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Abstract
In this thesis we construct a fully faithful functor from the category of vector

bundles with numerically flat reduction on a proper rigid analytic variety X over Cp

to the category of continuous p-adic representations of the étale fundamental group.
This generalizes results obtained by Deninger and Werner for smooth algebraic va-
rieties.
Our approach uses fundamental results of Scholze on the pro-étale site of a rigid
analytic variety. In particular we prove that the p-adic completion of modules over
the integral structure sheaf O+

X on the pro-étale site, whose mod p reduction is
Frobenius-trivial, are trivialized by a profinite étale covering, and that such profi-
nite étale trivializable modules give rise to representations. We then show that the
pullback of a formal vector bundle with numerically flat reduction, defined on a
formal model of X, to the pro-étale site is a Frobenius-trivial module.
We go on to show that all line bundles for which a tensor power is a connected
deformation of the trivial bundle give rise to a p-adic local system. Lastly, we show
that the cohomology of a local system, which is associated to a vector bundle with
numerically flat reduction, admits a Hodge-Tate filtration.

Zusammenfassung
In dieser Arbeit konstruieren wir einen volltreuen Funktor von der Kategorie

der Vektorbündel mit numerisch flacher Reduktion auf einer rigid analytischen Va-
rietät X über Cp in die Kategorie der stetigen p-adischen Darstellungen der étalen
Fundamentalgruppe von X. Damit verallgemeinern wir Arbeiten von Deninger und
Werner für glatte algebraische Varietäten.
Unser Zugang benutzt fundamentale Resultate von Scholze über den pro-étalen Si-
tus einer rigid analytischen Varietät. Hierbei zeigen wir zunächst, dass die p-adische
Vervollständigung von Moduln über der Strukturgarbe O+

X der ganzen Elemente
auf dem pro-étalen Situs, welche modulo p durch eine Frobenius-Potenz trivialisiert
werden, auf einer proendlichen étalen Überlagerung trivialisierbar sind, und dass
proendlich étale trivialisierbaren Moduln eine Darstellung zugeordnet werden kann.
Dann beweisen wir, dass man durch Zurückziehen von formalen Vektorbündeln mit
numerisch flacher Reduktion zum pro-étalen Situs Frobenius-trivialisierbare Moduln
erhält.
Ferner zeigen wir noch, dass alle Geradenbündel, für die eine Tensorpotenz eine
Deformation des trivialen Bündels über einer zusammenhängenden Basis ist, von
einem Cp-lokalen System kommen. Letztlich zeigen wir noch, dass die Kohomolo-
giegruppen der zu Vektorbündeln mit numerisch flacher Reduktion zugeordneten
lokalen Systeme eine Hodge-Tate Filtrierung besitzen.

2



Contents

0.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1 Preliminaries 8
1.1 Adic spaces and rigid analytic varieties . . . . . . . . . . . . . . . . . 8

1.1.1 Adic spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.1.2 Formal models . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.1.2.1 Vector bundles on rigid analytic varieties and their
formal models . . . . . . . . . . . . . . . . . . . . . . 17

1.1.3 The étale fundamental group . . . . . . . . . . . . . . . . . . 18
1.1.4 The pro-étale site of a rigid analytic space . . . . . . . . . . . 20
1.1.5 p-adic local systems on rigid analytic varieties . . . . . . . . . 23
1.1.6 The primitive comparison theorem . . . . . . . . . . . . . . . 25

1.2 Vector bundles on algebraic varieties in positive chracteristic . . . . . 28
1.2.1 Vector bundles on perfect schemes . . . . . . . . . . . . . . . . 28

1.2.1.1 An aside: Strongly semistable vector bundles via
perfections . . . . . . . . . . . . . . . . . . . . . . . 29

1.2.2 Numerically flat vector bundles . . . . . . . . . . . . . . . . . 31

2 Pro-étale trivializable modules and representations 34
2.1 Representations attached to O+

X-modules . . . . . . . . . . . . . . . . 34
2.1.1 OCp-local systems and full faithfulness . . . . . . . . . . . . . 38

2.2 Frobenius-trivial modules . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 The Deninger-Werner correspondence 42
3.1 Numerically flat vector bundles over finite fields . . . . . . . . . . . . 42
3.2 The Deninger-Werner correspondence for rigid analytic varieties . . . 44

3.2.1 The case of line bundles . . . . . . . . . . . . . . . . . . . . . 46
3.3 Étale parallel transport . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.4 The Hodge-Tate spectral sequence . . . . . . . . . . . . . . . . . . . . 52

A Basics on perfectoid rings and almost mathematics 55
A.0.1 Almost mathematics . . . . . . . . . . . . . . . . . . . . . . . 56

Bibliography 58

3



0.1 Introduction

In complex geometry there is a beautiful theory relating linear representations of
the topological fundamental group of a compact Kähler manifold to a certain class
of holomorphic objects. The story begins with a theorem of Narasimhan-Seshadri
([NS65]). Let X be a compact Riemann surface. Then there is an equivalence of cat-
egories between irreducible unitary representations of the topological fundamental
group of X and so-called stable holomorphic vector bundles of degree 0. This re-
markably links complex/algebro-geometric objects with purely topological ones. The
theorem was then extended to the higher dimensional case by Donaldson and Mehta-
Ramanathan for projective algebraic varieties (see [MR84, Theorem 5.1]), and later
by Uhlenbeck-Yau to compact Kähler manifolds (see [UY86, §8]). In these cases the
theorem states that a vector bundle E comes from an irreducible unitary represen-
tation if and only if E is stable and satisfies c1(E) ·HdimX−1 = c2(E) ·HdimX−2 = 0,
where H is either an ample divisor (in the Mehta-Ramanathan case) or a Kähler
class. Vector bundles which are semistable and satisfy

c1(E) ·HdimX−1 = c2(E) ·HdimX−2 = 0

can moreover be characterized as so called numerically flat vector bundles (see
[DPS94, Theorem 1.18]), so that we can view the Uhlenbeck-Yau theorem as an
equivalence between stable numerically flat bundles and irreducible unitary repre-
sentations.
By the work of Hitchin, Corlette and Simpson (see [Sim92]) this correspondence has
been vastly extended to a correspondence between irreducible general linear repre-
sentations and stable Higgs-bundles.
In the p-adic case Faltings (in [Fal05]) has introduced an analogue of the Simpson-
correspondence. For a p-adic algebraic variety X, defined over the completed alge-
braic closure of a discretely valued p-adic field he provides a correspondence between
so-called (small) generalized representations (a category containing the continuous
p-adic representations of the étale fundamental group) and (small) Higgs-bundles
(see in particular [Fal05, Theorem 6]). This has been further extended in the mono-
graph [AGT16].
In the p-adic case, if X lives over a discretely valued extension of Qp, there are
of course different kinds of local systems one may look at. Studying local systems
on X means studying representations of the arithmetic fundamental group. A p-
adic Simpsons functor for such arithmetic local systems on a rigid analytic variety
X over a finite extension K of Qp has been introduced by Liu and Zhu in [LZ16]
(see in particular Theorem 2.1 in loc. cit) using the tools introduced by Scholze in
[Sch13a]. They construct a functor from the category of arithmetic local systems
to the category of Higgs-bundles on X

K̂
(see remark 2.1.12 for a comparison of our

work with this functor).
What is missing in all these approaches is the other direction. Namely to find a
category of Higgs-bundles which come from actual representations. One may expect
that, as in the complex case, there should be a semistability condition which would
give the desired characterization. For the Higgs field 0 case such a semistability con-
dition has been found through the work of Deninger and Werner ([DW05b], [DW17]).
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For X a smooth proper algebraic variety over Q̄p they construct a functor from the
category of vector bundles E on XCp for which there exists an integral model, i.e. a
flat proper scheme X over Spec(Z̄p) together with a vector bundle E on XOCp

with

generic fiber X (resp. E) such that the special fiber E × Spec(Fp) is numerically
flat, into the category of p-adic representations of the geometric fundamental group
πét1 (XCp). So the condition one is familiar with from complex geometry shows up
here as a condition on the special fiber of an integral model.
The main goal of the present thesis is to give a new approach to the theory of
Deninger and Werner, and generalize it to the case of proper rigid analytic varieties
over Cp. Our main theorem is the following:

Theorem 0.1.1. Let X be a connected proper rigid analytic variety over Cp. Denote
by Bs(X) the category of vector bundles on X with numerically flat reduction. Then
there is a functor, compatible with tensor products, duals, inner homs and exterior
products

ρ : Bs(X)→ Repπét
1 (X,x)(Cp).

If X is seminormal, this functor is fully faithful. Here Repπét
1 (X,x)(Cp) denotes the

category of continuous representations of the profinite fundamental group on finite
dimensional Cp vector spaces.

This may be seen as a step towards an analogue of the Uhlenbeck-Yau theorem
in rigid analytic geometry. Note however that it is very complicated to find vector
bundles (apart from line bundles) which have numerically flat reduction, and we
cannot offer anything new on this problem. One may of course hope that all vector
bundles which are numerically flat on X or (semi-)stable of degree 0 (in a suitable
sense) possess a model with numerically flat reduction.
The recent preprint [HW19] presents some new cases of vector bundles for which
numerically flat reduction can be proved.

We make some comments on what is new in the above theorem: Apart from
generalizing everything to the analytic category we also get rid of any smoothness
assumption, as well as the assumption that X should be defined over a discretely
valued p-adic field. Moreover full faithfulness of the functor could not be seen from
the approach in [DW17]. The representations we construct give back the represen-
tations constructed in [DW17] for smooth algebraic varieties.
We remark that the full faithfulness has been established for curves in the work
[Xu17], in which the constructions of Deninger-Werner (from [DW05b]) are anal-
ysed via the so-called Faltings topos. Our work bears some parallels to [Xu17],
which we will try to make apparent.
The work we present rests crucially on the fundamental results on the pro-étale site
of a rigid analytic variety introduced by Scholze in [Sch13a].
Let us sketch how we go about proving the above theorem. The categoryRepπ1(X)(OCp)
of continuous representations on finite free OCp-modules is equivalent to the cate-

gory of locally free ÔCp-sheaves (i.e. local systems with coefficients in OCp). There

is a functor of the latter category to the category of locally free Ô+
X-modules, where

Ô+
X is the completed integral structure sheaf on the pro-étale site of X, given by
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L 7→ L ⊗ Ô+
X (If X is smooth, by the so called primitive comparison theorem of

Scholze (see theorem 1.1.72) this becomes fully faithful after passing to Ô+a
X -modules,

where Ô+a
X denotes the almost version of the completed integral structure sheaf.).1

We note here that the analogous statement on the Faltings topos is also the starting
point of Faltings’s p-adic Simpson correspondence.
One can then show (see theorem 2.1.8, lemma 2.1.9) that the essential image of the
above functor is given by the Ô+

X-modules which become trivial on a profinite étale
covering of X. If E is a vector bundle on a formal scheme X over Spf(OCp), with
generic fiber X, we can form its pullback E+ to the pro-étale site of X. The p-adic
completion Ê+ will then be an Ô+

X-module and we can prove the following:

Theorem 0.1.2. Let X be a proper flat connected formal scheme over Spf(OCp)

and E a vector bundle on X with numerically flat reduction. Then Ê+ is trivialized
by a profinite étale cover.

In the terminology of [Xu17] (see definition 2.1.11) this proves that all vector
bundles with numerically flat reduction are Weil-Tate. This was shown in loc. cit.
for the case of curves using the constructions from [DW05b].
This theorem will also be used to construct étale parallel transport on E , as in
[DW17].
The proof of the theorem follows very much the path laid out in [DW17]. In partic-
ular one shows that a vector bundle E with numerically flat reduction is trivialized
modulo p after pullback along a composition of a finite étale cover and some power
of the absolute Frobenius map. One is then faced with two problems: One is dealing
with the Frobenius pullback and the other is to inductively get rid of obstructions
preventing the bundle in question to be trivial modulo pn. Both problems become
much simpler after pulling back to the pro-étale site (theorem 2.2.3). In particular
we can avoid the complications that arise in [DW17] in the study of integral models.

Let us give an overview of the different chapters. In the first chapter we first
put together basic results from the theory of rigid analytic spaces and their formal
models within Huber’s theory of adic spaces. We then introduce the pro-étale site
and discuss p-adic local systems and the main comparison theorem of Scholze. Then
we put together some results from the theory of vector bundles in positive charac-
teristic. In particular we recall v-descent for vector bundles on perfect schemes after
Bhatt-Scholze, and then discuss numerically flat vector bundles on algebraic vari-
eties in positive characteristic. In a small side remark we moreover show how perfect
schemes can be used to capture the notion of strong-semistability. Apart from said
side remark, the first chapter contains no original material.
Chapters 2 and 3 then form the main part of our work. Chapter 2 is devoted to
the study of locally free O+

X-modules on the pro-étale site whose p-adic completion
is trivialized on a profinite étale covering. To these types of modules we can asso-
ciate continuous OCp-representations of the fundamental group, and show that this
association gives a fully faithful functor after inverting p. We then show that any
O+
X-module, whose mod p reduction is trivialized by a Frobenius pullback, can be

1We remark that locally free Ô+a
X -modules are analogous to the objects called generalized

representations studied in [Fal05] and [AGT16].
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trivialized on a profinite étale cover.
Chapter 3 then contains the main results. Using v-descent for vector bundles on
perfect schemes as established by Bhatt-Scholze we first generalize a theorem of
Deninger-Werner on numerically flat vector bundles on projective schemes over a
finite field to the non-projective case. Namely we show that any vector bundle E
on a proper scheme over Spec(OCp/p), for which the induced bundle on the under-
lying reduced scheme is numerically flat, can be trivialized by a composition of a
finite étale cover with a purely inseparable map. This result is then combined with
the results of chapter 2 to prove theorem 0.1.1. We will then treat the case of line
bundles, and in particular show that connected deformations of the trivial bundle
give rise to continuous representations. Then lastly we show that the cohomology of
the local systems, which are associated to Deninger-Werner representations, comes
with a Hodge-Tate filtration, which splits in case X and E are defined over a finite
extension of Qp.
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Chapter 1

Preliminaries

1.1 Adic spaces and rigid analytic varieties

In this section we wish to recall the needed background material on rigid analytic
varieties within the language of adic spaces. For adic spaces we mostly use Huber’s
book [Hub96] as the main reference. But see also [Sch12].
A non-archimedean field K is a topological field whose topology is induced by a
non-trivial multiplicative valuation | · | : K× → R>0 of rank 1; i.e. | · | satisfies

1. |1| = 1

2. |xy| = |x||y|

3. |x+ y| ≤ max(|x|, |y|).

Moreover we will always assume that K is complete with respect to this topology.
By setting |0| = 0 we get an extension K → R≥0 of | · | to K, which is also called
a non-archimedean absolute value. We then denote by OK := {x ∈ K : |x| ≤ 1}
the ring of integers of K. It is a valuation ring of height 1 with maximal ideal
given by m = {x ∈ K : |x| < 1}. The field OK/m is called the residue field of K.
Moreover we will usually assume that K has mixed characteristic, i.e. K will be of
characteristic 0, and OK/m of characteristic p, for some prime p.
The topology on such a field is always totally disconnected, so it is not clear at all
that it should be possible to set up a theory of analytic geometry over K that is
worthy of the name. The first major breakthrough was Tate’s introduction of so
called rigid analytic varieties (which will henceforth be referred to as classical rigid
spaces). Refinements of this theory were then proposed by Berkovich and later by
Huber. It is the theory of Huber’s so called adic spaces that we wish to employ here.

1.1.1 Adic spaces

Any form of analytic geometry is based on the idea that geometric objects should
locally be defined by convergent power series (as opposed to, say, just polynomials
as in algebraic geometry). In the non-archimedean context the so obtained function
algebras are called affinoid Tate-algebras.
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Definition 1.1.1. Define by

K〈T1, · · · , Tn〉 = {
∑
xi1,··· ,inT

mi1
i1
· · ·Tmin

in
|xi1,··· ,in ∈ K, |xi1,··· ,in| → 0}

the ring of convergent power series on the unit ball over K. Then a Tate K-algebra
A of topologically finite type (tft) is a quotient A = K〈T1, · · · , Tn〉/I for some ideal
I ⊂ K〈T1, · · · , Tn〉.

Remark 1.1.2. One can define a non-archimedean norm on K〈T1, · · · , Tn〉 by setting

|
∑
xi1,··· ,inT

mi1
i1
· · ·Tmin

in
|Gauss := max|xi1,··· ,in|.

This norm is called Gauss-norm. One can check that K〈T1, · · · , Tn〉 is complete
with respect to this norm, making it a Banach K-algebra.
If A is a tft Tate K-algebra the Gauss norm on K〈T1, · · · , Tn〉 induces a residue
norm on A via the quotient map K〈T1, · · · , Tn〉 → A and A is again complete with
respect to this norm.

Classically, the only algebras showing up in geometric situations are the topo-
logically finite type Tate-algebras. But we will later see that Scholze’s approach to
p-adic Hodge theory of rigid analytic varieties rests crucially on the fact that one
can define a certain topology even on varieties of topologically finite type whose
generating objects are very far from being of topologically finite type themselves.
These kind of spaces are not captured by classical rigid analytic geometry.

Definition 1.1.3. A topological K-algebra A is called Tate if there exists an open
subring A0 ⊂ A together with an element t ∈ A0 such that t is a unit in A and
the induced subspace topology on A0 is the t-adic topology. Then (A0, t) is called
couple of definition.

Example 1.1.4. Any topologically finite type Tate K-algebra A, is a Tate K-
algebra. A couple of definition is given by A0 := {f ∈ A : |f |Gauss ≤ 1}, where
|f |Gauss = max|xi0,··· ,in| denotes the Gauss norm, together with any pseudouni-
formizer t ∈ OK . Note that

A0 = OK〈T1, · · · , Tn〉/(I ∩ OK〈T1, · · · , Tn〉)

if A = K〈T1, · · · , Tn〉/I
More generally, any K-Banach algebra is Tate.

