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Abstract

In this thesis we establish the Itô-Alekseev-Gröbner formula which can be regarded as a gener-
alization of the Alekseev-Gröbner lemma and Itô’s lemma.
Analogous to the well-known deterministic case of the Alekseev-Gröbner lemma, this formula
allows us to estimate the global error between the exact solution of a stochastic differential
equation (SDE) and a general Itô process in terms of the local characteristics. In particular,
our Itô-Alekseev-Gröbner formula can be applied to derive strong approximation rates for im-
plementable approximations of SDEs. To apply the Itô-Alekseev-Gröbner formula, we need to
ensure that there exists a version of the solution processes of the SDE which is twice continuously
differentiable in the starting point.
In the last part of this thesis, we derive conditions on the coefficient functions which ensure
existence of solution versions.
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Zusammenfassung in deutscher
Sprache

In dieser Doktorarbeit beweisen wir die Itô-Alekseev-Gröbner-Formel, welche wir als eine Verall-
gemeinerung sowohl der Itô-Formel als auch des Alekseev-Gröbner-Lemmas ansehen. Analog zum
wohlbekannten deterministischen Fall des Alekseev-Gröbner-Lemmas erlaubt uns diese Formel,
den globalen Fehler von einer exakten Lösung einer stochastischen Differentialgleichung und
einem allgemeinen Itô-Prozess mithilfe der lokalen Charakteristiken darzustellen. Insbesondere
kann unsere Itô-Alekseev-Gröbner-Formel angewendet werden, um starke Approximationsraten
für implementierbare Approximationen von stochastischen Differentialgleichungen herzuleiten.
Um die Itô-Alekseev-Gröbner-Formel anzuwenden müssen wir sicherstellen, dass eine Version
der Lösung der stochastischen Differentialgleichung existiert, welche im Anfangswert zweimal
stetig differenzierbar ist. Im letzten Teil der Doktorarbeit widmen wir uns dieser Frage.

7



8 CONTENTS



Acknowledgement

Lieber Martin, ich habe Dir viel zu verdanken! Es war eine großartige Erfahrung, mit Dir zusammzuar-

beiten. Ich bin sehr dankbar für die vielen Ideen, die Inspiration, und für Deine stete Unterstützung.

Besonders Dein Überblick des Forschungsgebiets, Deine schnelle Auffassungsgabe und Deine Fähigkeit,

immer wieder Lösungen zu finden, haben mich sehr beeindruckt.

Dear Sara (Mazzonetto), I really enjoyed working with you. You became very important for our project

and spent many thoughts on the right frame to apply our theory, especially for the last chapter. Your

door was always open for me and I felt strongly supported by you – It was a pleasure to work with you!

Liebe Mitglieder der Research training group 2131 - High-Dimensional Phenomena in Probability, ich

bin sehr froh, dass ich Teil dieses Graduiertenkollegs sein durfte. Ich hatte dort hervorragende Ar-

beitsbedingungen und es hat mich sehr gefreut, regelmäßigen Austausch mit so vielen hochkaraätigen

Mathematikern, seien es Doktoranden, PostDocs oder Professoren, zu haben. Besonders gerne habe ich

an den wöchentlichen RTG-Nachmittagen, den RTG Feedback-Treffen und den RTG Summer Schools

teilgenommen. Weiterhin danke ich für die Unterstützung bei Reisen zu weiteren interessanten Kon-

ferenzen und Summer sowie Winter Schools.

Liebe Mitglieder des Organisationsteams des Doktorandinnentreffens 2018 und alle weiteren, die daran

mitgewirkt haben, es hat wirklich Spaß gemacht, dies mit Euch zu organisieren, ich habe nicht nur

viel dabei gelernt, sondern war auch froh, dass wir damit unsere Fakultät und das RTG repräsentieren

konnten.

Dear Professor Yano, I would like to thank you for your invitation to Kyoto. It was there that I started

to learn about stochastic analysis which finally brought me to write this thesis. I learned very much

under your supervision and I alway feel gratitude for the great time at your faculty.

Lieber Herr Professor Rüschendorf, durch Vorlesungen, Seminare, beim Verfassen der Masterarbeit und

als wissenschaftlicher Mitarbeiter habe ich bei Ihnen viel gelernt. Die Kombination aus Freiraum und

steter Unterstützung haben mich ideal auf die Promotionsphase vorbereitet.

Lieber Bernd, liebe Anna, lieber Angel, liebe Kollegen im Bereich IAC der Union Investment, vielen

Dank für die gute Einarbeitungsphase und die Unterstützung bei der Fertigstellung meiner Dissertation.

Ihr wart mir eine große Hilfe!

9



10 CONTENTS



Notation

The following notation is used throughout this thesis:
We use the convention that 0 6∈ N and 0 ∈ N0.
For all c ∈ (0,∞) let 00, 0

0 ,
c
0 ,
−c
0 , 0 ·∞, 0 · (−∞), ∞c denote the extended real numbers 00 = 1,

0
0 = 0, c0 =∞, −c0 = −∞, 0 · ∞ = 0, 0 · (−∞) = 0, and ∞c =∞.
For two real numbers a, b ∈ R we denote [a, b] = { x ∈ R : a ≤ x and x ≤ b}, [a, b) = {x ∈
R : a ≤ x and x < b}, (a, b] = {x ∈ R : a < x and x ≤ b} and (a, b) = {x ∈ R : a < x and x < b}.
Note that we do not require that a ≤ b holds.
For all T ∈ [0,∞) let ∆T ⊆ [0, T ]2 denote the subset with the property that
∆T = {(s, t) ∈ [0, T ]2 : s ≤ t}.
For all S, T ∈ R with the property that S ≤ T let ∆S,T ⊆ [S, T ]2 denote the subset with the
property that ∆S,T = {(s, t) ∈ [S, T ]2 : s ≤ t}.
For all h ∈ (0,∞), r ∈ [0,∞) let dreh, brch, dre0, brc0 ∈ [0,∞) be the real numbers with the
properties that dreh = inf{nh ∈ [r,∞) : n ∈ N0}, brch = sup{nh ∈ [0, r] : n ∈ N0}, dre0 = r, and
brc0 = r. We call these the generalized Gaussian Brackets.
For all T ∈ (0,∞) we denote by T/N the set T/N = { T/n : n ∈ N}.
For a real vector space V and a subset S ⊆ V let span(S) ⊆ V denote the set with the property
that span(S) = {

∑n
i=1 rivi : n ∈ N, r1, . . . , rn ∈ R, v1, . . . , vn ∈ S}.

For all d ∈ N, x ∈ Rd we write ‖x‖Rd for the Euclidean norm of x and for all i ∈ {1, . . . , d} let
e

(d)
i denote the i-th unit vector in Rd.
For two separable real Hilbert spaces U and H and a linear mapping A : U → H we denote
the operator norm of A as ‖A‖L(U,H), the Hilbert-Schmidt norm of A as ‖A‖HS(U,H), the space
of linear operators from U to H with finite operator norm as L(U,H) = L(U,H), the space
of linear operators from U to H with finite Hilbert-Schmidt norm as HS(U,H), and we write
L(2)(U,L(U,H)).
For all d,m ∈ N and all A ∈ Rd×m we denote by A> the transpose of A.
For a set S we denote by P(S) the power set of S.
For every normed vector space (V, ‖ · ‖V ) and every subset A ⊆ V let B(V ) denote the Borel
algebra on V . For a natural number d ∈ N and a Borel measurable set A ∈ BRd we denote by
λdA : BRd(A)→ [0,∞] the Lebesgue-Borel measure on A. For a Borel measurable set A ∈ BR we
often write λA instead of λ1

A.
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For all measurable spaces (Ω,F), (Ω′,B) letM(F ,B) be the set

M(A,B) =
{
f : Ω→ Ω′ : f is F/B-measurable

}
. (1)

For every measure space (Ω,F , µ) and every measurable space (Ω′,B) let L0(P,B) be the set
with the property that

L0(P,B) =
{
{f ∈M(A,B) : f = g P-a.s.} : g ∈M(A,B)

}
. (2)

For every measure space (Ω,F , µ), every normed vector space (V, ‖ · ‖V ), and all p ∈ [1,∞) let

‖ · ‖Lp(µ;V ) :
(
M(F ,B(V )) ∪ L0(P,B(V ))

)
→ [0,∞] (3)

be the mapping which satisfies for all f ∈
(
M(F ,B(V )) ∪ L0(P,B(V ))

)
that

‖f‖Lp(µ;V ) =
(
∫Ω ‖f‖

p
V dµ

) 1
p , let Lp(µ;V ) be the set with the property that

Lp(µ;V ) = {f ∈M(F ,B(V )) : ‖f‖Lp(µ;V ) <∞}, (4)

and let Lp(µ;V ) be the set with the property that

Lp(µ, V ) =
{
{f ∈ Lp(µ, V ) : f = g µ-a.e.} : g ∈ Lp(µ, V )

}
. (5)

For every measure space (Ω,F , µ) and every normed vector space (V, ‖ · ‖V ) let

〈·, ·〉L2(µ;V) :
(
M(F ,B(V )) ∪ L0(P,B(V ))

)2 → [0,∞] (6)

be the function with the property that for all f, g ∈
(
M(F ,B(V )) ∪ L0(P,B(V ))

)
it holds that

〈f, g〉L2(µ;V) = ∫
Ω
〈f, g〉V dµ. (7)

For every measure space (Ω,F , µ) and every normed vector space (V, ‖ · ‖V ) let

‖ · ‖L∞(µ;V ) :
(
M(F ,B(V )) ∪ L0(P,B(V ))

)
→ [0,∞] (8)

the mapping with the property that for all f ∈
(
M(F ,B(V )) ∪ L0(P,B(V ))

)
it holds that

‖f‖L∞(µ;V ) = ess supω∈Ω ‖f(ω)‖V , (9)

let L∞(µ;V ) be the set with the property that

L∞(µ;V ) =
{
f ∈M(A,BV ) : ‖f‖L∞(µ;V ) <∞

}
, (10)
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and let L∞(µ;V ) be the set with the property that

L∞(µ, V ) =
{
{f ∈ L∞(µ, V ) : f = g µ-a.e.} : g ∈ Lp(µ, V )

}
. (11)

For normed real vector spaces V1, V2 and k ∈ N ∪ {0,∞} we denote by Ck(V1, V2) the set of
functions f : V1 → V2 that are k times continuously differentiable, we denote by

| · |Ckb (V1,V2) : Ck(V1, V2)→ [0,∞] (12)

and
‖ · ‖Ckb (V1,V2) : Ck(V1, V2)→ [0,∞] (13)

the mappings with the properties that it holds for all f ∈ Ck(V1, V2) that

|f |Ckb (V1,V2) = sup
x∈V1

‖f (k)(x)‖L(k)(V1,V2) (14)

and

‖f‖Ckb (V1,V2) = ‖f(0)‖V2
+

k∑
l=1

|f |Clb(V1,V2), (15)

and we denote by Ckb (V1, V2) the set given by

Ckb (V1, V2) = {f ∈ Ck(V1, V2) : ‖f‖Ckb (V1,V2) <∞}. (16)

For every measurable space (Ω,F) and every n ∈ N let C∞,Fb (Rn×Ω,R) be the set which satisfies

C∞,Fb (Rn × Ω,R) =

{
f : Rn × Ω→ R : ∀ω ∈ Ω: f(·, ω) ∈ C∞b (Rn,R),

∀x ∈ Rd : f(x, ·) ∈M(F ,B(R))

}
. (17)

For all finite dimensional Hilbert spaces (H, 〈·, ·〉H , ‖·‖H) and (U, 〈·, ·〉U , ‖·‖U ) with the property
that H 6= {0}, all open subsets O ⊆ H, and all functions µ : O → H and σ : O → HS(U,H),
let Gµ,σ : C2(O,R) → M(O,B(R)) be a linear operator with the property that for all x ∈ O,
φ ∈ C2(O,R) it holds that

(Gµ,σφ)(x) := φ′(x)µ(x) + 1
2 tr
(
σ(x)σ(x)∗(Hessφ)(x)

)
. (18)

We refer to this linear operator Gµ,σ as generator.
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Chapter 1

Introduction

The linear integration-by-parts formula states in the simplest case that for all a, b ∈ R, t ∈ [0,∞)

it holds that

eat − ebt = −
t

∫
0

d
ds

(
ea(t−s)ebs

)
ds =

t

∫
0
ea(t−s)(a− b)ebs ds. (1.1)

The nonlinear integration-by-parts formula, which is usually referred to as Alekseev-Gröbner for-
mula or nonlinear variation-of-constants formula, generalizes this relation to nonlinear ordinary
differential equations and has been established in Alekseev 1961 and in Gröbner 1960. More
formally, the Alekseev-Gröbner formula (cf., e.g., Hairer, Nørsett, and Wanner 1993, Theorem
I.14.5) asserts the following:

Theorem 1.1 (Alekseev-Gröbner formula). Let T > 0, let µ ∈ C0,1([0, 1] × R,R) let X ∈
C0,1(∆T ×R,R) be a mapping such that for all s ∈ [0, T ], x ∈ R it holds that Xx

s,s = x and such
that for all (s, t) ∈ ∆T , x ∈ R it holds that

Xx
s,t = x+

t

∫
s
µ(r,Xx

s,r) dr, (1.2)

and let Y ∈ C1(R,R). Then it holds that

XY0

0,T − YT =
T

∫
0

(
∂
∂xX

x
r,T

)∣∣
x=Yr

(µ(r, Yr)− d
drYr) dr. (1.3)

The Alekseev-Gröbner formula expresses the global error XY0

0,T − YT in terms of the local error
µ(r, Yr) − d

drYr which corresponds to the difference of time derivatives. For this reason, the
Alekseev-Gröbner formula is a powerful tool for studying perturbations of ordinary differential
equations; see, e.g., Nørsett and Wanner 1979, Theorem 3, Lie and Norsett 1989, Theorem 1,
Iserles and Söderlind 1993, Theorem 1, and Iserles 2009.
In this thesis we generalize the Alekseev-Gröbner lemma to a (non-pathwise) stochastic setting

15
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and derive the following perturbation formula for not necessarily differentiable perturbation
processes:

Theorem 1.2 (Itô-Alekseev-Gröbner formula). Let d,m ∈ N, T ∈ (0,∞), p ∈ (4,∞), let
(Ω,F ,P) be a probability space, let W : [0, T ] × Ω → Rm be a standard Brownian motion with
continuous sample paths on the probability space (Ω,F ,P), let N = {A ∈ F : P(A) = 0} denote
the P-null sets, let µ : [0, T ] × Rd → Rd, σ : [0, T ] × Rd → HS(Rm,Rd) be continuous mappings,
let X ··,·(·) : ∆T × Rd × Ω → Rd be a continuous random field such that for all s ∈ [0, T ], ω ∈ Ω

the mapping Rd 3 x 7→ Xx
s,T (ω) ∈ Rd is in C2(Rd,Rd), such that for all s ∈ [0, T ], x ∈ Rd the

stochastic process [s, T ] × Ω 3 (t, ω) 7→ Xx
s,t(ω) ∈ Rd is (σ(N ∪ σ(Wr −Ws : r ∈ [s, t])))t∈[s,T ]-

adapted and for all t ∈ [s, T ] it holds P-almost surely that

Xx
s,t = x+

t

∫
s
µ(r,Xx

s,r)dr +
t

∫
s
σ(r,Xx

s,r)dWr, (1.4)

such that for all (s, t) ∈ ∆T , x ∈ Rd it holds P-almost surely that X
Xxs,t
t,T = Xx

s,T , let A, Y : [0, T ]×
Ω→ Rd, B : [0, T ]×Ω→ HS(Rm,Rd) be stochastic processes such that Y has continuous sample
paths, such that Y and B are (σ(N ∪σ(Wr : r ∈ [0, t])))t∈[0,T ]-progressively measurable, such that

∫T0 E
[
‖As‖pRd +‖Ys‖pRd +‖Bs‖pHS(Rm,Rd)

]
ds <∞, and such that for all t ∈ [0, T ] it holds P-almost

surely that

Yt = Y0 +
t

∫
0
Asds+

t

∫
0
BsdWs, (1.5)

assume that

sup
h∈T/N

E
[
T

∫
0

∥∥∥µ(t,XYbtch
btch,t

)∥∥∥p
Rd

+
∥∥∥σ(t,XYbtch

btch,t

)∥∥∥p
HS(Rm,Rd)

dt

]
<∞, (1.6)

assume that

sup
r,s,t∈[0,T ]
r≤s≤t

E
[∥∥∥XXYrr,s

t,T

∥∥∥p
Rd

+
∥∥∥( ∂

∂xX
x
t,T

)∣∣∣
x=XYrr,s

∥∥∥ 4p
p−4

L(Rd,Rd)

+
∥∥∥( ∂2

∂x2X
x
t,T

)∣∣∣
x=XYrr,s

∥∥∥ 2p
p−4

L(2)(Rd,Rd)

]
<∞

(1.7)

and let k ∈ N, c0 ∈ [0,∞), and let f ∈ C2(O,Rk) satisfy that for all x ∈ O it holds that

max
{
‖f(x)‖Rk
1+‖x‖Rd

, ‖f ′(x)‖L(Rd,Rk), ‖f ′′(x)‖L(2)(Rd,Rk)

}
≤ c0(1 + ‖x‖qRd). (1.8)

Then

(i) the stochastic process
(
f ′
(
XYr
r,T

)
X1,Yr
r,T (σ(r, Yr)−Br)

)
r∈[0,T ]

is Skorohod-integrable and
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(ii) it holds P-almost surely that

f
(
XY0

0,T

)
− f(YT )

=
T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T

(
µ(r, Yr)−Ar

)
dr +

T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T

(
σ(r, Yr)−Br

)
δ(P,F0,W ;Rk)Wr

+ 1
2

d∑
l,j=1

T

∫
0

(
σ(r, Yr)σ(r, Yr)

> −BrB>r
)
l,j

(1.9)

·
(
f ′′
(
XYr
r,T

)(
X1,Yr
r,T , X1,Yr

r,T

)
+ f ′

(
XYr
r,T

)
X2,Yr
r,T

)(
e

(d)
l , e

(d)
j

)
dr.

We give the main idea of the proof for f = IdRd : We use a telescoping sum argument to conclude
that it holds P-almost surely that

XY0

0,T − YT =

n−1∑
i=0

(
XYih
ih,T −X

Yih
(i+1)h,T

)
−
n−1∑
i=0

(
X
Y(i+1)h

(i+1)h,T −X
Yih
(i+1)h,T

)
. (1.10)

Then, we go on applying the Itô formula to both summands of the right-hand side of equation
(1.10). We demonstrate this on the second summand and conclude that it holds P-almost surely
that

n−1∑
i=0

(
X
Y(i+1)h

(i+1)h,T −X
Yih
(i+1)h,T

)
=

n−1∑
i=0

(i+1)h

∫
ih

X1,Yr
dreT/n,T

Ardr +

n−1∑
i=0

(i+1)h

∫
ih

X1,Yr
dreT/n,T

BrdWr (1.11)

+ 1
2

n−1∑
i=0

d∑
l,j=1

(i+1)h

∫
ih

(
BrB

>
r

)
l,j

·
(
f ′′
(
XYr
dreT/n,T

)(
X1,Yr
dreT/n,T

, X1,Yr
dreT/n,T

)
+ f ′

(
XYr
dreT/n,T

)
X2,Yr
dreT/n,T

)
(e

(d)
l , e

(d)
j )dr.

Heuristically, the next step would be to set

n−1∑
i=0

(i+1)h

∫
ih

=
T

∫
0

(1.12)

and to let n→∞. To this end, we take a closer look on the sum of Itô integrals

n−1∑
i=0

(i+1)h

∫
ih

f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBrdWr. (1.13)

Here, the stochastic processes (f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBr)r∈[ih,(i+1)h] are predictable with respect
to the filtration generated by the Brownian motion (Wr)r∈[ih,(i+1)h], which is an essentially
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necessary condition for the process to be Itô integrable. But the expression

T

∫
0
f ′
(
XYr
dreh,T

)
X1,Yr
dreh,TBrdWr (1.14)

is not defined in the Itô sense since the stochastic process (f ′
(
XYr
dreh,T

)
X1,Yr
dreh,TBr)r∈[0,T ] is not

predictable with respect to the filtration generated by the Brownian motion (Wr)r∈[0,T ] (see the
Notation section for the definition of the generalized Gaussian brackets). The intuition is that
this process is "looking into the future". An idea to overcome this difficulty is to use the classical
Skorohod integral. But here, the problem is that for all i ∈ {1, . . . , n− 1} the Skorohod integral

(i+1)h

∫
ih

f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBrδWr (1.15)

is not defined in the classical Skorohod sense because the process
(f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBr)r∈[ih,(i+1)h] is not measurable with respect to the σ-algebra generated
by the Brownian motion (Wr −Wih)r∈[ih,(i+1)h]. For this reason, we need a generalization of
the Mallavin Calculus to larger σ-algebras, analogous to the enlargement of filtration of the Itô
calculus. In the second chapter, we construct the Mallavin Calculus, as it is done in Nualart
1995 or in Kruse 2014, but in a measure-theoretically broader setting.

In the third chapter, we then prove the Itô-Alekseev-Gröbner formula, 1.2 which follows imme-
diately from Theorem 3.3 (applied with F0 = σ(N ), O = Rd, k = d, q = 0, c0 = 1, f = IdRd in
the notation of Theorem 3.3).

Theorem 1.2 together with the fact that for all a, b ∈ R it holds that (a + b)2 ≤ 2a2 + 2b2 im-
mediately implies an L2-estimate. For example, the L2-norm of the right-hand side of equation
(1.9) can be bounded by the triangle inequality. The L2-norm of the Skorohod integral on the
right-hand side of the estimate can then be calculated by applying the Itô isometry for Skorohod
integrals (see, e.g., Lemma 4 in Alòs and Nualart 1998 which does not require the approxima-
tion process to be Malliavin differentiable). Another approach for obtaining L2-estimates is to
apply the Itô formula for Skorohod processes to the squared norm of the right-hand side of equa-
tion (1.9). However, this seems to require additional regularity. To demonstrate the applicability
of Theorem 1.2, we apply Theorem 1.2 to the stochastic van-der-Pol oscillator in Section 3.3 be-
low and obtain in Lemma 3.10 that the stochastic van-der-Pol oscillator can be approximated
with L2-rate 1

2 .

Theorem 1.2 can be applied to any approximation of an SDE which is an Itô process with respect
to the same Wiener process driving the SDE. Possible applications include, in the notation of
Theorem 1.2,

(i) strong convergence rates for time-discrete numerical approximations of SODEs (e.g., the
Euler-Maruyama approximation with N ∈ N time discretization steps is given by At =

µ(kTN , Y kT
N

) and Bt = σ(kTN , Y kT
N

) for all t ∈ [kTN , (k+1)T
N ), k ∈ N),
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(ii) strong convergence rates for Galerkin approximations for stochastic evolution equations
(SEEs) (choose At = P (µ(t, Yt)) and Btu = P (σ(t, Yt)u) for all u ∈ Rm, t ∈ [0, T ] and
some suitable projection operator P ∈ L(Rd) where d,m ∈ N; Theorem 1.2 is applied to a
finite-dimensional approximation of the exact solution of the SPDE of which convergence
in probability is known), and

(iii) strong convergence rates for small noise perturbations of solutions of deterministic differ-
ential equations (choose σ = 0, At = µ(t, Yt) and Bt = ε σ̃(t, Yt) for all t ∈ [0, T ] where
σ̃ : [0, T ]× Rd → HS(Rm,Rd) is a suitable Borel measurable function and where ε > 0 is a
sufficiently small parameter).

In the literature, most estimates of perturbation errors (for exceptions see Hutzenthaler and
Jentzen 2014 and the references therein) exploit the popular global monotonicity assumption,
which, in the notation of Theorem 1.2, assumes existence of a real number c ∈ R such that for
all x, y ∈ Rd, t ∈ [0, T ] it holds that

〈x− y, µ(t, x)− µ(t, y)〉Rd + 1
2‖σ(t, x)− σ(t, y)‖2HS(Rm,Rd) ≤ c‖x− y‖

2
Rd . (1.16)

We emphasize that many SDEs from the literature do not satisfy inequality (1.16) and that
Theorem 1.2 does not require that the global monotonicity assumption is fulfilled.
Our main motivation for a stochastic Alekseev-Gröbner lemma are strong convergence rates for
time-discrete numerical approximations of SPDEs. In the literature, positive strong convergence
rates have been established for SDEs with monotone nonlinearity; see, e.g., Gyöngy and Millet
2007; Kovács, Larsson, and Lindgren 2015; Jentzen and Pušnik 2015; Becker and Jentzen 2019;
Becker, Gess, Jentzen, and Kloeden 2017; Bréhier and Goudenège 2018; Bréhier, Cui, and Hong
2018; Liu and Qiao 2018b; Wang 2018 for the case of additive noise and Majee and Prohl 2018;
Liu and Qiao 2018a for the case of multiplicative noise. To the best of our knowledge, strong
convergence rates for time-discrete approximations of SDEs with non-monotone superlinearly
growing nonlinearities remain an open problem. This problem now becomes feasible by applying
our perturbation result in Theorem 1.2. Clearly the classical Euler-Maruyama approximations
cannot be used as temporal discretizations in the case of super-linearly growing coefficients,
since these approximations diverge in the strong and weak sense; see Hutzenthaler, Jentzen,
and Kloeden 2011; Hutzenthaler, Jentzen, and Kloeden 2013; Beccari, Hutzenthaler, Jentzen,
Kurniawan, Lindner, and Salimova 2019. Summarizing, we believe that Theorem 1.2 is an
appropriate tool to analyze temporal approximations of semilinear SDEs.
A crucial assumption in Theorem 1.2 is the existence of a solution of the SDE (1.4) which is twice
continuously differentiable in the starting point, since in the proof of Theorem 1.2 we apply Itô’s
formula for independent random fields to the random functions Rd 3 x 7→ Xx

t,T ∈ Rd, t ∈ [0, T ].
This assumption is not satisfied in a number of cases. For example, Li and Scheutzow 2011
construct a two-dimensional example with smooth and globally bounded coefficient functions
which is not even strongly complete (that is, the exceptional subset of Ω where (1.4) does not
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hold cannot be chosen independently of the starting point); cf. also Theorem 1.2 in Hairer,
Hutzenthaler, and Jentzen 2015. Under suitable assumptions on the coefficients, however, strong
completeness and existence of a solution of (1.4) which is continuous in the starting point can
be ensured; see, e.g., Cox, Hutzenthaler, and Jentzen 2013; Zhang 2010; Li 1994. Existence of a
solution of (1.4) which satisfies the assumptions of Theorem 1.2 is currently known essentially
only in the case of twice continuously differentiable coefficient functions whose derivatives up
to second order are bounded; see, e.g., Theorem 1.4.1 in Kunita 1986. The last part of the
thesis strives to relax the conditions on the coefficient functions such that the assumptions of
Theorem 1.2 are fulfilled. The main contribution here is the following theorem, which follows
immediately from Proposition 4.34 below:

Theorem 1.3 (Spatially differentiable solution). Let T ∈ (0,∞), let (H, 〈·, ·〉H , ‖ · ‖H) and
(U, 〈·, ·〉U , ‖ · ‖U ) be finite-dimensional real Hilbert spaces, assume H 6= {0}, let (Ω,F ,P) be
a probability space with a normal filtration (Ft)t∈[0,T ], let W : [0, T ] × Ω → U be a standard
(Ω,F , (Ft)t∈[0,T ],P)-Brownian motion, for all (s, t) ∈ ∆T let Fst ⊆ Ft be a subset such that for
all s ∈ [0, T ] the filtration (Fst )t∈[s,T ] is a normal filtration, assume that for all (s, t) ∈ ∆T it
holds that σ (Wr −Ws : r ∈ [s, t]) ⊆ Fst , let D,O ⊆ H be non-empty open sets, let B ⊆ H be a
Borel measurable set with the property that D ⊆ B ⊆ O, let µ ∈ C1(O,H), σ ∈ C1(O,HS(U,H)),
for all s ∈ [0, T ], x ∈ B let Xx

s : [s, T ]×Ω→ B be an (Fst )t∈[s,T ]-adapted stochastic process with
continuous sample paths such that for all x ∈ B, t ∈ [s, T ] it holds P-almost surely that

Xx
s,t = x+

t

∫
s
µ(Xx

s,r) dr +
t

∫
s
σ(Xx

s,r) dWr, (1.17)

let α0, α1 ∈ [0,∞), β0, β1 ∈ R, U0, U1 ∈ C2(O, [0,∞)), let U : [0, T ] × B → R be a Borel
measurable function with the property that for all s ∈ [0, T ], x ∈ B it holds P-almost surely that
∫Ts |U(r,Xx

s,r)| dr <∞ and such that for all i ∈ {0, 1}, s ∈ [0, T ],

(t, x) ∈ ∪ω∈Ω ∪z∈B ∪r∈[s,T ]{(r,Xz
s,r(ω))} (1.18)

it holds that

(Gµ,σUi)(x) + 1
2 exp(αit)

‖σ(x)∗(∇Ui)(x)‖2U + 1{1}(i) · U(t, x) ≤ αiUi(x) + βi, (1.19)

let φ : [0, T ]→ R be a Borel measurable function with the property that ∫T0 max{0, φ(r)} dr <∞,
and let V ∈ C2(O, [0,∞)) be a function and α ∈ [0,∞) be a real number such that for all x ∈ B,
s ∈ [0, T ], t ∈ [s, T ] it holds P-almost surely that (Gµ,σV )(Xx

s,t) ≤ αV (Xx
s,t), for all s ∈ [0, T ]

let Zvs (x, y) : [s, T ] × Ω → H, x ∈ B, v ∈ H, y ∈ {z ∈ R : x + vz ∈ B}, be (Fst )t∈[s,T ]-adapted
stochastic processes with continuous sample paths satisfying for all t ∈ [s, T ], x ∈ B, v ∈ H,
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y ∈ R \ {0} with x+ vy ∈ B that

Zvs,t(x, y) =
Xx+yv
s,t −Xx

s,t

y
(1.20)

and for all t ∈ [s, T ], x ∈ B, v ∈ H that it holds P-almost surely that

Zvs,t(x, 0) = v +
t

∫
s
µ′(Xx

s,r)Z
v
s,r(x, 0) dr +

t

∫
s
σ′(Xx

s,r)Z
v
s,r(x, 0) dWr. (1.21)

let q, p1 ∈ [1,∞), p ∈ (3+
√

10,∞), θ ∈
[

p2−1
p2−6p−1 ,∞

)
, q0, q1 ∈ (0,∞] such that

∑1
i=0

1
qi

= 1
(p+1)q

and that q(p+ 1) ≥ 2p, let γ ∈ (0,∞), assume that for all s ∈ [0, T ], x1, x2 ∈ B it holds P-almost
surely for all t ∈ [s, T ] that

2 max
{

0, sup
u∈H\{0}

〈u,∫10 µ
′(X

x1
s,t+λ(X

x2
s,t−X

x1
s,t)) dλu〉H

‖u‖2H

}
+ 2γ

+ (qp+ q + 1)
∥∥∥ 1

∫
0
σ′(Xx1

s,t + λ(Xx2
s,t −X

x1
s,t))(·) dλ

∥∥∥2

L(H,HS(U,H))

≤
(
φ(t) +

2∑
j=1

U0(X
xj
s,t)

2q0(T−s) exp(α0t)
+

2∑
j=1

U(t,X
xj
s,t)

2q1 exp(α1t)

) (1.22)

let V ∈ C2(O, [0,∞)) be a function and α ∈ [0,∞) be a real number which satisfy for all
s ∈ [0, T ], x, x1, x2, x3, x4 ∈ B, not all equal, that for all t ∈ [s, T ] it holds P-almost surely that
(Gµ,σV )(Xx

s,t) ≤ αV (Xx
s,t), and that

max

{
1
γ1/2

1

∫
0

∥∥∥µ′((1−λ)X
x1
s,t+λX

x2
s,t

)
−µ′
(

(1−λ)X
x3
s,t+λX

x4
s,t

)∥∥∥
L(H)

‖(1−λ)(X
x1
s,t−X

x3
s,t)+λ(X

x2
s,t−X

x4
s,t)‖H

dλ,

2
1

∫
0

∥∥∥σ′((1−λ)X
x1
s,t+λX

x2
s,t

)
−σ′
(

(1−λ)X
x3
s,t+λX

x4
s,t

)∥∥∥
L(H,HS(U,H))

‖(1−λ)(X
x1
s,t−X

x3
s,t)+λ(X

x2
s,t−X

x4
s,t)‖H

dλ

}
≤
(∑4

j=1V (X
xj
s,t)
)(p−1)/(2pp1qθ)

,

(1.23)

let p2 ∈ [1,∞), ϑ ∈
[
2 p2−1
p2−p+1

p2−3p+1
p2−5p+1 ,∞

)
, and assume that for all (s, t) ∈ ∆T , x ∈ B, v ∈ H,

y ∈ {z ∈ R : x+ vz ∈ B} it holds P-almost surely that

sup
λ∈[0,1]

max
{
‖µ′(Xx

s,t + λ(Xx+vy
s,t −Xx

s,t))‖L(H,H), ‖σ′(Xx
s,t + λ(Xx+vy

s,t −Xx
s,t))‖L(H,HS(U,H))

}
≤
(
V (Xx

s,t) + V (Xx+vy
s,t )

)(p−1)/(2ϑqp)
(1.24)

and

max
{
‖µ(Xx

s,t)‖H , ‖σ(Xx
s,t)‖HS(U,H)

}
≤
(
V (Xx

s,t)
)(p2−p+1)/(4p(p+1)qp2)

, (1.25)
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assume that inf(s,t)∈∆T
infω∈Ω infz∈B U(t,Xz

s,t(ω)) ∈ R, and assume that for all k ∈ N it holds
that

sup
x∈B : ‖x‖H≤k

V (x) + U0(x) + U1(x) <∞. (1.26)

let H ⊆ H be an orthonormal basis of H, and assume that q > 2(dim(H) + 2).
Then there is a probability space (Ω,F ,P), a standard Brownian motion W : [0,∞) × Ω → U ,
and a random field X : {(s, t) ∈ [0,∞) × s ≤ t} × H × Ω → H such that for all s, t ∈ [0,∞),
x ∈ H with the property that s ≤ t it holds P-almost surely that

Xx
s,t = x+

∫ t

s

µ(Xx
s,u) du+

∫ t

s

σ(Xx
s,u)dWu (1.27)

and such that for all ω ∈ Ω the spatial derivative {(s, t) ∈ [0,∞) × s ≤ t} × H 3 (s, t, x) 7→
∂
∂xX

x
s,t(ω) ∈ L2(H,H) exists and is continuous.

Amajor difficulty in the proof of Theorem 1.3 is to show that there is a flow solving the SDE (1.27)
which is strongly complete. This means that there exists a flow which is defined on a subset of Ω

with measure 1 such that the subset is independent of the starting point x. Strong completeness
does not hold in general. In fact, there exist counterexample SDEs with smooth and globally
bounded coefficients; see Li and Scheutzow 2011. Under suitable general assumptions on the co-
efficient functions, however, strong completeness of the SDE (1.27) holds; see Cox, Hutzenthaler,
and Jentzen 2013 and also, e.g., Zhang 2010; Attanasio 2010; Fang, Imkeller, and Zhang 2007;
Fang and Zhang 2005; Schmalfuß 1997; Schenk-Hoppé 1996; Li 1994.



Chapter 2

The extended Malliavin Calculus

The classical Malliavin Calculus introduced for example in Nualart 1995 or in Kruse 2014 is
defined for stochastic processes that are measurable with respect to the filtration generated by
the underlying Brownian motion. Analogous to the enlargement of filtration of the Itô integral,
we enlarge the underyling σ-algebra of the Skorohod integral. We do this by constructing the
Malliavin Calculus from scratch with greater σ-algebra, extending the ideas of Nualart 1995 and
Kruse 2014. The main setting of this chapter is the following:

Setting 2.1. Let (U, 〈·, ·〉U , ‖ · ‖U ), (H, 〈·, ·〉H , ‖ · ‖H) be two separable real Hilbert spaces, let
S, T ∈ R satisfy that S < T , let (Ω,A,P) be a probability space, let W : [S, T ] × Ω → U be
a standard cylindrical Brownian motion with continuous sample paths on the probability space
(Ω,A,P) (as defined in Prévôt and Röckner 2007), let F0 ⊆ A be a σ-algebra which is independent
of the Brownian motion W , let N ⊆ A denote the null sets in (Ω,A,P), and for all (s, t) ∈ ∆S,T

let F[S,s]∪[t,T ] ⊆ A be a σ-algebra with the property that F[S,s]∪[t,T ] = F0 ∨ σ(Wr : r ∈ [S, s]) ∨
σ(Wr −Wt : r ∈ [t, T ]) ∨N .

2.1 The Malliavin Differential Operator

In the first section of this chapter we introduce the Malliavin Differential Operator and discuss
some of its basic properties.

Definition 2.2. Assume Setting 2.1 and let S(P,F0,W ;H) ⊆ L2(P;H) be the subset with the
property that

S(P,F0,W ;H) =


F ∈ L2(P|σ(F0∪σ(W )∪N );H) : ∃n ∈ N,∃φ1, . . . , φn ∈ L2(λ[S,T ]; HS(U,R)),

∃f ∈ C∞,σ(F0∪N )
b (Rn × Ω,R),∃h ∈ H such that it holds P-a.s. that

F = f
(
∫TS φ1(r)dWr, . . . , ∫TS φn(r)dWr

)
h

 .

(2.1)

23



24 CHAPTER 2. THE EXTENDED MALLIAVIN CALCULUS

The simple Malliavin differential operator

D̃(P,F0,W ;H) : span
(
S(P,F0,W ;H)

)
→ L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H))) (2.2)

is a linear operator with the property that for all F ∈ S(P,F0,W ;H) with the property that
∃n ∈ N, ∃φ1, . . . , φn ∈ L2(λ[S,T ]; HS(U,R)), ∃f ∈ C∞,σ(F0∪N )

b (Rn × Ω,R), ∃h ∈ H such that it
holds P-almost surely that

F = f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
h (2.3)

it holds λ[S,T ] ⊗ P-almost everywhere that

D̃(P,F0,W ;H)F =

n∑
i=1

∂f

∂xi

( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
φih. (2.4)

Lemma 2.3. Assume Setting 2.1. Then the simple Malliavin differential operator

D̃(P,F0,W ;H) : span
(
S(P,F0,W ;H)

)
→ L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H))) (2.5)

is well-defined.

Proof of Lemma 2.3. Fix F ∈ span
(
S(P,F0,W ;H)

)
for the rest of the proof. Since the set

S(P,F0,W ;H) ⊆ L2(P|σ(F0∪σ(W )∪N );H) is closed under scalar multiplication, it suffices to
consider the case where there are k, l ∈ N, n1, . . . , nk+l ∈ N, for each i ∈ {1, . . . , k + l} there is
an fi ∈ M(BRni ⊗ σ(F0 ∪ N ),BR) such that for all ω ∈ Ω it holds that fi(·)(ω) ∈ C∞b (Rni ,R),
for every i ∈ {1, . . . , k + l} and for every j ∈ {1, . . . , ni} there is a φij ∈ L2(λ[S,T ]; HS(U,R)),
and where there are h1, . . . , hk+l ∈ H such that it holds P-almost surely that

F =

k∑
i=1

fi

( T
∫
S
φi1(s)dWs, . . . ,

T

∫
S
φini(s)dWs

)
hi =

k+l∑
i=k+1

fi

( T
∫
S
φi1(s)dWs, . . . ,

T

∫
S
φini(s)dWs

)
hi.

(2.6)
Let d ∈ N be the dimension of the subspace

span
({
φij : i ∈ {1, . . . , k + l}, j ∈ {1, . . . , ni}

})
⊆ L2(λ[S,T ]; HS(U,R)). (2.7)

Let ψ1, . . . , ψd ∈ L2(λ[S,T ]; HS(U,R)) be such that {ψ1, . . . , ψd} is an orthonormal basis of

span({φij : i ∈ {1, . . . , k + l}, j ∈ {1, . . . , ni}}) ⊆ L2(λ[S,T ]; HS(U,R)). Then it holds for all
i ∈ {1, . . . , k} and all j ∈ {1, . . . , ni} λ[S,T ]-almost everywhere that

φij =

d∑
p=1

( T
∫
S
〈φij(s), ψp(s)〉HS(U,R)ds

)
ψp. (2.8)
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Since the Itô integral is linear it holds for all i ∈ {1, . . . , k + l} and all j ∈ {1, . . . , ni} that

T

∫
S
φij(s)dWs =

d∑
p=1

( T
∫
S
〈φij(t), ψp(t)〉HS(U,R)dt

) T
∫
S
ψp(s)dWs. (2.9)

For every i ∈ {1, . . . , k+ l} let gi ∈ C∞,σ(F0∪N )
b (Rd×Ω,R) be a function with the property that

for all (y1, . . . , yd) ∈ Rd it holds P-almost surely that

gi(y1, . . . , yd) = fi

( d∑
p=1

( T
∫
S
〈φi1(t), ψp(t)〉HS(U,R)dt

)
yp, . . . ,

d∑
p=1

( T
∫
S
〈φini(t), ψp(t)〉HS(U,R)dt

)
yp

)
.

(2.10)
It follows that for all i ∈ {1, . . . , k + l} and all (x1, . . . , xd), (y1, . . . yd) ∈ Rd it holds P-almost
surely that

d∑
r=1

∂gi
∂yr

(y1, . . . , yd)xr (2.11)

=

d∑
r=1

∂fi
∂yr

( d∑
p=1

( T
∫
S
〈φi1(t), ψp(t)〉HS(U,R)dt

)
yp, . . . ,

d∑
p=1

( T
∫
S
〈φini(t), ψp(t)〉HS(U,R)dt

)
yp

)
xr

=

d∑
r=1

ni∑
j=1

∂fi
∂xj

( d∑
p=1

( T
∫
S
〈φi1(t), ψp(t)〉HS(U,R)dt

)
yp, . . . ,

d∑
p=1

( T
∫
S
〈φini(t), ψp(t)〉HS(U,R)dt

)
yp

)
·
( T
∫
S
〈φij(t), ψr(t)〉HS(U,R)dt

)
xr.

It follows from equations (2.6), (2.9) and (2.10) that it holds P-almost surely that

F =

k∑
i=1

gi

( T
∫
S
ψ1(s)dWs, . . . ,

T

∫
S
ψd(s)dWs

)
hi =

k+l∑
i=k+1

gi

( T
∫
S
ψ1(s)dWs, . . . ,

T

∫
S
ψd(s)dWs

)
hi.

(2.12)
For all i ∈ {1, . . . , k + l} let Zi ∈M(σ(σ(W ) ∪N ),BR) be a random variable such that it holds
P-almost surely that Zi = ∫TS ψi(s)dWs. We conclude that it holds P-almost surely that

k∑
i=1

gi(Z1, . . . , Zd)hi =

k+l∑
i=k+1

gi(Z1, . . . , Zd)hi. (2.13)

Let
f : Rd × C∞b (Rd,R)→ R (2.14)

be a mapping with the property that for all (y1, . . . , yd) ∈ Rd and all l ∈ C∞b (Rd,R) it holds that

f
(
(y1, . . . , yd), l

)
= l(y1, . . . , yd). (2.15)
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Let Z : Ω → Rd be a random variable with the property that it holds P-almost surely that
Z = (Z1, . . . , Zd) and let Y : Ω → C∞b (Rd,R) be a random variable with the property that for
all ω ∈ Ω it holds that

Y (ω) =

k∑
i=1

gi(·)(ω)hi −
k+l∑
i=k+1

gi(·)(ω)hi. (2.16)

Then it holds P-almost surely that
f(Z, Y ) = 0. (2.17)

Consider the random variables

Z̃ : Ω× Ω→ Rd; (ω, ω̃) 7→ Z(ω) (2.18)

and
Ỹ : Ω× Ω→ Rd; (ω, ω̃) 7→ Y (ω̃). (2.19)

Since the σ-algebras σ(σ(W ) ∪ N ) and σ(F0 ∪ N ) are independent, it follows that the random
variables Z and Y are independent. We conclude that

P⊗ P(Z̃,Ỹ ) = P(Z,Y ). (2.20)

From

P⊗ P
({

(ω, ω̃) ∈ Ω× Ω: f(Z̃, Ỹ )(ω, ω̃) = 0
})

= P⊗ P(Z̃,Ỹ )

({
(z, y) ∈ Rd × C∞b (Rd,R) : f(z, y) = 0

})
= P(Z,Y )

({
(z, y) ∈ Rd × C∞b (Rd,R) : f(z, y) = 0

})
= P

({
ω ∈ Ω: f(Z(ω), Y (ω)) = 0

})
= 1

(2.21)

it follows that for P⊗P-almost all (ω, ω̃) ∈ Ω×Ω it holds that f(Z̃, Ỹ )(ω, ω̃) = 0. It follows that
for P⊗ P-almost all (ω, ω̃) ∈ Ω× Ω it holds that

k∑
i=1

gi(Z1(ω), . . . , Zd(ω))(ω̃)hi =

k+l∑
i=k+1

gi(Z1(ω), . . . , Zd(ω))(ω̃)hi. (2.22)

It follows that for PZ-almost all (y1, . . . , yd) ∈ (Z1, . . . , Zd)(Ω) and P-almost all ω̃ ∈ Ω it holds
that

k∑
i=1

gi(y1, . . . , yd)(ω̃)hi =

k+l∑
i=k+1

gi(y1, . . . , yd)(ω̃)hi. (2.23)

Since (Z1, . . . , Zd)(Ω) is dense in Rd and due to the smoothness of g1, . . . , gk+l, we conclude that
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for all (y1, . . . , yd) ∈ Rd and P-almost all ω̃ ∈ Ω it holds that

k∑
i=1

gi(y1, . . . , yd)(ω̃)hi =

k+l∑
i=k+1

gi(y1, . . . , yd)(ω̃)hi. (2.24)

Consequently, we obtain that for all j ∈ {1, . . . , d}, all (y1, . . . , yd) ∈ Rd and P-almost all ω̃ ∈ Ω

it holds that
k∑
i=1

∂gi
∂yj

(y1, . . . , yd)(ω̃)hi =

k+l∑
i=k+1

∂gi
∂yj

(y1, . . . , yd)(ω̃)hi. (2.25)

From equation (2.11) and equation (2.25) we infer that it holds P × λ[S,T ]-almost everywhere
that

D̃(P,F0,W ;H)F =

k∑
i=1

ni∑
j=1

∂fi
∂xj

( T
∫
S
φi1(s)dWs, . . . ,

T

∫
S
φini(s)dWs

)
φijhi

=

k∑
i=1

ni∑
j=1

∂fi
∂xj

( d∑
p=1

( T
∫
S
〈φi1(t), ψp(t)〉HS(U,R)dt

T

∫
S
ψp(s)dWs

)
, . . . ,

d∑
p=1

( T
∫
S
〈φini(t), ψp(t)〉HS(U,R)dt

T

∫
S
ψp(s)dWs

))

·
( d∑
r=1

T

∫
S
〈φij(s), ψr(s)〉HS(U,R)ds ψr

)
hi

=

k∑
i=1

d∑
r=1

ni∑
j=1

∂fi
∂xj

( d∑
p=1

( T
∫
S
〈φi1(t), ψp(t)〉HS(U,R)dt

T

∫
S
ψp(s)dWs

)
, . . . , (2.26)

d∑
p=1

( T
∫
S
〈φini(t), ψp(t)〉HS(U,R)dt

T

∫
S
ψp(s)dWs

))
·
( T
∫
S
〈φij(s), ψr(s)〉HS(U,R)ds ψr

)
hi

=

k∑
i=1

d∑
r=1

∂gi
∂xk

( T
∫
S
ψ1(s)dWs, . . . ,

T

∫
S
ψd(s)dWs

)
ψrhi

=
( d∑
r=1

ψr

) k∑
i=1

∂gi
∂xk

( T
∫
S
ψ1(s)dWs, . . . ,

T

∫
S
ψd(s)dWs

)
hi

=
( d∑
r=1

ψr

) k+l∑
i=k+1

∂gi
∂xk

( T
∫
S
ψ1(s)dWs, . . . ,

T

∫
S
ψd(s)dWs

)
hi

=

k+l∑
i=k+1

ni∑
j=1

∂fi
∂xj

( T
∫
S
φi1(s)dWs, . . . ,

T

∫
S
φini(s)dWs

)
φijhi.

The proof of Lemma 2.3 is thus completed as F ∈ span
(
S(P,F0,W ;H)

)
was arbitrary.
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Remark 2.4. Assume Setting 2.1. Then it holds for all F ∈ span
(
S(P,F0,W ;H)

)
that

D̃(P,F0,W ;H)F ∈ span
(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
(2.27)

and it holds for all k ∈ N, F ∈ span
(
S(P,F0,W ;L2(λ[S,T ]k ; (HS(U,H))k))

)
that

D̃(P,F0,W ;L2(λ[S,T ]k ; (HS(U,H))k))F ∈ span
(
S(P,F0,W ;L2(λ[S,T ]k+1 ; (HS(U,H))k+1))

)
.

(2.28)

The previous remark ensures that the multiple Malliavin differential operator is well-defined:

Definition 2.5. Assume Setting 2.1 and let k ∈ N. If k = 0, the k-th simple Malliavin differen-
tial operator is an operator

D̃0(P,F0,W ;H) : span
(
S(P,F0,W ;H)

)
→ L2(P|σ(F0∪σ(W )∪N );H) (2.29)

with the property that for all F ∈ span
(
S(P,F0,W ;H)

)
it holds P-almost surely that

D̃0(P,F0,W ;H)F = F . If k = 1, the k-th simple Malliavin differential operator is the linear
operator with the property that D̃1(P,F0,W ;H) = D̃(P,F0,W ;H). If k ≥ 2, the k-th simple
Malliavin differential operator

D̃k(P,F0,W ;H) : span
(
S(P,F0,W ;L2(λ[S,T ]k−1 ; (HS(U,H))k−1))

)
(2.30)

→ L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]k ; (HS(U,H))k))

is the linear operator with the property that for all F ∈ span
(
S(P,F0,W ;H)

)
it holds that

D̃k(P,F0,W ;H)F = D̃(P,F0,W ;L2(λ[S,T ]k−1 ; (HS(U,H))k−1)
(
D̃k−1(P,F0,W ;H)F

)
. (2.31)

The following two lemmata are needed to prove Lemma 2.8.

