
Worldline instantons
and the Sauter-Schwinger effect.

Christian Schneider
PhD Thesis





Worldline instantons
and the Sauter-Schwinger effect.

Dissertation
presented to the

Faculty of Physics,
Universität Duisburg-Essen

to obtain the degree of
Dr. rer. nat.

by

Christian Schneider
from Duisburg,

September 2018.

Defended on 21 February 2019,

refereed by

Prof. Dr. Ralf Schützhold,
Prof. Dr. Holger Gies, and
Prof. Dr. Jürgen König.



Produced using LATEX2ε , biber and the X ETEX engine. Based on the KOMA-Script
book class. Main text and math set in Robert Slimbach’s Minion Pro, headings
and captions set in ParaType’s PT Sans, with advanced typographic features pro-
vided by the fontspec package. Computer code set in Paul D. Hunt’s Source
Code Pro. Title and chapter numbers set in Julieta Ulanovsky’sMontserrat.
Cover and most figures created using the TikZ package.

©2018 Christian Schneider

Printed by:
BoD – Books on Demand, Norderstedt



iii

Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
List of publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

I. Background and methods 1

1. History and classic results 3
1.1. Early quantum mechanics . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2. Spin and special relativity . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3. Dirac’s quantum theory of the electron . . . . . . . . . . . . . . . . . 6
1.4. Sauter-Schwinger pair production . . . . . . . . . . . . . . . . . . . . 8
1.5. Worldline instantons . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2. Mathematical preliminaries 11
2.1. Conventions and notation . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2. Quantum mechanical path integral . . . . . . . . . . . . . . . . . . . 13
2.3. Gaußian integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4. Laplace’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5. Analytic continuation . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.6. Zero- and negative modes . . . . . . . . . . . . . . . . . . . . . . . . 20
2.7. Determinants of differential operators . . . . . . . . . . . . . . . . . 23
2.8. Gel’fand-Yaglom formula . . . . . . . . . . . . . . . . . . . . . . . . . 24

3. Riccati formalism 27
3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.2. Derivation of the Riccati formalism . . . . . . . . . . . . . . . . . . . 27
3.3. Numerical evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4. Worldline instanton method 33
4.1. Physical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2. Worldline path integral . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.3. Saddle point approximation . . . . . . . . . . . . . . . . . . . . . . . 47
4.4. Discretized worldline instantons . . . . . . . . . . . . . . . . . . . . . 49
4.5. Prefactor in the continuous case . . . . . . . . . . . . . . . . . . . . . 51

5. Numerical instanton finding 55
5.1. Shooting method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.2. Discrete instanton finding . . . . . . . . . . . . . . . . . . . . . . . . 56
5.3. Numerical continuation . . . . . . . . . . . . . . . . . . . . . . . . . . 57



iv

II. Applications 61

6. Example fields 63
6.1. Constant electric fields . . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.2. One-dimensional field inhomogeneities . . . . . . . . . . . . . . . . 68
6.3. Multidimensional field inhomogeneities . . . . . . . . . . . . . . . . 77
6.4. Transversal field dependences . . . . . . . . . . . . . . . . . . . . . . 81
6.5. Spin and magnetic effects . . . . . . . . . . . . . . . . . . . . . . . . . 82

7. Dynamically assisted Sauter-Schwinger effect 87
7.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
7.2. Inhomogeneous background field . . . . . . . . . . . . . . . . . . . . 88
7.3. Pulse shape dependence . . . . . . . . . . . . . . . . . . . . . . . . . 92
7.4. Momentum spectra and dominant order . . . . . . . . . . . . . . . . 95
7.5. Assistance by a plane wave . . . . . . . . . . . . . . . . . . . . . . . . 98

8. Code user’s manual 103
8.1. Riccati equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
8.2. Discrete worldline instantons . . . . . . . . . . . . . . . . . . . . . . 106

III. Conclusions 111

IV. Appendix 117

A. Source code listings 119
A.1. Riccati equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
A.2. Discrete worldline instantons . . . . . . . . . . . . . . . . . . . . . . 123

Bibliography 131



v

Abstract

The Sauter-Schwinger effect, that is, electron-positron pair creation from the vac-
uum due to a strong electric field, was predicted only shortly after the founda-
tions of quantum mechanics were first laid out. But even today, many years later,
although the existence of the effect follows straightforwardly from a relativistic
quantum description of the electron and can be motivated quite intuitively by a
tunneling picture, our understanding is far from complete.

First of all, it has not yet been experimentally verified due to the extremely
large field strength required to obtain a detectable pair creation probability. A
theoretical treatment is difficult as well, since it is a nonperturbative effect so the
usual toolkit of perturbation theory does not apply. In general, to calculate the
pair production probability for a non-static or spatially inhomogeneous electric
field, we need to solve the Dirac equation exactly for that background field.

Only recently progress has been made both in terms of computational meth-
ods, numerical and analytical, and in terms of insight on how more complicated
field profiles affect the pair production rate. A method well suited to study the
Sauter-Schwinger effect in inhomogeneous fields is the worldline instanton method.
Worldline instantons provide a semiclassical approximation that is valid in many
field configurations of interest. Although the computational problem of the world-
line instanton method can be stated very succinctly for arbitrary background
fields, actually finding instantons is still rather complicated for general fields.

This thesis has three main goals: 1. to give a complete, self-contained deriva-
tion of the worldline instanton method suitable for a reader new to the topic, 2.
to introduce a completely general numerical scheme to robustly find instantons
in arbitrary background fields, and 3. to build some intuition by analytically cal-
culating results for several fields and using the numerical method to show how
they qualitatively carry over to more complex and realistic scenarios that are inac-
cessible to other approaches. We will especially focus on the dynamically assisted
Sauter-Schwinger effect here.

Apart from the worldline instanton method this thesis also introduces a scheme
to numerically integrate the Riccati equation, an exact formulation of the pair
production problem, with high precision, to obtain exact (up to tunable numeri-
cal errors) results for time dependent fields.



vi

Zusammenfassung

Der Sauter-Schwinger-Effekt, also Elektron-Positron-Paarerzeugung aus dem Va-
kuum durch ein starkes elektrisches Feld, wurde bereits kurz nach der Begrün-
dung der Quantenmechanik vorhergesagt. Aber selbst heute, viele Jahre später,
und obwohl das Auftreten des Effekts unmittelbar aus einer relativistischen Be-
schreibung des Elektrons folgt und recht intuitiv durch ein Tunnelbild motiviert
werden kann, ist unser Verständnis noch unvollständig.

Zunächst einmal wurde der Effekt noch nicht experimentell bestätigt, aufgrund
der extrem hohen Feldstärke die nötig ist um eine beobachtbare Teilchenerzeu-
gungswahrscheinlichkeit zu erhalten. Auch eine theoretische Beschreibung ist
schwierig, da es sich um einen nichtperturbativen Effekt handelt und die üblichen
Werkzeuge der Störungsrechnung nicht anwendbar sind. Im Allgemeinen müssen
exakte Lösungen der Dirac-Gleichung in einem Hintergrundfeld gefunden wer-
den, um die Paarerzeugungswahrscheinlichkeit durch dieses Feld zu berechnen.

Erst vor vergleichsweise kurzer Zeit gab es Fortschritte, sowohl bei numeri-
schen und analytischen Methoden, als auch beim Verständnis wie sich kom-
pliziertere Feldprofile auf die Paarerzeugungsrate auswirken. Eine Methode die
sich gut zur Untersuchung des Sauter-Schwinger-Effekts eignet ist die Worldline-
Instanton-Methode. Worldline-Instantonen liefern eine semiklassische Näherung,
die in vielen relevanten Feldkonfigurationen anwendbar ist. Auch wenn die in der
Worldline-Instanton-Methode letztendlich zu berechnenden Ausdrücke für be-
liebige Hintergrundfelder einfach formuliert werden können, ist es immer noch
recht kompliziert die nötigen Instantonen zu finden.

Diese Arbeit hat drei Hauptziele: 1. Eine vollständige, in sich geschlossene Her-
leitung der Worldline-Instanton-Methode zu geben, die für einen Einsteiger des
Themas geeignet ist, 2. einen vollständig allgemeinen numerischen Ansatz ein-
zuführen, zuverlässig Instantonen in beliebigen Hintergrundfeldern zu finden
und 3. durch analytische Ergebnisse für einige Felder Intuition zu entwickeln und
mit der numerischen Methode zu zeigen wie diese Ergebnisse qualitativ auch in
komplexeren, realistischen Szenarios wiederzufinden sind, die anderen Metho-
den nicht zugänglich sind. Hierbei werden wir uns vor allem auf den dynamisch
assistierten Sauter-Schwinger-Effekt konzentrieren.

Neben der Worldline-Instanton-Methode beschreibt die Arbeit noch einen
Ansatz die Riccati-Gleichung, eine exakte Formulierung des Paarerzeugungs-
problems, mit hoher Genauigkeit numerisch zu integrieren, um exakte (bis auf
anpassbare numerische Fehler) Ergebnisse für zeitabhängige Felder zu erhalten.
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3

1 History and classic results

This first chapter will briefly retrace the steps that have led from the beginnings
of quantum mechanics to the prediction of the Sauter-Schwinger effect and laid
the theoretical groundwork for all further calculations.

1.1. Early quantum mechanics

Quantum theory, in the sense that some physical quantities are restricted to inte-
ger multiples of some smallest quantity, first emerged in 1900 with Max Planck’s
law of radiation [Pla00b]. To derive the spectral properties of a black body of [Pla00b] Planck. Verhandl. Dtsc.

Phys. Ges. (1900)given temperature, he proposed a thermodynamic approach of distributing a
fixed amount of energy over a large number of monochromatic oscillators in the
radiating body. The relative amount of energy given to oscillators of a specific fre-
quency would follow from combinatorics, by maximizing what Boltzmann called
Complexion, essentially the number of microstates of equal energy. Classically,
energy is continuous, so there are infinitely many ways to distribute it over the
oscillators. To solve this problem, Planck simply assumed that each oscillator of
frequency ν could only hold energy in multiples of hν, where h is the constant he
deduced from measurements of the exponent in Wien’s law [Pla00a]. From this, [Pla00a] Planck. Ann. Phys.

(1900)it is possible to calculate the number of ways to assign nν energy quanta hν to Nν

oscillators, finally leading to his law of radiation that explained experimental re-
sults to high accuracy.

In Planck’s model the quantization of energies is a property of the radiating
body, a view that was changed by Albert Einstein in 1905, when he described the
photoelectric effect in terms of quantization of light [Ein05]. [Ein05] Einstein. Ann. Phys.

(1905)From 1913 on early quantum mechanics was mainly concerned with the emis-
sion spectra of atoms. Nils Bohr applied Planck’s idea of discrete energy states
to the hydrogen system of an electron orbiting a proton, by relating the energy
quanta with classical, circular orbits of given energy [Boh13]. Calculating the fre- [Boh13] Bohr. Science (1913)

quencies of transitions between different orbits he reproduced the (heuristically
known) formula for the Balmer series, providing a theoretical value for the Ryd-
berg constant.

Bohr’s approach was significantly generalized by Arnold Sommerfeld, who ob-
jected that the restriction to circular orbits worked for hydrogen only, and that
elliptic orbits had to be considered in general as well [Som16]. His quantization [Som16] Sommerfeld. Ann. Phys.

(1916)condition was to require the action of classical orbits to be an integer multiple of
h, which he thus named the quantum of action (Wirkungsquantum). This allowed
him to extend Bohr’s analysis to elliptical orbits, introducing a second quantum
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number to label the possible ellipticities. In the unperturbed hydrogen atom this
gives no different energy levels than before, adding relativistic corrections how-
ever slightly splits these levels. Sommerfeld applied these corrections to the classi-
cal Kepler problem, using his quantization condition on the perturbed solutions.
The resulting spectrum correctly described the fine structure splitting of the hy-
drogen emission lines that has been experimentally observed, defining the fine
structure constant α = e2/ħc that governs the strength of the corrections. The
remarkable agreement with experiments has to be regarded as a coincidence how-
ever: Sommerfeld knew nothing about the electron spin, which is essential in the
correct treatment. Furthermore, his approach of incorporating relativistic correc-
tions is incorrect. Apparently these errors cancel, giving the correct analytic result
exactly.

A separate prediction of Sommerfeld’s method is that of a quantized orienta-
tion of the orbits (Richtungsquantelung). This does not enter the energy spectra,
but nevertheless restricts the observable values of the electrons angular momen-
tum projected onto a given direction. Otto Stern imagined a setup to experimen-
tally test this prediction [Ste21], conclusively verifying the splitting of a beam of[Ste21] Stern. Z. Phys. (1921)

silver atoms together with Walther Gerlach [GS22]. In hindsight, although they[GS22] Gerlach and
Stern. Z. Phys. (1922) did demonstrate some quantum effect, it is actually the spin of the unpaired elec-

tron that provides the quantized magnetic moment, not angular momentum.
In 1925 Werner Heisenberg began a new formulation of quantum mechanics

[Hei25]. Instead of integrating classical equations of motion and then imposing[Hei25] Heisen-
berg. Z. Phys. (1925) heuristic quantization conditions, he proposed a method to formulate equations

of motion for quantum observables directly. He concluded that classical observ-
ables are represented by objects that, in general, do not commute. Shortly after-
wards, Born and Jordan provided the necessary theory in [BJ25], where they ex-[BJ25] Born and Jor-

dan. Z. Phys. (1925) plain that mathematicians, in fact, know of such non-commuting objects, which
are called matrices – from then on Heisenberg’s approach would be called ma-
trix mechanics. They also introduce the fundamental commutation relations and
equation of motion for operators as they are known today. In parallel, Dirac ex-
panded on Heisenberg’s paper in [Dir25], relating the quantum commutator to[Dir25] Dirac. Proc.

R. Soc. A (1925) the classical Poisson bracket (without expressing observables as matrices, he just
noted that the p i and q i do not commute, more in line with the modern formula-
tion using operators). Some of Dirac’s conclusions were also found (again, simul-
taneously) by Born, Jordan and Heisenberg in [BHJ26], who furthermore related[BHJ26] Born, Heisenberg,

and Jordan. Z. Phys. (1926) the physical spectrum of a system with the mathematical spectrum of matrices,
finding the eigenvalues of a matrix by diagonalization. In 1926 Pauli applied the
newly developed method to rederive the hydrogen spectrum, reproducing the
Balmer series without having to apply any heuristics or arbitrarily exclude solu-
tions as Sommerfeld did [Pau26].[Pau26] Pauli. Z. Phys. (1926)

In a series of publications in 1926, Erwin Schrödinger introduced a differ-
ent method of quantization, by inserting an Ansatz in terms of the function ψ
into the classical Hamilton-Jacobi equation and postulating a variational prob-
lem [Sch26a]. This method, applied to the hydrogen system, again produced the[Sch26a] Schrödinger.

Ann. Phys. (1926) known results (after matching an unknown constant in his Ansatz), quantiza-
tion now stemming from boundary conditions imposed on his wave function,
similar to the modes of an oscillating string. In [Sch26b] he produced results for

[Sch26b] Schrödinger.
Ann. Phys. (1926)
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further simple systems. The Equation he used for these calculations is the sta-
tionary Schrödinger equation, the full time dependence was added in [Sch26c]. [Sch26c] Schrödinger. Ann. Phys.

(1926)There, he also provided an interpretation of the wave function ψ, claiming ψ∗ψ
represented a weight function in configuration space. In [Sch26d] Schrödinger [Sch26d] Schrödinger. Ann. Phys.

(1926)provided a proof that his method and Heisenberg’s matrix mechanics are, in fact,
equivalent.

1.2. Spin and special relativity

Despite the success of the “new quantum theory” in explaining atomic spectra,
key ingredients were still missing. Although some level splitting was understood
to be caused by relativistic effects, some other magnetic effect had to be respon-
sible for the levels in an atom subject to a strong magnetic field (the anomalous
Zeeman effect [Zee97; Lor09]). [Zee97] Zeeman. Science (1897)

[Lor09] Lorentz. Columbia Univer-
sity Press (1909)

Besides the known quantum numbers that describe the energy level, angular
momentum and the projection of angular momentum in a specified direction, a
fourth number was needed to consistently enumerate all the experimentally ob-
served lines, especially in the Zeeman effect [Lan21]. This was suspected to be [Lan21] Landé. Z. Phys. (1921)

a property of the atomic rest (which remains when removing the most weakly
bound electron). Further complications arose in the structure of the periodic ta-
ble of elements. The Aufbauprinzip [Boh21] could explain many observed proper- [Boh21] Bohr. Nature (1921)

ties, however the rules appeared to be inconsistent in allowing multiple electrons
in some seemingly equivalent configurations (that is, having the same three elec-
tronic quantum numbers) but not in others.

In 1925 Pauli discovered that if the fourth quantum number were a property
of the electron as well, then the structure of atoms and the period lengths follow
from the simple rule that no two electrons may ever have the some four quantum
numbers in an atom [Pau25]. He did however not have an explanation where this [Pau25] Pauli. Z. Phys. (1925)

exclusion principle should come from.
To find a simpler organization scheme of spectral lines, Samuel Goudsmit rec-

ommended a different combination of quantum numbers [Gou25], whereafter he [Gou25] Goudsmit. Z. Phys.
(1925)and George Uhlenbeck predicted the additional magnetic property of the elec-

tron to be an intrinsic angular momentum [UG25]. In [UG26] they explained [UG25] Uhlenbeck and Goudsmit.
Naturwissenschaften (1925)

[UG26] Uhlenbeck and Goudsmit.
Nature (1926)

how this model is able to describe the hydrogen fine structure due to spin-orbit-
coupling which, in contrast to Sommerfeld’s relativistic explanation, was consis-
tent with all other observations, including the Zeeman effect — as long as as the
connection between the magnetic moment and the angular momentum is given
by a Landé factor (as introduced in [Lan21]) of g = 2.

Equipped with this new model, Heisenberg and Jordan performed a quantita-
tive calculation to verify that it correctly reproduces all previously known effects,
which it did [HJ26]. [HJ26] Heisenberg and Jordan. Z.

Phys. (1926)Early attempts to incorporate the electron spin in Schrödinger’s wave mechan-
ics led to technical difficulties, so some intermediate steps were necessary.

The first step appeared in [Hei26] where Heisenberg considered a system of [Hei26] Heisenberg. Z. Phys.
(1926)multiple electrons. He noticed that the indistinguishability of electrons leads to a

multitude of different configurations, of which one would automatically include
Pauli’s exclusion principle, so this would have to be the realization found in na-
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ture. Dirac made this more precise, determining that the many body wave func-
tion of a system of indistinguishable particles has to be either totally symmetric
or totally antisymmetric under exchange of particles [Dir26]. He also explicitly[Dir26] Dirac. Proc.

R. Soc. A (1926) calculated the thermodynamic energy distribution of particles with antisymmet-
ric wave functions, resulting in the Fermi-Dirac distribution (which Enrico Fermi
derived independently [Fer26a; Fer26b]) while symmetric wave functions lead to[Fer26a] Fermi.

Rend. Lincei (1926)

[Fer26b] Fermi. Z. Phys. (1926)
Bose-Einstein statistics.

The second step was a more general formulation of the fundamental laws of
quantum mechanics, including interpretation of squares of wave functions in
terms of probabilities, composition of probability amplitudes, observables as her-
mitian operators, and a general scheme to transform between different represen-
tations, developed simultaneously by Jordan [Jor27] and Dirac [Dir27].[Jor27] Jordan. Z. Phys. (1927)

[Dir27] Dirac. Proc.
R. Soc. A (1927)

Using this new, more general formulation, Pauli was able to find a description
of the electron that combined Schrödinger’s spatial wave function with a sin-
gle, two-fold degree of freedom for the z-component of spin [Pau27]. To ensure[Pau27] Pauli. Z. Phys. (1927)

that the spin degree of freedom obeys the correct relations, he introduced a set of
three 2 × 2-matrices with the respective commutation relations, that operate on a
two-component wavefunction.

As a major shortcoming of both his theory and the results of Heisenberg and
Jordan’s matrix mechanics Pauli notes that they are still not formulated in a rela-
tivistically invariant way.

In the last of his introductory papers [Sch26c] Schrödinger attempted to find a
relativistic equation to describe the electron, which he however dismisses because
it failed to incorporate spin. The same equation was proposed independently by
Gordon [Gor26], Fock [Foc26], and Klein [Kle27] and is now typically known as[Gor26] Gordon. Z. Phys. (1926)

[Foc26] Fock. Z. Phys. (1926)

[Kle27] Klein. Z. Phys. (1927)

Klein-Gordon equation.

1.3. Dirac’s quantum theory of the electron

In 1928 Dirac succeeded in combining both relativistic invariance and the elec-
trons’s spin in a single wave equation [Dir28]. In fact, he even shows that the in-[Dir28] Dirac. Proc.

R. Soc. A (1928) clusion of spin follows necessarily1 from the requirements that
1 We know today that con-

sistent relativistic scalar
fields do exist (e.g., the Higgs

field). It is his first require-
ment that is overly restrictive.

1. the equation is linear in ∂t so his and Jordan’s general transformation the-
ory can be applied,

2. the classical limit reproduces the relativistic energy-momentum relation.

Because Lorentz transformations mix time and spatial coordinates, (1.) also re-
stricts the equation to be linear in the momenta. He thus formed a general linear
combination of ∂t and the ∂x i and concluded that to fulfill the energy-momentum
relation the coefficients had to be matrices. The resulting wave equation is22 In modern notation.

More about our con-
ventions in Section 2.1. (iħγµ∂µ −mc)ψ = 0 (1.1)

where the γµ are matrices obeying the relations

{γµ , γν} = 2gµν . (1.2)
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Figure 1.1.: Qualitative sketch
of the energy landscape of QED
with a single electron (left),
jumping to negative energy
states it would radiate energy
forever. Dirac’s solution (right),
where all negative energy states
are occupied. An electron miss-
ing from such a state would
appear as a positron.
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Coupled to an arbitrary electromagnetic field, the Dirac equation also correctly
predicts the fact that the spin magnetic moment is twice that corresponding to
orbital angular momentum, that is, gs = 2.

Still, his equation is troubled by the same problems that he criticized about the
Klein-Gordon equation: To any solution with energy E = mc2+ kinetic energy, it
admits a solution with energy −E. In a purely classical theory these supposedly
unphysical states could just be ignored, but in a quantum theory transitions be-
tween these states would be possible, accompanied by electromagnetic radiation
(see Figure 1.1, left). This is a serious issue, as the negative energy states are un-
bounded from below.

In [Dir30a] Dirac proposed a solution to this difficulty. The crucial ingredient [Dir30a] Dirac. Proc. R. Soc. A
(1930)is Pauli’s exclusion principle: If all negative energy states were occupied, an elec-

tron could no longer transition to a state of negative energy (Figure 1.1, right). If
this infinite distribution were exactly uniform, it could be consistent with our ob-
servations, he argued. Furthermore, a single unoccupied state in the negative con-
tinuum would be expected to behave like a particle with positive charge, a picture
that already worked to describe vacancies in atoms created by X-ray radiation.

At that point, the only known particle with a positive charge of the same mag-
nitude as the electron’s was the proton. Thus, despite the problem of differing
masses, Dirac proposed the proton to be described by holes in the negative con-
tinuum. He then proceeded to calculate the probability of electron-proton annihi-
lation, corresponding to an electron recombinating with an unoccupied negative
energy state [Dir30b]. [Dir30b] Dirac. Proc. R. Soc. A

(1930)This model was however quickly disputed, because the rate of annihilation is
too high compared with our observations and Weyl demonstrating that the pos-
itive particle would necessarily have the same mass as the electron. In [Dir31] [Dir31] Dirac. Proc. R. Soc. A

(1931)Dirac then concluded that the anti-electron, as he calls it, has to be some as yet
unknown particle, while the proton would have its own anti-proton.

Indeed, in 1932, Carl Anderson noticed tracks in a cloud chamber that ap-
peared to stem from a positive particle with mass comparable to the electron mass
[And32]. He gave several possible explanations at first, finally concluding that the

[And32] Anderson. Science
(1932)

existence of a positive electron is the most probable one [And33]. In [And33] the
[And33] Anderson. Phys. Rev.
(1933)

editor suggested the name positron for the newly discovered particle, which held
on3

3 The proposed renaming of the
original electron to negatron
however, did not.

.
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Figure 1.2.: Qualitative picture
for perturbative (left) and non-

perturbative (right) pair creation.
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1.4. Sauter-Schwinger pair production

Apart from the process depicted in Figure 1.2 on the left, which is analogous to
excitations in atomic systems, there is a second process that can produce electron-
positron pairs. A static, homogeneous electric field oriented in the x-direction
yields a potential energy of qEx for the electrons, both in the positive and the
negative continuum (Figure 1.2). An electron in a negative energy state can then
tunnel to a positive energy state, producing a pair as well. We can roughly esti-
mate the probability for this process using the WKB formula for nonrelativistic
tunneling, the barrier being the upper “triangle” in Figure 1.2 on the right. We
then have V(x) = qEx, and get the width by demanding 2mc2 != V(L) ↷ L =
2mc2/qE and thus

∣T ∣2 ≈ exp(−2 ∫
L

0
dx
√

2
m
ħ2
V(x)) = exp(−Ac

3

ħ
m2

qE
) , (1.3)

with some numeric factor A. Although this is only a rough qualitative picture,
apart from the value of A the exponential dependence agrees with the correct re-
sult. The expression (1.3) already highlights an important property of this process:
the probability can not be expanded as a perturbation series in q (or equivalently
in α), it is consequently called nonperturbative. This has serious technical impli-
cations, as most mathematical methods for quantum electrodynamics are pertur-
bative in nature.

The first sign of this effect appeared already in 1929 when Klein calculated the
transmission and reflection probabilities at a potential step using the Dirac equa-
tion [Kle29]. For small potential steps he obtained the same qualitative results[Kle29] Klein. Z. Phys. (1929)

one would expect for a nonrelativistic treatment, partial transmission when the
electron’s kinetic energy is greater than the height of the step and total reflection
below. If the potential step exceeds the kinetic energy by more than 2mc2 how-
ever, transmission is again possible, which is called Klein’s Paradox. Furthermore
he found that the group velocity of the transmitted wave in this case is opposite to
it’s momentum, which hints at antiparticle production.

Some remained skeptical, as a discontinuous potential step corresponds to an
infinite electric field over a vanishing spatial region. Sauter performed the calcu-
lation for a piecewise linear potential which describes a constant, finite electric
field over a finite length [Sau31]. He arrived at the same qualitative conclusions as[Sau31] Sauter. Z. Phys. (1931)
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Klein before, obtaining the transmission coefficient

∣T ∣2 = exp(−π c
3

ħ
m2

qE
) . (1.4)

Shortly afterwards he extended his results to a completely smooth potential with
the same general shape, corresponding to an electric field of the form cosh−2(kx),
which we will in the following call a Sauter profile [Sau32]. A detailed interpre- [Sau32] Sauter. Z. Phys. (1932)

tation of Klein’s paradox in terms of pair production was performed in 1941 by
Hund [Hun41] where he concluded that pair production happens even without [Hun41] Hund. Z. Phys. (1941)

an initial, incoming matter wave (which was needed for the tunneling setup Klein
and Sauter considered).

In 1936 Heisenberg and Euler used Dirac’s theory for a slightly different goal,
deriving the modifications of Maxwell’s theory in vacuum due to the possibility
of (virtual) pair creation, yielding an effective Lagrangian for the electromag-
netic fields [HE36]. There they also presented the exponential probability for [HE36] Heisenberg and Euler. Z.

Phys. (1936)pair creation as exp(−πEcr/E), with the critical field strength Ecr
..= c3m2/ħq ≈

1.32 × 1018 V/m, now commonly known as the Schwinger limit. The point of view
of observing how the electromagnetic vacuum changes due to interaction with
virtual electrons and positrons is actually very close to our derivation in Chap-
ter 4.

The approach most in line with modern calculations came in 1951 from Julian
Schwinger [Sch51]. In contrast to the single-particle tunneling picture from be- [Sch51] Schwinger. Phys. Rev.

(1951)fore he gave a proper multiparticle treatment, starting from the vacuum expec-
tation value of the current operator. From this he deduced the rate of pair pro-
duction4 per unit volume and time in terms of the imaginary part of the effective 4 Or rather the rate of vacuum

decay, more on this distinction in
Section 4.2.

Lagrangian (in units with ħ = c = 1),

IL = (qE)
2

(2π)3
∞
∑
n=1

1
n2

exp(−nπm
2

qE
) . (1.5)

Due to [Sch51] this nonperturbative pair production process is commonly de-
noted Schwinger effect or Schwinger pair production, although many more names
could be attached. Because something along the lines of Dirac-Klein-Sauter-
Heisenberg-Euler-Hund-Schwinger effect would be unwieldy, we will however set-
tle on Sauter-Schwinger effect.

1.5. Worldline instantons

The concept of instantons first appeared in Yang-Mills theory [YM54], when [YM54] Yang and Mills. Phys. Rev.
(1954)Belavin, Polyakov, Schwartz and Tyupkin obtained a classical solution to the Eu-

clidean field equations with finite action and nontrivial topology [Bel+75], to- [Bel+75] Belavin, Polyakov,
Schwartz, and Tyupkin. Phys.
Lett. B (1975)

day called the BPST instanton. Belavin, Polyakov [BP77] and ’t Hooft [t H76] no-

[BP77] Belavin and Polyakov.
Nucl. Phys. B (1977)

[t H76] ’t Hooft. Phys. Rev. Lett.
(1976)

ticed how such solutions give important contributions to the vacuum structure of
Yang-Mills theory, and thus quantum chromodynamics (a specific type of Yang-
Mills that was found to be a good candidate to describe the strong interaction in
the standard model [FGL73]). As solutions of definite action instead of energy,

[FGL73] Fritzsch, Gell-Mann, and
Leutwyler. Phys. Lett. B (1973)

Polyakov proposed to call them pseudoparticles, while ’t Hooft preferred the name
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instanton. The suffix “-on” indicates a “particle-like,” (spatially localized) excita-
tion, while “instant” suggests localization in time.

Finding nontrivial solutions to (possibly nonlinear) field equations is in general
very difficult. Luckily the instantons we are concerned with in the following are
much simpler – despite describing an effect of quantum electrodynamics, we only
need nonrelativistic quantum mechanical instantons as used by Polyakov as a toy
example of his approach [Pol77]. This is made possible by the worldline represen-[Pol77] Polyakov.

Nucl. Phys. B (1977) tation of QED.
It was Vladimir Fock who first demonstrated that solutions of the Dirac equa-

tion can be obtained from solutions of a four-dimensional Schrödinger-type
equation with r and t all parametrized by an additional parameter τ, identified
with the proper time of a propagating particle [Foc37]. Richard Feynman, devel-[Foc37] Fock. Phys.

Z. Sowjetunion (1937) oping his Path integral approach for nonrelativistic quantum mechanics,5 men-
5 More details in Section 2.2. tioned that a relativistic Klein-Gordon or Dirac particle could be described by

four coordinates, introducing an additional parametrization parameter, however
he dismissed this approach as “add[ing] nothing to the understanding of these
equations” [Fey48]. Only after Yōichirō Nambu expanded on Fock’s represen-[Fey48] Feynman. Rev.

Mod. Phys. (1948) tation and emphasized how beneficial this point of view would be in the path
integral approach [Nam50], Feynman used it in an appendix to derive a prop-[Nam50] Nambu. Prog.

Theor. Phys. (1950) agator (albeit for the Klein-Gordon equation) in terms of a single-particle path
integral in four dimensions [Fey50], and finally for the Dirac equation in [Fey51].[Fey50] Feynman.

Phys. Rev. (1950)

[Fey51] Feynman.
Phys. Rev. (1951)

In parallel, in the work that gave the nonperturbative pair production effect its
name, Schwinger used a similar representation that is now often, like the effect,
attributed to him only. As the path (r(τ), t(τ)) of a particle traced by its proper
time is its worldline, this is called worldline representation.

Although both Feynman and Schwinger already mentioned the equations of
motion of the fictional four-dimensional particle in the classical limit, the first
explicit mention of an instanton technique was in 1982 by Affleck, Alvarez and
Manton [AAM82]. There, they gave a derivation of the pair production rate in a[AAM82] Affleck, Alvarez, and

Manton. Nucl. Phys. B (1982) constant, homogeneous electric field that is essentially identical to the way used
today. It has the great advantage of being readily generalized to more complicated
background fields, and made possible most results presented in this thesis. Be-
cause the classical solutions in this case are those of the worldline path integral,
they are called worldline instantons. We will derive the method in detail in Chap-
ter 4 and give applications in Part II.
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2 Mathematical preliminaries

This chapter contains notational conventions and some of the mathematical
tools needed in the following.

2.1. Conventions and notation

There are many different conventions regarding the presentation of vectors and
tensors, so the present chapter introduces all notation used in this thesis.

Spatial vectors and matrices

Spatial, that is 3-component-, vectors will be typeset in bold italic. Their compo-
nents are subscripted using Latin indices. Unit vectors carry a circumflex, and
summation over repeated indices in a term is understood (Einstein’s summation
convention):

a = (a1 , a2 , a3)⊺ = a i êi . (2.1)

In some cases, where the geometry is to be emphasized, components will be de-
noted using x, y and z:

r = (x , y, z)⊺ , v = (vx , vy , vz)⊺ . (2.2)

Multiplication by a scalar will be denoted by juxtaposition, dot and cross products
by a centered dot and a cross, respectively:

ca, a ⋅ b, a × b. (2.3)

Matrices are typeset in upright bold:

M =
⎛
⎜⎜
⎝

m11 m12 m13

m21 m22 m23

m31 m32 m23

⎞
⎟⎟
⎠
. (2.4)

In general, we will also use lowercase symbols for vectors and uppercase symbols
for matrices. Exceptions include the electromagnetic fields E and B.6 6 Being vectors, they are still

italic. In contrast, there could be
matrices E and B, although we
will always avoid such clashes in
notation where possible.

We will in some places encounter general N-tuples and matrices with no im-
mediate connection to geometry, these will be bold as well.

Never will a multiplication symbol be used for scalar-vector or scalar-scalar
multiplication, with the exception of a product between numerical quantities, for
example

2 × 2 = 4, ħ ≈ 1.055 × 10−34 kg m2/s. (2.5)
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Four-vectors and tensors

Working exclusively in flat space, the only metric we will be concerned with is the
Minkowskian metric in the mostly minus-convention77 Often, gµν describes a

generic metric, while the
Minkowskian metric is ηµν .

Because no other metric ten-
sors appear in this thesis, η
is reserved for different use.

(gµν) = diag(1,−1,−1,−1) =

⎛
⎜⎜⎜⎜
⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞
⎟⎟⎟⎟
⎠

. (2.6)

The metric tensor gives a one-to-one correspondence between contravariant vec-
tors carrying upper Greek indices (for example the spacetime position x µ)8 and8 Here contravariant can be

readily understood as coun-
teracting changes in the coor-
dinate system. If we scale an

axis by a factor of 10, we have
to reduce the corresponding

component of a vector to 1/10.

covariant vectors (for example the 4-gradient ∂µ):

aµ = gµνaν , (2.7)

so the same physical object can be represented both using upper or lower indices,
only the spatial components change sign, for example:

x µ = (ct, x , y, z)⊺

↷ xµ = gµνxν = (ct,−x ,−y,−z)⊺ .
(2.8)

Tensor operations like the dot product will be typeset using regular italic symbols:

a ⋅ b ..= aµ gµνaν . (2.9)

There should never be any ambiguity between scalars and four-vectors, because
the latter will either carry an index, or be included in a dot product or matrix-
vector multiplication.

