test studies in a driving
simulator as well as in a prototype vehicle are being carried out. Second, a pre-training
step for learning the model’s parameters from simulated data is established to guide the
optimization process when finally training the parameters based on German highway data
gathered from a prototype test vehicle.
In order to not only predict a driver’s intentions but also identify the actual future driving
behavior in terms of the vehicle’s trajectory, a maneuver-based prediction method based
on an optimal control problem formulation is proposed. Thereby inverse reinforcement
learning is used to find the parameters of this approach for mimicking human driving
behavior most realistically.
Finally, a prediction framework is presented that uses a generalized approach to identify
observed driving behavior based on any set of reasonable trajectory hypotheses. It also
combines the information of a driver’s maneuver intention with the outcome of the behavior
identification to anticipate a vehicle’s most likely future trajectory with a higher accuracy.
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CHAPTER 3

Intention Recognition

According to (Knapp et al., 2009) an intention is the aim of the driver to perform an
action, which does not imply that the action is actually performed. In case of a lane
change intention this means that a driver has a motivation to change the lane, but maybe
the target lane is blocked and the lane change cannot be executed at this point in time.
Knowledge about the intentions of a surrounding vehicle’s driver is important for auto-
mated driving, because it enables a cooperative driving behavior in first place. For example,
only if the motivation of a driver to merge in front of the ego vehicle is known, the ego
vehicle can slow down to open an adequate gap to enable the lane change in first place.
Moreover, the recognition of a driver’s lane change intention increases the comfort and
safety of automated driving, because potentially a greater maneuver prediction time can
be achieved, which enables the ego vehicle to optimize the deceleration behavior and keep
a greater distance to a lane changing vehicle. Finally, as it is assumed that a lane change
is never executed without a motivation to do so, information about a lane change intention
is valuable for the detection of an ongoing lane change maneuver of the same vehicle in
terms of improving the maneuver detection accuracy.
The approach to a maneuver intention recognition here is based on the lane change deci-
sion model used in the microscopic traffic simulation software Pelops (program for the
development of longitudinal microscopic traffic processes in systemrelevant environment),
presented in (Hochstaedter et al., 1999). Like in many other lane change models, e.g.
the ones presented in (Gipps, 1986; Q. Yang, Koutsopoulos, 1996; Hidas, Behba-

hanizadeh, 1999), in Pelops the premise for a lane change decision is the desirability
or necessity to leave the current lane. It is generated from a comparison of the expected
contentedness when driving on each of the available lanes, which is estimated by project-
ing the vehicle onto each of the available lanes and assessing the traffic situation as if the
vehicle is driving on that lane (see Figure 3.1). The overall contentedness on an individual
lane is again composed of different contentedness factors, which use a variety of features
that characterize the current traffic situation. These features are described in section 3.1.
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Vsubj

Ṽsubj,l
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Vs1

Vp1l1
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Cr

LCI

projection of subject vehicle

Figure 3.1: Illustration of intention recognition approach based on lane contentedness
estimation.

While in Pelops the computation of the lane contentedness is done deterministically
based on parameters tuned by experts, the approach chosen here is a different one: A
Bayesian network (BN) is used which integrates the vehicle’s contentment on the lanes as
random variables and models the dependencies between the features and the contentedness
estimations probabilistically. This way the model is able to account for uncertainties
arising from sensor noise, limitations in the model’s ability to represent the human driving
behavior, or even indeterminism of the human driving behavior itself.

In the next section, at first features to characterize a traffic situation are presented, before
section 3.2 and 3.3 describe the methodological background of Bayesian networks. Fi-
nally, chapter 3 presents the Bayesian network structure to recognize a driver’s maneuver
intention.

3.1 Features to Characterize a Traffic Situation

As the task of the prediction framework is to anticipate the human behavior, the system
first needs to obtain situation awareness before the human decision making and action
execution process can be predicted. For a driver to gain proper situation awareness, it
is crucial to not only perceive but also to comprehend all relevant elements in the traffic
environment, meaning that the relevance and potential impact of objects on the own vehicle
must be known. Only if the traffic participants and their relations to the own vehicle are
well understood, the future status of the environment can be anticipated and a decision
for a future action can be made (as already described in section 1.2 and illustrated in
Figure 1.4).

For the technical system to obtain situation awareness, at first the identification of possible
influences on the human driving behavior is required, which are expected to be

• the behavior of surrounding traffic participants,
• traffic rules,
• the road course and route,
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• the driver’s individual driving experience and performance,
• the own vehicle type and equipment,
• weather, sight and road conditions, and
• influences from potential co-drivers,

but of course this list is incomplete and there are many more possible influences that vary
the process of decision making over individuals and over time.
Next, features need to be defined which characterize and quantify the most important
influences and the current state of the environment. Here, these are features describ-
ing attributes of the environment’s elements, features characterizing the pose and relative
dynamics of a vehicle with respect to the lane the vehicle is driving on, as well as fea-
tures quantifying inter-vehicle relationships, e.g. the distance and relative dynamics to
surrounding vehicles.
For example, attributes for lanes are the lane type (e.g. traffic lane, bus lane or highway
on-ramp), lane marking type (e.g. solid or dashed line), the intended driving direction, as
well as the speed limit and other traffic rules such as an overtaking ban. The lane geometry
is described by the absolute value of the curvature |κ| at the vehicle’s current position.
Additionally a concept from Pelops is being adopted to compute the maximum relevant
curvature ahead (denoted by κmax) within a foresight distance that the driver is able to
overlook. The basic idea is to find and use the curvature at exactly that position that
maximizes the quotient of the curvature at a particular distance divided by that distance.
This is to not neglect any upcoming curvature when a higher curvature is recognized further
ahead. Consequently it is

κmax = max(|κ(s = 0)|, |κ(sκmax
)|), with (3.1)

sκmax
= argmax

s ≥ 1
(
|κ(s)|

s
), (3.2)

where s is the longitudinal curvilinear distance ahead (within a maximum distance of
100 m) and κ(s) is the curvature at that distance.
For vehicles relevant attributes are the vehicle type classification with the possible types
car, truck or bike, the object dimensions with the vehicle’s width w and length l (the z-axis
is neglected in most applications) and the object’s pose.
Another important attribute for vehicles is the indicator state, but (Berndt, Dietmayer,
2009) argues that for the task of a maneuver prediction the indicator state should not be
used, because the indicator is not utilized reliably by some drivers and the lane change
probability would then be underestimated for lane changes without an indicator activation.
As no indicator activation does not imply that a vehicle is not changing the lane, but on
the other hand an activated indicator should always be treated as information of a driver’s
lane change intention, the indicator can always be taken into account via a rule-based
logical OR condition on top of any sophisticated intention recognition algorithm.
A highway scenario together with an illustration of the vehicle-lane relations and the lane-
discrete vehicle-vehicle relations is shown in Figure 3.2. A vehicle for which the lane
change intention shall be inferred of is called subject vehicle and is denoted by Vsubj, its
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Vsubj Vp1
Vs1

Vp1l1
Vs1l1

Vp1r1
Vs2r1

Vs1r1

srel,s1

srel,p1r1

d
ϕ

ss1
ssubj sp1r1

Figure 3.2: Definition of vehicle-to-vehicle and vehicle-to-lane relations. Vehicle-to-vehicle
relations are features characterizing the relative distance (srel) and dynamics of object
vehicles Vobj to a subject vehicle Vsubj for which the future driving behavior shall be inferred.
Vehicle-to-lane relations are features characterizing the subject vehicle’s pose relative to
the center of a lane (like deflection from centerline d or relative angle ϕ).

surrounding vehicles are called object vehicles Vobj, which are the vehicles that Vsubj can
possibly interact with.
To depict a particular object vehicle, the subscript p or s together with a one-based index
is introduced to refer to a preceding or succeeding vehicle, respectively. To refer to vehicles
on neighboring lanes, an l or r together with an additional one-based index is appended
to depict specific lanes. For example, Vp1

depicts the preceding vehicle on the subject
vehicle’s lane, whereas Vs2r1

denotes the second succeeding object vehicle on the right lane.
It is emphasized that in general any observed vehicle can be treated as subject vehicle; the
ego vehicle as well as any other traffic vehicle on the road. The notations of the surrounding
object vehicles always changes with respect to the currently selected subject vehicle.
For the estimation of both the lateral and longitudinal position of an object vehicle relative
to Vsubj, the center of each vehicle’s front is used as reference point. That is, in a curvilinear
coordinate system of the road, where s is the longitudinal axis and d is the lateral offset
from s, a vehicle Vs1r1

overtaking Vsubj becomes Vp1r1
when its reference point is ahead of

the subject vehicle’s reference point and it holds ss1r1
> ssubj. However, the distance srel

between two vehicles is specified as clearance, so the free space between the vehicles along
the curvature of the lane is measured. This leads to the definition of

srel =






sobj − ssubj − lobj if sobj > ssubj and sobj − ssubj ≥ lobj

0 if sobj > ssubj and sobj − ssubj < lobj

sobj − ssubj − lsubj if sobj ≤ ssubj and sobj − ssubj ≤ lsubj

0 if sobj ≤ ssubj and sobj − ssubj > lsubj.

(3.3)

As a consequence in the scenario shown in Figure 3.2 the distance srel,s1r1
from Vsubj to

Vs1r1
is zero as long as the object vehicle is located alongside the subject vehicle, which is

indicated by the shaded area.
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For convenience, in the following (and throughout the rest of this thesis) the time deriva-
tives of s are denoted by

v = ṡ with v0 = ṡ(t = t0), (3.4)

a = s̈ with a0 = s̈(t = t0). (3.5)

Based on the surrounding vehicle’s distances as well as the relative velocity and acceleration
with

vrel = ṡobj − ṡsubj and (3.6)

arel = s̈obj − s̈subj, (3.7)

respectively, also more advanced metrics have been introduced in the literature to mimic
the human discrimination of motion along the line of sight. For example, according to
(Winner, Hakuli, Lotz, et al., 2016, p. 16) it is hard for a human to determine absolute
distances. Instead it has been found out that the decisive measure for a driver’s situation
assessment is the so-called time to collision Ttc (first named in (Hayward, 1972) and
sometimes denoted as TTC) with

Ttc = −srel

vrel
. (3.8)

It represents the time it takes for two vehicles following the same path to collide, assuming
the vehicles’ velocities are constant. Also in (Evans, Rothery, 1974) the inverse of the
time to collision

T −1
tc = −vrel

srel
(3.9)

has been identified as the most relevant metric for a human to discriminate longitudinal
motion as needed in car-following scenarios, although it was not known under this name
back then. Compared to the time to collision, the inverse time to collision has the advantage
of being continuous at vrel = 0. On the other hand it is T −1

tc → ±∞ for srel → 0 instead,
but in this case the inverse time to collision can more reasonably be set to a maximum (or
minimum) value. Moreover the inverse time to collision is positively (instead of negatively)
correlated to the risk of a collision.
Besides the time to collision, often a velocity dependent distance measure, the so-called
time headway (sometimes denoted by THW, or time gap, TGAP) with

Thw = − srel

vsubj

(3.10)

is used to describe the inter-vehicle relations. For example, ISO 15622 suggests to use the
time headway as control parameter in the vehicle following mode of adaptive cruise control
systems (see subsection 2.1.1 for a short description of the system’s functionality).
For practical reasons it is also useful to to define the inverse of the time headway as

T −1
hw = −vsubj

srel
, (3.11)

because like the inverse time to collision the reciprocal of the time headway is positively
(instead of negatively) correlated to the collision risk.
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Figure 3.3: Exemplary course of the inverse time to collision and inverse time headway
compared to their original definitions for a scenario of a subject vehicle Vsubj approaching a
slower object vehicle Vp1

with a constant acceleration of−6 m s−2 (srel,p1,0 = 45 m, vrel,p1,0 =
−20 m s−1).

An exemplary course of the time to collision and time headway compared to their inverse
definitions for a scenario of a subject vehicle Vsubj approaching a slower object vehicle Vp1

with constant acceleration is shown in Figure 3.3.

3.2 Bayesian Networks

A Bayesian network (sometimes called Bayes net in short) is a graphical model that rep-
resents the probabilistic dependencies of random variables. It is a popular and efficient
model, because it very compactly represents the joint probability distribution over the
random variables it contains by exploiting (the assumption of) independence properties of
the variables (Pearl, 1988). Variables in a network are modeled as nodes, directed edges
between the nodes show their probabilistic dependencies and form the directed, acyclic
graph structure G. For each node the probabilistic dependency is quantified by a condi-
tional probability distribution (CPD). A more detailed description of Bayesian networks
can be found for example in (Koller, Friedman, 2009; Murphy, 2012).

At first some notations have to be defined. In general, random variables in the network are
denoted by upper case letters. Often letters from the beginning of the alphabet (A, B, C, ...)
are used for discrete variables, whereas letters from the end of the alphabet (..., X, Y, Z)
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represent continuous variables. Lower case letters are used to denote the realization of a
random variable, e.g. X = x, bold faced letters depict a vector or a set of nodes (e.g.
X = {X1, ..., Xn}) or their values x. The set Γ is defined to entail all continuous nodes, ∆

is the set of all nodes in the discrete domain. Moreover, the notation of Par(X) is used to
refer to the parents (the direct predecessors) of a node X, Fam(X) depicts the node’s family,
which is the node itself and its parents. Again, lower case letters, e.g. par(X) and fam(X),
depict the realization of these variables. Furthermore, val(A) refers to all possible outcomes
(or state combinations) of A, e.g. for a binary valued node it is val(A) = {a1, a2}, for a
set of binary valued nodes C = {A, B} it is val(C) = {{a1, b1}, {a1, b2}, {a2, b1}, {a2, b2}}.
The notation P(X) denotes the probability distribution for node X, which is a mass
function in the discrete case and a density function if X is continuous. P(X | Y ) refers to
the conditional distribution of X given Y . The notation P(X = x) or P(x) represents the
probability (mass or density, respectively) that X takes the value x, P(X | y) refers to the
conditional distribution of X given Y = y analogously.
Finally, the joint probability distribution of a BN given the graph structure G and the
conditional probability distributions is defined via the chain rule. For n variables X1, ..., Xn

in the network it holds

P(X1, ..., Xn) =
n∏

i=1

P(Xi | Par(Xi)). (3.12)

3.2.1 Network Structure

Before the proposed BN structure used for recognizing maneuver intentions is presented
in section 3.4, here only a simple exemplary network structure is introduced to give a
demonstrative description of the theory behind Bayesian networks in general.
The exemplary network presented in Figure 3.15 aims at inferring a driver’s lane change
intention (LCI) based on estimates of the driver’s contentedness when driving on each of
the available lanes on a highway. Thereby the lane contentedness estimation denoted by
C is a continuous value scaling between +1 (being maximally content on that lane) and
−1 (being maximally discontent). For simplicity it is assumed that only two lanes are
available, namely the own and an adjacent lane. Furthermore, the network structure is
based on the assumption that a driver’s lane contentedness depends on the inverse time
to collision T −1

tc,p1
to the first preceding vehicle on the respective lane only. The variables

ep1
are used to indicate these object vehicles’ existences, which generalizes the network

structure for different constellations of surrounding vehicles.
In a BN’s graph (generally denoted by G and for the particular case shown in Figure 3.15)
continuous variables are represented as round nodes, discrete variables are plotted as
squares. A Bayesian network containing both continuous and discrete variables is called
a hybrid Bayesian network (Koller, Friedman, 2009, p. 186). Moreover, clear nodes
depict variables that are always observed, gray nodes refer to variables that are usually
hidden.
For an easier notation the original variable names have been substituted according to the
table shown on the right hand side of Figure 3.4.
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A
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Y

B

W

X

C

∈ Γ

∈∆

Par(W )

usually
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Fam(A)

Subs. Var. Description

A LCI lane change intention

own lane:

B ep1
existence of Vp1

Y T −1
tc,p1

inverse time to collision to Vp1

Z Cown lane contentedness

adjacent lane:

C ep1,adj existence of Vp1,adj

X T −1
tc,p1,adj inverse time to collision to Vp1,adj

W Cadj lane contentedness

Figure 3.4: Simplified Bayesian network to recognize a driver’s lane change intention
(LCI). Continuous variables are represented as round nodes, discrete variables are plotted
as squares. Clear nodes depict variables that are always observed, gray nodes refer to
variables that are usually hidden.

3.2.2 Conditional Probability Distributions

While the BN graph structure G describes the structure of the probabilistic relationship
between the network’s variables, the conditional probability distributions (CPD) quantify
the variables’ dependencies.

In general, many different types of CPD exist that can be employed in Bayesian networks,
but whether a particular type of CPD is suited to describe the probabilistic relationship
between a specific node and its parents depends on the cardinality of the involved nodes,
which is the node the CPD is defined for itself and its parents. In the following the CPD
types used in the BN of this thesis are described, which are also the ones most commonly
used for BN in the literature. An overview of the employed CPD is given in Figure 3.5.

A tabular conditional probability distribution (also called conditional probability table,
CPT) is used to model the relationship between a discrete node and its pure discrete
parents (Koller, Friedman, 2009, pp. 157 sq.). The table has as many parameters θ

as there are state combinations of the discrete node in junction with its parents, that is
| val(Par(C))| · | val(C)|, e.g. 2n when there are n all binary valued nodes involved. In
practice the number of independent parameters needed to be stored in the table is lower
because of the requirement that all conditional probabilities must sum to 1 (see the grayed
out parameters in the example shown in Figure 3.5), but this saving is not significant.

In case of a continuous node that has only discrete parents, for each state combination
of the discrete parents the first two statistical moments θ = {µ, σ} (i.e., µ = E[X] and
σ2 = E[X2]− E[X]2) of the Gaussian normal distribution with

N (Z; µ, σ2) =
1√

2πσ2
︸ ︷︷ ︸

p

exp

(
−(z − µ)2

2σ2

)
(3.13)

are stored in a table, whereby the term indicated by p is a normalizing constant to assure
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Figure 3.5: CPD types used depending on the cardinality of nodes.
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∫
zN (Z; µ, σ2) = 1. Consequently it is

P(Z | Par(Z) = a) = N (Z; µa, σ2
a). (3.14)

According to (Lerner, 2002) the Gaussian distribution is a convenient choice as a CPD,
because Gaussian distributions arise naturally in many real-world domains and the family
of Gaussians is mathematically closed under operations such as summation, multiplication
and conditioning. Two exemplary parameterizations of a Gaussian normal distribution are
shown in Figure 3.6a. In (Murphy, 1999) a table of Gaussians is called a conditional
Gaussian (CG) model.
For a continuous node with all continuous parents a so-called linear Gaussian (LG) model
is employed (Koller, Friedman, 2009, pp. 186 sqq.). In a LG model the distribution
of a continuous variable is a linear function of its continuous parents with Gaussian noise,
which is

P(Z | Par(Z) = s) = N (Z; µ0 + wTs
︸ ︷︷ ︸

µ

, σ2) (3.15)

with w being the coefficient vector of the linear combination of the continuous parents’
values s. The variance σ does not depend on s.
If a continuous node has both continuous and discrete parents, a table with a LG model for
each state combination of the discrete parents can be specified. In (Koller, Friedman,
2009, p. 190) this is called a conditional linear Gaussian (CLG) model. If all discrete
variables of a CLG are given, then the CPD of the continuous variable is reduced to a LG
distribution.
Note that for the case of no continuous parents (i.e., S = ∅) the CLG CPD simplifies to
a CG CPD, while for the case of no discrete parents one can think of the CLG CPD as a
1× 1 table, which corresponds to a LG CPD. Therefore the CLG CPD is a generalization
of both the LG and CG CPD.
When a discrete node depends on continuous parents, a logistic or softmax distribution
(sometimes also called multinomial logistic regression) can be used which "soft thresholds"
the node’s state given the continuous parents. In case of a linear decision boundary hy-
pothesis the probability of a discrete node C being in a certain state cj given all values s

of its continuous parents S = Par(C) ∩ Γ is given by

P(C = cj | Par(C) = s) = S(cj ; b, w) =
exp(bj + wT

j s)
∑K

k=1 exp(bk + wT
k s)

, (3.16)

where wj is the normal vector to the j’th decision boundary, bj is its offset and K =
| val(C)|. As it has to be

∑
j P(cj | par(C)) = 1 there are K − 1 independent parameters

θ = {b, w}, which is why often the K’th parameters are fixed (bK = 0, wK = 0).
Two exemplary parameterizations of a softmax distribution are shown in Figure 3.6b. In
(Lerner et al., 2001) it is referred to these models as CD (continuous-discrete) CPD.
Again, if the discrete node also has discrete parents, a table with a softmax function for
each state combination of the discrete parents can be specified. This will be called a
conditional softmax or CCD CPD. A CCD CPD also generalizes a CD CPD, as for the
case of no discrete parents the CCD CPD is simply a 1 × 1 table with a single CD CPD
in it.
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Figure 3.6: Exemplary parameterizations of a Gauss normal and a softmax distribution.

All described CPD types are already implemented in the Bayes net toolbox (BNT) for
Matlab (Murphy, 2001). For an efficient implementation additionally a so-called root
CPD exists, which has no parameters and therefore can be used for nodes that are always
observed and have no parents.

3.3 Inference in Bayesian Networks

Many different algorithms exist to run inference in a Bayesian network, which means
entering evidence for nodes that can be observed and querying the probability of nodes’
values that are of interest. This often means computing P(Q | e) with a set of query
variables Q and the observations or evidence E = e.

On a high level, existing inference algorithms can be divided into exact and approximate
algorithms. While exact inference algorithms give an exact answer to a probabilistic query,
approximate algorithms are used when exact inference is intractable. They are often based
on stochastic sampling approaches, practically leading to a long time needed to converge
while only giving an approximate answer to a probabilistic query. Therefore approximate
inference methods are not suited for most real-time applications.

The majority of approaches to exact inference in BN found in the literature consider the
case of inference in pure discrete Bayesian networks, for example the popular clique tree
algorithm by (Lauritzen, Spiegelhalter, 1988) which is based on variable elimination
as described in (Bertele, Brioschi, 1973). However, many important real-world appli-
cations are both in the continuous and discrete domain, which also holds for the task of
inferring the probability of a maneuver intention in the BN presented in subsection 3.2.1.
While the LCI node as well as variables indicating the existence of vehicles or lanes are
discrete in nature, most features characterizing the current traffic situation, e.g. the inverse
time to collision or time headway, are continuous valued.

Indeed the continuous variables of the network could be converted to the discrete domain
by discretization, but this compulsorily leads to a loss of information. Moreover, when
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partitioning the variables’ continuous domain into a large number of subsets to reduce the
information loss during discretization, this unfortunately leads to an increasing complexity
of exact inference, because the size of the CPT in the BN grows exponentially with the
number of states of each variable.

Another criteria when choosing an inference algorithm is the temporal aspect of the BN.
While the network presented in subsection 3.2.1 is a static BN that deals with static dis-
tributions, a model can also be defined as temporal BN to represent stochastic processes,
which is called a dynamic Bayesian network (DBN). While in general every DBN can be
converted to a static BN by unrolling it in time (making all inference algorithms applica-
ble in theory), in practice the application of exact inference algorithms to DBN is often
intractable because of the size of the unrolled network.

In this thesis the inference algorithm presented in (Lerner et al., 2001; Lerner, 2002) is
used, which falls into the category of exact methods (although approximate marginalization
is employed, which will be described later on). It is based on the clique tree algorithm, but
(Lerner, 2002) proposes extensions which make it applicable to run inference in a static
hybrid Bayesian network. The clique tree algorithm again is based on variable elimination,
which will be described in the following before the clique tree algorithm for hybrid Bayesian
networks is described in detail.

3.3.1 Variable Elimination

The variable elimination (VE) algorithm is an algorithm for exact inference in a Bayesian
network (Bertele, Brioschi, 1973; Zhang, Poole, 1994). Its basic concept is to make
use of the network’s structure, which implicates conditional independence assertions and
therefore allows for a factorization of the joint distribution over all variables in the network.
This again facilitates to evaluate sub-expressions of the joint distribution depending only
on a smaller number of variables first and to save the sub-expressions’ results for later use.
These intermediate results are also called factors, whereby a factor φ(X) over the scope X

in general is defined to be a function φ : val(X) 7→ R (Koller, Friedman, 2009, p. 104,
p. 296).

The procedure of variable elimination corresponds to performing dynamic programming

(Koller, Friedman, 2009, p. 296). To describe the basic concept of it subsequently with-
out going too much into detail, it is assumed that all required operations on factors (which
are their initialization, the extension/reduction of their scope, multiplication/division, and
marginalization) can be performed even in hybrid BN, although originally they have only
been defined for pure discrete BN. The representation of factors and a detailed description
of the required operations will be given in subsection 3.3.3.

A probabilistic query on the network can be carried out by marginalization, which means
integrating (or in case of a discrete domain summing) over all variables different from the
query in the joint distribution. Here Σ is used as the marginalization operator. For the
example of the network shown in Figure 3.4, if the marginal probability distribution of A
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shall be computed, then this means computing

P(A) =
∑

b,c,w,x,y,z

P(A, b, c, w, x, y, z). (3.17)

According to the conditional independence given by the structure of the Bayesian network
the chain rule (Equation 3.12) can be applied, which leads to

P(A) =
∑

b,c,w,x,y,z

P(b) P(c) P(x) P(y) P(z | b, y) P(w | c, x) P(A |w, z). (3.18)

In the following each of the terms in Equation 3.18 is named a factor φ, and it can be
seen that inference in the given BN means multiplying seven factors together, resulting
in a large factor over all seven variables A, B, C, W, X, Y, Z. In general, for any given BN
this means that a factor over all variables in the BN is generated whose size is exponential
in the number of variables. This makes this form of inference intractable in large BN
(Koller, Friedman, 2009). But fortunately, by re-arranging the terms in Equation 3.18
the marginalizations can be pushed inside, which leads to

P(A) =
∑

w,z

(
P(A |w, z)

∑

c,x

(
P(c) P(x) P(w | c, x)

)∑

b,y

(
P(b) P(y) P(z | b, y)

))
. (3.19)

Starting from the inside, at first P(b), P(y) and P(z | b, y) are represented as factors φb(b),
φy(y) and φz(b, y, z). Multiplying these factors gives a new factor φ1(b, y, z), which leads
to

P(A) =
∑

w,z

(
P(A |w, z)

∑

c,x

(
P(c) P(x) P(w | c, x)

)∑

b,y

(
φ1(b, y, z)

))
. (3.20)

Performing the marginalization of B and Y generates a factor φ2 which is independent of
B and Y , so

P(A) =
∑

w,z

(
P(A |w, z)

∑

c,x

(
P(c) P(x) P(w | c, x)

)
φ2(z)

)
. (3.21)

The eliminated variables B and Y will not appear in the following computations anymore.
This early elimination of variables is the key to avoid the generation of exponentially large
factors.

The same elimination can be done for C and X, so P(c), P(x) and P(w | c, x) are first
represented as factors φc(c), φx(x) and φw(c, w, x) and next multiplied together, resulting
in a factor φ3(c, w, x). With φ3 the marginal probability of A can be written as

P(A) =
∑

w,z

(
P(A |w, z)

∑

c,x

(
φ3(c, w, x)

)
φ2(z)

)
. (3.22)

The marginalization of φ3 eliminates C and X, thus leading to a factor φ4(w), so

P(A) =
∑

w,z

(
P(A |w, z)φ4(w)φ2(z)

)
. (3.23)
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φ1(b, y, z)
φ2(z)

φ5(A, w, z)
φ4(w)

φ3(c, w, x)

φ6(A)

P(b) P(y)

P(z | b, y)

P(A |w, z) P(c) P(x)

P(w | c, x)

Figure 3.7: Illustration of the variable elimination algorithm for the BN shown in Fig-
ure 3.4.

Continuing the process yields φ5(a, w, z) = P(A |w, z)φ4(w)φ2(z), which after marginaliz-
ing W and Z finally leads to the queried marginal probability P(A). To summarize, the
following computations have been carried out:

φ1(b, y, z) = P(b) P(y) P(z | b, y) (3.24)

φ2(z) =
∑

b,y

φ1(b, y, z) (3.25)

φ3(c, w, x) = P(c) P(x) P(w | c, x) (3.26)

φ4(w) =
∑

c,x

φ3(c, w, x) (3.27)

φ5(A, w, z) = P(A |w, z)φ4(w)φ2(z) (3.28)

φ6(A) =
∑

w,z

φ5(A, w, z) (3.29)

This elimination process (which is shown graphically in Figure 3.7) allowed to do inference
over the joint distribution without ever generating it explicitly. Compared to the factor
over all seven variables in Equation 3.18, the early elimination of variables led to factors
of maximally three variables, which reduces the effort of the marginalization process and
therefore minimizes the complexity of the variable elimination algorithm. But in general
the size of the factors depends on the order in which the variables are eliminated. Although
some simple greedy heuristics exist to choose an effective elimination order, finding the
optimal order is NP-hard (Kjaerulff, 1990; Koller, Friedman, 2009). Moreover,
depending on the network structure even the optimal elimination order can lead to factors
which are exponential in the size of the BN, in which case exact inference can become
intractable. But fortunately, in many real-world applications an effective elimination order
can be found.

