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ISBN-10 3-9818074-6-4
ISBN-13 978-3-9818074-6-2
EAN 9783981807462



Vorwort

Die vorliegende Arbeit entstand während meiner Tätigkeit als wissenschaftlicher
Mitarbeiter am Institut für Mechanik an der Universität Duisburg-Essen im Rahmen
des durch die Deutsche Forschungsgemeinschaft (DFG) geförderten Forschungsprojekts
SCHR 570/12-2 (FOR 1509 “Ferroic Functional Materials”). Ich möchte mich an dieser
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Abstract

The present work focuses on the theoretical basics of mechanically coupled magneto-
electric properties and the simulation of composite materials in the framework of the
Finite Element Method. Since magneto- and electro-mechanically coupled materials find
applications in many technical devices and their fields of application could be improved
and extended through the magneto-electric coupling, the interest in such materials has
increased in the last decades. The goal of this work is the development of microscopically
motivated material models in order to reflect the experimentally measured magneto-
electric coupling behavior of two-phase composites as precisely as possible. Since the
effective properties not only significantly depend on the morphology of the underly-
ing microstructure, but also result from it, the material models were implemented in
the framework of a multiscale homogenization scheme, the so-called FE2-method. The
performed numerical examples demonstrate the accuracy of the different models used.
Furthermore, it is shown that additional defects, such as an increased porosity of the
composite, substantially influence the magneto-electric properties.

Zusammenfassung

Die vorliegende Arbeit befasst sich mit den theoretischen Grundlagen mechanisch ver-
mittelter magneto-elektrischer Kopplungseigenschaften und Simulationen von Kom-
positmaterialien im Rahmen der Finiten Elemente Methode. Da magneto- und elektro-
mechanisch koppelnde Materialien in vielen technischen Bauteilen Anwendung finden
und das Anwendungsfeld durch magneto-elektrische Kopplungen verbessert und erweit-
ert werden kann, ist in den letzten Jahrzehnten das Interesse an solchen Materialien
stark angestiegen. Ziel dieser Arbeit ist es, mikroskopisch motivierte Materialmodelle
zu entwickeln um das experimentell gemessene magneto-elektrische Kopplungsverhalten
von Zwei-Phasen-Kompositen so exakt wie möglich widerzuspiegeln. Da diese effektiven
Eigenschaften nicht nur stark von der Morphologie der Mikrostruktur abhängen son-
dern ebenfalls daraus resultieren, werden die Materialmodelle im Rahmen eines multi-
skalen Homogenisierungsverfahrens, der sogenannten FE2-Methode, implementiert. Die
durchgeführten numerischen Beispiele zeigen die Genauigkeit der verwendeten unter-
schiedlichen Modelle. Weiterhin wird gezeigt, dass zusätzliche Störungen, wie beispiel-
sweise eine erhöhte Porosität des Komposites, die magneto-elektrischen Eigenschaften
stark beeinflussen können.
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Introduction and Motivation 1

1 Introduction and Motivation

Smart materials are used in many modern technical devices. They are capable of changing
one of their properties due to the stimulation of another. An example are piezoelectric
materials, which can change their shape due to an externally applied electric field. There
are many further smart materials which couple two material properties. Magnetostrictive
materials perform a deformation caused by an applied magnetic field or magnetize due to
mechanical stresses. A change in temperature depending on a magnetic field is observable
in magnetocaloric materials or magnetic shape memory alloys change their shape under
the influence of magnetic fields. Due to the coupling between different material proper-
ties, smart materials are used in a variety of technical applications. In the following we
take a closer look at ferroic materials, which can have ferroelastic, ferroelectric, ferromag-
netic and/or ferrotoroidic properties. The diagram shown in Figure 1.1 depicts possible
interactions of different fields of ferroic materials. Piezoelectric materials respond with
a deformation ε due to an applied electric field E. Otherwise they exhibit a change in
the dielectric displacement D by an applied pressure σ on the body. The ferroelectric
hysteresis is used in ferroelectric memories. The piezoelectric effect is used in hearing aids
with piezoelectric transducers or piezo-inline injection systems in automobile engines and
all ultrasonics.
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Figure 1.1: Heckmann diagram for functional materials. The magneto-electric coupling of
single-phase materials is highlighted with a red line and the strain-induced magneto-electric
coupling of composite materials with blue lines.

Additional to ferroelectric devices, magnetic and ferromagnetic components are also fre-
quently used in technical applications. Magnetic materials are employed in data storage
devices, where microscopic magnetization directions are used to store the information. The
coupling in ferromagnets is given between magnetic fields and mechanical deformations.
An applied magnetic field H yields a deformation of the body, also called magnetostric-
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tion, and an applied pressure causes a magnetic induction B. Such materials are for
example used as magnetostrictive linear position sensors. A further special phenomenon
which has gained particular attention in the last decades is magneto-electric (ME) cou-
pling. This property is characterized by an interaction between magnetic and electric
fields and is investigated in more detail in the framework of the present doctoral thesis.
Materials which combine two or more ferroic characteristics are called multiferroic. If an
electric field is applied to such a magneto-electric multiferroic, this material responds with
a change in magnetization. On the other hand an applied magnetic field causes a change
of the electric polarization. Such ME multiferroics allow for new applications in sensor or
actuator technology, high-end equipment for automobile, aircraft and spacecraft, medical
and information technology. One example is a Magneto-Electric Random Access Mem-
ory (MERAM), see Eerenstein et al. [41], Spaldin and Fiebig [196], Vopsaroiu

et al. [213] or Bibes and Barthélémy [19].
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Figure 1.2: Illustration of a Magneto-Electric Random Access Memory (MERAM), adopted
from Bibes and Barthélémy [19].

This data storage device can combine the advantages of Ferroelectric Random Access
Memories (FeRAMs) and Magnetic Random Access Memories (MRAM). Typically, mag-
netic storage devices are characterized by their better access time but also by a high
writing energy. The idea is to combine the positive properties of FeRAMs and MRAMs
through the construction of multiple layers, which is illustrated in Figure 1.2. On the top,
two separated magnetic layers (blue) change their resistance according to their relative
spin orientation. Either the magnetic layers are magnetized in the same direction or they
are magnetized in the opposite directions. Thus, the information is stored as a binary code.
Due to this construction the better access time of magnetic memories is used. In order to
avoid high writing energies, the advantage of FeRAMs is used, by writing the information
through an electric voltage applied across the multiferroic ferroelectric-antiferromagnetic
layer (green) below the bottom magnetic layer. An applied electric field switches the direc-
tion of the polarization in the multiferroic layer. Due to the magneto-electric coupling its
magnetization direction is also changed accordingly, which influences the magnetization
direction of the bordering magnetic layer. Therefore, the information is written due to a
polarization change which requires a lower writing energy. A further technical application
of the magneto-electric coupling is the magnetoencephalography. Human brain activity
can be recorded by measuring small magnetic fields which are produced by natural electric
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currents inside the brain. Such non-invasive investigations are highly preferred in order to
protect the sensitive brain from invasive measurements. However, the natural magnetic
field strengths are extremely small and only measurable by so-called superconducting
quantum interference devices (SQUIDs). Due to quantum mechanical reasons, which are
not described here in detail, only a magnetic field strength which is a multiple of the
magnetic fluxon can flow through a superconducting material. With the help of electri-
cal contacts the jumps of the magnetic field strengths are observed through measurable
electric voltages. The brain activity can be captured without loss of time and can be spa-
tially allocated due to the helmet shape of the device, which is placed around the human
head. However, to obtain superconducting properties the used magnetic material has to be
cooled down to extremely low temperatures between about 9 K and 40 K (-264.15◦ C and
-233.15◦ C). Therefore, liquid helium is used for the cooling process, which requires elab-
orate constructions and high operating cost. A financial and manufacturing advantage of
such devices could be given by magneto-electric materials. However, the magneto-electric
coupling in ME single-phase materials is weak and mostly occurs at cryogenic temper-
atures, which makes it unfavorable for most technical applications. Thus, the idea is to
manufacture composite materials, which obtain their magneto-electric coupling due to the
interaction of the constituents. Such composites can operate at room temperature and do
not require cryogenic cooling as well as show a sensitivity to very low magnetic fields, see
Scott [190]. In the framework of the present contribution the magneto-electric coupling
coefficient is determined through numerical simulations. With appropriate material mod-
els, which reflect the realistic behavior of the individual constituents, the effective proper-
ties are calculated with a two-scale homogenization approach. The results are compared
with experimental measurements and an evaluation of different approaches for material
models is given. The document is structured as follows:

• Chapter 2 gives a brief introduction to the basic relations in magneto-electro-
statics and the fundamental electric and magnetic quantities. Its properties and the
influences between them are described with the four Maxwell Equations and the
electromagnetic Lorentz force.

• Chapter 3 introduces the continuum mechanical basics, which are necessary for the
simulations of the materials in the framework of the Finite Element Method (FEM).
Here, the basics are restricted to the linear theory and the fundamental principles
of the balance laws are explained. In view of magneto-electro-mechanically coupled
problems, a general thermodynamic framework is derived and several thermody-
namic potentials are provided for the description of coupled systems.

• In Chapter 4 the properties of different kinds of ferroic materials are described.
For the understanding of these phenomena we also consider the origin of magnetism
which includes some aspects of quantum mechanics. Such fundamentals are also
important to describe the ME coupling in single-phase materials and to answer
the question why ME single-phase materials are so rare in nature. As an alterna-
tive, possible structures of composite materials are shown, which outperform the
magneto-electric characteristics of single-phase materials.

• In order to perform numerical simulations of such ferroic and composite materials,
Chapter 5 outlines the Galerkin-method based on the principle of virtual work.
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The weak formulations and its linearizations are derived with respect to magneto-
electro-mechanically coupled boundary value problems. Then the Finite Element
Method is used and additional treatments, such as the isoparametric concept and
the discretizations of the weak forms and linearizations are discussed.

• Chapter 6 starts with an overview of possible homogenization procedures. In the
framework of this contribution we derive a two-scale Finite Element homogeniza-
tion scheme, the so-called FE2-method, for magneto-electro-mechanically coupled
problems. Two boundary value problems, one on the macroscale and the other on
the microscale, are solved with the FEM and connected via scale bridging. Thereby,
the influence of the microscopic morphology on the macroscopic effective proper-
ties is inspected. Since the magneto-electric coupling significantly depends on the
microstructure, the FE2-method is a suitable tool to investigate such effects.

• Further important influences on the ME properties are the material models used. In
Chapter 7 different approaches are shown to approximate the electro-mechanical
and magneto-mechanical materials. We start with the derivative of a linear model
for both phases, then derive a nonlinear magnetostrictive material model, ex-
tend a ferroelectric/ferroelastic switching model based on a switching criterion to
the magneto-electro-mechanical case and finally derive a three-dimensional magne-
tostrictive Preisach model.

• The influence of the different material models on the ME coupling is demonstrated
in Chapter 8 by performing several numerical examples with different combina-
tions of the implemented models. The resulting magneto-electric coefficients are then
compared with experimental measurements. Furthermore, additional effects are in-
vestigated, such as the influence of the microscopic morphology, the effect of applied
mechanical stresses as well as the influence of defects at the interface between the
composite constituents.

• Chapter 9 concludes the document and gives a short outlook on future work.
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2 Brief introduction to electro-magneto-statics

The following section gives a brief introduction to the basic relations of electro-magneto-
statics, which are used to describe the considered ferroelectric and ferromagnetic material
properties. We start with the introduction of the fundamental equations of electric and
magnetic fields in vacuum, which includes moving charges and thus time dependent ef-
fects. However, since we do not consider free charge carriers in the materials, the necessary
time independent electro-magnetic relations in matter are described. For a detailed ex-
planation of the fundamental magneto-electric equations we refer to Frohne [53], Jiles
[85], Lehner [122] and J.D.Jackson [84].

2.1 Electric and magnetic fields in vacuum

Two different electric loading states are known, the positive and negative electric charge.
Only the elementary particles can be charged either positively or negatively and are called
protons (+e) or electrons (−e), respectively. The absolute value of their amount of charge
is called the elementary charge

e = 1.602 · 10−19 C , (2.1)

where the unit Coulomb is denoted by the symbol C and defined by the amount of electric
charges that pass one point in one second s due to the electric current of one Ampere
A, with C = As. If a body is electrically charged, its amount of charge is thus always a
multiple of the elementary charge e. Considering two charges with two different or equal
charge states a force is acting between them. In the case of equal charges they repel each
other, whereas for different charge states both charges attract each other. The force acting
on a charge q is described by the Lorentz force FL and is defined as

FL = qE + qv ×B (2.2)

with the electric field E, the velocity vector v of the point charge q and the vector of
magnetic induction B. We first consider in more detail the first part of the Lorentz force
F C

L = qE, which is also denoted as the Coulomb force and describes the influence due
to an electric field. This part of the Lorentz force is proportional to the square of the
distance between two electric charges qi and qj as

F C
L,ij =

qiqj
4πǫ0 r2

ij

rij

‖rij‖
(2.3)

with the vector rij pointing from the location of one charge to the position of the other
charge, such that the norm ‖rij‖ denotes the distance and rij/‖rij‖ the unit vector be-
tween both charges. The factor 1/(4πǫ0) is also denoted as the electrostatic constant
with the permittivity of free space ǫ0 = 1/(µ0c

2), including the vacuum permeability
µ0 = 4π · 10−7N/A2 and the speed of light c resulting in ǫ0 ≈ 8.854 · 10−12. The phe-
nomenon of the electrical part of the Lorentz force can be observed in an electric circuit,
where the electrons move through the wire from the negative electric pole to the positive
electric pole. Furthermore, the influence of a single point charge q on another point charge
can be expressed with the electric field as

E =
F C

L

q
=

q

4πǫ0 ‖r‖2
r

‖r‖ . (2.4)
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The definition of the latter equation means that the charge q generates the electric field
strength E at a point with distance ‖r‖ and is therefore independent of the other point
charge. The work which is needed to move an electric point charge over an infinitesimal
distance is given by

dW = −F C
L · ds = −qE · ds , (2.5)

with the amount of work over the distance l as

W = −
∫

l

F C
L · ds = −q

∫

l

E · ds . (2.6)

By considering a closed path of the electron movement for time independent states, then
the amount of work which is needed to move the point charge from one position of the
path to an arbitrary other position is equal to the amount of work which is needed to
move the electron back to the initial position on another path, such that we obtain the
following relation ∮

E · ds = 0 or curlE = 0 . (2.7)

It has to be emphasized that the latter relation holds for time independent (static) states,
which are assumed in this work. However, for time dependent processes the rotation of E
is not equal zero, which can be seen later in the Maxwell equations.
The work between a starting point r0 and an arbitrary point r can also be described by
an electric potential φ as

φ(r) = −
r∫

r0

E(r) · ds . (2.8)

Then the potential difference between two points r1 and r2 is given by

φ2 − φ1 = −
r2∫

r0

E · ds+

r1∫

r0

E · ds = −
r2∫

r1

E · ds (2.9)

resulting in the expression for the electric field

E = −gradφ . (2.10)

For the explanation of the second part of the Lorentz force we have to introduce the
magnetic induction B, which is also called the magnetic flux density, and take a closer
look at its definition in the following. For simplicity, we consider the generation of the
magnetic induction in vacuum or simply in air and take a closer look at the magnetic
induction in matter in Section 2.2. Then a point charge q with the velocity vector v

produces a magnetic field H and a magnetic induction in free space as

H =
1

4π

qv × r/‖r‖
‖r‖2 and B =

µ0

4π

qv × r/‖r‖
‖r‖2 with B = µ0H (2.11)

with the radius r describing the distance between the point charge and the produced
point of application of the magnetic induction. Here it has to be emphasized that the
latter equations for B are valid for the free space. The resulting magnetic induction
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Figure 2.1: (a) Magnetic field produced by moving charge carriers in a straight wire. (b)
Superposition of multiple magnetic field lines in a circular conductor loop.

vector is perpendicular to the velocity vector of the point charge and the unit vector of
the radius, with r/‖r‖, see Figure 2.1(a).

This means that an electron moving in one direction produces a magnetic induction in
form of concentric circles around the directional movement. Furthermore, the norm of the
magnetic induction B is proportional to the point charge q and the norm of the velocity
v. Based on the angle θ between the velocity vector and the displacement vector r the
magnetic induction is proportional to sin(θ), such that the magnetic induction vanishes in
the direction of the velocity vector. Additionally, the magnetic induction decreases with
the quare of the norm of the distance. If we now consider a number n of point charges
in a cross section A and in an infinitesimal part dl of a conductor, which displays the
moving direction of the point charge, as

qv nA dl = Idl , (2.12)

we obtain with the electric current density J = nqv and the strength of the electric
current

I =

∫

A

J · dA . (2.13)

With the integration over the cross section of the conductor, the incremental expression
of the magnetic induction is given as

dB =
µ0

4π

Idl× r/‖r‖
‖r‖2 . (2.14)

The latter equation is denoted as the Biot-Savart law. In the following we want to
consider the resulting magnetic field in the center of a conductor loop. Since the resulting
field at an observed position is perpendicular to the point charge movement and the
displacement vector between the point charge and the observed position, for the center of
the conductor loop the magnetic induction results in

dB =
µ0

4π

Idl sin(θ)

‖R‖2 (2.15)



8 Brief introduction to electro-magneto-statics

with the vector of radius R of the conductor loop and the angle θ between dl and R.
Then, the vector of the magnetic induction points along the axis of the conductor loop.
After the integration over the complete conductor loop, where sin(θ) = 1 at every position
in a circular loop, we obtain the overall magnetic induction in the center of the loop as

B =

∮
dB =

µ0

4π

I

‖R‖2
∮

dl =
µ0

4π

I 2πR

‖R‖2 =
µ0I

2R
(2.16)

with the circumference of the conductor loop
∮
dl = 2πR. In order to determine the

magnetic induction produced by a conductor loop at a position with the distance r to the
incremental part of the conductor, we obtain

|dB| = µ0

4π

I

∣∣∣∣dl ×
r

‖r‖

∣∣∣∣
‖r‖2 . (2.17)

However, a summation of dB over all increments of the conductor loop shows that inside
the loop only a remaining magnetic induction in the direction of the axis (here, x-axis)
remains, in this case

dBx =
µ0

4π

Idl

(x2 +R2)

R√
x2 +R2

=
µ0

4π

Idl

(x2 +R2)3/2
, (2.18)

where the distance to the point of interest r now depends on the radius of the conductor
loop with r =

√
x2 +R2. The integration over the complete conductor loop yields

Bx =

∮
µ0

4π

IR

(x2 +R2)3/2
dl =

µ0R
2I

2(x2 + R2)3/2
. (2.19)

In an electromagnetic coil the generated magnetic field is a result of the superposition
of multiple magnetic fields of layered conductor loops. Then, the magnetic field strength
depends on the number of coils of the wire within an incremental length and the current
intensity.
With the definition of the magnetic induction the second part of the Lorentz force includ-
ing the cross product qv×B can be explained. Then the force is proportional to the point
charge q, the velocity vector v and the vector of the magnetic induction. As described
with the cross product the Lorentz force acts perpendicular to the velocity vector and
the magnetic induction. For a positive and a negative point charge +q and −q moving
with the same velocity vector, the lorentz forces point in their opposite directions. With
the definition of the Lorentz force, which is produced by a moving charge q1 and acts on
another point charge q2, the magnetic force can be determined as

F12 = q2v2 ×B1 = q2v2 ×
(
µ0

4π

q1v1 × r12/‖r12‖
‖r12‖2

)
, (2.20)

where B1 denotes the magnetic induction produced by point charge q1 at the position of
the point charge q2, F12 the force acting from point charge q1 on point charge q2 and r12
the distance between both particles. Simultaneously, the force produced by point charge
q2 acting on q1 is given as

F21 = q1v1 ×B2 = q1v1 ×
(
µ0

4π

q2v2 × r21/‖r21‖
‖r21‖2

)
. (2.21)
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The direction of the lorentz force for positive point charges +q can be determined with the
right-hand rule. Then, the forefinger points into the direction of the velocity vector, the
middle finger in the direction of the magnetic induction and the thumb in the direction of
the resulting lorentz force. For negative point charges the left hand can be taken using the
same principle. If we consider an electric conductor of the length l and the cross section A
with the number of point charges n in an magnetic induction B and neglect the influence
of electric fields, then we obtain the lorentz force density as

fL = (qv ×B)nA l , (2.22)

where we neglect the electric part of the lorentz force due to the fact that no electric fields
are present in this example. With the electric current density J = nqv we obtain

fL = JA l ×B . (2.23)

With the strength of electric current

I =

∫

A

J · dA (2.24)

we get the relations

fL = Il×B and dfL = Idl×B , (2.25)

where the second relation is a generalized incremental statement considering an infinites-
imal small part of the electric conductor.

2.2 Electric and magnetic fields in matter

For the consideration of the electric and magnetic fields in matter, further quantities
depending on material properties have to be defined. First, we take a closer look at the
magnetic induction B. A moving electric charge generates a magnetic field and using
the magnetic permeability a magnetic induction in a medium. Therefore, the magnetic
induction depends on the corresponding material properties, where the magnetic field is
present. The relation between the magnetic field and the relative magnetic permeability
µr = µ̂r(H) of the material is given as

B = µ0µr ·H = µ0(I + χm) ·H = µ0(H + χm ·H) = µ0H +M (2.26)

with the magnetic susceptibility χm = χ̂m(H) describing the magnetizability and M =
M̂(H) the magnetization of the material. Different notations are used in literature for the
representation of the magnetic induction. In order to get an analogous representation to
the dielectric displacement we use the representation in Equation (2.26), see also the work
of Scholten [179] to this topic. Depending on the material properties the magnetizability
of different substances can vary largely. In case of a vacuum, which is not magnetizable,
χ completely vanishes and the magnetic induction only depends on the magnetic field
and the vacuum permeability with B = µ0H . Additionally, some materials can modify
the ratio between the applied magnetic field and the resulting magnetic induction in the
medium, such that the magnetic induction can be smaller or larger than the applied
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field. These materials can be distinguished with the magnetic susceptibility and thus the
magnetic permeability. For instance in water, copper or silver, the magnetic susceptibility
is between −1 < χm < 0. With the relation B = µ0H + µ0χm · H it can be seen
that the magnetic induction inside such materials is lower than in the surrounding area.
Furthermore, the created magnetic induction is in opposite direction to the applied field
so that the material is repelled by the magnetic field.

Magnetic field H

M
ag
n
et
ic

in
d
u
ct
io
n
B

µp

µ0

µd

µf

Figure 2.2: Resulting magnetic induction with respect to an applied magnetic field in differ-
ent magnetic materials, where the magnetic permeability is denoted as µf for ferromagnetic
materials, µp for paramagnetic materials, µ0 for vacuum and µd for diamagnetic materials.

Such materials have so-called diamagnetic properties. A special case are superconducting
materials with a magnetic susceptibility ofχm = −1. Then inside the material no magnetic
field is present. Figure 2.2 depicts simplified relations between the applied magnetic field
and the resulting magnetic inductions in the corresponding materials, where the magnetic
permeability is denoted as µf for ferromagnetic materials, µp for paramagnetic materials,
µ0 for vacuum and µd for diamagnetic materials. If the susceptibility is slightly larger
than zero with χm > 0 the material shows a small magnetization in the direction of
the applied field. Such materials are called paramagnetic materials and show a linear
behavior between the applied field and the resulting magnetization. If the susceptibility
is significantly larger than 1 with χm >> 1, which is the case in ferri-, antiferro- and
ferromagnetic materials, a nonlinear increase of the magnetic induction with respect to
the applied field is observable. Additionally, a remaining (remanent) magnetization is
present after removing the magnetic field. Further characteristics of the different kinds of
magnetic materials and the origin of their properties are discussed in detail in Section 4.1.

