
On the Automorphy of
Potentially Semi-stable Deformation

Rings

Dissertation
zur Erlangung des akademischen Grades

Doktors der Naturwissenschaften (Dr.rer.nat.)

von

Shen-Ning Tung

vorgelegt der Fakultät für Mathematik
Universität Duisburg-Essen

2019





Betreuer

Prof. Dr. Vytautas Paškūnas
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Abstract

Using p-adic local Langlands correspondence for GL2(Qp) and an ordinary R = T theorem,
we prove that the support of patched modules for quaternionic forms meet every irreducible
component of the potentially semi-stable deformation ring. This gives a new proof of the
Breuil-Mézard conjecture for 2-dimensional representations of the absolute Galois group
of Qp, which is new in the case p = 2 or p = 3 and r a twist of an extension of the trivial
character by the mod p cyclotomic character. As a consequence, a local restriction in the
proof of Fontaine-Mazur conjecture in [48, 57] is removed.
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Chapter 1

Introduction

Let p be a prime number, and let f be a normalized cuspidal eigenform of weight k ≥ 2 and
level N ≥ 1. There exists a Galois representation

ρ f : Gal(Q/Q)→ GL2(O)

attached to f by Deligne, where O is a ring of integers of a finite extension E of Qp. Due
to many people, the representation is known to be irreducible, odd (i.e. detρ f (c) = −1
with c the complex conjugation), unramified at primes l - pN, and de Rham (in the sense of
Fontaine) at p with Hodge-Tate weights (0,k−1).

In [32] Fontaine and Mazur made a conjecture which asserts the converse:

Conjecture (Fontaine-Mazur). Let

ρ : Gal(Q/Q)→ GL2(O)

be a continuous, irreducible representation such that

• ρ is odd;

• ρ is unramified outside all but finitely many places;

• the restriction of ρ at the decomposition group at p is de Rham with distinct Hodge-Tate
weights.

Then (up to a twist) ρ ∼= ρ f for some cuspidal eigenform f .

We will say that ρ is modular if it is isomorphic to a twist of ρ f by a character. Similarly,
we will say that ρ : Gal(Q/Q)→ GL2(k) is modular if ρ ∼= ρ f up to a twist, where k is the
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residue field of O and ρ is obtained by reducing the matrix entries of ρ f modulo the maximal
ideal of O . This conjecture has been proved in several cases under different assumptions.
We will only focus on those related to the groundbreaking work of Kisin in [48].

Theorem (Kisin, Paškūnas, Hu-Tan). Let ρ be as in the conjecture. Let ρ : Gal(Q/Q)→
GL2(k) be the reduction of ρ modulo the maximal ideal of O . Assume furthermore that

• ρ is modular;

• ρ has non-solvable image if p = 2; ρ|Gal(Q(ζp)/Q) is absolutely irreducible if p > 2;

• if p = 2 or 3, then ρ|Gal(Qp/Qp)
̸∼ (

ωχ ∗
0 χ ) for any character χ : Gal(Qp/Qp)→ k×,

where ω denotes the mod p cyclotomic character (which is the trivial character when
p = 2).

Then ρ is modular.

A result of such form is known as a modularity lifting theorem, which says that if ρ is
modular, then any lift ρ of ρ satisfying necessary local conditions is also modular. We note
that since we work over Q, the condition on the modularity of ρ follows from a deep theorem
of Khare-Wintenberger [44] and Kisin [49]. Establishing a modularity lifting theorem comes
down to proving that certain surjection R̃∞ � T∞ of a patched global deformation ring R̃∞

onto a patched Hecke algebra T∞ is an isomorphism after inverting p, both of which acts on a
patched module M̃∞ coming from applying Taylor-Wiles-Kisin method to algebraic modular
forms on a definite quaternion algebra.

A key ingredient in Kisin’s approach to the Fontaine-Mazur conjecture is a purely
local statement, known as the Breuil-Mézard conjecture [13], which predicts that µGal,
the Hilbert-Samuel multiplicity of certain quotients of the framed deformation ring of
ρ|Gal(Qp/Qp)

parametrizing deformations subjected to p-adic Hodge theoretical conditions
modulo the maximal ideal of O , is equal to µAut, an invariant which can be computed from
the representation theory of GL2(Zp) over k. A refined version of this conjecture replacing
multiplicities with cycles is formulated by Emerton and Gee in [30].

In his work, Kisin establishes a connection between R̃∞[1/p]∼= T∞[1/p] and the Breuil-
Mézard conjecture (when p > 2). He shows that R̃∞ � T∞ implies µGal ≥ µAut, with equality
if and only if R̃∞[1/p] ∼= T∞[1/p]. It follows that in each case where one can prove the
reverse inequality, one would simultaneously obtain both the Breuil-Mézard conjecture and a
modularity lifting theorem. A similar argument when p = 2 was carried out in [57] using the
results of Khare-Wintenberger [44].

The key ingredient to prove the reverse inequality µGal ≤ µAut is the p-adic local Lang-
lands correspondence for GL2(Qp) due to Berger, Breuil, Colmez, Emerton, Kisin and
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Paškūnas. The correspondence is given by Colmez’s Montreal functor in [22], which is an
exact, covariant functor V̌ sending certain GL2(Qp)-representations on O-modules to finite
O-modules with a continuous action of Gal(Qp/Qp). Moreover, via reduction modulo p it
is compatible with Breuil’s (semi-simple) mod p Langlands correspondence in [10].

By using p-adic local Langlands correspondence, [48] deduces the inequality µAut ≥ µGal

(and thus the Breuil-Mézard conjecture) in the cases that p is odd and r (:= ρ|Gal(Qp/Qp)
) is

not (a twist of) an extension of 1 by ω . Later on, a purely local proof of the Breuil-Mézard
conjecture for all continuous representations r, which has only scalar endomorphisms and is
not (a twist of) an extension of 1 by ω if p = 2,3, is given in [56, 57] using the results in [55].
The cases that r is a direct sum of two distinct characters whose ratio is not ω when p = 2,3
are proved in [42, 58] by a similar local method. The combined work of Kisin, Hu-Tan and
Paškūnas handle the Breuil-Mézard conjecture in all cases except when p = 2 or p = 3 and
r ∼ (

ωχ ∗
0 χ ). As a consequence, the theorem is proved.

1.1 Summary of results

In this thesis, we give a new proof of this theorem which works for all p without any
restriction on ρ|Gal(Qp/Qp)

. Here is our result:

Theorem A. Let ρ be as in the conjecture. Assume furthermore that

• ρ is modular;

• ρ has non-solvable image if p = 2; ρ|Gal(Q/Q(ζp))
is absolutely irreducible if p > 2.

Then ρ is modular.

Instead of proving µAut ≥ µGal (or the Breuil-Mézard conjecture), we prove R̃∞[1/p]∼=
T∞[1/p] directly. As a result, we can prove the Breuil-Mézard conjecture for 2-dimensional
Galois representations of Gal(Qp/Qp) completely. We explain our method in more detail
below.

Let GQp = Gal(Qp/Qp) be the absolutely Galois group of the field of p-adic number Qp

and let r : GQp → GL2(k) be a continuous representation. We denote the fixed determinant
universal framed deformation ring of r by R�

r . It can be shown that r is isomorphic to the
restriction to a decomposition group at p of a mod p Galois representation ρ associated to an
algebraic modular form on some definite quaternion algebra. By applying the Taylor-Wiles-
Kisin patching method in [18] to algebraic modular forms on a definite quaternion algebra,
we construct an R∞-module M∞ equipped with a commuting action of GL2(Qp), where R∞
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is a complete local noetherian R�
r -algebra with residue field k. For simplicity, one may think

of R∞ as R�
r Jx1, · · · ,xmK. In particular, there is no local deformation condition at place p.

If y ∈m-SpecR∞[1/p], then

Πy := Homcont
O (M∞⊗R∞,y Ey,E)

is an admissible unitary E-Banach space representation of GL2(Qp), where m-Spec(R∞[1/p])
is the set of maximal ideals of R∞[1/p] and Ey is the residue field at y. Since Πy lies in the
range of p-adic local Langlands, we may apply the Colmez’s functor V̌ to Πy and obtain
a R∞-module V̌(Πy) equipped with an action of GQp . On the other hand, the composition

x : R�
r → R∞

y−→ Ey defines a continuous Galois representation rx : GQp → GL2(Ey). It is
expected that the Banach space representation Πy depends only on x and that it should be
related to rx by the p-adic local Langlands correspondence (see theorem C below). This has
been proved in [19] under the assumptions that p > 2, r has only scalar endomorphisms and
is not a twist of an extension of 1 by ω .

Our patched module M∞ is related to Kisin’s M̃∞ as follows. The patching in Kisin’s
paper is always with fixed Hodge-Tate weights and a fixed inertial type. This information
can be encoded by an irreducible locally algebraic representation σ of GL2(Zp) over E. Let
R�

p (σ) be a quotient of R�
p parameterizing the lifts of ρ of type σ . We define R∞(σ) =

R∞⊗R�
p

R�
p (σ) (which is Kisin’s patehced global deformation ring R̃∞ before) and M∞(σ

◦) =

M∞⊗OJGL2(Zp)K σ◦ with σ◦ a GL2(Zp)-stable O-lattice of σ . Then M∞(σ
◦) is a finitely

generated R∞-module with the action of R∞ factoring through R∞(σ). Moreover, an argument
using Auslander-Buchsbaum theorem shows that the support of M∞(σ

◦) is equal to a union
of irreducible components of R∞(σ). It can be shown that Kisin’s patched module M̃∞ is
isomorphic to M∞(σ

◦). The main theorem in this thesis is the following:

Theorem B. Every irreducible component of R̃∞ is contained in the support of M̃∞.

By the local-global compatibility for the patched module M∞, this amounts to showing
that if rx is de Rham with distinct Hodge-Tate weights, then (a subspace of) locally algebraic
vectors in Πy can be related to WD(rx) via the classical local Langlands correspondence,
where WD(rx) is the Weil-Deligne representation associated to rx defined by Fontaine.

One of the ingredients to show this is a result in [31], which implies that the action of
R∞ on M∞ is faithful. Note that this does not imply that Πy ̸= 0 since M∞ is not finitely
generated over R∞. We overcome this problem by applying Colmez’s functor V̌ to M∞ and
showing that V̌(M∞) is a finitely generated R∞-module. This finiteness result is a key idea in
my thesis. Since V̌(M∞) is a finitely generated R∞-module, the specialization of V̌(M∞) at
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any y ∈m-SpecR∞[1/p] is non-zero by Nakayama’s lemma, which in turn implies that Πy is
nonzero. Combining these and results from p-adic local Langlands, we prove the following:

Theorem C. If rx is absolutely irreducible, then V̌(Πy)∼= rx.

This shows that Kisin’s patched module M̃∞ is supported at every generic point whose
associated local Galois representation at place p is absolutely irreducible. So we only have
to handle the reducible (thus ordinary) locus, which can be shown to be modular by using an
ordinary modularity lifting theorem (c.f. [36, 2, 64, 63]). This finishes the proof of theorem
B and gives a new proof of the Breuil-Mézard conjecture by the formalism in [48, 34, 30, 56],
which is new in the cases that r is a twist of the 1 by ω and p = 2,3. As a consequence, we
prove new cases of Fontaine-Mazur conjecture without the local restriction at p.

Let me note that the proof of Breuil-Mézard given in [56, 42] uses results of [55], which
are not available in the exceptional cases when p = 2 or p = 3, in an essential way. So our
argument differs substantially from [56, 42]. While our thesis is written, we were notified
that Lue Pan also obtains a similar finiteness result independently in his thesis [53]. However,
we would like to emphasize that our results are most interesting in the cases not covered by
[55], whose results Pan uses in an essential way.

The thesis is organized as follows. We first recall some background knowledge and
properties in chapter 2, 3 and 4 on representation theory, automorphic forms and Galois
deformation theory respectively. In chapter 5, we introduce completed homology and
construct the patched module. We relate our patched module to the Breuil-Mézard conjecture
in chapter 6 and to the p-adic Langlands correspondence in chapter 7 using a faithfulness
result in [31]. In chapter 8, we construct some partially ordinary Galois representations by
an ordinary R = T theorem. In the last chapter, we put all these results together and prove
our main theorem, and use it to give a new proof of the Breuil-Mézard conjecture and the
Fontaine-Mazur conjecture.

1.2 Notations

We fix a prime p, and an algebraic closure Qp of Qp. Throughout the thesis, we work with
a finite extension E/Qp in Qp, which will be our coefficient field. We write O for the ring
of integers in E, ϖ for a uniformizer, k = O/ϖ for the residue field. Furthermore, we will
assume that E and k is sufficient large in the sense that if we are working with representations
of the absolute Galois group of a p-adic field L, then the image of all embeddings L→Qp

are contained in E.
If F is a field with a fixed algebraic closure F , then we write GF = Gal(F/F) for its

absolutely Galois group. We write ε : GF → Z×p for the p-adic cyclotomic character, and ω
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for the mod p cyclotomic character. If F is a finite extension of Qp, we write IF for the inertia
subgroup of GF , ϖF for a uniformizer of the ring of integers OF of F and kF = OF/ϖF its
residual field.

If F is a number field and v is a place of F , we let Fv be the completion of F at v and
AF its ring of adeles. If S is a finite set of places of F , we let AS

F denote the resticted tensor
product ∏

′
v/∈S Fv. In particular, A∞

F denotes the ring of finite adeles. For each finite place v
of F , we will denote by qv the order of residue field at v, and by ϖv ∈ Fv a uniformizer and
Frobv an arithmetic Frobenius element of GFv .

We let
ArtF = ∏

v
ArtFv : A×F /F×(F×∞ )◦

∼−→ Gab
F

be the global Artin map, where the local Artin map ArtFv : F×v →W ab
Fv

is the isomorphism
provided by local class field theory, which sends our fixed uniformizer to a geometric
Frobenius element.

We will consider locally algebraic character ψ : A×F /F×(F×∞ )◦→ O× in the sense that
there exists an open compact subgroup U of (A∞

F )
× such that ψ(u) = ∏v|p Nv(uv)

tv for u∈U ,
where uv is the projection of u to the place v, Nv the local norm, and tv an integer. When
F×(F×∞ ) lies in the kernel of ψ , we consider ψ as a character ψ : (A∞

F )
×/F×→ O×, whose

corresponding Galois character is totally even.
If L is a p-adic field and W is a de Rham representation of GL over E. For κ : L→ E, we

will write HTκ(W ) for the multiset of Hodge-Tate weights of W with respect to κ , which
contains i with multiplicity dimE(W ⊗κ,L L̂(i))GL . Thus for example HTκ(ε) = {−1}. We
say that W has regular Hodge-Tate weights if for each κ , the elements of HTκ(W ) are
pairwise distinct.

Let Z2
+ denote the set of tuples (λ1,λ2) of integers with λ1 ≥ λ2. If W be a 2-dimensional

de Rham representation with regular Hodge-Tate weights, there is a λ =(λκ)∈ (Z2
+)

HomQp(L,E)

such that for each κ : L→ E,

HTκ(W ) = {λκ,2,λκ,1 +1},

and we say that W is regular of weight λ .
For any λ ∈ (Z2

+), we write Ξλ = Symλ1−λ2⊗detλ2 for the algebraic OL-representation
of GLn with highest weight λ and Mλ for the O-representation of GL2(OL) obtained by
evaluating Ξλ on OL. For any λ ∈ (Z2

+)
Hom(F,E), we write Mλ for the O-representation of

GL2(OL) defined by
Mλ :=⊗κ:F ↪→EMλκ

⊗OL,κ O.
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An inertial type is a representation τ : IL→ GL2(Qp) with open kernel which extends to
the Weil group WL. We say a de Rham representation ρ : GF →GL2(E) has inertial type τ if
the restriction to IL of the Weil-Deligne representation WD(ρ) associated to ρ is equivalent
to τ . Given an inertia type τ , by a result of Henniart in the appendix of [13], there is a (unique
if p > 2) finite dimensional smooth irreducible Qp-representation σ(τ)

(
resp. σ cr(τ)

)
of

GL2(OL), such that for any infinite dimensional smooth absolutely irreducible representation
π of G and the associated Weil-Deligne representation LL(π) attached to π via the classical
local Langlands correspondence, we have HomK(σ(τ),π) ̸= 0 (resp. HomK(σ

cr(τ),π) ̸= 0)
if and only if LL(π)|IQp

∼= τ (resp. LL(π)|IQp
∼= τ and the monodromy operator N is trivial).

Enlarging E if needed, we may assume σ(τ) is defined over E.
If L be a finite extension of Qp, we let rec for the local Langlands correspondence

for GL2(L), as defined in [16, 38]. By definition, it is a bijection between the set of
isomorphism classes of irreducible admissible representation of GL2(L) over C, and the set
of Frobenius semi-simple Weil-Deligne representation of WL over C. Fix once and for all an
isomorphism ι : Qp

∼−→ C. We define the local Langlands correspondence recp over Qp by
ι ◦ recp = rec◦ι , which depends only on ι−1(

√
p). If we set rp(π) := recp(π⊗|det |−1/2),

then rp is independent of the choice of ι . Furthermore, if V is a Frobenius semi-simple
Weil-Deligne representation Weil-Deligne representation of WL over E, then r−1

p (V ) is also
defined over E.

If r : GL→ GL2(E) is de Rham of regular weight λ , then we write πalg(r) = Mλ ⊗O E,
πsm(r)= r−1

p (WD(rx)
F−ss) and πl.alg(r)= πalg(r)⊗πsm(r), all of which are E-representations

of GL2(E).
Recall that a linearly topological O-module is a topological O-module which has a

fundamental system of open neighborhoods of the identity which are O-submodules. If
A is a linear topological O-module, we write A∨ for its Pontryagin dual Homcont

O (A,E/O),
where E/O has the discrete topology, and we give A∨ the compact open topology. We write
Ad for the Schikhof dual Homcont

O (A,O), which induces an anti-equivalence of categories
between the category of compact, O-torsion free linear-topological O-modules A and the
category of ϖ-adically complete separated O-torsion free O-modules. A quasi-inverse is
given by B 7→ Bd := HomO(B,O), where the target is given the weak topology of pointwise
convergence. Note that if A is an O-torsion free profinite linearly topological O-module,
then Ad is the unit ball in the E-Banach space HomO(A,E).

Let (A,m) be a complete local O-algebra with maximal ideal m and residue field k =A/m,
we will denote CNLA the category of complete local A-algebra with residue field k.





Chapter 2

Preliminaries in representation theory

2.1 Generalities

Let G be a p-adic analytic group, K be a compact open subgroup of G, and Z be the center of
G.

Let (A,mA) ∈ CNLO. We denote by ModG(A) the category of A[G]-modules and by
Modsm

G (A) the full subcategory with objects V such that

V = ∪H,nV H [mn],

where the union is taken over all open subgroups of G and integers n≥ 1 and V [mn] denotes
elements of V killed by all elements of mn. Let Modl.fin

G (A) be the full subcategory of
Modsm

G (A) with objects smooth G-representation which are locally of finite length, this
means for every v ∈V , the smallest A[G]-submodule of V containing v is of finite length.

An object V of Modsm
G (A) is called admissible if V H [mi] if a finitely generated A-module

for every open subgroup H of G and every i≥ 1; V is called locally admissible if for every
v ∈V the smallest A[G]-submodule of V containing v is admissible. Let Modl.adm

G (A) be the
full subcategory of Modsm

G (A) consisting of locally admissible representations.
For a continuous character ζ : Z → A×, adding the subscript ζ in any of the above

categories indicates the corresponding full subcategory of G-representations with central
character ζ . These categories are abelian and are closed under direct sums, direct limits and
subquotients. It follows from [27, Theorem 2.3.8] that if G = GL2(Qp) or G is a torus then
Modl.fin

G,ζ (A) = Modl.adm
G,ζ (A).

Let H be a compact open subgroup of G and AJHK the complete group algebra of H. Let
Modpro

G (A) be the category of profinite linearly topological AJHK-modules with an action
of A[G] such that the two actions are the same when restricted to A[H] with morphisms
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G-equivariant continuous homomorphisms of topological AJHK-modules. The definition
does not depend on H since any two compact open subgroups of G are commensurable.
By [27, Lemma 2.2.7], this category is anti-equivalent to Modsm

G (A) under the Pontryagin
dual V 7→V∨ := HomO(V,E/O) with the former being equipped with the discrete topology
and the latter with the compact-open topology. We denote CG,ζ (A) the full subcategory of
Modpro

G (A) anti-equivalent to Modl.fin
G,ζ (A).

An E-Banach space representation Π of G is an E-Banach space Π together with a
G-action by continuous linear automorphisms such that the inducing map G×Π→ Π is
continuous. A Banach space representation Π is called unitary if there is a G-invariant
norm defining the topology on Π, which is equivalent to the existence of an open bounded
G-invariant O-lattice Θ in Π. An unitary E-Banach space representation is admissible if
Θ⊗O k is an admissible smooth representation of G, which is independent of the choice of
Θ. We denote Banadm

G,ζ (E) the category of admissible unitary E-Banach space representations
on which Z acts by ζ .

2.2 Representations of GL2(Qp)

Let G = GL2(Qp), K = GL2(Zp) and B be the upper triangular Borel. We recall the classifi-
cation of the absolutely irreducible smooth k-representations of G with a central character.

Let σ be an irreducible smooth representation of K. It is of the form Symr k2⊗deta for
uniquely determined integers 0≤ r ≤ p−1 and 0≤ a≤ p−2. There exists an isomorphism
of algebras

EndG(c-IndG
K σ)∼= k[T,S±1]

for certain Hecke operators T,S ∈ EndG(c-Indσ). It follows from [6, Theorem 33] and [10,
Theorem 1.6] that the absolutely irreducible smooth k-representations of G with a central
character fall into four disjoint classes:

• characters η ◦det;

• special series Sp⊗η ◦det;

• principal series IndG
B (χ1⊗χ2), with χ1 ̸= χ2;

• supersingular c-IndG
K(σ)/(T,S−λ ), with λ ∈ k×,

where the Steinberg representation Sp is defined by the exact sequence

0→ 1→ IndG
B 1→ Sp→ 0.
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2.2.1 Blocks

Let IrrG,ζ be the set of equivalent classes of smooth irreducible k-representations of G with
central character ζ . We write π↔ π ′ if π ∼= π ′ or Ext1G,ζ (π,π

′) ̸= 0 or Ext1G,ζ (π
′,π) ̸= 0. We

write π ∼ π ′ if there exists π1, · · · ,πn ∈ IrrG,ζ such that π ∼= π1, π ′ ∼= πn and πi↔ πi+1 for
1≤ i≤ n−1. The relation ∼ is an equivalence relation on IrrG,ζ . A block is an equivalence
class of ∼. The classification of blocks can be found in [59, Corollary 1.2]. Moreover,
by [55, Proposition 5.34], the category Modl.fin

G,ζ (O) decomposes into a direct product of
subcategories

Modl.fin
G,ζ (O)∼= ∏

B

Modl.fin
G,ζ (O)B

where the product is taken over all the blocks B and the objects of Modl.fin
G,ζ (O)B are repre-

sentations with all the irreducible subquotients lying in B. Dually we obtain

CG,ζ (O)∼= ∏
B

CG,ζ (O)B

with CG,ζ (O)B are representations with all the dual of irreducible subquotients lying in B.

2.2.2 Capture

Let ζ : Z(K) → O× be a continuous character. Let {Vi}i∈I be a family of continuous
representations of K on finite-dimensional E-vector spaces, and let M ∈Modpro

K,ζ
(O). We

say that {Vi}i∈I captures M if the smallest quotient M � Q such that Homcont
OJKK(M,V ∗i ) ∼=

Homcont
OJKK(Q,V ∗i ) for all i∈ I is equal to M, where V ∗i is the E-linear dual of Vi. The following

proposition is due to [57, Proposition 2.7].

Proposition 2.2.1. Let K = GL2(Zp), and let ζ : Z(K)→ O× be a continuous character.
There is a smooth irreducible representation τ of K which is a type for a Bernstein com-
ponent containing a principal series representation, but not containing a special series
representation, such that

{τ⊗Syma E2⊗η
′ ◦det}a∈N,η ′

captures every projective object in Modpro
K,ζ

(O). Here, for each a ∈ N, η ′ runs over all
continuous character η ′ : Z×p → E× such that τ⊗Syma E2⊗η ′ ◦det has central character
ζ .
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Let M,K and {Vi}i∈I be as above. Let R be a complete local noetherian O-algebra with
residue field k. We assume that M is a compact RJKK-module, such that the action of R is
faithful. For each i ∈ I, let ai be the R-annihilator of Homcont

OJKK(M,V ∗i ).
Let m-SpecR[1/p] be the set of maximal ideal of R[1/p]. If x ∈m-SpecR[1/p] then its

residue field Ex is a finite extension of E, and we denote by OEx the ring of integers of Ex.
Then M⊗R OEx is a compact OJKK-module and we define

Πx = Homcont
O (M⊗R OEx ,E).

Then Πx equipped with the supremum norm is a unitary E-Banach space representation of K.

Proposition 2.2.2. Assume that M is a finitely generated RJKK-module, that {Vi}i∈I captures
M, and that

√
ai = ai for all i ∈ I. Then the set

Σ := {x ∈m-SpecR[1/p] | HomK(Vi,Πx) ̸= 0 for some i ∈ I}

is dense in SpecR.

Proof. The proof of [31, Proposition 2.11] works verbatim to our setting.

