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The physical mechanisms responsible for flame curvature evolution of a methane-air premixed flame
attached to a bluff-body burner have been investigated using a high-fidelity flame-resolved three-
dimensional simulation database. The contributions to the mean curvature generation due to the fluid
flow motion and due to a combination of flow and flame propagation induced strain rates have been
analyzed in detail and dominant contributions in different zones (reactants, flame, and products) of
the flame have been identified. The effect of fluid flow on the mean curvature evolution is important
on the unburned gas side, whereas the flame propagation dominates the mean curvature evolution in
the reaction region and toward the hot products. The statistical contributions of the mean curvature
transport equation have been analyzed in terms of the iso-scalar surface geometry, characterized by the
mean and Gauss curvatures. This information has subsequently been used to provide physical insights
into the dominant mechanisms of curvature evolution for different flame topologies. Published by AIP
Publishing. https://doi.org/10.1063/1.5044525

I. INTRODUCTION

Turbulent premixed flames are inherently curved, suppos-
edly because of flame wrinkling induced by turbulent fluid
motion.1 The curvature of premixed flames plays a key role
in analyzing how turbulence affects the local flame propaga-
tion rate,1–31 the flame strain rate,6,9,16–20 the evolution of the
reactive scalar gradient, and the evolution of the flame area
through flame stretch.18,23,32–38 Markstein2 introduced a phe-
nomenological model for the burning velocity as a function
of the flame front curvature. Clavin and Joulin3 examined
the stability of highly wrinkled premixed flames. Activation
energy asymptotics were used to examine concave and con-
vex premixed flames with a radius of curvature comparable
to the thickness of the preheat zone,4,5 aiming to analyze
the statistical behaviour of flame stretch and its influence on
flame propagation. Based on two-dimensional6,8,10–15,23 and
three-dimensional7,16–20,22,24,26,27,29 Direct Numerical Simu-
lation (DNS), it has been shown that local flame curvature
significantly affects the statistical behaviours of displace-
ment speed Sd = |∇c|−1(Dc/Dt) (where c is the reaction
progress variable) and its components for both statistically pla-
nar10–18,22–24,26,27,31 and statistically spherical flames.19,20,29,36

The curvature dependence of displacement speed has also been
reported by experimental analyses.9,21,25,28,30 Consumption
speed Sc = −ρ

−1
0 ∫ ω̇n · dx (where ω̇ is the reaction progress

a)Electronic mail: luis.cifuentes@uni-due.de

variable, n is the flame normal vector, and ρ0 is the unburned
gas density)6,7,21,31 is also affected by local flame curvature
in premixed turbulent combustion. The correlation between
the flame speed and curvature weakens with increasing turbu-
lence intensity.12,13,18,21,26,27,31 These curvature dependences
of flame speeds are affected by the effective Lewis number
and turbulence intensity so that the flame surface temperature
becomes a strong function of local flame curvature in the pres-
ence of differential diffusion of heat and mass.6,7,17,24,36 The
molecular diffusion rate contribution to displacement speed
can be split into flame normal and tangential components,
with the latter being directly proportional to the negative
mean curvature.6–8,10–20,22–24,26,27 The normal diffusion com-
ponent of displacement speed also exhibits complex curvature
dependence especially for non-unity Lewis number flames and
flames with a non-zero global mean curvature.16–20

The correlation between consumption speed and local
flame curvature has been found to be positive (negative) for
characteristic Lewis numbers greater (smaller) than unity,7 and
a recent DNS analysis of premixed dodecane/air flames with
detailed chemical kinetics shows that the negative correla-
tion between consumption speed and curvature decreases with
increasing Karlovitz number Ka.31 The curvature dependences
of displacement speed measurements in a low swirl burner for
several H2/CO mixtures at various flow velocities have shown
that the leading edge curvature statistics are a strong func-
tion of the turbulence intensity of the flow but display a weak
dependence on fuel composition.30

1070-6631/2018/30(9)/095101/12/$30.00 30, 095101-1 Published by AIP Publishing.

https://doi.org/10.1063/1.5044525
https://doi.org/10.1063/1.5044525
https://doi.org/10.1063/1.5044525
mailto:luis.cifuentes@uni-due.de
http://crossmark.crossref.org/dialog/?doi=10.1063/1.5044525&domain=pdf&date_stamp=2018-09-05


095101-2 Cifuentes et al. Phys. Fluids 30, 095101 (2018)

In addition to propagation, both dilatation and flame tan-
gential strain rates in premixed flames have been found to
be negatively correlated with local curvature,6,9,16–23,26,27 but
the curvature dependence weakens with increasing turbulence
intensity.12,13,18,21,26,27 The curvature dependences of displace-
ment speed and tangential strain rate lead to a non-linear curva-
ture dependence of stretch rate (which includes the tangential
strain rates due to the flow and that induced by curvature).32,33

Data from DNS with simple15 and detailed chemistry26 have
shown that the average stretch due to curvature can play an
important role; while most flame area displays a radius of cur-
vature greater than the laminar flame thickness, most stretch
occurs in flame elements with high curvature magnitudes.
The effects of flame stretch on the evolution of the flame surface
area and the scalar gradient magnitude SDF have been eluci-
dated by Pope32 and Candel and Poinsot33 (SDF stands for sur-
face density function and quantifies the local elementary sur-
face/volume ratio18,34–37). Pope32 described the local geometry
of fluid and scalar iso-surfaces by evolution equations in para-
metric coordinates for the position vector, unit vector normal
to the surface, principal curvatures, and area stretch factor and
derived a transport equation for the SDF. Candel and Poinsot33

