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On global solutions of the obstacle problem

ABSTRACT

In this thesis we investigate global solutions of the classical obstacle problem. We
give a partial result towards a conjecture by H. Shahgholian ('92) saying that the coin-
cidence sets of global solutions of the obstacle problem are in the closure of ellipsoids,
i.e. ellipsoids, paraboloids, cylinders with one of the two as basis, or half-spaces.

We give a short proof of the known result that bounded coincidence sets of global
solutions of the obstacle problem that have non-empty interior are ellipsoids. Our
main and new result is that in dimensions greater or equal to 6 coincidence sets of
global solutions, that are not constant in any direction and have a blow-down that is
independent of exactly one direction, are paraboloids if they have non-empty interior.
The proof rests on a careful analysis of the asymptotics of solutions at infinity, the
Newton-potential expansion of the solution and a comparison argument that only

requires two solutions to be compared on a sufficiently large portion of huge spheres.



Uber globale Losungen des Hindernisproblems

ZUSAMMENFASSUNG

In dieser Arbeit untersuchen wir globale Losungen des klassischen Hindernisprob-
lems. Wir zeigen einen Teil einer Vermutung von H. Shahgholian (°92), die besagt,
dass die Koinzidenzmenge globaler Losungen des Hindernisproblems im Abschluss
von Ellipsoiden liegt, d.h. ein Ellipsoid, ein Paraboloid, ein Zylinder mit einer der
beiden Mengen als Basis oder ein Halbraum ist.

Wir geben zunichst einen kurzen Beweis des klassischen Resultats, dass die Koinzi-
denzmenge globaler Losungen des Hindernisproblems, wenn sie beschrankt ist und
nicht-leeres Inneres hat, ein Ellipsoid sein muss.

Unser neues Resultat und das Hauptresultat dieser Arbeit ist, dass in Dimensio-
nen grofler oder gleich sechs die Koinzidenzmenge einer globalen Losung der Hin-
dernisproblems, die in keine Richtung konstant ist und einen blow-down hat, der in
genau eine Richtung verschwindet, wenn sie nicht-leeres Inneres hat, ein Paraboloid
ist.

Der Beweis basiert auf einer eingehenden Untersuchung des asymptotischen Ver-
haltens der Lésung im Unendlichen, der Newton-Potential-Entwicklung der Losung
und einem Vergleich zweier Losungen, der nur benétigt, dass die beiden Losungen auf

ausreichend grof3en Bereichen grofler Spharen vergleichbar sind.
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Introduction

Global solutions of the obstacle problem are nonnegative functions u > 0 that solve
Au = X{u>0y in RN (1)

in the sense of distributions. Such global solutions come up naturally e. g. as blow-
up or blow-down limits of solutions of the classical obstacle problem. An important
question in the field of free boundary problems is the behaviour of the regular set of
the free boundary close to singularities. A usual ansatz in the study of the free boundary
is the analysis and classification of blow-ups with moving centre
u(zF + )
ug(x) == o ,
where 2 is the moving centre and M}, and r, a rescaling factors. Typically one chooses
M, ~ r}. At least in the case ¥ — z° (as k — o00) and 2° € 9{u > 0} it is known
that
up = ug  ask — oo in Ct (RY) N WEP(RY)

loc loc

(forany a € (0,1), p € [1,00)) and that u is a global solution of the obstacle problem,

i.e.

Aug = Xqup>0y and ug >0 in RY



(see e.g [12, Chapter 5]). In order to proceed from here what is needed is a classifica-
tion of global solutions of the obstacle problem.

Interestingly this problem has been addressed almost 90 years ago from the perspec-
tive of potential theory and later null quadrature domains so that at least a partial
classification is already available. In [5] P. Dives showed in 1931 - formulated in the
language of potential theory - in three dimensions that if {u = 0} has non-empty in-
terior and is bounded then it is an ellipsoid. This was proved again many years later
by H. Lewy in 1979 [11]. In 1981 M. Sakai was even able to give a full classification of
global solutions in two dimensions using complex analysis ( [13]). The higher dimen-
sional analogue to Dive’s result, i.e. {u = 0} is bounded and has non-empty interior
then it is an ellipsoid, was proved shortly after in two steps. First E. DiBenedetto and
A. Friedman proved the result in 1986 under the additional assumption that {u = 0}
is already symmetric with respect to {z; =0} forall j € {1,..., N} ( [4]). In the
same year A. Friedman and M. Sakai removed this unnecessary symmetry assump-
tion in [7].

Let us make the reader aware of the fact that all of these higher dimensional results
(N > 3) rely heavily on the Newtonian potential of {u = 0} being well defined and
Newton’s no gravity in the cavity theorem saying that if the gravitational / Newtonian
potential is constant inside the cavity of a homogeneous homoeoid (i.e. AK \ K for
A > 1, K bounded) , then the cavity K is an ellipsoid. Both tools don’t easily gener-
alise to unbounded coincidence sets. In chapter 1 we are able to circumvent the use
of the theorem by Newton, replacing it with a comparison argument. However in this
argument still the Newtonian potential was used in order to control the lower order
asymptotics at infinity of the given solution and to match it with the one of the com-
parison solution. Furthermore the boundedness of the coincidence set was needed
several times. The fact that the Newtonian potential ansatz does not generalise to un-
bounded coincidence sets in a straight forward manner is probably the reason why
there has been no progress in the classification of global solutions since the mid 80s.
Yet people have worked on this problem and there is even a conjecture by H. Shahgho-

lian on what the classification will look like.

Conjecture (Shahgholian [14] ’92).

Suppose u is a nonnegative global solution of the obstacle problem (1), then {u = 0}
is an element of the closure of ellipsoids, i.e. there is a sequence (E};), e of ellipsoids
(in the sense of Definition 0.3) such that

{u=0} =] E;.
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The conjecture has later been repeated by L. Karp and A. Margulis [10]. The ansatz
of L. Karp to attack this problem was to generalize the Newtonian potential to what
he called generalized Newtonian potential that is well defined also for unbounded sets
which are not dense everywhere ( [9]). However this new Newtonian potential brings
with it its own difficulties. One is that unlike the classical Newtonian potential the
generalized Newtonian potential does not have a sign anymore. This makes it harder
to get some otherwise trivial a-priori estimates. More unpleasant though is the fact
that the generalized Newtonian potential can grow linearly or even quadratically at
infinity and is therefore almost useless for the control of lower order asymptotics at
infinity.

This is why we are going to work with the classical Newtonian potential that is still
well defined on paraboloids from dimension 6 on. The classical Newtonian potential
of a paraboloid vanishes at infinity everywhere outside a set ‘slightly larger’ than
the paraboloid itself. We were able to work out a comparison argument for which
such a control is sufficient. Since we are also able to construct a global solution with
a paraboloid as coincidence set that matches the asymptotic behaviour of the given
solution u outside the ‘slightly larger’ set, applying our comparison in a sliding argu-
ment yields that {u = 0} is a paraboloid. This allows us to add a new partial result
towards the full classification of global solutions of the obstacle problem which is the

main result of this work.

Theorem I (Unbounded coincidence sets).

Let N > 6 and let u be a nonnegative global solution of the obstacle problem (1) that has
a blow-down that is independent of only ey-direction and is not ‘lower dimensional’
(compare to Definition 0.4). Assume furthermore that the coincidence set {u = 0} has

non-empty interior, then {u = 0} is a paraboloid (in the sense of Definition 0.3).

Before we prove our main result in the second chapter we will, as a warm up, re-
prove the classical result on bounded coincidence sets on a few pages in the first chap-

ter.

Theorem II (Compact coincidence sets).

Let N > 3 and u be a nonnegative, global solution of the obstacle problem (1). If the
coincidence set {u = 0} is bounded and has non-empty interior then it is an ellipsoid
(in the sense of Definition 0.3).

0.1 Clarification of the notation

Let us clarify the notation used in the introduction and in the rest of this thesis.

Throughout this work R" will be equipped with the Euclidean inner product z - 4y and



the induced norm |z|. Due to the nature of the problem we will often write z € RY
asz = (2, zx) € RV7! x R. B,(x) will be the open N-dimensional ball of centre x
and radius 7. B’ (z') will be the open (N — 1)- dimensional ball of centre 2/ € RV !
and radius 7. Whenever the centre is omitted it is assumed to be 0.

When considering a set A, x4 shall denote the characteristic function of A. H™ ! is
the usual (N — 1)-dimensional Hausdorff measure.

For a function v : A C R — R we usually mean by u, the rescaling

1
up(x) == forallz € —A
r
and by u”
1
u'(z) :==u(rz) forallx e ;A.

Definition 0.1 (Coincidence set).
Let u be a nonnegative global solution of the obstacle problem (1). We call the coinci-

dence set
C = {u=0}.

Remark 0.2. 1t is known that C is convex. (See e.g. [12, Theorem 5.1].)

Definition 0.3 (Ellipsoid and paraboloid).

We call a set £ C RY ellipsoid if after translation and rotation

N
E:{xE]RN:Zm 31}
a“
=1

wwlww

for some a € (0,00)". If after translation and rotation a set P C R” can be repre-

sented as
P={(z,zy) e RY : 2’ € JayE'},

where £’ is an (N — 1)-dimensional ellipsoid, we call P a paraboloid.



Definition 0.4.
We say that a global solution of the obstacle problem (1)

« has blow-down that is independent of e -direction if

up(x) = u(;x) — 2TQ2" = p(2') in CLY(RN) N W2EP(RY) as 1 — 00,(2)

loc loc

where r = (2/, zy), Q' € RN ~1N=lispositive definite, symmetric and tr(Q) =
5. For later reference let us state that this means that there is ¢, > 0 such that
forall 2/ € RN™!

p(a') > ¢l [, 3)
« is not ‘lower dimensional’, if for all e € 0B; it holds that

Vu-e#0.

Remark 0.5. Note that the claimed strong I/Vlif—convergence of the blow-down (2) can

be found e.g. in [12, Proposition 3.17 (v)].

Remark 0.6. Every global solution of the obstacle problem (1) has globally bounded

(weak) second derivatives, i.e. there is C' > 0 such that
2
HD “HLoo(RN) <C

Since we could not find a reference for this known fact in the literature, we have

included the proof in Appendix B (see Lemma B.1 therein).

Definition 0.7 (Newton-potential).
Let N > 3 and M C R” be a measurable set such that for all z € RV

1
/Wdy is finite.
J o1z =yl

Then we call v)/F : RY — [0, c0),
NP 1
U (l‘) = Oé(N) |ZL‘ - |N—2 dya
i Yy

where a(N) := the Newton-potential or Newtonian potential of M.