Another downside of the variable elimination algorithm is that all presented computations
that are needed to find the marginal probability of A need to be carried out again for the
inference of any other queried variable. To overcome this the clique tree algorithm (which
is based on variable elimination) has been invented. It will be described in the next section.
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B, Y , Z Z A, W, Z W C, W, X

C1 C2 C3
S1:2 S2:3

(root) clique
separator

Figure 3.8: Clique tree induced by the variable elimination illustrated in Figure 3.7.

3.3.2 Clique Tree Algorithm

The algorithm most frequently used for exact inference in the literature is the clique tree
algorithm (also known as junction tree, cluster tree or join tree algorithm) (Lauritzen,
Spiegelhalter, 1988). It basically is a variant of the variable elimination algorithm,
but it is more efficient when computing more than just one marginal probability of the
network’s variables. More precisely, using the clique tree algorithm multiple marginals
can be computed while performing at most twice as many computations as are needed
for the marginalization of one variable using the variable elimination algorithm (Koller,
Friedman, 2009, p. 358). This does not only reduce the computational complexity when
querying variables during inference, but also during training when using the expectation
maximization algorithm, which will be discussed in section 5.3.
The clique tree algorithm is based on a graph representation. This graph can be seen as
being induced by the variable elimination algorithm. Each node in the graph represents a
set of variables involved in a factor multiplication. This set of variables is called a cluster

or clique, denoted by C, and the resulting factor that gets associated to the clique is called
a potential, denoted by ΦC . An edge in the graph corresponds to the set of variables
remaining after marginalizing out variables from a factor, which are the variables that the
two cliques that get connected by the edge have in common. An edge in the clique tree
is also called separator and is denoted by S, the factor of the edge is denoted by ΦS and
called a sepset. The weight of a clique is defined to be the number of values that it can
take on, which is the product of the cardinalities of all nodes being entailed. Thereby the
cardinality of a continuous variable is defined to be 1.
The graph is called a cluster graph, and it has some important properties:

• Tree structure: The graph has the structure of a tree, meaning that it has no
cycles and every path from a clique Ci to Cj is unique. It is therefore also called a
clique tree.

• Family preservation property: The family preservation ensures that each family
of a node X in the BN is a subset of the scope of some clique Ci in the clique tree,
i.e., Fam(X) ⊆ Ci.

• Running intersection property: The running intersection property (RIP) guar-
antees that when a variable X is entailed in the cliques Ci as well as Cj, then it is
also entailed in all cliques in the (unique) path from Ci to Cj . On the other hand,
if it is entailed in Ci but not in Cj, then it will also not be entailed in any clique
subsequent to Cj.
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An example of a clique tree induced from the variable elimination procedure of Figure 3.7
is shown in Figure 3.8. But the clique tree algorithm also includes a procedure to derive
the graph from the structure of a BN directly. This will be described in subsection 3.3.4.

Again, since the representation of factors (the clique potentials and sepsets) is not yet
introduced, for the subsequent description of the general inference process in a clique tree
it is assumed that all required operations on factors (initialization, multiplication/division,
scope extension/reduction, and marginalization) are well defined.

After constructing the clique tree the clique potentials get initialized with the product of
the clique nodes’ CPD, but each CPD must only be incorporated into the tree once. This
is why every variable of the BN gets associated to exactly one clique that also entails the
respective node’s parents (in case of multiple qualified cliques the one with the lowest effect
in terms of absolute size or increased computational complexity is chosen). The variable’s
assignments are indicated in the clique tree by underlining the variables associated to the
respective clique. For example, in Figure 3.8 the variable Z is entailed in C1 as well as
C2, but it gets associated to C1 because it is the only clique that also entails the parents
of Z. Moreover, (Murphy, 1999) suggests to only create the initial clique potentials
after incorporating any evidence into the respective CPD, which is more efficient and lets
observed nodes only contribute a constant factor (namely the variable’s observed outcome)
to the value of the potential. The clique potentials therefore only have to be defined on
the hidden nodes.

The process of marginalizing potentials to obtain the sepsets and multiplying the sepsets
onto neighboring potentials in the clique tree is called message passing. First, messages
(i.e., factors) get passed from the leaves up to the root, which is also called the collect

evidence phase or upward pass. Thereby the root is (at least for now) the clique that entails
the queried variable in the variable elimination algorithm, which was A when describing
the VE process for the exemplary Bayesian network in Figure 3.7. Consequently, here C2

is chosen to be the root of the clique tree and the upward pass corresponds to sending a
message from C1 to C2 as well as from C3 to C2. After the upward pass, which is analog to
the computations in the variable elimination algorithm, the clique C2 has the correct joint
distribution over the variables of its scope and A can be marginalized from its potential.

However, the main advantage of the clique tree algorithm is, that after executing the collect
evidence phase a second message passing run can be executed, this time from the root to
the leaves (here: from C2 to C1 and from C2 to C3). This is also called the distribute

evidence phase or downward pass. After each leaf has received a message from the root the
tree is calibrated, meaning that all cliques agree on the same marginal distribution of any
variable they share (Koller, Friedman, 2009, pp. 355 sqq.). Running message passing
again would not change the clique distributions anymore. This reveals the effectiveness of
the clique tree algorithm: After carrying out at most twice as many computations as in a
single run of variable elimination the marginal probability of any variable can be computed
from any clique with the variable in its scope.

Finally an important question has to be answered: How are the factors (i.e., the clique
potentials and sepsets) represented in a hybrid Bayesian network so that all the operations
can actually be performed?
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3.3.3 Representation of Factors

For the ability to run message passing in the clique tree, all potentials and sepsets need
to be represented using the same type of probability distribution. Therefore the type of
distribution that can be used for the representation of factors in a hybrid BN is the least
common ancestor in the type hierarchy of all nodes whose CPD get incorporated into the
tree during initialization. These are all hidden nodes of the network if the evidence is
taken into account before initialization, as suggested by (Murphy, 1999). For example, if
all hidden nodes are in the discrete domain, the type of distribution for the potentials is a
discrete probability table, also called a discrete factor. If all hidden nodes are represented
by a Gaussian distribution, then the clique potentials can be represented as Gaussian
factors. However, if there are both discrete and continuous hidden nodes, then the potential
representing the joint distribution over the involved nodes needs to be a table of Gaussians
with one entry for each instantiation of the discrete variables, which is called a conditional
Gaussian factor.

Discrete Factors

A discrete factor over the all discrete variables D can be represented as a probability table
with as many entries as there exist state combinations (also called instantiations) of all
discrete variables, which is denoted by | val(D)|. In the following the required operations on
discrete factors are described according to (Murphy, 1999; Koller, Friedman, 2009).

Initialization

A discrete factor can be initialized as "empty" by setting all its entries to 1. Multiplying
or dividing by such a factor has no effect.

Initializing a discrete factor from a node’s CPT is achieved simply by inheriting the pa-
rameters from the CPT.

Multiplication and Division

The product (or quotient) of two discrete factors is computed by multiplying (dividing)
all entries with matching instantiations. Thereby it is defined 0 / 0 = 0. The result of the
operation is a factor whose scope is extended implicitly. For example, the multiplication
of two factors φ1(A, B) and φ2(B, C) results in a factor φ3(A, B, C), see Figure 3.9.

A B P(A, B)

a1 b1 θφ1 1,1
a1 b2 θφ1 1,2
a2 b1 θφ1 2,1
a2 b2 θφ1 2,2︸ ︷︷ ︸

θφ1

B C P(B, C)

b1 c1 θφ2 1,1
b1 c2 θφ2 1,2
b2 c1 θφ2 2,1
b2 c2 θφ2 2,2︸ ︷︷ ︸

θφ2

=

A B C P(A, B, C)

a1 b1 c1 θφ1 1,1 · θφ2 1,1
a1 b1 c2 θφ1 1,1 · θφ2 1,2
a1 b2 c1 θφ1 1,2 · θφ2 2,1
a1 b2 c2 θφ1 1,2 · θφ2 2,2
a2 b1 c1 θφ1 2,1 · θφ2 1,1
a2 b1 c2 θφ1 2,1 · θφ2 1,2
a2 b2 c1 θφ1 2,2 · θφ2 2,1
a2 b2 c2 θφ1 2,2 · θφ2 2,2

Figure 3.9: Discrete factor multiplication.
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Scope Extension

Because the scope of a factor is extended implicitly when multiplying two factors over an
intersecting set of variables, there is in general no need to extend the scope of a discrete
factor explicitly. Nevertheless, extending the scope would be possible by multiplication
with an "empty" factor whose scope is the union of the original scope and the scope by
which the factor shall be extended. This corresponds to duplicating the table entries for
the instantiations of the added variables.

Incorporating Evidence

When entering evidence E = e into an existing discrete factor, all entries of the table
being inconsistent with the evidence get eliminated and the remaining probabilities are re-
normalized to fulfill the requirement of the joint probability summing to 1. For example,
suppose the factor φ(A, B) represents a probability distribution over the binary variables
A and B. When entering the evidence B = b2, all table entries with B 6= b2 are eliminated
and the remaining entries in the resulting factor φ′(A) are divided by the sum of the
remaining probabilities. This process is illustrated in Figure 3.10.

It can be seen that the size of the discrete factor is reduced after incorporating the evi-
dence. To avoid that large factors are created only to be reduced again as soon as evidence
is incorporated, (Murphy, 1999) suggests to already account for any evidence while ini-
tializing the factor (as already mentioned before). This way the discrete factor only takes
the value of the observed outcome.

AAA BB P(A, B)

a1 b1 θ1,1

a1 b2 θ1,2

a2 b1 θ2,1

a2 b2 θ2,2

P(A, b2)

a1 b2 θ1,2

a2 b2 θ2,2

P(A | b2)

a1 θ1,2/
∑

i θi,2

a2 θ2,2/
∑

i θi,2

Figure 3.10: Discrete factor reduction due to incorporating evidence.

Marginalization

Marginalizing a variable A from a factor over the discrete variables A, B is defined as

φ(B) =
∑

a

φ(A, B), (3.30)

which sometimes is also called summing out a variable from a factor, because it corresponds
to the summation of all entries with a matching instantiation of the variables that shall
remain in the factor. In other words, it is summed over all entries of the table for that only
the variable to be marginalized has a different value. For the example of marginalizing A

from a factor φ(A, B) of the binary variables A and B this means summing all entries with
the same value for B, namely b1 and b2. This is illustrated in Figure 3.11.
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A B P(A, B)

a1 b1 θ1,1

a1 b2 θ1,2

a2 b1 θ2,1

a2 b2 θ2,2

B P(B)

b1

∑
i θi,1

b2

∑
i θi,2

Figure 3.11: Discrete factor marginalization.

Gaussian Factors

If all hidden nodes are represented by a Gaussian distribution, then the clique potentials can
also be represented as Gaussians. In this case a multivariate Gaussian normal distribution
as a generalization of the univariate Gaussian normal distribution (see Equation 3.13) is
defined as

P(X) = N (X; µ, Σ) =
1

(2π)n/2 det(Σ)1/2
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, (3.31)

whereby n is the dimension of X , µ is the mean vector of size n with µ = E[X] and
Σ = E[XXT] − E[X]E[X]T is the symmetric positive-definite covariance matrix of size
n× n.

Following (Koller, Friedman, 2009, p. 609), reformulating the moment form of the
Gaussian in Equation 3.31 to

N (X; µ, Σ) = exp
(
−1

2
µTΣ−1µ− log

(
(2π)n/2 det(Σ)1/2

)

︸ ︷︷ ︸
g

+ µTΣ−1

︸ ︷︷ ︸
hT

x− 1
2
xT Σ−1

︸ ︷︷ ︸
K

x

)

(3.32)
leads to the representation of the normal distribution in the canonical form (also called
quadratic or natural form) with

C (X; K, h, g) = exp
(
−1

2
xTKx + hTx + g

)
. (3.33)

The canonical form can be converted to moment form (and vice versa) iff K is of full rank.
This implies that the canonical form is more general than Gaussians: The canonical form
is well defined even if K is not invertible, but it is not the inverse of a legal covariance
matrix (Koller, Friedman, 2009, p. 609). In the following the operations on canonical
forms as presented in (Koller, Friedman, 2009, pp. 610 sq.) are summarized.

Initialization

A canonical form can be initialized as "empty" factor by choosing K = 0, h = 0, g = 0.
Multiplying or dividing by such a canonical factor has no effect.

To initialize a canonical factor from a node’s LG CPD (see Equation 3.15) the following
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conversion can be applied (see (Murphy, 1999)):

K =
1

σ

[
wwT −w

−wT 1

]
(3.34a)

h =
µ

σ2

[
−w

1

]
(3.34b)

g =
−µ2

2σ2
− 1

2
log(2πσ2). (3.34c)

As K has not full rank it follows that it may not be possible to represent this initial
canonical factor as a Gaussian in moment form. But when multiplying the factor onto a
clique potential and running message passing in the clique tree the potential represents a
joint probability distribution, which according to (Murphy, 1999) can always be converted
to moment form.

Multiplication and Division

Two canonical forms with the same scope can be multiplied (divided) easily by summing
(subtracting) its parameters individually:

C(K1, h1, g1) · C(K2, h2, g2) = C(K1 + K2, h1 + h2, g1 + g2) (3.35)

C(K1, h1, g1) / C(K2, h2, g2) = C(K1 −K2, h1 − h2, g1 − g2) (3.36)

Scope Extension

A canonical form can be extended to a superset of the variables it has been defined for
originally by simply increasing the dimensions of K and h and initializing the extra entries
with zeros. For example, if two factors φ1(X, Y ) = C1(X, Y ; K1, h1, g1) and φ2(Y, Z) =
C2(Y, Z; K2, h2, g2) shall be multiplied, then their scope first has to be extended to the
same variables. For the canonical forms

C1(X, Y ;

[
K1,XX K1,XY

K1,Y X K1,Y Y

]
,

[
h1,X

h1,Y

]
, g1) and

C2(Y, Z;

[
K2,Y Y K2,Y Z

K2,ZY K2,ZZ

]
,

[
h2,Y

h2,Z

]
, g2)

this means that they both have to be defined over X, Y and Z, which leads to

C1(X, Y, Z;




K1,XX K1,XY 0
K1,Y X K1,Y Y 0

0 0 0


 ,




h1,X

h1,Y

0


 , g1) and

C2(X, Y, Z;




0 0 0
0 K2,Y Y K2,Y Z

0 K2,ZY K2,ZZ


 ,




0
h2,Y

h2,Z


 , g2).

The result of the multiplication is then a factor φ3(X, Y, Z) with

C3(X, Y, Z;




K1,XX K1,XY 0
K1,Y X K1,Y Y + K2,Y Y K2,Y Z

0 K2,ZY K2,ZZ


 ,




h1,X

h1,Y + h2,Y

h2,Z


 , g1 + g2).
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Incorporating Evidence

Entering evidence Y = y in an existing Gaussian factor C(X, Y ; K, h, g) over the scope
{X, Y }, where

K =

[
KXX KXY

KY X KY Y

]
and h =

[
hX

hY

]
, (3.37)

results in C(X; K ′, h′, g′) with

K ′ = KXX (3.38a)

h′ = hX −KXY y (3.38b)

g′ = g + hT
Y y − 1

2
yTKY Y y. (3.38c)

But as mentioned before, following (Murphy, 1999) it is most efficient to initialize a factor
with evidence instead of incorporating evidence after the factor has been created or even
been multiplied onto a clique potential already. When evidence E = e is available for the
node whose CPD is converted to a canonical factor, then the canonical form simply takes
the values K = 0, h = 0, g = exp(e).

Marginalization

In general, marginalizing a variable X from a factor over the continuous variables X, Y is
defined as

φ(Y ) =
∫

x
φ(X, Y ). (3.39)

But unfortunately the marginalization operation is not always defined on canonical forms.
Let C(X, Y ; K, h, g) be a canonical form over {X, Y } according to Equation 3.37, then
the marginalization

∫
Y C(X, Y ; K, h, g) is only valid if KY Y is positive definite. If it is,

then the result of the marginalization is a canonical form C(X ; K ′, h′, g′) with

K ′ = KXX −KXY K−1
Y Y KY X (3.40a)

h′ = hX −KXY K−1
Y Y hY (3.40b)

g′ = g + 1
2

(
log |2πK−1

Y Y |+ hT
Y K−1

Y Y hY

)
. (3.40c)

But (Lerner, 2002, p. 57) shows that during message passing in a clique tree the required
marginalization operations can always be executed: The need to marginalize comes up
when sending a message from Ci (involving the variables X i) to clique Cj (containing the
variables Xj), so to obtain the sepset the clique potential ΦCi

(X i) needs to be marginalized
over the variables Y = X i−X j. Due to the sequential message passing along the edges of
the clique tree, when sending a message to Cj the clique Ci has already received messages
from all its neighbors (except for Cj), thus according to the running intersection property
of the clique tree all the factors which contain Y in their domain were already multiplied
onto Ci. Let C(Xi; K, h, g) denote the canonical form of the clique potential Ci just
before sending the message to Cj, and let C(Xi \ Y ; K, h, g) denote the correct marginal
distribution over Ci, then it holds KY Y = K ′

Y Y , which means the submatrices of K and
K ′ for Y are the same. Since the marginal distribution of Ci is a Gaussian, K ′ is positive
definite, which implies that also K ′

Y Y and consequently KY Y are positive definite, so the
marginalization operation is possible.
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Conditional Gaussian Factors

For the task of inference in a hybrid Bayesian network with both hidden discrete and
hidden continuous variables, the rich representation of factors as table of canonical forms
is employed. This so-called conditional Gaussian (CG) representation can be seen as the
parent of tabular and Gaussian factors in the type hierarchy of factor representations
(Murphy, 1999). A CG factor can be employed even without the existence of discrete
variables (i.e., D ⊆ ∆ = ∅); it then represents only a single canonical form over the
continuous variables. On the other hand, if the network is purely discrete (X ⊆ Γ = ∅),
then the parameters Ki and hi of every discrete variables’ instantiation are equal to zero
and the factor takes the form of exp(gi) for every φ(D = di).

Following (Murphy, 1999; Lerner, 2002; Koller, Friedman, 2009), the subsequent
definitions of all required operations on factors show, that CG factors are a natural gen-
eralization of the operations defined on both tabular and Gaussian factors, but there are
two exceptions: the marginalization of discrete variables and the incorporation of (C)CD
CPD.

Initialization

Initializing an "empty" conditional Gaussian factor is achieved by initializing an "empty"
Gaussian factor in canonical form (K = 0, h = 0 and g = 0, like described before) for
every instantiation of the discrete variables in the factor’s scope.

The initialization of a conditional Gaussian factor from a CPD is defined as initializing a
canonical Gaussian factor for every state combination of the discrete nodes in the scope
of the factor with respect to the CPD it is initialized from. In particular, a CLG CPD is
converted to a conditional Gaussian factor by initializing each table entry of the factor from
the corresponding LG model of the CPD analogously to the initialization of a Gaussian
factor from a CPD. But there is one important exception: A conditional Gaussian factor
can not directly be initialized from a CCD CPD when no evidence is given for the respective
node itself or for its parents’ values.

When a clique contains a discrete, unobserved node A with n continuous parents X and
no evidence for Par(A) is available, then initializing the clique’s potential entails the mul-
tiplication of a CD CPD (i.e., a softmax function) with a Gaussian, which is not defined
in closed form. But following (Lerner, 2002, pp. 145 sq.) the product of a softmax and
a Gaussian can be approximated as a Gaussian by

µa = E[X |A = a] =
∫ ∞

−∞
x P(x |A = a) dx

=
1

P(A = a)

∫ ∞

−∞
x P(A = a |x) P(x) dx (3.41a)

Σa = E[X2 |A = a] =
∫ ∞

−∞
x2 P(x |A = a) dx

=
1

P(A = a)

∫ ∞

−∞
x2 P(A = a |x) P(x) dx (3.41b)
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with the marginal distribution of A as

P(A = a) =
∫ ∞

−∞
P(A = a |x) P(x) dx. (3.42)

This approximation is exact in terms of the first two statistical moments, but there are two
difficulties when evaluating Equation 3.41a and 3.41b: First, during the initialization of
the clique potentials the factors do not represent integrable distributions, i.e., the marginal
distribution of X can not be obtained yet. The marginal can only be computed when the
clique is calibrated.
To overcome this, (Lerner, 2002) proposes to run a pre-calibration of the clique tree
without the incorporation of any (C)CD CPD first. In particular, it is suggested to multiply
all evidences for observed variables and all CPD of hidden variables onto the cliques they
were assigned to (except for the softmax node) and to run the up- and down-pass of the
calibration procedure.
After all cliques containing discrete nodes with continuous or hybrid parents have been
initially calibrated the (C)CD CPD are multiplied onto their corresponding clique poten-
tials using Equation 3.41. Finally, a complete up- and down-pass of the message passing
procedure has to be run to conclude the clique tree calibration.
Unfortunately, although after the pre-calibration phase the cliques have integrable dis-
tributions, (Lerner, 2002) emphasizes that in a hybrid BN the marginal distributions
that can be obtained from the cliques may be inaccurate. This is due to the fact that
conditional Gaussian factors are not closed under the operation of marginalizing discrete
variables, which may nevertheless be a required operation during message passing in the
pre-calibration phase. The details and a solution to avoid these inaccuracies are described
in the section regarding the marginalization operation on conditional Gaussian factors later
on.
The second difficulty when approximating the product of a softmax and a Gaussian is
that the n-dimensional integrals in Equation 3.41a and 3.41b can not be solved in closed
form. Therefore (Lerner, 2002, pp. 118 sqq.) proposes to use a numerical integration
procedure like Gaussian quadrature. The Gaussian-Hermite quadrature method can be
used to approximate integrals of the form

∫ b
a W (x)f(x) dx where W (x) is a nonnegative

function (here the Gaussian). The approximated solution of the integral is computed as a
weighted sum of n evaluations of the function, so

∫ b

a
W (x)f(x) dx ≈

n∑

j=1

wjf(xj). (3.43)

Multiplication and Division

Conditional Gaussian factors can be multiplied or divided by multiplying or dividing each
corresponding instantiation of the discrete variables. For example, the multiplication (or
division) of the two conditional Gaussian factors φ1(A, B, X, Y ) and φ2(B, C, Y, Z) leads to
a factor φ3(A, B, C, X, Y, Z), whereby φ3 has a canonical form for each instantiation of the
discrete variables A, B and C. The multiplication/division operation is performed between
the corresponding table entries, e.g. for a particular instantiation a, b, c the canonical form
is derived as a product of φ1(a, b) and φ2(b, c) (after extending their scopes respectively).
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(b) Collapsed Gaussian.

Figure 3.12: Comparison of a Gaussian mixture distribution and a collapsed Gaussian
distribution resulting from marginalization of a discrete binary variable in a conditional
Gaussian potential with 〈0.3, N (0, 2)〉 and 〈0.7, N (6, 5)〉.

Scope Extension

The domain of a conditional Gaussian factor can be extended by adding discrete variables
just like in tabular factors and continuous variables in every instantiation of the discrete
variables just like in Gaussian factors.

Incorporating Evidence

When evidence d on discrete observations arrives, a canonical table can be reduced by
instantiating the observations d, which means setting all entries in the table that are not
consistent with d to zero. Evidence on continuous values x is incorporated according to
Equation 3.38. But again, it is preferred to already take evidence e into account when
initializing the factor, in which case it takes the form K = 0, h = 0, g = exp(e).

Marginalization

For the marginalization of variables in a table of canonical forms it has to be distinguished
between marginalizing discrete and continuous variables. For marginalizing continuous
variables the operations stated in Equation 3.40 can be applied straight forward for every
instantiation of the discrete variables, i.e., for each entry in the table of canonical forms.
However, the family of canonical tables is not closed under discrete marginalization. One
way to marginalize discrete variables while maintaining the correct distribution over the
remaining variables is to enrich the conditional Gaussian forms to be mixtures of Gaussians.
Such a mixture of Gaussians over a set of discrete and continuous variables {D, X} can
be defined as

P(D, X) = 〈w, N (X; µ, Σ)〉 =
K∑

i=1

wiN (X ; µi, Σi) (3.44)

with K = | val(D)| and wi ∝ P(D = di) being the weight with whom the i’th normal
distribution contributes to the mixture. An example of the resulting distribution over the
continuous variable X when marginalizing a single discrete binary variable is shown in
Figure 3.12a.
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Unfortunately, it can be seen that the marginalized variables in fact are not eliminated from
the factor but rather they induce more components into the mixture of canonical forms.
This means that exponentially large factors are generated, again making the inference
process intractable. To overcome this, the resulting distribution can be approximated
using a single Gaussian by collapsing the Gaussian mixtures with

µ = E[X] =
K∑

i=1

wiµi, (3.45a)

Σ = E[X2] =
K∑

i=1

wiΣi +
K∑

i=1

wi(µi − µ)(µi − µ)T. (3.45b)

This approximation, which is also called weak marginalization, is defined iff the canonical
forms can be represented as Gaussians. Compared to the exemplary mixture of Gaussians
in Figure 3.12a the corresponding collapsed Gaussian distribution is plotted in Figure 3.12b.

Although it can be shown that the approximation in Equation 3.45 preserves the first two
statistical moments (means and covariances) of the original distribution (see (Lerner,
2002, pp. 63 sq.)), the quality of the approximation clearly depends on the nearness of the
mixture densities to a single Gaussian distribution, so when the distance between the means
of the original Gaussians is high the approximation can be quite bad. However, the need
for weak marginalization when running the clique tree algorithm can be reduced by adding
all discrete variables to the root clique. Due to the running intersection property the clique
tree is then characterized by having a so-called strong root, because weak marginalization
(i.e., the collapsing of modes) can be completely avoided during the collect evidence phase
of the message passing.

But as (Lerner et al., 2001) states, the risk of weak marginalization also imposes another
requirement on the clique compositions regarding the initialization of (C)CD CPD: As
described before, in the clique tree the CPD are assigned uniquely to a clique entailing
the respective node’s family. This means, that a (C)CD CPD has to be inserted into a
clique containing the node itself and its parents using the approximation stated in Equa-
tion 3.41, but because the original junction tree algorithm can not preclude that modes
of the continuous parents have been collapsed beforehand during pre-calibration (again
causing inaccuracies), not only the node’s parents but also all discrete nodes making for a
multi-modal state of the node’s continuous parents have to be entailed in the clique that
the CD CPD is assigned to. Therefore any (C)CD CPD is always inserted into the (strong)
root clique, which already contains all discrete nodes and only the node’s parents have to
be added (if they are not already a part of the root).

Of course, requiring a strong root results in larger clique sizes and therefore the algorithmic
complexity is increased, but fortunately, when incorporating evidence before initializing
the clique potentials as suggested by (Murphy, 1999), the effective size of a factor is
determined only by the number of hidden nodes it contains. This means that observed
discrete nodes can be added to cliques and sepsets without extra costs, still making this
procedure applicable to many real world problems.
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3.3.4 Clique Tree Construction

While the exemplary clique tree shown in Figure 3.8 has been induced by the variable elim-
ination algorithm described in subsection 3.3.1, the original clique tree algorithm presented
in (Lauritzen, Spiegelhalter, 1988) also introduces a graph manipulation method to
construct a clique tree from a Bayesian network directly. However, the original clique tree
algorithm can not handle inference in hybrid Bayesian networks due to weak marginal-
ization that may occur depending on the graph structure and the undefined operation
of multiplying a softmax with a Gaussian distribution. To overcome this, extensions to
the original clique tree algorithm have been proposed by (Murphy, 1999; Lerner et al.,
2001; Lerner, 2002), which have already been described in the previous section when
introducing the representation of factors.
In the following the graph manipulations to construct a clique tree from the structure of a
Bayesian network are outlined, already taking into account the requirements on the clique
compositions to deal with hybrid BN:

1. The original graph structure G of the BN gets moralized, which means all parents
become connected and the directionality of the arcs is dropped. The result is a
moral graph GM . Figure 3.13a shows the moralized graph for the exemplary Bayesian
network shown in Figure 3.4.

2. The moralized graph GM gets triangulated, which means that a shortcut for any cycle
of length greater than 3 is inserted. This can be achieved by iterating through the
graph’s nodes in the order of some elimination order π and virtually eliminating
each node from the graph. During each elimination step, all neighbors of the node to
be eliminated become connected. This results in a triangulated or chordal graph GT

which has the property of being decomposable into partly independent components,
namely the cliques (Lauritzen, Spiegelhalter, 1988).

In (Kjaerulff, 1990; Koller, Friedman, 2009) heuristics to find an efficient
elimination order are presented, because finding the optimal order π∗ (i.e., the order
which leads to a clique tree with minimal clique sizes) is in general NP-hard. More-
over, in order to avoid weak marginalization during the evidence collection phase of
the belief propagation, (Murphy, 1999) proposes to eliminate all continuous nodes
before any discrete ones. This leads to a so-called strong triangulation and guaran-
tees that the clique tree to be constructed has a strong root. Requiring the clique
tree to have a strong root increases the accuracy of the inference process at the cost
of a higher algorithmic complexity (because of increased clique sizes).