Analogously to the magnetic induction we have to introduce the dielectric displacement
D, which describes the polarization of a material depending on the electric permittivity
ǫ as

D = ǫ ·E , (2.27)

where the electric permittivity can be decomposed into ǫ = ǫ0ǫr. Here, ǫ0 is the vacuum
permittivity and ǫr the relative permittivity such that we obtain

D = ǫ0ǫr ·E = ǫ0(1+ χe) ·E = ǫ0E + ǫ0χe ·E (2.28)

with the electric susceptibility χe. This quantity describes the current polarization state
of the material depending on the applied electric field, such that we obtain

D = ǫ0E + P . (2.29)
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The polarization P = P̂ (E) of the material is generated by charge carriers. At this point
we have to differentiate between the density of free charge carriers ρf and the density of
bound charge carriers ρb. Free charge carriers can be free electrons or for example ions
which move through electrolytes. Bound charge carriers however are for example ions
which are fixed in the lattice structure and a possible displacement of the positive and
negative charge centers produce a polarization of the crystal. The determination of the
divergence of Equation (2.29) yields an expression depending on the free ρf and bound
ρb charge carrier densities as

div(ǫ0E) = ρ ⇔ div(ǫ0E) = ρf + ρb ⇔ ρf + ρb = divD − divP (2.30)

such that we obtain the two relations

divD = ρf and divP = −ρb , (2.31)

where Equation (2.31)1 is one of the four Maxwell equations and known as the Gauss law
of electrostatics. In this thesis, I consider the dielectric material barium titanate with
very low doping level, which has no electrically conducting properties at or near room
temperature such that approximately no free charge carriers are present in the material
resulting in the following expression for the divergence of the dielectric displacement

divD = 0 . (2.32)

2.3 Maxwell Equations

As shown in the expression of the Biot-Savart law in Equation (2.14) a moving point
charge produces a magnetic induction in form of concentric circles around the moving
direction of this point charge. Such circles can be described by a rotation of a vector
field with the curl-operator curl(•). Furthermore, the rotation of the vector field can be
associated with the strength of the electric current with Ampère’s circuital law

curlH = J (2.33)

with the vector of current density J . However, in Equation (2.33) the time independent
state is considered. For the time dependent case the change of the current density with
time

J = ρf nv (2.34)

and the time dependent change of the dielectric displacement ∂D/∂t are taken into ac-
count resulting in the 1. Maxwell Equation as

curlH = J +
∂D

∂t
. (2.35)

Additional to the coherence between a change of the dielectric displacement and the mag-
netic field, we can also observe a correlation between a change of the magnetic induction
in time and the resulting electric field as

curlE = −∂B
∂t

. (2.36)
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The latter equation is called the 2. Maxwell Equation and is also known as the electro-
magnetic induction, which was first discovered in 1831 by the English scientist Michael
Faraday. It describes the induction of electric currents in a material by applying a mag-
netic induction which changes in time.
The 3. Maxwell Equation, also denoted as the Gauss law of magnetostatics, states that
the divergence of the magnetic induction is equal to zero as

divB = 0 . (2.37)

From the physical perspective, the latter equation shows that the magnetic field lines have
no sources and sinks and therefore as a consequence that no magnetic monopols exist.
It is often stated in literature, that the magnetic field lines are closed or run to infinity.
However, there are indeed some examples which show that magnetic field lines are neither
closed nor run to infinity, see Lehner [122](chapter 5.11.2) for an example.
In contrast to magnetism where no magnetic monopols exist, the electric field lines depend
on electrically charged monopols. We differentiate between the density of free charge
carriers ρf and the density of bounded charge carriers ρb, where we obtain the relation

divD = ρf , (2.38)

which is known as the 4. Maxwell Equation or the Gauss law of electrostatics. The
following Table 2.1 summarizes the four Maxwell equations and their physical description.

Maxwell Equation equation physical description

1. Maxwell equation
curlH = J +

∂D

∂t

The rotation of the magnetic field
(Ampère’s circuital law) can be associated with the strength

of the electric current.

2. Maxwell equation
curlE = −∂B

∂t

A temporally changing field of the
(Faraday’s law of induction) magnetic flux density generates an

electric eddy current field.

3. Maxwell equation
divB = 0

No magnetic sources and sinks
(Gauss law of magnetostatics) (solenoidality) and therefore

no magnetic monopols exist.

4. Maxwell equation
divD = ρf

The source of the electric field
(Gauss law of electrostatics) is the free electric charge.

Table 2.1: Summary of the four Maxwell equations with their physical description.

Since we in the framework of the present contribution performed time independent sim-
ulations and neglected free charge carriers in the materials, we use the following two
relations

divD = 0 and divB = 0 . (2.39)
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2.4 Maxwell Stress Tensor

In classical small strain continuum mechanics, where purely mechanical boundary value
problems are taken into account, the stress tensor σmech depends on the mechanical
deformations ε. However, by considering electromagnetic boundary value problems, it can
be necessary to take into account electromagnetic forces which influence the stress tensor.
The so called Maxwell stress tensor σmaxw represents the influence of the electromagnetic
force on the stress tensor as

σ = σmech + σmaxw . (2.40)

For the derivative of the Maxwell stresses we start with the definition of the Lorentz force
FL for a single point charge

FL = q(E + v ×B) with FL =

∫

B

fL dv . (2.41)

Here, the volume of a single charge carrier is used. More generally, if multiple charge
carriers per volume are taken into account, we consider the charge density ρf and the
resulting current density J = ρf nv and obtain the Lorentz force density fL as

fL = ρfE + J ×B . (2.42)

For the following numerical reformulation of the latter equation we consider the first
Maxwell equations with J = curlH − ∂tD and the fourth Maxwell equation and obtain

fL = (divD)E + (curlH ×B)−
(
∂D

∂t
×B

)
. (2.43)

The last term of the previous equation can be expressed using the product rule

∂

∂t
(D ×B) =

∂D

∂t
×B +D × ∂B

∂t
⇔ ∂D

∂t
×B =

∂

∂t
(D ×B)−D × ∂B

∂t
(2.44)

such that the Lorentz force density results in the following equation

fL = (divD)E + (curlH ×B)− ∂

∂t
(D ×B) +D × ∂B

∂t
. (2.45)

Now we take into account the second Maxwell equation curlE = −∂tB, the relation
curlH × B = −B × curlH and add the term (divB)H = 0. After some algebraic
modulations we obtain the following expression of the Lorentz force density as

fL = [(divD)E −D × curlE] + [(divB)H −B × curlH ]− ∂

∂t
(D ×B) . (2.46)

In order to get rid of the curl-operator, we apply the next reformulation for the electric
field and analogously to the magnetic field as

curlE = ∇×E ⇔ D ×∇×E = (gradE)TD − (gradE)D . (2.47)

Then the Lorentz force density results in

fL = [(divD)E − (gradE)TD + (gradE)D]

+[(divB)H − (gradH)TB + (gradH)B]− ∂

∂t
(D ×B) .

(2.48)
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The last two modulations div(E ⊗ D) = (divD)E + (gradE)D and (gradE)TD =
1
2
ǫ0div(‖E‖2)I with D = ǫ0E as well as B = µ0H and the analogous modulations for

the magnetic quantities yield the final expression of the Lorentz force density as

fL = ǫ0div

[
E ⊗E − 1

2
‖E‖2I

]

︸ ︷︷ ︸
divσmaxw

elec

+µ0div

[
H ⊗H − 1

2
‖H‖2I

]

︸ ︷︷ ︸
divσmaxw

magn

− ∂

∂t
(D ×B) , (2.49)

where the first and second term represent the divergence of the electric and magnetic part
of the Maxwell stresses, respectively. With the correlation of the Lorentz force density
and the Maxwell stresses as fL = divσmaxw we obtain the Maxwell stresses as

σmaxw = ǫ0

[
E ⊗E − 1

2
‖E‖2I

]
+ µ0

[
H ⊗H − 1

2
‖H‖2I

]
. (2.50)

However, the Maxwell stresses become important in materials with moving charge carriers
or in order to incorporate magnetic or electric body forces. In dielectric materials, such
as barium titanate used in the investigated composites, the maxwell stresses are less
important and have only a small impact on the overall stresses. Thus, the Maxwell stresses
are not regarded in the performed numerical simulations in the framework of this doctoral
thesis. The Maxwell stresses are indeed important in, for example, magnetorheological
elastomers or electroactive polymers (EAPs), where magnetic forces between particles or
moving ions are responsible for the deformations of the body, see for example Keip and

Rambausek [94].
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3 Introduction to continuum mechanics

Every material consist of atomic particles and is characterized by its microstructural
properties. Theories considering the material structure on the atomic level are molecular
and atomistic theories. In contrast, continuum mechanics considers the material as a
macroscopic body supposed to have a continuous distribution of matter and the proper-
ties are described by a few quantities. Thus, the body is considered as an average of the
properties of much smaller scales. In the framework of continuum mechanics we investi-
gate the kinematics, describing the motion and deformation of the body, the concept
of stress, and the balance principles governing the fundamental laws of physics. Since
the present contribution considers small deformations of the bodies, only the geomet-
rically linear theory of solid mechanics will be presented. For a detailed description of
continuum mechanics the reader is referred to Eringen and Maugin [43], Holzapfel

[70], Truesdell and Noll [209], or Wriggers [221].

3.1 Kinematics of continuum bodies

Each considered body B0 ∈ R3 consists of a set of material points, whereas the individ-
ual points can be characterized by the position vector X in the undeformed (reference)
configuration. We are furthermore interested in the description of the deformations of the
body, such that we additionally introduce a deformed (current) configuration, where the
material points are described by the position vectors x. The new positions of the material
points are then described by the transformation

x = ϕ(X) . (3.1)

Furthermore, the displacement which each particle undergoes is described by the displace-
ment vector u as

u = x−X . (3.2)

Since we are not only interested in the current position of each particle, but also on the
deformation of the body, which can be described by the distances between neighboring
particles, we determine the deformation gradient F with

F =
∂x

∂X
=
∂X

∂X
+
∂u

∂X
= 1+∇u (3.3)

with the identity tensor 1 and the gradient-operator ∇ with respect to X. Using the
deformation gradient F the mappings from the reference configuration to the current
configuration of an infinitesimal line element dX, an infinitesimal area element dA and
an infinitesimal volume element dV can be determined with the following transformations

dx = F · dX , da = det[F ]F−T · dA and dv = J dV with J = det[F ] . (3.4)

In the latter equation J denotes the Jacobian determinant. The deformation gradient
can be multiplicatively decomposed into a rotation tensor R and a left and right stretch
tensor V and U , respectively, as

F = R ·U and F = V ·R . (3.5)
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Based on the square of the deformation gradient we define the right and left Cauchy-Green
tensor as

C = F T · F and b = F · F T , (3.6)

which include no rigid body motions due to the orthogonal properties of the rotation
tensor with R−1 = RT and the properties detR = 1 and R · R−1 = 1. With the right
Cauchy-Green tensor C we can determine the Green-Lagrange strain tensor as

E =
1

2
(C − 1) =

1

2
(∇u+∇Tu+∇Tu · ∇u) . (3.7)

Since we only consider bodies undergoing small deformations, the higher order terms can
be neglected, such that the linear strain tensor ε is defined as

ε =
1

2
(Gradu+GradTu) . (3.8)

3.2 Concept of stress

If a statically supported body is loaded with external mechanical forces the body reacts
with deformations and internal stresses. Such stresses can be determined in arbitrary
cross-sections of the body. Depending on the orientation of the cross-section, with the
normal vector n, we introduce the traction or stress vector t with the so-called Cauchy
theorem as

t = σ · n (3.9)

with the Cauchy stress tensor σ. This stress tensor is independent of the orientation of
the cross-section and is defined as

σ = t⊗ n =



σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33


 ei ⊗ ej . (3.10)

The Cauchy stress tensor represents the stresses associated to the current configuration.
Since the simulations in this doctoral thesis are restricted to small deformations, further
stress quantities are not described.

3.3 Balance of mass

The balance of mass states that the mass of a considered body is constant and the amount
of the material entering and leaving the system has to be the same. In the framework of
this work we consider closed systems and the conservation of mass implies that mass can
not be created or destroyed, such that the mass change over time is equal to zero as

m =

∫

B

ρ dv with m = const. and ṁ =
d

dt

∫

B

ρ dv with ṁ = 0 . (3.11)

With the material time derivative, the volume mapping dv = JdV and the time derivative
of the Jacobi-determinant with J̇ = Jdivẋ we obtain

ṁ =

∫

B

ρ̇+ ρ divẋ dv . (3.12)
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Since the balance law is also valid for each individual part of the considered body we
formulate the local form of the balance of mass as

ρ̇+ ρ divẋ = 0 (3.13)

with the velocity ẋ = ∂tx of a material point at the position x.

3.4 Balance of linear momentum

The balance of linear momentum postulates that the change over time of the linear mo-
mentum I of a system is equal to the external forces k acting on the considered body
with the statement

İ = k with I =

∫

B

ρ ẋ dv and İ =

∫

B

ρ ẍ dv (3.14)

using the local form of the balance of mass (3.13). The external forces include the body
forces

∫
B
f dv acting on the entire body as well as traction forces

∫
∂B

t da operating on
the boundary of the body with

k =

∫

B

f dv +

∫

∂B

t da . (3.15)

With Cauchy’s theorem and the divergence theorem the balance of linear momentum is
given as ∫

B

ρ ẍ dv =

∫

B

f dv +

∫

B

divσ dv (3.16)

with the following local form of the balance of linear momentum

divσ + f − ρ ẍ = 0 . (3.17)

3.5 Balance of angular momentum

The balance of angular momentum states that the time derivative of the angular momen-
tum H0, with respect to the fixed point of origin (0), of a body is equal to the moment
M0 resulting from all external forces acting on the body, with Ḣ0 = M0. The angular
momentum of the body and the moment resulting from external forces are defined as

H0 =

∫

B

ρx × ẋ dv and M0 =

∫

B

x× f dv +

∫

∂B

x× t da . (3.18)

The time derivative of the angular momentum Ḣ0 with ρẋ× ẋ = 0 yields

Ḣ0 =

∫

B

ρx× ẍ dv (3.19)

resulting in the following expression of the balance of angular momentum as
∫

B

ρx× ẍ dv =

∫

B

x× f dv +

∫

∂B

x× t da . (3.20)
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With the Cauchy theorem t = σ · n and the divergence theorem
∫
∂B

x × σ · n da =∫
B
x× divσ + E : σT dv we obtain the representation

∫

B

x× divσ − x× ρẍ+ x× f0 dv +

∫

B

E : σT dv = 0 (3.21)

with the third-order permutation tensor E . Taking into account the balance of linear
momentum divσ − ρẍ+ f0 = 0 we obtain the following expressions

∫

B

E × σT dv = 0 with σ = σT . (3.22)

The latter part is a result of the determination with the permutation tensor.

3.6 First law of thermodynamics (Balance of energy)

The first law of thermodynamics, also denoted as the balance of energy, states that the
change of the total energy of a considered system is equal to the energy which enters and
leaves the system.

U̇ + K̇ = Wmech +Wmagn +Welec +Q . (3.23)

Thereby, the total energy can be decomposed into the internal energy U , depending on
the specific internal energy Û , and the kinetic energy K, which are defined as

U =

∫

B

ρ Û dv and K =
1

2

∫

B

ρ ẋ · ẋ dv . (3.24)

With the use of the balance of mass (3.13), the balance of linear momentum (3.17) as
well as the relations

∫
B
divσ · ẋ dv =

∫
∂B

t · ẋ da−
∫
B
σ : ∇ẋ dv and σ : ∇ẋ = σ : ε̇ we

obtain the rates of change of the internal and kinetic energies as

U̇ =

∫

B

ρ
˙̂
U dv and K̇ =

∫

B

f · ẋ dv +

∫

∂B

t · ẋ da−
∫

B

σ : ε̇ dv. (3.25)

The energies which enter or leave the system can be mechanical, thermal, magnetic,
electric, chemical, or other forms of energy. In this contribution we restrict ourselves
to mechanical Wmech, magnetic Wmagn, electric Welec and thermal Q rates of change of
energies, given by the expressions

Wmech =

∫

B

f · ẋ dv +

∫

∂B

t · ẋ da , Wmagn =

∫

B

Ḃ ·H dv ,

Welec =

∫

B

Ḋ ·E dv and Q =

∫

B

ρ r̂ dv −
∫

∂B

q · n da ,

(3.26)

where r̂ is the internal heat source and q the heat flux vector. With the rates of the
internal and kinetic energies we obtain the balance of energy as follows
∫

B

ρ
˙̂
U dv −

∫

B

σ : ε̇ dv =

∫

B

Ḃ ·H dv +

∫

B

Ḋ ·E dv +

∫

B

ρ r̂ dv −
∫

∂B

q · n da , (3.27)
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where the mechanical energy Wmech vanishes due to the mechanical part in the rate of
the kinetic energy K̇. The local form of the balance of energy then results in

ρ
˙̂
U = σ : ε̇+ Ḃ ·H + Ḋ ·E + ρr̂ − divq , (3.28)

where the divergence theorem is applied to the heat flux vector as
∫
B
divq dv =

∫
∂B

q·n da.

3.7 Second law of thermodynamics (Entropy inequality)

The German physicist R.J.E. Clausius formulated the second law of thermodynamics,
namely that the single outcome of a system change can not be the heat transfer from
a colder body to a warmer body. Therefore, an inequality is set up which describes the
change of entropy of a system, where the entropy change is equal to zero for lossless
reversible conversions of energy and greater zero for irreversible conversions of energy.
This means that the entropy in a closed system can not be zero and not decrease. We
introduce the entropy S of a body in terms of the specific entropy η̂ as

S =

∫

B

ρ η̂ dv . (3.29)

The rate of the entropy change is equal or greater than the contribution from an internal
heat source and the heat flux over the boundary of the considered body as

∫

B

ρ ˙̂η dv ≥
∫

B

1

ϑ
ρ r̂ dv −

∫

∂B

1

ϑ
q · n da , (3.30)

where ϑ denotes the temperature. With the divergence theorem the heat flux on the
surface is transferred to the volume, such that the local form is given as

ρ ˙̂η ≥ 1

ϑ
ρ r̂ − div

(q
ϑ

)
, (3.31)

which is also known as the Clausius-Duhem-Inequality. The divergence term of the
latter equation is reformulated to

div
(q
ϑ

)
=

1

ϑ
divq − q · 1

ϑ2
gradθ (3.32)

such that we get the following expression of the local form of the entropy inequality as

ϑρ ˙̂η ≥ ρ r̂ − divq + q · 1
ϑ
gradθ . (3.33)

Together with the local form of the first law of thermodynamics, the restriction to isother-
mal processes with gradθ = 0 and the introduction of the volume specific counterparts of
the internal energy U = ρ Û , the internal heat source r = ρ r̂ and internal entropy η = ρ η̂
the local form of the entropy inequality results in

−U̇ + σ : ε̇+E · Ḋ +H · Ḃ + ϑη̇ ≥ 0 . (3.34)

In the following section, some reformulations of the entropy inequality are shown in or-
der to obtain different thermodynamic potentials for the description of magneto-electro-
mechanically coupled systems.
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3.8 Thermodynamic potentials

In the following section, an overview of thermodynamic potentials will be given. Such
potentials can be derived with the help of Legendre transformations of the internal en-
ergy and can be used to derive thermodynamic descriptions of thermo-magneto-electro-
mechanically coupled systems. Here, the magneto-electric enthalpy function is derived as
an example. For the transformation to the different potentials we generally start with the
definition of the internal energy U , which depends on the extensive variables. Extensive
variables are defined as quantities which depend on the size of the considered system and
change if the size of the system is modified. Such variables are for instance, the volume
V , the mass m, the strain ε, or the entropy η. In contrast to that, intensive variables
are independent on the size of the system and do not change if the system is modified.
Examples for intensive variables are the temperature ϑ or the density ρ. In the case of
thermo-magneto-electro-mechanical systems the internal energy is given as a function of
the strain ε, the dielectric displacement D, the magnetic induction B, and the entropy η
as U := U(ε, D, B, η) with the rate of the internal energy as

U̇ =
∂U

∂ε
: ε̇+

∂U

∂D
· Ḋ +

∂U

∂B
· Ḃ +

∂U

∂η
η̇ . (3.35)

The latter equation is inserted into the entropy inequality (3.34) as

−∂U
∂ε

: ε̇− ∂U

∂D
· Ḋ − ∂U

∂B
· Ḃ − ∂U

∂η
η̇ + σ : ε̇+E · Ḋ +H · Ḃ + ϑη̇ ≥ 0 (3.36)

and can be reformulated to
(
σ − ∂U

∂ε

)
: ε̇+

(
E − ∂U

∂D

)
· Ḋ +

(
H − ∂U

∂B

)
· Ḃ +

(
ϑ− ∂U

∂η

)
η̇ ≥ 0 . (3.37)

The stress, the electric field, the magnetic field, and the temperature can be identified as
the partial derivative of the internal energy as

σ =
∂U

∂ε
, E =

∂U

∂D
, H =

∂U

∂B
, and ϑ =

∂U

∂η
. (3.38)

resulting in the following expression of the rate of the internal energy as

U̇ = σ : ε̇+E · Ḋ +H · Ḃ + ϑ η̇ . (3.39)

However, for the modeling of magneto-electro-mechanics we use a thermodynamic poten-
tial depending on the strains ε, the electric field E and the magnetic field H and apply a
displacement field u, an electric potential φ, and a magnetic potential ϕ. In order to refor-

mulate the equation (3.39) we apply a Legendre transformation withE ·Ḋ = ˙E ·D−D·Ė
and H · Ḃ = ˙H ·B −B · Ḣ and obtain the following expression

U̇ = σ : ε̇+ ˙E ·D −D · Ė + ˙H ·B −B · Ḣ + ϑ η̇ . (3.40)

With the help of the next conversion into

˙U −E ·D −H ·B = σ : ε̇−D · Ė −B · Ḣ + ϑ η̇ (3.41)
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we can identify the magneto-electric enthalpy function H4 = U−E ·D−H ·B depending
on the process variables ε, E, H , and η. The determination of the rate of the magneto-
electric enthalpy function with respect to the process variables yields

Ḣ4 = σ : ε̇−D · Ė −B · Ḣ + ϑ η̇ (3.42)

with the partial derivatives

σ =
∂H4

∂ε
, D = −∂H4

∂E
, B = −∂H4

∂H
, and ϑ =

∂H4

∂η
. (3.43)

Further thermodynamic potentials can be derived analogously and the following Table 3.1
gives an overview of some possible potentials, see also Lines and Glass [126], Lupascu
et al. [127].

