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Abstract 

The flotation process is the most important process for the enrichment of valuable minerals. 

Although the process is now known for approximately 160 years, the amount of investigations 

on the micro processes is up to now still small. Technological developments in the recent years 

made optical measurement techniques such as Particle Image Velocimetry (PIV) and 

Shadowgraphy (SH) available for scientific research. Most of the investigations in the last 

decades had, however, a practical orientation aiming for an optimisation of process parameters 

in order to increase the economics. The number of investigations applying these optical methods 

to the flotation process is surprisingly low. Reasons for this are the high solids and bubble 

concentrations as well as the high turbulence during the flotation process. 

The aim of the present work is the investigation of the complex flow structures during the 

flotation process via PIV and SH. To facilitate the application of the optical methods, a reduced 

flotation system with lower bubble and solids concentrations is set up. For this purpose, a novel 

flotation column made from transparent poly(methyl methacrylate) is designed, which allows 

the formation of single bubble-particle heterocoagulates and simultaneously facilitates a full 

optical accessibility. Investigations are carried out both in the two-phase as well as the three-

phase system. Investigations in the two-phase system focus on the analysis of the bubble 

behaviour in deionized water and in presence of surface active agents at various concentrations. 

The aim is to develop a relationship between the bubble characteristics and the induced liquid 

velocity around the rising bubble. A model three-phase system consisting of glass particles is 

the starting point for flotation related investigations. The influence of flotation process 

parameters, e.g. volumetric gas flow rate and particle size, on the flotation outcome in form of 

maximum recoveries Rmax and flotation kinetics with respect to order n of kinetics as well as 

flotation rate constant k is investigated. Furthermore, the hydrodynamic structure of the rising 

single bubble-particle heterocoagulates is revealed via PIV measurements. Afterwards, an 

industrial fluorite flotation system is investigated using a design of experiment in order to find 

the optimal process parameters to maximise Rmax, k, as well as the grade of the concentrate with 

respect to the calcium fluoride weight fraction w(CaF2). Lastly, a fluorescent fluorite mineral 

is tested for application in optical analysis. The aim is to distinguish valuable fluorescent 

fluorite mineral particles from gangue particles such as silicon dioxide and barite. 

 

The results show that both PIV and SH are applicable for the investigation of multiphase flows. 

The designed apparatus facilitates both, optical accessibility into the reduced flotation system 

as well as the possibility to determine important flotation parameters. An automated analysis 

procedure with a high accuracy has been developed to allow a fast analysis of the obtained 



image sequences. The reproducibility of consecutive bubbles has been found to be excellent, 

thus allowing a statistical investigation of different operational parameters on the process 

performance. The measurements in deionized water have shown a strong relationship between 

the volumetric gas flow rate and the induced liquid velocity. The surfactants changed the bubble 

characteristics significantly with increasing concentration towards a spherical form. 

Furthermore, the rising velocities decreased until a threshold has been reached. Although the 

rising velocities decreased, an increase in the induced liquid velocity as well as in the induced 

kinetic energy has been observed. Analysis of the bubble trajectories revealed an oscillating 

behaviour in horizontal x direction. With increasing surfactant concentration this oscillation 

frequency increases. Thus, the oscillation has been found to be responsible for this controversial 

relation. 

The investigation of the model flotation system has shown the influence of the different 

operational parameters on both maximum recovery and flotation kinetics. While the order of 

flotation is best described by the zeroth order model at a high initial solids concentration cp,0, a 

shift to first order kinetics has been found for lower cp,0. Optical investigations showed large 

differences in the bubble-particle heterocoagulate rising behaviour for particles with different 

wettability. The poor flotation performance of hydrophilic particles could be related to a high 

mobility of the particles on the bubble surface, meaning a poor attachment efficiency. 

Hydrophobic particles have been found to form larger bubble-particle clusters. The 

hydrodynamic characterization of bubble-particle heterocoagulates showed an increase of the 

mean liquid velocity compared to unloaded bubbles. A relation to the particle size has, however, 

not been found. 

To investigate the industrial fluorite flotation system with respect to w(CaF2) in the concentrate, 

a novel quantification method via Fourier Transform (FT) Raman spectroscopy has been 

developed and cross-validated. This method was then applied in the design of experiment. The 

optimum process parameters for maximisation of Rmax, k, and w(CaF2) have successfully been 

determined and correlated to further process characteristics, e.g. Zeta potential. It has been 

found that the pH value should be slightly alkaline, while both collector concentration and 

stirrer speed should be high. The volumetric gas flow rate has been found to be insignificant in 

the investigated parameter range. 

Lastly, the applicability of the fluorescent fluorite in optical investigations has been proven. A 

distinction between the fluorescence and reflections at the silicon dioxide surface has been 

presented under static conditions. Furthermore, first single bubble-particle heterocoagulates 

have been shown with fluorescent fluorite particles attached to the bubble surface. Thus, further 

optical investigations are promising. 
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1 Introduction 

The motivation, objective, and concept of the present work are presented in this chapter.  

 

1.1 Motivation 

The flotation process is one of the most important processes for mineral concentration and 

recovery operations. Currently, about two billion tonnes of crude ore per year are floated ([1], 

p. 34). The flotation process is already well-established and has its origins back in 1860, where 

Haynes investigated the bulk-oil process via flotation ([2], p. xii; [3], p. 6). 

The flotation process has been already investigated in several works. Nevertheless, the process 

has not been fully understood yet, which is due to the poor modelling of metallurgical processes 

in general, since these cannot be derived completely from first principles [4]. A lot of 

publications dealing with flotation can be found in literature, but most of these deal with 

empirical optimisation of the flotation parameters regarding the used chemicals or the 

hydrodynamics. The goal is often to maximise the separation efficiency with respect to 

economics. This is mainly achieved with an empirical approach. 

In the last two decades, optical methods for the analysis of dynamic processes in single- and 

multi-phase systems have been developed. These include the Particle Image Velocimetry (PIV), 

the Particle Tracking Velocimetry (PTV), and the Shadowgraphy (SH). Surprisingly, the 

number of publications in which flotation processes are investigated with these modern optical 

methods is low. Reasons for this may be the fact that flotation flows are difficult to penetrate 

by light and that complex three-phase flows are present. However, since the flotation process 

is decisively influenced by dynamic processes, the investigation by optical methods is an 

attractive research area to the understanding of the basic operation. 

An interesting substance system for visualisation of the mentioned dynamic processes is the 

flotation of fluorite, also called fluorspar (CaF2). Fluorite is up to now the only naturally 

occurring fluorine containing mineral and therefore of great economic importance. A supply 

risk of fluorite is, however, expected by the EU Raw Materials Initiative [5]. Thus, gaining a 

detailed understanding on the purification process and evaluation of optimisation strategies is 

of great interest. 

Additionally, fluorite is in sense of optical investigations an interesting mineral system, as some 

naturally occurring fluorite minerals are fluorescent under ultraviolet (UV) radiation, due to 

rare earth element impurities, e.g. europium, in the crystal structure. 
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1.2 Objective and concept 

The objective of this work is the investigation of complex multi-phase flows by application of 

optical methods, like PIV and SH, in the flotation process. General influence parameters on the 

process are to be investigated with respect to recoveries and kinetics. In addition, optical 

methods are applied to analyse and understand underlying mechanisms, which can be linked to 

the experimental results. 

The flotation process is a complex multi-phase process with three phases present: solid 

particles, gaseous bubbles, and the surrounding liquid. The overall process is dominated by the 

interaction of the solid particles with bubbles under the formation of so-called heterocoagulates 

in presence of flotation agents, which manipulate the surface characteristics of the solids and 

bubbles. Typically, the bubble-particle interaction is divided into three micro processes [6–11]: 

1. collision of a particle with a bubble, 

2. attachment of a particle to a bubble, 

3. and detachment of a particle from a bubble or stability of the formed heterocoagulate. 

In a common flotation apparatus these micro processes take place in the same process area at 

high solid and high bubble concentrations in presence of turbulences induced by, e.g., an 

agitator. Thus, optical investigations under these conditions are infeasible. Therefore, the 

system is simplified by reduction of the solids and gas concentrations in order to facilitate an 

optical investigation. 

For this purpose, a suitable apparatus for single bubble flotation experiments is designed in the 

first step. In this apparatus the described micro processes of collision and attachment of particles 

and bubbles are separated from the detachment micro process. Thus, an optical investigation of 

freely rising single bubble heterocoagulates is facilitated (chapter 3).  

The flotation process is divided and reduced into sub-systems to simplify the investigations. 

Linking the results from each of the sub-systems gives then an understanding of the overall 

process. The concept and methodology of this work is presented in Fig. 1-1. 

First experiments are conducted in the reduced two-phase system gas-liquid. In this system, 

optical investigations with respect to bubble characteristics as well as induced liquid 

hydrodynamics are carried out in absence and presence of surface active agents for single 

bubbles (chapter 4). 
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Fig. 1-1. Scheme of the methodology of the present work. 

 

Various influence parameters on the flotation process are investigated using a model system 

consisting of glass particles. These influence parameters are the particle diameter, the gas flow 

rate, the flotation medium, the wettability of the particles, and the initial particle concentration. 

Single bubble flotation experiments are carried out in form of a design of experiments (DoE). 

The time-resolved determined recoveries of the particles are used to model the flotation 

kinetics. Optical measurements using SH and PIV are carried out to characterise the 

heterocoagulates formed at the varying experimental conditions (chapter 5). 

Afterwards, a fluorite mineral system from an industrial production site is rigorously 

investigated. A DoE is used to analyse the influence of pH value, collector concentration, stirrer 

speed, and volumetric gas flow rate on the flotation process. The flotation kinetics are modelled 

for each experimental condition based on the determined recoveries. Furthermore, the grade of 

the product is analysed with a newly developed method via Fourier Transform (FT) Raman 

spectroscopy. Thus, the influence parameters are investigated not only with respect to total 

amount of product and rate of the process, but also with respect to the quality of the product. 

Finally, optical investigations with a fluorescent fluorite mineral are conducted to prove the 

feasibility of using optical methods in this system (chapter 6). 

From these different experimental approaches, a summarising overview of different influence 

parameters in the two-phase as well as the three-phase system and their contribution to the 

flotation process is given in chapter 7. 
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2 Theoretical background 

2.1 Flotation 

Flotation is a separation process based on the different wettability of solids. Its advantages in 

contrast to other separation methods are its applicability to small particle sizes, it can be 

manipulated using chemical agents to make the separation selective for some solids over others, 

the purity of the froth product is higher than in other separation operations and the relative space 

(volume) efficiency of flotation cells is higher than, e.g., in gravity separators ([12], p. 248). 

 

2.1.1 History of flotation 

Flotation is a well-established physicochemical separation process, which has a broad range of 

applications. With about two billion tonnes of floated crude ore per year it is one of the most 

important processes for mineral concentration and recovery operations ([1], p. 34). Further 

applications include removal of particles and bacteria in water and wastewater treatment, 

recovery of ink in paper recycling, and recovery of bitumen from oil sands ([12], p. 332; [13], 

p. 1). The origin of flotation is dated back to 1860 ([2], p. xi). The introduction of this 

technology has led to a significant increase in the world’s natural mineral resources as billions 

of tonnes of rock became ore. Over the years, countless investigations, improvements, and 

contributions have been made to this topic. A short overview is given in Tab. 2-1. 

 
Tab. 2-1. Important contributions to early flotation technology ([14], p. xii). 

Year Contributor Contribution 

1860 Haynes Bulk-oil process 

1877 Bessel Boiling process for graphite 

1885 Bessel Chemical-generation gas process for graphite 

1886 Everson Acidulated pulps desirable 

1902 Froment, Potter and Delprat Gas as a buoyant medium for sulphide ores 

1905 Schwarz Sodium sulphide to recover oxidized base metal 

minerals 

1906 Sulman, Pickard and Ballot Reduced amount of oil; introduction of gas by violent 

agitation 

1913 Bradford Sulphur dioxide to depress sphalerite 

1913 Bradford Copper sulphate as activator for sphalerite 

1921 Perkins and Sayre Specific organic collectors 

1921 - Alkaline circuits 

1922 Sheridan, Griswold Cyanides to depress sphalerite and pyrite 
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Tab. 2-1. cont’d 

1924 Sulman and Edser Soaps for flotation of oxides 

1925 Keller Xanthates as collectors 

1929 Gaudin pH control 

1929 Jeanprost Flotation of highly soluble salines 

1933 Nessler Flotation separation of water-soluble chemical salt 

mixtures 

1934 Chapman and Littleford Agglomeration 

1934 - Alkyl sulphates as collectors 

1935 - Cationic collectors 

 

2.1.2 Flotation mechanism 

In the following chapters the underlying mechanisms of flotation regarding the macroscopic 

effects as well as process equipment and flotation agents are explained. 

 

2.1.2.1 Flotation process 

As stated in chapter 2.1, the underlying mechanism for the separation via flotation is the 

difference in the wettability of different materials. The aim of the process is to separate the 

desired particle classes (valuables) from unwanted particles classes (gangues). For this purpose, 

the mineral particles are suspended in an aqueous solution forming the so-called flotation pulp. 

Typically air is introduced into the flotation pulp in form of small bubbles with a diameter 

<2 mm ([15], p. 134). In the presence of turbulence due to, e.g., stirring of the suspension, the 

air bubbles will collide with the particles. Hydrophobic particles are able to attach to air 

bubbles, forming so-called heterocoagulates (cf. Fig. 2-1). The density of these 

heterocoagulates is lower than the density of the pulp so that the heterocoagulates will rise to 

the surface of the flotation cell. There they form a stable froth, which is skimmed to separate 

the hydrophobic particles from the hydrophilic particles, which are not floated. 

 

 
Fig. 2-1. Forms of bubble-particle heterocoagulates ([16], p. 249). 
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Typically, the process is setup in a way that the valuable particles are obtained as the froth 

product, while the gangue particles are remaining in the pulp. In some systems, however, it may 

be the other way around, which is why these processes are called reverse flotation ([17], p. 266). 

Most of the naturally occurring mineral particles show a hydrophilic character. Therefore, 

flotation agents, which are called collectors, are added to the pulp in order to selectively make 

the valuable mineral particles hydrophobic. Additional flotation agents like frothers are used to 

stabilize the produced froth and, thus improve the overall process. The functionality of different 

flotation agents is explained in chapter 2.1.2.2. 

The schematic procedure of the flotation process is shown in Fig. 2-2. In a first step, the crude 

ore is comminuted via milling. The approximate particle size in which a separation via flotation 

can be carried out ranges between 1 µm and 0.5 mm ([18], p. 256). For flotation of metal ores, 

both laboratory testing and plant practice have identified approx. 200 µm as an upper particle 

size limit ([3], p. 23). The comminution to small particle sizes ensures that the intergrown 

mineral particles are almost completely liberated. In a conditioning step, flotation agents such 

as collectors and modifiers (cf. chapter 2.1.2.2) are added. After the addition of frothers, the 

flotation process is started by introducing air in form of bubbles into the flotation pulp. Gangue 

particles, which are hydrophilic, remain as bottoms product in the pulp while the desired 

product is enriched in the froth. The product containing the valuable mineral particles is called 

concentrate. Typically, more than one flotation stage is operated in series, which is necessary 

in order to obtain a pure concentrate ([15], p. 132). 

 

 
Fig. 2-2. Schematic overview of a flotation process (adapted from [19], p. 3). 

 

Milling

Conditioning

Flotation
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Fig. 2-3. Flotation machines: agitation-type flotation cell (a) and flotation column (b). 

 

Flotation machines may be divided into two main classes: 

• agitation-type flotation cells  

• and flotation columns. 

A schematic drawing of these types is given in Fig. 2-3. The main difference between both is 

the generation of turbulence. In agitation-type flotation cells, a stirrer is used for the suspension 

of particles. The air is introduced either at the tip of the stirrer via a hollow shaft or via a pipe 

at the bottom of the apparatus close to the agitator. The produced bubbles are directly 

comminuted due to the high shear rate at the stirrer tip. In contrast to this, the turbulence in a 

flotation column is induced by a pump. The air is introduced parallel to the feed and the air 

bubbles are comminuted due to shear at the pressure side of the pump. 

Dimensionless numbers can be used to compare different processes with each other, as they 

incorporate geometrical changes from one system to the other. The magnitude of the main 

important dimensionless numbers in a flotation cell is shown in Tab. 2-2. The stated range of 

the stirrer Reynolds number ReR indicates that flotation processes are typically operated in the 

fully turbulent region of flow ([20], p. 22). 

 
Tab. 2-2. Magnitude of the main dimensionless numbers in a flotation cell ([3], p. 57). 

Dimensionless number Range 

Power number Ne 0.5-5 

Stirrer Reynolds number ReR 5∙104-5∙106 

Air flow number Q 0.001-5 

Stirrer Froude number FrR 0.1-5 

Air supply

Feed

Tailings/gangue

Froth

Concentrate

Gangue

Air

Feed

Recirculation

Concentrate

a b
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2.1.2.2 Flotation agents 

Only by using flotation agents a sorting via flotation and a selective process control is possible. 

Flotation agents are typically divided into ([19], p. 36; [21], p. 1–3): 

• collectors, 

• frothers, 

• and modifying agents / regulators. 

The function of collectors is to form selectively a hydrophobic layer on a mineral surface in the 

flotation pulp. The attachment between bubbles and particles is therefore improved and, thus 

the recovery of these particles in the froth product is enhanced. 

Frothers lower the surface tension of water and additionally adsorb on the bubble-water 

interface. They increase the film strength of the bubbles, which provides a better attachment of 

hydrophobic particles to the bubbles. In addition, frothers have a direct effect on the size and 

form of air bubbles. A strict classification into collectors and frothers is, however, not feasible, 

as collectors will always exhibit frothing properties and vice versa [22,23]. 

Modifying agents, also called regulators, can be subdivided into activators, depressants, and pH 

regulators. Regulators affect the selectivity of the collectors and, thus the overall flotation 

process. In the presence of regulators, collectors adsorb mainly on mineral particles targeted for 

recovery. If the regulator reacts directly with the mineral surface, e.g. copper sulphate as 

regulator with sphalerite as mineral surface, it is called activator. This facilitates an increased 

collector adsorption on the mineral surface, making the valuable minerals selectively 

hydrophobic. Regulators, which either reduce conditions for hydrophobisation of a particular 

mineral with the collector or make the mineral surface hydrophilic are called depressants. The 

aim of depressant addition to the flotation pulp is therefore to reduce the floatability of gangue 

material. To regulate the ionic composition of the flotation pulp pH regulators are used. They 

change the concentration of the protons in the pulp. On the one hand, pH regulators affect the 

electric charge of the particle surfaces, while they facilitate the ionisation of collector molecules 

on the other hand. Hence, an improvement of the interaction of the selected mineral with the 

collector is achieved. There is a certain pH range for each collector, where it is most effectively 

due to the appropriate electric charge ([12], p. 249). It should be noted that the classification of 

regulators is arbitrary, because the same regulator may act under different conditions as 

depressant or activator for example. 
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2.1.3 Flotation modelling 

Possibilities to model the flotation process are presented in this chapter. On the one hand, 

kinetic equations, which rely on the determined recoveries, are introduced and on the other hand 

the modelling of the micro processes of flotation involving the heterocoagulate formation are 

presented. 

 

2.1.3.1 Flotation kinetics 

The formulation of suitable rate models for the flotation process is not straightforward, as 

flotation systems are complex multiphase systems with many influence factors. Therefore, 

many different models have been presented in literature, which can be generally divided into 

three main classes ([3], p. 745): empirical, analytical, and analogous. 

Empirical models are based on fitting a mathematical model to experimental data using the 

inputs and outputs as variables, e.g. ore and reagent concentration as input and recovery and 

tailings as output. These models are simple but not universal. Furthermore, they only offer little 

predictive capability outside the model boundaries. 

Analytical models are developed on the basis of bubble-particle interactions as well as other 

sub-processes, which occur in flotation systems. These models are the most valuable ones, 

because of the detailed insight they give into the physics and chemistry of the process. However, 

their development is difficult due to many variables involved in the process as aforementioned. 

Analogous models are determined by the analogy with a similar process. Usually, this analogy 

is drawn from chemical kinetics ([3], p. 746; [24,25]). The chemical reaction kinetics are based 

on the collision theory, where collision of the reactants leads to formation of the product, if the 

relative kinetic energy of the molecules exceeds a threshold value known as activation energy 

([26], p. 881). Similarly, the flotation process can be described as a “reaction” between solid 

particles and bubbles to form the product, which is called heterocoagulate ([3], p. 746). The rate 

of flotation will depend on a number of factors, e.g. concentration of particles and bubbles, 

frequency of collisions, efficiency of particle attachment, and stability of the formed 

heterocoagulate ([17], p. 297). 

Equation (2-1) shows the general description of a batch-flotation process in analogy with 

chemical kinetics ([27], p. 704; [28]): 

 
-
dcp

dt
=k∙cp

n∙cB
m (2-1) 

In Eq. (2-1), cp is the concentration of solid particles remaining in the flotation cell, t is the time, 

k is the flotation rate constant, cB is the concentration of the bubbles in the flotation cell, and n 

and m are respective kinetic orders. If the aeration during the flotation is constant, the bubble 
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concentration can be assumed constant. Thus, Eq. (2-1) reduces to the general differential 

equation: 

 
-
dcp

dt
=k∙cp

n (2-2) 

Equation (2-2) has first been used by García-Zuñiga in 1935 [29] to describe the flotation 

process as a rate process, which is why this equation is also referred to as “García-Zuñiga 

equation” ([30], p. 757; [31], p. 178; [32], p. 306). 

For n=1, integration of Eq. (2-2) yields: 

 cp(t)=cp,0∙e-k∙t (2-3) 

In Eq. (2-3), cp(t) is the concentration of particles leaving the cell at a time t and cp,0 is the initial 

particle concentration at t=0. This equation predicts that after infinite time all particles have 

been floated. Thus, the concentration in the flotation cell after infinite time is zero: 

 lim
t→∞

cp(t)=cp,0∙ lim
t→∞

e-k∙t =0 (2-4) 

In practice, however, some floatable particles may still remain unfloated in the flotation cell, 

even if the experiment is prolonged ([3], p. 747; [33]). Therefore, the concentration of the solid 

particles remaining in the flotation cell after infinite time cp,∞ is taken into account in Eq. (2-2), 

leading to the following expression: 

 
-
dcp

dt
=k∙�cp-cp,∞�

n
 (2-5) 

In flotation processes, the recovery R is more commonly used as a measure instead of the 

concentration. The recovery R at a time t in terms of the flotation pulp is defined as: 

 
R(t)=

cp,0-cp(t)
cp,0

 (2-6) 

If t is now prolonged to infinite time, the so-called ultimate recovery R∞ is obtained: 

 
lim
t→∞

R(t)≡R∞=
cp,0- lim

t→∞
cp(t)

cp,0
=

cp,0-cp,∞

cp,0
 (2-7) 

Substitution of cp,0 and cp,∞ in Eq. (2-5) using Eqs. (2-6) and (2-7) yields: 

 dR
dt

=k∙cp,0
n-1∙[R∞-R(t)]n (2-8) 

Equation (2-8) is the general expression for flotation kinetics in terms of the recovery. Solving 

this equation of specific values of n gives the expression for a specified flotation order. If for 

example n=0, the flotation kinetics follow 0th order. Integration of Eq. (2-8) gives: 

 R(t)=k∙cp,0
-1 ∙t (2-9) 

A plot of R(t)∙cp,0 versus t leads to a straight line through the origin, if the data follows a 

0th order. The flotation rate constant k is determined from the slope. 
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For the 1st order, n=1 and integration of Eq. (2-8) yields: 

 R(t)=R∞∙�1-e-k∙t� (2-10) 

A plot of - ln �1- R(t)
R∞
� versus t will result in a straight line through the origin, if the data follows 

first-order. The flotation rate constant k can then be obtained from the slope. 

For second-order flotation kinetics (n=2), integration of Eq. (2-8) gives: 

 
R(t)=

k∙cp,0∙t∙R∞
2

1+k∙cp,0∙t∙R∞
 (2-11) 

Thus, if the data follows second-order kinetics, plotting R(t)
cp,0∙�R∞

2 -R∞∙R(t)�
 against t yields a straight 

line through the origin with k as slope. 

Exemplary plots of R(t) as a function of t for 0th order, 1st order, and 2nd order are presented in 

Fig. 2-4a. The corresponding graphs for the linearisation of the kinetic equations (2-9), (2-10), 

and (2-11) as stated above are shown in Fig. 2-4b. The 0th order graph exhibits a linear 

relationship between R(t) and t, while both 1st order and 2nd order graphs show a sharp increase 

in R(t) for small t with an asymptotic behaviour for large t (Fig. 2-4a). The convergence of 

1st order and 2nd order is strongly dependent on the flotation rate constant k, so that 2nd order 

must not necessarily converge faster to R∞ than 1st order. A discrimination between 1st order 

and 2nd order from an R(t) vs. t graph is therefore not trivial. 

In the graphs of the linearised kinetic equations (Fig. 2-4b) the data will only follow a straight 

line, if the specified kinetic expression fits to the experimental data. Otherwise curvatures and 

deviations from a linear form will be observed. 

There is, however, no necessary reason why the order of flotation kinetics has to be an integer. 

An analysis with respect to fractional order is feasible by linearisation of Eq. (2-8): 

 
ln �

dR
dt
� ≈ln �

∆R
∆t
�=n∙�ln�cp,0�+ ln{R∞-R(t)}�+ ln(k) - ln�cp,0� 

 
(2-12) 

As only discrete data is available from experiments, dR
dt

 in Eq. (2-8) must be replaced by ∆R
∆t

 in 

Eq. (2-12). The flotation kinetic order can be determined from the slope of the line given by a 

graph of ln �∆R
∆t
� against [ ln�cp,0�+ ln(R∞-R(t)]. The value of the flotation rate constant k is 

determined from the intersection with the y axis. 

y x b =m∙ 
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Fig. 2-4. Recovery R(t) as a function of time (a) and linearisation of kinetic equations (b) according to 0th order 

(a), 1st order (b), and 2nd order (c). 

 

Determination of flotation kinetics is a controversial topic, as a variety of reports with differing 

results is present in literature [25,34]. In most applications, n in Eq. (2-8) is said to be 1 ([17], 

p. 297), which is why kinetic investigations published in literature mainly consider 1st order 

kinetics [35–39]. Nguyen and Schulze state that the order of flotation kinetics should be most 

frequently 1, less frequently 2 and seldom 3 or more. For flotation of single minerals or diluted 

pulps, the order should be 1st order, while it will be 2nd order for low grade ores or more 

concentrated pulps ([3], p. 749; [27], p. 710). However, Bogdanov et al. have reported orders 

varying from one to six [25]. Tomlinson and Fleming found the order of flotation kinetics to be 

in the range from zero to one, where 0th order was obtained for a high solids concentration in 

the flotation pulp and 1st order for small concentrations. They termed the 0th order kinetics as 

inhibited flotation and the 1st order kinetics free flotation. During an inhibited flotation, the 

bubbles rising through the pulp are fully loaded so that at no time free area is present on the 

bubble surface for attachment of additional particles. In contrast to this, bubbles are only 

sparsely covered with solid particles during the free flotation which is why there will always be 

enough free surface area for attachment of further particles [25,28,40]. According to, e.g., 

Tomlinson and Fleming, the flotation process of minerals starts with inhibited flotation 

(0th order). After some flotation time, a shift in the flotation kinetics towards free flotation 

(1st order) is observed [40]. In many cases, e.g. the flotation of lean grade sulphide ores of lead, 
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zinc or copper, the inhibited flotation persists only a few seconds. The overall flotation kinetics 

may still be determined to be of 1st order, depending on which operating mechanism and factors, 

which influence the order of flotation kinetics, are predominant during the flotation process. 

Some authors argue that the flotation rate constant k changes with time so that it will be a 

variable function [28]. The change of k with time is typically incorporated using a distribution 

model f(k). Equation (2-8) is then rewritten to [33]:  

 dR
dt

=f(k)∙cp,0
n-1∙[R∞-R(t)]n (2-13) 

There are a variety of distribution functions present in literature, e.g. gamma distribution [41] 

or rectangular distribution [42]. An example model incorporating a rectangular distribution of 

the flotation rate constant is the Klimpel model, which assumes first-order kinetics [43]: 

 
R(t)=R∞∙ �1-

1
k∙t

∙�1-e-k∙t�� (2-14) 

A gamma distribution model based on first-order kinetics has been proposed by Loveday [44] 

as well as Inoue and Imaizumi ([27], p. 712): 

 
R(t)=R∞∙ �1- �

k
k+t

�
p

� (2-15) 

The parameter p is a dimensionless exponent, which influences the shape of the gamma 

distribution. An extended review of distribution models may be found in [33,36,45,46]. 

By grouping the flotation components into slow and fast floating fractions, Kelsall extended 

the classical first-order kinetic model [47]: 

 R(t)=φ∙�1-eks∙t�+(1-φ)∙�1-e-kf∙t� (2-16) 

In Eq. (2-16), φ is the fraction of slow floating particles and ks and kf are the flotation rate 

constants of the slow and fast floating fractions, respectively. The Kelsall model assumes an 

ultimate recovery of 100 % (R∞=1), which is why this parameter is not included in the model. 

A modified version of the Kelsall model has been proposed by Jowett, adding the ultimate 

recovery as an influence parameter to increase the flexibility of the model [48]: 

 R(t)=R∞∙�φ∙�1-eks∙t�+(1-φ)∙�1-e-kf∙t�� (2-17) 

Further classification in more than two floating fractions, e.g. three fractions categorized as 

slow, medium, and fast floating materials, have also been proposed in literature [48]. The 

general approach for dividing the components into fractions with different floatabilities can be 

summarized as [33]: 

 
R(t)=R∞∙��φi∙�1-e-ki∙t��

j

i=1

 (2-18) 
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Tab. 2-3. Overview of kinetic models investigated in the present work. 

Model Equation  

0th order chemical analogous R(t)=k∙cp,0
-1 ∙t  (2-9) 

1st order chemical analogous R(t)=Rmax∙�1-e-k∙t�  (2-10) 

2nd order chemical analogous R(t)= k∙cp,0∙t∙Rmax
2

1+k∙cp,0∙t∙Rmax
  (2-11) 

Classical first-order model R(t)=R∞∙�1-e-k∙t�  (2-10) 

Klimpel model [43] R(t)=R∞∙ �1- 1
k∙t

∙�1-e-k∙t��  (2-14) 

Kelsall model [47] R(t)=φ∙�1-eks∙t�+(1-φ)∙�1-e-kf∙t�  (2-16) 

Modified Kelsall model [48] R(t)=R∞∙�φ∙�1-eks∙t�+(1-φ)∙�1-e-kf∙t��  (2-17) 

Gamma model R(t)=R∞∙ �1- � k
k+t
�

p
�  (2-15) 

Fully mixed model R(t)=R∞∙ �1-� 1
1+t

k
��  (2-19) 

 

The subscript i in Eq. (2-18) describes the floatability fraction for each respective rate constant 

and j is the number of classified fractions. 

A model analogous to the time-concentration relationship of a series of fully mixed reactors, 

assuming the number of reactors to be one, has also been found to give a good fit to 

experimental data ([27], p. 712; [33]; [46]): 

 
R(t)=R∞∙ �1-�

1

1+ t
k
�� (2-19) 

The described extensions to the classical chemical analogous kinetic models in Eqs. (2-13) to 

(2-19) provide more flexibility due to an increase in fitting parameters. 

For the analysis of flotation kinetics in the present work, nine models are investigated. A 

summary of these models is given in Tab. 2-3. It should be noted that the first three models, 

which are referred to as chemical analogous models, use the experimentally observed maximum 

recovery Rmax instead of the ultimate recovery R∞ as parameter. In addition to the models listed 

in Tab. 2-3, the fractional order model presented in Eq. (2-12) is applied whenever all other 

kinetic models are unable to describe the process accurately. 

In general, the order of flotation kinetics n, the ultimate recovery R∞ as well as the value of the 

flotation rate constant k are very sensitive towards a change in process parameters. The ultimate 

recovery R∞ changes for example with chemical variables, e.g. the collector dosage, while k is 

reported to change with physical variables, e.g. gas flow rate. Therefore, the product k∙R∞ is a 
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useful parameter to compare the influence of process parameters on the flotation kinetics ([3], 

p. 749; [49]). Furthermore, if R∞ is plotted against k, so-called limits kinetic curves are obtained 

[50]. An exemplary graph is shown in Fig. 2-5. Four different regions may be arbitrarily 

classified in this diagram: slow-powerful, fast-powerful, slow-powerless, and fast-powerless. 

The flotation process will be optimal, if the observed data for k∙R∞ is in the fast-powerful 

regime, because the flotation process would be fast and the recovery would be high. This type 

of diagram allows therefore a graphical comparison of different obtained experimental data 

sets, as long as the order of kinetics is equal for the data sets. Otherwise, the data cannot be 

compared, because the dimensions of the flotation rate constants are different. 

 

 
Fig. 2-5. Exemplary limits kinetic curve for a separation process of 1st order (adapted from [50]). 
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2.1.3.2 Heterocoagulate formation 

The flotation process is based on the successful formation of bubble-particle heterocoagulates. 

As already stated in chapter 1.2, the process of heterocoagulate formation can be divided into 

three micro processes [6–11]:  

1. bubble-particle collision, 

2. bubble-particle attachment, 

3. and bubble-particle heterocoagulate stability. 

The stability of the formed bubble-particle heterocoagulate is more commonly used instead of 

the detachment process of particles from bubbles, which is the reverse process. 

The overall flotation process in terms of particle floatability can be treated as a probability Pf, 

which is composed of the probabilities of each of these three micro processes ([16], p. 249): 

 Pf=Pc∙Pa∙Ps (2-20) 

In Eq. (2-20), the indices c, a, and s refer to the above stated micro processes of collision, 

attachment, and stability, respectively. Many experimental reports are presented in literature, 

where these micro processes have been investigated. The aim of these studies is always to 

establish equations for calculation of the probabilities of the micro processes. 

 

2.1.3.2.1 Collision process 

The first step in heterocoagulate formation is the collision of bubbles with particles. The process 

is mainly determined by the flotation cell hydrodynamics. The collision probability Pc is 

generally improved with increasing turbulence in the pulp and using microsized bubbles [11]. 

 

 
Fig. 2-6. Water streamlines around a bubble for Stokes flow with Re=0 (a) and potential flow with Re=∞ (b) 

(adapted from [51], p. 360). 

 

ReB = 0 ReB = ∞

a b
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Tab. 2-4. Values for A and n of Equation (2-23) for different flow conditions [52,53]. 

Flow conditions A n 

Stokes 1.5 2 

Intermediate 1.5∙ �1+
3 16⁄ ∙ReB

1+0.249∙ReB
0.56� 2 

Potential 3 1 

 

Sutherland was the first to derive an expression for the Pc from a stream function based on the 

particle diameter dp and the bubble diameter dB [54]: 

 
Pc=3∙

dp

dB
 (2-21) 

Equation (2-21) assumes potential flow (cf. Fig. 2-6b), which is why this equation is only valid 

for bubbles that are much larger than those used in flotation practice [52]. Using the stream 

function for the Stokes flow condition (cf. Fig. 2-6a), Gaudin derived the following equation 

for Pc [52]: 

 
Pc=1.5∙�

dp

dB
�

2

 (2-22) 

Equation (2-22) is, however, only applicable for small bubbles. Many more equations have been 

derived and presented in literature, e.g. by Weber [55] and Weber and Paddock [56]. A 

generalized form of all these models is given in Eq. (2-23) [52,57]: 

 
Pc=A∙�

dp

dB
�

n

 (2-23) 

The factors A and n for different flow conditions are given in Tab. 2-4. Generally, Gaudin’s 

model tends to underestimate Pc, while the Sutherland model overestimates Pc [53]. The 

probability of collision is therefore said to range between these two extrema. More detailed 

information on collision models are given, amongst others, in [58,59]. 

 

2.1.3.2.2 Attachment process 

The attachment process is a stochastic process, which is mainly dependent upon the particle 

surface chemistry [60]. The attachment procedure is schematically depicted in Fig. 2-7. When 

a particle collides successfully with a bubble, it slides along the bubble surface due to the 

streamlines of the liquid around the bubble (cf. Fig. 2-6) and gravitational effects. The 

intervening liquid film between bubble and particle is thinning with time until a critical 

thickness hcr is reached (see Fig. 2-7). Then, the liquid film ruptures so that a three-phase 

contact angle between solid particle, gaseous bubble, and surrounding liquid is formed. 
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Fig. 2-7. Steps in bubble-particle attachment: thinning of the intervening liquid film to a critical thickness hcr (1), 

rupture of the intervening liquid film and formation of the three-phase contact nucleus with radius rcr (2), and 

spreading of the three-phase contact line with advancing and receding contact angle θa and θr, respectively (3) 

([51], p. 365). 
 

The minimum time, which is necessary for thinning and rupture of the liquid film between 

particle and bubble (cf. Fig. 2-7) and formation of a stable bubble-particle aggregate is defined 

as induction time ti [11,61]. The induction time has to be determined experimentally as 

presented for example in [8,61–66]. An empirical model based on a variety of experimental 

investigations has been derived in order to calculate ti [62,63,67]: 

 ti=A∙dp
B (2-24) 

In Eq. (2-24), A and B are variable parameters. The parameter B has found to be almost 

independent of particle contact angle, bubble size, and ionic strength. Typically, B is said to be 

0.6 [62,68]. The parameter A is inversely proportional to the particle contact angle θ [63,67]: 

 A=
75
θ

 (2-25) 

If the sliding time of the particle is lower than the induction time or if the contact angle θ is 

zero, the particle will not be able to attach to the bubble surface (see also chapter 2.2.1). After 

successful attachment of the particle on the bubble surface, the particle is swept to the bubble 

rear due to the upwards directed motion of the bubble and gravitational effects. 
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For the attachment micro process, Yoon and Luttrell developed the following model to calculate 

the attachment probability Pa [52,57]: 

 

Pa= sin2 �2∙ tan-1 ∙ exp�
-�45+8∙ReB

0.72∙wB∙ti�

15∙dB∙ �dB
dp

+1�
�� (2-26) 

In Eq. (2-26), ReB is the bubble Reynolds number (cf. chapter 2.3.1.2) and wB is the bubble 

rising velocity. Equations (2-24) to (2-26) show that Pa generally increases with increasing 

contact angle as well as decreasing particle size. Furthermore, smaller bubbles have a higher Pa 

compared to larger bubbles, if particle size and contact angle are constant. 

 

2.1.3.2.3 Stability of bubble-particle heterocoagulates 

The stability of the bubble-particle aggregates is mainly influenced by the particle surface 

characteristics and the hydrodynamics in the flotation cell [11]. Schulze proposed an equation 

for calculation of the probability of stability of a bubble-particle heterocoagulate Ps ([69], 

p. 495): 

 
Ps=1- exp �1-

1
Bo*� (2-27) 

In Eq. (2-27), Bo* is the modified Bond number defined as the ratio of detachment to attachment 

forces: 

 

Bo*=
dp

2∙ �∆ϱ∙g+1.9∙ϱp∙ε2 3⁄ ∙ �
dp
2 + dB

2 �
-1 3⁄

�+1.5∙dp ∙ �
4∙σ
dB

-dB∙ϱl∙g� ∙ sin2 �π- θ
2�

�6∙σ∙ sin �π- θ
2� ∙ sin �π+ θ

2��
 (2-28) 

In Eq. (2-28), ε is the local energy dissipation in a given volume of the apparatus, σ is the 

surface tension of the liquid, and ∆ϱ is the density difference between particle and fluid. Further 

models for calculation of the probability of stability or inversely the probability of detachment 

are presented in literature [70–72]. 
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2.1.4 Fluorite flotation 

In this chapter, an overview of the properties of fluorite minerals is given and a literature review 

on the flotation process of fluorite minerals is presented. 