It can be seen that for the exemplary BN the moralized graph GM is already tri-
angulated, but it does not provide a strong root. Instead, strong triangulation can
be achieved with the elimination order π = {X, Y, W, Z, A, C, B}, which as a side
condition minimizes the number of inserted edges (called minimum fill heuristic, see
(Kjaerulff, 1990)). This leads to the graph GT shown in Figure 3.13b.

3. Optionally: To assure that in the clique tree to be constructed the potentials with
some (C)CD CPD associated to it represent the true, uncollapsed distribution over
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Figure 3.13: Graph manipulations needed to build a clique tree from the exemplary
hybrid BN shown in Figure 3.4.

the continuous variables of its scope after pre-calibration, all discrete neighbors of
the clique’s so-called continuous connected component need to be in the same clique.
Thereby a continuous connected component is the set of continuous variables XC =
ccc(Xi) such that there exists a connection of every two variables Xi, Xj ∈ XC via
only continuous variables in the moralized graph (see Figure 3.13c). The discrete

neighbors of XC (denoted as dn(XC)) constitute the set of discrete variables that is
adjacent to some variable in XC . By connecting all dn(XC) with the family of the
(C)CD CPD nodes, all modes of the probability density will be represented in the
clique’s probability distribution correctly.

4. In the graph GT the maximal cliques C are defined to be the subsets of variables that
are completely connected and that are not a subset of another clique (i.e., no pair of
cliques Ci and Cj exists such that Ci ⊂ Cj).

5. The clique tree TC is constructed by connecting every pair of cliques Ci and Cj by
an edge with a sepset Si:j containing Ci ∩ Cj.

6. Finally, the (strong) root in TC is set to be the node containing all discrete nodes.
Thereby each (C)CD CPD gets uniquely associated to the root clique. Any other
node in G gets associated to the clique with the minimum weight, which is the clique
with the minimum product of discrete states of all discrete variables it contains.

The named modifications to the construction of the junction tree by (Lerner et al., 2001;
Lerner, 2002) have been implemented in the Bayes Net Toolbox (BNT) for Matlab

(Murphy, 2001). Pseudocode for this approach is shown in section A.1.

3.3.5 Inference

When it comes to the actual inference procedure and evidence e over a set of nodes E is
available, according to (Murphy, 1999; Lerner et al., 2001; Lerner, 2002) the modified
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(b) Clique tree derived from GT .

Figure 3.14: Clique tree for inference in hybrid BN obtained from the graph manipulations
described in (Lauritzen, Spiegelhalter, 1988; Murphy, 1999; Lerner et al., 2001;
Lerner, 2002).

clique tree algorithm proceeds as follows:

1. To start the inference process, all potentials ΦC and sepsets ΦS of the clique tree are
initialized as "empty" conditional Gaussian factors, i.e., they are initialized to their
identity element.

2. Any discrete node with at least one continuous parent is temporarily removed from
the clique tree TC due to the fact that a (C)CD CPD can only be multiplied onto a
clique potential ΦC when the tree is (pre-)calibrated. The result is a reduced clique
tree TC\S .

3. All CPD defined in the original BN (except for the (C)CD CPD) are converted to
conditional Gaussian factors and all available evidence is instantiated in these factors.

4. Every factor resulting from the conversion of a CPD gets multiplied onto the clique
potential it is associated to.

5. To pre-calibrate the tree, messages first get passed from the leaves towards the root
during the collect evidence phase. To do so, when sending a message from clique Ci to
Cj at first all variables in Ci that are not in Cj get marginalized from the potential
ΦCi

to obtain the sepset ΦSi,j
. This sepset is then multiplied onto the potential

ΦCj
. Afterwards a distribute evidence phase is executed, whereby it is important

to take into account that Cj has already received information from Ci. In order to
not double-count the information, which would lead to being overconfident about it,
when sending a message back from Cj to Ci the potential of Cj is first divided by the
sepset generated during the upward pass before the procedure is carried on usually.

6. After the clique tree has been pre-calibrated, the (C)CD CPD are inserted back into
the reduced clique tree TC\S to restore the original clique compositions of TC . As
suggested in (Lerner et al., 2001), this is achieved by approximating the product of
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a Gaussian and a softmax with a Gaussian as stated in Equation 3.41. Because no
closed form solution to solve the integrals exist, numerical integration (e.g. Gauss-
Hermite quadrature as used in (König, Rehder, Hohmann, 2017)) has to be
employed.

7. Now that the (C)CD CPD have been multiplied onto the cliques they are associated
to, the evidence in the tree is collected and distributed a second time to re-calibrate
the clique potentials. Afterwards each potential in the clique tree holds the (possibly
unnormalized) marginal of the joint probability distribution for the entire set of
variables it contains.

8. Finally, to obtain the marginal probability of a specific node, any calibrated potential
containing the queried variable can be marginalized.

The named modifications to the inference process of the junction tree algorithm by
(Lerner et al., 2001; Lerner, 2002) have been implemented in the Bayes Net Tool-
box (BNT) for Matlab (Murphy, 2001) in order to infer a driver’s maneuver intentions
via a hybrid BN as presented in the next section. The pseudocode for the implementation
can be found in section A.2.
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3.4 Bayesian Network for Recognizing Maneuver

Intentions

In Figure 3.15 the Bayesian network (BN) for the proposed lane change intention (LCI)
recognition approach is shown. In addition to the representation described in subsec-
tion 3.2.1, in this graph hexagon shaped nodes refer to sets of variables that may be
composed of both continuous and discrete variables (for the sake of a lucid graphic repre-
sentation).
The graph structure shows the discrete variable indicating a lane change intention on the
right. The LCI node has the three states lane change left, keep lane and lane change

right (denoted by LCL, KL and LCR in short). As already described, the lane change
intention in Pelops is generated from a comparison of the expected contentedness C on
the own lane to the expected lane contentedness values Cl and Cr on the neighboring
lanes respectively. The overall contentedness on an individual lane is again composed of
different contentedness factors. Eventually the different contentedness factors (which are
only shown for the own lane in Figure 3.15 as they repeat for the two adjacent lanes) again
depend on features characterizing the traffic situation with respect to surrounding traffic
participants like presented in section 3.1.
The contentedness factors that are being taken into account here are described subse-
quently. As it is not expedient to parameterize the CPD of the BN manually by a human
expert, machine learning techniques are used to learn the parameters quantifying the prob-
abilistic influence in the BN directly from data. This will be described in section 5.3.

Contentedness Cpre

The contentedness factor Cpre regards the nearness of at most two preceding vehicles Vp1

and Vp2
on the particular lane, see Figure 3.16a. Vehicles driving slow and close in front

reduce a driver’s contentment on that lane.
Cpre depends on the inverse time headway to Vp1

to express the nearness and the inverse
time to collision to Vp1

and Vp2
to characterize the relative dynamics to the preceding

traffic. Together with variables e indicating the lane’s and object vehicles’ existences all
features that Cpre depends on are

fCpre
= {T −1

hw,p1, T −1
tc,p1, T −1

tc,p2, elane, ep1
, ep2

}. (3.46)

Contentedness Csuc

The contentedness Csuc considers the nearness of a succeeding vehicle Vs1
(if any), see

Figure 3.16b. Vehicles approaching fast and tailgating the subject vehicle reduce the
contentment on that lane.
Csuc is based on the nearness and relative dynamics to Vs1

, but the factor is furthermore
also influenced by the nearness to Vp1

and Vp2
, because succeeding vehicles only lower

the contentment on a particular lane if the driver is not blocked by vehicles in front.
Furthermore it is assumed that the strength of vehicles from behind "pushing the vehicle
to the right" depends on how far the vehicle’s current lane is away from the rightmost lane
compared to the overall number of available lanes. Therefore a factor w is used to express
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Figure 3.15: Bayesian network for lane change intention recognition (LCI). The network
structure for a single lane contentedness C is repeated for the adjacent lanes’ contentedness
Cl and Cr.
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how many lanes there are to the left that succeeding vehicles could possibly use to overtake
without the need for the subject vehicle to change to the right. With m being the number
of all lanes and i being the zero-based index of the current lane counted from right to left,
w is computed by

w =
i

m− 1
. (3.47)

To sum up, all features that Csuc depends on are

fCsuc
= {T −1

hw,s1
, T −1

tc,s1
, T −1

hw,p1
, T −1

hw,p2
, w, elane, es1

, ep1
, ep2

}. (3.48)

Contentedness Cvel

The factor Cvel represents the contentment of a driver with the desired velocity compared
to the viable velocity with respect to other vehicles driving on a particular lane, see Fig-
ure 3.16c. Thereby the driver’s desired velocity is reduced by limitations from the track
like the road curvature and speed limits, which is why Cvel depends on the driver’s reduced
desired velocity Vred and the expected velocity Vexp on that lane.
The driver’s reduced desired velocity Vred again depends on the features

fVred
= {κ, κmax, vdes} (3.49)

with κ being the curvature on the lane at the current vehicle’s position, κmax the maximum
curvature ahead (see Equation 3.1) within a foresight distance that the driver is able to
overlook (which here is set to 100 m due to the sensor limitations), as well as the driver’s
desired velocity vdes.
The desired velocity of all vehicles’ drivers is assumed to be 130 km h−1. This obviously
is wrong in many cases, because the true desired velocity is influenced by many different
factors, especially a driver’s personal preference. However, on German highways this is the
advisory speed limit, which makes this assumption sensible.
The expected velocity Vexp depends on the predicted velocity vpred of at most two preceding
vehicles at a lookahead time of tpred = 1 s under the assumption of constant acceleration,
so

vpred = v + a · tpred. (3.50)

Moreover Vexp is affected by the nearness to these vehicles expressed via the time headway,
which is motivated by the assumption that the further the preceding vehicles are away, the
less is their influence on the subject vehicle’s velocity. In summary Vexp depends on the
features

fVexp
= {vpred,p1

, vpred,p2
, T −1

hw,p1
, T −1

hw,p2
, v, elane, ep1

, ep2
}. (3.51)

Contentedness Ckr

The factor Ckr reflects a driver’s contentment regarding the compliance with the obligation
to drive on the right hand side of the road (holding in many European countries including
Germany, see § 2(2) of the German road traffic regulations (StVO, 2013)). It is assumed
that a driver is not content driving on the left lanes if the right lanes are clear (see Fig-
ure 3.16d), but this obligation is only obeyed when it does not come at the cost of a high
speed reduction with respect to the driver’s desired velocity.
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To compare the expected velocity Vexp on the current lane to the expected velocity on the
next lane to the right a so-called sufficient speed factor Ssuf is used. Basically Ssuf makes
the right lane more attractive if the expected velocity is roughly the same on both lanes.
Together with characteristics describing the relative dynamics to the vehicles ahead and
behind on the current lane, all features that Ckr additionally depends on are

fCkr
= {T −1

hw,p1
, T −1

hw,p2
, T −1

hw,s1
, T −1

tc,s1
, elane, elane,r, w, ep1

, ep2
, es1

}. (3.52)

Besides the named contentedness factors the driver model in Pelops is using even more
factors which are not used in the approach to a driver’s intention recognition here. These
factors are described in the following together with the reason why they have not been
taken into account.

Contentedness Crte

Crte is a contentedness factor regarding the driver’s planned route. It reduces the content-
ment on lanes which do not lead to the driver’s desired destination, see Figure 3.17a.
As in the test vehicle no digital map information is available yet, an estimation of the
driver’s desired route can not be carried out, which is why this factor is not being taken
into account.

Contentedness Cco

The factor Cco reflects the contentment arising from the cooperation with surrounding
vehicles that are about to change lanes, e.g. on highway on-ramps or when detecting an
activated indicator, see Figure 3.17b.
This contentedness factor cannot be taken into account yet, because a traffic vehicle’s
activated indicator cannot be detected by the environment sensors available in the test
vehicle and again no digital map information is available to gather information about the
end of a lane.

Contentedness Cfav

The factor Cfav favours a specific lane. It is used in Pelops to enforce a custom driving
behavior, e.g. ignoring the obligation to drive on the right lane.
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(a) Exemplary scenario of Cpre motivating a lane change because of a lane obstruction.

(b) Exemplary scenario of Csuc motivating a lane change because of a vehicle approach-

ing from behind fast.

(c) Exemplary scenario of Cvel motivating a lane change due to unsatisfied speed desire.

(d) Exemplary scenario of Ckr motivating a lane change to be compliant to the obliga-

tion to drive on the right lane.

Figure 3.16: Exemplary scenarios of lane contentedness factors in Pelops which are being
taken into account in the Bayesian network to recognize a driver’s lane change intention.
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(a) Exemplary scenario of Crte motivating a lane change due to the need to follow a

desired route.

(b) Exemplary scenario of Cco motivating a lane change due to a cooperative behavior

with respect to a traffic vehicle intending to change the lane.

(c) Exemplary scenario of Cfav motivating to drive on a specific lane.

Figure 3.17: Exemplary scenarios of lane contentedness factors in Pelops which are
not being taken into account in the Bayesian network to recognize a driver’s lane change
intention.
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CHAPTER 4

Driving Behavior Prediction

When dealing with time series data in probability theory, the term prediction is normally
used to refer to the inference of a yet unknown system state X at time tk+n (shortly
denoted by Xk+n) given a series of observations o1:k from the past including the present,
so a prediction refers to P(Xk+n|o1:k), or more generally to P(Xk+1|oj:k) conditioned on a
subset of the past observations. Moreover, estimating P(Xk|oj:k) is called filtering (also
tracking), computing P(Xk−n|oj:k) is named smoothing (see Figure 4.1 for the example of
n = 1).

However, in the literature the term prediction is often used to refer to the inference of a
generally unknown system state - may it be in the sense of estimating P(Xk+n|oj:k) when
the system state is yet unknown but can be observed in the future, or in the sense of
P(Xk|oj:k) with a latent system state Xk. Also in machine learning, where the goal is
to find the unknown function f to compute X = f(o), the inference step is often called
prediction regardless of the time domain, no matter if f is designed such that f(o) acts as
prediction, filtering or smoothing function. In supervised machine learning this behavior
is controlled by different data labeling strategies, which will be discussed in section 5.2.

In this thesis the terms maneuver detection and intention recognition are used when infer-
ring the probability of a maneuver currently taking place or being intended, i.e., detecting
an ongoing maneuver by estimating P(Mk|ok−1) or inferring a maneuver intention by com-

X observed X unknown

Prediction: P(Xk+1|oj:k)

Filtering: P(Xk|oj:k)

Smoothing: P(Xk−1|oj:k)

time

tktj

Figure 4.1: Prediction vs. filtering vs. smoothing.
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4 Driving Behavior Prediction

puting P(Ik|ok−1), respectively. This terminology is based on the lane change decision
process commonly used in many lane change models, for example in (Gipps, 1986; Q.
Yang, Koutsopoulos, 1996; Hidas, Behbahanizadeh, 1999), where the lane change
process is composed of three sequential steps, which have also been indicated in Figure 2.2:

1. The intention to change the lane is made up from the discretion or necessity to leave
the current lane, starting at tintention.

2. The realizability of a lane change is checked and an acceptable gap on the target
lane is selected (or, as extended in the model of (Hidas, 2005), the decision to force
a gap on an occupied lane is made) in the phase from tintention to texecution.

3. Finally, the lane change is executed starting from texecution and in this definition
ending at the time of the vehicle’s lane assignment change at tchange = t0.

Finally, when a maneuver intention has been recognized or the start of a maneuver execu-
tion has been detected, then the term prediction refers to the future vehicle states Xk+1:h

in the prediction horizon of tk+1 to tk+h, which can be estimated based on the maneuver
information.
The approach to driving behavior prediction in this thesis is inspired by the three layer
hierarchy after (Donges, 1982), which subdivides the driving task into three layers. In
the first layer the navigation task is carried out in which the driver decides which route
to take to reach the target destination. According to (Werling, 2015) the navigation
can be seen as an optimization of the trip duration (or route length, fuel consumption
etc.) given the street network and it has an optimization horizon of up to several hours.
The result of the navigation is a route, which serves as input to the lane guidance task.
Primarily with respect to safety and comfort aspects the driver refines the route in the
second layer. Taking the road course and the vehicle dynamics into account, the lane
guidance is optimized as fast as possible to be able to react to changing traffic situations
quickly. With an optimization horizon of several seconds the result is a desired target lane
the driver wants to drive on, including the maneuver to reach or stay on the target lane.
The third layer is the stabilization layer in which the driver reacts to disturbances like
wind or the coarseness of the road surface. During the stabilization the vehicle’s actuators
(like pedals and steering wheel) are operated continuously by the driver.
To apply the hierarchy to the task of automated driving and to bring it in line with the
process of obtaining situation awareness proposed by (Endsley, 1988) (see Figure 1.4
in section 1.2), the three layer hierarchy here has been extended by a driving behavior
prediction framework to project the future statuses of the current situation’s vehicles, see
Figure 4.2. The general idea behind this framework is to take up the three layer hierarchy
again and to generate a set of plausible hypotheses as result of the driving task in each layer
first. Based on a variety of plausible future vehicle trajectories, which are the output of the
hypotheses generation, the prediction of the actual driving behavior is achieved afterwards
by comparing the vehicle movement to the predicted trajectories in the subsequent time
steps. In other words, the correctness of the maneuver hypotheses is classified to identify
the current and future driving behavior.
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Figure 4.2: Representation of the three layer hierarchy after (Donges, 1982), extended
by the prediction framework as part of the process to obtain situation awareness.
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In detail, the first layer of the hypotheses generation finds plausible navigation hypotheses
based on the street network, which is provided by the vehicle environment model (VEM).
The results are possible routes an observed subject vehicle can take. For every possible
route in the next layer lane guidance hypotheses are generated to obtain the lanes a
vehicle can possibly maneuver to, together with the reachable gaps between surrounding
vehicles already driving on that lane. Finally, trajectory hypotheses are generated by the
stabilization layer to estimate the positions at which a vehicle is likely to be in the future.

The advantage of this framework is its modularity. For example, different approaches to
generate the trajectory hypotheses on the stabilization layer can be employed either to
account for different strengths of model assumptions with varying prediction horizons, for
different target destinations the driver of a vehicle might want to reach or even for limited
computational resources when generating the hypotheses.

Based on the current traffic situation, as well as the possible routes and drivable lanes,
also the intention of a driver to follow any drivable lane is inferred. This is accomplished
by estimating how content a driver would be when driving on any of the available lanes
on a particular route (as explained in chapter 3). The lane contentedness estimation can
then on the one hand be used as informed prior for estimating the probability of a vehicle
following one of the generated trajectory hypothesis along the respective lane. On the
other hand the estimated lane contentedness can directly be used to infer the motivation
of a driver to change the lane, which is an indispensable information for the automated
driving (AD) function to act cooperatively and to allow the observed vehicle to realize the
lane change, e.g. by slowing down to create an adequate gap.

The lane change intention probabilities and likelihoods of the trajectory hypotheses are a
required input to the driving strategy, trajectory planning and collision checking modules
of the AD function on the lane guidance level.

In the next sections, at first the requirements on the prediction in terms of the prediction
horizon are worked out. Then, in section 4.2 the approach to generate trajectory hypotheses
is presented in detail. Finally, section 4.3 describes the process of identifying the actual
vehicle behavior, which leads to the final driving behavior prediction.

4.1 Prediction Requirements

Assuming that a slower subject vehicle on a highway merges into the ego vehicle’s lane
without recognizing the faster ego vehicle approaching from behind, how much time in
advance to the actual cut-in of the subject vehicle needs the automated driving ego vehicle
to predict the lane change situation in order to avoid a collision? To estimate this require-
ment on the prediction of any surrounding vehicle’s driving behavior, the time a braking
maneuver has to be started in advance to a cut-in situation such that a collision can be
only just avoided is computed. According to (Kopf, 1994) this time span is also known
as the time to brake Ttb. The latest point in time a cut-in maneuver has to be detected is
when Ttb approaches zero.
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sego,0, vego,0 = 130 km h−1

ssubj,0, vsubj,0 = 100 km h−1

sego(t = tcut-in)

ssubj(t = tcut-in)

srel,safe
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Figure 4.3: Vehicle positions over time during a lane change.

In Figure 4.3 a typical traffic scenario on a highway is shown. The ego vehicle driving
at vego,0 = 130 km h−1 is facing a cut-in maneuver of the subject vehicle, which drives at
vsubj,0 = 100 km h−1 and changes the lane due to a slower object vehicle in front. The lane
change of the subject vehicle takes place at t = tcut-in, which is defined to be the point
in time when the center of the vehicle’s front crosses the lane marking. Because of the
relative velocity of vrel,0 = −30 km h−1 obviously the ego vehicle has to decelerate in order
to avoid a rear-end collision with the lane changing subject vehicle.
In general, when the acceleration a of a vehicle is time variant and when t0 = 0, the velocity
v and position s of a vehicle at a specific time ts calculate to

v(t = ts) = v0 +
∫ ts

t0

a(t) d and (4.1)

s(t = ts) = s0 + v0 ts +
∫∫ ts

t0

a(t) (dt)2. (4.2)

For the particular scenario shown in Figure 4.3, to compute the remaining time until the
ego vehicle has to start decelerating in order to adapt to the speed of a cut-in vehicle while
maintaining a safety distance of srel,safe, it is postulated that

vrel(t = tcut-in)
!

= 0 and (4.3)

srel(t = tcut-in)
!

= srel,safe. (4.4)

(The relative distance srel between the object and the subject vehicle is specified as clear-
ance, see Equation 3.3.) Assuming constant velocity of the subject vehicle (vsubj = const)
and a piecewise constant acceleration of the ego vehicle with

aego(t) =





0 if t < tbrake

aego,min if tbrake ≤ t ≤ tcut-in,
(4.5)

whereby tbrake denotes the point in time the ego vehicle instantly starts decelerating, it
follows from Equation 4.3 and 4.4 together with Equation 4.2 and 4.1, respectively, that

tbrake =
vrel,0

2 aego,min
− srel,0 + srel,safe

vrel,0
. (4.6)

(See Appendix B for a detailed deduction.) Thereby aego,min is the minimal realizable (or
acceptable) acceleration (i.e., the maximal realizable/acceptable deceleration) of the ego
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Figure 4.4: Minimal required lane change prediction time Tpred,min equals the time Tadapt

which is required to eliminate vrel.

vehicle. For the case of t0 = 0 this point in time is equal to the time span Ttb, which is
the so-called time to brake (Hillenbrand, 2007, pp. 120 sqq.), sometimes also denoted
by TTB. It basically is the time to collision Ttc (see Equation 3.8) reduced by the time
it takes for the ego vehicle to decelerate to the velocity of the preceding subject vehicle,
which is denoted by

Tadapt = | vrel,0

aego,min

|. (4.7)

In all situations where Ttb is greater than or equal to zero the time span Tadapt is the
minimal required prediction time in order to only just avoid a collision, so it holds

Tpred,min = Tadapt. (4.8)

To visualize the minimal required prediction time depending on the piecewise constant
acceleration profile of Equation 4.5 with the minimal realizable/acceptable acceleration
aego,min of the ego vehicle, in Figure 4.4 the trajectory of the relative velocity vrel is plotted
for the cut-in scenario of Figure 4.3. It can be seen that with increasing values for aego,min,
which lead to an improved comfort for the passengers of the ego vehicle, a larger required
minimal prediction time is required to avoid a rear-end collision. In this particular scenario
the minimal required prediction time is 2.4 s when the maximum deceleration is set to a
safe value of −3.5 m s−2. This prediction horizon is used as the target value throughout
the rest of this thesis.
Figure 4.5 shows the remaining Ttb until a braking maneuver with aego,min = −9.0 m s−2

has to be started in order to only just maintain a safety distance srel,safe to the cutting-in
vehicle.
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Figure 4.5: Remaining time to brake Ttb until a braking maneuver with aego,min =
−9.0 m s−2 has to be started in order to only just maintain a safety distance srel,safe.

4.2 Hypotheses Generation

To predict a trajectory a vehicle is likely to follow, the key notion is to generate multiple
probable trajectory hypotheses first and to infer the posterior probability of the vehicle
following a specific trajectory afterwards by observing the vehicle motion relative to each
trajectory for a period of time.

As already described and depicted in Figure 4.2, the hypotheses generation follows a three
layer approach. First, all possible routes R a driver can take are identified. Thereby a
route is defined to be the set of all adjacent lanes that connect the current lane to the next
reachable intersection. An intersection is a nodal point where lanes that are not adjacent
get connected.

Next, for each possible route all adjacent lanes L a driver is allowed to use are identified
and for each lane the centerline of the lane geometry is extracted, because when following a
specific lane it is assumed that the human driver steers the vehicle towards a goal state while
trying to operate at minimum cost with respect to an individual optimization objective.

As for the task of driving not only a single but rather a whole sequence of states and
control inputs is of interest, the use of optimal control to mimic this behavior is motivated.
Therefore a linear-quadratic regulator (LQR, also called Riccatti regulator) is employed
to simulate the possible future trajectories T of an observed vehicle, which compared to a
standard linear regulator can be efficiently solved and easily extended by state restrictions
later on. Because the goal state of any surrounding vehicle is yet unknown, the simulation
of the controller is done for every possible goal state (i.e., every centerline of all lanes L on a
single route R). Moreover, as the individual optimization objective of a single driver is yet
unknown, multiple trajectory hypotheses T for a single lane can be generated to account
for different driving styles (e.g. trying to reach the goal state as fast as possible might
correspond to an aggressive driving style while minimizing the vehicle’s overall acceleration

73



4 Driving Behavior Prediction

Vehicle Environment Model (VEM)
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L1,1

L1,2

L2,1
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(a) Hierarchy of prediction hypotheses.

L1,1

L1,2

L2,1

lanes’ centerlines maneuver-based trajectory hypotheses

intersection area

(b) Visualization of exemplary prediction hypotheses.

Figure 4.6: Example of route, lane and trajectory hypotheses on a highway.

represents a defensive driving behavior).
An example of different route, lane and trajectory hypotheses on a highway is shown in
Figure 4.6. Here the subject vehicle can either keep on following the highway on route R1

or can take the highway exit to follow the route R2. On route R1 the vehicle is allowed to
follow the course of lane L1,1 or L1,2, so at least two trajectory hypotheses will be generated;
each one using the respective lane’s centerline as goal state for solving the optimal control
problem. But in the example in Figure 4.6 two trajectory hypotheses for each lane change
hypothesis have been generated to demonstrate the consideration of different driving styles
(i.e., different optimization objectives for solving the LQR problem).

4.2.1 Linear-Quadratic Regulator as Hypotheses Generator

Following (Lunze, 2014, pp. 285 sqq.) and (Borelli et al., 2015, pp. 167 sqq.) the state
space equations of a linear time invariant (LTI) regulator which is discrete in time are
given by

xk+1 = Axk + Buk, (4.9a)

yk = Cxk (4.9b)

with the system’s state, input and output xk, uk, and yk at time step k, the system’s time
invariant state, input and output matrices A, B and C and with k ∈ 0, 1, ...N − 1, where
N is the finite optimization horizon.
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Linear constraints are applied to each system input ui and output yi at every time step k

with

ui,min ≤ ui(k) ≤ ui,max and (4.10a)

yi,min ≤ yi(k) ≤ yi,max. (4.10b)

The goal of optimal control is to find the control input sequence u = [u0, ..., uN−1]T that
minimizes a given cost functional J(x0, u), such that

J(x0, u∗) = min
u

J(x0, u) (4.11)

with the initial state x0 = x(0). The optimal control input sequence u∗ is sometimes also
referred to as the decision vector which contains all future inputs. Following (Gutjahr

et al., 2016) the cost functional used for the LQR when minimizing the deviation to an
arbitrary reference state xref,k is given by

J(x0, u) = (xN − xref,k)TP (xN − xref,k)

+
N−1∑

k=1

(xk − xref,k)TQ(xk − xref,k) +
N−1∑

k=0

uT
k Ruk

(4.12)

with the positive semi-definite state penalty Q ≥ 0, the positive semi-definite terminal
state penalty P ≥ 0 and with the positive definite input penalty R > 0. The term
(x0 − xref,0)TQ(x0 − xref,0) is not entailed in the cost functional, because these costs
cannot be affected by the system input u; only future states can be manipulated.

The diagonal elements of the cost matrix Q determine how fast the particular system
states are driven towards their origin. Because all other non-diagonal elements do not
allow for an interpretation with respect to their effect on the system behavior they are
usually chosen to be zero. In a similar way the diagonal elements of the cost matrix R

define the scale of the control variables and thereby also affect the speed at which the
controller acts. Because the overall control behavior is mostly affected only by the ratio
of Q and R, the later is often chosen to be the identity matrix and Q is tuned until the
desired control behavior is achieved.

The final state penalty P is used to minimize the system states at the end of the prediction
horizon in case the states could not be driven to their origin within the optimization
horizon. This matrix is therefore only used in a finite horizon optimal control problem
formulation like the one presented here. In practice P has to be chosen such that P > Q,
so for example it could be set to a positive multitude of Q.