In the worldline instanton formalism we work in Euclidean spacetime, by per-
forming a Wick rotation to imaginary time 9. Because the metric is proportional9 See Chapter 4.

to the identity in this case, we will not distinguish between co- and contravariant
vectors, usually keeping indices as subscripts. By convention, the time component
of a Minkowski vector has index 0, while it has index 4 in Euclidean spacetime.

Spinors

We will at a few points briefly encounter spinorial objects, these will be high-
lighted in bold typeface like spatial vectors and matrices. It will always be made
clear from the context which type of quantities are involved in expressions.

Units

In the following, we will always use a system of units where ħ = c = 1 (called
natural units). Thus, only one physical dimension remains, which is usually taken
to be a length or an energy: 1010 The brackets

mean dimension of.
[x µ] = [t] = L = E−1 , [v] = 1, [pµ] = [m] = [Aµ] = L−1 = E. (2.10)

This way it is possible to express masses and frequencies using energies, which is
often convenient.
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Conventions for the electromagnetic potential

During our calculations it will be beneficial to work with dimensionless quanti-
ties, for numerical computations it is even necessary. We note down our conven-
tions here for reference, they will be properly introduced on page 47:

x̃µ = xµ
qE
m

, F̃µν = Fµν
1
E
, Ãµ =

qE
m

1
E
Aµ . (2.11)

Here, E is some reference field strength, q the elementary charge and m the elec-
tron mass. We will sometimes denote by Aµ the potential with physical dimen-
sions and by Ãµ the dimensionless version, but mostly drop the tilde in sections
that deal with the dimensionless field only, to reduce clutter in the equations11. To 11 The same holds for other

quantities, most notably the
coordinates xµ .

refer to dimensionful quantities we then employ a superscript of Adim.
µ . The mean-

ing of Aµ should mostly be clear from the context, but we will also add reminders
which conventions are active in a given section. The marker [A] = L-1 will mean
that quantities without decorations carry physical dimensions,12 [A] = 1 that they 12 We still set ħ = c = 1, though.
do not.

Similarly, we sometimes deal with both Minkowskian and Euclidean quantities.
Our choice of Euclidean four-potential is

AE
4(xµ) =

1
i
A0(t = −ix4 , x), AE(xµ) = A(t = −ix4 , x), (2.12)

it will be introduced on page 42. For convenience, only one or the other will be
marked by a superscript. There will also be reminders if quantities without any
decorations are Minkowskian (xi = -x i) or Euclidean (xi = x i).

2.2. Quantum mechanical path integral

The key mathematical tool for the worldline instanton formalism is the quantum
mechanical path integral, which is yet another alternative formulation of quantum
mechanics. In contrast to the operator or wavefunction formalism, it does not
rely on a Hamiltonian formulation, but uses the Lagrangian L of a system. This
was first discussed in 1933, and 1945 again in more detail by Dirac [Dir33; Dir45], [Dir33] Dirac. Phys. Z. Sowjetu-

nion (1933)

[Dir45] Dirac. Rev. Mod. Phys.
(1945)

where he argued that the time evolution of a quantum system could be expressed
by small time increments, each generated by factors related to the classical action
along a small path.

This was made more precise in 1948 by Feynman [Fey48], who also demon- [Fey48] Feynman. Rev. Mod.
Phys. (1948)strated that the approach is equivalent to the existing methods. There are several

ways to introduce the method, either postulating the form of the path integral and
then showing that it implies the Schrödinger equation as Feynman did, amount-
ing to a new definition of quantum mechanics, or deriving the path integral from
the quantum mechanical time evolution operator.

We will quickly sketch the latter approach, following Zee’s textbook [Zee10], as [Zee10] Zee. Princeton University
Press (2010)this immediately yields the correct normalization factors for the discretized path

integral. We consider a one-dimensional, nonrelativistic particle of mass m in
some potential V(x). The Hamiltonian of this system is

Ĥ = p̂2

2m
+ V(x̂), (2.13)



14 2. Mathematical preliminaries

and the probability amplitude to find the particle, initially positioned at xI, at the
final position xF after a time of T is given by (see, e.g., [Sak94])[Sak94] Sakurai.

Addison-Wesley (1994)
⟨xF∣ e−i ĤT ∣xI⟩ . (2.14)

We now split the time evolution into N ≫ 1 slices of length δt = T/N , and insert a
decomposition of the identity operator into a complete set of position eigenstates
1l = ∫dxk ∣xk⟩ ⟨xk ∣ between each slice,

⟨xF∣ e−i ĤT ∣xI⟩ = ∫dNx ( ⟨xF∣ e−i Ĥδ t ∣xN−1⟩ ⟨xN−1∣ e−i Ĥδ t ∣xN−2⟩

⋯ ⟨x2∣ e−i Ĥδ t ∣x1⟩ ⟨x1∣ e−i Ĥδ t ∣xI⟩ ). (2.15)

This is just Feynman’s postulate that to obtain the amplitude for a process (in this
case propagation from xI to xF in time T), we have to sum over all possible inter-
mediate states (first propagating to some x1 after δt, then to some x2 after 2δt and
so on). Let us pick one of the slices, from xk to xk+1:

⟨xk+1∣ e−i Ĥδ t ∣xk⟩ = ⟨xk+1∣ e−i(
p̂2

2m +V(x̂))δt ∣xk⟩ . (2.16)

We would like to apply the operator x̂ to the state ∣xk⟩. Since δt is small, violating
the Baker-Campbell-Hausdorff -formula e Â+B̂ = e Âe B̂(1 − 1

2 [Â, B̂] + . . . ) is a good
approximation here,13 and we get13 In fact, for operators that

are bounded from below, it
is exact in the limit δt → 0

that we wish to do in the end.
⟨xk+1∣e−i(

p̂2

2m +V(x̂))δt ∣xk⟩ =

⟨xk+1∣ e−i
p̂2

2m δte−iV(xk)δt ∣xk⟩ (1 + O(δt2))

≈
∞

∫
−∞

dp ⟨xk+1∣ e−i
p2

2m δt ∣p⟩ ⟨p∣ e−iV(xk)δt ∣xk⟩

= e−iV(xk)δt
∞

∫
−∞

dp
2π

e−i
p2

2m δte−i p(xk+1−xk)

=
√ m

i2πδt
exp [i (m

2
(xk+1 − xk

δt
)
2
− V(xk)) δt] , (2.17)

where we have dropped the second order terms that vanish in the limit δt → 0,
inserted a complete set of momentum eigenstates and used the relation

⟨p∣x⟩ = 1√
2π

e−i px (2.18)

and the integral (see sections 2.3 and 2.6)
∞

∫
−∞

dx e−i(ax
2+bx) =

√ π
ia
e i

b2
4a . (2.19)
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Figure 2.1.: Left: Integration
over N = 4 intermediate points,
right: integration over N → ∞
intermediate points, i.e. continu-
ous paths.

xI x1 x2 x3 x4 xF

N →∞

xI xFx(t)

In the limit δt → 0, using the finite difference expression of the velocity, we can
identify the exponent in (2.17) as iL(ẋ(kδt), x(kδt))δt, where L is the classical
Lagrangian for a particle of mass m in the potential V(x) evaluated at t = kδt.
Inserting (2.17) into (2.15) we obtain

⟨xF∣ e−i ĤT ∣xI⟩ = ∫dNx ( m
i2πδt

)
N/2

exp(i
N
∑
k=0

δtLk) . (2.20)

If we now perform the (formal) limit δt → 0 or respectively N →∞, the sum in
the exponent of (2.20) tends to the classical action S,

lim
N→∞

N
∑
k=0

T
N
Lk =

T

∫
0

dt L(ẋ(t), x(t)) =.. S[x], (2.21)

where the square brackets denote a functional, i.e. an object depending on a func-
tion x(t). The integrals over ever more intermediate points xk effectively turn
into an integration over all possible paths x(t) connecting xI and xF (see Fig-
ure 2.1), which will be denoted ∫Dx .

The prefactor in (2.20) is of course hopelessly divergent for N → ∞, however it
does not depend on the coordinates, so it can be seen as an infinite normalization
constant that cancels when taking ratios.14 14 More properly, one has to

evaluate the integrals for some
finite N , cancel the normaliza-
tion constant in the ratio and
then take the limit N →∞.

Finally, the path integral expression for the probability amplitude of a particle
to travel from xI to xF in time T is thus given by

⟨xF ∣ e−i ĤT ∣xI⟩ =
x(T)=xF

∫
x(0)=xI

Dx(t) e iS[x] , (2.22)

where the action S is evaluated using the Lagrangian corresponding to the Hamil-
tonian Ĥ. This definition works for a particle in d dimensions as well, we just
replace each intermediate integration by d integrations.

We can use the normalization constant we found in this derivation to define the
path integral for an arbitrary integration over d-dimensional paths with integrand
f [x], by

∫Dx(t) f [x(t)] = (
N−1
∏
k=0

∫ddxk ( mN2πiT
)
d/2
) f [x lµ], (2.23)

where f [x lµ] is an appropriate discretization of the integrand. In this case the
square brackets denote dependence on all points l = 1, 2, . . . ,N .
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One great advantage of (2.22) is that it immediately generalizes to propagators
in field theories, by integrating over all field configurations. In particular, we ob-
tain the vacuum persistence amplitude, i.e. the transition amplitude between an
initially vacuum state to stay vacuum after an infinite amount of time:

lim
T→∞
⟨0∣ e−i ĤT ∣0⟩ = ∫Dϕ(x µ) e iS[ϕ] , S[ϕ] = ∫d4x L(∂µϕ, ϕ). (2.24)

2.3. Gaußian integrals

The by far most important definite (improper) integral in the following is the
Gaußian integral1515 It is easily computed by

evaluating the square of
the integral and transform-

ing to polar coordinates.

∞

∫
−∞

dx e−x
2
=
√
π, (2.25)

or by substitution and shifting the region of integration
∞

∫
−∞

dx e−
1
2 a(x−x0)

2
=
√

2π
a
. (2.26)

An important generalization of (2.26) is the multivariate Gaußian. Consider
the N-dimensional integral

∫RN
dNx e−

1
2 x
⊺⋅A⋅x (2.27)

with real, symmetric and positive definite N×N matrix A. Because it is symmetric
and positive definite, we can find an orthogonal matrix X (so X−1 = X⊺) that
diagonalizes A,

A = X⊺ ⋅D ⋅X, D = diag(λ1 , λ2 , . . . , λN), (2.28)

where the λ i are the eigenvalues of A. Let us change variables to

y = X ⋅ x , ↷ dN y = detXdNx = dNx , (2.29)

so that the exponent separates into a sum over eigenvalues

x⊺ ⋅A ⋅ x = y⊺ ⋅D ⋅ y =
N
∑
k=1

λk y2k (2.30)

and the whole integral factors into N separate parts

∫RN
dNx e−

1
2 x
⊺⋅A⋅x =

N
∏
i=1

∞

∫
−∞

dy i e−
1
2 λ i y

2
i =

N
∏
i=1

√
2π
λ i
=
√
(2π)N
detA

. (2.31)

We can expand this result to integration over complex variables, with M now a
positive definite hermitian matrix,

∫R2N
dNz∗dNz e−

1
2 z

†⋅M⋅z , (2.32)

where the slightly peculiar integration measure means we consider the variable z
and its complex conjugate z∗ to be independent degrees of freedom. In practice
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this means we integrate over its real and imaginary parts from −∞ to∞, hence
the range R2N . We can now, with a few modifications, perform the same steps as
before, M is now diagonalized by a unitary matrix U (so U−1 = U†)

M = U† ⋅D ⋅U, D = diag(λ1 , λ2 , . . . , λN), (2.33)

and we again change variables for z and z∗

y = U ⋅ z , y† = z† ⋅U† ↷ dN y∗dN y = detU† detUdNz∗dNz = dNz∗dNz, (2.34)

so the exponent separates once more

z† ⋅M ⋅ z = y† ⋅D ⋅ y =
N
∑
k=1

λk ∣yk ∣
2 =

N
∑
k=1

λk(u2k + v
2
k) (2.35)

with yk = uk + ivk . We again arrive at a product of one-dimensional Gaußian
integrations, this time twice as many

∫R2N
dNz∗dNz e−

1
2 z

†⋅M⋅z =
N
∏
k=1

∞

∫
−∞

duk
∞

∫
−∞

dvk e−
1
2 λk(u

2
k+v

2
k)

=
N
∏
k=1

√
2π
λk

√
2π
λk
= (2π)

N

detM
.

(2.36)

The last two examples can also be generalized to an infinite number of dimen-
sions, that is, path integration. The N-dimensional integrals are replaced by func-
tional integrals over paths x(t) and the matrix A by some positive definite linear
differential operator Â. It is then again possible to change variables to eigenfunc-
tions of Â, giving a product of (in general infinitely many) simple Gaußian inte-
grals. Again denoting the product of eigenvalues by Det Â16, we have 16 A capital D is used to distin-

guish the functional determinant
from the regular one.∫Dx e−

1
2 ∫ dt x(t)Âx(t) ∼ 1√

Det Â
, (2.37)

and in the complex form

∫Dz∗Dz e−
1
2 ∫ dt z

∗(t)Âz(t) ∼ 1
Det Â

. (2.38)

It is obvious that some care has to be taken to define (2.37) and (2.38), as both
the factor (2π)N and in general the operator determinant (naïvely defined as the
infinite product of its eigenvalues) diverge as N → ∞. We will come back to this
issue in Section 2.7.

2.4. Laplace’s method

It is possible to approximate integrals of the form

∞

∫
−∞

dx h(x)e−M f (x) (2.39)
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where M is large using Laplace’s method.1717 Often called method of steep-
est descent, stationary phase or
saddle point method in the lit-
erature, although these actu-
ally refer to an extension of
Laplace’s method for line in-
tegrals in the complex plane.

Assume f (x) in (2.39) has a global minimum at x0. Then, because M is large,
the integral is dominated by contributions around x0 (see Figure 2.2). Let us ex-
pand f (x) to quadratic order around x0 (the linear term vanishes due to the as-
sumption of x0 being a minimum).

f (x) ≈ f (x0) +
1
2
f ′′(x0)(x − x0)2 , (2.40)

and insert into (2.39).
∞

∫
−∞

dx h(x)e−M f (x) ≈ h(x0)e−M f (x0)
∞

∫
−∞

dx e−
1
2 M f ′′(x0)(x−x0)2

= h(x0)e−M f (x0)
√

2π
M f ′′(x0)

, (2.41)

because f ′′(x0) > 0 again since f has a minimum at x0. Since M is large, h(x) is
essentially constant over the interval of significant support, or more precisely

h′(x0)
h(x0)

≪
√
M f ′′(x0), (2.42)

so we can take it out of the integration.

x0

x0
Figure 2.2.: Top: Some func-
tion f (x). Bottom: e−10 f (x)

(solid) and the Gaußian
approximation (dashed).

It is easy to extend Laplace’s method to a multivariate setting. Consider the
Integral

∫dNx h(x)e−M f (x) , (2.43)

where we again expand f around the minimum x0,

f (x) ≈ f (x0) +
1
2
(x − x0) ⋅H f (x0) ⋅ (x − x0), (2.44)

with the Hessian of f at x0

(H f (x0))i j =
∂
∂x i

∂
∂x j

f (x)∣
x=x0

(2.45)

giving an N-dimensional Gaußian integral that converges, because x0 being a
minimum of f makes H f (x0) positive definite,

∫dNx h(x)e−M f (x) ≈ h(x0)e−M f (x0) ∫dNx e− 1
2 M(x−x0)⋅H f (x0)⋅(x−x0)

= h(x0)e−M f (x0)

¿
ÁÁÀ (2π)N

MN det(H f (x0))
. (2.46)

Equation (2.46) can again be extended to path integrals. Instead of the mini-
mum of a function we have to minimize a functional. Consider

∫Dx h[x]e−MA[x] , A[x] = ∫dt L(ẋ(t), x(t), t), (2.47)
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the extremum in this case is a solution to the classical equations of motion of a
particle with Lagrange function L, denoted by xcl(t). We can then expand the
functional around the classical solution

A[x] ≈ A[xcl] + 1
2 ∫dt η(t)Λ(xcl)η(t), η(t) = x(t) − xcl(t), (2.48)

where the operator Λ is determined by taking the second variation of A and inte-
grating by parts. According to (2.37), we arrive at the approximation

∫Dx h[x]e−MA[x] ≈ h[xcl]e−MA[xcl] ∫Dx e−
1
2 M ∫ dt η(t)Λ(xcl)η(t)

∼ h[xcl]√
DetΛ(xcl)

e−MA[xcl] . (2.49)

In any setting, if the exponent has multiple minima that are well separated, we
can split the integration into multiple parts that each include one minimum. The
approximation to the full integral is then the sum of the single approximations.

2.5. Analytic continuation

An important tool in the following will be analytic continuation. Consider two
functions fA(z) and fB(z) that are analytic on subsets A and B of the complex
plane respectively with A ⊂ B (see Figure 2.3) and fA(z) = fB(z) for z ∈ A.

Rz

Iz

A
B

Figure 2.3.: Two subsets A ⊂ B
of the complex plane.

Then fB is an analytic continuation of fA over B. The important point is that
this continuation is unique, because if we have another f̃B(z) defined over B
with fA(z) = f̃B(z) for z ∈ A, then fB(z) − f̃B(z) = 0 for all z ∈ A and thus
fB(z) − f̃B(z) = 0 everywhere in B.18 It is thus possible to speak of the analytic 18 Sums of analytic functions are

analytic and either have isolated
zeros or are constant.

continuation of an expression.
In practice, this means we can use analytic continuation to extend the domain

of validity of expressions, for example convergence of series. Consider the sum

1 + 2 + 3 + . . . =
∞
∑
n=1

n. (2.50)

Obviously, this does not converge. But what if the expression were to come up in
a physical calculation19, in that case we would have to find a way to extract the 19 It actually does in the calcula-

tion of the QED Casimir energy.physical information from the divergent quantity.
To do so, we can use the Riemann Zeta function, defined by[BO99; Olv+10] [BO99] Bender and Orszag.

Springer (1999)

[Olv+10] Olver, Lozier, Boisvert,
and Clark. Cambridge University
Press (2010)

ζ(s) =
∞
∑
n=1

n−s , (2.51)

for R(s) > 1 (e.g. ζ(2) = ∑ 1/n2 = π2/6). As it turns out, ζ(s) can be extended to
the whole complex plane with a pole at s = 1. In particular it is defined for s = −1,
which makes (2.51) formally equal to (2.50). Using the functional relation [Rie59] [Rie59] Riemann. Ber. Akad. Wiss.

Berlin (1859)

ζ(s) = 2sπs−1 sin(πs
2
) Γ(1 − s)ζ(1 − s) (2.52)

we can see that
ζ(−1) = 1

2π2
sin(−π

2
) Γ(2)ζ(2) = − 1

12
, (2.53)
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so we use this to associate with our sum the value

1 + 2 + 3 + . . . “=” ζ(−1) = − 1
12
. (2.54)

While this is obviously not a valid equation, it extracts the unique, finite, physi-
cally relevant part. We will use a similar method in Section 2.7 to define the deter-
minant of a differential operator.

2.6. Zero- and negative modes

In sections 2.3 and 2.4 we have assumed the matrix A or operator A to be posi-
tive definite, corresponding to a true minimum in the saddle point approximation
(where the Hessian is positive definite). But what if this constraint is not satisfied
and one or several eigenvalues are zero or negative? The Gaußian integrals would
diverge, so in the spirit of the last section we can only hope to obtain a result any-
way using analytic continuation.

Rz

Iz

a−a

Rz

Iz

a−a

Figure 2.4.: The two ways of
analytically continuing the

square root to negative argu-
ments given different branch

cut choices. Color encodes the
imaginary part of

√
z, blue

is negative, red is positive.

In fact, concerning negative eigenvalues we are done already: In the relation

∞

∫
−∞

dx e−
1
2 ax

2
=
√

2π
a

(2.55)

the left hand side is analytic in a and converges for Ra > 0, whereas the right
hand side is analytic on the whole complex plane with a branch cut from 0 to∞.
It can thus in particular be continued to imaginary or negative real values of a,
up to the ambiguity of continuing above or below zero (corresponding to branch
cut choices along negative or positive imaginary parts, see Figure 2.4). Which
choice is appropriate depends on the given situation, just as the solutions to a
squared equation have to be checked for applicability to the original problem. In
our case, the imaginary part of such an analytically continued Gaußian integral
will be shown to give the rate of pair creation in an external field—we will there-
fore choose the branch cut to obtain a positive imaginary part.

A different problem is that of zero modes, occurring in Laplace’s method when
the minimum of the function in the exponent is not a single point but, for exam-
ple, a valley (see Figure 2.5). Here, the gradient of the two dimensional function
vanishes everywhere along the dashed line. Laplace’s method will fail in this case,
as the Hessian has a zero eigenvalue corresponding to the direction along the val-
ley.

x

y

Figure 2.5.: A function
f (x , y) with a valley, val-
ues increase from blue to
red. Along the dashed line
f (x , y) attains a minimum.

This difficulty arises in even simpler cases, for example rotationally symmetric
integrals like

I = ∫∫ dxdy e−M(x
2+y2)(x2+y2−2) ⎛

⎝
= 1
2

√
π3

M
(1 + erf (

√
M)) eM

⎞
⎠
. (2.56)

Of course, we could immediately go over to polar coordinates, but let us for the
moment pretend we did not know how to perform such a change of coordinates,
only that there is some sort of transformation that leaves the integral invariant.
Let us first try to naïvely perform Laplace’s method. Setting the gradient of the
exponent in (2.56) to zero we find a maximum at x2 + y2 = 0 and a collection of
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minima at x2 + y2 = 1. Substituting these minima into the exponent we obtain
the correct exponential dependence (eM), so let us see if we can find an approx-
imation to the prefactor as well. The Hessian is readily found from the second
derivatives of the exponent but, alas, one of its eigenvalues (and thus its determi-
nant) is 4(x2 + y2 − 1) = 0 at the minimum, so Laplace’s method gives infinity. The
corresponding eigenvector is êϕ , which is intuitively the invariant direction.

We can use the Faddeev-Popov-method [FP67] to separate the integration over [FP67] Faddeev and Popov. Phys.
Lett. (1967)this invariant direction from the rest. First, note the identity

1 = 1
w ∫dϕ δ (χ(ϕ)) ∣χ′(ϕ)∣ , (2.57)

where w is the number of real solutions ϕ to χ(ϕ) = 0. The idea is now to choose
a function χ(x , y, ϕ) where the condition χ = 0 fixes the zero mode in our orig-
inal integral and ϕ parametrizes the different ways to do so. Let f (x , y) denote a
rotationally invariant function (as in (2.56)), so

I = ∫∫ dxdy e−M f (x ,y)

= 1
w ∫∫ dxdy ∫ dϕ δ (χ(x , y, ϕ)) ∣χ′(x , y, ϕ)∣ e−M f (x ,y) , (2.58)

where χ′(x , y, ϕ)means the ϕ-derivative. Now, by definition, f does not de-
pend on ϕ 20 so for every choice of ϕ we can counteract this transformation by 20 In the sense that the trans-

form parametrized by ϕ in the
fixing condition leaves the inte-
grand invariant.

a change of coordinates to (x′ , y′) so that χ(x , y, ϕ) = χ(x′ , y′ , ϕ0), making the
ϕ-integration trivial,

I = 1
w ∫dϕ ∫∫ dx′dy′δ (χ(x′ , y′ , ϕ0)) ∣χ′(x′ , y′ , ϕ0)∣ e−M f (x′ ,y′)

=
Vϕ
w ∫∫ dxdyδ (χ(x , y, ϕ0)) ∣χ′(x , y, ϕ0)∣ e−M f (x ,y) , (2.59)

where Vϕ is the volume of the ϕ integration range and we have relabeled (x′ , y′)
to (x , y) again.21 For the case of rotational symmetry we can choose χ = sin(ϕ)x+ 21 Remember that the form of

f (x , y) did not change under the
change of variables.

cos(ϕ)y, which restricts the region of integration to a line in the x − y-plane. For
any given point (x , y), if it lies on the ϕ = ϕ0 line it is also included in the line
ϕ = ϕ0 + π, so either we restrict the ϕ-integration to [0, π) with w = 1 or let it
range over [0, 2π) with w = 2, in any case Vϕ/w = π (which makes the meaning of
w clear, it compensates for over counting). Let us simply choose ϕ0 = 0. Then

I = π ∫∫ dxdy δ(y) ∣x∣ e−M f (x ,y) = π
∞

∫
−∞

dx ∣x∣ e−M f (x ,0) = 2π
∞

∫
0

dx xe−M f (x ,0) ,

(2.60)
renaming x to r we have successfully recovered integration in polar coordinates!
In this case we were able to trivially perform one of the coordinate integrals due
to the delta distribution, but in more complicated situations this is not necessarily
true—usually the argument of the delta distribution is a function of many coor-
dinates and it is not obvious how this cancels one integration. For a numerical
treatment we can use a Gaußian limit representation of the delta distribution,

δ(x) = lim
ε→0

√
M
ε
e−π

M
ε x

2
, (2.61)
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which can simply be included when performing Laplace’s method. Of course,
numerically taking the limit ε → 0 is not viable either, but as it turns out, for
Laplace’s method we do not have to. Using (2.61) in (2.59) the exponent gains an
additional term proportional to χ2

I =
Vϕ
w ∫∫ dxdy lim

ε→0

√
M
ε
∣χ′(x , y, ϕ0)∣ e−M(( f (x ,y)+

π
ε χ

2(x ,y ,ϕ0)) , (2.62)

which is minimized when χ = 0, so this implements fixing of the symmetry. Fur-
ther note that if χ = 0 fixes the symmetry, then the vector ∇χ points in the invari-
ant direction. Let us now check how this modifies the Hessian at the minimum.

H(x0 , y0) = H f (x0 , y0) +
π
ε
∇(∇(χ2))∣x0 ,y0

= H f (x0 , y0) + 2
π
ε
(∇χ ⊗∇χ +����χ∇(∇χ))∣x0 ,y0 , (2.63)

where the second summand is zero at the minimum (because χ = 0). Now we can
represent any diagonalizable matrix using its eigenvectors and -values, so writing
êi for the eigenvectors of H f and λ i for its eigenvalues2222 In our toy example there

are only two eigenvectors
of course, but this immedi-
ately generalizes to any di-

mension, hence the notation.

H(x0 , y0) =∑
i
λ i êi ⊗ êi + 2

π
ε
∇χ ⊗∇χ∣x0 ,y0

=∑
i>0

λ i êi ⊗ êi + (0 + 2
π
ε
∣∇χ∣2)ê0 ⊗ ê0 , (2.64)

where we have used that ∇χ is parallel to the eigenvector corresponding to the
zero eigenvalue.23 This shows that all other eigenvalues remain untouched, only23 But not necessarily normal-

ized, hence the norm squared. the zero eigenvalue is replaced by a finite value. This can also be turned around to
find a suitable choice of χ if the zero mode is known, χ(ϕ, r) = ê0(ϕ) ⋅ r.

If we now take the determinant of the corrected Hessian we have

detH(x0 , y0) =
2π
ε
∣∇χ∣2 det∗H f (x0 , y0) (2.65)

where det∗ means the determinant omitting the zero mode. Inserting this deter-
minant into Laplace’s formula, the factor of

√
ε cancels, which means we can just

set ε = 1. In practice, we neither need to explicitly remove the zero eigenvalue
from the determinant nor compute ∣∇χ∣, we just apply Laplace’s method to (2.62).
For our toy example we again choose χ(ϕ) = sin(ϕ)x + cos(ϕ)y with ϕ0 = 0,
so we need to minimize (x2 + y2)(x2 + y2 − 2) + πy2. This now has the two so-
lutions y = 0, x = ±1, both with value −1. The determinant of H in both cases is
16π, Vϕ/w = π and ∣χ∣ = 1. Because we have two equal contributions from each
minimum, we obtain a factor of 2. The approximation to our integral is thus

I ≈ 2π
√
M

√
(2π)2
M216π

eM =
√

π3

M
eM . (2.66)

Indeed, comparing to (2.56), we see that

1 − I
I≈
= 1
2
(1 − erf (

√
M)) M→∞ÐÐÐ→ 0 (2.67)

exponentially.
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2.7. Determinants of differential operators

In multiple contexts it is necessary to evaluate determinants of differential oper-
ators, for example in (2.49). Let L be some linear differential operator acting on
the space of sufficiently smooth functions on the interval [0, 1]. Then the determi-
nant of this operator can formally be expressed as

Det(L) =∏
i
λ i , (2.68)

λ i denoting the eigenvalues of L.
Usually however, (2.68) is ill-defined, as the λ i grow unbounded and the prod-

uct does not converge. To cope with these infinities, most of the time only ratios
between determinants are computed, for example

Det(L)
Det(L0)

, (2.69)

where L0 denotes some sort of trivial or known variant of L. In quantum field
theory L could be a field operator in the presence of a background, while L0 de-
scribes the free theory. The reasoning for (2.69) is that the asymptotic behavior of
the eigenvalues λ i and λ0, i is the same and cancels in the ratio.

This does not immediately help to actually calculate (2.69), as there is no obvi-
ous way to separate the interesting part from the divergent part that cancels in the
ratio. In physical theories, the process of removing such divergent contributions
is called regularization.

Zeta function regularization

One such method to make sense of the expression (2.69) is zeta function regu-
larization. We can use a method similar to the one in Section 2.5 to define the
functional determinant by analytic continuation. First, we define the operator zeta
function of L as

ζL(s) ..=∑
i
λ−si , (2.70)

for R(s) sufficiently large, λ i again denoting the eigenvalues of L. It can also be
analytically continued, allowing us to define the functional determinant as

Det(L) = exp(−ζ′L(0)), (2.71)

or, for a ratio of determinants

Det(L)
Det(L0)

= exp(−(ζ′L(0) − ζ′L0(0))). (2.72)

The motivation for this definition can be seen by formally evaluating

exp(−ζ′L(0))“=” exp(−∑
i

− log λ i
λsi

)∣
s=0
=∏

i
λ i . (2.73)
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2.8. Gel’fand-Yaglom formula

There is a beautiful, and not at all obvious, way to reduce the calculation of an
operator determinant to a finite determinant over solutions of an ordinary dif-
ferential equation. This method is due to Gel’fand and Yaglom [GY60], who in-[GY60] Gel’fand and Ya-

glom. J. Math. Phys. (1960) troduced it by discretizing the operator, finding a difference equation for the
N-dimensional determinant that turns into a differential equation in the limit
N → ∞. A similar approach is detailed in [Kle09]. We will however quickly[Kle09] Kleinert.

World Scientific (2009) sketch an alternative derivation following the very clear approach by Kirsten and
McKane [KM03] that uses the operator zeta function defined in the last section.[KM03] Kirsten and McK-

ane. Ann. Phys. (2003) Assume that L is a second order differential operator over the interval [0, 1]
with strictly positive eigenvalues. Let ηk be the (unique) solution to the initial
value problem

(L − k2)ηk(x) = 0, ηk(0) = 0, η′k(0) = 1, (2.74)

with complex parameter k. Demanding that ηk(1)
!= 0 then fixes the eigenvalues

λ i = k2i of the operator. Let us consider f (k) ..= ηk(1) as a function of the complex
variable k. Then its logarithmic derivative d

dk ln( f (k)) has simple poles for all k i
that satisfy the eigenvalue condition. Thus, for any smooth function g(k) we have

∫γdk g(k)
d
dk

ln( f (k)) = 2πi∑
i
g(k i), (2.75)

for a curve γ that includes all eigenvalues k i in counter-clockwise orientation (see
Figure 2.6). In particular, we can use this to write the operator zeta function as

Rk

Ik

0
γ

Figure 2.6.: Integration curve in
the complex plane that includes
all eigenvalues of the operator L.

ζL(s) =∑
i
(k2i )−s =

1
2πi ∫γdk k−2s

d
dk

ln(ηk(1)), (2.76)

and the difference

ζL(s) − ζL0(s) =
1

2πi ∫γdk k−2s
d
dk

ln( ηk(1)
η0,k(1)

) . (2.77)

We now assume, as mentioned before, that the asymptotic behavior of the opera-
tors L and L0 is the same, so that

d
dk

ln( ηk(1)
η0,k(1)

)→ 0, for ∣k∣→∞, (2.78)

and we can “bend open” the integration path γ in Figure 2.6 to range from +∞ to
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−∞ along the imaginary axis to give

ζL(s) − ζL0(s) =
1

2πi

−∞

∫
∞

dk (ik)−2s d
dk

ln( η i k(1)
η0, i k(1)

)

= 1
2πi
⎛
⎝
−
∞

∫
0

dk
(ik)2s

+
−∞

∫
0

dk
(ik)2s

⎞
⎠

d
dk

ln( η i k(1)
η0, i k(1)

)

= 1
2πi
(−i−2s + (−i)−2s)

∞

∫
0

dk
k2s

d
dk

ln( η i k(1)
η0, i k(1)

)

= sin(πs)
π

∞

∫
0

dk
k2s

d
dk

ln( η i k(1)
η0, i k(1)

) , (2.79)

where in the third line we have used that the eigenvalue equation (2.74) is invari-
ant under the replacement ik → −ik, so η−i k(x) = η i k(x) because the solution is
unique. According to (2.72) we need the s-derivative evaluated at s = 0, so

ζ′L(0) − ζ′L0(0) = cos(0)
∞

∫
0

dk
d
dk

ln( η i k(1)
η0, i k(1)

) + sin(0)
π
× . . .

= ln( η i k(1)
η0, i k(1)

)∣
∞

0
= ln( ηk=0(1)

η0,k=0(1)
) , (2.80)

where we have again used that the k → ∞ behavior of η and η0 is the same. The
final result is thus

Det(L)
Det(L0)

= exp (−(ζ′L(0) − ζ′L0(0))) =
η(1)
η0(1)

, (2.81a)

where
Lη(x) = 0, η(0) = 0, η′(0) = 1, (2.81b)

and the same for L0 and η0. If the interval is not [0, 1], a simple rescaling of x
shows that the result is the same, with the solution η evaluated at the end of the
interval. Equation (2.81) is called Gel’fand-Yaglom formula. In [KM04] Kirsten [KM04] Kirsten and McKane. J.