derived the mathematical expression for flame stretch and evo-
lution equations of flame area, volume, and surface to volume
ratio. Girimaji and Pope38 used DNS datasets of isotropic tur-
bulent velocity fields to examine the evolution of surfaces that
propagate at a constant velocity and computed statistical data
of tangential strain rate, fluid velocity, characteristic curvature,
and area of propagating surface elements. It has been demon-
strated that the curvature dependences of stretch rate, dilatation
rate, and tangential strain rate give rise to complex correlations
between the terms of the SDF transport equation and curva-
ture.18,23,34–36 These correlations are also affected by the char-
acteristic Lewis number,35 choice of the fuel-air mixture, and
global mean curvature.36 Moreover, the effects of curvature on
the scalar dissipation rate (SDR) evolution39 are analogous to
those on SDF transport. These curvature dependences of flame
displacement speed and SDF have been found to be of crucial
importance in the closures of Flame Surface Density (FSD)
and SDR, especially in the context of Large Eddy Simulations
(LES).40–42 In this respect, it is worth mentioning that proba-
bility density function (PDF) models of scalar mixing require
the expected values of the molecular fluxes conditional upon
the scalar value12 and the micro-mixing term must be mod-
eled; the curvature-related diffusion must be described in terms
of calculable statistical moments or, alternatively, rigorous
criteria to neglect it must be proposed. In addition, the flame
curvature affects both the leading edge and flamelet charac-
teristics in statistically steady incompressible turbulent pre-
mixed flames.43 Moreover, curvature contributions can domi-
nate diffusion rates and displacement speed for ignition kernels
of small radii44,45 and determine their probability of survival.
Furthermore, the flame curvature is intrinsically related to the
analysis of hydro-dynamic and thermo-diffusive instabilities in
premixed flames,1–3,46–48 and the skewness of curvature prob-
ability density function can be related to the Darrieus-Landau
instability in premixed turbulent flames.48

From the above discussion, it is evident that flame curva-
ture is a key quantity for the analysis and modelling of turbulent

premixed combustion. Therefore, in addition to DNS, several
experimental analyses focused on flame curvature statistics.
However, almost all experimental measurements of curved
combustion fronts employed planar imaging (for example, pla-
nar laser-induced fluorescence, PLIF) and correspond to 2D
curvatures not even in a principal plane of curvature. Shepherd
and Ashurst49,50 compared planar measurements of curvature
and DNS results, showing a reasonable agreement with sym-
metric PDFs of curvature about zero. Lee et al.51,52 obtained
PDFs of curvature from OH PLIF and also showed symmet-
ric PDFs of curvature with zero mean value and variance
increasing with turbulence intensity. Gashi et al.53 obtained
and compared PDFs of 2D curvatures of turbulent premixed
flame kernels with PLIF of OH and 3D curvatures via DNS;
the limitations of 2D PLIF curvature measurements are quan-
tified by comparison with the 3D DNS information. Yuen and
Gülder54 investigated premixed methane-air and propane-air
turbulent flames stabilized on a Bunsen type burner using pla-
nar Rayleigh scattering and Particle Image Velocimetry (PIV);
the curvature PDF shows a Gaussian-like behavior at all turbu-
lence intensities for both fuels and at all sections of the flame.
Kerl et al.28 used a quad-plane PIV technique to investigate the
3D behavior of flame displacement speed and front curvature
of a premixed methane flame stabilized in a diffuser burner;
2D and 3D data are compared to critically assess errors of pla-
nar measurements. The statistics of 2D curvature PDFs have
been compared to 3D curvature PDFs using DNS data,27,55

and it has been found that 2D statistics compare well with the
results of planar experimental techniques, but while 2D PDFs
are symmetric with nearly zero average mean curvature, 3D
PDFs display positive skewness with negative average mean
curvature.

Although the aforementioned analyses identified the piv-
otal role played by curvature in the statistics of displacement
speed and SDF, the physical mechanisms responsible for cur-
vature evolution in turbulent premixed flames are yet to be
scrutinized in detail. Dopazo et al.56 derived a transport equa-
tion for mean curvature in general Cartesian coordinates and
computed the various source terms from a DNS database of
mixing inert and reacting fluids at constant density in statis-
tically homogeneous, isotropic turbulence. However, no such
analysis has been carried out for turbulent premixed flames, in
spite of the pivotal role played by curvature in turbulent pre-
mixed flame modelling. This gap is addressed in the present
work by analyzing the behavior of the iso-surface curvature
transport equation in a turbulent lean methane-air bluff body
burner configuration based on a flame-resolved high-fidelity
simulation database.57 The main objectives of this paper are
summarized as follows:

• Analysis of the statistics of the various contributions
to the curvature evolution equation for a turbulent pre-
mixed bluff body burner, which has been analyzed in
extensive experiments.58–63

• Identification of the leading order physical mechanisms
that contribute to the curvature generation.

• Quantifying the values of the terms in the curvature
evolution equation in relation to small-scale flame
topologies.
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II. MATHEMATICAL BACKGROUND

The transport equation of the reaction progress variable
c(x, t) (which increases monotonically from 0 in fresh reactants
to 1 in burnt products) takes the following kinematic form for
a given c-isosurface:

∂c
∂t

+ vc
j
∂c
∂xj
= 0. (1)

In this equation, vc
j is the jth component of the local veloc-

ity of a point on the iso-surface element. For the present analy-
sis, the reaction progress variable is defined with the combined
mass fractions of CO2, CO, and H2O (Yc = YCO2 +YCO +YH2O)
in the following manner:37,57 c = [Yc − Ymin

c (ξ)]/[Ymax
c (ξ)

− Ymin
c (ξ)], where Ymax

c (ξ) and Ymin
c (ξ) are the maximum

and minimum values of Y c, respectively, for a given mix-
ture fraction ξ. The progress variable obeys the transport
equation,

∂c
∂t

+ vj
∂c
∂xj
=

1
ρ

∂

∂xj

(
ρD

∂c
∂xj

)
+ ω̇c

=
1
ρ

∂

∂xN

(
ρD

∂c
∂xN

)
+ D

∂c
∂xN

ni,i + ω̇c. (2)

