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Abstract

In this thesis we establish the It6-Alekseev-Grobner formula which can be regarded as a gener-
alization of the Alekseev-Grobner lemma and It6’s lemma.

Analogous to the well-known deterministic case of the Alekseev-Grobner lemma, this formula
allows us to estimate the global error between the exact solution of a stochastic differential
equation (SDE) and a general Itd process in terms of the local characteristics. In particular,
our I[to-Alekseev-Grobner formula can be applied to derive strong approximation rates for im-
plementable approximations of SDEs. To apply the It6-Alekseev-Grébner formula, we need to
ensure that there exists a version of the solution processes of the SDE which is twice continuously
differentiable in the starting point.

In the last part of this thesis, we derive conditions on the coefficient functions which ensure

existence of solution versions.
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Zusammenfassung in deutscher

Sprache

In dieser Doktorarbeit beweisen wir die It6-Alekseev-Grobner-Formel, welche wir als eine Verall-
gemeinerung sowohl der It6-Formel als auch des Alekseev-Grobner-Lemmas ansehen. Analog zum
wohlbekannten deterministischen Fall des Alekseev-Grobner-Lemmas erlaubt uns diese Formel,
den globalen Fehler von einer exakten Losung einer stochastischen Differentialgleichung und
einem allgemeinen It6-Prozess mithilfe der lokalen Charakteristiken darzustellen. Insbesondere
kann unsere [t6-Alekseev-Grobner-Formel angewendet werden, um starke Approximationsraten
flir implementierbare Approximationen von stochastischen Differentialgleichungen herzuleiten.
Um die Ito-Alekseev-Grobner-Formel anzuwenden miissen wir sicherstellen, dass eine Version
der Losung der stochastischen Differentialgleichung existiert, welche im Anfangswert zweimal

stetig differenzierbar ist. Im letzten Teil der Doktorarbeit widmen wir uns dieser Frage.
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Notation

The following notation is used throughout this thesis:

We use the convention that 0 ¢ N and 0 € Ny.

For all ¢ € (0,00) let 0°, %, 5> 5 000, 0-(—00), 00 denote the extended real numbers 0 =1,
%:O,%:oo, o =-00,0-00=0,0-(~00) =0, and 0o = 0c0.

For two real numbers a,b € R we denote [a,b] = { x € R: a < z and x < b}, [a,b) = {z €
R:a <z and z <b}, (a,b] ={r € R: a <z and z <b} and (a,b) = {r € R: a < z and z < b}.
Note that we do not require that a < b holds.

For all T € [0,0) let Ar C [0,T)? denote the subset with the property that

Ar ={(s,t) € [0,T)%: s < t}.

For all S,T € R with the property that S < T let Agr C [S,T]? denote the subset with the
property that Agr = {(s,t) € [S,T)? : s < t}.

For all h € (0,00), r € [0,00) let []n, [7]n, [7]o, [7]o € [0,00) be the real numbers with the
properties that [r], = inf{nh € [r,00): n € Ny}, |r]n = sup{nh € [0,7]: n € No}, [r]o = r, and
|7]o = r. We call these the generalized Gaussian Brackets.

For all T € (0,00) we denote by T/ the set T/n = { T/n: n € N}.

For a real vector space V and a subset S C V let span(S) C V denote the set with the property
that span(S) = {>." rvi:n e N,ry, ..., € Rvy,..., v, € S}

For all d € N, x € R? we write ||x||gs for the Euclidean norm of = and for all i € {1,...,d} let
ez(-d) denote the i-th unit vector in R%.

For two separable real Hilbert spaces U and H and a linear mapping A: U — H we denote
the operator norm of A as [|A| (v, ), the Hilbert-Schmidt norm of A as || A|lus,#), the space
of linear operators from U to H with finite operator norm as L(U, H) = L(U, H), the space
of linear operators from U to H with finite Hilbert-Schmidt norm as HS(U, H), and we write
LU, L(U, H)).

For all d,m € N and all A € R?*™ we denote by AT the transpose of A.

For a set S we denote by P(S) the power set of S.

For every normed vector space (V.| - ||v/) and every subset A C V let B(V') denote the Borel
algebra on V. For a natural number d € N and a Borel measurable set A € B« we denote by
A% 2 Bra(A) — [0,00] the Lebesgue-Borel measure on A. For a Borel measurable set A € Bg we
often write A4 instead of )\114.

11



12 CONTENTS
For all measurable spaces (2, F), (¥, B) let M(F, B) be the set

M(A,B)={f: Q= Q': fis F/B-measurable}. (1)

For every measure space (€, F,u) and every measurable space (€, B) let L°(P,B) be the set
with the property that

LYP,B) = {{f € M(A,B): f =g P-as.}: g M(AB)}. (2)
For every measure space (£2, F, 1), every normed vector space (V, || - ||v), and all p € [1,00) let
I Wl 2o uvy : (M(F,B(V)) U LY (P, B(V))) — [0, 00] (3)

be the mapping which satisfies for all f € (M(F,B(V)) U L°(P,B(V))) that

1 fll e vy = (fa ||fH"’/du)%, let £P(u; V) be the set with the property that
‘Cp(/’[’a V) = {f € M(J:v B(V)) HfHLP(;L,V) < OO}, (4)

and let LP(u; V') be the set with the property that

LP(u, V) ={{f € LP(n,V): f =g prae}: g€ LP(u,V)}. (5)
For every measure space (€2, F, u) and every normed vector space (V.| - ||v) let
() 2wy (MFB(V)) U LR, B(V))) = [0, 0] (6)

be the function with the property that for all f,g € (M(F,B(V)) U L°(P,B(V))) it holds that

(f,9)L2(uv) = S{<f, gvdp. (7)
For every measure space (€2, F, ) and every normed vector space (V.| - ||v) let
I+ 2o vy (MF,B(V)) U LY(P,B(V))) = [0, o] (8)

the mapping with the property that for all f € (M(F,B(V)) U L°(P, B(V))) it holds that

11l 2oe vy = esssupgeq [1f(@)llv, (9)

let £2°(p; V) be the set with the property that

L% V) = {f € MABY): |1l g vy < 00} (10)
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and let L>°(u; V) be the set with the property that
L¥(, V) = {f € L%(u,V): [ = g prae}: g € LP(1, V) }. (11)

For normed real vector spaces Vi, Vo and k € N U {0,00} we denote by C¥(V;,Vs) the set of

functions f : V3 — Vu that are k times continuously differentiable, we denote by
RICTIRISE C*(Vi,Vz) = [0, 00] (12)

and
I ek wawn : C5(Vi, Va) = [0,00] (13)

the mappings with the properties that it holds for all f € C*(V;,Vz) that

‘f|c{;(vl,vg) = sup Hf(k)(x)HL(M(vl,w) (14)
eV
and
k
I llex v vay = 1FO)va + Y [Fler v va)s (15)
=1

and we denote by CF(V7, V) the set given by
B (Vi Vo) = {f € CH(Vi, Vo) Il uyvmy < o0} (16)
For every measurable space (2, F) and every n € N let C}° ’f(R” x 0, R) be the set which satisfies

TR X OR) = {f:R”xQ—HR: Yw € Q: f(-,w) € C2(R™,R), } an

Vz € R?: f(z,) € M(F, B(R))

For all finite dimensional Hilbert spaces (H, (-,-) ; , ||:| ) and (U, (-,-); , ||-|;;) with the property
that H # {0}, all open subsets O C H, and all functions y: O — H and o: O — HS(U, H),
let G,.»: C?(O,R) — M(O,B(R)) be a linear operator with the property that for all z € O,
¢ € C%(O,R) it holds that

(Gu.od) () = ¢ () u() + 5 tr(o(2)o(2)" (Hess ) (z)). (18)

We refer to this linear operator G,, , as generator.
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Chapter 1

Introduction

The linear integration-by-parts formula states in the simplest case that for all a,b € R, ¢ € [0, c0)
it holds that

IS
&
o
A
O —
Sl

t
(ea(t—s)ebs) ds = fea(t_s) (a— b)ebs ds. (1.1)
0

The nonlinear integration-by-parts formula, which is usually referred to as Alekseev-Grobner for-
mula or nonlinear variation-of-constants formula, generalizes this relation to nonlinear ordinary
differential equations and has been established in Alekseev [1961] and in Grobner 1960, More
formally, the Alekseev-Grobner formula (cf., e.g., Hairer, Ngrsett, and Wanner 1993, Theorem
1.14.5) asserts the following:

Theorem 1.1 (Alekseev-Grobner formula). Let T > 0, let p € C%1([0,1] x R,R) let X €
COYAr x R,R) be a mapping such that for all s € [0,T], x € R it holds that X¥, = x and such
that for all (s,t) € Ap, x € R it holds that

t

X;’it =z + [ p(r Xfﬁr) dr, (1.2)

S

and let Y € C1(R,R). Then it holds that
Yo _ T 0 yzx d d 1.3
Xor —Yr= g (5555 7) |y, ((r, Y2) — G2Y7) dr (1.3)

The Alekseev-Grobner formula expresses the global error XST % — Y7 in terms of the local error
w(r,Y.) — dirYr which corresponds to the difference of time derivatives. For this reason, the
Alekseev-Grobner formula is a powerful tool for studying perturbations of ordinary differential
equations; see, e.g., Nogrsett and Wanner 1979, Theorem 3, Lie and Norsett 1989, Theorem 1,
Iserles and Séderlind [1993] Theorem 1, and Iserles 2009}

In this thesis we generalize the Alekseev-Grobner lemma to a (non-pathwise) stochastic setting

15



16 CHAPTER 1. INTRODUCTION

and derive the following perturbation formula for not necessarily differentiable perturbation

processes:

Theorem 1.2 (Ito-Alekseev-Grobner formula). Let d,m € N, T € (0,00), p € (4,00), let
(Q, F,P) be a probability space, let W: [0,T] x Q@ — R™ be a standard Brownian motion with
continuous sample paths on the probability space (Q, F,P), let N = {A € F: P(A) = 0} denote
the P-null sets, let p: [0,T] x R* — R?, o: [0,T] x R? — HS(R™,R%) be continuous mappings,
let X (-): Ap x R x Q@ — R? be a continuous random field such that for all s € [0,T], w € Q
the mapping R 5 x +— Xip(w) € R? is in C2(R?, R?), such that for all s € [0,T], © € R? the
stochastic process [s,T] x Q3 (t,w) — XZ,(w) € R is (c(N Ua(W, — Ws: r € [s,1]))refs,r)-
adapted and for allt € [s,T] it holds P-almost surely that

t ¢
st =T+ [ p(r, X, )dr + [o(r, X;”,T)CZWT7 (1.4)

such that for all (s,t) € Ar, x € R? it holds P-almost surely that th;, =Xy, let A,Y:[0,T] x
Q— R4 B:[0,T] x Q — HS(R™,RY) be stochastic processes such that Y has continuous sample
paths, such thatY and B are (c(NUa(W,.: 1 € [0,1])))sc[o,1)-Progressively measurable, such that
I3 E[HASHﬁd +[|Ysllpa + HBSH%S(RML’Rd)} ds < 00, and such that for all t € [0,T] it holds P-almost
surely that

Y, = Yo—i-gAsds—i—OstdWs, (1.5)

assume that

T Y,
an e
het/n L0 [t]n,t

P Yie), P
R * Ha(t’XUJW) H HS(]Rm,]Rd)dt] < 90 (1.6)

assume that

4p

XY ||P =2
sup ]E[HXtT” +l(2xen)| |
r,5,t€[0,T] o Re e=X"7 I L(RI RY)
e (1.7)
2p_
62 x p—4
+| (i) <o
922 Mt T m:Xr}-?; L(2) (R4 Rd)

and let k € N, ¢y € [0,00), and let f € C*(O,RF) satisfy that for all x € O it holds that

max { L | £ | sy 1L ) o oy | < o1+ ). (18)

Then

(i) the stochastic process (f' (XZ})X:)’%/T (o(r,Y,) — BT))re[o ) 8 Skorohod-integrable and
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(i) it holds P-almost surely that

f(XSTOT) — f(¥Yr)

T T
= [ F(X)) XY (u(r, V)= Ad)dr + [ f/(X00) X3 (0 Y2) = B, )3(B, Fo, Wi R)W,
0 ’ ’ 0 ’ ’

d 7
Z{( o(rY,) = B,B) (1.9)

I
1j=1 /

(7O (K X0) + (K X0 ) (e e .

+

(SIS

We give the main idea of the proof for f = Idra: We use a telescoping sum argument to conclude
that it holds P-almost surely that

=

n—1 n—

Y Yin Y; Y’i 1 Yin
XO,OT —Yr= Z (Xih,}T X z—:-ll)h T) ( (1(—}-J£);L’:T X(z+1)h T) (1.10)
1=0 =0

Then, we go on applying the Itd6 formula to both summands of the right-hand side of equation

(1.10). We demonstrate this on the second summand and conclude that it holds P-almost surely
that

1

3
|

Y’i h ih
Z (X(v(—i-JS;:T - X(1+1)h T)
i=0
Lk J OB Ly, =1 Ly,
=2 ] Xiqp, aAdr+ ) [ Xpn o BrdW, (1.11)
i=0 =0
. n=l d (;11)n .
3y > s,
i=0l,j=1 "

1Y, 1Y, 2,Y, (d) (d)
'(f”(XF:qT/ )(X[ﬂT/n,rX[r]T/n, )+ (X} (1) T )X[HTM,T>(€Z ,e; 0 )dr.

Heuristically, the next step would be to set

n=lynye T
=/ (1.12)
— ih 0
and to let n — oo. To this end, we take a closer look on the sum of It6 integrals
n—1(;
(i+1)h
Y, LY,
Z {] ! (X(z+1)h T)X(i+1)h,TB7”dWT' (1.13)
i=0 °

Here, the stochastic processes (f’ (X(iz,-l)h,T)X(lii/;)h,TBT)TE[ih,(i+1)h] are predictable with respect
to the filtration generated by the Brownian motion (W.).cpin,(i4+1)n), Which is an essentially
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necessary condition for the process to be Itd integrable. But the expression

i (XY VXLY B dw, 1.14
({f( Wh,T) [r]p,T 0T (1.14)

is not defined in the It6 sense since the stochastic process (f’ (X[Y;T}h,T)XF}%,TBT)TE[O,T] is not
predictable with respect to the filtration generated by the Brownian motion (W;),cjo,7] (see the
Notation section for the definition of the generalized Gaussian brackets). The intuition is that
this process is "looking into the future". An idea to overcome this difficulty is to use the classical
Skorohod integral. But here, the problem is that for all ¢ € {1,...,n — 1} the Skorohod integral

(i+1)h

f/ ()(Y7 Xl,YT

(i+1)h,T) ('L+1)h7TBT‘5Wr (1.15)

ih
is not defined in the classical Skorohod sense because the process
(f (ngrl)h,T)X(lz"—}s-/;)h,TBT')TE[ih,(i+1)h] is not measurable with respect to the o-algebra generated
by the Brownian motion (W, — Wih)re[ih,(iﬂ)h]. For this reason, we need a generalization of
the Mallavin Calculus to larger o-algebras, analogous to the enlargement of filtration of the Ito
calculus. In the second chapter, we construct the Mallavin Calculus, as it is done in Nualart

1995/ or in Kruse |2014) but in a measure-theoretically broader setting.

In the third chapter, we then prove the It6-Alekseev-Grobner formula, [I.2] which follows imme-
diately from Theorem (applied with Fg = o(N), O =R% k=d, q=0, co =1, f = Idga in
the notation of Theorem [3.3]).

Theorem (1.2 together with the fact that for all a,b € R it holds that (a + b)? < 2a% + 2b% im-
mediately implies an L?-estimate. For example, the L2-norm of the right-hand side of equation
(1.9) can be bounded by the triangle inequality. The L2-norm of the Skorohod integral on the
right-hand side of the estimate can then be calculated by applying the 1t6 isometry for Skorohod
integrals (see, e.g., Lemma 4 in Alds and Nualart 1998 which does not require the approxima-
tion process to be Malliavin differentiable). Another approach for obtaining L2-estimates is to
apply the It6 formula for Skorohod processes to the squared norm of the right-hand side of equa-
tion . However, this seems to require additional regularity. To demonstrate the applicability
of Theorem we apply Theorem [I.2] to the stochastic van-der-Pol oscillator in Section [3.3] be-
low and obtain in Lemma that the stochastic van-der-Pol oscillator can be approximated
with L2-rate %

Theorem can be applied to any approximation of an SDE which is an [t6 process with respect
to the same Wiener process driving the SDE. Possible applications include, in the notation of
Theorem [T.2]

i) strong convergence rates for time-discrete numerical approximations o s (e.g., the
i) st tes for time-discret ical imati SODE th
Euler-Maruyama approximation with N € N time discretization steps is given by A; =
KT (kT KT (k+ DT
u(Yer) and By = o(r, Yar) for all ¢ € | ), keN),

N N



19

(ii) strong convergence rates for Galerkin approximations for stochastic evolution equations
(SEEs) (choose Ay = P(u(t,Y:)) and Byu = P(o(t,Y:)u) for all w € R™, ¢t € [0,7] and
some suitable projection operator P € L(R%) where d, m € N; Theorem is applied to a
finite-dimensional approximation of the exact solution of the SPDE of which convergence

in probability is known), and

(iii) strong convergence rates for small noise perturbations of solutions of deterministic differ-
ential equations (choose 0 = 0, Ay = pu(t,Y:) and B, = €5(t,Y}:) for all ¢t € [0,T] where
5:[0,T] x R® — HS(R™,RY) is a suitable Borel measurable function and where £ > 0 is a

sufficiently small parameter).

In the literature, most estimates of perturbation errors (for exceptions see Hutzenthaler and
Jentzen 2014] and the references therein) exploit the popular global monotonicity assumption,
which, in the notation of Theorem assumes existence of a real number ¢ € R such that for
all z,y € R?, ¢ € [0,T) it holds that

(@ =y, p(t,2) = plt,y))pa + 3llo(t2) = ot y) fis@n za) < cllv = ylga- (1.16)

We emphasize that many SDEs from the literature do not satisfy inequality and that
Theorem [I.2] does not require that the global monotonicity assumption is fulfilled.

Our main motivation for a stochastic Alekseev-Grobner lemma are strong convergence rates for
time-discrete numerical approzimations of SPDEs. In the literature, positive strong convergence
rates have been established for SDEs with monotone nonlinearity; see, e.g., Gyéngy and Millet
2007 Kovécs, Larsson, and Lindgren [2015; Jentzen and Pusnik 2015 Becker and Jentzen |2019;
Becker, Gess, Jentzen, and Kloeden 2017; Bréhier and Goudenége [2018; Bréhier, Cui, and Hong
2018} Liu and Qiao [2018b; Wang [2018| for the case of additive noise and Majee and Prohl 2018}
Liu and Qiao 20184l for the case of multiplicative noise. To the best of our knowledge, strong
convergence rates for time-discrete approximations of SDEs with non-monotone superlinearly
growing nonlinearities remain an open problem. This problem now becomes feasible by applying
our perturbation result in Theorem Clearly the classical Euler-Maruyama approximations
cannot be used as temporal discretizations in the case of super-linearly growing coefficients,
since these approximations diverge in the strong and weak sense; see Hutzenthaler, Jentzen,
and Kloeden [2011; Hutzenthaler, Jentzen, and Kloeden 2013} Beccari, Hutzenthaler, Jentzen,
Kurniawan, Lindner, and Salimova [2019. Summarizing, we believe that Theorem is an
appropriate tool to analyze temporal approximations of semilinear SDEs.

A crucial assumption in Theorem is the existence of a solution of the SDE (|1.4)) which is twice
continuously differentiable in the starting point, since in the proof of Theorem [I.2] we apply Ito’s
formula for independent random fields to the random functions R? > x Xir € RY ¢t €[0,T).
This assumption is not satisfied in a number of cases. For example, Li and Scheutzow [2011
construct a two-dimensional example with smooth and globally bounded coefficient functions

which is not even strongly complete (that is, the exceptional subset of Q where (1.4) does not
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hold cannot be chosen independently of the starting point); cf. also Theorem 1.2 in Hairer,
Hutzenthaler, and Jentzen [2015] Under suitable assumptions on the coefficients, however, strong
completeness and existence of a solution of which is continuous in the starting point can
be ensured; see, e.g., Cox, Hutzenthaler, and Jentzen [2013; Zhang [2010; Li|1994. Existence of a
solution of which satisfies the assumptions of Theorem is currently known essentially
only in the case of twice continuously differentiable coefficient functions whose derivatives up
to second order are bounded; see, e.g., Theorem 1.4.1 in Kunita (1986, The last part of the
thesis strives to relax the conditions on the coefficient functions such that the assumptions of
Theorem are fulfilled. The main contribution here is the following theorem, which follows
immediately from Proposition [£.34] below:

Theorem 1.3 (Spatially differentiable solution). Let T € (0,00), let (H,(-,")y .|l - |lz) and
(U, (-, |l - o) be finite-dimensional real Hilbert spaces, assume H # {0}, let (Q,F,P) be
a probability space with a normal filtration (Fy)icjor), let W: [0,T] x Q — U be a standard
(0, F, (Ft)ielo, 1), P)-Brownian motion, for all (s,t) € Ar let i C Fy be a subset such that for
all s € [0,T] the filtration (F7)ie(sr) i a normal filtration, assume that for all (s,t) € Ap it
holds that o (W, — Wy: r € [s,t]) C F7, let D,O C H be non-empty open sets, let B C H be a
Borel measurable set with the property that D C B C O, let p € C1(O, H), o € C*(O,HS(U, H)),
for all s € [0,T], x € B let X{: [5,T] x Q — B be an (F})ie[s,1)-adapted stochastic process with
continuous sample paths such that for all x € B, t € [s,T) it holds P-almost surely that

t t
Xop =+ [ u(XS,)dr+ [ o(XS,) dWy, (1.17)

let ag, a1 € [0,00), Bo, B1 € R, Uy, Uy € C?(0,[0,00)), let U: [0,T] x B — R be a Borel
measurable function with the property that for all s € [0,T], x € B it holds P-almost surely that
JET(r, X7 )| dr < oo and such that for all i € {0,1}, s € (0,77,

(t,x) € Uven UzeB Ure[s,T]{(T7 X§7,,(w))} (1.18)

it holds that
(G.o Ui (@) + gampam 1o (@) (VU @) [T + 113(6) - U(t,2) < aiUs(@) + i, (1.19)

let ¢: [0,T] — R be a Borel measurable function with the property that [ max{0, ¢(r)} dr < oo,
and let V € C?(0,[0,00)) be a function and a € [0,00) be a real number such that for all x € B,
s € [0,T], t € [s,T] it holds P-almost surely that (G, .V )(XS,;) < aV(XE,), for all s € [0,T]
let Z{(z,y): [s,T]xQ —= H, v € B,ve H, yc{zcR:ax+vze B}, be (F{)ie[s,1)-adapted

stochastic processes with continuous sample paths satisfying for all t € [s,T], x € B, v € H,
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y € R\ {0} with z + vy € B that

. XEp - X1,
Zuloy) = = (1.20)

and for allt € [s,T], x € B, v € H that it holds P-almost surely that
t t
Zgy(2,0) = v+ [ pW(X],) 2] (2,0)dr + [ 0'(X],) Z (2, 0) AW, (1.21)
S S
let ¢,p1 € [1,00), p € (34++/10,00), 6 € [W, ) qo, q1 € (0, 00] such that Zz 0 q m

and that q(p+1) > 2p, let v € (0,00), assume that for all s € [0,T], x1,x2 € B it holds P-almost
surely for all t € [s,T] that

(u,fo 1/ (XTEHA(XE3 Xﬂ))d*””}mv

HUH

2 max {O, sup
ue H\{0}

1 2
+lap o+ )| [0 (X5 4 AXEE - X0)0) A

L(H,HS(U,H)) (1.22)
(X })
( + Z 2qo(T s) exp(aot) + Z 20 exp(mt))

let Ve C*0,[0,00)) be a function and o € [0,00) be a real number which satisfy for all
€ [0,T], x,x1,x2, 23,24 € B, not all equal, that for all t € [s,T] it holds P-almost surely that
(GuoV)(XE,) < aV(XE,), and that

(1en XX ) (1A X784 AX 74
max { —& . ((1 )\)Xsyt—i_kfs’t) .TH ((1 /\m)X —:)\X )HL(H) d\
77?2y Q=M (XS =X DHNX - XDl ’
1 [lo (=X 0AX72) o (1-2) X734 X7 ||L<IMS(UH))dA (1.23)
J TN (X XD AKX Z X )l

)(P*D/(Z’pmqe)

< (Tiavxs)

)

let po € [1,00), ¥ € [2%%,0@), and assume that for all (s,t) € Ap, x € B, v € H,

y € {z € R: x + vz € B} it holds P-almost surely that

/\Sl[lopl]maX{HM'( T MXITY = XED L 10" (X5, + MXTTY = X2 s,y b
€lo,

< (VIXZ) +VIXI™)

(P*U/(?ﬁqp)

(1.24)

and

z @ 2 \\ @ =P/ (ap(p+1)apa)
max { | w(XZ ) a, lo(XE ) asw,m } < (V(XE,)) ) (1.25)
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assume that inf  yea, infucoinfep U(t, XZ,(w)) € R, and assume that for all k € N it holds
that

sup V(z)+ Up(z) + Ur(z) < 0. (1.26)
z€B: ||z||u<k

let H C H be an orthonormal basis of H, and assume that ¢ > 2(dim(H) + 2).

Then there is a probability space (Q, F,P), a standard Brownian motion W: [0,00) x Q — U,
and a random field X : {(s,t) € [0,00) x s < t} x H x Q@ — H such that for all s,t € [0,00),
x € H with the property that s <t it holds P-almost surely that

t t
X;C,t::v—%/ M(Xf’u)du—k/ o (X5 ,)dW, (1.27)

and such that for all w € Q the spatial derivative {(s,t) € [0,00) x s < ¢t} x H > (s,t,z) —
X7 (w) € L2(H, H) exists and is continuous.

A major difficulty in the proof of Theoremis to show that there is a flow solving the SDE
which is strongly complete. This means that there exists a flow which is defined on a subset of €2
with measure 1 such that the subset is independent of the starting point z. Strong completeness
does not hold in general. In fact, there exist counterexample SDEs with smooth and globally
bounded coefficients; see Li and Scheutzow 2011 Under suitable general assumptions on the co-
efficient functions, however, strong completeness of the SDE holds; see Cox, Hutzenthaler,
and Jentzen 2013] and also, e.g., Zhang [2010; Attanasio [2010; Fang, Imkeller, and Zhang [2007}
Fang and Zhang 2005; Schmalfuf [1997; Schenk-Hoppé [1996; Li 1994l



Chapter 2

The extended Malliavin Calculus

The classical Malliavin Calculus introduced for example in Nualart [1995] or in Kruse [2014] is
defined for stochastic processes that are measurable with respect to the filtration generated by
the underlying Brownian motion. Analogous to the enlargement of filtration of the It6 integral,
we enlarge the underyling o-algebra of the Skorohod integral. We do this by constructing the
Malliavin Calculus from scratch with greater o-algebra, extending the ideas of Nualart [1995| and

Kruse [2014. The main setting of this chapter is the following:

Setting 2.1. Let (U, (-, )u,| - llv), (H,{,Ym, | - |z) be two separable real Hilbert spaces, let
S, T € R satisfy that S < T, let (Q, A, P) be a probability space, let W: [S,T] x Q@ — U be
a standard cylindrical Brownian motion with continuous sample paths on the probability space
(Q, A, P) (as defined in Prévot and Rockner|2007), let Fo C A be a o-algebra which is independent
of the Brownian motion W, let N C A denote the null sets in (Q, A,P), and for all (s,t) € Asr
let Fis que,r) € A be a o-algebra with the property that Fig gup,r) = Fo V o(Wr:r € [S,s]) V
oW, —=Wy:rel[t, T)) VN.

2.1 The Malliavin Differential Operator

In the first section of this chapter we introduce the Malliavin Differential Operator and discuss

some of its basic properties.

Definition 2.2. Assume Setting[2.1] and let S(P, Fo,W; H) C L*(P; H) be the subset with the
property that

Fe L2(]P)|O'(.7:0UU(W)UN); H) dn € N7 EI(72517 ) ad)n € LZ(A[S,T}aHS(U7 R))a
S(P, Fo,W; H) ={  3f € 7T N)(Rn x Q,R), 3h € H such that it holds P-a.s. that
F=f([§o1(r)aW,, ..., [& n(r)dW, )R
(2.1)

23
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The simple Malliavin differential operator
ﬁ(Pv—F07W7H) span (S(Pa -F.OuWa H)) — L2(]P)‘O'(.7:0U0'(W)UN)’L2()\[S,T]7HS(U7 H))) (22)

is a linear operator with the property that for all F € S(P, Fo,W; H) with the property that
In €N, 3¢1,..., ¢ € L2(\s1; HS(U,R)), 3f € Cp27 T NI(Rn 5 R), 3h € H such that it
holds P-almost surely that

T T
F= f(f¢1(s)dWS,...,f¢n(s)dWS)h (2.3)
s s
it holds Mg 1) @ P-almost everywhere that

B, Fo, Wi )P =3

i=1

T T
(f¢ﬂ$ﬂVn~w£@A@M%)@h (2.4)

S

Q

x;
Lemma 2.3. Assume Setting Then the simple Malliavin differential operator
5(]P)> ]:0, W7 H) © span (S(Pa an W; H)) — Lz(]P)‘U(]:oUU(W)UN); L2()‘[S,T] ) HS(Uv H))) (25)

is well-defined.

Proof of Lemma|2.5 Fix F € span (S(IE”, Fo, W,H)) for the rest of the proof. Since the set
S(P, Fo,W;H) C LQ(]P’|U(}-OU0(W)UN);H) is closed under scalar multiplication, it suffices to
consider the case where there are k,l € N, ny,...,ng4; € N, for each ¢ € {1,...,k + [} there is
an f; € M(Brn: @ 0(Fo UN), Br) such that for all w € Q it holds that f;(-)(w) € Cg°(R™,R),
for every i € {1,...,k + 1} and for every j € {1,...,n;} there is a ¢;; € L*(\s,r); HS(U,R)),
and where there are hq, ..., gy € H such that it holds P-almost surely that

k - - k+l - T
F =" fi([oa()aWe,..., [ bun, (AW hi = > fi(( [ 6a()aWs,..., [ bun, (5)aW, ).
i1 8 i=k+1 O o
(2.6)
Let d € N be the dimension of the subspace
span ({@j: ie{l,....k+1},5¢{1,..., nl}}) - LQ()\[S’T];HS(U7 R)). (2.7)

Let ¥1,...,19q € LQ()\[S,T];HS(U, R)) be such that {t1,...,14} is an orthonormal basis of
span({¢i;: i € {1,....k+1},j € {1,...,n}}) € L*(N\g,r; HS(U,R)). Then it holds for all
i€{l,...,k}and all j € {1,...,n;} Ag,r-almost everywhere that

d

b= (

p=1

n—

(015(5), Uy () ms vz ds ) 0y (2.8)
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Since the Ito integral is linear it holds for all ¢ € {1,...,k+{} and all j € {1,...,n;} that

d
f¢z] dWs Z (Z ¢L] ))HS(U]R dt) Z¢p(5)dW5 (2'9)

p=1

Foreveryi e {1,...,k+1}let g; € C'boo’o(f"UN) (R? x Q,R) be a function with the property that
for all (y1,...,y4) € R? it holds P-almost surely that

9i(Y1,- -, Ya) (zd: (Z (P (t )>HS(U]R)dt>ypa . 72‘6 (i (Bin, (t (t)>HS(U,]R)dt)yp)~

p=1 p=1

(2.10)
It follows that for all i € {1,...,k+} and all (z1,...,24), (y1,...9y4) € R? it holds P-almost
surely that

i(ylv'-'7yd)x'f’ (211)

< Oyr
i ( (i1 (1), vp(t))ms(wr) dt)yzn - 7i (

=1 p=1

ol

M=

i
I

VN
n=r
n=n

(Gin, (1), Vp(t )>HS(U,R)dt) yp)ﬂcr

%
Il

I
M:‘
Mﬁ g

M&
M=

T
(f<¢21( )s Up(t )>HS(U,]R)dt>ypa ce
5

1 P

( z<¢m (t), ¢p(t)>HS(U,R)dt) yp)

%
Il
-

<.
Il
-

1

P

T
(100w ) sz

It follows from equations (2.6)), (2.9) and (2.10)) that it holds P-almost surely that

- T T -+l T .
F= ;gi(gwl(s)dWs, . ,giﬁd(s)dWs) h; = Z;ﬂ gi(gwl(S)de, . 7£wd(5)dW9)hi-

(2.12)
For alli € {1,...,k+1} let Z; € M(o(c(W)UN), Br) be a random variable such that it holds
P-almost surely that Z; = fST i (s)dWs. We conclude that it holds P-almost surely that

k k+1
> 9z, Zahi= Y gi(Z, ... Zahi (2.13)
=1 i=k+1
Let
f:RYx CP(RYR) — R (2.14)

be a mapping with the property that for all (y1,...,y4) € R? and all | € Cg° (R4, R) it holds that

f((yly~--;yd)7l) =ly1,...,Yaq) (2.15)
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Let Z : © — R? be a random variable with the property that it holds P-almost surely that
Z = (Z1,...,Z4) and let Y : Q — C°(R%, R) be a random variable with the property that for
all w € Q it holds that

k k1
Y(w) =Y a()@hi— Y gi()(w)h (2.16)
i=1 i=k+1
Then it holds P-almost surely that
f(Z,Y)=0. (2.17)
Consider the random variables
Z:QxQ—=RE (w,0) = Z(w) (2.18)
and
Y :QxQ—RY (0,0) - Y(Q). (2.19)

Since the o-algebras o(o(W)UN) and o(Fy UN) are independent, it follows that the random

variables Z and Y are independent. We conclude that
P® P(Z,f/) = ]P(Z,Y)- (2.20)

From

PRP({(w,&) € QxQ: f(Z,Y)(w,&) =0})
=PaP ;5 ({(z,9) e R x C°(R%,R): f(z,y) = 0})
=Pzy)({(z.9) €RI x G (R, R) : f(2,9) = 0})
=P({we Q: f(Z(w),Y(w))=0}) =1

(2.21)

it follows that for P @ P-almost all (w,@) € Q x € it holds that f(Z,Y)(w,@) = 0. It follows that
for P ® P-almost all (w, @) € Q x Q it holds that

k k+1
> gi(Z1(w), . Za)@hi = > gi(Z1(w), ..., Za(w))(@)hi. (2.22)
i=1 i=k+1

It follows that for Pz-almost all (y1,...,y4) € (Z1,...,Z4)(2) and P-almost all & € Q it holds
that

k k+1
=1 i=k+1

Since (Z1, ..., Z4)(f) is dense in R? and due to the smoothness of gy, .. ., gx+i, we conclude that
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for all (y1,...,y4) € R? and P-almost all @ € § it holds that

k k+1
Zgl(y177yd)(a])hl = Z gl(y177yd)(a})hl (224)
=1 i=k+1

Consequently, we obtain that for all j € {1,...,d}, all (y1,...,yq4) € R? and P-almost all & €
it holds that

k kel

Jg; N 0g; -

G Wy @i = 3 ZE (- ya) @) (2.25)
im1 %Y imkt1 I

From equation ({2.11) and equation (2.25) we infer that it holds P x A(gr)-almost everywhere
that

[~
/N
nN—n
&

S
—
—
—
<
iS]
—
—
—
~
jas]
=S
S
z
U
s
n—nN
<
iS]
—
~—
=
N—
SN—

E g T .,
= ;; Dy (£¢1(s)dWs, - ’gwd(s)dWS)wrhi
k
= (X)X aaii ( Z V1(8)AWs, ... ,de(s)dws)hi
r=1 i=1
d k+1
= dgi (T T |
_ (Z;zb) i:zkil oo (gwl(s)dws, o gwd(smWs)h,
k+l  ny
_ Z Z gfz (f¢i1(8)dWS7 ,g@ni(s)dWS)@jhi,
i=k+1j=1 J

The proof of Lemma is thus completed as F' € span (S (P, Fo,W; H )) was arbitrary. O
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Remark 2.4. Assume Setting Then it holds for all F' € span (S(]P’7 Fo, W; H)) that

D(P, Fo, W; H)F € span (S(P, Fo, W; L*(\js,71; HS(U, H)))) (2.27)
and it holds for all k € N, F € span (S(P, Fo, W; L*(\js7y»; (HS(U, H))¥))) that

D(P, Fo, W; L*(Njs,rp; (HS(U, H))*))F € span (S(P, Fo, W; L* (X rpe+1; (HS(U, H))H1)).
(2.28)

The previous remark ensures that the multiple Malliavin differential operator is well-defined:

Definition 2.5. Assume Setting[2-1] and let k € N. If k = 0, the k-th simple Malliavin differen-

tial operator is an operator
DO(P, Fo, W; H): span (S(P, Fo, W; H)) = L*(P|o(rouewyony; H) (2.29)

with the property that for all F € span (S(IP’, Fo, W; H)) 1t holds P-almost surely that
50(19, Fo,W;H)F = F. If k = 1, the k-th simple Malliavin differential operator is the linear
operator with the property that DY (P, Fo, W; H) = 25([?’, Fo, Wi H). If k > 2, the k-th simple

Malliavin differential operator

Hk(]P, Fo, Wi H): span (S(P, Fo, W; L*(Ajs,rpe-1; (HS(U, H))* 1)) (2.30)
— L2(P|o (Fouowyuny; L2 (Mg s (HS(U, H))F))

is the linear operator with the property that for all F € span (S(IP’, Fo, W; H)) it holds that
DF(P, Fo, W5 H)F = D(P, Fo, W; L*(\js rye-15 (HS(U, H))* ™) (D1 (B, Fo, Wi H)F). (2.31)
The following two lemmata are needed to prove Lemma [2.§

Lemma 2.6. Let (2, A, P) be a probability space and let F' € M(A, Bg) be a random variable
which is bounded P-almost surely. Then for every ¢ € N there is an «; € R and a C; € A such
that

o0

Z |Oz7| = €SS8UP,cn F(w)]].{a,eg: F(@)>0} — €8s infmeg F(w)]].{weg: F(@)<0} (232)
i=1

and such that it holds P-almost surely that £ = ° a;1¢,.