2.2.3 Colmez’s Montreal functor

Let Modfin
G,Z(O) be the full subcategory of Modsm

G (O) consisting of representations of fi-
nite length with a central character. Let Modfin

GQp
(O) be the category of continuous GQp-

representations on O-modules of finite length with the discrete topology.
In [22], Colmez has defined an exact and covariant functor V : Modfin

G,Z(O)→Modfin
GQp

(O).
If ψ : Q×p → O× is a continuous character, then we may also consider it as a continu-
ous character ψ : GQp → O× via class field theory and for all π ∈ Modfin

G,Z(O) we have
V(π⊗ψ ◦det)∼= V(π)⊗ψ . Moreover we have:

V(1) = 0, V(Sp) = ω, V(IndG
B χ1⊗χ2ω

−1) = χ2,

V(c-IndG
K(Symr k2)/(T,S))∼= indω

r+1
2 ,

where ω is the mod p cyclotomic character, ω2 : IQp → k× is Serre’s fundamental character
of level 2, and indω

r+1
2 is the unique irreducible representation of GQp of determinant ωr

and such that indω
r+1
2 |IQp

∼= ω
r+1
2 ⊕ω

p(r+1)
2 for 0≤ r ≤ p−1.

Let RepGQp
(O) be the category of continuous GQp-representations on compact O-

modules. Following [56, Section 3], we define an exact covariant functor V̌ : CG,ζ (O)→
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RepGQp
(O) as follows: Let M be in CG,ζ (O), if it is of finite length, we define V̌(M) :=

V(M∨)∨(εζ ) where ∨ denotes the Pontryagin dual. For general M ∈ CG,ζ (O), write
M ∼= lim←−Mi, with Mi of finite length in CG,ζ (O) and define V̌(M) := lim←− V̌(Mi). With
this normalization of V̌ we have

V̌(1) = 0, V̌((Sp⊗η ◦det)∨) = η , V̌((IndG
B χ1⊗χ2ω

−1)∨) = χ1, V̌(π∨) = V(π),

where π is a supersingular representation.
Let Π ∈ Banadm

G,ζ (E), we define V̌(Π) = V̌(Θd)⊗O E with Θ any open bounded G-
invariant O-lattice in Π, so that V̌ is exact and contravariant on Banadm

G,ζ (E) and V̌(Π) does
not depend on the choice of Θ.

2.2.4 Extension Computations when p = 3

In this subsection we assume p = 3 and ζ = 1.
For π ′,π ∈Modl.fin

G,ζ (k), we write Ext1G/Z(π
′,π) for the extension group of π ′ by π in

Modl.fin
G,ζ (k). By [54, Thereom 11.4], we have the following table for dimk Ext1G/Z(π

′,π):

π ′\π 1 Sp ω ◦det Sp⊗ω ◦det
1 0 2 0 0
Sp 1 0 1 0
ω ◦det 0 0 0 2
Sp⊗ω ◦det 1 0 1 0

For τ ∈ Hom(Qp,k) (∼= Ext1G/Z(1,Sp)), we denote Eτ the extension of 1 by Sp defined
in [22, Proposition VII.4].

Proposition 2.2.3. For π ′ ∈ {Sp,Sp⊗ω ◦ det}, Ext1G/Z(π
′,Eτ) is 1-dimensional over k.

Moreover, the unique non-split extension Dτ of π ′ by Eτ gives rise to the class of Ext1GQp
(1, V̌(π ′∨))∼=

Hom(Qp,k) given by τ under the Colmez’s functor V̌.

Proof. If π ′ = Sp, then every non-zero element of Ext1G/Z(π
′,Eτ) would give an element of

Ext1G/Z(IndG
B 1,Sp) (Ext1G/Z(Sp,Sp) = 0 and the only non-split extension of Sp by 1 is given

by IndG
B 1). Consider the following commutative diagram

Ext1G/Z(IndG
B 1, IndG

B 1) Ext1G/Z(IndG
B 1,Sp) Ext1G/Z(1,Sp)

Ext1GQp
(1,1) Ext1GQp

(1,1),

(2.1)
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where the horizontal maps come from the functoriality of Ext1G/Z and the vertical maps are
induced by the Colmez’s funtor V̌. Applying HomG/Z(−,Sp) to the short exact sequence

0→ 1→ IndG
B 1→ Sp→ 0,

we obtain the following exact sequence

0→ Ext1G/Z(Sp,Sp)→ Ext1G/Z(IndG
B 1,Sp)→ Ext1G/Z(1,Sp).

Note that the second map is an injection (Ext1G/Z(Sp,Sp) = 0). Since both Ext1G/Z(IndG
B 1,Sp)

and Ext1G/Z(1,Sp) are 2-dimensional ([28, Proposition 4.3.12 (1)] and the table above), the
first assertion follows.

Appying HomG/Z(IndG
B 1,−) to the short exact sequence

0→ 1→ IndG
B 1→ Sp→ 0,

we have the following exact sequence

0→HomG(IndG
B 1,Sp)→Ext1G/Z(IndG

B 1,1)→Ext1G/Z(IndG
B 1, IndG

B 1)→Ext1G/Z(IndG
B 1,Sp).

Since both HomG(IndG
B 1,Sp) and Ext1G/Z(IndG

B 1,1) are 1-dimensional (c.f. [28, Proposition
4.3.13 (2)]), we see that the second map is an injection. It is indeed an isomorphism since
both the source and target are isomorphic to Hom(Qp,k) ([22, Proposition VII.4.13 (i)(ii)]).
On the other hand, the first vertical map in (2.1) is an isomorphism by [22, Proposition
VII.4.13 (iii)], hence the second vertical map in (2.1) is an isomorphism also and the second
assertion follows.

If π ′ = Sp⊗ω ◦det, then we consider following diagram

Ext1G/Z(Sp⊗ω ◦det,Eτ) Ext1G/Z(IndG
B ω⊗ω,Eτ)

Ext1GQp
(1,ω) Ext1GQp

(1,ω),

where the horizontal map comes from the functoriality of Ext1G/Z and the vertical map is
induced by the Colmez’s funtor V̌. Using the long exact sequence coming from applying
HomG/Z(−,Eτ) to the short exact sequence

0→ ω ◦det→ IndG
B ω⊗ω → Sp⊗ω ◦det→ 0,
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we have the long exact sequence

HomG/Z(ω ◦det,Eτ)→Ext1G/Z(Sp⊗ω ◦det,Eτ)→Ext1G/Z(IndG
B ω⊗ω,Eτ)→Ext1G/Z(ω ◦det,Eτ).

Since both HomG/Z(ω ◦ det,Eτ) and Ext1G/Z(ω ◦ det,Eτ) are zero, we see that the second
map is an isomorphism. This proves the first assertion since Ext1G/Z(IndG

B ω ⊗ω,Eτ) is
1-dimensional [22, Proposition VII.4.25], and the second assertion follows from [22, Propo-
sition VII.4.24].

2.2.5 Extension Computations when p = 2

In this subsection we assume p = 2 and ζ = 1.

Lemma 2.2.4. We have dimk Ext1G/Z(Sp,1) = 1. In particular, the unique non-split extension
of Sp by 1 is IndG

B 1..

Proof. We first note that dimk Ext1G/Z(IndG
B 1,1) = 1 [28, Theorem 4.3.13 (2)]. Applying

HomG(−,1) to the short exact sequence

0→ 1→ IndG
B 1→ Sp→ 0,

we obtain the following long exact sequence

0→ HomG(1,1)→ Ext1G/Z(Sp,1)→ Ext1G/Z(IndG
B 1,1) f−→ Ext1G/Z(1,1).

It follows that dimk Ext1G/Z(Sp,1) = 2 if the map f is the zero map and dimk Ext1G/Z(Sp,1) =
1 if f is nonzero.

On the other hand, consider the spectral sequence coming from the pro-p Iwahori invariant
functor I

0→ Ext1H (I (IndG
B 1),I (1))→ Ext1G/Z(IndG

B 1,1)→ HomH (I (IndG
B 1),R1I (1)),

where H is the pro-p Iwahori Hecke algebra (same as the Iwahori Hecke algebra since
Iwahori subgroups are pro-p when p = 2) and I is the pro-p Iwahori invariant functor. We
claim that Ext1H (I (IndG

B 1),I (1)) is nonzero.
If the claim holds, by applying HomH (−,I (1)) to the short exact sequence

0→I (1)→I (IndG
B 1)→I (Sp)→ 0,
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we have the following exact sequence

0→HomH (I (1),I (1))→Ext1H (I (Sp),I (1))→Ext1H (I (IndG
B 1),I (1))→Ext1H (I (1),I (1)).

Since dimExt1H (I (Sp),I (1)) = 1 by [54, Lemma 11.3], we see that the last map is an
injection. It follows that any nonzero element in Ext1H (I (IndG

B 1),I (1)) would give an
element of Ext1G/Z(IndG

B 1,1) whose image under f is nonzero by the following commutative
diagram

Ext1H (I (IndG
B 1),I (1)) Ext1H (I (1),I (1))

Ext1G/Z(IndG
B 1,1) Ext1G/Z(1,1)

f

coming from the injections 1→ IndG
B 1, I (1)→I (IndG

B 1) and the pro-p Iwahori invariant
functor. This proves the lemma.

To prove the claim, we construct a non-trivial extension of I (IndG
B 1) by I (1) explicitly.

Note that H is the k-algebra with two generators T,S satisfying two relations T 2 = 1
and (S+ 1)S = 0 (c.f. [74, Section 1.1]), I (1) is the simple (right) H -module given by
vT = v; vS = 0, I (Sp) is the simple H -module given by vT = v; vS = v and I (IndG

B 1)
is the H -module given by v1T = v1; v2T = v2; v1S = 0; v2S = v1 + v2. Since the unique
non-split extension of I (1) by itself is given by v1T = v1; v2T = v1 + v2; v1S = 0; v2S = 0
(note that 2 = 0 in k), it follows that

v1T = v1 v2T = v1 + v2 v3T = v3;

v1S = 0 v2S = 0 v3S = v2 + v3

gives a desired non-trivial element in Ext1H (I (IndG
B 1),I (1)).

By [28, Proposition 4.3.21, Proposition 4.3.22], [22, Proposition VII.4.18] and the above
lemma, we have the following table for dimk Ext1G/Z(π

′,π):

π ′\π 1 Sp
1 3 3
Sp 1 3

Lemma 2.2.5. (i) dimk Ext1G/Z(IndG
B 1,Sp) = 3.

(ii) The natural map Ext1G/Z(Sp,Sp)→ Ext1G/Z(IndG
B 1,Sp) is a bijection.
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Proof. The first assertion is due to [28, Theorem 4.3.12 (2)]. To show the second assertion,
consider the exact sequence

0→ Ext1G/Z(Sp,Sp)→ Ext1G/Z(IndG
B 1,Sp)→ Ext1G/Z(1,Sp).

coming from applying HomG(−,Sp) to the short exact sequence 0→ 1→ IndG
B 1→ Sp→ 0.

Since both Ext1G/Z(Sp,Sp) and Ext1G/Z(IndG
B 1,Sp) are 3-dimensional by the table above and

(1), we see that the first map is a bijection (and the second map is identical zero).

Proposition 2.2.6. Let N be a smooth G-representation of finite length over k whose Jordan-
Holder factors are all 1 and let E be an extension of N by Sp with socle Sp. Then the natural
map Ext1G/Z(Sp,Sp)→ Ext1G/Z(Sp,E) is a bijection.

Proof. We first note that when N = 1, E ∼= Eτ for some τ ∈ Hom(Q×p ,k) constructed in [22,
Proposition VII.4] and the natural map Ext1G/Z(1,Eτ)→ Ext1G/Z(1,1) is identical zero [22,
Proposition VII.5.4]. It follows that N can’t contain any non-split extension of 1 by itself.
Thus we may reduce to the case N = 1 and the assertion is equivalent to showing that the
second map in the following exact sequence

0→ Ext1G/Z(Sp,Sp)→ Ext1G/Z(Sp,E)→ Ext1G/Z(Sp,1)

is zero. Suppose this is not the case, then there is an extension E ′ of Sp by E with socle Sp
such that E ′/Sp∼= IndG

B 1 (IndG
B 1 is the unique non-split extension of Sp by 1 by lemma 2.2.4).

It follows that E ′ would give an element of Ext1G/Z(IndG
B 1,Sp) whose image in Ext1G/Z(1,Sp)

is nonzero. On the other hand, lemma 2.2.5 (2) says that the map Ext1G/Z(IndG
B 1,Sp)→

Ext1G/Z(1,Sp) is identical zero, which gives a contradiction. This finishes the proof.

Proposition 2.2.7. The map Ext1G/Z(Sp,Sp)→ Ext1GQp
(1,1) induced by Colmez’s functor V̌

is a bijection.

Proof. For τ ∈ Hom(Q×p ,k), we denote Yτ the extension of 1 by itself given by τ (as B-
representation). Note that IndG

B Yτ is an extension of IndG
B 1 by itself. It is shown in [22,

Proposition VII.4.12] that the map Hom(Q×p ,k)→ Ext1GQp
(1,1) induced by τ 7→ V̌(IndG

B Yτ)

is a bijection. By lemma 2.2.5 (2), the map Ext1G/Z(Sp,Sp)→ Ext1G/Z(IndG
B 1,Sp) is a

bijection. Composing its inverse with the map Ext1G/Z(IndG
B 1, IndG

B 1)→ Ext1G/Z(IndG
B 1,Sp),
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we obtain the following diagram

Hom(Q×p ,k) Ext1G/Z(IndG
B 1, IndG

B 1) Ext1GQp
(1,1)

Ext1G/Z(Sp,Sp) Ext1GQp
(1,1).

Note that the right square is commutative since there is no extension of IndG
B 1 by Sp with socle

Sp (by the bijectivity of Ext1G/Z(Sp,Sp)→ Ext1G/Z(IndG
B 1,Sp)). It follows that the lower map

Ext1G/Z(Sp,Sp)→ Ext1GQp
(1,1) is a bijection since both Hom(Q×p ,k) and Ext1G/Z(Sp,Sp) are

3-dimensional over k. This proves the lemma.

2.2.6 Some miscellaneous results

Lemma 2.2.8. Let π,π ′ ∈Modl.fin
G,ζ (O)B be of finite length such that πSL2(Qp) = 0 and π ′

irreducible non-character, then V̌ induces:

HomG(π
′,π)∼= HomGQp

(
V̌(π∨), V̌(π ′∨)

)
,

Ext1G,ζ (π
′,π) ↪→ Ext1GQp

(
V̌(π∨), V̌(π ′∨)

)
.

Proof. In [54, Lemma A1], Paškūnas proved this lemma for supersingular blocks. For other
blocks, the argument in his proof reduces the assertion to the case that V̌(π∨) is irreducible.
We include the argument there for the sake of completeness. We argue by induction on the
length l of V̌(π∨). Assume that l > 1, then there exists an exact sequence

0→ π1→ π → π2→ 0 (2.2)

with π
SL2(Qp)
1 = π

SL2(Qp)
2 = 0. Since V̌ is exact, it induces an exact sequence

0→ V̌(π∨2 )→ V̌(π∨)→ V̌(π∨1 )→ 0. (2.3)

Applying HomG(Sp,−) to (2.2) and HomGQp
(−, V̌(Sp∨)) to (2.3), we obtain two long exact

sequences, and a map between then induced by V̌. With the obvious notation, we get a
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commutative diagram

0 A0 B0 C0 A1 B1 C1

0 A 0 B0 C 0 A 1 B1 C 1.

By induction hypothesis, the first and third vertical maps are bijections, and the fourth and
sixth vertical maps are injections. This implies that the second vertical map is an bijection
and the fifth vertical map is an injection.

The case l = 1 is dealt in [22, Theorem VII.4.7, Proposition VII.4.10, Proposition
VII.4.13, Proposition VII.4.24] except the following two cases:

(i) p = 3 and B= {1,Sp,ω ◦det,Sp⊗ω ◦det}⊗δ ◦det;

(ii) p = 2 and B= {1,Sp}⊗δ ◦det,

where δ : Q×p → k× is a smooth character and ω : Q×p → k× is the character ω(x) = x|x| mod
ϖ . Without loss of generality we may assume that δ = 1.

In case (i), by symmetry of the table in subsection 2.2.4, we may assume the socle of π is
Sp. We claim that l = 1 implies that π is an extension of (at most two) copies of 1 by Sp. If
the claim holds, then the assertion follows from proposition 2.2.3. To show the claim, we
note that the only absolutely irreducible representation which allows a non-trivial extension
by Sp is 1 (see the table in subsection 2.2.4) and there is no non-trivial extension of 1 (resp.
ω ◦det) by 1. This proves the claim.

In case (ii), since l = 1 implies that π is of the form EN for some N in proposition 2.2.6,
the assertion follows from proposition 2.2.6 and proposition 2.2.7.

Proposition 2.2.9. If π ∈ Modl.fin
G,ζ (k) is admissible, then V̌(π∨) is finitely generated as

kJGQpK-module.

Proof. Without loss of generality, we can assume π ∈ Modl.fin
G (O)B, hence has finitely

many irreducible subquotients π1, ...,πn up to isomorphism. Since ρi := V̌(π∨i ) is a finite
dimensional GQp-representation over k, kerρi has finite index in GQp . It follows that K :=⋂

i kerρi is of finite index in GQp and H :=GQp/K is a finite group. Denote P by the maximal
pro-p quotient of K and G by the quotient of GQp defined by the diagram

0 K GQp H 0

0 P G H 0
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We claim that the action of GQp on V̌(π∨) factors through G. Since π can be written as
inductive limit of finite length smooth representations, it suffices to prove the claim for π of
finite length by the definition of V̌. Set ρ = V̌(π∨) a finite dimensional GQp-representation
over k. Since K acts trivially on each irreducible pieces, ρ(K) has to be contained in the
upper triangular unipotent matrices, hence it is a p-group. The claim follows because the
action of K factors through P.

We have the following equivalent conditions:

V̌(π∨) is a finitely generated kJGQpK-module

⇐⇒V̌(π∨) is a finitely generated kJGK-module (thus a finitely generated kJPK-module)

⇐⇒V̌(π∨)P is a finitely generated k[H]-module (thus a finite dimensional k-vector space)

⇐⇒the cosocle of V̌(π∨) is of finite length

where cosocle is defined to be the maximal semi-simple quotient. The first equivalence is
due to the claim and the second equivalence follows from Nakayama lemma for compact
modules (cf. [14, Corollary 1.5]). The last equivalence is because the cosocle of V̌(π∨)

in the category of compact kJGQpK-modules coincides with the cosocle of V̌(π∨)P in the
category of k[H]-modules since P is a pro-p normal subgroup of G.

Consider the quotient π/πSL2(Qp) of π . It is admissible since its Pontryagin dual
(π/πSL2(Qp))∨ is a finitely generated over kJKK (it is a submodule of π∨, which is finitely
generated over kJKK since it is admissible). Applying the SL2(Qp)-invariant to the exact
sequence

0→ π
SL2(Qp)→ π → π/π

SL2(Qp)→ 0,

we obtain

(π/π
SL2(Qp))SL2(Qp) ↪→ H1(SL2(Qp),π

SL2(Qp))∼= Hom(SL2(Qp),π
SL2(Qp)),

which is 0 since the derived subgroup of SL2(Qp) is SL2(Qp). Since V̌(π∨)∼= V̌((π/πSL2(Qp))∨)

and V̌((π/πSL2(Qp))∨) is of finite length by lemma 2.2.8, we prove the proposition.



Chapter 3

Automorphic forms on GL2(AF)

In this section we define the class of automorphic representations whose associated Galois
representations we wish to study. Throughout this section, we let F be a totally real field and
fix an isomorphism ι : Qp

∼= C.
If λ = (λκ)κ:F→C ∈ (Z2

+)
Hom(F,C), let Ξλ denote the irreducible algebraic representation

of (GL2)
Hom(F,C) which is the tensor product over κ ∈ Hom(F,C) of irreducible representa-

tions of GL2 with highest weight λκ . We say that λ ∈ (Z2
+)

Hom(F,C) is an algebraic weight if
it satisfies the parity condition, i.e. λκ,1 +λκ,2 is independent of κ .

Definition 3.0.1. We say that a cuspidal automorphic representation π of GL2(AF) is regular
algebraic if the infinitesimal character of π∞ has the same infinitesimal character as Ξ∨

λ
for

an algebraic weight λ .

Let π be a regular algebraic cuspidal automorphic representation of GL2(AF) of weight λ .
For any place v|p of F and any integer a≥ 1, let Iwv(a,a) denote the subgroup of GL2(OFv)

of matrices that reduce to an upper triangular matrix modulo ϖa
v . We define the Hecke

operator

Uϖv =

[
Iwv(a,a)

(
ϖv 0
0 1

)
Iwv(a,a)

]
and the modified Hecke operator

Uλ ,ϖv =

(
∏

κ:Fv↪→Qp

κ(ϖv)
−λικ,2

)
Uϖv .

Definition 3.0.2. Let v be a place of F above p. We say that π is ι-ordinary at v, if there is
an integer a≥ 1 and a nonzero vector in (ι−1πv)

Iwv(a,a) that is an eigenvector for Uλ ,ϖv with
an eigenvalue which is a p-adic unit. This definition does not depend on the choice of ϖv.
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The following theorem is due to the work of many people. We refer the reader to [20]
and [69] for the existance of Galois representations, to [20] for part (2) when v - p, to [62]
for part (1) and part (2) when v|p, and to [39, 76] for part (3).

Theorem 3.0.3. Let π be a regular algebraic cuspidal automorphic representation of
GL2(AF) of weight λ . Fix an isomorphism ι : Qp → C. Then there exists a continuous
semi-simple representation

ρπ,ι : GF → GL2(Qp)

satisfying the following conditions:

1. For each place v|p of F, ρπ,ι |GFv
is de Rham, and for each embedding κ : F →Qp, we

have
HTκ(ρπ,ι |GFv

) = {λικ,2,λικ,1 +1}.

2. For each finite place v of F, we have WD(ρπ,ι |GFv
)F−ss ∼= rp(ι

−1πv).

3. If π is ι-ordinary at v|p, then there is an isomorphism

ρ|GFv
∼

(
ψv,1 ∗

0 ψv,2

)
,

where for i = 1,2, ψv,i : GFv →Q×p is a continuous character satisfying

ψv,i(ArtFv(σ)) = ∏
κ:Fv↪→Qp

κ(σ)−(λικ,3−i+i−1)

for all σ in some open subgroup of O×Fv
.

These conditions characterize ρπ,ι uniquely up to isomorphism.

Definition 3.0.4. We call a Galois representation ρ : GF →GL2(Qp) automorphic of weight
ι∗λ = (λι−1κ,1,λι−1κ,2) ∈ (Z2

+)
Hom(F,Qp) if there exists a regular algebraic cuspidal auto-

morphic representation of GL2(AF) of weight λ := (λκ,1,λκ,2) ∈ (Z2
+)

Hom(F,C) such that
ρ ∼= ρπ,ι . Moreover, if π is ι-ordinary at a place v|p then we say ρ is ι-ordinary at v.

Lemma 3.0.5. Let π be a regular algebraic cuspidal automorphic representation of GL2(AF)

of weight λ . If π is ι-ordinary at a place v|p, then there exist smooth characters χv,1,χv,2 :
F×v →Q×p satisfying the following conditions:

1. πv is a subquotient of the (unnormalized) induction IndGL2(Fv)
B (ιχv,1| · |

1
2 ⊗ ιχv,2| · |−

1
2 ),

where B is the subgroup of upper triangular matrices in GL2(Fv) and | · | is the
absolutely valued defined by |p|= p−1.
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2. For a uniformizer ϖv of Fv and i = 1,2, we have

valp(χv,i(ϖv)) =
1
ev

∑
κ:Fv↪→C

(λι−1κ,n−i+1−
3
2
+ i),

where ev is the absolutely ramification index of Fv. In particular, we have valp(χv,1(ϖv))<

valp(χv,2(ϖv)), where valp is the valuation given by | · | (i.e. valp(p) = 1).

Proof. See [40, Corollary 2.2] for part (1). Part (2) is a consequence of the local-global
compatibility in [39, 76] (see [72, Theorem 2.4] for a proof).

Lemma 3.0.6. Let F ′/F be a solvable totally real extension, and let ι : Qp → C be an
isomorphism.

1. Let π be a regular algebraic cuspidal automorphic representation of GL2(AF), and
suppose that ρπ,ι |GF ′ is irreducible. Then there exists a regular algebraic cuspidal
automorphic representation πF ′ of GL2(AF ′) such that ρπF ′ ,ι

∼= ρπ,ι |GF ′ . Moreover, π

is ι-ordinary at a place v if and only if πF ′ is ι-ordinary at all places w|v of F ′.

2. Let ρ : GF → GL2(Qp) be a continuous representation. Suppose that ρ|GF ′ is irre-
ducible and that there exists a regular algebraic cuspidal automorphic representation
π ′ of GL2(AF ′) such that ρ|GF ′

∼= ρπ ′,ι . Then there exists a regular algebraic cuspidal
automorphic representation π of GL2(AF) such that ρ ∼= ρπ,ι .

Proof. Both statement can be deduced from [51]. See [36, Lemma 5.1.6] for the ordinariness.





Chapter 4

Galois deformation theory

4.1 Global deformation problems

Let F be a number field and p be a prime. We fix a continuous absolutely irreducible
ρ : GF → GL2(k) and a continuous character ψ : GF → O× such that ψε lifts detρ . We fix
a finite set S of places of F containing those above p,∞ and the places at which ρ and ψ are
ramified. For each v ∈ S, we fix a ring Λv ∈ CNLO and define ΛS = ⊗̂v∈S,OΛv ∈ CNLO .

For each v ∈ S, we denote ρ|GFv
by ρv and write D�

v : CNLΛv → Sets (resp. D�,ψ
v :

CNLΛv → Sets) for the functor associates R ∈ CNLΛv the set of all continuous homomor-
phisms r : GFv → GL2(R) such that r mod mR = ρv (resp. and detr agrees with the compo-
sition GFv → O×→ R× given by ψε|GFv

), which is represented by an object R�
v ∈ CNLΛv

(resp. R�,ψ
v ∈ CNLΛv).