Thermodynamic potential
Natural

Rate equation of potential
variables

Internal energy

U ε, D, B, η U̇ = σ : ε̇+E · Ḋ +H · Ḃ + ϑη̇

Free energy

ψ = U − ϑη ε, D, B, ϑ ψ̇ = σ : ε̇+E · Ḋ +H · Ḃ − ηϑ̇

Enthalpy

H = U − σ : ε−E ·D −H ·B σ, E, H , η Ḣ = −ε : σ̇ −D · Ė −B · Ḣ + ϑη̇

Elastic enthalpy

H1 = U − σ : ε σ, D, B, η Ḣ1 = −ε : σ̇ +E · Ḋ +H · Ḃ + ϑη̇

Electric enthalpy

H2 = U −E ·D ε, E, B, η Ḣ2 = σ : ε̇−D · Ė +H · Ḃ + ϑη̇

Magnetic enthalpy

H3 = U −H ·B ε, D, H , η Ḣ3 = σ : ε̇+E · Ḋ −B · Ḣ + ϑη̇

Magneto-electric enthalpy

H4 = U −E ·D −H ·B ε, E, H , η Ḣ4 = σ : ε̇−D · Ė −B · Ḣ + ϑη̇

Gibbs energy

G = U − σ : ε−E ·D −H ·B − ηϑ σ, E, H , ϑ Ġ = −ε : σ̇ −D · Ė −B · Ḣ − ηϑ̇

Elastic Gibbs energy

G1 = U − σ : ε− ηϑ σ, D, B, ϑ Ġ1 = −ε : σ̇ +E · Ḋ +H · Ḃ − ηϑ̇

Electric Gibbs energy

G2 = U −E ·D − ηϑ ε, E, B, ϑ Ġ2 = σ : ε̇−D · Ė +H · Ḃ − ηϑ̇

Magnetic Gibbs energy

G3 = U −H ·B − ηϑ ε, D, H , ϑ Ġ3 = σ : ε̇+E · Ḋ −B · Ḣ − ηϑ̇

Magneto-electric Gibbs energy

G4 = U −E ·D −H ·B − ηϑ ε, E, H , ϑ Ġ4 = σ : ε̇−D · Ė −B · Ḣ − ηϑ̇

Table 3.1: Thermodynamic potentials.
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3.9 Representation of anisotropic materials with isotropic tensor functions

In order to describe the material behavior in the framework of continuum mechanics,
tensor functions of different orders are used. Such tensor functions should represent the
anisotropic material response of magneto-mechanically and electro-mechanically coupled
solids. However, the description of the material behavior must satisfy the principle of
material symmetry, which states that the constitutive response must be independent of
transformations Q ∈ Gk, with the symmetry group Gk. If the material is independent of
any transformations Q, where Gk is the special orthogonal group SO(3), the material is
called isotropic. An isotropic tensor function ψ̂ depending on the strains is formulated as

ψ̂(ε) = ψ̂(QεQT ) ∀ Q ∈ SO(3) . (3.44)

The thermodynamic functions can then be described with isotropic tensor functions. For a
general representation of isotropic functions we consider a scalar-valued function f̂(vi,Vj),

a vector-valued function f̂ (vi,Vj), and a tensor-valued function F̂ (vi,Vj), depending
on the vector-valued arguments vi and the tensor-valued arguments Vj . Based on the
transformations of the special orthogonal group SO(3), the isotropic tensor functions are
defined as

f̂(vi,Vj) = f̂(Qvi, QVjQ
T )

Qf̂(vi,Vj) = f̂(Qvi, QVjQ
T )

QF̂ (vi,Vj)Q
T = F̂ (Qvi, QVjQ

T )





∀ Q ∈ SO(3) . (3.45)

As mentioned above, electro- and magneto-mechanically coupled solids are often charac-
terized by an anisotropic behavior. Therefore, isotropic tensor functions which describe
an anisotropic material behavior are considered in the following.
Anisotropic materials are characterized by a direction-dependent behavior, which means
that an arbitrary rotation of the neighborhood of a material point leads to a differ-
ent material response for the same unrotated loading. These anisotropies are based on
the preferred directions ai of the material. With the help of these vectors the so-called
structural tensors mi = m̂i(ai) can be determined. An anisotropic free energy function
ψ̂(ε,ai,mj) in a coordinate invariant setting has to satisfy

ψ̂(ε) = ψ̂(QεQT ,ai,mj) ∀ Q ∈ Gk , (3.46)

where the tensor functions are extended by the preferred directions ai and the structural
tensors mi. The used structural vectors and tensors have to fulfill the requirements of
the symmetry group SO(3), such that we obtain the following general representation of
anisotropic tensor functions as

f̂(vi,Vj,ai,mj) = f̂(Qvi, QVjQ
T , Qai, QmjQ

T )

Qf̂(vi,Vj,ai,mj) = f̂ (Qvi, QVjQ
T , Qai, QmjQ

T )

QF̂ (vi,Vj,ai,mj)Q
T = F̂ (Qvi, QVjQ

T , Qai, QmjQ
T )





∀ SO(3) . (3.47)

An illustration of this concept is given in Figure 3.1.



Introduction to continuum mechanics 23

a2

a2

a1

a2

a1

a1

nεII

nεI

nσI

nσII

nεII

nσI

nσII

a1

Qa2 Qa2

Qa1

Qa1
a2

nεI

(a) (b)

(c) (d)

Figure 3.1: Illustration of the concept of isotropic tensor functions for anisotropic mate-
rials. The initial state of the body is depicted with a circle. (a) Principle directions of the
deformation for a given mechanical loading. (b) Due to the material anisotropy the principle
directions of the stresses do not coincide with the directions of the deformation. (c) Main
directions of the deformations and (d) stresses after the application of a transformation
Q ∈ SO(3). Adopted from Keip [93].

The unloaded reference state of the body is depicted with a circle, whereas the deformed
state with the corresponding main deformation directions nεI and nεII is illustrated with
an ellipsoid in Figure 3.1(a). Due to the anisotropy the main directions of the stress
response nσI and nσII display different orientations, see Figure 3.1(b). For any trans-
formations Q ∈ SO(3), the preferred directions undergo these transformations as well,
resulting in the corresponding correct deformation and stress response, shown in Fig-
ure 3.1(c) and 3.1(d).
The isotropic tensor functions used for the description of the material behavior can be
represented by a defined number of scalar-valued invariants. For an introduction to the
invariant theory in the framework of continuum mechanics see for instance the works of
Boehler [22], Smith [193; 194], Spencer [198], Truesdell and Noll [209], Wine-

man and Pipkin [220], or Schröder [183]. An invariant formulation for transversely
isotropic electro-mechanically coupled functions, which is applied to the electrical phase
in this thesis, is derived in Schröder and Gross [184].
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4 Ferroic materials

For the strain-induced generation of magneto-electric product properties in composite
materials different ferroic characteristics for each phase of the composite are needed.
Therefore, we first have to introduce the term ferroic and therefore provide a definition
based on the work of Aizu [3]. It states that, a crystal has ferroic properties when two or
more stable orientation (tensor) states are possible without the application of an electric
field, a magnetic field, or mechanical stresses on the body. This intrinsic ordering typically
arises at a temperature dependent phase transition of the material. Four different ferroic
properties are known, which are the ferroelasticity, ferroelectricity, ferromagnetism
and ferrotoroidicity. Ferroelastic properties are characterized by a spontaneous strain in
one or more directions. The orientation can be changed by an applied mechanical stress,
such that the spontaneous strain rotates into another direction and remains after remov-
ing the mechanical stress. Locally this transformation is typically discontinuous because
crystal physics prescribes a few axes of anisotropy in the material. In ferroelectric mate-
rials, the crystal is characterized by a spontaneous, remanent electric polarization. Often
this is due to a displacement of positively and negatively charged ions. The polarization
direction can be changed by an applied electric field in another direction. Analogously,
ferromagnetic materials show a spontaneous remanent magnetization in a specific direc-
tion (or more complex forms of ordering), which can be reoriented by an applied magnetic
field. The fourth ferroic state is the ferrotoroidicity, which can be characterized by a vortex
of microscopic magnetic moments, which continue over multiple crystals. Some materials
exhibit more than one ferroic characteristics and are then called higher-order ferroics
or multiferroics. Barium titanate is an example of a higher-order ferroic material since
it shows ferroelectric and ferroelastic properties. In the framework of this doctoral thesis
the materials barium titanate and cobalt ferrite are investigated in more detail. Some
ferroic properties are explained with the help of the crystal structure of barium titanate
in Section 4.2.

4.1 Introduction to magnetic materials

In this section the basic principles of the origin of magnetism and the arising different
types of magnetism and the magnetostrictive effect are explained. For a detailed overview
in the literature see for example Chikazumi [30], Eringen and Maugin [43], Fabrizio
and Morro [49], Hubert and Schäfer [76], Ida and Bastos [80], J.D.Jackson

[84], Jiles [85], Lehner [122], Maugin [133], Tipler [207].

4.1.1 Origin of magnetism

In order to explain the effect of magnetostriction and the following argumentation why
the magneto-electric effect is so rare in natural materials, a closer look has to be taken
at the atomic orbital structures. Therefore, a very brief introduction to some aspects in
the quantum mechanical theory is given. The German physicist Werner Heitler and the
American-German physicist Fritz Wolfgang London described the interaction of atoms
based on new aspects in the theory of quantum mechanics, see Heitler and London

[64]. However, the development of the orbital model is based on the some important
scientific discoveries including for example the physical insights of the Austrian physicist
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Erwin Schrödinger, the French physicist Louis-Victor de Broglie or the German physicist
Werner Karl Heisenberg. In 1923 Louis De Broglie postulated that any moving particle
can be described by its phase wave, see Broglie [26], with the definition of the wave
frequency ν as

ν = (mc2)/

(
~

√
1− v2

c2

)
, (4.1)

where m denotes the mass of the considered particle, c the speed of light, v the velocity of
the particle and ~ the Planck constant. The latter one, ~, relates the energy of a particle
with the frequency of the wave and has the value of ~ = 6.62606957 ·10−34 Js. Considering
a macroscopic body from our daily life, with a relatively small velocity compared to
the speed of light, then the wavelength λ = v/ν of this body is approximately zero
and therefore not measurable. In contrast, the velocity of an electron is relatively high
compared to a macroscopic body. The same applies for the small mass of the electron, such
that the wavelength of an electron can be determined. As a result, fast moving particles
can be described in terms of wave properties. This conjunction between particle and wave
characteristics is called wave-particle duality. The double-slit experiment is capable of
showing the wave properties of light or even electrons. In 1801, the English physicist
Thomas Young performed the double-slit experiment in the following way. A beam of
light is sent through an aperture with two slits next to each other. Due to the bending of
the light waves around the corners of the slits, which is denoted as diffraction, the light
spreads out in the three dimensional space behind the aperture. The light waves behind
the two slits superimpose and arrive at an observation screen. Because of the superposition
of the waves an interference pattern on the screen is observable. A simplified depiction of
the experimental setup is given in Figure 4.1.

light waves diffraction Amount of light

Interference
pattern

Figure 4.1: Illustration of the double slit experiment. The diffraction of the light waves,
after passing the aperture with two slits, result in a superposition of the bended waves. Such
superposition is shown on an observation screen, where an interference pattern of the arrived
light waves is visible.

In 1927, the double slit experiment was performed again by the American physicists
Clinton Davisson and Lester Germer, see Davisson and Germer [35], this time inves-
tigating electrons instead of light. If the electrons were particles without wave properties
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no interference pattern would have been observed and a roughly regular distribution of
the number of electrons should have passed through both slits. However, in the case of
electrons the screen again showed an interference pattern, which demonstrated the wave
properties of matter. With the help of the double-slit experiment, it was shown that an
electron is neither a particle with a specific shape or its motion be described by a wave.
Due to the wave-particle duality an electron and its condition can be described by wave
functions. Because of this spatial extension it is not possible to clearly determine the posi-
tion and momentum of the particle at the same time. If the momentum, and therefore the
velocity, is known, then the exact position is unknown and vice versa in the same spatial
direction. This relation is called the Heisenberg’s uncertainty principle, see Heisen-

berg [63]. Here, the difference between quantum physics and classical physics becomes
clear, since a quantum state describes a probability distribution for a quantum mechan-
ically measured parameter. In order to describe now the quantum mechanical properties
of an elementary particle, for example an electron, the Schrödinger equation is taken
into account. Erwin Schrödinger published the derivation of this equation in 1926, see
Schrödinger [189]. One solution of this equation is a complex-valued wave function
describing a quantum state. With the help of such wave functions the probabilities for
possible results can be determined. In other words, the most probable positions of the
electrons around the atomic nucleus can be computed. All possible positions with prob-
abilities over 90% build areas which are called orbitals. Depending on the number of
protons and neutrons of the nucleus and therefore on the number and energy states of the
electrons, an atom can consist of several orbitals. In order to define the complete states
of the electrons in the atoms four quantum numbers are used. The principle quantum
number (n) describes the main energy level of the electron and therefore in which orbital
it is present. The azimuthal quantum number (l) defines the shape of the orbital. A fur-
ther characteristic of the electron, which is interesting in the framework of this thesis,
is described by the magnetic quantum number (ml). It denotes the spatial orientation
of the orbital angular momentum, which generates a magnetic moment. Additionally to
the orbital angular momentum, the electron also produces a magnetic moment due to its
spin, which is described with the spin quantum number (ms). The spin of the electron can
have two different states, clockwise and counter-clockwise, and therefore only two values
for the spin quantum number are possible for the electron. The magnetic moment of an
electron produced by its orbital angular momentum and spin depends on the spin-orbit
coupling. However, due to the Pauli principle two electrons in one atom can not occupy
the same energy state given by the same four quantum numbers. This physical law is the
Pauli exclusion principle formulated by the Austrian physicist Wolfgang Ernst Pauli in
1925. Hence, if two electrons are characterized by the same first three quantum numbers
(n, l, ml) only two electrons can be located in the same orbital, which must be different
in the spin quantum number. This results in two different magnetic states of an atomic
orbital. First, if the orbital is partially occupied with one electron, then a magnetic mo-
ment results due to its spin and spin-orbit coupling. In the second magnetic state, the
orbital is completely filled with two electrons. In this case the magnetic moments cancel
each other due to the opposite spin direction and no magnetization remains. It can be
seen that the requirements for a resulting magnetization are the spin-orbit coupling of the
electrons as well as partially occupied orbitals. However, the magnetic moments of the
individual electrons are not sufficient to produce a macroscopically measurable magneti-
zation, they have to interact with each other. The energy which causes the interactions
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of the electrons in one atom and between the neighboring atoms is called the quantum
mechanical exchange energy. Since a minimization of the total energy is the referred
state, the exchange energy only dominates, if orbitals with specific energy levels are par-
tially filled, namely the d- and f-orbitals. If this is the case, the magnetic moments in the
different orbitals align in the same direction. This yields a domain structure, which is the
basis for an overall magnetization. The direction of the alignment is influenced by the
exchange energy between the neighboring orbitals. A minimization of these interacting
energies produces a preferred magnetization direction in the crystal, the easy magne-
tization direction. Depending on the crystallographic properties of different magnetic
materials, for instance in ferromagnets, which are discussed in more detail in the following
section, the easy magnetization direction can also vary among them.

4.1.2 Different types of magnetism

After the analysis of origin of magnetism, a closer look is taken at the different types of
magnetic ordering. The magnetic moments generated by the electrons in the partially filled
orbitals can interact in various ways. It can be distinguished between diamagnetism,
paramagnetism, ferromagnetism, antiferromagnetism, and ferrimagnetism. The
effect of diamagnetism is also visible in materials with filled orbitals. Figure 4.2 shows
simplifications of the arrangement of multiple magnetic moments due to their interaction
with each other.

(a) (b) (c) (d) (e)

Figure 4.2: Simplified depiction of the arrangement of the microscopic magnetic moments
in (a) diamagnetism, (b) paramagnetism, (c) ferromagnetism, (d) antiferromagnetism, and
(e) ferrimagnetism.

In the following subsections the reason for these orientation distributions are explained
in more detail.

Diamagnetism. Basically, diamagnetism is present in every material. However,
since this effect is much smaller than the other magnetic effects, diamagnetism becomes
visible in materials which are not paramagnetic, ferromagnetic, ferrimagnetic or antiferro-
magnetic. The main characteristic of diamagnetic materials is the negative magnetic sus-
ceptibility, which only appears in completely occupied orbitals, see Jäger and Perthel

[83]. In these orbitals, the magnetic moments of the two electrons compensate each other
resulting in no remaining magnetization, see Figure 4.2(a). If a magnetic field is applied,
the generated magnetic field inside the material points in opposite direction to the applied
field and the material is repelled. The resulting opposed magnetic field can be explained
by the second Maxwell equation curlE = −∂B/∂t, also called Faraday’s law of induction,
and the resulting Lenz’s law, which is shown by the negative sign in the latter equation.
Then, an applied magnetic induction changing over time produces electric currents in
the material. In diamagnetism, such electric currents are specific electron movements in-
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side the atomic orbitals. Then, the electron movement generates a magnetic moment in
opposite direction to the applied field. As mentioned before, this field is very small and
only becomes visible if no other dominant magnetic effects are present. Perfect diamag-
netic properties are obtained through superconductivity. Then, the generated magnetic
field has the same field strength as the applied field and no remaining magnetic field is
visible. However, under superconducting properties only a magnetic field strength which
is a multiple of the magnetic fluxon can flow through the material. The generated electric
current also depends on multiples of the magnetic fluxon, such that very small changes in
the magnetic field can be measured. These properties are used through superconducting
quantum interference devices (SQUIDs), for example in the magnetoencephalography.

Paramagnetism. The disorganized orientation distribution of the magnetic mo-
ments in the paramagnetic phase appears at high temperatures. In this framework, high
temperatures means temperatures above the material specific Curie temperature TC , also
called Néel temperature for antiferromagnetic materials, which is for example TC = 790K
for cobalt ferrite. Above TC , the thermal energy inside the material is higher than the
quantum mechanical exchange energy. The magnetic moments produced by the electron
spins are not aligned in the same direction, resulting in a disordered and random orienta-
tion distribution, see Figure 4.2(b). In this case no remanent macroscopic magnetization
can be measured and even domain structures are not visible. However, the magnetic mo-
ments can be aligned by an applied external magnetic field on the body, such that an
overall magnetization can be observed. Once the applied magnetic field is removed, a
demagnetization of the material takes place and no remanent magnetization is obtained.
The dependency between the applied magnetic field and the magnetization is linear.

Ferromagnetism. Ferromagnetic materials are in the paramagnetic phase at tem-
peratures above the Curie temperature and show a random orientation distribution of the
magnetic moments as explained before.

(a) (b) (c)

Figure 4.3: Magnetic stray fields of different magnetic bodies. (a) In the case of a magne-
tized body reaching the saturation magnetization, the stray field energy is maximized. (b)
Reduced stray field energy due to domain wall formation. The different magnetic domains
are highlighted in different colors. (c) Minimized stray field energy due to complex domain
structure.
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When the temperature decreases below the Curie temperature, the quantum mechanical
exchange energy between the magnetic moments of the electrons is higher than the ther-
mal energy. This results in a parallel alignment of the spontaneous magnetizations and in
a lower energy state compared to a disorganized distribution, see Figure 4.2(c). However,
the exchange energy rapidly (exponentially) decreases for an increasing distance between
the atoms and is only effective for the nearest neighbors. This magnetic alignment con-
tinues over multiple atoms and is interrupted for example at crystallographic defects. At
such points, other easy magnetization directions can be energetically preferable, resulting
in a change in the magnetization direction and therefore in the development of magnetic
domains, which are visually observable with the help of a Kerr microscope. Magnetic do-
mains, also denoted as Weiss domains, can have widths of several µm. Another reason
for the development of domains is the magnetic stray field energy. A magnetic stray field is
created outside the material due to the magnetization of the sample, see Figure 4.3(a). The
stray field energy gets maximized with the saturation magnetization of the material and
reduces through the formation of domain walls. With a complex domain structure without
magnetic fields outside the material, the stray field energy is minimized, see Figure 4.3(c).
An interaction between the quantum mechanical exchange energy, the magnetocrystalline
anisotropy and the stray field energy yield the energetically most preferable domain struc-
ture. From the macroscopic point of view, all domain magnetizations cancel out such that
no overall magnetization is measurable. These magnetic domains with different magneti-
zation directions are separated by magnetic domain walls. Bloch Walls and Néel Walls
can be distinguished. In these transition zones, the magnetization continuously varies from
one direction to another direction and changes its magnetization direction by 90◦ or 180◦

or even more complex scenarios. Figure 4.4 depicts possible 180◦ transitions in a Bloch
wall and a Néel wall.

x
y

z

(a) (b)Bloch wall Neél wall

rotation direction rotation axis rotation direction rotation axis

Figure 4.4: (a) Rotation of the magnetization direction by 180◦ in a Bloch wall (green).
The rotation proceeds around an axis parallel to the y-axis of coordinates. (b) Magnetization
rotation in a Neél wall (green), where the rotation axis is parallel to the x-axis of coordinates.
The domains at the left and right, with opposite magnetization directions, are highlighted
in blue and yellow.

In the domains on the left hand side, the magnetic moments point in positive vertical
direction and switch their orientations into negative vertical directions in the domain
on the right hand side. The difference between both domain wall types is the rotation
direction of the magnetic moments. In Bloch walls, the rotation proceeds in the plane of
the domain wall.

In contrast, the magnetization in Néel walls rotates around an axis perpendicular to the
domain surface. Domain walls can move and increase or decrease the size of the domains
by changing the orientation of the magnetic moments. As a consequence, an increasing
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Figure 4.5: Magnetization curve due to domain wall movements and Barkhausen jumps.
(A) Magnetic domain structure with 90◦ and 180◦ domain walls. (B) Domain wall movement
due to an applied magnetic field. (C) All domain wall movements are completed and the
magnetizations of the domains point roughly in the direction of the applied field. (D) The
magnetic moments rotate into the direction of the applied field and the saturation magnetiza-
tion is reached. (E) Illustration of Barkhausen jumps (vertical lines), due to crystallographic
defects and collective jumps of multiple domain walls. The increase of the magnetization
between the Barkhausen jumps is triggered by domain wall movements.

magnetic field generates an overall magnetization. An alternating magnetic field then
yields the typical magnetization hysteresis loop. A change of the overall magnetization
has the following three main reasons:

• Domain wall movements: An increasing applied magnetic field causes a change of
the magnetic moments in the transition zones, the so called domain walls. Here, the
required energy for a rotation of the individual magnetic moments inside the domain
walls is lower than the energy which is necessary to rotate all the aligned magnetic
moments inside a domain. A movement of the domain walls is observable. Thereby,
the domains, whose magnetization orientations point roughly in the direction of the
applied magnetic field, grow, whereas the other domains shrink. Such domain wall
motions are mostly irreversible processes.

• Barkhausen jumps: Domain wall movements do not always proceed very
smoothly, but are hindered by crystallographic defects in the lattice structure.
Therefore, higher magnetic fields are necessary to displace the domain walls, result-
ing in small jumps of the magnetization change. These discontinuously irreversible
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changes of the magnetization are called Barkhausen jumps, see the cascaded increase
in Figure 4.5.

• Rotation of overall magnetization: The final increase of the overall magne-
tization is a reversible process and requires the highest energy from the applied
field. After the domain wall movements are completed including the Barkhausen
jumps, the domain magnetizations are not necessarily aligned in the exact direction
of the applied field and can still show deviations between the directions, since the
crystallographically easy magnetization direction only points roughly in the applied
field direction. For high magnetic fields, whose strength depends on the material
properties, a pure rotation of the domain magnetizations from the easy direction to
the applied field direction is obtained until the saturation magnetization is reached.
This final rotation to the saturation state requires a comparably large magnetic field
to overcome the magnetic anisotropy and its magnitude depends on the crystallo-
graphic easy direction.

Once the magnetic field decreases, the magnetization rotates back to the crystallographic
easy direction. A further decrease of the applied field to zero involves on the one
hand side domain wall movements to an energetically preferable position, which does
not necessarily have to be the initial position, and on the other hand side very few
Barkhausen jumps due to crystallographic defects. Depending on the magnetic material,
a high or low remanent magnetization can be observed. By applying a magnetic field
in the opposite direction the domain wall movements and Barkhausen jumps decrease
the magnetization until the overall magnetization vanishes. The necessary magnetic
field to demagnetize the material is called the coercivity field Hc and depends on
the material properties. It can be distinguished between soft and hard ferromagnetic
materials. In soft ferromagnetic materials, the coercivity field is comparatively low
Hc ≈ 1 kA/m resulting in a narrow hysteresis loop, whereas in hard ferromagnetic
materials a high coercivity field Hc ≈ 10 kA/m as well as a wide hysteresis curve
are observable. Therefore, soft magnetic materials are for example used in alternating
current (AC) applications such as transformers or motors. Hard magnetic materials
are used in storage devices, where a high magnetic coercivity field is preferable. If
the applied magnetic field is further decreased, the magnetization saturates in the op-
posite direction. For alternating fields, the magnetization proceeds on the hysteresis loops.

Antiferromagnetism. In antiferromagnetic materials the exchange energy causes
an antiparallel alignment of the magnetic moments in contrast to a parallel alignment.
An illustration of the antiferromagnetism is given in Figure 4.2(d). The antiparallel mag-
netizations neutralize each other such that no remanent macroscopic magnetization is
measurable. An applied magnetic field changes this state, since the magnetic moments ro-
tate into the direction of the external field. However, if the field is removed, the magnetic
moments return to their original position.