Proof of Lemma[2.6 Let F™ € M(A, Bg) be a random variable with the property that for all
w € Q it holds that

FHw) = F(w)ligea: F@)>0} (2.33)
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and let sT € [0,00) be a real number with the property that
sT =esssupyeq F T (w). (2.34)
Let A; € A be a set with the property that
A ={weQ: Ftw) > st} (2.35)

and for all i € {2,3,...} let A; € A be a set with the property that
A; = {w €0 Ft(w) > Z 2 esssup,cq F1(w)la, (w) + %er} (2.36)
j=1

Moreover, let F'~ € M(A, Bgr) be a random variable with the property that for all w € € it holds
that

F~(w) = F(w)l{gea: F@)<o} (2.37)

and let s~ € (—o0, 0] be a real number with the property that
s =essinf,eq F™ (w). (2.38)
Let By € A be a set with the property that
Bi={weQ: F (w)<1s} (2.39)

and for all ¢ € {2,3,...} let B; € A be a set with the property that

%

B; = {w €0 F (W) <3 L essinfoeq F~(w)la, () + i.s*}. (2.40)

< 57
j=1
Finally, for all ¢ € N let Cy; € A be a set with the property that Co; = A; and let Cy;_1 € A be
a set with the property that Cy;_1 = B;. For all i € N let ag; € [0,00) be a real number with
the property that ag; = %s* and let ag;—1 € (—00,0] be a real number with the property that
Q91 = Qis‘ Then we conclude that it holds P-almost surely that F' = Zf; o;1¢,. The proof
of Lemma is thus completed. O

Lemma 2.7. Let Q be a set, let A, B C P(Q2) be algebras, and let M C P(Q2) be a subset with
the property that
M={ANB: A€ A B € B}. (2.41)

Then M is a semiring that generates the o-algebra o(A U B), i.e. (M) =c(AU B).

Proof of Lemma[2.7. Clearly, § € M and M is N-closed. Let M, M € M. Then there are
A Aec Aand B,B € Bsuch that M = AN B and M = AN B. The following calculation shows
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that M \ M can be written as a disjoint union of two sets in M.

M\M=(ANB)\ (AN B)
= (ANB)N(A°U B°)
=(ANBNA°)U(ANBN B°) (2.42)
=(ANBNA°\ B )U(AN BN B°)
= (AN A°)N(BNB))U(AN (BN BY)).

Therefore, the set M is a semiring of sets. The proof of Lemma is thus completed. O

The set span (8 (P, Fo,W; H )) is sufficiently rich, as the following Lemma shows:
Lemma 2.8. Assume Setting and let

F e L®(P; H): 3¢ € L2(\g.rj HS(U, R)), 3g € C° (R, R)),
S(P, Fo,W; H) = { 3X¢ € L>=(P|,(x,un); R), 3 € H such that it holds P-a.s. that

P = g 18 ()W, ) Xoh (24

C S(P, Fo, W; H).

Then it holds for all p € [1,00) that the set span (S(P, Fo, W; H)) is dense in
LP(P|s(Fyuowyunry; H) and that the set span (S(P, Fo, W; H)) is dense in

LO(P|o(f0uU(W)uN)§ Bp) with respect to P|,(r,ue(w)ua)-almost sure convergence.

Proof of Lemma[2.8 In the first step we prove that the set span(S(P, Fo, W;R)) C L>(P;R)
is dense in L™ (P|,(x,u0w)un; R) with respect to convergence in LP (|, uo(w)yunr); R).

Fix F' € L*(P|o(r,uow)un); R) throughout the first step. From Lemma we infer that for
every i € N there is an o; € R and a D; € o(Fy U o (W) UN) such that

Z lov;| = ess SuP,en F(W)ﬂ{weﬂ: F(©)>0} — €88 infueq F(W)ﬂ{weﬂ: F(©)<0} (2.44)
i=1

and such that it holds P-almost surely that

F=> alp,. (2.45)
i=1
Consider the set
M={ANB: Aco(W),B¢€ Fy}. (2.46)

It follows from Lemma [2.7] that M is a semiring. Moreover, M generates the o-algebra
o(Fo Ua(W)). It follows from the Approximation Theorem for Measures (Theorem 1.65(ii)
in Klenke [2008)) that for every n € N and every i € N there is a k7 € N and sets A%,..., A%, €
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o(W) and Ci, ..., Cji» € Fo such that the sets AL NCn,... 714_11”“, N Cjfjn are pairwise disjoint
and such that

P([hALﬁilpﬂgﬂC%))g (2.47)

ni’
Note that for all i,n € N it holds that |1p, — Z;il 10 1cr|P € {0,1}. For all i,n € N it
therefore holds that

p
1 15 1c Hﬂ 11 }g 2.48
H b — Z A0 INLP(Plo (2o (w)uan; ]R) b Z AR nw’ ( )
We have
: B € Br,Y € M(A, Bg) such that there is a ¢ € £2(/\[S,T];HS(U, R))
with the property that it holds P-a.s. that Y = fST o(s)dWy

B ([a,b]): a,b € R,Y € M(A, Br) such that there is a ¢ € L*(A\s,77; HS(U,R))
- with the property that it holds P-a.s. that Y = fg o(s)dW, .
(2.49)

The set

Y~'([a,b]): a,b € R,Y € M(A, Br) such that there is a ¢ € L*(\s,77; HS(U,R)) (2.50)
with the property that it holds P-a.s. that Y = [& ¢(s)dW, .

is a semiring of sets. We apply the Approximation Theorem for measures (Theorem 1.65(ii)
in Klenke [2008) again and conclude that for all i € N and all j € {1,...,k]'} there is a p}’;, € N
and pairwise sets

AL JAL o €

ajls 1Py

Y~'([a,b]): a,b € R,Y € M(A, Br) such that there is a ¢ € L*(\s,77; HS(U,R)) (2.51)
with the property that it holds P-a.s. that Y = fg o(s)dWs

with the properties that A7, ..., A?jp% is a pairwise disjoint family and that

P(ALA U, A3) <

il ) = pnpip”
kn®

(2.52)

Note again, that for all ,n € N it holds that |]lAn Zp” 14z, [P € {0,1}. Therefore, it holds
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for all i,n € N that

E k™ pi
1zn 1op — Tan
H 12:21 v jz:l zz; B L2 (Blo(rouo(wiuaniR)
ki Py ,
<> e | Ly =D 1y (2.53)
; “ ) " ; TINLP (Plo( 7o uo(wyunysR)
k7 Py k7
< ZlEH Z]]'A”z ] Z knnzp = W
=
Together with inequality (2.48) this leads to
ki P
2
]lDi Ian 1o n < —. (254)
H jzl lzl it Lp(]Pld(]:()Uo'(W)UN) ;R) nt

It follows from (2.51) that for all i,n € N, all j € {1,...,kl'} and all [ € {1,...,p}’} there are

afy,afy; € Rand ¢f; € L2(\g,r); HS(U,R)) such that it holds P-almost surely that

Lay, =1, “,am](f%l() ) (2.55)

From inequaltiy (2.54)) it follows that for all ¢ € N it holds that

kP Y

|10, = 353 v (S otuts1am ) 1y

Jj=11=1

<2 (2.56)
nt

L (Plo(Fouo(w)un)sR)

For all i,n € N, all j € {1,...,k'} and all [ € {1,...,p}}} let f,(A4) € C (R, R) be a smooth

function with values in [0, 1] such that
£ )l ) = 1 2.57)

and such that

ijl z]z

B[ (6. = F5u) ([ o).

Since it holds that

[t (] o1 - ) (J ot

’LOO(]Pla(f0UU(W)UN) iR)
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we have

H]].[ﬂ”p (f(bwl( ) ) - ijl( )(f¢z]l( ) ) LP(P‘H(}_OUU(W)UN) R) k"pz (260)
Therefore, we have
ki 3
_ § § ’ . <=2 .
H]lD j=11=1 ”l <f¢”l( W >]lc L2 (Plo(ryuo(wiuayiR) 1 (2:61)

Let (F,,)nen be a sequence in span(S(P, Fo, W;R)) with the property that for all n € N it holds
P-almost surely that

kn k"

Fan _Zazzz wl ( ”l(S)dWS)ILC;;. (2.62)

= j=11=1

Then it holds for all n € {2,3,...} that

I3 an -

L? (Plo(Fouo(w)iun)iR)

N H Zal]lD ZaZZi zyl ( ljl( s)dW )]lcn

j=11=1 L2 (Plo(Fyuo(w)iun)iR)
G (2.63)
<3 ail|l1p, - L ( (f¢ L(s)dW, )]10?_
Z 7 gzllz; K Y IHLP(Plo(Fouow)un)iR)

3
< ZW’W
=1

< - -max{esssup,,cq F(w), —essinfueq F(w)}

and
n (oo} oo
HF— E a;1p, = H E a;1p < E || (2.64)
P LP(P|y(Fyuo(w)yun)iR) Pt LP (Pl (Fouo(wW)un)iR) -

This proves that the sequence (F,)nen converges to F' € L*(P|,(r,usw)iuar; R) with respect to
convergence in LP(P|q(r,us(wyun); R) as n — co. This finishes the first step as

F € L*(P|,(ryus(w)un); R) was arbitrary.

In the second step we prove that the space span(S(P, Fo, W; H)) is dense in
LP(Plo(rouowyuny; H). Fix F € LP(P|y(ruew)iuny; H) throughout the second step. Let
(F™),en be a sequence in
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L>(P|y(7,ue(w)yunry; H) such that for all n € N it holds P-almost surely that

P = F]]'{HFHLP(JP\ (2.65)

a(fOUa(W)uN)%H)S"}'

The sequence (F"),ecn converges to F' in LP(P|,(r,uewyuny; H) as n — oo. Let (hy)ier,
Ie{{1,...,k}: k e N} U{N}, be an orthonormal basis of H. For all n € N it holds that

F™ = (F", hi) hi. (2.66)

iel

For allm € Nand all 7 € I let (F;’i)keN be a sequence in span(S(P, Fy, W;R)) with the property
that for all £ € N it holds that
1E — (F™ D)

Hl L2 (Bl (ryuowionn ®) < 75 (2.67)

For all n € N let (F})ken be a sequence in span(S(P, Fo, W; H)) such that for all k£ € N it holds
that F' =3 .., F,;”hl We conclude that for all n, k € N it holds that

||F]? - Fn||LP(IP’|U(_FOUG(W)uN);H) < Z HF]?J - <Fn7 hi>HHLP(IPIU(}"OUU(W)UN);R)
el

1 1
< 7_<7.
<> E i

el

(2.68)

The sequence (F),en converges therefore to F' with respect to convergence in

LP(P|y(rouo(wyuny; H) as n — co. The space span(S(P, Fy, W; H)) is therefore dense in

LP (Pl (Fyuowyunry; H). This finishes the second step of the proof as F' € LP(P|,(r,uew)yuny; H)

was arbitrary.

In the third and last step we finally show that the set S(P, Fo, W; H) is dense in

LO(P|o(f0uU(W)uN)§ Bp) with respect to P|,(r,ue(w)ua)-almost sure convergence. Fix

F € L°(Plo(7,u0(w)uny; Br) for the rest of the proof. Let (hi)ier, I € {{1,...,k}: k € NJU{N},

be an orthonormal basis of H.

Note that for all i € I and all n € Nit holds that (¥, hi) w1 (pp,)2, <ny € LZ(Plo(Fusw)un); R).

From the second step of the proof it follows that for all i € I there is a sequence (Fj,)nen in

S(P, Fo, W; H) such that for all ¢ € (0,00) there is an ng(¢) € N such that for all n € N such

that n > ng(e) and such that n >4 it holds that

1
5

P H<F7 hi)al{(pny2,<ny — Fin| 2 i} <

- (2.69)

n
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Consequently, it holds for all n € N and all € € (0, 00) that

IP’[HF - efzgnFnh = 35}
< P[HF - i};gnm h)uhi|, > 5}
+1P’[ > ((Fa hi)u = (F, hi>H1{<F,hi>iI§n})hi = E] (2.70)
ieli<n

ZP[ > (Foh)y > 62} +P{ > AR ) ELpn2, o0y > 52}

i€l i>n+1 ieTign
2
—HP’{ Z (<F’hi>H]l{(F7hi>§{Sn} —F, ) > 52]
i€l,i<n

From equations (2.69) and (2.70) it follows that the sequence (>, Li<n Finhi), oy I
span(S(P, Fo, W; H)) converges to F as n — oo in P-probability. As convergence in probability

implies almost sure convergence along subsequences, there exists a sequence (ng)ren in N such
that the sequence (Zie“(nk Fi"khi)keN in span(S(P, Fo, W; H)) converges to F as k — o0
P-almost surely. This proof of Lemmais thus completed as F' € L°(IP; B ) was arbitrary. [

The following result is an immediate corollary of Lemma [2.8}

Corollary 2.9. Assume Setting [2.1] let

S(P, Fo,W; H) = (2.71)

F e Lo(P; H): 3¢ € £2(N\s.7p; HS(U, R)), Ig € C°(R, R), 3X € L% (Pl (x,0n; R),
3h € H with the property that it holds P-a.s. that F = g( I gi)(s)dWs)Xoh

and let X € L2(P; H). If for all F € S(P, Fo, W; H) it holds that E[(X, F)g] = 0, then X = 0.

Lemma 2.10 (Product rule). Assume Setting and let H; and Hs be two separable real
Hilbert spaces. For all F € span(S(PP, Fo, W;HS(H1, H3))) and all

G € span(S(P, Fo, W; HS(Hy, Hy))) it holds that FG € span(S(P, Fo, W; HS(Hy, Hz))) and for
all w € U it holds that

D(P, Fo, W; HS(Ho, H2)) (FG)(u)

= D(P, Fo, W HS(Hy, Hy)) (F)(u)G + FD(P, Fo, W HS(Ho, Hy) ) (G) (). (2.72)

Proof of Lemma[2.10. Due to linearity it suffices to prove that for all u € U,

F e S(P,Fo,W;HS(Hy, H2)) and all G € S(P, Fo, W; HS(Hy, H1)) equation holds true.
Let wu e U, F € S(P, Fo, W; HS(H1, H2)) and G € S(P, Fo, W; HS(Hy, H1)). Then there are

n,l €N, ¢1,...,Ppe1 € £2(/\[S,T];HS(U, R)), v € HS(Hy, Hs), x € HS(Hy, Hy) and

f € M(Brn ® 0(Fo UN),Br), g € M(Bgn ® (Fo UN),Bgr) such that for all w € Q it holds
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that f(-)(w) € C3°(R™, L=(P|,(r,un); R)) and g(-)(w) € Cp°(R™, L (P|y(7,un; R)) such that
it holds P-almost surely that

T T
F=f([61(s)W,,.... ] ouls)aW, )v (2.73)
S S
and .
G = g( [0 (Wi Gua(s)W. ). (2.74)

Then FG € span(S(P, Fo, W; HS(Hy, Hs))) and it holds P ® Ajg 7)-almost everywhere that
D(B, Fo, W;HS(Ho, Hy)) (FG)(u)
= D(P, Fo, W; HS(Hy, Ha))

(£9( 11 (Wi [ 60()AWes ] Sra()AWs., ] V. ) () 1)

n+l
0

- Z (axlfg(f¢1(s) s,-..7f¢n( )dW&Z:qanrl(s) su~~~7f¢n+l( ) ))

( f b1 (s)dWs, ... ,Z%(s)dm)@(uw) (2.75)

=1

( a ;9 f¢n+1( ) EREN a2¢n+l(s)dWs)¢n+j(u)X>

P, Fo, W; HS(Hy, Ho)) F(u)G + FD(P, Fo, W; HS(Ho, H1)) G (u).
The proof of Lemma [2.10]is thus completed. O

The simple Malliavin derivative satisfies an integration-by-parts formula.

Lemma 2.11. Assume Setting Then it holds for all F € span (S(P, Fy, W; H)) and all
W € L2(\js.y; HS(U, H)) that

E {@(R Fo, W H)F, ¢>L2<A[S,T];HS(U,H)J - E[<F Zw(s)dWS>H}. (2.76)

Proof of Lemma[2.11} Due to linearity, it suffices to prove that for all F € S(P, Fy, W; H) and
all ¢ € L*(Ajs,r); HS(U, H)) equation holds true. Fix ¢ € L?(Ajs,7; HS(U, H)) and

F € S(P, Fy,W; H) for the rest of the proof. Then there are n € N,

B1y. b € L2\ HS(UR)), f € O 70N (Rn x  R), h € H such that it holds P-almost
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surely that
T
F= ([ 610dWis. . 6u(5)V. )b (2.77)

Let d € N be the dimension of

span({¢1,...,¢n}) € L*(Ais, s R™). (2.78)

Moreover, let {x1,...,xd} C LQ()\[S’T];R"L) be an orthonormal base of span({¢1,...,dn}). We
conclude that for all i € {1,...,n} it holds Ajg 7j-almost everywhere that

() s, H)d5> (2.79)

5 (fe
Since the It6 integral is linear it holds for all i € {1,...,n} P-almost surely that
> (o

Let g € M(By ® o(Fo UN),Br) be a random function such that for all w € Q it holds that
g(-)(w) € C°(R% R) and such that for all (y1,...,yq) € R? it holds that

o;\q

T

w\q

() s, m) dt) [ xi1(s)dWs. (2.80)
s

)>HS(UR)dt)yl7-~ 72'1:(2 )>HS(UR)dt) )
. (2.81)

91, ya) = (Ed:(

=1

m\q

From equation (2.80)) we conclude that it holds P-almost surely that

F=g( L)W, xals)dWo)h (2.82)
‘We have
(o) -G Joniefoom) |
[9@)@() . ,gdzd dWSZ Hdw}

Next, let ¢t € £2 (Mg, HS(U, H)) be such that it holds P ® Ag 7j-almost everywhere that
d 7
(h i = (o= 3 (D) {ho(s) mds) e (2.84)
I=1

For all I € {1,...,d} it holds that x; € L*(Ais,7; HS(U,R)) is orthogonal to (h,¢)n €
L*(P|g,(1s,m7); HS(U,R)). We conclude that for alll € {1,...,d} the random variables JE xi(s)dW,
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and [2 (h, ¢ (s)) pdW, are uncorrelated. Consequently, it follows form the linearity of the Ito
integral that

E {g(ifjxﬂs)dWQ, . ,ng(s)dWS)

n—n

(h, w@»mm}

<<Zd: (?Xz(s)(h,z/}(s))Hds) le(s)dWs> + Z<h,¢l(8))HdWs)1
(2.85)
_ Zd: (stxh, 0(s)) uds E o [ xa(s)dim, .. ,ZXd(s)dWS) ZXl(s)dWS}

n E[g(ZX1(s)dWs, . ,ZXd(s)dWs)]E[gm, ¢L(s)>HdWs}

=5 (Pt ots o Fratoa..... Fratonns) Fratspam:]

S

Since {x1,.-.,Xd} C LQ()\[S,T];HS(U, R)) is an orthonormal family, it follows that the distribu-
tion of ([§ x1(s)dWs, ..., [& xa(s)dWs) is an d-dimensional standard normal distribution. For
all [ € {1,...,d} the real-valued integration by parts formula yields that

T T T u
Eg([xa()aWe, ... [ xa(s)dW, ) [ xu(s)dWs| = | gla)en(2m)F exp(~L[all3s) do
S S S R4

=~ [ g(a)(2m) "% 2 exp(—L|x|Ra) da

= [ (& 9)(@)(2m) "% exp(—L|[|2.) du

=F [629(2)(1(8)6”4/5, .. »ZXd(S)dWs>] .
(2.86)
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Inserting this into equation (2.85) and inserting equation (2.85)) into equation (2.83]) results in

B[(F Jusaw.) |
= Z ( g xi(s) (s () ards ) E g g Vs )W) i)
— Ed: (Z(Xz(s)h,¢(s)>Hds>E[3zlg<ZX1(s)dW fXd( )W, )]

. (2.87)
— Ed: <2<Xl(8)h,¢(s)> dS)E[ale(gXﬂs)dWs, de(S)dWs)}

=1
= E{Z< Z 8%19( fX1(s)dWs, ) fXd(S)dW )Xl( )h 1/J(8)>Hd8}

=1
_E [<75(P, Fo, W; H)F’w>L2<A[S,T];Hs<U,H)J .
The proof of Lemma [2.11] is thus completed. 0

Lemma 2.12. Assume Setting [2.1] The simple Malliavin derivative
5(P7‘F05W7H) Span (S(Pa ‘FOaW7H)) — L (]P)|O' (FoUa (W)UN)5 ()‘[ST HS(U H))) (288)
is a closable operator.

Proof of Lemma[2.13 Let X € L2(1P’|U(;OU(,(W)UJ\/);LQ(A[S,T];HS(U, H))) and let (F,)nen be
a sequence such that for each n € N it holds that F,, € span(S(P,Fo, W;H)) and with the
properties that F,, — 0 in L2(P; H) as n — oo and that D(P, Fo, W; H)F,, — X in

L2(P|o(Fouowiony: L2 (As,r: HS(U, H))) as n — oo. Then Lemma and Lemma imply
that F,,G € span (S(P, Fo, W; H)) and that for all n € N, all ¢ € L*(Ajg7; HS(U, H)) and all
G € span(S(P, Fo, W;R)) it holds that

{ < (P, Fo, W5 H) Fr, G¢>L2<A[S,T];HS(U7H)) }
E

(6
B[ (2(

B[(GF.. [u(s)aw.), | - E[{(BE. 50, WiRIG) Fav v)

—E| (D, Fo, W; H)F,), }
FO ) ) ¢>L2(A[SYTJ;HS(U,H))

(2.89)

D(P, Fo, W; H) (GF,) — (D(P, anW;R>G>Fn’¢>L2<A[ LS Hn}
S,T)3 ’

L2(,\[S,T];HS(U,H))} '

Therefore, F,, — 0 in L2(P; H) as n — oo and D(P, Fo, W: H)F,, — X in
L2(P|o(Fouowiuny: L2 (As,r; HS(U, H))) as n — oo together with Holder’s inequality implies
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that for all ¢ € L*(A\js,71; HS(U, H)) and all G € span(S(P, Fo, W;R)) it holds that

’E[<X7 GV) L2 (7 5.0 HS (U, H)) } ‘

lim EK@(P, ]-"O,W;H)Fn,Gz/J>

n—oQ

(2.90)

L2(\(s,r;HS(U, H)) } ‘

< limsupIEH<GF,L,2w(s)dWS>HH +lim supEH<(ﬁ(1P, Fo. W;R)G)Fn,¢>

n— oo n—o00 LZ()\[S.TMHS(UvH))H

T
‘Iw(S)dWs
S

< limsup || Full 2y (1G] e
n—00 L2?(P;R)

D(P, Fo, W; R GH ‘ ):o.
+ H (P, Fo ) Lo (B (M52 HS(U,E)) \|¢||L2(,\[S,T],HS(U,H))

Together with linearity, this implies that for all
Y € span (S(P, Fo, W; L*(A\is,7; HS(U, H)))) (2.91)

it holds that E[(X, Y>L2()\[S‘T];HS(U,H))] = 0. Finally we conclude from Corollarythat X =0.
The proof of Lemma is thus completed. O

Now, we can finally define the Malliavin differential operator.

Definition 2.13. Assume Setting[2.1] and let k € N. Let

k
112 s om vy - SPAN(S(P, Fo, W5 H)) — [0, 00) (2.92)

be a function with the property that for all F' € span(S(P, Fo, W; H)) it holds that

k

T —EB[IFI3 + Y I (P, Fo, W H) 2 17 e
span(S(P,Fo,W;H)) — H y 70y ) Lz()\[S’T]i;(HS(U,H))’) :
i=1
Denote by
D"2/(P, Fo, W H) = (DF2) (P, Fo, W H), || - |pk.2 b, 50 wer)) (2.94)
the closure of the normed space
k,2)
(span(S(P, Fo, Wi H)), |- 1522 s 0.7, warryy) (2.95)

in LQ(P\U(}-OUU(W)UN); H). The k-th Malliavin differential operator
D*(B, Fo, W; H): D& (B, Fo, Wi H) = L (Plo(r,uswiunn; L (A, HS(U, H))) - (2.96)

is the closure of the simple k-th Malliavin differential operator in L2(P|g(]:0ug(w)uN);H). If
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k=1 we call
D' (P, Fo,W; H): DU, Fo, Wi H) — LA(Po(ryuowiony: L (Ns,r; HS(U, H)))  (2.97)
the Malliavin differential operator and write
D(P, Fo,W; H) = DY(P, Fo, W; H). (2.98)

A simple corollary of Lemma and Lemma is the product rule for the Malliavin Differ-

ential operator.

Corollary 2.14 (Product rule). Assume Setting [2.1} For all F € D(1:2(P, Fy, W;R) and all
G € DUA(P, Fy, W; H) it holds that FG € DU2(P, Fy, W:; H) and

D(P, Fo,W; H)(FG) = D(P, Fo, W;R)(F)G + FD(P, Fo, W; H)(G). (2.99)

The following definition is needed to formulate Lemma [2.16]

Definition 2.15. Assume Setting[2.1] and let (s,t) € Agr. Then
D(P, Fo, Ws H)|s.0: D2 (P, Fo, W H) = L*(P; L (A5, H)) (2.100)

is the operator with the property that for all F € S(P, Fo, W; H) with the property that In € N,
31, b € L2(Ng1; HS(U,R)), 3f € O PN ((Re 5 R), 3h € H such that it holds

P-almost surely that

F= f(Zcbl(s)dWs,...,2¢n(s)dWs)h (2.101)

it holds P @ (5 4-almost everywhere that

D(P, Fo, W; H)F =) gg{

i=1

T T
(f¢1(s)dws, ] ¢n(s)dW5)¢ihs b (2.102)
S S ’

The following lemma shows how the Malliavin derivative depends on the underlying filtration.

Lemma 2.16. Assume Setting let Fo C Fo be a o-algebra, let (s,t) € Agp, and let
Fis,sjuie,r) € A be a o-algebra with the property that
Fis,sjuper) = o(@({We:r € [0,8]}) Ua({W,: r € [t, T]}) UN). Then

D(172) (]P)a J—:.Oa W|[s,t]; H) c D(L?) (Pv Fo, W H) - D(L?) (]P7 f[S,s]U[t,T] Vv Fo, W|[s,t]; H) (2103)
and for all F' € DW2(P, Fy, W |, 4; H) it holds that

D(P, Fo, W|(s,q; H)F = D(P, Fo, W; H) (5.0 F (2.104)
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and for all F € DM2)(P, Fy, W; H) it holds that

D(P, Fo, W; H)|(s,nF = D(P, Fis,suje,1) V Fo, Wls,; H) F.

Proof of Lemma[2.1G. For the first part of the proof let F € S(P, Fy, Wlis,s

(2.105)

H). Then there

are n € N, ¢1,...,6n € L2\ qiR™), f € 7N (Rr x O R) C 27PN (R x O R)
such that for all w € it holds that f(-)(w) € C;°(R™,R), and h € H such that it holds P-almost

surely that

F = 7(J o100 6,1, ). (2.106)
Let ¥1,...,¢, € EZ()\[S,T];R"L) be functions such that for all i € {1,...,n} and all r € [S,T] it
holds that
i(r) if r € ls,t],
Pi(r) = #ilr) .1 (2.107)
0 else.
Then it holds P-almost surely that F' = f([& t1(r)dW,, ..., [& n(r)dW,)h. Therefore, we have
F e S(P, Fo, W; H). (2.108)
It follows that it holds A[; ;) ® P-almost everywhere that
T T
DB, Fo, W H)j F = Z (T oW, ()WY
t (2.109)

iggﬁl(m(r) Wiseooo ] 0 ()W, )il

i=1 s

= D(P, Fo, W|(s4: H)F.

Furthermore, it holds A(g qut,7) ® P-almost everywhere that

0 T
(P ]:o,W H)|[S s]Ut, T]F Z f ( ¢1(’/’)dW,«,. ‘e 7£¢n(r)dWr>¢i|[S,s]U[t,T]h =0. (2110)
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From equations (2.109)) and (2.110f) we conclude that

VEI e 2 w1y = ELIF I + D, Fo, Wi H)F 320, )]

t ~

=E[|F|% + / 1D (B, Fo, Wlis,; H) F||Fdr]
t

=E[|F||3 + [ |Dr(P, Fo, W; H) (s 4 F| 3 dr] (2.111)
T

=E[|F||3 + [|D(P, Fo, W; H)F||3dr]

= ||F||]?)><1,2)(]P>’]r0,w;H)~

Since F' € S(P, Fo, W|(s,4; H) was chosen arbitrarily, it follows from (2.108) and equation
that
(span(S(P, Fo, W|(s,: H)), || - 1.2 (B, Zo,w |, oy | SPAD(S (P, Fo, Wlis: H)))
= (span(S(]P’, ]E.O, W|[s,t]§ I’I))7 || . ||]D)(1«2>(]P’,]-'0,W;H) ‘ span(S(]P’, fo, W|[s,t] 5 H))) (2.112)
C (Span(S(IF’7 Fo, Wi H)), || - [lpe.2 (70, w ) | sSPan(S (P, Fo, W H)))

Thus the first inclusion in (2.103)) follows by taking the closures of the normed spaces in (2.112)) as
subsets of L?(P; H) and from equation (2.109)) we conclude that for all F' € D(1:2) (P, Fo, Wlisq; H)

equation ([2.104) holds true.
For the second part of the proof let F' € S(P, Fo, W; H). Then there are n € N,

Oy, On € £2()\[S,T];HS(U, R)), f € M(Brr ® o(Fo UN), Bg) such that for all w € Q it holds
that f(-)(w) € C;°(R™,R) and h € H such that it holds P-almost surely that

T T
F= f(gqbl(s)dWs, o ,g(bn(s)dWS)h. (2.113)
Let g € M(Bgrn ®F|s,sujt, 1)V Fo, Br) be such that for all w € € it holds that g(-)(w) € C;°(R",R)
is a random function such that for all (z1,...,2,) € R™ and all w € Q it holds P-almost surely
that
s T s T
g=1(n+ [OUS)AW,+ [ G1(5)dWs, v+ ] G (5)dW, + [Gu(s)dW )b (2114)
Then it holds P-almost surely that
t t
F=g(161l60(8)AWs .., ] Sulis (5)AW, ) . (2.115)
For all i € {1,...,n} it holds P-almost surely that

of
8.Z‘i

(JortsIawe,...[ou(s)am.) = 22( o

t
T o1l (DAWas o, [ Guliog ()WL ). (2:116)
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We conclude that it holds A[s ;) ® P-almost everywhere that

" 9f /T T
D(P, Fo, W; H)|is.qF =Y 6; (S[¢1(s)dWs, L ’£¢"(s)dW5)¢i|[s,t]h
i=1 o
99 (1 ! 2.117
- Z aj <f¢1|[s7t] (8)dWs, ..o, [ Pnlis (S)dWs)dh' (5,51 ( )

1=1

D(P, Fis,sjuie,r) V Fos Wlise; H) F.

It follows directly that

I B2 (b 7y v ol agstr) = BUIFIE + Z 1D (P, Fis,sjuier) v Fo Wlis,; H)F || 3ds]
< B[|FI3 + ] IDu(B. Fo W5 H)Flfyds] (2.118)
) S
Since F' € S(P, Fo, W; H) was chosen arbitrarily it follows that
span(S(PP, Fo, W; H)) C span(S(P, Fig sjure,r) V Fo, Wlis,p; H)). (2.119)

From inequality (2.118) finally follows the second inclusion in (2.103)), and it follows that for
all F e D12 (P, Fo,W; H) equation (2.105) holds true. The proof of Lemma is thus
completed. L

The Malliavin differential operator fulfills a commutativity relation.

Lemma 2.17. Assume Setting let F € span(S(P, Fo, W; H)), let id = (idy, idy): [S,T])* —
[S,T]? a mapping with the property that for (g rj2-almost all (s,t) € [S,T]? it holds that
id(s,t) = (s,t) and let uy,uz € U. Then it holds for (g 72 ® P-almost everywhere that

Diqa, (P, Fo, W; H)((Dia, (P, Fo, W; H)F)(u1)) (uz2) (2.120)
= Dia, (P, Fo, W H)((Dia, (B, Fo, W H)F)(u2)) (1)

Proof of Lemma[2.17 Let n € N, ¢1,...,¢, € L*(U,R), f € C3*(R™,R), Xy € L=(Fo;R) and

h € H with the property that it holds P-almost surely that

F = f(fT ¢1(r)dW,,. .., [T ¢n(r)dW,)Xoh. From the commutativity of the partial derivatives
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of f it follows that it holds A(g 1) ® P-almost everywhere that

Dia, (S(P, Fo, W; H) ((Diay (S(P, Fo, W; H)F) (u1)) (u2)

of

Oy,

= Did1 (S(IP, fo, W; H) (
S

T T
(f d)l(r)dWra s 7£¢n(r)dwr) (bk(tv ul)X0h> (u2)

1
=3 D (S Fa W) (1 ([0r0)Wec T o), ) Xoh) (u)ont, )
k=1

Oxp \5 5
(2.121)

-y (Z 0> f (f¢1(r)dwr, » ,Zqﬁn(r)dWT) ¢l<s,u2)xoh> bu(t )

n n 2
= (Z i <f¢1(r)dwr,...,7¢>n<r)dwr)¢>k<t,u1)xoh>¢>l(s,u2>

S S

= Dia, (P, Fo, W; H) ((Dia, (P, Fo, W; H)F)(u2)) (u1).

Equation (2.121)) and Lemma complete the proof of Lemma O

In the case of a deterministic integral, the Malliavin differential operator can be "pulled inside

the integral". For a special case of the following lemma see Proposition 4.8 in Kruse [2014.

