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Zusammenfassung

Wir verallgemeinern den Begriff der metrischen Maßräume zu sogenannten metri-
schen zwei-Level Maßräumen (abgekürzt als m2m-Räume). Dabei definieren wir einen
m2m-Raum als die Isomorphieklasse eines Tripels (X,r,ν), wobei (X,r) ein polni-
scher metrischer Raum und ν ∈Mf (Mf (X)) ein endliches Maß auf der Menge der
endlichen Maße auf X ist. Wir betrachten die Menge aller m2m-Räume und führen
eine separierende Klasse von Testfunktionen auf dieser Menge ein. Die Definition der
Testfunktionen basiert dabei auf der Idee endliche Teilräume von (X,r) mit Hilfe
von ν zu samplen, d. h. wir samplen Maße ausMf (X) mittels ν und benutzen diese
Maße, um endliche viele Punkte aus X zu samplen. Wir untersuchen die von diesen
Testfunktionen erzeugte Topologie (auf der Menge der m2m-Räume) und zeigen unter
anderem, dass diese Topologie polnisch ist, indem wir eine vollständige Metrik für
diese Topologie angeben.
Die Definition der m2m-Räume und der obigen Topologie ist motiviert durch An-

wendungen in der mathematische Biologie. Die Menge der m2m-Räume ist geeignet
als Zustandsraum für stochastische Prozesse, welche die Genealogie einer Populati-
on in einem hierarchischen System mit zwei Leveln modelliert, wie z. B. in einem
Wirt-Parasit System. Beispielhaft wenden wir unsere Resultate an, um einen zufälli-
gen m2m-Raum zu konstruieren, welcher die Genealogie in einem zwei-Level Kingman
Koaleszenten modelliert.

Abstract

We extend the notion of metric measure spaces to so-called metric two-level measure
spaces (m2m spaces for short). An m2m space is an isomorphism class of a triple
(X,r,ν), where (X,r) is a Polish metric space and ν ∈Mf (Mf (X)), i. e. ν is a finite
measure on the set of finite measures on X. We define a point separating class of test
functions on the set of m2m spaces based on the idea of sampling finite subspaces of
(X,r) by means of ν (we use ν to sample measures fromMf (X) and then sample a
finite subset of X with the sampled measures). We then study the topology which is
induced by these test functions and show that this topology is Polish by providing a
complete metric.
The framework introduced in this thesis is motivated by possible applications in

mathematical biology. It is designed for modeling the random evolution of the ge-
nealogy of a population in a hierarchical system with two levels, for example, a host-
parasite system or a population which is divided into colonies. As an example we
apply our theory to construct a random m2m space which is modeling the genealogy
of a nested Kingman coalescent.
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Chapter 1

Introduction

The aim of this thesis is to provide a state space for stochastic processes which model
the evolving genealogy of a population in a hierarchical system with two-levels, for
example in a host-parasite system or a population which is divided into colonies. To
this end, we introduce metric two-level measure spaces and study the convergence of
these objects. The notion of metric two-level measure spaces is a generalization of
the notion of metric measure spaces. A metric measure space [X,r,µ] is defined as
the isomorphism class of a triple (X,r,µ) where (X,r) is a Polish metric space (i. e.
a complete and separable metric space) and µ is a finite Borel measure on X. Two
such triples (X1, r1,µ1) and (X2, r2,µ2) are said to be isomorphic if there is a function
f : X1→X2 such that µ2 = f∗µ1 := µ1 ◦f−1 and f is isometric on the support of µ1.
Roughly speaking, (X1, r1,µ1) and (X2, r2,µ2) are isomorphic if the measures µ1 and
µ2 have the same structure, even though they are defined on different sets. For this
reason, the isomorphism f is sometimes called a measure-preserving isometry.
Metric measure spaces, hereinafter abbreviated as mm spaces, are central objects

in probability theory. Every random variable on a Polish metric space (X,r) can be
identified with its probability distribution µ on X. Hence, the random variable can be
represented by the mm space [X,r,µ]. Therefore, metric measure spaces occur almost
everywhere in probability theory, although most of the time only implicitly. On the
other hand, notions of convergence of mm spaces and metrics on the set of mm spaces
have been of interest in geometric analysis (see for example [Gro99, Stu06, LV09]),
optimal transport (see [Vil09] and the references given therein), mathematical biol-
ogy (see for instance [GPW09,GPW13,DGP12]) and general probability theory (see
for example [ALW17,Cro16]). The introduction of these notions of convergence has
allowed for the study of mm space-valued stochastic processes. This is of particular
interest in mathematical biology, where such processes are used to study the evolution
of genealogical (or phylogenetic) trees (cf. [GPW13,DGP12,Glö12, KW17,Guf17]).
Typically, the metric space (X,r) represents a population together with its genealog-
ical tree and µ is a sampling measure on the set of individuals.
The basis of this thesis is an article of Greven, Pfaffelhuber and Winter ([GPW09]).

The authors equip the set of metric probability measure spaces with a Polish topology,
making it into a useful state space for tree-valued stochastic processes. A metric
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Chapter 1 Introduction

probability measure space (mpm space for short) is a metric measure space [X,r,µ]
where µ is a probability measure. It follows from Gromov’s reconstruction theorem
([Gro99, Theorem 31

2 .5]) that an mpm space [X,r,µ] is uniquely determined by its
distance matrix distribution

RX∗ µ
⊗∞ ∈M1(RN×N

+ ),

where RX∗ µ⊗∞ denotes the push-forward of the product measure µ⊗∞ under the dis-
tance map RX which maps a sequence (xi)i∈N ∈XN to its distance matrix

RX((xi)i) := (r(xi,xj))i,j∈N.

An mpm space can therefore be identified with its distance matrix distribution. This
idea is used in [GPW09] to define a topology on the set M1 of mpm spaces. The
Gromov-weak topology on M1 is defined as the topology which is induced by all test
functions Φ: M1→R of the form

Φ([X,r,µ]) =

∫
ϕ◦RX dµ⊗m,

where m ∈ N≥2 and ϕ ∈ Cb(RN×N
+ ). Convergence with respect to the Gromov-weak

topology is the same as weak convergence of the associated distance matrix distribu-
tions. That is, a sequence ([Xn, rn,µn])n in M1 converges to [X,r,µ]∈M1 if and only
if RXn∗ µ⊗∞n

w−→RX∗ µ
⊗∞.

Greven, Pfaffelhuber and Winter also provide a complete metric on M1, the so-
called Gromov-Prokhorov metric dGP. To obtain the Gromov-Prokhorov distance
between two mpm spaces [X,r,µ] and [Y,d,η], one embeds both spaces X and Y
into a common Polish space (Z,rZ) using isometries iX : X → Z and iY : Y → Z.
This allows to consider the push-forward measures iX∗µ := µ◦ i−1

X and iY ∗η := µ◦ i−1
Y .

Since these are measures on the same space Z, one can use the Prokhorov metric dP

on M1(Z) to compute the distance between the push-forward measures. The value
of

dP(iX∗µ,iY ∗η) (E1.1)

provides an estimate of the distance between the two mpm spaces [X,r,µ] and [Y,d,η].
Of course this value is very dependent on the choice of the space Z and of the em-
bedding functions iX and iY . To obtain a well-defined value, one defines the Gromov-
Prokhorov distance dGP([X,r,µ], [Y,d,η]) as the infimum of all values (E1.1), where
the infimum is taken over all Polish spaces Z and embeddings of X and Y into Z.
It was proved in [GPW09] that the Gromov-weak topology is in fact metrized by

the Gromov-Prokhorov metric. It follows that M1 equipped with the Gromov-weak
topology is Polish and thus a suitable state space for stochastic processes.
The results of [GPW09] have been generalized to metric measure spaces with finite

measures ([Glö12]) and extended to marked metric measure spaces (see [DGP11] for
probability measures and [KW17] for finite measures). We also seek to extend the
results in [GPW09] by replacing the measure µ on the metric space (X,r) with a
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two-level measure ν ∈ Mf (Mf (X)), i. e. with a finite measure on the set of finite
measures on X. This extension is motivated by the study of two-level branching
systems in biology, e. g. host-parasite systems, where individuals of the first level are
grouped together to form the second level and both levels are subject to branching or
resampling mechanisms.
Let us give a few examples of models of such two-level systems that can be found

in the mathematical literature:

(a) Dawson, Hochberg and Wu develop a two-level branching process in [DHW90,
Wu91]. They consider particles which move in Rd and are subject to a birth-and-
death process. Moreover, the particles are grouped into so-called superparticles,
which are subject to another birth-and-death process. The state of this process
is given by a two-level measure ν ∈M(M(Rd)), i. e. a Borel measure on the set
of Borel measures on Rd. The authors also consider the small mass, high density
limit of the discrete process. This leads to a two-level diffusion process.

(b) The authors in [BT11] provide a continuous-time two-level branching model for
parasites in cells. The parasites live and reproduce (i. e. branch) inside of cells
which are subject to cell division. At division of a cell the parasites inside are
distributed randomly between the two daughter cells. The model originates from
the discrete processes in [Kim97,Ban08] and can be seen as a diffusion limit of
these processes.

(c) Another example of a two-level process is given in [MR13]. The authors model
the evolution of a population together with different kinds of cells that proliferate
inside of the individuals of the population. The individuals follow a birth-and-
death mechanism (including mutation and selection) and the cells inside the
individuals follow another birth-and-death mechanism.

(d) Dawson studies two-level resampling models in [Daw18]. He considers a random
process that models a population which is divided into colonies. The type space
X of the individuals is finite and the state of the process is given by a two-
level probability measure ν ∈M1(M1(X)), i. e. by a Borel probability measure
on the set of Borel probability measures on X. The individuals are subject to
mutation, selection, resampling and migration mechanisms while at the same
time the colonies are also subject to selection and resampling mechanisms. The
author considers the finite case in which the number of colonies and the number
of individuals per colony are fixed as well as the limit case when both of these
numbers go to infinity. The limit is a two-level diffusion process called the
two-level Fleming-Viot process.

We want to extend the theory of metric measure spaces in such a way that the
new framework is suitable for modeling the aforementioned examples. The hierarchi-
cal two-level structure is of particular interest for us. That is why we study triples
(X,r,ν)(2) where (X,r) is a Polish metric space and ν ∈Mf (Mf (X)). We call such
a triple a metric two-level measure triple (abbreviated as m2m triple).

3



Chapter 1 Introduction

Let us explain how we intend to use an m2m triple (X,r,ν)(2) to model the genealogy
of a parasite population in a host-parasite system: The metric space (X,r) represents
the set X of parasites together with its genealogical tree, which is encoded in the
metric r. A single host is represented by a measure µ ∈Mf (X) (i. e. by a sampling
measure on the parasites inside this host) and the two-level measure ν is a sampling
measure on the hosts. As such it encodes the distribution of individuals among the
host. We can use ν to sample a host which is represented by a measure µ and then use
µ to sample individuals within this host. This approach makes sense from the point
of view of applications: If one wants to gain information about a parasite population,
one would first sample hosts and then sample parasites within these hosts.
In the context of our theory we are only interested in the structure of the (ge-

nealogical) trees and not in their labels. To get rid of labels, we consider isomorphism
classes of m2m triples. Our definition of isomorphisms focuses on the structure of
the measure ν and its “effective support in X”. By effective support in X we mean
the smallest closed subset C ⊂ X with suppµ ⊂ C for ν-almost every µ ∈Mf (X).
This set is equal to the support of the first moment measure Mν( · ) :=

∫
µ( · ) dν(µ).

Roughly speaking, we identify two m2m triples (X,r,ν)(2) and (Y,d,λ)(2) if λ can be
mapped into ν with a function that is isometric on the effective supports of the mea-
sures. To be precise, (X,r,ν)(2) and (Y,d,λ)(2) are said to be isomorphic if there is a
function f : X → Y which is isometric on suppMν (the effective support in X of ν)
and measure preserving in the sense that ν = f∗∗λ. Here, f∗∗λ denotes the two-level
push-forward of λ. It is the push-forward of the push-forward operator of f . That is,
f∗∗λ := λ ◦ f−1

∗ , where f∗ is the function from Mf (X) to Mf (Y ) that maps a finite
Borel measure µ to its push-forward f∗µ := µ◦f−1.
The central object of this thesis are the isomorphism classes of m2m triples. The

isomorphism class of an m2m triple (X,r,ν)(2) is called a metric two-level measure
space (m2m space for short) and denoted by [X,r,ν](2). We define a Polish topology on
the set M(2) of all m2m spaces (i. e. the set of all isomorphism classes), thus providing a
possible state space for tree-valued two-level processes. We proceed in similar manner
as Greven, Pfaffelhuber and Winter did for mm spaces in [GPW09].
It turns out that generalizing the results of [GPW09] is considerably easier if we

restrict ourselves to probability measures only. That is why we first consider the
subset M(2)

1 := { [X,r,ν](2) ∈M(2) | ν ∈M1(M1(X))} ⊂ M(2). Elements of M(2)

1 are
called metric two-level probability measure spaces (m2pm spaces for short).
We provide a reconstruction theorem for m2pm spaces, which shows that an m2pm

space [X,r,ν](2) ∈M(2)

1 is uniquely determined by its distance array distribution

RX∗ M
∞,∞
ν ∈M1(RN4

+ ),

where RX∗ M
∞,∞
ν denotes the push-forward of the infinite mixed moment measure

M∞,∞ν :=

∫ ∫ ∞⊗
i=1

µ⊗∞i dν⊗∞(µ1,µ2, . . .)∈M1(XN×N)

4



under the distance map RX which maps an infinite matrix (xij)ij ∈ XN×N to its
distance array

RX((xij)ij) :=
(
r(xij ,xkl)

)
i,j,k,l∈N. (E1.2)

Heuristically, the infinite mixed moment measure samples infinitely many measures
(µi)i ⊂M1(X) with distribution ν and then samples with each of these measures
µi infinitely many points (xij)j ⊂ X. Then, the distance array distribution is the
distribution of the random distance array in (E1.2).
We introduce the two-level Gromov-weak topology τ ′2Gw on M(2)

1 as the topology
which is induced by all test functions Φ: M(2)

1 →R of the form

Φ([X,r,ν](2)) =

∫ ∫
ϕ◦RX dµ⊗n dν⊗m(µ) (E1.3)

with m ∈N, n= (n1, . . . ,nm) ∈Nm, ϕ ∈ Cb(R|n|×|n|) and µ⊗n :=
⊗m

i=1µ
⊗ni
i . Loosely

speaking, a test function Φ samples finitely many measures with ν, then samples
finitely many points with each of these measures and finally evaluates the metric space
spanned by all sampled points. Convergence with respect to τ ′2Gw is the same as weak
convergence of the corresponding distance array distributions. That is, a sequence
([Xn, rn,νn](2))n in M(2)

1 converges two-level Gromov-weakly to [X,r,ν](2) ∈M(2)

1 if and
only if

RXn∗ M∞,∞νn
w−→RX∗ M

∞,∞
ν .

We show that (M(2)

1 , τ ′2Gw) is Polish by providing a complete metric, the so-called
two-level Gromov-Prokhorov metric d2GP. This metric is a straight-forward general-
ization of the (one-level) Gromov-Prokhorov metric. To obtain the distance between
two m2pm spaces [X,r,ν](2) and [Y,d,λ](2) we embed both metric spaces into a com-
mon Polish metric space Z using isometries iX : X→ Z and iY : Y → Z and use the
Prokhorov metric dP onM1(M1(Z)) to compute the distance

dP(iX∗∗ν, iY ∗∗λ) (E1.4)

between the two-level push-forward measures. The two-level Gromov-Prokhorov dis-
tance d2GP([X,r,ν](2), [Y,d,λ](2)) is defined as the infimum of all the values (E1.4),
where the infimum is taken over all Polish metric spaces Z and all isometric embed-
dings of X and Y into Z.
Because the two-level Gromov-weak topology is induced by the test functions (E1.3),

we can use a theorem due to Le Cam to show that these test functions are also
convergence determining for random m2pm spaces. This means that a sequence of
distributions Pn on M(2)

1 converges weakly to a distribution P if and only if∫
Φ dPn→

∫
Φ dP

for every test function of the form (E1.3). This makes these test functions particularly
useful for defining generators of Markov processes with values in M(2)

1 .
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Chapter 1 Introduction

After restricting ourselves to probability measures only, we go over to the more
general case. It turns out that for general m2m spaces there is no reconstruction
theorem similar to the one for m2pm spaces. That is, we cannot identify m2m spaces
with measures on distance arrays. Roughly speaking, the problem is that the two-
level measure ν may have ν({o})> 0 and that we cannot sample points with the null
measure o. For this reason we can only reconstruct ν− ν({o})δo (i. e. ν without its
possible atom at o) by sampling points from the underlying metric space X.
However, we can still define a point separating class of test functions on M(2).

Because we are now dealing with finite measures, we also have to gain control over the
mass of the measures. For this reason we decompose finite measures µ∈Mf (X) into
their mass m(µ) := µ(X) and their normalization µ := µ

m(µ) . To determine an m2m
space uniquely we need three different types of test functions. We define T (2) as the
set of all functions Φ: M(2)→ R which can be written in one of the following three
forms:

Φ([X,r,ν](2)) = χ(m(ν)), (TF1)

Φ([X,r,ν](2)) = χ(m(ν))

∫
ψ(m(µ)) dν⊗m(µ), (TF2)

Φ([X,r,ν](2)) = χ(m(ν))

∫
ψ(m(µ))

∫
ϕ◦R(x) dµ⊗n(x) dν⊗m(µ), (TF3)

where m ∈ N, n = (n1, . . . ,nm) ∈ Nm, χ ∈ Cb(R+) with χ(0) = 0, ψ ∈ Cb(Rm+ ) with
ψ(a) = 0 whenever any of the components of the vector a∈Rm+ is 0 and where µ⊗n :=⊗m

i=1µi
⊗ni . The test functions of T (2) determine different parts of the evaluated

m2m space [X,r,ν](2). Functions of type (TF1) determine the mass m(ν), whereas
type (TF2) determines the mass distribution m∗ν, i. e. the push-forward of ν under
the functions m : Mf (X)→ R+ with m(µ) := µ(X). The structure of the two-level
measure ν and the space (X,r) is determined by test functions of type (TF3).
We define the two-level Gromov-weak topology τ2Gw on M(2) as the topology which

is induced by all test functions of T (2). Note that we use the same name for both
topologies τ2Gw and τ ′2Gw because they coincide on M(2)

1 . The two-level Gromov-
Prokhorov metric d2GP can easily be extended from M(2)

1 to M(2). We show that d2GP

is complete and metrizes the two-level Gromov-weak topology. Thus, (M(2), τ2Gw) is
a Polish space.
We also show that the test functions of T (2) are convergence determining for distri-

butions on M(2) (in the same way as we did for test functions (E1.3) on M(2)

1 ). Hence,
they are a useful class of functions for defining generators of Markov processes with
values in M(2). In particular, this will allow us to create m2m space-valued analogs of
the two-level examples given above in future research articles.
Let us briefly summarize the two main obstacles which arise when we extend the

theory from m2pm spaces to m2m spaces:

(a) The space (M(2)

1 , τ ′2Gw) can be embedded into M1(RN4

+ ) using distance array
distributions. It follows directly that the two-level Gromov-weak topology on
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M(2)

1 is metrizable and thus we can use sequences to show compactness of subsets
or continuity of functions on M(2)

1 . As we mentioned before, such an embedding
is not possible anymore for M(2). Therefore, it is not a priori clear whether
the two-level Gromov-weak topology on M(2) is metrizable and our proofs (for
continuity, compactness, etc.) must not rely on sequences. Instead, we will work
with nets. Nets are a generalization of sequences and most of the theorems for
metric spaces using sequences (e. g. continuity of functions, closedness of sets,
compactness of sets) hold true for general topological spaces when sequences are
replaced by nets. After proving that M(2) equipped with the two-level Gromov-
weak topology τ2Gw is in fact Polish, we go back using ordinary sequences.

(b) For characterizing compact sets of m2m spaces it is necessary to work with fi-
nite first moment measures. Unfortunately, the first moment measure Mν( · ) =∫
µ( · ) dν(µ) of a two-level measure ν ∈ Mf (Mf (X)) may be infinite. We

can overcome this problem by approximating ν sufficiently close by a two-
level measure with finite moment measures. This is done by restricting ν
to M≤K(X) = {µ∈Mf (X) | µ(X)≤K } using a smooth density function fK .
Then, fK ·ν is an element ofMf (M≤K(X)) and has finite moment measures.
Moreover, fK ·ν converges weakly to ν for K↗∞.

Finally, we apply our framework to an example. We define a two-level coalescent
process called the nested Kingman coalescent, which is a coalescent model for individ-
uals of different species. The nested Kingman coalescent is a special case of the nested
coalescent model, which was recently introduced in [Bla16,BDLSJ18]. We equip the
genealogical tree stemming from the nested Kingman coalescent with a two-level prob-
ability measure which contains the two-level structure of the coalescent. The measure
is defined based on the idea of sampling species and then sampling individuals of this
species. The result is a random m2pm space called the nested Kingman coalescent
measure tree.

Outline: The rest of this thesis is organized as follows: We start with some pre-
liminaries in chapter 2. We discuss nets in topological spaces and how they can be
used to determine a topology. Moreover, we show how a topology can be induced
by functions. We also study weak convergence of finite measures together with the
corresponding topology. Then we explain how to push-forward one- and two-level
measures and study the continuity properties of these push-forward operators.
Chapter 3 is devoted to metric measure spaces with finite measures. We proceed in

a similar way as the authors of [GPW09] did for metric probability measure spaces.
We define the Gromov-weak topology on the set M of metric measure spaces by means
of test functions. Then we define and study the Gromov-Prokhorov metric on M and
characterize compact subsets of M. Finally, we show that the Gromov-weak topology
is metrized by the Gromov-Prokhorov metric and thus Polish.
In chapter 4 we present the main results of this thesis. First, we discuss two-

level measures on a fixed Polish metric space and study the interrelationship with
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Chapter 1 Introduction

their moment measures. Then, we present our results for metric two-level probability
measure spaces. We provide a reconstruction theorem for m2pm spaces and a point
separating class of test functions on the set M(2)

1 of m2pm spaces. Furthermore,
we introduce the two-level Gromov-weak topology on M(2)

1 as the topology which
is induced by these test functions. We then define the two-level Gromov-Prokhorov
metric onM(2)

1 and show that this metric is complete. Finally, we characterize compact
subsets of M(2)

1 and prove that the two-level Gromov-weak topology is metrized by the
two-level Gromov-Prokhorov metric and thus Polish. In the last part of this chapter
we discuss general metric two-level measure spaces. We provide a point separating
class of test functions on the set M(2) of m2m spaces and study the induced topology,
which is also called the two-level Gromov-weak topology. Moreover, we extend the
two-level Gromov-Prokhorov metric from M(2)

1 to M(2). We characterize compact nets
and compact subsets in M(2) and eventually prove that the Gromov-Prokhorov metric
on M(2) metrizes the two-level Gromov-weak topology.
In chapter 5 we construct a random m2pm space called the nested Kingman coa-

lescent measure tree. Its distribution is obtained as the weak limit of distributions
of finite m2pm spaces. To prove convergence, we apply the tightness results of the
previous chapter.
Additionally, in chapter A of the appendix we present some supplementary facts

about the Gromov-Hausdorff topology and semi-continuous functions.

Parts of this thesis (mainly section 4.4 and chapter 5, but also parts of this intro-
duction and the preliminary chapter) have been published in [Mei18].
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Chapter 2

Preliminaries

In this chapter we introduce the topological and probabilistic tools which are necessary
for the main parts of our thesis.
Note that throughout the whole thesis we use bold letters to denote tuples, vectors

or matrices. For instance, x denotes a tuple (or matrix) of points from a set X
and µ denotes a tuple (or matrix) of measures. The symbol { is used to denote the
complement of a set, i. e. {A=X \A for a subset A⊂X, and the symbol o is used to
denote the null measure, which is 0 on all sets.
Sometimes we call finite measures distributions even though they are not probability

measures (e. g. distance distribution or mass distribution). This is due to the fact that
we generalize results for probability measures to finite measures and do not want to
change the names. Also, a finite measure is only a probability measure multiplied by
a constant, hence we can always normalize a finite measure to obtain a distribution.

Outline of this chapter: In section 2.1 we define the notion of nets and explain
how nets can be used to determine the topology of general topological spaces. In the
subsequent section 2.2 we introduce the initial topology, a way of defining a topology
by means of continuous functions. Also, we show how the initial topology can be char-
acterized in terms of converging nets. Section 2.3 is a short note about Polish spaces
and their embedding properties. In section 2.4 we provide a short summary about the
weak topology, which can be defined as an initial topology, and the Prokhorov metric.
The subsequent section 2.5 deals with concepts related to weak convergence, namely
separating and convergence determining sets of functions. Finally, in section 2.6 we
introduce the one-level and two-level push-forward operators.

2.1 Nets in topological spaces

This section is a short introduction to nets. Nets are a generalization of sequences
suitable for describing the topology of general topological spaces (in which the topol-
ogy is not uniquely determined by its convergent sequences). A more comprehensive
survey about nets can be found in the topology book of Kelley ([Kel55]), which is also
the origin of most of the results of this section.

9



Chapter 2 Preliminaries

We start with a brief motivation for the notion of nets. Let X and Y be topological
spaces. Recall that a function f : X→ Y is called continuous if the preimage f−1(O)
is open in X for every open set O ⊂ Y . Moreover, a subset A⊂X is called compact
if every open cover of A has a finite subcover. Both of these definitions are quite
abstract and sometimes hard to verify directly. Therefore, it is desirable to have
alternative characterizations of continuity and compactness which are easier to prove.
If X is in fact a metric space, it is possible to characterize both properties in terms
of convergence of sequences. In this case we have the equivalences

f is continuous ⇔ f is sequentially continuous,
A is compact ⇔ A is sequentially compact,

(E2.1)

where f is said to be sequentially continuous, if for every convergent sequence (xn)n
in X with xn→ z ∈X we have f(xn)→ f(z) and where A is said to be sequentially
compact , if every sequence in A has a convergent subsequence with limit in A.
However, in general topological spaces the equivalences in (E2.1) fail to be true.

This is due to the fact that a topology may be so complex and rich that it cannot be
determined by sequences anymore. We illustrate this with a simple example, which
shows that different topologies may have the same convergent sequences.
Example 2.1
Let X be an uncountable set and let τd denote the discrete topology on X. Further-
more, let τc denote the topology on X in which a set A ⊂ X is open if and only if
either {A is countable or A= ∅. The topology τc is called the cocountable topology
of X. It is easy to see that a sequence (xn)n ⊂X converges to a point x ∈X with
respect to the cocountable topology if and only if xn = x for all but finitely many
n. The same is true for convergence with respect to the discrete topology. Hence, τc
and τd admit the same convergent sequences, but obviously these topologies do not
coincide.

Note that a sequence (xn)n inX is formally defined as a function from the set N toX
and that its domain N is countable and linearly ordered. The notion of a sequence can
be generalized by allowing more general domains than N (namely directed, partially
ordered sets) and these generalized sequences are called nets. It turns out that the
notion of nets is broad enough to determine a topology, i. e. two topologies coincide if
and only if they have the same convergent nets. Moreover, it is possible to characterize
continuity and compactness in general topological spaces in terms of convergence of
nets (similar to the equivalences in (E2.1)).
Let us now start to properly define the notion of nets. A non-empty set A with

a partial order � is called directed if every pair α1,α2 ∈ A has a common successor
α ∈A (i. e. α1 � α and α2 � α). A map x from a directed set (A,�) to a topological
space (X,τ) is called a net in X. Similar to sequences we will denote this map by
(xα)α∈A or (xα)α. Observe that every sequence (xn)n∈N is a net on the directed set
(N,≤). This shows that nets are a generalization of sequences.
We say that the net (xα)α is eventually in a set A⊂X if there is an α0 ∈A such that

xα ∈A for all α� α0. The set {xα | α� α0 } is also called a tail of (xα)α. We say that
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2.1 Nets in topological spaces

(xα)α is frequently in A if every α0 ∈A has a successor α� α0 with xα ∈A. Likewise,
we say that a net eventually (resp. frequently) has a certain property if it eventually
(resp. frequently) takes values in the set of elements of X with this property. For
example, we say that a real-valued net (xα)α is eventually bounded byM > 0, if there
is an α0 such that xα ≤M for all α� α0

A net (xα)α is said to converge to a point z ∈X if for every neighborhood N ⊂X
of z there is an α0 ∈ A such that xα ∈N for all α� α0 (i. e. the net is eventually in
N). We denote this convergence by xα→ z and say that z is a limit of the net (xα)α.
If (xα)α has only one limit point, we write limαxα = z and say that z is the limit of
(xα)α. A topological space X is a Hausdorff space if and only if every net in X has
at most one limit. Note that in this thesis we will only be concerned with Hausdorff
spaces.
The following propositions are taken from [Kel55]. The first statements shows that

closed sets can be characterize by convergent nets.

Proposition 2.2
Let A be a subset of a topological space X. The set A is closed if and only if the limits
of every convergent net in A are also in A.

Since a topology is determined by its closed sets, this proposition shows that a topology
is uniquely determined by its convergent nets. That is, two topologies coincide if and
only if they admit the same convergent nets.
As we claimed in the motivational part at the beginning, nets can be used to

characterize the continuity of functions.

Proposition 2.3
Let X and Y be topological spaces. A function f : X→ Y is continuous if and only if
for every convergent net (xα)α in X with xα→ z ∈X we have f(xα)→ f(z).

It is of great interest to know when sequences are sufficient to determine the topology
of a space. The most important class of topological spaces in which this is true
are the first-countable spaces. Recall that a topological space X is said to be first-
countable if each point in X has a countable neighborhood base. Every metric space
is first-countable since the collection of balls B(x,1/n) with n ∈ N form a countable
neighborhood base for each point x∈X.

Proposition 2.4
Let X be a first-countable topological space.

(a) Let A be a subset of X. The set A is closed if and only if the limits of every
convergent sequence in A are also in A.

(b) A function f : X → Y from X to another topological space Y is continuous if
and only if f is sequentially continuous.

The first statement implies that two first-countable (e. g. metrizable) topologies coin-
cide if and only if they have the same convergent sequences. Note that this is true
only if both topologies are first-countable.

11



Chapter 2 Preliminaries

The analog of subsequences for nets are subnets. Let (B,�B) be another directed
set and (yβ)β∈B be another net in X. We say that (yβ)β is a subnet of (xα)α if there
is a function T from B to A with y = x ◦T (i. e. yβ = xT (β) for every β) and if for
every α0 ∈ A there is a β0 ∈ B such that T (β) � α0 for every β �B β0. Note that
a subsequence is always a subnet of the original sequence, but that a subnet of a
sequence is not necessarily a subsequence.
A point z ∈X is called a cluster point of (xα)α if for every neighborhood N ⊂X

of z and every α0 ∈A there is an α1 � α0 with xα1 ∈N (i. e. the net is frequently in
N). It can be shown that z is a cluster point of (xα)α if and only if there is a subnet
which converges to z.
As mentioned in the beginning of this section, we can use nets and subnets to

characterize compact subsets.

Proposition 2.5
A subset A of a topological space X is compact if and only if every net in A has a
convergent subnet with limit in A.

Again, it is desirable to replace nets by sequences. However, for characterizing
compactness by sequences we need a stronger condition than first-countability.

Proposition 2.6
A subset A of a metrizable space X is compact if and only if it is sequentially compact.

A frequently used property of sequences is that a sequence converges if and only
if every subsequence has a convergent subsequence and every convergent subsequence
has the same limit. This property is easily generalized to nets: A net is convergent
if and only if every subnet has a convergent subnet and every convergent subnet has
the same limit. We call a net compact if every subnet has a convergent subnet. Thus,
a net is convergent if and only if it is compact and every convergent subnet has the
same limit.
It follows easily from Proposition 2.3 that f(xα) is a compact net if (xα)α is a

compact net and f is a continuous function. Note that the elements of a compact
net do not necessarily form a relatively compact set. We illustrate this fact with an
example.

Example 2.7
Let A= (−∞,0] be equipped with the usual ordering ’≤’ and define xα = α for every
α ∈ A. The net (xα)α converges to 0 and is therefore a compact net. However, the
set of its elements {xα | α∈A}= (−∞,0] is not relatively compact.

We can use compact nets to characterize relatively compact subsets. The following
lemma is based on [Top74, Lemma 2.3].

Lemma 2.8
Let C be a subset of a regular topological space X. The following are equivalent:

(a) C is relatively compact.

12
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(b) Every net in C has a converging subnet.

(c) Every net in C has a cluster point.

(d) Every net in C is a compact net.

Recall that a topological space X is called regular if every closed set A ⊂ X and
disjoint point x 6∈ A can be separated by open neighborhoods, i. e. there are disjoint
open sets OA,Ox ⊂X with A ⊂ OA and x ∈ Ox. It is easy to see that every metric
space (X,r) is regular (take Ox :=B(x,ε) and OA :=B(A,ε) with ε := r(x,A)).
We define the limit superior of a real-valued net (xα)α by

limsup
α

xα = lim
α

sup
α′�α

xα′ ,

i. e. it is the limit of the supremum of the tails of the net. The limit superior is the
largest cluster point of the net or ∞ if there is no largest cluster point.
Sometimes we will be concerned with measure-valued nets (µα)α ⊂Mf (R), where
Mf (R) denotes the set of finite Borel measures on R. We call (µα)α tight if for every
ε > 0 there is a compact set C ⊂ R such that limsupαµα({C) < ε (i. e. µα({C) < ε
eventually). If (µα)α is a compact net (e. g. a convergent net), then it is also tight
(cf. [Top70, p.44]).
Finally, as a preparation for one of the main proofs of this thesis, we prove a version

of Cantor’s diagonal scheme for nets.