In Eq. (2), v j is the jth component of the flow velocity,
ρ is the fluid density, D is the Fickian molecular diffusivity
coefficient for c, and ω̇c = ω̇/ρ stands for the production
of c by chemical reaction. The local unit vector n points
toward the unburned gas side, normal to the iso-surface, and
is defined as ni = −(∂c/∂xi)/|∇c| = −c,i/|∇c| = c,i/(∂c/∂xN ),
where xN is the coordinate normal to the iso-surface. Here,
ni ,i/2 = 0.5∂ni/∂xi = 0.5(k1 + k2) = km is the mean value of
the two principal curvatures k1 and k2 of the iso-surface and
will be referred to as the mean flame curvature. The princi-
pal curvatures k1 and k2 are the eigenvalues of the curvature
tensor ∂ni/∂xj = ni ,j. In particular, the principal curvatures are

given by k1, k2 = (−I1 ±

√
I2
1 − 4I2)/2, where I1 = −∂ni/∂xi

and I2 = 0.5[(∂ni/∂xi)(∂nj/∂xj) − (∂ni/∂xj)(∂nj/∂xi)] are the
first and second invariants of ∂ni/∂xj, respectively. Based on
this convention, the flame surface has a positive (negative) cur-
vature where the flame is convex (concave) to the reactants.
The term involving ni ,i in Eq. (2) is the molecular diffusion
rate tangential to the iso-surface.

Equation (2) can be reformulated for a given c-
isosurface10–20,22–24,26,27,29,31,36 as

∂c
∂t

+ vj
∂c
∂xj
= Sd |∇c|. (3)

The local velocity of an iso-surface element is vc
i = vi

+ Sdni, where Sd is its normal displacement speed relative to
the flow. Equating the right-hand sides of Eqs. (2) and (3)
yields10–20,22–24,26,27,29,31,36

Sd(x, t) = −
1

ρ(∂c/∂xN )
∂

∂xN

(
ρD

∂c
∂xN

)
− Dnj,j −

ω̇c

(∂c/∂xN )
.

(4)
The displacement speed Sd is the velocity at which the iso-

surfaces of the reaction progress variable propagate normal
to themselves with respect to an initially coincident mate-
rial surface. The displacement speed in premixed flames is

determined by both reaction and molecular diffusion mech-
anism, whereas in the passive scalar mixing, the effects of
reaction are completely absent. The analysis by Dopazo et al.56

was done in the context of passive and reactive scalar mixing
in a box of constant-density fluid; hence, chemical heat release
did not affect the evolution of scalar-gradients and turbulent
micro-mixing.

Differentiating Eq. (1) with respect to xi and setting
c,i = −|∇c|ni, equations can be obtained for |∇c| and ni,62–64

1
|∇c|

(
∂ |∇c|
∂t

+ vc
j
∂ |∇c|
∂xj

)
= −ni v

c
j,i nj, (5)

∂ni

∂t
+ vc

j
∂ni

∂xj
= −

(
δij − ninj

)
Sc

jk nk + W c
ij nj. (6)

In Eqs. (5) and (6), niv
c
j,inj = niSc

ijnj = ac
N = aN +∂Sd/∂xN

is the total or effective normal strain rate normal to the iso-
surface, aN = niSijnj is the flow normal strain rate, and ∂Sd /∂xN

is an added normal strain rate induced by molecular mixing and
combustion.64–66 The velocity gradient of a surface element
can be expressed as

vc
j,i =

∂vc
j

∂xi
=

1
2

*
,

∂vc
j

∂xi
+
∂vc

i

∂xj

+
-

+
1
2

*
,

∂vc
j

∂xi
−
∂vc

i

∂xj

+
-

=
1
2

(
∂vj

∂xi
+
∂vi

∂xj

)
+

1
2

(
∂vj

∂xi
−
∂vi

∂xj

)
+

1
2

(
nj
∂Sd

∂xi
+ ni

∂Sd

∂xj

)
+

1
2

(
nj
∂Sd

∂xi
− ni

∂Sd

∂xj

)
+ Sd

1
2

(
∂nj

∂xi
+
∂ni

∂xj

)
+ Sd

1
2

(
∂nj

∂xi
−
∂ni

∂xj

)
. (7)

The nomenclature associated with terms on the right-hand
side of Eq. (7) is summarized in Table I, where the total strain
rate and rotation rate tensors are expressed as Sc

ij = Sij + Sa
ij

and W c
ij = Wij + Wa

ij , respectively.64–66

The flow strain rate and rotation rate tensors Sij and W ij

are due to the fluid motion, and the added strain rate and rota-
tion rate tensors Sa

ij and Wa
ij are due to the motion of curved

iso-surfaces relative to the flow with spatially dependent Sd .

TABLE I. Nomenclature associated with the velocity gradient vc
i,j of an iso-

surface element.

Description Term

Total strain rate tensor Sc
ij = 0.5(∂vc

i /∂xj + ∂vc
j /∂xi)

Total rotation rate tensor Wc
ij = 0.5(∂vc

i /∂xj − ∂v
c
j /∂xi)

Flow strain rate tensor Sij = 0.5(∂vi/∂xj + ∂vj /∂xi)
Flow rotation rate tensor W ji = 0.5(∂vi/∂xj � ∂vj /∂xi)

Added strain rate tensor

Sa
ij = 0.5[(∂Sd/∂xj)ni + (∂Sd/∂xi)nj]︸                                    ︷︷                                    ︸

Space dependence of Sd

+ Sd0.5(∂ni/∂xj + ∂nj/∂xi)︸                            ︷︷                            ︸
Propagating curved iso-c

Added rotation rate tensor

Wa
ij = 0.5[(∂Sd/∂xj)ni − (∂Sd/∂xi)nj]︸                                    ︷︷                                    ︸

Space dependence of Sd

+ Sd0.5(∂ni/∂xj − ∂nj/∂xi)︸                            ︷︷                            ︸
Propagating curved iso-c
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TABLE II. Description of the various terms in the mean curvature transport equation (8).