Lemma 2.18. Assume Setting let (E,&,v) be a finite measure space, and let
F e DO2)(P, Fo,W; L (v; H)). Then [ Fdv € DO2(P, Fy, W; H) and

D(P, Fo, W H)(é Fdv) = | DB, F, W L*(v;H))Fdv. (2.122)

Proof of Lemma[2.18 From the definition of the simple Malliavin differential operator it
follows that it holds for all Fy € S(P, Fo, W;R), v € L?(v; H) that

D(P, Fo, W; H)(£ Fypdv) = D(P, Fo, W; H) (Fy ~é¢(y)du)

= (D(P, Fo, W;R)Fy) - [ ¢pdv
E

~ (2.123)
= f (D(]P7~F07W7R)FO) : ¢dV
E
= .[ D(]P)7 FO? W7 LQ(V; H))(F0¢)dy
E
We conclude that for all F' € S(P, Fo, W; L?(v; H)) it holds that
D(P, Fo,W; H)( [ Fdv) = [ D(P,Fo,W; L*(v;H))Fdv. (2.124)
E E

Let (F,,)nen be a sequence in span(S(P, Fo, W; L?(v; H))) which converges to F in
DR, Fo, W; L?(v; H)) as n — oo. Tt follows from equation (2.124)) that for all n € N it holds



46 CHAPTER 2. THE EXTENDED MALLIAVIN CALCULUS
that

2
||D(]P)7 -F(J?WaH)(éFndV) _ép(]}»? fO?W;Lz(y;H))FdVHL%[p;LQ(A[S,T];HS(U7H)))

. 2/, . LT2(,,. 2
- HéD(P,J-’o,W,HL (u,H)FndyféD(IP’,]-"O,W,L (y,H))Fdy||LQ(P;LQ(A[&T];HS(UH)))

_ CT2(, _ 2
= MD(R Fo, W; L7 (v H))(Fy F)dVHLZ(]P’;LZ(A[SYT];HS(U,H)))

T
_ Hg |}£DS(P, Fo, W: L2 (v H))(F, — F)dy”f{S(U’H)ds’ (2.125)

L1(P;R)

< V(E)Hié |Do(P, Fo, W; L2(v; H))(F, — F duds‘

2
)HHS(U,H) L1(P;R)

CT2(, 2
= v(B)||D(P, Fo, W; L*(v; H))(Fn — F)||L2(P;L2(,\[S,T];HS(U,L?(V;H))))

<v(E)|Fn — F”D(m)(P,]-‘O,W;B(V;H)) :

It follows from Lemma inequality (2.125), and the assumption that v is a finite measure
that it holds that

) _ T2, 2
HD(]P’,]—“O,W,H)%de) éD(P,]—'O,W,L(z/,H))FdyHLz(P;Lz(/\[SﬁT];HS(UyH)))

= lim HD(IP’,]—'O,W;H)(éFndu) —éD(IP’,}'O,W;LQ(V;H))quH;

n—00 (B;L2(\(s,7);HS(U, H)))

<v(E) nlggo [ Fn — FHD(M)(P,]—‘O,VV;LZ’(V;H)) = 0. (2.126)

We conclude that equation (2.122)) holds true. The proof of Lemma is thus completed. [

For the following Lemma, see Lemma 4.7 in Kruse |2014] which is based on the finite-dimensional

version of Proposition 1.2.2 in Nualart [1995|

Lemma 2.19 (Chain rule). Assume Setting let (Hy,| - ||z, (s ) rr,) be a real separable
Hilbert space with Hilbert space basis (e;);er, I C N, let ¢»: H — H; be a continously Fréchet-
differentiable function with the property that

Wl Loa, ey + }SLUIF; 10" (M) L, by < 00 (2.127)
€

Then it holds for all F € DU2)/(P, Fy, W; H) that ¢(F) € DU2/(P, Fy, W; Hy) and Ajs.7] ® P-

almost everywhere that
D(P, Fo, W; Hy)((F)) = ¢'(F)D(P, Fo, W; H) F. (2.128)

Proof of Lemma[2.19 For the first part of the proof, let F € S(P,Fy,W;H), n € N,
G1ye e bn € L2(Ng 1 HS(U,R)), f € C TN (R« O R), h € H be such that it holds
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P-almost surely that
T T
F= f(gqbl(r)dWr, . ,£¢n(r)dWT> . (2.129)

Foralli e Ilet g; € C;O’U(}-OUN) (R™ x Q,R) be a mapping with the property that for all 2 € R™

it holds P-almost surely that
gi(x) = (U (f(z)h), ey - (2.130)

Then it holds P-almost surely that
> T T
W(F) = Zgi(g b1 (r)dW,, ... ,ggbn(r)dWT)ei. (2.131)
i=1

From condition (2.128) it follows that ¢(F) € L*(P|y(r,us(wiuny: Hi). For all k € N let Gy, €
span (8 (P, Fo, W; Hl)) be a simple random variable with the property that it holds P-almost
surely that

k
Gr = Zgi(g¢1(T)der--~,Z¢n(r)dWr)ei- (2.132)
=1

Note that Gj converges to ¥(F) € L*(P|o(r,uow)un); Hi1) P-almost surely as k — oo. To-
gether with the dominated convergence theorem, we conclude that Gy converges to ¥(F) in

L2(IP’|0(]:OUU(W)UN); Hy) as k — oo. For all k € N it holds g7} @ P-almost everywhere that

k T T
D(P, Fo, W; Hi)G = 3 _ D(P, Fo, W;R) <gi (g b1 (r)dW,., ... ,£¢>n(r)dWr>)ei

i=1

k n
- ZZa%jgi(g¢1(r)dWT,...,Z(;Sn(r)dWT)dyei (2.133)

i=1 j=1

‘We conclude that
D(P, Fo, W; Hy )G 2225 o/ (F) Z (D(P,Fo, W; H)F,e;), e; = ¢ (F)D(P, Fo, W; H)F,
i=1
(2.134)
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in L?(P|o(ryuewiuny: L2 (As,r; HS(U, Hy))). By linearity and from Lemma it follows that
for all F € D(2)(P, Fy, W; H) equation (2.128) holds true As,r) @ P-almost everywhere. The
proof of Lemma [2.19]is thus completed. O

Proposition 1.2.3 in Nualart 1995 shows that ¢ (F) € DM2)(P, o({0, Q}), W;R) if ¢ is globally

Lipschitz continuous. The following lemma is needed in the Hilbert space setting.

Lemma 2.20 (Chain rule). Assume Setting let (Hy,(-,-)r,) be a separable real Hilbert
space, let : H — H, be a globally Lipschitz continuous function, and let F € D(M2)(P, Fo, W; H).
Then it holds that 1 (F) € DtX2)(P, Fy, W; Hy).

Proof of Lemma[2.20, In the first step, we consider the finite-dimensional case. Let
k € N and assume that H = R*. Let ¢ € C°(R*[0,00)) be a function with support in
{z € R*: ||z||gx < 1} and with the property that [px ¢(z)dz = 1. For all n € N let ¢, €
C°(R¥,[0,00)) be a function with the property that for all z € R* it holds that ¢, (z) = n*¢(nz).
For all n € N let ,,: R¥ — H; be a function with the property that for all z € R” it holds that
N (2) = [gr ¥(2)pn(z — 2) dz. Integration by substitution implies that for all n € N, z € R¥ it
holds that

&w@W&x—@¢ﬁ=fwy+@%@my=fw@+zwmwﬁﬂm=$%%%+@¢ﬁmm

RF RF
(2.135)
We conclude that for all n € N, z € R¥ it holds that
z V() — ¥y
psert 91— Y2l e
Y17Y2
It follows from the dominated convergence theorem that it holds that
Jimn [ (F) = 0 (P gaqeanyy = Jim, | 1 (0 (54 F) = (F) oy da|
(2.137)
— | s L 4 F) —y(F d‘ —0.
‘éﬁgﬁﬂn+) o) o) de|

Observe that for all n € N it holds that 7, € C(R¥, H). For all n € N, y, 2 € R¥ it holds that

I z) = (@)l = || [ @G +2) = 0 + ) da |,

< L 9GE +2) = 9(E + )], 9la) do

1

< sup (1) — ¥ (y2)ll o, 12 = yllgr [ 6(x)da (2.138)
y1,y2 €R” lyr — vell me RE
Y17Y2
V() — ¥2)lla
— s P [ENTRES
y1,y2 ER” lyr — yallrs

Y17£Y2
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From inequality (2.138]) follows that for all n € N it holds that

[¥(y1) — ¥ (y2)lla,

sup ||77;L(33)||L(Rk,Hl) < sup . (2.139)
sERY y1,y2€RF ly1 — y2llre
Y17£Y2

Therefore, Lemma yields that for all n € N it holds that 7, (F) € DM2/(P, Fo, W; Hy) and
that for all n € N it holds A[g 7] ® P-almost everywhere that

D(P, Fo, W; Hy)(nn(F)) = 1, (F)D(P, Fo, W; RF)F. (2.140)
In addition, it holds for all n € N that

Sléll\)l ID(®, Fo, W5 H) (11 ()| L2 B2 (3 6. 1ys1S (U, 1))

= sup |m, (F)D(P, Fo, W; R¥)
ne

< sup (Y1) — ¥ (y2)ll o,

N yhyzeRk Hyl - y2||Rk
Y17Y2

FHL2 ]P’;L2()\[s 7;HS(U,Hy))) (2141)

HD (P, Fo, W; Rk FHL2(P;L2(A[S,T];HS(U,Rk)))'

The right-hand side is finite as F' € D(1:2) (P, Fo, W;RF) and as 1 is globally Lipschitz continuous.

Now Corollary together with equation (2.137) and inequality (2.141) imply that ¢(F) €
DM2)(P, Fo, W; Hy). This together with

Yy

Hw(F)||D(1’2)(P7}—07W§H1) < |l 0|z, + sup [ (y1) = P(y2)
viapert Y1 — 2l R
Y17£Y2

[E::
: ||F||]D)(1 12) (P, Fo,W;Rk) (2 142)

results in ¢(F) € DM2)(P, Fo, W; Hy). Since k € N was chosen arbitrarily, this proves the
assertion of the lemma whenever dim(H) < oo and finishes the first step.

In the second step, let H be a general separable Hilbert space. Let (h;);ey be an
orthonormal Hilbert space base of H. Lemma yields that for all £ € N it holds that
(Fyhi) oy (Fyhg) ) € DO2)(P, Fo, W;RF). For all k € N and all z = (21,...,2%),2 =
(21,...,2) € RF it holds that

k k
oS aihe) — o Saih)|| < sup L) =)l Z -
=1 i=1 H yl,!leRk ”yl yQHRk —
" (2.143)
g PO =l
ylngGRk ||y1 y2H]Rk

Y17Y2
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Therefore, the first step implies that for all £ € N it holds that

k

i=1

and

k
D(P, Fo,W: H F . hi)gh;
H (P, Fo, W; )<;< Jn ) L2(\(s, 7 ®P,HS(U, H))

(1) — ¥ ()l o k
< sup D(P, Fo, W; R¥)((F, b)), ., (F i) i , _
Sl PE T WIRD(E R (B oo sz
Y17Y2
y1,y2 ERF lyr — yollre
Y17Y2
A ((hy, D, Fo, W; H)F) g, ..., {(hs, D(P, Fo, W; H)F ‘
H(< 1, D, Fo V) u (b, D(P, Fo ) >H) L2(P;L2 (A5, );HS(U,RK)))
< sup [(w2) = ¥ (o) ID(P, Fo, W5 H)F| L2 (.12 (A 5.2y HS (U, H))) -
y1,y2 €ERF 1 — yallre '
Y17Y2

Note that for all £ € N it holds that

k o]
HQ/J(F) _ ¢(Z<F’ hz>th> ] < sup Hw(yﬂ w(Z/Q)HHl Z (F,h;) i ) .
P LABH) ~ o oere 11— v2llwe ! L2(BH)
Y17Y2
(2.146)

Since F' € LQ(]P)|U(]'—UUO'(W)UN); H) it follows that the right-hand side of inequality (2.146|) con-
verges to 0 as k — oo. Finally Corollary together with inequalities (2.146)) and (2.145])
implies that 1 (F) € DM (P, Fy, W; Hy). This together with

[ (y1) — ¥(y2)

|z
I (F) 2 e, 70, wim) < 19(0)|[a, +  sup “NElpos @z wm  (2-147)

y1,y2€H, ly1 — y2l re
Y17Y2
results in 1 (F) € DU42(P, Fy, W; Hy). The proof of Lemma is thus completed. O

The following lemma is needed in the sequel.

Lemma 2.21. Let S,T € R satisfy that S < T, let (Hy,(-,)n,) and (Ho, (-,-)m,) be separable
real Hilbert spaces, let f € C°([S,T] x Hy, Hs) be a function with the property that

sup sup Hf(s,x) _f(S’y)HHz
s€[S,T) x,y€H1 : x#y lz — yll &,

< o0, (2.148)

and let ¢: L?(Njg s H1) = L*(Ajs,7); H2) be the function with the property that for all s €
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[S,T], n € L*(A\js,7); H1) it holds that

((m)(s) = f(s,n(s)). (2.149)

Then 1 is well defined and globally Lipschitz continuous.

Proof of Lemma|2.21]. For all n € LQ()\[SyT]; H,) it holds that

1900 sy = £ I s
= T 5.1(5) = F(5.0) + £(5,0) s (2.150)

T 9 T 9
< 2£ 1f(s:n(s)) = £(s,0)[[, ds + 2£ I1f (s, 0) I, ds

IIf(u, ) — f(u,0)
<2 sup sup 5
we[S,T] e H1\{0} HI'HHI

7, T
2 [In(s)llFr,ds + 2T sup || f(u,0)||%, .
S u€e[S,T]

The right-hand side of inequality (2.150)) is finite due to assumption (2.148) and as the continuous
function [S,T] > s — f(s,0) € Hs is bounded. Moreover, assumption ([2.148]|) implies that for all
n,& € L*(Ajs,7); H1) it holds that

||w(f) _ '(/}(77)”%2()\[5,T]§H2) = ||f(7§> _ f(-,n)”%ﬂ()\[s‘T];Hz)
T
= 15,60 = £ s

f U, xr) — f U, Y)I||H T (2151)
< sup sup ” ( ) ( )H 2 f ||§s _ UsH%IIdS
uw€lS,T) z,y€Hy: x#y 2 —yllu, S
||f(ua‘r)7f(uay)HH2 2
= sup  sup 1€ = nllz- )
e[S, T) wyeHy o —yllm, LA s,m )

This proves that 9 is globally Lipschitz continuous. The proof of Lemma [2.21] is thus completed.
O

Lemma 2.22. Assume Setting let ¢ € L*(Ajs,7;; HS(U, H)), and let Xy € L®(P|5,;R).
Then Xo([& ¢(s)dW,) € DED(P, Fo, W; H) and it holds As ) ® P-almost everywhere that

D(B, Fo, W; H) (XO (gq&(s)de)) — Xy (2.152)

Proof of Lemma[2.23. In the first step, assume that H = R. Let (f,)nen be the sequence
in C°(R,R) with the property that for all n € N, z € R it holds that f,(z) = (1 — exp(—nz?)).
Moreover, let (F},)nen be a sequence in M(A, Br) with the property that for all n € N it holds
P-almost surely that

T
Fy = fn ( I ¢(s)dWS)XO. (2.153)
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Note that for all n € N it holds that F,, € S(P, Fo, W;R). Moreover, it holds for all n € N that

‘ (f¢( Jaw. ) L2(P;R)
= [l (Fotsram)xo - xo( Fotsram.)

FHER (2.154)

= Z¢(s)dWs exp ( - n(Z¢(s)dWS)2>XO‘ o
T T 2
= | rosaw.exp (= n(1o@am.) )| IXollzese)

The right-hand side of equation (2.154)) converges to 0 as n — oo by the dominated convergence
theorem. Similarly, it holds for all n € N that

ID(P, Fo, Wi R) Fr = ¢ Xoll 2@l 7y o cwryony iL2 (s, 1y HS(ULR)))

=[5 Fotsram)oxo - o,

L2(P;L2 (Ais,);HS(UR)))

=11— fé(:fp(b(s)dWS) L2(PR)

:exp(—ﬂ<f¢() ))(1—2”(f¢<> w))

The right-hand side of equation (2.155]) converges to 0 as n — oo by the dominated convergence
theorem. From the definition of the Malliavin derivative it follows that Xo( JE o(s)dWy) €
DM2(P, Fo, W;R) and that it holds Ars,7) ® P-almost everywhere that

11| L2 (A s, :ES (R 1 X0 L2 (R (2.155)

L@ (61122 (A sy (U.R)) 1 X0 L2 (B -

D(P, Fo, W R)(Xo( Z o(s)dIT,)) = 6Xo. (2.156)

In the second and last step, let H be an arbitrary real separable Hilbert space. Let
(hi)ien be an orthonormal Hilbert space base of H. For all i € N let ¢; € L? (Ars,; HS(U,R)) be
a mapping with the property that for all ¢ € [S,T], u € U it holds that czgi(t,u) = (¢(t,u), hi)H.
Then the first step implies that [ ¢;(s)dW, X, € D2 (P, Fo, W;R) and that for all i € N it
holds A(g 7y ® P-almost everywhere that D(PP, Fo, W;R)([& ¢:(s)dW;Xo) = ¢; Xo. By definition
of the H-valued It6 integral it follows that it holds P-almost surely that

n T T n T
;hb[ (3)dW, X = Z}hg B(t), i) yy AW, Xo = i_zlhi<£¢(t)th,hi>HXo

. (2.157)
—Zh <£¢ $)dWs, h; > Xo.

We conclude that the sequence (327, h; [& ¢i(s)dW;Xo)nen converges to
2y halfs (s)dWs, hi)r Xo = Xo([§ 6(5)dWs) in L (Plo(r,ue(wyun); H) and P-almost surely
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as n — 0. Moreover, linearity of the Malliavin derivative and the first step imply that it holds

Als,7) @ P-almost everywhere that

n

DR, Fo, W H) (D b

=1

Bils)dW, Xo ) = S hD(B, Fo, W H) (Zi)i(s)deX())

i=1

ne—n

- . (2.158)
= hi¢iXo=Y_hi(d,hi)nXo.
i=1 i=1
It follows that the sequence (D(P, Fo, W; H) (327, hi [& ¢i(s)dWXo))nen converges to
> hi{o. hi)pXo = ¢Xo in L?(P; L*(Ajs,7; HS(U, H))) as n — oo.

By definition of the Malliavin derivative, we conclude that Xo( fg gﬁ(s)dW;) e DU2A(P, Fo, W; H)
and that it holds A5 7) ® P-almost everywhere that

T
D(P, Fo, W; H) <X0<£ ¢>(s)dWs)) = $Xo. (2.159)
The proof of Lemma [2:22] is thus completed. O

Lemma 2.23. Assume Setting let n € N, f € C}(R",R) be a function whose derivative
grows at most polynomially, let ¢1,..., ¢, € L*(A\g1;R), let Xo € L?(P|£,;R), let h € H, and
let F' € LY(P;R) be such that it holds P-almost surely that

F=f (fqbl(r)dWr, o 7q§n(r)dWT) Xoh. (2.160)
S S

Then F € DU2)(P, Fy, W; H) and it holds Als,7) @ P-almost everywhere that

" 9f /T T
DB, Fo. WiH)F =3 9L (16, ()dW,..... [ 6,(r)aW, ). Xoh. (2.161)
Oz \§ s
Proof of Lemma[2.23. Analogous to previous lemma. O

2.2 The Skorohod Integral

In the second part of this chapter, we introduce the Skorohod integral which is the tool we will
be using in the second chapter. The Skorohod integral is defined as the adjoint operator of the
Malliavin derivative and can be viewed as a generalization of the It6 integral for L2-processes. The
classical Skorohod integral, as introduced in Nualart 2006, is solely defind for processes which
are measurable with respect to the filtration which is generated by the underlying Brownian
motion. We generalize the Skorohod integral to more general stochastic processes, analoguous

to the enlargement for filtration of the It6 integral.
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Definition 2.24. Let Hy = (H1, (-, )m,, || - |m,) and Ho = (Ha, (-, )i, || - | 1,) e two separable
real Hilbert spaces with Hy # {0} and Hy # {0}. Let A: Doms C H; — Hs be a closed linear

operator such that Dom g is dense in Hi. The adjoint operator
A*: Domy~ C Hy — Hy (2.162)
is the operator with domain
Dom g« = {hg € Hy: 3c € [0,00)Vhy € Hy: (Ah1, ho)m, < c||h1lm, } (2.163)
and with the property that for all hy € Domy and all he € Dom 4+ it holds that
(Ahy, ho) g, = (ha, A"h) . (2.164)

Proposition 2.25. Let the setting from Definition be given. Then A* is a well-defined

linear operator.

Proof of Proposition[2.25 Let hy € Domy«. Then the operator Doms — R; hq — (Ahy, ho)
is continuous and can therefore be continuously extended to H;. From the Riesz representation
theorem we conclude that there is a v € Hy such that for all h; € Domy4 it holds that

(Ah1, ho) i, = (h1,v) , (2.165)

and by setting A*hy = v, we see that A* is well-defined. The proof of Proposition [2.25|is thus
completed. O

Proposition 2.26. Let the setting from Definition[2.2]] be given and let Uy C Doma be a subset
with the property that span(Uy) is dense in the space Hy. Then it holds that

Dom s+ = {hz € Hy: dc € [0,00)Vhl eU: <Ah17h2>H2 < CHh1||H1} (2166)

Proof of Proposition[2.26 Let hy € Dom4+. Then the operator Domy — R; hy — (Ahy, ho)m,
is continuous and can therefore be continuously extended to H;. From the Riesz representation
theorem we conclude that there is a v € Hy such that for all h; € Domy4 it holds that

(Aha, ha)p, = (h1,v)m, (2.167)

and by setting A*hy = v we see, that A* is well-defined. (2.166) then follows from the closedness
of the operator A. The proof of Proposition [2.26]is thus completed. O

Proposition 2.27. Let the setting from Definition be given, let Uy C Domya be a subset
with the property that span(U;) is dense in the space Hy, and let Uy C Doma~ be a subset with
the property that span(Us) is dense in the space Hs.
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For all hy € Hy and hy € Hy that have the property that for all u € Uy it follows that
(Au, ho) g, = (u, ha) gy, (2.168)

it holds that ho € Dom s+ and A*hy = hy.
For all hy € Hy and hy € Hy that have the property that for all u € Uy it holds that

(h1, A*u) g, = (h,u) i, (2.169)

1t holds that hy € Domyg and Ahy; = ho.
For all hg € Dom g+ it holds that

hy, A*
A ha|lm, = sup M (2.170)
{u€span(U1): ||lullm, >0} llwl| 2,
For all hy € Domy it holds that
ho, A
A |7, = sup {2, Ay | (2.171)
{u€span(U2): ||u|lm, >0} ||u||H1

For all hy € Hy and all sequences (h;")) in Dom(A*) with the properties that hgn) converges
to hy in the weak topology of Ha as n — oo and that sup, cy HA*hé")HH1 < 00, it holds that
ho € Dom g~ and that A*hén) converges to A*hy in the weak topology of H;.

For all hy € Hy and all sequences (hgn)) in Dom(A) with the properties that hg") converges to hy
in the weak topology of Hi as n — oo and that sup,,cy ||Ah§") |z, < oo, it holds that hy € Dom 4~
and that A*hgn) converges to A*hy in the weak topology of Hs.

Definition 2.28. Assume Setting[2.1. The unbounded operator

(P, Fo, W3 H): Doms (P, Fo, W; H) € L*(P; L*(\js,7): HS(U, H))) = L*(P|o(F,uowyun); H)

(2.172)
is the adjoint of the operator
D(P, Fo, W; H) € L*(Plo(ryuowiony; H): DO (B, Fo, W H) (2.173)
— L2(Ply(ruemyuny L2 (Mg, HS(U, H))).
In particular, the domain Doms (P, Fo, W; H) of 0 is the set
X € L*(Plo(ryuowyuny; L (As.rp; HS(U, H))): e € [0, 00)
Domg (P, Fo, W; H) = s.t. for all F € DV2(P, Fy, W; H) it holds that
E[(D(P, Fo, W; H)F, X) r2(x 5 a8, )] < Cl[Fl| 2 (e,
(2.174)

If X € Domg(P, Fo, W; H), then 6(P,Fo,W; H)(X) is the element in LQ(]P’|J(}-OUU(W)UN);H)
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with the property that for all F € DW2)(P, Fo, W; H) it holds that
B(F, (P, Fo,W; H)(X))u| = E[(D(P, Fo, W; H)F, X) 12 (s 1ysHS (U, 1)) |- (2.175)

For all mappings Y : Qx[S,T] — HS(U, H) and for all X € Domg(P, Fo, W; H) such that it holds
Ais,7) @ P-almost everywhere that Y = X we say that Y is (P, Fo, W; H)-Skorohod integrable and

we write

T T
JY 6P, Fo,W; H)Ws = 6(P, Fo, W; H)(Y) = §(P, Fo, W; H)(X) = [ X 6(P, Fo, W; H)WS.
S S
(2.176)
If Fo = {0,Q} and if Y is a (P, Fo, W; H)-Skorohod integrable mapping Y : Qx[S,T| — HS(U, H)

we write "
S

The operator § is also called divergence operator.

Remark 2.29. It follows from Lemma that the set D(1:2) (P, o, W; H) is dense in the space
L*(P|o(Fouowiuny: H). Therefore, it follows from Proposition that the Skorohod integral
is well-defined.

Lemma 2.30. Assume Setting and let X € Domg (PP, Fo, W; H). Then it holds that
E[o(P, Fo, W; H)(X)] = 0. (2.178)

Proof of Lemma[2.30, Since the Malliavin derivative of a constant mapping vanishes, we have
that

[E[8(P, Fo, W; H)(X)]||%, = (EIS(B, Fo, W H)(X)], E[6(B, Fo, W; H)(X)])
= E[(6(P, Fo, W; H)(X), (P, Fo, W; H)(X))
=E[(D(P, Fo, W; H) (E[5(P, Fo, W; H)(X)]), X)

H
(2.179)

LZ(A[S,T] ,HS(U,H))}

=0.
The proof Lemma [2.30] is thus completed. O

The following corollaries follow from Propostion [2.26}

Corollary 2.31. Assume Setting and let X € L*(P|y(ryuowyuny: L2(As,m; HS(U, H))),
Y e LZ(P|U(]-—OUO'(W)UN); H) such that for all F' € S(P, Fo, W; H) it holds that

E [(D(P, ]:0, VVY7 I{)}’—‘7 X>L2(/\[51T];HS(U,H))} = lg[<}‘—‘7 Y>H] . (2180)

Then X € Domg(P, Fo, W; H) and it holds P-almost surely that 6(P, Fo, W; H)(X) =Y.
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Corollary 2.32. Assume Setting and let F € L*(P|y(ryuowiuny: H),
X € L*(Plo(ryuow)uny; L2(Ms,77; HS(U, H))) be such that for all Y € S(P, Fo, W; H) it holds
that

E[(F, 0(P, Fo, W; H)(Y))u] = E[{X, Y ) r2(x g 18w, 1)) - (2.181)

Then F € DU2)(P, Fy, W; H) and it holds that D(P, Fo, W; H)F = X.

Now we are able to characterize the domain of the Malliavin differential operator and we can

show, that this operator is closed under weak L?(P|,(z,uow)uny; L2(As,77; HS(U, H)))-limits.

Corollary 2.33. Assume Setting and let ' € L2(]P|O'(]:0UO'(W)UN); H). Then
F e DO2(P, Fo, W; H) if and only if
|E[(F, 6(P, Fo, W; H)(Y)) |

sup < 00 (2.182)
vespan(S®.Fo,WiHSWHN\(0} 1Y |22 @:22 (05,780, 1))

and for all F € D(M2)(P, Fy, W; H) it holds that

2 2
||F|iD(1,2)([p>7]:0,W;H) = ”F”L?(IP’;L?()\[SVT];HS(U,H)))

T sup [EE, 5(P, Fo, W: H)(Y)) u]| (2.183)

Yespan(S(E,Fo,w:HS(W, NN {0} 1Y |L2®:L2 (A 5.0y HS (U, H)))

Corollary 2.34. Assume Setting let F € LQ(]P’|0(}-OUU(W)UN); H), and let (F,)nen be a se-
quence in D(M2) (P, Fy, W; H) which converges to F' in the weak topology of L? (Plo(Fouowyuny: H).
Then F € D2 (P, Fy, W; H) and the sequence (D(P, Fo, W; H)F),)nen converges to

D(P, Fo, W; H)F it the weak topology of L?(P|,(x,uew)un; L? (Ais,r; HS(U, H))).

Corollary 2.35. Assume Setting let X € LQ(IP’|U(;OUJ(W)UN); Lz(/\[S7T]; HS(U, H))), and let
(Xn)nen be a sequence with the property that sup, ey [|6(P, Fo, W3 H)(Xn)ll 221, 00 cwyonry i H) <
oo which converges to X in the weak topology of L? (Pl (Fouo (W)un); L? (As,p; HS(U, H))).
Then X € Doms (P, Fo, W; H) and (6(P, Fo, W; H)(X,,))nen converges to §(P, Fo, W; H)(X) in
the weak topology of L?(P|,(x,usw)uny: H).

The following result is a simple but central property of the Skorohod integral, which is crucial
for the proof of the Ito-Alekseev-Grobner formula [3.3]

Lemma 2.36. Assume Setting let (s,t) € Ag 7, let Fig gup,r) € A be a o-algebra with the
property that Fg sjupe,r) = o(Fo U{W,: 7 € [S,s]U[t,T]} UN), and let
X € L°(Py(rouo(wyuny; Brz(as.os,ay))- Then

X154 € Doms (P, Fis supe, 1), Wlis, 5 H) (2.184)

if and only if
Lj,,qX € Doms (PP, Fo, W; H) (2.185)
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and, in that case,

t

T
[ Xud (P, Fis sjope, 1), Wlis o H)Wa = g L, (w) X 6(P, Fo, W5 H)W,. (2.186)

Proof of Lemma[2.36, We start with the "only if" part. Assume that (2.185) holds true.
In order to show, that (2.185)) is true, we have to show that there exists a ¢ € [0, 00) such that
for all F € D2(P, Fo, W; H) such that ||F|| 2,y < 1 it holds that

E[(D(P, Fo, W; H)F, L5 ) X) 12 (Ag.2 HS (U, )] < C- (2.187)

Let F € DY2(P, Fo, W; H) be such that || F|| 2y < 1. Then Lemma implies that

F € DOD(P, Fis o), Wlis, H). From Lemma [2.16] the defintion of the Skorohod integral
and the Cauchy-Schwarz inequality we get
EKD(P’ Fo, W; H)F, ]l[s,t]X>L2(,\[S,T];HS(U,H))]

D(P» Fo, W H)l[s,t]F,X|[s,t]>L2()\[S,t];H)]

(2.188)

E[(

=E[(D(P, Fis,sjuit,17» W|[s,t];H)Fa X|[s,t]>L2()\[Sﬁt];H)}
_E((F
(P

We conclude that (2.185)) holds true.

Now we show the "if" part. Assume, that (2.185) holds true. Let F € D(2)(P, Fy, W; H) for

the remainder of the proof. It follows from Lemmathat F e DLA(P, .7-"[5 ot ) Wlis,ps H)-

From Lemma [2.16] and the defintion of the Skorohod integral Definition [2.2§] it follows that
E[(D(P, Fis,sjuie,r)s Wlis, 3 H)F, X|[s,t]>L2()\[syt];H)]

D P, Fo, W, H)|[9 t]F X|[et >L2()\[s,t];H)} (2 189)

L2(>\[SWT];HS(U,H))]

=E[(
=E[(D(P, Fo, W; H)F, 15 4 X)
E[(

F,5(P, Fo, W; H)(Lis,0X)) 1) -

Since span(S(P, Fo, W; H)) C DM2)(P, Fy, W; H) and span(S(P, Fo, W; H)) is dense in L2(P; H)
it follows that D(2)(P, Fo, W; H) is dense in D(12) (P, Fis,sjupe,r)s Wlis,; H) with respect to the
topology induced by || - |[z2(p;r). Therefore, we conclude from Lemma [2.26 that (2.184)) holds
true and that

§(P, Fis,sute, s Wlis,gs H) (X js.67) = 0(P, Fo, Wi H) (L5 9 X). (2.190)

The proof of Lemma [2.36]is thus completed. O
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The following Lemma is a generalization of Lemma 2.9 in Grorud and Pardoux [1992|

Lemma 2.37. Assume Setting [2.1] Then
span(S(P, Fo, W; L*(A\s,ry; HS(U, H)))) € Doms (P, Fo, W; HS(U, H)) (2.191)

and for all G € span(S(P, Fo, W;R)), n € LQ()\[SVT];HS(U, R)), h € H it holds that
T T T
[ Geh 8(P, Fo, W; H)W; = G(gntth>h - (g (Dy(P, Fo, W;R)G,nt>HS(U’R)dt> h. (2.192)

Proof of Lemma[2.37 Let G € S(P, Fo, W;R), n € L*(A\s,77; HS(U,R)) and h € H. Then

Gnh € span(S(P, Fo, W; L*(A\js,7; HS(U, H)))). The product rule Lemma and the integra-

tion by parts formula Lemma imply that for all F € span(S(P, Fo, W; H)) it holds that
EKD(P’ Fo, Wi H)F, Gnh>L2(A[S,T];HS(U,H))]

[<G( (P, Fo, W; H)F), 77h>L2(,\[S,T];HS(U,H))]

=E[ (D P, Fo, W;R)G)F, 77h>L2(,\[s,T];Hs(U.,H))]

(2.193)

L2(>‘[S,T] 7I‘IS([,77I‘I)):|

(
E <GF fntdet> } —EKF, (ﬁ(RfO,W;R)G)nh>
_E <

GF. [ whdWi) | ~E[(F.J(Du(E.Fo, WiR)Gmhdt) ]

:E_< (fntth)Gh (Z(ﬁt(ﬂ”,}‘o,W;R)G)mdt)h>HS(U’HJ.

Therefore, the assertion follows from Lemma [2 The proof of Lemma is thus completed.
O

The following is a generalization of Exercise 3.2.8 in Nualart [1995|

Lemma 2.38 (A stochastic analogon of Fubini’s theorem). Assume Setting[2.1] let (E, &, v) be
a finite measure space, and let
X € Domg (P, Fo, W; L?(v; H)). Then

[ Xi(y)dv(y) € Doms (P, Fo, W; H), (2.194)
E

and it holds v ® P-almost everywhere that

}é Xi(y)dv(y) (P, Fo, W; H)W; = é (th §(P, Fo, W; H)Wt> (y)dv(y). (2.195)

n—N

Proof of Lemma[2.38, From X € Doms (P, Fo, W; L?(v; H)) it follows that
S(P, Fo,W; L?(v; H))(X) € L*(P; L?(v; H)). This together with v(E) < oo and together with
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Fubini’s theorem implies that [g §(P, Fo, W; L?(v; H))(X)(y)dv(y) € L*(P; H) and that
[ X (y)dv(y) € L*(P; L*(\js,7; HS(U, H))). Consequently, Definition of the Skorohod in-
tegral and Fubini’s theorem imply that for all ' € D(2) (P, Fy, W; H) it holds that

E[<D(1P’, Fo, W H)FvéX(y)dV(y)>L2(>\[s,T];HS(U7H)):|

—E| [ (D@, Fo,W; H)F, X d
[(PEFWIEX) o dvy)]

=E K'D(P, Fo, W, L2(l/; H))F, X>L2(A[S,T];HS(U>L2(E;H)))} (2.196)
= E|(F,8(, Fo, Wi L2(v; ))(X)) 2o |
[ (R, Fo, Wi L2 (v; ) (X)) v (v)]

= E[(F.[ 6. Fo. Wi L2 ) (X)) v(w)) |

Therefore, Lemma yields that the stochastic process {[ X¢(y)dv(y): t € [S,T]} is Skorohod
integrable and that (2.195) holds true. The proof of Lemma is thus completed. O

2.3 Derivative of an adapted process

The following lemma follows from Lemma 2.6 in Le6n and Nualart [1998|

Lemma 2.39. Assume Setting let s € [S,T], 7 € [S, 5], let Figrjuis,1) € A be the o-algebra
with the property that

]:[S,r]u[s,T] = O’({Wt —Ws:te [S, T]} U {Wt —Ws:te [S,T}} U Fo UN), (2.197)

and let F € DW2(P, Fo, W; H) be Fis,,u(s,7)/Br-measurable. Then it holds Ag7) ® P-almost
everywhere that
D(]Pa -E]v W; H)(]]-(r,s’)F) =0. (2198)

Proof of Lemma[2.39 In the first step, let F € S(P, Fo,W;H). As F is Fis,rjuis,r)/Ba-
measurable, it follows that there are with the property that n € N,

B1- e b € L2 A5,y HS(U,R)), f € Cp27T0 M) (Rn 0 R), h € H such that it holds P-almost
surely that

T T
F=1([61(s)W,,.... ] 6uls)aW, ) (2.199)
S S

such that for all 4 € {1,...,n} it holds Ajg-almost everywhere that ¢;1(. ) = 0. It follows
from the product rule Corollary and and from the fact, that the Malliavin derivative of a
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deterministic function vanishes, that it holds g 7] ® P-almost everywhere that
D(P, Fo, W; H) (L1, F) = Ly, D(P, Fo, W H) F

" 9f /T T
— 14 2_; Ti(g(m(s)dws, . 7£¢>n(s)dWS)¢ih

01 (7 L (2.200)
= 83{ (£¢1(5)dW97 o 7£¢n(5)de) (Liaydi)
i=1 g
T
=9 (£ B(s)AW, ) $(1)h) = 0.

In the second step, let F € D2 (P, Fo, W; H). Then there exists a sequence (F,)nen in
span (S(P, Fo, W; H)) such that |F — ﬁnHD(l,Z)(HD7_7_'07W;H) — 0 as n — oo. Therefore, the first
step together with linearity implies that for all n € N it holds that

1D, Fo. W?H)FIL(’%S)||LZ(Ma(;OuU(ww);L2<A[S,T];HS(U,H)))
= HD(P7‘FO)W7H)ﬁ]1(T,S)

= D Fo, Wi H)End1,5) | 201 e 20 s 1) (2.201)

< HD(P’ Fo, W; H)F - D(P’ Fo, W; H)Fn HLZ(P‘U(FOUU(W)UN);LZ(A[S,T];HS(UvH)))

= Hﬁ’ - ﬁ"||D(1=2)(IP,Fo,W;H)'

The right-hand side converges to 0 as n — oco. The proof of Lemma is thus completed. [

2.4 Skorohod integral generalizes the Itd integral for L*-

integrands

It is well-known that the classical Skorohod-Integral generalizes the Ito-integral restricted to
square-integrable integrands which are adapted to the Brownian filtration. The following result,

Proposition [2.40 generalizes this.

Proposition 2.40. Assume Setting let s,t € [S,T| satisfy s <t, let F = (Fy)pejsy be the
filtration with the property that for all v € [s,t] it holds that

Fr=cW,—Ws:u€ls,r])Vo(Wy,:ue[S,s]) VoW, —W:u e [t,T])V Fo, (2.202)

and let X € L?(PP; LQ(/\[S,T];HS(U, H))) satisfy that X |5 is F-adapted. Then X|[ ) is
P,o(Wy:u e[S, s))Vo({{W, =Wy r € [t,T]}) V Fo, W|(s 4q; H)-Skorohod integrable and it holds
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P-almost surely that

[ X, 8B, 0 (Wa: u e [, 8]) Vo ({Wy — We: 1 € [t TI}) V Fo, Wliay — Wes H)W, fX dw,.