For any couple of definition (A0, t) one checks that A0[1
t
] = A.

Definition 1.1.5. Let A be a Tate algebra, then a set S ⊂ A is called bounded if
S ⊂ t−nA0 for some couple of definition (A0, t) of A.
An element a ∈ A is called power bounded if the set {an : n ∈ N} is bounded. The
set of power bounded elements in A is denoted by A◦.

Remark 1.1.6. • The set A◦ ⊂ A is actually a subring, which is open and
bounded. Moreover any ring of definition is contained in A◦. Also, if (A0, t)
is a couple of definition, then so is (A◦, t).
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• If A is topologically of finite type then the power bounded elements are again
given as the elements f satisfying |f |Gauss ≤ 1.

• Clearly the element t is always topologically nilpotent. I.e. tn → 0 for n→∞.

Definition 1.1.7. Let A be a Tate algebra over K. An affinoid K-algebra is a pair
(A,A+), where A+ ⊂ A◦ is an open and integrally closed subring. A+ is then called
ring of integral elements of A.
A morphism (A,A+) → (B,B+) of affinoid K-algebras is a continuos morphism
A→ B taking A+ into B+.
An affinoid K-algebra is called of topologically finite type if A is a topologically
finite type Tate K-algebra and A+ = A◦.

Tate’s theory of rigid analytic spaces uses as its starting point the set Sp(A) of
maximal ideals of a topologically finite type Tate K-algebra A. In Huber’s theory
one has additional points.

Any maximal ideal m of A defines a so called rank 1 valuation A → A/m
|·|−→ R,

where | · | denotes the unique extension of the absolute value of K to the finite
extension A/m. The idea is now to replace Sp(A) by a set of valuations:

Definition 1.1.8. Let A be a ring. A valuation of A is a map | · | : A → Γ ∪ {0},
where Γ is a totally ordered, abelian, multiplicative group such that

• |0| = 0, |1| = 1

• |xy| = |x||y| (where one defines 0 · γ := 0, for all γ ∈ Γ)

• |x+ y| ≤ max{|x|, |y|}, for all x, y ∈ A.

If A is a topological ring, a valuation | · | is called continuous if the set {a ∈ A :
|a| < γ} ⊂ A is open in A for all γ ∈ Γ.
Two valuations | · |, | · |′ are called equivalent if for all a, b ∈ A

|a| ≤ |b| ⇐⇒ |a|′ ≤ |b|′.

Remark 1.1.9. For any valuation | · | the support supp(| · |) = {x ∈ A : |x| = 0} is a
prime ideal in A as can easily be seen from the multiplicativity of | · |. If Q denotes
the quotient field of A/supp(| · |) then the valuation factors as A → Q → Γ ∪ {0}.
Then A(| · |) := {a ∈ Q : |a| ≤ 1} is a valuation ring.
One can then check that two valuations | · |, | · |′ are equivalent if and only if their
supports and their valuation rings agree.

We can now come to the definition of the adic spectrum.

Definition 1.1.10. Let (A,A+) be an affinoid K-algebra. Then define

Spa(A,A+) = {| · | : A→ Γ ∪ {0} continuous valuations s.th. |f | ≤ 1,
∀f ∈ A+}/equiv

For any x ∈ Spa(A,A+) one writes f 7→ |f(x)| for the corresponding valuation.
We define a topology on Spa(A,A+) as the topology generated by the so called
rational subsets

10



Spa(A,A+)(f1,··· ,fn
g

) = {x : |fi(x)| ≤ |g(x)|, ∀i}

where f1, · · · , fn generate A, and g ∈ A.

Remark 1.1.11. • The topological spaces Spa(A,A+) are spectral spaces, i.e.
they are (abstractly) homeomorphic to the topological space underlying Spec(B)
for some ring B. In particular there exist generic points.

• By a fundamental result of Huber, the rational subsets are quasi-compact.

• One has a canonical isomorphism Spa(A,A+) ∼= Spa(Â, Â+) of topological
spaces which takes rational subsets to rational subsets (see below).

• Let K be a complete non-archimedean field, then the space Spa(K,OK) con-
sists of a single point, corresponding to the valuation defining the topology on
K.

• The classical Tate algebra gives rise to the closed unit ball

BnK = Spa(K〈T1, · · · , Tn〉,OK〈T1, · · · , Tn〉).

Then the Gauss-norm defined above defines a non-classical point of Bn. We
refer to [Sch12, Example 2.20] for a nice description of all points occuring in
the closed unit disc.

One now constructs a structure presheaf OSpa(A,A+)an on Spa(A,A+) in the fol-

lowing way: Fix a couple of definition (A0, t). Let U = Spa(A,A+)(f1,···fn
g

) be

a rational subset. We now equip A[f1

g
, · · · , fn

g
] with the topology which makes

tA0[f1

g
, · · · , fn

g
] ⊂ A[f1

g
, · · · , fn

g
] a system of open neighbourhoods ((A0[f1

g
, · · · , fn

g
], t)

is then a couple of definition). Then let B ⊂ A[f1

g
, · · · , fn

g
] be the integral closure of

A+. And let (A〈f1,··· ,fn
g
〉, B̂) be the completion. One then defines:

OSpa(A,A+)an(U) := A〈f1,··· ,fn
g
〉

One can similarly define O+
Spa(A,A+)an

(U) := B. We have the following

Proposition 1.1.12. [Hub94, Proposition 1.3] For any map of affinoid K-algebras
f : (A,A+)→ (S, S+) sucht that Spa(S, S+)→ Spa(A,A+) factors through U , there
is a unique map g : (A〈f1,··· ,fn

g
〉, B̂) → (S, S+), such that f = g ◦ φ, where φ is the

canonical map (A,A+)→ (A〈f1,··· ,fn
g
〉, B̂).

From this one sees that (A〈f1,··· ,fn
g
〉, B̂) only depends on U . Moreover the proposi-

tion ensures that there is a unique continuous mapOSpa(A,A+)an(U)→ OSpa(A,A+)an(V ),
whenever V ⊂ U are rational subsets.
Now for an arbitrary open V ⊂ Spa(A,A+) one defines

OSpa(A,A+)an(V ) := lim←−U⊂V OSpa(A,A+)an(U),

where the U run over rational subsets contained in V . Similarly, one defines
O+
Spa(A,A+)an

(V ). Note that one can check that
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O+
Spa(A,A+)an

(V ) = {f ∈ OSpa(A,A+)an(V ) : |f(x)| ≤ 1, ∀x ∈ V }.

There is a natural isomorphism OSpa(A,A+)an(Spa(A,A+)) ∼= (Â, Â+).
One subtlety in the theory is that OSpa(A,A+)an is not automatically a sheaf (and
might indeed not be). One does however have the following, which is enough for us:

Definition 1.1.13. A Tate K-algebra R is called strongly noetherian if

R〈T1, · · ·Tn〉 := { convergent power series
∑
xi1,··· ,inT

mi1
i1
· · ·Tmin

in
with

xi1,··· ,in ∈ R̂}

is noetherian for all n ≥ 0.

In particular any tft Tate K-algebra is strongly noetherian.

Theorem 1.1.14. [Hub94, Theorem 2.2] Let (A,A+) be an affinoid Tate K-algebra,
such that A is strongly noetherian. Then OSpa(A,A+)an is a sheaf.

Remark 1.1.15. • It is easy to see thatO+
Spa(A,A+)an

is a sheaf wheneverOSpa(A,A+)an

is a sheaf as it is characterized by the pointwise conditions

f ∈ O+
Spa(A,A+)an

(U) ⇐⇒ |f(x)| ≤ 1, ∀x ∈ U

for some open U and f ∈ OSpa(A,A+)an(U).

• Let X = Spa(A,A+). Then by [Hub94, Lemma 1.5] the stalks OXan,x and
O+
Xan,x

are local rings, and the valuation x extends to OXan,x (remark however
that one does not put a topology on OXan,x). One has

O+
Xan,x

= {f ∈ OXan,x : |f(x)| ≤ 1}.

• If U ⊂ X is a rational subset one gets U ∼= Spa(OXan(U),O+
Xan

(U)).

Definition 1.1.16. Consider the category V of triples (Y,OY , |(·(y)|, y ∈ Y ), where
(Y,OY ) is a locally ringed space, where moreover OY is a sheaf of complete topo-
logical K-algebras and | · (y)| is an equivalence class of valuations on the stalk OY,y
at y.
An adic space X over K is an object in the category V which is locally isomorphic to
(Spa(A,A+),OSpa(A,A+)an , vx), where vx is the valuation induced by x on the stalk.

Remark 1.1.17. • One can show that for any adic space X, and affinoid adic
space Spa(A,A+) one has a bijection

Hom(X,Spa(A,A+)) = Hom((Â, Â+), (OXan(X),O+
Xan

(X)).

Definition 1.1.18. A rigid analytic variety over K is a quasi-separated adic space
X over K, such that X is locally isomorphic to Spa(A,A+), where (A,A+) is an
affinoid K-algebra of topologically finite type.

12



Remark 1.1.19. • As stated before, classical rigid analytic varieties over K are
built by gluing maximal spectra Sp(A) of topologically finite type Tate K-
algebras. There is a functor Sp(A) → Spa(A,A◦) which extends to the cat-
egory of rigid analytic varieties, and provides a full embedding in the quasi-
separated (qs) case

r : ( qs classical rigid spaces /K) ↪−→ ( qs adic spaces /Spa(K,OK))

which induces an equivalence of ringed topoi (X,OX) ∼= (|r(X)|, Õr(X)), where
on the right we mean the topos associated to the ringed space r(X). Recall
that on a classical rigid space there is only a Grothendieck topology, which
is why we need to take the associated topos also on r(X). This embedding
justifies our terminology.

• Taking a maximal ideal m to the valuation A→ A/m→ R≥0 realizes Sp(A) as
a subspace of Spa(A,A◦). The corresponding points are called classical points.

Definition 1.1.20. [Hub94, Proposition 3.8] Let X be a scheme of finite type over
Spec(K). We then define the analytification Xan of X as the fiber product in the
category of locally ringed spaces

Xan

��

// X

��

Spa(K,OK) // Spec(K)

.

Example 1.1.21. Consider the affine line A1
K = Spec(K[T ]) overK. Then (A1

K)an =⋃
n≥1 Spa(K〈r−nT 〉,OK〈r−nT 〉) (where r is some element in K, such that |r| > 1).

Indeed if Spa(A,A+) is any K-affinoid adic space, we need to show that any map
Spa(A,A+)→ Spec(K[T ]) factors uniquely through

⋃
n≥1 Spa(K〈r−nT 〉,OK〈r−nT 〉).

Any such map corresponds to a map K[T ]→ A. Then this extends uniquely to the
completion K〈T 〉 → Â. As r−nT tends to zero, and Â+ ⊂ Â is open, for some large
enough N >> 0 the induced map OK〈r−NT 〉 → K〈T 〉 → Â has image in Â+. This
gives a map (K〈r−NT 〉,OK〈r−NT 〉)→ (Â, Â+) of affinoid K-algebras. Then

Spa(Â, Â+)→ Spa(K〈r−NT 〉,OK〈r−NT 〉)→
⋃
n≥1 Spa(K〈r−nT 〉,OK〈r−nT 〉)

is the desired map.

Definition 1.1.22. A separated, topologically finite type adic spaceX → Spa(K,OK)
is called partially proper, if for all non-archimedean fields K ⊂ L, with any bounded
valuation subring L+ ⊂ L, and all morphisms φ : Spa(L,OL) → X, there exists a
unique morphism φ̃ : Spa(L,L+)→ X such that

Spa(L,OL) //

φ
��

Spa(L,L+)

φ̃
vv

X

13



is commutative.
X is called proper, if it is partially proper and quasi-compact.

Remark 1.1.23. The way of defining partial properness is reminiscent of the valua-
tive criterion in algebraic geometry. Remark here that in the definition above L+

may be a higher rank valuation ring, in which case Spa(L,L+) contains more than
one point.
There is of course also a relative notion or (partial) properness (see [Hub96, Defini-
tion 1.3.3]).

1.1.2 Formal models

In this subsection we wish to recall a few notions of Raynaud’s approach to rigid
analytic geometry via formal schemes (see [BL93]), within the language of adic
spaces.
Fix again a non-archimedean field and let OK be its ring of integers. This is a
valuation ring of rank 1. Fix a pseudouniformizer π of K, i.e. π is some non-zero
element in the maximal ideal. Then the topology on OK is the π-adic topology.
Similar to before, we call an OK-algebra A of topologically of finite type if A =
OK〈T1, · · ·Tn〉/I, for some ideal I.

Definition 1.1.24. An OK-algebra A is called admissible, if A = OK〈T1, · · ·Tn〉/I
is topologically of finite type, I is finitely generated and A is OK-torsion free.

Note that in our case admissible OK-algebras are topologically finite type alge-
bras that are flat over OK .

Definition 1.1.25. A formal scheme X over Spf(OK) is called admissible, if it is
locally isomorphic to Spf(A) for an admissible OK-algebra A.

There is a functor from admissible formal schemes over OK to the category of
rigid analytic varieties over K, given locally (in Huber’s language) by Spf(A) →
Spa(A.A[1

t
]), where t is any pseudouniformizer in OK . More precisely one has the

follwoing

Proposition 1.1.26. [Hub96, Proposition 1.9.1] Let X be an admissible formal
scheme over Spf(OK). Then there exists a rigid analytic variety X over Spa(K,OK),
together with a morphism φ : (X,OXan) → (X ,OX ) of topologically ringed spaces
such that

1. im(OXan → φ∗OXan) ⊂ φ∗O+
Xan

and the induced morphism sp : (X,O+
Xan

) →
(X ,OX ) is a morphism of locally ringed spaces.

2. For any adic space over Z over Spa(K,OK) with a morphism f : Z → X of
topologically ringed spaces satisfying property 1, there is a unique morphism
τ : Z → X of adic spaces, such that f = φ ◦ τ .

This association induces a functor
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d : (Admissible formal schemes /Spf(OK)→ (Rigid analytic varieties over
Spa(K,OK)).

Remark 1.1.27. In the case whereOK is noetherian (i.e. when K is discretely valued)
one can embed the category of admissible formal schemes over Spf(OK) into the
category of adic spaces (locally the functor is given by Spf(A) 7→ Spa(A,A)). Then
the above construction can be carried out entirely within this big category (see
[Hub94]). In the non-noetherian case one runs into the problem of proving that the
structure presheaf on Spa(A,A) is a sheaf.

The construction of the above map follows from the following lemma which can
be found in the proof of [Hub94, Proposition 4.1].

Lemma 1.1.28. [Hub94] Let Y be any adic space, and (Z,OZ) be any locally
topologically ringed space. Then there is a bijection between the set of morphisms
(Y,O+

Yan
)→ (Z,OZ) of locally topologically ringed spaces, and the set of continuous

ring homomorphisms OZ(Z)→ O+
Yan

(Y ).

Using the above statement, the identity map A→ A gives rise to a morphism of
locally ringed spaces

sp : (Spa(A[1
t
], A),O+)→ (Spf(A),OSpfA),

Definition 1.1.29. Let X be an admissible formal scheme over Spf(OK). Then
the rigid analytic space associated to it in proposition 1.1.26 is called the generic
fiber of X . The morphism

sp : (X,O+
Xan

)→ (X ,OX )

is called specialization map.

Remark 1.1.30. For any continuous valuation x ∈ Spa(A[1
t
], A), the image sp(x) is

given by the open prime ideal {f ∈ A||f(x)| < 1} ⊂ A (this is by construction of
the bijection in the above lemma in [Hub94]).

It is important to note (see [Hub96, Example 1.9.2]) that this generic fiber construc-
tion is compatible with the classical construction of Raynaud (see [BL93, §4]). More
precisely, if

r : (qs classical rigid varieties/ K in the sense of Tate ) ↪−→ ( Adic spaces over
Spa(K,OK))

denotes the full embedding, and Xrig denotes the rigid generic fiber construcion of
Raynaud from [BL93, §4], then there is a functorial isomorphism

r(Xrig) ∼= d(X )

where d(X ) = X denotes the adic space constructed in proposition 1.1.26.

Remark 1.1.31. One can show ([Hub96, Remark 1.3.18]) that a morphism f : X → Y
of admissible formal schemes is proper if and only if the induced map fad on the
generic fiber is proper.
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One of the main results of Raynaud is that a formal model of a rigid analytic
variety is unique up to a blowup in the special fiber. More precisely:
Let X be an admissible formal scheme over Spf(OK) and let I ⊂ OX be an open
ideal. Then define:

X ′ := lim−→n
Proj(

⊕∞
n=0(In ⊗OX OX/πn+1).

There is a natural projection φ : X ′ → X . φ is called admissible formal blowup.
The ideal I defines a formal subscheme Y ⊂ X , which is called the center of the
blowup.

Proposition 1.1.32. [BL93, Proposition 2.1] If X ′ → X is an admissible formal
blowup, then X ′ is an admissible formal scheme.

As I is assumed to be an open ideal, φ induces an isomorphism on the generic
fiber. The main result of Raynaud is then the following:

Theorem 1.1.33. [BL93, Theorem 4.1] The functor d from proposition 1.1.26 in-
duces an equivalence of categories between

• The category of quasi-compact admissible formal schemes over Spf(OK), lo-
calized by admissible formal blowups, and

• The category of quasi-compact and quasi-separated rigid analytic varieties
over Spa(K,OK).

For any admissible formal scheme X over Spf(OK) we call the associated rigid
analytic variety X the generic fiber of X and also denote it by XK .

Example 1.1.34. • If we take the affine line over OK and complete it along its
special fiber we get the formal scheme Spf(OK〈T 〉). The rigid space generic
fiber is then the unit disc Spa(K〈T 〉,OK〈T 〉).

• We will mostly only be interested in proper rigid analytic varieties. In the case
where X is a proper scheme over Spec(OK), let X̂ denote the completion along
its special fiber. Then the generic fiber X̂K of the formal scheme is canonically
isomorphic to the analytification of XK .
In the non-proper case this is not the case, as can be seen from the previous
example.