1
N(N=2)|B1]’






Salomon saith, There is no new thing upon the earth. So
that as Plato had an imagination, that all knowledge
was but remembrance; so Salomon giveth his sentence,

that all novelty is but oblivion.

Francis Bacon

Compact coincidence sets of global

solutions are ellipsoids

In this chapter we give a short proof of the classical result Theorem II, that has histor-
ically been proved in several steps, on a few pages.

The idea underlying the proof is extremely simple. We will touch the coincidence
set {u = 0} with a suitable ellipsoid and apply a strong comparison principle to the
respective solutions. Of course not any ellipsoid will do. We will need a Lemma that
relates ellipsoids to respective global solutions of the obstacle problem. Furthermore
we will need to ensure that the ellipsoid-solution shares the asymptotic behaviour of
the given solution. This will require C and the ‘matched’ ellipsoid to share a ‘weighted

centre of mass’.

1.1 Preparatory observations and choices

It is known that the blow-down of u is well defined (see e.g. [12, Proposition 3.17])
and is either a half-space solution or a polynomial solution (see e.g. [12, Proposition
5.3]). Using that C is assumed to be compact in this chapter and that solutions of the
obstacle problem are non-degenerate (see e.g. [12, Lemma 3.1]) the blow-down must

be a non-degenerate polynomial that is homogeneous of degree 2, i.e.

u(rz)

R 2'Qr =:p(x) inCLYRN)NW2P(RN) as r — oo, (1.1)

loc loc

where @ € RV* is positive definite, symmetric and tr(Q) = 1.

7



Choice of coordinate system. Without loss of generality we assume that the coor-

dinate system is rotated such that () is a diagonal matrix.

Lemma 1.1 (Existence of ellipsoid solutions).

For any polynomial p(x) = zTQx, where @ € RN*Y is diagonal, positive definite
and tr(Q) = 3, there is an ellipsoid E (symmetric with respect to {x; = 0} for all j €
{1,... N}) and a nonnegative solution of the obstacle problem u* such that

uf(ra)

Aul = X{uP>0} in RV, {uE = 0} = F and 3

— p(x) in L*(0By) asr — 0.

Proof of Lemma 1.1. From [4, see (5.4)] we know that for any polynomial p(z) =
27 Qx there is an ellipsoid £ := {x e RN : 2T Az < 1} (A € RN*N positive defi-

nite, diagonal and symmetric) such that its Newtonian potential satisfies

v (x) = a(N)/mdy =ovn?(0) —p(z) inkE.

Here (V) is given by a(N) := m. We now define the solution u” by

u®(z) = plr) —vg"(0) + vp” (2).

A direct computation shows that

u® (rax)
2

Au” =1— yp = xgvg, v’ =0in E and — p(x) in L*(0B) as r — o0,

where we have used that v} (z) — 0 uniformly as |z| — oc. So all we need to check
is that ¥ > 0 in RY \ E. From [3, Theorem II] we infer that u” is nonnegative in
RY and that the coincidence set { uf = O} is convex. Hence if there was xy ¢ E such
that u” () = 0, then this would imply that conv({zo} U E) C {u” = 0} but this is
impossible since Au” = 1in R \ E. O

1.2 Proof of Theorem II

Step 1. The Newton-potential expansion.
In order to get a better understanding of the lower order asymptotics of the solution

as |x| — oo, we decompose it into a polynomial and the Newton-potential solution.

8



First, we modify the solution, such that the Laplacian is supported on a bounded

domain. Setting
v(x) :=u(z) —p(xr) inRY,
where p is the blow-down of u as defined in (1.1) we get that v solves
Av = —xc.

From here on we assume that the coordinate system is translated in such a way that

/LNdy:O and 0 € int C.
J 1yl

This is possible because C is bounded and convex with non-empty interior. For details

see Appendix A.1.

The Newton-potential solution (for NV > 3) given by

1

— >0
N(N =2)|Bi]

1
vV () = a(N)/Wdy , where a(N) :=
r—y
c

which is a strong solution in W>”(RN) of
AN = —ye.

Let us note that A(v — v¥F) = 0 in RY, i.e the difference is harmonic.

(v—vV ) (rz)
2

Since — 0 asr — oo uniformly on 0B the difference must by a Liouville-

type argument (see Lemma B.4) be a harmonic polynomial of degree at most one, in

the following denoted by gq.

Recall that 0 € int C. This allows us to deduce that

Vq(0) = Vo(0) — VoNP(0) =0 — a(N) [ —Lody =0,
J 1yl

q(0) = v(0) — v (0) = 0 — v"F(0) < 0.

We infer that ¢ = ¢(0) < 0 and that v = vV + ¢(0) = v — vVF(0).
Step 2. The comparison function.



The idea in the following is to touch C from the outside with an ellipsoid F satisfying

/ﬁdy:/ﬁvdy’
E Y C Y

and to compare u with the respective solution u”. To do so, let us choose £ C RY
as in Lemma 1.1 where we set p in the Lemma to be the blow-down of u as defined in
(1.1). The symmetry of F yields that

Note that U, satisfies for all » > 0
AU, = xgvp » U, >0mRY | {U,=0}=E,

and

U, (sx)

52

— p(x) in L®(0B;) as s — 0.

Let us set 7; > 0 to be such that C C int £,,. As for u we modify U, to

It follows that

AV, = —X{U,=0} = —XE,-

As before we define the Newton-potential solution

1
VNP(2) .= a(N) / o
2z =yl

10



Since FE, is symmetric with respect to all planes {x; = 0} fori € {1,..., N} it follows
that

(Ve —VNP)(sa)
82

Using again that the difference V,— V¥ is harmonic in the entire space, —

0 as s — oo uniformly in 0B, and a Liouville-type argument we obtain that the differ-
ence must be a polynomial of degree at most one and we denote it by ¢,. Calculations

similar to the calculations above show that g, must be of degree zero:

V4,(0) = YV, (0) — VVP(0) = 0 — a(N) / Y gy =0

N
2 Ml

¢-(0) = V(0) = V¥ (0) = V¥ (0) < 0.

It follows that V, = VN — VNP(0) for all r > 0. Now we are able to prove the
following comparison Lemma.

Step 3. Comparison principle.
For all 7 > O such that C C E, and |E, \ C| # 0,

uw>U, inRY and wu>U, inRY\E,.

For a proof, first note that for all = € RN

VTNP(x):a(N)/%dy>a(N)/%dy:vNP(x). (1.2)
2 o=yl J |z =yl

Let us now apply (1.2) to the difference

(u—U)(@) = (v = V,)(z) =" (2) = V;"(2) + V'7(0) — v™7(0)

— VNP(0) —oVP(0) > 0 uniformly as |z| — oc.
Hence there is R > 0 such that
u>U, inRY\ Bg(0). (1.3)

As u and U, solve the same PDE (1) and we have a comparison principle for this

nonlinear PDE (for details see Appendix A.2) we infer that
w>U, inRY,

11



and furthermore
u>U, inRY\E,.

The strict inequality holds because u — U, is harmonic in R" \ E,, and in case of
the two graphs touching in R" \ E, the strong maximum principle would yield that
u— U, =0in RN \ E,, contradicting (1.3).

Step 4. Applying Hopf’s principle to finish the proof.

Zo

Figure 1.1: Touching the obstacle from outside.

Let us now increase » > 0 from r = r; to vy > 0 such that the boundaries of £,

and C touch for the first time (see Figure 1.1), i.e.

OFE,, NOC # () and OF, N C = () for all 7 < 7.

Let xg € OF,, N OC be a touching point. Then either C = E,, and Theorem II is
proved, or C # E,,. The latter would imply that |E,, \ C| > 0. In order to see this
assume that A, B C R" are two convex, compact sets with non-empty interior such
that A C B and |B \ A| = 0. Then since (int B) \ A is open, |B \ A| = 0 implies that
(int B) \ A = (). Thus int B C A. If there is T € OB \ A, then since B is convex, also
conv({Z} U A) C Band conv({Z} U A) \ A has non-empty interior since int B # (),
int B C A and dist(Z, A) > 0 since A is compact. But this contradicts the fact that
int B C A and therefore 9B \ A = () and we can conclude that A = B.

This allows us to apply Step 3 with » = ry and to obtain that
u>U, inRY\E,.

12



Furthermore
Alu—"U,) =0 inRV\E,.

Since the boundary of the ellipsoid E,, is smooth, there is an open ball B ¢ RN\ E,,
such that

B N ET() = {.Z'()}

From the classical Hopf principle we infer that

where v is the outer unit normal on 0B at x. But this is impossible since z is a free

boundary point of both u and U, implying that
Vu(zg) =0 = VU, (o).

Hence the assumption C # E,, must have been wrong and Theorem II is proved. [

13
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Our doubts are traitors and make us lose the good we

oft might win by fearing to attempt.
William Shakespeare

Unbounded non-cylindrical coincidence

sets in V > 6 are paraboloids

The flow of the chapter follows the structure of the proof of Theorem I that is gath-
ering enough information about the asymptotics of the given solution u to allow for
a squeeze in argument with a constructed paraboloid solution with matched asymp-
totics. After introducing some notation and making convenient assumptions on the
choice of coordinate system in section 2.1, we give a first frequency estimate in sec-
tion 2.2 and apply the upper estimate on the frequency to show that a normalized
(and slightly corrected) rescaling of u — p converges to an affine linear function. In
section 2.3 we infer from this preliminary analysis that the coincidence set C is asymp-
totically contained in a set that is slightly bigger than a paraboloid but smaller than
a cone. This estimate on the coincidence set is shown in section 2.4 to be enough for
the Newtonian potential of C to be well defined. Starting from this realization we de-
compose the given solution into a quadratic polynomial plus the Newtonian potential
of C. The Newton-potential expansion can be understood as lower order asymptotic
expansion of the given solution outside a ‘small’ set. In order to ultimately compare
we construct a paraboloid solution, i.e. a solution of the obstacle problem of which the
coincidence set is a paraboloid, that has ‘matched asymptotics’ with the given solution
(in the sense that both the quadratic and linear term in its Newton potential expansion
coincide with that of the given solution) in section 2.5. We conclude the proof of The-
orem I in section 2.6. There we first prove that the Newton-potential expansion can
be rigorously understood as asymptotic expansion as |z| — oo outside a set that is

slightly larger than a paraboloid - for the paraboloid solutions. This allows us to take

15



the paraboloid solution from the previous section that has ‘matched asymptotics’ to
the given solution and translate it until it is compared to the given solution outside a
set slightly larger than the paraboloid on any sufficiently large sphere. We then give
a comparison argument that requires only this and yields that the paraboloid solution
and the given solution are compared everywhere. Due to this argument we are able to
squeeze in the given solution between two translated copies of the paraboloid solution

and move these towards each other until they touch.