Lemma 2.6. Let (Ω,A,P) be a probability space and let F ∈ M(A,BR) be a random variable
which is bounded P-almost surely. Then for every i ∈ N there is an αi ∈ R and a Ci ∈ A such
that

∞∑
i=1

|αi| = ess supω∈Ω F (ω)1{ω̄∈Ω: F (ω̄)≥0} − ess infω∈Ω F (ω)1{ω̄∈Ω: F (ω̄)≤0} (2.32)

and such that it holds P-almost surely that F =
∑∞
i=1 αi1Ci .

Proof of Lemma 2.6. Let F+ ∈ M(A,BR) be a random variable with the property that for all
ω ∈ Ω it holds that

F+(ω) = F (ω)1{ω̄∈Ω: F (ω̄)≥0} (2.33)
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and let s+ ∈ [0,∞) be a real number with the property that

s+ = ess supω∈Ω F
+(ω). (2.34)

Let A1 ∈ A be a set with the property that

A1 =
{
ω ∈ Ω: F+(ω) ≥ 1

2s
+
}

(2.35)

and for all i ∈ {2, 3, . . . } let Ai ∈ A be a set with the property that

Ai =
{
w ∈ Ω: F+(ω) ≥

i∑
j=1

1
2j ess supω∈Ω F

+(ω)1Ai(ω) + 1
2i s

+
}
. (2.36)

Moreover, let F− ∈M(A,BR) be a random variable with the property that for all ω ∈ Ω it holds
that

F−(ω) = F (ω)1{ω̄∈Ω: F (ω̄)≤0} (2.37)

and let s− ∈ (−∞, 0] be a real number with the property that

s− = ess infω∈Ω F
−(ω). (2.38)

Let B1 ∈ A be a set with the property that

B1 =
{
ω ∈ Ω: F−(ω) ≤ 1

2s
−} (2.39)

and for all i ∈ {2, 3, . . . } let Bi ∈ A be a set with the property that

Bi =
{
w ∈ Ω: F−(ω) ≤

i∑
j=1

1
2j ess infω∈Ω F

−(ω)1Ai(ω) + 1
2i s
−
}
. (2.40)

Finally, for all i ∈ N let C2i ∈ A be a set with the property that C2i = Ai and let C2i−1 ∈ A be
a set with the property that C2i−1 = Bi. For all i ∈ N let α2i ∈ [0,∞) be a real number with
the property that α2i = 1

2i s
+ and let α2i−1 ∈ (−∞, 0] be a real number with the property that

α2i−1 = 1
2i s
−. Then we conclude that it holds P-almost surely that F =

∑∞
i=1 αi1Ci . The proof

of Lemma 2.6 is thus completed.

Lemma 2.7. Let Ω be a set, let A,B ⊆ P(Ω) be algebras, and letM⊆ P(Ω) be a subset with
the property that

M = {A ∩B : A ∈ A, B ∈ B}. (2.41)

ThenM is a semiring that generates the σ-algebra σ(A ∪ B), i.e. σ(M) = σ(A ∪ B).

Proof of Lemma 2.7. Clearly, ∅ ∈ M and M is ∩-closed. Let M, M̄ ∈ M. Then there are
A, Ā ∈ A and B, B̄ ∈ B such that M = A ∩B and M̄ = Ā ∩ B̄. The following calculation shows
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that M \ M̄ can be written as a disjoint union of two sets inM.

M \ M̄ = (A ∩B) \ (Ā ∩ B̄)

= (A ∩B) ∩ (Āc ∪ B̄c)

= (A ∩B ∩ Āc) ∪ (A ∩B ∩ B̄c)

= (A ∩B ∩ Āc \ B̄c)∪̇(A ∩B ∩ B̄c)

= ((A ∩ Āc) ∩ (B ∩ B̄))∪̇(A ∩ (B ∩ B̄c)).

(2.42)

Therefore, the setM is a semiring of sets. The proof of Lemma 2.7 is thus completed.

The set span
(
S(P,F0,W ;H)

)
is sufficiently rich, as the following Lemma shows:

Lemma 2.8. Assume Setting 2.1 and let

S̄(P,F0,W ;H) =


F ∈ L∞(P;H) : ∃φ ∈ L2(λ[S,T ]; HS(U,R)),∃g ∈ C∞b (R,R)),

∃X0 ∈ L∞(P|σ(F0∪N );R),∃h ∈ H such that it holds P-a.s. that
F = g

(
∫TS φ(s)dWs

)
X0h


⊆ S(P,F0,W ;H).

(2.43)

Then it holds for all p ∈ [1,∞) that the set span
(
S̄(P,F0,W ;H)

)
is dense in

Lp(P|σ(F0∪σ(W )∪N );H) and that the set span
(
S̄(P,F0,W ;H)

)
is dense in

L0(P|σ(F0∪σ(W )∪N );BH) with respect to P|σ(F0∪σ(W )∪N )-almost sure convergence.

Proof of Lemma 2.8. In the first step we prove that the set span(S̄(P,F0,W ;R)) ⊆ L∞(P;R)

is dense in L∞(P|σ(F0∪σ(W )∪N );R) with respect to convergence in Lp(P|σ(F0∪σ(W )∪N );R).
Fix F ∈ L∞(P|σ(F0∪σ(W )∪N );R) throughout the first step. From Lemma 2.6 we infer that for
every i ∈ N there is an αi ∈ R and a Di ∈ σ(F0 ∪ σ(W ) ∪N ) such that

∞∑
i=1

|αi| = ess supω∈Ω F (ω)1{ω̄∈Ω: F (ω̄)≥0} − ess infω∈Ω F (ω)1{ω̄∈Ω: F (ω̄)≤0} (2.44)

and such that it holds P-almost surely that

F =

∞∑
i=1

αi1Di . (2.45)

Consider the set
M = {A ∩B : A ∈ σ(W ), B ∈ F0}. (2.46)

It follows from Lemma 2.7 thatM is a semiring. Moreover,M generates the σ-algebra
σ(F0 ∪ σ(W )). It follows from the Approximation Theorem for Measures (Theorem 1.65(ii)
in Klenke 2008) that for every n ∈ N and every i ∈ N there is a kni ∈ N and sets Āni1, . . . , Ānikni ∈
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σ(W ) and Cni1, . . . , Cnikni ∈ F0 such that the sets Āni1 ∩ Cni1, . . . , Ānikni ∩ C
n
ikni

are pairwise disjoint
and such that

P
(
Di4∪

kni
j=1 (Ānij ∩ Cnij)

)
≤ 1

nip
. (2.47)

Note that for all i, n ∈ N it holds that |1Di −
∑kni
j=1 1Ānij

1Cnij
|p ∈ {0, 1}. For all i, n ∈ N it

therefore holds that

∥∥∥1Di − kni∑
j=1

1Ānij
1Cnij

∥∥∥p
Lp(P|σ(F0∪σ(W )∪N);R)

= E
[∣∣∣1Di − kni∑

j=1

1Ānij
1Cnij

∣∣∣p] ≤ 1

nip
. (2.48)

We have

σ(W ) =

{
Y −1(B) : B ∈ BR, Y ∈M(A,BR) such that there is a φ ∈ L2(λ[S,T ]; HS(U,R))

with the property that it holds P-a.s. that Y = ∫TS φ(s)dWs

}

= σ

({
Y −1([a, b]) : a, b ∈ R, Y ∈M(A,BR) such that there is a φ ∈ L2(λ[S,T ]; HS(U,R))

with the property that it holds P-a.s. that Y = ∫TS φ(s)dWs

})
.

(2.49)

The set{
Y −1([a, b]) : a, b ∈ R, Y ∈M(A,BR) such that there is a φ ∈ L2(λ[S,T ]; HS(U,R))

with the property that it holds P-a.s. that Y = ∫TS φ(s)dWs

}
(2.50)

is a semiring of sets. We apply the Approximation Theorem for measures (Theorem 1.65(ii)
in Klenke 2008) again and conclude that for all i ∈ N and all j ∈ {1, . . . , kni } there is a pnij ∈ N
and pairwise sets

Anij1, . . . , A
n
ijpnij

∈{
Y −1([a, b]) : a, b ∈ R, Y ∈M(A,BR) such that there is a φ ∈ L2(λ[S,T ]; HS(U,R))

with the property that it holds P-a.s. that Y = ∫TS φ(s)dWs

}
(2.51)

with the properties that Anij1, . . . , Anijpnij is a pairwise disjoint family and that

P
(
Ānij4∪

pnij
l=1 A

n
ijl

)
≤ 1

kni n
ip
. (2.52)

Note again, that for all i, n ∈ N it holds that |1Ānij −
∑pnij
l=1 1A

n
ijl
|p ∈ {0, 1}. Therefore, it holds
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for all i, n ∈ N that

∥∥∥ kni∑
j=1

1Ānij
1Cnij

−
kni∑
j=1

pnij∑
l=1

1Anijl
1Cnij

∥∥∥p
Lp(P|σ(F0∪σ(W )∪N);R)

≤
kni∑
j=1

‖1Cnij‖
p
L∞(P|σ(F0∪σ(W )∪N);R)

∥∥∥1Ānij −
pnij∑
l=1

1Anijl

∥∥∥p
Lp(P|σ(F0∪σ(W )∪N);R)

≤
kni∑
j=1

E
[∣∣∣1Ānij −

pnij∑
l=1

1Anijl

∣∣∣p] ≤ kni∑
j=1

1

kni n
ip

=
1

nip
.

(2.53)

Together with inequality (2.48) this leads to

∥∥∥1Di − kni∑
j=1

pnij∑
l=1

1Anijl
1Cnij

∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

<
2

ni
. (2.54)

It follows from (2.51) that for all i, n ∈ N, all j ∈ {1, . . . , kni } and all l ∈ {1, . . . , pnij} there are
anijl, ā

n
ijl ∈ R and φnijl ∈ L2(λ[S,T ]; HS(U,R)) such that it holds P-almost surely that

1Anijl
= 1[anijl,ā

n
ijl]

( T
∫
S
φnijl(s)dWs

)
. (2.55)

From inequaltiy (2.54) it follows that for all i ∈ N it holds that

∥∥∥1Di − kni∑
j=1

pnij∑
l=1

1[anijl,ā
n
ijl]

( T
∫
S
φnijl(s)dWs

)
1Cnij

∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

≤ 2

ni
. (2.56)

For all i, n ∈ N, all j ∈ {1, . . . , kni } and all l ∈ {1, . . . , pnij} let fnijl(A) ∈ C∞cpt(R,R) be a smooth
function with values in [0, 1] such that

fnijl(A)
∣∣[anijl, ānijl] ≡ 1 (2.57)

and such that

E
[∣∣∣1[anijl,ā

n
ijl]

( T
∫
S
φnijl(s)dWs

)
− fnijl(A)

( T
∫
S
φnijl(s)dWs

)∣∣∣] ≤ ( 1

kni p
n
ijn

i

)p
. (2.58)

Since it holds that∥∥∥1[anijl,ā
n
ijl]

( T
∫
S
φnijl(s)dWs

)
− fnijl(A)

( T
∫
S
φnijl(s)dWs

)∥∥∥
L∞(P|σ(F0∪σ(W )∪N);R)

≤ 1 (2.59)
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we have∥∥∥1[anijl,ā
n
ijl]

( T
∫
S
φnijl(s)dWs

)
− fnijl(A)

( T
∫
S
φnijl(s)dWs

)∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

≤ 1

kni p
n
ijn

i
. (2.60)

Therefore, we have

∥∥∥1Di − kni∑
j=1

knij∑
l=1

fnijl(A)
( T
∫
S
φnijl(s)dWs

)
1Cnij

∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

≤ 3

ni
. (2.61)

Let (Fn)n∈N be a sequence in span(S̄(P,F0,W ;R)) with the property that for all n ∈ N it holds
P-almost surely that

Fn =

n∑
i=1

αi

kni∑
j=1

knij∑
l=1

fnijl(A)
( T
∫
S
φnijl(s)dWs

)
1Cnij

. (2.62)

Then it holds for all n ∈ {2, 3, . . . } that

∥∥∥ n∑
i=1

αi1Di − Fn
∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

=
∥∥∥ n∑
i=1

αi1Di −
n∑
i=1

αi

kni∑
j=1

knij∑
l=1

[fnijl(A)
( T
∫
S
φnijl(s)dWs

)
1Cnij

∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

≤
n∑
i=1

|αi|
∥∥∥1Di − kni∑

j=1

knij∑
l=1

fnijl(A)
( T
∫
S
φnijl(s)dWs

)
1Cnij

∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

≤
n∑
i=1

|αi|
3

ni

≤ 3
n−1 ·max{ess supω∈Ω F (ω),− ess infω∈Ω F (ω)}

(2.63)

and∥∥∥F − n∑
i=1

αi1Di

∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

=
∥∥∥ ∞∑
i=n+1

αi1Di

∥∥∥
Lp(P|σ(F0∪σ(W )∪N);R)

≤
∞∑
n+1

|αi|. (2.64)

This proves that the sequence (Fn)n∈N converges to F ∈ L∞(P|σ(F0∪σ(W )∪N );R) with respect to
convergence in Lp(P|σ(F0∪σ(W )∪N );R) as n→∞. This finishes the first step as
F ∈ L∞(P|σ(F0∪σ(W )∪N );R) was arbitrary.
In the second step we prove that the space span(S̄(P,F0,W ;H)) is dense in
Lp(P|σ(F0∪σ(W )∪N );H). Fix F ∈ Lp(P|σ(F0∪σ(W )∪N );H) throughout the second step. Let
(Fn)n∈N be a sequence in
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L∞(P|σ(F0∪σ(W )∪N );H) such that for all n ∈ N it holds P-almost surely that

Fn = F1{‖F‖Lp(P|σ(F0∪σ(W )∪N);H)≤n}. (2.65)

The sequence (Fn)n∈N converges to F in Lp(P|σ(F0∪σ(W )∪N );H) as n→∞. Let (hi)i∈I ,
I ∈ {{1, . . . , k} : k ∈ N} ∪ {N}, be an orthonormal basis of H. For all n ∈ N it holds that

Fn =
∑
i∈I
〈Fn, hi〉Hhi. (2.66)

For all n ∈ N and all i ∈ I let (Fn,ik )k∈N be a sequence in span(S̄(P,F0,W ;R)) with the property
that for all k ∈ N it holds that

‖Fn,ik − 〈Fn, hi〉H‖Lp(P|σ(F0∪σ(W )∪N);R) ≤
1

ki
. (2.67)

For all n ∈ N let (Fnk )k∈N be a sequence in span(S̄(P,F0,W ;H)) such that for all k ∈ N it holds
that Fnk =

∑
i∈I F

n,i
k hi. We conclude that for all n, k ∈ N it holds that

‖Fnk − Fn‖Lp(P|σ(F0∪σ(W )∪N);H) ≤
∑
i∈I
‖Fn,ik − 〈Fn, hi〉H‖Lp(P|σ(F0∪σ(W )∪N);R)

≤
∑
i∈I

1

ki
≤ 1

k − 1
.

(2.68)

The sequence (Fnn )n∈N converges therefore to F with respect to convergence in
Lp(P|σ(F0∪σ(W )∪N );H) as n→∞. The space span(S̄(P,F0,W ;H)) is therefore dense in
Lp(P|σ(F0∪σ(W )∪N );H). This finishes the second step of the proof as F ∈ Lp(P|σ(F0∪σ(W )∪N );H)

was arbitrary.
In the third and last step we finally show that the set S̄(P,F0,W ;H) is dense in
L0(P|σ(F0∪σ(W )∪N );BH) with respect to P|σ(F0∪σ(W )∪N )-almost sure convergence. Fix
F ∈ L0(P|σ(F0∪σ(W )∪N );BR) for the rest of the proof. Let (hi)i∈I , I ∈ {{1, . . . , k} : k ∈ N}∪{N},
be an orthonormal basis of H.
Note that for all i ∈ I and all n ∈ N it holds that 〈F, hi〉H1{〈F,hi〉2H≤n} ∈ L

∞(P|σ(F0∪σ(W )∪N );R).
From the second step of the proof it follows that for all i ∈ I there is a sequence (Fin)n∈N in
S̄(P,F0,W ;H) such that for all ε ∈ (0,∞) there is an n0(ε) ∈ N such that for all n ∈ N such
that n ≥ n0(ε) and such that n ≥ i it holds that

P
[∣∣∣〈F, hi〉H1{〈F,hi〉2H≤n} − Fin∣∣∣ ≥ ε√

n

]
≤ 1

n2
. (2.69)
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Consequently, it holds for all n ∈ N and all ε ∈ (0,∞) that

P
[∥∥∥F − ∑

i∈I,i≤n

Finhi

∥∥∥
H
≥ 3ε

]
≤ P

[∥∥∥F − ∑
i∈I,i≤n

〈F, hi〉Hhi
∥∥∥
H
≥ ε
]

+ P
[∥∥∥ ∑

i∈I,i≤n

(
〈F, hi〉H − 〈F, hi〉H1{〈F,hi〉2H≤n}

)
hi

∥∥∥
H
≥ ε
]

= P
[ ∑
i∈I,i≥n+1

〈F, hi〉2H ≥ ε2
]

+ P
[ ∑
i∈I,i≤n

〈F, hi〉2H1{〈F,hi〉2H>n} ≥ ε
2
]

+ P
[ ∑
i∈I,i≤n

(
〈F, hi〉H1{〈F,hi〉2H≤n} − Fin

)2

≥ ε2
]
.

(2.70)

From equations (2.69) and (2.70) it follows that the sequence
(∑

i∈I,i≤n Finhi
)
n∈N in

span(S(P,F0,W ;H)) converges to F as n→∞ in P-probability. As convergence in probability
implies almost sure convergence along subsequences, there exists a sequence (nk)k∈N in N such
that the sequence

(∑
i∈I,i≤nk Finkhi

)
k∈N in span(S(P,F0,W ;H)) converges to F as k → ∞

P-almost surely. This proof of Lemma 2.8 is thus completed as F ∈ L0(P;BH) was arbitrary.

The following result is an immediate corollary of Lemma 2.8:

Corollary 2.9. Assume Setting 2.1, let

S̄(P,F0,W ;H) = (2.71){
F ∈ L∞(P;H) : ∃φ ∈ L2(λ[S,T ]; HS(U,R)),∃g ∈ C∞b (R,R),∃X0 ∈ L∞(P|σ(F0∪N );R),

∃h ∈ H with the property that it holds P-a.s. that F = g
(
∫TS φ(s)dWs

)
X0h

}

and let X ∈ L2(P;H). If for all F ∈ S̄(P,F0,W ;H) it holds that E[〈X,F 〉H ] = 0, then X = 0.

Lemma 2.10 (Product rule). Assume Setting 2.1 and let H1 and H2 be two separable real
Hilbert spaces. For all F ∈ span(S(P,F0,W ; HS(H1, H2))) and all
G ∈ span(S(P,F0,W ; HS(H0, H1))) it holds that FG ∈ span(S(P,F0,W ; HS(H0, H2))) and for
all u ∈ U it holds that

D̃
(
P,F0,W ; HS(H0, H2)

)
(FG)(u)

= D̃
(
P,F0,W ; HS(H1, H2)

)
(F )(u)G+ F D̃

(
P,F0,W ; HS(H0, H1)

)
(G)(u).

(2.72)

Proof of Lemma 2.10. Due to linearity it suffices to prove that for all u ∈ U ,
F ∈ S(P,F0,W ; HS(H1, H2)) and all G ∈ S(P,F0,W ; HS(H0, H1)) equation (2.72) holds true.
Let u ∈ U , F ∈ S(P,F0,W ; HS(H1, H2)) and G ∈ S(P,F0,W ; HS(H0, H1)). Then there are
n, l ∈ N, φ1, . . . , φn+l ∈ L2(λ[S,T ]; HS(U,R)), ψ ∈ HS(H1, H2), χ ∈ HS(H0, H1) and
f ∈ M(BRn ⊗ σ(F0 ∪ N ),BR), g ∈ M(BRn ⊗ σ(F0 ∪ N ),BR) such that for all ω ∈ Ω it holds
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that f(·)(ω) ∈ C∞b (Rn, L∞(P|σ(F0∪N );R)) and g(·)(ω) ∈ C∞b (Rm, L∞(P|σ(F0∪N );R)) such that
it holds P-almost surely that

F = f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
ψ (2.73)

and
G = g

( T
∫
S
φn+1(s)dWs, . . . ,

T

∫
S
φn+l(s)dWs

)
χ. (2.74)

Then FG ∈ span(S(P,F0,W ; HS(H0, H2))) and it holds P⊗ λ[S,T ]-almost everywhere that

D̃
(
P,F0,W ; HS(H0, H2)

)
(FG)(u)

= D̃
(
P,F0,W ; HS(H0, H2)

)
(
fg
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs,

T

∫
S
φn+1(s)dWs, . . . ,

T

∫
S
φn+l(s)dWs

)
(ψχ)

)
(u)

=

n+l∑
i=1

( ∂

∂xi
fg
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs,

T

∫
S
φn+1(s)dWs, . . . ,

T

∫
S
φn+l(s)dWs

))
φi(u)ψχ

=

(
n∑
i=1

∂
∂xi

f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
φi(u)ψ

)
(
g
( T
∫
S
φn+1(s)dWs, . . . ,

T

∫
S
φn+l(s)dWs

)
χ
)

+
(
f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
ψ
)

 l∑
j=1

∂
∂xi

g
( T
∫
S
φn+1(s)dWs, . . . ,

T

∫
S
φn+l(s)dWs

)
φn+j(u)χ


= D̃

(
P,F0,W ; HS(H1, H2)

)
F (u)G+ F D̃

(
P,F0,W ; HS(H0, H1)

)
G(u).

(2.75)

The proof of Lemma 2.10 is thus completed.

The simple Malliavin derivative satisfies an integration-by-parts formula.

Lemma 2.11. Assume Setting 2.1. Then it holds for all F ∈ span
(
S(P,F0,W ;H)

)
and all

ψ ∈ L2(λ[S,T ]; HS(U,H)) that

E
[〈
D̃(P,F0,W ;H)F,ψ

〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈
F,

T

∫
S
ψ(s)dWs

〉
H

]
. (2.76)

Proof of Lemma 2.11. Due to linearity, it suffices to prove that for all F ∈ S(P,F0,W ;H) and
all ψ ∈ L2(λ[S,T ]; HS(U,H)) equation (2.76) holds true. Fix ψ ∈ L2(λ[S,T ]; HS(U,H)) and
F ∈ S(P,F0,W ;H) for the rest of the proof. Then there are n ∈ N,
φ1, . . . , φn ∈ L2(λ[S,T ]; HS(U,R)), f ∈ C∞,σ(F0∪N )

b (Rn×Ω,R), h ∈ H such that it holds P-almost
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surely that

F = f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
h. (2.77)

Let d ∈ N be the dimension of

span({φ1, . . . , φn}) ⊆ L2(λ[S,T ];Rm). (2.78)

Moreover, let {χ1, . . . , χd} ⊆ L2(λ[S,T ];Rm) be an orthonormal base of span({φ1, . . . , φn}). We
conclude that for all i ∈ {1, . . . , n} it holds λ[S,T ]-almost everywhere that

φi =

d∑
l=1

( T
∫
S
〈φi(s), χl(s)〉HS(U,H)ds

)
χl. (2.79)

Since the Itô integral is linear it holds for all i ∈ {1, . . . , n} P-almost surely that

T

∫
S
φi(s)dWs =

d∑
l=1

( T
∫
S
〈φi(t), χl(t)〉HS(U,H)dt

) T
∫
S
χl(s)dWs. (2.80)

Let g ∈ M(BH ⊗ σ(F0 ∪ N ),BR) be a random function such that for all ω ∈ Ω it holds that
g(·)(ω) ∈ C∞b (Rd,R) and such that for all (y1, . . . , yd) ∈ Rd it holds that

g(y1, . . . , yd) = f
( d∑
l=1

( T
∫
S
〈φ1(t), χl(t)〉HS(U,R)dt

)
yl, . . . ,

d∑
l=1

( T
∫
S
〈φn(t), χl(t)〉HS(U,R)dt

)
yl

)
.

(2.81)
From equation (2.80) we conclude that it holds P-almost surely that

F = g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

)
h. (2.82)

We have

E
[〈
F,

T

∫
S
ψ(s)dWs

〉
H

]
= E

[〈
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
ψd(s)dWs

)
h,

T

∫
S
ψ(s)dWs

〉
H

]
= E

[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
ψd(s)dWs

) T
∫
S
〈h, ψ(s)〉HdWs

]
.

(2.83)

Next, let ψ⊥ ∈ L2(λ[S,T ]; HS(U,H)) be such that it holds P⊗ λ[S,T ]-almost everywhere that

〈h, ψ⊥〉H = 〈h, ψ〉H −
d∑
l=1

( T
∫
S
χl(s)〈h, ψ(s)〉Hds

)
χl. (2.84)

For all l ∈ {1, . . . , d} it holds that χl ∈ L2(λ[S,T ]; HS(U,R)) is orthogonal to 〈h, ψ⊥〉H ∈
L2(P|BR([S,T ]); HS(U,R)). We conclude that for all l ∈ {1, . . . , d} the random variables ∫TS χi(s)dWs
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and ∫TS 〈h, ψ⊥(s)〉HdWs are uncorrelated. Consequently, it follows form the linearity of the Itô
integral that

E
[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

) T
∫
S
〈h, ψ(s)〉HdWs

]
= E

[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

)
(( d∑

l=1

( T
∫
S
χl(s)〈h, ψ(s)〉Hds

) T
∫
S
χl(s)dWs

)
+
T

∫
S
〈h, ψ⊥(s)〉HdWs

)]

=

d∑
l=1

( T
∫
S
χl(s)〈h, ψ(s)〉Hds

)
E
[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

) T
∫
S
χl(s)dWs

]
+ E

[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

)]
E
[ T
∫
S
〈h, ψ⊥(s)〉HdWs

]
=

d∑
l=1

( T
∫
S
χl(s)〈h, ψ(s)〉Hds

)
E
[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

) T
∫
S
χl(s)dWs

]
.

(2.85)

Since {χ1, . . . , χd} ⊆ L2(λ[S,T ]; HS(U,R)) is an orthonormal family, it follows that the distribu-
tion of

(
∫TS χ1(s)dWs, . . . , ∫TS χd(s)dWs

)
is an d-dimensional standard normal distribution. For

all l ∈ {1, . . . , d} the real-valued integration by parts formula yields that

E
[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

) T
∫
S
χl(s)dWs

]
= ∫

Rd
g(x)xl(2π)−

d
2 exp(− 1

2‖x‖
2
Rd) dx

= − ∫
Rd
g(x)(2π)−

d
2 ∂
∂xl

exp(− 1
2‖x‖

2
Rd) dx

= ∫
Rd

(
∂
∂xl

g
)
(x)(2π)−

d
2 exp(− 1

2‖x‖
2
Rd) dx

= E
[
∂
∂xl

g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

)]
.

(2.86)
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Inserting this into equation (2.85) and inserting equation (2.85) into equation (2.83) results in

E
[〈
F,

T

∫
S
ψ(s)dWs

〉
H

]
=

d∑
l=1

( T
∫
S
χl(s)〈h, ψ(s)〉Hds

)
E
[
g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

) T
∫
S
χi(s)dWs

]
=

d∑
l=1

( T
∫
S
〈χl(s)h, ψ(s)〉Hds

)
E
[
∂
∂xl

g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

)]
=

d∑
l=1

( T
∫
S

〈
χl(s)h, ψ(s)

〉
H
ds
)
E
[
∂
∂xl

g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

)]
= E

[ T
∫
S

〈 d∑
l=1

∂
∂xl

g
( T
∫
S
χ1(s)dWs, . . . ,

T

∫
S
χd(s)dWs

)
χl(s)h, ψ(s)

〉
H
ds
]

= E
[〈
D̃(P,F0,W ;H)F,ψ

〉
L2(λ[S,T ];HS(U,H))

]
.

(2.87)

The proof of Lemma 2.11 is thus completed.

Lemma 2.12. Assume Setting 2.1. The simple Malliavin derivative

D̃(P,F0,W ;H) : span
(
S(P,F0,W ;H)

)
→ L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H))) (2.88)

is a closable operator.

Proof of Lemma 2.12. Let X ∈ L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))) and let (Fn)n∈N be

a sequence such that for each n ∈ N it holds that Fn ∈ span(S(P,F0,W ;H)) and with the
properties that Fn → 0 in L2(P;H) as n→∞ and that D̃(P,F0,W ;H)Fn → X in

L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))) as n→∞. Then Lemma 2.10 and Lemma 2.11 imply

that FnG ∈ span
(
S(P,F0,W ;H)

)
and that for all n ∈ N, all ψ ∈ L2(λ[S,T ]; HS(U,H)) and all

G ∈ span(S(P,F0,W ;R)) it holds that

E
[ 〈
D̃(P,F0,W ;H)Fn, Gψ

〉
L2(λ[S,T ];HS(U,H))

]
= E

[ 〈
G(D̃(P,F0,W ;H)Fn), ψ

〉
L2(λ[S,T ];HS(U,H))

]
= E

[ 〈
D̃(P,F0,W ;H) (GFn)− (D̃(P,F0,W ;R)G)Fn, ψ

〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈
GFn,

T

∫
S
ψ(s)dWs

〉
H

]
− E

[〈
(D̃(P,F0,W ;R)G)Fn, ψ

〉
L2(λ[S,T ];HS(U,H))

]
.

(2.89)

Therefore, Fn → 0 in L2(P;H) as n→∞ and D̃(P,F0,W ;H)Fn → X in
L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H))) as n → ∞ together with Hölder’s inequality implies
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that for all ψ ∈ L2(λ[S,T ]; HS(U,H)) and all G ∈ span(S(P,F0,W ;R)) it holds that∣∣∣E[ 〈X,Gψ〉L2(λ[S,T ];HS(U,H))

]∣∣∣
=
∣∣∣ lim
n→∞

E
[ 〈
D̃(P,F0,W ;H)Fn, Gψ

〉
L2(λ[S,T ];HS(U,H))

]∣∣∣ (2.90)

≤ lim sup
n→∞

E
[∣∣∣〈GFn, T∫

S
ψ(s)dWs

〉
H

∣∣∣]+ lim sup
n→∞

E
[∣∣∣〈(D̃(P,F0,W ;R)G)Fn, ψ

〉
L2(λ[S,T ];HS(U,H))

∣∣∣]
≤ lim sup

n→∞
‖Fn‖L2(P;H)

(
‖G‖L∞(P;R)

∥∥∥∥T∫
S
ψ(s)dWs

∥∥∥∥
L2(P;R)

+
∥∥∥D̃(P,F0,W ;R)G

∥∥∥
L∞(P;L2(λ[S,T ];HS(U,R)))

‖ψ‖L2(λ[S,T ];HS(U,H))

)
= 0.

Together with linearity, this implies that for all

Y ∈ span
(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
(2.91)

it holds that E[〈X,Y 〉L2(λ[S,T ];HS(U,H))] = 0. Finally we conclude from Corollary 2.9 that X = 0.
The proof of Lemma 2.12 is thus completed.

Now, we can finally define the Malliavin differential operator.

Definition 2.13. Assume Setting 2.1 and let k ∈ N. Let

‖ · ‖(k,2)
span(S(P,F0,W ;H)) : span(S(P,F0,W ;H))→ [0,∞) (2.92)

be a function with the property that for all F ∈ span(S(P,F0,W ;H)) it holds that

‖F‖(k,2)
span(S(P,F0,W ;H)) = E

[
‖F‖2H +

k∑
i=1

‖D̃i(P,F0,W ;H)F‖2L2(λ[S,T ]i ;(HS(U,H))i)

]1/2
. (2.93)

Denote by
D(k,2)(P,F0,W ;H) = (D(k,2)(P,F0,W ;H), ‖ · ‖D(k,2)(P,F0,W ;H)) (2.94)

the closure of the normed space

(span(S(P,F0,W ;H)), ‖ · ‖(k,2)
span(S(P,F0,W ;H))) (2.95)

in L2(P|σ(F0∪σ(W )∪N );H). The k-th Malliavin differential operator

Dk(P,F0,W ;H) : D(k,2)(P,F0,W ;H)→ L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))) (2.96)

is the closure of the simple k-th Malliavin differential operator in L2(P|σ(F0∪σ(W )∪N );H). If
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k = 1 we call

D1(P,F0,W ;H) : D(1,2)(P,F0,W ;H)→ L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))) (2.97)

the Malliavin differential operator and write

D(P,F0,W ;H) = D1(P,F0,W ;H). (2.98)

A simple corollary of Lemma 2.10 and Lemma 2.12 is the product rule for the Malliavin Differ-
ential operator.

Corollary 2.14 (Product rule). Assume Setting 2.1. For all F ∈ D(1,2)(P,F0,W ;R) and all
G ∈ D(1,2)(P,F0,W ;H) it holds that FG ∈ D(1,2)(P,F0,W ;H) and

D
(
P,F0,W ;H

)
(FG) = D

(
P,F0,W ;R

)
(F )G+ FD

(
P,F0,W ;H

)
(G). (2.99)

The following definition is needed to formulate Lemma 2.16.

Definition 2.15. Assume Setting 2.1 and let (s, t) ∈ ∆S,T . Then

D(P,F0,W ;H)|[s,t] : D(1,2)(P,F0,W ;H)→ L2(P;L2(λ[s,t];H)) (2.100)

is the operator with the property that for all F ∈ S(P,F0,W ;H) with the property that ∃n ∈ N,
∃φ1, . . . , φn ∈ L2(λ[S,T ]; HS(U,R)), ∃f ∈ C

∞,σ(F0∪N )
b (Rn × Ω,R), ∃h ∈ H such that it holds

P-almost surely that

F = f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
h (2.101)

it holds P⊗ λ[s,t]-almost everywhere that

D̃(P,F0,W ;H)F =

n∑
i=1

∂f

∂xi

( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
φi
∣∣
[s,t]

h. (2.102)

The following lemma shows how the Malliavin derivative depends on the underlying filtration.

Lemma 2.16. Assume Setting 2.1, let F̃0 ⊆ F0 be a σ-algebra, let (s, t) ∈ ∆S,T , and let
F[S,s]∪[t,T ] ⊆ A be a σ-algebra with the property that
F[S,s]∪[t,T ] = σ(σ({Wr : r ∈ [0, s]}) ∪ σ({Wr : r ∈ [t, T ]}) ∪N ). Then

D(1,2)(P, F̃0,W |[s,t];H) ⊆ D(1,2)(P,F0,W ;H) ⊆ D(1,2)(P,F[S,s]∪[t,T ] ∨ F0,W |[s,t];H) (2.103)

and for all F ∈ D(1,2)(P, F̃0,W |[s,t];H) it holds that

D(P, F̃0,W |[s,t];H)F = D(P,F0,W ;H)|[s,t]F (2.104)
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and for all F ∈ D(1,2)(P,F0,W ;H) it holds that

D(P,F0,W ;H)|[s,t]F = D(P,F[S,s]∪[t,T ] ∨ F0,W |[s,t];H)F. (2.105)

Proof of Lemma 2.16. For the first part of the proof let F ∈ S(P, F̃0,W |[s,t];H). Then there

are n ∈ N, φ1, . . . , φn ∈ L2(λ[s,t];Rm), f ∈ C∞,σ(F̃0∪N )
b (Rn × Ω,R) ⊆ C∞,σ(F0∪N )

b (Rn × Ω,R)

such that for all ω ∈ Ω it holds that f(·)(ω) ∈ C∞b (Rn,R), and h ∈ H such that it holds P-almost
surely that

F = f
( t

∫
s
φ1(r)dWr, . . . ,

t

∫
s
φn(r)dWr

)
h. (2.106)

Let ψ1, . . . , ψn ∈ L2(λ[S,T ];Rm) be functions such that for all i ∈ {1, . . . , n} and all r ∈ [S, T ] it
holds that

ψi(r) =

φi(r) if r ∈ [s, t],

0 else.
(2.107)

Then it holds P-almost surely that F = f(∫TS ψ1(r)dWr, . . . , ∫TS ψn(r)dWr)h. Therefore, we have

F ∈ S(P,F0,W ;H). (2.108)

It follows that it holds λ[s,t] ⊗ P-almost everywhere that

D(P,F0,W ;H)|[s,t]F =

n∑
i=1

∂f

∂xi

( T
∫
S
ψ1(r)dWr, . . . ,

T

∫
S
ψn(r)dWr

)
ψi|[s,t]h

=
n∑
i=1

∂f

∂xi

( t

∫
s
φ1(r)dWr, . . . ,

t

∫
s
φn(r)dWr

)
φih

= D(P, F̃0,W |[s,t];H)F.

(2.109)

Furthermore, it holds λ[S,s]∪[t,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H)|[S,s]∪[t,T ]F =

n∑
i=1

∂f

∂xi

( T
∫
S
ψ1(r)dWr, . . . ,

T

∫
S
ψn(r)dWr

)
ψi|[S,s]∪[t,T ]h = 0. (2.110)
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From equations (2.109) and (2.110) we conclude that

‖F‖2D(1,2)(P,F̃0,W |[s,t];H)
= E

[
‖F‖2H + ‖D(P, F̃0,W |[s,t];H)F‖2L2(λ[s,t];H)

]
= E

[
‖F‖2H +

t

∫
s
‖Dr(P, F̃0,W |[s,t];H)F‖2Hdr

]
= E

[
‖F‖2H +

t

∫
s
‖Dr(P,F0,W ;H)|[s,t]F‖2Hdr

]
= E

[
‖F‖2H +

T

∫
s
‖Dr(P,F0,W ;H)F‖2Hdr

]
= ‖F‖2D(1,2)(P,F0,W ;H).

(2.111)

Since F ∈ S(P, F̃0,W |[s,t];H) was chosen arbitrarily, it follows from (2.108) and equation (2.111)
that (

span(S(P, F̃0,W |[s,t];H)), ‖ · ‖D(1,2)(P,F̃0,W |[s,t];H)| span(S(P, F̃0,W |[s,t];H))
)

=
(

span(S(P, F̃0,W |[s,t];H)), ‖ · ‖D(1,2)(P,F0,W ;H)| span(S(P, F̃0,W |[s,t];H))
)

⊆
(

span(S(P,F0,W ;H)), ‖ · ‖D(1,2)(P,F0,W ;H)| span(S(P,F0,W ;H))
)
.

(2.112)

Thus the first inclusion in (2.103) follows by taking the closures of the normed spaces in (2.112) as
subsets of L2(P;H) and from equation (2.109) we conclude that for all F ∈ D(1,2)(P, F̃0,W |[s,t];H)

equation (2.104) holds true.
For the second part of the proof let F ∈ S(P,F0,W ;H). Then there are n ∈ N,
φ1, . . . , φn ∈ L2(λ[S,T ]; HS(U,R)), f ∈M(BRn ⊗ σ(F0 ∪N ),BR) such that for all ω ∈ Ω it holds
that f(·)(ω) ∈ C∞b (Rn,R) and h ∈ H such that it holds P-almost surely that

F = f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
h. (2.113)

Let g ∈M(BRn⊗F[S,s]∪[t,T ]∨F0,BR) be such that for all ω ∈ Ω it holds that g(·)(ω) ∈ C∞b (Rn,R)

is a random function such that for all (x1, . . . , xn) ∈ Rn and all ω ∈ Ω it holds P-almost surely
that

g = f
(
x1 +

s

∫
S
φ1(s)dWs +

T

∫
t
φ1(s)dWs, . . . , xn +

s

∫
S
φn(s)dWs +

T

∫
t
φn(s)dWs

)
h. (2.114)

Then it holds P-almost surely that

F = g
( t

∫
s
φ1|[s,t](s)dWs, . . . ,

t

∫
s
φn|[s,t](s)dWs

)
h. (2.115)

For all i ∈ {1, . . . , n} it holds P-almost surely that

∂f

∂xi

( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
=

∂g

∂xi

( t

∫
s
φ1|[s,t](s)dWs, . . . ,

t

∫
s
φn|[s,t](s)dWs

)
. (2.116)
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We conclude that it holds λ[s,t] ⊗ P-almost everywhere that

D(P,F0,W ;H)|[s,t]F =

n∑
i=1

∂f

∂xi

( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
φi|[s,t]h

=

n∑
i=1

∂g

∂xi

( t

∫
s
φ1|[s,t](s)dWs, . . . ,

t

∫
s
φn|[s,t](s)dWs

)
φi|[s,t]h

= D(P,F[S,s]∪[t,T ] ∨ F0,W |[s,t];H)F.

(2.117)

It follows directly that

‖F‖2D(1,2)(P,F[S,s]∪[t,T ]∨F0,W |[s,t];H) = E
[
‖F‖2H +

t

∫
s
‖Ds(P,F[S,s]∪[t,T ] ∨ F0,W |[s,t];H)F‖2Hds

]
≤ E

[
‖F‖2H +

T

∫
S
‖Ds(P,F0,W ;H)F‖2Hds

]
(2.118)

= ‖F‖2D(1,2)(P,F0,W ;H).

Since F ∈ S(P,F0,W ;H) was chosen arbitrarily it follows that

span(S(P,F0,W ;H)) ⊆ span(S(P,F[S,s]∪[t,T ] ∨ F0,W |[s,t];H)). (2.119)

From inequality (2.118) finally follows the second inclusion in (2.103), and it follows that for
all F ∈ D(1,2)(P,F0,W ;H) equation (2.105) holds true. The proof of Lemma 2.16 is thus
completed.

The Malliavin differential operator fulfills a commutativity relation.

Lemma 2.17. Assume Setting 2.1, let F ∈ span(S(P,F0,W ;H)), let id = (id1, id2) : [S, T ]2 →
[S, T ]2 a mapping with the property that for λ[S,T ]2-almost all (s, t) ∈ [S, T ]2 it holds that
id(s, t) = (s, t) and let u1, u2 ∈ U . Then it holds for λ[S,T ]2 ⊗ P-almost everywhere that

Did1(P,F0,W ;H)
(
(Did2(P,F0,W ;H)F )(u1)

)
(u2)

= Did2
(P,F0,W ;H)

(
(Did1

(P,F0,W ;H)F )(u2)
)
(u1).

(2.120)

Proof of Lemma 2.17. Let n ∈ N, φ1, . . . , φn ∈ L2(U,R), f ∈ C∞b (Rn,R), X0 ∈ L∞(F0;R) and
h ∈ H with the property that it holds P-almost surely that
F = f(∫TS φ1(r)dWr, . . . , ∫TS φn(r)dWr)X0h. From the commutativity of the partial derivatives
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of f it follows that it holds λ[S,T ]2 ⊗ P-almost everywhere that

Did1
(S(P,F0,W ;H)

(
(Did2

(S(P,F0,W ;H)F ) (u1)
)
(u2)

= Did1
(S(P,F0,W ;H)

(
n∑
k=1

∂f

∂xk

(
T

∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
φk(t, u1)X0h

)
(u2)

=

n∑
k=1

Did1(S(P,F0,W ;H)

(
∂f

∂xk

(
T

∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
X0h

)
(u2)φk(t, u1)

=

n∑
k=1

(
n∑
l=1

∂2f

∂xl∂xk

(
T

∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
φl(s, u2)X0h

)
φk(t, u1)

=

n∑
l=1

(
n∑
k=1

∂2f

∂xk∂xl

(
T

∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
φk(t, u1)X0h

)
φl(s, u2)

= Did2(P,F0,W ;H)
(
(Did1(P,F0,W ;H)F )(u2)

)
(u1).

(2.121)

Equation (2.121) and Lemma 2.12 complete the proof of Lemma 2.17.

In the case of a deterministic integral, the Malliavin differential operator can be "pulled inside
the integral". For a special case of the following lemma see Proposition 4.8 in Kruse 2014.

Lemma 2.18. Assume Setting 2.1, let (E, E , ν) be a finite measure space, and let

F ∈ D(1,2)(P,F0,W ;L2(ν;H)). Then ∫E Fd ν ∈ D(1,2)(P,F0,W ;H) and

D(P,F0,W ;H)
(
∫
E
Fd ν

)
= ∫
E
D(P,F0,W ;L2(ν;H))Fd ν. (2.122)

Proof of Lemma 2.18. From the definition of the simple Malliavin differential operator 2.2 it
follows that it holds for all F0 ∈ S(P,F0,W ;R), ψ ∈ L2(ν;H) that

D(P,F0,W ;H)
(
∫
E
F0ψd ν

)
= D̃(P,F0,W ;H)

(
F0 · ∫

E
ψ(y)d ν

)
=
(
D̃(P,F0,W ;R)F0

)
· ∫
E
ψd ν

= ∫
E

(
D̃(P,F0,W ;R)F0

)
· ψd ν

= ∫
E
D(P,F0,W ;L2(ν;H))(F0ψ)d ν.

(2.123)

We conclude that for all F̄ ∈ S(P,F0,W ;L2(ν;H)) it holds that

D(P,F0,W ;H)
(
∫
E
F̄ d ν

)
= ∫
E
D(P,F0,W ;L2(ν;H))F̄ d ν. (2.124)

Let (Fn)n∈N be a sequence in span(S(P,F0,W ;L2(ν;H))) which converges to F in
D(1,2)(P,F0,W ;L2(ν;H)) as n→∞. It follows from equation (2.124) that for all n ∈ N it holds
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that

∥∥D(P,F0,W ;H)
(
∫
E
Fnd ν

)
− ∫
E
D(P,F0,W ;L2(ν;H))Fd ν

∥∥2

L2(P;L2(λ[S,T ];HS(U,H)))

=
∥∥ ∫
E
D(P,F0,W ;HL2(ν;H)Fnd ν − ∫

E
D(P,F0,W ;L2(ν;H))Fd ν

∥∥2

L2(P;L2(λ[S,T ];HS(U,H)))

=
∥∥ ∫
E
D(P,F0,W ;L2(ν;H))(Fn − F )d ν

∥∥2

L2(P;L2(λ[S,T ];HS(U,H)))

=
∥∥∥ T∫
S

∥∥ ∫
E
Ds(P,F0,W ;L2(ν;H))(Fn − F )d ν

∥∥2

HS(U,H)
ds
∥∥∥
L1(P;R)

(2.125)

≤ ν(E)
∥∥∥ T∫
S
∫
E

∥∥Ds(P,F0,W ;L2(ν;H))(Fn − F )
∥∥2

HS(U,H)
d νds

∥∥∥
L1(P;R)

= ν(E)
∥∥D(P,F0,W ;L2(ν;H))(Fn − F )

∥∥2

L2(P;L2(λ[S,T ];HS(U,L2(ν;H))))

≤ ν(E) ‖Fn − F‖D(1,2)(P,F0,W ;L2(ν;H)) .

It follows from Lemma 2.12, inequality (2.125), and the assumption that ν is a finite measure
that it holds that

∥∥D(P,F0,W ;H)(∫
E
Fd ν)− ∫

E
D(P,F0,W ;L2(ν;H))Fd ν

∥∥2

L2(P;L2(λ[S,T ];HS(U,H)))

= lim
n→∞

∥∥D(P,F0,W ;H)
(
∫
E
Fnd ν

)
− ∫
E
D(P,F0,W ;L2(ν;H))Fd ν

∥∥2

L2(P;L2(λ[S,T ];HS(U,H)))

≤ ν(E) lim
n→∞

‖Fn − F‖D(1,2)(P,F0,W ;L2(ν;H)) = 0. (2.126)

We conclude that equation (2.122) holds true. The proof of Lemma 2.18 is thus completed.

For the following Lemma, see Lemma 4.7 in Kruse 2014 which is based on the finite-dimensional
version of Proposition 1.2.2 in Nualart 1995.

Lemma 2.19 (Chain rule). Assume Setting 2.1, let (H1, ‖ · ‖H1
, 〈·, ·〉H1

) be a real separable
Hilbert space with Hilbert space basis (ei)i∈I , I ⊆ N, let ψ : H → H1 be a continously Frèchet-
differentiable function with the property that

‖ψ‖L(H,H1) + sup
h∈H
‖ψ′(h)‖L(H,H1) <∞. (2.127)

Then it holds for all F ∈ D(1,2)(P,F0,W ;H) that ψ(F ) ∈ D(1,2)(P,F0,W ;H1) and λ[S,T ] ⊗ P-
almost everywhere that

D(P,F0,W ;H1)(ψ(F )) = ψ′(F )D(P,F0,W ;H)F. (2.128)

Proof of Lemma 2.19. For the first part of the proof, let F ∈ S(P,F0,W ;H), n ∈ N,
φ1, . . . , φn ∈ L2(λ[S,T ]; HS(U,R)), f ∈ C

∞,σ(F0∪N )
b (Rn × Ω,R), h ∈ H be such that it holds
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P-almost surely that

F = f
( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
h. (2.129)

For all i ∈ I let gi ∈ C∞,σ(F0∪N )
b (Rn×Ω,R) be a mapping with the property that for all x ∈ Rn

it holds P-almost surely that
gi(x) =

〈
ψ
(
f(x)h

)
, ei
〉
H1
. (2.130)

Then it holds P-almost surely that

ψ(F ) =

∞∑
i=1

gi

( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
ei. (2.131)

From condition (2.128) it follows that ψ(F ) ∈ L2(P|σ(F0∪σ(W )∪N );H1). For all k ∈ N let Gk ∈
span

(
S(P,F0,W ;H1)

)
be a simple random variable with the property that it holds P-almost

surely that

Gk =

k∑
i=1

gi

( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
ei. (2.132)

Note that Gk converges to ψ(F ) ∈ L2(P|σ(F0∪σ(W )∪N );H1) P-almost surely as k → ∞. To-
gether with the dominated convergence theorem, we conclude that Gk converges to ψ(F ) in
L2(P|σ(F0∪σ(W )∪N );H1) as k →∞. For all k ∈ N it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H1)Gk =

k∑
i=1

D(P,F0,W ;R)

(
gi

( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

))
ei

=

k∑
i=1

n∑
j=1

∂
∂xj

gi

( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
φjei (2.133)

=

n∑
j=1

k∑
i=1

〈
∂
∂xj

(
ψ
(
f
( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
h
))
, ei

〉
H1

φjei

=

n∑
j=1

k∑
i=1

〈
ψ′(F ) ∂

∂xj
f
( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
h
)
, ei

〉
H1

φjei

=

k∑
i=1

〈(
ψ′(F )

n∑
j=1

∂
∂xj

f
( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
h
)
φj , ei

〉
H1

ei

= ψ′(F )

k∑
i=1

〈
D(P,F0,W ;H)F, ei

〉
H1
ei.