Terms Description Terms Description

T1 Contribution due to curvature/flow normal strain rate T6 Contribution due to curvature/added normal strain rate
T2 Contribution due to flow normal strain rate variation T7 Contribution due to added normal strain rate variation

in flame normal direction in flame normal direction
T3 Curvature flow stretching term T8 Curvature added flow stretching term
T4 Contribution due to flow strain rate gradients T9 Contribution due to added strain rate gradients
T5 Contribution due to the flow vorticity curl T10 Contribution due to the added vorticity curl

The first term on the right-hand side of Eq. (6) for ni is the
projection of the strain vector −Sc · n on a plane perpendicular
to n, whereas the second term W c

ijnj =
1
2εijkω

c
j nk is the solid

body rotation of n with an angular velocity 1
2ω

c (the total vor-
ticity vector ωc = ∇ × vc = ∇ × v + ∇ × (Sdn) at a point on the
iso-surface is the sum of the flow vorticity ω = ∇ × v and the
added vorticity ωa = ∇ × (Sdn) = ∇ Sd × n + Sd∇ × n). Both
contributions are perpendicular to n.56

Taking the derivative of Eq. (6) for ni with respect to xi

yields an evolution equation for the mean curvature km,56

∂km

∂t
+ vc

j
∂km

∂xj

=
aN ni,i

2︸︷︷︸
T1

+
1
2
∂aN

∂xN︸ ︷︷ ︸
T2

−Sijnj,i︸ ︷︷ ︸
T3

−
1
2

∂Sij

∂xi
nj︸     ︷︷     ︸

T4

+
1
2

∂Wij

∂xi
nj︸    ︷︷    ︸

T5︸                                                     ︷︷                                                     ︸
flow terms

+
1
2
∂Sd

∂xN
ni,i︸     ︷︷     ︸

T6

+
1
2
∂2Sd

∂xN
2︸  ︷︷  ︸

T7

−Sa
ijnj,i︸ ︷︷ ︸
T8

−
1
2

∂Sa
ij

∂xi
nj︸     ︷︷     ︸

T9

+
1
2

∂Wa
ij

∂xi
nj︸    ︷︷    ︸

T10︸                                                           ︷︷                                                           ︸
added terms

.

(8)

The right-hand side of Eq. (8) shows (i) the terms T1–5

arising from the fluid flow and (ii) the terms T6–10 added by
molecular mixing and combustion. The positive terms on the
right-hand side of Eq. (8) are sources of mean curvature and
tend to increase the convexity of iso-surfaces; negative terms
are sinks that decrease the convexity. The physical meaning of
the terms in Eq. (8) is summarized in Table II.

FIG. 1. Classification of iso-surface geometries in the plane of mean km and
Gauss curvature kg.67

The terms T5 and T10 in Eq. (8) can be recast as56

T5 =
1
2

∂Wij

∂xi
nj =

1
4

niεijk
∂ωk

∂xj
, (9)

T10 =
1
2

∂Wa
ij

∂xi
nj =

1
4

niεijk
∂ωa

k

∂xj
= −

1
4

(δij − ninj)
∂2Sd

∂xi∂xj

+
1
4

(
∂Sd

∂xN

∂nj

∂xj
+
∂Sd

∂xj

∂nj

∂xN

)
−

1
4

Sdni
∂

∂xj

(
∂ni

∂xj
−
∂nj

∂xi

)
.

(10)

Results for the terms T1–10 are presented after normali-
sation T ∗α = Tα(δ2

L/SL) and conditioned on small-scale flame
geometries later in this paper. These local iso-scalar geome-
tries can be characterized in terms of the mean curvature
km = 0.5(k1 + k2) and the Gauss curvature kg = k1k2, as
shown in Fig. 1.67 The region of complex curvatures cannot be
realized in practice. The small-scale geometries associated
with kg > 0 correspond to cup-convex and cup-concave struc-
tures for km > 0 and km < 0, respectively. The structures with
kg < 0 lead to saddle-like geometries, which can be either pos-
itively (i.e., km > 0) or negatively (i.e., km < 0) curved. A zero
value of kg leads to tile structures, either tile convex or tile con-
cave for km > 0 or km < 0. Figure 1 will subsequently be used in
this paper to facilitate the discussion related to the iso-surface
geometries in the km–kg plane.67 The results are presented in
normalized form, for k∗m = kmδL and k∗m = kmδ

2
L, where δL is

the laminar flame thickness δL = (Tad − Tu)/max|∇T |L. The
subindex L refers to unstrained laminar flame values.

III. NUMERICAL IMPLEMENTATION

The flame resolved simulation has been described by
Sandeep et al.37 and Proch et al.57 in detail, and only a brief
summary is provided here. The Cambridge stratified flame has
been simulated by various groups applying Reynolds Averaged
Navier-Stokes simulations (RANS), LES,68–70 and the highly
resolved simulation of the present case. Experimental data
were provided by Hochgreb and Barlow and co-workers,58–63

leading to the unique situation that “flame DNS” data could
be validated against a real flame experiment.