Lemma 2.9 (Diagonal argument for nets)
Let (xα)α be a net in a non-empty set X and let (y

(1)
β )β∈B1 ,(y

(2)
β )β∈B2 , . . . be subnets of

(xα)α such that (y
(n+1)
β )β∈Bn+1 is also a subnet of (y

(n)
β )β∈Bn for every n ∈N. Then,

there is a subnet (zγ)γ∈C of (xα)α with the following property: For every n ∈N there
is a γn ∈ C such that (zγ)γ restricted to {γ ∈ C | γn �C γ } is a subnet of (y

(n)
β )β∈Bn

Informally speaking, (zγ)γ is a subnet of each (y
(n)
β )β∈Bn when we ignore the first

elements of (zγ)γ and hence a “diagonal subnet”.

Proof: Recall that, by the definition of a subnet, for each n ∈ N there is a function
Tn : Bn → A with yβ = xTn(β) for every β ∈ Bn. Define C := N××n∈NBn and let
�C denote the product ordering on C. That is, we have (N,(βn)n) �C (N ′,(β′n)n) if
and only if N ≤ N ′ and βn �n β′n for every n ∈ N, where �n denotes the directed
order on Bn. It is easy to show that (C,�C) is a directed set. We define T : C → A
by T ((N,(βn)n)) := TN (βN ). By construction the net (zγ)γ∈C with zγ := xT (γ) is a
subnet of (xα)α and has the desired property. �

2.2 Initial topology

Sometimes it is desirable to define a topology which makes a certain set of functions
on X continuous. This is the idea behind the initial topology.
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Chapter 2 Preliminaries

Definition 2.10 (Initial topology)
Let X and I be non-empty sets and for every i ∈ I let fi : X→ Yi be a function from
X to some topological space (Yi, τi). Let F denote the set {fi | i∈ I }. The initial
topology on X induced by F is defined as the coarsest topology on X for which all
functions of F are continuous.

Let τ denote the initial topology on X induced by F . The topology τ is uniquely
determined by the following property (cf. [vQ79, Satz 3.13]): A function g : Z →X
from a topological space (Z,τZ) to X is continuous with respect to τ if and only if
fi ◦g is continuous for every i∈ I.
A typical example of an initial topology is the product topology. Given a set
{(Zi, τi) | i∈ I } of topological spaces, the product topology on Z :=

∏
i∈I Zi can be

defined as the initial topology induced by all canonical projections πi : Z → (Zi, τi)
with i∈ I.
Another example of an initial topology is the weak topology for Borel measures on

a Polish space X. This topology can be defined as the initial topology induced by the
functions µ→

∫
f dµ with f ∈ Cb(X). See section 2.4 for more details.

Since a function is continuous if and only if the preimages of open sets are open, it
is clear that f−1

i (Oi) must be open in (X,τ) for every i∈ I and every open subset Oi
of (Y,τi) and that the set {f−1

i (Oi) | i∈ I,Oi ∈ τi } is a topological subbase for τ . This
implies that convergence in the initial topology can be characterized by the following
property.

Lemma 2.11
A net (xα)α in X converges to a point x∈X with respect to the initial topology induced
by F if and only if f(xα) converges to f(x) for every f ∈F .

Assume now that all the spaces (Yi, τi) coincide with some space (Y,τY ). Recall
that we say that F separates points in X (or that F is point separating in X) if for all
x,y ∈X with x 6= y there is a function f ∈ F with f(x) 6= f(y). In this case we have
the following useful lemma.

Lemma 2.12
Let F be a set of functions from X to a Hausdorff space (Y,τY ). If F separates points
in X, then the initial topology induced by F is also a Hausdorff topology.

Proof: Let x,y be two different points in X. Then there is a f ∈ F with fi(x) 6=
fi(y). Because Y is a Hausdorff space, there are disjoint open environments Ox and
Oy of f(x) and f(y), respectively. Hence, f−1(Ox) and f−1(Oy) are disjoint open
environments of x and y, respectively. �

2.3 A note on Polish spaces

A topological space is called Polish (or a Polish space) if it is separable and metrizable
with a complete metric. We say that a metric space (X,r) is Polish if it is separable
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and the metric r is complete. Nearly all topological and metric spaces which appear
in this thesis will be Polish, though for some of them this property is not apparent
and we will put some effort into showing that they are Polish.
Polish spaces have nice hereditary properties. Countable products of Polish spaces

are also Polish and so are closed subsets of Polish spaces. Thus, the space RN equipped
with the product topology and all its closed subsets are Polish. The following proposi-
tion from [Eng89, Corollary 4.3.25] shows that these are in fact the only Polish spaces
(up to homeomorphisms).

Proposition 2.13
A topological space is Polish if and only if it is homeomorphic to a closed subset of
RN.

Thus, one can think of the set of all closed subspaces of RN as being the “set of all
Polish spaces”, even though the latter set does not exist in the axiomatic set theory
of Zermelo and Fraenkel.
In this thesis we will be concerned with sets of Polish metric spaces and to be

formally correct we require these spaces to be subsets of RN. However, in light of
Proposition 2.13, this is not a restriction and our theory stays valid for general Polish
metric spaces.

2.4 The weak topology and the Prokhorov metric

Let (X,r) be a Polish metric space. ByMf (X) we denote the set of all finite Borel
measures on X equipped with the weak topology. The weak topology on Mf (X) is
defined as the initial topology with respect to all functions µ 7→

∫
f dµ with f ∈ Cb(X),

where Cb(X) denotes the set of bounded and continuous functions from X to R.
Therefore, a net (µα)α of finite Borel measures on X converges to a finite Borel
measure µ in the weak topology if and only if∫

f dµα→
∫
f dµ

for every test function f ∈ Cb(X). We say that µα converges weakly to µ and denote
this weak convergence by µα

w−→ µ or w-limαµα = µ.
It is well known that the setMf (X) equipped with the weak topology is a Polish

space and that the Prokhorov metric dP is a complete metric for this topology (cf.
for example [Pro56]). The Prokhorov distance dP(µ,η) between two finite measures
µ,η ∈Mf (X) is defined as the infimum over all ε > 0 such that

µ(A)≤ η(B(A,ε)) +ε and η(A)≤ µ(B(A,ε)) +ε (E2.2)

for all closed sets A⊂X, where B(A,ε) =
⋃
a∈AB(a,ε) and B(a,ε) is the open ball of

radius ε around a. To emphasize that we are using the Prokhorov metric for measures
on a specific metric space (X,r), we sometimes write dXP or d(X,r)

P instead of dP.
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The subsequent lemma shows that weak convergence of finite measures is equivalent
to weak convergence of the normalized measures and convergence of the masses. To
formalize this statement we need to introduce some notation. The mass of a finite
Borel measure µ∈Mf (X) is denoted by

m(µ) := µ(X).

For a tuple µ= (µ1,µ2, . . . ,µm)∈Mf (X)m of finite measures we define

m(µ) := (m(µ1), . . . ,m(µm)).

Furthermore, for every K ≥ 0 we define the sets

M≤K(X) := {µ∈Mf (X) |m(µ)≤K }

and

MK(X) := {µ∈Mf (X) |m(µ) =K } .

In particular, M1(X) denotes the set of probability measures on X. Note that for
two finite measures µ,η ∈MK(X)

µ(A)≤ η(B(A,ε)) +ε for all closed A⊂X

already implies
η(A)≤ µ(B(A,ε)) +ε for all closed A⊂X

by [EK86, Lemma 3.1.1]. Thus, for measures with the same mass one only needs to
check one of the properties of (E2.2) to compute the Prokhorov distance.
The normalization of a measure µ∈Mf (X) is defined as

µ :=

{
µ

m(µ) µ 6= o

o µ= o.

Here, o denotes the null measure, which is 0 on all sets. For a tuple of measures
µ= (µ1,µ2, . . . ,µm)∈Mf (X)m we define µ= (µ1, . . . ,µm).
The following lemma follows directly from the definition of weak convergence and

the fact that µ=m(µ) ·µ.

Lemma 2.14
Let X be a Polish space and let µ,µ1,µ2, . . .∈Mf (X). The following are equivalent:

(a) µn
w−→ µ.

(b) (i) m(µn)→m(µ) and

(ii) µ= o or µn
w−→ µ.

In particular, the map µ→ µ is everywhere continuous except at o.

16



2.5 Separating and convergence determining sets

Recall that a set F ⊂Mf (X) is called tight if for every ε > 0 there is a compact
set C ⊂ X such that µ({C) < ε for every µ ∈ F . We say that a single measure
µ ∈ Mf (X) is tight if the set {µ} is tight. Finite measures on Polish spaces are
always tight. It is well known that for probability measures tightness is equivalent to
relative compactness. However, for finite measures we also need to ensure that the
masses of the measures are bounded. This is part of the original theorem of Prokhorov
in [Pro56, Theorem 1.12].

Proposition 2.15 (Prokhorov’s theorem)
Let X be a Polish space and Γ⊂Mf (X). The set Γ is relatively compact in the weak
topology if and only if Γ is tight and the set {m(µ) | µ∈ Γ} is bounded in R.

Observe that {m(µ) | µ∈ Γ} is bounded if and only if Γ is bounded in the Prokhorov
metric since

|m(µ)−m(η)| ≤ dP(µ,η)≤max(m(µ),m(η))

for all µ,η ∈Mf (X).

2.5 Separating and convergence determining sets

In this section we introduce some concepts related to weak convergence and discuss
their relationships with each other. It should be noted that we distinguish between
the properties “separating” and “point separating”.

Definition 2.16 (Separating and convergence determining sets)
Let F ⊂B(X) be a set of bounded Borel measurable functions on a topological space
X. We say that F is separating if for any two Borel probability measures P,Q on X∫

f dP =

∫
f dQ ∀f ∈F

implies that P =Q.
If moreover F ⊂ Cb(X), then we say that F is convergence determining if for Borel

probability measures µ,µ1,µ2, . . . on X∫
f dµn→

∫
f dµ ∀f ∈F

implies weak convergence µn
w−→ µ.

Clearly, convergence determining sets are always separating.
Convergence determining sets are useful because we only need to check convergence

with respect to a smaller subset of Cb(X) to establish weak convergence. The following
result due to Le Cam provides conditions for a set F ⊂ Cb(X) to be convergence
determining. We cite the version from [HJ77, Lemma 4.1].
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Proposition 2.17 (Le Cam’s theorem)
Let X be a completely regular Hausdorff space (e. g. a metric space) and let F ⊂ Cb(X)
be closed under multiplication. If F induces the topology of X, then F is convergence
determining for Radon probability measures on X.

Recall that a topological space X is called completely regular if for any closed set
C ⊂X and any point x ∈X \C there is a continuous function f : X → R such that
f(x) = 0 and f(C) = {1}. In this case we say that f separates C and x. Hence,
in a completely regular space we can separate points from closed sets by continuous
functions. If (X,r) is a metric space, then the function f(·) := 1− r(·,C)

r(x,C) is continuous
and separates C from x. Therefore, every metric space is completely regular.
By [Wil70, Theorem 14.12] a topological space (X,τ) is completely regular if and

only if its topology τ coincides with the initial topology induced by Cb(X). Therefore,
complete regularity is a natural requirement in Proposition 2.17, because otherwise
no subset F ⊂ Cb(X) can induce the topology of X.
Another way of proving that a set is convergence determining is to show that it

“strongly separates points”.
Definition 2.18 (Strongly separating points)
Let X be a topological space and let F be a set of real-valued functions on X. We say
that F strongly separates points if for every x ∈ X and every neighborhood O of x
there are finitely many functions f1, . . . ,fn in F such that

inf
y 6∈O

max
1≤i≤n

|fi(y)−fi(x)|> 0.

Obviously, if X is a Hausdorff space and F strongly separates points, then F also
separates points in X.
Ethier and Kurtz proved in [EK86, Theorem 4.4.5] that every algebra of functions
F ⊂ Cb(X) which strongly separates points is also convergence determining. However,
their result is in fact a special case of Proposition 2.17. This follows from the next
lemma, which is based on [BK10, Lemma 4].
Lemma 2.19
Let X be a Hausdorff space and let F ⊂ C(X) be a set of continuous functions on X.
Then F strongly separates points if and only if F induces the topology of X.

In the remainder of this section we provide some corollaries which will be useful later
on. The results are well-known and have been proven before with various methods.
Here, we deduce them directly from Proposition 2.17
The following statement can also be found (in a more general version) in [EK86,

Proposition 3.4.6].
Corollary 2.20
Let (Xn)n be a sequence of Polish spaces and let X =

∏∞
n=1Xn be equipped with the

product topology. The set F ⊂ Cb(X) defined by

F := {
N∏
n=1

fn |N ∈N,fn ∈ Cb(Xn)}
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2.6 Push-forward operators

is convergence determining forM1(X).

Proof: Each Cb(Xn) induces the topology on Xn since Xn is completely regular as
a metrizable space. Hence, the set F induces the product topology on X (i. e. the
topology of pointwise convergence). Moreover, F is closed under multiplication and
X is metrizable as a countable product of metrizable spaces. We can now apply
Proposition 2.17 to obtain the result. �

Corollary 2.21 (Fdd convergence implies weak convergence)
Let (Xn)n be a sequence of Polish spaces and let X =

∏∞
n=1Xn be equipped with the

product topology. Moreover, let µ,µ1,µ2, . . . be probability measures on X. Then, µn
converges weakly to µ if and only if the finite dimensional distributions of µn converge
weakly to those of µ.

Proof: The set F from Corollary 2.20 is convergence determining for M1(X). The
functions of F depend only on finitely many coordinates and thus weak convergence
of the finite dimensional distributions yields∫

f dµn→
∫
f dµ

for every f ∈F . �

The following statement can also be found in [Bil68, Theorem 3.2].

Corollary 2.22
Let m ∈ N and X1, . . . ,Xm be Polish spaces. Let µ(i),µ

(i)
1 ,µ

(i)
2 , . . . be probability mea-

sures on Xi for each i∈ {1, . . . ,m}. The following are equivalent:

(a) µ(i)
n

w−→ µ(i) for each i∈ {1, . . . ,m}.

(b)
⊗m

i=1µ
(i)
n

w−→
⊗m

i=1µ
(i) as probability measures on the product space

∏m
i=1Xi.

In particular, if all spaces coincide to some Polish space X, then a sequence (µn)n ⊂
M1(X) converges weakly to µ∈M1(X) if and only if µ⊗mn converges weakly to µ⊗m.

Proof: Follows directly from Corollary 2.20. �

2.6 Push-forward operators

Let µ be a measure on a metric space (X,r) and let g be a Borel measurable function
from X to another metric space (Y,d). It is well known that the push-forward µ◦g−1

is a measure on the space Y . This construction allows us to compare measures which
are defined on different metric spaces by pushing them forward to a common space
using “nice” functions. In this thesis we will mainly deal with two-level measures
ν ∈Mf (Mf (X)), i. e. finite measures on the set of finite measures on X. To compare
two-level measures with different underlying spaces, say ν ∈Mf (Mf (X)) and λ ∈
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Mf (Mf (Y )), we need a way to push-forward ν to a two-level measure on Y using
a function g : X → Y between the underlying spaces. To achieve this we define a
push-forward operator g∗ : Mf (X)→Mf (Y ) by g∗µ= µ◦g−1 and then use the push-
forward of this operator, i. e. ν ◦ (g∗)

−1 ∈Mf (Mf (Y )).

Definition 2.23 (One-level and two-level push-forward)
Let (X,r) and (Y,d) be Polish metric spaces and g be a Borel measurable function
from X to Y . We define the (one-level) push-forward operator of g by

g∗ : Mf (X)→Mf (Y )

µ 7→ g∗µ= µ◦g−1
(E2.3)

and the two-level push-forward operator g∗∗ of g by

g∗∗ : Mf (Mf (X))→Mf (Mf (Y ))

ν 7→ g∗∗ν := ν ◦ (g∗)
−1.

(E2.4)

In this thesis the function g will usually be an isometry between X and Y . In this
case the “structure” of the push-forward measure g∗µ is the same as of the original
measure µ ∈Mf (X). The same is true for the two-level push-forward measure g∗∗ν
with ν ∈Mf (Mf (X)).
Let ϕ : Y → R be measurable and let µ ∈Mf (X) and ν ∈Mf (Mf (X)). For the

push-forward measures g∗µ and g∗∗ν we have the following obvious transformation
formulas (assuming that the integrals exist):∫

ϕ d(g∗µ) =

∫
ϕ◦g dµ (E2.5)

and ∫
Mf (Y )

∫
Y
ϕ dµ d(g∗∗ν)(µ) =

∫
Mf (X)

∫
Y
ϕ d(g∗µ) dν(µ)

=

∫
Mf (X)

∫
X
ϕ◦g dµ dν(µ).

(E2.6)

The following lemma summarizes some useful properties of the one-level and two-
level push-forward operator.

Lemma 2.24 (Properties of push-forward operators)
Let (X,dX),(Y,dY ) be Polish metric spaces, let h,g,g1,g2, . . . be measurable functions
from X to Y . Then we have:

(a) If g is continuous, then g∗ and g∗∗ defined as in (E2.3) and (E2.4), respectively,
are continuous.

(b) If gn converges pointwise to g, then gn∗ and gn∗∗ converge pointwise to g∗ and
g∗∗, respectively. That is, gn∗µ converges weakly to g∗µ and gn∗∗ν converges
weakly to g∗∗ν for all µ∈Mf (X) and ν ∈Mf (Mf (X)).
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2.6 Push-forward operators

(c) Let µ ∈Mf (X) and ε > 0. Define Mε := {x∈X | dY (g(x),h(x))< ε} and δ :=
µ({Mε). Then we have

dP(g∗µ,h∗µ)≤max(ε,δ).

(d) If (Z,Z) is another measurable space and if f : Y →Z is measurable, then

(g ◦f)∗ = g∗ ◦f∗ (E2.7)

and

(g ◦f)∗∗ = g∗∗ ◦f∗∗ (E2.8)

i. e. we have (g ◦ f)∗µ = g∗(f∗µ) and (g ◦ f)∗∗ν = g∗∗(f∗∗ν) for all µ ∈Mf (X)
and ν ∈Mf (Mf (X)).

Proof: The proofs of (a) and (b) are straightforward with the transformation formu-
las (E2.5) and (E2.6). To show (c), let A⊂X be a closed set and let m := max(ε,δ).
Then we have

g∗µ(A) = µ(g−1(A))

= µ(g−1(A)∩Mε) +µ(g−1(A)∩{Mε)

≤ µ(h−1(B(A,ε))) + δ

≤ h∗µ(B(A,m)) +m

and in the same way we can show that

h∗µ(A)≤ g∗µ(B(A,m)) +m.

This holds for every closed set A⊂X. From the definition of the Prokhorov metric
dP we see that

dP(g∗µ,h∗µ)≤m= max(ε,δ).

To prove assertion (d), let µ ∈Mf (X) and ν ∈Mf (Mf (X)). By using the defini-
tion of the push-forward operator we get

(g ◦f)∗µ= µ◦ (g ◦f)−1 = µ◦f−1 ◦g−1 = g∗(µ◦f−1) = g∗(f∗µ),

which yields (E2.7). From this we obtain

(g ◦f)∗∗ν = ν ◦ ((g ◦f)∗)
−1 = ν ◦ (g∗ ◦f∗)−1

= ν ◦f−1
∗ ◦g−1

∗ = g∗∗(ν ◦f−1
∗ )

= g∗∗(f∗∗ν),

which yields (E2.8). �
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Chapter 3

Metric measure spaces

This chapter is a summary of metric measure spaces with finite measures. The basis
of this chapter is an article by Greven, Pfaffelhuber and Winter ([GPW09]) in which
the authors study metric measure spaces equipped with probability measures. Parts
of the results of [GPW09] have already been generalized to finite measures by Glöde
in [Glö12]. Also note that Greven, Pfaffelhuber and Winter mention finite measures
in [GPW09, Remarks 3.3 and 7.2] in the context of their compactness and tightness
theorems.
The results of this chapter are not new, yet to the best of our knowledge they

have not been comprehensively treated in a single publication. We will provide full
proofs (with few exceptions) because we want to present the most important tools
and techniques before we generalize the results further in chapter 4.

Outline of this chapter: In section 3.1 we provide the basic definition of metric
measure spaces (mm spaces) and prove the reconstruction theorem, which shows how
mm spaces can be reconstructed from the distances between randomly sampled points.
In section 3.2 we define mm-monomials, a class of test functions on the set M of mm
spaces, and show that they separate points in M. Then we study the Gromov-weak
topology on M, which is defined as the topology induced by the mm-monomials.
The subsequent section 3.3 deals with the Gromov-Prokhorov metric dGP on M. We
prove embedding properties for convergent sequences and show that (M,dGP) is a
Polish metric space. In section 3.4 we define some invariant characteristics of mm
spaces, namely the distance distribution and the modulus of mass distribution, and
study their continuity properties with respect to the Gromov-weak topology and the
Gromov-Prokhorov metric. In section 3.5 we characterize compact sets with respect
to the metric dGP. One of the compactness criteria is given in terms of the distance
distribution and the modulus of mass distribution, thus linking compactness in the
Gromov-Prokhorov metric with the Gromov-weak topology. With this link we are
able to prove in section 3.6 that the Gromov-weak topology is in fact metrized by
the Gromov-Prokhorov metric dGP. Finally, in section 3.7 we deal with distributions
of random metric measure spaces. We provide tightness results and show that the
mm-monomials are convergence determining.
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Chapter 3 Metric measure spaces

3.1 The reconstruction theorem for mm spaces

In this section we define the notion of metric measure spaces and show how a metric
measure space [X,r,µ] can be reconstructed from its mass m(µ) and from the distances
between random points sampled by the normalization µ (recall the definition of m(µ)
and µ from section 2.4).
While there are various definitions of metric measure spaces to be found in the

mathematical literature, all of these definitions have in common that they denote
isomorphism classes of triples (X,r,µ) where (X,r) is a Polish metric space and µ a
Borel measure on X. The definitions differ mostly in the measure µ. Some authors
assume that µ is a probability measure (e. g. [GPW09]), some that µ is a finite measure
(e. g. [Glö12]) and others allow even infinite measures (e. g. [Gro99, Vil09]). In this
thesis we restrict the definition to finite measures.

Definition 3.1 (mm space and mm-isomorphism)
(a) A triple (X,r,µ) is called a metric measure triple (mm triple) if X ⊂ RN is

non-empty, (X,r) is a Polish metric space and µ∈Mf (X).

If additionally µ is a probability measure, then we call (X,r,µ) a metric proba-
bility measure triple (mpm triple).

(b) Two mm triples (X,r,µ) and (Y,d,η) are called mm-isomorphic (or measure-
preserving isometric) if there exists a measurable function f : X→ Y such that
η = f∗µ and f is isometric on the set suppµ (but not necessarily on the whole
space X). The function f is called an mm-isomorphism. To denote that both
spaces are mm-isomorphic, we write (X,r,µ) ∼= (Y,d,η) or (X,r,µ) ∼=f (Y,d,η)
if we want to emphasize that f is an mm-isomorphism.

(c) The relation of being mm-isomorphic is an equivalence relation on the set of
metric measure triples. The equivalence class of a metric measure triple (X,r,µ)
is called a metric measure space (mm space) and denoted by [X,r,µ]. The set
of all mm spaces (i. e. the set of equivalence classes of metric measure triples)
is denoted by M.

If (X,r,µ) is a metric probability measure triple, we call its equivalence class
[X,r,µ] a metric probability measure space (mpm space). The set of all mpm
spaces (i. e. the set of equivalence classes of metric probability measure triple) is
denoted by M1.

Generic elements of M will be denoted by X = [X,r,µ], Xn = [Xn, rn,µn] or Y =
[Y,d,η].

Remarks 3.2
(a) Recall from section 2.3 that every Polish space is homeomorphic to a subset

of RN. Thus the assumption X ⊂ RN in Definition 3.1 is not a restriction and
the theory of metric measure spaces stays valid even for arbitrary Polish metric
spaces.

24



3.1 The reconstruction theorem for mm spaces

(b) An mm space is mm-isomorphic to the support of its measure in the follow-
ing sense: Let [X,r,µ] be an arbitrary mm space with S := suppµ 6= ∅. Then
[X,r,µ] = [S,rS ,µS ] where rS denotes the restriction of the metric r to S×S
and µS denotes the restriction of µ to S. Therefore, we may assume without
loss of generality that X = suppµ and we will do so in many of the proofs of
this chapter.

(c) In the definition of mm triples/spaces we do not allow the underlying metric
space X to be empty because this would break the symmetry in the definition
of an mm-isomorphism. This is due to the fact that there is no function from
a non-empty set to an empty set. To be precise, let (X,r) be some non-empty
Polish metric space. One would expect the mm triples (∅,0,o) and (X,r,o) to be
mm-isomorphic, since both measure have the same (empty) structure. Indeed,
the empty function f : ∅→X is measure-preserving and isometric on the empty
set suppo. However, there is no function from X to ∅. Thus, there is a measure-
preserving isometry from (∅,0,o) to (X,r,o), but none from (X,r,o) to (∅,0,o).

Item (b) of the previous remark shows that the definition of metric measure spaces
puts the emphasis on the measure µ and on its support rather than on the full space
(X,r). The structure of the space outside of suppµ is not important as long as (X,r)
is Polish.
The remainder of this section is devoted to the reconstruction theorem, which shows

how mm spaces can be reconstructed from the distances between randomly sampled
points. We start with the Glivenko-Cantelli theorem, which states how a probability
measure can be reconstructed from an i. i. d. sample.
For a sequence x= (xi)i in a metric space X and n∈N we define the n-th empirical

distribution Ξn(x)∈M1(X) by

Ξn(x) :=
1

n

n∑
i=1

δxi

and the (infinite) empirical distribution Ξ∞(x)∈M1(X)∪{o} by

Ξ∞(x) :=

{
w-limnΞn(x), if the weak limit exists
o, else.

Recall that o denotes the null measure, which is 0 on all sets. A sequence x= (xi)i
is said to be equidistributed with respect to a probability measure µ ∈M1(X), if the
empirical measures Ξn(x) converge weakly to µ. The Glivenko-Cantelli theorem shows
that typical i. i. d. samples are equidistributed with respect to their sampling measure.
The following version of the theorem is due to Dudley (see [Dud02, Theorem 11.4.1]).

Proposition 3.3 (Glivenko-Cantelli theorem)
Let µ be a probability measure on a separable metric space X and let x= (xi)i be an
i. i. d. sequence sampled by µ. Then Ξn(x) almost surely converges weakly to µ.
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An immediate consequence of the Glivenko-Cantelli theorem is that i. i. d. sequences
must be dense in the support of the sampling measure.

Corollary 3.4 (i. i. d. sequences are dense)
Let µ be a probability measure on a separable metric space X and let (xi)i be an i. i. d.
sequence sampled by µ. Then (xi)i is almost surely dense in suppµ.

Proof: Assume that x= (xi)i is not dense in suppµ. Then there are y ∈ suppµ and
ε > 0 such that B(y,ε) contains none of the points (xi)i. Hence we have

liminf
n→∞

Ξn(x)(B(y,ε)) = 0<µ(B(y,ε)).

It follows from the Portmanteau theorem that Ξn(x) does not converge weakly to µ
and the probability of this is event is 0 by the Glivenko-Cantelli theorem. �

By means of the Glivenko-Cantelli theorem we can reconstruct a metric probability
measure space [X,r,µ]∈M1 from the distances between points sampled by µ. Imagine
that (xi)i is a realization of an infinite i. i. d. sequence sampled by µ and that the only
thing we know about [X,r,µ] are the mutual distances (r(xi,xj))i,j∈N between these
points. We can now define a metric d′ on N by setting d′(i, j) := r(xi,xj). Since
the sequence (xi)i is typically dense in the support of µ, the completion (Y,d) of the
metric space (N,d′) is isometric to (X,r). By the Glivenko-Cantelli theorem we can
reconstruct µ from (xi)i by taking weak limits of the empirical distributions. Thus,
the weak limit η := w-lim 1

n

∑n
i=1 δi exists and has the same structure as µ (but on

another isometric space). It follows that the mpm triples (Y,d,η) and (X,r,µ) are
mm-isomorphic.
This shows that the infinite distance matrix (r(xi,xj))i,j∈N carries enough infor-

mation to determine the mpm space [X,r,µ]. However, the matrix (r(xi,xj))i,j∈N is
symmetric and its diagonal values are all 0. The relevant information is therefore
contained in the upper half of the matrix. We introduce such upper half distance
matrices in the next definition.

Definition 3.5 (Sets of distance matrices)
For every integer m∈N≥2 we define the set

Dm :=

{
(rij)1≤i<j≤m ∈R

(m2 )
+

∣∣∣∣ rij ≤ rik + rkj ∀i,j,k ∈ [m]

}
,

where [m] denotes the set {1, . . . ,m}. Moreover, we define

DN :=

{
(rij)1≤i<j ∈R

(N2)
+

∣∣∣∣ rij ≤ rik + rkj ∀i, j,k ∈N
}
.

Elements of these sets are called distance matrices. We equip these sets with the

subspace topology inherited from the product topologies on R(m2 )
+ and R(N2)

+ , respectively.
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3.1 The reconstruction theorem for mm spaces

Sometimes we tacitly regard the upper half matrices of Dm and DN as full matrices
and use the entries rii or rji with i < j. It should be clear that in this case we assume
rii = 0 and rji = rij .
To get the distance matrix from a sample of points we introduce the so-called

distance maps.

Definition 3.6 (Distance maps)
For a metric space (X,r) and m∈N≥2 we define the following distance maps:

RXm : Xm→Dm
x 7→ (r(xi,xj))1≤i<j≤m

and

RXN : XN→DN

x 7→ (r(xi,xj))1≤i<j .

For convenience we often suppress the super- and subscript in the distance maps above
and simply write R or RX instead of RXm and RXN when the space and dimension are
clear from the context.

We are now able to formalize the reconstruction approach from above. The proof
relies on an idea due to Vershik, which can be found in [Gro99, section 31

2 .7]. Note
that in order to reconstruct a metric measure space [X,r,µ] ∈M with finite measure
µ we have to decompose µ into its mass m(µ) and its normalization µ.

Proposition 3.7 (Reconstruction theorem for mm spaces)
Let [X,r,µ] and [Y,d,η] be metric measure spaces. The following are equivalent:

(a) [X,r,µ] = [Y,d,η] (i. e. (X,r,µ) and (Y,d,η) are mm-isomorphic),

(b) m(µ) ·RX∗ µ⊗n =m(η) ·RY∗ η⊗n for every n∈N≥2,

(c) m(µ) ·RX∗ µ⊗∞ =m(η) ·RY∗ η⊗∞.

Proof: It follows from all three assertions that m(µ) and m(η) must be equal. More-
over, the proposition is obviously true for µ = η = o. Therefore, we may assume
without loss of generality that µ and η are probability measures with X = suppµ and
Y = suppη (cf. Remark 3.2 for the latter assumption).
(a) ⇒ (b): Let f : X→ Y be an isometry with η= f∗µ. For each n∈N≥2 define

fn : Xn→ Y n

(x1, . . . ,xn) 7→ (f(x1), . . . ,f(xn)).
(E3.1)

Because f is isometric we have RY ◦fn =RX . Together with (E2.7) this yields

RY∗ η
⊗n =RY∗ (f∗µ)⊗n =RY∗ (fn∗(µ

⊗n)) = (RY ◦fn)∗µ
⊗n =RX∗ µ

⊗n.
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(b)⇒ (c): Follows by the Kolmogorov extension theorem since RX∗ µ⊗∞ and RY∗ η⊗∞

are the projective limits of (RX∗ µ
⊗n)n and (RY∗ η

⊗n)n, respectively.
(c) ⇒ (a): Let ξ = (ξi)i ∼ µ⊗∞ be a random i. i. d. sequence in X. The Glivenko-

Cantelli theorem (Proposition 3.3) states that Ξm(ξ) almost surely converges to µ.
Moreover, the sequence ξ is almost surely dense in suppµ=X by Corollary 3.4. The
analog statements are true for a random sequence in Y with law η⊗∞. Together with
RX∗ µ

⊗∞ = RY∗ η
⊗∞ this implies that there are dense sequences x = (xi)i ⊂ X and

y= (yi)i ⊂ Y which satisfy

r(xi,xj) = d(yi,yj) for all i, j ∈N (E3.2)

and

µ= w-lim
m

Ξm(x),

η= w-lim
m

Ξm(y).

Define a function f ′ by f ′(xi) = yi for all i ∈ N. Then f ′ is isometric and can be
extended to an isometric function f : X→ Y . The isometry properties (E3.2) yield

Ξn(y) = f∗Ξn(x)

for each n ∈ N. Recall that the push-forward operator f∗ is continuous with respect
to weak convergence (cf. Lemma 2.24). Hence, we obtain

η= f∗µ

by letting n go to infinity. �

The objects that we use in the previous proposition to determine a metric measure
space are called distance matrix distribution.
Definition 3.8
Let [X,r,µ] be a metric measure space.

(a) For each n∈N≥2 the measure m(µ)·R∗µ⊗n is called the n-point distance matrix
distribution of [X,r,µ].

(b) The measure m(µ) ·R∗µ⊗∞ is called the distance matrix distribution of [X,r,µ].

Proposition 3.7 states that a metric measure space is uniquely determined by its
distance matrix distribution. This suggests to define a topology on M by means
of weak convergence of the distance matrix distributions, i. e. a topology in which
[Xn, rn,µn]→ [X,r,µ] if and only if

m(µn) ·R∗µn⊗∞
w−→m(µ) ·R∗µ⊗∞

or equivalently (cf. Corollary 2.21) if and only if

m(µn) ·R∗µn⊗m
w−→m(µ) ·R∗µ⊗m

for each m∈N≥2. We formalize this approach in the next section.
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3.2 Mm-monomials and the Gromov-weak topology

In this section we define a class of test functions on M and study the induced topology.
The test functions are designed in such a way that the induced topology formalizes the
weak convergence of distance matrix distributions. Moreover, it turns out that this
topology also generalizes weak convergence to measures which are defined on different
metric spaces.