Phys. A (2004)and McKane also show how to extend these results to other boundary conditions
and multidimensional operators. We will just state the result, the derivation is
similar to the one above but more cumbersome. For matrix-valued operators Λµν

the determinant is given by

Det(Λµν)
Det(Λ0,µν)

=
det(η(ν)µ (1))
det(η(ν)0,µ(1))

, (2.82a)

where the finite dimensional determinant is performed with respect to the indices
µ and ν and

Λµνην(x) = 0, η(ν)µ (0) = 0, η(ν)′µ (0) = δµν . (2.82b)
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Let us now apply the one-dimensional result to a toy example, the following
ratio of determinants2424 It is related to the partition

function of a quantum harmonic
oscillator, although the context

does not matter for this example.
Det(−∂2τ + ω2)

Det(−∂2τ)
, 0 ≤ τ ≤ β. (2.83)

We first compute the ratio explicitly. We need to find all eigenfunctions vanishing
for τ = 0 and τ = β, so

(−∂2τ + ω2) fλ(τ) = λ fλ(τ) ⇔ f̈λ(τ) = −(λ − ω2) fλ(τ)

↷ fλ(τ) = sin(
√
λ − ω2τ), 0 != fλ(β)→ λn = ω2 + (πn

β
)
2

. (2.84)

The ratio of determinants is thus

Det(−∂2τ + ω2)
Det(−∂2τ)

=
∞
∏
n=1

ω2 + ( πnβ )
2

0 + ( πnβ )
2 =

∞
∏
n=1
(1 + (ωβ

πn
)
2

) = sinh(ωβ)
ωβ

. (2.85)

Let us now apply (2.81) instead. We need to find the solution to

(−∂2τ + ω2)η(τ) = 0, η(0) = 0, η̇(0) = 1, (2.86)

which is given by η(τ) = sinh(ωτ)/ω. The solution for the denominator,

−∂2τη0(τ) = 0, η0(0) = 0, η̇0(0) = 1, (2.87)

is just η0(τ) = τ. We immediately recover the same ratio

Det(−∂2τ + ω2)
Det(−∂2τ)

= η(β)
η0(β)

= sinh(ωβ)
ωβ

. (2.88)

In general, it is usually much easier to find a single solution to (2.81) than to
find the whole spectrum of the operator and perform the infinite product.
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3 Riccati formalism

This chapter contains a derivation of the Riccati formalism for pair production,
which is an exact method starting from a mode decomposition of the field equa-
tions. We will use numerical solutions to the Riccati equation as references in
future chapters to check different approximations.

3.1. Introduction

Although the main focus of this thesis are the titular worldline instantons, we
will first introduce a different approach to calculate the pair production rate for
spatially homogeneous, time dependent electric fields. The first advantage of the
Riccati equation derived in the following section is that it is closer in spirit to the
qualitative picture of pair creation given in Section 1.4. The second advantage
is that it can be numerically integrated without resorting to approximations,25 25 Apart from the numerical

discretization of course, but
this can be, in principle, made
arbitrarily precise.

which will be explained in Section 3.3. This way we can use numerical solutions of
the Riccati equation as a baseline to compare other solutions to.

The main idea of the method is to consider electric background fields that van-
ish for t → ±∞, expand the field operators describing the electrons and positrons
into one set of single particle solutions for the distant past, and another set in the
distant future, after the electric field was switched on and off again. We then find
a way to determine the time evolution of the expansion coefficients interpolat-
ing between these sets, which tell us if an initial negative energy state turns into
a mixture of positive and negative energy states due to the interaction with the
electric background field. This corresponds to an electron tunneling through the
forbidden region creating an electron-positron pair.

3.2. Derivation of the Riccati formalism

Because [A] = L-1, xi = -x i

(see page 13).
we will only consider spatially homogeneous background fields, we can

work in 1 + 1 spacetime dimensions which simplifies the derivation. The starting
point is the Dirac equation coupled to a classical potential26 (bold type denoting 26 We simply assume right now

that this describes the physics
we are interested in, more detail
on the physical model will be
given in Section 4.1

spinorial objects)

(iγµ(∂µ + iqAµ(t, x)) −m 1l) ⋅ ψ(t, x) = 0, µ ∈ {0, 1}. (3.1)

In this case, we only need two 2 × 2 matrices for the γµ and we choose

γ0 = σ z , γ1 = iσ y . (3.2)
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We also use temporal gauge for the vector potential and assume it to be spatially
homogeneous, that is2727 Note that the “vector po-

tential” A(t) and the electric
field are scalar here, as there
is only one spatial dimension.

E(t) = ∂tA1(t) =.. ∂tA(t), A0 = 0. (3.3)

Thus, multiplying by γ0 = σ z , the Dirac equation reads

i∂tψ(t, x) = (−iσ x(∂x + iqA(t)) +mσ z) ⋅ ψ(t, x). (3.4)

Because the electric field is spatially homogeneous, we can expand the spinor
ψ(t, x) into Fourier modes:

ψ(t, x) =
∞

∫
−∞

dk
2π
ϕk(t)e

i kx , (3.5)

leading to2828 Note that k is a label of
momentum modes, not an
index that is summed over. i∂tϕk(t) = ((k + qA(t))σ x +mσ z) ⋅ ϕk(t) =Mk(t) ⋅ ϕk(t) (3.6)

with the spinor matrix

Mk(t) = (
m k + qA(t)

k + qA(t) −m ) . (3.7)

We can decouple (3.6) by diagonalizing the Matrix Mk . Its eigenvalues and
(normalized) eigenvectors are

Mk(t) ⋅ uk(t) = +Ωk(t)uk(t),

Mk(t) ⋅ vk(t) = −Ωk(t)vk(t),
(3.8)

with

Ωk(t) =
√
m2 + (k + qA(t))2 ,

uk =
1√

1 + ξ2k
( 1
ξk
) , ξk =

k + qA(t)
m +Ωk(t)

,

vk =
1√

1 + ξ2k
(−ξk

1
) .

(3.9)

Using these eigenvectors we can now construct an Ansatz for (3.6)

ϕk = αk(t)uk(t)e
−iSk(t) + βk(t)vk(t)e+iSk(t) , Sk(t) =

t

∫
−∞

dt′Ωk(t′), (3.10)

where we have separated the phase Sk(t). In the absence of an electric field, the
phase is just that of a single, free particle of definite energy, Sk(t) = Ωk t. The
coefficient αk(t) thus gives the positive energy part, βk(t) the negative energy
part of the spinor. This identification is only possible when no field is present, so
it is important that E(t = −∞) = 0 to construct an initial state with positive
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energy only, and E(t = ∞) = 0 to interpret the final state. By demanding that ϕk
be normalized, it follows that ∣αk(t)∣

2 + ∣βk(t)∣
2 = 1.

Inserting the Ansatz into (3.6) and projecting either onto uk or onto vk we get
the following system of differential equations for the coefficients αk and βk :

α̇k(t) = +Ξk(t)βk(t)e+2iSk(t) ,

β̇k(t) = −Ξk(t)αk(t)e−2iSk(t) ,
(3.11)

using the abbreviation

Ξk(t) = u̇k ⋅ vk = −v̇k ⋅ uk =
mqȦ(t)
2Ωk(t)2

. (3.12)

While we could directly integrate the system of equations (3.11), we do not need
αk and βk separately. We instead consider the ratio Rk(t) ..= αk(t)/βk(t), so that

Ṙk(t) =
α̇k(t)
βk(t)

− αk(t)β̇k(t)
β2k(t)

= Ξk(t) (e+2iSk(t) + R2
k(t)e

−2iSk(t)) . (3.13)

In principle, all equations of the type

ẏ(t) = f (t) + g(t)y(t) + h(t)y2(t), (3.14)

i.e. first order differential equations that are quadratic in the unknown, are called
Riccati equations. In the context of pair creation however, (3.13) is generally re-
ferred to as the Riccati equation.

If we now consider a state in mode k with negative energy initially, that is
αk(−∞) = 0, βk(−∞) = 1, so Rk(−∞) = 0 and evolve Rk according to (3.13),
we can read off the pair production probability as

∣αk(∞)∣
2 = ∣Rk(∞)∣

2

1 + ∣Rk(∞)∣
2 ≈ ∣Rk(∞)∣

2 , (3.15)

because we expect ∣Rk(∞)∣
2 to be small. There are now two approaches to tackle

(3.13), either by neglecting the term proportional to R2
k(t), which means the so-

lution is immediately given as an ordinary integral that can be approximated an-
alytically using methods of complex analysis, or by numerically solving the full
equation. We will only consider the latter here.

3.3. Numerical evaluation

To numerically integrate the Riccati equation (3.13), we first have to bring all
quantities into dimensionless forms. We choose to represent the time dependent
vector potential using a dimensionless function f :

A(t) = E
ω
f (ωt), Ȧ(t) = E f ′(ωt), (3.16)

with a scaling frequency ω. Using this definition:

Ωk(t) = m

¿
ÁÁÀ1 + ( k

m
+ qE
mω

f (ωt))
2

, (3.17)
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which motivates letting

p = k
m
, γ = mω

qE
, τ = tqE

m
. (3.18)

The quantity γ is known as the Keldysh parameter [Kel65], and as it turns out[Kel65] Keldysh. J. Exp.
Theor. Phys. (1965) it is a natural parameter to describe the dependence of pair production on the

timescale of a field varying with time. Consequently,

Sp(τ) =
m2

qE ∫
τ

−∞
dτ′
√

1 + (p + f (γτ′)/γ)2 , (3.19)

where we can now express the electric field strength via the critical Schwinger
field:

E
ES
= qE
m2 . (3.20)

Using the same substitutions for Ξ we arrive at the dimensionless Riccati equation

Ṙp(τ) =
E
ES
f ′(γτ)

2(1 + (p + f (γτ)
γ )

2
)

× (exp(i ES

E
2ϕp(τ)) + R2

p(τ) exp(−i
ES

E
2ϕp(τ))) , (3.21a)

ϕ̇p(τ) =

¿
ÁÁÀ1 + (p + f (γτ)

γ
)
2

, (3.21b)

where the dot now denotes a derivative with respect to τ.
While the solution for ϕp = E

ES
Sp in (3.21) could be immediately expressed as

an integral, this is not optimal for the numerical solution. Because the integral
can in general only be evaluated numerically, this would have to be done at each
integration step of R(τ)29

29 Alternatively, it could be pre-
computed for different values
of τ, however due to the adap-
tive integration algorithm for
Ṙ it is not known beforehand
which values of τ are actually
needed. Consequently, either
performance or accuracy (or

both in different regions) suffers.

. Therefore it is far more efficient to solve the system of
differential equations (3.21) for R and ϕ in lockstep.

Usually, numerically solving an initial value problem like (3.21) is simple enough
and many general purpose algorithms exist. The problem however is that the
coefficients, and consequently the solution, oscillate at a frequency of order ES

E .
This means a small step size has to be chosen to correctly capture the solution’s
behavior. On the other hand, we wish to integrate from τ = −∞ to τ = ∞,
which of course is not possible in practice, so we have to choose an integration[Sch+98] Schmidt et al.

Int. J. Mod. Phys. E (1998)

[OHA11] Orthaber, Hebenstreit,
and Alkofer. Phys. Lett. B (2011)

[DD11] Dumlu and Dunne.
Phys. Rev. D (2011)

[Koh+13] Kohlfürst, Mitter,
Von Winckel, Hebenstreit, and

Alkofer. Phys. Rev. D (2013)

[Fou+07] Fousse, Hanrot, Lefèvre,
Pélissier, and Zimmermann.

ACM Trans. Math. Softw. (2007)

range τ ∈ [−T/2, T/2] with T sufficiently large. The combination of ever smaller
time steps and large integration range means that even for high order numerical
schemes, rounding errors quickly become dominant. This has limited numeri-
cal results using the Riccati equation, or equivalently the quantum kinetic equa-
tion [Sch+98], to field strengths above E ≈ ES/10, e.g. in [OHA11; DD11; Koh+13].

A simple solution to the problem is to just use higher precision in the calcula-
tion. A standard library for arbitrary precision arithmetic is the gnu mpfr pack-
age [Fou+07], which implements elementary arithmetic operations on floating
point numbers with a user specified number of bits, only limited by computer
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Figure 3.1.: Comparison of the
numerical calculation to the
exactly known result (3.23) for
the Sauter pulse (3.22) for E =
10−2m2/q. The top panel shows
the resulting pair creation while
the bottom panel contains the
residual numerical error (less
than one part in 1014).

1 1.5 2 2.5 3 3.5 4 4.5 5

10−127

10−98

10−69

10−40

γ

∣R
0(
∞
) ∣2

1 1.5 2 2.5 3 3.5 4 4.5 5
−1

0

1

γ

re
l.

er
r./
10
−1

4

memory. A software implementation of the Taylor series method for ordinary
differential equations that employs mpfr is the freely available tides [Aba+12].

[Aba+12] Abad, Barrio, Blesa,
and Rodríguez. ACM Trans. Math.
Softw. (2012)Originally devised for the study of unstable orbits and chaotic systems [ABD11;

Den+12] , it consists of a Mathematica package to preprocess the differential [ABD11] Abad, Barrio, and Dena.
Phys. Rev. E (2011)

[Den+12] Dena, Rodríguez, Ser-
rano, and Barrio. Abstr. Appl.
Anal. (2012)

equations and a C library to perform the integration.
To check the accuracy of the numerical implementation we turn to a simple

example, the single temporal pulse (we can not compare to a static field, because
we need the field to vanish for large positive and negative time)

f (γτ) = tanh(γτ) ↷ E = E cosh−2(ωt)ez . (3.22)

In analogy to the spatial profile he considered in [Sau32] we call this field a [Sau32] Sauter. Z. Phys. (1932)

Sauter pulse. The pair production rate can be obtained analytically in this case
(as Sauter did for the spatial profile), for a derivation see [Heb11]. The analytical [Heb11] Hebenstreit. PhD thesis

(2011)result for the mode p = 0 reads

∣R0(∞)∣2 =
sinh2 ( πm

2

qE
1
γ2 )

sinh2 ( πm2

qE

√
1+γ2
γ2 )

. (3.23)

We use tides to integrate (3.21) for the field (3.22) and multiple choices of γ from
τ = −100 to τ = 100 using 100 digits of precision. Figure 3.1 shows this data and
the analytical expression (3.23). Even for this weak field strength (and thus very
low pair creation probability) the results agree to high precision. If we were to
choose an even weaker field strength we would have to increase the number of
digits in the calculation, which increases the (moderate) runtime and memory
usage, but there is no other limit in principle.

Further (more interesting) applications will be presented in chapters 6 and 7.
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4 Worldline instanton method

This chapter contains a derivation of the worldline path integral and the world-
line instanton approximation. It also describes a discretization scheme that
lends itself well to numerical computation.

4.1. Physical model

To keep the derivation in this chapter as self-contained as possible, we will first
discuss two physical models (scalar and spinor quantum electrodynamics) in
canonical quantization. This helps to motivate why the mathematical objects we
work on actually describe the physical effects we are interested in. The derivation
in this section mostly follows [PS95]. [PS95] Peskin and Schroeder.

Westview Press (1995)We start with the simplest possible case, a real scalar field. The central object
defining the physical theory is the Lagrangian density, in this case [A] = L-1, xi = -x i

(see page 13).

L = 1
2
(∂µϕ)(∂µϕ) −

1
2
m2ϕ2 , (4.1)

where ϕ is a field depending on space and time and m simply some parameter
(for now). Deriving the Euler-Lagrange equations for this Lagrangian,30 30 Although slightly imprecise,

we mostly use the terms La-
grangian and Lagrangian density
interchangeably.0 = ∂µ

∂L
∂(∂µϕ)

− ∂L
∂ϕ
= (∂µ∂µ +m2)ϕ, (4.2)

we obtain the Klein-Gordon equation mentioned before. We can immediately
write down plane wave solutions

ϕp = exp(ipµx µ), with pµ pµ = m2 . (4.3)

The restriction on pµ can be rewritten as p0 = ±
√
m2 + p2, which already looks

a whole lot like the relativistic energy-momentum relation, except for the unintu-
itive solutions of negative energy.

We can learn something more about this classical system using Noether’s the-
orem [Noe18]. For any infinitesimal transformation of the field that changes the [Noe18] Noether. Nachr. d. König.

Gesellsch. d. Wiss. zu Göttingen,
Math-Phys. Klasse (1918)

Lagrangian up to a divergence only (and thus does not affect the action)

ϕ → ϕ + ε∆ϕ, L→ L + ε∂µJµ (4.4)

we have a corresponding conserved current31 31 If the transformation affects
multiple fields in the Lagrangian,
they have to be summed over.

∂µ jµ = 0, jµ = ∂L
∂(∂µϕ)

∆ϕ − Jµ . (4.5)
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The Klein-Gordon Lagrangian (4.1) does not explicitly depend on spacetime, so
we can find conserved currents corresponding to spacetime translations:3232 For the rest of the section

we will drop the symbol de-
noting higher order terms.

All equalities are to be under-
stood as valid to first order in ε.

ϕ(x µ)→ ϕ(x µ + εµ) = ϕ + εν∂νϕ(x µ) + O (ε2) (4.6)

for infinitesimal εµ33

33 These are four separate trans-
formations, leading to four

separate conserved currents.

, and the same in the Lagrangian density

L→ L + εν∂νL = L + εν∂µ(δµνL), (4.7)

where we used the last step to write the change as a proper four-divergence for
each component of εν . The four conserved currents from spacetime translations
taken together form the energy-momentum-tensor

T µ
ν =

∂L
∂(∂µϕ)

∂νϕ − δµνL. (4.8)

The conserved charge corresponding to time translations is the Hamiltonian,

H = ∫d3x H = ∫d3x T00 , (4.9)

so the Hamiltonian density is given by

H = T00 = πϕ̇ −L = 1
2
π2 + 1

2
(∇ϕ)2 + 1

2
m2ϕ2 , (4.10)

using the definition of the canonical momentum

π ..= ∂L
∂ϕ̇
= ϕ̇, (4.11)

in this case. The charge corresponding to spatial translations is the total momen-
tum3434 The physical momen-

tum, in contrast to the
canonical momentum.

P i = ∫d3x P i = ∫d3x T0i (4.12)

so
P i = T0i = −T0

i = −π∂ iϕ. (4.13)

We can now begin to build a quantum theory, by promoting the fields ϕ and π
(and thus also the Hamiltonian) to quantum mechanical operators and imposing
the canonical commutation relations3535 In direct analogy to the non-

relativistic case with x̂ and p̂.
[ϕ̂(x), π̂(y)] = iδ3(x − y), [ϕ̂(x), ϕ̂(y)] = [π̂(x), π̂(y)] = 0. (4.14)

Let us now try to find the spectrum of our Hamiltonian operator. Guided by the
solutions of the Klein-Gordon equation we try expanding the operators into plane
waves

ϕ̂(x) = ∫ d3p
(2π)3

1√
2ωp
(âpe i p⋅x + â†

pe
−i p⋅x) , (4.15a)

π̂(x) = ∫ d3p
(2π)3

(−i)
√

ωp

2
(âpe i p⋅x − â†

pe
−i p⋅x) , (4.15b)
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with some clever normalization and ωp =
√
m2 + p2. We can invert these def-

initions to obtain the operator âp and its adjoint â†
p . The following combination

does the trick:

∫d3x
√ωk

2
(ϕ̂(x) + i

ωk
π̂(x)) e−ik⋅x

= ∫d3p ∫ d3x
(2π)3

e i(p−k)⋅x

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
δ3(p−k)

√ωk

2

⎡⎢⎢⎢⎣

âp + â†
−p√

2ωp
+
√

ωp

2
âp − â†

−p

ωk

⎤⎥⎥⎥⎦

= âk

(4.16)

and the corresponding expression for the adjoint,

â†
k = ∫d3x

√ωk

2
(ϕ̂(x) − i

ωk
π̂(x)) e+ik⋅x . (4.17)

We can now check the commutator between âp and â†
p′ :

[âp , â†
p′] = ∫d3x ∫d3x′ e i(p′⋅x′−p⋅x)

×
⎡⎢⎢⎢⎣

√
ωp

2
(ϕ̂(x) + iπ̂(x)

ωp
) ,
√

ωp′

2
(ϕ̂(x′) − iπ̂(x

′)
ωp′

)
⎤⎥⎥⎥⎦

= ∫d3x ∫d3x′ e i(p′⋅x′−p⋅x)

×
√ωpωp′

2
( − i

ωp′
[ϕ̂(x), π̂(x′)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

iδ3(x−x′)

+ i
ωp
[π̂(x), ϕ̂(x)′]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
−iδ3(x−x′)

)

= ∫d3x e i(p′−p)⋅x
√ωpωp′

2
( 1
ωp′
+ 1
ωp
) = (2π)3δ3(p − p′).

(4.18)

This is the field equivalent of the commutator between the ladder operators known
from the quantum harmonic oscillator. We use this equivalence to define the vac-
uum of our quantum theory to be the state that is annihilated by âp . We now try
to express the Hamiltonian and total momentum using these operators.



36 4. Worldline instanton method

Inserting the expressions (4.15) into the Hamiltonian, we arrive at

Ĥ = ∫d3x ∫∫ d3p d3p′

(2π)3(2π)3
1
2
⎛
⎝
−
√ωpωp′

2
(âp − â†

−p)(âp′ − â†
−p′)

+ −p ⋅ p
′ +m2

2√ωpωp′
(âp + â†

−p)(âp′ + â†
−p′)
⎞
⎠
e i(p+p

′)⋅x

= ∫ d3p
(2π)3 ∫d3p′ ∫

d3x
(2π)3

e i(p+p
′)⋅x

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
δ3(p+p′)

1
2
( . . . )

= ∫ d3p
(2π)3

ωp(â†
p âp +

1
2
[âp , â†

p]
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶
∼δ3(0)

).

(4.19)

To get to the last line we used that the integrand is even, so we could exchange
p → −p in some of the terms. The term proportional to δ3(0) is infinite, which
seems troubling. In the case of the Hamiltonian we could argue that we only mea-
sure differences in energy, so a constant (even an infinite one) should not matter.
This is the symptom of a more general problem though, which is ordering am-
biguity. In the classical theory the order in which fields appear in observables
has no meaning, so there are different quantum theories corresponding to differ-
ent ways the fields can be arranged before promoting them to operators. In this
sense we have multiple quantum theories to choose from, and one way to make
this choice is the process of normal ordering. By a normal ordered product of cre-
ation and annihilation operators, denoted by ∶ Ô ∶, we mean that we reorder the
terms until all creation operators are “on the left” of all annihilation operators.
This makes the vacuum expectation value of ∶ Ô ∶ vanish, which in the case of
the Hamiltonian means we set the energy scale to be zero in the vacuum state.
Indeed,

∶ Ĥ ∶= ∫ d3p
(2π)3

ωp â†
p âp . (4.20)

Since we know that âp and â†
p obey the commutation relations of a harmonic

oscillator’s ladder operators, we can interpret the spectrum of Ĥ as discrete exci-
tations for each value of p that carry the energy ωp . Furthermore, we can check
the total momentum P̂:

∶ P̂ ∶ =∶ − ∫d3x π∇ϕ ∶

=∶ ∫ d3p
(2π)3 ∫d3p′ ∫

d3x
(2π)3

e i(p+p
′)⋅x

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
δ3(p+p′)

(−i)ip′(âp − â−p)(âp′ + â−p′) ∶

= ∫ d3p
(2π)3

pâ†
p âp .

(4.21)
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To summarize, the quantum theory arising from the Lagrangian density (4.1)
describes discrete excitations parametrized by a label p, that each contribute p
to the total momentum and ωp =

√
m2 + p2 to the total energy. This way, we

can conclude that the Klein-Gordon Lagrangian describes relativistic, massive
particles.

To study pair creation, some key ingredients are still missing. The particles
have no charge so far, and the electromagnetic background field is missing as
well. We take a small step forward and consider a complex scalar field,

L = (∂µϕ∗)(∂µϕ) −m2ϕ∗ϕ, (4.22)

where instead of the real and imaginary part we consider ϕ and its complex con-
jugate ϕ∗ to be the independent degrees of freedom. Varying L with regard to ϕ∗

or ϕ gives the Klein-Gordon equation for ϕ and ϕ∗ respectively. The theory is still
invariant under spacetime translations (of both fields at the same time), with the
Hamiltonian density

H = T00 = πϕ̇ + π∗ϕ̇∗ −L = π∗π + (∇ϕ∗)(∇ϕ) +m2ϕ∗ϕ, (4.23)

and the momentum density

P i = −T0
i = −π∂ iϕ − π∗∂ iϕ∗ . (4.24)

We again promote the fields to operators and expand in plane waves. We now
get four distinct operators, and since the fields are not real, the operator-valued
expansion coefficients are not the adjoint of each other,

ϕ̂(x) = ∫ d3p
(2π)3

1√
2ωp
(âpe i p⋅x + b̂†

pe
−i p⋅x) , (4.25a)

π̂(x)† = ∫ d3p
(2π)3

(−i)
√

ωp

2
(âpe i p⋅x − b̂†

pe
−i p⋅x) , (4.25b)

ϕ̂(x)† = ∫ d3p
(2π)3

1√
2ωp
(â†

pe
−i p⋅x + b̂pe i p⋅x) , (4.25c)

π̂(x) = ∫ d3p
(2π)3

i
√

ωp

2
(â†

pe
−i p⋅x − b̂pe i p⋅x) . (4.25d)

We can now use (4.25) to derive the commutation relations for âp , â†
p , b̂p and

b̂†
p as well as the (normal ordered) Hamiltonian and total momentum. We find

(via essentially the same calculation as before)

[âp , â†
p′] = [b̂p , b̂

†
p′] = (2π)

3δ3(p − p′) (4.26)

with all other combinations zero, and

∶ Ĥ ∶= ∫ d3p
(2π)3

ωp (â†
p âp + b̂†

p b̂p) , ∶ P̂ ∶= ∫ d3p
(2π)3

p (â†
p âp + b̂†

p b̂p) . (4.27)
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It looks like the complex scalar field theory (4.22) simply contains two copies of
the same relativistic particle with mass m. We do however have a new symmetry
now,3636 Which is physically plau-

sible, we should not be able
to detect complex phases. ϕ → e−iqεϕ = ϕ + ε(−iqϕ), ↷ ϕ∗ → e iqεϕ∗ = ϕ + εiqϕ∗ , (4.28)

which keeps the Lagrangian invariant, so ∆L = 0 and we obtain the conserved
current

jµ = iq(ϕ∗∂µϕ − ϕ∂µϕ∗). (4.29)

Let us find the quantum operator corresponding to j0 and j,3737 The calculations works
just as the one for the Hamil-

tonian and momentum. ∶ Q̂ ∶ =∶ ∫d3x ĵ 0 ∶= ∫ d3p
(2π)3

q (â†
p âp − b̂†

p b̂p) (4.30a)

∶ Ĵ ∶ =∶ ∫d3x ĵ ∶= ∫ d3p
(2π)3

qp
ωp
´¸¶
qv

(â†
p âp − b̂†

p b̂p) . (4.30b)

While they have the same mass, the two species of particles have another prop-
erty in which they differ by a sign – of course this will turn out to be the electric
charge, so they are antiparticles of each other. Each particle carries the charge q
or −q, and the electric current qv or −qv respectively. To actually see any effect
of this charge we need some electromagnetic field to couple to. In fact, it emerges
naturally when we demand a little more symmetry from our Lagrangian. The
transformation (4.28) is called a global gauge transformation, because we add a
constant phase to the fields at each point in spacetime. Maybe our theory is in-
variant under a local gauge transformation too, with the phase in the transforma-
tion varying over spacetime

ϕ → e−iqλ(x
µ)ϕ, ↷ ϕ∗ → e iqλ(x

µ)ϕ∗ . (4.31)

In the global case (4.28) the phase factors of the transformed ϕ and ϕ∗ cancel im-
mediately. In the local transformation the same happens in the term proportional
to m2, but the derivative terms cause trouble:

∂µϕ → ∂µe−iqλ(x
µ)ϕ = e−iqλ(x

µ)(∂µϕ − iq∂µλ(x µ)ϕ), (4.32)

so we can not just “pull out” the phase factor and cancel it against the one from
ϕ∗. Let’s see if we can somehow enforce local gauge invariance by a minimal
modification. The derivative causes problems, so we replace ∂µ by the covariant
derivative

Dµ
..= ∂µ + iqAµ(xν), (4.33)

which is nothing but a very educated guess for now, Aµ being some arbitrary
function of spacetime. Then the local gauge transformation reads

Dµϕ → (∂µ + iqAµ)e−iqλ(x
µ)ϕ

= e−iqλ(x
µ)(∂µϕ − iq∂µλ(x µ)ϕ + iqAµϕ)

= e−iqλ(x
µ)(∂µ + iq(Aµ − (∂µλ)))ϕ,

(4.34)
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so we can obtain a locally gauge invariant theory by replacing ∂µ by Dµ , provided
we look at the combined gauge transformation

ϕ → e−iqλ(x
µ)ϕ, Aµ → Aµ + ∂µλ. (4.35)

Now, if we take Aµ to be the four-potential known from classical electrodynamics
this combined invariance appears very sensible, as we do not expect to be able to
detect complex phases and we already know that classical electrodynamics does
not change if we add a total derivative to the potential. So let us add to our com-
plex Klein-Gordon Lagrangian with modified derivatives the Lagrangian of the
electromagnetic field,

L = (Dµϕ)∗Dµϕ −m2ϕ∗ϕ − 1
4
F µνFµν , F µν = ∂µAν − ∂νAµ . (4.36)

Taking the Euler-Lagrange equations with regard to the field Aµ , we get

0 = ∂µ
∂L

∂(∂µAν)
− ∂L
∂Aν

= ∂µ(−F µν) − (iq(Dνϕ)∗ϕ − iqϕ∗(Dνϕ))

⇔ ∂µF µν = jν , jν = iq(ϕ∗Dνϕ − (Dνϕ)∗ϕ),

(4.37)

which are Maxwell’s equations in the presence of a charge density j0 and current
density j.

We conclude that the Lagrangian (4.36) describes two species of relativistic
particles of mass m, coupling to Maxwell’s equations by each carrying a charge q
or −q and producing an electrical current qv or −qv. This is almost quantum elec-
trodynamics, which contains the electromagnetic field, electrons and positrons.
The difference is that we still model our charged particles with a scalar field, which
does not account for the spin degree of freedom. This theory is consequently
called scalar quantum electrodynamics.

To bring spin into the picture, we have to turn to the Dirac equation. The cor-
responding Lagrangian density is38 38 There are now multiple types

of vector-like objects. Spinors
and spinorial matrices are type-
set in bold and use operations
like the dot product, vector com-
ponents will be written using
indices only.

L = ψ ⋅ (iγµ∂µ −m1l) ⋅ ψ, (4.38)

where ψ is a four-component spinor, 1l the four-by-four identity matrix, γµ is any
set of four-by-four matrices that obey the anticommutation relations

{γµ , γν} = 2gµν1l, (4.39)

and the Dirac adjoint ψ = ψ† ⋅γ0. Taking the Euler-Lagrange equations with regard
to ψ yields the Dirac equation for ψ, the other way around the adjoint of the Dirac
equation for ψ.

The Dirac equation admits plane wave solutions as well, and we can again use
these to expand the field operators into creation and annihilation operators to
quantize the system. The only difference to the complex scalar field above is that
each plane wave is spinor valued and we have to assume anticommutation rela-
tions for the operator coefficients to obtain a sensible theory.
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We do not perform all the steps from before explicitly, since we will not work
with spinors at all in the following and the derivations are not any more illumi-
nating than the ones we already did.39 Expressing the conserved charges corre-39 They are explained

in detail in [PS95] sponding to translation invariance in terms of creation and annihilation operators
we again find discrete excitations of two different species, each obeying the rel-
ativistic energy-momentum relation. Global gauge invariance once more shows
that these differ in charge, while we can also obtain local gauge invariance (and
coupling to the electromagnetic field) by replacing the partial derivative with the
covariant derivative as before,

L = ψ ⋅ (iγµDµ −m1l) ⋅ ψ − 1
4
F µνFµν , (4.40)

which is the Lagrangian for quantum electrodynamics proper.
The only new result is that it now in fact describes spin- 1

2 particles. Looking at
the conserved charge due to rotations of spacetime, it contains a term due to me-
chanical angular momentum, but also an additional term due to the spin degree
of freedom.

4.2. Worldline path integral

We will now turn away from the canonical quantization picture from last section
and instead work with the path integral for fields (2.24). For the scalar electrody-
namics Lagrangian (4.36), the vacuum persistence amplitude is[A] = L-1, xi = -x i

(see page 13).

⟨0out∣0in⟩ = ∫∫∫DϕDϕ∗DAµ e iS[ϕ ,ϕ
∗ ,Aµ] , S[ϕ, ϕ∗ ,Aµ] = ∫d4x L. (4.41)

We can split the action into a part not including ϕ or ϕ∗ and the rest, rearranging
the integrations

∫∫∫DϕDϕ∗DAµ e iS[ϕ ,ϕ
∗ ,Aµ] = ∫DAµ e i(SA[Aµ]+Γ[Aµ]) , (4.42)

which now looks like a theory containing the electromagnetic field Aµ only, using
the definitions

SA[Aµ] = ∫d4x (− 14F µνFµν) (4.43a)

e iΓ[Aµ] = ∫∫DϕDϕ∗ e iSϕ[ϕ ,ϕ
∗ ,Aµ] (4.43b)

Sϕ[ϕ, ϕ∗ ,Aµ] = ∫d4x ((Dµϕ)∗Dµϕ −m2ϕ∗ϕ) . (4.43c)

This way, all interaction with the scalar particle field is “integrated out” and in-
cluded in the (possibly very complicated) functional Γ[Aµ], which we conse-
quently call effective action for the electromagnetic field.40

40 We do not include the Maxwell
part SA of the action, so Γ is not
what is usually called effective
action in the literature, but only

its one-loop approximation.

If we could actually
derive this effective action explicitly, it would give corrections to Maxwell’s equa-
tions due to interactions with virtual charged particles.
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In the situation we are interested in we consider a fixed, strong, classical elec-
tromagnetic potential Aµ . We thus do not integrate over Aµ in the vacuum per-
sistence amplitude, instead regarding it as an external parameter,

⟨0out∣0in⟩ [Aµ] = ∫∫DϕDϕ∗ e iSϕ[ϕ ,ϕ
∗ ,Aµ] = e iΓ[Aµ] . (4.44)

This means we neglect any quantum effects of the electromagnetic field and also
any fields emitted by the created electron-positron pairs. This is a good approx-
imation here, as the field strengths necessary to observe any pair creation are so
high that quantum fluctuations in the background field should be negligible, and
backreactions from the produced pairs have no sizable influence either as their
expected density is very low.

Our approach to extract the pair production rate is now straightforward, the
process of particle production is intuitively the complement of the vacuum re-
maining vacuum so we have

Pe
+ e− = 1 − PVac. = 1 − ∣⟨0out∣0in⟩∣2 = 1 − ∣e iΓ[Aµ]∣

2
≈ 2IΓ[Aµ]. (4.45)

This relation is not completely correct however. Apart from the creation of an
electron-positron pair, there is also the possibility of coherent creation of two,
or even more pairs. All these processes destroy the vacuum, but each produces a
different number of particles. Due to this distinction, what we calculate is not ex-
actly the number of created pairs, a detailed discussion of this is given in [CM08]. [CM08] Cohen and McGady. Phys.