In general there exist two approaches to solve the dynamic optimization problem of Equa-
tion 4.11 as stated in (Borelli et al., 2015, pp. 167 sqq.). On the one hand there exists a
so-called batch approach that formulates the complete sequence of inputs as a function of
the initial state at once. On the other hand the solution can be derived recursively with
dynamic programming which leads to a policy expressing the control action as a function
of the state at each time, which can be applied to each state individually.
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While the recursive dynamic programming approach can be solved more efficiently in
practice and is also applicable to an infinite time horizon problem, the batch approach
allows for taking into account (soft) constraints in closed form when optimizing over a finite
time horizon. To be able to extend the trajectory prediction by optimization constraints
in the future, in the following the batch approach is used to solve for the optimal control
input sequence u∗.
To obtain the system trajectory x, the system’s states could be computed sequentially for
each time step with the computation series

x1 = Ax0 + Bu0

x2 = A2x0 + ABu0 + Bu1

...

But to be able to solve for the whole optimal control input sequence u∗, the equations are
formulated using batch matrices, which results in




x1

x2

...
xN




︸ ︷︷ ︸
x

=




A

A2

...
AN




︸ ︷︷ ︸
A

x0 +




B 0 . . . 0
AB B . . . 0

...
. . . . . .

...
AN−1B . . . AB B




︸ ︷︷ ︸
B




u0

u1

...
uN−1




︸ ︷︷ ︸
u

(4.13)

and 


y1

y2
...

yN




︸ ︷︷ ︸
y

=




C 0 . . . 0
0 C . . . 0
...

. . . . . .
...

0 . . . . . . C




︸ ︷︷ ︸
C




x1

x2

...
xN




︸ ︷︷ ︸
x

(4.14)

This can be written with the indicated substitutions in short as

x = Ax0 + Bu and (4.15)

y = Cx. (4.16)

Analogously the constraints in Equation 4.10b can be converted to batch form by substi-
tution in Equation 4.15 and Equation 4.16 with

y ≤ ymax ⇒ CBu ≤ ymax − CAx0 and (4.17a)

−y ≤ −ymin ⇒ −CBu ≤ −ymin − CAx0. (4.17b)

For the cost functional stated in Equation 4.12 it follows the batch form

J(x0, x, u, xref) = [x− xref]
TQ[x− xref] + uTRu (4.18a)

= xTQx− xTQxref − xT
refQx + xT

refQxref + uTRu (4.18b)

= xTQx− 2xT
refQx + xT

refQxref + uTRu (4.18c)
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with the reference trajectory

xref = [xref,1, ..., xref,N ]T (4.19)

as well as the penalties

Q = diag(Q, ..., Q︸ ︷︷ ︸
N times

, P ) and R = diag(R, ..., R︸ ︷︷ ︸
N times

). (4.20)

Substituting Equation 4.15 into Equation 4.18c yields

J(x0, u, xref) = [Ax0 + Bu]TQ[Ax0 + Bu]

− 2xT
refQ[Ax0 + Bu] + xT

refQxref + uTRu (4.21a)

= xT
0 ATQAx0 + xT

0 ATQBu + uTBTQAx0 + uTBTQBu

− 2xT
refQAx0 − 2xT

refQBu + xT
refQxref + uTRu (4.21b)

= xT
0 ATQAx0 + 2xT

0 ATQBu + uTBTQBu

− 2xT
refQAx0 − 2xT

refQBu + xT
refQxref + uTRu (4.21c)

= uT[BTQB + R︸ ︷︷ ︸
H

]u + 2[xT
0 ATQB︸ ︷︷ ︸

F

−xT
ref QB︸︷︷︸

G

]u

+ xT
0 [ATQA︸ ︷︷ ︸

Y 1

]xT
0 − 2xT

ref[QA︸ ︷︷ ︸
Y 2

]x0 + xT
refQxref (4.21d)

= uTHu + 2[xT
0 F − xT

refG]u + xT
0 Y 1x0︸ ︷︷ ︸
const

+ 2xT
refY 2x0︸ ︷︷ ︸
const

+ xT
refQxref︸ ︷︷ ︸

const

. (4.21e)

This is a quadratic program that can be solved efficiently with static, constrained optimiza-
tion approaches like interior point, active set or gradient projection methods (Borelli et
al., 2015, pp. 49 sqq.). Thereby terms in Equation 4.21e indicated as constant are inde-
pendent of u, meaning that they have no influence on finding the optimal solution and can
therefore be omitted.

4.2.2 Maneuver-based Trajectory Hypotheses

For the maneuver-based prediction of lane changes the focus lies on the lateral movement
of a vehicle to be predicted. To this point constant velocity of the subject vehicle for the
longitudinal movement is assumed. Therefore the state vector is chosen to be x = [ d, ḋ, d̈ ]T

with the lane’s curvilinear coordinates d as the lateral position, ḋ the lateral velocity and
d̈ the lateral acceleration of the subject vehicle. The control input u is the lateral jerk

...
d .

The reference state xref,k is the course of the center line of a single lane hypothesis L at
time step k with the lane relative lateral velocity and lateral acceleration equal to zero, so
xref,k = [dref,k, 0, 0]T.
With a time interval of Ts the system matrices of a simple double integrator model are

A =




1 Ts
1
2
T 2

s

0 1 Ts

0 0 1


 , B =




1
6
T 3

s
1
2
T 2

s

Ts


 , C =




1 0 0
0 1 0
0 0 1


 .
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Figure 4.7: Comparison of lane change trajectories resulting from two different LQR cost
functional parameterizations a and b.

The optimization horizon of the LQR problem is chosen to be N = 20 with a step size of
Ts = 0.3 s, which results in a prediction horizon of Tpred,horizon = 6.0 s.
In Figure 4.7 two lane change trajectories Ta := x∗

a and Tb := x∗
b are plotted for two

different exemplary parameterizations a and b of the LQR cost functional. An initial state
of x0 = [0, 0, 0]T and a constant reference trajectory of

xref = [xref,0, ..., xref,0︸ ︷︷ ︸
N times

]T with xref,0 = [3.75, 0, 0]T (4.22)

is assumed for this demonstration. The two exemplary parameterizations are chosen to be

Qa =




10 0 0
0 1 0
0 0 1


 and Qb =




1 0 0
0 1 0
0 0 5




with R = 1 and P = 100·Q common to both parameterizations. The resulting trajectories
are plotted in solid black with circles marking the discrete time steps every ts = k · Ts

seconds.
It can be seen that parameterization a drives the state much faster towards the reference,
because the lateral position d is strongly penalized in relation to the penalties for the
lateral velocity ḋ and acceleration d̈. In contrast, parameterization b lets the controller
strive for driving the state towards the reference while at the same time reducing the
lateral acceleration because of its relatively high cost. So while parameterization a could
represent an aggressive driving style, parameterization b represents a more defensive lane
changing behavior.
But when using a controller for predicting driving behavior it is not expedient to parameter-
ize the weight matrices of the LQR by an expert who optimizes the controller parameters
to a specific objective. Instead, the goal is to ascertain the optimization objective of a
given, observed system, namely the drivers of the surrounding vehicles of that the driving
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behavior is of interest. To do so, inverse reinforcement learning (IRL) with the algorithms
proposed in (Ng, Russell, 2000) is used, which finds the weights of the cost matrices
such that the demonstrated behavior appears (near)-optimal. This procedure is described
in section 5.4.

4.2.3 Receding Horizon Approach

The controller used for the generation of trajectory hypotheses presented in subsection 4.2.1
solves a finite horizon open loop optimal control problem and generates the optimal state
trajectory x∗ with respect to the defined state and control input costs.

A trajectory generated by the LQR shall be used to predict the future movement of a
vehicle for the time steps tk with k ∈ 1, ..., N , where tk = k · Ts. But in practice, as
the optimal input trajectory u∗ is obviously not implemented in the observed vehicle, the
observed state x̃k will differ at least slightly from the predicted optimal state x∗

k even at
k = 1 and this error will propagate through the subsequent states up to x̃N . To overcome
this, the current state is measured in each time step and the N -step optimization problem is
solved again with an updated initial condition x0. This procedure is exemplarily visualized
in Figure 4.8.

tk tk+1 tk+2

T := x∗

Figure 4.8: Example of receding horizon trajectory hypotheses generation.

4.3 Behavior Identification

To identify which of the trajectory hypotheses generated by the approach presented in
subsection 4.2.2 describes the actual vehicle behavior best, a classification of the vehicle’s
nearness with respect to each of the generated trajectories is carried out. This corresponds
to the idea of model tracing. Here the use of a logistic regression is suggested as it is
computationally very efficient, but in general also more sophisticated classification methods
can be employed.

As each trajectory generated by the LQR is using the current vehicle’s state as x0, the
behavior identification cannot be carried out together with the trajectory generation at the
same time. Instead, the manifestation of the currently ongoing maneuver has to be awaited
before the correctness of a trajectory hypothesis can be inspected. This is illustrated in
Figure 4.9a, where a lane changing vehicle is depicted. A set of trajectory hypotheses
T 1 and T 2 to reach the centerline of each of the lanes L1 and L2 have been generated
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(b) Time matrix of trajectory nearness classification for the case of j = 5.

Figure 4.9: Receding horizon trajectory hypotheses classification.
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for the time steps from ti−j to ti. But the trajectories generated at ti give no indication
of the maneuver currently taking place. However, when inspecting the distance of the
vehicle to the trajectories generated at ti−j it can be seen that the vehicle is following
T2,i−j more closely than T1,i−j, which indicates a currently ongoing lane change maneuver.
The maneuver classification is carried out continuously as new trajectories are predicted
via the receding horizon approach (as described in subsection 4.2.3), which is illustrated
as a time matrix in Figure 4.9b.
In the linear logistic regression classifier the probability of a vehicle’s currently observed
trajectory T̃i being equal to a specific trajectory hypothesis Ti−j is given by

P(T̃i = Ti−j | fLCD) =
1

1− exp(−b−w fLCD)
(4.23)

with the feature vector fLCD, which here only consists of the lateral distance to the respec-
tive trajectory hypothesis denoted by dTi−j

(see Figure 4.9a) and the parameters θ = [b, w]T

defining the logistic regression decision boundary. Due to the fact that the neighborly re-
lations of the lanes relative to the observed vehicle are known (e.g. in this case L1 is the
current lane and L2 is left to L1) the probabilities of Equation 4.23 can be mapped to a
set of detected lane change maneuvers LCD = {lane change left, keep lane, lane change

right}.
As a maneuver is more likely to be observed when the driver has an intention to execute
the maneuver (and of course also more unlikely if no motivation to leave the lane is given
at all) the lane change detection probabilities (LCD) are scaled with the lane change
intention recognition results (LCI) and re-normalized afterwards. Finally, the probabilities
to identify the actual lane change behavior (LCB) of the subject vehicle are given by

P(LCB | fLCD, fLCI) = α P(LCD | fLCD) P(LCI | fLCI) (4.24)

with the re-normalization constant α.
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CHAPTER 5

Learning Model Parameters from Data

The approaches to a driver’s intention recognition and behavior prediction presented so
far can be transferred to machine learning problems. In the context of this thesis learning

means progressively improving the performance on the parameters of the models by means
of optimizing an objective function, such that optimal model behavior is achieved based
on a set of training examples.
An objective function of a parameter learning problem is in general given as

J(θ,D) with D = {d[1], ..., d[M ]} (5.1)

and with the parameters θ. Thereby a single training data instance is given by d[m] =
[x1, ..., xN ]T with xi[m] being the instantiation of the model’s variable Xi in the training
case m.
The objective function is either going to be minimized if it represents the costs induced
by the parameters with respect to some desired system behavior, or it is maximized if the
system’s state given the parameters is formulated as a reward. For example, in probabilistic
models often the log-likelihood (the probability of the parameters explaining the data) is
maximized (see section 5.3), whereas in control theory cost functions for the system’s
states and the controller input can be defined that are to be minimized in order to derive
optimal control behavior (see section 5.4). It is noted that maximizing a reward function
can always be converted to minimizing a cost function with

max J(θ,D) = min −J(θ,D). (5.2)

The advantage of machine learning techniques in general is that parameter tuning by a
human expert can be avoided, because on the one hand it is often very complex and
time consuming (depending on the model’s complexity and the mutual dependency of the
parameters’ values) and on the other hand the process of manual parameter tuning is prone
to errors. Moreover, different experts tend to tune parameters differently as the task is
often more subjective rather than objective in nature.
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(a) Convex objective function.
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(b) Non-convex objective function.

Figure 5.1: Convex vs. non-convex objective function.

However, a disadvantage of applying machine learning is the often large amount of training
examples that has to be handed to the objective function in order to generalize the model’s
parameters well and to not only fit the parameters for a few data instances exactly (which
is called overfitting). Furthermore, for many machine learning problems only objective
functions exist that are not convex, which practically breaks the guaranty to find the
optimal model parameters, because many optimization techniques are only guaranteed to
find a local optimum (see Figure 5.1). At least running the optimization multiple times
with random initial parameters reduces the risk of getting stuck in a local optimum with
relatively high overall parameter costs.
Obviously, as when using machine learning the model’s parameters are optimized such that
they fit the training data well, it is crucial to have an understanding of how the training
data can be acquired, what exactly is represented in the data and which aspects of the
domain can not be measured by sensors and thus must be labeled subsequent to the data
acquisition process - either automatically or by a human expert. Therefore, subsequently
first details regarding the data acquisition and annotation are given (section 5.1 and 5.2)
before the approach to learn the parameters of a Bayesian network is presented in sec-
tion 5.3. In section 5.4 the methodology of inverse reinforcement learning is presented to
fit the parameters of the optimal control approach.

5.1 Data Acquisition

In the past several methodologies and concepts have been developed to acquire vehicle
and traffic data for different purposes. The most important concepts are categorized in
Figure 5.2 and can be distinguished between acquiring data from observation or from
simulation. Here the term observation is used to refer to measuring the effects of real human
driving, while simulation always includes synthetic models which serve as an abstraction
of the domain to be simulated.
In particular, when acquiring data from observation, driving behavior can be recorded
from the perspective of a vehicle moving in traffic, which is often a test vehicle equipped
with additional environment sensors. Thereby obviously the quality and observability of
the data is limited by the technical specifications of the sensors being used. Alternatively
a stationary sensor setup like cameras or inductive loops built into the road surface can
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Figure 5.2: Categorization of driving data acquisition methods.

be utilized to obtain the relevant features characterizing a predominant traffic situation.
In a driving simulator a human driver is acting in a virtual traffic environment via a vehicle
mock-up. In this case all features characterizing the traffic situation can be extracted from
the simulation and no environment sensors are needed.
Finally, in contrast to a driving simulator, in a standalone driving simulation software

all elements of the traffic are simulated by synthetic models without any interaction of a
human.

In this thesis multiple data sources are used for different purposes:

• Standalone driving simulation software: The standalone driving simulation
software Pelops is employed for three reasons: First of all, data generated from
simulation is free of sensor noise due to the lack of environment sensors. This allows
to narrow down possible malfunction sources when testing new algorithms. Second,
the simulation model allows to track variables which are usually unobservable through
environment sensors. Here the lane change intentions and lane contentedness factors
from the driver model are sampled to pre-train the parameters in the Bayesian net-
work for the approach to intention recognition presented in section 3.4. This data
can also be used as ground truth when evaluating the algorithms for learning hidden
variables in a BN as presented in subsection 5.3.4. Finally, the simulation software
does not need to run in real-time. Instead, the speed at which simulated data can
be generated is only limited by the available computational resources. This allows
to generate a large amount of data in comparatively short time, and this data may
also include a lot of instances for very rarely occurring events in real traffic. Pelops

is introduced in subsection 5.1.1 in detail.

• Driving simulator: The driving simulator combines the advantage of a noise free
environment measurement like in the case of a standalone driving simulation with the
ability to observe real human driving behavior. Moreover the driver in a simulator
can be instructed to carry out secondary tasks without any harm for the driver
or traffic participants. Here this advantage has been exploited to investigate the
feasibility of manually labeling maneuver intentions through the push of a button
while driving, which is discussed in section 5.2. The setup of the driving simulator

85



5 Learning Model Parameters from Data

is presented in subsection 5.1.2.

• Test vehicle: Eventually, the only source of genuine driving behavior is real world
traffic. Indeed, all features characterizing the predominant traffic situation are mea-
sured by environment sensors, which have a limited range and are always afflicted
with noise. Moreover, many variables like a driver’s contentedness on a particular
lane are intrinsic and unobservable in a test vehicle. But to allow for learning the
parameters of a model which represents true driving behavior as realistic as possible,
real world traffic data has to be used as training and test data for the parameter
learning algorithms presented in section 5.3 and 5.4. Furthermore, it is always advis-
able to provide the training algorithms with the same data characteristics as those
that are prevalent for the model’s inference in the target application. In particular,
the same sensor setup should be used to collect the training data and to eventually
provide observations for variables in the final implementation. Details about the
setup of the test vehicle used here are given in subsection 5.1.3.

For the last given argument of advisably not changing the data characteristics between
training and inference, data acquisition via stationary sensors is not deemed to be ap-
propriate here, because the sensors being used differ significantly from those in current
prototype vehicles for automated driving. For example, while stationary sensor setups like
the one used for recording the NGSIM (next generation simulation) data sets provided
by (FHWA, 2017) most often consist of vision based systems (i.e., cameras), information
from a variety of different sensor types like RADAR, LIDAR and cameras is fused in the
test vehicle. This leads to different characteristics like accuracy, sensor noise, measur-
able features and occlusion in the data, which is inappropriate when using the data for
machine learning, because the characteristics of the training data would differ from the
characteristics of measurement data being used for the model’s inference while driving.

5.1.1 Driving Simulation Software PELOPS

Acquiring driving data from a test vehicle is a time-consuming process. Moreover,
the perception of the environment through sensors is always limited and often noisy.
In contrast, a standalone driving simulation software like Pelops (program for the
development of longitudinal microscopic traffic processes in systemrelevant environment,
see (Hochstaedter et al., 1999)) is able to generate a large amount of perfectly observ-
able driving data samples in comparatively short time.

Most importantly, as the approach to intention recognition with a Bayesian network (as
described in chapter 3) is based on the lane change decision model used by Pelops, the
simulation software itself can be used to generate training data with ground truth for the
variables representing the contentment of a driver on a particular lane. This information is
obviously not available when using sensor data from a test vehicle. The intrinsic data can
be used to pre-train the parameters of the BN and also to evaluate the process of learning
hidden variables, which will be presented in subsection 5.3.4.
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Figure 5.3: Modules of the traffic simulation software Pelops (Ehmanns, 2002).

Pelops has been developed at the institute of automotive engineering of the technical
university Aachen, Germany, in cooperation with the BMW AG starting from 1988. Since
then it has been extended and improved by several contributions, see for example (Lud-

mann, 2000; Neunzig et al., 2000; Ehmanns, 2002). The aim when developing the
simulation software was to provide a tool to investigate the environmental impact, the
effect on the traffic flow and a driver’s comfort when a vehicle is equipped with driver as-
sistance systems. The software has already been used for a variety of different applications,
see (Wallentowitz, Neunzig, 1999) for an exemplary overview.

The simulation software is structured into three modules, which are intended to simulate
the basic elements of traffic: the driver, the vehicle and the environment (Ehmanns, 2002)
(see Figure 5.3). While the environment model entails a detailed description of the road
topology including the geometry of the lanes and the signage, the description of the driving
behavior is included in the driver model. Thereby the later is subdivided into a behavior
generation and an action execution part. In the behavior generation part the maneuver
intention is determined based on the perceived traffic situation. The behavior for vehicle
following and lane changing is considered separately and is combined only subsequently.

While the longitudinal behavior is generated from the Wiedemann following model de-
scribed in (Wiedemann, 1974), the lane change model follows the approach by (Ehmanns,
2002), which has already been described in chapter 3 and 3.2.1 as it is the inspiring model
for the intention recognition approach of the behavior prediction framework.
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Finally, a vehicle’s viable acceleration is checked with respect to the following constraints:

• Environment conditions that affect the behavior in curves, at traffic signs and at
varying lane widths.
• Obstacles and the end of lanes.
• Traffic on adjacent lanes that must not be passed by with a too high relative velocity.
• Vehicles driving on left lanes that must not be overtaken on the right.

The result of the behavior generation model is a desired acceleration and a target lane,
which are implemented in the action execution part of the driver model by actuating brake
and acceleration pedals, setting a steering wheel angle and activating the indicators of the
vehicle model.
In Pelops two types of vehicle models can be employed: On the one hand, there exists a
very detailed model called real vehicle, which is based on the cause- and effect-method and
aims at simulating the vehicle and its dynamics most realistically. In this model the drive
force is computed based on the engine’s current operating point, the clutch, transmission
and differential and finally the tractive and the drive resistance forces are balanced. When
the driver adjusts the load (cause) the operating point is changed, which again leads to
a change in power and therefore also to a change of speed (effect). Characteristic maps
are used to describe the engine’s behavior. The lateral vehicle dynamics are represented
through a single track model with transient behavior. On the other hand, for the purpose
of a faster data generation there also exists a so-called synthetic vehicle model which makes
some simplifying assumptions about the vehicle. In fact, the synthetic vehicle model only
uses a limited set of parameters to model the vehicle. The simulation of the lateral vehicle
dynamics is accomplished via a single track model for steady-state skid pad testing.
A variety of parameters can be set to modify the driving characteristics of an individual
driver, the vehicle dynamics, as well as environment conditions like the time of day and
the weather. Driver-specific parameters are for example a driver’s desired speed, need for
safety, estimation ability, exhaust of the vehicle acceleration and reaction times. Vehicle
dynamics can be controlled e.g. by varying the vehicle’s engine performance, the vehicle
mass, the maximum deceleration or the drag coefficient. The environment can be influenced
e.g. by adjusting the amount of rain, the friction coefficient of the road or the range of
vision. The very last is an important parameter when using Pelops for pre-training the
BN, because it can be set according to the detection range of the ego vehicle’s sensors. That
way the BN is not optimized based on environment characteristics that are not observable
when using the prediction framework in the test vehicle.

5.1.2 Driving Simulator

Driving simulators have turned out to be a helpful instrument to investigate the human
driving behavior. This is not only advantageous to help understanding the human per-
ception and decision process while driving, but also to support the development of new
driver assistance systems or even functions for automated driving. While according to
(Maas, 2017) in a driving simulator the grade of immersion and the ability to reflect all
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(a) Rear view. (b) Cockpit.

Figure 5.4: Dynamic driving simulator of the chair of mechatronics at the university of
Duisburg-Essen.

cause-effect relationships realistically is always limited and can never represent the reality,
the simulators are nevertheless beneficial due to the following reasons:

• Comparability: Traffic situations can be created deterministically to assure that
every test driver discovers the same environmental conditions.

• Cost saving: The need to build a cost-intensive prototype vehicle can be postponed
to a point in time when the development of a new technology has advanced already.
As developing new vehicular systems in the simulator often means to develop a new
software component only, the costs to build expensive prototype vehicles can be
reduced.

• Economy of time: The saved effort to build expensive prototype vehicles also
means a saving of time, because the development of a new, pure software-based
component is not only much more affordable, but also faster. A faster development
also leads to an early detection of development errors.

• Risk reduction: Obviously, system failures or vehicle collisions in a virtual traffic
environment do not implicate any damages or even a risk to health. Therefore, in
a driving simulator even those new technologies can be tested that may be fraught
with risk when testing them in real world driving.

Especially the last point is turned into account here: In a driving simulator test propositi
can be asked to label their maneuver intentions while driving without risking any harm
arising from distraction. This way data can be acquired together with labels needed for
a supervised learning approach at the same time, which will be described in detail in
section 5.2.

The driving simulator used is a dynamic driving simulator from the chair of mechatronics
at the university of Duisburg-Essen. This human-centered simulator consists of a one-
man cockpit that is placed in the center of a circular projection screen. The cabin is
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mounted on a moving platform that is able to drive the platform with a frequency of 40 Hz
and a maximum acceleration of 2 g, which is sufficient to reproduce the majority of the
accelerations that a driver experiences in a vehicle in real traffic. The screen covers the
driver’s field of view entirely by embracing the cabin in an angle of 250◦. The simulator is
shown in Figure 5.4.

5.1.3 Test Vehicle

To acquire data of authentic human driving behavior a BMW 5 series (F10) test vehicle
was driven roughly 9 h (∼1100 km) on German highways and relevant ego vehicle data as
well as data from additionally installed proprioceptive sensors has been recorded.

The proprioceptive sensor setup of the test vehicle consists of six LIDAR sensors (covering
a 360◦ field of view around the vehicle) and a monocular vision system mounted behind
the front windshield. The vehicle and the sensors are connected to a computer running the
robot operating system (ROS) (Quigley et al., 2009) as the vehicle’s central framework
mainly managing the communication between software components needed for automated
driving.

The LIDAR sensors of the vehicle feature a horizontal opening angle of 120◦ each. The
theoretical sensor range is 0.3 m to 200 m with an angular resolution of 1◦. An object
tracking system embedded on a separate control unit provides high level object data in
form of an object list fused from all six LIDAR sensors. The tracking algorithm, which is
capable of tracking 65 objects simultaneously at a scan frequency of 25 Hz, uses a Kalman
filter with a single track model for the ego vehicle motion compensation. Therefore the ego
vehicle’s CAN bus data is passed to the control unit via a gateway. The tracking algorithm
predicts the objects’ states up to 1 s into the future in order to recognize the same vehicle
in case of it being covered or hidden for a short period of time.

The monocular vision system captures the scene at a horizontal field of view of 38◦. A
computer vision software embedded in the sensor tracks objects, lane boundaries and traffic
signs in the image. Together with other relevant ego vehicle bus data like the vehicle
velocity etc. the high level data delivered by the vision system is forwarded to ROS via a
gateway.

Images of the proprioceptive sensor setup are shown in Figure 5.5a to 5.5d, while the sensor
range planes are shown in Figure 5.5e and the system setup is depicted in Figure 5.5f.

Vehicle Environment Model

In a standalone driving simulation software or a (dynamic) driving simulator as presented
in subsection 5.1.1 and 5.1.2 a synthetic model of the environment is already part of the
software. It can be used to answer questions like: What is the curvature of the lane the
vehicle is currently driving on? What are possible routes a vehicle can take? How far
ahead is the next preceding vehicle?

However, in a test vehicle a so-called vehicle environment model (VEM) first has to be
generated from the information provided by the environment sensors. The process to
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generate an environment model can be broken down to (at least) the following steps:

• Sensor fusion: Often a multitude of different types of sensors is employed which
provides partly redundant and partly complementary information about the environ-
ment. For example, objects can in general be detected by RADAR, LIDAR as well
as camera sensors, but while only the RADAR sensor is capable of sensing the rela-
tive velocity of objects via the Doppler effect directly, the best object classification
(e.g. whether an object is a car, truck, bike or pedestrian) is instead provided by the
camera. The LIDAR sensor again often yields the most accurate pose estimation.
But because of different susceptibilities to failures of the varying sensor types (e.g.
in harsh environment conditions), even redundant information is fused to come out
with a reliable overall environment detection system.

• Self localization: Primarily when a precise digital map of the environment is avail-
able in the vehicle, it is obviously a crucial task to accurately estimate the ego
vehicle’s pose in the global coordinate frame of the map. While systems like the
global positioning system (GPS) provide this estimate with an accuracy within the
magnitude of a few meters, for the task of automated driving the accuracy needs to
be within the magnitude of only a few centimeters to be able to follow the course of
a lane precisely. To accomplish this, algorithms are being developed that match the
position of memorized landmarks and road boundaries in the digital map with cur-
rent detections in the vehicle’s surrounding via the environment sensors. Moreover,
odometry systems are employed to support keeping track of the vehicle’s position
even in situations where no global positioning signal is available (e.g. in tunnels).

• Road model estimation: Like in the case of the sensor fusion, the information
about the road course from a digital map needs to be supported by at least one
additional source of information. Particularly as the road course may change due
to construction sites, current and accurate measurements of the road are crucial for
automated driving. Therefore algorithms to estimate the topology and course of
the road from lane markings being detected (for example by a camera sensor) are
employed.

• Object lane assignment: One important step towards situation awareness is the
understanding of the relations between individual traffic objects and the road’s lanes.
This understanding is established by assigning traffic objects to the lanes they are
currently driving on, e.g. by checking the geometric overlap of a vehicle and a lane.
This object lane assignment is also the basis for determining inter-vehicle relations
like determining the preceding or succeeding vehicle.