2.1 Preparatory observations and choices

The claim that u is not ‘lower dimensional’ implies, as we see in the following lemma,

that the coincidence set C is bounded to one side in e -direction.

Lemma 2.1.
If u is a global solution of the obstacle problem as in Theorem I then there is A\ € R such
that either C C {xny > A} orC C {zny < A}

Thus we make for simplicity of notation the following assumptions on the coordi-

nate system for the rest of the chapter.

Choice of coordinate system.

There is no loss of generality in assuming that

« the coordinate system is rotated in 2’-coordinates in such a way that )’ is diag-
onal and

« the coordinate system is translated and (if needed reflected in ey-direction) in

such a way that

CC{xy>0} and 0€C.

Let us conclude this section with the proof of Lemma 2.1.

Proof of Lemma 2.1.

Step 1. C does not contain a line.

We first prove that if u is not ‘lower dimensional’ then C cannot contain a line. Suppose
towards a contradiction that this was not true and C would contain a line g. Let H be
an arbitrary 2-dimensional plane containing g. For the sake of simplicity we identify
H with R? and g with {y, = 0} C R2.

Then by convexity of C N H either C N H is all of R? or a half-space or the boundary
0C N H is given by the graphs of two functions. The ‘upper boundary’ is given by the

16



graph of a concave function /™ : R — R and the ‘lower boundary’ is given by the

graph of a convex function f~ : R — R and we have
fHy) >0> f(y) forally; € R.

The aim now is to prove that f* and f~ must be constant.
So suppose towards a contradiction that f* is not constant. Then there mustbe ¢ € R
such that the superdifferential 0 (y?) of f* in 4? does not contain zero. We under-

stand the superdifferential as usually as

Of () ={ceR: fr(n)— fTW) <clyr —y)) forall y; € R}.

Let c € Of T (y?) be such that ¢ # 0. Then the supporting line c(y; —y?) does intersect
{y2 = 0} = g¢. But this contradicts the assumption that C and hence C N H contains
g. A similar argument applies to f~.

Since H was an arbitrary 2-dimensional plane containing g this implies that C is a
cylinder in the direction of g. Since C has non-empty interior and we assume the
blow-down of u to be independent only of the ey-direction (2) g must be parallel to
en. Hence we know that C =  x R for some convex set {2 C RV~! that has non-
empty interior.

In order to arrive at the desired conclusion that Oyu = 0 in RY we need to combine
the cylindrical structure of C with known facts about solutions of the obstacle problem.

First of all we know that
Adyyu =0 inRY\ C (2.1)
and from the cylindrical structure of the coincidence set C we infer that
Ovnu =0 on dC. (2.2)

The well known results by Caffarelli [2, Theorem 2 and Theorem 3] tell us that since
C has non-vanishing Lebesgue-density everywhere the second derivatives of u are

continuous up to the free boundary, hence
onNu € CO(RN \ C)

Furthermore we need the well known fact that global solutions of the obstacle problem

are convex and therefore
GNNu > 0in RN (2.3)
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(this can be found e.g. in [12, Theorem 5.1]). From the assumption on the blow-down
(2) we obtain that

Onnu(rz) = Onyur(x) — 0 strongly in L} asr — oo. (2.4)

loc

Let the auxiliary function v be given by

Onnu(x) in RV \ C,
0 in C.

v(x) =

Then the facts we have collected in (2.1), (2.2) and (2.3) imply that
vis harmonicin R¥\C , v >0inR" and wve C°'(RY).
From this we infer that v is subharmonic. This can be seen as follows. For each § > 0
max{v — 4,0}  is subharmonic in R"
as maximum of two harmonic functions. Passing to the limit as § \, 0 we get
max{v — 6,0} — max{v,0} =v in L®(R")asd \, 0.

Since uniform convergence preserves the mean value inequality this implies that v is

subharmonic in RY. Employing the mean value inequality again we get for all » > 0

and all z € RV
o<<><][ <1/H lfm (2.5)
<w(x) < v < vl =— [ V"], )
B,] Bi]
B B

r (33) Ba,

where v"(x) := v(rz). Taking also (2.4) into account which implies

v" =0 in L?

loc

(RY) as r — oo

we can make the right hand side in (2.5) arbitrarily small by choosing r sufficiently
large. We infer therefore that

aNNuEO ERN\C

and combining this with the cylindrical structure of C we see that for any z € R \ C
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andallt € R
u(z + ten) = u(x) + tonu(z).
But this contradicts the fact that v is nonnegative if not
Oyu(z) = 0.

Since x € RY \ C was arbitrary this implies that u is independent of x and hence
‘lower dimensional’ and we arrived at the desired contradiction.
Step 2. C is bounded in ey -direction to the left or to the right.

Assume towards a contradiction that this is not true. Then there are two sequences
(2")pnenw C C and (y")pew € C  suchthat 2’y — +ooand yy — —ooasn — oo
and we assume without loss of generality that 2! = y'. Since C is convex this implies
that the convex combinations

{tz" + (1 —t)z' :t€[0,1]} and {ty"+(1—t)y':t€[0,1]}  (2.6)

are contained in C for all n € IN. Since 0B, is compact there are Z, § € 0B such that

up to taking a subsequence (again labelled the same)

" — ! _
—]x"—azl\_)x’
yr-yt
=yl
Yt —y

as n — oo. Passing to the limit n — oo in (2.6) we get that
{a' +ti:t >0 u{y' +tg:t >0} CC. (2.7)

In view of (2) this is only possible if Z and y are parallel to e. So we infer that = ey

and § = —ey. Inserting this into (2.7) we find that
1 .
{JI +t€N.tER}CC.

So we have arrived at a contradiction to step 1 and the lemma is proved. [
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2.2 First frequency estimate and first estimate on lower order
asymptotics
In this section we derive a first estimate of the asymptotics of the given solution u by

studying the blow-down of a normalisation. This analysis is based on a first frequency

estimate as introduced below.

Lemma 2.2 (First frequency estimate).

Let v be given as

Vi=u—Dp,

where p is the blow-down limit as introduced in (2) and let the first frequency functional
be defined for allr > 0 as

Rl = [V ~2 [ @an* " = Rl
B1 0B1

where ¥, (x) := ﬁ(:f).

Then F\[0](r) is monotone increasing in r and F[0](r) is nonpositive for all r > 0.
Furthermore F} is invariant under perturbation by harmonic polynomials that are homo-

geneous of degree 2, i.e.
Ao+ gl(r) = Ffol(r)

for all harmonic polynomials q that are homogeneous of degree 2 and all v > 0.

Proof. Note that 0, solves A0, = —X{y,—0} in RY. Using this we find that F} is

monotone increasing since

d
- Aelr) =2 / Vo, - VO, — 4 / 0,0, AHN 1
B 0B1
=2 / Vo, - x 0.0, dHN ! — / AD,0,7, —2 / 0,0,0, AHN1
N——
Bl Bl =0 aBl

-2 /(wr - x — 20,)0,0, dHN Tt = 2r /(&@)deN‘l > 0.

831 aBl

By definition of p we know that

o, =0 inCoYRY) asr — oco.

loc
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From this we can conclude that

lim (B/wﬂ —2 / P2dHN ] = 0.
r—00
1 0B1

Using that F3[0](+) is monotone increasing this implies that for all > 0
/|wr|2 <2 / P2 dHN
B1 0B

and therefore F[0](-) is nonpositive.

It remains to prove the claimed invariance. A direct calculation shows that

F1[77+Q](7“)=/|V(17T+q)\2—2/(@T+Q)2d’HN1

Bl 8Bl

=Rl +2( [ Vo vo-2 [ Gaan ) 4 Rl
1 0B1

= F[o](r) +2 /@rvqdeNl — /v Agq —2 / g dHN
~—~

B1 B1 =0 0B1

+ /qVq':cd’HNl—/q Aq —Q/qzd’HN1
—~—

B1 B1 =0 0B,
= F[o](r) +2 / 0,(Vq -z —2q) dH " + / q(Vq -z —2¢)dHN!
831 8Bl

In the last step we have used that V¢ - © = 2¢ for all polynomials ¢ that are homoge-

neous of degree 2. [

The aim now is to show that the rescaled solution after subtracting the blow-down
does only grow linearly in 2. Unfortunately it has turned out to be inconvenient to
work with 9, directly because there are some small error terms that are unpleasant
to control. This is why we take them out in the following before passing to the limit

r — OQ.
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We define for all » > 0
Uy = U — P — hy, (2.8)
where
h.(2) :=1I'(u, — p) := L*(0B;) — projection of u, — p onto P, (2.9)
and
P, := homogeneous, harmonic polynomials of degree 2 depending on z’.

One may understand h, as correction for discrepancies between wu, and its limit p -
but only in 2. Since we are interested in the lower order asymptotics of u in z, such

a correction is not problematic. Note that v, solves
Av, = —X{u,—0} in RY forall » > 0.

Applying Lemma 2.2 with ¢ = —h, we find that v, satisfies for all > 0 the following

frequency estimate

fB |VUT|2
L < 2. 2.10
fa& v2dHN-T — (210)

This immediately implies a first estimate on the normalisation

(%

\
W= 2 N 1’
Vo, v2 dH

i.e. invoking Lemma B.2 we see that

(2.11)

(w,)r0 is bounded in W?(By).

But this is not enough to pass to the limit 7 — oo in R". We need the following

lemma.