Using the formal model approach to rigid geometry one can find many examples
of non-algebraic rigid analytic varieties by looking at non-algebraizable lifts of al-
gebraic varieties of characteristic p to characteristic 0. Such lifts already exist for
abelian varieties or K3-surfaces.

Example 1.1.35. In complex geometry one of the first examples of a non-Kähler
manifold is the so called Hopf-surface. One can mimick its construction in the
non-archimedean case: Fix a non-zero element q ∈ K∗ such that |q| < 1. Then
consider the action (T1, T2) 7→ (qnT1, q

nT2), for n ∈ Z on the punctured affine space
(A2

K)an\({0, 0}). Then the condition |q| < 1 ensures that the action is properly
discontinuous. Hence the quotient H = (A2

K)an\({0, 0})/qZ exists and is called a
Hopf-surface. It was recently shown in [Li17] that H does not possess a formal
model with projective special fiber.
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1.1.2.1 Vector bundles on rigid analytic varieties and their formal mod-
els

Let X be a rigid analytic variety. A vector bundle E on X is a locally free OXan-
module. We remark again, that the embedding X 7→ r(X) of classical quasi-
separated rigid spaces into the category of adic spaces is compatible with admissible
open covers, and one gets an equivalence of ringed topoi (X,OX) ∼= (|r(X)|, Õr(X)),

where here again (|r(X)|, Õr(X)) denotes the topos associated to the ringed topo-
logical space (r(X),Or(X)). Using this we are again at liberty to use all the results
proved on locally free (or coherent) sheaves within the framework of classical rigid
geometry.

Remark 1.1.36. One can prove very generally (see [KL15, §2.7]) that ifX = Spa(A,A+)
is an affinoid adic space, then vector bundles on X correspond to projective A-
modules. Note that this is false for O+

Xan
(as this sheaf is not locally acyclic).

Let X be an admissible formal scheme overOK , with generic fiber X. Recall from
the last section that we have a morphism of locally ringed spaces sp : (X,O+

Xan
)→

(X ,OX ). So if F is a coherent sheaf on X , then we can associate to it an O+
Xan

-
module sp−1F ⊗sp−1OX O

+
Xan

. We call Fad := (sp−1F ⊗sp−1OX O
+
Xan

)⊗K the generic
fiber of F . Fad is then a coherent sheaf on X.

Definition 1.1.37. Let E be a vector bundle on X. A formal model E of E is
a locally free sheaf on a formal model X of X, such that there is an isomorphism
E ∼= Ead.

Definition 1.1.38. Let π : X ′ → X be an admissible formal blowup with respect
to the open ideal I and let F be a coherent sheaf on X . We then call (π∗F)/N the
strict transform of F with respect to π. Here N = Annπ∗F(IOX ′).

It is always possible to extend a coherent sheaf on the generic fiber to the formal
model:

Lemma 1.1.39. [BL93, Proposition 5.6] Let X be an admissible formal scheme
over Spf(OK), with generic fiber X, and let F be a coherent sheaf on X. Then
there exists a coherent sheaf on X such that Fad ∼= F .

Formal models of locally free sheaves then always exist by the flattening tech-
niques in [BLR95] (note that here we cannot fix a model for X) :

Proposition 1.1.40. (see [BLR95, Theorem 4.1]) Let X be a quasi-compact rigid
analytic variety, and let E be a vector bundle on X. Then there exists a formal
model X of X and a locally free sheaf E on X whose generic fiber is isomorphic to
E.

Proof. Let X be a formal model of X. By the previous lemma one can always find
a coherent sheaf model F . Then by [BLR95, Theorem 4.1] there is an admissible
formal blowup X ′ → X such that the strict transform F ′ of F is flat over X ′. But
then F ′ is locally free.
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1.1.3 The étale fundamental group

In this section we will first recall a few notions on the étale topology of an adic
space. As in the case of schemes there are many equivalent characterizations of étale
maps (via the functional determinant, differential module, infinitesimal lifting..., see
[Hub96, §1.6 and 1.7]), at least in the topologically finite type situation. We opt
here for the quickest definition:

Definition 1.1.41. [Sch12, Definition 7.1] A morphism Spa(A,A+)→ Spa(B,B+)
is called finite étale, if B → A is a finite étale map of K-algebras and A+ is the
integral closure of the image of B+.
A morphism X → Y of adic spaces is called finite étale if it is finite étale locally, i.e.
if there exists an open affinoid cover {Ui} of Y , such that Ui ×Y X → Ui is affinoid
and Ui ×Y X → Ui → Ui is finite étale.
A morphism X → Y is called étale for every point x ∈ X there exists an open
neighbourhood x ∈ U , and an open V ⊂ Y such that f(U) ⊂ V , and such that f |U
factors as U

i−→ W
f−→ V , where i is an open embedding, and f is finite étale.

Remark 1.1.42. One nice aspect of the above definition is that it also works in non
topologically finite type situations where there is no differential calculus available.

Assume for the rest of the section that X is a rigid analytic variety.

Definition 1.1.43. The (small) étale site of X is the site whose objects are the

étale maps Y → X and covers are given by families (Yi
fi−→ Y ) of morphisms of étale

adic spaces over X, such that
⋃
i fi(|Yi|) = |Y |.

Remark 1.1.44. There is a structure sheaf on the étale site of an adic space, given
by OXét

(U) = OUan(U) for U ∈ Xét (see [Hub96, p. 2.2.5]).
Similarly one also has the integral version

O+
Xét

(U) = {f ∈ OXét
(U) : |f(x)| ≤ 1,∀x ∈ U}

There are different types of fundamental groups on non-archimedean analytic
spaces one may consider, see [DJ95].

Remark 1.1.45. The article [DJ95] uses the language of classical rigid geometry.
However, by comparison results of Huber the étale topology behaves well with re-
spect to the embedding of classical rigid varieties into the category of adic spaces.
More precisely, if X is a classical Tate rigid variety and r(X) is the associated adic
space (a rigid analytic variety in our language), one has a natural equivalence of sites
Xqsét ↔ r(X)qsét, where the objects are étale objects which are quasi-separated. For
abstract reasons this induces an equivalence of the full étale topoi X∼ét ↔ r(X)∼ét.
(see [Hub96, Proposition 2.1.4])
Moreover, if f : X → Y is a morphism of classical rigid analytic varieties, then by
[Hub96, Lemma 1.4.5] f is finite if and only if r(f) : r(X)→ r(Y ) is finite. So one
always has a canonical equivalence of sites Xfét ↔ r(X)fét.
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We will only be concerned with the profinite fundamental group. Keep assuming
that X is a connected rigid analytic variety.
Define by Covfét(X) the category of finite étale surjective maps (such maps will
also be refered to as finite étale covers). Then we fix a classical geometric point
x̄ : Spa(K(x), K(x)◦) → X , i.e. K(x) is an algebraically closed non-archimedean
field with ring of integers K(x)◦ (one could actually also consider geometric points
with values in (K(x), K(x)+), where K(x)+ is a more general bounded valuation
subring), we define the fiber functor Fx̄ : Covfét(X)→ (Set) by letting

Fx̄(f : Y → X) = {y : Spa(K(x), K(x)◦)→ Y : f(y) = x̄}.
Assume from now on that X is connected. The étale fundamental group with respect
to a base point x̄ is then defined as

πét1 (X, x̄) := Aut(Fx̄)

The group πét1 (X, x̄) is endowed with the profinite topology as usual. We remark
that πét1 (X, x̄) is called algebraic fundamental group (and denoted by πalg1 ) in [DJ95].
For any topological group G we define G− fset as the category of finite sets (with
the discrete topology) with a continuous G action. As in the case of schemes one
can prove

Proposition 1.1.46. [DJ95, Theorem 2.10] Fx̄ may be seen as a functor

Covfét(X)→ πét1 (X)− fset
which is an equivalence of categories.

We will now define the fundamental groupoid of a rigid analytic variety over K.

Definition 1.1.47. [DW05b, §3] A topological groupoid is a groupoid C such that
for all objects x, y ∈ C the set of morphisms Mor(x, y) is a topological space.
A morphism F : C → D of topological groupoids is a functor such that the map on
morphisms Mor(x, y)→Mor(F (x), F (y)) is continuous.

Recall the following construction from [DW05b]: Let X be connected. Denote
by Π1(X) the category whose objects are given by the (classical) geometric points of
X, and for any x, y geometric points, we set Mor(x, y) := Isom(Fx, Fy). Then the
sets of morphisms again can be endowed with the profinite topology. This makes
Π1(X) a topological groupoid, called the fundamental groupoid.

Remark 1.1.48. Assume that K is a non-archimedean field of characteristic 0. Let
X be a quasi-separated scheme of finite type over Spec(K). Denote by Xan be the
analytification (definition 1.1.20). Then there is the following important theorem

Theorem 1.1.49. [Lüt93, Theorem 3.1] Assume that f̃ : Ỹ → Xan is a finite étale
morphism. Then there exists a finite étale morphism of schemes f : Y → X such
that Y an ∼= Ỹ and fan = f̃ .

From this one sees that Π1(X) ∼= Π1(Xan).
Remark here that one can check that any morphism Spa(R,R+)→ X, where X is
a scheme, factors uniquely through the map Spa(R,R+) → Spec(R) which takes a
valuation v to its support. So in particular Spa(L,OL) → X factors uniquely as
Spa(L,OL)→ Spec(L)→ X, which shows that X(Spec(L)) = Xan(Spa(L,OL)).
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1.1.4 The pro-étale site of a rigid analytic space

The pro-étale site of a rigid analytic variety was introduced in [Sch13a]. The main
idea is to make the results on perfectoid spaces applicable in more geometric situa-
tions. Consider the standard example of an affinoid perfectoid space, which is given
by

Spa(K〈T±1/p∞

1 , · · · , T±1/p∞
n 〉∧,OK〈T±1/p∞

1 , · · · , T±1/p∞
n 〉∧),

for a perfectoid field K. Then this is obtained by taking an infinite tower of finite
étale maps over Tn, and then taking the p-adic completion. This motivates the
following definition:

Definition 1.1.50. [BMS18, §5] Let X be a locally noetherian adic space. Denote
by pro − Xét the category of pro-objects over the étale site. We write the objects
in pro − Xét as ′′ lim←−

′′
i∈I Ui, where I is a small cofiltered category with a functor

I → Xét. U ∈ Xproét is called pro-étale if it is isomorphic to some ′′ lim←−
′′
i∈I Ui, where

all transition maps Ui → Uj are finite étale.
The pro-étale site Xproét is the full subcategory of pro-étale objects over X, and
covers are given by collection of maps (fi : V i → U), such that

⋃
i∈I fi(|V i|) = |U |,

where the topological space for some U =′′ lim←−
′′
i∈I Ui is defined as the inverse limit

of topological spaces |U | := lim←−|Ui|. And moreover every V i → U can be written

as an inverse limit V i = lim←−µ<λ Vµ, with Vµ ∈ Xproét, for some ordinal λ, such that

V 0 → U is étale (i.e. a pullback of a morphism in Xét), and for all µ > 0 the
morphism Vµ → lim←−µ′<µ Vµ′ is finite étale surjective (i.e a pullback of a finite étale

surjective morphism in Xét).
The pro-finite étale site Xprofét is the site with underlying category pro−Xfét with
covers defined as above, but where we now ask that Vµ ∈ Xprofét.

In practice, if lim←−i Ui is some presentation of U ∈ Xproét we will usually drop the
quotation marks and sloppily write U = lim←−Ui.

Example 1.1.51. 1. Assume that X is defined over Spa(K,OK) for some non-
archimedean field K, and let K ⊂ L be a separable field extension. Then
the pro-system (XLi

)K⊂Li⊂L, where Li runs over all finite intermediate exten-
sions, defines an object in Xproét. In fact one can check that the localized site
Xproét/(XLi

)K⊂Li⊂L is equivalent to (XL)proét.

2. Let K be a perfectoid field. The perfectoid tower

lim←−Spa(K〈T±1/pn

1 , · · · , T±1/pn

n 〉,OK〈T±1/pn

1 , · · · , T±1/pn

n 〉)→
Spa(K〈T±1 , · · · , T±n 〉,OK〈T±1 , · · · , T±n 〉)

is a standard example of a profinite étale morphism. It is a profinite torsor
under the group Zp(1)n.

It is shown in [Sch13a, Lemma 3.10] that Xproét is indeed a site. Any étale map
U → X is in particular also pro-étale. This gives a canonical projection
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ν : Xproét → Xét

One has the following:

Lemma 1.1.52. [Sch13a, Lemma 3.16 + Corollary 3.17]

• Assume that X is qcqs and let F be any abelian sheaf on Xét. Then H i(U, ν∗F) =
lim−→H i(Ui,F), for all qcqs objects U = lim←−Ui ∈ Xproét.

• For any abelian sheaf F on Xét the adjuntion morphism Rν∗ν
∗F → F is an

isomorphism. In particular the pullback functor on abelian sheaves

ν∗ : Ab(Xét)→ Ab(Xproét)

is fully faithful.

Remark 1.1.53. The most important feature of the pro-étale site is that it is locally
perfectoid in the following sense: Let X be a locally noetherian adic space over
Spa(K,OK), where (K,OK) is a perfectoid field of characteristic 0. An affinoid per-
fectoid object U ∈ Xproét is an object that has a presentation U = lim←−Spa(Ri, R

+
i ),

such that if R+ denotes the p-adic completion of lim−→i
R+
i , and R := R+[1

p
], the pair

(R,R+) is an affinoid perfectoid (K,OK)-algebra.
Then [Sch13a, Proposition4.8] states that Xproét is generated by such objects. In
the case where X is smooth this can be seen in the following way: By smoothness
one has étale local coordinates, i.e. locally there is an étale map which factors as a
composition of rational embeddings and finite étale maps

X → Tn = Spa(K〈T±1 , · · · , T±n 〉,OK〈T±1 , · · · , T±n 〉)

Now the tower T∞n = lim←−Spa(K〈T±1/pn

1 , · · · , T±1/pn

n 〉,OK〈T±1/pn

1 , · · · , T±1/pn

n 〉) is
affinoid perfectoid. One then proves ([Sch13a, Lemma 4.5]) that being perfectoid
behaves well with pullbacks (with respect to finiteétale maps and rational embed-
dings).
If U = lim←−Spa(Ri, R

+
i ) is affinoid perfectoid, then Û := Spa(R,R+) is an affinoid

perfectoid space, and one has Û ∼ lim←−Spa(Ri, R
+
i ) in the sense of [Sch12].

Note that, since by example 1.1.51 the base change to any field extension is an object
in Xproét, one gets that Xproét is locally perfectoid for any locally noetherian adic
space over Spa(Qp,Zp).

A convenient feature of the pro-étale site is that inverse systems of sheaves are
often well behaved.

Definition 1.1.54. [Sch13a, Definition 4.1]
Let X be a locally noetherian adic space over Spa(Qp,Zp). We have the following
structure sheaves

• O+
X := ν−1O+

Xét
, OX = ν−1OXét
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• Ô+
X = lim←−nO

+
X/p

n, ÔX = Ô+
X [1

p
] (completed structure sheaves)

• Ô+
X[ = lim←−Φ

O+
X/p (tilted structure sheaf)

where φ denotes the (surjective) Frobenius on O+
X/p.

Remark 1.1.55. Assume that X is defined over Spa(K,OK) for some perfectoid field
K of characteristic 0. We will sometimes refer to the almost version of the integral
structure sheaf O+a

X . This may simply be defined by setting O+a
X (U) = O+

X(U)a,
where here we mean the almost module associated toO+

X(U) (overOK , where almost
mathematics is done with respect to the maximal ideal m ⊂ OK). O+a

X is then a
sheaf of almost algebras over OaK . This last point will not be relevant for us.

One has the following basic properties

Lemma 1.1.56. [Sch13a, Lemma 4.2] Let X be a locally noetherian adic space over
Spa(Qp,Zp). And let U ∈ Xproét. Then

1. Every x ∈ |U | defines a continuous valuation f 7→ |f(x)| on OX(U).

2. One has O+
X(U) = {x ∈ OX(U) : |x| ≤ 1}.

3. For all n ≥ 1, the natural morphism of sheaves O+
X/p

n ∼= Ô+
X/p

n is an iso-

morphism, and Ô+
X(U) is flat over Zp.

4. For all x ∈ |U |, the valuation f 7→ |f(x)| extends to ÔX(U).

5. One has Ô+
X(U) = {x ∈ ÔX(U) : |x| ≤ 1}.

Remark 1.1.57. • It would be quite difficult to work with the pro-étale site, if
not for the fact that there is a basis of Xproét on which the behavior of the
introduced structure sheaves is (almost) well understood. This is of course
the basis introduced in remark 1.1.53. Namely if lim←−Spa(Ri, R

+
i ) = U ∈

Xproét is affinoid perfectoid, with (R,R+) the p-adic completion, one has

(ÔX(U), Ô+(U)) = (R,R+) and the higher cohomology groups H i(U,O+
X)

are almost zero (see [Sch13a, Lemma 4.10]).

• Assume that X is defined over Spa(K,OK) for some perfectoid field K of
characteristic 0. Then there exists a pseudouniformizer in the tilt t ∈ OK[

such that |t]| = |p| (see the Appendix). One then has O+
X/p = Ô+

X[/t.

Composing the projection ν : Xproét → Xét with the projection Xét → Xan gives
a projection

λ : Xproét → Xan.

The following lemma shows that vector bundles on rigid analytic varieties can be
seen as locally free sheaves over OX on the pro-étale site:

Lemma 1.1.58. [Sch13a, Lemma 7.3] Let X be a rigid analytic variety over a
p-adic field K. Then pullback along the natural projections Xproét

ν−→ Xét → Xan

induces equivalences of categories between the categories of finite locally free modules
over OX , resp. OXét

, resp. OXan.
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Note that in [Sch13a] X is assumed to be smooth, but the proof given there
works also for the general case. (see also [KL15, Theorem 8.2.22])
We will also need the following result of Kedlaya-Liu

Theorem 1.1.59. [KL16, Theorem 8.2.3] Let X be a semi-normal rigid analytic
variety over K. Then there is a natural isomorphism ν∗ÔX ∼= OXét

.

