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Abstract

Statistical physics uses probability theory and statistics to provide a macroscopic
description of real world systems composed of a large number of units. Its main
purpose is to study the properties of complex systems, showing complicated in-
teractions and a high degree of freedom, from the statistical behavior of their
components. The central topic of the thesis is the application of methods from
statistical physics on diverse complex systems. Particularly we are interested in
the statistics of extreme events. These often tend to have significant consequences
and hence need to be understood in detail.

The work is structured in two parts. In the first part we focus on the dynamics of
financial markets and credit risk. A portfolio consisting of several credit contracts
faces a high risk of large losses, especially when the underlying asset values are
correlated. In order to provide a realistic model of the correlated asset values
we have to take the non-stationarity of financial markets into account. This was
demonstrated in a rather drastic way during the financial crisis. We introduce a
random matrix approach for correlation matrices to model the non-stationarity of
financial markets. Based on this approach we review recent progress in modeling
credit risk for correlated assets. We discuss the effects of diversification, i.e.,
reducing the risk by distributing it, and investigate common risk measures for
one credit portfolio. We present results of numerical simulations in which mutual
dependencies between two non-overlapping credit portfolios are studied.
To obtain a comprehensive understanding of systemic credit risk we present

new, analytical results for the multivariate joint loss distribution of several credit
portfolios on a non-stationary market. This distribution gives us the opportunity
to calculate the portfolio loss correlation of two credit portfolios. We investigate
various portfolio structures, such as two non-overlapping portfolios in one market or
one portfolio that operates in two on average uncorrelated markets or a subordinated
debt of two creditors. This gives a quantitative understanding of the limitations of
diversification.
In the second part of this work we focus on rare event statistics in reacting

systems. We calculate the probabilities to find systems of reacting particles in
states which largely deviate from typical behavior. We consider various systems
where the interactions of particles are described by chemical reactions.
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Zusammenfassung

In der Statistischen Physik werden Methoden aus der Wahrscheinlichkeitstheorie
und Statistik verwendet, um eine makroskopische Beschreibung von wirklich ex-
istierenden Systemen, die aus einer Vielzahl von Einheiten bestehen, abzugeben.
Ihre Hauptaufgabe besteht darin, komplexe Systeme, welche komplizierte Wech-
selwirkungen und eine hohe Zahl an Freiheitsgraden aufweisen, anhand des statis-
tischen Verhaltens ihrer Komponenten zu analysieren. Das zentrale Thema dieser
Dissertation ist die Anwendung von Methoden der Statistischen Physik auf ver-
schiedenartige komplexe Systeme. Besonderes Interesse liegt uns an der Statistik
extremer Ereignisse. Diese haben oftmals signifikante Auswirkungen und müssen
daher im Detail verstanden werden.

Diese Arbeit ist in zwei Teile gegliedert. Im ersten Teil legen wir den Schwerpunkt
auf die Dynamik von Finanzmärkten und Kreditrisiko. Ein aus Kreditverträgen
bestehendes Portfolio ist besonders dann einem hohen Risiko ausgesetzt große
Verluste zu erleiden, wenn die zugrundeliegenden Vermögenswerte korreliert sind.
Um eine realistische Modellierung der Korrelationen der Vermögenswerte zu er-
reichen, muss die Nichtstationarität der Finanzmärkte mitberücksichtigt werden.
Diese wurde während der Finanzkrise in verheerender Weise demonstriert. Wir
erörtern einen Zufallsmatrixansatz für Korrelationsmatrizen, um die Nichtstation-
arität von Finanzmärkten zu beschreiben. Basierend auf diesem Ansatz rezensieren
wir jüngste Forschungsergebnisse in der Modellierung von Kreditrisiko mit korre-
lierten Vermögenswerten. Wir diskutieren Diversifikationseffekte, d.h. Reduktion
von Risiko durch Verbreiterung, und untersuchen gebräuchliche Risikomaße für
ein Kreditportfolio. Wir präsentieren Ergebnisse numerischer Simulationen bei
denen die wechselseitigen Abhängigkeiten zwischen zwei sich nicht überlappenden
Kreditportfolios untersucht werden.
Um ein umfassendes Verständnis des systemischen Kreditrisikos zu erhalten,

präsentieren wir neue, analytische Ergebnisse für die multivariate Verbundvertei-
lung mehrerer Kreditportfolios auf einem nichtstationären Markt. Diese Verteilung
ermöglicht es die Korrelationen zwischen zwei Kreditportfolios auszurechnen. Wir
untersuchen zahlreiche Portfoliostrukturen, wie z.B. zwei nicht überlappende Port-
folios auf einem Markt oder ein Portfolio, welches auf zwei im Mittel unkorrelierten
Märkten operiert, oder ein Nachrangdarlehen zwischen zwei Gläubigern. Dies gibt
ein quantitatives Verständnis über die Grenzen von Diversifikation.
Im zweiten Teil dieser Arbeit konzentrieren wir uns auf die Statistik seltener

Ereignisse in Reaktions-Diffusions-Systemen. Wir berechnen die Wahrscheinlich-
keiten, Systeme aus interagierenden Teilchen in Zuständen fern vom typischen
Verhalten zu finden. Wir betrachten verschiedene Systeme, in denen die Interaktio-
nen der Teilchen durch chemische Reaktionsgleichungen beschrieben werden.
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1. Introduction

1.1. Econophysics

Physics, economics, mathematics and computer science are examples of fields of
science that have created interdisciplinary areas of research. A fine example of such
an interdisciplinary area of research, which had prospered in the last two and a
half decades, is econophysics [4, 5]. The term econophysics was first mentioned
by H. Eugene Stanley in 1995 [6]. He claimed it to be a hybrid of the words
“economics” and “physics”. A popular description of econophysics is given by
Rosario N. Mantegna and H. Eugene Stanley in [7, p. 355]:

“The word econophysics describes the present attempts of a number
of physicists to model financial and economic systems using paradigms
and tools borrowed from theoretical and statistical physics.”

In econophysics, financial markets are considered as well-defined complex systems
[8]. Their macroscopic properties are generated by internal microscopic processes
and interactions.
Despite the fact that econophysics, per se, is a rather young interdisciplinary

research field, there are many examples throughout history where physicists and
mathematicians contributed to economic sciences. One of the earliest contributions
is that of Nicolaus Copernicus in the 16th century, where he investigated the
behavior of inflation. Since then, many other scientists have contributed to that
field. Amongst them was Daniel Bernoulli, who proposed a solution to the famous
Saint Petersburg paradox, which is still in discussion today [9–11].

A direct connection between physics and economics was established in the begin-
ning of the 20th century, when French mathematician Louis Bachelier developed a
stochastic model to describe the motion of stock prices [12]. The same model was
used five years later in Albert Einstein’s theory of Brownian motion [13]. Later,
Benoît Mandelbrot’s famous work on fractals [14] was motivated by his analysis
of cotton prices [15]. There are various studies which identify analogies between
physical phenomena and financial markets. There are analogies in turbulence
[16–19], earthquakes [20], spin systems [21–23] and many others.
Physics is driven by direct or indirect observations. This also holds for econo-

physics. However, the difference is that observations in econophysics can only be
made on empirical data. Hence the development of econophysics is limited to the

1



1. Introduction

amount of available data. About 60 years ago, Mandelbrot had only a few thousand
cotton prices available for his studies. Today we live in the age of “big data” where
we have massive amounts of empirical data available. This ever-increasing amount
gives physicists and other researchers the opportunity to develop better and better
economic models. Furthermore this progress is supplemented by the increasing
processing power of modern computers. Notwithstanding, there are fields where
empirical data is not only scarce but also difficult to get. This especially accounts
for credit risk because the data is generally proprietary and confidential. Therefore
most of the studies on credit risk are less driven by empirical data. Instead they
are model- or simulation-based.

There are also some differences between physics and econophysics. In physics we
are able to perform experiments in order to analyze the influence of specific features
on various systems. These experiments can be repeated any number of times under
the same conditions. This is not the case in econophysics. Since financial markets
are highly non-stationary and change with time, we are hardly able to preserve one
state. Moreover, due to limited resources and regulatory restrictions, we cannot
generate significant reactions that can be observed on a stock market. Not to
mention any consequences in case such an experiment would go wrong.

We already mentioned that financial markets are considered as complex systems.
The anomaly towards other complex systems, which makes them particularly
interesting, is their non-stationarity which is also subject to systemic changes. Put
differently, the non-stationarity is not only reflected by changes in trend or changes
in volatility. Fundamental changes are constantly in progress. This is exemplified
by the collapse of large market-dominating companies, such as Lehman Brothers in
2008, or the introduction of new financial instruments, such as exchange-traded
funds (ETFs), or new laws and regulations which may force consequences for
investment strategies and risk management, such as the zero interest rate policy of
the European Central Bank. The recent financial crisis drastically demonstrated
the consequences.

1.2. Financial Markets and Instruments

A financial market is a place where traders meet in order to buy or sell financial
instruments. On the one hand, these places exist physically, e.g., the New York
Stock Exchange, and on the other hand these places are electronic systems which
are linked with the internet, such as the NASDAQ. There are various kinds of
different markets such as stock markets, credit markets, derivative markets and
many others. In the following we give some examples of these instruments and how
the price of a stock is formed.

2



1.2. Financial Markets and Instruments

If a company needs fresh capital it has several options. One option is to sell
stocks, i.e., shares of itself, to investors who are then co-owners of the company.
Depending on the type of stock, they now obtain a reward in the form of a portion of
the company’s profit, called a dividend, and the right to vote on strategic decisions
of the company. A different option to raise capital is to search for investors that
loan money to the company, i.e., the company can issue a bond. The issuer of
a bond is obliged to pay back the amount of money borrowed, called principal,
at a predefined time of maturity. Moreover, the issuer is under the duty to pay
interest, called coupons, at predefined points in time. If the issuer faces default and
is not able to pay back the outstanding debt at maturity time, he goes bankrupt.
The investor loses a part or all of his money invested. In the same way as stocks
are traded between investors, bonds can also be traded between investors on the
bond market. These trades take place on the secondary market, whereas the fresh
issue of bonds, as well as stocks, take place on the primary market. Hence, bonds
are more flexible than time deposits at a bank, which usually cannot be traded.
This benefit, however, is coupled with a higher chance of default, depending on
the issuer of the bond. Whereas time deposits at banks are governed by deposit
insurance, there is no structural uniformly regulated framework like this for bonds.

A derivative is a financial instrument whose value is determined from the value of
other financial products, such as an option [24]. An option provides the right to buy
or sell a specified asset, e.g., a stock, at a predefined price during a certain period
in the future. A collateralized debt obligation (CDO) is a portfolio credit derivative.
It is a structured financial product with a claim to the cash flow which is generated
by a pool of debt securities. In a CDO this asset pool is repackaged into discrete
tranches which are sold to investors. The tranches of the CDOs have different
seniorities on their financial claim. In order of decreasing seniority they are called
senior, mezzanine and equity tranche. If a default arises and the CDO is insufficient
to pay all of its investors, the investors with the lowest seniority suffer losses first.
Hence, the more senior tranches are, to a certain extent, protected against losses.
In the years before the financial crisis 2007–2009 CDOs allowed the recycling of
risky debt, i.e., subprime mortgage credits, into bonds that were highly-rated by
rating agencies. The CDOs were packaged into more complex synthetic CDOs and
sold all over the world. Starting with the rapid decrease of housing prices, many
private investors were not able to pay back their debt. The crisis gathered speed
when CDOs failed to reach their mezzanine and senior tranches. In 2008 the CDO
market collapsed and even some highly-rated tranches lost 90% of their value [25].
The recession following the crisis had global impact.

The price of a stock is determined by its demand and supply. If the demand of a
stock increases, the price of the stock will rise. Vice versa, if the demand decreases,
the price will go down. The whole information on demand and supply of a stock

3



1. Introduction

bid volume price in Euro ask volume

114.00 1428
113.98 1333
113.96 798
113.94 204
113.92 208

374 113.86
208 113.84
726 113.82
757 113.80
1405 113.78

Table 1.1.: An excerpt of the order book for the SAP stock on Xetra stock exchange
on July 24, 2019. The spread size is 0.06 Euro.

is stored in the so called order book [26]. The order book, kept by the clearing
office of a stock exchange, contains information for everyone who wants to buy or
sell a stock. If a trader, due to his expectation on a certain stock, wants to buy
or sell a specified amount of shares for a specified price, he places a limit order
in the order book. The order book is visible for all traders at the stock exchange.
An example is given in table 1.1. The order book has two sides. The “ask” side
contains all the offers and the “bid” side contains all the demand for the stock.
The highest bid and the lowest ask price are called best bid and best ask; their
difference is called spread. Based on the placement of limit orders in the order book
one can distinguish between different groups of stocks [27]. A trade takes place
when the prices of best bid and best ask match. In this case the corresponding
orders are removed from the order book. In many cases the volume of the orders
do not match. Therefore, they are often split. The price of the stock is always the
price traded last. If the spread is rather large, the price of the stock makes large
jumps between best bid and best ask. To avoid this artifact, which is particularly
desirable for high frequency trading, one defines the midpoint price of a stock as
average of best bid and best ask. A fundamentally different order is the market
order. Market orders are executed immediately; they are placed by traders willing
to buy or sell a stock regardless of the price. Market orders are not stored in the
order book. Instead they lead to a change in the best ask or best bid. On the
order book in table 1.1 we see, for example, that if the volume of an incoming buy
market order is smaller than 208 shares, it only changes the volume at the best
ask. If the volume of the buy market order exceeds 208 shares, it will affect the
best ask and lead to a change in the price of the stock.

4
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Figure 1.1.: Evolution of the Dow Jones Industrial Average from 1950 to 2019 on a
logarithmic scale.

Looking at the development of a stock market on a long time horizon, we find
an exponential growth. We illustrate this on the evolution of the Dow Jones
Industrial Average (DJIA) in figure 1.1. The index is composed of the 30 largest
companies in the USA. Besides the positive trend of the gross domestic product,
the exponential growth is motivated by an equilibrium of stock markets and fixed
income investments, such as time deposits in banks.

1.3. Returns and Volatility

Absolute prices Sk(t) of different stocks k at time t vary widely, see figure 1.2 (a).
As a consequence, for statistical analysis they are impractical especially if one wants
to work with several stocks. To remedy we take the absolute price change of the
stock price

∆Sk(t) = Sk(t+ ∆t)− Sk(t) (1.1)

and divide it by the stock price, which yields a relative stock price change called
return

rk(t) = ∆Sk(t)
Sk(t)

= Sk(t+ ∆t)− Sk(t)
Sk(t)

. (1.2)

Figure 1.2 (b) exemplary shows the return time series for ∆t = 1 day for the
Microsoft and Goodyear stock in the period 1992–2019. The length of the return
interval ∆t has significant influence on the distribution of returns. For very large

5



1. Introduction

return intervals the distribution becomes normally distributed [28]. However for
small return intervals, like months or days or shorter, the distribution becomes
leptokurtic relative to the normal distribution. In other words, the empirical return
distribution shows a heavy tail that significantly differs from a normal distribution.
This behavior was noted first in 1915 by Wesley C. Mitchell [29] and later on
studied by Maurice Olivier [30] and Frederick C. Mills [31]. In the 1960s it was
Benoît Mandelbrot [15] who drew further attention on the heavy tails of return
distributions. Since then there has been ongoing research and discussion about the
shape of the distribution, especially the shape of the tails [32–43].
A common opinion for the origin of heavy tails are large price shifts caused by

large order volumes [37, 44–48]. More recent studies argue that gaps between limit
orders in the order book are responsible for heavy tails [49–51]. Others relate the
heavy tails to herding behavior [52].
The exponential growth in stock prices motivates the introduction of the loga-

rithmic return

r̃k(t) = ln Sk(t+ ∆t)
Sk(t)

, (1.3)

which is often used for risk management purposes. For small return intervals ∆t,
when ∆Sk(t)/Sk(t) < 1 holds, the logarithmic return can be approximated by the
return (1.2)

r̃k(t) = ln
(

1 + ∆Sk(t)
Sk(t)

)
≈ ∆Sk(t)

Sk(t)
= rk(t). (1.4)

The variation of stock prices over time is measured by the standard deviation

σk(t) =
√
〈r2
k(t)〉T − 〈rk(t)〉2T , (1.5)

which in economics is often referred to as volatility. If we work with sampled time
series we use the sample average

〈rk(t)〉T = 1
T

T∑
t=1

rk(t) . (1.6)

The volatility depends on the return interval ∆t and on the estimation horizon T .
Depending on the problem at hand, the estimation horizon T can be very short like
hours or be rather large like weeks. Empirical studies have pointed out that the
volatility is not constant over time [53, 54]. It rather is a non-stationary quantity
which shows fluctuations. Especially in times of crisis the volatility rises. This
exemplary can be seen in figure 1.2 (c) where the volatility is elevated for both
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Figure 1.2.: (a) Daily closing prices in USD, (b) daily returns and (c) volatility
estimated over a T = 60 day horizon for the Microsoft and Goodyear
stock. The time period is January 1992 to June 2019.

stocks during the financial crisis 2008–2009. In contrast to the standard returns
(1.2) absolute values |rk(t)| or squares r2

k(t) of returns show a slowly decaying
autocorrelation function [55, 56]. This means that large returns are followed by
large returns, of either sign, and small returns are most likely to be followed by
small returns [15]. Thus, the volatility is clustered and also shows a slowly decaying
autocorrelation function. This is a stylized fact called volatility clustering [57, 58].
A widespread belief is that the volatility quantifies the risk of a stock. Truly,

dispersion or deviation measures possess many characteristics of risk measures. This
holds especially for downside deviation measures like the semi-standard deviation
which only accounts for negative deviations from the mean value. Overall, one has
to distinguish between risk and uncertainty [59–61]. Whereas uncertainty accounts
for positive and negative deviations from the current value, i.e., profits and losses,
risk, from an investor’s perspective, should only account for losses. This distinction
is not consistently made in economics literature. Deviation measures are insensitive
for certain profits [62] and hence they do not mirror the actual risk. Thus, instead
of being a risk measure, the volatility σk(t) is rather a measure for the market
activity.

7



1. Introduction

1.4. Correlation and Covariance

Different stocks sometimes behave in a similar fashion. An exemplary of this can
be seen in figure 1.2 (a) in the period 2006–2014. A quantitative measure for the
linkage between two stocks is the Pearson correlation coefficient. To be specific, we
consider stock prices and returns, but correlations can be measured in the same
way for all observables that are given as time series. We are interested in, say,
K companies with stock prices Sk(t), k = 1, . . . ,K as functions of time t. The
sampled Pearson correlation coefficients between the two companies k and l in the
time window of length T are defined as

Ckl = 〈Mk(t)Ml(t)〉T (1.7)

with the time series
Mk(t) = rk(t)− 〈rk(t)〉T

σk(t)
(1.8)

that are obtained from the return time series rk(t) by normalizing (in some com-
munities referred to as standardizing) to zero mean and to unit variance, where the
sample standard deviation σk(t) is evaluated in the above-mentioned time window.
Due to the normalization the correlation coefficient is bound between minus one
and plus one. For a correlation of minus one the stocks are perfectly anti-correlated,
i.e., they move in an opposite manner. For a correlation of one the stocks are
perfectly correlated, i.e., they move identically. In that case the scatter plot of
the returns of the two stocks forms a line with positive slope. If the correlation is
zero, the stocks are uncorrelated and the scatter plot forms a non-ordered cloud of
points.
We define the K × T rectangular data matrix M whose k-th row is the time

series Mk(t). The correlation matrix with entries Ckl is then given by

C = 1
T
MM † , (1.9)

where † indicates the transpose. By definition, C is real symmetric and has non-
negative eigenvalues. Furthermore, the correlation matrix shows a block structure.
This becomes clearly visible, if we sort the stocks according to their industrial sectors.
In figure 1.3 we show four consecutive correlation matrices for 481 companies listed
in the S&P 500 index between January 2018 and July 2019. Each correlation
matrix is sampled on a quarterly period beginning with the third quarter of 2018.
Each point represents a correlation coefficient between two companies. The color
indicates the strength of the correlation of the companies in the market. Hence, the
diagonal is dark blue as the diagonal of a correlation matrix is one by definition.
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1.4. Correlation and Covariance

Symbol Industry branch

CD Consumer Discretionary
CS Consumer Staples
E Energy
F Financials
HC Health Care
I Industrials
IT Information Technology
M Materials
RE Real Estate
TS Telecommunications Services
U Utilities

Table 1.2.: GICS classifications.

The industrial sectors are classified according to the Global Industry Classification
Standard (GICS), see table 1.2. The inter-sector correlation is visible in the off-
diagonal blocks, whereas the intra-sector correlation is visible in the blocks on the
diagonal. For later discussion, we emphasize that the stripes in these correlation
matrices indicate the structuring of the market in industrial sectors, see, e.g., [63].
We see that the correlation matrix changes over time. The reason, therefore,

is that the business relations between companies change over time. The question
arises why one does not reduce the length of the time series T to better capture the
current state of the market. The answer lies in the fact that correlation matrices
are noise dressed. By reducing T the measurement noise increases [64]. Different
approaches have been developed to reduce the noise and improve the estimation of
correlation matrices [65–68]. Nevertheless, when measuring correlations there is
a trade-off between generating measurement noise and keeping the time window
length T short enough to assure currentness.
We will also use the covariance matrix

Σ = σCσ (1.10)

where the diagonal matrix

σ = diag (σ1(t), . . . ,σK(t)) (1.11)
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Figure 1.3.: Correlation matrices for 481 stocks from S&P500 index for four con-
secutive quarters beginning with the third quarter of 2018.

contains the standard deviations. The covariance matrix is not normalized and
contains the variances and covariances. Setting A = σM , we may write

Σ = 1
T
AA† (1.12)

for the covariance matrix.

1.5. Copulae

The Pearson correlation coefficient only accounts for the linear dependence of
observables. Nonlinear dependencies are not captured in an appropriate manner.
The Pearson correlation is only a good measure if the marginal distributions have
finite variance. Moreover, we have to keep in mind that correlations or covariances
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1.5. Copulae

only fully grasp the mutual dependencies if the multivariate distributions are
Gaussian, which is not the case for returns if ∆t is too small. Often the statistical
dependence is more complex and cannot be represented by a single number. To
resolve this problem we use the concept of copulae which were first introduced by Abe
Sklar in 1959 [69, 70]. The joint probability distribution holds all the information
of statistical dependency. Moreover, it includes the marginal distributions of
each observable which can be calculated by integrating it over the full support
of the residual observables. The marginal distributions have different shapes for
observables underlying different processes. Hence it is not possible to directly
compare the statistical dependence of different systems by means of the joint
probability distribution.
The main idea of copulae is to separate the functional dependence of the ob-

servables from their marginal distributions. This allows comparison of the pure
statistical dependence of different systems. In a copula, the marginal distribu-
tions are transformed to uniform distributions. The pure statistical dependence is
measured independently of the marginal distribution functions. A copula is the
joint distribution of a multivariate random variable expressed as a function of the
quantiles for the marginal distributions. Copulae are of advantage in contrast to
correlation coefficients because they are able to better capture nonlinear dependen-
cies of observables. Due to this advantage, copulae have gained rising popularity
and are well-established in statistics and finance. For various studies of copulae
in finance, see, e.g., [71–84]. For a more detailed description of copulae, see, e.g.,
[85]. In the following, we give a brief mathematical introduction to copulae for the
bivariate case.
Let X and Y be two random variables with the joint cumulative distribution

function FX,Y (x,y). The marginal cumulative distribution functions are FX(x) and
FY (x). The inverse cumulative distribution functions F−1

X and F−1
Y are the quantile

functions. The copula CopX,Y (u,v) is defined as the joint cumulative distribution
function of the quantiles of the marginal distributions

CopX,Y (u,v) = FX,Y
(
F−1
X (u),F−1

Y (v)
)
. (1.13)

The dependence structure is separated from the marginal distributions. Thus, the
copula contains the pure statistical dependence of the random variables indepen-
dently of the marginal distributions. We are able to reverse equation (1.13) in
order to generate a joint cumulative distribution out of a copula and marginal
distributions

FX,Y (x,y) = CopX,Y (FX(x),FY (y)) . (1.14)
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1. Introduction

Instead of the copula itself, we will use the copula density copX,Y (u,v) which is
defined as

copX,Y (u,v) = ∂2

∂u∂v
CopX,Y (u,v) . (1.15)

Furthermore, we are interested in empirical copula densities which are obtained
from empirical or simulation data.