Ferrimagnetism. Similar to antiferromagnetism the exchange energy yields an an-
tiparallel orientation of the magnetic moments. However, as shown in Figure 4.2(e), they
do not neutralize each other completely since the magnetic moments of the one direc-
tion are slightly larger than the magnetic moments in the opposite direction. As a conse-
quence, a macroscopic magnetization is measurable. The crystal system used in this thesis
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is characterized by an inverse spinel structure, where 1/3 of the FE-ions (Fe2+) occupy
tetrahedral sites and 2/3 of the Fe-ions (1/3 Fe3+ and 1/3 Fe2+) occupy octahedral sites.
The magnetic moments of the Fe3+ ions point in opposite directions and compensate each
other. The net magnetization is only generated by the alignment of the magnetic moments
in the Fe2+-ions. Figure 4.6 illustrates the spin arrangement of the ferrimagnetic material
magnetite (Fe3O4), see Bayreuther [15].

Tetrahedral sites

Octahedral sites

8 Fe3+

8 Fe3+

8 Fe2+

Figure 4.6: Spin arrangement of the ferrimagnetic material magnetite (Fe3O4), see
Bayreuther [15]. The crystal consists of tetrahedral and octahedral sites occupied with
Fe-ions. The net magnetization results from the magnetic moments of the Fe2+-ions.

A further example of a ferrimagnetic material is cobalt ferrite (CoFe2O4), which is con-
sidered in the present contribution in more detail.

4.1.3 Magnetostrictive effect

The origin of the magnetostrictive effect is the spontaneous deformation of each crystal
towards the easy magnetization direction, which can be a contraction, the so-called nega-
tive magnetostriction, or an elongation, the positive magnetostriction. The material per-
forms a deformation due to the rotations of the crystallographic magnetization directions,
which continue over the whole domain due to domain wall motions. The superposition
of all domain deformations yield a macroscopically measurable magnetostriction with the
magnitude of about ε ≈ 10−6 to ε ≈ 10−5, see Chikazumi [30]. After all domain wall
motions, the magnetization rotates from the crystallographic easy direction to the direc-
tion of the applied field, such that the saturation magnetostriction is reached. In this
case, the rotation of the magnetization direction again causes a change in the crystal-
lographic lattice, resulting in magnetostriction. The piezomagnetic effect is a simplified
linear approximation of the real nonlinear magnetostrictive behavior.

4.2 The ferroelectric effect

An electric polarization can be obtained by positive and negative charge carriers with
a small distance between them. The special characteristic in ferroelectric materials is a
polarization of the crystal structure without the application of an applied electric field.
These crystal polarizations are called remanent or spontaneous polarizations and are gen-
erated due to a displacement of positively and negatively charged ions. In order to explain
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the ferroelectric effect in more detail we take a look at the material properties of bar-
ium titanate. This material undergoes several phase transitions for different temperature
ranges, starting with a hexagonal phase for high temperatures above T >≈ 1460◦C. In
this state, the material is paraelectric and no remanent electric polarization is present in
the unit cell. In contrast to paramagnetic properties, where the magnetic moments of the
electrons point in arbitrary directions due to the thermal energy, an electric polarization
in the individual unit cells is not present in the paraelectric state, since a displacement
between positively and negatively charged ions does not exist or cancels out dynamically.
Below this temperature (T <≈ 1460◦C) the crystal changes to the cubic lattice, still with
paraelectric properties. A visualization of this unit cell is given in Figure 4.7(a).

O2−

Ba2+

Ti4+

O2−

Ba2+

Ps

Ti4+

Figure 4.7: Barium titanate unit cell, (a) above the Curie temperature > Tc = 120◦C and
(b) below the Curie temperature, adopted from Keip [93].

It can be seen that the center of the positively (red, black) and negatively (yellow) charged
ions is located at the same position, such that no remanent electric polarization is created,
see Figure 4.7(a) for an illustration of the cubic lattice. If the material cools down below
the Curie temperature of Tc = 120◦C the unit cell changes to a tetragonal structure, see
Figure 4.7(b). In this state, the titanate ion is shifted in one direction of the three crystal
axes, with the result that the centers of the positively and negatively charged ions do not
coincide any longer and a remanent polarization Ps is present. Additionally, the unit cell
shows a spontaneous strain εs along the direction of the polarization. In this state, the unit
cells show the highest amount of spontaneous polarization, which is preferable for technical
applications. Below T ≈ 0◦C, a phase transition to the orthorhombic state takes place
and a further transition to the trigonal phase below T ≈ −90◦C. In both states, the unit
cell is characterized by a spontaneous electric polarization, but with lower values of the
polarization compared to the tetragonal phase. However, in order to obtain a macroscopic
polarization the unit cells have to align in similar direction. Similar to ferromagnetic
materials, ferroelectric materials build domain structures on the microscopic level when
the material is cooled under the materials specific Curie temperature Tc. In such domains,
the spontaneous polarizations of the unit cells point into the same direction. The domains
next to each other are separated by domain walls, where the polarization direction can
switch their orientation by 90◦ or 180◦ in the case of barium titanate, see the domain
constellation at (A) in Figure 4.8. In some other ferroelectric materials, different angles
between the domain polarizations can be possible. On the mesoscopic level, different grains
are observable, where each grain includes several domains. However, the interaction energy
between the unit cells, which build the domains and result in domain walls, do not proceed
over different grains. In Figure 4.8, the different grains are highlighted with different colors
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and the angle between the polarization directions of two domains in neighboring grains at
the grain boundary is arbitrary. Due to the different polarization directions of the domains
no macroscopic polarization of the body is observable, see point (A) in Figure 4.8. If an
increasing macroscopic electric field is applied on the body, the unit cells begin to switch
into the direction of the applied field. During this process, the unit cells begin to reorient
and the domain walls move.

(A)

(B)Dielectric hysteresis

(A)

Butterfly hysteresis

(A)

(B) (B)

E

Ec
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Figure 4.8: Dielectric and butterfly hysteresis curves of barium titanate. The initial domain
structure at point (A) shows a random distribution of the domain polarizations. After the
application of an electric field, the spontaneous polarizations perform 90◦ and 180◦ switch-
ings into the field direction, resulting in an overall polarization and deformation. Adopted
from Keip [93].

The domains with a polarization direction close to the applied field direction increase in
size, until the saturation polarization is reached, see point (B) in Figure 4.8. At this state,
all domain movements are completed and the linear increase of the dielectric displace-
ment is only triggered by the stretch of the unit cells, where the positively and negatively
charged ions are pulled apart by the electric field. However, even after reaching the satu-
ration polarization not all domains are perfectly aligned with the macroscopic field, since
only 90◦ and 180◦ switchings are possible, due to the crystallographic structure of the
barium titanate unit cells. If the electric field is removed, some unit cells switch back
to their original orientation, where the energy level is lower. However, multiple domains
remain in their new polarization state, such that the material shows a macroscopic rema-
nent polarization P r. The remanent polarization can be removed by applying an electric
field in the opposite direction until the remaining quantities vanish. This electric field is
called the coercive field Ec. If the field is further increased, the material polarizes in the
opposite direction until the saturation state is reached. For an alternating electric field
a point symmetric dielectric hysteresis curve with respect to the origin of the coordinate
system is obtained, see Figure 4.8.
Since a spontaneous polarization of the unit cell involves a deformation of the same lat-
tice, a change of the overall polarization state is associated with a change of the overall
deformation state, resulting in an electro-mechanical coupling. An applied electric
field induces ferroelectric switching and domain wall movements on the microscopic level
as described previously. This leads to a non-linear increase of the overall deformation
state until a saturation of the deformation is reached, which coincides with the satura-
tion polarization, see point (b) in the butterfly hysteresis loop in Figure 4.8. The result-
ing stretch of the unit cells linearly depends on the increasing electric field. Such linear
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electro-mechanical coupling is denoted as the inverse piezoelectric effect. The direct
piezoelectric effect, which is described in Section 4.3, marks the linear coupling between
an applied pressure and the resulting change in electric polarization. After removing the
electric field, an overall remanent strain εr is observable. An applied electric field in the
opposite direction causes a decrease of the deformation until the strains completely vanish
at the coercive field strength Ec. A further increase of the electric load indeed yields a
polarization in the opposite direction but again an elongation of the material. This results
in the axisymmetric strain hysteresis loop, also denoted as the butterfly hysteresis loop,
for an alternating electric field, see Figure 4.8.

4.3 The ferroelastic effect

The crystals in ferroelastic materials have more than one stable orientation state. In the
case of barium titanate, six different preferred polarization directions resulting in three
orientation directions are possible, which are characterized by a remanent strain in the
respective direction, due to a deformation of the unit cell. The transverse direction typi-
cally contracts due to Poisson’s number of the elastic unit cell. The direction of remanent
strain can be changed due to applied mechanical stresses. However, the preferred ferroe-
lastic directions in barium titanate can only switch by 90◦ reorientations. The resulting
ferroelastic hysteresis curves are depicted in Figure 4.9. At the beginning, an electrically
poled material is considered, where the polarization directions of the domains in the indi-
vidual grains point in the same direction, which is more or less the direction of the applied
electric field, see Figure 4.9(a).
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Figure 4.9: Barium titanate unit cell, (a) above the Curie temperature > Tc and (b) below
the Curie temperature. Adopted from Keip [93].

If a mechanical pressure is applied on the specimen, the orientations perform 90◦ switch-
ings and point into one of four possible directions vertical to the applied pressure. Due
to the crystal structure of barium titanate, six preferred directions are possible, since the
Ti-ion can displace in one of the six spatial directions. For the ferroelastic switching the
four orientations perpendicular to the original direction are possible. The orientation in
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opposite direction can be excluded, since the resulting remanent deformation is the same
in the opposed preferred orientations. Due to the slightly different deviations between
the grain polarizations and the applied pressure, different mechanical forces are necessary
for the switching process, resulting in a nonlinear ferroelastic hysteresis curve, see Fig-
ure 4.9(e). The strains of the material with respect to the applied pressure are plotted in
Figure 4.9(e). After removing the mechanical pressure the unit cells remain in their new
orientation state and a remanent compression of the material is obtained, see the illus-
tration in Figure 4.9(c). In the framework of small deformations, the magnitude of the
contraction of the specimen is half the value of the elongation. If then a mechanical trac-
tion force in the same vertical direction is applied on the body, the unit cells perform 90◦

switching into the direction of the vertical axis. As a consequence, the material shows an
overall elongation in traction direction and a contraction in perpendicular direction. This
deformation state essentially remains after removing the applied force only contracting
elastically, resulting in a closed hysteresis loop. Additional to the ferroelastic hysteresis,
a mechanical depolarization curve is obtained due to the electro-mechanical coupling. In
the initial state, the material is polarized in one direction. After applying a mechanical
pressure in polarization direction, the domains change their orientations in perpendicular
direction to the applied force. However, they switch into the energetically most preferable
directions, which are not the same for all domains and are therefore more or less equally
distributed in the four possible directions. Thus, the material gets depolarized, see the
mechanical depolarization curve in Figure 4.9(f). Even a mechanical traction force can
not polarize the material in traction direction. The unit cells switch again more or less
uniformly distributed in the up and down orientations with respect to the traction direc-
tion. Due to this depolarization no hysteresis loop is obtained and the curve remains at
zero polarization.

4.4 The ferrotoroidic effect

A further ferroic property, which was discovered much later than the other ferroic prop-
erties, is the ferrotoroidicity, see for example Aken et al. [4], Eerenstein et al.

[40], Papasimakis et al. [156], Planes et al. [157], Rabe [161], Ressouche et al.

[165], Spaldin et al. [197], Tolédano et al. [208], Vignesh et al. [211], Zimmer-
mann et al. [229]. This property is characterized by a circular (toroidal) arrangement
of electric polarizations or magnetizations on the microscopic level.
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Figure 4.10: (a) Vortex configuration of microscopic magnetizations generating a toroidal
moment T . (b) Ring-shaped solenoid where the magnetizations are produced by electric
currents. (c) Possible magneto-electric coupling by a shift of the electric currents due to a
magnetic field resulting in an electric polarization.
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In the case of electric ferrotoroidicity, the polarization vectors are results of different
charges organized in a corresponding distribution, whereas the magnetic ferrotoroidicity
is characterized by a vortex configuration of magnetic moments, see Figure 4.10(a) for a
simplified depiction of possible ferrotoroidic properties. A classical example of a generated
toroidal moment is a ring-shaped solenoid with an even number of current windings, see
Figure 4.10(b). In this context the reader is referred to the work of Aken et al. [4].
In such structures it is also possible to induce an electric polarization with an applied
magnetic field. This magneto-electric coupling is illustrated in Figure 4.10(c), where the
current loops are shifted by the magnetic field to one side of the solenoid resulting in a
polarization. This characteristic leads to the high interest in toroidic materials, recently.
The generated magneto-electric properties due to ferrotoroidicity are not investigated in
more detail in this thesis.

4.5 Magneto-electric materials

Magneto-electric (ME) materials are characterized by a coupling of electric and mag-
netic properties. They change their magnetization due to an applied electric field and
show a change of their electric polarization under magnetic loading. The interest to use
the magneto-electric coupling phenomena in technical applications goes back to the mid-
twentieth century. Since then several materials have been discovered, which exhibit an
interaction between electric polarization and magnetization. However, the origin of the dis-
covery of the magneto-electric coupling phenomena goes back to the end of the eighteenth
century when the German physicist Wilhelm Conrad Röntgen discovered that a moving
dielectric material in an electric field influences a magnetic needle, see Röntgen [171].
Further experiments, for example in the work of Wilson [219] in 1905, showed the exis-
tence of the magneto-electric coupling and in the works ofDebye [36] orDzyaloshinskii

[39], the authors supposed by theoretical considerations that a magneto-electric coupling
should emerge in single-phase materials. However, the magneto-electric coupling is very
rare in nature and only present in a minority of natural materials. More often the ME
effect appears in synthetic materials, where single-phase and composite materials can be
distinguished. In the following two Sections 4.5.1 and 4.5.2 both kinds of ME materials
are investigated in more detail. For an overview of the arising ME coupling effect the
reader is, for instance referred, to the works of Fiebig and Spaldin [51].

4.5.1 Single-phase magneto-electric materials

In this thesis the term single-phase denotes materials consisting of one single crystal phase.
To be precise a single-phase ME material can be further classified into two different groups.

• Single-phase ME multiferroics: Multiferroic materials combine two or more
ferroic properties, for example ferroelectricity, ferromagnetism and ferroelasticity.
However, antiferroic properties are also included in the class of multiferroics, see
Eerenstein et al. [40]. In magneto-electric multiferroics, the electric and mag-
netic properties are linked and can be influenced by each other. The ME properties
can on the one hand be created from the same ions or on the other hand from
different ions, which are connected due to the crystal lattice. An example for the
first phenomena is given by the material LuFe2O4. Here, the Fe-ions are differently
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charged in the lattice layers. Due to the charge deviations of the Fe2+- and Fe3+-ions,
a polarization in the material is observed. Additionally, ferrimagnetic properties are
caused by the Fe-ions. The second phenomenon is exhibited for example by bismuth
ferrite (BiFeO3). Here, the ferroelectric properties arise in the Bi-ion and the an-
tiferromagnetism in the FE-ion. However, there are indeed multiferroic materials
exhibiting polarizations and magnetizations but do not couple to each other gen-
erating a magneto-electric effect. An example is given by barium cobalt fluoride
(BaCoF4).

• Single-phase ME non-multiferroics: It is not a requirement for a material to
have ferroic or antiferroic characteristics, and thus multiferroic properties, in order
to generate a magneto-electric coupling. In addition, the magneto-electric coupling
can also occur in materials which have for example paramagnetic properties. An ex-
ample for a non-multiferroic ME material is given by the paramagnetic ferroelectric
Tb2(MoO4)3, see Ponomarev et al. [158].

Such materials can be found in nature or can be created synthetically. However, only very
few natural materials with ME properties are known, which are for instance congolite
(Fe2B7O13Cl), huebnerite (MnWO4) or chambersite (Mn3B7O13Cl), see Figure 4.11.

(a) (b) (c)

Figure 4.11: Natural magneto-electric single-phase materials: a) congolite (FE2B7O13Cl),
b) huebnerite (MnWO4) and c) chambersite (Mn3B7O13Cl), taken from www.mindat.org,
www.surreyminerals.com and www.mindat.org, respectively.

They are characterized by a very low ME coefficient appearing at cryogenic temperatures.
However, in the work ofDzyaloshinskii [39] the author explicitly mentioned the material
chromium(III)-oxide (Cr2O3) as a possible candidate for a material with ME properties.
Shortly afterwards, Landau and Lifshitz [118] showed that a magneto-electric effect
may occur in some antiferromagnetic crystals. These assumptions were proven a few years
later with the successful evidences of an ME coupling in Cr2O3, see for example Astrov

[8; 9], Rado and Folen [163] or Folen et al. [52]. In the following decades, vari-
ous investigations on Cr2O3 were reported and further materials with magneto-electric
properties have been observed. Table 4.1 gives an overview of ME-coefficients arising at
the given temperatures. More detailed investigations on the ME coupling regarding the
lattice structure of the corresponding material are for example given in Kimura et al.

[100], Lawes et al. [120], Yamasaki et al. [223]. A comprehensive historical overview
can be found in Fiebig [50]. However, due to physical reasons, only very few natural
materials with magneto-electric properties exist. A more detailed description of the rea-
sons is given in section 4.5.3, where the work of Hill [65] has to be mentioned explicitly.
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Furthermore, the magneto-electric properties in single-phase materials mostly arise far
below room temperature, see Table 4.1.

single-phase magneto-electric materials

Year Material ME coef. s/m Temp. Reference

1961 Cr2O3 1.43 · 10−12 293.15 K Astrov [9]∗, Astrov [8],
Rado and Folen [163],
Folen et al. [52], Rivera [167],
Martin and Anderson [131],
Wiegelmann et al. [217]

1963 Ti2O3 0.033 · 10−12 165 K Al’shin and Astrov [6]
1964 GaFeO3 1 · 10−12 77.0 K Rado [162]
1966 Ni3B7O13I 1.1 · 10−12 15.0 K Ascher et al. [7]
1967 Y3Fe5O12 − − O’Dell [154]
1984 TbPO4 36.7 · 10−12 1.9 K Rado et al. [164]
1989 (YBi)3(FeGa)5O12 ≈ 33 · 10−12 294.0 K Krichevtsov et al. [105]
1989 PbFe0.5Nb0.5O3 ≈ 0.0038 · 10−12 ≈ 5 K Watanabe and Kohn [216]
1994 LiCoPO4 30.6 · 10−12 4.2 K Rivera [167]∗,Rivera [168]
1994 Cr3B7O13Cl 0.05 · 10−12 4.2 K Ye et al. [224]
1997 BiFeO3 0.52 · 10−12 18.0 K Rivera and Schmid [169]
1997 Mn3B7O13I 0.095 · 10−12 4.2 K Crottaz et al. [34]
2002 V2O3 0.01 · 10−12 8.0 K Matteo and Jansen [132]

Table 4.1: Measured ME coefficients of single-phase materials. Some materials were inves-
tigated by different authors and the measured ME-values could slightly differ. The reference
which is marked by a star (∗) is the corresponding work to the listed ME coefficient.

A promising single-phase material is Cr2O3, which also shows an ME coefficient at room
temperature. Therefore, many investigations for this material have been made. However,
the ME coefficient quickly decreases for slightly higher temperatures and finally vanishes
at a Néel temperature of about Tn = 307 K, see Astrov [9].
The overview of the measured ME coefficients of single-phase materials in Table 4.1 shows,
that the ME coupling is on the one hand too low for technical applications and on the
other hand mostly occurring at cryogenic temperatures in the range of 4 to 18 Kelvin. In
order to produce technical devices which show a sufficiently high ME coupling coefficient
near room temperature, two phase composites are highly preferable.

4.5.2 Magneto-electric composite materials

The considered magneto-electric composite materials consist of a ferroelectric and a fer-
romagnetic phase. They generate the magneto-electric coupling as a strain-induced
product property, see Eerenstein et al. [40], Nan [150], Nan et al. [152], Priya
et al. [160], Ryu et al. [176], Srinivasan [199], Wang et al. [215]. van Suchtelen

[210] introduced the term product property and denoted it as a property that is not
present in the individual constituents itself, but arises effectively in the composite due to
the interaction of the single components. In the case of magneto-electric composites, the
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direct and converse ME effects can be distinguished

direct ME effect =
magnetic

mechanical
× mechanical

electrical

converse ME effect =
electrical

mechanical
× mechanical

magnetic

(4.2)

see e.g. Fiebig [50], Nan [150] or Ma et al. [129]. The direct ME effect denotes a
magnetically induced electric polarization. An applied magnetic field yields a deformation
of the magnetostrictive phase. This deformation is transferred to the ferroelectric phase
responding with a change of its electric polarization.

(a)
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Figure 4.12: Design of two-phase magneto-electric composites: a) Typical macroscopic di-
electric and butterfly hysteresis of BaTiO3, resulting from microscopic domain movements,
b) two-phase composite, c) typical magnetization and magnetostriction of CoFe2O4, d) mea-
sured magneto-electric response, e) BaTiO3 unit cell below (illustration on top) and above
the Curie temperature. Taken from Labusch et al. [116].

Due to this mechanical coupling as shown in Equation (4.2)1 a strain-induced magneto-
electric effect is generated. Additionally, in the same composite the converse ME effect
could be produced by applying an electric field. Then, the ferroelectric phase reacts and
transfers the deformations to the magnetic phase. The result is an electrically induced
change in the magnetization, see equation (4.2)2. Figure 4.12 shows an example of a com-
posite, consisting of an electro-mechanically coupled barium titanate (BaTiO3) matrix
with idealized spherical magneto-mechanically coupled cobalt ferrite (CoFe2O4) inclu-
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sions. The considered materials are characterized by typical dielectric and butterfly hys-
teresis curves for the ferroelectric phase as well as magnetization and magnetostriction
curves for the magnetostrictive phase, which are qualitatively depicted in Figure 4.12(a)
and Figure 4.12(c). Changes of the ferroelectric hysteresis curves depend on the reorienta-
tions of the spontaneous polarizations of the barium titanate unit cells on the nanoscopic
level, shown in Figure 4.12(e). Similarly, changes in the ferromagnetic hysteresis loops are
results of reorientations of the magnetic moments produced by the electron movements in
the atomic orbitals. Due to the fact that the effective magneto-electric coupling in com-
posite materials is a strain-induced property, it is obvious that it strongly depends on the
ferroic characteristics of the individual phases. In Figure 4.12d), a curve of an experimen-
tally measured direct ME coefficient of a composite material depending on an alternating
magnetic field is depicted. A highly nonlinear ME behavior with an inversion of sign for
an increasing magnetic field can be observed. These nonlinear characteristics are a re-
sult of the polycrystalline character of the material. In a single crystal, magnetostriction
is monotonic. Due to transverse contraction and magnetization rotation the mean value
yields a reduction of the absolute value of magnetostriction at high magnetic fields. Since
the strain-induced ME properties are a result of the interaction of the different phases on
the microscopic level, a further significant influence on the ME coupling is given by the
microscopic morphology. The shape and assembly of both phases affect the transmission
of the deformations and influence the ME properties. Common composite structures in
the field of magneto-electric materials are the following three different structures shown
in Figure 4.13.

Figure 4.13: Typical 0–3 (particulate), 2–2 (laminate, lamellar), and 1–3 (columnar) ME
composites (from left to right). Taken from Schröder and Keip [185].

In the notation of the different composites the first number indicates the spatial con-
nectivity of the magneto-mechanical phase and the second number indicates the spatial
connectivity of the electro-mechanical phase.

• Particular (0-3) ME composites: In (0-3) composites, see Figure 4.13(a), the
magneto-active inclusions have no spatial connectivity and are completely embedded
in the electro-active matrix. It can be assumed that the inclusions roughly have a
spherical shape.

• ME composite laminar (2-2) structures: The laminar (2-2) composites, shown
in Figure 4.13(b), consist of stacked magneto- and electro-active layers, which have
spatial connectivities in two dimensions. Due to the large joint face between the
different layers, such composites are characterized by good strain transmissions re-
sulting in the largest measurable ME coefficients among these three types of com-
posites.