Definition 3.9 (Mm-monomials)
A function Φ: M→R is called an mm-monomial if it has the form

Φ([X,r,µ]) =ψ(m(µ))

∫
ϕ◦R dµ⊗n, (E3.3)

where n ∈N≥2, ϕ ∈ Cb(Dn) and ψ ∈ Cb(R+) with ψ(0) = 0. The degree of Φ is defined
as the smallest integer n∈N≥2 such that Φ can be written in the form (E3.3).
The set of all mm-monomials will be denoted by T (1).

Roughly speaking, we split µ into its mass m(µ) and its normalization µ. Then we
sample finitely many points x1, . . . ,xn with µ and evaluate the distance between these
points. Since the metric space spanned by the points x1, . . . ,xn is determined by the
mutual distances (up to isometry), this is a way of looking at the structure of sampled
finite subspaces of X.

Lemma 3.10
Every mm-monomial Φ∈ T (1) is well-defined, i. e. we have Φ([X,r,µ]) = Φ([Y,d,η]) if
the two mm triples (X,r,µ) and (Y,d,η) are mm-isomorphic.

Proof: Let (X,r,µ) and (Y,d,η) be two mm-isomorphic mm triples and let f : X→ Y
be isometric on suppµ with η = f∗µ. For every n ∈ N≥2 define fn as in (E3.1).
Moreover, let Φ∈ T (1) be as in (E3.3). Then we obtain

Φ([Y,d,η]) =ψ(m(η))

∫
ϕ◦RY dη⊗n

=ψ(m(f∗µ))

∫
ϕ◦RY d(f∗µ)⊗n

=ψ(m(µ))

∫
ϕ◦ (RY ◦fn) dµ⊗n

=ψ(m(µ))

∫
ϕ◦RX dµ⊗n

= Φ([X,r,µ]). �

Remarks 3.11
(a) It is easy to see that if Φ1,Φ2 are mm-monomials of degree n1 and n2, respec-

tively, then Φ1 ·Φ2 is an mm-monomial of degree n1 +n2. Thus T (1) is closed
under multiplication. However, Φ1 +Φ2 is in general not an mm-monomial any-
more, so T (1) is not closed under addition.
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(b) We call elements of T (1) mm-monomials, because we think of them as monomials
in the measure µ. Like the set of monomials (as functions on R), the set T (1) is
closed under multiplication but not under addition. For similar reasons we call
the elements of the linear span of T (1) mm-polynomials. However, the set T (1) is
sufficient for our needs and we will not use the algebra of mm-polynomials.

It follows easily from the results of the last section that the a metric measure space
is uniquely determined by the values of the mm-monomials.

Proposition 3.12
T (1) separates points in M.

Proof: Let [X,r,µ] and [Y,d,η] be two mm spaces with Φ([X,r,µ]) = Φ([Y,d,η]) for
every Φ∈ T (1). It follows that m(µ) = m(η) (by choosing mm-monomials with ϕ≡ 1).
Observe that an mm-monomial as in (E3.3) can be rewritten in the following form:

Φ([X,r,µ]) =ψ(m(µ))

∫
ϕ◦R dµ⊗n =ψ(m(µ))

∫
ϕ d
(
R∗µ

⊗n) .
By ranging over all ϕ we get

m(µ) ·R∗µ⊗n =m(η) ·R∗η⊗n

for every n∈N≥2. By Proposition 3.7 this implies that both spaces are equal. �

We use the mm-monomials to define a topology on M. Because T (1) separates
points, the induced topology is Hausdorff.

Definition 3.13
The Gromov-weak topology τGw on M is defined as the initial topology induced by
T (1).

Remark 3.14 (Gromov-weak convergence generalizes weak convergence)
The mm-monomials are designed in such a way that Gromov-weak convergence gen-
eralizes weak convergence. That is, if a sequence (µn)n ⊂Mf (X) of finite measures
converges weakly to µ, then Φ([X,r,µk])→ Φ([X,r,µ]) for every Φ ∈ T (1). This fol-
lows simply by the fact that m(µk)→ m(µ) and µk

⊗n w−→ µk
⊗n for every n ∈ N (cf.

Lemma 2.14 and Corollary 2.22).
This is also the reason for the restriction ψ(0) = 0 in the definition of mm-monomials.

Recall that the normalization µ 7→ µ is discontinuous at µ = o. To smooth out this
discontinuity we need ψ(0) = 0. Without this condition µn

w−→ o would in general not
imply Φ([X,r,µn])→Φ([X,r,o]) = 0.

In the next lemma we characterize Gromov-weak convergence through test functions
without decomposing µ into its mass m(µ) and normalization µ. Recall the definition
of nets from section 2.1.
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Lemma 3.15 (Alternative test functions for τGw)
A net (Xα)α∈A of mm spaces converges Gromov-weakly to an mm space X if and only
if Φ̃(Xα)→ Φ̃(X ) for every function Φ̃ : M→R of the form

Φ̃([X,r,µ]) =

∫
ϕ◦R dµ⊗m (E3.4)

with m∈N≥2 and ϕ∈ Cb(Dm).

Proof: Let X = [X,r,µ] and Xα = [Xα, rα,µα] for every α ∈ A. First assume that
Xα converges Gromov-weakly to X . It follows that m(µα) converges to m(µ) (by
convergence of all mm-monomials with ϕ ≡ 1). Hence, for M > m(µ) we eventually
have m(µα)<M . Let Φ̃ be as in (E3.4) and let ψ ∈ Cb(R+) be such that ψ(x) = xm

for every x≤M . Then, eventually

Φ̃(Xα) =

∫
ϕ◦R dµ⊗mα =ψ(m(µα))

∫
ϕ◦R dµα

⊗m.

The right hand side of this equation is an mm-monomial and converges to

ψ(m(µ))

∫
ϕ◦R dµ⊗m =

∫
ϕ◦R dµ⊗m = Φ̃(X ).

This holds for every Φ̃ of the form (E3.4).
The other direction of the proof follows in a similar manner by showing first that

m(µα) converges to m(µ) (by choosing Φ̃ as in (E3.4) with ϕ ≡ 1) and then writing
mm-monomials Φ∈ T (1) as the product of two converging nets by

Φ(Xα) =ψ(m(µα))

∫
ϕ◦R dµα

⊗m =
ψ(m(µα))

m(µα)m
·
∫
ϕ◦R dµ⊗mα

(excluding the trivial case where m(µ) = 0). �

The preceding lemma shows that the Gromov-weak topology τGw is also induced by
all functions Φ̃ of the form (E3.4). However, unlike the mm-monomials, these functions
are not bounded. Hence, they do not necessarily determine probability measures on
M, nor are they useful for defining generators of M-valued Markov processes.
In Proposition 3.7 we proved that a metric measure space [X,r,µ] is uniquely de-

termined by the distance matrix distribution

m(µ) ·R∗µ⊗∞ ∈Mf (DN).

This suggests to pull back the weak topology onMf (DN) to define a topology on M.
The following proposition shows that this topology coincides with the Gromov-weak
topology. Before we provide the statement recall that an injective function ι : Z1→Z2

between two topological spaces Z1,Z2 is called bicontinuous if both ι and its inverse
ι−1 are continuous. We tacitly assume that the inverse function ι−1 is defined on the
image ι(Z1).
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Chapter 3 Metric measure spaces

Proposition 3.16 (M is embedded inMf(DN))
The function

ι : (M, τGw)→Mf (DN)

[X,r,µ] 7→m(µ) ·R∗µ⊗∞

is an embedding, i. e. it is injective and bicontinuous.

Proof: The function ι is injective by Proposition 3.7. To show continuity of ι, let
([Xα, rα,µα])α∈A be a net of mm spaces which converges Gromov-weakly to an mm
space [X,r,µ]. By choosing mm-monomials Φ∈ T (1) with ϕ≡ 1 we see that

m(µα)→m(µ). (E3.5)

In the case m(µ) = 0, this yields

m(µα) ·R∗µα⊗∞
w−→ o=m(µ) ·R∗µ⊗∞,

where o denotes the null measure which we defined in section 2.4. If m(µ)> 0, then
(E3.5) and the convergence of test functions of T (1) implies that

R∗µα
⊗m w−→R∗µ

⊗m

for every m∈N≥2. Since weak convergence of finite dimensional distributions implies
weak convergence of the projective limits (on countable product spaces, cf. Corol-
lary 2.21), we get

R∗µα
⊗∞ w−→R∗µ

⊗∞.

This shows that ι is continuous.
BecauseMf (DN) is metrizable, the inverse function ι−1 is continuous if and only if

it is sequentially continuous. Let [X,r,µ]∈M and let ([Xn, rn,µn])n be a sequence of
mm spaces with

m(µn) ·R∗µn⊗∞
w−→m(µ) ·R∗µ⊗∞.

It follows that
m(µn)→m(µ). (E3.6)

If m(µ) = 0, we have Φ([Xn, rn,µn])→ Φ([X,r,µ]) for every Φ ∈ T (1) (because of the
restriction ψ(0) = 0). If m(µ)> 0, we have

R∗µn
⊗∞ w−→R∗µ

⊗∞

and therefore weak convergence of the marginals

R∗µn
⊗m w−→R∗µ

⊗m

with m ∈ N≥2. This together with (E3.6) yields convergence for all test functions in
T (1). We have shown that ι−1 is continuous and this completes the proof. �
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Proposition 3.16 states that (M, τGw) is homeomorphic to a subset of the Polish
spaceMf (DN). It follows immediately that (M, τGw) is separable and metrizable (as
a subset of a separable and metrizable space).

Corollary 3.17
(M, τGw) is separable and metrizable.

In particular this implies that (M, τGw) is first-countable and that its topology and
the continuity of functions on M can be characterized by sequences.
It is possible to metrize (M, τGw) by pulling back the Prokhorov metric from the set
Mf (DN). But the following example shows that M is not closed inMf (DN). Hence
the pull-back of the Prokhorov metric is not complete. In the subsequent section we
will define a different metric which is complete and also metrizes the Gromov-weak
topology.

Example 3.18 (M is not closed inMf(DN))
There are many elements ofMf (DN) which do not stem from a metric measure space.
One of them is δ1∞ , where 1∞ ∈DN is the distance matrix with all entries equal to 1.
Assume that there is an mpm space [X,r,µ] with R∗µ⊗∞ = δ1∞ (it is obvious that µ
must be a probability measure). It follows that

µ⊗∞({(xi)i ∈XN | r(xi,xj) = 1 ∀i 6= j }) = 1.

The measure µ must be defined on an infinite discrete space and has no atoms. Such
a measure does not exists. Therefore, δ1∞ cannot be the distance matrix distribution
of an metric measure space.
However, the measure δ1∞ is the weak limit of distance matrix distribution of metric

measure spaces. For each n∈N define a metric measure space Yn := [Yn,dn,ηn] by

Yn := {1, . . . ,n} ,
dn(i,j) := 1i 6=j ,

ηn :=
1

n

n∑
i=1

δi,

i. e. ηn is a uniform distribution on n discrete points. Then we have

R∗η
⊗m
n = δ1m +O

(
1

n

)
w−→ δ1m

for every m ∈ N, where 1m denotes the distance matrix in Dm with all entries equal
to 1. Hence, the finite dimensional distributions of R∗η⊗∞n converge to those of δ1∞
and we obtain R∗η⊗∞n

w−→ δ1∞ (see Corollary 2.21). This shows that (M, τGw) is not
closed inMf (DN).
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Chapter 3 Metric measure spaces

3.3 The Gromov-Prokhorov metric and its topology

The aim of this section is to introduce a complete metric on M which metrizes the
Gromov-weak topology. We will put some effort into studying this metric before we
are able to prove in section 3.6 that both topologies coincide.
We will not prove the statements in this section because the proofs in [GPW09,

section 5] for mpm spaces are literally the same as the proofs for mm spaces.
As stated in the last section, the Gromov-weak topology generalizes weak conver-

gence to measures which are defined on different sets. This suggests to generalize a
complete metric for the weak topology, e. g. the Prokhorov metric dP, to metrize this
topology. To compare measures which are defined on different metric spaces, we use
the same method as the Gromov-Hausdorff metric. We embed the involved metric
spaces into a common metric space Z and push the involved measures forward to this
space. This allows us to use the Prokhorov metric on Z to gauge the distance between
the measures.

Definition 3.19 (Gromov-Prokhorov metric and topology)
Let X = [X,r,µ] and Y = [Y,d,η] be mm spaces. We define the Gromov-Prokhorov
distance between X and Y by

dGP(X ,Y) := inf
Z,ιX ,ιY

dZP(ιX∗µ,ιY ∗η), (E3.7)

where the infimum ranges over all isometric embeddings ιX : X→Z, ιY : Y →Z into a
common Polish metric space (Z,rZ) with Z ⊂RN and where dZP denotes the Prokhorov
metric for measures on Z. The topology induced by this metric is called the Gromov-
Prokhorov topology and denoted by τGP .

It is easy to see that the Gromov-Prokhorov metric is well-defined, i. e. that the
distance between two metric measure spaces does not depend on the representatives
of the mm spaces. Moreover, convergence with respect to dGP obviously general-
izes weak convergence. That is, if µn

w−→ µ on a Polish metric space (X,r), then
dGP([X,r,µn], [X,r,µ]) converges to 0.

Remark 3.20
We need the condition Z ⊂RN in Definition 3.19 to ensure that the infimum is taken
over a well-defined set. This is not a restriction since every Polish space can be
embedded in RN by section 2.3.

Finding a “good” space Z and embeddings ιX , ιY to compute dGP(X ,Y) can be a
challenging task. If X and Y have a similar structure, there might be a natural way
to overlap X and Y in such a way that the Prokhorov distance in (E3.7) is small.
However, if X and Y are very different, it might be better to choose Z as the disjoint
union X tY . Then, the problem of finding an appropriate space Z and embeddings
ιX , ιY reduces to finding a metric r′ on X tY such that it extends the old metrics r
and d and connects the spaces X and Y in an optimal way. The next lemma shows
that this procedure gives the same distance as the original definition.
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3.3 The Gromov-Prokhorov metric and its topology

Lemma 3.21 (Alternative characterization of Gromov-Prokhorov metric)
For all mm spaces X = [X,r,µ] and Y = [Y,d,η] we have

dGP(X ,Y) = inf
r′
dXtY,r

′

P (µ,η),

where the infimum ranges over all metrics r′ on the disjoint union XtY which extend
the metrics r and d.

The following two embedding lemmas show that we can embed convergent (or
Cauchy) sequences into a single ambient metric space in which we have weak con-
vergence of the push-forward measures. Loosely speaking, metric measure spaces con-
verge with respect to the Gromov-Prokhorov metric if and only if there is a common
Polish metric space on which their measures converge weakly.

Lemma 3.22 (Embedding of convergent sequences of mm spaces)
Let (Xn)n be a sequence of mm spaces with Xn = [Xn, rn,µn] which converges to an mm
space X = [X,r,µ] in the Gromov-Prokhorov topology. Then there is a Polish metric
space (Z,rZ) and isometric embeddings ι, ι1, ι2, . . . of X,X1,X2, . . . , respectively, into
Z such that

dZP(ιn∗µn, ι∗µ)→ 0.

Lemma 3.23 (Embedding of sequences of mm spaces)
Let (εn)n be a sequence of positive real numbers and let (Xn)n be a sequence of mm
spaces with Xn = [Xn, rn,µn] and

dGP(Xn,Xn+1)< εn

for every n∈N. Then there is a Polish metric space (Z,rZ) and isometric embeddings
ι1, ι2, . . . of X1,X2, . . . , respectively, into Z such that

dZP(ιn∗µn,(ι(n+1)∗µn+1)< εn

for every n∈N.

It follows easily from the preceding embedding lemma that the metric dGP is com-
plete. Separability follows in a similar way as for the Prokhorov metric. The countable
set of all finite metric measure spaces with rational values and rational distances is
dense in (M,dGP). We therefore have the following result (see [GPW09, section 5] for
a comprehensive proof).

Proposition 3.24
(M,dGP) is a Polish metric space.

Since M1 is obviously a closed subset of (M,dGP), it follows directly that (M1,dGP)
is also a Polish metric space.
We close this section by showing that the topology τGP is finer than τGw. Note that

eventually both topologies will turn out to be the same (see section 3.6). But for the
time being we are only able to prove one direction.
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Lemma 3.25 (τGP is finer than τGw)
Every mm-monomial Φ ∈ T (1) is continuous with respect to the Gromov-Prokhorov
topology. Therefore, Gromov-Prokhorov convergence implies Gromov-weak conver-
gence and τGP is finer than τGw.

Proof: Let Φ be an mm-monomial and let ([Xn, rn,µn])n converge to [X,r,µ] with
respect to the Gromov-Prokhorov metric. By Lemma 3.22 we can embed all involved
metric spaces in a common metric space (Z,rZ) in which we have weak convergence
of the push-forwards of the measures. The function

Mf (Z)→R
µ 7→Φ([Z,rZ ,µ])

is continuous since µ 7→ m(µ) and µ 7→ µ⊗n are continuous (cf. Lemma 2.14 and
Corollary 2.22). Hence we have

Φ([Xn, rn,µn]) = Φ([Z,rZ , ιn∗µn])→Φ([Z,rZ , ι∗µ]) = Φ([X,r,µ]). �

3.4 Distance distribution and modulus of mass
distribution

In this section we define the distance distribution and the modulus of mass distri-
bution, which have been introduced for probability measures in [GPW09]. The def-
initions can easily be generalized to finite measures. We keep the names distance
distribution and modulus of mass distribution, even though in our case we do not
necessarily deal with probability measures.
Both the distance distribution and the modulus of mass distribution are used to

characterize compact sets in (M,dGP) in section 3.5. To motivate their definition, we
look at typical “strongly divergent” sequences, i. e. sequences without any convergent
subsequence, in the following examples. Note that the last two examples are taken
from [GPW09].

Example 3.26
Define Zn := [Z,rZ , ζn] with Z := {1}, rZ ≡ 0 and ζn := nδ1. It is easy to see, that
dZP(ζi, ζj) = |i−j| and hence dGP(Zi,Zj) = |i−j| for all i, j ∈N. Therefore, the sequence
(Zn)n does not have a convergent subsequence. The problem here is obviously that
the mass of the measures goes to infinity.

Example 3.27
For each n∈N define a metric measure space Xn := [Xn, rn,µn] with

Xn := {0,1} ,
rn(i, j) := n1i 6=j ,

µn :=
1

2
(δ0 + δ1).
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The measure µn is a uniform distribution between two points with mutual distance n.
Since this distance goes to infinity, we cannot embed the metric spaces (Xn, rn) into
a common metric space such that the push-forwards of the measures converge. This
shows that (Xn)n diverges and so does every subsequence.

Example 3.28
In Example 3.18 we defined metric measure spaces Yn := [Yn,dn,ηn] with

Yn := {1, . . . ,n} ,
dn(i,j) := 1i 6=j ,

ηn :=
1

n

n∑
i=1

δi.

The measure ηn is a uniform distribution on n points with mutual distance 1. As
n increases the mass is distributed among more and more discrete points. Hence, a
potential limit would be a uniform distribution on an infinite discrete space. But such
an object does not exist. A formal proof for the divergence of the sequence (Yn)n
follows from Example 3.18. There we showed that the distance matrix distribution of
Yn converges to δ1∞ and that δ1∞ is not the distance matrix distribution of a metric
measure space. Therefore, (Yn)n does not converge, nor does any of its subsequences.

The divergence of the sequence (Xn)n of example 3.27 is related to the diameter of
the support of µn, but also to the distribution of mass on the support. To see the
latter relationship, observe that the diameter of the support of µ′n := (1− 1

n)δ0 + 1
nδ1

diverges, but that [Xn, rn,µ
′
n] converges with respect to dGP. To describe the type of

divergence of (Xn)n we look at the distance between two randomly sampled points.
The distribution of this distance is given by rn∗µ⊗2

n = 1
2(δ0 +δn) and is also divergent.

We call rn∗µ⊗2
n the distance distribution of the measure µn.

Definition 3.29 (Distance distribution)
Let µ be a finite Borel measure on a Polish metric space (X,r). The distance distri-
bution w(µ)∈Mf (R+) of µ is defined by w(µ) := r∗µ

⊗2.

We will prove in Corollary 3.36 that the function [X,r,µ] 7→ w(µ) is continuous.
Hence, the convergence of the distance distributions is a necessary condition for the
convergence of a sequence of metric measure spaces.
The divergence of the sequence (Yn)n of Example 3.28 is related to the fact that the

mass of ηn is scattered among many discrete points. Heuristically, we can regard those
points as being “thin”, since there is only a small portion of the mass of ηn in their
vicinity. As n increases, the points of Yn become thinner and thinner, but since they
are discrete, ηn cannot converge to a continuous measure. To capture such behavior
we introduce the modulus of mass distribution in the next definition. We will return
to Example 3.28 at the end of this section.
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Definition 3.30 (Modulus of mass distribution)
Let µ be a finite Borel measure on a Polish metric space (X,r). The modulus of mass
distribution of µ is the function defined by

V·(µ) : R+→R+

δ 7→ Vδ(µ) := inf {ε > 0 | µ({x∈X | µ(B(x,ε))≤ δ})≤ ε} .

The following lemma summarizes some useful properties of the modulus of mass
distribution.
Lemma 3.31 (Properties of the modulus of mass distribution)
Let µ be a finite Borel measure on a Polish metric space (X,r).

(a) The function δ 7→ Vδ(µ) is non-decreasing and bounded by the total mass m(µ).
Moreover, we have limδ↘0Vδ(µ) = 0.

(b) For ε,δ > 0 we have Vδ(µ)< ε if and only if µ({x∈X | µ(B(x,ε))≤ δ})< ε.

(c) Let Vδ(µ) < ε with ε,δ > 0. Then there is a finite set A ⊂ X with |A| ≤
max(1, m(µ)

δ ) such that µ({B(A,ε))< ε.

Note that the last assertion implies that if we have a set Γ of finite measures (possibly
defined on different metric spaces) with supµ∈ΓVδ(µ)< ε, then we can cover most of
their supports (up to a set of mass ε) by the same number of ε-balls.

Proof (of Lemma 3.31): Assertion (a) was proved for probability measures in Lemma
6.5 of [GPW09]. The same proof holds true for finite measures.
That Vδ(µ) < ε implies µ({x∈X | µ(B(x,ε))≤ δ}) < ε was proved in [GPW09,

Lemma 6.4]. To prove the other direction, assume that Vδ(µ) ≥ ε. Notice that we
have

µ({x∈X | µ(B(x,ε))≤ δ}) =

∫
1[0,δ](µ(B(x,ε))) dµ(x). (E3.8)

The function

ε 7→ 1[0,δ](µ(B(x,ε)))

is left-continuous for every x ∈X. It follows from (E3.8) and the dominated conver-
gence theorem that the function

ε 7→ µ({x∈X | µ(B(x,ε))≤ δ})

is also left-continuous. From the definition of Vδ(µ) we see that Vδ(µ)≥ ε implies

µ({x∈X | µ(B(x,ε′))≤ δ})> ε′ for every ε′ < ε.

This together with the left-continuity yields

µ({x∈X | µ(B(x,ε))≤ δ}) = lim
ε′↗ε

µ({x∈X | µ(B(x,ε′))≤ δ} ≥ ε.
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Assertion (c) was proved for probability measures in [GPW09, Lemma 6.9]. We
extend this proof to finite measures. In case m(µ)≤ ε there must be an x ∈X with
µ({B(x,ε))< ε and we are done. Otherwise we define D := {x∈X | µ(B(x,ε))> δ}.
Because Vδ(µ) is less than ε, we have µ({D) < ε < m(µ) and D is not empty. By
[BBI01, page 278] there exists an ε-separated discrete subset A of D that is maximal.
That is, we have r(x1,x2)≥ ε for x1,x2 ∈A with x1 6= x2 and adding a further point
of D would destroy this property. It follows from the maximality that D ⊂ B(A,ε)
and therefore µ({B(A,ε))≤ µ({D)< ε. Moreover, we see that

m(µ)≥ µ(B(A,ε)) =
∑
x∈A

µ(B(x,ε))≥ |A|δ,

which yields the claim. �

It is easy to see that the distance distribution and the modulus of mass distribution
are invariant under mm-isomorphisms. That is, if (X,r,µ) and (Y,d,η) are represen-
tatives of the same metric measure space, then w(µ) = w(η) and Vδ(µ) = Vδ(η) for
all δ ≥ 0 (cf. [GPW09, Remark 2.10]). In the remainder of this section we study the
continuity properties of the distance distribution and the modulus of mass distribu-
tion with respect to the Gromov-weak and the Gromov-Prokhorov topology. For this
purpose we introduce the random distance distribution which is closely related to w(·)
and Vδ( · ).

Definition 3.32 (Random distance distribution)
Let µ be a finite Borel measure on a Polish metric space (X,r). We define

rx : X→R+

x′ 7→ r(x,x′)

for each x∈X and

r̂ : X→Mf (R+)

x 7→ (rx)∗µ.

The random distance distribution W(µ)∈Mf (Mf (R+)) of µ is defined as

W(µ) := r̂∗µ.

If µ is a probability measure, then r̂(x) = (rx)∗µ is the distribution of the distance
between x and a randomly sampled point x′. Therefore, r̂(x) can be seen as the
local distance distribution in x. With the random distance distribution W(µ) we first
sample a point x and then look at the local distance distribution in x.
The following lemma shows that the distance distribution and the modulus of mass

distribution can be expressed in terms of the random distance distribution.
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Lemma 3.33 (w(µ) and Vδ(µ) in terms of W(µ))
Let µ be a finite Borel measure on a Polish space (X,r). Then we have

w(µ) =

∫
η dW(µ)(η)

and

Vδ(µ) = inf {ε > 0 |W(µ)({η ∈Mf (R+) | η([0,ε))≤ δ})≤ ε}

for all δ≥ 0.

Proof: The first equation follows by simple transformations:∫
η dW(µ)(η) =

∫
η d(r̂∗µ)(η) =

∫
r̂(x) dµ(x) =

∫
rx∗µ dµ(x) = r∗µ

⊗2 =w(µ).

To see the second equality, observe that for δ,ε > 0 we have

W(µ)({η ∈Mf (R+) | η([0,ε))≤ δ})
= µ({x∈X | r̂(x)([0,ε))≤ δ})
= µ({x∈X | µ(B(x,ε))≤ δ}).

The claim follows directly from the definition of Vδ(µ). �

Remark 3.34 (Random distance distribution and its moment measures)
W(µ) is an element of Mf (Mf (R+)). We call such measures two-level measures.
Two-level measures like this will be treated extensively in section 4.2. In anticipation
of this section we provide a short overview over the tools which we need here:
The m-th moment measures of W(µ) is the measure on Rm+ defined by

Mm
W(µ) :=

∫
η⊗m dW(µ)(η).

Observe that with K :=m(µ) we actually have

W(µ)∈MK(MK(R+))

(recall thatMK(. . .) denotes the set of all measures with mass K). This follows di-
rectly from Definition 3.32 since we have m(W(µ)) = m(r̂∗µ) = m(µ) and m(r̂(x)) =
m((rx)∗µ) = m(µ) for all x ∈X. Therefore, the mass of the m-th moment measures
of W(µ) is equal to Km+1. It will follow from Proposition 4.10 that weak conver-
gence of the random distance distribution is equivalent to weak convergence of all
moment measures. That is, if µ,µ1,µ2, . . . are finite Borel measures (possibly defined
on different Polish spaces) we have

W(µn)
w−→W(µ) if and only if Mk

W(µn)
w−→Mk

W(µ) for every k ∈N. (E3.9)
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With the help of the preceding remark we are able to show that the random distance
distribution is continuous in the Gromov-weak topology.

Lemma 3.35 (Random distance distribution is continuous)
The function

M→Mf (Mf (R+))

[X,r,µ] 7→W(µ)

is continuous with respect to both the Gromov-weak and the Gromov-Prokhorov topol-
ogy.

Proof: Since the Gromov-Prokhorov topology is finer than the Gromov-weak topol-
ogy by Lemma 3.25, it suffices to prove continuity for the latter topology. Let
([Xn, rn,µn])n be a sequence of metric measure spaces which converges Gromov-weakly
to [X,r,µ] ∈M. This implies that the masses (m(µn))n are bounded from above by
some constant K > 0 and that W(µn) ∈M≤K(M≤K(R+)) for every n ∈N. To prove
that W(µn) converges to W(µ) if suffices to show that all moment measures converge
(cf. Remark 3.34). Fix m∈N and ϕ∈ Cb(Rm+ ). The integral of ϕ with respect to the
m-th moment measure is∫ ∫

ϕ dη⊗m dW(µn)(η) =

∫ ∫
ϕ d(rx∗µn)⊗m dµn(x)

=

∫ ∫
ϕ(rx(x1), . . . , rx(xm)) dµ⊗mn (x1, . . . ,xm) dµn(x)

=

∫
ϕ(r(x,x1), . . . , r(x,xm)) dµ⊗m+1

n (x,x1, . . . ,xm).

This is a test function of the form (E3.4). Since we have Gromov-weak convergence,
this converges to∫

ϕ(r(x,x1), . . . , r(x,xm)) dµ⊗m+1(x,x1, . . . ,xm) =

∫ ∫
ϕ dη⊗m dW(µ)(η)

by Lemma 3.15. Because m and ϕ are arbitrary, we have shown that all moment
measures converge and the proof is complete. �

Since the distance distribution and the modulus of mass distribution can be ex-
pressed in terms of the random distance distribution, we can use the previous lemma
to obtain continuity results for both of them.

Corollary 3.36 (Distance distribution is continuous)
The function

M→Mf (R+)

[X,r,µ] 7→w(µ)

is continuous with respect to both the Gromov-weak and the Gromov-Prokhorov topol-
ogy.
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Proof: It follows from Lemma 3.33 that w(µ) is the first moment measure of W(µ).
The random distance distribution is continuous by Lemma 3.35 and thus the claim
follows directly from (E3.9). �

Lemma 3.37 (Modulus of mass distribution is upper semi-continous)
Let δ > 0 be fixed. The function

M→R+

[X,r,µ] 7→ Vδ(µ)

is upper semi-continuous with respect to both the Gromov-weak and the Gromov-
Prokhorov topology.

Proof: The proof for metric probability measure spaces can be found in [GPW09,
Proposition 6.6 (iv)]. It remains valid even if we replace metric probability measure
spaces by metric measure spaces with finite measures. �

Recall that the upper semi-continuity of Vδ(µ) means that

limsup
n→∞

Vδ(µn)≤ Vδ(µ) (E3.10)

when [Xn, rn,µn] converges to [X,r,µ]. Since the modulus of mass distribution is
increasing and vanishes for δ→ 0 (cf. Lemma 3.31) we obtain

lim
δ↘0

sup
n∈N

Vδ(µn)→ 0. (E3.11)

In other words, the moduli of mass distribution of the sequence (µn)n are uniformly
continuous in δ = 0.
Let us now come back to the metric measure spaces Yn = [Yn,dn,ηn] of Exam-

ple 3.28. Observe that for fixed δ > 0 we have

Vδ(ηn) =

{
0, n < 1

δ

1, n≥ 1
δ .

This yields limδ↘0 supn∈NVδ(ηn) = 1 and the same holds for every subsequence of
(ηn)n. Hence, (ηn)n violates (E3.11) and (Yn)n cannot have a convergent subsequence.
This shows that (Yn)n is “strongly divergent” as we claimed in the beginning of this
section.
The inequality (E3.10) shows that we can deduce an upper bound for Vδ(µn) from

the limit mm space because Vδ is upper semi-continuous. Sometimes, however, it is
necessary to deduce an upper bound for the limit in terms of the approximating se-
quence. For this reason we provide a lower semi-continuous alternative to the modulus
of mass distribution in the following lemma. We will apply this lemma in the example
in chapter 5.
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Lemma 3.38
For fixed ε,δ > 0 the function

M→R+

[X,r,µ] 7→ µ({x∈X | µ(B(x,ε))< δ})

is lower semi-continuous with respect to both the Gromov-weak and the Gromov-
Prokhorov topology.

Proof: The proof of [GPW09, Proposition 6.6 (iv)] actually shows that

M→R+

[X,r,µ] 7→ µ({x∈X | µ(B(x,ε))≤ δ})

is upper semi-continuous by using the Portmanteau theorem for closed sets. The proof
of our claim is similar, but uses the Portmanteau theorem for open sets instead. �

3.5 Compact sets

Now we characterize relatively compact subsets of (M,dGP). The proof is rather long,
that is why we omit it here and refer the interested reader to the proof of [GPW09,
Proposition 7.1]. The proof in [GPW09] for mpm spaces easily generalizes to mm space
when we additionally require that the mass of the measures is uniformly bounded
(cf. [GPW09, Remark 7.2]).
Since dGP-convergence generalizes weak convergence, it is not surprising that a

characterization of compactness resembles the Prokhorov theorem. That is, a set
Γ⊂M is relatively compact if and only if the masses of the measures are uniformly
bounded and the measures are in some way “tight”. Tightness in this context means
that given an arbitrary small ε we have that for every mm space X = [X,r,µ] ∈ Γ
there is a compact set CX ,ε ⊂X with µ({CX ,ε)< ε and that the sets {CX ,ε | X ∈ Γ}
are “uniformly compact”, i. e. relatively compact in the Gromov-Hausdorff topology.
This is the first characterization of relative compactness, see property (d) of the next
proposition.
The set {CX ,ε | X ∈ Γ} is relatively compact in the Gromov-Hausdorff topology

if and only if it is uniformly totally bounded (see Proposition A.5), meaning that
for every ε there is a natural number N such that diamCX ,ε ≤ N and CX ,ε can be
covered by at most N balls of radius ε. This yields another characterization of relative
compactness of Γ, see property (c) of Proposition 3.39.
We also provide a condition for relative compactness in terms of the distance dis-

tribution w(µ) and the modulus of mass distribution Vδ(µ). Since w(µ) and Vδ(µ) are
continuous with respect to the Gromov-weak topology, this links compactness in the
Gromov-Prokhorov topology with the Gromov-weak topology. We will use this link
in the subsequent section to show that both topologies coincide.