 

2.1.4.1 Fluorite properties 

Fluorite, also referred to as fluorspar, is until today the only fluorine-containing raw material to 

be used as a starting material for the production of hydrofluoric acid (HF), an important basic 

chemical ([18], p. 406). HF is further used for the production of fluorine (F2), which is used for, 

e.g. the production of inorganic and organic fluorine compounds. Other uses of CaF2 involve 

the iron- and steelmaking industry, where it is used as a flux to lower the melting point and to 

increase the fluidity of the slag, the aluminium production, and the production of opaque glass, 

enamels or high-quality optics for high energy laser systems ([18], p. 408–409; [73]; [74], 

p. 104). Since 2008, fluorite has been one of the most critical raw materials and, since 2014, it 

is one of the 20 most critical materials indexed in the EU Raw Materials Initiative [5]. Amongst 

other raw materials like silicon metal, cobalt or natural graphite, fluorite is of great economic 

importance, while a supply risk is expected (cf. Fig. 2-8). 

Fluorite exhibits a variety of colours like purple, lilac, golden-yellow or green. It is a relatively 

soft mineral with a hardness of four on Mohs scale of mineral hardness. Its specific gravity is 

normally between 3175 and 3184 kg/cm3 with a melting point of 1360 °C ([18], p. 406; [73]). 

 

 
Fig. 2-8. Critical raw materials based on the European commission [5]. Top right rectangle marks area of identified 

critical materials in the initiative. Position of fluorspar is marked with a smaller rectangle for better visibility. 
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Fig. 2-9. Green fluorite mineral at daylight (a) and fluorescence of the mineral under UV radiation at a wavelength 

of 365 nm (b). 

 

Some of the naturally occurring fluorite minerals are fluorescent under UV radiation. This is 

mainly influenced by impurities of rare earth elements inside the crystal structure. Europium 

impurities inside the calcium fluoride crystal structure for example are known to have a blue 

response under long wave UV radiation ([75], p. 106; [76]), which can be seen in Fig. 2-9b. 

Commercially extracted fluorite contains typically 30-80 % calcium fluoride, with gangue 

materials attached and intergrown with the mineral. Most commonly, quartz (SiO2) or barite 

(BaSO4) are found alongside fluorite. These gangue materials have to be separated from the 

fluorite mineral to increase the CaF2 purity ([18], p. 407; [73]; [74], p. 103–104). This is most 

commonly carried out via flotation. 

The purity of fluorite is specified in three different grades: acid grade, metallurgical grade, and 

ceramic grade [73]. Acid grade classifies the purest fluorite product with a CaF2 content of at 

least 97 %. This fluorite product is used predominantly in the production of HF. Both 

metallurgical grade and ceramic grade require a minimum CaF2 of 80 %. In contrast to the 

ceramic grade, which allows a maximum SiO2 content of only 3 %, metallurgical grade allows 

15 % SiO2 in the product. 

 

2.1.4.2 Flotation process for fluorite 

Fluorite is separated from its gangue particles by means of flotation. The flotation process of 

fluorite is a well-known process, which is described extensively in literature. Generally, 5-10 

mechanical cells per bank are used in the process, meaning five to ten flotation cells in series 

([77], p. 1209). 

As stated in chapter 2.1.4.1, fluorite occurs in nature with intergrowths of other minerals like 

quartz and barite. For a selective enrichment of fluorite in the flotation froth, collector agents 

based on fatty acids, e.g. oleic acid or linoleic acid, are widely used ([78], p. 34). The amount 

 a  b 
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of used collector is dependent on the amount and species of gangue particles, but ranges from 

0.25 to 1.2 kg per tonne feed material ([79]; [80], p. 315ff.; [81], p. 7ff.). A problem well-known 

in the use of fatty acids as collector in the fluorite flotation is the concurrent adsorption on both 

barite and fluorite [82]. Therefore, depressants are added, which improve the wettability of the 

gangue particles, in order to increase the selectivity of the process towards fluorite. A common 

depressant for barite is starch, while water glass is used to depress quartz. The amount of starch 

added to the flotation pulp varies from 0.14-0.5 kg/t crude ore ([80], p. 315ff.). The pH value 

of the flotation pulp is adjusted alkalescent using a sodium hydroxide solution. Usually, Flotol®, 

which is basically a mixture of α-terpineol, is used for improved froth formation and stability  

([80], p. 315ff.). 

Elevated temperatures near the boiling point of water at approx. 75-85 °C caused by bubbling 

steam into the flotation apparatus has been found to improve the enrichment of fluorite in the 

separation from silica and calcite ([78], p. 34). Brunner investigated the influence of foreign 

ions on the flotation process of fluoite. He showed that the flotation works best in deionized 

water and that foreign ions hinder the flotation significantly ([83], p. 62). This was also 

presented by Hiçyılmaz and Ghaemi on the 6th international symposium for mineral processing 

[84]. For the analysis of the concentrate and the gangue regarding the fluorine content, different 

methods are feasible, for example potentiometric method after distillation [85], complexometric 

titration [86] or X-ray fluorescence spectroscopy (XRF) [87,88]. 
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2.2 Surface and interface characteristics 

Surface and interface characteristics play an important part in the flotation process, as has been 

described in chapter 2.1. In the following, the theoretical background on surfaces and interfaces 

is presented regarding the general definition of the contact angle as well as experimental 

techniques for measurement of contact angles on both flat surfaces and particulate systems. 

 

2.2.1 Contact angle 

When a liquid is in contact with a solid surface, three surface tensions have to be considered 

(see Fig. 2-10): σlg as surface tension between liquid and gaseous phase, σsg as surface tension 

between solid and gaseous phase, and σsl as surface tension between solid and liquid phase. At 

equilibrium conditions the following equation, known as Young’s equation, must be fulfilled 

([26], p. 686; [89], p. 419): 

 σlg∙ cos(θ) = σsg-σsl (2-29) 

In Eq. (2-29), θ is defined as contact angle. The hydrophobicity of a surface increases with 

increasing contact angle. A fully hydrophobic surface exhibits a contact angle of 180°, while a 

fully hydrophilic surface has a contact angle of 0°. 

When a gas bubble attaches to a solid, the change in the free energy ΔG per unit area is given 

by Dupre’s equation ([90], p. 369ff.; [91]): 

 ∆G=σsg-(σsl+σlg) (2-30) 

Combination of Eqs. (2-29) and (2-30) yields: 

 ∆G=σlg∙[cos(θ) -1] (2-31) 

The change in the free energy is therefore only dependent on the surface tension σlg and the 

contact angle θ. Equation (2-31) is known as criteria for the possibility of a bubble-particle 

attachment in liquid [11]. Attachment can only occur for ΔG < 0, thus θ > 0°. 

Drelich and Marmur proposed the following classifications for flotation of particles in 

dependency of θ [92]: 

• <10°  Not floatable particles 

• 10-25°  Poorly floatable 

• 25-50°  Low-rate floatable 

• 50-70°  High-rate floatable 

• >70°  Spontaneously agglomerating and floating 

They state, however, that this classification has to be studied in more depth with respect of 

different particle dimensions since the particle diameter and the surface landscape will have a 

significant influence on the flotation behaviour. 
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Fig. 2-10. Contact angle θ and surface tensions σ between solid and gaseous phase (index sg), solid and liquid 

phase (index sl), and liquid and gaseous phase (index lg). 

 

2.2.1.1 Contact angle measurements on flat surfaces 

The contact angle on flat surfaces is usually measured with a telescope-goniometer. The method 

is referred to as sessile-drop technique, which was first mentioned by Bigelow et al. [93]. With 

this method the tangents left and right at the three-phase contact point of a liquid drop on the 

flat surface are measured (cf. Fig. 2-10). The setup consists of a horizontal plate for mounting 

the sample, a syringe to produce a liquid drop, a camera with a zoom lens and a backlight 

illumination. The syringe is usually motor-driven so that the liquid volume can be controlled 

precisely. The tangents at the three-phase contact points are determined semi-automatically by 

fitting a drop profile to the contour of the drop. This fit can either be a spherical or non-

spherical. The spherical fit will result in equal contact angles left and right of the three-phase 

contact point due to axial symmetry, while the non-spherical fit may result in unequal contact 

angles, depending on the surface properties and drop deformation. Contact angles should be 

measured at multiple spots if the substrate is relatively large. The accuracy of this method is 

generally given with approximately ±2° ([94], p. 32). One of the main limitations of this method 

is that contact angles below 20° cannot be measured accurately ([95], p. 8). 

In order to compare the wettability of different solid surfaces with each other, Zisman proposed 

a method to determine the critical surface tension of wetting σc [96]. In this method, contact 

angle measurements are conducted on the surface using liquids with varying surface tensions. 

The cosines of the determined contact angles are then plotted against the corresponding liquid 

surface tensions. As a results, a linear relationship will be present. By extrapolation to 

cos(90°)=1, meaning a complete wetting of the surface, the critical surface tension of wetting 

σc is determined (cf. Fig. 2-11). A second method commonly used for determination of contact 

angles on flat surfaces is the so-called captive bubble method, which was introduced by Taggart 

et al. [97]. Instead of measuring a formed liquid drop above the solid substrate, the substrate is 

immersed in the testing liquid and an air bubble is produced beneath the substrate. The formed 

contact angle of the bubble can also be directly measured using the optical method described 

above. Further methods for contact angle measurement on flat surfaces are reported in literature, 

e.g., tilting plate method and Wilhelmy balance method [94,95,98]. 

θ liquid
solid

gas

σsg

σlg

σsl
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Fig. 2-11. Determination of the critical surface tension of wetting σc on flat surfaces according to Zisman by 

plotting the cosine of the measured contact angle cos(θ) against the surface tension of the test liquid σ. 

 

2.2.1.2 Contact angle measurements on particulate systems 

In contrast to contact angle measurements on flat surfaces, the determination of contact angles 

on particulate systems is far more complicated. An overview of methods is given in ([94], 

p. 70ff.; [99]). For large particles, the contact angle may be measured directly on the particle 

surface similar to the sessile drop technique. The determination of the tangents will be, 

however, more complex and special mathematical models as, e.g., proposed in [100] have to be 

applied. 

Fuerstenau and Williams [101–103] as well as Marmur et al. [104] proposed independently 

from each other a technique for the characterization of particle wettability in terms of surface 

energy. This technique is often referred to as film flotation. In this method, a test solution with 

known surface tension is placed inside a small conical vessel. Usually, methanol-water or 

ethanol-water mixtures are used for this purpose. A sufficient amount of particles is then placed 

carefully on the liquid surface. Depending on the particle surface properties, some of the 

particles may sink while others may float on the given liquid. The sinking and floating fractions 

are then weighed. By changing the composition of the mixture, the experiment is repeated at 

various liquid surface tensions. A sigmoidal curve as presented in Fig. 2-12 results from a plot 

of the weight fraction of floating particles against the surface tension of the test liquid. From 

this graph three critical surface tensions of wettability γc for particles can be derived: 

• all particles sink at γc
min, 

• 50 % of the particles sink/float at γ�c, 

• all particles float at γc
max. 
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Fig. 2-12. Typical resulting plot of a film flotation experiment [101]. 

 

For completely homogeneous particle surfaces, the graph shown in Fig. 2-12 would be a step 

function. Hence, this method also provides an information on the degree of heterogeneity of the 

particle surfaces. The point at which 50 % of the particles sink/float is usually interpreted as 

critical surface tension of wetting γ�c for the investigated particulate system ([99], p. 27; [101]). 

Marmur et al. as well as Fuerstenau et al. found that this critical surface tension is in good 

agreement with the critical surface tension of wetting determined via the Zisman method for 

identically flat surfaces [103,104]. 

Fuerstenau et al. investigated different effects on the results of the film flotation experiments 

[101]. In a first step, they showed that although one might be concerned with adsorption effects 

when analysing wetting behaviour of solids in aqueous solutions of polar organic molecules, 

this effect is not present. Therefore, results of the film flotation experiments are unaffected by 

the test solution. Additionally, they showed that particle size has no effect either. All of the 

investigated particle sizes in a range from 53 to 425 µm resulted in the same curve. Furthermore, 

neither particle density, tested in a range of specific gravities of 2.2 to 5.0, nor particle shape 

had a significant effect on the experimental results. 

In their theoretical derivation they showed that immersional wetting and spreading wetting, 

which are the critical steps in the process for a particle to sink, are spontaneous processes 

depending on the contact angle. This was also proven with experiments of solids in varying 

testing liquids over different times ranging from 1.5 to 50 minutes. Thus, time has also no 

significant influence on the experimental results. 
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2.2.2 Adsorption of surfactants at the gas-liquid interface 

In this chapter the theoretical aspects dealing with the adsorption of surfactants at the gas-liquid 

interface as well as measurement techniques are presented. 

 

2.2.2.1 Theoretical aspects of adsorption at the gas-liquid interface 

Surface active agents, or in short surfactants, are organic compounds generally consisting of at 

least one lyophilic (solvent loving) and one lyophobic (solvent fearing) group. In the special 

case of water as solvent, the terms are named hydrophilic and hydrophobic, respectively. It is 

well known that addition of surfactants decreases the surface tension of water ([105], p. 35). 

If a surfactant is added to an aqueous medium, the surfactant molecules will migrate to the gas-

liquid interface. The molecules will orientate in order to minimize the contact between their 

hydrophobic groups and water. This process is called adsorption (see Fig. 2-13a). With 

increasing surfactant concentration, surfactant molecules will move from the gas-liquid 

interface into the bulk phase (see Fig. 2-13b), where aggregation of surfactant molecules will 

occur. If the concentration of the surfactant exceeds a critical concentration, which is known as 

critical micelle concentration (CMC), the process of micellisation starts. In the micelles, the 

surfactant molecules orientate in such a way that the hydrophilic parts are orientated towards 

the liquid, while the hydrophobic parts are orientated inwards (see Fig. 2-13c). Any further 

addition of surfactant after the CMC will have no impact on the liquid surface tension ([106], 

p. 270). The formation of micelles has a negative effect on the selectivity of the flotation 

process. Although micelles readily adsorb on solids, this adsorption is unspecific and mainly 

fine particles, which are present as slime, are affected ([19], p. 43). 

Different models have been proposed in literature to describe the adsorption process of 

surfactants at the gas-liquid interface. The most famous and commonly used is the Gibbs 

adsorption isotherm. The model of Gibbs relates the surface tension with the excess interfacial 

concentrations. At a constant temperature, the Gibbs adsorption isotherm is given as ([105], 

p. 36; [107], p. 67; [108], p. 29; [109], p. 75): 

 dσ=-�
ni

A
dμi

i

=-� Γidμi
i

 (2-32) 

In Eq. (2-32), dσ is the change in surface tension of the solution, n is the amount of solute i, 

A is the surface area, dμi is the change in chemical potential of the solute in the solution and Γi 

is the surface excess concentration of solute per unit area of surface. 
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Fig. 2-13. Surface tension σ as a function of surfactant concentration c (adapted from [110], p. 680): adsorption of 

surfactant molecules at the air-water interface (a), transfer of surfactant molecules from the gas-liquid interface to 

the bulk phase (b), and formation of micelles (c). 

 

Equation (2-32) is rewritten for a two-component system, e.g., using index 1 for the solvent and 

index 2 for the solute to: 

 dσ=-Γ1dμ1-Γ2dμ2 (2-33) 

The surface excess concentration can be considered to be equal to the actual surface 

concentration without significant error, thus: 

 dμi=R∙T∙dln(ai)=R∙T∙dln(ci∙γi) (2-34) 

In Eq. (2-34), R is the universal gas constant, T is the absolute temperature, ai is the activity of 

solute i in the solution, ci is the concentration of the solute i in the solution and γi is the activity 

coefficient of the component i in the bulk phase. The surface excess concentration Γ for a dilute 

solution of surfactant is calculated via Eq. (2-35) assuming an ideal interface ([107], p. 69f.; 

[111–113]; [114], p. 246): 

 
Γ=-

1
z∙2.303∙R∙T

∙ �
∂σ

∂ log c
�

T
 (2-35) 

In Eq. (2-35), � ∂σ
∂ log c

�
T
 is the slope of the linear part of the σ-log c plot (cf. Fig. 2-13) and z is a 

constant, which depends on the properties of the surfactant. For non-ionic surfactants and uni-

univalent ionic surfactants in the presence of excess electrolyte, z=1 [111–113].  
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The area A occupied by a surfactant molecule at the surface or interface in square angstrom can 

be obtained with Eq. (2-36): 

 
A=

1016

NA∙Γ
 (2-36) 

In this equation, NA is Avogadro’s number ([107], p. 70). The efficiency of surfactant 

adsorption can be evaluated using the Frumkin equation [115]: 

 σ0-σ=∆σ=-2.303∙R∙T∙Γm∙ log �1-
Γ

Γm
� (2-37) 

In Eq. (2-37), σ0 is the surface tension of the pure solvent, σ is the measured surface tension, 

and Γm is the surface concentration of the surfactant at monolayer adsorption. Rearrangement 

of Eq. (2-37) gives the saturation s: 

 Γ
Γm

=s=�1-10
∆σ

-2.303∙R∙T∙Γm� (2-38) 

It is found that when ∆σ≈20 mN/m, the excess concentration of the surfactant is close to its 

saturation value. For example for typical excess concentrations stated in literature ranging from 

1–4.4∙10-10 mol/cm2 the Frumkin equation yields saturations of s=84–99.9 % ([107], p. 100; 

[108], p. 39; [116], p. 60). 

 

2.2.2.2 Measurement of surface tension 

A variety of experimental methods using so-called tensiometers to determine the surface tension 

of liquids are available, e.g. Wilhelmy balance method or Du Noüy ring method ([117]; [118], 

p. 25ff.). In the following, the Du Noüy ring method, which was proposed in 1925 by Pierre 

Lecomte du Noüy [119], is described in detail. 

A schematic overview of the experimental setup of the measurement method, which is 

standardized in the ISO 304:1985 [120], is presented in Fig. 2-14. The method is based on the 

measurement of a force F, which is required to raise a ring from the liquid’s surface. This force 

is then related to the surface tension σ via Eq. (2-39): 

 F=Fring+4∙π∙r∙̅σ (2-39) 

In Eq. (2-39), Fring is the weight force of the ring corrected by the buoyant force due to the part 

of the ring below the liquid surface and r ̅is the average diameter of the inner and outer radius 

of the ring. The ring used for the measurements is typically a wire made from a platinum-

iridium alloy, which ensures a complete wetting of the liquid ([117], p. 31).  

The measurement procedure for the Du Noüy ring method is as follows: in the first step, the 

sample is placed in the sample holder. The sample holder has to be very clean, as small 

impurities already have a strong influence on the measurement result. 
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Next, the ring is cleaned by heating it to glow in the oxidizing portion of a Bunsen burner flame. 

Afterwards, the ring is attached to the hook at the end of the lever arm of the tensiometer. A 

zero reading of the ring is carried out before the sample holder is raised until the ring is 

immersed, just so that the ring is completely wetted. Afterwards, the ring is lifted from the 

liquid. Due to the complete wetting of the ring, lamella will be formed as a result of the liquid 

surface tension (cf. Fig. 2-14b). When the upwards directed force F is greater than the liquid 

surface tension, the lamella will tear off and a sharp drop of F will be noticed. The surface 

tension of the liquid is determined from the measured maximum force. 

Performed surface tension measurements using the Du Noüy ring method showed, however, 

large discrepancies between different researchers. Several authors noted therefore that 

Eq. (2-39) is inaccurate and measurement errors of up to ±30 % may be caused [121]. A 

problem of Eq. (2-39) is that for example the radius of the wire forming the ring is not 

incorporated, although this will have a significant effect on the measured liquid surface tension. 

Therefore, empirical models have been developed, which incorporate effects of the radius of 

the wire forming the ring, the height of the ring above the liquid level, and the volume of the 

raised liquid. Harkins and Jordan proposed such an improved model based on Eq. (2-39) by 

adding a correction factor f*, which has to be determined experimentally: 

 F=Fring+4∙π∙R∙σ∙f* (2-40) 

In modern Du Noüy ring tensiometers, values for f* are directly implemented, as the 

measurement systems are standardized. 

 

 
Fig. 2-14. Schematic experimental procedure of a Du Noüy ring tensiometer for measurement of liquid surface 

tensions: ring above measured liquid for zeroing procedure (a), ring lifted after immersion in the liquid (b), and 

tearing off of the lamella attached to the ring (c). 
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2.3 Bubbles 

In this chapter, the theoretical background dealing with bubbles and their characteristics is 

presented. A differentiation between bubble characteristics in water and in presence of surface 

active agents is made. Furthermore, bubble sizing methods are presented. 

 

2.3.1 Characteristics of bubbles in water 

The characteristics of bubbles in water with respect to the formation process, the various bubble 

shapes as well as the motion of bubbles are presented. Dimensionless numbers, helpful 

diagrams as well as equations presented in literature for characterisation of bubbles are 

introduced. 

 

2.3.1.1 Periodic bubble formation 

As stated in chapter 1.2, the aim of this work is the investigation and analysis of mainly single 

bubbles. Thus, a force balance for the production process of a bubble can be considered. 

Periodic bubble formation leads to a small bubble size distribution where the bubble diameter 

dB increases with increasing volumetric gas flow rate V̇g. A periodic bubble formation takes 

place for Weber numbers We smaller than approximately two. At Weber numbers higher than 

two, jet gassing occurs during the formation of bubble swarms ([122], p. 1240; [123]). 

The force balance during the bubble production is schematically shown in Fig. 2-15. The 

diameter of the generated bubble is determined by the equilibrium of the forces ([122], p. 1240): 

 Fb-Fσ-Fη-Fi=0 (2-41) 

 

 
Fig. 2-15. Equilibrium of forces for quasistatic formation of a bubble at an orifice (adapted from [122], p. 1240). 
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In Eq. (2-41), Fb is the buoyancy force, Fσ is the surface tension force, Fη is the drag force, and 

Fi is the inertia force. The forces are described by Eqs. (2-42)-(2-45): 

 Fb=
π
6

∙∆ϱ∙g∙dB
3  (2-42) 

 Fσ=π∙dc∙σlg (2-43) 

 
Fη=15∙ηl∙

V̇g

dB
 (2-44) 

 
Fi=1.3∙ϱl∙�

V̇g

dB
�

2

 (2-45) 

In these equations, ∆ϱ is the density difference between gaseous and liquid phase, g is the 

acceleration due to gravity, dB is the bubble diameter, dc is the capillary diameter, σlg is the 

interfacial tension between liquid and gaseous phase, ηl is the dynamic viscosity of the liquid, 

V̇g is the volumetric gas flow rate, and ϱl is the density of the liquid. The constant values of 15 

and 1.3 in Eqs. (2-44) and (2-45) are adapted to values published by different researchers [123]. 

Using equations (2-42) to (2-45) in equation (2-41) gives the bubble diameter dB as: 

 
dB= ��

Fη+Fi+Fγ

∆ϱ∙g
� ∙

6
π
�

1 3⁄

 (2-46) 

 

2.3.1.2 Shapes of bubbles in motion 

When no other forces or constraints act on a bubble, the action of surface tension on bubbles 

preserves their spherical shape. Their movement in fluids, however, creates shear stresses, 

which deform their spherical symmetry ([124], p. 48). The eight most commonly observed 

shapes of rising bubbles in liquids are depicted schematically in Fig. 2-16. 

A spherical shape (s) is only possible in inviscid fluids. Shear induced by flow distorts the 

shapes of bubbles to ellipsoidal. When the difference between the lengths of the two principal 

axes is within 10 %, the bubbles may be approximated as spherical ([125], p. 23). 

In contrast to oblate ellipsoidal (oe), oblate ellipsoidal disks (oed) exhibit high elongations and 

wobble visibly. In liquids with low viscosity, e.g. water, intermediate-size bubbles have a very 

irregular shape and oscillate unsteadily ([126], p. 18). 

Bubbles in the form of spherical caps (scc), spherical caps with open, unsteady wakes (sco), 

skirted bubbles (sks), and skirted bubbles with a wavy, unsteady skirt (skw) are mainly observed 

in liquids with high viscosity, e.g. mineral oil ([125], p. 25). 
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Fig. 2-16. Different bubble shapes as observed in experiments ([126], p. 18). 

 

The bubble shape cannot be completely predicted unless all the physical variables pertinent to 

the bubble rise phenomenon are taken into consideration. The main variables, which determine 

the shape of bubbles when freely rising in a column of water under action of gravity/buoyancy, 

are ([126], p. 19; [124], p. 49; [127]): 

• terminal velocity wB, 

• characteristic length, which is usually the equivalent bubble diameter dB, 

• density of the continuous phase ϱl, 

• dynamic viscosity of the continuous phase ηl, 

• surface tension σlg, 

• gravitational acceleration g, 

• density of dispersed phase (gas inside the bubble) ϱg, 

• and dynamic viscosity of the dispersed phase (gas inside the bubble) ηg. 

In most cases, both density and dynamic viscosity of the continuous phase is much greater than 

the density of the dispersed phase (ϱl≫ϱg and ηl≫ηg). Therefore, in a first approach the two 

latter parameters can be neglected. A dimensional analysis of the remaining six variables yields 

three independent dimensionless groups ( [124], p. 49; [125], p. 26; [128], p. 7). 
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The bubble Reynolds number ReB describes the ratio of inertial force and frictional force: 

 
ReB=

dB∙wB∙ϱl
ηl

 (2-47) 

The velocity wB of a bubble in Eq. (2-47) with a diameter dB is the relative velocity between 

the bubble and the surrounding liquid with the density ϱl and dynamic viscosity ηl. In quiescent 

flows this velocity is equal to the rising velocity of the bubble. Usually, three ranges of ReB 

numbers are distinguished: small ReB numbers with ReB<1, intermediate ReB numbers with 

1<ReB <200, and large ReB numbers with ReB>200 ([129], p. 374). 

The bubble Weber number WeB describes the ratio of inertial forces and surface forces: 

 
WeB=

wB
2∙dB∙ϱl
σlg

 (2-48) 

It is a useful dimensionless number to analyse fluid flows with an interface present between 

two different fluids, e.g. bubbles. 

The bubble Froude number FrB describes the ratio between inertial forces and weight force: 

 
FrB=

wB
2

g∙dB
 (2-49) 

If the inertial forces dominate, gravity effects may be neglected. In these cases, FrB is very high 

([130], p. 262). Incorporating the density difference of liquid density and gas density ∆ϱ=ϱl-ϱg 

as additional variable parameter, the modified bubble Froude number FrB
*  is obtained via linear 

combination: 

 
FrB

* =
wB

2

g∙dB
∙

ϱl
∆ϱ

 (2-50) 

Based on combinations of the ReB, WeB, and FrB
* , other dimensionless numbers can be derived. 

For the investigation of multiphase flows, e.g. the Morton number M and the Eötvös number 

Eo are widely used ([125], p. 26; [126], p. 19; [131], p. 374). 

The Morton number M is a combination of the bubble Weber number, the bubble Reynolds 

number as well as the modified bubble Froude number: 

 
M=

WeB
3

ReB
4 ∙FrB

* =
g∙ηl

4∙∆ϱ
ϱl

2∙σlg
3  (2-51) 

It is with exception of the gravitational acceleration g only depended on the physical properties 

of the fluids and, thus describes the physical properties of the fluid. For water at a temperature 

of 20 °C, M=3∙10-11. 
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The Eötvös number Eo, also referred to as Bond number Bo, is a combination of bubble Weber 

number and modified bubble Froude number. Therefore, it describes the ratio of surface tension 

to weight force: 

 
Eo=Bo=

WeB

FrB
* =

g∙∆ϱ∙dB
2

σlg
 (2-52) 

For bubbles rising freely in infinite media, it is possible to prepare a generalized graphical 

correlation in terms of the dimensionless numbers ReB, Eo, and M. The so-called shape-regime 

map indicates bubble shapes depending on situational variables. An example of such a shape-

regime map is given in Fig. 2-17. The graph is based on experimental data and, thus the 

boundaries for different shape forms may be arbitrary ([125], p. 28). 

The gravitational acceleration is almost constant. This reduces the list of important variables 

for bubble characteristics listed above to five. Thus, only two of the three derived dimensional 

groups are necessary for the creation of a shape-regime map in order to classify bubble shapes. 

A combination of all three dimensionless groups is possible: ReB and Eo, ReB and M, as well 

as Eo and M. From Fig. 2-17 some general observations can be concluded: 

1. Bubbles are spherical at low ReB and low Eo. 

2. Ellipsoidal shapes appear at high ReB and intermediate Eo. 

3. Bubbles assume the shape of a spherical cap at high Eo and high ReB. 
 

 
Fig. 2-17. Shape-regime map for bubbles in unhindered gravitational motion through liquids ([125], p. 27).  
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2.3.1.3 Terminal velocity of bubbles 

Experimentally determined terminal velocities of rising air bubbles in water at 20 °C are shown 

in Fig. 2-18. The bubble drag as well as the terminal velocity of bubbles are very sensitive to 

the presence of surface active agents and impurities ([125], p. 171). The given curves are based 

on experimental data for pure deionized water and in presence of surface active agents. The 

terminal velocities differ significantly, if pure water or contaminated water is considered 

(cf. Fig. 2-18). Both curves converge for small bubbles, which have typically a spherical shape. 

This is due to the circumstance that even deionized water contains small amounts of surfactants, 

which prevent inner circulation and, thus lead to smaller rising velocities. A second 

convergence of both curves is present at higher equivalent diameters, because in this range 

surface tension forces cease to be dominant. Thus, surface active agents affect the rising 

velocity most strongly in the ellipsoidal range. 

A freely rising bubble is only depended on the forces of buoyancy (see Eq. (2-42)) and 

resistance acting on it. The resistance force Fr is given by: 

 
Fr=

1
2

∙cD(ReB)∙A∙ϱl∙wB
2  (2-53) 

Equalizing Eq. (2-42) and Eq. (2-53) yields with ϱl≫ϱg: 

 
wB=�

4∙g∙dB 
3∙cD

 (2-54) 

Spherical bubbles with bubble Reynolds numbers greater than 300 can be modelled with 

Eq. (2-54) with cD≈0.5 ([131], p. 373). 

 

 
Fig. 2-18. Terminal velocity of air bubbles in water at 20 °C as a function of equivalent bubble diameter dB ([125], 

p. 172).  
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2.3.1.4 Motion of and flow around single bubbles 

Studies dealing with the investigation of rising bubbles have been reported extensively in 

literature. The rising path and the change in orientation of the bubbles are mainly related to the 

bubble shape ([126], p. 53). Different types of motion have been experimentally observed 

depending on bubble size and maximum instantaneous velocity. An overview of determined 

bubble rising paths in relation to bubble diameter dB, bubble Reynolds number ReB, and aspect 

ratio is given in Tab. 2-5. The classifications vary for different reports, which may be related to 

different experimental setups as well as different water qualities, especially with regard to 

impurities and surface active agents (cf. chapter 2.3.2). Other observations and classifications 

of bubble rising paths may be found, amongst others, in [126], p. 53ff and [132]. 

 
Tab. 2-5. Motion of intermediate sized air bubbles through water at 28.5 °C ([125], p. 172; [126], p. 54–55). 

dB 

[mm] 

ReB 

 [-] 

Aspect ratio 

[-] 

Path 

< 1.3 < 565 > 0.8 rectilinear 

1.3 to 2.0 565 to 880 0.8 to 0.5 helical 

2.0 to 3.6 880 to 1350 0.5 to 0.36 plane (zigzag) then helical 

3.6 to 4.2 1350 to 1510 0.36 to 0.28 plane (zigzag) 

4.2 to 17 1510 to 4700 0.28 to 0.23 rectilinear but with rocking 
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2.3.2 Influence of surfactants on rising bubbles 

The bubble characteristics presented in chapter 2.3.1 change significantly in the presence of 

surfactants. The theoretical background of the adsorption of surfactants at the liquid-gaseous 

interface has been already presented in chapter 2.2.2. Air bubbles rising through a liquid exhibit 

also a liquid-gaseous interface, where adsorption of surfactants is possible.  

The adsorption process at the interface of a rising single bubble is schematically shown in 

Fig. 2-19c. Adsorbing surfactant molecules are swept off the front part of the bubble due to the 

upwards directed motion and accumulate at the bubble rear. Thus, a surface tension gradient is 

induced along the bubble surface. The accumulated surfactant molecules at the bubble rear 

immobilise the interface and induce a tangential stress. This phenomenon is known as 

Marangoni effect [133–135]. The shear stress increases the bubble drag resulting in a decreasing 

rising velocity. With increasing surfactant concentration, the immobilisation of the bubble 

interface increases and, thus the rising velocity of the bubble decreases. The drag increases until 

a threshold is reached, which corresponds to the drag of a rigid sphere. 

The adsorption of surfactants on the bubble surface takes place due to convective mass 

transport. However, during the formation process of a bubble, e.g. as depicted in Fig. 2-15 in 

chapter 2.3.1.1, diffusive mass transport will already be present, which will lead to an initial 

concentration of surfactants on the bubble surface. Pesci et al. stated that this initial 

concentration prior to bubble detachment is relatively small with usually less than 10 % of the 

maximum surface concentration on the bubble surface [136]. 

According to Sam et al. three characteristic stages can be observed for the velocity of rising 

bubbles in dilute surfactant solutions: acceleration, deceleration after passing a maximum, and 

reaching a constant rising velocity [136–138]. Tan et al. showed that the terminal velocity of 

rising bubbles is independent of surfactant concentration [139]. At lower concentrations more 

time, corresponding to a longer rising distance, is required to reach terminal velocity. 

 

 
Fig. 2-19. Internal circulation inside a gas bubble rising in a surfactant-free liquid (a) and Marangoni effect on the 

bubble interface (b&c) (adapted from [140], p. 371). 
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The adsorption rate increases, however, with increasing concentration of the surfactant in the 

bulk phase so that the terminal rising velocity is reached earlier ([140], p. 424). Thus, Tan et al. 

applied two criteria to define the rising velocity as terminal: 1) when velocity at a given 

concentration reaches minimum with distance; 2) when velocity at a given distance reaches 

minimum with concentration. 

Apart from the influence on the rising velocity, the surfactant adsorption at the bubble interface 

has also a significant effect on other bubble parameters. The bubble morphology changes with 

increasing surfactant concentration towards spherical bubbles due to the decreasing surface 

tension of the liquid. Furthermore, the bubble diameter is influenced by surfactant adsorption. 

For single bubbles this effect is rather small [141,142], while the Sauter mean bubble diameter 

d32 decreases significantly in bubble swarms from, e.g., 4 mm to 1 mm with increasing 

surfactant concentration [139,142–144]. Studies of Laskowski et al. [142] show that this is 

related to the prevented coalescence of bubbles, thus preserving the initial bubble diameter at 

bubble creation and after comminution due to high shear rates, e.g., induced by stirring. The d32 

decreases with increasing surfactant concentration until a threshold is reached. A parameter 

called critical coalescence concentration (CCC) was proposed by Cho and Laskowski [142], 

representing the concentration at which the minimum d32 of a bubble swarm is reached. The 

graphical determination of the CCC is analogous to the procedure for determination of the CMC 

presented in chapter 2.2.2.1. 

Another parameter defined as concentration at the minimum bubble velocity (CMV) proposed 

by Tan et al. [139,145,146] is also stated in literature. CMV is determined similarly to CCC as 

the concentration at which the terminal bubble velocity is reached [147]. In contrast to CCC, 

CMV is mainly determined for single bubbles [145–148]. 
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2.3.3 Bubble sizing methods 

In this chapter, a brief summary of available methods for bubble sizing is presented, including 

the so-called Shadowgraphy, which is mainly used in the present work. 

 

2.3.3.1 Overview 

Bubble sizing methods have gained a lot of interest in recent years due to technological 

development. There are several bubble sizing techniques described in literature, e.g. 

electroresistivity [149], ultrasound [150,151] and optical methods ([152], p. 42ff.). The latter 

are divided into different methods, such as using optical fibres [153,154], isokinetic collection 

[155] or imaging techniques ([152], p. 46ff.). 

Measurements carried out with optical fibres depend on the different refraction of gaseous and 

liquid phase. Depending on the present phase at the tip of the probe, light from the tip is 

reflected or refracted. This method is limited to transparent systems and low gas holdups. 

Additionally, the measurement accuracy is highly dependent on the bubble size ([152], p. 42). 

The isokinetic collection probe assumes a sampling of bubbles at uniform velocity regardless 

of their size. The bubbles are collected in a capillary tube, whose end is funnel shaped (see 

Fig. 2-20). In this capillary, bubbles are converted into cylinders (cf. Fig. 2-20 at t2). With 

known diameter of the capillary dc and the measured length of the cylinder l, the bubble volume 

can be calculated. Typically, the measurement of the length is carried out automatically using 

a narrow light beam, which is directed through the capillary glass wall. The intensity of the 

detected light varies between gas and liquid phase, so that the time between the detection of the 

two ends of a bubble can be inferred from the signal. One example of these techniques is the 

so-called University of Cape Town (UCT) bubble size analyser [156]. 

 

 
Fig. 2-20. Conversion of a bubble with diameter dB into a cylinder with the length l inside a capillary with the 

diameter dc during an isokinetic collection (adapted from [157]). 
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Fig. 2-21. Schematic sketch of the McGill bubble size analyser and a resulting image of the measurement technique 

(adapted from [152], p. 49 and [158,159]). 

 

Due to their easy implementation, imaging techniques are widely used and favoured by 

researchers. High-speed cameras are used to capture image sequences of the rising bubbles. The 

image sequences are afterwards analysed, either manually or automatically. For investigations 

of bubble size distributions in flotation cells, different approaches and apparatuses have been 

proposed in literature, e.g. the McGill bubble size analyser [160], the Helsinki University of 

Technology (HUT) bubble size sampler [157], the LTM-BSizer [161,162] or the USM bubble 

size sampler [163]. The commonality of all these samplers and analysers is the use of a high-

speed camera for filming bubble sequences in combination with a backlight illumination unit 

positioned opposite of the camera in order to illuminate the flow. This method is generally 

termed Shadowgraphy, because the bubble outline is presented as shadow, while the 

background of the image is brightly illuminated (cf. Fig. 2-21). 

 

2.3.3.2 Shadowgraphy 

The Shadowgraphy (SH) is an optical measurement method for the investigation of gaseous, 

liquid and multiphase flows. It is a non-invasive method, which means that no further objects 

have to be placed inside the flow, which could manipulate the flow structure. A schematic 

overview of a typical SH setup is given in Fig. 2-22a. The setup consists of a light source for 

the illumination of the background and a camera, which is placed opposite of the light source 

([164]; [165], p. 1391f.). For backlight illumination, both lasers and LEDs can be used 

[166,167]. 
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Fig. 2-22. Schematic overview of a typical Shadowgraphy setup [168] (a) and exemplary Shadowgraphy image of 

a rising single air bubble in deionized water (b). 

 

SH uses the difference of refraction of different phases at the interface. Light, which is not 

refracted at an interface, passes the viewing area unhindered and, thus, yields in a white spot 

on the image. At phase boundaries the light is absorbed, refracted or reflected. Therefore, the 

image is black at spots, where an absorption, a reflection or a refraction appears. A typical SH 

image of a rising single bubble is presented in Fig. 2-22b. 

  

b a 
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2.4 Fluid mechanics 

Fluid mechanics is a branch of physics concerned with the mechanics of fluids like liquids or 

gases as well as the forces on them ([169], p. 11). It can be divided into fluid dynamics and 

fluid statics, depending on whether a flow is present or not. 

Fluid dynamics is a subdiscipline of fluid mechanics, which deals with the description of the 

flow of fluids. It can again be divided into several subdisciplines, such as aerodynamics, which 

deals with the analysis of air and gas flows, and hydrodynamics for the investigation of liquid 

motion. Experimental analysis of fluid dynamics is feasible with help of optical methods, such 

as Particle Image Velocimetry (PIV) and Particle Tracking Velocimetry (PTV), which will be 

explained in the following chapters. 

 

2.4.1 Particle Image Velocimetry 

The Particle Image Velocimetry (PIV) is a non-invasive optical measurement method for the 

visualisation of flows. It is used to obtain information about the velocity and related properties 

of the flow, e.g. turbulence. A typical experimental setup for PIV measurements is shown in 

Fig. 2-23. A PIV setup consists of the following four necessary elements: 

• a laser, 

• tracer particles, 

• a camera, 

• and a flow for investigation. 