Definition 4.1.1. Let v ∈ S, a local deformation problem for ρv is a subfunctor Dv ⊂ D�
v

satisfying the following conditions:

• Dv is represented by a quotient Rv of R�
v .

• For all R ∈ CNLΛv , a ∈ ker(GL2(R)→ GL2(k)) and r ∈ Dv(R), we have ara−1 ∈
Dv(R).

We will write ρ�
v : GFv → GL2(R�

v ) for the universal lifting of ρv.

Definition 4.1.2. A global deformation problem is a tuple

S = (ρ,S,{Λv}v∈S,{Dv}v∈S)

where
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• The object ρ , S and {Λv}v∈S are defined at the beginning of this section.

• For each v ∈ S, Dv is a local deformation problem for ρv.

Definition 4.1.3. Let S = (ρ,S,{Λv}v∈S,{Dv}v∈S) be a global deformation problem. Let
R ∈ CNLΛS , and let ρ : GF → GL2(R) be a lifting of ρ . We say that ρ is of type S if it
satisfies the following conditions:

1. ρ is unramified outside S.

2. For each v ∈ S, ρv := ρ|GFv
is in Dv(R), where R has a natural Λv-algebra structure via

the homomorphism Λv→ ΛS.

We say that two liftings ρ1,ρ2 : GF → GL2(R) are strictly equivalent if there exists
a ∈ ker(GL2(R)→ GL2(k)) such that ρ2 = aρ1a−1. It’s easy to see that strictly equivalence
preserves the property of being type S .

We write D�
S for the functor CNLΛS → Sets which associates to R ∈ CNLΛS the set of

liftings ρ : GF →GL2(R) which are of type S , and write DS for the functor CNLΛS → Sets
which associates to R ∈ CNLΛS the set of strictly equivalence classes of liftings of type S .

Definition 4.1.4. If T ⊂ S and R ∈ CNLΛS , then a T -framed lifting of ρ to R is a tuple
(ρ,{αv}v∈T ), where ρ is a lifting of ρ , and for each v∈ T , αv is an element of ker(GL2(R)→
GL2(k)). Two T -framed liftings (ρ,{αv}v∈T ) and (ρ ′,{α ′v}v∈T ) are strictly equivalent if
there is an element a ∈ ker(GL2(R)→GL2(k)) such that ρ ′ = aρa−1 and α ′v = aαv for each
v ∈ T .

We write DT
S for the functor CNLΛS → Sets which associates to R ∈ CNLΛS the set of

strictly equivalence classes of T -framed liftings (ρ,{αv}v∈T ) to R such that ρ is of type S .
Similarly, we may consider liftings of type S with determinant ψε , which we denote the
corresponding functor by Dψ

S , D�,ψ
S and DT,ψ

S .

Theorem 4.1.5. Let S = (ρ,S,{Λv}v∈S,{Dv}v∈S) be a global deformation problem. Then
the functor DS , D�

S , DT
S , Dψ

S , D�,ψ
S and DT,ψ

S are represented by objects RS , R�
S , RT

S ,
Rψ

S , R�,ψ
S and RT,ψ

S , respectively, of CNLΛS .

Proof. For DS , this is due to [37, Theorem 9.1]. The representability of the functors D�
S ,

DT
S , Dψ

S , D�,ψ
S and DT,ψ

S can be deduced easily from this.

Lemma 4.1.6. Let S be a global deformation problem, and let ρS : GF →GL2(RS ) be the
universal solution of deformations of type S . Choose v0 ∈T , and let T =OJXv,i, jKv∈T,1≤i, j≤2/(Xv0,1,1).
There is a canonical isomorphism RT

S
∼= RS ⊗̂OT .
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Proof. Note that the centralizer in id2 +M2(mRS ) of ρS is the scalar matrices, Thus the
T -framed lifting over RS ⊗̂OT given by the tuple (ρS,{id2 +(Xv,i, j)}v∈T ) is a universal
framed deformation of r over RS ⊗̂OT . This shows that the induced map RT

S → RS ⊗̂OT

is an isomorphism.

Let S = (ρ,S,{Λv}v∈S,{Dv}v∈S) be a global deformation problem and denote Rv ∈
CNLΛv the representing object of Dv for each v ∈ S. We write AT

S = ⊗̂v∈T,ORv for the
complete tensor product of Rv over O for each v ∈ T , which has a canonical ΛT := ⊗̂v∈T,OΛv

algebra structure. The natural transformation (ρ,{αv}v∈T ) 7→ (α−1
v ρ|GFv

αv)v∈T induces a
canonical homomorphism of ΛT -algebras AT

S → RT
S . Moreover, lemma 4.1.6 allows us to

consider RS as an AT
S algebra via the map AT

S → RT
S � RS .

Proposition 4.1.7. Suppose that

• T contains all the places above p;

• either S\T contains a finite place or H0(GF,S,(ad0
ρ)∗(1)) = 0.

• Dv ⊂D�,ψ
v for v ∈ T and Dv = D�,ψ

v for v ∈ S−T .

Let r = ∑v|∞,v/∈T dimk H0(GFv,(ad0
ρ)∗(1)). Then for some s≥ 0, there is an isomorphism of

AT
S -algebras

RT,ψ
S
∼= AT

S Jx1, · · · ,xs+|T |−1K/( f1, · · · , fr+s).

Proof. This follows from the proof of [46, Proposition 4.1.5].

Remark 4.1.8. Note that H0(GF,S,(ad0
ρ)∗(1)) = 0 if p > 2 and ρ|F(ζp) is absolutely irre-

ducible with ζp a primitive p-th roots of unity (c.f. [41, Lemma 8.1]).

Proposition 4.1.9. Let S be a global deformation problem as before and F ′ be a finite
Galois extension of F. Suppose that

• EndGF ′ (ρ) = k.

• S ′ = (ρ|GF ′ ,S
′,{Λw}v∈S′,{Dw}w∈S′) is a deformation problem where

– S′ is the set of places of F ′ above S;

– T ′ is the set of places of F ′ above T ;

– for each w|v, Λw = Λv and Dw is a local deformation problem equipped with a
natural map Rw→ Rv induced by restricting deformations of ρv to GF ′w .
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Then the natural map RT ′,ψ
S ′ → RT,ψ

S induced by restricting deformations of ρ to GF ′ , make

RT,ψ
S into a finitely generated RT ′,ψ

S ′ -module.

Proof. Let m′ be the maximal ideal of RT ′,ψ
S ′ . It follows from [43, Lemma 3.6] and Nakayama’s

lemma that it is enough to show the image of GF,S→GL2(R
T,ψ
S )→GL2(R

T,ψ
S /m′RT,ψ

S ) is fi-
nite. Since GF ′,S′ is of finite index in GF,S and it gets mapped to the finite subgroup ρ(GF ′,S′),
we are done.

4.2 Local deformation problems

In this section, we define some local deformation problems we will use later.
The following lemma is due to [5, Lemma 3.2].

Lemma 4.2.1. Let Rv ∈ CNLΛv be a quotient of R�
v satisfying the following conditions:

• The ring Rv is reduced, and not isomorphic to k.

• Let r : GFv → GL2(Rv) denote the specialization of the universal lifting, and let
a ∈ ker(GL2(Rv)→ GL2(k)). Then the homomorphism R�

v → Rv associated to the
representation ara−1 by universality factors through the canonical projection R�

v → Rv.

Then the subfunctor of D�
v defined by Rv is a local deformation problem.

4.2.1 Ordinary deformations

In this section we define ordinary deformations following [2, Section 1.4].
Suppose that v|p and that E contains the image of all embeddings Fv ↪→ Qp. We will

assume throughout this subsection that there is some line L in ρv that is stable by the action
of GFv . Let η denote the character of GFv giving the action on L. Note that the choice of η is
unique unless ρv is the direct sum of two distinct characters. In this case we simply make a
choice of one of these characters.

We write O×Fv
(p) for the maximal pro-p quotient of O×Fv

. Set Λv = OJO×Fv
(p)K and

write ψuniv : GFv → Λ×v for the universal character lifting ψ . Note that ArtFv restricts to an
isomorphism O×Fv

∼= Iab
Fv

, where Iab
Fv

is the abelianization of IFv .
Let P1 be the projective line over O . We denote L∆ the subfunctor of P1×O SpecR�,ψ

v ,
whose A-points for any O-algebra A consist of an O-algebra homomorphism R�,ψ

v → A and
a line L ∈ P1(A) such that the filtration is preserved by the action of GFv on A2 induced from
ρ�

v and such that the action of GFv on L is given by pushing forward ψuniv. This subfunctor
is represented by a closed subscheme (c.f. [2, Lemma 1.4.2]), which we denote by L∆ also.
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We define R∆
v to be the maximal reduced, O-torsion free quotient of the image of the map

R�,ψ
v → H0(L∆,OL∆

).

Proposition 4.2.2. The ring R∆
v defines a local deformation problem. Moreover,

1. An O-algebra homomorphism x : R�,ψ
v → Qp factors through R∆

v if and only if the
corresponding Galois representation is GL2(Qp)-conjugate to a representation(

ψ1 ∗
0 ψ2

)

where ψ1|GFv
= x◦ψuniv.

2. assume the image of ρ̄|GFv
is either trivial or has order p, and that if p = 2, then either

Fv contains a primitive fourth roots of unity or [Fv : Q2]≥ 3. Then for each minimal
prime Qv ⊂ Λv, R∆

v /Qv is an integral domain of relative dimension 3+2[Fv : Qp] over
O , and its generic point is of characteristic 0.

Proof. The first assertion follows from [2, Proposition 1.4.4] and the second assertion is due
to [2, Proposition 1.4.12].

We define D∆
v to be the local deformation problem represented by R∆

v .

4.2.2 Potentially semi-stable deformations

Suppose that v|p and that E contains the image of all embeddings Fv ↪→Qp. Let Λv = O .

Proposition 4.2.3. For each λv ∈ (Z2
+)

Hom(Fv,E) and inertial type τv : Iv→ GL2(E), there is
a unique (possibly trivial) quotient Rλv,τv

v (resp. Rλv,τv,cr
v ) of the universal lifting ring R�,ψ

v

with the following properties:

1. Rλv,τv
v (resp. Rλv,τv,cr

v ) is reduced and p-torsion free, and all the irreducible components
of Rλv,τv

v [1/p] (resp. Rλv,τv,cr
v [1/p]) is formally smooth and of relative dimension 3+[Fv :

Qp] over O .

2. If E ′/E is a finite extension, then an O-algebra homomorphism R�,ψ
v → E ′ factors

through Rλv,τv
v (resp. Rλv,τv,cr

v ) if and only if the corresponding Galois representation
GFv → GL2(E ′) is potentially semi-stable (resp. potentially crystalline) of weight λ

and inertial type τ .

3. Rλv,τv
v /ϖ (resp. Rλv,τv,cr

v /ϖ) is equidimensional.
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Proof. This is due to [47] (see also [1, Corollary 1.3.5]).

In the case that Rλv,τv
v ̸= 0 (resp. Rλv,τv,cr

v ̸= 0), we define Dλv,τv,ss
v (resp. Dλv,τv,cr

v ) to be
the local deformation problem represented by Rλv,τv

v (resp. Rλv,τv,cr
v ).

4.2.3 Fixed weight potentially semi-stable deformations

For λv ∈ (Z2
+)

Hom(Fv,E), we define characters ψ
λv
i : IFv → O× for i = 1,2 by

ψ
λv
i : σ 7→ ε(σ)−(i−1)

∏
κv:Fv↪→E

κv(Art−1
Fv
(σ))−λκv,3−i.

Definition 4.2.4. Let λv ∈ (Z2
+)

Hom(Fv,E) and ρv : GFv → GL2(O) be a continuous represen-
tation. We say ρ is ordinary of weight λv if there is an isomorphism

ρv ∼

(
ψv,1 ∗

0 ψv,2

)
,

where for i = 1,2, ψv,i : GFv → O× is a continuous character agrees with ψ
λv
i on an open

subgroup of IFv .

Proposition 4.2.5. For each λv, τv there is a unique (possibly trivial) reduced and p-torsion
free quotient R∆,λv,τv

v of R∆
v satisfying the following properties:

1. If E ′/E is a finite extension, then the O-algebra homomorphism R�,ψ
v → E ′ factors

through R∆,λv,τv
v if and only if the corresponding Galois representation Gv→ GL2(E ′)

is ordinary and potentially semi-stable of Hodge type λ and inertial type η .

2. SpecR∆,λv,τv
v is a union of irreducible components of SpecRλv,τv

v .

Proof. This follows from [36, Lemma 3.3.3].

Lemma 4.2.6. If R∆,λv,τv
v is non-zero, then τ = α1⊕α2 is a sum of smooth characters

of Iv. Moreover, the natural surjection R∆
v � R∆,λv,τv

v factors through R∆
v ⊗OJO×Fv(p)K,η O ,

where η : OJO×Fv
(p)K→ O is given by u 7→ α1(ArtFv(u))∏κv:Fv↪→E κv(Art−1

Fv
(σ))−λκv,2 for

u ∈ O×Fv
(p).
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Proof. The first assertion is due to [36, Lemma 3.3.2]. For the second assertion, consider the
following diagram

Lλv,τv L L∆

SpecRλv,τv
v SpecR�,ψ

v Spec R̃�,ψ
v ,

where R̃�,ψ
v = R�,ψ

v ⊗̂OOJO×Fv
(p)K, R�,ψ

v ↪→ R̃�,ψ
v is induced by the surjection R̃�,ψ

v � R�,ψ
v

given by η , Lλv,τv is the closed subscheme of P1×O Rλv,τv
v , whose R-valued points, R an

Rλv,τv
v -algebra, consist of a R-line L ⊂ R2 on which IFv acts via the character η composed

with ArtFv , and L is the closed subscheme of P1
R�,ψ

v
defined by the same way using R�,ψ

v

instead of Rλv,τv
v .

It’s easy to see that the left square (induced by the quotient R�,ψ
v � Rλv,τv

v ) is cartesian
and the right square is commutative. This proves the proposition since R∆

v is the scheme
theoretical image of L in R̃�,ψ

v and R∆,λv,τv
v is the scheme theoretical image of Lλv,τv in

SpecRλv,τv
v (c.f. [36, Section 3.3]).

4.2.4 Irreducible components of potentially semi-stable deformations

Suppose that Cv is an irreducible component of SpecRλv,τv
v [1/p]. Then we write RCv

v for the
maximal reduced, p-torsion free quotient of Rλv,τv

v such that SpecRCv
v [1/p] is supported on

the component Cv.

Lemma 4.2.7. Say that a lifting ρ : GFv → GL2(R) is of type DCv
v if the induced map

R�,ψ
v → R factors through RCv

v . Then DCv
v is a local deformation problem.

Proof. It follows from [4, Lemma 1.2.2] and lemma 4.2.1.

4.2.5 Odd deformations

Assume that Fv = R and ρ|GFv
is odd, i.e. detρ(c) =−1 for c the complex conjugation. Let

Λv = O .

Proposition 4.2.8. There is a reduced and p-torsion free quotient R−1
v of R�,ψ

v such that if
E ′/E is a finite extension, a O-homomorphism R�,ψ

v → E ′ factors through R−1
v if and only if

the corresponding Galois representation is odd. Moreover,

• R−1
v is a complete intersection domain of relative dimension 2 over O and is formally

smooth if p > 2.
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• R−1
v [1/p] is formally smooth over E.

• R−1
v ⊗O k is a domain.

Proof. See [44, Proposition 3.3].

We write D−1
v for the local deformation problem defined by R−1

v .

4.2.6 Irreducible components of unrestricted deformations

Let v - p and Λv = O .

Lemma 4.2.9. Let x,y : R�,ψ
v →Qp with ρx,ρy : GFv → GL2(Qp) be the associated framed

deformations.

1. If x and y lie on the same irreducible component of SpecR�,ψ
v ⊗Qp, then

(ρx)|ss
IFv
∼= (ρy)|ss

IFv
.

2. Suppose that moreover neither x nor y lie on any other irreducible component of
SpecR�,ψ

v ⊗Qp. Then
(ρx)|IFv

∼= (ρy)|IFv
.

Proof. See [4, Lemma 1.3.4].

Suppose that Cv is an irreducible component of SpecR�,ψ
v [1/p]. Then we write RCv

v

for the maximal reduced, p-torsion free quotient of R�,ψ
v such that RCv

v is supported on the
component Cv, which defines a local deformation problem DCv

v by lemma 4.2.1. Moreover,
it follows from lemma 4.2.9 that all points of SpecRCv

v [1/p] are of same inertial type if E is
large enough.

4.2.7 Unramified deformations

Let v - p and Λv = O .

Proposition 4.2.10. Suppose ρ|GFv
is unramified and ψ is unramified at v. There there is

a reduecd, O-torsion free quotient Rur
v of R�,ψ

v corresponding to unramified deformations.
Moreover, Rur

v is formally smooth over O of relative dimension 3.

Proof. This is due to [49, prop 2.5.3].

We denote Dur
v the local deformation problem defined by Rur

v .
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4.2.8 Special deformations

Let v - p and Λv = O .

Proposition 4.2.11. There is a reduced, O-torsion free quotient RSt
v of R�,ψ

v satisfying the
following properties:

1. If E ′/E is a finite extension then an O-algebra homomorphism R�,ψ
v → E ′ factors

through RSt
v if and only if the corresponding Galois representation is an extension of γv

by γv(1), where γv : GFv → O× is an unramified character such that γ2
v = ψ|GFv

.

2. RSt
v is a domain of relative dimension 3 over O and RSt

v [1/p] is regular.

Proof. This follows from [50, Proposition 2.6.6] and [44, Theorem 3.1].

We denote DSt
v the local deformation problem defined by RSt

v .

4.2.9 Taylor-Wiles deformations

Suppose that qv ≡ 1 mod p, that ρ|GFv
is unramified, and that ρ(Frobv) has distinct eigenval-

ues αv,1,αv,2 ∈ k. Let ∆v = k(v)×(p) and Λv = O[∆⊕2
v ].

Proposition 4.2.12. R�
v is a formally smooth Λv-algebra. Moreover, ρ�

v
∼= χv,1⊕χv,2 with χv,i

a character satisfying χv,i(Frobv)≡ αv,i mod mR�
v

and χv,i|IFv
agrees, after the composition

composition with the Artin map, with the character k(v)×→ ∆⊕2
v → Λ×v defined by mapping

k(v)× to its image in the i-th component of ∆v.

Proof. This follows from the proof of [25, Lemma 2.44] (see [66, Proposition 5.3] for an
explicit computation of R�

v ).

In this case, we write DTW
v for D�

v .

4.3 Irreducible component of p-adic framed deformation
rings of GQp

Let r : GL→ GL2(k) and ψ : GL→ O× be a lifting of detr. We write Rr (resp. Rψ

r ) for the
universal lifting ring of r (resp. universal lifting ring of r with determinant ψ). The goal of
this section is to prove the following theorem.

Theorem 4.3.1. SpecRψ

r [1/p] is irreducible if one of the following conditions holds:
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• p > 2.

• p = 2 and L =Qp.

Remark 4.3.2. The ring R�
r has been calculated when p > 2 in [8], p = 2 and L = Qp in

[21, 24, 3].

When p > 2, this is due to [8, Theorem 1.5].
When p = 2, this is proved in [21, Proposition 4.1] when r absolutely irreducible or re-

ducible indecomposable with non-scalar semi-simplification. Assume that r is split reducible
with non-scalar semi-simplification (i.e. r ∼= ( χ̄1 0

0 χ̄2
) with χ̄1χ̄

−1
2 ̸= 1). It is proved in [58,

Proposition 5.2] that Rver ∼= RpsJx,yK/(xy− c), where Rver is the versal deformation ring of
r, Rps is the pseudo deformation ring of (the pseudo-character associated to) r, and c ∈ Rps

is the element generating the reducibility ideal. Since Rps is isomorphic to the universal
deformation ring of r′ = (

χ̄1 ∗
0 χ̄2

) with ∗ ̸= 0 by [58, Proposition 3.6] and xy− c is irreducible
in RpsJx,yK, wee see that SpecRver is irreducible. This implies SpecRr is irreducible since Rr

is formally smooth over Rver [44, Proposition 2.1].
Thus the only remaining case is that r has scalar semi-simplification. We prove this case

following the strategy of [24] and [3], which shows that Rr has 2 irreducible components.
If A,B ∈ GL2(R), then we let [A,B] = ABA−1B−1. If A ∈M2(R), we write R/A for the

quotient of R by the ideal generated by the entries of A.
Let

X =

(
x11 x12

x21 x22

)
, Y =

(
y11 y12

y21 y22

)
, Z =

(
z11 z12

z21 z22

)
.

We consider the matrix entries of X , Y , and Z as indeterminates and let

OJX ,Y,ZK := OJx11,x12,x21,x22, · · · ,z11, · · · ,z22K.

Given λ ,µ,κ ∈ k, choose lifts λ ,µ,κ of λ ,µ,κ to O . We define the matrices X̃ ,Ỹ , Z̃ ∈
GL2(R) by

X̃ =

(
x̃11 x̃12

x̃21 x̃22

)
:=

(
1+ x11 λ + x12

x21 1+ x22

)
,

Ỹ =

(
ỹ11 ỹ12

ỹ21 ỹ22

)
:=

(
1+ y11 µ + y12

y21 1+ y22

)
,

Z̃ =

(
z̃11 z̃12

z̃21 z̃22

)
:=

(
1+ z11 κ + z12

z21 1+ z22

)
.
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Let S= Sλ ,µ,κ,α,β ,γ :=OJX ,Y,ZK/(X̃2Ỹ 4[Ỹ , Z̃]−1,det X̃−α,detỸ−β ,det Z̃−γ), which
is independent of the choice of lifts λ ,µ,κ . Since det(X̃2Ỹ 4) = 1, S is nonzero if and only if
α2β 4 = 1.

Lemma 4.3.3. Given r = (1 ∗
0 1) be a continuous representation of GQ2 and ψ : GQ2 → O×

be a continuous character lifting 1, we have an isomorphism of O-algebras S ∼= Rψ

r (for
some λ ,µ,κ,α,β ,γ).

Proof. Let GQ2(2) be the maximal pro-2 quotient of GQ2 , which is topologically generated
by three generators x,y,z with the relation x2y4[y,z] = 1 (cf. [65]). Define λ ,µ,κ ∈ k by

ρ(x) =

(
1 λ

0 1

)
, ρ(y) =

(
1 µ

0 1

)
, ρ(z) =

(
1 κ

0 1

)
,

and α,β ,γ ∈ O× by ψ(x) = α,ψ(y) = β ,ψ(z) = γ . Let S be the ring defined above with
respect to λ ,µ,κ,α,β ,γ . Since X̃ ,Ỹ , Z̃ are congruent to the identity matrix modulo mS,
sending x 7→ X̃ ,y 7→ Ỹ ,z 7→ Z̃ induces a continuous representation rS : GQ2(2)→ GL2(S).
This gives a homomorphism of O-algebras φ : Rψ

r → S.
Let (A,mA) be a local Artinian O-algebra with residue field k. A lifting r of r to A with

determinant ψ has image contained in (1+mA A
mA 1+mA

), which is a 2-group. Every such r factors
through the maximal pro-2 quotient GQ2(2) of GQ2 . Thus mapping r : GQ2(2)→ GL2(A)
to
(
r(x)− (1 λA

0 1 ),r(y)− (1 µA
0 1 ),r(z)− (1 κA

0 1 )
)
, with λA,µA,κA lifts of λ ,µ,κ , induces a

bijection between the set of such r and the set of triples (XA,YA,ZA) ∈M2(mA)
3 satisfying

X̃2
AỸ 4

A [ỸA, Z̃A], det X̃A = α , detỸA = β , det Z̃A = γ , where X̃A = (1 λA
0 1 )+XA,ỸA = (1 µA

0 1 )+

YA, Z̃A = (1 κA
0 1 ) + ZA. These are in bijection with HomO(S,A). Thus φ : Rψ

r → S is an
isomorphism.

Denote

S′ = OJX ,Y,ZK/(X̃2Ỹ 4[Ỹ , Z̃]−1,detỸ −β ,det Z̃− γ),

S− = OJX ,Y,ZK/(X̃2Ỹ 4[Ỹ , Z̃]−1,det X̃ +α,detỸ −β ,det Z̃− γ).

Lemma 4.3.4. S′[1/p] = S[1/p]×S−[1/p].

Proof. Note that the image of det X̃−α and det X̃ +α in S′ are zero divisors since

0 = det X̃2 detỸ 4−1 = (det X̃ detỸ 2 +1)(det X̃ detỸ 2−1) = β
4(det X̃ +α)(det X̃−α)

in S′. Denote a the image of det X̃/α in S′, we see that (1+a)(1−a) = 0. It follows that
(1+a)/2 and (1−a)/2 gives the desired idempotents for such a decomposition.
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Lemma 4.3.5. S′ is a complete intersection of dimension 7. The elements

ϖ ,x21− tr X̃ ,x12,y21,z21,z12

form a regular sequence on S′. In particular, S′ is flat over O .

Proof. Since S′ has dimension at least 7 (it is a formal power series in 12 variables quotient by
6 relations), it is enough to prove that the ring A := (S′/(ϖ ,x21− tr(X̃),x12,y21,z21,z12))

red

is at most 1-dimensional as S′ has dimension at least 7.
Note that the image of Ỹ , Z̃ in A are upper triangular matrices, the relation X̃2Ỹ 4[Ỹ , Z̃] = 1

gives that x2
21 = x21 tr X̃ = 0 in A, which implies x21 = tr X̃ = 0. We see that x11 = x22 in

A and the relation X̃2Ỹ 4[Ỹ , Z̃] = 1 simplifies to Ỹ 4[Ỹ , Z̃] = 1. By considering its diagonal
entries, we have (1+ y11)

4 = (1+ y22)
4 = 1 in A, which implies y11 = y22 = 0. Thus the

relation Ỹ 4[Ỹ , Z̃] = 1 simplifies to [Ỹ , Z̃] = 1, which is equivalent to (z22− z11)(y12 +µ) = 0
in A.