Proposition 3.39 (Characterization of relatively compact subsets of M)
Let Γ⊂M be a set of mm spaces. The following are equivalent:
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(a) Γ is relatively compact in the Gromov-Prokhorov topology τGP .

(b) {m(µ) | [X,r,µ]∈ Γ} is bounded in R+ and

• sup[X,r,µ]∈ΓVδ(µ)→ 0 for δ↘ 0,

• {w(µ) | [X,r,µ]∈ Γ} is tight inMf (R+).

(c) {m(µ) | [X,r,µ]∈ Γ} is bounded in R+ and for every ε > 0 there is an Nε ∈ N
such that for every X = [X,r,µ] ∈ Γ there exists a measurable subset XX ,ε ⊂X
with

• µ
(
{XX ,ε

)
< ε,

• XX ,ε can be covered by at most Nε balls of radius ε,

• the diameter of XX ,ε is at most Nε.

(d) {m(µ) | [X,r,µ]∈ Γ} is bounded in R+ and for every ε > 0 and X = [X,r,µ]∈ Γ
there is a compact subset CX ,ε ⊂X such that

• µ
(
{CX ,ε

)
< ε,

• Cε := {CX ,ε | X ∈ Γ} is relatively compact in the Gromov-Hausdorff topol-
ogy.

3.6 Equivalence of Gromov-weak and Gromov-Prokhorov
topology

We are now in a position to verify that the Gromov-weak topology is metrized by
the Gromov-Prokhorov metric. The proof is almost the same as the proof for mpm
spaces in [GPW09, Theorem 5]. However, because this is one of the main results of
this chapter, we provide the proof in full detail.

Proposition 3.40
The Gromov-weak topology τGw and the Gromov-Prokhorov topology τGP coincide.

In particular, this means that every statement we made about one of the two topologies
(e. g. embedding lemmas, compactness criteria, Polishness) hold for both topologies.

Proof: We already proved in Lemma 3.25 that the Gromov-Prokhorov topology is
finer than the Gromov-weak topology. To prove the other direction, it suffices to show
that every τGw-convergent sequence

[Xn, rn,µn]
τGw−−→ [X,r,µ] (E3.12)

also converges with respect to the Gromov-Prokhorov topology τGP (recall from Corol-
lary 3.17 that τGP is metrizable, thus we may use sequences instead of nets). We
will show that ([Xn, rn,µn])n is relatively compact with respect to τGP . Since T (1)

separates points and τGP -convergence implies τGw-convergence, it follows that every
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subsequence has a further convergent subsequence with limit [X,r,µ]. Consequently,
the sequence itself must converge to [X,r,µ] in the topology τGP .
To show relative compactness of the sequence we use the compactness criterion (b)

of Proposition 3.39. By Lemma 3.36 both m(µn) and w(µn) are convergent. Thus
(m(µn))n is bounded and (w(µn))n is tight. Moreover, by Lemma 3.37 we have

limsup
n

Vδ(µn)≤ Vδ(µ)

for every δ > 0. Since Vδ(η) → 0 for δ ↘ 0 and for every finite measure η (cf.
Lemma 3.31), this yields supnVδ(µn)→ 0 for δ↘ 0 and the assumptions of Proposi-
tion 3.39 are satisfied. �

3.7 Distributions on M

With Le Cam’s theorem we can easily deduce that the mm-monomials are convergence
determining for random metric measure spaces.

Proposition 3.41
The set T (1) is convergence determining forM1(M).

Proof: T (1) is closed under multiplication and induces the topology of M. Therefore,
we can apply Proposition 2.17 to obtain the result. �

Tightness conditions for distributions on M can directly be derived from the com-
pactness criterion 3.39. We omit the proof and refer to [GPW09, Theorem 3, Remark
3.2 and 3.3].

Proposition 3.42 (Tightness criterion forM1(M))
A set P ⊂M1(M) is tight if and only if for every ε > 0 there are δ > 0 and c > 0 such
that for every P ∈P we have

(a) P (m(µ)≥ c)< ε,

(b) P (Vδ(µ)≥ ε)< ε,

(c) P (w(µ)([c,∞])≤ ε)< ε,

where µ denotes the measure of a random mm space [X,r,µ] with law P .
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Chapter 4

Metric two-level measure spaces

In this chapter we generalize the results of chapter 3. Instead of metric measure spaces
we will consider metric two-level measure spaces [X,r,ν](2), where ν ∈Mf (Mf (X))
is a two-level measure on the Polish metric space (X,r). For didactic reasons we
first consider the easier case ν ∈M1(M1(X)) and afterwards the more general case
ν ∈Mf (Mf (X)).

Outline of this chapter: In section 4.1 we provide the basic definitions of met-
ric two-level measure spaces and discuss the problems that occur when generaliz-
ing the theory of metric measure spaces. Section 4.2 deals with two-level measures
ν ∈Mf (Mf (X)) on a fixed Polish space X. We introduce important tools such as
the moment measures and the approximation of two-level measures via density func-
tions. In section 4.3 we consider metric two-level probability measure spaces (m2pm
spaces), which are isomorphism classes of triples (X,r,ν) with ν ∈M1(M1(X)). We
provide a reconstruction theorem for m2pm spaces and a point separating class of test
functions on the set M(2)

1 of m2pm spaces. Furthermore, we introduce the two-level
Gromov-weak topology on M(2)

1 as the topology which is induced by these test func-
tions. We define the two-level Gromov-Prokhorov metric on M(2)

1 and show that this
metric is complete. Then, we characterize compact subsets with respect to this met-
ric and prove that the two-level Gromov-weak topology is metrized by the two-level
Gromov-Prokhorov metric and thus Polish. Finally, we study distributions on M(2)

1 .
In section 4.4 we extend our arguments to general metric two-level measure spaces
(m2m spaces), i. e. isomorphism classes of triples (X,r,ν) with ν ∈Mf (Mf (X)). We
provide a point separating class of test functions on the set M(2) of m2m spaces and
study the induced topology, which we also call the two-level Gromov-weak topology.
Moreover, we extend the two-level Gromov-Prokhorov metric from M(2)

1 to M(2). We
characterize compact nets and compact subsets in M(2) and eventually prove that
the two-level Gromov-Prokhorov metric on M(2) metrizes the two-level Gromov-weak
topology. In the end we also study properties of distributions on M(2). We char-
acterize tight subsets and show that the test functions which induce the two-level
Gromov-weak topology are convergence determining.
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Chapter 4 Metric two-level measure spaces

4.1 Motivation and basic definitions

In this section we motivate and provide the definition of metric two-level measure
spaces (hereinafter abbreviated as m2m spaces). At the end of the section we also
explain how we generalize the theory of mm spaces to m2m spaces and discuss the
obstacles which arise in the process.
Let us first explain what we mean by a two-level measure.

Definition 4.1 (Two-level measures)
Let X be a Polish metric space. A measure ν ∈Mf (Mf (X)) is called a two-level
measure on X. If additionally ν ∈M1(M1(X)), then we say that ν is a two-level
probability measure on X.

We call these measures two-level measures because we think of them as describing a
hierarchical structure on X consisting of two different levels. A two-level probability
measure ν on X is the distribution of a random probability measure µ∈M1(X). The
measure µ represents a group (= distribution) of particles in X and this group is the
first level of the hierarchical structure. In this sense the measure ν is a distribution
of groups and this distribution of groups is the second level of the hierarchy.
We want to generalize the theory of metric measure spaces to be able to model

biological processes with hierarchical structures, e. g. host-parasite systems, in which
the parasite population is distributed between different hosts. For this reason we
consider metric two-level measure triples (X,r,ν)(2), where (X,r) is a Polish metric
space and ν a two-level measure on X. In a host-parasite system X would be the
parasite population, r would represent the genealogical tree of this population and ν
would be a sampling measure on the hosts, which in turn are represented by measures
on X (e. g. with ν we can sample hosts µ∈Mf (X) and with µ we can sample parasites
inside of the host). Because we are only interested in the structure of (X,r,ν)(2) and
not in its particular representation, we go over to isomorphism classes. The definition
of an isomorphism should preserve the hierarchical structure of the measure ν, that
is why we use the two-level push-forward (cf. section 2.6). We regard two metric
two-level measure triples (X,r,ν)(2) and (Y,d,λ)(2) as being isomorphic if there is a
function f : X → Y with λ = f∗∗ν such that f is isometric on the “effective support
of ν in X”. By effective support we mean the smallest closed subset A⊂X such that
suppµ⊂A for ν-almost every µ∈Mf (X). It turns out that this set A coincides with
the support suppMν of the first moment measure Mν :=

∫
µ dν(µ) (we will prove this

in Corollary 4.8).

Definition 4.2 (m2m space and m2m-isomorphism)
(a) A triple (X,r,ν)(2) is called a metric two-level measure triple (m2m triple) if

X ⊂RN is non-empty, (X,r) is a Polish metric space and ν ∈Mf (Mf (X)).

If moreover ν ∈M1(M1(X)), then we call (X,r,ν)(2) a metric two-level proba-
bility measure triple (m2pm triple).

(b) Two m2m triples (X,r,ν)(2) and (Y,d,λ)(2) are called m2m-isomorphic if there
exists a measurable function f : X→ Y such that λ= f∗∗ν and f is isometric on
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the set suppMν (but not necessarily on the whole space X). The function f is
called an m2m-isomorphism. To denote that both spaces are m2m-isomorphic,
we write (X,r,ν)(2) ∼= (Y,d,λ)(2) or (X,r,ν)(2) ∼=f (Y,d,λ)(2) if we want to em-
phasize that f is an m2m-isomorphism.

(c) The relation of being m2m-isomorphic is an equivalence relation on the set of
m2m triples. The equivalence class of an m2m triple (X,r,µ)(2) is called a metric
two-level measure space (m2m space) and is denoted by [X,r,ν](2). The set of
all m2m spaces (i. e. the set of equivalence classes of m2m triples) is denoted by
M(2).

If (X,r,ν)(2) is an m2pm triple, then we call its equivalence class [X,r,ν](2) a
metric two-level probability measure space (m2pm space). The set of all m2pm
spaces (i. e. the set of equivalence classes of m2pm triples) is denoted by M(2)

1 .

Generic elements of M(2) will be denoted by X = [X,r,ν](2), Xn = [Xn, rn,νn](2) or
Y = [Y,d,λ](2).

Remarks 4.3
(a) Recall from section 2.3 that every Polish space is homeomorphic to a subset of

RN. Thus, the assumption X ⊂ RN in Definition 4.2 is not a restriction and
the theory developed in this thesis stays valid even for arbitrary Polish metric
spaces.

(b) Let [X,r,ν](2) be an m2m space with S := suppMν 6= ∅ and let rS denote the
restriction of r to S×S and νS denote the restriction of ν toMf (S). Because
the support of ν is a subset of {µ∈Mf (X) | suppµ⊂ S } (see Corollary 4.8),
we have [X,r,ν](2) = [S,rS ,νS ](2). This shows that an m2m space is always
m2m-isomorphic to the support of its first moment measure. Therefore, we may
assume without loss of generality that X = suppMν and we will do so in many
of the proofs of this chapter.

(c) In the definition of m2m triples/spaces we prohibit X from being empty because
this would break the symmetry in the definition of m2m-isomorphism. See (c)
of Remarks 3.2 for details.

We will first treat the special case of m2pm spaces and only afterwards the more
general case of m2m spaces. We decided to do this for the following reasons:

• M2pm spaces are a very important special case. They are useful for modeling
population processes with fixed population size and resampling dynamics such
as the two-level Fleming-Viot process in [Daw18]. Thus, they deserve a thorough
treatment on their own.

• The theory of m2pm spaces is much more accessible and partly a straight-forward
generalization of the theory of mm spaces. Readers familiar with metric measure
spaces will easily understand the generalization to m2pm spaces.
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• The theory for general m2m spaces on the other hand is more complicated.
Several new problems arise which do not exists in the m2pm case. By treating
the latter case first, we hope that these problems and their solutions become
more apparent.

In the remainder of this section we explain how we proceed in section 4.3 (m2pm
spaces) and section 4.4 (m2m spaces) and discuss the differences of the two cases. We
start with section 4.3:
There, we will provide a reconstruction theorem for m2pm spaces, which states

that an m2pm space [X,r,ν](2) ∈M(2)

1 is uniquely determined by its distance array
distribution R∗M

∞,∞
ν , where M∞,∞ν is the infinite mixed moment measure defined by

M∞,∞ν :=

∫ ∫ ∞⊗
i=1

µ⊗∞i dν⊗∞(µ1,µ2, . . .)

and where R maps an infinite matrix (xij)ij ∈XN×N to its distance array

R((xij)ij) :=
(
r(xij ,xkl)

)
i,j,k,l∈N. (E4.1)

Heuristically, the infinite mixed moment measure samples infinitely many measures
(µi)i ⊂M1(X) with distribution ν and then samples with each of these measures
µi infinitely many points (xij)j ⊂ X. Then, the distance array distribution is the
distribution of the random distance array in (E4.1).
We introduce the two-level Gromov-weak topology τ ′2Gw on M(2)

1 as the initial topol-
ogy with respect to a point separating class T (2)

1 of test functions on M(2)

1 . The def-
inition of these test functions is based on the idea of sampling finite subspaces of
the underlying metric space X. It turns out that τ ′2Gw-convergence is the same as
weak convergence of the associated distance array distributions, i. e. (M(2)

1 , τ ′2Gw) is
homeomorphic to a subset ofM1(DN×N), where DN×N is the set of distance arrays as
in (E4.1). It follows that the topology τ ′2Gw is metrizable. Hence, we can use sequences
to prove continuity of functions and compactness of subsets.
We also define a complete metric d2GP on M(2)

1 , the so-called two-level Gromov-
Prokhorov metric, which is a straight-forward generalization of the one-level Gromov-
Prokhorov metric. The induced topology on M(2)

1 is denoted by τ ′2GP . We characterize
compactness with respect to τ ′2GP in terms of the distance distribution and the mod-
ulus of mass distribution of the first moment measure Mν , i. e. in terms of w(Mν)
and Vδ(Mν). Finally, we prove that τ ′2Gw and τ ′2GP coincide by showing that τ ′2Gw-
convergent sequences are relatively compact with respect to τ ′2GP . Therefore, d2GP is
a complete metric for the topology τ ′2Gw and (M(2)

1 , τ ′2Gw) is a Polish space. Moreover,
because τ ′2Gw is induced by T (2)

1 , we can apply Le Cam’s theorem (see Proposition 2.17)
to show that T (2)

1 is convergence determining forM1(M(2)

1 ).
In section 4.4 we are concerned with general m2m spaces [X,r,ν](2) with measures

ν ∈Mf (Mf (X)). It turns out that in this case we cannot proceed in the same way
as in section 4.3. One of the reasons is that there is no reconstruction theorem for
general m2m spaces, meaning that an m2m space [X,r,ν](2) ∈M(2) cannot be identified
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with a distance array distribution (i. e. with a finite measure on distance arrays). The
problem is that ν({o}) may be positive and that we cannot sample points from X
with the null measure o. However, we can still define a point separating class T (2) of
test functions on M(2) based on the idea of sampling finite subspaces of the underlying
metric space X. We define the two-level Gromov-weak topology τ2Gw on M(2) as the
initial topology induced by T (2). Since we cannot embed M(2) as a subset of distance
matrix distributions, there is no easy way of proving that (M(2), τ2Gw) is metrizable.
For this reason we will use nets instead of sequences in order to prove continuity of
functions and compactness of subsets.
The two-level Gromov-Prokhorov metric d2GP, which we first define on M(2)

1 in
section 4.3, can easily be extended to a complete metric onM(2). The induced topology
on M(2) is denoted by τ2GP . Then, we characterize compact nets with respect to τ2GP

in terms of w(MfK ·ν) and Vδ(MfK ·ν), where the measures fK · ν with K > 0 are a
certain class of approximations of ν. These approximations are necessary because the
first moment measure Mν of a two-level measure ν can be infinite and because the
distance distribution and the modulus of mass distribution are only meaningful for
finite measures.
Finally, we prove that τ2Gw and τ2GP coincide by showing that τ2Gw-convergent

nets are compact nets with respect to τ2GP . It follows that d2GP is a complete metric
for τ2Gw and that (M(2), τ2Gw) is a Polish space. Furthermore, we can use Le Cam’s
theorem to prove that T (2) is convergence determining forM1(M(2)).
Recall from Example 2.7 that the elements of a compact net do not necessarily

form a relatively compact set. Thus, to be able to prove the equality of τ2Gw and
τ2GP we really need a characterization of compact nets (instead of a characterization
of compact subsets).
Note that we call both topologies τ ′2Gw on M(2)

1 and τ2Gw on M(2) the two-level
Gromov-weak topology even though they are induced by different classes of test func-
tions. This is due to the fact that τ ′2Gw is just the subspace topology of τ2Gw, as we
show in section 4.4. The same holds for the two-level Gromov-Prokhorov topology
τ ′2GP on M(2)

1 and τ2GP on M(2).

4.2 Two-level measures and moment measures

In this section we study two-level measures ν ∈Mf (Mf (X)) on a fixed Polish space
X. We define the moment measures of ν and discuss the interrelationship between
ν and its moment measures. At the end of the section we also provide a tightness
criterion for (sets of) two-level measures.
Two-level measures are closely related to random measures, because the normaliza-

tion ν of a two-level measure ν ∈Mf (Mf (X)) is a distribution of a random finite
measure on X. Hence, it is not surprising that we use tools from the theory of random
measures. One of these tools are the moment measures.

Definition 4.4 (Moment measures)
Let ν ∈Mf (Mf (X)) be a two-level measure on a Polish space X and let m ∈N and
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n∈Nm.

(a) The m-th moment measure Mm
ν ∈M(Xm) of ν is defined by

Mm
ν ( · ) :=

∫
µ⊗m( · ) dν(µ).

The first moment measure is also called the intensity measure of ν and will be
denoted by Mν .

(b) The n-mixed moment measure Mn
ν ∈M(X |n|) of ν is defined by

Mn
ν ( · ) :=

∫
µ⊗n( · ) dν⊗m(µ),

where µ⊗n denotes the measure µ⊗n :=
⊗m

i=1µ
⊗ni
i ∈Mf (X |n|).

(c) We say that ν is of k-th order if the k-th moment measure Mk
ν is a finite measure.

We say that ν is of infinite order if all moment measures (Mk
ν)k∈N are finite

measures.

By definition we have

Mn
ν =

m⊗
i=1

Mni
ν ,

i. e. Mn
ν is a mix of different moment measures. That is why we call Mn

ν a mixed
moment measure.
If ν is a two-level probability measure, the m-th moment measures Mm

ν describes a
random experiment in which we first sample a measure µ ∈M1(X) with ν and then
samplem points in X with distribution µ. The n-mixed moment measure corresponds
to first sampling m measures µ1, . . . ,µm ∈M1(X) and then for each i ∈ {1, . . . ,m}
sampling ni points in X with distribution µi.
Obviously, every two-level probability measure is of infinite order. For these mea-

sures we can also define the infinite (mixed) moment measure, which is the projective
limit of the (mixed) moment measures.

Definition 4.5 (Infinite moment measures)
Let ν ∈M1(M1(X)) be a two-level probability measure on a Polish space X.

(a) The infinite moment measure M∞ν ∈M1(XN) of ν is defined by

M∞ν ( · ) :=

∫
µ⊗∞( · ) dν(µ),

(b) The infinite mixed moment measure M∞,∞ν ∈M1(XN×N) of ν is defined by

M∞,∞ν ( · ) :=

∫
µ⊗∞( · ) dν⊗∞(µ),

where µ⊗∞ denotes the measure µ⊗∞ :=
⊗∞

i=1µ
⊗∞
i ∈M1(XN×N).
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4.2 Two-level measures and moment measures

Informally speaking, the mass of a two-level measure is distributed between the two
levels and the first moment measure can be seen as a projection of this mass to a
one-level measure.
Remark 4.6 (First moment measure as a projection)
The first moment measure is a projection in the following sense: M1(X) can be
identified with {δµ | µ∈M1(X)}, which is a closed subspace ofM1(M1(X)). Then,
the map

P : M1(M1(X))→M1(M1(X))

ν 7→ δMν

is a projection onto this subspace, i. e. we have P ◦P = P .
However, for general two-level measure this is not possible anymore since the first

moment measure of a two-level measure is not necessarily finite.

Recall that the support suppµ of a Borel measure µ is defined as the smallest
closed subset A of X with µ({A) = 0. Equivalently, it is the set of all x ∈ X with
µ(B(x,ε))> 0 for every ε > 0. The following two results show that a two-level measure
ν is effectively a finite measure onMf (suppMν), i. e. we can restrict X to suppMν

without losing information about ν.

Lemma 4.7 (First moment measure is a supporting measure)
Let X be a Polish space and ν ∈Mf (Mf (X)). The first moment measure Mν is a
supporting measure of ν in the sense that for any non-negative measurable function
f : X→R we have∫

f dMν = 0 ⇐⇒
∫
f dµ= 0 for ν-almost every µ∈Mf (X).

Proof: By the definition of the moment measures we have∫
f dMν =

∫ ∫
f dµ dν(µ).

Now if
∫
f dMν = 0, then for every n ∈ N the set of all µ ∈Mf (X) with

∫
f dµ > 1

n
must have ν-measure zero. Consequently,

∫
f dµ= 0 for ν-almost every µ∈Mf (X).

On the other hand, if ν({A) = 0 for A := {µ∈Mf (X) |
∫
f dµ= 0}, then∫

X

f dMν =

∫
Mf (X)

∫
X

f dµ dν(µ) =

∫
A

∫
X

f dµ dν(µ) = 0. �

Corollary 4.8
Let X be a Polish space and ν ∈Mf (Mf (X)). Then A := suppMν is the smallest
closed subset of X with the property

suppµ⊂A for ν-almost every µ∈Mf (X). (E4.2)
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Proof: Let A be any closed subset of X. Using Lemma 4.7 we see that the following
assertions are all equivalent:

Mν({A) = 0

⇐⇒
∫
1

({A)
dMν = 0

⇐⇒
∫
1

({A)
dµ= 0 for ν-almost every µ∈Mf (X)

⇐⇒ suppµ⊂A for ν-almost every µ∈Mf (X).

This yields the claim, since the set suppMν is defined as the smallest closed set A⊂X
with Mν({A) = 0. �

Now the question arises when a two-level measure is determined by its moment
measures. This problem is analogously to the classical moment problem for distri-
butions on R (see for example [ST43] for an extensive treatment about the classical
moment problem). The following example shows that the moment measures may not
contain enough information about the associated two-level measure. Let (εn)n be a
sequence of positive real numbers with

∑∞
n=1 εn = 1 and define

ν :=
∞∑
n=1

εnδ(ε−1
n δ1).

Then we have Mk
ν =∞· δ1 for every k ∈N. This holds true for every sequence (εn)n

with
∑
εn = 1. Hence, different two-level measures may have the same moment mea-

sures.
The following proposition shows that a two-level measures is determined by its

moment measures provided that the mass of the moment measures grows slow enough.
It carries over the Carleman condition for distributions on R+ (see for example [ST43,
Theorem 1.10]) to two-level measures.

Proposition 4.9 (Carleman condition for two-level measures)
Let ν ∈Mf (Mf (X)) be a two-level measure on a Polish space X. If

∞∑
k=1

m(Mk
ν)−

1
2k =∞, (E4.3)

then ν is determined by its moment measures (Mk
ν)k∈N, i. e. if λ is a two-level measure

on X with Mk
λ =Mk

ν for all k ∈N, then λ= ν.

Proof: A version of this proposition with ν ∈M1(Mf (X)) can be found in [Daw93,
Theorem 3.2.9] (based on [Zes83, Theorem 2.1]). This extends directly to measures
ν ∈ Mf (Mf (X)), since ν is just a multiple of the measure ν ∈ M1(Mf (X)) and
multiplication by a factor does not change the divergence of the series in (E4.3). �

54



4.2 Two-level measures and moment measures

Observe that

m(Mk
ν) =

∫
m(µ)k dν(µ) =

∫
mk d(m∗ν)(m), (E4.4)

where m∗ν is the push-forward of ν under the function m : µ∈Mf (X) 7→m(µ)∈R+.
We call the measure m∗ν ∈Mf (R+) the mass distribution of ν. The mass distribution
should not be confused with the modulus of mass distribution, which is, despite the
similar name, not related. By (E4.4) there is a one-to-one correspondence between
the mass of the moment measures and the moments of the mass distribution.
It is not surprising that there is a strong relationship between weak convergence of

two-level measures and weak convergence of the associated moment measures. The
following proposition states under which conditions one implies the other.

Proposition 4.10
Let (νn)n ⊂Mf (Mf (X)) be a sequence of two-level measures on a Polish space X,
such that each νn is of infinite order.

(a) If for each k ∈N the k-th moment measures (Mk
νn)n converge weakly to a finite

measure µk on Xk and if
∞∑
k=1

m(µk)
− 1

2k =∞,

then νn converges weakly to a two-level measure ν ∈Mf (Mf (X)) with moment
measures Mk

ν = µk for each k ∈N.

(b) If νn converges weakly to some two-level measure ν ∈Mf (Mf (X)) and if

sup
n∈N

m(Mk
νn)<∞

for each k ∈ N, then ν is of infinite order and the moment measures of νn
converge weakly to the moment measures of ν.

Proof: See [Daw93, Theorem 3.2.9] and [Zes83, Theorem 2.2] for versions of this
proposition with ν,νn ∈ M1(Mf (X)). This extends directly to measures ν,νn ∈
Mf (Mf (X)) (cf. Lemma 2.14 and the proof of Proposition 4.9). �

Note that for two-level probability measures all of the conditions in Propositions 4.9
and 4.10 are fulfilled. Thus a two-level probability measure is always determined by
its moment measures and weak convergence is equivalent to weak convergence of the
moment measures. However, in this thesis we will also be concerned with general
two-level measures which do not necessarily satisfy these conditions.
Because the moment measures are important for our proofs (for example to sample

points from the underlying space X) we need to approximate two-level measures
ν ∈Mf (Mf (X)) by measures νK from Mf (M≤K(X)) to ensure that the moment
measures are finite and do not grow to fast. The simplest choice for νK would be the
restriction of ν toM≤K(X), i. e. νK(·) = ν(·∩M≤K(X)). However, this rough cut-off
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may lead to discontinuities if ν(MK(X)) is greater than 0. Therefore it is better to
“cut off” ν with a continuous density fK as defined below.
Let {gK ∈ Cb(R+) |K > 0} be a set of functions having the following properties:

(a) 0≤ gK ≤ 1 for every K,

(b) gK(x) = 0 for x≥K,

(c) gK→ 1 for K→∞ uniformly on every bounded interval.

For example we may use

gK(x) :=


1 0≤ x≤ K

2

2− 2x
K

K
2 <x≤K

0 K <x.

However, the particular choice of the functions is not important as long as the prop-
erties (a), (b) and (c) are satisfied and as long as the choice is fixed for the remainder
of this thesis.
Furthermore, define fK := gK ◦m. For a two-level measure ν ∈Mf (Mf (X)) we

denote by fK ·ν the measure that has density fK with respect to ν. It is the unique
measure which satisfies

(fK ·ν)(A) =

∫
A
fK(µ) dν(µ) =

∫
A
gK(m(µ)) dν(µ) (E4.5)

for every measurable set A ⊂Mf (X). The measures {fK ·ν |K > 0} will serve as
approximations of ν. The next lemma describes the relationship between ν and fK ·ν.

Lemma 4.11
Let ν,ν1,ν2, . . . ∈Mf (Mf (X)) be two-level measures on a Polish space X. Then we
have:

(a) fK ·ν
w−→ ν for K→∞ and ν is uniquely determined by the measures (fK ·ν)K>0,

i. e. if λ is a two-level measure on X with fK ·λ= fK ·ν for all K > 0, then λ= ν.

(b) νn converges weakly to ν if and only if

• the set of mass distributions (m∗νn)n is relatively compact and

• fK ·νn converges weakly to fK ·ν for every K > 0.

Proof: By the dominated convergence theorem we have∫
h d(fK ·ν) =

∫
hfK dν =

∫
h(µ)gK(m(µ)) dν(µ)

K→∞−−−−→
∫
h(µ) dν(µ)

for every h∈ Cb(Mf (X)) and this shows assertion (a).
To prove assertion (b), assume first that νn converges weakly to ν. Since the density

functions (fK)K>0 are continuous and bounded on Mf (X), it follows immediately
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4.2 Two-level measures and moment measures

that fK · νn converges weakly to fK · ν for every K > 0. Moreover, m∗νn converges
weakly to m∗ν by assertion (a) of Lemma 2.24. Hence (m∗νn)n is relatively compact.
To prove the other direction, assume that (m∗νn)n is relatively compact and that

fK ·νn converges weakly to fK ·ν for every K > 0. Let ϕ ∈ Cb(Mf (X)) and ε > 0 be
arbitrary. By the triangle inequality we have∣∣∣∣∫ ϕ dνn−

∫
ϕ dν

∣∣∣∣≤ ∣∣∣∣∫ ϕ dνn−
∫
ϕ d(fK ·νn)

∣∣∣∣+ ∣∣∣∣∫ ϕ d(fK ·νn)−
∫
ϕ d(fK ·ν)

∣∣∣∣
+

∣∣∣∣∫ ϕ d(fK ·ν)−
∫
ϕ dν

∣∣∣∣
≤ ‖ϕ‖∞

∫
|1−fK | dνn+

∣∣∣∣∫ ϕ d(fK ·νn)−
∫
ϕ d(fK ·ν)

∣∣∣∣
+‖ϕ‖∞

∫
|1−fK | dν,

(E4.6)
where ‖ϕ‖∞ denotes the supremum of ϕ. Because (m∗νn)n is relatively compact, m(ν)
and (m(νn))n are bounded by some constant M > 0 and there is a b > 0 with

ν
(
{M≤b(X)

)
=m∗ν

(
{[0,b]

)
< ε

and

νn
(
{M≤b(X)

)
=m∗νn

(
{[0,b]

)
< ε

for every n ∈ N. Since gK converges to 1 uniformly on bounded sets, there exists a
K > 0 such that |1−gK(x)|< ε for x∈ [0, b]. It follows that∫

|1−fK | dν =

∫
M≤b(X)

|1−fK | dν+

∫
{M≤b(X)

|1−fK | dν

≤ εm(ν) +ν({M≤b(X))

≤ ε(M + 1)

and the same upper bound holds if we replace ν by νn. Finally, since fK ·νn converges
weakly to fK ·ν, there is an nε ∈N such that∣∣∣∣∫ ϕ d(fK ·νn)−

∫
ϕ d(fK ·ν)

∣∣∣∣< ε
for all n≥ nε. Thus, the right hand side of (E4.6) is less than ε(2‖ϕ‖∞(M + 1) + 1)
for all n≥ nε. Because ε and ϕ are arbitrary, this shows that

∫
ϕνn converges to

∫
ϕν

for every ϕ∈ Cb(Mf (X)). �

Observe that every measure λ∈Mf (M≤K(X)) satisfies

m(Mm
λ )≤Kmm(λ)
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Chapter 4 Metric two-level measure spaces

for every m∈N and thus

∞∑
m=1

m(Mm
λ )−

1
2m ≥

∞∑
m=1

K−
1
2m(λ)−

1
2m =∞.

It follows from Proposition 4.9 and 4.10 that every measure λ ∈Mf (M≤K(X)) is
uniquely determined by its moment measures and weak convergence of measures of
Mf (M≤K(X)) is equivalent to weak convergence of the associated moment mea-
sures. Since fK · ν ∈Mf (M≤K(X)) for every two-level measure ν we can rephrase
Lemma 4.11 in terms of moment measures.

Corollary 4.12
Let ν,ν1,ν2, . . . ∈Mf (Mf (X)) be two-level measures on a Polish space X. Then we
have:

(a) ν is uniquely determined by the moment measures {Mm
fK ·ν |K > 0, m∈N}, i. e.

if λ is a two-level measure on X such that Mm
fK ·λ = Mm

fK ·ν for all K > 0 and
m∈N, then λ= ν.

(b) νn converges weakly to ν if and only if

• (m∗νn)n is relatively compact and

• Mm
fK ·νn converges weakly to Mm

fK ·ν for every K > 0 and every m∈N.

We close this section with a characterization of tightness of two-level measures in
terms of the mass distributions and compact sets of the underlying space X. This
result is an extension of a characterization of tightness of two-level probability measures
in [Kle08, Exercise 13.4.1].

Lemma 4.13 (Tightness of two-level measures)
Let Γ⊂Mf (Mf (X)) be a set of two-level measures on a Polish space X. The following
are equivalent:

(a) Γ is tight.

(b) {m∗ν | ν ∈ Γ} is tight in Mf (R+) and for all ε,δ > 0 there is a compact set
Kε,δ ⊂X such that

ν
(
{{µ∈Mf (X) | µ

(
{Kε,δ

)
≤ δ}

)
< ε

for every ν ∈ Γ.

(c) For every ε > 0 and δ > 0 there exists a Cε,δ > 0 and a compact set Kε,δ ⊂X,
such that

ν
(
{{µ∈Mf (X) |m(µ)≤Cε,δ, µ

(
{Kε,δ

)
≤ δ}

)
< ε

for every ν ∈ Γ.
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Remark 4.14
(a) The lemma above holds true if we restrict the statements in (b) and (c) to the

special case δ= ε.

(b) By Prokhorov’s theorem (Theorem 2.15) a set Γ ⊂Mf (Mf (X)) is relatively
compact if and only if supν∈Γm(ν)<∞ and one of the conditions of the lemma
above are satisfied.

Proof (of Lemma 4.13): (a) ⇒ (b): Fix ε and δ. Because Γ is tight, there is a com-
pact set Kε ⊂Mf (X) with ν ({Kε) < ε for every ν ∈ Γ. By Prokhorov’s theorem
(Proposition 2.15) there is a constant Cε,δ > 0 and a compact set Kε,δ ⊂X such that

Kε ⊂ {µ∈Mf (X) |m(µ)≤Cε,δ, µ({Kε,δ)≤ δ} .