 

 
Fig. 2-23. Experimental arrangement for a Particle Image Velocimetry measurement in a wind tunnel ([170], p. 4). 
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The laser is used for the illumination of a plane of the flow, which can be either liquid or 

gaseous. The width of the light sheet is manipulated by light sheet optics. The tracer particles 

are illuminated by the laser and scatter the light, which is recorded by the camera. In most cases 

a pulsed laser is used. The flow is illuminated twice by the laser within a very short time at t 

and t'. The camera records these two images either on a single frame or on two separate frames. 

The tracer particles have to follow the flow as far as possible without the influence of inertia. 

Therefore, the particles should be small and the density should be similar to the fluid. The 

interaction of particles with vortices is shown in Fig. 2-24. An indicator for the movement of 

the particles is the dimensionless Stokes number St, which is defined as ([171], p. 831): 

 
St=

ϱp∙dp
2∙w

18∙ηl∙dvortex
 (2-55) 

In Eq. (2-55), ϱp is the density of the tracer particles, dp is the diameter of the tracer particles, 

w is the liquid velocity, ηl is the dynamic viscosity of the liquid, and dvortex is the vortex diameter 

as characteristic length. Large particles with a Stokes number greater than one will be 

unaffected by the vortex due to their large inertia. Small particles with a Stokes number less 

than one, however, will be in dynamic equilibrium with the fluid and, thus will follow the 

streamlines of the vertical flow. Particles of intermediate size with a Stokes number of one will 

be centrifuged from the vortex cores and accumulate at the edge of the vortices. This would 

lead to highly inhomogeneous particle concentrations, which will affect the resulting PIV 

analysis significantly ([171], p. 830; [172], p. 68). Thus, tracer particles should be as small as 

possible to neglect an influence of inertia. However, the smaller the particles, the worse the 

light scattering. Hence, a compromise between flow properties and scattering properties has to 

be made ([170], p. 33ff.). In aqueous systems, solid particles with a median diameter of 10 to 

500 µm made from, e.g., polyamide or hollow glass spheres are commonly used as tracer 

particles ([170], p. 49). 

 

 
Fig. 2-24. Particle interaction with a vortex depending on the dimensionless Stokes number St ([171], p. 830). 
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In order to analyse the PIV measurements, each obtained image is divided into small subareas, 

so-called interrogation areas ([170], p. 129). The images are then analysed using statistical 

methods, for example the cross-correlation method ([170], p. 136ff.). A schematically 

representation of the cross-correlation algorithm for analysis of a PIV data set is shown in 

Fig. 2-25. The interrogation areas are overlapped to a certain degree and the movement of a 

particle collective at the two times t and t+dt is compared for each interrogation area 

(Fig. 2-25a). As a result, a probability function of the particle movement is produced 

(Fig. 2-25b). The highest peak in the correlation plane indicates the most probable mean 

displacement of the particles in an interrogation area. Thus, a vector giving information on, e.g., 

the direction of the flow or the velocity is produced (Fig. 2-25c). 

Regarding the tracer particles special care has to be taken in order to establish a decent particle 

concentration so that an analysis with standard statistical PIV evaluation techniques is feasible. 

Generally, three different types of particle concentrations can be qualitatively distinguished 

([170], p. 6f.). When the seeding concentration is too low, the images of individual particles 

can be detected and, thus tracking methods for evaluation have to be applied. Therefore, only a 

particle tracking is possible (see also chapter 2.4.2). If the seeding concentration is too high, the 

flow structure is influenced by the particles. Additionally, standard statistical PIV evaluation 

techniques fail in the evaluation procedure due to the formation of speckles when the images 

are overlapped. Thus, this case is also referred to as Laser Speckle Velocimetry ([170], p. 10f.). 

Typical seeding concentrations for PIV applications using standard statistical methods for the 

data analysis are given in literature. The stated values vary, however, between different authors 

in a range of 4-5 particles per interrogation area up to a range of 8-10 particles per interrogation 

area ([173]; [174], p. 24; [175]). 

 

 
Fig. 2-25. Schematic representation of the cross-correlation algorithm for analysis of PIV data [176]: overlapping 

of captured images at t and t+dt and comparison of each interrogation area (a), establishment of a probability 

function (b), and resulting vector from peak search (c). 
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2.4.2 Particle Tracking Velocimetry 

The Particle Tracking Velocimetry (PTV) is like PIV and SH also a non-invasive optical 

measurement technique to evaluate flow conditions, e.g., flow velocities and directions as 

already stated in chapter 2.4.1. In contrast to PIV, PTV analyses the behaviour of a single 

particle instead of a particle cluster. The measurement procedure is similar to PIV: tracer 

particles are added to the flow and a laser illuminates the particles. A camera records two 

consecutive images, which are then analysed. Instead of statistical methods as described in 

chapter 2.4.1, PTV tries to recognize and rediscover each individual particle at the time t and 

t+dt [177]. Thus, the particle concentration has to be low in order to facilitate a tracking of the 

particles. 

The general technique of PTV can also be modified and applied to rising bubbles, relating to a 

Bubble Tracking Velocimetry (BTV). The bubbles are then considered to be large particles. 

Typically, the centroid of the bubbles is tracked in order to calculate rising velocities. 

Furthermore, bubble trajectories can be reproduced using this information. 

An exemplary BTV is presented in Fig. 2-26 for a rising single bubble in deionized water. The 

image sequence is shown as an overlay of 20 images. Using the tracked bubble centroids from 

Fig. 2-26a, the rising velocity wB can be calculated for each time t. Further bubble parameters, 

e.g. the bubble diameter dB, can also be derived with respect to time from such an analysis. 

Thus, a deeper insight into the behaviour of rising bubbles is facilitated. 

 

 
Fig. 2-26. Image sequence of a single bubble rising in deionized water shown as an overlay image with marked 

positions of bubble centroids as white “x” (a) and results of time-resolved bubble diameter dB (circles) as well as 

rising velocity wB (triangles) (b). 
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2.5 Surface modification of glass 

One of the most common types of glass is soda lime glass. Its chemical composition is given 

by Na2O∙CaO∙SiO2 with approx. 12.9 wt% Na2O, 11.6 wt% CaO and 75.5 wt% SiO2 ([178], 

p. 976). The glass surface consists mainly of Si-O-Si bonds with a small amount of Si-OH 

bonds. Typically, water and hydrocarbons from the surrounding air are adsorbed at the glass 

surface ([179], p. 5). An activation with strong acids removes the adsorbed species and 

additionally results in the formation of new hydroxyl groups on the glass surface that can be 

used for reactions with chemicals. 

For modification of glass surfaces, silanes are widely used. There are many different types of 

silanes available like silanols, chlorosilanes, or alkoxysilanes. The reactivity decreases from 

alkoxysilanes over silanols to chlorsilanes ([180], p. 23f.). 

The reaction mechanism for trialkoxysilanes with a glass surface is given in Fig. 2-27. The 

mechanism consists of four main steps: hydrolysis of the silane, adsorption of the silane on the 

glass surface, oligomerisation of the silane, and covalent bonding of the silane on the surface. 

In the first step, the alkoxygroups of the silanes are eliminated in the presence of water (1). 

Hydroxyl groups remain at the silicon atom, which can adsorb on glass surfaces via hydrogen 

bonds (2). In this stage the silanes are still mobile on the glass surface. After adsorption of more 

silane molecules via hydrogen bonds, condensation reactions between silane molecules take 

place, which lead to the formation of oligomers (3). Finally, with elimination of water these 

oligomers are bound to the glass surface via covalent bonds (4). Although these reactions are 

presented sequentially, they can occur simultaneously after the initial hydrolysis step ([181], 

p. 6). 
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Fig. 2-27. Reaction mechanism of trialkoxysilanes with glass surfaces (adapted from [179], p. 8–9; [180], p. 24). 

R’ represents a hydrophobic rest and Ri are short alkyl chains, e.g. ethyl. 
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The development of the silane layers starts with formation of islands which may grow together 

to a connected layer. The reaction rate is fast until a coverage of approx. 75 %, while it takes 

very long to form a complete monolayer [182]. The layers are stable against water, organic 

solvents, surfactant solutions and diluted acids, while they are removed in presence of diluted 

bases ([180], p. 25). 

For a good adsorption of the silane molecules on the glass surface, the latter has to be clean and 

should furthermore possess a large amount of hydroxyl groups. The average density of silanol 

groups found at the surface of glass slides is approx. 2.5 OH groups per nm2 [183,184]. 

Treatment of the glass surfaces by using strong acids, e.g. peroxymonosulfuric acid, also called 

Caro’s acid or piranha acid, is often the first step described in literature for preparation of the 

glass surfaces in order to carry out silanisation reactions [185–188]. Caro’s acid is a mixture of 

about three parts concentrated sulphuric acid and one part hydrogen peroxide. Amongst above 

mentioned contaminations due to adsorbed water and hydrocarbons from the surrounding air, 

soda lime glass typically exhibits contaminations of, e.g., sodium ions ([187], p. 16). Hydrogen 

ions can substitute these sodium ions to form hydroxyl groups, which activate the glass surface 

(cf. Fig. 2-28). Besides cleaning, Caro’s acid additionally hydroxylates the glass surface. The 

density of silanol groups is found to be increased to about 4.9 OH groups per nm2 for a 

completely hydroxylated surface [183,189]. 
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Fig. 2-28. Reaction of sodium ions on glass surfaces with strong acids (adapted from [187], p. 16). 
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3 Materials and methods 

In this chapter, all necessary experimental setups as well as methods for the experiments are 

presented. A complete list of used materials, chemicals, and software can be found in 

Appendix 9.1.1. 

 

3.1 Experimental setups 

For the experiments, which are presented in chapters 4 to 6, different experimental setups are 

used. A short description of each experimental setup is presented in this chapter. 

 

3.1.1 Single bubble apparatuses 

The main focus of the present work is the investigation of single bubble heterocoagulates 

(cf. chapter 1.2). For this purpose, a single bubble flotation column is designed. Furthermore, 

an alternative experimental setup for single bubble experiments is presented, which is used for 

measurements under simplified conditions. 

 

3.1.1.1 Single bubble flotation column 

For optical investigations in a system with reduced amount of bubbles and particles, a single 

bubble flotation column is designed. As stated in chapter 2.3.3, several experimental setups 

have been already proposed in literature. Most of these, however, do not allow an unhindered 

investigation of rising bubbles and bubble-particle heterocoagulates. Additionally, the main 

purpose of these setups is to work as samplers by allowing only a small amount of the complete 

stream to pass into the measurement area. The investigation of single bubbles and single bubble-

particle heterocoagulates is, thus, not feasible with these proposed methods, which is why a 

novel apparatus is designed. The designed apparatus combines different aspects of experimental 

setups proposed in literature. A sketch of the single bubble flotation column is given in Fig. 3-1. 

The apparatus is designed modularly so that each part can be easily exchanged if the 

experimental parameters are changed. 

The apparatus is made of three millimetre thick poly(methyl methacrylate) (PMMA) for a 

complete optical accessibility of the apparatus. A special type of PMMA (Plexiglas® GS 2458), 

which is UV-permeable, is used allowing an optical investigation of, e.g. fluorescent calcium 

fluoride ores (see chapter 2.1.4.1 and 6.2). The transmission spectrum of the PMMA is given 

in Appendix 9.1.1. The different modules are connected via six millimetre thick PMMA flange 

joints. 
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Fig. 3-1. Sketch of the designed single bubble flotation column (all dimensions in millimetres). 

 

Between each flange joint a rubber sealing is placed to prevent leakage. Screws are used for a 

tight connection of the flange joints. The apparatus is divided into five main parts: 

1. dispersion cell, 

2. deflection cell, 

3. calming cell, 

4. observation cells,  

5. and solids deposition cell. 
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The function of each part is described in the following sections. The different parts are designed 

in Adobe Illustrator and afterwards cut out using a carbon dioxide laser. The parts are 

agglutinated using Acrifix® 1R 192, which is a one component polymerisation adhesive based 

on an acrylic resin in methyl methacrylate, which is the monomer of PMMA. Under the 

influence of light the adhesive polymerises and, thus a tight connection between the parts is 

achieved. 

 

3.1.1.1.1 Dispersion cell 

The dispersion cell is the bottom part of the apparatus. As can be seen in Fig. 3-1, the cell has 

connections for circulation of the solution using a pump, one at the bottom of the apparatus and 

one on the left-hand side. For flotation experiments, solid particles are introduced into the 

apparatus via the connection on the right-hand of the apparatus. The circulating stream enters 

at the bottom of the apparatus. Particles inside the apparatus, which tend to settle, are drawn 

upwards in flow direction. Ideally, all of the circulating flow is kept inside the dispersion cell 

so that the rest of the apparatus is not influenced by the pump. This facilitates the investigation 

of freely rising single bubbles and single bubble-particle heterocoagulates. 

A polyether ether ketone (PEEK) capillary is introduced at the bottom of the apparatus via a 

valve. The capillary is connected to a gastight syringe and a high-precision syringe pump. The 

syringe pump can be controlled to adjust the volumetric gas flow rate. In the present work, 

PEEK capillaries with internal diameters of 130 µm, 250 µm, and 500 µm are used. 

 

3.1.1.1.2 Deflection cell 

The deflection cell is directly above the dispersion cell (see Fig. 3-1). The width changes in this 

section from 50 mm to 30 mm. Furthermore, deflectors made from 3 mm thick PMMA plates 

are installed in this cell at an angle of approx. 40°. The purpose of the deflection cell is on the 

one hand to centre the rising bubbles, which simplifies the optical analysis in the observation 

cells. On the other hand, entrained fine particles, which could rise in the wake of rising bubbles 

and/or heterocoagulates during flotation experiments without being actually attached to the 

bubble surface, should be deflected so that they settle back into the dispersion cell. This process 

is depicted schematically in Fig. 3-2. In this way, measurement errors are prevented, when mass 

balances are applied to determine flotation recoveries and kinetics. Furthermore, fine particles 

would quickly pollute the observation cells, which would complicate or even prevent optical 

investigations of the rising bubbles and heterocoagulates. 
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Fig. 3-2. Schematic representation of fine particle deflection in the deflection cell, when fine particles rise in the 

wake of bubble-particle heterocoagulates. Bold arrows indicate heterocoagulate rising path and dashed arrows 

resemble fine particle trajectories due to deflection (all dimensions in millimetres). 

 

3.1.1.1.3 Calming cell 

The calming cell is on top of the deflection cell. In this part of the flotation column the width 

expands from 30 mm back to 50 mm. This part of the apparatus should ensure that rising 

bubbles and heterocoagulates have reached their terminal velocity again, before entering the 

areas above for optical measurements. Furthermore, this cell works as additional buffer in case 

very fine particles, which were not affected by the deflectors, may have been entrained. 

 

3.1.1.1.4 Observation cells 

After the calming cell two observation cells are installed, which are aligned perpendicularly. A 

connecting piece between the two cells enables a 90° rotation, which prevents interference 

between the two applied optical methods Shadowgraphy (SH) and Particle Image Velocimetry 

(PIV). The width of the observation cells is increased from 50 mm to 80 mm in order to allow 

a larger viewing space. In the lower observation cell, SH measurements are typically conducted. 

For this purpose, a high-speed camera is placed opposite to an LED illumination. The 

theoretical aspects of the SH method have been presented in chapter 2.3.3.2. The second 

observation cell is used for the hydrodynamic characterisation via PIV, which has been 

explained in chapter 2.4.1. For PIV measurements, a continuous wave laser is placed 

perpendicularly to a high-speed camera. 
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3.1.1.1.5 Solids deposition cell 

The solids deposition cell is the top part of the designed single bubble flotation column. This 

cell is open to the atmosphere so that a free surface is present. As can be seen in Fig. 3-1, 

bubbles and heterocoagulates entering the deposition cell are guided towards the free surface 

by an inclined surface. Glass slides are mounted on the inclined surface to prevent attachment 

of bubbles and heterocoagulates on the PMMA surface, which would falsify mass balance and 

kinetic measurements. Since only single bubbles are present in this experimental setup, no foam 

or froth formation occurs. The bubbles and heterocoagulates burst at the free surface. In case 

of heterocoagulates, the floated particles will then settle to the bottom of this cell, where the 

collected particles can be removed via two installed ball valves. The function of the solids 

deposition cell is schematically depicted in Fig. 3-3. 

 

 
Fig. 3-3. Schematic representation of the solids deposition cell with a rising heterocoagulate bursting at free 

surface and settling particles. 
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3.1.1.2 Alternative experimental setup for simplified measurements 

For simplified experiments, an additional measurement cell is designed. A schematic 

representation of the experimental setup is given in Fig. 3-4. The alternative measurement cell 

provides two valves for introduction of a capillary into the cell, one at an angle of approx. 45° 

(right-hand side) and one at an angle of 90° introduced directly at the bottom of the apparatus. 

The width of the apparatus is similarly to the observation cells of the single bubble flotation 

column (cf. chapter 3.1.1.1.4) increasing from 50 mm to 80 mm in order to allow a larger 

viewing area. The volume of the apparatus is approx. 120 mL. For the investigation of rising 

single bubbles the measurement area is arbitrarily positioned approximately 35 mm above the 

capillary outlet. This measurement cell has the advantage of a higher compactness in contrast 

to the single bubble flotation column presented in chapter 3.1.1.1. 

 

 
Fig. 3-4. Schematic representation of the experimental setup for Shadowgraphy and PIV experiments used for 

simplified single bubble experiments (all dimensions in millimetres). Upper part above flange joint is used for 

fixation of the setup. All measurements are conducted in the lower part below the flange joint. 
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3.1.2 Bubble swarm investigations 

The results obtained for single bubble behaviour should be used to determine underlying 

mechanisms in bubble swarms (cf. chapter 1.2). In order to perform batch-flotation tests with 

development of a froth, an apparatus which produces bubble swarms has to be used. For this 

purpose, a flotation cell in laboratory scale (V=2 L) is used. A schematic drawing of the 

experimental setup is given in Fig. 3-5. Ambient air is compressed by a screw compressor. A 

downstream filter separates oil droplets from the air. The length of the pipeline is sufficiently 

long to ensure that the air is oil-free when it reaches the outlet valve in the laboratory at a 

pressure of approx. 5 bar. A variable area flowmeter is used to adjust the volumetric gas flow 

rate. The air is introduced into the apparatus via a porous frit to form small bubbles directly 

beneath the stirrer. The apparatus is made of transparent PMMA providing an optical 

accessibility. A Rushton turbine is used to suspend the solid particles as well as to disperse and 

comminute the air bubbles. Small baffles made from PMMA are installed close to the stirrer in 

order to prevent an unwanted vortex formation. The apparatus is divided into two sections by a 

vertical plate. On the left-hand side, high turbulence is induced by agitation and the bubbly 

flow. On the right-hand side, the flow is calmed, supporting a stable froth formation. 

Furthermore, entrained particles can settle back into pulp zone. This mechanism is supported 

by an inclined wall on the right-hand side of the apparatus. The froth is skimmed manually at 

the top right side of the apparatus with a wiper and collected in glass beakers. Further treatment 

includes filtration and washing of the particles with, e.g., deionized water. A pH sensor can be 

included in the experimental setup to monitor the pH value during the experiments. 

 

 
Fig. 3-5. Schematic experimental setup for froth flotation experiments. 
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3.2 Analysis methods 

In this chapter, the methods used for analysis of the Shadowgraphy (SH) and Particle Image 

Velocimetry (PIV) image sequences are introduced. Furthermore, a newly developed 

quantification method for calcium fluoride (CaF2) in fluorite samples via Fourier Transform 

(FT) Raman spectroscopy is presented. 

 

3.2.1 Automatic image analysis for Shadowgraphy measurements 

Parts of this chapter have been published in [190]. The images sequences of rising single 

bubbles in the present study obtained via Shadowgraphy should be analysed time-resolved and 

with high accuracy. Due to the large amount of data, an automated analysis routine is developed. 

For this purpose the open source software KNIME© is chosen, which is a graphical program for 

analysing data. The workflow is based on so-called “nodes”, where typical analysing routines 

from different libraries, e.g. ImageJ, are already implemented. Due to its highly modular basis, 

it is possible to implement an automatic analysing routine. Key parameters for the analysis of 

the image sequences are the equivalent bubble diameter, the tracking of the bubble centroids 

for representation of bubble trajectories as well as calculation of the rising velocity, and the 

elongation as a morphological parameter for a quantitative description of the bubble shape. The 

data can be easily exported to Excel for further analysis. 

 

3.2.1.1 Analysing procedure for single bubbles 

The developed analysing routine is shown in Fig. 3-6. The basic steps of the image analysis 

procedure are: 

1. image import, 

2. projection of the maximum intensity, 

3. median filtering, 

4. background subtraction, 

5. determination of bubbles in the image, 

6. removal of images with bubbles touching the image border, 

7. extraction of bubbles as bitmasks from images, 

8. bubble analysis, 

9. and data export to Excel. 

The image sequences are imported in .jpg format using the Image Reader node (1). The 

Projector node projects the dimensions of the images into one single dimension, which is in the 

present case the channel (2). 
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Fig. 3-6. Implemented analysing routine in KNIME© (summarized flow sheet for a better overview). 

 

The projection operation is the maximum intensity, which chooses the pixels with the highest 

intensity from every channel and projects it to the new channel. An application of this procedure 

to an RGB image containing three colour channels would produce an image containing only 

one channel with all three colours. Afterwards, a median filter is applied using the Quantile 

Filter node with a value of 50 (3). This node approximates a generalized median filter using the 

algorithm from Perreault and Hebert [191]. In the next step, a background subtraction is carried 

out (4). This step is necessary to remove unwanted disturbances from the images, e.g. uneven 

illumination and scratches. The background subtraction is based on two steps: 

1. creation of a maximum intensity projection (MIP). This creates an output image each of 

whose pixels contains the maximum value over all images which are in the workflow at the 

particular pixel location; 

2. subtraction of the MIP from every single other image. 

Afterwards, a subroutine for finding bubbles in the images is applied (5). This subroutine can 

be divided into three steps: 

1. inversion of the image; 

2. application of a global threshold with the Global Thresholder node. In the present case, the 

Otsu method as thresholding method is used [192]. Its basic idea is to find the threshold, 

which minimises the weighted within-class variance. It operates directly on the grey level 

histogram, which is why computation time is fast once the histogram is generated. This 

method can only be accurately applied to uniform illuminated images. This premise is 

fulfilled due to the application of the median filter in step (3). Grau showed in his work a 

successful application of the Otsu method to automatically determine bubble parameters 

and to improve automation [193]. 

3. The Connected Component Analysis node is used to identify connected components in the 

images, in the present case bubbles. It is an algorithm which applies graph theory. Subsets 
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of connected components are uniquely labelled based on a given heuristic. In the present 

procedure, a two-pass algorithm is implemented, meaning that the algorithm iterates 

through two-dimensional binary data. Thereby, the algorithm makes two passes over the 

image: in the first pass, labels are assigned temporarily and equivalences are recorded; in 

the second pass, each temporary label is replaced by the smallest label of its equivalence 

class. Afterwards, connectivity checks are carried out. Neighbouring elements with the 

same label are identified as one object. 

In the next step, a filter is applied to remove images, where bubbles are touching the image 

borders (6). This ensures that only bubbles which are fully visible in the images are analysed. 

Afterwards, the detected bubbles are extracted as bitmasks from the images (7). These bitmasks 

are then analysed using the Feature Calculator node with respect to the aforementioned bubble 

characteristics (see chapter 3.2.1). The equivalent bubble diameter is determined from the 

longest and shortest diameters, dmajor and dminor, respectively, of an ellipse fitted to the object 

(see Fig. 3-7). The fitted ellipse will have the same area, orientation, and centroid as the object 

[194]. The equivalent diameter is calculated according to Eq. (3-1) assuming rotational 

symmetry around the y axis: 

 dB=�dminor∙dmajor
2 �

1 3⁄
 (3-1) 

With the determined diameters, the elongation fe as shape descriptor is calculated. It is defined 

as: 

 
fe=1-

dminor

dmajor
 (3-2) 

The domain for the elongation is between 0 and 1, with 0 for a perfect circle and 1 for an infinite 

stretched ellipse (= a line). Therefore, the elongation is an indicator for the sphericity of the 

bubbles. 

 

 
Fig. 3-7. Geometric shape parameters of a particle with C(x,y) as object centroid: fitted ellipse for determining 

longest object diameter dmajor and shortest object diameter dminor. 
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Fig. 3-8. Image processing of the automated routine at the example of a rising single bubble: a) original image, b) 

median filtering, c) maximum intensity projection, d) background subtraction, e) Otsu threshold, f) bubble bitmask 

(zoomed). 

 

Additionally, the centroid position C(x,y) of the bitmasks is determined. The centroid is the 

average of all x and y coordinates of all the pixels in the bitmask. The determined x and y values 

can later be used in Excel to visualise the bubble trajectories. Furthermore, the bubble rising 

velocity is calculated between each frame considering only the motion in vertical y direction: 

 
wB=

∆y
∆t

=
y(t2)-y(t1)

t2-t1
 (3-3) 

The distance Δy is calculated from the determined coordinates of the centroid for two 

consecutive frames. The time interval Δt between two frames is known, as the camera frame 

rate (fps) is known. 

At the end, all data is exported to an Excel spreadsheet for further data processing using the 

Excel Writer node (9). The main steps of the image processing are shown in Fig. 3-8. 

 

3.2.1.2 Image analysis validation 

To validate the accuracy of the developed method, two different procedures are carried out: 1) 

using static computer generated shapes, 2) using precision grade solid glass spheres. 

Afterwards, a proof of concept is shown by investigating a rising single bubble in deionized 

water. All data is analysed with a critical statistical evaluation. 

From validation with computer generated geometric shapes varying in size (25–200 px) and 

aspect ratio (1:1–5:1) it is found that magnification plays an important role for a precise analysis 

of the objects. Further results may be found in [190]. For a validation under dynamic conditions, 
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precision grade glass spheres settling in deionized water are analysed. The apparatus used for 

the experiments is the simplified setup presented in Fig. 3-4 in chapter 3.1.1.2. 

The diameter of the precision glass spheres is 0.7 mm, 1.0 mm, 2.0 mm, and 2.5 mm, 

respectively, with a roundness of ≥0.99 (tolerances: ±0.02 mm in diameter and ≤0.02 mm in 

roundness). This procedure is in accordance with BS ISO 13322-2, where calibration tests with 

at least three different particle sizes are recommended [195]. The spheres are first immersed 

into deionized water with tweezers and only afterwards released in order to prevent attachment 

of unwanted gas bubbles on the particle surface. Measurements are carried out using a 

Shadowgraphy system as explained in chapters 2.3.3.2 and 3.1.1.1.4. A camera frame rate of 

500 fps is chosen for the experiments. At least 30 spheres of each size are analysed for a 

statistical discussion. Possible outliers in the data sets are identified using a combined two-sided 

and one-sided Dixon’s Q test (cf. [190]). To determine the accuracy of the measurements, the 

particle diameter and elongation are analysed using Eqs. (3-1) and (3-2). The obtained results 

are compared with the supplier information. Furthermore, the settling velocities of the particles 

are calculated using Eq. (3-3) and compared with theoretical models from literature. 

 

 
Fig. 3-9. Comparison between predicted and target particle diameter dp. 
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Fig. 3-10. Comparison of predicted elongation fe for different particle diameters dp with maximum allowable 

elongation fe(max) based on the tolerances given by the supplier. 

 

A comparison of the target diameter and the measured (predicted) diameter is shown in Fig. 3-9. 

The absolute deviation increases with increasing particle diameter. At the maximum target 

diameter of 2.5 mm the relative error is, however, still minor with a relative difference of 2.8 %. 

The comparison of the predicted elongation with the maximum allowable elongation of the 

particles as given by the tolerances of the supplier is presented in Fig. 3-10. The predicted 

elongation is always below the maximum allowable elongation except for dp=2.5 mm The 

relative deviation between predicted and maximum elongation at this particle diameter is, 

however, small with about 4 %. Furthermore, the values determined for fe are close to zero. 

Thus, the sphericity of the particles is detected precisely. 

As shown in Tab. 3-1 the determined experimental settling velocities are close to theoretical 

calculations. For calculation of the theoretical terminal settling velocity of a sphere, Eq. (3-4) 

is used: 

 

ws=�
4
3

∙
�ϱp-ϱl� ∙g∙dp

ϱl∙cD
 (3-4) 

In Eq. (3-4), ϱp is the density of the particle (2500 kg/m3) and ϱl is the density of the fluid 

(997 kg/m3). The densities of the solid particles and the deionized water have been determined 

experimentally with a pycnometer. 
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The drag coefficient cD is a function of the particle Reynolds number Rep, which is generally 

defined as: 

 
Rep=

dp∙ws∙ϱl
ηl

 (3-5) 

For particles with a diameter of 2.0 mm and 2.5 mm, cD is calculated using Kaskas’s equation 

(valid for Rep < 2∙105): 

 cD=
24
Rep

+
4

�Rep
+0.4 (3-6) 

The particle Reynolds number for particles with a diameter of 0.7 mm and 1.0 mm is calculated 

with Martin’s equation [196], which is valid for Rep < 2∙105: 

 
Rep=18∙ ��1+

1
9

∙�Arp-1�

2

=
ws∙dp

νl
 (3-7) 

In Eq. (3-7), νl is the kinematic viscosity of the fluid and Arp is the particle Archimedes number, 

which is defined as: 

 
Arp=

g∙ �ϱp-ϱl�

νl
2∙ϱl

∙dp
3 (3-8) 

Although Eqs. (3-6) and Eq. (3-7) have the same limitation for Rep and are therefore valid for 

all investigated sphere diameters, a better fit to the experimental data is found when using 

Martin’s equation for the two smallest particle diameters of 0.7 mm and 1.0 mm. A proof of 

concept for application of the developed analysis routine has already been presented in 

Fig. 2-26. From the above presented results it can be concluded that the developed method is 

precise and robust with relative errors of less than 5 %. Thus, the method can be used for further 

image analysis in the present work.  

 
Tab. 3-1. Comparison of experimental and theoretical terminal settling velocities ws of precision glass spheres 

with varying diameters in deionized water [190]. 

dp [mm] Rep [-] ws [mm/s] relative error 

[%] 

  experimental theoretical  

0.7 85 103.7 ± 0.2 103.5 0.1 

1.0 168 152.5 ± 0.2 157.5 -3.2 

2.0 582 269.1 ± 0.8 273.2 -1.5 

2.5 851 310.9 ± 0.7 316.2 -1.7 
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3.2.2 Analysis procedure for Particle Image Velocimetry image sequences 

To investigate the liquid flow field induced by the rising bubbles Particle Image Velocimetry 

(PIV) measurements are carried out. The obtained image sequences are analysed using 

DynamicStudio v4.00 applying the cross-correlation algorithm [197,198]. Since single rising 

bubbles are analysed, a transient process is present. The bubbles enter the bottom of the viewing 

area and leave the area after a time interval Δt depending on the experimental conditions. 

Therefore, the image sequences have to be analysed time-resolved. 

In a preceding feasibility study, the influence of the camera frame rate on the PIV results has 

been investigated for different volumetric gas flow rates in deionized water. The obtained vector 

fields have been evaluated subjectively and with respect to the number of invalid and substituted 

vectors as quantifiable parameter. It has been found that a higher camera frame rate leads to 

lower percentages of substituted vectors as shown in Tab. 3-2. Therefore, if not indicated 

otherwise, a camera frame rate of 300 fps will be used for the PIV measurements in the present 

work. The final interrogation area size is set to 16 x 16 px2 with an overlap of 25 %. For 

validation of calculated vectors a peak validation factor of 0.5 with a neighbourhood of 

5 x 5 px2 and an acceptance of 0.2 are applied. The liquid velocity w is calculated using the 

scalar map function in DynamicStudio: 

 
w=�wx

2+wy
2 (3-9) 

In Eq. (3-9), wx is the velocity in horizontal x and wy the velocity in vertical y direction. The 

vorticity is a measure of vortex strength and an indicator for the direction of the flow inside a 

vortex. Only two-dimensional PIV images of the liquid flow field are present in this work, 

which is why only the rotation ωz around the out-of-plane z axis can be calculated. For this 

purpose, the local velocities ∂wy and ∂wx are differentiated with respect to the locations ∂x and 

∂y, respectively: 

 
ωz=

∂wy

∂x
-
∂wx

∂y
 (3-10) 

The vorticity can be used to characterize wake structures and to identify vortex structure 

patterns, e.g. that of a Kármán vortex street [199]. 

In addition to the time-resolved analysis, the Vector Statistics method is applied in order to 

produce the time-averaged mean liquid velocity w� including the variances of the velocity 

components in horizontal x and vertical y direction. From these variances an insight into the 

turbulent kinetic energy (TKE) k is provided. 
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Tab. 3-2. Mean percentage of substituted vectors in relation to total number of vectors at different camera frame 

rates (fps) and volumetric gas flow rates V̇g. The total number of vectors is 9010 for each frame rate. 

V̇g [mL/min] Percentage of substituted vectors [%] 

 60 fps 150 fps 300 fps 

0.004 5.7 ± 0.8 4.0 ± 0.1 3.8 ± 0.2 

0.050 4.8 ± 0.6 3.5 ± 0.2 3.2 ± 0.1 

2.000 26.9 ± 0.8 14.6 ± 0.7 8.6 ± 0.3 

 

The TKE is the mean kinetic energy per unit mass associated with vortices in turbulent flow. It 

is characterised by the measured root-mean-square (RMS) velocity fluctuations ([3], p. 44): 

 
k=

1
2

∙ �wx
' 2�����+wy

' 2�����+wz
' 2������ (3-11) 

In Eq. (3-11), wx
' 2�����, wy

' 2�����, and wz
' 2����� are the RMS velocity fluctuations in horizontal x, vertical y 

and out-of-plane z direction, respectively. As stated above, only planar (2D) images are present 

for an analysis so that the velocity component in z direction is not accessible. Some methods to 

estimate the missing component are described in literature, e.g. assuming local isotropy 

[200,201]. Mathematically, the sum of the variances is proportional to the TKE. However, it 

should be noted that in the analysis of PIV data spatial averaging over the interrogation area is 

performed. In contrast to this, classic fluid mechanics operate in an infinitely small fluid 

element ([202], p. 596). Therefore, it is more convenient to say that the measured RMS velocity 

fluctuations are proportional to the TKE, instead of discussing actual values. Hence, a 

proportionality constant kTKE is defined and used for qualitative discussions related to energy 

content: 

 kTKE∝k (3-12) 

Lastly, the Proper Orthogonal Decomposition (POD) technique is applied to extract dynamic 

phenomena in the present unsteady flows. This technique was first proposed in the context of 

fluid mechanics by Lumley [203]. It is a multi-variate statistical method, which aims to obtain 

a reduced order model representing a set of data. With help of POD it is also possible to reveal 

relevant structures hidden in the data. Due to reasons of computational efficiency, the snapshot 

POD introduced by Sirovich [204–206] is widely applied [207–212]. Each instantaneous PIV 

measurement is considered as a snapshot of the flow. In the first step, the mean velocity field 

is calculated from all snapshots. By subtracting this mean velocity from all snapshots, only the 

fluctuating parts of the velocity components remain. Application of POD decomposes the flow 
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field into optimal orthogonal spatial modes, also referred to as topo-modes, and optimal 

orthogonal temporal modes, also referred to as chrono-modes: 

 
w'(x,t)= � a(n)(t)∙φ(n)(x)

Nmod

n

 (3-13) 

In Eq. (3-13), w'(x,t) is a velocity vector, Nmod is the total number of POD modes, a(n) are the 

POD coefficients, which are dependent on time, and φ(n) are the POD eigenfunctions, which are 

deduced from projection of the instantaneous velocity field onto the corresponding POD 

coefficient. POD minimises the mean square error of any partial sum of expansion, similarly 

to, e.g., Fourier decomposition. Each snapshot can be expanded in a series of the POD modes 

with the POD coefficients a(n) for each mode n. Thus, the velocity field can be reconstructed 

using these coefficients: 

 
w(x,t)=w�(x)+w'(x,t)=w�(x)+ � a(n)(t)∙φ(n)(x)

Nmod

n

 (3-14) 

In Eq. (3-14), w�(x) is the mean velocity and w'(x,t) is the fluctuating part, which is described 

by Eq. (3-13). Fukunaga showed that the eigenvalue of a POD mode is proportional to the 

amount of total kinetic energy from velocity fluctuations in the snapshots [213]. The calculated 

POD coefficients a(n) are always sorted by their size so that the first modes always contain the 

largest amount of kinetic energy [202,214]. The mean velocity field is considered the zeroth 

mode of POD. With increasing coefficient number the amount of contained energy of each 

mode decreases. 

Besides the snapshot method, which gives information on the energy distribution in the different 

modes, a time-resolved analysis of the POD modes is conducted using Fast Fourier Transform 

(FFT). For this purpose, an Excel spreadsheet with a Visual Basic Application (VBA) macro is 

developed for an automatic FFT analysis. With the FFT analysis, the dominant frequencies of 

each mode are determined. In the first step, the sampling frequency fs is calculated by dividing 

the number of the sample data ND by the time interval Δt of the sample data: 

 fs=
ND

∆t
 (3-15) 

The number of data points operated on must be a number that is a power of two, e.g. 28=256 or 

29=1024, because the Excel analysis toolbox uses a discrete Fourier Transform. In the present 

work, ND is always around 200 so that the number of data points is enlarged to 256 data points 

by zero-padding. This procedure is not affecting the results of the frequency analysis and is a 

common procedure ([215], p. 178). 
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In the next step, the FFT complex F(ω) is calculated: 

 
F(ω)=� f(t)∙e-i∙ω∙tdt

∞

-∞
 (3-16) 

With: 

 ei∙ω∙t= cos(ω∙t) +i∙sin(ω∙t) (3-17) 

In Eq. (3-16), f(t) is a signal or function, i is the unity imaginary number, and ω is the range of 

angular frequencies associated with the signal. This is done using the built in FFT analysis 

function in Excel. Afterwards, the FFT magnitude A is calculated, which is defined by: 

 
A=

2
ND,adjusted

∙|F(ω)| (3-18) 

In Eq. (3-18), ND,adjusted is the sample data adjusted by zero-padding. Lastly, the frequency f is 

calculated using Eq. (3-19): 

 
f=

fs

2
∙

2
ND,adjusted

∙t∙fs (3-19) 

Now, the dominant frequency can be extracted by searching for the maximum magnitude A and 

then finding the corresponding frequency f. 

A schematic overview of the complete PIV post-processing procedure is given in Fig. 3-11. 

 

 
Fig. 3-11. Schematic representation of analysis procedure for PIV image sequences. 
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3.2.3 Fourier Transform Raman spectroscopy 

Parts of this chapter have been published in [216]. For experiments with the industrial fluorite 

flotation system from the Clara mine (see chapter 6.1), an analysis method for quantification of 

the calcium fluoride (CaF2) content has to be developed. Several options to determine the CaF2 

content in a sample are available, e.g. chemical analysis [217,218], potentiometric analysis [85], 

photometric analysis [219] or X-ray fluorescence spectroscopy (XRF) [87,88]. In industrial 

plants the latter is commonly applied, as the former methods are time-consuming. XRF is for 

quantification of fluorine, however, cost-intensive, because special equipment is needed, 

including a special radiation source and a special detector. Furthermore, X-rays represent a high 

potential danger, which is why safety precautions have to be considered. Additionally, samples 

have to be comminuted prior to analysis. Particle sizes of less than 10 µm are typically used to 

reduce the influence of X-ray absorption, which reduces the signal intensity [220–222]. 

Raman spectroscopy in general is on the other hand a very sensitive technique, which requires 

minimal sample preparation. It can be used on large specimens like crude ore, on fine powders, 

and even liquids. Thus, spectra from minerals can be obtained from dry solid samples as well 

as dispersed in liquids [223]. Fourier Transform (FT) Raman spectroscopy is additionally very 

sensitive towards the crystallinity of solid samples. Due to the many advantages, an analysis 

method using FT Raman spectroscopy is developed in order to quantify the CaF2 content. 