1.6. Random Nature of Prices

Despite the fact that the formation of a stock price is the result of the traders’
actions and hence a deterministic process, the time evolution of stock prices looks
erratic. This is due to the vast number of individual trades leading to price changes.
According to this observation, the price evolution of stocks is usually modeled by
stochastic processes. The first one to mathematically describe the stochasticity of
price movements was Louis Bachelier in 1900 [12]. His work comprises a stochastic
analysis of stock and option markets. Five years later, Albert Einstein published
a paper [13] describing the movement of small particles in a fluid which is called
Brownian motion. Einstein used the same stochastic process as Bachelier used in
his description of stock prices. The fact that two completely different processes can
be modeled by the same stochastic process is not very surprising. On the one hand,
as written above, the price formation is a result of the interaction of numerous
trades of individual traders. On the other hand, the movement of a particle in a
suspension results from many collisions with moving molecules in the fluid. This
fact reveals one of many parallels of economics and physics.
The Brownian motion can be described by a Wiener process with drift

dS(t) = µdt+ σdW (t) . (1.16)

It consists of a deterministic part µdt, where µ is the drift constant, and a stochastic
part σdW (t), where σ is the volatility, dW (t) = ε

√
dt is a standard Wiener process

and ε is a random variable which is independent at each infinitesimal time step.
Importantly, ε is normalized to zero mean and the second moment is unity. It can
be drawn from any distribution satisfying these conditions. A common choice is
the standard normal distribution. The replacement dW (t) = ε

√
dt may be doubtful

from a mathematical perspective, because the square root of a differential is not well
defined. However it is a practical and common notation used by many physicists.
The Brownian motion is capable of describing a time series of stock returns, but
a price time series has additional features. First and most important, the price
of a stock cannot be negative. Second, on a long time scale we expect to see an
exponential drift of the stock price. Third, the fluctuations of a stock price depend
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1.7. Random Matrix Theory

on its current value. If the price of a stock is low, we expect the volatility to be
low as well. If the price increases so do the fluctuations and hence the volatility
increases too. These three properties are not included in the Brownian motion
(1.16). A much more realistic description, proposed by Matthew C. M. Osborne
[86], is the geometric Brownian motion

dS(t) = S(t)µdt+ S(t)σε
√
dt . (1.17)

If we draw ε from a standard normal distribution, the prices S(t) are log-normally
distributed. Moreover, they are always positive and show an exponential trend. The
latter can easily be seen by setting σ = 0 which results in an ordinary differential
equation that is solved by an exponential function.

The geometric Brownian motion has numerous applications in financial modeling.
One of the most famous is the Black and Scholes model developed by Fisher Black
and Myron Scholes [87] and Robert C. Merton [88] in 1973.

1.7. Random Matrix Theory

Random matrix theory (RMT) had its major breakthrough in the 1950s, when
Eugene Wigner used it to describe the spectra of complex nuclei [89]. The idea
of RMT is to replace the Hamiltonian of a system with a random matrix that
shares certain properties with the Hamiltonian, such as symmetry or invariance
against transformations. The motivation behind this idea is that in many cases the
Hamiltonian is not known exactly, except for specific properties. RMT allows us
to calculate statistical features, describing the general state of a system instead of
the microscopic processes. Its approach is similar to ergodicity in thermodynamics.
In RMT we average over ensembles of random matrices sharing similar properties
with the system. In quantum chaos, for example, the average over a long spectrum
equals the average over an ensemble of random matrices, provided the number of
levels is large.
In finance, RMT is often used to study the statistical properties of empirical

correlation matrices, see, e.g., [90–94]. Due to the finite length T of the return time
series the correlation matrix is noise dressed and therefore, to some extent, random.
Laurent Laloux et al. [64] compared the eigenvalue spectrum of a sample correlation
matrix from S&P 500 stocks and the eigenvalue spectrum of theoretical predictions
from RMT, based on the assumption of a purely random correlation matrix. They
found a remarkable agreement between the bulk of the two distributions. Merely
a few large eigenvalues are not in accordance with the RMT predictions. These
outliers are stable in time and the largest one represents the collective market
movement, while the others represent the industrial branches. These findings
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allow for the reduced noise of correlation matrices. Moreover, RMT noise filtering
techniques are beneficial for portfolio optimization [95–98].
In the studies mentioned, the correlation matrices were evaluated over a long

time period. Using ergodicity, the statistical properties of large correlation matrices
are predicted by means of the average of a fictitious ensemble of random matrices.
In chapter 2 we use a different approach, where ergodicity reasoning is not evoked.
Instead, by means of random matrices we will model a truly existing ensemble of
non-stationary covariance matrices that exist as a consequence of non-stationarity.

1.8. Risk

The Basel Committee on Banking Supervision distinguishes between three major
components of risk that a bank can face: market risk, credit risk and operational
risk. In economics literature these three components are often supplemented by a
fourth type of risk, the liquidity risk [99, 100]. Besides these, there are many other
types and subtypes of financial risk [101].

The best known is market risk. Most of the studies in econophysics are devoted
to it. It is the risk of change in the value of a financial position due to unexpected
changes of market variables like the price of an asset or its volatility. Credit risk
will play a large role throughout this thesis. It is the risk of not receiving promised
repayments on an outstanding debt due to the default of the borrower. Operational
risks include losses from internal failure, like human errors or fraud, and losses
from external events. Its management falls under the liability of internal auditors.
Liquidity risk arises due to the lack of available trading volume. If we want to sell
a large number of shares at once, it could happen that too few buyers are willing to
take the current offer. In that case we might not be able to sell everything or, more
likely, we would have to accept lower prices. Alexander J. McNeil et al. consider
liquidity as “oxygen for a healthy market” [100]. It is important to survive but
mostly we are not aware of its presence. However the consequences are drastic and
become immediately clear in its absence.

For a company or bank to stay in long-term business it is important to control the
risk it faces. Therefore risk needs to be quantified. This is the task of quantitative
risk management. In 1952 Harry Markowitz [102] laid the foundation for modern
portfolio theory. He developed an approach to optimize the return of a portfolio by
mapping it onto its risk, measured in terms of standard deviation. Given a risk
tolerance, a portfolio manager can optimize the portfolio return up to an efficient
frontier emerging out of the correlations between the assets. Generally, chances for
larger returns in the future come along with higher risk. In the decades following
Markowitz there has been a drastic growth in risk-management methodology.
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Concepts such as Sharp Ratio, the Capital Asset Pricing Model and Arbitrage
Pricing Theory have been developed.

Another major breakthrough was the option pricing model of Black and Scholes.
Under some specific assumptions, such as the price of the option’s underlying stock
follows a geometric Brownian motion, they provide a method to calculate the time
evolution of option prices. Since then many advanced risk measures have been
developed. One of the most established risk measures is the Value at Risk (VaR).
In probabilistic terms, Value at Risk VaRα is the quantile of a loss distribution at
a freely choosable confidence level α and for a predefined time horizon. Typical
values for the confidence level are 0.95 or 0.99. If, for example, the VaR0.95 is 1
million dollars for one day, we have a 5% chance of loosing at least 1 million dollars
within that one day. The crucial point in estimating VaR is the quality of the
underlying distribution. When its tail behaves Gaussian it is most likely that the
VaR underestimates the risk because it does not account for extreme events that
occur in times of crisis. Another deficiency of VaR is that it is not subadditive [103,
104]. The consequence therefrom is that in specific cases a portfolio manager cannot
see the desired diversification effect. In other words, the VaR of a portfolio can be
higher than the sum of the stand-alone VaRs of its components. However Value at
Risk is a very important risk measure and commonly used. It is the preferential
method in the Basel Accords to quantify risk [105, 106].

Another important risk measure is the Expected Tail Loss (ETL), also known as
Expected Shortfall. It can be interpreted as expected loss in an event exceeding
the Value at Risk for a given confidence level α

ETLα = 1
1− α

1∫
α

VaRu du . (1.18)

The ETL strongly depends on the tail of the loss distribution and belongs to the
class of coherent risk measures [107, 108]. One advantage of these risk measures is
that they are subadditive. Figure 1.4 shows a typical loss distribution with VaR and
ETL for a credit portfolio. The loss distribution of a credit portfolio significantly
differs from that of a portfolio of stocks. We come back to this point.

Systemic risk is the risk of a breakdown of an entire (financial) system, as opposed
to risk related to the failure of individual parts. It captures the risk of a cascading
failure which is caused by interlinkages within a financial system. The stability of
a financial system is associated with systemic risk factors such as the concurrent
default of numerous small obligors.
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Figure 1.4.: Schematic loss distribution with VaR0.95 and ETL0.95 for a credit
portfolio.

1.9. Credit Risk

To assess the impact of credit risk on the systemic stability of the financial markets
and the economy as a whole is of considerable importance as the subprime crisis of
2007–2009 and the events following the collapse of Lehman Brothers drastically
demonstrated [109–111]. The damage was not done by the default of one large
debtor, but by the almost concurrent default of many small debtors. Most of the
credit contracts were bundled into credit portfolios in the form of collateralized
debt obligations (CDOs) [112–114]. Realistic estimates for credit risks and the
possible losses, particularly of large portfolios, are important not only for the
creditors, but also and maybe even more from a systemic viewpoint. A variety of
different approaches exists, see [100, 115–122] for an overview. For a review on
credit contagion, see [123–127], and for studies on practical investment and Value
at Risk applications of copula theory in evaluating systemic risk, see [128, 129].

1.9.1. Phenomenology

A credit contract is a written agreement between two parties: the lending side,
termed creditor, and the borrowing side, termed obligor or debtor. The obligor
promises to repay an outstanding debt, termed face value, to the creditor. The
face value is composed of the original amount of money lent by the creditor,
termed principal, and a surplus defined by an interest rate and a risk compensation.
The risk compensation usually depends on the creditworthiness of the obligor. A
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common type of a credit is a bond. Many kinds of institutions, such as governments,
states, cities, banks, companies, etc. sell bonds. The simplest form of a bond is a
zero-coupon bond. The cash flow of a zero-coupon bond is limited to two dates,
the date of issue and the maturity time, defined in the bond contract. At the date
of issue the creditor lends the principal to the obligor. At maturity the obligor has
to pay back the face value of the bond to the creditor. The debtor is not obliged to
periodical payments of interest rates, the coupons, before maturity.

Risk arises due to the possibility that the obligor is not able to pay back his/her
debt at maturity. For example such a default occurs if an obligor files for bankruptcy.
Although a default is a rare event, it can cause huge losses for creditors. Especially in
a credit portfolio, when correlations are present, defaults can occur simultaneously.
For risk management purposes the probabilities of large losses are of central interest.

The problem to be addressed becomes ultimately a statistical one, as loss distri-
butions for large portfolios of credit contracts have to be estimated. A schematic
loss distribution for a credit portfolio is shown in figure 1.4. Typically, it has a
very heavy right tail which is due to either unusually large single events, such as
the Enron bankruptcy, or the simultaneous occurrence of many small events, as
seen during the subprime crisis. Moreover, it is asymmetric because the maximum
profit of the creditor is only the interest and risk compensation if no default occurs
but the largest possible loss is the total loss of the money lent. It differs from the
hypothetical loss distribution of market risk which is typically Gaussian. Generally
a loss distribution of a credit portfolio is skewed and leptokurtic [116], and it has a
δ peak at zero which corresponds to the case of non-default. Reducing the tail of
the loss distribution would increase the stability of the financial system as a whole.
Unfortunately the claim that diversification can lower the risk of a credit portfolio
is questionable or even wrong, because often the correlations between the asset
values are ignored. They are very important in a portfolio of credit contracts, e.g.,
in the form of collateralized debt obligations. In detailed studies, it was shown
that the presence of even weak positive correlation diversification fails to reduce
the portfolio risk [130, 131] for first passage models and for the Merton model
[132–134]. Hence it is not possible to lower the tail risk significantly by enlarging
the number of credit contracts in a credit portfolio. In general, diversification is
not always fruitful [135–139].

1.9.2. Credit Ratings

A long-established way of quantifying credit risk is to determine the creditworthiness
of an obligor by means of its credit rating. Credit ratings provide an ordinal ranking
of default risks for obligors on a fixed time scale. The rankings are based on complex
rating processes performed by credit rating agencies. Two of the largest and most
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famous agencies are Standard & Poor’s (S&P) and Moody’s. The agencies use
rating categories from best to lowest which is AAA for S&P and Aaa for Moody’s,
to CCC for S&P and C for Moody’s, respectively. Moreover there is also the
category of default. The possibility of moving from one credit rating to another is
called migration risk. Transition probabilities for the migration from one rating
to another in a fixed time period, usually one year, are typically given in rating
transition matrices. The transition matrices are estimated by historical default
data [140–142]. For studies on migration risk, see, e.g., [143–145].

1.9.3. Credit Risk Models

We distinguish two main categories of current credit risk models [146]: structural
models and reduced-form models.
A model of default is called a structural model when it tries to explain the

mechanism that leads to the default [100]. In these models, one makes assumptions
about the time evolution of risk factors such as the price of an asset. A default
occurs if the asset value falls below a certain threshold representing liabilities. The
progenitor of all structural credit risk models is the Merton model [147]. It assumes
a zero-coupon debt structure due at maturity time TM and the equity of a company
is modeled by a stochastic process such as the geometric Brownian motion. The
equity of the company can be viewed as an European call option on its asset value
with strike price equal to the face value F of the debt. Thus it is possible to
apply the Black and Scholes framework to the problem of credit risk modeling.
In contrast to the Merton model where the asset value at maturity decides about
default, in first passage structural models default can happen at any time if the
asset value falls below a certain threshold [148, 149]. Structural models provide a
“microscopic” view as they trace defaults back to stochastic processes modeling the
state of individual obligors. For a review on structural models, see, e.g., [150].
In reduced-form models the exact mechanism leading to a default of an obligor

is left unspecified. The foundation of reduced-form models is the assumption of
a functional dependency between macroscopic observables or risk factors and the
default rate of an obligor. For example, the default time of an obligor can be
modeled as a random variable whose distribution depends on economic observables
that have to be calibrated with current market data. Reduced-form models are
widely used in practice. They provide an abstract description of default events.
For studies of reduced-form models, see, e.g., [118, 151–154].
There are many industry models for credit risk, such as CreditMetrics by JP

Morgan [155], KMV by Moody’s KMV [156], CreditRisk+ by Credit Suisse [157] and
CreditPortfolioView by McKinsey & Company [158]. For a comparative analysis of
these models, see [117].
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1.10. Master Equations

Rare events sometimes tend to have extreme consequences [159]. Therefore, we
are interested to know rather precisely how probable such events are. To obtain
an appropriate description of (complex) systems which allows us to calculate rare
events we use statistical methods. Especially, if the information about the system
is incomplete, we use a probabilistic description to make statements about its
evolution. In other words, if the information about the system is incomplete, it is
not possible to give an exact prediction of its state at a future time. In general, an
ensemble of identical systems which are all prepared in the same initial state, say
n0 = n(t0), will develop into different states n(t) at the same time t for t > t0. The
information available, however, is the probability p(n(t)|n0) to reach a particular
state n(t), given that the system has been in the initial state n0. The master
equation is a central tool to determine the time evolution systems with restricted
information [160, 161]. The general form of a master equation in discrete form
reads

dP (n,t)
dt

=
∑
m

w(n,m)P (m,t)−
∑
m

w(m,n)P (n,t) , (1.19)

where P (n,t) is the probability to find the system in state n at time t and w(n,m)
are the transition rates, i.e., the transition probabilities per unit of time to reach
state n from state m. The master equation represents a set of homogeneous first
order differential equations for the time evolution of the probability P (n,t). The
name “master equation” was originally coined in 1940 by Arnold T. Nordsieck,
Willis E. Lamb and George E. Uhlenbeck [162].

Despite its simplicity it is not possible, apart from a few exceptions [163–167],
to solve the master equation analytically [168–171]. Hence, other methods are
called for. There are many kinds of numerical simulations [172–175] to model
the stochastic kinetics. The stochastic simulation algorithm [176–178] simulates
sample paths of the underlying stochastic process, especially for master equations
describing chemical reactions. Due to limited computational resources, simulations
are not appropriate for large systems and not for the determination of rare events
either. An approximation of the master equation is obtained by a Fokker-Planck
equation [179, 180]. To this end one has to apply a van Kampen system size
expansion [181]. There are many other methods to find approximative solutions of
master equations, such as the T-factor method [182].

An approach we are particularly interested in is based on the Wentzel-Kramers-
Brillouin (WKB) approximation to master equations [183–185]. To this end, we
transform the master equation by means of a generating function into a time-
dependent “Schrödinger equation”, which is solved by methods known from semi-
classics.
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1.11. Outline of the Thesis

In the previous sections we have established basic knowledge about financial markets,
credit risk and master equations. Financial markets are complex systems that
show a high degree of non-stationarity. This is a serious challenge which needs
to be addressed by future risk managers for proper estimation of risk. The non-
stationarity manifests itself in the mutual dependencies between stocks which are
usually measured by correlation coefficients. Correlations have a significant impact
on the distributions of credit risk. The financial crisis 2008–2009 showed in a drastic
way that the misjudgment of credit risk, based on the correlated default of many
small obligors, can lead to severe consequences. Fortunately, this was a rare event,
and for this very reason, we are interested in the statistics of rare events which we
consider for reacting systems.
The thesis is organized as follows: In chapter 2 we review recent progress of

our group in modeling credit risk for correlated assets. In order to model non-
stationarity for correlation matrices we employ a new interpretation of the Wishart
model. We obtain an ensemble averaged asset return distribution which accounts
for the non-stationarity. We use the Merton model to calculate the loss distribution
for a portfolio of credit contracts. Moreover, we present results based on numerical
simulations for the dependence of portfolio losses for two non-overlapping credit
portfolios.
In chapter 3 we analytically calculate the multivariate joint loss distribution of

several credit portfolios on a non-stationary market. We use this distribution to
calculate the portfolio loss correlation of two non-overlapping creditors. We see
that increasing the size of a portfolio on one market does not lead to a considerable
decrease of its tail risk. To lower the risk of large losses, one is advised to split
the investment onto different markets. We quantify this effect by calculating the
loss distribution of a portfolio investing into two on average uncorrelated markets.
We extend the Merton model by analyzing a subordinated debt structure of two
creditors. Here, the senior creditor is protected by the junior subordinated creditor
from losses.
Chapter 4 covers rare event statistics for reacting systems. In particular, we

consider chemical reactions that can be described by master equations. In order to
solve these master equations we transform them into a time-dependent “Schrödinger
equation” and apply a WKB-type-of approximation. We extend a method put
forward by Vlad Elgart and Alex Kamenev [186].
We summarize this thesis in chapter 5.
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2. Credit Risk Meets Random Matrices

2.1. Introduction

The previous chapter underlines the importance of taking asset correlations into
account when it comes to the estimation of risk, especially credit risk. The
covariance and correlation matrix of asset values changes in time [63, 187–190],
exhibiting an important example of the non-stationarity, which is always present
in financial markets. This non-stationarity has significant influence on the loss
distribution of credit risk. It has to be accounted for in order to give a realistic
risk estimation.
Recently, progress has been made to analytically solve the Merton model [147]

in a most general setting of a correlated market and even in the realistic case of
fluctuating correlations between the assets.
Here, we review an approach [134, 191–193] which uses the fact that the set of

different correlation matrices measured in a smaller time window that slides through
a longer dataset can be modeled by an ensemble of random correlation matrices.
The asset values are found to be distributed according to a correlation averaged
multivariate distribution [134, 191, 192, 194]. This assumption is confirmed by
detailed empirical studies. Applied to the Merton model, this ensemble approach
drastically reduces, as a most welcome side effect, the number of relevant parameters.
We are left with only two, an average correlation between asset values and a measure
for the strength of the fluctuations. The special case of zero average correlation has
been previously considered [195]. The limiting distribution for a portfolio containing
an infinite number of assets is also given, providing a quantitative estimate for
the limits of diversification benefits. We also report the results of Monte Carlo
simulations for the general case of empirical correlation matrices that yield the
Value at Risk and Expected Tail Loss.

Another important aspect is comprised of concurrent losses of different portfolios.
Concurrent extreme losses might impact the solvencies of major market participants,
considerably enlarging the systemic risks. From an investor’s point of view, buying
CDOs allows one to hold a “slice” of each contract within a given portfolio [112–114].
Such an investor might be severely affected by significant concurrent credit portfolio
losses. It is thus crucial to assess in which way and how strongly the losses of
different portfolios are coupled. In the framework of the Merton model and the
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2. Credit Risk Meets Random Matrices

ensemble average, losses of two credit portfolios are studied, which are composed of
statistically-dependent credit contracts. Since correlation coefficients only give full
information in the case of Gaussian distributions, the statistical dependence of these
portfolio losses is investigated by means of copulas. The approach discussed here
differs from the one given in [196], as Monte Carlo simulations of credit portfolio
losses with empirical input from S&P 500 data and Nikkei 225 data are run and the
resulting empirical copulas are analyzed in detail. There are many other aspects
causing systemic risk such as fire sales spillover [197].

We review recent work on how to take into account the non-stationarity of asset
correlations into credit risk [134, 191–193]. To make the chapter self-contained,
it is preceded by a brief sketch of the Wishart model and a discussion of its
re-interpretation to model non-stationary correlations.
This chapter is organized as follows: We introduce the Merton model in sec-

tion 2.2. In section 2.3, we introduce random matrix theory for non-stationary asset
correlations, including a sketch of the Wishart model for readers not familiar with
random matrices. This approach is used in section 2.4 to account for fluctuating
asset correlations in credit risk. In section 2.5, concurrent credit portfolio losses
are discussed. Conclusions are given in section 2.6. The contents of this chapter
are published in references [1, 2].

2.2. Merton Model

Here, we briefly explain the basic idea of the Merton model [147] and extend
it considering a portfolio of K credit contracts. Each obligor in the portfolio is
assumed to be a publicly-traded company. The basic idea is that the asset value
Vk(t) of company k is the sum of time-independent liabilities Fk and equity Ek(t),
i.e., Vk(t) = Fk + Ek(t). The stochastic process Vk(t) represents the unobservable
asset (firm) value. This is indeed a weakness of the Merton model, which has often
been discussed [150, 198]. We proceed by assuming that Vk(t) can be estimated by
the observable equity values [199]. This was Merton’s original idea. He claimed
that the equity of a company can be estimated by its market capitalization, i.e.,
the stock price of the company Sk(t) times the number of stocks traded. Thus, one
can trace back the changes in asset values to stock price returns. The debt has a
simple structure: it consists of a zero coupon bond with face value Fk and maturity
time TM. We assume a frictionless market, i.e., no transaction costs, and the equity
of the company can be traded without restrictions. The liabilities mature after
some time TM, and the obligor has to fulfill his/her obligations and make a required
payment. Thus, he/she has to pay back the face value Fk without any coupon
payments in between.
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Figure 2.1.: Schematic visualization of the Merton model. A default occurs if the
asset value at maturity VK(TM) drops below the face value Fk. In the
red sketched scenario, a default occurs only to the junior subordinated
creditor while the senior creditor obtains no loss.

A default occurs only if at maturity, the asset value Vk(TM) is below the face
value Fk. From a stockholders point of view, the value of his/her stock is reduced
at maturity by the amount paid back. If the company defaults, i.e., when it is not
able to pay back the debt, the stocks become worthless and the stockholders do not
have to compensate the bondholders. Instead, the bondholders take over all assets
of the company, liquidate them and distribute the revenue among themselves. In
summary, the value of the stocks at maturity can be formulated as

Sk(TM) = max(Vk(TM)− Fk,0) . (2.1)

Thus, according to the Black and Scholes model, the equity of the company can
be viewed as an European call option on its asset value with strike price Fk. A
visualization of the underlying process for a single asset is shown in figure 2.1.
For the moment, we may ignore the fact that the face value Fk is composed as
a sum of two face values Fk = F

(S)
k + F

(J)
k . This becomes important in chapter

3 when we take subordination of debt into account. The colored lines show two
time-dependent asset values Vk(t). In the blue case, the asset value of the company
at maturity is above the face value and the promised payment can be made. In the
red case, the asset value at maturity is below the face value Fk which results in a
default.
In the spirit of the Merton model, Vk(t) is modeled by a geometric Brownian

motion
dVk(t) = µkVk(t)dt+ σkVk(t)dWk(t) , (2.2)
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2. Credit Risk Meets Random Matrices

where dWk(t) is a standard Wiener process and Vk(0) > 0 holds. The parameters of
the stochastic process like drift µk and volatility σk can be estimated by empirical
stock price data. Under the dynamics (2.2) the logarithm of the asset value at
maturity is normally distributed [100]. In other words, the asset value at maturity
is distributed according to a log-normal distribution and the default probability of
the company is

P (Vk(TM) ≤ Fk) = Φ
(

lnFk/Vk(0)−
(
µk − σ2

k/2
)
TM

σk
√
TM

)
, (2.3)

where Φ(x) is the cumulative function of the standard normal distribution

Φ(x) = 1√
2π

x∫
−∞

exp
(
−z2

2

)
dz . (2.4)

The normalized loss for company k is

Lk = Fk − Vk(TM)
Fk

Θ(Fk − Vk(TM)) . (2.5)

The Heaviside step function

Θ(x) =


0 , x < 0,
1
2 , x = 0,
1 , x > 0,

(2.6)

guarantees that a loss is always larger than zero. This is necessary, because in the
case Vk(TM) > Fk, the company is able to make the promised payment, and no loss
occurs. In other words, the default criterion can be affiliated with the leverage at
maturity Fk/Vk(TM). If the leverage is larger than one, a default occurs, and if the
leverage is below one, no default occurs. The corresponding normalized loss given
default (LGD) for Fk > Vk(TM) is

LGDk = Fk − Vk(TM)
Fk

. (2.7)

It differs from (2.5) by the Heaviside step function. The loss given default is the
actual loss, if a company defaults.