• Nanopillar (1-3) ME composites: Such composites are characterized by
magneto-active nanopillars which grow on a substrate in an electro-active matrix
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material. They are denoted as (1-3) composites since the inclusions have one axis
spatial connectivity, see Figure 4.13(c).

For the numerical simulations in this thesis (0-3) and (1-3) two-phase composites are
considered, see Section 8.
Several experiments on ME composites showed remarkable ME coefficients, which are
orders of magnitudes higher than those of single-phase materials, see e.g. Fiebig [50].
Thus, composite materials are a promising solution to obtain a large ME coupling at
room temperature and were first created in 1972, see van Suchtelen [210]. A small
overview of magneto-electric two-phase composites and their generated ME coefficients is
given in Table 4.2.

composite magneto-electric materials

Year Material ME coef. s/m Reference

1974 CoFe2O4-BaTiO3 31.1 · 10−12
Run et al. [172]

1974 CoFe2O4-BaTiO3+TiO2 305.0 · 10−12 Run et al. [172]
1976 CoFe2O4-BaTiO3-CoTi2O4 733.3 · 10−12 Boomgaard et al. [24]
1978 BaTiO3- ≈ 330.0 · 10−12

Boomgaard and Born [23]
Ni0.97Co0.03Mn0.1Fe1.9O4

2001 PbZrxTi1−xO3- ≈ 779.0 · 10−12 Ryu et al. [174]
NiCo0.02Mn0.1Fe1.8O4

2002 Tb0.28Dy0.72Fe1.95- ≈ 104.5 · 10−12 Nan et al. [151]
PbZrxTi1−xO3-C2H2F2

2006 FeBSiC-PZT 400000 · 10−12 Dong et al. [38]
2011 CoFe2O4-BaTiO3 22.0 · 10−12 Shvartsman et al. [191]
2013 CoFe2O4-BaTiO3 4.4 · 10−12 Etier et al. [46]

Table 4.2: Measured ME coefficients at room temperature of composite materials.

All ME coefficients of the listed composites are obtained at room temperature. The ME
coupling of composite structures is several orders of magnitude higher than the coupling
in single-phase materials, especially shown in the work of Dong et al. [38], which
showed an ME coupling of about 400000 · 10−12 s/m in a laminate structure composite. It
has been discovered in several investigations that laminate composites yield the highest
magneto-electric coefficients. Further publications which show remarkable ME coefficients
and have to be mentioned here, are Boomgaard et al. [25], Cai et al. [29], Dong

et al. [37], Greve et al. [58], Islam and Priya [81], Islam et al. [82], Ma et al.

[128], Mori and Wuttig [148], Nan et al. [149], Ryu et al. [173; 175], Srinivasan
et al. [200; 201], which are not listed in Table 4.2 due to other units of the ME coupling
coefficient. For a conversion of the units, the dielectric permittivity of the composite must
be known and is not always mentioned in the works. In this thesis the experimentally
measured ME coefficients of CoFe2O4-BaTiO3 composites in the works of Shvartsman
et al. [191] as well as Etier et al. [46] are compared with the ME coefficients obtained
by numerical simulations. Further investigations of CoFe2O4-BaTiO3 composites are given
in Etier et al. [47] or Schmitz-Antoniak et al. [178].
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4.5.3 Why are there so few magneto-electric single-phase materials?

In ferroelectric materials, the electric polarization arises due to a displacement of the
positively and negatively charged ions in the crystal lattice, see Section 4.2 for a de-
tailed explanation. Then, the center of the positively and negatively charged ions do not
coincide and generate a spontaneous polarization. This off-center displacement can be
influenced by applied stresses or electric fields. Such ferroelectric properties (off-center
distortion) arise due to a balance between short-range repulsion, due to overlapping or-
bitals, which favor the nonpolar cubic structure, and long-range Coulomb forces, which
favor the ferroelectric state. In barium titanate d-orbitals of the Ti-ion build a connection
with corresponding orbitals of the O-ions, a so-called orbital hybridization, resulting in an
overlap of these orbitals and the tetragonal distortion of the unit cell. For an explanation
of atomic orbitals including d-orbitals, see Section 4.1.1. The new energy state of these
orbitals, caused by the hybridization, yields a minimization of the overall energy. Without
this Ti-O hybridization the cubic phase is more stable, see Cohen [33]. In most ferroelec-
tric oxide perovskites, the lowest unoccupied energy levels are d-orbitals, for instance in
Ti-, Nb- or Zr-ions, yielding d-hybridization with the O-ion. In contrast to the off-center
displacement of the differently charged ions, a magnetization has its origin in the atomic
orbitals which are partially filled with electrons. These electrons, which generate a mag-
netic moment due to their spin and orbital movements, interact with each other based on
the quantum mechanical exchange energy and align in the same direction. These interac-
tions proceed between different atoms resulting in magnetic domains. Here, the d-orbital
occupancies are necessary for the generation of magnetic moments since the energy state
of the d-orbitals is preferable for the exchange energy in order to align the magnetic mo-
ments of the different electrons in one direction. In magneto-electric materials both electric
and magnetic ordering have to be present, which includes materials with ferroic and an-
tiferroic properties. On the one hand, an off-center displacement of the positively and
negatively charged ions has to be present and, on the other hand, partially filled atomic
d-orbitals are necessary. Since in most ferroelectric perovskite structures the Ti-, Nb- or
Zr-ions have no electrons in the d-orbitals, they perform an orbital hybridization with the
O-ions resulting in an off-center distortion. However, since partially filled d-orbitals are a
requirement for magnetization, the driving force for an off-center distortion is no longer
preferable. The associated mechanisms for the generation of both properties are mutually
orthogonal to each other and therefore rare in single-phase materials. However, there is
a further fact which reduces the number of materials with magneto-electric properties.
To obtain ferroelectricity, the material has to be an insulator in order to produce a po-
larization instead of an electric current. But many ferromagnets are conductors instead
of insulators and therefore reduce the number of possible ME candidates. However, most
ferrimagnets, antiferromagnets or weak ferromagnets are indeed insulators. Thus only a
very small number of natural ME multiferroics exists. For a more detailed explanation of
the ferroelectric and ferromagnetic origins we refer to Hill [65].
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5 Finite element formulation

In the framework of engineering applications, numerical simulations are of great impor-
tance. However, most mathematical descriptions are not solvable analytically due to their
complex boundary value problems. The Finite Element Method (FEM) is a common and
popular tool to solve static and dynamic problems. Based on balance equations the equi-
librium conditions are given with geometric (Dirichlet) and static (Neumann) boundary
conditions. The considered body is then discretized with a finite number of elements, which
approximate the shape of the body as well as the degrees of freedom. The solution of an
assembled global system of equations, with an appropriate iterative solution algorithm,
yield the result of the complex boundary value problem. For the iterative solution the
Newton-Method is used and for the volume integration of the individual finite elements
the Gaussian quadrature is applied. A detailed description of the finite element method is
for example given in Hughes [78], Wriggers [221]. Since ferroelectric and magnetostric-
tive materials are simulated in this thesis, an extension to electric and magnetic fields is
necessary. The first approach for the finite element method for piezoelectric problems was
given in Allik and Hughes [5]. For more works in this field and detailed discussions
the reader is referred to Benjeddou [16], Kamlah and Böhle [91], Mackerle [130].

5.1 Boundary value problem for the magneto-electro-mechanical case

In order to solve a boundary value problem with the Finite Element Method, suitable
balance equations have to be fulfilled. For the magneto-electro-mechanically coupled case
these are the balance of linear momentum, the Gauss’ law of electrostatics and the Gauss’
law of magnetostatics as

divσ + fmech + fL = 0 , divD = ρf and divB = 0 . (5.1)

The balance of linear momentum depends on the mechanical body force density fmech,
caused by the gravitational acceleration, and the electromagnetic body force density fL.
The latter one can be identified as the Lorentz force density, which was explained in
Section 2.4. As mentioned in Section 2.4 the maxwell stresses can be derived from the
Lorentz force density. However, since Maxwell stresses only become important in materials
with moving charge carriers, which are neglected in the framework of this contribution,
we also neglect the influences of electromagnetic body forces with fL = 0. With the same
assumption the density of free charge carriers ρf in Gauss’ law of electrostatics can be
neglected with divD = 0. These balance equations depend on the mechanical strain, the
electric field, and the magnetic field which are defined as

ε = sym[gradx u] , E = − gradφ and H = − gradϕ . (5.2)

The balance equations given in Equation (5.1) have to be fulfilled for applied boundary
conditions. Possible boundary conditions are Dirichlet and Neumann conditions. In the
first case the unknown mechanical, electric or magnetic quantities at the boundary are
directly defined and the Dirichlet boundary conditions are given as

u = u0 on ∂Bu , φ = φ0 on ∂Bφ and ϕ = ϕ0 on ∂Bϕ . (5.3)
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In the second case the boundary conditions due to surface forces and surface fluxes can
be applied, resulting in the following Neumann boundary conditions

t = σ · n on ∂Bσ , −Q0 = D · n on ∂BD and − ζ0 = B · n on ∂BB , (5.4)

where n denotes the outward unit normal vector, see Figure 5.1. With these two types of
boundary conditions the boundary of the body can be decomposed into

∂B = ∂Bu ∪ ∂Bσ and ∂Bu ∩ ∂Bσ = ∅ (5.5)

for the mechanical part,

∂B = ∂Bφ ∪ ∂BD and ∂Bφ ∩ ∂BD = ∅ (5.6)

for the electrical part and

∂B = ∂Bϕ ∪ ∂BB and ∂Bϕ ∩ ∂BB = ∅ (5.7)

for the magnetical part.

∂BB

t

∂BD

ζ

∂Bφ

n

n

Q
∂Bσ

∂Bϕ

x ∈ B∂Bu

Figure 5.1: The boundary of the considered two dimensional body is decomposed into
different areas, representing mechanical, electrical, and magnetical Dirichlet and Neumann
boundary conditions.

5.2 Weak formulation for the magneto-electro-mechanical case

In order to solve a defined boundary value problem, the Galerkin method is employed
using the principle of virtual work. Thus, the balance equations have to be multiplied
with appropriate test functions. For the mechanical case the balance of linear momentum
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is multiplied with the test function δu, which fulfills the mechanical boundary conditions.
The balance equation for the electrical boundary value problem, Gauss’ law of electro-
statics, is multiplied by the test function δφ, and the Gauss’ law of magnetostatics is
multiplied with the test function δϕ resulting in the following expressions of the weak
forms

Gu = −
∫

B

(divσ + fmech) · δu dv = 0 ,

Gφ = −
∫

B

(divD − ρf ) δφ dv = 0 ,

Gϕ = −
∫

B

divB δϕ dv = 0 .

(5.8)

Using the product rule as div(σT · δu) = divσ · δu+σ : grad δu for the mechanical part
with the relation σT = σ, the product rule as div(Dδφ) = divDδφ +D · gradφ for the
electrical part, as well as div(Bδϕ) = divBδϕ + B · gradϕ for the magnetical part we
obtain

Gu =

∫

B

σ : grad δu dv −
∫

B

div(σ · δu) dv −
∫

B

fmech · δu dv = 0 ,

Gφ =

∫

B

D · grad δφ dv −
∫

B

div(Dδφ) dv +

∫

B

ρfδφ dv ,

Gϕ =

∫

B

B · grad δϕ dv −
∫

B

div(Bδϕ) dv .

(5.9)

With the use of the divergence theorem we can map the second integrals of the equa-
tions (5.9)1−3 on the boundary of the body and can apply the Cauchy theorems t = σ ·n,
−Q = D · n and −ζ = B · n. Furthermore, in the first integral in equation (5.9)1 only
the symmetric part of gradsym δu = δε is considered due to the symmetry of the stress
tensor. The gradient of the electric and magnetic potentials in (5.9)2−3 can be replaced
by δE = − grad δφ and δH = − grad δϕ, respectively. Then, equations (5.9)1−3 can be
written as

Gu =

∫

B

σ : δε dv

︸ ︷︷ ︸
Gint

u

−
∫

∂Bσ

t · δu da−
∫

B

fmech · δu dv

︸ ︷︷ ︸
Gext

u

= 0 ,

Gφ = −
∫

B

D · δE dv

︸ ︷︷ ︸
Gint

φ

+

∫

∂BD

Q δφ da+

∫

B

ρf δφ dv

︸ ︷︷ ︸
Gext

φ

,

Gϕ = −
∫

B

B · δH dv

︸ ︷︷ ︸
Gint

ϕ

+

∫

∂BB

ζ δϕ da

︸ ︷︷ ︸
Gext

ϕ

(5.10)

with the internal and external virtual work Gint
u and Gext

u for the mechanical quantities,
Gint

φ and Gext
φ for the electric quantities, and Gint

ϕ and Gext
ϕ for the magnetic quantities.
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By using the software FEAP the internal part has to be programmed with an appropriate
material model and the external part is defined through the applied boundary conditions.

5.3 Linearization of the weak forms

The weak forms can be of nonlinear nature such that an iterative method is required for
the solution of the problem. Here we use the Newton-Raphson method, which requires a
linearization of the weak forms with respect to a given point u = ũ, φ = φ̃ and ϕ = ϕ̃ as

LinGu(ũ, φ̃, ϕ̃,∆u,∆φ,∆ϕ, δu) = Gu(ũ, φ̃, ϕ̃, δu) + ∆Gu(ũ,∆u, δu)

+ ∆Gu(φ̃,∆φ, δu) + ∆Gu(ϕ̃,∆ϕ, δu) ,

LinGφ(ũ, φ̃, ϕ̃,∆u,∆φ,∆ϕ, δφ) = Gφ(ũ, φ̃, ϕ̃, δφ) + ∆Gφ(ũ,∆u, δφ)

+ ∆Gφ(φ̃,∆φ, δφ) + ∆Gφ(ϕ̃,∆ϕ, δφ) ,

LinGϕ(ũ, φ̃, ϕ̃,∆u,∆φ,∆ϕ, δϕ) = Gϕ(ũ, φ̃, ϕ̃, δϕ) + ∆Gϕ(ũ,∆u, δϕ)

+ ∆Gϕ(φ̃,∆φ, δϕ) + ∆Gϕ(ϕ̃,∆ϕ, δϕ)

(5.11)
with the incremental quantities ∆u, ∆φ and ∆ϕ. In order to obtain the incremental
parts of the linearization, a directional derivative has to be performed with respect to the
corresponding field quantity. For example, we obtain the mechanical increment ∆Gu with

∆Gu(ũ,∆u, δu) = DGu(ũ, δu) ·∆u =
d

dǫ
[Gu(ũ+ ǫ∆u, δu)]

∣∣∣∣∣
ǫ=0

. (5.12)

The other incremental parts are obtained analogously. We assume that the external load-
ings, the mechanical traction density t, the mechanical body force density fmech, the
electric flux density Q, and the magnetic flux density ζ , are conservative loadings and
their directional derivatives vanish as

∆Gext
u = 0 , ∆Gext

φ = 0 and ∆Gext
ϕ = 0 . (5.13)

Linearizing the weak forms (5.10) we obtain only the linearizations of the internal parts
as

∆Gu =

∫

B

∆σ : δε dv , , ∆Gφ = −
∫

B

∆D · δE dv , and ∆Gϕ = −
∫

B

∆B · δH dv .

(5.14)
Due to the considered composite materials with a magneto-electro-mechanical coupling
behavior, the stress, dielectric displacement, and magnetic induction depend on the
strains, the electric field, and the magnetic field with σ = σ̂(ε,E,H), D = D̂(ε,E,H)
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and B = B̂(ε,E,H). Thus, we obtain the following linearizations of the weak forms

∆Gu =

∫

B

δεT : ∂εσ : ∆ε dv +

∫

B

δεT : ∂Eσ ·∆E dv +

∫

B

δεT : ∂Hσ ·∆H dv

∆Gφ = −
∫

B

δE · ∂εD : ∆ε dv −
∫

B

δE · ∂ED ·∆E dv −
∫

B

δE · ∂HD ·∆H dv

∆Gϕ = −
∫

B

δH · ∂εB : ∆ε dv −
∫

B

δH · ∂EB ·∆E dv −
∫

B

δH · ∂HB ·∆H dv .

(5.15)
The partial derivatives of the stress, dielectric displacement, and magnetic induction with
respect to the strains, electric field, and magnetic field result in the tangent moduli

∂εσ = C , ∂Eσ = −eT , ∂Hσ = −qT , ∂εD = e , ∂ED = ǫ ,

∂HD = αT , ∂εB = q , ∂EB = α , ∂HB = µ .
(5.16)

Writing down the resulting tangent moduli in compact matrix notation we obtain the
expression 



σ

D

B


 =




C −eT −qT

−e −ǫ −αT

−q −α −µ







ε

E

H


 . (5.17)

5.4 Vector-matrix (Voigt) notation

For the following finite element formulation, the Voigt notation is introduced. Second-
order tensors are rewritten in reduced vector form and all higher-order tensors will be
written in reduced matrices. Matrices and vectors in Voigt-notation will be denoted with
an underline as •. First, the non-reduced vectors are given for the strain and stress tensor
as

ε9×1 = [ε11, ε22, ε33, ε12, ε23, ε13, ε21, ε32, ε31]
T (5.18)

and

σ9×1 = [σ11, σ22, σ33, σ12, σ23, σ13, σ21, σ32, σ31]
T . (5.19)

The mechanical stiffness tensor C is written in non-reduced matrix notation as

C
9×9 =




C1111 C1122 C1133 C1112 C1123 C1113 C1121 C1132 C1131

C2211 C2222 C2233 C2212 C2223 C2213 C2221 C2232 C2231

C3311 C3322 C3333 C3312 C3323 C3313 C3321 C3332 C3331

C1211 C1222 C1233 C1212 C1223 C1213 C1221 C1232 C1231

C2311 C2322 C2333 C2312 C2323 C2313 C2321 C2332 C2331

C1311 C1322 C1333 C1312 C1323 C1313 C1321 C1332 C1331

C2111 C2122 C2133 C2112 C2123 C2113 C2121 C2132 C2131

C3211 C3222 C3233 C3212 C3223 C3213 C3221 C3232 C3231

C3111 C3122 C3133 C3112 C3123 C3113 C3121 C3132 C3131




. (5.20)
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Applying the Voigt notation we obtain the reduced form of the symmetric strain and
stress tensors in the following form

ε = [ε11, ε22, ε33, 2ε12, 2ε23, 2ε13]
T and σ = [σ11, σ22, σ33, σ12, σ23, σ13]

T . (5.21)

Fourth order tensors, like the mechanical stiffness tensor C with the symmetry conditions
Cijkl = Cjikl = Cijlk, can be reduced to matrices as

C
6×6
(V oigt) =




C1111 C1122 C1133

1
2
(C1112

1
2
(C1123

1
2
(C1113

+C1121) +C1132) +C1131)

C2211 C2222 C2233

1
2
(C2212

1
2
(C2223

1
2
(C2213

+C2221) +C2232) +C2231)

C3311 C3322 C3333

1
2
(C3312

1
2
(C3323

1
2
(C3313

+C3321) +C3332) +C3331)

1
4
(C1212

1
4
(C1223

1
4
(C1213

1
2
(C1211

1
2
(C1222

1
2
(C1233 +C2112 +C2123 +C2113

+C2111) +C2122) +C2133) +C1221 +C1232 +C1231

+C2121) +C2132) +C2131)

1
4
(C2312

1
4
(C2323

1
4
(C2313

1
2
(C2311

1
2
(C2322

1
2
(C2333 +C3212 +C3223 +C3213

+C3211) +C3222) +C3233) +C2321 +C2332 +C2331

+C3221) +C3232) +C3231)

1
4
(C1312

1
4
(C1323

1
4
(C1313

1
2
(C1311

1
2
(C1322

1
2
(C1333 +C3112 +C3123 +C3113

+C3111) +C3122) +C3133) +C1321 +C1332 +C1331

+C3121) +C3132) +C3131)




. (5.22)

Analogously, third order tensors, as the electro-mechanical coupling tensor e, with the
symmetry conditions eijk = eikj, can be written as

e3×6
(V oigt) =




e111 e122 e133
1
2
(e112 + e121)

1
2
(e123 + e132)

1
2
(e113 + e131)

e211 e222 e233
1
2
(e212 + e221)

1
2
(e223 + e232)

1
2
(e213 + e231)

e311 e322 e333
1
2
(e312 + e321)

1
2
(e323 + e332)

1
2
(e313 + e331)


 (5.23)

and the magnetomechanical coupling tensor q, with the symmetry conditions qijk = qikj,
can be derived as

q3×6

(V oigt)
=




q111 q122 q133
1
2
(q112 + q121)

1
2
(q123 + q132)

1
2
(q113 + q131)

q211 q222 q233
1
2
(q212 + q221)

1
2
(q223 + q232)

1
2
(q213 + q231)

q311 q322 q333
1
2
(q312 + q321)

1
2
(q323 + q332)

1
2
(q313 + q331)


 . (5.24)

All vectors and scalar valued quantities are not modified in Voigt-notation.
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5.5 Discretization with finite elements

In order to solve the boundary value problem with the Finite-Element-Method, the body
has to be discretized with finite elements, see Figure 5.2.

1

1

1

ξ

η

Be

∂Bh

Bh

∂B
ζ

Be

Figure 5.2: Example of a discretized body Bh with tetrahedron finite elements Be. The mesh
refinement controls the accuracy of the boundary reproduction of the discretized boundary
∂Bh with respect to the original geometry of the boundary ∂B.

We consider a body B which is discretized with finite elements Be. The higher the number
the of used finite elements the more precise is the reproduction of the geometry. However,
an increasing number of finite elements also increases the computational cost and is very
time consuming. Therefore, an appropriate number of finite elements has to be chosen in
order to reproduce the original body in a sufficient manner. The discretized body Bh then
consists of the number of finite elements Be as

B ≈ Bh =

numele⋃

e=1

Be , (5.25)

where (•)h is an indicator for the approximated domain and numele for the number of
finite elements. Figure 5.2 shows the approximation of the discretized boundary ∂Bh with
respect to the original shape of the boundary ∂B.