Consequently, we have for every ν ∈ Γ

ν ({{µ∈Mf (X) | µ({Kε,δ)≤ δ})≤ ν ({Kε)< ε

and

m∗ν({[0,Cε,δ])) = ν ({{µ∈Mf (X) |m(µ)≤Cε,δ })≤ ν ({Kε)< ε.

Since ε is arbitrary, the latter inequality implies that {mν | ν ∈ Γ} is tight.
(b) ⇒ (c): Fix δ,ε > 0. By assumption there is a C > 0 and a compact set K ⊂X

with

ν ({{µ∈Mf (X) |m(µ)≤C }) = m∗ν({[0,C])<
ε

2

and

ν ({{µ∈Mf (X) | µ({K)≤ δ})< ε

2

for every ν ∈ Γ. We obtain

ν
(
{{µ∈Mf (X) |m(µ)≤C, µ({K)≤ δ}

)
≤ ν ({{µ∈Mf (X) |m(µ)≤C })

+ν ({{µ∈Mf (X) | µ({K)≤ δ})
< ε.

(c) ⇒ (a): Fix ε > 0 and define εn = δn := (1
2)nε. Moreover, define

Kε :=
⋂
n∈N
{µ∈Mf (X) |m(µ)≤Cεn,δn , µ({Kεn,δn)≤ δn } ,
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where Cεn,δn and Kεn,δn are as in assertion (c). Then we have for every ν ∈ Γ

ν ({Kε) = ν

(⋃
n∈N
{{µ∈Mf (X) |m(µ)≤Cεn,δn , µ({Kεn,δn)≤ δn)}

)
≤
∑
n∈N

ν ({{µ∈Mf (X) |m(µ)≤Cεn,δn , µ({Kεn,δn)≤ δn)})

≤
∑
n∈N

εn = ε.

It is easy to see that Kε is tight and bounded in Mf (X) and therefore relatively
compact. By the Portmanteau theorem the set

{µ∈Mf (X) |m(µ)≤Cεn,δn , µ({Kεn,δn)≤ δn }

is closed for every n. It follows that Kε is also closed (as an intersection of closed sets)
and hence compact. �

4.3 Metric two-level probability measure spaces

In this section we study metric two-level probability measure spaces (m2pm spaces).
Recall that an m2pm space is an isomorphism class [X,r,ν](2), where (X,r) is a Polish
metric space and ν ∈M1(M1(X)) a two-level probability measure on X, and that
M(2)

1 denotes the set of all m2pm spaces.

4.3.1 The reconstruction theorem for m2pm spaces

We first provide a reconstruction theorem for m2pm spaces similar to the reconstruc-
tion theorem for mm spaces. We show how an m2pm space [X,r,ν](2) ∈M(2)

1 can be
rebuild from distances between randomly sampled points in X. The points from X
are sampled according to the infinite mixed moment measures.
The Glivenko-Cantelli theorem states that a probability measure µ can be recon-

structed from an infinite i. i. d. sample. A similar result holds true if µ is a random
probability measure, as can be seen from the following proposition, which is based
on [Ald85, page 14]. Recall from page 25 that Ξn(x) and Ξ∞(x) denote the n-th
empirical distribution and the infinite empirical distribution of a sequence x.

Proposition 4.15 (Glivenko-Cantelli for random probability measures)
Let ν ∈M1(M1(X)) be a two-level probability measure on a Polish space X and let
x= (xi)i ∈XN be a random sequence with law M∞ν . Then the weak limit

µ := w-lim
n→∞

Ξn(x)

exists almost surely and the random probability measure µ has law ν.
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Proof: Let (Ω,F ,P) be a probability space and let x : Ω→XN be an infinite random
sequence with law M∞ν . The sequence x is exchangeable. Thus, by de Finetti’s
theorem (see [Ald85, Theorem 3.1]) there is a random probability measure µ : Ω→
M1(X), ω 7→ µω such that µ⊗∞· is a regular conditional distribution of x given µ.
Using the disintegration theorem (cf. [Ald85, Equation (2.4)]) and the Glivenko-
Cantelli theorem (cf. Proposition 3.3) we see that

P(Ξ∞(x) = µ|µ)(ω) =

∫
1µω(Ξ∞(x)) dµ⊗∞ω (x) = 1

for P-almost every ω ∈Ω. Therefore we have

P(Ξ∞(x) = µ) = 1

and the weak limit w-limnΞn(x) exists almost surely and has law L(µ). Observe that
all moment measure of L(µ) and ν are equal (because the law of x is M∞ν ). Since
two-level probability measures are uniquely determined by their moment measures
(see Proposition 4.9), we have L(µ) = ν and this completes the proof. �

Remark 4.16
Proposition 4.15 implies that∫

F (µ) dν(µ) =

∫ ∫
F (Ξ∞(x)) dµ⊗∞(x) dν(µ)

for every bounded Borel function F ∈B(M1(X)).

The previous proposition shows that if we sample a measure µ with a two-level
probability measure ν and then sample an i. i. d. sequence x with µ, then we can
rebuild the measure µ directly from the sample x. Our goal is now to reconstruct ν
from a sample in X. To this end, we need not one sampled measure µ, but an i. i. d.
sequence of measures (µi)i. If we sample an infinite i. i. d. sample (xij)j with each
measure µi, then, from all of the sampled points we can reconstruct first the measures
µi and then the two-level measure ν. The distribution of the matrix (xij)ij ∈XN×N

is now given by the infinite mixed moment measure M∞,∞ν .

Proposition 4.17 (Reconstruction of two-level probability measures)
Let ν ∈M1(M1(X)) be a two-level probability measure on a non-empty Polish space
X and let (xij)i,j∈N be a random infinite matrix with distribution M∞,∞ν . Then almost
surely we have:

(a) For every i∈N the weak limit

µi := w-lim
n

Ξn((xij)j) = w-lim
n

1

n

n∑
j=1

δxij

exists and the random probability measure µi has law ν.
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(b) The two-level measure Ξn((µi)i) = 1
n

∑n
i=1 δµi converges weakly to ν.

(c) The sequence (xij)i is dense in suppMν for every j ∈N.

Proof: Assertion (a) follows from Proposition 4.15 since the random sequence (xij)j
has law M∞ν for every i ∈N. The sequence of random measures (µi)i is therefore an
i. i. d. sequence inM1(X) sampled by ν. By applying the Glivenko-Cantelli theorem
we obtain assertion (b). To see assertion (c), observe that (xij)i is an i. i. d. sequence
in X sampled by the measure Mν and that an i. i. d. sequence is almost surely dense
in the support of the sampling measure by Corollary 3.4. �

The previous proposition implies that we can reconstruct the two-level measure ν
and the metric space (X,r) even if we only know the distances r(xij ,xkl) between the
points (xij)ij sampled by the infinite mixed moment measure. We exploit this fact in
the reconstruction theorem for m2pm spaces. In order to formulate this theorem we
need to introduce generalizations of distance matrices and distance maps suitable for
two-level sampling. The distances between the points xij are now contained in the
upper half of the array (r(xij ,xkl))i,j,k,l∈N.

Definition 4.18 (Sets of distance arrays)
For every m∈N and n∈Nm with |n| ≥ 2 we define

Dn :=

{(
rij,kl

)
(i,j),(k,l)∈[n]
(i,j)<(k,l)

∈R(|n|2 )
+

∣∣∣∣ rij,kl ≤ rij,gh+ rgh,kl ∀(i,j),(k,l),(g,h)∈ [n]

}
,

where [n] := {(i,j) | i∈ [m], j ∈ [ni]} and where N×N is ordered lexicographically. Fur-
thermore, we define

DN×N :=

{(
rij,kl

)
(i,j),(k,l)∈N2
(i,j)<(k,l)

∈R(N×N
2 )

+

∣∣∣∣ rij,kl ≤ rij,gh+ rgh,kl ∀(i,j),(k,l),(g,h)∈N×N
}
.

Elements of these sets are called distance arrays. We equip these set with the subspace

topology inherited from the product topologies on R(|n|2 )
+ and R(N×N

2 )
+ , respectively.

Occasionally we regard the upper half distance arrays from the previous definition as
full arrays and use the entries rij,ij or rkl,ij with (i, j)< (k, l). It should be clear that
in this case we assume rij,ij = 0 and rkl,ij = rij,kl.

Definition 4.19 (Distance maps)
For a metric space (X,r), m ∈ N and n = (n1, . . . ,nm) ∈ Nm with |n| ≥ 2 we define
the following distance maps:

RXn : Xn→Dn
x 7→ (r(xij ,xkl))(i,j),(k,l)∈[n]
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and

RXN×N : XN×N→DN×N

x 7→ (r(xij ,xkl))(i,j),(k,l)∈N2

For convenience we often suppress the super- and subscript in the distance maps above
and simply write R or RX instead of RXn and RXN×N when the space and dimension
are clear from the context.

It is not surprising that the reconstruction theorem for m2pm spaces resembles
the reconstruction theorem for mm spaces (see Proposition 3.7). The difference is
that now we use the mixed moment measures to sample points from the underlying
metric space X of an m2pm space [X,r,ν](2). To rebuild the m2pm space from the
distances of the sampled points, we need to reconstruct the first and the second level
of ν simultaneously.

Theorem 4.20 (Reconstruction theorem for m2pm spaces)
Let [X,r,ν](2) and [Y,d,λ](2) be m2pm spaces. The following are equivalent:

(a) [X,r,ν](2) = [Y,d,λ](2) (i. e. (X,r,ν)(2) and (Y,d,λ)(2) are m2m-isomorphic).

(b) RX∗ Mn
ν =RY∗M

n
λ for every m∈N and n∈Nm with |n| ≥ 2.

(c) RX∗ M
∞,∞
ν =RY∗M

∞,∞
λ .

Proof: Without loss of generality we may assume that X = suppMν and Y = suppMλ

(cf. Remark 4.3).
(a) ⇒ (b): Let f : X→ Y be an isometry with λ= f∗∗ν and let m∈N and n∈Nm

with |n| ≥ 2. Define fn : X |n|→ Y |n| by fn(x11, . . . ,xmnm) = (f(x11), . . . ,f(xmnm)).
Because f is isometric, we have

RX =RY ◦fn.

Observe that to prove RX∗ Mn
ν =RY∗M

n
λ it suffices to show∫

ϕ d(RX∗ M
n
ν ) =

∫
ϕ d(RY∗M

n
λ ) (E4.7)

for every ϕ ∈ Cb(Dn). Using the transformation formula (E2.5), the definition of Mn
ν

and λ= f∗∗ν we see that the right hand side of (E4.7) equals∫
ϕ d
(
RY∗M

n
λ

)
=

∫ ∫
ϕ◦RY dµ⊗n dλ⊗m(µ) =

∫ ∫
ϕ◦RY dµ⊗n d(f∗∗ν)⊗m(µ).

(E4.8)
Recall that we defined µ⊗n :=

⊗m
i=1µ

⊗ni
i . This and the transformation formula (E2.6)

imply that the right hand side of (E4.8) is equal to∫ ∫
ϕ◦RY d

(
m⊗
i=1

(f∗µi)
⊗ni

)
dν⊗m(µ) =

∫ ∫
ϕ◦RY dfn∗(µ

⊗n) dν⊗m(µ).
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By using the transformation formula (E2.5) again and RX =RY ◦fn we obtain∫ ∫
ϕ◦RY ◦fn dµ⊗n dν⊗m(µ) =

∫ ∫
ϕ◦RX dµ⊗n dν⊗m(µ) =

∫
ϕ d(RX∗ M

n
ν ).

Therefore, we have proved the equality (E4.7) for every ϕ∈ Cb(Dn) and this yields the
claim.
(b) ⇒ (c): Follows by the Kolmogorov extension theorem since the distributions

RX∗ M
∞,∞
ν and RY∗M

∞,∞
λ are the projective limits of (RX∗ M

n
ν )n and (RY∗M

n
λ )n, re-

spectively.
(c)⇒ (a): Assertion (c) together with Proposition 4.17 implies that there are dense

matrices x= (xij)ij ∈XN×N and y= (yij)ij ∈ Y N×N with

RX(x) =RY (y) (E4.9)

such that

ν = w-lim
n

Ξn((µi)i) with µi := w-lim
n

Ξn((xij)j)

and

λ= w-lim
n

Ξn((ηi)i) with ηi := w-lim
n

Ξn((yij)j).

Equation (E4.9) yields

r(xij ,xkl) = d(yij ,ykl) for all i, j,k, l ∈N.

If we a define a function f ′ by f ′(xij) := yij for all i, j ∈ N, then f ′ is isometric and
can be extended continuously to an isometry f : X→ Y . By construction we have

Ξn((yij)j) = f∗Ξn((xij)j)

for all i,n ∈ N. Since the push-forward operator f∗ is continuous by Lemma 2.24 we
obtain ηi = f∗µi for each i∈N by taking the limit n→∞. It follows that

Ξn((ηi)i) = f∗∗Ξn((µi)i)

for every n∈N. By taking the limit n→∞ again, we get λ= f∗∗ν and this completes
the proof. �

The measures R∗Mn
ν and R∗M

∞,∞
ν in the previous theorem are analogs of the

distance matrix distributions of chapter 3. We call them distance array distributions.

Definition 4.21
Let [X,r,ν](2) be an m2pm space.

(a) For each m∈N and n∈Nm with |n| ≥ 2 the measure R∗Mn
ν is called the n-point

distance array distribution of the m2pm space [X,r,ν](2).

64
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(b) The measure R∗M
∞,∞
ν is called the distance array distribution of the m2pm

space [X,r,ν](2).

Theorem 4.20 shows that an m2pm space [X,r,ν](2) can be identified with its dis-
tance array distributionR∗M

∞,∞
ν ∈M1(DN×N). We can now pull back the weak topol-

ogy ofM1(DN×N) to obtain a topology on M(2)

1 in which [Xn, rn,νn](2)→ [X,r,ν](2) if
and only if

R∗M
∞,∞
νn

w−→R∗M
∞,∞
ν (E4.10)

or equivalently if and only if

R∗M
n
νn

w−→R∗M
n
ν (E4.11)

for all m∈N and n∈Nm with |n| ≥ 2. We will elaborate on this approach in the next
section.

4.3.2 M2pm-polynomials and the two-level Gromov-weak topology

Now we define a class of test functions on M(2)

1 , the so-called m2pm-polynomials. We
show that they separate points in M(2)

1 and study the induced topology. This topology
formalizes the weak convergence of distance array distributions given in (E4.10).

Definition 4.22 (M2pm-polynomials)
A function Φ: M(2)

1 →R is called an m2pm-polynomial if it is of the form

Φ([X,r,ν](2)) =

∫ ∫
ϕ◦R dµ⊗n dν⊗m(µ), (E4.12)

where m∈N, n∈Nm with |n| ≥ 2 and ϕ∈ Cb(Dn).
The set of all m2pm-polynomials is denoted by T (2)

1 .

Recall that we defined µ⊗n :=
⊗m

i=1µ
⊗ni
i ∈M1(X |n|) in section 4.2.

Remarks 4.23
(a) For i ∈ {1,2} let mi ∈ N, n(i) = (n(i)

1 , . . . ,n
(i)
mi) ∈ Nmi and let Φi be an m2pm-

polynomial of the form

Φi([X,r,ν](2)) =

∫ ∫
ϕ◦R dµ⊗n

(i)
dν⊗mi(µ).

Then Φ1 +Φ2 can easily be written as an m2pm-polynomial of the form (E4.12)
with m=m1 +m2 and n= (n(1)

1 , . . . ,n(1)
m1 ,n

(2)

1 , . . . ,n(2)
m2) and the same is true for

Φ1 ·Φ2. Hence, the set T (2)

1 is closed under addition and under multiplication.

(b) We think of elements of T (2)

1 as polynomials of the two-level measure ν. Similar
to the set of polynomials (as functions on R), the set T (2)

1 is an algebra, i. e. it is
closed under addition and under multiplication. See also Remarks 3.11 for the
naming convention about monomials and polynomials.
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Heuristically, with an m2pm-polynomial we first sample m measures µ1, . . . ,µm,
then sample ni points from X with each measure µi and then evaluate the distance
between the sampled points. This suggests that we can express an m2pm-polynomial
in terms of the mixed moment measure Mn

ν . Indeed we have

Φ([X,r,ν](2)) =

∫ ∫
ϕ◦R dµ⊗n dν⊗m(µ) =

∫
ϕ◦R dMn

ν =

∫
ϕ d(R∗M

n
ν ) . (E4.13)

With this equation and the reconstruction theorem for m2pm spaces (see Theo-
rem 4.20) it is easy to see that m2pm-polynomials are well-defined, i. e. that their
values do not depend on the choice of the representatives of the m2pm spaces.

Lemma 4.24
Every m2pm-polynomial Φ∈ T (2)

1 is well-defined.

The following theorem shows that an m2pm spaces is uniquely determined by the
values of the m2pm-polynomials.

Theorem 4.25
T (2)

1 separates points in M(2)

1 .

Proof: We know from the reconstruction theorem for m2pm spaces (see Theorem 4.20)
that an m2pm space [X,r,ν](2) is uniquely determined by the measures R∗Mn

ν with
m ∈ N and n ∈ Nm. It follows from (E4.13) that these measures are determined by
the values Φ([X,r,ν](2)) with Φ∈ T (2)

1 . �

We use T (2)

1 to induce a topology on M(2)

1 . It follows from the preceding theorem
that this topology is Hausdorff.

Definition 4.26
The two-level Gromov-weak topology τ ′2Gw on M(2)

1 is defined as the initial topology
induced by T (2)

1 .

Remark 4.27 (τ ′2Gw-convergence generalizes weak convergence)
The topology τ ′2Gw generalizes weak convergence of two-level probability measures.
That is, if ν,ν1,ν2, . . . are two-level probability measures on the same Polish met-
ric space X such that νn

w−→ ν, then the m2pm spaces [X,r,νn](2) converges two-
level Gromov-weakly to [X,r,ν](2). This follows from the fact that for every m2pm-
polynomial Φ∈ T (2)

1 the function

M1(M1(X))→R

ν 7→Φ([X,r,ν](2)) =

∫ ∫
ϕ◦R dµ⊗n dν⊗m(µ)

is continuous as a concatenation of continuous functions (recall from Corollary 2.22
that ν 7→ ν⊗m and µ 7→µ⊗n are continuous).
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The reconstruction theorem for m2pm spaces states that an m2pm space [X,r,ν](2)

can be identified with its distance array distribution R∗M
∞,∞
ν ∈ M1(DN×N). In

the following theorem we show that this identification is in fact an embedding of
(M(2)

1 , τ ′2Gw) inM1(DN×N). This shows that the topology τ ′2Gw formalizes the conver-
gence approach in (E4.10) and (E4.11).

Theorem 4.28 (M(2)

1 is embedded inM1(DN×N))
The function

ι : (M(2)

1 , τ ′2Gw)→M1(DN×N)

[X,r,ν](2) 7→R∗M
∞,∞
ν

is an embedding, i. e. it is injective and bicontinuous.

Proof: The function ι is injective by Theorem 4.20. To show that it is continuous, let
([Xα, rα,να](2))α∈A be a net of m2pm spaces which converges two-level Gromov-weakly
to an m2pm space [X,r,ν](2). The convergence of all test functions Φ ∈ T (2)

1 together
with (E4.13) yields

R∗M
n
να

w−→R∗M
n
ν

for every m ∈ N and n ∈ Nm. Since weak convergence of finite dimensional distribu-
tions implies weak convergence of the projective limits (on countable product spaces,
cf. Corollary 2.21), we obtain

R∗M
∞,∞
να

w−→R∗M
∞,∞
ν .

This shows that ι is continuous.
BecauseM1(DN×N) is metrizable, the inverse function ι−1 is continuous if and only if

it is sequentially continuous. Let [X,r,ν](2) be an m2pm space and let ([Xk, rk,νk]
(2))k

be a sequence of m2pm spaces with

R∗M
∞,∞
νk

w−→R∗M
∞,∞
ν .

Then we also have weak convergence of the marginal distributions

R∗M
n
νk

w−→R∗M
n
ν

for every m ∈ N and n ∈ Nm. This and (E4.13) yields convergence of all m2pm-
polynomials and thus τ ′2Gw-convergence. We have shown that ι−1 is continuous and
this completes the proof. �

Since (M(2)

1 , τ ′2Gw) is homeomorphic to a subset of the Polish space M1(DN×N), it
is also separable and metrizable (as a subset of a separable and metrizable space).

Corollary 4.29
(M(2)

1 , τ ′2Gw) is separable and metrizable.
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Therefore, sequences are sufficient to characterize continuity and compactness in the
space (M(2)

1 , τ ′2Gw).
Recall from Example 3.18 that we can embed (M, τGw) in Mf (DN ), but that the

embedding of (M, τGw) is not closed. With the same arguments we can show that
(M(2)

1 , τ ′2Gw) is not closed inM1(DN×N) (use R∗M
∞,∞
νn of [Xn, rn,νn](2) with νn := δµn

as the approximating sequence for δ1∞ , where Xn, rn,µn are defined as in Exam-
ple 3.18). Therefore, the Prokhorov metric on M1(DN×N) can be pulled back to
metrize τ ′2Gw, but this metric is not complete. For this reason we provide a com-
plete metric for τ ′2Gw, the so-called two-level Gromov-Prokhorov metric, in the next
subsection.

4.3.3 The two-level Gromov-Prokhorov metric and its topology

Now we generalize the Gromov-Prokhorov metric dGP of section 3.3 and define the
so-called two-level Gromov-Prokhorov metric d2GP on M(2)

1 . Generalizing dGP is
straight-forward. We simply replace the one-level push-forward with the two-level
push-forward. Not surprisingly, all the results of this section are analogs of the state-
ments of section 3.3. In particular we will show that (M,d2GP) is a Polish metric
space. Moreover, the topology induced by the metric d2GP will turn out to be the
same as the two-level Gromov-weak topology. We will prove this fact in section 4.3.6.

Definition 4.30 (Two-level Gromov-Prokhorov metric and topology)
Let X = [X,r,ν](2) and Y = [Y,d,λ](2) be two m2pm spaces. We define the two-level
Gromov-Prokhorov distance d2GP(X ,Y) between X and Y by

d2GP(X ,Y) := inf
Z,ιX ,ιY

d
M1(Z)
P (ιX∗∗ν, ιY ∗∗λ), (E4.14)

where the infimum ranges over all isometric embeddings ιX : X→Z, ιY : Y →Z into
a common Polish metric space (Z,rZ) with Z ⊂ RN and where dM1(Z)

P denotes the
Prokhorov metric for measures on the spaceM1(Z).
The induced topology on M(2)

1 is called the two-level Gromov-Prokhorov topology
and denoted by τ ′2GP .

Remarks 4.31
(a) The condition Z ⊂ RN in Definition 4.30 is not a restriction since every Polish

space can be embedded in RN (cf. section 2.3). We only need this condition to
ensure that the infimum is taken over a well-defined set.

(b) Note that the two-level Gromov-Prokhorov metric can easily be extended to
M(2), because the Prokhorov metric is defined for finite measures. The results
of this section still hold for this extension. Most of the proofs stay literally
the same, but some require small modifications (for instance: to prove that the
extension is a metric on M(2), we first need to introduce a point separating class
of functions on M(2)). We spell out the details in section 4.4.3.
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4.3.3 The two-level Gromov-Prokhorov metric and its topology

It is easy to see that the definition of d2GP does not depend on the representatives
of the equivalence classes. Hence, the two-level Gromov-Prokhorov distance is well-
defined. Moreover, convergence with respect to d2GP generalizes weak convergence in
the following sense: If ν,ν1,ν2, . . . are two-level measures on (X,r) with νn

w−→ ν, then
d2GP([X,r,νn](2), [X,r,ν](2))→ 0.
We show in Theorem 4.36 that d2GP indeed is a metric and even complete, but

before we are able to prove this we need to provide some preparatory lemmas. The
next lemma shows that we can always use the disjoint union Z =X tY to compute
the two-level Gromov-Prokhorov distance in (E4.14).

Lemma 4.32 (Alternative characterization of d2GP)
For all m2pm spaces X = [X,r,ν](2) and Y = [Y,d,λ](2) we have

d2GP(X ,Y) = inf
r′
d
M1(XtY,r′)
P (ν,λ),

where the infimum ranges over all complete metrics r′ on the disjoint union X tY
which extend the metrics r and d.

In the previous lemma we regard ν and λ as elements of the same spaceM1(M1(Xt
Y )) without using the canonical embeddings ιX : X→XtY and ιY : Y →XtY . We
will continue to use this abbreviated notation in the remainder of this section whenever
it seems appropriate (i. e. when we are embedding spaces into their disjoint union).
In the same manner we will regard points x∈X and y ∈ Y as elements of X tY and
write r′(x,y) instead of r′(ιX(x), ιY (y)) when r′ is a metric on X tY .

Proof (of Lemma 4.32): By the definition of d2GP we always have

d2GP(X ,Y)≤ inf
r′
d
M1(XtY,r′)
P (ν,λ).

To prove the other direction, let d2GP(X ,Y)< ε. Then there is a Polish metric space
(Z,rZ) and isometric embeddings ιX : X→Z, ιY : Y →Z such that

d
M1(Z,rZ)
P (ιX∗∗ν, ιY ∗∗λ)< ε.

For δ > 0 define r′δ as the metric on X tY which extends r and d and satisfies

r′δ(x,y) = δ+ rZ(ιX(x), ιY (y))

for every x ∈X and y ∈ Y . The metric space (X tY,r′δ) is complete and separable
and we have

d
M1(XtY,r′δ)
P (ν,λ)< ε+ δ.

Ranging over all possible ε and δ yields the claim. �

By applying the previous lemma iteratively we obtain the following two embedding
lemmas. The first lemma implies that we can embed a Cauchy sequence of m2pm
spaces into a single metric space in which the two-level push-forwards of the measures
form a Cauchy sequence. This fact will be used later to show that d2GP is complete.
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Lemma 4.33 (Embedding of sequences of m2pm spaces)
Let (εn)n be a sequence of positive real numbers and let (Xn)n be a sequence of m2pm
spaces with Xn = [Xn, rn,νn](2) and

d2GP(Xn,Xn+1)< εn

for every n∈N. Then there exists a Polish metric space (Z,rZ) and isometric embed-
dings ι1, ι2, . . . of X1,X2, . . . , respectively, into Z such that

d
M1(Z,rZ)
P (ιn∗∗νn, ι(n+1)∗∗νn+1)< εn

for all n∈N.

Proof: We define Zn :=
⊔n
k=1Xk for every n∈N and Z∞ :=

⊔∞
k=1Xk. We will induc-

tively define metrics dn on Zn using Lemma 4.32. By this lemma there exists a metric
d2 on Z2 =X1tX2 such that (Z2,d2) is complete and separable and

d
M1(Z2,d2)
P (ν1,ν2)< ε1.

This metric extends r1 and r2 and therefore we have [Z2,d2,ν2](2) = [X2, r2,ν2](2) and

d2GP([Z2,d2,ν2](2),X3) = d2GP(X2,X3)< ε2.

By using Lemma 4.32 again we find a metric d3 on Z3 =Z2tX3 such that (Z3,d3) is
complete and separable and

d
M1(Z3,d3)
P (ν2,ν3)< ε2.

This procedure can be continued ad infinitum and in this way we obtain a metric d∞
on Z∞. The metric space (Z∞,d∞) is separable but not necessarily complete. For
this reason we define (Z,rZ) as the completion of (Z∞,d∞). It is easily seen that this
completion has the desired properties with ιn being the canonical embedding of Xn

into Z∞ ⊂Z for every n∈N. �

A similar statement holds for convergent sequences of m2pm spaces. Roughly speak-
ing, m2pm spaces converge with respect to the two-level Gromov-Prokhorov metric if
and only if there is a common metric space on which their two-level measures converge
weakly.

Lemma 4.34 (Embedding of convergent sequences of m2pm spaces)
Let (Xn)n be a sequence of m2pm spaces with Xn = [Xn, rn,νn](2) which converges to an
m2pm space X = [X,r,ν](2) in the two-level Gromov-Prokhorov topology. Then there
is a Polish metric space (Z,rZ) and isometric embeddings ι, ι1, ι2, . . . of X,X1,X2, . . . ,
respectively, into Z such that

d
M1(Z,rZ)
P (ιn∗∗νn, ι∗∗ν)→ 0.
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Proof: The proof is similar to the proof of Lemma 4.33, but this time we always route
through the space X. Let (εn)n be a sequence of positive reals converging to 0 with

d2GP(Xi,X )< εn

for every n ∈ N. We define Zn := X t (
⊔n
k=1Xk) for every n ∈ N and Z∞ := X t

(
⊔∞
k=1Xk). By the same arguments as in the proof of Lemma 4.33 we find metrics dn

such that (Zn,dn) is complete and separable for every n∈N and

d
M1(Zn,dn)
P (νn,ν)< εn.

This way we obtain a metric d∞ on Z∞. The completion of the metric space (Z∞,d∞)
has the properties that were claimed in the lemma. �

With the preceding embedding lemma it is easy to show that τ ′2GP -convergence
implies τ ′2Gw-convergence. We show in section 4.3.6 that actually both topologies
coincide. But at this point we are only able to prove one direction.

Lemma 4.35 (τ ′2GP is finer than τ ′2Gw)
Every m2pm-monomial Φ ∈ T (2)

1 is continuous with respect to the two-level Gromov-
Prokhorov topology. Therefore, two-level Gromov-Prokhorov convergence implies two-
level Gromov-weak convergence and τ ′2GP is finer than τ ′2Gw.

Proof: Let X = [X,r,ν](2), X1 = [X1, r1,ν1](2), . . . be m2pm spaces with d2GP(Xn,X )→
0. By Lemma 4.34 we may assume without loss of generality that all metric spaces
coincide, i. e. (Z,rZ) = (X,r) = (X1, r1) = . . . , and that we have dM1(Z,rZ)

P (νn,ν)→
0. For every Φ ∈ T (2)

1 the function λ 7→ Φ([Z,rZ ,λ](2)) from M1(M1(X)) to R is
continuous with respect to weak convergence (see Remark 4.27) and thus we obtain
Φ(Xn)→Φ(X ). �

Finally, we are in a position to prove that the two-level Gromov-Prokhorov distance
is a complete metric for M(2)

1 .

Theorem 4.36
(M(2)

1 ,d2GP) is a Polish metric space.

Proof: It is obvious that d2GP is non-negative, symmetric and satisfies d2GP(X ,X ) = 0
for every m2pm space X . Now let X ,Y be m2pm spaces with d2GP(X ,Y) = 0. With
Lemma 4.35 we get Φ(X ) = Φ(Y) for every Φ ∈ T (2)

1 (by using the constant sequence
Xn =X ). Since T (2)

1 separates points, this implies X =Y.
To prove the triangle inequality, let Xi = [Xi, ri,νi]

(2) ∈M(2)

1 for i ∈ {1,2,3}. Let
ε1,ε2 > 0 such that

d2GP(X1,X2)< ε1 and d2GP(X2,X3)< ε2.

It follows from the proof of Lemma 4.33 that there is a complete metric d3 on Z3 :=
X1tX2tX3 which extends r1, r2 and r3 such that

d
M1(Z3,d3)
P (ν1,ν2)< ε1 and d

M1(Z3,d3)
P (ν2,ν3)< ε2.
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Chapter 4 Metric two-level measure spaces

The triangle inequality for dP yields

d
M1(Z3,d3)
P (ν1,ν3)< ε1 +ε2.

It follows from the definition of d2GP that

d2GP(X1,X3)≤ dM1(Z3,d3)
P (ν1,ν3)< ε1 +ε2.

By taking the infimum over all possible ε1 and ε2 we obtain the triangle inequality
for d2GP.
To prove that d2GP is complete, let Xn = [Xn, rn,νn](2) be a Cauchy sequence with

respect to d2GP. By Lemma 4.33 we can embed the metric spaces ((Xn, rn))n into
a common Polish metric space (Z,rZ) using isometries (ιn)n. The two-level push-
forward measures (ιn∗∗νn)n form a Cauchy sequence inM1(M1(Z)) and thus converge
weakly to some ν ∈M1(M1(Z)). It follows that (Xn)n converges to the m2pm space
[Z,rZ ,ν](2) with respect to the two-level Gromov-Prokhorov metric.
To show that (M(2),d2GP) is separable, we define S1 as the set of all m2pm spaces

[S,d,λ](2) such that |S| <∞, the metric d takes only rational values and λ is of the
form

λ=
M∑
i=1

aiδ(∑Ni
j=1 bijδxij

) (E4.15)

with M,N1, . . . ,NM ∈N, xij ∈ S ai, bij ∈Q+ and

M∑
i=1

ai = 1,

Ni∑
j=1

bij = 1

for all i, j. That is, (S,d,λ)(2) is a finite m2pm triple with only rational distances
and λ is an atomic probability measure on the set of atomic probability measures
with only rational values. The set S1 is obviously countable. To prove density, let
[X,r,ν](2) be an arbitrary m2pm space and let ε > 0. Because the set of measures of
the form (E4.15) is dense in M1(M1(X)), there is a λ ∈M1(M1(X)) of this form
with dP(λ,ν) < ε

2 . Then, S := suppMλ is finite and d2GP([X,r,ν](2), [S,d,λ](2)) <
ε
2 . The last step is to approximate the metric r by a rational version d such that
|d(x,y)− r(x,y)|< ε

2 for all x,y ∈ S. The m2pm space [S,d,λ](2) is in S1 and we have
d2GP([X,r,ν](2), [S,d,λ](2))< ε. �

4.3.4 Distance distribution and modulus of mass distribution

In this section we examine how the distance distribution and the modulus of mass
distribution can be used to describe convergence (or divergence) behavior of sequences
in M(2)

1 .
At the beginning of section 3.4 we provided examples of strongly divergent sequences

of metric measure spaces (where strongly divergent means that they have no conver-
gent subsequence). We adapt these examples to obtain strongly divergent sequences
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of m2pm spaces. Observe that now the problems which prevent convergence can arise
on both levels of the two-level measures.
Example 4.37
In Example 3.27 we defined metric measure spaces Xn := [Xn, rn,µn] with

Xn := {0,1} ,
rn(i, j) := n1i 6=j ,

µn :=
1

2
(δ0 + δ1)

and argued why this sequence cannot have a convergent subsequence. With the same
arguments as before it follows that neither ([Xn, rn, δµn ](2))n nor ([Xn, rn,νn](2))n with
νn := 1

2(δδ0 + δδ1) can have a convergent subsequence.