First experiments are conducted in an artificial model system consisting of high-purity grades 

of CaF2, BaSO4, and SiO2 to test the feasibility of FT Raman spectroscopy. Via cross-validation 

with XRF measurements of an industrial fluorite flotation system the accuracy of the proposed 

method is tested for CaF2 weight fractions ranging from 7 % to 98 %. 

 

3.2.3.1 Methodology 

The experimental methodology for the development of the method is depicted schematically in 

Fig. 3-12. It can be divided into two main parts: 

1. investigation of an artificial model system 

2. and investigation of a real fluorite system from an industrial production site. 
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Fig. 3-12. Methodology for development and validation of the FT Raman spectroscopy method for quantification 

of CaF2 in solid samples [216]. 

 

In the first part, an artificial fluorite system consisting of high-purity grades is investigated to 

test the feasibility of FT Raman spectroscopy for the given system. High-purity grades of 

calcium fluoride (99 %), barium sulphate (92 %), and silica (98 %) are used to analyse effects 

of particle size, aperture, and matrices on the calcium fluoride detection via FT Raman 

spectroscopy. Furthermore, a calibration curve is established using the high-purity grades for 

calcium fluoride contents varying from 0 % to 100 %. The obtained results are summarized in 

the following. A complete overview of the results is given in [216].  

The area of the Raman shift of calcium fluoride has been found to increase with increasing 

median particle diameter d50,3* as well as aperture until a threshold is reached. Likewise, a shift 

towards higher wave numbers is present with increasing aperture and increasing d50,3*. These 

results verify that calcium fluoride can be identified independently of the median particle 

diameter and the aperture. An investigation of barium sulphate and silica being present besides 

calcium fluoride as matrices has shown no significant influence on the quantification. Thus, a 

10 point calibration curve is established using calcium fluoride and barium sulphate in different 

weight fractions. The resulting plot is shown in Fig. 3-13. A statistical analysis according to 

DIN 32645 [224] is carried out at a significance level α of 99 %. The following process 

limitations have been determined: 

▪ Detection limit wdl=4.58 % 

▪ Identification limit wil=9.15 % 

▪ Quantification limit wql=10.45 % 
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Fig. 3-13. Calibration curve with measured peak area A for calcium fluoride at a Raman shift of 319.13 cm-1 

plotted against calcium fluoride weight fraction w(CaF2) including confidence interval as well as calculated 

detection limit wdl, identification limit wil, and quantification limit wql. Assumed significance level α=99 % [216]. 

 

As the minimum calcium fluoride content is expected to be higher than 50 % in the raw material 

as well as in the flotation product, a quantification of CaF2 for samples of these fractions using 

this calibration curve is therefore feasible. 

During the analysis of the industrial fluorite system, some problems have been encountered, 

which are thoroughly described and discussed in [216]. Additionally, the calibration curve 

presented in Fig. 3-13 has been developed for a Raman shift at 319.13 cm-1. An exact 

reproduction of this Raman shift is impossible for the industrial fluorite system, because several 

components are simultaneously present, which makes comminution of CaF2 to the 

corresponding particle size difficult. Thus, to facilitate determination of the calcium fluoride 

concentration of varying particle sizes via FT Raman spectroscopy using the developed 

calibration curve, an empirical model is developed, which incorporates the effect of d50,3* on 

Raman shift and peak area.  

The following linear equation is established to determine the weight fraction of calcium fluoride 

w(CaF2) in a sample regardless of particle size and Raman shift: 

 
w(CaF2)=1.59∙

Ameasured 
k* +1.54 (3-20) 
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In Eq. (3-20), Ameasured is the measured peak area of the CaF2 peak of the sample and k* is an 

area correction factor, which incorporates the change of the Raman peak area with particle 

diameter. 

The area correction factor k* is calculated via Eq. (3-21): 

 
k*=1.72+

-1.02

1+ exp �
d50,3*

9.25 -2.23�
 

(3-21) 

The median particle diameter d50,3* in Eq. (3-21) is determined with the following equation: 

 
d50,3*=9.17∙ ln �

−4.68
ν�-321.68

-1� +12.99 (3-22) 

In Eq. (3-22), ν� is the measured Raman shift of CaF2. The procedure for analysis of a sample 

with unknown CaF2 is therefore as follows: 1) estimation of the median particle diameter in the 

sample with Eq. (3-22) using the measured Raman shift ν� of the CaF2 peak in the sample; 2) 

quantification of the CaF2 weight fraction in the sample with Eqs. (3-20) and (3-21) using the 

measured area of the CaF2 peak in the sample. 

 

3.2.3.2 Method validation 

To validate the developed empirical model and test the feasibility for a real fluorite system, 

samples from an industrial flotation site with varying calcium fluoride contents are analysed 

(cf. Fig. 3-14). The samples have been analysed via XRF at the industrial production site after 

comminution to 5-10 µm.  

The results obtained with the developed FT Raman method are compared with the results 

obtained via XRF in Tab. 3-3. An excellent agreement between both methods is found with 

only minor absolute differences of less than 5 %. The mean absolute difference is approx. 

2.3 %. It has to be noted, however, that the weight fraction of the first sample is larger than the 

detection limit but lower than the identification and quantification limits (cf. chapter 3.2.3.1). 

 

 
Fig. 3-14. Raw samples for cross-validation of the developed method with XRF measurements. Calcium fluoride 

content increases from sample 1 to sample 7 from approx. 7 wt% to about 98 wt%. 
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Tab. 3-3. Results of the cross-validation: weight fraction of calcium fluoride w(CaF2) analysed via X-ray 

fluorescence spectroscopy (XRF) compared to results obtained via FT Raman spectroscopy [216]. 

sample no. w(CaF2) [%] absolute difference [%] 

 XRF FT Raman  

1 7.34 6.50 -0.84 

2 18.30 14.22 -4.08 

3 50.63 52.19 1.56 

4 45.08 42.62 -2.46 

5 59.23 63.60 4.37 

6 91.94 90.09 -1.85 

7 98.45 96.61 -1.84 

 

Therefore, a reliable quantification of this sample is according to DIN 32645 infeasible. The 

cross-validation results prove that the developed model is accurate and a quantification of the 

CaF2 content is possible with respect to the determined process limitations. 

Analysis of natural materials, and especially of solid samples, is always affected by a large 

inhomogeneity due to sampling. With less than 5 % absolute difference between the newly 

developed method using FT Raman spectroscopy and commonly applied XRF at the industrial 

site the method can be said to be precise. 
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4 Investigations in two-phase systems 

Before measurements are conducted in the three-phase systems, investigations in two-phase 

systems are carried out. On the one hand, experiments are performed in deionized water to test 

the influence of the volumetric gas flow rate on the induced liquid velocity field around single 

rising bubbles. Furthermore, the influence of surface active agents on both bubble 

characteristics as well as induced liquid flow field are investigated at the example of the 

surfactants used for the later flotation experiments in the model system consisting of glass 

particles (see chapter 5). 

 

4.1 Experiments in deionized water 

In first experiments, single bubbles rising in deionized water are observed in the designed single 

bubble flotation column (cf. Fig. 3-1) in order to prove the feasibility of the measurement 

system as well as to investigate the influence of different parameters on the bubble behaviour. 

 

4.1.1 Feasibility test 

A critical factor for the investigation of effects on single bubbles is the reproducibility of the 

bubbles. Generally, each bubble is unique. It is, however, possible to minimize the differences 

between consecutive bubbles by, e.g., production of bubbles with almost similar bubble 

diameters. As described in chapter 3.1.1.1.1, PEEK capillaries with varying internal diameters 

of 130 µm, 250 µm, and 500 µm are used to produce single bubbles in the single bubble 

flotation column. The capillaries are connected to a precision syringe pump, which enables a 

high reproducibility of the gas flow rate. 

To prove the feasibility of the single bubble flotation column with respect to the reproducibility 

of the bubbles, the bubble parameters equivalent bubble diameter dB, rising velocity wB, and 

elongation fe are investigated for seven volumetric gas flow rates V̇g ranging from 16 µL/min 

up to 1 mL/min in deionized water with an electrolytic conductivity κ of 17 µS/cm from an in-

house purification system. For each gas flow rate about 30-50 bubbles are analysed using the 

automated time-resolved analysis procedure presented in chapter 3.2.1. The data is analysed 

statistically using a combined two-sided and one-sided Dixon’s Q test (cf. [190]). All raw data 

can be found in the Appendix. The standard deviation of each parameter is below 5 %, which 

indicates an excellent reproducibility. A summary of the determined range of various bubble 

parameters is given in Tab. 4-1. The parameters are a function of the volumetric gas flow rate 

and capillary diameter. This influence is, however, low which is why it is not further discussed 

at this point. 
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Tab. 4-1. Summary of determined range of bubble parameters for rising single bubbles in deionized water for gas 

flow rates ranging from 16 µL/min up to 1 mL/min. 

Parameter Range 

Bubble diameter dB [mm] 1.92-2.42 

Rising velocity wB [m/s] 0.28-0.32 

Elongation fe [-] 0.3-0.5 

Bubble Reynolds number ReB [-] 492-741 

Eötvös number Eo [-] 0.5-0.8 

Morton number M [-] 2.2∙10-11 

 

The elongation fe as morphological parameter is in a range between 0.3-0.5. Thus, the analysed 

bubbles are non-spherically but elongated. This is also confirmed when comparing the 

determined dimensionless numbers ReB, Eo, and M for each bubble with the bubble shape map 

found in literature (cf. Fig. 4-1a). A comparison with the bubble regimes defined by Clift et al. 

(cf. Fig. 2-17) shows that the analysed bubbles are all in the region of ellipsoidal/wobbling, 

which is in consensus with the visual impressions as well as the determined range for fe [125]. 

 

 
Fig. 4-1. Bubble shape map (a) and bubble rising velocity wB as a function of bubble diameter dB (b) for single 

bubbles rising in deionized water compared to literature [125]. 
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The measured rising velocities are compared to literature data in Fig. 4-1b (cf. chapter 2.3.1.2). 

The determined rising velocities are for all capillaries close to the curve for pure water. 

Therefore, the feasibility of the measurement system with respect to the measurement method 

as well as the purity of the deionized water is verified. 

An empirical model proposed by Al Ba’ba’a et. al. [225] is used to predict the bubble diameter 

at the varying experimental conditions based on the capillary Reynolds number Rec and the 

capillary Weber number Wec: 

 
dB,predicted=A∙�

4∙V̇g∙ϱg

π∙ηg∙dc
�

B

∙�
16∙ϱg∙V̇g

2

π2∙dc
3∙σ

�

C

=A∙Rec
B∙Wec

C (4-1) 

The variable parameters A, B, and C in Eq. (4-1) are determined using the least-squares method. 

The resulting equation is then given by: 

 dB,predicted=2.49∙Rec
0.018∙Wec

0.010 (4-2) 

A graphical comparison of measured and predicted equivalent diameter is presented in Fig. 4-2. 

The developed empirical model in Eq. (4-2) allows a prediction of the bubble equivalent 

diameter within a tolerance of ±10 %. In literature, estimations with a tolerance of ±20 % are 

already said to be very good [226]. 

 

 
Fig. 4-2. Predicted equivalent bubble diameter dB,predicted vs. measured equivalent bubble diameter dB,measured using 

Eq. (4-2) including a confidence interval of ±10 %. 
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4.1.2 Influence of gas flow rate on induced liquid velocity 

Parts of this chapter have been published in [227]. The influence of different operational 

parameters on the bubble characteristics has been presented in chapter 4.1.1. In the next step, 

the influence of the volumetric gas flow rate on the liquid velocity around the rising single 

bubbles is investigated. For this purpose, the experimental setup for simplified measurements 

as presented in chapter 3.1.1.2 is used. Particle Image Velocimetry (PIV) measurements are 

carried out at ten different gas flow rates ranging from 0.1 mL/min to 2 mL/min. A PEEK 

capillary with an internal diameter of 500 µm is used. At least five bubbles are analysed for 

each gas flow rate according to the analysis procedure presented in chapter 3.2.2. To investigate 

the effects of the gas flow rate on the induced liquid velocities, the vector distributions of the 

mean vector fields are analysed via histograms. For this purpose ten classes with an equidistant 

width are defined ranging from 0 m/s-0.020 m/s. 

The relationship between the number N of vectors in different liquid velocity classes and the 

volumetric gas flow rate V̇g is presented in Fig. 4-3. The figure shows the relationship for the 

first six classes with liquid velocities from 0 m/s-0.012 m/s. The five repetitive measurements 

show a high reproducibility, because of the low standard deviations. 

 

 
Fig. 4-3. Relationship between the number N of vectors in six different classes from 0-0.012 m/s and volumetric 

gas flow rate V̇g. Dashed lines indicate trends. The number of vectors in each analysed vector field is in total 9010. 
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The number of vectors in the first class (0 m/s-0.002 m/s), where only a small relative amount 

of vectors is present with less than 1 % of the total amount of vectors, is unaffected by an 

increase of the gas flow rate. The second class ranging from 0.002 m/s to 0.004 m/s is the class 

with the largest amount of vectors at low gas flow rates. With increasing V̇g a sharp decline is 

observed. The initial vector number at V̇g=0.1 mL/min decreases by a factor of 14 towards the 

highest investigated gas flow rate of 2 mL/min. The next two classes from 0.004 m/s to 

0.006 m/s and 0.006 m/s to 0.008 m/s show similar trends with a shift on the x axis: The number 

of vectors first increases with increasing V̇g until a maximum is reached. Afterwards, the 

number of vectors in these classes decreases again. While the class with liquid velocities of 

0.004-0.006 m/s reaches its maximum at a V̇g of approximately 0.88 mL/min, the maximum in 

the class with liquid velocities of 0.006-0.008 m/s is reached at V̇g≈1.68 mL/min. The classes 

with liquid velocities of 0.008-0.010 m/s and 0.010-0.012 m/s show a steady increase with 

increasing V̇g. In summary, it can be seen that a shift to higher liquid velocities is present with 

increasing gas flow rate. 

 

 
Fig. 4-4. Mean liquid velocity w�  and proportionality constant to the turbulent kinetic energy kTKE as a function of 

volumetric gas flow rate V̇g. 

 

 

 

0

1

2

3

4

5

0

1

2

3

4

5

6

7

8

0.0 0.5 1.0 1.5 2.0

k T
K

E
[x

 1
0-5

m
2 /s

2 ]

w
 [m

/s
]

Vg [mL/min]

w
kTKE

[x
 1

0-3
m

/s
]

kTKE

g [mL/min]



4 Investigations in two-phase systems 77 
 

This trend is also present in Fig. 4-4, which shows the relation between mean liquid velocity w� 

and proportionality constant of the turbulent kinetic energy kTKE (cf. chapter 3.2.2) with V̇g. 

The mean liquid velocity increases in the investigated range from 0.1 mL/min to 2 mL/min by 

a factor of approx. five. The value for kTKE also increases with increasing V̇g so that more 

turbulent kinetic energy is induced by the bubbles at a higher gas flow rates. The initial value 

of kTKE increases in the investigated range of V̇g by a factor of about four. 

Some exemplary instantaneous liquid velocity and vorticity plots for three different volumetric 

gas flow rates of 4 µL/min, 0.05 mL/min, and 2 mL/min are presented in Fig. 4-5. Each vector 

field and scalar map contains 9010 vectors. The liquid velocities and vorticities are shown in 

all cases 100 ms after the bubble has entered the measurement area. The presented vector maps 

exhibit a small amount of spurious vectors, especially at the corners of the maps, which can be 

attributed to image distortion towards the edge of the camera lens. As neither vectors were 

substituted via interpolation nor a time- or ensemble-average has been calculated, the presence 

of these spurious vectors is natural. Their contribution to the total liquid flow field is, however, 

small so that no large error is to be expected. A comparison with literature data shows that the 

determined liquid velocities are similar to results obtained by Miyahara et al. [228] as well as 

Böhm and Kraume [229]. 

The wake structures behind the rising bubbles in Fig. 4-5 can clearly be identified. With 

increasing V̇g the wake expands. The mean liquid velocity in the bubble wake ranges between 

0.03 m/s to 0.04 m/s. While at low V̇g the liquid velocity in the measurement area is elevated 

only in the wake region directly behind the rising bubble (Fig. 4-5a&b), a significant expansion 

is observed at 2 mL/min, where nearly 50 % of the measurement area exhibit liquid velocities 

larger than 0.01 m/s (Fig. 4-5c). Nevertheless, the main zigzagging bubble trajectory which is 

representative for the two lower gas flow rates may still be recognized at a gas flow rate of 

2 mL/min. The observed bubble motion in consensus with the statements in Tab. 2-5. 

The vorticity plots are useful for the identification of vortices in the bubble wake and the 

characterization of the wake structure (cf. chapter 3.2.2). In all vorticity plots in Fig. 4-5 

clockwise vortices, displayed in blue (negative value), and anti-clockwise vortices, indicated in 

red (positive values), can be observed. A value near zero means that no rotation is present 

(displayed in green). All vorticity plots show an alternating pattern according to a Kármán 

vortex street [199]. This pattern is more pronounced in Fig. 4-5a&b than in Fig. 4-5c, but the 

Kármán vortex street can be identified nevertheless. This vortex pattern in the wake of rising 

single bubbles was also observed by, e.g. Böhm and Kraume [229]. In contrast to their 

investigations, the vortices in the present study are, however, not connected with each other to 
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form a closed wake region of large clockwise and anti-clockwise rotating vortices. Instead, an 

alternating shedding pattern of counter-rotating vortices behind the bubble was found. This may 

be related to the used zoom lens, which allows a more detailed observation of the liquid flow 

field around and especially in the wake of rising single bubbles. In Böhm and Kraume‘s work, 

the bubble area was approx. 0.2 % of the total field of view, while it was 0.4 % in the present 

work, thus doubling the magnification. 

 

  

  

  
Fig. 4-5. Liquid velocity vector fields (left) and liquid vorticity scalar maps (right) for experiments in deionized 

water at gas flow rates of 4 µL/min (a), 0.05 mL/min (b), and 2 mL/min (c). Bubble position and shape are 

indicated in the liquid velocity fields as black ellipses.  

a 

b 

c 
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4.2 Experiments in surfactant solutions 

Parts of this chapter have been published in [230]. As described in chapter 2.3.2, surfactants 

have a significant influence on the bubble characteristics. Therefore, the influence of the 

surfactants used as collector and frother in the later flotation experiments with glass particles 

(see chapter 5) are investigated with both Shadowgraphy (SH) and Particle Image Velocimetry 

(PIV). By combining the results of the two optical methods the relationship between bubble 

characteristics and hydrodynamic parameters is examined. 

 

4.2.1 Experimental procedure 

The experiments are conducted in the experimental setup for simplified measurements, which 

has been presented in chapter 3.1.1.2. The measurement area is arbitrarily positioned 

approximately 35 mm above the capillary outlet. The SH sequences are analysed using the 

automated time-resolved analysing procedure in KNIME© as presented in chapter 3.2.1. As 

bubble parameters the equivalent diameter dB, the rising velocity wB, and the elongation fe are 

studied. The PIV sequences are analysed in DynamicStudio according to the procedure 

described in chapter 3.2.2. As hydrodynamic parameters the liquid velocity w and vorticity ωz 

are analysed. Furthermore, an information about the turbulent kinetic energy (TKE) in form of 

the proportionality constant kTKE (see chapter 3.2.2) is extracted from the mean velocity vector 

fields. Lastly, the Proper Orthogonal Decomposition (POD) technique is applied to extract 

dynamic phenomena in the present unsteady flows. 

The surfactants hexadecylamine (HDA) and methyl isobutyl carbinol (MIBC) are investigated 

at varying concentrations. The former is a representative collector for, e.g. quartz flotation, 

where amines are commonly used ([17], p. 271), while the latter is a common frother used in 

many industrial flotation processes ([17], p. 279; [30], p. 259). Both of these surfactants are 

used in the flotation process of glass particles in chapter 5. The pH of HDA is adjusted to six 

using hydrochloric acid. This ensures a complete protonation of the amine group. HDA as ionic 

surfactant is used in smaller concentrations in a range of 5.2 to 34.5 µmol/L, while MIBC is 

used in a concentration range of 79 to 7922 µmol/L. 

About 120 mL of the given test liquid are filled into the apparatus. A constant volumetric gas 

flow rate of 0.1 mL/min is chosen to produce single bubbles with a bubble production time of 

approx. 0.85 s, hence a bubble production frequency of less than 80 bubbles per minute. 

According to Rafiei et al. and Sam et al. an interaction between consecutive bubbles can 

therefore be neglected [137,231]. High-speed image sequences are captured as soon as the gas 

flow is constant. All experiments are carried out at a room temperature of 22-24 °C. 
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Shadowgraphy and PIV measurements are conducted subsequently for each experimental 

condition. Each measurement is repeated at least five times, so that five SH image sequences 

and five PIV image sequences are obtained for each concentration. 

Additionally, surface tension measurements of prepared solutions are carried out at room 

temperature (22-24 °C) with an automatic force tensiometer (type: Krüss Easy Dyne K20) using 

the Du Noüy ring method (cf. chapter 2.2.2.2). Each measurement is repeated five times. 

 

4.2.2 Results and discussion 

In this chapter, the experimental results are presented starting with the surface tension 

measurements, followed by the rigorous analysis of the bubble characteristics obtained via SH 

measurements, and concluding with the hydrodynamic characterisation via PIV measurements.  

 

4.2.2.1 Surface tension measurements  

The results of the surface tension measurements are shown in Fig. 4-6. As recommended in 

literature, the correction method proposed by Harkins and Jordan [121] has been applied 

(cf. chapter 2.2.2.2). HDA decreases the surface tension in the investigated concentration range 

more strongly than MIBC. At a concentration of approx. 35 µmol/L HDA, the initial surface 

tension of 72.4 mN/m for pure water halved already to 35.7 mN/m. In contrast to this, a 

decrease by about 12 mN/m compared to deionized water is measured at the highest 

concentration of MIBC (approx. 7900 µmol/L). In both cases, the critical micelle concentration 

(CMC) has not been reached. For HDA a CMC of 8.3 x 10-4 mol/L is reported ([232], p. 255), 

while Drzymala states a value of approx. 0.2 mol/L for MIBC ([32], p. 328). 

Using the σ-log c plot from Fig. 4-6, the area occupied by a surfactant molecule at the bubble 

interface can be calculated with Eq. (2-36). To do this, the slopes � ∂σ
∂ log c

�
T
 have to be determined 

for HDA and MIBC. For HDA, the slope is determined between 6 µmol/L and 34 µmol/L 

(R2=0.997), while for MIBC the slope is calculated between 5000 and about 8000 µmol/L 

(R2=0.987). Hence, an area of about 0.32 nm2 per molecule is obtained for HDA and 

A=0.38 nm2 per molecule for MIBC. The calculated value for MIBC is in excellent agreement 

with the literature value of 0.38 nm2 stated by Fong et al. [233]. For HDA no literature data was 

available. The Frumkin equation, which can be used to estimate the efficiency of surfactant 

adsorption, stated that a decrease of the surface tension by 20 mN/m indicates a saturation of 

the surface concentration of approximately 84-99.9 % (cf. chapter 2.2.2.1). 
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Fig. 4-6. Surface tension of hexadecylamine (HDA) and methyl isobutyl carbinol (MIBC) solutions with different 

concentrations in deionized water. Dashed lines indicate trends [230]. 

 

In the present work, a decrease of about 37 mN/m is observed for HDA in the investigated 

concentration range, while MIBC lowers the surface tension by only about 12 mN/m. This 

relates to surface saturations of 94 % and 68 % for HDA and MIBC, respectively. As the 

absolute decrease of the liquid surface tension is lower for MIBC than for HDA, the obtained 

results are in the expected range.  

From the above presented results regarding the surface tension of the liquid it can be concluded 

that HDA exhibits a better adsorption at the gas-liquid interface than MIBC. This will be 

discussed further in the following section with respect to the bubble characteristics. 

 

4.2.2.2 Bubble characteristics 

The bubble characteristics are found to change with variation of the surfactant concentration as 

shown in Fig. 4-7. All three bubble parameters, equivalent diameter dB (Fig. 4-7a), rising 

velocity wB (Fig. 4-7b), and elongation fe (Fig. 4-7c), decrease with increasing surfactant 

concentration. Both wB and fe show a sharp drop in the beginning until a threshold is reached 

(cf. Fig. 4-7b&c). The value of this threshold is for both bubble parameters approximately the 

same in HDA and MIBC solutions. The rising velocity converges towards a value of 0.18 m/s 

and the elongation towards a value of 0.08. 

100 101 102 103 104

1 10 100 1000 10000

30

35

40

45

50

55

60

65

70

75

30

35

40

45

50

55

60

65

70

75
σ

[m
N

/m
]

c [µmol/L]

HDA
MIBC



82 4.2 Experiments in surfactant solutions  
 

 
Fig. 4-7. Bubble characteristics for varying concentrations of hexadecylamine (HDA) and methyl isobutyl carbinol 

(MIBC): equivalent bubble diameter dB (a), rising velocity wB (b), and elongation fe as morphological parameter 

(c). Dashed line in (b) indicates minimum bubble velocity min(wB), while dashed line in (c) represents the 

minimum elongation min(fe). Determined concentration at minimum velocity (CMV) and concentration at 

minimum elongation (CME) are included in (b) and (c), respectively [230]. 

 

As stated in chapter 2.3.2, Tan et al. [139] proposed two different criteria to determine terminal 

velocities: 1) when velocity at a given concentration reaches minimum with distance; 2) when 

velocity at a given distance reaches minimum with concentration. As the simplified apparatus 

with the measurement area close to the capillary outlet is used for the experiments, criterion 2) 

is applied to determine terminal velocities. 

The concentration at the minimum rising velocity (CMV) is determined using the graphical 

method proposed by Tan et al. [147] (Fig. 4-7b). CMV is determined to be about 1600 µmol/L 

for MIBC and 11 µmol/L for HDA. A value of 400 µmol/L is stated in literature for CMV of 

MIBC [139,148], which is approx. only a quarter of the value determined from the present 

measurements. The value of 400 µmol/L was, however, determined at an arbitrarily chosen 

position of 3000 mm above the capillary outlet compared to 35 mm in the present experimental 

procedure (see chapter 4.2.1). Furthermore, the bubble size was with 1.45 mm approx. 60 % 

smaller than in the present measurements [139]. A difference between the CMV value 

determined from the present experiments and the value found in literature is therefore expected, 
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as the time needed to reach terminal velocity will be a function of surfactant concentration and 

bubble size. 

The elongation shows a similar trend as the rising velocity (see Fig. 4-7c). Thus, a new bubble 

parameter is introduced, which is defined as concentration at the minimum elongation (CME). 

CME represents the concentration at which the difference between minor and major axis of the 

bubble is less than 10 %, which is equal to fe=0.1. According to Clift et al. ([125], p. 23), 

bubbles who satisfy this criterion can be assumed spherical (cf. chapter 2.3.1.2). Using the same 

graphical method as for CMV, a CME of approx. 8 µmol/L is determined for HDA and a CME 

of approx. 800 µmol/L for MIBC. Comparison of CMV and CME shows that the concentrations 

determined for CME are lower for both surfactants. Thus, an increase of surfactant 

concentration after CME does not influence the bubble shape anymore, while wB will decrease 

further until the minimum rising velocity is reached. 

The minimum equivalent bubble diameters, which are obtained at the maximum investigated 

concentrations of MIBC and HDA, are 2.23 mm and 2.40 mm, respectively. In contrast to wB 

and fe, a threshold for dB has not been reached yet for both surfactants (cf. Fig. 4-7a). Although 

Cho and Laskowski found in their study that the bubble size was “not affected at all by a frother 

if the bubbles cannot collide with each other” [141,142], i.e. production of bubbles from a 

single-hole sparger, the results of the present measurements and studies of Li et al. [234] as 

well as Zhu et al. [235] show an influence on all investigated bubble characteristics including 

dB. The effect is, however, small compared to the effect of surfactants in bubble swarms, where 

a change of dB from e.g. 4 to 1 mm is commonly observed [139,142–144]. 

A comparison of the determined rising velocities with literature shows a shift towards smaller 

bubble diameters and smaller rising velocities with increasing surfactant concentration 

(cf. Fig. 4 in [230]). A difference between the determined threshold value of the rising velocity 

(0.18 m/s) and the curve for contaminated water, where a value of 0.16 m/s is stated, is present 

for both surfactants. Zhang et al. [138] as well as Tan et al. [139] noted in their studies that the 

contaminated water curve given by Clift et al. ([125], p. 172, see also Fig. 2-18) seems to 

underestimate the terminal velocity. Thus, the terminal velocity determined in the present 

experiments is compared to further correlations for the rising velocity from literature using the 

model of Karamanev [236,237] and Grace et al. [238]. The velocities obtained by these models 

are compared to the experimental rising velocities in Tab. 4-2. The determined terminal 

velocities from the present experiments range between the values predicted by the models of 

Clift et al. and Grace et al. 
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Tab. 4-2. Comparison of experimentally determined terminal velocities with models proposed in literature [230]. 

Surfactant wB [m/s] 

 Experimental Clift et al. [125] Karamanev [236,237] Grace et al. [238] 

MIBC 0.185 0.163 0.233 0.197 

HDA 0.183 0.165 0.228 0.194 

 

The presented experimental results show that HDA has a larger effect on all bubble 

characteristics compared to MIBC, because they are significantly influenced by already very 

low concentrations of HDA. Higher concentrations of MIBC are necessary to achieve similar 

effects. As the surface tension changes only sparsely with increasing MIBC concentration (see 

Fig. 4-6), this does not seem to be the predominant influence factor for bubble characteristics 

as was also stated by several authors in literature [142,143,239–242]. Instead, the adsorption of 

the surfactant molecules at the in situ formed gas-liquid interface seems to be of greater 

importance. As rising bubbles represent a dynamic system, Comley et al. hypothesised that the 

rate of adsorption has to be the main influence factor [239]. In chapter 4.2.2.1 it has been shown 

that HDA molecules adsorb better on the bubble surface than MIBC molecules, which is related 

to differences in molecular architecture. HDA has a straight hydrocarbon chain with 16 carbon 

atoms and an amino group at terminal position: 

 
NH2

 

(4-3) 

MIBC is on the other hand a branched alcohol with a hydroxyl group located in a side chain: 

 OH

 

(4-4) 

Another explanation for the different adsorption efficiency may be related to the negatively 

charged bubble surface [243,244]. The negative surface charge is caused due to the better 

adsorption of the smaller, less hydrated anions compared to the more likely hydrated cations, 

which have a tendency to remain in the bulk phase ([245], p. 175). Attractive forces are present 

between the negatively charged bubble surface and protonated HDA molecules so that an 

adsorption is facilitated compared to the adsorption of non-ionic MIBC molecules [246,247]. 

At a certain concentration the ionic adsorption will be retarded by electrostatic repulsion effects 

[113]. However, this effect has not been observed in the present experiments. 

A schematic depiction of the adsorption of HDA and MIBC molecules on the bubble surface is 

shown in Fig. 4-8. 
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Fig. 4-8. Schematic packing density for hexadecylamine (HDA) (a) and methyl isobutyl carbinol (MIBC) (b) at a 

bubble interface [230]. 

 

In accordance with [147,248], HDA allows a higher packing density compared to MIBC due to 

its straight hydrocarbon chain, which results in a hydrophobic chain-chain interaction. 

The packing densities calculated for HDA and MIBC in chapter 4.2.2.1 support this theory. As 

stated in chapter 2.3.2, the bubble drag increases in presence of surfactants as a result of the 

Marangoni effect, resulting in a lower rising velocity. The adsorption of HDA at the bubble 

interface is better and the packing density is higher compared to MIBC, which is why CMV 

and CME of HDA have to be lower than CMV and CME of MIBC. The results presented in 

Fig. 4-7 support this theory.  

In addition to the bubble characteristics presented in Fig. 4-7, the bubble centroids have been 

tracked and, thus the bubble trajectories can be reconstructed. The trajectories obtained for 

bubbles rising in deionized water are presented in Fig. 4-9. The top diagram Fig. 4-9a shows 

the bubble motion in horizontal x direction over time. The bubbles exhibit an oscillating rising 

behaviour in horizontal x direction. In order to quantify the oscillating behaviour, a sinusoidal 

fit function according to Eq. (4-5) is applied. 

 x(t)=A� ∙ cos(ω∙t+ϕ)+C (4-5) 

In Eq. (4-5), A�  is the amplitude of the oscillation, ω is the oscillation frequency, t is the time, ϕ 

is the phase, and C is a constant defining a mean level. The regression coefficient R2 of this 

equation applied to the bubble motion in horizontal x direction for bubbles in deionized water 

is 0.983, which shows that an excellent representation of the experimental results is achieved 

with the model. The trajectory in vertical y direction (Fig. 4-9b) shows a linear trend, which is 

supported by an R2 of 0.999 for a linear approximation. Thus, a nearly constant rising velocity 

can be assumed in the measurement area. The elongation is nearly constant during the bubble 

rise (Fig. 4-9c). 
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Fig. 4-9. Bubble trajectories in horizontal x direction (a) and vertical y direction (b), and time-resolved analysis of 

the elongation fe (c) for rising bubbles in deionized water. Solid line in (a) represents sinusoidal fit function 

according to x(t)=A� ∙ cos(ω∙t+ϕ)+C. Solid line in (b) represents linear fit function according to y(t)=m∙t+b. Dashed 

line in (c) represents the critical value for spherical bubbles according to Clift et al. ([125], p. 23; [230]). 

 

Some larger standard deviations around t=0.06 s are referred to the horizontal redirection of the 

bubbles at this point (cf. Fig. 4-9a). As stated above and in chapter 2.3.1.2, bubbles may be 

assumed spherical when the difference between major and minor axis of the bubble is less than 

10 %, corresponding to an elongation of 0.1. This critical value is included in Fig. 4-9c as 

dashed line. For bubbles rising in deionized water, the mean elongation is approx. 0.43. Thus, 

the observed bubbles are highly non-spherical and instead more ellipsoidal, which is in 

consensus with visual impressions. 

The motion amplitude Δx in horizontal x direction is about 5 mm for bubbles in deionized 

water. With increasing surfactant concentration, both Δx and the standard deviation in 

x direction for five analysed bubbles per investigated surfactant concentration decrease 

(Δx≈3 mm in Fig. 4-10a), resulting in an almost straight rising path. A mean standard deviation 

in x direction of 0.3 mm and 0.03 mm is observed at the highest investigated concentrations of 

HDA and MIBC, respectively. All measurement results may be found in the Appendix. 

The bubble motion in x direction for the highest investigated MIBC concentration of 

7922 µmol/L presented in Fig. 4-10 shows again an oscillating behaviour so that the sinusoidal 

fit function according to Eq. (4-5) is applied for a quantification. 
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Fig. 4-10. Bubble trajectories in horizontal x direction (a) and vertical y direction (b), and time-resolved analysis 

of the elongation fe (c) for rising bubbles in a 7922 µmol/L methyl isobutyl carbinol solution. Solid line in (a) 

represents sinusoidal fit function according to x(t)=A� ∙ cos(ω∙t+ϕ)+C. Solid line in (b) represents linear fit function 

according to y(t)=m∙t+b. Dashed line in (c) represents the critical value for spherical bubbles according to Clift et 

al. ([125], p. 23; [230]). 

 

The resulting regression coefficient R2 of 0.996 proves an excellent agreement with the model. 

The movement in vertical y direction shows again that the bubbles rise with a nearly constant 

rising velocity in the measurement area (cf. Fig. 4-10b). The time-resolved analysis of the 

elongation in Fig. 4-10c shows only small oscillations compared to rising bubbles in deionized 

water (cf. Fig. 4-9c). Furthermore, the mean elongation is lower than in deionized water with a 

value of 0.09. According to the definition of Clift et al. ([125], p. 23) the bubbles are spherical, 

which is in consensus with visual impressions. The calculated amplitudes A�  and frequencies ω 

of the trajectory oscillations according to the sinusoidal fit function of Eq. (4-5) for bubbles 

rising in MIBC and HDA solutions with varying concentrations are presented in Fig. 4-11. For 

both surfactants the amplitude of oscillation decreases with increasing surfactant concentration, 

whereas the oscillation frequency increases. At a certain surfactant concentration a threshold is 

reached. The threshold value is approximately the same for both surfactants, namely 1.6 mm as 

amplitude and 48 Hz as frequency of trajectory oscillation. The concentrations of the surfactant 

solutions of these thresholds correspond approximately to the concentrations of the thresholds 

for elongation and rising velocity as presented in Fig. 4-7b&c. 
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Fig. 4-11. Amplitude A�  and frequency ω of trajectory oscillation according to a sinusoidal fit function of the type 

x(t)=A� ∙ cos(ω∙t+ϕ)+C for bubbles rising in methyl isobutyl carbinol (MIBC) solutions (a) and hexadecylamine 

(HDA) solutions (b). Dashed lines indicate trends [230]. 

 

4.2.2.3 Hydrodynamic characterisation 

The bubble trajectories and the corresponding mean velocity vector fields for different MIBC 

concentrations obtained by PIV are presented in Fig. 4-12a&b, Fig. 4-13a&b, and 

Fig. 4-14a&b. Velocities larger than zero are mainly observed directly in the bubble rising path. 

Regions left and right of the rising path are unaffected. The vectors in the bubble rising path 

are oriented in direction of the rising bubble. However, at points of bubble redirection, e.g. at 

x≈25 mm and y≈9 mm in Fig. 4-12b, vectors are present, which are directed outwards from the 

rising path. In these areas pointing outwards from the bubble trajectory, higher liquid velocities 

with values of about 0.016 m/s are observed. With increasing MIBC concentration the number 

of regions with velocities larger than zero increases. Furthermore, more regions with liquid 

velocities higher than 0.012 m/s are observed. Thus, the mean liquid velocity seems to increase 

with increasing surfactant concentration. Similar results have been obtained for varying HDA 

concentrations, which are shown in Appendix 9.1.2. 
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Fig. 4-12. Bubble trajectory (a), mean liquid velocity vector field (b), mean vector field as indicator for turbulent 

kinetic energy kTKE (c), and reconstructed mean liquid velocity vector field using POD mode 0 coefficient (d) all 

for 396 µmol/L methyl isobutyl carbinol (blank spots indicate values larger than scale) [230]. 
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Fig. 4-13. Bubble trajectory (a), mean liquid velocity vector field (b), mean vector field as indicator for turbulent 

kinetic energy kTKE (c), and reconstructed mean liquid velocity vector field using POD mode 0 coefficient (d) all 

for 792 µmol/L methyl isobutyl carbinol (blank spots indicate values larger than scale) [230]. 
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Fig. 4-14. Bubble trajectory (a), mean liquid velocity vector field (b), mean vector field as indicator for turbulent 

kinetic energy kTKE (c), and reconstructed mean liquid velocity vector field using POD mode 0 coefficient (d) all 

for 7922 µmol/L methyl isobutyl carbinol (blank spots indicate values larger than scale) [230]. 

 

Obtained values for the mean liquid velocity w� are compared to the corresponding bubble rising 

velocities wB in Fig. 4-15 for different MIBC and HDA concentrations. The mean liquid 

velocity increases with increasing surfactant concentration, whereas the bubble rising velocity 

decreases with increasing surfactant concentration. Because this seems contradictory, further 

hydrodynamic parameters are investigated. 
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Fig. 4-15. Bubble rising velocity wB (squares) and mean liquid velocity w�  (triangles) for rising bubbles in aqueous 

methyl isobutyl carbinol (MIBC) (a) and hexadecylamine (HDA) solutions (b). Dashed lines indicate trends [230]. 