In the following, we consider a portfolio of credit contracts for K companies. The
total portfolio loss L is a sum over the individual losses weighted by their fractions
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fk in the portfolio

L =
K∑
k=1

fkLk , fk = Fk∑K
i=1 Fi

. (2.8)

The aim is to describe the average portfolio loss distribution p(L|Σ), which
depends on the covariance matrix Σ. It can be expressed by means of a filter
integral

p(L|Σ) =
∫

[0,∞)K

d[V ]g(V |Σ)δ
(
L−

K∑
k=1

fkLk

)
, (2.9)

where g(V |Σ) is the multivariate distribution of all correlated asset values at
maturity time TM, Σ is the covariance matrix, V = (V1(TM), . . . ,VK(TM)) is the K
component vector of the asset values and the measure d[V ] is the product of all
differentials

d[V ] =
K∏
k=1

dVk . (2.10)

This is equivalent to a K − 1-fold convolution, which is expressed in terms of a
filter integral by means of the Dirac delta function δ(x). We notice the complexity
of the integral (2.9) as the losses (2.5) involve Heaviside functions. In order to
calculate the portfolio loss distribution (2.9) we first need to specify the multivariate
distribution of the correlated asset values g(V |Σ). It is obtained by the more easily
accessible distribution g(r|Σ) where r is the return vector consisting of the returns

rk(t) = Vk(t+ ∆t)− Vk(t)
Vk(t)

, (2.11)

defined analogously to (1.2). Here, ∆t is the return horizon, which corresponds to
the maturity time, i.e.,

∆t = TM (2.12)

because we are interested in changes of the asset values over the time period TM
and we assume all credit contracts to have the form of zero coupon bonds.
The crucial problem is that the asset values show fluctuating correlations in

the course of time. This non-stationarity has to be taken into account by the
distribution g(r|Σ) when larger time scales like one year or more are considered.
Our goal is to calculate average loss distributions that take the non-stationarity of
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2. Credit Risk Meets Random Matrices

the covariances into account

〈p〉(L|Σ) =
∫

[0,∞)K

d[V ]〈g〉(V |Σ)δ
(
L−

K∑
k=1

fkLk

)
. (2.13)

We will argue that this is achieved by properly averaging the multivariate distribu-
tion g(V |Σ), resulting in 〈g〉(V |Σ).

2.3. Random Matrix Theory for Non-Stationary Asset
Correlations

In the following, we introduce a random matrix theory based on the Wishart model
in order to take non-stationary asset correlations into account. First, we sketch the
salient features of the Wishart model for correlation and covariance matrices.

2.3.1. Wishart Model for Correlation and Covariance Matrices

Financial markets are highly correlated systems, and risk assessment always requires
knowledge of correlations or, more generally, mutual dependencies. Correlation or
covariance matrices can be measured for arbitrary systems in which the observables
are time series. About ninety years ago, Wishart [200, 201] put forward a random
matrix model to assess the statistical features of the correlation or covariance
matrices by comparing to a Gaussian null hypothesis. Consider the K values
Ak(t), k = 1, . . . ,K at a fixed time t, which form the K component data vector
A(t) = (A1(t), . . . ,AK(t))†. Now, suppose that we draw the entries of this vector
from a multivariate Gaussian distribution with some covariance matrix Σ0, say,
meaning that

w̃(A(t)|Σ0) = 1
det1/2(2πΣ0)

exp
(
−1

2A
†(t)Σ−1

0 A(t)
)

(2.14)

is the probability density function. We now make the important assumptions that,
first, the data vectors are statistically independent for different times t and, second,
the distribution (2.14) has exactly the same form for all times t = 1, . . . ,T with
the same covariance matrix Σ0. Put differently, we assume that the data are from
a statistical viewpoint, Markovian and stationary in time. The probability density
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function for the entire model data matrix A is then simply the product

w(A|Σ0) =
T∏
t=1

w̃(A(t)|Σ0)

= 1
detT/2(2πΣ0)

exp
(
−1

2trA
†Σ−1

0 A

)
.

(2.15)

This is the celebrated Wishart distribution for the data matrix A, which predicts
the statistical features of random covariance matrices. By construction, we find for
the average of the model covariance matrix AA†/T

〈 1
T
AA†〉 =

∫
d[A]w(A|Σ0) 1

T
AA† = Σ0 , (2.16)

where the angular brackets indicate the average over the Wishart random matrix
ensemble (2.15) and where d[A] stands for the flat measure, i.e., for the product of
the differentials of all independent variables

d[A] =
∏
k,t

dAk(t) . (2.17)

We notice that in the random matrix model, each Ak(t) is one single random
variable; both the index k and the argument t are discrete. Hence, the dAk(t) is
not the differential of a function, rather it is simply the differential of the random
variable Ak(t). The Wishart ensemble is based on the assumptions of statistical
independence for different times, stationarity and a multivariate Gaussian functional
form. The covariance matrix Σ0 is the input for the mean value of the Wishart
ensemble about which the individual random covariance matrices fluctuate in a
Gaussian fashion. The strength of the fluctuations is intimately connected with
the length T of the model time series. Taking the formal limit T →∞ reduces the
fluctuations to zero, and all random covariance matrices are fixed to Σ0. It is worth
mentioning that the Wishart model for random correlation matrices has the same
form. If we replace A with M and Σ0 with C0, we find the Wishart distribution
that yields the statistical properties of random correlation matrices.
The Wishart model serves as a benchmark and a standard tool in statistical

inference [201] by means of an ergodicity argument: the statistical properties of
individual covariance or correlation matrices may be estimated by an ensemble of
such matrices, provided their dimension K is large. Admittedly, this ergodicity
argument does not necessarily imply that the probability density functions are
multivariate Gaussians. Nevertheless, arguments similar to those that lead to the
central limit theorem corroborate the Gaussian assumption, and empirically, it was
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seen to be justified in a huge variety of applications. A particularly interesting
application of the Wishart model for correlations in the simplified form with
C0 = 1K was put forward by the Paris and Boston econophysics groups [64, 90]
who compared the eigenvalue distributions (marginal eigenvalue probability density
functions) of empirical financial correlation matrices with the theoretical prediction.
They found good agreement in the bulk of the distributions, which indicates a
disturbing amount of noise-dressing in the data due to the relatively short lengths of
the empirical time series with considerable consequences for portfolio optimization
methods [67, 68, 91, 97, 202, 203].

2.3.2. New Interpretation and Application of the Wishart Model

Financial markets are well known to be non-stationary, i.e., the assumption of
stationarity is only meaningful on short time scales and is bound to fail on longer
ones. Non-stationary complex systems pose fundamental challenges [204–207] for
empirical analysis and for mathematical modeling [208, 209]. An example from
finance is comprised of the strong fluctuations of the sample standard deviations
σk, measured in different time windows of the same length T [53, 54], as shown in
figure 1.2 (c). Financial markets demonstrated their non-stationarity in a rather
drastic way during the recent years of crisis. Here, we focus on the non-stationarity
of the correlations. Their fluctuations in time occur, e.g., because the market
expectations of the traders change, the business relations between the companies
change, particularly in a state of crisis, and so on. To illustrate how strongly the
K ×K correlation matrix C as a whole changes in time, we show it for subsequent
time windows in figure 1.3.

Clearly, the non-stationary fluctuations of the correlations influence all deduced
economic observables, and it is quite plausible that this effect will be strong for the
statistics of rare, correlated events. In the sequel, we will show that the tails of the
loss distributions in credit risks will be particularly sensitive to the non-stationarity
of the correlations. We will also extend the Merton model of credit risk to account
for the non-stationarity. To this end, we will now put forward a re-interpretation
of the Wishart random matrix model for correlation matrices [191]. As mentioned
in section 2.3.1, the Wishart model in its original and widely-used form is based on
the assumption of stationarity. Using ergodicity, it predicts statistical properties of
large individual correlation and covariance matrices with the help of a fictitious
ensemble of random matrices. Ergodicity means that averages of one single system
over a very long time can be replaced by an average over an ensemble of matrices
or other mathematical structures, which represent all possible systems of the same
kind. We now argue that the Wishart model may be viewed as an ensemble of
random matrices that models a truly existing ensemble of non-stationary covariance
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2.3. Random Matrix Theory for Non-Stationary Asset Correlations

matrices. The elements of this ensemble model are in a statistical sense a set of
covariance matrices, which result from a measurement. In the re-interpretation of
the Wishart model the issue of ergodicity does not arise. Four elements in this latter
ensemble are shown in figure 1.3; the whole ensemble consists of all correlation
matrices measured with a window of length T sliding through a set of much longer
time series of length Ttot. The size of the truly existing ensemble is thus Ttot/T if
the windows do not overlap. The average correlation or covariance matrices C0 or
Σ0 are simply the sample averages over the whole time series of length Ttot. We
have K time series divided into pieces of length T that yield the truly existing
ensemble. To model it with an ensemble of random matrices, we have to employ
data matrices A with K rows, representing the model time series, but we are free
to choose their length N . As argued above, the length of the time series controls
the strength of the fluctuations around the mean. Thus, we use K ×N random
data matrices A and write

w(A|Σ0) = 1
detN/2(2πΣ0)

exp
(
−1

2trA
†Σ−1

0 A

)
(2.18)

for the probability density function. The K ×K mean covariance matrix Σ0 is
the input and given by the sample mean using the whole time series of length Ttot.
This is our re-interpreted Wishart model to describe fluctuating, non-stationary
covariance or correlation matrices. Importantly, ergodicity reasoning is not evoked
here, and it would actually be wrong. It is also worth mentioning that we are not
restricted to large matrix dimensions.
Next, we reveal that the non-stationarity in the correlations induces generic,

i.e., universal features in financial time series of correlated markets. We begin
with showing that the returns are to a good approximation multivariate Gaussian
distributed, if the covariance matrix Σ is fixed. We begin with assuming that the
distribution of the K dimensional vectors r(t) = (r1(t), . . . ,rK(t)) for a fixed return
interval ∆t while t is running through the dataset is given by

g(r|Σ) = 1√
det(2πΣ)

exp
(
−1

2r
†Σ−1r

)
, (2.19)

where we suppress the argument t of r in our notation. We test this assumption on
a dataset consisting of daily data of K = 306 continuously-traded companies in
the S&P 500 index between 1992 and 2012. We divide the time series in windows
of length T = 25 trading days, which is short enough to ensure that the sampled
covariances can be viewed as constant within these windows. We aggregate the
data, i.e., we rotate the return vector into the eigenbasis of Σ and normalize with
the corresponding eigenvalues. As seen in figure 2.2, there is good agreement with
a Gaussian over at least four orders of magnitude; details of the analysis can be
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Figure 2.2.: Aggregated distribution of normalized returns r̃ for fixed covariances
from the S&P 500 dataset, ∆t = 1 trading day and window length
T = 25 trading days. The circles show a normal distribution, the scale
is logarithmic. Taken from [191].

found in [191]. To account for the non-stationarity of the covariance matrices, we
replace them with random matrices

Σ −→ 1
N
AA† , (2.20)

drawn form the distribution (2.18). We emphasize that the random matrices A have
dimension K ×N . The larger the N , the more terms contribute to the individual
matrix elements of AA†/N , eventually fixing them for N → ∞ to the mean Σ0.
The fluctuating covariances alter the multivariate Gaussian (2.19). We model this
by the ensemble averaged return distribution

〈g〉(r|Σ0,N) =
∫
d[A]g

(
r

∣∣∣∣ 1
N
AA†

)
w(A|Σ0) , (2.21)

which parametrically depends on the fixed empirical covariance matrix Σ0, as well
as on N . The ensemble average can be done analytically [191] and results in

〈g〉 (r|Σ0,N) =
√
N
K

√
2N−2Γ(N/2)

√
det(2πΣ0)

K(K−N)/2

(√
Nr†Σ−1

0 r

)
√
Nr†Σ−1

0 r
(K−N)/2 , (2.22)

where Kν is the modified Bessel function of the second kind of order ν. In the
data analysis below, we will find K > N . Since the empirical covariance matrix
Σ0 is fixed, N is the only free parameter in the distribution (2.22). For large N ,
it approaches a Gaussian. The smaller N , the heavier the tails, for N = 2 the
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Figure 2.3.: Aggregated distribution of the rotated and scaled returns r̃ for ∆t = 1
(top) and ∆t = 20 (bottom) trading days on a logarithmic scale. The
circles correspond to the aggregation of the distribution (2.22). Taken
from [191].

distribution is exponential. Importantly, the returns enter 〈g〉(r|Σ0,N) only via the
bilinear form r†Σ−1r.
To test our model, we again have to aggregate the data, but now for the entire

S&P 500 dataset from 1992–2012, i.e., Ttot = 5275 days, see figure 2.3. We find
N = 5 for daily returns, i.e., ∆t = 1 trading day and N = 14 for ∆t = 20 trading
days. Furthermore, a more detailed comparison with larger datasets for monthly
returns is provided in figure 2.4. Here, stocks taken from the S&P 500 index and
stocks taken from NASDAQ are used. In the top left corner, the dataset consists
of 307 stocks taken from the S&P 500 index, which are continuously traded in the
period 1992–2012. The other datasets following clockwise are: 439 stocks from S&P
500 index in the time period 2002–2012, 2667 stocks from NASDAQ in the time
period 2002–2012 and 708 stocks from NASDAQ in the time period 1992–2012.
We find values around N = 20 for monthly returns. Both datasets are taken from
Yahoo Finance [210].

There is a good agreement between the model and data. Importantly, the
distributions have heavy tails, which result from the fluctuations of the covariances;
the smaller the N , the heavier. For small N , there are deviations between theory
and data in the tails. Three remarks are in order. First, one should clearly
distinguish this multivariate analysis from the stylized facts of individual stocks,
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Figure 2.4.: Aggregated distribution for the normalized monthly returns with the
empirical covariance matrix on a logarithmic scale. The black line shows
the empirical distribution; the red dotted line shows the theoretical
results. The insets show the corresponding linear plots. Top left/right:
S&P 500 (1992–2012)/(2002–2012); bottom left/right: NASDAQ
(1992–2012)/(2002–2012). Taken from [192].

which are well known to have heavy-tailed distributions. This is to some extent
accounted for in our model, as seen in the bottom part of figure 2.3. In the top
part, the tails are heavier because the time interval ∆t is much shorter. To further
account for this, we need to modify the Wishart model by using a distribution
different from a Gaussian one [211]. Second, figure 1.3 clearly shows that the
empirical ensemble of correlation matrices has inner structures, which are also
contained in our model, because the mean Σ0 enters. Third, an important issue for
portfolio management is that the random matrix approach reduces the effect of
fluctuating correlations to one single parameter characterizing its strength. Hence,
the fluctuation strength of correlations in a given time interval can directly be
estimated from the empirical return distribution without having to estimate the
correlations on shorter time intervals [194].

In the mathematics and economics literature, dynamic models based on Wishart
processes were introduced, involving multivariate stochastic volatilities [212, 213].
Various quantities such as leverage, risk premia, prices of options and Wishart
autoregressive processes are calculated and discussed. These studies are related to
ours, although our focus is not on the processes, rather on the resulting distributions,
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because we wish to directly model multivariate return distributions in a non-
stationary setting.

2.4. Modeling Fluctuating Asset Correlations in Credit Risk

Structural credit risk models employ the asset value at maturity to derive default
events and their ensuing losses. Thus, the distribution that describes the asset
values has to be chosen carefully. One major requirement is that the distribution
is in good accordance with empirical data. This goal can be achieved by using
the random matrix approach for the asset correlations, discussed in section 2.3.
Based on [134, 192], we discuss the Merton model together with the random matrix
approach and reveal various results for the average portfolio loss distribution, VaR
and ETL.

2.4.1. Random Matrix Approach

As described in section 2.3, the random matrix approach can be used to cope
with the non-stationary asset correlations. The average asset value distribution
〈g〉 (V |Σ0,N) is obtained by averaging a multivariate normal distribution over an
ensemble of Wishart distributed correlation matrices. Thus, we calculate the loss
distribution as an ensemble average. From (2.9), we find

〈p〉(L|Σ0,N) =
∫

[0,∞)K

d[V ]〈g〉(V |Σ0,N)δ
(
L−

K∑
k=1

fkLk

)
. (2.23)

Again, we emphasize that the ensemble truly exists as a consequence of the
non-stationarity. As a side effect of the random matrix approach, the resulting
distribution depends only on two parameters: the K×K average covariance matrix
Σ and the free parameter N , which controls the strength of the fluctuations around
the average covariance matrix. N behaves like an inverse variance of the fluctuations;
the smaller the N , the larger the fluctuations become. Both parameters have to be
determined by historical stock price data.
The average asset value distribution depends on the K ×K mean covariance

matrix Σ0. To circumvent the ensuing complexity and to make analytical progress,
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we assume an effective average correlation matrix

C0 = (1− c)1K + ceKe
†
K =


1 c c . . .
c 1 c . . .
c c 1 . . .
...

...
... . . .

 (2.24)

where all off-diagonal elements are equal to c. Here, 1K is the K ×K unit matrix
and eK is a K component vector containing ones. The average correlation is
calculated over all assets for the selected time horizon. We emphasize that only
the effective average correlation matrix C0 is fixed; the correlations in the random
matrix approach fluctuate around this mean value. In the sequel, whenever we
mention a covariance matrix with an effective correlation matrix, we denote it as an
effective covariance matrix, and whenever we mention a fully-empirical covariance
matrix where all off-diagonal elements differ from another, we denote it as an
empirical covariance matrix or a covariance matrix with a heterogeneous correlation
structure. Using the assumption (2.24), analytical tractability is achieved, but it
also raises the question whether the data can still be described well. To compare
the result with the data, one has to rotate and scale the returns again, but instead
of using the empirical covariance matrix the covariance matrix with the effective
average correlation structure has to be applied. The results for monthly returns,
using the same dataset as in figure 2.4, are shown in figure 2.5. Still, there is a good
agreement between the average asset value distribution with the assumption (2.24)
and the data. This leads to the conclusion that the approximation is reasonable.
Considering the parameter Neff, which is needed to describe the fluctuations around
the effective average correlation matrix, values around Neff = 4 are found. In
contrast to the larger values around N = 20, which describe the distributions best
in the case of an empirical correlation matrix, the lower values in the case of an
effective correlation matrix with average correlation c are needed to describe the
larger fluctuations around this average. This result corroborates the interpretation
of N as an inverse variance of the fluctuations. Now, the correlation structure
of a financial market is captured solely by two parameters: the effective average
correlation coefficient c and parameter N , which indicates the strength of the
fluctuations around this average. Both parameters have to be estimated from
empirical data.

If we studied non-averaged quantities depending on a specific correlation structure,
approach (2.24) would be much less likely to give satisfactory results. The choice
has two major advantages. First, we achieve analytical tractability, which can be
seen later on in section 3.2.1; second, we can describe the complexity of a correlated
market with only two parameters.
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Figure 2.5.: Aggregated distribution for the normalized monthly returns with the
effective correlation matrix on a logarithmic scale. The black line shows
the empirical distribution; the red dotted line shows the theoretical
results. The insets show the corresponding linear plots. Top left/right:
S&P 500 (1992–2012)/(2002–2012); bottom left/right: NASDAQ
(1992–2012)/(2002–2012). The average correlation coefficients are
c = 0.26, 0.35, 0.21 and 0.25, respectively. Taken from [192].

2.4.2. Average Loss Distribution

Having shown the quality of the random matrix approach, we may now proceed in
calculating the average portfolio loss distribution (2.23). We deduce the average
distribution for the asset values 〈g〉(V |Σ0,N) from the result (2.22) for the returns.
In the Merton model, it is assumed that the asset values Vk(t) follow a geometric
Brownian motion with drift and volatility constants µk and ρk, respectively. This
leads to a multivariate Gaussian of the form (2.19) for the returns, which is
consistent with the random matrix approach. Therefore, according to Itô’s Lemma
[214], we perform a change of variables

rk −→ ln Vk(TM)
Vk0

−
(
µk −

ρ2
k

2

)
TM , (2.25)

with Vk0 = Vk(0) and the volatilities

ρk = σk√
TM

, (2.26)
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where σk is the sample standard deviation in connection with (1.7). Expression
(2.22) can now be rewritten using Fourier integrals. After employing and adjusting
the steps in [134], we arrive at the double integral

〈g〉 (V |c,N) = 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2πz

√
N

2πz(1− c)T

K

×
∞∫
−∞

du exp
(
−N2zu

2
)

×
K∏
k=1

1
Vkρk

exp

− N

2z(1− c)Tρ2
k

(
ln Vk
Vk0
−
(
µk −

ρ2
k

2

)
T +
√
cTuρk

)2
.

(2.27)
The random matrix model of non-stationarity together with the effective average

correlation matrix results in an expression for the joint multivariate distribution of
the asset values in terms of a bivariate average of the product of geometric Brownian
motions over a χ2 distribution in z and a Gaussian in u. We do not perform the u
integration yet because we will factorize the Vk integrals when computing the loss
distribution (2.23) later on.
In order to calculate the average portfolio loss distribution, we assume a large

portfolio in which all face values Fk are of the same order 1/K and carry out an
expansion for large K. The analytical result is

〈p〉(L|c,N) = 1√
2π2N/2Γ(N/2)

∞∫
0

dz zN/2−1e−z/2

√
N

2π

×
+∞∫
−∞

du exp
(
−N2 u

2
) 1√

M2(z,u)
exp

(
−(L−M1(z,u))2

2M2(z,u)

)
(2.28)

for the average loss distribution with

M1(z,u) =
K∑
k=1

fkm1k(z,u) (2.29)

and

M2(z,u) =
K∑
k=1

f2
k

(
m2k(z,u)−m2

1k(z,u)
)
. (2.30)
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The j-th moments mjk(z,u) are

mjk(z,u) =
F̂k∫
−∞

dV̂k

(
1− Vk0

Fk
exp

(
√
zV̂k +

(
µk −

ρ2
k

2

)
TM

))j

×
√

N

2π(1− c)TMρ2
k

exp
(
− N

2(1− c)TMρ2
k

(
V̂k +

√
cTMuρk

)2
)
,

(2.31)
see [134]. The changed variable is V̂k = (ln(Vk(TM)/Vk0) − (µk − ρ2

k/2)TM)/
√
z

with the upper bound for the integral (2.31)

F̂k = 1√
z

(
ln Fk
Vk0
−
(
µk −

ρ2
k

2

)
TM

)
. (2.32)

The integrals in (2.28) have to be evaluated numerically.
To further illustrate the results, we assume homogeneous credit portfolios. A

portfolio is said to be homogeneous when all contracts have the same face value
Fk = F and start value Vk(0) = V0 and the same parameters for the underlying
stochastic processes like volatility ρk = ρ and drift µk = µ. Of course, this does not
mean that all asset values follow the same path from t = 0 to maturity TM because
underlying processes are stochastic.
It is often argued that diversification significantly reduces the risk in a credit

portfolio. In the context mentioned here, diversification solely means the increase
of the number K of credit contracts in the credit portfolio on the same market.
The limit distribution for an infinitely large portfolio provides information about
whether this argument is right or wrong. We thus consider a portfolio of size
K →∞ and find the limiting distribution

〈p〉(L|c,N)
∣∣∣∣
K→∞

= 1
2N/2Γ(N/2)

√
N

2π

×
∞∫

0

dz zN/2−1e−z/2 exp
(
−N2 u

2
0

) 1
|∂m1(z,u)/∂u|z,u0

, (2.33)

where u0(L,z) is the implicit solution of the equation

L = m1(z,u0) . (2.34)

We drop the second index k of the first moment m1(z,u0) from (2.31), since we
consider a homogeneous portfolio. To arrive at the result (2.33), we use standard
methods of the theory of generalized functions and distributions [215]. We now
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Figure 2.6.: Average portfolio loss distribution for different portfolio sizes of K = 10,
K = 100 and the limiting case K →∞. At the top, the maturity time
is one month; at the bottom, it is one year. The scale is logarithmic.

display the average loss distribution for different K. The model depends on four
parameters, which can be calibrated by empirical data. Three of them, the average
drift µ, the average volatility ρ and the average correlation coefficient c, can
be directly calculated from the data. The fourth parameter N , controlling the
strength of the fluctuations, has to be determined by fitting the average asset
value distribution onto the data. The resulting average portfolio loss distribution
〈p〉(L|c,N) for correlation averaged asset values is shown in figure 2.6. Different
portfolio sizes K = 10,100 and K →∞ and two different maturity times TM = 20
trading days and TM = 252 trading days are shown. For the estimation of the
empirical parameters, the S&P 500 dataset in the time period 1992–2012 is used.
The parameters for TM = 20 trading days are N = 4.2, µ = 0.013 month−1, ρ = 0.1
month−1/2 and an average correlation coefficient of c = 0.26, shown on the top, and
for a maturity time of TM = 1 year N = 6.0, µ = 0.17 year−1, ρ = 0.35 year−1/2

and an average correlation coefficient of c = 0.28, shown on the bottom. Moreover,
a face value of F = 75 and an initial asset value of V0 = 100 are used. There is
always a slowly decreasing heavy-tail. A significant decrease of the risk of large
losses cannot be achieved by increasing the size of the credit portfolio. Instead, the
distribution quickly converges to the limiting distribution K →∞. This drastically
reduces the effect of diversification. In a quantitative manner, it is thus shown
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2.4. Modeling Fluctuating Asset Correlations in Credit Risk

that diversification does not work for credit portfolios with correlated asset values.
Speaking pictorially, the correlations glue the obligors together and let them act to
some extent like just one obligor.
The values of the average correlation coefficient c and the parameter N also

influence the average loss distribution. The larger the average correlation c and
the smaller the parameter N , the heavier are the tails of the distribution and the
more likely is the risk of large losses.