The burner consists of a bluff body surrounded by two
co-annular methane-air streams with an equivalence ratio of
φ = 0.75 at atmospheric conditions, embedded in an air-coflow
with a velocity of 0.4 m/s, as illustrated in Fig. 2. The Lewis
number was unity for all species, and the chemistry was tabu-
lated with the Premixed Flamelet Generated Manifold (PFGM)
approach.71–73 The Kolmogorov micro-scale is η = 41 µm at
the inlet and increases significantly downstream and from the
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FIG. 2. Instantaneous progress variable c in the burner mid-section.

unburned to the burned side of the flame. The ratio of the
grid resolution to the Kolmogorov micro-scale in the reaction
zone is ∆/η ≈ 1, which means that the velocities scales are
resolved. The results are analyzed at t = 0.34 s, many initial
integral eddy turnover times (τ = 60 × 10−5 s based on the
inner stream mean velocity) into the simulation, and after one
flow-through time (t = 0.28 s) of the slow air co-flow. Table III
gives the inlet flow velocities of the co-annular streams U, the
integral length scale l, the root-mean-square turbulent veloc-
ity fluctuation u′, the unstrained laminar burning velocity SL,
the Damköhler number Da = lSL/u′δL, the Karlovitz number
Ka = (u′/SL)3/2(l/δL)−1/2, and the turbulent Reynolds num-
ber Ret = u′l/ν, where the kinematic viscosity ν depends on
the temperature. The statistics have been evaluated at different
axial locations above the burner, namely, in Zone 1 (5-20 mm),
Zone 2 (20-45 mm), and Zone 3 (45-65 mm) as illustrated
in Fig. 2. The value of u′/SL increases, whereas l/δL does
not change appreciably with increasing axial distance.57 This
suggests that Ka = (u′/SL)3/2(l/δL)−1/2 increases in the down-
stream direction and combustion takes place at the boundary
of the corrugated flamelets and thin reaction zone regimes of

combustion74 close to the inlet, whereas combustion takes
place well within the thin reaction zone regime away from
the nozzle inlet. Interested readers are referred to Fig. 15 of
Ref. 57 for further information in this regard.

IV. RESULTS AND DISCUSSIONS
A. Terms of the curvature evolution equation
conditional upon the progress variable

Figure 3 shows the mean values of the terms in the
curvature transport equation (8), conditioned on the reac-
tion progress variable c for the three axial locations (Zone
1: 5-20 mm, Zone 2: 20-45 mm, and Zone 3: 45-65 mm). The
ensemble averages were extracted from the given iso-surfaces
at t = 0.34 s, as in previous analyses.16–20,55,75 The flame width
changes significantly in the axial direction (see Figs. 9 and 19
of Ref. 57) and thus plotting the terms conditional on c is more
sensible for the purpose of comparison of the curvature trans-
port terms between different zones. It is apparent that some of
the added terms arising from flame propagation (see Table II)
are one or two orders of magnitude greater than most flow
contributions, depending on the axial location in the flame, as
illustrated in Fig. 3(c).

The mean values of the flow terms T1–5 conditioned on c
increase with the axial height as the flame wrinkling increases
downstream. Terms T2, T3, and T4 seem to be the dominant.
The mean value of the term due to curvature and the flow
normal strain rate, T ∗1 = T1(δ2

L/SL) = [(aN ni,i)/2](δ2
L/SL),

assumes weak positive values for c > 0.3 near the burner and
becomes increasingly negative downstream; the latter implies
that aN > 0 is predominantly associated with concave local
structures (km < 0), while aN < 0 occurs for convex topologies
(km > 0). It has been demonstrated earlier that flame wrinkling
increases further away from the burner where some turbu-
lent eddies penetrate the preheat region, thereby increasing
the magnitude of curvature km = ni ,i/2. The turbulent straining
dominates over the flame normal acceleration,15,31 as the axial
distance from the burner increases, which gives rise to a prefer-
ential alignment of∇c with the eigenvector associated with the
most compressive principal strain rate.37,57,76 Thus, the share
of negative values of aN increases downstream (not shown
here),37 and the negative values of aN are more frequent for
convex (km > 0) flame topologies.77 Furthermore, the effects of
dilatation are strong in the negatively curved regions17,18,26,37

because of the focusing of heat, and this increases the extent
of ∇c alignment with the most extensive principal strain
rate, which produces locally either positive or small negative
values of aN . The negative correlation between aN and km

37

leads to the negative mean values of T ∗1 away from the nozzle
exit.

TABLE III. Parameters of the inner and outer reactant streams.

Stream l (mm) u′ (m/s) SL (m/s) δL (mm) Re (-) φ (-) Da (-) Ka (-) Ret (-)

Inner 0.5 0.9 0.21 0.56 5960 0.75 0.2 9.3 28.1
Outer 0.5 1.8 0.21 0.56 11500 0.75 0.1 26.3 56.3

U i = 8.31 m/s, U0 = 18.7 m/s, and Uco = 0.4 m/s
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FIG. 3. Average values of the mean curvature transport terms of Eq. (8), conditioned on the reaction progress variable c at different axial locations. (a) Flow
terms, (b) added terms, and (c) all terms; the mean values of T∗7 and T∗9 have been scaled by ten. Results are separately examined in three zones (Zone 1:
5-20 mm, Zone 2: 20-45 mm, and Zone 3: 45-65 mm are shown in 3rd, 2nd, and 1st rows, respectively).

The mean value of T ∗2 = T2(δ2
L/SL) = [(∂aN/∂xN )/2]

(δ2
L/SL), which is due to the normal gradients of the flow nor-

mal strain rate, assumes negative values on the unburnt side,
shifting toward positive values in the reaction layer and retain-
ing this behaviour in different zones above the burner exit. This
is consistent with the dependence of aN on xN in this flame;37,57

aN increases from the fresh reactants (∂aN /∂xN < 0),
reaches a maximum within the flame, and decreases toward
the hot products (∂aN /∂xN > 0). Thermal expansion due to
heat release within the reaction zone promotes the alignment
of ∇c with the most extensive principal strain rate and yields
a maximum of aN in the reaction zone.