 

Instantaneous liquid vorticity fields for three different MIBC concentrations corresponding to 

the presented vector fields in Fig. 4-12 to Fig. 4-14 are shown in Fig. 4-16. As has been 

presented in Fig. 4-7, the bubble rising velocity decreases with increasing surfactant 

concentration. The vertical bubble position in all vorticity plots in Fig. 4-16 is at approximately 

y=26 mm so that a comparison between the three plots is feasible. Counter-rotating vortices can 

be identified for all three MIBC concentrations, which may be linked to a Kármán vortex street 

[199]. Clockwise rotating vortices are displayed in blue (negative values) and anti-clockwise 

rotating vortices are indicated in red (positive values). Areas with no rotation have a value of 

zero and are represented in green. Similar vortex patterns were observed in simulations by 

Fleckenstein and Bothe for a freely rising contaminated bubble with a diameter of 1 mm [249]. 

The vorticity plots show that the number of vortices increases with increasing MIBC 

concentration. Clift et al. found that vortex shedding occurs in surfactant solutions already at 

Re=200, while it is delayed in pure systems to Re=800 ([125], p. 185). As a reason for this they 

named the mobile surface of bubbles in pure water, which prevents vortex shedding due to the 

internal gas circulation as depicted in Fig. 2-19a. Added surface active reagents adsorb on the 

bubble surface, which leads to an immobilisation of the surface as well as a decreased internal 

gas circulation (cf. Fig. 2-19b). Bubbles behave then like rigid spheres so that vortex shedding 

arises. 
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Fig. 4-16. Liquid vorticity plots for MIBC concentrations of 396 µmol/L (a), 792 µmol/L (b), and 7922 µmol/L 

(c). The bubbles are for all plots located at approx. y=26 mm for a better comparison (blank spots indicate values 

larger than scale) [230]. 

 

The rotation frequency of the vortices in Fig. 4-16 is about 30 to 50 Hz. Thus, a good agreement 

between the rotation frequencies of the vortices and the frequencies of trajectory oscillation, 

which has been found to range likewise between 30 and 50 Hz (cf. Fig. 4-11), is present. 

The mean vector fields for the proportionality constant of the turbulent kinetic energy kTKE (see 

chapter 3.2.2) for three different MIBC concentrations are presented in Fig. 4-12c, Fig. 4-13c, 

and Fig. 4-14c. The main energy is induced at points of redirection of the bubble in the rising 

path (cf. Fig. 4-12a, Fig. 4-13a, and Fig. 4-14a). As already observed for the mean liquid 

velocity, the rest of the measurement area is unaffected. With increasing MIBC concentration 

the mean value for kTKE increases. The coloured area at the bottom of the measurement area at 

c 

a b 
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x=35 mm decreases in length with increasing MIBC concentration, but increases in width from 

approx. 3 mm to 5 mm (cf. Fig. 4-12c, Fig. 4-13c, and Fig. 4-14c). Additionally, the number of 

areas with values for kTKE larger than zero increases with increasing MIBC concentration. At 

396 µmol/L (Fig. 4-12c) only two larger areas are present, while there are five areas at 

792 µmol/L (Fig. 4-13c) and eight areas at 7922 µmol/L (Fig. 4-14c). Furthermore, the vectors 

in areas with larger kinetic energies are always directed outwards of the bubble rising path. 

These areas are mainly present at positions of bubble redirection. At these positions vortex 

shedding occurs as shown in Fig. 4-16. This proves that kinetic energy is induced by vortex 

shedding. As the number of bubble redirections increases with increasing surfactant 

concentration, the number of vortices in the measurement area increases. Thus, more kinetic 

energy is induced in the measurement area, which leads to an increase in the mean liquid 

velocity w� as observed in Fig. 4-15. Similar results have been obtained in HDA solutions (see 

Appendix 9.1.2). 

The bubble characteristics differ between measurements in HDA and MIBC solutions 

(cf. Fig. 4-7). In order to compare the obtained results in relation with the hydrodynamic 

parameters kTKE and w�, the dimensionless bubble Strouhal number SrB is introduced: 

 
SrB=

dB∙ω
wB

 (4-6) 

For calculation of SrB the bubble diameter dB, the bubble rising velocity wB, and the frequency 

of trajectory oscillation ω as discussed above are used. The relation between kTKE and SrB is 

given in Fig. 4-17a and the relation between w� and SrB is presented in Fig. 4-17b. With 

increasing SrB the proportionality constant of the turbulent kinetic energy kTKE as well as the 

mean liquid velocity w� increase. The results presented above show that SrB increases with 

increasing surfactant concentration, as the path oscillation frequency ω increases and the rising 

velocity wB decreases. Thus, the higher SrB, the higher the surfactant concentration. 

In the present study, SrB is less than unity for all investigated surfactant concentrations. Di 

Marco et al. [250] observed that a bubble Strouhal number smaller than unity is closely related 

to vortex shedding. Due to vortex shedding, more kinetic energy is introduced in the 

measurement area, which results in higher mean liquid velocities.  
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Fig. 4-17. Proportionality constant of turbulent kinetic energy kTKE in dependency of bubble Strouhal number SrB 

(a) and relationship between mean liquid velocity w�  and SrB (b) for experiments in deionized water (DW) as well 

as aqueous hexadecylamine (HDA) and methyl isobutyl carbinol (MIBC) solutions [230]. 

 

The vortex shedding is related to the path oscillation frequency ω of the rising bubble, which 

increases with increasing surfactant concentration (cf. Fig. 4-11). Hence, w� will increase in the 

measurement area with increasing surfactant concentration. 

Saito et al. also found that addition of surfactants has an influence on vortex shedding [251]. 

They showed that the intensity and size of vortices increased up to a critical surfactant 

concentration and decreased afterwards. As a reason for the increase of the intensity they name 

the Marangoni stress, which is owed to a concentration gradient of the adsorbed surfactant on 

the bubble surface (see also [134,252,253]). 

As shown in the present study, the increase of the hydrodynamic parameters kTKE and w� can be 

related to the oscillation frequency ω of the bubble trajectories, which results in an increased 

vortex shedding. Due to an adsorption of surfactants on the bubble surface, the bubble motion 

is nearly rectilinear, which is in consensus with determined Re numbers (cf. Tab. 2-5). Further 

addition of surfactants decreases the amplitude of motion in horizontal x direction, but at the 

same time increases the frequency of redirections, until a threshold is reached. 

Proper Orthogonal Decomposition (POD) is applied in order to investigate dynamic structures 

of the flow. All results for POD in the following are presented for experiments in MIBC 

solutions. Similar results have been obtained in HDA solutions with some larger deviations in 
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only a few cases due to less experimental data (see Appendix 9.1.2). The eigenvalues of 

calculated modes for MIBC solutions are shown in Fig. 4-18 as cumulative percentage sum of 

the kinetic energy. As explained in chapter 3.2.2, the calculated modes are sorted by their 

contribution to the turbulent kinetic energy. Thus, low modes contain a large amount of energy, 

while higher modes contain low amounts of energy. This can also be seen in Fig. 4-18. For all 

five MIBC solutions a steep increase is present for the first modes. Afterwards, the amount of 

energy increases slower with increasing mode number, until 100 % of the energy is represented 

at mode 169. Furthermore, it can be seen that the amount of energy contained by the same 

modes is different for different MIBC concentrations. With increasing surfactant concentration 

the energy content of lower modes increases. 

The difference of mode energy dependent on MIBC concentration is summarized in Fig. 4-19, 

where the number of modes necessary to represent 90 % of the TKE for different MIBC 

concentrations is shown. The amount of energy contained by lower modes is as already 

observed in Fig. 4-18 increasing with increasing surfactant concentration. Thus, less modes are 

needed at higher MIBC concentrations to represent 90 % of the TKE. Furthermore, an analogy 

to the graphs of rising velocity and elongation presented in Fig. 4-7b&c can be seen: The 

number of modes for 90 % of TKE decreases with increasing MIBC concentration until a 

threshold is reached. 

 

 
Fig. 4-18. Eigenvalues of modes shown as cumulative percentage sum of the turbulent kinetic energy of the 

fluctuating velocity field for POD analysis of varying MIBC concentrations (every 10th value shown) [230]. 
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Fig. 4-19. Mode number and corresponding percentage necessary to represent 90 % of turbulent kinetic energy 

(TKE) depending on methyl isobutyl carbinol (MIBC) concentration c(MIBC) [230]. 

 

The zeroth mode contains the information of the mean liquid velocity field (cf. chapter 3.2.2). 

The reconstructed mean liquid velocity fields using the calculated eigenvalues of the zeroth 

modes for MIBC concentrations of 396 µmol/L, 792 µmol/L, and 7922 µmol/L are presented 

in Fig. 4-12d, Fig. 4-13d, and Fig. 4-14d. A comparison with the experimentally measured 

mean liquid velocity fields in Fig. 4-12b, Fig. 4-13b, and Fig. 4-14b shows an excellent 

agreement between the vector fields, as only small differences between the liquid vector fields 

are observed, e.g. the area at x≈33 mm and y≈35 mm with a velocity of approx. 0.015 m/s in 

Fig. 4-12 is larger in the POD reconstruction (d) than in the measured mean vector field (b). 

This emphasises that POD is applicable to the given data set to represent the fluid flow with a 

reduced order model. 

The time-resolved values for modes 1, 10, and 50 for deionized water and an MIBC solution 

with a concentration of 7922 µmol/L are presented in Fig. 4-20a1-c1. It is clearly visible that a 

periodic nature is present. In the MIBC solution only one oscillation period is present for 

mode 1 (Fig. 4-20a1), while there are already five oscillation periods present in mode 10 

(Fig. 4-20b1). The oscillation seems to be damped, because the oscillation frequency decreases 

with increasing time.  
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Fig. 4-20. Time-resolved values of determined modes (1) for deionized water (open circles) and a methyl isobutyl 

carbinol concentration of 7922 µmol/L (full circles) and corresponding Fast Fourier Transform (FFT) spectra (2) 

for POD mode 1 (a), mode 10 (b), and mode 50 (c) [230]. 

 

A similar trend is observed for deionized water. Compared to the MIBC modes the number of 

oscillations as well as the amplitudes are, however, lower. Mode 50 (Fig. 4-20c1) shows a 

random structure with very small mode values for both deionized water and MIBC solution. 

The oscillation amplitudes, which correspond to the mode values, decrease with increasing 

mode number, while the frequency seems to increase.  

A temporal analysis of the POD modes via Fast Fourier Transform (FFT) provides information 

on the periodicity of the features captured by each POD mode (cf. chapter 3.2.2). The FFT 

spectra corresponding to mode 1, mode 10, and mode 50 are presented in Fig. 4-20a2-c2. A 

single distinctive signal is observed only for mode 1 at a frequency f of 1.18 Hz for both 

deionized water and MIBC. The observed amplitude A�  is higher for the MIBC solution than for 

deionized water. The dominant frequency corresponds to the bubble production frequency, 

which has been observed during the experiments (cf. chapter 4.2.1). Therefore, it is plausible 

that the dominant frequency should be the same for both liquids. The FFT spectra for mode 10 

(Fig. 4-20b2) are multimodal with smaller amplitudes than for mode 1. No characteristic 

frequency could be determined. However, a shift towards higher frequencies seems to be 

present. For mode 50, the amplitudes are even smaller and close to zero so that no dominant 

frequency could be determined. The first modes represent the large scale turbulences, while 
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higher modes mainly represent small fluctuations in the flow referred to noise 

(cf. chapter 3.2.2). Thus, higher mode numbers exhibit lower values representing random 

structures. As mode 1 represents the highest amount of energy in the fluid flow and the 

frequency of this mode could be connected to the bubble production frequency, it may be 

concluded that streamwise bubble-induced motions dominate the large scale structures of the 

liquid velocity field. This was also stated by Aliyu et al. [254]. The differences in mean liquid 

velocity and turbulent kinetic energy are referred to the vortex shedding process as discussed 

above. 

The reconstructed liquid vector fields using the first four significant POD modes are presented 

in Fig. 4-21 for an MIBC solution with a concentration of 7922 µmol/L. Mode 1 and mode 2 

contain together nearly 50 % of the total energy of the flow. From mode 2 to mode 3 a sharp 

drop in the energy amount to approx. one third is present. Mode 1 and 2 seem to show the same 

vector field with a slight shift in upwards direction, e.g. the vortex centre at x≈35 mm and 

y≈0 mm in Fig. 4-21a moves to x≈36 mm and y≈4 mm in Fig. 4-21b. The time-resolved 

analysis of these modes confirm this as they show the same sinusoidal behaviour with a shift in 

phase. Furthermore, an increase in the amount of vortices present in the measurement area is 

observed from mode 2 to mode 4. Comparison of, e.g., position x≈20-25 mm and y≈5-15 mm 

in Fig. 4-21b with the same location in Fig. 4-21c&d reveals the structure of vortex breakdown. 

This procedure can be related to the energy cascade model proposed by Richardson ([255], 

p. 66). From the mean liquid velocity vector fields presented in Fig. 4-12b, Fig. 4-13b, and 

Fig. 4-14b, this dynamic nature of the flow is not accessible. With POD, however, a detailed 

insight into the micro processes in the bubble wake is feasible.  

From the analysis of the POD results it can be concluded that dominating large scale structures 

are present independent of surfactant concentration, which correspond to the streamwise 

bubble-induced motions. Yet the mean liquid velocity and the amount of turbulent kinetic 

increase with increasing surfactant concentration (see Fig. 4-15 and Fig. 4-17). Therefore, large 

scale structures cannot be the main reason. As shown in Fig. 4-19, nearly 50 % of the calculated 

modes are necessary for the highest MIBC concentration to represent 90 % of the TKE of the 

flow, although the first three modes already contain approx. 60 % of total TKE (cf. Fig. 4-21). 

Thus, small scale structures represented by higher modes, which correspond to vortex shedding 

and energy cascading, seem to have a significant influence on the liquid flow field and are the 

reason for differences in mean liquid velocity and induced kinetic energy. 
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Fig. 4-21. Reconstructed liquid vector fields using POD mode 1 with 25.9 % of total energy (a), mode 2 with 

23.4 % of total energy (b), mode 3 with 8.1 % of total energy (c), and mode 4 with 5.4 % of total energy (d) for a 

concentration of 7922 µmol/L methyl isobutyl carbinol [230]. 
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5 Investigation of a model three-phase system 

In this chapter flotation experiments conducted with glass particles as a model system are 

presented. These experiments are carried out in order to investigate different influence 

parameters on the flotation process. 

 

5.1 Surface modification of glass  

For first flotation tests, a model system consisting of glass particles is used to investigate the 

influence of different parameters on the flotation process in general. One of the parameters to 

be investigated is the wettability of the particles. The surface properties of glass particles with 

respect to the wettability can be manipulated by reaction of the surface with silanes as stated in 

chapter 2.5. In first tests, the surface modification via silanisation is investigated using glass 

slides. In doing so, the wettability of the glass surface can be directly determined via contact 

angle measurements. Based on these results, glass particles are modified for rigorous flotation 

tests. 

 

5.1.1 Modification of glass slides 

Glass slides purchased from Thermo Scientific are modified using four different 

trialkoxysilanes: ethyltriethoxysilane (ES), n-octyltriethoxysilane (OS), n-dodecyltriethoxy-

silane (DS) and 1H,1H,2H,2H-perfluorooctyltriethoxysilane (FS). The chemical composition 

of the glass slides is given in Tab. 5-1. 

The glass slides are first cleaned for 24 h in a beaker glass using Caro’s acid to remove all 

organic impurities from the glass surface. Additionally, the surface is activated due to a 

protonation of the silanol groups at the glass surface (cf. chapter 2.5). The Caro’s acid is freshly 

prepared by mixing three parts concentrated sulphuric acid (H2SO4, 96 %) and one part 

hydrogen peroxide solution (H2O2, 30 %). 

 
Tab. 5-1. Composition of glass slides [256]. 

Component w [%] 

Silicon dioxide (SiO2) 72.2 

Sodium oxide (Na2O) 14.3 

Calcium oxide (CaO) 6.4 

Magnesium oxide (MgO) 4.3 

Others 2.8 
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The production of peroxymonosulfuric acid is an exothermic reaction and the reaction product 

is highly instable. Thus, the beaker glass is cooled in an ice bath and the reaction temperature 

is kept below 50 °C due to safety reasons and to reduce the amount of decomposing 

peroxymonosulfuric acid. H2O2 is filled into a beaker glass and the concentrated H2SO4 is 

slowly added to the solution while stirring. Afterwards, the slides are rinsed with deionized 

water and dried in an oven at 70 °C. In the next step, the glass slides are conditioned in ethanol 

(EtOH, 96 %) for 24 h, before the silanisation reaction is carried out in 25 mL fresh EtOH 

(96 %). A ratio of molar amount of silane to available glass surface of approx. 5 mmol/m2 is 

then added to the solution. 

In order to investigate the influence of reaction time on the wettability, the silanisation process 

is carried out for one, four, and seven days for each of the four silanes. After the reaction, the 

glass slides are rinsed with deionized water and dried in an oven at 70 °C. The contact angles 

are measured using the sessile drop method in order to analyse the change in surface wettability. 

At least five contact angles using deionized water as test fluid are measured along the entire 

surface per glass slide. Each drop has a volume of 1 µL, which is dosed automatically by the 

system to decrease measurement uncertainties due to unequal drop sizes ([117], p. 13ff). The 

resolution of the measurement system is stated to be ±0.1°. The contact angle measurements 

are performed at a room temperature of 23 °C and a relative humidity of 49 %. The silanisation 

reactions for each silane and each reaction time are repeated at least three times. 

The resulting mean contact angles for each tested silane with respect to the reaction time tR are 

presented in Fig. 5-1. Contact angles of an unmodified glass surface, which is prior to the 

measurement cleaned with acetone, a glass slide treated with Caro’s acid and a glass slide after 

the conditioning step with EtOH are presented as reference values. The shown mean values are 

calculated as weighted averages θwav ([257], p. 173): 

 
θwav=

∑ wiθi
N
i

∑ wi
N
i

 (5-1) 

In this equation, θi is the arithmetic mean contact angle of the five contact angles for one glass 

slide and wi is the weight defined as reciprocal square of the corresponding uncertainty: 

 
wi=

1
σi

2 (5-2) 

As the standard deviations are very low, homogeneous surfaces are present after silanisation. 

The silanisation procedure should therefore also be applicable for modification of glass particles 

and flotation tests.  

The unmodified glass surface exhibits a contact angle of 19.6° ± 1.7°. After the cleaning step 

using Caro’s acid, the contact angle reduces to 14.8° ± 1.1°. 



5 Investigation of a model three-phase system 103 
 

 
Fig. 5-1. Results for equilibrium weighted average contact angle θwav of glass slides after a reaction time tR of one, 

four, and seven days including reference values for an unmodified glass slide as well as for the pre-treatment with 

Caro’s acid and conditioning with ethanol (ES=ethyltriethoxysilane, OS=n-octyltriethoxysilane, DS=n-

dodecyltriethoxysilane, FS=1H,1H,2H,2H-perfluorooctyltriethoxysilane). 

 

Thus, the cleaned surface exhibits a more hydrophilic behaviour (cf. chapter 2.2.1.1). The 

conditioning with ethanol shows an increase of the contact angle to 55.0° ± 1.2°. Therefore, the 

conditioning of the glass slides in EtOH causes already a hydrophobisation of the glass surface. 

Contact angle measurements on the glass slides after silanisation show a further increase of the 

hydrophobicity for all tested silanes. For all reaction times tR, a relationship between the alkyl 

chain length and the measured mean contact angle is found: the contact angle increases with 

increasing alkyl chain length. Furthermore, the trend for each silanisation reaction over time is 

similar. With increasing tR, θwav increases until a threshold is reached. A similar trend was found 

by Balgar et al. [182]. The silanisation reaction starts with the building of small islands. With 

increasing time, the islands expand until they merge together and finally the complete surface 

is covered with the silane. This process is in the beginning fast, but slows down with time 

(cf. chapter 2.5). The measured contact angles for ES and DS for tR=1 d are in excellent 

agreement with values stated in literature of 80° for ES [258] and 100° for OS ([181], p. 15), 

respectively. Kutelova et al. ([185], p. 99) stated θ=114° for FS and θ=15° after glass slides 

were treated with Caro’s acid. These results also fit excellently to the measurement results 

presented in Fig. 5-1.  

0

20

40

60

80

100

120

Referenz 1 4 7

θ w
av

[°
]

tR [d]

Unmodified
Caro's acid
Caro's acid + ethanol
ES
OS
DS
FS

Reference 
measurements

1 4 7



104  5.1 Surface modification of glass  
 

5.1.2 Modification of glass beads 

In addition to the wettability of the particles, the particle size is one of the influence parameters, 

which is investigated in the flotation tests (cf. chapter 1.2). For this purpose, the unmodified 

glass particles are sieved via wet sieving into a fraction of 80-100 µm and a fraction of 250-

315 µm. The resulting particle size distributions (PSD) after sieving are shown in Fig. 5-2. The 

median particle diameters d50,3* of these PSD are approx. 86 µm and 256 µm, respectively. The 

composition of the soda lime glass particles is given in Tab. 5-2. It is similar to the composition 

of the glass slides from chapter 5.1.1, especially with respect to the silicon dioxide content, 

which is essential for the surface modification via silanisation (cf. chapter 2.5). 

For the surface modification of the glass particles n-octyltriethoxysilane (OS) is chosen as 

reagent. Preceding tests showed that particles with d50,3*=86 µm are already sufficiently 

hydrophobic after some minutes reaction time tR, while an equal hydrophobisation is achieved 

for particles with d50,3*=256 µm after some hours (cf. Appendix). Therefore, a tR of ten minutes 

is chosen for the smaller particles and tR=5 h for the larger particles. The chosen concentration 

of the silane is equal to the concentration for modification of the glass slides with 5 mmol/m2. 

The surface area of the glass particles is calculated under the assumption of spherical particles. 

The scanning electron microscopy (SEM) images presented in Fig. 5-3 justify this assumption. 

 

 
Fig. 5-2. Cumulative weight particle size distributions Q3*(dP) for the sieved fractions 80-100 µm and 250-315 µm 

of unmodified glass particles. 
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Tab. 5-2. Composition of used soda lime glass particles [259]. 

Component w [%] 

Silicon dioxide (SiO2) 72.30 

Sodium oxide (Na2O) 13.30 

Calcium oxide (CaO) 8.90 

Magnesium oxide (MgO) 4.00 

Others 1.50 

 

The procedure for the modification of the glass particles is analogous to the procedure for 

modification of the glass slides. Fig. 5-3 shows scanning electron microscopy (SEM) images 

of glass particles before and after treatment with Caro’s acid at two different magnification 

factors. The images clearly show the presence of impurities and contaminations at the particle 

surface before the treatment, while afterwards a clean and smooth surface is present. 

In case of the glass particles, direct contact angle measurements via the sessile drop technique 

are infeasible, because the particles are too small. Instead, the film flotation method, which has 

been presented in chapter 2.2.1.2, is used to measure the critical surface tension of wettability 

γ�c as an indicator for the modification of the glass surface. 

 

  

  
Fig. 5-3. Scanning electron microscopy (SEM) images of a glass particle with a median diameter d50,3* of 256 µm 

before (left) and after (right) treatment with Caro’s acid at a magnification factor of 400x (top) and a magnification 

factor of 1000x (bottom). 
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Fig. 5-4. Schematic representation of the experimental setup for film flotation experiments. 

 

For this purpose, 0.1 g of the modified particles are weighed using a precision laboratory scale. 

Mixtures of high purity grade ethanol (99.5 %) and deionized water are prepared with varying 

weight fractions in order to vary the liquid surface tension. The liquid surface tension for these 

mixtures is correlated from literature. The corresponding diagram can be found in the 

Appendix 9.1.3.1. The liquid is filled into a conical apparatus with discharge, which is 

schematically depicted in Fig. 5-4. The particles are then carefully placed on the liquid surface. 

Particles with γ�c smaller than the liquid surface tension σ will float on the surface, while 

particles with γ�c greater than σ will sink. The process of wetting is spontaneous and will take 

place directly after the particles are placed on the liquid surface (see chapter 2.2.1.2). The 

floating particles are carefully removed from the surface using a spatula. The sunken particles 

are removed from the apparatus via the discharge. Each fraction is collected on a separate petri 

dish and dried in an oven at 100 °C to constant weight. The masses of each fraction are used to 

calculate the recovery R via Eq. (5-3): 

 R=
mfloating+msunken

0.1 g
 (5-3) 

The weight fraction of the floating particles wfloating is calculated via Eq. (5-4) using the 

determined recovery: 

 wfloating=
mfloating

R
 (5-4) 

The weight fraction of the floating particles is then related to the corresponding liquid surface 

tension and a graph as shown in Fig. 2-12 is developed. The critical surface tension of 

wettability γ�c is determined from the intersection with wfloating=50 % (cf. chapter 2.2.1.2). 

As presented in chapter 2.2.1.2, Fuerstenau et al. compared the critical surface tension of 

wettability of particles with similarly modified flat surfaces. They found that the values of γ�c 

of the particles obtained via film flotation experiments and σc of the flat surfaces obtained from 

the Zisman plot are equal. Thus, for experimental purposes a calibration curve relating the 

critical surface tension of wettability σc of flat glass surfaces with the corresponding contact 

angle θ on the surface using water as testing liquid can be established. Assuming σc=γ�c the 
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corresponding contact angle of the particles can be estimated ([260], p. 80). For the preparation 

of the Zisman plot, glass slides are modified with OS for various tR in order to create surfaces 

with different contact angles. Contact angle measurements are then carried out using deionized 

water, glycerol, ethylene glycol, and toluene as testing liquids. The critical surface tension of 

wettability σc of each glass slide is determined as described in chapter 2.2.1.1. The contact angle 

θ determined using deionized water as testing liquid is then related to the corresponding σc to 

establish the calibration curve presented in Fig. 5-5. 

The critical surface tension of wettability γ�c of the two modified particle fractions is determined 

via film flotation experiments as described above. A critical surface tension of wettability for 

the particles with a median diameter of 86 µm of approx. 41.1 mN/m is found, while 

γ�c≈60.4 mN/m for d50,3*=256 µm. Using the established calibration curve and assuming σc=γ�c 

the contact angle for the particles with a median diameter of 86 µm θ is approx. 59°, while 

θ≈21° for particles with d50,3*=256 µm. 

The film flotation technique is found to be a very precise measurement technique if performed 

properly. The determined recoveries R using Eq. (5-3) are found to be above 95 % in all 

experiments. Repetitive measurements at a constant surface tension also show only very small 

standard deviations of less than 5 %. The obtained results are therefore reliable. 

 

 
Fig. 5-5. Calibration curve for the relation between the contact angle θ measured with deionized water as testing 

liquid on glass slides modified with n-octyltriethoxysilane (OS) and the critical surface tension of wettability σc 

obtained from the Zisman plot.  
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5.2 Establishment of a collector-frother system 

To investigate the flotation process of glass particles, a suitable collector-frother system has to 

be established. As stated in chapter 2.1.2.2, a collector will always exhibit frothing properties 

to a certain extend and vice versa frothers will exhibit collecting properties. The intention of 

the experiments with glass particles is to investigate the influence of collectors and frothers 

independently. Thus, a collector-frother system has to be found, where a good differentiation 

between the different flotation agents is feasible. 

 

5.2.1 Preliminary tests 

To find a suitable frother-collector system with the defined properties, different compounds are 

tested in the froth flotation cell presented in chapter 3.1.2. The experiments are evaluated with 

respect to the maximum recovery Rmax of unmodified glass particles with a median particle 

diameter d50,3* of 256 µm at a solids concentration of 1 g/L. Amongst other compounds tested, 

which showed only negligible recoveries, oleic acid (OA), Tween® 80, hexadecylamine (HDA), 

and methyl isobutyl carbinol (MIBC) are tested in three different combinations: 

1. OA as collector and frother (as used in the flotation process of fluorite, 

cf. chapter 2.1.4.2) at a concentration of c=0.047 mmol/L at pH=8, 

2. HDA (c=0.012 mmol/L) as collector and MIBC (c=0.80 mmol/L) as frother, 

3. and HDA (c=0.012 mmol/L) as collector and Tween® 80 (c=0.021 mmol/L) as frother. 

The resulting maximum recoveries Rmax of these three combinations are presented in Fig. 5-6. 

OA shows the lowest recovery with only 7 %, the combination of HDA and MIBC shows a 

maximum recovery of 21 %, while the highest recovery of 90 % is observed for the combination 

of HDA and Tween® 80. Thus, the combination of HDA and Tween® 80 seems most promising 

for flotation experiments with glass particles. However, the function of Tween® 80 in meanings 

of a flotation agent is not completely clear. The molecular structure of Tween® 80 is presented 

in Eq. (5-5): 

 
HO O

O

O

O

O OH

O

O

O

O
O

OH

CH3

H

H

H

O

w x

y

z

w + x + y + z = 16  

(5-5) 
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Fig. 5-6. Measured maximum recoveries Rmax of glass particles using different flotation chemicals: oleic acid (OA) 

as collector and frother (white bar), a mixture of hexadecylamine (HDA) used as collector and methyl isobutyl 

carbinol (MIBC) used as frother (light-grey bar), and a combination of HDA used as collector and Tween® 80 used 

as frother (dark-grey bar). 

 

Tween® 80 is a polyoxethylated compound based on sorbitol and oleic acid. It is a non-ionic 

surfactant with polyethers as hydrophilic groups. Due to its large molecular size, collecting 

properties are assumed besides frothing properties. In fact, an experiment using only Tween® 80 

as flotation agent showed already a recovery of approx. 53 % (see Appendix). Thus, the mixture 

of HDA and Tween® 80 cannot be used for flotation experiments and is therefore, rejected. 

The low recovery of the glass particles using OA is related to electrostatic repulsion due to the 

negative charge of both the oleate molecule and the glass surface [261]. 

Comparison with literature shows that primary amines are commonly used as collector in the 

flotation process of quartz ([17], p. 271; [262], p. 24; [263–267]). Burdukova and Laskowski 

[268] as well as Laskowski [269] reported an enhanced adsorption of primary amines on quartz 

particles in the presence of bubbles. The bubbles act as collector transfer agent by transferring 

adsorbed primary amines from the bubble surface to solid particles when colliding [111]. When 

co-surfactants, i.e. frothers, are present, the amine will spread into a molecular film at the liquid-

air interface. This activates the bubbles, which will enhance the formation of heterocoagulates 

[269]. Thus, the collector-frother system consisting of HDA and MIBC is chosen for further 

investigations.  
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5.2.2 Optimisation of the collector-frother system 

Parts of this chapter have been published in [270]. To find the optimum parameters for the 

concentrations of the collector hexadecylamine (HDA) and the frother methyl isobutyl carbinol 

(MIBC), a design of experiment (DoE) is performed. For this purpose, the maximum recovery 

Rmax in the flotation process of unmodified glass particles with d50,3*=256 µm at a particle 

concentration of 1 g/L is analysed. As variable parameters, the collector concentration c(HDA), 

the frother concentration c(MIBC), and the volumetric gas flow rate V̇g are chosen. Thus, a 

3k DoE as presented in Tab. 5-3 is generated. The centre point experiment (N=9) is repeated 

nine times and each other experimental point is repeated three times, yielding a total number of 

33 experiments. 

The experiments are conducted in a 2 L laboratory scale flotation apparatus (see chapter 3.1.2) 

at a room temperature of 22 °C ± 2 °C. Deionized water is filled into the apparatus to a liquid 

level of about 180 mm. Separate aqueous stock solutions of HDA and MIBC are produced in 

volumetric flasks. Hexadecylamine is a crystalline solid, which is insoluble in water ([271], 

p. 3-304). By addition of hydrochloric acid, the amine group is protonated and 

hexadecylammonium chloride is formed. To solve HDA in deionized water via formation of 

hexadecylammonium chloride, 80 mL deionized water are heated while stirring to approx. 50-

60 °C. Afterwards, 0.1 g HDA (92 %) and 0.7 mL concentrated hydrochloric acid (25 %) are 

added. After all HDA is solved the solution is cooled down to room temperature. 

 
Tab. 5-3. Design of experiment (DoE) for optimisation of the collector-frother system of hexadecylamine (HDA) 

and methyl isobutyl carbinol (MIBC) with volumetric gas flow rate V̇g and the concentrations of the collector 

c(HDA) and the frother c(MIBC) as variable parameters. 

N 

 

V̇g 

[-] 

c(HDA) 

[-] 

c(MIBC) 

[-] 

V̇g 

[L/min] 

c(HDA) 

[µmol/L] 

c(MIBC) 

[µmol/L] 

1 -1 -1 -1 2.0 5.0 191 

2 -1 -1 1 2.0 5.0 765 

3 -1 1 -1 2.0 20.0 191 

4 -1 1 1 2.0 20.0 765 

5 1 -1 -1 5.0 5.0 191 

6 1 -1 1 5.0 5.0 765 

7 1 1 -1 5.0 20.0 191 

8 1 1 1 5.0 20.0 765 

9 0 0 0 3.5 12.5 478 
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The solution is then diluted in a 100 mL volumetric flask. For preparation of the frother stock 

solution, 5 mL MIBC (99 %) are diluted with deionized water in a 1 L volumetric flask. The 

gas flow rate is varied between 2 L/min and 5 L/min, the concentration of the collector HDA is 

varied between 5 µmol/L and 20 µmol/L, and the frother concentration c(MIBC) is varied 

between 191 µmol/L and 478 µmol/L. Jameson and Ata investigated the formation of bubble-

particle clusters in flotation experiments with silica particles at dodecylamine concentrations 

between 0 and 750 g/t silica and a constant frother concentration of 25 ppmv. The experiments 

were conducted in a 12 L mechanically agitated flotation cell at a solids concentration of 

10 wt% [272]. The concentrations stated in their work are used as a starting point for the present 

experiments. In terms of Ata and Jameson, the collector concentration in this study is varied 

from 1 mg/g SiO2 to 4 mg/g SiO2, while the frother concentration is varied from 25 ppmv to 

100 ppmv. The chosen minimum collector concentration of 1 mg/g SiO2 is equal to the 

maximum collector concentration used in the study by Ata and Jameson, as HDA has a higher 

molar mass than dodecylamine. Tests with lower collector and frother concentrations showed 

very low recoveries, which may be a result of the low solids concentration of 0.1 wt%. 

The resulting mean maximum recoveries Rmax of the experiments are shown in Fig. 5-7. All 

experimental results can be found in the Appendix. A maximum recovery of approx. 21 % is 

achieved at a gas flow rate of 2 L/min, a collector concentration of 20 µmol/L and a frother 

concentration of 765 µmol/L. The trend of Rmax inside the design space leads, however, to the 

assumption of a local maximum being present on one of the four vertical cube edges 1-5, 2-6, 

3-7, or 4-8. Thus, additional experiments are performed with three repetitive measurements for 

each of the four cube edges. 

 

 
Fig. 5-7. Maximum recoveries Rmax of the 3k design of experiment (rectangles) with centre set point marked with 

an “X”. The measurement points of the design space are numbered from 1 to 9 (circles) according to Tab. 5-3. 
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Fig. 5-8. Maximum recoveries of the additional experiments for the cube edges 1-5, 2-6, 3-7, and 4-8 as 

denominated in Fig. 5-7.  

 

The results of these additional measurements are presented in Fig. 5-8. The cube edge 2-6 

shows the highest recovery with an Rmax of about 27 % ± 3 %. This recovery is higher than the 

previously found Rmax of about 21 % at N=2 (cf. Fig. 5-7). Thus, the assumption of a local 

maximum being present could successfully be proven. As the recovery is maximised at the cube 

edge 2-6 the determined concentrations of this experimental set point are said to be optimal. 

The concentrations of HDA and MIBC at this set point are 12.5 µmol/L and 765 µmol/L, 

respectively, corresponding to a collector concentration of approx. 2.5 mg HDA per gram glass 

particles and a frother concentration of about 100 ppmv. As Jameson and Ata did not investigate 

the recovery in their experiments, the obtained optimal collector and frother concentrations 

cannot be compared. The determined optimum concentrations will be used in the single bubble 

flotation experiments presented in chapter 5.3. 
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5.3 Single bubble flotation experiments 

In the following chapter, all experiments regarding the model flotation system consisting of 

glass particles are presented. Various influence parameters on the flotation process are 

rigorously investigated, analysed and supported via Shadowgraphy measurements. 

 

5.3.1 Determination of flotation kinetics and maximum recovery 

In a first step the flotation kinetics of glass particles are determined and the influence of four 

different operational parameters on the process is analysed. The variable parameters are: 

1. median particle diameter d50,3*, 

2. volumetric gas flow rate V̇g, 

3. wettability of particles, 

4. and flotation medium. 

Glass particles with two different d50,3* of 86 µm and 256 µm (see chapter 5.1.2) and two 

different V̇g of 0.1 mL/min and 2 mL/min are used. The influence of the wettability is 

investigated using three different particle groups: hydrophilic particles (glass particles treated 

with Caro’s acid, see chapter 5.1.2), unmodified particles, and silanised particles (see 

chapter 5.1.2). Furthermore, the flotation experiments are conducted in three different media. 

Experiments are carried out in deionized water to analyse the kinetics as well as to determine 

the degree of entrainment. The degree of entrainment gives an information on the amount of 

particles, which is floated naturally without the influence of a collector. The hydrophilic and 

unmodified particles are both floated in an aqueous flotation solution containing the optimum 

concentrations of hexadecylamine (HDA) as collector and methyl isobutyl carbinol (MIBC) as 

frother (cf. chapter 5.2). To analyse the effect of the hydrophobic surfaces of the silanised 

particles, these particles are floated without the addition of HDA but in presence of MIBC. 

 

5.3.1.1 Experimental procedure 

5.3.1.1.1 Preparation of the apparatus 

Single bubble flotation experiments are conducted in the flotation column presented in 

chapter 3.1.1.1. The piping and instrumentation diagram (P&ID) of the experimental setup is 

given in Fig. 5-9. The complete piping system of the apparatus is made from flexible hoses. To 

simplify the flow sheet, the hoses are depicted as pipes. In the first step, a capillary for aeration 

is introduced into the apparatus in the dispersion cell via plug valve HK2. 
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Fig. 5-9. P&ID of the single bubble flotation column. All pipes shown in the flow sheet are flexible hoses. Flotation 

column shown is a simplified model for representation purposes. 

 

The capillary is connected to a gastight syringe, which is filled with ambient air, and a precision 

syringe pump PC1. Before starting the experiments, the flotation column CO1 is filled with the 

desired flotation medium. Therefore, the three-way plug valve HM1 is turned 90° so that the 

flow direction is open from vessel VE1 to the progression cavity pump PL1. The hose system 

is then filled with the desired medium, up to the suction side of the pump. The suction side hose 

is afterwards placed into the liquid-filled vessel VE1. The separator SE1, which is used to 

prevent solids from entering the pump PL1, is manually filled with the flotation medium by 

removing its lid. Afterwards, HM2 is turned so that the fluid flow is open from the pressure 
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side of PL1 to the dispersion cell of the flotation column. Furthermore, the plug valves HK1, 

HK3, and HK4 are closed. In the next step, the pump PL1 is switched on. The apparatus is now 

filled completely with liquid. Afterwards, the pump PL1 is switched off. Then, HM1 and HM2 

are turned 90° so that the flow direction is open from the separator SE1 to vessel VE1 and from 

the dispersion cell of the flotation column to vessel VE3. This removes the air from the separator 

as well as from the pressure side of the pump. After the air is completely removed, HM1 and 

HM2 are turned back so that the flow direction from VE1 to PL1 and from PL1 to the dispersion 

cell of the flotation column is open again. The pump PL1 is switched on and the apparatus is 

refilled with liquid. Finally, HM1 is turned to the 180° position so that the fluid flow is open 

from SE1 to the suction side of PL1. In this configuration, the liquid flow in the dispersion cell 

is circulated, which is intended for dispersion of the solids in the pulp during the flotation 

experiments. 