2.4.3. Adjustability to Different Market Situations

The non-stationarity of financial markets implies that there are calm periods where
the markets are stable, as well as periods of crisis such as the period 2008–2010;
see, e.g., for the volatility in figure 1.2 (c). Observables describing the market
behavior in different periods vary significantly. Consequently, the loss distribution,
particularly its tail, strongly changes in different market situations. Our model
fully grasps this effect.
Importantly, we are able to adjust the four parameters drift, volatility, average

correlation coefficient and parameter N , to different periods, i.e., different market
situations. This is a significant feature of the model. To demonstrate the adjusta-
bility of our model based on the random matrix approach, we consider the two
periods 2002–2004 and 2008–2010. The first period is rather calm, whereas the
second includes the global financial crisis. We determine the average parameters
for monthly returns of continuously-traded S&P 500 stocks, shown in Table 2.1.
For each period, we take the corresponding parameters and calculate the average
portfolio loss distribution; see figure 2.7. As anticipated, we find a much more
pronounced tail risk in times of crisis. This is mainly due to the enlarged average
correlation coefficient in times of crisis. Consequently, we are able to adjust the
model to various periods. It even is possible to adjust the parameters and hence
the tail behavior dynamically.

Time Horizon for K Neff ρ µ c

Estimation in month−1/2 in month−1

2002–2004 436 5 0.10 0.015 0.30
2008–2010 478 5 0.12 0.010 0.46

Table 2.1.: Average parameters used for two different time horizons. The values
are taken from [192].
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on a logarithmic scale. The dashed line corresponds to the global
financial crisis 2008–2010; the solid line corresponds to the calm period
2002–2004.

The setting discussed here includes avalanche or contagion effects only indirectly
when calibrated to a market situation in the state of crisis. Direct modeling of
contagion is provided in [127, 216].
We estimate the value of the correlations by empirical data. However, the

multivariate return distribution (2.22) that we construct is strongly non-Gaussian
and describes the empirical data well. Thus, in the present context copulas, which
capture the lower tail dependence, are not needed. However, a comparison with
copulas can be found in [83].

Moreover, by adjusting the parameter N , we are able to control the strength of the
fluctuations around the mean correlation coefficient. The larger the N , the smaller
the fluctuations are. In the case N →∞, the fluctuations are suppressed and the
correlation matrix becomes stationary. Hence, the average return distribution (2.22)
becomes a multivariate Gaussian and the benefits of the random matrix approach
are not given anymore. The result for the average portfolio loss distribution is

lim
N→∞

〈p〉 (L|c,N) = 1√
2π

∞∫
−∞

du exp
(
−u

2

2

)
1√

2πM2(u)
exp

(
−(L−M1(u))2

2M2(u)

)
(2.35)

with

M1(u) =
K∑
k=1

fkm1k(u) (2.36)
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and

M2(u) =
K∑
k=1

f2
k

(
m2k(u)−m2

1k(u)
)
. (2.37)

The j-th moments

mjk(u) =
F̂k∫
−∞

dV̂k

(
1− Vk0

Fk
exp

[
V̂k +

(
µk −

ρ2
k

2

)
TM

])j

× 1√
2π(1− c)TMρ2

k

exp
(

1
2(1− c)TMρ2

k

(
V̂k +

√
cTMuρk

)2
)
,

(2.38)

are very similar to the moments mjk(z,u) in (2.31).
In figure 2.8, we compare the portfolio loss distribution for a fixed correlation

coefficient of c = 0.3 for different values of N . The tail of the loss distribution clearly
decreases with increasing N . The larger N becomes, the smaller are the outliers
of the random correlations around the mean correlation coefficient. This shows
the benefit of our random matrix approach compared to standard methods using
stationary asset correlations and a multivariate Gaussian for the asset return
distribution. Due to the asymmetry of credit risk, outliers that exceed the average
correlation coefficient by far have a much stronger impact on the loss distribution
than outliers which remain below the average correlation coefficient. This effect is
more pronounced for smaller N and leads to an increasing tail.
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2.4.4. Value at Risk and Expected Tail Loss

The approximation of an effective correlation matrix facilitated analytical progress,
but importantly, the average asset return distribution still fits empirical data well
when using this approximation. We now show that this approximation is also
capable of estimating the Value at Risk and the Expected Tail Loss. We compare
the results obtained in this approximation with the results obtained for an empirical
covariance matrix. This is also interesting from the risk management perspective
because it is common to estimate the covariance matrix over a long period of time
and use it as an input for various risk estimation methods. Put differently, we are
interested in the quality of risk estimation using an effective correlation matrix and
taking fluctuating correlations into account.

The comparison of the effective correlation matrix with the empirical correlation
matrix cannot be done analytically. Hence, Monte Carlo simulations to calculate
the VaR and ETL are carried out. For each asset, its value at maturity time
TM is simulated and the portfolio loss according to (2.8) is calculated. All assets
have the same fraction in the portfolio. For different time horizons, the empirical
covariance matrix, volatilities and drifts for monthly returns of the S&P 500 stocks
are calculated. In addition, the parameter N is determined as described above. In
the calm period 2002–2004, we find a rather large parameter value of N = 14 for
the empirical covariance matrix, whereas during the financial crisis in 2008–2010,
we find N = 7. This once more illustrates the meaning of N as an inverted variance
of the fluctuations.

The relative deviations of the VaR and ETL for different quantiles of the effective
covariance matrix from the empirical covariance matrix are calculated. This is done
in two different ways. First, one may assume a fully-homogeneous portfolio where
additional to the effective correlation matrix the average values for volatility and
drift for each stock are used. Second, one may use the effective correlation matrix
and the empirically-obtained values for volatility and drift for each stock. It turns
out that in most cases, the effective correlation matrix together with homogeneous
volatility and drift underestimates the risk. In contrast, if one uses heterogeneous
volatilities and drifts and the effective correlation matrix, one finds a satisfactory
agreement compared to the full empirical covariance matrix; for detailed analysis,
see [192]. In the latter case, the effective covariance matrix slightly overestimates
the VaR and ETL in most cases. Hence, the structure of the correlation matrix
does not play a decisive role in the risk estimation. This is so because the loss
distribution is always a multiply-averaged quantity. A good estimation of the
volatilities, however, is crucial.

The benefit of the random matrix approach is shown by comparing the VaR
calculated for N → ∞ and for different values of N . The case N → ∞ does not
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Figure 2.9.: Underestimation of the VaR if fluctuating asset correlations are not
taken into account. The empirical covariance matrix is used and
compared for different values of N . The scale is linear. Taken from
[192].

allow fluctuations of the covariance matrix. This means that we use stationary
correlations, which turn the distribution 〈g〉(V |Σ0,N) of the asset values at maturity
into a multivariate log-normal distribution. Thus, for N →∞, the benefits of the
random matrix approach are disabled. The underestimation of the VaR by using
stationary correlations, i.e., N →∞, is measured in terms of the relative deviation
from the VaR calculated for empirical values of N . The empirical covariance matrix
and the empirical, i.e., heterogeneous, volatilities and drifts calculated in the period
2006–2010 are used. The results are shown in figure 2.9. Here, different quantiles
α = 0.99, 0.995, 0.999 are used. For the empirically-observed parameter N = 12,
the VaR is underestimated between 30% and 40%. Hence, to avoid a massive
underestimation of risk, the fluctuations of the asset correlations must be accounted
for.

2.5. Concurrent Credit Portfolio Losses

In the previous section, solely one single portfolio on a financial market was
considered. Here, based on [193], we consider the problem of concurrent portfolio
losses where two non-overlapping credit portfolios are taken into account. We
discuss the statistical dependencies for homogeneous and empirical S&P 500- and
Nikkei-based credit portfolios by means of copulas.
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2.5.1. Simulation Setup

We consider two non-overlapping credit portfolios, which are set up according to
figure 2.10, in which the financial market is illustrated by means of its correlation
matrix. The two portfolios are marked as black rimmed squares. Both portfolios
include K contracts, which means they are of equal size and no credit contract
is contained in either portfolio. Despite the fact that the portfolios are non-
overlapping, they are correlated due to non-zero correlations in the off-diagonal
squares.

2019

Figure 2.10.: Heterogeneous correlation matrix for 481 stocks from S&P 500 index
in the period January 2018 to July 2019 illustrating a financial market.
The two rimmed squares correspond to two non-overlapping credit
portfolios.

The joint bivariate distribution of the losses L(1) and L(2) of two credit portfolios

p(L(1),L(2)|Σ) =
∫

[0,∞)K

d[V ]g(V |Σ)δ
(
L(1) −

K∑
k=1

f
(1)
k L

(1)
k

)
δ

(
L(2) −

K∑
k=1

f
(2)
k L

(2)
k

)
(2.39)

is defined analogously to (2.9). Here, the upper index indicates the corresponding
portfolio. The normalized losses L(b)

k and portfolio losses L(b), as well as the fractions
f

(b)
k for b = 1,2 are defined analogously to (2.5) and (2.8), respectively. The total
face value Fk = F

(1)
k + F

(2)
k is the sum over the face values for both portfolios. We

remark that for two non-overlapping portfolios, one of the addends is always zero.
With this simulation setup, the correlated asset values Vk(TM) for each contract

are simulated several thousand times to calculate the portfolio losses and herefrom
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the empirical portfolio loss copula. In particular, we will analyze the copula
density, which is illustrated by means of a normalized two-dimensional histogram.
Hence, when speaking of a copula, we rather mean its density. To obtain a
better understanding of the mutual dependencies, which are expressed by the
empirical copula, it is compared to a Gaussian copula. This Gaussian copula is
fully determined by the correlation coefficient of the portfolio losses.
To systematically study the influence of different parameters on the portfolio

loss copula, it is helpful to analyze homogeneous portfolios first. The most generic
features can be found by focusing on asset correlations and drifts. The simulation
is run in two different ways. First, we consider Gaussian dynamics for the stock
price returns. This means that the asset values at maturity time TM are distributed
according to a multivariate log-normal distribution. We notice that in the case of
Gaussian dynamics, the fluctuations of the random correlations around the average
correlation coefficient are zero. This corresponds to the case N → ∞. Second,
we use fluctuating asset correlations, employing a parameter value of Neff = 5 in
accordance with the findings of [192] for an effective correlation matrix; see Table 2.1.
For the simulation, the parameters µ = 10−3 day−1, ρ = 0.03 day−1/2 and leverages
F/V0 = 0.75 are chosen. The portfolios are of size K = 50, the maturity time is
TM = 1 year and a market with vanishing asset correlation, i.e., c = 0, is considered.
The resulting copulas are shown in figure 2.11. For N → ∞, the loss copula is
constant. This result is quite obvious. Due to the Gaussian dynamics and c = 0, the
asset values are uncorrelated and statistically independent. Therefore, the portfolio
losses, which are derived from those independent quantities, do not show mutual
dependencies either. The resulting copula is an independence copula, which agrees
with a Gaussian loss copula for a portfolio loss correlation of Corr(L(1),L(2)) = 0.
In the color code, only white appears. The difference of the empirical copula and
the Gaussian copula within each bin is illustrated by means of a color code. The
color bar on the right-hand side indicates the difference between the two copulas.
The colors yellow to red imply a stronger dependence by the empirical copula in the
given (u,v)-interval than predicted by the Gaussian copula. The colors turquoise
to blue imply a weaker dependence of the empirical copula than a Gaussian copula
predicts. White implies that the local dependence is equal. The empirical average
loss correlation calculated from the simulation outcomes is zero and corroborates
this result.
In the bottom panel of figure 2.11, the combination of c = 0 and Neff = 5 is

shown. The deviations from the independence copula are striking. They emerge
because we included according to the random matrix approach fluctuating asset
correlations around the average correlation c = 0. In that way, positive, as well as
negative correlations are equally likely. Having a look at the copula histograms,
we find a significant deviation from the Gaussian copula. A Gaussian copula is
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Figure 2.11.: Average loss copula histograms for homogeneous portfolios with vanish-
ing average asset correlations c = 0. The asset values are multivariate
log-normal (N →∞) in the top figure and multivariate heavy-tailed
(Neff = 5) in the bottom figure. The color bar indicates the local
deviations from the corresponding Gaussian copula. Taken from [193].

always symmetric regarding the line spanning from (0,1) to (1,0). Nevertheless,
the portfolio loss correlation is Corr(L(1),L(2)) = 0.752. The deviations from the
Gaussian copula, which is determined by the calculated correlation coefficient,
can be seen on the color code. Especially in the (1,1) corner, which is related
to concurrent extreme losses, we see that the empirical copula shows a weaker
dependence than the Gaussian copula. We still have to answer the question why
the portfolio losses exhibit such a strong positive correlation, although the average
asset correlation is set to zero in the simulation. First, as explained before, credit
risk is highly asymmetric. For example, if in a credit portfolio, one single contract
generates a loss, it is already sufficient enough that the whole portfolio generates
a loss. The company defaulting may just cause a small portfolio loss, but still,
it dominates all other non-defaulting and maybe prospering companies. In other
words, there is no positive impact of non-defaulting companies on the portfolio
losses. All those non-defaults are projected onto zero. Second, the fluctuating asset
correlations imply a division of the companies into two blocks. The companies
show positive correlations within the blocks and negative correlations across them.
Due to the aforementioned fact that non-defaulting companies have no positive
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impact on the loss distribution, the anti-correlations contribute to the portfolio
loss correlation in a limited fashion. They would act as a risk reduction, which
is limited according to the asymmetry of credit risk. On the other side, positive
correlations within the blocks imply a high risk of concurrent defaults.
We now investigate the impact of the drift. All non-defaulting companies are

projected onto a portfolio loss equal to zero. The influence of these projections
onto zero and therefore the default-non-default ratio can be analyzed in greater
detail by varying the drift of the asset values. For example, if a strong negative
drift is chosen, it is highly likely that all companies will default at maturity.
We consider Gaussian dynamics with an average asset correlation of c = 0.3

and a volatility of ρ = 0.02 day−1/2 and different values of µ. Figure 2.12 shows
the resulting copulas for three different drift parameters. In the top panel, a drift
of µ = 10−3 day−1 is chosen, which leads to a non-default ratio of 39.1% and
an estimated portfolio loss correlation of Corr(L(1),L(2)) = 0.851. One finds a
significant deviation from a symmetric Gaussian copula. In the middle and bottom
panel, a drift of µ = 3×10−4 day−1 and µ = −3×10−3 day−1 is chosen, which leads
to non-default ratios of 12.8% and zero, respectively. The estimated portfolio loss
correlations increase as the non-default ratios decrease, and one finds a correlation
of Corr(L(1),L(2)) = 0.904 and Corr(L(1),L(2)) = 0.954, respectively. Moreover,
we see that the empirical copula turns ever more Gaussian if the percentage of
non-defaults decreases. Finally, at a default probability of 100%, the empirical
loss copula is a Gaussian copula. This is seen in the bottom panel where no color
except for white appears. In the middle and top panel, we see deviations from the
Gaussian copula. Especially in the (1,1) corner, we see that the empirical copula
exhibits a stronger dependence than predicted by the corresponding Gaussian
copula. In both cases, the statistical dependence of large concurrent portfolio losses
is underestimated by the Gaussian copula.
We infer that an increase in default probability yields an increase in portfolio

loss correlation. In addition, we conclude that the loss of information, which is
caused by the projections onto zero, is responsible for the observed deviations of
the statistical dependencies from Gaussian copulas.

2.5.2. Empirical Credit Portfolios

Now, more realistic portfolios with heterogeneous parameters are considered. To
systematically study the influence of heterogeneity, only the volatility is initially
chosen to be heterogeneous. Afterwards, we will proceed with the analysis of
fully-heterogeneous portfolios. The empirical parameters like asset correlation, drift
and volatility are determined by historical datasets from S&P 500 and Nikkei 225
stocks.
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Figure 2.12.: Average loss copula histograms for homogeneous portfolios with asset
correlations c = 0.3. The asset values are multivariate log-normal
(N → ∞). The drifts are µ = 10−3 day−1 (top), 3 × 10−4 day−1

(middle) and −3× 10−3 day−1 (bottom). The color bar indicates
the local deviations from the corresponding Gaussian copula. Taken
from [193].

In order to avoid any effect due to a specific parameter choice, the average over
thousands of simulations run with different parameter values is calculated.
We begin with investigating the heterogeneity of single parameters. Gaussian

dynamics with an average asset correlation c = 0.3 and a homogeneous large
negative drift of µ = −3 × 10−3 day−1 is considered. Due to the large negative
drift, we have seen that in the case of an additional homogeneous volatility, the
resulting dependence structure is a Gaussian copula. A rather simple heterogeneous
portfolio is constructed when only the daily volatilities are considered random.
For each contract, the volatility is drawn from a uniform distribution in the open
interval (0,0.25). The resulting average portfolio loss copula is shown in figure 2.13.
We again compare the average copula calculated by the simulation outcomes with
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Figure 2.13.: Average loss copula histograms for two portfolios with heterogeneous
volatilities drawn from a uniform distribution in the interval (0,0.25).
The color bar indicates the local deviations from the corresponding
Gaussian copula. Taken from [193].

the average over the corresponding Gaussian copulas determined by the portfolio
loss correlation. Surprisingly, the single parameter heterogeneity is sufficient to
cause deviations from the Gaussian copula. The coloring shows deviations of the
empirical copula from the Gaussian copula especially in the vicinity of the (0,0) and
(1,1) corners. We come to the conclusion that a choice of one or more heterogeneous
parameters, i.e., a large variety in different parameters for each portfolio, alters the
dependence structure from an ideal Gaussian copula. The more heterogeneous the
portfolios become, the larger the deviations from the symmetric Gaussian copula.
So far, there are two causes for non-Gaussian empirical copulas: the loss of

information, induced by the projections of non-defaults onto zero, as well as
parameter heterogeneity.

We now turn to empirical portfolios. Before starting the simulation, the empirical
parameters have to be defined. The dataset consists of stock return data from
272 companies listed on the S&P 500 index and from 179 companies listed on
the Nikkei 225 index. It is sampled in a 21-year interval, which covers the period
January 1993–April 2014. To set up a realistic, fully-homogeneous portfolio, drifts,
volatilities and correlations are calculated from this empirical dataset. Moreover,
in [191], it was shown that annual returns behave normally for empirical asset
values. To match these findings, the Gaussian dynamics for the stock price returns
is applied. To obtain an average empirical portfolio loss copula, one first averages
over different pairs of portfolios and then averages over randomly chosen annual
time intervals taken out of the 21-year period. By averaging over different pairs
of portfolios, results that are due to specific features of two particular portfolios
are avoided. We consider three different cases, which are shown in figure 2.14.
In the first case, which is shown in the top panel, one portfolio is drawn from
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S&P 500 stocks and the other is drawn from Nikkei 225 stocks. In the second case
(middle panel), both portfolios are drawn from S&P 500 stocks, and in the third
case (bottom panel) both are drawn from Nikkei 225 stocks.

Figure 2.14.: Time averaged loss copula histograms for two empirical copulas of
size K = 50. The asset values are multivariate log-normal (N →∞).
Top: Portfolio 1 is always drawn from S&P 500 and Portfolio 2
from Nikkei 225; middle: both portfolios are drawn from S&P 500;
bottom: both portfolios are drawn from Nikkei 225. The color bar
indicates the local deviations from the corresponding Gaussian copula.
Taken from [193].

In all three cases, we find deviations of the empirical copula from the Gaussian
copula. Especially the dependence of the extreme events is much more pronounced
than by the prediction of a Gaussian copula. This can be seen in the (1,1) corner,
where the colors indicate that the tails are much more narrow and pointed compared
to the Gaussian copula. On the other side, the tails in the (0,0) corner are flatter
compared to a Gaussian copula. The asymmetry regarding the line spanned by
(1,0) and (0,1) leads to the conclusion that extreme portfolio losses occur more
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often simultaneously than in the case of small portfolio losses. Hence, an extreme
loss of one portfolio is very likely to also yield an extreme loss of the other portfolio.
This dependence is much stronger than predicted by a Gaussian copula. Thus,
modeling portfolio loss dependencies by means of Gaussian copulas is deeply flawed
and might cause severe underestimations of the actual credit risk.

Another important aspect of credit risk can be analyzed by considering different
portfolio sizes. So far, only rather small portfolios of size K = 50 were chosen.
Increasing the size of the portfolios leads to a rise in portfolio loss correlation.
This behavior can be explained by the decrease of the idiosyncrasies of large
portfolios. Moreover, it explains why the empirical loss copulas in figure 2.14
are almost perfectly symmetric regarding the line spanned by (0,0) and (1,1).
Portfolios based on the S&P 500 dataset with a size of K = 50 and an average
asset correlation of c = 0.27 each reveal an significant average loss correlation of
Corr(L(1),L(2)) = 0.779. Even if we decrease the size to K = 14 companies, an
average portfolio loss correlation of Corr(L(1),L(2)) > 0.5 is found. This reveals
that high dependencies among banks are not only limited to “big players”, which
hold portfolios of several thousand contracts. Furthermore, small institutions show
noticeable dependencies even though their portfolios are non-overlapping.

2.6. Conclusions

The motivation for the studies that we reviewed here was two-fold. First, the massive
perturbations that shook the financial markets starting with the subprime crisis of
2007–2009 sharpened the understanding of how crucial the role of credits is for the
stability of the economy as a whole in view of the strong interdependencies. Better
credit risk estimation is urgently called for, particularly for rare, but drastic events,
i.e., for the tails of the loss distributions. Particularly, the often claimed benefit
of diversification has to be critically investigated. Second, the ubiquitous non-
stationarity in financial markets has to be properly accounted for in the models. The
financial crisis illustrates in a painful way that decisive economic quantities strongly
fluctuate in time, ruling out elegant, but too simplistic equilibrium approaches,
which fail to grasp the empirical situation.

This two-fold motivation prompted a random matrix approach to tackle and
eventually solve the Merton model of credit risk for fully-correlated assets. A proper
asset value distribution can be calculated by an ensemble average of random corre-
lation matrices. The main ingredient is a new interpretation of the Wishart model
for correlation or covariance matrices. While it was originally meant to describe
generic statistical features resulting from stationary time series, i.e., eigenvalue
densities and other quantities for large correlation matrices, the new interpretation
grasps non-stationary correlation matrices by modeling a truly existing, measured
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set of such correlation matrices with an ensemble of random correlation matrices.
Contrary to the original interpretation of the Wishart model, ergodicity reasoning
is not applied, and a restriction to large matrices is not needed, either.

According to the Merton model, stock price data instead of data on asset values
can be used to calibrate the required parameters. This is quite valuable because
empirical data on asset values are not easy to obtain, whereas stock price data
are commonly available. Considering long time horizons, the sample statistics of
returns can be described by a multivariate mixture of distributions. The resulting
distribution is the average of multivariate normal distribution over an ensemble of
Wishart-distributed covariance matrices. This random matrix approach takes the
fluctuating asset correlations into account. As a very nice side effect, the random
matrix approach reduces the number of parameters that describe the correlation
structure of the financial market to two. Both of them can be considered as
macroscopic. One parameter is a mean correlation coefficient of the asset values,
and the other parameter describes the strength of the fluctuations around this
average. Furthermore, the random matrix approach yields analytical tractability,
which allows one to derive an analytical expression for the loss distribution of
a portfolio of credit contracts, taking fluctuating asset correlations into account.
In a quantitative manner, it is shown that in the presence of asset correlations,
diversification fails to reduce the risk of large losses. This is substantial quantitative
support and corroboration for qualitative reasoning in the economic literature.
Furthermore, it is demonstrated that the random matrix approach can describe
very different market situations. For example, in a crisis, the mean correlation
coefficient is higher, and the parameter governing the strength of the fluctuations
is smaller than in a quite period, with considerable impact on the loss distribution.