Lemma 2.3.
Let N > 3 and let w, be as defined in (2.11). Then

(w,)p>0 is bounded in W2 (RN).
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Proof of Lemma 2.3. A calculation shows that
[ e an o) = [ R RS = BV [ ) an ).
dBg 0By dB1

So for any r > 0 and any R > 1 we get employing Lemma B.2 and (2.10)

fBR|VUr|2+fBRU3 fB |VUT| +faB 2dHN_1

2
§ _ Ci(R)
[Jw ||W172(BR) faB VZAHNT T 1(R) faB v2dHN-L
V2 dHN d’HN 1
< Gy(R faB 2 Ay N—-1 203(R)I8B 2 JyN—1°
Jop, v3dH Jop, vi dH

So the proof is finished if we can show that for each R > 1 the following doubling
holds

<C (2.12)

for some C > 0. Assume towards a contradiction that this is not true. Then there is

Ry > 1 and a sequence of rescalings (7 )ken C (0, 00), 7, — 00 as k — oo such that

de v? dHN!
faBl v% dHN-1

— 00 ask — oo. (2.13)

Since we already know that (w,, )ren = ( i == ) isbounded in W2(B),
Von, 7, kEN

for a subsequence (again labelled ry)
w,, —w weakly in W"?(B;) (2.14)

and due to the compact embeddings W**(B,) — L*(0B1) and W'*(B. ) — L*(0B 1
0 0
(recall that RLO < 1) it follows that

w,, — w  strongly in L*(0B),
w,, — w  strongly in L2(8B%).
0

By definition for all k& € IN we have that [ w? dH"~' = 1 and thus it also holds
0B
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that
/ w? dHN 7 = 1. (2.15)
0B1

On the other hand using (2.13) we obtain that

2 1/N-1
f(‘)BL vy dH

w? dHN T / w? dHN = ul
/ * faBl Uzk dHN?l

6BL 8BL
Ro Ro

2 (1 1-N 12/N—1
Jos, Vi <R0$> Ry dH
- 2 N-1
fa& vp, dH
2 N-1
[op. v3, dH
_3-n79B TRy

0 2 N-1
faBl v dH

—0 ask— o

and this implies that

/ wrdHN = 0.
B 1
Ro
However w is harmonic in B; since it was constructed as the weak limit of (w;, )ren
in (2.14) and Aw = 0 outside a set of 2-capacity zero. Now the maximum principle

for harmonic functions implies that

w=0 inBi.
Ro

Since w, being harmonic, is analytic, it already has to vanish in all of B;. But then
w cannot have a nontrivial trace on 0B; and this contradicts (2.15). Therefore the

assumption (2.13) must have been false and the Lemma is proved. O

Proposition 2.4.
Let (wy),~0 be as defined in (2.11). Then in dimensions N > 3 there is a subsequence

(wy, )ken such that

—w  weakly in W?(RY) ask — oo (2.16)

Wy loc

k
and w is harmonic, i.e.

Aw=0 inR".
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Proof. From Lemma 2.3 it follows that there is a subsequence (w,, )ken

w,, —w weakly in WL*(RY) as k — oc.

k

Using the assumption on the blow-down in (2) we obtain that
Aw=0 inRY\{tey e R":t€R}.

Since {te veRN:te R} is a set of 2-capacity zero in dimensions N > 3, we infer

that in these dimensions

Aw=0 inR"Y.

Remark 2.5 (2 dimensional case).

If one was be able to prove Lemma 2.3 for N = 2 one could derive a 2-dimensional
analogue to Proposition 2.4 but with Laplacian of w being a measure supported on the
line {te; € R?: ¢ € R}. As a consequence one would not be able to conclude that w

is affine linear as we will do for N > 3.

Lemma 2.6 (w is a quadratic polynomial).
Let N > 3 and let w be as in Proposition 2.4. Then w is a harmonic polynomial of degree
<2

Proof of Lemma 2.6. The strategy of the proof of this lemma will be to use the first
frequency estimate (2.10) in order to obtain a doubling that allows us to deduce that
w has at most quadratic growth at infinity. A Liouville argument implies then that w
is a polynomial of degree < 2.

First of all note that since w is a harmonic function it holds that

/!Vw\2: /wVw-:cd"HNl—/Aww: /wVwmd”HNl. (2.17)
~—~—
B

831 Bl - 8B1

Let us now define for all R > 0 the rescaled average

y(R) := /(wR)2 dHY™'  where w®(z):= w(Rx) forallz € RY.

0By
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Then the derivative of y(R) satisfies

d%y(R) = / 20" Gpw dHN T =2 / w(Rz) Vw(Rzx) -z dHN !
B o5 (2.18)
:E/wRVwR'xd'Hlez/‘Vsz
R R ’
0B1 B

where we have used that w' is harmonic and (2.17) in the last step. In order to deduce

a differential inequality, we use that w? also obeys the first frequency estimate, i.e.

S5, | V[’ <9 forallR>0
o (i amy T = orall R > 0.

This can be seen as follows: From (2.10) we have that for all R, > 0

- 5, IV 0] B S5, [V w, |

= Jop, ViR dHNT! N Jop, Wip RN

_ JpIB Ve @) [ Ve (R
Jop, B4 w?(Rx) dHN 1 Jop, w3 (Ra) dHN-1

2

Now weak convergence of (w,, )ren as k — oo (recall (2.16)) and lower semicontinuity
of the Dirichlet-functional and the compactness of the trace embedding imply that for
all R >0

Vo g dm VRN [Vt
= g wi(Re) dHN T [ (wB)2dHN T

Combining this frequency estimate with (2.18) we derive the following differential

inequaltiy for y
d 2 2 4 4
el R _ = R < = R 2d N—-1 _ R )
g =3[9 < 5 [ e = 2y
B1 831
This implies that for all R > 1
y(R) <y(1) R". (2.19)

Fubini’s Theorem yields that the same growth estimate is also true for the squared
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average on the full ball. For each R > 1 it holds that

/ // ) @) o+ [

1 0B, By
// Yo THAHN 1()dg—|—/w2R_N
831 B
// Rg N 1dHN 1( )dg+/w2 R—N
L 0B By
1
g/ QR)()dQ+/wRN
R B
_y(@) 1 4 / 2 p—N
__N¥%4(1 e )10 [
B1
< C\RY, (2.20)

where we have used that pR > 1 on g € [%, 1} and (2.19). Here C; > 0 is some con-
stant independent of 2. We are going to combine this with the mean value property
of harmonic functions in order to get a uniform estimate on the second derivatives.

Let xg € B% be arbitrary. Then for all i,j € {1,..., N} we have by the mean value
property

O vy dHN T <

sup ‘8Z-wR|,
9B (xo)

|00 (o) | = ][ Oy’ = —
‘B

1
8

‘B

1
OB 1 (x0) 8
8

(2.21)

where by v we mean the outer unit normal to B
any x € B%( ) (note that for all =y € B%(O) ' B

(o). The same way we compute for

(o) C B1(0))

ooj— 00l

(z)

ool
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(2.22)

where v is the outer unit normal to 0B 1 (x). Combining (2.21) and (2.22) and using
(2.20) we obtain

where (5 is again independent of Rand R > 1. Recalling that 9;;w"(z) = 0;;w(Rx) R?
this implies that

R2 H@iijLOO(BR) S CQRQ.
g
Thereby we have arrived at the desired uniform bound

forall R > 1: HDQwHLOO(B < (.

R)
8

A Liouville-type argument now implies that D?w (being harmonic) is necessarily con-

stant. Finally this tells us that w is a harmonic polynomial of degree < 2. 0]

In order to get a nontrivial estimate on the asymptotics of © we need to exclude

quadratic growth of w. We do this in the following lemma.

Lemma 2.7 (w is affine linear).
Let N > 3 and w be as defined in (2.16). Then w is (at most) an affine linear function

w=1/{+c,
where { is the linear part and the constant part c is nonpositive.

Proof of Lemma 2.7. From Lemma 2.6 we already know that w is a harmonic polyno-

mial of degree < 2. Therefore we can write

w=h+/{+c,
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where h is an harmonic, homogeneous polynomial of degree 2,/ : RN — R : z + b-x
(b € RY)is alinear function and ¢ € R is a constant. We prove the claim of the lemma
in three steps.

Step 1. h is independent of x .

This is the main part of the proof. Here the xy-independence of p is crucial. We claim

that as a consequence of the blow-down assumption (2)
Iyw>0inRY or 9dyw<0inRY,

i.e. that w is monotone in ey-direction. But this is not compatible with the fact that
h contains terms of the form z% and z;zy, j € {1,...,N —1}. Let us delay the
proof of the claim for a second and let us assume towards a contradiction that there
isd € R™ \ {0} such that

N
h(x) = Z dj oy + h'(2),

j=1
where h' does only depend on «’. Then the derivative of w in direction ey is given by
N
an(x) = Zd] X + dN[L'N + b]v
j=1
for each x € R" and thus we get
N
Onw(Ad) =D A3+ Ad3 +by — +00  as A — oo,
j=1

But this contradicts the claim that w is monotone in ey-direction. It remains to prove
the claim.

We follow a strategy of L. Caffarelli, L. Karp and H. Shahgholian [3, Proof of Case 3
of Theorem II] based on the celebrated Alt-Caffarelli-Friedman monotonicity formula

applied to
(Oyu)t := max{dyu,0} and (dyu)” := —min{Oyu,0}.

It is known that (Oyu)* and (Oyu)~ are subharmonic (see e.g. [12, Remark 2.16]) and

therefore we have that

(Ovu) >0 |, A(Oyu)* >0 and (Oyu)™(Oyu)” =0 inRY
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and hence the functional

/ ]V (9Nur ’ / |V 8Nur
" L
where u, is the rescaling from (2), is nondecreasing for all » > 0 as was proved in the

seminal work [1]. Combined with the blow-down assumption (2) this implies that for
allr >0

/WaNur |/|vaNur /|vaNp |/|vaNp F_y
21" 21" 21" 2"

Thus for each r > 0 either (Oyu,)™ or (Oyu,)” must be constant in B;. This implies

that there is an increasing sequence (ry)en C (0, 00) with 7, 00 as k — oo and
(¢x)rew C R such that either

forallk €e N (Oyu,, )" =¢ inB, <= (Ovu)" =érp:=¢, inB,,
or
foralk € N (Onu,, )" =¢ inB; <= (Onu)” =&y = ¢ in B,,.

Since B,, C B for all £ € IN we have that ¢;, = ¢; for all £ € IN. Therefore either

Tk+1

(Onu)™ in U B, = or (Oyu)" =¢; in U B,, =

kelN kelN

and taking into account that both (Oyu)™ and (Oyu)~ vanish in C (which has non-
empty interior) the constant c; can only be zero. It therefore follows that either
(Onu)™ =0or (Oyu)” = 0in RV,

Note that we have constructed h,. in (2.9) to be independent of xx and p is indepen-
dent of x y by assumption (2). Therefore we can transfer this monotonicity over to w,,

ie . forallr >0
either Oyw, > 0inRY  or Jyw, <0inRY.
Invoking that

Onw,, — Oyw  weakly in L7 (RY) as k — oo
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this implies that
Oyw>0inRY or dyw<0inRY

and thereby the claim is proved.
Step 2. h = 0.

By construction for all 7 > 0 we have that

Mw, =0 ie. / w, qdHY 1 =0 forallq € Py,
0B1
Employing (2.16) this implies that
/ wqdHN =0 forallqe P (2.23)
0By

Furthermore we have for all ¢ € P}

/(€+c)quN1 = /qb-deN1+c/qd7-[N1

8B1 aBl 8B1
N-1
:/div(qb)—l—c/quN_l:Zb /@q—i—c/quN !
B1 0By J=1 0B,

Z b;|B110;4(0) + c|0B1q(0) = 0,

where we have used that ¢ is harmonic, the mean value theorem for harmonic func-
tions and that ¢ is homogeneous of degree 2 and therefore ¢(0) = 0 and V¢(0) = 0.
Since we already know from step 1 that h € P, it follows from (2.23) that » = 0 and

hence

w=/{+c.