 

5.3.1.1.2 Flotation experiments 

The apparatus is first prepared as described in chapter 5.3.1.1.1 so that the liquid circulates 

inside the dispersion cell. The flotation experiments are conducted in three different types of 

liquids, namely deionized water (DW), an aqueous solution of hexadecylamine as collector and 

methyl isobutyl carbinol as frother (HDA-MIBC), and an aqueous solution of MIBC (see 

Tab. 5-4). The determined optimum concentrations of HDA and MIBC for the flotation of glass 

particles presented in chapter 5.2.2 are chosen for the present experiments in the single bubble 

flotation column. Thus, a concentration of 12.4 µmol/L HDA and 765 µmol/L MIBC is 

employed in 3 L DW in vessel VE1 (see Fig. 5-9). The particles for the experiments are 

weighed using a precision laboratory scale. The particle mass used for the experiments is always 

4 g. The dispersion cell has a volume of 65 mL so that the mass concentration is approx. 62 g/L. 

Before the particles are added to the flotation column, the frequency of the circulating pump 

has to be adjusted with respect to the particle size. Information on the calculation of the pump 

frequency can be found in Appendix 9.1.3.2. Then, plug valve HK1 is opened and the liquid 

from the apparatus flows into the hose. Afterwards, HK1 is closed again and the weighed glass 

particles are added via a funnel. The particles are given time to settle to the closed plug valve 

HK1. Then, HK1 is opened and the particles can settle into the dispersion cell, where they will 

be dispersed due to the circulating stream of the progression cavity pump (see chapter 5.3.1.1). 

A gastight syringe with a volume of 50 mL is filled with ambient air. Aeration via the capillary 

is started by turning on the precision syringe pump at the desired volumetric gas flow rate. The 

measurement starts as soon as air bubbles start to ascend in the column. The flotation 

experiments are carried out until no more particles are floated or 30 minutes have elapsed. The 
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experimental time is chosen arbitrarily. As the flotation kinetics are to be investigated, samples 

of the flotation product have to be taken at defined times. This is done at least every five 

minutes. The syringe pump is stopped during the sampling so that no more bubbles are formed. 

Then, the plug valves HK3 and HK4 are opened and the liquid in the solids deposition cell is 

drained into vessel VE2 (see Fig. 5-9). The cell is afterwards rinsed several times with 

deionized water to ensure that all floated particles are removed from the cell. Next, HK3 and 

HK4 are closed again and HM1 is turned 90° so that the fluid flow is open from VE1 to the 

suction side of the pump PL1. The flotation column is now refilled to the desired liquid level. 

 
Tab. 5-4. Experimental design for single bubble flotation experiments using glass particles with two different 

median particle diameters d50,3* treated with Caro’s acid (hydrophilic), unmodified particles, and silanised particles 

(hydrophobic) in deionized water (DW), a flotation solution containing hexadecylamine (HDA) as collector and 

methyl isobutyl carbinol (MIBC) as frother or just MIBC at two different gas flow rates V̇g. 

N particle class medium d50,3* 

[µm] 
V̇g 

[mL/min] 

1 hydrophilic DW 86 0.1 

2 hydrophilic DW 86 2.0 

3 hydrophilic DW 256 0.1 

4 hydrophilic DW 256 2.0 

5 hydrophilic HDA-MIBC 86 0.1 

6 hydrophilic HDA-MIBC 86 2.0 

7 hydrophilic HDA-MIBC 256 0.1 

8 hydrophilic HDA-MIBC 256 2.0 

9 unmodified DW 86 0.1 

10 unmodified DW 86 2.0 

11 unmodified DW 256 0.1 

12 unmodified DW 256 2.0 

13 unmodified HDA-MIBC 86 0.1 

14 unmodified HDA-MIBC 86 2.0 

15 unmodified HDA-MIBC 256 0.1 

16 unmodified HDA-MIBC 256 2.0 

17 hydrophobic MIBC 86 0.1 

18 hydrophobic MIBC 86 2.0 

19 hydrophobic MIBC 256 0.1 

20 hydrophobic MIBC 256 2.0 
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Then, HM1 is turned back to the 180° position so that the liquid is circulated in the dispersion 

cell and the syringe pump is started again. After the experiment is finished, the collected 

concentrates are filtrated, washed several times with deionized water and finally dried to 

constant weight in an oven at 100 °C. The apparatus including all hoses is cleaned using 

deionized water. Tests showed that 3 L deionized water are sufficient for this purpose, because 

bubbles exhibited then the morphology and rising velocity of bubbles rising in pure deionized 

water. 

The experimental design is given in Tab. 5-4. All experiments are repeated two times except 

for measurements in deionized water with hydrophilic particles, which are only conducted once. 

Thus, a total of 36 experiments are performed. The hydrophilic particles are as stated in 

chapter 5.1.2 treated with Caro’s acid for at least 3 h. The particles are afterwards filtered, 

washed several times with deionized water and finally dried to constant weight at 100 °C. The 

flotation tests are performed immediately after the drying process to prevent a deactivation of 

the surface due to adsorption of hydrocarbons from the surrounding air at the particle surface 

(cf. chapter 2.5). For flotation experiments with unmodified particles, glass particles as present 

are taken from the storage containers without any surface treatment. 

Hydrophobic particles are attained by silanisation reactions using n-octyltriethoxysilane (OS) 

as stated in chapter 5.1.2. The reaction time of particles with a median particle diameter d50,3* 

of 256 µm is 5 h, while tR=10 min for particles with d50,3*=86 µm. As presented in chapter 5.1.2, 

film flotation experiments are carried out to determine the critical surface tension of wettability 

γ�c. It has been found that γ�c is about 60.4 mN/m for d50,3*=256 µm, while γ�c≈41.1 mN/m for 

d50,3*=86 µm. According to the established calibration curve (cf. Fig. 5-5) this corresponds to 

contact angles of about 21° and 59° for d50,3*=256 µm and d50,3*=86 µm, respectively. 

Corresponding to the classification by Drelich and Marmur [92], the particles with the median 

particle diameter of 256 µm are poorly floatable, while the particles with d50,3* of 86 µm are 

high-rate floatable (cf. chapter 2.2.1). 
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5.3.1.2 Flotation results 

The experimental data is analysed using chemical analogous kinetic models of type 0th order, 

1st order, and 2nd order, as well as empirical models, e.g. the classical model (cf. Tab. 2-3). The 

flotation rate constant k in the chemical analogous models is determined via linearisation in 

Microsoft Excel using the determined experimental recovery Rmax (see chapter 2.1.3.1) after 

30 min. For the empirical models k, the ultimate recovery after infinite flotation time R∞, and 

other model parameters are determined using a MATLAB tool [273]. The empirical model fits 

are carried out with the restriction R∞≤100 %. 

An overview of the tested kinetic models and the corresponding mean regression coefficients 

R2��� averaged over all 36 experiments is presented in Tab. 5-5. The 0th order model gives the best 

mean regression coefficient for the chemical analogous models with a value of 0.9822. The 

empirical models show similar mean regression coefficients (R2��� ≥0.9835), except for the fully 

mixed model (R2���=0.5752). Exemplary fits of the kinetic models to an experimental data set are 

given in Fig. 5-10, where the graphs are shown for unmodified glass particles with d50,3*=86 µm 

at V̇g=0.1 mL/min in deionized water. The chemical analogous model of 0th type gives the best 

fit. The 1st order fit overestimates the recovery in the beginning and underestimates it towards 

the end. The trend of the 2nd order fit is similar to the 1st order fit with a faster convergence 

towards a maximum recovery with a relative deviation of -21 % compared to the experimental 

data. The classical model, which is shown as an example of the analysed empirical models, 

shows a fit similarly as good as the 0th order model. 

 

Tab. 5-5. Mean regression coefficients R2��� and minimum and maximum determined regression coefficients 

min(R2) and max(R2), respectively, for single bubble flotation experiments. 

Kinetic model R2��� min(R2) max(R2) 

0th order 0.9822 ± 0.0191 0.9169 0.9995 

1st order 0.9545 ± 0.0390 0.8653 0.9960 

2nd order 0.8031 ± 0.0749 0.6069 0.9191 

Classical model 0.9877 ± 0.0190 0.9262 0.9997 

Klimpel model 0.9849 ± 0.0199 0.9240 0.9995 

Kelsall model 0.9835 ± 0.0182 0.9262 0.9999 

Modified Kelsall model 0.9884 ± 0.0192 0.9262 0.9999 

Gamma model 0.9880 ± 0.0191 0.9262 0.9997 

Fully mixed model 0.5752 ± 0.1471 0.3006 0.9032 
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Fig. 5-10. Exemplary kinetic fit for unmodified glass particles with a median diameter d50,3*=86 µm at a gas flow 

rate of 0.1 mL/min in deionized water using chemical analogous models of type 0th order, 1st order, and 2nd order, 

as well as the classical type model as an example for the evaluated empirical models. 

 

Compared to the 0th order model the classical model predicts slightly higher recoveries in the 

beginning and lower recoveries towards the end. The maximum experimental recoveries Rmax 

for the different experimental conditions are shown in Fig. 5-11. Rmax is in water much lower 

than in the flotation solutions, regardless of particle diameter, particle class, or volumetric gas 

flow rate. Furthermore, Rmax increases for all experimental conditions with increasing gas flow 

rate V̇g. This seems plausible, because more bubbles per time interval are present at 2 mL/min 

than at 0.1 mL/min leading to an increased collision frequency of bubbles with particles. The 

ultimate recoveries R∞ show no clear trend and predict oftentimes values of R∞=100 %, e.g. for 

hydrophilic particles in water. Thus, a discussion of these values is omitted. 

As the recovery in water as medium is greater than zero, particle entrainment has to be 

considered in the analysis of the experiments in the flotation solutions. The masses of floated 

particles in experiments in the flotation solutions are therefore corrected by the determined 

entrainment. The results of the experiments in the flotation solutions show an increase of Rmax 

with increasing d50,3* for hydrophilic and unmodified particles (cf. Fig. 5-11a&b). This is 

referred to an increase in the collision probability with increasing particle diameter (see 

chapter 2.1.3.2). Furthermore, the hydrophilic particles exhibit a lower Rmax than the 

unmodified particles at a constant d50,3*. 
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Fig. 5-11. Maximum experimental recoveries Rmax for hydrophilic (a), unmodified (b), and hydrophobic (c) glass 

particles with median diameters d50,3* of 86 µm and 256 µm at gas flow rates of 0.1 mL/min (white bars) and 

2 mL/min (light-grey bars) in deionized water and flotation solution. 

 

The contact angle of hydrophilic particles is lower than that of unmodified particles, which is 

why attachment to bubbles and formation of stable bubble-particle heterocoagulates is less 

probable (see chapter 2.1.3.2). 

The maximum recoveries for the hydrophobic particles are shown in Fig. 5-11c. As stated in 

chapter 5.3.1.1.2 the degree of hydrophobicity of the different particle sizes is unequal. The 

particles with a median diameter of d50,3*=86 µm are more hydrophobic than the particles with 

a d50,3* of 256 µm, resulting in different contact angles of about 59° and about 21°, respectively. 

Due to the differences in hydrophobicity the recoveries of these two different particle sizes 

cannot be compared. A comparison of Rmax of the different particle classes obtained at a 

constant d50,3* is, however, feasible. 

For d50,3*=86 µm, the hydrophobic particles show the highest Rmax at a low gas flow rate with 

approx. 11 % and at a higher gas flow rate a similar recovery as the unmodified particles with 

about 31 %. At a low gas flow rate, surface forces become more important, which is why 

hydrophobic particles will attach easier to bubbles than hydrophilic particles. Additionally, 

some particle-particle aggregates have been observed during experiments with these particles. 

This effect has not been observed for hydrophilic and unmodified particles. A collision with a 

bubble and the successful formation of a heterocoagulate leads in this case also to an increase 
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in Rmax. At a higher gas flow rate, the effect of surface forces decreases as turbulence increases. 

Therefore, the collision probability will be more dominant than the attachment probability. As 

the particle diameter is the same for unmodified and silanised particles, Rmax will be similar. 

The particles treated with Caro’s acid exhibit a much smaller Rmax with 3 % at V̇g=0.1 mL/min 

and Rmax=19 % at 2 mL/min due to their strong hydrophilic nature. 

Hydrophobic particles with a median diameter d50,3* of 256 µm show a maximum recovery, 

which is comparable to the Rmax of the hydrophilic particles for both gas flow rates (approx. 

10 % and 26 %, respectively). The unmodified particles yield at this d50,3* the highest recoveries 

with Rmax=36 %. As described in chapter 5.3.1.1.2, the hydrophobic particles are floated in the 

absence of a collector. The hydrophilic particles have a contact angle close to zero, as the 

treatment with Caro’s acid creates a completely fresh glass surface free of any adsorbed 

hydrocarbons, which would increase the contact angle (cf. chapters 5.1.1 and 5.1.2). Adsorption 

of the collector on the particle surface increases the contact angle and, thus attachment to 

bubbles is improved. As Rmax of the hydrophilic particles is similar to that of the silanised 

particles, it may be assumed that the contact angles are similar. This would mean an increase 

of θ by about 20° due to the adsorption of HDA on the particle surface. 

As described in chapter 2.1.3.1, both Rmax and k are influenced by a change in the experimental 

conditions. Therefore, the product k∙Rmax is commonly used as a parameter to analyse the 

influence of the experimental conditions on the flotation process ([3], p. 749; [49]). To compare 

the obtained results for the flotation constant k and the maximum Rmax the so-called limits 

kinetic curve is used (cf. Fig. 2-5). The present experiments show an excellent agreement with 

the 0th order chemical analogous kinetic equation (see Tab. 5-5), which is why only the values 

of k for the 0th order are considered. 

The limits kinetic curve for all experimental data assuming 0th order kinetics is presented in 

Fig. 5-12. Using this graph, four regions of flotation can be arbitrarily identified according to 

[50]: slow-powerless, slow-powerful, fast-powerful, and fast-powerless. The present 

experiments are all located either in the slow-powerless or fast-powerful regime. Furthermore, 

it is found that the experimental data forms clusters with respect to the process parameters 

volumetric gas flow rate and flotation solution. Flotation in deionized water at a low gas flow 

rate shows the lowest flotation rate constants and the lowest recoveries. With increasing V̇g 

both k and Rmax increase. As expected, the flotation performance improves significantly, when 

the medium changes from deionized water to the flotation solutions containing the frother-

collector mixture or just the frother (see chapter 5.3.1.1.2). In the flotation solutions, both k and 

Rmax are again higher for the higher investigated volumetric gas flow rate. 



122  5.3 Single bubble flotation experiments  
 

 
Fig. 5-12. Limits kinetic curve for flotation of glass particles with a median diameter d50,3* of 86 µm (blank dots) 

and 256 µm (black dots) for 0th order kinetic rate constants k and maximum experimental recoveries Rmax. 

 

The flotation process can be described as the product of probabilities of the three micro 

processes collision, attachment, and stabilisation (cf. chapter 2.1.3.2). The observed bubble size 

during the experiments is approx. 2 mm and the rising velocity is about 0.18 m/s. The collision 

probability Pc is calculated using Gaudin’s model, Sutherland’s model as well as the model for 

the intermediate range (cf. Tab. 2-4) for various particle diameters dp in a range of 50 to 300 µm 

(cf. Fig. 5-13a). For the particles used in the present experiments, Pc ranges between 0.1 % and 

13 % for d50,3*=86 µm, while Pc=1-38 % for d50,3*=256 µm. The particles with a larger diameter 

have therefore the higher collision probability at a constant bubble diameter. The actual value 

of Pc is, however, unknown, because the actual flow conditions are unknown. As stated in 

chapter 2.1.3.2.1, Gaudin’s equation generally underestimates Pc, while Sutherland’s model 

overestimates Pc. The actual value of Pc is therefore expected in the range described by these 

two models, which will be close to the intermediate model. 

The attachment probability Pa is calculated with Equations (2-24) and (2-26), which have been 

presented in chapter 2.1.3.2.2, for the two used median particle diameters of 86 and 256 µm for 

various contact angles θ ranging from 0 to 180° (cf. Fig. 5-13b). The contact angles determined 

for the silanised particles are marked in the graph. For all θ, particles with d50,3*=86 µm show a 

higher Pa than particles with d50,3*=256 µm. The calculated attachment probabilities of the 

hydrophobised particles are about 92 % and 5 % for 86 µm and 256 µm, respectively. 
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Fig. 5-13. Theoretically calculated collision probabilities Pc for varying particle diameters dp (a), attachment 

probabilities Pa for particles with a median particle diameter d50,3* of 86 µm and 256 µm for varying contact angles 

θ (b), and stability probabilities Ps for varying θ with dB=2 mm, wB=0.18 m/s, σ=0.072 mN/m, and ε=10 m2/s2 (c). 

 

The information of the local energy dissipation ε is not accessible, which is why an accurate 

calculation of the stability probability Ps via Eqs. (2-27) and (2-28) is infeasible. A qualitative 

comparison of Ps of the two particle sizes with varying θ is, however, possible. Fig. 5-13c shows 

that smaller particles will lead to formation of stable bubble-particle heterocoagulates even at 

lower contact angles, while higher θ are necessary for larger particles to improve the stability. 

The presented results from Fig. 5-13 show that collision of small particles with bubbles is less 

probable than for large particles. The attachment probability will, however, be significantly 

higher. The experimental results for the maximum recovery Rmax presented in Fig. 5-11a&b 

have shown an approx. three times higher recovery for particles with d50,3*=256 µm compared 

to 86 µm at a low gas flow rate. This difference is in good agreement with the calculated 

collision probabilities for both particle sizes using Sutherland’s model, where a three times 

higher Pc has been calculated for the larger particles. The smaller deviations of Rmax at a higher 

gas flow rate may be attributed to the increased turbulence, which on the one hand will increase 

Pc, but will on the other hand also have a significant influence on the stability of the bubble-

particle heterocoagulates. A complete theoretical calculation on the basis of flotation 

probabilities is infeasible, due to the lack of quantitative information on the present flow 

conditions inside the flotation cell.  
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5.3.1.3 Influence of initial solids concentration in the flotation pulp 

To investigate the influence of the initial particle concentration cp,0 in the pulp on the flotation 

process, additional six experiments are carried out, where the solids concentration in the 

flotation pulp is halved from 62 g/L to 31 g/L. These experiments are experiments 7, 8, and 13-

16 from Tab. 5-4. The determined maximum experimental recoveries Rmax for the two different 

initial solids concentrations are compared in Fig. 5-14. The influence of cp,0 on Rmax for 

hydrophilic particles is only investigated for particles with a d50,3* of 256 µm. The results in 

Fig. 5-14a show that Rmax seems to be unaffected by cp,0. For unmodified particles, however, 

an increase in Rmax is observed for both particle sizes with decreasing particle concentration in 

the pulp (Fig. 5-14b). The increase in Rmax is smaller for particles with a median diameter of 

86 µm than for particles with d50,3*=256 µm. 

As explained in chapter 2.1.3.1, k and Rmax are affected simultaneously by a change in 

experimental conditions. Therefore, the flotation kinetics are analysed in accordance to the 

described procedure in chapter 5.3.1.2 with respect to the mean regression coefficient R2���. 

 

 
Fig. 5-14. Comparison of maximum experimental recovery Rmax for glass particles with median diameters d50,3* of 

86 µm and 256 µm at gas flow rates of 0.1 mL/min and 2 mL/min with initial solids concentrations cp,0 of 62 g/L 

(white bars) and 31 g/L (grey bars) treated with Caro’s acid (a) and unmodified particles (b) in a flotation solution 

containing hexadecylamine (HDA) as collector and methyl isobutyl carbinol (MIBC) as frother. 
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Sekhar and Shanker stated that a change of the experimental conditions may not only result in 

a change of the value of the flotation kinetic constant k but also in a shift of the flotation kinetics 

order n [40]. The obtained data is therefore additionally analysed with respect to n. A 

comparison to the obtained order of flotation kinetics at cp,0=62 g/L and at cp,0=31 g/L is 

presented in Tab. 5-6. 

The order of flotation kinetics for the hydrophilic particles is unaffected by a change in cp,0. For 

both initial solids concentrations the 0th order kinetic model gives the best fit. The value for the 

flotation rate constant k is for cp,0=31 g/L approx. half the value of k for cp,0=62 g/L, which is 

in consensus with the observed unchanged Rmax in Fig. 5-14a considering the kinetic equation 

for the 0th order model given in Eq. (2-9).  

The unmodified particles with a median particle diameter of 86 µm show a shift from 0th order 

to 1st order at a low gas flow rate of 0.1 mL/min. At a higher gas flow rate of 2 mL/min, the 

experimental data of both initial solids concentrations follows 1st order. The flotation process 

of particles with a d50,3* of 86 µm is therefore strongly affected by cp,0. The shift from 0th order 

to 1st order at the low gas flow rate of 0.1 mL/min shows in terms of Tomlinson and Fleming 

[25,28,40] that at a higher solids concentration the flotation process is predominantly inhibited, 

while free flotation is the main mechanism at a lower solids concentration. 

In contrast to this, no change in the order of flotation kinetics is observed for particles with 

d50,3*=256 µm at a low gas flow rate of 0.1 mL/min. For both investigated initial solids 

concentrations the data is best described by the 0th order chemical kinetic analogous model. The 

value for the flotation rate constant k is similar for both initial solids concentrations. Thus, Rmax 

is approx. two times higher at cp,0=31 g/L compared to cp,0=62 g/L (cf. Fig. 5-14b). 

 
Tab. 5-6. Comparison of order of flotation kinetics n for an initial solids concentration cp,0 of 62 g/L in the pulp 

as presented in chapter 5.3.1.2 and a reduced concentration of cp,0=31 g/L. 

N Particle class d50,3* V̇g n for 

  [µm] [mL/min] cp,0=62 g/L cp,0=31 g/L 

7 hydrophilic 256 0.1 0 0 

8 hydrophilic 256 2.0 0 0 

13 unmodified 86 0.1 0 1 

14 unmodified 86 2.0 1 1 

15 unmodified 256 0.1 0 0 

16 unmodified 256 2.0 0.5 0.7 
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At a higher gas flow rate, the regression coefficients for cp,0=62 g/L are similar for the 0th order 

model (R2=0.9801) and the 1st order model (R2=0.9890). At cp,0=31 g/L a larger difference 

between these two models is found with R2=0.9562 and R2=0.9800 for 0th order and 1st order 

model, respectively. However, the regression coefficient for the 1st order model shows that the 

fit of the experimental data is not completely accurate. Therefore, both investigated initial solids 

concentrations of experiment N=16 are analysed using the fractional order kinetic model, which 

is given in Eq. (2-12). As a result, the order of flotation kinetics at cp,0=62 g/L is found to be 

0.5 (R2=0.9907), while the order changes to 0.7 for cp,0=31 g/L (R2=0.9914). Thus, a change in 

the order of flotation kinetics is present at a higher gas flow rate of 2 mL/min. However, this 

change seems to be minor compared to the change from 0th order to 1st order – or rather from 

inhibited flotation to free flotation – for particles with a median particle diameter of 86 µm. 

At a high solids concentration, the ratio between the number of air bubbles and the number of 

particles NB/Np is small. As the number of bubbles in the flotation pulp is far lower compared 

to the number of particles, the bubbles will be completely covered by particles (cf. Fig. 5-18a), 

resulting in an inhibited flotation mechanism according to Tomlinson and Fleming (see 

chapter 2.1.3.1). With decreasing solids concentration the ratio between NB/Np increases, so 

that more bubbles per particle are present in the flotation pulp. As a result, the bubbles are no 

longer completely covered by particles, which changes the predominant flotation mechanism 

from inhibited flotation to free flotation. Although halving cp,0 changes Np equally for the 

particles with d50,3*=86 µm and 256 µm to half the initial particle number, the impact on the 

kinetics of particles with a median particle diameter of 86 µm is more pronounced than for 

particles with d50,3*=256 µm. Under the assumption of spherical particles, halving cp,0 leads to 

an absolute reduction from approx. 5 million particles to 2.5 million particles for d50,3*=86 µm, 

while for particles with a median diameter of 256 µm a change of only about ΔNp=90,000 is 

present. Thus, it is only plausible that the influence on the flotation kinetics of particles with a 

smaller d50,3* is more significant than for particles with a larger median particle diameter. 
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5.3.2 Optical investigations 

The experimental conditions have a significant influence on the flotation behaviour with respect 

to the maximum recovery Rmax as well as the flotation kinetic constant k and order of flotation 

kinetics n (see chapters 5.3.1.2 and 5.3.1.3). Optical investigations via Shadowgraphy (SH) are 

conducted to analyse the influence of the particle-bubble interaction at the capillary outlet. In 

addition, the rising heterocoagulates formed under different experimental conditions are 

analysed with the two optical methods SH and Particle Image Velocimetry (PIV). The former 

is used to characterise the formed heterocoagulates, while the latter is used to analyse the 

induced hydrodynamics. 

 

5.3.2.1 Bubble-particle interaction during the bubble formation process 

One of the main influence factors on the flotation kinetics, which emerged from the analysis in 

chapters 5.3.1.2 and 5.3.1.3, is the volumetric gas flow rate V̇g. The bubble formation time tf, 

which is the time from bubble formation at the capillary outlet up to the time of bubble 

detachment from the capillary, varies with variation of V̇g. At a low gas flow rate of 

0.1 mL/min, tf is approx. 0.15 s, while tf≈0.05 s at 2 mL/min. To make sure that the bubble 

production time has no significant influence on the flotation kinetics, Shadowgraphy (SH) 

measurements are carried out at the capillary outlet in order to analyse the bubble-particle 

interaction during the bubble formation process. 

An exemplary image sequence of the bubble formation at the capillary outlet during the 

flotation process of unmodified glass particles with a median particle diameter of 256 µm at a 

gas flow rate of 0.1 mL/min in the flotation solution containing hexadecylamine (HDA) and 

methyl isobutyl carbinol (MIBC) at the optimum concentrations (cf. chapter 5.2.2) is shown in 

Fig. 5-15. Particles tend to settle on the capillary and even to some extent on the capillary outlet 

(Fig. 5-15a). Although particles seem able to adsorb on the bubble surface (Fig. 5-15b-d), the 

interacting forces are too weak for formation of a stable bubble-particle heterocoagulate, 

because the particles desorb from the bubble surface just before the bubble detachment 

(Fig. 5-15e). Therefore, no particles are initially adsorbed on the bubble surface due to a bubble-

particle interaction during the bubble formation process, proving that the flotation kinetics will 

be unaffected by the bubble formation time (Fig. 5-15f). The heterocoagulate formation process 

must therefore occur elsewhere in the apparatus. 

At a higher gas flow rate, the residence time of the bubble at the capillary outlet is even lower 

due to a significantly lower bubble formation time. Hence, the influence of bubble-particle 

interaction during the bubble formation process is even lower. No bubble-particle interaction 
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has been observed at the higher gas flow rate of 2 mL/min during the experiments. Therefore, 

it can be concluded that the influence of particles adsorbed on the bubble surface prior to bubble 

detachment is negligible. 

 

   

   
Fig. 5-15. Bubble formation at the capillary during the flotation process of unmodified glass particles with a 

median particle diameter of 256 µm at a gas flow rate of 0.1 mL/min in a flotation solution containing 

hexadecylamine and methyl isobutyl carbinol. Bubble formation time tf=0.15 s. 
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5.3.2.2 Shadowgraphy measurements of rising single bubble heterocoagulates 

For each experimental condition in Tab. 5-4 in chapter 5.3.1.1.2, Shadowgraphy (SH) 

measurements of the rising single bubble heterocoagulates are performed. The optical analysis 

of the heterocoagulates should help to understand the flotation behaviour with respect to the 

determined maximum recoveries Rmax and the flotation kinetics in form of the rate constant k 

at the different experimental conditions (cf. chapter 5.3.1.2). In all image sequences presented 

in this chapter, glass particles with a median particle diameter of 256 µm are presented, because 

these particles provide a better visualisation due to their larger diameter compared to the 

particles with d50,3*=86 µm. The effects observed for both particle sizes are, however, the same. 

All raw image sequences can be found in the Appendix. 

An exemplary sequence of a rising single bubble heterocoagulate in the HDA-MIBC flotation 

solution with unmodified particles attached at the bubble rear is presented in Fig. 5-16. The 

approximate time interval between the images (a) to (c) is 0.07 s. The image sequence shows a 

nearly rectilinear rising path of the single bubble heterocoagulate, with only a small rocking 

motion in horizontal x direction. This is in consensus with the motion of freely rising bubbles 

in Tab. 2-5. The particles attached to the bubble rear are always aligned opposite the direction 

of movement of the bubble. In Fig. 5-16a, the bubble rocks to the left-hand side, while the 

particles align on the right-hand side of the bubble rear. In Fig. 5-16b, a neutral position of the 

bubble is present. Therefore, the particles are positioned at the centre of the bubble rear. In 

Fig. 5-16c the bubble moves to the right-hand side. Thus, the particles position themselves at 

the left-hand side of the bubble rear. 

From this image sequence it can be concluded that only minor rocking motions are present for 

single bubble heterocoagulates formed from unmodified glass particles. It is, however, unclear 

if this motion is induced by the bubble and balanced by the particles, or vice versa. From the 

results of the investigations in the two-phase system (see chapters 4.1 and 4.2) it may, however, 

be assumed that the motion is induced by the bubbles and compensated by the particles. 
 

   
Fig. 5-16. Rise of a single bubble heterocoagulate in the HDA-MIBC flotation solution with attached unmodified 

particles of a median particle diameter d50,3* of 256 µm filmed in the observation cell. Time interval between (a) 

and (c) is approx. 0.07 s. 
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Fig. 5-17. Rise of a single bubble heterocoagulate in the HDA-MIBC flotation solution with attached hydrophilic 

particles of a median particle diameter d50,3* of 256 µm filmed in the observation cell. Time interval between (a) 

and (d) is approx. 0.07 s. 

 

An image sequence of a rising single bubble heterocoagulate in the HDA-MIBC flotation 

solution formed from hydrophilic particles is shown in Fig. 5-17. The time interval between the 

presented images (a) to (d) is approximately 0.07 s. The image sequence shows a high mobility 

of the glass particles on the bubble surface. This motion is strongly three-dimensional, as the 

particles move not only to the back (b) and front (d) of the bubble, but also to the left and right. 

The contact angle of this particle class could not be determined via film flotation experiments, 

because no liquid more hydrophilic than deionized water has been present during the 

experiments. However, contact angle measurements on equally hydrophilic glass slides showed 

a contact angle of approx. 14.8° (cf. chapter 5.1.1). The attachment stability of these particles 

on the bubble surface will therefore be low, consequently enabling them to move freely on the 

bubble surface. This visual impression underlines the fact that hydrophilic particles exhibit a 

very small maximum recovery. Due to the high mobility of the particles and the small 

attachment forces, already minor disturbances, e.g. turbulence and/or collision with other 

heterocoagulates or the wall of the apparatus, can easily lead to a detachment of the particles 

from the bubble surface. Furthermore, the attachment probability is in accordance with 

Eq. (2-26) low due to the low contact angle, which decreases the flotation kinetics 

(cf. chapter 2.1.3.2.2). 

For hydrophobic particles, larger bubble-particle aggregates up to a clustering of multiple 

bubbles and particles are observed (see Fig. 5-18). During the experiments with hydrophobic 

particles in the flotation solution containing only the frother MIBC, an aggregation of the 

particles has been observed in the dispersion cell. This aggregation is related to the strongly 

hydrophobic nature of the particles, which prevents a wetting of the particles. The strong 

particle-particle interactions occur due to the hydrophobic nature of the particles and lead to the 

formation of aggregates. The flotation of these formed larger aggregates is, however, more 

complicated, because the weight force is higher than for single particles, thus requiring a higher 

buoyant force. The bubble production frequency and capillary outlet diameter are kept constant 

 a  b  c  d 



5 Investigation of a model three-phase system 131 
 

during the experiments, so that the bubble size is approximately constant and, thus the buoyant 

force. The bubbles induced in the dispersion cell exhibit also a hydrophobic surface, which is 

why the hydrophobic glass particles will be attracted towards the bubble surface. Due to the 

hydrophobic property of the bubble and the additional effect of the hydrophobic particles, 

bubbles may be fully covered by particles as shown in Fig. 5-18a. In this case, the bubble is not 

able to float to the top of the single bubble flotation column anymore. The fully covered bubbles 

are observed to be moving up and down in the dispersion cell. With adsorption of particles on 

the bubble surface the mean density of the heterocoagulate increases up to the point, where the 

density is close to the density of the surrounding liquid. If the densities are similar, the 

heterocoagulate will hover and follow the flow induced by the circulating pump in the 

dispersion cell. As new bubbles are induced into the dispersion cell, a collision between the 

fully covered bubble-particle heterocoagulates and the newly formed bubbles is possible. Due 

to the hydrophobic nature of the particles, the attachment to air bubbles is increased 

(Fig. 5-18b&c). The more bubbles attach to the already existing heterocoagulate, the higher the 

buoyant force of the heterocoagulate becomes. As soon as the buoyant force is greater than the 

weight force, the heterocoagulate will rise to the top of the single bubble column. If only a small 

number of particles aggregates and the buoyant force of an attached bubble is large enough to 

overcome the weight force, flotation of these already larger bubble-particle heterocoagulates is 

also feasible (see Fig. 5-18d).  

The results of the SH measurements are in consensus with the results presented in Fig. 5-11. It 

is observed that the number of particles attached to the bubble surface of rising heterocoagulates 

is larger for hydrophobic particles than for unmodified or hydrophilic particles. The determined 

low values for Rmax and k for hydrophilic particles (cf. chapter 5.3.1) can be attributed to the 

high mobility of the particles on the bubbles surface. Due to this mobility, the stability of the 

bubble-particle heterocoagulates is low, resulting in a higher detachment probability of the 

particles. Compared to this, determined values for Rmax and k for unmodified particles are 

higher, but still low compared to hydrophobic particles, which is a result of the formed larger 

bubble-particle aggregates and the hydrophobic particle-particle interaction. 

The finding of completely loaded bubbles in the dispersion cell (cf. Fig. 5-18a) may be another 

explanation why the maximum recovery Rmax of the hydrophobic particles with a median 

particle diameter d50,3* of 256 µm is lower compared to Rmax of the unmodified particles 

(cf. Fig. 5-11). As described above, heavily loaded bubbles will have a density close to the 

surrounding liquid, which is why they are unable to float. Only if more bubbles attach to the 

heterocoagulate will the density be lowered again so that the heterocoagulates will rise to the 

solids deposition cell at the top of the apparatus. 
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Fig. 5-18. Formation of larger bubble-particle heterocoagulates in an aqueous MIBC solution of particles with a 

median diameter d50,3* of 256 µm using hydrophobic particles. Image (a) shows a fully covered bubble in the 

dispersion cell, which is unable to rise, while (b)-(d) show rising heterocoagulates in the observation cell. 

 

For small flotation times Rmax may therefore be low. If the flotation time is prolonged, however, 

the attachment of further bubbles on the heterocoagulates may result in the flotation of the 

heavily loaded bubbles, and thus increase Rmax significantly. 

 

5.3.2.3 Hydrodynamic characterisation of rising heterocoagulates 

As stated in chapter 1.2, the aim of the present work is the analysis of freely rising 

heterocoagulates. The experimental setup presented in chapter 3.1.1.1 explained the necessity 

of a circulating pump for the dispersion of the solid particles in the pulp of the flotation column 

located in the dispersion cell (cf. chapter 3.1.1.1.1). A distance of approx. 380 mm between the 

dispersion cell and the observation cells has been considered to reduce the influence of the 

circulating pump on the optical investigations to a minimum. To analyse the influence of the 

circulating pump on the hydrodynamics in the observation cells, Particle Image Velocimetry 

(PIV) measurements are carried out without solids and bubbles in the observation cells. 

Afterwards, flotation experiments as described in chapter 5.3.1 are carried out for unmodified 

glass particles with two different particles sizes at two different volumetric gas flow rates at a 

constant collector and frother concentration. The formed single bubble heterocoagulates are 

observed and analysed using the optical methods Shadowgraphy (SH) and PIV simultaneously. 

 

5.3.2.3.1 Experimental procedure 

The single bubble flotation column is prepared as described in chapter 5.3.1.1.1 and the 

experimental procedure for the flotation of the glass particles is analogous to the description in 

chapter 5.3.1.1.2. For the measurements regarding the influence of the circulating pump, no 

solid particles are added to the liquid and the syringe pump is turned off. PIV measurements 

are then conducted for volumetric liquid flow rates V̇ of zero to investigate the gravitational 

influence as well as for the volumetric flow rates calculated for the dispersion of the glass 
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particles with a median diameter d50,3* of 86 µm and 256 µm (see Appendix 9.1.3.2). The PIV 

measurements are conducted at steady-state and approx. 300 images are analysed. 

Rising heterocoagulates are investigated for the experiments N=13-16 stated in Tab. 5-4 in 

chapter 5.3.1.1.2. The stated volumetric gas flow rate V̇g of 2 mL/min for experiments N=14 

and N=16 is, however, too high for an investigation via PIV. Preceding studies have shown that 

the time interval between two consecutive rising heterocoagulates is too small at this gas flow 

rate. Therefore, V̇g is reduced to 1 mL/min instead, which reduces the interaction between two 

consecutive rising heterocoagulates and, thus enables the analysis of these. 

Four grams of unmodified glass particles with a median particle diameter d50,3* of 86 µm and 

256 µm are floated at two different gas flow rates V̇g of 0.1 mL/min and 1 mL/min in an 

aqueous HDA-MIBC flotation solution with the optimised concentrations stated in 

chapter 5.2.2. SH and PIV measurements are conducted simultaneously to allow an analysis of 

the geometric parameters of the heterocoagulates and their influence on the induced 

hydrodynamics as well as a counting of the attached particles. Preceding experiments have 

shown that the tracer-particles do not adsorb on the bubble surface, neither in deionized water 

nor in surfactant solutions. Thus, a systematic error due to floated tracer particles does not have 

to be considered. The number of particles attached to the bubbles are counted manually from 

the SH image sequences. The PIV image sequences are analysed as stated in chapter 3.2.2. 

 

5.3.2.3.2 Results 

In the first step, the influence of gravitational effects and the effect of the volumetric liquid flow 

rate V̇ induced by the circulating pump in the dispersion cell are analysed. The results are 

presented in Tab. 5-7. The determined mean liquid velocities w� are in all three cases smaller by 

a factor of ten compared to PIV results of rising single bubbles in deionized water and aqueous 

surfactant solutions (cf. chapters 4.1.2 and 4.2). To evaluate the influence magnitude of these 

background effects on the actual measurements, the ratio of w� and the minimum observed 

bubble rising velocity wB in surfactant systems (cf. chapter 2.3.1.2), as well as the ratio of w� 

and the average liquid flow velocity w�* around rising single bubbles observed in the two-phase 

system (cf. chapter 4.1.2) are calculated. The former ratio shows that the influence of w� on the 

rising velocity is less than 1 % and therefore negligible. The latter ratio shows also a low effect 

on the average liquid flow velocity around rising single bubbles with an influence of less than 

3 % in all investigated experimental conditions. Thus, it can be concluded that all measurements 

regarding single bubble heterocoagulates in the flotation column will be acquired without the 

influence of the circulating pump. 
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Tab. 5-7. Mean liquid velocity w�  measured in the observation cell under the influence of gravity (V̇=0) as well as 

the two different circulating pump volumetric flow rates V̇ used for dispersion of the solid particles in the 

dispersion cell of the single bubble flotation column (cf. Appendix 9.1.3.2). 

V̇ w� 
w�

wB

1 
w�
w�*

2 

 [x10-4 m/s] [%] [%] 

0 2.2 0.1 0.6 

d50,3*=86 µm 8.5 0.5 2.4 

d50,3*=256 µm 9.9 0.6 2.8 

 

The resulting frequency distributions q0 for the two different gas flow rates are shown in 

Fig. 5-19. The manual counting of the particles attached to bubbles is only carried out for 

particles with a d50,3* of 256 µm, because the smaller particles cannot be counted accurately due 

to their low particle size. 

 

 
Fig. 5-19. Frequency distribution q0 of the number of particles Np attached to a rising bubble at volumetric gas 

flow rates of 0.1 mL/min (white bars) and 1.0 mL/min (grey bars) for unmodified particles with a median diameter 

d50,3* of 256 µm in the HDA-MIBC flotation solution. Approximately 100 bubbles have been counted. 
 