In addition, Monte Carlo simulations were run to calculate VaR and ETL. The
results support the approximation of an effective average correlation matrix if
heterogeneous average volatilities are taken into account. Moreover, the simulations
show the benefit of the random matrix approach. If the fluctuations between the
asset correlations are neglected, the VaR is underestimated by up to 40%. This
underestimation could yield dramatic consequences. Therefore, the results strongly
support a conservative approach to capital reserve requirements.
Light is shed on intrinsic instabilities of the financial sector. Sizable systemic

risks are present in the financial system. These were revealed in the financial crisis
of 2007–2009. Up to that point, tail-dependencies between credit contracts were
underestimated, which emerged as a big problem in credit risk assessment. This is
another motivation for models like ours that take asset fluctuations into account.
The dependence structure of credit portfolio losses was analyzed within the

framework of the Merton model. Importantly, the two credit portfolios operate
on the same correlated market, no matter if they belong to a single creditor
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or bank or to different banks. The instruments to analyze the joint risk are
correlations and copulas. Correlations break down the dependence structure into
one parameter and represent only a rough approximation for the coupling of portfolio
losses. In contrast, copulas reveal the full dependence structure. For two non-
overlapping credit portfolios, we found concurrent large portfolio losses to be more
likely than concurrent small ones. This observation is in contrast to a symmetric
Gaussian behavior as described by correlation coefficients. Risk estimation by solely
using standard correlation coefficients yields a clear underestimation of concurrent
large portfolio losses. Hence, from a systemic viewpoint, it is really necessary to
incorporate the full dependence structure of joint risks.
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3. Extreme Portfolio Loss Correlations in
Credit Risk

3.1. Introduction

We have seen the effects of non-stationary asset correlations on credit risk esti-
mation in chapter 2. To describe the non-stationarity, we use a random matrix
approach which results in a multivariate asset return distribution averaged over the
fluctuating correlation matrices. This approach preserves, as a much appreciated
side effect, analytical tractability and drastically reduces the number of parameters.
In this chapter, we analytically study the mutual dependence of losses for different
creditors in the case of overlapping credit portfolios. To obtain a comprehensive
understanding of systemic credit risk, it is important to study and model the
mutual dependence of losses of different portfolios. Here, we are interested in the
multivariate joint probability loss distribution that contains all the information on
the individual losses as well as their dependence structure.

We analytically calculate the multivariate joint loss distribution of several credit
portfolios on a non-stationary market. To this end, we apply the Merton model to
several credit portfolios simultaneously. Our study is a multivariate extension of
the model presented in section 2.4. The fluctuating asset correlations are taken into
account by means of the random matrix approach which is presented in section 2.3.
We have seen that the effect of diversification is drastically limited for one portfolio.
We now analyze the effect of diversification on two non-overlapping credit portfolios
which operate on the same market. Particularly, we calculate the portfolio loss
correlation depending on the size of the portfolios as well as on the average asset
correlation in the market. In addition, we derive a limiting distribution for infinitely
large credit portfolios. Our analytical results corroborate the results from section
2.5. We find that, for two disjoint credit portfolios, diversification does not work
in a correlated market. We show that significant correlations of the losses emerge
not only for large portfolios with thousands of credit contracts, but also for small
portfolios only consisting of a few credit contracts. For an analytic study of large
corporate bond and loan portfolios, see [217].

A general and simple method to reduce risk is provided by the proverb: “Don’t
put all of your eggs in one basket”. Applied to finance, this means that risk can
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be reduced by investing in different assets which exhibit small correlations or even
anti-correlations instead of investing in high correlated assets [102, 218]. To quantify
this effect, we consider a single credit portfolio that operates on several markets
which are on average uncorrelated. We are able to derive a limiting distribution for
an infinitely large credit portfolio. We compare its loss distribution with the loss
distribution of a portfolio operating on a single market. The tail risk of a portfolio
operating on two on average uncorrelated markets is lower than in the tail risk of a
portfolio operating on just one market. Nevertheless, the effect of diversification by
enlarging the size of the credit portfolio is limited.
Furthermore, we include subordination levels [148, 219, 220], which were estab-

lished in CDOs to protect the more senior tranches from high losses. We analytically
corroborate the observation that an extreme loss of the subordinated creditor is
likely to also yield a large loss of the senior creditor.
This chapter is organized as follows: In section 3.2, we generalize the Merton

model for a subordinated debt structure of two creditors and derive the correspond-
ing multivariate portfolio loss distributions. Section 3.3 presents the generalized
Merton model for a multivariate setting which lacks subordination. We calculate
the joint portfolio loss distributions for several creditors. We extend the average
asset return distribution for the case of several on average uncorrelated markets.
In section 3.4, we present our results for empirical estimated parameters. We
conclude our observations in section 3.5. The contents of this chapter are published
in reference [2].

3.2. Merton Model Including Subordination

We extend the Merton model to a multivariate scenario with two creditors and
K correlated obligors with asset values or economic states Vk(t), k = 1, . . . ,K
at time t. Each obligor may hold a credit contract from each creditor. In the
Merton model, the asset values Vk(t) are estimated by the stock prices of the
corresponding obligors. Thus, we assume that all K obligors are companies that
can be traded on a stock market. Following the description in section 2.2, we claim
that the asset values follow a geometric Brownian motion. Furthermore, we assume
subordinated debt where at maturity time TM the senior creditor is paid out first
and the junior subordinated creditor is only paid out if the senior creditor regained
the full promised payment. Hence, losses are first absorbed by the junior tranche
and the subordinated debt structure protects the senior tranche.
Suppose each obligor has to pay back the face value Fk at maturity time TM.

We consider large time scales such as one year or one month. The face value of
each obligor is composed of the face value of the senior creditor F (S)

k and the
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face value of the junior subordinated creditor F (J)
k , which is Fk = F

(S)
k + F

(J)
k . A

default occurs if the asset value at maturity time TM drops below the face value,
i.e., Vk(TM) < Fk for at least one obligor. The severity of the loss depends on the
value of the obligors V (TM) at maturity. For Fk > Vk(TM) > F

(S)
k , the default is

completely defrayed by the junior subordinated creditor meaning that the senior
creditor does not incur any loss. The senior creditor will incur a loss only when
the junior subordinated creditor will sustain a total loss, i.e., for Vk(TM) < F

(S)
k .

A visualization of the underlying process for a single asset is shown in figure 2.1.
The colored lines show two time-dependent asset values Vk(t). In the blue case, the
asset value of the company at maturity is above the face value and the promised
payment can be made. In the red case, the asset value at maturity is below the
total face value Fk but still above the face value of the senior creditor F (S)

k , which
results in a default of the junior creditor, while the senior creditor regains the full
promised payment.

The normalized loss L(S)
k that a senior creditor and the normalized loss L(J)

k that
a junior subordinated creditor is suffering can be expressed as

L
(S)
k =

(
1− Vk(TM)

F
(S)
k

)
Θ
(
F

(S)
k − Vk(TM)

)
, (3.1)

L
(J)
k =

(
1− Vk(TM)− F (S)

k

F
(J)
k

Θ
(
Vk(TM)− F (S)

k

))
Θ (Fk − Vk(TM)) . (3.2)

The Heaviside step functions ensure that the losses are strictly positive. We intro-
duce the fractional face values f (S)

k and f (J)
k for the senior and junior subordinated

creditors

f
(S)
k = F

(S)
k∑K

l=1 F
(S)
l

and f
(J)
k = F

(J)
k∑K

l=1 F
(J)
l

, (3.3)

respectively. This enables us to define the normalized portfolio losses L(S) and L(J)

for the senior and junior subordinated creditors as weighted sums

L(S) =
K∑
k=1

f
(S)
k L

(S)
k and L(J) =

K∑
k=1

f
(J)
k L

(J)
k , (3.4)

respectively. Our aim is to derive the bivariate distribution p(L(S),L(J)|Σ) of the
portfolio losses, which depends on the covariance matrix Σ. This can be done by
integrating over all portfolio values and filtering those that lead to a given bivariate
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total loss (L(S),L(J))

p(L(S),L(J)|Σ) =
∫
d[V ]g(V |Σ) δ

(
L(S) −

K∑
k=1

f
(S)
k L

(S)
k

)
δ

(
L(J) −

K∑
k=1

f
(J)
k L

(J)
k

)
,

(3.5)

where g(V |Σ) is the multivariate distribution of the correlated asset values of the
obligors at maturity and Σ is the covariance matrix of the asset values, which
is in our model well estimated by that of the stock prices. Using the Fourier
representation of the δ function [215] as well as equations (3.1) and (3.2), we find

p(L(S),L(J)|Σ) = 1
(2π)2

∞∫
−∞

dν(S)e−iν
(S)L(S)

∞∫
−∞

dν(J)e−iν
(J)L(J)

×
K∏
k=1


F

(S)
k∫

0

dVk exp
(
iν(S)f

(S)
k

(
1− Vk

F
(S)
k

)
+ iν(J)f

(J)
k

)

+
Fk∫

F
(S)
k

dVk exp
(
iν(J)f

(J)
k

(
1− Vk − F

(S)
k

F
(J)
k

))
+
∞∫
Fk

dVk

 g(V |Σ) ,

(3.6)
where we split the Vk integrals in three parts. This representation will become
handy later on, especially when determining the non-analytic parts of the loss
distribution.
Our goal is to calculate average joint portfolio loss distributions. In order to

make analytical progress and to take fluctuating asset correlations into account,
we use the random matrix approach combined with the assumption of an effective
average correlation matrix which is discussed in section 2.3. According to equation
(3.6), the average joint portfolio loss distribution can be expressed as

〈p〉(L(S),L(J)|c,N) =
∫
d[V ]〈g〉(V |c,N) δ

(
L(S) −

K∑
k=1

f
(S)
k L

(S)
k

)

× δ
(
L(J) −

K∑
k=1

f
(J)
k L

(J)
k

)
, (3.7)

where the average asset value distribution including an effective average correlation
matrix is (2.27).
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3.2.1. Average Loss Distribution

We work out the average loss distribution (3.7) using the results for the average
distribution 〈g〉 (V |c,N) from section 2.4. After inserting equation (2.27) into
equation (3.6), we obtain

〈p〉 (L(S),L(J)|c,N) = 1
(2π)22N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2πz

∞∫
−∞

du exp
(
−N2zu

2
)

×
∞∫
−∞

dν(S)e−iν
(S)L(S)

∞∫
−∞

dν(J)e−iν
(J)L(J)I

(
ν(S),ν(J),z,u

)
,

(3.8)
with the term

I
(
ν(S),ν(J),z,u

)
=

K∏
k=1

1+
∞∑
j=1

ij

j!m
(SD)
j,k

(
ν(S),ν(J),z,u

)
+
∞∑
j=1

(
iν(J)f

(J)
k

)j
j! m

(J)
j,k (z,u)


(3.9)

and

m
(SD)
a,k

(
ν(S),ν(J),z,u

)
=

a∑
j=0

(
a

j

)(
ν(S)f

(S)
k

)j (
ν(J)f

(J)
k

)a−j
m

(S)
j,k (z,u) (3.10)

and the moments

m
(S)
j,k (z,u) =

F̂
(S)
k∫

−∞

dV̂k

(
1− Vk0

F
(S)
k

exp
(
√
zV̂k +

(
µk −

ρ2
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2

)
TM

))j

×
√

N

2π(1− c)TMρ2
k

exp
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N
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V̂k +

√
cTMuρk
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] (3.11)

m
(J)
j,k (z,u) =

F̂k∫
F̂

(S)
k

dV̂k

(
1 + F

(S)
k

F
(J)
k

− Vk0

F
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exp
(
√
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µk −

ρ2
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×
√
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2π(1− c)TMρ2
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exp
[

N

2(1− c)TMρ2
k

(
V̂k +

√
cTMuρk

)2
]
,

(3.12)

where we use the change of variables V̂k = (lnVk/Vk0 − (µk − ρ2
k/2)T )/

√
z with

proper adjustment of the integration bounds F̂k and F̂ (S)
k . The moments m(S)

j,k (z,u)
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and m(J)
j,k (z,u) are given in appendix A for j = 0,1,2. The term m

(SD)
j,k

(
ν(S),ν(J),z,u

)
formally corresponds to those events that lead to a loss large enough that the senior
creditor is affected. We use a binomial sum for the decoupling of the ν(S) and ν(J)

integrals later on.
Now, we assume large portfolios where all face values are of the same order, to

carry out an approximation to the second order in f (S)
k and f (J)

k by performing
steps generalizing the one in [134]. This is justified when we consider all face values
are of the same order, so all fractional face values are of order 1/K. We finally
arrive at

〈p〉 (L(S),L(J)|c,N) = 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
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2π

∞∫
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2
)

× 1√
2πM (S)
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exp

−
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)2

2M (S)
2 (z,u)


× 1√

2πM2(z,u)
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−
(
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)2

2M2(z,u)


(3.13)

for the average distribution with

M1(L(S),z,u) = M
(J)
1 (z,u) +

K∑
k=1

f
(J)
k f

(S)
k N

(S)
k (z,u)L

(S) −M (S)
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, (3.14)
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(J)
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, (3.15)
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(S)
1 (z,u) =
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(S)
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(S)
1,k , (3.16)
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(S)
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0,k −m
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)
. (3.20)
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Thus, we expressed the average loss distribution as double average of Gaussians
with mean valuesM1(L(S),z,u) andM (S)

1 (z,u) and variancesM2(z,u) andM (S)
2 (z,u)

that non-trivially depend on the integration variables. To keep the notation
transparent, we dropped the arguments of the functions m(S)

j,k (z,u) and m(J)
j,k (z,u).

Due to the complexity of the last two expressions in equation (3.13), the z and u
integrals have to be evaluated numerically. We notice that the normalization of
the average distribution is, for L(S)

k ,L
(J)
k ∈ [0,1], only valid up to the order of our

approximation. Later on, we will concentrate on the contributions of no default.

3.2.2. Homogeneous Portfolio

Apart from the large K approximation, all results above are valid in general and
apply to all portfolios for which the individual fractional face values are of order
1/K. To further evaluate our results and to obtain a visualization, it is instructive
to consider homogeneous portfolios, in which the senior and junior face values are
equal

F
(S)
k = F

(S)
0 and F

(J)
k = F

(J)
0 , (3.21)

such that
f

(S)
k = f

(J)
k = 1

K
. (3.22)

Furthermore, we assume that the stochastic processes have the same initial values,
drifts and volatilities,

Vk0 = V0 , µk = µ0 , ρk = ρ0 . (3.23)

Of course, this does not mean that the realized stochastic processes are the
same. By dropping the dependence of k, the moments m(S)

a,k (z,u) = m
(S)
a,0 (z,u) and

m
(J)
j,k (z,u) = m

(J)
j,0 (z,u) and thus the average distribution 〈p〉 (L(S),L(J)|c,N) can be

computed much faster.

3.2.3. Non-Analytic Parts of the Loss Distribution

Only the full dynamics of our model without any approximations gives us informa-
tion on the contribution of the non-analytic part of the average loss distribution.
In particular, absence of losses is reflected in non-analytic δ functions at zero. To
examine this, we start from the averaged version of equation (3.6) by inserting the
distribution of asset values for a homogeneous portfolio with an effective average
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correlation matrix

〈g〉h (V |c,N) = 1
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∞∫
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(3.24)
with
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and
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√
cTMuρ0

)2
 .
(3.26)
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3.2. Merton Model Including Subordination

Due to the homogeneity, the product in equation (3.6) also becomes a K-th
power, to which we apply the multinomial theorem. We thus arrive at

〈p〉 (L(S),L(J)|c,N) =
∞∫

0

dz

∞∫
−∞

duf(z,u) 1
(2π)2

∞∫
−∞

dν(S)e−iν
(S)L(S)

∞∫
−∞

dν(J)e−iν
(J)L(J)

×
∑

k1+k2+k3=K

(
K

k1,k2,k3

)

×

eiν(J)/K

F
(S)
0∫

0

dV exp
(
iν(S)

K

(
1− V

F
(S)
0

))
ω̃(V,z,u)


k1

×


F0∫

F
(S)
0

dV exp
(
iν(J)

K

(
1− V − F (S)

0

F
(J)
0

))
ω̃(V,z,u)


k2

×

 ∞∫
F0

dV ω̃(V,z,u)


k3

(3.27)
with the multinomial coefficient(

K

k1,k2,k3

)
= K!
k1!k2!k3! . (3.28)

From equation (3.27), we see that δ functions only appear under the condition
k1 · k2 = 0. For k1 = k2 = 0, we have no default at all. The only contribution to
the distribution stems from the last integral in equation (3.27), leading to a δ peak
δ(L(S)

k )δ(L(J)
k ) at the origin. This δ peak is associated with the absence of default

neither on the junior nor on the senior level. The probability therefore is

P (ND) = 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2πz

∞∫
−∞

du exp
(
−N2zu

2
)

×
(

1
2 −

1
2 erf

[√
N

2z(1− c)TMρ2
0

(
ln F0
V0
−
(
µ0 −

ρ2
0

2

)
TM +

√
cTMuρ0

)])K
,

(3.29)
which obviously decreases with increasing K.

For k1 = 0, k2 6= 0, we find the contribution of the events that lead to a total
default of the junior subordinated creditor but not to a default of the senior creditor.
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3. Extreme Portfolio Loss Correlations in Credit Risk

In this case, we have a single δ function δ(L(S)
k ) that represents a moderate loss

such that the senior subordinated creditor will not sustain a loss. The special
case k1 6= 0, k2 = 0 leads to a sum of δ functions δ(L(J)

k − k1/K) where k1 runs
from 1 to K. This is due to the sum in equation (3.27). These δ functions belong
to the events where there is either no default at all or k1 severe defaults such
that, for k1 = 1, . . . ,K obligors, the junior subordinated creditor has a complete
failure, i.e., L(J)

k = 1 and the senior subordinated creditor may sustain a loss
i.e., L(S)

k ≥ 0. All of these δ functions are not unmated. They are weighted
with some integral prefactors to preserve the normalization of the distribution
〈p〉 (L(S),L(J)|c,N). Furthermore, the δ functions disappear when we only consider
the loss given default, which in our model means L(J) > 0 and also L(S) > 0. The
non-analytic parts cannot be obtained in the second order approximation we used
to derive the average loss distribution (3.13).

3.2.4. Infinitely Large Portfolios

We now consider the case K →∞ for the homogeneous portfolio to analyze whether
diversification works or not in the discussed multivariate scenarios. It has been
shown that diversification does not work in a correlated univariate model with only
one creditor, see [134].
The homogeneous versions of equations (3.15) and (3.17)

M2(z,u) = 1
K

(
m

(S)
0,0 +m

(J)
2,0 −m

(S)
0,0

2
−m(J)

1,0
2
− 2m(S)

0,0m
(J)
1,0

−
m

(S)
1,0

2 (
1−m(S)

0,0 −m
(J)
1,0

)2

m
(S)
2,0 −m

(S)
1,0

2

 , (3.30)

M
(S)
2 (z,u) = 1

K

(
m

(S)
2,0 −m

(S)
1,0

2
)
, (3.31)

imply that M2(z,u)→ 0 as well as M (S)
2 (z,u)→ 0 for K →∞. This means that

both Gaussians

1√
2πM (S)

2 (z,u)
exp

−
(
L(S)−M (S)

1 (z,u)
)2

M
(S)
2 (z,u)

 and

1√
2πM2(z,u)

exp

−
(
L(J)−M1(L(S),z,u)

)2
M2(z,u)
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in equation (3.13) become δ functions for K →∞. Thus, we arrive at

〈p〉 (L(S),L(J)|c,N)
∣∣∣∣
K→∞

= 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2π

∞∫
−∞

du exp
(
−N2 u

2
)

× δ
(
L(S) −M (S)

1 (z,u)
)
δ
(
L(J) −M1(L(S),z,u)

)
= 1

2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2π

∞∫
−∞

du exp
(
−N2 u

2
)

× δ
(
L(S) −m(S)

1,0

)
δ
(
L(J) −m(S)

0,0 −m
(J)
1,0

)
.

(3.32)
To make this equation numerically manageable, we use the identity

δ (f(u)) =
∑
i

δ(u− ui)
|f ′(ui)|

, (3.33)

where ui are the roots of the function f(u), with f ′(ui) 6= 0. This result is a direct
consequence of the elementary theory of distributions [215]. Using this identity
three times allows us to solve the remaining two integrals and we finally obtain the
limiting loss distribution

〈p〉 (L(S),L(J)|c,N)
∣∣∣∣
K→∞

= 1
2N/2Γ(N/2)

√
N

2πz
N/2−1
0 exp

(
−z0

2

)
× exp

(
−N2 u

(S)2(L(S),z0)
) ∣∣∣∣ ∂∂u m(S)

1,0 (z0,u)
∣∣∣
u=u(S)(L(S),z0)

∣∣∣∣−1

×
∣∣∣∣ ∂∂u

[
m

(S)
0,0 (z0,u) +m

(J)
1,0 (z0,u)

]
u=u(S)(L(S),z0)

∣∣∣∣−1

×
∣∣∣∣ ∂∂z

[
u(S)(L(S),z)− u(J)(L(J),z)

]
z=z0

∣∣∣∣−1
.

(3.34)
Here, the implicit functions

u(S) = u(S)(L(S),z) with 0 = L(S) −m(S)
1,0 (z,u(S)), (3.35)

u(J) = u(J)(L(J),z) with 0 = L(J) −m(S)
0,0 (z,u(J))−m(J)

1,0 (z,u(J)), (3.36)

z0 = z0(L(S),L(J)) with u(S)(L(S),z0) = u(J)(L(J),z0) , (3.37)

are unique and have to be calculated numerically. The dependence on L(S) and
L(J) is now implicit in the functions u(S),u(J) and z0. The very last derivatives
in equation (3.34) can be done by using the implicit function theorem. They can
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3. Extreme Portfolio Loss Correlations in Credit Risk

be traced back to derivatives of m(S)
0,0 ,m

(S)
1,0 and m

(J)
1,0 . The functions m(S)

1,0 and
m

(S)
0,0 + m

(J)
1,0 are strictly monotonically increasing in u and z for fixed z and u,

respectively. Thus, we can solve equations (3.35) and (3.36) locally to u, where we
obtain u(S) and u(J). These equations can be derived by z using

∂u(S)

∂z
(L(S),z0) = −

∂
∂zm

(S)
1,0 (z,u)

∂
∂um

(S)
1,0 (z,u)

∣∣∣∣∣∣
u=u(S)(L(S),z0)

(3.38)

and

∂u(J)

∂z
(L(J),z0) = −

∂
∂z

(
m

(S)
0,0 (z,u) +m

(J)
1,0 (z,u)

)
∂
∂u

(
m

(S)
0,0 (z,u) +m

(J)
1,0 (z,u)

)
∣∣∣∣∣∣
u=u(J)(L(J),z0)

. (3.39)

3.3. Absence of Subordination

Now, we consider the same model as discussed before, but without taking sub-
ordination into account. This means that a loss is evenly distributed among the
creditors. This model is closely related to the simulation study [193] which we
reviewed in section 2.5. We have B ≥ 2 creditors with the face value F (b)

k of obligor
k within creditor b, ( b = 1, . . . ,B; k = 1, . . . ,K). The normalized loss of obligor k
is

L
(b)
k =


(

1− Vk(TM)
Fk

)
Θ (Fk − Vk(TM)) if F (b)

k > 0,

0 else .
(3.40)

The total face value of obligor k is the sum

Fk =
B∑
b=1

F
(b)
k . (3.41)

In equation (3.40) for F (b)
k > 0, the losses do not have any dependence on the

obligors. In case of default, the creditors are not distinguished and suffer the same
normalized loss. Hence, we set Lk = L

(b)
k . Again, we define the normalized portfolio
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3.3. Absence of Subordination

losses L(b) and the fractional face values f (b)
k ,

L(b) =
K∑
k=1

f
(b)
k Lk and f

(b)
k = F

(b)
k

K∑
k=1

F
(b)
k

, (3.42)

corresponding to creditor b. The multivariate distribution of the total average loss
is

〈p〉 (L|Σ0,N) =
∫
d[V ] 〈g〉 (V |Σ0,N) δ

(
L−

K∑
k=1

fkLk

)
, (3.43)

with L = (L(1), . . . ,L(B))† and fk = (f (1)
k , . . . ,f

(B)
k )†. We have already seen the

bivariate case of this multivariate distribution in equation (2.39). We emphasize
that, although written in the same form as the univariate distribution (2.23), the
distribution (3.43) is multivariate. Adjusting our calculations from the subordinated
case above and also applying a second order approximation for f (b)

k , we arrive at
the final result

〈p〉 (L|c,N) = 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2π

∞∫
−∞

du exp
(
−N2 u

2
)

× 1√
det (2πM2(z,u))

exp
(
−1

2 (L−M1(z,u))†M−1
2 (z,u) (L−M1(z,u))

)
,

(3.44)
where

M1(z,u) =
K∑
k=1

fkm1,k(z,u), (3.45)

and

M2(z,u) =
K∑
k=1

Dk

(
m2,k(z,u)−m2

1,k(z,u)
)
, (3.46)

with the dyadic matrices

Dk = fkf
†
k (3.47)

and with the moments mj,k(z,u) from (2.31). These have the same form as the
moments in equation (3.11). This is not surprising because the scenario here refers
to a subordinated debt structure with no junior subordinated creditor, i.e., where
the face value of the junior subordinated creditor is zero. For the evaluation of
the model in absence of subordination, we only consider heterogeneous portfolios
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3. Extreme Portfolio Loss Correlations in Credit Risk

R1 R1 +R12 K

Portfolio size−−−−−−−−→

Figure 3.1.: Setup of the generalized model illustrating a financial market by means
of its average effective correlation matrix. The two rimmed squares
correspond to two partially overlapping portfolios.

for the whole market as homogeneous portfolios would lead to singular matrices
Dk. Therefore, the losses would be exactly the same for all creditors and we could
stick with the univariate case. It is suggestive to consider cases where the volume
of credit differs among the creditors or to consider cases where the portfolios are
non-overlapping or may only partially overlap.
Although our results are general, we now only consider B = 2 creditors to

feasibly render a visualization. We denote them as creditor one and creditor two.
Moreover, we address the most general set-up where two credit portfolios may
partially overlap, see figure 3.1. Again, we consider K obligors in total. Let R1 be
the number of obligors with only one credit contract, say from creditor one. Let R12
be the number of creditors that raise credits from both creditors. These creditors
correspond to the overlapping area in figure 3.1. The proportions correspond to
the fractions r1 = R1/K and r12 = R12/K. Creditor one deals with R1 + R12
credits and creditor two deals with K −R1 credits. This model, for example, also
includes two disjoint portfolios, we just have to set r12 = 0. The face value of
the R12 obligors consist of the sum of two face values Fk = F

(1)
k + F

(2)
k that do

not necessarily have the same size. For convenience, we consider homogeneous
portfolios Fk = F0 and we assume that the face values in the overlapping part of
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3.3. Absence of Subordination

the portfolios are equal within a portfolio but can differ across the portfolios. That
means we introduce a parameter γ ∈ [0,1] with F (1)

k = γF0 and F (2)
k = (1− γ)F0.