Step 3. ¢ < 0.
This is actually due to the choice of coordinate system in section 2.1. It can be seen as

follows. From the definition of v, (see (2.8)) we know that

Av, = —x¢, <0, whereC, := =C.

S =
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Then the mean value inequality for superharmonic functions tells us that

0= u,(0) — p(0) — hy(0) = ,(0) > ][

By

This implies that for all > 0

and therefore

2.3 A first estimate on the coincidence set C

We are now in the position to derive a first nontrivial growth estimate for C as xy —

Q.

Proposition 2.8 (First estimate on C).

Let C be the coincidence set as defined in Definition 0.4. Then for any 6 € (0, 1) there is

a(d) > 0 such that

i)
(CN{zny >a}) C {|x/|2 < x]l\;“‘s} and
ii)
CN{xxn < a} is bounded.
Proof.

i) The main tool in proving this claim is a quantitative version of the doubling we

have already used in (2.12). In order to derive a nontrivial bound on the coinci-

dence set C from our previous analysis the fact that w is affine linear is essentially

needed. Otherwise we could only arrive at the trivial estimate that C is contained
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in a cone. Let us define the following rescaling

V(1) = ' (2) = p (&) — ()

2.24
= u(rz) — p(ra’) — hy(rz’) = r’v.(x) 224)

and let us furthermore set for all» > 0

Fr) = J [y aw

0B1

Lemma 2.7 implies the following doubling

faBlww)Q dHN-1 f832 217N(Ur)2 dHN-1
faBl (Ur)2 dHN-1 faBl (UT)Q dHN-1

— 9l-N / (UT)Q AHN-1
faBl (vr)2 AHN T
0B

= oIV / (w,)* dHN !

0B>

AN 21N/w2d?-[N1: /w2(2:c) dp Nt

BBQ 8Bl
- / 2(20) + 20(23)c + 2 dAHV!
0B,
=4 / (C*(z) +20(x)c + ) ARV
0B,
—4 / ((x)edHN =3 / A dHN !
831 631
<4 / wdHN T =4
0B,

since [, £dHN~' = 0. This implies that for any ¢ > 0 there is 7(c) > 0 such
that for all r > r(e)

f(2r)
) <2+4c¢.
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Iterating this we get for all k € IN and r > r(¢)

F@hr) < @+e)"f(r).

Let us now choose § € (0,1) arbitrarily small but fixed and £(§) > 0 such that
1+5< 2°. Then we get for all large enough & € N and all € [2'“7’0, 2’““7“0}

fr)<(@2+e)" sup flo) <2 2" sup f(o) (2.25)
QG[To,ZTo] QE[TQ,ZT‘Q]
<r'C(rg) sup f(o) =r""°C(3).
QE[T0,27'0]

This allows us to estimate the asymptotic thickness of the coincidence set C (as
xny — o0). For this purpose we need to improve the estimate on the squared
average above to a pointwise estimate. We do this using the sup-mean inequality
for subharmonic functions from Lemma B.3.

Before we carry this out let us remind the reader that due to the definition of h,
in (2.9) we have that

1l 1208,y = I (wr = D)l 2om,) < llwr = Plli2op,) =0 asr — oo,

Invoking that P} is a finite dimensional vector space where all norms are equiva-
lent all coefficients of h, must vanish as » — 0o. Since p is non-degenerate in z’

we obtain that for all sufficiently large » > 0
Iho(a)] < %p(x') forall o/ € RV,
Setting as in (2.24)
p(x) + hy(x) = u'(z) == p(re) + he(rz) — u(rz)
we have that
max{p" + h/. —u",0}

is a nonnegative, subharmonic function and Lemma B.3 tells us that

C(N) / max{p" 4+ h —u",0}* dHN-1 > supmax{p’ + h" — u’, 0}2.26)
By

831 2
Let now = € C be arbitrary up to r := 4|z| being sufficiently large. Combining
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(2.25) and (2.26) we get that

C(N)C(8)r'*® > sup max{p + h, — u, 0} > max{p(2’) + h,(z') — u(x),0}

Br
2

= max{p(z') + h,(z"),0} > max{%p(x'), O} = %p(a:').

This means that for all sufficiently large 7 and arbitrary € C N {|z| = %} we
have that

Cp

2l <
2

N —

pla/) < AHCN)CE)al T < 8C(N)CE) (1o + an] ),

where ¢, is defined in (3). But for |2/| large, this is only possible if there is a
constant C' > 0 such that

[o'* < Capf?

and this implies i) by absorbing C.

ii) Let us assume towards a contradiction that the claim in ii) is not true. Then there
is

il

(xi)iem cCn{zry <a} suchthat |z

— OQ.

We define for all7 € IN

7

gi=

— € 0By.
7]
By compactness there is a subsequence (again named (£%);cy) such that

& — £ € 0B asi — 00.

From

. 7
m\/‘ _ ||xsz\,‘| < ’;,’ —0 ast— o0

we conclude that £ # ey. Since C is convex and closed and since 0 € C we have
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that
&teC  forallt > 0.

This implies that for all £, > 0

u(&tr)

r2

ur(Et) = = 0.

But this is impossible since for all ¢ > 0 arbitrary but fixed

un(€8) = plEt) = £p(€) £0  asr — o0

by assumption (2).

2.4 The Newton-potential expansion of u

In this section we are going to use the growth estimate from Lemma 2.8 in order
to show that the Newton-potential of the coincidence set C is well defined and has
subquadratic growth. This yields a Newton-potential expansion of the given solution
u. This Newton-potential expansion will allow us to control the asymptotics of the

solution up to a constant outside a small region around the coincidence set C.

Lemma 2.9 (Newton-potential of C).
Let C be as defined in Definition 0.1 and let N > 6, then

i) forallz € RN
vy P (z) = a(N)/;dy where (N ) := ——————
‘ J =y N(N = 2)|B)

is well defined and

ii) v}'F(z) grows subquadratically as |x| — oo, i.e.

o (ra)

5— — 0 strongly in L>*(0B;) asr — oo.
”
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Proof.

i) Since it is well known that the Newton-potential is well defined on bounded, mea-
surable sets (as can be found e.g. in [8, Theorem 9.9]), all we have to check is that
the Newton-potential integral is well defined on C \ B, for some arbitrarily large
R > 0.

Let § = 15 and R(z) > 0 sufficiently large such that
C\ Br C {y € R" : yy > a(d) and yn > 22y},

where a(0) is as in Lemma 2.8, then we have that

1
/ —x—=d / v dy
!x—y! |z — |

C\Br {| ’|2<y1+§}ﬂ{yN>max{a(5),21N}}
1

IN

v W
2N — Y]

{|y | <y1+6}ﬂ{yN>max{a(5),2xN}}

bl

@)

dyn

1+6

_ ~N+2+ 38 (N-1)
=2N2|Ba|/yN FO gy

a(0)
This is integrable if and only if

5
—N+2+%(N—1)<—1,

which is satisfied for § = % and NV > 6.
(Recall that with B" := {2/ € R¥ "' : 2/|* < 1} we mean the N — 1-dimensional
unit ball.)

ii) Let us choose § = 15 and let a(6) > 0 be as in Lemma 2.8 and let R > 0 be
such that CN{yx < a(d)} C Bg. Since C is unbounded only in ey-direction the

maximal growth of v2'" will be achieved for zy large. For )y > 0 large enough,

37



we estimate C as follows

23

CC BrU {|y'|2 <yNiyn <y —IJQV“}LJB2 23 (0, zn)
« TN

' D Y e—

=I(zN) II(zN)

i " (2.27)
U{|y’| <y]1V+5;yN >:EN-|—$]2V4}.

=I1I(zy)

This inclusion is satisfied for x5 large enough. Then from (2.27) we get that

v (x) S vy (2) + o7 (@) + gy (2) + vrry (@)

< vp, () +op " ((0,25)) + v ((0,2x)) + v7y7 ((0,2)).
Since R > 0 is independent of x a direct calculation shows that
vpP(z) =0 as|z] = occ.

Another direct calculation shows that

1

|$N — YN

(02w < av) [

I(zN)

|N—2 dy

23
351\1—351%,‘l

23\ 2—N 48N
< a(N)(x3) / By " dyw
0

TN
23\ 2=N 148 (N _
<a@)(«f) 1B [0 du
0

1 23 (9 11N
:oz(N)|B/|1 x24(2 N)+45(N—1)+1
2

AN—1)+1""

and since forall N > 6

23 11

~Z((©2-N N-1)+1
24( )+2O( )+1<0

this term vanishes as xy — oco. The second part, that contains the singularity of

the integrand, can be seen as the Newtonian potential of a ball with increasing
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radius evaluated at the centre. Using polar coordinates this equates to

1
o) S0 (02 =) [y
QZN B

2z

29

23

2

23

= «a(N) / 92’N|8Bl|gN’1 do = 2a(N)|0B; |z
0

which has subquadratic growth and finally

1
Ul () < a(N) / — 5 dy
[N — yn|

23
2 1+6
{Iy’\ <y ;yN>xN+x?VZ}

TN o)

148 _ _qy148
B /yJQV_N(yN+$N)(N D5 dyN—i-/y]QV N(yN‘f'xN)(N D dyn

. w
N
TN [e%e)
_ _1)1ts _ _1)1+d
= /y?v N(2zy) N dyN*/yfv N(2yn) MU dyy
% TN
TN
e N -3 N-5—§(N—-1)""N
_1
< Cz,°

for some constant C' > 0, z large enough and any /N > 6. This tells us that the
growth of the Newton potential is dominated by the middle part /1 and we have
established the subquadratic growth of the Newton-potential of C as |z| — oc.

]

We are now in the position to state the Newton-potential expansion of u. As indi-
cated by Lemma 2.13 this can be understood as asymptotic expansion of u for |z| — oo
(at least outside a set that is slightly larger than paraboloid). And for what follows this
will be the main idea behind this expansion. However in order to avoid unnecessary
technical complications we will only estimate the asympotics of the comparison solu-
tion, where we exactly control the coincidence set, instead of working with the less

controlled coincidence set C of the given solution.
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Proposition 2.10 (Newton potential expansion).
Letu be a global solution of the obstacle problem as in Theorem I then u can be expressed

as
u=p+l+c+vi’

where p is as in (2), { is a linear function with Ox{ < 0 and ¢ € R is a constant.

Proof. Tt is well known that v2'” as defined in Lemma 2.9 solves

Av}P = —xe  strongly in W2P(RY).

ocC
Let us furthermore set
vi=u—p inRN.

Then v solves the same equation as vév P je.

Av = —xc strongly in W2P(RM).