) (2.203)
Proof of Proposition[2.]0 For the first step of the proof, let 71,72 € [s,t] with the property
that 1 < 7o, let G € M(c(c({Wy — Ws: u € [s,71]}) U Fo UN),Br), h € HS(U, H), and
let Y € S(P, G, W; Lz()\[s,t];HS(U, H))) be such that it holds A[,,; ® P-almost everywhere that
Y = G1(,, ,,h. Therefore, Lemma@ implies that it holds P-almost surely that

[Yub(B,0(o(Wa = Wi u € [s,ral}) U Fo), W3 H)WW,

(f]l(rl 1"2] )h — (}(Du(P, Fo, WQR)Gv ]l(rl,rz](u»HS(U,R)du)h
s 2.204
) (HM] i (2:20)
— [ YadW.

»

Linearity implies that holds for all elementary (F;);c[sq-adapted stochastic processes.
Moreover, every square integrable (F;);c[s4-predictable process is the L2()\[57t] ® P, HS(U, H))-
limit of a sequence of elementary (F);cs,-predictable stochastic processes. The fact that
both the Skorohod integral and the It6 integral are closed linear operators together with equa-
tion implies that X|j; 4 is (P,o(Wy: u € [S,s]) Vo({{W, = Wi r € [t,T]}) V Fo, Wlisq) —
Wy; H)-Skorohod integrable and that equation holds true P-almost surely. The proof of
Lemma [2:40] is thus completed. O

2.5 Multiplication with a random variable

The following is a generalization of Display (1.49) in Nualart 1995,

Lemma 2.41. Assume Setting let (u;)i;eny be a Hilbert space base of U, let H; be a
separable real Hilbert space with scalar product (-,)pm,, let X € Doms(P, Fo, W; H), and let
G € DU2(P, Fo, W; HS(H, Hy)). Then GX € Doms (P, Fo, W; Hy) and it holds that

T
G [ X, 8(P, Fo, W; H)W,
S
;oo (2.205)

GXt(S(HD, .7:0, W; Hl)Wt + f Z (Dt(P, Fo, W; HS(U, Hl))G) (uz)(Xt(ul))dt
s =1

n—n

Proof of Lemma[2.41} For the first part of the proof, assume that
G € S(P, Fo,W;HS(H, Hy)). For the rest of the proof, let Gy € S(P,Fy,W;R) and ¢ €
HS(H, H;) be such that holds P-almost surely that G = Go¢, let ¢* € HS(H;, H) be the adjoint
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operator of ¢, and let G* € S(P, Fo, W;HS(H;, H)) have the property that it holds P-almost
surely that G* = Gg¢*. It follows that for all z € Hy, y € H it holds P-almost surely that

(,G(Y))u, = Golz, oY), = Go(d™(2),y)u = (G (x),y)m- (2.206)

From Fubini’s Theorem, equation (2.206)), and the product rule Corollary it follows that for
all F e S(P, Fy, W; Hy) it holds that

E {(D(R Fo. Wi HOF.GX) oy ;HS(U,Hl))]

&=

dt

-<Dt(P7 Fo, W; Hy)F), GXt>HS(U,H1)}

=

:<G*Dt(P, Fo, W; Hy)F, Xt>HS(UvH>} dt

&=

[(Dy(P, Fo, W; H)(G*F) — (Dy(P, Fo, W; Hy)G*)F, X;) }dt

HS(U,H)

E =N =N =N

(2.207)

—

(D(P, Fo,W; H)(G*F), X>L2(A[S,T];HS(U,H))}

o0

_ ZEE[<(Dt(P, Fo, W; H1)G™)(w;) F, Xt(ui)>H} dt

oo

T
[<G*F [ X, 8(P, Fo, W5 H)W,) | — ZEM (DB Fo, W H)G) 1) (X2 ),

o0

—E[(F.G [ X0, Fo, Wi H)W; - Z;(Dt(ﬁa Fo. W Hy)G) () (Xe(wi))dt)) .

Thus, Lemma implies that
GX € Domg(P, Fo, W; Hy)(L*(As,ry; HS(U, Hy))) (2.208)

and that it holds P-almost surely that

TOO

G ] X0 O(P,Fo, W3 H)Wi = [ GXD(P. Fos W3 HOWs = [ S (DB, Fo, Wi HI)G) 1) (X ) ).
=1

(2.209)
For the second part of the proof, we observe, that by linearity, (2.208]) and equation
hold true for all G € span (S(HS(H, H1))), n € N. From Lemma we conclude that
and equation holds true for all G € D(2) (P, Fy, W; HS(H, H;)). The proof of Lemma
is thus completed. O
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2.6 Derivative of an elementary Skorohod integral

Lemma 2.42. Assume Setting [2.1] Then
span (S(P, Fo, W; L*(Ais,r); HS(U, H)))) € Doms(P, Fo, W; H) (2.210)

and for all X € span (S(]P’, Fo, W, LQ(/\[S,T];HS(U, H)))) it holds that fg: X 6(P, Fo, W; HYW, €
D12)/(P, Fy, W; H) and it holds A(s,7) ® P-almost everywhere that

T
D(P, ]-‘O,W;H)(fXS 5(P, fO,W;H)WS)
S
., (2.211)
= X + [ D(P, Fo, W; L*(\js.7p; HS(U, H))) X4 6(P, Fo, W; H)W..
S

Proof of Lemma[2.43 It follows from Lemma [2.41] the product rule Corollary 2.14] Lemma[2:41]
the commutativity relation Lemma [2.17] and Lemma again that for all G € S(P, Fo, W;R),
he H,and alln L2(/\[S’T]; HS(U,R)) it holds P-almost surely that

T
D(P, Fo, W H)( | Guih 6(P, Fo, W3 H)W, )
S

T

hgE

= D(P, Fo, W: H) (G 0S(B, Fo, Wi R)Wih + [ (Dy(B, Fo, W HS(U, R))G) (ui)(nt(ui)h)dt)
54

1

3

o0

/
S
T T
— GD(P, Fo, W;R) (g 10 (B, Fo, W ]R)Wt) h+ D(P, Fo, W:R)(G) (g 160 (P, Fo, W R)Wt) h
T
[

+D(P, Fo, W;R) (S >~ (Du(P, Fo, W3 HS(U, R)G) () (me (i) )t )

i=1

T
— Gnh + D(P, Fo, W;R)(G) ( [ 03 (B, Fo, W R)Wt)h (2.212)

8

_Z (D(B, Fo, W:R) (Di(B, Fo, W:R)G)) (€3 (e)dt

7

Il
—

T
= G+ DB, Fo, Wi R)(@) ([ md(B, Fo, W:R)W, )

8

_Z (D1(B, Fo, W R) (D(B, Fo, W:R)G)) () (e)dt

7

Il
—

T
= Gnh + [ D(P, Fo, W; H)Gnih 6 (P, Fo, W; H)W,.
s

Linearity of the Malliavin derivative and of the Skorohod integral implies that for all
X € span (S(IP’, fo,W;Lz(x\[S,T];HS(U, H)))), equation (2.211) holds true.
The proof of Lemma [2.42] is thus completed. O
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2.7 Analogon of the It6 isometry
The following analogon of the Ito isometry is a generalization of (1.48) in Nualart |1995,

Lemma 2.43. Assume Setting [2.1] Then
D2 (P, Fo, Wi L* (As,ry; HS(U, H))) € Doy (P, Fo, Ws H), (2:213)
for all X,V € DW2/(P, Fo, W; L2(As.77; HS(U, H))) it holds that

||5(HD) ‘FO, W; H)(X)||2L2(IP’;H) S ”X”I%D(lﬂ)(]P’,fo,W;LZ(A[SYT];HS(U,H)))’ (2214)
and for all X,V € D2(P, Fo, W; L*(A\s,71; HS(U, H))) it holds that

(6(P, Fo,W; H)(X), (P, Fo, W; H)(Y)) (2.215)

L2(P;H)

T
E[(X¢, Ye)us(u,m | dt + é é E[(Dy(P, Fo, W; H)(X), Ds(P, Fo, W; H)(Yy))us(u,us(u, i) | dsdt.

Proof of Lemma|2.43 The definition of the Skorohod integral and Lemma [2.42] imply that for
all X,Y € span (S(P, Fo, W; L*(As,r); HS(U, H)))) it holds that

6(]P7 ]:07 Wv H)(X)a 5(]P)> fO, W7 H)(Y) € ]D)(LQ)(P’ an W; Lz()‘[S,T]; HS(Ua H))) (2216)

and

(8, Fo, W3 H)(X), 8(P, Fo, Wi H)(Y)) 2.

= E[(D(B, Fo,W; H) (5B, Fo, W H)(X)). Y ) oy sy

—E| Z<Dt<P, Fou W3 H) (8(B, Fo, W: H)(X)) , Yidus (o df]
T
]
S

T
E[ [(X: +£Dt(P7 Fo, W; L*(Ns.r); HS(U, H))) X5 (P, Fo, W5 H)W,, Yi)us (v, i dt

n—n

E[(X:, Yi)usw,m] dt (2.217)

T
]E[<£ Dy(P, Fo, W; L*(\s,r; HS(U, H))) X, §(P, Fo, W; H)W,, Yy)us(v,m | dt

+
n—y

[(Xe, Yo)usw,m)]dt

n—n
&

T
+£ E[(Dy(P, Fo, W; L*(As,r; HS(U, H))) X,

n—n

Dy(P, Fo, W; L*(Nis,ry; HS(U, H)))Ya)us(u nsu,my) | dsdt.

From inequality (2.217)) and the Cauchy-Schwarz inequality it follows that for all
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X € span (S(P, Fo, W; L*(A\s,7; HS(U, H)))) it holds that

|6(P, Fo, W; H)(X)H%Z(]P’;H)

T TT
B[ [1Xulrs(o.mydt] + ] TEID(B, Fo, W: H)(X.), D, Fo, W H) (X0 wsiws sy dsd

g
HXH%Q(/\[SYT];HS(U,H))} (2.218)

[ & [31D0(p, 70, W3 H)(X.)

<E
T
+£ Bsw,nsw,my + 51Ds (B, Fo, W; H)(Xt)HIZ—IS(U,HS(U,H))} dsdt

= 1 X302 @ 0, w.a0)-

For the rest of the proof let X,Y € DM2)(P, Fo, W; L2(As,71; HS(U, H))). Let (X™),en and
(Y(™),.en be sequences in span (S(IP’, Fo, W; LQ(A[S’T]; HS(U, H)))) which converge to X and Y
in DU2/(P, Fy, W; L2(As,r); HS(U, H)))), respectively. It follows that the sequences (X (™), cn
and (Y (™), ey also converge to X and Y, respectively, in the topology of L2(P|a(}-OUU(W)UN); H)
as n — 0o. Moreover, it follows that

supen [[0(P, Fo, W5 H) (X0 £2(Bl, g o wyonny ) < 00 and

suppen [|0(P, Fo, Wi H) (Yo )l 2221, (o cwyonn ;) < 00 hold true. Together with Lemma
we conclude that XY € Domgs(P, Fo, W; H) and that the sequences (§(P, Fo, W; H)(X,))nen
and (6(P, Fo, W; H)(Y))nen converge to (6(P, Fo, W; H)(X))nen and (6(P, Fo, W; H)(Y))nen,
respectively, in the weak topology of L2 (Plo(Fouowyuny; H), as n — oo. Together with equa-

tion (2.217) we infer that
<5(Pa an W; H)(X)7 6(]?7 an Wv H)(Y)>L2(p;H)
= lim E[(5(P, Fo, W; H)(X ™), 6(B, Fo, W H)(Y)) ]

= lim lim E[(6(P, Fo, W; H)(X™),8(R, Fo, W; H)(Y ™)) ] (2.219)

n—0o0 m—roo

n— o0 Mm—r0o0

T TT
= Jim tim (TR Y st 4+ TR ((Di(B,Fo, W3 L2 (g BS(U, H)) X,
D(P, Fo, W; L2 Mgy HS(U, ) Y™ Vs vm) ] dsdt)

n—N

TT
E[(X:, Ye)us(w,m ] dt +££E[<Dt(P, Fo, W5 L*(N\s,r; HS(U, H))) X,

Dy (P, Fo, W; L*(A\s,r; HS(U, H))) Yy )usw,m) | dsdt.

The proof of Lemma is thus completed. O
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2.8 The Skorohod integral for differentiable processes is closed
under strong L’-limits

Lemma 2.44. Assume Setting let X € DOD(P, Fo, W L2 (A\(s,7); HS(U, H))), let (X™),en
be a sequence in DM42(P, Fy, W;LQ()\[SﬁT];HS(U, H))), with the property that X(") converges
to X in D2, Fy, W5 L2 (N\s,7); HS(U, H))) as n — oo.

Then X € Doms(P, Fo, W; L*(\js,7; HS(U, H))) and 6(P, Fo, W; L*(\js,7y; HS(U, H)))(X ™)
converges to (P, Fo, W3 L*(As,rp; HS(U, H)))(X) in L*(P|,(x,uew)iun; H) as n — oo.

Proof of Lemma[2.74 This follows immediately from inequality (2.214) in Lemma [2.43] O

2.9 Derivative of a Skorohod integral

The following lemma is a generalization of Proposition 3.4 in Grorud and Pardoux [1992

Lemma 2.45. Assume Setting For all X € DM2)(P, F, W; L?(As,r1; HS(U, H))) it holds
that

if and only if
D(P, Fo, W; L*(Ajs,77; HS(U, H)))(X) € Doms (P, Fo, W; L*(As,7; HS(U, H))) (2.221)

and for all X € DU2)/(P, Fo, W; L(A\(s,7); HS(U, H))) with the property that
S(P, Fo, W; H)(X) € DU2(P, Fy, W; H) it holds P-almost surely that

D(P, Fo, W; H) (6(P, Fo, W; H)(X))

(2.222)
= X + 6(P, Fo, W; L*(A\(s,7); HS(U, H)))(D(P, Fo, W3 L*(As,r; HS(U, H))) X5).

Proof of Lemma[2.45 For the only if-part, let X € D12 (P, _7-'07W;I/2()\[SI];HS(U7 H))) be
such that 6(P, Fo, W; H)(X) € D2)(P, Fo, W; H). We conclude that
D(P, Fo, W; H)(§(P, Fo, W; H)(X)) — X € L*(P; L*(A\s,7); HS(U, H))) (2.223)
and
D(P, Fo, W; L*(As,rp; HS(U, H)))(X) € L*(P; L* (5,7 HS(U, L*(\js,7; HS(U, H)))))- (2.224)

From Lemma [2.43| and the definition of the Skorohod integral it follows that for all
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F e SP, Fo, W; LQ()\[SyT];HS(U, H))) we have

(DB, Fo, W; L2 (A2 HS(U, H)))(F),

D(P, Fo. W: L2 (Ao 11: HS(U, H X>
(P, Fo, W3 L™ (hgs.rys HS (U, H)))( )L?(P;LQ(A[S,T];HS(U,L2<A[S,T];HS(U,H»)))

E[(D,(P, Fo, Wi L2 (As.2y; HS(U, ) (Fy), (2.225)

Il
n—
n—

Dy(P, Fo, W; L* (N5, HS(U, H)))(Xs)>HS(U,HS(U,H>>} dsdt

B[(3(8, Fo. W H)(F). (2, Fo, W3 H)(X)) ] — L B Xosanande

T
E[(F,D(P, Fo, W; H) (5(P, ]:07W;H)(X))>L2(A[S,T];HS(U,H))] - £E[<FtaXt>HS(U,H)}dt

= ]E|:<FaD(]P>a an W,H)((S(P,.Fo,W,H)(X)) - X>L2()\[S,T];HS(U,H))

Therefore, Lemma, implies that
D(IP) ]:()a W’ L2<)‘[S,T] ; HS<U7 H)))(X) € DOI’Il(;(HD7 *FO? W7 L2()‘[S,T] ; HS(U7 H))) (2226)
and that it holds P-almost surely that

= X + 6(P, Fo, W; L*(A\(s,7); HS(U, H)))(D(P, Fo, W3 L*(As,77; HS(U, H))) X). '
For the if-part let X € DM2)(P, Fo, W; L?(As,7; HS(U, H))) with the property that
D(P, Fo, W; L*(Ajs,7y; HS(U, H)))(X) € Domg (P, Fo, W3 L*(As.77; HS(U, H))). (2.228)

From Lemma [2.43] and the definition of the Skorohod integral it follows that for all
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Y € S(P, Fo, W; L*(\s.; HS(U, H))) it holds that
E [(8(P, Fo, W; L2 (\is,y HS(U, H)))(X), 8(P, Fo, W; L2(Ajs,77: HS(U, H))) (V)

E[(X¢, Yi)us(w,myldt

_|_
0= e

T
éE[(DS(P, Fo, W; L2(\s7p; HS(U, H)))(Xy),
Dy(B, Fo, W; L2(A(s.17; HS(U, H)))(Y5)) 1 (/\[S,T];HS(U,HS(U,H))] dt (2.229)

T
= gE[<Xt73Q>HS(U,H)]dt
+ <D(Pa ‘F()a Wa L2(>\[S,T]7HS(U7 H)))X7
.72 .
D(Pa Fo, W5 L ()‘[S,T]v HS(Ua H)))Y>L2(IP’;L2(>\[SYT];HS(U,L2(/\[SYT];HS(U,H)))))

= <X7 Y>L2()\[S,T]§HS(U7H))
o+ (8(8, Fo, W3 L*(Njs, 773 HS(U, H))(D(P, Fo, W L2 (A HS(U, HD)X),Y) sy

= (X + 6(P, Fo, W; L*(\js,77; HS(U, H)))(D(P, Fo, W; L? (5,77 HS(U, H))) X),
Y>L2()\[SYT];HS(U,H)).

Lemma and the facts that 6(P, Fo, W; H)(X) € L?(P; H) and that

X + 6(P, Fo, W; L*( A5, HS(U, H)))(D(P, Fo, W5 L*(As.7; HS(U, H))) X) (2.230)
€ L*(P; L*(\s.17; HS(U, H))) ’
imply that it holds that
§(P, Fo, W; L*(A\s,r; HS(U, H)))(X) € DO (P, Fo, W; L*(A\s,r; HS(U, H))). (2.231)

Thus the if-part of the above assertion implies that
o(P, Fo, W; LQ()\[S’T];HS(U, H)(X) e D1:2) (P, Fo, W;LQ(A[S,T];HS(U, H))). The proof of
Lemma is thus completed. O
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Chapter 3

Perturbation of SDEs

We are now equipped with the prerequisites to focus on the main problem of the thesis: How
can we estimate the L2-distance of an It6 process and a stochastic flow? On this behalf, we
introduce two formulas: The first formula, the deterministic It6-Alekseev-Grobner formula which
generalizes the Alekseev-Grobner Theorem from the introduction allows us to express the
difference of a pathwise defined stochastic flow and a pathwise defined stochastic process with
continuously differentiably paths.

The second formula, which is the main result of this thesis, is a non-deterministic, non-pathwise
generalization of the It6- and the Alekseev-Grobner-formula and allows us to express the differ-
ence of a general stochastic flow which is twice continuously differentiable in the starting point
and a general LP-Itd process.

Finally, we demonstrate how the It6-Alekseev-Grobner formula can be applied to prove strong
L2-convergence rates of approximation schemes of SDEs using the example of the stochastic
van-der-Pol oscillator.

Section 3.1 and Section 3.2 are the result of joint work with Martin Hutzenthaler, Arnulf Jentzen
and Sara Mazzonetto which is available online as arXiv preprint Hudde, Hutzenthaler, Jentzen,
and Mazzonetto 2018l

3.1 The deterministic Ito-Alekseev-Grobner formula

The following proposition, Proposition generalizes the Alekseev-Grobner formula (cf., e.g.,
Hairer, Ngrsett, and Wanner 1993, Theorem 1.14.5) (which is the special case k = d, f = Idga
of Proposition to general test functions.

Proposition 3.1 (Deterministic Ito-Alekseev-Grobner formula). Let d,k € N, T € (0,00),
let O C R be a non-empty open set, let u € C°([0,T] x O,R%), Y € C([0,T],0), X.(".) =
(XS 4)selo,1),tels,1),ec0 € C°(Ar x 0,0), f € CHO,R¥), assume for all s € [0,T)] that (O >
z = p(s,z) € RY) € CHO,R?), assume that ([0,T] x O 3 (s,z) — (Zp)(s,z) € LRY,RY)) €

71
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C°([0,T] x O, L(R",R?)), and assume for all s € [0,T], t € [s,T], x € O that X¥, = = +
fst p(r, XZ,)dr. Then

T
£ = 10) = [ 1) F X (s, V) — 42 as. oy

Proof of Proposition[3.1 The assumptions and the fundamental theorem of calculus imply for all
s€[0,7),t€[s,T],z € Othat ([s,T] > u+s X, € 0) € C}(0,0) and that £ X7, = p(t, XZ,).
This, the assumptions, and Hairer, Ngrsett, and Wanner 1993, Theorem 1.14.3) prove that for
all s € [0,7], t € [s,T] it holds that (O > z — XZ, € O) € C'(0,0) and that ZX: €
C(Ar x O, L(R% R%)). Moreover, the assumptions, and Hairer, Ngrsett, and Wanner 1993,
Theorem 1.14.4) show that for all 2 € O it holds that ([0,7] > s = X7, € O) € C*([0,T],0),
that %X;T € C°([0,T] x O,R?), and that for all s € [0,T], x € O it holds that

%X:,T = _%X:,TN(&%)- (3:2)

Therefore, the chain rule implies that ([0,7] 3 s — XSYT € O € C([0,T],0). Moreover, the
fundamental theorem of calculus, the chain rule, and (3.2]) yield that

P~ 10 =~ [ (5005)) as

_ _/OT FI(XYy) ((iXiT)‘m—

o Ys d
v + ({)IXS,TdsYS) dS

r o (3.3)
== [ X (- BNl + X V) ds
g Y, Y,
_ /O PO X (s, Y2) = 472 ds.
The proof of Proposition [3.1]is thus completed. O

3.2 The Ito6-Alekseev-Grobner formula

Setting 3.2. Let d,m € N, T € (0,00), p € (4,00), let (Q,F,P) be a probability space, let
W:[0,T] x @ — R™ be a standard Brownian motion with continuous sample paths on the
probability space (0, F,P), let N = {A € F: P(A) = 0} denote the P-null sets, let F = (F¢)icp0,1)
be a filtration on (Q, F) which satisfies that Fy and o(Wy: s € [0,T]) are independent and which
satisfies for allt € [0,T] that F, = o(FoUo(Wy: s € [0,t])UN), let O C R? be a non-empty open
set, let pi: [0,T]xO — R, o: [0, T]x O — HS(R™,R%) be continuous mappings, let X (-): Arx
OxQ— 0, X2(): Ar x 0 x Q = LRYLRY), and X2 (1): Ap x O x Q — LO(RERY) be
continuous random fields such that for all s € [0,T], w € Q the mapping O > x — X7 p(w) € O is
in C*(0,0), such that for all s € [0, T], x € O the stochastic process [s, T|xQ 3 (t,w) — X¥, € O
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s (N Ua(W, = Wy:r € [s,t]))ic[s,)-adapted and for all t € [s,T] it holds P-almost surely
that

t t
X;:,t =z+ f/i(?“, Xsw,r)dr + fO'(T', X;C,r)dWTv (3'4)

such that for all (s,t) € Ap, x € O it holds P-almost surely that Xi(;t = X{ 1, and such that for
all (s,t,z,w) € A x O x Q it holds that X,7} (w) = & (X7, (w)) and X2} (w) = a—Z(Xs‘ﬁt(w)),
and let Y € LP (Ao ®P;0), A € LP(N\jg 1 @P;R?Y), B € LP(Ajg. 1) @ P; HS(R™,R?)) be stochas-
tic processes such that Y has continuous sample paths, such that Y and B are F-progressively
measurable and such that for all t € [0,T] it holds P-almost surely that

t t
Y, = Yo + [ Ayds + [ BodW,. (3.5)
0 0

Theorem 3.3 (The Ito-Alekseev-Grobuner formula). Assume Setting let ¢ € 0,5 —2),

assume that

sup JE:fFH ( t, X ““‘)Hp +Ho(t XY“”L)HP dt| < oo (3.6)
heT/s L0 8 Ltnt) lIga Pt )| pgrm R '
and , }
“u E HXXYT " H 1L,Xx)n P2(aT) H 2,X)7 2(aFD) < 0o (3 7)
TasvtégvT] R L(R?,R%) &7 L(2)(R4,R) ’ '
r<s<t

let k €N, ¢y € [0,00), and let f € C?*(O,R¥) satisfy that for all x € O it holds that

max { LS| (@) e s 17 () o ety < o1+ [zl ). (3.8)

Then the stochastic process (f’(XZ%)XTl”;:T (o(r,Y,) — BT))re[o 7 (P, Fo, W;RF)-Skorohod-
integrable and it holds P-almost surely that

I 3“°T - J(y:
/ 1Y, z / Y, 1Y, k
FXY) XL ( (r,YT)—AT)dr—k({f (XX X0 (0, Y2) = B, )3(P, Fo, Wi RF)W,
d T

1 T

+21,§]:1({( o(r, Y, )o(r,Y,)T BTBT)M (3.9)

() (XA X0) + F (X)) X2 ) (e e dr.

Proof of Theorem[3.3, The fact that for all w € Q the mapping O > z — Xf (w) € O is
continuous and equation (3.4]) imply that it holds P-almost surely that X%/TT = Yr. Moreover,
we rewrite the left-hand side of equation (3.9) as telescoping sum and obtain that for all n € N,
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h € {£} it holds P-almost surely that

F(X0%) = F(Yr) = F(Xops) = f(Xah'r)

n—1
; Yityn
=3 () = (X)) (3.10)
=0
n—1 n—1 v
=3 () = X)) = S0 (PO ) = F(X ) )-
1=0 =0

First, we analyze the second sum on the right-hand side of equation (3.10)). For all ¢ €
[0,T], z € O, i € {1,2} the mappings 2> w — X7 (w) € 0, Q> w X;;(w) € LO(RY,RY)
are (N Uo(Ws — W;y: s € [t,T]))-measurable. This together with the fact that for all w € ,
t € [0,T] it holds that (O >x— f(XPr(w)) € Rk> € C?(0,R¥) implies that for all ¢ € [0, T] the
mapping Q 3 w (O >z f(XPr(w)) € Rk> € C?(0,RF¥) is independent of the o-algebra F;.
Ito’s formula for independent random fields (e.g., Theorem 25.30 and Remark 25.26 in Klenke
2008)) (applied with the mappings Q 3> w +— (O Sx— f(X(mH_l)h r(w)) e Rk) € C%(0,R¥) for
neN, ie€{0,1,...,n—1}, h € {L}) yields that for all n € N, i € {0,1,...,n— 1}, h € {L} it
holds P-almost surely that

f(XY““)" ) - f(XY” )

(i+1)h, T (i+1)h, T
@+ 1k o T 1 . @+ 1k 82 T (d) (d)
= {L %(f(X(iJrl)h,T))}x:yrdYT +3 Z {L W(f(X(H»l)h,T))’x:yr(el €5 )d((Y)r),
(3 l,]zl (3
(i+1)h v v (i+1)h v Ly
= Z{L f (X(erl)h ) Xy pArdr + i P (X, T)X(erl)h 7 BrdW, (3.11)
d
(i+1)h
+ % f (BTBTT)Z j
Lim1 ih
sJ

Y, 1,Y, 1,Y, 2,Y, (d) ()
' (f//(X(hLl)h ) (Xiioynr Xiynr) +F (X7 arnn ) X G, T)(el ve; )dr.

Inequalities (3.8) and (3.7)) imply for all 7 € {1,2} that

XY' X
sup Hf( ) » _ <c¢y sup Hl—i—HX »
r,5,t€[0,T] La (B;L(" (RY,RF)) r,5,t€[0,T] RAIIL 7 (P;R)
r<s<t r<s<t

(3.12)
) < 00.
Lr(P;R%)

Holder’s inequality, inequalities (3.7] , , and the assumption B € LP (o, rj@P; HS(R™, R%))

<co[ 14+ sup HX
r,s,t€[0,T]
r<s<t
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imply that for all n € N, i € {0,1,...,n — 1}, h € {Z} it holds that

XY X B ’
( (i+1)h, T) (t+1)h,T LZ(P§L2(>\[ih,,(i+1)h]?HS(RmJRk)))
XY, )XW B ’
( " “ T) " “h T L2()\ 0,7 ®]P"HS(R'” Rk))

(3.13)

< H||f,(XF‘/;\h,T)HL(Rd7R’“ HXHh T||L(]Rd ]R")”B ”HS(R"‘ R4) L2(A0,7)®F:R)

Hf( Hh, )||Lq (Ao,7)®P;L(R4,RF)) || Hh T”LP TCEnY] (Apo.7 @FSL(RY, Rd))||B||LP()\[O,T]®JP’;HS(R7",RL1))

p—2 / -
<Tz» ((r,j)uepAT Hf (Xs,T) ||L% (P;L(Rd’Rk))> ((r,j)uepA HX ||Lp 34+ D) (P;L(R4, Rd)))

Bl Lo (x,n@PHS @™ RY) < OO

ForallneN, i€ {0,1,...,n—1}, h € {%} the stochastic process

Y, 1,Y,
(F" (X, T)X(erl)h 7 Br )re[m,(iﬂ)h] (3.14)

is progressively measurable with respect to the filtration

(o(Fr Uo({Ws — Wity s € [(i + 1)h, T]}))) (3.15)

relih,(i+1)h]"
Proposition together with inequality (3.13), Proposition and linearity of the Skorohod
integral yield that for all h € T'/N it holds that (f’ (XYT )X1 He 7Br)rejor) is (P, Fo, W; R¥)-

[0, T/ [T ns
Skorohod integrable and that for all n € N, h € {Z} it holds P-almost surely that

. 1Y,
Z (z+1)h T)X(i+1)h,TBTdWT
=0 Z
n— (H—l)h
Y, 1Y,
= 5 f (X(erl)h T)X(z+1)h 7 Br
i=0

§(P,o(Fin Ua({Ws = Wiirnyn: s € [(i + 1), TIH), Wlin,(i41)my <03 RF) W, (3.16)
1

3
|

T
g]lzh z+1)h]( )f/(XF;T]h,T)X[ﬂ TB 6(]P> IFO:‘/V R )W

O

F(Xfr

= )XY B, 8(P, Fo, W; RF)W,.

o—n s

[r] T
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Equations (3.11) and (3:16) imply that for all n € N, h € {Z} it holds P-almost surely that

i
L

Y ¢
(PO = F(X )

T T
- { FXn, 2) X par pArdr + g F(XPn, 2) X0 2 Bro (B, Fo, W RE)W, (3.17)

d T

E g s L s ¥ r s X d d

* % g (BTBTT)I,J‘ (f” (XF:ZM,T) (XflﬁfmT’ XflﬁfmT) +f (XF:“'\ }L7T)X?T%/h7T> (el( )’ e; ))dT‘.
Li=1

Next, we analyze the first sum on the right-hand side of equation . For all
(s,t) € Ap, 2 € O it holds that P(X?, = XtX;‘) = 1. This and the fact that X is a continuous
random field imply for all (s,t) € Ar that IP’(X:ST = Xf;‘) =1. Forallt € [0,T], z € O,
i € {1,2}, the mappings Q@ > w = X{7(w) € 0, Q> w — XZ;(UJ) € LORY RY) are o(N U
o(Ws — Wy s € [t,T]))-measurable. This together with the fact that for all w € Q, ¢ € [0, T7, it
holds that (O > f(XPr(w)) € Rk)) € C?(0,R¥) implies that for all ¢ € [0, 7] the mapping
Q3w (O > [(XPr(w)) e Rk)) € C?(0,R¥) is independent of the o-algebra F;. Ito’s
formula for independent random fields (e.g., Theorem 25.30 and Remark 25.26 in Klenke 2008)
(applied with the mappings Q 3 w — (O Sz f(X{ iy rWw)) € Rk) € C?(O,R*) for n € N,
i€{0,1,...,n—1}, h € {L}) yields that for all n € N, i € {0,1,...,n — 1}, h € {Z} it holds
P-almost surely that

f(Xzf/th) - f(X(YiiLl)mT)
Xz‘Yhi,}Ez‘+1)h Yin
- f<X(i+1)h,T ) - f(X(i+'1)h,T)

:(iJrfl)hf/(XX;jgf; )Xl,X:/,jf; JxYen

3 G+DR,T )X i+ 1), T4 ih,r
d .
(i+Dh X Nin 1,X)5n 1,X)5n
1 ih,r Fih,r »“Fih,r
+3 Z i (f” (X(i+h1)h,T) <X(i+1;h,T7X(i+1;h,T> (3.18)

lj=1
X 2X00 0\ (@) (d) vi
+ <X<i+h1)h,T> X(i+1)hh,T> (a7, e;)d((X ")),

(i+1)h x e g x s Y, (i+1)h x n N g x e Y,
Lrlp,m lrlpr LrIn Lrlpsr T lrln
= f’<erfT )XM,L,T' plr X )dr+ f’(thfT )er,Th o (1 Xy ) AW

ih
(i+1)h T
f (0’ (r, XE;LJJ "T) o (r, XE/TLJ” ’IT) )
| ih hs hs l,]
Yl Yl Yl

X rln 1 XYLTJ}L 1.X rln b'e rln 2 XYU‘Jh
Lrlpr Ll Ll Lrlpr Prlpor | ((d) ()
. (f” (X"T-lhf’} > (X’VT—I;“T}L I X[T—‘ h,Th ) + f/ (X(T]hf’} >X[T] h,Th ) (el ’ ej )dr

Holder’s inequality and inequalities (3.12), (3.7), and (3.6) imply that for all n € N, i €

d
1
T3
Lj=
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{0,1,...,n—1}, h € {L} it holds that

Y,
X 1XL5J}L L)
f (XHJ% X" "( XLJJ)

L2(P;L2(Ajin, (i+1)r); HS(R™,RF)))

Y,

X XLEJ XYL

=\f <Xm3 X1 U( uh,h)
L2 (Ao, 7)®P;HS(R™ ,R*))
/ X?H”’ 1XE/5J’I Y.
dho h . In
<\ XKraer [1n,T Ha< ’XHM) HHS(R’",Rd) (3.19)
L(R4,RF) L(R4,R%) L2 (Ao, ) ®P;R)
X?i-lh 1 X?b-lh

! dhoe ek

S f X('WhaT P X"'—‘h)T 2p
La (Ao, 7)®P;L(R?,R*)) Lr=2(a+D) (Ao 7)@P;L(R,R?))

Lp (>\[O,T] ®IP;HS(]R"1 7]Rd))

L]
"( uh,h)
— Y Yy
< P2p2 sup f-/ (Xt}(jz,g> ) sup 1L,X."
r,s,t€[0,T) ’ L (P;L(R4,RF)) .8, te[o T]

’ T, 8
Xt
r<s<t r<s<t

s

2p
Lp=2(a+D) (P;L(R%R‘l))>

(g [l (x5 ) <o
KET/N o LP (Ao, 7] ®P;HS(R™ ,R4))
Foralln €N, i€ {0,1,...,n—1}, h € {L} the process
m”i 1 wa’i Y;
(7 (X550 X500 (7 X05)) s (320)

is progressively measurable with respect to the filtration (3.15). Proposition together with
inequality (3.19)), Proposition and linearity of the (P,Fy, W;R¥)-Skorohod integral assert

Yin YiIp

X 1,X
that the process f’ (XHL"I“:‘F’)XHhLT“‘ a( ijh) is (P, [Fo, W;RF)-Skorohod integrable and

that for all n € N, h € {Z} it holds P-almost surely that

n—1; Y Y
(i+1)h i\ g x e v
rlpor Xl por Lrin
> I f/<xmh,'5r>xmh,f O'(THX ”)dWr

LTJh7T
i=0
il FCAE IS ) XE“LJrJh ] XLYLJrJh Vi
= rlhor o lrlhe rlh
B ZO i{L PAXnr | Xpnr o ( "X ) (3.21)

§(P,o(Fin Uo (W = Wisnyn: s € [(i + DA, T1)), Wlgn (i41)n x; RF) W
T i x X T X Yir) k
= Zofﬂ[ih,(iﬂ)h](’“)f ( [T )th,Th ( r XL ) 5(P, Fo, W; RF)W,
i=0

Y, Y,
T x, e\ 1x e Y,
Lrlper |y Ll L) .RF
=17 <th’hT )XW}“T’L o (r, X\ )3, Fo, Wi R,
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Equations (3.18) and (3:2)) imply that for all n € N, h € {Z} it holds P-almost surely that

Yin Vi
(f(Xih,hT) = F(X o, T))
Tl % E/rtfi,h’r LX ELJT;JLh L
=X ) X r ( thr)dT
P (x50 K Y s, W R 22
F L (KR )X e o (r X0 ) 3B Fo, Wi R W, (322)
d T v
Yir L]
+% Z f( (T XLrj;hr) ( X[rjhfb) >lj
Y, Y, Y, Y,
X lrln 1.X Lrln 1.x lrln X Yirly 9 x Lrln
Lrlp.r R rlper lrlpar lrlpr lrlpar (d) ()
~<f”<th,hT )(th,Th s KT )+f< [r]nT )er,T’ )(ez 5 )dr.