Remark 1.1.60. The condition on X is necessary. The reason for this is that all
perfectoid rings are semi-normal. So since ÔX takes values in perfectoid rings on a
basis of Xproét it cannot distinguish between X and its seminormalization.

Corollary 1.1.61. [KL16, Corollary 8.2.4] For any locally free OXét
-module E, the

adjunction map E → ν∗(ν
∗E ⊗ ÔX) is an isomorphism. In particular the functor

E 7→ λ∗E ⊗OX
ÔX gives a fully faithful embedding of the category of vector bundles

on X into the category of locally free ÔX-modules.

Assume now that X is a rigid analytic variety over a mixed characteristic perfec-
toid field K. And assume that X is a formal model of X, i.e. an admissible formal
scheme over Spf(OK) with generic fiber X. By composing the canonical projection
Xproét → Xan with the specialization map we get a projection map of ringed sites

µ : (Xproét,O+
X)→ (XZar,OX ).

For any coherentOX -module E , we define the associatedO+
X-module as the pullback:

E+ := µ−1E ⊗µ−1OX O
+
X . One then easily checks the following:

Lemma 1.1.62. Let f : X → Y be a morphism of admissible formal schemes over
Spf(OK). Then for any coherent OY-module E there is a canonical isomorphism
f ∗proét(E+) ∼= (f ∗E)+.

1.1.5 p-adic local systems on rigid analytic varieties

In this section we will recall some results on local systems. Let X be a qcqs rigid
analytic variety, or a qcqs noetherian adic space, defined over a characteristic 0
non-archimedean field.

Definition 1.1.63. [Sch13a, Defn. 8.1] Let O be the ring of integers of a finite
extension of Qp, or the ring of integers of Cp. Let π be a (pseudo-)uniformizer of O.
An O/πn-local system is a finite locally free O/πn-module. where O/πn, denotes
the constant sheaf on Xproét. We denote the category of O/πn-local system by
LSO/πn(X).

Define Ô := lim←−O/π
n as sheaves on Xproét. Then an Ô-local system is a finite

locally free Ô-module on Xproét. The category of Ô-local systems will be denoted
by LSÔ(X).

Remark 1.1.64. The reason for defining Ô not simply as the constant sheaf, is that
one wants to keep track of the π-adic topology. One could also define Ô as the sheaf
taking any U ∈ Xproét to the set of continuous maps Mapcont(|U |,O) (see [KL15,
§9.1]).
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Most of the time we will only be interested in the cases O = Zp, or O = OCp

with π = p.

Remark 1.1.65. The category of O/πn-local systems is equivalent to the category
of finite locally free O/πn-sheaves on Xét, i.e. they alle lie in the essential image of
ν∗. This follows from the fact that (O/πn)proét = ν∗(O/πn)ét, and ν∗ν

∗(O/πn)ét =
(O/πn)ét, by lemma 1.1.52. Here by (O/πn)ét (resp. (O/πn)proét) we mean the
constant sheaf on the étale (resp. pro-étale) site with values in O/πn.

Lemma 1.1.66. There is an equivalence of categories

LSOCp/p
n(X)↔ colimLSOK/pn(X),

where K runs over all finite extensions of Qp.

Proof. This follows from the fact that OCp/p
n = lim−→OK/p

n: For full faithfulness

assume that {LK}K⊂Qp
, {L′K}K⊂Qp

are two direct systems, with direct limits L̃ and

L̃′. Then using inner homs:

Hom(L̃, L̃′) = Hom(L̃, L̃′)(X) = lim−→K⊂Qp
Hom(LK ,L′K)(X) =

lim−→K⊂Qp
Hom(LK ,L′K).

Note here that the last equality follows from the fact that X is quasi-compact;
see[Sta19, Tag 0738].
For essential surjectivity note that, since X is qcqs, for any L ∈ LSOCp/p

n(X), there
is a quasi-compact cover Y → X with quasi-compact overlaps, on which L becomes
trivial. So L|Y descends to Zp/pn. But then, as Y ×X Y is quasi-compact, the gluing
data will descend to some OK/pn by the full faithfulness proved above.

To see that Scholze’s notion of local systems is compatible with the usual one
(where one considers inverse systems of O/πn-modules on Xét) one shows that in-
verse limits of certain sheaves on Xproét are well behaved. This rests on the following
general lemma:

Lemma 1.1.67. [Sch13a, Lemma 3.18] Let T be a site, and B a basis of T . Let Fi
be an inverse system of abelian sheaves on T such that for all U ∈ B:

• R1 lim←−Fi(U) = 0

• Hj((U,Fi) = 0, for all j > 0.

Then Rj lim←−Fi = 0, for all j > 0.

Proposition 1.1.68. Let O = OCp or O = Zp. Any inverse system Ln of finite
locally free O/pn-modules on Xproét satisfies the conditions of lemma 1.1.67.
Also, any inverse system En of finite locally free O+a

X /pn-modules satisfies the con-
ditions from lemma 1.1.67.
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Proof. The first condition in lemma 1.1.67 is of course always satisfied, as the inverse
systems evaluated on a perfectoid basis Spa(R,R+), where the objects in questions
are free, are given by the modules Or/pn, resp. (R+a/pn)r, where r denotes the
rank. But here the transition maps are surjective.
The second condition follows from the proof of [Sch13a, Lemma 4.10 (i)] for O+a

X /pn.
For O/pn the local vanishing of the cohomology is shown in the proof of [Sch13a,
Theorem 4.9] in the mod p case. The rest then follows by induction.

The above lemma gives the following:

Proposition 1.1.69. [Sch13a, Proposition 8.2] The category LSẐp
(X) is equivalent

to the category of inverse systems Ln of finite locally free Zp/pn-modules on Xét.
Similarly LSÔCp

(X) is equivalent to the category of inverse systems of locally free

OCp/p
n-modules on Xét.

We finish this section by recalling the relation of local systems with continuous
representations of the fundamental group. Assume that X is connected and fix a
geometric point x̄ of X. For simplicity we write π1(X) = πét1 (X, x̄). For any topo-
logical ring R we denote by Repπ1(X)(R) the category of continuous representations
of π1(X) on finite free R-modules.

Proposition 1.1.70. There is an equivalence of categories

LSOCp
(X)↔ Repπét

1 (X,x̄)(OCp)

Proof. The following arguments are well known. First fix n ≥ 1. As usual, finite
π1(X)-sets correspond to finite étale covers, so L 7→ Lx̄ gives an equivalence of
categories

LSOK/pn(X)↔ Repπét
1 (X,x̄)(OK/pn),

for all finite extensions K/Qp. Clearly, these equivalences are compatible with base
extensions OK/pn → OK′/pn, for K ⊂ K ′. So we get

colimK⊂Qp
LSOK/pn(X)↔ colimK⊂Qp

Repπét
1 (X,x̄)(OK/pn).

Now by lemma 1.1.66, we know that colimK⊂Qp
LSOK/pn is equivalent to LSOCp/p

n(X).

On the other hand, that colimK⊂Qp
Repπét

1 (X,x̄)(OK/pn) is equivalent toRepπét
1 (X,x̄)(OCp/p

n)

follows from the fact that π1(X) is compact: since GLn(OCp/p
n) carries the dis-

crete topology the image ρ(π1(X)) will be finite for any continuous representation
ρ : π1(X)→ GLn(OCp/p

n).
Now passing to the p-adic completion, using proposition 1.1.69, gives the claim.

1.1.6 The primitive comparison theorem

Theorem 1.1.71. [Sch13a, Theorem 5.1] Let X be a proper rigid analytic space
over Spa(C,OC), where C is an algebraically closed perfectoid field of characteristic
0 with ring of integers OC. Then the canonical maps
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H i(Xet,Zp/pn)⊗OC/p
n → H i(X,O+

X/p
n)

H i(Xet,Zp)⊗OC → H i(X, Ô+
X)

are almost isomorphisms for all i ≥ 0.
If X is in addition smooth or the analytification of a proper scheme over Spec(C),
then the canonical maps

H i(Xet,L/pn)⊗OC/p
n → H i(X,O+

X/p
n ⊗ L/pn)

H i(Xet,L)⊗OC → H i(X,L⊗ Ô+
X)

are almost isomorphisms for any lisse Zp-sheaf L.

Proof. The mod p statements can be found in [Sch13a, Theorem 5.1] (smooth case),
[Sch13b, Theorme 3.13] (algebraic case) and [Sch13b, Theorem 3.17] (for general
proper rigid analytic varieties). The full statements all then follow by induction
combined with [Sch13a, Lemma 3.18].
We will sketch the induction argument for the constant local system:
For any n ≥ 1 one has a commutative diagram with exact rows

0 //

=

��

pnZp/pn+1 //

��

Zp/pn+1 //

��

Zp/pn //

��

0

=

��

0 // pnO+
X/p

n+1 // O+
X/p

n+1 // O+
X/p

n // 0

. As O+ is flat over Zp one has pnO+
X/p

n+1 ∼= O+
X/p

n. Taking cohomology for all
i ≥ 0 one gets a commutative diagram with exact rows

H i−1(Zp/pn)OC
//

��

H i(Zp/pn)OC
//

��

H i(Zp/pn+1)OC
//

��

H i(Zp/pn)OC
//

��

H i+1(Zp/pn)OC

��

H i−1(O+
X/p

n) // H i(O+
X/p

n) // H i(O+
X/p

n+1) // H i(O+
X/p

n) // H i+1(O+
X/p

n).

Now using the induction hypothesis and the 5-lemma, one gets that H i(Zp/pn)⊗Zp

OC → H i(O+
X/p

n) is an almost isomorphism for all i, n ≥ 0. Now one can use the
fact (proposition 1.1.68) that the inverse systems Zp/pn (as sheaves on Xproét) and
O+a
X /pn (here O+a

X denotes the almost version of the structure sheaf) satisfy the
conditions from lemma 1.1.67. Hence taking the inverse limit commutes with taking
cohomology, so that one arrives at the almost isomorphism
H i(Xproét,Zp) ∼=a H i(Ô+

X).

One can then also generalize the primitive comparison theorem to the case of
OCp-coefficients.

Theorem 1.1.72. Let X be a proper rigid analytic space over Spa(Cp,OCp), which
is either smooth or the analytification of a proper scheme of finite type over Spec(Cp).

And let L be an ÔCp-local system on X. The canonical map

H i(Xproét,L)→ H i(Xproét,L⊗ÔCp
Ô+
X)
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is an almost isomorphism, for all i ≥ 0.

Proof. By the above remark we see that L/p ∼= L′⊗OCp/p where L′ is defined over
OK/p for K/Qp a finite extension. Let π be a uniformizer of K. Then L′/π is an
Fp local system. Hence we get H i(Xét,L′/π)⊗OCp/p

∼=a H i(Xét,L′/π ⊗O+/p) by
theorem 1.1.71. But then by induction along the exact sequences

0→ πn−1L′/πn → L′/πn → L′/πn−1 → 0

we find that

H i(L/p) = H i(L′)⊗OK/p OCp/p→ H i(L′ ⊗OK/p Ô+/p) = H i(L⊗ÔCp
Ô+/p)

is an almost isomorphism. But then the full statement follows again by induction
and using [Sch13a, Lemma 3.18] as in the case of Ẑp-local systems (see the proof of
theorem 1.1.71).

Remark 1.1.73. In the last proof we have used the fact that if L is an OK/pn
local system, where K/Qp is finite, one always has H i(Xét,L ⊗OK/pn OCp/p

n) ∼=
H i(Xét,L)⊗OK/pn OCp/p

n, as OK ⊂ OCp is flat.

There is a functor

LSOCp
(X)→ LF (Ô+

X)

which takes L to L⊗ Ô+
X . Assume now that X is proper over Spa(Cp,OCp).

Proposition 1.1.74. Let X be proper smooth or the analytification of a proper
scheme over Spec(Cp). Then the induced functor

Repπ1(X)(OCp)⊗Q ∼= LSOCp
(X)⊗Q→ LF (ÔX),

taking ρ to Lρ ⊗ ÔX , is fully faithful. Here for a representation ρ, we denote by Lρ
the associated local system.

Proof. This follows from theorem 1.1.72.

Remark 1.1.75. At the integral level theorem 1.1.72 shows that one has a fully
faithful embedding of OCp-local systems into the category of finite locally free almost

Ô+
X-modules.
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1.2 Vector bundles on algebraic varieties in posi-

tive chracteristic

1.2.1 Vector bundles on perfect schemes

All the material presented here is from [BS17]. For any Fp-scheme Z we denote by
FZ the absolute Frobenius, which is the identity on topological spaces and given by
x 7→ xp on sections.

Definition 1.2.1. An Fp-scheme Z is called perfect if the absolute Frobenius mor-
phism FZ is an automorphism. We denote by Perf the category of perfect schemes.

For an arbitrary Fp-scheme Z one can form the inverse limit Zperf := lim←−FZ
Z

along the absolute Frobenius map. Then Zperf is perfect scheme, called the perfec-
tion of Z. It comes with a natural projection πZ : Zperf → Z.
Since the absolute Frobenius commutes with all morphisms of Fp-schemes, the as-
sociation Z 7→ Zperf defines a functor SchFp → Perf .

Remark 1.2.2. It is easy to see that Zperf is the initial object of perfect schemes over
Z, i.e. for any perfect scheme P and morphism f : P → Z, there exists a unique
morphism f̃ : P → Zperf such that f = πZ ◦ f̃ .

A suitable topology on Perf is given by morphisms which are surjective on
points valued in valuation rings.

Definition 1.2.3. Let f : X → Y be a morphism of quasi-compact, quasi-separated
schemes. Then f is called a v-cover if for every map Spec(V ) → Y , where V is a
valuation ring, there is a commutative diagram

Spec(W ) //

��

X

f

��

Spec(V ) // Y,

where V ⊂ W is an extension of valuation rings.

Remark 1.2.4. There is a naive functor X 7→ Xad from the category of schemes
to the category of (discrete) adic spaces, given locally by Spec(A) 7→ Spa(A,A)
(beware that this is not to be confused with the analytification if X is defined over
a non-archimedean field). One checks immediately, that f : X → Y is a v-cover if
and only if fad : Xad → Y ad is surjective on topological spaces.

Example 1.2.5. • Every proper surjective map X → Y is a v-cover. For this
note that one can lift the generic point of a valuation ring V with Spec(V )→ Y
to X and then use the valuative criterion.

• If f : X → Y is a v-cover, then so is the perfection fperf : Xperf → Yperf .
Indeed if Spec(V )→ Yperf is a morphism, where V is a valuation ring, we can
first find a valuation ring V ⊂ W with a map Spec(W )→ X, such that
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Spec(W ) //

��

X

f

��

Spec(V ) // Yperf
πY // Y

commutes. Now the perfection Wperf = lim−→Frob
W is again a valuation ring,

and one has W ⊂ Wperf (as W is a domain), hence V ⊂ Wperf . Then, applying
the perfection functor we get a map Spec(Wperf ) → Xperf and the following
diagram commutes:

Spec(Wperf ) //

��

Xperf

fperf

��

Spec(V ) // Yperf .

The main result for us is the following descent result, which in finite type situa-
tion ensures effective descent of vector bundles along proper surjective covers up to
pullback along an inseparable map:

Theorem 1.2.6. [BS17, Theorem 4.1] Let V ectr(−) denote the groupoid of vector
bundles of rank r. The association Z 7→ V ectn(Z) is a v-stack on Perf .

Remark 1.2.7. • The main technical fact which makes such a descent result pos-
sible is the fact that any two maps of perfect rings A → B and A → C are
always Tor-independent, i.e. TorAi (B,C) = 0 for all i > 0 (this is [BS17,
Lemma 3.16]).

• Note that local freeness is a necessary condition for theorem 1.2.6.

1.2.1.1 An aside: Strongly semistable vector bundles via perfections

In a brief excursion we wish to show how one can use perfect schemes to capture
strong semistability of vector bundles, these remarks will not be used anywhere else.
Let X be a normal projective algebraic variety of dimension n over a perfect field
k of characteristic p, with a polarization H. Then we can define slope semistability
with respect to the polarization H:

Definition 1.2.8. For any vector bundle E on X define the slope as µ(E) =
c1(E)·Hn−1

rank(E)
. Then E is called semistable (wrt H) if for all sub-vector bundles E ′ ⊂ E,

one has µ(E ′) ≤ µ(E).
E is called strongly semistable if F n∗

X E is semistable for all n ≥ 0.

Remark 1.2.9. A standard example of a semistable vector bundle in positive char-
acteristic which becomes unstable after Frobenius pullback is given by FC∗OC for a
smooth projective curve C of genus ≥ 2. In this case a direct computation of the
degree shows that F ∗CFC∗OC → OC is destabilizing.

Remark 1.2.10. One could more generally define semistability with respect to a
numerical effective divisor, or, even more generally, with respect to a movable curve
class. We only consider the standard case, where H is ample.
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We call the number deg(E) := c1(E) ·Hn−1 the degree of E (of course it depends
on H). One has deg(E) = deg(det(E)).
For every vector bundle there exists a canonical filtration whose graded pieces are
semistable:

Lemma 1.2.11. [HL10, Theorem 1.6.7] Let E be a vector bundle on X. Then there
exists a unique filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ El = E

such that Ei/Ei−1 is a semistable vector bundle, for all i, and one has µ(E1) > · · · >
µ(E/El−1).

The filtration is called Harder-Narasimhan filtration.
We want to define a slope function on the perfection of X. Note first that for the
Picard group one has the following:

Lemma 1.2.12. [BS17, Lemma 3.5] Let X be as above. Then one has for the Picard
group of the perfection

Pic(Xperf ) ∼= Pic(X)[1
p
] as abelian groups, where the isomorphism is induced by

pullback.

Proof. This is because Pic(Xperf ) is just the colimit along Frobenius pullbacks, and
one has F ∗XL = L⊗p for all L ∈ Pic(X).