As many algorithms for the named steps towards an accurate and reliable vehicle environ-
ment model are still in active development and have not been available for the implemen-
tation of investigations here, the following simplifications and specifics hold for the data
acquisition with the described test vehicle:
First of all, for detecting and tracking objects in the vehicle’s environment, solely the object
list provided by the fusion system of the six LIDAR sensors is used. Algorithms for a sensor
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fusion of additional RADAR and camera sensors were not available at a sophisticated level.
A quantitative performance evaluation of the particular LIDAR sensors in the test vehicle
setup can be found in (Hirsenkorn et al., 2017).
Furthermore, due to a lack of a precise digital map, a self localization of the ego vehicle is
obsolete. But all the more a foresighted and accurate road model estimation is necessary
to be able to compute all relevant features to characterize the predominant traffic situation
as described in section 3.1.
Due to the horizontal field of view of only 38◦ the camera in the utilized test vehicle is only
capable of detecting lane markings of the ego vehicle’s current lane. Moreover, the distance
at which lane markings can be detected ahead of the vehicle is limited to ∼80 m (provided
good weather conditions and an occlusion free view on the lane markings) and the accuracy
of the detection degrades with increasing distance. This is why for the investigations in
this thesis a non-causal filter algorithm (i.e., a filter which output depends on past, present
and also future inputs) has been employed to improve the road model estimation and to
mimic the information given by a precise digital map. The use of a non-causal filtering is
justified with the fact that a precise digital map is expected to be available in automated
driving vehicles in the future, which will make the non-causal filtering obsolete. (In any
case, obviously the use of non-causal filtering is only possible when testing in simulation.
It cannot be employed in the vehicle while driving.) A detailed description of the process
to generate the foresighted road model via a non-causal filter can be found in Appendix C.
Regarding the sensing of traffic vehicles, although the theoretical coverage of the environ-
ment sensors is 200 m surrounding the ego vehicle (provided ideal weather conditions and
no occlusions), experience with the data provided by the environment model has shown
that the quality of object detections farther than 100 m decreases tremendously. Especially
the object lane assignment is often erroneous for objects at great distances, because errors
of the object pose estimation and lane marking detection add together in the worst case.
Therefore the range in which surrounding vehicles are taken into account has been limited
to 100 m.
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Figure 5.5: Test vehicle system and proprioceptive sensor setup. 1: LIDAR sensor (see
(b)). 2: Camera sensor (see (d)).
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5.2 Labeling

In general, supervised classification methods need class labels in a data set that the algo-
rithm learns the model parameters from. But the task of labeling is not standardized in
any way and many factors have to be taken into account.

First of all, the correct definition of the labels depends on the type of classification model
that shall be learned from data. For example, when learning a smoothing model, current
observations refer to a label in the past. In a filter model labels indicate the current state
of a class, whereas in a prediction model a future class state is labeled (see Figure 5.6).

Moreover, depending on the class that shall be predicted, labels can either be of subjective
or of objective type. In case of a maneuver detection approach the lane change label
can be defined objectively as there can be set up a clear definition of when a vehicle is
matched to a specific lane and when the matched lane changes. Even the start of the
lane change at texecution can be determined in an objective manner by taking into account
the lateral movement over the entire duration of the lane change, although it is hard for
any algorithm to label this point in time reliably because of sensor noise. For the label of
tintention, there exists no distinct definition as the motivation to change the lane depends
on a driver’s individual awareness of the situation and on the personally accepted minimal
time distances to surrounding vehicles. Therefore, the label of tintention is a subjective label.

In Figure 5.7a and 5.7b the true states (called ground truth) of a maneuver intention and
execution are shown for two exemplary scenarios. Figure 5.7a depicts the typical lane
change scenario motivated by a slower vehicle in front together with the idealized course
of the subject vehicle’s curvilinear lateral position d, lateral velocity ḋ as well as lateral
acceleration d̈. Foremost noticeable is the discontinuity of d, which is characteristic for
a vehicle’s lane change because of the changing lane assignment, which also changes the
reference lane for the computation of d. This discontinuity can be used as an indicator
for the estimation of tchange, which determines the end of both a maneuver intention and
execution phase, because it is assumed that no lane change is executed without an intention
to do so. After the lane has been changed the intention has obviously been accomplished.

In Figure 5.7b a slightly different scenario is shown, where indeed also a motivation to
change the lane due to a slower vehicle in front arises and a lane change maneuver is
started, but before the vehicle crosses the lane marking the preceding vehicle leaves the
lane. This causes the lane change motivation to vanish and consequently the subject

X observed X unknown

t

tktj

observations:

label:

ground truth:

p

Figure 5.6: Label offset p depending on the model to be learned. For learning a prediction
model it is p > 0 (as illustrated), for smoothing p < 0 and for filtering p = 0.
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(a) Lane change motivated by a slower vehicle in front. *Characteristic discontinuity of d due to
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(b) Aborted lane change due to a slower vehicle in front leaving the lane.

Figure 5.7: Ground truth of lane change intention and maneuver execution. Grey dots
indicate samples labeled as positive (i.e., lane change intention or execution active), white
dots indicate negative labels (i.e., intention to keep lane).
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vehicle to abort the lane change. This shows that unfortunately using only tchange the state
of the lane change intention can not be reliably labeled, because the maneuver intention
is completely intrinsic. This is even worse in the opposite case: It is always unknown if an
intention to keep the lane exists, because at any time a lane change intention could exist
without ever seeing its effects in terms of an executed maneuver.

Also, during the investigations of this thesis it turned out that it is hard for any human
to label the state of a lane change intention without taking into account the realizability
of the maneuver at the same time. It seems that the lines between the individual steps of
the human driver’s lane change decision making process (emergence of intention, check of
realizability and maneuver execution, see also Figure 2.2) are blurry. Therefore, in the fol-
lowing an overview over possible maneuver labeling methods and simplifying assumptions
about the presence of a lane change intention is given.

5.2.1 Manual Offline Labeling

Labeling data for supervised learning is often done offline (i.e., outside of the vehicle
after the data has been measured) by a human expert who has a deep understanding of
the domain the data is taken from. For this purpose relevant driving data is prepared
graphically in a way that the expert gains awareness of the predominant traffic situation,
which is crucial especially when defining subjective labels like the lane change intention.

Valuable elements of the graphical preparation are images or video streams of the vehicle’s
environment, a top view of the traffic situation and plots of characteristic features over a
sliding time window. Ideally the data can be played back in real-time so the expert is able
to see things from the driver’s perspective and define the labels as close to the original
driver’s intentions as possible, because the quality of the labels depends on the grade of
immersion into the driving situation. The grade of immersion again depends on the the
quality of the recorded data and on the representation of the data.

In this thesis all these elements are provided by a software tool that has been developed
especially for the task of labeling. Thereby an expert with domain knowledge can de-
fine labels for a maneuver intention and maneuver execution of both the ego vehicle and
surrounding traffic participants manually.

The main advantage of manual labeling is that measurement errors (like self-localization
errors or false detections of traffic objects) can be recognized by a human expert quickly
and can be marked as invalid, so they will not be used for training. Moreover, an expert
is able to detect relevant characteristics in the data even if the measurements are noisy.

The disadvantage of the manual labeling process is obviously the time it takes to review all
data and define all labels by hand. Thus manual labeling does not scale with the amount
of driving data for the training and evaluation of the learning algorithms.

5.2.2 Automatic Offline Labeling

Particular characteristics in the data allow for finding the start and/or the end of a lane
change automatically. Once an expert manually sets up a definition of the maneuver
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based on these characteristics, more maneuvers matching that definition can be found
automatically.

For example, as already described before and depicted in Figure 5.7a, the end of a lane
change can be defined as the point in time when the lane assignment of a vehicle changes
and the characteristic discontinuity of the vehicle’s lateral position with respect to its
current lane is observed. To be more robust against noise in the data, additionally the
course of the signal before and after a potential lane change is checked, in particular if the
vehicle constantly moved towards the lane marking before and away from the lane marking
after the change.

Further assumptions about the process of the lane change (e.g. a constant average duration
Tintention of the lane change motivation and a constant average duration Texecution of the
process to steer towards the target lane) can then be used to compute the start time of
the intention or execution with

tintention = tchange − Tintention and (5.3)

texecution = tchange − Texecution. (5.4)

This automatic labeling via the assumption of a constant lane change duration Texecution

has been used in (Schlechtriemen, Wirthmueller, et al., 2015; P. Kumar et al.,
2013; Bonnin et al., 2014), where an expert defined the lane change duration. A different
approach is to define a maximum entropy for the separation of the two classes LC =
{lane change, keep lane} and to compute the mean lane change duration with the help of
mutual information like presented in (Rehder, Georgiev, et al., 2015). This concept
will be described in the following.

Let D be the set of all values of the lateral position d relative to the lane the vehicle is
driving on at time tk < tchange. Presumed every value of N measurement instances of d at
time tk is unique, there exist N −1 possible cut-points s ∈ S to split D in two portions D1

with D < sn and D2 with D > sn. According to (Fayyad, Irani, 1993), every cut-point
sn induces a class information entropy

HI(D, s) =
|D1|
|D| HC(D1) +

|D2|
|D| HC(D2), (5.5)

where HC(D) is the class entropy defined as

HC(D) = −
∑

i

P(Ci, D) log2 P(Ci, D). (5.6)

The cut-point sn minimizing the class information entropy HI is the entropy-optimal cut-
point s∗ with HI,min = HI(D, s∗). HI,min can be seen as a quality indicator of the class split,
so as long as HI,min is lower than a defined threshold δH,max, D can be split well enough
into the two classes of C, which means that the average lane change started even before
tk. Computing HI,min is iteratively repeated for a decreasing t until HI(D, s∗) >= δH,max,
which marks the average start time texecution of a lane change relative to t0 = tchange (see
Figure 5.8).
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Figure 5.8: Class split entropy of the classes lane change and keep lane. Top: Lateral
position of all recorded sequences. Bottom: Optimal split class information entropy plotted
as solid line, entropy threshold δH,max = 0.2 as dashed.

The main advantage of the automatic labeling process in general is that it is fast and scales
with a growing amount of data that needs to be labeled. Compared to defining the lane
change duration for the automatic labeling by hand, the estimation of Texecution with help
of class information entropy, the labeling relies more on the true characteristics of the data.

The disadvantage of the automatic labeling methods presented here is that all maneuvers
are labeled with the same maneuver duration, regardless of the characteristic of the individ-
ual maneuver. For example, a slow and a fast lane change are both labeled with the same
Texecution. Another downside is that there are parameters (the entropy threshold δH,max or
the label duration Texecution itself) that need to be tuned manually. Moreover, estimating
the class information entropy requires computational costs, that must not be neglected
completely (especially for high dimensional feature spaces, i.e., when more features than
only d are taken into account).

When using automatic labeling, the labels of maneuver intentions can only be approxi-
mated by assuming the presence of an intention in the time of a maneuver execution (plus
an additional constant offset to take into account the duration of a lane change realizability
check).

5.2.3 Semi-automatic Offline Labeling

The downside of the manual labeling process being very time consuming and the automatic
labeling not taking into account the characteristics of a maneuver individually can be
improved by combining those two approaches. In particular, the end time tchange of a lane
change maneuver can be found automatically in the data relatively easy, but the duration
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Texecution of an individual lane change is hard to be determined algorithmically.

To overcome this, a human supervisor can be employed to adjust the maneuver start time
for each automatically found label instance manually. This way the expert does not need
to inspect all data samples to search for instances of lane changes, but instead it can be
iterated over the automatically found lane change instances quickly. This can be done for
labels regarding the driving behavior of the ego vehicle in the same way as for the behavior
of traffic vehicles.

5.2.4 Manual Online Labeling

Sometimes even for an expert it is hard to label data by just seeing recorded videos or ana-
lyzing sensor measurements, because driving scenarios can be very complex. To overcome
this, it is investigated if labels can be acquired directly while driving. The idea is that the
driver can either define labels by recording audio comments or by manipulating buttons.
While audio comments need to be converted to signal-based labels retrospectively and are
hard to be aligned to the point in time a label is intended to refer to, push-buttons can be
evaluated programmatically, which makes the processing a lot easier.

The advantage of labeling while driving is that the expert has a good situational awareness
and can define the label authentically. Moreover, no additional time for the labeling process
is consumed.

A negative impact is that the driver can only define manual online labels for the own driving
behavior. Indeed, in theory at least the co-driver not being loaded with the driving task
can define labels even for surrounding traffic vehicles while moving through the traffic in a
vehicle taking the measurements, but self conducted tests have shown that it is too hard
for the co-driver to coordinate the definition of the label together with the selection of the
object vehicle that the label refers to in real-time.

Moreover, the labeling task may distract the driver from driving, which on one hand is
safety-critical and on the other hand affects the quality of the labels. Depending on the
number of different labels that need to be defined and depending on the complexity of the
current traffic situation, the driver can be overexerted with the additional task.

In order to not cause any harm to the driver or other traffic participants, two approaches
of labeling the own driving behavior have been investigated: Labeling while driving in a
simulator study and labeling while being the co-driver in charge of lane change decisions
in a test vehicle study.

Simulator Study

In order to label a driver’s lane change intention without any effects from the check of
a lane change realizability, it is proposed to conduct a simulator study with a simulated
automated driving vehicle. Thereby the simulator automatically follows the course of the
lane and keeps a safe distance to preceding vehicles, but does not initiate a lane change by
itself. Instead, buttons for the propositus to indicate a lane change intention are used to
trigger the automated execution of a lane change, whereby the simulator only changes the
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1 Buttons to indicate a lane change intention.

2 Propositi’s restricted forward facing field of view.

3 Screen showing the simulated vehicle’s environment.

4 Linear actors moving the vehicle mock up.

Figure 5.9: Setup of the manual online labeling process in the driving simulator.

lane as soon as it is safe. The propositus’ field of view on the traffic has to be restricted
(i.e., side and rear view mirrors have to be disabled) to make sure that the realizability of
a lane change can not be checked by the driver. This setup is illustrated in Figure 5.9.

The advantage of a simulator study for the task of manual online labeling is that due to
the driver’s restricted field of view perfect lane change intention labels without a mixing
of the emergence of an intention and the check of the realizability can be acquired.

In addition, human driving data is acquired while obtaining the labels at the same time,
so no extra time is claimed by the labeling process.

A disadvantage is that because of the driver’s restricted view not all motivations that cause
a lane change intention are perceptible by the driver at the same time. For example, as
no vehicles approaching fast from behind and potentially causing an intention to change
the lane to the right are seen by the driver, no data is acquired to learn this particular
aspect of a driver’s lane change behavior. A different study has to be conducted to capture
the propositi’s lane change intention solely based on observations of the traffic behind.
Moreover, the effort of conducting a simulator study is high compared to an automatic
labeling process.

Finally, as in a driving simulator the ability to reflect all cause-effect relationships realis-
tically is always limited (as already discussed in subsection 5.1.2) it is questionable if the
lane change intention labels acquired in the simulator reflect real-world driving behavior
realistically.

Test Vehicle Study

Because of the driving simulator’s limited ability to reflect all aspects of real-world driving
realistically, it is desirable to do a manual online labeling of lane change intentions in real
traffic. But unfortunately, as currently no level 4 (or higher) driving automation system
is available to legally conduct a study with the driver triggering an automated execution
of lane changes without a human monitoring the safety of the vehicle’s actions, it is not
possible to use the same setup of the study as in the case of the driving simulator described
before. Instead, it is claimed that a co-driver can be instructed to do the labeling instead
by ordering the execution of lane changes. The driver imitates an automation function
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* 1 Buttons to indicate a lane change intention.

2 Co-driver’s restricted forward facing field of view.

3 Head-up display showing co-driver’s current intention.

4 Driver’s unrestricted field of view.

Figure 5.10: Setup of the manual online labeling process in the test vehicle.

and is liable of driving safe (i.e., following the course of the lane, keeping a safe distance to
preceding vehicles and checking the realizability of lane changes, but not initiating a lane
change without the co-driver’s order). This way the co-driver can turn full concentration
towards the labeling process without the driving safety being affected.

For the implementation of this study the test vehicle described in subsection 5.1.3 is used.
The side and rear view mirrors are adjusted to the driver, so the co-driver has a restricted
forward facing field of view preventing a check of a lane change realizability (like in the
case of the simulator study). During the study the co-driver is instructed to indicate a lane
change intention via the press of a button. The current status of a lane change request is
displayed to the driver via a head-up display and the driver is instructed to execute the
lane change as soon as it is safe. This setup is illustrated in Figure 5.10.

Similar to the simulator study, the advantage of manual online labeling is the simultaneous
acquisition of driving data and maneuver intention labels, but in a test vehicle the labels
potentially reflect real-world driving behavior more realistically.

On the other hand, the effort of conducting a study is still high compared to an automatic
labeling process. Furthermore, it remains an open question whether the traffic situation
can be assessed from the co-driver’s perspective as good as from the driver’s point of view,
especially because the co-driver is not in responsibility of the vehicle control.

5.2.5 Summary

The presented labeling strategies all have their strengths and weaknesses with respect to
the time that needs to be spent on the labeling process and the quality of the labels.
Thereby the latter depends on the validity of the assumptions that the labels are based
on, which again clearly affects the prediction performance.

In (Rehder, Münst, et al., 2016b) and (Rehder, Münst, et al., 2016a) the presented
labeling strategies have been evaluated for the task of labeling the start of a lane change
execution at texecution and subjectively labeling the start of a maneuver intention at tintention.
In particular, in (Rehder, Münst, et al., 2016b) a pilot simulator study with the setup
described in section 5.2.4 has been carried out. In 45 min driving time 10 participants (1
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(red vertical line). The lane change takes place at tchange = 0, the dashed vertical lines
mark the time reference for the camera images shown at the top.

women and 9 men) drove 112 km on a simulated highway and labeled their intentions to
change the lane. The simulation software executed an intended lane change as soon as its
realization was safe.

On the other hand, in (Rehder, Münst, et al., 2016a) a pilot study with 13 participants (3
women and 10 men) as co-drivers for a manual online labeling process in the test vehicle was
conducted (according to the setup described in section 5.2.4). Altogether the participants
completed 158 min (294 km) of highway driving while labeling their lane change intentions,
which the driver of the test vehicle executed as soon as the traffic situation allowed for it.
An exemplary traffic scenario with a label for tintention of the co-driver indicating an intent
to change the lane is shown in Figure 5.11. In this case a slower vehicle in front motivated
a lane change to the left, which the driver executed 5.3 s later after letting a faster vehicle
approaching from behind pass by.

To sum up, the results showed that the effort of conducting user studies for labeling
maneuver intentions manually online can not be justified by the corresponding prediction
results, at least with the particular setup of the studies in the test vehicle and in the
simulator as described before.

Also the semi-automatic offline labeling process as described in subsection 5.2.3 did not
sanctify the time that has to be spent on manually defining the start of a maneuver, as
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Ego Traffic

Set Description Time Distance Time Distance

D(1)
veh Entire (unlabeled) set of real world

driving data collected in prototype
test vehicle.

28 h 3200 km 72 h 6000 km

D(1.1)
veh Subset of set D(1)

veh with manually de-
fined labels for measurement rejec-
tions due to faulty sensor data (see
Appendix D).

9 h 1100 km 21 h 2000 km

D(1.1.1)
veh Subset of set D(1.1)

veh with manual la-
bels defined for the execution of lane
changes of the ego as well as traffic
vehicles.

5 h 590 km 12 h 1100 km

Dsim-study Data set collected in driving simulator
during test study.

1 h 110 km - -

Dveh-study Data set collected in prototype test
vehicle during test study.

3 h 300 km - -

DPelops Data set gathered from driving simu-
lation software Pelops

50 h 13 000 km - -

Table 5.1: Data sets used for investigations in this thesis.

the prediction results did not outperform the automatic labeling.

Finally, in the test vehicle the best prediction results in terms of a correct classification rate
were achieved based on automatic labeling, whereby choosing a maneuver duration based
on the class information entropy as described in subsection 5.2.2 can be helpful to find the
best assumption of the constant maneuver duration Texecution (or Tintention, respectively) for
the labeling process.

5.3 Learning Parameters in Bayesian Networks

The overall goal of probabilistic machine learning techniques is to derive and parameterize
a probabilistic model for that the probability distribution P(X : θ) over the underlying
domain’s variables X it represents via the parameters θ is close to the true probability
distribution P∗(X ). In case of machine learning with Bayesian networks this goal decom-
poses into two parts: Learning the graph structure G and learning the parameters θ of the
network’s CPD. Sometimes the later is also called system identification.

Since in section 3.4 expert knowledge has been used to define the structure of a hybrid
BN manually, here the parameters of the network’s parametric CPD are to be learned
from data. An overview of the parameters used in all employed CPD types is given in
Figure 3.5 of subsection 3.2.2. The general data set is given by D = {d[1], ..., d[M ]} with
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M instantiations d of N = |X | variables measured from observed driving behavior, so
d ∈ IRN×1. In general, with respect to the observability of each variable represented in D,
two cases have to be distinguished:

• Complete data: Every variable represented in the model is observed at any instan-
tiation m in the data set D. All variables are called to be fully observable.

• Incomplete data: In some or all data instances one or more variables may be
unobserved. A variable of which only a limited number of instantiations is missing is
called partially observable, whereas a variable whose value is always missing is called
a latent or hidden variable.

In the following at first the case of learning parameters from complete data is discussed,
which is already implemented in the Bayes Net Toolbox (BNT) for Matlab (Murphy,
2001). The harder case of learning partially observed and even completely hidden variables
in hybrid BN is addressed in subsection 5.3.3 and 5.3.4.

5.3.1 Learning From Complete Data

As the domain’s true probability distribution P∗(X ) is unknown, the objective for learning
a BN’s parameters cannot be formulated as an absolute error between P(X : θ) and P∗(X ).
Instead, the goal is to find the parameters θ that explain the samples of recorded driving
behavior best. For this case maximum likelihood (ML) estimation can be employed, where
the learning objective is the likelihood L of the parameters given the data. In other words,
the parameter values to be found are the ones that most likely generate the samples in
the data set D. The higher the score of the likelihood function, the more likely are the
parameters to generate the data sampled (i.e., measured) from the true distribution P∗(X ).
Often the logarithm of the likelihood is used, because it is more convenient to work with
summations rather than with products. This is called the log-likelihood, denoted by ℓ.

According to (Koller, Friedman, 2009, pp. 725 sqq.) the conditional log-likelihood of a
BN’s parameters is given by

log L(θ : D) = ℓ(θ : D) = log
M∏

m=1

P(X = d[m] : θ). (5.7)

Using the chain rule this can be written as

ℓ(θ : D) = log
M∏

m=1

N∏

n=1

P(yn[m] |xn[m] : θ)

=
N∑

n=1

[
M∑

m=1

log P(yn[m] |xn[m] : θ)

]
(5.8)

with yn[m] being the m’th instantiation of the network’s variable Yn and xn[m] = par(Yn)
being the m’th instantiation of Yn’s parents in the graph.
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In Equation 5.8 it can be seen that in the complete data case the likelihood function for a
Bayesian network decomposes as a product of local likelihood functions for the individual
variables given their parents. This allows to also decompose the parameter estimation
problem and to learn the parameters of each involved CPD individually. Thereby learning
the parameters means maximizing the log-likelihood function with respect to the CPD’s
parameters:

θ̃ML = argmax
θ

ℓ(θ : D). (5.9)

To reduce the algorithmic complexity (in time and especially in space) of solving Equa-
tion 5.9 for θ̃ML, often an intermediate function called sufficient statistic is used to compress
all information in D with respect to a particular type of probability distribution. Instead
of directly calculating θ̃ML from operations on the raw data matrix (requiring D to be
kept in memory entirely), the lower dimensional sufficient statistics serve as a compact
representation which can be updated on the arrival of a new data instance d[m + 1] se-
quentially. Eventually θ̃ML is derived from the sufficient statistics. More formally, for all
probability distributions in the exponential family the function s(D) is a sufficient statistic
if P(θ | D) = P(θ | s(D)), see (Murphy, 2012, p. 74).
For example, following (Murphy, 2012, pp. 73 sq.) for a variable X being Bernoulli
distributed (which would correspond to a single, unconnected binary variable in a BN)
with P(X = 1) = θ and P(X = 0) = 1− θ, the likelihood function is

L(θ : D) = θMX=1(1− θ)M−MX=1, (5.10)

with M being the number of samples in D (as before) and MX=1 being the number of
times the outcome is X = 1. As described before, to simplify the optimization problem
the log-likelihood is used, which is

ℓ(θ : D) = MX=1 log θ + (M −MX=1) log(1− θ). (5.11)

Solving Equation 5.11 for the maximum with respect to θ can be achieved in closed form
by differentiation and equating the gradient to 0 in order to find the parameters where the
log-likelihood function is stationary. This leads to the maximum likelihood estimate

θ̃ML =
MX=1

M
(5.12)

which simply is the frequency of X = 1 in the training data. It can be seen that M and
MX=1 are all that needs to be known about D to derive θ. On the other hand, θ alone
would not be sufficient to update the estimate for a new data instance d[m+ 1]. Therefore
M and MX=1 are the sufficient statistics of the data. (Another option would be MX=1 and
MX=0 = M −MX=1.)
For any discrete node B with purely discrete parents A the CPT’s parameter for an
individual instantiation B = b and A = a can be computed using the sufficient statistics
with

θb|a =
MB,a

Mb
, (5.13)
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whereby the counts are defined as

Mz =
M∑

m=1

1 {Z[m] = z} , (5.14)

see (Koller, Friedman, 2009, p. 724). The notation 1 {·} is used to refer to the indicator
function, which is 1 if its argument is true and 0 otherwise.
While for CLG CPD (including the special cases of CG and LG CPD) the sufficient statis-
tics and a closed-form solution to Equation 5.9 are given in (Murphy, 1998), unfortunately
the parameters of a (C)CD CPD cannot be compressed in sufficient statistics because the
softmax distribution is not in the exponential family. Moreover, no closed form solution
for the parameter optimization is available. According to (Murphy, 2012, pp. 252 sq.)
the log-likelihood function of the softmax model is given by

ℓ(θ : D) = log
M∏

m=1

K∏

k=1

P(a[m] = k |x[m] : θ)1{a[m]=k} (5.15a)

=
M∑

m=1

K∑

k=1

1 {a[m] = k} log P(a[m] = k |x[m] : θ) (5.15b)

=
M∑

m=1

K∑

k=1

1 {a[m] = k} log
bk + wT

k x[m]
∑K

k′=1 bk′ + wT
k′x[m]

(5.15c)

with x = Par(A) ∩ Γ and K = | val(A)|. Intuitively, through the indicator function in
Equation 5.15 only the probabilities matching the respective class assignment add to the
likelihood score. In particular, if the class a = k is observed but not predicted with
probability 1.0, a negative score will be added because of the logarithm.
Equation 5.15 is also called the cross-entropy error function. Its global maximum can be
found using standard optimization algorithms like gradient ascent.

5.3.2 Parameter Tying

The specific structure of the BN for inferring a driver’s maneuver intention presented in
section 3.4 has an important property: The sub-structure for the estimation of a driver’s
contentedness on an individual lane repeats for all three lanes that are taken into account
(which is the own lane, the left and the right lane). The reason is that the way the lane
contentedness is estimated should be independent of any lane in particular. Indeed, when
running inference in the network, available evidence is taken into account for each lane
individually. But the quantification of the observed variables’ influence on the driver’s
contentedness on each lane should be identical for all lanes.
This property motivates to use the same CPD parameters for every sub-structure, which
is called parameter tying. Tying parameters effectively reduces the number of parameters
that need to be learned from data. At the same time this implies an increased amount of
data that can be used to learn the parameters of an individual CPD. In particular, whereas
without parameter tying the CPD’s parameters in a single sub-structure could solely be
estimated based on data measured on the single corresponding lane, with parameter tying
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data from all lanes can be used to estimate a single sub-structure’s parameters. Eventually
for the task of inference the same parameter estimates are used in all repeating sub-
structures.

For the BN structure presented in Figure 3.15 the number of free parameters (i.e., param-
eters that need to be learned from data) is 1641 (see Figure 3.5 for an overview of the
number of parameters depending on the type of CPD used). Parameter tying for all CPD
in the sub-structures for each lane reduces the number of parameters to 561.

5.3.3 Learning Partially Observed Variables

According to (Koller, Friedman, 2009, pp. 869 sqq.), when learning the parameters
of a hybrid BN from incomplete data, actually two tasks have to be solved at once: A
distribution over the possible outcomes of each unobserved variable has to be inferred to
complete the training data, and based on the data of course parameter estimates for the
network’s CPD have to be computed.

With the inference procedure for hybrid BN presented in subsection 3.3.5 and the formulas
for the parameter optimizations in the case of complete data as described in section 5.3 it
seems that each of the tasks can be achieved given the result from the other: Given the
parameters the clique tree algorithm can be used to query the value of any unobserved
variable in the network (to complete the missing data), whereas given complete data the
sufficient statistics and the cross-entropy error can be used to estimate the network’s
parameters.

The expectation maximization (EM) algorithm solves this circular dependency iteratively
by first inferring a probability distribution over the values of unobserved variables (which is
called the expectation step or e-step) and then computing a maximum likelihood estimate
of the parameters similar to the case of complete data (called maximization step or m-

step). The first e-step is based on a set of random initial parameters and it can be shown
that each iteration of EM is guaranteed to improve the log-likelihood until convergence,
see (Koller, Friedman, 2009, pp. 870 sq.).