To sum up, we have

A∼=
kJX ,Y,ZK(

x21,x11− x22,det X̃−1,x12,y21,y11− y22,detỸ −1,z21,z12,det Z̃−1,(z22− z11)(y12 +µ)
)

∼=
kJy12,z11,z22K(

(z22− z11)(y12 +µ),z11 + z22 + z11z22
) ,

which is of dimension 1. This proves the lemma.

Proposition 4.3.6. The singular locus of SpecS′[1
2 ] has dimension ≤ 4.

Proof. Since S′[1
2 ] is excellent, the singular locus is closed in S′[1

2 ]. Since S′[1
2 ] is Jacobson,

this implies that the singular locus is also Jacobson.
It follows from [24, Lemma 4.1] and lemma 4.3.4 that all singular closed points of S′[1

2 ]

is contained in V (I), where I is the ideal of S′ generated by the elements

tr(ρ�(g))2− (ε(g)+1)2
ε(g)−1

ψ
±(g), (4.1)

as g varies over GQ2 , where ψ+ = ψ and ψ− is the determinant defined by S−. Hence,
the singular locus is also contained in V (I) and it is enough to prove that dimS′/I ≤ 5 as
dim(S′/I)[1

2 ]≤ dimS′/I−1.
Let J :=

√
(ϖ , I) and let ρ̃ : GQ2→GL2(S′/J) be the representation obtained by reducing

the entries of ρ� modulo J. It is enough to bound dimS′/J by 4. Since ε ≡ 1 (mod ϖ), we
deduce from 4.1 that tr(ρ�(g))2 ≡ 0 (mod (ϖ , I)), and hence tr(ρ̃(g)) = 0 for all g ∈ GQ2 .
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Hence, the surjection S′� S′/J factors through

B :=
kJX ,Y,ZK

(det X̃−1,detỸ −1.det Z̃−1, tr X̃ , trỸ , tr Z̃, tr X̃Ỹ , trỸ Z̃, tr X̃ Z̃)
� S′/J (4.2)

Note that trỸ = tr Z̃ = 0 then trỸ Z̃ = ỹ12z21 + y21z̃12, as we are in characteristic 2. It follows
from [15, Proposition 1.1] (see [66, Proposition 2.7] also) that

k[x̃12,x21, ỹ12,y21, z̃12,z21]

(x̃12y21 + y21x̃12, ỹ12z21 + y21z̃12, x̃12z21 + z21x̃12)

is four dimnesional, hence

A :=
kJx12,x21,y12,y21, z̃12,z21K

(x̃12y21 + y21x̃12, ỹ12z21 + y21z̃12, x̃12z21 + z21x̃12)

is four dimnesional also (see [3, Proposition 2.13]). The relations det X̃ = detỸ = det Z̃ = 1
and tr X̃ = trỸ = tr Z̃ = 0 gives that B is finite over A and hence dimB≤ 4. Thus dimS′/J ≤
4.

Proposition 4.3.7. The rings S′[1
2 ] is normal.

Proof. Since the ring is Cohen-Macaulay by lemma 4.3.5, it satisfies Serre’s condition S2.
By Serre’s criterion of normality, it suffices to prove that S′[1

2 ] is regular in codimension 1,
which follows from proposition 4.3.6.

Proposition 4.3.8. Let A be a local Noetherian ring and let x1, · · · ,xk be a system of pa-
rameters of A with k ≥ 2. If A is equidimensional, then each irreducible component of
SpecA[1/xk] meets the closed subset Spec(A/(x1, · · · ,xk−1)[1/xk]).

Proof. See [57, Lemma 3.9].

Corollary 4.3.9. Each irreducible component of SpecS′[1
2 ] meets the vanishing locus of

tr X̃ ,x21,y21,z21.

Proof. Following from lemma 4.3.5 and proposition 4.3.8, each irreducible component of
SpecS′[1

2 ] meets the closed subset SpecS′[1
2 ]/(x21− tr X̃ ,x12,y21,z21,z12). This proves the

theorem since Spec
(
S′[1

2 ]/(x21−tr X̃ ,x12,y21,z21,z12)
)red is a closed subset of SpecS′[1

2 ]/(tr X̃ ,x21,y21,z21)

by the proof of lemma 4.3.5.
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Corollary 4.3.10. Let K be a sufficiently large finite extension of Q2. Then each irreducible
component of SpecS[1

2 ] contains K-valued point of the form

(X̃ ,Ỹ , Z̃) = (

(
ξ λ

0 −ξ

)
,

(
∗ ∗
0 ∗

)
,

(
∗ ∗
0 ∗

)
)

with ξ 2 =−α .

Proof. The corollary follows immediately from lemma 4.3.4 and corollary 4.3.9.

Proposition 4.3.11. The ring S[1
2 ]/(x21,y21,z21) has 2 irreducible components given by

x̃11ỹ2
11 = ε for ε = {±1}.

Proof. We have the following relations in OJX ,Y,ZK/(x21,y21,z21)

X̃2Ỹ 4 =

(
x̃2

11ỹ4
11 x̃2

11ỹ12(ỹ11 + ỹ22)(ỹ2
11 + ỹ2

22)+ x̃12(x̃11 + x̃22)ỹ4
22

0 x̃2
22ỹ4

22

)
, (4.3)

[Ỹ , Z̃] =

(
1 ((ỹ11− ỹ22)z̃12 + ỹ12(z̃22− z̃11))ỹ−1

22 z̃−1
22

0 1

)
. (4.4)

Thus the relation X̃2Ỹ 4[Ỹ , Z̃] = 1 is equivalent to

x̃2
11ỹ4

11 = x̃2
22ỹ4

22 = 1,

x̃2
11ỹ12(ỹ11 + ỹ22)(ỹ2

11 + ỹ2
22)+ x̃12(x̃11 + x̃22)ỹ4

22 +((ỹ11− ỹ22)z̃12 + ỹ12(z̃22− z̃11))ỹ−1
22 z̃−1

22 = 0.

Since det X̃ = α , detỸ = β and α2β 4 = 1 in S, the first equation implies that on an
irreducible component of S[1

2 ]/(x21,y21,z21) we have x̃11ỹ2
11 = ε with ε ∈ {±1}. It is enough

to show that A := S[1
2 ]/(x21,y21,z21, x̃11ỹ2

11− ε) is an integral domain.
Since x̃11 = ε ỹ−2

11 , x̃22 = α x̃−1
11 , ỹ22 = β ỹ−1

11 and z̃22 = γ z̃−1
11 in A, the second equation is

equivalent to

ỹ−4
11 ỹ12(ỹ11 +β ỹ−1

11 )(ỹ
2
11 +β

2ỹ−2
11 )+ x̃12(ε ỹ−2

11 +αε ỹ2
11)β

4ỹ−4
11 +

((ỹ11−β ỹ−1
11 )z̃12 + ỹ12(γ z̃−1

11 − z̃11))β
−1ỹ11γ

−1z̃11 = 0.

Multiply the equation by ỹ7
11, we have

(ỹ2
11+β )(ỹ4

11+β
2)ỹ12+εβ

4ỹ11(α ỹ4
11+1)x̃12+β

−1
γ
−1ỹ7

11(ỹ
2
11−β )z̃11z̃12+β

−1
γ
−1ỹ8

11(γ− z̃2
11)ỹ12 = 0.
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Thus it suffices to show that

f :=(ỹ2
11+β )(ỹ4

11+β
2)ỹ12+εβ

4ỹ11(α ỹ4
11+1)x̃12+β

−1
γ
−1ỹ7

11(ỹ
2
11−β )z̃11z̃12+β

−1
γ
−1ỹ8

11(γ− z̃2
11)ỹ12

is irreducible in OJx12,y11,y12,z11,z12K[1
2 ]. This is equivalent to the irreducibility of f in

OJx12,y11,y12,z11,z12K because the coefficient β−1γ−1 of z11z12y9
11 is not divisible by ϖ and

hence ϖ - f .
We may write f as az12 +b, where

a = β
−1

γ
−1ỹ7

11(ỹ
2
11−β )z̃11

b = (ỹ2
11 +β )(ỹ4

11 +β
2)ỹ12 + εβ

4ỹ11(α ỹ4
11 +1)x̃12 +β

−1
γ
−1ỹ7

11(ỹ
2
11−β )z̃11κ +β

−1
γ
−1ỹ8

11(γ− z̃2
11)ỹ12

are elements in B := OJx12,y11,y12,z11K. Note that b lies in the maximal ideal of B since the
factors (ỹ2

11 +β ), (ỹ4
11 +β 2), (α ỹ4

11 +1) and (γ− z̃2
11) do. We see that f is not an unit and

thus to prove f is irreducible, it is enough to show that (a,b) = 1.
Because a is the unit β−1γ−1ỹ7

11 times a distinguished polynomial ỹ2
11−β = y2

11+2y11+

(1−β ), (a,b) = 1 if b is non-zero when evaluating at ỹ11 = t for both square root t of β ,
which can be seen easily since the coefficient of z2

11y12 (= β−1γ−1ỹ8
11) is equal to γ−1β 3 ̸= 0

after evaluating. Hence the theorem is proved.

Lemma 4.3.12. Let K be a sufficiently large finite extension of Q2 and let C be an irreducible
component of SpecS[1

2 ]. Assume C contains a K-valued point of the form

(X̃ε ,Ỹε , Z̃ε) = (

(
ξ λ

0 −ξ

)
,

(
∗ ∗
0 ∗

)
,

(
∗ ∗
0 ∗

)
)

with ξ 2 =−α and x̃11ỹ2
11 = ε ∈ {±1}. Then C also contains the point

(X̃−ε ,Ỹ−ε , Z̃−ε) = (

(
−ξ λ

0 ξ

)
,Ỹε , Z̃ε).

Proof. By [24, Lemma 6.5], it sufficient to show that the points (X̃ε ,Ỹε , Z̃ε) with ε ∈ {±1}
are arc connected in X(K). That is, there exists matries (X̃(t),Ỹ (t), Z̃(t)) in M2(OKJtK[1

2 ])

such that the following hold:

1. the entries X̃(t)− (1 λ
0 1 ), Ỹ (t)− (1 µ

0 1 ), and Z̃(t)− (1 κ
0 1 ) are topologically nilpotent in

OKJtK[1
2 ].

2. X̃(t)2Ỹ (t)4[Ỹ (t), Z̃(t)] = 1, det X̃(t) = α , detỸ (t) = β , and det Z̃(t) = γ .
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3. (X̃1,Ỹ1, Z̃1) = (X̃(0),Ỹ (0), Z̃(0)), (X̃−1,Ỹ−1, Z̃−1) = (X̃(1),Ỹ (1), Z̃(1)).

Note that tr X̃ε = 0 in both cases and that X̃2 =−det X̃ if tr X̃ = 0. Write X̃1 = (1+a b
0 1+d ), we

have X̃−1 = (1+d b
0 1+a). The matrices

X̃(t) =

(
1+a+(d−a)t b

(d−a)2t(1−t)
b 1+d +(a−d)t

)
, Ỹ (t) = Ỹε , Z̃(t) = Z̃ε

if λ ̸= 0 (thus b ̸= 0) and matrices

X̃(t) =

(
1+a+(d−a)t2 (d−a)t(1− t)
(d−a)t(1+ t) 1+d +(a−d)t2

)
, Ỹ (t) = Ỹε , Z̃(t) = Z̃ε

if λ = 0 (take λ = b = 0) give the desired arcs.

Theorem 4.3.13. S[1
2 ] is an integral domain.

Proof. It follows from proposition 4.3.7 that S[1
2 ] is a product of integral domains. Thus, it is

enough to prove that X := SpecS[1
2 ] is irreducible. Suppose this is not the case, by corollary

4.3.10 we may find two points of the form

(X̃εi,Ỹεi, Z̃εi) = (

(
ξ λ

0 −ξ

)
,

(
∗ ∗
0 ∗

)
,

(
∗ ∗
0 ∗

)
)

with ξ 2 =−α , x̃11ỹ2
11 = εi ∈ {±1} and i ∈ {1,2}, lying on two different irreducible compo-

nents C1,C2 of X . If ε1 = ε2, then by proposition 4.3.11 the two points (X̃ε1,Ỹε1, Z̃ε1) and
(X̃ε2,Ỹε2 , Z̃ε2) lies on the same irreducible component of S[1

2 ]/(x21,y21,z21), thus on the same
irreducible component of X which is impossible by our assumption. If ε1 ̸= ε2, the same
argument applying to the points (X̃−ε1,Ỹ−ε1, Z̃−ε1) and (X̃ε2,Ỹε2 , Z̃ε2) with

(X̃−ε1 ,Ỹ−ε1, Z̃−ε1) = (

(
−ξ λ

0 ξ

)
,Ỹε1, Z̃ε1)

gives a contradiction again since (X̃−ε1 ,Ỹ−ε1, Z̃−ε1) lies on C1 by lemma 4.3.12. This proves
the theorem.

As a consequence, theorem 4.3.1 is proved.



Chapter 5

The patching argument

5.1 Quaternionic forms and completed cohomology

Let F be a totally real field and let D be a quaternion algebra with center F , which is ramified
at all infinite places and at a set of finite places Σ, which does not contain any primes dividing
p. We will write Σp = Σ∪{v|p}. We fix a maximal order OD of D, and for each finite places
v /∈ Σ an isomorphism (OD)v ∼= M2(OFv). For each finite place v of F , we will denote by
N(v) the order of the residue field at v, and by ϖv ∈ Fv a uniformizer.

Denote by A∞
F ⊂AF the finite adeles and adeles respectively. Let U =∏vUv be a compact

open subgroup contained in ∏v(OD)
×
v . We may write

(D⊗F A∞
F )
× =

⊔
i∈I

D×tiU(A∞
F )
×

for some ti ∈ (D⊗F A∞
F )
× and a finite index I. We say U is sufficiently small if it satisfies

the following condition:

(U(A f
F)
×∩ t−1D×t)/F× = 1 for all t ∈ (D⊗F A f

F)
×. (5.1)

For example, U is sufficiently small if for some place v of F , at which D splits and not
dividing 2M with M being the integer defined in [57, Lemma 3.1], Uv is the pro-v Iwahori
subgroup (i.e. the subgroup whose reduction modulo ϖv are the upper triangular unipotent
matrices). We will assume this is the case from now on and denote the place by v1.

Write U =U pUp, where Up = ∏v|pUv and U p = ∏v-pUv. If A is a topological O-algebra,
we let S(U p,A) be the space of continuous functions

f : D×\(D⊗F A∞
F )
×/U p→ A.
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The group Gp = (D⊗ZZp)
× ∼= ∏v|p GL2(Fv) acts continuously on S(U p,A). It follows from

(5.1) that there is an isomorphism of A-modules

S(U p,A) ∼−→
⊕
i∈I

C(F×\Kp(A∞
F )
×,A) (5.2)

f 7→ (u 7→ f (tiu))i∈I, (5.3)

where C denotes the space of continuous functions. Let ψ : (A∞
F )
×/F×→O× be a continuous

character such that ψ is trivial on (A∞
F )
×∩U p. We may view ψ as an A-valued character via

O×→ A×. Denote Sψ(U p,A) be the A-submodule of S(U,A) consisting of functions such
that f (gz) = ψ(z) f (g) for all z ∈ (A∞

F )
×. The isomorphism (5.2) induces an isomorphism of

Up-representations:

Sψ(U p,A) ∼−→
⊕
i∈I

Cψ(Kp(A∞
F )
×,A), (5.4)

where Cψ denotes the continuous functions on which the center acts by the character ψ . One
may think of Sψ(U p,A) as the space of algebraic automorphic forms on D× with tame level
U p and no restrictions on the level or weight at spaces dividing p.

Let σ be a continuous representation of Up on a free O-module of finite rank, such that
(A∞

F )
×∩Up acts on σ by the restriction of ψ to this group. We let

Sψ,σ (U,A) := HomUp(σ ,Sψ(U p,A)).

We will omit σ as an index if it is the trivial representation. If the topology on A is discrete
(e.g. A = E/O or A = O/ϖ s), then we have

Sψ(U p,A)∼= lim−→
Up

Sψ(U pUp,A),

where Up runs through compact open subgroup of Kp. The action of Gp on Sψ(U p,A) by
right translations is continuous. The module Sψ(U p,A) is naturally equipped with an A-linear
action of Gp := (D⊗ZZp)

× ∼= ∏v|p GL2(Fv), which extends the Kp-action. To be precisely,
for g ∈ Gp, right multiplication by g induces an map

·g : Sψ(U pUp,A)→ Sψ(U pUg
p ,A)
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for each Up, where Ug
p = g−1Ug

pg. As Up runs through the cofinal subset of open subgroups
of Kp with Ug

p ⊂ Kp, the subgroups Ug
p also runs through a cofinal subset of open subgroups

of Kp, so we may identify lim−→Up
Sψ(U pUg

p ,A) with Sψ(U p,A).

Denote Fp = F⊗QQp ∼= ∏v Fv and OFp =OF⊗ZZp ∼= ∏v OFv . Let ζ : F×p →O× be the
character obtained restricting ψ to F×p .

Lemma 5.1.1. The representation Sψ(U p,E/O) lie in Modl.adm
G,ζ (O). Moreover, Sψ(U p,E/O)

is admissible and injective in Modsm
K,ζ (O).

Proof. This follows from (5.4).

Let Sp be the set of places of F above p, S∞ be the set of places of F above ∞, and let S
be a union of the places containing Σp, S∞, and all the places v of F such that Uv ̸= (OD)

×
v .

Write W = S− (Σp∪S∞). We will assume that for v ∈W , Uv ⊂GL2(OFv) is contained in the
Iwahori subgroup and contains the pro-v Iwahori subgroup.

We denote TS = O[Tv,Sv,Uϖw ]v/∈S,w∈W be the commutative O-polynomial algebra in the
indicated formal variables. If A is a topological O-algebra then Sψ(U p,A) and Sψ,σ (U p,A)
become TS-modules with Sv acting via the double coset operator [Uv

(
ϖv 0
0 ϖv

)
Uv], Tv acting

via [Uv
(

ϖv 0
0 1

)
Uv], and Uϖw acting via [Uw

(
ϖw 0
0 1

)
Uw]. Note that the operators Tv and Sv do

not depend on the choice of ϖv but Uϖw does.

5.2 Completed homology and big Hecke algebras

Let S = Sp∪S∞∪Σ∪{v1}, where Sp be the set of places of F above p and S∞ be the set of
places of F above ∞. We define an open compact subgroup U p = ∏v-pUv of G(A∞,p

F ) as
follows:

• Uv = G(OFv) if v /∈ S or v ∈ Σ.

• Uv1 is the pro-v1 Iwahori subgroup.

Due to the choice of v1, U pUp is sufficiently small for any open compact subgroup Up of
G(Fp). It follows that the functor V 7→ Sψ(U pUp,V ) is exact by (5.4).

Definition 5.2.1. We define the completed homology groups Mψ(U p) by

Mψ(U p) := lim←−
Up

Sψ(U pUp,O)d

equipped with an O-linear action of Gp extending the Kp-action coming from the OJKpK-
module structure.
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Following from the definition, there is a natural Gp-equivariant homeomorphism

Mψ(U p)∼= Sψ(U p,E/O)∨.

Corollary 5.2.2. The representation Mψ(U p) is a projective object in Modpro
Kp,ζ

(O).

Proof. Note that we have natural Gp-equivariant homeomorphism

Mψ(U p)∼= Sψ(U p,E/O)∨

by definition. Thus the corollary follows from lemma 5.1.1.

For U =U pUp, we write Sψ(U,s) for Sψ(U,O/ϖ s). Define TS
ψ(U,s) to be the image of

the abstract Hecke algebra TS in EndO/ϖ s[Kp/Up](Sψ(U,s)).

Definition 5.2.3. We define the big Hecke algebra TS
ψ(U

p) by

TS
ψ(U

p) = lim←−
Up,s

TS
ψ(U

pUp,s)

where the limit is over compact open normal subgroups Up of Kp and s ∈ Z≥1, and the
surjective transition maps come from

EndO/ϖ s′ [Kp/U ′p]
(Sψ(U ′pU p,s′))→EndO/ϖ s[Kp/Up](O/ϖ

s[Kp/Up]⊗O/ϖ s′ [Kp/U ′p]
Sψ(U ′pU p,s′))

for s′ ≥ s and U ′p ⊂Up and the natural identification

O/ϖ
s[Kp/Up]⊗O/ϖ s′ [Kp/U ′p]

Sψ(U ′pU p,s′)∼= Sψ(UpU p,s).

We equip TS
ψ(U

p) with the inverse limit topology. It follows from the definition that the
action of TS

ψ(U
p) on Mψ(U p) is faithful and commutes with the action of Gp.

Lemma 5.2.4. TS
ψ(U

p) is a profinite O-algebra with finitely many maximal ideals. Denote
its finitely many maximal ideals by m1, · · · ,mr and let J = ∩imi denote the Jacobson radical.
Then TS

ψ(U
p) is J-adically complete and separated, and we have

TS
ψ(U

p) = TS
ψ(U

p)m1×·· ·×TS
ψ(U

p)mr .

For each i, TS
ψ(U

p)/mi is a finite extension of k.
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Proof. This is indeed [35, Lemma 2.1.14]. It suffices to prove when U ′p ⊂ Up are open
normal pro-p subgroups such that ψ|U ′p∩O×F,p is trivial modulo ϖ s′ , the map

TS
ψ(U

pU ′p,s
′)→ TS

ψ(U
pUp,1)

induces a bijection of maximal ideals.
Let m be a maximal ideal of the artinian ring TS

ψ(U
pU ′p,s

′). Since TS
ψ(U

pU ′p,s
′) acts

faithfully on Sψ(U pU ′p,s
′), we know that

Sψ(U pU ′p,s
′)[m] ̸= 0.

The p-group Up/U ′p acts naturally on this k-vector space, hence has a non-zero fixed vector,
which belong to Sψ(U pUp,1). Thus Sψ(U pUp,1)[m] ̸= 0 and m is also a maximal ideal of
T S

ψ(U
pUp,1).

Let m⊂ TS
ψ(U

p) be a maximal ideal with residue field k. There exists a continuous semi-
simple representation ρm : GF,S→GL2(k) such that for any finite place v /∈ S of F , ρm(Frobv)

has characteristic polynomial X2−TvX +qvSv ∈ k[X ]. If ρm is absolutely reducible, we say
that the maximal ideal m is Eisenstein; otherwise, we say that m is non-Eisenstein.

We define a global deformation problem

S = (ρm,F,S,{O}v∈S,{D�,ψ
v }v∈Sp ∪{D

−1
v }v∈S∞

∪{DSt
v }v∈Σ∪{D�,ψ

v1
}).

Proposition 5.2.5. Suppose that m is non-Eisenstein. Then there exists a lifting of ρm to a
continuous homomorphism

ρm : GF,S→ GL2(TS
ψ(U

p)m)

such that for any finite place v /∈ S of F, ρm(Frobv) has characteristic polynomial X2−TvX +

qvSv ∈ TS
ψ(U

p)m[X ]. Moreover, ρm is of type S and has determinant ψε .

Proof. By the proof of lemma 5.2.4, the surjective map TS
ψ(U

p)� TS
ψ(U

pUp,s) induces
bijection of maximal ideals for Up small enough. By taking projective limit, it suffices
to show that there exist continuous homomorphism ρm,Up,s : GF,S→ GL2(TS

ψ(U
pUp,s)/m)

and ρm,Up,s : GF,S→ GL2(TS
ψ(U

pUp,s)m) satisfying the same conditions as in the statement,
which follows from the well-known assertion for Sψ(U pUp,O).
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5.3 Globalization

Keeping the setting of section 5.2. We fix a continuous representation

ρ : GF,S→ GL2(k)

which comes from a non-Eisenstein maximal ideal of TS
ψ(U

p) (i.e. ρ ∼= ρm). Assume ρ

satisfying the following properties:

(i) If p > 2, then ρ|G(ζp) is absolutely irreducible. If p = 5 and Proj(ρ) ∼= A5, then
[F(ζp) : F ] = 4.

(ii) If p = 2, then ρ has non-solvable image.

(iii) ρ is unramified at all finite places v - p;

(iv) ρ(Frobv1) has distinct eigenvalues.

In application to the modularity lifting theorem, assumption (iii) is satisfied after a
solvable base change. The following lemma will allow us to reduce to situations where (iv)
holds.

Lemma 5.3.1. Suppose ρ is odd if p > 2 and has non-solvable image if p = 2. Then there
exists a place v1 of F not dividing 2Mp such that the eigenvalues of ρ(Frobv1) are distinct.

Proof. If p > 2 then the image of complex conjugations have determinant −1 and order 2,
thus have distinct eigenvalues ±1. By Chebotarev density theorem, there are infinite many
places v of F (not dividing 2Mp) with the same image as a complex conjugation. This gives
a desired place v1.

If p = 2, then the projective image of ρ is conjugate to PGL2(F2r) for some r > 1 by
Dickson’s theorem, which contains elements with distinct Frobenius eigenvalues

(
e.g. (1 1

1 0))
. Thus by Chebotarev density theorem, there are infinite many places v of F with distinct

Frobenius eigenvalues. This proves the lemma.