Rev. D (2008)Because the rates in the cases we consider are very small, and the probabilities
of creating multiple pairs at once are exponentially smaller still, there will be no
practical difference, and we will keep referring to (4.45) as the pair production
probability.

The main problem to solve is now the calculation of the imaginary part of the
effective action for a given background field Aµ . The exponent in (4.43b) can be
brought into Gaußian form using integration by parts,

Sϕ = ∫d4x (((∂µ + iqAµ)ϕ)∗(∂µ + iqAµ)ϕ −m2ϕ∗ϕ)

= ∫d4x ((∂µ − iqAµ)ϕ∗(∂µ + iqAµ)ϕ −m2ϕ∗ϕ)

= ∫d4x (ϕ∗(−∂µ − iqAµ)(∂µ + iqAµ)ϕ −m2ϕ∗ϕ)

= − ∫d4x ϕ∗ (DµDµ +m2) ϕ.

(4.46)

To make the oscillatory integral in (4.43b) converge, we analytically continue the
time integral in the action to imaginary values, in particular we make the replace-
ment x4 ..= it

∫d4x = ∫d3xdt = −i ∫d3xdx4 =.. −i ∫d4xE , (4.47)

the superscript E standing for Euclidean, because under the replacement t → x4 ..=
it the Minkowski metric turns into the Euclidean metric. We will immediately
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drop this superscript though, and never use ∫d4x for the combination ∫d3xdt
again, which is arguably more confusing anyway. We still have to do the same
replacements for t in the integrand as well, in particular

DµDµ = (∂t + iqA0(t))2 − (∇+ iqA(t))2

= (i∂x4 + iqA0(−ix4))2 − (∇+ iqA(t))2

= −(∂x4 + iq
1
i
A0(−ix4))2 − (∇+ iqA(t))2

= −(∂µ + iqAE
µ)2 =.. −◻A

(4.48)

with the definition of the Euclidean four-potential

AE
4(xµ) =

1
i
A0(t = −ix4 , x), AE(xµ) = A(t = −ix4 , x). (4.49)

Now we can perform the path integral (4.43b) using (2.38),

e iΓ[Aµ] = ∫∫DϕDϕ∗ e iSϕ[ϕ ,ϕ
∗ ,Aµ]

= ∫∫DϕDϕ∗ exp(− ∫d4x ϕ∗(− ◻A +m2)ϕ)

∼ 1
Det(− ◻A +m2)

.

(4.50)

As discussed in Section 2.7, it is not exactly clear how to define this operator de-
terminant. We instead consider the ratio of Determinants

e iΓ[Aµ] = Det(− ◻0 +m2)
Det(− ◻A +m2)

e iΓ[0] (4.51)

where Γ[0] can only be an irrelevant phase, because the vacuum is stable when
there is no electromagnetic field present. As this phase does not contribute to the
absolute value that gives the pair production rate we set it to zero and solve for the
effective action Γ,

Γ[Aµ] = i log(
Det(− ◻A +m2)
Det(− ◻0 +m2)

) . (4.52)

In analogy to how the exponent in (4.50) changed from iSϕ to −SEϕ , we introduce
the Euclidean effective action

ΓE[Aµ] = −iΓ[Aµ] = log(
Det(− ◻A +m2)
Det(− ◻0 +m2)

) , (4.53)

so that the pair production probability, that is the imaginary part of the effective
action, is given by

IΓ[Aµ] =RΓE[Aµ]. (4.54)

We will now find a way to express the effective action as an ordinary quantum
mechanical path integral. The first step is a formal manipulation of the ratio of
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determinants,

ΓE = log(Det(− ◻A +m
2)

Det(− ◻0 +m2)
) = logDet(− ◻A +m

2

− ◻0 +m2 )

= Tr log(− ◻A +m
2

− ◻0 +m2 ) .

(4.55)

We can use a special case of the theorem of Frullani [Fru28], the definite integral [Fru28] Frullani. Memorie Mat.
Fis. Soc. ital. Sci. (1828)

− log( a
b
) =

∞

∫
0

dT
e−aT − e−bT

T
. (4.56)

The lower limit of the integration looks problematic due to the factor of T in the
denominator, but the small-T behavior of the numerator cancels the divergence.
Applying this to the expression for the effective action we get

ΓE = −Tr
∞

∫
0

dT
T
(e−(−◻A+m

2)T − e−(−◻0+m2)T)

= −
∞

∫
0

dT
T
(Tr e−(−◻A+m

2)T − Tr e−(−◻0+m2)T) .

(4.57)

Some physical reasoning enables us to simplify this further. The second term
that does not include the background field can not contribute to the pair pro-
duction probability in a meaningful way, in particular it can not introduce the
imaginary part of the effective action. If we were to just discard it however, the
integral would not converge anymore due to the 1/T divergence. We can instead
replace the lower integration limit by a finite UV-cutoff Λ−2 which makes the in-
tegral finite, but cutoff-dependent. Appropriate counter terms can then be added
to obtain finite results in the limit Λ → ∞ with the proper renormalization for
physical quantities, as for example in [GL02; GLM03]. Since we will evaluate the [GL02] Gies and Langfeld. Int. J.

Mod. Phys. A (2002)

[GLM03] Gies, Langfeld, and
Moyaerts. JHEP (2003)

T-Integral using Laplace’s method later, an exact treatment of the low-T behav-
ior is not necessary, we only need to know that it is possible and the integration
finite. What remains is

ΓE = −
∞

∫
0

dT
T

Tr e−(−◻A+m
2)T , (4.58)

where the proper, careful treatment of the lower integration limit is implied.
The next step is the evaluation of the functional trace. We can perform it by

analogy. First, the trace of an operator can be written as a sum over diagonal ele-
ments in any complete basis,

Tr Ô =∑
ψ
⟨ψ∣ Ô ∣ψ⟩ . (4.59)

We can interpret the derivative operator ∂µ in ◻A as the position base represen-
tation of the quantum mechanical momentum operator, p̂ = −i∇, only in four
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instead of three spatial dimensions. We thus write the trace as a sum over posi-
tion eigenstates in four spatial dimensions,

ΓE = −
∞

∫
0

dT
T

Tr e−(−◻A+m
2)T = −

∞

∫
0

dT
T ∫d4x ⟨x∣ e−(−◻A+m2)T ∣x⟩ . (4.60)

Now with a few replacements the diagonal elements can be turned into path inte-
grals by comparing to (2.22). In particular

⟨x∣ e−i ĤT ∣x⟩→ ⟨x∣ e−(−◻A+m
2)T ∣x⟩ (4.61)

when we perform the replacements

iT → T , it → τ, Ĥ →
(p̂µ + qAE

µ)2

2m̃
+m2 , m̃ = 1

2
(4.62)

The Hamiltonian corresponds to a charged particle of mass m̃ moving in an elec-
tromagnetic field Aµ with an additional potential energy of m2. The correspond-
ing classical Lagrangian is

L = 1
2
m̃ (

dxµ
dt
)
2

− q
dxµ
dt

AE
µ −m2 = − 1

4
(
dxµ
dτ
)
2

− iq
dxµ
dτ

AE
µ −m2 , (4.63)

so we arrive at the path integral representation

⟨x∣ e−(−◻A+m
2)T ∣x⟩ = ∫

x(T)=x(0)=x

Dx(τ) exp(− ∫
T

0
dτ ( ẋ

2

4
+ iqẋ ⋅ AE +m2)) . (4.64)

We can resubstitute this expression into the effective action now,

ΓE = −
∞

∫
0

dT
T ∫d4x ∫

x(T)=x(0)=x

Dx(τ) exp(− ∫
T

0
dτ ( ẋ

2

4
+ iqẋ ⋅ AE +m2)) . (4.65)

We now rescale T → T
2 , τ →

τ
2 for reasons of convention, combine

∫d4x ∫
x(T)=x(0)=x

Dx(τ) = ∫
x(T)=x(0)

Dx(τ) , (4.66)

and drop all superscripts of E to arrive at the worldline path integral representa-
tion of the Euclidean effective action in scalar QED,

Γ = −
∞

∫
0

dT
T
e−

m2
2 T ∫
x(T)=x(0)

Dx(τ) e
−

T
∫
0
dτ ( ẋ

2
2 +iqẋ ⋅A(x)) . (4.67)

The step from scalar to full spinor QED needs some technical details in the
derivation, but surprisingly the end result differs very little from (4.67). First of
all, we want to express the vacuum persistence amplitude as a path integral over
fields. Since the spinor fields are supposed to anticommute, we need some way to
encode this in the path integral formulation that knows nothing of operator or-
dering. The solution is to represent ψ and ψ† as Graßmann number-valued fields.
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These type of numbers were first introduced by Hermann Graßmann in [Gra44] [Gra44] Graßmann. Otto Wigand
(1844)in a geometric context, with the basic property that for θ, η Graßmann numbers,

θη = −ηθ . (4.68)

This has some immediate consequences. First of all

θθ = −θθ = 0, (4.69)

so any general function of θ that can be expressed as a Taylor series has the simple
form

f (θ) = a + bθ , (4.70)

for real or complex a and b, as any higher order terms vanish identically.
The concept of integration over Graßmann numbers was formalized by Felix

Berezin [Ber66], by demanding just a few properties.41 We only consider definite [Ber66] Berezin. Academic Press
(1966)
41 He went on to generalize this
to spaces with elements having
both regular commuting and an-
ticommuting components, known
today as superspaces that form
the basis for supersymmetry.

integrals over the whole space, and these should be

• linear, i.e.

∫dθ (a f (θ) + bg(θ)) = a ∫dθ f (θ) + b ∫dθ g(θ) (4.71)

• translation invariant

∫dθ f (θ + θ0) = ∫dθ f (θ) (4.72)

• and not depend on the integration variable anymore.

A moment of experimentation shows that the only way to satisfy these properties
is the definition

∫dθ f (θ) = ∫dθ (a + bθ) ..= b, (4.73)

up to a global normalization factor, conventionally chosen to be one. In particular
this means that

∫dθ θ = 1, ∫dθ = 0. (4.74)

For multiple integrals there is an ambiguity in the order they are evaluated, we
decide to perform the innermost integral first, that is

∫dη ∫dθ θη = +1. (4.75)

We can now calculate the Berezin analog of the complex Gaußian integral. Let
θ = (θ0 + iθ1)/

√
2 and θ∗ = (θ0 − iθ1)/

√
2 be the independent degrees of

freedom, then

∫dθ∗ ∫dθ e−θ∗aθ = ∫dθ∗ ∫dθ (1 − θ∗aθ) (4.76)

= ∫dθ∗ ∫dθ (1 + aθθ∗) = a. (4.77)

and in the n-dimensional case

∫dNθ∗ ∫dNθ exp(−θ∗i A i jθ j) = detA, (4.78)
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with the determinant in the numerator instead of the denominator as for the reg-
ular Gaußian. This can then again be generalized to functional integrals and oper-
ators, so we can formally evaluate the fermionic path integral for spinor QED,

e iΓ = ∫∫Dψ†Dψ exp(i ∫d4x ψ ⋅ (iγµDµ −m1l) ⋅ ψ)) (4.79)

∼ Det(iγµDµ −m1l). (4.80)

Using properties of the determinant and the gamma matrices this can be manipu-
lated into a form that more closely resembles the expression obtained in the scalar
case,

logDet(iγµDµ −m1l) = 1
2
logDet ((γµDµ)2 +m21l)

= 1
2
logDet((DµDµ +m2)1l + q

2
σ µνFµν) ,

(4.81)

with
σ µν =

1
2
[γµ , γν] . (4.82)

Unfortunately, it is not as easy as in the scalar case to turn this into a worldline
path integral by analogy. Instead, after writing the logarithm using the T-integral
and continuation to imaginary times,

ΓSpin = 1
2

∞

∫
0

dT
T

Tr exp(−T((− ◻A +m2)1l + iq
2
σ µνFµν))

= 1
2

∞

∫
0

dT
T ∫d4x tr ⟨x∣ exp(−T((− ◻A +m2)1l + iq

2
σ µνFµν)) ∣x⟩ ,

(4.83)

we have to retrace the steps in the derivation of the path integral in Section 2.2.
This works essentially the same way as before, only that the terms containing σ µν
do not commute, so when we perform the N → ∞ limit the slices have to retain
their order.

We finally arrive at

ΓSpin =
∞

∫
0

dT
T
e−

m2
2 T ∫
x(T)=x(0)

Dx(τ) Φ[x]e
−

T
∫
0
dτ ( ẋ

2
2 +iqẋ ⋅A(x)) , (4.84)

which differs from (4.67) in a global sign and the inclusion of the spin factor4242 The factor of 1
2 is not usually

included in the spin factor, we do
so for notational convenience.

Φ[x] = 1
2
trP exp

⎛
⎜
⎝
i
4
q

T

∫
0

dτ σ µνFµν(x(τ))
⎞
⎟
⎠
. (4.85)

The trace is with regard to the spinor indices in σ µν , the symbol P denotes the
path ordered exponential. It is to be understood like the time ordered solution of
the matrix differential equation

Ȧ =M(t) ⋅A ↷ A(t) = T exp
⎛
⎝

t

∫
0

dt′ M(t′)
⎞
⎠
, (4.86)



4.3. Saddle point approximation 47

in this case now ordered along the path x(τ). This expression was already given
by Feynman in [Fey51]. A more modern way to represent this spin factor is using [Fey51] Feynman. Phys. Rev.

(1951)additional Graßmann-valued integrals, derived in [Sch01] for example.
[Sch01] Schubert. Phys. Rep.
(2001)

4.3. Saddle point approximation

We [A] = L-1, xi = x i

(see page 13).
can perform both the T-integral and the path integral in (4.84) using Laplace’s

method. We want the approximation to be valid for fields below the critical field
strength Ecrit = m2/q, so the large parameter in Laplace’s method is m2/qE, where
E is the peak value of the electric field in consideration. Let us thus first express
all quantities as dimensionless ratios. We choose43 43 We could have used powers

of the electron mass alone, how-
ever the incorporation of the
electric field will prove useful in
the following.

x̃µ = xµ
qE
m

, F̃µν = Fµν
1
E
, Ãµ =

qE
m

1
E
Aµ , (4.87)

and rescale the integration variables as44 44 Note that the proper time
parameter T does not actually
have the dimension of time.T̃ = qET , u = 1

T
τ = qE

T̃
τ, ↷ ∂

∂u
= T̃
qE

∂
∂τ

. (4.88)

Inserting these definitions into (4.84) and rearranging the order of integration we
arrive at45 45 Note that there is a subtlety in

the change in the path integra-
tion measure. We will come back
to this in Section 4.4.Γ = ∫

x̃(1)=x̃(0)

Dx̃ (u)
∞

∫
0

dT̃
T̃

Φ[x̃]e
− m2

qE (
T̃
2 +

1
∫
0
du( 1

T̃
˙̃x2
2 +i ˙̃x ⋅Ã(x̃))) . (4.89)

with
Φ[x̃] = 1

2
trPe

T̃
4 ∫ 1

0 du σ µν i F̃µν(x) (4.90)

For a given path, the T̃-integration in equation (4.89) now has the form46 46 Note that that the spin factor
is part of g since it does not
include the large parameter in
the exponent.I ..=

∞

∫
0

dT̃ g(T̃)e−
m2
qE f (T̃) , (4.91)

with f and g dimensionless, smooth functions of T̃ .
Let us proceed to find the minimum T̃0 of f ,

0 != d f
dT̃
∣
T̃=T̃0
= 1
2
− 1
2T̃2

0

1

∫
0

du ˙̃x2

↷ T̃0 =
√

∫
1

0
du ˙̃x2 =.. a[x̃],

(4.92)

and the second derivative at the minimum

f ′′(T̃0) =
1
T̃3
0

1

∫
0

du ˙̃x2 = 1
a[x̃]

> 0, (4.93)

Collecting the pieces, we find

I ≈ g(T̃0)
¿
ÁÁÀ 2π

m2

qE f
′′(T̃0)

e−
m2
qE f (T̃0) =

√
2π
a[x̃]

qE
m2Φ[x̃]e

− m2
qE A[x̃] , (4.94)
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with the non-local (due to a[x̃]) action

A[x̃] = a[x̃] +
1

∫
0

du ˙̃x ⋅ iÃ(x̃), (4.95)

and the spin factor

Φ[x̃] = 1
2
trP exp( a[x̃]

4 ∫
1

0
du σ µν iF̃µν(x̃)) . (4.96)

The remaining path integral is thus

Γ ≈ ∫
x̃(1)=x̃(0)

Dx̃ (τ)
√

2π
a[x̃]

qE
m2Φ[x̃]e

− m2
qE A[x̃] . (4.97)

We can again apply Laplace’s method now, which in this case means finding
the periodic path x̃(u) that minimizes the functional A[x̃]47. Demanding the47 Again, we do not consider

the exponent of the spin factor
to be part of this action, as it
is slowly varying (it does not
include the large parameter).

variational derivative of A[x̃] to vanish yields the instanton equations of motion

¨̃xµ(u)
a[x̃]

= iF̃µν(x̃(u)) ˙̃xν(u). (4.98)

Since a[x̃] depends on the integral over x̃µ , this is an integro-differential equa-
tion. We do, however, immediately learn a property of the solutions x̃µ(u) by
contracting (4.98) with ˙̃xµ :

ẋµ ẍµ
a[x̃]

= 1
a[x̃]

1
2
d
du

˙̃x2 = i ˙̃xµ F̃µν ˙̃xν = 0, (4.99)

where the last equality follows because F̃µν is an antisymmetric tensor. This im-
plies that

˙̃x2 = const. =.. a, (4.100)

simplifying the instanton equations of motion to4848 The parameter a still has to
be chosen to fulfill the peri-
odicity constraint, but it does
not depend on the trajectory
in a non-local way anymore.

¨̃xµ(u) = iaF̃µν(x̃(u)) ˙̃xν(u). (4.101)

A solution to these equations of motion with the periodicity constraint x̃µ(1) =
x̃µ(0) is called a worldline instanton and usually denoted with the superscript
cl, for classical trajectory. Evaluating the action A[x̃clµ ] on this solution gives the
exponent of the effective action in units of m2/qE, and thus the leading contribu-
tion to the pair production probability.

Although (4.101) looks rather simple, remember that F̃µν may in general, for
spacetime dependent fields, depend on x̃µ in an arbitrarily complex way, turn-
ing the equations of motion into a system of coupled, nonlinear boundary value
problems. While they can be solved analytically in a few special cases,49 in general49 See Chapter 6.

we have to resort to numerical methods, outlined in Chapter 5.
Having found an instanton, that is, a critical point of the exponent, we have

to evaluate the fluctuation prefactor. There are some subtleties involved in this
and we will postpone its discussion for the continuous path integral, looking at a
discretized version first.
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4.4. Discretized worldline instantons [STS19]

Equation (2.23) tells us how to discretize the path integral in (4.97). The normal-
ization constant depends on the parametrization of the paths, specifically the time
period between the first and last points, so to read off the prefactor we need to re-
instate the original path integration measure, with the dimensionful coordinates
xµ [A] = L-1, xi = x i

(see page 13).
parametrized by 0 < τ < T .
We do have to slightly modify the normalization in (2.23). First of all the pe-

riod T does not have the dimension of time, but mT does. Furthermore we have
to analytically continue to Euclidean time, that is iT → T . We thus arrive at the
discretized version of the worldline path integral (the square brackets now denot-
ing dependence on all N points along the trajectory),

Γ ≈ (
N−1
∏
k=0

∫ddxk ( N
2πT0

)
d/2
)
¿
ÁÁÀ 2π

a[x̃ lµ]
qE
m2Φ[x̃

l
µ]e
− m2

qE A[x̃
l
µ]

= (
N−1
∏
k=0

∫dd x̃k )(m
2

qE
N

2πa[x̃ lµ]
)
Nd/2¿ÁÁÀ 2π

a[x̃ lµ]
qE
m2Φ[x̃

l
µ]e
− m2

qE A[x̃
l
µ] . (4.102)

Note that we have now expressed everything in terms of dimensionless variables.
We will from now on only consider these, so we will drop the tilde. [A] = 1 (see page 13).To explicitly
refer to the original, dimensionful quantities we will add a superscript dim.

We obtain discrete expressions for a, Φ and A by approximating derivatives by
forward differences and integrals by Riemann sums, which is valid for large N .
More precisely, we need to undo the steps that lead to the continuous path inte-
gral (2.22), or rather keep the result with finite N without performing the sym-
bolic limit. This distinction is important in the case of the term containing Aµ , we
obtain

a[x lµ] ..=

¿
ÁÁÀN

N−1
∑
k=0
(xk+1ν − xkν )2 (4.103)

A[x lµ] ..= a[x lµ] +
N−1
∑
k=0

⎛
⎝
Aν(xk+1µ ) + Aν(xkµ)

2
⎞
⎠
(xk+1ν − xkν ). (4.104)

Other discretizations for the gauge term would lead to the same classical con-
tinuum limit, for example simply taking the potential at one point Aν(xkµ). This
is not what we get from the derivation however, and can even be shown to give
wrong results, see [RF95; Gav+04]. [RF95] Rabello and Farina. Phys.

Rev. A (1995)

[Gav+04] Gaveau, Mihóková,
Roncadelli, and Schulman. Am. J.
Phys. (2004)

Special care has to be taken to implement path ordering for Φ as well; we can
not just perform the Riemann sum and then exponentiate. Instead, we use the
product representation of the exponential function (again, valid for large N)
which is automatically path ordered

Φ[x lλ] ..= 1
2
tr [

N−1
∏
k=0
(1l +

a[x lλ]
4N

σ µν iFµν(xkλ))] . (4.105)

At this point we have to perform the N × d-dimensional integral over all points
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on the trajectory. Using Laplace’s method for the multivariate case (2.46), we get

Γ ≈
√

2π
acl

qE
m2 (

m2

qE
N

2πacl
)
Nd/2¿ÁÁÁÀ

(2π)Nd

(m2

qE )
Nd

detH[xcl, lµ ]
Φ[xcl, lµ ]e

− m2
qE A[x

cl, l
µ ]

=
√

2π
acl

qE
m2 (

N
acl
)
Nd/2 Φ[xcl, lµ ]√

detH[xcl, lµ ]
e−

m2
qE A[x

cl, l
µ ] , (4.106)

where the collection of points xcl, lµ , a discretized instanton, is the solution to the
discrete equations of motion, which are just the condition of an extremal point of
the N × d-dimensional function A,

∂
∂x lµ

A[x lµ]∣
x lµ=x

cl, l
µ

= 0. (4.107)

The Hessian H is comprised of all second derivatives of the action A and acl ..=
a[xcl, lµ ].

The biggest complication arising in this scheme is that of zero modes. Since
only the periodicity of the trajectory is fixed, an overall shift of the proper time
parameter u does not change anything. In the discretized version this means
moving the points (which are labeled by the index l corresponding to u = l/N)
along the trajectory. We can fix this using the Faddeev-Popov method from Sec-
tion 2.6. The parameter of the symmetry is the amount of reparametrization ∆u,
the volume V∆u = 1, the eigenvector the classical velocity ẋcl, lµ . Taking a step back
to the continuous situation we can choose5050 The dot product re-

placed by integration.

χu[xµ](∆u) =
2
(acl)2 ∫

1

0
du ẋclν (u)xν(u + ∆u). (4.108)

This gives w = 2 and the prefactors are chosen so that

1
w
∣χu[xµ]′(0)∣ =

1
2

2
(acl)2 ∫

1

0
du ẋclν (u)ẋν(u)

x=x cl= 1, (4.109)

at the saddle point. This means we only have to introduce πχ2u in the exponent
of (4.106) and a prefactor of

√
m2/qE (corresponding to

√
M) as in (2.62). Dis-

cretized, χu reads

χu[x lµ] =
2
(acl)2

N−1
∑
k=0

ẋcl,kν xkν . (4.110)

If the electromagnetic field does not depend on time or a spatial coordinate
additional zero modes arise. These are in principle easier to deal with, we can
immediately replace integrations in the corresponding directions with volume
factors representing the spatial volume or time period under consideration. In
practice however, selectively suppressing some of the integrations automatically is
more complicated than just adding additional terms πχ2xν .

The zero eigenvalue in a field not depending on coordinate xν is just the vector
in the µ-direction at every point of the trajectory, so

χxν [x lµ] =
1
N

N−1
∑
k=0

xkν . (4.111)
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Each coordinate held fixed gives again a factor of
√
m2/qE and a volume factor

Lµ . Note however that this volume factor is given in terms of the dimensionless
coordinates that include the electric field, so in terms of dimensionful scales Ldimµ
we have

Lµ

¿
ÁÁÀm2

qE
= Ldimµ

√
qE (4.112)

per invariant direction, consistent with the (qE)2-dependence in the case of a
constant homogeneous field.

In summary, the computational strategy is now to find a solution to (4.107) for
a given background field and evaluate the fluctuation prefactor as well as the spin
factor (if desired). The Euclidean effective action can then be assembled as

Γ = VN0(qE)N0/2
√

2π
acl
( N
acl
)
Nd/2 Φ[xcl, lµ ]√

detH[xcl, lµ ]
e−

m2
qE A[x

cl, l
µ ] , (4.113)

where N0 is the number of translational zero modes. How to implement this
scheme in practice will be discussed in Chapter 5.

4.5. Prefactor in the continuous case

To calculate the prefactor in the functional setting without resorting to discretiza-
tion we need to take a few steps back again. The formalism to compute the nec-
essary determinants using the Gel’fand-Yaglom formula is not applicable to non-
local operators, so we can not use it for the path integral after having performed
the T-integral before. Instead we write down the full expression again, with all
quantities replaced by their dimensionless versions. We also keep the initial point
fixed, which avoids zero modes in the path integral. [A] = 1, xi = x i

(see page 13).

Γ =
∞

∫
0

dT
T
e−

m2
qE

T
2 ∫d4x0 ∫

x(1)=x(0)=x0
Dx(u) Φ[x]e−

m2
qE S (4.114)

with the action51 51 We use the different symbol S
instead of A here, as A includes
the saddle point value of T/2
which is kept apart here.S =

1

∫
0

du L =
1

∫
0

du ( ẋ
2

2T
+ iẋ ⋅ A(x)) . (4.115)

The Euler-Lagrange equations look similar to before,

ẍµ(u) = TiFµν(x(u))ẋν(u), (4.116)

only that T is a free integration parameter now, instead of the saddle point value
T = a[x].

Let us assume we have found a solution of the equations of motion that we
call xcl (for classical). We then need the second variation, by expanding x(u) =
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xcl(u) + η(u) (but drop the cl for brevity):

δ2S =
1

∫
0

du
⎛
⎝

∂2L
∂ẋµ∂ẋν

η̇µ η̇ν +
∂2L

∂xµ∂ẋν
ηµ η̇ν

+ ∂2L
∂ẋµ∂xν

η̇µην +
∂2L

∂xµ∂xν
ηµην
⎞
⎠

=
1

∫
0

du ηµ (−
∂2L

∂ẋµ∂ẋν
∂2

∂u2
+ ∂2L
∂xµ∂ẋν

∂
∂u
− ∂
∂u

∂2L
∂ẋµ∂xν

+ ∂2L
∂xµ∂xν

) ην

=
1

∫
0

du ηµΛµνην

(4.117)

Where we have performed integration by parts on the first and third term (the
boundary terms do not contribute, as the variations η vanish at 0 and 1), and de-
fined

Λµν = −
δµν
T

∂2

∂u2
+ Qµν

∂
∂u
− ∂
∂u

Qνµ + Rµν (4.118)

with

Qµν =
∂2L

∂xµ∂ẋν
= i ∂Aν

∂xµ
and Rµν =

∂2L
∂xµ∂xν

= i ∂2A
∂xµ∂xν

⋅ ẋ . (4.119)

As described before, the path integral over the fluctuations is Gaußian, so it is
given by the determinant of Λµν . Since by itself it is divergent, we have to instead
consider a ratio, in particular relate it to some quantity we know. Fortunately, we
can evaluate the path integral in the free (Aµ = 0) case by using the correctly
normalized, discrete formulation (2.23) (for one dimension):

IFree = ∫
x(1)=x(0)

Dx exp
⎛
⎜
⎝
−m

2

qE

1

∫
0

du
ẋ2

2T

⎞
⎟
⎠

=
⎛
⎜
⎝

N−1
∏
k=0

∫dxk
¿
ÁÁÀm2

qE
N
2πT

⎞
⎟
⎠
exp(−m

2

qE
N
2T

N−1
∑
k=0
(xk+1 − xk)2)

=.. N ∫dx0 . . . dxN−1 exp(−ξ
N−1
∑
k=0
(xk+1 − xk)2) ,

(4.120)

with xN ≡ x0. There is a neat trick to evaluate this integral52. We introduce an52 Torgrimsson, per-
sonal communication. additional integral over xN but keep xN = x0 using a Dirac delta that we represent
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using an oscillatory integral,

IFree =N ∫dx0 . . . dxN−1 exp(−ξ
N−1
∑
k=0
(xk+1 − xk)2)

=N ∫ dζ
2π ∫dx0 . . . dxN e i ζ(x0−xN) exp(−ξ

N−1
∑
k=0
(xk+1 − xk)2) .

(4.121)

Now we shift the integrations one by one, e.g. y0 = x0 − x1,

IFree =N ∫ dζ
2π ∫dy0 dx1 . . . dxN
× exp(iζ(y0 + x1 − xN) − ξy20 − ξ

N−1
∑
k=1
(xk+1 − xk)2)

=N ∫ dζ
2π ∫dx1 . . . dxN

√
π
ξ

× exp(− ζ
2

4ξ
+ iζ(x1 − xN) − ξ

N−1
∑
k=1
(xk+1 − xk)2)

=N ∫ dζ
2π ∫dxN (πξ )

N
2

exp(−N ζ2

4ξ
)

= ∫dxN 1
2π

√
π4ξ
N
(π
ξ
)

N
2

= V

¿
ÁÁÀm2

qE
1

2πT
.

(4.122)

For the known, free part of the fluctuation prefactor we get this factor for each
spatial dimension (without the volume factor V because we keep the loop’s start-
ing point fixed),

Pref. = (IFree)4
¿
ÁÁÀDet(ΛFree

µν )
Det(Λµν)

= (m
2/qE
2πT

)
2
¿
ÁÁÀDet(ΛFree

µν )
Det(Λµν)

(4.123)

We can now tackle the ratio of determinants using the Gel’fand-Yaglom method
from section 2.8:

Det(ΛFree
µν )

Det(Λµν)
=
det(η(ν),Freeµ (1))
det(η(ν)µ (1))

, (4.124)

with
Λµνην(u) = 0, η(ν)µ (0) = 0, η̇(ν)µ (0) = δµν . (4.125)

The free case is very simple, it is just

0 = ΛFree
µν ην(u) = −

1
T
η̈µ (4.126)

So the solutions satisfying the initial conditions are

η(ν),Freeµ = δµνu, (4.127)

and thus
det(η(ν),Freeµ (1)) = 1. (4.128)
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Assembling the parts we arrive at

Γ ≈ ∫d4x0 ∫ dT
T
e−

m2
qE

T
2 (m

2/qE
2πT

)
2 Φ[x]e−

m2
qE S(T)

√
det(η(ν)µ (1))

. (4.129)

The big complication is now that the action S depends on T not only explic-
itly, but also via the instanton. This means we can not, in general, just perform
Laplace’s method as before. The saddle point value for the T-integral actually
does come out as a again, the fluctuation around this value depends non-trivially
on the instanton though. We will thus postpone any actual evaluation until Chap-
ter 6.2 where we will calculate (4.129) for background fields depending on one
coordinate only.
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5 Numerical instanton finding

This chapter introduces the methods used to numerically solve the instanton
equations of motion, as well as continuation algorithms to trace solution sets
with regard to a physical parameter.

5.1. Shooting method

On [A] = 1, xi = x i

(see page 13).
first sight, numerically finding worldline instantons for a given electromag-

netic field appears simple enough, after all we only have to deal with a system of
ordinary differential equations:

ẍµ(u) = iaFµν ẋν(u). (5.1)

Of course, given some initial conditions, we can easily integrate (5.1) using stan-
dard numerical methods. This is, however, not what we want, as we need solu-
tions that satisfy the periodic boundary conditions xµ(1) = xµ(0) and we do not
know in advance which initial conditions lead to periodic solutions. Boundary
value problems like this are in general much harder to study and fewer general
purpose algorithms exist.53 53 They are also more compli-

cated from an analytic point of
view. For initial value problems
the Peano theorem proves ex-
istence, and the Picard-Lindelöf
theorem even guarantees unique-
ness of solutions under some
mild assumptions. For boundary
value problems there are only
results for specific differential
equations that are, e.g., linear or
have strictly positive right hand
sides.

The method presented here is the shooting method, which is very simple con-
ceptually, but works reasonably well for simple problems. Let us for now consider
a general system of N first order differential equations with periodic boundary
conditions

ẏ(t) = f (y i(t), t), y(1) = y(0). (5.2)

To find a periodic solution, we just start with some initial conditions y i(0) = y0i ,
“shoot” a trajectory (numerically integrate (5.2) from t = 0 to t = 1) and check
if the solution y(t) is periodic. If it is, all is well and we are done. If it is not, we
have to improve our aim, by adjusting the initial conditions y0i . We could, in prin-
ciple, do so by hand, however a better strategy is to use a nonlinear root finding
algorithm.

Introducing the function

r(y0i ) = y(1) − y0 , (5.3)

where y(1) is obtained by numerically solving 5.2, finding a periodic solution
is reduced to finding an N-dimensional zero of the N-dimensional function r.
This is a well understood problem and many algorithms exist to solve it, mostly
variants of the Newton-Raphson scheme, which iteratively adjusts a trial point
using the inverse of the Jacobian Jr .
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In many cases, the entries of Jr are expensive to compute or no partial deriva-
tives are accessible at all, in which case it has to be approximated (e.g. using finite
difference schemes). There are, however, methods of integrating ordinary differ-
ential equations that do provide us with these derivatives of the solution with re-
gard to the initial values. In Mathematica the function ParametricNDSolve[]
can compute these derivatives using sensitivity methods, while the software pack-
age Tides [Aba+12], which uses the Taylor series method, can efficiently compute[Aba+12] Abad, Barrio,

Blesa, and Rodríguez. ACM
Trans. Math. Softw. (2012)

partial derivatives of the solution with regard to initial conditions and parameters
using automatic differentiation.

Taking J y(1)i j = ∂y i(1)
∂y0j

from one of these methods, we can assemble the Jacobian
needed for root finding:

Jr(y0i ) = Jy(1)(y0i ) − 1l. (5.4)

In our case, the instanton equations of motion are a system of four second or-
der differential equations, so we need eight initial conditions. Instead of specify-
ing the initial velocity’s four components, we usually use a = ∣ẋµ(0)∣ and three
angles.x3

x4

Figure 5.1.: Shooting method
for a spatial Sauter profile.
The purple trajectory is the
instanton, the blue trajec-
tory has x3(0) chosen 10%

too small, while it is 10% too
large for the red trajectory.