                                                 
1 A rising velocity of wB=0.18 m/s is assumed, which corresponds to the minimum rising velocity of the bubbles 
in the experimental range (cf. chapter 2.3.1.2). 
2 A mean liquid flow velocity w�* around rising bubbles of 0.035 m/s is assumed (cf. chapter 4.1.2). 
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The number of particles Np attached to the bubbles decreases with increasing gas flow rate V̇g. 

This seems plausible, because the probability of formation of a stable bubble-particle 

heterocoagulate will decrease due to an increased turbulence (cf. chapter 2.1.3.2.3). At 

V̇g=0.1 mL/min, the maximum of the frequency distribution is at Np=4, while the maximum is 

at Np=2 for V̇g=1 mL/min. Furthermore, it is striking that at the higher gas flow rate bubbles 

are observed, which have no particles attached to the bubble surface. According to the model 

for the probability of the stability Ps of the bubble-particle heterocoagulates given by Eq. (2-28) 

in chapter 2.1.3.2.3, the stability will decrease with increasing turbulence in the flotation pulp. 

Thus, the finding of bubbles without attached particles may be related to the higher turbulence 

in the flotation pulp due to the increased gas flow rate and, consequently, the increase of the 

induced liquid velocity (cf. chapter 4.1.2). 

The results of the mean liquid velocity w� in the observation cell 2 (cf. Fig. 3-1) at two different 

volumetric gas flow rates V̇g of 0.1 mL/min and 1 mL/min for the single bubble-particle 

heterocoagulates with median particle diameters d50,3*=86 µm and 256 µm are compared to 

unloaded bubbles in deionized water (DW) and the collector-frother solution (HDA-MIBC) in 

Fig. 5-20. 

 

 
Fig. 5-20. Comparison of mean liquid velocities w�  for gas flow rates V̇g of 0.1 mL/min and 1.0 mL/min for 

measurements in deionized water (DW, white bars), the hexadecylamine-methyl isobutyl carbinol-solution used 

in absence of particles (HDA-MIBC, light-grey bars), as well as freely rising heterocoagulates with particles with 

a median diameter d50,3* of 86 µm (grey bars) and particles with d50,3*=256 µm (dark-grey bars). 
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For measurements in DW and the HDA-MIBC solution the mean value of five bubbles is 

presented, while the average of approximately 30 bubbles is presented for all particle loadings. 

An increase of w� from V̇g=0.1 mL/min to 1.0 mL/min is present for all four experimental 

conditions. Furthermore, measurements in DW show always the lowest w�. At a low V̇g, a clear 

trend between unloaded bubbles in the HDA-MIBC solution and the bubble-particle 

heterocoagulates is not present. The mean liquid velocity for bubbles in the HDA-MIBC 

solution is equal to w� for heterocoagulates with particles of a median diameter of 256 µm. The 

mean liquid velocity for heterocoagulates with d50,3*=86 µm is approx. 17 % lower than for 

d50,3*=256 µm at V̇g=0.1 mL/min. At the higher gas flow rate of 1 mL/min, a clear trend 

between loaded and unloaded bubbles is observed. The mean liquid velocity is the lowest for 

measurements in DW, followed by rising unloaded bubbles in the HDA-MIBC solution. The 

heterocoagulates exhibit the highest w�. A significant difference between the two different 

particle sizes is, however, not observed. 
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6 Flotation experiments with fluorite minerals 

In this chapter, flotation experiments with an industrial fluorite mineral system and a fluorescent 

fluorite mineral are presented. 

 

6.1 Industrial fluorite mineral from Clara mine 

6.1.1 Experimental procedure 

A fluorite flotation system from the Clara mine in Oberwolfach, Germany, provided by 

Sachtleben Bergbau GmbH is investigated using a design of experiment (DoE) with respect to 

the total recovery Rmax, the flotation rate constant k, and the calcium fluoride content w(CaF2) 

in the concentrate using the developed FT Raman spectroscopy method (see chapter 3.2.3). A 

3k DoE with pH value, oleic acid concentration c(OA), stirrer speed n, and volumetric gas flow 

rate V̇g as variable parameters is set up as presented in Tab. 6-1. The centre point experiment 

(N=17) is repeated nine times and each other experimental point is repeated three times, 

yielding a total number of 57 experiments. 

The experiments are conducted in a 2 L laboratory scale flotation apparatus (see chapter 3.1.2) 

at a room temperature of 22 °C ± 2 °C. Deionized water is filled into the apparatus to a liquid 

level of about 180 mm. Afterwards oleic acid and starch are added while stirring. Starch is used 

as depressant for barium sulphate in the experiments. Its concentration is kept constant at 

0.4 mg/g crude ore in all 57 experiments, which is in the typical concentration range stated in 

literature (see chapter 2.1.4.2). The oleic acid concentration is varied between 0.047 mmol/L 

and 0.17 mmol/L, which corresponds to 0.4-1.4 kg OA per tonne crude ore. The chosen range 

of c(OA) is therefore in the common range reported in literature (cf. chapter 2.1.4.2). The 

pH value is measured using an immersed pH-electrode (cf. Fig. 3-5) and manipulated using a 

1N sodium hydroxide solution. Afterwards, 60 g of the dry fluorite ore are given into the liquid 

solution, yielding a solids concentration of 3 wt%. The Raman analysis of the crude ore shows 

a calcium fluoride concentration of approx. 50 wt%. After 1 min conditioning time, air is 

introduced into the apparatus via a porous frit. The air flow rate is adjusted using a variable area 

flowmeter. The duration of the experiments is monitored with a stop watch. 

The formed froth is skimmed manually into a glass beaker. Every five minutes, a new beaker 

is used to facilitate a time-resolved analysis of the flotation process. At the same time, the 

present pH value is noted. The experiments are stopped when no more froth is formed or 

30 minutes have elapsed. Afterwards, the concentrate is filtered and washed several times with 

deionized water. The particles are then dried to constant weight in an oven at 100 °C. 
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Tab. 6-1. Design of experiment (DoE) for investigation of the fluorite flotation system from the Clara Mine in 

Oberwolfach, Germany, provided by Sachtleben Bergbau GmbH with pH value, oleic acid concentration c(OA), 

stirrer speed n, and volumetric gas flow rate V̇g as variable parameters. 

N 

 

pH 

[-] 

c(OA) 

[-] 

n 

[-] 

V̇g 

[-] 

pH 

[-] 

c(OA) 

[mmol/L] 

n 

[1/min] 

V̇g 

[L/min] 

1 -1 -1 -1 -1 8 0.047 250 2.0 

2 -1 -1 -1 1 8 0.047 250 5.0 

3 -1 -1 1 -1 8 0.047 450 2.0 

4 -1 -1 1 1 8 0.047 450 5.0 

5 -1 1 -1 -1 8 0.170 250 2.0 

6 -1 1 -1 1 8 0.170 250 5.0 

7 -1 1 1 -1 8 0.170 450 2.0 

8 -1 1 1 1 8 0.170 450 5.0 

9 1 -1 -1 -1 12 0.047 250 2.0 

10 1 -1 -1 1 12 0.047 250 5.0 

11 1 -1 1 -1 12 0.047 450 2.0 

12 1 -1 1 1 12 0.047 450 5.0 

13 1 1 -1 -1 12 0.170 250 2.0 

14 1 1 -1 1 12 0.170 250 5.0 

15 1 1 1 -1 12 0.170 450 2.0 

16 1 1 1 1 12 0.170 450 5.0 

17 0 0 0 0 10 0.109 350 3.5 

 

For the FT Raman analysis, approx. 0.5 g of the dried sample are filled into a vial. The 

measurements are carried out as described in chapter 3.2.3. If the amount of a fraction is smaller 

than 0.5 g it is mixed with the next fraction and measured as an average of the sample times. 

To investigate the effect of c(OA) on the flotation performance, supplementary film flotation 

experiments are conducted. In these experiments, high-purity grade calcium fluoride with a 

CaF2 content of at least 99 wt% is used. Suspensions of 5 g CaF2 and the minimum and 

maximum oleic acid concentrations investigated in the DoE, namely 0.047 mmol/L and 

0.170 mmol/L, are setup in 50 mL beaker glasses. The pH is adjusted to 8 using a 1N sodium 

hydroxide solution. The suspensions are stirred for 10 min with a magnetic stirrer. Afterwards, 

the suspensions are filtrated, the calcium fluoride is rinsed several times with deionized water, 

and finally dried in an oven at 100 °C to constant weight. The procedure of the film flotation 

experiments is analogous to the procedure described in chapter 5.1.2.  
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6.1.2 Results and discussion 

The results of the design of experiment (DoE) are first analysed with respect to the flotation 

kinetics. Afterwards, a rigorous statistical analysis is carried out for the design of experiment 

in order to investigate the influence of the different operational parameters on the overall 

flotation process. Lastly, results of additionally conducted optical measurements are presented 

in order to relate these results with the flotation results. 

 

6.1.2.1 Analysis of flotation kinetics 

The experimental results are analysed with respect to the flotation kinetics as stated in 

chapter 6.1.1. For this purpose chemical analogous kinetic models of type 0th order, 1st order, 

and 2nd order, as well as empirical models, e.g. the classical model, are evaluated. The former 

models are analysed via linearisation in Microsoft Excel using the determined experimental 

recovery Rmax (see chapter 2.1.3.1), while the kinetic parameters of the latter are determined 

using a MATLAB tool [273]. The empirical model fits are carried out with the restriction 

R∞≤100 %. 

An overview of the tested kinetic models and the corresponding mean regression coefficients 

R2��� is given in Tab. 6-2. The 1st order model gives the best mean regression coefficient for the 

chemical analogous models with a value of 0.9907. The empirical models show mean 

regression coefficients with similar values (R2��� ≥0.9898) with exception of the fully mixed 

model, which has a mean regression coefficient of 0.9445. 

 

Tab. 6-2. Mean regression coefficients R2��� and minimum and maximum determined regression coefficients 

min(R2) and max(R2), respectively, for flotation experiments of the industrial fluorite mineral. 

Kinetic model R2��� min(R2) max(R2) 

0th order 0.9227 ± 0.0414 0.8534 0.9857 

1st order 0.9907 ± 0.0133 0.9461 0.9999 

2nd order 0.8479 ± 0.0843 0.6577 0.9752 

Classical model 0.9970 ± 0.0024 0.9929 0.9998 

Klimpel model 0.9929 ± 0.0047 0.9857 0.9992 

Kelsall model 0.9928 ± 0.0076 0.9768 1.0000 

Modified Kelsall model 0.9996 ± 0.0008 0.9974 1.0000 

Gamma model 0.9995 ± 0.0009 0.9966 1.0000 

Fully mixed model 0.9445 ± 0.0777 0.7659 0.9999 
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Fig. 6-1. Exemplary kinetic fit for fluorite flotation at a pH of 8, a concentration of oleic acid of 0.047 mmol/L, a 

stirrer frequency of 450 min-1 and a gas flow rate of 5 L/min using chemical analogous models of type 0th order, 

1st order, and 2nd order, as well as the classical type model as an example for the evaluated empirical models. 

 

Exemplary fits of the kinetic models to an experimental data set is given in Fig. 6-1, where the 

data from the experimental design at N=4 (cf. Tab. 6-1) are presented for fluorite flotation at 

pH=8 with c(OA)=0.047 mmol/L at a stirrer speed of 450 min-1 and V̇g=5 L/min. The chemical 

analogous model of 1st order gives the best fit. The 0th order fit underestimates the recovery in 

the beginning and overestimates it towards the end with an absolute deviation of 2 % at 

t=30 min, which represents a relative error of 21 %. The 2nd order fit overestimates the recovery 

up to approx. t=20 min and underestimates it afterwards with an absolute difference of 2.6 %. 

The classical model, which is shown as an example for the evaluated empirical models, shows 

a fit similarly as good as the 1st order chemical analogous model. Compared to the 1st order 

model the classical model predicts a slightly higher recovery at t=30 min (8.78 % vs. 8.68 %). 

From the obtained data it can be concluded that the flotation process of fluorite generally 

follows 1st order kinetics for the investigated process parameters. Wills and Finch ([17], p. 297) 

as well as many other researchers [35–39] state that the order of flotation kinetics generally 

follows 1st order (cf. chapter 2.1.3.1). According to Nguyen and Schulze first-order kinetics 

apply to flotation of single minerals or diluted pulps, while second-order kinetics apply to 

flotation of low grade ores as well as more concentrated pulps ([3], p. 749). The initial solids 

concentration in the pulp in the present experiments is 3 wt% with a calcium fluoride 
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concentration of w(CaF2)≈50 wt% (cf. chapter 6.1.1). Batch-flotation tests presented in 

literature state solids concentrations ranging from diluted solutions with 1-4 wt% [39,274] and 

intermediate concentrations of approx. 10-20 wt% [24,36,42,275–277] up to concentrated pulps 

with about 30-40 wt% solids in the pulp [41,46,278]. The pulp concentration in the present 

experiments is low so that a diluted solution may be assumed. Wills and Finch recommend a 

low pulp density to avoid an overloading of the bubbles, which would result in an inhibited 

flotation according to Tomlinson and Fleming (cf. chapter 2.1.3.1). However, they state that in 

commercial roughers most commonly pulps with 25-40 wt% solids are used, although their 

concentration can vary to a minimum of 8 wt% and up to a maximum of 55 wt%. Diluted pulps 

are preferred in cleaner stages to take advantage of increased selectivity ([17], p. 320). In the 

industrial flotation process of fluorite, a solids concentration of 25-32 wt% in the pulp is 

reported. The process is commonly conducted in 5-10 mechanical cells per bank, meaning five 

to ten flotation cells in series ([77], p. 1209). Therefore, comparison of batch-flotation 

experiments in laboratory scale with industrial processes is complicated. 

 

 
Fig. 6-2. Comparison of the product of flotation rate constant and maximum experimental recovery k∙Rmax at pH=8 

(white bars), pH=12 (light-grey bars), and pH=10 (grey bars) for the experiment numbers N stated in the 

experimental design in Tab. 6-1. The flotation rate constants k used for the calculations are all taken from the 

results of the 1st order chemical analogous reaction model fit. 
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It has been stated in chapter 2.1.3.1 that a change in experimental conditions will 

simultaneously affect the flotation rate constant k and the maximum recovery Rmax. Thus, the 

product of these two parameters k∙Rmax is more suitable for a comparison of the flotation 

process at varying experimental conditions. A comparison of the determined k∙Rmax for the 

conducted experiments is shown in Fig. 6-2. For all calculations presented in this diagram, the 

determined 1st order flotation rate constants k from the chemical analogous model are used. 

At pH=8, the product k∙Rmax is always greater than at pH=12, with exception of N=6+14. 

Furthermore, an increase of c(OA) always yields higher values for k∙Rmax, e.g. comparison of 

N=1+9 with N=5+13, which have the same stirrer speed n of 250 min-1 and same gas flow rate 

V̇g of 2 L/min, shows an approx. four times higher value at pH=8 and an about 16 times higher 

value at pH=12 with an increase of c(OA) from 0.047 mmol/L to 0.17 mmol/L. Additionally, 

an increase of n results in an increase of k∙Rmax (cf. Fig. 6-2 for, e.g. N=1+9 and N=3+11). The 

gas flow rate shows no clear trend at the low oleic acid concentration, as k∙Rmax increases from, 

e.g. N=1+9 to N=2+10, but decreases from N=3+11 to N=4+12. At c(OA)=0.17 mmol/L, 

k∙Rmax increases with increasing V̇g for all experimental data sets (cf. Fig. 6-2 for, e.g. N=5+12 

and N=6+14). The product of flotation rate constant and maximum recovery at the centre point 

of the DoE (N=17) is similar to the value obtained at N=5+13. 

From Fig. 6-2 it can be concluded that a low pH value of 8, a high oleic acid concentration of 

0.17 mmol/L, and a high stirrer speed of n=450 min-1 are favourable to increase the kinetics and 

the recovery. The gas flow rate seems to have an influence on k∙Rmax only at a higher c(OA). 

At this set point, V̇g should then be high (5 L/min) to increase k∙Rmax. Although a discussion of 

the process parameter is feasible using Fig. 6-2, there is, however, no information on the 

concentrate grade given in this diagram, which is why these set points do not necessarily have 

to be the optimal flotation parameters. In order to investigate the influence of the process 

parameters on the flotation process including the product quality, a statistical analysis is carried 

out in the following chapter. 
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6.1.2.2 Statistical analysis of the design of experiment 

The summarized results of the design of experiment are presented in Tab. 6-3. The results for 

the flotation responses maximum recovery Rmax, first-order flotation rate constant k, and 

calcium fluoride content w(CaF2) in the concentrate are the mean values of the three and nine 

repetitive measurements, respectively (see chapter 6.1.1). The presented results for k are the 

1st order flotation rate constants obtained from the kinetic analysis using the chemical analogous 

model, as this model has been found to represent the flotation kinetics best (cf. chapter 6.1.2.1). 

The maximum recovery ranges from 0.4 % to 42 %, the 1st order flotation rate constant ranges 

from 1.6 -4.0∙10-3 s-1, and the calcium fluoride content in the concentrate ranges from 36 % to 

91 %. 

 
Tab. 6-3. Resulting mean maximum recovery R�max, mean first-order kinetic constant k�, and mean weight fraction 

of calcium fluoride in the concentrate w�(CaF2) of the design of experiment as well as the parameter product 

R�max∙w�(CaF2). 

N 

 

pH 

[-] 

c(OA) 

[mmol/L] 

n 

[1/min] 

V̇g 

[L/min] 

R�max 

[%] 

k� 

[x10-3 s-1] 

w�(CaF2) 

[%] 

R�max∙w�(CaF2) 

[%] 

1 8 0.047 250 2.0 1.18 3.04 75.73 0.89 

2 8 0.047 250 5.0 1.79 3.07 78.22 1.40 

3 8 0.047 450 2.0 8.36 2.06 83.56 6.99 

4 8 0.047 450 5.0 8.98 1.89 91.22 8.19 

5 8 0.170 250 2.0 7.65 1.91 83.38 6.38 

6 8 0.170 250 5.0 8.32 2.67 83.28 6.93 

7 8 0.170 450 2.0 42.44 2.56 87.74 37.24 

8 8 0.170 450 5.0 38.36 3.33 84.41 32.38 

9 12 0.047 250 2.0 0.38 2.45 36.36 0.14 

10 12 0.047 250 5.0 1.01 3.99 47.01 0.48 

11 12 0.047 450 2.0 4.41 1.64 57.64 2.54 

12 12 0.047 450 5.0 2.96 1.98 47.44 1.40 

13 12 0.170 250 2.0 5.69 2.52 72.68 4.14 

14 12 0.170 250 5.0 11.64 2.75 75.48 8.79 

15 12 0.170 450 2.0 20.83 3.48 60.01 12.50 

16 12 0.170 450 5.0 26.86 3.95 61.68 16.57 

17 10 0.109 350 3.5 11.37 1.78 79.27 9.02 
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The influence of the variable parameters pH value, oleic acid concentration c(OA), stirrer speed 

n, and volumetric gas flow rate V̇g on the maximum recovery Rmax, the flotation rate constant 

k, and the calcium fluoride content w(CaF2) in the concentrate is analysed via a statistical 

analysis in Minitab v18.1.0.0. All analyses are carried out at a significance level α of 99 %. 

The analysis of the standardized effects in form of a Pareto chart for Rmax is shown in Fig. 6-3. 

The Pareto chart is used to determine the magnitude and the significance of the effects. Only 

bars, which cross the reference line are statistically significant. The position of the reference 

line depends on the chosen significance level. A previous analysis showed that the volumetric 

gas flow rate (factor D) as well as all two-factor interactions with V̇g (AD, BD, and CD) are 

insignificant, which is why these factors are not shown in Fig. 6-3. Due to their insignificance, 

these parameters have to be excluded for all further analyses. 

From Fig. 6-3 it can be seen that the concentration of oleic acid has the largest influence on 

Rmax, the stirrer speed the second largest effect, and the two-factor interaction effect c(OA)∙n 

the third largest effect. The two-factor interaction effect pH∙c(OA) is just insignificant. The 

Pareto chart displays, however, only the absolute values of the effects. Thus, it cannot be 

determined if the significant effects have a positive or negative effect on Rmax. 

 

 
Fig. 6-3. Pareto chart of the standardized effects for the maximum recovery Rmax at a significance level α of 99 %. 

Dashed line at a standardized effect of 2.7 shows reference value at which effects become significant. 
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Fig. 6-4. Normal plot of the standardized effects for the maximum recovery Rmax at a significance level α of 99 %. 

Dashed line shows reference value at which effects become positive. Hollow symbols indicate insignificant effects. 

 

For this purpose, the normal plot of the standardized effects for Rmax as presented in Fig. 6-4 is 

analysed. Significant effects on the left-hand side of the dashed line in Fig. 6-4 have a negative 

effect on Rmax, while significant effects on the right-hand side have a positive effect on Rmax. 

The previously determined three largest effects B, C, and BC all show a positive effect. Thus, 

an increase in c(OA) and n will result in a higher maximum recovery. On the other hand, an 

increase in pH will result in a decrease of Rmax, because the two-factor interaction effect pH∙n 

has a negative effect on Rmax. The contour plot of this two-factor interaction effect in Fig. 6-5b 

helps to understand this effect in detail. At a constant pH value Rmax increases with increasing 

stirrer speed. This effect is more pronounced at a lower pH value than at a higher pH value. 

Inversely, Rmax decreases with increasing pH value at a constant stirrer speed. At a low stirrer 

speed, this effect is negligible, while a sharp decrease in Rmax is present at a high stirrer speed. 
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Fig. 6-5. Contour plots for maximum recovery Rmax based on the DoE results: interaction of pH value and oleic 

acid concentration c(OA) at a constant stirrer speed n of 350 min-1 (a), interaction of pH value and n at a constant 

c(OA) of 0.109 mmol/L (b), and interaction of c(OA) and stirrer speed at a constant pH value of 10 (c). 

 

The contour plot of the two-factor interaction effect pH∙c(OA), which is shown in Fig. 6-5a, 

shows as Fig. 6-5b larger values for Rmax at a low pH value of 8. Furthermore, Rmax increases 

at a constant pH value, if the oleic acid concentration increases. Fig. 6-5c shows the contour 

plot of the two-factor interaction effect c(OA)∙n. Both a high concentration of oleic acid as well 

as a high stirrer speed are preferable for a high maximum recovery. These results are in 

consensus with the discussion of k∙Rmax presented in Fig. 6-2. 

The statistical analysis of the flotation rate constant and the calcium fluoride content in the 

concentrate are carried out analogously to the statistical analysis of the maximum recovery Rmax 

as presented above. Therefore, only the contour plots will be presented here. All other resulting 

plots can be found in the Appendix.  

As shown in chapter 6.1.2.1, the flotation process of fluorite generally follows first-order 

kinetics in the investigated parameter range. The statistical discussion of k is therefore carried 

out for the determined values using the 1st order chemical analogous model (cf. chapter 6.1.2.1). 

The analysis of the standardized effects in form of a Pareto chart shows that only the two-factor 

interaction effect c(OA)∙n is statistically significant. According to the normal plot of the 

standardized effects this effect is positive. Thus, k increases with increasing oleic acid 

concentration as well as increasing stirrer speed. 
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Fig. 6-6. Contour plot for 1st order flotation rate constant k (a) and calcium fluoride purity w(CaF2) in the 

concentrate (b) based on the DoE results: interaction of oleic acid concentration c(OA) and stirrer speed n (a) and 

interaction of pH value and c(OA) (b). 

 

A detailed insight is provided by the contour plot of c(OA)∙n, which is presented in Fig. 6-6a. 

For the investigated parameter range, k is maximised at a high oleic acid concentration in 

combination with a high stirrer speed. 

From the Pareto chart of the standardized effects for w(CaF2) it is found that pH value, oleic 

acid concentration, and the two-factor interaction effect pH∙c(OA) are statistically significant. 

The amount of influence on w(CaF2) decreases according to pH>c(OA)>pH∙c(OA). The 

influence of c(OA) and the two-factor interaction effect on w(CaF2) are positive, while an 

increase of pH results in a decrease of w(CaF2). The contour plot of pH∙c(OA) is presented in 

Fig. 6-6b. At a constant pH value, an increase of c(OA) results in an increase of the calcium 

fluoride content in the concentrate. Inversely, an increase of the pH value at a constant oleic 

acid concentration results in a decrease of w(CaF2). 

A summary of the obtained results from the statistical analysis is given in Tab. 6-4. The table 

provides an overview of the factor levels, which have been determined as optimum in order to 

maximise the flotation responses Rmax, k, and w(CaF2). 

 
Tab. 6-4. Factor levels for maximisation of the recovery Rmax, first-order flotation rate constant k, and calcium 

fluoride content w(CaF2) in the concentrate as well as the parameter product Rmax∙w(CaF2). 

Parameter Factor level for maximisation of  

 Rmax k w(CaF2) Rmax∙w(CaF2) 

pH  ↓ arbitrary ↓ ↓ 

c(OA) ↑ ↑ ↑ ↑ 

n ↑ ↑ arbitrary ↑ 

V̇g  arbitrary arbitrary arbitrary arbitrary 
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The presented statistical analysis shows that the volumetric gas flow rate has no significant 

effect on all three flotation responses in the investigated parameter range. Therefore, its factor 

level for maximisation of Rmax, k, and w(CaF2) in the investigated experiments is arbitrary. 

The maximum recovery is influenced by all remaining three parameters, namely pH value, oleic 

acid concentration, and stirrer speed. In order to maximise Rmax, the pH value should be low, 

while c(OA) and n should be high (cf. Fig. 6-5). The first-order flotation rate constant k is only 

significantly affected by the oleic acid concentration and the stirrer speed. Both of these factors 

should be high in order to maximise k. The calcium fluoride content in the concentrate is only 

dependent on the pH value and c(OA). To increase the grade of CaF2 in the concentrate, the 

pH value should be low, while the concentration of oleic acid should be high. For industrial 

flotation plants, the flotation variables Rmax and w(CaF2) are of great economic importance, 

because both a high recovery as well as a high product purity is desired. The statistical analysis 

of Rmax∙w(CaF2) shows in accordance with the previously presented results that the influence 

of V̇g is insignificant, while c(OA) and n should be high and the pH value should be low. 

In conclusion, the flotation process of fluorite is found to be most efficient at a low pH value, 

a high concentration of oleic acid and a high stirrer speed in the investigated parameter range. 

To discuss the reasons for these identified factor levels, further experimental data is analysed 

and the obtained parameters are compared to literature. 
 

 
Fig. 6-7. Observed pH as a function of experimental time for the three different initial pH0 values (dashed lines 

indicate trends). 
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The pH value of the flotation pulp in the present experiments is monitored over time using an 

immersed pH-electrode (see chapter 6.1.1). The mean trends of the pH value for the three 

different initial pH0 values are shown in Fig. 6-7. For an initial pH value pH0=8 the pH value 

decreases in the beginning sharply until a threshold is reached at about 15 min with pH=7. At 

the highest investigated initial pH value of pH0=12, no change is observed over time so that the 

pH value remains constant throughout the experimental time. Likewise, no change is observed 

for pH0=10 up to t≈10 min. At t>10 min, the pH value decreases to a final value of pH=9 after 

30 min.  

The pH value in the experiments is adjusted to the specified pH0 using a 1N sodium hydroxide 

solution (see chapter 6.1.1). The initial pH value is measured after oleic acid and starch are 

added to the deionized water but before addition of the solid particles. The reduction in pH for 

pH0=8 and pH0=10 may therefore be attributed to reactions of the metallic ions from the solid 

particles with the hydroxide ions. Furthermore, the surface charge of gas bubbles is generally 

negative due to an increased adsorption of hydroxide ions on the bubble surface ([78], p. 248; 

[244,279]). During the flotation experiments, particles are floated to the surface of the apparatus 

under formation of heterocoagulates with the bubbles. A three-phase froth consisting of floated 

particles, air bubbles with adsorbed hydroxide ions (OH
-
), and liquid between the lamella is 

produced at the surface of the flotation cell, which is skimmed manually (see chapter 6.1.1). 

Thus, the concentration of OH
-
ions in the flotation cell will decrease with time, resulting in a 

decreasing pH value. Compared to a pH0 of 8, the initial concentration of OH
-
ions at pH0=12 is 

larger by a factor of 104. To see a change in pH value at this concentration, more hydroxide 

ions would have to be discharged as at pH0=8. The experimental results in Tab. 6-3 show that 

the maximum recovery is always worse at pH=12 compared to pH=8. Therefore, less OH
-
 are 

removed from the flotation cell so that no decrease in pH value is observed. A statistical 

discussion of the trend of pH0=10 is infeasible due to the overlapping error bars. 

The results of the conducted film flotation experiments of high-purity grade calcium fluoride 

particles in solutions containing the minimum and maximum oleic acid concentrations, which 

have been investigated in the DoE (cf. chapter 6.1.1), are presented in Fig. 6-8. Calcium 

fluoride particles without conditioning in aqueous oleic acid solution showed a hydrophilic 

character, as no particles were floating on pure deionized water. In contrast to this, particles 

conditioned in the two aqueous oleic acid solutions were nearly completely floating in 

deionized water. 
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Fig. 6-8. Resulting film flotation curves for high-purity grade calcium fluoride particles conditioned in solutions 

containing the minimum and maximum oleic acid concentrations, which have been investigated in the DoE, at a 

pH value of 8. 

 

Thus, the calcium fluoride particles become more hydrophobic due to the adsorption of oleic 

acid on the particle surface. The determined critical surface tension of wettability γ�c for CaF2 

particles conditioned in oleic acid solutions decreases with increasing c(OA). At the minimum 

oleic acid concentration of 0.047 mmol/L, γ�c≈33 mN/m and at c(OA)=0.170 mmol/L the 

critical surface tension of wettability is approx. 27 mN/m. Thus, γ�c decreases by approximately 

19 % with an increase of the oleic acid by a factor of 3.6. Additionally, the heterogeneity of γ�c 

decreases with increasing c(OA). The minimum concentration of 0.047 mmol/L shows a 

broader distribution than the maximum concentration, which shows a steeper increase of the 

floated particle fraction wfloat between γ=22-40 mN/m. 

The influence of pH value and oleic acid concentration on the performance of the fluorite 

flotation process is discussed elaborately in literature. For example, Zhao et al. investigated the 

influence of the pH value of the flotation pulp on the fluorite recovery [280]. They stated an 

optimum pH value for a maximum recovery of calcium fluoride in the concentrate in the range 

of 9.5-10.0, although their presented recovery at pH=8 is similar to the ones obtained at pH=9 

to 10 (cf. Fig. 6-9). 
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Fig. 6-9. Relationship between recovery of fluorite Rmax(CaF2) and pH value (adopted from [280]). 

 

Zhang et al. investigated the influence of the oleic acid concentration and pH value on fluorite 

recovery in presence of quartz [281]. They found that with increasing pH value the recovery of 

fluorite decreased steadily, with a sharp drop at pH=11 (see Fig. 6-10a). A similar drop of the 

fluorite recovery at a pH value of 11 was observed by Zheng et al. [282]. The flotation recovery 

of quartz was very low compared to fluorite, but increased slightly with increasing pH value. 

The optimum pH value for maximum recovery of fluorite in their experiments is between 7 and 

8. Up to a sodium oleate concentration of approx. 5∙10-5 mol/L the fluorite recovery increased 

continuously with increasing sodium oleate concentration c(NaOl). Afterwards, the recovery 

remained constant so that further addition of NaOl did not improve the recovery (see 

Fig. 6-10b). Quartz was nearly unaffected by the concentration of NaOl, as its recovery was 

again low compared to fluorite. However, a small increase is present at concentrations of 

c(NaOl)>4.5∙10-5 mol/L. 

A pH range of 8 to 9 for maximum fluorite recovery was also identified by Zheng et al. [282], 

Pugh [283], Pugh and Stenius [284], and Schubert et al. [285]. 

 

  
Fig. 6-10. Dependency of fluorite and quartz recovery Rmax on pH value (a) and concentration of sodium oleate 

c(NaOl) (b) (adapted from [281]). 
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The optimum pH value for fluorite recovery corresponds well to the surface tension behaviour 

of aqueous NaOl solutions. The surface tension of the aqueous sodium oleate solution exhibits 

a minimum of approx. 40 mN/m at pH=8-9 [283,284,286,287]. At higher pH values, the surface 

tension increases with a maximum at pH=11. A low surface tension relates to a high surfactant 

adsorption at the gas-liquid interface (cf. chapter 2.2.2.1). The bubble-particle attachment 

probability and the stability of formed heterocoagulates are thereby increased, leading to higher 

recoveries. 

In addition to the influence on the surface tension, the sodium oleate concentration has also a 

significant impact on the Zeta potential [281,283,288]. Some exemplary Zeta potential 

measurements by Chen et al. [289] are shown in Fig. 6-11. The isoelectric points (IEP) for 

barite and fluorite were determined to be 9.5 and 4.5, respectively. Barite has therefore in the 

investigated pH range of 8-12 always a negative surface charge. Fluorite on the other hand 

shows a positive surface charge at pH=8 and negative surface charges only for pH>9.5. 

Qualitatively similar trends and same values for the IEPs were stated by other authors 

[79,281,282,288,290,291]. Chen et al. also investigated the effect of NaOl on the Zeta potential 

of fluorite and barite, which is included in the graphs in Fig. 6-11. 

 

 
Fig. 6-11. Zeta potential of fluorite (a) and barite (b) in absence and presence of sodium oleate (NaOl) at a 

concentration of 13∙10-2 mmol/L (adopted from [289]). 
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Addition of sodium oleate shifts the curves down along the y axis towards more negative 

surface charges. Sreedevi et al. showed that the Zeta potential decreases with increasing 

pH value as well as increasing sodium oleate concentration. Furthermore, the IEP shifts towards 

lower pH values with increasing c(NaOl) [288]. This negative surface charge is attributed to 

adsorbed oleate species, which is interacting with the positively charged Ca2+ and Ba2+ ions, 

respectively, on the mineral surfaces. Thus, a more negatively charged surface corresponds to 

a higher adsorption density of oleate species on the mineral surfaces. 

The depicted Zeta potential trends underline in addition to the aforementioned effect of the 

decrease of surface tension that the recovery as well as the grade of fluorite is higher at low 

pH values. As described in chapter 2.1.4.2, sodium oleate is not entirely selective towards 

fluorite in the presence of barite due to a concurrent physical co-adsorption on CaF2 and BaSO4 

[82]. The oleate ion is negatively charged and therefore attracted towards positive surface 

charges. As fluorite exhibits a positive surface charge at pH=8, while the barite surface is 

already negatively charged, the adsorption of oleate is selective towards fluorite, thus resulting 

in a higher Rmax and a higher w(CaF2) in the concentrate (cf. Tab. 6-3). At pH=12, both mineral 

surfaces are negatively charged so that repulsive forces are dominant. Therefore, the flotation 

is 1) less effective due to less adsorbed oleate on the mineral surface; 2) less selective as both 

mineral surfaces exhibit a negative surface with repulsive forces.  

The obtained results from the DoE in Tab. 6-3 show that the calcium fluoride content in the 

concentrate is lower than 80 % at pH=12 for all experimental points, but between 75 and 91 % 

at pH=8. As stated in chapter 2.1.4.2 fluorite products are classified depending on their calcium 

fluoride content as acid grade, metallurgical grade, and ceramic grade. The minimum calcium 

fluoride content for metallurgical grade and ceramic grade is 80 %, while a content of at least 

97 % is required for acid grade fluorite. The obtained concentrates at pH=12 are therefore not 

classifiable, while the products at pH=8 are in the range of metallurgical grade and ceramic 

grade. As the SiO2 content could not be measured with the present analysis procedure, a 

differentiation between these two categories cannot be made. The obtained fluorite grade in the 

present study at pH=8 corresponds well to the results from Zhao et al. [280] as well as Zhang 

et al. [281]. Chen et al. found that addition of starch decreased the recovery of barite 

significantly, while simultaneously a small decrease in the fluorite recovery was observed 

[289]. As the starch concentration was kept constant throughout all experiments, this influence 

is present in all measurements. 

To summarize, a detailed understanding of the identified factor levels for optimal performance 

of the fluorite flotation process could be provided by analysing additional surface phenomena. 

An excellent correlation between the presented results and literature was found.  
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6.1.2.3 Optical investigations 

Shadowgraphy (SH) measurements are conducted to analyse the influence of pH value, oleic 

acid concentration c(OA), stirrer speed n, and volumetric gas flow rate V̇g on the bubble size 

distribution. For this purpose, an isokinetic bubble sampler similar to the one presented in 

chapter 2.3.3.1 is designed from transparent PMMA. An image of the experimental setup is 

provided in the Appendix. In order to evaluate the influence of each of the aforementioned four 

process parameters separately, only one of the parameters is changed at a time. Comparison 

with a reference case, which is setup at pH=8, c(OA)=0.047 mmol/L, n=250 min-1, and 

V̇g=2 L/min, provides then an information of the influence of the changed parameter on the 

bubble size distribution.  

The resulting bubble size distributions in form of frequency distributions q0 are shown in 

Fig. 6-12. For each experimental condition approx. 100 bubbles have been manually analysed. 

The reference case (white bars) shows a very broad bubble size distribution with a maximum 

bubble diameter at dB=2 to 3 mm. 

 

 
Fig. 6-12. Influence of investigated experimental parameters on frequency distribution q0 of bubble diameters 

obtained via Shadowgraphy: reference case with pH=8, c(OA)=0.047 mmol/L, n=250 min-1, and V̇g=2 L/min 

(white bars), change of pH value to 12 (light-grey bars), increasing oleic acid concentration to 0.17 mmol/L (grey 

bars), adjusting stirrer speed to 450 min-1 (dark-grey bars), and changing volumetric gas flow rate to 5 L/min (black 

bars). 
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Tab. 6-5. Mean bubble diameter dB��� and mean elongation fe� for different experimental conditions. 

Case dB��� fe� 

 [mm] [-] 

Reference case 2.95 0.31 

Increased pH 1.31 0.21 

Increased c(OA) 2.02 0.15 

Increased n 1.74 0.13 

Increased V̇g 3.47 0.28 

 

An increase of the pH value from 8 to 12, while keeping all other parameters constant, shows a 

significant shift of the bubble size distribution towards smaller bubble diameters, where approx. 

60 % of the bubbles have a bubble diameter of 1 to 2 mm (light-grey bars). The bubble size 

distributions for a higher concentration of oleic acid (grey bars) and a higher stirrer speed (dark-

grey bars) show also a narrower distribution compared to the reference case with a maximum 

around 2 mm. Increasing the volumetric gas flow rate shows an increase in the mean bubble 

diameter, with a maximum at about 4 mm (black bars). This increase in dB is expected. 

The mean bubble diameter dB��� and the mean elongation fe� for the different experimental 

conditions are presented in Tab. 6-5. The mean elongations show that bubbles assume a nearly 

spherical form for the experiments conducted at an increased oleic acid concentration as well 

as an increased stirrer speed. In contrast to this, bubbles are more ellipsoidal at the reference 

case and after increasing V̇g. 

To increase the pH value in the experiments, a sodium hydroxide solution is added to the 

flotation pulp (see chapter 6.1.1). Craig et al. investigated the influence of various electrolytes 

on bubbles [292–294]. They found that some electrolytes prevented bubble coalescence, thus 

resulting in smaller bubble diameters. Sodium hydroxide was found to be one of these 

electrolytes preventing coalescence. Likewise, oleic acid shows besides its collecting properties 

also frothing properties (cf. chapter 2.1.2.2). Oleic acid molecules can adsorb on the bubble 

surface leading to bubble retardation, meaning the bubble surface is immobilised 

(cf. chapter 2.3.2. The immobilisation leads to an increased stability of the bubbles, which 

prevents bubble coalescence. Therefore, the obtained narrower bubble size distributions with 

smaller mean bubble diameters dB��� are to be expected (cf. Fig. 6-12 and Tab. 6-5). An increase 

of n increases the shear force inside the flotation pulp leading to bubble break-up. As stated 

above, both sodium hydroxide as well as oleic acid prevent bubble coalescence. Therefore, the 

comminuted bubbles are conserved due to adsorption of these species on the bubble surface, 

leading to smaller bubble diameters. 
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The volumetric gas flow rate is linked to the stirrer speed via the dimensionless air flow number 

(cf. Tab. 2-2). If the stirrer speed is constant and the gas flow rate increases, Q will increase 

likewise. The distribution of the bubbles in the flotation cell will become less homogeneous. 