We conclude that

D(P,F0,W ;H1)Gk
k→∞−−−−→ ψ′(F )

∞∑
i=1

〈
D(P,F0,W ;H)F, ei

〉
H1
ei = ψ′(F )D(P,F0,W ;H)F,

(2.134)
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in L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H1))). By linearity and from Lemma 2.12 it follows that

for all F ∈ D(1,2)(P,F0,W ;H) equation (2.128) holds true λ[S,T ] ⊗ P-almost everywhere. The
proof of Lemma 2.19 is thus completed.

Proposition 1.2.3 in Nualart 1995 shows that ψ(F ) ∈ D(1,2)(P, σ({∅,Ω}),W ;R) if ψ is globally
Lipschitz continuous. The following lemma is needed in the Hilbert space setting.

Lemma 2.20 (Chain rule). Assume Setting 2.1, let (H1, 〈·, ·〉H1
) be a separable real Hilbert

space, let ψ : H → H1 be a globally Lipschitz continuous function, and let F ∈ D(1,2)(P,F0,W ;H).
Then it holds that ψ(F ) ∈ D(1,2)(P,F0,W ;H1).

Proof of Lemma 2.20. In the first step, we consider the finite-dimensional case. Let
k ∈ N and assume that H = Rk. Let φ ∈ C∞b (Rk, [0,∞)) be a function with support in
{x ∈ Rk : ‖x‖Rk ≤ 1} and with the property that ∫Rk φ(x) dx = 1. For all n ∈ N let φn ∈
C∞b (Rk, [0,∞)) be a function with the property that for all x ∈ Rk it holds that φn(x) = nkφ(nx).
For all n ∈ N let ηn : Rk → H1 be a function with the property that for all z ∈ Rk it holds that
ηn(z) = ∫Rk ψ(x)φn(x − z) dx. Integration by substitution implies that for all n ∈ N, z ∈ Rk it
holds that

∫
Rk
ψ(x)φn(x− z) dx = ∫

Rk
ψ(y + z)φn(y)dy = ∫

Rk
ψ(y + z)φ(ny)n−kdy = ∫

Rk
ψ
(
x
n + z

)
φ(x) dx.

(2.135)
We conclude that for all n ∈ N, x ∈ Rk it holds that

∥∥ψ( xn + F
)
− ψ(F )

∥∥
H1
≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖ Rk
‖x‖Rk . (2.136)

It follows from the dominated convergence theorem that it holds that

lim
n→∞

‖ηn(F )− ψ(F )‖L2(P;H1) = lim
n→∞

∥∥∥ ∫
Rk

(
ψ
(
x
n + F

)
− ψ(F )

)
φ(x) dx

∥∥∥
L2(P;H1)

=
∥∥∥ ∫
Rk

lim
n→∞

(
ψ
(
x
n + F

)
− ψ(F )

)
φ(x) dx

∥∥∥
L2(P;H1)

= 0.
(2.137)

Observe that for all n ∈ N it holds that ηn ∈ C∞(Rk, H1). For all n ∈ N, y, z ∈ Rk it holds that

‖ηn(z)− ηn(y)‖H1
=
∥∥∥ ∫
Rk

(ψ( xn + z)− ψ( xn + y))φ(x) dx
∥∥∥
H1

≤ ∫
Rk

∥∥ψ( xn + z)− ψ( xn + y)
∥∥
H1
φ(x) dx

≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖ Rk
‖z − y‖Rk ∫

Rk
φ(x) dx

= sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk
‖z − y‖Rk .

(2.138)
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From inequality (2.138) follows that for all n ∈ N it holds that

sup
x∈Rk

‖η′n(x)‖L(Rk,H1) ≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk
. (2.139)

Therefore, Lemma 2.19 yields that for all n ∈ N it holds that ηn(F ) ∈ D(1,2)(P,F0,W ;H1) and
that for all n ∈ N it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H1)(ηn(F )) = η′n(F )D(P,F0,W ;Rk)F. (2.140)

In addition, it holds for all n ∈ N that

sup
n∈N
‖D(P,F0,W ;H1)(ηn(F ))‖L2(P;L2(λ[S,T ];HS(U,H1)))

= sup
n∈N

∥∥η′n(F )D(P,F0,W ;Rk)F
∥∥
L2(P;L2(λ[S,T ];HS(U,H1)))

≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk
∥∥D(P,F0,W ;Rk)F

∥∥
L2(P;L2(λ[S,T ];HS(U,Rk)))

.

(2.141)

The right-hand side is finite as F ∈ D(1,2)(P,F0,W ;Rk) and as ψ is globally Lipschitz continuous.
Now Corollary 2.34 together with equation (2.137) and inequality (2.141) imply that ψ(F ) ∈
D(1,2)(P,F0,W ;H1). This together with

‖ψ(F )‖D(1,2)(P,F0,W ;H1) ≤ ‖ψ(0)‖H1
+ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖ Rk
‖F‖D(1,2)(P,F0,W ;Rk) (2.142)

results in ψ(F ) ∈ D(1,2)(P,F0,W ;H1). Since k ∈ N was chosen arbitrarily, this proves the
assertion of the lemma whenever dim(H) <∞ and finishes the first step.
In the second step, let H be a general separable Hilbert space. Let (hi)i∈N be an
orthonormal Hilbert space base of H. Lemma 2.19 yields that for all k ∈ N it holds that
(〈F, h1〉H , . . . , 〈F, hk〉H) ∈ D(1,2)(P,F0,W ;Rk). For all k ∈ N and all x = (x1, . . . , xk), z =

(z1, . . . , zk) ∈ Rk it holds that

∥∥∥ψ( k∑
i=1

xihi

)
− ψ

( k∑
i=1

zihi

)∥∥∥
H1

≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk

∥∥∥ k∑
i=1

(xi − zi)hi
∥∥∥
H

= sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk
‖x− z‖Rk .

(2.143)
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Therefore, the first step implies that for all k ∈ N it holds that

ψ

(
k∑
i=1

〈F, hi〉Hhi

)
∈ D(1,2)(P,F0,W ;H) (2.144)

and

∥∥∥D(P,F0,W ;H)
( k∑
i=1

〈F, hi〉Hhi
)∥∥∥

L2(λ[S,T ]⊗P,HS(U,H))

≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk
∥∥D(P,F0,W ;Rk)

(
〈F, h1〉H , . . . , 〈F, hk〉H

)∥∥
L2(P;L2(λ[S,T ];HS(U,Rk)))

= sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk
(2.145)

·
∥∥∥(〈h1,D(P,F0,W ;H)F 〉H , . . . , 〈hk,D(P,F0,W ;H)F 〉H

)∥∥∥
L2(P;L2(λ[S,T ];HS(U,Rk)))

≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk
‖D(P,F0,W ;H)F‖L2(P;L2(λ[S,T ];HS(U,H))).

Note that for all k ∈ N it holds that

∥∥∥ψ(F )− ψ
( k∑
i=1

〈F, hi〉Hhi
)∥∥∥

L2(P;H1)
≤ sup
y1,y2∈Rk
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖Rk

∥∥∥ ∞∑
i=k+1

〈F, hi〉Hhi
∥∥∥
L2(P;H)

.

(2.146)

Since F ∈ L2(P|σ(F0∪σ(W )∪N );H) it follows that the right-hand side of inequality (2.146) con-
verges to 0 as k → ∞. Finally Corollary 2.34 together with inequalities (2.146) and (2.145)
implies that ψ(F ) ∈ D(1,2)(P,F0,W ;H1). This together with

‖ψ(F )‖D(1,2)(P,F0,W ;H1) ≤ ‖ψ(0)‖H1
+ sup
y1,y2∈H,
y1 6=y2

‖ψ(y1)− ψ(y2)‖H1

‖y1 − y2‖ Rk
‖F‖D(1,2)(P,F0,W ;H) (2.147)

results in ψ(F ) ∈ D(1,2)(P,F0,W ;H1). The proof of Lemma 2.20 is thus completed.

The following lemma is needed in the sequel.

Lemma 2.21. Let S, T ∈ R satisfy that S < T , let (H1, 〈·, ·〉H1
) and (H2, 〈·, ·〉H2

) be separable
real Hilbert spaces, let f ∈ C0([S, T ]×H1, H2) be a function with the property that

sup
s∈[S,T ]

sup
x,y∈H1 : x 6=y

‖f(s, x)− f(s, y)‖H2

‖x− y‖H1

<∞, (2.148)

and let ψ : L2(λ[S,T ];H1) → L2(λ[S,T ];H2) be the function with the property that for all s ∈
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[S, T ], η ∈ L2(λ[S,T ];H1) it holds that

(ψ(η))(s) = f(s, η(s)). (2.149)

Then ψ is well defined and globally Lipschitz continuous.

Proof of Lemma 2.21. For all η ∈ L2(λ[S,T ];H1) it holds that

‖ψ(η)‖2L2(λ[S,T ];H2) =
T

∫
S
‖(ψ(η))(s)‖2H2

ds

=
T

∫
S
‖f(s, η(s))− f(s, 0) + f(s, 0)‖2H2

ds (2.150)

≤ 2
T

∫
S
‖f(s, η(s))− f(s, 0)‖2H2

ds+ 2
T

∫
S
‖f(s, 0)‖2H2

ds

≤ 2 sup
u∈[S,T ]

sup
x∈H1\{0}

‖f(u, x)− f(u, 0)‖2H2

‖x‖2H1

T

∫
S
‖η(s)‖2H1

ds+ 2T sup
u∈[S,T ]

‖f(u, 0)‖2H2
.

The right-hand side of inequality (2.150) is finite due to assumption (2.148) and as the continuous
function [S, T ] 3 s 7→ f(s, 0) ∈ H2 is bounded. Moreover, assumption (2.148) implies that for all
η, ξ ∈ L2(λ[S,T ];H1) it holds that

‖ψ(ξ)− ψ(η)‖2L2(λ[S,T ];H2) = ‖f(·, ξ)− f(·, η)‖2L2(λ[S,T ];H2)

=
T

∫
S
‖f(s, ξs)− f(s, ηs)‖2H2

ds

≤ sup
u∈[S,T ]

sup
x,y∈H1 : x 6=y

‖f(u, x)− f(u, y)‖H2

‖x− y‖H1

T

∫
S
‖ξs − ηs‖2H1

ds

= sup
u∈[S,T ]

sup
x 6=y∈H1

‖f(u, x)− f(u, y)‖H2

‖x− y‖H1

‖ξ − η‖2L2(λ[S,T ];H1).

(2.151)

This proves that ψ is globally Lipschitz continuous. The proof of Lemma 2.21 is thus completed.

Lemma 2.22. Assume Setting 2.1, let φ ∈ L2(λ[S,T ]; HS(U,H)), and let X0 ∈ L∞(P|F0
;R).

Then X0(∫TS φ(s)dWs) ∈ D(1,2)(P,F0,W ;H) and it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H)
(
X0

( T
∫
S
φ(s)dWs

))
= X0φ. (2.152)

Proof of Lemma 2.22. In the first step, assume that H = R. Let (fn)n∈N be the sequence
in C0(R,R) with the property that for all n ∈ N, x ∈ R it holds that fn(x) = x(1− exp(−nx2)).
Moreover, let (Fn)n∈N be a sequence inM(A,BR) with the property that for all n ∈ N it holds
P-almost surely that

Fn = fn

( T
∫
S
φ(s)dWs

)
X0. (2.153)
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Note that for all n ∈ N it holds that Fn ∈ S(P,F0,W ;R). Moreover, it holds for all n ∈ N that

∥∥∥Fn −X0

( T
∫
S
φ(s)dWs

)∥∥∥
L2(P;R)

=
∥∥∥fn( T∫

S
φ(s)dWs

)
X0 −X0

( T
∫
S
φ(s)dWs

)∥∥∥
L2(P;R)

=
∥∥∥ T∫
S
φ(s)dWs exp

(
− n

( T
∫
S
φ(s)dWs

)2)
X0

∥∥∥
L2(P;R)

=
∥∥∥ T∫
S
φ(s)dWs exp

(
− n

( T
∫
S
φ(s)dWs

)2)∥∥∥
L2(P;R)

‖X0‖L2(P;R).

(2.154)

The right-hand side of equation (2.154) converges to 0 as n→∞ by the dominated convergence
theorem. Similarly, it holds for all n ∈ N that

‖D(P,F0,W ;R)Fn − φX0‖L2(P|σ(F0∪σ(W )∪N);L2(λ[S,T ];HS(U,R)))

=
∥∥∥f ′n( T∫

S
φ(s)dWs

)
φX0 − φX0

∥∥∥
L2(P;L2(λ[S,T ];HS(U,R)))

=
∥∥∥1− f ′n

( T
∫
S
φ(s)dWs

)∥∥∥
L2(P;R)

‖φ‖L2(λ[S,T ];HS(U,R))‖X0‖L2(P;R) (2.155)

=
∥∥∥ exp

(
− n

( T
∫
S
φ(s)dWs

)2)(
1− 2n

( T
∫
S
φ(s)dWs

)2)∥∥∥
L2(P;R)

‖φ‖L2(λ[S,T ];HS(U,R))‖X0‖L2(P;R).

The right-hand side of equation (2.155) converges to 0 as n→∞ by the dominated convergence
theorem. From the definition of the Malliavin derivative it follows that X0

(
∫TS φ(s)dWs

)
∈

D(1,2)(P,F0,W ;R) and that it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;R)(X0

( T
∫
S
φ(s)dWs

)
) = φX0. (2.156)

In the second and last step, let H be an arbitrary real separable Hilbert space. Let
(hi)i∈N be an orthonormal Hilbert space base of H. For all i ∈ N let φ̃i ∈ L2(λ[S,T ]; HS(U,R)) be
a mapping with the property that for all t ∈ [S, T ], u ∈ U it holds that φ̃i(t, u) = 〈φ(t, u), hi〉H .
Then the first step implies that ∫TS φ̃i(s)dWsX0 ∈ D(1,2)(P,F0,W ;R) and that for all i ∈ N it
holds λ[S,T ] ⊗ P-almost everywhere that D(P,F0,W ;R)(∫TS φ̃i(s)dWsX0) = φ̃iX0. By definition
of the H-valued Itô integral it follows that it holds P-almost surely that

n∑
i=1

hi
T

∫
S
φ̃i(s)dWsX0 =

n∑
i=1

hi
T

∫
S
〈φ(t), hi〉H dWtX0 =

n∑
i=1

hi

〈 T
∫
S
φ(t)dWt, hi

〉
H
X0

=

n∑
i=1

hi

〈 T
∫
S
φ(s)dWs, hi

〉
H
X0.

(2.157)

We conclude that the sequence (
∑n
i=1 hi ∫

T
S φ̃i(s)dWsX0)n∈N converges to∑∞

i=1 hi〈∫
T
S φ(s)dWs, hi〉HX0 = X0

(
∫TS φ(s)dWs

)
in L2(P|σ(F0∪σ(W )∪N );H) and P-almost surely
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as n → 0. Moreover, linearity of the Malliavin derivative and the first step imply that it holds
λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H)
( n∑
i=1

hi
T

∫
S
φ̃i(s)dWsX0

)
=

n∑
i=1

hiD(P,F0,W ;H)
( T
∫
S
φ̃i(s)dWsX0

)
=

n∑
i=1

hiφ̃iX0 =

n∑
i=1

hi〈φ, hi〉HX0.

(2.158)

It follows that the sequence (D(P,F0,W ;H)(
∑n
i=1 hi ∫

T
S φ̃i(s)dWsX0))n∈N converges to∑∞

i=1 hi〈φ, hi〉HX0 = φX0 in L2(P;L2(λ[S,T ]; HS(U,H))) as n→∞.
By definition of the Malliavin derivative, we conclude thatX0

(
∫TS φ(s)dWs

)
∈ D(1,2)(P,F0,W ;H)

and that it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H)
(
X0

( T
∫
S
φ(s)dWs

))
= φX0. (2.159)

The proof of Lemma 2.22 is thus completed.

Lemma 2.23. Assume Setting 2.1, let n ∈ N, f ∈ C1(Rn,R) be a function whose derivative
grows at most polynomially, let φ1, . . . , φn ∈ L2(λ[S,T ];R), let X0 ∈ L2(P|F0 ;R), let h ∈ H, and
let F ∈ L0(P;R) be such that it holds P-almost surely that

F = f

(
T

∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
X0h. (2.160)

Then F ∈ D(1,2)(P,F0,W ;H) and it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H)F =

n∑
i=1

∂f

∂xi

( T
∫
S
φ1(r)dWr, . . . ,

T

∫
S
φn(r)dWr

)
φiX0h. (2.161)

Proof of Lemma 2.23. Analogous to previous lemma.

2.2 The Skorohod Integral

In the second part of this chapter, we introduce the Skorohod integral which is the tool we will
be using in the second chapter. The Skorohod integral is defined as the adjoint operator of the
Malliavin derivative and can be viewed as a generalization of the Itô integral for L2-processes. The
classical Skorohod integral, as introduced in Nualart 2006, is solely defind for processes which
are measurable with respect to the filtration which is generated by the underlying Brownian
motion. We generalize the Skorohod integral to more general stochastic processes, analoguous
to the enlargement for filtration of the Itô integral.
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Definition 2.24. Let H1 = (H1, 〈·, ·〉H1 , ‖ · ‖H1) and H2 = (H2, 〈·, ·〉H2 , ‖ · ‖H2) be two separable
real Hilbert spaces with H1 6= {0} and H2 6= {0}. Let A : DomA ⊆ H1 → H2 be a closed linear
operator such that DomA is dense in H1. The adjoint operator

A∗ : DomA∗ ⊆ H2 → H1 (2.162)

is the operator with domain

DomA∗ = {h2 ∈ H2 : ∃c ∈ [0,∞)∀h1 ∈ H1 : 〈Ah1, h2〉H2
≤ c‖h1‖H1

} (2.163)

and with the property that for all h1 ∈ DomA and all h2 ∈ DomA∗ it holds that

〈Ah1, h2〉H2
= 〈h1, A

∗h2〉H1
. (2.164)

Proposition 2.25. Let the setting from Definition 2.24 be given. Then A∗ is a well-defined
linear operator.

Proof of Proposition 2.25. Let h2 ∈ DomA∗ . Then the operator DomA → R; h1 7→ 〈Ah1, h2〉H2

is continuous and can therefore be continuously extended to H1. From the Riesz representation
theorem we conclude that there is a v ∈ H2 such that for all h1 ∈ DomA it holds that

〈Ah1, h2〉H2 = 〈h1, v〉H2 (2.165)

and by setting A∗h2 = v, we see that A∗ is well-defined. The proof of Proposition 2.25 is thus
completed.

Proposition 2.26. Let the setting from Definition 2.24 be given and let U1 ⊆ DomA be a subset
with the property that span(U1) is dense in the space H1. Then it holds that

DomA∗ =
{
h2 ∈ H2 : ∃c ∈ [0,∞)∀h1 ∈ U1 : 〈Ah1, h2〉H2

≤ c‖h1‖H1

}
. (2.166)

Proof of Proposition 2.26. Let h2 ∈ DomA∗ . Then the operator DomA → R; h1 7→ 〈Ah1, h2〉H2

is continuous and can therefore be continuously extended to H1. From the Riesz representation
theorem we conclude that there is a v ∈ H2 such that for all h1 ∈ DomA it holds that

〈Ah1, h2〉H2
= 〈h1, v〉H2

(2.167)

and by setting A∗h2 = v we see, that A∗ is well-defined. (2.166) then follows from the closedness
of the operator A. The proof of Proposition 2.26 is thus completed.

Proposition 2.27. Let the setting from Definition 2.24 be given, let U1 ⊆ DomA be a subset
with the property that span(U1) is dense in the space H1, and let U2 ⊆ DomA∗ be a subset with
the property that span(U2) is dense in the space H2.
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For all h1 ∈ H1 and h2 ∈ H2 that have the property that for all u ∈ U1 it follows that

〈Au, h2〉H2
= 〈u, h1〉H1

, (2.168)

it holds that h2 ∈ DomA∗ and A∗h2 = h1.
For all h1 ∈ H1 and h2 ∈ H2 that have the property that for all u ∈ U2 it holds that

〈h1, A
∗u〉H1 = 〈h2, u〉H2 , (2.169)

it holds that h1 ∈ DomA and Ah1 = h2.
For all h2 ∈ DomA∗ it holds that

‖A∗h2‖H1
= sup
{u∈span(U1) : ‖u‖H1

>0}

|〈h1, A
∗u〉H1

|
‖u‖H2

. (2.170)

For all h1 ∈ DomA it holds that

‖Ah1‖H2
= sup
{u∈span(U2) : ‖u‖H2

>0}

|〈h2, Au〉H2
|

‖u‖H1

. (2.171)

For all h2 ∈ H2 and all sequences (h
(n)
2 ) in Dom(A∗) with the properties that h(n)

2 converges
to h2 in the weak topology of H2 as n → ∞ and that supn∈N ‖A∗h

(n)
2 ‖H1 < ∞, it holds that

h2 ∈ DomA∗ and that A∗h(n)
2 converges to A∗h2 in the weak topology of H1.

For all h1 ∈ H1 and all sequences (h
(n)
1 ) in Dom(A) with the properties that h(n)

1 converges to h1

in the weak topology of H1 as n→∞ and that supn∈N ‖Ah
(n)
1 ‖H2 <∞, it holds that h1 ∈ DomA∗

and that A∗h(n)
1 converges to A∗h1 in the weak topology of H2.

Definition 2.28. Assume Setting 2.1. The unbounded operator

δ(P,F0,W ;H) : Domδ(P,F0,W ;H) ⊆ L2(P;L2(λ[S,T ]; HS(U,H)))→ L2(P|σ(F0∪σ(W )∪N );H)

(2.172)
is the adjoint of the operator

D(P,F0,W ;H) ⊆ L2(P|σ(F0∪σ(W )∪N );H) : D(1,2)(P,F0,W ;H) (2.173)

→ L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))).

In particular, the domain Domδ(P,F0,W ;H) of δ is the set

Domδ(P,F0,W ;H) =


X ∈ L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H))) : ∃c ∈ [0,∞)

s.t. for all F ∈ D1,2(P,F0,W ;H) it holds that
E[〈D(P,F0,W ;H)F,X〉L2(λ[S,T ];HS(U,H))] ≤ c‖F‖L2(P;H)

 .

(2.174)
If X ∈ Domδ(P,F0,W ;H), then δ(P,F0,W ;H)(X) is the element in L2(P|σ(F0∪σ(W )∪N );H)



56 CHAPTER 2. THE EXTENDED MALLIAVIN CALCULUS

with the property that for all F ∈ D(1,2)(P,F0,W ;H) it holds that

E
[
〈F, δ(P,F0,W ;H)(X)〉H

]
= E

[
〈D(P,F0,W ;H)F,X〉L2(λ[S,T ];HS(U,H))

]
. (2.175)

For all mappings Y : Ω×[S, T ]→ HS(U,H) and for all X ∈ Domδ(P,F0,W ;H) such that it holds
λ[S,T ]⊗P-almost everywhere that Y = X we say that Y is (P,F0,W ;H)-Skorohod integrable and
we write

T

∫
S
Ys δ(P,F0,W ;H)Ws = δ(P,F0,W ;H)(Y ) = δ(P,F0,W ;H)(X) =

T

∫
S
Xs δ(P,F0,W ;H)Ws.

(2.176)
If F0 = {∅,Ω} and if Y is a (P,F0,W ;H)-Skorohod integrable mapping Y : Ω×[S, T ]→ HS(U,H)

we write
T

∫
S
YsδWs = δ(P, {∅,Ω},W ;H)(X). (2.177)

The operator δ is also called divergence operator.

Remark 2.29. It follows from Lemma 2.8 that the set D(1,2)(P,F0,W ;H) is dense in the space
L2(P|σ(F0∪σ(W )∪N );H). Therefore, it follows from Proposition 2.26, that the Skorohod integral
is well-defined.

Lemma 2.30. Assume Setting 2.1 and let X ∈ Domδ(P,F0,W ;H). Then it holds that

E[δ(P,F0,W ;H)(X)] = 0. (2.178)

Proof of Lemma 2.30. Since the Malliavin derivative of a constant mapping vanishes, we have
that

∥∥E[δ(P,F0,W ;H)(X)]
∥∥2

H
=
〈
E[δ(P,F0,W ;H)(X)],E[δ(P,F0,W ;H)(X)]

〉
H

= E
[〈
δ(P,F0,W ;H)(X), δ(P,F0,W ;H)(X)

〉
H

]
(2.179)

= E
[〈
D(P,F0,W ;H)

(
E[δ(P,F0,W ;H)(X)]

)
, X
〉
L2(λ[S,T ];HS(U,H))

]
= 0.

The proof Lemma 2.30 is thus completed.

The following corollaries follow from Propostion 2.26:

Corollary 2.31. Assume Setting 2.1 and let X ∈ L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))),

Y ∈ L2(P|σ(F0∪σ(W )∪N );H) such that for all F ∈ S(P,F0,W ;H) it holds that

E
[
〈D(P,F0,W ;H)F,X〉L2(λ[S,T ];HS(U,H))

]
= E

[
〈F, Y 〉H

]
. (2.180)

Then X ∈ Domδ(P,F0,W ;H) and it holds P-almost surely that δ(P,F0,W ;H)(X) = Y .
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Corollary 2.32. Assume Setting 2.1 and let F ∈ L2(P|σ(F0∪σ(W )∪N );H),
X ∈ L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H))) be such that for all Y ∈ S(P,F0,W ;H) it holds
that

E[〈F, δ(P,F0,W ;H)(Y )〉H ] = E[〈X,Y 〉L2(λ[S,T ];HS(U,H))]. (2.181)

Then F ∈ D(1,2)(P,F0,W ;H) and it holds that D(P,F0,W ;H)F = X.

Now we are able to characterize the domain of the Malliavin differential operator and we can
show, that this operator is closed under weak L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H)))-limits.

Corollary 2.33. Assume Setting 2.1 and let F ∈ L2(P|σ(F0∪σ(W )∪N );H). Then
F ∈ D(1,2)(P,F0,W ;H) if and only if

sup
Y ∈span(S(P,F0,W ;HS(U,H)))\{0}

|E[〈F, δ(P,F0,W ;H)(Y )〉H ]|
‖Y ‖L2(P;L2(λ[S,T ];HS(U,H)))

<∞ (2.182)

and for all F ∈ D(1,2)(P,F0,W ;H) it holds that

‖F‖2D(1,2)(P,F0,W ;H) = ‖F‖2L2(P;L2(λ[S,T ];HS(U,H)))

+ sup
Y ∈span(S(P,F0,W ;HS(U,H)))\{0}

|E[〈F, δ(P,F0,W ;H)(Y )〉H ]|
‖Y ‖L2(P;L2(λ[S,T ];HS(U,H)))

.
(2.183)

Corollary 2.34. Assume Setting 2.1, let F ∈ L2(P|σ(F0∪σ(W )∪N );H), and let (Fn)n∈N be a se-
quence in D(1,2)(P,F0,W ;H) which converges to F in the weak topology of L2(P|σ(F0∪σ(W )∪N );H).
Then F ∈ D(1,2)(P,F0,W ;H) and the sequence (D(P,F0,W ;H)Fn)n∈N converges to
D(P,F0,W ;H)F it the weak topology of L2(P|σ(F0∪σ(W )∪N );L

2(λ[S,T ]; HS(U,H))).

Corollary 2.35. Assume Setting 2.1, let X ∈ L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))), and let

(Xn)n∈N be a sequence with the property that supn∈N ‖δ(P,F0,W ;H)(Xn)‖L2(P|σ(F0∪σ(W )∪N);H) <

∞ which converges to X in the weak topology of L2(P|σ(F0∪σ(W )∪N );L
2(λ[S,T ]; HS(U,H))).

Then X ∈ Domδ(P,F0,W ;H) and (δ(P,F0,W ;H)(Xn))n∈N converges to δ(P,F0,W ;H)(X) in
the weak topology of L2(P|σ(F0∪σ(W )∪N );H).

The following result is a simple but central property of the Skorohod integral, which is crucial
for the proof of the Itô-Alekseev-Gröbner formula 3.3.

Lemma 2.36. Assume Setting 2.1, let (s, t) ∈ ∆S,T , let F[S,s]∪[t,T ] ⊆ A be a σ-algebra with the
property that F[S,s]∪[t,T ] = σ(F0 ∪ {Wr : r ∈ [S, s] ∪ [t, T ]} ∪ N ), and let
X ∈ L0(Pσ(F0∪σ(W )∪N );BL2(λ[S,T ];HS(U,H))). Then

X|[s,t] ∈ Domδ(P,F[S,s]∪[t,T ],W |[s,t];H) (2.184)

if and only if
1[s,t]X ∈ Domδ(P,F0,W ;H) (2.185)
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and, in that case,

t

∫
s
Xuδ(P,F[S,s]∪[t,T ],W |[s,t];H)Wu =

T

∫
S
1[s,t](u)Xu δ(P,F0,W ;H)Wu. (2.186)

Proof of Lemma 2.36. We start with the "only if" part. Assume that (2.185) holds true.
In order to show, that (2.185) is true, we have to show that there exists a c ∈ [0,∞) such that
for all F ∈ D1,2(P,F0,W ;H) such that ‖F‖L2(P;H) ≤ 1 it holds that

E
[
〈D(P,F0,W ;H)F,1[s,t]X〉L2(λ[S,T ],HS(U,H))

]
< c. (2.187)

Let F ∈ D1,2(P,F0,W ;H) be such that ‖F‖L2(P;H) ≤ 1. Then Lemma 2.16 implies that

F ∈ D(1,2)(P,F[S,s]∪[t,T ],W |[s,t];H). From Lemma 2.16, the defintion of the Skorohod integral
and the Cauchy-Schwarz inequality we get

E
[〈
D(P,F0,W ;H)F,1[s,t]X

〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈
D(P,F0,W ;H)|[s,t]F,X|[s,t]

〉
L2(λ[s,t];H)

]
= E

[〈
D(P,F[S,s]∪[t,T ],W |[s,t];H)F,X|[s,t]

〉
L2(λ[s,t];H)

]
= E

[〈
F, δ(P,F[S,s]∪[t,T ],W |[s,t];H)(X|[s,t])

〉
H

]
≤
∥∥δ(P,F[S,s]∪[t,T ],W |[s,t];H)(X|[s,t])

∥∥
L2(P;H)

<∞.

(2.188)

We conclude that (2.185) holds true.

Now we show the "if" part. Assume, that (2.185) holds true. Let F ∈ D(1,2)(P,F0,W ;H) for
the remainder of the proof. It follows from Lemma 2.16 that F ∈ D(1,2)(P,F[S,s]∪[t,T ],W |[s,t];H).
From Lemma 2.16 and the defintion of the Skorohod integral Definition 2.28 it follows that

E
[〈
D(P,F[S,s]∪[t,T ],W |[s,t];H)F,X|[s,t]

〉
L2(λ[s,t];H)

]
= E

[〈
D(P,F0,W ;H)|[s,t]F,X|[s,t]

〉
L2(λ[s,t];H)

]
= E

[〈
D(P,F0,W ;H)F,1[s,t]X

〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈
F, δ(P,F0,W ;H)(1[s,t]X)

〉
H

]
.

(2.189)

Since span(S(P,F0,W ;H)) ⊆ D(1,2)(P,F0,W ;H) and span(S(P,F0,W ;H)) is dense in L2(P;H)

it follows that D(1,2)(P,F0,W ;H) is dense in D(1,2)(P,F[S,s]∪[t,T ],W |[s,t];H) with respect to the
topology induced by ‖ · ‖L2(P;H). Therefore, we conclude from Lemma 2.26 that (2.184) holds
true and that

δ(P,F[S,s]∪[t,T ],W |[s,t];H)(X|[s,t]) = δ(P,F0,W ;H)(1[s,t]X). (2.190)

The proof of Lemma 2.36 is thus completed.
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The following Lemma is a generalization of Lemma 2.9 in Grorud and Pardoux 1992.

Lemma 2.37. Assume Setting 2.1. Then

span(S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))) ⊆ Domδ(P,F0,W ; HS(U,H)) (2.191)

and for all G ∈ span(S(P,F0,W ;R)), η ∈ L2(λ[S,T ]; HS(U,R)), h ∈ H it holds that

T

∫
S
Gηth δ(P,F0,W ;H)Wt = G

( T
∫
S
ηtdWt

)
h−

( T
∫
S

〈
D̃t(P,F0,W ;R)G, ηt

〉
HS(U,R)

dt
)
h. (2.192)

Proof of Lemma 2.37. Let G ∈ S(P,F0,W ;R), η ∈ L2(λ[S,T ]; HS(U,R)) and h ∈ H. Then
Gηh ∈ span(S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))). The product rule Lemma 2.10 and the integra-
tion by parts formula Lemma 2.11 imply that for all F ∈ span(S(P,F0,W ;H)) it holds that

E
[〈
D̃(P,F0,W ;H)F,Gηh

〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈
G
(
D̃(P,F0,W ;H)F

)
, ηh
〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈(
D̃(P,F0,W ;R)G

)
F, ηh

〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈
GF,

T

∫
S
ηthdWt

〉
H

]
− E

[〈
F, (D̃(P,F0,W ;R)G)ηh

〉
L2(λ[S,T ];HS(U,H))

]
= E

[〈
GF,

T

∫
S
ηthdWt

〉
H

]
− E

[〈
F,

T

∫
S

(D̃t(P,F0,W ;R)G)ηthdt
〉

HS(U,H)

]
= E

[〈
F,
( T
∫
S
ηtdWt

)
Gh−

( T
∫
S

(D̃t(P,F0,W ;R)G)ηtdt
)
h
〉

HS(U,H)

]
.

(2.193)

Therefore, the assertion follows from Lemma 2.31. The proof of Lemma 2.37 is thus completed.

The following is a generalization of Exercise 3.2.8 in Nualart 1995.

Lemma 2.38 (A stochastic analogon of Fubini’s theorem). Assume Setting 2.1, let (E, E , ν) be
a finite measure space, and let
X ∈ Domδ(P,F0,W ;L2(ν;H)). Then

∫
E
Xt(y)d ν(y) ∈ Domδ(P,F0,W ;H), (2.194)

and it holds ν ⊗ P-almost everywhere that

T

∫
S
∫
E
Xt(y)d ν(y) δ(P,F0,W ;H)Wt = ∫

E

(
T

∫
S
Xt δ(P,F0,W ;H)Wt

)
(y)d ν(y). (2.195)

Proof of Lemma 2.38. From X ∈ Domδ(P,F0,W ;L2(ν;H)) it follows that
δ(P,F0,W ;L2(ν;H))(X) ∈ L2(P;L2(ν;H)). This together with ν(E) < ∞ and together with
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Fubini’s theorem implies that ∫E δ(P,F0,W ;L2(ν;H))(X)(y)d ν(y) ∈ L2(P;H) and that
∫E X(y)d ν(y) ∈ L2(P;L2(λ[S,T ]; HS(U,H))). Consequently, Definition 2.28 of the Skorohod in-
tegral and Fubini’s theorem imply that for all F ∈ D(1,2)(P,F0,W ;H) it holds that

E
[〈
D(P,F0,W ;H)F, ∫

E
X(y)d ν(y)

〉
L2(λ[S,T ];HS(U,H))

]
= E

[
∫
E

〈
D(P,F0,W ;H)F,X(y)

〉
L2(λ[S,T ];HS(U,H))

d ν(y)
]

= E
[〈
D(P,F0,W ;L2(ν;H))F,X

〉
L2(λ[S,T ];HS(U,L2(E;H)))

]
= E

[〈
F, δ(P,F0,W ;L2(ν;H))(X)

〉
L2(E;H)

]
= E

[
∫
E

〈
F, δ(P,F0,W ;L2(ν;H))(X)(y)

〉
H
d ν(y)

]
= E

[〈
F, ∫

E
δ(P,F0,W ;L2(ν;H))(X)(y)d ν(y)

〉
H

]
.

(2.196)

Therefore, Lemma 2.31 yields that the stochastic process {∫ Xt(y)d ν(y) : t ∈ [S, T ]} is Skorohod
integrable and that (2.195) holds true. The proof of Lemma 2.38 is thus completed.

2.3 Derivative of an adapted process

The following lemma follows from Lemma 2.6 in León and Nualart 1998.

Lemma 2.39. Assume Setting 2.1, let s ∈ [S, T ], r ∈ [S, s], let F[S,r]∪[s,T ] ⊆ A be the σ-algebra
with the property that

F[S,r]∪[s,T ] = σ
(
{Wt −WS : t ∈ [S, r]} ∪ {Wt −Ws : t ∈ [s, T ]} ∪ F0 ∪N

)
, (2.197)

and let F ∈ D(1,2)(P,F0,W ;H) be F[S,r]∪[s,T ]/BH -measurable. Then it holds λ[S,T ] ⊗ P-almost
everywhere that

D(P,F0,W ;H)(1(r,s)F ) = 0. (2.198)

Proof of Lemma 2.39. In the first step, let F̃ ∈ S(P,F0,W ;H). As F̃ is F[S,r]∪[s,T ]/BH -
measurable, it follows that there are with the property that n ∈ N,
φ1, . . . , φn ∈ L2(λ[S,T ]; HS(U,R)), f ∈ C∞,σ(F0∪N )

b (Rn×Ω,R), h ∈ H such that it holds P-almost
surely that

F = f
( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
h (2.199)

such that for all i ∈ {1, . . . , n} it holds λ[S,T ]-almost everywhere that φi1(r,s) = 0. It follows
from the product rule Corollary 2.14 and and from the fact, that the Malliavin derivative of a
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deterministic function vanishes, that it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H)(1(r,s)F̃ ) = 1(r,s)D(P,F0,W ;H)F̃

= 1(r,s)

n∑
i=1

∂f

∂xi

( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)
φih

=

n∑
i=1

∂f

∂xi

( T
∫
S
φ1(s)dWs, . . . ,

T

∫
S
φn(s)dWs

)(
1(r,s)φi

)
h

= g′
( T
∫
S
φ(s)dWs

)
φ(1(r,s)h) = 0.

(2.200)

In the second step, let F̃ ∈ D(1,2)(P,F0,W ;H). Then there exists a sequence (F̃n)n∈N in
span

(
S(P,F0,W ;H)

)
such that ‖F̃ − F̃n‖D(1,2)(P,F0,W ;H) → 0 as n → ∞. Therefore, the first

step together with linearity implies that for all n ∈ N it holds that∥∥D(P,F0,W ;H)F̃1(r,s)

∥∥
L2(P|σ(F0∪σ(W )∪N);L2(λ[S,T ];HS(U,H)))

=
∥∥D(P,F0,W ;H)F̃1(r,s)

−D(P,F0,W ;H)F̃n1(r,s)

∥∥
L2(P|σ(F0∪σ(W )∪N);L2(λ[S,T ];HS(U,H)))

≤
∥∥D(P,F0,W ;H)F̃ −D(P,F0,W ;H)F̃n

∥∥
L2(P|σ(F0∪σ(W )∪N);L2(λ[S,T ];HS(U,H)))

=
∥∥F̃ − F̃n∥∥D(1,2)(P,F0,W ;H)

.

(2.201)

The right-hand side converges to 0 as n→∞. The proof of Lemma 2.39 is thus completed.

2.4 Skorohod integral generalizes the Itô integral for L2-

integrands

It is well-known that the classical Skorohod-Integral generalizes the Itô-integral restricted to
square-integrable integrands which are adapted to the Brownian filtration. The following result,
Proposition 2.40, generalizes this.

Proposition 2.40. Assume Setting 2.1, let s, t ∈ [S, T ] satisfy s < t, let F = (Fr)r∈[s,t] be the
filtration with the property that for all r ∈ [s, t] it holds that

Fr = σ(Wu −Ws : u ∈ [s, r]) ∨ σ(Wu : u ∈ [S, s]) ∨ σ(Wu −Wt : u ∈ [t, T ]) ∨ F0, (2.202)

and let X ∈ L2(P;L2(λ[S,T ]; HS(U,H))) satisfy that X|[s,t] is F-adapted. Then X|[s,t] is
(P, σ(Wu : u ∈ [S, s])∨σ({Wr −Wt : r ∈ [t, T ]})∨F0,W |[s,t];H)-Skorohod integrable and it holds
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P-almost surely that

t

∫
s
Xrδ(P, σ(Wu : u ∈ [S, s]) ∨ σ({Wr −Wt : r ∈ [t, T ]}) ∨ F0,W |[s,t] −Ws;H)Wr =

t

∫
s
XrdWr.

(2.203)

Proof of Proposition 2.40. For the first step of the proof, let r1, r2 ∈ [s, t] with the property
that r1 < r2, let G ∈ M(σ(σ({Wu − Ws : u ∈ [s, r1]}) ∪ F0 ∪ N ),BR), h ∈ HS(U,H), and
let Y ∈ S(P,G,W ;L2(λ[s,t]; HS(U,H))) be such that it holds λ[s,t] ⊗ P-almost everywhere that
Y = G1(r1,r2]h. Therefore, Lemma 2.37 implies that it holds P-almost surely that

t

∫
s
Yuδ(P, σ(σ({Wu −Ws : u ∈ [s, r1]}) ∪ F0),W ;H)Wu

= G
( t

∫
s
1(r1,r2](u)dWu

)
h−

( t

∫
s
〈Du(P,F0,W ;R)G,1(r1,r2](u)〉HS(U,R)du

)
h

= G
( r2
∫
r1

1(r1,r2](u)dWu

)
h

=
t

∫
s
YudWu.

(2.204)

Linearity implies that (2.203) holds for all elementary (Ft)t∈[s,t]-adapted stochastic processes.
Moreover, every square integrable (Ft)t∈[s,t]-predictable process is the L2(λ[s,t] ⊗ P; HS(U,H))-
limit of a sequence of elementary (Ft)t∈[s,t]-predictable stochastic processes. The fact that
both the Skorohod integral and the Itô integral are closed linear operators together with equa-
tion (2.204) implies that X|[s,t] is (P, σ(Wu : u ∈ [S, s])∨ σ({Wr −Wt : r ∈ [t, T ]})∨F0,W |[s,t]−
Ws;H)-Skorohod integrable and that equation (2.203) holds true P-almost surely. The proof of
Lemma 2.40 is thus completed.

2.5 Multiplication with a random variable

The following is a generalization of Display (1.49) in Nualart 1995.

Lemma 2.41. Assume Setting 2.1, let (ui)i∈N be a Hilbert space base of U , let H1 be a
separable real Hilbert space with scalar product 〈·, ·〉H1

, let X ∈ Domδ(P,F0,W ;H), and let
G ∈ D(1,2)(P,F0,W ; HS(H,H1)). Then GX ∈ Domδ(P,F0,W ;H1) and it holds that

G
T

∫
S
Xt δ(P,F0,W ;H)Wt

=
T

∫
S
GXtδ(P,F0,W ;H1)Wt +

T

∫
S

∞∑
i=1

(
Dt(P,F0,W ; HS(U,H1))G

)
(ui)

(
Xt(ui)

)
dt.

(2.205)

Proof of Lemma 2.41. For the first part of the proof, assume that
G ∈ S(P,F0,W ; HS(H,H1)). For the rest of the proof, let G0 ∈ S(P,F0,W ;R) and φ ∈
HS(H,H1) be such that holds P-almost surely that G = G0φ, let φ∗ ∈ HS(H1, H) be the adjoint
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operator of φ, and let G∗ ∈ S(P,F0,W ; HS(H1, H)) have the property that it holds P-almost
surely that G∗ = G0φ

∗. It follows that for all x ∈ H1, y ∈ H it holds P-almost surely that

〈x,G(y)〉H1
= G0〈x, φ(y)〉H1

= G0〈φ∗(x), y〉H = 〈G∗(x), y〉H . (2.206)

From Fubini’s Theorem, equation (2.206), and the product rule Corollary 2.14 it follows that for
all F ∈ S(P,F0,W ;H1) it holds that

E
[〈
D(P,F0,W ;H1)F,GX

〉
L2(λ[S,T ];HS(U,H1))

]
=

T

∫
S
E
[〈
Dt(P,F0,W ;H1)F,GXt

〉
HS(U,H1)

]
dt

=
T

∫
S
E
[〈
G∗Dt(P,F0,W ;H1)F,Xt

〉
HS(U,H)

]
dt

=
T

∫
S
E
[〈
Dt(P,F0,W ;H)(G∗F )− (Dt(P,F0,W ;H1)G∗)F,Xt

〉
HS(U,H)

]
dt

= E
[〈
D(P,F0,W ;H)(G∗F ), X

〉
L2(λ[S,T ];HS(U,H))

]
(2.207)

−
∞∑
i=1

T

∫
S
E
[〈

(Dt(P,F0,W ;H1)G∗)(ui)F,Xt(ui)
〉
H

]
dt

= E
[〈
G∗F,

T

∫
S
Xt δ(P,F0,W ;H)Wt

〉
H

]
−
∞∑
i=1

E
[ T
∫
S

〈
F, (Dt(P,F0,W ;H1)G)(ui)(Xt(ui))

〉
H1
dt
]

= E
[〈
F,G

T

∫
S
Xt δ(P,F0,W ;H)Wt −

T

∫
S

∞∑
i=1

(Dt(P,F0,W ;H1)G)(ui)(Xt(ui))dt)
〉
H1

]
.

Thus, Lemma 2.31 implies that

GX ∈ Domδ(P,F0,W ;H1)(L2(λ[S,T ]; HS(U,H1))) (2.208)

and that it holds P-almost surely that

G
T

∫
S
Xt δ(P,F0,W ;H)Wt =

T

∫
S
GXtδ(P,F0,W ;H1)Wt−

T

∫
S

∞∑
i=1

(Dt(P,F0,W ;H1)G)(ui)(Xt(ui))dt).

(2.209)
For the second part of the proof, we observe, that by linearity, (2.208) and equation (2.209)
hold true for all G ∈ span

(
S(HS(H,H1))

)
, n ∈ N. From Lemma 2.12 we conclude that (2.208)

and equation (2.209) holds true for allG ∈ D(1,2)(P,F0,W ; HS(H,H1)). The proof of Lemma 2.41
is thus completed.
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2.6 Derivative of an elementary Skorohod integral

Lemma 2.42. Assume Setting 2.1. Then

span
(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
⊆ Domδ(P,F0,W ;H) (2.210)

and for all X ∈ span
(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
it holds that ∫TS Xs δ(P,F0,W ;H)Ws ∈

D(1,2)(P,F0,W ;H) and it holds λ[S,T ] ⊗ P-almost everywhere that

D(P,F0,W ;H)
( T
∫
S
Xs δ(P,F0,W ;H)Ws

)
= X +

T

∫
S
D
(
P,F0,W ;L2(λ[S,T ]; HS(U,H))

)
Xs δ(P,F0,W ;H)Ws.

(2.211)

Proof of Lemma 2.42. It follows from Lemma 2.41, the product rule Corollary 2.14, Lemma 2.41,
the commutativity relation Lemma 2.17, and Lemma 2.41 again that for all G ∈ S(P,F0,W ;R),
h ∈ H, and all η ∈ L2(λ[S,T ]; HS(U,R)) it holds P-almost surely that

D(P,F0,W ;H)
( T
∫
S
Gηth δ(P,F0,W ;H)Wt

)
= D(P,F0,W ;H)

(
G
T

∫
S
ηtδ(P,F0,W ;R)Wth+

T

∫
S

∞∑
i=1

(
Dt(P,F0,W ; HS(U,R))G

)
(ui)

(
ηt(ui)h

)
dt
)

= GD(P,F0,W ;R)
( T
∫
S
ηtδ(P,F0,W ;R)Wt

)
h+D(P,F0,W ;R)(G)

( T
∫
S
ηtδ(P,F0,W ;R)Wt

)
h

+D(P,F0,W ;R)
( T
∫
S

∞∑
i=1

(
Dt(P,F0,W ; HS(U,R))G

)
(ui)

(
ηt(ui)

)
dt
)
h

= Gηh+D(P,F0,W ;R)(G)
( T
∫
S
ηtδ(P,F0,W ;R)Wt

)
h (2.212)

−
T

∫
S

∞∑
i=1

(
D(P,F0,W ;R)

(
Dt(P,F0,W ;R)G

))
(ei)hηr(ei)dt

= Gηh+D(P,F0,W ;R)(G)
( T
∫
S
ηtδ(P,F0,W ;R)Wt

)
h

−
T

∫
S

∞∑
i=1

(
Dt(P,F0,W ;R)

(
D(P,F0,W ;R)G

))
(ei)hηr(ei)dt

= Gηh+
T

∫
S
D(P,F0,W ;H)Gηth δ(P,F0,W ;H)Wt.

Linearity of the Malliavin derivative and of the Skorohod integral implies that for all
X ∈ span

(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
, equation (2.211) holds true.

The proof of Lemma 2.42 is thus completed.
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2.7 Analogon of the Itô isometry

The following analogon of the Itô isometry is a generalization of (1.48) in Nualart 1995.