Definition 5.3.2. Let L be a finite extension of Qp. Given a continuous representation
r : GL→ GL2(k), we will say that r has a suitable globalization if there is a totally real field
F and a continuous representation ρ : GF →GL2(k) satisfying the properties (i)− (iv) above
and moreover,

• ρ|GFv
∼= r for each v|p (hence Fv ∼= L);

• [F : Q] is even;
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• there exists a regular algebraic cuspidal automorphic representation π of GL2(AF) of
weight (0,0)Hom(F,C) and level prime to p satisfying ρπ,ι

∼= ρ .

Given a suitable globalization of r, we set S = Sp∪S∞∪{v1}, Σ = /0, D the quaternion
algebra with center F which is ramified exactly at S∞, and U p as in section 5.2. Let
ψ : GF,S→ O× be the totally even finite order character such that detρπ,ι = ψε and view
ψ as a character of (A∞

F )
×/F×→ O× via global class field theory. Let m be the maximal

ideal of TS
ψ(U

p) corresponding to ρ and γ be the character given by π . Together with the
last property, we are in the same situation as section 5.2.

Lemma 5.3.3. Given r : GQp → GL2(k), a suitable globalization exists.

Proof. This is essentially [30, Proposition 3.2.1] when p > 2. By [17, Proposition 3.2], we
may find F and ρ satisfying all but the last two conditions. By [67, Proposition 8.2.1], there
is a finite Galois extension F ′/F in which all places above p split completely such that ρ|GF ′

is modular. Note that Snowden proves the result by a theorem of Moret-Bailly under the
assumption p is odd. This assumption can be removed using the proof [44, Theorem 6.1],
which shows the existance of points with values in local fields for some Hilbert-Blumenthal
Abelian varieties when p = 2.

If [F ′ : Q] is odd, we make a further quadratic extension F ′′ linearly disjoint form Fkerρ

over F , and in which all primes above p splits completely. The result follows by replacing F
with F ′′.

The following lemma says we may change the weight of a globalization ρ when p splits
completely in F .

Lemma 5.3.4. Assume that p splits completely in F and that ρ : GF → GL2(k) is automor-
phic. Then ρ is automorphic of small weight, i.e. there is a regular algebraic cuspidal
automorphic representation π of weight λ = (0,kv−2)v with 2≤ kv ≤ p for each v|p such
that ρ ∼= ρπ,ι . Moreover,

1. at each v|p, ρπ,ι |GFv
is crystalline if p > 2 and is semi-stable if p = 2;

2. π is ι-ordinary at those v|p such that ρ|GFv
is reducible.

Proof. When p is odd, the small weight assertion and assertion (1) are a consequence of
[33, Theorem 4.6.9], which says that if ρ is automorphic, then it is automorphic of weight
given by a crystalline lift of a Serre weight (see section 6.2.2). When p is even, this is due to
[57, Lemma 3.29], which shows that if ρ is automorphic, then it is automorphic of weight
(0,0)Hom(F,C) and semi-stable at each v|p.

The second assertion follows from [44, Lemma 3.5], which proves that for a continuous
representation r : GQp → GL2(E),
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• if r is crystalline of weight (0,k−2) with 2≤ k ≤ p, then it is ordinary if and only if
residually it is ordinary.

• if r is semi-stable non-crystalline of weight (0,0), then it is ordinary.

This finishes the proof.

5.4 Auxiliary primes

Let Q be a set of places disjoint from S, such that for each v ∈Q, qv ≡ 1 mod p and ρ(Frobv)

has distinct eigenvalues. For each v ∈ Q, we fix a choice of eigenvalue αv. We refer to the
tuple (Q,{αv}v∈Q) as a Taylor-Wiles datum, and define the augmented deformation problem

SQ = (ρ,S∪Q,{O}v∈S∪{O[∆v]}v∈Q,{D�,ψ
v }v∈Sp ∪{D

−1
v }v∈S∞

∪{DSt
v }v∈Σ∪{D�,ψ

v1
}

∪{DTW
v }v∈Q).

Let ∆Q = ∏v∈Q ∆v = ∏v∈Q k(v)×(p). Then RSQ is naturally a O[∆Q]-algebra, If aQ ⊂
O[∆Q] is the augmentation ideal, then there is a canonical isomorphism RSQ/aQRSQ

∼= RS

(resp. RT
SQ

/aQRT
SQ
∼= RT

S ).

Lemma 5.4.1. Let T = S. For every N≫ 0, there exists a Taylor-Wiles datum (QN ,{αv}v∈QN )

satisfying the following conditions:

1. #QN := q = dimk H1(GF,S,ad0
ρ(1)) if p > 2 (resp. q = dimk H1(GF,S,adρ)− 2 if

p = 2).

2. For each v ∈ QN , qv ≡ 1 (mod pN).

3. The ring RS,ψ
SQN

is topologically generated by q+ |S|− 1 elements over AS
S if p ≥ 2

(resp. RS
SQN

is topologically generated by 2q+1 elements over AS
S if p = 2).

4. If p = 2, let GQN be the Galois group of the maximal abelian 2-extension of F which
is unramified outside QN and is split at primes in S. Then we have GQN/2NGQN

∼=
(Z/2NZ)t with t := 2−|S|+q.

Proof. See [44, Lemma 5.3, Lemma 5.5, Lemma 5.10].
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5.4.1 Action of ΘQ

If p = 2 and Q is a finite set of finite primes of F disjoint from S, we denote by ΘQ the
Galois group of the maximal abelian 2-extension of F which is unramified outside Q and in
which every prime in S splits completely. Let Θ∗Q be the formal group scheme defined over
O whose A-valued points is given by the group Hom(ΘQ,A) of continuous characters on ΘQ

that reduce to the trivial character modulo mA.
It follows that SpfRSQ (resp. SpfRT

SQ
) has a natural action by Θ∗Q given by χA×VA 7→

VA⊗ χA on A-valued points, which is free if ρ has non-solvable image [44, Lemma 5.1].
Moreover, there is a Θ∗Q-equivariant map

δQ : SpfRT
SQ
→Θ

∗
Q; VA 7→ detVA · (ψε)−1

where Θ∗Q acts on itself via the square of the identity map, and SpfRT,ψ
SQ

= δ
−1
Q (1).

5.5 Auxiliary levels

A choice of Taylor-Wiles datum (Q,{αv}v∈Q) having been fixed, we have defined an auxiliary
deformation problem SQ.

Let U p be the open compact subgroup of G(A∞,p
F ) in section 5.2. We define compact

open subgroups U p
0 (Q) = ∏v-pU0(Q)v and U p

1 (Q) = ∏v-pU1(Q)v of U p = ∏v-pUv by:

• if v /∈ Q, then U0(Q)v =U1(Q)v =Uv.

• if v ∈ Q, then U0(Q)v is the Iwahori subgroup of GL2(OFv) and U1(Q)v is the set
g = (a b

c d ) ∈U0(Q)v such that ad−1 maps to 1 in ∆v.

In particular, U1(Q)v contains the pro-v Iwahori subgroup of U0(Q)v, so we may identify

∏v∈QU0(Q)v/U1(Q)v with ∆Q.
Let mQ denote the ideal of TS∪Q generated by m∩TS∪Q and the elements Uϖv− α̃v for

v ∈ Q, where α̃v is an arbitrary lift of αv. We denote by TS∪Q
ψ (U p

i (Q)Up,s) the image of
TS∪Q in EndO/ϖ s(Sψ(U

p
i (Q)Up,s)). Exactly as [48, Section 2.1], we have the following:

1. The maximal ideal mQ induces proper, maximal ideals in TS∪Q
ψ (U p

i (Q)Up,s). More-
over, the map

Sψ(U pUp,s)m→ Sψ(U
p
1 (Q)Up,s)mQ

is an isomorphism.
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2. Sψ(U
p
1 (Q)Up,s)mQ is a finite projective O/ϖ s[∆Q]-module with

Sψ(U
p
1 (Q)Up,s)

∆Q
mQ

∼−→ Sψ((U
p
0 (Q)Up,s)mQ.

3. There is a deformation

ρm,Q,s : GF → GL2(TS∪Q
ψ (U p

1 (Q)Up,s))

of ρ which is of type SQ and has determinant ψε . In particular, Sψ(U
p
1 (Q)Up,s)mQ is

a finite Rψ

SQ
-module.

The following proposition is an immediate consequence of (3).

Proposition 5.5.1. Let (Q,{αv}v∈Q) be a Taylor-Wiles datum. Then there exists a lifting of
ρm to a continuous morphism

ρm,Q : GF,S∪Q→ GL2(TS∪Q
ψ (U p

1 (Q))mQ,1)

satisfying the following conditions:

• for each place v /∈ S∪Q of F, ρm,Q(Frobv) has characteristic polynomial X2−TvX +

qvSv ∈ TS∪Q
ψ (U p

1 (Q))mQ,1[X ];

• for each place v ∈ Q, ρm,Q|GFv
∼
(

χv ∗
0 ∗
)

such that χv(ϖ) = Uϖv .

In particular, ρm,Q is of type SQ and has determinant ψε .

It follows that we have an O[∆Q]-algebra surjection

Rψ

SQ
� TS∪Q

ψ (U p
1 (Q))mQ (5.5)

such that for v /∈ S the trace of Frobv on the universal deformation of type SQ maps to Tv

and χv(ϖv) maps to Uϖv for v ∈ Q.

5.5.1 Action of ΘQ

If p = 2, let χ ∈ Θ∗Q(O)[2] be a character of GQ of order 2. As χ is split at infinite places,
we can regard χ also as a character (A∞

F )
×. Given f ∈ Sψ(U

p
1 (Q)Up,O), we define

fχ(g) := f (g)χ(det(g)),



5.6 Patching 51

which also lies in Sψ(U
p
1 (Q)Up,O). This induces an action of Θ∗Q(O)[2] on Sψ(UpU p

1 (Q),s)
for each s ∈ N. By Proposition 7.6 of [44], we may also define an action χ on TS∪Q

ψ (U p
1 (Q))

and O[∆N ] by sending Tv to χ(πv)Tv, Sv to χ(πv)Sv and ⟨h⟩ to χ(h)⟨h⟩, which is compatible
with the action of χ on Sψ(UpU p

1 (Q),s). Moreover, the action of χ on TS∪Q
ψ (U p

1 (Q)) pre-
serves its maximal ideal mQ and the homomorphism Rψ

SQ
→ TS∪Q

ψ (U p
1 (Q))mQ is Θ∗Q(O)[2]-

equivariant.

5.6 Patching

We write Gp for ∏v|p GL2(Fv), Kp for ∏v|p GL2(OFv) and Zp ∼= ∏v|p F×v for the center of Gp.
We let (QN ,{αv}v∈QN ) be a choice of Taylor-Wiles datum for each N≫ 0 and T = S be

the subset as in lemma 5.4.1. Choose v0 ∈ S, and let T = OJXv,i, jKv∈T,1≤i, j≤2/(Xv0,1,1). By
lemma 4.1.6, there is a canonical isomorphism RT

S
∼= RS ⊗̂OT (resp. RT,ψ

S
∼= Rψ

S ⊗̂OT ).
Let ∆∞ = Zq

p, which is endowed with a natural surjection ∆∞ � ∆N for each N. This induces
a surjection O∞ := T J∆∞K→ ON := T J∆NK of T -algebras. Denote the kernel of the
homomorphism O∞→ O which sends ∆∞ to 1 and all 4|T |−1 variables of T to 0 by a.

We write Rloc for AT
S and denote g = q+ |T |−1.

• If p > 2, we define R∞ := RlocJX1, . . . ,XgK and fix a surjective Rloc-algebra map R∞ �

RT,ψ
SQN

for each N.

• If p = 2, we fix a surjection Zt
2→ ΘQN for each N. This induces an embedding of

formal group scheme ι : Θ∗QN
↪→ (Ĝm)

t , where Ĝm denotes the completion of the
O-group scheme Gm along the identity section. We define

– R′∞ = RlocJX1, . . . ,Xg+tK. Then SpfR′∞ is equipped with a free action of (Ĝm)
t ,

and a (Ĝm)
t-equivariant morphism δ : SpfR′∞ → (Ĝm)

t , where (Ĝm)
t acts on

itself by the square of the identity map.

– R∞ by SpfR∞ = δ−1(1) and Rinv
∞ by SpfRinv

∞ := SpfR′∞/(Ĝm)
t (cf. [44, Proposi-

tion 2.5]). By [44, Lemma 9.4], SpfR′∞ is a (Ĝm)
t-torsor over SpfRinv

∞ .

We fix a Θ∗QN
-equivariant surjective Rloc-algebra homomorphism R′∞ � RT

SQN
for

each N, which induces a Θ∗QN
[2]-equivariant surjective Rloc-algebra homomorphism

R∞ � RT,ψ
SQN

.

Definition 5.6.1. Let Up be a compact open subgroup of Kp and let J be an open ideal in O∞.
Let IJ be the subset of N ∈N such that J contains the kernel of O∞→ON . For N ∈ IJ , define

M(Up,J,N) := O∞/J⊗ON Sψ(U
p
1 (QN)Up,O)d

mQN
.
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From the definition, it follows that M(Up,J,N) satisfying the following properties:

• We have a map
RT,ψ

SQN
→T ⊗̂OTS

ψ(U
p
1 (QN))mQN

, (5.6)

and a map
T ⊗̂OTS

ψ(U
p
1 (QN))mQN

→ EndO∞/J(M(Up,J,N)). (5.7)

In particular, for all J and N ∈ IJ we have a ring homomorphism

R∞→ EndO∞/J
(
M(Up,J,N)

)
which factors through our chosen quotient map R∞→ RT,ψ

SQN
and the maps (5.6), (5.7).

Moreover, it is Θ∗QN
[2]-equivariant if p = 2 .

• If U ′p is an open normal subgroup of Up, then M(U ′p,J,N) is projective in the category
of O∞/J[Up/U ′p]-module with central character ψ−1|O×Fp

.

• Suppose that a⊂ J. Then M(Up,J,N) = Sψ(U pUp,s(J))∨m, where O∞/J ∼= O/ϖ s(J).

Definition 5.6.2. For d ≥ 1, J an open ideal in O∞ and N ∈ IJ , we define

R(d,J,N) := O∞/J⊗ON (R
T,ψ
SQN

/md
RT,ψ

SQN

).

We have the following properties:

• Each ring R(d,J,N) is a finite commutative local O∞/J-algebra, equipped with a
surjective O-algebra homomorphism

R∞ � R(d,J,N).

• For d sufficiently large, the map R∞→EndO∞/J(M(Up,J,N)) factors through R(d,J,N).

• We have an isomorphism

R(d,J,N)/aR(d,J,N)∼= Rψ

S /(md
Rψ

S
,ϖ s(a+J)).

• For all open ideals J′ ⊂ J and open normal subgroups U ′p ⊂Up, we have a surjective
map

M(U ′p,J
′,N)→M(Up,J,N)



5.6 Patching 53

inducing an isomorphism

O∞/J⊗O∞/J′[Up/U ′p] M(U ′p,J
′,N)→M(Up,J,N).

• Let K1 be the pro-p Sylow subgroup of Kp and let Up be an open normal subgroup of K1.
Then {M(Up,J,N)}N∈IJ is a set of projective objects in the category of O∞/J[K1/Up]-
modules with central character ψ−1|O×Fp

.

We fix a non-principal ultrafilter F on the set N.

Definition 5.6.3. Let x ∈ Spec
(
(O∞/J)IJ

)
corresponding to F. We define

M(Up,J,∞) := (O∞/J)IJ ,x⊗(O∞/J)IJ

(
∏

N∈IJ

M(Up,J,N)

)
,

R(d,J,∞) := (O∞/J)IJ ,x⊗(O∞/J)IJ

(
∏

N∈IJ

R(d,J,N)

)
.

We have the following

• If U ′p is an open normal subgroup of Up, then M(U ′p,J,∞) is is projective in the category
of O∞/J[Up/U ′p]-module with central character given by ψ−1.

• If a⊂ J, there is a natural isomorphism

M(Up,J,∞)/aM(Up,J,∞)∼= Sψ(U pUp,s(J))∨m. (5.8)

• For d sufficiently large, the map

R∞→ EndO∞/J(M(Up,J,∞)) (5.9)

factors through R(d,J,∞) and the map

R(d,J,∞)→ EndO∞/J(M(Up,J,∞)) (5.10)

is an O∞-algebra homomorphism. Moreover, if p = 2 both (5.9) and (5.10) are Θ∗QN
[2]-

equivariant.

• We have an isomorphism

R(d,J,∞)/a∼= RS /(md
RS

,ϖ s(a+J)). (5.11)
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• For all open ideals J′ ⊂ J and open normal subgroups U ′p ⊂Up, the natural map

M(U ′p,J
′,∞)→M(Up,J,∞)

is surjective, and induce an isomorphism

O∞/J⊗O∞/J′[Up/U ′p] M(U ′p,J
′,∞)→M(Up,J,∞). (5.12)

• Let Up be an open normal subgroup of K1. Then M(Up,J,∞) is projective in the
category of O∞/J[K1/Up]-module with central character ψ−1|O×Fp

. If Up is moreover

normal in Kp, then M(Up,J,∞) is a projective in the category of O∞/J[Kp/Up]-module
with central character ψ−1|O×F,p .

Definition 5.6.4. We define an O∞JKK-module

M∞ := lim←−
J,Up

M(Up,J,∞).

We claim the following hold.

• M∞ is endowed with an action of R∞ via the map α : R∞→ lim←−J,d
R(d,J,∞). Since α

contains the image of O∞, α(R∞) is naturally an O∞-algebra. Since O∞ is formally
smooth, we can choose a lift of the map O∞→ α(R∞) to a map O∞→ R∞. We make
such a choice, and regard R∞ as an O∞-algebra and α as an O∞-algebra homomorphism.

• The module M∞ is naturally equipped with an O∞-linear action of Gp, which extends
the Kp-action coming from the O∞JKpK structure. To be precisely, for g ∈ Gp, right
multiplication by g induces an map

·g : M(Up,J,N)→M(g−1Upg,J,N)

for each Up,J,N. Suppose that g−1Upg⊂ Kp, our construction gives a map

·g : M(Up,J,∞)→M(g−1Upg,J,∞).

As Up runs through the cofinal subset of open subgroups of Kp with g−1Upg⊂ Kp, the
subgroups g−1Upg also runs through a cofinal subset of open subgroups of Kp, so we
may identify lim←−J,Up

M(g−1Upg,J,∞) with M∞. Taking the inverse limit over J and U∞

gives the action of g on M∞.
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Proposition 5.6.5. 1. For all open ideals J and open compact subgroups Up of K, we
have a sujective map

M∞→M(Up,J,∞)

inducing isomorphism

O∞/J⊗O∞/J[Up] M∞→M(Up,J,∞).

2. There is a ring homomorphism R∞→ EndO∞JKK(M∞) which factors as the composite of
O∞-homomorphisms R∞ → lim←−J,d

R(d,J,∞) and lim←−J,d
R(d,J,∞)→ EndO∞JKpK(M∞)

given by the homomorphisms above. Moreover, it is Θ∗QN
[2]-equivariant if p = 2.

3. M∞ is finitely generated over O∞JKpK and projective in the category Modpro
Kp,ζ

(O∞),
with ζ = ψ|O×Fp

. In particular, it is finitely generated over R∞JKpK and projective in

Modpro
Kp,ζ

(O).

Proof. The first assertion follows from the isomorphism (5.12) and the second assertion can
be deduced easily by the definition of M∞.

It is proved in [18, Proposition 2.10] (see [35, Proposition 3.4.16 (1)] also) that M∞ is
finitely generated over O∞JKpK and projective in the category Modpro

Kp,ζ
(O∞). We claim that

for any compact module M over a complete local ϖ-torsion free O-algebra R, we have the
following equivalent conditions:

M is projective in Modpro
Kp,ζ

(R)

⇐⇒M is ϖ-torsion free and M/ϖM is projective in Modpro
Kp,ζ

(R/ϖ)

⇐⇒M is ϖ-torsion free and M/ϖM is projective in Modpro
Ip,ζ

(R/ϖ)

⇐⇒M is ϖ-torsion free, and M/ϖM ∼= ∏
i∈J

R/ϖJIp/Ip∩ZpK

where Ip is the pro-p Iwahori subgroup of Gp and J is an index set. Given the claim,
we see that M∞/ϖM∞

∼= ∏J O∞/ϖJIp/Ip ∩ZpK. Since O∞/ ϖ ∼= kJx1, . . . ,xqK ∼= ∏J′ k for
some index set J′, we have M∞/ϖM∞

∼= ∏J ∏J′ kJIp/Ip∩ZpK and thus M∞ is projective in
Modpro

Kp,ζ
(O) by the claim.

To show the first equivalence, we first assume that M is projective in Modpro
Kp,ζ

(R). Note

that the map K′p → (K′p/K′p ∩ Zp)× Γp, g 7→ (g(K′p ∩ Zp),(detg)−1), where K′p = {g =

sz | s = (sv) ∈ ∏v|p SL2(OFv), sv ≡ (1 ∗
∗ 1) mod ϖ2

v , z ∈ ∏v|p(1+ϖ2
v Ov)} and Γp = (K′p ∩

Zp)
2, is an isomorphism of groups. It follows that RJK′pK ∼= RJ(K′p/K′p ∩ Zp)K⊗̂RRJΓpK.

Viewing M as compact RJK′pK-module, we see that it is a quotient of ∏ j RJK′pK and thus a



56 The patching argument

quotient of ∏ j RJK′pK/(z−ζ−1(z))z∈K′p∩Zp
∼= ∏ j RJ(K′p/K′p∩Zp)K. Since M is projective in

Modpro
Kp,ζ

(R), it is projective in Modpro
K′p,ζ

(R) and hence a direct summand of ∏ j RJ(K′p/K′p∩
Zp)K. This shows that M is ϖ-torsion free. Note that for every N in Modpro

Kp,ζ
(R/ϖ) we have

Hom(M,N)∼= Hom(M/ϖM,N) thus M/ϖM is projective in Modpro
Kp,ζ

(R/ϖ). On the other

hand, suppose that M is ϖ-torsion free and M/ϖM is projective in Modpro
Kp,ζ

(R/ϖ). Let P

be the projective envelope of M/ϖM in Modpro
Kp,ζ

(R). It follows that there is a morphism
P→M lifting P � M/ϖM. This morphism is surjective by Nakayama’s lemma for compact
modules (P/ϖP∼=M/ϖM). Denote K to be the kernel of this morphism, we have K/ϖK = 0
because P/ϖP ∼= M/ϖM and 0→ K/ϖK → P/ϖP→ M/ϖM is exact (5-lemma). This
implies K = 0 (by the Nakayama’s lemma for compact modules) and thus M ∼= P. The
second equivalence is because Ip is the pro-p Sylow subgroup of Kp. Since ζ mod ϖ is trivial
on Ip/Ip∩Zp, M/ϖM is a compact module over R/ϖJIp/Ip∩ZpK and the third equivalence
follows from the fact that a compact R/ϖJIp/Ip∩ZpK-module is projective if and only if
it is pro-free (because R/ϖJIp/Ip∩ZpK is local, projectivity coincides with freeness). This
proves the proposition.

Proposition 5.6.6. Let a= ker(O∞→ O), we have a natural (G-equivariant) isomorphism

M∞/aM∞
∼= Mψ(U p)m.

There is a surjective map R∞/aR∞→ Rψ

S → TS
ψ(U

p)m and the above isomorphism inter-
twines the action of R∞ on the left hand side with the action of TS

ψ(U
p)m on the right hand

side.

Proof. Note that we have a isomorphism (5.8). To prove the first part, it suffices to show that
we have an isomorphism

M∞/αM∞
∼= lim←−

J,Up

M(Up,J,∞)/αM(Up,J,∞),

which follows from [35, Lemma A.33] (see also [18, Corollary 2.11]). The second part is an
immediate consequence of isomorphism (5.11).



Chapter 6

Patching and Breuil-Mézard conjecture

6.1 Background on multiplicities and cycles

6.1.1 Hilbert-Samuel multiplicities

Let A be a Noetherian local ring with maximal ideal m of dimension d, and M be a finite
A-module. There is a polynomial PA

M(X) of degree at most d (the Hilbert-Samuel polynomial),
uniquely determined by the property that, for n≫ 0, the value PA

M(n) is equal to the length of
M/mn+1M as A-module. The Hilbert-Samuel multiplicity e(M,A) is defined to be d! times
the coefficient of Xd in PA

M(X). We write e(A) for e(A,A).

6.1.2 Cycles

Let X be a Noetherian scheme, M be a coherent sheaf and write Z the scheme-theoretic
support of M . For any point x∈X , we define e(M ,x) to be the Hilbert-Samuel multiplicity
e(Mx,OZ ,x). If Z is a closed subscheme of X , we write e(Z ,x) := e(OZ ,x) for all
x ∈X .

We say a point x ∈X is of dimension d, write dim(x) = d, if its closure {x} is of
dimension d. A d-dimensional cycle on X is a formal finite linear combination of points of
X of dimension d.

If d ≥ 0 is a non-zero integer, and M be a coherent sheaf on X whose support is
of dimension ≤ d, then we define the d-dimensional cycle Zd(M ) associate to M by
Zd(M ) := ∑dim(x)=d e(M ,x)x, where the sum ranges over all points X of dimension d. If
the support of M is finite dimensional of dimension d, then we write Z(M ) = Zd(M ).
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Lemma 6.1.1. If M is a coherent sheaf on X with support of dimension d, and if Z(M ) is
the cycle associated to M , then for any point y ∈ X, we have the formula

e(M ,y) = e(Z(M ),y)

Proposition 6.1.2. Let X be a Noetherian scheme of finite dimension d, and let f ∈OX (X )

be regular (i.e. non-zero divisor in each stalk of OX ). If M is an f -torsion free coherent
sheaf on X , and if Zd(M ) = ∑dim(x)=d nxx, where x runs over the d-dimensional points of
X , then the support has dimension ≤ d−1, and

Zd−1(M / f M ) = ∑
dim(x)=d

nxZd−1({x}∩V ( f )).