In many cases the symmetry of the instanton can be predicted from the field
or by playing around with the initial conditions by hand. This reduces the num-
ber of parameters that need to be adjusted by the shooting method, and keeping
one component of the initial point static fixes the reparametrization invariance.
For a linearly polarized field, depending on one coordinate/time only, with time
reversal/reflection symmetry (for example a Sauter- or Gaußian pulse or a sinu-
soidal profile), we only need to vary a and one initial position component, see
Figure 5.1.

5.2. Discrete instanton finding [STS19]

There is a second approach to find worldline instantons numerically. Instead of
deriving the continuous instanton equations and solving them algorithmically, we
can use the discretized path integral, that is, solve the nonlinear algebraic equa-
tions in N × d unknowns (4.107), where d = 4 in general and N is the number of
points in the discretization. This can then again be solved using a standard root
finding algorithm.

At first it might seem strange to trade the root finding problem of at most eight
unknowns for the shooting method against one for several hundred or even thou-
sands of unknowns. The crucial problem of the shooting method is that the point
xµ(1) depends on the initial conditions very sensitively, to the point that the
smallest possible change54 produces a jump in the end position so large that it54 Due to the finite precision

of floating point arithmetic. is not possible to close the trajectory. This amounts to the target function r(y i)
effectively jumping over zero in a discontinuous way, making locating the root
impossible.

In contrast, by moving all points simultaneously the root function, albeit high-
dimensional, varies far more smoothly. Especially in combination with the con-
tinuation methods introduced in the next subsection this makes for a robust nu-
merical scheme. Some details have to be taken care of however. In this approach
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the velocity a can be solved for immediately,

a[x lµ] =

¿
ÁÁÀN

N−1
∑
k=0
(xk+1ν − xkν )2 , (5.5)

which can be substituted into the other equations. This however means that every
coordinate x lµ couples to every other. This leads to a densely populated Jacobian,
depicted in Figure 5.2. We do know that at the root, i.e. the solution of the instan-
ton equations, a is constant. We can thus replace the integral over the velocity
in (5.5) with the instantaneous value

ak[x lµ] =
√
N2(xk+1ν − xkν )2 , (5.6)

Figure 5.2.: Jacobian of the root
function in a simple field with a
replaced by (5.5), showing how
all variables couple. Blue entries
are negative, red entries are
positive – the main point being
that all entries are nonzero in
general.

Figure 5.3.: Jacobian of the root
function with a replaced by
the local velocity (5.6), giving
a sparse banded structure, zero
entries displayed in white.

Now all components couple to a few nearest neighbors only, giving the sparse
structure of the Jacobian seen in Figure 5.3. While it is possible to compute the
entries analytically, it is most performant in the Mathematica implementation
to instruct the root finding algorithm to approximate the Jacobian by finite dif-
ferences, but at the same time passing the locations of nonzero entries using the
SparsityPattern option.

We still need to take care of zero modes. The most elegant way to keep a trans-
lational zero mode fixed would be hold the average of this direction constant
(which is precisely what happens by adding χxν from (4.111) to the action), but
this would again couple all points. Instead we just keep the respective coordinate
of the first point fixed, by replacing the right hand side of the respective equation
by a constant (usually zero)55.

55 Of course it is trivial after
finding a solution to center the
instanton by removing the aver-
age in the invariant direction, for
example for visualization.

5.3. Numerical continuation [STS19]

The strategies outlined in the last two subsections both have one practical flaw –
Newton-like algorithms are highly dependent on finding a good initial guess for
the root. This is especially true for our r(y0i ), since nonlinear differential equa-
tions tend to depend on initial conditions very sensitively. If we try to choose
good starting guesses by hand, we are not much better off than trying to find the
periodic solutions directly.

Also in most of our further studies we are not only interested in a single world-
line instanton, but in a whole family of solutions, depending on one or more pa-
rameters.56 We can actually use this to our benefit, by means of Numerical con-

56 For example the Keldysh
parameter for time dependent
fields.

tinuation methods [AG03]. The basic idea of continuation is to take a system of

[AG03] Allgower and Georg.
Society for Industrial and Applied
Mathematics (2003)

equations we can easily solve and slowly deform it into the systems we are inter-
ested in.57

57 Continuation is also called
homotopy method, due to this
homotopy deformation.

Let us, for definiteness, say our system of equations above depends on a param-
eter λ, so

ẏ(t) = f (λ, y i(t), t), r(λ, y0i ) = yλ(1) − y
0 . (5.7)

Now, the function r from (5.7) is an N-dimensional function of N + 1 variables,
so the condition r = 0 fixes a one-dimensional manifold in the space {λ, y0}. The
continuation algorithm then consists of starting at a known point of this manifold
and somehow stepping along it.
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Assume we know that for λ = λn , the vector y0n is a solution. We can then use
a predictor-corrector scheme to find the next point on the solution manifold. The
predictor step provides a guess for the next solution y0∗n+1 for λn+1 and the correc-
tor step uses these as starting point for the root finding procedure to determine
y0n+1.λ

y0

λn λn+1 λn+2

y0n
y0n+1
y0n+2

∆λ

∆λ

Figure 5.4.: Predictor (red)
and corrector (green) steps
in natural parameter con-

tinuation. The blue line de-
picts the true solution curve.

The easiest, trivial to implement variant of predictor leads to the natural pa-
rameter continuation method. We simply set λn+1 = λn + ∆λ and y0∗n+1 = y0n ,
for some fixed value of ∆λ. As long as the change in initial conditions needed to
maintain periodic solutions is fairly smooth and ∆λ is chosen small enough, the
following corrector step is able to “pull” the predicted values back onto the solu-
tion manifold. This procedure is qualitatively shown in Figure 5.4. The predictor
step of natural parameter continuation could be called “zeroth order,” because it
does not actually predict anything. Of course, the admissible value of ∆λ strongly
varies with the dependence of y0 on λ (the slope in Figure 5.4). This means, a
fixed choice of ∆λ will likely either be too large in some regions, leading to de-
viations the corrector step cannot accommodate, or too small in other regions,
wasting computing power. We could just ignore the latter problem and trade off
some efficiency for the simplicity of the algorithm, but there are cases where natu-
ral parameter continuation fails completely.

We have implicitly assumed that it is possible to parametrize the solution man-
ifold as y0(λ), which may not actually be true everywhere. We could have values
of λ where the slope grows infinite, or there could be turning points in λ, so that
y0(λ) is not single valued anymore.

This motivates a different kind of parametrization of the solution curve, which
leads to pseudo-arclength continuation. Let us introduce the N + 1-dimensional
parametrization

c(u) = (y
0(u)
λ(u) ) . (5.8)

Now we can take the total derivative of the periodicity condition:

0 = d
du
r(y0i (u), λ) =

d
du
r(c(u)) = Jr(c(u)) ⋅ ċ(u), (5.9)

where the dot denotes differentiation with regard to u. Note that the Jacobian Jr is
now an N × (N + 1)matrix, containing the λ-derivatives as well. Equation (5.9) is
intuitively clear, if c(u) is a zero of r then the solution curve flows orthogonal to
the change of r, because we want it to remain zero.
ċ is not completely determined, though. We only know that ċ is orthogonal

to Jr , so we still have to fix its magnitude and orientation. The nicest choice of
normalization would be parametrization by arclength, so that ∣∣ċ∣∣ = 1. Actually
enforcing this constraint in the numerical scheme is difficult, but we can at least
do the predictor step using a fixed arclength. The corrector step that follows will
then change this length (which is why it is called pseudo-arclength), but not sub-
stantially. We first define the (N + 1) × (N + 1) augmented Jacobian

J̃r = (J
r

ċ⊺
) , (5.10)

so that both the orthogonality and the arclength condition are encoded in the
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equation

J̃r ⋅ ċ = (0
1
) . (5.11)

This equation is quadratic in ċ, so we get two solutions ċ± (corresponding to the
two possible orientations). We can finally fix the direction by demanding

det J̃r > 0. (5.12)
λ

y0

λn λn+1 λn+2

y0n
y0n+1
y0n+2

∆u

∆u

Figure 5.5.: Predictor (red)
and corrector (green) steps in
pseudo-arclength continuation.
The blue line depicts the true
solution curve.

We can now summarize the pseudo-arclength algorithm. We start with an ap-
proximately known zero c∗n . The corrector step provides us with cn and Jr(cn).
We then solve (5.11) for ċ±n , and choose the ċn that gives det J̃r > 0. We can finally
do our prediction step c∗n+1 = cn + ∆u ċn . A variant of this approach was intro-
duced in 1953 by Davidenko to solve a variety of problems starting with [Dav53],

[Dav53] Davidenko. Dokl. Akad.
Nauk SSSR (1953)

because of this we also use Davidenko continuation synonymously with pseudo-
arclength continuation.

Compared to natural parameter continuation the pseudo-arclength method
has several advantages. First of all, it is applicable to solution sets that can not
be parametrized by the physical parameter, that is, solutions that have a turn-
ing point in λ or diverge in some direction, by tracing some curve in N + 1-
dimensional space. There are dynamical systems with such properties, however
they will not appear in our context. The more important property is that pseudo-
arclength continuation provides a much better guess for the subsequent root find-
ing process. Especially in spatially inhomogeneous fields, if the initial configu-
ration is not very close to the solution, root finding quickly wanders off. In these
cases, natural parameter continuation would need prohibitively small steps, while
pseudo-arclength continuation predicts the solution well enough for far larger
steps. Furthermore, it is actually possible to do multiple steps according to (5.11)
before running the root finding procedure again. This way a fine tradeoff between
evaluations of the Jacobian and performance of root finding can be chosen, by
varying the step width ∆u and the number of predictor steps taken before the
next corrector step.

Solving (5.11) requires that the Jacobian is invertible. Fortunately, if we use the
Hessian58

58 We called it the Hessian be-
cause it includes the second
derivatives of the action. In-
terpreting the gradient of the
action as an N-dimensional root
function, the Hessian of the ac-
tion is the Jacobian of the root
function.

including the Faddev-Popov fixing terms from section 4.4, the zero
modes that would cause J̃r not to be invertible are removed already.
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6 Example fields

Having introduced several methods to calculate pair production probabilities, we
will now apply these to some example fields and compare the results.

6.1. Constant electric fields

The scenario that started it all is that of pair creation in a constant, homogeneous,
purely electric field. This case is fairly tractable using multiple methods, so we will
rederive the classic result, at first for scalar QED only, using the different methods
introduced in the first part.

For reference, the real part of the Euclidean effective action of scalar QED,
which is the imaginary part of the Minkowski variant, in a constant electric field
reads

RΓ
V4
= (qE)

2

2(2π)3
∞
∑
n=1

(−1)n+1

n2
exp(−nπm

2

qE
) , (6.1)

with the instantaneous pair production rate given by the first term in the series
and V4 a volume factor (otherwise the pair production rate would be infinite). We
can now reproduce this result using our different methods.

First [A] = L-1, xi = x i

(see page 13).
of all we can start with the derivation of the worldline path integral in

Section 4.2, but instead of expressing the trace as a path integral we directly evalu-
ate the diagonal elements and perform the integral. We pick up from59 59 We perform this derivation, up

to eq. (6.18), using the original
dimensionful variables.

Γ = −
∞

∫
0

dT
T ∫d4x ⟨x∣ e−(−◻A+m2)T ∣x⟩ (6.2)

and proceed like [BI70]. Similarly to the derivation in 4.2 we take the partial [BI70] Brézin and Itzykson. Phys.
Rev. D (1970)derivatives to be the coordinate representation of the momentum operator in

ordinary quantum mechanics, then

◻A = (∂µ + iqAµ)2 = −(
1
i
∂µ
´¸¶
p̂µ

+qAµ)
2
. (6.3)

To represent the constant, homogeneous electric field we choose the Euclidean
four-potential

A3 = ix4E , (6.4)

and expand the operator ◻A,

−◻A = (p̂µ + qAµ(x̂))2 = p̂
2
⊥ + (p̂3 + iqEx̂4)

2 + p̂24 , (6.5)
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where p̂⊥ means the 1- and 2-components of the momentum operator. To evalu-
ate the trace, we introduce decompositions of unity in terms of momentum oper-
ators in front of and behind the exponential. The term with m2 is just a number
so we can take it out of the expectation value. what remains is

⟨x∣ e◻AT ∣x⟩ = ∫d4p ∫d4p′

× ⟨x∣p⟩ ⟨p∣ exp (−(p̂2⊥ + (p̂3 + iqEx̂4)
2 + p̂24)T) ∣p′⟩ ⟨p′∣x⟩ (6.6)

The operator p̂⊥ commutes with the other operators in the exponent so we can
pull it out and have it operate either on ∣p′⟩ to the right or ⟨p∣ on the left, we will
see in a moment that which one does not matter. We can not immediately have
the other operators operate on the states around them though, as x̂4 and p̂4 do
not commute. We can disentangle the exponent a bit using the quantum mechan-
ical translation operator,

f (x̂ + ŷ) = T̂−1( ŷ) f (x̂)T̂( ŷ) ..= exp(i ŷ p̂x) f (x̂) exp(−i ŷ p̂x) (6.7)

in our case with ŷ = p̂3/iqE. For the amplitude we thus get

⟨p∣ exp (−(p̂2⊥ + (p̂3 + iqEx̂4)
2 + p̂24)T) ∣p′⟩

= e−p
2
⊥T ⟨p∣ exp( p̂3

qE
p̂4) exp (−T (−(qE)2 x̂24 + p̂24)) exp(−

p̂3
qE

p̂4) ∣p′⟩

= e−p
2
⊥T exp( p3p4 − p

′
3p′4

qE
) ⟨p∣ exp (−T (−(qE)2 x̂24 + p̂24)) ∣p′⟩

= e−p
2
⊥T exp

p3 p4−p
′
3 p
′
4

qE ⟨p1,2,3∣p′1,2,3⟩ ⟨p4∣ exp (−T (−(qE)2 x̂24 + p̂24)) ∣p′4⟩ ,

(6.8)

where, in the last line, we used that the operator in the exponent acts on the 4-
subspace only. Now we use

⟨p1,2,3∣p′1,2,3⟩ = δ3(p1,2,3 − p′1,2,3) (6.9)

so we can immediately perform three of the p′µ integrations, and

∫d3p′ ⟨x∣p⟩ δ3(p1,2,3 − p′1,2,3) ⟨p′∣x⟩

= ∣⟨x1,2,3∣p1,2,3⟩∣2 ⟨x4∣p4⟩ ⟨p′4∣x4⟩ =
1

(2π)3
1
2π

e ix4(p4−p
′
4) .

(6.10)

Resubstituting this into the expression for the propagator we have

⟨x∣ e◻AT ∣x⟩ = 1
(2π)4 ∫d3p ∫dp4 ∫dp′4

× e−p
2
⊥T e ix4(p4−p

′
4)e i(p4−p

′
4)p3/iqE ⟨p4∣ e−T( p̂

2
4−(qE)

2 x̂24) ∣p′4⟩ . (6.11)
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We can easily perform the p1 and p2 integrals,

∫d2p⊥ e−p2⊥T = πT , (6.12)

and the p3-integral by rotating it into the complex plane as ξ = p3
iqE , so

∫dp3 e i(p4−p′4)p3/iqE = iqE ∫dξ e i ξ(p4−p′4) = iqE 2π δ(p4 − p′4). (6.13)

With this Dirac delta we can now perform the p′4-integral, so we arrive at

⟨x∣ e◻AT ∣x⟩ = iqE
(2π)3

π
T ∫dp4 ⟨p4∣ e−2T(

p̂24
2 −(qE)

2 x̂
2
4
2 ) ∣p4⟩ . (6.14)

The remaining integral and expectation value have exactly the form of the quan-
tum partition function Z of a harmonic oscillator with frequency ω = iqE at
inverse temperature β = 2T , which is easily found by summing over the energy
eigenvalues,

Z = tr (e−βĤ) =
∞
∑
n=0

e−β ω(n+1/2) = e−βω/2
∞
∑
n=0
(e−βω)

n
= e−βω/2

1 − e−βω

= 1
eβω/2 − e−βω/2

= 1
2 sinh(βω/2)

= 1
2i sin(qET)

.

(6.15)

We have now fully evaluated ⟨x∣ e◻AT ∣x⟩, which does not depend on xµ anymore.
The d4x-integration thus gives a volume factor as expected. This is in Euclidean
space though, so to compare to a physical, Minkowskian volume we have to re-
place dx4 = idt again, so that ∫d4x = iV4.

Taking these results back to the expression for the Euclidean effective action we
have

Γ = −
∞

∫
0

dT
T ∫d4x ⟨x∣ e−(−◻A+m2)T ∣x⟩

= −
∞

∫
0

dT
T
iV4

iqE
(2π)3

π
T
e−m

2T 1
2i sin(qET)

= −iV4
(qE)2

2(2π)3

∞

∫
0

ds
s2
e−sπ

m2
qE

1
sin(πs)

(6.16)

using the substitution s = qET/π in the last step. Since we need the real part of
the Euclidean effective action, we are interested in the imaginary part of the s-
integral. We now see why we do not need to explicitly regularize the lower limit of
the integration, the divergence there is purely real. The imaginary contributions
come from the poles of sin−1(πs) on the real axis at s = n ∈ {1, 2, 3, . . . } with
residue (−1)n+1/π. With a suitable choice of iε-prescription, we pick up for each
sn = n the term

iπ Res(. . . )∣s=sn = iπ
1
n2
e−nπ

m2
qE
(−1)n+1

π
(6.17)
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so finally we arrive at the expression noted in the beginning of this section

RΓ = V4
(qE)2

2(2π)3
∞
∑
n=1

(−1)n+1

n2
e−nπ

m2
qE . (6.18)

We will see what changes in the spinor case in Section 6.5.
Obtaining this result, at least the exponential dependence, is much more straight-

forward in the worldline instanton formalism. If we want to calculate the pref-
actor using the Gel’fand-Yaglom method as outlined in Section 4.5, we need to
perform the path integral first with T variable, and then perform the T-integral
afterwards. Unfortunately this does not work in the constant, homogeneous field
case as we will see in a moment.

We[A] = 1 (see page 13). take the same potential as before, A3 = ix4 (in dimensionless units again),
so the only non-zero components of the field tensor are iF34 = −iF43 = 1 and the
instanton equations read

ẍ3 = Tẋ4 ,

ẍ4 = −Tẋ3 ,
(6.19)

for some fixed value of T . Now it is easy to see that these equations of motion are
solved by

x3(u) =
a
T
sin(Tu), x4(u) =

a
T
cos(Tu), (6.20)

where a is again the constant velocity a2 = ẋ2. This solution lacks the freedom to
satisfy the periodicity constraint for different values of T , only the choices Tn =
2πn are admissible. This prevents us from performing the remaining T integral.

So let us start over and solve the instanton equations of motion (4.101) after the
T integration has been performed by Laplace’s method, which are then

ẍ3 = aẋ4 ,

ẍ4 = −aẋ3 ,
(6.21)

and the solutions are

x3(u) = sin(au), x4(u) = cos(au), (6.22)

where the periodicity is satisfied by an = 2πn. This is perfectly fine this time
and every choice is an instanton, because a is a parameter of the solution, not
something that is specified beforehand. We can now obtain the exponent of the
effective action using (4.95),

A = a +
1

∫
0

du ẋ ⋅ iA(x) = 2πn +
1

∫
0

du ẋ3(−x4)

= 2πn − 2πn
1

∫
0

du cos2(2πnu) = πn.

(6.23)
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Figure 6.1.: Accuracy of the
method for a constant, homo-
geneous field. The error of the
prefactor decreases as 1/N (the
first order discretization error),
the error of the action as 1/N2

(because the action has an ex-
tremum at that point).
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Since we have found multiple instantons, the full result is a sum over the individ-
ual contributions,

RΓ =
∞
∑
n=1

Cne−
m2
qE An =

∞
∑
n=1

Cne−nπ
m2
qE . (6.24)

To find the prefactors Cn we would now have to explicitly perform the integrals
over quadratic fluctuations around the instanton in the nonlocal action A. While
this is possible by expanding the fluctuations in Fourier series and then integrat-
ing over the expansion coefficients (as done in [AAM82] for the first term of the [AAM82] Affleck, Alvarez, and

Manton. Nucl. Phys. B (1982)series, for example), it is tedious and not very illuminating. We will instead post-
pone the analytical fluctuation prefactor until next section where we will derive it
for one-dimensional field inhomogeneities.

Although we can easily solve the instanton equations of motion analytically, we
can also employ the discrete instanton approach. Of course, a circular trajectory
as an initial guess works very well, and solutions are found almost instantly. Note
that these are not trivial discretizations of the unit circle, they are slightly larger
for small N . Figure 6.1 shows the deviation of both the exponent and the prefac-
tor from the exact result for the first term of the series.60 As expected, the error 60 The higher order terms can

be obtained by starting with an
initial guess that winds around
the origin n times.

decreases with a larger number of points N , in the case of the prefactor as 1
N . For

the exponent it decreases even faster, because a first order variation in the trajec-
tory, by definition of a classical solution, does not change the action. Even better
accuracy could be obtained by using higher order schemes in the discretization of
the action.

We can also try to use a numeric solution of the Riccati equation to get to the
same result. It can not produce the whole effective action, only the pair produc-
tion rate (the first term of the series). This is not straightforward either though,
as our numerical approach needs the electric field to vanish for large negative and
positive times. We thus construct a field that is approximately constant for a spec-
ified time duration and vanishes rapidly before and after. We choose the function
f in the potential to be

f (γτ) = 1
2
(log cosh(γτ + γ T

2
) − log cosh(γτ − γ T

2
)) (6.25)

representing the electric field profile (see Figure 6.3)

0
0

E

τ

Figure 6.3.: The electric
field (6.26) for different values
of T .
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Figure 6.2.: Pair production
rate in different momentum

modes for varying time dura-
tions of the field (6.26) with
field strength qE/m2 = 0.1.
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and set the duration T to be long enough. One could imagine a larger value of
T , so the electric field is present for a longer time, to lead to a larger value of
∣Rp(∞)∣

2. This is not the case however, as the produced pairs are accelerated as
long as the electric field is switched on, so for longer T higher and higher mo-
mentum modes get populated. As long as T is large enough, ∣Rp(∞)∣

2 tends to
the value exp(−πm2/qE) for each p. Figure 6.2 shows this for the example case
qE
m2 = 0.1 and different momenta p. In this description the prefactor arises from
the momentum integrals to obtain the total pair creation rate.

The constant homogeneous field results can be used to roughly approximate
the pair production probability for inhomogeneous or time dependent fields by
assuming that at every spacetime point the constant field result holds and inte-
grate over all spatial components and time, that is

RΓLCFA = ∫d4x q2 ∣E(t, r)∣2

2(2π)3
exp(−π m2

q ∣E(t, r)∣
) . (6.27)

This is called locally constant field approximation. Since many fields of interest
are strongly peaked, (6.27) can often be approximated using the saddle point
method.

6.2. One-dimensional field inhomogeneities

Let us now consider fields that depend on time, but are still spatially homoge-
neous. The main results of this section were derived in [DS05; Dun+06], however[DS05] Dunne and Schu-

bert. Phys. Rev. D (2005)

[Dun+06] Dunne, Wang, Gies, and
Schubert. Phys. Rev. D (2006)

using slightly different conventions and skipping over parts of the calculation, es-
pecially concerning the prefactor. We thus give a more detailed derivation with
some minor differences using our conventions.

We[A] = 1, xi = x i

(see page 13).
represent the homogeneous, time dependent fields using the four-potential

iA3 = − f (γx4)/γ (6.28)

resulting in the electric field

E = E f ′(ωit)êz (6.29)
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with the Keldysh parameter γ = mω/qE. Since we want to find the full pair cre-
ation rate including the prefactor we need to proceed as outlined in Section 4.5
and solve the instanton equations of motion with variable T . With this choice of
potential the instanton equations are61 61 Whenever we use the trajec-

tories x3 , x4 from now on we
assume that they satisfy these
equations of motion and not
bother to explicitly mark them
using cl .

ẍ3 = T f ′(γx4)ẋ4 , (6.30a)

ẍ4 = −T f ′(γx4)ẋ3 . (6.30b)

Equation (6.30a) can immediately be integrated once, giving

ẋ3 =
T
γ
f (γx4), (6.31)

so, using the fact that the velocity of an instanton is constant with (ẋµ)2 = a2, we
arrive at a relation closed in x4,

ẋ24 + (
T
γ
f (γx4))

2

= a2 . (6.32)

This has the form of kinetic energy + potential energy = const. If we assume f to be
an odd function that grows unbounded for large ∣x4∣ (this is the case for the time
dependent profiles we consider in the following), then periodic solutions of x4(u)
for all T , a and γ are possible.62 Also the resulting instantons are symmetric un- 62 Of course, in general, to have

a periodicity of 1, the value of a
has to be tuned appropriately.

der x4 → −x4, have ẋ4 = ±a for x4 = 0 and thus ẋ3(x4 = 0) = 0. From this it
immediately follows that the instantons have the symmetry x3 → −x3 as well. We
will use these properties in a moment.

First, we solve (6.32) for ẋ4,

dx4
du
= ±
√
a2 − T2 ( f (γx4)/γ)2 = ±T

√
α2 − ( f (γx4)/γ)2 , (6.33)

with α = a/T . The two branches ± correspond to the two “sides” of the instanton
with x3 ≶ 0. Demanding that the instantons are periodic with period 1 fixes a (or
α) for a given value of T . We choose a quarter of the trajectory, say the one with
x4 > 0 and ẋ4 > 0, set x4(0) = 0 and integrate

1/4

∫
0

du !=
x∗4

∫
0

dx4

T
√
α2 − ( f (γx4)/γ)2

↷ T != 4
x∗4

∫
0

dx4√
α2 − ( f (γx4)/γ)2

=.. πP(α, γ),

(6.34)

with the turning point
x∗4 = f −1(γα)/γ. (6.35)

The factor of π in the definition of P(α, γ) is added for convenience later.
We can express the instanton action using a similar integral. Remember we

want to evaluate (4.129), that is (without the spin factor for now)

Γ = ∫d4x0 ∫ dT
T
(m

2/qE
2πT

)
2 e−

m2
qE A(T)

√
det(η(ν)µ (1))

(6.36)
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where we have combined the action S with the T/2 in the exponent to give6363 After finding the saddle point
value of T this coincides with
the nonlocal A from before,

hence the use of this symbol. A(T) = T
2
+ S(T) = T

2
+

1

∫
0

du ( ẋ
2

2T
+ iẋ ⋅ A(x)) . (6.37)

We will now insert our choice of potential, iA3 = − f (γx4)/γ, and use ẋ2 = a2,

A = T
2
+ a2

2T
−

1

∫
0

du ẋ3
f (γx4)
γ

= T
2
(1 + α2) − 1

T

1

∫
0

du ẋ23

= T
2
(1 + α2) − a

2

T
+ 1
T

1

∫
0

du ẋ24 =
T
2
(1 − α2) + 1

T

1

∫
0

du
dx4
du

ẋ4

(6.38)

Where we have used (6.31) in the first step. For the integral we can again exploit
the instanton’s symmetry and integrate over a quarter of the trajectory, so

A = T
2
(1 − α2) + πg(α, γ) (6.39)

where we defined the important function

g(α, γ) ..= 4
π

x∗4

∫
0

dx4
√
α2 − ( f (γx4)/γ)2 , (6.40)

the factor of π included for convenience again. We can immediately note that

d
dα

g(α, γ) = αP(α, γ). (6.41)

To apply Laplace’s method to the T-integration we need to find the extremum of
the exponent. The function g depends on T via α(T) where α(T) is determined
implicitly by

P(α, γ) = T
π
. (6.42)

The T-derivative of g is thus given by

d
dT

g(α, γ) = dα
dT

d
dα

g(α, γ) = dα
dT

αP(α, γ) = dα
dT

α
T
π
. (6.43)

To extremize the exponent with respect to T we demand

0 != d
dT

A = 1
2
(1 − α2) − Tα dα

dT
+ π d

dT
g(α, γ)

= 1
2
(1 − α2) − Tα dα

dT
+ Tα dα

dT
= 1
2
(1 − α2) ,

(6.44)

so the saddle is simply given by α = 1, that is T = a, just like before when we per-
formed the T-integration first and the path integral later. The fluctuation around
this value is non-trivial though, to calculate it we need the second derivative of
the exponent. First we take the T derivative on both sides of (6.42),

dα
dT

d
dα

P(α, γ) = 1
π
↷ dα

dT
= (π d

dα
P(α, γ))

−1
. (6.45)
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We now find
d2

dT2A = −α
dα
dT
= −α (π d

dα
P(α, γ))

−1
. (6.46)

We still need to find the determinant of solutions to the fluctuation equations
det(η(ν)µ ) where

Λµνην(u) = 0, η(ν)µ (0) = 0, η̇(ν)µ (0) = δµν . (6.47)

For our potential iA3(x4) the fluctuation operator in the x1-x2 subspace is just
the free case, which gives 1 using our normalization. The x3-x4 subspace gives the
operator

(Λµν) =
⎛
⎝

− ∂
2
u
T γ f ′′(γx4)ẋ4 + f ′(γx4)∂u

− f ′(γx4)∂u − ∂
2
u
T − γ f

′′(γx4)ẋ3

⎞
⎠

= 1
T
⎛
⎝
−∂2u − (∂u ẍ4ẋ3 ) −

ẍ4
ẋ3
∂u

ẍ4
ẋ3
∂u −∂2u + ẋ3

ẋ4
(∂u ẍ4ẋ3 )

⎞
⎠
.

(6.48)

The global factor of T does not affect the solutions, as the equation is homoge-
neous and we can just multiply it by T . We will omit this factor in the following.

Since Λ is now a two-dimensional, second order differential operator there are
four independent solutions to Λµνην = 0. Two of these are fairly easy to guess,
first of all ϕ(1) = (1, 0)⊺, corresponding to translation in x3-direction which
our field does not depend on, and secondly ϕ(2) = (ẋ3 , ẋ4)⊺, corresponding
to reparametrization along the instanton. That ϕ(2) is a solution to the fluctua-
tion equations may not be obvious, but is easy to check. First, using the instanton
equations we find

ẍ3 ẋ3 = −ẍ4 ẋ3 ↷ ẍ3 = −
ẍ4
ẋ3
ẋ4 . (6.49)

We can use this to find Λ33ϕ
(2)
3 = −

...x 3,

−...x 3 = −∂u ẍ3 = ∂u
ẍ4
ẋ3
ẋ4 = (∂u

ẍ4
ẋ3
) ẋ4 +

ẍ4
ẋ3
∂u ẋ4 , (6.50)

which is exactly −Λ34ϕ
(2)
4 , so the first component of the equation is satisfied. The

second component works analogously.
Unfortunately, these two solutions do not help us to construct solutions satisfy-

ing the initial conditions

η(ν)µ (0) = 0, η̇(ν)µ (0) = δµν , (6.51)

and the other two solutions are far less obvious. They are

ϕ(3) = (ẋ3h(u) − h̃(u)
ẋ4h(u)

) , ϕ(4) = (ẋ3 h̃(u) − a
2h(u)

ẋ4 h̃(u)
) , (6.52)

with the two functions

h(u) ..=
u

∫
0

du′
1

ẋ24(u′)
, h̃(u) ..=

u

∫
0

du′
ẋ3(u′)
ẋ24(u′)

. (6.53)
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Even just validating that ϕ(3) and ϕ(4) are solutions is tedious, but works similarly
to how we checked ϕ(2). Using ϕ(3) and ϕ(4) we can now construct η(3) and η(4)

that obey the correct initial conditions,

η(3) = ẋ3(0)ϕ(3) − ϕ(4) , η(4) = ẋ4(0)ϕ(3) . (6.54)

We finally have to compute the 2 × 2 determinant of these solutions evaluated at
u = 1. Since we know that the instanton is periodic we can use ẋµ(1) = ẋµ(0),
and also h̃(1) = 0, since ẋ3(u′)/ẋ24(u′) is positive over one half of the period and
negative on the other half. Thus,

det(η(ν)µ (1)) = det (η(3)(1), η(4)(1))

= det(ẋ3(0)
2h(1) + a2h(1) ẋ4(0)ẋ3(0)h(1)

ẋ3(0)ẋ4(0)h(1) ẋ4(0)2h(1)
)

= h(1)2 ((ẋ3(0)2 + a2)ẋ4(0)2 − ẋ3(0)2 ẋ4(0)2)

= a2 ẋ4(0)2h(1)2 .

(6.55)

Just like g and P before, we can rewrite h(1) as an integral over f (γx4), specifi-
cally

ah(1) = a
1

∫
0

du
1
ẋ24
= a

1

∫
0

du
ẋ4
ẋ34
= 4a

x∗4

∫
0

dx4

T3 (α2 − ( f (γx4)/γ)2)
3/2

= − π
T2

d
dα

P(α, γ),

(6.56)

so the fluctuation factor is

1
√

det(η(ν)µ (1))
= 1
ẋ4(0)ah(1)

= T2

ẋ4(0)
(−π d

dα
P(α, γ))

−1
. (6.57)

We are almost done now, the last ingredient is the integral over the starting
point of the instanton. As our field does not depend on the spatial coordinates,
we can move the starting point in these directions and the instanton “rigidly” fol-
lows, so these integrations yield volume factors. They are given in terms of the
dimensionless coordinates, so to obtain the physical volume factor each coordi-
nate gives a contribution of qE/m. The whole instanton is fixed in x4-direction
though, so x04 really can only follow the trajectory. This means we can turn the
x04-integration into a u-integration from the lower to the upper limit of the in-
stanton, that is

∫d4x0 = V3 (
qE
m
)
3 xmax

4

∫
xmin
4

dx04 = V3 (
qE
m
)
3 1/4

∫
−1/4

du ẋ4(0) =
V3

2
(qE
m
)
3
ẋ4(0). (6.58)
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We can finally put everything together:

Γ = ∫d4x0 ∫ dT
T
(m

2/qE
2πT

)
2 e−

m2
qE A(T)

√
det(η(ν)µ (1))

= V3

2
(qE
m
)
3
ẋ4(0)

1
T

¿
ÁÁÀ 2π

m2

qE
d2
dT2A

(m
2/qE
2πT

)
2 T2e−

m2
qE πg(α ,γ)

ẋ4(0)(−π d
dα P(α, γ))

RRRRRRRRRRRRRα=1

= V3m3
√
2(qE/m2)3/2

(2π)3
e−

m2
qE πg(α ,γ)

P(α, γ)
√
− d

dα P(α, γ)

RRRRRRRRRRRRRRα=1
.

(6.59)

We can still improve on this expression. Right now we need P(α, γ) with arbi-
trary α to find the derivative before setting α = 1. Also, if we want to obtain P as
the derivative of g(α, γ) we need that with variable α too. There is a different way
to represent these derivatives, first we rewrite the integral expression for g

g(α, γ) = 4
π

x∗4

∫
0

dx4
√
α2 − ( f (γx4)/γ)2

= α 4
π

x∗4

∫
0

dx4

¿
ÁÁÀ1 − ( f (γx4)

αγ
)
2

.