Equations (3.10), (3.22)), and (3.17)) imply that for all h € T/~ it holds P-almost surely that

Y Y
T x Lrln 1.x LTJh
_ 1 Lrlp.r lrlh, Yiry, / Y
=1 (th’T >er1, T Xn) = £ X ) X e Ardr
Y,
T X TLTJhT 1,X TLTJhT v,
* gf/ (Xfﬂth,{%; )Xfﬂh,t,%h (T XLTLJ;J,hT) - (XF:“M T)X;T%/ rBr O(P, Fo, W3 R )W
d
! Z f o(r, X mh) (r, XYmh) (3.23)
2 5 Lr)n,r [rln, 1, '

XE/[JTJh 1 X:/LJTJh, 1 XE/[J“Jh Xzﬂjmb 9 LLJ In @ (@
" T ’ rln,r ’ T / T ? T N
|/ (thfT >(th,,Th » Xt >+f (thfT >er1hTh (e, e;7)dr

(B.B]), <fu(X%h T)(xﬁri T,XH; o)+ XD T )X?ri T>(el(d)7€§d))d7"'

d
_1§:
2

Lj=

0\)q

—

Next, we want to let 7/N 3 h — 0 in (3.23)) in a suitable sense and first justify this. Holder’s
inequality, inequalities (3.12), (3.7), (3.6), and the fact that A € LP(Ap, ) @ P; R?) imply that

Y.
, Xtﬁih X”ﬂ»iiﬁ YL (xY. LY 4 94
sup (| Xy | X, 2 e (s XL ) = P, 2) X (3.24)
heT/n L2(7 T]®H”'Rk)
p— Yr YT
7 (a1 ) (2 )
r,5,t€[0,T] La (P;L(RER*))/ Ny s tef0,T] Lrp=2(a+D) (P;L(R?,R4))
r<s<t r<s<t
Y,
. . X L‘Jh A P . ) < .
(hseuTI;N # XLt LP(A[O,T]®P;R‘Z)+H lzr oo e ) < o0

Holder’s inequality and inequalities (3.12) and (3.7) imply that for all I,j € {1,...,d} it holds
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that

Y

x L 1,X 1,X Y
. 7 Lo Uh Ldn
hbeuTI;N (f <XHMT ) (XH}L XH’“ )
Yy Yl
v Xt ) w2 X Y@ (@
i <XHh,hT X1 (e '€ ) 2p
Lr=1 (o, 1) ®P;RF)
Yin Yin

X 1,X

< sup ‘f" (Xrﬂl}mT“) X
heT/n L) (Re,RF) L(R4,R%)
X Yin 2,X YLdn
LIk Ldn
+ f( [0, T ) [nT 2p
L(R< RF) L) (RE,R) I LP=4 (Ao, 7 ®P;R)
Y Yin

x 1,X

= e <’f/ <X[.1L,;MT'”> XHhLTJh s (3:25)
heT/n L (Ao,7) ®P; L (RE,RY)) LP=2GF2) (g ) @B L(RY R4))

Y
2. X L'Jh

X Lhs

+ [1n,T

(X
FAXpor

D _2p )
La (Ao, 1) ®P; L(RY,RF)) LP=2(a+2) (Ao, 7)®P; L) (R, R9))

p—4 XY LX)
< T sup ’ i (Xt T )‘ » sup HX ap
r,s,t€[0,T] ’ La (P;L® (R,RF)) r,s,t€[0,T Lr=2(a+2) (P;L(R?,R?))
r<s<t T<s<t
XY 2,XX"
+ ( sup ‘ I (Xt T") » > ( sup HX 2 ) < 0
r,5,t€[0,T] k La (P;L(RE,R?)) J \ r,s,te[0,T] Lp=2(a+2) (P;L(?) (R4,R?))
r<s<t r<s<t

and, analogously, that for all [,j € {1,...,d} it holds that

(f”(XF/]hT)(XhiTVX[l]i )+ (X HhT)X?]};T>(el(d)7e§'d))‘

sup

2p
hET/N LP=% (X0, 71 @P;RF)

(3.26)
The fact that for all C' € RY*™ it holds that Z” ecTy ;) < d||C||HS(Rm Ray; Holder’s
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inequality, assumption (3.6) and inequality (3.25)) imply that

d T
1 Y, YLJ;L
4| 35 (i)
S 2 121 S ) )
Y Y Y Y Y
7 XLHh 1’XL45.{7 1’XL~5.JL:h4 ’ XLSJLh Z’th.ﬁ (d) (d)
'<f (XH;,,’ Xpqor"  Xpqr | P X i ) X | (6”7
L2(A[o, 1) ®P;R¥)
< sup 2 dHO’(' XYU“>H (3.27)
" herm” L) s rey)
d Yin Yin Yin Yin Yin
i Xl LX G0 b5 X1 22X @ 0@
D\ (Xr-huhT Xppor"  Xppor" | S X i ) X | @7 ™)
l1,j=1 L2(Xjo, 1) ®P;R¥)
2
< swp 4{ |l (x|
heT/n hs LP (X, 71 ®P;HS(R™,RY))
Y,
ol X0 LX LSJh XLEM
> <Xr-1h,"fr Xpq, 0 X,
l,j5€{1,...,d}
X b\ ex i\ g )
/ . o ’ . o
+ f XMh,}T XH;“T} (el ,ej) " < 00.
L7 (A, 1) ®P;R*)

Analogously, the fact that for all C € R?*™ it holds that Z” eemy < d||C||HS R Rd)?

Hélder’s inequality, the assumption B € LP(A 7] ® P;HS(R™,R?)), and inequality - yield
that

d
1 T
sup = B.B.
hET/N2 l;l( )’]
Y. 1,Y. 2,Y. (d) _(d)
(O, D KE  XET ) + £, DX 1) (e, ef)
L2 (Ao, 1) ®P;R*)
d
§||B||LP()\ 0,7]®F;HS(R™ RY)) (3.28)
Y. LY. 2,Y. (d) (d)
>2 s (O, ) (XE e XE ) + £ O, DX ) (7 )|, .
Lje{t,...,dy MET/N Lr=4 (Xpo, 11 ®P;R¥)

< 00.

Next, Corollary 6.21 and Theorem 6.25 in Klenke [2008| together with the uniform L2-bounds
in (3.24), (3.27), and (3.28)), continuity of f’ and of f”, path continuity of ¥ and of Ar x O >
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(s,t,x) = X2, € O, and inf,cjo ) P(X); =Y;) = 1 imply that

lim
T/N3hN\0

Y, Y,
T x Lrln 1.x Llmn v,
/ Lrlp,r el pr Lrln / Y, 1,Y,
& (er,}T )th,T’ ur X0 = S (X, o) Xy o Ardr
T
(X)X (u(r.v) = A )ar
1 a T XYU'J;L XYU'Jh T 3.29
+ 2 Z g(a(r, I_Tjh,r)o-<r’ Lr]h,r) )lj ( . )
Y, Y, Y Y, Y,
x Lrn 1.x trin 1.x trin x Lrin 2. x Lrln
Lrlp.r el el Lrlp.r el (d) _(d)
: <fl/ (X"T-lhf’} > (X[T—‘h,Th 7X[T]h,Th > + f/ <X[T-|h,§—' >X’7’I‘—|h7Th )(el ’ej )dr
d
T
1 T Y, 1,Y, 1Y, Y, 2,Y, (d) (d)
—3 2 [ (BB, (F ¥, ) KR X0 )+ (X0, ) XE ) (el e

d 1
~3 ). {(o(r,Yr)a(T,Yr)T - B,B),,

() + )| o
L1(P;RF)
Inequality (3.8)) implies that for all z,y € O it holds that
1f (@) = FW)llre < I f(@)llre + [ () [ (3:30)
< co(1 4 [[#]lga) (1 + [|#]lRa)? 4 co(1 + [lyllra) (1 + l|yllra)?.
Inequality (3.30), Holder’s inequality, the fact that 2¢g + 2 < p, the fact that
Yo Y

(X3 = X3 ) =1 =P(¥r = X777), (3.31)

and inequality (3.7) show that

Hf(X({OT) - f(YT)Hm(]P;Rk) < COH(l + ||XSTOT||Rd)1+q||L2(]P’;R) + COH(l + HYTHRd)HqHH(P;R)

+1 +1
< oL+ 1X0% | poasepma)” + oL+ 1Yz [l 202 pme))”
XYr q+1
< sup 200(1 + || X, 7" ) < 0. (3.32)
r,5,t€[0,T] ’ Lr (P;R4)

r<s<t

Equation (3.23)) and inequalities (3.32)), (3.24), (3.27), and (3.28)) imply that there exists a
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constant K € [0, 00) such that for all h € T/n it holds that

Y Y
T x, e\ x e Y,
0 <thh{'; )XM{TM* o(r X0 ) = 1 (X1, 2 ) XEyr 2B 0(B, Fo, Wi RF)W,

LTJh’T
L2 (P;R¥)
Yo
< Hf(XO,OT) - f(Yr) HLQ(]P’;R’“)
T X X i) 1Y LY,
+ H({f (X’—T]h,}% >XfT-\h7T}“ 'u(r’XU“JhtLT) —f (X(;L\h,T)Xf;"];TArdr‘ L2(P;R*) (3.33)
T Y| Y| T
1 Lr] Lr]
+ 2 Z ({ (U(T’XLTthLr)a(r’X\_rjhzlr) )lj
1,j=1 §
Y Y Y, Y Y
x i 1.x trin 1.x trin x Ltrin 9.x Lrin
Lrlp,r rlper T rlpr Lrlpor lrlper (@) (d)
" (th’t} ) (XM,L,T’L Xt ) o <XWh7hT )XWmTh >(el o)
T & LY 1LY, Y. 2,Y; (d) (d)
- (B:B/), (f”(XmmT)(Xm,wX[rwh,ﬁ+f/(X(r1h7T)th,T> (e, €57 )dr <K
L2(P;R*)

The fact that Y, X, X' are continuous random fields, continuity of f’, and the fact that

inf P(XYr=YV,)=1 3.34
Lant (Xer ) (3.34)

yield that for all » € [0, 7] it holds P-almost surely that

X X Yirg (Y, 1Y,

: rlpm lrlper i _ - Yr

T/NgI}ILl\O f Xrﬂth X"T.Ih»T O.<T’ X U’Jhﬂ") f (XrT‘-lth>X|—T-‘ hyTBr (335)
= /' (X}5) X7 (0 (rY,) = By).

This, Fatou’s lemma, and the inequalities (3.19) and (3.13) yield that the sequence

Xfﬁ’“’ 1 Xﬁjh Yl Y. 1Y Y\ lY
- ) p Jh . , Y. ! . IR
Flx xS e (WX ) = (X, ) X B = (X)X (oY) - B)
heT/n
(3.36)

is bounded in LQ(/\[(J,T] ® P; HS(R™,R¥)). This, the fact that every bounded sequence in the
separable Hilbert space L?(Ap 7] ® P; HS(R™,R¥)) has a weakly converging subsequence (e.g.,
Lemma 5.1.4 in Kato[1980)), and the convergence ensure that the sequence (3.36)) converges
to 0 in the weak topology of LQ(A[O,T] ® P; HS(R™,R¥)) as T/n > h \, 0. This, the fact that for
all h € T/N the process

x Ly x Ly

Urlpor | v X el o Yiry, Y, LY,
(f/ (er-‘h»’T )XfT];,,T’ U<T7Xtrjhfr) - f,(X]'r],“T)X[T‘\MTBT (3.37)
rel0,T]
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is (P, o, W; R¥ )-Skorohod-integrable, (3.33), and Lemma imply that the stochastic process

(f (XY )XrT ( (7" Y) Br))re[oj] (3.38)

is (P, Fo, W; R¥)-Skorohod-integrable and that for every Fr/B([—1, 1]¥)-measurable random vari-
able Z: Q — [—1,1]* it holds that

T LLJmL LX] LJmL Yool
. TlpsT Tlp,T TIh
T/Nléri?\o]E Z’({f Xt | Xt U( "X )
f’( v T)XFT%/ +B.5(P, Fo, W; R, (3.39)

ff (X5 X, 0o (rY,) — f’(XfT)X};TYTBra(P,IFO,W;R’“)Wr> ] =0.
RE

Equation (3.23) and the convergences ([3.29) and (3.39) imply that for every Fr/B([—1,1]%)-

measurable random variable Z: Q — [—1,1]* it holds that

<Z,

E

—

T
P XL (ur Ye) = ArJdr 4 [/ (X73) X207 (oY) = B, )6(B, Fo, Wi RYW,

D=
M=
o

T
52 (o Yol y)T = BBT) (£(X)) (X0, X0) + £ (05 X2 ) (ef el dr
0 J ' ’ ’
l,j=1
- f(Xo%r) + f(YT)> ] = 0. (3.40)
Rk
This implies equation (3.9). The proof of Theorem is thus completed. O

A direct corollary of Theorem [3.3is the following:

Corollary 3.4. Assume Setting and assume that Fo = o(N). Then the stochastic process
(Xi’}/T (o(r,Y,) — Br))re[mT] is (P, Fo, W;R%)-Skorohod-integrable and it holds P-almost surely
that

Xob - YT—le”( (r,Y,) — A, )dT+fX1Y”( (r,Yy) — B,)3(P,Fo, W; R W,

d
+3 >/ (

l,j=1

(3.41)
o(r,Y,)" = B,B]), X2 (e}, ef")dr.

’ J

O\q

Corollary 3.5. Assume Setting Then the stochastic process (XT{’;:T (o(r,Y,) — BT))re[o 7]
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is (P, Fy, W;R%)-Skorohod-integrable and it holds that
2
LE[1X3% - Yrllz]

<B[|| /X (Y2~ A

d
T d d
530 (00, Yo Ya) T = BoBT), X2 (e, e)r 2]
1j=10
E[ [ x% Y,) — B,)|? d
+ ({” rT (o(r,Y) T)”HS(RM,Rd) r

TT d 1Y,
+H<DS(P, Fo, W;RY) XY (a(r,Y;) — B,),

D, (P, Fo, Wi R)X )2 (0(s,Ys) —

S)>HS(Rm,HS(Rm,Rd))

CHAPTER 3. PERTURBATION OF SDES

(3.42)

ds] .

Proof of Corollary[3.5. Corollary and the fact that for all a,b € R it holds that %(a + b)?

a? + b% imply that

T
SE[I1X3% — Yrl2) <E[| [ X073 (wtr. ¥ Adyar

d

13 [ (o Y)o(n V) — B,BT),, X2 (ef?),
1j=10

B[ X (00 Y = B )o@ B0, WiRW ]

By the analogon of the It6 isometry, Lemma [2.43] it follows that
T o1y, d 2
|:H£X ( (T7Y7‘) _BT')(S(PaF07W7R )WTHRd:|
T LY, 2
= B[ JI1X}7" (0r.¥2) = B) g oy

TT 1Y,
Y+ I <DS (P, Fo, W:RY)X X (o(r, Y;) — B,),
00 ’

D, (P, Fo, W; RO X 72 (05, V) —

The proof of Corollary is thus completed.

S)>HS(Rm,HS(]Rm,Rd))

(3.43)
e\")dr ;]
(3.44)
drds] .
O

3.3 An Application to the stochastic van-der-Pol oscillator

with additive noise

In this chapter we give an example application of our perturbation theory and prove that the

approximation processes (3.45|) converge to the exact solution of the stochastic van-der-Pol oscil-
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lator with L2-rate 1/2 which is given by the SDE . Our proof is considerably shorter than
the analysis in Hutzenthaler and Jentzen |2014; Hutzenthaler, Jentzen, and Wang [2018| which is
needed to prove the analogous statement with the approach of Hutzenthaler and Jentzen [2014!
Here, we assume for simplicity of exposition that the diffusion coefficient is constant (but this is
not the reason for the much simpler analysis compared to Hutzenthaler and Jentzen [2014). First,
we introduce the setting for the stochastic van-der-Pol oscillator with additive noise, then we
provide three auxiliary results (Lemma Lemma and Lemma , and finally we prove
Lemma the main result of this section, by an application of Theorem

Setting 3.6. Let T € (0,00), let (2, F,P) be a complete probability space, let W: [0,T] x Q — R
be a standard Brownian motion with continuous sample paths on the probability space (0, F,P),
let N = {A € F:P(A) = 0} denote the P-null sets, let a,b,c € R with the property that
20%c # 1, let o, B,7,6 € [0,00), let pu: R? — R? be the mapping such that for all (xq1,15) € R?
it holds that (1, z2) = (z2,(y — ax)aze — d21) 7, let € = (£1,&)T € R2, for all N € N et
YN:[0,T] x Q — R?, be a stochastic process such that for all k € {0,...,N —1}, € € [0, %] it
holds P-almost surely that Y{¥ = ¢ and that

N N

N N N

and let X: (): Ar x R? x Q@ — R?, X7 (-): Ar x R? x Q — L(R%,R?), and

X% (): Ap x R2 x Q — LA (R2,R2) be continuous random fields such that for all s € [0,T),
w € Q the mapping R* 3 z — X7 p(w) € R? is in C*(R?,R?), such that for all (s,z) € [0, T]xR?,
i € {1,2} the stochastic processes [s,T) x Q3 (t,w) — X%, € R?, [s,T] x Q > (t,w) — X;f €
LO(R2,R?) are (o(N U o(W, — Wi € [s,1]))sefs,r)-adapted and for all t € [s,T] it holds
P-almost surely that

t t
X3y =+ [ (X7, )dr + [ (5)dW,, (3.46)

such that for all r,s,t € [0,T], x € R? with the property that r < s < t it holds P-almost surely
that XSX{ = X7?, and such that for all (s,t,z,w) € ApxR*xQ it holds that Xsltw(w) = 8%Xff’t(w)
and Xff(w) = aa—;vat(w).

The assumption in Settingof existence of continuous random fields which solve equation ([3.46])
and which are twice continuously differentiable in the space variable can be deferred from the
third chapter.

Lemma 3.7. Let (Q,F,P) be a probability space, let X: Q@ — R be a standard normally
distributed F/B(R)-measurable mapping, and let a, b, c € R satisfy that 2b%c < 1. Then it holds

that 2
exp (a2 (c + M)) . (3.47)

Blew(cto+0)7)] = =

1
V1 —2b%¢
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Proof of Lemma[3.7 For all y € R it holds that

cla +by)? — % = ca® 4 2abcy — yz(%bzc) =a’*(c+; (172?2 )= (y — 2% )2(%%) (3.48)

This, the definition of the standard normal distribution, equation (3.48]), and the substitution
rule imply that

E[exp(( +bX)? / Fexp( (a + by)? fg)dy

2
B 9 2(be)? 1 B (y7 2abe )
— exp(a (C+ 1,2172(;)) /_ var eXP( (71 : ) w (3.49)

1—-2b2¢

e 25 [l
):

_ 1 2(bc)2
= Vi—aprc XP a*(c+ o

The proof of Lemma [3.7)is thus completed. O

Lemma 3.8. Assume Setting let ¢ € (0,exp(—=T(1 +35%+ 0 +27))], and let N € N satisfy
that N > max{63?T,T}. Then it holds for all r € [0, 7] that

E{ exp (CHYTNH;QH < exp((Zﬁ2 + 1T + ||§H]12§2) (3.50)

Proof of Lemma[3.8 Throughout the proof of Lemma [3.8let (6x)reqo,....n} C (0, 00) satisfy that
for all k € {0,..., N — 1} it holds that O = c and 0 = 0,41 (1 + 362 %) (1 + L (1 + 6 +27)).
Equation (3.45) and the fact that for all £ € {0,...,N — 1}, € € [0, %] the o-algebras G(Yﬁ)

N
and O'(W%+E — W%) are independent and the random variables (W%JFE — W%), \E% are
identically distributed yield that for all k € {0,..., N — 1}, € € [0, L] it holds that

E [ exp (Ght [ Y25 . 2]

N
=K ]E|:CXp(9k+1||YkT +5]].{HH( kT/N)H 2 < N}’u( %) (W%-i-e —WkT)(g

N

=E E[ eXp(9k+1HU + (W%-i-a - W%) (g) H]?v)} v=Y N el N
] {lln (Y,

L N kT/N

(3.51)
>HR2<N}“(Y'<T)

=E exp(9k+1’0%)E[ €xp (9’6“(”2 + ‘/gﬂ%)z)]

(v1,02) T=Y . +el N N w(YE, )]
L ko 12, <5 MY s

Induction, the fact that 8y = ¢, the fact that for all 2 € [0, 00) it holds that 1+ x < exp(x), and
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the assumption ¢ < exp(—=T(1 + 382 + § + 2v)) yield that for all k € {0,..., N} it holds that

) . N—k
0, = GN((I +382 D)1+ Z(14+6+ 27)))
<cexp((N — k)& (1+38*+6+27)) (3.52)
<exp(—T(1+3B8>+6+27))exp(T(1+38>+5+2v)) =1
Inequality (3.52)), the fact that for all € € [O T], ke€{0,...,N — 1} it holds that

o
the fact that for all z € [0, %] it holds that ﬁ < exp(2z) imply that for all k € {0,..., N

2(/€B)%0541 < &N{BQ < %7 Lemma the fact that W—IT, is standard normally distributed, and
e€[0,%],v=(vi,v2)" €R? it holds that

71}7

2
exp(9k+1v%)E[ exp <0k+1 (v2 + \@B%) )}
_ 1 0 2 2 0 25529i+1
= oo 20n,, exp( U107 + 03| Ok+1 + 1

—2e8320)41 ))

. (3.53)
%)Hvllﬁz)

< Vexp(88%0, 1) exp (011 (1 +
< exp(Z%,Bz) exp(ek_,_l(l + 3ﬁ2%)||11||%§2).

Equation (3.51) and inequality (3.53]) imply that for all k£ € {0,...,N — 1}, € € [0, %] it holds
that
N 2
E[exp(ekHHY%ﬁlle)}

<exp(245°) E lexp <0k+1(1 + 3ﬂ2%)HY% + 611{

R (3.54)
Y, .
||u<Y,{Yl>H§2<%}“( i) R?)
N
Young’s inequality shows that for all = (z1,22)" € R? it holds that
(z, p(x)) e = 2172+ 22 (7 — @a}) w2 — 621) < 2132 +725 — 0m122 < 5 (140+29)[[|F2

. (3.55)
This implies that for all k € {0,...,N — 1}, € € (0, L] it holds that

2
N N
HY%T +51{|\M(Y%)II§2<¥}“(Y’%)

R2

2 2

= ||V |5 + 251{\|u<y%)|\;2<¥}<y%7M(Y%)h@ + Ly iz, < 3 [0V e
2

<Yz e + 22T vy iz, < 3

N
e (3.56)
2
G2 VY g Ly gz <F) T
< (1+ 5 (1 +5+29) [V |5 + &

Inequalities (3.54), (3.56]), and (3.52)) imply that for all k£ € {0,...,N — 1}, ¢ € [0, %] it holds
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that

{ p<9k+1HYkT+5HR2>}
exp (25 8)Eexp (8141 (143825 ) (1+ £ (1+5+29) [V [ + §))]
(252+9k+1 (1+382L)T )]E{exp(akHY%H;?)]

< exp((?ﬁ2 + 1)W>E[exp(9kHY% H]li{?)}

(3.57)

Next, we prove by induction on k € {0,..., N—1} that forall k € {0,..., N—1}, r € [EE, (kH)T]
it holds that

E [ exp (01 [[VV 17 ) | < exp (282 + 1) S5 ) exo(l€l13:)- (3.58)
Inequality ll and 6y < 1 imply the base case. For the induction step {0,...,N — 2} 5 k
E+1e€{o,.. — 1} note that inequality (3.57) and the induction hypothesis imply that for

all r € [(kH)T, (k+2)T] it holds that

]E{exp (9k+2”y HRQH < exp ((2ﬁ2 + 1)%)1@{ exp (9k+1HY(J,Y,+T1)T ;2”
< oxp (287 + DF ) exp ((26° + DERD ) exp (Jg2)  (8:59)

= exp (2(,6’2 +1) UH]_\?)T) exp (Hf”nzv)

This finishes the induction step. Induction thus establishes inequality (3.58| . Finally, inequali-
ties (3.52) and (3.58)) yield that for all £ € {0, .. -1} re [kT (kH)T] it holds that

E[ exp(e|vz)] <E| exp(em”y ]
< exp((26° + DEFE) exp (g 2) (3.60)
< exp((28% + DT + €113 ).

The proof of Lemma is thus completed. O

Lemma 3.9. Assume Setting let p € [1,00), r € [0,T], q € (0,00), and let Z: Q — R? be a
o(NUa(Ws: s € [0,7]))/B(R?)-measurable mapping. Then it holds that

E[ XA }
iesﬁ%} tes[li%] || Tt ||L( ) (R2,R2)

(16a2Ty)” azﬁpEXP((|5—1‘+2’Y+462q)T) s
= <yes(1320) sp@exp(—(P-1[+277apT)y) | XP (GpT(l + e +y+ D)

B[ exp(f +alZ|)|- (361)

Proof of Lemma[3.9 First, equation (3.46]), the dominated convergence theorem together with
continuity of the functions [r, 7] x R? 3 (s,2) — 2 (u (XZ,(w))) € L(R?,R?), w € Q, and the
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chain rule imply that for all t € [r, T], z,v € R? it holds P-almost surely that

0 ! T ! 0
= %s (m + (X )ds + ] (ﬂ)dWS) (v) (3.62)
=v+ j 2 (M(Xﬁs)>vds =v+ ju’(Xf’S)Xrl;fv ds.

This, the fundamental theorem of calculus together with path continuity and the chain rule imply
that for all t € [r, T], v € R? it holds P-almost surely that

2 t
X705 = IVIE> + [ X0, 1 (X)X 0)gads
<X1 Zow (XZ)XNZ >]R2 1,7 (3:63)
= |lvllz +f IXLZE, 1 X202 ds.
i R

This and Gronwall’s inequality together with path continuity imply that for all ¢t € [r,T], v € R?
it holds that

Xl Z’U L (XZ )Xl z
R R e O] (3.6)
’ R
For all (u,v)", (z,y)" € R, € € (0,00) with the property that 2 + 32 = 1 it holds that
, , T 0
xr , li u7v xr — ,
(6w )(y)>R2 (y) ( 2000 — 6y — au) ( >>
= (1 —2auv — §)zy + (v — au?)y? (3.65)

(
< (%+a\uv\+é)+v§%+(4—e+e(uv) )+3+y
=L+ 2 47+ 2) +e(uw)

Inequalities (3.64) and (3.65) imply that for all ¢ € [r,T], e € (0,00), v € R? it holds P-almost
surely that

er R (XZ)lz
1557wz < Nolfe exp <pf< APl ds)

t R 2
<ol exp(pf (3 + 5 +7+3) +e ((xXZel®) (XZ.ef?) ) ds) (3.66)
2 t 2
< ol exp(pt(3 + 5 + v+ ) exp(pef ((X70el?) (XF0nel?) ) ds).
Observe that

re%igo) max{{lé—} [P0 — 1| + 2y + 48 ]} < |6 — 1]+ 27+ 45%. (3.67)
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Inequality (3.66) (applied with e = pexp((|6712\iq2'y+4ﬂ2q)t) in the notation of inequality (3.66))),
inequality (3.67)), and equation (4.4) in Cox, Hutzenthaler, and Jentzen 2013| imply that for all
t € [r,T] it holds that

}: Z p (! pex +2 Y+4 32
E|:H 71-,7t H[(RzﬁRz)} < exp(pt(% — Sla‘q 2 0 ))E{exp( Q||Z||R2):|

Next, equation (3.62)), the dominated convergence theorem together with continuity of the func-
tions [r, T] x R? 3 (s,z) — axg (W(XZ (W) € LO(R%R?), w € Q, and the chain rule imply
that for all t € [r,T], z,v,w € R? it holds P-almost surely that

X727 (0,w) = (£X v )w

= G (o [ (X7 XA 0ds) )
G (W (X2 )X} 20 (w) ds o

(X7 ) (X80, Xpfw) + p! (X7 ) X723 (v, w) ds.

-]
/

Equation (3.69)), the fundamental theorem of calculus together with path continuity, the chain
rule, the Cauchy-Schwarz inequality, Young’s inequality, and inequality (3.65]) imply that for all
te[r,T), v,w € R% € € (0,00) it holds P-almost surely that

||Xr2tZ (v, w ||]R2

- zj<X3;5(v,w>,u~(xgs)(x;;szv,xg;fm 1 (XE)X2Z (0,w)) s
< [2X37 (o) ol (X2)CXEZ 0,17 0) s
+2] (7 (0,0, (XE) X (0,10) ) (3.70)
< 22 @) + 0 (X2 (X170, X 70) 2,
2] (XEZ (0 ), ! (X7) XEZ (0,10) ) s
< J I (X2 (X370, X 70) 2 s
pof (4 d+ byt D) +e (X)X e)a) ) IX27 0, 0)uds.

T

This and Gronwall’s inequality together with path continuity imply that for all ¢ € [r, T], v,w €
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R2, ¢ € (0,00) it holds that

t
X5 ) < 1l (7)) (X120, X1 w)

(|- ds (3.71)

¢ 2
coxp(26(1+ 5 + 7+ ) ) exp (22 (X2, ) (X2, )50 ds).
For all (u,v)", (z,y)", (w,2)" € R? with the property that 22 + y? = 1 = w? + 22 it holds that

‘ 0 0 w
—2avr — 200y —20ux z

= 2a|(vz + uy)w + uzz| < da || (%)

i () (), (4)]

. (3.72)
gz -

This, inequality (3.71)), and inequality (3.66]) yield that for all ¢ € [r,T], € € (0,00) it holds that

) g
X7 ZHL<2>(R2 R?) = (IIGO‘Z X7 e (155 ZHL(]R2 R?) ds> exp(pt(l + %z +r+ g))

e (), (50
< ( f16a2 HXfSH;Z ds)g exp(Spt(l + Z‘—z +4+ g))

ool (), (55,57, ) ),

The triangle inequality yields that

B[( 11602 |XZ |2, as)"] < (fmcﬂ <E{||st||§;]);ds>p

< (160°T)” sup E[HX W]
u€lr,T

< (16a*T)P  sup
y€(0,00)

2
u:‘[ﬂ?ﬂ E |:eXp(exp((|571|+q2’y+432q)u) HXquRQ )} :

(3.73)

(3.74)

v
exp(g exp(—([0—1[+27v+462q)T)y)

Inequality (3.73) (applied with ¢ = 6pexp((‘5_??f27+452q)t) for t € [r,T] in the notation of in-
equality (3.73])), the fact that for all a,b € R it holds that ab < a? + b2, inequality (3.74), and
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equation (4.4) in Cox, Hutzenthaler, and Jentzen 2013 imply that for all ¢ € [r, T] it holds that

ol [b vl

T p
< E[(f16a2 HXTZ,st@ ds) } + exp(2 . 3pt(1 4 o?6p exp((|6—1|+2v+48%q)t) oyt g))
T

8aq
t 2
2a Z (2) Z (2)
. E[exp(Z . 3pGPGXP((‘5_1|E27+452(1)75) 1[ (<XT)S, €5 >R2 <XT,S, es >R2> ds))} (3.75)
. (16a>Ty)P a?6p exp((|0—1]|4+2v+45%9)t) 5
= (y;(l;lzo) ST s (P17 T T) +eXp(6pt(1+ e Tt 2))>

2
sup K {exp (exp((5—1|-|f127+452‘Z)u) HX’“Z" HR2

w€[r,T]
u 2
2a z (2 z (2
st (K d?) (X20d”),) ds)]

< ( sup (160> Ty)" +exp(6pT<1+ o2opexp((5-1+2+48°)T) | 3)))

— — 2
e (0.00) exp(qexp(—(|0—1[+2v+46%q)T)y) 8agq

E[exp(} + a1 Z[13)] -

Combining inequalities (3.68)) and (3.75) proves inequality (3.61)). The proof of Lemma is

thus completed. O

Lemma 3.10. Assume Setting [3.6] Then there exists a constant x € (0,00) such that for all
N € N it holds that

2 1\ /2
RJ) < (3.76)

Proof of Lemma[3.10, For the rest of the proof let p € [5 4 exp(T(4 + § + 27)), <) be a real
number with the property that for all ,y € R? it holds that

(sl v

l(z) = (W) llrz < pllz = yllez (1 + lIzllze + ylz2) (3.77)

and
() llre < p(1+ [|lz[|Re)- (3.78)

Such a real number exists because u is a polynomial. Lemma (applied with p = 5, r = s,
q=qexp(—(|6 — 1| + 2y +48%q)s), Z = XZQN for r,s € [0,T7], N € N with » < s in the notation
of Lemma, equation (4.4) in Cox, Hutzenthaler, and Jentzen 2013, and Lemma (applied
with ¢ = exp(=T(1 + 352 + 6 + 27)) in the notation of Lemma imply that there exists a

constant C' € [1,00) such that for all N € N, g € {exp(—T(1+ 38% + 6 + 2v))}, r,s,t € [0,T)
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with the property that r < s <t and that N > max{632T, T} it holds that

v, N 20p XYTN 240 04
max H’Xst” }, sup EH’Xl e }
L) (R2 R2)

R2 1'6{1,2}
2
Rz) ] (3.79)

< CIE[CXp(eXP( o= 1H—2'~/+4BQQ)5)
< Cexp (L) ex ( (282 + )T + ||€||iéz) < 0.

N
XY

< Cexp (3)E[ exp (a3, |

This together with inequality (3.78|) implies that the assumptions of Theorem are satisfied.
Then, the perturbation formula in Theorem 3.3] - applied with d =2, m =1, p = 20, p(r,z) =

w(z), o(r,z) = (), 4 = p( LTJT/N) (e, Oz, N} = (§) forall r € [0,T], z € R?

in the notation of Theorem 3.3| -7 Jensen’s mequahty, and Hélder’s inequality imply that for all
N € N with the property N > max{63%T, T} it holds that

E[[|X5 .~ ¥2 |

1,y,N
o () = (Y ) Ly

2
LTJT/ )H§2<%})dr ]R2‘| (3.80)

4 1.7 4 1
‘L(R27R2)]dr)2(({E[HM(YT n(Y) )1 Uy, >\|D§2<¥}HR2]W)2~

Moreover, inequality (3.77), Holder’s inequality, equation (3.45)), the scaling property of the
Brownian motion, and the fact that foo %zs exp(f””—;)d:z: = 105 yield that for all N € N,
ke{0,...,N -1}, re [BL CEDTT it holds that

<T<fIE[HX1 X

N

Ny N 5
HWW KOG ) e

L4(P;R2)

N N Np N 1P
<A =B (4 e DRI )

N N
<2 07 =Y <

L+ 1Y e+ 1Y 122)

L8(P;R2) L3(P;R)

(3.81)
N 0
<o gl 10 =W Ol
1+2 Y|P, s
( SEépT]H HL (]P’]R))
<p(FVF+ 08yF) (142 s [V ) < 0

This, inequality (3.80)), Holder’s inequality, and inequality (3.79)) yield that for all N € N with



94 CHAPTER 3. PERTURBATION OF SDES
N > max{64%T, T} it holds that

(B[lx8 - v

S\/T(Of]E{HX:”}/TN ‘i(RQ)RQJdT)i-Ti\/?p(l+2ﬂ)(l+2 sup](IE[HYSNHiOQpD;O) (3.82)

s€l0,T

< BT (Cexp (3) exp((262+ )T+ ¢l2:)) " (1 +29)3.

This together with max yenn[0,max{682T,T}+1] IE[HX&T — Y%VH;Q] < oo implies inequality ([3.76]).
The proof of Lemma is thus completed. O



Chapter 4

Existence of continuously
differentiable solutions of stochastic
differential equations with

non-globally Lipschitz coeflicients

In the last chapter, we investigate whether there are conditions on the coefficients of the SDE
under which the assumptions of Setting are fulfilled and finally establish the existence of a
continuously differentiable flow. This chapter is the result of joint work with Martin Hutzenthaler
and Sara Mazzonetto which is available online as arXiv preprints Hudde, Hutzenthaler, and
Mazzonetto 2019a and Hudde, Hutzenthaler, and Mazzonetto |2019bl

4.1 Uniform moment estimates for affine-linear SDEs

Setting 4.1. Let T' € (0,00), let (U,(-,-)y .|l - llv) be a separable real Hilbert space with or-
thonormal basis U, let (2, F,P) be a probability space with a normal filtration (Ft).epo, 1, and let

(Wi)eepo,r) be an Idy-cylindrical Wiener process.

4.1.1 Uniform exponential moment estimates for Itd processses

The following lemma, Lemma[4£.2] is a well-known exponential moment estimate for Itd processes

and is included here for the reader’s convenience.