Hence v—v>'" is harmonic in R and from (2) and Lemma 2.9 ii) we know that v —v2'”

has subquadratic growth. This allows to apply Lemma B.4 and we obtain that
v—vpt =0+,

where / is a linear function and ¢ € R is a constant. Thus we have proved the desired

Newton-potential expansion of u:
u=p+L+c+vl’ inRY. (2.28)
What remains to show is that
onl < 0. (2.29)

This is a direct consequence of u not being lower dimensional. Assume towards a
contradiction that this is not be true, i.e. that Oy¢ > 0. Let zp € C N {xy = 0} be
arbitrary but fixed. Then then Newton potential expansion (2.28) tells us that

0 = u(wo) = p(wp) + (o) + ¢ +vg'" (o).
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Let us then choose & := zg — ey € R \ C. For all y € C we have that

2o — yI* = |z — ¥'|* + |(wo)n — yn|* = | — ¥/ + |(wo)v — yn |’
<|#@ =y’ +liny —yn]* =7 —y|*

Therefore for all y € C it holds that

1 1

- Nz < N-2
'l |20 =y

and since int C # () this implies that
ve (&) <wvg'" (o).
Employing the Newton-potential expansion (2.28) again we obtain that

w(Z) = p(z') + £(F) + U(Tven) + ¢ + v (Z)
< p((x0)") + £((w0)") + £((wo) ven) + ¢ + v (z0) = u(z) = 0.

But this is impossible since u was assumed to be nonnegative. Hence we must have

had Oy ¢ < 0 to begin with.

2.5 Existence of suitable paraboloid solutions

The objective of this section is the construction of appropriate comparison functions

for the comparison argument in section 2.6. As a by-product we also get existence of

solutions u with the properties claimed in Theorem I. So this chapter is not concerning

itself with the empty set.

Theorem 2.11 (Existence of paraboloid solutions).
Let N > 6. Foranyb € (0,00)" x R thereisa € (0,00)"~! x R such that

N-1

vgap(x) = — Z bﬁ? + byrn + byt in P,,
j=1
where
N-1
P, = {(«Tlal’N) eRY 2 € oy + aNEa'} and By := {xl e RV
j=1
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Furthermore
up,(x) :=pp(a’) — byry — by + U}VZP(J?)
solves

up, >0inRY | Aup, = Xfup,>0p inRY | {up, =0} =P,

up, (rz)
2

and — py(z’) strongly in L>°(0By) asr — o0,

where py(z') := Zj\;l b3,

The proof will rest on the following lemma that is a corollary of the analysis of the

Newton-potential of ellipsoids carried out in [4].

Lemma 2.12 (Existence of suitable ellipsoids).

For any non-degenerate, homogeneous polynomial q(x) := Zjvzl qjas? with g; > 0 for
all j € {1,...,N} and any positive constant ¢ > 0 we can find a centred ellipsoid
E = {IGRN:ZN 1 < 1} such that

A
J=1 af

v () =c—q(x) forallz € E.

Proof of Lemma 2.12. The main part was proved by E. DiBenedetto and A. Friedman
in [4] (see the proof of (5.4) therein), i.e. showing that for any polynomial ¢ as above

there is a centred ellipsoid £ and some constant & > 0 such that
vY¥P () =¢—q(z) forallz e E.

A direct computation shows that the Newton-potential obeys the following scaling

forall 5 > 0: véVEP(x) = B%gp (%)

and thus for all z € AE it holds that
vg;(m) = 3% — q(x).
Choosing 3 := /% and E := BE finishes the proof. O

Proof of Theorem 2.11.

Step 1. Construction of a suitable sequence of ellipsoids.
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Let us define for any n € IN the following sequence of polynomials and constants

n 1 an 2
q"(x) == pp(2') + ﬁ%?\; and ¢, := <T) >0

Then Lemma 2.12 implies that for all n € IN there is a centred ellipsoid £™ such that

vgf =¢,—q¢" onE" (2.30)

In order to create a linear term in the Newton-potential expansion we translate E” by
by

Twen, where 7, 1= 2Xn?, ie.
E":=E"+ TheN-
We infer from (2.30) that for all x € E™
vy (z) = vgf(a: — Then) = ¢, — pp(2') — %w?\, + %:}:N — i7'2

=byzy — ¢"(2).

Step 2. Switching to the respective obstacle problems and passing to the limit.
In order to be able to use known results and technique from the analysis of the obstacle
problem we make use of the close relation between null quadrature domains and the

obstacle problem. Let us set for alln € IN
Up = q¢" — byrn + vgf in RY, (2.32)
then wu,, is a nonnegative solution of the obstacle problem
Ay, = X{u,>0} in RN and {u, =0} = E".

(This follows e.g. from [3, Theorem II] as in the proof of Lemma 1.1.) Using the non-
negativity of the Newton-potential and (2.31) we obtain that for all x € E”

(') < byay.

Note that this estimate is independent of n. Therefore there is a paraboloid P such
that foralln € IN

E" C P. (2.33)
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From Lemma 2.9 we know that the Newton-potential of P is well defined in dimen-

sions N > 6 and we get for alln € IN
vpa < ng in RY.

This implies that v} is uniformly in n bounded in L2 (R") and therefore we obtain

from (2.32) that also u,, must be uniformly in n bounded in L3 (RY). Using well
known results from LP-theory (see e.g. [8, Theorem 9.11] and localize it) this implies

that for any p € [1, 00)
(Un)new  is bounded in WP (RY).
Thus there is a subsequence (again labelled (u,,),en) such that

u, —u in Co%(RM) (2.34)

loc

(for arbitrary v € (0, 1)) and w is a nonnegative solution of the obstacle problem, i.e.

u solves
Au = Xqu>0p in RY

which can be found e.g. in [12, Proposition 3.17].

Step 3. Identification of the coincidence set of u and switching back to the Newtonian
potential expansion

In order to identify the coincidence set of u we will pass to the limit in the Newton-
potential expansion (2.32) of u,,. To this end recall that each ellipsoid E" is the sublevel

set of a polynomial, therefore we can represent £ as

N-1 $2 (x T )2
n 7 N — In
E" = {§ =+ B < 1}, (2.35)

]:1 J,m

where B;,, € (0,00) are the semiaxes of E™ and 7, is the translation in e y-direction
as defined in step 1 (foralln € Nand j € {1,...,N}).

Since for all n € IN we have that E” is defined by the finitely many coefficients

N+1 W

(Bin,---, Bnn, Tn) which converge (up to taking a subsequence) in [0, o0] e

infer that
XEr — XM pointwise almost everywhere in RY as n — oo, (2.36)

where M C P is some measurable set. This allows to conclude invoking Lebesgue’s
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dominated convergence theorem and
xen (W)l =y <xply)le =y forallz,y € RY

that

N

P NP
UE" — UP

pointwise in R" as n — oo.

Combining this fact with (2.32) and (2.34) we obtain that the Newton-potential expan-

sion
u(z) = pp(2') — byay + Var(z) forallz € RY. (2.37)

It remains to identify the set M. First of all form (2.37) we infer that M has non-
vanishing Lebesgue-measure, i.e. |[M| > 0, because otherwise V; = 0 in R" and this

combined with (2.37) contradicts the fact that u is nonnegative in R”.

Note that M C P implies that for all n € IN we have that 0 < By, < 7y. Combin-
ing this observation with (2.36) and the fact that M has positive measure we obtain

that the ellipsoids £ cannot vanish in ey -direction and therefore (for a subsequence)

Tn

—1 asn — oo.
BN,n

Recall that in step 1 we have chosen 7,, = %an. Let us now rewrite (2.35) as

N-1 9 9

T, T, T, T
E" = 2 g2 n g2 o =2 < |1- o b
{Z B]gmxj + B]2V7an (BN,n> IN = [ (BN’H> ]7’ }

Jj=1

2
We claim that [1 — (ﬁ) 17'” < 0 is bounded in n. Assume towards a contradic-

2
tion that [1 - ( BZL ) :|7'n is unbounded, i.e. that there is a subsequence such that
2
Tn
1-— (BN,"> T, — —oo then

2 2
E"cCc -2 Tn oy < |1 — Tn Tn ¢ = {xny > 00} asn — oo,
BN,n BN,n

which implies that y z» — 0 pointwise almost everywhere in RY which is incompati-
ble with (2.36) and the fact that | /| > 0. Hence (up to taking a subsequence) we have
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that [1 — (B?HY] T, — ¢ € (—00,0] as n — oo.

Up to taking another subsequence we have that % — B; € [0, 00] as n — oo for
all j € {1,...,N —1}. We claim now that B; € (0,00) forall j € {1,..., N —1}.
Assume towards a contradiction that there is i € {1,..., N — 1} and a subsequence

such that -2 — oo then

Bi,n

2 2
n Tn 2 Tn Tn ~
FE - {?xz —2< Nm) ZL‘NS [1— < an) ]Tn}ﬁEC{CL’Z = 0},

which is again a contradiction to (2.36) and the fact that |M| > 0. To finish the proof
assume towards a contradiction that there is i € {1,..., N — 1} such that B; = 0.
Then for alln € IN

2
o [l (&) o)

—{z; =0,j #i} asn— oo

But this is impossible since from (2.33) we know that £™ must be contained in a
paraboloid P for all n € IN.

Summing it all up we can conclude that (up to taking a subsequence)
N-1
XEr — XM pointwise a.e asn — oo where M = {Z ijjz —2xy < c}
j=1

andB; € (0,00) forall j € {1,...,N — 1} and ¢ € (—00,0].
Translating the paraboloid in the ey-direction until the constant part in the expan-

sion agrees with by finishes the proof. O

2.6 A comparison principle with hole / Proof of Theorem I

In this section we are going to finish the proof of Theorem I. The problem is that we
only have a very weak control on the coincidence set C so comparing it with some com-
parison paraboloid seems hopeless. Instead we will compare v with an appropriate
comparison solution on some large sphere but away from the coincidence set C. We
will see that such a comparison is possible. For this argument we need to have a good
control on the set where the Newton-potential of the comparison solution vanishes.

This is established in the following lemma.
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Lemma 2.13 (Newton-potential of a paraboloid vanishes outside some set slightly

larger than the paraboloid).
Let N > 6 andy > 0 and

1
P = {(y’,yzv) eRY Y| < vyfv}
and for any p > % setting

5+
Pt = {(y’,yzv) e RV : || < vyZ ”}

it holds that
sup vRT(z) =0 ask — oo
z€(RN\PH)N{zn>k}
and
sup vpt(r) =0 ask — oco. (2.38)

rG(RN\Bk)ﬁ{xNgg}

Proof. As in the proof of Lemma 2.9 we split P up into the part close to x and the part

further away from = and we estimate the Newton-potential integral there.