Using this one sees that for any invertible sheaf L on Xperf there exists some n
such that L⊗p

n
= π∗XL̃, where π : Xperf → X is the canonical map.

Definition 1.2.13. Let E be a vector bundle on Xperf . Define the degree of E as

deg(E) := deg(L̃)
pn

where L̃ is a line bundle on X for which det(E)⊗p
n

= π∗XL̃.

Define then the slope of E to be µp(E) = deg(E)
rank(E)

. Again we call E semistable, if

µp(E
′) ≤ µp(E) for all subbundles E ′ ⊂ E.

Remark 1.2.14. Note that the definition of the degree does not depend on the pair
(L̃, n).
Another way to define the degree is the following: The category of vector bundles
on Xperf is equivalent to colimF ∗X

(V ect(X)). Hence if E is a vector bundle on Xperf ,

then there is a vector bundle Ẽ on X, such that for some n ≥ 0, E = π∗nẼ, where
πn : Xperf → X denotes the structure map to the n-th copy of X. We then have

deg(E) = deg(Ẽ)
pn

. For this note that we have πn ◦ F n
X = πX , and if L̃ is a line bundle

on X, one has L̃⊗p
n

= F n∗
X L̃. Hence, if L = π∗nL̃ we get L⊗p

n
= π∗nF

n∗
X L̃ = π∗XL̃, so

the two notions of degree coincide.

The slope defines a map µp : V ectn(Xperf )→ Q. A general theory of slope func-
tions and associated Harder-Narasimhan filtrations has been developed in [And09].

Lemma 1.2.15. µp is a slope function in the sense of [And09, Def. 1.3.1].
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Proof. As V ectn(Xperf ) is an abelian category we only need to check condition (2)
in loc. cit., i.e. that the degree is additive on exact sequences. But again, any exact
sequence of locally free sheaves on Xperf will descend to an exact sequence on some
copy of X. Then the additivity follows from the additivity of the degree there.

Proposition 1.2.16. A vector bundle E on X is strongly semistable if and only if
the pullback π∗XE is semistable with respect to µp.

Proof. Assume that E is strongly semistable. If E ′ ⊂ π∗XE is destabilizing, then this

means that, for some n ≥ 0, we have E ′ = π∗nẼ
′ and µ(Ẽ′)

pn
> µ(E). But (after pos-

sibly enlarging n) we can assume that Ẽ ′ ⊂ F n∗
X E. But, since µ(F n∗

X E) = pnµ(E),
this contradicts the strong semistability of E.
Conversely, any destabilizing E ′ ⊂ F n∗

X E gives rise to a destabilizing subsheaf
π∗nE

′ ⊂ π∗XE.

In particular for any locally free sheaf on Xperf there exists a Harder-Narasimhan
filtration for µp. The following important technical result of Langer is then a formal
consequence:

Theorem 1.2.17. [Lan04, Theorem 2.7] For any vector bundle E on X there
is some n ≥ 0 such that the Harder-Narasimhan filtration of F n∗

X E has strongly
semistable quotients.

Proof. Again as the category of vector bundles on Xperf is the colimit of copies of the
category V ect(X) along Frobenius pullbacks, one sees that the Harder-Narasimhan
filtration for µp on Xperf descends to a filtration Fil• ⊂ F n∗

X E for some n >> 0.
By proposition 1.2.16 all the graded pieces are strongly semistable with descending
slopes. As the Harder-Narasimhan filtration is unique it must then coincide with
Fil•.

Remark 1.2.18. With a bit more care it is actually also possible to treat the case of
torsion-free sheaves.

1.2.2 Numerically flat vector bundles

We will recollect some facts about numerically flat vector bundles. For most of the
material we refer to [Lan11]. For the rest of this section k denotes a perfect field.

Definition 1.2.19. Let X be a proper scheme over k. A vector bundle E on X is
called numerically effective (nef) if OP(E)(1) is a nef line bundle on the associated
projective bundle P(E).
E is called numerically flat if both E and its dual E∨ are nef.

Remark 1.2.20. • Let E be a vector bundle on a proper scheme X over k. The
property of being nef or numerically flat is invariant under pullbacks along
surjective maps. Precisely, E is nef (numerically flat) if and only if f ∗E is nef
(numerically flat) for a surjective map f : Y → X of proper k-schemes.
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Definition 1.2.21. A vector bundle E on a proper scheme X over k is called Nori-
semistable if for all morphisms f : C → X, where C is a smooth and proper curve,
the pullback f ∗E is semistable of degree 0.

Proposition 1.2.22. Let X be a proper scheme over k and E a vector bundle on
X. Then E is numerically flat if and only if it is Nori-semistable.

As we did not find a good reference for the proof we will provide it here.

Proof. We prove the following

Claim. [Lan11, §1.2] A vector bundle E is nef if and only if µmin(f ∗E) ≥ 0 for all
morphisms f : C → X from smooth projective curves to X. Recall that µmin(f ∗E)
denotes the minimum of the slopes of quotients of f ∗E.

For this, recall that P(E) represents the functor which associates to an X-scheme
g : T → X the set of isomorphism classes of line bundle quotients g∗E � L, and
OP(1) is the universal quotient.
Assume that µmin(f ∗E) ≥ 0 for all maps f : C → X from projective smooth
curves. Then in particular, for any curve C ⊂ P(E) the pullback of O(1) to the
normalization C̄ → C must have non-zero degree. This implies that O(1) is nef.
Now assume that E is nef. Then in particular f ∗E is nef for any smooth projective
curve f : C → X. So one has to show that any nef vector bundle on a smooth
projective curve has no quotients with negative slope:
So assume X is a smooth projective curve and E nef on X, and E � Q is a quotient
bundle. Then note first of all that there is a natural embedding P(Q) ⊂ P(E) of
projective bundles, such that OP(E)(1) restricts to OP(Q)(1). From this it follows that
Q is nef. So we are left to show that any nef vector bundle on a smooth projective
curve has non-zero degree. But this is clear.
Applying the claim to E and its dual E∨ everything follows.

Remark 1.2.23. Using the characterization via Nori-semistability one can easily
prove that a vector bundle E is numerically flat if and only if Ek′ is numerically
flat on Xk′ for any field extension k′ of k. Namely, this follows from the invari-
ance of semistablity with respect to arbitrary field extensions (see [HL10, Theorem
1.3.7]).

Definition 1.2.24. Let X be a proper scheme over a perfect field k. We denote the
category of numerically flat vector bundles by NF (X).

Proposition 1.2.25. The category NF (X) is closed under taking duals, internal
homs, tensor products and extensions.
If x̄ : Spec(k̄) → X is a geometric point of X, and Fibx̄ : NF (X) → V eck̄ is the
fiber functor taking a numerically flat bundle E to the fiber Ex̄ over x̄, then the pair
(NF (X), F ibx̄) is a neutral Tannakian category.

Proof. All the statements can be found in [Lan11], or can be easily deduced by using
the previous proposition.
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By the Tannakian formalism the pair (NF (X), F ibx̄) gives rise to a group scheme
πS1 (X, x̄), which in the positive characteristic case has been extensively studied in
[Lan11]. Moreover it is shown in loc. cit. that in the smooth projective case
numerical flatness is equivalent to strong semistability of degree 0. More precisely:

Proposition 1.2.26. [Lan11, Proposition 5.1] Let X be smooth and projective over
a perfect field k of characteristic p, and assume that X is of dimension n. Then
a vector bundle E is numerically flat, if and only if E is strongly semistable with
respect to some ample divisor H, and c1(E) ·Hn−1 = c2(E) ·Hn−2 = 0.

Note that the last property does not depend on the polarization H.

Remark 1.2.27. In characteristic 0 the numerically flat vector bundles are the semistable
vector bundles with vanishing Chern classes. In positive characteristic this latter
category is not as well behaved, in particular it is not a tensor category.

Definition 1.2.28. A family {Fi} of coherent sheaves on a scheme X over some
base S is called bounded, if there exists a flat family F of coherent sheaves over
X ×S T , such that T is of finite type over S, and all Fi arise as fibers of F .

One can then use the fundamental results from [Lan04] to show that the isomor-
phism classes of numerically flat vector bundles on a smooth projective variety is a
bounded family. More generally one has:

Proposition 1.2.29. [Lan12, Theorem 1.1] The family of numerically flat bundles
on a normal projective variety is bounded.
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Chapter 2

Pro-étale trivializable modules
and representations

Let X be a connected proper rigid analytic variety over a complete algebraically
closed non-archimedean extension C of Qp. In this chapter we will introduce a cat-
egory of locally free O+

X-modules to which one can functorially attach continuous
representations of π1(X). This will be the category of modules whose p-adic com-
pletion is trivialized on a profinite étale cover of X. We then single out a class of
modules (which we call Frobenius-trivial) for which such a trivializing cover always
exists.

Notation Let Γ be the value group of C and denote by logΓ ⊂ R the induced
subset given by taking the logarithm with base |p|. Then for any ε ∈ logΓ we choose
an element pε ∈ C, which satisfies |pε| = |p|ε.
Moreover we fix a pseudouniformizer t in the tilt OC[ such that t] = p.
Whenever we speak about almost mathematics we mean almost mathematics with
respect to the maximal ideal m ⊂ OC.
We denote by Cp the completion of a fixed algebraic closure Q̄p of the field of p-adic
numbers.

2.1 Representations attached to O+
X-modules

Fix a Spa(C,OC)-valued point x of X. We will show how to attach a continuous
OC-representation of π1(X) := π1(X, x) to an O+

X-module E+ for which the p-adic

completion Ê+ = lim←−E
+/pn is trivialized on a profinite étale cover.

Let X be a proper and connected rigid analytic space over Spa(C,OC). Then
the only global functions are the constant ones, i.e. Γ(X,OX) = C. As Γ(X,O+

X)
consists of the functions f for which

∣∣f(x)
∣∣ ≤ 1 for all x ∈ X, we see that Γ(X,O+

X) =

OC. Similarly one has Γ(X, Ô+
X) ⊂ Γ(X, ÔX). And at the same time Γ(X, Ô+

X) is

almost isomorphic to OC by theorem 1.1.71. So we must have Γ(X, Ô+
X) = OC.

We first record the following

Lemma 2.1.1. Let Ỹ = lim←−i Yi → X be profinite étale, and let E+ be a locally free

O+-module, such that Ê+|Ỹ is trivial. Then for any n ≥ 1 there exists some i, such
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that E+/pn becomes trivial on Yi.

Proof. Let ν : Xproét → Xét denote the canonical projection. There exists a locally

free O+
Xét

-module F , such that ν∗F = E+. Hence we also have Ê+/pn = ν∗(F/pn).

But then by [Sch13a, Lemma 3.16] Ê+/pn is the sheaf given by Ê+/pn(V ) = lim−→j
F/pn(Vj)

for any qcqs object V = lim←−j Vj ∈ Xproét.

Claim. The category of finite locally free O+

Ỹ
/pn-modules is the colimit over the

categories of finite locally free O+
Yi
/pn-modules.

As all Yi are quasi-compact and quasi-separated we have that Ỹ is qcqs by
[Sch13a, Lemma3.12] (v). Now we can use the standard arguments: For one direction
note that if E , E ′ are locally free O+

Yi
/pn-modules for some i, then by what we said

above

Hom(EỸ , E ′Ỹ ) = Hom(E , E ′)(Ỹ ) = lim−→j≥iHom(E , E ′)(Yj) = lim−→j≥iHom(EYj , E ′Yj).

By this we get that the pullback functor colimLF (O+
Yi
/pn) → LF (O+

Ỹ
/pn) is fully

faithful. Essential surjectivity follows because we can descend glueing data on pro-
étale covers because Ỹ is qcqs. We leave out the details.
Now from the above we see that the isomorphism (Ê+/pn)|Ỹ ∼= (Ô+

Ỹ
/pn)r descends

to an isomorphism (Ê+/pn)|Yi ∼= Ô+
Yi
/pn for some large enough i.

Lemma 2.1.2. Let X be proper, connected and Ỹ = lim←−i Yi → X be a profinite

étale cover where each Yi is connected. Then Γ(Ỹ , Ô+
X) = OC

Proof. Let O+a
X be the almost version of the integral structure sheaf on Xproét. theo-

rem 1.1.71 givesO+a
X /pn(Ỹ ) = lim−→i

O+a/pn(Yi) = OaC/pn (As the Yi are all connected
the direct limit is taken along isomorphisms). As the inverse limit of sheaves agrees
with the inverse limit of presheaves, we get Ô+a

X (Ỹ ) = OaC. But then again, as

Ô+
X(Ỹ ) ⊂ ÔX(Ỹ ) = C, we see that Ô+

X(Ỹ ) = OC

Remark 2.1.3. We wish to remark that if the Yi are connected, then so is Ỹ . For
this note that Ỹ is quasi-compact by [Sch13a, 3.12 (v)]. Now suppose that |Ỹ | =
V1 ∪ V2 for some open and closed V1, V2. Then V1 and V2 descend to closed subsets
V i0

1 , V i0
2 ⊂ Yi0 , for some i0, which cover |Yi0|. But then, since all Yi are connected,

f−1
ji0

(V i0
1 ) ∩ f−1

ji0
(V i0

2 ) is non-empty for all j ≥ i0. But V1 ∩ V2 = lim←−j≥i0 f
−1
ji0

(V i0
1 ) ∩

f−1
ji0

(V i0
1 ) and an inverse limit of non-empty spectral spaces along spectral maps is

non-empty.

We will now adjust the exposition in [DW17, §4] to our setting: Assume E+ is as
above, with p-adic completion Ê+ trivialized on some connected profinite étale cover
f : Ỹ = lim←−i Yi → X. In particular by the above lemma we get Γ(Ỹ , Ê+) ∼= (OC)r.

Now pick a point y : Spa(C,OC)→ Ỹ lying over x. As Ê+ is trivial on Ỹ we have

an isomorphism y∗ : Γ(Ỹ , Ê+)
∼=−→ Γ(x∗Ê+) = Ê+

x by pullback. For any g ∈ π1(X) we
get another point gy lying above x. We can then define an automorphism on Ê+

x by

Ê+
x

(y∗)−1

−−−→ Γ(Ỹ , Ê+)
(gy)∗−−−→ Ê+

x .
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By this we get a representation

ρ
(Ỹ ,y)

E+ : π1(X)→ GLr(Ê+
x ).

We need to show that this representation is continuous and independent of the
choices.

Lemma 2.1.4. Let Ỹ , y be as above. Let φ : Z̃ → Ỹ be a morphism of connected

objects in Xprofét, and let z be a point lying above y. Then ρ
(Ỹ ,y)

E+ = ρ
(Z̃,z)

E+ .

Proof. For any g ∈ π1(X), gz lies above gy. Then there is a commutative diagram

Ê+
x

(y∗)−1

//

=
��

Γ(Ỹ , Ê+)
(gy)∗

//

φ∗

��

Ê+
x

=
��

Ê+
x

(z∗)−1

// Γ(Z̃, Ê+)
(gz)∗

// Ê+
x

which gives the claim.

Proposition 2.1.5. The representation ρ
(Ỹ ,y)

E+ attached to E+ is continuous.

Proof. We need to show that, for all n ≥ 1, ρ
(Ỹ ,y)

E+ ⊗ OC/p
n factors through some

finite quotient of π1(X). Let Ỹ = lim←−i Yi be a presentation where each Yi → X is
connected finite étale. Then y corresponds to a compatible system yi of points of
Yi.
By lemma 2.1.1 Ê+/pn is trivialized on some Yi → X. On the almost level, we then
get Γ(Ỹ , E+/pn)a ∼= Γ(Yi, E+/pn)a ∼= (OaC/pn)r, where r denotes the rank of E+.
The reason here is again, that O+a

Yj
/pn(Yj) → O+a

Yj′
/pn(Yj′) is an isomorphism for

any transition map Yj′ → Yj.

We thus get a representation α
(Yi,yi)
n of π1(X) on the OC/p

n-module of almost ele-
ments (Ê+/pn)∗ via

(Ê+
x /p

n)∗
(y∗i )−1

−−−→ Γ(Yi, Ê+/pn)∗
(gyi)

∗

−−−→ ((Ê+
x /p

n)∗.

But now the natural map Γ(Ỹ , Ê+)/pn → Γ(Ỹ , E+/pn)∗ = Γ(Yi, E+/pn)∗ is injective
(after fixing a basis it is just given by the embedding (OC/p

n)r ↪−→ (OC/p
n)r∗).

This realizes ρ
(Ỹ ,y)

E+ ⊗OC/p
n as a subrepresentation of α

(Yi,yi)
n . But now there are of

course only finitely many points of Yi lying over x, so α
(Yi,yi)
n has finite image, hence

so has ρ
(Ỹ ,y)

E+ ⊗OC/p
n.

Lemma 2.1.6. The representation ρ
(Ỹ ,y)

E+ does not depend on (Ỹ , y).

Proof. We only need to show that the representation is independent of the point y,
the rest then follows from lemma 2.1.4.
Moreover it is enough to show that ρ

(Ỹ ,y)

E+ ⊗OC/p
n is independent of y for any n ≥ 1.

Let Ỹ = lim←−Yi be a presentation as before, and y correspond to a compatible system

of points yi of Yi. Assume that Ê+/pn becomes trivial on Yi. Then by the proof of

the previous proposition, ρ
(Ỹ ,y)

E+ ⊗ OC/p
n is a subrepresentation of α

(Yi,yi)
n , so it is
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enough to show that α
(Yi,yi)
n is independent of the point yi above x. Now consider

the Galois closure Y ′i → X of Yi. Again, as any point yi has a point y′i of Y ′i lying

above it, by lemma 2.1.4 it is enough to show that α
(Y ′i ,y

′
i)

n is independent of the
point y′i above x. But now the Galois group G of Yi → X acts simply transitively on
the points lying above x. Now one can immediately check as in the proof of [DW17,
lemma 4.5] that the representation is independent of the point y′i.