Lemma 2.43. Assume Setting 2.1. Then

D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) ⊆ Domδ(P,F0,W ;H), (2.213)

for all X,Y ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) it holds that

‖δ(P,F0,W ;H)(X)‖2L2(P;H) ≤ ‖X‖
2
D(1,2)(P,F0,W ;L2(λ[S,T ];HS(U,H))), (2.214)

and for all X,Y ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) it holds that

〈
δ(P,F0,W ;H)(X), δ(P,F0,W ;H)(Y )

〉
L2(P;H)

(2.215)

=
T

∫
S
E
[
〈Xt, Yt〉HS(U,H)

]
dt+

T

∫
S

T

∫
S
E
[
〈Dt(P,F0,W ;H)(Xs),Ds(P,F0,W ;H)(Yt)〉HS(U,HS(U,H))

]
dsdt.

Proof of Lemma 2.43. The definition of the Skorohod integral and Lemma 2.42 imply that for
all X,Y ∈ span

(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
it holds that

δ(P,F0,W ;H)(X), δ(P,F0,W ;H)(Y ) ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) (2.216)

and〈
δ(P,F0,W ;H)(X), δ(P,F0,W ;H)(Y )

〉
L2(P;H)

= E
[〈
D(P,F0,W ;H) (δ(P,F0,W ;H)(X)) , Y

〉
L2(λ[S,T ];HS(U,H))

]
= E

[ T
∫
S
〈Dt(P,F0,W ;H) (δ(P,F0,W ;H)(X)) , Yt〉HS(U,H)dt

]
= E

[ T
∫
S
〈Xt +

T

∫
S
Dt(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Xs δ(P,F0,W ;H)Ws, Yt〉HS(U,H)dt

]
=

T

∫
S
E
[
〈Xt, Yt〉HS(U,H)

]
dt

+
T

∫
S
E
[
〈
T

∫
S
Dt(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Xs δ(P,F0,W ;H)Ws, Yt〉HS(U,H)

]
dt

=
T

∫
S
E
[
〈Xt, Yt〉HS(U,H)

]
dt

+
T

∫
S

T

∫
S
E
[
〈Dt(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Xs,

Ds(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Yt〉HS(U,HS(U,H))

]
dsdt.

(2.217)

From inequality (2.217) and the Cauchy-Schwarz inequality it follows that for all
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X ∈ span
(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
it holds that

‖δ(P,F0,W ;H)(X)‖2L2(P;H)

= E
[ T
∫
S
‖Xt‖2HS(U,H)dt

]
+
T

∫
S

T

∫
S
E
[
〈Dt(P,F0,W ;H)(Xs),Ds(P,F0,W ;H)(Xt)〉HS(U,HS(U,H))

]
dsdt

≤ E
[
‖X‖2L2(λ[S,T ];HS(U,H))

]
(2.218)

+
T

∫
S

T

∫
S
E
[

1
2‖Dt(P,F0,W ;H)(Xs)‖2HS(U,HS(U,H)) + 1

2‖Ds(P,F0,W ;H)(Xt)‖2HS(U,HS(U,H))

]
dsdt

= ‖X‖2L2(P;L2(λ[S,T ];HS(U,H))) +
T

∫
S

T

∫
S
E
[
‖Dt(P,F0,W ;H)(Xs)‖2HS(U,HS(U,H))

]
dsdt

= ‖X‖2D(1,2)(P,F0,W ;H).

For the rest of the proof let X,Y ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))). Let (X(n))n∈N and
(Y (n))n∈N be sequences in span

(
S(P,F0,W ;L2(λ[S,T ]; HS(U,H)))

)
which converge to X and Y

in D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H)))
)
, respectively. It follows that the sequences (X(n))n∈N

and (Y (n))n∈N also converge to X and Y , respectively, in the topology of L2(P|σ(F0∪σ(W )∪N );H)

as n→∞. Moreover, it follows that
supn∈N ‖δ(P,F0,W ;H)(Xn)‖L2(P|σ(F0∪σ(W )∪N);H) <∞ and
supn∈N ‖δ(P,F0,W ;H)(Yn)‖L2(P|σ(F0∪σ(W )∪N);H) < ∞ hold true. Together with Lemma 2.35
we conclude that X,Y ∈ Domδ(P,F0,W ;H) and that the sequences (δ(P,F0,W ;H)(Xn))n∈N

and (δ(P,F0,W ;H)(Yn))n∈N converge to (δ(P,F0,W ;H)(X))n∈N and (δ(P,F0,W ;H)(Y ))n∈N,
respectively, in the weak topology of L2(P|σ(F0∪σ(W )∪N );H), as n → ∞. Together with equa-
tion (2.217) we infer that

〈
δ(P,F0,W ;H)(X), δ(P,F0,W ;H)(Y )

〉
L2(P;H)

= lim
n→∞

E
[
〈δ(P,F0,W ;H)(X(n)), δ(P,F0,W ;H)(Y )〉H

]
= lim
n→∞

lim
m→∞

E
[
〈δ(P,F0,W ;H)(X(n)), δ(P,F0,W ;H)(Y (m))〉H

]
(2.219)

= lim
n→∞

lim
m→∞

( T
∫
S
E
[
〈X(n)

t , Y
(m)
t 〉HS(U,H)

]
dt+

T

∫
S

T

∫
S
E
[
〈Dt(P,F0,W ;L2(λ[S,T ]; HS(U,H)))X(n)

s ,

Ds(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Y
(m)
t 〉HS(U,H)

]
dsdt

)
=

T

∫
S
E
[
〈Xt, Yt〉HS(U,H)

]
dt+

T

∫
S

T

∫
S
E
[
〈Dt(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Xs,

Ds(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Yt〉HS(U,H)

]
dsdt.

The proof of Lemma 2.43 is thus completed.
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2.8 The Skorohod integral for differentiable processes is closed
under strong L2-limits

Lemma 2.44. Assume Setting 2.1, let X ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))), let (X(n))n∈N

be a sequence in D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))), with the property that X(n) converges
to X in D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) as n→∞.
Then X ∈ Domδ(P,F0,W ;L2(λ[S,T ]; HS(U,H))) and δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X(n))

converges to δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X) in L2(P|σ(F0∪σ(W )∪N );H) as n→∞.

Proof of Lemma 2.44. This follows immediately from inequality (2.214) in Lemma 2.43.

2.9 Derivative of a Skorohod integral

The following lemma is a generalization of Proposition 3.4 in Grorud and Pardoux 1992.

Lemma 2.45. Assume Setting 2.1. For all X ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) it holds
that

δ(P,F0,W ;H)(X) ∈ D(1,2)(P,F0,W ;H) (2.220)

if and only if

D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X) ∈ Domδ(P,F0,W ;L2(λ[S,T ]; HS(U,H))) (2.221)

and for all X ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) with the property that
δ(P,F0,W ;H)(X) ∈ D(1,2)(P,F0,W ;H) it holds P-almost surely that

D(P,F0,W ;H)
(
δ(P,F0,W ;H)(X)

)
= X + δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Xs).

(2.222)

Proof of Lemma 2.45. For the only if -part, let X ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) be
such that δ(P,F0,W ;H)(X) ∈ D(1,2)(P,F0,W ;H). We conclude that

D(P,F0,W ;H)(δ(P,F0,W ;H)(X))−X ∈ L2(P;L2(λ[S,T ]; HS(U,H))) (2.223)

and

D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X) ∈ L2(P;L2(λ[S,T ]; HS(U,L2(λ[S,T ]; HS(U,H))))). (2.224)

From Lemma 2.43 and the definition of the Skorohod integral it follows that for all
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F ∈ S(P,F0,W ;L2(λ[S,T ]; HS(U,H))) we have〈
D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(F ),

D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X)
〉
L2(P;L2(λ[S,T ];HS(U,L2(λ[S,T ];HS(U,H)))))

=
T

∫
S

T

∫
S
E
[
〈Ds(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(Ft), (2.225)

Dt(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(Xs)〉HS(U,HS(U,H))

]
dsdt

= E
[〈
δ(P,F0,W ;H)(F ), δ(P,F0,W ;H)(X)

〉
H

]
−
T

∫
S
E[〈Ft, Xt〉HS(U,H)]dt

= E
[
〈F,D(P,F0,W ;H)

(
δ(P,F0,W ;H)(X)

)
〉L2(λ[S,T ];HS(U,H))

]
−
T

∫
S
E[〈Ft, Xt〉HS(U,H)]dt

= E
[〈
F,D(P,F0,W ;H)

(
δ(P,F0,W ;H)(X)

)
−X

〉
L2(λ[S,T ];HS(U,H))

]
.

Therefore, Lemma 2.31 implies that

D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X) ∈ Domδ(P,F0,W ;L2(λ[S,T ]; HS(U,H))) (2.226)

and that it holds P-almost surely that

D(P,F0,W ;H)
(
δ(P,F0,W ;H)(X)

)
= X + δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Xs).

(2.227)

For the if -part let X ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))) with the property that

D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X) ∈ Domδ(P,F0,W ;L2(λ[S,T ]; HS(U,H))). (2.228)

From Lemma 2.43 and the definition of the Skorohod integral it follows that for all
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Y ∈ S(P,F0,W ;L2(λ[S,T ]; HS(U,H))) it holds that

E
[〈
δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X), δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(Y )

〉
H

]
=

T

∫
S
E[〈Xt, Yt〉HS(U,H)]dt

+
T

∫
S

T

∫
S
E
[〈
Ds(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(Xt),

Dt(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(Ys)
〉
L2(λ[S,T ];HS(U,HS(U,H))

]
dt (2.229)

=
T

∫
S
E[〈Xt, Yt〉HS(U,H)]dt

+
〈
D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))X,

D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))Y
〉
L2(P;L2(λ[S,T ];HS(U,L2(λ[S,T ];HS(U,H)))))

= 〈X,Y 〉L2(λ[S,T ];HS(U,H))

+
〈
δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))X), Y

〉
L2(λ[S,T ];HS(U,H))

=
〈
X + δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))X),

Y
〉
L2(λ[S,T ];HS(U,H))

.

Lemma 2.32 and the facts that δ(P,F0,W ;H)(X) ∈ L2(P;H) and that

X + δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(D(P,F0,W ;L2(λ[S,T ]; HS(U,H)))X)

∈ L2(P;L2(λ[S,T ]; HS(U,H)))
(2.230)

imply that it holds that

δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X) ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))). (2.231)

Thus the if-part of the above assertion implies that
δ(P,F0,W ;L2(λ[S,T ]; HS(U,H)))(X) ∈ D(1,2)(P,F0,W ;L2(λ[S,T ]; HS(U,H))). The proof of
Lemma 2.45 is thus completed.
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Chapter 3

Perturbation of SDEs

We are now equipped with the prerequisites to focus on the main problem of the thesis: How
can we estimate the L2-distance of an Itô process and a stochastic flow? On this behalf, we
introduce two formulas: The first formula, the deterministic Itô-Alekseev-Gröbner formula which
generalizes the Alekseev-Gröbner Theorem 1.1 from the introduction allows us to express the
difference of a pathwise defined stochastic flow and a pathwise defined stochastic process with
continuously differentiably paths.
The second formula, which is the main result of this thesis, is a non-deterministic, non-pathwise
generalization of the Itô- and the Alekseev-Gröbner-formula and allows us to express the differ-
ence of a general stochastic flow which is twice continuously differentiable in the starting point
and a general Lp-Itô process.
Finally, we demonstrate how the Itô-Alekseev-Gröbner formula can be applied to prove strong
L2-convergence rates of approximation schemes of SDEs using the example of the stochastic
van-der-Pol oscillator.
Section 3.1 and Section 3.2 are the result of joint work with Martin Hutzenthaler, Arnulf Jentzen
and Sara Mazzonetto which is available online as arXiv preprint Hudde, Hutzenthaler, Jentzen,
and Mazzonetto 2018.

3.1 The deterministic Itô-Alekseev-Gröbner formula

The following proposition, Proposition 3.1, generalizes the Alekseev-Gröbner formula (cf., e.g.,
Hairer, Nørsett, and Wanner 1993, Theorem I.14.5) (which is the special case k = d, f = IdRd
of Proposition 3.1) to general test functions.

Proposition 3.1 (Deterministic Itô-Alekseev-Gröbner formula). Let d, k ∈ N, T ∈ (0,∞),
let O ⊆ Rd be a non-empty open set, let µ ∈ C0([0, T ] × O,Rd), Y ∈ C1([0, T ], O), X(·)

·,· =

(Xx
s,t)s∈[0,T ],t∈[s,T ],x∈O ∈ C0(∆T × O,O), f ∈ C1(O,Rk), assume for all s ∈ [0, T ] that (O 3

x 7→ µ(s, x) ∈ Rd) ∈ C1(O,Rd), assume that ([0, T ] × O 3 (s, x) 7→ ( ∂
∂xµ)(s, x) ∈ L(Rd,Rd)) ∈

71
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C0([0, T ] × O,L(Rd,Rd)), and assume for all s ∈ [0, T ], t ∈ [s, T ], x ∈ O that Xx
s,t = x +∫ t

s
µ(r,Xx

s,r) dr. Then

f(XY0

0,T )− f(YT ) =

∫ T

0

f ′(XYs
s,T ) ∂

∂xX
Ys
s,T

(
µ(s, Ys)− d

dsYs

)
ds. (3.1)

Proof of Proposition 3.1. The assumptions and the fundamental theorem of calculus imply for all
s ∈ [0, T ), t ∈ [s, T ], x ∈ O that ([s, T ] 3 u 7→ Xx

s,u ∈ O) ∈ C1(O,O) and that ∂
∂tX

x
s,t = µ(t,Xx

s,t).
This, the assumptions, and Hairer, Nørsett, and Wanner 1993, Theorem I.14.3) prove that for
all s ∈ [0, T ], t ∈ [s, T ] it holds that (O 3 x 7→ Xx

s,t ∈ O) ∈ C1(O,O) and that ∂
∂xX

·
·,· ∈

C0(∆T × O,L(Rd,Rd)). Moreover, the assumptions, and Hairer, Nørsett, and Wanner 1993,
Theorem I.14.4) show that for all x ∈ O it holds that ([0, T ] 3 s 7→ Xx

s,T ∈ O) ∈ C1([0, T ], O),
that ∂

∂sX
·
·,T ∈ C0([0, T ]×O,Rd), and that for all s ∈ [0, T ], x ∈ O it holds that

∂
∂sX

x
s,T = − ∂

∂xX
x
s,Tµ(s, x). (3.2)

Therefore, the chain rule implies that ([0, T ] 3 s 7→ XYs
s,T ∈ O ∈ C1([0, T ], O). Moreover, the

fundamental theorem of calculus, the chain rule, and (3.2) yield that

f(XY0

0,T )− f(YT ) = −
∫ T

0

d
ds

(
f
(
XYs
s,T

))
ds

= −
∫ T

0

f ′(XYs
s,T )

((
∂
∂sX

x
s,T

)∣∣∣
x=Ys

+ ∂
∂xX

Ys
s,T

d
dsYs

)
ds

= −
∫ T

0

f ′(XYs
s,T )

(
− ∂

∂xX
Ys
s,Tµ(s, Ys) + ∂

∂xX
Ys
s,T

d
dsYs

)
ds

=

∫ T

0

f ′(XYs
s,T ) ∂

∂xX
Ys
s,T

(
µ(s, Ys)− d

dsYs

)
ds.

(3.3)

The proof of Proposition 3.1 is thus completed.

3.2 The Itô-Alekseev-Gröbner formula

Setting 3.2. Let d,m ∈ N, T ∈ (0,∞), p ∈ (4,∞), let (Ω,F ,P) be a probability space, let
W : [0, T ] × Ω → Rm be a standard Brownian motion with continuous sample paths on the
probability space (Ω,F ,P), let N = {A ∈ F : P(A) = 0} denote the P-null sets, let F = (Ft)t∈[0,T ]

be a filtration on (Ω,F) which satisfies that F0 and σ(Ws : s ∈ [0, T ]) are independent and which
satisfies for all t ∈ [0, T ] that Ft = σ(F0∪σ(Ws : s ∈ [0, t])∪N ), let O ⊆ Rd be a non-empty open
set, let µ : [0, T ]×O → Rd, σ : [0, T ]×O → HS(Rm,Rd) be continuous mappings, let X ··,·(·) : ∆T×
O × Ω → O, X1,·

·,· (·) : ∆T × O × Ω → L(Rd,Rd), and X2,·
·,· (·) : ∆T × O × Ω → L(2)(Rd,Rd) be

continuous random fields such that for all s ∈ [0, T ], ω ∈ Ω the mapping O 3 x 7→ Xx
s,T (ω) ∈ O is

in C2(O,O), such that for all s ∈ [0, T ], x ∈ O the stochastic process [s, T ]×Ω 3 (t, ω) 7→ Xx
s,t ∈ O
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is (σ(N ∪ σ(Wr −Ws : r ∈ [s, t])))t∈[s,T ]-adapted and for all t ∈ [s, T ] it holds P-almost surely
that

Xx
s,t = x+

t

∫
s
µ(r,Xx

s,r)dr +
t

∫
s
σ(r,Xx

s,r)dWr, (3.4)

such that for all (s, t) ∈ ∆T , x ∈ O it holds P-almost surely that X
Xxs,t
t,T = Xx

s,T , and such that for
all (s, t, x, ω) ∈ ∆T × O × Ω it holds that X1,x

s,t (ω) = ∂
∂x

(
Xx
s,t(ω)

)
and X2,x

s,t (ω) = ∂2

∂x2

(
Xx
s,t(ω)

)
,

and let Y ∈ Lp(λ[0,T ]⊗P;O), A ∈ Lp(λ[0,T ]⊗P;Rd), B ∈ Lp(λ[0,T ]⊗P; HS(Rm,Rd)) be stochas-
tic processes such that Y has continuous sample paths, such that Y and B are F-progressively
measurable and such that for all t ∈ [0, T ] it holds P-almost surely that

Yt = Y0 +
t

∫
0
Asds+

t

∫
0
BsdWs. (3.5)

Theorem 3.3 (The Itô-Alekseev-Gröbner formula). Assume Setting 3.2, let q ∈ [0, p2 − 2),
assume that

sup
h∈T/N

E
[
T

∫
0

∥∥∥µ(t,XYbtch
btch,t

)∥∥∥p
Rd

+
∥∥∥σ(t,XYbtch

btch,t

)∥∥∥p
HS(Rm,Rd)

dt

]
<∞ (3.6)

and

sup
r,s,t∈[0,T ]
r≤s≤t

E
[∥∥∥XXYrr,s

t,T

∥∥∥p
Rd

+
∥∥∥X1,XYrr,s

t,T

∥∥∥ 4p
p−2(q+2)

L(Rd,Rd)
+
∥∥∥X2,XYrr,s

t,T

∥∥∥ 2p
p−2(q+2)

L(2)(Rd,Rd)

]
<∞, (3.7)

let k ∈ N, c0 ∈ [0,∞), and let f ∈ C2(O,Rk) satisfy that for all x ∈ O it holds that

max
{
‖f(x)‖Rk
1+‖x‖Rd

, ‖f ′(x)‖L(Rd,Rk), ‖f ′′(x)‖L(2)(Rd,Rk)

}
≤ c0(1 + ‖x‖qRd). (3.8)

Then the stochastic process
(
f ′
(
XYr
r,T

)
X1,Yr
r,T (σ(r, Yr) − Br)

)
r∈[0,T ]

is (P,F0,W ;Rk)-Skorohod-
integrable and it holds P-almost surely that

f
(
XY0

0,T

)
− f(YT )

=
T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T

(
µ(r, Yr)−Ar

)
dr +

T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T

(
σ(r, Yr)−Br

)
δ(P,F0,W ;Rk)Wr

+ 1
2

d∑
l,j=1

T

∫
0

(
σ(r, Yr)σ(r, Yr)

> −BrB>r
)
l,j

(3.9)

·
(
f ′′
(
XYr
r,T

)(
X1,Yr
r,T , X1,Yr

r,T

)
+ f ′

(
XYr
r,T

)
X2,Yr
r,T

)(
e

(d)
l , e

(d)
j

)
dr.

Proof of Theorem 3.3. The fact that for all ω ∈ Ω the mapping O 3 x 7→ Xx
T,T (ω) ∈ O is

continuous and equation (3.4) imply that it holds P-almost surely that XYT
T,T = YT . Moreover,

we rewrite the left-hand side of equation (3.9) as telescoping sum and obtain that for all n ∈ N,
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h ∈ {Tn } it holds P-almost surely that

f
(
XY0

0,T

)
− f

(
YT
)

= f
(
XY0h

0h,T

)
− f

(
XYnh
nh,T

)
=

n−1∑
i=0

(
f
(
XYih
ih,T

)
− f

(
X
Y(i+1)h

(i+1)h,T

))
(3.10)

=

n−1∑
i=0

(
f
(
XYih
ih,T

)
− f

(
XYih

(i+1)h,T

))
−
n−1∑
i=0

(
f
(
X
Y(i+1)h

(i+1)h,T

)
− f

(
XYih

(i+1)h,T

))
.

First, we analyze the second sum on the right-hand side of equation (3.10). For all t ∈
[0, T ], x ∈ O, i ∈ {1, 2} the mappings Ω 3 ω 7→ Xx

t,T (ω) ∈ O, Ω 3 ω 7→ Xi,x
t,T (ω) ∈ L(i)(Rd,Rd)

are σ(N ∪ σ(Ws −Wt : s ∈ [t, T ]))-measurable. This together with the fact that for all ω ∈ Ω,
t ∈ [0, T ] it holds that

(
O 3 x 7→ f(Xx

t,T (ω)) ∈ Rk
)
∈ C2(O,Rk) implies that for all t ∈ [0, T ] the

mapping Ω 3 ω 7→
(
O 3 x 7→ f(Xx

t,T (ω)) ∈ Rk
)
∈ C2(O,Rk) is independent of the σ-algebra Ft.

Itô’s formula for independent random fields (e.g., Theorem 25.30 and Remark 25.26 in Klenke
2008) (applied with the mappings Ω 3 ω 7→

(
O 3 x 7→ f(Xx

(i+1)h,T (ω)) ∈ Rk
)
∈ C2(O,Rk) for

n ∈ N, i ∈ {0, 1, . . . , n− 1}, h ∈ {Tn }) yields that for all n ∈ N, i ∈ {0, 1, . . . , n− 1}, h ∈ {Tn } it
holds P-almost surely that

f
(
X
Y(i+1)h

(i+1)h,T

)
− f

(
XYih

(i+1)h,T

)
=

(i+1)h

∫
ih

∂
∂x

(
f(Xx

(i+1)h,T )
)∣∣
x=Yr

dYr + 1
2

d∑
l,j=1

(i+1)h

∫
ih

∂2

∂x2

(
f(Xx

(i+1)h,T )
)∣∣
x=Yr

(e
(d)
l , e

(d)
j )d (〈Y 〉r)l,j

=
(i+1)h

∫
ih

f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TArdr +
(i+1)h

∫
ih

f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBrdWr (3.11)

+ 1
2

d∑
l,j=1

(i+1)h

∫
ih

(
BrB

>
r

)
l,j

·
(
f ′′
(
XYr

(i+1)h,T

)(
X1,Yr

(i+1)h,T , X
1,Yr
(i+1)h,T

)
+ f ′

(
XYr

(i+1)h,T

)
X2,Yr

(i+1)h,T

)
(e

(d)
l , e

(d)
j )dr.

Inequalities (3.8) and (3.7) imply for all i ∈ {1, 2} that

sup
r,s,t∈[0,T ]
r≤s≤t

∥∥∥f (i)
(
X
XYrr,s
t,T

)∥∥∥
L
p
q (P;L(i)(Rd,Rk))

≤ c0 sup
r,s,t∈[0,T ]
r≤s≤t

∥∥∥1 +
∥∥∥XXYrr,s

t,T

∥∥∥q
Rd

∥∥∥
L
p
q (P;R)

≤ c0

(
1 + sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥XXYrr,s
t,T

∥∥∥q
Lp(P;Rd)

)
<∞.

(3.12)

Hölder’s inequality, inequalities (3.7), (3.12), and the assumption B ∈ Lp(λ[0,T ]⊗P; HS(Rm,Rd))
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imply that for all n ∈ N, i ∈ {0, 1, . . . , n− 1}, h ∈ {Tn } it holds that∥∥∥f ′(XY·
(i+1)h,T

)
X1,Y·

(i+1)h,TB·

∥∥∥
L2(P;L2(λ[ih,(i+1)h];HS(Rm,Rk)))

≤
∥∥∥f ′(XY·

d·eh,T
)
X1,Y·
d·eh,TB·

∥∥∥
L2(λ[0,T ]⊗P;HS(Rm,Rk))

≤
∥∥∥∥∥f ′(XY·

d·eh,T
)∥∥
L(Rd,Rk)

∥∥X1,Y·
d·eh,T

∥∥
L(Rd,Rd)

‖B·‖HS(Rm,Rd)

∥∥∥
L2(λ[0,T ]⊗P;R)

(3.13)

≤
∥∥f ′(XY·

d·eh,T
)∥∥
L
p
q (λ[0,T ]⊗P;L(Rd,Rk))

∥∥X1,Y·
d·eh,T

∥∥
L

2p
p−2(q+1) (λ[0,T ]⊗P;L(Rd,Rd))

‖B‖Lp(λ[0,T ]⊗P;HS(Rm,Rd))

≤ T
p−2
2p

(
sup

(r,s)∈∆T

∥∥f ′(XYr
s,T

)∥∥
L
p
q (P;L(Rd,Rk))

)(
sup

(r,s)∈∆T

∥∥X1,Yr
s,T

∥∥
L

2p
p−2(q+1) (P;L(Rd,Rd))

)
· ‖B‖Lp(λ[0,T ]⊗P;HS(Rm,Rd)) <∞.

For all n ∈ N, i ∈ {0, 1, . . . , n− 1}, h ∈ {Tn } the stochastic process

(
f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBr
)
r∈[ih,(i+1)h]

(3.14)

is progressively measurable with respect to the filtration

(
σ
(
Fr ∪ σ

(
{Ws −W(i+1)h : s ∈ [(i+ 1)h, T ]}

)))
r∈[ih,(i+1)h]

. (3.15)

Proposition 2.40 together with inequality (3.13), Proposition 2.36, and linearity of the Skorohod
integral yield that for all h ∈ T/N it holds that (f ′

(
XYr
dreh,T

)
X1,Yr
dreh,TBr)r∈[0,T ] is (P,F0,W ;Rk)-

Skorohod integrable and that for all n ∈ N, h ∈ {Tn } it holds P-almost surely that

n−1∑
i=0

(i+1)h

∫
ih

f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBrdWr

=

n−1∑
i=0

(i+1)h

∫
ih

f ′
(
XYr

(i+1)h,T

)
X1,Yr

(i+1)h,TBr

δ(P, σ(Fih ∪ σ({Ws −W(i+1)h : s ∈ [(i+ 1)h, T ]})),W |[ih,(i+1)h]×Ω;Rk)Wr

=

n−1∑
i=0

T

∫
0
1[ih,(i+1)h](r)f

′(XYr
dreh,T

)
X1,Yr
dreh,TBr δ(P,F0,W ;Rk)Wr

=
T

∫
0
f ′
(
XYr
dreh,T

)
X1,Yr
dreh,TBr δ(P,F0,W ;Rk)Wr.

(3.16)
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Equations (3.11) and (3.16) imply that for all n ∈ N, h ∈ {Tn } it holds P-almost surely that

n−1∑
i=0

(
f
(
X
Y(i+1)h

(i+1)h,T

)
− f

(
XYih

(i+1)h,T

))
=

T

∫
0
f ′
(
XYr
dreh,T

)
X1,Yr
dreh,TArdr +

T

∫
0
f ′
(
XYr
dreh,T

)
X1,Yr
dreh,TBrδ(P,F0,W ;Rk)Wr (3.17)

+ 1
2

d∑
l,j=1

T

∫
0

(
BrB

>
r

)
l,j

(
f ′′
(
XYr
dreh,T

)(
X1,Yr
dreh,T , X

1,Yr
dreh,T

)
+ f ′

(
XYr
dreh,T

)
X2,Yr
dreh,T

)
(e

(d)
l , e

(d)
j )dr.

Next, we analyze the first sum on the right-hand side of equation (3.10). For all
(s, t) ∈ ∆T , x ∈ O it holds that P

(
Xx
s,T = X

Xxs,t
t,T

)
= 1. This and the fact that X is a continuous

random field imply for all (s, t) ∈ ∆T that P
(
XYs
s,T = X

XYss,t
t,T

)
= 1. For all t ∈ [0, T ], x ∈ O,

i ∈ {1, 2}, the mappings Ω 3 ω 7→ Xx
t,T (ω) ∈ O, Ω 3 ω 7→ Xi,x

t,T (ω) ∈ L(i)(Rd,Rd) are σ(N ∪
σ(Ws −Wt : s ∈ [t, T ]))-measurable. This together with the fact that for all ω ∈ Ω, t ∈ [0, T ], it
holds that

(
O 3 x 7→ f(Xx

t,T (ω)) ∈ Rk)
)
∈ C2(O,Rk) implies that for all t ∈ [0, T ] the mapping

Ω 3 ω 7→
(
O 3 x 7→ f(Xx

t,T (ω)) ∈ Rk)
)
∈ C2(O,Rk) is independent of the σ-algebra Ft. Itô’s

formula for independent random fields (e.g., Theorem 25.30 and Remark 25.26 in Klenke 2008)
(applied with the mappings Ω 3 ω 7→

(
O 3 x 7→ f(Xx

(i+1)h,T (ω)) ∈ Rk
)
∈ C2(O,Rk) for n ∈ N,

i ∈ {0, 1, . . . , n − 1}, h ∈ {Tn }) yields that for all n ∈ N, i ∈ {0, 1, . . . , n − 1}, h ∈ {Tn } it holds
P-almost surely that

f
(
XYih
ih,T

)
− f

(
XYih

(i+1)h,T

)
= f

(
X
X
Yih
ih,(i+1)h

(i+1)h,T

)
− f

(
XYih

(i+1)h,T

)
=

(i+1)h

∫
ih

f ′
(
X
X
Yih
ih,r

(i+1)h,T

)
X

1,X
Yih
ih,r

(i+1)h,T dX
Yih
ih,r

+ 1
2

d∑
l,j=1

(i+1)h

∫
ih

(
f ′′
(
X
X
Yih
ih,r

(i+1)h,T

)(
X

1,X
Yih
ih,r

(i+1)h,T , X
1,X

Yih
ih,r

(i+1)h,T

)
(3.18)

+ f ′
(
X
X
Yih
ih,r

(i+1)h,T

)
X

2,X
Yih
ih,r

(i+1)h,T

)(
e

(d)
l , e

(d)
j

)
d
(
〈XYih

ih,·〉r
)
l,j

=
(i+1)h

∫
ih

f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T µ
(
r,X

Ybrch
brch,r

)
dr +

(i+1)h

∫
ih

f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
dWr

+ 1
2

d∑
l,j=1

(i+1)h

∫
ih

(
σ
(
r,X

Ybrch
brch,r

)
σ
(
r,X

Ybrch
brch,r

)>)
l,j

·
(
f ′′
(
X
X
Ybrch
brch,r

dreh,T

)(
X

1,X
Ybrch
brch,r

dreh,T , X
1,X

Ybrch
brch,r

dreh,T

)
+ f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

2,X
Ybrch
brch,r

dreh,T

)(
e

(d)
l , e

(d)
j

)
dr.

Hölder’s inequality and inequalities (3.12), (3.7), and (3.6) imply that for all n ∈ N, i ∈
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{0, 1, . . . , n− 1}, h ∈ {Tn } it holds that∥∥∥∥∥f ′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

1,X
Yb·ch
b·ch,·

d·eh,T σ
(
·, XYb·ch
b·ch,·

)∥∥∥∥∥
L2(P;L2(λ[ih,(i+1)h];HS(Rm,Rk)))

≤

∥∥∥∥∥f ′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

1,X
Yb·ch
b·ch,·

d·eh,T σ
(
·, XYb·ch
b·ch,·

)∥∥∥∥∥
L2(λ[0,T ]⊗P;HS(Rm,Rk))

≤

∥∥∥∥∥
∥∥∥∥∥f ′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)∥∥∥∥∥
L(Rd,Rk)

∥∥∥∥∥X1,X
Yb·ch
b·ch,·

d·eh,T

∥∥∥∥∥
L(Rd,Rd)

∥∥∥σ(·, XYb·ch
b·ch,·

)∥∥∥
HS(Rm,Rd)

∥∥∥∥∥
L2(λ[0,T ]⊗P;R)

(3.19)

≤

∥∥∥∥∥f ′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)∥∥∥∥∥
L
p
q (λ[0,T ]⊗P;L(Rd,Rk))

∥∥∥∥∥X1,X
Yb·ch
b·ch,·

d·eh,T

∥∥∥∥∥
L

2p
p−2(q+1) (λ[0,T ]⊗P;L(Rd,Rd))

·
∥∥∥σ(·, XYb·ch

b·ch,·

)∥∥∥
Lp(λ[0,T ]⊗P;HS(Rm,Rd))

≤ T
p−2
2p

(
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥∥f ′(XXYrr,s
t,T

)∥∥∥∥
L
p
q (P;L(Rd,Rk))

)(
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥∥X1,XYrr,s
t,T

∥∥∥∥
L

2p
p−2(q+1) (P;L(Rd,Rd))

)

·
(

sup
κ∈T/N

∥∥∥σ(·, XYb·cκ
b·cκ,·

)∥∥∥
Lp(λ[0,T ]⊗P;HS(Rm,Rd))

)
<∞.

For all n ∈ N, i ∈ {0, 1, . . . , n− 1}, h ∈ {Tn } the process

(
f ′
(
X
X
Yih
ih,r

(i+1)h,T

)
X

1,X
Yih
ih,r

(i+1)h,Tσ
(
r,XYih

ih,r

))
r∈[ih,(i+1)h]

(3.20)

is progressively measurable with respect to the filtration (3.15). Proposition 2.40 together with
inequality (3.19), Proposition 2.36, and linearity of the (P,F0,W ;Rk)-Skorohod integral assert

that the process f ′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

1,X
Yb·ch
b·ch,·

d·eh,T σ
(
·, XYb·ch
b·ch,·

)
is (P,F0,W ;Rk)-Skorohod integrable and

that for all n ∈ N, h ∈ {Tn } it holds P-almost surely that

n−1∑
i=0

(i+1)h

∫
ih

f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
dWr

=

n−1∑
i=0

(i+1)h

∫
ih

f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
(3.21)

δ(P, σ(Fih ∪ σ(Ws −W(i+1)h : s ∈ [(i+ 1)h, T ])),W |[ih,(i+1)h]×Ω;Rk)Wr

=

n−1∑
i=0

T

∫
0
1[ih,(i+1)h](r)f

′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
δ(P,F0,W ;Rk)Wr

=
T

∫
0
f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
δ(P,F0,W ;Rk)Wr.
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Equations (3.18) and (3.21) imply that for all n ∈ N, h ∈ {Tn } it holds P-almost surely that

n−1∑
i=0

(
f
(
XYih
ih,T

)
− f

(
XYih

(i+1)h,T

))
=

T

∫
0
f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T µ
(
r,X

Ybrch
brch,r

)
dr

+
T

∫
0
f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
δ(P,F0,W ;Rk)Wr (3.22)

+ 1
2

d∑
l,j=1

T

∫
0

(
σ
(
r,X

Ybrch
brch,r

)
σ
(
r,X

Ybrch
brch,r

)>)
l,j

·

(
f ′′
(
X
X
Ybrch
brch,r

dreh,T

)(
X

1,X
Ybrch
brch,r

dreh,T , X
1,X

Ybrch
brch,r

dreh,T

)
+ f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

2,X
Ybrch
brch,r

dreh,T

)(
e

(d)
l , e

(d)
j

)
dr.

Equations (3.10), (3.22), and (3.17) imply that for all h ∈ T/N it holds P-almost surely that

f
(
XY0

0,T

)
− f

(
YT
)

=
T

∫
0
f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T µ
(
r,X

Ybrch
brch,r

)
− f ′

(
XYr
dreh,T

)
X1,Yr
dreh,TArdr

+
T

∫
0
f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
− f ′

(
XYr
dreh,T

)
X1,Yr
dreh,TBr δ(P,F0,W ;Rk)Wr

+ 1
2

d∑
l,j=1

T

∫
0

(
σ
(
r,X

Ybrch
brch,r

)
σ
(
r,X

Ybrch
brch,r

)>)
l,j

(3.23)

·

(
f ′′
(
X
X
Ybrch
brch,r

dreh,T

)(
X

1,X
Ybrch
brch,r

dreh,T , X
1,X

Ybrch
brch,r

dreh,T

)
+ f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

2,X
Ybrch
brch,r

dreh,T

)(
e

(d)
l , e

(d)
j

)
dr

− 1
2

d∑
l,j=1

T

∫
0

(
BrB

>
r

)
l,j

(
f ′′
(
XYr
dreh,T

)(
X1,Yr
dreh,T , X

1,Yr
dreh,T

)
+ f ′

(
XYr
dreh,T

)
X2,Yr
dreh,T

)
(e

(d)
l , e

(d)
j )dr.

Next, we want to let T/N 3 h → 0 in (3.23) in a suitable sense and first justify this. Hölder’s
inequality, inequalities (3.12), (3.7), (3.6), and the fact that A ∈ Lp(λ[0,T ] ⊗ P;Rd) imply that

sup
h∈T/N

∥∥∥∥∥f ′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

1,X
Yb·ch
b·ch,·

d·eh,T µ
(
·, XYb·ch
b·ch,·

)
− f ′

(
XY·
d·eh,T

)
X1,Y·
d·eh,TA·

∥∥∥∥∥
L2(λ[0,T ]⊗P;Rk)

(3.24)

≤ T
p−2
2p

(
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥f ′(XXYrr,s
t,T

)∥∥∥
L
p
q (P;L(Rd,Rk))

)(
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥X1,XYrr,s
t,T

∥∥∥
L

2p
p−2(q+1) (P;L(Rd,Rd))

)
·
(

sup
h∈T/N

∥∥∥µ(·, XYb·ch
b·ch,·

)∥∥∥
Lp(λ[0,T ]⊗P;Rd)

+ ‖A‖Lp(λ[0,T ]⊗P;Rd)

)
<∞.

Hölder’s inequality and inequalities (3.12) and (3.7) imply that for all l, j ∈ {1, . . . , d} it holds
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that

sup
h∈T/N

∥∥∥∥∥
(
f ′′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)(
X

1,X
Yb·ch
b·ch,·

d·eh,T , X
1,X

Yb·ch
b·ch,·

d·eh,T

)

+ f ′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

2,X
Yb·ch
b·ch,·

d·eh,T

)(
e

(d)
l , e

(d)
j

)∥∥∥∥∥
L

2p
p−4 (λ[0,T ]⊗P;Rk)

≤ sup
h∈T/N

∥∥∥∥∥
∥∥∥∥∥f ′′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)∥∥∥∥∥
L(2)(Rd,Rk)

∥∥∥∥∥X1,X
Yb·ch
b·ch,·

d·eh,T

∥∥∥∥∥
2

L(Rd,Rd)

+

∥∥∥∥∥f ′(XX
Yb·ch
b·ch,·

d·eh,T

)∥∥∥∥∥
L(Rd,Rk)

∥∥∥∥∥X2,X
Yb·ch
b·ch,·

d·eh,T

∥∥∥∥∥
L(2)(Rd,Rd)

∥∥∥∥∥
L

2p
p−4 (λ[0,T ]⊗P;R)

≤ sup
h∈T/N

(∥∥∥∥∥f ′′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)∥∥∥∥∥
L
p
q (λ[0,T ]⊗P;L(2)(Rd,Rk))

∥∥∥∥∥X1,X
Yb·ch
b·ch,·

d·eh,T

∥∥∥∥∥
2

L
4p

p−2(q+2) (λ[0,T ]⊗P;L(Rd,Rd))

(3.25)

+

∥∥∥∥∥f ′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)∥∥∥∥∥
L
p
q (λ[0,T ]⊗P;L(Rd,Rk))

∥∥∥∥∥X2,X
Yb·ch
b·ch,·

d·eh,T

∥∥∥∥∥
L

2p
p−2(q+2) (λ[0,T ]⊗P;L(2)(Rd,Rd))

)

≤ T
p−4
2p

((
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥f ′′(XXYrr,s
t,T

)∥∥∥
L
p
q (P;L(2)(Rd,Rk))

)(
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥X1,XYrr,s
t,T

∥∥∥2

L
4p

p−2(q+2) (P;L(Rd,Rd))

)

+

(
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥f ′(XXYrr,s
t,T

)∥∥∥
L
p
q (P;L(Rd,Rk))

)(
sup

r,s,t∈[0,T ]
r≤s≤t

∥∥∥X2,XYrr,s
t,T

∥∥∥
L

2p
p−2(q+2) (P;L(2)(Rd,Rd))

))
<∞

and, analogously, that for all l, j ∈ {1, . . . , d} it holds that

sup
h∈T/N

∥∥∥(f ′′(XY·
d·eh,T )

(
X1,Y·
d·eh,T , X

1,Y·
d·eh,T

)
+ f ′(XY·

d·eh,T )X2,Y·
d·eh,T

)(
e

(d)
l , e

(d)
j

)∥∥∥
L

2p
p−4 (λ[0,T ]⊗P;Rk)

<∞.

(3.26)
The fact that for all C ∈ Rd×m it holds that

∑d
i,j=1 |(CC>)i,j | ≤ d‖C‖2HS(Rm,Rd), Hölder’s
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inequality, assumption (3.6) and inequality (3.25) imply that

sup
h∈T/N

1
2

∥∥∥∥∥
d∑

l,j=1

(
σ
(
·, XYb·ch
b·ch,·

)
σ
(
·, XYb·ch
b·ch,·

)>)
l,j

·

(
f ′′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)(
X

1,X
Yb·ch
b·ch,·

d·eh,T , X
1,X

Yb·ch
b·ch,·

d·eh,T

)
+ f ′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

2,X
Yb·ch
b·ch,·

d·eh,T

)(
e

(d)
l , e

(d)
j

)∥∥∥∥∥
L2(λ[0,T ]⊗P;Rk)

≤ sup
h∈T/N

1
2

∥∥∥∥∥d∥∥∥σ(·, XYb·ch
b·ch,·

)∥∥∥2

HS(Rm,Rd))
(3.27)

·
d∑

l,j=1

∣∣∣∣∣f ′′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)(
X

1,X
Yb·ch
b·ch,·

d·eh,T , X
1,X

Yb·ch
b·ch,·

d·eh,T

)
+ f ′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

2,X
Yb·ch
b·ch,·

d·eh,T

∣∣∣∣∣(e(d)
l , e

(d)
j

)∥∥∥∥∥
L2(λ[0,T ]⊗P;Rk)

≤ sup
h∈T/N

d
2

(∥∥∥σ(·, XYb·ch
b·ch,·

)∥∥∥2

Lp(λ[0,T ]⊗P;HS(Rm,Rd))

·
∑

l,j∈{1,...,d}

∥∥∥∥∥f ′′
(
X
X
Yb·ch
b·ch,·

d·eh,T

)(
X

1,X
Yb·ch
b·ch,·

d·eh,T , X
1,X

Yb·ch
b·ch,·

d·eh,T

)

+ f ′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

2,X
Yb·ch
b·ch,·

d·eh,T

)(
e

(d)
l , e

(d)
j

)∥∥∥∥∥
L

2p
p−4 (λ[0,T ]⊗P;Rk)

)
<∞.

Analogously, the fact that for all C ∈ Rd×m it holds that
∑d
i,j=1 |(CC>)i,j | ≤ d‖C‖2HS(Rm,Rd),

Hölder’s inequality, the assumption B ∈ Lp(λ[0,T ] ⊗ P; HS(Rm,Rd)), and inequality (3.26) yield
that

sup
h∈T/N

1
2

∥∥∥∥ d∑
l,j=1

(
B·B

>
·
)
l,j

·
(
f ′′(XY·

d·eh,T )
(
X1,Y·
d·eh,T , X

1,Y·
d·eh,T

)
+ f ′(XY·

d·eh,T )X2,Y·
d·eh,T

)(
e

(d)
l , e

(d)
j

)∥∥∥∥
L2(λ[0,T ]⊗P;Rk)

≤ d

2
‖B‖2Lp(λ[0,T ]⊗P;HS(Rm,Rd)) (3.28)

·
∑

l,j∈{1,...,d}

sup
h∈T/N

∥∥∥∥(f ′′(XY·
d·eh,T )

(
X1,Y·
d·eh,T , X

1,Y·
d·eh,T

)
+ f ′(XY·

d·eh,T )X2,Y·
d·eh,T

)(
e

(d)
l , e

(d)
j

)∥∥∥∥
L

2p
p−4 (λ[0,T ]⊗P;Rk)

<∞.

Next, Corollary 6.21 and Theorem 6.25 in Klenke 2008 together with the uniform L2-bounds
in (3.24), (3.27), and (3.28), continuity of f ′ and of f ′′, path continuity of Y and of ∆T ×O 3
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(s, t, x) 7→ Xx
s,t ∈ O, and infr∈[0,T ] P(XYr

r,r = Yr) = 1 imply that

lim
T/N3h↘0

∥∥∥∥∥ T∫0 f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T µ(r,X
Ybrch
brch,r)− f

′(XYr
dreh,T

)
X1,Yr
dreh,TArdr

−
T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T

(
µ
(
r, Yr

)
−Ar

)
dr

+ 1
2

d∑
l,j=1

T

∫
0

(
σ
(
r,X

Ybrch
brch,r

)
σ
(
r,X

Ybrch
brch,r

)>)
l,j

(3.29)

·

(
f ′′

(
X
X
Ybrch
brch,r

dreh,T

)(
X

1,X
Ybrch
brch,r

dreh,T , X
1,X

Ybrch
brch,r

dreh,T

)
+ f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

2,X
Ybrch
brch,r

dreh,T

)(
e

(d)
l , e

(d)
j

)
dr

− 1
2

d∑
l,j=1

T

∫
0

(
BrB

>
r

)
l,j

(
f ′′
(
XYr
dreh,T

)(
X1,Yr
dreh,T , X

1,Yr
dreh,T

)
+ f ′

(
XYr
dreh,T

)
X2,Yr
dreh,T

)
(e

(d)
l , e

(d)
j )dr

− 1
2

d∑
l,j=1

T

∫
0

(
σ(r, Yr)σ(r, Yr)

> −BrB>r
)
l,j

·
(
f ′′
(
XYr
r,T

)(
X1,Yr
r,T , X1,Yr

r,T

)
+ f ′

(
XYr
r,T

)
X2,Yr
r,T

)
(e

(d)
l , e

(d)
j )dr

∥∥∥∥∥
L1(P;Rk)

= 0.

Inequality (3.8) implies that for all x, y ∈ O it holds that

‖f(x)− f(y)‖Rk ≤ ‖ f(x)‖Rk + ‖f(y)‖Rk

≤ c0(1 + ‖x‖Rd)(1 + ‖x‖Rd)q + c0(1 + ‖y‖Rd)(1 + ‖y‖Rd)q.
(3.30)

Inequality (3.30), Hölder’s inequality, the fact that 2q + 2 < p, the fact that

P
(
XY0

0,T = X
X
Y0
0,0

0,T

)
= 1 = P

(
YT = X

X
YT
T,T

T,T

)
, (3.31)

and inequality (3.7) show that

∥∥f(XY0

0,T

)
− f

(
YT
)∥∥
L2(P;Rk)

≤ c0
∥∥(1 +

∥∥XY0

0,T

∥∥
Rd
)1+q∥∥

L2(P;R)
+ c0

∥∥(1 + ‖YT ‖Rd
)1+q∥∥

L2(P;R)

≤ c0
(
1 +

∥∥XY0

0,T

∥∥
L2q+2(P;Rd)

)q+1
+ c0

(
1 + ‖YT ‖L2q+2(P;Rd)

)q+1

≤ sup
r,s,t∈[0,T ]
r≤s≤t

2c0

(
1 +

∥∥∥∥XXYrr,s
t,T

∥∥∥∥
Lp(P;Rd)

)q+1

<∞. (3.32)

Equation (3.23) and inequalities (3.32), (3.24), (3.27), and (3.28) imply that there exists a



82 CHAPTER 3. PERTURBATION OF SDES

constant K ∈ [0,∞) such that for all h ∈ T/N it holds that∥∥∥∥∥ T∫0 f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
− f ′

(
XYr
dreh,T

)
X1,Yr
dreh,TBr δ(P,F0,W ;Rk)Wr

∥∥∥∥∥
L2(P;Rk)

≤
∥∥f(XY0

0,T

)
− f (YT )

∥∥
L2(P;Rk)

+
∥∥∥ T∫

0
f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T µ(r,X
Ybrch
brch,r)− f

′(XYr
dreh,T

)
X1,Yr
dreh,TArdr

∥∥∥
L2(P;Rk)

(3.33)

+

∥∥∥∥∥ 1
2

d∑
l,j=1

T

∫
0

(
σ
(
r,X

Ybrch
brch,r

)
σ
(
r,X

Ybrch
brch,r

)>)
l,j

·

(
f ′′

(
X
X
Ybrch
brch,r

dreh,T

)(
X

1,X
Ybrch
brch,r

dreh,T , X
1,X

Ybrch
brch,r

dreh,T

)
+ f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

2,X
Ybrch
brch,r

dreh,T

)
(e

(d)
l , e

(d)
j )

−
(
BrB

>
r

)
l,j

(
f ′′
(
XYr
dreh,T

)(
X1,Yr
dreh,T , X

1,Yr
dreh,T

)
+ f ′

(
XYr
dreh,T

)
X2,Yr
dreh,T

)
(e

(d)
l , e

(d)
j )dr

∥∥∥∥∥
L2(P;Rk)

< K.

The fact that Y , X, X1 are continuous random fields, continuity of f ′, and the fact that

inf
r∈[0,T ]

P(XYr
r,r = Yr) = 1 (3.34)

yield that for all r ∈ [0, T ] it holds P-almost surely that

lim
T/N3h↘0

(
f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
− f ′

(
XYr
dreh,T

)
X1,Yr
dreh,TBr

)
= f ′

(
XYr
r,T

)
X1,Y r
r,T (σ(r, Yr)−Br).