We showed in section 3.4 that the divergence of the mm spaces ([Xn, rn,µn])n can be
captured by the divergence of their distance distributions w(µn) = 1

2(δ0 + δn). Recall
that the distance distribution of a finite measure µ on a Polish metric space (X,r) is
defined as w(µ) := r∗µ

⊗2. A two-level measure ν on X is a finite measure on the Polish
metric space (Mf (X),dP), where dP denotes the Prokhorov metric. Therefore, the
distance distribution of ν is w(ν) := dP∗ν

⊗2. However, w(ν) only captures the spread
of the mass on the upper level of ν. For instance, in Example 4.37 we have w(δµn) = 0
and w(νn) = 1

2(δ0 + δn), even though the associated m2pm spaces clearly diverge in a
similar way. The remedy is to project both levels of the two-level measures to a single
level, i. e. to look at the first moment measures

Mνn =
1

2
(δ0 + δ1) and Mδµn = µn =

1

2
(δ0 + δ1).

Then, we apply the distance distribution to obtain

w(Mνn) =w(Mδµn ) =
1

2
(δ0 + δn).

This shows that we can capture the divergence of the sequences ([Xn, rn, δµn ](2))n and
([Xn, rn,νn](2))n by using the distance distribution of the first moment measures.

Example 4.38
In Example 3.28 we defined metric measure spaces Yn := [Yn,dn,ηn] with

Yn := {1, . . . ,n} ,
dn(i,j) := 1i 6=j ,

ηn :=
1

n

n∑
i=1

δi

and showed that (Yn)n is strongly divergent. In a similar manner one can show that
both sequences ([Yn,dn, δηn ](2))n and ([Yn,dn,λn](2))n with λn := 1

n

∑n
i=1 δδi do not

have a convergent subsequence.
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With the same reasoning as above one can show that applying the modulus of mass
distribution directly to the two-level measures δηn and λn is insufficient for describing
the divergence of the sequences ([Yn,dn, δηn ](2))n and ([Yn,dn,λn](2))n. The solution is
again to use the first moment measures. Then, it is not very difficult to see that

Vδ(Mδηn ) = Vδ(Mλn) =

{
0, n < 1

δ

1, n≥ 1
δ .

Thus, the divergence of the sequences can be described in terms of the modulus of
mass distribution of the first moment measures.
In the remainder of this section we study the continuity behavior of the functions

[X,r,ν](2) 7→w(Mν) and [X,r,ν](2) 7→ Vδ(Mν).

Lemma 4.39
The function

M(2)

1 →M1

[X,r,ν](2) 7→ [X,r,Mν ]

is continuous with respect to both the two-level Gromov-weak topology τ ′2Gw and the
two-level Gromov-Prokhorov topology τ ′2GP .

Proof: Because τ ′2GP is finer than τ ′2Gw (see Lemma 4.35), it suffices to prove continuity
only for τ ′2Gw. Let ([Xn, rn,νn](2))n be a sequence of m2pm spaces which converges to
[X,r,ν](2) in the two-level Gromov-weak topology and let Φ∈ T (1) be an mm-monomial
of degree m as in (E3.3). Then we see that

Φ([Xn, rn,Mνn ]) =ψ(m(Mνn))

∫
ϕ◦R dM⊗mνn

=ψ(1)

∫ ∫
ϕ◦R dµ⊗(1,1,...,1) dν⊗mn (µ).

The right hand side is an m2pm-polynomial and thus converges to

ψ(1)

∫ ∫
ϕ◦R dµ⊗(1,1,...,1) dν⊗m(µ)

= Φ([X,r,Mν ])

Since Φ∈ T (1) is arbitrary, this proves that [Xn, rn,Mνn ] converges Gromov-weakly to
[X,r,Mν ]. �

The previous lemma allows us to reuse the results of section 3.4 to obtain continuity
properties of w(Mν) and Vδ(Mν).

Corollary 4.40
The function

M(2)

1 →M1(R+)

[X,r,ν](2) 7→w(Mν)
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is continuous with respect to both the two-level Gromov-weak topology τ ′2Gw and the
two-level Gromov-Prokhorov topology τ ′2GP .

Proof: If follows from Lemma 4.39 and Lemma 3.36 that

[X,r,ν](2) 7→ [X,r,Mν ] 7→w(Mν)

is continuous as a concatenation of continuous functions. �

Corollary 4.41
Let δ > 0 be fixed. The function

M(2)

1 →R+

[X,r,ν](2) 7→ Vδ(Mν)

is upper semi-continuous with respect to both the two-level Gromov-weak topology τ ′2Gw
and the two-level Gromov-Prokhorov topology τ ′2GP .

Proof: It follows from Lemma 4.39 and Lemma 3.37 that for every δ > 0

[X,r,ν](2) 7→ [X,r,Mν ] 7→ Vδ(Mν)

is upper semi-continuous as a concatenation of a continuous and an upper semi-
continuous functions. �

4.3.5 Compact sets

In this section we generalize the results of Proposition 3.39 to m2pm spaces and
characterize relatively compact subsets of (M(2)

1 ,d2GP).
From the examples at the beginning of section 4.3.4 it is easy to imagine how we

can generalize the compactness criterion (b) of Proposition 3.39 to the m2pm case:
We simply replace the one-level measures with the the first moment measures of the
two-level measures. This is the content of assertion (b) of the following theorem.
The other compactness criteria of the next theorem can be seen as analogs of tight-

ness (but for two-level measures defined on different sets). It follows from Lemma 4.13
that a set Γ of two-level probability measures on the same Polish space X is tight if
and only if for every ε > 0 there is a compact set K ⊂X such that

ν({{µ∈M1(X) | µ({K))≤ ε}< ε

for all ν ∈ Γ. If now Γ is a set of m2pm spaces, i. e. we consider two-level probability
measures on different sets, we can regard Γ as being “tight” if for every ε > 0 and every
X = [X,r,ν](2) ∈ Γ there is a compact set KX ⊂X with

ν({{µ∈M1(X) | µ({KX ))≤ ε}< ε

such that the sets {KX | X ⊂ Γ} are “uniformly compact”, meaning that they are
relatively compact in the Gromov-Hausdorff topology. This yields compactness crite-
rion (d) of the following theorem.
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Theorem 4.42 (Characterization of relatively compact subsets of M(2)

1 )
Let Γ⊂M(2)

1 be a set of m2pm spaces. The following are equivalent:

(a) Γ is relatively compact in the two-level Gromov-Prokhorov topology τ ′2GP .

(b) The following two conditions are fulfilled:

• sup[X,r,ν](2)∈ΓVδ(Mν)→ 0 for δ↘ 0,

• {w(Mν) | [X,r,ν](2) ∈ Γ} is tight inM1(R+).

(c) For all ε > 0 there is an Nε ∈ N such that for every X = [X,r,ν](2) ∈ Γ there
exists a measurable subset XX ,ε ⊂X with

• ν ({{µ∈M1(X) | µ({XX ,ε)≤ ε})< ε,
• XX ,ε can be covered by at most Nε balls of radius ε,

• the diameter of XX ,ε is at most Nε.

(d) For all ε > 0 and X = [X,r,ν](2) ∈ Γ there is a compact set CX ,ε ⊂X such that

• ν ({{µ∈M1(X) | µ({CX ,ε)≤ ε})< ε,
• Cε := {CX ,ε | X ∈ Γ} is relatively compact in the Gromov-Hausdorff topol-
ogy.

The proof of the previous theorem is rather long and cumbersome. We omit it here and
refer to the more general Theorem 4.68, which provides similar compactness criteria
for general m2m spaces.

4.3.6 Equivalence of two-level Gromov-weak and two-level
Gromov-Prokhorov topology on M(2)

1

We now prove that the two-level Gromov-weak topology τ ′2Gw on M(2)

1 is metrized
by the two-level Gromov-Prokhorov metric d2GP. The proof is similar to the one of
Proposition 3.40.

Theorem 4.43
The two-level Gromov-weak topology τ ′2Gw and the two-level Gromov-Prokhorov topol-
ogy τ ′2GP on M(2)

1 coincide.

Proof: We have already proved in Lemma 4.35 that τ ′2GP is finer than τ ′2Gw. To show
the other direction, we prove that every τ2Gw-convergent sequence

[Xn, rn,νn](2)
τ2Gw−−−→ [X,r,ν](2)

also converges with respect to the two-level Gromov-Prokhorov topology τ2GP (recall
from Corollary 4.29 that τ2Gw is metrizable, thus we may use sequences instead of
nets).
We will show that ([Xn, rn,νn](2))n is relatively compact with respect to τ2GP . Since
T (2)

1 separates points and τ2GP -convergence implies τ2Gw-convergence, it follows that
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1

every subsequence has a further convergent subsequence with limit [X,r,ν](2). Conse-
quently, the sequence itself must converge to [X,r,ν](2) in the topology τ2GP .
To show relative compactness of the sequence we use the compactness criterion (b)

of Theorem 4.42. By Corollary 4.40 the measures w(Mνn) are convergent, hence tight.
Moreover, by Corollary 4.41 we have

limsup
n

Vδ(Mνn)≤ Vδ(Mν)

for every δ > 0. Since Vδ(η)→ 0 for δ↘ 0 and every finite measure η (by Lemma 3.31),
this yields supnVδ(Mνn) → 0 for δ ↘ 0 and the assumptions of Theorem 4.42 are
satisfied. �

4.3.7 Distributions on M(2)

1

Now we provide some results about random m2pm spaces. First we deduce from Le
Cam’s theorem that m2pm-polynomials are convergence determining.

Proposition 4.44
The set T (2)

1 is convergence determining forM1(M(2)

1 ).

Proof: T (2)

1 is closed under multiplication and induces the topology of M(2)

1 . It follows
from Proposition 2.17 that T (2)

1 is convergence determining forM1(M(2)

1 ). �

In the following proposition we characterize tight subsets of M1(M(2)

1 ). We omit
the proof because it uses standard arguments and the result follows from the more
general Proposition 4.71.

Proposition 4.45 (Tightness criterion forM1(M(2)

1 ))
A set P ⊂M1(M(2)

1 ) is tight if and only if for every ε > 0 there are δ > 0 and c > 0
such that for every P ∈P we have

(a) P (w(Mν)([c,∞))≥ ε)< ε and

(b) P (Vδ(Mν)≥ ε)< ε,

where ν denotes the two-level measure of a random m2pm space [X,r,ν](2) with law P .

The following version of the preceding proposition is particularly useful for the
applications in chapter 5. We write η ≤ µ for two finite measure η,µ ∈ Mf (X) if
η(A)≤ µ(A) for every measurable A⊂X.

Corollary 4.46
A set P ⊂M1(M(2)

1 ) is tight if the following two conditions hold:

(a) There is a finite Borel measure µ on R+, such that

P [w(Mν)] :=

∫
w(Mν) dP ([X,r,ν](2))≤ µ

for every P ∈P.
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(b) lim
δ↘0

sup
P∈P

P [Mν({x∈X |Mν(B(x,ε))< δ})] = 0 for every ε > 0.

Remark 4.47
In case P is a sequence (Pn)n, we can replace sup

P∈P
in property (b) by limsup

n→∞
.

Proof (of Corollary 4.46): We will show that P satisfies both properties of Proposition
4.45. Let ε > 0. Then, there exists a c > 0 such that µ([c,∞)) < ε2. By Markov’s
inequality we get

P (w(Mν)([c,∞))≥ ε)≤ P [w(Mν)([c,∞))]

ε
≤ µ([c,∞))

ε
< ε

for every P ∈P. Moreover, by condition (b) there is a δ > 0 such that

P [Mν({x∈X |Mν(B(x,
ε

2
))< 2δ})]< ε2

for all P ∈P. With Lemma 3.31 and with Markov’s inequality we obtain

P (Vδ(Mν)≥ ε) = P (Mν({x∈X |Mν(B(x,ε))≤ δ})≥ ε)
≤ ε−1P [Mν({x∈X |Mν(B(x,ε))≤ δ})]

≤ ε−1P [Mν({x∈X |Mν(B(x,
ε

2
))< 2δ})]

< ε

for all P ∈P. Thus, P is tight by Proposition 4.45. �

4.4 Metric two-level measure spaces

Now we study general m2m spaces [X,r,ν](2) with ν ∈ Mf (Mf (X)). One of the
main difficulties is that there is no reconstruction theorem for m2m spaces. That is,
we cannot identify an m2m spaces with its distance array distribution as we did in
Theorem 4.20 for m2pm spaces. The main problem is that ν({o}) may be positive
and that we cannot sample points from the underlying metric space X with the null
measures o.

4.4.1 Reconstruction of two-level measures

In this subsection we generalize Proposition 4.17 and show how a two-level measure ν ∈
M1(Mf (X)) can be reconstructed from sampled points in X provided that ν({o}) =
0.
Let us first extend Proposition 4.15 to two-level measures ν ∈M1(Mf (X)) by de-

composing finite measures µ∈Mf (X) into their total mass m(µ) and their normalized
probability measure µ.
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Lemma 4.48 (Glivenko-Cantelli for random measures)
Let X be a Polish space and let ν ∈ M1(Mf (X)) with ν({o}) = 0. Let (m,x) ∈
R+×XN be random with law

∫
δm(µ)⊗µ⊗∞ dν(µ). Then the weak limit

µ :=m ·w-lim
n→∞

Ξn(x)

exists almost surely and the random measure µ has law ν.

Proof: Define the normalizing map

n : Mf (X)→M1(X)∪{o}
µ 7→ µ

(recall the convention o= o) and the infinite empirical distribution

Ξ∞ : XN→M1(X)∪{o}

x 7→

{
w-limnΞn(x), if the weak limit exists
o, else.

The random sequence x has law∫
µ⊗∞ dν(µ) =

∫
µ⊗∞ dn∗ν(µ)∈M1(XN).

Thus, we can apply Proposition 4.15 to show that the weak limit w-limnΞn(x) exists
almost surely.
To prove the second claim, we define

π : Mf (X)→ (R>0×M1(X))∪{(0,o)}
µ 7→ (m(µ),µ).

The function π is bijective with π−1(m,µ) = m ·µ. Therefore, m ·Ξ∞(x) has law ν
if and only if (m,Ξ∞(x)) has law π∗ν =

∫
δm(µ)⊗ δµ dν(µ). From the construction of

(m,Ξ∞(x)) we know that its law is
∫
δm(µ)⊗Ξ∞∗(µ

⊗∞) dν(µ). Hence, our claim is
that ∫

δm(µ)⊗ δµ dν(µ) =

∫
δm(µ)⊗Ξ∞∗(µ

⊗∞) dν(µ).

To prove that both measures coincide, it suffices to show that the integrals over all test
functions of the form (m,µ) 7→ 1A(m)F (µ) with A∈B(R+), F ∈B(M1(X)) coincide
(cf. for example [EK86, Proposition 3.4.6]). That is, we have to show∫

1A(m(µ))F (µ) dν(µ) =

∫ ∫
1A(m(µ))F (Ξ∞(x)) dµ⊗∞(x) dν(µ). (E4.16)

Both sides vanish if ν(MA(X)) = 0 with MA(X) := {µ∈Mf (X) |m(µ)∈A}. Oth-
erwise, we define νA( · ) := ν( · ∩MA(X)). By using Remark 4.16 with n∗νA instead

79



Chapter 4 Metric two-level measure spaces

of ν we see that∫
F (µ) dνA(µ) =

∫
F (µ) dn∗νA(µ)

=

∫ ∫
F (Ξ∞(x)) dµ⊗∞(x) dn∗νA(µ)

=

∫ ∫
F (Ξ∞(x)) dµ⊗∞(x) dνA(µ)

Hence, we obtain∫
1A(m(µ))F (µ) dν(µ) =

∫
F (µ) dνA(µ)

=m(νA)

∫
F (µ) dνA(µ)

=m(νA)

∫ ∫
F (Ξ∞(x)) dµ⊗∞(x) dνA(µ)

=

∫ ∫
1A(m(µ))F (Ξ∞(x)) dµ⊗∞(x) dν(µ)

and this establishes formula (E4.16). �

It follows that we can reconstruct a two-level measure ν ∈ M1(Mf (X)) from a
sample of masses and points in X.

Proposition 4.49 (Reconstruction of two-level measures)
Let X be a non-empty Polish space and let ν ∈M1(Mf (X)) with ν({o}) = 0. More-
over, let ((mi)i,(xij)ij)∈RN×XN×N be random with law∫ ∞⊗

i=1

δm(µi)⊗µ
⊗∞ dν⊗∞(µ).

Then, the following assertions hold almost surely:

(a) For every i∈N the weak limit

µi :=mi ·w-lim
n→∞

Ξn((xij)j) =mi ·w-lim
n→∞

1

n

n∑
j=1

δxij

exists and the random measure µi has law ν.

(b) The two-level measure Ξn((µi)i) = 1
n

∑n
i=1 δµi converges weakly to ν.

(c) The sequence (xij)i is dense in suppMν for every j ∈N.

Proof: If we fix i∈N, then (mi,(xij)j) has law
∫
δm(µ)⊗µ⊗∞ dν(µ) and assertion (a)

follows directly from Lemma 4.48.
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Assertion (b) follows from the Glivenko-Cantelli theorem (Proposition 3.3), since
(µi)i is an i. i. d. sequence of random measures, each with law ν.
To see assertion (c), observe that (xij)i is an i. i. d. sequence of random variables in

X, each with law η(·) :=
∫
µ(·) dν(µ). By Corollary 3.4 the sequence is almost surely

dense in suppη= suppMν . �

The last proposition implies that we can even reconstruct both the measure ν and
the space (X,r) if we only know the masses (mi)i of the sampled measures and the
distances r(xij ,xkl) between all points xij and xkl with i, j,k, l ∈ N. We exploit this
fact in the next section to show that a certain class of test functions on M(2) separates
points.

4.4.2 M2m-monomials and the two-level Gromov-weak topology

We now define a point separating class of test functions on M(2), the so-called m2m-
monomials, and study the induced topology. The m2m-monomials are based on the
idea of sampling finite subspaces of an m2m space [X,r,ν](2). Similar to the m2pm-
polynomials, we sample finitely many measures µ1, · · · ,µm ∈Mf (X) with ν and then
sample points from X with each of these measures and evaluate the distances between
the sampled points (or rather evaluate the finite metric space spanned by them). Since
we are now using finite measures, we have to decompose the measures ν and µ1, . . . ,µm
into their mass and their normalization to obtain bounded test functions.
Note that for m2m spaces we need to introduce three different types of test functions.

We explain the reasons for this after the definition.
Definition 4.50 (M2m-monomials)
We say that a function Φ: M(2)→R is an m2m-monomial if it has one of the following
forms:

Φ([X,r,ν](2)) = χ(m(ν)), (TF1)

Φ([X,r,ν](2)) = χ(m(ν))

∫
ψ(m(µ)) dν⊗m(µ), (TF2)

Φ([X,r,ν](2)) = χ(m(ν))

∫
ψ(m(µ))

∫
ϕ◦R(x) dµ⊗n(x) dν⊗m(µ), (TF3)

where m∈N, n∈Nm with |n| ≥ 2, χ∈ Cb(R+), ψ ∈ Cb(Rm+ ), ϕ∈ Cb(D|n|) with χ(0) = 0
and ψ(a) = 0 whenever any of the components of the vector a∈Rm+ is 0.
The set of all m2m-monomials is denoted by T (2).

Recall from section 4.2 that µ⊗n :=
⊗m

i=1µi
⊗ni ∈M1(X |n|).

We will prove in Theorem 4.53 that T (2) separates points in M(2). The three types
of m2m-monomials serve different purposes for determining an m2m space [X,r,ν](2).
Test functions of the form (TF1) simply determine the mass m(ν), whereas test func-
tions of the form (TF2) determine the normalized mass distribution m∗ν. The space
(X,r) (more precisely, the support suppMν equipped with the restriction of r) and
the structure of ν are determined by the test functions of type (TF3).
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Remarks 4.51
(a) Note that T (2) is closed under multiplication. We show this for two m2m-

monomials of type (TF3). For i∈ {1,2} let Φi be an m2m-monomial with

Φi([X,r,ν](2)) = χi(m(ν))

∫
ψi(m(µ))

∫
ϕi ◦R(x) dµ⊗ni(x) dν⊗mi(µ)

with mi,ni,χi,ψi,ϕi as in (TF3). Then (Φ1 ·Φ2)([X,r,ν](2)) is equal to

χ1(m(ν))χ2(m(ν))

∫
ψ1(m(µ1))ψ2(m(µ2))∫

ϕ1 ◦R(x1) ϕ2 ◦R(x2) d(µ1
⊗n1⊗µ2

⊗n2)(x1,x2) dν⊗(m1+m2)(µ1,µ2)

It is easy to see that this can be written as an m2m-monomial of the form (TF3)
with m = m1 +m2 and n = (n1,n2). With similar arguments it follows that
Φ1 ·Φ2 ∈ T (2) even if Φ1,Φ2 are of type (TF1) or (TF2).

However, Φ1+Φ2 is in general not an m2m-monomial anymore, hence T (2) is not
closed under addition.

(b) We think of elements of T (2) as being monomials of the two-level measure ν,
hence the name m2m-monomial. Elements of the linear span of T (2) are called
m2m-polynomials. However, the set T (2) is sufficient for our needs and we will
not use the algebra of m2m-polynomials. See also Remarks 3.11 for the naming
convention about monomials and polynomials

(c) With some abuse of notation we are able to write all three types of m2m-
monomials in the form (TF3). If we define

∫
. . . dλ⊗0 = 1 for every measure

λ and allow m ∈N0 and n ∈Nm0 , then (TF1) and (TF2) can also be written as
(TF3) (with m= 0 or with n= (0, . . . ,0), respectively).

However, this notation is somewhat questionable, since there is no measure such
that the integral over every function is 1 and since the natural choice for λ⊗0

is the null measure o, which would imply
∫
. . . dλ⊗0 = 0. Moreover, the three

types of m2m-monomials determine different parts of an m2m space and will be
used separately in proofs. For these reasons we prefer to distinguish between
the m2m-monomials of the form (TF1), (TF2) and (TF3).

Lemma 4.52
Every m2m-monomial Φ∈ T (2) is well-defined, that is we have

Φ([X,r,ν](2)) = Φ([Y,d,λ](2))

if the two m2m triples (X,r,ν)(2) and (Y,d,λ)(2) are m2m-isomorphic.

Proof: Let X = (X,r,ν)(2) and Y = (Y,d,λ)(2) be isomporhic m2m triples. That is,
there is a function f : X→ Y such that f is isometric on suppMν and λ= f∗∗ν. For
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every n∈N we define fn : Xn→ Y n by fn(x1, . . . ,xn) = (f(x1), . . . ,f(xn)). Because of
the isometric properties of f , we have RY (fn(x)) =RX(x) for every x∈ (suppMν)n.
Using the transformation formulas (E2.5), (E2.6) and the fact that f∗ and f∗∗ do not
change the mass of the measures, we conclude that for every Φ as in (TF3)

Φ([Y,d,λ](2)) = Φ([Y,d,f∗∗ν](2))

= χ(m(f∗∗ν))

∫
ψ(m(µ))

∫
ϕ◦RY (x) dµ⊗n(x) df∗∗ν

⊗m
(µ)

= χ(m(ν))

∫
ψ(m(fm∗µ))

∫
ϕ◦RY (x) dfm∗µ

⊗n
(x) dν⊗m(µ)

= χ(m(ν))

∫
ψ(m(µ))

∫
ϕ◦RY (f|n|(x)) dµ⊗n(x) dν⊗m(µ)

= χ(m(ν))

∫
ψ(m(µ))

∫
ϕ◦RX(x) dµ⊗n(x) dν⊗m(µ)

= Φ([X,r,ν](2)).

Equality for m2m-monomials of type (TF1) and (TF2) follows in the same way. �

Theorem 4.53
T (2) separates points in M(2).

Proof: Let X = [X,r,ν](2) and Y = [Y,d,λ](2) be m2m spaces with Φ(X ) = Φ(Y) for
every Φ ∈ T (2). We exclude the trivial case ν = λ = o. Because Φ(X ) = Φ(Y) for
every m2m-monomial of type (TF1) and (TF2), we conclude that m(ν) = m(λ) and
m∗ν = m∗λ. In particular we have ν({o}) = λ({o}). Without loss of generality we
may assume that ν and λ are probability measures with ν({o}) = λ({o}) = 0. Now,
from the equality for all Φ∈ T (2) of type (TF3) it follows that∫ m⊗

i=1

δm(µi)⊗R
X
∗ µ
⊗n dν⊗m(µ) =

∫ m⊗
i=1

δm(µi)⊗R
Y
∗ µ
⊗n dλ⊗m(µ)

for all m∈N and n∈Nm with |n| ≥ 2. By taking the projective limit we obtain∫ ∞⊗
i=1

δm(µi)⊗R
X
∗ µ
⊗∞ dν⊗∞(µ) =

∫ ∞⊗
i=1

δm(µi)⊗R
Y
∗ µ
⊗∞ dλ⊗∞(µ).

Together with Proposition 4.49 this implies that there arem∈RN
+ and dense matrices

x= (xij)ij ∈XN×N, y= (yij)ij ∈ Y N×N with

(m,RX(x)) = (m,RY (y)) (E4.17)

such that

ν = w-lim
n

Ξn((µi)i) with µi :=mi ·w-lim
n

Ξn((xij)j)
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and

λ= w-lim
n

Ξn((ηi)i) with ηi :=mi ·w-lim
n

Ξn((yij)j).

Equation (E4.17) yields

r(xij ,xkl) = d(yij ,ykl) for all i, j,k, l ∈N.

If we define a function f ′ by f ′(xij) := yij for all i,j ∈N, then f ′ is isometric and can
be extended continuously to an isometric function f : suppMν→ Y . By construction
we have

Ξn((yij)j) = f∗Ξn((xij)j)

for all i,n ∈ N. Since the push-forward operator f∗ is continuous by Lemma 2.24 we
obtain ηi = f∗µi for each i∈N by taking the limit n→∞. It follows that

Ξn((ηi)i) = f∗∗Ξn((µi)i)

for every n∈N. By taking the limit n→∞ again, we get λ= f∗∗ν and this completes
the proof. �

Remark 4.54 (There is no reconstruction theorem for m2m spaces)
In the preceding proof we reconstruct an m2m space [X,r,ν](2) with ν({o}) = 0 and
m(ν) = 1 from the measure∫ ∞⊗

i=1

δm(µi)⊗R∗µ
⊗∞ dν⊗∞(µ)

in M1(RN
+ ×DN×N). One might be tempted to think that a general m2m space

[X,r,ν](2) is determined by the measure

m(ν) ·
∫ ∞⊗

i=1

δm(µi)⊗R∗µ
⊗∞ dν⊗∞(µ) (E4.18)

inMf (RN
+×DN×N). However, the association between an m2m space and the measure

in (E4.18) is not unique. For instance, the measure in (E4.18) is equal to o for every
m2m space [{x} ,0, cδo](2) with c≥ 0. The problem here is that ν({o}) may be positive
and that we cannot sample points from X with the null measure. For this reason there
is no reconstruction theorem for general m2m spaces, i. e. we cannot identify an m2m
space with a measure on distance array distributions like we did in Theorem 4.20 for
m2pm spaces.

We use the m2m-monomials to define a topology on M(2). Since T (2) separates
points, the induced topology is a Hausdorff topology.

Definition 4.55
The two-level Gromov-weak topology τ2Gw on M(2) is defined as the initial topology
induced by T (2).
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4.4.2 M2m-monomials and the two-level Gromov-weak topology

It is easy to see that the restriction of τ2Gw to M(2)

1 coincides with the topology τ ′2Gw
of Definition 4.26. That is why we call both τ ′2Gw and τ2Gw the two-level Gromov-weak
topology.

Remark 4.56 (Weak convergence implies τ2Gw convergence)
Note that weak convergence of two-level measures implies two-level Gromov-weak
convergence of the corresponding m2m spaces. To see this, let (X,r) be a fixed Polish
metric space and let Φ∈ T (2) be arbitrary. The function

Mf (Mf (X))→R
ν 7→Φ([X,r,ν](2))

is a composition of functions which all are continuous (recall from Corollary 2.22
that ν 7→ ν⊗m and µ 7→ µ⊗n are continuous) except for the normalizing functions
ν 7→ ν and µ 7→ µ. However, these discontinuities are smoothed by the constraints
on χ and ψ in the definition of the m2m-monomials (recall that we require χ(0) = 0
and ψ(a) = 0 whenever any of the components of the vector a is 0). Therefore, the
function ν 7→ Φ([X,r,ν](2)) is continuous for every Φ ∈ T (2) and νn

w−→ ν implies that
([X,r,νn](2))n converges two-level Gromov-weakly to [X,r,ν](2).

The notion of m2m spaces is in fact a generalization of the notion of mm spaces.
Every metric measure space [X,r,µ] ∈M is associated to a metric two-level measure
space [X,r,δµ](2) ∈M(2). In this way we can embed the topological space (M, τGw) in
(M(2), τ2Gw), as the following lemma shows.

Lemma 4.57 (m2m spaces are a generalization of mm spaces)
The function

(M, τGw)→ (M(2), τ2Gw)

[X,r,µ] 7→ [X,r,δµ](2)

is an embedding, i. e. it is injective and bicontinuous.

Proof: Observe that every mm-monomial Φ ∈ T (1) can be rewritten as an m2m-
monomial by

Φ([X,r,µ]) =ψ(m(µ))

∫
ϕ◦R dµ⊗n =

∫
ψ(m(η))

∫
ϕ◦R dη⊗n dδµ(η).

Conversely, every m2m-monomial Φ ∈ T (2) of the form (TF3) can be written as an
mm-monomial by

Φ([X,r,δµ](2)) = χ(m(δµ))

∫
ψ(m(η))

∫
ϕ◦R dη⊗n dδ⊗mµ (η)

= ψ̃(m(µ))

∫
ϕ◦R dµ⊗|n|,
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where ψ̃(x) = χ(1)ψ(x, . . . ,x), and a similar statement holds true for m2m-monomials
of the form (TF2). Because the monomials separate points and induce the topologies
on M and M(2), this implies injectivity and bicontinuity of the function given in the
statement. �

Since there is no reconstruction theorem for general m2m spaces (cf. Remark 4.54),
we cannot embed M(2) in a space of measures like we did with M(2)

1 in Theorem 4.28.
Thus, there is no easy way of proving that τ2Gw is metrizable. We therefore use nets
instead of sequences in order to prove continuity of functions or compactness of sets.
Sometimes it is convenient to work with simpler test functions than (TF3). For

this reason we provide equivalent conditions for two-level Gromov-weak convergence
in the following lemma.

Lemma 4.58 (Alternative test functions for τ2Gw)
Let (Xα)α∈A be a net of m2m spaces with Xα = [Xα, rα,να](2) and let X = [X,r,ν](2)

be another m2m space. (Xα)α converges two-level Gromov-weakly to X if and only if
the following two conditions hold:

(a) m∗να converges weakly to m∗ν inMf (R+)

(b) Φ̃(Xα) converges to Φ̃(X ) for every Φ̃ : M(2)→R of the form

Φ̃([X,r,ν](2)) =

∫
ψ(m(µ))

∫
ϕ◦R dµ⊗n dν⊗m(µ) (TF4)

with m ∈ N, n ∈ Nm with |n| ≥ 2, ϕ ∈ Cb(Dn), and ψ ∈ Cb(Rm+ ) with ψ(a) = 0
whenever any of the components of the vector a∈Rm+ is 0.

Note that in (TF4) we use ν instead of the normalized version ν.

Proof: (a) is equivalent to convergence of all m2m-monomials of type (TF1) and
(TF2). (b) follows from the convergence of functions of the form (TF3) by choos-
ing the function χ ∈ Cb(R+) such that χ(x) = xm for x ∈ [0,m(ν) + 1]. The other
direction is obvious. �

Remark 4.59
The previous lemma shows that the functions [X,r,ν](2) 7→m(ν) and [X,r,ν](2) 7→m∗ν
are continuous on M(2) in the two-level Gromov-weak topology.

4.4.3 The two-level Gromov-Prokhorov metric and its topology

Since the Prokhorov metric dP is defined for finite measures, we can easily extend
the metric d2GP of Definition 4.30 to M(2). We call this extension again the two-level
Gromov-Prokhorov metric.
Definition 4.60 (Two-level Gromov-Prokhorov metric and topology)
Let X = [X,r,ν](2) and Y = [Y,d,λ](2) be two m2m spaces. We define the two-level
Gromov-Prokhorov distance d2GP(X ,Y) between X and Y by

d2GP(X ,Y) := inf
Z,ιX ,ιY

d
Mf (Z)
P (ιX∗∗ν, ιY ∗∗λ), (E4.19)
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where the infimum ranges over all isometric embeddings ιX : X→Z, ιY : Y →Z into
a common Polish metric space (Z,rZ) with Z ⊂ RN and where dMf (Z)

P denotes the
Prokhorov metric for measures on the spaceMf (Z).
The induced topology on M(2) is called the two-level Gromov-Prokhorov topology

and denoted by τ2GP .

All results of section 4.3.3 remain true for the extension of d2GP to M(2). Most of the
proofs are literally the same. We simply need to replaceM1(. . .) andM1(M1(. . .)) by
Mf (. . .) andMf (Mf (. . .)), respectively. This holds in particular for the alternative
characterization of d2GP in Lemma 4.32 and the embedding Lemmas 4.33 and 4.34.