We thus see that we get a well defined continuous representation ρE+ associated
to E+.
We denote by Bpét(O+

X) the category of finite locally free O+
X-modules, whose p-adic

completion is trivialized on a profinite étale cover of X. One easily checks:

Lemma 2.1.7. The category Bpét(O+
X) is closed under taking tensor products, duals,

internal homs, exterior products and extensions.

Theorem 2.1.8. The association E+ 7→ ρE+ defines an exact functor

ρO : Bpét(O+
X)→ Repπ1(OC).

Moreover ρO is compatible with tensor products, duals, inner homs and exterior prod-
ucts, and for every morphism f : X ′ → X of connected proper rigid analytic spaces
over Spa(C,OC) we have ρf∗E+ = f ∗ρE+, where f ∗ρE+, denotes the composition

π1(X ′, x′)
f∗−→ π1(X, f(x′))

ρE+−−→ GLr(OC)

and x′ : Spa(C,OC)→ X ′ is a point of X ′.

Define by Bpét(OX) := Bpét(O+
X) ⊗ Q the category of finite locally free OX-modules

E for which there exists a locally free O+
X-module E+ with E+[1

p
] = E, and E+ ∈

Bpét(O+
X).

Passing to isogeny classes induces a functor

ρ : Bpét(OX)→ Repπ1(X)(C),

which is compatible with tensor products, duals, inner homs and exterior products.

Proof. The functoriality of the construction is clear. Let E+
1 , E+

2 ∈ Bpét(O+
X) be

such that Ê+
1 is trivialized on Ỹ 1 = lim←−i Y

2
i and Ê+

2 is trivialized on Ỹ 2 = lim←−i Y
2
i .

Then the tensor product Ê+
1 ⊗Ô+

X
Ê+

2 is trivialized on Ỹ 1 ×X Ỹ 2. Note that here

Ê+
1 ⊗Ô+

X
Ê+

2 is indeed the p-adic completion of E+
1 ⊗O+

X
E+

2 . Now Ê+
1 ⊗Ô+

X
Ê+

2 is trivial

on Ỹ 1 ×X Ỹ 2. But then the canonical map

Γ(Ỹ 1 ×X Ỹ 2, Ê+
1 )⊗OC

Γ(Ỹ 1 ×X Ỹ 2, Ê+
2 )→ Γ(Ỹ 1 ×X Ỹ 2, Ê+

1 ⊗Ô+
X
Ê+

2 )

is an isomorphism. Using lemma 2.1.4 we get the claim. The compatibility with the
other operations also follows easily.
For compatibility with pullbacks, note that if Ê+ is trivial on a profinite étale cover

Ỹ → X, then (̂f ∗E+) becomes trivial on the pullback ỸX′ . By pullback one has an
isomorphism
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Γ(Ỹ , Ê+)
∼=−→ Γ(ỸX′ , f̂ ∗E+).

Denote by prỸ : ỸX′ → Ỹ the projection. Then for any g ∈ π1(X ′, x′) and point y′

of ỸX′ above x′, one has prỸ (gy′) = f ′∗(g)y′ and there is a commutative diagram

Ê+
f(x′)

(prỸ (y′)∗)−1

//

f∗

��

Γ(Ỹ , Ê+)
prỸ (gy′)∗

//

pr∗
Ỹ

��

Ê+
f(x′)

f∗

��

Ê+
x′

(y′∗)−1

// Γ(ỸX′ , ˆf ∗E
+

)
(gy′)∗

// Ê+
x′ .

2.1.1 OCp
-local systems and full faithfulness

For this section we assume that (C,OC) = (Cp,OCp). Let again X denote a proper,
connected rigid analytic variety over Spa(Cp,OCp). Recall that we have a functor

L 7→ L⊗ Ô+
X from LSOCp

(X) to LF (Ô+
X).

Lemma 2.1.9. Let E+ ∈ Bpét(O+), and let L be the ÔCp-local system corresponding

to ρE+. Then Ê+ ∼= Ô+
X ⊗ÔCp

L.

Proof. We can compare the gluing data: Assume that Ê+ is trivialized on Ỹ → X,
a connected profinite étale cover. By the discussion above we then have a π1(X, x)-

equivariant isomorphism Γ(Ỹ , Ê+)
∼=−→ Ê+

x = L|Ỹ , where Γ(Ỹ , Ê+) := lim←−Γ(Ỹ , Ê+/pn),

where Γ(Ỹ , Ê+/pn) denotes the constant sheaf onXproét/Ỹ associated to Γ(Ỹ , Ê+/pn)

and similarly Ê+
x := lim←−Ê

+
x /p

n. From this one also gets a π1(X)-equivariant isomor-
phism

φ : Ê+|Ỹ = Γ(Ỹ , Ê+)⊗ Ô+

Ỹ

∼=−→ (L⊗ Ô+
X)|Ỹ .

Then modulo pn this equivariant isomorphism descends to some Yi. Pulling back to
the Galois closure Y ′i → X we get a π1(X)-equivariant isomorphism

Ê+/pn|Y ′i ∼= (Ô+ ⊗ L)/pn|Y ′i .

But here the π1(X)-action is through the quotient Gop, where G denotes the Galois
group of Yi → X. But then the isomorphism desends to an isomorphism Ê+/pn ∼=
(Ô+ ⊗ L)/pn.
So φ mod pn descends to X for all n, hence so does φ.

Theorem 2.1.10. Assume that X is seminormal.Then the functor

ρ : Bpét(OX)→ Repπ1(X)(Cp)

is fully faithful.

Proof. Let E ∈ Bpét(OX). By lemma 2.1.9 we see that λ∗E ⊗ ÔX ∼= ÔX ⊗ LE.
Since X is seminormal, by corollary 1.1.61 we have λ∗(λ

∗E ⊗ ÔX) ∼= E. Thus
L 7→ λ∗(ÔX ⊗ L) gives a quasi-inverse to ρ.
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As already remarked in the last proof, we see that the vector bundles E in
Bpét(OX) are precisely the vector bundles for which there exists an ÔCp-local system

L such that E ⊗ ÔX ∼= ÔX ⊗ L. We borrow the following terminology from [Xu17,
Definition 10.3].

Definition 2.1.11. A vector bundle E is called Weil-Tate if there exists an ÔCp-

local system L such that E ⊗ ÔX ∼= ÔX ⊗ L.
Similarly the ÔCp-local systems L that are associated to vector bundles in this sense,
are also called Weil-Tate.

Remark 2.1.12. Let X be a smooth rigid analytic variety over Spa(K,OK) for K
a finite extension of Qp. In [LZ16] Liu and Zhu have introduced a functor from

the category of arithmetic Ẑp-local systems on X to the category of nilpotent Higgs
bundles on X

K̂
. Recall that a Higgs-bundle is a vector bundle E on X

K̂
together

with an endomorphism valued 1-form, i.e. a section φ ∈ H0(End(E)⊗Ω1), satisfying
the integrability condition φ ∧ φ = 0.
We give a quick recollection of their construction. Let OBdR be the de Rham
structure sheaf defined in [Sch16]. It carries a flat connection ∇ (acting trivially
on BdR) and a filtration coming from the usual filtration on BdR. Then define
OC = gr0(OBdR).
Let ν ′ : Xproét/XK̂

→ (X
K̂

)ét denote the natural projection. Then for any Ẑp-local
system L the associated Higgs bundle is defined to be H(L) = ν ′∗(OC⊗Ẑp

L), with
Higgs field θL coming from the Higgs field on OC. Note that OC carries a Higgs
field coming from the associated graded of ∇.
One may try to write down this functor for geometric local systems, i.e. we will
consider the functor H(L) = ν ′∗(OC⊗ÔCp

L) for OCp-local systems on X ˆ̄K
.

We wish to show that our constructions are compatible with this functor. In general,
proving that this functor actually gives a Higgs bundle is a complicated endevour,
and is what occupies the large part of §2 in [LZ16] (for arithmetic local systems).
In our case however this is immediate, as the local system is already attached to a
vector bundle.
More precisely we have the following result (compare also with [Xu17, Proposition
11.7]):

Proposition 2.1.13. Let X be a smooth proper rigid analytic variety over Spa(K,OK).
Let E be a Weil-Tate vector bundle on X

K̂
, viewed as a sheaf on the étale site. Let

L be the ÔCp-local system associated to E.
Then ν ′∗(OC⊗ L) ∼= E, with vanishing Higgs field θL = 0.

Proof. We have (̂ν ′∗E) ∼= ÔX ⊗ L. We have gr0BdR = ÔX
K̂

, hence ÔX
K̂
⊂ OC (see

[Sch13a, Prop. 6.7]). Then OC⊗L = (̂ν ′∗E)⊗ÔX
K̂

OC. Since ν∗OC = OXét
we get

ν ′∗(OC⊗ L) ∼= E.
For the claim θL = 0, note that the Higgs field on OC is trivial on ÔX

K̂
(as it comes

from the connection∇ on OBdR which is trivial on BdR). But then the induced Higgs

field on H(L) = ν ′∗((̂ν
′∗E) ⊗ÔX

K̂

OC) is simply obtained by trivially extending the

Higgs field from ν ′∗OC = OXét
. But this is the zero Higgs field.
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2.2 Frobenius-trivial modules

In this section we will deal with O+
X-modules whose mod p reduction is trivialized by

some Frobenius pullback. Let E be an O+
X/p-module. Then E is called Fm-trivial,

if Φm∗E ∼= (O+
X/p)

r. The goal of this section is to show that all such modules lie in
Bpét(O+

X).
We have the following (Recall that t ∈ O[C, such that |t]| = |p|):

Lemma 2.2.1. The Frobenius induces an equivalence of categories

{Fm-trivial locally free O+
X/p-modules }

←→
{locally free Ô+

X[/t
pm-modules trivial mod t}

Proof. There is a commutative diagram

Ô+
X[

θ
��

Φ̃ // Ô+
X[

θ
��

Ô+
X[/t

Φ // Ô+
X[/t.

As θ is surjective, we see that θ∗θ∗M = M for any Ô+
X[/t-module M. Here θ∗

denotes the restriction of scalars. But then using the commutativity of the diagram
above we see that (Φ̃m)∗ defines the desired functor with quasi-inverse given by
(Φ̃−m)∗.

Remark 2.2.2. One also sees in the same manner that we also have an equivalence
of categories

{ mod p Fm-trivial locally free Ô+
X-modules }

←→
{ locally free Ainf,X/Φ̃(ξ)-modules trivial mod (ξ, p)}

where Ainf,X = W (Ô+
X[), and now Φ̃ denotes the Frobenius on Ainf,X .

Theorem 2.2.3. Let E+ be a locally free O+
X-module of rank r such that E+/p is

Fm-trivial. Then there exists a profinite étale cover Ỹ = lim←−n Yn → X such that

Ê+|Ỹ ∼= (Ô+
X |Ỹ )r.

Proof. Assume first that m = 0, so that E+/p is trivial. We want to show that
E+/pn becomes trivial after passing to a further finite étale cover. We have an exact
sequence:

0→Mn(I)→ GLr(O+
X/p

2)→ GLr(O+
X/p)→ 1.

where I = (p)O+
X/p

2 and the first map is given by A 7→ 1 +A. Taking cohomology
we get an exact sequence

H1(Mn(I))→ H1(GLr(O+
X/p

2))→ H1(GLr(O+
X/p))
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Pick a pro-étale cover {Ui} of X on which E+ becomes trivial. Using the exact
sequence above plus the fact that E+/p is trivial we see that E+/p2 is (after possibly
refining the cover {Ui}) defined by a cocycle of the form (id + gij)ij on the over-
laps Ui ×X Uj, where (gij) defines a class in H1(Mn(I)). Since O+

X is p-torsion free
we have an isomorphism of pro-étale sheaves I ∼= O+

X/p. Hence by the primitive
comparison theorem 1.1.71 we see that H1(Mn(I)) = Mn(H1(I)) is almost isomor-
phic to Mn(H1(Xét,Fp) ⊗ OC/p). But the classes in the latter cohomology group
become zero on suitable finite étale covers. Hence we can assume that the class
defined by (gij) is almost trivial, which means that pεgij becomes a coboundary for
any ε ∈ logΓ. Write pεgij = p(γj − γi), where the γi are matrices with entries in
O+/p2(Ui). Then p1−ε(γj − γi) − gij is divisible by p2−ε. Hence gij is given by a
coboundary modulo p2−ε, so E+/p2−ε is trivial. Inductively we see that E+ can be
trivialized on suitable finite étale covers modulo pn−

∑
εn , where we can choose the

sequence εn in such a way that εn → 0 as n goes to infinity, hence giving the claim.

Now assume that Φm∗(E+/p) is trivial for some m > 0. Using lemma 2.2.1 we
see that F = Φ̃m∗(E+/p) is a locally free Ô+

X[/t
pm-module trivial mod t. The ob-

struction for triviality of F/t2 lies again in Mn(H1(Ô+
X[/t)) = Mn(H1(O+

X/p)). Now
applying the same arguments as in the first part of the proof, we see that F becomes
trivial on a finite étale cover Y → X. But then, applying (Φ̃−m)∗, we see that E+/p
becomes trivial on Y as well.

We found out, that the idea for the first part of the proof of the last theorem is
essentially already contained in [Fal05, §5].

Remark 2.2.4. For generalities about non-abelian cohomology on sites, which were
used in the last proof, we refer to [Gir71] (in particular [Gir71, III Proposition 3.3.1]).
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Chapter 3

The Deninger-Werner
correspondence

We will use the results from the previous section to give a new approach to the
Deninger-Werner correspondence, which works for general (seminormal) proper rigid
analytic varieties.

3.1 Numerically flat vector bundles over finite fields

We want to generalize the results from [DW17, §2] on numerically flat vector bundles
over finite fields to the non-projective case. For any Fp-scheme Y we will denote by
FY the absolute Frobenius morphism of Y . For a vector bundle E on Y we denote
its dual by E∨. In particular we see that, if E is numerically flat, F n∗

Y E is also
numerically flat for all n ≥ 0.
The main goal of this section is to generalize a structure theorem for numerically
flat bundles ([DW17, Theorem 2.2]) to non-projective proper schemes. As we will
later study formal models over Spf(OCp) we will actually immediately deal with the
situation of a proper scheme over OCp/p.

Theorem 3.1.1. Let Y be a proper connected scheme over Spec(OCp/p) and let E
be a vector bundle on Y .
Then E⊗ F̄p is numerically flat on Y ×Spec(OCp/p)

Spec(F̄p) if and only if there exists
a finite étale cover f : Y ′ → Y , and an e ≥ 0 such that F e∗

Y ′f
∗E ∼= OrY ′.

Assume first that we are on a normal projective scheme over a finite field Fq.
Then recall from proposition 1.2.29 that the numerically flat sheaves on a normal
projective variety is bounded. Hence they all arise as fibers of a family over a finite
type scheme T . But then over a finite field there are only finitely many rational
points of a finite type scheme, so T (Fq) is finite. This is generalized by Deninger-
Werner to the following:

Proposition 3.1.2. [DW17, Theorem 2.4] Let Y be a projective connected scheme
over Fq. Then the set of isomorphism classes of numerically flat vector bundles of
fixed rank r on Y is finite.

42



From this it follows that for any numerically flat bundle E there exist numbers
r > s ≥ 0, such that F r∗

Y E
∼= F s∗

Y E, i.e. one obtains a Fobenius structure on some
Frobenius pullback of E. One then concludes with the following

Theorem 3.1.3. [LS77, Satz 1.4][Kat73, Proposition 4.1] Let Z be any Fp-scheme
and G a vector bundle on Z for which there exists an isomorphism F n∗

Z G ∼= G for
some n > 0. Then there is a finite étale cover of Z on which G becomes trivial.

Applying the above theorem to F
(r−s)∗
Y E one obtains a finite étale cover φ : Y ′ →

Y , such that F
(r−s)∗
Y ′ φ∗E ∼= φ∗F

(r−s)∗
Y E is trivial.

As the author knows of no way to bound vector bundles on non-projective schemes,
we are not able to show finiteness of isomorphism classes as in proposition 3.1.2.
The proof of theorem 3.1.1 will instead be an application of v-descent for perfect
schemes as established in §1.2.2:

Proof of theorem 3.1.1. Let Y be proper connected over OCp/p and E a vector bun-
dle on Y . By standard descent results for finitely presented modules, we can assume
that Y and E descend to (Y ′, E ′) over OK/p for some finite extension K/Qp. Let
π ∈ OK be a uniformizer and OK/π = Fq. Assume first that Y ′ is projective. Then
the following argument is essentially already contained in the proof of Theorem 2.2
in [DW17]:
By proposition 3.1.2 there are only finitely many numerically flat bundles on Y ′ ×
Spec(Fq) up to isomorphism. But Y ′ is an infinitesimal thickening of Y ′× Spec(Fq)
(as OK/p is an Artin ring). But then the lifts of a fixed vector bundle G on
Y ′ × Spec(Fq) to Y ′ are parametrized by a finite dimensional vector space over
Fq. This means that there are only finitely many vector bundles of rank r on Y ′,
whose reduction mod π is numerically flat. As F n∗

Y ′E
′ lies in this set for all n ≥ 0,

we find some natural numbers r > s ≥ 0 such that F r∗
Y ′E

′ ∼= F s∗
Y ′E

′.
Now assume that Y ′ is proper but not projective. By Chow’s lemma we can find
a proper surjective cover f : Z → Y ′, where Z is projective over OK/p. Then
f ∗E ′ is a numerically flat vector bundle. We have the canonical gluing datum
φcan : pr∗1(f ∗E ′) → pr∗2(f ∗E ′), where pr1, pr2 : Z ×Y ′ Z → Z denote the canonical
projections.

Claim. The set M = { descent data (G, φ) wrt f , where G is numerically flat of rk
r }/Iso is finite.

The claim follows from the fact that G runs through finitely many isomorphism
classes, and φ lies in the finite Fq-vector space HomZ×Y ′Z

(pr∗1G, pr
∗
2G).