(3.35)

This, Fatou’s lemma, and the inequalities (3.19) and (3.13) yield that the sequence(
f ′

(
X
X
Yb·ch
b·ch,·

d·eh,T

)
X

1,X
Yb·ch
b·ch,·

d·eh,T σ
(
·, XYb·ch

b·ch,·

)
− f ′

(
XY·
d·eh,T

)
X1,Y·
d·eh,TB· − f

′(XY·
·,T
)
X1,Y ·
·,T (σ(·, Y·)−B·)

)
h∈T/N

(3.36)

is bounded in L2(λ[0,T ] ⊗ P; HS(Rm,Rk)). This, the fact that every bounded sequence in the
separable Hilbert space L2(λ[0,T ] ⊗ P; HS(Rm,Rk)) has a weakly converging subsequence (e.g.,
Lemma 5.1.4 in Kato 1980), and the convergence (3.35) ensure that the sequence (3.36) converges
to 0 in the weak topology of L2(λ[0,T ] ⊗ P; HS(Rm,Rk)) as T/N 3 h↘ 0. This, the fact that for
all h ∈ T/N the process(

f ′
(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
− f ′

(
XYr
dreh,T

)
X1,Yr
dreh,TBr

)
r∈[0,T ]

(3.37)
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is (P,F0,W ;Rk)-Skorohod-integrable, (3.33), and Lemma 2.35 imply that the stochastic process

(
f ′
(
XYr
r,T

)
X1,Yr
r,T (σ(r, Yr)−Br)

)
r∈[0,T ]

(3.38)

is (P,F0,W ;Rk)-Skorohod-integrable and that for every FT /B([−1, 1]k)-measurable random vari-
able Z : Ω→ [−1, 1]k it holds that

lim
T/N3h↘0

E

[〈
Z,

T

∫
0
f ′

(
X
X
Ybrch
brch,r

dreh,T

)
X

1,X
Ybrch
brch,r

dreh,T σ
(
r,X

Ybrch
brch,r

)
− f ′

(
XYr
dreh,T

)
X1,Yr
dreh,TBrδ(P,F0,W ;Rk)Wr (3.39)

−
T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T σ(r, Yr)− f ′

(
XYr
r,T

)
X1,Yr
r,T Brδ(P,F0,W ;Rk)Wr

〉
Rk

]
= 0.

Equation (3.23) and the convergences (3.29) and (3.39) imply that for every FT /B([−1, 1]k)-
measurable random variable Z : Ω→ [−1, 1]k it holds that

E

[〈
Z,

T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T

(
µ(r, Yr)−Ar

)
dr +

T

∫
0
f ′
(
XYr
r,T

)
X1,Yr
r,T

(
σ(r, Yr)−Br

)
δ(P,F0,W ;Rk)Wr

+ 1
2

d∑
l,j=1

T

∫
0

(
σ(r, Yr)σ(r, Yr)

> −BrB>r
)
l,j

(
f ′′
(
XYr
r,T

)(
X1,Yr
r,T , X1,Yr

r,T

)
+ f ′

(
XYr
r,T

)
X2,Yr
r,T

)(
e

(d)
l , e

(d)
j

)
dr

− f
(
XY0

0,T

)
+ f(YT )

〉
Rk

]
= 0. (3.40)

This implies equation (3.9). The proof of Theorem 3.3 is thus completed.

A direct corollary of Theorem 3.3 is the following:

Corollary 3.4. Assume Setting 3.2 and assume that F0 = σ(N ). Then the stochastic process(
X1,Yr
r,T (σ(r, Yr) − Br)

)
r∈[0,T ]

is (P,F0,W ;Rd)-Skorohod-integrable and it holds P-almost surely
that

XY0

0,T − YT =
T

∫
0
X1,Yr
r,T (µ(r, Yr)−Ar)dr +

T

∫
0
X1,Yr
r,T (σ(r, Yr)−Br)δ(P,F0,W ;Rd)Wr

+ 1
2

d∑
l,j=1

T

∫
0

(
σ(r, Yr)σ(r, Yr)

> −BrB>r
)
l,j
X2,Yr
r,T (e

(d)
l , e

(d)
j )dr.

(3.41)

Corollary 3.5. Assume Setting 3.2. Then the stochastic process
(
X1,Yr
r,T (σ(r, Yr) − Br)

)
r∈[0,T ]
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is (P,F0,W ;Rd)-Skorohod-integrable and it holds that

1
2E
[∥∥XY0

0,T − YT
∥∥2

Rd

]
≤ E

[∥∥ T∫
0
X1,Yr
r,T (µ(r, Yr)−Ar)dr

+ 1
2

d∑
l,j=1

T

∫
0

(
σ(r, Yr)σ(r, Yr)

> −BrB>r
)
l,j
X2,Yr
r,T (e

(d)
l , e

(d)
j )dr

∥∥2

Rd

]
+ E

[ T
∫
0
‖X1,Yr

r,T (σ(r, Yr)−Br)‖2HS(Rm,Rd)dr

+
T

∫
0

T

∫
0

〈
Ds(P,F0,W ;Rd)X1,Yr

r,T (σ(r, Yr)−Br),

Dr(P,F0,W ;Rd)X1,Ys
s,T (σ(s, Ys)−Bs)

〉
HS(Rm,HS(Rm,Rd))

drds
]
.

(3.42)

Proof of Corollary 3.5. Corollary 3.4 and the fact that for all a, b ∈ R it holds that 1
2 (a+ b)2 ≤

a2 + b2 imply that

1
2E
[∥∥XY0

0,T − YT
∥∥2

Rd

]
≤ E

[∥∥ T∫
0
X1,Yr
r,T (µ(r, Yr)−Ar)dr (3.43)

+ 1
2

d∑
l,j=1

T

∫
0

(
σ(r, Yr)σ(r, Yr)

> −BrB>r
)
l,j
X2,Yr
r,T (e

(d)
l , e

(d)
j )dr

∥∥2

Rd

]
+ E

[∥∥ T∫
0
X1,Yr
r,T (σ(r, Yr)−Br)δ(P,F0,W ;Rd)Wr

∥∥2

Rd

]
.

By the analogon of the Itô isometry, Lemma 2.43 it follows that

E
[∥∥ T∫

0
X1,Yr
r,T (σ(r, Yr)−Br)δ(P,F0,W ;Rd)Wr

∥∥2

Rd

]
= E

[ T
∫
0
‖X1,Yr

r,T (σ(r, Yr)−Br)‖2HS(Rm,Rd)dr

+
T

∫
0

T

∫
0

〈
Ds(P,F0,W ;Rd)X1,Yr

r,T (σ(r, Yr)−Br),

Dr(P,F0,W ;Rd)X1,Ys
s,T (σ(s, Ys)−Bs)

〉
HS(Rm,HS(Rm,Rd))

drds
]
.

(3.44)

The proof of Corollary 3.5 is thus completed.

3.3 An Application to the stochastic van-der-Pol oscillator

with additive noise

In this chapter we give an example application of our perturbation theory and prove that the
approximation processes (3.45) converge to the exact solution of the stochastic van-der-Pol oscil-
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lator with L2-rate 1/2 which is given by the SDE (3.46). Our proof is considerably shorter than
the analysis in Hutzenthaler and Jentzen 2014; Hutzenthaler, Jentzen, and Wang 2018 which is
needed to prove the analogous statement with the approach of Hutzenthaler and Jentzen 2014.
Here, we assume for simplicity of exposition that the diffusion coefficient is constant (but this is
not the reason for the much simpler analysis compared to Hutzenthaler and Jentzen 2014). First,
we introduce the setting for the stochastic van-der-Pol oscillator with additive noise, then we
provide three auxiliary results (Lemma 3.7, Lemma 3.8, and Lemma 3.9), and finally we prove
Lemma 3.10, the main result of this section, by an application of Theorem 3.3.

Setting 3.6. Let T ∈ (0,∞), let (Ω,F ,P) be a complete probability space, let W : [0, T ]×Ω→ R
be a standard Brownian motion with continuous sample paths on the probability space (Ω,F ,P),
let N = {A ∈ F : P(A) = 0} denote the P-null sets, let a, b, c ∈ R with the property that
2b2c 6= 1, let α, β, γ, δ ∈ [0,∞), let µ : R2 → R2 be the mapping such that for all (x1, x2) ∈ R2

it holds that µ(x1, x2) = (x2, (γ − αx2
1)x2 − δx1)>, let ξ = (ξ1, ξ2)> ∈ R2, for all N ∈ N let

Y N : [0, T ] × Ω → R2, be a stochastic process such that for all k ∈ {0, . . . , N − 1}, ε ∈ [0, TN ] it
holds P-almost surely that Y N0 = ξ and that

Y NkT
N +ε

= Y NkT
N

+ ε1{‖µ(Y NkT
N

)‖2
R2
<N
T }
µ(Y NkT

N
) + (W kT

N +ε −W kT
N

)
(

0
β

)
, (3.45)

and let X ··,·(·) : ∆T × R2 × Ω→ R2, X1,·
·,· (·) : ∆T × R2 × Ω→ L(R2,R2), and

X2,·
·,· (·) : ∆T × R2 × Ω → L(2)(R2,R2) be continuous random fields such that for all s ∈ [0, T ],

ω ∈ Ω the mapping R2 3 x 7→ Xx
s,T (ω) ∈ R2 is in C2(R2,R2), such that for all (s, x) ∈ [0, T ]×R2,

i ∈ {1, 2} the stochastic processes [s, T ] × Ω 3 (t, ω) 7→ Xx
s,t ∈ R2, [s, T ] × Ω 3 (t, ω) 7→ Xi,x

s,t ∈
L(i)(R2,R2) are (σ(N ∪ σ(Wr − Ws : r ∈ [s, t])))t∈[s,T ]-adapted and for all t ∈ [s, T ] it holds
P-almost surely that

Xx
s,t = x+

t

∫
s
µ(Xx

s,r)dr +
t

∫
s

(
0
β

)
dWr, (3.46)

such that for all r, s, t ∈ [0, T ], x ∈ R2 with the property that r ≤ s ≤ t it holds P-almost surely
that X

Xxr,s
s,t = Xx

r,t and such that for all (s, t, x, ω) ∈ ∆T×R2×Ω it holds that X1,x
s,t (ω) = ∂

∂xX
x
s,t(ω)

and X2,x
s,t (ω) = ∂2

∂x2X
x
s,t(ω).

The assumption in Setting 3.6 of existence of continuous random fields which solve equation (3.46)
and which are twice continuously differentiable in the space variable can be deferred from the
third chapter.

Lemma 3.7. Let (Ω,F ,P) be a probability space, let X : Ω → R be a standard normally
distributed F/B(R)-measurable mapping, and let a, b, c ∈ R satisfy that 2b2c < 1. Then it holds
that

E
[

exp
(
c(a+ bX)2

)]
=

1√
1− 2b2c

exp
(
a2
(
c+

2(bc)2

1− 2b2c

))
. (3.47)
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Proof of Lemma 3.7. For all y ∈ R it holds that

c(a+ by)2 − y2

2 = ca2 + 2abcy − y2
(

1−2b2c
2

)
= a2

(
c+ 2(bc)2

1−2b2c

)
−
(
y − 2abc

1−2b2c

)2( 1−2b2c
2

)
. (3.48)

This, the definition of the standard normal distribution, equation (3.48), and the substitution
rule imply that

E
[

exp
(
c(a+ bX)2

)]
=

∫ ∞
−∞

1√
2π

exp
(
c(a+ by)2 − y2

2

)
dy

= exp
(
a2
(
c+ 2(bc)2

1−2b2c

))∫ ∞
−∞

1√
2π

exp

(
−
(
y− 2abc

1−2b2c

)2(
2

1−2b2c

) )
dy

= 1√
1−2b2c

exp
(
a2
(
c+ 2(bc)2

1−2b2c

))∫ ∞
−∞

1√
2π

exp
(
−y2

2

)
dy

= 1√
1−2b2c

exp
(
a2
(
c+ 2(bc)2

1−2b2c

))
.

(3.49)

The proof of Lemma 3.7 is thus completed.

Lemma 3.8. Assume Setting 3.6, let c ∈ (0, exp(−T (1 + 3β2 + δ + 2γ))], and let N ∈ N satisfy
that N ≥ max{6β2T, T}. Then it holds for all r ∈ [0, T ] that

E
[

exp
(
c
∥∥Y Nr ∥∥2

R2

)]
≤ exp

(
(2β2 + 1)T + ‖ξ‖2R2

)
. (3.50)

Proof of Lemma 3.8. Throughout the proof of Lemma 3.8 let (θk)k∈{0,...,N} ⊆ (0,∞) satisfy that
for all k ∈ {0, . . . , N − 1} it holds that θN = c and θk = θk+1(1 + 3β2 T

N )
(
1 + T

N (1 + δ + 2γ)
)
.

Equation (3.45) and the fact that for all k ∈ {0, . . . , N − 1}, ε ∈ [0, TN ] the σ-algebras σ
(
Y NkT
N

)
and σ

(
W kT

N +ε −W kT
N

)
are independent and the random variables (W kT

N +ε −W kT
N

),
√
εWT√

T
are

identically distributed yield that for all k ∈ {0, . . . , N − 1}, ε ∈ [0, TN ] it holds that

E
[

exp
(
θk+1

∥∥Y NkT
N +ε

∥∥2

R2

)]
= E

[
E
[

exp
(
θk+1

∥∥Y NkT
N

+ ε1{‖µ(Y NkT/N
)‖2

R2
<N
T }
µ(Y NkT

N
) + (W kT

N +ε −W kT
N

)
(

0
β

)∥∥2

R2

)∣∣∣σ(Y NkT
N

)]]

= E

[
E
[

exp
(
θk+1

∥∥v +
(
W kT

N +ε −W kT
N

)(
0
β

)∥∥2

R2

)]∣∣∣
v=Y NkT

N

+ε1{‖µ(YN
kT/N

)‖2
R2
<N
T
}µ(Y NkT

N

)

]
(3.51)

= E

[
exp(θk+1v

2
1)E
[

exp
(
θk+1

(
v2 +

√
εβWT√

T

)2)]∣∣∣
(v1,v2)>=Y NkT

N

+ε1{‖µ(YN
kT/N

)‖2
R2
<N
T
}µ(Y NkT

N

)

]
.

Induction, the fact that θN = c, the fact that for all x ∈ [0,∞) it holds that 1 + x ≤ exp(x), and
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the assumption c ≤ exp(−T (1 + 3β2 + δ + 2γ)) yield that for all k ∈ {0, . . . , N} it holds that

θk = θN

(
(1 + 3β2 T

N )
(
1 + T

N (1 + δ + 2γ)
))N−k

≤ c exp
(
(N − k) TN (1 + 3β2 + δ + 2γ)

)
≤ exp

(
− T (1 + 3β2 + δ + 2γ)

)
exp
(
T (1 + 3β2 + δ + 2γ)

)
= 1.

(3.52)

Inequality (3.52), the fact that for all ε ∈
[
0, TN

]
, k ∈ {0, . . . , N − 1} it holds that

2(
√
εβ)2θk+1 ≤ 2Tβ2

N ≤ 1
3 , Lemma 3.7, the fact that WT√

T
is standard normally distributed, and

the fact that for all x ∈
[
0, 1

2

]
it holds that 1

1−x ≤ exp(2x) imply that for all k ∈ {0, . . . , N − 1},
ε ∈ [0, TN ], v = (v1, v2)> ∈ R2 it holds that

exp(θk+1v
2
1)E
[

exp
(
θk+1

(
v2 +

√
εβWT√

T

)2)]
= 1√

1−2εβ2θk+1

exp
(
θk+1v

2
1 + v2

2

(
θk+1 +

2εβ2θ2k+1

1−2εβ2θk+1

))
≤
√

exp(4εβ2θk+1) exp
(
θk+1

(
1 + 2εβ2

1−2εβ2θk+1

)
‖v‖2R2

)
≤ exp

(
2 TN β

2
)

exp
(
θk+1(1 + 3β2 T

N )‖v‖2R2

)
.

(3.53)

Equation (3.51) and inequality (3.53) imply that for all k ∈ {0, . . . , N − 1}, ε ∈ [0, TN ] it holds
that

E
[

exp
(
θk+1

∥∥Y NkT
N +ε

∥∥2

R2

)]
≤ exp

(
2 TN β

2
)
E

[
exp

(
θk+1(1 + 3β2 T

N )
∥∥∥Y NkT

N
+ ε1{

‖µ(Y NkT
N

)‖2
R2
<N
T

}µ(Y NkT
N

)
∥∥∥2

R2

)]
.

(3.54)

Young’s inequality shows that for all x = (x1, x2)> ∈ R2 it holds that

〈x, µ(x)〉 R2 = x1x2 +x2

(
(γ−αx2

1)x2−δx1

)
≤ x1x2 +γx2

2−δx1x2 ≤ 1
2

(
1+δ+2γ

)
‖x‖2R2 . (3.55)

This implies that for all k ∈ {0, . . . , N − 1}, ε ∈ (0, TN ] it holds that

∥∥∥Y NkT
N

+ ε1{‖µ(Y NkT
N

)‖2
R2
<N
T }
µ(Y NkT

N
)
∥∥∥2

R2

=
∥∥Y NkT

N

∥∥2

R2 + 2ε1{‖µ(Y NkT
N

)‖2
R2
<N
T }
〈
Y NkT
N
, µ
(
Y NkT
N

)〉
R2 + ε2

1{‖µ(Y NkT
N

)‖2
R2
<N
T }
∥∥µ(Y NkT

N
)
∥∥2

R2

≤
∥∥Y NkT

N

∥∥2

R2 + 2ε1{‖µ(Y NkT
N

)‖2
R2
<N
T }

(1+δ+2γ)
2

∥∥Y NkT
N

∥∥2

R2 + ε2
1{‖µ(Y NkT

N

)‖2
R2
<N
T }

N
T

≤
(
1 + T

N

(
1 + δ + 2γ

))∥∥Y NkT
N

∥∥2

R2 + T
N .

(3.56)

Inequalities (3.54), (3.56), and (3.52) imply that for all k ∈ {0, . . . , N − 1}, ε ∈ [0, TN ] it holds
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that

E
[

exp
(
θk+1

∥∥Y NkT
N +ε

∥∥2

R2

)]
≤ exp

(
2 TN β

2
)
E
[

exp
(
θk+1

(
1 + 3β2 T

N

)((
1 + T

N

(
1 + δ + 2γ

))∥∥Y NkT
N

∥∥2

R2 + T
N

))]
= exp

(
(2β2 + θk+1(1 + 3β2 T

N )) TN

)
E
[

exp
(
θk
∥∥Y NkT

N

∥∥2

R2

)]
≤ exp

(
(2β2 + 1) TN

)
E
[

exp
(
θk
∥∥Y NkT

N

∥∥2

R2

)]
.

(3.57)

Next, we prove by induction on k ∈ {0, . . . , N−1} that for all k ∈ {0, . . . , N−1}, r ∈ [kTN , (k+1)T
N ]

it holds that
E
[

exp
(
θk+1

∥∥Y Nr ∥∥2

R2

)]
≤ exp

(
(2β2 + 1) (k+1)T

N

)
exp
(
‖ξ‖2R2

)
. (3.58)

Inequality (3.57) and θ0 ≤ 1 imply the base case. For the induction step {0, . . . , N − 2} 3 k 7→
k + 1 ∈ {0, . . . , N − 1} note that inequality (3.57) and the induction hypothesis imply that for
all r ∈ [ (k+1)T

N , (k+2)T
N ] it holds that

E
[

exp
(
θk+2

∥∥Y Nr ∥∥2

R2

)]
≤ exp

(
(2β2 + 1) TN

)
E
[

exp
(
θk+1

∥∥∥Y N(k+1)T
N

∥∥∥2

R2

)]
≤ exp

(
(2β2 + 1) TN

)
exp

(
(2β2 + 1) (k+1)T

N

)
exp

(
‖ξ‖2R2

)
= exp

(
2(β2 + 1) (k+2)T

N

)
exp

(
‖ξ‖2R2

)
.

(3.59)

This finishes the induction step. Induction thus establishes inequality (3.58). Finally, inequali-
ties (3.52) and (3.58) yield that for all k ∈ {0, . . . , N − 1}, r ∈ [kTN , (k+1)T

N ] it holds that

E
[

exp
(
c
∥∥Y Nr ∥∥2

R2

)]
≤ E

[
exp
(
θk+1

∥∥Y Nr ∥∥2

R2

)]
≤ exp

(
(2β2 + 1) (k+1)T

N

)
exp
(
‖ξ‖2R2

)
≤ exp

(
(2β2 + 1)T + ‖ξ‖2R2

)
.

(3.60)

The proof of Lemma 3.8 is thus completed.

Lemma 3.9. Assume Setting 3.6, let p ∈ [1,∞), r ∈ [0, T ], q ∈ (0,∞), and let Z : Ω→ R2 be a
σ(N ∪ σ(Ws : s ∈ [0, r]))/B(R2)-measurable mapping. Then it holds that

sup
i∈{1,2}

sup
t∈[r,T ]

E
[∥∥Xi,Z

r,t

∥∥p
L(i)(R2,R2)

]
≤
(

sup
y∈(0,∞)

(16α2Ty)p

exp(q exp(−(|δ−1|+2γ+4β2q)T )y) + exp
(

6pT
(
1 + α26p exp((|δ−1|+2γ+4β2q)T )

8αq + γ + δ
2

)))
· E
[

exp( 1
4 + q‖Z‖2R2)

]
. (3.61)

Proof of Lemma 3.9. First, equation (3.46), the dominated convergence theorem together with
continuity of the functions [r, T ] × R2 3 (s, x) 7→ ∂

∂x

(
µ
(
Xx
r,s(ω)

))
∈ L(R2,R2), ω ∈ Ω, and the
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chain rule imply that for all t ∈ [r, T ], x, v ∈ R2 it holds P-almost surely that

X1,x
r,t v =

(
∂
∂xX

x
r,t

)
v

= ∂
∂x

(
x+

t

∫
r
µ(Xx

r,s)ds+
t

∫
r

(
0
β

)
dWs

)
(v)

= v +
t

∫
r

∂
∂x

(
µ(Xx

r,s)
)
v ds = v +

t

∫
r
µ′
(
Xx
r,s

)
X1,x
r,s v ds.

(3.62)

This, the fundamental theorem of calculus together with path continuity and the chain rule imply
that for all t ∈ [r, T ], v ∈ R2 it holds P-almost surely that

∥∥X1,Z
r,t v

∥∥2

R2 = ‖v‖2R2 +
t

∫
r

2
〈
X1,Z
r,s v, µ

′(XZ
r,s)X

1,Z
r,s v

〉
R2ds

= ‖v‖2R2 +
t

∫
r

2
〈
X1,Z
r,s v,µ

′(XZr,s)X
1,Z
r,s v

〉
R2

‖X1,Z
r,s v‖2R2

‖X1,Z
r,s v‖2R2ds.

(3.63)

This and Gronwall’s inequality together with path continuity imply that for all t ∈ [r, T ], v ∈ R2

it holds that ∥∥X1,Z
r,t v

∥∥2

R2 ≤ ‖v‖2R2 exp
( t

∫
r

2
〈
X1,Z
r,s v,µ

′(XZr,s)X
1,Z
r,s v

〉
R2

‖X1,Z
r,s v‖2R2

ds
)
. (3.64)

For all (u, v)>, (x, y)> ∈ R2, ε ∈ (0,∞) with the property that x2 + y2 = 1 it holds that

〈(
x
y

)
, µ′(u, v)

(
x
y

)〉
R2 =

〈(
x

y

)
,

(
0 1

−2αuv − δ γ − αu2

)(
x

y

)〉
R2

= (1− 2αuv − δ)xy + (γ − αu2)y2

≤
(

1
2 + α|uv|+ δ

2

)
+ γ ≤ 1

2 +
(
α2

4ε + ε(uv)2
)

+ δ
2 + γ

=
(

1
2 + α2

4ε + γ + δ
2

)
+ ε(uv)2.

(3.65)

Inequalities (3.64) and (3.65) imply that for all t ∈ [r, T ], ε ∈ (0,∞), v ∈ R2 it holds P-almost
surely that

∥∥X1,Z
r,t v

∥∥p
R2 ≤ ‖v‖pR2 exp

(
p
t

∫
r

〈
X1,Z
r,s v,µ

′(XZr,s)X
1,Z
r,s v

〉
R2

‖X1,Z
r,s v‖2R2

ds

)

≤ ‖v‖pR2 exp
(
p
t

∫
r

(
1
2 + α2

4ε + γ + δ
2

)
+ ε

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2

ds
)

(3.66)

≤ ‖v‖pR2 exp
(
pt
(

1
2 + α2

4ε + γ + δ
2

))
exp
(
pε

t

∫
r

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2

ds
)
.

Observe that

min
r∈(0,∞)

max
{[
|δ−1|
r

]
,
[
r|δ − 1|+ 2γ + 4β2q

]}
≤ |δ − 1|+ 2γ + 4β2q. (3.67)
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Inequality (3.66) (applied with ε = 2αq
p exp((|δ−1|+2γ+4β2q)t) in the notation of inequality (3.66)),

inequality (3.67), and equation (4.4) in Cox, Hutzenthaler, and Jentzen 2013 imply that for all
t ∈ [r, T ] it holds that

E
[∥∥X1,Z

r,t

∥∥p
L(R2,R2)

]
≤ exp

(
pt( 1

2 + α2p exp((|δ−1|+2γ+4β2q)t)
8αq + γ + δ

2 )
)
E
[

exp
(

1
4 + q‖Z‖2R2

)]
.

(3.68)

Next, equation (3.62), the dominated convergence theorem together with continuity of the func-
tions [r, T ] × R2 3 (s, x) 7→ ∂2

∂x2

(
µ(Xx

r,s(ω))
)
∈ L(2)(R2,R2), ω ∈ Ω, and the chain rule imply

that for all t ∈ [r, T ], x, v, w ∈ R2 it holds P-almost surely that

X2,x
r,t (v, w) =

(
∂
∂xX

1,x
r,t v

)
w

= ∂
∂x

(
v +

t

∫
r
µ′(Xx

r,s)X
1,x
r,s v ds

)
(w)

=
t

∫
r

∂
∂x

(
µ′(Xx

r,s)X
1,x
r,s v

)
(w) ds

=
t

∫
r
µ′′
(
Xx
r,s

)(
X1,x
r,s v,X

1,x
r,s w

)
+ µ′

(
Xx
r,s

)
X2,x
r,s (v, w) ds.

(3.69)

Equation (3.69), the fundamental theorem of calculus together with path continuity, the chain
rule, the Cauchy-Schwarz inequality, Young’s inequality, and inequality (3.65) imply that for all
t ∈ [r, T ], v, w ∈ R2, ε ∈ (0,∞) it holds P-almost surely that

∥∥X2,Z
r,t (v, w)

∥∥2

R2

= 2
t

∫
r

〈
X2,Z
r,s (v, w), µ′′

(
XZ
r,s

)(
X1,Z
r,s v,X

1,Z
r,s w

)
+ µ′

(
XZ
r,s

)
X2,Z
r,s (v, w)

〉
R2ds

≤
t

∫
r

2
∥∥X2,Z

r,s (v, w)
∥∥
R2

∥∥µ′′(XZ
r,s)(X

1,Z
r,s v,X1,Z

r,s w)
∥∥
R2ds

+ 2
t

∫
r

〈
X2,Z
r,s (v, w), µ′

(
XZ
r,s

)
X2,Z
r,s (v, w)

〉
R2ds (3.70)

≤
t

∫
r

∥∥X2,Z
r,s (v, w)

∥∥2

R2 +
∥∥µ′′(XZ

r,s

)(
X1,Z
r,s v,X

1,Z
r,s w

)∥∥2

R2 ds

+ 2
t

∫
r

〈
X2,Z
r,s (v, w), µ′

(
XZ
r,s

)
X2,Z
r,s (v, w)

〉
R2ds

≤
t

∫
r

∥∥µ′′(XZ
r,s

)(
X1,Z
r,s v,X

1,Z
r,s w

)∥∥2

R2 ds

+ 2
t

∫
r

((
1
2 + 1

2 + α2

4ε + γ + δ
2

)
+ ε

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2 )∥∥X2,Z
r,s (v, w)

∥∥2

R2ds.

This and Gronwall’s inequality together with path continuity imply that for all t ∈ [r, T ], v, w ∈
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R2, ε ∈ (0,∞) it holds that

∥∥X2,Z
r,t (v, w)

∥∥2

R2 ≤
t

∫
r

∥∥µ′′(XZ
r,s

)(
X1,Z
r,s v,X

1,Z
r,s w

)∥∥2

R2 ds (3.71)

· exp
(

2t
(
1 + α2

4ε + γ + δ
2

))
exp
(

2ε
t

∫
r

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2

ds
)
.

For all (u, v)>, (x, y)>, (w, z)> ∈ R2 with the property that x2 + y2 = 1 = w2 + z2 it holds that

∥∥∥µ′′(u, v)
((
x
y

)
,
(
w
z

))∥∥∥
R2

=

∥∥∥∥∥
(

0 0

−2αvx− 2αuy −2αux

)(
w

z

)∥∥∥∥∥
R2

= 2α|(vx+ uy)w + uxz| ≤ 4α
∥∥(u
v

)∥∥
R2 .

(3.72)

This, inequality (3.71), and inequality (3.66) yield that for all t ∈ [r, T ], ε ∈ (0,∞) it holds that

∥∥X2,Z
r,t

∥∥p
L(2)(R2,R2)

≤
(

t

∫
r

16α2
∥∥XZ

r,s

∥∥2

R2

∥∥X1,Z
r,s

∥∥4

L(R2,R2)
ds

)p
2

exp
(
pt
(
1 + α2

4ε + γ + δ
2

))
· exp

(
pε

t

∫
r

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2

ds
)

≤
(
T

∫
r

16α2
∥∥XZ

r,s

∥∥2

R2 ds

)p
2

exp
(

3pt
(
1 + α2

4ε + γ + δ
2

))
· exp

(
3pε

t

∫
r

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2

ds
)
.

(3.73)

The triangle inequality yields that

E
[( T
∫
r

16α2
∥∥XZ

r,s

∥∥2

R2 ds
)p]
≤

(
T

∫
r

16α2

(
E
[ ∥∥XZ

r,s

∥∥2p

R2

])1
p

ds

)p
≤ (16α2T )p sup

u∈[r,T ]

E
[ ∥∥XZ

r,u

∥∥2p

R2

]
≤ (16α2T )p sup

y∈(0,∞)

yp

exp(q exp(−(|δ−1|+2γ+4β2q)T )y)

· sup
u∈[r,T ]

E
[

exp
(

q
exp((|δ−1|+2γ+4β2q)u)

∥∥XZ
r,u

∥∥2

R2

)]
.

(3.74)

Inequality (3.73) (applied with ε = 2αq
6p exp((|δ−1|+2γ+4β2q)t) for t ∈ [r, T ] in the notation of in-

equality (3.73)), the fact that for all a, b ∈ R it holds that ab ≤ a2 + b2, inequality (3.74), and
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equation (4.4) in Cox, Hutzenthaler, and Jentzen 2013 imply that for all t ∈ [r, T ] it holds that

E
[∥∥X2,Z

r,t

∥∥p
L(2)(R2,R2)

]
≤ E

[( T
∫
r

16α2
∥∥XZ

r,s

∥∥2

R2 ds
)p]

+ exp
(

2 · 3pt
(
1 + α26p exp((|δ−1|+2γ+4β2q)t)

8αq + γ + δ
2

))
· E
[

exp
(

2 · 3p 2αq
6p exp((|δ−1|+2γ+4β2q)t)

t

∫
r

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2

ds
))]

(3.75)

≤
(

sup
y∈(0,∞)

(16α2Ty)p

exp(q exp(−(|δ−1|+2γ+4β2q)T )y) + exp
(

6pt
(
1 + α26p exp((|δ−1|+2γ+4β2q)t)

8αq + γ + δ
2

)))
· sup
u∈[r,T ]

E
[

exp

(
q

exp((|δ−1|+2γ+4β2q)u)

∥∥XZ
r,u

∥∥2

R2

+
u

∫
r

2αq
exp((|δ−1|+2γ+4β2q)s)

(〈
XZ
r,s, e

(2)
1

〉
R2

〈
XZ
r,s, e

(2)
2

〉
R2

)2

ds

)]
≤
(

sup
y∈(0,∞)

(16α2Ty)p

exp(q exp(−(|δ−1|+2γ+4β2q)T )y) + exp
(

6pT
(
1 + α26p exp((|δ−1|+2γ+4β2q)T )

8αq + γ + δ
2

)))
· E
[

exp( 1
4 + q‖Z‖2R2)

]
.

Combining inequalities (3.68) and (3.75) proves inequality (3.61). The proof of Lemma 3.9 is
thus completed.

Lemma 3.10. Assume Setting 3.6. Then there exists a constant κ ∈ (0,∞) such that for all
N ∈ N it holds that (

E
[∥∥∥Xξ

0,T − Y
N
T

∥∥∥2

R2

])1/2

≤ κ√
N
. (3.76)

Proof of Lemma 3.10. For the rest of the proof let p ∈ [5 + exp(T (4 + δ + 2γ)),∞) be a real
number with the property that for all x, y ∈ R2 it holds that

‖µ(x)− µ(y)‖R2 ≤ p‖x− y‖R2(1 + ‖x‖pR2 + ‖y‖pR2) (3.77)

and
‖µ(x)‖R2 ≤ p(1 + ‖x‖pR2). (3.78)

Such a real number exists because µ is a polynomial. Lemma 3.9 (applied with p = 5, r = s,
q = q exp(−(|δ − 1|+ 2γ + 4β2q)s), Z = X

Y Nr
r,s for r, s ∈ [0, T ], N ∈ N with r ≤ s in the notation

of Lemma 3.9), equation (4.4) in Cox, Hutzenthaler, and Jentzen 2013, and Lemma 3.8 (applied
with c = exp(−T (1 + 3β2 + δ + 2γ)) in the notation of Lemma 3.8) imply that there exists a
constant C ∈ [1,∞) such that for all N ∈ N, q ∈ {exp(−T (1 + 3β2 + δ + 2γ))}, r, s, t ∈ [0, T ]



3.3. STOCHASTIC VAN-DER-POL OSCILLATOR 93

with the property that r ≤ s ≤ t and that N ≥ max{6β2T, T} it holds that

max

{
E
[∥∥∥∥XX

YNr
r,s

s,t

∥∥∥∥20p

R2

]
, sup
i∈{1,2}

E
[∥∥∥∥Xi,X

YNr
r,s

s,t

∥∥∥∥ 4·20
20−4

L(i)(R2,R2)

]}

≤ CE
[

exp

(
q

exp((|δ−1|+2γ+4β2q)s)

∥∥∥XY Nr
r,s

∥∥∥2

R2

)]
≤ C exp

(
1
4

)
E
[

exp
(
q
∥∥Y Nr ∥∥2

R2

) ]
≤ C exp

(
1
4

)
exp

(
(2β2 + 1)T + ‖ξ‖2R2

)
<∞.

(3.79)

This together with inequality (3.78) implies that the assumptions of Theorem 3.3 are satisfied.
Then, the perturbation formula in Theorem 3.3 (applied with d = 2, m = 1, p = 20, µ(r, x) =

µ(x), σ(r, x) =
(

0
β

)
, Ar = µ

(
Y NbrcT/N

)
1{
‖µ(Y NbrcT/N

)‖2
R2
<N
T

}, Br =
(

0
β

)
for all r ∈ [0, T ], x ∈ R2

in the notation of Theorem 3.3), Jensen’s inequality, and Hölder’s inequality imply that for all
N ∈ N with the property N ≥ max{6β2T, T} it holds that

E
[∥∥Xξ

0,T − Y
N
T

∥∥2

R2

]
= E

[∥∥∥∥ T∫
0
X

1,Y Nr
r,T

(
µ(Y Nr )− µ

(
Y NbrcT/N

)
1{‖µ(Y NbrcT/N

)‖2
R2
<N
T }

)
dr

∥∥∥∥2

R2

]
(3.80)

≤ T
( T
∫
0
E
[∥∥∥X1,Y Nr

r,T

∥∥∥4

L(R2,R2)

]
dr
)1

2
( T
∫
0
E
[∥∥µ(Y Nr )− µ

(
Y NbrcT/N

)
1{‖µ(Y NbrcT/N

)‖2
R2
<N
T }
∥∥4

R2

]
dr
)1

2

.

Moreover, inequality (3.77), Hölder’s inequality, equation (3.45), the scaling property of the
Brownian motion, and the fact that

∫∞
−∞

1√
2π
x8 exp(−x

2

2 )dx = 105 yield that for all N ∈ N,
k ∈ {0, . . . , N − 1}, r ∈ [kTN , (k+1)T

N ] it holds that∥∥∥(µ(Y Nr )− µ(Y NkT
N

)
)
1{∥∥µ(Y NkT

N

)∥∥2

R2
<N
T

}∥∥∥
L4(P;R2)

≤ p
∥∥∥∥∥Y Nr − Y NkT

N

∥∥
R2

(
1 + ‖Y Nr ‖

p
R2 + ‖Y NkT

N
‖pR2

)
1{∥∥µ(Y NkT

N

)∥∥2

R2
<N
T

}∥∥∥
L4(P;R)

≤ p
∥∥∥(Y Nr − Y NkT

N

)
1{∥∥µ(Y NkT

N

)∥∥2

R2
<N
T

}∥∥∥
L8(P;R2)

∥∥∥(1 + ‖Y Nr ‖
p
R2 + ‖Y NkT

N
‖pR2)

∥∥∥
L8(P;R)

≤ p
(
T
N

∥∥∥µ(Y NkT
N

)
1{∥∥µ(Y NkT

N

)∥∥2

R2
<N
T

}∥∥∥
L8(P;R2)

+
∥∥(Wr −W kT

N
)
(

0
β

)∥∥
L8(P;R2)

)
·
(

1 + 2 sup
s∈[0,T ]

∥∥Y Ns ∥∥pL8p(P;R2)

)
≤ p
(
T
N

√
N
T + (105)

1
8 β
√

T
N

)(
1 + 2 sup

s∈[0,T ]

∥∥Y Ns ∥∥pL20p(P;R2)

)
<∞.

(3.81)

This, inequality (3.80), Hölder’s inequality, and inequality (3.79) yield that for all N ∈ N with
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N ≥ max{6β2T, T} it holds that

(
E
[∥∥Xξ

0,T − Y
N
T

∥∥2

R2

]) 1
2

≤
√
T
( T
∫
0
E
[∥∥∥X1,Y Nr

r,T

∥∥∥4

L(R2,R2)

]
dr
)1

4 · T 1
4

√
T
N p(1 + 2β)

(
1 + 2 sup

s∈[0,T ]

(
E
[∥∥Y Ns ∥∥20p

R2

]) 1
20
)

≤
√

T
N T

(
C exp

(
1
4

)
exp
(

(2β2 + 1)T + ‖ξ‖2R2

)) 1
5 + 1

20

p(1 + 2β)3.

(3.82)

This together with maxN∈N∩[0,max{6β2T,T}+1] E
[∥∥Xξ

0,T − Y NT
∥∥2

R2

]
<∞ implies inequality (3.76).

The proof of Lemma 3.10 is thus completed.



Chapter 4

Existence of continuously
differentiable solutions of stochastic
differential equations with
non-globally Lipschitz coefficients

In the last chapter, we investigate whether there are conditions on the coefficients of the SDE
under which the assumptions of Setting 3.2 are fulfilled and finally establish the existence of a
continuously differentiable flow. This chapter is the result of joint work with Martin Hutzenthaler
and Sara Mazzonetto which is available online as arXiv preprints Hudde, Hutzenthaler, and
Mazzonetto 2019a and Hudde, Hutzenthaler, and Mazzonetto 2019b.

4.1 Uniform moment estimates for affine-linear SDEs

Setting 4.1. Let T ∈ (0,∞), let (U, 〈·, ·〉U , ‖ · ‖U ) be a separable real Hilbert space with or-
thonormal basis U, let (Ω,F ,P) be a probability space with a normal filtration (Ft)t∈[0,T ], and let
(Wt)t∈[0,T ] be an IdU -cylindrical Wiener process.

4.1.1 Uniform exponential moment estimates for Itô processses

The following lemma, Lemma 4.2, is a well-known exponential moment estimate for Itô processes
and is included here for the reader’s convenience.

Lemma 4.2. Assume Setting 4.1, let τ : Ω→ [0, T ] be an (Ft)t∈[0,T ]-stopping time, let α : [0, T ]×
Ω→ R be a B([0, T ])⊗F/B(R)-measurable stochastic process, let R : [0, T ]× Ω→ HS(U,R) be
a B([0, T ])⊗F/B(HS(U,R))-measurable stochastic process which is (Ft)t∈[0,T ]-adapted and such

95
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that it holds P-almost surey that

τ

∫
0

max{0, αr}+ ‖Rr‖2HS(U,R) dr <∞, (4.1)

and let p ∈ (1,∞). Then it holds that

E
[

exp
( τ
∫
0
αr dr +

τ

∫
0
Rr dWr

)]
≤
(
E
[

exp
( τ
∫
0

p
(p−1)αr + p2

2(p−1)‖Rr‖
2
HS(U,R) dr

)])(p−1)/p

. (4.2)

Proof of Lemma 4.2. Throughout the proof of Lemma 4.2 let E : [0, T ] × Ω → (0,∞) be an
(Ft)t∈[0,T ]-adapted stochastic process with continuous sample paths such that for all t ∈ [0, T ] it
holds P-almost surely that

Et = exp
(
p
t∧τ
∫
0
Rr dWr − 1

2p
2
t∧τ
∫
0
‖Rr‖2HS(U,R) dr

)
. (4.3)

It follows from, e.g., Gawarecki and Mandrekar 2010, Exercise 2.15(b), the optional stopping
theorem and Lemma 18.21 in Kallenberg 2002 that E is a positive local martingale with respect
to the filtration (Ft)t∈[0,T ]. This together with the fact that E[E0] < ∞ assures that E is an
(Ft)t∈[0,T ]-supermartingale, and the optional stopping theorem implies that E[Eτ ] ≤ E[E0] = 1.
This and Hölder’s inequality yield that

E
[

exp
( τ
∫
0
αr dr +

τ

∫
0
Rr dWr

)]
= E

[
exp

( τ
∫
0
αr + p

2‖Rr‖
2
HS(U,R) dr

)
(Eτ )

1/p
]

≤
(
E
[

exp
(

p
p−1

τ

∫
0
αr + p

2‖Rr‖
2
HS(U,R) dr

)])(p−1)/p(
E[Eτ ]

)1/p
≤
(
E
[

exp
(

p
p−1

τ

∫
0
αr + p

2‖Rr‖
2
HS(U,R) dr

)])(p−1)/p

.

(4.4)

The proof of Lemma 4.2 is thus completed.

The following lemma, Lemma 4.3, provides exponential moment estimates for Itô processes and
generalizes Lemma 2.7 in Cox, Hutzenthaler, and Jentzen 2013.

Lemma 4.3. Assume Setting 4.1, let α : [0, T ]× Ω→ R be a
B([0, T ]) ⊗ F/B(R)-measurable (Ft)t∈[0,T ]-adapted stochastic process, and let R : [0, T ] × Ω →
HS(U,R) be a B([0, T ])⊗F/B(HS(U,R))-measurable (Ft)t∈[0,T ]-adapted stochastic process such
that it holds P-almost surely that

T

∫
0

max{0, αr}+ ‖Rr‖2HS(U,R) dr <∞. (4.5)
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Then it holds that

E
[

sup
t∈[0,T ]∩Q

exp
( t

∫
0
αr dr +

t

∫
0
Rr dWr

)]
(4.6)

≤ inf
p,q∈(1,∞)

((
q
q−1

)q(E[ exp
(

p
(p−1)

T

∫
0

max
{
αr,

(−1)
2q ‖Rr‖

2
HS(U,R)

}
+ p

2‖Rr‖
2
HS(U,R)dr

)])(p−1)/p
)
.

Proof of Lemma 4.3. Throughout the proof let p, q ∈ (1,∞), and for all n ∈ N let τn : Ω→ [0, T ]

be a mapping with the property that it holds P-almost surely that

τn = inf
({
t ∈ [0, T ] :

t

∫
0
‖Rr‖2HS(U,R) + max

{
0, 1

q

(
αr + 1

2q‖Rr‖
2
HS(U,R)

)}
dr ≥ n

}
∪ {T}

)
. (4.7)

The fact that it holds P-almost surely that ∫T0 max{0, αr} + ‖Rr‖2HS(U,R) dr < ∞ implies that
it holds P-almost surely that limn→∞ τn = T . It holds for all n ∈ N that τn is an (Ft)t∈[0,T ]-
stopping time. Itô’s formula (e.g., Gawarecki and Mandrekar 2010, Theorem 2.10) implies that
the process(

exp
( s

∫
0

max
{

0, αrq +
‖Rr‖2HS(U,R)

2q2

}
dr + 1

q

s

∫
0
RrdWr −

s

∫
0

‖Rr‖2HS(U,R)
2q2 dr

))
s∈[0,T ]

(4.8)

is a non-negative (Ft)t∈[0,T ]-submartingale. Then, Doob’s inequality (see, e.g., Revuz and Yor
2013, Proposition II.1.7) and Lemma 4.2 (applied with τ = τn and α· = max

{
− 1

2q‖R·‖
2
HS(U,R), α·

}
in the notation of Lemma 4.2) show that for all n ∈ N it holds that

E
[

sup
t∈[0,τn]∩Q

exp
( t

∫
0
αr dr +

t

∫
0
Rr dWr

)]
≤ E

[
sup

t∈[0,τn]∩Q

(
exp

( t

∫
0

max
{

0, αrq +
‖Rr‖2HS(U,R)

2q2

}
dr + 1

q

t

∫
0
Rr dWr −

t

∫
0

‖Rr‖2HS(U,R)
2q2 dr

))q]
≤
(

q
q−1

)q E[( exp
( τn
∫
0

max
{

0, αrq +
‖Rr‖2HS(U,R)

2q2

}
− ‖Rr‖

2
HS(U,R)

2q2 dr + 1
q

τn
∫
0
Rr dWr

))q]
=
(

q
q−1

)q E[ exp
( τn
∫
0

max
{
− 1

2q‖Rr‖
2
HS(U,R), αr

}
dr +

τn
∫
0
Rr dWr

)]
≤
(

q
q−1

)q (E[ exp
( τn
∫
0

p
(p−1) max

{
− 1

2q‖Rr‖
2
HS(U,R), αr

}
+ p2

2(p−1)‖Rr‖
2
HS(U,R) dr

)])(p−1)/p

≤
(

q
q−1

)q (E[ exp
(

p
(p−1)

T

∫
0

max
{
− 1

2q‖Rr‖
2
HS(U,R), αr

}
+ p

2‖Rr‖
2
HS(U,R) dr

)])(p−1)/p

.

(4.9)

Inequality (4.6) then follows from inequality (4.9) and the monotone convergence theorem. The
proof of Lemma 4.3 is thus completed.



98 CHAPTER 4. EXISTENCE OF CONTINUOUSLY DIFFERENTIABLE SOLUTIONS

4.1.2 Uniform moment estimates for SDEs of affine-linear type

The following lemma, Lemma 4.4, provides uniform moment estimates for one-dimensional SDEs
of affine-linear type. Informally speaking, this means that the drift is bounded from above by
an affine-linear adapted function of the process and the diffusion term is an affine-linear adapted
function of the process.

Lemma 4.4. Assume Setting 4.1, let X : [0, T ]×Ω→ [0,∞) be an (Ft)t∈[0,T ]-adapted stochas-
tic process with continuous sample paths, let µ, β : [0, T ] × Ω → R be B([0, T ]) ⊗ F/B(R)-
measurable stochastic processes, let α : [0, T ] × Ω → [−∞,∞] be a B([0, T ]) ⊗ F/B([−∞,∞])-
measurable (Ft)t∈[0,T ]-adapted stochastic process, let η, ζ : [0, T ]× Ω→ HS(U,R) be B([0, T ])⊗
F/B(HS(U,R))-measurable (Ft)t∈[0,T ]-adapted stochastic processes with the properties that for
all t ∈ [0, T ] it holds P-almost surely that µt−Xt αt−〈ηt, ζt〉HS(U,R) ≤ βt, that it holds P-almost
surely that

T

∫
0
|µr|+ max{αr, 0}+ ‖Xrηr + ζr‖2HS(U,R) dr <∞, (4.10)

that for all t ∈ [0, T ] it holds P-almost surely that

Xt = X0 +
t

∫
0
µr dr +

t

∫
0
Xr ηr + ζr dWr, (4.11)

let p, q, u, u′ ∈ [1,∞), p′ ∈ [2/q,∞) ∩ (1,∞), c1, c2, c3, c4, θ ∈ (1,∞) be real numbers, and let
ψ : (0,∞)× (1,∞)→ (0,∞] be the function which satisfies for all λ ∈ (0,∞), c ∈ (1,∞) that

ψ(λ, c) =
(

θ
θ−1

) θ
λ

∥∥∥ exp
( T
∫
0

max
{
αr +

cλ
c−1−1

2 ‖ηr‖2HS(U,R),
cλ
c−1−

λ
θ

2 ‖ηr‖2HS(U,R)

}
dr
)∥∥∥

Lλc(P;R)
.

(4.12)
Then it holds that∥∥∥ sup

t∈[0,T ]

Xt

∥∥∥
Lq(P;R)

≤ ψ(pq, c1)‖X0‖L(pq)/(p−1)(P;R)
+ ψ(uq, c2)‖β‖

L1(λ[0,T ];L
(uq)/(u−1)(P;R))

+ p′q ψ
(

(p′q)
(p′−1) , c3

)
‖ζ‖

L2(λ[0,T ];L
u′p′q
(u′−1) (P;HS(U,R)))

·
∥∥∥ exp

( T
∫
0

u′p′q
2 ( c4

c4−1 + 1
θ )‖ηr‖2HS(U,R) dr

)∥∥∥
Lu
′p′qc4 (P;R)

.