For a market with homogeneous parameters, we find the result (3.44) with

M1(z,u) = m1,0(z,u)
[
1
1

]
, (3.48)

M2(z,u) =
(
m2,0(z,u)−m2

1,0(z,u)
) 1
K

[
α1 α12
α12 α2

]
, (3.49)

where

α1 = r1 + γ2r12
(r1 + γr12)2 , (3.50)

α12 = γ(1− γ)r12
(r1 + γr12)(1− r1 − γr12) , (3.51)

α2 = 1− r1 − γ(2− γ)r12
(1− r1 − γr12)2 . (3.52)

We notice α12 = 0 for γ = 0 or γ = 1, i.e., for two disjoint portfolios.

3.3.1. Absence of Subordination and Infinitely Large Portfolios

In order to study the effect of diversification in the multivariate scenario, we now
consider two infinitely large portfolios by taking the limit K →∞. We point out
that r1 and r12 do not scale with K in the case of two infinitely large portfolios.
We will consider the case of one infinitely large portfolio and one portfolio of finite
size later on. Now, the matrix M2(z,u) converges to a zero matrix. This implies
that the exponential term and its prefactor converge to δ functions and we find the
final result

〈p〉 (L(1),L(2)|c,N)
∣∣∣∣
K→∞

= 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2π

∞∫
−∞

du exp
(
−N2 u

2
)

× δ
(
L(1) −m1,0(z,u)

)
δ
(
L(2) − L(1)

)
.

(3.53)
This result is quite remarkable. We point out first that there is no dependence

on the structure of the portfolios anymore as the distribution (3.53) is independent
of the parameters α1,α12 and α2. Second, the distribution (3.53) is practically
identical to the univariate loss distribution of one creditor (2.33). Third, in the
limiting case, the losses of both portfolios will always be equal to each other so
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3. Extreme Portfolio Loss Correlations in Credit Risk

that they are perfectly correlated. In other words, the loss of one large creditor
can be used as a forecast for the loss of another large creditor on the same market.
This holds even if the creditors have disjoint portfolios and it also does not depend
on the strength of the correlations across the asset values.
A different situation appears when we consider a portfolio of finite size and

another infinitely large one. Due to the high asymmetry of the market shares of the
portfolios, we solely examine two disjoint portfolios. Say, portfolio one is the finite
one with R1 companies. Then, the matrix element α1 in equation (3.49) scales with
K and α2 converges to one. By calculating the limit K →∞, only one δ function
emerges, and, by using property (3.33) of the δ function, we find

〈p〉 (L(1),L(2)|c,N)
∣∣∣∣
K→∞

= 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2π exp
(
−N2 u

2
0

)

×
√

R1
2π(m2,0(z,u0)−m2

1,0(z,u0))

× exp
(
− R1(L(1) −m1,0(z,u0))2

2(m2,0(z,u0)−m2
1,0(z,u0))

)

× 1
|∂m1,0(z,u)/∂u|z,u0

,

(3.54)
where u0(L(2),z) is an implicit function defined by

0 = L(2) −m1,0(z,u0) . (3.55)

We note that the dependence on L(2) in the limit distribution is encoded in
u0(L(2),z). Moreover, the above result is in line with the second order approximation
even though one of the matrix elements does not scale with K.

3.3.2. Several on Average Uncorrelated Markets

So far, we have considered several credit portfolios which may or may not underlie
subordination on just one market. We have seen that the effect of diversification
is limited for one credit portfolio on one market. Now, we analyze one or several
credit portfolios which operate on two or more markets which are, on average,
uncorrelated. First, we have to derive the average asset value distribution.

This is an extension of unpublished work [221]. We define the number of uncor-
related markets to be β. In this case, the correlation matrix C = diag(C1, . . . ,Cβ)
is block diagonal where Cl = (1− cl)1Kl + cleKle

†
Kl

are matrices themselves with
dimensions Kl ×Kl for l ∈ {1, . . . ,β}. The correlation matrix C has dimension
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3.3. Absence of Subordination

K ×K and therefore
∑β
l=1Kl = K holds. This block structure is not reflected in

the random correlation matrices fluctuating about C, see equation (2.22). Hence,
there are correlations between the blocks, only their average is zero. The correlation
structure allows us to study the impact when going from one market to several
markets. Within one market, we assume an effective correlation structure and,
across the markets, we have an average correlation of zero. Importantly, this only
means the absence of correlations on average. The correlations in our model and
in reality fluctuate, implying that in any short instant of time, correlations can
be present whose strength is governed by the parameter N . Furthermore, each
market has its own standard deviation matrix σl = diag(σl1, . . . ,σlKl) and drift
vector µl = (µl1, . . . ,µlKl)† for l ∈ {1, . . . ,β}. We properly extend the calculations
in [134] with the difference that we have to apply l Fourier integrals, yielding

〈g〉 (V |c,N) = 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2πz

β√
N

2πzT

K  β∏
l=1

Kl∏
k=1

1
Vlkρlk


×

β∏
l=1

1
√

1− cl
Kl

∞∫
−∞

dul exp
(
−N2zu

2
l

)

× exp

− N

2zTM

K∑
k=1

(
ln Vlk

Vlk0
−
(
µlk −

ρ2
lk
2

)
TM +

√
clTMulρlk

)2

(1− cl)ρ2
lk

 ,

(3.56)
with c = diag(c1, . . . ,cβ).

This multiple integral depends on the number of markets β. The index l indicates
each market, the index k indicates the asset in a specified market l. In general, the
index pair (l,k) denotes the k-th asset on the l-th market.

3.3.3. Absence of Subordination on Several Markets

To calculate the multivariate portfolio loss distribution for several portfolios on
several uncorrelated markets, we perform the same calculations as in section 3.3.
We insert the average asset value distribution (3.56) into equation (3.43) with the
slight difference that we have to replace the sum over k by two sums over l and
k. We arrive at the final result, which is up to a prefactor formally identical to
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equation (3.44)

〈p〉 (L|c,N) = 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2

√
N

2π

β ∫
d[u] exp

(
−N2 u

2
)

× 1√
det (2πM2(z,u))

exp
(
−1

2 (L−M1(z,u))†M−1
2 (z,u) (L−M1(z,u))

)
,

(3.57)
with

M1(z,u) =
β∑
l=1

Kl∑
k=1

flkm1,l,k(z,ul), (3.58)

M2(z,u) =
β∑
l=1

Kl∑
k=1

Dlk

(
m2,l,k(z,ul)−m2

1,l,k(z,ul)
)
, (3.59)

and
Dlk = flkf

†
lk (3.60)

and u = (u1, . . . ,uβ). Here, d[u] denotes the product of all differentials dul. The
moments m1,l,k(z,ul) and m2,l,k(z,ul) are the same as in equation (2.31) including
an additional index for each market l ∈ {1, . . . β}. Analogously, flk is the extension
of fk for several markets. In this way, we are able to vary the parameters like drift
and volatility across the markets. We found it useful depending on the size of β, to
use polar or spherical coordinates for the evaluation of the multivariate u integral.
Finally, we analyze two disjoint infinitely large portfolios of same size, where

each portfolio invests in a separate market. We start from distribution (3.57)
and perform the limit K →∞. Again, we find two δ functions and, by applying
equation (3.33) twice, we obtain

〈p〉 (L(1),L(2)|c,N)
∣∣∣∣
K→∞

= 1
2N/2Γ(N/2)

∞∫
0

dzzN/2−1e−z/2 N

2π exp
(
−N2 (u2

10 + u2
20)
)

×
∣∣∣∣∣ ∂∂um1,1,0(z,u)

∣∣∣∣
z,u10

∣∣∣∣∣
−1 ∣∣∣∣∣ ∂∂um1,2,0(z,u)

∣∣∣∣
z,u20

∣∣∣∣∣
−1

,

(3.61)
where

0 = L(1) −m1,1,0(z,u10) (3.62)

and
0 = L(2) −m1,2,0(z,u20) (3.63)
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Figure 3.2.: Average loss distribution on a logarithmic scale for a different number
of markets and market size. The markets are homogeneous and we
choose a face value of F0 = 75 and the initial asset value V0 = 100.

define the implicit functions u10(L(1),z) and u20(L(2),z).

3.4. Visualization of the Results

We always employ the approximation (2.24) to the mean correlation matrix, which
yields, as already emphasized, very good fits to empirical data due to the very nature
of the ensemble average. Furthermore, we restrict our analysis to homogeneous
portfolios.

3.4.1. One Portfolio, Two Markets

In the following, we use the same parameters as in section 2.4. These are determined
by data consisting of 307 stocks from the S&P500 index traded in the period from
1992 to 2012. We find the following empirical results for TM = 1 year: µ = 0.17
year−1, ρ = 0.35 year−1/2, N = 6 and c = 0.28.

We study the impact of investing into two uncorrelated markets. We thus assume
two identical uncorrelated markets with the same average correlation coefficient.
Furthermore, we assume the empirical parameters to be the same for both markets.
The results are shown in figure 3.2. For a comparison, we also show the limiting
distribution (2.33) for only one market β = 1 with the same parameters as in the
case of two markets. As expected, we see that the diversification, i.e., the separation
of the correlation matrix into two blocks leads to a reduction of large portfolio
losses. Hence, reducing the risk of large losses can be achieved more effectively by
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3. Extreme Portfolio Loss Correlations in Credit Risk

splitting the portfolio onto different uncorrelated markets than by solely increasing
the number of credit contracts on one single market. Obviously, this is due to
the on-average zero correlations in the off-diagonal blocks. A further reduction of
the risk can only be achieved by either splitting the portfolio in more than two
markets or investing into markets where the average correlation coefficient is low
with little fluctuations. Nevertheless, by increasing the number of uncorrelated
markets β, we obtain for β →∞ the same scenario as in the case of one market
with average correlation zero. Here, the diversification effect is limited to the
strength of the fluctuations N , where the pronounced tail of the loss distribution
would only decrease for large N .

This effect has been discussed before, for example, in [222], in an empirical
setting. We emphasize that our results make it possible to quantitatively model the
effect of diversification. According to the adjustability of our model, the benefits of
diversification can be modeled for different markets and different market situations.

3.4.2. Absence of Subordination and Disjoint Portfolios of Equal Size

Previously, we analyzed one portfolio on two markets. Here, we are interested
in the case of two portfolios on one market. We begin with varying the number
of companies K and study the corresponding impact on the multivariate loss
distribution as well as on the default correlation and the default probabilities. Figure
3.3 shows the average loss distribution (3.44) with effective average correlation
matrix and homogeneous parameters for two disjoint portfolios of equal size, for
different market sizes K = 10, 20, 100 and empirical values for the parameters.
We choose the face value F0 = 75 and the initial asset value V0 = 100. The

market parameters are the same as we used in the previous section. The distribution
is symmetric. It converges to the limiting distribution (3.53) as K increases. We
thus infer a high correlation of the portfolio losses even for a small number of
obligors. The striking peak around the origin L(1) = L(2) = 0 corresponds to
those events that lead to little portfolio losses. This peak arises because of the
large drift we use for evaluation. Due to the positive drift, the overall number of
companies that do not default is larger than the number of companies that default
at maturity. Still, this peak does not represent the δ peak at the origin, which
stands for the probability of total survival of all companies. It becomes clear when
we calculate the survival probability for all companies. This probability does not
depend on whether we have subordinated debt or not and it also does not depend
on the composition of our portfolios, see equation (3.29). The effect of different
drift parameters µ on the probability of zero portfolio loss is shown in figure 3.4.
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3.4. Visualization of the Results

Figure 3.3.: Average loss distribution for two disjoint portfolios of same sizes on
a logarithmic scale. We show different market sizes, K = 10 orange,
K = 20 blue and K = 100 green. The parameters are µ = 0.17 year−1,
ρ = 0.35 year−1/2, N = 6, c = 0.28 and a maturity time of TM = 1 year.
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Figure 3.4.: Probability of zero portfolio loss depending on the portfolio size K for
different drift parameters µ on a logarithmic scale.

For every value of µ, the probability of having zero total portfolio loss decreases
with an increasing number of companies K. Hence, the weight of the δ peak on
the portfolio loss distribution at L(1) = L(2) = 0 becomes smaller. This is quite
intuitive; the larger the K, the more likely is the default of at least one company.

When looking at the portfolio loss correlations, we find large values for little or
even zero asset correlation. For a market size of K = 100, i.e., each portfolio is
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Figure 3.5.: Portfolio loss correlation on a linear scale depending on the asset
correlation c. Both portfolios are homogeneous and have the same size.
The market size K ranges from 2 (blue) over 4, 8, 10, 20, 30, 50, 100,
200 to 500 (green). The bisecting line is shown in black.

of size 50, we obtain for an average asset correlation of c = 0 a correlation of the
portfolio losses of Corr(L(1),L(2)) = 0.71. This high loss correlation is based on
the fact that the asset correlations fluctuate around the mean asset correlation of
zero. Due to this fluctuation, we have individual positive and negative correlations.
The negative correlations only have a limited effect because the asymmetry of
credit risk projects all non defaulting events onto zero while only defaulting events
contribute to the loss distribution. Hence, the positive asset correlations dominate
the negative ones causing a high portfolio loss correlation. The results are shown
in figure 3.5.
They are in accordance with the simulation results in [193]. The portfolio loss

correlation is a monotonic function of the asset correlation c. Depending on the
number of companies, the portfolio loss correlation is a convex function (namely,
K = 2,4) or a concave function (K ≥ 8). However, we emphasize that these results
are subject to the second order approximation, which yields better results the larger
the K. Large numbers of K lead to very high loss correlations. This confirms that,
even without average asset correlation, i.e., c = 0, the loss of one large portfolio
serves as a forecast for another large portfolio. We substantiate this statement
with figure 3.6. There, we show the loss correlation of two disjoint credit portfolios
in dependence of the market size K for different values of the average effective
market correlation. We find that the portfolio loss correlation rapidly increases
with increasing market size.
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Figure 3.6.: Portfolio loss correlation on a linear scale depending on the market
size K for different average asset correlations c. The credit portfolios
are disjoint, homogeneous and have the same size.

3.4.3. Absence of Subordination and Disjoint Portfolios of Various
Sizes

Looking at portfolios of various sizes yields much improved understanding of
whether diversification works or not. To analyze this, we consider portfolio one
with fixed size R1 = 10 and we consider the overall size of the market K = 30,
110 and the limit K →∞. In this scenario, the market share of portfolio one will
steadily decrease and converge to zero in the limiting case. Hereby, we are able to
compare somewhat smaller portfolios with very large ones.
For our calculations, we use the same empirical parameters as before. The

effect of different market sizes K on the loss distribution 〈p〉 (L(1),L(2)|c,N) is
shown in figure 3.7. There are regions where we have heavy-tailed behavior of the
distributions but also others where the distributions decay very fast. In this latter
regions that always fulfill the condition L(1) > L(2), the loss distribution decays
considerably faster with increasing market size K. Hence, we find large deviations
between the distributions of different market sizes. These deviations only play a
minor role because they emerge at a significant low order of the loss distribution.
In general, for increasing market size K, the second (larger) portfolio describes
the market in a better manner. Hence, it is very unlikely for the first portfolio
to suffer a big loss in times when the second portfolio of large size exhibits little
loss. This explains the fast decay of the loss distribution in the L(1) > L(2) corner.
However, the most important fact is that, along the diagonal L(1) = L(2) and in
the upper corner L(1) < L(2), significant deviations between the loss distributions
for different market sizes do not occur. Here, we also observe heavy-tails of the loss
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3. Extreme Portfolio Loss Correlations in Credit Risk

Figure 3.7.: Average loss distribution for portfolios of different sizes on a logarithmic
scale. Portfolio one is of fixed size R1 = 10 and the market size is
K = 30 (orange), K = 110 (blue) andK →∞ (green). The parameters
are µ = 0.17 year−1, ρ = 0.35 year−1/2, N = 6, c = 0.28 and a maturity
time of TM = 1 year.

distribution. Especially when we consider the diagonal, where the losses are equal,
we find no deviations and, thus, no diversification at all. This means that increasing
the size of portfolio two while keeping the size of portfolio one constant does not
yield a decrease of concurrent large portfolio losses of equal size. Interestingly, it
is more likely to find an event in the upper off-diagonal corner with L(1) < L(2)

than in the lower corner. This can be explained by the fluctuations around the
mean correlation coefficient of c = 0.28 and the positive drift µ = 0.17 year−1. The
fluctuations ensure that there is a probability for the assets of portfolio one to be
adversely correlated to the assets of portfolio two. Accordingly, there is a significant
probability that the small portfolio one suffers no or little default while the second
portfolio suffers a major one. This probability decreases when we enlarge the size
of portfolio one while keeping the size of portfolio two fixed and still larger than
the size of portfolio one. Due to the asymmetry of the portfolio loss distributions
regarding the diagonal, we find lower portfolio loss correlations for the same market
size than in the case of two equal sized portfolios, see figure 3.8. In contrast to two
portfolios of equal size, there is a limit correlation of the portfolio losses depending
on c in the limit K →∞. One clearly sees that the limiting curve is reached very
quickly for increasing market size. This is due to the fixed size of portfolio one.
Increasing its size and the market size would raise the portfolio loss correlation.
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Figure 3.8.: Portfolio loss correlation as a function of asset correlation c on a linear
scale. Portfolio one is of fixed size R1 = 10 and the market size K
ranges from 30 (blue) over 50, 100, 200 to 500 (green). The limiting
curve K → ∞ is shown as dashed red line and the bisecting line is
shown in black.

3.4.4. Subordinated Debt

The subordinated debt structure brings a high degree of asymmetry into effect, see
figure 3.9. We show the joint probability density of two equal-sized portfolios with
face values F (S)

k = 37 and F (J)
k = 38. Both, senior and junior subordinated creditors

operate on the entire market. By definition, the loss of the junior subordinated
creditor is always larger or equal than the loss of the senior creditor. We thus have
a cutoff along the diagonal line L(S) = L(J). Besides the near region of a curved
line, which we define as the back of the distribution, the number of obligors K
influences the joint probabilities drastically. Along the back of the distribution,
there is almost no deviation between the surfaces of the joint probability densities.
Independent of K, the back of the distribution shows a heavy tail. Importantly,
the curvature reaches for high losses of the junior subordinated creditor evermore
to higher losses of the senior creditor. This is an important consequence in times of
crisis. When the loss of the junior subordinated creditor becomes extremely large,
it is most likely that also the senior creditor suffers a significant loss. Furthermore,
we find that, in times of crisis, the majority of an additional loss will be distributed
to the senior creditor when there is already a large loss of the junior subordinated
creditor.
When we consider the marginal distributions of each creditor individually, we

see that strong diversification effects do not exist, see figure 3.10. The upper three
curves are the marginal distributions of the junior subordinated creditor and the
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3. Extreme Portfolio Loss Correlations in Credit Risk

Figure 3.9.: Average portfolio loss distribution of a subordinated debt structure on
a logarithmic scale. Both portfolios operate on the entire market. We
show different market sizes K = 10 orange, K = 200 blue and K →∞
green.

lower three curves belong to the senior creditor. All distributions show heavy tails
and the gap between the senior and junior subordinated creditor enlarges with
increasing loss L. The size of this gap becomes smaller when the ratio F (S)

k /F
(J)
k

becomes larger.

3.5. Conclusions

Within the Merton model, we calculated a multivariate joint average portfolio
loss distribution, taking fluctuating asset correlations into account. We used a
random matrix model, which is, most advantageously, analytically tractable and
also empirically yields a good match of stock market data. The multivariate average
asset value distribution depends on two parameters only, the effective average asset
value correlation and the strength of the fluctuations around this average.

We showed that diversification is achieved much more efficiently by splitting a
credit portfolio onto different markets that are, on average, uncorrelated than by
solely increasing the number of credit contracts on one single market.

For two non-overlapping portfolios of equal size, we found a symmetric portfolio
loss distribution. Studying the portfolio loss correlations, we showed that significant
correlations emerge not only for large portfolios containing thousands of credit
contracts, but also, in accordance with a second order approximation, for small
portfolios containing only a few credit contracts. Two non-overlapping portfolios of
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Figure 3.10.: Marginal distributions of senior and junior subordinated creditor
on a logarithmic scale. The upper three lines belong to the junior
subordinated creditor and the lower three lines to the senior creditor.

infinite size have a loss correlation of one and will always suffer the same relative
loss.

When we analyzed two non-overlapping portfolios of different size, we found the
loss correlations to be limited. Nevertheless, the distributions show heavy tails that
make large concurrent portfolio losses likely.
Furthermore, we included subordinated debt, related to CDO tranches. At

maturity time, the senior creditor is paid out first and the junior subordinated
creditor only if the senior creditor regained the full promised payment. Here, we
analytically substantiate that, in case of crisis, i.e., when a large loss of the junior
subordinated creditor is highly likely, a large loss of the senior creditor is also very
likely. Thus, the concept of subordination does not work as intended in times of
crisis. In addition, the marginal distributions show that increasing the size of both
portfolios fails to reduce the tail risk significantly.