As Frobenius commutes with all maps, FZ acts on M . Hence we get an isomorphism

Ψ : F r∗
Z (f ∗E ′, φcan) ∼= F s∗

Z (f ∗E ′, φcan)

for some natural numbers r > s ≥ 0. Now of course Ψ will in general not descend to
an isomorphism between F r∗

Y ′E
′ and F s∗

Y ′E
′. But by theorem 1.2.6, after passing to

the perfection, we see that fperf : Zperf → Y ′perf satisfies effective descent for vector
bundles. Hence π∗Z(Ψ) descends to an isomorphism π∗Y ′(F

r∗
Y ′E

′) ∼= π∗Y ′(F
r∗
Y ′E

′), where
πZ : Zperf → Z and πY ′ : Y ′perf → Y ′ denote the canonical projections.
But the category of (descent data of) vector bundles on Zperf is the colimit of
the categories of (descent data of) vector bundles on copies of Z along Frobenius
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pullbacks. But then we see that Ψ already becomes effective after a high enough
Frobenius pullback. This gives an isomorphism F n∗

Y ′ F
r∗
Y ′E

′ ∼= F n∗
Y ′ F

s∗
Y ′E

′ for some
n >> 0.

3.2 The Deninger-Werner correspondence for rigid

analytic varieties

In this section we will prove our main result, which is the construction of p-adic
representations attached to vector bundles with numerically flat reduction on an
arbitrary proper connected (seminormal) rigid analytic variety X. Moreover we will
later show that our representations coincide with the ones constructed in [DW17]
whenever X is the analytification of a smooth algebraic variety over Qp.
We will treat the integral and rational case simultaneously. So let X be a proper
connected admissible formal scheme over Spf(OCp) with generic fiber X.

Definition 3.2.1. Define Bs(X ) to be the category of vector bundles E on X for
which E ⊗ Fp is a numerically flat vector bundle.
Similarly, we define Bs(X) to be the category of vector bundles on X for which there
exists an integral formal model with numerically flat reduction.

We remark the following (compare with [DW17, §9]):

Lemma 3.2.2. The categories Bs(X) and Bs(X ) are closed under tensor products,
extensions, duals, internal homs and exterior powers.

Proof. The claim for Bs(X ) follows from the analogous statement for numerically
flat vector bundles on a proper scheme, which is well known (alternatively it can be
deduced from theorem 3.1.1).
For Bs(X), we just note that by the fundamental results of Raynaud, for any two
formal models X ,Y of X, there exists an admissible blowup X ′ → X , together
with a morphism X ′ → Y (which can actually also be assumed to be an admissible
blowup), which also induces an isomorphism on the generic fiber.
Using this the claim follows.

Recall that we have a canonical projection µ : Xproét → XZar. For any E ∈
V ect(X ) we again denote by E+ := µ−1E ⊗µ−1OX O

+
X its pullback to the pro-étale

site.

Proposition 3.2.3. For any E ∈ Bs(X ), the pullback to the pro-étale site E+ is
contained in Bpét(O+

X).

Proof. By theorem 3.1.1 there exists a finite étale cover f : Y0 → X × Spec(OCp/p)
such that F e∗

Y0
f ∗(E/p) is trivial for some e ≥ 0. We can lift f to a finite étale cover

Y → X . Denote by Y the generic fiber of Y . Then E+|Y is F e-trivial. Hence by
theorem 2.2.3 we have E+ ∈ Bpét(O+

X).

So pullback to the pro-étale site gives a functor Bs(X ) → Bpét(O+
X). Using

theorem 2.1.8 we get our main result:
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Theorem 3.2.4. The composition Bs(X )
µ∗−→ Bpét(O+

X)
ρO−→ Repπ1(X)(OCp) is an

exact functor of tensor categories

DW : Bs(X )→ Repπ1(X)(OCp)

compatible with duals, internal homs and exterior products. Moreover, for any mor-
phism f : Y → X of proper admissible formal schemes over Spf(OCp), with generic
fiber fCp

: X → Y , the following diagram commutes:

Bs(X )

f∗Cp
��

DW // Repπ1(X)(OCp)

f∗Cp
��

Bs(Y) DW // Repπ1(Y )(OCp).

Proof. Everything follows from theorem 2.1.8 and lemma 1.1.62.

Using theorem 2.1.10 we see that:

Corollary 3.2.5. The tensor functor

DWQ : Bs(X)→ Repπ1(X)(Cp)

is compatible with duals, internal homs and exterior products, and commutes with
pullbacks along arbitrary morphisms of proper connected rigid analytic varieties.
Moreover, DWQ is fully faithful.

In the language of [Xu17], proposition 3.2.3 implies that all vector bundles with
numerically flat reduction are Weil-Tate (compare definition 2.1.11). The case of
curves has already been dealt with in [Xu17, Corollaire 14.5] (using the Faltings
topos). All Weil-Tate vector bundles are semistable in the following sense: (compare
with [DW17, Theorem 9.7])

Proposition 3.2.6. Let E be a vector bundle on X such that λ∗E⊗ÔX is trivialized
by a profinite étale cover. Then f ∗E is semistable of degree 0 for every morphism
f : C → X where C is s smooth projective curve.

Proof. We have to show that any vector bundle E on a smooth projective curve
for which λ∗E ⊗ ÔX is profinite étale trivializable, is semistable of degree 0. So
assume that X is a curve of genus g, and that Ỹ = lim←−Yi → X is a profinite étale

cover trivializing λ∗E ⊗ ÔX . If Ỹ stabilizes, i.e. if λ∗E ⊗ ÔX becomes trivial on
some finite étale cover fi : Yi → X, then the pullback f ∗i E to Yi is also trivial
(as λYi∗ÔYi = O(Yi)an), so in particular semistable of degree 0. But then E is also

semistable of degree 0. So assume that Ỹ does not stabilize. We can assume that
deg(E) ≥ 0 (otherwise pass to the dual bundle). Let r be the rank of E. Assume
that L ⊂ E is destabilizing. By passing to exterior powers we can assume that L
is a line bundle, and by passing to tensor powers we can assume that deg(L) ≥ g.
Then by Riemann-Roch dimCpΓ(Yi, f

∗
i L) ≥ deg(fi), where fi is the finite étale map

Yi → X. As Ỹ does not stabilize, deg(fi) must grow to infinity. But lim−→Γ(Yi, f
∗
i L) =

Γ(Ỹ , L) ⊂ Γ(Ỹ , E) ⊂ Γ(Ỹ , E ⊗ ÔX) = Cr
p.

In the same way one may check that the degree of E must be 0.
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If X is an algebraic variety the proposition says that E is numerically flat. In
general, if X is not algebraic, one may expect that E is semistable with respect to
any polarization on the special fiber of a formal model in the sense of [Li17]. We do
not pursue this question here.

3.2.1 The case of line bundles

We will show that line bundles on a rigid analytic variety X over Cp which are
deformations of the trivial bundle over a connected quasi-compact base are Weil-
Tate. In case the Picard functor is representable and its identity component Pic0

X

is bounded, this implies that all line bundles in Pic0
X(Cp) are Weil-Tate. General

representability results for the Picard functor have been announced in [War17] (see
in particular Theorem 1.0.2 in loc. cit.). If PicX is representable and in addition X
is proper smooth and admits a formal model whose special fiber is projective, then
the properness of Pic0

X is ensured by [Li17, Theorem 1.1].
More generally we will prove that any line bundle L for which some tensor power is
a qc connected deformation of the trivial bundle gives rise to a local system.

Definition 3.2.7. Let X be a proper connected rigid analytic variety over Cp. Then
a line bundle L on X is said to be analytically equivalent to OX over T , where T is
a connected rigid-analytic variety over Cp, if there exists a line bundle L̃ on X × T ,
such that both L and OX occur as fibers of L̃.
We call a line bundle L τ -equivalent to OX if some tensor-power of L is analytically
equivalent to OX .

Remark 3.2.8. If PicX is representable, one may check that the line bundles, which
are analytically equivalent to the trivial bundle, are precisely the ones in Pic0

X(Cp).
In this case let φn : PicX → PicX denote the n-th power map. The group adic space
PicτX :=

⋃
n≤1 φ

−1
n (Pic0

X) ⊂ PicX , is called the torsion component of the identity.
As in the case of schemes (see [Kle14, §6]) one sees that, if PicX is representable,
PicτX is also representable by an open subgroup adic space.
We do not need this here.

Lemma 3.2.9. Let Z be a proper, reduced and connected rigid analytic variety over
Spa(Cp,OCp), and let L be a line bundle on Z which is analytically equivalent to OZ
over a quasi-compact base T , then L has a formal model L on some Z, such that Ls
is numerically flat.

In case Pic0
Z exists and is proper, the lemma is equivalent to the claim that all

L ∈ Pic0
Z(Cp) have numerically flat reduction.

Proof. Let P be said family on Z × T . By assumption there exist points v :
Spa(Cp,OCp) → T and v0 : Spa(Cp,OCp) → T such that v∗P = L and v∗0P

∼= OZ .
Using the reduced fiber theorem from [BLR95] we can find a connected formal model
Z × T of Z × T , such that Z is proper connected and has reduced special fiber,
together with a locally free model P of P (by proposition 1.1.40).
Let ṽ, ṽ0 : Spf(OCp) → T be the specializations of v and v0. Moreover we can
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replace P by another model P̃ , for which some isomorphism (ṽ∗0P̃)Cp
∼= OZ extends

to an isomorphism ṽ∗0P̃ ∼= OZ : Namely, simply consider the pullback pr∗Z((ṽ∗0P)−1).
Then P ′ = pr∗Z((ṽ∗0P)−1)⊗ P does the job.
But then the special fiber of L = ṽ∗P is a deformation of the trivial line bundle over
a connected base. Using Chow’s lemma there is a proper surjective map π : Y → Zs,
where Y is a normal projective variety. Then Pic0

Y exists by classical results, and
all line bundles in Pic0

Y (F̄p) are numerically flat. Pulling back the family Ps along
π shows that π∗Ls lies in Pic0

Y (F̄p) and hence is numerically flat. But then Ls is
numerically flat as well.

The following proposition shows that every line bundle L on a smooth proper
rigid analytic space, which lies in the torsion component, is associated to a Cp-local

system. We define Ĉp := ÔCp [1
p
], as sheaves on the proétale site, and say that a

vector bundle E is associated to a Cp-local system, if there exists a locally free

Ĉp-module L such that L⊗Ĉp
ÔX ∼= ÔX ⊗ λ∗E.

Proposition 3.2.10. Assume that X is proper smooth or the analytification of a
proper scheme over Spec(Cp), and that L is a line bundle such that L⊗n is Weil-Tate.

Then L is associated to a Ĉp local system M.

Proof. We use Kummer-theory on the pro-étale site. Let L be the ÔCp-local system
associated to L⊗n.

Claim. There is a commutative diagram

0 // µn //

=

��

Ô×Cp

x→xn //

��

Ô×Cp
//

��

0

0 // µn // Ô×X
x→xn // Ô×X // 0

of Kummer exact sequences.

The commutativity of the diagram is clear. Moreover so is exactness of the
upper sequence. For the lower sequence, note that as usual the only non-trivial part
is showing right exactness. This follows in the same way as exactness of the Artin-
Schreier sequence (for the tilted structure sheaf) proved in the proof of [Sch13a,
Theorem 5.1]: If U = lim←−Spa(Ai, A

+
i ) ∈ Xproét is affinoid perfectoid with associated

perfectoid space Û = Spa(A,A+) (i.e. (A,A+) is the completion of the direct limit of
the (Ai, A

+
i )), then ÔX(U) = A, and so any equation xn−a = 0 for fixed a ∈ ÔX(U),

can be solved by passing to a finite étale extension of A, which gives a finite étale
map of affinoid perfectoid spaces Ṽ → Û , say Ṽ = Spa(B,B+). But now by [Sch12,
Lemma 7.5] any finite étale cover of Û comes from a finite étale cover V → U in
Xproét, where then V is affinoid perfectoid (as an object in Xproét) with V̂ = Ṽ .

Hence ÔX(V ) = B, so we can find an n-th root of a by passing to the étale cover
V → U .
Now, taking pro-étale cohomology gives a commutative diagram
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H1(µn) //

=

��

H1(Ô×Cp
) //

��

H1(Ô×Cp
) //

��

H2(µn)

=

��

H1(µn) // H1(Ô×X) // H1(Ô×X) // H2(µn),

where the map H1(Ô×Cp
) → H1(Ô×X) is given by taking a rank 1 local system L to

ÔX ⊗ L.
By some diagram chasing one gets from this that there exists an OCp-local system
H such that H⊗n ∼= L. From this one sees that

(H⊗ ÔX)⊗n ∼= L⊗ ÔX ∼= (λ∗L⊗ ÔX)⊗n.

But then these sheaves become isomorphic on some finite étale Kummer cover π :
X ′ → X, so that λ∗X′(π

∗L)⊗ÔX′ = π∗proét(λ
∗
XL⊗ÔX) ∼= π∗proétH⊗ÔX′ . In particular

π∗L is Weil-Tate.
We conclude with the following lemma:

Lemma 3.2.11. Let π : X ′ → X be a finite étale cover and let E be a vector bundle
on X such that π∗E is associated to a ÔCp-local system K. Then E is associated to

a Ĉp-local system.

For this assume that π is Galois with Galois group G. We then have a canonical
Galois descent datum on π∗proét(E ⊗ ÔX) ∼= K⊗ ÔX′ . This induces a descent datum

on K, as K 7→ K ⊗ ÔX′ is fully faithful (by proposition 1.1.74), hence it descends
to some M on X and then, as the glueing datum is compatible with the one on
π∗proét(E ⊗ ÔX), one has M⊗ ÔX ∼= E ⊗ ÔX .

Corollary 3.2.12. If L is a line bundle on X which is τ -equivalent to OX over a
quasi-compact base, then L is associated to a Ĉp-local system.

If X is a normal algebraic variety, this Cp-local system admits a lattice, in which
case L is Weil-Tate.
We recall that if X is a projective scheme, then the line bundles in Picτ (X) are
precisely the numerically flat line bundles.

3.3 Étale parallel transport

In this section we wish to show that the discussion in section 3.1 can be upgraded
to construct étale parallel transport on pro-étale trivializable vector bundles. We
will then compare our construction to the one from [DW17]. This is in some sense
close to the discussion in [Xu17, §8], where the results from [DW05b] for the curve
case are recast in light of the Faltings topos. Note however that, in contrast to loc.
cit., even though we need to pass through almost mathematics, our final statement
(theorem 3.3.5) will be an honest isomorphism even at the integral level.
Recall that to any connected rigid analytic variety X over Cp we can associate a
topological groupoid Π1(X), whose objects are the Spa(Cp,OCp)-valued points of
X, and Hom(x, x′) = Isom(Fx, Fx′), where Fx denotes the finite étale fiber functor.
Let Freer(OCp), resp Freer(Cp) denote the topological groupoid of free rank r
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modules over OCp , resp Cp. Let E be a vector bundle on X. We say that E has
étale parallel transport if the association x 7→ Ex, can be extended to a functor
Π1(X)→ Freer(Cp). Similarly, for a locally free O+

Xan
-module E+, we say that E+

has étale parallel transport if x 7→ Γ(x∗E+) can be extended to a functor Π1(X)→
Freer(OCp).

Let E+ ∈ Bpét(O+
X), such that Ê+ is trivial on Ỹ . Let r denote the rank of E+. We

can define a functor

αÊ+Π1(X)→ Freer(OCp)

of pro-étale parallel transport on Ê+ as in [DW17, §4] (see also section 3): On
objects αÊ+ takes x ∈ X(Cp) to Ê+

x . On morphisms, if we have an étale path
γ ∈ MorΠ(X)(x, x

′), we can pick a Spa(Cp,OCp)-valued point y of Ỹ lying over x

, then γ induces a point y′ = γy over x′. Using triviality of E+ on Ỹ pulling back
global sections along y, y′ will then give isomorphisms

Ê+
x

y∗←− Γ(Ỹ , Ê+)
y′∗−→ Ê+

x′ ,

and so we let γ map to y′∗ ◦ (y∗)−1.
As in section 3.1 one can check that this is independent of the trivializing cover Ỹ
and the chosen point y. Furthermore one can check in a similar fashion as in section
3.1 that this is a continuous functor of topological groupoids. Fixing a base point
then gives back the representation from theorem 2.1.8.
Now, if E is a vector bundle on X such that the pullback λ∗E to the pro-étale site
lies in Bpét(OX) we can also define étale parallel transport on E: For any point
x : Spa(Cp,OCp) → X there is a canonical isomorphism Γ(x∗E) ∼= Γ(x∗(λ∗E)) ∼=
Γ(x∗(λ∗E ⊗ ÔX)). Hence, using étale parallel transport on E ⊗ ÔX , we get an

isomorphism Ex
∼=−→ Ey for any étale path x 7→ y. Moreover this construction is

compatible with composition of étale paths.
The same construction also works for locally free O+

Xan
-modules E+ whose pullback

to the pro-étale site lies in Bpét(O+
X). We arrive at:

Proposition 3.3.1. Let E be a vector bundle on X (resp. let E+ be a locally free
O+
Xan

-module ) for which the pullback to the pro-étale site λ∗E (resp. λ∗E+) lies in
Bpét(OX) (resp. Bpét(O+

X)). Then E (resp. E+) has étale parallel transport.
In particular we get functors

α : Bpét(OXan)→ RepΠ1(X)(Cp)
αOCp

: Bpét(O+
Xan

)→ RepΠ1(X)(OCp).

Remark 3.3.2. Here RepΠ1(X)(OCp) denotes the category of continuous functors from
Π1(X) to Freer(OCp). A functor F : Π1(X) → Freer(OCp) is called continuous if
the induced maps on morphisms Mor(x, x′) → Mor(F (x), F (x′)) are continuous
maps for all x, x′ ∈ Π1(X).