Proof. See [30, Proposition 2.2.13].

If A and B are complete Noetherian local k-algebra, and if p and q are primes of A and
B respectively, such that A/p is of dimension d and B/q is of dimension e, then A⊗̂kB is of
dimension d + e. Hence SpecA/p⊗̂kB/q is a closed subscheme of SpecA⊗̂kB of dimension
d + e, and we write

Z(SpecA/p)×k Z(SpecB/q) := Z(SpecA/p⊗̂kB/q),

and then extend this by linearity to a bilinear product from d-dimensional cycles on SpecA
and e-dimensional cycles on SpecB to d + e dimensional cycles on SpecA⊗̂kB.

If M and N are finitely generated A- and B-module respectively, giving rise to coherent
sheaves M and N on SpecA and SpecB respectively, then the complete tensor product
M⊗̂kN gives rise to a coherent sheaf on SpecA⊗̂kB, which we denote by M �̂kN . If the
supports of M and N are of dimension d and e respectively, then the support of M �̂kN

is of dimension d + e, and Zd+e(M �̂kN ) = Zd(M )×k Ze(N ).

6.2 Local results

In this section, we let L be a finite extension of Qp and r : GL→ GL2(k) be a continuous
representation.
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6.2.1 Locally algebraic type

Fix a Hodge type λ , and inertia type τ , and a continuous character ψ : GL→ O× such that
ψ|IL = (∏κ κλκ,1+λκ,2 ◦Art−1

L ) · detτ . We define σ(λ ,τ) = σ(λ )⊗E σ(τ), where σ(λ ) =

σ(λ ) = Mλ ⊗O E and σ(τ) be the smooth type corresponding to τ . Since σ(λ ,τ) is a finite
dimensional E-vector space and K is compact and the action of K on σ(λ ,τ) is continuous,
there is a K-stable O-lattice σ◦(λ ,τ) in σ(λ ,τ). Then σ◦(λ ,τ)/(ϖ) is a smooth finite
length k-representation of K, we will denote by σ(λ ,τ) its semi-simplification. One may
show that σ(λ ,τ) does not depends on the choice of a lattice. The same assertion holds for
σ cr(λ ,τ) = σ(λ )⊗σ cr(τ).

A locally algebraic type σ is an absolutely irreducible representation of GL2(L) of
the form σ(λ ,τ) or σ cr(λ ,τ) for some inertial type τ and Hodge type λ . We say that a
continuous representation r : GL→ GL2(E) has type σ = σ(λ ,τ) (resp. σ cr(λ ,τ)) if it is
potentially semi-stable (resp. potentially crystalline) of inertial type τ and Hodge type λ .
Denote Rψ

r (σ) the local universal lifting ring of type σ and determinant ψε for r.
If x is a point of SpecRψ

r (σ)[1/p] with residue field Ex, we denote by rx : GFp→GL2(Ex)

the lifting of r given by x. We define the locally algebraic G-representation πl.alg(rx) =

πsm(rx)⊗Ex πalg(rx). Note that H (σ) := EndG(c-IndG
K(σ)) acts via a character on the one-

dimensional space HomGL2(OL)(σ ,πl.alg(rx)).

Theorem 6.2.1. There is an E-algebra homomorphism

φ : H (σ)→ Rψ

r (σ)[1/p]

which interpolates the local Langlands correspondence. More precisely, for any closed point
x of SpecRψ

r (σ)[1/p], the H (σ)-action on HomGL2(OFp)
(σ ,πl.alg,x) factors as φ composed

with the evaluation map Rψ

r (σ)[1/p]→ Ex.

Proof. This follows from [18, Theorem 4.1] for σ = σ cr(λ ,τ) and [60, Theorem 3.4] for
σ = σ(λ ,τ).

6.2.2 Serre weights

By a Serre weight we mean an absolutely irreducible representation of GL2(kL) on an k-
vector space, up to isomorphism. Let (Z2

+)
Hom(kL,k)
sw ⊂ (Z2

+)
Hom(kL,k) be the subset consisting

of elements a such that

• for each ς ∈ Hom(kL,k), we have p−1≥ aς ,1−aς ,2.

• for each ς we have 0≤ aς ,2 ≤ p−1, and not all aς ,2 = p−1.
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Then
σa :=⊗ς detaς ,2⊗Symaς ,1−aς ,2 k2

L⊗kL,ς k,

where ς runs over the embedding kL→ k, is a Serre weight, and every Serre weight is of
this form. We say that a,a′ ∈ (Z2

+)
Hom(kL,k)
sw are equivalent if σa ∼= σa′ , which happens if and

only if aς ,1 = a′
ς ,1 and aς ,2 = a′

ς ,2 for all ς .

6.2.3 The Breuil-Mézard conjecture

We now state the Breuil-Mézard conjecture [13].

Conjecture 6.2.2 (Breuil-Mézard). There exist non-negative integers µa for each Serre
weight a of GL2(k) such that for each locally algebraic type σ , we have

e(Rψ

r (σ)/ϖ) = ∑
a

ma(σ)µa(r)

where a runs over all Serre weights, and ma(σ) is the multiplicity of σa as a Jordan-Holder
factor of σ .

There is also a geometric version of the Breuil-Mézard conjecture due to [30].

Conjecture 6.2.3. For each Serre weight a of GL2(k), there exists a (3+[L :Qp])-dimensional
cycle Ca(r) of Rψ

r , independent of λ and τ , such that for each λ ,τ , we have equalities of
cycles:

Z(Rψ

r (σ)/ϖ) = ∑
a

ma(σ)Ca(r)

where a runs over all Serre weights and ma(σ) is as in the previous conjecture.

Remark 6.2.4. Given two characters ψ,ψ ′ lifting detr, we have Rψ

r /ϖ ∼= Rψ ′

r /ϖ by the
universality. Thus Rψ

r (σ)/ϖ ∼= Rψ ′

r (σ)/ϖ if both characters are compatible with σ (thus
ψ = ψ ′µ with µ an unramified charater). This implies that the two conjectures above are
independent of the choice of ψ .

6.3 Local-global compatibility

We now return to the global setting in section 5.6.
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6.3.1 Actions of Hecke algebras

Let σ be a representation of Kp over E. Fix a Kp-stable O-lattice σ◦ in σ . Let H (σ) =

EndG(c-IndGp
Kp

σ) and H (σ◦) := EndG(c-IndGp
Kp

σ◦), which is an O-subalgebra of H (σ).
Since M∞ is a pseudocompact O∞JKpK-module equipped with a compatible action of Gp,

the O∞-module M∞(σ
◦) := σ◦⊗OJKpK M∞ has a natural action of H (σ◦) commuting with

the action of R∞ via isomorphisms

(σ◦⊗OJKpK M∞)
d ∼= Homcont

OJKpK(σ
◦,Md

∞)
∼= HomGp(c-IndGp

Kp
(σ◦),(M∞)

d),

where the first isomorphism is induced by Schkhof duality and the second isomorphism is
given by Frobenius reciprocity. In particular, M∞(σ

◦) is a O-torsion free, profinite, linearly
topological O-module.

6.3.2 Local-global compatibility

We say a representation σ of Kp is a locally algebraic type if σ = ⊗v|pσv, where σv =

σ(λv,τv) or σ cr(λv,τv) is a locally algebraic type of GL2(Fv) for each v|p. We denote
Rloc

p = ⊗̂v|pR�,ψ
v and Rloc

p (σ) = ⊗̂v|pR�,ψ
v (σv). Define Rloc(σ) = Rloc⊗Rloc

p
Rloc

p (σ) and

R∞(σ) = R∞⊗Rloc
p

Rloc
p (σ) (similarly, R′∞(σ) = R′∞⊗Rloc

p
Rloc

p (σ) and Rinv
∞ (σ) = Rinv

∞ ⊗Rloc
p

Rloc
p (σ) if p = 2).

Lemma 6.3.1. Assume p = 2.

1. There are a1, · · · ,at ∈m∞ such that

R∞(σ) =
Rinv

∞ (σ)Jz1K
((1+ z1)2− (1+a1))

⊗Rinv
∞ (σ) · · ·⊗Rinv

∞ (σ)
Rinv

∞ (σ)JztK
((1+ zt)2− (1+a1))

.

In particular, R∞(σ) is a free Rinv
∞ (σ)-module of rank 2t .

2. Let p ∈ SpecRinv
∞ (σ). The group (Ĝm[2])t(O) acts transitively on the set of prime

ideals of R∞(σ) lying above p.

Proof. See [57, Lemma 3.3] for the first part and [57, Lemma 3.4] for the second part.

Proposition 6.3.2. 1. The action of R∞ on M∞(σ
◦) factors through R∞(σ).

2. The action of H (σ) on M∞(σ
◦)[1/p] coincides with the composition

H (σ)
∏v|p φv
−−−−→ Rloc

p (σ)[1/p]→ R∞(σ)[1/p],
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where φv is the map defined in theorem 6.2.1.

3. The module M∞(σ
◦) is finitely generated over R∞(σ) and Cohen-Macaulay, and

moreover M∞(σ
◦)[1/p] is locally free of rank 1 over the regular locus of its support in

R∞(σ)[1/p]. The topology on M∞(σ
◦) coincides with its m-adic topology, where m

denote the maximal ideal of R∞(σ).

Proof. The first part is an immediate consequence of local-global compatibility at v|p. The
second part follows from the first part and theorem 6.2.1.

The third part is a consequence of numerical coincidence (cf. [48, Lemma 2.2.11]). We
give the proof for the sake of completeness. We first note that M∞(σ

◦) is a finite free over
O∞. Since the O∞-action on M∞(σ

◦) factors through the action of R∞, it also factors through
R∞(σ) by (1). This shows that M∞(σ

◦) is finitely generated over R∞(σ).
Since M∞(σ

◦) is free over O∞, the topology on M∞(σ
◦) coincides with its n-adic topology,

where n is the maximal ideal of O∞. Furthermore, since R∞(σ) maps into EndO∞
(M∞(σ

◦)),
we see that its image if finite as an O∞-algebra. In particular, the n-adic topology on M∞(σ

◦)

coincide with the m-adic topology, and the depth of M∞(σ
◦) as R∞(σ)-module is at least the

krull dimension of O∞. Since R∞(σ) is equidimensional with Krull dimension

1+g+ ∑
v∈Sp

(3+[Fv : Qp])+ ∑
v∈S∞

2+ ∑
v∈Σ

3 = q+4|T |,

which is equal to the Krull dimension of O∞, it follows that it is Cohen-Macaulay over R∞(σ).
Moreover, the support of M∞(σ

◦) is a union of irreducible components of R∞(σ) by [70,
Lemma 2.3].

Let m be a smooth point in the support of M∞(σ
◦)[1/p]. By the same argument, we have

depthR∞(σ)[1/p]m = depthM∞(σ
◦)[1/p]m. Then by the Auslander-Buchsbaum formula,

M∞(σ
◦)[1/p]m is free over R∞(σ)[1/p]m. It follows that M∞(σ

◦)[1/p] is locally free over
the regular locus of SuppM∞(σ

◦)[1/p]. That it is actually generically of rank 1 can be
checked at finite level, which follows from [57, Lemma 3.10] and the fact we include Uϖv1

in
our Hecke algebra TS

ψ(U
p) (note that the Hecke algebra in [57] does not contain Uϖv1

, thus
their patched module is generically free of rank 1 instead of 2).

Definition 6.3.3. It follows from proposition 6.3.2 (3) that the support of M∞(σ
◦)[1/p] in

SpecR∞(σ)[1/p] is a union of irreducible components, which we call the set of automorphic
components of SpecR∞(σ)[1/p].
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6.4 Breuil-Mézard via patching

Define RT,ψ
S (σ) = RT,ψ

S ⊗Rloc
p

Rloc
p (σ) and Rψ

S (σ) = Rψ

S ⊗Rloc
p

Rloc
p (σ).

Proposition 6.4.1. For some s≥ 0, there is an isomorphism of Rloc(σ)-algebras

RS,ψ
S (σ)∼= Rloc(σ)Jx1, · · · ,xs+|S|−1K/( f1, · · · , fs).

In particular, dimRS,ψ
S (σ)≥ 4|S| and dimRψ

S (σ)≥ 1.

Proof. This follows from lemma 4.1.6 and proposition 4.1.7.

We define a global Serre weight to be an absolutely irreducible mod p representations of
Kp = ∏v∈Sp GL2(OFv). It is of the form

σa =⊗σav

with av ∈ (Z2
+)

Hom(kv,k)
sw for each v ∈ Sp, kv the residue field of v, and Kp acting on σa by

reduction modulo p.
We define

Ma
∞ = M∞⊗OJKpK σa ∼= Homcont

OJKpK(M∞,σ
∨
a )
∨,

which is an R∞/ϖ-module. We set

µ
′
a(ρ) :=

 e(Ma
∞,R∞/ϖ) if p > 2,

1
2t e(Ma

∞,R
inv
∞ /ϖ) if p = 2

and cycles Z′a(ρ) of R∞/ϖ (resp. Rinv
∞ /ϖ if p = 2) by

Z′a(ρ) :=

 Z(Ma
∞) if p > 2,

1
2t Z(Ma

∞) if p = 2.

For each v|p, we write
σ◦v

∼−→⊕avσ
mav
av ,

so that
σ◦

∼−→⊕aσ
ma
a ,

where ma = ∏v mav .
Due to [48, Lemma 2.2.11], [34, Lemma 4.3.9], [30, Lemma 5.5.1] and [57, Proposition

3.17], we have the following equivalent conditions.
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Lemma 6.4.2. For any locally algebraic type σ , the following conditions are equivalent.

1. The support of M(σ◦)⊗Zp Qp meets every irreducible component of SpecRloc(σ)[1/p].

2. M∞(σ
◦)⊗Zp Qp is a faithful R∞(σ)[1/p]-module which is locally free of rank 1 over

the smooth locus of its support.

3. Rψ

S (σ) is a finite O-algebra and M(σ)⊗Zp Qp is a faithful Rψ

S (σ)[1/p]-module.

4. e(R∞(σ)/ϖ) = ∑a mae(Ma
∞,R∞/ϖ) = ∑a µ ′a(ρ) if p > 2.

(resp. e(Rinv
∞ (σ)/ϖ) = 1

2t ∑a mae(Ma
∞,R

inv
∞ /ϖ) = ∑a µ ′a(ρ) if p = 2)

5. Z(R∞(σ)/ϖ) = ∑a maZ(Ma
∞) = ∑a Z′a(ρ) if p > 2.

(resp. Z(Rinv
∞ (σ)/ϖ) = 1

2t ∑a maZ(Ma
∞) = ∑a Z′a(ρ) if p = 2 )

Proof. We only prove for p > 2, the proof for p = 2 is similar using lemma 6.3.1. By our
assumption, R∞(σ)[1/p] is equidimensional with dimension equal to O∞[1/p]. Furthermore,
the morphism SpecR∞(σ)[1/p]→ Rp(σ)[1/p], corresponding to the Rloc

p (σ)[1/p]-algebra
structure on R∞(σ)[1/p], induces a bijection on irreducible components; we denote the
bijection by Z 7→ Z′.

If Z ⊂ SpecR∞(σ)[1/p] is an irreducible component in the support of M∞(σ
◦)⊗Zp Qp,

then Z is finite over SpecO∞[1/p] and of the same dimension. Hence the map Z →
SpecO∞[1/p] is surjective. In particular, the fiber over Z over the closed point a of
SpecO∞[1/p] is non-zero, and hence gives a point in the support of M∞(σ

◦)/aM∞(σ
◦) :=

M(σ◦) lying in the component Z′ of SpecRloc
p (σ)[1/p]. This shows that (1) and (2) are

equivalent.
If M∞(σ

◦) is a faithful R∞(σ)-module, then R∞(σ), being a subring of the ring of O∞-
endomorphism of the finite O∞-module M∞, is finite over O∞. Hence RS,ψ

S (σ), which is a
quotient of R∞(σ)/a, is a finite O-module. This shows that (2) implies (3).

Given (3), it follows from proposition 6.4.1 that f1, · · · , fs,ϖ is a part of system of
parameters of Rloc(σ)Jx1, · · · ,xs+|S|−1K, and 4.3.8 implies that every irreducible component
of that ring contains a closed point of Rψ

S (σ)[1/p]. We deduce that every irreducible
components of Rloc(σ)[1/p] contains a closed point of Rψ

S (σ)[1/p]. Thus (3) implies (1).
By the projectivity of M∞, we have

e(R∞(σ)/ϖ)≥ e(M∞(σ
◦)/ϖM∞(σ

◦),R∞(σ)/ϖ) = ∑
a

mae(Ma
∞,R∞(σ)/ϖ),

with equality if and only if M∞(σ
◦) is a faithful R∞(σ)-module. Thus (2) and (4) are

equivalent.
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By lemma 6.1.1, we see that (5) implies (4). Now assume that (2) holds. Then M∞(σ
◦)

is ϖ-torsion free and generically free of rank 1 over each component of SpecR∞(σ), so by
proposition 6.1.2, we have

Z(R∞(σ)/ϖ) = Z(M∞(σ
◦)/ϖM∞(σ

◦)) = ∑
a

maZ(Ma
∞).

Thus (2) implies (5).

For each Serre weight av ∈ (Z2
+)

Hom(kv,k)
sw , we choose a fixed lift λav , i.e. for each

ς ∈Hom(kv,k) fix an element κ ∈Hom(Fv,E) lifting ς and take λav,κ = aς , and for all other
κ ′ ∈ HomQp(Fv,E) lifting ς we take λav,κ ′ = 0. By definition, we have Mλav

⊗O k ∼= σav .
Define

µav(ρv) = e(Rλav ,1,cr
v /ϖ) ∈ Z≥0

and
Cav(ρv) = Z(Rλbv ,1,cr

v /ϖ)

a 3+[Fv : Qp]-dimensional cycle of SpecR�,ψ
v . We obtain the following analogue of [30,

Theorem 5.5.2].

Theorem 6.4.3. Suppose the equivalence conditions of lemma 6.4.2 hold for σ =⊗v|pσ cr(λav ,1)
with av some Serre weights of GL2(Fv). Then if σ =⊗v|pσv is a locally algebraic type with
σv = σ∗(λv,τv) and ∗ ∈ { /0,cr}, and if we write

σ◦
∼−→⊕aσ

ma
a ,

then the following conditions are equivalent.

1. The equivalent conditions of lemma 6.4.2 hold for σ .

2. e(Rλv,τv,∗
v /ϖ) = ∑av mav µav(ρv) for each v|p.

3. Z(Rλv,τv,∗
v /ϖ) = ∑av mavCav(ρv) for each v|p.

Proof. We only prove for p> 2, the case p= 2 can be deduced similarly. Consider conditions
(4) and (5) of Lemma 6.4.2 in the case that each λv = λav,1 for some Serre weights av and
each τv = 1. Note that in this case we have σ◦(λ ,1) ∼−→ σa.

For v ∈ S−Sp, we write Rv for the corresponding local deformation ring of the global
deformation problem S . Our assumption that the equivalent conditions of 6.4.2 hold implies
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that

µ
′
a(ρ) = e(R∞(σ)/ϖ)

= ∏
v|p

e(Rλav ,1,cr
v /ϖ) ∏

v∈S\Sp

e(Rv/ϖ)

= ∏
v|p

µav(ρv) ∏
v∈S\Sp

e(Rv/ϖ).

Similarly,

Z′a(ρ) =Z(R∞(σ)/ϖ)

=∏
v|p

Z(Rλv,1,cr
v /ϖ)× ∏

v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK)

=∏
v|p

Cav(ρv)× ∏
v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK).

This shows that for each global Serre weight a, we have

µ
′
a(ρ) = ∏

v|p
µav(ρv) ∏

v∈S\Sp

e(Rv/ϖ)

and
Z′a(ρ) = ∏

v|p
Cav(ρv)× ∏

v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK).

We now consider the general case σ =⊗v|pσv, where σv = σ∗(λv,τv) with ∗ ∈ { /0,cr}.
By definition, we have

Z(R∞(σ)/ϖ) = ∏
v|p

Z(Rλv,τv,∗
v /ϖ)× ∏

v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK).

Using the relation above, we have

∑
a

maZ′a(ρ) =∑
a

ma

(
∏
v|p

Cav(ρv)× ∏
v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK)
)

=∏
v|p

(
∑
av

mavCav(ρv)

)
× ∏

v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK).

Now, condition (5) of 6.4.2 says that

Z(R∞(σ)/ϖ) = ∑
a

ma(ρ)Z′a(ρ),



6.5 The support at v1 67

which is equivalent to

∏
v|p

Z(Rλv,τv,∗
v /ϖ)× ∏

v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK)

=∏
v|p

(
∑
av

mavCav(ρv)

)
× ∏

v∈S\Sp

Z(Rv/ϖ)×Z(kJx1, · · · ,xgK).

This shows that
Z(Rλv,τv,∗

v ) = ∑
av

mavCav(ρv)

for each v|p, which gives the equivalence of (1) and (3). The equivalence of (1) and (2) can
be deduced similarly.

Remark 6.4.4. The assumption of theorem 6.4.3 may be viewed as a strong form of the
weight part of Serre’s conjecture, saying that each set of components of the local crystalline
deformation rings in low weight is realized by a global automorphic Galois representation.
Under this assumption, 6.4.3 says that the Breuil-Mézard conjecture are equivalent to certain
R = T theorems.

6.5 The support at v1

Let σ be a locally algebraic type for Gp. Suppose that M∞(σ
◦) ̸= 0.

Proposition 6.5.1. The support of M∞(σ
◦)⊗Zp Qp meets every irreducible component of

SpecR�,ψ
v1 [1/p].

Proof. By assumption and proposition 6.3.2 (3), M∞(σ
◦)⊗Zp Qp is supported at an irre-

ducible component C of SpecR∞(σ)[1/p]. We write Cv for the corresponding irreducible
component at v ∈ S. Let C̃v1 be an irreducible component of SpecR�,ψ

v1 [1/p]. It suf-
fices to show that M∞(σ

◦)⊗Zp Qp is supported at the irreducible component C̃ defined
by {Cv}v∈S−{v1} and C̃v1 .

Choose a finite solvable totally real extension F ′ of F such that

• For each place w of F ′ above v ∈ Sp, F ′w ∼= Fv;

• For each place w of F ′ above v1, the map R�,ψ
w → R�,ψ

v1 induced by restriction to GF ′w
factors through Rur

w .

Fix a place w1 of F ′ above v1. Let S′ = S′p∪S′∞∪Σ′∪{w1}, where S′p is the set of places of
F ′ dividing p, S′∞ is the set of places of F above ∞, and Σ′ is the set of places of F ′ lying
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above Σ. Consider the following global deformation problems

R =(ρ,S,{O}v∈S,{DCv
v }v∈Sp ∪{D

−1
v }v∈S∞

∪{DSt
v }v∈Σ∪{D

C̃v1
v1 }),

R ′ =(ρ|GF ′ ,S
′,{O}w∈S′,{DCw

w }w∈S′p ∪{D
−1
w }w∈S′∞ ∪{D

St
w }w∈Σ′ ∪{Dur

w1
}).

We claim that Rψ

R′ is a finite O-algebra. Given this, since the morphism Rψ

R′ → Rψ

R is finite
by proposition 4.1.9, Rψ

R is a finite O-module. On the other hand, Rψ

R has a Qp-point since it
has Krull dimension at least 1 by proposition 6.4.1. This gives a lifting ρ of ρ of type R.
Note that ρ is automorphic because ρ|GF ′ lies in the automorphic component defined by C

restricted to F ′ and F ′/F is solvable (lemma 3.0.6). It follows that ρ gives a point on C̃ and
the theorem is proved.

To prove the claim, we denote M′∞ the patched module constructed in the same way
as M∞ replacing F with F ′ and S with S′, which is endowed with an O ′∞-linear action R′∞.
Write a′ for the ideal of O ′∞ defined by its formal variables, S ′ for corresponding global
deformation problem (as in section 5.2) and σ ′ for the locally algebraic type defined by σ

restricting to F ′. It follows that M′∞(σ
′,◦)⊗AS′

S ′
AS′

R′ is a faithful R′∞(σ
′)⊗AS′

S ′
AS′

R′-module by

proposition 6.3.2 (3) and the irreducibility of R′∞(σ
′)⊗AS′

S ′
AS′

R′ . Thus Rψ

R′
∼= (R′∞(σ

′)⊗AS′
S ′

AS′
R′)/a

′(R′∞(σ
′)⊗AS′

S ′
AS′

R′) is a finite O-algebra by the proof of lemma 6.4.2.



Chapter 7

Patching and p-adic local Langlands
correspondence

Throughout this section, we will use freely the notations in chapter 5 and chapter 6. We fix
a place p of F lying above p and denote L = Fp. Let G = GL2(L), K = GL2(OL), T be the
subgroup of diagonal matrices in G, and T0 be the subgroup of diagonal matrices in K.

7.1 Patching and Banach space representations

For each place v ̸= p above p, we fix a locally algebraic type σv and an irreducible component
Cv of the corresponding deformation ring Rλv,τv,∗

v . Write σp = ⊗v∈Sp−{p}σv, which is a
representation of Kp = ∏v∈Sp−{p}GL2(OFv).

We denote Rloc,p = ⊗̂O,v∈Sp∪{v1}−{p}R
�,ψ
v , Rloc,p(σp) = ⊗̂O,v∈Sp−{p}R

λv,τv,∗
v ⊗̂R�,ψ

v1 . De-
fine

M̃∞ = M∞⊗OJKpK (σ
p)◦.