Further increasing of V̇g will finally result in the so-called “flooding” of the stirrer. At this 

point, the bubbles are only found along the stirrer shaft ([295], p. 261ff.). Thus, with increasing 

gas flow rate, while the stirrer speed remains constant, bubbles will be less and more 

inhomogeneously comminuted, resulting in a broader bubble size distribution with a larger 

mean bubble diameter. The results presented in Fig. 6-12 and Tab. 6-5 are therefore conclusive. 

Generally, smaller bubbles increase the rate of flotation [296]. The results in Tab. 6-5 show 

therefore that an enhancement of pH value, stirrer speed, and oleic acid concentration should 

increase the rate of flotation. However, only oleic acid concentration and stirrer speed have 

been identified as significant parameters for the first-order flotation rate constant in the 

statistical analysis of the flotation responses (cf. Fig. 6-6a). This may be related to the fact that 

the overall performance of the fluorite flotation is worse at higher pH values, resulting in a 

lower maximum recovery (cf. Tab. 6-3). 
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6.2 Fluorescent mineral 

Some of the naturally occurring fluorite minerals are fluorescent under UV irradiation 

(cf. chapter 2.1.4.1). For optical investigations of the fluorite flotation process, this property 

could be useful to distinguish valuable fluorite mineral particles from gangue particles attached 

to bubbles. To evaluate the applicability of this idea, a feasibility study is carried out using a 

fluorescent fluorite mineral. The mineral exhibits at daylight a greenish colour, while a blue 

fluorescence is observed under UV irradiation. (cf. Fig. 2-9). 

An aqueous suspension of these fluorite particles has been investigated via fluorescence 

spectroscopy. For this purpose, the signal intensity of the emission at 420 nm, which 

corresponds to the visually observed blue fluorescence of the particles (cf. Fig. 2-9b), has been 

investigated for an irradiation between 240 nm to 400 nm (see Appendix 9.1.4). An increased 

signal intensity is found between 350 nm and 390 nm. For the fluorescence investigations, a 

UV lamp with an irradiation wavelength of 365 nm is present. At this constant excitation, the 

highest emission intensity is found between 400 nm and 450 nm (cf. see Appendix 9.1.4). 

Therefore, a red-shift is present, which is typical for fluorescence emission ([297], p. 14). As 

stated in chapter 3.1.1.1, UV-permeable PMMA is used in the design of the single bubble 

flotation column. The transmission spectrum presented in Appendix 9.1.1 shows a transmission 

of approx. 90 % at the desired excitation wavelength of 365 nm. Thus, the apparatus is feasible 

for the fluorescence investigations. 

 

  
Fig. 6-13. Fluorescent fluorite mineral particle and glass particle both with a diameter of approx. 1.2 mm at 

daylight (a) and under UV irradiation at 365 nm (b). The particles are immersed in deionized water with tweezers. 
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In a preliminary investigation, the detection of a fluorescent fluorite mineral particle in the 

presence of a glass particle is tested. Larger specimens with diameters of approx. 1.2 mm are 

immersed with tweezers in the dispersion cell, which is filled with deionized water. The 

resulting images at daylight and under UV irradiation at a wavelength of 365 nm are presented 

in Fig. 6-13. 

This test shows that minor reflections of the UV irradiation are present on the surface of the 

glass particle (cf. Fig. 6-13b, upper part). The fluorescence of the fluorite is, however, in case 

of large specimens distinguishable from this reflection so that a discrimination between 

fluorescent particles and reflections seems to be feasible. The RGB values of the fluorescence 

as well as the reflection are analysed using the histogram function in ImageJ for an area of 

16 x 16 px2. The resulting graphs are presented in Fig. 6-14. In both graphs, the values for the 

R-channel (red), the G-channel (green), and the B-channel (blue) are shown. The values are 

typically ranging from 0 to 255. Thus, a distinction between 256 values for each colour channel 

is feasible [194]. The histogram of the fluorescence in Fig. 6-14a shows clear and 

distinguishable peaks for each of the three channels, with counts greater than 15. In contrast to 

this, the histogram of the reflection given in Fig. 6-14b shows broad distributions for all three 

colour channels.  

 

 
Fig. 6-14. RGB histogram for an area of 16 x 16 px2 of the fluorescence of the fluorite particle (a) and of the 

reflection on the surface of the glass particle (b). 
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Fig. 6-15. Rising single bubble heterocoagulates with attached fluorescent fluorite mineral under UV irradiation 

at a wavelength of 365 nm. UV irradiation comes from the top right. 

 

Additionally, the R-channel and G-channel show an overlap, thus making a distinction 

impossible. Furthermore, the signal counts are lower than 5 for each colour channel, resulting 

in a noisy spectrum instead of clear signals. Hence, the difference between actual fluorescence 

and reflection is also quantifiable by analysing the RGB values. 

Next, flotation tests are conducted using the fluorescent fluorite mineral particles. For this 

purpose the particles are first comminuted using a rotary ball mill and then sieved to obtain 

different particle fractions. For the flotation experiments, particles of a fraction between 200 µm 

and 315 µm are used. The particles are introduced into the single bubble flotation column 

analogous to the description in chapter 5.3.1.1. Oleic acid is used as a collector at a 

concentration of 0.17 mmol/L at pH=8. 

Two exemplary rising single bubble heterocoagulates with fluorescent fluorite mineral particles 

attached to the bubble surface are presented in Fig. 6-15. The fluorescence of the particles can 

clearly be seen, which shows the feasibility of the procedure. Again, some reflections of the 

UV irradiation can be seen on the bubble surface. The UV-LED is positioned on the same side 

as the camera. The irradiation comes from the top right. Therefore, the reflections on the bubble 

surface are expected. The colour and size of the reflection are, however, distinguishable from 

the actual fluorescence of the particles so that a distinction is possible. 
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7 Summary and outlook 

In the present work, the advanced optical methods Particle Image Velocimetry (PIV) and 

Shadowgraphy (SH) have been applied to investigate complex multiphase flows at the example 

of the fluorite flotation process. Measurements have been conducted both in two-phase and 

three-phase systems. The aim has been to facilitate a deeper insight into the dominating 

mechanisms during the flotation process. To do so, optical investigations have been coupled 

with flotation experiments, where flotation kinetics, grades, and recoveries have been analysed. 

Thus, a relation between bubble-particle behaviour and flotation process performance has been 

found.  
 

7.1 Main results from the two-phase system investigations 

In the first step, the two-phase system consisting of rising single air bubbles in deionized water 

has been investigated. Shadowgraphy (SH) measurements have been conducted to investigate 

the bubble characteristics, like equivalent bubble diameter dB, rising velocity wB, and the 

morphology of the bubbles in form of the elongation fe. To facilitate an automatic and time-

resolved analysis of the obtained image sequences, an analysing procedure has been established 

and validated with high-precision grade solid glass spheres under dynamic (settling) conditions 

(cf. chapter 3.2.1). The procedure has then been used to analyse rising single air bubbles in 

deionized water produced by polyether ether ketone (PEEK) capillaries with varying diameters 

at various volumetric gas flow rates V̇g (cf. chapter 4.1.1). The bubble diameter ranges between 

2 to 2.5 mm. The results show an excellent correlation to literature data for both bubble shape, 

which is in the wobbling/ellipsoidal regime, determined via the dimensionless bubble Reynolds 

number ReB, Eötvös number Eo, and Morton number M, and data for rising velocities of single 

bubbles in pure water. Furthermore, the reproducibility of the bubbles at constant experimental 

conditions has been verified, as very low standard deviations of less than 5 % have been 

observed for the bubble characteristics between approx. 30-50 consecutive bubbles at constant 

experimental conditions. The high reproducibility of the bubbles allows the deduction of trends. 

The volumetric gas flow rate has been found to have a strong influence on the induced liquid 

velocity field observed via Particle Image Velocimetry (PIV) measurements. With increasing 

V̇g the mean liquid velocity w� in the measurement area increases. In the investigated range from 

0.1 mL/min to 2 mL/min an increase by a factor of about five in w� and by a factor of approx. 

four in the proportionality constant to the turbulent kinetic energy kTKE, which is a qualitative 

indicator for the induced kinetic energy into the system, has been observed (cf. chapter 4.1.2). 

The vorticity plots have revealed the presence of a Kármán vortex street in the bubble wake 
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with separated counter-rotating vortices. This vortex pattern is pronounced at lower gas flow 

rates, while the vortex street is to some extent still recognizable at higher gas flow rates. 

In accordance with literature, the addition of surface active agents to deionized water has been 

found to change the bubble characteristics significantly. Two different flotation surfactants, 

namely methyl isobutyl carbinol (MIBC), which is a common non-ionic frother in flotation 

processes, and hexadecylamine (HDA), which is a common ionic collector in the flotation 

process of quartz, have been investigated at various concentrations c (cf. chapter 4.2). Based on 

surface tension measurements, theoretical calculations for the adsorption efficiency at the gas-

liquid interface have been carried out. The calculations show a considerably better adsorption 

of the ionic collector HDA compared to MIBC. This is also verified by optical investigations 

via SH. The bubble characteristics change already significantly at far smaller concentrations in 

case of HDA compared to MIBC. The adsorption behaviour could be related to the attraction 

forces between the slightly negatively charged bubble surface and the positively charged HDA 

molecules as well as the favourable steric orientation of HDA compared to MIBC. While the 

former is a linear molecule, the latter is branched. Thus, a more compact adsorption of HDA 

molecules at the gas-liquid interface leading to a higher packing density is feasible. 

SH measurements have been performed to investigate the influence of surfactant concentration 

on the bubble characteristics. While the bubble diameter dB decreased only by approx. 5-10 %, 

a steep decrease in both rising velocity wB and elongation fe by about 40 % and 80 %, 

respectively, has been observed. Furthermore, the surfactants decreased the amplitude of the 

zigzagging bubble motion in horizontal x direction with increasing c, which led to higher 

oscillation frequencies ω. Although wB decreased considerably with increasing c, w� and kTKE 

have been found to increase with increasing c. The increase of ω has been found to be 

responsible for this contradictory behaviour. An additional analysis of the data via Proper 

Orthogonal Decomposition (POD) revealed the process of energy cascading, which is mainly 

present at points of bubble redirection. An increase in c results in an increase of ω so that more 

bubble redirections occur. Consequently, both w� and kTKE increase with increasing c. 

 

7.2 Main results from the three-phase system investigations 

For optical investigations in the three-phase systems, a simplified system consisting of single 

bubble-particle heterocoagulates has been chosen in order to allow an optical analysis with 

respect to different operational parameters. For this purpose, a single bubble flotation column 

made from transparent poly(methyl methacrylate) (PMMA) with full optical accessibility has 

been developed (cf. chapter 3.1.1.1). The apparatus facilitates optical measurements of single 

bubble-particle heterocoagulates via SH as well as of the induced liquid velocity by application 
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of PIV. Additionally, the apparatus is fully functioning as flotation column. Thus, flotation 

recoveries Rmax and kinetics in form of the order of flotation kinetics n and the flotation rate 

constant k can be determined, which allows the establishment of a relationship between optical 

investigations of the flotation process and flotation results. 

Single bubble flotation experiments in a model system consisting of glass particles have been 

carried out in order to investigate the influence of different operational parameters on the 

flotation process (cf. chapter 5.3). These parameters are namely the median particle diameter 

d50,3*, the volumetric gas flow rate V̇g, the wettability of the particles γ�c, the flotation medium 

and the initial particle concentration cp,0 in the flotation pulp. On the one hand, Rmax as well as 

n and k of the flotation kinetics have been investigated, while on the other hand optical 

measurements have been conducted using SH and PIV in order to link the visual impressions 

with the general flotation behaviour. The maximum recovery has been found to increase with 

increasing V̇g as well as increasing d50,3*. Furthermore, Rmax is low in deionized water with 

recoveries below 3 % compared to measurements in a flotation solution containing a collector-

frother mixture. The wettability of the particles shows also a significant influence on the 

flotation performance. Hydrophilic particles showed lower Rmax and slower flotation kinetics 

compared to unmodified and hydrophobised particles. The optical investigation via SH showed 

that hydrophilic particles are highly mobile on the bubble surface. From a theoretical point of 

view, both attachment efficiency and stability of these particles on the bubble surface are low. 

Thus, attachment of these particles will be less probable and already small disturbances and 

impacts on the single bubble-particle heterocoagulate will result in a detachment of the 

particles, consequently resulting in lower values for k and Rmax. The initial particle 

concentration has been found to change the order of the flotation kinetics. At a lower 

concentration, a shift from 0th order towards 1st order has been observed. The magnitude of this 

shift depends, however, on the median particle diameter. A hydrodynamic characterization of 

the flow field around rising single-bubble heterocoagulates via PIV has shown an increased w� 

compared to measurements for unloaded bubbles in deionized water and surfactant solutions. 

As a reason for this, the increased oscillation frequency ω of particle loaded bubbles in 

horizontal x direction has been attributed, similar to the influence of surfactants on the bubble 

motion (cf. chapter 7.1). The induced liquid velocity increases with increasing gas flow rate. A 

difference between the induced liquid velocity fields based on the median particle diameter in 

the heterocoagulates has, however, not been observed. 

For the investigation of an industrial fluorite flotation system, a novel quantitative analysis 

method using Fourier Transform (FT) Raman spectroscopy has been developed. The method 

has been successfully cross-validated with X-ray fluorescence spectroscopy (XRF) 
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measurements using samples with varying calcium fluoride content. Only minor absolute 

differences of 5 % have been observed so that the novel method is robust and precise. 

An industrial fluorite flotation system from the Clara Mine in Oberwolfach, Germany, provided 

by Sachtleben Bergbau GmbH, containing mainly barium sulphate and silica as gangue 

materials, has been investigated via a design of experiment (DoE). The influence of pH value, 

stirrer speed n, volumetric gas flow rate V̇g, and the concentration of oleic acid c(OA), which 

is used as collector, on the overall process has been statistically analysed. To quantify the 

influence, the maximum recovery Rmax, the flotation kinetics in form of the order of flotation 

kinetics n and the flotation rate constant k, as well as the concentrate grade with respect to the 

calcium fluoride weight fraction w(CaF2) have been analysed. The flotation process generally 

follows 1st order kinetics. The gas flow rate has been found to have no statistically significant 

influence on all observed flotation parameters in the investigated range. To maximise Rmax, a 

slightly alkaline pH value, a high c(OA) as well as a high n are favourable. This could be related 

to the increased hydrophobicity of the fluorite particles with increasing c(OA) as well as the 

higher collision probability of particles with bubbles with increasing n. The optimum pH value 

relates excellently to the surface tension behaviour of aqueous sodium oleate solutions, which 

exhibits a minimum in the determined pH range. A low surface tension relates to a high 

surfactant adsorption, which increases attachment and stabilisation probability. To increase the 

rate of flotation, both collector concentration and stirrer speed should be high. This is again 

referred to an increased collision and attachment probability. The collector concentration 

should also be high, while the pH value should be only slightly alkaline, if w(CaF2) in the 

concentrate is to be maximised. The influence of the pH value is attributed to the concurrent 

adsorption of oleic acid on fluorite and barite. Zeta potential measurements presented in 

literature show a similarly negative surface charge for adsorbed sodium oleate on fluorite and 

barite at a highly alkaline pH value. At a slightly alkaline pH value, the concurrent adsorption 

of sodium oleate is shifted in favour of adsorption on fluorite due to a positive surface charge 

at this pH value. Due to the attracting forces, the adsorption of negatively charged sodium oleate 

molecules is enhanced. In summary, a slightly alkaline pH value, a high collector concentration, 

and a high stirrer speed are favourable in order to optimise the flotation process of fluorite with 

respect to Rmax, k, and w(CaF2) in the investigated parameter range. 

Lastly, a fluorescent fluorite mineral has been tested for the purpose of optical investigations. 

The idea has been to distinguish valuable fluorescent fluorite particles from non-fluorescent 

gangue particles. Distinguishing the fluorescent particles from gangue particles has been 

demonstrated under static conditions. Furthermore, first single bubble-particle heterocoagulates 

with attached fluorescent fluorite particles have been presented as proof of concept.  
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7.3 Outlook 

Although the present work extended the insights into the micro processes of the flotation 

process, there is still a broad field for further investigations. 

On the one hand, the analysis of flotation kinetics is a promising area for further experiments, 

because these play a major role in the development and optimisation of industrial processes. 

The current flotation tests have all been performed in batch-mode with manual skimming of the 

froth. In future investigations, fed-batch experiments, where the collector and frother 

concentrations are held constant over time, or continuous experiments should be performed in 

order to represent real industrial processes more accurately. Furthermore, the removal of the 

froth should be as far as possible automatised in order to reduce the influence of the 

experimenter. Additionally, the number of data points should be increased to facilitate a deeper 

insight into possibly present shifts in the order of flotation kinetics. This would require either 

higher solids concentrations or a smaller cell volume. Moreover, the design of experiments used 

in the present work could be extended by increasing the range of the already investigated 

parameters, e.g. to higher gas flow rates or higher solids concentrations, as well as by 

implementation of new parameters, which have been kept constant so far, e.g. the concentration 

of starch as depressant during the fluorite flotation. 

On the microscale, the underlying main mechanisms for flotation, that is bubble-particle 

collision, attachment, and detachment/stabilisation, could be investigated using the optical 

measurement techniques SH and PIV. Furthermore, the analysis of rising single bubble-particle 

heterocoagulates should be extended to investigate the influence of different particle 

characteristics, e.g. particle size, wettability, and shape, on the induced liquid flow field. 

Mixtures of particles with differences in above mentioned particle characteristics could be 

simultaneously used in flotation tests. For this purpose, glass particles are most promising due 

to the possibility to specifically change the wettability of the particles via silanisation reactions. 

Using fully coloured glass particles with different colours for different particle characteristics 

would facilitate an easy optical distinction and analysis. To gain detailed information of the 

particle motion on the bubble surface as well as to be able to accurately determine the number 

of particles attached per bubble, multi-camera systems as presented in e.g. [298,299] should be 

used in future experiments. For this purpose, a new single bubble flotation column would have 

to be designed. 

Such a possible design is presented schematically in Fig. 7-1. The proposed experimental 

design would enable simultaneous stereo SH and planar PIV measurements or vice versa stereo 

PIV and planar SH measurements, depending on the purpose of the experiments. The 

simultaneous investigation via SH and PIV is facilitated using light sources with different 
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wavelengths as well as using optical filters for the cameras. The depiction in Fig. 7-1 shows the 

experimental setup for stereo SH and planar PIV measurements. The LED backlight 

illuminations emit red light at a wavelength of approx. λ=625 nm. The continuous wave laser, 

which has already been used in the present work, emits green light at λ=532 nm. The SH 

cameras are directed towards the apparatus in an angle of 135° with the LEDs positioned on the 

opposite site, while the PIV camera is positioned perpendicularly to the laser. The PIV camera 

is equipped with a shortpass filter, which only allows a transmission below 600 nm and the SH 

cameras are equipped with longpass filters, which allow transmission for light with a 

wavelength λ≥625 nm. Thus, the PIV camera does not see the red LED backlight illuminations, 

while the SH cameras do not see the green laser. In this experimental setup, the two optical 

methods SH and PIV can be carried out simultaneously without influencing each other. 

Furthermore, if the cameras, the LEDs, and the laser would be installed on a movable sliding 

carriage, the measurements could be performed during the complete bubble ascent. This would 

enable dynamic investigations instead of static investigations at a fixed measurement window 

as presented in the present work, which could provide a deeper insight into changes of the 

bubble behaviour and the hydrodynamics including vortex shedding with time and height of the 

apparatus. 

 

 
Fig. 7-1. Schematic proposal for an experimental setup facilitating simultaneous stereo Shadowgraphy (SH) and 

planar Particle Image Velocimetry (PIV) measurements. Setup is shown with view from the top. 
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9 Appendix 

9.1 Supporting information 

All of the supporting information including the raw data files can be found on the external hard 

drive in Prof. Dr. Krekel’s office at Niederrhein University of Applied Sciences in Krefeld. 

 

9.1.1 Materials, chemicals, and software 

In the following tables, all used materials, chemicals, and software, which were used in this 

work, are listed. 

 

Materials 

Material Type Supplier 

Acrifix®  1R 0192 Evonik Industries AG 

Circulation air dryer FP 53 Binder 

Continuous wave laser Nd:YAG, 532 nm, 5 W Dantec Dynamics 

Fluorescence Photometer Cary Eclipse Agilent Technologies 

Frame grabber Xtium-CL MX4 Teledyne Dalsa 

FT Raman spectrometer Nicolet NXR with an InGaAs 

detector and a CaF2 beam 

splitter 

Thermo Scientific 

Gas tight syringes glass Hamilton 

Glass slides 76 x 26 mm, cut edges Thermo Scientific 

High-speed camera Olympus iSpeed TR Olympus 

High-speed camera VC-2MC-C340E0-CM Vieworks 

Laser diffraction Helos KR Sympatec 

LED backlight illumination 80x730, 120 W Dantec Dynamics 

LED backlight illumination 50x50-LLUB-Q-1R-24V Phlox 

Lense attachment 0.5x Navitar 

Micro glass spheres SiLibeads Type S  Sigmund Lindner GmbH 

Optical microscope DM2500 Leica 

Overhead stirrer T25D IKA GmbH & Co. KG 

Planetary ball mill PM 100 Retsch 

Poly(methyl methacrylate) 

(PMMA) 

Acryglass Solar 2458 Evonik Industries AG 
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Material Type Supplier 

Polyether ether ketone 

(PEEK) capillaries 

1/16” outer diameter, varying 

inner diameter 

Techlab 

Precision grade glass spheres SiLibeads Type P Sigmund Lindner GmbH 

Progressing cavity pump JP-7115.2 GM Jessberger 

Reflex camera DS126311 Canon 

Stirrer Rushton turbine, dR=70 mm IKA 

Scale LE1003S Sartorius 

Scanning electron microscope TM3000 Hitachi 

Sieves varying sieve openings Retsch 

Syringe pump KD200P Cole-Parmer 

Telescope goniometer OCA 15EC DataPhysics Instruments 

GmbH 

Ultrasonic cleaning bath SONOREX SUPER RK 106 Bandelin 

UV-Vis-NIR spectrophoto-

meter 

Cary 5000 Agilent Technologies 

Vacuum pump PC3001 Vario Vacuu Brand 

Variable area flowmeter LTMR, 0-10 L/min Cole-Parmer 

Vibration sieving machine AS 200 Retsch 

XTXRF-spectrometer S2 PICOFOX Bruker 

Zoom lense 12x, C-Mount Navitar 

Zoom lense adapter 2x, F-Mount Navitar 

 

Chemicals 

Chemical Supplier Quality 

1H,1H,2H,2H-Perfluorooctyltriethoxysilane Alfa Aesar 97 % 

Barium sulphate metallpulver24 92 % 

Calcium fluoride Alfa Aesar 99 % 

Deionized water In-house purification  κ=17 µS/cm 

Ethanol abs. Bernd Kraft 99.5 % 

Ethanol technical grade Bernd Kraft 96 % 

Ethylenglycol Carl Roth 99.5 % 

Ethyltriethoxysilane Alfa Aesar 96 % 

Glycerol Carl Roth 99.5 % 
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Chemical Supplier Quality 

Hexadecylamine Merck Millipore 92 % 

Hydrogen peroxide Bernd Kraft 30 % 

Hydrochloric acid (conc.) Carl Roth 25 % 

Methyl isobutyl carbinol Alfa Aesar 99 % 

n-Dodecyltriethoxysilane Alfa Aesar 95 % 

n-Octyltriethoxysilane Alfa Aesar 95 % 

Oleic acid Alfa Aesar 90 % 

Silicon dioxide Quarzwerke GmbH 98 % 

Starch (soluble) Acros Organics p.a. 

Sulphuric acid Bernd Kraft 96 % 

Toluene Carl Roth 99.5 % 

Tween80® Sigma-Aldrich 100 % 

 

Software 

Material Supplier 

CamExpert Teledyne Dalsa 

ChemDraw Prime v16.0 PerkinElmer 

CurveExpert Basic Hyams Development 

DynamicStudio v4.00 Dantec Dynamics 

Excel 2013 Microsoft 

Fusion 360 Autodesk 

Illustrator CS6 v16.0.3 x64 Adobe 

ImageJ v1.50i GPL (open source) 

iSpeed viewer Olympus 

KNIME analytics platform v3.4.2 GPL (open source) 

MATLAB R2014a Mathworks 

Mintab v18.1.0.0 Minitab Inc. 

Origin v8.5 OriginLab 

Photoshop CS6 v13.0.1 x64 Adobe 

SCA 20 DataPhysics Instruments GmbH 

Tecplot 360 EX 2016 R1 Tecplot, Inc. 

Vieworks Camera Control Tool Vieworks 

Visio 2013 Microsoft 
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The single bubble flotation column presented in chapter 3.1.1.1 is made from a special UV-

permable PMMA. The transmission spectrum of this PMMA is given in Fig. 9-1. 

 

 
Fig. 9-1. Transmission T vs. wavelength λ for the special UV-permeable poly(methyl methacrylate) used for the 

design of the single bubble flotation column (cf. chapter 3.1.1.1). 
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9.1.2 Supporting information for two-phase investigations 

In the following diagrams, the corresponding results to the measurements in MIBC solutions 

obtained for measurements in HDA solutions are presented (cf. chapter 4.2). 

 

 
Fig. 9-2. Bubble trajectory (a), mean liquid velocity vector field (b), mean vector field as indicator for turbulent 

kinetic energy kTKE (c), and reconstructed mean liquid velocity vector field using POD mode 0 coefficient (d) all 

for 1.7 µmol/L hexadecylamine (blank spots indicate values larger than scale) [230]. 
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Fig. 9-3. Bubble trajectory (a), mean liquid velocity vector field (b), mean vector field as indicator for turbulent 

kinetic energy kTKE (c), and reconstructed mean liquid velocity vector field using POD mode 0 coefficient (d) all 

for 5.2 µmol/L hexadecylamine (blank spots indicate values larger than scale) [230]. 
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Fig. 9-4. Bubble trajectory (a), mean liquid velocity vector field (b), mean vector field as indicator for turbulent 

kinetic energy kTKE (c), and reconstructed mean liquid velocity vector field using POD mode 0 coefficient (d) all 

for 24.2 µmol/L hexadecylamine (blank spots indicate values larger than scale) [230]. 
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Fig. 9-5. Eigenvalues of modes shown as cumulative percentage sum of the turbulent kinetic energy of the 

fluctuating velocity field for POD analysis of varying hexadecylamine concentrations (only every 10th value 

shown) [230]. 

 

 
Fig. 9-6. Mode number and corresponding percentage necessary to represent 90 % of turbulent kinetic energy 

(TKE) depending on hexadecylamine concentration [230]. 
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9.1.3 Supporting information for single bubble flotation experiments 

9.1.3.1 Liquid surface tension of ethanol-water solutions 

The relationship between liquid surface tension σ of aqueous ethanol solutions and weight 

fraction of ethanol wEtOH, which has been used for the determination of the critical surface 

tension of wettability γ�c via film flotation experiments, e.g. of the glass particles 

(cf. chapter 5.1.2), is presented in Fig. 9-7. The data has been taken from literature [300]. 

 

 
Fig. 9-7. Liquid surface tension σ of ethanol-water solutions with varying weight fractions of ethanol wEtOH [300]. 

Dashed line indicates trend as represented by the rational model equation stated in the figure. 

 

9.1.3.2 Calculation of the circulating pump frequencies 

As a premise for the particles to be suspended in the dispersion cell, the velocity of the liquid 

entering the dispersion cell has to be equal to that of the settling velocity of the particles ws: 

 

ws=�
4
3

∙
�ϱp-ϱl� ∙g∙dp

ϱl∙cD
 (3-4) 

The drag coefficient cD in Eq. (3-4) is calculated using Kaskas equation (cf. chapter 3.2.1.2). 

Thus, ws(d50,3*=86 µm)=4.7∙10-3 m/s and ws(d50,3*= 56 µm)=2.9∙10-2 m/s. 
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The volumetric liquid flow rate V̇ of the pump is calculated via Eq. (9-1) with a cross-sectional 

area A: 

 V̇=A∙ws (9-1) 

The dispersion cell has a conical form, which is why a mean cross-sectional area is calculated. 

The mean area estimated for the calculation of V̇ is 640 mm2. Thus, 

V̇(d50,3*=86 µm)=0.18 L/min and V̇(d50,3*=256 µm)=1.14 L/min. 

From calibration experiments a linear relationship between V̇ and the adjusted frequency of the 

pump f is found (see Fig. 9-8). Thus, the frequency of the circulating pump can be calculated 

using this linear relationship. 

 

 
Fig. 9-8. Relationship between volumetric liquid flow rate V̇ and pump frequency f. 
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9.1.4 Supporting information for fluorescent fluorite mineral 

The fluorescence spectra of an aqueous suspension of fluorescent fluorite particles is shown in 

Fig. 9-9. In Fig. 9-9a the emission is held constant at 420 nm, which refers to the colour blue. 

In Fig. 9-9b the excitation is held constant at 365 nm. 

 

 
Fig. 9-9. Fluorescence spectra of an aqueous suspension of fluorescent fluorite mineral particles: measurement at 

a constant emission of 420 nm (a) and measurement at a constant excitation of 365 nm (b). 

  

0

50

100

150

200

250

300

350

230 270 310 350 390

In
te

ns
ity

 [c
ps

]

λ [nm]

a

0

50

100

150

200

250

300

350

390 430 470 510

In
te

ns
ity

 [c
ps

]

λ [nm]

b



202 9 Appendix  
 

9.2 List of publications 

Publications 

 

Peer Reviewed 

03/2019 Lewandowski, B., Ben Said, B., Ulbricht, M., Krekel, G.: “Application of 

Raman spectroscopy to the flotation process of fluorite”, Minerals Engineering 

135 (2019), p. 129-138, DOI: 10.1016/j.mineng.2019.02.038 

03/2019 Lewandowski, B., Fertig, M., Krekel, G., Ulbricht, M.: “Analysis of wake 

structures in bubbly flows using Particle Image Velocimetry (PIV)”, Chemical 

& Process Engineering 40 (2019), p.49-55, DOI: 10.24425/cpe.2018.124996 

01/2019 Lewandowski, B., Fertig, M., Ulbricht, M., Krekel, G.: “Relationship between 

bubble characteristics and hydrodynamic parameters for single bubbles in 

presence of surface active agents”, Chemical Engineering Science 199 (2019), 

p. 179-198, DOI: 10.1016/j.ces.2019.01.026 

05/2018 Lewandowski, B., Ulbricht, M., Krekel, G.: “An automated image analysing 

routine for estimation of equivalent diameter in high-speed image sequences 

with high accuracy and its validation”, Experimental Thermal and Fluid Science 

98 (2018), p. 158-169, DOI: 10.1016/j.expthermflusci.2018.05.016 

 

Conference Proceedings 

09/2018 Lewandowski, B., Nielsen, C.; Fertig, M., Schippers, C., Serdarevic, S., Ix, A., 

Kuhl, I., Schröder, S., Ulbricht, M., Krekel, G.: “Anwendung fortgeschrittener 

optischer Methoden zur Charakterisierung komplexer Mehrphasenströmungen”, 

Chemie Ingenieur Technik, 90 (2018), p. 1317-1318,  

DOI: 10.1002/cite.201855401 

04/2018 Lewandowski, B., Fertig, M., Krekel, G., Ulbricht, M.: “Analysis of wake 

structures in bubbly flows using Particle Image Velocimetry (PIV)”, 7th EYEC 

monograph, 2018, p. 367-375, ISBN: 978-83-936575-5-1 

04/2018 Lewandowski, B., Nielsen, C., Krekel, G., Ulbricht, M.: “Investigation of 

formation and characteristics of heterocoagulates in flotation processes with 

Shadowgraphy”, p. 205-214, 7th EYEC monograph, 2018, ISBN: 978-83-

936575-5-1 

 

  



9.2 List of publications 203 
 

Presentations / Talks 

03/2019 6th Promovendentag Niederrhein University of Applied Sciences, 

Mönchengladbach 

„Anwendung optischer Methoden zur Untersuchung und Charakterisierung 

komplexer Mehrphasenströmungen in Zweiphasen- und Dreiphasensystemen” 

11/2018 Process Mineralogy ‘18, Cape Town, South Africa 

„Application of Raman spectroscopy to the flotation process of fluorite“ 

09/2018 Annual ProcessNet conference and 33nd annual DECHEMA Biotechnology 

conference, Aachen 

„Anwendung fortgeschrittener optischer Methoden zur Charakterisierung 

komplexer Mehrphasenströmungen” 

04/2018 7th European Young Engineers Conference, Warsaw, Poland 

“Analysis of wake structures in bubbly flows using Particle Image Velocimetry 

(PIV)” and 

“Investigation of formation and characteristics of heterocoagulates in flotation 

processes with Shadowgraphy” 

02/2018 5th Promovendentag Niederrhein University of Applied Sciences, Krefeld 

„Untersuchung komplexer Mehrphasenströmungen mittels optischer Methoden 

am Beispiel des Flotationsprozesses“ 

10/2016 7th Young Chemists’ Symposium “Ruhr”, Dortmund 

„Investigation of the flotation process of fluorite by optical methods“ 

 

Posters 

03/2018 Annual Symposium ProcessNet Subject Division “Multiphase flows”, Bremen 

„Analyse des durch aufsteigende Luftblasen induzierten Strömungsfeldes 

mittels Particle Image Velocimetry (PIV)“ 

03/2017 Annual Symposium ProcessNet Subject Division “Multiphase flows”, Dresden 

„Untersuchung frei aufsteigender Blasen in einer modularen Flotationskolonne 

mittels optischer Methoden“ 

01/2017 4th Promovendentag University of Applied Sciences Niederrhein, Krefeld 

„Aufbau und Inbetriebnahme einer modularen Versuchsapparatur zur 

Beobachtung frei aufsteigender Einzelblasen mittels optischer Methoden“ 

09/2016 Annual ProcessNet conference und 32nd annual DECHEMA Biotechnology 

conference, Aachen 

„Untersuchung der Flotation von Flussspat (CaF2) mittels optischer Methoden“ 



204 9 Appendix  
 

9.3 Curriculum Vitae 

Der Lebenslauf ist in der Online-Version aus Gründen des Datenschutzes nicht enthalten. 


	Acknowledgements – Danksagung
	Abstract
	Table of contents
	List of abbreviations
	Mathematical variables
	Greek symbols
	Indices
	Dimensionless numbers
	Abbreviations of used compounds
	Further used abbreviations

	1 Introduction
	1.1 Motivation
	1.2 Objective and concept

	2 Theoretical background
	2.1 Flotation
	2.1.1 History of flotation
	2.1.2 Flotation mechanism
	2.1.2.1 Flotation process
	2.1.2.2 Flotation agents

	2.1.3 Flotation modelling
	2.1.3.1 Flotation kinetics
	2.1.3.2 Heterocoagulate formation
	2.1.3.2.1 Collision process
	2.1.3.2.2 Attachment process
	2.1.3.2.3 Stability of bubble-particle heterocoagulates


	2.1.4 Fluorite flotation
	2.1.4.1 Fluorite properties
	2.1.4.2 Flotation process for fluorite


	2.2 Surface and interface characteristics
	2.2.1 Contact angle
	2.2.1.1 Contact angle measurements on flat surfaces
	2.2.1.2 Contact angle measurements on particulate systems

	2.2.2 Adsorption of surfactants at the gas-liquid interface
	2.2.2.1 Theoretical aspects of adsorption at the gas-liquid interface
	2.2.2.2 Measurement of surface tension


	2.3 Bubbles
	2.3.1 Characteristics of bubbles in water
	2.3.1.1 Periodic bubble formation
	2.3.1.2 Shapes of bubbles in motion
	2.3.1.3 Terminal velocity of bubbles
	2.3.1.4 Motion of and flow around single bubbles

	2.3.2 Influence of surfactants on rising bubbles
	2.3.3 Bubble sizing methods
	2.3.3.1 Overview
	2.3.3.2 Shadowgraphy


	2.4 Fluid mechanics
	2.4.1 Particle Image Velocimetry
	2.4.2 Particle Tracking Velocimetry

	2.5 Surface modification of glass

	3 Materials and methods
	3.1 Experimental setups
	3.1.1 Single bubble apparatuses
	3.1.1.1 Single bubble flotation column
	3.1.1.1.1 Dispersion cell
	3.1.1.1.2 Deflection cell
	3.1.1.1.3 Calming cell
	3.1.1.1.4 Observation cells
	3.1.1.1.5 Solids deposition cell

	3.1.1.2 Alternative experimental setup for simplified measurements

	3.1.2 Bubble swarm investigations

	3.2 Analysis methods
	3.2.1 Automatic image analysis for Shadowgraphy measurements
	3.2.1.1 Analysing procedure for single bubbles
	3.2.1.2 Image analysis validation

	3.2.2 Analysis procedure for Particle Image Velocimetry image sequences
	3.2.3 Fourier Transform Raman spectroscopy
	3.2.3.1 Methodology
	3.2.3.2 Method validation



	4 Investigations in two-phase systems
	4.1 Experiments in deionized water
	4.1.1 Feasibility test
	4.1.2 Influence of gas flow rate on induced liquid velocity

	4.2 Experiments in surfactant solutions
	4.2.1 Experimental procedure
	4.2.2 Results and discussion
	4.2.2.1 Surface tension measurements 
	4.2.2.2 Bubble characteristics
	4.2.2.3 Hydrodynamic characterisation



	5 Investigation of a model three-phase system
	5.1 Surface modification of glass 
	5.1.1 Modification of glass slides
	5.1.2 Modification of glass beads

	5.2 Establishment of a collector-frother system
	5.2.1 Preliminary tests
	5.2.2 Optimisation of the collector-frother system

	5.3 Single bubble flotation experiments
	5.3.1 Determination of flotation kinetics and maximum recovery
	5.3.1.1 Experimental procedure
	5.3.1.1.1 Preparation of the apparatus
	5.3.1.1.2 Flotation experiments

	5.3.1.2 Flotation results
	5.3.1.3 Influence of initial solids concentration in the flotation pulp

	5.3.2 Optical investigations
	5.3.2.1 Bubble-particle interaction during the bubble formation process
	5.3.2.2 Shadowgraphy measurements of rising single bubble heterocoagulates
	5.3.2.3 Hydrodynamic characterisation of rising heterocoagulates
	5.3.2.3.1 Experimental procedure
	5.3.2.3.2 Results




	6 Flotation experiments with fluorite minerals
	6.1 Industrial fluorite mineral from Clara mine
	6.1.1 Experimental procedure
	6.1.2 Results and discussion
	6.1.2.1 Analysis of flotation kinetics
	6.1.2.2 Statistical analysis of the design of experiment
	6.1.2.3 Optical investigations


	6.2 Fluorescent mineral

	7 Summary and outlook
	7.1 Main results from the two-phase system investigations
	7.2 Main results from the three-phase system investigations
	7.3 Outlook

	References
	9 Appendix
	9.1 Supporting information
	9.1.1 Materials, chemicals, and software
	9.1.2 Supporting information for two-phase investigations
	9.1.3 Supporting information for single bubble flotation experiments
	9.1.3.1 Liquid surface tension of ethanol-water solutions
	9.1.3.2 Calculation of the circulating pump frequencies

	9.1.4 Supporting information for fluorescent fluorite mineral

	9.2 List of publications
	9.3 Curriculum Vitae