5.6 Isoparametric concept

The main idea of the isoparametric concept is that the shape of the considered body as well
as the unknown quantities are discretized with the same interpolation functions. These
interpolation functions, the so called shape functions N , are defined in a parameterized
space with the natural coordinates κ = (ξ, η, ζ). Through such shape functions the
original geometry

xh =

nnode∑

I=1

N I(κ)xI (5.26)
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and unknown quantities are approximated as

uh =

nnode∑

I=1

N I(κ)dI
u , φh =

nnode∑

I=1

N I(κ)dIφ and ϕh =

nnode∑

I=1

N I(κ)dIϕ (5.27)

with the number of element nodes nnode and the mechanical, electric and magnetic de-
grees of freedoms for each node dI

u, d
I
φ and d

I
ϕ. Since the physical coordinates and unknown

quantities are derived in the physical coordinates x, the shape functions have to be trans-
ferred from the parameterized space to the physical space through the application of the
chain rule as

∂N I(κ)

∂x
=
∂N I(κ)

∂κ

∂κ

∂x
= J−T ∂N

I(κ)

∂κ
(5.28)

with the Jacobian matrix J including the derivatives of the shape functions with respect
to κ. The connection to the physical space is obtained by an approximation with the
shape functions as

J =
∂xh

∂κ
=

∂

∂κ

nnode∑

I=1

N I(κ) xI . (5.29)

The Jacobi matrix can then be written as

J =

nnode∑

I=1




xI1N
I
,ξ xI1N

I
,η xI1N

I
,ζ

xI2N
I
,ξ xI2N

I
,η xI2N

I
,ζ

xI3N
I
,ξ xI3N

I
,η xI3N

I
,ζ


 . (5.30)

5.7 Approximations with finite elements

As mentioned in the isoparametric concept, the unknown fields are approximated through
appropriate shape functions. Additionally, the virtual and incremental counterparts are
also described with these shape functions and for the mechanical fields appear as

uh =

nnode∑

I=1

N IdI
u , δuh =

nnode∑

I=1

N IδdI
u and ∆uh =

nnode∑

I=1

N I∆dI
u , (5.31)

for the electric fields as

φh =

nnode∑

I=1

N IdIφ , δφh =

nnode∑

I=1

N IδdIφ and ∆φh =

nnode∑

I=1

N I∆dIφ , (5.32)

and for the magnetic fields as

ϕh =

nnode∑

I=1

N IdIϕ , δϕh =

nnode∑

I=1

N IδdIϕ and ∆ϕh =

nnode∑

I=1

N I∆dIϕ (5.33)

with the discrete nodal displacement, electric potential and magnetic potential dI
u, d

I
φ

and dIϕ. Since the Voigt notation is applied, we use B-matrices, denoted as B, for the
discretizations of the mechanical strains as

εh =

nnode∑

I=1

B
I
u d

I
u , δεh =

nnode∑

I=1

B
I
u δd

I
u and ∆εh =

nnode∑

I=1

B
I
u ∆dI

u , (5.34)
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for the electric fields as

Eh =

nnode∑

I=1

B
I
φ d

I
φ , δEh =

nnode∑

I=1

B
I
φ δd

I
φ and ∆Eh =

nnode∑

I=1

B
I
φ∆d

I
φ , (5.35)

and for the magnetic fields as

Hh =

nnode∑

I=1

B
I
φ d

I
ϕ , δHh =

nnode∑

I=1

B
I
φ δd

I
ϕ and ∆Hh =

nnode∑

I=1

B
I
φ∆d

I
ϕ . (5.36)

The B-matrices for each node are defined as

B
I
u =




N I
,x1

0 0

0 N I
,x2

0

0 0 N I
,x3

N I
,x2

N I
,x1

0

0 N I
,x3

N I
,x2

N I
,x3

0 N I
,x1




, B
I
φ =




−N I
,x1

−N I
,x2

−N I
,x3


 and B

I
ϕ =




−N I
,x1

−N I
,x2

−N I
,x3


 . (5.37)

5.8 Discretization of the weak forms and linearizations

The weak forms and their linearizations have to be discretized with the introduced ap-
proximations. Then we obtain the expression for the virtual mechanical work

Gh
u =

nnode∑

I=1

(∂dI
u)

T





∫

Be

(BI
u)

Tσ dv −
∫

∂Be
σ

N It da−
∫

Be

N If
mech

dv





︸ ︷︷ ︸
rI
u

. (5.38)

Due to the definition of the B-matrix for the electric quantities a change of the sign occurs
for the virtual electrical work as

−Gh
φ =

nnode∑

I=1

δdIφ




−
∫

Be

(BI
φ)

TD dv +

∫

∂Be
D

N IQ da+

∫

Be

N Iρf dv





︸ ︷︷ ︸
rIφ

. (5.39)

Finally, the discretization of the virtual magnetical work can be written as

−Gh
ϕ =

nnode∑

I=1

δdIϕ




−
∫

Be

(BI
ϕ)

TB dv +

∫

∂Be
B

N Iζ da





︸ ︷︷ ︸
rIϕ

. (5.40)
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Analogously, we discretize the linearizations of the weak forms with the same principle
and obtain the linearized mechanical weak form as

∆Gh
u =

nnode∑

I=1

nnode∑

J=1

(δdI
u)

T

{∫

Be

(BI
u)

T
C B

J
u dv ∆dJ

u

︸ ︷︷ ︸
kIJ
uu

−
∫

Be

(BI
u)

TeT
B
J
φ dv ∆dJφ

︸ ︷︷ ︸
kIJ
uφ

−
∫

Be

(BI
u)

TqT
B

J
ϕ dv ∆dJϕ

︸ ︷︷ ︸
kIJ
uϕ

}
, (5.41)

the linearization of the electrical weak form as

∆Gh
φ =

nnode∑

I=1

nnode∑

J=1

δdIφ
{
−
∫

Be

(BI
φ)

Te B
J
u dv ∆dJ

u

︸ ︷︷ ︸
kIJ
φu

−
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(BI
φ)

Tǫ B
J
φ dv ∆dJφ
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kIJφφ

−
∫

Be

(BI
φ)

TαT
B

J
ϕ dv ∆dJϕ

︸ ︷︷ ︸
kIJφϕ

}
, (5.42)

and the linearization of the magnetical weak form as

∆Gh
ϕ =

nnode∑

I=1

nnode∑

J=1

δdIϕ
{
−
∫

Be

(BI
ϕ)

Tq B
J
u dv ∆dJ

u

︸ ︷︷ ︸
kIJ
ϕu

−
∫

Be

(BI
ϕ)

Tα B
J
φ dv ∆dJφ

︸ ︷︷ ︸
kIJϕφ

−
∫
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(BI
ϕ)

Tµ B
J
ϕ dv ∆dJϕ

︸ ︷︷ ︸
kIJϕϕ

}
. (5.43)

5.9 Assembling procedure for the boundary value problem

For the solution of the complete boundary value problem with the number of finite el-
ements numele, an assembling of the complete system of equations has to be done. We
start with the element vectors for the virtual and incremental mechanical displacements,
and electric and magnetic potentials

δde
u =




δd1
u

δd2
u
...

δdn
u



, δde

φ =




δd1φ
δd2φ
...

δdnφ




and δde
ϕ =




δd1ϕ
δd2ϕ
...

δdnϕ



, (5.44)

where the index n denotes the number of nodes for a finite element. Analogously, the
element-wise right hand sides are allocated as

re
u =




r1
u

r2
u
...

rn
u



, re

φ =




r1φ
r2φ
...

rnφ




and re
ϕ =




r1ϕ
r2ϕ
...

rnϕ



. (5.45)
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The element stiffness matrices are given as follows

ke
xy =




k11
xy k12

xy k13
xy · · · k1n

xy

k21
xy k22

xy k23
xy · · · k2n

xy

k31
xy k32

xy k33
xy · · · k3n

xy
...

...
...

. . .
...

kn1
xy kn2

xy kn3
xy · · · knn

xy




for
x = {u, φ, ϕ}
y = {u, φ, ϕ}

, (5.46)

where the indices x and y denote the mechanical, electric, and magnetic parts. By com-
bining the element stiffness matrices and right hand sides of the mechanical, electric and
magnetic fields we allocate the complete element vectors and matrices as

δde =



δde

u

δde
φ

δde
ϕ


 , ∆de =




∆de
u

∆de
φ

∆de
ϕ


 , re =




re
u

re
φ

re
ϕ


 , ke =




ke
uu ke

uφ ke
uϕ

ke
φu ke

φφ ke
φϕ

ke
ϕu ke

ϕφ ke
ϕϕ


 . (5.47)

In order to solve the complete boundary value problem with the Newton-Raphson method,
a global system of equation is needed. Therefore, a global right hand side vector R and a
global stiffness matrix K have to be used with the following assembling procedures

K =
numele

A
e = 1

ke , R =
numele

A
e = 1

re and ∆D =
numele

A
e = 1

∆de , (5.48)

where ∆D is the global solution vector. Then, the global system of equations results in

K∆D = −R , (5.49)

which has to be solved iteratively for nonlinear boundary value problems.
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6 Two-scale homogenization of magneto-electro-mechanical
problems

From a technical point of view, often only the macroscopic response of a device is of
interest. Depending on the kind of application, the goal is to obtain enhanced macro-
scopic material properties. These can for example be high strength and good formability
in dual-phase steels for the automotive industry, hard magnetic material properties for
reliable data storage devices, soft magnetorheological elastomers for magnetic actuators
or vibration dampers, or enhanced magneto-electric characteristics for modern smart ap-
plications. Such enhanced effective material properties are a result of the interaction
between different phases on the microscopic level in composite materials. For instance,
the enhanced effective properties of dual-phase steels are a result of the assembly of hard
and soft mechanical properties of martensitic inclusions, with a high tensile strength, and
a ferrite matrix with preferable yield strength characteristics. The properties of soft mag-
netorheological elastomers are obtained by a combination of the magnetic properties of
the inclusions and the elastic properties of an elastomer matrix. Due to the interaction
of the magnetic particles the composite reacts with a deformation and a change of the
mechanical stiffness. In the case of magneto-electric composites the effective ME coupling
only arises macroscopically and is not present in the individual phases. Such characteris-
tics are called product properties.
The development of suitable macroscopic material models for micro-heterogeneous ma-
terials is a challenging task and therefore several homogenization approaches have been
developed. The application of homogenization schemes for dual-phase steels or magne-
torheological elastomers was for example performed in Keip and Rambausek [94; 95].
With the application of homogenization strategies it is not necessary to derive a suitable
macroscopic material model. Instead, the overall material moduli are determined based
on the properties of the individual constituents. Especially for the simulation of magneto-
electric composites such approaches are a powerful tool, since the overall ME response
highly depends on the phase properties, the type of the composite, as well as small vari-
ations of the microscopic morphology. Small changes of such microscopic characteristic
result in different macroscopic responses, which can hardly be captured by one macro-
scopic model. Influences by microscopic morphologies or defects, such as pores, can easily
be incorporated within homogenization approaches, such as multi-level finite element sim-
ulations, by simply varying the microscopic finite element mesh. In the following chapter
several homogenization approaches are presented.

6.1 Overview on homogenization approaches

This chapter presents a small overview on some developed homogenization schemes for
the determination of effective properties. Analytical homogenization strategies are for
example the dilute distribution method, see Christensen [31], theMori-Tanaka-method,
see Tanaka and Mori [203], or self-consistent methods, see for instance Budiansky

[28], Christensen and Lo [32], Hill [68], Kröner [106], Willis [218], Zheng and

Du [227]. For a general overview the reader is referred to Aboudi [2], Hashin [60]. Such
homogenization approaches are mainly based on Eshelby’s equivalent eigenstrain solution,
see Eshelby [44], but are restricted to specific inclusion geometries and volume fractions.
Two further well known approximation approaches of the effective properties are given
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by Voigt and Reuss. In the case of the Voigt approximation, the macroscopic material
moduli is determined depending on the assumption of a constant strain distribution on
the microscopic level, see Voigt [212]. In contrast to that, a constant microscopic stress
distribution on the microscopic level is assumed in the Reuss approximation, see Reuss

[166]. Due to the simplified assumptions of the constant stress or strain distributions,
both approximations build the upper (Voigt) and lower (Reuss) bounds of the effective
properties. Hill [66] postulated that the arithmetic mean of both values gives more
accurate results. The three mentioned approximations of the effective elastic modulus C
are given by

C
V
=

1

V

∫

RVE

CdV , C
R
=

1

V



∫

RVE

C−1




−1

, and C
V RH

=
1

2

(
C

V
+ C

R
)
, (6.1)

where the index V RH denotes the Voigt-Reuss-Hill arithmetic mean. Further approxima-
tions for the effective properties are given by the Hashin-Shtrikman bound, see Hashin

and Shtrikman [61], Bruggeman [27], Huber and Schmid [75] or Boas [21].
In order to simulate the effect of microstructural influences on the macroscopic material
behavior more precisely, multi-scale methods based on a homogenization of a much smaller
length scale are quite common. Thereby, boundary value problems on the macro- and mi-
croscale are solved, where the microscopic boundary value problem is driven by the macro-
scopic kinematic quantities. Both scales are coupled via a macro-homogeneity condition
for the homogenization of the microscopic quantities. If the finite element method is used
on both scales, such method is also denoted as the FE2-method, which is explained in the
following Section 6.2 in more detail. First-order multi-scale homogenization approaches
were performed by Ghosh et al. [57], Guedes and Kikuchi [59], Kouznetsova

et al. [101], Miehe and Bayreuther [139], Miehe and Koch [141], Miehe et al.

[143; 144; 145], Schröder [181], Smit et al. [192], Terada et al. [205] or Tem-

izer and Wriggers [204]. The mentioned first-order homogenization schemes concern
mechanical problems in the field of, for instance, nonlinear problems, finite plasticity, or
viscoplasticity. Due to the large length scale separation, the macroscopic point with the
attached representative volume element is assumed to be homogeneous. The macroscopic
kinematic quantities are then applied homogeneously across the RVE. Second-order ho-
mogenization approaches additionally include geometric size effects and strain gradients,
which are not considered in the before mentioned first-order techniques. Applications of
second-order extensions are performed in, for example, Geers et al. [54; 55],Kaczmar-

czyk et al. [86], Kouznetsova et al. [102]. Extensions to multiphysics problems of
multi-scale homogenization approaches were performed, for instance, in Özdemir et al.

[155] for thermo-mechanically coupled problems, Schröder and Keip [185] for electro-
mechanically coupled problems, Keip and Rambausek [94; 95] for magnetorheological
elastomers, or Schröder et al. [188] for magneto-electro-mechanically coupled prob-
lems. For an overview and the trends in computational homogenization the reader is
referred to Geers et al. [56].

6.2 Homogenization based on the FE2-method

In this doctoral thesis a two-scale finite element homogenization scheme, the FE2-method,
is used. For the simulation of the investigated composites the FE2-method is extended
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to magneto-electro-mechanically coupled problems, see Schröder et al. [188], and
described in the following. The macroscopic body of interest is discretized with a finite
element mesh and considered as a homogeneous body. However, instead of deriving a
suitable material model, which describes the overall behavior, a microscopic representative
volume element (RVE) is assigned to each macroscopic integration point. This RVE reflects
the properties of a complex realistic heterogeneous microstructure and represents the
overall material behavior. The heterogeneous structure could include for example different
phases, cavities, or cracks. However, the choice of a suitable RVE is not distinctive and
several options exist for a periodic microstructure, see Figure 6.1 for possible RVEs of a
heterogeneous composite.

Figure 6.1: Possible representative volume elements (RVEs) for a periodic heterogeneous
microstructure.

Based on the solution of a microscopic finite element boundary value problem, using
appropriate boundary conditions on the RVE, a subsequent homogenization approach
provides the effective properties for the macroscopic constitutive equations. This strategy
automatically incorporates the influence of the interactions of the different phases on the
microscopic level. In the sense of magneto-electric composites, where different structures
generate varying ME effects, the FE2-method offers a suitable tool for the simulation of
ME composites. The following schedule shows the main steps of the FE2-method and is
visualized in Figure 6.2.

(i) The magneto-electro-mechanical boundary conditions are applied on the macro-
scopic body.

(ii) In each macroscopic integration point the strains, electric and magnetic fields are
localized on the corresponding RVE.

(iii) The microscopic boundary value problem is solved using suitable boundary condi-
tions.

(iv) A homogenization step yields the effective properties, including the magneto-electric
coefficient, as well as the stresses, electric displacement and magnetic induction,
which are given back to the corresponding macroscopic integration point.

(v) The macroscopic boundary value problem is solved.

For nonlinear problems the steps (ii) to (v) have to be repeated until an equilibrium
state on both scales is reached. In the following, the boundary value problems on both
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Localization

Homogenization

macroscopic bvp microscopic bvp

λ+(x+) = −λ−(x−) on ∂RVE
ξ̃+(x+) = ξ̃−(x−) and

ξ̇ = Ξ̇ · x+
˙̃
ξ

ε = ∇su

H = −∇ϕ
E = −∇φ

Σ = 〈Σ〉RVE =
1

V

∫

RVE

Σ dv

Z =
1

V

∫

RVE

Ẑ dv − 1

V
LTK−1L

∂BB

t

∂BD

ζ

∂Bφ

n

n

Q
∂Bσ

∂Bϕ

x ∈ B

divσ + f = 0

divD = ρf
divB = 0

∂Bu

λ := {t,Q, ζ}
Ξ := {ε,−E,−H}

Σ := {σ,−D,−B}
ξ := {u, φ, ϕ}

ξ ∈ RVE

Figure 6.2: Visualization of the FE2-method, where a microscopic representative volume
element (RVE) is assigned to each macroscopic integration point. The microscopic boundary
value problem is driven by the macroscopic fields, localized on the RVE. A homogenization
approach over the microscale provides the effective properties for the macroscopic problem.

scales will be described. The field variables on the microscopic level are denoted without
additional labeling (•) and the variables on the macroscale with an overline (•).

6.2.1 Macroscopic magneto-electro-mechanical boundary value problem

The considered body on the macroscale B ⊂ IR3 is parameterized in the macroscopic
Cartesian coordinates x. For the magneto-electro-mechanically coupled case the governing
balance laws are given by the balance of linear momentum, Gauss’ law of electrostatics
and Gauss’ law of magnetostatics as

divx[σ] + fmech + f em = 0 , divx[D] = ρf and divx[B] = 0 in B (6.2)

with the divergence operator divx with respect to the macroscopic variable x. Here, we
neglect the mechanical body force density fmech as well as the electromagnetic Lorentz
force density f em, since the Maxwell stresses have a negligible influence in dielectric mate-
rials. Furthermore, free electric charge carriers ρf are neglected, since we are considering
dielectric materials without free charges. The macroscopic linear strain tensor, the electric
field vector and the magnetic field vector are defined as

ε = sym[grad
x
u] , E = − grad

x
φ and H = − grad

x
ϕ (6.3)

with the gradient operator grad
x
with respect to the macroscopic variable x. The assump-

tion of a scalar magnetic potential is restricted to static problems of uniaxial boundary
conditions. Otherwise a vector potential must be used, which would complicate the ap-
proach too much. The Dirichlet boundary conditions for the coupled case are given in
terms of the displacements, the electric potential and the magnetic potential as

u = ub on ∂Bu , φ = φb on ∂Bφ and ϕ = ϕb on ∂Bϕ . (6.4)

The Neumann boundary conditions can be described in terms of the surface tractions,
the electric surface charge and the magnetic flux as

tb = σ · n on ∂Bσ , −Qb = D · n on ∂BD and − ζb = B · n on ∂BB . (6.5)

Here, n denotes the outward unit normal vector of the surface ∂B.
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6.2.2 Microscopic magneto-electro-mechanical boundary value problem

In the sense of the FE2-method no macroscopic thermodynamic potential is postulated
to obtain the overall material behavior, instead they are obtained through a homoge-
nization step over adjacent representative volume elements, requiring the solution of the
microscopic boundary value problem. The adjacent volume elements on the microscopic
level RVE ⊂ IR3 are parameterized in the microscopic coordinates x. Since, we suppose
a relatively large scale separation between the macro- and the microscopic level, with the
proportion of the lengths lmacro >> lmicro, we can neglect the body forces on microscopic
level, such that the balance of linear momentum and Gauss’ laws of electrostatics as well
as magnetostatics appear as

divx[σ] = 0 , divx[D] = 0 and divx[B] = 0 in RVE . (6.6)

Analogously, the free charge carriers in equation (6.2)2 on the microscopic level are ne-
glected. The microscopic linear strain tensor, the electric field vector and the magnetic
field vector are defined as

ε = sym[gradx u] , E = − gradx φ and H = − gradx ϕ . (6.7)

Here, the divergence as well as the gradient operator divx and gradx are defined with
respect to the microscopic variables x. In order to solve the microscopic boundary value
problem, suitable boundary conditions have to be applied on the RVE , which are derived
in the following.

6.2.3 Scale transition and definitions of microscopic boundary conditions

The effective macroscopic properties are determined by a homogenization approach re-
garding the microscopic quantities. Beforehand, the macroscopic quantities in each macro-
scopic integration point are distributed on the corresponding RVE in a localization step.
To solve the boundary value problem on the microscale, suitable boundary conditions
have to be applied on the RVE , which are derived from a generalized Hill-Mandel condi-
tion. In Hill [67] the Hill condition states that the macroscopic stress power is equal to
the volume average of the microscopic stress power. Based on this assumption we derive
a generalized macro-homogeneity condition for the magneto-electro-mechanically coupled
case as

σ : ε̇−D · Ė −B · Ḣ =
1

V

∫

RVE

σ : ε̇ dv − 1

V

∫

RVE

D · Ė dv − 1

V

∫

RVE

B · Ḣ dv . (6.8)

The latter equation can be satisfied if the individual mechanical, electric and magnetic
conditions

Pmech = σ : ε̇ − 1

V

∫

RVE

σ : ε̇ dv ,

Pelec = D · Ė − 1

V

∫

RVE

D · Ė dv ,

Pmagn = B · Ḣ − 1

V

∫

RVE

B · Ḣ dv

(6.9)
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hold independently, see for example Schröder [182] for the electro-mechanical case. We
can rewrite the latter expressions based on the explanations of Hill [69]. By using the
balance laws and the definitions of the surface tractions t, Q and ζ we obtain

Pmech =
1

V

∫

∂RVE

(t− σ · n) · (u̇− ε̇ · x) da ,

Pelec =
1

V

∫

∂RVE

(Q+D · n) · (φ̇+ Ė · x) da ,

Pmagn =
1

V

∫

∂RVE

(ζ +B · n) · (ϕ̇+ Ḣ · x) da .

(6.10)

From the latter equations we can directly derive the Dirichlet and Neumann conditions

t = σ · n or u̇ = ε̇ · x on ∂RVE ,

Q = −D · n or φ̇ = Ė · x on ∂RVE ,

ζ = −B · n on ϕ̇ = Ḣ · x on ∂RVE ,

(6.11)

which fulfill the conditions in Equation (6.10). Furthermore, the macro-homogeneity con-
dition can be fulfilled with the constraint conditions by Voigt, which state that ε = ε,
E = E and H = H , respectively, resulting in homogeneous microscopic fields ε, E
and H . Another assumption is given by the constraint conditions by Reuss. Then the
microscopic stresses, dielectric displacement and magnetic induction are equal to their
macroscopic counterparts with σ = σ, D = D and B = B, respectively. In this thesis
periodic boundary conditions are used, motivated by a periodic arrangement of the volume
elements. The boundary conditions are obtained by a decomposition of the microscopic
quantities into a constant macroscopic part (•) and a fluctuation field (•̃) as

ε = ε+ ε̃ , E = E + Ẽ and H = H + H̃ . (6.12)

The displacement fields as well as the electric and magnetic potential are obtained by

u = ε · x+ ũ , φ = E · x+ φ̃ and ϕ = H · x+ ϕ̃ . (6.13)

Due to the large difference in length scale, the decomposition into a constant homo-
geneously distributed part depending on the macroscopic quantities can be motivated.
However, such constant distribution is not correct for microscopic heterogeneities, which
is for instance the case in composite materials. Field variations, which do not coincide
with the homogeneous distribution triggered by inhomogeneities, are described by the
fluctuation part. Analogous to the decomposition of the quantities in equation (6.12) the
microscopic stresses, dielectric displacement, and magnetic induction can be decomposed
as

σ = σ + σ̃ , D = D + D̃ and B = B + B̃ . (6.14)

Periodicity is postulated as

ũ(x+) = ũ(x−) and t(x+) = −t(x−) ,

φ̃(x+) = φ̃(x−) and Q(x+) = −Q(x−) ,

ϕ̃(x+) = ϕ̃(x−) and ζ(x+) = −ζ(x−)

(6.15)



Two-scale homogenization of magneto-electro-mechanical problems 61

for the mechanical, electric and magnetic quantities, see Figure 6.3 for an illustration of
periodicity.

n+n−

+

+

x− x+

λ+ = −λ−
ξ̃+ = ξ̃−λ = Σ · n ξ = Ξ · x

x ∈ RVE

ξ = Ξ · x+ ξ̃

Figure 6.3: Illustration of the microscopic magneto-electro-mechanical boundary conditions
with the decomposition of the microscopic fields into a constant part and a fluctuation field.

6.2.4 Consistent linearization of macroscopic field quantities

In the sense of a scale transition within the FE2-method, the boundary value problems
on the macro- and microscale have to be solved. To achieve a quadratic convergence of
the Newton-Raphson iteration scheme for the solution of the problems on both scales, a
consistent linearization of the macroscopic weak forms is required. For magneto-electro-
mechanically coupled problems the macroscopic constitutive equations can be written in
the following compact notation




∆σ

−∆D

−∆B




︸ ︷︷ ︸
∆Σ

=




C −eT −qT

−e −ǫ −αT

−q −α −µ




︸ ︷︷ ︸
Z




∆ε

∆E

∆H




︸ ︷︷ ︸
∆X

. (6.16)

The effective mechanical, dielectric, magnetic, electro-mechanical, magneto-mechanical
and magneto-electric moduli are determined as follows

C = ∂εσ , ǫ = ∂
E
D , µ = ∂

H
B , e = ∂εD = [−∂

E
σ]T ,

q = ∂εB = [−∂
H
σ]T and α = ∂

E
B =

[
∂
H
D
]T

,

(6.17)

where [{e, q}T ]ijk := {e, q}kij. In the latter three equations Maxwell’s relations have been
applied, see Nye [153]. Assuming that no cavities or cracks are present on the microscopic
level, the macroscopic stress, dielectric displacement and magnetic induction can be com-
puted as simple volume averages over the microscopic counterparts. Thus, the effective
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moduli can be reformulated as

C =
∂〈σ〉V
∂ε

, ǫ =
∂〈D〉V
∂E

, µ =
∂〈B〉V
∂H

,

e =
∂〈D〉V
∂ε

=

[
−∂〈σ〉V

∂E

]T
, q =

∂〈B〉V
∂ε

=

[
−∂〈σ〉V

∂H

]T
,

α =
∂〈B〉V
∂E

=

[
∂〈D〉V
∂H

]T
.