Unfortunately, while the clique tree algorithm as presented in subsection 3.3.5 can be
applied in the e-step straight forward, two difficulties arise in the m-step: First, in the
e-step a posterior probability distribution rather than a single most likely value of each
hidden variable is inferred, so the sufficient statistics can not be computed like in the case of
complete data. To overcome this, the standard approach is to compute so-called expected

sufficient statistics (ESS), which can be seen as using soft estimates for all unobserved
variables’ values (Koller, Friedman, 2009, pp. 870 sqq.). For example, when computing
the maximum likelihood parameters of a CPT according to Equation 5.13 the definition
of the counts changes from Equation 5.14 to

Mz =
M∑

m=1

P(Z = z |d[m] : θ). (5.16)

The expected sufficient statistics for CLG CPD are presented in (Murphy, 1998).
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The second difficulty of the m-step in case of partially observed data is that the ML
estimates of any CD CPD’s parameters can not be computed using Equation 5.15c, because
x = par(A) may be unobserved. The solution proposed in (König, Rehder, 2016) is
inspired by the procedure to incorporate (C)CD CPD in the clique tree algorithm: In
every iteration of the gradient ascent algorithm for maximizing the log-likelihood of the
softmax distribution, the marginal probability of the softmax node is computed by

P(A = a) =
∫ ∞

−∞
P(A = a |x) P(x) dx, (3.42 revisited)

which requires numerical integration to be solved. This marginal can be used in Equa-
tion 5.15b to compute the log-likelihood score of the softmax distribution.
While the Bayes Net Toolbox (BNT) for Matlab (Murphy, 2001) already offers an im-
plementation to learn parameters from partially observed data in the case of CPT and CLG
CPD (including LG and CG CPD), the proposed methodology to also obtain parameter es-
timates for (C)CD CPD with unobserved parent values has been implemented additionally.
Pseudocode for the EM algorithm in case of hybrid BN is presented in section A.3.

5.3.4 Learning Hidden Variables

Hidden variables (also latent variables) are variables for that no evidence can be acquired
when running inference in the model. In case of the BN for recognizing maneuver in-
tentions described in section 3.4, all variables representing lane contentedness values and
contentedness factors can never be obtained from any sensor measurement. (Note that
here the variable representing the lane change intention itself is not considered to be a
hidden variable, because during the training phase labels for the lane change intention are
defined in terms of a supervised learning approach.)
In general, even when a variable is never observed in the training data set, the expecta-
tion maximization algorithm as presented in subsection 5.3.3 can still be used to find a
maximum likelihood estimate of the latent variables’ parameters. But as for the task of
parameter learning in a BN usually many local optima for the optimization of a single
probability distribution exist, it cannot be guaranteed that the hidden variables still have
any semantic meaning in the context of the problem domain.
As stated by (Koller, Friedman, 2009, pp. 930 sqq.), methods to initialize a hidden
variable so as to guide the algorithm towards semantically reasonable regions of the pa-
rameter space are generally heuristic and no guarantees can be given. Here, two measures
are taken to learn hidden variables with defined semantic meanings:
First, when a hidden variable is connected to only those nodes that indeed have a semantic
influence on the intended meaning of the hidden variable, the parameterization of the
hidden variable is significantly biased and therefore the risk of learning parameters that
are meaningless and only capture the noise in the training data is reduced (Koller,
Friedman, 2009, p. 931). See for example the two BN structures in Figure 5.12. While
the structure in Figure 5.12a is constrained such that for example H2 can only depend on
X1 and X2, the structure in Figure 5.12 is unconstrained (in this case the layers of the
network are fully connected) and H2 may be influenced by all observed features X1 to X4.
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Figure 5.12: Comparison of network structures with hidden variables.

The BN for a driver’s intention recognition presented in section 3.4 exactly follows the idea
of a constrained structure. In particular, the node representing the overall contentedness
on a single lane is connected to only those contentedness factors regarding this same lane.
The contentedness factors again are connected only to those features having a semantic
influence on a single contentedness factor.

The second measure to learn semantically meaningful hidden variables is a pre-training
of the model’s parameters based on simulated data. That is, an expert model including
all variables and dependencies of the domain to be represented (here: the driver model in
Pelops) is used to sample training data, which again is used to learn the parameters θ̃sim

of the BN’s CPD. As all variables are modelled explicitly in the simulation, even data for
variables being otherwise hidden can be sampled. The parameters from the pre-trained
model are then used as initial parameters for the training of the final model, resulting in
the parameters θ̃.

Of course, the parameters of the simulation model are chosen by an expert, so it is not
guaranteed that the model correctly quantifies the variables’ dependencies compared to
observed human driving behavior. But it is believed that using the parameters from pre-
training as initial parameters for the final model (θinit = θ̃sim), the chance of the likelihood
function converging in a local optimum in the parameter region with a semantic meaning
is high. This idea is visualized in Figure 5.13.

Unfortunately, the true likelihood function of the BN cannot be plotted like it is shown in
Figure 5.13, because the parameter space is high dimensional. Thus it is hard to examine
if the presented (heuristic) measures indeed maintain the semantic meaning of hidden
variables. Especially when the true distribution of the problem domain (represented by the
measurement samples) differs from the simulation model significantly, the same semantic
meaning of the hidden variables may be located in a completely different parameter region
with vastly differing conditional probability distributions. As an aid the Mahalanobis
distance can be employed to measure the distance of the ground truth samples generated by
Pelops to the learned probability distributions, which will be described in subsection 6.1.3
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Figure 5.13: Illustration of parameter initialization from pre-training (parameters indi-
cated by superscript (2)) compared to random initialization (indicated by superscript (1)).

While the learned parameters θ̃
(2)

stay within the region of θ̃sim, the initial parameters

θ
(1)
init are chosen randomly, which may lead to θ̃

(1)
being far from θ̃sim.

in detail. But at the end a human expert is needed to investigate the true sense of the
hidden variables.

5.4 Inverse Reinforcement Learning

In section 4.2 a linear-quadratic controller was presented that can be used to generate
trajectory hypotheses to predict the future movement of vehicles. The weight matrices Q,
P and R that define the behavior of the controller via the cost functional

J(x0, u) = (xN − xref)
T P (xN − xref)

+
N−1∑

k=1

(xk − xref)
T Q(xk − xref) +

N−1∑

k=0

uT
k Ruk

(4.12 revisited)

were chosen manually to show the working principle of using the LQR approach for the
generation of trajectories.

In general, manually choosing the weight matrices via trial and error is common practice
for designing the LQR. Indeed, in the literature effort has been spent to algebraically select
the weights (see for example (V. E. Kumar, Jerome, 2014; Ata, Coban, 2017)), but in
the end these approaches just transfer the task of directly choosing Q and R to manually
choosing other application specific objectives that are linked to these weights.

However, for the task of predicting driving behavior it is not expedient to parameterize the
weight matrices of the LQR approach by an expert who optimizes the controller parame-
ters to an individual objective. Instead the goal is to ascertain the (unknown) optimization
objective of a given, observed system; namely the drivers of the surrounding vehicles of
that the driving behavior shall be predicted. This task is also called learning from demon-

stration, imitation learning or apprenticeship learning. Specifically inverse reinforcement
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learning (IRL) was found to exactly fulfill the described problem: Recovering the unknown
reward function of an agent assumed to be performing optimal behavior (Abbeel, Ng,
2004).

Unfortunately, for any learning algorithm finding the optimal parameters gets harder with
an increasing degree of freedom of the underlying system. Consequently only the least
possible amount of parameters not excessively limiting the solution space should be exposed
to the IRL algorithm. Consequently a variety of rules and presuppositions to reduce the
number of free parameters in the LQR formulation is introduced in the following.

First of all, according to (Lunze, 2014, pp. 308 sqq.) in systems with a single input even
under weak conditions only the diagonal elements of Q = diag(q1, q2, q3) have to be selected
without restricting the solution space. In addition, to incorporate foreknowledge about the
system’s stability, the lower bound of the diagonal elements in Q can be set to 0, which
ascertains that the learned state penalty is positive definite.

The final state penalty is chosen to be P = 100 ·Q, which showed good results in practice
to assure that the controller equalizes the divergence from the reference trajectory within
the optimization horizon. Moreover, as many pairs of Q and R exist that yield the same
control law, it is common practice to choose either Q or R to be the identity matrix I

and only tune the other weight matrix, respectively, see (Murray, 2006). Therefore here
R has been chosen to 1.

Finally, as for the task of a behavior prediction it is sufficient to learn the characteristics of
the subject vehicle’s future positions (rather than the lateral velocities and accelerations),
the state penalty is simplified to Q = diag(q, 1, 1), so the task of learning the cost param-
eters breaks down to finding the optimal value of q for which the state trajectory matches
the demonstrations.

As data basis n trajectories to learn the parameters from are given by x̃1, ..., x̃n and each
of the time discrete trajectory demonstrations x̃i has been subsampled to have the same
number of samples N and sample size Ts as stated in the LQR problem formulation.

For each trajectory a feature vector is computed that describes the characteristics of the
trajectory at each point in time and serves as a similarity measure to learn a model of
the trajectories and generate similar trajectories in new situations. In this approach the
sum of squares of each element of the state vector x = [ d, ḋ, d̈ ]T is used, so the empirical
feature vector to represent the characteristics of a single observed trajectory is

f(x̃i) =
N∑

k=0

x̃2
i,k. (5.17)

For a multitude of demonstrated trajectories the mean of the feature values is taken, which
is denoted by

f̃ =
1

n

n∑

i=1

f (x̃i) (5.18)

with x̃i being the i’th demonstrated instance of all n trajectories.

According to (Kuderer, Gulati, et al., 2015) the goal is to find the parameters in Q that
yield a conditional probability distribution over trajectories P(x |Q) for that the expected
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Figure 5.14: Learning iterations of the maximum entropy IRL algorithm. The demon-
strated lateral position trajectory is plotted solid black while the trajectories generated by
the LQR in every learning iteration are plotted in shades of blue. The reference trajectory
is shown as dashed black, the optimal trajectory found at convergence is plotted dashed
red.

feature values match the observed feature values, so it is required that

EP(x | Q)[f ]
!

= f̃ . (5.19)

In general there exists not a unique distribution for that Equation 5.19 is true. In (Ziebart

et al., 2008) it is proposed to use the one that maximizes entropy, which is justified with
the fact that this distribution indeed matches feature expectations, but it does not favor
any other outcome besides this constraint, so while maximizing entropy any other amount
of prior information is minimized.
In (Kuderer, Kretzschmar, et al., 2012) it is shown that maximizing the entropy cor-
responds to maximizing the likelihood of the training data when assuming an exponential
family distribution. The resulting optimization problem cannot be solved in closed form,
but the gradient g given by the difference between the expected and the empirical feature
values

g = EP(x | Q)[f ]− f̃ (5.20)

can be used to employ an iterative optimization technique like gradient descent.
Unfortunately the computation of the expected feature values is very expensive as it is
hard to compute the high dimensional integral

EP(x | Q)[f ] =
∫

x
P(x |Q)f (x) dx. (5.21)

This is why (Kuderer, Kretzschmar, et al., 2012) suggests to use the approximation
of only taking the expected features of the most probable trajectory, which leads to

EP(x | Q)[f ] ≈ f (argmax
x

P(x |Q)). (5.22)
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To summarize, the approach for learning the optimal state penalty Q from the trajectory
demonstrations x̃1, ..., x̃n is as follows:

1. The empirical feature vector f̃ is computed according to Equation 5.18 for all demon-
strated trajectories.

2. The state penalty is initialized with Q = diag(1, 1, 1).

3. The optimal control problem is solved for every demonstrated trajectory x̃i, which
leads to an optimal state trajectory x∗ according to the current state penalty Q.

4. The expected feature vector EP(x∗ | Q)[f ] of the optimal state trajectory is computed
using Equation 5.22.

5. The gradient g of the features is computed according to Equation 5.20. If |g| < ǫ

then qj = Q(j, j) with j ∈ 1, ..., dim(Q) is updated by taking a gradient descent step
with qj = qj − α · g (whilst taking into account the lower parameter bound of 0).

6. Steps 3 to 5 are repeated until convergence.

The pseudocode for the outlined algorithm is presented in section A.4. A demonstration of
how the IRL algorithm minimizes the distance to a single demonstrated trajectory during
the learning iterations is shown in Figure 5.14. The exemplary demonstration is plotted
solid black, the predicted trajectory of the LQR in every training iteration is plotted with
shades of blue, starting from light blue with the initial penalty matrix Q = diag(100, 1, 1)
and turning to a darker color as the training evolves and |g| converges to 0. The final
trajectory is plotted dashed red with circles marking the discrete time steps every ts = k ·Ts

seconds (Ts = 0.3 s, k = 0, ..., N − 1 with N = 20).
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CHAPTER 6

Evaluation

According to (Gipps, 1986) it is not possible to validate a model. Indeed, finding a fault
means the model is incorrect, but not finding a fault does not prove the model is correct
as the fault may just be undetected. For automated driving this poses a great challenge,
because the health of the vehicle occupants as well as of other traffic participants is at risk
if the automation system shows erratic behavior.
One way to counter this challenge is to test the holistic system as much as possible, covering
as many different driving scenarios and traffic situations as possible in order to reduce the
risk of not encountering system deficiencies - if there are any. But unfortunately, as many
building blocks for an automated driving vehicle are still in active development, here the
proposed approaches to a maneuver intention recognition and driving behavior prediction
presented in chapter 3 and 4 can not be tested in a holistic system in closed-loop driving.
Therefore, the approach taken in the following is to evaluate the prediction models based
on a large amount of driving data isolated against different ground truth hypotheses.
It has to be noted that in fact human driving behavior can never be predicted without
any faults. Classifying a driver’s maneuver intention or estimating the future vehicle
trajectory is always afflicted with uncertainty, not least because human behavior itself is
not deterministic. Nevertheless, inaccurate predictions not necessarily lead to an erratic
behavior of the automated vehicle at the end. For example, depending on the particular
traffic situation, the driving strategy of the vehicle may account for the uncertainty in the
predictions and compute an evasive vehicle trajectory as a backup plan as soon as a traffic
participant’s observed behavior diverges from its prediction. Such an evasive maneuver may
indeed come at the cost of discomfort for the passengers compared to a maneuver based on
correct predictions, but it not necessarily affects the safety of the vehicle’s driving behavior.
As a consequence, an isolated evaluation of the prediction accuracy is not suited to finally
give evidence of the approaches’ suitability for automated driving. But nevertheless it can
be used to quantify the prediction performance, to compare rivaling approaches, and to
facilitate causal research in case of prediction errors.
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6.1 Evaluation Setting and Metrics

For the training and evaluation of the proposed prediction approaches all data acquired
from the sources described in section 5.1 and listed in Table 5.1 has been splitted into a
training set (75 %), an evaluation set (12.5 %, needed for the training of a neural network
for comparison, see subsection 6.2.3) and a test set (12.5 %).
As probabilistic predictors tend to underestimate the likelihood of classes that are less
represented in a data set (which is then also called to be skewed), the training data has
been randomly undersampled to an equal amount of data instances for all maneuver classes,
which is a common practice (Japkowicz, 2000).
The evaluation of the intention recognition and behavior prediction approaches involves the
evaluation of different outcomes and aspects of the models. Not only shall the classification
and prediction time of the maneuvers predicted by the intention recognition, maneuver
detection and behavior prediction approach be evaluated, but also the nearness of the
learned probability distributions to the ground truth and the accuracy of the predicted
positions in the generated trajectory hypotheses is of interest. The metrics to evaluate
these aspects are described in the following sections individually.

6.1.1 Classification Performance Metrics

Metrics for the evaluation of classification models are in general statistics about the amount
of correct and false classifications of the model compared to the ground truth. Thereby
the ground truth is either the known true condition of the domain, the prediction of a
reference classifier or any other reasonable hypothesis defined as labels.
Commonly a contingency table (also called confusion matrix) is used, which shows the
frequency distribution of the classification results. A 2× 2 contingency table for the case
of a binary classifier together with the true positive rate (TPR, also called sensitivity) and
false negative rate (FNR), as well as false positive rate (FPR or fallout) and true negative

rate (TNR or specificity) that can be computed based on the table is given as follows:
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Using the classification rates as performance metric has the advantage of being robust
against skewed class distributions, because their computation is solely based on the entity
of all positive and all negative ground truth values, respectively.
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The informedness (also called Youden’s index or J statistic) given by

J = TPR + TNR− 1 = TPR− FPR (6.1)

summarizes the classification performance in a single metric. It ranges from −1 to 1.
Thereby 1 indicates a perfect classification, 0 certifies a random classifier, and −1 reports
a classifier with inverted semantics, see (Powers, 2011).

While these statistics at first seem easy to be computed and evaluated, when using a
probabilistic classifier the fundamental question is: When is a class outcome actually
predicted?

As a probabilistic classifier only outputs a class affiliation P(Y = y) ∈ IR[0,1], two stan-
dard approaches exist for the evaluation of a binary problem (also called dichotomous

diagnostic task): Either the outcome with the maximum probability is predicted (i.e.,
y+ = 1 {P(Y = y) = argmax(P(Y ))}), or a threshold δ is defined that maps the prob-
abilistic outcome to a Boolean value with y+ = 1 {P(Y = y) ≥ δ}. (Note that for the
dichotomous case predicting the outcome with the maximum probability corresponds to
choosing δ = 0.5.)

Using a threshold has the advantage of the human expert being able to adjust the classifi-
cation behavior. In particular, choosing δ < 0.5 in general means being more conservative
about the prediction of a positive class outcome (lower false positive rate at the cost of
a lower true positive rate), while choosing δ > 0.5 lets the classifier be more optimistic
(higher true positive rate at the cost of a higher false positive rate). A receiver operating
characteristic (ROC) curve together with the informedness measure can be used to find
an optimal trade-off for the selection of δ. The ROC is a plot of a binary classifier’s TPR
over its FPR for all possible choices of δ in the interval [0, 1], see (Fawcett, 2005).

However, for the case of a probabilistic n-class problem the evaluation is more cumbersome.
One common evaluation method is the so-called one-vs-all strategy. The idea is to succes-
sively pick one class as positive and evaluate it against all other classes being treated as
negative, which transfers the n-class evaluation to a binary class evaluation problem for ev-
ery choice of the positive class. Unfortunately, in an n-class problem the threshold to decide
on the class value can not be chosen individually for all outcomes. For example, for a dis-
crete variable with the three states LC = {lane change left, keep lane, lane change right} =
{LCL, KL, LCR}, which is also called a trichotomous decision task, it is not possi-
ble to choose δLCL = 0.7, δKL = 0.6 and δLCR = 0.8, because an outcome of e.g.
P(LC) = {0.3, 0.4, 0.3} would lead to no class assignment being predicted at all, which
in this case is a semantic error.

On the other hand, predicting the class with the highest probability (which is called a
winner-takes-all strategy in the case of an n-class problem) is always possible, but it lacks
a parameter to trade-off a conservative against an optimistic classification behavior with
respect to each class. Indeed, approaches exist to plot ROC curves even for multi-class
decision tasks, see for example (Mossman, 1999) for the trichotomous case, but as the
ROC space in general has n(n−1) dimensions the evaluation complexity increases with the
number of classes and the clarity and interpretability of the evaluation results decreases.
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For the case of a lane change prediction therefore a single weight w is introduced to scale the
probabilities of the positive class outcomes being defined as LC+ = {LCL, LCR} against
the negative outcome with LC− = KL. This allows for an evaluation of the classification
with a winner-takes-all strategy while maintaining the ability to trade-off the classification
behavior with a single parameter. A score s with

s(LC+) = (1− w) · P(LC+) and s(LC−) = w · P(LC−) (6.2)

is computed for each outcome as a weighted probability, and the predicted class outcome
is the one that maximizes the score. The weight w is then varied from 0 to 1 to obtain the
ROC curve. (Note that for the case of w = 0.5 the prediction evaluation is equal to the
classical winner-takes-all strategy.)

6.1.2 Prediction Time

The time a maneuver is predicted in advance to the actual execution is a metric that here
is computed based on a positive lane change classification outcome with a true positive pre-
diction in the end; a lane change left or lane change right that was continuously predicted
until the execution of the maneuver.
See for instance the exemplary lane change classification in Figure 6.1, where a lane change
takes place at t0. The course of the probabilistic classification outcome P(LC) together
with the prediction threshold δ is shown at the top. For each sampled time step the
labeled ground truth and prediction result as well as the evaluation result according to the
definitions in subsection 6.1.1 are shown at the bottom. It can be seen that the positive
classification of the lane change at t0 already starts at t−6, although the positive label
interval for the lane change only starts at t−3. As a consequence the evaluation of the
prediction correctness is false positive from t−6 to t−4 and true positive only from t−3 to t0.
Nevertheless, the time span the maneuver is predicted is Tpred = |t−6 − t0|. On the other
hand, the positive lane change classification from t−11 to t−10 is not taken into account,
because no lane change is being executed at the end of the positive prediction interval.
The downside of this prediction time computation is that it is only coupled to the maneu-
ver classification outcome and the final maneuver execution, but not to the classification
evaluation result. Hence the computation is prone to overestimate the maneuver prediction
time. This effect becomes obvious in case of a maneuver classification constantly predict-
ing a lane change. While in general a long prediction time is desirable, in this case the
maneuver prediction time would be equal to the entire time span between two consecutive
maneuvers and would therefore not represent a reasonable evaluation metric.
However, if the classification performance shows reasonable results in terms of the max-
imum informedness of the classifier, it can be assumed that also the computation of the
prediction time based on the maneuver classification outcome shows reasonable results.
Moreover, if the computation of the prediction time would instead be coupled to the clas-
sification evaluation (i.e., computing the time span of true positive prediction intervals
only) the prediction time would be limited to the duration of the lane change labels. In
case of the lane change labels being defined using the assumption of a constant maneuver
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Figure 6.1: Exemplary probabilistic lane change classification outcome together with the
definition of the maneuver prediction time Tpred. A lane change is predicted as soon as the
lane change probability P(LC) exceeds a given threshold δ.

duration the computation would be prone to underestimate the true maneuver prediction
time.

6.1.3 Distribution Accuracy Metrics

For the evaluation of a driver’s contentedness estimation on a particular lane (including the
contentedness factors that the lane contentedness depends on) after the pre-training phase
of the approach to a driver’s maneuver intention recognition, the Gaussian estimation of
the contentedness (denoted by C̃ = E(C)) can be compared to the scalar ground truth
value of the contentedness C, which is acquired from Pelops.

According to (Murphy, 2012, p. 98) the distance of a scalar point x to a distribution
Y ∝ N (µ, Σ) can be measured with the Mahalanobis distance as

DM(x, Y ) =
√

(x− µ)TΣ−1(x− µ). (6.3)

Thereby DM(x, Y ) measures how many standard deviations away x is from µ.

6.1.4 Position Accuracy Metrics

When evaluating the performance of the trajectory hypotheses generation approach as
presented in section 4.2 the accuracy is measured as the root mean squared error (RMSE)
of the vehicle’s position.

With d̂ being the lateral predicted position with respect to the original lane, the RMSE is
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computed as

RMSEd =

√√√√ 1

N

N∑

n=1

(d̂n − d̃n)2. (6.4)

The measured ground truth trajectory given by d̃ is linearly interpolated to match the
time of the predicted trajectory at every relative time step tk = k · Ts with k = 0, ..., N

(Ts = 0.3 s, N = 20).

6.2 Intention Recognition Evaluation

In the following the results of training the approach to a driver’s maneuver intention recog-
nition as presented in section 3.4 with the particular BN structure depicted in Figure 3.15
are described. Thereby the BN is trained and also evaluated on driving data gathered from
varying sources.

To distinguish the different evaluations the notation BN〈Dtest | Dtraining 〉 is used to refer to
the evaluation of the BN on the test data source given the parameters of the BN obtained
from training on the training data source. For example, BN〈D(1.1)

veh,ego | DPelops 〉 refers to the
evaluation of the BN on real world driving data with the ego vehicle as subject, whereby
for the training phase data gathered from Pelops has been used (see Table 5.1 for an
overview over the different data sets). Unless stated otherwise, the different data sources
for training and testing are always subdivided into a training, an evaluation and a test
data set. So for example, when using DPelops for training, only 75 % of the data is used,
while each 12.5 % of the data remains for evaluation and test purposes.

6.2.1 Performance on Simulation Data

For pre-training the BN’s parameters approximately 50 h (∼13 000 km) highway driving
data have been simulated using Pelops (see data set DPelops in Table 5.1). The data has
a sample time of Ts = 0.3 s and is being undersampled to synthesize equally distributed
maneuver classes. Using 75 % of the data for training results in approximately 16 400
samples of simulated driving behavior being available for the parameter optimization.

Labels for samples in the interval of 1.5 s after an executed lane change have been omitted,
because in Pelops a lane change intention is maintained until the vehicle reaches the
center of the target lane. Since the employed BN does not take into account any time series
information, these labels would lead the learning algorithm to the wrong conclusion of an
existing lane change intention when driving on lanes with the highest lane contentedness
already.

All variables of the BN (including the lane contentedness variables) are fully observed when
using data from Pelops, so the parameters can be learned using the standard approach
described in subsection 5.3.1. However, it is also possible to use the wider applicable
EM algorithm as described in subsection 5.3.3, which in case of complete data converges
already after the second iteration.
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C 0.32 0.06

Cpre 0.14 0.04
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Ckl 0.38 0.10

Cvel 0.26 0.04

Figure 6.2 & Table 6.1: Left: ROC of lane change intention recognition performance
for pre-trained BN based on simulated driving data from Pelops. Solid lines indicate
the test set performance, dashed lines show performance on training set. Right: Maha-
lanobis distance and root mean squared error of the lane contentedness estimation and the
contentedness factors.

For the evaluation of BN〈DPelops | DPelops 〉 the performance metrics are shown in Fig-
ure 6.2 in terms of the ROC curves for the maneuver intention classification and in Ta-
ble 6.1 in terms of the Mahalanobis distance and root mean squared error of the lane
contentedness estimations. It can be seen that the distance of the contentedness estima-
tions to the true contentedness values computed by the driver model in Pelops is in the
low range of 0.14 to 0.38 standard deviations, signifying that the estimation fits the ground
truth quite well. On the other hand, for the maneuver intention classification the ROC
curves show poor results on the test set. The maximum informedness averaged over all
maneuver classes is only at Jmax = 0.49 (w = 0.5).

As explanation for the low classification performance overfitting can be excluded, because
the classification performance on the training set does not considerably differ from the
performance on the test set (see the dashed lines in Figure 6.2). Moreover, although the
particular structure of the BN is only a simplification of the driver model employed in
Pelops the good performance of the lane contentedness estimation does not allow the
conclusion of the BN’s hypothesis space (in terms of the used features, the network struc-
ture and the employed CPD types, see section 3.4) being too restrictive. Instead, the reason
for the poor classification performance can be found in the particular parameterization of
the lane contentedness computation in Pelops.

As shown in Figure 6.3, the intention to change the lane is made up from only slight
differences in the contentedness values of individual lanes, resulting in wrong classifications
even in case of only low deviance of the lane contentedness estimation. However, since the
semantic meaning of the BN’s lane contentedness nodes is correct after learning the CPD’s
parameters from simulation data, the parameters can be used as a reasonable initialization
when learning the parameters from real world driving data acquired from the test vehicle
subsequently.
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Figure 6.3: Exemplary lane change scenario in Pelops. From top to bottom: 1: Top
view of the traffic situation. 2: Ground truth of lane contentedness values gathered from
the driver model in Pelops. 3: Estimation of lane contentedness from Bayesian network
(together with 1σ, 2σ and 3σ standard deviation intervals). 4: Classification of maneuver
intention by Bayesian network. 5: Labels used for training and evaluating the maneuver
classification.
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Figure 6.4: ROC of lane change intention recognition performance for pre-trained BN
based on test set of vehicle data for varying assumptions of Tintention during evaluation.

6.2.2 Performance on Test Vehicle Data

From the test vehicle approximately 28 h (∼3200 km driven by ego vehicle, see data set
D(1)

veh in Table 5.1) highway driving data have been acquired, resulting in 504 857 data
samples for the ego vehicle and 1 316 028 samples for all surrounding traffic vehicles. But
unfortunately ∼67 % of the data instances had to be manually rejected because of faulty
sensor detections, e.g. due to construction sites, irrecognizable lane markings or heavy
rain. Thus, the resulting data set D(1.1)

veh is reduced to 9 h (165 917 samples for ego vehicle,
379 820 samples for traffic vehicles). Some examples of the data defects being sorted out
are shown in Appendix D.
As a result of the discussion on different labeling strategies in subsection 5.2.5 the driver’s
maneuver intentions have been labeled automatically based on detected lane change exe-
cutions. Thereby different assumptions of the time a maneuver intention arises ahead of a
maneuver execution have been investigated, in particular Tintention = 1.0 s, 3.0 s and 5.0 s.

Ego Vehicle as Subject

First, the BN trained on simulation data is evaluated on real world driving data with-
out any parameter modifications. With the ego vehicle as subject the evaluation of
BN〈D(1.1)

veh,ego | DPelops 〉 is shown in Figure 6.4 in terms of the ROC curves for varying
assumptions of the maneuver intention duration Tintention used for labeling.
It can be seen that indeed a Bayesian network as function approximator for the driver
model of the traffic simulation Pelops is able to predict the lane changing behavior of
the ego vehicle’s driver up to a certain extend. Clearly, with a maximum informedness of
Jmax = 0.42 (w = 0.6), 0.39 (w = 0.6) and 0.36 (w = 0.6) averaged over all maneuver classes
(when assuming Tintention = 1.0 s, 3.0 s and 5.0 s, respectively) the model’s practicability is
very limited, but this performance proves that it is reasonable to use the simulation as a
pre-training step for learning the model’s parameters from real-world driving data.
When learning the BN’s parameters using data from the test vehicle the EM algorithm
is employed, because all contentedness nodes of the BN are now unobserved (see subsec-
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Figure 6.5: ROC of BN’s lane change intention recognition performance on test set of
vehicle data with ego vehicle as subject for varying assumptions of Tintention during training
and evaluation.

tion 5.3.4). To bear up the semantic meaning of the hidden nodes, the pre-trained BN’s
parameters serve as reasonable initialization.