(6.60)

we now substitute

y = f (γx4)
αγ

↷ dy = 1
α
f ′(γx4)dx4 (6.61)

so

g(α, γ) = α2 4
π

1

∫
0

dy
√
1 − y2

f ′( f −1(αγy))
=.. α2 g̃(γ̃), (6.62)

where we have defined γ̃ ..= αγ. Now we can rewrite the α-derivatives as γ̃-
derivatives, which are just γ-derivatives after setting α = 1. Let us first determine
P(α, γ),

P(α, γ) = 1
α

d
dα

g(α, γ) = 2g̃(γ̃) + γ̃ d
dγ̃

g̃(γ̃) = 2 d
dγ̃2

γ̃2 g̃(γ̃) =.. P̃(γ̃). (6.63)

Now that P̃ depends on α only via γ̃ we have

d
dα

P(α, γ) = γ d
dγ̃
P̃(γ̃) = 4γγ̃ d2

d(γ̃2)2
γ̃2 g̃(γ̃). (6.64)

Now that there are no α-derivatives left we can set α = 1 without problems and
thus drop the tilde over all quantities. Replacing these expressions into our result
for the effective action we get

Γ = V3m3
√
2(qE/m2)3/2

4(2π)3γ
exp (−m

2

qE πg(γ))

( d
dγ2 γ

2g(γ))
√
− d2

d(γ2)2 γ
2g(γ)

. (6.65)
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In conclusion, the worldline instanton result for a background field depending on
time only is completely determined by the single function g(γ) and its first two
derivatives.

Let us look at an example now, the Sauter pulse again. we have

f (x) = tan(x), f ′ = 1 + tan2(x), f ′( f −1(γy)) = 1 + γ2 y2 , (6.66)

so we can calculate the function g (and thus the exponent of the effective action),

g(γ) = 4
π

1

∫
0

dy
√
1 − y2

1 + γ2 y2
= 2
1 +
√
1 + γ2

. (6.67)

The prefactor is only two derivatives away as well, we have

d
dγ2

γ2g(γ) = d
dγ2

γ2
2

1 +
√
1 + γ2

= 1√
1 + γ2

(6.68)

and
− d2

d(γ2)2
γ2g(γ) = − d

dγ2
1√
1 + γ2

= 1
2

1
(1 + γ2)3/2

. (6.69)

The full worldline instanton result for a temporal Sauter pulse is then

Γ = V3m3 (qE/m2)3/2

2(2π)3
(1 + γ2)5/4

γ
exp
⎛
⎝
−m

2

qE
2π

1 +
√
1 + γ2

⎞
⎠
. (6.70)

With a bit of care we can use (6.65) for fields depending on z too. Nowhere in
the derivation did we use that x4 is related to time, the distinction stems solely
from the different prescriptions to turn the Minkowskian four-potential into the
Euclidean version. For a time dependent field

E(t) = f ′(ωt)êz ↷ AM
3 = − f (ωt)/ω ↷ iA3 = −i f (ω(−i)x4)/ω (6.71)

and for a spatially inhomogeneous field

E(z) = f ′(kz)êz ↷ AM
0 = − f (kz)/k ↷ iA4 = f (kx3)/k. (6.72)

Up to the meaningless distinction between x3 and x4 the two cases are related by
k = −iω, or γk = −iγω where we distinguish the temporal and spatial Keldysh
parameters

γω =
mω
qE

, γk =
mk
qE

. (6.73)

The only other modification is that, since the field does not depend on time any-
more, one of the volume factors now means the temporal extent of the field and
has to be rotated back to physical time, Vx4 = iVt . The factor of i cancels against
the factor from γω = iγk in the denominator of (6.65), so the result for a time
dependent field can immediately be transferred to a corresponding spatially inho-
mogeneous one. For a spatial Sauter profile we get by replacing γ = iγk in (6.70)

Γ = V2Vtm3 (qE/m2)3/2

2(2π)3
(1 − γ2k)

5/4

γk
exp
⎛
⎝
−m

2

qE
2π

1 +
√
1 − γ2k

⎞
⎠
. (6.74)



6.2. One-dimensional field inhomogeneities 75

Figure 6.4.: Top: Instantons for a
temporal Sauter pulse (left) and
a spatial Sauter profile (right)
for various values of γω or γk .
The purple trajectories belong
to the limit γω/k → 0, blue col-
ors denote decrease in action,
red colors an increase. Bottom:
Corresponding actions with the
same color coding.

0 1 2 3

π
2

3π
4

π

γω

A

0 0.2 0.4 0.6 0.8

π

5π
4

γk

A

−1 1

−1

1

x3

x4

−2 −1 1 2

−3

−2

−1

1

2

3

x3

x4

In contrast to the time dependent case (6.70) where pair production is enhanced
for higher values of γω , pair production is reduced for higher values of γk , van-
ishing exactly for γk → 1. This is, in fact, a general property of time dependent
or inhomogeneous fields of the form just described. First of all consider a spa-
tially inhomogeneous field profile with its maximum of strength E at z = 0. Then
f ′(0) = 1, and f ′(z) < 1 elsewhere. This immediately means that

g(γk) =
4
π ∫

1

0
dy

√
1 − y2

f ′( f −1(γk y))
> 4
π ∫

1

0
dy
√
1 − y2

1
= 1, (6.75)

so pair production is always reduced. Furthermore for peaked electric fields,
f ′(x) is smaller for larger x, so every increase in γk means a larger range of x
in f ′(x) are included in the integration, leading to larger g(γk). Even more im-
portantly, if the energy of the field profile is to be finite, the function f has to be
bounded, ∣ f (γkx3)∣ < M for all x3. This has the consequence that the inverse
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Figure 6.5.: Imaginary part of
the Minkowskian effective ac-
tion (i.e. the pair production

rate) for E = 0.033m2/q. Left:
temporal Sauter pulse, right:

spatial Sauter profile. Numer-
ical results are given by mark-
ers and the analytic expres-

sions (6.70) and (6.74) by lines.
Note the spacing of markers
in the spatial case, the step

length decreases to keep the
overall arclength ∆s constant.

0 0.5 1 1.5 2 2.5 3 3.5
10−47

10−38

10−29

γω

IΓSauter
ω

M /V3

0 0.2 0.4 0.6 0.8 1
10−65

10−58

10−51

10−44

γk

IΓSauter
k

M /VtV2

function f −1 diverges for γk y → M, and thus

f ′( f −1(γk y))→ 0 ↷ g(γk)→∞ for γk → M . (6.76)

This is what happens in the case of the Sauter profile with f = tanh for γk → 1.
That the same does not hold for a time dependent field is a consequence of the

analytic continuation to imaginary times and can again be understood quite gen-
erally. The electric field pulse should still be finite, so the Minkowskian potential
is bounded again. We however assume that the potential is analytic, and any an-
alytic function bounded in the complex plane is constant. Since this contradicts
our choice, the potential must be unbounded when analytically continued into
the complex plane. In the case of the Sauter pulse we have f = tan(γωx4) instead
of f = tanh(γkx3), for example.

These qualitative differences can not only be observed in the definition of g, but
also geometrically from the instanton equations. Locally, the instanton equations
describe a circular trajectory with curvature ∼ f ′, closed solutions being centered
around the field maximum. Now spatial inhomogeneities decrease the curvature
further from the maximum, leading to larger instantons, up to the limit where the
curvature is too small to produce closed solutions at all (γk → 1 for the Sauter
profile). In contrast, for time dependent fields f ′, and thus curvature, increases
for larger x4, so the instantons shrink.

Figure 6.4 shows a family of instantons for the two cases of a time dependent
Sauter pulse and a spatial Sauter profile, found using the numerical approach of
Section 5.2. While the instanton trajectories can be found in analytical form for
these fields, they are visually indistinguishable from the numerical results, and
calculating the action and prefactor is much easier using the approach above, so
there is no benefit in analytically obtaining the instanton.

By using the pseudo-arclength continuation method the instantons in Fig-
ure 6.4 do not correspond to fixed steps in γω/k , but instead are chosen to keep
the mean distance between instantons constant. The effect can be seen clearly in
Figure 6.5 which shows the full effective action for both the numerical evaluation
and the analytic expressions (6.70) and (6.74) at a field strength of E = 0.033m

2

qE .
For the time dependent pulse the steps in γω are fairly evenly spaced, but for the



6.3. Multidimensional field inhomogeneities 77

Figure 6.6.: Left: Instantons for
the field (6.77) with varying γ.
Right: Corresponding action.
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inhomogeneous profile the step width decreases for larger γk , since the instantons
grow quickly.

6.3. Multidimensional field inhomogeneities [STS19]

Although the analytic treatment of last section works for one-dimensional field
dependences only, the numerical instanton approach can be applied to arbitrary
fields. The qualitative results that time dependence increases pair production
while spatial inhomogeneity reduces it still holds for more complicated scenar-
ios though. As a simple example to study the interplay between both effects let us
consider the product of a temporal and a spatial Sauter profile, that is [A] = 1, xi = x i

(see page 13).
E = E cosh−2(ωt) cosh−2(kz)êz , (6.77)

for a fixed relation mk/qE = 3mω/qE = γ. This might represent a very crude
approximation to a localized profile created by colliding laser pulses, but should
rather be seen as a technical example only. We use the four-potential

iA3 = cosh−2(3γx3) tan(γx4)/γ, (6.78)

which now depends on x3 and x4 so we can not integrate the instanton equations
analytically like we did before. We can however find discrete instantons and eval-
uate their action and prefactor.
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Figure 6.7.: The same worldline
instantons as in Figure 6.6, but
stacked, with the z-coordinate
given by the parameter γ. This
presentation makes it easier to
correlate the instantons’ change
in shape with the parameter.

Figure 6.6 shows these instantons obtained using numerical continuation start-
ing from the homogeneous limit γ → 0. First, The spatial inhomogeneity domi-
nates and leads to an increase in action (visualized as red color), but after γ ≈ 1

2
the time dependence takes over and leads to reduced action. Figure 6.8 shows the
full pair production rate for E = 0.033m

2

qE , where the adaptive step width of the
continuation algorithm is visible again.
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Figure 6.8.: Imaginary part of
the Minkowskian effective action
for the spacetime bump profile
E = E cosh−2(ωt) cosh−2(kz)ez
with k = 3ω and E = 0.033m2/q.
Here (and in the following cases)

there are no analytical results
to compare with, so we just
add the connecting dashed
lines as a guide to the eye.
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For planar instantons like those in Figure 6.6 a different visualization is possi-
ble as shown in Figure 6.7. There, the instantons are placed in the three-dimensional

[DW06] Dunne and Wang.
Phys. Rev. D (2006)

space (x3 , x4 , γ), which more closely shows the relation between the Keldysh pa-
rameter and the shape of closed trajectories.

More complicated higher dimensional instantons have been considered in
[DW06] using the shooting method. In this case, even though the instantons are
found using numerical integration of the instanton equations, some considerable
analytical effort is needed to obtain the fluctuation prefactor. In contrast, using
the discretized formulation we immediately obtain the exponent and prefactor
without any further work.

As one example, we choose the potential

iA4 =
1√
2γk

tanh(γkx1 + γkx2)
1 + (γkx1)2 + 10(γkx2)2

(6.79)

from Figure 1 in [DW06], dividing by a factor of
√
2 to make the peak field strength

E. Starting from the homogeneous limit γk → 0, the continuation method yields
instantons for a range of inhomogeneities γk . These instantons are shown in a
three-dimensional plot in Figure 6.9, and projected onto the coordinate planes in
Figure 6.10. Just as in the one-dimensional case, stronger inhomogeneity leads to
larger instantons and reduced pair probability. The full effective action is depicted
in Figure 6.11.
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Figure 6.9.: Worldline instan-
tons for the four-potential (6.79).

As before, stronger inhomo-
geneity stretches the instantons

(in a more complicated way
than for the one-dimensional

fields) and increases the action.
As a final, highly nontrivial example for this section, we consider an e-dipole

field. These are a class of field profiles that are vacuum solutions of Maxwell’s
equation, of finite spatial and temporal extent and highly focused. There is a limit[Bas86] Bassett. (1986)

[Gon+12] Gonoskov,
Aiello, Heugel, and

Leuchs. Phys. Rev. A (2012)

in the attainable field amplitude from a pulse with given laser power [Bas86], and
these fields saturate this upper bound [Gon+12]. They are structurally similar to
the radiation field of a dipole varying with time, but with finite energy. 64

64 A pure dipole field
would diverge at the origin.

An e-dipole field can be represented using an auxiliary vector field [Gon+13]

[Gon+13] Gonoskov et
al. Phys. Rev. Lett. (2013) Z = êz

d
∣r∣
(ξ(t + ∣r∣) − ξ(t − ∣r∣)), (6.80)



6.3. Multidimensional field inhomogeneities 79

−1 −0.5 0.5 1

−4

−2

2

4

x2

x4

−2 2

−1

−0.5

0.5

1

x1

x2

−2 2

−4

−2

2

4

x1

x4

Figure 6.10.: The same world-
line instantons as in Figure 6.9,
projected onto the coordinate
planes.
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with some choice of “driving function” ξ and virtual dipole moment d. The elec-
tromagnetic fields are then given by

E = −∇ × (∇× Z), B = −∇ × Ż . (6.81)

At the origin the magnetic field vanishes and the electric field is given by

E(t, r = 0) = 4
3
d
...
ξ(t)êz , (6.82)

so by setting d = 3E/4 and choosing an appropriate function ξ we can study a
time dependent field in a physically realistic context.

The problem is now that we defined the field in terms of the vector Z, but not
an actual four-potential. To apply the worldline instanton method we first have to
obtain an expression for Aµ from the electromagnetic field. We can calculate it in
coordinate gauge A ⋅ x = 0 using the integral [Shi80]

[Shi80] Shifman. Nucl. Phys. B
(1980)
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Figure 6.12.: Left: Instanton ac-
tion for the e-dipole field (mark-
ers) and for a homogeneous field
with Gaußian time dependence

(line). Right: Ratio of the full
effective action and the locally
constant field approximation,
with dashed connecting lines.
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dα FM
µν(αx)αxν . (6.83)

For the e-dipole field this gives a rather lengthy expression, but after transforming
to the Euclidean potential we can apply the discrete worldline instanton method.

To describe an approximately Gaußian pulse we choose

ξ(t) = t
4ω2 e

−ω2 t2 +
√
π

8ω3 (1 + 2ω
2 t2) erf(ωt), (6.84)

so at the origin
E(t, r = 0) = E

...
ξ(t)êz = Ee−ω

2 t2 êz . (6.85)

Although this field profile can in principle be treated numerically just like the
other fields before, it does need some care in the practical execution. For γ → 0
the e-dipole pulse is approximately static and homogeneous around the origin so
one might try to start with a circular trajectory as the initial guess in this limit.
Unfortunately the instanton is only weakly confined for small frequencies so root
finding converges slowly. This is not a problem for simpler fields, where the root
finding algorithm simply takes more steps, but for the potential above each evalu-
ation is a lot more costly. Instead we craft the initial guess by hand: We first con-
struct a simple field (a sum of temporal and spatial pulses) that matches the cur-
vature of the e-dipole pulse around the origin for γ = 1, find an instanton, and use
that as an initial guess for the actual field. We then perform numerical continua-
tion in both directions to higher γ and to smaller γ.

Figure 6.12 shows the result. The left plot compares the instanton action (ex-
ponent of the pair production rate) to that of a homogeneous field with Gaußian
time dependence, obtained by numerically performing the integral for g(γ). As
expected, the spatial inhomogeneity of the e-dipole pulse slightly increases the
action (decreasing the pair production rate), but not significantly. The right plot
shows the ratio of the imaginary part of the effective action to the locally constant
field approximation, in this case (calculated using the saddle point method)

RΓe−dipoleLCFA ≈ 5
√
5

2(2π)3γ4
exp(−πm

2

qE
) . (6.86)

As expected, the ratio tends to unity for small values of γ (where the approxima-
tion works well), but grows exponentially larger for higher frequencies.
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From this we can conclude that the e-dipole pulse might be a good candidate
for an experimental setup to observe nonperturbative pair production.

6.4. Transversal field dependences

A special case of multidimensional inhomogeneity is the addition of a purely
transversal spatial dependence.

Let us consider a linearly polarized field (in z-direction) that depends on time
and a transversal coordinate (x). We choose the Euclidean four-potential [A] = 1, xi = x i

(see page 13).

iA3 = − f (γωx4 , γkx1)/γω , (6.87)

so the non-vanishing components of the field tensor are

iF34 = −iF43 = ḟ (γωx4 , γkx1), (6.88a)

iF31 = −iF13 =
γk
γω

f ′(γωx4 , γkx1), (6.88b)

a dot denoting the derivative with regard to the temporal dependence of f and a
prime with regard to the spatial one. This gives the instanton equations of motion

ẍ1 = −T
γk
γω

f ′(γωx4 , γkx1)ẋ3 , (6.89a)

ẍ3 = T
γk
γω

f ′(γωx4 , γkx1)ẋ1 + T ḟ (γωx4 , γkx1)ẋ4 (6.89b)

ẍ4 = −T ḟ (γωx4 , γkx1)ẋ3 . (6.89c)

If the x1-derivative of f vanishes somewhere (i.e. it has a spatial maximum)
independent of time, f ′(γωx4 , γkx∗1 ) = 0, then x1(u) ≡ x∗1 = const. is a solution to
(6.89a) and the equations for the other components reduce to

ẍ3 = T ḟ (γωx4)ẋ4 (6.90a)

ẍ4 = −T ḟ (γωx4)ẋ3 , (6.90b)

where we have defined f (γωx4) ..= f (γωx4 , γkx∗1 ). These equations are identical
to the one-dimensional case from Section 6.2, so the inhomogeneity has no effect
on the instanton solutions and by extension on the exponent of the pair produc-
tion rate. The prefactor does change however, and unfortunately it’s not as easy
to see how. The fluctuation operator even separates into block-diagonal parts for
the x3 − x4 and the x1 components evaluated at the instanton, so it’s possible to
calculate the additional part due to the transversal field dependence. We still need
to perform the integration over the starting point of the instanton though, and
it’s not obvious how to do the x1(0) integral. It might be possible to approximate
the solution of the instanton equations for small nonzero x1 − x∗1 and perform the
x1(0) integral using Laplace’s method around x∗1 , this could be an area of future
studies.
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Figure 6.13.: Left: Instanton ac-
tion for a standing wave (mark-

ers) and for a homogeneous
field with sinusoidal time de-
pendence (line). Right: Imagi-

nary part of the effective action
for the standing wave (mark-
ers) and the homogeneous,
time dependent field (line).
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An example for the configuration shown above would be a superposition of
two counter-propagating plane waves,

E = E 1
2
( cos(ωt + kx) + cos(ωt − kx))êz = E cos(ωt) cos(kx)êz . (6.91)

Figure 6.13 Shows the instanton action and pair production rate for a standing
wave (with ω = k = γqE/m) obtained using the discrete instanton method and
compares it to the result for a homogeneous field with sinusoidal time depen-
dence.

6.5. Spin and magnetic effects

Up to now we have only considered purely (or predominantly) electric fields for
scalar quantum electrodynamics. In the worldline instanton formalism the only
difference for spinor QED is a global sign and the inclusion of the spin factor (see
Section 4.2)[A] = 1, xi = x i

(see page 13).

Φ[x] = 1
2
trP exp

⎛
⎜
⎝
a
4

1

∫
0

du σ µν iFµν(x(u))
⎞
⎟
⎠
. (6.92)

For the Euclidean gamma matrices we choose6565 These do not actually satisfy
the Clifford algebra (4.39): Due
to our choice of metric signa-

ture, after Wick rotation we end
up with (gµν) = −1l. For the

choice (6.93) we would have to
redefine the Euclidean metric to
be (gµν) = 1l, which would not

affect the final results, however.

γk = i (
00 σ k
−σ k 00 ) , γ4 = (

00 1l
1l 00) . (6.93)

Let us first evaluate Φ for the case of a constant homogeneous electric field.
Remember we have

iA3 = −x4 ↷ iF34 = −iF43 = 1, (6.94)

so the integrand in the spin factor is

σ µν iFµν = σ 34 iF34 + σ43 iF43 = 2σ 34 (6.95)

because both σ µν and Fµν are antisymmetric. Now we just need some matrix
multiplication

σ 34 = γ3γ4 − γ4γ3 = 2

⎛
⎜⎜⎜⎜
⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

⎞
⎟⎟⎟⎟
⎠

. (6.96)
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Since the matrix in the exponent is diagonal path ordering has no effect and we
can immediately perform the integral, which gives 1 as the integrand does not
depend on u at all. The spin factor is then

Φ = 1
2
tr exp(i a

2
diag(1,−1,−1, 1)) = 1

2
(2e i a/2 + 2e−i a/2) = 2 cos( a

2
) . (6.97)

Now, since for the instantons in a constant electric field we have a = 2πn, this
gives

Φ = 2 cos(2πn
2
) = 2(−1)n = −2(−1)n+1 , (6.98)

so resubstituted into the effective action the alternating sign cancels in the sum,
the negative sign in front cancels the global sign and the factor of 2 survives,

RΓSpinor

V4
= (qE)

2

(2π)3
∞
∑
n=1

1
n2

exp(−nπm
2

qE
) . (6.99)

For the pair production rate (the first term) this only amounts to a factor of 2.
Remarkably, the same applies to the one-dimensional inhomogeneities of Sec-

tion 6.2. Instead of iF34 = 1 we have iF34 = f ′(γx4), but the matrix structure in
the exponent is still the same, so the terms along the path commute and we can
just perform the integral,

Φ = 1
2
tr exp (iI diag(1,−1,−1, 1)) (6.100)

with

I = a
2

1

∫
0

du f ′(γx4). (6.101)

Now we can transform the integral in a similar way to before, by substituting

y = f (γx4)/γ, ↷ dy = ẋ4 f ′(γx4)du. (6.102)

We again restrict the integration to a quarter of the trajectory with ẋ4 > 0, which
is traversed n times in total for an instanton with winding number n, so

I = a
2
4n

1

∫
0

dy
1

ẋ4∣y
= a
2
4n
a

1

∫
0

dy
1√

1 − y2
= nπ (6.103)

which gives then the same spin factor

Φ = 2 cos (πn) = −2(−1)n+1 , (6.104)

or simply a global factor of 2 for the pair creation rate.
As could be anticipated, things get more interesting in the presence of a mag-

netic field. We have to discern between two cases. If the magnetic field is perpen-
dicular to the electric field the invariant E ⋅ B = 0 and there is an inertial frame
with either E = 0 (if ∣B∣ > ∣E∣) with no pair production at all, or with B = 0 so
nothing new happens, the effective electric field is simply reduced. If the fields are
parallel however, there is no frame with either vanishing. We represent the sum of
(possibly time dependent) electric and constant magnetic fields as

iA3 = − f (γx4)/γ, iA2 = ibx1 , b ..= B
E
. (6.105)
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The instanton equations for this combination read

ẍ1 = ibTẋ2 , ẍ2 = −ibTẋ1 , (6.106a)

ẍ3 = T f ′(γx4)ẋ4 , ẍ4 = −T f ′(γx4)ẋ3 (6.106b)

The x3 - x4 subspace is unchanged due to the magnetic field, while the x1 - x2
equations are solved by x1 = x2 = 0. This immediately means that the instan-
ton action, the saddle point value for T and the second T-derivative stay the
same. The fluctuation prefactor does change however, but since x1 and x2 do not
mix with x3 and x4 in the action, the fluctuation operator is block-diagonal. This
means that the x3-x4 part stays the same, while the x1-x2 components read

Λ(1,2) =
⎛
⎝
− ∂

2
u
T −ib∂u

ib∂ − ∂
2
u
T

⎞
⎠
. (6.107)

The solutions satisfying the correct initial conditions are easily found

η(1)1 =
sinh(bTu)

bT
, η(1)2 = −

cosh(bTu) − 1
ibT

,

η(2)1 =
cosh(bTu) − 1

ibT
, η(2)2 =

sinh(bTu)
bT

,

(6.108)

so the additional fluctuation determinant is

det (η(1)(1), η(2)(1)) = 2
(bT)2

(cosh(bT) − 1) = ( 2
bT
)
2
sinh2 (bT

2
) . (6.109)

For scalar QED the only change is then the additional factor

1√
det(⋅)

= ab
2

1
sinh ( ab2 )

. (6.110)

For spinor QED we have to calculate the spin factor. Now not only the term
containing σ 34 survives in the exponent, but also

σ 12 iF12 + σ 21 iF21 = 2ibσ 12 = 2ib (
σ 1σ 2 00
00 σ 1σ 2

) = 2ib diag(−1, 1,−1, 1). (6.111)

Since this term is diagonal as well, everything in the exponent commutes again so
we can proceed as before and perform the integral before exponentiating, so

Φ = 1
2
tr exp(iI diag(1,−1,−1, 1) + ab

2
diag(−1, 1,−1, 1))

= 1
2
(e iI−ab/2 + e−iI+ab/2 + e−iI−ab/2 + e iI+ab/2)

= 2 cos(I) cosh( ab
2
) .

(6.112)
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This gives the same factor of two and alternating sign expression as before, with
the additional cosh term combining with the sinh from the fluctuation prefactor
so for spinor QED we simply obtain an additional factor of

ab
2

1
tanh ( ab2 )

. (6.113)

For the parallel combination of constant, homogeneous electric and magnetic
fields we finally have

RΓScalar

V4
= (qE)

2

2(2π)3
∞
∑
n=1

(−1)n+1

n2
nπb

sinh(nπb)
exp(−nπm

2

qE
) , (6.114a)

RΓSpinor

V4
= (qE)

2

(2π)3
∞
∑
n=1

1
n2

nπb
tanh(nπb)

exp(−nπm
2

qE
) . (6.114b)
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7 Dynamically assisted
Sauter-Schwinger effect

In this chapter we will examine the dynamically assisted Sauter-Schwinger ef-
fect in detail.

7.1. Introduction

One category of electric fields deserves special attention and thus warrants its
own chapter, the dynamically assisted Sauter-Schwinger effect [SGD08]. The basic [SGD08] Schützhold, Gies, and

Dunne. Phys. Rev. Lett. (2008)idea is to superimpose a strong, slowly varying (or static) field and a weak, time
dependent pulse. As it turns out, the combined effect on pair production [A] = 1, xi = x i

(see page 13).
is much

stronger than the individual contributions. A qualitative picture is shown in Fig-
ure 7.2. The additional time dependent field can give an electron in the lower con-
tinuum some additional energy, “raising” it into the forbidden region so the bar-
rier it has to tunnel through is shortened. Thus one would expect an exponential
enhancement compared to just the static, homogeneous electric field.

Using the worldline instanton formalism this can be calculated intuitively in a
geometrical picture. As a concrete example, let us consider a constant, homoge-
neous strong field and a fast, weak Sauter pulse. Then the instanton equations are

x3

x4

x∗4

−x∗4

Figure 7.1.: The poles due to
the time dependent pulse act
as reflecting barriers at ±x∗4
(red dashed lines), confining
the trajectory in between. The
dashed blue line depicts the
trajectory without the barriers.

ẍ3 = a(1 + ε cos−2(γx4))ẋ4 , (7.1a)

ẍ4 = −a(1 + ε cos−2(γx4))ẋ3 , (7.1b)

with ε = Eweak/Estrong a small parameter. When ε tends to zero the cos−2-terms
are effectively zero almost everywhere, except when x4 → ±π/2γ where cos goes
to zero. The idea is now to treat this term not explicitly in the equations of mo-
tion, but as a geometrical constraint, in the form of a perfectly reflecting barrier.

We know that the equations of motion without the time dependent field are
solved by66 66 We moved u0 so that x4(0) =

0 for convenience.x3(u) = − cos(au), x4(u) = sin(au), (7.2)

so as long as γ < γcrit ..= π/2 the trajectory never “touches” the barriers and the
time dependent field has no effect. However, as soon as γ > γcrit only a part of
the circular trajectory fits between the barriers. Since the instanton still has to
have a periodicity of 1 this modifies the value of a. After a quarter of the period
we demand that the trajectory touches the barrier at x4 = x∗4 (see Figure 7.1), so

sin( a
4
) != x∗4 =

γcrit

γ
↷ a = 4 arcsin(γ

crit

γ
) . (7.3)
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Figure 7.2.: Qualitative pic-
ture for the classic (left) and
dynamically assisted (right)

Sauter-Schwinger effect.
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We can then piece together the trajectory using two circular arcs with this value of
a. Obtaining the action is even easier, the upper limit in the integral formulation
for g(γ̃)67 is the turning point of the trajectory,67 We use γ̃ for the inhomo-

geneity of the background
field and γ for the frequency

of the weak, fast pulse. g(γ̃) = 4
π ∫

y∗

0
dy

√
1 − y2

f ′( f −1(γ̃y))
, (7.4)

with f (x) = x and thus f ′ = 1 for the constant homogeneous field. We have
defined y so that at the turning point y∗ = x∗4 = 1, the barrier from the additional
time dependent field now instead forces the turning point to be at y∗(γ) = x∗4 =
γcrit/γ. We immediately obtain g and thus the exponent of the pair production
rate

A = πg(γ) = 4
y∗(γ)

∫
0

dy
√
1 − y2

= 2
⎛
⎜
⎝
γcrit

γ

¿
ÁÁÀ1 − (γ

crit

γ
)
2

+ arcsin(γ
crit

γ
)
⎞
⎟
⎠
.

(7.5)

Nothing about this discussion explicitly needed the weak pulse to be of Sauter
type. The only important property is that the (Euclidean) electric field diverges for
some x4 = γcrit/γ, for example a Lorentzian with f ′(x) = 1/(1 − x2) where we
would have the same result with γcrit = 1.

Figure 7.3 compares the geometrical, ε → 0 expression (7.5) to the full nu-
merical instanton result with ε = 1/100. As expected, for finite ε the threshold is
“softened,” but the overall agreement is excellent.

7.2. Inhomogeneous background field [SS16a]

An interesting generalization results from allowing the strong field to be spatially
inhomogeneous. We already know that spatial inhomogeneity makes the instan-
tons grow, so the trajectory reaches the barriers for smaller frequencies and we
expect to find effects when

γω > γcritω (γk) (7.6)

where γcritω (0) = π/2 when the time dependent field is a Sauter pulse and γcritω (γk)
decreasing for stronger inhomogeneity.
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Figure 7.3.: Instanton action
for a static, homogeneous back-
ground field with a weak tempo-
ral Sauter pulse. The lines show
the geometrical estimate (7.5),
the markers the discrete instan-
ton result with ε = 1/100.

We choose the potential iA4 = f (γkx3)/γk for the strong background field. In
the region where the time dependent pulse is negligible the instanton equations
are [A] = 1, xi = x i

(see page 13).
ẍ3 = a f ′(γkx3)ẋ4

ẍ4 = −a f ′(γkx3)ẋx ↷ ẋ4 = −a ( f (γkx3)/γk + b) .
(7.7)

The integration constant ab = ẋ4(x3 = 0) is needed because the trajectory has a
velocity component in x4-direction immediately after the reflection, in contrast
to the “smooth” turning point when no barrier is present. We can again find an
expression closed in x3 by using that a is constant, so

ẋ3 = ±a

¿
ÁÁÀ1 − ( f (γkx3)

γk
+ b)

2

. (7.8)

The value of b is fixed by demanding that after a quarter of the trajectory (that is
after x3 ranged from 0 to its turning point x∗3 ) the x4 component exactly reaches
the barrier at x∗4 .

Choosing a quarter where ẋ3 > 0 and ẋ4 > 0 we have

dx4
dx3
= dx4

du
(dx3
du
)
−1
, (7.9)

and since the right hand side can be given entirely as a function of x3 we can inte-
grate it from 0 to x∗3 ,

x∗4
!=

x∗3

∫
0

dx3
f (γkx3)/γk + b√

1 − ( f (γkx3)/γk + b)
2

=
1

∫
b

dy
y√
1 − y2

1
f ′( f −1(γk(y − b)))

,

(7.10)
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where we have substituted y ..= f (γkx3)/γk + b. This integral can usually not be
performed analytically for finite b, but the limit b → 0 gives the size of the unper-
turbed instanton in the background field in x4-direction, and thus the minimum
frequency the time dependent pulse needs to have any effect.

Of course this includes the result of last section, for a homogeneous back-
ground field f ′ = 1, and for a fast Sauter pulse as the time dependent field x∗4 =
π/2γω , then

π
2γω
=

1

∫
b

dy
y√
1 − y2

=
√
1 − b2 ↷ b =

¿
ÁÁÀ1 − ( π

2γω
)
2

. (7.11)

The threshold b = 0 thus translates again to γω = π/2 =.. γcritω (0).
For a spatial Sauter profile as the background field we have f ′( f −1(y)) = 1 − y2,

and we can no longer perform the integral with finite b. For b = 0, so the critical
threshold, we have

γcritω (0)
γcritω (γk)

=
1

∫
b

dy
y√
1 − y2

1
1 − (γk y)2

= arcsin γk
γk
√
1 − γ2k

.

↷ γcritω (γk) = γcritω (0)
γk
√
1 − γ2k

arcsin γk
.

(7.12)

This also reduces to γcritω (γk → 0) = γcritω (0), which justifies the notation, and
reduces the critical frequency with increasing inhomogeneity, as expected. For a
different example, consider a sinusoidal background field, f = sin, then f ′( f −1(y)) =√
1 − y2 and

γcritω (0)
γcritω (γk)

=
1

∫
b

dy
y√
1 − y2

1√
1 − (γk y)2

= 1
γk

arsinh
⎛
⎝

γk√
1 − γ2k

⎞
⎠
.

↷ γcritω (γk) = γcritω (0)γk arsinh
⎛
⎝

γk√
1 − γ2k

⎞
⎠

−1

,

(7.13)

which has the same qualitative behavior. In both cases γcritω (γk → 1) → 0, so
when the inhomogeneity gets so strong that the static field alone would produce
no pairs at all, any time dependent addition immediately has an effect.

The next step is now to compute the instanton action. We can not directly reuse
the integral expression for g(γk), since it assumed that ẋ4(x3 = 0) = 0 which is
not true anymore. We can however perform the derivation again, we get

A = a + 4
1

∫
0

du ẋ4 f (γkx3)/γk = a − 4
1

∫
0

du ẋ4 (
ẋ4
a
− b)

= 4
1

∫
b

dy
1 − y(y − b)√

1 − y2
1

f ′( f −1(γk(y − b)))
=.. πg(γk , b).

(7.14)
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Figure 7.4.: Instanton action for
a static, inhomogeneous Sauter
profile with a weak temporal
Sauter pulse. The lines show the
geometrical estimate g(γk , b),
the markers the discrete instan-
ton result with ε = 1/100. The
green line marks the critical
threshold γcritω (γk).

For b → 0 this reduces to the expression for g(γk) from before. Let us first check
that it correctly includes the γk → 0 case, then

πg(0, b) = 4
1

∫
b

dy
1 − y(y − b)√

1 − y2
= 4

1

∫
b

dy
√
1 − y2 + 4b

1

∫
b

dy
1√

1 − y2

= 2 (arccos(b) − b
√
1 − b2) + 4b

√
1 − b2 ,

(7.15)

and inserting the value of b we know for the homogeneous case,

b =

¿
ÁÁÀ1 − (γ

crit
ω (0)
γω

)
2

↷ πg(0, b) = 2
⎛
⎜
⎝
γcritω (0)
γω

¿
ÁÁÀ1 − (γ

crit
ω (0)
γω

)
2

+ arcsin(γ
crit
ω (0)
γω

)
⎞
⎟
⎠
.