It follows that M̃∞ is an O∞JKK-module endowed with an O∞-linear action of R̃∞ = R∞⊗Rloc,p

Rloc,p(σp). Assume that Ñ∞ is non-zero.

Remark 7.1.1. The assumption is satisfied when ρ admits an automorphic lift ρ such that its
associated local Galois representation ρ|GFv

lies on Cv for each v ∈ Sp−{p} and that ρ|GFv1

is unramified.

The following proposition is a direct consequence of proposition 5.6.5 (3).
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Proposition 7.1.2. M̃∞ is finitely generated over O∞JKK and projective in the category
Modpro

K,ζ
(O∞), with ζ =ψ|O×Fp . In particular, it is finitely generated over R̃∞JKK and projective

in Modpro
K,ζ

(O).

Remark 7.1.3. M̃∞ is the same as the patched module considered in [18].

Let us denote by Π∞ := Homcont
O (M̃∞,O). If y ∈m-Spec R̃∞[1/p], then

Πy := Homcont
O (M̃∞⊗R̃∞,y Ey,E) = Π∞[my]

is an admissible unitary E-Banach space representation of GL2(L) (by [18, Proposition
2.13]). The composition R�,ψ

p → R∞

y−→ Ey defines an Ey-valued point x ∈ SpecR�,ψ
p [1/p]

and thus a continuous representation rx : GL→ GL2(Ey).

Proposition 7.1.4. Let y ∈m-Spec R̃∞[1/p] be a closed E-valued point whose the associated
local Galois representation rx is potentially semi-stable of type σp. Assume that y lies on an
automorphic component of R∞(σ) with σ = σp⊗σp and πsm(rx) is generic. Then

Π
l.alg
y
∼= πl.alg(rx).

Proof. The proof of [18, Theorem 4.35] (rx potentially crystalline) and [60, Theorem 7.7]
(rx potentially semi-stable) works verbatim to our setting.

7.2 Patched eigenvarieties

We write R1 for the universal deformation ring of the trivial character 1 : GL→ k× and 1univ

for the universal character. Via the natural map O[Z]→ R1[Z], the maximal ideal of R1[Z]
generated by ϖ and z−1univ ◦ArtL(z) gives a maximal ideal of O[Z]. If we denote by ΛZ the
completion of the group algebra O[Z] at this maximal ideal, then the character 1univ ◦ArtL
induces an isomorphism ΛZ

∼−→ R1.

Proposition 7.2.1. The morphism Spec(R�,ψ
p ⊗̂OR1)[1/p]→SpecR�

p [1/p] induced by (r,χ) 7→
r⊗χ is finite étale.

Proof. To prove the proposition, it suffices to show that the map R�
p [1/p]→ (R�,ψ

p ⊗̂OR1)[1/p]
is finite étale after localizing at each y ∈ m-Spec(R�,ψ

p ⊗̂OR1)[1/p] (c.f. [68, tag 02GU]).
Suppose that x ∈m-SpecR�

p [1/p] is a point coming from y ∈m-Spec(R�,ψ
p ⊗̂OR1)[1/p]. We

denote rx the framed deformation of r given by x, ry the framed deformation given by y and
χy the lifting of trivial character defined by y. Thus we have rx ∼= ry⊗χy.

https://stacks.math.columbia.edu/tag/02GU
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Note that (R�
p [1/p])mx is a complete Ex-algebra representing the functor sending local

artinian Ex-algebra A to the set of liftings r of rx to A and (R�,ψ
p ⊗̂OR1[1/p])my is the

complete Ey (∼= Ex)-algebra representing the functor sending local artinian Ey-algebra A to
the set of pairs (r′,χ ′), where r′ is a lifting of ry with determinant ψε and χ ′ is a character
lifting χy by For any lifting r of rx to A, since the character χ ′ := ψ−1 detr is a lifting
of ψ−1 detrx = ψ−1(detry)χ

2
y = χ2

y , it admits a square roots χ which lifts χy by Hensel’s
lemma. Hence the map r 7→ (r⊗ χ−1,χ) gives an inverse of the map (r,χ) 7→ r⊗ χ . This
shows that (R�

p [1/p])mx → (R�,ψ
p ⊗̂OR1[1/p])my is an isomorphism and the proposition is

proved.

Remark 7.2.2. Assume that E =Qp if p = 2. Since that the morphism SpecR�
p → SpecR1

defined by r 7→ ψ(detr)−1 induces a bijection on irreducible components (see remark 4.3.2),
Spec(R�,ψ

p ⊗̂OR1)[1/p]→ SpecR�
p [1/p] is a double covering onto the irreducible component

given by ψ .

We define the patched eigenvarieties following [12, Section 3] and [31, Section 6].
Denote R̃′∞ = R�

p ⊗̂O R̃loc,pJX1, . . . ,XgK. We let X∞ := Spf(R̃′∞)
rig, Xp = Spf(R�

p )
rig and Xp =

Spf(R̃loc,p)rig so that
X∞ = Xp×Xp×Ug,

where U := Spf(OLJxK)rig is the open unit disk over L.
We define M̃′∞ = M̃∞⊗̂O1univ and Π̃∞ = Hom(M̃′∞,E), which is equipped with an R̃′∞-

action (via R�
p → R�,ψ

p ⊗̂OR1→ R̃∞⊗̂OR1) and a commuting action of GL2(L) coming from
M̃∞ twisting by the character

GL2(L)
det−→ L×→ ΛZ

∼−→ R1.

Let T̂ be the rigid analytic space over E parametrizing continuous character of T and
T̂ 0 be the rigid analytic space over E parametrizing continuous character of T0. Define the
patched eigenvariety X tri

∞ as the support of coherent OX∞×T̂ -module

JBp(Π̃
R̃′∞−an
∞ )′

on X∞× T̂ , where JB is Emerton’s Jacquet functor with respect to B defined in [26], Π̃
R̃′∞−an
∞

is the subspace of R̃′∞-analytic vectors defined in [12, Definition 3.2], and ′ is the strong dual.
This is a reduced closed analytic subset of X∞× T̂ [12, Corollary 3.20] whose points are

{x = (y,δ ) ∈ X∞× T̂ |HomT (δ ,JB
(
Π̃

R̃′∞−an
∞ [py]⊗Ey Ex)

)
̸= 0}
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with py ⊂ R̃′∞ the prime ideal corresponding to the point y ∈ X∞ and Ey the residue field of
py.

Let W∞ = Spf(O∞)
rig× T̂ 0 be the weight space of the patched eigenvariety. We define the

weight map ωX : X tri
∞ →W∞ by the composite of the inclusion X tri

∞ → X∞× T̂ with the map
from X∞× T̂ to Spf(O∞)

rig× T̂ 0 induced by the O∞-structure of R̃∞ and by the restriction
T̂ → T̂ 0.

Proposition 7.2.3. The rigid analytic space X tri
∞ is equidimensional of dimension q− 1+

4|T |+2[L : Qp] and has no embedded component.

Proof. The proof of [12, Proposition 3.11], which shows that the weight map ωX is locally
finite, works verbatim to our setting. Thus the dimension of X tri

∞ is equal to the dimension of
W∞, which is given by

dimW∞ = dimSpf(O∞)
rig +dim T̂ 0

= q+4|T |−1+2[L : Qp].

Let ι be an automorphism of T̂ given by

ι(δv,1,δv,2) = (unr(q)δv,1,unr(q−1)δv,2 ∏
κv∈Hom(L,E)

κ
−1
v ),

which induces an isomorphism of rigid spaces

X∞× T̂ ∼−→ X∞× T̂

(x,δ ) 7→ (x, ι−1(δ )),

and thus a morphism of reduced rigid spaces over E:

X tri
∞ → X tri

p ×Xp×Ug,

where X tri
p is the space of trianguline deformation of ρ|GFp

[12, Definition 2.4].

Theorem 7.2.4. This morphism induces an isomoprhism from X tri
∞ to a union of irreducible

components of X tri
p ×Xp×Ug.

Proof. This can be proved in the same way as in [12, Theorem 3.21].
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7.2.1 The support of M̃∞

Proposition 7.2.5. The support of M̃∞ in Spec R̃∞ is equal to a union of irreducible compo-
nents in Spec R̃∞.

Proof. By the same proof of [31, Theorem 6.3], it can be shown that the support of M̃′∞ as
R̃′∞-module is a union of irreducible components of Spec R̃′∞. Thus by proposition 7.2.1, the
support of M̃′∞ as R̃∞⊗̂OR1-module is a union of irreducible components of Spec R̃∞ times
SpecR1 and the theorem follows.

Corollary 7.2.6. The Zariski closure in Spec R̃∞ of the set of points with type given by the
family of locally algebraic types in proposition 2.2.1 lying in the support of M̃∞ is equal to a
union of irreducible components of Spec R̃∞.

Proof. Since M̃∞ is projective in Modpro
K,ζ

(O) by proposition 7.1.2, it is captured by the family
of locally algebraic types in proposition 2.2.1. Applying proposition 7.1.2 to M = M̃∞ and
R = R̃∞/AnnR̃∞

(M∞), we see that the set of points with types defined by this family are
dense in R̃∞/AnnR̃∞

(M∞), which is equal to a union of irreducible components in Spec R̃∞

by proposition 7.2.5. This proves the corollary.

7.3 Relations with Colmez’s functor

From now on, we assume L = Fp =Qp.

Lemma 7.3.1. M̃∞ lies in CG,ψ(O).

Proof. This follows immediately from proposition 7.1.2.

As a result, we may apply Colmez’s functor V̌ to M̃∞ and obtain an R̃∞JGQpK-module
V̌(M̃∞).

Proposition 7.3.2. V̌(M̃∞) is finitely generated over R̃∞JGQpK.

Proof. Using Nakayama lemma for compact modules, it is enough to show that V̌(M̃∞)⊗R̃∞

k ∼= V̌(M̃∞⊗R̃∞
k) (cf. [55, Lemma 5.50]) is a finitely generated kJGQpK-module. Note that

M̃∞⊗R̃∞
k is a finitely generated kJKK-module by lemma 7.3.1, so its Pontryagin dual is an

admissible K-representation with a smooth G-action, and thus an admissible G-representation.
By lemma 2.2.9, the proposition follows.

Let σ be a locally algebraic type for G. We define R̃∞(σ) = R̃∞⊗R�,ψ
p

R�,ψ
p (σ) (resp.

R̃′∞(σ) = R̃′∞⊗R�,ψ
p

R�,ψ
p (σ)) and M̃∞(σ

◦) = M̃∞⊗OJKK σ◦ (resp. M̃′∞(σ
◦) = M̃′∞⊗OJKK σ◦),

which satisfies a similar local-global compatibility as in section 6.3.
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Theorem 7.3.3. The action of R̃∞JGQpK on V̌(M̃∞) factors through R̃∞JGQpK/J, where J is
a closed two-sided ideal generated by g2− tr

(
r∞(g)

)
g+det

(
r∞(g)

)
for all g ∈ GQp , where

r∞ : GQp → GL2(R̃∞) is the Galois representation lifting r induced by the natural map
R�,ψ
p → R̃∞.

Proof. Take {σi}i∈I to be the family of K-representations in proposition 2.2.1. Note that it
captures every projective object of Modpro

K,ζ
(O). We have the following commuting diagram:

⊕
i∈I HomK(σi,Π∞)⊗σi Π∞

⊕
y∈m-Spec R̃∞[1/p]

⊕
i∈I HomK(σi,Π∞[my])⊗σi

⊕
y∈m-Spec R̃∞[1/p]Π∞[my]

(⋆)

(∗)

Since H (σi) acts on HomK(σi,Π∞) via H (σi)→ R�,ψ
p (σi)[1/p]→ R̃∞(σi)[1/p] by propo-

sition 6.3.2 (2), it acts on HomK(σi,Π∞[my]) via H (σi)→ Rp(σi)[1/p]→ R̃∞(σi)[1/p]
y−→

Ey. Thus by applying the Frobenius reciprocity to (⋆), we obtain a map

HomG(c-IndG
K σi⊗H (σi),y Ey,Π∞[my])⊗

(
c-IndG

K σi⊗H (σi),y Ey
)
→Π∞[my].

Since Π∞[my] = Homcont
G
(
M̃∞⊗R̃∞,y Ey,E

)
, the image of this map is nonzero if and only if

y lies in the support of M̃∞(σ), which implies x is potentially crystalline of type σi (recall
x ∈m-SpecR�,ψ

p [1/p] is the point induced by y). We can also deduce from proposition 6.3.2
(3) that the dimension of HomG(c-IndG

K σi⊗H (σi),y Ey,Π∞[my]) over Ey is 1 if y lies in the
support of M̃∞(σi)[1/p] and 0 otherwise. In case it is nonzero, we have c-IndG

K σi⊗H (σi),y

Ey ∼= πl.alg(rx) ↪→Π[my] since πl.alg(rx) is irreducible. Note that πl.alg(rx) admits a universal
completion ̂πl.alg(rx), which is topologically irreducible by [7, Corollary 5.3.2, Corollary
5.3.4] and [11, Proposition 2.2.1]. Composing with (∗), we get an injection ̂πl.alg(rx) ↪→
Π∞[my] ↪→ Π∞. Let ̂πl.alg(rx)

◦
:= ̂πl.alg(rx)∩ (M̃∞)

d be a G-invariant O-lattice of ̂πl.alg(rx).
We define N to be the kernel of the R̃∞-algebra homomorphism

M̃∞→∏
i∈I

∏
y

( ̂πl.alg(rx)
◦)d

, (7.1)

where y∈m-Spec R̃∞(σi)[1/p] lies in the support of M̃∞(σ
◦
i )[1/p], and define M by the exact

sequence

0→ N→ M̃∞→M→ 0 (7.2)

in CG,ψ(O) equipped with a compatible action of R̃∞.
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Tensoring (7.2) with σi over OJKK, we obtain a surjection M̃∞(σ
◦
i )� M(σ◦i ). By the

definition of M, we see that ̂πl.alg(rx) ↪→Md if y lies in the support of M̃∞(σ
◦
i )[1/p] for some

i ∈ I, thus M(σi)[1/p] is supported at each point of R̃∞(σ
◦
i )[1/p] at which M̃∞(σ

◦
i )[1/p] is

supported. Since M̃∞(σ
◦
i )[1/p] is locally free of rank one over its support and R∞(σi) is

p-torsion free, we deduce that M(σ◦i )
∼= M̃∞(σ

◦
i ) for all i, which implies that M = M̃∞ by

capture and thus N = 0. Applying V̌ to (7.1), we get an injection

V̌(M̃∞)∼= V̌(M) ↪→∏
i∈I

∏
y

V̌
((

̂πl.alg(rx)
◦)d
)
. (7.3)

We claim that the action of R̃∞JGQpK on V̌
(( ̂πl.alg(rx)

◦)d
)

factors through OEyJGQpK/Jx,

where Jx is the closed two-sided ideal generated by g2− tr
(
rx(g)

)
g+ det

(
rx(g)

)
for all

g ∈ GQp . Given the claim, we see that g2− tr(r∞(g))g+ det(r∞(g)) acts by 0 on the right
hand side of (7.3), and thus on V̌(M̃∞). This proves the proposition.

To prove the claim, we note that πl.alg(rx) is the locally algebraic vectors of the unitary
Banach representation B(rx) constructed in [7, Section 5] and [11, Section 2.3]. Hence we
have rx ∼= V̌

(
B(rx)

)
� V̌

( ̂πl.alg(rx)
)
, and the claim follows.

Corollary 7.3.4. V̌(M̃∞) is finitely generated over R̃∞.

Proof. By proposition 7.3.2 and theorem 7.3.3, V̌(M̃∞) is a finitely generated R̃∞JGQpK/J-
module, so it suffices to show that R̃∞JGQpK/J is finitely generated over R̃∞. We note that
R̃∞JGQpK/J is a Cayley-Hamilton algebra with residual pseudorepresentation associated to r
in the sense of [75], hence it is finitely generated over R̃∞ by [75, Proposition 3.6].

Proposition 7.3.5. R̃∞[1/p] acts on V̌(M̃∞)[1/p] faithfully.

Proof. By corollary 7.2.6, the set of points in y ∈ m-Spec R̃∞[1/p] with types defined by
proposition 2.2.1 are dense in the support of M̃∞, which is equal to Spec R̃∞ by theorem 4.3.1
and proposition 6.5.1. On the other hand, it can be shown that V̌(Πy) ̸= 0 for such y by propo-
sition 7.1.4 (Πl.alg

y ∼= πl.alg), [7, Theorem 4.3.1] and [11, Proposition 2.2.1] (V̌(π̂l.alg) ̸= 0).
Since V̌(M̃∞) is finitely generated over R̃∞ by corollary 7.3.4, the support of V̌(M̃∞)[1/p] as
an R̃∞[1/p]-module is equal to the zero set of Ann(V̌(M̃∞)[1/p]). This proves the proposi-
tion.

Proposition 7.3.6. For all y ∈ Spec R̃∞[1/p], we have Πy ̸= 0.

Proof. It is sufficient to show that V̌(Πy) ̸= 0. Since Πy = Homcont
O (M̃∞ ⊗R̃∞,y Oy,E),

V̌(Πy) ̸= 0 if and only if V̌(M̃∞ ⊗R̃∞,y Oy) ∼= V̌(M̃∞)⊗R̃∞,y Oy ̸= 0. By corollary 7.3.4,
V̌(M̃∞) is finitely generated, so Nakayama’s lemma says that V̌(M̃∞)⊗R̃∞,y Oy ̸= 0 if and
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only if V̌(M̃∞)y ̸= 0. This proves the proposition. The proposition follows from proposition
7.3.5, which shows that the support of V̌(M̃∞) is all of Spec R̃∞[1/p].

Theorem 7.3.7. For all y ∈ m-Spec R̃∞[1/p] such that Πy ̸= 0 and the associate Galois
representation rx is absolutely irreducible, we have V̌(Πy)∼= rx. In particular, M̃∞(σ

◦)[1/p]
is supported on every non-ordinary (at p) component of Spec R̃∞(σ) for each locally algebraic
type σ for G.

Proof. Let x ∈ m-SpecR�,ψ
p [1/p] be the image of y ∈ m-Spec R̃∞[1/p] and let rx : GQp →

GL2(Ey) be the corresponding Galois representation. If rx is absolutely irreducible, then
the action of R̃∞JGQpK⊗R̃∞,y Ey on V̌(Πy) factors through g2− tr

(
rx(g)

)
g+det

(
rx(g)

)
by

theorem 7.3.3, which implies V̌(Πy)∼= (rx)
⊕n (see [9, Theorem 1]) for some integer n. As

Πy ̸= 0 by assumption, we get n≥ 1.
Since Πy is an admissible Banach space representation, it contains an irreducible sub-

representation Π, which can be assumed to be absolutely irreducible after extending scalars.
If ΠSL2(Qp) = 0, then V̌(Π) is nonzero and dimE V̌(Π) ≤ 2 by [23, Corollary 1.7]. Since
(rx)

⊕n ∼= V̌(Πy)� V̌(Π), it follows that V̌(Π)∼= rx. Moreover, by [22, Theorem VI.6.50]
and [29, Theorem 3.3.22], the locally algebraic vectors inside Π is nonzero if and only if rx

is de Rham with distinct Hodge-Tate weights, in which case Πl.alg ∼= πl.alg(rx). Suppose that
rx is potentially semi-stable of type σ with πsm(rx) generic. Then we obtain that n = 1 and y
lies in the support of M̃∞(σ

◦) since

1 = dimE HomK(σ ,Π)≤ HomK(σ ,Πy)≤ 1,

where the last inequality is by proposition 6.3.2 (3).
If ΠSL2(Qp) ̸= 0 , then Π∼= Ψ◦det, where Ψ : GL2(Qp)→ E× is a continuous character.

Since the central character ψ of M̃∞ is locally algebraic, it follows that Π = deta⊗η ◦det,
where a is an integer and η is a smooth character of Q×p . Thus we have

0 ̸= HomK(deta⊗η ◦det,ΠSL2(Qp)) ↪→ HomK(deta⊗η ◦det,Πy),

which implies that y lies in the support of M̃∞(deta⊗η ◦ det) (i.e. rx is crystalline with
Hodge-Tate weights (a,a+1) up to a twist) and n = 1 by the same reason above.

These proves the first assertion since such points (potentially semi-stable of some type
σ with πsm(rx) generic) are dense in the support of M̃∞ and the second assertion follows
immediately from proposition 7.3.5.

Corollary 7.3.8. For all y ∈ m-Spec R̃∞[1/p] such that Πy ̸= 0 and the associate Galois
representation rx is absolutely irreducible, we have V̌(M∞)my

∼= (r�p )mx⊗(R�,ψ
p )mx

(R̃∞)my .
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Proof. Since V̌(Πy)∼= rx by theorem 7.3.7, it follows that

V̌(M̃∞)my
∼= (r�p )mx⊗(Ã∞)my

Uy

for some (R̃∞)my-module Uy by the proof of [73, Theorem 3.1]. Note that Uy is free of rank
1 over (R̃∞)my since it can be generated by 1 element over (R̃∞)my (by Nakayama’s lemma)
and (R̃∞)my acts on V̌(M̃∞)my faithfully (by proposition 7.3.5). This proves the corollary.

Remark 7.3.9. To remove the patching variables, i.e. V̌(M̃∞) ∼= r�p ⊗R�,ψ
p

R̃∞, the flatness

of V̌(M̃∞)[1/p] is not enough. It is essential to show that V̌(M̃∞) is flat over R̃∞. If r is
absolutely irreducible, this can be proved by the same argument using [73, Theorem 3.1].





Chapter 8

Patching argument: ordinary case

The goal of this chapter is to construct automorphic points on some partial ordinary irreducible
components of R∞(σ). We will follow the strategy in [2, 72, 64, 63] and use freely the
notations in section 5.1.

If v is a finite place of F above p and c ≥ b ≥ 0 are integers, then we define an open
compact subgroup Iwv(b,c) of GL2(OFv) by the formula

Iwv(b,c) =
{(

t1 ∗
0 t2

)
mod ϖ

c
v | t1 ≡ t2 ≡ 1 mod ϖ

b
v

}
.

Thus Iwv(0,1) is the Iwahori subgroup of GL2(OFv) and Iwv(1,1) is the pro-v Iwahoric
subgroup.

Let Uv = Iwv(b,c) for some integers c ≥ b ≥ 1. We define the operator Uϖv by the
double coset operator Uϖv = [Uv(

ϖw 0
0 1)Uv], and the diamond operator ⟨α⟩= [Uv(α 0

0 1)Uv] for
α ∈ O×Fv

.

Lemma 8.0.1. Let v be a fixed place of F above p. If U ′ ⊂U are open compact subgroups
of G(A∞

F ) such that U ′w = Uw if w ̸= v, and U ′v = Iwv(b′,c′) ⊂ Uv = Iwv(b,c) for some
b′ ≥ b ≥ 1, c′ ≥ c. Then for any topological O-algebra A, the operators Uϖv and ⟨α⟩ for
α ∈ O×Fv

commutes with each other and with the natural map

Sψ(U,A)→ Sψ(U ′,A).

Proof. See [40, Section 1].
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8.1 Partial Hida families

Let S⊃ Sp∪S∞∪Σ∪{v1} be a set defined as section 5.1. Let P⊂ Sp be a subset. For each
v ∈ Sp−P, we fix a locally algebraic type σv compatible with ψ . Define the open compact
subgroup UP = ∏vUv of (D⊗F A∞,P

F )× by

• Uv = (OD)
×
v if v /∈ S or v ∈ Σ∪ (Sp−P).

• Uv1 is the pro-v1 Iwahori subgroup.

If c ≥ b ≥ 1 are two integers, then we set U(b,c) = UP×∏v∈P Iwv(b,c). Let σP(b,c) =
⊗v∈Sp−Pσv

⊗
⊗v∈P1 be a continuous representation of ∏v∈Sp−PUv×∏v∈P Iwv(b,c). We

will write SσP,ψ(U(b,c),O) for SσP(b,c),ψ(U(b,c),O).
We define O×P (b,c) = ker(∏v∈P(OFv/ϖc

v )
× → ∏v∈P(OFv/ϖb

v )
×). The group U(1,c)

acts on SσP,ψ(U(b,c),O), which is uniquely determined by the diamond operator action of
O×P (b,c) via the embedding

O×P (b,c)→U(1,c)/U(b,c) y 7→ ( y 0
0 1) mod U(b,c).

We define ΛP(b,c) = O[O×P (b,c)] and Λb
P = lim←−c

ΛP(b,c). If b = 1, we write ΛP for Λ1
P.

We write Tord
S,P for the polynomial algebra over ΛP[∆v1] in the indeterminates Tv,Sv for

v /∈ S and the indeterminates Uϖv for v ∈ P∪ {v1}. Define a Tord
S,P-module structure on

SσP,ψ(U(b,c),O) by letting ΛP[∆v1] act via diamond operators and Tv,Sv,Uϖv act as usual.
Since for v∈ P the operators Uϖv and ⟨α⟩ commutes with all inclusions SσP,ψ(U(b,c),O)→
SσP,ψ(U(b′,c′),O) for every b′ ≥ b≥ 1, c′ ≥ c, these maps become maps of Tord

S,P-modules.

Lemma 8.1.1. Let R be a commutative Noetherian ring with residue field k.

1. Let M be a finite R-module, and let U ∈ EndR(M). There is a unique U-invariant
decomposition M = Mord⊕Mnon-ord with the following property: U is invertible on
Mord, and topologically nilpotent (for the mR-adic topology) on Mnon-ord. Moreover,
the limit e = limn→∞ Un! exists in EndR(M), is an idempotent, and we have Mord = eM,
Mnon-ord = (1− e)M.