(6.18)

Using periodic boundary conditions, the computation of the macroscopic moduli is ob-
viously not straight-forward. With the application of the chain rule and the additive
decomposition of the microscopic quantities into a macroscopic and a fluctuation part, we
obtain the overall material tangent as

Z =
∂〈Σ(X)〉V

∂X
=

〈
∂Σ(X)

∂X

∂(X + X̃)

∂X

〉

V

= 〈Z〉V︸︷︷︸
Z

Voigt

+

〈
Z
∂X̃

∂X

〉

V︸ ︷︷ ︸
Z
Soft

(6.19)

with the abbreviations given in equation (6.16). Now, the effective modulus is decomposed
into two parts. The first part of the latter equation Z

Voigt is denoted as the Voigt upper
bound of the material tangent and is defined as a simple volume average of the microscopic
moduli. The second part contains the partial derivatives of the microscopic fluctuation
fields with respect to their macroscopic counterparts. This softening term of the overall
tangent will be computed by using the FE discretization of the microscopic boundary value
problem. A reformulation of expression (6.16) with the chain rule shown in Equation (6.19)
gives the linearized constitutive relations
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−∆D

−∆B
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The microscopic moduli are obtained from a microscopic thermodynamic potential ψ with

C =
∂2ψ

∂ε ∂ε
, ǫ = − ∂2ψ

∂E ∂E
, µ = − ∂2ψ

∂H ∂H
,

e = − ∂2ψ

∂ε ∂E
=

[
− ∂2ψ

∂E ∂ε

]T
, q = − ∂2ψ

∂ε ∂H
=

[
− ∂2ψ

∂H ∂ε

]T
,

α = − ∂2ψ

∂E ∂H
= −

[
∂2ψ

∂H ∂E

]T

(6.21)

with [{e, q}T ]ijk := {e, q}kij again using Maxwell’s relations in the latter three equations.
In order to derive the overall material tangent the microscopic boundary value problems
have to be solved. The weak form of the balance of momentum is given by the expression

Gu = −
∫

RVE

δũT · divσ dv =

∫

RVE

δε̃ : σ dv −
∫

∂RVE

δũ · (σ · n) da. (6.22)
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Analogously, we obtain the microscopic weak form of Gauss’ law of electrostatics with

Gφ = −
∫

RVE

δφ̃ divD dv = −
∫

RVE

δẼ ·D dv −
∫

∂RVE

δφ̃ (D · n) da (6.23)

and the microscopic weak form of Gauss’ law of magnetostatics with

Gϕ = −
∫

RVE

δϕ̃ divB dv = −
∫

RVE

δH̃ ·B dv −
∫

∂RVE

δϕ̃(B · n) da (6.24)

with the definitions δε̃ := sym[grad δũ], δẼ := −grad δφ̃ and δH̃ := −grad δϕ̃. The
linearizations of the above weak forms yield the linear increment of the virtual mechanical
work

∆Gu =

∫

RVE

δε̃ : C : ∆ε̃ dv −
∫

RVE

δε̃ : eT ·∆Ẽ dv −
∫

RVE

δε̃ : qT ·∆H̃ dv (6.25)

the linear increment of the virtual electric work

∆Gφ = −
∫

RVE

δẼ · e : ∆ε̃ dv −
∫

RVE

δẼ · ǫ ·∆Ẽ dv −
∫

RVE

δẼ ·αT ·∆H̃ dv (6.26)

and the linear increment of the virtual magnetic work

∆Gϕ = −
∫

RVE

δH̃ · q : ∆ε̃ dv −
∫

RVE

δH̃ ·α ·∆Ẽ dv −
∫

RVE

δH̃ · µ ·∆H̃ dv . (6.27)

For the solution of the microscopic boundary value problems, a finite element discretiza-
tion is performed, which is discussed in detail in Section 5.7. In the following a vector-
matrix notation will be used and all appearing vectors and matrices will be labeled with
an underline as (•), see Section 5.4 for the introduction of the Voigt notation. Since the
macroscopic strain, electric and magnetic potential are constant throughout the RVE ,
only the fluctuation fields are discretized for the solution of the microscopic boundary
value problem with

{ũ, δũ,∆ũ} =

nnode∑

I=1

N I
u {d̃I

u, δd̃
I
u,∆d̃I

u},

{φ̃, δφ̃,∆φ̃} =

nnode∑

I=1

N I
φ {d̃Iφ, δd̃Iφ,∆d̃Iφ},

{ϕ̃, δϕ̃,∆ϕ̃} =

nnode∑

I=1

N I
ϕ {d̃Iϕ, δd̃Iϕ,∆d̃Iϕ},

(6.28)

where N I contains the classical shape-functions associated with node I and the expres-
sions {d̃u, d̃φ, d̃ϕ} denote the nodal displacement, the electric and magnetic potential. We
approximate the actual, virtual, and incremental fluctuation fields of the deformation, the
electric as well as the magnetic field with

ε̃ = B
e
ud̃

e

u , δε̃ = B
e
uδd̃

e

u , ∆ε̃ = B
e
u∆d̃

e

u

Ẽ = B
e
φd̃

e

φ , δẼ = B
e
φδd̃

e

φ , ∆Ẽ = B
e
φ∆d̃

e

φ ,

H̃ = B
e
ϕd̃

e

ϕ , δH̃ = B
e
ϕδd̃

e

ϕ , ∆H̃ = B
e
ϕ∆d̃

e

ϕ

(6.29)
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with the B
e-matrices containing the partial derivatives of the shape-functions with re-

spect to the reference coordinates. Substituting the latter approximations into the linear
increments of the weak forms yields the discrete representation of the mechanical part

∆Gint,h
u =

numele∑

e=1

(δd̃
e

u)
T





∫

RVE

(IBe
u)

T CIBe
u dv

︸ ︷︷ ︸
ke
uu
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u

−
∫

RVE

(IBe
u)

T eT IBφ dv

︸ ︷︷ ︸
ke
uφ

∆d̃e
φ −
∫

RVE

(IBe
u)

T qT IBe
ϕ dv

︸ ︷︷ ︸
ke
uϕ

∆d̃e
ϕ




,
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the discrete representation of the electric part of the weak form

∆Gint,h
φ =

numele∑

e=1

(δd̃φ)
T
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(IBφ)
T e IBe

u dv
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φu
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T ǫ IBφ dv
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φφ
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φ −
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ϕ dv
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and the magnetic part

∆Gint,h
ϕ =

numele∑

e=1

(δd̃φ)
T





−
∫

RVE

(IBe
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T q IBe
u dv
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(IBe
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ke
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.
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Let now numele denote the number of finite elements of the microscopic boundary value
problem. Then, the FE assembly procedure yields, with the element residual vectors re

u,
re
φ, r

e
ϕ, the compact notation

numele∑

e=1




δd̃e
u

δd̃e
φ

δd̃e
ϕ




T 
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uφ ke
uϕ

ke
φu ke

φφ ke
φϕ

ke
ϕu ke

ϕφ ke
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ke
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φ

∆d̃e
ϕ




︸ ︷︷ ︸
∆d̃e

+




re
u

re
φ

re
ϕ




︸ ︷︷ ︸
re


 = 0 (6.33)
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with the definition of the incremental element solution vector ∆d̃e. A standard assembly
procedure of the element stiffness matrix ke and the element residual vector re leads to
the system of equations

K∆D̃ = −R with K =
numele

A
e = 1

ke and R =
numele

A
e = 1

re , (6.34)

where A denotes suitable assembly operators, K denotes the global stiffness matrix and
R is the global residual vector on the microscopic level. In order to solve the global
microscopic problem we compute the global solution vector as

∆D̃ = −K−1R . (6.35)

In order to derive the complete overall material tangent, the partial derivatives of the
microscopic fluctuation fields with respect to their macroscopic counterparts have to be
computed. Thus, we linearize the microscopic weak forms at an equilibrium state. For the
mechanical weak form, this results in

∫

RVE

δε̃ : C : (∆ε+∆ε̃) dv−
∫

RVE

δε̃ : eT · (∆E+∆Ẽ) dv−
∫

RVE

δε̃ : qT · (∆H+∆H̃) dv = 0 .

(6.36)
Analogously, the electric part yields

−
∫

RVE

δẼ ·e : (∆ε+∆ε̃) dv−
∫

RVE

δẼ ·ǫ · (∆E+∆Ẽ) dv−
∫

RVE

δẼ ·αT · (∆H+∆H̃) dv = 0

(6.37)
and the magnetic part is given by

−
∫

RVE

δH̃ ·q : (∆ε+∆ε̃) dv−
∫

RVE

δH̃ ·α ·(∆E+∆Ẽ) dv−
∫

RVE

δH̃ ·µ ·(∆H+∆H̃) dv = 0 .

(6.38)
Inserting the corresponding FE approximations of equation (6.29) we achieve the discrete
versions of the above equations. For the mechanical part we obtain
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(6.39)
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where we have defined adequate FE matrices l. In order to give a more compact expression,
we reformulate the above equation as

numele∑

e=1

(δd̃e
u)

T
(
leuu ∆ε+ ke

uu∆d̃e
u + leuφ ∆E + ke

uφ ∆d̃φ + leuϕ∆H + ke
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ϕ

)
= 0 .

(6.40)
Analogously, we obtain the discrete form of the electric part as

numele∑

e=1




(δd̃φ)

T


 −

∫

Be

(IBφ)
T e dv

︸ ︷︷ ︸
leφu

∆ε−
∫

Be

(IBφ)
T e IBe

u dv

︸ ︷︷ ︸
ke
φu

∆d̃e
u

−
∫

Be

(IBφ)
T ǫ dv

︸ ︷︷ ︸
leφφ

∆E−
∫

Be

(IBφ)
T ǫ IBφ dv

︸ ︷︷ ︸
ke
φφ

∆d̃φ

−
∫

Be

(IBφ)
T αT dv

︸ ︷︷ ︸
leφϕ

∆H −
∫

Be

(IBφ)
T αT IBe

ϕ dv

︸ ︷︷ ︸
ke
φϕ

∆d̃e
ϕ
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which can be expressed in the compact notation by

numele∑

e=1

(δd̃φ)
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)
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(6.42)
Finally, the discrete relation for the magnetic part appears as
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with the compact notation
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By now using the FE assembly procedure, yielding the global stiffness matrices and the
global L-matrices as

Kab =
numele

A
e = 1

ke
ab and Lab =

numele

A
e = 1

leab for a, b = {u, φ, ϕ} (6.45)

we can write the global representation
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This can be solved for the incremental nodal fluctuations

∆D̃ = −K−1 L ∆X . (6.47)

Considering Equation (6.20) we need the partial derivatives of the microscopic fluctuation
fields with respect to the macroscopic counterparts for the determination of the overall
material tangent, which can be computed from the latter equation as

∂∆D̃

∂X
= −K−1 L

∂∆X

∂X
= −K−1 L . (6.48)

From Equation (6.20) we can identify the overall material tangent as

Z =
1

V
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RV E

Z+ Z
∂X̃

∂X
dv


 . (6.49)

Inserting the general form of the discretizations ∆X̃ = B
e
ξ∆d̃

e

ξ in the latter equation with

the update X̃ ⇐ X̃+∆X̃ in consideration of the equilibrium state in the current time step
we obtain
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Using the FE assembly procedure, the partial derivative of the microscopic fluctuation
fields with respect to their macroscopic counterparts and the definition of the adequate
FE matrices L we get the final solution of the overall material tangent as

Z =
1

V
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RV E

Z dv


+

1

V

(
LT

∂∆D̃
e

ξ

∂X

)
= 〈Z〉V − 1

V
LTK−1L . (6.51)

Since the determination of the second part of the effective material tangent requires high
computational cost, the second term is identified as

LTK−1L with KX = L , (6.52)

where X is the solution of a system with several right hand sides.
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7 Material models

The following chapter deals with the material modeling of magneto-electric composites.
Since the magneto-electric properties can be determined by suitable macroscopic models
or as a result of the interaction of ferroelectric and ferromagnetic microscopic models,
an overview is given of some possible approaches for ferroelectric, magnetostrictive and
magneto-electric material models. Afterwards, the used models are described in more de-
tail and a motivation is given for the choice of these models.
A possible method to describe the effective magneto-electric properties are analytical so-
lutions, see e.g. Aboudi [1], Avellaneda and Harshe [12], Benveniste [17], Huang

[73], Huang and Kuo [74], Kuo and Kuo [107], Kuo et al. [108], Li [123], Li and
Dunn [124], Nan [150], Wu and Huang [222] or Krantz and Gerken [104]. Such
analytical solutions are for example based on the Mori-Tanaka-Method or Eshelby’s equiv-
alent eigenstrain solutions but often restricted to specific inclusion geometries and simple
boundary value problems. However, the ME properties change through a modification of
the microstructure while the volume fractions of the constituents remain the same. Such
microscopic variations are mostly not captured within analytical approaches.
Finite element simulations of linear magneto-electro-mechanically coupled composite ma-
terials were for instance performed in Lee et al. [121]. In this work, the material behavior
for the electro- and magneto-active phases was approximated as a linear piezoelectric as
well as piezomagnetic behavior.
As a possible approach to describe the hysteresis behavior of the ferroelectric and ferro-
magnetic phases more precisely, the Preisach model was developed in 1935 by F. Preisach,
see Preisach [159]. Originally it was derived as a scalar-valued formulation and later
extended to multidimensional problems. Some applications to ferroelectric and ferromag-
netic materials are for example given in Hegewald et al. [62], Hughes and Wen

[77], Kaltenbacher et al. [88], Mayergoyz [134], Mayergoyz and Friedman

[135], Robert et al. [170], Song et al. [195], Stancu et al. [202], Yu et al.

[225] and Bermúdez et al. [18]. In all cases the hysteresis curves are approximated by
a superposition of multiple hysterons, which show a rectangular hysteresis loop. Due to
different switching thresholds to their up and down positions, the macroscopic hysteresis
is characterized by a stepwise increase or decrease of the magnetization.
A further approach for the simulation of the ferroelectric hysteresis behavior is given in
Hwang et al. [79]. Therein, the effective polarization is based on multiple microscopic
remanent polarizations, which can change their directions due to a switching criterion
based on the change in the free energy. The switching criterion considers influences by
electric fields or mechanical stresses, resulting in effective dielectric and butterfly hystere-
sis curves. Based on this model and on micro-mechanically motivated switching processes
the reader is referred to the works of Menzel et al. [136], Michelitsch and Kreher

[138] or Keip [93]. In Avakian et al. [11] a ferroelectric model, based on this switching
criterion, is used to determine the magneto-electric coupling in two-phase composites.
However, interactions between neighboring domains are not considered in this model.
In order to incorporate effects through domain interactions, phase field models based on
the Ginzburg-Landau equation are a powerful tool. The simulated phase transformation
and domain wall movements are a result of the minimization process of the total free
energy. Wang et al. [214] presented effective polarization and strain hysteresis loops
by averaging the microscopic polarization state obtained by a phase field model. For the
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application of phase field models to ferroelectric materials and the study of domain struc-
tures and polarization switching we refer for example to Koyama [103], Miehe and

Ethiraj [140], Schrade et al. [180] or Keip et al. [96].
Ferroelectric phenomena as domain wall or boundary effects can also be modeled using
molecular statics (MS) simulations, molecular dynamics (MD) or density functional the-
ory (DFT). Therein, the atoms are considered as individual particles, which can interact
with each other. The dynamical state of the system in molecular dynamics is determined
using potentials, such as the Lennard-Jones potential. In density functional theory the
atomic forces are calculated by approximating the Schrödinger equation. However, the
simulations are restricted to very small length scales and require high computational cost.
Furthermore, models on higher scales simulate the macroscopic ferroelectric behavior more
exactly. In Endres and Steinmann [42] a ferroelectric hysteresis is determined using
molecular statics simulations.
Simulations of the material behavior of magnetorheological elastomers are performed in
Keip and Rambausek [94; 95], using the FE2-method. On the microscopic level, the
magnetic particles are described by an extension of a classical neo-Hookean energy func-
tion, which is enhanced by a term accounting for the magnetic saturation behavior. The
neo-Hookean energy function is motivated by the fact that such particles, embedded in
an elastic matrix, undergo finite rigid-body rotations. Further simulations of magnetorhe-
ological elastomers can be found in Kalina et al. [87] or Metsch et al. [137].
Large deformations of ionic electro-active polymers were investigated in the framework
of the theory of porous media (TPM) in Bluhm et al. [20]. In this work additional
balance equations related to electric fields and the electroneutrality condition are taken
into account. The large deformations of these EAPs are a result of the displacements of
electrically charged ions, which is incorporated with a concentration equation.
Based on thermally or magnetically induced phase transitions, strains of up to 10% can
be obtained in magnetic shape memory alloys. A suitable modeling approach for the
simulation of such alloys is based on the concept of energy relaxation in the context of
non-convex free energy landscapes. Applications of this theory to magnetic shape memory
alloys are for example given in Tickle et al. [206] or Kiefer et al. [99]. Further ap-
proaches are for instance given in Kiefer and Lagoudas [97] or Kiefer et al. [98].
A different approach is based on the theory of plasticity, where an evolution equation
is derived for the plastic strains. The electric polarization is represented by an internal
variable. First approaches based on this theory were applied for ferroelectric ceramics in
Bassiouny et al. [14]. Further applications for dissipative magnetostriction are e.g.
given in Miehe et al. [146] or for magneto-electro-mechanics in Miehe et al. [147].
Macroscopic phenomenological models describe the material behavior based on parame-
ters of experimental measurements. InHom and Shankar [71] andHom and Shankar

[72] the nonlinear behavior of the electric polarization was approximated by a hyperbolic
tangent, which suitably depicts the experimental results. A phenomenological model for
ferromagnetic shape memory allows was derived in Kiefer and Lagoudas [97]. In this
context the work of Avakian and Ricoeur [10] has to be highlighted, where inter alia a
phenomenological ferromagnetic model is combined with a ferroelectric model, based on
the switching of unit cells on the microscopic level. Both models were used to simulate
the magneto-electric coupling in two phase composites. Furthermore, in the same work
a physically motivated ferromagnetic model was derived, which is based on a switching
criterion (Hwang et al. [79]) depending on the dissipative work of Bloch wall motions.
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In the following section an overview of possible material models for the simulation of
magneto-electric composites is given. For this, four different models are introduced. At
the beginning a linear model is used to describe the electro-active and magneto-active
phases. For ferroelectric materials it is a common approach to simulate the material
behavior after a polarization process, when the microscopic remanent polarizations are
aligned in one direction. In this state, the material shows approximately a linear behavior,
when the centers of the positive and negative charged ions only move in linear dependence
on the applied electric field or mechanical stress and not due to a reorientation of the po-
larization direction. For ferromagnetic materials this approach can also be used. In the
case of the investigated cobalt ferrite, the linear behavior is not fitted to the material
response after a magnetization process since the material only shows a small hysteresis.
Instead, the parameters are fitted to the steepest curve at the beginning of the hysteresis
loops. In this field region the hysteresis curve can roughly be approximated by a lin-
ear function. However, this approach is only applicable for a small magnetic field region
and can not depict the nonlinear behavior of the magnetization and magnetostriction.
Numerical examples show, that further assumptions, as different polarization directions
and a factorization of piezoelectric coupling moduli, yield a more accurate prediction of
measured magneto-electric coefficients, see Labusch et al. [111; 115]. Nevertheless, to
predict the ME coupling more precisely nonlinear models have to be taken into account.
Therefore, we consider in the second approach a nonlinear magnetostrictive model, see
Schröder et al. [187]. It is capable of describing the hysteresis loops of the magne-
tization and the magnetostriction and is able to incorporate a reorientation of the mag-
netization direction. Numerical simulations with this model demonstrate the necessity of
using nonlinear models for the simulation of ME coefficients. Thus, we consider in the
third approach a ferroelectric/-elastic switching model, see Keip [93], based on the work
of Hwang et al. [79]. Based on a switching criterion for remanent polarization vectors
on the microscopic level, the nonlinear properties of the hysteresis loops are described.
This model is extended to the three dimensional space by using an orientation distribution
function based on the construction of a geodesic dome, see Kurzhöfer [109]. In numer-
ical examples the nonlinear properties of the magneto-electric coupling can be shown,
see Labusch et al. [112; 114; 116], Schröder et al. [188]. The material model last
implemented is a three-dimensional Preisach model. The Preisach model approximates
the magnetization by a superposition of multiple relays, which simulate the behavior
of microscopic magnetic moments. These microscopic relays switch their direction de-
pending on specific switching thresholds. Thus, the magnetization and magnetostriction
hysteresis curves can be fitted to arbitrary continuous functions. This is used for the
description of the material behavior of cobalt ferrite, see section 4.1.3. However, the clas-
sical Preisach model is a scalar valued model. In this thesis, the model is extended to the
three-dimensional space. In a first approach the model was extended to 3D by applying
the Preisach operator in each direction of an orientation distribution function (ODF). In
Schröder and Labusch [186] this approach was first applied for ferroelectric materials
and simulations of two-phase magneto-electric composites were performed. However, the
high number of relays in each direction of the ODF yields very time consuming compu-
tations. Therefore, in a second approach the Preisach operator was multiplied with one
direction vector, which depicts the current magnetization direction, see Labusch et al.

[117]. However, a direct switching of the magnetization vector into the direction of the
microscopic magnetic field could cause numerical instabilities, since a direct reorientation
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of the magnetization yields switching of the Preisach relays. This could involve again a
reorientation of the magnetization direction resulting in back and forth switching of the
vector and the Preisach relays. In order to prevent such instabilities the magnetization
vector slowly, which means in multiple time steps, rotates into the new direction. With
this approach the model is capable of describing the nonlinear hysteresis loops for cobalt
ferrite. Finally, the ferroelectric/-elastic switching model and the ferromagnetic Preisach
model are combined for the simulation of two-phase magneto-electric composites and show
promising results in the prediction of ME coefficients.