(7.16)

In the generic case where the background field is inhomogeneous and the time
dependent pulse fast enough to have an effect, we have to resort to numerical
integration. The implicit equation (7.10) can be inverted numerically to obtain
b(γk , x∗4 (γω)), which we can insert into (7.14) and numerically perform the inte-
gration.

In Figure 7.4 this procedure is compared to a full numerical instanton treat-
ment of the combinations of a strong, inhomogeneous Sauter field for different
values of γk and the fast pulse with relative strength ε = 1/100. Again the region
around the threshold is softened compared to the geometrical estimate, but the
approaches agree reasonably well. For γω well above threshold the action for dif-
ferent values of γk converge to the γk → 0 limit. This is intuitively clear, higher γω
confines the instantons into a smaller region, so they “notice” less of the inhomo-
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Figure 7.5.: Instanton action
for a static, inhomogeneous

Cosine profile with a weak tem-
poral Sauter pulse. The lines
show the geometrical esti-

mate g(γk , b), the markers the
discrete instanton result with

ε = 1/100. The green line marks
the critical threshold γcritω (γk).

geneity of the background field. Figure 7.5 shows the same for a Cosine profile as
the strong field.

7.3. Pulse shape dependence [Lin+15]

The geometrical picture of the last two chapters works as long as the time depen-
dent pulse diverges for some imaginary time x4 = x∗4 and we choose the rela-
tive strength ε of the weak pulse to be very small. If the time dependent field is
sinusoidal however, it is still smooth after analytic continuation, giving a term
∼ ε cosh(γx4) in the equations of motion.[A] = 1, xi = x i

(see page 13).
The qualitative behavior should be

similar, for small ε we need large enough γx4 to see an effect, but now we expect
the (soft) threshold to depend on the strength of the weak field, that is γcrit(ε).

Instead of approximating the slow field as static we keep it explicitly time de-
pendent. This is important if we want to evaluate the prefactor as well, for a static
background field without the additional pulse translation in x4-direction is a zero
mode that makes the result diverge for ε → 0. We choose

f (γx4) = f0(ργx4)/ρ + ε f1(γx4) (7.17)

with ρ = γslow/γ.68 We can now approximate the integral expression for g(γ) for68 We have to express the fre-
quency of the slow field in re-

lation to the fast frequency
because the scaling with γ is

built into the formalism. In this
case this is slightly inconve-
nient, however it enables us
to express the prefactor us-

ing γ-derivatives, for example.

small ε and ρ.
The ε → 0 limit just gives the instanton action for the strong field only. For the

term linear in ε we need

d
dε
g(γ, ε)∣

ε=0
= 4
π

1

∫
0

dy
√
1 − y2 d

dε
1

f ′( f −1(γy))
∣
ε=0

. (7.18)

Since both ε and ρ are supposed to be small, we neglect the ρ-dependence in the
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Figure 7.6.: Imaginary part of
the effective action for a static
field with Estrong = 0.033m2/q
and different time depen-
dent pulses of varying relative
strength and frequency. The
orange dashed line marks the
critical threshold γcritω (ε).

linear term, so f0 is the identity. Then

d
dε

1
f ′( f −1(γy))

= −
( ∂ f

′

∂ε ( f
−1(γy)) + f ′′( f −1(γy)) ∂ f

−1

∂ε (γy))

( f ′( f −1(γy)))2

ε=0= − f ′1 (γy),

(7.19)

so for the exponent we have

g(γ, ε) ≈ g0(ργ) − εg1(γ) (7.20)

with g0(ργ) the result for the strong, slow field only and

g1(γ) =
4
π

1

∫
0

dy
√
1 − y2h′(γy). (7.21)

The function g1(γ) carries the information how, to leading order in ε, the addi-
tional time dependent pulse increases pair production.

For a sinusoidal weak field we have

g1(γ) =
4
π

1

∫
0

dy
√
1 − y2 cosh(γy) = 2

π

1

∫
−1

dy
√
1 − y2 exp(γy)

= 2
π

π

∫
0

dθ sin(θ)2 exp(γ cos(θ)) = 2
π

√
πΓ(1 + 1/2)
(γ/2)1

I1(γ) =
2
γ
I1(γ),

(7.22)

where Iν denotes the modified Bessel functions of the first kind [Olv+10]. Simi- [Olv+10] Olver, Lozier, Boisvert,
and Clark. Cambridge University
Press (2010)

larly, for a Gaußian pulse we get

g1(γ) =
4
π

1

∫
0

dy
√
1 − y2 exp(γ2 y2) = eγ

2/2 (I0 (
γ2

2
) − I1 (

γ2

2
)) . (7.23)
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Figure 7.7.: Imaginary part of
the Minkowskian effective ac-
tion for Estrong = 0.033m2/q

and a Gaußian (left) or Cosine
(right) pulse with ε = 10−3 at
the onset of dynamical assis-

tance. The points are obtained
by numerically integrating g(γ),
the lines are the approximation
linear in ε. The approximation
works well up to the threshold,
above εg1 is not small anymore.
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Although it belongs to the class of fields that have poles on the imaginary axis, we
can also calculate g1 for a Lorentzian pulse,

g1(γ) =
4
π

1

∫
0

dy
√
1 − y2 1

1 − γ2 y2
= 2

1 −
√
1 − γ2

γ2
, (7.24)

but this is only possible below threshold, otherwise the expansion we performed
would not be valid.

A very important point we can extract from g1(γ) is the minimum value of γ
that we need to see a sizable effect due to the time dependent field. For the fields
with poles on the imaginary axis it is just some value γcrit, independent of ε. For
the Sauter and Cosine profiles however, we can demand a decrease in action by δ,
then

δ != εg1(γ) ↷ γcrit(ε) = g−11 (
δ
ε
) . (7.25)

Figure 7.6 shows the full pair production rate including the prefactor for Estrong =
0.033m2/q by numerically integrating the exact expression for g(γ, ε) and its
derivatives for weak Sauter, Gaußian and Cosine pulses. We also included the
thresholds, just π/2 for the Sauter case and numerical evaluations of g−11 (δ/ε)
with δ ≈ 1/50. For the Sauter pulse the geometrical estimate works for ε ≲ 1/100,
for the other two fields the first order estimate using g1 shows the scaling between
γcrit and ε perfectly.

We can also express the prefactor for small ε using g0 and g1 by inserting (7.20)
into (6.65). Assuming a slow Sauter pulse for the background field, so f0 = tan, we
have

d
dγ2

γ2g0(γ2) =
1√

1 + ρ2γ2
, − d2

d(γ2)2
γ2g0(γ2) =

ρ2

2(1 + ρ2γ2)3/2
. (7.26)

For the Gaußian and Cosine fast pulse the derivatives have rather simple forms as
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well, due to relations between derivatives of the Bessel functions,

d
dγ2

γ2gG1 (γ2) = e
γ2

2 (I0 (
γ2

2
) − I1 (

γ2

2
)) , d

dγ2
γ2gC1 (γ2) = I0(γ),

− d2

d(γ2)2
γ2gG1 (γ2) = e

γ2

2 I0 (
γ2

2
) , − d2

d(γ2)2
γ2gC1 (γ2) = −

I1(γ)
2γ

,

(7.27)

which we can use to assemble the effective action (6.65). Figure 7.7 compares this
approach to an exact numerical evaluation of (6.65) for the total field.

7.4. Momentum spectra and dominant order [Tor+17]

The results of last section show that in the dynamically assisted Sauter-Schwinger
effect two visually very similar temporal field profiles (the Gaußian and the Sauter
pulse) can lead to qualitatively different behavior. We traced this to the different
analytical structure after rotating to imaginary times. In this section we provide a
second, related explanation in terms of the Fourier transform of the weak field.

The analytical derivation in [Tor+17] does not use the formalism of this thesis, [Tor+17] Torgrimsson, Schneider,
Oertel, and Schützhold. JHEP
(2017)

but the numerical results where obtained using the numerical scheme for the Ric-
cati equation introduced in Section 3.3. We will thus only sketch the derivation of
the analytical result, for details refer to [Tor+17].

The idea is to approach the process of pair creation using perturbation theory.
Of course we can not take the free theory and treat the whole electric background
field as a perturbation – the Sauter-Schwinger effect is still nonperturbative. We
can however treat the constant field exactly and then expand the pair production
amplitude in orders of the relative strength ε = Eweak/E of the additional weak
pulse. We consider the combination [A] = L-1, xi = -x i

(see page 13).

E = E( f0(t) + ε f1(t))êz , (7.28)

the full pair production probability is then

Pe+ e−
V3
= ∫d3p ∣A0(p) + εA1(p) + . . . ∣2 . (7.29)

The zero-order amplitude contains just the effect of the strong field, which can be
calculated analytically for a constant field or a single Sauter pulse. The first order
amplitude can be given as a frequency integral over the Fourier transform of the
weak field f̃1,

A1(p) = ∫dω f̃1(ω)W1(ω, p), (7.30)

where the form ofW1 depends on the strong field profile. In general,W1 is expo-
nentially suppressed for small frequencies, increasing for larger values of ω. The
Fourier transform of the weak field f̃1 on the other hand decreases for larger ω, so
the integral (7.30) is dominated by some ωdom depending on f̃1.

For a weak, fast Sauter pulse f1(t) = 1/ cosh2(ωfastt) the Fourier transform
reads

f̃1(ω) =
π
ω2

fast

ω
sinh(πω/(2ωfast))

∼ exp(−π
2

ω
ωfast
) , (7.31)
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Figure 7.8.: First order pertur-
bative expansion for a slow +
a fast Sauter pulse compared
to a numerical evaluation of
the Riccati equation. In both
cases ε = 10−3 , γslow = 0.2.
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for ω ≫ ωfast. As it turns out, the exponential decay of the Fourier transform
for large frequencies is essential here. Calculating (7.30) with the saddle point
method we find, just as with the instanton method, that the frequency of the weak
field has to exceed the critical threshold γ = mωfast/qE > π/2. Then, inserting into
the integrand the saddle point value

ωdom = 2m⊥

¿
ÁÁÀ1 − ( 1

γ⊥
+ i

p∥
m⊥
)
2

(7.32)

we find

A1(p) = 4π
qE
ω2

fast

m⊥
ωdom

exp(−i m
2
⊥

qE
(ϕ [

p∥
m⊥
− i 1

γ⊥
] − ϕ [

p∥
m⊥
])) , (7.33)

with the function
ϕ(z) = z

√
1 + z2 + arsinh(z), (7.34)

and the definitions

p∥ = pz , p⊥ = px êx + py êy , m
2
⊥ = m2 + p2⊥ , γ⊥ = γ

2
π

√
1 +

p2⊥
m2 . (7.35)

With this first order term we already get good agreement with a numerical in-
tegration of the Riccati equation. Figure 7.8 shows the zero order “background”
∣A0∣2, the first order approximation ∣A0 + εA1∣2 and the numerical result ∣Rp(∞)∣2
for γslow = 0.2, ε = 10−3 and two different values of the strong field strength and
Keldysh parameter γ. The oscillations in the spectrum arise due to interference
between A0 and A1.

0

0

t

Figure 7.9.: The electric
field (7.36) (blue) compared

to a Sauter pulse (red).

As mentioned above, the important point is the exponential decay of the Fourier
transform of the weak field. We can construct a visually quite different field with

f1(t) = −
sinh(ωfastt)
cosh2(ωfastt)

, (7.36)

see Figure 7.9. Its Fourier transform is then

f̃1(ω) = −i
π
ω2

fast

ω
sinh(πω/(2ωfast))

∼ −i exp(−π
2

ω
ωfast
) , (7.37)
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Figure 7.10.: First order per-
turbative expansion for a
slow Sauter pulse + a weak
field given by (7.36). Again,
ε = 10−3 , γslow = 0.2.
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simply −i times the Fourier transform of the Sauter pulse. This means we imme-
diately obtain the first order term with A1 = −iASauter

1 , see Figure 7.10. Due to in-
terference with the slow Sauter pulse the momentum spectrum looks quite differ-
ent though, and since the field is not an even function of t anymore the spectrum
loses its p∥ → −p∥ - symmetry. Still we again obtain a very good approximation
to the full numerical result.

The story changes substantially when we instead consider a Gaußian weak
pulse f1(t) = exp(−ω2

fastt
2), with the Gaußian Fourier transform

f̃1(ω) =
√
π

ωfast
exp(− ω2

4ω2
fast
) . (7.38)

Performing the saddle point approximation for the frequency integral again, we
find

ωdom =
2m√

1 + (qE/ω2
fast)2

, (7.39)

with no threshold condition. Calculating the first order amplitude we get a factor
of ε2 in the prefactor, so instead of the clear-cut threshold at γ = π/2 for the other
two fields, the first order term gradually starts to dominate when γ ≈

√
∣ log ε∣, as

we saw in Section 7.3.
We can also obtain the momentum spectrum for the Gaußian weak pulse and

compare it to a numerical evaluation of the Riccati equation for two sets of pa-
rameters, see Figure 7.11. For E = 0.066ES we again see good agreement between
the approximation and the numerical data. For E = 0.033ES however, something
goes very wrong, the analytical spectrum looks qualitatively different.

The reason for this is that higher order terms become important. These higher
order contributions have been found in [Tor+17] using the worldline formalism,
so only the integrated pair production probability is accessible, not the momen-
tum spectrum. The probabilities are expanded in orders N ,

Pe
+ e−

V3
=∑

N
εNPN . (7.40)

The qualitative difference between the field profiles is that for the Sauter pulse
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Figure 7.11.: First order pertur-
bative result and full numeric
simulation for a slow Sauter
+ a fast, weak Gaußian. For

E = 0.066ES the spectra agree
well, but for E = 0.033ES there
are strong, qualitative differ-
ences. This can be explained
by higher order contributions.
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all orders PN have the same, N-independent exponential dependence,

PN ∼ exp
⎛
⎝
−2m

2

qE
⎛
⎝

√
γ2∗ − 1
γ2∗

+ arcsin 1
γ∗
⎞
⎠
⎞
⎠
. (7.41)

This explains why the first order results for the spectrum agree well with the full
simulation already, for the higher orders the exponentials are of the same magni-
tude, but the prefactor is smaller by a factor of ε for each order.

For the Gaußian pulse, however, the exponential does depend on N ,

PN ∼
⎧⎪⎪⎪⎨⎪⎪⎪⎩

exp (− 2m2

qE arctan( 2
N

qE
ω2

fast
)) for N even,

exp (− 2m2

qE arctan( 2N
N2−1

qE
ω2

fast
)) for N odd.

(7.42)

For higher N the exponential suppression decreases, while the prefactor gets
smaller with higher orders of ε. In general, some order N dominates for given
values of the field parameters. Estimating this dominant order by treating N as a
continuous variable we find

NGauß
dom ∼

2m2

qE
1

∣ log ε∣

√
χ2 − 1
χ2

, with χ ∼ γ
γcrit

. (7.43)

For the parameters in the left plot of Figure 7.11 we have Ndom ≈ 2, which corre-
sponds to first order in the amplitude, while it is Ndom ≈ 4 for the parameters in
the right plot, so we would need to include the second order amplitude as well to
expect good agreement.

7.5. Assistance by a plane wave [TSS18]

The last sections considered spatially homogeneous fast pulses for the dynami-
cally assisted Sauter-Schwinger effect. The electromagnetic field of a high-energy
laser might be better approximated by a propagating plane wave however, as even
extremely short pulses still contain many wavelengths 69.69 A femtosecond pulse

at 1 keV contains sev-
eral hundred oscillations

Using a propagating plane wave for the assisting field is also interesting be-
cause, no matter the energy, it could never produce electron-positron pairs on its
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Figure 7.12.: Worldline in-
stantons in the plane wave
field (7.48), projected onto the
coordinate planes.

own70

70 This has been shown by
Schwinger already in [Sch51]
and can be quickly proved as
both field invariants are zero.

. For the dynamically assisted Sauter-Schwinger effect this means that there
is no transition to perturbative multi-photon pair creation at high energies, the
production mechanism stays non-perturbative.

We consider the superposition of a strong, constant electric field and a weak
plane wave propagating perpendicularly to the strong field but polarized in the
same direction, i.e.

E = E (1 + ε cos (ω(t − x))) êz , B = −Eε cos (ω(t − x)) êy (7.44)

This scenario has already been considered in [DGS09], in terms of a single [DGS09] Dunne, Gies, and
Schützhold. Phys. Rev. D (2009)high-energy photon added to the strong, static field. This corresponds to a first-

order approximation of the amplitude in the sense of last section, while [TSS18]
includes both an estimate for higher order contributions and fully nonperturba-
tive results using discrete worldline instantons.

The N-th order contribution to the pair production probability is71 71 We again only briefly state
the results of the perturbative
approach.

PN ∼ exp(−
2m2
⊥

qE
(arccosΣ − Σ

√
1 − Σ2)) , (7.45)

with [A] = L-1, xi = -x i

(see page 13).

m⊥ =
√
m2 + (Nω/4)2 , Σ = Nω/2

2m⊥
= Nω
4
√
m2 + (Nω/4)2

. (7.46)

Estimating the dominant order by taking the derivative with regard to N we
obtain a transcendental equation that has solutions for γ > γcrit = ∣log ε∣. For
γ ≫ γcrit we can approximate the solution of this equation and substitute the
saddle point value for N into (7.45), yielding

Pe+ e− ∼ exp(−8
m2

qE

√
γcrit

3γ
) . (7.47)

This, in contrast to the high frequency limit for purely time dependent weak
fields, is still nonperturbative in the strong field E.
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Figure 7.13.: Imaginary
part of the effective ac-
tion for the plane wave

field (7.44) for E = 0.033m2/q.

For the discrete instanton approach we use the Euclidean four-potential

iA4 = Ex3 , iA3 = iE
ε
ω
sin(ω(x1 − ix4)). (7.48)

If the field did not have the spatial dependence we would have real, planar in-
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Figure 7.14.: The same worldline
instantons as in Figure 7.12.

stantons and could again use the formalism of Section 7.3. Although the x1 de-
pendence is transversal to the polarization direction, we can not use the results of
Section 6.4 either, because the field does not have maxima in x1 not depending on
time. We thus need to solve the full equations of motion, obtaining three dimen-
sional instantons. They are also not purely real, the x1-component of the solutions
is imaginary.

Starting from the limit γ → 0 we find a family of instantons using numerical
continuation, shown in figures 7.12 and 7.14. The qualitative behavior is similar
to other assisting weak fields, the instantons shrink from their circular shape for
increasing frequencies, in this case additionally tilting into the imaginary x1 direc-
tion.

To find the full pair production probability we have to deal with multiple zero
modes. Since the field does not depend on x2 and x3 this trivially gives a two-
volume factor V2. The field also does not depend on one lightfront coordinate
which is not that intuitive in an experimental setup. For the prefactor in our dis-
crete instanton approach we just need to hold something constant that fixes the
zero mode. We choose to keep x1 fixed, yielding an additional spatial volume fac-
tor. We interpret the resulting three-volume V3 as the fixed spatial region where
the strong field is active through which the plane wave travels, but this is simply
a matter of viewpoint. Additionally, there is one instanton for each oscillation of
the plane wave at the fixed spatial location. If we assume the background field is
active for a time period of Vt , there are n = Vtω/2π instantons, effectively giv-
ing an additional temporal volume factor. The full pair creation rate is shown in
Figure 7.13.

It also possible to consider other polarization directions of the plane wave,
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i.e. perpendicular both to the propagation direction and the direction of the
strong background field or any angle in between. This, however, leads to four-
dimensional instantons that are cumbersome to visualize72

72 The frontispiece and back
cover of the thesis show differ-
ent two-dimensional projections
of these instantons.

, and the case of paral-
lel polarization gives the highest pair production probability.
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This chapter includes practical guides on how to use the computer programs
that produced the numerical results of this thesis.

8.1. Riccati equation

The programs to numerically solve the Riccati equation consist of multiple inter-
acting parts. The overall workflow is as follows:

1. Define the field profile of interest in Mathematica,

2. Generate the C code that performs the integration,

3. Tweak the main .c-file to set parameters,

4. Compile and run the program.

A set of tools to simplify this process has been developed. These work together by
adhering to some conventions concerning parameter order and directory struc-
ture, so we will now outline how to define two fields (a single Sauter pulse and a
superposition of a strong, slow and a weak, fast pulse) and obtain pair production
results for them.

To generate the files, we assume an initially empty working directory, where
we first save a Mathematica notebook file, say codeGeneration.nb. In it, we
load the prepared package Riccati` and set the working directory to the one the
notebook resides in:

<< Riccati`

SetDirectory[NotebookDirectory[]]

The package includes a helper function to perform operations in a subdirectory
(without changing the current, global working directory) which we use to prepare
and compile the two fields in different directories. For the single Sauter field the
file generation is simply:

InSubDir["single", WriteRiccatiFiles["sauter_fun", Tanh]]

The first argument to WriteRiccatiFiles is the name of the generated files
(with extensions .c and .h), where the suffix "_fun" is one of the conventions
mentioned earlier. These files contain the function definition of the ODE, we still
need to supply the driver-program to actually call the integration. We can gen-
erate a driver template by passing the option GenDriver → True to the call to
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WriteRiccatiFiles. This outputs a file with placeholder marks for initial val-
ues and values of parameters that need to be filled in. While these can be substi-
tuted directly into the code, we prefer parsing command line arguments, as shown
in the following snippet7373 An example of a

complete driver file is
given in the appendix. /* --- CHECK PARAMETERS ---------- */

if(argc < 6) {
fprintf(stderr, "Usage: %s E gamma p tmax prec\n",

argv[0]);↪

return -1;
}

int prec = atoi(argv[5]);

char acc[16];
sprintf(acc, "1.e-%i\n", prec-1);

/* --- SET PRECISION ------------ */
set_precision_digits(prec);

/* --- PARAMETERS --------------- */
int npar = 3;
mpfr_t p[npar];
for(i=0; i<npar; i++) mpfr_init2(p[i], TIDES_PREC);
mpfr_set_str(p[0], argv[1], 10, TIDES_RND);
mpfr_set_str(p[1], argv[2], 10, TIDES_RND);
mpfr_set_str(p[2], argv[3], 10, TIDES_RND);

The practice of ordering the parameters as E first, p, Tmax and the precision Nd

(number of digits) last, is again (an arbitrary, but consistent) convention.
At the end of the driver file after performing the integration, we need to obtain

the pair production probability and add a print statement for it:

/* --- PAIR PRODUCTION RATE ------ */
mpfr_sqr(v[0], v[0], TIDES_RND);
mpfr_sqr(v[1], v[1], TIDES_RND);
mpfr_add(v[0], v[0], v[1], TIDES_RND);

mpfr_printf("%Re\n", v[0]);

After completing the driver file and saving it as sauter.c in the subdirectory
single, we can compile it in the Mathematica notebook using

InSubDir["single", CompileRiccati["sauter"]]

and run it from the subdirectory:

~/single> ./sauter 0.01 2.0 0 30 50
4.752284376670175288077739079816429164004122217553328e-85
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This is already very close to the analytical value (a relative deviation of about
10−6), but took only a few seconds to calculate. The only limiting factor in Tides
is the time we are willing to wait, 74 so we can do the calculation again using more 74 And computer memory, but it

is completely negligible in this
case.

digits and larger Tmax:

~/single> ./sauter 0.01 2.0 0 60 100
4.7523015234281739239560575129327559236370653135717853747 ⌋

0972480084069779268805744590857109367568485785e-85↪

which has a relative deviation of about 10−57 and still took just below one minute.
So let’s try more:

~/single> ./sauter 0.01 2.0 0 120 200
4.7523015234281739239560575129327559236370653135717853747 ⌋

27139795119192809488935026697311386209853324761690694 ⌋
33680696928618991460909334290162037484508539007807179 ⌋
1097282507772516313229055265273697514171e-85

↪

↪

↪

This time, after about five minutes of waiting, the deviation is only 10−85.
To see an example with more parameters, let’s implement the setup for dynami-

cal assistance, i.e. a superposition of two Sauter pulses.

fAssistedSauter[ε_, Ωω_][γτ] = 1/Ωω Tanh[Ωω γτ] + ε
Tanh[γτ]↪

InSubDir["assisted", WriteRiccatiFiles["sauter_fun",
fAssistedSauter[ε, Ωω], {ε, Ωω}]]↪

in this definition ε is the ratio of the weak and strong field strength, while Ωω is
the ratio of the frequencies. The additional parameters are added to the call to
WriteRiccatiFiles and subsequently made known to Tides. Again, we parse
the arguments in the driver program, where we also set Ωω from the two frequen-
cies specified separately (for convenience)

/* --- CHECK PARAMETERS ---------- */
if(argc < 8) {

fprintf(stderr, "Usage: %s E Gamma eps gamma p tmax
prec\n", argv[0]);↪

return -1;
}

int prec = atoi(argv[7]);

char acc[16];
sprintf(acc, "1.e-%i\n", prec-1);

/* --- SET PRECISION ------------ */
set_precision_digits(prec);

/* --- PARAMETERS --------------- */
int npar = 5;
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mpfr_t p[npar];
for(i=0; i<npar; i++) mpfr_init2(p[i], TIDES_PREC);
mpfr_set_str(p[0], argv[1], 10, TIDES_RND); // E
mpfr_set_str(p[1], argv[4], 10, TIDES_RND); // gamma
mpfr_set_str(p[2], argv[5], 10, TIDES_RND); // p
mpfr_set_str(p[3], argv[3], 10, TIDES_RND); // eps
mpfr_set_str(p[4], argv[2], 10, TIDES_RND); // Gamma

// Divide Gamma by gamma
mpfr_div(p[4], p[4], p[1], TIDES_RND);

Compiling this from the notebook again,

InSubDir["assisted", compile["sauter"]]

we can execute the resulting binary just as before

~/assisted> ./sauter 0.066 0.2 0.001 2.43 0 120 40
1.30891335120099744848899821395829524940226e-19

To simplify the calling of different fields with different parameter sets in differ-
ent directory structures, we use a python script named riccati.py. It contains
a list of available fields, where the binaries are located (relative to the script) and
how many parameters need to be specified, for our two examples it looks like

fields = {
'sauter': ['single/sauter', 1],
'assisted_sauter': ['assisted/sauter', 3]

}

We can then call the script like

~> riccati.py assisted_sauter 0.2 0.001 2.43 -E 0.066 -T 120
1.3076599108682783533e-19

8.2. Discrete worldline instantons

The approach derived in Chapter 5, finding discrete instantons and performing
numerical continuation to trace families of solutions, are all implemented in a
single Mathematica package, called Instantons`. General trajectories and in-
stantons are represented as lists of N points, with d dimensions each. Electromag-
netic background fields are represented via (i times) the Euclidean four-potential,
as functions of one parameter (a d-dimensional list) returning the d-dimensional
potential. The number of points N and dimension d do not have to be supplied
explicitly in any function, they are always derived from supplied trajectories and
four-potentials.

Let us begin with the simplest example, a constant homogeneous electric field.
We import the package, and define the potential

<< Instantons`

iAconst = {0, -#⟦1⟧}&



8.2. Discrete worldline instantons 107

Note that we have taken the potential to be two-dimensional. All of the code is
completely independent of the dimension of spacetime,75 so we do not need to 75 Except for the spin factor,

which needs a four-dimensional
potential.

include coordinates that are irrelevant to the field. The minimum is of course two,
the electric field has to have a direction, and to represent it using the correspond-
ing component of the “vector” potential the latter has to depend on time. The
same argument holds when we use the scalar potential, which depends on the
spatial coordinate, as for our iAconst above.76 In Euclidean space there is no 76 There is no maximum number

of components, so instantons in
a spacetime of arbitrary dimen-
sions can be found.

difference between spatial and temporal coordinates, by convention we designate
the last component to be the temporal one.

To find the instanton for this field, we first have to provide some initial guess.
This can be any list of two-dimensional points, but we already expect the instan-
ton to be circular in this case, so we can construct a circular trajectory using, for
example, Table[]. Because circular initial guesses are very convenient, espe-
cially for continuation, a helper method Circular[n, d] is provided which
returns a circle between the first and last component with n points.

Equipped with a background field and an initial guess we can start the root
finding procedure, which is as simple as

inst = FindInstanton[iAconst, Circular[500, 2]];

Note that we did not need to specify that the loop position has to be held fixed,
this is detected automatically. Which coordinates to fix can also be given as an
option (in this case Fixed → {1, 2}), the default being Fixed → Automatic.
For fields where a lightfront coordinate like x ± t is a zero mode (as is the case for
the plane wave in Section 7.5), x1 or x4 have to be manually specified to be fixed
as the code can not make this decision automatically.

The instanton can then be inspected using ListPlot[] or similar methods,
and we can evaluate its action using

Action[iAconst, inst] (* returns 3.14163 *)

For scalar QED we only need the fluctuation prefactor now,

Fluctuation[iAconst, inst, e]
(* returns (0. + 0.00199611 I) e^2 *)

The parameter e (the reference field strength) is supplied here because depend-
ing on the number of fixed directions its power changes. The result is imagi-
nary which might seem strange, but there is a temporal volume factor that is
also imaginary, so the overall prefactor is real as expected for the Euclidean ef-
fective action. The numeric factor is reasonably close, the exact result would be
1/2(2π)3 ≈ 0.00201572.

To make the switch to spinor QED we have to include the spin factor, and a
global factor of − 1

2 . The formulation of the spin factor needs a four-dimensional
trajectory and potential though, so we redefine

iAconst = {0, 0, 0, -#⟦1⟧}&;
inst = FindInstanton[iAconst, Circular[500, 4]];

Both the action and the fluctuation still return the same values, but we can now
evaluate the spin factor
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Spinfactor[iAconst, inst] (* returns -4.03968 *)

Together with the factor of − 1
2 this brings the overall prefactor close to the exact

value of 1/(2π)3 ≈ 0.00403144. For convenience there is a combined function that
includes the spin factor if given as an option

Prefactor[iAconst, inst, e, Spin → True]
(* returns (0. + 0.00403182 I) e^2 *)

We can also immediately obtain the full effective action

EffectiveAction[iAconst, inst, e, Spin → True]
(* returns (0. + 0.00403182 I) e^2 E^(-3.14163/e) *)

This result can then be evaluated for different values of e, without any significant
computation.

Let us now consider a field with a parameter and find instantons for a whole
range. A simple but interesting case is the spatial Sauter profile E = E cosh−2(kz)êz ,
represented by the potential7777 Note that iAsauter is a

higher order function now,
given a value of γ it still re-

turns the potential as a function.
iAsauter[γ_] = {0, -Tanh[γ #⟦1⟧]/γ}&

We first use the simpler natural parameter continuation. The parameter range
specification works similarly to Table, Range and similar functions, so

instantons = NaturalContinuation[
iAsauter[γ], {γ, 0.1, 0.9, 0.1}, Circular[500, 2]

]

The function NaturalContinuation uses the range specification to substitute
the first value for the symbol in the potential given as the first argument and finds
an instanton using the third argument as an initial guess. This is then used as ini-
tial guess for the next value of the parameter and so on until the maximum value
is reached.

The instantons are returned in a list where each first element is the value of the
parameter and the second is the instanton, that is

{{γ1, X1}, {γ2, X2}, ...}

To quickly inspect all instantons it is possible to only pick the trajectories out of
the list, for example

ListPlot[instantons⟦All, 2⟧]

To plot any derived quantities like the action over the values of the parameter it is
useful to introduce a helper function

mapper[f_][{λ_, X_}] := {λ, f[λ, X]}

ListPlot[mapper[Action[iAsauter[#1], #2]&]/@instantons]

For this field, the instantons for small γ hardly change, while they diverge for
γ → 1. This is a great opportunity to exploit the adaptive step control of ar-
clength/Davidenko continuation. The usage is very similar,
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instantons = DavidenkoContinuation[
iAsauter[γ], {γ, 0.1, 0.9}, 2, Circular[500, 2]

]

Instead of a step width of the parameter, we provide a value for the overall step
along the arclength. We can also supply an optional number of in-between steps,
that provide an even better guess for the next instanton, for example 4 substeps
using

instantons = DavidenkoContinuation[
iAsauter[γ], {γ, 0.1, 0.9, 4}, 2, Circular[500, 2]

]

Now the parameter γ takes large steps at first that progressively shrink to coun-
teract the diverging instantons. That makes values of γ much closer to 1 attainable
without wasting many steps for smaller values.

This concludes the basic usage of the Instantons` package. There are more
options (for example minimum and maximum step widths for Davidenko con-
tinuation) and useful functions available that are documented in the source code
included in Section A.2.





Part III.

Conclusions
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Conclusions and outlook

Over the course of this thesis we have introduced several methods to compute
pair production rates in the Sauter-Schwinger effect. Using the worldline instan-
ton method we were able to build intuition on how different kinds of electromag-
netic background fields affect pair creation, in particular the difference between
spatial and temporal inhomogeneities.

In Part I we first gave some historical context and introduced the mathemat-
ical tools and conventions needed in the remaining chapters, most importantly
the path integral, Laplace’s method applied to the path integral including the fluc-
tuation prefactor, and how to deal with zero modes using the Faddeev-Popov-
method.

We then introduced the Riccati equation as an exact formulation of the pair
production problem for fields that are spatially homogeneous but depend on time,
and described a numerical scheme to solve it using arbitrary precision. This is an
important tool, because it allows us to verify the accuracy of different approxi-
mations. A quick comparison to the analytically known result for a single Sauter
pulse shows excellent agreement even for a rather weak field, which usually poses
great problems for numerical methods.

In Chapter 4 we introduced the physical models we use, scalar and spinor
quantum electrodynamics, and the worldline path integral representation of the
vacuum persistence amplitude. The physical models were discussed in some de-
tail, with a focus on why they describe the systems we are interested in (electrons
and positrons interacting with electromagnetic fields). We then proceeded to de-
rive the worldline instanton method, both in the usual continuous setting and
in a discrete formulation that forms the basis for our novel numerical instanton
finding approach. The discrete formulation has a number of benefits compared to
the usual continuous approach, most prominently the fact that Laplace’s method
yields a prefactor that is a finite determinant, sparing us the complication of care-
fully regularizing a functional determinant and recovering the correct phase by
finding the instanton’s Morse index. Zero modes can be extracted very neatly us-
ing the Faddeev-Popov-method as well.

The last chapter of Part I introduced the algorithmic details of numerical in-
stanton finding, most importantly numerical continuation. Numerical continu-
ation is the collective term for a number of algorithms to map out the solution
space of a system of nonlinear equations. In general, m equations in n unknowns
describe a, possibly complicated, n − m -dimensional manifold. In our case, d-
dimensional trajectories discretized into N points in a background field with one
parameter can be seen as a N × d + 1- dimensional parameter space, while we
only get N × d equations, so we expect a one-dimensional manifold of instantons.
Continuation algorithms allow us to start off from one point (an instanton for
a specific value of the field parameter) and step along the manifold. Apart from
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finding all the solutions for a range of field parameters, this also allows us to find
any solutions for more complicated scenarios, by starting with a simpler field and
slowly deforming it into the configuration we want.