(4.13)

Proof of Lemma 4.4. Throughout the proof of Lemma 4.4 let α̂,Ψ: [0, T ]×Ω→ R be mappings
with the properties that Ψ has continuous sample paths, that for all t ∈ [0, T ] it holds that
α̂s = max{αs, ( 1

2 −
λ
2θ )‖ηs‖2HS(U,R)}, and that for all t ∈ [0, T ] it holds P-almost surely that

Ψt = exp
( t

∫
0
α̂r − 1

2‖ηr‖
2
HS(U,R) dr +

t

∫
0
ηr dWr

)
. (4.14)

From Lemma 4.2 (applied with τ = t, α· = −λ
(
α̂· − 1

2‖η·‖
2
HS(U,R)

)
, R· = −λη·, p = c

c−1 in the
notation of Lemma 4.2) together with inequality (4.10) and the fact that for all r ∈ [0, T ] it holds
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that −α̂r ≤ 1
2 (λθ − 1)‖ηr‖2HS(U,R) it follows that for all t ∈ [0, T ], λ ∈ [1,∞), c ∈ (1,∞) it holds

that∥∥(Ψt)
−1
∥∥
Lλ(P;R)

=
(
E
[

exp
(
−

t

∫
0
λ(α̂r − 1

2‖ηr‖
2
HS(U,R)) dr −

t

∫
0
ληr dWr

)])1/λ

≤
(
E
[

exp
( t

∫
0
(−1) c/(c−1)

c/(c−1)−1λ
(
α̂r − 1

2‖ηr‖
2
HS(U,R)

)
+ (c/(c−1))2

2(c/(c−1)−1)‖ληr‖
2
HS(U,R) dr

)])1/(λc)

=
∥∥∥ exp

( t

∫
0
(−1)α̂r + 1

2

(
λc
c−1 + 1

)
‖ηr‖2HS(U,R) dr

)∥∥∥
Lλc(P;R)

≤
∥∥∥ exp

( t

∫
0

1
2

(
λc
c−1 + λ

θ

)
‖ηr‖2HS(U,R) dr

)∥∥∥
Lλc(P;R)

.

(4.15)

From inequality (4.10), Lemma 4.3 (applied with T = T − s, F· = F·+s, W· = W·+s − Ws,
α· = λα̂·+s − λ

2 ‖η·+s‖
2
HS(U,R), R· = λη·+s in the notation of Lemma 4.3), the fact that for all

r ∈ [0, T ] it holds that α̂r ≥ ( 1
2 −

λ
2θ )‖ηr‖2HS(U,R), and the fact that for all c ∈ (1,∞) it holds

that cλ
c−1 ≥

λ
θ it follows that for all s ∈ [0, T ), λ ∈ [1,∞), c ∈ (1,∞) it holds that∥∥∥(Ψs)

−1 sup
t∈[s,T ]

Ψt

∥∥∥
Lλ(P;R)

=
∥∥∥ sup
t∈[0,T−s]∩Q

(
(Ψs)

−1Ψs+t

)∥∥∥
Lλ(P;R)

=
(
E
[

sup
t∈[0,T−s]∩Q

exp
( t

∫
0
λα̂r+s − λ

2 ‖ηr+s‖
2
HS(U,R) dr +

t

∫
0
ληr+s dWr+s

)])1/λ

≤
((

θ
θ−1

)θ(E[ exp
(
c
T−s
∫
0

max
{
λα̂r+s − λ

2 ‖ηr+s‖
2
HS(U,R),− 1

2θ‖ληr+s‖
2
HS(U,R)

}
(4.16)

+ c/(c−1)
2 ‖ληr+s‖2HS(U,R) dr

)])1/c)1/λ

=
(

θ
θ−1

) θ
λ

∥∥∥ exp
( T−s
∫
0
α̂r+s +

cλ
c−1−1

2 ‖ηr+s‖2HS(U,R) dr
)∥∥∥

Lλc(P;R)

=
(

θ
θ−1

) θ
λ

∥∥∥ exp
( T
∫
s

max
{
αr + 1

2 ( cλ
c−1 − 1)‖ηr‖2HS(U,R),

1
2 ( cλ
c−1 −

λ
θ )‖ηr‖2HS(U,R)

}
dr
)∥∥∥

Lλc(P;R)

≤ ψ(λ, c).

From Itô’s formula (e.g., Gawarecki and Mandrekar 2010, Theorem 2.10), equation (4.14), and
the fact that for all r ∈ [0, T ] it holds P-almost surely that µr −Xrαr − 〈ηr, ζr〉HS(U,R) ≤ βr it
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follows that for all t ∈ [0, T ] it holds P-almost surely that

Xt(Ψt)
−1 = X0(Ψ0)−1 +

t

∫
0

(Ψr)
−1 (Xrηr + ζr −Xrηr) dWr

+
t

∫
0

(
µr −Xrα̂r + (1− 2 + 1) 1

2Xr‖ηr‖2HS(U,R) − 〈ηr, ζr〉HS(U,R)

)
(Ψr)

−1 dr

≤ X0 +
t

∫
0
βr(Ψr)

−1 dr +
t

∫
0

(Ψr)
−1 ζr dWr.

(4.17)

Hence, we obtain that for all t ∈ [0, T ] it holds P-almost surely that

Xt ≤ ΨtX0 +
t

∫
0
βr(Ψr)

−1Ψt dr + Ψt

t

∫
0

(Ψr)
−1ζr dWr. (4.18)

The triangle inequality therefore yields that

∥∥∥ sup
t∈[0,T ]

Xt

∥∥∥
Lq(P;R)

≤
∥∥∥( sup

t∈[0,T ]

Ψt

)
· |X0|

∥∥∥
Lq(P;R)

+
T

∫
0

∥∥βr(Ψr)
−1 sup

t∈[r,T ]

Ψt

∥∥
Lq(P;R)

dr

+
∥∥∥( sup

t∈[0,T ]

Ψt

)
· sup
t∈[0,T ]

∣∣∣ t∫
0

(Ψr)
−1ζr dWr

∣∣∣∥∥∥
Lq(P;R)

.

(4.19)

This and Hölder’s inequality imply that∥∥∥ sup
t∈[0,T ]

Xt

∥∥∥
Lq(P;R)

≤
∥∥∥ sup
t∈[0,T ]

Ψt

∥∥∥
Lpq(P;R)

‖X0‖L(pq)/(p−1)(P;R)

+
[

sup
r∈[0,T ]

∥∥∥(Ψr)
−1 sup

t∈[r,T ]

Ψt

∥∥∥
Luq(P;R)

]∥∥∥β∥∥∥
L1(λ[0,T ];L

(uq)/(u−1)(P;R))

+
∥∥∥ sup
t∈[0,T ]

Ψt

∥∥∥
L(p′q)/(p′−1)(P;R)

∥∥∥ sup
t∈[0,T ]

∣∣∣ t∫
0

(Ψr)
−1ζrdWr

∣∣∣∥∥∥
Lp′q(P;R)

.

(4.20)

Next, observe that the fact that p′q ≥ 2, the Burkholder-Davis-Gundy type inequality Da Prato
and Zabczyk 1992, Lemmas 7.2 and 7.7, Hölder’s inequality, and equation (4.15) yield that

1
p′q

∥∥∥ sup
t∈[0,T ]

∣∣∣ t∫
0

(Ψr)
−1ζrdWr

∣∣∣∥∥∥
Lp′q(P;R)

≤
( T
∫
0

∥∥∥(Ψr)
−1‖ζr‖HS(U,R)

∥∥∥2

Lp′q(P;R)
dr
)1/2

≤
( T
∫
0

∥∥(Ψr)
−1
∥∥2

Lu′p′q(P;R)
‖ζr‖2

L(u′p′q)/(u′−1)(P;HS(U,R))
dr
)1/2

(4.21)

≤
[

sup
t∈[0,T ]

∥∥∥(Ψt)
−1
∥∥∥
Lu′p′q(P;R)

]
‖ζ·‖

L2

(
λ[0,T ];L

(u′p′q)/(u′−1)(P;HS(U,R))

)
≤
∥∥∥ exp

( T
∫
0

u′p′q
2 ( c4

c4−1 + 1
θ )‖ηr‖2HS(U,R) dr

)∥∥∥
Lu
′p′qc4 (P;R)

‖ζ·‖
L2

(
λ[0,T ];L

(u′p′q)/(u′−1)(P;HS(U,R))

).
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Finally, inequalities (4.20), (4.16), (4.21), and the fact that P(Ψ0 = 1) = 1 imply that∥∥∥ sup
t∈[0,T ]

Xt

∥∥∥
Lq(P;R)

≤ ψ(pq, c1) ‖X0‖L(pq)/(p−1)(P;R)
+ ψ(uq, c2)‖β‖

L1(λ[0,T ];L
(uq)/(u−1)(P;R))

+ p′q ψ( (p′q)
(p′−1) , c3)‖ζ‖

L2
(
λ[0,T ];L

(u′p′q)/(u′−1)(P;HS(U,R))
)

·
∥∥∥∥exp

(
T

∫
0

u′p′q
2 ( c4

c4−1 + 1
θ )‖ηr‖2HS(U,R) dr

)∥∥∥∥
Lu
′p′qc4 (P;R)

.

(4.22)

The proof of Lemma 4.4 is thus completed.

The following lemma, Lemma 4.5, is a generalization of Richard’s inequality (see Richard 1972
or, e.g., Section 5.13 in Cerone and Dragomir 2010) which is a special case of Lemma 4.5 for
‖u‖H = 1 and is a generalization of the Cauchy-Schwarz inequality which is a special case of
Lemma 4.5 for ‖u‖H = 0.

Lemma 4.5. Let (H, 〈·, ·〉H , ‖ · ‖H) be a real Hilbert space and let u, v, w ∈ H satisfy that
‖u‖H ≤ 1. Then it holds that

|〈v, w〉H − 2〈v, u〉H〈u,w〉H | ≤ ‖v‖H‖w‖H . (4.23)

Proof of Lemma 4.5. The Cauchy-Schwarz inequality yields that

|〈v, w〉H‖u‖2H − 2〈v, u〉H〈u,w〉H |2 = |〈‖u‖2Hv − 2〈v, u〉Hu,w〉H |2

≤
∥∥∥‖u‖2Hv − 2〈v, u〉Hu

∥∥∥2

H
‖w‖2H (4.24)

= (‖v‖2H‖u‖4H − 4(〈v, u〉H)2‖u‖2H + 4(〈v, u〉H)2‖u‖2H)‖w‖2H
= ‖v‖2H‖w‖2H‖u‖4H .

This together with the triangle inequality and with the Cauchy-Schwarz inequality yields that

|〈v, w〉H − 2〈v, u〉H〈u,w〉H | ≤ |〈v, w〉H‖u‖2H − 2〈v, u〉H〈u,w〉H |+ |〈v, w〉H |(1− ‖u‖2H)

≤ ‖v‖H‖w‖H‖u‖2H + ‖v‖H‖w‖H(1− ‖u‖2H)

= ‖v‖H‖w‖H .

(4.25)

This finishes the proof of Lemma 4.5.

The following proposition, Proposition 4.6, provides uniform moment estimates for Hilbert-space-
valued SDEs of affine-linear type. Informally speaking, that means that the scalar product of
drift and process is bounded from above by an affine-linear adapted function of the squared norm
of the process and the diffusion term is an affine-linear adapted function of the process.

Proposition 4.6 (Uniform moment estimates for affine-linear type SDEs). Assume Setting 4.1,
let (H, 〈·, ·〉H , ‖ · ‖H) be a separable real Hilbert space, let s ∈ [0, T ], let β : [s, T ] × Ω → R be a
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B([s, T ])⊗F/B(R)-measurable stochastic process, let η, ζ : [s, T ]×Ω→ HS(U,H), α : [s, T ]×Ω→
R, and µ : [s, T ] × Ω → H be product measurable (Ft)t∈[s,T ]-adapted stochastic processes, let
X : [s, T ]×Ω→ H be an (Ft)t∈[s,T ]-adapted stochastic process with continuous sample paths with
the property that for all t ∈ [s, T ] it holds P-almost surely that 〈Xt, µt〉H ≤ αt‖Xt‖2H+βt and that
for all t ∈ [s, T ] it holds P-almost surely that ∫Ts ‖µr‖H + max{αr, 0}+ ‖ηr + ζr‖2HS(U,H) dr <∞
and

Xt = Xs +
t

∫
s
µr dr +

t

∫
s

(ηr + ζr) dWr, (4.26)

and let ψ : [1,∞)× (1,∞)× (1,∞)× (0,∞) → (0,∞] be the function with the property that for
all λ ∈ [1,∞), c, θ ∈ (1,∞), δ ∈ [0,∞) it holds that

ψ(λ, c, θ, δ) (4.27)

=
(

θ
θ−1

) θ
λ

∥∥∥∥exp

(
T

∫
s

max
{
αr + 1+δ

2

‖ηr‖2HS(U,H)

‖Xr‖2H
, 0
}

+
cλ
c−1−min{2,λθ }

2

‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr

)∥∥∥∥
Lλc(P;R)

.

Then it holds

(i) for all q, p, u, u′ ∈ [1,∞), p′ ∈ (1,∞) ∩ [2/q,∞), c1, c2, c3, c4, θ ∈ (1,∞), δ ∈ [0,∞) that∥∥∥ sup
t∈[s,T ]

‖Xt‖H
∥∥∥
Lq(P;R)

≤ ψ(pq, c1, θ, δ)‖Xs‖
L

(pq)
(p−1) (P;H)

+ 2
(
ψ(pq, c1, θ, δ)ψ(uq, c2, θ, δ)

) 1
2
( T
∫
s

∥∥max
{
βr + 1+δ

2δ ‖ζr‖
2
HS(U,H), 0

}∥∥
L

(uq)
(u−1) (P;R)

dr
) 1

2

+ p′q ψ
(

(p′q)
(p′−1) , c3, θ, δ

)∥∥∥‖〈X,ζ〉H‖HS(U,R)
‖X‖H

∥∥∥
L2(λ[s,T ];L

(u′p′q)/(u′−1)(P;R))
(4.28)

·
∥∥∥ exp

( T
∫
s

u′p′q
2

(
c4
c4−1 −

1
θ

)‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr
)∥∥∥

Lu
′p′qc4 (P;R)

and

(ii) for all q, u ∈ [1,∞), p ∈ [1, u] with (u+ 1)q ≥ 2u that∥∥∥ sup
t∈[s,T ]

‖Xt‖H
∥∥∥
Lq(P;R)

≤ exp( 1
pq )

∥∥∥∥exp

(
T

∫
s

{
αr + u

2

‖ηr‖2HS(U,H)

‖Xr‖2H
, 0
}

+ cλ
2c−2

‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr

)∥∥∥∥
Lcuq(P;R)

(4.29)

·

(
‖Xs‖

L
(pq)

(p−1) (P;H)
+ 2
∥∥|β| 12 ∥∥

L2(λ[s,T ];L
(2uq)
(u−1) (P;R))

+ u(2+q)
u−1 ‖ζ‖

L2
(
λ[s,T ];L

(2u2q)

(u−1)2 (P;HS(U,H))
)

·
∥∥∥∥exp

(
T

∫
s

u2q
u−1

c
c−1

‖〈Xr,ηr(Xr)〉H‖2HS(U,R)
‖Xr‖4H

dr

)∥∥∥∥
Lcu2q/(u−1)(P;R)

)
.

Proof of Proposition 4.6. Throughout the proof of item (i) let q, p, u, u′ ∈ [1,∞), p′ ∈ (1,∞) ∩
[2/q,∞), c1, c2, c3, c4, θ ∈ (1,∞), δ ∈ [0,∞), for all ε ∈ (0,∞) let φε : H → (0,∞) be the function
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with the property that for all v ∈ H it holds that φε(v) =
(
ε2 + ‖v‖2H

)1/2, let α̂, β̂ : [s, T ]× Ω→
[0,∞] be functions with the properties that for all r ∈ [s, T ] it holds that α̂r = max

{
αr +

1+δ
2

‖ηr‖2HS(U,H)

‖Xr‖2H
, 0
}
and that β̂r = max

{
βr + 1+δ

2δ ‖ζr‖
2
HS(U,H), 0

}
, and let γ : [s, T ]×Ω 7→ R be the

stochastic process with the property that for all t ∈ [s, T ] it holds that

γt =
2〈Xt, µt〉H+‖ηt+ζt‖2HS(U,H)

2φε(Xt)
− 1

2φε(Xt)

∥∥∥ 〈Xt,ηt+ζt〉Hφε(Xt)

∥∥∥2

HS(U,R)
. (4.30)

For all ε ∈ (0,∞), v, w, z ∈ H it holds that φε ∈ C2(H, [0,∞)) and that

φ′ε(v)(w) = 〈v,w〉H
φε(v) and φ′′ε (v)(w, z) = 〈w,z〉H

φε(v) −
〈v,w〉H〈v,z〉H

(φε(v))3
. (4.31)

Next, we observe that equation (4.26) implies that for all t ∈ [0, T − s] it holds P-almost surely
that

Xt+s = Xs +
t+s

∫
s
µr dr +

t+s

∫
s

(ηr + ζr) dWr

= Xs +
t

∫
0
µr+s dr +

t

∫
0

(ηr+s + ζr+s) d(Wr+s −Ws)

(4.32)

and Itô’s formula Gawarecki and Mandrekar 2010, Theorem 2.10 imply that for all ε ∈ (0,∞),
t ∈ [0, T − s] it holds P-almost surely that

T

∫
s
|γr|+

∥∥∥ 〈Xr,ηr〉H(φε(Xr))2 φε(Xr) + 〈Xr,ζr〉H
φε(Xr)

∥∥∥2

HS(U,R)
dr <∞ (4.33)

and that

φε(Xt+s)− φε(Xs)−
t

∫
0

(
〈Xr+s,ηr+s〉H
(φε(Xr+s))2

φε(Xr+s) + 〈Xr+s,ζr+s〉H
φε(Xr+s)

)
d(Wr+s −Ws)

=
t+s

∫
s

2〈Xr, µr〉H+‖ηr+ζr‖2HS(U,H)

2φε(Xr) − 1
2φε(Xr)

∥∥∥ 〈Xr,ηr+ζr〉H
φε(Xr)

∥∥∥2

HS(U,R)
dr

=
t

∫
0
γs+r dr.

(4.34)

The assumption that for all t ∈ [s, T ] it holds P-almost surely that 〈Xt, µt〉H ≤ αt‖Xt‖2H + βt,
Lemma 4.5, Young’s inequality, nonnegativity of α̂, β̂, and the fact that for all ε ∈ (0,∞), v ∈ H
it holds that φε(v) ≥ ‖v‖H and φε(v) ≥ ε imply that for all ε ∈ (0,∞), t ∈ [s, T ] it holds
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P-almost surely that

γt −
〈
〈Xt,ηt〉H
(φε(Xt))2

, 〈Xt,ζt〉Hφε(Xt)

〉
HS(U,R)

=
2〈Xt, µt〉H+‖ηt‖2HS(U,H)+‖ζt‖

2
HS(U,H)

2φε(Xt)
− 1

2φε(Xt)

(∥∥∥ 〈Xt,ηt〉Hφε(Xt)

∥∥∥2

HS(U,R)
+
∥∥∥ 〈Xt,ζt〉Hφε(Xt)

∥∥∥2

HS(U,R)

)
+ 2

2φε(Xt)

∑
u∈U

(
〈ηtu, ζtu〉H − 2

〈
ηtu,

Xt
φε(Xt)

〉
H

〈
Xt

φε(Xt)
, ζtu

〉
H

)
≤

2(αt‖Xt‖2H+βt)+‖ηt‖2HS(U,H)+‖ζt‖
2
HS(U,H)−

∥∥∥ 〈Xt,ηt〉Hφε(Xt)

∥∥∥2

HS(U,R)
+2
∑
u∈U ‖ηtu‖H‖ζtu‖H

2φε(Xt)

≤
2(αt‖Xt‖2H+βt)+(1+δ)‖ηt‖2HS(U,H)+(1+ 1

δ )‖ζt‖2HS(U,H)−
∥∥∥ 〈Xt,ηt〉Hφε(Xt)

∥∥∥2

HS(U,R)
2φε(Xt)

≤
2α̂t‖Xt‖2H+2β̂t−

∥∥∥ 〈Xt,ηt〉Hφε(Xt)

∥∥∥2

HS(U,R)
2φε(Xt)

≤
(
α̂t − 1

2

∥∥∥ 〈Xt,ηt〉H(φε(Xt))2

∥∥∥2

HS(U,R)

)
φε(Xt) + β̂t

ε .

(4.35)

The fact that for all ε ∈ (0,∞), v ∈ H it holds that φε(v) ≥ ‖v‖H implies that for all λ ∈ [1,∞),
c ∈ (1,∞), ε, η ∈ (0,∞) it holds that

∥∥∥ exp
( T
∫
s

max
{
α̂r +

cλ
c−1−2

2

∥∥∥ 〈Xr,ηr〉H
(φε(Xr))2

∥∥∥2

HS(U,R)
,
cλ
c−1−

λ
θ

2

∥∥∥ 〈Xr,ηr〉H
(φε(Xr))2

∥∥∥2

HS(U,R)

}
dr
∥∥∥
Lλc(P;R)

)
≤
∥∥∥ exp

( T
∫
s
α̂r +

cλ
c−1−min{2,λθ }

2

‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr
)∥∥∥

Lλc(P;R)

=
(

θ
θ−1

)− θλψ(λ, c, θ, δ).

(4.36)

From equation (4.34), inequality (4.35), and Lemma 4.4 (applied with T = T − s, Fr = Ft+s,
Wt = Wt+s − Ws, Xt = φε(Xt+s), µt = γt+s, ηt = 〈Xt+s,ηt+s〉H

(φε(Xt+s))
2 , ζt = 〈Xt+s,ζt+s〉H

φε(Xt+s)
, αt =

α̂t+s − 1
2

∥∥∥ 〈Xt+s,ηt+s〉H(φε(Xt+s))2

∥∥∥2

HS(U,R)
, and βt = β̂t+s

ε in the notation of Lemma 4.4) it follows that for

all ε ∈ (0,∞) it holds that∥∥∥ sup
t∈[s,T ]

‖Xt‖H
∥∥∥
Lq(P;R)

≤
∥∥∥ sup
t∈[0,T−s]

φε(Xt+s)
∥∥∥
Lq(P;R)

≤ ψ(pq, c1, θ, δ) ‖φε(Xs)‖L(pq)/(p−1)(P;R)
+ ψ(uq, c2, θ, δ)

∥∥∥ β̂tε ∥∥∥
L1(λ[s,T ];L

(uq)/(u−1)(P;R))

+ p′q ψ
(

(p′q)
(p′−1) , c3, θ, δ

)(T
∫
s

∥∥∥ 〈Xr,ζr〉Hφε(Xr)

∥∥∥2

L(u′p′q)/(u′−1)(P;HS(U,R))
dr

)1/2

·
∥∥∥∥exp

(
T

∫
s

u′p′q
2

(
c4
c4−1 + 1

θ

)∥∥∥ 〈Xr,ηr〉H
(φε(Xr))2

∥∥∥2

HS(U,R)
dr

)∥∥∥∥
Lu
′p′qc4 (P;R)

.

(4.37)

From inequality (4.37), subadditivity of the square root, the triangle inequality, and the fact that
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for all ε ∈ (0,∞), v ∈ H it holds that φε(v) ≥ ‖v‖H it follows that∥∥∥ sup
t∈[s,T ]

‖Xt‖H
∥∥∥
Lq(P;R)

≤ ψ(pq, c1, θ, δ)‖Xs‖L(pq)/(p−1)(P;H)

+ inf
ε∈(0,∞)

(
εψ(pq, c1, θ, δ) + ε−1ψ(uq, c2, θ, δ)

T

∫
s

∥∥max{βr, 1+δ
δ ‖ζr‖

2
HS(U,H), 0}

∥∥
L(uq)/(u−1)(P;R)

dr
)

+ p′q ψ((p′q)/(p′−1), c3, θ, δ)
∥∥∥‖〈X,ζ〉H‖HS(U,R)

‖X‖H

∥∥∥
L2
(
λ[s,T ];L

(u′p′q)/(u′−1)(P;R)
) (4.38)

·
∥∥∥∥exp

(
T

∫
s

u′p′q
2

(
c4
c4−1 + 1

θ

)‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr

)∥∥∥∥
Lu
′p′qc4 (P;R)

.

Combining this and the fact that for all a, b ∈ [0,∞) it holds that infx∈(0,∞)(ax+bx−1) = 2 (ab)
1/2

establishes item (i).
Next, we prove item (ii). Throughout this step let q ∈ [1,∞), u ∈ [1,∞), p ∈ [1, u] with the
property that uq ≥ 2(u−1) be fixed. From item (i) (applied with p′ = u

u−1 , u
′ = u, c1 = c, c2 = c,

c3 = c, c4 = c for all c ∈ (1,∞) in the notation of item (i)) and the fact that
u+1
u q

u+1
u −1

= (u+ 1)q

it follows that for all δ ∈ [0,∞), c, θ ∈ (1,∞) it holds that∥∥∥ sup
t∈[s,T ]

‖Xt‖H
∥∥∥
Lq(P;R)

≤ ψ(pq, c, θ, δ)‖Xs‖L(pq)/(p−1)(P;H)
(4.39)

+ 2 (ψ(pq, c, θ, δ)ψ(uq, c, θ, δ))
1/2

(
T

∫
s

∥∥max{βr + 1+δ
δ ‖ζr‖

2
HS(U,H), 0}

∥∥
L(uq)/(u−1)(P;R)

dr

)1/2

+ uq
u−1ψ(uq, c, θ, δ)

∥∥∥‖〈X,ζ〉H‖HS(U,R)
‖X‖H

∥∥∥
L2
(
λ[s,T ];L

(u2q)/(u−1)2 (P;R)
)

·
∥∥∥∥exp

(
T

∫
s

u2q
2(u−1)

(
c
c−1 + 1

θ

)‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr

)∥∥∥∥
Lcu2q/(u−1)(P;R)

.

Next, we observe that equation (4.27) assures that for all λ ∈ {pq, uq}, θ ∈ (1,∞) it holds that

ψ(λ, c, θ, u− 1)

≤
(

θ
θ−1

) θ
pq

∥∥∥ exp
( T
∫
s

max
{
αr + u

2

‖ηr‖2HS(U,H)

‖Xr‖2H
, 0
}

+ cuq
2c−2

‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr
)∥∥∥

Lcuq(P;R)
.

(4.40)

Furthermore, the Cauchy-Schwarz inequality implies that for all c ∈ [1,∞) it holds that∥∥∥‖〈X,ζ〉H‖HS(U,R)
‖X‖H

∥∥∥
L2(λ[s,T ];Lc(P;R))

≤ ‖ζ‖L2(λ[s,T ];Lc(P;HS(U,H))) . (4.41)
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In addition, note that the triangle inequality ensures that

( T
∫
s

∥∥max{βr + u
u−1‖ζr‖

2
HS(U,H), 0}

∥∥
L(uq)/(u−1)(P;R)

dr
)1/2

≤
( T
∫
s

∥∥|βr| 12 ∥∥2

L(2uq)/(u−1)(P;R)
+ u

u−1

∥∥ζr∥∥2

L(2uq)/(u−1)(P;HS(U,H))
dr
)1/2

≤
∥∥|β|1/2∥∥

L2(λ[s,T ];L
(2uq)/(u−1)(P;R))

+ u
u−1

∥∥ζ∥∥
L2(λ[s,T ];L

(2u2q)/(u−1)2 (P;HS(U,H)))
.

(4.42)

This, inequalities (4.39) and (4.40), the fact that infθ∈(1,∞)

(
θ
θ−1

)θ
= e1, and inequality (4.41)

imply that∥∥∥ sup
t∈[s,T ]

‖Xt‖H
∥∥∥
Lq(P;R)

≤ exp( 1
pq )

∥∥∥∥exp

(
T

∫
s

{
αr + u

2

‖ηr‖2HS(U,H)

‖Xr‖2H
, 0
}

+ cuq
2c−2

‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr

)∥∥∥∥
Lcuq(P;R)

(4.43)

·

(
‖Xs‖L(pq)/(p−1)(P;H)

+ 2
∥∥|β|1/2∥∥

L2(λ[s,T ];L
(2uq)/(u−1)(P;R))

+ u(2+q)
u−1 ‖ζ‖L2

(
λ[s,T ];L

(2u2q)/(u−1)2 (P;HS(U,H))
) ∥∥∥ exp

( T
∫
s

u2q
u−1

c
c−1

‖〈Xr,ηr〉H‖2HS(U,R)
‖Xr‖4H

dr
)∥∥∥

L
cu2q
(u−1) (P;R)

)
.

This proves item (ii). The proof of Proposition 4.6 is thus completed.

4.2 Inferring a differentiable version from sufficient regular-

ity of difference quotients

4.2.1 Inferring a differentiable version from continuity of difference
quotients

The following lemma shows, informally speaking, that if the difference quotient of a random field
with continuous sample paths has a continuous version, then the random field has differentiable
sample paths.

Lemma 4.7 (A continuous version of the difference quotient implies differentiability). Let
(Ω,F ,P) be a probability space, let (H, 〈·, ·〉H , ‖ · ‖H) and (U, 〈·, ·〉U , ‖ · ‖U ) be separable real
Hilbert spaces, let H ⊆ H be an orthonormal basis of H, let O ⊆ H be an open subset,
let D ⊆ O be a countable dense subset, let T be a set, and let X : T × O × Ω → U and
Z : T × ∩h∈H{(x, p) ∈ O × R : x + hp ∈ O} × Ω → HS(H,U) be random fields such that for all
x ∈ D, p ∈ Q \ {0}, h ∈ H with the property that x+ ph ∈ O and for all t ∈ T it holds P-almost
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surely that

Zt(x, p)h =
Xx+pht −Xxt

p
(4.44)

and such that for P-almost all ω ∈ Ω and all t ∈ T it holds that the function O 3 x 7→ X xt (ω) ∈ U
and ∩h∈H{(y, q) ∈ O × R : y + hq ∈ O} 3 (x, p) 7→ Zt(x, p, ω) ∈ HS(H,U) are continuous.

Then there is a set Ω0 ∈ F such that

(i) P(Ω0) = 1, and

(ii) it holds for all ω ∈ Ω0 and all t ∈ T that the mapping O 3 x 7→ X xt (ω) ∈ U is continuously
Fréchet-differentiable and it holds for all x ∈ O that d

dxX
x
t (ω) = Zt(x, 0, ω).

Proof of Lemma 4.7. We prove the infinite-dimensional version. Assume, that the orthonormal
vector space base of H is the form (hi)i∈N. Let OR ⊆ H × R be the set OR = ∩h∈H{(x, p) ∈
O×R : x+ hp ∈ O}. By assumption there exists a set Ω1 ∈ F satisfying P(Ω1) = 1 and that for
all ω ∈ Ω1, t ∈ T the functions O 3 x 7→ X xt (ω) ∈ U and ∩h∈H{(y, q) ∈ O × R : y + hq ∈ O} 3
(x, p) 7→ Zt(x, p, ω) ∈ HS(H,U) are continuous. Let Ω0 ∈ F be the set satisfying that

Ω0 = Ω1 ∩
⋂

(x,p)∈OR∩(D×Q)

⋂
h∈H

{
∀t ∈ T : X x+ph

t −X x = pZt(x, p)h
}
. (4.45)

The fact that for all (x, p) ∈ OR ∩ (D × Q), h ∈ H, t ∈ T it holds P-almost surely that
Zt(x, p)h =

Xx+pht −Xxt
p , the fact that (OR ∩ (D ×Q))×H is a countable set, the fact that X ,Z

are random fields, and the fact that P(Ω1) = 1 imply that Ω0 ∈ F and that P(Ω0) = 1. This
proves item (i).
Next, we prove item (ii). For the rest of the proof, let ω ∈ Ω0, t ∈ T , x ∈ O, and r ∈ (0,∞)

with the property that {y ∈ O : ‖y − x‖H < 2r} ⊆ O. The fact that ω ∈ Ω0, the fact that the
functions O 3 y 7→ X yt (ω) ∈ U and ∩h∈H{(z, q) ∈ O × R : z + hq ∈ O} 3 (y, p) 7→ Zt(y, p, ω) ∈
HS(H,U) are continuous, and the fact that {(y, p) ∈ O ×R : ‖y − x‖2H + |p|2 < r2} ∩ (D ×Q) is
dense in {(y, p) ∈ O × R : ‖y − x‖2H + |p|2 < r2} ⊆ OR imply that for all (y, p) ∈ O × R, h ∈ H
with ‖y − x‖2H + |p|2 < r2 it holds that

X y+ph
t (ω)−X yt (ω) = pZt(y, p, ω)h. (4.46)

For all v ∈ H, i ∈ N with the property that ‖v‖H < r it holds that

∥∥∥x+

i−1∑
j=1

〈v, hj〉Hhj − x
∥∥∥2

H
+ |〈v, hi〉H |2 =

i∑
j=1

(〈v, hj〉H)
2 ≤ ‖v‖2H < r2. (4.47)

From equation (4.47), a telescoping sum argument and equation (4.46) it follows that for all
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v ∈ H with the property that ‖v‖H < r it holds that

X x+v
t (ω)−X xt (ω)−Zt(x, 0, ω)v

=

∞∑
i=1

(
X x+

∑i
j=1〈v,hj〉Hhj

t (ω)−X x+
∑i−1
j=1〈v,hj〉Hhj

t (ω)

)
−Zt(x, 0, ω)

∞∑
i=1

〈v, hi〉Hhi

=

∞∑
i=1

〈v, hi〉HZt
(
x+

∑i−1
j=1〈v, hj〉Hhj , 〈v, hi〉H , ω

)
hi −

∞∑
i=1

〈v, hi〉HZt(x, 0, ω)hi.

(4.48)

This, the triangle inequality, and the Cauchy-Schwarz inequality show that for all v ∈ H with
‖v‖H ∈ (0, r) it holds that

‖Xx+vt (ω)−Xxt (ω)−Zt(x,0,ω)v‖
U

‖v‖H

= 1
‖v‖H

∥∥∥∥∥
∞∑
i=1

〈v, hi〉H
(
Zt
(
x+

∑i−1
j=1〈v, hj〉Hhj , 〈v, hi〉H , ω

)
hi −Zt(x, 0, ω)hi

)∥∥∥∥∥
U

(4.49)

≤ 1
‖v‖H

( ∞∑
i=1

(〈v, hi〉H)
2

)1/2( ∞∑
i=1

∥∥∥Zt(x+
∑i−1
j=1〈v, hj〉Hhj , 〈v, hi〉H , ω

)
hi −Zt(x, 0, ω)hi

∥∥∥2

U

)1/2

= ‖v‖H
‖v‖H

∥∥∥Zt(x+
∑i−1
j=1〈v, hj〉Hhj , 〈v, hi〉H , ω

)
−Zt(x, 0, ω)

∥∥∥
HS(H,U)

.

This and continuity of the function ∩h∈H{(z, q) ∈ O × R : z + hq ∈ O} 3 (y, p) 7→ Z(y, p, ω) ∈
HS(H,U) in the point (x, 0) yield that

lim
H3v→0

‖Xx+vt (ω)−Xxt (ω)−Zt(x,0,ω)v‖
U

‖v‖H = 0. (4.50)

This together with continuity of the function O 3 x 7→ Zt(x, 0, ω) ∈ HS(H,U) proves item (ii)
and thus completes the proof of Lemma 4.7.

The following proposition, Proposition 4.8, provides a method which allows to obtain a continuous
version of difference quotients. A central assumption of Proposition 4.8 is that difference quotients
are locally Hölder continuous with respect to the Lp-norm and sufficiently high p. Proposition 4.8
is a generalization of the Kolmogorov-Chentsov continuity theorem. In the case where F = E,
H = Rd and inequality (4.51) below holds for n = ∞, the proof of Proposition 4.8 is provided
in Theorem 2.1 in Mittmann and Steinwart 2003. In the case where inequality (4.51) below
holds for n =∞ (and H = Rd), the proof of Proposition 4.8 is provided in Theorem 3.5 in Cox,
Hutzenthaler, and Jentzen 2013.

Proposition 4.8 (Existence of a continuous version). Let (Ω,F ,P) be a probability space, d ∈ N,
p ∈ (d,∞), α ∈ (dp , 1], let (H, 〈·, ·〉H , ‖ · ‖H) be a d-dimensional real Hilbert space, let (E, ‖ · ‖E)

be a Banach space, let F ⊆ E be a closed subset, let D ⊆ H be a non-empty set, for all n ∈ N
let Bn = {x ∈ H : ‖x‖H ≤ n}, and let X : D × Ω → F be a random field which satisfies for all



4.2. INFERRING A DIFFERENTIABLE VERSION FROM SUFFICIENT REGULARITY109

n ∈ N that

sup
x∈D∩Bn

E[‖X(x)‖pE ] + sup
x,y∈D∩Bn

x 6=y

E[‖X(x)−X(y)‖pE ]

‖x−y‖αpH
<∞. (4.51)

Then there is a B(D) ⊗ F/B(F )-measurable function X : D × Ω → F such that for all ω ∈ Ω,
n ∈ N, x ∈ D it holds that X|(D∩Bn)×Ω ∈

⋂
β∈(0,α− dp ) Lp(P;Cβb (D ∩ Bn, F )), such that for all

ω ∈ Ω it holds that X (ω) ∈ C(D,F ), and such that it holds P-almost surely that X (x) = X(x).

Proof of Proposition 4.8. Throughout this proof and for all n ∈ N, let Dn ⊆ H be the set
satisfying that Dn = D ∩ Bn, let {h1, . . . , hd} = H ⊆ H be an orthonormal basis of H, and let
D ⊆ D be the set D = {x ∈ H : (〈x, hi〉H)di=1 ∈ Qd}.
By assumption it holds for all n ∈ N that X|Dn ∈ Cαb (Dn,Lp(P;F )). Then Theorem 3.5 in Cox,
Hutzenthaler, and Jentzen 2013 shows that for all n ∈ N there is an
Xn ∈

⋂
β∈(0,α− dp ) Lp(P;Cβb (Dn, F )) such that for all x ∈ Dn it holds P-almost surely that

Xn(x) = X(x). Let Ω0 ⊆ Ω be the set satisfying that Ω0 = ∩n∈N∩x∈Dn∩D∩m∈N∩[n,∞){Xm(x) =

X(x)}. Then this, the fact that X and (Xn)n∈N are random fields, and the fact that N×D×N
is a countable set imply that Ω0 ∈ F and that P(Ω0) = 1. Continuity yields that for all ω ∈ Ω0,
n,m ∈ N with m ≥ n it holds that Xm(ω)|Dn = Xn(ω). Now let X : D × Ω → F be the
function satisfying for all x ∈ D, ω ∈ Ω that X (x, ω) = 1Ω0

(ω) limn→∞ Xn(x, ω). Then it holds
for all n ∈ N that X|Dn×Ω = 1Ω0

Xn ∈
⋂
β∈(0,α− dp ) Lp(P;Cβb (Dn, F )) and consequently that for

all x ∈ D it holds P-almost surely that X (x) = X(x). The proof of Proposition 4.8 is thus
completed.

4.2.2 Exponential integrability estimates

In this subsection we collect two results from the literature which formalize a Lyapunov-method
to derive (exponential) moment estimates. We will use these estimates to prove condition (4.51)
for suitable difference quotients.
In this subsection we frequently use the following setting.

Setting 4.9. Let (H, 〈·, ·〉H , ‖·‖H) and (U, 〈·, ·〉U , ‖·‖U ) be finite-dimensional real Hilbert spaces,
assume that H 6= {0}, let T ∈ (0,∞), let (Ω,F ,P) be a probability space with a normal filtration
(Ft)t∈[0,T ], letW : [0, T ]×Ω→ U be a standard (Ω,F , (Ft)t∈[0,T ],P)-Brownian motion, let O ⊆ H
be an open set, let µ : O → H and σ : O → HS(U,H) be Borel measurable functions, and let
X : [0, T ]×Ω→ O be an (Ft)t∈[0,T ]-adapted stochastic process with continuous sample paths with
the property that it holds P-almost surely that ∫T0 ‖µ(Xs)‖H + ‖σ(Xs)‖2HS(U,H)ds < ∞ and that
Xt = X0 + ∫ t0 µ(Xs) ds+ ∫ t0 σ(Xs) dWs.

For the convenience of the reader, we recall the following well-known Lyapunov estimate conse-
quence of e.g., Lemma 2.2 in Cox, Hutzenthaler, and Jentzen 2013 or the proof of Lemma 2.2 in
Gyöngy & Krylov Gyöngy and Krylov 1996).
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Lemma 4.10 (A Lyapunov estimate). Assume Setting 4.9 and let V ∈ C2(O, [0,∞)) and a real
number α ∈ [0,∞) satisfy that for all t ∈ [0, T ] it holds P-almost surely that (Gµ,σV )(Xt) ≤
αV (Xt). Then it holds that E

[
V (XT )

]
≤ exp(αT )E

[
V (X0)

]
.

For the convenience of the reader, we recall the following well-known exponential integrability
bound from Corollary 2.4 in Cox, Hutzenthaler, and Jentzen 2013.

Lemma 4.11 (Exponential integrability bound). Assume Setting 4.9, let α ∈ R, U0 ∈ C2(O,R),
and let U : [0, T ]×O → R be a Borel measurable function with the property that it holds P-almost
surely that ∫T0 |U(s,Xs)| ds <∞ and that for all (t, x) ∈ ∪ω∈Ω ∪s∈[0,T ] {(s,Xs(ω)) ∈ [0, T ]×O}
it holds that

(Gµ,σU0)(x) + 1
2 exp(αt) ‖σ(x)∗ (∇U0) (x)‖2U + U(t, x) ≤ αU0(x). (4.52)

Then

E
[

exp
(
U0(XT )
exp(αT ) +

T

∫
0

U(s,Xs)
exp(αs) ds

)]
≤ E

[
exp

(
U0(X0)

)]
∈ [0,∞]. (4.53)

The next result, Corollary 4.12, states Lemma 4.11 for positive initial times.

Corollary 4.12 (Exponential integrability estimates). Assume Setting 4.9, let α ∈ R, U0 ∈
C2(O,R), s ∈ [0, T ], and let U : [s, T ]×O → R be a Borel measurable function with the properties
that it holds P-almost surely that ∫Ts |U(r,Xr)| dr < ∞ and that for all (t, x) ∈ ∪ω∈Ω ∪r∈[s,T ]

{(r,Xr(ω)) ∈ [s, T ]×O} it holds that

(Gµ,σU0)(x) + 1
2 exp(αt) ‖σ(x)∗ (∇U0) (x)‖2U + U(t, x) ≤ αU0(x). (4.54)

Then

E
[

exp
(
U0(XT )
exp(αT ) +

T

∫
s

U(r,Xr)
exp(αr) dr

)]
≤ E

[
exp

(
U0(Xs)
exp(αs)

)]
∈ [0,∞]; (4.55)

moreover, if there exists a K ∈ R such that K = inft∈[s,T ] infω∈Ω U(t,Xt(ω)), then

E
[

exp
(
U0(XT )
exp(αT )

)]
≤ exp

( T
∫
s

−K
exp(αr)dr

)
E
[

exp
(
U0(Xs)
exp(αs)

)]
∈ [0,∞]. (4.56)

Proof of Corollary 4.12. Lemma 4.11 (applied with T = T − s, (Ft)t∈[0,T−s] = (Ft+s)t∈[0,T−s],
(Wt)t∈[0,T−s] = (Ws+t −Ws)t∈[0,T−s], (Xt)t∈[0,T−s] = (Xt+s)t∈[0,T−s],
U0 = (O 3 x 7→ exp(−αs)U0(x) ∈ [0,∞)),
U =

(
[0, T − s]×O 3 (t, x) 7→ exp(−αs)U(t+ s, x) ∈ R

)
in the notation of Lemma 4.11) implies

inequality (4.55). Deriving inequality (4.56) from inequality (4.55) is straightforward. The proof
of Corollary 4.12 is thus completed.
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The following result, Lemma 4.13, generalizes Cox, Hutzenthaler, and Jentzen 2013, Lemma 2.23
with k = 1 which is a special case of Lemma 4.13 with H = Rd, s = 0, U(t, ·) = U(·) for all
t ∈ [0, T ], X(1) = Xx, X(3) = Xx, X(2) = Xy, and X(4) = Xy for d ∈ N, x, y ∈ O.

Lemma 4.13. Assume Setting 4.9, let s ∈ [0, T ] let X(j) : [s, T ] × Ω → O, j ∈ {1, . . . , 4}
be (Ft)t∈[s,T ]-adapted stochastic processes with continuous sample paths satisfying for all j ∈
{1, . . . , 4}, t ∈ [s, T ] that it holds P-almost surely that ∫Ts ‖µ(X

(j)
r )‖H+‖σ(X

(j)
r )‖2HS(U,H) dr <∞

and that X(j)
t = X

(j)
s + ∫ ts µ(X

(j)
r ) dr + ∫ ts σ(X

(j)
r ) dWr, let α0, α1, β0, β1 ∈ R, let U0, U1 ∈

C2(O, [0,∞)), let a Borel measurable function U : [s, T ] × O → R satisfy for all j ∈ {1, . . . , 4}
that it holds P-almost surely that ∫Ts |U(r,X

(j)
r )| dr < ∞ and that for all i ∈ {0, 1}, (t, x) ∈

∪ω∈Ω ∪r∈[s,T ] ∪4
j=1{(r,X

(j)
r (ω)) ∈ [s, T ]×O} it holds that

(Gµ,σUi)(x) + 1
2 exp(αit)

‖σ(x)∗(∇Ui)(x)‖2U + 1{1}(i) · U(t, x) ≤ αiUi(x) + βi, (4.57)

and let p, p0, p1 ∈ (0,∞] satisfy 1
p0

+ 1
p1

= 1
p , let φ : [s, T ] → R be a Borel measurable function

which satisfies that it holds P-almost surely that ∫Ts max(φ(r), 0) dr <∞. Then it holds that

∥∥∥ exp
( T
∫
s
φ(r) +

4∑
j=1

(
U0(X(j)

r )
4p0(T−s) exp(α0r)

+
U(r,X(j)

r )
4p1 exp(α1r)

)
dr
)∥∥∥

Lp(P;R)

≤ exp
( T
∫
s
φ(r) +

β0 (1− r−s
T−s )

p0 exp(α0r)
+ β1

p1 exp(α1r)
dr
) 1∏
i=0

4∏
j=1

∥∥∥exp
(

Ui(X
(j)
s )

4pi exp(αis)

)∥∥∥
L4pi (P;R)

.

(4.58)

Proof of Lemma 4.13. Without loss of generality we assume for the rest of the proof that φ ≡ 0,
otherwise divide by exp(∫Ts φ(r) dr) ∈ (0,∞). Hölder’s inequality together with 1

p = 4 1
4p0

+ 4 1
4p1

,
Jensen’s inequality, nonnegativity of U1, Corollary 4.12 (applied with T = t, U = −β0, α =

α0, X = X(j) for j ∈ {1, . . . , 4} and t ∈ [s, T ] and applied with U0 = U1, U = U − β1,
α = α1, X = X(j) for j ∈ {1, . . . , 4} in the notation of Corollary 4.12), and the fact that



112 CHAPTER 4. EXISTENCE OF CONTINUOUSLY DIFFERENTIABLE SOLUTIONS

∫Ts ∫
r
s exp(−α0u) du dr = ∫Ts (T − r) exp(−α0r) dr show that

∥∥∥ exp
( T
∫
s

4∑
j=1

(
U0(X(j)

r )
4p0(T−s) exp(α0r)

+
U(r,X(j)

r )
4p1 exp(α1r)

)
dr
)∥∥∥

Lp(P;R)
exp

(
−
T

∫
s

r

∫
s

β0

p0(T−s) exp(α0u) du dr
)

≤
4∏
j=1

[∥∥∥ exp
( T
∫
s

U0(X(j)
r )

4p0(T−s) exp(α0r)
−

r

∫
s

β0

4p0(T−s) exp(α0u) du dr
)∥∥∥

L4p0 (P;R)

·
∥∥∥ exp

( T
∫
s

U(r,X(j)
r )

4p1 exp(α1r)
dr
)∥∥∥

L4p1 (P;R)

]
≤

4∏
j=1

(
sup
t∈[s,T ]

(
E
[

exp
(
U0(X

(j)
t )

exp(α0t)
−

t

∫
s

β0

exp(α0u) du
)])1/4p0

(4.59)

·
(
E
[

exp
(

U1(X
(j)
T )

exp(−α1T ) +
T

∫
s

U(r,X(j)
r )

exp(α1r)
dr
)])1/4p1

)
≤

4∏
j=1

((
E
[

exp
(
U0(X(j)

s )
exp(α0s)

)])1/4p0
(
E
[

exp
(
U1(X(j)

s )
exp(α1s)

+
T

∫
s

β1

exp(α1r)
dr
)])1/4p1

)
= exp

( T
∫
s

β0 (1− r−s
T−s )

p0 exp(α0r)
+ β1

p1 exp(α1r)
dr
)

exp
(
−
T

∫
s

r

∫
s

β0

p0(T−s) exp(α0u) du dr
)

·
1∏
i=0

4∏
j=1

∥∥∥ exp
(

Ui(X
(j)
s )

4pi exp(αis)

)∥∥∥
L4pi (P;R)

.

This implies inequality (4.64). The proof of Lemma 4.13 is thus completed.