The mean value of the curvature flow stretching term
T ∗3 = T3(δ2

L/SL) = −(Sijnj,i)(δ2
L/SL) assumes mostly positive

values, with a significant increase in magnitude in the down-
stream direction. Using the principal axes tangent to a local iso-
surface (xT 1, xT 2), the curvature flow stretching term can be
written as T3 =−(S11k1 + S22k2), where S11 and S22 are the uni-
tary tangential strain rates along axes xT 1 and xT 2, respectively,
and k1 and k2 are the principal curvatures. It is worth noting that
aT = S11 + S22 and aN may predominantly assume positive
values when ∇c predominantly aligns with the eigenvector
associated with the most extensive principal strain rate.37,57,76

A positive value of T3 implies a combination of elliptic and
hyperbolic scalar topologies67 with positive and negative val-
ues of k1 and k2. For example, an elliptic concave structure
(k1 < 0 and k2 < 0) yields T3 > 0 for a combination of
S11 > 0 and S22 > 0.

The profile of the mean value of the term T ∗4
= −[(∂Sij/∂xi)(nj/2)](δ2

L/SL) conditional upon c is similar to

that of −T ∗2 . This means that the two vectors nj and ∂Sij/∂xi

point in the same direction within the flame but tend to point
in opposite directions on the unburned side of the flame.

The mean contribution to the curvature evolution due
to vorticity gradients, T ∗5 = T5(δ2

L/SL) = [(∂Wij/∂xi)(nj/2)]
(δ2

L/SL), can be rewritten as T ∗5 = {(ni/4)[εijk(∂ωk/∂xj)]}
(δ2

L/SL); in vector notation, T5 = [n · (∇ × ω)]/4 [see Eq. (9)].
For example, on an iso-surface and using the local principal
axes (xT 1, xT 2, xN 3), T5 can be expressed as T5 = (∂ω2/∂x1

− ∂ω1/∂x2)/4 for n = (0, 0, 1), whereω1 andω2 are the compo-
nents of the flow vorticity vector tangent to the c iso-surface. It
can readily be seen that co-rotating parallel vortices of differ-
ent intensity and counter-rotating parallel vortices of the same
intensity can curve a planar local iso-surface structure, fos-
tering positive or negative curvatures. The mean value of T5

shifts from small negative values close to the burner to positive
values further downstream. The flame-turbulence interaction
is weak in Zone 1,37,57 but some vortical structures penetrate
the preheat region in Zones 2 and 3, which increases the spa-
tial variation of vorticity, in turn increasing the magnitude of
T5 toward the unburned gas side and in the downstream direc-
tion. The mean contribution by vorticity gradients T ∗5 remains
mostly negligible close to c = 1.0 due to the annihilation of
enstrophy by dilatation and the high dynamic viscosity in the
hot products.

The mean values of the added terms due to flame prop-
agation T ∗6 , T ∗8 , and T ∗10 have negligible values in comparison
to those of the terms T ∗7 and T ∗9 through most of the flame
brush. The mean contributions of T ∗7 and T ∗8 exhibit simi-
lar trends toward the burned gas side of the flame in Zones
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2 and 3 [see Fig. 3(c)]. High values of km = ni ,i/2 are less
probable to occur in Zone 1 since the flame propagates in a
low turbulence environment. This behaviour explains the small
mean contributions to the curvature evolution in Zone 1 due
to the source term of curvature and added normal strain rate
T ∗6 = [(∂Sd/∂xN )(ni,i/2)](δ2

L/SL) and due to the added flow
stretching term T ∗8 = −(Sa

ijnj,i)(δ2
L/SL). The term T ∗6 is associ-

ated with scalar topologies corresponding to compressive and
extensive added normal strain rates.

The term T ∗7 = T7(δ2
L/SL) = [(∂2Sd/∂x2

N )/2](δ2
L/SL)

results from the flame normal gradient of the added normal
strain rate. The mean variation of ∂Sd /∂xN conditioned upon c
has been shown for this case before37 and is not repeated here.
In the present case, the mean value of ∂Sd /∂xN assumes pre-
dominantly negative values for the major part of the flame
front before assuming weak positive values on the burned
gas side. By contrast, in Zones 2 and 3, the mean value of
∂Sd /∂xN remains positive on both unburned gas and burned
gas sides of the flame front and negative values are only
obtained in the reaction zone (i.e., 0.6 < c < 0.9). Accord-
ingly, the mean values of T ∗7 are monotonically increasing
from the unburned gas side toward the preheat region taking
negative values in the region with high chemical activity and
positive on the burned gas side; T ∗7 changes sign from the lead-
ing edge to the preheat/burning region to the trailing edge of the
flame.

The mean contribution to the added stretching term,
T ∗8 = T8(δ2

L/SL) = −(Sa
ijnj,i)(δ2

L/SL), exhibits small magni-
tudes in Zone 1, since high values of ni ,i are less probable

to occur in Zone 1 where the flame propagates in a low tur-
bulence environment. The mean values of T ∗8 , conditional on
c, increase in the downstream direction and attain significant
peak values in the reaction zone of the flame. For example,
on an iso-surface and using the local principal axes (xT 1, xT 2,
xN 3), T8 takes the form T8 = −Sd(k2

1 + k2
2 ), for n = (0, 0,

1), which accordingly yields a negative value in the reaction
zone.

The mean contribution due to the added strain gradients
T ∗9 = T9(δ2

L/SL) = −[(∂Sa
ij/∂xi)(nj/2)](δ2

L/SL) depends on the
second derivatives of Sd and of ni and on cross products of
the gradients of Sd and the curvature tensor; the profile of
the mean value of this term conditional upon c is similar to
that of −T ∗7 . The mean value of the added vorticity curl contri-
bution T ∗10 = T10(δ2

L/SL) exhibits a small magnitude in Zone 1
and increases in the downstream direction with significant pos-
itive peak values in the reaction zone of the flame of this flow
configuration.