2. Let M, N be finite R-modules, let U1 ∈EndR(M), U2 ∈EndR(N), and let f ∈HomR(M,N)

intertwine U1 and U2. Then we have f Mord ⊂ Nord, f Mnon-ord ⊂ Nnon-ord, the decom-
position being taken with respect to U1 and U2.

Proof. This is well-known (c.f. [45, Lemma 2.10]). We sketch the proof.
Suppose R is artinian. Let P(X) ∈ k[X ] be the characteristic polynomial of U on M/mR.

Let P(X)∈ R[X ] be a monic lift of P such that P(U) = 0 on M. There is a unique factorization
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P = AB in k[X ], where the constant term of A is a unit and B = Xm for some m ≥ 0. By
Hensel’s lemma, this factorization lifts uniquely to a factorization P = AB in R[X ], with A,B
monic. We define Mord = B(U)M and Mnon-ord = A(U)M. It is easily to see that it satisfies
the properties in (1), (2).

The general case follows by the fact that the mR-adic topology on EndR(M) coincides
with the topology induced by kernels of the maps EndR(M)→ EndR(M/(mn

R)), n≥ 1.

By the lemma, we may take U = UP := ∏v∈P Uϖv and e = limn→∞(UP)
n!. Define the

ordinary subspace of SσP,ψ(U(b,c),O) (resp. SσP,ψ(U(b,c),s)) by

Sord
ψ (U(b,c),O) = eSσP,ψ(U(b,c),O) (resp. Sord

ψ (U(b,c),s) = eSσP,ψ(U(b,c),s)).

Lemma 8.1.2. For all c≥ b≥ 1, the natural map

Sord
ψ (U(b,b),O)→ Sord

ψ (U(b,c),O)

is an isomorphism.

Proof. See [2, Lemma 2.3.2] and [36, Lemma 2.5.2].

We now define the partial Hida family. By Lemma 8.0.1, for c′ ≥ c the natural maps

Sψ(U(c,c),O)→ Sψ(U(c′,c′),O)

commute with the action of the Hecke operator UP and ⟨α⟩, α ∈ O×P (p).

Definition 8.1.3. We define

Mord
ψ (UP) = lim←−

c
Sord

ψ (U(c,c),O)d,

which is naturally a ΛP-module.

Proposition 8.1.4. 1. For every s,c≥ 1, there is an isomorphism

Mord
ψ (UP)⊗ΛP ΛP(1,c)/(ϖ s)

∼−→ Sord
ψ (U(c,c),s)∨.

2. For every c≥ 1, the Λc
P-module Mord

ψ (UP) is finite free of rank equal to the O-rank of
Sord

ψ (U(c,c),O).

Proof. See [2, Proposition 2.3.3].
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The algebra Tord
S,P acts naturally on Sord

ψ (U(c,c),s). We write TS,ord
ψ (U(c,c),O) for its

image in EndΛP(S
ord
ψ (U(c,c),O)).

Definition 8.1.5. We define

TS,ord
ψ (UP) := lim←−

c
TS,ord

ψ (U(c,c),O)

endowed with inverse limit topology. It follows immediately from the definition that
TS,ord

ψ (UP) acts on Mord
ψ (UP) faithfully.

Lemma 8.1.6. TS,ord
ψ (UP) is a finite ΛP-algebra with finitely many maximal ideals. Denote

its finitely many maximal ideals by m1, · · · ,mr and let J = ∩imi denote the Jacobson radical.
Then TS,ord

ψ (UP) is J-adically complete and separated, and we have

TS,ord
ψ (UP) = TS,ord

ψ (UP)m1×·· ·×TS,ord
ψ (UP)mr .

For each i, TS,ord
ψ (UP)/mi is a finite extension of k.

Proof. The proof is same as lemma 5.2.4.

Let m⊂ TS,ord
ψ (UP) be a maximal ideal with residue field k. There exists a continuous

semi-simple representation ρ
ord
m : GF,S → GL2(k) such that ρ

ord
m is totally odd, and for

any finite place v /∈ S of F , ρm(Frobv) has characteristic polynomial X2− TvX + qvSv ∈
(TS,ord

ψ (UP)/m)[X ]. If ρ
ord
m is absolutely reducible, we say that the maximal ideal m is

Eisenstein; otherwise, we say that m is non-Eisenstein.
Suppose that m is non-Eisenstein. For each v ∈ Sp−P, let λv and τv be the Hodge type

and inerital type given by σv. We define a global deformation problem

S P = (ρord
m ,F,S,{OJO×v (p)K}v∈P∪{O}v∈S−P,{D∆

v }v∈P∪{Dλv,τv,ss
v }v∈Sp−P∪{D−1

v }v∈S∞

∪{DSt
v }v∈Σ∪{D�,ψ

v1
}),

where D∆
v is the ordinary deformation problem defined with respect to the character ηv given

by ηv(ϖv) =Uϖv mod m and ηv(α) = ⟨α⟩ mod m for all α ∈ O×Fv
.

Proposition 8.1.7. Suppose that m is non-Eisenstein. Then there exists a lifting of ρ
ord
m to a

continuous homomorphism

ρ
ord
m : GF,S→ GL2(TS,ord

ψ (UP)m)

such that
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• for each place v /∈ S of F, ρ
ord
m (Frobv) has characteristic polynomial X2−TvX +qvSv ∈

TS,ord
ψ (UP)m[X ];

• for each place v ∈ P, ρ
ord
m |GFv

∼
(

χv ∗
0 ∗
)

such that χv(ϖ) = Uϖv and χv ◦ArtFv(t) = ⟨t⟩
for t ∈ O×Fv

.

Moreover, ρord
m is of type S P and has determinant ψε .

Proof. This is an analog of [2, Proposition 2.4.4]. We sketch the proof. Take c ≥ 1 such
that ψ|U(c,c)∩((A∞

F )
×) is trivial. Then m is the pullback of a non-Eisenstein maximal ideal of

TS,ord
ψ (U(c,c),O). Let

x : TS,ord
ψ (U(c,c),O)m→Qp

be an O-algebra morphism corresponding to automorphic representation π , and let ρπ,ι

denote the corresponding Galois representation. Since trρπ,ι(Frobv) = x(Tv) for every v /∈ S,
the injection

TS,ord
ψ (U(c,c),O)m→∏

π

Qp

induces a pseudo-representation rc : GF,S → TS,ord
ψ (U(c,c),O)m with rc(Frobv) = Tv for

every v /∈ S, such that

GF,S TS,ord
ψ (U(c,c),O)m

TS,ord
ψ (U(c′,c′),O)m.

rc′

rc

commutes for every c′ ≥ c. We then get a pseudo-representation

r = lim←−
c′≥c

rc′ → TS,ord
ψ (UP)m,

such that rc(Frobv) = Tv for every v /∈ S. Since r modulo m is the trace of the absolutely
irreducible Galois representation ρm, a theorem of [52, 61] implies that r is the trace of a
Galois representation

ρ
ord
m : GF,S→ GL2(TS,ord

ψ (UP)m).

By local-global compatibility, it can be seen that ρord
m is of type S̃ P.

8.2 Ordinary patching

Fix a non-Eisenstein maximal ideal m of TS,ord
ψ (UP). Let T = S and (QN ,{αv}v∈QN ) be a

Taylor-Wiles datum as in lemma 5.4.1. Define SN = ON⊗̂OΛP, S∞ = O∞⊗̂OΛP and
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• if p > 2, we define R∆
∞ := AS

S PJx1, · · · ,xgK and fix a surjective AS
S P-algebra map

R∆
∞ � RS,ψ

S P
QN

for each N.

• if p = 2, We define

– R∆,′
∞ := AS

S PJx1, · · · ,xg+tK. Then SpfR∆,′
∞ is equipped with a free action of (Ĝm)

t ,
and a (Ĝm)

t-equivariant morphism δ ∆ : SpfR∆,′
∞ → (Ĝm)

t , where (Ĝm)
t acts on

itself by the square of the identity map.

– R∆
∞ by SpfR∆

∞ = (δ ∆)−1(1) and R∆,inv
∞ by SpfR∆,inv

∞ := SpfR∆,′
∞ /(Ĝm)

t .

We fix a Θ∗QN
-equivariant surjective AS

S P-algebra homomoprhism R∆,′
∞ � RS

S P
QN

for

each N, which induces a Θ∗QN
[2]-equivariant surjective AS

S P-algebra map R∞ � RS,ψ
S P

QN

.

Let c ∈ N and let J be an open ideal in S∞. Let IJ be the subset of N such that J contains
the kernel of S∞→ SN . For N ∈ IJ , define

Mord
ψ (c,J,N) := S∞/J⊗SN Sord

ψ (U1(QN)(c,c),O)d
mQN ,1

.

Applying Taylor-Wiles method to Mord
ψ (c,J,N) by the same way as in section 5.6 (with

some choice of ultrafilter F), we obtain an S∞-module M∆
∞, which is finite free over S∞ and

endowed with a S∞-linear action of R∆
∞. Moreover, we have M∆

∞/aM∆
∞
∼= Mord

ψ (UP) with
a= ker(O∞→ O).

For each v ∈ Sp−P, we fix an irreducible component Cv of Rλv,τv
v . Define RP to be the

global deformation problem

RP = (ρord
m ,F,S,{OJO×v (p)K}v∈P∪{O}v∈S−P,{D∆

v }v∈P∪{DCv
v }v∈Sp−P∪{D−1

v }v∈S∞

∪{DSt
v }v∈Σ∪{Dur

v1
}).

Thus there is a natural surjection Rψ

S P � Rψ

RP .
We will write N∆

∞ = M∆
∞⊗AS

S P
AS

RP , which is an S∞-module endowed with an S∞-linear

action of A∆
∞ = R∆

∞⊗AS
S P

AS
RP . Note that A∆

∞ is a quotient of R∆
∞ corresponding the irreducible

components which is given by the irreducible component Cv if v ∈ Sp−P and unramified
component at v = v1. Moreover, we have A∆

∞/a
∼= Rψ

RP and N∆
∞/aN∆

∞
∼= Mord

ψ (UP)⊗Rψ

S P
Rψ

RP .

We assume N∆
∞ is nonzero, which is the case if ρ

ord
m admits an automorphic lift of type RP.

The following proposition is an analog of [36, Theorem 4.3.1] and [64, Theorem 3].

Proposition 8.2.1. Assume that for each v ∈ P, the image of ρ
ord
m |GFv

is either trivial or
has order p, and that if p = 2, then either Fv contains a primitive fourth roots of unity or
[Fv : Q2]≥ 3. We have SuppA∆

∞
N∆

∞ = A∆
∞.
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Proof. Let Q be a minimal prime ideal of ΛP. Then M∆
∞/Q is a finite free S∞/Q-module. It

follows that the depth of M∆
∞/Q as an R∆

∞-module is at least dimS∞/Q. Thus every minimal
prime of (A∆

∞/Q)/Ann(N∆
∞/QN∆

∞) has dimension at least dimS∞/Q. On the other hand, by
proposition 4.2.2(3), A∆

∞/Q is irreducible of dimension

g+1+ ∑
v∈P

(3+2[Fv : Qp])+ ∑
v∈Sp−P

(3+[Fv : Qp])+ ∑
v∈S∞

2+ ∑
v∈Σ

3

=q+4|T |+ ∑
v∈P

[Fv : Qp]

which is equal to dimS∞/Q. Thus N∆
∞/Q is supported at all of SpecA∆

∞/Q and the proposition
follows.

Corollary 8.2.2. Under the assumption of proposition 8.2.1, the homomorphism Rψ

S P �

TS,ord
ψ (UP)m induces an isomorphism

(Rψ

RP)
red ∼= (TS,ord

ψ (UP)m⊗Rψ

S P
Rψ

RP)
red.

Proof. Reducing modulo a, we see that N∆
∞/aN∆

∞
∼= Mord

ψ (UP)⊗Rψ

S P
Rψ

RP is a nearly faithful

A∆
∞/a-module. Note that the action of R∆

∞/a on Mord
ψ (UP) factors through the homomorphism

R∆
∞/a
∼= Rψ

S P � TS,ord
ψ (UP)m. It follows that the induced map

Rψ

RP � TS,ord
ψ (UP)m⊗Rψ

S P
Rψ

RP

becomes an isomorphism after passing to the reduced quotient, which proves the corollary.

Corollary 8.2.3. Under the assumption of proposition 8.2.1, Rψ

RP is a finite ΛP-module.

Proof. The proof of [71, Corollary 8.7] works verbatim to our setting. We include the proof
for the sake of completeness. Corollary 8.2.2 shows that Rψ

S P/J is a quotient of the finite
ΛP-module TS,ord

ψ (U p)mord , for some nilpotent ideal J of Rψ

S P . This implies that Rψ

S P/m
′ is

a finite k-algebra, where m′ is the maximal ideal of ΛP. Thus the corollary follows from
Nakayama’s lemma.

Since N∆
∞ is a faithful A∆

∞-module, A∆
∞, being a subring of the ring of S∞-endomorphisms

of the finite S∞-module N∆
∞, is finite over S∞. Thus Rψ

RP
∼= A∆

∞/a is a finite O-module.
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8.3 Constructing Galois representations

Theorem 8.3.1. Let F be a totally real field and let

ρ : GF → GL2(k)

be a continuous representation unramified outside p. Suppose that ρ̄|F(ζp) is absolutely
irreducible if p > 2 and that [F(ζp) : F ] = 4 if p = 5 and Proj(ρ)∼= A5; ρ̄ has non-solvable
image if p = 2.

Let Σ be a finite subset of places of F not containing those above p and let Σp = Σ∪{v|p}.
Given a subset P of {v|p} such that ρ|GFv

is reducible, and an ordinary lift ρv of ρ|GFv
for

each v ∈ P.
Assume that there is a regular algebraic cuspidal automorphic representation π of

GL2(AF) such that

• ρπ,ι
∼= ρ;

• detρπ,ι |GFv
= detρv for each v ∈ P;

• πv is unramified outside Σp and is special at Σ;

• π is ι-ordinary at v ∈ P.

Then there is an automorphic lift ρ : GF → GL2(O) of ρ such that

• ρ is unramified outside Σp and ρ(Iv) is unipotent non-trivial at v ∈ Σ;

• if v ∈ Sp−P, then ρ|GFv
and ρπ,ι |GFv

lies on the same irreducible component of the
potentially semi-stable deformation ring given by ρπ,ι |GFv

;

• if v ∈ P, then ρ|GFv
and ρv lies on the same irreducible component of the potentially

semi-stable deformation ring (corresponding to ρv).

Proof. This theorem is a variant of [71, Theorem 10.2]. Let ψ = ε−1 detρπ,ι . Choose a finite
solvable totally real extension F ′ of F such that

• [F ′ : Q] is even;

• F ′ is linearly disjoint form Fkerρ
(ζp);

• ρπ,ι |GF ′ is ramified at an even number of places outside p;
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• for every place w of F ′ lying above P, the image of ρ|GF ′w
is either trivial or has

order p, and that if p = 2, then either F ′w contains a primitive fourth roots of unity or
[F ′w : Qp]≥ 3.

Let D be the quaternion algebra with center F ′ ramified exactly at all infinite places
and all w lying above Σ. Choose w1 to be a place not in Σ such that v1 - 2Mp and Frobv1

has distinct eigenvalues. Fix a place v1 of F dividing w1. Let S = Sp∪ S∞∪Σ∪{v1} and
S′ = S′p∪S′∞∪Σ′∪{w1}, where Sp (resp. S′p) is the set of places of F (resp. F ′) dividing p,
S∞ (resp. S′∞) is the set of places of F (resp. F ′) above ∞, and Σ′ is the set of places of F ′

lying above Σ. Denote P′ the set of places of F ′ lying above P and UP′ = ∏w∈P′Uw the open
compact subgroup of G(A∞

F ′) defined by Uw = O×D if w /∈ P′∪{w1} and Uw1 is the pro-w1

Iwahori subgroup. Let σv be the locally algebraic type given by ρπ,ι if v ∈ S′p−P′ and let m

be the maximal ideal in TS′,ord
ψ defined by π|F ′ and ϖ . Thus we are in the setting of previous

sections.
Let λv and τv be the type given by ρv if v ∈ P (resp. ρπ,ι if v ∈ Sp−P) and let Cv be

an irreducible component of the potentially semi-stable deformation ring containing ρv if
v ∈ P (resp. ρπ,ι if v ∈ Sp−P). Define λw,τw, Cw similarly for w ∈ S′p. Let T = S−{v1}
and T ′ = S′−{w1}. Let γ be the character given by ρπ,ι |GFv1

. Consider the following global
deformation problems

R =(ρ,S,{O}v∈S,{DCv
v }v∈Sp ∪{D

−1
v }v∈S∞

∪{DSt
v }v∈Σ∪{Dur

v1
}),

R ′ =(ρ|GF ′ ,S
′,{O}w∈S′,{DCw

w }w∈S′p ∪{D
−1
w }w∈S′∞ ∪{D

St
w }w∈Σ′ ∪{Dur

w1
}),

RP,′ =(ρ|GF ′ ,S
′,{OJO×F ′w(p)K}w∈P∪{O}w∈S′−P′,{D∆

w}w∈P∪{DCw
w }w∈S′p−T ′ ∪{D−1

w }w∈S′∞

∪{DSt
w }w∈Σ′ ∪{Dur

w1
}).

Then by corollary 8.2.3, Rψ

RP,′ is a finite ΛP′-module. Note that Rψ

RP,′ is a quotient of
Rψ

S P,′⊗ΛP O by lemma 4.2.6, thus a finite O-module. Since the morphism Rψ

R′→ Rψ

R is finite
by proposition 4.1.9, Rψ

R is a finite O-module.
On the other hand, Rψ

R has a Qp-point since it has Krull dimension at least 1 by proposition
6.4.1. This gives the desired lifting ρ of ρ . It remains to show that ρ is automorphic, which
follows from the automorphy of ρ|GF ′ and solvable base change (lemma 3.0.6).





Chapter 9

Main results

Theorem 9.0.1. Suppose that p splits completely in F (i.e. Fv ∼= Qp for v|p). For each
locally algebraic type σ , the support of M∞(σ

◦)⊗Zp Qp meets every irreducible component
of R∞(σ)[1/p].

Proof. Given an arbitrary irreducible component C of SpecR∞(σ)[1/p], we want to show
that there is a point y lying on C such that M∞(σ

◦)⊗R∞(σ),y Ey ̸= 0.

For each v|p, let Cv be the irreducible component of SpecRλv,τv
v [1/p] given by C and

let C ′v be the irreducible component of SpecRλ ′v,τ
′
v

v [1/p] given by an automorphic lift of ρ

(which exists by assumption and can be chosen to be ordinary of weight (0,0)Hom(F,Qp) if ρv

is reducible).
Fix a place p|p of F . We claim that the support of M∞(σ

◦)⊗Zp Qp meets the irreducible
component of R∞(σ)[1/p] defined by Cp and C ′v for v ∈ Sp−{p}. In the case Cp is ordinary,
the assertion follows from theorem 8.3.1 and proposition 6.5.1, otherwise the assertion is due
to theorem 7.3.7. Repeating the argument for each place v|p, we obtain a point lying on C .
This proves the theorem.

Due to the equivalent conditions in theorem 6.4.3 and lemma 5.3.3, we obtain the
following:

Corollary 9.0.2. Conjecture 6.2.2 and Conjecture 6.2.3 holds for each continuous represen-
tation r : GQp → GL2(k)

This gives a new proof of Breuil-Mézard conjecture, which is new in the case p = 2 or
p = 3 and r ∼ (

ωχ ∗
0 χ ) with ω the mod p cyclotomic character and χ an arbitrary character.

Another application of theorem 9.0.1 is an improvement of the theorem in [48, 42] (for
p> 2) and [57] (for p= 2) below, which is new in the case p= 2 or p= 3 and ρ|GFv

∼ (
ωχ ∗
0 χ )

for some v|p.
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Theorem 9.0.3. Let F be a totally real field in which p splits completely. Let ρ : GF →
GL2(O) be a continuous representation. Suppose that

1. ρ is ramified at only finitely many places;

2. ρ̄ is modular;

3. ρ̄ is totally odd;

4. ρ̄|F(ζp) is absolutely irreducible if p > 2; ρ̄ has non-solvable image if p = 2;

5. For every v|p, ρ|Fv is potentially semi-stable with distinct Hodge-Tate weights.

Then (up to twist) ρ comes from a Hilbert modular form.

Proof. Let ψ = ε−1 detρ . By solvable base change, it is enough to prove the assertion for
the restriction of ρ to GF ′ , where F ′ is a totally real solvable extension of F . Moreover, we
can choose F ′ satisfying

• [F ′ : Q] is even;

• F ′ is linearly disjoint form Fkerρ
(ζp) and splits completely at p;

• ρ|GF ′ is unramified outside p;

• If ρ|GF ′ is ramified at v ̸= p, then the image of inertia is unipotent;

• ρ|GF ′ is ramified at an even number of places outside p.

Let Σ be the set of places outside p such that ρ|GF ′ is ramified. If v ∈ Σ, then

ρ|GF ′
∼=

(
γv(1) ∗

0 γv

)

with γv an unramified character such that γ2
v = ψ|GF ′v

. After replacing F ′ by a further
solvable extension, we may assume that there is a Hilbert modular form f over F ′ such that
detρ f = εψ|GF ′ , ρ f

∼= ρ|GF ′ , ρ f is ramified at v - p iff v ∈ Σ and ρ f |GFv
∼= ρ|GFv

for v ∈ Σ (cf.
the proof of [49, Theorem 3.3.5]).

Let D be the quaternion algebra with center F ′ ramified exactly at all infinite places
and all v ∈ Σ. Choose a place v1 of F ′ not in Σ such that v1 - 2Mp, and ρ(Frobv1) has
distinct eigenvalues. Let S be the union of infinite places, places above p, Σ and v1. Let
U p = ∏v-p =Uv be an open subgroup of G(A∞,p

F ′ ) such that Uv = G(OF ′v ) if v ̸= v1 and Uv1
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is the pro-v1 Iwahori subgroup. Let m be the maximal ideal in the Hecke algebra TS
ψ(U

p)

defined by ρ|GF ′ . Thus we are in the setting of section 5.3.
By theorem 9.0.1 and lemma 6.4.2 (3) with σ the locally algebraic type associated to

ρ|GF ′ , we see that ρ|GF ′ is automorphic and thus proves the theorem.
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[24] Colmez, P., Dospinescu, G., and Paškūnas, V. (2015). Irreducible components of
deformation spaces: wild 2-adic exercises. Int. Math. Res. Not. IMRN, (14):5333–5356.

[25] Darmon, H., Diamond, F., and Taylor, R. (1994). Fermat’s last theorem. In Current
developments in mathematics, 1995 (Cambridge, MA), pages 1–154. Int. Press, Cambridge,
MA.

[26] Emerton, M. (2006). Jacquet modules of locally analytic representations of p-adic
reductive groups. I. Construction and first properties. Ann. Sci. École Norm. Sup. (4),
39(5):775–839.

[27] Emerton, M. (2010a). Ordinary parts of admissible representations of p-adic reductive
groups I. Definition and first properties. Astérisque, (331):355–402.

[28] Emerton, M. (2010b). Ordinary parts of admissible representations of p-adic reductive
groups II. Derived functors. Astérisque, (331):403–459.

[29] Emerton, M. (2011). Local-global compatibility conjecture in the p-adic Langlands
programme for GL2/Q. http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf.

[30] Emerton, M. and Gee, T. (2014). A geometric perspective on the Breuil-Mézard
conjecture. J. Inst. Math. Jussieu, 13(1):183–223.

http://gaetan.chenevier.perso.math.cnrs.fr/articles/lieugalois.pdf
http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf


References 95

[31] Emerton, M. and Paskunas, V. (2018). On the density of supercuspidal points of
fixed weight in local deformation rings and global Hecke algebras. arXiv e-prints, page
arXiv:1809.06598.

[32] Fontaine, J.-M. and Mazur, B. (1995). Geometric Galois representations. In Elliptic
curves, modular forms, & Fermat’s last theorem (Hong Kong, 1993), Ser. Number Theory,
I, pages 41–78. Int. Press, Cambridge, MA.

[33] Gee, T. (2011). Automorphic lifts of prescribed types. Math. Ann., 350(1):107–144.

[34] Gee, T. and Kisin, M. (2014). The Breuil-Mézard conjecture for potentially Barsotti-
Tate representations. Forum Math. Pi, 2:e1, 56.

[35] Gee, T. and Newton, J. (2016). Patching and the completed homology of locally
symmetric spaces. arXiv e-prints, page arXiv:1609.06965.

[36] Geraghty, D. J. (2010). Modularity lifting theorems for ordinary Galois representations.
ProQuest LLC, Ann Arbor, MI. Thesis (Ph.D.)–Harvard University.

[37] Gouvêa, F. Q. (2001). Deformations of Galois representations. In Arithmetic algebraic
geometry (Park City, UT, 1999), volume 9 of IAS/Park City Math. Ser., pages 233–406.
Amer. Math. Soc., Providence, RI. Appendix 1 by Mark Dickinson, Appendix 2 by Tom
Weston and Appendix 3 by Matthew Emerton.

[38] Harris, M. and Taylor, R. (2001). The geometry and cohomology of some simple
Shimura varieties, volume 151 of Annals of Mathematics Studies. Princeton University
Press, Princeton, NJ. With an appendix by Vladimir G. Berkovich.

[39] Hida, H. (1989a). Nearly ordinary Hecke algebras and Galois representations of several
variables. In Algebraic analysis, geometry, and number theory (Baltimore, MD, 1988),
pages 115–134. Johns Hopkins Univ. Press, Baltimore, MD.

[40] Hida, H. (1989b). On nearly ordinary Hecke algebras for GL(2) over totally real
fields. In Algebraic number theory, volume 17 of Adv. Stud. Pure Math., pages 139–169.
Academic Press, Boston, MA.
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