Since P is rotational symmetric and v37 (A2’ + zyey) is monotone decreasing in

|A| we get that

sup v (2) = vgp(fyk%ﬂ‘el + key)
z€(RN\Pr)N{zn=k}

Furthermore we have that

1 8 1 8
P = {Iy’l <Yk ; yN<xN—x9}U{|y’! <Yk len — ynl Sxf’v}

=1I(zN) =:1I(zN)

1 8
U{Iy’l <YYX YN >m+x§’v}.

-~

—:I11(zy)
Using this splitting we have

ONP (ykz e, + key) = Ufrv(if:j)(%%wel + ken) + vri( (k= *'er + kex)

1
+ v%ﬁk) (yk2tHe; + key).
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The first term can be estimated as

8
v 2-N_N-1 AR
vy k)(?wka Fey + key) < a(N) / (k—yn) "y~ |B’|(y]2v> dyn

o

2")/N_1’B/’ Ni1

N)ks®=M)| B’ ke
a(N)k> =B | ==

IN

Ck5@—N)+3(N+1)

IN

which vanishes as k — oo if NV > 6. For the second part we get for large £

1
UU (7k2 e1 + ken) < a(N) ) v dv
(k) ‘7k§+u _yl‘
k-+k S
2 N
<a@(Gr) T [ B0V du
8
k—k5

1

2—N _
< a(N)(GhE) BN (2k) T 2k

< Ck(%+u)(2fN)+%(N71)+

©loo

this vanishes as £ — oo for any N > 6 and p > . For the last term we get

oNE L (vkE e + hey) < /|k yn NN T B dyy

etk

2—N _ N-1 % /
+ [k —=yn" 7" Ty | B dyn

2k
2k
< k3C-N) / ANy 7 B dyw
ktk S

T / NNy k)T B dy

k
N 1 ML, 8(2—N)+1(N+1)
B’ k9
| |N+1
N+1
N 1|B/|2 k2fN+%(N+1)
N -5

and this again vanishes as k — oo for any N > 6.
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It remains to prove (2.38). For each z € (RY \ By) N {JIN < g} and £ large enough

we have that

M) =) [ mayra) [

Pn{yn<k} Pn{yn>k}

k 1\ 2N LAN-1
<o) [(5) 1BI(wi)" dny

0

s 2N , L N-1
ra) [ (- 5) 1B1(wd) " a

k
k
<a) [ (5) Bil(vwi)  dyx
0

1

—xdy
[z — |

[e.9]

yn\2 N, 1\ N-1
+0z(N)/<7) ‘B1|<'Yy§/> dyn
3
Bj|(2y)N 1 2~ \N-1| B
< () PRIk o) e

-0 ask — oo.

Now we have all the tools we need in order to conclude this chapter with the proof

of Theorem I.

Proof of Theorem 1.
Step 1. Construction of a comparison solution.

From (2.28) we have for the given solution u the Newton-potential expansion
u=p(r') +(z) + v (x) +c

Then employing Theorem 2.11 we find a paraboloid P C {zx > 0}, PN{zy =0} # 0
such that

up = p(z') + £(x) +vdF(x) +cp, cpER

is a solution of the obstacle problem and shares the quadratic and linear term in the

Newton-potential expansion of u.
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In order to carry this program out let us set for A > 0:
Py, =P — ey
and
up, () = up(z + Aey).
Then it holds that

up, () = p(z’) + €(z) + vﬁip(x) + M(en) + cp,
u(z) = p(z') + £(z) + vl (x) +c,

and therefore

up, (r) — u(z) = vpl (@) — v (x) + M(en) + cp — c < vpF(x) + M(en) + cp — c.

Step 2. A first comparison.
We need to be able to compare up, and u. To this end we want to apply the sup-

boundary value inequality from Lemma B.3 to
v = max{u% — u’",O} >0,

where v" is subharmonic since Av" is a nonnegative measure and so from Lemma B.3

ii) we have that

supv” < C(N) ][ v" dHN L (2.39)
e 0B

Let v > 0 be such that
P={(/,yn) €ERY : |y/| <v\/yn} satisfies P C P.
This implies that
Py :=P —)ex D P,.
Choosing y = 5 > 2 and P* as in Lemma 2.13 we set

p)lf = pu—)\BN.
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Let then Ay > 0 be sufficiently large such that
cp—C+ )\06(61\[) < —2.

Here we have used (2.29). Lemma 2.13 tells us that there is 7y > 0 such that for all
rT>Tg

NP NP 5
Up,, < Vg, < 1 ondB,\ Py,
So for r > ry we have that
max{upAO —u,O} =0 on aB,«\p)’fo.

This allows us to estimate as follows

1 1
][UTdHN_IS 98 /UdHN_1:|8B| / vdH N
B, "

N ~
9B1 9 aB,NP{

1
|8B | / Ug/\lj dHNil + |6B | / cp—C—+ /\0@(6]\7) dHNil,

P 812 - 512
OB-NPY oB.NPY.

where the last term vanishes because

‘8BT NPy
|05,

—0 asr— o

and therefore all we have to do is estimate the first term. From a direct calculation we

get that for sufficiently large r
0B, N p/’\*O C{r—5vr* <yy <r}. (2.40)

Using this we are going to estimate vg P as follows
0

1
UIJ%P(@IQ(N)/Wdy
° S|z =yl
Py,

1 1
< a(N) / Nyt / s Ay
ey =N S =y

Pxo ), (P/\O)z
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1
+ / —N—2dy )
_ ‘xN_yN’

(PAO 3

where

(P)\()) = p)\o N {yN <r-— 6’)/27’2“},
1
<]5Ao> = ]5,\0 N {7" — 6727“2“ <yy <r+ 6727“2“},
2
(15,\O> = 15,\0 N {yN >7r 4 6727"2“}.
3
In order to avoid unnecessary confusion we will in the following always use y as

the variable of integration in the Newton potential integral and = will always be in
0B, N ]5)\5 and estimated by (2.40).

Using the scaling and growth properties of the Newton-potential of bounded sets

and Fubini’s Theorem we obtain for the main part (p,\())
2

r+672r2“
1 1 /
~/ |ZL’/ _ y/|N_2 O((N — 1) oo Q'yy]%B{( )
r—6vy2r

Py, 5

where v}/”" is the N — 1-dimensional Newton-potential of the set M. A calculation

shows that the Newton potential has the following scaling: Forall 3 > 0and M C RY

bounded and measurable:

p

and there is C'(M) > 0 such that for all z € RY

v (x) = oy (f) for all z € RN

o’ (x) < C(M)|a .

This allows us to estimate

, 3—N
T

1

273

/ 7 l’l
M (@) = AP yvog” < 1> < 4y*ynC(B))

2yy2 B! 2
TN 27YN
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This implies for sufficiently large r that

1 C(B/)<2 )N 1 7‘+6»727’2H
y - N_1 _
/ T ey Y / yy * dywla P
(Pro), o (2.41)
C(By)(2y)" 2. 2u .
Rl ) (12%)

= Cl|x’|3_Nr¥+2“.

Using the graph representation for 0B, N f’fo we get that for any integrable function
f and for sufficiently large r

/f YAHY (2 /f ’x|dx<2 /+f ) dz{2.42)

6BmP“

Hence employing (2.41) we have for large r that

/ y|N2dd’HN1 <2/ / ——— dyda’

OB:NPY (Pyy), wz’ o (Pro),

<20y T T / ]93’|3_Ndx/

205 [ 0B 2 g
0
= C1[0ByyPr s T

Thus it follows that

/ s dy dHN T (z) < Cy(N)r 2t

8BmP P)\ o

and this vanishes as r — oo for N > 6 and 4 = %

For the first part of the Newton-potential we can estimate for sufficiently large r
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and for all z € 0B, N ]5)’\‘0 (using (2.40))

r7672r2“
1 1 , 1\ V-1
———mdy= [ By ) duy
() lzn — yn| lzn — yn|
P)‘O 1 —A0

2r
< (~2p20 2-N B |4N-1 ¥d
= (7 r ) | B |y Yn YN
0
< 037,,(2;¢)(27N)+%(N+1).

Since this estimate was uniform in x € 0B, N 1550 we get
0B, N P}
(N+ )‘ T

1 1 _ Nl
aBr / / ﬁ dy dHN 1(37) S C3T(2M)(2 N)+2 1 8—Br
’ N Z/N‘

aBmPfo (JBAO)1

Estimating as in (2.42) we get

B, NP -
‘8 N < 2|Bi|7N 1r(—%+u)(N—1) (2.43)
|8Br‘ N |8B1|
and therefore
1 1 N-1 1(3—N)+1
——x 5 dydH" T (z) < Cyr
|aBT| L ’xN_yN|
0B:NF (Py,),
and this vanishes as 7 — oo forall N > 6 and y = %. For the last part of the

Newton-potential we can estimate in a similar way for sufficiently large  and for all
x € 0B, N ]550 (using (2.40))

[e.o]

1 9N\ 1/ 1\ N-1
e wmdr= [ e B (340t
N — YN

P)\O 5 4672120

2r
N-1

[t = M IB (s + 20)) g

r+6y2r2H

IN

SIS

2—N / N—1
+ [ len —yn|" B vy~ + o) dyn

2
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2r
N—1

< (6922)* N |Byj2 s AN / yy' dyn
r4T7yr2H

2—-N| ! 1\ VL
+/yN_ |31!(7(3yzv)2) dyn
< CT(2;L)(2—N)+%(N+1)‘

Since this is estimate is uniform in x € 9B, N P/{‘O and using again (2.43) we get

1 1
—_ / / ——~ dy dHN_l(x) < C’(]\f)r”(?’_N)Jrl
|aBT| ’9CN - yN‘

aBmﬁ;O (1?30)3

and this vanishes as r — oo forall N > 6 and p = %. So the sup-boundary-value

inequality (2.39) tells us that for any € > 0 there is 7o(g) > 0 such that for all > ry(e)

supv” < e and therefore supv <e.
B, Br
5 2

Since € > 0 was arbitrary we conclude that
v=0 inR"
and we have the desired comparison
up,, <wu inR".
This implies for the coincidence sets that

CCP)\O.

Step 3. Sliding the comparison solution back until the constant terms in the expansion
are the same and concluding that the two solutions must already coincide.

For any A < \g we set
= cp+ M(ey).
Then for the translated paraboloid solution and the given solution we have the Newton-
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0

Figure 2.1: C C P,,,.

potential expansions

up, (z) = p(a') +U(x) + vp (@) +c*,

(2.44)
u(z) = p(a) + () + i (z) +c

We claim now that for any A < )¢ such that < cthe comparison from the second
step still holds and we therefore have that

up, <u in RMN.
Recall that for every A < A
PCcP, , PhcP, and P{CP.
Let us again set
v = max{up, —u,0}.
Then from (2.44) we know that
v:max{c’\—c—i-vgp—vévp,O} g%g’; in RY.