Lemma 4.61 (τ2GP is finer than τ2Gw)
Every m2m-monomial Φ ∈ T (2) is continuous with respect to the two-level Gromov-
Prokhorov topology. Hence, two-level Gromov-Prokhorov convergence implies two-level
Gromov-weak convergence and τ2GP is finer than τ2Gw.

Proof: The proof is the same as the proof of Lemma 4.35 but uses Remark 4.56 instead
of Remark 4.27. �

Note that we will show in section 4.4.6 that in fact both topologies τ2GP and τ2Gw

coincide. But for the time being we are only able to prove one direction.
Theorem 4.62
(M(2),d2GP) is a Polish metric space.

Proof: There are only two differences to the proof of Theorem 4.36. The first one
is that we need to use m2m-monomials instead of m2pm-polynomials to show the
positive definiteness of the metric: Let X ,Y be m2m spaces with d2GP(X ,Y) = 0.
With Lemma 4.61 we get Φ(X ) = Φ(Y) for every m2m-monomial Φ ∈ T (2) (by using
the constant sequence Xn =X ). Since T (2) separates points inM(2), this implies X =Y.
The second difference to the proof of Theorem 4.36 is that we need to find a different

countable dense subset S⊂M(2). Define S as the set of all m2m spaces [S,d,λ](2) such
that |S|<∞, the metric d takes only rational values and

λ=

M∑
i=1

aiδ(∑Ni
j=1 bijδxij

) (E4.20)

with M,N1, . . . ,NM ∈ N, xij ∈ S, ai, bij ∈ Q+ for all i, j (the difference to the set S1

from the proof of Theorem 4.36 is that the values ai and bij do not need to sum up to 1
anymore). That is, (S,d,λ)(2) is a finite m2m triple with only rational distances and λ
is a finite atomic measure on finite atomic measures with only rational values. The set
S is obviously countable. To prove density, let [X,r,ν](2) be an arbitrary m2m space
and let ε > 0. Because the set of measures of the form (E4.20) is dense inMf (Mf (X)),
there is a λ ∈Mf (Mf (X)) of this form with dP(λ,ν) < ε

2 . Then, S := suppMλ is
finite and d2GP([X,r,ν](2), [S,d,λ](2))< ε

2 . The last step is to approximate the metric r
by a rational version d such that |d(x,y)−r(x,y)|< ε

2 for all x,y ∈ S. Then, [S,d,λ](2)

is in S and we have d2GP([X,r,ν](2), [S,d,λ](2))< ε. �
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4.4.4 Distance distribution and modulus of mass distribution

Now we provide continuity results for the distance distribution and the modulus of
mass distribution for m2m spaces. Recall that we showed in section 4.3.4 how the
convergence (or rather divergence) of a sequence ([Xn, rn,νn](2))n of m2pm spaces can
be described in terms of w(Mνn) and Vδ(Mνn). However, the first moment measure
Mν of a general m2m space [X,r,ν](2) ∈M(2) may be infinite. Because the distance
distribution and the modulus of mass distribution are only meaningful for finite mea-
sures, w(Mν) and Vδ(Mν) are not very useful in the general setting. The remedy is
to approximate the measure ν in such a way that the moment measures are finite.
We introduced such an approximation on page 56 in section 4.2. There we defined
density functions (fK)K≥0 such that the moment measures of fK · ν are finite and
fK · ν

w−→ ν for K→∞. The following lemma summarizes the continuity behavior of
this approximation.

Lemma 4.63 (Properties of the approximation fK ·ν)
The following statements hold true in the two-level Gromov-weak topology τ2Gw and
in the two-level Gromov-Prokhorov topology τ2GP :

(a) The function

M(2)→M(2)

[X,r,ν](2) 7→ [X,r,fK ·ν](2)

is continuous for every K > 0.

(b) The function

M(2)→M
[X,r,ν](2) 7→ [X,r,MfK ·ν ]

is continuous for every K > 0, where M denotes the set of metric measure spaces
equipped with the Gromov-weak topology.

(c) [X,r,fK ·ν](2)→ [X,r,ν](2) for K→∞ and for every m2m space [X,r,ν](2) ∈M(2).

Proof: (a) with respect to τ2Gw: FixK > 0 and let the net ([Xα, rα,να](2))α∈A converge
to [X,r,ν](2) in the two-level Gromov-weak topology. We use Lemma 4.58 to show that
[Xα, rα,fK · να](2) converges to [X,r,fK · ν](2). Since m∗να

w−→ m∗ν (cf. Remark 4.59)
and gK is continuous and bounded, we have for every h∈ Cb(R+)∫

h dm∗(fK ·να) =

∫
h(m(µ))gK(m(µ)) dνα(µ) =

∫
h(z)gK(z) dm∗να(z)

and this converges to ∫
h(z)gK(z) dm∗ν(z) =

∫
h dm∗(fK ·ν).
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It follows that m∗(fK ·να) converges weakly to m∗(fK ·ν). Now let Φ̃ be as in (TF4).
Then

Φ̃([Xα, rα,fK ·να](2)) =

∫
ψ(m(µ))

∫
ϕ◦R dµ⊗n d(fK ·να)⊗m(µ)

=

∫
ψ(m(µ))

m∏
i=1

gK(m(µi))

∫
ϕ◦R dµ⊗n dν⊗mα (µ)

and this converges to∫
ψ(m(µ))

m∏
i=1

gK(m(µi))

∫
ϕ◦R dµ⊗n dν⊗m(µ) = Φ̃([X,r,fK ·ν](2))

because of the τ2Gw-convergence of the net ([Xα, rα,να](2))α.
Therefore, both conditions of Lemma 4.58 are satisfied and [Xα, rα,fK ·να](2) con-

verges to [X,r,fK ·ν](2).
(a) with respect to τ2GP : Let ([Xn, rn,νn](2))n be a τ2GP -convergent sequence of

m2m spaces with limit [X,r,ν](2). By Lemma 4.34 we can embed all the metric spaces
isometrically into a common Polish metric space (Z,rZ) such that the measures (νn)n
converge weakly to ν inMf (Mf (Z)). Recall from Lemma 4.11 that the function ν→
fK ·ν is weakly continuous onMf (Mf (Z)). Therefore, fK ·νn converges weakly to fK ·
ν inMf (Mf (Z)). Since weak convergence implies convergence of the corresponding
m2m spaces in the two-level Gromov-Prokhorov topology (see Remark 4.56), we see
that [Xn, rn,fK ·νn](2)→ [X,r,fK ·ν](2) with respect to τ2GP .
(b): Recall from Lemma 4.61 that two-level Gromov-Prokhorov topology τ2GP is

finer than the two-level Gromov-weak topology τ2Gw. Thus, it suffices to show continu-
ity only with respect to τ2Gw. LetK > 0 and let the net ([Xα, rα,να](2))α∈A converge to
[X,r,ν](2) in the two-level Gromov-weak topology. By assertion (a), [Xα, rα,fK ·να](2)

converges two-level Gromov-weakly to [X,r,fK · ν](2). We want to show that the
metric measure spaces [Xα, rα,MfK ·να ] converge Gromov-weakly to [X,r,MfK ·ν ]. By
Lemma 3.15 we need to show that Φ̃([Xα, rα,MfK ·να ]) converges to Φ̃([X,r,MfK ·ν ])
for every test function Φ̃ : M→R+ of the form

Φ̃([X,r,µ]) =

∫
ϕ◦R dµ⊗m

with m ∈ N≥2 and ϕ ∈ Cb(Dm). Fix such a Φ̃ and let n := (1, . . . ,1) ∈ Nm. With the
definition of the first moment measure MfK ·ν we obtain

Φ̃([Xα, rα,MfK ·να ]) =

∫
ϕ◦R d(MfK ·να)⊗m =

∫ ∫
ϕ◦R dµ⊗n d(fK ·να)⊗m(µ).

If we choose a bounded function ψ ∈ Cb(Rm+ ) such that ψ(x1, . . .xm) =
∏m
i=1xi on

[0,K]m, the right hand side of the last equation can be written as

Φ([Xα, rα,fK ·να](2)) :=

∫
ψ(m(µ))

∫
ϕ◦R dµ⊗n d(fK ·να)⊗m(µ).
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Φ is a test function as in (TF4). Since [Xα, rα,fK ·να](2) converges two-level Gromov-
weakly, we also have convergence of all test functions of this form (by Lemma 4.58)
and thus

Φ̃([Xα, rα,MfK ·να ]) = Φ([Xα, rα,fK ·να](2))→Φ([X,r,fK ·ν](2)) = Φ̃([X,r,MfK ·ν ]).

(c): fK · ν converges weakly to ν for K →∞ by Lemma 4.11. Thus, [X,r,fK ·
ν](2) converges to [X,r,ν](2) in the two-level Gromov-Prokhorov metric. Since two-
level Gromov-Prokhorov convergence implies two-level Gromov-weak convergence (cf.
Lemma 4.61), assertion (c) is true for both topologies. �

We can now apply the distance distribution and the modulus of mass distribu-
tion to the first moment measure MfK ·ν of the approximation fK · ν. The following
corollaries show that w(MfK ·ν) and Vδ(MfK ·ν) are (semi-) continuous. The results
follow immediately by combining assertion (b) of Lemma 4.63 with Corollary 3.36 and
Lemma 3.37.

Corollary 4.64
For every K > 0 the function

M(2)→Mf (R+)

[X,r,ν](2) 7→w(MfK ·ν)

is continuous with respect to both the two-level Gromov-weak topology τ2Gw and the
two-level Gromov-Prokhorov topology τ2GP .

Corollary 4.65
For all δ,K > 0 the function

M(2)→R+

[X,r,ν](2) 7→ Vδ(MfK ·ν)

is upper semi-continuous with respect to both the two-level Gromov-weak topology τ2Gw

and the two-level Gromov-Prokhorov topology τ2GP .

Therefore, if a net ([Xα, rα,να](2))α∈A of m2m spaces converges two-level Gromov-
weakly to [X,r,ν](2), then

limsup
α

Vδ(MfK ·να)≤ Vδ(MfK ·ν).

Because Vδ(MfK ·ν)→ 0 for δ↘ 0 (see Lemma 3.31), this implies that for every ε > 0
there is a δ > 0 such that

Vδ(MfK ·να)< ε (E4.21)

eventually. We will use this property in the next section to characterize compact
subsets of M(2).
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4.4.5 Compact sets

In this section we examine compactness in (M(2),d2GP). The main results of this
section are Proposition 4.67 and Theorem 4.68 in which we characterize compact
nets and relative compact subsets in M(2). It might seem odd to look at nets in a
metric space. However, in the proof of Theorem 4.69 we need to show that every
τ2Gw-convergent net is also τ2GP -convergent. Thus it is useful for us to have a better
understanding about τ2GP -compact nets.
But first we introduce a useful class of compact subsets of M(2) whose union is dense.

For every N ∈N we define AN ⊂M(2) as the set of all m2m spaces [X,r,ν](2) such that

• suppMν consists of at most N points,

• the diameter of suppMν is at most N ,

• ν ∈M≤N (M≤N (X)).

Observe that the union
⋃
N∈NAN is dense in (M(2),d2GP) since it contains the dense

set S from the proof of Theorem 4.62.

Lemma 4.66
The set AN is compact in the two-level Gromov-Prokhorov topology for every N ∈N.

Proof: We prove that AN is sequentially compact. Let ([Xn, rn,νn](2))n be a sequence
in AN . Without loss of generality we assume Xn = suppMνn for all n∈N. The finite
metric spaces ((Xn, rn))n are determined by the number of points and the mutual
distances between the points. All of these are bounded by N . By Proposition A.5
the sequence ((Xn, rn))n is relatively compact in the Gromov-Hausdorff topology and
there is a subsequence which converges to some compact metric space (X,r). For the
sake of convenience we denote this subsequence again by ((Xn, rn))n. Observe that
the limit metric spaces satisfies |X| ≤ N and diamX ≤ N . By Lemma A.3 there is
a compact metric space (Z,rZ) and isometric embeddings ι, ι1, ι2, . . . of X,X1,X2, . . .
into Z such that

dZH(ιn(Xn), ι(X))→ 0,

where dZH denotes the Hausdorff metric on Z. Because Z is compact, bothM≤N (Z)
and M≤N (M≤N (Z)) are compact too. Therefore, ((ιn∗∗νn))n has a subsequence
which converges weakly to some measure ν ∈ M≤N (M≤N (Z)). Then, the corre-
sponding subsequence of ([Xn, rn,νn](2))n converges to [Z,rZ ,ν](2) = [X,r,ν](2) ∈AN .�

Proposition 4.67 (Characterization of compact nets in M(2))
Let (A,�) be a directed set and let (Xα)α∈A be a net in M(2) with Xα = [Xα, rα,να](2).
The following are equivalent:

(a) (Xα)α is a compact net with respect to the two-level Gromov-Prokhorov topology.

(b) For every ε > 0 there is an N ∈N such that d2GP(Xα,AN )< ε eventually.

(c) (m∗να)α is a compact net inMf (R+) and for every K > 0 we have:
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• For every ε > 0 there is a δ > 0 such that Vδ(MfK ·να)< ε eventually,

• (w(MfK ·να))α is a compact net inMf (R+).

(d) (m∗να)α is a compact net and for every ε > 0 there is an Nε ∈ N such that for
every α there is a set Xα,ε ⊂Xα such that eventually

• να ({{µ∈Mf (Xα) | µ({Xα,ε)≤ ε})< ε,

• Xα,ε can be covered by at most Nε balls of radius ε,

• the diameter of Xα,ε is at most Nε.

Proof: (a) ⇒ (b): We prove this assertion by contradiction and assume that (b)
does not hold. It follows that for each N ∈ N there is a subnet (XTN (β))β∈BN with
d2GP(XTN (β),AN )≥ ε. By a diagonal argument (cf. Lemma 2.9) we can construct a
subnet (XT (γ))γ∈C such that for every N ∈N we eventually have d2GP(XT (γ),AN )≥ ε.
The net (XT (γ))γ is compact as a subnet of a compact net. Hence, it has a convergent
subnet. Let X be the limit of this subnet. Observe that the set

⋃
N∈NAN is dense

in M(2) since it contains the dense set S from the proof of Theorem 4.62. Thus, there
is a natural number N0 with d2GP(X ,AN0)< ε. Consequently, the subnet converging
to X is eventually ε-close to AN0 . But this contradicts the construction of the net
(XT (γ))γ .
(b)⇒ (a): Observe that assertion (b) also holds for any subnet of (Xα)α. Thus, it is

enough to show that any net which satisfies (b) has a convergent subnet. Since (Xα)α
is eventually ε-close to a compact set AN , there is a subnet which is eventually ε-close
to a convergent net in AN . Consequently, this subnet is eventually contained in a ball
of radius 2ε. By using this argument repeatedly with ε= 1/n, we can construct subnets
(XTn(β))β∈Bn for each n∈N such that (XTn(β))β∈Bn is a subnet of (XTn−1(β))β∈Bn−1 and
eventually contained in a ball of radius 1/n. By a diagonal argument (cf. Lemma 2.9)
we can construct a subnet which is a Cauchy net. That is, for every ε > 0 the subnet is
eventually contained in a ball of radius ε. Since (M(2),d2GP) is complete, this subnet
net is convergent.
(a) ⇒ (c): Note that both functions [X,r,ν](2) 7→ m∗ν and [X,r,ν](2) 7→ w(MfK ·ν)

are continuous (see Remark 4.59 and Corollary 4.64) and that the continuous image of
a compact net is again compact. Thus (m∗να)α and (w(MfK ·να))α are both compact.
To prove the last property, assume that it does not hold, i. e. there are K,ε >

0 such that for every δ > 0 the value of Vδ(MfK ·να) is frequently greater or equal
than ε. Inductively we can construct subnets (XTn(β))β∈Bn for each n ∈ N such that
(XTn(β))β∈Bn is a subnet of (XTn−1(β))β∈Bn−1 and V1/n(MfK ·νTn(β)

)≥ ε eventually. By
a diagonal argument (cf. Lemma 2.9) we can construct a subnet (XT (γ))γ∈C such that
Vδ(MfK ·νγ ) ≥ ε eventually for every δ > 0. By (E4.21) this subnet cannot have a
convergent subnet in contradiction to (a).
(c) ⇒ (d): Let 1> ε > 0. The net (m∗να)α is compact and thus tight. Therefore,

there is a K such that eventually m(να)−m(fK · να) < ε/3. Then, assertion (d) is a
consequence of the following two claims, which we will prove at the end of this proof.
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4.4.5 Compact sets

Claim 1: There is a positive integer N1 and for every α∈A there is a bounded set
Cα ⊂Xα with diamCα ≤N1 such that eventually

fK ·να
(
{{µ∈Mf (Xα) | µ({Cα)≤ ε

3
}
)
≤ ε

3
. (E4.22)

Claim 2: There is a positive integer N2 and for every α ∈ A there is a finite set
Aα ⊂Xα with |Aα| ≤N2 such that eventually

fK ·να
(
{{µ∈Mf (Xα) | µ({B(Aα,ε))<

ε

3
}
)
<
ε

3
. (E4.23)

With these two claims we define Nε = max(N1,N2) and the sets Xα,ε = Cα ∩
B(Aα,ε). Then eventually the set Xα,ε has diameter of at most Nε and can be
covered by at most Nε balls of radius ε. Moreover, eventually we have

να ({{µ∈Mf (Xα) | µ({Xα,ε)≤ ε})
<
(
m(να)−m(fK ·να)

)
+fK ·να

(
{{µ∈Mf (Xα) | µ({Xα,ε)≤ ε}

)
≤ ε

3
+fK ·να

(
{{µ∈Mf (Xα) | µ({Cα)≤ ε

3
}
)

+fK ·να
(
{{µ∈Mf (Xα) | µ({B(Aα,ε)<

ε

3
}
)

< ε,

and the assertion is proved.
Proof of Claim 1: The net (w(MfK ·να))α is compact and thus tight. Therefore,

there is an a> 0 such that eventually

w(MfK ·να)([a,∞))<
1

2

(ε
3

)4
.

Let N1 be a positive integer with 2a≤N1. We now construct bounded sets Cα ⊂Xα

with diamCα < 2a≤N1 such that eventually (E4.22) holds. In the case

fK ·να
(
{{µ∈Mf (Xα) |m(µ)≤ ε

3
}
)
≤ ε

3
,

this is satisfied for Cα := B(x,a) for any x ∈ Xα and we are done. If, on the other
hand,

fK ·να
(
{{µ∈Mf (Xα) |m(µ)≤ ε

3
}
)
>
ε

3
, (E4.24)

then we define Cα := {x∈Xα |MfK ·να({B(x,a))< 1
2

(
ε
2

)2 }. We show diamCα < 2a
by contradiction: Assume there are x,y ∈ Cα with rα(x,y) ≥ 2a. It follows that
B(x,a)∩B(y,a) = ∅ and therefore(ε

2

)2
>MfK ·να({B(x,a)) +MfK ·να({B(y,a))

≥MfK ·να
(
{(B(x,a)∩B(y,a))

)
=MfK ·να(Xα) =

∫
µ(Xα) d(fK ·να)(µ)

≥ ε

3

(
fK ·να

)(
{µ∈Mf (Xα) |m(µ)>

ε

3
}
)
.
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Chapter 4 Metric two-level measure spaces

This contradicts (E4.24), so the diameter of Cα must be less than 2a.
Furthermore, we eventually have

1

2

(ε
3

)4
>w(MfK ·να)([a,∞))

= (MfK ·να)⊗2({(x,y)∈X2
α | y 6∈B(x,a)})

≥ (MfK ·να)⊗2({(x,y)∈X2
α | x 6∈Cα,y 6∈B(x,a)})

≥ 1

2

(ε
3

)2
MfK ·να({Cα).

In the last inequality we used the fact that

MfK ·να({B(x,a))≥ 1

2

(ε
2

)2

for x 6∈Cα by the very definition of Cα. We conclude that eventually we have(ε
2

)2
>MfK ·να({Cα) =

∫
µ({Cα) d(fK ·να)(µ)

≥ ε

3

(
fK ·να

)(
{µ∈Mf (Xα) | µ({Cα)>

ε

3
}
)

and this yields (E4.22).
Proof of Claim 2: Because (m∗να)α is a compact net, m(να) is eventually bounded

by some positive real number m. By assumption there are δ > 0 and α0 ∈ A such
that Vδ(MfK ·να) < ε2

9 for every α � α0. Let N2 be the largest positive integer with
N2 ≤max

(
1, Kmδ

)
. By Lemma 3.31 we can find for every α� α0 a finite set Aα ⊂Xα

with |Aα| ≤N2 such that

ε2

9
>MfK ·να

(
{B(Aα,

ε2

9
)

)
≥MfK ·να ({B(Aα,ε))

=

∫
µ({B(Aα,ε)) d(fK ·να)(µ)

≥ ε

3

(
fK ·να

)(
{µ∈Mf (Xα) | µ({B(Aα,ε))≥

ε

3
}
)
.

This leads to the desired inequality (E4.23).
(d) ⇒ (b): Let ε > 0 be arbitrary. By assumption there are Nε ∈ N and α0 ∈ A

such that for all α� α0 there are subsets Xα,ε ⊂Xα with diamXα,ε ≤Nε such that

να ({{µ∈Mf (Xα) | µ({Xα,ε)≤ ε})< ε (E4.25)

and Xα,ε can be covered by Nα ≤Nε balls B(x
(α)
1 ,ε), . . . ,B(x

(α)
Nα
,ε). For every α� α0

we define a function Fα : Xα→Xα by

Fα(x) =

{
x

(α)
1 , if x∈B(x

(α)
1 ,ε) or x 6∈

⋃Nα
j=1B(x

(α)
j ,ε)

x
(α)
i , if x∈B(x

(α)
i ,ε)\

⋃i−1
j=1B(x

(α)
j ,ε) for i∈ {2, . . . ,Nα }.
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By assertion (c) of Lemma 2.24 we have dP(µ,Fα∗µ)≤ ε for every µ ∈Mf (Xα) with
µ({Xα,ε) ≤ ε. The definition of the Prokhorov metric and inequality (E4.25) yield
dP(να,Fα∗∗να)≤ ε. Because (m∗να)α is compact, m(να) is eventually bounded from
above by some positive number m and (m∗να)α is tight. Therefore, there are K > 0
and α1 � α0 such that for all α� α1 we have dP(ν ′α,να)< ε, where ν ′α is the restriction
of να to M≤K(Xα). With the triangle inequality we obtain dP(να,Fα∗∗ν

′
α) ≤ 2ε. It

follows that
d2GP([Xα, rα,να](2), [Xα, rα,Fα∗∗ν

′
α](2))≤ 2ε.

Observe that with N := max(m,K,Nε) we eventually have

[Xα, rα,Fα∗∗ν
′
α](2) ∈AN .

Since ε > 0 is arbitrary, this proves the claim. �

Theorem 4.68 (Characterization of relatively compact subsets of M(2))
Let Γ⊂M(2) be a set of m2m spaces. The following are equivalent:

(a) Γ is relatively compact in the two-level Gromov-Prokhorov topology τ2Gw.

(b) For every ε > 0 there exists an N ∈ N such that d2GP(X ,AN ) < ε for every
X ∈ Γ.

(c) {m∗ν | [X,r,ν](2) ∈ Γ} is relatively compact inMf (R+) and for every K > 0 we
have

• sup[X,r,ν](2)∈ΓVδ(MfK ·ν)→ 0 for δ↘ 0,

• {w(MfK ·ν) | [X,r,ν](2) ∈ Γ} is tight inMf (R+).

(d) {m∗ν | [X,r,ν](2) ∈ Γ} is relatively compact inMf (R+) and for every ε > 0 there
is an Nε ∈ N such that for every X = [X,r,ν](2) ∈ Γ there exists a measurable
subset XX ,ε ⊂X with

• ν ({{µ∈Mf (X) | µ({XX ,ε)≤ ε})< ε,

• XX ,ε can be covered by at most Nε balls of radius ε,

• the diameter of XX ,ε is at most Nε.

(e) {m∗ν | [X,r,ν](2) ∈ Γ} is relatively compact inMf (R+) and for every ε > 0 and
X = [X,r,ν](2) ∈ Γ there is a compact subset CX ,ε ⊂X such that

• ν ({{µ∈Mf (X) | µ({CX ,ε)≤ ε})< ε,

• Cε := {CX ,ε | X ∈ Γ} is relatively compact in the Gromov-Hausdorff topol-
ogy.

Note that in assertion (c) is suffices to have the property only for a diverging sequence
(Kn)n↗∞.
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Proof (of Theorem 4.68): The equivalence of assertions (a) to (d) follows easily from
Proposition 4.67 and the fact that a set is relatively compact if and only if every net in
it is compact (cf. Lemma 2.8). In the remainder of this proof we show that assertion
(d) and (e) are equivalent.
Note that a set C of compact metric spaces is relatively compact in the Gromov-

Hausdorff-topology if and only if the diameter of the elements of C is uniformly
bounded and for every ε > 0 there is an N ∈ N such that every element of C can
be covered by at most N balls of radius ε (see Proposition A.5). Therefore, assertion
(e) readily implies assertion (d).
To prove the other direction, let ε > 0. For n∈N let εn := ε

2 ·
(

1
2

)n and let Nεn and
XX ,εn be as in assertion (d). Without loss of generality we may assume that every
XX ,εn is closed. For every X = [X,r,ν](2) ∈ Γ and every n ∈N there is a compact set
KX ,εn ⊂Mf (X) with ν({KX ,εn)< εn. Because KX ,εn is tight, we have

KX ,εn ⊂ {µ∈Mf (X) | µ({CX ,εn)< εn }

for some compact set CX ,εn ⊂X and thus

ν ({{µ∈Mf (X) | µ({CX ,εn)≤ εn })≤ ν({KX ,εn)< εn.

Define CX ,ε :=
⋂
n∈N(XX ,εn ∩CX ,εn). The set CX ,ε is compact as a closed subset of a

compact set. Observe that for every µ∈Mf (X) with

µ({XX ,εn)≤ εn

and

µ({CX ,εn)≤ εn

for every n∈N we have

µ({CX ,ε) = µ

(
{
⋂
n∈N

(XX ,εn ∩CX ,εn)

)
= µ

( ⋃
n∈N

({XX ,εn ∪{CX ,εn)

)
≤
∑
n∈N

µ({XX ,εn) +µ({CX ,εn)

≤
∑
n∈N

2εn = ε.
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Hence, we obtain

ν ({{µ∈Mf (X) | µ({CX ,ε)≤ ε})

≤ ν
(
{
⋂
n∈N
{µ∈Mf (X) | µ({XX ,εn)≤ εn, µ({CX ,εn)≤ εn }

)
≤
∑
n∈N

(
ν ({{µ∈Mf (X) | µ({XX ,εn)≤ εn })

+ν ({{µ∈Mf (X) | µ({CX ,εn)≤ εn })
)

< 2
∑
n∈N

εn = ε.

The set Cε = {CX ,ε | X ∈ Γ} is relatively compact in the Gromov-Hausdorff-topology
because the diameter of each CX ,ε is bounded by Nε1 and for every δ > 0 there is a
natural number N such that each CX ,ε can be covered by at most N balls of radius
δ (cf. the remark at the beginning of this proof). Thus, assertion (e) is fulfilled and
the proof is complete. �

4.4.6 Equivalence of two-level Gromov-weak and two-level
Gromov-Prokhorov topology on M(2)

We are finally able to prove the fact that the two-level Gromov-weak topology and
the two-level Gromov-Prokhorov topology on M(2) coincide. Our proof relies mostly
on the compactness criteria of Proposition 4.67.
Theorem 4.69
The two-level Gromov-weak topology τ2Gw and the two-level Gromov-Prokhorov topol-
ogy τ2GP on M(2) coincide.

Note that now every statement we made about one of the two topologies (e. g. embed-
ding lemmas, compactness criteria, Polishness) also holds true for the other topology.

Proof: We have already proved in Lemma 4.61 that τ2GP is finer than τ2Gw. To show
the other direction we prove that every τ2Gw-convergent net (Xα)α∈A with Xα

τ2Gw−−−→
X also converges in the two-level Gromov-Prokhorov topology τ2GP (recall that we
do not know yet whether τ2Gw is metrizable, thus we have to use nets instead of
sequences). We will do so by proving that (Xα)α is a compact net with respect to
τ2GP . Because T (2) separates points (cf. Theorem 4.53), this implies that every subnet
has a converging subnet with the same limit X . Hence, (Xα)α itself converges to X
in the d2GP-metric.
To prove compactness, we use property (c) of Proposition 4.67. For every α ∈ A

let Xα = [Xα, rα,να](2). Recall that the functions [X,r,ν](2) 7→ m∗ν and [X,r,ν](2) 7→
w(MfK ·ν) are continuous with respect to τ2Gw by Remark 4.59 and Corollary 4.64.
Therefore, both (m∗να)α and (w(MfK ·να))α are convergent and thus compact. Fur-
thermore, by (E4.21) for every ε > 0 there is a δ > 0 such that eventually Vδ(MfK ·να)<
ε. Thus, the assumptions of Proposition 4.67 are satisfied and (Xα)α is a compact net
in the two-level Gromov-Prokhorov topology. �
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Chapter 4 Metric two-level measure spaces

4.4.7 Distributions on M(2)

In this section we provide results about random m2m spaces. With Le Cam’s theorem
it is easy to deduce that the m2m-monomials are convergence determining.
Proposition 4.70
The set T (2) is convergence determining forM1(M(2)).

Proof: The set T (2) separates points, is closed under multiplication and induces the
topology of M(2). Therefore, it is convergence determining forM1(M(2)) by Proposi-
tion 2.17. �

This means that a sequence (Pn)n in M1(M(2)) converges weakly to P ∈M1(M(2))
if and only if Pn[Φ] converges to P [Φ] for every Φ ∈ T (2). Here, P [Φ] denotes the
expectation

∫
Φ(X ) dP (X ).

We now provide a characterization of tight subsets ofM1(M(2)). Since tightness is
defined in terms of compact sets, it is not surprising that we use Theorem 4.68 to find
conditions for tightness.

Proposition 4.71 (Tightness criterion forM1(M(2)))
A set P ⊂M1(M(2)) is tight if and only if for every ε > 0 and K > 0 there exist δ > 0
and c > 0 such that for every P ∈P each of the following conditions hold:

(a) P (m(ν)≥ c)< ε.

(b) P (m∗ν([c,∞))≥ ε)< ε.

(c) P (Vδ(MfK ·ν)≥ ε)< ε.

(d) P (w(MfK ·ν)([c,∞))≥ ε)< ε.

Here, ν denotes the two-level measure of a random m2m space [X,r,ν](2) with law P .

Proof: Let ε,K > 0. If P is tight, then there is a compact set C ⊂M(2) such that
P ({C) < ε for every P ∈ P. By property (c) of Theorem 4.68 we can choose δ > 0
and c > sup{m(ν) | [X,r,ν](2) ∈C } such that for every [X,r,ν](2) ∈C we have

m∗ν([c,∞))< ε,

Vδ(MfK ·ν)< ε,

w(MfK ·ν)([c,∞))< ε

and the claim follows immediately.
To prove the other direction, let ε > 0. We are going to construct a relatively

compact set C ⊂M(2) such that P ({C)< ε for every P ∈P. First, define εn := ε
4 ·2
−n

and Kn := n for every n∈N. By assumption there are c,δn, cn > 0 such that

P (m(ν)≥ c)< ε
4 ,

P (m∗ν([cn,∞))≥ εn)< εn,

P (Vδn(MfKn ·ν)≥ εn)< εn,

P (w(MfKn ·ν)([cn,∞))≥ εn)< εn

(E4.26)
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for every P ∈P and n∈N. Let Cn be the set of all [X,r,ν](2) ∈M(2) with

m∗ν([cn,∞))< εn,

Vδn(MfKn ·ν)< εn,

w(MfKn ·ν)([cn,∞))< εn.

By (E4.26) we have P ({Cn)< 3εn for every P ∈P. With

C := { [X,r,ν](2) ∈M(2) |m(ν)< c}∩
⋂
n∈N

Cn,

we get

P ({C)<
ε

4
+
∑
n∈N

3εn = ε

for every P ∈P. Moreover, C satisfies the compactness criterion given in property (c)
of Theorem 4.68 and is therefore relatively compact. �
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Chapter 5

The nested Kingman coalescent
measure tree

In this chapter we introduce the nested Kingman coalescent measure tree, which
is a random m2pm space modeling the genealogy of a nested Kingman coalescent.
The nested Kingman coalescent measure tree is defined as a weak limit of random
finite m2pm spaces. To show convergence, we will apply the tightness criterion of
section 4.3.7.

Outline of this chapter: We start by providing the definition of the nested King-
man coalescent in section 5.1. In section 5.2 we introduce the nested Kingman coa-
lescent measure tree and state the main result of this chapter, which is the existence
of the nested Kingman coalescent measure tree. The proof for this result is given in
section 5.3.

5.1 The nested Kingman coalescent

Nested coalescents were introduced in [Bla16,BDLSJ18] to jointly model the species
and the gene coalescents of a population of multiple species. The nested Kingman
coalescent is a special case of the model developed in these publications (cf. also
[BRSSJ18] for further research about the nested Kingman coalescent). In this section
we provide a definition of the nested Kingman coalescent first for a finite set I ⊂ N2

of individuals and then for infinitely many individuals (i. e. I = N2). We use N2 to
encode individuals because we think of (i, j) ∈ N2 as the j-th individual of the i-th
species.
For a non-empty set I let E(I) ⊂ I2 denote the set of equivalence relations on

I equipped with the discrete topology. The equivalence classes of an equivalence
relation are called blocks. We say that a pair (R1,R2)∈ E(I)×E(I) is nested (or that
R2 is nested in R1) if R1 ⊃R2. Note that (R1,R2) is nested if and only if for every
block π2 of R2 there is a block π1 of R1 with π2 ⊂ π1. Let

N (I) := {(R1,R2)∈ E(I)2 | R2 ⊂R1 }
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denote the set of nested equivalence relations equipped with the discrete topology.
Moreover, we define the following equivalence relations on N2, which will be the

initial states of the nested Kingman coalescent:

G0 := {(x,x) |x∈N2 } ,
S0 := {((i,j),(i,k)) | i, j,k ∈N} .