In Part II the methods introduced in Part I were applied to some example
fields. First, we derived the well known constant field result by a direct evaluation
of the vacuum persistence amplitude, analytically using the worldline instanton
method, numerically employing discrete instantons and finally by numerically
integrating the Riccati equation. For this case we also checked that the discretiza-
tion error in the discrete instanton approach scales with N as expected. We then
discussed in detail the case of a field depending on time or one spatial coordinate
only, giving the full pair production rate including the prefactor in terms of a sin-
gle function and its first two derivatives determined by the background field. The
central qualitative result is that time dependent fields lead to smaller instantons,
reduced action and increased pair production, while spatial inhomogeneity does
the opposite.

To demonstrate the broad applicability of the discrete instanton method we
then turned to more complicated, multidimensional fields, including a highly
nontrivial e-dipole field depending on time and all spatial coordinates that is an
actual vacuum solution of Maxwell’s equations and might be seen as a model for
a focused laser pulse. As a special case of multidimensional fields we also consid-
ered transversal field dependences, which do not affect the exponent of the pair
production rate. We have also seen that the difference between scalar and spinor
QED is a trivial factor of two in the case of a one dimensional inhomogeneity and
the effect of an additional magnetic field in the scalar and spinor cases.

Finally, we focused on the dynamically assisted Sauter-Schwinger effect, the ex-
ponential enhancement from superimposing a strong static field by a weak time
dependent pulse. This setup has many interesting properties, especially concern-
ing the dependence on the weak field’s temporal profile. A lot of intuition can be
gained from the worldline instanton approach here, which provides a geometrical
picture of dynamical assistance – additional time dependent fields add “barriers”
that reflect the instanton trajectory. The critical threshold for assistance occurs
when the barriers move close enough to the origin to touch the instanton.

First, we quickly recalled the result for a constant homogeneous background
field with a weak, Sauter-type pulse, which follows immediately using the formal-
ism developed for one-dimensional field inhomogeneities and the geometrical
approach. We then extended it to spatially inhomogeneous background fields,
which lower the critical threshold. This is again intuitively clear, we know that
inhomogeneity leads to larger instantons, so they first hit the barriers for smaller
assisting frequencies. We then investigated how different temporal profiles for
the assisting field affect pair production. We found that the strong qualitative dif-
ference between, for example, a Sauter pulse and a Gaußian can be traced to the
different analytic structure after rotating to imaginary times. We have also seen
how these differences manifest themselves in a perturbative approach, where we
used the Riccati equation to check analytical estimates of the momentum spec-
trum of produced pairs. Finally, we have found discrete worldline instantons in
the superposition of a strong, static field and a propagating plane wave.

This thesis can only be seen as a starting point, there are still a lot of things to
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be done. The discrete worldline instanton method, and especially the Mathemat-
ica implementation, is very general and can now easily be used for further inves-
tigations. These could be motivated by experimental considerations, for example
realistic background fields that model experimentally realizable laser pulses. On
the other hand it might be possible to investigate situations that yield interest-
ing instantons. In some fields instantons can be found that are not continuously
connected to the circular constant field limit, but diverge for small γ instead. We
would expect the instanton connected to the circular one to be dominant, but it’s
not clear if other instantons might become important in some regime. Further-
more, multiple instantons can produce interference effects, it would be partic-
ularly interesting to see how collections of instantons with nontrivial topology
interact.

Hopefully, the exposition in this thesis and the description of the algorithms
will be of some use in future endeavors to shed light on the Sauter-Schwinger ef-
fect.





Part IV.

Appendix





119

A Source code listings

This chapter includes annotated source code listings of the programs developed
for, and used in the preparation of this thesis.

A.1. Riccati equation
The code to find pair production probabilities using the Riccati equation consists
of multiple parts,

1. a Mathematica package to generate C sources for a particular field profile,

2. a C driver file that numerically integrates the Riccati equation for this field,

3. a Python script to simplify calling the compiled executables.

The Mathematica package Riccati` implements the Riccati ODE as defined in
Section 3.3 and uses functions of the MathTIDES` package to generate C code
that integrates the ODE using the Taylor method.

 Riccati.m
1 Numerical integration of the Riccati equation
2 mathTIDESVersion$="2.00"
3 BeginPackage["Riccati`"]
4 Get["MathTIDES`"]
5

6 Public exports
7

8 Usage messages
9 InSubDir::usage = "InSubDir[dir, e] runs expression e after changing to (and creating if

neccessary) the subdirectory 'dir'."↪

10 WriteRiccatiFiles::usage = "WriteRiccatiFiles[name, f, params] creates the C files for field
described by f with params."↪

11 GenDriver::usage = "Option to WriteRiccatiFiles that decides whether to include an example
driver in the output."↪

12 CompileRiccati::usage = "Helper function to call the C compiler with necessary arguments."
13

14 Private implementation
15 Begin["`Private`"]
16 InSubDir[dir_,exp__]:= CheckAbort[Block[{ret},
17 If[!DirectoryQ[dir], CreateDirectory[dir]];
18 SetDirectory[dir];
19 ret=exp;
20 ResetDirectory[];
21 ret
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22 ],
23 ResetDirectory[];
24 ];
25 SetAttributes[InSubDir, HoldAll];
26

27 Definitions to use in the Riccati equation
28 Ω[f_,p_,γ_][t_] = Sqrt[1 + (p + f[γ t]/γ)^2];
29 Ξ[f_,p_,γ_][t_] = f'[γ t]/(1 + (p + f[γ t]/γ)^2);
30

31 Define ODE to use with TIDES
32 riccatiODE[f_, params_:{}]:=FirstOrderODE[{
33 1/2 Ξ[f,p,γ][t] (Cos[2/e Φ] +ComplexExpand@Re[(reR+I imR)^2 Exp[-2I/e Φ]]),
34 1/2 Ξ[f,p,γ][t] (Sin[2/e Φ] +ComplexExpand@Im[(reR+I imR)^2 Exp[-2I/e Φ]]),
35 Ω[f,p,γ][t]
36 },t,{reR,imR,Φ},Join[{e,γ,p},params]]
37

38 Special version of the ODE that finds f[γ t] by integrating
39 riccatiODEintf[df_, params_:{}]:=FirstOrderODE[{
40 1/2 Ξ[f,p,γ][t] (Cos[2/e Φ] +ComplexExpand@Re[(reR+I imR)^2 Exp[-2I/e Φ]]),
41 1/2 Ξ[f,p,γ][t] (Sin[2/e Φ] +ComplexExpand@Im[(reR+I imR)^2 Exp[-2I/e Φ]]),
42 Ω[f,p,γ][t],
43 γ df[γ t]
44 }/.{f'[e_]→df[e],f[_]→f},t,{reR,imR,Φ,f},Join[{e,γ,p},params]]
45

46 Command to compile TIDES code
47 compileString=StringTemplate["gcc -o `1` -I$HOME/include/ -L$HOME/lib/ `1`.c `1`_fun.c -lTIDES

-lm -lmpfr -lgmp"];↪

48 CompileRiccati=If[#!= 0,$Failed,Null]&@*Run@*compileString;
49

50 Merge options with defaults
51 mergeOpts[opt1_,opt2_]:=Sequence@@Normal@Merge[{opt1, opt2},First]
52

53 Generate the necessary files
54 WriteRiccatiFiles[name_String, f_, params_:{}, opts:OptionsPattern[]]:= TSMCodeFiles[
55 riccatiODE[f, params],
56 name, Precision → Multiple, If[OptionValue[GenDriver], Driver → True, Driver → False]]
57 Options[WriteRiccatiFiles] = {GenDriver → False}
58

59 Epilog
60 End[]
61 EndPackage[]

After creating the necessary files using the Riccati` package we have to sup-
ply some details to the generated driver file. Below is an example of a driver file
for the superposition of two Sauter pulses with field parameters passed on the
command line.

 assisted_sauter.c
1 #include "mpfr.h"
2 #include "mp_tides.h"
3 #include "assisted_sauter_fun.h"
4

5 int main(int argc, char* argv[]) {
6

7 int i;
8

9 /* --- CHECK PARAMETERS ---------- */
10 if(argc < 8) {
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11 fprintf(stderr, "Usage: %s E Gamma eps gamma p tmax prec\n", argv[0]);
12 return -1;
13 }
14

15 int prec = atoi(argv[7]);
16

17 char acc[16];
18 sprintf(acc, "1.e-%i\n", prec-1);
19

20

21 /* --- SET PRECISION ------------ */
22 set_precision_digits(prec);
23

24 /* --- PARAMETERS --------------- */
25 int npar = 5;
26 mpfr_t p[npar];
27 for(i=0; i<npar; i++) mpfr_init2(p[i], TIDES_PREC);
28 mpfr_set_str(p[0], argv[1], 10, TIDES_RND); // E
29 mpfr_set_str(p[1], argv[4], 10, TIDES_RND); // gamma
30 mpfr_set_str(p[2], argv[5], 10, TIDES_RND); // p
31 mpfr_set_str(p[3], argv[3], 10, TIDES_RND); // eps
32 mpfr_set_str(p[4], argv[2], 10, TIDES_RND); // Gamma
33

34 // Divide Gamma by gamma
35 mpfr_div(p[4], p[4], p[1], TIDES_RND);
36

37 /* --- VARIABLES --------------- */
38 int nvar = 3;
39 mpfr_t v[nvar];
40 for(i=0; i<nvar; i++) mpfr_init2(v[i], TIDES_PREC);
41 mpfr_set_str(v[0], "0", 10, TIDES_RND);
42 mpfr_set_str(v[1], "0", 10, TIDES_RND);
43 mpfr_set_str(v[2], "0", 10, TIDES_RND);
44

45 /* --- NUMBER OF FUNCTIONS ----- */
46 int nfun = 0;
47

48 /* --- TOLERANCES --------------- */
49 mpfr_t tolrel, tolabs;
50 mpfr_init2(tolrel, TIDES_PREC);
51 mpfr_init2(tolabs, TIDES_PREC);
52 mpfr_set_str(tolrel, acc, 10, TIDES_RND);
53 mpfr_set_str(tolabs, acc, 10, TIDES_RND);
54

55 /* --- INTEGRATION POINTS ------ */
56 mpfr_t tini, dt, tend;
57 mpfr_init2(tini, TIDES_PREC);
58 mpfr_init2(dt, TIDES_PREC);
59 mpfr_init2(tend, TIDES_PREC);
60 mpfr_set_str(tend, argv[6], 10, TIDES_RND);
61 mpfr_neg(tini, tend, TIDES_RND);
62 int nipt = 1;
63 mpfr_set(dt,tend, TIDES_RND);
64 mpfr_sub(dt,dt,tini, TIDES_RND);
65 mpfr_div_si(dt,dt,nipt, TIDES_RND);
66

67 /* --- INTEGRATOR --------------- */
68 mp_tides_delta(assisted_sauter_fun, NULL, nvar, npar, nfun, v, p, tini, dt, nipt, tolrel,

tolabs, NULL, NULL);↪
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69

70 /* --- PAIR PRODUCTION RATE ------ */
71 mpfr_sqr(v[0], v[0], TIDES_RND);
72 mpfr_sqr(v[1], v[1], TIDES_RND);
73 mpfr_add(v[0], v[0], v[1], TIDES_RND);
74

75 mpfr_printf("%Re\n", v[0]);
76

77 /* --- END ---------------------- */
78 return 0;
79 }

To keep track of the compiled executables we use a small python script that
includes a list of fields and the number of their physical parameters. Then all pre-
pared fields can be called using a single script instead of having to directly execute
the C binaries.

 riccati.py
1 #!/usr/bin/env python2
2 from __future__ import print_function
3

4 import sys
5 import os
6

7 def eprint(*args, **kwargs):
8 print(*args, file=sys.stderr, **kwargs)
9

10 import argparse
11 import subprocess
12

13 fields = {
14 'sauter': ['single/sauter', 1],
15 'assisted_sauter': ['assisted/sauter', 3],
16 '...': '...'
17 }
18

19 parser = argparse.ArgumentParser(description='Run Riccati equation.')
20 parser.add_argument('field', help='Identifier of the field to run',
21 choices=[k for k in fields])
22 parser.add_argument('-E', help='Reference field strength', required=True)
23 parser.add_argument('params', help='Field parameters (depend on chosen field, Gamma eps gamma

for assisted types)', nargs='*')↪

24 parser.add_argument('-T', '--Tmax', help='Time period to integrate', required=True)
25 parser.add_argument('-q', '--momentum', help='Longitudinal momentum (default 0)',

default='0.0')↪

26 parser.add_argument('-p', '--precision', help='Number of digits of precision to use (default
18)', default='18')↪

27

28 args = parser.parse_args()
29

30 if len(args.params) != fields[args.field][1]:
31 eprint('Exactly %d parameter(s) needed for field "%s"' % (fields[args.field][1],

args.field))↪

32 sys.exit(-1)
33

34 path = os.path.join(os.path.dirname(os.path.realpath(__file__)), fields[args.field][0])
35

36 subprocess.call([path, args.E] + args.params + [args.momentum, args.Tmax, args.precision])
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A.2. Discrete worldline instantons

Mathematica uses special symbols to encode some functionality, which makes the
following code rather expressive. For example, this allows us to directly use Greek
letters and operators as in δ≠λ≥0 as opposed to delta != lambda >= 0.
Some notation that may not be immediately obvious, especially in this typeface,
are:

a → b replacement rule a->b
x ⇒ f(x) anonymous function Function[{x}, f(x)]
z† complex conjugation Conjugate[z]
ʝ imaginary unit I
l⟦i⟧ list indexing l[[i]]

The listing that begins below is the Mathematica package Instantons`. The
first part defines all the functions and options that are visible when the package is
imported, while the rest defines the implementation. As a guideline, all identifiers
that begin with a capital letter are exported, the others are local helper functions
only.

 Instantons.m

1 Instanton finding, action and prefactor evaluation
2 BeginPackage["Instantons`"]
3

4 Public exports
5

6 Usage messages
7 Action::usage = "Action[ʝA, X] gives the action of Trajectory X in the field potential ʝA."
8 Circular::usage = "Circular[n, d] generates a circular trajectory in d dimensions with n

points."↪

9 FindInstanton::usage = "FindInstanton[ʝA, X0, Fixed→{μ, ...}] tries to find an instanton close
to initial guess X0, optionally keeping coordinates μ... of one point fixed."↪

10 Fixed::usage = "Option to FindInstanton to specify which coordinates are to be held fixed
(default: Automatic)."↪

11 FieldTensor::usage = "FieldTensor[ʝA] prints (ʝ times) the Euclidean field strength tensor
corresponding to ʝA."↪

12 Enhance::usage = "Enhance[ʝA, X0, n, Fixed→{μ, ...}] interpolates X0 and uses that as starting
point to find an instanton."↪

13 ActionHessian::usage = "ActionHessian[ʝA, X, Fixed→{μ, ...}] gives the Hessian for the given
field at X."↪

14 Fluctuation::usage = "Fluctuation[ʝA, X, E, Fixed→{μ, ...}] gives the fluctuation prefactor for
the given field at X."↪

15 Spinfactor::usage = "Spinfactor[ʝA, X] gives the Polyakov spin factor in the given Field."
16 Spinfactorτ::usage = "Spinfactorτ[ʝA, X] gives all intermediates of the integration."
17 Spinσ::usage = "The tensor σ^μν."
18 Prefactor::usage = "Prefactor[ʝA, X, E, Fixed→{μ, ...}, Spin→(True|False)] gives the complete

prefactor for spinor/scalar QED."↪

19 EffectiveAction::usage = "EffectiveAction[ʝA, X, E, Fixed→{μ, ...}, Spin→(True|False)] gives
the full effective Action."↪

20 Spin::usage = "Option to PairProduction to switch between spinor and scalar QED."
21 NaturalContinuation::usage = "NaturalContinuation[ʝA,{λ, λ0, λ1, Δλ}, X0, Fixed→{...}] varies a

parameter λ and finds the instanton at each step."↪

22 DavidenkoDerivative::usage = "DavidenkoDerivative[ʝA, {λ, λ0}, X, Fixed→{μ, ...}] gives the
derivative of an instanton by a parameter."↪
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23 DavidenkoPredict::usage = "DavidenkoPredict[ʝA, λ, dx, {λ0, X}, options] predicts the next
instanton that is at most dx away."↪

24 DavidenkoContinuation::usage = "DavidenkoContinuation[A, {λ, λ0, λmax, m:1}, dx, X0, options]
varies λ to keep fixed step dx (with m intermediate derivatives)."↪

25 MaxStep::usage = "Option to DavidenkoPredict that determines the maximum value Δλ to step the
parameter (default: ∞)."↪

26 MinStep::usage = "Option to DavidenkoPredict, abort if suggested step length is below this
value (default: 0)"↪

27 StepScale::usage = "Option to DavidenkoPredict that sets a factor by which the steplength is
scaled (default: 1)"↪

28 InstantonPlot3D::usage = ""
29 InstantonModel::usage = ""
30 instMon::usage= ""
31 dA::usage=""
32

33 Error messages
34 Spinfactor::"dim" = "dim(A)≠4, Spin factor ignored";
35 DavidenkoContinuation::FindInstanton = "Finding an Instanton at `1`=`2` produced a message,

aborting continuation."↪

36 DavidenkoContinuation::StepSize = "Step size at `1`=`2` is smaller than MinStep (`3` < `4`),
aborting continuation."↪

37

38 Private implementation
39 Begin["`Private`"]
40

41 Helper functions
42

43 Give the dimensionality of field A (Quiet is necessary because we do not know the number of
dimensions yet and A will complain).↪

44 dimOf[A_Function]:= Quiet@Length@A[{}]
45

46 Generate a list of variables (for analytical derivatives)
47 makeVars[d_, sym_:"x$"]:= Table[Symbol[sym <> ToString[i]], {i, d}]
48

49 The field strength tensor (as a function)
50 F[A_]:= Module[{f, vars = makeVars[dimOf[A]]},
51 f = Function@@{vars, (#ᵗ-#)&@Outer[D, A[vars], vars]};
52 f@@#&
53 ]
54 FieldTensor[A_]:= F[A][makeVars[dimOf[A],"x"]]
55

56 Generate a circular Instanton with n points in d dimensions (between first and last dimension)
57 Circular[n_, d_Integer?(# ≥ 2&)]:= Table[
58 {Cos[2.π θ],
59 Sequence@@ConstantArray[0, d-2],
60 Sin[2.π θ]}, {θ, 0, 1-1/n, 1/n}]
61

62 Analytically take the derivative of the field
63 dA[A_]:= Module[{f, d = dimOf[A], vs},
64 vs = makeVars[d];
65 f = Function@@{vs, D[A[vs], {vs}]ᵗ};
66 f@@#&
67 ]
68

69 Find the velocity a along the trajectory
70 calcA[X_?MatrixQ]:= Sqrt[Length[X]] Sqrt[#.#&@Flatten[X - RotateRight[X]]]
71

72 Action, root function and root finding
73
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74 Evaluate the action functional for a given trajectory in the field A
75 Action[A_Function, X_?MatrixQ]:=
76 calcA[X] + Flatten[(A/@X + RotateRight[A/@X])/2].Flatten[X - RotateRight[X]]
77

78 Local average velocity, helps convergence in root finding a lot.
79 locA[X_?MatrixQ]:= 1/2 Sqrt[#.#]&/@(RotateLeft[X] - RotateRight[X])
80

81 Root function, any X so that rootFun[A, X] == 0 is a discretized instanton.
82 rootFun[A_Function, X_?MatrixQ]:=
83 (2X - RotateLeft[X] - RotateRight[X]) +
84 locA[X](- ((RotateLeft[A/@X] - RotateRight[A/@X])/2)
85 + 1/2 MapThread[Dot, {dA[A]/@X, RotateLeft[X] - RotateRight[X]}]
86 )
87

88 Wrapper that keeps a list of coordinates fixed.
89 rootFunFixed[A_Function, X_?MatrixQ, X0_?MatrixQ, fix:{_Integer...}]:=
90 Fold[{l, μ}⇒MapAt[X⟦1, \[Mu⟧] - X0⟦1, \[Mu⟧]&, l, {1, μ}],
91 rootFun[A, X],
92 fix]
93

94 Sparsity pattern of the Jacobian for above root Function (only works because of the locA
cheat).↪

95 jacSparsity[n_,d_]:= SparseArray[{
96 Band[{1, 1}] → ConstantArray[_, {n,d,d}],
97 Band[{1, 1+d}] → ConstantArray[_, {n-1, d, d}],
98 Band[{1+d, 1}] → ConstantArray[_, {n-1, d, d}],
99 Band[{1, n d+1-d}] → ConstantArray[_, {d, d}],
100 Band[{n d+1-d, 1}] → ConstantArray[_, {d, d}]
101 }, {n d, n d}]
102

103 Find an instanton close to initial guess X0 in field A. The option Fixed specifies a list of
coordinates which should be held fixed, or the value Automatic which checks the field
tensor for dependence on coordinates. If any coordinate is held fixed, Center means the
average position is translated in the end.

↪

↪

↪

104 Options[FindInstanton] = Join[
105 {Fixed → Automatic, Center → True},
106 Options[FindRoot]
107 ]
108 autoFixed[A_]:= Block[{d = dimOf[A], v},
109 v = makeVars[d];
110 MapIndexed[
111 If[#1 === ConstantArray[0, {d, d}], First[#2], Nothing]&,
112 Transpose[D[F[A][v], {v}], {3, 2, 1}]
113 ]
114 ]
115 centerInstanton[fix_, X_]:= Block[{m = Total[UnitVector[Length@First@X, #]&/@fix]},
116 Transpose[MapThread[#1 - #2 Mean[#1]&, {Transpose@X, m}]]
117 ]
118 centerInstanton[{}, X_]:= X
119 FindInstanton[A_Function, X0_?(MatrixQ[#, NumericQ]&), opts:OptionsPattern[]]:=
120 Block[{Xs},
121 Xs = X/.FindRoot[
122 rootFunFixed[A, X, X0, OptionValue[Fixed]/.Automatic → autoFixed[A]],
123 {X, X0}, Jacobian → {"FiniteDifference", Sparse → jacSparsity[Length[X0], dimOf[A]]},
124 AccuracyGoal → 6, PrecisionGoal → Infinity, StepMonitor :> (instMon=X;)];
125 If[OptionValue[Center],
126 centerInstanton[OptionValue[Fixed]/.Automatic → autoFixed[A], Xs],
127 Xs]
128 ]
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129

130 Number enhancement
131

132 Interpolate and resample trajectory
133 enhanceTraj[X_?MatrixQ, n_Integer]:= Transpose[
134 Table[Interpolation[Transpose[{Range[0, 1, 1./Length[X]], #}]][u],
135 {u, 0, 1-1/n, 1/n}]&
136 /@Transpose@Append[#, First[#]]&@X
137 ]
138

139 Find instanton using enhanced trajectory
140 Enhance[A_Function, X0_?(MatrixQ[#, NumericQ]&), n_Integer, opts:OptionsPattern[]]:=
141 FindInstanton[A, enhanceTraj[X0, n], opts]
142

143 Hessian and Prefactor
144

145 Analytical second derivative of the potential
146 ddA[A_]:= Module[{f, d = dimOf[A], vs},
147 vs = makeVars[d];
148 f = Function@@{vs, Transpose[D[D[A[vs], {vs}] ,{vs}], {3, 2, 1}]};
149 f@@#&
150 ]
151

152 Hessian of a
153 dda[Y_]:= Block[{d = Length@First@Y, n = Length@Y, M, X = Flatten[Y], a = calcA[Y]},
154 M = -#[-1] + 2 #[0] - #[1]&[RotateRight[IdentityMatrix[d n], d #]&];
155 -(n^2/a^3) Outer[Times, M.X, M.X] + n/a M
156 ]
157

158 Hessian of the remaining action
159 ddr[A_, Y_]:= Block[{d = Length@First@Y, n = Length@Y, X = Flatten[Y], d1, d2},
160 d1 = (# - RotateLeft[Transpose/@#])&[dA[A]/@Y];
161 SparseArray[Band[{1,1}] → MapThread[Dot, {ddA[A]/@Y, Y-RotateRight[Y]}]]+
162 Symmetrize[SparseArray[{
163 Band[{1, 1+d}] → Most[d1],
164 Band[{1+(n-1)d, 1}] → Last[d1]
165 }], Symmetric]
166 ]
167

168 Additional Faddeev-Popov terms to the hessian to fix zero modes
169 fpτ[Y_]:= Block[{a = calcA[Y]},
170 (8π)/(a^4) Outer[Times, #, #]&[Flatten[RotateRight[Y] - Y]]]
171 fpx[n_, d_][μ_]:= KroneckerProduct[
172 ConstantArray[(2.π)/(n)^2, {n, n}],
173 DiagonalMatrix@UnitVector[d, μ]
174 ]
175

176 Function to evaluate the Hessian, optionally adding F.P.-terms to hold coordinates fixed
177 ActionHessian[A_, Y_, OptionsPattern[]]:=
178 ddr[A,Y] + dda[Y] + fpτ[Y] +
179 Total[fpx[Length[Y], Length[First[Y]]]/@(OptionValue[Fixed]/.Automatic → autoFixed[A])]
180 Options[ActionHessian] = {Fixed → Automatic}
181

182 Use Hessian to evaluate the prefactor
183 Fluctuation[A_, X_, e_, opts:OptionsPattern[]]:=
184 Block[{n = Length[X], d = Length[First[X]], a = calcA[X]},
185 (1/Sqrt[2 π a/e])^(4-d) e^(Length[OptionValue[Fixed]/.Automatic → autoFixed[A]]/2)
186 Sqrt[2 π/a] (n/a)^(n/2 d) Sqrt[1/Det@ActionHessian[A, X, opts]]
187 ]
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188 Options[Fluctuation] = Options[ActionHessian]
189

190 Spin factor
191

192 Vector of γ matrices
193 γ = Table[
194 KroneckerProduct[Reverse@DiagonalMatrix[{-1, 1}], I PauliMatrix[k]], {k, 3}
195 ]~Append~KroneckerProduct[Reverse@IdentityMatrix[2], IdentityMatrix[2]];
196

197 Spin generators
198 Spinσ = -1/2 (Outer[Dot, γ, γ, 1] - Transpose[Outer[Dot, γ, γ, 1], {2, 1}]);
199

200 Spin factor Φ
201 Spinfactor[A_,X_]:=Tr@Apply[Dot,
202 (1.0 IdentityMatrix[4] + calcA[X]/2 TensorContract[
203 Spinσ ◉ F[A][#], {{1, 5}, {2, 6}}
204 ]/(2 Length[X]))&/@X
205 ]/;dimOf[A] == 4
206 Spinfactorτ[A_, X_]:= Tr/@FoldList[Dot,
207 IdentityMatrix[4],
208 (1.0 IdentityMatrix[4] + calcA[X]/2 TensorContract[
209 Spinσ ◉ F[A][#], {{1, 5}, {2, 6}}
210 ]/(2 Length[X]))&/@X
211 ]/;dimOf[A] == 4
212 Spinfactor[_, _]:= (Message[Spinfactor::"dim"]; 1)
213 Spinfactorτ[_, _]:= (Message[Spinfactor::"dim"]; 1)
214

215 Combine the fluctuation- and spinfactor into the overall prefactor
216 Prefactor[A_, X_, e_, opts:OptionsPattern[]]:=
217 If[OptionValue[Spin], -(1/2) Spinfactor[A,X], 1] Fluctuation[A, X, e, FilterRules[{opts},

Options[Fluctuation]]]↪

218 Options[Prefactor] = Append[Options[Fluctuation], Spin → True]
219

220 All combined
221

222 Combine action, prefactor and spin factor
223 EffectiveAction[A_Function, X_List, e_, opts:OptionsPattern[]]:=
224 Prefactor[A, X, e, opts] Exp[-(1/e)Action[A,X]]
225 Options[EffectiveAction] = Options[Prefactor]
226

227 Numerical continuation
228

229 Natural parameter continuation in a parameter λ with different method signatures
230 Options[NaturalContinuation] = Options[FindInstanton];
231 NaturalContinuation[A_Function, {λ_Symbol, λs_List}, X0_, opts:OptionsPattern[]]:= Block[{m},
232 Monitor[Transpose[{λs,
233 Rest@FoldList[(m = #2; FindInstanton[A/.λ → #2, #1, opts])&,X0,λs]
234 }], m]
235 ]
236 NaturalContinuation[A_Function, {λ_Symbol, λ0_, λ1_?NumericQ, Δλ_?NumericQ}, X0_,

opts:OptionsPattern[]]:=↪

237 NaturalContinuation[A, {λ, Range[λ0, λ1, Δλ]}, X0, opts]
238 NaturalContinuation[A_Function, {λ_Symbol, λ0_, s:{_,_}..}, X0_, opts:OptionsPattern[]]:=
239 NaturalContinuation[A,{λ,
240 Join@@(Range@@Rest[#]&/@FoldList[
241 Join[{#1⟦1⟧, #1⟦3⟧ + #2⟦2⟧}, #2]&,
242 Join[{λ,λ0},First[{s}]], Rest[{s}]
243 ])
244 }, X0, opts]
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245 NaturalContinuation[A_Function, {λ_Symbol, λ0_, λ1_, Δλ_}, {η_Symbol, η0_, η1_, Δη_}, X0_,
opts:OptionsPattern[]]:=↪

246 Transpose[{
247 Flatten[Table[{λ, η}, {λ, λ0, λ1, Δλ}, {η, η0, η1, Δη}],1],
248 Flatten[
249 Map[res⇒Rest@FoldList[
250 FindInstanton[A/.{λ → res⟦1⟧, η → #2}, #1, opts]&,
251 res⟦2⟧, Range[η0,η1,Δη]
252 ], Transpose[{Range[λ0, λ1, Δλ],
253 Rest@FoldList[FindInstanton[A/.{λ → #2, η → η0}, #1, opts]&,
254 X0, Range[λ0, λ1, Δλ]]}]
255 ], 1]
256 }]
257

258 Continuation by Davidenko's ODE
259

260 Partial derivative of the root function by a parameter λ (at a specific value λ0)
261 dλf[A_, {λ_Symbol, λ0_}, X_]:= Block[{dλA = Quiet[D[A,λ]/.λ → λ0, {Part::partw}]},
262 (- ((RotateLeft[dλA/@X] - RotateRight[dλA/@X])/2)
263 + 1/2 MapThread[Dot, {dA[dλA]/@X, RotateLeft[X] - RotateRight[X]}]
264 )
265 ]
266

267 Given an instanton, find the derivative of the instanton by a parameter λ (at a specific value
λ0)↪

268 DavidenkoDerivative[A_, {λ_Symbol, λ0_}, X_, opts:OptionsPattern[]]:=
269 Partition[
270 LinearSolve[ActionHessian[A/.λ → λ0, X, opts],
271 -Flatten@dλf[A, {λ, λ0}, X]
272 ], Length@First@X
273 ]
274 Options[DavidenkoDerivative] = Options[ActionHessian];
275

276 Predict an instanton that is at most dx away (effectively giving adaptive step width control)
277 DavidenkoPredict[A_, λ_Symbol, dx_, {λ0_, X_}, opts:OptionsPattern[]]:= Block[{dX, dλ},
278 dX = If[OptionValue[Center],
279 centerInstanton[OptionValue[Fixed]/.Automatic → autoFixed[A], #],
280 #
281 ]&[DavidenkoDerivative[A, {λ, λ0}, X,
282 FilterRules[{opts},Options[DavidenkoDerivative]]
283 ]];
284 dλ = Min[dx/Sqrt[Chop[#†.#&@Flatten[dX] + 1]], OptionValue[MaxStep]];
285 If[dλ < OptionValue[MinStep],
286 Message[DavidenkoContinuation::StepSize, λ, λ0, dλ, OptionValue[MinStep]]; $Failed,
287 {λ0 + dλ, X + OptionValue[StepScale] dλ dX}]
288 ]
289 Options[DavidenkoPredict] = Join[Options[DavidenkoDerivative], {Fixed → Automatic, MaxStep → ∞,

MinStep → 0, StepScale → 1, Center → True}];↪

290

291 Perform continuation using n*m steps of Davidenko prediction, adding a root finding correction
every m steps.↪

292 davidenkoPredictions[A_, λ_Symbol, dx_, {λ0_, X0_}, m_, opts:OptionsPattern[]]:=
293 Rest@NestWhileList[DavidenkoPredict[A, λ, dx, #, opts]&, {λ0, X0}, !FailureQ[#]&, 1, m]
294 correct[A_, λ_, opts:OptionsPattern[]][{λ0_, X0_}]:= {λ0, FindInstanton[A/.λ → λ0, X0, opts]}
295 correct[_, _, OptionsPattern[]][e_?FailureQ] = e
296 Options[correct] = Options[FindInstanton];
297 DavidenkoContinuation[A_, {λ_, λ0_, λmax_, m_:1}, dx_, X0_, opts:OptionsPattern[]]:=

Block[{mon}, Monitor[↪

298 NestWhileList[Check[mon = #⟦1⟧;
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299 correct[A, λ, FilterRules[{opts}, Options[FindInstanton]]
300 ]@Last@davidenkoPredictions[A, λ, dx/m, #, m, FilterRules[{opts},

Options[DavidenkoPredict]]],↪

301 Message[DavidenkoContinuation::FindInstanton, λ, #⟦1⟧]; $Failed, {FindRoot::cvmit,
FindRoot::lstol}]&,↪

302 correct[A, λ, FilterRules[{opts}, Options[FindInstanton]]][{λ0, X0}],
303 ((!FailureQ[#]) && #⟦1⟧ ≤ λmax)&, 1, ∞],
304 mon]]
305 Options[DavidenkoContinuation] = Join[Options[DavidenkoPredict], Options[FindInstanton]];
306

307 Visualization
308 InstantonPlot3D[A_,λX_,opts:OptionsPattern[]]:=Block[
309 {v=(sol⇒(Append[#,sol⟦1⟧]&/@sol⟦2⟧))/@λX,ni,nj,act},
310 act=Rescale[Action[A[#⟦1⟧],#⟦2⟧]&/@λX];
311 ni=Length[v];
312 nj=Length[First[v]];
313 Graphics3D[{Opacity[0.8],
314 Flatten[Table[{ColorData["ThermometerColors"][act⟦i⟧],Polygon[
315 {v⟦i,j⟧,v⟦i,Mod[j+1,nj,1⟧],v⟦i+1,Mod[j+1,nj,1⟧],v⟦i+1,j⟧}]},
316 {i,ni-1},{j,nj}],1]
317 }, opts]
318 ]
319 Options[InstantonPlot3D] = Options[Graphics3D]
320 InstantonModel[v_]:=Block[{ni,nj},
321 ni=Length[v];
322 nj=Length[First[v]];
323 Flatten[Table[{Polygon[
324 {v⟦i,j⟧,v⟦i,Mod[j+1,nj,1⟧],v⟦i+1,Mod[j+1,nj,1⟧],v⟦i+1,j⟧}]},
325 {i,ni-1},{j,nj}],1]
326 ]
327

328 Epilog
329 End[]
330 EndPackage[]
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