Lemma 4.2. Assume Setting let 7: Q — [0, T] be an (Fy);¢(o,7)-stopping time, let a: [0, T'] x
2 — R be a B(]0,T]) ® F/B(R)-measurable stochastic process, let R: [0,T] x @ — HS(U,R) be
a B([0,T]) ® F/B(HS(U,R))-measurable stochastic process which is (F;);c[o,r1-adapted and such

95
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that it holds P-almost surey that
Ofmax{07ar} + HRTH%{S(U,R) dr < oo, (4.1)

and let p € (1,00). Then it holds that

- r T (r=1)/p
]E[exp (ofaT dr +({RT dWr)} < (]E[exp (g (pfl)ozr + %"RTH%IS(U,R) dr)D . (4.2)

Proof of Lemma[{.3 Throughout the proof of Lemma let £:[0,T)] x Q@ — (0,00) be an
(F¢)teqo,r)-adapted stochastic process with continuous sample paths such that for all ¢ € [0,77] it
holds P-almost surely that

tAT tAT
£ = exp (p 1Ry, = 22 | Relfiss dr). (4.3)

It follows from, e.g., Gawarecki and Mandrekar [2010, Exercise 2.15(b), the optional stopping
theorem and Lemma 18.21 in Kallenberg [2002 that £ is a positive local martingale with respect
to the filtration (Ft);e(0,r). This together with the fact that E[£,] < oo assures that £ is an
(Ft)tefo, r)-supermartingale, and the optional stopping theorem implies that E[£;] < E[&] = 1.
This and Hoélder’s inequality yield that

E[exp (Ofozr dr +gR,. dWT)} = E[exp (gozT + §||R,.H%IS(U7R) dr) (ST)%]

T

p PIR.I12 I "/
< (Blexp (32 far + B R Bswm )] ) (EIED)" (4.9)

(e}

T

< (B[ e (525 [ + 1R s dr)D“’*”/é

The proof of Lemma [4:2)is thus completed. O

The following lemma, Lemma provides exponential moment estimates for [t6 processes and

generalizes Lemma 2.7 in Cox, Hutzenthaler, and Jentzen 2013]

Lemma 4.3. Assume Setting [£.1] let a: [0,7] x @ — R be a

B([0,T]) ® F/B(R)-measurable (F;);c0,r)-adapted stochastic process, and let R: [0,T] x Q —
HS(U,R) be a B([0,T]) ® F/B(HS(U, R))-measurable (F;);c[o,7-adapted stochastic process such
that it holds P-almost surely that

T
OfrnaX{O7 art+ ||RT||I2{S(U,R) dr < 0. (4.5)
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Then it holds that

¢ ¢
E[ sup exp (fozr dr + [ R, dW,a)} (4.6)
t€[0,T)NQ 0 0
. T _ (p=1)/p
< nf ((Q’A)q(E[exp (2 fmasc o G s} + B Bsomr)]) )

Proof of Lemma[{.3 Throughout the proof let p,q € (1,00), and for all n € N let 7,,: Q — [0, T
be a mapping with the property that it holds P-almost surely that

t
— inf ({t € 0.7 [ 1B sz +max {0, §(ar + 55 1Ry [fiswm) } dr > n} U {T}). (4.7)

The fact that it holds P-almost surely that [ max{0,a,} + ||Rr||12{S(UR) dr < oo implies that
it holds P-almost surely that lim, ,o 7, = T It holds for all n € N that 7, is an (F¢)scjo,7)-
stopping time. It6’s formula (e.g., Gawarecki and Mandrekar 2010, Theorem 2.10) implies that
the process

(exp (fmax {0 Qo _+_ ”R “HS(U R) }d + IR dW f ”R ”HS(U R) d?")) (48)

0 2¢* s€[0,T]

is a non-negative (F;);c[o,r-submartingale. Then, Doob’s inequality (see, e.g., Revuz and Yor
2013, Proposition I1.1.7) and Lemma (applied with 7 = 7, and @. = max {fi | R. ”%IS(U,]R)’ o}
in the notation of Lemma show that for all n € N it holds that

" Le[(ilrlf]mQ b (OjaT drt oj B dWT)}

t q
SE[ sup (exp(fmax{o O"—i—%}dr—i— fR AW, — f%ﬂdr)) ]
t€[0,7,]NQ 0 @ 1

- (L)qEKequmX{o o | IR ||HS<UR>} 1% Vs g 4 1 fR dW)) ]

q—1 2¢?

= (7%0)"E[exp (] max{ = LR sy o} dr+ | Reaw, )]

Tn 2 (r=1)/p
< (q%l)q (E{QXP ( g ﬁmax{ - 2*1q||RrHEIS(U,R)a0¢r} + ﬁ”RrH%S(U,R) dr)D

(r=1)/p
< (7%)" (B[ e (g2 fmoc{ = 1R sy or} + 1R s ar)] )

(4.9)

Inequality (4.6)) then follows from inequality (4.9) and the monotone convergence theorem. The
proof of Lemma [4.3]is thus completed. O
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4.1.2 Uniform moment estimates for SDEs of affine-linear type

The following lemma, Lemma[4.4] provides uniform moment estimates for one-dimensional SDEs
of affine-linear type. Informally speaking, this means that the drift is bounded from above by
an affine-linear adapted function of the process and the diffusion term is an affine-linear adapted

function of the process.

Lemma 4.4. Assume Setting let X: [0,7] x © — [0,00) be an (F;);c[0,r7-adapted stochas-
tic process with continuous sample paths, let u,5: [0,7] x Q@ — R be B([0,7]) ® F/B(R)-
measurable stochastic processes, let a: [0,7] x Q — [—00,00] be a B([0,T]) ® F/B([—o0, x0])-
measurable (F;);c[0,7)-adapted stochastic process, let ,¢: [0,7] x Q — HS(U,R) be B([0,7T]) ®
F/B(HS(U,R))-measurable (IF;).c[0,r7-adapted stochastic processes with the properties that for
all t € [0,T] it holds P-almost surely that p; — Xy o — (1, () us(ur) < B, that it holds P-almost
surely that

T
g |ger| + max{a,, 0} + || X1, + Cr”?{s(U,R) dr < oo, (4.10)

that for all ¢ € [0, 7] it holds P-almost surely that
¢ ¢
X =Xo+ Ofu,. dr + ng N + ¢ AW, (4.11)

let p,q,u,u’ € [1,00), ' € [2/q,00) N (1,00), c1,¢2,¢5,¢4,0 € (1,00) be real numbers, and let
¥: (0,00) X (1,00) = (0,00] be the function which satisfies for all A € (0,00), ¢ € (1,00) that

6

(A0 = (55)°

T X eA A
e a s 2 = 2 }d)‘ .
o ([ max {or + S5 sy, S5 Inelsws Far)||

(4.12)
Then it holds that

wp X < pa,en)|X : , .
tg[l(l)’pT] t LaPR) — Y(pg, 1)l 0||L<PQ>/(p 1 (P;R) + ¢ (ug CQ)HBHLl()\[OTT];L( D/(u=1) (P;R))
+P/Q¢( (I/)/_q) ac3>||C|| u'p’q .
'=1) L2(Xpo,r);L (' =1 (P;HS(U,R))) (4 13)
T ror
. upg(_ca 1 2 d ’ )
| exp (7 82 Ger + Dline sz 40|y

Proof of Lemma[4.4. Throughout the proof of Lemma let &, ¥: [0,T] x Q@ — R be mappings

with the properties that ¥ has continuous sample paths, that for all ¢ € [0,7] it holds that

s = max{a, (5 — %)HnsH%S(U)R)}, and that for all ¢ € [0, T] it holds P-almost surely that

t t
W =exp ([ ar = L sqm dr + o dW,). (4.14)
From Lemma (applied with 7 = ¢, a. = —A(a&. — %Hn‘H%IS(UR)), R. = —\n., p= 2% in the

notation of Lemma together with inequality (4.10]) and the fact that for all » € [0, T it holds
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that —&, < 3(5 — 1)Hnr||%{s(U’R) it follows that for all ¢t € [0,T], A € [1,00), ¢ € (1,00) it holds

that

H (Wt)_l HLX(P;R)

t t /A
= (B[ exp (= A i lFisioim) dr = [ an-aws)])
t o/ (c— R c/(c I/O\C)
< (=[exp (J-DFATA G — Hinlhsws) + 5A N )]) ™ as)
i
= [lexp (J-Da + 425+ 1) I sz )|

t
< [lexe (1325 + )l lision ar)|

LAe(P;R)

LAe(PR)

From inequality , Lemma (applied with T =T — s, F. = Fos, W. = W, — W,
o = Ay — %Hn.HHIQ{S(U’R), R. = M4 in the notation of Lemma , the fact that for all
r € [0,7] it holds that &, > (3 — ;\7)||nr||%{s(U,R)’ and the fact that for all ¢ € (1,00) it holds
that <22 > 2 it follows that for all s € [0,7), A € [1,00), ¢ € (1,00) it holds that

w,) ! v ‘
H( ) SUP] Norem)

tels, T

sup ((\I/s)ilg’s_kt)‘
te[0,T—s]NQ

L>(P;R)

t t 1/x
= (E[ Sup ~ €xp (f>\04r+s - %||77r+8||12-IS(U,]R) dr + [ Mp4s dWr+s>D
tel0,T—s]NQ 0 0

0 T=s .
< <(9f1) (E[CXP (C ({ maX{)\ar+s - %||77r+s||%ls(U,R)v—ﬁHAmﬂH?{S(U,R)} (4.16)

e /2
C/ ||)‘777“+5||HS U]R)dr)}> >

Trs 21 2
exp ( g Grys + 5 mrtslliswr) dr)‘

L ¢(P;R)

T
exp ( Jmax {on + 52 — Dlinlsmy 362 — Dl Piss } )|

LAe(P;R)

From Itd’s formula (e.g., Gawarecki and Mandrekar [2010, Theorem 2.10), equation (4.14]), and
the fact that for all » € [0,77] it holds P-almost surely that u, — X, — (1, () uswr) < Br it
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follows that for all ¢ € [0, 7] it holds P-almost surely that

Xt(qjt)71 = XO(\IIO)71 + (\I/T)il (Xrnr + G - Xrnr) dw,

O —

+ Oj (ur — X6 + (1= 24 1) 3 Xl fiswmy — (s Cr>HS(U,R))(‘I’r)_1 dr (4.17)
< Xo+ [ 5, (0,) [ ()7 G dY.
Hence, we obtain that for all ¢ € [0, 7] it holds P-almost surely that
X, < U, X+ Ojﬂr(\Pr)*ltI/t dr + 0, Of (U,)71¢, dW,.. (4.18)

The triangle inequality therefore yields that

T
supX‘ S’ sup ¥ -XOH —I—fﬁT\I/T_lsup‘I' _odr
te[0,T ! La(P;R) (te[O,T] t) 1ol La(P;R) H () te[r,T] tHLq(P’R) (4.19)
+ ’ ( sup t sup f L)

t€[0,T] t€[0,T]

This and Hélder’s inequality imply that

sup X < H sup ¥ Xoll; w1y (p.
Hte[o,T] ! L4(P;R) te[0,T) ! L”‘?(JP"JR)” “L /=D (PiR)
)1
o))
[TGSBPT]H tESlipT tLW(]P"]R LY (Ajo,77;L "9/ (u=1) (P;R)) (4.20)
+ || sup ¥, ‘ ! rdW,. .
te[0,T) L& /' -1 (PR) te[O T ({( )¢ L¥'4(P;R)

Next, observe that the fact that p’q > 2, the Burkholder-Davis-Gundy type inequality Da Prato
and Zabczyk (1992, Lemmas 7.2 and 7.7, Holder’s inequality, and equation (4.15]) yield that

. sup| )1 dW,

e ’te[OT] ;¥ L¥'a(P;R)
v,) ar) "

<

< (({H( ||Cr||HS(U1R)HL Ry 7”)

T 1/2
< (f H( | Lu'?'a(P;R) ||C7'||L(u P'9)/(u’ ~1) (P HS(U,R)) dT) (4.21)
Lo g
Le OpT ! Lv'?'a(P;R) e ||L2 ()‘[O,T]§L(u P Q)/(“Ll)(]P’;HS(U,R)J

i

T
Jlexp (1252 o + 5 scomy o)

IN

L'#'9e4 (BR) Ie HL2 (A[O,T];L“’P/”/W—w<P;HS<U,R>>) '
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Finally, inequalities (4.20)), (4.16)), (4.21), and the fact that P(¥y = 1) = 1 imply that

X < ) X prq - }) . uq u— N
H teS[IéPT] W o) = ¥(pa, 1) 1 Xoll vy D (PR) +4(ug 02)||5||L1(A[0,T],L( )/(u=1)(P;R))
/ (»'q)
+ 0 a v (s es)lCl . (Ao, rys L7 /! =1 (BHS (U R))) (4.22)
T r’. 7
exp ([ 2538 + Dl Bz ) |

0 Lv'P'aca (P;R)

The proof of Lemma [4:4] is thus completed. O

The following lemma, Lemma is a generalization of Richard’s inequality (see Richard [1972
or, e.g., Section 5.13 in Cerone and Dragomir 2010) which is a special case of Lemma for
lullr = 1 and is a generalization of the Cauchy-Schwarz inequality which is a special case of
Lemma [4.5 for ||lu||z = 0.

Lemma 4.5. Let (H,(-,-);,|l - |l#) be a real Hilbert space and let u,v,w € H satisfy that
llullz < 1. Then it holds that

(v, w)r = 2(v, u)r (w, w)r| < [[v]|al|wla. (4.23)
Proof of Lemma[f.5 The Cauchy-Schwarz inequality yields that

(v, w)rllullfy = 2(v, s u, w)a? = [(lulfe — 2(v, ) gu, w) g l?

2
< |l = 200, waru| il (4:24)

= (lollz el — 40, ) m)?(lullZ + 4(v, uhs)?ullF) ]

= [[oll llwllFlull -
This together with the triangle inequality and with the Cauchy-Schwarz inequality yields that

(v, w) i — 2(v, u) g (w, w) | < (0, w) e[l Fr — 2(v, u) g (u, w) | + [0, w) [ (1 — [ullF)

< ol llwllallal? + ol llwllea (- llel?) (4.25)
= lllallwla.
This finishes the proof of Lemma O

The following proposition, Proposition provides uniform moment estimates for Hilbert-space-
valued SDEs of affine-linear type. Informally speaking, that means that the scalar product of
drift and process is bounded from above by an affine-linear adapted function of the squared norm

of the process and the diffusion term is an affine-linear adapted function of the process.

Proposition 4.6 (Uniform moment estimates for affine-linear type SDEs). Assume Setting|[{.1]
let (H,(-,-) .|l |lz) be a separable real Hilbert space, let s € [0,T], let f: [s,T] x & — R be a
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B([s, T])®F /B(R)-measurable stochastic process, letn,(: [s,T]xQ — HS(U, H), a: [s,T] xQ —
R, and p: [s,T] x Q — H be product measurable (F)ic|s )-adapted stochastic processes, let
X:[s,T]xQ — H be an (Fy)ie[s,1)-adapted stochastic process with continuous sample paths with
the property that for allt € [s,T) it holds P-almost surely that (Xi, sy < a|| X¢||% + B¢ and that
for all t € [s,T] it holds P-almost surely that [T |||z + max{a,, 0} + |7, + (T||%{S(U’H) dr < oo
and . ,

X, = X, + {ﬂr dr + f (nr + G) AW, (4.26)

and let 1: [1,00) x (1,00) X (1,00) x (0,00) — (0, 00] be the function with the property that for
all X\ € [1,00), ¢,0 € (1,00), 6 € [0,00) it holds that
¥(A, ¢, 0,0) (4.27)

0 T I 2 IS N A 2
7l o —min{2, 5} (X a |l
exp (f max {ar + 140 HS(U,H) 70} 4 eI 0 HS(UR) 1.
S

= ( 0 )x
o1 2 X% 2 X 11%

L>e(PiR)

Then it holds

(Z) fO’f' all q,p,u, u' € [1300); p/ € (]-700) n [2/‘1’00)7 01,02703,64,9 € (1700)7 o€ [Oa OO) that

swp (Xl <0, 0,0 1%
te[s,T) L4(P;R) L =1 (P;H)

b :
+2 (000, e1,0,0)0(ug, ¢2,0,0)) " (] | mas {8 + 5216 s O}l o )

/ _(p'q) I{X.¢) a s (v,
+ p q,l/}<(p/_1) ,C3, 97 5) H ”XHH LZ()\[S‘T];L("/p,Q)/(U/*l)(IP;R)) (428)
T 2
. up'q o 1\ IXen)HlEswe )‘
HGXP<{ 2 (0471 9) X113 dr Lw'P'aca (P;R)
and
1) for all g,u € |1,00), p € [1,u| with (u+ 1)qg > 2u tha
13 il 1 1 ith 1)qg > 2u that
| sup [1Xiln|
tels,T) L1(P;R)
T 2 2
[l (X smr) i |
< exp() ||exp (f {or + § PR 0 + 52 T e d”) )
cuq (-
1
Al o 21817 up o+ 2| uty)
L=1) (P;H) L2(A[g,r:L =D (PR)) L2 (/\[S,T];LW (P;HS(U’H)))

exp (}“ugq . H(XT,nT(Xr))HHEIS(U,R) d?")

M u—1c—1 HXTH%{

Lew?a/(u=1) (P;R) )

Proof of Proposition[{.6, Throughout the proof of item (i) let g, p,u,u’ € [1,00), p’ € (1,00) N
[2/q,00), c1,¢2,¢3,¢4,0 € (1,00), 6 € [0,00), for all € € (0,00) let ¢.: H — (0,00) be the function
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with the property that for all v € H it holds that ¢.(v) = (% + ||’UH%I)1/2, let &, 3: [s,T] x Q@ —
[0,00] be functions with the properties that for all 7 € [s,T] it holds that &, = max {a, +

146 I lfisw, A 1+3
%W,O} and that 3, = max {8, + 1 H(THHS(UH 0}, and let v: [s,T] x Q ~ R be the

stochastic process with the property that for all t € [s,T] it holds that

2 Xe, pe) m e+l s o, m 1 (Xem+con ||?
e = 2¢ (X¢) T 26.(X0) $e(X+) HHS(UJR) ’ (4.30)

For all € € (0,00), v,w, z € H it holds that ¢. € C?(H,[0,00)) and that
OL(v)(w) = LU and o (v)(w, 2) = Ltk — feadulozin, (4.31)

Next, we observe that equation (4.26)) implies that for all ¢ € [0,7 — s] it holds P-almost surely
that

t+s t+s
Xivs=Xs+ [ prdr+ [ (0 + () dW,
s s (4.32)

t t
=X, + ngJrs dr + Of (nr+s + Grs) d(Wips — WS)

and It6’s formula Gawarecki and Mandrekar |2010, Theorem 2.10 imply that for all € € (0, c0),
t € (0,7 — s] it holds P-almost surely that

fl%l + || B e ) + Sy < oo (4.33)

s

and that

t
¢E(Xt+s) - (bE(XS) - f (%jsw ¢E( T+S) <X<1::(S)’(¢S>H) d(WH—s - Ws)

X +a 7'+s)

t?‘g 2(X7‘7HT)H+‘|"T+C7‘|'HS(U,H) . (X, 4+Cr) i

2
— 1
o 2¢5(X7‘) 2¢5(X7‘) H ¢5(Xr) HHS(U,R) dlr (434)

t
Of'yg_w dr.

The assumption that for all ¢ € [s, 7] it holds P-almost surely that (X;, ) m < o Xel|% + B,
Lemma Young’s inequality, nonnegativity of @, 3, and the fact that for all £ € (0,00),vEH
it holds that ¢.(v) > ||v||g and ¢.(v) > € imply that for all € € (0,00), t € [s,T] it holds
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P-almost surely that

_ < (Xeme)H (Xt7<t>H>
’Yt (¢£(Xt))27 ¢E(Xt) HS(U,]R)

2K, ) e Vs o e s o . 1 (‘ (Xe,me)m H2 + ‘ MHQ )
- 26-(X1) 20=(X) \|| ¢<(X0) [lgs(u,R) eel%) Naswmy
+ 2¢5(Xt)EuGU(<77tu Ctu 2<ntu’ (]55 Xt > <¢E(Xt ’Ctu> )
2(oztHXtH?{'ﬁ'ﬁt)-‘rﬂm||12{S(U,H)+”<tH%S(U’H)_‘ ({Z&Z)H HS(UR)+2Z“€U e
. ol , (4.35)
Q(OltHXtH?I‘Fﬂt)JF(l‘F(S)H"]t”12-IS(U,H)+(1+%)HCtHIz'IS(U’H)7‘ <i:(2§t>)H HS(U,R)
S 2¢E(Xt) |
. . (X¢,m¢)
_ 2at\|X1H§1+2ﬁf7 W HS(U,R)
>~ 2¢5(Xt)
. (Xeme) b
< (O‘ H (0= (X4)) HHS(UR )¢E(Xt> "

The fact that for all € € (0,00), v € H it holds that ¢.(v) > ||v||x implies that for all A € [1, c0),
€ (1,00), g,n € (0,00) it holds that

H ex (}—‘max {d + C{:—)\l H <Xr7777 H cc—)\l_ <X7 7771" H }dr‘ )
p r (¢ (X7))? HS( U]R) 2 (Xr)? HS(U,R) L>e(P;R)
T c :
<2 —min{2,5} || 7‘7"77‘>HHHS(U]R) )‘ (436)
= HeXp (f ot 2 o] P
0
X

= (75)

From equation (4.34]), inequality (4.35), and Lemma [4.4] (applied with T =T — s, F,, = F; 1,

Wi = Wips = We, Xo = 0o(Xigs), it = Yigs, It = W? G = %7 =

and f; = B‘T* in the notation of Lemma it follows that for

¥(A, ¢, 0,0).

1 ’(Xt+b777t+b H
(¢£(Xt+s)) HS UR)

all € € (0, 00) it holds that

Qtts —

| sup %]

t€ls,T] La(P;R)

S| osup de(Xeys
t€[0,T—s] e(Kers) La(P;R)

< ¥(pg; c1,0,9) H(ZS‘?(XS)”L(W)/(’J*“(P;R) +(ug, ez, 0,0) || LY (As, s L9/ (=) (BR) ) (4.37)
1/2
XrCr)H
s ((P’ 1)’03’9 5) (f H ¢e(Xr) HLW’P’WW—D(P;HS(U,R)) dr)

T i
w c M
oo (F 53 (st +4) | 52838 o )

From inequality (4.37)), subadditivity of the square root, the triangle inequality, and the fact that

Lv'p'aca (P;R)
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for all € € (0,00),v € H it holds that ¢.(v) > ||v||x it follows that

| sup 1X)n

tes, T La(P;R)

< U(pq, 1,0, ) Xsll L) (pory

+€€i(]8foo) (€¢(pq70179 §) + e " (ug, c2,0,0) meaX{ﬁra 2116 1fs s O pewarsca—ny (P:R dr)

I{X,) m llusu.r)

+p'qp(P' D/ 1), c3,0,0) ’ B (4.38)

L2 (A[&T] ;L("—LIP,‘I)/(u/fl)(]P;R))

Tu’p'q ca 1\ KXy HHS(UW)d
exp | [ 5 g2+ 3 X%

S

Lv'P'aea (P;R)

Combining this and the fact that for all a, b € [0, 00) it holds that inf,¢ (g, (az+bz ™) = 2 (ab)l/2
establishes item ().

Next, we prove item (fi). Throughout this step let ¢ € [1,00), u € [1 00), p € [1,u] with the
property that ug > 2(u—1) be fixed. From item (i) (applied with p’ = 25, v/ = u, ¢; = ¢, c2 = ¢,

wil
cs = ¢, ¢y = c for all ¢ € (1,00) in the notation of item (i) and the fact that #:11 = (u+1)q
it follows that for all § € [0,00), ¢, € (1,00) it holds that '
| sup X0
tels,T) La(P;R)
< ¢(pq, c, 07 J)HXSHL(M)/(p—l)([p.H) (439)

1/2
+2 ((pg ¢, 0,0)(ug, ¢, 6,9))" (f||max{/3r 1;“@H%{swﬂ),O}HM/@_D(RR)dr>

I{X,¢) i llus(u,m)
+ 94 (ug, ¢, 0, 0) Hi”XHH

2
L2 (A s L /-1 (BR) )

T2 . (X0 n0) |
o (]t s+ ) s o

Leu2q/(u—1) (P;R)

Next, we observe that equation (4.27) assures that for all A € {pq,uq}, 6 € (1,00) it holds that

PN e 0,u—1)
4.40)
0\ T I s o, cug | (Xe )3 (
< (770) " || exp ([max{o‘r MRl R e T )) Lewa(BR)
Furthermore, the Cauchy-Schwarz inequality implies that for all ¢ € [1, 00) it holds that
(X0 mllasu,r)
H X L2(Ais, 13 Lo (P5R)) = ”CHLQ(A[S,TJ;LC(P;HS(U,H)))' (4.41)
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In addition, note that the triangle inequality ensures that

T 1/2
({ || max{ S, + ﬁHQHIQJS(U,H)» 0}||L<w>/<u—1)(p;1g)d7")

T 1 1/2
S ({ H|ﬁr|§H2L<2“@/<u—1>(uv;R) + ﬁ||<T}’2L<2“(1>/<u—1>(P;HS(U,H)) dr) (442)

= H‘ml/z”L?(A[STT];L”“‘”/(u—U(P;R)) + ﬁHC”L?(A[S,T];L(“Z“/(wwz(P;Hs(u,H)))'

This, inequalities (4.39) and (4.40), the fact that infyc(; ) (%)0 = ¢!, and inequality (4.41))
imply that

| sup %]
tels,T] La(P;R)
T 2 2
1 w I llasw,m) } cug 1{Xrme) B lliswr
< exp(5;) |lexp ({ {ar te ey oVt s X% dr - (4.43)
1
: <||XS|L(pq)/(p1)(]p;H) + 2|||6| /2HLQ()\[S,T];L(2u4)/(u71)(]p;]R))
T 2
u(2+q) u?q ¢ H<XT777r>HHHs<U,ug) )H
+ == HC”L? (/\[S,T]§L<2“2‘”/(”*1)2(IP’;HS(U,H))) H exp ({ v le 1 %, dr L(Cuuff) ) .
This proves item . The proof of Proposition is thus completed. O

4.2 Inferring a differentiable version from sufficient regular-

ity of difference quotients

4.2.1 Inferring a differentiable version from continuity of difference

quotients

The following lemma shows, informally speaking, that if the difference quotient of a random field
with continuous sample paths has a continuous version, then the random field has differentiable

sample paths.

Lemma 4.7 (A continuous version of the difference quotient implies differentiability). Let
(Q, F,P) be a probability space, let (H,{-,")m, || - |lg) and (U, {-,-)v,| - ||z) be separable real
Hilbert spaces, let H C H be an orthonormal basis of H, let O C H be an open subset,
let D C O be a countable dense subset, let T be a set, and let X: T x O x  — U and
Z: T x Npen{(z,p) € O xR: z+ hp € O} x Q — HS(H,U) be random fields such that for all
x € D, peQ\{0}, h € H with the property that 2 + ph € O and for all ¢ € T' it holds P-almost
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surely that

Zy(a, phh = XA (4.44)
and such that for P-almost all w € © and all ¢ € T it holds that the function O 3 z — X (w) € U
and Npeu{(y,q) € O xR: y+ hg € O} 5 (z,p) — Zi(z,p,w) € HS(H,U) are continuous.

Then there is a set Qg € F such that
(i) P(Q) =1, and

(ii) it holds for all w € 2y and all ¢t € T that the mapping O 3 z — X7 (w) € U is continuously
Fréchet-differentiable and it holds for all z € O that -£ X (w) = Z(z,0,w).

Proof of Lemma[].71 We prove the infinite-dimensional version. Assume, that the orthonormal
vector space base of H is the form (h;)ien. Let O® C H x R be the set OF = Nper{(z,p) €
O x R: z+ hp € O}. By assumption there exists a set 21 € F satisfying P(£2;) = 1 and that for
all w € 4, ¢t € T the functions O > z — X (w) € U and Npen{(y,q) € O xR: y+ hg € O} 5
(x,p) = Zi(x,p,w) € HS(H,U) are continuous. Let g € F be the set satisfying that

o =hn N () {vteT: 47" — X = pZy(x,p)h}. (4.45)
(z,p) €ORN(DxQ) heH

The fact that for all (x,p) € O®* N (D x Q), h € H, t € T it holds P-almost surely that
Zi(z,p)h = W, the fact that (O® N (D x Q)) x H is a countable set, the fact that X, Z
are random fields, and the fact that P(€;) = 1 imply that Qy € F and that P(Qg) = 1. This
proves item ().

Next, we prove item . For the rest of the proof, let w € Qp, t € T, x € O, and r € (0, 00)
with the property that {y € O: |ly — z||g < 2r} C O. The fact that w € Qp, the fact that the
functions O 3 y — XY (w) € U and Npen{(z,¢9) € O x R: 2+ hq € O} > (y,p) — Zi(y,p,w) €
HS(H, U) are continuous, and the fact that {(y,p) € O x R: ||y — z||3 + |p|*> < r?*} N (D x Q) is
dense in {(y,p) € O x R: ||y — z||% + |p|* < r?} C OF imply that for all (y,p) € O xR, h € H
with ||y — z[|% + |p|*> < r? it holds that

XYM (w) — XY (w) = pZi(y, p,w)h. (4.46)

For all v € H, i € N with the property that ||v| g < r it holds that

i—1 2 i
2
e+ 1)<u,hj>th—xHH+|<v,m>H|2=§ (b)) < Iolfy <% (447
J= J=

From equation (4.47)), a telescoping sum argument and equation (4.46]) it follows that for all
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v € H with the property that |[v||g < r it holds that
X7 (W) = A (W) = Ze(, 0,w)v

> i v,h; i x =l h N e
=3 (T ) - B ) 2(00,0) 3 0. hebuh
i=1 i

- (4.48)
= (v, by 2, (x + 0 0, hy) by, (o, hi>H7w) hi = (0, ha) 1 Z(, 0, w) .
i=1 i=1

This, the triangle inequality, and the Cauchy-Schwarz inequality show that for all v € H with
[lv|lz € (0,7) it holds that

||Xf+'” (w)—x7 (w)—Zt(r,O,w)vH

vl &

U

[e.°]

S, hi)n (zt (2 + S0 hidarhg, (0. b)) hi = Z4(@,0, w)hi)

i=1

_1
lloll e

U

IN

0 Y2 /o
W (Z ((v, hi)H)2> (Z HZt (33 + E;:(U, hj)mhj, (v, hi)Hw)hi — Z4(z,0,w)h;

i=1

_ lvlla i—1 ) . ) _
= olla HZt (1' + Zj=1<vv h]>HhJa <U, hz>H7w> Zt(xa O,M)HHS(H,U) :

This and continuity of the function Npen{(z,¢) € O xR: z + hq € O} 3 (y,p) — Z(y,p,w) €
HS(H,U) in the point (z,0) yield that

lim [| 77 (@)= X7 (@)= Ze(w,0,0)0]| _

m s 0. (4.50)

This together with continuity of the function O 3 = — Z;(z,0,w) € HS(H,U) proves item
and thus completes the proof of Lemma [4.7] O

The following proposition, Proposition[f.8] provides a method which allows to obtain a continuous
version of difference quotients. A central assumption of Proposition[£.8]is that difference quotients
are locally Holder continuous with respect to the LP-norm and sufficiently high p. Proposition[4.§]
is a generalization of the Kolmogorov-Chentsov continuity theorem. In the case where F' = E,
H = R? and inequality below holds for n = oo, the proof of Proposition [4.8is provided
in Theorem 2.1 in Mittmann and Steinwart 2003 In the case where inequality below
holds for n = oo (and H = R?), the proof of Proposition is provided in Theorem 3.5 in Cox,
Hutzenthaler, and Jentzen 2013|

Proposition 4.8 (Existence of a continuous version). Let (2, F,P) be a probability space, d € N,
p € (d,0), a € (%, 1], let (H,{-,-) .|l - llz) be a d-dimensional real Hilbert space, let (E,|| - ||g)
be a Banach space, let F C E be a closed subset, let D C H be a non-empty set, for all n € N
let B, ={x € H: ||z||g <n}, and let X: D x Q — F be a random field which satisfies for all
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n € N that
su Bl X (x p + su M)W < 00.
S [1X ()] Lyegan =) (4.51)
£y

Then there is a B(D) @ F/B(F)-measurable function X: D x Q — F such that for all w € €,
n €N, z € D it holds that X| 5,5 )xa € Nae,a—2) LF(P; Cf(ﬁﬂ By, F)), such that for all
w € Q it holds that X(w) € C(D, F), and such that it holds P-almost surely that X (z) = X (x).

Proof of Proposition[{.8 Throughout this proof and for all n € N, let D,, C H be the set
satisfying that D,, = D N By, let {h1,...,hq} = H C H be an orthonormal basis of H, and let
D C D betheset D= {x € H: ({z,h;)n)?, € Ql}.

By assumption it holds for all n € N that X|p, € C*(Dy, LP(P; F)). Then Theorem 3.5 in Cox,
Hutzenthaler, and Jentzen 2013| shows that for all n € N there is an

X" e ﬂﬁe(o,a—g) LP(P; Cg(m, F)) such that for all z € D, it holds P-almost surely that
X™(x) = X(x). Let Qo C Q be the set satisfying that Qo = NpenNeeD,nD Nmennn,o0) 1A (7) =
X(x)}. Then this, the fact that X and (X™),cn are random fields, and the fact that N x D x N
is a countable set imply that Q¢ € F and that P(2) = 1. Continuity yields that for all w € Qq,
n,m € N with m > n it holds that X™(w)|5~ = &"(w). Now let X: D x Q@ — F be the
function satisfying for all z € D, w € Q that X (z,w) = 1o, (w)lim, 0 X™(z,w). Then it holds
for all n € N that X|5-, o = Lo, A" € nﬁe(o,a—g) LP(P; Cf(ﬁn7 F)) and consequently that for
all x € D it holds P-almost surely that X'(x) = X(z). The proof of Proposition is thus
completed. O

4.2.2 Exponential integrability estimates

In this subsection we collect two results from the literature which formalize a Lyapunov-method
to derive (exponential) moment estimates. We will use these estimates to prove condition (4.51)
for suitable difference quotients.

In this subsection we frequently use the following setting.

Setting 4.9. Let (H,(-,-) g, ||-|la) and (U, {-,-), ||-||lv) be finite-dimensional real Hilbert spaces,
assume that H # {0}, let T € (0,00), let (2, F,P) be a probability space with a normal filtration
(Ft)eepo, 1y, let W [0, T]xQ — U be a standard (Q, F, (Ft)e(0,77, P)-Brownian motion, let O C H
be an open set, let p: O — H and o: O — HS(U, H) be Borel measurable functions, and let
X:[0,T]xQ — O be an (Fy).ep0,r)-adapted stochastic process with continuous sample paths with
the property that it holds P-almost surely that [I ||uw(Xs)| m + HU(XS)”%{S(U,H)dS < oo and that
Xi = Xo+ [on(Xs) ds + [50(X) dWs.

For the convenience of the reader, we recall the following well-known Lyapunov estimate conse-
quence of e.g., Lemma 2.2 in Cox, Hutzenthaler, and Jentzen 2013|or the proof of Lemma 2.2 in

Gyongy & Krylov Gyoéngy and Krylov [1996)).
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Lemma 4.10 (A Lyapunov estimate). Assume Setting and let V € C?(0, [0,00)) and a real
number o € [0,00) satisty that for all ¢ € [0,T] it holds P-almost surely that (G, ,V)(X;) <
aV(X;). Then it holds that E[V (X7)] < exp(aT)E[V(Xo)].

For the convenience of the reader, we recall the following well-known exponential integrability

bound from Corollary 2.4 in Cox, Hutzenthaler, and Jentzen 2013|

Lemma 4.11 (Exponential integrability bound). Assume Setting let a € R, Uy € C?(O,R),
and let U: [0,7]x O — R be a Borel measurable function with the property that it holds P-almost
surely that [§ [U(s, X,)| ds < oo and that for all (£,z) € Uycq Usepo,r) 1(s, Xs(w)) € [0,T] x O}
it holds that

(G0 U0) (@) + 5aaary lo(@)* (VUO) (@)1, + Tt @) < alp(a). (4.52)
Then
E|exp (L22) + f e ds)| < B[ exp (Uo(X0))] € [0, 00]. (4.53)

The next result, Corollary states Lemma for positive initial times.