B. Terms of the curvature evolution equation
conditional upon the flame curvature

The mean flow contributions T ∗1−5 and the added con-
tributions T ∗6−10 to the mean curvature evolution conditioned
upon the normalised mean curvature k∗m = kmδL are shown
in Fig. 4. It can be seen that the added contributions domi-
nate over the flow contributions for all values of k∗m, which
agrees with the results observed in Fig. 3. No clear trend
exists between k∗m and the flow terms in Zone 1. The flow
does not influence small-scale scalar structures in this zone

FIG. 4. Average values of the mean terms in the curvature transport equation (8), conditioned upon the mean curvature k∗m. (a) Flow terms, (b) added terms, and
(c) all terms; the mean values of T∗8 , T∗9 , and T∗10 have been scaled by two. Results are separately examined in three zones (Zone 1: 5-20 mm, Zone 2: 20-45 mm,
and Zone 3: 45-65 mm are shown in 3rd, 2nd, and 1st rows, respectively).



095101-8 Cifuentes et al. Phys. Fluids 30, 095101 (2018)

due to thd weak flame-turbulence interaction. In Zones 2 and
3, negative values of T ∗1 = T1(δ2

L/SL) = [(aN ni,i)/2](δ2
L/SL)

are related to k∗m < 0, whereas T ∗1 > 0 correspond to k∗m > 0;
it is worth stressing that different iso-surfaces are analyzed
in these averages, and since the flow normal strain rate aN is
predominantly negative downstream,37 the variation of T ∗1 is
determined by the mean curvature km = ni ,i/2. On the other
hand, T ∗2 seems to be approximately constant for every scalar
geometry since there is no correlation between T ∗2 and k∗m.
The term T ∗3 = T3(δ2

L/SL) = −(Sijnj,i)(δ2
L/SL) acts as the

leading flow term for topologies with large curvatures, both
concave and convex. The profiles of T ∗4 and T ∗5 across the
mean curvature are similar. These terms have negligible val-
ues toward negative km for increasing positive values of mean
curvature, indicating that gradients of flow strain and rotation
rates tend to align with the normal vector n for convex scalar
micro-structures.

The mean values conditioned on curvature for T ∗6 and
T ∗7 remain negligible across the flame-front in every zone.
The curvature added flow stretching term T ∗8 = T8(δ2

L/SL)
exhibits a positive correlation with km; it has already been
mentioned in Sec. IV A that an approximation in principal
axes of curvature yields T8 = −Sd(k2

1 + k2
2 ), which implies

a cubic dependence on km accounting for the dependency
of Sd on mean curvature, so that T8 shows an antisymmet-
ric behavior with respect to km = 0, with its negative values
correlating with km < 0, positive values corresponding to
km > 0, and km = 0 being the inflection point. The mean con-
tribution due to the added strain gradients T ∗9 and the mean
value of the added vorticity curl contribution T ∗10 display neg-
ative correlations with km, which indicate that the significant
positive values correlated with the reaction zone of the flame
are mainly associated with concave iso-scalar surfaces; these

negative correlations are also observed in previous studies
between the local volumetric dilatation rate and the mean flame
curvature.17,78

C. Flow, added, and total contributions
to the curvature evolution

The mean values of flow contributions (T ∗1 + · · ·+ T ∗5 ), the
flame propagation induced added contributions (T ∗6 +· · ·+T ∗10),
and the total contribution (T ∗1 + · · ·+ T ∗10) to the curvature evo-
lution, conditioned on the reaction progress variable c and the
mean curvature k∗m, for the different zones of the computational
domain are shown in Fig. 5.

The overall contributions conditioned on c are positive
(convexity increases, concavity decreases) in the unburned
gas and the preheat regions and become negative (convex-
ity decreases, concavity increases) in the reaction zone of the
flame with positive values in the burnt products. This implies
that the positive mean contributions of T ∗3 and T ∗4 dominate
over the flame propagation induced added contributions in the
unburned gases. On the contrary, T ∗7 is the leading term in
the reaction zones and in the burned gas side of the flame
front. The total contribution to the km evolution is controlled
by flow terms on the unburned gas side (i.e., c < 0.5) and
by the flame propagation-induced added terms for c > 0.5.
The mean overall flow contribution conditioned on k∗m is neg-
ligible in comparison with the overall added contribution for
negative values of k∗m but assumes non-negligible values for
k∗m > 0. Added flow terms are negligible compared with
the flow terms for k∗m > 0 in Zone 1. In Zones 2 and 3,
the magnitude of the flow terms increases for k∗m > 0. It
can also be seen that the overall mean added contribution
arises mainly from the term T ∗8 , due to curvature added flow
stretching.

FIG. 5. Contribution of flow and added source terms and sum of all the terms, conditioned on the reaction progress variable c and the mean curvature k∗m. Results
are separately examined in three zones (Zone 1: 5-20 mm, Zone 2: 20-45 mm, and Zone 3: 45-65 mm are shown in 3rd, 2nd, and 1st rows, respectively).
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FIG. 6. JPDFs of the mean curvature k∗m and Gauss cur-
vature k∗g . Results are separately examined in three zones
(Zone 1: 5-20 mm, Zone 2: 20-45 mm, and Zone 3:
45-65 mm are shown in 3rd, 2nd, and 1st rows, respec-
tively) and in three regions, namely, unburned gases
(c = 0–0.1), flame (c = 0.1–0.9), and hot products (c =
0.9–0.99).

D. Terms of the curvature evolution equation
conditional upon the local geometry
of iso-scalar surfaces

To analyze the small-scale structures and local topologies,
the joint probability density functions (JPDFs) of the mean
and Gauss curvatures k∗m and k∗g for three regions, namely,
unburned gases (c = 0–0.1), flame (c = 0.1–0.9), and hot prod-
ucts (c = 0.9–0.99), are shown in Fig. 6. It can be seen from
Fig. 6 that the ranges of k∗m and k∗g broaden from Zone 1 to
Zone 3 as the flame becomes increasingly wrinkled in the
downstream direction.37,57 The JPDFs are presented in the
various zones above the burner exit in order to identify the
effects of the flame-turbulence interaction in the downstream
direction. The regions unburned and products do not show a
significant chemical activity (as expected), whereas a large
positive dilation rate is found in the flame region due to heat
release.37,57 It can be seen that nearly flat iso-scalar surfaces
are the most probable geometries in all zones. Flat structures
are evident very close to the burner exit where the flame wrin-
kling is weak. In the unburned gases, the JPDF appears to be

symmetrical about k∗m = 0 and this behavior does not change
with the axial distance. In the flame region, the JPDF is slightly
skewed toward positive values of k∗m, reflecting the features of
evolving small-scale structures due to turbulence in the zone of
intense chemical activity. This behavior is prominent in Zone
3, where flame wrinkling increases due to turbulence effects.
Toward the products region, the probability of finding concave
scalar structures decreases drastically and nearly flat or convex
geometries are most probable; this behavior can be attributed
to the focusing of heat by concave geometries. Convex iso-
surfaces with moderate k∗m values, particularly the convex
elliptical cup geometries, survive in the products region.