The different time intervals for the automatic labeling process affect the amount of training
samples being available after undersampling the data to synthesize equally distributed
maneuver classes. While with the sample time of Ts = 0.2 s the assumption of Tintention =
5.0 s results in a total of ∼8400 samples available for training, choosing Tintention = 3.0 s
reduces the samples to roughly 5100. Choosing Tintention = 1.0 s leads to about 1900
samples.

The results of the prediction performance for BN〈D(1.1)
veh,ego | D(1.1)

veh,ego 〉 are shown in Figure 6.5
in terms of the ROC for each assumption of Tintention individually. In summary, the max-
imum informedness of the lane change intention recognition is Jmax = 0.70 (w = 0.5) for
Tintention = 1.0 s, Jmax = 0.68 (w = 0.6) for Tintention = 3.0 s and Jmax = 0.61 (w = 0.6)
for Tintention = 5.0 s - a significant improvement of at average 71 % compared to using the
pre-trained BN directly.

In order to show the influence of failures in the environment perception the performance
of the BN has also been evaluated on the same data set while omitting the labels for
measurement rejections (i.e., including data samples with faulty sensor detections, see
Appendix D). With a maximum informedness of the lane change intention recognition of
Jmax = 0.65 (w = 0.6), Jmax = 0.65 (w = 0.6) and Jmax = 0.52 (w = 0.5) for the same
labeling intervals of Tintention = 1.0 s, 3.0 s and 5.0 s the performance decreases at average
by 9 %.

An exemplary traffic scenario together with the BN’s predictions and the ground truth
labels is depicted in Figure 6.6. The camera images and the top view show that the ego
vehicle is initially driving on the center lane of three available lanes, changing the lane to
the left in order to overtake a slower vehicle in front and changing back to the center lane
after the slower vehicle has been passed.

The lane contentedness estimations show that at the beginning the contentedness on the
starting lane is the highest compared to the neighboring lanes on the left and on the right,
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6.2 Intention Recognition Evaluation

Figure 6.6: Exemplary lane change scenario of ego vehicle from test vehicle data. From
top to bottom: 1: Front and rear camera image of the traffic situation at marked time
in plots below. 2: Top view of the traffic situation. 3: Estimation of lane contentedness
from Bayesian network (together with 1σ, 2σ and 3σ standard deviation intervals). 4:
Classification of maneuver intention by Bayesian network. 5: Labels used for training and
evaluating the maneuver classification.
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Vego Vsubj Vp1

rsubj

robj

robj − rsubj

Figure 6.7: Illustration of observation ranges for potential subject and object vehicles.

thus an intention to keep the lane is predicted. The closer the ego vehicle comes to the
preceding vehicle, the lower the contentedness on the own lane is estimated. Since the
relative dynamics to the vehicle in front on the left lane are at some point advantageous
compared to the own lane, the overall lane contentedness C̃l exceeds C̃r at t = 47.2 s,
therefore leading to a predicted intention to change towards the left lane.

It can be seen that in this case the lane change left maneuver is labeled with Tintention = 3.0 s
prior to the lane change at tchange = 48.4 s, leading to the interval of 45.4 s to 48.4 s being
labeled as LCL while the lane change is predicted in the interval of 47.2 s to 49.0 s. This
implicates false negative predictions of the LCL maneuver in the beginning (false positive
predictions of KL, respectively) and false positive predictions of LCL at the end.

The false predictions at the beginning are owed to the fact that the true start of the driver’s
lane change intention is latent and the automatic labeling process defines the start of the
intention based on the simple assumption of a constant duration of the intention ahead of
each lane change. On the other hand, the spurious lane change left intention right after the
executed lane change at tchange = 48.4 s is established based on an erroneous road model.
Here, the camera wrongly considered the guard railing to the left of the leftmost lane as a
lane marking, leading to the belief of an additional lane. Since no vehicles are found to be
driving on that lane, the BN predicted a high contentedness when driving on that lane.

One important observation is that while in the driver model of Pelops the lane content-
edness values (C, Cl and Cr) have been defined to lie in the closed interval of [−1, 1], after
training the BN’s parameters based on test vehicle data the estimated lane contentedness
values (denoted by C̃, C̃l and C̃r) range from −1.96 to 3.98. This suggests that in the
test vehicle driving situations have been encountered that have never been simulated using
Pelops.

Traffic Vehicles as Subjects

For the prediction of the traffic vehicles’ maneuver intentions all vehicles surrounding the
ego vehicle in the range of rsubj = 50 m are taken into account as potential subject vehicles.
This limit is chosen based on the maximum range of robj = 100 m in which object detections
are generally treated as trustworthy (see subsection 5.1.3). The range rsubj should be lower
than robj to be able to observe potential preceding (or succeeding) object vehicles of the
subject vehicle, see the illustration in Figure 6.7. In this case the minimum distance at
which preceding (or succeeding) object vehicles are being detected ahead (or behind) of
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Figure 6.8: ROC of lane change intention recognition performance for BN trained on
vehicle data with ego and evaluated with traffic vehicles as subjects for varying assumptions
of Tintention during training and evaluation.

the subject vehicle is robj − rsubj = 50 m.

The resulting amount of surrounding vehicle’s driving data collected in the prototype test
vehicle is 2000 km (respectively 21 h, see D(1.1)

veh in Table 5.1).

At first the performance when using the BN trained on ego vehicle data is evaluated on
traffic vehicle data to find out how well the model generalizes from predicting the ego
vehicle’s lane change intentions to predicting the surrounding traffic vehicles’ maneuver
intentions. The ROC curves when evaluating BN〈D(1.1)

veh,traffic | D(1.1)
veh,ego 〉 are shown in Fig-

ure 6.8 for the varying assumptions of Tintention. In terms of the maximum informedness
the BN predicts lane change intentions of surrounding vehicles with Jmax = 0.55 (w = 0.3)
when labeling lane change intentions 1.0 s in advance to the actual lane change. Using
Tintention = 3.0 s leads to Jmax = 0.48 (w = 0.6), and Tintention = 5.0 s results in at least
Jmax = 0.43 (w = 0.4). This means that compared to predicting the ego vehicle’s lane
change intention, using the same BN parameterization traffic vehicles are being predicted
with a performance decrease of 36 % on average.

However, when re-training the BN based on data with traffic vehicles as subjects (i.e., eval-
uating BN〈D(1.1)

veh,traffic | D(1.1)
veh,traffic 〉) the prediction performance improves. With Jmax = 0.64

(w = 0.4), 0.55 (w = 0.5) and 0.53 (w = 0.5) for the same varying assumptions of
Tintention = 1.0 s, 3.0 s and 5.0 s respectively, the performance of predicting the surrounding
vehicles’ intentions increases on average by 15 %. Compared to the performance of pre-
dicting the ego vehicle’s lane change intentions this is a decrease of only 16 %, which is 20
percentage points better than before re-training the BN’s parameters. The corresponding
ROC curves are shown in Figure 6.9.

Again the performance of predicting the traffic vehicles’ lane change intention is also eval-
uated when omitting the labels for measurement rejections. Just like when inferring the
lane change intentions for the ego vehicle the prediction performance decreases by 9 % at
average when faulty sensor detections are not filtered out.

In Figure 6.10 a lane change scenario of a traffic vehicle is shown for which the lane change
intention was correctly classified - albeit with the predicted intention starting even 2.2 s
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Figure 6.9: ROC of lane change intention recognition performance for BN trained and
evaluated on vehicle data with traffic vehicles as subjects for varying assumptions of
Tintention during training and evaluation.

ahead of the ground truth labels, which is based on the assumption of a constant intention
duration of Tintention = 3.0 s ahead of the lane change, thus causing false positive evaluations
in the beginning. Note that this time the estimated lane contentedness factors C̃pre are
plotted (instead of the overall estimated lane contentedness values C̃) to show that the
vehicle’s lane change is motivated from a higher contentedness regarding the preceding
traffic as soon as the ego vehicle passed the traffic vehicle on the left lane.

A different lane change scenario with a traffic vehicle cutting in at about 35 m in front of
the ego vehicle is shown in Figure 6.11. In the top view of the traffic situation the subject
vehicle and its preceding object vehicle (at xsubj = 64 m) are only visualized as boxes with
a minimal assumed length of 0.1 m, because the LIDAR sensors have only seen the vehicles
from behind so far and therefore cannot estimate the objects’ true lengths.

Moreover, the cut-in maneuver of the subject vehicle is only predicted at the single point
in time that is marked in the graph, because the subject’s preceding object vehicle (which
motivated the lane change) has not been detected by the sensors before. In other words,
the most important aspect of the traffic situation, namely the decreasing distance between
the subject vehicle and its preceding object vehicle, were unknown to the prediction model,
thus resulting in many false negative prediction instances.

6.2.3 Comparison to Neural Networks

Artificial neural networks (ANN, or simply neural networks, NN) are in general computing
systems vaguely inspired by the physiology of the human brain (McCulloch, Pitts,
1943). They are based on directed connections between artificial neurons. Each neuron
(also called unit) sends signals to all neurons it is connected to by weighting the incoming
signals and sending an output based on a specific (possibly non-linear) activation or transfer
function. For a detailed introduction to NN see for example (Bishop, 2006, pp. 225 sqq.).

According to (Hornik et al., 1989) neural networks are universal approximators and even
a network with a single hidden layer is able to approximate any continuous mapping from
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Figure 6.10: Exemplary lane change scenario of traffic vehicle from test vehicle data.
From top to bottom: 1: Front and rear camera image of the traffic situation at marked
time in plots below (ego vehicle perspective, subject vehicle visible in rear camera image).
2: Top view of the traffic situation relative to subject vehicle. 3: Estimation of lane
contentedness factor Cpre from Bayesian network (together with 1σ, 2σ and 3σ standard
deviation intervals). 4: Classification of maneuver intention by Bayesian network. 5:
Labels used for evaluating the maneuver classification.
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Figure 6.11: Exemplary cut-in scenario of traffic vehicle from test vehicle data. From top
to bottom: 1: Front and rear camera image of the traffic situation at marked time in plots
below (ego vehicle perspective, subject vehicle visible in front camera image). 2: Top view
of the traffic situation relative to subject vehicle. 3: Estimation of lane contentedness factor
Cpre from Bayesian network (together with 1σ, 2σ and 3σ standard deviation intervals). 4:
Classification of maneuver intention by Bayesian network. 5: Labels used for evaluating
the maneuver classification.
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Figure 6.12: General structure of a feed-forward neural network for classification with
M = |x| inputs, L hidden layers of N neurons each, and a discrete output variable y.
The direction of information flow is from left to right (arcs of connections are omitted for
clarity).

finite inputs to outputs (provided a sufficiently large amount of hidden units and a non-
polynomial activation function is used). The backpropagation algorithm (together with
increasing computational power becoming accessible) has leveraged the use of NN for many
complex tasks in the field of artificial intelligence, because it depicts a method to train the
parameters even of networks with many hidden layers (also called deep neural networks,
DNN) based on a large amount of data (Werbos, 1974). DNN have shown outstanding
results in many domains, for example in image classification (Krizhevsky et al., 2012)
and speech recognition (Hinton et al., 2012). (An overview over the field of learning deep
architectures for artificial intelligence is given in (Bengio, 2009).)
On the other hand, according to (Ghahramani, 2016) deep neural networks are in general

• very data hungry,
• very compute-intensive to train and deploy,
• poor at representing uncertainty,
• finicky to optimize, because the parameter cost functions are non-convex, the choice

of the network architecture is not fixed and the parameter learning as well as the
initialization procedure has great influence (which requires expert knowledge and
experimentation), and they are
• uninterpretable black-boxes (lacking in transparency, difficult to trust).

A vast amount of different kinds of NN exists by now. In the following the most com-
monly used type of NN, namely a standard fully connected feed-forward neural network
with sigmoid activation functions in the hidden layers and a softmax activation function
in the output layer is used to compete the Bayesian network for a maneuver intention
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Figure 6.13: Maximum informedness Jmax of neural network on simulated test data set
depending on the number of layers L and the number of neurons per layer N . Additionally
the resulting number of overall network parameters is shown for every evaluated network
configuration.
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Figure 6.14: ROC of NN’s lane change intention recognition performance on test set of
vehicle data for varying assumptions of Tintention during training and evaluation. The BN’s
ROC (originally shown in Figure 6.5) are added as dashed lines for comparison.

recognition. While the general structure of a fully connected feed-forward NN is illus-
trated in Figure 6.12, the specific design of the network in terms of the number of hidden
layers and units per layer has to be chosen such that neither overfitting (too many units)
nor underfitting (too few units) occurs and thus falls into the category of hyperparameter
optimization.

For the particular comparison here a network structure with a feature vector x identical to
all input features of the respective BN (see section 3.4) is chosen, which consists of a total
of 40 features. The output is the discrete LCI node representing the lane change intention
via the three states LCL, LCR and KL.

For the hidden layers each 20 neurons in 7 layers are used. This choice is based on a
comparison of different network architectures shown in Figure 6.13. In particular, two
variants of units per layer have been investigated: N = 40 based on the number of input
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Figure 6.15: Informedness of NN and BN for lane change intention recognition with
varying assumptions of Tintention for training and evaluation.

features and N = 20, which is the rounded down mean between the number of inputs and
outputs. Moreover, the number of hidden layers has been varied from 1 to 9. In favor of a
preferably low amount of overall network parameters the configuration of 20 neurons per
7 hidden layers performed best in terms of the maximum informedness Jmax evaluated on
simulated data from Pelops (DPelops).

For the parameter optimization the scaled conjugate gradient (SCG) algorithm, introduced
in (Moller, 1993) and implemented in Matlab’s neural network toolbox, is employed.
It uses backpropagation for the computation of the gradient.

Eventually the NN has been trained on test vehicle data with the ego vehicle as subject
vehicle (D(1.1)

veh,ego), using automatic labeling of the lane change intention with Tintention =
1.0 s, 3.0 s and 5.0 s. The prediction performance is shown in Figure 6.14 in terms of the
ROC curves in comparison to the evaluations of the BN in Figure 6.5 (the ROC curves of
the BN are copied as dashed lines). Figure 6.15 shows the resulting maximum informedness
Jmax for the varying assumptions of Tintention during training and evaluation.

It can be seen that the prediction performance of the NN is quite comparable to the
BN’s performance with the results deviating only 2 % at average (max. 8 %) in terms
of the maximum informedness. But especially the uninterpretability of the parameters
has motivated to not use DNN for the task of a maneuver prediction in this thesis in
first place. In (Szegedy et al., 2014) it is shown that the uninterpretable solutions a
DNN learns can lead to counter-intuitive properties. One such property may be a highly
discontinuous mapping from input to output, which causes the network to make prediction
errors elicited by even minimal perturbations on the inputs.

In Figure 6.16 an example of such a counter-intuitive characteristic is shown. The neural
network predicts an intention to change to the left lane without this lane actually existing.
No data instance existed in the training data that demonstrated this behavior, so it remains
unclear why this particular behavior is learned. Moreover, as the parameters of the network
are uninterpretable, there is no way for a human expert to manually fix this erroneous
classification behavior manually.

This characteristic is especially dangerous in safety critical applications like automated
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Figure 6.16: Example of counter-intuitive prediction of neural network, predicting a lane
change intention without the existence of the corresponding lane. From top to bottom: 1:
Front and rear camera image of the traffic situation at marked time in plots below. 2: Top
view of the traffic situation. 3: Classification of maneuver intention by neural network. 4:
Labels used for training and evaluating the maneuver classification.
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Figure 6.17: Comparison of intention recognition performances in terms of the maximum
informedness Jmax averaged over all maneuver classes. The dashed lines indicate the per-
formance when including data samples with faulty sensor detections, i.e., when omitting
the manually defined measurement rejections.

driving, which leads to the conclusion of the particular feed-forward neural network used
for comparison here being inferior to the use of a Bayesian network for the task of a lane
change intention recognition as proposed in this thesis.

6.3 Trajectory Prediction Accuracy

For the task of learning the characteristics of a vehicle’s movement during a lane change
maneuver with the LQR approach described in section 5.4 it is not sufficient to label the
start of the maneuver execution automatically. Instead, the exact start of the vehicle’s
lateral movement with respect to the lane has to be marked precisely in the data in order
to not mix up the characteristics of a vehicle’s trajectory for different maneuvers during
learning.

Using 103 manually labeled lane change left and 109 lane change right trajectories of
the ego vehicle, as well as 122 lane change left and 140 lane change right trajectories of
surrounding traffic vehicles (referred to as data setD(1.1.1)

veh , see Table 5.1), the IRL algorithm
computed the weight parameters for the LQR that best explained the demonstrated lane
changing behavior. In Figure 6.18 the lateral deviations of the trajectory predictions to the
corresponding demonstrated trajectories in the training data is shown for every discrete
time step in the LQR optimization horizon of k = 0, ..., N with N = 20 individually.
The prediction error at time step t0 (k = 0) is of course zero, because the first state of
each demonstrated trajectory is used as the initial state x0 for solving the optimal control
problem given in Equation 4.21e.

An example of the trajectory predictions for the case of a lane change right maneuver of
the ego vehicle on the highway is shown in Figure 6.19. First, Figure 6.19a shows that
trajectory hypotheses are generated for every possible maneuver, in this case keeping the
lane illustrated with a blue line, and changing to the right lane depicted with a green line.
(A lane change to the left is not taken into account, because the vehicle is already driving
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(d) Prediction error traffic vehicles.

Figure 6.18: Learning curve and boxplot* of performance of trajectory prediction during
lane changes. While (a) and (c) show the feature difference during the iterations of the
IRL algorithm, (b) and (d) visualize the absolute lateral position error of the predicted
lane change trajectories over the entire optimization horizon when learning the trajectory
characteristics of the ego vehicle and surrounding traffic vehicles, respectively.

*
In a boxplot the central mark (red) shows the median, the edges of the box are the 25th and 75th percentiles. The

whiskers extend to the most extreme data points not considered outliers, whereby points are drawn as outliers (gray

crosses) if they are larger than q3 + w(q3 − q1) or smaller than q1 − w(q3 − q1) with q1 and q3 being the 25th and 75th

percentiles, respectively.
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(a) t = 1024.71 s (just before start of lane change): Hypotheses for LCL (red) and KL (blue).

(b) t = 1026.73 s: Vehicle position compared to former hypotheses (see Figure 6.19a).

Figure 6.19: Exemplary lane change scenario together with trajectory hypotheses.
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(a) Trajectory distances at t = 1024.71 s. (b) Trajectory distances at t = 1026.73 s.

(c) Lane change detection (LCD) probability at t = 1024.71 s for the case of j = 5.

Figure 6.20: Lane change detection for scenario shown in Figure 6.19. Note the reversed
abscissa orientation in (a) and (b) to emphasize that higher values of j correspond to
classifying the nearness to trajectories more time steps ago.

on the leftmost lane). In Figure 6.19b the very same trajectories are shown together with
the traffic situation after 2 s, demonstrating that the subject vehicle indeed followed the
course of the predicted lane change right trajectory hypothesis.

6.4 Maneuver Detection Accuracy

The maneuver a driver is currently implementing is being detected by classifying the near-
ness of a vehicle to the trajectory hypotheses generated in the time steps before (as de-
scribed in section 4.3). Since the generated trajectory hypotheses are maneuver-based (see
subsection 4.2.2) as input to the logistic regression classifier the lateral distance from the
subject vehicle to the formerly generated trajectory in the curvilinear coordinate system
of the trajectory is used.
Using the data set D(1.1.1)

veh and the same manually defined labels for the lane change ex-
ecution that were used for the training and evaluation of the trajectory hypotheses in
section 6.3 the maneuver detection has been trained for varying choices of j from 1 to 14.
An example of the classification is shown in Figure 6.20 for the traffic situation known
from Figure 6.19, where the ego vehicle is the subject. The lateral distance to each of the
maneuver-based trajectory hypotheses generated j = 0, ..., 9 time steps before is plotted in
Figure 6.20a and 6.20b, whereby the time offset to the trajectory hypothesis being classified
corresponds to ∆t = − j · Ts with Ts = 0.3 s. In the given example the offset j is chosen
to be 5, consequently the classification of an ongoing maneuver is carried out with respect
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(b) Results for traffic vehicles.

Figure 6.21: Maximum informedness Jmax and mean prediction time Tpred,mean of the
maneuver detection approach for (a) the ego vehicle and (b) surrounding traffic vehicles.

to the corresponding trajectory that has been predicted 1.5 s before. For this particular
case the resulting maneuver detection probability is shown in Figure 6.20c. But it is again
emphasized that although for the maneuver classification a formerly predicted trajectory
is being used, a new trajectory is generated in every time step for the prediction of the
vehicle’s future position, see subsection 4.2.3. However, the downside of a large offset j is
that when a new surrounding vehicle is started to be observed the time span of j ·Ts has to
be awaited until a first classification can be performed, because the history of prediction
hypotheses has to be generated first.

In Figure 6.21 the maximum informedness Jmax and mean prediction time Tpred,mean of
the maneuver detection approach are shown for the ego vehicle (Figure 6.21a) and the
surrounding traffic vehicles (Figure 6.21b) individually.

As it can be seen the maximum informedness Jmax increases with an increasing offset j.
This is expected, since when trying to classify the nearness of the vehicle to each hypothesis
too soon (i.e., with a too small offset j) the signals rather represent imprecise driving
behavior and sensor noise instead of the course of a currently implemented maneuver.
Only if a larger time span is awaited a reliable point regarding the implemented driving
behavior can be made.

However, while for the ego vehicle a plateau of the maximum informedness is already
reached at j = 3, the classification performance for detecting traffic vehicles’ maneuvers
increases until j = 12. This shows that for the traffic vehicles the estimation of the
distance to the trajectory hypotheses is much more afflicted with noise than for the ego
vehicle. This could also be expected, since for the ego vehicle the distance estimation only
incorporates the detection of the lane markings relative to the very same vehicle, while for
traffic vehicles both the lane markings as well as the vehicle state itself are being detected
through (different) environment sensors relative to the ego vehicle and are put into the
perspective of the corresponding traffic vehicle only afterwards.

In contrast, the shown results of the mean prediction time Tpred,mean may be surprising,
because one might think that the greater the offset j for the trajectory classification, the
lower the prediction time, because the classification is carried out to a later point in time
relative to the start of a maneuver. In fact, Figure 6.21 shows that this assumption is
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6 Evaluation

not unrestricted true. Since a maneuver’s prediction time is computed as the duration
of a sequence constantly predicted positive, a low informedness of the classifier is likely
to be (although not necessarily) negatively correlated with the mean prediction time (as
already explained in subsection 6.1.2). So as the classification performance computed as
the maximum informedness Jmax increases with an increasing offset j, the mean prediction
time may decrease up to a certain point (and vice versa).

Based on the evaluations of Figure 6.21 an adequate trade-off between Tpred,mean and Jmax

is chosen to be j = 3 in case of detecting lane changes of the ego vehicle and j = 12 for
detecting maneuvers of surrounding traffic vehicles. These configurations will also be used
for the evaluation of the overall behavior prediction in section 6.5.

In Figure 6.22 an exemplary cut-in scenario is shown. The vehicle Vp1r1
cuts-in into the

gap in front of the ego vehicle at 4990.42 s. At 4988.63 s this maneuver is being detected,
which in this particular case corresponds to a prediction time of Tpred = 1.79 s.

Another exemplary scenario is shown in Figure 6.23. Here it can be seen that the subject
vehicle cuts-in into the gap behind the ego vehicle at 2108.27 s. As this maneuver is
detected already at 2105.64 s the prediction time computes to Tpred = 2.63 s.

The detection of a cut-out maneuver of the ego vehicle’s preceding vehicle is shown in Fig-
ure 6.24. Already 2.00 s before the subject vehicle’s lane assignment change the maneuver
is being detected.

To further confirm the presented results the maneuver detection shall also be evaluated
on the larger data set D(1)

veh. However, for this data set no manual lane change labels have
been defined, because the manual labeling procedure is very time consuming and thus
expensive. Therefore, first the effect of using automatically defined labels compared to the
expert labels has to be quantified. This is done by evaluating the performance on the same
data set D(1)

veh with labels being automatically defined via the assumption of a constant
lane change duration with Tchange = 3.0 s.

While for the ego vehicle the maximum informedness of the maneuver detection is Jmax =
0.56 (w = 0.5) on manually labeled data, using the same data set with automatic labeling
results in Jmax = 0.61 (w = 0.5); an improvement of 8.9 %. At the same time the average
maneuver prediction time slightly decreases from Tpred,mean = 2.33 s to 2.07 s. For traffic
vehicles a similar tendency can be observed: The classification performance slightly raises
from Jmax = 0.63 (w = 0.4) on manually labeled data to Jmax = 0.66 (w = 0.4) for
the same data being automatically labeled. However, the prediction time increases from
Tpred,mean = 2.38 s to 2.43 s.

The reason for the classification improvement is that the automatically defined labels are
only an approximation of the true lane change duration. Consequently, as the immedi-
ate start of a lane change is hard to detect by any classification algorithm (the vehicle’s
movement could also just be an oscillation around the lane center line, see the exemplary
trajectories shown in Figure 5.8 in subsection 5.2.2) the maneuver detection often results in
predicting false negative instances at the start of a lane change, thus leading to a decrease
in the prediction performance with manually defined labels.

Finally, when the larger data set D(1)
veh is used as basis for the evaluation, the maximum

informedness of the ego vehicle’s maneuver detection on the automatically labeled data is
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6.4 Maneuver Detection Accuracy

Figure 6.22: Example of a cut-in maneuver detection in front of the ego vehicle. From
top to bottom: 1: Front and rear camera image of the traffic situation at marked time in
plots below. 2: Top view of the traffic situation. 3: Lateral distance and velocity of the
subject vehicle. 4: Course of maneuver detection probability. 5: Manually defined labels
used for training and evaluation of the maneuver classification.
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Figure 6.23: Example of a maneuver detection behind the ego vehicle. From top to
bottom: 1: Front and rear camera image of the traffic situation at marked time in plots
below. 2: Top view of the traffic situation. 3: Lateral distance and velocity of the subject
vehicle. 4: Course of maneuver detection probability. 5: Manually defined labels used for
training and evaluation of the maneuver classification.
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6.4 Maneuver Detection Accuracy

Figure 6.24: Example of a cut-out maneuver detection in front of the ego vehicle. From
top to bottom: 1: Front and rear camera image of the traffic situation at marked time in
plots below. 2: Top view of the traffic situation. 3: Lateral distance and velocity of the
subject vehicle. 4: Course of maneuver detection probability. 5: Manually defined labels
used for training and evaluation of the maneuver classification.
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Jmax = 0.68 (w = 0.5, Tpred,mean = 2.13 s), for the traffic vehicles’ lane change detection it
is Jmax = 0.77 (w = 0.4, Tpred,mean = 2.74 s). In other words, the maximum informedness
of the maneuver detection increased by 10.3 % for the ego vehicle and 14.3 % for the traffic
vehicles using the larger data set. These results preclude the occurrence of overfitting while
training the maneuver detection algorithm.

6.5 Behavior Identification Accuracy

Finally the identification of the vehicles’ behavior is evaluated. As presented in section 4.3
the behavior identification basically is the combination of the intention recognition and
the detection of the currently ongoing maneuver.

Like when evaluating the maneuver detection approach, for the evaluation of the behavior
identification first the data set D(1.1.1)

veh is used, because for this data (manually labeled)
ground truth information for the exact start of all lane change maneuvers of the ego
vehicle as well as of traffic vehicles exists. Therefore, with this data set the true lane
change prediction performance can be evaluated - although for the intention recognition
approach a different data set has been used for training due to the lack of lane change
intention labels.

With a maximum informedness of Jmax = 0.70 (w = 0.6) the ego vehicle’s behavior identi-
fication performs 26 % better compared to the pure maneuver-based lane change detection
approach on the same data set. At average the ego vehicle’s lane changes are anticipated
3.25 s before the center of the vehicle’s front actually crosses the lane marking. This is an
advantage of 0.92 s compared to using the maneuver detection only.

For predicting the traffic vehicles’ lane change behavior a maximum informedness of Jmax =
0.74 (w = 0.6) is achieved, which is a performance of 117 % compared to the traffic vehicle’s
maneuver detection on the same data set. Thereby lane changes of traffic vehicles are
anticipated at average 2.45 s beforehand, which is quite comparable to using solely the
maneuver detection approach (−0.06 s).

These results show that the vehicles’ lane change prediction accuracy can significantly be
improved when not only detecting the start of a maneuver reactively, but also making use
of recognizing the driver’s maneuver intention based on the predominant traffic situation.