Corollary 4.12 (Exponential integrability estimates). Assume Setting let « € R, Uy €
C?(O,R), s € [0,T], and let U: [s,T]x O — R be a Borel measurable function with the properties
that it holds P-almost surely that [ |U(r, X,)|dr < oo and that for all (t,z) € Uyeq Uprels,T]
{(r, X (w)) € [s,T] x O} it holds that

(G.0U0)(®) + 5emar lo (@) (VUO) (@)|[5 + T (¢, 2) < alp(). (4.54)
Then
Uo(X T(r, X, Uo(Xs )
E[exp (exp((o}) _|_/ ex(p(ar) dr)} < E[exp (exp((as)))] € [0, 00]; (4.55)

moreover, if there exists a K € R such that K = infc[, r)inf,cq U(t, X¢(w)), then

E[exp (g{‘;(ég))ﬂ < exp (fexp(m)dr) [exp <exp((X ))} € [0, 0] (4.56)

Proof of Corollary[{.13 Lemma (applied with T' =T — s, (Ft)iejo,7—s] = Fits)tepo, s
(Witeio,r—s) = Wepe = Waliepo,r—s), (Xt)eejo,r—s) = (Xits)tejo,r—s5

Up = (0 3 z +— exp(—as)Up(z) € [0,00)),

U=([0,T—s]x0 > (t,x) — exp(—as)U(t + s,z) € R) in the notation of Lemma implies
inequality . Deriving inequality from inequality is straightforward. The proof
of Corollary is thus completed. O
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The following result, Lemma [4.13] generalizes Cox, Hutzenthaler, and Jentzen 2013, Lemma 2.23
with £ = 1 which is a special case of Lemma with H = R4, s =0, U(t,-) = U(-) for all
te0,7], XM =Xx* XG =Xx* X = X¥ and XW =XV fordeN, z,y € O.

Lemma 4.13. Assume Setting let s € [0,7] let XU): [s,T] x Q — O, j € {1,...,4}
be (Ft)te[s 7)-adapted stochastic processes with continuous sample paths satisfying for all j €
{1,...,4},t € [s,T) that it holds P-almost surely that [ ||z(X} )||H+ HO’(X(J )”HS(U ) dr < 00
and that X = X9 4 1 u(XD)dr + [ o(XY))dW,, let ag, a1, Bo, B1 € R, let Uy, Uy €
C?%(0,[0,00)), let a Borel measurable function U: [s,T] x O — R satisfy for all j € {1,...,4}
that it holds P-almost surely that [ [T (r, Xr(j))|dr < oo and that for all ¢ € {0,1}, (t,z) €
Uswea Urels,r) Uj=1{(r, XT(-j)(w)) € [s,T] x O} it holds that

(GuoUi) (@) + sopam o (@) (VU @)I[E + Ly (1) - U(t,2) < 0ilUi(x) + B, (4.57)

and let p,po, p1 € (0, 00] satisty pio + p% = %, let ¢: [s,T] — R be a Borel measurable function
which satisfies that it holds P-almost surely that [T max(¢(r),0) dr < co. Then it holds that

4
T (3) T ()
Uo (X)) U(r,X,")
H eXp ({QS + Z (4po(T syexp(aor) T Ipr CXp(alr)) dr)‘
j=1

1 4
r fo (1=7=%) 8 Ui(XP)
p ({(b(r) Po exp(agr) + P1 expl(alr)d ) H H Hexp (41)1‘ eXp(Otis))’
i=0 j=1

LP(P;R)
(4.58)

L4Pi (BR)

Proof of Lemma[{.13 Without loss of generality we assume for the rest of the proof that ¢ = 0,
otherwise divide by exp(/Z ¢(r) dr) € (0,00). Holder’s inequality together with 1 = 44100 + 44p1
Jensen’s inequality, nonnegativity of Uy, Corollary - (applied with T = ¢, U = —fy, a =
ag, X = X0 for j e {1,...,4} and t € [s,7] and applied with Uo =U,U =U-p,
a=a, X =X for j e {1,...,4} in the notation of Corollary 4 , and the fact that
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JE [T exp(—agu) dudr = [T(T — r) exp(—agr) dr show that

4
T Us(X9) T(r,x9) T
H exp ( { 2:1 (4;00 T Os) exp(aor) + 4p1 cxp(alr))dr) HLP(]P’;R) €xp ( o { { m du d?")
j=

4
U, (X(J)) T 8
<1II {H exp (f Tro(T—3) exp(aar) | Tpo(T=s) explagu) LU dr)

i L4Po (P;R)
T j
U(r,x9))
N (1 5055 90) | o o)
Uo (Xt(j>) t Bo L/apg
< H ( sup (E[exp (exp(aot) -/ B loon) du)D (4.59)
j=1 tels, T s
nExd) | Toex®) /41
(B[ (G5m I St @)]) )
4
Uo (X)) Y4pq x| T /ap1
<JL((E[ew (573)]) " e (S5 + [=tm@)]) )
j=1
_ (f —= L d) (_ﬂ Bo dd)
= Xp s Po exp(aor) p1 exp(air) T ) exp A po(T—s) exp(apu) uar
1 4 _
TIIT e ()
i exXp(a;s p; .
i=0j=1 e Lirs (BR)
This implies inequality (4.64). The proof of Lemma is thus completed. O

4.3 Strong completeness for SDEs

Setting 4.14. Let T' € (0,00), let (H,{-,-) g, || - &) and (U, (-,-)y | - llv) be finite-dimensional
real Hilbert spaces, assume H # {0}, let (0, F,P) be a probability space with a normal filtration
(Ft)eepo, 1), let W [0, T xQ — U be a standard (Q, F, (Ft) (0,17, P)-Brownian motion, let D,0 C
H be non -empty open sets, let B C H be a Borel measurable set with the property that D C B C
O, let pe C(O,H) o € C(O,HS(U, H)) be locally Lipschitz continuous, for all s € [0,T], x € B,
let X§ 2 [s,T] xQ — B be an (Fy).e[s,1)-adapted stochastic process with continuous sample paths
and with the property that for allt € [s,T] it holds P-almost surely that

t ¢

X =o+ [ (X)) dr + [o(XZ,) dW, (4.60)
let ag, a1 € [0,00), Bo, B1 € R, Uy, Uy € C%(0,[0,0)), let U: [0,T] x B — R be a Borel
measurable function satisfying that for all s € [0,T], x € B it holds P-almost surely that

JE T, X§,)|dr < oo and that for all i € {0,1}, s € [0,T], t € [s,T], x € B it holds that

(Gu,oUi)(x) + mﬂa(x)*(VUZ)(x)HQU + 11y (0) “U(t,r) < ouUs() + B, (4.61)
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let ¢: [0,T] — R be a Borel measurable functz’on satisfymg that [ max{0,p(r)} dr < oo, let
q €[l,00), c€ (1,00), qo,q1 € [1,00) satisfy that + == = =, and assume that for allt € [0,T],
x,y € B it holds that

q!

(2 =y, 1(2) = 1(®)) y + 3llo@) = o) s
+ %(Cc—ql — min{2, @}) H(x —y,0@) - U(y)>HHHS(U,R)

2 Uo (z)+Uo (1 U(z)+U(y)
< llz =yl - (98) + gor et + sy )-

(4.62)

The next lemma follows from pathwise uniqueness which is guaranteed by the fact that drift and
diffusion coefficients are locally Lipschitz (see e.g. Theorem 2.5 in Section 5.2.B in Karatzas and
Shreve [2012)).

Lemma 4.15 (Flow property). Assume Setting Then for all (s1,s2) € Ap, t € [s2,T],
x € B it holds P-almost surely that X , = XXS1 o2

52,0

Lemma 4.16. Assume Setting let (s1,82) € Ap, 21,29 € B, let p,pg, p1 € (0, 00] satisfy

p%) + p% = ]%, and assume that there is a K € R such that

K= f f inf X* 4
te(lﬁ,SZ)JrelelgBU(t a1 (@))- (4.63)

Then it holds that

2
UO(XS s U(TXS "
P ( )+ Z (4290 T- sg)éxpmor) + 1 exp@lr))d’“) e (4.64)
Bo (1— 7= 1
i = by oK Us(@1)+Ui(z3)
< exp (f () + Semans T rewta dr + f T exp(w) + premnar A + e e )

=0

X,(Q) — XS);” 2 X(B) Xs, ”1 2 X(z) Xs;l "*2 in the notation of Lemma

Proof of Lemma[{.16, Lemma and Lemma (applied with s = sy, X Xs;l 2,
-4 13|) yield

2
T Uo(X27,) T(r. X200
P (sfz (b(?") T Z <4p0(T252)éXp(0407') + 4p exp(alr)} dr
j=1

12
T Bo (1—+=2) 8 Ui(Xs? o)) 2w
= oxp <sfz o(r) + Po exp(aoﬁ) + p1 expl(aﬂ) dr H H E {eXp (Wﬂ '

i=0j=1

LP(P;R)
(4.65)

Applying Corollary (with T' = s, s = 51, X = X§2, Uy = Uy (resp. Uy = Uy), U =P
(resp. U = U — f31), @ = ag (resp. a = o) in the notation of Corollary [4.12)) completes the
proof of Lemma O

Lemma 4.17 (Strong local Lipschitz continuity in the initial value). Assume Setting let
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€10,T], x,y € B. Then it holds that

sup || X*, — XY H
Hte[&pT] X5 sulla La(P;R)

qo exp(aoT) q1 exp(aiT) 2q; exp(a;s)

T fo (1—2=2) 1 (4.66)
< |lz = yllm exp (1) exp <f¢(r)+ e Ui(x)”*”).

=0

Proof of Lemma[f.17 It follows from equation (4.60)) that for all ¢ € [0,T — s] it holds P-almost
surely that

X;chrt Xs s+t —$_y+fﬂ( ss+r) _:u’( ss+7‘) d’l“—i—fO'( ss+r) _U( ss+'r) dW (467)

Then item (i) in Proposmon (applied with X; = X7, — XY 4 pe = p(XT 1) — (XY o 440)s
X ot =X oot (XE ) —n(XY ) m

Qp = R s By = 0,y = o (X ) =0 (X ) G = 0p=Lu =1,

W =2,p=2cr=cc=0,c=00c=00=_",0=0foraltc[0,T—s],cec(l,00)in

the notation of Proposition [4.6), the fact that ¢ < exp(c — 1), inequality (4.62)), and Lemma

imply that

<l — [
Lq(]P’;]R)_Hx ylaeem

sup X7 s = Xl
tels, T

(X7 s+r X; ;+T’H(X; g+r)*u(X'§ str ) H 1 llo(X3 §+t) U(Xs s+t)”HS(U H) }
ex max ,0
P (f { X7 X0 T, AT B EIES C

S s,s47 s 547

g (e—Dg —XY . o(XE L )—o(XY .,
e [ e gﬂki; +X> +T<H4g wrelsws g ) (4.68)
Lac(P;R)
T Uo(XZ,)+Uo(XY,) | U(rX2 )+U(r,XY,)
< ||(E - y”HeXp (%) exp <f¢ + Z ( 4(1)10 T—s) ex[;) agr) + 4quexp(a1r) 7 )d?‘
s La(PiR)
T
Bo (1— U (z)+U;
< e = ylla exp (3) exp (M(” ety + gy 4 + Z Pt )
The proof of Lemma is thus completed. O

Lemma 4.18 (Moment estimate). Assume Setting [4.14] let o € [0,00), p € [2,00), let V €
C?%(0,]0,00)) satisty for all z € B that (G, ,V)(z) < aV(z) and

max {[|u(@) 1%, lo(@) s} < Vi@ (4.69)
and let s € [0,7T], 1,22 € B. Then it holds that

<21 — 22||g + (exp(aT)V (z ))%(\Fﬂ’)m- (4.70)

sup ”X (t+s)AT — 2||HH

te[0,T) Lr(P;R)

Proof of Lemma[{.18 Note that equation (4.60)), the triangle inequality, the Burkholder-Davis-
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Gundy type inequality and Lemmas 7.2 and 7.7 in Da Prato and Zabczyk [1992] ensure that for
all ¢ € [s,T] it holds P-almost surely that

| 200 1Xiesr = o2l

+€[0,T] Lr(PR)
¢
<l|lz1 —z +H sup (X51) ’ +H sup (X5 r ‘
lz1 — 22|l sefor] { 1€ ||H L (PR) te(0.7] { (X33 HllLe(R)
T T 3 (4.71)
< e = @2l + [ 1(XE0) | Lo,y dr +p(f lo (XS o eimy dr)
T 1 T 2 %
<oy —wollw +/ E[V(X])? dr +p(f, EV &) dr)
1
<oy — @allu + (exp(@D)V(2))? (VT + p) VT =
The proof of Lemma [£.18]is thus completed. O

The following lemma, Lemma [4.19] is well-known and is included for the convenience of the

reader.

Lemma 4.19 (Temporal regularity). Assume Setting let & € [0,00), p € [2,00), let
V € C?*(0,[0,00)) satisfy for all z € B that (G, ,V)(z) < aV(x) and

max {[|n(2) 1%, o (@) s o) } < V(@ (4.72)

and let 51,55 € [0, 7], x € B satisfy s; < s5. Then it holds that

sup || X?T X7T H‘
te[o.T ]” s1,(t+s1)ANT — 517(t+sz)/\TH L (P;R)

(4.73)

S =

< lz1 — 2|l + (exp(@T)V ()" (VT + p)VT — 5.

Proof of Lemma[{.19 Note that equation (4.60), the triangle inequality, the Burkholder-Davis-
Gundy type inequality and Lemmas 7.2 and 7.7 in Da Prato and Zabczyk [1992] ensure that for
all ¢t € [s,T] it holds P-almost surely that

sup HX31 (t+s1)AT — Xfl,(t+32)/\T||H’

te[0,T)] Lr(P;R)
t t
< o r X?lr ’
< tes[%%]{ (X d ‘LW;R) o foXayawe| |
T T 1
< f [l (XE) HLP (P;H) dT—i—p({ ||J(X§11,r)||ip(m>;m) dr>2 (4.74)

f( v (Xffr)D;dT—FP({T(E[V(X;‘l{T)])Zdr)é
< (exsp(@D)V (@) (VT + 9T —s.
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The proof of Lemma is thus completed. O

Lemma 4.20 (Strong local Holder estimate). Assume Setting let @ € [0,00), let V €
C?(0,[0,)) satisfy for all z € B that (G,,V)(z) < aV(z) and

max{q,2 max{q,2
max { (@) 5, o (@)naei } < Vi), (4.75)
and let s € [0,T], x1,z2 € B. Then it holds that

sup || X2
te[0,T]

o1
s2,(t+s2)AT Xsh(t-*'sl)/\T”H’Lq(P-R)

1—i
8 (1- =225 o
< 7@ exp (f o(r)dr + Z f % dr> - 35254 exp(ss — $1) exp((22qcl))

[z = @l @0+ 2(V (@) exp (afsa —30)) S (g —s] (4TO)

Uo(w1) o F Ui (1)
@m<%%@mﬁzQﬁ@(%”W+m§$m>2mfmmwr>

+6gexp(g) exp (14 a)(s2 — 1)) (s2 — s1)" (exp(aT)V(a:1)) s,

Proof of Lemma[{.20, The triangle inequality, Lemma (applied with T = (¢t + s2) A T,
F=TFe, P=Pl,,
the notation of Lemma [4.26]), and Lemma (applied with T = (¢t + s2) A T, .7-" = F(t4s)nT>
P = P|F(t+51)AT’ T = X:127(t+81)/\T’ T2 = X§12,(t+s1)/\T7 s = (t + 81) A T p=
(s1,82) € Ap, t € [0,T — s1) in the notation of Lemma [4.18|) show that for all Z1,xq € B,

(s1,82) € A it holds that

p— xr J— P xr — M
r=X72  y=1Lv=x— X, 5=sy, for (s1,s2) € Ap, 21,22 € B in

sup HX
te[0,T]

- X I
so2,(t+s2)ANT s1,(t+s1)ANTIH La(P;R)

T2 X:11,52 q Ya
< (E[E[ sup |Ix22,-X F..]|)

S2, t S2 ,t
te€[sa,T)

b

x max{q,2 1/max{q,2}
+ (E[E[ swp x2 = X2 e IE P R ]]) (4.77)

t+s2)AT
refo.r—sy) o)

'61 s T
< exp ( ) exp ( f ¢ + Z qi epr(a'jZ)) dr + Z 2q; exp(f)z), $2) )

1
. Ui (X2 ) Ya
: (E[llxz - X3 ol eXP( W@ig))})
=0
s — s /2 (2e=1)/(auc)7\ /g
+6gexp(t) su ((t+59)AT—(t451)) E(V(X o, )
gesp(}) s (M BV, )

Combining this and the fact that % = (25;61) + ﬁ + 2—(111 with Hélder’s inequality implies that
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for all 21,z € B, (s1,52) € Ar it holds that

T -
)1
< T exp ( r)dr + Z f — efp(;)r dr) (4.78)

Up(XZT1 )
. — T1 _ T \""sy.827
ng X51752 HL(Z‘”)/(ZC*U(IP;H) H exp (Zqo exp(apsz)

o (5
120 () || P \Zarexplarsa) ) || 2o o.m)
) 12 . (2e=1)/(4ugqc)
+ 6¢q eXp(a) exp ((1 + a)(s2 — 51)) (s2 —s1) ( sup E[V(Xsf,tHl)D .

tel0,T—s1)
This, Lemma (applied with ¢ = (zfifl)q, T=2sy,8=81, Ty =1, T1 = To, for x1,x9 € B,
(s1,52) € Ar in the notation of Lemma [4.18) and Lemma (applied with T' = ¢, (X7'),c[0,g =
(X;Cl7r+sl)r€[0,t]v F = \/re[(),t] IFT'+817 (Fr)re[o,t] = (FT'+S1)’I‘E[O,t]7 (WT)TE[O,t] = (W7'+s1 _Wr)re[o,t]
for t € [0,T — s1) in the notation of Lemma [4.10) show that for all 21,29 € B, (s1,$2) € Ar it
holds that

su Xg”2 — X ‘
H tE[OI;F] || s2,(t+s2)AT 817(t+51)/\THH La(P;R)
)1
—c 3 2¢c—1
< 7D exp ( r)dr + Z f pr e(pr(ai)v) dr) . 2c L exp(sg — s1) exp (( gqc ))

. (sz . [L'IHH + 2(V(1‘1) eXp(a(sz . 81)))(2r_ 1)/(2u(2qc))(82 _ 81)1/2)
x 1/2q
- (B[ew (Gt - f s dr)]) e (4 f exp(—aor) dr)
Ul(XQC 5) Y201
' (E[eXp ( Sxplarss) T f e)f; a[ilr) dT)D P (2q1 sfl exp(alr) dr)

+ 6¢ exp(%) exp (14 a)(s2 — s1))(s2 — 31)1/2( sup exp(at)V(z1)
te[0,T—s1)

(4.79)

)(2671)/(4“(1(,)

Corollary (with T' = s9, s = 51, X = X7}, Uy = Uy (vesp. Uy = Uy), U = —fy (resp.
U=U-p1),a=aqq (resp. a =ay) for z1 € B, (s1,52) € Ar in the notation of Corollary [4.12)
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hence yields for all k € N, z1, 29 € BN By, (s1,52) € Ar that

x
H tes[l[l)pT] |‘X822,(t+52)/\T - Xsll,(t+sl)/\T||H’

La(P;R)

Bi rosp )1 o
ST e (’ o(r)dr + Z jelday d’") 32 exps — ) exp((20)

[z = @2 (20) 7 4 2(V (@) exp (alsz — 1)) D (5 - 1) | (4.80)

) _Uolz) _ 4 U)o
€xXp <2q0 exp(aosl) 2q0 éf GXp( 0[07") dr + 2q1 exp(alsl) 2q1 sfl exp(aﬂ" dr
(2¢=1)/(4ugqc)

+ 6qexp(%) exp ((1+ a)(s2 — 1)) (s2 — 51)1/2 (exp(aT)V(ml))

The proof of Lemma [£.20] is thus completed. O

Lemma 4.21 (Existence of a C%-flow). Assume Setting let @ € [0,00), p € [2,00), let
V € C?*(0,[0,00)) satisfy for all z € B that (G, ,V)(z) < aV(x), assume that for all k € N it
holds that

sup V(z) < oo, (4.81)
z€B: ||z|| g <k

and

max { || () ||%, [lo(2)|5 HS(U, H)} <V(z (4.82)

and assume that ¢ > 2(dim(H) + 1).
Then there exists a B(Ar x B) @ F/B(B)-measurable function X': Ar x B x Q — B such that

L. for all z € B, s € [0,7] it holds P-almost surely that (X7,)icfs, 1) = (XT4)iels 175
2. it holds for all w € Q that X (w) € C(Ar x B, B),
3. it holds P-almost surely for all z € B, 7,s,t € [0,T] with r < s <t that A¥, = X;iﬁs, and

4. it holds for all z € B, s € [0, T] that X7 : [0,T]xQ — B is an (F})c[s,r)-adapted stochastic

process.

Proof of Lemma[.21] For all k € N let B, C H be a subset with the property that

= {v € H: ||jv]|lg < k} and let K € R be the real number with the property that K =

inf (s yyea, infueqinf.cp U(t,Xj’t(w)). From Lemma (applied with p = 23%17 T, = x,



4.3. STRONG COMPLETENESS FOR SDES 119
xo = x) it follows that for all £ € N it holds that

sup  sup
s€[0,T) €BNBy,

sup |IXE iy — @l
t€[0,T]

< sup  sup 6Ggexp(T — s) exp() (V@) exp(alT — ) * (T — ) (483)
s€[0,T] xr€BNBy

La(P;R)

< 61" exp (T (1+ a5 ) ) explf) sup (v (a)) ™ /e,
r€EBNBy,

From inequalities (4.81)) and (4.83]) it follows that for all £ € N it holds that

s B[ sup |IX2 gl < oo (4.84)
(s,2)€[0,T]x(BNBy) “te[0,T]

From Lemma it follows that for all (s1,s2) € Ap, t € [0,T], 1,22 € B it holds P-almost
surely that

x

_ Xﬂ?z _ x
s2,(t+s2)AT s1,(t+s1)ANT

1 _ T2 2 _ T2
s2,(t+s2)AT Xsl,(t—i-sz)/\T + Xsl,(t—i-sz)/\T Xsl,(t-i-sl)/\T (

4.85)

— X™1 o XX:I,SZ +XX:12,(t+51)/\T _ xe

T o, (t+s2)AT s2,(t+s2)AT (t4s1)AT,(t+s2)AT s1,(t+s1)ANT”

Observe that for all (s1,82) € Ap, t € [T—s1,T], x1, 22 € B it holds that (t+s1)AT = (t+s2)AT
w2

and it holds P-almost surely that X?gl,(tJrsQ)/\T_X.Zcf,(tJrsl)/\T = X;“;’T—XSZ}'SQ. From Lemma.20

and the fact that [§ max{0,¢(r)} dr < oo it follows that

E [Supte[O,T] ||X:217(t+s2)AT — X‘fi(tJrSl)AT”?{}
)q/4

sup < 0. (4.86)

(s2,21),(s1,22)€[0,T] x (BNBy) : ([lo1 — 2l + |52 — s1/?
(s2,21)#(s1,22), s1<s2

Proposition (applied with p=¢q, =12, D =[0,T]x B, H=R® H,
X = ([OaT] x B > (S,Z‘) = X;(._t,_s)/\T € C([OaT]aB))7 E = O([OvTLI{la F = C([OaT]aELIH
the notation of Proposition establishes the existence of a B([0,T] x B) @ F/B(C([0,T], B))
-measurable function Y: [0,7] x B x [0,T] x @ — B such that for all w € Q it holds that
Y(w) € C([0,T] x B,C([0,T], B)) and for all (s,z) € [0,T] x B it holds P-almost surely that
(Y(S’%i))te[o,T] = (X.;E,(t+8)/\T)t€[OfT]' Let us consider X: Ar x B x Q — B which satisfies for
all z € B, (s,t) € Ar, w € Q that A7, (w) = Y (s,t — s,7,w). The proof of Lemma is thus

completed. O
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4.4 Existence of a Cl-solution

Setting 4.22. Let T € (0,00), let (H,{(-,) g, |- [|zr) and (U, (-,-)y, || - lv) be finite-dimensional
real Hilbert spaces, assume H # {0}, let (Q, F,P) be a probability space with a normal filtration
(Ft)eepo, 1y, let W:[0,T] x Q — U be a standard (2, F, (Ft):epo,17, P)-Brownian motion, for all
(s,t) € Ap let Ff C Fy be a subset such that for all s € [0,T] the filtration (F})ie[s,1) is @ normal
filtration, assume that for all (s,t) € Ar it holds that o (W, — Wy r € [s,t]) C F7, let D,O C H
be non-empty open sets, let B C H be a Borel measurable set with the property that D C B C O,
let w € C1(O,H), o € CY(O,HS(U,H)), for all s € [0,T], * € B let X*: [s,T] x Q — B be
an (F7)ies,1)-adapted stochastic process with continuous sample paths such that for all x € B,
t € [s,T] it holds P-almost surely that

t ¢
Xo=a+ [w(XS,)dr 4 [o(XS,) dW,, (4.87)

let ag, a; € [0,00), Bo, B1 € R, Uy, Uy € C?(0,[0,00)), let U: [0,T] x B — R be a Borel
measurable function with the property that for all s € [0,T], x € B it holds P-almost surely that
JEO, X¢,)ldr < oo and such that for all i € {0,1}, s € [0,T], and all

(t,l‘) € Uweq UzeB Ure[s,T]{(T’ st,r(w))} (488)

it holds that
(G0 Us)(@) + 5oy 0@ (VUN@)E + 111y () - Tlta) < ailis(a) + B (4.89)

let ¢: [0,T] — R be a Borel measurable function with the property that fg max{0, ¢(r)} dr < oo,
and let V € C?(0,[0,00)) be a function and a € [0,00) be a real number such that for all x € B,
s €[0,T], t € [s,T] it holds P-almost surely that (G, ,V)(X5,) < aV(XZ,).

4.4.1 Moment estimates for the first derivative process

Setting 4.23. Assume Setting [{.29, for all s € [0,T] let Z!(z,y): [s,T] x Q@ — H, z € B,
veH, ye{zeR:z+vz € B}, be (ff)te[syT]-adapted stochastic processes with continuous
sample paths satisfying for allt € [s,T], x € B, v € H, y € R\ {0} with x + vy € B that

z+yv T
Xs,t - Xs,t

Zg(x,y) = ;

(4.90)
and for allt € [s,T], x € B, v € H that it holds P-almost surely that

¢ ¢
Z3(2,0) =v+ fu’(Xf’r)Z;’,T(m, 0)dr + fa’(Xf’T)Z;”T(:E, 0) dW,.. (4.91)
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Lemma 4.24 (Difference process satisfies linear SDE and one-sided local Lipschitz inequality).
Assume Setting £.23] let © € B, v € H, y € R with the property that = + vy € B and let
(s,t) € Ap. Then it holds P-almost surely that

t1
Z(x,y) =v+ ffu’(X;fr + )\(X;”j“y — XS N Z (x,y) dNdr
e (4.92)
+ [ [0 (X3, + MY = XT))ZY (2, y) AN AW,
s 0
and it holds P-almost surely that
L / T r+v T
max{<Z§’t(x,y)70fu (Xs,t"L + XS - X;L’t)> d)\Z;”t(:r7y)>H
1 2
Y for(xz, 4 Ay - x2) Azl (o) o} 4.93
+ 2H go' ( s,t + ( s,t s,t) s,t(mvy) HS(U,H)’ ( )
1
L (2 — minf2, 20}) |22 Xz, +A(XEF = x7,)) dAZy |
3 (e = ming2, SR [(Z0), [o! (XA = X2)) A2

v 2 Uo(XZ )+Uo(XETY) | TEXE)+TU®XITY)
< ”Zs,t(x’ y)HH (d)(t) + 240 (T—s) exp(aot) + 2q1 exp(ait) )

Proof of Lemma[f.2] If y = 0, then equation (4.92)) follows from equation (4.91)). If y # 0, then

equations (4.90) and (4.60) imply that it holds P-almost surely that

X (X)) G e (X o (XE)
y

Z(xy) =v+[ ; r+ [
S

S

dw,. (4.94)

The fundamental theorem of calculus hence yields equation (4.92)). The proof of Lemma is
thus completed. O

Setting 4.25. Assume Setting let ¢ € [1,00), ¢ € (1,00), qo,q1 € (0,00] such that

Z;:() % = é, and assume that for all (s,t) € Ar x1, 29 € B it holds P-almost surely that

. {0 cup | (efop (XTI - XT )udxm}
»ueH\p{O} Tull%
max{l,qfcl—u,%—l} I / z T z 2 4.95
s o/ (X0 AXT - X)) () )| (4.95)

L(H,HS(U,H))

Uo(X)+Uo(X73 T, X740 (+,X.2)
< (¢(t) + 2q0(T;s) exp(aot) + 2q1 exp(ait) )

The following lemma, Lemma [£.26] essentially follows from Lemma 2.4 in Cox, Hutzenthaler, and
Jentzen 2013l We include a proof of Lemma [£.26] based on Proposition [.6] for convenience of

the reader.

Lemma 4.26 (Moment estimates for the first derivative process). Assume Setting and let
s€[0,T],re B,ve H ye {z€R: x +vz € B}.
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Then it holds that

b (12 e ()l

te[0,T La(P;R)

. ! (4.96)

c T Bi S U; U,
smmwmm%m +Z 2O iy L),
5 i=0

Proof of Lemma[].26. Throughout this proof let a: [0, T] xQ — [0,00) and : [0,T|xQ — L(H)
be the measurable stochastic process satisfying for all ¢ € [0, T that

(27 (my), Jo 0/ (XPANXTTV=XT)) Z (wy) dN) |, } (4.97)

= max {0’ Liz; @v)20) LRI

and n:(-) = [g o/ (XF + MXTT — X7))(-) d\. From Lemmait follows that for all ¢ € [s,T]

equation (4.92)) holds true P-almost surely. item (i) in Proposition (applied with s = s, X; =
w,fo p (XT ANXITY—XE ))udA
Z{(z,y), oy = max {O,SUpueH\{o} ol - HUH% : . }’ Br =0, G = Ous(m,v);

e = Jo o' (X5 + MXTY = XT) OV dA, pe = Jo o' (X, + NXT™ = X3)) 28 (2,9) dX, p =
1, p) =u=v =2,¢1 = co =c3 =c4 = ¢, 6 =0 in the notation of Proposition ,
inequality , and Lemma [4.13| (applied with pg = qo, p1 = ¢, p = qc, xW = X5,
x® = Xz, x® = Xty xW = X7 in the notation of Lemma show that

sup || Z; (t-s-s)AT(x ) ||H’

t€[0,T) La(PR)
. T u 1 7 x xT4v x u
< 7T ||o]| || exp (fmax{o, sup Lo A DR e (4.98)
ue H\{0}
max{l L*M L*1} x x+v x
: | forcez, +acxziy - xz ), dr
, L(HHS(U,H)) Lac(PR)
=D T o) 4 EXEDTUEE™) | Tlr X3, )+T(rX33)
< cale=D ”vHHH exp ({qb 2q0(T—s) exp(aor) + 2q1 explanr) | dr)‘ Lac(P;R)
, T L (r—s) !
c ﬂL < U;(z+v U;(x
< = ol oxp (Fotr) + 3 UL gr 4 3 Uieontger),
1=0 =0
This proves inequality (4.96]). The proof of Lemma is thus completed. O

4.4.2 Properties of the first derivative process

The proof of the next lemma is similar to the proof of Lemma [4.26

Lemma 4.27. Assume Setting [4.25] let (s1,52) € Ap, and let v € H, x € B, y € R such that
x + vy € B. Then it holds that

21 s (1)

P(28, () = Zo " (X2, ) forall £ € [5,7]) = 1. (4.99)
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Proof of Lemma[{.27. First, note that Lemma implies that for all ¢t € [sy,T] it holds P-

almost surely that

Z¢) 5o (@5y)
Z:1,t<m7y) - Z bt (Xx Sz’y)

s2,t 51,

) VAN CRT))
Z (‘T y) Z‘;jl 52( ) + Z;1 So (.’13, y) - Zsz,% 2 (X.Zfl,sz’y)

S1,
t1
=/ ({M'(Xfl P NG = X3, )28, e (y) dXdr
s2
t1
10X 4 NXERY = X2, )2, (9) dA AW, (4.100)
s2
+ Z;j1,32 (1:, y) Z;j] S2 (1:7 y)
t 1 @ @ v - -
T T (X e A(Xaypee e 00y Toieny) g2 00 () dndr
s2 0
t 1 Xz D. G zZ? (=, 51,8 Z] s, (T, -
_ ffo_/(XSQ?,sz +)\(X52f»,1"62+y 51,52( ) XS2% 2))252%4 2( y)(X 152,y)d)\dW7-.
s2 0
v xrtvy
Next, observe that for all ¢t € [82, ] it holds that Xs;tl 2 ¥V 70,0 (P0) X52t1 2 (trivial for

y = 0, and ensured by equation (4.90) if y # 0) and note that Lemma assures that it holds
P-almost surely for all z € B, t € [SQ,T] that X.. " = X7, ¢+ Hence, for all ¢ € [sp,T7] it holds

Sz,t

P-almost surely that

o159 (@5Y)

Z:1 t(x’y) - ZSQ,t (stl,swy)
Frooye v 2 v 2% (@)
= f gMI(Xsl r + )‘(Xsl+ry Xsl, ))(Zsl,r(x’ y) - Zszalrr 2 (X51 527y)) d\dr (4]_01)
52
t1 z] @,
10/ (X5, XY = X )20 ) = 2ol (X, ) dX W,
s2
This and item (i) in Proposition(applied with s = s9, Xy = Z¢, (=, y)—ZSZ;t 02 () (XS 600 ¥

(w3 W/ (X2, ANXEFPY X2 DudA)

oy = maX{O,SupueH\{O} TullZ ) /Bt = O, Ct = OHS(H U)
N = f& /( T /\(X::tvy Xfl t))() X, py = f(} N/(Xi,t + A(X::tvy Xfl, ))(Z;)ht('ray) -
ZZgl gz(z y)(Xsl sz’y)) d)‘v p =1, p =u=u = 2,10 = =c3 =c4 = ¢ d = 0 for all

sa,t

t € [s2,T)] in the notation of Proposition [4.6)), inequality ([4.95), Lemma [4.15] Lemma

L+vy
(applied Wlt}i $ = S92, Po = qo, P1 = q1, P = qc, X(l) XS 103 X(Q) XS 102 X(3) Xslf o2
€T vy

x® = Xs)ff.l’sz in the notation of Lemma [4.13)), and the fact that [ max{0, $(r)} dr < co show
that

[ o, 125 o) - 225 wHH(

La(P;R)
(4.102)

exp(azr QQZ eXP(ais)

. 1 CED
1=0
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S1,

0. The proof of Lemma [£.27)is thus completed. O

7 (e
This implies that it holds P-almost surely that supc(,, 1 [|1 25, (2, y)—ZS;};SQ( y)(X”” s W E =

Setting 4.28. Assume Setting [£.23, let p,q,9 € [1,00), qo,q1 € (0,00] such that (p+ 1)q > 2p
and ZLO % = m and assume that for all (s,t) € Ap,x € B,ve H,y € {z € R: z+vz € B}
it holds P-almost surely that

ASI[IOP” max { ||p/(XZT, + MXST = XE) pam, 1o/ (X2 + MXTTY = XED | permsw,m) }
elo,

< (V(XZ) 4+ V(xEF) e (403)

let v € (0,00), and assume that for all (s,t) € Ap, x1,29 € B it holds P-almost surely that

’ x1 2 x1
2 max {07 sup {unfo w (X2 +/\(X2 X )y } + 2y
uweH\{0} lellz

1 2
1 H M(XTL 4 A(XT2 — XT1))(. d)\H
+ (qp + q + ) fU ( s,t + ( s,t s,t))( ) L(H,HS(U,H))

2 2.
UO(XS %) Ut,x.7
( + Z 2q0(T—s) exp(aogt) cxp(aot) + 2q1 cxp(alt))'
j=1

(4.104)

Lemma 4.29. Assume Setting[4.28/and let s € [0,T], z € B, v,w € H,y € {z € R: z+vz € B}.
Then it holds that

sup VAR T ‘

te0,T | J(t+ )/\T( Y) —wll La@R)
L B

gsqexp@mp( D+t a1y ) (4105
=0

P—1)/(204p 12
(o= wlla + lwll (5 +1) (V@) + Vi +vy) >( [“exp(atrdr) ).