Figure 7 shows the mean values of the flow contribu-
tions T ∗1−5 to the generation/annihilation of mean curvature
conditional upon the mean k∗m and Gauss k∗g curvatures. The
mean values of the added contributions T ∗6−10 conditional upon
k∗m and k∗g are shown in Fig. 8. Moderate and large positive val-
ues of the different terms, especially the major contributors T3

and T8, correlate with k∗m > 0, with iso-scalar surface geome-
tries of a convex-elliptic nature, whereas the negative values

FIG. 7. Conditional mean of flow terms
upon the mean curvature k∗m and Gauss
curvature k∗g in the flame region (c = 0.1–
0.9). Results are separately examined in
three zones (Zone 1: 5-20 mm, Zone 2:
20-45 mm, and Zone 3: 45-65 mm
are shown in 3rd, 2nd, and 1st rows,
respectively).
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FIG. 8. Conditional mean of added
terms upon the mean curvature k∗m and
Gauss curvature k∗g in the flame region
(c = 0.1–0.9). Results are separately
examined in three zones (Zone 1:
5-20 mm, Zone 2: 20-45 mm, and Zone
3: 45-65 mm are shown in 3rd, 2nd, and
1st rows, respectively).

of these terms are associated with flat and concave geometries.
These trends are in agreement with the observed results from
Fig. 5 and also suggest that the negative (positive) values of the
curvature transport equation correspond to concave (convex)
scalar micro-structures. On the other hand, the main added
contributions T9 and T10 display negative correlations with
km similar to those found in previous studies between the local
volumetric dilatation rate and the mean flame curvature,17,78

where large positive dilatation rate values are obtained due to
focusing of heat at concave geometries.

E. Implications of the results

The findings based on Figs. 3–5 and 7 reveal that the
added contributions to the curvature km arising from displace-
ment speed Sd play dominant roles in the reaction zone and
the burned gas side of the flame front. This essentially indi-
cates that curvature and displacement speed are intrinsically
interlinked. Therefore, curvature not only affects the local dis-
placement speed (a dominant negative correlation between Sd

and km exists in this flame at all locations37,57), as this displace-
ment governs the curvature evolution and thus flame wrinkling
in turn. Moreover, the flow contribution arising from the flow
stretching term T3 = −2(Sijnj ,i) and the contribution due to
flow strain rate gradients T4 = −(∂Sij/∂xi)(nj/2) are found to
govern flame curvature evolution on the unburned gas side,
where the reaction effects are not strong. As both the cur-
vature and displacement speed have significant influences on
the evolution of |∇c|,18,23,35–37 they have implications on FSD
and SDR evolutions40–42 and thus on the closure of molecu-
lar mixing and micro-mixing in PDF methods.65,79 Thus, it
is not surprising that the normal strain rate and displacement
speed play key roles in the evolutions of curvature, SDF, FSD,
and SDR. Furthermore, some of the behaviours of the instan-
taneous curvature transport equation will be visible for the
resolved curvature in the context of LES so that the statis-
tics of the displacement speed and flame normal strain rate
(in other words, scalar gradient alignment with local principal
strain rates) need to be adequately accounted for to accurately
predict the resolved flame wrinkling. However, this necessity
is not limited to the resolved scale, and the aforementioned
physical mechanisms determine sub-grid scale wrinkling and

influence the closure of sub-grid terms related to curvature in
both the FSD and SDR transport equations.40–42

V. CONCLUSIONS

Flame resolved high-fidelity simulation data of a turbulent
premixed bluff body burner have been used to examine the evo-
lution of mean curvature. This involves the terms arising from
the fluid flow and from the non-material nature of the propagat-
ing flame iso-surfaces. It has been shown that the contributions
to the curvature evolution equation due to the fluid flow play
an important role on the unburned gas side, whereas the added
terms due to flame propagation dominate the reaction region
and in the hot products. The curvature added flow stretching
term T8 = −2(Sa

ijnj,i), which is a combination of the cur-
vature tensor and gradients of flow and diffusion/chemically
induced strain rates, is predominantly responsible for the gen-
eration/annihilation of curvature in the reaction zone and on the
burnt side of the flame. On the contrary, the generation of mean
curvature on the unburned side is governed by the flow stretch-
ing term T3 = −2(Sijnj ,i) and curvature generation by flow
strain gradients T4 = −(∂Sij/∂xi)(nj/2). The mean values of
T3 and T8 conditioned upon the mean curvature km and Gauss
curvature kg indicate that the annihilation of flame curvature is
prevalent at concave scalar iso-surfaces, whereas the genera-
tion of flame curvature occurs at convex scalar iso-surfaces. On
the other hand, the added terms T9 and T10 are the main contri-
butions to the flame curvature for concave scalar iso-surfaces.
The present study also reveals that the mean curvature within
the flame and especially in the reaction zone is controlled by
the balance between micro-mixing and combustion, and future
development of mixing models should incorporate some rep-
resentation of mean curvature evolution to relate the coupling
between small-scale flow strain rate, molecular diffusion, and
chemical conversion.
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