To avoid overloading our notation even more we will also always write α(−) to
denote parallel transport for any O+

Xan
or O+

X-module.
Note that whenever E+ = O+

Xan
⊗sp−1OX sp

−1(E) comes from an integral model
(X , E) of (X,E) the canonical isomorphisms Γ(sp(x)∗E) ∼= Γ(x∗E+) also allow us
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to define parallel transport on E .
For the comparison with the Deninger-Werner construction we need to work modulo
pn. As we have less control here, we need to pass through the almost setting.
So denote by Freer((OCp/p

n)∗) the groupoid (endowed with the discrete topology)
of free (OCp/p

n)∗-modules of rank r, where (OCp/p
n)∗ again denotes the almost

elements. We can then similarly define a mod pn almost parallel transport for some
E+ ∈ Bpét(O+

X):

αan(E+/pn) : Π1(X)→ Freer((OCp/p
n)∗).

Now, as in the proof of proposition 2.1.5 we see that (OCp/p
n)r = Γ(Ỹ , Ê+)/pn ↪−→

Γ(Ỹ , E+/pn)∗ realizes α(E+)(γ)/pn as a subobject of αan(E+/pn)(γ) for any étale
path. Here by subobject we mean that there is a commutative diagram

Ê+
x /p

n α(E)(γ)/pn
//

� _

��

Ê+
x′/p

n
� _

��

(Ê+
x /p

n)∗
αa
n(E+/pn)(γ)

// (Ê+
x′/p

n)∗

(3.3.1)

for each étale path γ from x to x′, and this association is compatible with composition
of paths.
Assume now that X is a proper smooth connected algebraic variety over Qp with a

flat proper integral model X over Zp. Assume further, that we have a vector bundle
E on XOCp

with numerically flat reduction. Then one of the main results in [DW17]
is the following:

Proposition 3.3.3. [DW17, Theorem 7.1] Fix n ≥ 1. Then there exists an open
cover {Ui} of X, such that for every i there is a proper surjective map f̃i : Yi → X
which is finite étale over Ui and is such that fi := f̃ ∗iOCp

E is trivial mod pn.

Using this result they construct a parallel transport functor αDWn,i (E) : Π1(Ui)→
Freer(OCp) for every i, which is then shown to glue to a functor αDWn (E) from
Π1(X), which is again functorial in E .
The construction of αDWn,i (E) is of course as above: For any étale path γ from x to
x′ ∈ Ui(Cp) one gets an isomorphism

Γ(x∗nE/pn) = Γ(y∗nf
∗
i (E/pn)

∼=−→ Γ(f ∗i (E/pn))
∼=−→ Γ((γy)∗nf

∗
i (E/pn) = Γ((x′)∗nE/pn),

where xn, · · · denotes the specializations with respect to the integral model X (resp.
Yi). Taking the projective limit, one gets αDWOCp

(E) : Π1(X)→ Freer(OCp). Now let

X̂ be the admissible formal scheme obtained by completing XOCp
along its special

fiber. We denote by Xan the adic space generic fiber of X̂ . Xan then coincides
with the analytification of XCp . We have Π1(X) ∼= Π1(Xan) by remark 1.1.48. Let

E ∈ Bs(XOCp
). Pulling back E to X̂ gives an object Ẽ in Bs(X̂ ).

Remark 3.3.4. It is easy to see that the parallel transport defined on the formal
vector bundle Ẽ/pn coincides with the parallel transport on E/pn. Indeed one always
has a canonical commutative diagram
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Γ(y∗nf
∗
i (E/pn))

∼= //

∼=
��

Γ(f ∗i (E/pn))
∼= //

∼=
��

Γ((γy)∗nf
∗
i (E/pn))

∼=
��

Γ(ỹ∗f̃ ∗i (Ẽ/pn))
∼= // Γ(f̃ ∗i (Ẽ/pn))

∼= // Γ((γỹ)∗f̃ ∗i (Ẽ/pn))

induced by pullback along the map X̂ → XOCp
, resp. Ŷi → (Yi)OCp

. Here f̃i, ỹ, etc.
denote the associated formal objects.
Note here also that one always has Γ(y∗nf

∗
i (E/pn)) = Γ(ȳ∗f ∗i (E/pn), if now ȳ ∈

Ỹi(OCp) is the point corresponding to y.

Pulling back Ẽ further to the pro-étale site gives an object E+ of Bpét(O+
Xan).

Denote by α̃OCp
the composition

α̃OCp
: Bs(XOCp

)→ Bs(X̂ )
sp∗−−→ Bpét(O+

(Xan)an
)
αOCp−−−→ RepΠ1(X)(OCp),

where sp∗(E) = sp−1(E) ⊗ O+
(Xan)an

, and sp : (Xan)an → X̂Zar denotes the special-
ization.

Theorem 3.3.5. The functors α̃OCp
and αDWOCp

are naturally isomorphic.

Proof. We will show that α̃OCp
(E) is isomorphic to αDWOCp

(E). Functoriality in E will

be left to the reader.
First fix n ≥ 1, and let {Ui} be an open cover of X and {Yi} the associated proper,
surjective covers trivializing E/pn as in proposition 3.3.3. Denote by Yi the generic
fiber of Yi. Let Zn → XCp be a finite étale cover trivializing E+/pn. Let Zn →
XOCp

be a good model for Zn in the sense of [DW17, Definition 3.5]. The cover
fi : Zn ×XOCp

YiOCp
→ XOCp

is still a trivializing cover for E/pn and finite étale over

Ui. Denote by fani the analytification of fi ⊗ Cp. Then fani trivializes E+/pn and
(α̃OCp

/pn)|U can be realized on fan∗i E+/pn. Let x, x′ ∈ U(Cp) and let γ ∈Mor(x, x′)
be an étale path. Consider the following commutative diagram of OCp/p

n-modules:

(E/pn)xn
= //

� _

��

Γ(y∗nf
∗
i (E/pn))

∼= //
� _

��

Γ(f ∗i (E/pn))
∼= //

� _

��

Γ((γy)∗nf
∗
i (E/pn))� _

��

= // (E/pn)xn� _

��

(E+
x /p

n)∗
= // Γ(y∗fan∗i (E+/pn))∗

∼= // Γ(fan∗i (E+/pn))∗
∼= // Γ((γy)∗fan∗i (E+/pn))∗

= // (E+
x /p

n)∗,

where the upper row is (αDWn,i (E)(γ)) and the lower row is αan(E+/pn)(γ) and y is a
point of (Zn×X Yi)Cp above x, and xn is the mod pn specialization of x. Recall also
that (E/pn)xn can always be identified with (E/pn)x̄ = Ex̄/pn, where x̄ ∈ X (OCp) is
the point associated to x.
For the construction of the vertical maps use remark 3.3.4 and note that if Z is a
proper scheme with associated formal scheme Ẑ, one has a composition of morphisms
of ringed sites

(Zproét,O+
Z )→ (ẐZar,OẐ)→ (ZZar,OZ)

51



The vertical maps are then given by pulling back global sections along this and em-
bedding into almost elements at the end. As everything is functorial, the diagram
commutes. All vertical arrows are canonical almost isomorphisms.
More precisely, going through all identifications, one checks that this takes αDWn,i (E)(γ)
isomorphically to (α̃/pn)(E)(γ) ↪−→ αan(E+/pn)(γ) (see diagram (3.3.1)): Indeed,
the map on the fiber (E/pn)xn ↪−→ (E+

x /p
n)∗ factors of course through (E+

x /p
n) ↪−→

(E+
x /p

n)∗. Also, everything is compatible with the composition of paths.
From this we see that we get an isomorphism (αDWn,i (E)(γ)) ∼= (α̃/pn)|Ui

, where
(α̃/pn)|Ui

just denotes the restriction to Π1(Ui). But then, using the Seifert-van-
Kampen result from [DW17, Theorem 4.1], we see that (αDWn ) ∼= (α̃/pn) are isomor-
phic.
Passing to the p-adic completion we get the desired isomorphism.

3.4 The Hodge-Tate spectral sequence

Assume that X is a proper smooth rigid analytic variety over Spa(Cp,OCp). We will
see that the Deninger-Werner local systems satisfy a Hodge-Tate decomposition.

Theorem 3.4.1. [Sch13b, Theorem 3.20] Let E be a vector bundle on X associated
to a ÔCp-local system L. Then there is a Hodge-Tate spectral sequence:

Eij
2 = H i(X,E ⊗ Ωj(−j)) =⇒ H i+j(Xét,L)[1

p
]

Recall that Ωj(−j) := Ωj ⊗Ẑp
Ẑp(−1)⊗j, where Ẑp(1) := lim←−n µpn as pro-étale

sheaves, and Ẑp(−1) denotes the dual of Ẑp(1).

Proof. By assumption Ê = ÔX⊗L. Let again ν : Xproét → Xét denote the canonical
projection. Then the Cartan-Leray spectral sequence reads

H i(Xét, R
jν∗(ÔX ⊗ L)) =⇒ H i+j(Xproét, ÔX ⊗ L).

By the primitive comparison theorem we haveH i+j(Xproét, ÔX⊗L) = H i+j(Xproét,L)[1
p
].

But now, by [Sch13b, Proposition 3.23] there is an isomorphism Rjν∗ÔX ∼= Ωj(−j),
and hence

Rjν∗(ÔX ⊗ L) = Rjν∗(ν
∗E ⊗OX

ÔX) ∼= E ⊗Rjν∗ÔX ∼= E ⊗ Ωj(−j).

As usual one does not get a canonical splitting of this spectral sequence in general.
However one does have the following:

Proposition 3.4.2. Assume that X is a proper smooth rigid analytic space over
Spa(K,OK), where K/Qp is a finite extension. Let further E be a vector bundle

on X such that E ˆ̄K
is associated to an ÔCp-local system L. Then the Hodge-Tate

spectral sequence degenerates canonically at E2.

Note that the local system must not be defined over a finite extension of K, as
indeed will generally not be the case for Deninger-Werner local systems.
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Proof. Now there is a Gal(K̄/K)-action on the cohomology groups in theorem 3.4.1,
and in particular the differentials in the Cartan-Leray spectral sequence will be
invariant under this action. But then as
H i(X ˆ̄K

, E ˆ̄K
⊗Ωj

X ˆ̄K
(−j)) = H i(X,E⊗Ωj

X)⊗KCp(−j) by base change for cohomology,

one gets that all differentials are zero, as Hom(Cp(−j),Cp(−j′)) = 0 for j 6= j′ by
Tate’s theorem.

We do not know whether there is non-canonical degeneration in general (i.e.
when X is not defined over a finite extension of Qp).

For the constant local system, consider the map α : H1(X,OX ˆ̄K
)→ H1

ét(X,Zp)⊗ ˆ̄K

from the Hodge-Tate decomposition. In [DW05a] Deninger and Werner showed that
if X = A is an abelian variety with good reduction, there is a commutative diagram

H1(A,OA ˆ̄K
)

∼=
��

α // H1
ét(A,Zp)⊗ ˆ̄K

∼=
��

Ext1(OA ˆ̄K
,OA ˆ̄K

) DW // Ext1(Ĉp, Ĉp),

where the map below means applying the Deninger-Werner functor to a unipotent
rank 2 vector bundle, which gives a unipotent rank 2 local system.
We can show that this generalizes to arbitrary extensions on any proper smooth rigid
analytic variety. Namely, let X be any proper and smooth rigid analytic variety over
Spa(Cp,OCp). Then for any E ∈ Bs(X) the Hodge-Tate spectral sequence gives an
injection H1(X,E)→ H1

ét(X,LE). We then get the following

Proposition 3.4.3. For any E,E ′ ∈ Bs(X) there is a commutative diagram

H1(X,Hom(E,E ′))

∼=
��

α // H1
ét(X,Hom(LE,LE′))

∼=
��

Ext1(E,E ′) DW // Ext1(LE,LE′).

where for any F ∈ Bs(X) we denote by LF the local system obtained by applying the
functor DW , and α denotes the map coming from the Hodge-Tate spectral sequence.

Proof. The map α is given by the composition

H1(X,Hom(E,E ′))
β−→ H1(X,Hom(E,E ′)⊗ ÔX)

com−−→ H1
ét(X,Hom(LE,LE′)),

where com is the comparison isomorphism from theorem 1.1.72 and β is simply
given as the map on H1 associated to the injection of pro-étale sheaves ν∗ν∗(ÔX ⊗
Hom(LE,LE′)) ↪−→ ÔX ⊗Hom(LE,LE′).
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Now take an extension

e = (0→ E ′ → E → E ′′ → 0)

of vector bundles on X. By lemma 2.1.9 the functors DW (−)⊗ÔX and ν∗(−)⊗ÔX
are canonically isomorphic. So one only has to check that the map β takes the
extension e to

0→ ν∗E ′ ⊗ ÔX → ν∗E ⊗ ÔX → ν∗E ′′ ⊗ ÔX → 0.

But this is clear.
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Appendix A

Basics on perfectoid rings and
almost mathematics

We will to put together some basic results on perfectoid algebras and almost math-
ematics following [Sch12].

Definition A.0.1. A perfectoid field K is a non-archimedean field whose residue
field is of characteristic p, and such that

• The value group |K×| ⊂ R>0 is not discrete.

• The Frobenius map x 7→ xp is surjective on OK/p.

Example A.0.2. • The field of p-adic numbers Qp is not perfectoid, as it is
discretely valued.

• Denote by Qp(µp∞) :=
⋃
n≥1 Qp(µ

pn) the extension obtained by adjoining all
pn-th roots of unity. Then the completion of Qp(µp∞) is a perfectoid field.

• Any complete algebraically closed extension Qp ⊂ C (for example C = ˆ̄Qp)
is perfectoid. Indeed, the value group always contains |p|Q and as C is alge-
braically closed, any x ∈ OC has a p-th root.

Definition A.0.3. Let K be a perfectoid field with ring of integers OK . Let φ be
the Frobenius on OK/p. Then the ring O[K := lim←−φOK/p is called the tilt of OK .

By construction O[K is a perfect ring, i.e. the absolute Frobenius is an iso-
morphism. There is a bijective multiplicative map O[K → lim←−x 7→xp OK (see [Sch12,
Lemma 3.4]). Composing this with the projection to the first factor gives a map

] : O[K → OK .

If a ∈ O[K one usually writes a] ∈ OK for the image of a under this map.

Lemma A.0.4. [Sch12, Lemma 3.4 (ii)] There exists an element t ∈ O[K for which
|t]| = |p|. Moreover, t maps to zero in OK/p which induces an isomorphism O[K/t ∼=
OK/p.
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Remark A.0.5. The above lemma holds true more generally for any pseudouni-
formizer π ∈ m with |p| ≤ |π|.

From the above lemma one also gets that O[K is t-adically complete. One can
moreover check that it is a valuation ring of rank 1.

Definition A.0.6. The field K[ := O[K [1
t
] is called the tilt of K.

Definition A.0.7. Let K be a perfectoid field, with pseudo-uniformizer π, with
|p| ≤ |π|. A Banach K-algebra R is called perfectoid if the ring of power bounded
elements R◦ ⊂ R is open and bounded, and the Frobenius on R◦/π → R◦/π is
surjective.
An affinoid (K,OK)-algebra (R,R+) is called perfectoid, if R is a perfectoid K-
algebra.

Remark A.0.8. For geometric considerations the most important perfectoid algebra

is given by (OK [T
± 1

p∞
1 , · · · , T

± 1
p∞

n ]̂)[ 1
π
], wherêmeans taking completion.

If R is perfectoid, then one defines A := lim←−φR
◦/π, and calls it the tilt of R◦. It

is a perfect algebra over O[K . Letting t ∈ O[K be a pseudouniformizer with |t]| = |π|,
one sets R[ := A[t−1], and calls it the tilt of R. One can then prove that (R[)◦ = A
and R[◦/t = R◦/π. One has

Theorem A.0.9. [Sch12, Theorem 5.2] Tilting induces an equivalence of categories
between perfectoid K-algebras and perfectoid K[-algebras.

This theorem is upgraded in [Sch12] to a homeomorphism of the associated adic
spaces, and then further to an equivalence of the étale sites.

A.0.1 Almost mathematics

Let K be a perfectoid field, with ring of integers OK and maximal ideal m ⊂ OK .
As m is a torsionfree module over a valuation ring it is flat, Moreover it is easy to
show that m2 = m (in fact one can show that m is a union of principal ideals).

Definition A.0.10. An OK-module M is called almost zero if mM = 0. A ho-
momorphism f : M → N of OK-modules is called almost surjective (resp. almost
injective) if coker(f) (resp. ker(f)) is almost zero. f is called almost isomorphism
if it is almost surjective and almost injective.

Remark A.0.11. Consider the restriction of scalars functor i∗ : ModOK/m →ModOK
.

Then the condition m2 = m ensures that this realizesModOK/m as a Serre-subcategory
of ModOK

. The quotient category ModaOK
= ModOK

/ModOK/m is called category
of almost modules. It allows for a systematic study of the phenomena occuring in
almost mathematics. We will not need these constructions.

Definition A.0.12. LetM be anOK-module. Then the moduleM∗ = HomOK
(m,M)

is called module of almost elements of M .

Remark A.0.13. • Clearly, if M is almost zero one has M∗ = 0.
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• IfM is torsion-free one can check thatM∗ = {m ∈M⊗OK
K|εm ∈M,∀ε ∈ m}.

In particular, one has (OK)∗ = OK .

For anyOK-moduleM there is a canonical mapM →M∗ (by applyingHom(−,M)
to m ⊂ OK). This map becomes an isomorphism after passing to the almost cate-
gory.
One has the following general fact:

Lemma A.0.14. [Sch12, Lemma 5.3] Assume that M is (almost) flat, then for
any t ∈ OK one has tM∗ = (tM)∗ and the canonical map M∗/tM∗ → (M/tM)∗ is
injective.

Remark A.0.15. The only thing that we actually use is that (OC)∗ = OC and that
the canonical map OC/t → (OC/t)∗ is injective. This can of course be checked
directly.
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MA: Birkhäuser Boston, 2005, pp. 101–131. isbn: 978-0-8176-4447-5.
doi: 10.1007/0-8176-4447-4_7. url: https://doi.org/10.1007/0-
8176-4447-4_7.

[DW05b] Christopher Deninger and Annette Werner. “Vector bundles on p-adic
curves and parallel transport”. en. In: Annales scientifiques de l’École
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