4.3 Strong completeness for SDEs

Setting 4.14. Let T ∈ (0,∞), let (H, 〈·, ·〉H , ‖ · ‖H) and (U, 〈·, ·〉U , ‖ · ‖U ) be finite-dimensional
real Hilbert spaces, assume H 6= {0}, let (Ω,F ,P) be a probability space with a normal filtration
(Ft)t∈[0,T ], letW : [0, T ]×Ω→ U be a standard (Ω,F , (Ft)t∈[0,T ],P)-Brownian motion, let D,O ⊆
H be non -empty open sets, let B ⊆ H be a Borel measurable set with the property that D ⊆ B ⊆
O, let µ ∈ C(O,H) σ ∈ C(O,HS(U,H)) be locally Lipschitz continuous, for all s ∈ [0, T ], x ∈ B,
let Xx

s,· : [s, T ]×Ω→ B be an (Ft)t∈[s,T ]-adapted stochastic process with continuous sample paths
and with the property that for all t ∈ [s, T ] it holds P-almost surely that

Xx
s,t = x+

t

∫
s
µ(Xx

s,r) dr +
t

∫
s
σ(Xx

s,r) dWr, (4.60)

let α0, α1 ∈ [0,∞), β0, β1 ∈ R, U0, U1 ∈ C2(O, [0,∞)), let U : [0, T ] × B → R be a Borel
measurable function satisfying that for all s ∈ [0, T ], x ∈ B it holds P-almost surely that
∫Ts |U(r,Xx

s,r)|dr <∞ and that for all i ∈ {0, 1}, s ∈ [0, T ], t ∈ [s, T ], x ∈ B it holds that

(Gµ,σUi)(x) + 1
2 exp(αit)

‖σ(x)∗(∇Ui)(x)‖2U + 1{1}(i) · U(t, x) ≤ αiUi(x) + βi, (4.61)
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let φ : [0, T ] → R be a Borel measurable function satisfying that ∫T0 max{0, φ(r)} dr < ∞, let
q ∈ [1,∞), c ∈ (1,∞), q0, q1 ∈ [1,∞) satisfy that 1

q0
+ 1

q1
= 1

q , and assume that for all t ∈ [0, T ],
x, y ∈ B it holds that〈

x− y, µ(x)− µ(y)
〉
H

+ 1
2

∥∥σ(x)− σ(y)
∥∥2

HS(U,H)

+ 1
2

(
cq
c−1 −min{2, (c−1)q

c }
)∥∥∥〈x− y, σ(x)− σ(y)

〉
H

∥∥∥
HS(U,R)

≤ ‖x− y‖2H ·
(
φ(t) + U0(x)+U0(y)

2q0(T−t) exp(α0t)
+ Ū(x)+Ū(y)

2q1(T−t) exp(α1t)

)
.

(4.62)

The next lemma follows from pathwise uniqueness which is guaranteed by the fact that drift and
diffusion coefficients are locally Lipschitz (see e.g. Theorem 2.5 in Section 5.2.B in Karatzas and
Shreve 2012).

Lemma 4.15 (Flow property). Assume Setting 4.14. Then for all (s1, s2) ∈ ∆T , t ∈ [s2, T ],
x ∈ B it holds P-almost surely that Xx

s1,t = X
Xxs1,s2
s2,t .

Lemma 4.16. Assume Setting 4.14, let (s1, s2) ∈ ∆T , x1, x2 ∈ B, let p, p0, p1 ∈ (0,∞] satisfy
1
p0

+ 1
p1

= 1
p , and assume that there is a K ∈ R such that

K = inf
t∈(s1,s2)

inf
ω∈Ω

inf
z∈B

U(t,Xz
s1,t(ω)). (4.63)

Then it holds that∥∥∥∥ exp

(
T

∫
s2

φ(r) +

2∑
j=1

(
U0(X

xj
s1,r

)

4p0(T−s2) exp(α0r)
+

U(r,X
xj
s1,r

)

4p1 exp(α1r)

)
dr

)∥∥∥∥
Lp(P;R)

(4.64)

≤ exp
( T

∫
s2

φ(r) +
β0 (1− r−s2

T−s2
)

p0 exp(α0r)
+ β1

p1 exp(α1r)
dr +

s2
∫
s1

β0

2p0 exp(α0r)
+ β1−K

2p1 exp(α1r)
dr +

1∑
i=0

Ui(x1)+Ui(x2)
2pi exp(αis1)

)
.

Proof of Lemma 4.16. Lemma 4.15 and Lemma 4.13 (applied with s = s2, X
(1)
· = X

Xx1s1,s2
s2,· ,

X
(2)
· = X

Xx2s1,s2
s2,· , X(3)

· = X
Xx1s1,s2
s2,· , X(2)

· = X
Xx2s1,s2
s2,· in the notation of Lemma 4.13) yield

∥∥∥∥ exp

(
T

∫
s2

φ(r) +

2∑
j=1

(
U0(X

xj
s1,r

)

4p0(T−s2) exp(α0r)
+

U(r,X
xj
s1,r

)

4p1 exp(α1r)

]
dr

)∥∥∥∥
Lp(P;R)

≤ exp

(
T

∫
s2

φ(r) +
β0 (1− r−s2

T−s2
)

p0 exp(α0r)
+ β1

p1 exp(α1r)
dr

) 1∏
i=0

2∏
j=1

E
[

exp
(
Ui(X

xj
s1,s2

)

exp(αis2)

)]1/2pi
.

(4.65)

Applying Corollary 4.12 (with T = s2, s = s1, X = Xx2
s1,, U0 = U0 (resp. U0 = U1), U = −β0

(resp. U = U − β1), α = α0 (resp. α = α1) in the notation of Corollary 4.12) completes the
proof of Lemma 4.16.

Lemma 4.17 (Strong local Lipschitz continuity in the initial value). Assume Setting 4.14, let
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s ∈ [0, T ], x, y ∈ B. Then it holds that∥∥∥ sup
t∈[s,T ]

‖Xx
s,t −X

y
s,t‖H

∥∥∥
Lq(P;R)

≤ ‖x− y‖H exp
(

1
q

)
exp

(
T

∫
s
φ(r) +

β0 (1− r−s
T−s )

q0 exp(α0r)
+ β1

q1 exp(α1r)
dr +

1∑
i=0

Ui(x)+Ui(y)
2qi exp(αis)

)
.

(4.66)

Proof of Lemma 4.17. It follows from equation (4.60) that for all t ∈ [0, T − s] it holds P-almost
surely that

Xx
s,s+t −X

y
s,s+t = x− y +

t

∫
0
µ(Xx

s,s+r)− µ(Xy
s,s+r) dr +

t

∫
0
σ(Xx

s,s+r)− σ(Xy
s,s+r) dWr. (4.67)

Then item (i) in Proposition 4.6 (applied with Xt = Xx
s,s+t−X

y
s,s+t, µt = µ(Xx

s,s+t)−µ(Xy
s,s+t),

αt =
〈Xxs,s+t−X

y
s,s+t,µ(Xxs,s+t)−µ(Xys,s+t)〉H
‖Xxs,s+t−X

y
s,s+t‖2H

, βt = 0, ηt = σ(Xx
s,s+t)−σ(Xy

s,s+t), ζt = 0, p = 1, u = 1,
u′ = 2, p′ = 2, c1 = c, c2 = 0, c3 = 0, c4 = 0, θ = c

c−1 , δ = 0 for all t ∈ [0, T − s], c ∈ (1,∞) in
the notation of Proposition 4.6), the fact that c ≤ exp(c− 1), inequality (4.62), and Lemma 4.16
imply that∥∥∥ sup

t∈[s,T ]

‖Xx
s,s+t −X

y
s,s+t‖H

∥∥∥
Lq(P;R)

≤ ‖x− y‖Hc
c

(c−1)q

·
∥∥∥∥ exp

(
T

∫
s

max
{ 〈Xxs,s+r−Xys,s+r,µ(Xxs,s+r)−µ(Xys,s+r)〉H

‖Xxs,s+r−X
y
s,s+r‖2H

+ 1
2

‖σ(Xxs,s+t)−σ(Xys,s+t)‖
2
HS(U,H)

‖Xxs,s+r−X
y
s,s+r‖2H

, 0
}

+
cq
c−1−

(c−1)q
c

2

‖〈Xxs,s+r−X
y
s,s+r,σ(Xxs,s+t)−σ(Xys,s+t)〉H‖

2
HS(U,R)

‖Xxs,s+r−X
y
s,s+r‖4H

dr

)∥∥∥∥
Lqc(P;R)

(4.68)

≤ ‖x− y‖H exp
(

1
q

)∥∥∥∥ exp

(
T

∫
s
φ(r) +

2∑
j=1

(
U0(Xxs,r)+U0(Xys,r)

4q0(T−s) exp(α0r)
+

U(r,Xxs,r)+U(r,Xys,r)

4q1 exp(α1r)

)
dr

)∥∥∥∥
Lq(P;R)

≤ ‖x− y‖H exp
(

1
q

)
exp

( T
∫
s
φ(r) +

β0 (1− r−s
T−s )

q0 exp(α0r)
+ β1

q1 exp(α1r)
dr +

1∑
i=0

Ui(x)+Ui(y)
2qi exp(αis)

)
.

The proof of Lemma 4.17 is thus completed.

Lemma 4.18 (Moment estimate). Assume Setting 4.14, let α ∈ [0,∞), p ∈ [2,∞), let V ∈
C2(O, [0,∞)) satisfy for all x ∈ B that (Gµ,σV )(x) ≤ αV (x) and

max
{
‖µ(x)‖pH , ‖σ(x)‖pHS(U,H)

}
≤ V (x), (4.69)

and let s ∈ [0, T ], x1, x2 ∈ B. Then it holds that∥∥∥ sup
t∈[0,T ]

‖Xx1

s,(t+s)∧T − x2‖H
∥∥∥
Lp(P;R)

≤ ‖x1 − x2‖H +
(

exp(αT )V (x)
) 1
p
(√
T + p

)√
T − s. (4.70)

Proof of Lemma 4.18. Note that equation (4.60), the triangle inequality, the Burkholder-Davis-
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Gundy type inequality and Lemmas 7.2 and 7.7 in Da Prato and Zabczyk 1992 ensure that for
all t ∈ [s, T ] it holds P-almost surely that∥∥∥ sup

t∈[0,T ]

‖Xx1

s,(t+s)∧T − x2‖H
∥∥∥
Lp(P;R)

≤ ‖x1 − x2‖H +
∥∥∥ sup
t∈[0,T ]

t

∫
s

∥∥µ(Xx1
s,r)
∥∥
H
dr
∥∥∥
Lp(P;R)

+
∥∥∥ sup
t∈[0,T ]

∥∥∥ t

∫
s
σ(Xx1

s,r) dWr

∥∥∥
H

∥∥∥
Lp(P;R)

≤ ‖x1 − x2‖H +
T

∫
s
‖µ(Xx1

s,r)‖Lp(P;H)dr + p
( T
∫
s
‖σ(Xx1

s,r)‖2Lp(P;R) dr
) 1

2

≤ ‖x1 − x2‖H +
T

∫
s

(
E
[
V (Xx1

s,r)
]) 1

p dr + p
( T
∫
s

(
E
[
V (Xx1

s,r)
]) 2

p dr
) 1

2

≤ ‖x1 − x2‖H +
(

exp(αT )V (x)
) 1
p
(√
T + p

)√
T − s.

(4.71)

The proof of Lemma 4.18 is thus completed.

The following lemma, Lemma 4.19, is well-known and is included for the convenience of the
reader.

Lemma 4.19 (Temporal regularity). Assume Setting 4.14, let α ∈ [0,∞), p ∈ [2,∞), let
V ∈ C2(O, [0,∞)) satisfy for all x ∈ B that (Gµ,σV )(x) ≤ αV (x) and

max
{
‖µ(x)‖pH , ‖σ(x)‖pHS(U,H)

}
≤ V (x), (4.72)

and let s1, s2 ∈ [0, T ], x ∈ B satisfy s1 ≤ s2. Then it holds that∥∥∥ sup
t∈[0,T ]

‖Xx
s1,(t+s1)∧T −X

x
s1,(t+s2)∧T ‖H

∥∥∥
Lp(P;R)

≤ ‖x1 − x2‖H +
(

exp(αT )V (x)
) 1
p
(√
T + p

)√
T − s.

(4.73)

Proof of Lemma 4.19. Note that equation (4.60), the triangle inequality, the Burkholder-Davis-
Gundy type inequality and Lemmas 7.2 and 7.7 in Da Prato and Zabczyk 1992 ensure that for
all t ∈ [s, T ] it holds P-almost surely that∥∥∥ sup

t∈[0,T ]

‖Xx
s1,(t+s1)∧T −X

x
s1,(t+s2)∧T ‖H

∥∥∥
Lp(P;R)

≤
∥∥∥ sup
t∈[0,T ]

t

∫
s

∥∥µ(Xx1
s1,r)

∥∥
H
dr
∥∥∥
Lp(P;R)

+
∥∥∥ sup
t∈[0,T ]

∥∥∥ t

∫
s
σ(Xx1

s1,r) dWr

∥∥∥
H

∥∥∥
Lp(P;R)

≤
T

∫
s

∥∥µ(Xx1
s1,r)

∥∥
Lp(P;H)

dr + p
( T
∫
s

∥∥σ(Xx1
s1,r)

∥∥2

Lp(P;R)
dr
) 1

2

≤
T

∫
s

(
E
[
V (Xx1

s1,r)
]) 1

p

dr + p
( T
∫
s

(
E
[
V (Xx1

s1,r)
]) 2

p dr
) 1

2

≤
(

exp(αT )V (x)
) 1
p (√

T + p
)√
T − s.

(4.74)
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The proof of Lemma 4.19 is thus completed.

Lemma 4.20 (Strong local Hölder estimate). Assume Setting 4.14, let α ∈ [0,∞), let V ∈
C2(O, [0,∞)) satisfy for all x ∈ B that (Gµ,σV )(x) ≤ αV (x) and

max
{
‖µ(x)‖max{q,2}

H , ‖σ(x)‖max{q,2}
HS(U,H)

}
≤ V (x), (4.75)

and let s ∈ [0, T ], x1, x2 ∈ B. Then it holds that∥∥∥ sup
t∈[0,T ]

‖Xx2

s2,(t+s2)∧T −X
x1

s1,(t+s1)∧T ‖H
∥∥∥
Lq(P;R)

≤ c
c

q(c−1) exp

(
T

∫
s2

φ(r) dr +

1∑
i=0

T

∫
s2

βi
(

1− r−s2
(T−s2)

)1−i

qi exp(αir) dr

)
· 3 2cq

2c−1 exp(s2 − s1) exp( (2c−1)
2qc )

·
[
‖x2 − x1‖

1/2
H (2k)

1/2 + 2
(
V (x1) exp

(
α(s2 − s1)

))(2c−1)/(2u(2qc))
(s2 − s1)

1/2
]

· exp

(
U0(x1)

2q0 exp(α0s1) + β0

2q0

s2
∫
s1

exp(−α0r) dr + U1(x1)
2q1 exp(α1s1) + 1

2q1

s2
∫
s1

β1−K
exp(α1r)

dr

)
+ 6q exp( 1

q ) exp
(
(1 + α)(s2 − s1)

)
(s2 − s1)

1/2
(

exp(αT )V (x1)
)(2c−1)/(4uqc)

.

(4.76)

Proof of Lemma 4.20. The triangle inequality, Lemma 4.17 (applied with T = (t + s2) ∧ T ,
F = Fs2 , P = P|Fs2 , x = Xx2

s1,s2 , y = 1, v = x1 −Xx2
s1,s2 , s = s2, for (s1, s2) ∈ ∆T , x1, x2 ∈ B in

the notation of Lemma 4.26), and Lemma 4.18 (applied with T = (t + s2) ∧ T , F = F(t+s1)∧T ,
P = P|F(t+s1)∧T , x1 = Xx2

s1,(t+s1)∧T , x2 = Xx2

s1,(t+s1)∧T , s = (t + s1) ∧ T , p = 2c
2c−1 for x2 ∈ B,

(s1, s2) ∈ ∆T , t ∈ [0, T − s1) in the notation of Lemma 4.18) show that for all x1, x2 ∈ B,
(s1, s2) ∈ ∆T it holds that∥∥∥ sup
t∈[0,T ]

∥∥Xx2

s2,(t+s2)∧T −X
x1

s1,(t+s1)∧T
∥∥
H

∥∥∥
Lq(P;R)

≤
(
E
[
E
[

sup
t∈[s2,T ]

∥∥Xx2
s2,t −X

Xx1s1,s2
s2,t

∥∥q
H

∣∣∣Fs2]])1/q

+
(
E
[
E
[

sup
t∈[0,T−s1]

‖Xx1

s1,(t+s2)∧T −X
x1
s1,t+s1‖

max{q,2}
H

∣∣Ft+s1]])1/max{q,2}

(4.77)

≤ exp
(

1
q

)
exp

( T

∫
s2

φ(r) +

1∑
i=0

βi

(
1− r−s2

(T−s2)

)1−i
qi exp(αir) dr +

1∑
i=0

Ui(x2)
2qi exp(αis2)

)
·
(
E
[
‖x2 −Xx1

s1,s2‖
q
H exp

(
q

1∑
i=0

Ui(X
x1
s1,s2

)

2qi exp(αis2)

)])1/q

+ 6q exp( 1
q ) sup

t∈[0,T−s1)

(
((t+s2)∧T−(t+s1))

1/2

exp
(
−α((t+s2)∧T−(t+s1))(1+(2c−1)/(4uqc))

)(E[(V (Xx1
s1,t+s1)

)(2c−1)/(4uc)])1/q)
.

Combining this and the fact that 1
q = (2c−1)

2qc + 1
2q0

+ 1
2q1

with Hölder’s inequality implies that
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for all x1, x2 ∈ B, (s1, s2) ∈ ∆T it holds that∥∥∥ sup
t∈[0,T ]

‖Xx2

s2,(t+s2)∧T −X
x1

s1,(t+s1)∧T ‖H
∥∥∥
Lq(P;R)

≤ c
c

q(c−1) exp
( T

∫
s2

φ(r) dr +

1∑
i=0

T

∫
s2

βi
(

1− r−s2
(T−s2)

)1−i

qi exp(αir) dr
)

(4.78)

·
∥∥x2 −Xx1

s1,s2

∥∥
L(2qc)/(2c−1)(P;H)

∥∥∥ exp
(

U0(Xx1s1,s2
)

2q0 exp(α0s2)

)∥∥∥
L2q0 (P;R)

∥∥∥ exp
(

U1(Xx1s1,s2
)

2q1 exp(α1s2)

)∥∥∥
L2q1 (P;R)

+ 6q exp( 1
q ) exp

(
(1 + α)(s2 − s1)

)
(s2 − s1)

1/2
(

sup
t∈[0,T−s1)

E
[
V (Xx1

s1,t+s1)
])(2c−1)/(4uqc)

.

This, Lemma 4.18 (applied with q = 2c
(2c−1)q, T = s2 , s = s1, x2 = x1, x1 = x2, for x1, x2 ∈ B,

(s1, s2) ∈ ∆T in the notation of Lemma 4.18) and Lemma 4.10 (applied with T = t, (Xx
r )r∈[0,t] =

(Xx
s1,r+s1)r∈[0,t], F =

∨
r∈[0,t] Fr+s1 , (Fr)r∈[0,t] = (Fr+s1)r∈[0,t], (Wr)r∈[0,t] = (Wr+s1−Wr)r∈[0,t]

for t ∈ [0, T − s1) in the notation of Lemma 4.10) show that for all x1, x2 ∈ B, (s1, s2) ∈ ∆T it
holds that∥∥∥ sup

t∈[0,T ]

‖Xx2

s2,(t+s2)∧T −X
x1

s1,(t+s1)∧T ‖H
∥∥∥
Lq(P;R)

≤ c
c

q(c−1) exp
( T

∫
s2

φ(r) dr +

1∑
i=0

T

∫
s2

βi

(
1− r−s2

(T−s2)

)1−i
qi exp(αir) dr

)
· 3 2cq

2c−1 exp(s2 − s1) exp
( (2c−1)

2qc

)
·
(
‖x2 − x1‖H + 2

(
V (x1) exp(α(s2 − s1))

)(2c−1)/(2u(2qc))
(s2 − s1)

1/2
)

·
(
E
[

exp
(
U0(Xx1s1,s2 )

exp(α0s2) −
s2
∫
s1

β0

exp(α0r)
dr
)])1/2q0

exp
(
β0

2q0

s2
∫
s1

exp(−α0r) dr
)

·
(
E
[

exp
(
U1(Xx1s1,s2

)

exp(α1s2) +
s2
∫
s1

K−β1

exp(α1r)
dr
)])1/2q1

exp
(

1
2q1

s2
∫
s1

β1−K
exp(α1r)

dr
)

+ 6q exp( 1
q ) exp

(
(1 + α)(s2 − s1)

)
(s2 − s1)

1/2
(

sup
t∈[0,T−s1)

exp(αt)V (x1)
)(2c−1)/(4uqc)

.

(4.79)

Corollary 4.12 (with T = s2, s = s1, X = Xx1
s1,, U0 = U0 (resp. U0 = U1), U = −β0 (resp.

U = U − β1), α = α0 (resp. α = α1) for x1 ∈ B, (s1, s2) ∈ ∆T in the notation of Corollary 4.12)
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hence yields for all k ∈ N, x1, x2 ∈ B ∩Bk, (s1, s2) ∈ ∆T that∥∥∥ sup
t∈[0,T ]

‖Xx2

s2,(t+s2)∧T −X
x1

s1,(t+s1)∧T ‖H
∥∥∥
Lq(P;R)

≤ c
c

q(c−1) exp

(
T

∫
s2

φ(r) dr +

1∑
i=0

T

∫
s2

βi
(

1− r−s2
(T−s2)

)1−i

qi exp(αir) dr

)
· 3 2cq

2c−1 exp(s2 − s1) exp( (2c−1)
2qc )

·
[
‖x2 − x1‖

1/2
H (2k)

1/2 + 2
(
V (x1) exp

(
α(s2 − s1)

))(2c−1)/(2u(2qc))
(s2 − s1)

1/2
]

· exp

(
U0(x1)

2q0 exp(α0s1) + β0

2q0

s2
∫
s1

exp(−α0r) dr + U1(x1)
2q1 exp(α1s1) + 1

2q1

s2
∫
s1

β1−K
exp(α1r)

dr

)
+ 6q exp( 1

q ) exp
(
(1 + α)(s2 − s1)

)
(s2 − s1)

1/2
(

exp(αT )V (x1)
)(2c−1)/(4uqc)

.

(4.80)

The proof of Lemma 4.20 is thus completed.

Lemma 4.21 (Existence of a C0-flow). Assume Setting 4.14, let α ∈ [0,∞), p ∈ [2,∞), let
V ∈ C2(O, [0,∞)) satisfy for all x ∈ B that (Gµ,σV )(x) ≤ αV (x), assume that for all k ∈ N it
holds that

sup
x∈B : ‖x‖H≤k

V (x) <∞, (4.81)

and

max
{
‖µ(x)‖pH , ‖σ(x)‖pHS(U,H)

}
≤ V (x), (4.82)

and assume that q > 2(dim(H) + 1).

Then there exists a B(∆T ×B)⊗F/B(B)-measurable function X : ∆T ×B × Ω→ B such that

1. for all x ∈ B, s ∈ [0, T ] it holds P-almost surely that (X xs,t)t∈[s,T ] = (Xx
s,t)t∈[s,T ],

2. it holds for all ω ∈ Ω that X (ω) ∈ C(∆T ×B,B),

3. it holds P-almost surely for all x ∈ B, r, s, t ∈ [0, T ] with r ≤ s ≤ t that X xr,t = XX
x
r,s

s,t , and

4. it holds for all x ∈ B, s ∈ [0, T ] that X xs, : [0, T ]×Ω→ B is an (Fst )t∈[s,T ]-adapted stochastic
process.

Proof of Lemma 4.21. For all k ∈ N let Bk ⊆ H be a subset with the property that

Bk = {v ∈ H : ‖v‖H ≤ k} and let K ∈ R be the real number with the property that K =

inf(s,t)∈∆T
infω∈Ω infz∈B U(t,Xz

s,t(ω)). From Lemma 4.18 (applied with p = 2c
2c−1 , x1 = x,



4.3. STRONG COMPLETENESS FOR SDES 119

x2 = x) it follows that for all k ∈ N it holds that

sup
s∈[0,T ]

sup
x∈B∩Bk

∥∥∥ sup
t∈[0,T ]

‖Xx
s,(t+s)∧T − x‖H

∥∥∥
Lq(P;R)

≤ sup
s∈[0,T ]

sup
x∈B∩Bk

6q exp(T − s) exp( 1
q )
(
V (x) exp(α(T − s))

)(2c−1)/(2uq(2c))
(T − s)1/2

≤ 6qT
1/2 exp

(
T
(

1 + α (2c−1)
(4uqc)

))
exp( 1

q ) sup
x∈B∩Bk

(V (x))
(2c−1)/(4uqc).

(4.83)

From inequalities (4.81) and (4.83) it follows that for all k ∈ N it holds that

sup
(s,x)∈[0,T ]×(B∩Bk)

E
[

sup
t∈[0,T ]

‖Xx
s,(t+s)∧T ‖

q
H

]
<∞. (4.84)

From Lemma 4.15 it follows that for all (s1, s2) ∈ ∆T , t ∈ [0, T ], x1, x2 ∈ B it holds P-almost
surely that

Xx1

s2,(t+s2)∧T −X
x2

s1,(t+s1)∧T = Xx1

s2,(t+s2)∧T −X
x2

s1,(t+s2)∧T +Xx2

s1,(t+s2)∧T −X
x2

s1,(t+s1)∧T (4.85)

= Xx1

s2,(t+s2)∧T −X
Xx2s1,s2
s2,(t+s2)∧T +X

X
x2
s1,(t+s1)∧T

(t+s1)∧T,(t+s2)∧T −X
x2

s1,(t+s1)∧T .

Observe that for all (s1, s2) ∈ ∆T , t ∈ [T−s1, T ], x1, x2 ∈ B it holds that (t+s1)∧T = (t+s2)∧T
and it holds P-almost surely thatXx1

s2,(t+s2)∧T−X
x2

s1,(t+s1)∧T = Xx1

s2,T
−X

Xx2s1,s2
s2,T

. From Lemma 4.20
and the fact that ∫T0 max{0, φ(r)} dr <∞ it follows that

sup
(s2,x1),(s1,x2)∈[0,T ]×(B∩Bk) :

(s2,x1)6=(s1,x2), s1<s2

E
[
supt∈[0,T ] ‖X

x1

s2,(t+s2)∧T −X
x2

s1,(t+s1)∧T ‖
q
H

]
(‖x1 − x2‖2H + |s2 − s1|2)

q/4
<∞. (4.86)

Proposition 4.8 (applied with p = q, α = 1/2, D = [0, T ]×B, H = R⊕H,
X = ([0, T ] × B 3 (s, x) 7→ Xx

s,(·+s)∧T ∈ C([0, T ], B)), E = C([0, T ], H), F = C([0, T ], B) in
the notation of Proposition 4.8) establishes the existence of a B([0, T ]×B)⊗F/B(C([0, T ], B))

-measurable function Y : [0, T ] × B × [0, T ] × Ω → B such that for all ω ∈ Ω it holds that
Y (ω) ∈ C([0, T ] × B,C([0, T ], B)) and for all (s, x) ∈ [0, T ] × B it holds P-almost surely that
(Y (s, x, t))t∈[0,T ] = (Xx

s,(t+s)∧T )t∈[0,T ]. Let us consider X : ∆T × B × Ω → B which satisfies for
all x ∈ B, (s, t) ∈ ∆T , ω ∈ Ω that X xs,t(ω) = Y (s, t − s, x, ω). The proof of Lemma 4.21 is thus
completed.
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4.4 Existence of a C1-solution

Setting 4.22. Let T ∈ (0,∞), let (H, 〈·, ·〉H , ‖ · ‖H) and (U, 〈·, ·〉U , ‖ · ‖U ) be finite-dimensional
real Hilbert spaces, assume H 6= {0}, let (Ω,F ,P) be a probability space with a normal filtration
(Ft)t∈[0,T ], let W : [0, T ] × Ω → U be a standard (Ω,F , (Ft)t∈[0,T ],P)-Brownian motion, for all
(s, t) ∈ ∆T let Fst ⊆ Ft be a subset such that for all s ∈ [0, T ] the filtration (Fst )t∈[s,T ] is a normal
filtration, assume that for all (s, t) ∈ ∆T it holds that σ (Wr −Ws : r ∈ [s, t]) ⊆ Fst , let D,O ⊆ H
be non-empty open sets, let B ⊆ H be a Borel measurable set with the property that D ⊆ B ⊆ O,
let µ ∈ C1(O,H), σ ∈ C1(O,HS(U,H)), for all s ∈ [0, T ], x ∈ B let Xx

s : [s, T ] × Ω → B be
an (Fst )t∈[s,T ]-adapted stochastic process with continuous sample paths such that for all x ∈ B,
t ∈ [s, T ] it holds P-almost surely that

Xx
s,t = x+

t

∫
s
µ(Xx

s,r) dr +
t

∫
s
σ(Xx

s,r) dWr, (4.87)

let α0, α1 ∈ [0,∞), β0, β1 ∈ R, U0, U1 ∈ C2(O, [0,∞)), let U : [0, T ] × B → R be a Borel
measurable function with the property that for all s ∈ [0, T ], x ∈ B it holds P-almost surely that
∫Ts |U(r,Xx

s,r)| dr <∞ and such that for all i ∈ {0, 1}, s ∈ [0, T ], and all

(t, x) ∈ ∪ω∈Ω ∪z∈B ∪r∈[s,T ]{(r,Xz
s,r(ω))} (4.88)

it holds that

(Gµ,σUi)(x) + 1
2 exp(αit)

‖σ(x)∗(∇Ui)(x)‖2U + 1{1}(i) · U(t, x) ≤ αiUi(x) + βi, (4.89)

let φ : [0, T ]→ R be a Borel measurable function with the property that ∫T0 max{0, φ(r)} dr <∞,
and let V ∈ C2(O, [0,∞)) be a function and α ∈ [0,∞) be a real number such that for all x ∈ B,
s ∈ [0, T ], t ∈ [s, T ] it holds P-almost surely that (Gµ,σV )(Xx

s,t) ≤ αV (Xx
s,t).

4.4.1 Moment estimates for the first derivative process

Setting 4.23. Assume Setting 4.22, for all s ∈ [0, T ] let Zvs (x, y) : [s, T ] × Ω → H, x ∈ B,
v ∈ H, y ∈ {z ∈ R : x + vz ∈ B}, be (Fst )t∈[s,T ]-adapted stochastic processes with continuous
sample paths satisfying for all t ∈ [s, T ], x ∈ B, v ∈ H, y ∈ R \ {0} with x+ vy ∈ B that

Zvs,t(x, y) =
Xx+yv
s,t −Xx

s,t

y
(4.90)

and for all t ∈ [s, T ], x ∈ B, v ∈ H that it holds P-almost surely that

Zvs,t(x, 0) = v +
t

∫
s
µ′(Xx

s,r)Z
v
s,r(x, 0) dr +

t

∫
s
σ′(Xx

s,r)Z
v
s,r(x, 0) dWr. (4.91)
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Lemma 4.24 (Difference process satisfies linear SDE and one-sided local Lipschitz inequality).
Assume Setting 4.23, let x ∈ B, v ∈ H, y ∈ R with the property that x + vy ∈ B and let
(s, t) ∈ ∆T . Then it holds P-almost surely that

Zvs,t(x, y) = v +
t

∫
s

1

∫
0
µ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r))Z
v
s,r(x, y) dλ dr

+
t

∫
s

1

∫
0
σ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r))Z
v
s,r(x, y) dλ dWr

(4.92)

and it holds P-almost surely that

max
{〈
Zvs,t(x, y),

1

∫
0
µ′
(
Xs, t

x + λ(Xx+vy
s,t −Xx

s,t)
)
dλZvs,t(x, y)

〉
H

+ 1
2

∥∥∥ 1

∫
0
σ′
(
Xx
s,t + λ(Xx+λy

s,t −Xx
s,t)
)
dλZvs,t(x, y)

∥∥∥2

HS(U,H)
, 0
}

(4.93)

+ 1
2

(
cq
c−1 −min{2, (c−1)q

c }
)∥∥∥〈Zvs,t(x, y),

1

∫
0
σ′
(
Xx
s,t + λ

(
Xx+yv
s,t −Xx

s,t

))
dλZvs,t(x, y)

〉
H

∥∥∥
HS(U,R)

≤ ‖Zvs,t(x, y)‖2H
(
φ(t) +

U0(Xxs,t)+U0(Xx+yvs,t )

2q0(T−s) exp(α0t)
+

U(t,Xxs,t)+U(t,Xx+yvs,t )

2q1 exp(α1t)

)
.

Proof of Lemma 4.24. If y = 0, then equation (4.92) follows from equation (4.91). If y 6= 0, then
equations (4.90) and (4.60) imply that it holds P-almost surely that

Zvs,t(x, y) = v +
t

∫
s

µ(Xx+vys,r )−µ(Xxs,r)

y dr +
t

∫
s

σ(Xx+vys,r )−σ(Xxs,r)

y dWr. (4.94)

The fundamental theorem of calculus hence yields equation (4.92). The proof of Lemma 4.24 is
thus completed.

Setting 4.25. Assume Setting 4.23, let q ∈ [1,∞), c ∈ (1,∞), q0, q1 ∈ (0,∞] such that∑1
i=0

1
qi

= 1
qc , and assume that for all (s, t) ∈ ∆T x1, x2 ∈ B it holds P-almost surely that

max
{

0, sup
u∈H\{0}

〈u,∫10 µ
′(X

x1
s,t+λ(X

x2
s,t−X

x1
s,t))u dλ〉H

‖u‖2H

}
+

max{1, qcc−1−
q(c−1)
c , qcc−1−1}

2

∥∥∥ 1

∫
0
σ′(Xx1

s,t + λ(Xx2
s,t −X

x1
s,t))(·) dλ

∥∥∥2

L(H,HS(U,H))

≤
(
φ(t) +

U0(X
x1
s,t)+U0(X

x2
s,t)

2q0(T−s) exp(α0t)
+

U(t,X
x1
s,t)+U(t,X

x2
s,t)

2q1 exp(α1t)

)
.

(4.95)

The following lemma, Lemma 4.26 essentially follows from Lemma 2.4 in Cox, Hutzenthaler, and
Jentzen 2013. We include a proof of Lemma 4.26 based on Proposition 4.6 for convenience of
the reader.

Lemma 4.26 (Moment estimates for the first derivative process). Assume Setting 4.25 and let
s ∈ [0, T ], x ∈ B, v ∈ H, y ∈ {z ∈ R : x+ vz ∈ B}.
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Then it holds that∥∥∥ sup
t∈[0,T ]

‖Zvs,(t+s)∧T (x, y)‖H
∥∥∥
Lq(P;R)

≤ c
c

q(c−1) ‖v‖H exp
( T
∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr +

1∑
i=0

Ui(x+vy)+Ui(x)
2qi exp(αis)

)
.

(4.96)

Proof of Lemma 4.26. Throughout this proof let α : [0, T ]×Ω→ [0,∞) and η : [0, T ]×Ω→ L(H)

be the measurable stochastic process satisfying for all t ∈ [0, T ] that

αt = max

{
0,1{Zvt (x,y) 6=0}

〈Zvt (x,y),∫10 µ
′(Xxt +λ(Xx+vyt −Xxt ))Zvt (x,y) dλ〉

H

‖Zvt (x,y)‖2H

}
(4.97)

and ηt(·) = ∫10 σ′(Xx
t + λ(Xx+vy

t −Xx
t ))(·) dλ. From Lemma 4.24 it follows that for all t ∈ [s, T ]

equation (4.92) holds true P-almost surely. item (i) in Proposition 4.6 (applied with s = s, Xt =

Zvs,t(x, y), αt = max
{

0, supu∈H\{0}
〈u,∫10 µ′(Xxs,t+λ(Xx+vys,t −Xxs,t))u dλ〉H

‖u‖2H

}
, βt = 0, ζt = 0HS(H,U),

ηt = ∫10 σ′(Xx
s,t + λ(Xx+vy

s,t − Xx
s,t))(·) dλ, µt = ∫10 µ′(Xx

s,t + λ(Xx+vy
s,t − Xx

s,t))Z
v
s,t(x, y) dλ, p =

1, p′ = u = u′ = 2, c1 = c2 = c3 = c4 = c, δ = 0 in the notation of Proposition 4.6),
inequality (4.95), and Lemma 4.13 (applied with p0 = q0, p1 = q1, p = qc, X(1)

· = Xx
s,·,

X
(2)
· = Xx

s,·, X
(3)
· = Xx+vy

s,· , X(4)
· = Xx+vy

s,· in the notation of Lemma 4.13) show that∥∥∥ sup
t∈[0,T ]

‖Zvs,(t+s)∧T (x, y)‖H
∥∥∥
Lq(P;R)

≤ c
c

q(c−1) ‖v‖H
∥∥∥∥ exp

(
T

∫
s

max
{

0, sup
u∈H\{0}

〈u,∫10 µ
′(Xxs,r+λ(Xx+vys,r −Xxs,r))u dλ〉H

‖u‖2H

}
(4.98)

+
max{1, qcc−1−

q(c−1)
c , qcc−1−1}

2

∥∥∥ 1

∫
0
σ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r))(·) dλ,
∥∥∥2

L(H,HS(U,H))
dr

)∥∥∥∥
Lqc(P;R)

≤ c
c

q(c−1) ‖v‖H
∥∥∥ exp

( T
∫
s
φ(r) +

U0(Xxs,r)+U0(Xx+vys,r )

2q0(T−s) exp(α0r)
+

U(r,Xxs,r)+U(r,Xx+vys,r )

2q1 exp(α1r)
dr
)∥∥∥

Lqc(P;R)

≤ c
c

q(c−1) ‖v‖H exp
( T
∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr +

1∑
i=0

Ui(x+vy)+Ui(x)
2qi exp(αis)

)
.

This proves inequality (4.96). The proof of Lemma 4.26 is thus completed.

4.4.2 Properties of the first derivative process

The proof of the next lemma is similar to the proof of Lemma 4.26.

Lemma 4.27. Assume Setting 4.25, let (s1, s2) ∈ ∆T , and let v ∈ H, x ∈ B, y ∈ R such that
x+ vy ∈ B. Then it holds that

P
(
Zvs1,t(x, y) = Z

Zvs1,s2
(x,y)

s2,t (Xx
s1,s2 , y) for all t ∈ [s2, T ]

)
= 1. (4.99)
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Proof of Lemma 4.27. First, note that Lemma 4.24 implies that for all t ∈ [s2, T ] it holds P-
almost surely that

Zvs1,t(x, y)− Z
Zvs1,s2

(x,y)

s2,t (Xx
s1,s2 , y)

= Zvs1,t(x, y)− Zvs1,s2(x, y) + Zvs1,s2(x, y)− Z
Zvs1,s2 (x,y)

s2,t (Xx
s1,s2 , y)

=
t

∫
s2

1

∫
0
µ′(Xx

s1,r + λ(Xx+vy
s1,r −X

x
s1,r))Z

v
s1,r(x, y) dλ dr

+
t

∫
s2

1

∫
0
σ′(Xx

s1,r + λ(Xx+vy
s1,r −X

x
s1,r))Z

v
s1,r(x, y) dλ dWr

+ Zvs1,s2(x, y)− Zvs1,s2(x, y)

−
t

∫
s2

1

∫
0
µ′(X

Xxs1,s2
s2,r + λ(X

Xxs1,s2
+yZvs1,s2

(x,y)
s2,r −X

Xxs1,s2
s2,r ))Z

Zvs1,s2
(x,y)

s2,r (Xx
s1,s2 , y) dλ dr

−
t

∫
s2

1

∫
0
σ′(X

Xxs1,s2
s2,r + λ(X

Xxs1,s2
+yZvs1,s2

(x,y)
s2,r −X

Xxs1,s2
s2,r ))Z

Zvs1,s2
(x,y)

s2,r (Xx
s1,s2 , y) dλ dWr.

(4.100)

Next, observe that for all t ∈ [s2, T ] it holds that X
Xxs1,s2

+yZvs1,s2
(x,y)

s2,t = X
Xx+vys1,s2
s2,t (trivial for

y = 0, and ensured by equation (4.90) if y 6= 0) and note that Lemma 4.15 assures that it holds
P-almost surely for all z ∈ B, t ∈ [s2, T ] that X

Xzs1,s2
s2,t = Xz

s1,t. Hence, for all t ∈ [s2, T ] it holds
P-almost surely that

Zvs1,t(x, y)− Z
Zvs1,s2

(x,y)

s2,t (Xx
s1,s2 , y)

=
t

∫
s2

1

∫
0
µ′(Xx

s1,r + λ(Xx+vy
s1,r −X

x
s1,r))(Z

v
s1,r(x, y)− Z

Zvs1,s2
(x,y)

s2,r (Xx
s1,s2 , y)) dλ dr

+
t

∫
s2

1

∫
0
σ′(Xx

s1,r + λ(Xx+vy
s1,r −X

x
s1,r))(Z

v
s1,r(x, y)− Z

Zvs1,s2 (x,y)
s2,r (Xx

s1,s2 , y)) dλ dWr.

(4.101)

This and item (i) in Proposition 4.6 (applied with s = s2, Xt = Zvs1,t(x, y)−Z
Zvs1,s2

(x,y)

s2,t (Xx
s1,s2 , y),

αt = max
{

0, supu∈H\{0}
〈u,∫10 µ′(Xxs1,t+λ(Xx+vys1,t

−Xxs1,t))u dλ〉H
‖u‖2H

}
, βt = 0, ζt = 0HS(H,U),

ηt = ∫10 σ′(Xx
s1,t + λ(Xx+vy

s1,t − X
x
s1,t))(·) dλ, µt = ∫10 µ′(Xx

s1,t + λ(Xx+vy
s1,t − X

x
s1,t))(Z

v
s1,t(x, y) −

Z
Zvs1,s2 (x,y)

s2,t (Xx
s1,s2 , y)) dλ, p = 1, p′ = u = u′ = 2, c1 = c2 = c3 = c4 = c, δ = 0 for all

t ∈ [s2, T ] in the notation of Proposition 4.6), inequality (4.95), Lemma 4.15, Lemma 4.13

(applied with s = s2, p0 = q0, p1 = q1, p = qc, X(1)
· = X

Xxs1,s2
s1,· , X(2)

· = X
Xxs1,s2
s1,· , X(3)

· = X
Xx+vys1,s2
s1,· ,

X
(4)
· = X

Xx+vys1,s2
s1,· in the notation of Lemma 4.13), and the fact that ∫T0 max{0, φ(r)} dr <∞ show

that ∥∥∥ sup
t∈[s2,T ]

∥∥Zvs1,t(x, y)− Z
Zvs1,s2

(x,y)

s2,t (Xx
s1,s2 , y)

∥∥
H

∥∥∥
Lq(P;R)

≤ c
c

q(c−1) · 0 · exp
( T
∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr +

1∑
i=0

Ui(x+vy)+Ui(x)
2qi exp(αis)

)
= 0.

(4.102)
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This implies that it holds P-almost surely that supt∈[s2,T ] ‖Zvs1,t(x, y)−Z
Zvs1,s2

(x,y)

s2,t (Xx
s1,s2 , y)‖H =

0. The proof of Lemma 4.27 is thus completed.

Setting 4.28. Assume Setting 4.23, let p, q, ϑ ∈ [1,∞), q0, q1 ∈ (0,∞] such that (p + 1)q ≥ 2p

and
∑1
i=0

1
qi

= 1
(p+1)q and assume that for all (s, t) ∈ ∆T , x ∈ B, v ∈ H, y ∈ {z ∈ R : x+vz ∈ B}

it holds P-almost surely that

sup
λ∈[0,1]

max
{
‖µ′(Xx

s,t + λ(Xx+vy
s,t −Xx

s,t))‖L(H,H), ‖σ′(Xx
s,t + λ(Xx+vy

s,t −Xx
s,t))‖L(H,HS(U,H))

}
≤
(
V (Xx

s,t) + V (Xx+vy
s,t )

)(p−1)/(2ϑqp)
, (4.103)

let γ ∈ (0,∞), and assume that for all (s, t) ∈ ∆T , x1, x2 ∈ B it holds P-almost surely that

2 max
{

0, sup
u∈H\{0}

〈u,∫10 µ′(Xx1s,t+λ(X
x2
s,t−X

x1
s,t)) dλu〉H

‖u‖2H

}
+ 2γ

+ (qp+ q + 1)
∥∥∥ 1

∫
0
σ′(Xx1

s,t + λ(Xx2
s,t −X

x1
s,t))(·) dλ

∥∥∥2

L(H,HS(U,H))

≤
(
φ(t) +

2∑
j=1

U0(X
xj
s,t)

2q0(T−s) exp(α0t)
+

2∑
j=1

U(t,X
xj
s,t)

2q1 exp(α1t)

)
.

(4.104)

Lemma 4.29. Assume Setting 4.28 and let s ∈ [0, T ], x ∈ B, v, w ∈ H, y ∈ {z ∈ R : x+vz ∈ B}.
Then it holds that∥∥∥ sup

t∈[0,T ]

‖Zvs,(t+s)∧T (x, y)− w‖H
∥∥∥
Lq(P;R)

≤ 3 q exp
(

1
q

)
exp

( T
∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr +

1∑
i=0

Ui(x+vy)+Ui(x)
2qi exp(αis)

)
(4.105)

·
(
‖v − w‖H + ‖w‖H

(
1

2
√
γ + 1

)(
V (x) + V (x+ vy)

)(p−1)/(2ϑqp)
( T−s
∫
0

exp(α (p−1)
(ϑqp) r)dr

)1/2)
.

Proof of Lemma 4.29. First, note that Lemma 4.24 ensures that for all t ∈ [s, T ] it holds P-almost
surely that

Zvs,t(x, y)− w = v − w +
t

∫
s

1

∫
0
µ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r))Z
v
s,r(x, y) dλ dr

+
t

∫
s

1

∫
0
σ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r))Z
v
s,r(x, y) dλ dWr

= v − w +
t

∫
s

1

∫
0
µ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r))(Z
v
s,r(x, y)− w + w) dλ dr

+
t

∫
s

1

∫
0
σ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r))(Z
v
s,r(x, y)− w + w) dλ dWr.

(4.106)

The continuity of [s, T ] 3 t 7→ Zvs,t(x, y) ∈ H and the Cauchy-Schwarz inequality yield that for
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all t ∈ [s, T ] it holds P-almost surely that

〈
Zvs,t(x, y)− w,

1

∫
0
µ′(Xx

s,t + λ(Xx+vy
s,t −Xx

s,t)) (Zvs,t(x, y)− w + w) dλ
〉
H

≤
(

max
{

0, sup
u∈H

〈u,∫10 µ′(Xxs,t+λ(Xx+vys,t −Xxs,t)) dλu〉H
‖u‖2H

}
+ γ
)
‖Zvs,t(x, y)− w‖2H

+ 1
4γ

∥∥∥ 1

∫
0
µ′(Xx

s,t + λ(Xx+vy
s,t −Xx

s,t))w dλ
∥∥∥2

H
.

(4.107)

item (ii) in Proposition 4.6 (applied with Xt = Zvs,t(x, y)− w,

αt = max{0, supu∈H\{0}
〈u,∫10 µ

′(Xxs,t+λ(Xx+vys,t −Xxs,t)) dλu〉H
‖z‖2H

}+ γ,

βt = 1
4γ

∥∥∥ ∫10 µ′(Xx
s,t + λ(Xx+vy

s,t −Xx
s,t))w dλ

∥∥∥2

H
, ζt = ∫10 σ′(Xx

s,t + λ(Xx+vy
s,t −Xx

s,t))w dλ,

ηt = ∫10 σ′(Xx
s,t +λ(Xx+vy

s,t −Xx
s,t)) (·) dλ, µt = ∫10 µ′(Xx

s,t +λ(Xx+vy
s,t −Xx

s,t))Z
v
s,t(x, y) dλ, p = 1,

u = p for all t ∈ [s, T ] in the notation of Proposition 4.6) shows that∥∥∥ sup
t∈[0,T ]

‖Zvs,(t+s)∧T (x, y)− w‖H
∥∥∥
Lq(P;R)

=
∥∥∥ sup
t∈[s,T ]

‖Zvs,t(x, y)− w‖H
∥∥∥
Lq(P;R)

(4.108)

≤ 3 q exp
(

1
q

)∥∥∥ exp
( T
∫
s

2 max
{

0, sup
u∈H\{0}

〈u,∫10 µ′(Xxs,r+λ(Xx+vys,r −Xxs,r)) dλu〉
H

‖u‖2H

}
+ 2γ dr

)
· exp

(
(qp+ q + 1)

∥∥∥ 1

∫
0
σ′(Xx

s,r + λ(Xx+vy
s,r −Xx

s,r)) (·) dλ
∥∥∥2

L(H,HS(U,H))
dr
)
‖L(p+1)q(P;R)

·
(
‖v − w‖H + 1

2
√
γ

∥∥∥ 1

∫
0
µ′(Xx

s,· + λ(Xx+vy
s,· −Xx

s,·))w dλ
∥∥∥
L2(λ[s,T ];L

(2pq)/(p−1)(P;H))

+
∥∥∥ 1

∫
0
σ′(Xx

s,· + λ(Xx+vy
s,· −Xx

s,·))w dλ
∥∥∥
L2(λ[s,T ];L

(2pq)/(p−1)(P;HS(U,H)))

)
.