There are some limitations of our model. Our approach is based on the Merton
model, which as discussed in the literature, has some weaknesses, see, e.g., [150, 198].
Furthermore, due to the second order approximation in f (S)

k and f (J)
k , necessary for

analytical tractability, we assume that the face values of all companies are of the
same order. Hence, in this approximation, we are not able to analyze the influence
of one large company in the loss distribution. Credit default data is very hard
to get, implying that we are unfortunately not able to compare the results of our
model with empirical data. Nevertheless, our results, when compared to credit risk
data in the future, provide an excellent test of the Merton model because we use
stock market data for calibration.
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3. Extreme Portfolio Loss Correlations in Credit Risk

The novelty of our approach is the ability to quantitatively model diversification
effects that have been mainly qualitatively discussed in the economic literature.
Hence, we corroborate qualitative reasoning in the economic literature. Additionally,
by obtaining the joint portfolio loss distribution, further quantities such as any
kind of risk measures can be calculated.
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4. WKB-Type-of Approximation for Rare
Event Statistics in Reacting Systems

4.1. Introduction

In the previous chapters we have seen that rare events are important in many
situations, especially when their consequences are extreme. Often, demographic
noise or intrinsic fluctuations which are based on stochasticity cause such events.
There is a wide variety of applications where stochasticity plays a key role, such
as chemical reactions [181, 223], population dynamics [224–228], epidemiology
[229–233] and financial markets [234] to name a few examples. Another example
for stochasticity is non-demographic, i.e. extrinsic, noise which arises due to
interactions between the considered system and a noisy environment [235–238]. If
one ignores the noise, many of such systems can be described by rate equations
to obtain a macroscopic, deterministic description of average quantities of the
system, particularly mean concentrations. This is referred to as the mean field
approximation. However, we are interested in large deviations from a typical system
behavior. For example, in population dynamics, this is the case when the average
size of the population is large and we are interested in low population numbers.
The state of this system is given by the population number at a distinct time.
The probabilistic description of a stochastic system in such a state is given by
the master equation [239, 240]. Since it is often not possible to solve the master
equation analytically, one has to find an approximation, such as the Fokker-Planck
equation. The Fokker-Planck equation, however, is reliable only for small deviations
from the mean field approximation. It fails to give an accurate description of large
deviations from the typical evolution of a system [241, 242]. Hence, other methods
to calculate the rare event statistics are called for. In 2004 Vlad Elgart and Alex
Kamenev [186] put forward an asymptotic method to calculate the rare event
statistics in reaction-diffusion systems by formally relating it to semiclassics. A
quantum problem can sometimes be solved by expanding to lowest order in ~ around
the corresponding classical equations of motion. A “Hamiltonian” formulation of
reaction-diffusion systems is developed which reformulates the master equation by
means of a generating function as a “Schrödinger equation”. The “semiclassical”
dynamics of the corresponding Hamiltonian provides all the information necessary
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for the analysis of rare event statistics. The existence of a small parameter allows
the treatment analogous to a Wenzel-Kramers-Brillouin (WKB) approximation
[243–247]. The WKB approximation is applied to the evolution equation of the
generating function. For related studies on the WKB approximation see [183–185,
248–252] and for reviews see [253–255]. For stochastic population models the
WKB approximation allows one also to calculate the mean extinction times and
probabilities [256–259] and for switching rates in multistep reactions see [260].
Here, we consider single-species chemical reactions which can be described by

master equations that give the time evolution of the probability Pn(t) to find a
distinct number of particles n at a given time t. One way of dealing with such
systems is a spectral formulation and a stationary WKB approximation, see [248].
A different method is the time-dependent semiclassical approximation [186]. Both
methods have different regimes of validity and accuracy. The time-dependent
semiclassical approximation is accurate for 1 � n ≤ 〈n〉, where 〈n〉 denotes the
average particle number which depends on time. In the region n > 〈n〉 the accuracy
of this method breaks down and the spectral formulation and stationary WKB
approximation is better suited. We generalize the time-dependent model [186]
in such a way that reactions with more than two particles of one species can be
analyzed. This is not possible in the original method since the corresponding
equations cannot be solved analytically. Moreover, we include the calculation of
the pre-exponential factor of the distribution. This was disregarded in the original
method. Our main focus lies on the probability of rare events, i.e., to find our
system in a state far away from the typical behavior. By means of the probabilities
we are able to estimate many quantities such as the average extinction time and the
lifetime distribution. Even though large deviations from a typical system behavior
may be hardly observable, their probabilities are interesting for anyone who has
to compensate probable risks which come along with these rare events. In more
detail we consider systems which can have, depending on the initial condition, an
absorbing state with zero particles left. In general, results for such systems are
unavailable in analytical form. However, with our approach, we are able to compute
the solution partially in analytical and partially in numerical form. Depending on
the reaction scheme, we have to scale the corresponding parameters of the master
equation in order to perform the WKB approximation in a proper way. We consider
different types of reactions where we combine death or single annihilation, binary
annihilation and triple annihilation. As a result we find a very good accordance
between the WKB approximation and the exact solution of the master equation
especially in the left tail of the distribution.
This chapter is organized as follows. In section 4.2 we go into the details of

the approach and generalize it in such a way that more complex reactions like
higher order annihilations can be analyzed. In section 4.3 we apply the method
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on a set of examples which can either be solved exactly or by means of the WKB
approximation and numerical calculus. We conclude in section 4.4. The contents
of this chapter are published in reference [3].

4.2. Deeper Look at the Method

Consider a system consisting of identical particles which can react with each other
according to different reaction schemes i = 1, . . . ,m. The chemical reactions can be
described by master equations which give the time evolution of the probability to
find a given number of particles in the system at a given time. A particular reaction
occurs with probability λi∆t with λi � 1 in the time interval [t,t+ ∆t], where λi
is the specific probability rate constant. Importantly, all λi are independent of ∆t
or the considered time interval. Since each particle may react with each other the
system is fully described by the following master equation

d

dt
Pn(t) =

m∑
i=1

(λihi(n− νi)Pn−νi(t)− λihi(n)Pn(t)) (4.1)

where Pn(t) denotes the probability to find n particles at time t, hi(n) is the number
of combinations of reacting particles in the system under reaction scheme i when
n particles are in the system, and νi is the change of particle number when the
reaction i occurs, see [239]. In order to obtain a unique solution of the master
equation we have to specify an initial condition. This can be any kind of normalized
distribution like the Poisson distribution or for our sake we use a fixed particle
number n0 and hence the initial condition is

Pn(0) = δn,n0 , (4.2)

with the Kronecker delta

δn,n0 =
{

1 , n = n0,

0 , n 6= n0
. (4.3)

We introduce the auxiliary variable ξ which formally plays the role as a “position”
and we also introduce the generating function

G(ξ,t) =
∞∑
n=0

ξnPn(t) . (4.4)
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The generating function has to fulfill the initial condition Pn(0) which gives

G(ξ,0) = ξn . (4.5)

Furthermore, from the conservation of probability, we find

G(1,t) = 1 . (4.6)

By means of the generating function we are able to calculate the average particle
number

〈n〉 =
∞∑
n=0

nPn(t) = ∂

∂ξ
G(ξ,t)

∣∣∣∣
ξ=1

(4.7)

and the probability
Pn(t) = 1

n!
∂n

∂ξn
G(ξ,t)

∣∣∣∣
ξ=0

. (4.8)

If the particle number n is large it is convenient to use Cauchy’s integral formula

Pn(t) = 1
2πi

∮
dξ G(ξ,t)ξ−n−1 (4.9)

where the integration is performed over a closed contour encircling ξ = 0. Multiply-
ing both sides of (4.1) with ξn and summing over all n yields the partial differential
equation

∂

∂t
G(ξ,t) = L̂G(ξ,t) , (4.10)

where L̂ is a linear differential operator that includes powers of the expression
∂/∂ξ. The requirement of analyticity of G(ξ,t) yields “self-generated” boundary
conditions. Besides the universal boundary condition G(1,t) = 1 the others are
specific to the problem at hand. However, there is always the physical initial
condition which is determined by the value of Pn(0) and hence it is G(ξ,0) that
needs to be considered. The partial differential equation (4.10) can formally be
written as a time-dependent “Schrödinger equation” with imaginary time

iλ
∂

∂it
G(ξ,t) = ĤG(ξ,t) , (4.11)

where the right hand side contains the “Hamilton operator” Ĥ and we define λ = λk
for a fixed k. Now, we employ the formal analogy of the probability λ with Planck’s
constant ~. Moreover, in analogy to quantum mechanics we define the momentum
operator

π̂ = −iλ ∂
∂ξ

, (4.12)
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which will acquire the meaning of a counting operator. By inserting the ansatz

G(ξ,t) = ϕ(ξ)ψ(it) (4.13)

into (4.11) we can separate the variables ξ and t and find the two equations

iλ
∂

∂it
ψ(it) = Eψ(it) (4.14)

Ĥϕ(ξ) = Eϕ(ξ) . (4.15)

We will interpret the constant E as energy or Hamilton function of our system. Up to
this point we consider a probabilistic description of our problem, i.e., both variables
ξ and t can be chosen independently from each other. However, the separation
ansatz leads to the formal problem G(1,t) = ϕ(1)ψ(it) = 1 where t cannot be
chosen arbitrarily. We will solve this problem by a semiclassical approximation in
which we use the classical equations of motion that give an explicit dependence of
both variables ξ and t.

The solution of equation (4.14) is

ψ(it) = ψ(0)eEt/λ . (4.16)

We solve the stationary “Schrödinger equation” (4.15) with a WKB approximation.
We insert the ansatz

ϕ(ξ) = A(ξ) exp(iS(ξ)/λ) (4.17)

and separate the resulting equation into its real and imaginary parts. To solve the
pair of differential equations we use the standard WKB assumption that all terms
of second order or higher in the small parameter, here λ, can be neglected. The
WKB approximation requires that the “quantum” fluctuations are weak, which is
true as long as 〈n(t)〉 � 1, i.e., for times not too long. In this regime we can apply
the condition λ� 1. By putting all solutions of the differential equations together
we find the solution for the generating function G(ξ,t). This solution depends on a
constant which has to be determined by the initial condition G(ξ,0). Moreover, the
generating function also depends on the energy E of our system. To make progress
we have to determine the value of E.

Up to this point we used a probabilistic interpretation of the system where the
variables ξ and t can be chosen independently from each other. To approximate
the function G(ξ,t) and determine the value of E we now go into semiclassics.
The energy is given by the Hamilton function H which can be inferred from the
“Hamilton operator” Ĥ and reads

H = H(ξ,π) = E (4.18)
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where π is the classical “momentum”. The energy is an integral of motion with
dE/dt = 0. The classical equations of motion in imaginary time are the “Hamilton
equations”

dξ

dit
= ∂H

∂π
(4.19)

dπ

dit
= −∂H

∂ξ
. (4.20)

Due to the classical equations of motion (4.19) and (4.20), the variables ξ and t
are no longer independent of each other. From this point on, ξ and π are viewed as
functions of t. We solve the energy E for π and insert the result into (4.19). Now,
the first equation of motion contains only ξ and the constant energy E and we find

dξ

dit
= τ(ξ,E) , (4.21)

which gives the explicit classical dependence ξ = ξ(t). Importantly, for the deter-
mination of the initial condition of the generating function we find

ξ(0) = ξ0 . (4.22)

In the original method [186] the assumption ξ0 = 1 was made. In section 4.3.1 we
show in a direct comparison between our and the original method the benefit of
taking the variable ξ0 into account, rather than making the approximation ξ0 = 1.
We do not solve the second equation of motion (4.20), instead we consider the
mean field dynamics. If we are interested in the average particle number 〈n〉, we
have to know the generating function in the vicinity of ξ = 1, see equation (4.7).
This is the constant mean field solution ξ̄ = 1 which solves equation (4.19) because
every permissible Hamilton function must satisfy the condition

H(1,π) = 0 (4.23)

due to the normalization of probability. By application of the mean field solution
the second equation of motion (4.20) has the solution π̄(t) where we specify the
initial condition

π̄(0) = π0 . (4.24)

Acting with the previously defined momentum operator π̂ on the generating function
at the mean field solution gives

π̂G(ξ,t)
∣∣∣
ξ=1

= λ

i

∂G(ξ,t)
∂ξ

∣∣∣∣
ξ=1

= λ

i
〈n〉 = π̄(t) . (4.25)
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The last equality holds because in the mean field approximation quantum mechanics
has to coincide with classical mechanics. Thus, we call the operator π̂ counting
operator which gives the average particle number for a given time. As π0 has to
be constant for all times we can specify its value at time t = 0 where, due to the
initial condition, we find 〈n〉t=0 = n0 and therefore

π0 = λ

i
n0 . (4.26)

We note that E is constant and can also be expressed in terms of ξ(0) = ξ0 and
π(0) = π0, i.e., E = E(ξ0) = E0. Equation (4.21) can be solved by integration.
The formal solution is ∫ ξ

ξ0

dξ′

τ(ξ′,E) = it . (4.27)

If we allow for complex reactions the function τ(ξ,E) will become also complex.
In many cases it might not be possible to solve the integral (4.27) analytically.
Instead a numerical solution has to be taken into account. Examples therefore
are the reaction which combines binary and single annihilation and the combined
reaction up to third order annihilation which are discussed in section 4.3.3 and
4.3.4, respectively. This issue is the starting point of our more general approach to
calculate the rare event statistics.
The initial condition G(ξ,0) = ξn0

0 enables us to determine the constant in the
generating function G(ξ,t). But before we determine the value ξ0 we first calculate
the probability Pn(t) by means of a saddle point approximation. At this point
we have to make an important remark. As already discussed, the starting point
of our analysis is a probabilistic description of the process. We proceed by using
semiclassical methods in order to find an approximation for the generating function.
Therefore we derive equations of motion that describe the classical trajectories
for a constant energy E. The classical trajectories give an explicit dependence
of the underlying variables which in our case are ξ, π and t. They cannot be
chosen independently from each other. The value of the energy determines which
trajectory in the phase space describes the relationship between ξ and t, i.e.,
ξ = ξ(t). Eventually, we are interested in probabilities Pn(t) again. Therefore, we
have to leave the semiclassical description behind and turn back to a probabilistic
description. In a probabilistic description the variables ξ and t are independent
of each other and can also be chosen independently. Classically this means that
we do not move along the trajectories anymore. This only applies if the energy
depends on both variables, i.e., E = E(ξ,t). In other words, when we go back
from the semiclassical into the probabilistic description the energy does not remain
constant. In that sense it is more intuitive to name the quantity E Hamilton
function instead of energy. This non-constant Hamilton function can be explained

89



4. WKB-Type-of Approximation for Rare Event Statistics in Reacting Systems

by a short example: In a conservative system the energy is fully determined by the
initial conditions. It however differs for different initial conditions. In that sense,
the Hamilton function describes, at the same time, a constant of motion and the
same system at different energies. Hence, derivatives

E′ = ∂E

∂ξ
(4.28)

have to be taken into account when the saddle point approximation is performed.
The contour integral can be written as

Pn(t) = 1
2πi

∮
dξ g(ξ) exp(f(ξ,E)) (4.29)

with the function g(ξ) and the “free energy” f(ξ,E) that are determined by the
generating function G(ξ,t) and the factor ξ−n−1 in Cauchy’s integral formula (4.9).
We add the term ξ−n into the exponential because of its factor n which is supposed
to be large. We calculate the integral by means of a saddle point approximation.
This approximation is justified because we have a small λ and assume large n.
Furthermore, we are interested in times t where 〈n(t)〉 is sufficiently smaller than
n0 but 〈n(t)〉 � 1 still holds.

The saddle point approximation requires

∂

∂ξ
f(ξs,E) = f ′(ξs,E) = 0 (4.30)

and we find with a non-constant energy E(ξ,t) the derivative

f ′(ξ,E) = ω(ξ,E,E′) . (4.31)

For convenience we drop the arguments of E(ξ,t). Pretending that the analytical
solution of (4.21) is not known, i.e., when we have to evaluate the integral in (4.27)
numerically, we have to determine E′ in order to solve the saddle point equation
f ′(ξs,E) = 0. We obtain the derivative of E by deriving the solution of the classical
equation of motion (4.27) with respect to ξ under the condition that the energy
depends on ξ and the time t does not

0 = ∂

∂ξ

∫ ξ

ξ0

dξ′

τ(ξ′,E(ξ,t)) . (4.32)
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We remark that the integration is performed over the variable ξ′ which is due to
semiclassics not included in E(ξ,t). By using the Leibniz rule we find

E′ = ∂E(ξ,t)
∂ξ

=
(
τ(ξ,E(ξ,t))

∫ ξ

ξ0

dξ′

τ2(ξ′,E(ξ,t))
∂

∂E
τ(ξ′,E(ξ,t))

)−1

= κ(ξ,E) , (4.33)

which again is a function of ξ and E. The energy E can be expressed in dependence
of ξ0, i.e., E = E(ξ0). Due to this relation E′ can also be expressed in terms of ξ
and ξ0, i.e., E′ = κ(ξ,ξ0). Now, we can reduce the derivative

f ′(ξ,E) = ω(ξ,ξ0) (4.34)

on the two variables ξ and ξ0 and the saddle point condition becomes

ω(ξs,ξ0) = 0 . (4.35)

From its solution we obtain the relationship between ξs and ξ0, i.e., ξ0 = ξ0(ξs).
Together with equation (4.27) this allows us to calculate a numeric value for ξs, by
solving the integral equation∫ ξs

ξ0(ξs)

dξ′

τ(ξ′,E0(ξ0(ξs)))
= it . (4.36)

We note that the integral stems from the semiclassical part of our analysis, hence
the energy E has to remain constant during integration. Furthermore we changed
the upper limit in (4.27) to ξs which is valid, as the constant value of the energy
depending on ξs has to be chosen accordingly. Finding a solution for ξs can be
demanding, depending on the function τ(ξ,E) and the solution ξ0(ξs). Once, a
solution for ξs is found the value of ξ0 can be calculated. The last piece missing for
the saddle point approximation is the second derivative of the free energy

f ′′(ξ,E) = ∂ω(ξ,E,E′)
∂ξ

+ ∂ω(ξ,E,E′)
∂E

E′ + ∂ω(ξ,E,E′)
∂E′

E′′ , (4.37)

91



4. WKB-Type-of Approximation for Rare Event Statistics in Reacting Systems

with the second derivative of the energy

E′′ = ∂2E(ξ)
∂ξ2

= −(E′)2
{

1
E′τ(ξ,E(ξ))

∂

∂ξ
τ(ξ,E(ξ)) + 1

τ(ξ,E(ξ))
∂

∂E
τ(ξ,E(ξ))

+E′τ(ξ,E(ξ))
ξ∫

ξ0

dξ′

τ2(ξ′,E(ξ))

[
∂2

∂E2 τ(ξ′,E(ξ))− 2
τ(ξ′,E(ξ))

(
∂

∂E
τ(ξ′,E(ξ))

)2] .
(4.38)

The value of E is determined by E(ξ0) = E0. Combining all pieces yields the final
result for the probability

Pn(t) = 1√
2π

g(ξs)√
|f ′′(ξs,E)|

exp (f(ξs,E0)) , (4.39)

if f ′′(ξ,E) is always real. This formalism works for every kind of reaction scheme.
However, if the reactions become too complex, e.g. by involving higher order
annihilations, it might become impossible to solve the required equations due to
technical complications.

4.3. Some Examples

In the following we give some examples on how to apply the formalism which was
described in the previous section.

4.3.1. Binary Annihilation Revisited

For the convenience of the reader we show how the known results of binary
annihilation, studied in [186], fit into our generalized approach. This model can be
solved analytically and exactly [165].
We consider a system where only the binary annihilation can possibly occur

with probability rate λ. Once, this reaction takes place two particles form an
inert aggregate. Since each particle may react with each other the system is fully
described by the following master equation

d

dt
Pn(t) = λ

2 ((n+ 2)(n+ 1)Pn+2(t)− n(n− 1)Pn(t)) , (4.40)
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where Pn(t) denotes the probability to find n particles at time t. According to
equation (4.11) the corresponding time-dependent “Schrödinger equation” with
imaginary time is

iλ
∂

∂it
G(ξ,t) = λ2

2 (1− ξ2) ∂
2

∂ξ2G(ξ,t) , (4.41)

where the right hand side can also be written in terms of the “Hamilton operator”

Ĥ = λ2

2 (1− ξ2) ∂
2

∂ξ2 = −1
2(1− ξ2)π̂2 . (4.42)

The separation ansatz G(ξ,t) = ϕ(ξ)ψ(it) yields equation (4.16) for the time-
dependent part and

Eϕ(ξ) = λ2

2 (1− ξ2) ∂
2

∂ξ2ϕ(ξ) (4.43)

for the stationary part. We solve the stationary “Schrödinger equation” with
a WKB approximation. We insert the ansatz (4.17) and separate the resulting
equation into its real and imaginary parts which yields

EA(ξ) = −λ
2

2 (ξ2 − 1)
(
A′′(ξ)− 1

λ2A(ξ)
(
S′(ξ)

)2) (4.44)

0 = 2A′(ξ)S′(ξ) +A(ξ)S′′(ξ) . (4.45)

Equation (4.45) can be simplified

d

dξ
A2(ξ)S′(ξ) = 0 (4.46)

which yields
A(ξ) = c̃√

S′(ξ)
(4.47)

with a constant c̃. In equation (4.44) we use the standard WKB assumption that
all terms of second order in the small parameter, here λ, can be neglected. This
gives the simplified differential equation

1
2(ξ2 − 1)

(
S′(ξ)

)2 = E . (4.48)

Its solution is
S(ξ)− S(ξ0) = i

√
2E(arccos ξ − arccos ξ0) , (4.49)
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with some initial value ξ0. Now, we can put all terms together and obtain the
generating function

G(ξ,t) =c
(

1− ξ2

2E

)1/4

exp
(
−
√

2E
λ

(arccos ξ − arccos ξ0) +Et

λ

)
, (4.50)

where all constants have been put into c. Before determining this constant by
the initial condition of the generating function, we first go into semiclassics. The
Hamilton function is given by

H = E = 1
2(ξ2 − 1)π2 . (4.51)

The classical equations of motion in imaginary time are

dξ

dit
= ∂H

∂π
= (ξ2 − 1)π (4.52)

dπ

dit
= −∂H

∂ξ
= −ξπ2 . (4.53)

We solve equation (4.51) for π and insert the solution into equation (4.52). The
ensuing differential equation

dξ

dit
=
√

2E(ξ2 − 1) (4.54)

has the solution
arccos ξ − arccos ξ0 =

√
2Et , (4.55)

which is analogous to equation (4.27). The mean field dynamics gives us the
average particle number. By application of the mean field solution ξ̄ = 1 the second
equation of motion (4.53) has the solution

π̄(t) = λ

i
〈n〉 = π0

itπ0 + 1 . (4.56)

The average particle number is

〈n(t)〉 = n0
n0λt+ 1 ≈

1
λt

(4.57)

for n0 � 1. The energy can be written as

E = E0 = 1
2(ξ2

0 − 1)π2
0 = λ2

2 n
2
0(1− ξ2

0) . (4.58)
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Now, we are able to determine the constant c in equation (4.50) with the initial
condition G(ξ,0) = ξn0

c = ξn0
0

( 2E
1− ξ2

0

)1/4
. (4.59)

Obviously, the normalization G(1,t) = 1 remains preserved. We calculate the proba-
bility Pn(t) by means of the contour integral (4.9) and a saddle point approximation.
The contour integral now reads

Pn(t) = 1
2πi

ξn0
0

(1− ξ2
0)1/4

∮
dξ g(ξ) exp(f(ξ,E)) (4.60)

with

g(ξ) = 1
ξ

(1− ξ2)1/4 (4.61)

f(ξ,E) = −
√

2E
λ

(arccos ξ − arccos ξ0) + Et

λ
− n ln ξ. (4.62)

The saddle point approximation requires f ′(ξs,E) = 0 and we find with a non-
constant Hamilton function E(ξ,t)

f ′(ξ,E) = −E
′

λ

(arccos ξ − arccos ξ0√
2E

− t
)

+
√

2E
λ

1√
1− ξ2 −

n

ξ
. (4.63)

For convenience we drop the arguments of E(ξ,t). We see that inserting the solution
(4.55) of the classical equation of motion deletes the first bracket and yields

1
λt

(arccos ξs − arccos ξ0) 1√
1− ξ2

s

= n

ξs
. (4.64)

Interestingly, the E′ term has been removed and with equation (4.58) we immedi-
ately obtain the relation ξ0 = ξ0(ξs) according to equation (4.35)

ξ0 =
√

1− n2

n2
0

1− ξ2
s

ξ2
s

. (4.65)

Combining equations (4.65), (4.58) and (4.55) yields an implicit equation for ξs
which has to be solved by numerical methods. Having found the solution for ξs,
a value for ξ0 can be obtained by equation (4.65). In order to obtain the second
derivative of the free energy we need E′ which is according to equation (4.33)

E′ = −
√

2E
t
√

1− ξ2 . (4.66)
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Figure 4.1.: Probability density distribution for the binary annihilation, see equation
(4.40), at t = 0.5 on a logarithmic scale. Parameters are chosen as
n0 = 300 and λ = 0.01.

This result can directly be obtained by deriving equation (4.55). The second
derivative of f(ξ) at ξs can be simplified to

f ′′(ξs) = nλt− ξ2
s

λt(1− ξ2
s )ξ2

s

≈ n− 〈n〉ξ2
s

(1− ξ2
s )ξ2

s

, (4.67)

which is always real for real ξs. Combining all pieces yields the final result for the
probability

Pn(t) = ξn0
0

√
n0ξs
2πn

∣∣∣∣∣ 1− ξ2
s

n− 〈n〉ξ2
s

∣∣∣∣∣
1/2

exp
(
−n

2

2 λt
1− ξ2

s

ξ2
s

− n ln ξs

)
. (4.68)

In figure 4.1 we compare the approximation (4.68) with the exact solution. We
set n0 = 300, λ = 0.01 and t = 0.5. The exact solution is calculated by numerical
integration of the master equation. The maximum probability is around the average
particle number which according to equation (4.57) is 〈n(0.5)〉 = 120. Overall the
approximation coincides over many orders of magnitude very well with the exact
solution. We compare the new result (4.68) with the original one. In fact, we do
not use the original result of [186], where the prefactor was included manually, we
use the time-dependent solution of [248] that includes the prefactor by calculation.
Figure 4.2 shows on a log-scale the ratios of the exact result and the semiclassical
approximation for both, the new result (4.68) and the original result. Clearly, in
the region n ≤ 〈n〉 we see the high accuracy of the new result which outperforms
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Figure 4.2.: Decadic logarithm of the ratio of the exact solution and the time-
dependent WKB approximations. The solid line shows the new ap-
proximation (4.68), the circles show the original result. Parameters
are chosen as n0 = 300, t = 1 and λ = 0.01.

the original result. For large n the accuracy of the time-dependent semiclassical
approximation deteriorates.