In Figure 6.25 an exemplary cut-in maneuver of the traffic vehicle Vp1r1
with respect to the

ego vehicle is shown. It can be seen that while the lane change detection (LCD) predicts
the lane change 1.81 s in advance to the actual lane assignment change, the lane change
intention (LCI) is already recognized 11.41 s ahead. Eventually the intention recognition
and maneuver detection lead to a lane change behavior identification already 6.41 s before
the actual lane change.

An exemplary cut-out scenario is shown in Figure 6.26. Already 7.80 s seconds in advance
to the lane change the driver of the vehicle in front of the ego vehicle is recognized having
the intention to change to the right lane. The characteristic lane change movement is
detected 5.00 s later. To sum up, the cut-out behavior of the subject vehicle is anticipated
6.40 s ahead of the lane assignment change.
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6.5 Behavior Identification Accuracy

Figure 6.25: Example of a cut-in behavior identification in front of the ego vehicle. From
top to bottom: 1: Top view of the traffic situation. 2: Course of inferred maneuver
intention probability. 3: Course of inferred maneuver detection probability. 4: Course of
inferred behavior identification probability. 5: Labels used for training and evaluating the
maneuver classification.
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Figure 6.26: Example of a cut-out behavior identification in front of the ego vehicle.
From top to bottom: 1: Top view of the traffic situation. 2: Course of inferred maneuver
intention probability. 3: Course of inferred maneuver detection probability. 4: Course of
inferred behavior identification probability. 5: Labels used for training and evaluating the
maneuver classification.
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6.5 Behavior Identification Accuracy

Figure 6.27: Example of a cut-in behavior identification behind the ego vehicle. From
top to bottom: 1: Top view of the traffic situation. 2: Course of inferred maneuver
intention probability. 3: Course of inferred maneuver detection probability. 4: Course of
inferred behavior identification probability. 5: Labels used for training and evaluating the
maneuver classification.
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Another lane change scenario is shown in Figure 6.27. Here the traffic vehicle Vs1l1 changed
into the gap behind the ego vehicle from the left after overtaking the ego vehicle’s successor.
It can be seen that the maneuver detection at first wrongly imputed a lane change from
t = 4287.70 s to 4288.90 s. Only at t = 4290.70 s the lane change is correctly detected.
However, the driver’s intention to change the lane is already correctly anticipated from
t = 4288.70 s. Therefore the false positive lane change prediction only shows through in
the behavior identification from t = 4288.70 s to 4289.10 s, but from t = 4290.10 s on the
lane change is correctly identified. This corresponds to a prediction time of Tpred = 2.42 s.
(The falsely recognized lane change intentions from t = 4295.14 s to 4298.10 s originate
from a defective lane marking detection that is just not in sight yet.)
For both the ego vehicle as well as the traffic vehicles the behavior identification perfor-
mance has also been evaluated using automatic labeling: First on data set D(1.1.1)

veh (for
comparison) and eventually on the larger data set D(1.1)

veh .
On D(1.1.1)

veh for the ego vehicle the maximum informedness of the behavior identification
based on automatically defined labels is Jmax = 0.73 (w = 0.6) with a mean prediction time
of Tpred,mean = 3.49 s. For the traffic vehicles’ predictions the performance is Jmax = 0.76
(w = 0.6) and Tpred,mean = 2.45 s. So like before (and thus expected), the evaluation
actually shows better results when using automatically defined labels as ground truth
compared to labels being manually defined by a human expert. In particular, for the ego
vehicle the the maximum informedness has improved by 4.6 % and for the traffic vehicles
at least by 2.8 %.
Finally the performance on the data set D(1)

veh is analyzed. With a maximum informedness
of Jmax = 0.74 (w = 0.5) and a mean prediction time of Tpred,mean = 6.02 s for predicting
the lane changing behavior of the ego vehicle the results of the smaller data set D(1.1.1)

veh

can not only be confirmed, but it is also shown that the prediction time averaged over all
predicted lane changes even increased.
However, the classification performance for identifying the traffic vehicles’ behavior has
decreased by 11.8 % to Jmax = 0.68 (w = 0.5) while the mean prediction time shows slightly
improved results with Tpred,mean = 2.66 s. This is surprising, because when evaluating
the pure maneuver-based lane change detection approach in section 6.4 the performance
actually got better on the larger data set. But in terms of absolute numbers the behavior
identification is still superior to the maneuver detection by 11.5 %.
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CHAPTER 7

Conclusion

7.1 Summary

For the task of assisted as well as highly or even fully automated driving it is crucial for the
technical system to understand the current traffic situation and to anticipate the future
positions not only of the ego vehicle, but also of the surrounding traffic participants. To
contribute to this requirement, in this thesis a novel framework has been proposed that
is able to infer not only maneuver intentions of the ego vehicle’s driver (during assisted
driving) but especially those of drivers in the vicinity. Also the future positions of their
vehicles are projected.

In detail, first the Bayesian network presented in section 3.4 infers the probability of a
driver’s intention to change to a different lane mainly based on characteristics describing
the inter-vehicle relations. As described in subsection 5.3.4 the BN has been pre-trained
with simulation data to guide the optimization of the parameters representing the internal,
hidden states of the model towards a meaningful representation.

Second, maneuver-based trajectory hypotheses describing the course of possible future
positions of the vehicles are generated by solving an optimal control problem as stated in
subsection 4.2.2. The underlying assumption is that human drivers always try to minimize
costs when driving, for example in terms of the required time or acceleration of the vehicle
to reach the desired state.

Finally, the individual future driving behavior is identified by observing the vehicle’s move-
ment and classifying the correctness of any generated trajectory hypothesis in the very next
time steps. At the same time the information about the driver’s maneuver intention is be-
ing taken into account to improve the quality of the predictions.

All models employed in the prediction framework have been trained and evaluated based
on 1100 km of real world highway driving with a prototype test vehicle. Different labeling
strategies have been investigated regarding the quality of the labels to be used as input
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to the machine learning approaches as well as regarding the scalability of the labeling
approaches towards an increasing amount of data.

Summarizing it could be confirmed that manually labeling driving data offline (i.e., after
the data has been recorded) by a human expert is very time consuming and thus expen-
sive. But interestingly transferring the labeling procedure to the vehicle and labeling lane
changes online while driving did not change this fact and also didn’t hypothesize better
results of the prediction algorithm in the end. On the other hand, automatic labeling
simplified and accelerated the labeling process a lot, but as the automatically defined lane
change labels are only an approximation of the exact start of a maneuver the automatic
labeling procedure led to the evaluation metrics showing a little bit too optimistic results.

Nonetheless, with the help of the automatic labeling procedure the concept of inferring a
driver’s lane change intentions primarily based on the predominant traffic situation could
be verified. A maximum informedness of Jmax = 0.55 (labeling with Tintention = 3.0 s)
demonstrates that the proposed hybrid Bayesian network is able to infer lane change
intentions of the surrounding vehicles’ drivers in the majority of the observed cases. With
a mean prediction time of Tpred,mean = 4.68 s this allows for a safe and comfortable reaction
to cut-in maneuvers of automated vehicles in the future.

It could also be shown that by pre-training the network’s parameters with the help of
the state of the art traffic simulation software Pelops the internal states of the model
actually are meaningful, which not only helps to understand why particular lane changes
are intended, but also to find the causes of false predictions. This is in contrast to a neural
network, where even a human expert is not able to interpret the meaning of individual
parameters - least of all being able to manually make reasonable adjustments after the
training process.

In the prediction framework started maneuvers can be detected contemporary to their
beginning by first generating trajectory hypotheses describing likely future positions of
any vehicle and comparing the actually implemented trajectory in the subsequent time
steps. Indeed, with Tpred,mean = 2.53 s the time this maneuver-based prediction approach
anticipates lane changes in advance is shorter compared to the recognition of maneuver
intentions via the Bayesian network, but with a maximum informedness of Jmax = 0.61
the approach is more accurate.

Finally, the behavior identification fuses the information of the intention recognition and
maneuver detection, which results in an even more precise prediction with a maximum
informedness of Jmax = 0.68. With a mean prediction time of Tpred,mean = 2.66 s the
requirement of 2.4 s discussed in section 4.1 is fulfilled.

7.2 Discussion

Clearly the approaches for a driving behavior prediction presented in this thesis have
limitations and the described investigations are based on assumptions.

Far and foremost, the training of the prediction framework and the evaluation of the
prediction results presented in chapter 6 are all based on a data set which has been hand-
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7.2 Discussion

selected in terms of filtering sequences with faulty environment model information. So
in order to obtain the presented results in the vehicle while driving the reliability of the
environment perception has to be improved, especially for bad weather conditions like rain
(see comparison of intention recognition results with and without data samples with faulty
sensor detections in Figure 6.17). But it is expected that the maneuver prediction can be
improved even further when more information about the vehicles’ environment is being
detected, e.g. the current speed limit or the activation of an object vehicle’s indicator (see
the composition of features for the existing lane contentedness factors and description of
the omitted factors in section 3.4).

On the other hand, also algorithmic weaknesses have to be mentioned. When it comes to
inference in Bayesian networks, indeed the employed clique tree algorithm (explicated in
subsection 3.3.5) can handle inference also in a hybrid BN, avoiding discretization which
can potentially lead to information loss. But unfortunately this advantage may come
at the cost of large clique sizes, which implies that the inference procedure can become
impractical. Therefore, the structure of the Bayesian network has to be chosen carefully
to allow for a manageable inference in terms of the computational complexity.

With the current implementation of the exact inference method in Matlab as an extension
of the Bayes Net Toolbox (Murphy, 2001) the inference of a single driver’s maneuver
intention with the network structure illustrated in Figure 3.15 takes 150 ms on a 2.6 GHz
Intel Core i5 (I5-4288U). To be able to integrate the approach in the automated driving
platform the algorithm implementation needs to be optimized and ported to C/C++. On
the other hand the trajectory hypotheses generation via solving an optimal control problem
and the classification of a hypothesis’ correctness via a logistic regression classifier has a
run-time of less than 15 ms per trajectory when using the (not optimized) implementation
in Matlab and is therefore not run-time critical.

Another assumption that has been made for the task of predicting driving maneuvers is that
human behavior is independent of time series information and past decisions. While the
good performance of the prediction framework shows that this assumption is justifiable in
most cases, there also exist characteristics in the human driving behavior that can only be
modeled by also accounting for information from the past. For example, it can be assumed
that a human driver has the motivation to not change lanes often, so the intention of a
driver to change lane depends on whether a lane change has already been performed in the
near past. Another example is the acceptance of driving on a lane with lower contentedness
compared to a neighboring lane. It is assumed that the longer a driver tolerates driving on
an adverse lane, the higher is the motivation to eventually change to a more advantageous
lane.

While a Bayesian network generally allows to be extended to a dynamic Bayesian network
using the Markov property (i.e., the conditional probability distribution of future states,
which are conditioned on both the past and present states, only depends on the present
state), exact inference becomes impractical due to an exponential blow up of the number
of states accumulating over time, see (Lerner, 2002, pp. 178 sqq.).

Finally it has to be emphasized that the evaluation methodology and metrics also have
downsides. First of all, the maneuver prediction time metric has to be handled with
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caution. As already explained in subsection 6.1.2 and seen in section 6.4, it is prone to
overestimate the true maneuver prediction time in case of a high false positive rate.

Moreover, in this thesis all predictions have been evaluated solely using performance met-
rics quantifying the correctness of the predictions with respect to the true evolution of the
traffic situation. But these metrics decrease even for scenarios where wrong predictions in
turn may not effect the driving behavior of the technical system at all. For example, if a
false negative lane change prediction (i.e., a lane change that is not predicted but actually
happens) regards a subject vehicle which is driving behind the ego vehicle, the later is not
affected by this (unpredicted) lane change in first place (see Figure 7.1a). On the other
hand, there even exist situations in which the reaction of the driving automation system
to a likely cut-in maneuver of a subject vehicle may be reasonable and desired behavior
although no lane change is ever taking place. For example, if a subject vehicle attempts a
close cut-in maneuver and aborts the lane change just before merging into the ego vehicle’s
lane, it is desirable for the automated driving ego vehicle to react to the risk of a poten-
tial collision. Moreover, in such cases even a human driver is often not able to anticipate
the future evolution of the traffic situation correctly. So as the prediction has the aim
to enable assisted or even fully automated driving, a better indication of an expedient
prediction would be to measure an improvement of the driving behavior implemented by
the final technical system when employing the proposed prediction framework. But unfor-
tunately no automated driving function is available for testing the prediction framework
in closed-loop behavior yet.

7.3 Future Directions

The assessment of the current and future traffic situation as presented in this thesis enables
a variety of future investigations and improvements. For example, the long-term prediction
of a vehicle’s future trajectory can be used to improve the environment sensors’ object
tracking process as it allows to keep or re-associate the track of an observed object that
is being occluded for a longer period of time (e.g. when driving next to a truck). As
a consequence individual objects don’t immediately vanish from the environment model
when being occluded. Moreover, objects can be identified as unique vehicles for a longer
period of time.

A longer tracking time of a uniquely identified vehicle again may enable identifying the
driving characteristics of a particular driver, because any prediction algorithm has more
time to observe and learn the individual driving behavior. In other words, the prediction
model could take into account different driving styles.

Another improvement could be to not only use causal but also agnostic reasoning in the
Bayesian network. While so far the inference of a lane change intention was queried with the
cause of the different lane contentedness factors via evidence of the features characterizing
the predominant traffic situation, an observed lane change could also be reasoned. In this
case evidence would be given for the lane change and the cause of the lane change could
be explained subsequently, for example allowing for an inference of an individual driver’s
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Figure 7.1: False predictions (visualized as dashed lines) that are tolerable. (a) False
negative prediction of subject vehicle at t2, which does not affect the driving behavior of
the ego vehicle since the lane change takes place behind. (b) False positive prediction at
t2 due to the subject vehicle aborting a lane change attempt. In this case it is not only
tolerable, but also desirable and safe behavior to brake behind the potentially cutting in
subject vehicle.

desired velocity that may have motivated the maneuver.
For future investigations the proposed structure of the Bayesian network to infer a driver’s
lane change intention can easily be extended, e.g. by a contentedness factor regarding the
driver’s desired route. As input to a route contentedness factor an agnostic (i.e., explaining)
reasoning path from the previous inferences could be used. For example, if a lane change
is observed that was not motivated by one of the other contentedness factors, chances are
that the driver changed the lane in order to take a highway exit.
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APPENDIX A

Algorithm Pseudocode

A.1 Clique Tree Construction for Hybrid BN

Pseudocode for the clique tree construction in case of hybrid BN as presented in subsec-
tion 3.3.4.

1: function CliqueTreeConstruction(G)

2: // connect parents of each node
3: GM ← MoralizeGraph(G)

4: // choose strong elimination order π, virtually
5: // eliminate nodes in order π while connecting all
6: // nodes formerly connected to the eliminated node
7: GT ← StronglyTriangulateGraph(GM )

8: // for each discrete node with continuous parents,
9: // connect all parents with the discrete neighbors

10: // of the parents’ continuous connected component
11: GI ← AssureIntegrableDistributions(GT )

12: // find maximal cliques C in GI

13: C ← FindMaximalCliques(GI)

14: // let C be the nodes of a tree, connected by
15: // the sepsets S with Si:j = Ci ∩ Cj

16: TC ← BuildCliqueTree(C)

17: return TC
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A Algorithm Pseudocode

A.2 Clique Tree Calibration for Hybrid BN

Pseudocode for incorporating evidence and running the message passing procedure (cali-
brating a clique tree) in case of hybrid BN as presented in subsection 3.3.5.

1: function CliqueTreeCalibration(TC , θ, d)

2: // initialize all CG potentials to their identity element
3: ΦC ← "empty" ∀ C ∈ TC

4: // remove all (C)CD CPD from the clique tree
5: TC\S ← BuildReducedCliqueTree(TC)

6: for i← 1, ..., |θ| do

7: if evidence exists in d for scope of θi then

8: // use evidence to initialize factor
9: φi ← InitializeFactorFromEvidence(d)

10: else if CPD type of θi is (C)CD CPD then

11: // CG potentials cannot be initialized from (C)CD CPD
12: continue

13: else

14: // use CPD parameters to initialize factor
15: φi ← InitializeFactorFromCPD(θi)

16: // multiply factor φi onto associated potential
17: ΦC〈φi〉 ← ΦC〈φi〉

⊗
φi

18: // collect evidence and copy root potential
19: TC\S ← CollectEvidence(TC\S)
20: Φroot,pre-calib ← Φroot ∈ TC\S

21: // incorporate all (C)CD CPD using Equation 3.41b
22: TC ← IncorporateSoftmaxDistributions(TC\S , Φroot,pre-calib, θ)

23: // run message passing procedure
24: TC ← CollectEvidence(TC)
25: TC ← DistributeEvidence(TC)
26: TC,calib ← TC

27: return TC,calib, Φroot,pre-calib, ℓ
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A.3 Expectation Maximization

A.3 Expectation Maximization

Pseudocode for the expectation maximization (EM) algorithm as presented in subsec-
tion 5.3.3.

1: function ExpectationMaximization(G, θ0, D = {d[1], ...., d[M ]})
2: // initialization
3: t← 0
4: ℓ0 ← −∞
5: TC ← CliqueTreeConstruction(G)

6: repeat

7: t← t + 1

8: for m← 1, ..., M do

9: // enter evidence and run message passing
10: TC,calib, Φroot,pre-calib, ℓ̂← CliqueTreeCalibration(TC , θt−1, d[m])
11: ℓt = ℓt +ℓ̂

12: for i← 1, ..., |θ| do

13: if CPD type of θi is in exponential family then

14: // infer expected values and update expected sufficient statistics
15: s(D)i ← UpdateESS(TC, s(D)i)

16: else if CPD type of θi is (C)CD CPD then

17: // copy raw data
18: d̂i[m]← d[m] w.r.t. scope of θi

19: for i← 1, ..., |θ| do

20: if CPD type of θi is in exponential family then

21: // compute ML estimate based on expected sufficient statistics
22: θt

i ← MaximizeParametersESS(s(D)i)

23: else if CPD type of θi is (C)CD CPD then

24: // compute ML estimate based on raw data
25: θt

i ← MaximizeParametersSoftmax(D, Φroot,pre-calib)

26: until (ℓt−1− ℓt) > ǫ

27: return θ, ℓ
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A.4 Maximum Entropy IRL

Pseudocode for the maximum entropy inverse reinforcement learning (IRL) algorithm,
which has been presented in section 5.4.

1: function MaximumEntropyIRL(x̃1, ..., x̃n)

2: // compute empirical feature vector
3: f̃← 1

n

∑n
i=1

∑N
k=0 x̃2

i,k

4: // initialization
5: Q← diag(1, 1, 1)

6: repeat

7: for i← 1, ..., n do

8: // solve quadratic program
9: u∗ ← QuadProg(2H , 2xT

0 , F )
10: xi ←Ax0 + Bu∗

11: // estimate feature vector w.r.t. current Q

12: f← 1
n

∑n
i=1

∑N
k=0 x2

i,k

13: // compute gradient
14: g ← f− f̃

15: for j ← 1, ..., dim(Q) do

16: if Q(j, j)− αg(j) > 0 then

17: // take gradient step
18: Q(j, j)← Q(j, j)− αg(j)
19: else

20: // limit parameters to lower bound
21: Q(j, j)← 0

22: until ||g|| > ǫ

23: return Q
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APPENDIX B

Deduction of Time to Brake Metric

In the following the time to brake (Ttb) metric shall be deduced, which denotes the remain-
ing time span for a subject vehicle until a braking maneuver has to be started in order to
maintain a minimum safety distance srel,safe to a slower object vehicle in front just in time.
Thereby, for the preceding object vehicle constant velocity (i.e., aobj = 0) is assumed. The
subject vehicle on collision course also approaches with constant velocity in the beginning,
but in the very last moment it decelerates with asubj,min instantly, so

asubj(t) =





0 if t < tbrake

asubj,min if tbrake ≤ t ≤ tend.
(B.1)

To only just avoid a collision between the subject and the preceding object vehicle it is
required that

vrel(t = tend)
!

= 0 and (B.2)

srel(t = tend)
!

= srel,safe. (B.3)

In words, the relative distance srel (which according to Equation 3.3 is defined as clearance)
between the vehicles has to be exactly the safety distance srel,safe at tend, which is the end
of the maneuver. Moreover, the relative velocity between the vehicles must be equalized.
With v0 = v̇(t = t0) as well as a0 = s̈(t = t0), and with the equations of motion

v(t = ts) = v0 +
∫ ts

t0

a(t) dt and (B.4)

s(t = ts) = s0 + v0 ts +
∫∫ ts

t0

a(t) (dt)2 (B.5)

the postulations in Equation B.2 and B.3 become

vrel,0 + asubj,min(tend − tbrake)
!

= 0 and (B.6)

srel,0 + vrel,0tend + 1
2
asubj,min(tend − tbrake)

2 !
= srel,safe, (B.7)
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B Deduction of Time to Brake Metric

respectively. Solving Equation B.6 for tend leads to

tend = tbrake −
vrel,0

asubj,min
. (B.8)

Inserting Equation B.8 in Equation B.7 yields

srel,safe = srel,0 + vrel,0(tbrake −
vrel,0

asubj,min
) +

1

2
asubj,min((tbrake −

vrel,0

asubj,min
)− tbrake)

2 (B.9a)

= srel,0 + vrel,0 tbrake −
v2

rel,0

asubj,min

+
1

2
asubj,min((tbrake −

vrel,0

asubj,min

)2

− 2 (tbrake −
vrel,0

asubj,min
) tbrake + t2

brake) (B.9b)

= srel,0 + vrel,0 tbrake −
v2

rel,0

asubj,min
+

1

2
asubj,min(t2

brake − 2 tbrake
vrel,0

asubj,min

+
v2

rel,0

a2
subj,min

− 2 t2
brake + 2

vrel,0

asubj,min
tbrake + t2

brake) (B.9c)

= srel,0 + vrel,0 tbrake −
v2

rel,0

asubj,min

+
1

2
asubj,min t2

brake − vrel,0 tbrake

+
1

2

v2
rel,0

asubj,min
− asubj,min t2

brake + vrel,0 tbrake +
1

2
asubj,min t2

brake (B.9d)

= srel,0 + vrel,0 tbrake −
1

2

v2
rel,0

asubj,min
(B.9e)

Finally, solving Equation B.9e for tbrake results in

tbrake =
vrel,0

2 aego,min
− srel,0 + srel,safe

vrel,0
. (B.10)

For the case of t0 = 0 this point in time is equal to the time span Ttb, the so-called time
to brake.

160



APPENDIX C

Road Model Estimation

As the environment model available in the car while driving contains only a road model with
limited observation range (due to the sensor’s limitations and the fact that no precise digital
map is available yet), an algorithm to post-process all lane marking detections in a recorded
measurement is presented. The goal is to fuse all lane marking detections provided by the
camera in a sliding window approach by not only storing past lane marking information
to keep track of lanes behind the vehicle (since there is only one camera mounted at the
vehicle’s front, see subsection 5.1.3), but also to look ahead in time and taking into account
lane boundaries that the vehicle will pass by in the future.

Though this foresight information obviously is not available while driving and therefore
cannot be used in a driving automation system, for the task of developing behavior pre-
diction algorithms it is nevertheless inevitable to have an improved road observability over
the detections provided by the camera at an individual measurement in time. Using the
foresight information is justified by the expectation to have a precise digital map available
in the car as the development of these systems evolves. Eventually in the future the digital
map will replace the road model foresight processing presented in this section.

While Figure C.1 visualizes the road model generation process in a flow chart, in Figure C.2
the individual steps that are necessary to build the road model are illustrated in detail.

The first step of the road model generation is to process lane marking detections provided
by the camera. In the robot operating system (ROS), it is either possible to receive sensor
information online in the vehicle as soon as the camera sends it, or by iterating over all
sensor detections saved in a measurement file offline. Because the road model algorithm
presented here takes future information from the camera’s lane marking detections into
account that are not available online in the vehicle (as described before), the later method
to receive the measurement information is used in the following.

The course of an individual lane marking detected by the camera system is represented by
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LM detections
RM estimations

position buffer

time

LM detection iterator

LM
points
buffer

LM detection pre-
processing and

association

point sampling
and data storage

foresight position iterator

point filter
and spline fit

RM generation

measurement
file (ROS bag)

Figure C.1: Chart of processing steps to build the road model (RM) from the camera’s
lane marking (LM) detections.

a polynomial of 3rd order in the ego vehicle’s coordinate system, so it holds

y(x) = ax3 + bx2 + cx + d (C.1)

with x as the longitudinal position and y the lateral deposition as shown in Figure C.2a.
Additionally, information about the detected marking type (whether the marking is solid
or dashed etc.), the longitudinal observation range xmax and the detection quality is given.
As the camera is able to reliably detect the lane markings of the ego lane only, the road
model generation algorithm uses a simple heuristic to check if the existence of an undetected
adjacent lane marking is likely: Iff the left (or right) marking of the ego lane is of type
dashed and no adjacent lane marking is detected, a synthetic lane marking detection with
a solid line type and an offset of a standard lane width lw,std is added. This is done
by setting the polynomial coefficients asyn, bsyn and csyn of the synthetic lane marking
equal to the original lane marking polynomial and using dsyn = dorig ± lw,std, respectively.
The standard lane width is chosen based on the German regulations for the structure of
highways (German Richtlinien für die Anlage von Autobahnen, RAA) that provide for a
lane with of 3.75 m or 3.5 m depending on the absolute lane number counted from the
rightmost lane. Because the absolute lane number the ego vehicle is driving on can not
reliably be obtained by the camera, a standard lane width of lw,std = 3.75 m is assumed.
From each lane marking polynomial a number of points along the x-axis of the ego vehicle
are sampled in the second processing step, visualized in Figure C.2b. To be able to use
the sampled points at a later time step, all points are transformed from the ego vehicle’s
coordinate frame to a world-fixed odometry frame, otherwise the point’s positions would
become invalid as soon as the ego vehicle’s position changes over time. For each individual
lane marking a container is created that holds all points sampled from the marking.
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lane markings

adjacent markings

x

y

(a)

lane marking points

(b) (c)

(d)

lane marking splines

(e)

reference line

lanes
cross sections

(f)

Figure C.2: Visualization of processing steps to build the road model (RM) with foresight
information from the camera’s lane marking (LM) detections. (a) Assuming adjacent lane
markings when marking of ego lane is dashed. (b) Sampling points from lane markings
and converting them to odometry frame. Saving all points belonging to an individual
lane marking. (c) Associating new lane marking detections to known lane marking point
containers. (d) Evolution of steps a - c until desired foresight distance is reached. (e)
Fitting a spline to each individual lane marking. (f) Creating a road model from the lane
marking splines in the OpenDRIVE format.

163



C Road Model Estimation

Also the ego vehicle’s own position in the odometry frame is saved in a buffer at each time
step to keep track of the positions at which lane marking detections have been taken into
account already (see Figure C.1).
As now the ego vehicle drives ahead and new lane marking detections are provided by the
camera in the next time step, the new markings are associated to known lane markings
from previous time steps by checking the distance between the new lane marking and
the point closest to the marking of each stored lane marking point container as shown in
Figure C.2c. If the new marking is close enough to a known marking, points are again
sampled from the new marking polynomial and added to the point container of the known
marking. In case no association can be performed a new lane marking point container
is created. As the process of sampling points from new marking polynomials and adding
the points to known marking containers repeats with every new detection provided by the
camera, the number of points in each lane marking container grows (see Figure C.2d).
Next, at each time step it is checked if sufficient foresight information is acquired by
summing up all inter-point distances in the ego vehicle position buffer, which delivers the
distance traveled by the vehicle during the lane marking information collection phase. As
the detection of surrounding vehicles provided by the LIDAR sensor is limited to 100 m (see
subsection 5.1.3) it is sufficient to limit the desired foresight distance and the maximum
distance of old points behind the ego vehicle to 200 m.
When the desired foresight distance is reached a spline is fitted to all points of each lane
boundary using a least squares fit. The result is illustrated in Figure C.2f.
Based on the lane marking splines all information needed to generate a road model in the
OpenDRIVE road description format are computed (OpenDRIVE Format Specification,
2015). The final road model is visualized in Figure C.2f.
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APPENDIX D

Environment Model Faults

In the following a number of exemplary environment model faults of the test vehicle are
illustrated that had to be labeled as outlier in order to be ignored when training and
evaluating the driving behavior prediction framework presented in this thesis.

Figure D.1: Exemplary false negative detection of left lane boundary. First the lane
width of the left lane is overestimated, then the detection of the left marking is missing
completely, causing the lane model to be interrupted.
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Figure D.2: Exemplary false positive detection of left lane boundary, because the com-
puter vision system erroneously interprets the side wall as the left lane marking. Addi-
tionally the LIDAR sensors classify the peripheral development on the left side as dynamic
traffic object by mistake.

Figure D.3: Example of erroneous lane geometry detection at highway exits.
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Figure D.4: Exemplary false positive detections of dynamic objects due to heavy rain
(e.g., ghost object right behind the ego vehicle). Moreover, the length of the vehicle on
the left lane is overestimated due to spray.

Figure D.5: Example of a truck detection being decomposed into multiple objects. When
overtaking the truck and sensing the object more obtuse-angled the detections are fused
to a single object.
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