Proof of Lemma[{.29 First, note that Lemma ensures that for all ¢ € [s, T it holds P-almost
surely that

t
Z3y(@y) —w=v—w+ [ [p' (X7 + MXT = X7))ZE, (2, y) dAdr

O =

+

®—
O =

o' (XE, A NXTEY — XTNZE (2, y) dXdW,
O (4.106)
=v—-w+ fg.u/(Xez,r + A(X;j"rvy - Xir))(Z:,r(‘ra y) —w+ U/) dAdr

+

®—
O =

o (X2, + AXTEY = X222 () — w + w) AWV,

The continuity of [s,T] > ¢t + Z¢,(v,y) € H and the Cauchy-Schwarz inequality yield that for
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all t € [s,T] it holds P-almost surely that

1
(Zeulry) —w [ (XA M = X20) (Za(ay) —w +w)dh)

(ufo W (XT ANXITY =XT,)) dAw)

HUHH

< (max {0, sup

i} ) 122 () = wliy (4.107)
ueH

1 2
F | T e - xppwa|

item (i) in Proposition (applied with Xy = Z¢ ,(7,y) — w,
u, fo 1 (X2 ANXITY =X ) dau
oy = max{0, SUDPyc 1\ {0} S (”z”’% D D) 7
2
= ﬁH To W/ (X33 + M = XTy) wdAH L Co=Jo o' (XE 4+ MXTT™ = X2 ) wd),
= Jo o' (X5 A MXE = XE0) () d, = o p (X;”t MK = XE)) ZL (@ y) dA p =1,
u = p for all ¢t € [s,T] in the notation of Proposition shows that

bup VA x, H‘
selor | J(t+ )/\T( y) — || Li(PR)
=|| sup ||Z¢,(z,y) —w HH 4.108
= | s 122 e = wla, (4.108)
1,7 x TH+vy x
< 3q exp (%) H exp (meax {0, sup {ufo (XS‘T+A(ﬁiQ X))y } + 2 dr)
s u€H\{0} "

1 2
exp ((ap-+a+ 1) [0/ (X2, + A = X2,)) () A ar) | s vaces)

L(H,HS(U,H))

. T Tt+ovy T
(||v wllg + 5= H J (XS + MXE X5, w‘”" L2 (Ao s L3P0/ (o) (B H))

1
|| 1o (X2 4 Az - X2)
0

2(A[S,T];L@P‘”/(p—n(P;HS(U,H))))

Combining this, equations (4.103)) and (4.104) with Lemma m (applied with p = (p 4+ 1)q,
po = qo, ;1 = q, XV = x2, x¥ = xr x® = xzfv, xW = XIPY for s € [0,T] in

the notation of Lemma [4.13)), Holder’s inequality, and Lemma (applied with T' = r — s,
(th)te[o,r—s] = (X:,;r—:-)g)te[o,r—s] (resp. (th)te[o,r—s] = (st,t—s-s)te[o,r—s])v F = \/tE[O,T—s] IFt—i—s>
(F)iepo,r—s] = Firs)iefo,r—s)s Wi)iepo,r—s] = Wits — Ws)iepo,r—s) for 7 € [s,T] in the notation



126 CHAPTER 4. EXISTENCE OF CONTINUOUSLY DIFFERENTIABLE SOLUTIONS

of Lemma |4.10)) establishes that

sup ||Z7 14s x,y H‘

| s 122 eonten) = wla,

= g 70 (@ w H’ 4.109
S 1Z5¢(z, y) = wlla |, - (4.109)

< 1 T Uo(X2,)+Us(XEE™) | T X2 )0 X

>~ 3 q exp (E) exp ./‘QS(T) 2qo(T—s) exp(aor) 2q1 exp(ayr) r Lir+Da(B:R)

~ <|v o —— (f (& [(V(X;i,.> wvixsemye]) dA) W)

1 (r—s) 1
<3qexp (L) exp < ) e e M U*“W’*““’)
=0

qi exp(a" 2q; exp(a;s)
i=0

p—1)/(20qp T—s /2
. <||v —w|lg + ||w||H(ﬁ +1)(V(z) + V(z+ vy))( )/( )( Of exp(a (ﬁqp) )dr) )

This proves inequality (4.105[). The proof of Lemma is thus completed. O

Setting 4.30. Assume Setting let ¢,p1 € [1,00), p € (34 +/10,00), 0 € [%,oo),

q0,q1 € (0,00] such that Zz 0 q m and that q(p + 1) > 2p, let v € (0,00), assume that
for all s € [0,T], x1,z2 € B it holds P-almost surely for all t € [s,T] that

1,7 o -
2 max {07 sup (u, fo ' (X3} H\H(quQ -XI1)dAu)n }+27
ueH\{0}

1 ‘ . N 2
SRR FEACHRRTC I IO I (4.110)
UU(ng U(tht)
( + Z 2qo (T —s) exp(aot) + Z 2q1 eXP(alt))

and let V € C?(0,[0,00)) be a function and o € [0,00) be a real number which satisfy for all
s € 10,7, z,x1,x2, 3,24 € B, not all equal, that for allt € [s,T] it holds P-almost surely that
(GuoV)(XE) < aV(XE,), and that

1 o _ o m4
e { g PO 0 )
7D IO -XTDRAXE XD ;
i UI((liA) fler)\sz)i ’((17)‘) SRAAXTS HL(H HS(U.H)) 1) (4.111)
({ TN XK= XDlls

) (P=1)/(2pp1 ¢6)

< (Xi_vex)

Lemma 4.31 (Partial strong local Lipschitz property of the first derivative process). Assume
Setting let v1,v3 € H, s € [0,T], and let (x1,41), (x2,92) € {(x,y) € B x R: x 4+ v;y € B}.
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Then it holds that

sup HZé (5+t)/\T(3717y1) Z:72(s+t)/\T(x27y2)”H‘

te[0,T] L4 (P;R)

_ 6/a
< 6gexp() (T ) T (o — @allu + yivs — yovallm) ol

(p— )/ PP14 —-S /
: (Z(V(xj) + V(z; +vjyj))> B ( Tg exp (’“ ?p(;l_q;;)dr)l 2 (4.112)

T Bo(1-{7=35) 8
- exXp (3{¢(7‘) ‘|‘ ( % exp(aor) + @ expl(al'r‘)>dT

1
- exp (Z (3U¢(11+v1y1)+Ui(:r1) +4 Ui(I2+U2y2)+Ui(12)))'

2q; exp(a;s) 2q; exp(a;s)

Proof of Lemma[f.31 Ifvy = 0g, va = 0then Z" (z1,y1) = 0, ZV2(x2, y2) = 0 and the statement
is trivial. If z1 = 22, y1 = Y2, v1 = vo the statement is trivial as well. Without loss of generality,
assume that v # 0g and that (x1,y1,v1) # (22, ys2,v2) for the rest of the proof. Throughout
this proof let v: [s,T] x Q@ — H, n: [s,T] x Q@ — L(H,HS(U, H)), ¢: [s,T] x & — HS(U, H),
A, B: [s,T] x Q — [0,00) be processes which satisfy for all ¢ € [s,T] that

2
j 1 i+viy; oy
v = Z( 1)J+1 (j)‘u' ()\X':,Jt‘*' ivi (1- A)X;@)Z;’(xj,yj) dX, (4.113)
j=1
1
Mt :({ o (AXTTE 4 (1 - \)XT) dA, (4.114)
1 2
=1 (D170 X 4 (1= NXE])) 205 (w2, p2) N, (4.115)
j=1
1 7 @ z1Hviyl w
Ay = max {0, sup (w.fo 1 (Xs,1t+)‘(X”.if,H2 Y-X 1) d e } F, (4.116)
ueH\{0} "
1 2 x;+v T 2
= %H {Z P XY+ (1= X)X dA Z;’i(xz,yz)HH. (4.117)
j=1

First, Lemma ensures that for all ¢ € [s,T] it holds P-almost surely that
t t
Z:,lt(xla yl) - Z:,zt(x% yQ) = fVT‘ dr + fnr (Z;),lr(xlv yl) - Zgi'(x% yQ)) + §7' dW,. (4'118)
Next, note that subtracting and adding a term in equation (4.113]) implies for all ¢ € [s, T] that

1
= [ (AXZY 4 (1= NXIL) dA (22 (0, 0) — 224, p2))
- (4.119)
L (AXT (U= X ) — ! (AXTTT (L= N)XE3 ) AAZY (@, 1).
0
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This, the Cauchy-Schwarz inequality, the fact that for all a,b € R it holds that ab < va? + %bQ,
and equations (4.116]) and (4.117) ensure that for all ¢ € [s,T] it holds that

(Zgy(x1,p1) — 25 (22, 92), vi) 1 (4.120)
, 1,7 X +/\ XI1+v1y1 le dx v
< (max {0, sup furfo 1( ( “uuz )P } + ’V) ||Z W1, y1) — Zs?t(ﬁa?h)”?{
ueH\{0}
2

((AXZY 4 (1= NXTE) = (AXTT 4 (1= NXT) dA 205 (22, 92)

H
= A\ Z3 (w1, 91) — 225 (22, 92) |5 + B

Now, item in Proposition (applied with X. = Z1(21,91) — Z5%(22,92), p = v, u = p,
p = 1 in the notation of in Proposition [4.6) together with equation (4.118) and inequality (4.120))
show that

sup (|22 (x1,91) = 22w, y2) ]

tels,T) La(P;R)

< 3qexp(y) H exp ( [24r+ (pa+ g+ Dl Z ¢ s 0,y dr) Huwnq(mm (4.121)

1/2
' (””l —vellw + | ||L2<A[S,T];L<2‘"“>/<P71><P;R>> + ”4'||L2<A[S,T];L<2Pq>/<pfl>(RHS(MH))))‘

Next, inequality (4.110) and Lemma (applied with p = (p + 1)q, po = qo, P1 = q1, xW =
X3 x® = X, x® = Xotow xW = X211 in the notation of Lemma D yield that

T
exp (f 24, + (pg + q + DIl ms v ey dr)
s L(p+1)q(]P>~R)

Up (X )+U0(Xr1+v1y1) U(r, X1 L)+ T (r, le+u1y1)
exP <f (b( ) 2‘10(T s) exp(aoT) + 2q1 exp(ayr) d’l“)

1 1
T (r—s)
Bi(l-tr=y) L=yt Ui(z14v1y1)+Ui(21)
< exp f¢ + Z qi exp(air) dr + ;Qz 81XPl(0¢ s) ;
s =0 1=0

(4.122)
L(p+1)q(]}»;R)
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Moreover, Hélder’s inequality together with 2=t = 2=L 4 (e=D0O=1) | (p=DO=1) vj)45 that

2pq 2pqb 4pqb 4pq0

1/2 2
HB' ||L2()\[b 7 -L(2M>/<p—1>(1p>;R))
T
= B /o] |”
{ ( t) (qu)/<p U(PR)
2
1 Tt = Ti+vY; xTi v
=+ jz "X 4 (1= N XJ5) dA 25 (22, y2) dt
s 1|0 j=1 L(2pq)/<p_1)(]P,;H)
T 1 (A2 -0 X AXT2HU2Y2 4 (10X
<Ll b l al = Dl g (4.123)
7|0 M(xzpre—x e ) s ao (x S},,—Xs?)!H
2
+ +
(Il = Xy o X = X2l ) 125 ) a
L(2pq)/(p71)(]P;R)
2
7|1 'u/ AX:’1/+'U1y1+(17/\)X:.1/ )\XL2+02y2+(1 )\)X
< LIl b — I;L)vm( e Do g dt
s {0 M(ezpreoxzateev ) o (o -x23) || LPa0/0 1) (piR)
2
.4 HXI1+hv1y1 _ yr2thuay:
tes[lé,pT] (hg}%ﬁ} s(s+OAT S (sHDAT || L @pa)/(p—1) (0-1) (Bs )

2
: ||Z:,2(s+t)/\T (z2,Y2) ||L(4Pq9)/((p1)(91))(]P>;H)> :

The fact that 6 >

-1 < (p26;1). This yields that

2
m lmphes that % =
(4p0) 2
0D < 3 (4.124)

and that %#1(131) < 1q(p+1). Therefore, it holds that

@2-1)(6-1) -1
1 4pgb 1 4pgd (4p0) 1
2 (p—ll)nge—l) (p2?41(?§>f_)1)*1 =3 (p—lz)n(le—l) (1 - (p2711))(071)) <zqlp+1)3<gp+qg+1. (4.125)

From equation (4.125)) and assumption (4.110) it follows that for all t € [s, T}, 21, 22 € B it holds
P-almost surely that

(u,fo b/ (XEANXZ-X8)) dAu) }

llull%

maX{O, sup
ue H\{0}
(P2-1)(6-1)

1 4pq0 (4p0) 21 z2 21
RN ey Ty GE 0T H [0/ (XTy + AMXT — X3))() dA H

UO sf) U(t Xs t
( + Z 2qo(T—s) exp(aot) + Z 2q1 exp(oclt))

LHHS(WU.H) (4.126)

—1)(6-1 ) . -
and that qio + qil = q(p1+1) = 4229 )(pZ—iI))(G—l)' This, inequalities (4.124]) and (4.126) and
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Lemma [4.26| (applied with ¢ = o (ﬁ’)’?g) 5, €= (pki;(ga*l), T = x3 (resp. * = xo+hvoys), ¥y = yo

(resp. y = 1), v = v (resp. v = x1 — T3 + h(viyr — vay2)) for h € {0,1} in the notation of
Lemma [4.26)) show that for all ¢ € [s,T], h € {0,1} it holds that

HXmltJrhvlyl o XI?:Jrh’Uzyz
s, s,

Z2(x ,
LAPO) /(=1 (0~ ) (B; ) el 2’yQ)HL(ZL'EJQB)/(“"“(‘"1))(IP’;H)

. z1—22+h(y1v1 —y2v2)

= ‘ Zey T (2 + hoag, 1)HL(4v<19>/(<p—1>(e_1>)(]p;H) HZ;)’%(M’y2)HL(‘L”qe)/((”*”("*”)(H”;H)
2-1)(6—1 2(1_ T N
— — q —1)(6—-1

< (7@ (41)72) )) wrmnemy |21 — 22 + h(y1v1 — y2v2) || g |02l (4.127)

1 (r—s)\1—
- exp (2 Ii ¢ + Z BI — P\t TT=s) s>) dr + QZ Ui(w2+v2y2)+Us (22)+Us (1 +hviy:)+Us (z2+h7j2y2)>
=0

exp(air) 2q; exp(a;8)
=0
Furthermore, e.g. Lemma (applied with T' = r — s, (X7 )iepo,r—s] = (XZi16)tcor—s]s F =
VtG[O,r—s] FtJrsv (Ft)te[o,r—s] (]FtJrs)tE[O r—s] (Wt)te 0,r—s] — (WtJrs - Ws)tG[O,r—s] for r € [S, T]v
z € B in the notation of Lemma [{.10) assures that for all ¢t € [0,T — s], « € B it holds that

E[V (X5 45)] < exp(at)V(z). (4.128)

Assumption (4.111) and Holder’s inequality hence imply that

W (AXITI (1o)X T ) - (AXTETR2 4 (1-0) X 12) H

1
g HX(X:}[H““ _X:,2t+1/2y2>+(1—)\) (let—X:ﬁ) .

L) dAH dt
L (PR)

i TjTVYj zj (P=1)/(pp140)
=) (E [Zizl(V(Xsf ! )+V(Xs,t))D dt (4.129)

9 P=1)/(pp1q6) T—s a(p—1)
< (Z] 1V +vy5) + V(z]))) g exp (t (mnqa))dt'

This and inequalities (4.123]), (4.124)), and (4.127)) show that

1/2
HB HL2(/\[SYT];L(2P‘1)/(P*1)(IF’;R))
, (»=1)/(2ppra0) [T—s a(p—1) /2
< (S5 V(e + o) + V() I exp (1 Gy )
2 _ 6/<1
: (%) (le1 = 2ol + ly1v1 — yavall ) [Jv2 |l (4.130)

1 G2y 1
- exXp (2 [o(r)+ Z B:(1— =) dr + 22 2U; (22+v2y2)+2U; (22)+U; (1) +U; (x1+vly1))
=0

T qiexp(aar) 2q; exp(a;s)
=0

Analogously to inequalities (4.123)) - (4.130]) (with p replaced by o and suitable norms), we obtain
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that

HC HLZ’(/\[S,T];L‘QM)/@—U (P;HS(U,H)))

5 (p=1)/(2pp1q0) [T—s alp— Y2
< (T2 (Vs + ) + V() I o (1 G2 Jar

2 _ 6/q
~GL£%£)<wrﬁmHﬂmM—wmmwwm (4.131)

ﬁ 2U; (x2+v;y2)+2U; (22)+U; (1) +U; (x14+v591)
+ €Xp (2 f ¢ + Z Qi exp(onr) d?" +2 : - 2qi eip(a s) 1 : : )

Combining this and inequalities (4.122)) and (4.130f) with inequality (4.121]) establishes inequal-
ity (4.112)). The proof of Lemma is thus completed. O

Setting 4.32. Assume Setting let py € [1,00), ¥ € [2p§’i;}r1 g;:ggﬂ,oo), and assume that

for all (s,t) € Ap, x € B,ve H, y € {z € R: x +vz € B} it holds P-almost surely that

/\Sl[lopl]maX{H#/( st T AXG rﬂy — X Lew,my, o’ (X s T AXG Hvy X;t))||L(H7HS(U7H))}
elo,

< (V(XZ,) + V(XIT™)

(p— 1)/(219qp)

(4.132)

and

(P2 =p+1)/(ap(p+1)qp
max {||u(XZ ) ar. o (X2 llsqm } < (V(XE,)) " 7o, (4.133)

assume that inf , yea, infucoinf.ep U(t, X7, (w)) € R, and assume that for all k € N it holds
that

sup V(z) + Up(z) + Ui (z) < oc. (4.134)
z€B: ||z||p<k

Lemma 4.33 (Local Holder property of the first derivative process). Assume Settlng Then
it holds for all k,h € N, v € H that

sup ||supeo, HZ;JQ,<1,+52)AT(«'E14/1)*Z§1,(t+sl)AT($27y2)HH||LQ(9;R)

1/4
(51,21,91)#(52,22,y2) €[0,T] x Bx[0,h] (lz1 =2l +lyr =2 | +ls1—s2]?)
z1+vy1,x2+vy2E€B ||z || g <k, |22 <k

(4.135)

Proof. Throughout this proof let B, = {z € H: ||z|lg < k}, k € N, and let K € R be the real
number satisfying that K = inf(, yea, infueq inf.ep U(t, XZ,(w)).

First, note that Lemma ensures that for all (s1,$2) € Ar, 21,20 € B,v € H, y; € {z €
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R: z; +vy; € B} it holds P-almost surely for all ¢ € [0, T] that

Zgz,(t+52)/\T(3717 Y1) — Zgl,(t+81)/\T(x2’ y2)

= Z.;)z,(t+32)AT($1> Y1) — Z;)l,(t—i—sz)/\T(x?? Yy2) + Z§17(t+52)AT(J327 Y2) — Z:h(t-i-sl)/\T(xQ’ Y2)

ZJ| sy (T2,y2)

= Zgz,(t+52)/\T(x17y1) - ZSQ,(H—SQ)/\T (X;?, 50 Y2)

+Z 31 (t+51)/\T(‘T2 y2)( To )

(t4+51) AT, (t+52)AT \v sy (1451 ) AT Y2 Z:1,(t+s1)/\T('r27y2)'

(4.136)

Observe that in particular for all (s1,$2) € Ap, 1,22 € B, v € H, y; € {z € R: z; + vy; € B},

j € {1,2}, it holds P-almost surely for all t € [T — s1,T] that (t + 1) AT = (t 4+ s2) AT and
v v v :1,5 (22,92 x

ZSQ,(t+Sg)/\T(x17y1) - Zsl,(t+sl)AT(x2vy2) = ZS2,T(~T1»y1) - ZS2,T 2 (X512,527y2)'

Note that by applying the triangle inequality we obtain for all z1,zs € B, (s1,s2) € Ap, v € H,

y; € {z € R: x; +vy; € B}, j € {1,2}, that

SUD 122, 1-aay (@1 91) = 22y ey @292 |

te[0,T] La(P;R)
ZY o (@2,92) Y/a
< (E[fesﬁ(l)p ||ZS27 t+82)AT(‘T1’y1) Zsz7l(t-i52)AT (Xgl’sz’yZ H?{})
770, ttsq (22,92) X(_l)g ZU q /a
+t€[0817{p ) H t+s17(t+s2)/\T< 81,t+81’y2)_ Sl,t+81(m2’y2)HH (4.137)
yL =81

]FSZ] } ) Ya
Fiea | )

5155 (T2,92)
< (E[E[tes[%p ||Zsz,(t+52)/\T($17y1) Zsz,l(tjsz)z/\’lf (Xxlzsz’yz)nll{[

s1,t+s] ($25y2) To

b osw (B[R 12 () = 2, o)
te[0,T—s1)

Let us consider the two latter terms separately.

Observe that Lemma (applied with F = F,, P = Plg, , 1 = X2, 22 = 21, y1 = ya,
Y2 = Y1, va = v, v1 = Z, ;. (22,92), and s = s, in the notation of Lemma [4.31), Holder’s
inequality, and the fact that

4ty ptoptl (4.138)

_ _3
g (ptlg ' 2p(p+l)g ~ 2p(p+l)g

show that for all 21,29 € B, (s1,82) € Ap, v € H, y; € {z € R: z; +vy; € B}, j € {1,2}, it
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)’

holds that

Z]) sp(@202) (g
(E [E[ Sﬁlp] ”Z t+s2)/\T(‘r17y1) Zsz,(t+s2)2/\; (X5127527y2)”?f

1/2
2_1)(0— 6/q T—s2 a(p—1
< 6q exp(%) (%) [vlle ( g exp (T (p(z?qu%)dr)

Nl = X221+ o = 1222, 4y (22,92 14)

(V@) + V(z +oyr) + V(X22,) + V(sz+vy2))<P*1>/<2pmqe>

51,52 51,52

1
- exp <Z <3U (X“”l2 52)+U (stftglﬂ) +4 Ui(wl-‘rvyl)—f—U,i(a;l))) ’

2q; exp(a@;s2) 2q; exp(av;s2)
=0

La(P;R)

~exp (3 }1;5(7‘) + Gl Gk + 2 dr (4.139)
p o qo exp(aoT) q1 exp(air) '

2_1)(0— 6/q T—s2 a(p— /2
< 6qexp(p) (Crpr ) ol (1 e (r 25 ) dr)

' <||$1 o XfiSz||L(2F<P+1)q>/(p27p+1)(]P-H)
+|y1 - y2|Hv||H + |y2| HU - 51,32 (3327y2 HL(2p(p+l)q)/(p —p+1)(]p H))

- Z3p— (#?=3p=1)/(2p(p+1)a)
BV @) + Vi +op) + V(XE,) + V(Xzzi ) em ot o

S$1,82 $1,82
! U, (21 4vy1)+Us (T1) ! Us(X®2 _ )4+U; (XT2t02)\ (|3
51,592 @ S1,59
- exp (4 ; 2q; exp(;82) ) H exp (; 2q; exp(a;s2) ) HL(P+1)‘1(IF’;]R)
T ( (7'*52))
(T—s3) 5
© eXp (3 g-/; ¢) ( q0 exp(aoﬁ) + q1 expl(alr)>dr> .
Note that (p + 1)g = i’;(j’ff) cq- (pZ_Z?;fH + 1) and the fact that p > 3 + +/10 ensures that
PS4l > 1 Lemma |4.18] (applied with T = s5, 5 = 51, ¢ = p(p;j{q, p=1u=py, a1 =2y
for (s1,$2) € Ar, x1, 22 € B in the notation of Lemma“ Lemma [4.29 (applied with T' = s,,
2 1 2_ 2 —p+1)(p*>—5p+1)
s=s1,q= 200 p= 23ty = CoptDE iy gy — g,z =y, y = gy for (s1,52) €

Ap,v € H,xzo € B, ys € {y € R: x5 + vy € B} in the notation of Lemma B, the fact that

i 1(’; __31p 1) > P 1}5”__62” 11) > (1—|— #) > 1, Holder’s inequality, and Lemma (applied

with T' = S2 — S1, (Ft)te[o,sufsl] = (Ft+sl)t€[0,82781]7 (Wt)t€[0752751] = (Wt+sl - Wsl)t€[0,52751]7
X = X (resp. with X. = X*21"%2) with (s1,80) € Ap, v € H, 23 € B, y2 € {y €

S1,81+- S1,81+

R: 9 + yv € B} in the notation of Lemma |4.10) yield for all 21,29 € B, (s1,82) € Ap, v € H,
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y; € {z € R: x; + vy; € B}, j € {1,2}, that

(E [EL:E%PT] stg,(t+sz)AT(1‘1,y1) - Zi%tfjs(j;?)(XfiéQ, 312)"2 FsQH)I/q
< 6q eXP(%)((1)2_(41;)71(96))_1))G/q||v||H(Tgs2 exp (r Zﬁg;lég)dr) v
. (3% exp(se — $1) exp(ﬁ)
{||$1 — ol + 2(V(:r,2) exp (a(52 B 81)))<p2—p+1>/(4p<p+1>qp2>(82 _ 51)1/2
g1 — ol llollr + ly2l3 ZEELL exp(£ (p_ﬁ;qﬂ
cexp ([ o)+ Z ilecn iy Z Ul lire)) (4140)

(p—1) So2—381 1/2
_1_ p9q (p—1)
. HU”H( 2 =+ 1) (V(SCQ) =+ V(I’Q + ’UyQ)) (2p9q) ( é’ exp( o) )d’l’) )

(P—1)/(2pp1 q6)
: (V($1) + V(21 +oy1) + (V(z2) + V(22 + vy2)) exp (ausz — 51)))

1

. Ui(za+oy)+Ui(z1) (X PUUXTREP) ) |

xp (22 ¢r exp(ais2) )H H CXp( Ziconasd) ) || ey
=0 7
T Bo(1— =223y

exp (3] 00+ (S + e ).

Let us consider the last term of inequality (4.137). Lemma (applied with T'= (t + s2) AT,
F = ]FtJrSU P = P|Ft+sl7 r = X:12,t+sla Yy = Y2, UV = Zgl,tJrsl(xQ?yQ)? w = Z;}l,t+sl(x27y2)v
s=t+s forve H xo € B, ys € {y € R: a9 + vy € B}, (s1,82) € Ap, t € [0,T — s1) in the
notation of Lemma [4.29)), the fact that

1 1 ?—p—1 p’+p+1
q — (p+1)q + 2p(p+1)q + 2p(p+1)q°’ (4141)

and Holder’s inequality demonstrate for all 25 € B, (s1,82) € Ay, v € H,ys € {y € R: za+vy €
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B}, that

1"

o1 ttsq (T2,Y2) q
sup ( [ {HZt-i-;lt,J(rt-&l-w)/\T (X§12,75+81’y2)_Z:17t+81(x27y2) H

tel0,T—s1)
1 (t+s2)AT
< 3qexp (5) sup exp ( f o(r)
te[0,T—s1) t+s1
51 W)l Ui(XZ2T002)4U(X22, L)
+ Z Qi e2xp(azr) - dr + Z 2q; ex;l) ab(t-&-sl;) . )
. 1 (t+52)/\T7t76‘1 ( 1/2
: ||Zsl,t+sl($2,y2)||H(ﬁ + 1)( g exp(ag ) )dr)
T 9 2 (P=1)/(204p)
(VXS ) + V(X)) (4.142)
La(P;R)
(t+52 Bi(1— (r—t—sy )1—i
<3gexp (i) (3= +1) sup exp( )+ WZ(MZZ; ) dr)
(q)(2ﬁ )tE[O,T—sl) . Z q: exp(air)

1 x v
sup ’ exp ( E Ui (XU, t+al)> H
2q; t
te[0,T—s1] i=0 aexplailitsn)) L»+ha(PR)

sup  ((s+s2) AT —(s+ 51))>1/2

v
Sup ”ZShH_Sl (1‘2, y2) ”H HL<2p(”+1)q>/(?2+p+1)(]P’;]R) ( s€[0,T—s1)

H te[0,T—s1]

(p—1) x To+VY: (pfl)/(%?qp)
el swp (VXL VST R

tG[O,T—Sl]

Note that the fact that for all @ € R it holds that a> —a+1 > 0 and (a — 1) > 0 ensures that

—L2 __ <1 and that pliptl > 1. This implies that 122+ . :235“ — (pHlpa (p+1)g <
p?—p+1 — 2p 2 p2+p+1 %}f“—l p2—p+1

(p+1)g+ 1. This and the fact that (p+1)g = ig(fz:rli q- P2+z+1 ensure that the assumptions of
Lemma are satisfied. LemmaM (applied with ¢ = ipf;-:i q, c= ”227;;“, §$ =81, T = T,
y = yo for s € [0,T], t € [0,T —s1], v € H, 3 € B, y2 € {y € R: 23 + vy € B} in the

notation of Lemma |4.26), the fact that £ 22+ < 1 Hglder’s inequality, and Lemma [4.10
29pq p?—p—1

(applied with T = ¢, (Fs)scjo,6) = (Fsts,)sefo,0: Ws)sepo,) = Wers, — Wiy )sejo,y (Xs)sefo, =
(X:12751+s)s€[0,t] (resp. with (Xs)se[O,t] (X:f:lvjﬁi)se[o t]) for t € [O,T — 81), To € B, NS I{7

y2 € {y € R: 2o+vy € B} in the notation of Lemma 0) show that for all z5 € B, (s1,82) € Ar,
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v € H, ys € {y € R: z9 + vy € B} that

s o (®2,92)
sup ( [ [||Zt+;lt-('—ti52)/\T (X51 t+517y2) Z;)ht+sl(x27y2)”qH
te[0,T—s1)

Ft+81H>l/q

(t+s r—t—sy 1-i
< 3qexp (%) (ﬁ +1) sup )exp ( f )+ Z & (1 T &1)) dr)

e
te[0,T—s1 t+s1 q; exp(air)

1

sup H

te[0,T—s1] ;2

@2 +p+1)?2 1 (r— 61)
_ (p2+p+1> @r(+) (P2 —ptDa) ||U||H6Xp )+ Z 5 —T= 51> dr + Us(z24vys)+Ui(x2)
=0

2q; exp(a;(t+s1)) (4143)

(xr2tvy2
exp (Uz(Xsl'tJrSl )+U (Xsl t+81)>

L3i (PR)

2p qi exp(ozzr 2q; exp(a;s1)

Y2 exp(«a ((pg;)) r) sup exp(a gpq; t) (V z2) + V(xa + vy2 ))

te[0,T—s1]

(p— 1)/(219qp)

(82 — 1)

Note that Holder’s inequality and Corollary (applied with T'= s;+t, s =51, X = X fﬁ*‘j vy2,
Uy =U;, U=iU—-pBi, a=aqforije{0,1}, 2 € B, 517 € [0,T), t € [0,T — s1], v € H,
y2 € {y € R: 2 + vy € B} in the notation of Corollary yield for all zo € B, s; € [0,T],
t€[0,T—s1],ve H,y2 € {y € R: 9 +vy € B} that

sup
te[0,T—s1] i—0

1
+
o (DKLU )
P 2q; exp(a;(t+s1))

Lai (P;R)

Uy (XZ277042)
< sup H exp (%) ‘
te[0,T—s1] 11) 2qi exp(ai(t4s1))

JI”2JrJ’Uy2 t+s1 iU (X 2tivy2y_ ) t+s1 1/2(11-
< sup HHE[exp( S ) + f W) 7B dr) exp( f KB dr)}
S1

exp(a;(t+s i
0T o) b plas(trs) T J oxp(air) ~ oxplain)

U (Xs t4s )
L2 (B:R) | e (meatscisny) |

4.144
L249i (P;R) ( )

t+s1

U; (x2+ 2) iK—f3;
< H H exp <2qI (fxp ‘vazl)) < sup €xXp ( 5{ - 2q; exp(a;T) d’f‘))

§=04=0 te[0,T—s1]

Ui (x2)+U;(z2+vy2) max{—iK+3;,0}T
< Hexp (W) exp (W)

Analogously, applying Corollary 2(withT = 89,8 =81, X = X”’fzﬂ"y2 Uy =U;, U =iU— B,
a=q; fori,j€{0,1}, 0 € B, (s1,82) € Ay, v € H, y2 € {y € R: x5+ vy € B} in the notation
of Corollary 4.12) yields for all x5 € B, (s1,52) € A, v € H, ys € {y € R: z9+vy € B} it holds
that

1
Us(X52,,)+Us(X5212v2)
H H exp ( qu?exp(aiSZ)l : ) ‘
=0
(4.145)

Combining this and inequalities (4.140), (4.144)), (4.143), and (4.134) with inequality (4.137))

3
3(Ui(m2)+Ui(mz+vyz)+maX{ iK+B:,0}(s2—51))
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establishes inequality (4.135). The proof of Lemma is thus completed. O

4.4.3 Existence of a continuously differentiable flow

Proposition 4.34 (Existence of a C'-solution). Assume Setting let H C H be an orthonor-
mal basis of H, and assume that ¢ > 2(dim(H) + 2), Then there exists a B(Ar x B) ® F/B(B)-
measurable function X: Ar x B x Q — B and a B(Ar x B) @ F/B(L(H))-measurable function
X': Ar x B x Q — L(H) satisfying that

1. for allx € B, (s,t) € Ar it holds P-almost surely that X7, = X7,

2. for all w € Q it holds that X(w) € C°(Ar x B, B),

3. forallz € D, s € [0,T), h € H it holds P-almost surely that (Xslfh)te[s’T] = (2! (2,0))sefs,1)»
4. for all w € Q it holds that X'(w) € C°(Ar x B, L(H)),

5. for all (s,t) € Ar it holds that D > x — X{,(w) € H is differentiable and that for all
w €N, x €D it holds that %X;t(w) _ Xsl’,tz(w).

Proof of Proposition[{.3]} For all k € Nlet By, = {v € H: ||v||g < k}, for all h € H let B" =
{(z,y) € BxR: z+yh € B}, let BY = NcuB", let D" = Njeuf{(z,y) € D x R: 2+ hy € D},
let D=DnN{veH: ((ho)y),cy € QEME}, and let D = D 0 (D x Q).

Lemma (with ¢ = 2¢, ¢ = p—gl, u = pr_zij_l in the notation of Lemma assures the
existence of a B(Ar x B)® F/B(B)-measurable function Y': Ap x B x 2 — B with the property
that for all w € Q it holds that Y (w) € C(Ar x B, B) and that for all z € B, s € [0,T] it holds

P-almost surely that

(Y tesn) = (Xs4)iels, - (4.146)

This and the fact that D is countable implies that for all s € [0,T], ¢t € [s,T], « € D it holds
P-almost surely that Y, = X{,.
Moreover, note that for all v € H Lemma (with ¢ = 2¢q, ¢ = %) ensures that the function

0.7] % BY 3 (s, (,9)) = 2%y mynr(@ry) € LB C([0,T); H)) (4.147)

is locally bounded and Lemma implies that the latter function is locally 1/2-Hélder con-
tinuous. Hence, Proposition (applied with D = [0,T] x B", H = R H®R, d =
dm(H)+2, p=gq, a =12 X = ([O,T] X B" 3 (s, (2,9)) = 2%y ynr(@.9) € C([O,T],B)),
E =F = (C([0,T],H) for v € H in the notation of Proposition proves that for all v € H
there exists a B([0,T] x B*) @ F/B(C([0,T], H))-measurable function Zv: [0,T] x B? x Q —
C([0,T], H) such that for all w € it holds that Z*(-,-,-,w) € C([0,T] x Bv,C([0,T], H)) and
such that for all s € [0,7], (z,y) € BY it holds P-almost surely that (Z"(s,,y)(t))tcjo,7] =
(Z5 e+ syar (@ Y))tep, - Let Z: Ap x BY x Q) — L(H) be the unique function satisfying for all
w e, (s,t) € Ar, (z,y) € BY, v € H that Z(s, t,z,y,w)(v) = pcu(v, W a Z"(s,z,y,w)(t — 5)
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and let Z: A7 x NpegB" xQ — L(H) be the unique function satisfying for all w € , (s,t) € Ar,
(z,9) € MhenB", v € H that Z(s,t,z,y,w)(v) = Y hcu(v, R) g Z!,(x,y,w). Therefore, it holds
that Z: Ap x B2 x Q — L(H) is B(Ar x B®) ® F/B(L(H))-measurable, that for all w € Q it
holds that Z(-,-,-,w) € C(A7r x BE L(H)), and that for all s € [0,7], (x,y) € NperB" it holds
P-almost surely that

(Z(S, tx, y))te[s,T] = (Z(Sv t,x, y))te[s,T]~ (4148)

It follows from this and equation (4.90) that there exists an g € F which satisfies that P(g) = 1
and that it holds for all w € Q, (s,t) € A, h € H, (z,y) € D\ (D x {0}) that

z+h T
B(o b2y = o) V)
Y ) ) y

(4.149)

The assumptions of Lemma (applied with U = H, T = Ay, O = D, D = D, (Xi)tea, =
(Yilp)iear, (Z2(t))tear = (Z(t)|p=)ten, in the notation of Lemma are satisfied. Then
item and item of Lemma ensure that there exists an Q; € F with P(€;) = 1 such
that for all w € Qy, (s,t) € Ar it holds that the mapping D > x — Y, (w) € B is continuously
Fréchet-differentiable and it holds for all (s,t) € Ap, x € D that %th (w) = Z(s,t,2,0,w).
Moreover, observe that the fact that D x {0} C NyepB” and equation imply that for all
5 €[0,T], z € D, h € H it holds P-almost surely that (Z(s,t,,0)h)c[s,7] = (Z;L,t(%()))te[s,T]-
Let X: ApxBxQ — B, X" : Ap x BxQ — L(H) be the functions satisfying for all (s, t) € Ar,
w e N, x € B that
YZ(w) 1wey

Xs'"ft(w) = ’ (4.150)
Oy tweQ\ Y
and
Z(s,t,x,0,w) :wef
XL (w) = ( ) ' (4.151)
OL(H) ZWGQ\Ql.

The fact that for all 2 € H it holds that B x {0} C B" ensures that B x {0} C B™ and therefore
the latter function is well defined. The choice of these two functions completes the proof of

Proposition O
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