G0 is the equivalence relation with only singleton blocks and S0 is the equivalence
relation whose blocks are the different species of the population.

Definition 5.1 (Finite nested Kingman coalescent)
Let I be a finite subset of N2 and γs,γg > 0. Let

R(I) = (R(I)(t))t≥0 = (R(I)
s (t),R(I)

g (t))t≥0

be a continuous-time Markov process with values in N (I). We call R(I) the finite
nested Kingman coalescent on I with rates (γs,γg) if it has the following properties:

• The initial state is R(I)
s (0) = S0∩I2 and R(I)

g (0) =G0∩I2, i. e. for x= (x1,x2)∈
I2 and y= (y1,y2)∈ I2 we have

(x,y)∈R(I)
s (0)⇔ x1 = y1,

(x,y)∈R(I)
g (0)⇔x= y.

• The species coalescent R(I)
s = (R(I)

s (t))t≥0 behaves like a Kingman coalescent
with rate γs, i. e. any two blocks in R(I)

s (t) merge at rate γs

• The gene coalescent R(I)
g = (R(I)

s (t))t≥0 behaves in the following way: any two
blocks π1,π2 of R(I)

g such that π1 ∪π2 is contained in a single block of R(I)
s (t)

merge at rate γg. Other blocks cannot merge.

The definition of the finite nested Kingman coalescent describes the behavior of a
Markov process with only finitely many states. Thus, it is clear that such a process
exists and is unique in distribution. Figure 5.1 shows a realization of a finite nested
Kingman coalescent.
We now define the nested Kingman coalescent for an infinite set of individuals (that

is, with I =N2). For the existence of this process we refer to the construction of (more
general) nested coalescents in [BDLSJ18, section 5].

Definition 5.2 (Nested Kingman coalescent)
Let γs,γg > 0. The nested Kingman coalescent with rates (γs,γg) is a continuous-time
Markov process R= (R(t))t≥0 = (Rs(t),Rg(t))t≥0 with values in N (N2) such that for
any finite I ⊂ N2 the restriction of R to N (I) is a finite nested Kingman coalescent
on I with rates (γs,γg).
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t

1 2 31 2 3 (1, 1) (1, 2) (2, 1) (2, 2) (3, 1)(1, 1) (1, 2) (2, 1) (2, 2) (3, 1)

Figure 5.1: A realization of a finite nested Kingman coalescent on the set I =
{(1,1),(1,2),(2,1),(2,2),(3,1)}. The species coalescent on the left starts
with the equivalence classes {(1,1),(1,2)} ,{(2,1),(2,2)} and {(3,1)} (here
abbreviated by 1, 2 and 3). Its branch points are speciation events. The
tree on the right side depicts the gene coalescent. Notice that merging
events in the gene coalescent can only happen after the associated species
have merged in the species coalescent.

It follows immediately from the definition that the initial states of the species and
the gene coalescent are

Rs(0) = S0 and Rg(0) =G0.

It is well-known that the standard Kingman coalescent immediately comes down
from infinity, meaning that after any positive time the coalescent almost surely has
only finitely many blocks left, even if we start with infinitely many blocks. The same
is true for the nested Kingman coalescent as stated in the next lemma. A proof can
be found in [BDLSJ18, section 6].

Lemma 5.3 (Nested Kingman coalescent comes down from infinity)
The nested Kingman coalescent immediately comes down from infinity. That is, if
R= (Rs(t),Rg(t))t≥0 is a nested Kingman coalescent, then for every t > 0 both Rs(t)
and Rg(t) almost surely consist of only finitely many blocks.

5.2 The nested Kingman coalescent measure tree

In this section we define a random m2pm space called the nested Kingman coalescent
measure tree. Roughly speaking, it is the genealogical tree of the gene coalescent
of a nested Kingman coalescent equipped with a two-level probability measure that
represents uniform sampling of species on the second level and uniform sampling of
individuals in a single species on the first level.

103



Chapter 5 The nested Kingman coalescent measure tree

Let R= (Rs,Rg) be a nested Kingman coalescent and P its law. For x= (x1,x2)∈
N2 and y= (y1,y2)∈N2 we define the coalescence time of x and y by

rg(x,y) := inf { t≥ 0 | (x,y)∈Rg(t)} .

The law of rg(x,y) is

rg(x,y)∼


Exp(γg)∗Exp(γs), if x1 6= y1

Exp(γg), if x1 = y1 and x2 6= y2

δ0, if x= y,

(E5.1)

where Exp(γ) denotes the exponential distribution with parameter γ > 0 and µ ∗ η
denotes the convolution of two distributions µ and η. The function rg satisfies the
triangle inequality and is thus a (random) metric on N2 (in fact it is even an ultra-
metric). Let (Z,r) denote the completion of the metric space (N2, rg).

Remark 5.4 (Partial exchangeability of nested Kingman coalescent)
The distances between individuals of the nested Kingman coalescent are partially
exchangeable in the following sense. Let P̃ be the set of finite permutations p on
N2 with the property that π1p(i, j) = π1p(i,k) for all i, j,k ∈N, where π1 denotes the
projection to the first component of a vector (i. e. the first components of p(x) and
p(y) coincide whenever the first components of x,y ∈ N2 coincide). Then, for every
x1, . . . ,xn ∈N2 the law of R(x1, . . . ,xn) is equal to the law of R(p(x1), . . . ,p(xn)) for
every permutation p∈ P̃ . In other words, the law of R(x1, . . . ,xn) is invariant under
P̃ .

For all M,N ∈N we define the two-level measure νM,N ∈M1(M1(Z)) by

νM,N :=
1

M

M∑
i=1

δ( 1
N

∑N
j=1 δ(i,j))

. (E5.2)

νM,N samples uniformly one of the first M species and then samples uniformly one
of the first N individuals in that species. Let HM,N be the function that maps a
realization of the nested Kingman coalescent to the m2pm space [Z,r,νM,N ](2) and
define

QM,N :=HM,N∗P∈M1(M(2)

1 ).

Theorem 5.5 (Nested Kingman coalescent measure tree)
(a) The sequence (QM,N )N is weakly convergent for every M ∈ N. We denote its

limit by QM .

(b) The sequence (QM )M is weakly convergent.

Therefore, the limit
Q := w-lim

M→∞
w-lim
N→∞

QM,N = w-lim
M→∞

QM

exists. We call any random variable with values in M(2)

1 and law Q a nested Kingman
coalescent measure tree.
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Remark 5.6 (Generalization to nested Λ-coalescent)
Recall that the Λ-coalescent is a generalization of the Kingman coalescent that allows
multiple mergers and in which the merging rates are described by a finite measure Λ∈
Mf ([0,1]). In a similar manner we can generalize the nested Kingman coalescent to
a nested (Λs,Λg)-coalescent, where the species coalescent behaves like a Λs-coalescent
and the gene coalescent behaves like a Λg-coalescent (inside of single species blocks).
The proof of Theorem 5.5 is valid even for the nested (Λs,Λg)-coalescent as long as
the nested coalescent immediately comes down from infinity. The latter condition
is true if and only if both Λs and Λg are such that the corresponding Λ-coalescents
immediately come down from infinity (cf. [BRSSJ18]).
It is an open question whether these conditions can be relaxed to the more general

dust free property (cf. [GPW09, Theorem 4] in which the authors construct a Λ-
coalescent measure tree for all Λ-coalescents which satisfy the dust free property).

5.3 Proof of Theorem 5.5

The proofs of both statements of Theorem 5.5 use the same kind of argument. First
we show that the sequence under consideration has at most one limit point. Then we
show that the sequence is relatively compact, i. e. every subsequence has a convergent
subsequence. Consequently, because the limit point is unique, we may conclude that
the original sequence is convergent.
Two main tools when working with coalescents are exchangeability and relative

frequencies of blocks. We already showed in Remark 5.4 that the nested Kingman
coalescent is partially exchangeable. Let us now define the relative frequencies of
blocks.

Definition 5.7
For all i, l ∈N and t∈R+ we define

fi,l(t) := lim
N→∞

1

N

N∑
n=1

1[0,t](rg((i,1),(l,n))).

fi,l(t) is the relative frequency of the block of (i,1) w. r. t. species l at time t.

It is a standard fact from coalescent theory that in a Kingman coalescent the relative
frequencies of blocks exist. By definition the gene coalescent restricted to a single
species i ∈ N is a Kingman coalescent. Thus, the relative frequency fi,i(t) exists for
every t≥ 0. Moreover, the Kingman coalescent almost surely has proper frequencies
(cf. [Pit99, Theorem 8]), implying that

P(fi,i(t) = 0) = 0 (E5.3)

for every t > 0.
For fi,l(t) with i 6= l the situation is a little different since the species i and l have to

merge first. Let τs(i, l) denote the coalescent time of the species i and l in the species
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tree. Clearly, we have fi,l(t) = 0 for t < τs(i, l). For t ≥ τs(i, l) the gene coalescent
restricted to {(l, j) | j ∈N}∪{(i,1)} behaves like a Kingman coalescent. Thus, the
relative frequency fi,l(t) also exists for t≥ τs(i, l).

Because the nested Kingman coalescent starts with singleton blocks at time t= 0,
we have fi,l(0) = 0 for all i, l ∈ N. Moreover, almost surely the function t 7→ fi,l(t) is
non-decreasing (the relative frequency increases when blocks merge) and converges to
1 (eventually all blocks have merged to a single block).
In the next lemma we state an analog of equation (E5.3) for the relative frequen-

cies fi,l(t) with i 6= l. Though it may happen that fi,l(t) = 0 for some l 6= i, it may
not happen for all l 6= i. This follows from the partial exchangeability explained in
Remark 5.4.
Lemma 5.8
For every t > 0 and every i∈N

P(fi,l(t) = 0 for all l 6= i) = 0. (E5.4)

Proof: We define for every n∈N and t′ ∈R+ the infinite vector fn(t′)∈ [0,1]N by

fn(t′) := (fn,l(t
′))l 6=n = (fn,1(t′), fn,2(t′), . . . , fn,n−1(t′), fn,n+1(t′), . . .).

We fix t > 0 and i∈N. Observe that equation (E5.4) is equivalent to P(fi(t) = 0) = 0
and that the sequence of vectors (fn(t))n∈N is exchangeable (cf. Remark 5.4). By de
Finetti’s theorem there is a random probability measure Ξ on [0,1]N such that Ξ⊗∞

is a regular conditional distribution of (fn(t))n given σ(Ξ) (cf. [Ald85, Theorem 3.1]).
We prove the claim by contradiction. Assume that

0< P(fi(t) = 0) =

∫
Ξ(0) dP.

This is true if and only if P(Ξ(0)> 0)> 0 and in this case

P(fn(t) = 0 for infinitely many n∈N)

= P(fn(t) = 0 for infinitely many n∈N |Ξ(0)> 0) ·P(Ξ(0)> 0)

= P(Ξ(0)> 0)

> 0.

(E5.5)

However, if fn(t) = 0 for infinitely many n∈N, then there is an increasing sequence of
positive integers (nk)k with fnk(t) = 0. Observe that fnk(t) = 0 implies that at time t
the block of (nk,1) has not merged with a block of another species. Therefore, each
(nl,1) is in a different block and Rg(t) contains an infinite number of blocks. But
by Lemma 5.3 we know that almost surely Rg(t) contains only finitely many blocks.
This is a contradiction to (E5.5). Consequently, we must have P(fi(t) = 0) = 0. �

Before we start to prove Theorem 5.5, observe that the first moment measure of
νM,N from (E5.2) is

MνM,N =
1

M

M∑
i=1

1

N

N∑
j=1

δ(i,j),
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i. e. MνM,N is a uniform distribution on the set {1, . . . ,M }×{1, . . . ,N }.

5.3.1 Weak convergence of (QM,N)N for fixed M

Let M ∈N be fixed.

Uniqueness: Recall that the m2pm-polynomials Φ∈ T (2)

1 are of the form

Φ([X,r,ν](2)) =

∫ ∫
ϕ◦R dµ⊗n dν⊗m(µ) (E5.6)

with m ∈ N, n = (n1, . . . ,nm) ∈ Nm with |n| ≥ 2 and ϕ ∈ Cb(Dn) and that T (2)

1 is
convergence determining for M1(M(2)

1 ) (see Proposition 4.44). We will explain why
for each such Φ the limit limN→∞QM,N [Φ] exists. Thus, the sequence (QM,N )N has
at most one limit point.
Fix a m2pm-polynomial Φ∈ T (2)

1 as in (E5.6). Then, we have

QM,N [Φ] =

∫
Φ dQM,N

=

∫
Φ([Z,r,νM,N ](2)) dP

=

∫ ∫ ∫
ϕ◦R dµ⊗n d(νM,N )⊗m(µ) dP.

One can show that this converges to∫
1

Mm

M∑
i1,...,im=1

ϕ
(
R
(

(i1,1),...,(i1,n1),(i2,n1+1),...,(i2,n1+n2),(i3,n1+n2+1),...,(im,|n|)
))

dP

(E5.7)
forN →∞ using the partial exchangeability of the distances under P (cf. Remark 5.4).
However, writing down a formal proof for general m and n is cumbersome and we
would have to introduce a lot of notation. For this reason we omit the proof. The
reader may easily verify our claim for small m and n to understand what is going on
here. Heuristically, Φ corresponds to sampling m species, then sampling n1, . . . ,nm
individuals in these species and then evaluating the (genetic) distances between the
individuals. We sample with the two-level measure νM,N , which means we uniformly
sample from the firstM species and in each of these species we uniformly sample from
the first N individuals. Since M is finite, it is possible that some species are sampled
more than once. But for N →∞ the probability to sample a single individual more
than once goes to 0.

Relative compactness: We use Corollary 4.46. Thus, we have to show the
following:

(a) there is a finite Borel measure µ0 on R+ with QM,N [w(Mν)]≤ µ0 for all N ∈N,
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(b) lim
δ↘0

limsup
N→∞

QM,N [Mν({x∈X |Mν(B(x,ε))< δ})] = 0 for every ε > 0.

(a) Define the finite measure

µ0 := δ0 + Exp(γs) + Exp(γg)∗Exp(γs), (E5.8)

where Exp(γ) denotes the exponential distribution with parameter γ > 0 and
µ ∗ η denotes the convolution of two distributions µ and η. The law of r(x,y)
is bounded from above by the finite measure µ0 for all x,y ∈ N2 (cf. (E5.1)).
Since w(MνM,N ) = r∗MνM,N , we get the desired inequality

QM,N [w(Mν)] =

∫
w(MνM,N ) dP≤ µ0.

(b) Let ε > 0. Then we have

QM,N [Mν({x∈X |Mν(B(x,ε))< δ})]

=

∫
MνM,N ({x∈Z |MνM,N (B(x,ε))< δ}) dP

=
1

M

M∑
i=1

1

N

N∑
j=1

∫
1[0,δ)

(
MνM,N (B((i,j),ε))

)
dP

= P(MνM,N (B((1,1),ε))< δ)

≤ P(MνM,N (B((1,1),ε))≤ δ),

(E5.9)

where we used the fact that P(MνM,N (B((i,j),ε))< δ) is the same for all i, j ∈N.
By the definition of the relative frequencies f1,i(ε) we have

MνM,N (B((1,1)),ε))→ 1

M

M∑
l=1

f1,l(ε)

almost surely for N →∞ and Fatou’s lemma yields

limsup
N→∞

P(MνM,N (B((1,1),ε))≤ δ)≤ P

(
1

M

M∑
l=1

f1,l(ε)≤ δ

)
. (E5.10)

Combining (E5.9), (E5.10) and (E5.3) we obtain

lim
δ↘0

limsup
N→∞

QM,N [Mν({x∈X |Mν(B(x,ε))< δ})]

≤ lim
δ↘0

P

(
1

M

M∑
l=1

f1,l(ε)≤ δ

)

= P

(
1

M

M∑
l=1

f1,l(ε) = 0

)
≤ P(f1,1(ε) = 0)

= 0.
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5.3.2 Weak convergence of (QM)M

We have no information about QM other than that it is the weak limit of (QM,N )N .
Thus we must derive its properties from the approximating measures QM,N .

Uniqueness: We show that the sequence (QM )M has at most one limit point by
proving existence of the limit limM→∞QM [Φ] for each m2pm-polynomial Φ ∈ T (2)

1 .
Because the m2pm-polynomials are convergence determining, it follows that the se-
quence (QM )M has at most one limit point.
Fix an m2pm-polynomial Φ ∈ T (2)

1 of the form (E5.6). Since Φ is continuous and
bounded, we have limM→∞QM [Φ] = limM→∞ limN→∞QM,N [Φ]. Using (E5.7) and
the partial exchangeability of the distances (Remark 5.4) one can show that

lim
M→∞

QM [Φ] = lim
M→∞

lim
N→∞

QM,N [Φ]

=

∫
ϕ
(
R
(
(1,1), . . . ,(1,n1),(2,1), . . . ,(m,nm)

))
dP.

Again, we omit the cumbersome proof. Heuristically, if M →∞, then the probability
to sample a species more than once goes to 0.

Relative compactness: Again, we use Corollary 4.46. We will show the follow-
ing:

(a) QM [w(Mν)]≤ µ0 for every M ∈N, where µ0 is defined in (E5.8),

(b) lim
δ↘0

limsup
M→∞

QM [Mν({x∈X |Mν(B(x,ε))< δ})] = 0 for every ε > 0.

(a) Fix M ∈ N. Observe that for finite measures η,µ ∈Mf (R+) we have η ≤ µ if
and only if

∫
f dη≤

∫
f dµ for every non-negative function f ∈ Cb(R+). For such

f the function

M(2)

1 →R+

[X,r,ν](2) 7→
∫
f dw(Mν)

is bounded and continuous as a concatenation of bounded and continuous func-
tions (cf. Lemma 4.39 and Corollary 3.36). Because QM is the weak limit of
(QM,N )N and because

∫
f dQM,N [w(Mν)]≤

∫
f dµ0, we obtain∫

f dQM [w(Mν)] =

∫ ∫
f dw(Mν) dQM

= lim
N→∞

∫ ∫
f dw(Mν) dQM,N

= lim
N→∞

∫
f dQM,N [w(Mν)]

≤
∫
f dµ0.
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Because this holds for every non-negative function f ∈ Cb(R+), we obtain

QM [w(Mν)]≤ µ0

for every M ∈N.

(b) Fix ε > 0. Because QM,N converges weakly to QM , we have

liminf
N→∞

QM,N [f ]≥QM [f ]

for every bounded lower semi-continuous function f : M(2)

1 → R (cf. [Bog07,
Corollary 8.2.5]). By Lemma 4.39 and Lemma 3.38 the function

M(2)

1 →R+

[X,r,ν](2) 7→Mν({x∈X |Mν(B(x,ε)< δ)})

is lower semi-continuous (and obviously bounded by 1). Therefore, we have

QM [Mν({x∈X |Mν(B(x,ε))< δ})]
≤ liminf

N→∞
QM,N [Mν({x∈X |Mν(B(x,ε))< δ})].

Using inequalities (E5.9) and (E5.10) we obtain

QM [Mν({x∈X |Mν(B(x,ε))< δ})]≤ P

(
1

M

M∑
l=1

f1,l(ε)≤ δ

)
. (E5.11)

(f1,l(ε))l≥2 is a sequence of exchangeable random variables. By de Finetti’s
Theorem (cf. [Ald85, Theorem 3.1]) there exists a random probability measure
Ξ with values inM1([0,1]) such that Ξ⊗∞ is a regular conditional distribution
of (f1,l(ε))l≥2 given σ(Ξ). In other words, (f1,l(ε))l≥2 is conditionally i. i. d. given
σ(Ξ). It follows that

1

M

M∑
l=2

f1,l(ε)
M→∞−−−−→E(f1,2(ε) |Ξ) =

∫
x dΞ(x)

almost surely (cf. [Ald85, Equation 2.24]). Fatou’s lemma yields

lim
δ↘0

limsup
M→∞

P

(
1

M

M∑
l=1

f1,l(ε)≤ δ

)
≤ lim
δ↘0

P
(∫

x dΞ(x)≤ δ
)

= P
(∫

x dΞ(x) = 0

)
= P(Ξ = δ0).

(E5.12)
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Since Ξ⊗∞ is the conditional distribution of (f1,l(ε))l≥2 given σ(Ξ), we have

P(f1,l(ε) = 0 for all l≥ 2 |Ξ = δ0) = 1.

It follows that

P(Ξ = δ0) = P(Ξ = δ0) ·P(f1,l(ε) = 0 for all l≥ 2 |Ξ = δ0)

= P(f1,l(ε) = 0 for all l≥ 2) .
(E5.13)

The latter probability is 0 by Lemma 5.8. Combining the inequalities (E5.11),
(E5.12) and (E5.13) yields our claim.
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Appendix A

Supplementary facts

A.1 Gromov-Hausdorff metric and topology

This section is a short overview over the Gromov-Hausdorff metric and topology. For
a comprehensive treatment of this topic we refer the reader to [BBI01, chapter 7].
Most of the results of this section are taken from this book.
First we define the Hausdorff distance between subsets of a fixed metric space.

Definition A.1 (Hausdorff metric)
Let E,F be subsets of a metric space (X,r). We define the Hausdorff distance between
E and F by

dXH (E,F ) := inf {ε > 0 |E ⊂B(F,ε) and F ⊂B(E,ε)} .

Sometimes we suppress the space X in our notation and write dH instead of dXH .

It is easy to show that dXH is a metric on the compact subsets of X. Thus, we have
a notion of distance and convergence for compact subsets of the same metric space.
Mikhail Gromov extended this notion to compact metric spaces which are defined on
totally different sets. His idea was to embed the spaces into a common metric space
and then measure the Hausdorff distance between the embeddings. Thereby, we get
a distance which measures how far compact metric spaces are from being isometric.

Definition A.2 (Gromov-Hausdorff metric)
Let Xc denote the isometry classes of the set

{(X,r) | (X,r) compact metric space with X ⊂RN }

and let [X,rX ], [Y,rY ]∈Xc. We define the Gromov-Hausdorff distance between [X,rX ]
and [Y,dY ] by

dGH([X,rX ], [Y,rY ]) := inf
Z,ϕX ,ϕY

dZH(ιX(X), ιY (Y )),

where the infimum is taken over all isometric embeddings ιX : X→Z, ιY : Y →Z into
a common metric space (Z,rZ).
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Recall that every compact metric space is complete and separable and thus Polish.
In light of Proposition 2.13 we see that the property X ⊂RN is not a restriction, since
any compact metric space is homeomorphic to a subset of RN.
It is shown in [BBI01, Theorem 7.3.30] that dGH is a metric on Xc. The topol-

ogy induced by dGH is called the Gromov-Hausdorff topology . By a slight abuse of
terminology we sometimes say that a set (or a sequence) of compact metric spaces
is relatively compact (or convergent) in the Gromov-Hausdorff topology, when the
corresponding set of isometry classes is relatively compact (or convergent).
It is easy to see that Gromov-Hausdorff convergence generalizes Hausdorff conver-

gence: If (Cn)n are compact subsets of a metric space (X,r) which converge to a
compact set C ⊂X with respect to the Hausdorff metric dXH , then [Cn, r] converges to
[C,r] in the Gromov-Hausdorff topology. The following lemma from [GPW09, Lemma
A.1] shows that this statement can be reversed: A convergent sequence in (Xc,dGH)
can always be isometrically embedded in a common metric space such that we have
dH convergence of the embedded sets.

Lemma A.3 (Embedding of dGH-convergent sequences)
Let [X,r], [X1, r1], [X2, r2], . . . be elements of Xc. The metric spaces [Xn, rn] converge
to [X,r] in the Gromov-Hausdorff topology if and only if there is a compact metric
space (Z,rZ) and isometries ι, ι1, ι2, . . . from X,X1,X2, . . . into Z, respectively, such
that

dZH(ιn(Xn), ι(X))→ 0.

In the remainder of this section we characterize relatively compact subsets of Xc.
Recall that a metric space (X,r) is called totally bounded if for every ε > 0 there is
a number Nε ∈ N such that X can be covered by Nε balls of radius ε. This notion
can be generalized to uniform totally boundedness of a set Γ of metric spaces, if the
number Nε is the same for all the metric spaces of Γ.

Definition A.4 (Uniformly totally bounded)
A set Γ of metric spaces is called uniformly totally bounded if

(a) there is a constant D> 0 such that diamX ≤D for all (X,r)∈ Γ,

(b) for every ε > 0 there is a positive integer Nε such that each (X,r) ∈ Γ can be
covered by at most Nε balls of radius ε.

Since a metric space (X,r) is compact if and only if X is totally bounded and
complete, it is not surprising that uniform totally boundedness is some sort of “uniform
compactness”. The following proposition is based on [BBI01, section 7.4.2].

Proposition A.5 (Characterization of relatively compact subsets of Xc)
A set Γ⊂Xc is relatively compact in the Gromov-Hausdorff topology if and only if Γ
is uniformly totally bounded.
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A.2 Semi-continuous functions

In this section we define and characterize semi-continuity. The definitions and state-
ments are based on [Bou89, section IV.6.2].

Definition A.6
Let X be a topological space and let f be a real-valued function on X. We say that f is
upper semi-continuous if for every point x0 ∈X and every ε > 0 there is a neighborhood
N of x0 such that

f(x)≤ f(x0) +ε

for every x ∈N . We say that f is lower semi-continuous if the function −f is upper
semi-continuous.

The semi-continuity of functions can be characterized in terms of nets and sequences,
as the following lemma shows.

Lemma A.7 (Characterization of semi-continuous functions)
Let X be a topological space and let f be a real-valued function on X. The following
are equivalent:

(a) The function f is upper semi-continuous.

(b) For every a∈R the set {x∈X | f(x)<a} is open in X.

(c) For every a∈R the set {x∈X | f(x)≥ a} is closed in X.

(d) For every x0 ∈X and every net (xα)α in X which converges to x0 we have

limsup
α

f(xα)≤ f(x0).

If X is first-countable, then in addition the following is equivalent to the previous
statements:

(e) For every x0 ∈X and every sequence (xn)n in X which converges to x0 we have

limsup
n

f(xn)≤ f(x0).

It follows that a function f is lower semi-continuous if and only if

liminf
α

f(xα)≥ f(x0)

for every x0 ∈X and every net (xα)α in X which converges to x0. Moreover, if X is
metrizable, we can replace nets by sequences.

115



Appendix A Supplementary facts

Proof (of Lemma A.7): The equivalence of (a), (b) and (c) can be found in [Bou89,
section IV.6.2].
(a) ⇒ (d): Let (xα)α be a net in X which converges to x0 ∈ X. It follows from

Definition A.6 that for every ε > 0 we eventually have f(xα)≤ f(x0)+ε. This implies

limsup
α

f(xα)≤ f(x0) +ε.

Since ε > 0 is arbitrary, this establishes (d).
(d) ⇒ (c): For a ∈ R define Aa := {x∈X | f(x)≥ a}. The set Aa is closed if and

only if the limit of every convergent net in Aa is also in Aa. Let (xα)α ⊂ Aa be a
convergent net with limit x0 ∈X. By the definition of Aa and (d) we obtain

a≤ limsup
α

f(xα)≤ f(x0)

and this shows that x0 ∈Aa.
(d) ⇒ (e): This is obvious since every sequence is also a net.
(e) ⇒ (c): If X is first-countable, then the set Aa is closed if and only if the limit

of every sequence in Aa is also in Aa. We can now proceed in the same way as we did
in the proof of “(d) ⇒ (c)” to obtain the result. �
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List of symbols

Throughout the whole thesis we use bold letters to denote tuples, vectors or matrices.
For instance, x denotes a tuple (or matrix) of points of a set X and µ denotes a tuple
(or matrix) of measures.
In this list of symbols we use the following dummy notation: (X,r) a Polish metric

space, Y a topological space, x ∈X, x ∈XN, A⊂X, ε,δ > 0, K ≥ 0, a,b ∈R, m ∈N,
n= (n1, . . . ,nm)∈Nm, f : X→ Y a measurable function, µ∈Mf (X), µ= (µ1,µ2, . . .)
a finite or infinite tuple of measures inMf (X), ν ∈Mf (Mf (X)).

Notation Description Page
List

� , �A Partial order on a directed set A 10
w−→ Weak convergence 15
{A Complement of the set A
1A Characteristic function of the set A
|A| Cardinality of the set A
|n| :=

∑m
i1
ni

[m] := {1, . . . ,m}
[n] := {(i,j) | i∈ [m], j ∈ [ni]}
‖ϕ‖∞ Supremum of a real-valued function ϕ
[X,r,µ] Metric measure space (mm space) 24
[X,r,ν](2) Metric two-level measure space (m2m space) 49
(X,r,ν)(2) Metric two-level measure triple (m2m triple) 48
f ◦g Concatenation of two functions f and g
f∗µ Push-forward of µ with respect to the function f 20
f∗∗ν Two-level push-forward of ν with respect to the

function f
20

µ :=

{
µ

m(µ) , µ 6= o

o, µ= o
, normalization of µ 16

µ := (µ1,µ2, . . .) for a (finite or infinite) tuple of mea-
sures µ

16

µ⊗n :=
⊗m

i=1µ
⊗ni
i ∈M(X |n|) for a finite tuple of mea-

sures µ
52

µ⊗∞ :=
⊗∞

i=1µ
⊗∞
i ∈M1(XN×N) for an infinite tuple of

measures µ
52

µ∗η Convolution of two measures µ,η ∈M1(R)
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List of symbols

Notation Description Page
List

(xn)n Short form of a sequence (xn)n∈N
(xij)ij Short form of an infinite matrix (xij)i,j∈N
(xα)α Short form of a net (xα)α∈A
X tY Disjoint union of X and Y

AN A certain compact subset of M(2) 91

B(X) Set of bounded Borel-measurable functions from X
to R

B(X) Set of Borel sets of X
B(x,ε) Open ε-ball around x
B(x,ε) Closed ε-ball around x
B(A,ε) :=

⋃
x∈AB(x,ε) = {y ∈X | r(A,y)< ε}, ε-environ-

ment of A

Cb(X) Set of bounded, continuous functions from X to R

Dm Set of (m-point) distance matrices 26
DN Set of infinite distance matrices 26
Dn Set of (n-point) distance arrays 62
DN×N Set of inifinite distance arrays 62
d2GP Two-level Gromov-Prokhorov metric 68, 86
dGH Gromov-Hausdorff metric 113
dGP Gromov-Prokhorov metric 34
dH Hausdorff metric 113
dP Prokhorov metric 15
dXP , d

(X,r)

P Prokhorov metric on Mf (X) (with respect to the
metric r)

15

δx Dirac measure at the point x

Exp(γ) Exponential distribution with parameter γ > 0
E(I) Set of equivalence relations on I 101

fK Density function used in the approximations fK ·ν 56
fK ·ν Approximation of the two-level measure ν via den-

sity
56

fi,l(t) Relative frequency of a block in the nested Kingman
coalescent

105

gK A function used in the approximations fK ·ν 56
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List of symbols

Notation Description Page
List

L(ξ) Law of a random variable ξ

M(X) Set of Borel-measurable functions from X to R
M(X) Set of Borel measures on X
Mf (X) Set of finite Borel measures on X equipped with the

Prokhorov metric dP

15

Mf (X,r) Set of finite Borel measures on (X,r) equipped with
the Prokhorov metric d(X,r)

P

MK(X) := {µ∈Mf (X) | µ(X) =K }, Borel measures on X
with mass K

16

M≤K(X) := {µ∈Mf (X) | µ(X)≤K }, Borel measures on X
with mass less or equal than K

16

Mf (Mf (X)) Set of finite Borel measures on Mf (X) (i. e. two-
level measures on X)

M Set of metric measure spaces 24
M1 Set of metric probability measure spaces 24
M(2) Set of metric two-level measure spaces 49
M(2)

1 Set of metric two-level probability measure spaces 49
Mν First moment measure of ν 52
Mm

ν m-th moment measure of ν 52
M∞ν Infinite moment measure of ν 52
Mn

ν n-mixed moment measure of ν 52
M∞,∞ν Infinite mixed moment measure of ν 52
m(µ) := µ(X), mass of the measure µ 16
m(µ) := (m(µ1),m(µ2), . . .) for the (finite or infinite) tuple

of measures µ
16

m∗ν Mass distribution of ν 55

N (I) Set of nested equivalence relations on I 101
N := {1,2, . . .}
N0 := {0,1,2, . . .}
N≥2 := {2,3 . . .}

o Null measure, which is 0 on all sets

P [f ] :=
∫
f dP , expectation of f with respect to a distri-

bution P

R,RX Distance map (on X) 27, 62
R+ := [0,∞)
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Notation Description Page
List

suppµ Support of the measure µ
σ(ξ) Sigma algebra of a random variable ξ

T (1) Set of mm-monomials (test functions on M) 29
T (2) Set of m2m-monomials (test functions on M(2)) 81
T (2)

1 Set of m2pm-monomials (test functions on M(2)

1 ) 65
τ2GP Two-level Gromov-Prokhorov topology on M(2) 87
τ ′2GP Two-level Gromov-Prokhorov topology on M(2)

1 68
τ2Gw Two-level Gromov-weak topology on M(2) 84
τ ′2Gw Two-level Gromov-weak topology on M(2)

1 66
τGP Gromov-Prokhorov topology on M 34
τGw Gromov-weak topology on M 30

Vδ(µ) Modulus of mass distribution of the measure µ 38

W(µ) Random distance distribution of the measure µ 39
w(µ) Distance distribution of the measure µ 37
w-limnµn Weak limit of a sequence (µn)n of measures

Ξm(x) := 1
m

∑m
i=1 δxi , m-th empirical distribution of the

sequence x
25

Ξ∞(x) :=

{
w-limnΞn(x), if the limit exists
o, else

, infinite em-

pirical distribution of the sequence x

25
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