Since v is again a positive subharmonic function we have still the sup-mean-inequality

from Lemma B.3, i.e. for any r > 0

supv < C(N) ][ vdHN
s 0B,
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From (2.38) we have that

/ QUIJ%PdHN*I%O asr — o0
0

OB\ P

9B,

and from the calculations in step 2 we already know that

/ ZUgAPdHN_l—>0 asr — 00.
0

OByNPY

9B,

So for any ¢ > 0 there is () > 0 such that for all r > r((e)

supv < €.
By

Since € > 0 was arbitrary we have that
v=0 inR"Y
and hence
up, <u inRY. (2.45)
This also implies that for all A < ) such that ¢ < ¢ we have that
C C P,
and therefore
vév P < U}V,A P in RV,

Inserting this into (2.44) and using (2.45) we get that

up, <u=up, +v5" —vp’+c—c <up +c—c
So letting A ), where ) is such that A = ¢, we have that

up, <u < up, in RY
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and therefore
u=up, aswellas C=P;.

This finishes the proof of Theorem L
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Appendix A

A.1 The weighted center of gravity of C can be chosen to be zero

by a translation

We will show that there is 2° € C such that

Step 1. There is zy € RY with the claimed property.
First we show that there is z° € R” such that

/ _ay=o. (A1)
||

To do so we choose R > 0 such that C C By and for all ¢ > 0 define the continuous
operator T° : Br — RY

. fc ‘y_xy|N75 dy

T (x) := )

(Note that we have only employed the regularization with ¢ in order to ensure inte-

grability of all terms involved.) 7° is a self-map because

=R

R %,de
’T€<$)| < fc ly—=|

- fcwdy
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Now Brouwer’s fixed point theorem yields that for all ¢ > 0 the continuous self-
map T° : Bp — Bpg has a fixed point 2° € Bp. Therefore there is a subsequence
(2°™)mew C Bpg such that

" = 2% € B asm — oo.

Since
:Lrﬁm

N—em

w2
ly — wem|

< xc(y) (Iy — x| + ‘

)

ly — wem|

where the right-hand side converges in L', Lebesgue’s (generalized) convergence the-

—.1767” y—ZL’O
/ A —>/—_ ONdy
|y — = ly — |
c
as m — Q.

(Here we used the boundedness of C.)
Step 2. xy € C.
It remains to show that 2 € C. Assume that 2° ¢ C. By the convexity of C there is

orem implies that

a hyperplane separating 2° and C. Let v be a unit normal on that hyperplane. By a
translation and rotation we may assume that 2° = 0, v = ¢; and C C {x; > 0} or
C C {z1 < 0}, implying that

Y dy # 0,
|y|

contradicting (A.1).

A.2 Comparison principle for the nonlinear PDE

The following comparison principle for solutions of the obstacle problem is well-known

and stated only for the sake of completeness.

Lemma A.1 (Comparison principle for solutions of the obstacle problem).
Let Q C RY be a bounded domain with Lipschitz-boundary and let u and v be weak
solutions of (1), i.e. u,v € W'2(Q) such that for all ¢ € Wy*(Q) it holds that

_Q/Vu'Vqﬁ: Q/X{u>o}¢ and —Q/VU.Vd): Q/X{v>0}¢- (A.2)
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If furthermore

v<wu onof) (A3)
in the sense of traces, then also

v<u inf.

Proof. Testing the weak formulation (A.2) with the (admissible) test function (v —

u)™ := max{v — u, 0} and subtracting the equations we obtain
2
- /W(U SROMEES /(X{v>o} — Xus0p) (v —u)* 2 0.
Q 0

From this we infer that
Viv—u)*=0 ae inQ
and thus
(v —u)" = constant  a.e. in 2.
Combining this fact with (A.3) we obtain that
(v—u)T=0 ae inQ

which finishes the proof. [
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Appendix B

Lemma B.1 (Global solutions of the obstacle problem have uniformly bounded (weak)
second derivatives). Let u be a global solution of the obstacle problem (1), then there is
C' > 0 such that

HDQUHLOO(]RN) <C.
Here D*u is the weak second derivative of u.

Proof. The result can be understood as an improvement of the of the classical result
that solutions of the obstacle problem grow at most quadratically away from the obsta-
cle (see e.g. [12, Theorem 2.1]) or as a globalization of the classical result that solutions
of the obstacle problem are C’llo’c1 (see e.g. [12, Theorem 2.3]). This is why we will use
the first and take ideas from the latter.

First of all note that L?-theory implies that u € W2”(R") and therefore D?u = 0 a.e.
in {u = 0}.

Thus it remains to show that D?u is uniformly bounded in {u > 0}. Let & € {u > 0}
be arbitrary but fixed. The fact that Au = 1in {u > 0} implies that u — 5|z — i|? is
harmonic in {u > 0}. Using classical estimates for derivatives of harmonic functions
(see e.g. [6, § 2.2 Theorem 7]) we get for any > 0 such that B, (%) C {u > 0} that

N 4 1
|D2u(x)\ < ﬁ(”“”m(&@)) + ﬁﬁ) + 1. (B.1)

Here C'; > 0 only depends on N. In order to finish the proof we use that solutions

of the obstacle problem grow at most quadratically away from the free boundary, i.e.

63



there is C5 > 0 (only depending on N) such that for all 2y € 9C and all R > 0

||u||L°°(BR(zo)) < CHR%. (B.2)

This can be found e.g. in [12, Theorem 2.1]. Let now ry > 0 be such that B,,(Z)NOC #

0 and B,(2) N AC = P for all p € (0,70) and let g € B,,(Z) N IC (see figure B.1).
Combining (B.1) and (B.2) with » = ry and R = 2r, we obtain

RV \ C

Figure B.1: Choice of 7.

1
2, (| < -
|D*u(i)| < 01(402+ 2N> +1

and this estimate is independent of 7. Since # € R \ C was arbitrary this finishes
the proof. [

Lemma B.2 (Boundary Poincaré).
Letv € W,22(Bg), then there is C(R) > 0 only depending on R such that

[0l 2y < CO (1900 a5 + 0] 120, )

Proof of Lemma B.2. The idea of the proof is — as always for Poincaré inequalities -
to use the fundamental theorem of calculus. We split By up into the upper and the
lower half ball and set

Bf ={r € Bg:4xy >0} , (Br)" :={z € 9By : £xy > 0}.
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It is well known that (0Bg)" can be written as a graph of the following function

gt B - R: a2 \/R2— |2,

where B, := {z € RN : |z| < R}.
For all v € C'(Bg) we have for all (2/,xy) € B}, that

v, xy) = v, oy) — (@, g" (2") + v, gt (2))
gt (@)
S / Opyv(2' 1) dt +v(2', gt (2)).
TN
Hence employing Young’s inequality and Cauchy-Schwarz inequality we get
gt () ?
v (2, an) <2 / Opyv(@’,t) dt| +2|v(a’, g* (2"))]
TN
gt (@)

<2R / |8xNv(x’,t)\2dt+2|v(3:’,g+(x’))|2.
0

Since 1 < 1/1 + |Vg+|” it follows that

/vz(x’,xN) dr’ < QR/\axNv|2dx—1—2/1)2(91;’,9*(95'))\/1+ Vgt (x')| da’

2

B, B}, Bp
< QR/\W|2dx+2 / v dHN L
Bf; (0Br)*

Integrating over xy we get
/v2dm§ 2R R/|Vv|2+ / V2 dHN !
Bf Bf; (0BR)*

By approximation this holds for any v € W!?(Bpg) and the same can be shown for

Bp,. Finally we get what we wanted

[0l 2y < 2V Bmas{ 1, VE} (190 125 + [0l 200,) )
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Lemma B.3 (sup-boundary-value inequality for subharmonic functions).
Letu € Wl’Q(RN), u >0, Au >0, then

loc

i) foranyx € RY

][ udHN™  is monotone increasing in R

OBR(x)
ii) and forall R > 0

supu < C(N) ][ udHN 1,
Br
2 dBr

where C'(N) is independent of R.

Proof.

i) This result is well known for smooth functions and does hold for u € W,2*(RN)

by approximation. Let ¢. be the standard convolution kernel. Let us set
ut =uxp. € C°(RY,[0,00)) and it hods that u® > 0.

This implies that

Au(z) = Afu * 6.)(z) = Aux o) = / bo(z — y) dAu(y) > 0

by the assumption that Au > 0 in measure sense. (We also did understand Awux g,
as convolution of a measure with a function.) Therefore i) for smooth functions
implies that for all Ry < R,

][ wdHN T < ][ ut dHN L

O0Bg, (z) OBR, (z)

Since it is well known that u® — u strongly in W,.*(R") as ¢ — 0 and from the

loc

trace theorem we get the desired result

forall Ry < Ry : ][ udHN 1 < 7[ wdHN L.

O0BRg, (z) O0BR,(z)
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ii) For all Lebesguepoints x € B R of u using i) we get that

/ //ud?—[N Ldo

u(z) < ][ u < ‘BlR

B%(I) 2 % 0 9B,
0B
/|(9Bl\QN ! ][ wdHN 1 do < 98] / N-1 ][ wdHY 1 do
‘ 0B, )B 5 0BR
OB, | RY
_ 105] ~ 1 wdH I =2" ][ wdHN
’B 7 dBp dBp
Taking the supy . on both sides gives the desired inequality.
2
O]
Lemma B.4 (A Liouville Lemma).
Letu : RN — R be harmonic with subquadratic growth. i.e.
ure) g ly in L*(0B B
R strongly in L°(0By) asr — 00, (B.3)
then u is affine linear.
Proof. First of all from (B.3) we infer that there is C' > 0 such that for all z € RY
lu(z)] < C(1+ |z[%). (B.4)

From [6, §2.2 Theorem 7] we know that there is C's > 0 (only depending on N) such
that forall r > 0, 2o € RY, 4,5,k € {1,..., N}

3
| Dyjeu(o)| < MHUHLWBT(IO))

This can be estimated using (B.4) as

C3 C3

| Dijeu@o)] < 5z lullz s, @y < m\Br(ﬂfo)\C(l + (o] +1)?)

C:
< N—i3|Br(xo)|C(1 + 2|wo|? + 2r?)

_ GCIB
> | 1|(1—i—2| \+2r2)—>0 asr — 00.

Since zy € RY was arbitrary we obtain that
D=0 inR"Y
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and hence u is a quadratic polynomial. So we can write
u=q+{+c inR",

where ¢ is a homogeneous polynomial of degree 2, ¢ a linear function and c € R a

constant. Then for all z € 9B, we have that

14
@—q(m)—i—@—i—%%q(m) as r — 00.
Hence (B.3) implies that ¢ = 0 and u is affine linear. [
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