Combining this, equations (4.103) and (4.104) with Lemma 4.13 (applied with p = (p + 1)q,
p0 = q0, p1 = q1, X

(1)
· = Xx

s,·, X
(3)
· = Xx

s,·, X
(2)
· = Xx+vy

s,· , X(4)
· = Xx+vy

s,· for s ∈ [0, T ] in
the notation of Lemma 4.13), Hölder’s inequality, and Lemma 4.10 (applied with T = r − s,
(Xx

t )t∈[0,r−s] = (Xx+vy
s,t+s )t∈[0,r−s] (resp. (Xx

t )t∈[0,r−s] = (Xx
s,t+s)t∈[0,r−s]), F =

∨
t∈[0,r−s] Ft+s,

(Ft)t∈[0,r−s] = (Ft+s)t∈[0,r−s], (Wt)t∈[0,r−s] = (Wt+s −Ws)t∈[0,r−s] for r ∈ [s, T ] in the notation
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of Lemma 4.10) establishes that∥∥∥ sup
t∈[0,T ]

‖Zvs,(t+s)∧T (x, y)− w‖H
∥∥∥
Lq(P;R)

=
∥∥∥ sup
t∈[s,T ]

‖Zvs,t(x, y)− w‖H
∥∥∥
Lq(P;R)

(4.109)

≤ 3 q exp
(

1
q

) ∥∥∥∥exp

(
T

∫
s
φ(r) +

U0(Xxs,r)+U0(Xx+vys,r )

2q0(T−s) exp(α0r)
+

U(r,Xxs,r)+U(r,Xx+vys,r )

2q1 exp(α1r)
dr

)∥∥∥∥
L(p+1)q(P;R)

·

(
‖v − w‖H +

(
1

2
√
γ + 1

)
‖w‖H

(
1

∫
0

(
E
[
(V (Xx

s,r) + V (Xx+vy
s,r ))

1/p
])(p−1)/(pq)

dλ

)1/2
)

≤ 3 q exp
(

1
q

)
exp

(
T

∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr +

1∑
i=0

Ui(x+vy)+Ui(x)
2qi exp(αis)

)

·
(
‖v − w‖H + ‖w‖H

(
1

2
√
γ + 1

)(
V (x) + V (x+ vy)

)(p−1)/(2ϑqp)
( T−s
∫
0

exp(α (p−1)
(ϑqp) r)dr

)1/2
)
.

This proves inequality (4.105). The proof of Lemma 4.29 is thus completed.

Setting 4.30. Assume Setting 4.23, let q, p1 ∈ [1,∞), p ∈ (3 +
√

10,∞), θ ∈
[

p2−1
p2−6p−1 ,∞

)
,

q0, q1 ∈ (0,∞] such that
∑1
i=0

1
qi

= 1
(p+1)q and that q(p + 1) ≥ 2p, let γ ∈ (0,∞), assume that

for all s ∈ [0, T ], x1, x2 ∈ B it holds P-almost surely for all t ∈ [s, T ] that

2 max
{

0, sup
u∈H\{0}

〈u,∫10 µ
′(X

x1
s,t+λ(X

x2
s,t−X

x1
s,t)) dλu〉H

‖u‖2H

}
+ 2γ

+ (qp+ q + 1)
∥∥∥ 1

∫
0
σ′(Xx1

s,t + λ(Xx2
s,t −X

x1
s,t))(·) dλ

∥∥∥2

L(H,HS(U,H))

≤
(
φ(t) +

2∑
j=1

U0(X
xj
s,t)

2q0(T−s) exp(α0t)
+

2∑
j=1

U(t,X
xj
s,t)

2q1 exp(α1t)

)
,

(4.110)

and let V ∈ C2(O, [0,∞)) be a function and α ∈ [0,∞) be a real number which satisfy for all
s ∈ [0, T ], x, x1, x2, x3, x4 ∈ B, not all equal, that for all t ∈ [s, T ] it holds P-almost surely that
(Gµ,σV )(Xx

s,t) ≤ αV (Xx
s,t), and that

max

{
1
γ1/2

1

∫
0

∥∥∥µ′((1−λ)X
x1
s,t+λX

x2
s,t

)
−µ′
(

(1−λ)X
x3
s,t+λX

x4
s,t

)∥∥∥
L(H)

‖(1−λ)(X
x1
s,t−X

x3
s,t)+λ(X

x2
s,t−X

x4
s,t)‖H

dλ,

2
1

∫
0

∥∥∥σ′((1−λ)X
x1
s,t+λX

x2
s,t

)
−σ′
(

(1−λ)X
x3
s,t+λX

x4
s,t

)∥∥∥
L(H,HS(U,H))

‖(1−λ)(X
x1
s,t−X

x3
s,t)+λ(X

x2
s,t−X

x4
s,t)‖H

dλ

}
≤
(∑4

j=1V (X
xj
s,t)
)(p−1)/(2pp1qθ)

.

(4.111)

Lemma 4.31 (Partial strong local Lipschitz property of the first derivative process). Assume
Setting 4.30, let v1, v2 ∈ H, s ∈ [0, T ], and let (x1, y1), (x2, y2) ∈ {(x, y) ∈ B × R : x+ viy ∈ B}.
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Then it holds that∥∥∥ sup
t∈[0,T ]

‖Zv1s,(s+t)∧T (x1, y1)− Zv2s,(s+t)∧T (x2, y2)‖H
∥∥∥
Lq(P;R)

≤ 6q exp( 1
q )
(

(p2−1)(θ−1)
(4pθ)

)6/q

(‖x1 − x2‖H + ‖y1v1 − y2v2‖H) ‖v2‖H

·
( 2∑
j=1

(V (xj) + V (xj + vjyj))
)(p−1)/(2pp1qθ)

( T−s
∫
0

exp
(
r α(p−1)

(pp1qθ)

)
dr
)1/2

· exp

(
3
T

∫
s
φ(r) +

(
β0(1− (r−s)

(T−s) )
q0 exp(α0r)

+ β1

q1 exp(α1r)

)
dr

)
· exp

( 1∑
i=0

(
3Ui(x1+v1y1)+Ui(x1)

2qi exp(αis)
+ 4 Ui(x2+v2y2)+Ui(x2)

2qi exp(αis)

))
.

(4.112)

Proof of Lemma 4.31. If v1 = 0H , v2 = 0 then Zv1(x1, y1) = 0, Zv2(x2, y2) = 0 and the statement
is trivial. If x1 = x2, y1 = y2, v1 = v2 the statement is trivial as well. Without loss of generality,
assume that v1 6= 0H and that (x1, y1, v1) 6= (x2, y2, v2) for the rest of the proof. Throughout
this proof let ν : [s, T ] × Ω → H, η : [s, T ] × Ω → L(H,HS(U,H)), ζ : [s, T ] × Ω → HS(U,H),
A,B : [s, T ]× Ω→ [0,∞) be processes which satisfy for all t ∈ [s, T ] that

νt =

2∑
j=1

(−1)j+1
1

∫
0
µ′
(
λX

xj+vjyj
s,t + (1− λ)X

xj
s,t

)
Zvt (xj , yj) dλ, (4.113)

ηt =
1

∫
0
σ′
(
λXx1+v1y1

s,t + (1− λ)Xx1
s,t

)
dλ, (4.114)

ζt =
1

∫
0

( 2∑
j=1

(−1)jσ′(λX
xj+vjyj
s,t + (1− λ)X

xj
s,t)
)
Zv2s,t(x2, y2) dλ, (4.115)

At = max
{

0, sup
u∈H\{0}

〈u,∫10 µ
′(X

x1
s,t+λ(X

x1+v1y1
s,t −Xx1s,t)) dλu〉H
‖u‖2H

}
+ γ, (4.116)

Bt = 1
4γ

∥∥∥ 1

∫
0

2∑
j=1

(−1)jµ′(λX
xj+vjyj
s,t + (1− λ)X

xj
s,t) dλZ

v2
s,t(x2, y2)

∥∥∥2

H
. (4.117)

First, Lemma 4.24 ensures that for all t ∈ [s, T ] it holds P-almost surely that

Zv1s,t(x1, y1)− Zv2s,t(x2, y2) =
t

∫
s
νr dr +

t

∫
s
ηr
(
Zv1s,r(x1, y1)− Zv2s,r(x2, y2)

)
+ ζr dWr. (4.118)

Next, note that subtracting and adding a term in equation (4.113) implies for all t ∈ [s, T ] that

νt =
1

∫
0
µ′
(
λXx1+v1y1

s,t + (1− λ)Xx1
s,t

)
dλ
(
Zv1s,t(x1, y1)− Zv2s,t(x2, y2)

)
+

1

∫
0
µ′
(
λXx1+v1y1

s,t + (1− λ)Xx1
s,t

)
− µ′

(
λXx2+v2y2

s,t + (1− λ)Xx2
s,t

)
dλZv2s,t(x2, y2).

(4.119)
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This, the Cauchy-Schwarz inequality, the fact that for all a, b ∈ R it holds that ab ≤ γa2 + 1
4γ b

2,
and equations (4.116) and (4.117) ensure that for all t ∈ [s, T ] it holds that

〈Zv1s,t(x1, y1)− Zv2s,t(x2, y2), νt〉H (4.120)

≤
(

max
{

0, sup
u∈H\{0}

〈u,∫10 µ
′(X

x1
s,t+λ(X

x1+v1y1
s,t −Xx1s,t)) dλu〉H
‖u‖2H

}
+ γ
)
‖Zv1s,t(x1, y1)− Zv2s,t(x2, y2)‖2H

+ 1
4γ

∥∥∥∥ 1

∫
0
µ′
(
λXx1+v1y1

s,t + (1− λ)Xx1
s,t

)
− µ′

(
λXx2+v2y2

s,t + (1− λ)Xx2
s,t

)
dλZv2s,t(x2, y2)

∥∥∥∥2

H

= At‖Zv1s,t(x1, y1)− Zv2s,t(x2, y2)‖2H +Bt.

Now, item (ii) in Proposition 4.6 (applied with X· = Zv1s,·(x1, y1) − Zv2s,·(x2, y2), µ = ν, u = p,
p = 1 in the notation of in Proposition 4.6) together with equation (4.118) and inequality (4.120)
show that∥∥∥ sup

t∈[s,T ]

‖Zv1s,t(x1, y1)− Zv2s,t(x2, y2)‖H
∥∥∥
Lq(P;R)

≤ 3q exp( 1
q )
∥∥∥ exp

( T
∫
s

2Ar + (pq + q + 1)‖ηr‖2L(H,HS(U,H)) dr
)∥∥∥

L(p+1)q(P;R)

·
(
‖v1 − v2‖H +

∥∥B1/2
·
∥∥
L2(λ[s,T ];L

(2pq)/(p−1)(P;R))
+ ‖ζ·‖L2(λ[s,T ];L

(2pq)/(p−1)(P;HS(U,H)))

)
.

(4.121)

Next, inequality (4.110) and Lemma 4.13 (applied with p = (p + 1)q, p0 = q0, p1 = q1, X
(1)
· =

Xx1
s,· , X

(3)
· = Xx1

s,· , X
(2)
· = Xx1+v1y1

s,· , X(4)
· = Xx1+v1y1

s,· in the notation of Lemma 4.13) yield that∥∥∥∥exp

(
T

∫
s

2Ar + (pq + q + 1)‖ηr‖2L(H,HS(U,H)) dr

)∥∥∥∥
L(p+1)q(P;R)

≤
∥∥∥∥exp

(
T

∫
s
φ(r) +

U0(Xx1s,r)+U0(Xx1+v1y1
s,r )

2q0(T−s) exp(α0r)
+

U(r,Xx1s,r)+U(r,Xx1+v1y1
s,r )

2q1 exp(α1r)
dr

)∥∥∥∥
L(p+1)q(P;R)

≤ exp

(
T

∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr +

1∑
i=0

Ui(x1+v1y1)+Ui(x1)
2qi exp(αis)

)
.

(4.122)
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Moreover, Hölder’s inequality together with p−1
2pq = p−1

2pqθ + (p−1)(θ−1)
4pqθ + (p−1)(θ−1)

4pqθ yields that

∥∥B1/2
·
∥∥2

L2(λ[s,T ];L
(2pq)/(p−1)(P;R))

=
T

∫
s

∥∥∥(Bt)
1/2
∥∥∥2

L(2pq)/(p−1)(P;R)
dt

= 1
4γ

T

∫
s

∥∥∥∥∥∥ 1

∫
0

2∑
j=1

(−1)jµ′(λX
xj+vjyj
s,t + (1− λ)X

xj
s,t) dλZ

v2
s,t(x2, y2)

∥∥∥∥∥∥
2

L(2pq)/(p−1)(P;H)

dt

≤ 1
4γ

T

∫
s

∥∥∥∥∥ 1

∫
0

∥∥∥µ′(λXx1+v1y1
s,t +(1−λ)X

x1
s,t

)
−µ′
(
λX

x2+v2y2
s,t +(1−λ)X

x2
s,t

)∥∥∥
L(H)∥∥∥λ(Xx1+v1y1

s,t −Xx2+v2y2
s,t

)
+(1−λ)

(
X
x1
s,t−X

x2
s,t

)∥∥∥
H

dλ (4.123)

(∥∥Xx1+v1y1
s,t −Xx2+v2y2

s,t

∥∥
H

+
∥∥Xx1

s,t −X
x2
s,t

∥∥
H

)
‖Zv2s,t(x2, y2)‖H

∥∥∥∥∥
2

L(2pq)/(p−1)(P;R)

dt

≤ 1
4γ

T

∫
s

∥∥∥∥∥ 1

∫
0

∥∥∥µ′(λXx1+v1y1
s,t +(1−λ)X

x1
s,t

)
−µ′
(
λX

x2+v2y2
s,t +(1−λ)X

x2
s,t

)∥∥∥
L(H)∥∥∥λ(Xx1+v1y1

s,t −Xx2+v2y2
s,t

)
+(1−λ)

(
X
x1
s,t−X

x2
s,t

)∥∥∥
H

dλ

∥∥∥∥∥
2

L(2pqθ)/(p−1)(P;R)

dt

· 4 sup
t∈[0,T ]

(
max
h∈{0,1}

∥∥∥Xx1+hv1y1
s,(s+t)∧T −X

x2+hv2y2
s,(s+t)∧T

∥∥∥2

L(4pqθ)/((p−1)(θ−1))(P;H)

· ‖Zv2s,(s+t)∧T (x2, y2)‖2
L(4pqθ)/((p−1)(θ−1))(P;H)

)
.

The fact that θ ≥ p2−1
(p2−6p−1) implies that θ

θ−1 = 1
1− 1

θ

≤ (p2−1)
6p . This yields that

(4pθ)
(p2−1)(θ−1) ≤

2
3 (4.124)

and that 1
2

4pqθ
(p−1)(θ−1) ≤

1
3q(p+ 1). Therefore, it holds that

1
2

4pqθ
(p−1)(θ−1)

(p2−1)(θ−1)
(4pθ)

(p2−1)(θ−1)
(4pθ)

−1
= 1

2
4pqθ

(p−1)(θ−1)

(
1− (4pθ)

(p2−1)(θ−1)

)−1

≤ 1
3q(p+ 1)3 ≤ qp+ q + 1. (4.125)

From equation (4.125) and assumption (4.110) it follows that for all t ∈ [s, T ], z1, z2 ∈ B it holds
P-almost surely that

max
{

0, sup
u∈H\{0}

〈u,∫10 µ′(Xz1s,t+λ(X
z2
s,t−X

z1
s,t)) dλu〉H

‖u‖2H

}
+ 1

2
4pqθ

(p−1)(θ−1)

(p2−1)(θ−1)
(4pθ)

(p2−1)(θ−1)
(4pθ)

−1

∥∥∥ 1

∫
0
σ′(Xz1

s,t + λ(Xz2
s,t −X

z1
s,t))(·) dλ

∥∥∥2

L(H,HS(U,H))

≤
(
φ(t) +

2∑
j=1

U0(X
zj
s,t)

2q0(T−s) exp(α0t)
+

2∑
j=1

U(t,X
zj
s,t)

2q1 exp(α1t)

) (4.126)

and that 1
q0

+ 1
q1

= 1
q(p+1) = (p−1)(θ−1)

4pqθ
4pθ

(p2−1)(θ−1) . This, inequalities (4.124) and (4.126) and
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Lemma 4.26 (applied with q = (4pqθ)
(p−1)(θ−1) , c = (p2−1)(θ−1)

4pθ , x = x2 (resp. x = x2 +hv2y2), y = y2

(resp. y = 1), v = v (resp. v = x1 − x2 + h(v1y1 − v2y2)) for h ∈ {0, 1} in the notation of
Lemma 4.26) show that for all t ∈ [s, T ], h ∈ {0, 1} it holds that∥∥∥Xx1+hv1y1

s,t −Xx2+hv2y2
s,t

∥∥∥
L(4pqθ)/((p−1)(θ−1))(P;H)

∥∥Zv2s,t(x2, y2)
∥∥
L(4pqθ)/((p−1)(θ−1))(P;H)

=
∥∥∥Zx1−x2+h(y1v1−y2v2)

s,t (x2 + hv2y2, 1)
∥∥∥
L(4pqθ)/((p−1)(θ−1))(P;H)

∥∥Zv2s,t(x2, y2)
∥∥
L(4pqθ)/((p−1)(θ−1))(P;H)

≤
(

(p2−1)(θ−1)
(4pθ)

) 2
q

(
1− (4pθ)

(p2−1)(θ−1)

)−1

‖x1 − x2 + h(y1v1 − y2v2)‖H ‖v2‖H (4.127)

· exp
(

2
T

∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr + 2

1∑
i=0

Ui(x2+v2y2)+Ui(x2)+Ui(x1+hv1y1)+Ui(x2+hv2y2)
2qi exp(αis)

)
.

Furthermore, e.g. Lemma 4.10 (applied with T = r − s, (Xx
t )t∈[0,r−s] = (Xx

s,t+s)t∈[0,r−s], F =∨
t∈[0,r−s] Ft+s, (Ft)t∈[0,r−s] = (Ft+s)t∈[0,r−s], (Wt)t∈[0,r−s] = (Wt+s −Ws)t∈[0,r−s] for r ∈ [s, T ],

x ∈ B in the notation of Lemma 4.10) assures that for all t ∈ [0, T − s], x ∈ B it holds that

E[V (Xx
s,t+s)] ≤ exp(αt)V (x). (4.128)

Assumption (4.111) and Hölder’s inequality hence imply that

1
γ

T

∫
s

∥∥∥ 1

∫
0

∥∥∥µ′(λXx1+v1y1
s,t +(1−λ)X

x1
s,t

)
−µ′
(
λX

x2+v2y2
s,t +(1−λ)X

x2
s,t

)∥∥∥
L(H)∥∥∥λ(Xx1+v1y1

s,t −Xx2+v2y2
s,t

)
+(1−λ)

(
X
x1
s,t−X

x2
s,t

)∥∥∥
H

dλ
∥∥∥2

L
(2pqθ)
(p−1) (P;R)

dt

≤
T

∫
s

(
E
[∑2

j=1(V (X
xj+vjyj
s,t ) + V (X

xj
s,t))

])(p−1)/(pp1qθ)

dt

≤
(∑2

j=1(V (xj + vjyj) + V (xj))
)(p−1)/(pp1qθ) T−s

∫
0

exp
(
t α(p−1)

(pp1qθ)

)
dt.

(4.129)

This and inequalities (4.123), (4.124), and (4.127) show that

∥∥B1/2
·
∥∥
L2(λ[s,T ];L

(2pq)/(p−1)(P;R))

≤
(∑2

j=1(V (xj + vjyj) + V (xj))
)(p−1)/(2pp1qθ)

(
T−s
∫
0

exp
(
t α(p−1)

(pp1qθ)

)
dt

)1/2

·
(

(p2−1)(θ−1)
(4pθ)

)6/q

(‖x1 − x2‖H + ‖y1v1 − y2v2‖H) ‖v2‖H (4.130)

· exp
(

2
T

∫
s
φ(r) +

1∑
i=0

βi(1− (r−s)
(T−s) )

1−i

qi exp(αir) dr + 2

1∑
i=0

2Ui(x2+v2y2)+2Ui(x2)+Ui(x1)+Ui(x1+v1y1)
2qi exp(αis)

)
.

Analogously to inequalities (4.123) - (4.130) (with µ replaced by σ and suitable norms), we obtain
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that

∥∥ζ·∥∥L2(λ[s,T ];L
(2pq)/(p−1)(P;HS(U,H)))

≤
(∑2

j=1(V (xj + vjyj) + V (xj))
)(p−1)/(2pp1qθ)

(
T−s
∫
0

exp
(
t α(p−1)

(pp1qθ)

)
dt

)1/2

·
(

(p2−1)(θ−1)
(4pθ)

)6/q

(‖x1 − x2‖H + ‖v1y1 − v2y2‖H) ‖v2‖H (4.131)

· exp
(

2
T

∫
s
φ(r) +

1∑
i=0

βi(1− r−s
T−s )

1−i

qi exp(αir) dr + 2

1∑
i=0

2Ui(x2+vjy2)+2Ui(x2)+Ui(x1)+Ui(x1+vjy1)
2qi exp(αis)

)
.

Combining this and inequalities (4.122) and (4.130) with inequality (4.121) establishes inequal-
ity (4.112). The proof of Lemma 4.31 is thus completed.

Setting 4.32. Assume Setting 4.30, let p2 ∈ [1,∞), ϑ ∈
[
2 p2−1
p2−p+1

p2−3p+1
p2−5p+1 ,∞

)
, and assume that

for all (s, t) ∈ ∆T , x ∈ B, v ∈ H, y ∈ {z ∈ R : x+ vz ∈ B} it holds P-almost surely that

sup
λ∈[0,1]

max
{
‖µ′(Xx

s,t + λ(Xx+vy
s,t −Xx

s,t))‖L(H,H), ‖σ′(Xx
s,t + λ(Xx+vy

s,t −Xx
s,t))‖L(H,HS(U,H))

}
≤
(
V (Xx

s,t) + V (Xx+vy
s,t )

)(p−1)/(2ϑqp)
(4.132)

and

max
{
‖µ(Xx

s,t)‖H , ‖σ(Xx
s,t)‖HS(U,H)

}
≤
(
V (Xx

s,t)
)(p2−p+1)/(4p(p+1)qp2)

, (4.133)

assume that inf(s,t)∈∆T
infω∈Ω infz∈B U(t,Xz

s,t(ω)) ∈ R, and assume that for all k ∈ N it holds
that

sup
x∈B : ‖x‖H≤k

V (x) + U0(x) + U1(x) <∞. (4.134)

Lemma 4.33 (Local Hölder property of the first derivative process). Assume Setting 4.32. Then
it holds for all k, h ∈ N, v ∈ H that

sup
(s1,x1,y1) 6=(s2,x2,y2)∈[0,T ]×B×[0,h]
x1+vy1,x2+vy2∈B ‖x1‖H≤k,‖x2‖H≤k

‖supt∈[0,T ] ‖Z
v
s2,(t+s2)∧T (x1,y1)−Zvs1,(t+s1)∧T (x2,y2)‖H‖

Lq(P;R)

(‖x1−x2‖2H+|y1−y2|2+|s1−s2|2)
1/4

<∞.

(4.135)

Proof. Throughout this proof let Bk = {z ∈ H : ‖z‖H ≤ k}, k ∈ N, and let K ∈ R be the real
number satisfying that K = inf(s,t)∈∆T

infω∈Ω infz∈B U(t,Xz
s,t(ω)).

First, note that Lemma 4.27 ensures that for all (s1, s2) ∈ ∆T , x1, x2 ∈ B, v ∈ H, yi ∈ {z ∈
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R : xi + vyi ∈ B} it holds P-almost surely for all t ∈ [0, T ] that

Zvs2,(t+s2)∧T (x1, y1)− Zvs1,(t+s1)∧T (x2, y2)

= Zvs2,(t+s2)∧T (x1, y1)− Zvs1,(t+s2)∧T (x2, y2) + Zvs1,(t+s2)∧T (x2, y2)− Zvs1,(t+s1)∧T (x2, y2)

= Zvs2,(t+s2)∧T (x1, y1)− Z
Zvs1,s2

(x2,y2)

s2,(t+s2)∧T (Xx2
s1,s2 , y2)

+ Z
Zvs1,(t+s1)∧T (x2,y2)

(t+s1)∧T,(t+s2)∧T (Xx2

s1,(t+s1)∧T , y2)− Zvs1,(t+s1)∧T (x2, y2).

(4.136)

Observe that in particular for all (s1, s2) ∈ ∆T , x1, x2 ∈ B, v ∈ H, yi ∈ {z ∈ R : xi + vyi ∈ B},
j ∈ {1, 2}, it holds P-almost surely for all t ∈ [T − s1, T ] that (t + s1) ∧ T = (t + s2) ∧ T and
Zvs2,(t+s2)∧T (x1, y1)− Zvs1,(t+s1)∧T (x2, y2) = Zvs2,T (x1, y1)− Z

Zvs1,s2 (x2,y2)

s2,T
(Xx2

s1,s2 , y2).

Note that by applying the triangle inequality we obtain for all x1, x2 ∈ B, (s1, s2) ∈ ∆T , v ∈ H,
yi ∈ {z ∈ R : xi + vyi ∈ B}, j ∈ {1, 2}, that∥∥∥ sup

t∈[0,T ]

‖Zvs2,(t+s2)∧T (x1, y1)− Zvs1,(t+s1)∧T (x2, y2)‖H
∥∥∥
Lq(P;R)

≤
(
E
[

sup
t∈[0,T ]

‖Zvs2,(t+s2)∧T (x1, y1)− Z
Zvs1,s2

(x2,y2)

s2,(t+s2)∧T (Xx2
s1,s2 , y2)‖qH

])1/q

+ sup
t∈[0,T−s1)

(
E
[
‖Z

Zvs1,t+s1
(x2,y2)

t+s1,(t+s2)∧T (Xx2
s1,t+s1 , y2)− Zvs1,t+s1(x2, y2)‖qH

])1/q

≤
(
E
[
E
[

sup
t∈[0,T ]

‖Zvs2,(t+s2)∧T (x1, y1)− Z
Zvs1,s2

(x2,y2)

s2,(t+s2)∧T (Xx2
s1,s2 , y2)‖qH

∣∣∣Fs2]])1/q

+ sup
t∈[0,T−s1)

(
E
[
E
[
‖Z

Zvs1,t+s1
(x2,y2)

t+s1,(t+s2)∧T (Xx2
s1,t+s1 , y2)− Zvs1,t+s1(x2, y2)‖qH

∣∣∣Ft+s1]])1/q

.

(4.137)

Let us consider the two latter terms separately.
Observe that Lemma 4.31 (applied with F = Fs2 , P = P|Fs2 , x1 = Xx2

s1,s2 , x2 = x1, y1 = y2,
y2 = y1, v2 = v, v1 = Zvs1,s2(x2, y2), and s = s2, in the notation of Lemma 4.31), Hölder’s
inequality, and the fact that

1
q = 3

(p+1)q + p2−3p−1
2p(p+1)q + p2−p+1

2p(p+1)q (4.138)

show that for all x1, x2 ∈ B, (s1, s2) ∈ ∆T , v ∈ H, yi ∈ {z ∈ R : xi + vyi ∈ B}, j ∈ {1, 2}, it
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holds that(
E

[
E
[

sup
t∈[0,T ]

‖Zvs2,(t+s2)∧T (x1, y1)− Z
Zvs1,s2

(x2,y2)

s2,(t+s2)∧T (Xx2
s1,s2 , y2)‖qH

∣∣∣Fs2]
])1/q

≤ 6q exp( 1
q )
(

(p2−1)(θ−1)
(4pθ)

)6/q

‖v‖H
(
T−s2
∫
0

exp
(
r α(p−1)

(pp1qθ)

)
dr

)1/2

·
∥∥∥ (‖x1 −Xx2

s1,s2‖H + ‖y1v − y2Z
v
s1,s2(x2, y2)‖H

)
·
(
V (x1) + V (x1 + vy1) + V (Xx2

s1,s2) + V (Xx2+vy2
s1,s2 )

)(p−1)/(2pp1qθ)

· exp

(
1∑
i=0

(
3
Ui(X

x2
s1,s2

)+Ui(X
x2+vy2
s1,s2

)

2qi exp(αis2) + 4 Ui(x1+vy1)+Ui(x1)
2qi exp(αis2)

))∥∥∥
Lq(P;R)

· exp

(
3
T

∫
s2

φ(r) +

(
β0

(
1− (r−s2)

(T−s2)

)
q0 exp(α0r)

+ β1

q1 exp(α1r)

)
dr

)
(4.139)

≤ 6q exp( 1
q )
(

(p2−1)(θ−1)
(4pθ)

)6/q

‖v‖H
( T−s2
∫
0

exp
(
r α(p−1)

(pp1qθ)

)
dr
)1/2

·
(∥∥x1 −Xx2

s1,s2

∥∥
L(2p(p+1)q)/(p2−p+1)(P;H)

+|y1 − y2|‖v‖H + |y2|
∥∥v − Zvs1,s2(x2, y2)

∥∥
L(2p(p+1)q)/(p2−p+1)(P;H)

)
·
(
E
[(
V (x1) + V (x1 + vy1) + V (Xx2

s1,s2) + V (Xx2+vy2
s1,s2 )

)(p2−1)/(θp1(p2−3p−1))])(p2−3p−1)/(2p(p+1)q)

· exp
(

4

1∑
i=0

Ui(x1+vy1)+Ui(x1)
2qi exp(αis2)

)∥∥∥ exp
( 1∑
i=0

Ui(X
x2
s1,s2

)+Ui(X
x2+vy2
s1,s2

)

2qi exp(αis2)

)∥∥∥3

L(p+1)q(P;R)

· exp
(

3
T

∫
s2

φ(r) +
(β0

(
1− (r−s2)

(T−s2)

)
q0 exp(α0r)

+ β1

q1 exp(α1r)

)
dr
)
.

Note that (p + 1)q = 2p(p+1)
(p2−p+1) · q ·

(
p2−3p+1

2p + 1
)
and the fact that p ≥ 3 +

√
10 ensures that

p2−3p+1
2p ≥ 1. Lemma 4.18 (applied with T = s2, s = s1, q = 2p(p+1)

p2−p+1q, p = 1, u = p2, x1 = x2

for (s1, s2) ∈ ∆T , x1, x2 ∈ B in the notation of Lemma 4.18), Lemma 4.29 (applied with T = s2,
s = s1, q = 2p(p+1)

p2−p+1q, p = p2−3p+1
2p , ϑ = (p2−p+1)(p2−5p+1)

2(p2−1)(p2−3p+1) ϑ, w = v, x = x2, y = y2 for (s1, s2) ∈
∆T , v ∈ H, x2 ∈ B, y2 ∈ {y ∈ R : x2 + vy ∈ B} in the notation of Lemma 4.29), the fact that
θp1(p2−3p−1)

p2−1 ≥ p1(p2−3p−1)
p2−6p−1 ≥ p1

(
1+ 3p

p2−6p−1

)
≥ 1, Hölder’s inequality, and Lemma 4.10 (applied

with T = s2 − s1, (Ft)t∈[0,s2−s1] = (Ft+s1)t∈[0,s2−s1], (Wt)t∈[0,s2−s1] = (Wt+s1 −Ws1)t∈[0,s2−s1],
X· = Xx2

s1,s1+· (resp. with X· = Xx2+vy2
s1,s1+· ) with (s1, s2) ∈ ∆T , v ∈ H, x2 ∈ B, y2 ∈ {y ∈

R : x2 + yv ∈ B} in the notation of Lemma 4.10) yield for all x1, x2 ∈ B, (s1, s2) ∈ ∆T , v ∈ H,
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yi ∈ {z ∈ R : xi + vyi ∈ B}, j ∈ {1, 2}, that(
E
[
E
[

sup
t∈[0,T ]

∥∥∥Zvs2,(t+s2)∧T (x1, y1)− Z
Zvs1,s2

(x2,y2)

s2,(t+s2)∧T (Xx2
s1,s2 , y2)

∥∥∥q
H

∣∣∣Fs2]])1/q

≤ 6q exp( 1
q )
(

(p2−1)(θ−1)
(4pθ)

)6/q

‖v‖H
( T−s2
∫
0

exp
(
r α(p−1)

(pp1qθ)

)
dr
)1/2

·
(

3 2p(p+1)q
p2−p+1 exp(s2 − s1) exp( p

2−p+1
2p(p+1)q )[

‖x1 − x2‖H + 2
(
V (x2) exp

(
α(s2 − s1)

))(p2−p+1)/(4p(p+1)qp2)
(s2 − s1)

1/2

+ |y1 − y2|‖v‖H + |y2|3 2p(p+1)q
p2−p+1 exp( p

2−p+1
2p(p+1)q )

]
· exp

( s2
∫
s1

φ(r) +

1∑
i=0

βi(1− (r−s1)

(s2−s1)
)1−i

qi exp(αir) dr +

1∑
i=0

Ui(x2+vy2)+Ui(x2)
2qi exp(αis1)

)
· ‖v‖H

(
1

2
√
γ + 1

)(
V (x2) + V (x2 + vy2)

) (p−1)
(2pϑq)

( s2−s1
∫
0

exp(α (p−1)
(pϑq) r)dr

)1/2)
·
(
V (x1) + V (x1 + vy1) + (V (x2) + V (x2 + vy2)) exp

(
α(s2 − s1)

))(p−1)/(2pp1qθ)

· exp
(

2

1∑
i=0

Ui(x1+vy1)+Ui(x1)
qi exp(αis2)

) 1∏
i=0

∥∥∥ exp
(
Ui(X

x2
s1,s2

)+Ui(X
x2+vy2
s1,s2

)

2qi exp(αis2)

)∥∥∥3

Lqi (P;R)

· exp
(

3
T

∫
s2

φ(r) +
(
β0(1− (r−s2)

(T−s2)
)

q0 exp(α0r)
+ β1

q1 exp(α1r)

)
dr
)
.

(4.140)

Let us consider the last term of inequality (4.137). Lemma 4.29 (applied with T = (t+ s2) ∧ T ,
F = Ft+s1 , P = P|Ft+s1 , x = Xx2

s1,t+s1 , y = y2, v = Zvs1,t+s1(x2, y2), w = Zvs1,t+s1(x2, y2),
s = t + s1 for v ∈ H, x2 ∈ B, y2 ∈ {y ∈ R : x2 + vy ∈ B}, (s1, s2) ∈ ∆T , t ∈ [0, T − s1) in the
notation of Lemma 4.29), the fact that

1
q = 1

(p+1)q + p2−p−1
2p(p+1)q + p2+p+1

2p(p+1)q , (4.141)

and Hölder’s inequality demonstrate for all x2 ∈ B, (s1, s2) ∈ ∆T , v ∈ H, y2 ∈ {y ∈ R : x2 +vy ∈
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B}, that

sup
t∈[0,T−s1)

(
E
[
E
[∥∥∥ZZvs1,t+s1 (x2,y2)

t+s1,(t+s2)∧T (Xx2
s1,t+s1 , y2)− Zvs1,t+s1(x2, y2)

∥∥∥q
H

∣∣∣Ft+s1]])1/q

≤ 3q exp
(

1
q

)
sup

t∈[0,T−s1)

∥∥∥∥ exp
( (t+s2)∧T

∫
t+s1

φ(r)

+

1∑
i=0

βi
(

1− (r−t−s1)

((t+s2)∧T−t−s1)

)1−i

qi exp(αir) dr +

1∑
i=0

Ui(X
x2+vy2
s1,t+s1

)+Ui(X
x2
s1,t+s1

)

2qi exp(αi(t+s1))

)
· ‖Zvs1,t+s1(x2, y2)‖H

(
1

2
√
γ + 1

)( (t+s2)∧T−t−s1
∫
0

exp(α (p−1)
(ϑqp) r)dr

)1/2

·
(
V (Xx2

s1,t+s1) + V (Xx2+vy2
s1,t+s1 )

)(p−1)/(2ϑqp)
∥∥∥∥
Lq(P;R)

(4.142)

≤ 3q exp
(

1
q

)(
1

2
√
γ + 1

)
sup

t∈[0,T−s1)

exp
( (t+s2)∧T

∫
t+s1

φ(r) +

1∑
i=0

βi(1− (r−t−s1)

((t+s2)∧T−t−s1)
)1−i

qi exp(αir) dr
)

· sup
t∈[0,T−s1]

∥∥∥ exp
( 1∑
i=0

Ui(X
x2+vy2
s1,t+s1

)+Ui(X
x2
s1,t+s1

)

2qi exp(αi(t+s1))

)∥∥∥
L(p+1)q(P;R)

·
∥∥∥ sup
t∈[0,T−s1]

‖Zvs1,t+s1(x2, y2)‖H
∥∥∥
L(2p(p+1)q)/(p2+p+1)(P;R)

(
sup

s∈[0,T−s1)

((s+ s2) ∧ T − (s+ s1))
)1/2

· exp(α (p−1)
(pϑq) r) sup

t∈[0,T−s1]

∥∥∥(V (Xx2
s1,t+s1) + V (Xx2+vy2

s1,t+s1 )
)(p−1)/(2ϑqp)

∥∥∥
L(2p(p+1)q)/(p2−p−1)(P;R)

.

Note that the fact that for all a ∈ R it holds that a2 − a+ 1 > 0 and (a− 1)2 ≥ 0 ensures that
p

p2−p+1 ≤ 1 and that p2+p+1
2p ≥ 1. This implies that 1

2
2p(p+1)
p2+p+1 ·q ·

p2+p+1
2p

p2+p+1
2p −1

= (p+1)pq
p2−p+1 ≤ (p+1)q <

(p+ 1)q+ 1. This and the fact that (p+ 1)q = 2p(p+1)
p2+p+1 · q ·

p2+p+1
2p ensure that the assumptions of

Lemma 4.26 are satisfied. Lemma 4.26 (applied with q = 2p(p+1)
p2+p+1q, c = p2+p+1

2p , s = s1, x = x2,
y = y2 for s1 ∈ [0, T ], t ∈ [0, T − s1], v ∈ H, x2 ∈ B, y2 ∈ {y ∈ R : x2 + vy ∈ B} in the
notation of Lemma 4.26), the fact that p−1

2ϑpq
2p(p+1)q
p2−p−1 ≤ 1, Hölder’s inequality, and Lemma 4.10

(applied with T = t, (Fs)s∈[0,t] = (Fs+s1)s∈[0,t], (Ws)s∈[0,t] = (Ws+s1 −Ws1)s∈[0,t], (Xs)s∈[0,t] =

(Xx2
s1,s1+s)s∈[0,t] (resp. with (Xs)s∈[0,t] = (Xx2+vy2

s1,s1+s)s∈[0,t]) for t ∈ [0, T − s1), x2 ∈ B, v ∈ H,
y2 ∈ {y ∈ R : x2+vy ∈ B} in the notation of Lemma 4.10) show that for all x2 ∈ B, (s1, s2) ∈ ∆T ,
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v ∈ H, y2 ∈ {y ∈ R : x2 + vy ∈ B} that

sup
t∈[0,T−s1)

(
E
[
E
[
‖Z

Zvs1,t+s1
(x2,y2)

t+s1,(t+s2)∧T (Xx2
s1,t+s1 , y2)− Zvs1,t+s1(x2, y2)‖qH

∣∣∣Ft+s1]])1/q

≤ 3q exp
(

1
q

)(
1

2
√
γ + 1

)
sup

t∈[0,T−s1)

exp

(
(t+s2)∧T
∫

t+s1

φ(r) +

1∑
i=0

βi
(

1− (r−t−s1)

((t+s2)∧T−t−s1)

)1−i

qi exp(αir) dr

)

· sup
t∈[0,T−s1]

1∏
i=0

∥∥∥∥exp

(
Ui(X

x2+vy2
s1,t+s1

)+Ui(X
x2
s1,t+s1

)

2qi exp(αi(t+s1))

)∥∥∥∥
Lqi (P;R)

(4.143)

·
(
p2+p+1

2p

) (p2+p+1)2

(2p(p+1)(p2−p+1)q) ‖v‖H exp

(
T

∫
s1

φ(r) +

1∑
i=0

βi
(

1− (r−s1)

(T−s1)

)1−i

qi exp(αir) dr +

1∑
i=0

Ui(x2+vy2)+Ui(x2)
2qi exp(αis1)

)
· (s2 − s1)

1/2
exp(α (p−1)

(pϑq) r) sup
t∈[0,T−s1]

exp(α (p−1)
(2pqϑ) t)

(
V (x2) + V (x2 + vy2)

)(p−1)/(2ϑqp)
.

Note that Hölder’s inequality and Corollary 4.12 (applied with T = s1 +t, s = s1, X = Xx2+jvy2
s1, ,

U0 = Ui, U = iU − βi, α = αi for i, j ∈ {0, 1}, x2 ∈ B, s1 ∈ [0, T ], t ∈ [0, T − s1], v ∈ H,
y2 ∈ {y ∈ R : x2 + vy ∈ B} in the notation of Corollary 4.12) yield for all x2 ∈ B, s1 ∈ [0, T ],
t ∈ [0, T − s1], v ∈ H, y2 ∈ {y ∈ R : x2 + vy ∈ B} that

sup
t∈[0,T−s1]

1∏
i=0

∥∥∥ exp
(
Ui(X

x2+vy2
s1,t+s1

)+Ui(X
x2
s1,t+s1

)

2qi exp(αi(t+s1))

)∥∥∥
Lqi (P;R)

≤ sup
t∈[0,T−s1]

1∏
i=0

∥∥∥ exp
(

Ui(X
x2+vy2
s1,t+s1

)

2qi exp(αi(t+s1))

)∥∥∥
L2qi (P;R)

∥∥∥ exp
(

Ui(X
x2
s1,t+s1

)

2qi exp(αi(t+s1))

)∥∥∥
L2qi (P;R)

(4.144)

≤ sup
t∈[0,T−s1]

1∏
j=0

1∏
i=0

E
[

exp
(
Ui(X

x2+jvy2
s1,t+s1

)

exp(αi(t+s1)) +
t+s1
∫
s1

iU(Xx2+jvy2
s1,r

)−βi
exp(αir)

dr
)

exp
( t+s1
∫
s1

− iK−βi
exp(αir)

dr
)]1/2qi

≤
1∏
j=0

1∏
i=0

exp
(
Ui(x2+jvy2)
2qi exp(αis1)

)(
sup

t∈[0,T−s1]

exp
( t+s1
∫
s1

− iK−βi
2qi exp(αir)

dr
))

≤
1∏
i=0

exp
(
Ui(x2)+Ui(x2+vy2)

2qi exp(αis1)

)
exp

(
max{−iK+βi,0}T

2qi exp(αis1)

)
.

Analogously, applying Corollary 4.12 (with T = s2, s = s1, X = Xx2+jvy2
s1, , U0 = Ui, U = iU−βi,

α = αi for i, j ∈ {0, 1}, x2 ∈ B, (s1, s2) ∈ ∆T , v ∈ H, y2 ∈ {y ∈ R : x2 + vy ∈ B} in the notation
of Corollary 4.12) yields for all x2 ∈ B, (s1, s2) ∈ ∆T , v ∈ H, y2 ∈ {y ∈ R : x2 + vy ∈ B} it holds
that

1∏
i=0

∥∥∥ exp
(
Ui(X

x2
s1,s2

)+Ui(X
x2+vy2
s1,s2

)

2qi exp(αis2)

)∥∥∥3

Lqi (P;R)
≤

1∏
i=0

exp
(

3(Ui(x2)+Ui(x2+vy2)+max{−iK+βi,0}(s2−s1))
2qi exp(αis1)

)
.

(4.145)
Combining this and inequalities (4.140), (4.144), (4.143), and (4.134) with inequality (4.137)
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establishes inequality (4.135). The proof of Lemma 4.33 is thus completed.

4.4.3 Existence of a continuously differentiable flow

Proposition 4.34 (Existence of a C1-solution). Assume Setting 4.32, let H ⊆ H be an orthonor-
mal basis of H, and assume that q > 2(dim(H) + 2), Then there exists a B(∆T ×B)⊗F/B(B)-
measurable function X : ∆T ×B ×Ω→ B and a B(∆T ×B)⊗F/B(L(H))-measurable function
X 1 : ∆T ×B × Ω→ L(H) satisfying that

1. for all x ∈ B, (s, t) ∈ ∆T it holds P-almost surely that X xs,t = Xx
s,t,

2. for all ω ∈ Ω it holds that X (ω) ∈ C0(∆T ×B,B),

3. for all x ∈ D, s ∈ [0, T ], h ∈ H it holds P-almost surely that (X 1,x
s,t h)t∈[s,T ] = (Zhs,t(x, 0))t∈[s,T ],

4. for all ω ∈ Ω it holds that X 1(ω) ∈ C0(∆T ×B,L(H)),

5. for all (s, t) ∈ ∆T it holds that D 3 x 7→ Xx
s,t(ω) ∈ H is differentiable and that for all

ω ∈ Ω, x ∈ D it holds that ∂
∂xX

x
s,t(ω) = X 1,x

s,t (ω).

Proof of Proposition 4.34. For all k ∈ N let Bk = {v ∈ H : ‖v‖H ≤ k}, for all h ∈ H let Bh =

{(x, y) ∈ B × R : x+ yh ∈ B}, let BH = ∩h∈HBh, let DH = ∩h∈H{(x, y) ∈ D × R : x+ hy ∈ D},
let D = D ∩ {v ∈ H : (〈h, v〉H)h∈H ∈ Qdim(H)}, and let DH = DH ∩ (D ×Q).
Lemma 4.21 (with q = 2q, c = p+1

2 , u = p2p2
p2−p+1 in the notation of Lemma 4.21) assures the

existence of a B(∆T ×B)⊗F/B(B)-measurable function Y : ∆T ×B×Ω→ B with the property
that for all ω ∈ Ω it holds that Y (ω) ∈ C(∆T ×B,B) and that for all x ∈ B, s ∈ [0, T ] it holds
P-almost surely that

(Y xs,t)t∈[s,T ] = (Xx
s,t)t∈[s,T ]. (4.146)

This and the fact that D is countable implies that for all s ∈ [0, T ], t ∈ [s, T ], x ∈ D it holds
P-almost surely that Y xs,t = Xx

s,t.
Moreover, note that for all v ∈ H Lemma 4.26 (with q = 2q, c = p+1

2 ) ensures that the function

[0, T ]×Bv 3 (s, (x, y)) 7→ Zvs,(·+s)∧T (x, y) ∈ Lq(P;C([0, T ];H)) (4.147)

is locally bounded and Lemma 4.33 implies that the latter function is locally 1/2-Hölder con-
tinuous. Hence, Proposition 4.8 (applied with D = [0, T ] × Bv, H = R ⊗ H ⊗ R, d =

dim(H) + 2, p = q, α = 1/2, X =
(

[0, T ]×Bv 3 (s, (x, y)) 7→ Zvs,(·+s)∧T (x, y) ∈ C([0, T ], B)
)
,

E = F = C([0, T ], H) for v ∈ H in the notation of Proposition 4.8) proves that for all v ∈ H
there exists a B([0, T ]×Bv) ⊗ F/B(C([0, T ], H))-measurable function Zv : [0, T ] × Bv × Ω →
C([0, T ], H) such that for all ω ∈ Ω it holds that Zv(·, ·, ·, ω) ∈ C([0, T ]×Bv, C([0, T ], H)) and
such that for all s ∈ [0, T ], (x, y) ∈ Bv it holds P-almost surely that (Zv(s, x, y)(t))t∈[0,T ] =

(Zvs,(t+s)∧T (x, y))t∈[0,T ]. Let Z : ∆T × BH × Ω → L(H) be the unique function satisfying for all
ω ∈ Ω, (s, t) ∈ ∆T , (x, y) ∈ BH, v ∈ H that Z(s, t, x, y, ω)(v) =

∑
h∈H〈v, h〉HZh(s, x, y, ω)(t− s)
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and let Z : ∆T ×∩h∈HBh×Ω→ L(H) be the unique function satisfying for all ω ∈ Ω, (s, t) ∈ ∆T ,
(x, y) ∈ ∩h∈HBh, v ∈ H that Z(s, t, x, y, ω)(v) =

∑
h∈H〈v, h〉HZhs,t(x, y, ω). Therefore, it holds

that Z : ∆T × BH × Ω → L(H) is B(∆T × BH) ⊗ F/B(L(H))-measurable, that for all ω ∈ Ω it
holds that Z(·, ·, ·, ω) ∈ C(∆T ×BH, L(H)), and that for all s ∈ [0, T ], (x, y) ∈ ∩h∈HBh it holds
P-almost surely that

(Z(s, t, x, y))t∈[s,T ] = (Z(s, t, x, y))t∈[s,T ]. (4.148)

It follows from this and equation (4.90) that there exists an Ω0 ∈ F which satisfies that P(Ω0) = 1

and that it holds for all ω ∈ Ω0, (s, t) ∈ ∆T , h ∈ H, (x, y) ∈ DH \ (D × {0}) that

Z(s, t, x, y, ω)h =
Y x+hy
s,t (ω)− Y xs,t(ω)

y
. (4.149)

The assumptions of Lemma 4.7 (applied with U = H, T = ∆T , O = D, D = D, (Xt)t∈∆T
=

(Yt|D)t∈∆T
, (Z(t))t∈∆T

= (Z(t)|DH)t∈∆T
in the notation of Lemma 4.7) are satisfied. Then

item (i) and item (ii) of Lemma 4.7 ensure that there exists an Ω1 ∈ F with P(Ω1) = 1 such
that for all ω ∈ Ω1, (s, t) ∈ ∆T it holds that the mapping D 3 x 7→ Y xs,t(ω) ∈ B is continuously
Fréchet-differentiable and it holds for all (s, t) ∈ ∆T , x ∈ D that d

dxY
x
s,t(ω) = Z(s, t, x, 0, ω).

Moreover, observe that the fact that D× {0} ⊆ ∩h∈HBh and equation (4.148) imply that for all
s ∈ [0, T ], x ∈ D, h ∈ H it holds P-almost surely that (Z(s, t, x, 0)h)t∈[s,T ] = (Zhs,t(x, 0))t∈[s,T ].
Let X : ∆T×B×Ω→ B, X 1,·

· : ∆T×B×Ω→ L(H) be the functions satisfying for all (s, t) ∈ ∆T ,
ω ∈ Ω, x ∈ B that

X xs,t(ω) =

Y xs,t(ω) : ω ∈ Ω1

0H : ω ∈ Ω \ Ω1

(4.150)

and

X 1,x
s,t (ω) =

Z(s, t, x, 0, ω) : ω ∈ Ω1

0L(H) : ω ∈ Ω \ Ω1.
(4.151)

The fact that for all h ∈ H it holds that B×{0} ⊆ Bh ensures that B×{0} ⊆ BH and therefore
the latter function is well defined. The choice of these two functions completes the proof of
Proposition 4.34.
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