4.3.2. Single Annihilation

The simplest reaction is the single annihilation, where one particle forms an inert
aggregate with probability rate λ. In terms of population dynamics this reaction is
called death process. This process can be solved analytically and it is well known in
literature, see, e.g. [163, 261]. Nevertheless, we apply the method to give a different
representation how the model can be solved. Its master equation reads

d

dt
Pn(t) = λ(n+ 1)Pn+1(t)− λnPn(t) . (4.69)

This master equation can be solved exactly by different methods, see [163]. By means
of the generating function (4.4) equation (4.69) can be written as “Schrödinger
equation”

iλ
∂

∂it
G(ξ,t) = λ2(1− ξ) ∂

∂ξ
G(ξ,t) = iλ(1− ξ)π̂G(ξ,t) , (4.70)

with the momentum operator π̂. By applying the separation ansatz, we find the
same formal solution for the time-dependent part as for the binary annihilation, see

97



4. WKB-Type-of Approximation for Rare Event Statistics in Reacting Systems

equation (4.16). The ξ-dependent part of the separation ansatz is more interesting

Eϕ(ξ) = λ2(1− ξ) ∂
∂ξ
ϕ(ξ) , (4.71)

it has the exact solution

ϕ(ξ) = ϕ(ξ0)
(
ξ0 − 1
ξ − 1

)E/λ2

. (4.72)

The classical energy is E = iλ(1− ξ)π and the classical equations of motion are

dξ

dit
= iλ(1− ξ) (4.73)

dπ

dit
= iλπ . (4.74)

Both equations are easily solvable. The second equation gives the mean field
dynamics resulting in the average particle number which is

〈n〉 = n0e
−λt . (4.75)

The solution for equation (4.73)

ξ = 1 + (ξ0 − 1)eλt (4.76)

can be inserted into equation (4.72) which yields

ϕ(ξ) = ϕ(ξ0)e−Et/λ . (4.77)

Hence, we find the generating function

G(ξ,t) = ψ(t)ϕ(ξ) = ψ(0)ϕ(ξ0) = G(ξ0,0) = ξn0
0 . (4.78)

In the last step we used the initial condition that at time t = 0 there are n0 particles
in the system. Solving equation (4.76) for ξ0 and inserting into the generating
function yields

G(ξ,t) =
(
1 + (ξ − 1)e−λt

)n0
. (4.79)

The probability to find n particles at time t can be calculated by means of equation
(4.8). We find

Pn(t) =
(
n0
n

)(
1− e−λt

)n0−n
e−nλt . (4.80)
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4.3.3. Binary and Single Annihilation

We now consider a system where two reactions can occur. The binary annihilation
occurs with probability rate λ and the single annihilation occurs with probability
rate σ. Both probabilities are of the same order of magnitude. The master equation
reads

d

dt
Pn(t) = λ

2 ((n+ 2)(n+ 1)Pn+2(t)− n(n− 1)Pn(t))

+ σ ((n+ 1)Pn+1(t)− nPn(t)) . (4.81)

Its corresponding “Schrödinger equation” for the generating function is

iλ
∂

∂it
G(ξ,t) = λ2

2 (1− ξ2) ∂
2

∂ξ2G(ξ,t) + λσ(1− ξ) ∂
∂ξ
G(ξ,t)

= −1
2(1− ξ2)π̂2G(ξ,t) + iσ(1− ξ)π̂G(ξ,t) , (4.82)

where we use the momentum operator π̂ = −iλ∂/∂ξ in the second line. The
separation ansatz yields to the known result (4.16) for the time-dependent part
and for the stationary part we find

Eϕ(ξ) = λ2

2 (1− ξ2) ∂
2

∂ξ2ϕ(ξ) + λσ(1− ξ) ∂
∂ξ
ϕ(ξ) . (4.83)

In the manner of section 4.3.1 we use the ansatz ϕ(ξ) = A(ξ) exp(iS(ξ)/λ), sort
the resulting equation for its real and imaginary part. Neglecting all terms scaling
with λ2 or λσ we find

E = 1
2(ξ2 − 1)

(
S′(ξ)

)2 (4.84)

0 = λ

2 (ξ + 1)
(
2A′(ξ)S′(ξ) +A(ξ)S′′(ξ)

)
+ σA(ξ)S′(ξ) . (4.85)

The solution of equation (4.84) is the already discussed result (4.49). We can insert
the derivatives of S(ξ) and insert them into equation (4.85) to obtain a differential
equation for A(ξ) with the solution

A(ξ) = c̃(ξ2 − 1)1/4 (ξ + 1)−σ/λ , (4.86)
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with a constant c̃. Hence, the generating function, fulfilling the initial condition
G(ξ0,0) = ξn0

0 , is

G(ξ,t) = ξn0
0

(
ξ2 − 1
ξ2

0 − 1

)1/4 (
ξ0 + 1
ξ + 1

)σ/λ
× exp

(
−
√

2E
λ

(arccos ξ − arccos ξ0) + 1
λ
Et

)
. (4.87)

The classical energy is E = 1
2(ξ2 − 1)π2 − iσ(ξ − 1)π and the classical equations of

motion are

dξ

dit
= (ξ2 − 1)π − iσ(ξ − 1) =

√
2E(ξ2 − 1)− σ2(ξ − 1)2 (4.88)

dπ

dit
= −ξπ2 + iσπ = −π

√
2E + (π − iσ)2 . (4.89)

First, we evaluate the average particle number by means of the mean field dynamics

dπ̄

dit
= −π̄2 + iσπ̄ . (4.90)

The solution gives the average particle number

〈n(t)〉 = σ

λ

(
1

1− λn0
λn0+σe

−σt
− 1

)
. (4.91)

In order to make analytical progress we simplify equation (4.88) furthermore by
dropping the σ2 term. This is fully consistent with the WKB method since by Taylor
approximation the leading order of equation (4.88) is σ2. Due to this approximation
we find the same classical dynamics as in the case of binary annihilation, see
equations (4.52) and (4.53). The solution for the corresponding classical equation
of motion, determining ξ, is given in (4.55). Hence, the generating function has
the same arguments in the exponential function as the generating function of the
binary annihilation (4.50). It solely differs from (4.50) by the additional prefactor(
ξ0+1
ξ+1

)σ/λ
. We calculate the probability Pn(t) by means of the contour integral

with a saddle point approximation. The saddle point condition (4.64) combined
with the solution of the approximated classical equation of motion (4.55) gives the
dependence

ξ0 = − σ

λn0
+
√(

1 + σ

λn0

)2
− n2

n2
0

1− ξ2
s

ξ2
s

. (4.92)
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Figure 4.3.: Probability density distribution for the binary and single annihilation,
see equation (4.81), at t = 2 on a logarithmic scale. Parameters are
chosen as n0 = 300, λ = 0.01 and σ = 0.05.

Recombining this equation with (4.55) yields an equation for ξs which can be solved
numerically. Finally the probability reads

Pn(t) = ξn0
0√
2π

(1 + ξ0
1 + ξs

)σ/λ(1− ξ2
s

1− ξ2
0

)1/4 ∣∣∣∣∣ 1− ξ2
s

n− 〈n〉ξ2
s

∣∣∣∣∣
1/2

× exp
(
−n

2

2 λt
1− ξ2

s

ξ2
s

− n ln ξs

)
. (4.93)

We notice that the probability has the same form as the probability for the binary
annihilation. The differences are the additional prefactor and the value for ξs at the
saddle point. The additional prefactor contributes only little to the value of (4.93)
compared with the exponential. Furthermore, the value of the saddle point does not
vary significantly from that of the binary annihilation. Hence, the probability Pn(t)
for the single and binary annihilation does not vary considerable from that for the
pure binary annihilation. This means that the binary annihilation dominates the
single annihilation considerably. In figure 4.3 we compare the approximation with
the exact probabilities. We find some structure of the approximated probability near
the maximum of the distribution. This is due to the prefactor which approaches
zero in the denominator. Usually, in the saddle point approximation we consider
the exponent only and do not consider the prefactor. If we do so, we would have
to adapt an artificial prefactor in such a way that the normalization condition is
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still fulfilled. In that case the structure would vanish. Overall the approximation
coincides over many orders of magnitude well with the exact solution.

4.3.4. Third order reaction

We now study a reaction which combines the single and binary annihilation from the
last example with the trimolecular annihilation. One may argue that trimolecular
reactions do not occur as elementary events. There is, however, one instance where
a trimolecular reaction can be used as an approximation to a multireaction sequence
with a total of four reactant particles. For more details see [262].

The master equation for the combined reaction reads

d

dt
Pn(t) = µ

(
n+ 3

3

)
Pn+3(t) + λ

(
n+ 2

2

)
Pn+2(t)

+ σ(n+1)Pn+1(t)−
(
µ

(
n

3

)
+λ
(
n

2

)
+σn

)
Pn(t) . (4.94)

We introduce the rate constant µ for the trimolecular reaction, which we assume
to be of order λ3. The rate constant σ of the single annihilation is of order λ. The
corresponding “Schrödinger equation” is

iλ
∂

∂it
G(ξ,t) = λσ(1− ξ) ∂

∂ξ
G(ξ,t) + λ2

2 (1− ξ2) ∂
2

∂ξ2G(ξ,t)

+ λµ

6 (1− ξ3) ∂
3

∂ξ3G(ξ,t)

= iσ(1− ξ)π̂G(ξ,t)− 1
2(1− ξ2)π̂2G(ξ,t)

− i µ6λ2 (1− ξ3)π̂3G(ξ,t) , (4.95)

with the momentum operator
π̂ = −iλ ∂

∂ξ
. (4.96)

Applying the separation ansatz G(ξ,t) = ψ(t)ϕ(ξ) yields to the result (4.16) for the
time dependent part. The stationary “Schrödinger equation” can be written as

Eϕ(ξ) = λσ(1− ξ) ∂
∂ξ
ϕ(ξ) + λ2

2 (1− ξ2) ∂
2

∂ξ2ϕ(ξ)

+ λµ

6 (1− ξ3) ∂
3

∂ξ3ϕ(ξ) . (4.97)
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We insert the ansatz ϕ(ξ) = A(ξ) exp(iS(ξ)/λ) to solve this equation. We sort for
the real and imaginary parts and drop all terms of order λ2 and above which gives

E = −1
2(1− ξ2)

(
S′
)2 (4.98)

0 = σ(1− ξ)AS′ + λ

2 (1− ξ2)
(
2A′S′ +AS′′

)
− µ

6λ2 (1− ξ3)
(
S′
)3
A . (4.99)

For convenience of the reader, we dropped the arguments of A(ξ) and S(ξ). Once
again we remark the scaling behavior σ ∼ λ and µ ∼ λ3. Interestingly, we find
equation (4.98) which we also found in the last example and also for the binary
annihilation. Its solution is given in equation (4.49). Furthermore, each single
term of equation (4.99) is of order λ. This means that we formally can cancel the
small parameter λ and so its order of magnitude does not appear in both equations.
With S′(ξ) from (4.98) we can solve equation (4.99) and find

A(ξ) = A0(ξ0) exp
(
µE

6λ3
1

1 + ξ

)
(ξ − 1)(λ+µ/λ2E)/4λ

× (ξ + 1)(3λ−12σ+µ/λ2E)/12λ . (4.100)

With the initial condition Pn(0) = δn,n0 we are able to determine the constants.
The probability now reads

Pn(t) = 1
2πiξ

n0
0 exp

(
−µE6λ3

1
1 + ξ0

)∮
dξ g(ξ,E) exp (f(ξ,E)) (4.101)

with

g(ξ,E) = 1
ξ

(
ξ − 1
ξ0 − 1

)(λ+µ/λ2E)/4λ

×
(
ξ + 1
ξ0 + 1

)(3λ−12σ+µ/λ2E)/12λ
(4.102)

f(ξ,E) = µE

6λ3
1

1 + ξ
−
√

2E
λ

(arccos ξ − arccos ξ0)

+ Et

λ
− n ln ξ . (4.103)

To make progress we specify the energy

E = iσ(1− ξ)π − 1
2(1− ξ2)π2 − i µ6λ2 (1− ξ3)π3 (4.104)
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in terms of ξ. Therefore we have to solve the equations of motion

dξ

dit
= iσ(1− ξ)− (1− ξ2)π − i µ2λ2 (1− ξ3)π2 (4.105)

dπ

dit
= iσπ − ξπ2 − i µ2λ2 ξ

2π3 , (4.106)

by inserting the solution of the energy for π into equation (4.106) which gives

∂ξ

∂it
= τ(ξ,E) . (4.107)

The resulting equation cannot be solved analytically. Hence, we have to solve this
equation by evaluating the integral (4.27) numerically. However, this can only be
done if we know the functional coherence of ξ and ξ0, which is obtained by the
saddle point approximation, i.e., f ′(ξs,E) = 0. We find

f ′(ξ,E) = µE′

6λ3
1

1 + ξ
− µE

6λ3
1

(1 + ξ)2 −
√

2E′
λ

(arccos ξ − arccos ξ0)

+
√

2E
λ

1√
1− ξ2 + t

λ
E′ − n

ξ
(4.108)

with E′ from equation (4.33). Again, this equation has to be solved numerically. A
value for ξs can be obtained by solving equation (4.36). This procedure requires
the numerical solution of two equations combined with a numerical integration.
We remark that there are three possible solutions for π when solving equation

(4.104). This is relevant for the numerical analysis as we find

ξs < 1 for n < 〈n〉 (4.109)

and
ξs > 1 for n > 〈n〉 (4.110)

where 〈n〉 is the average particle number. Thus, by performing the numerical
analysis we have to use different solutions for π when we calculate the values for
ξs. This is depending on the value of n being above or below 〈n〉. The mean field
solution ξ̄ = 1 gives us the dynamics of the average particle number

dπ̄

dit
= iσπ̄ − π̄2 − i µ2λ2 π̄

3 (4.111)

with
π̄ = −iλ〈n〉 . (4.112)
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Figure 4.4.: Dependence of the average particle number on the time t. Parameters
are chosen as n0 = 300, λ = 0.01, σ = λ and µ = λ3.

We show the average particle number 〈n(t)〉 in figure 4.4. We specify the parameters
λ = 0.01, σ = λ, µ = λ3 and n0 = 300. The average particle number at t = 1 is
〈n(1)〉 ≈ 74.15. Hence, the transition from ξs < 1 to ξs > 1 arises when n ≥ 75 for
t = 1 if we only consider integer particle numbers.

Having found the values for ξs we can now perform the saddle point approximation
which gives us

Pn(t) = 1
2πξ

n0
0 exp

(
−µE6λ3

1
1 + ξ0

)
g(ξs,E0)

× 1√
|f ′′(ξs,E0)|

exp (f(ξs,E0)) (4.113)

with the energy

E0 = λσ(1− ξ0)n0 + λ2

2 (1− ξ2
0)n2

0 + λµ

6 (1− ξ3
0)n3

0 (4.114)

105



4. WKB-Type-of Approximation for Rare Event Statistics in Reacting Systems

20 40 60 80 100 120 140

10-20

10-15

10-10

10-5

1

P
n
(t
)

n

Exact solution

Semiclassical solution

Figure 4.5.: Probability density distribution for the combined annihilation up to
third order, see equation (4.94), at t = 1 on a logarithmic scale.
Parameters are chosen as n0 = 300, λ = 0.01, σ = λ and µ = λ3.

and the second derivative

f ′′(ξ,E) = E′′
(
µ

6λ3
1

1 + ξ
− 1√

2Eλ
(arccos ξ − arccos ξ0) + t

λ

)
+ E′

(
− µ

3λ3
1

(1 + ξ)2 + E′

(2E)3/2λ
(arccos ξ − arccos ξ0) + 2√

2Eλ
1√

1− ξ2

)

+ µE

3λ3
1

(1 + ξ)3 +
√

2E
λ

ξ

(1− ξ2)3/2 + n

ξ2 , (4.115)

which is always real. In figure 4.5 we show the probability distribution Pn(1) for
the same parameter specification as in figure 4.4. Again we find a good agreement
over many orders of magnitude between the semiclassical approximation and the
exact solution, especially for the left tail of the distribution.

4.4. Conclusions

Extending the approach by Elgart and Kamenev, we put forward a model which
is able to describe the probability of rare events in reaction-diffusion systems
described by master equations. The systems consist of single-species particles
with infinite-range interaction and we assume that spatial degrees of freedom are
irrelevant. By means of a generating function we transform the master equation
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into a time-dependent “Schrödinger equation” in imaginary time. As the master
equation gives a probabilistic description of the system, so does the evolution
equation for the generating function. In short, the master equation is equivalent
to the time-dependent “Schrödinger equation” derived by means of the generating
function. We separate the time-dependent part of the “Schrödinger equation” and
the stationary part and thereby introduce a new constant which we will interpret
as the energy or Hamilton function of the system. We apply a WKB approximation
to solve the stationary part of the “Schrödinger equation”, we identify a small
parameter which is the analogue to Planck’s constant ~. In order to find the rare
event statistics we are interested in large deviations from a typical system behavior.
A typical behavior can be calculated by the mean field approximation which allows
us to calculate quantities such as the average particle number. Within the WKB
approximation we can derive the classical equations of motion which determine the
phase portrait of the system. The trajectories of the phase portrait are determined
by the energy which is constant in the semiclassical description. These classical
equations of motion need to be solved either analytically or numerically in order
to find the solution for the generating function. Finally, the probability to find
n particles at time t is calculated by Cauchy’s integral formula on which we
apply a saddle point approximation. At this point we make a transition from
the semiclassical description in which the dynamics is determined by the phase
portrait to a probabilistic description. Hence, when performing the saddle point
approximation the energy does not remain constant and becomes a function of the
phase space parameters. This dependence is determined by the classical equations
of motion. We remark that the accuracy of the method breaks down in the vicinity
of the average particle number and for small times when the condition 〈n(t)〉 � n0
is not satisfied.
We studied some systems. The single annihilation is exactly solvable. The

binary annihilation process and the process which combines binary and single
annihilation is analytically solved by means of the WKB approximation. For both
systems we find good agreement over many orders of magnitude with the exact
solution of the master equation. Finally, we analyzed a process that combines
single, binary and triple annihilation. In general, the leading order of the stationary
“Schrödinger equation” is obtained by the order of the highest annihilation process.
The third order differential equation can be solved analytically when we require a
certain scaling of its parameters and use the WKB approximation. However, the
semiclassical equations of motion have to be solved numerically. Once more, in the
tails of the distribution, we find a very good agreement with the exact solution
over many orders of magnitude.
Rare events define the tail of the distribution. We are not interested in typical

fluctuations near the maximum of the distribution where we find oscillations for
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some examples. Nonetheless, the oscillations can easily be removed by dropping
the prefactor of the distribution and replacing it with a normalization constant.
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Rare events can have significant influence on their environment or system. In this
context they are referred to as extreme events. Such events are difficult to describe,
especially when the constituents which form the system show correlated behavior
or interact in a complex manner. Due to their ensuing consequences, it is of utmost
importance to understand extreme events. An example of such an extreme event is
the financial crisis 2007–2009 which had drastic influence on the world economy. It
was triggered by the almost concurrent default of many small obligors who were
not able to fully pay off their mortgages and housing loans. This is an economist’s
point of view as to why extreme events are important. There are many other fields
where rare events are of great interest. Examples are epidemic disease spread or
large fluctuations in the number of neutrons in a nuclear reactor, which causes an
explosion.
In the first part of the thesis we focused on modeling financial markets and

credit risk. Correlations between obligors are of central importance in credit risk
estimation. If obligors are correlated by any kind of mutual dependencies they
are, for example, most likely to be affected by bad news simultaneously. Thus,
correlations increase the probability of default events to appear clustered. The
influence of good news, however, is marginal because of the peculiar shape of the
loss distribution of a credit portfolio which is usually asymmetric and has a heavy
tail on the right-hand side, see figure 1.4. In addition, non-stationarity is a central
aspect of financial markets. Particular attention was given to the non-stationarity
of correlations.

We reviewed recent progress in modeling credit risk for correlated assets taking
non-stationarity into account. We employed a new interpretation of the Wishart
model for random correlation matrices to model non-stationary effects. We then
used the Merton model for credit risk, in which default events and losses are
derived from the asset values at maturity. To estimate the time development of
the asset values, the stock prices are used. We accounted for the asset fluctuations
by averaging over an ensemble of random matrices that models the truly existing
set of measured correlation matrices. As a most welcome side effect, this approach
drastically reduces the parameter dependence of the loss distribution, allowing us
to obtain very explicit results which show quantitatively that the heavy tails prevail
over diversification benefits even for small correlations. We calibrated the random
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matrix model with market data and showed how it is capable of grasping different
market situations. We showed the benefit of the random matrix approach in
contrast to neglecting the fluctuations between the asset correlations by calculating
the VaR. It is underestimated by up to 40% in the latter case. Furthermore,
numerical simulations for two non-overlapping portfolios showed that concurrent
large portfolio losses are more likely than concurrent small ones.

The numerical results revealed the necessity of incorporating the full dependence
structure of joint risks and motivated new research on systemic credit risk. The full
dependence structure is contained in the multivariate joint portfolio loss distribution.
We analytically calculated this distribution for several cases. We showed that, for
two non-overlapping credit portfolios, diversification does not work in a correlated
market. Calculation of the portfolio loss correlations revealed that two creditors
without any intersection are affected to similar losses simultaneously. This accounts
not only for large portfolios with thousands of credit contracts, but also for small
portfolios consisting of a few credit contracts only. We quantitatively modeled
the reduction of risk if a credit portfolio invests in two on average uncorrelated
markets rather than investing in merely one market. The former method yields a
significantly lower tail risk also for very small portfolios than the latter method
for very large portfolios. Furthermore, we included subordination levels, which
were established in CDOs to protect the more senior tranches from high losses. We
analytically corroborated the observation that an extreme loss of the subordinated
creditor is likely to also yield a large loss of the senior creditor.
Current research in our group is based on the ensemble approach. It aims to

further improve the agreement of the return distribution on empirical data. For
further research, it is interesting to analyze avalanche and contagion effects. These
effects are included only indirectly in our model, namely by calibrating to stock
market states of crisis.
In the second part of this thesis we focused on rare event statistics in reacting

systems. We considered systems of reacting particles and calculated the probabilities
of finding them in states which largely deviate from typical behavior. We obtained
the rare event statistics from the master equation, which describes the dynamics of
the probability distribution of the particle number. We transformed the master
equation by means of a generating function into a time-dependent “Schrödinger
equation”. Its solution is provided by a separation ansatz and an approximation
for the stationary part which is of WKB type employing a small parameter. The
solutions of the “classical” equations of motions and a saddle point approximation
yield the proper generating function. Our approach extends a method put forward
by Elgart and Kamenev (2004). We revisited the binary annihilation and showed by
direct comparison that our extended method now outperforms the original method.
We considered other examples analytically, such as the single annihilation and the
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process which combines single and binary annihilation. Moreover, we calculated the
rare event statistics for a system allowing for single, binary and triple annihilation,
where the dynamics cannot be entirely analyzed in an analytical manner. For all
examples mentioned, we find a good agreement in the region of validity of the
approach, which is 1� n ≤ 〈n(t)〉.
For future research, it is interesting to apply this approach to the migration of

credit ratings. The migration can be described by a master equation. With the
WKB approach one can calculate the probability for an extreme change in the
current rating of a company. This could help to understand the intrinsic instabilities
of the financial system.
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A. Calculation of Moments

We define

τ ι,λj,k (z,u) =
F̂

(λ)
k∫

−∞

dV̂k

(
c(ι) − Vk0

F̂
(λ)
k

exp
(
√
zV̂k +

(
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2

)
T

))j

×
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N
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√
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)2
]
, (A.1)

where ι = S,J and λ = S,J , as well as c(S) = 1 and c(J) = Fk
F

(J)
k

. Hence, we can
write the moments

m
(S)
j,k (z,u) = τS,Sj,k (z,u) (A.2)

m
(J)
j,k (z,u) = τJ,Jj,k (z,u)− τJ,Sj,k (z,u) . (A.3)

With the following definition

Φ(x) = 1
2 + 1

2 erf
(
x√
2

)
(A.4)

and the error function

erf(x) = 2√
π

x∫
0

dxe−x
2 (A.5)
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we can express the quantities τ ι,λj,k (z,u) for j = 0,1,2
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