7.1 Linear piezoelectric/piezomagnetic material model

For the description of the piezoelectric and piezomagnetic material model one general
model is used, where either the piezoelectric coupling modulus or the piezomagnetic
coupling modulus is activated. Therefore, we use a coordinate-invariant formulation of
a magneto-electro-mechanically coupled enthalpy function ψ1, based on the work of
Schröder and Gross [184]. Since mostly polarized or magnetized materials are con-
sidered to depict the linear behavior of such ferroic materials, a transversely isotropic
formulation is used as a suitable approximation. It is given as

ψ1 =
1

2
λI21 + µI2 + ω1I5 + ω2I

2
4 + ω3I1I4

︸ ︷︷ ︸
ψmech
1

+ β1I1J
e
2 + β2I4J

e
2 + β3K

e
1

︸ ︷︷ ︸
ψpe
1

+ κ1I1J
m
2 + κ2I4J

m
2 + κ3K

m
1︸ ︷︷ ︸

ψpm
1

+ γ1J
e
1 + γ2(J

e
2)

2

︸ ︷︷ ︸
ψdiel
1

+ ξ1J
m
1 + ξ2(J

m
2 )2︸ ︷︷ ︸

ψmagn
1

,
(7.1)

where the individual parts represent the purely mechanical (ψmech
1 ), the piezoelectric (ψpe

1 ),
the piezomagnetic (ψpm

1 ), the purely electric (ψdiel
1 ), and the purely magnetic behavior

(ψmagn
1 ). The used invariants are defined as follows

I1 = tr[ε] , I2 = tr[ε2] , I4 = tr[εm] , I5 = tr[ε2m] ,

Je
1 = tr[E ⊗E] , Je

2 = tr[E ⊗ a] , Ke
1 = tr[ε(E ⊗ a)] ,

Jm
1 = tr[H ⊗H ] , Jm

2 = tr[H ⊗ a] , Km
1 = tr[ε(H ⊗ a)] ,

(7.2)

where a denotes the preferred direction indicating the orientation of the remanent po-
larization or magnetization and m denotes the structural tensor with m = a ⊗ a. The
derivations of the energy function with respect to the process variables as

C = ∂2
εε
ψ1 , ǫ = ∂2

EE
ψ1 , µ = ∂2

HH
ψ1 ,

e = ∂2
εE
ψ1 = [−∂2

Eε
ψ1]

T and q = ∂2
εH
ψ1 = [−∂2

Hε
ψ1]

T
(7.3)

yield the following constitutive magneto-electro-mechanical moduli as

C = λ1⊗ 1+ 2µII + ω3[1⊗m+m⊗ 1] + 2ω2m⊗m+ ω1Ξ ,

e = −β1a⊗ 1− β2a⊗m− β3θ ,

q = −κ1a⊗ 1− κ2a⊗m− κ3θ ,

ǫ = −2γ11− 2γ2m ,

µ = −2ξ11− 2ξ2m ,

(7.4)
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where the following third and fourth order tensors are introduced

θijk =
1

2
(ajδik+akδij) , IIijkl =

1

2
(δikδjl+δilδjk) , and Ξijkl = aiδjkal+akδilaj . (7.5)

Based on these moduli the compact notation of the constitutive relations can be given as




σ

−D

−B


 =




C −eT −qT

−e −ǫ 0

−q 0 −µ







ε

E

H


 , (7.6)

where the underline (•) denotes a vector-matrix notation. The magneto-electric modu-
lus, denoted as α, is not present in the individual phase, such that holds α = 0. The
piezoelectric or piezomagnetic modulus e or q are zero in the corresponding other phase.

7.2 Nonlinear magnetostrictive material model

For the description of the magnetostrictive material behavior the material model proposed
by Miehe et al. [146; 147] is used. In the considered approach, a reversible, linear
piezomagnetic response is assumed to exist at a given state of remanent magnetizationM .
Nonlinearity and dissipation enter the formulation through their direct association with
the evolution of this vector-valued internal state variable. More specifically, in analogy to
Perzyna-type overstress models in viscoplasticity, the dissipation functional

φη(Ṁ) = sup
H

[
H · Ṁ − Hc

η(n+ 1)
〈f(H)〉n+1

]
(7.7)

is introduced governing the evolution of the effective remanent magnetization vector, with
the coercive threshold value Hc. Here, 〈x〉 = 1

2
(x + |x|) denotes the ramp function. The

dissipation functional (7.7) can be interpreted as the approximate penalty-type solution
of the nonlinear inequality-constrained maximization problem

φη(Ṁ) = sup
H∈E

[
H · Ṁ

]
, (7.8)

where E := {H|f(H) := |H|/Hc − 1 < 0}, with |H| := (H · H)1/2, defines the reversible
range in terms of the thermodynamic driving force

H = −∂ψ2(ε,H ,M)

∂M
(7.9)

with the critical threshold value Hc. In this viscous regularization of the rate-dependent
dissipation function, the constants η > 0 and n > 0 are material parameters associ-
ated with the viscosity of the magnetostrictive response. For n < 1 one obtains the
phenomenological characteristics of a Norton-Bailey-type creep response. For η → 0 the
rate-independent case is recovered. Even though a small rate-dependence is sometimes
introduced in computational material modeling to improve the numerical behavior of the
constitutive algorithm, actual rate-dependence is observed in ferroelectric and magne-
tostrictive response, see Kamlah [90], Zhou et al. [228] or Miehe and Rosato [142].
However, careful considerations are necessary when assessing whether rate-dependence
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enters the constitutive or the system level. To give an example for the magnetic case,
time-dependent magnetic diffusion due to eddy currents induced on the sample or device
level may give the appearance of rate-dependence, even for rate-independent constitutive
behavior. The necessary condition associated with the maximum principle (7.7) yields the
evolution equation

Ṁ =
Hc

η
〈f(H)〉n∂f(H)

∂H =
1

η

〈 |H|
Hc

− 1

〉n H
|H| . (7.10)

Based on the implicit Euler integration of this equation, in combination with the driving
force H in (7.9), one may define the nonlinear residual expression

rn+1(vn+1) :=




Hn+1 + ∂Mψm
n+1

Mn+1 −Mn −
∆t

η

( |Hn+1|
Hc

− 1

)n Hn+1

|Hn+1|


 = 0 (7.11)

with ∆t := tn+1 − tn, in terms of the unknowns vn+1 := [Mn+1,Hn+1]
T . Computing the

nonlinear and loading-history dependent evolution of the remanent magnetization thus
reduces to the nonlinear root-finding problem (7.11). A summary of all central constitutive
relations of the model is given in Table 7.1.

Table 7.1: Constitutive relations for the dissipative magnetostrictive model.

1. Magneto-electro-mechanical enthalpy function:

ψ2(ε,H ,M) =
1

2
(ε− εr) : C : (ε− εr)− (ε− εr) :

|M |
Ms

qT ·H

−1

2
H · β ·H −H ·M + ψmag

2 (M)− 1

2
E · ǫ ·E

(7.12)

with the elastic stiffness, piezomagetic, magnetic permeability and electric per-
mittivity moduli

C = λ1⊗ 1+ 2µIIsym with IIsym =
1

2
(δikδjl + δilδjk) ,

q =
12

sym [q0 a⊗ a⊗ a + q⊥1⊗ a+ q=a⊗ 1] ,

β = µm1 ,

ǫ = −ǫ111− (ǫ22 − ǫ11)a⊗ a

(7.13)

with the symmetrization operator for a third-order tensor w.r.t. the first two
base vectors as

12
sym [a] =

1

2
(a+ a

T ) respectively [a]ijk =
1

2
(aijk + ajik) (7.14)

and with the remanent strains caused by the remanent magnetization as

εr =
3

2
εs
|M |
Ms

dev[a⊗ a] . (7.15)
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Table 7.1: Constitutive relations for the dissipative magnetostrictive model.

2. Determination of the stresses, magnetic induction, dielectric displacement, and
driving force

σ =
∂ψ2

∂ε
= C : (ε− εr)−

|M |
Ms

qT ·H ,

B = −∂ψ2

∂H
= −|M |

Ms
q : (ε− εr)− β ·H −M ,

D = −∂ψ2

∂E
= −ǫ ·E ,

H = − ∂ψ2

∂M
= −σ :

∂εr
∂M

− 1

Ms
[(ε− εr) : q ·H ]a

− 1

Ms

(H ·H) : (ε− εr)−H +
∂ψmag

2 (M)

∂M
.

(7.16)

The determination of
∂εr
∂M

, the expression of H and the hysteresis shape are

given by

∂εr
∂M

=
3

2

εs
Ms

(
−a⊗ a⊗ a+ 2

12
sym [a⊗ 1]− 1

3
1⊗ a

)
,

H = q0

(
− 3a⊗ a⊗ a⊗ a+ 1⊗ (a⊗ a) + (a⊗ a)⊗1

= +(a⊗ a)⊗ 1
)
+ q⊥

(
1⊗ 1− 1⊗ a⊗ a

)

= q=

(
IIsym− 12

sym [a⊗ 1]⊗ a
)
,

∂ψmag
2 (M)

∂M
=

∂ψmag
2

∂|M | a =
1

2c
ln



1 +

|M |
Ms

1− |M |
Ms


a ,

(7.17)

where the following dyadic product notation is introduced

[A⊗B]ijkl = AikBjl ,

[A⊗B]ijkl = AilBjk .
(7.18)
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Table 7.1: Constitutive relations for the dissipative magnetostrictive model.

3. Update relation for the internal variable:

(a) For |Hn+1| < Hc the response is reversible and piezomagnetic, which yields

Hn+1 = Hn , Mn+1 = Mn . (7.19)

In the first iteration Hn+1 represents a trial value computed based on the
internal variables of the previous time step.

(b) For |Hn+1| ≥ Hc the iterative Newton-Raphson solution of the implicit
Euler integration

rn+1(vn+1)=

[
r1,n+1

r2,n+1

]
=




Hn+1 +
∂ψ2,n+1

∂M

Mn+1 −Mn −
∆t

η

( |Hn+1|
Hc

− 1

)n

nn+1



=0

(7.20)
with vn+1 = [Mn+1,Hn+1]

T and nn+1 = Hn+1/|Hn+1|, yields the update
relation

vn+1 = vn − j−1
n+1rn+1 . (7.21)

The associated Jacobian jn+1 =
∂rn+1

∂v
is given by

jn+1 =



∂2ψ2,n+1

∂M∂M
1

1 J22


 , (7.22)

where

J22 = −n∆t
ηHc

( |Hn+1|
Hc

− 1

)n−1

Nn+1−
∆t

η|Hn+1|

( |Hn+1|
Hc

− 1

)n

(1−Nn+1)

(7.23)
with Nn+1 = nn+1 ⊗ nn+1.

4. Global algorithmic tangent:

Cn+1 =
∂2ψ2,n+1

∂ξ∂ξ
−




∂2ψ2,n+1

∂ξ∂M
∂2ψ2,n+1

∂ξ∂H




T

j−1
n+1




∂r1,n+1

∂ξ
∂r2,n+1

∂ξ


 (7.24)

with the compact notation ξ = [ε,H ]T .
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7.3 Ferroelectric/-elastic switching model

In order to describe the nonlinear hysteresis curves of the ferroelectric material barium
titanate as well as the strain-induced magneto-electric coupling behavior, which depend
on the nonlinear properties of the electric and magnetic phase, a ferroelectric/ferroelastic
switching model is used. This model is based on the previous works of Keip [93] and
Hwang et al. [79]. The idea of this model is to determine the effective properties of
multiple barium titanate unit cells. Based on the domain structure of ferroelectric mate-
rials an orientation distribution function (ODF) is taken into account, which represents
the different remanent polarization directions of the domains, see Figure 7.1. In order to
start with an unpoled electric material which can be polarized in each direction in the
three dimensional space, an ODF is used based on the construction of a geodesic dome.
Each direction of this ODF represents one barium titanate unit cell which can switch its
orientation with regard to the current microscopic electric field. For the construction of
the distribution function and the application to ferroelectric materials see the works of
Kurzhöfer [109] and Kurzhöfer et al. [110].

ferroelectric
domains

orientation
distribution
function
(ODF)

Figure 7.1: Representation of the ferroelectric domain structure with an orientation dis-
tribution function (ODF), adopted from Keip [93] and Kurzhöfer [109].

Therefore, we consider an icosahedron which is a three dimensional polyhedron consisting
of 20 triangular surfaces and 12 corners. The individual orientation vectors then point from
the center of the icosahedron to the corners, yielding 12 orientations. By subdividing each
triangle uniformly into multiple triangles the number of corners, and thus orientations, can
be increased. Thereby, the new corners were projected onto the surface of the surrounding
sphere. The segmentation of the surfaces into smaller triangles is described by frequencies,
such that the frequencies of 2, 3, 4 or 10 result in 42, 92, 162 or 1002 orientations. The
more triangles are used the closer is the approximation to a spherical shape. Furthermore,
a higher number of orientations improves the approximation of the nonlinear hysteresis
curves. However, at the initial distribution of the orientations and without a switching
of the individual unit cells, the material has no overall electromechanical coupling and
no hysteresis is observed. Therefore, a model with a suitable switching criterion for the
spontaneous polarizations has to be derived. We start with a magneto-electric enthalpy
function representing the tetragonal symmetry of a barium titanate unit cell as

ψ3 = ψmech
3 + ψpe

3 + ψdiel
3 + ψmagn

3 (7.25)
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where the individual parts of the enthalpy function are defined as

ψmech
3 =

1

2
λÎ21 + µÎ2 +

1

2
ω1Î

2
5 + ω2Î1Î5 +

1

2
ω3(Î

2
6 + Î27 ) +
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2
ω4(Î

2
3 + Î24 + Î25 ) ,

ψpe
3 = β1K̂1 + β2Î1Ĵ

e
2 + β3Î5Ĵ

e
2 ,

ψdiel
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2
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e
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1

2
(γ2 − γ1)(Ĵ

e
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2 − Ĵe
2 P̂1 ,

ψmagn
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1

2
ξ1Ĵ

m
1 +

1

2
(ξ2 − ξ1)(Ĵ

m
2 )2 .

(7.26)

The above functions are formulated in terms of invariants. Due to the determination of the
microscopic effective properties through an orientation distribution function, we introduce
the nanoscale which is denoted as (•̂). The invariants are then given by

Î1 = tr[ε̂e], Î2 = tr[(ε̂e)
2], Î3 = tr[ε̂eM̂11], Î4 = tr[ε̂eM̂22], Î5 = tr[ε̂eM̂33],

Î6 = tr[ε̂eΞ̂1], Î7 = tr[ε̂eΞ̂2], Ĵe
1 = tr[E ⊗E], Ĵm

1 = tr[H ⊗H ],

Ĵe
2 = tr[E ⊗ ĉ], Ĵm

2 = tr[H ⊗ ĉ], K̂1 = tr[E ⊗ (Ξ̂3 : ε̂e)], P̂1 = tr[P̂r ⊗ ĉ]

(7.27)

with the vector of spontaneous polarization P̂r of one unit cell in its preferred direction.
Based on the tetragonal symmetry of barium titanate, the crystal is defined by three unit
vectors â1, â2 and â3, where the latter one describes the direction of remanent polarization
ĉ = â3 and the other ones â1 and â2 are perpendicular to â3. Additionally, we define the
second-order structural tensors

M̂ij = âi ⊗ âj , Ξ̂1 = (M̂13 + M̂31) and Ξ̂2 = (M̂23 + M̂32) (7.28)

and the third order structural tensor

Ξ̂3 =

3∑

i=1

(âi ⊗ âi ⊗ ĉ + âi ⊗ ĉ⊗ âi) . (7.29)

The invariants now depend on the elastic strains, which is motivated by the additive
decomposition of the total strains and total dielectric displacement into an elastic part
(•e) and a remanent part (•r) as

D̂ = D̂e + P̂r and ε̂ = ε̂e + ε̂r , (7.30)

where the polarization P̂r depend on the material specific property Ps and the remanent
strains are defined through the spontaneous strain ε̂s and the preferred direction ĉ as

P̂r = P̂sĉ and ε̂r =
3

2
ε̂sdev(ĉ⊗ ĉ) . (7.31)

Based on the enthalpy function ψ3 the constitutive moduli are determined as

Ĉ = λ1⊗ 1+ 2µII + ω1M̂33 ⊗ M̂33 + ω2(1⊗ M̂33 + M̂33 ⊗ 1)

+ω3(Ξ̂1 ⊗ Ξ̂1 + Ξ̂2 ⊗ Ξ̂2) + ω4

3∑

i=1

M̂ii ⊗ M̂ii ,

ê = −β1Ξ̂3 − β2ĉ⊗ 1− β3ĉ⊗ ĉ⊗ ĉ ,

ǫ̂ = −γ11− (γ2 − γ1)ĉ⊗ ĉ ,

µ̂ = −ξ11− (ξ2 − ξ1)ĉ⊗ ĉ .

(7.32)
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As mentioned above, the properties of the individual orientations are defined on the
nanoscopic level. In order to determine the microscopic effective properties a homoge-
nization approach based on the orientation distribution is utilized. Therefore, in each
microscopic integration point an ODF with n orientations is attached. The correspond-
ing effective properties on the microscopic level are determined through the homogenized
quantities as

λ =
1

n

n∑

i=1

Σ̂(i) with λ̂(i) = {σ̂(i), D̂(i), B̂(i), Ĉ(i), ê(i), ǫ̂(i), µ̂(i), ε̂(i), P̂r,(i)} . (7.33)

However, this homogenization approach has to be repeated, if one or more orientations
have switched their directions. Based on Hwang et al. [79] and Keip [93] a switching
criterion is used, which is motivated by the incremental change of the free energy with

∆ψ3 = ∆ψelec
3 +∆ψmech

3 = E ·∆P̂r + σ : ε̂r . (7.34)

In this equation the incremental parts are obtained by a reorientation of the unit cells.
Possible changes of the remanent polarization direction of a single orientation due to a
ferroelectric switching, based on an applied electric field, are

∆P̂r,1 = −2P̂sĉ , ∆P̂r,2 = P̂s( â1 − ĉ) , ∆P̂r,3 = P̂s( â2 − ĉ)

∆P̂r,4 = P̂s(−â1 − ĉ) , ∆P̂r,5 = P̂s(−â2 − ĉ) ,
(7.35)

where P̂r,1 describes the 180
◦ and P̂r,2−5 the 90

◦ switching options. The spontaneous strain
is independent of the sign of the spontaneous polarization, such that only the following
two ferroelastic switching options, based on applied or occurring mechanical stresses, are
possible

∆ε̂r,2,4 =
3

2
ε̂sdev(â1 ⊗ â1 − ĉ⊗ ĉ) and ∆ε̂r,3,5 =

3

2
ε̂sdev(â2 ⊗ â2 − ĉ⊗ ĉ) . (7.36)

In order to specify the energy thresholds for the 90◦ and 180◦ ferroelectric and ferroelas-
tic switching options the amount of dissipated work during switching is considered and
approximated as

Wdiss
elec,180◦ = 2P̂sÊc , Wdiss

elec,90◦ = P̂sÊc and Wdiss
elas,90◦ =

3

2
εsσc . (7.37)

These switching thresholds yield the normalized switching criterion

E ·∆P̂r,1

Wdiss
elec,180◦

≥ 1 and
E ·∆P̂r,k

Wdiss
elec,90◦

+
σ : ∆ε̂r,k

Wdiss
elas,90◦

≥ 1 for k = 2, ..., 5 . (7.38)

If two or more orientations fulfill this criterion, the switching options are sorted concerning
their highest dissipation. Then, the orientations with the highest amount of dissipation
switch first. In the case of equal amounts of dissipation of two or more criteria the choice
which orientation switches first is taken randomly. However, a direct switching of single
orientations result in an update of the microscopic constitutive mechanical, piezoelectric,
dielectric, and magnetic moduli, which can cause algorithmic difficulties. If ”too many”
orientations switch at the same time, which can be interpreted as a significant change
in the material tangent, a back-and-forth switching of multiple polarizations can occur.
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In order to avoid this numerical instability as well as unnatural behavior, a step-wise
switching process is performed. In detail, if the criteria are fulfilled for multiple orien-
tations in one load step, only nswit orientations are allowed to change its directions in
the first iteration. Thereby, nswit was chosen between 2 and 4 for 42 or 92 orientations,
respectively. During this iteration the microscopic effective properties are determined and
the microscopic and macroscopic boundary value problems are solved. After this step, the
switching criteria for all orientations are checked again and updated.

Table 7.2: Algorithmic box for the ferroelectric/-elastic switching model.

(i) Next macroscopic load step.

(ii) While macroscopic equilibrium is not found do

(a) In each macroscopic Gauss point: compute electric field E and strain ε.

(b) Update boundary conditions along ∂RVE .
(c) In each microscopic Gauss point: compute microscopic quantities σ, D,

B, C, e, ǫ, and µ see (7.33).

(d) Solve microscopic BVP and determine homogenized quantities.

(e) Solve macroscopic BVP.

Else (equilibrium is found): Go to (iii) and check if switching is possible.

(iii) In each microscopic Gauss point: compute microscopic stress σ, electric displace-
ment D and magnetic induction B.

(iv) In each microscopic Gauss point and for each of the attached orientations
{â1, â2, ĉ}n, where n is the number of orientations: compute all possible changes
in remanent polarization ∆P̂ n

i (i = 1, ..., 5) and remanent strain ∆ε̂ni (i = 2, 3)
and evaluate switching criteria (7.38).

(v) Store evaluated switching criteria per Gauss point which meet the criteria (7.38)
from highest to lowest dissipation in list. Store its number of entries in nlist.

(vi) If nlist > 0 (dissipative step) then

(a) Choose number nswit ≤ nlist of spontaneous polarizations allowed to
switch simultaneously.

(b) Perform update of the first nswit polarization directions associated with
the entries stored in list.

(c) Save new orientation directions and compute new material tangents Ĉ,
ê, ǫ̂, and µ̂ for the new state of orientations {â1, â2, ĉ}n.

(d) Go to (ii).

Else (switching criterion is no longer fulfilled): Go to (i).
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If multiple criteria are still fulfilled, nswit orientations switch their directions followed by
an update of the microscopic effective properties and the solution of the boundary value
problems. This procedure is repeated in each load step until the switching criterion is no
longer fulfilled for any orientation. The algorithmic step-by-step procedure is documented
in Table 7.2. In the following the quality of the approximated hysteresis loops depend-
ing on the number of orientations is demonstrated. Since only one orientation shows a
rectangular-shaped hysteresis loop an increasing number of orientations should depict the
nonlinear characteristics.

Table 7.3: Material parameters used for the simulations of single crystal BaTiO3,
[Ĉ] = [σ̂c] =

N
mm2 , [ê] = [P̂s] =

C
m2 , [ǫ̂] =

mC
kVm , [ε̂s] = [µ̂r] = [ǫ̂r] = 1, [Êc] =

kV
mm , [µ̂] = N

kA2 ,
see Zgonik et al. [226]. We roughly assumed the value of the coercive stress σc.

Ĉ1111 Ĉ1122 Ĉ1133 Ĉ3333 Ĉ1212 Ĉ1313 ǫ̂11 (ǫ̂r
11) ǫ̂33 (ǫ̂r

33)

222000 108000 111000 151000 134000 61000 0.019 (2146) 0.000496 (56)

ê311 ê333 ê131 µ̂11 (µ̂r
11) µ̂33 (µ̂r

33) Êc σ̂c ε̂s

-0.7 6.7 34.2 1.26 (1) 1.26 (1) 1.0 100 0.00834

Here, we consider five different orientation distribution functions with 15, 42, 92, 162
and 1002 directions. The first one with 15 directions is obtained by an error function
which minimizes the difference between an average of distributed transversely isotropic
properties with isotropic properties, see Kurzhöfer [109]. The other four considered
distributions are obtained by the construction of a geodesic dome based on an icosahe-
dron. The material parameters used are summarized in Table 7.3. They are taken from
Zgonik et al. [226] and describe the material behavior of single crystal barium titanate,
such that they are used for the individual orientations.
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Figure 7.2: Macroscopic butterfly hysteresis loop using 15, 42, 92, 162 and 1002 orientations
and a dielectric hysteresis loop for 1002 orientations. Taken from Labusch et al. [112].

For the comparison of the different ODFs a macroscopic purely ferroelectric cubic body is
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considered which is homogeneously loaded with an electric field E3 in vertical direction.
The following Figure 7.2 depicts the resulting macroscopic butterfly hysteresis curves for
15, 42, 92, 162 and 1002 orientations as well as the dielectric hysteresis curve for 1002
orientations. In these results the switching of the individual directions can be clearly seen
by the cascade increase and decrease of the deformation and polarization. Furthermore,
an increase of the homogenized piezoelectric coupling modulus e can be observed, which
becomes larger when the orientations switch into the same direction. This increase is
noticeable in the higher slopes of steps in the butterfly hysteresis for larger electric fields.
Comparing the different ODFs, it can be pointed out that the hysteresis loops become
smoother and converge against a specific shape for an increasing number of directions. For
the following simulations 92 orientations should be used to depict the main characteristics.
However, due to the huge computational cost, which is necessary for a stable calculation
without back-and-forth switchings as well as the complex microstructural morphologies
of the two-phase composites, also 42 orientations are used in some simulations.

7.4 Three-dimensional Preisach model

As mentioned before, several models have been developed for the description of ferro-
electric and ferromagnetic material behavior. In the following section a three-dimensional
Preisach model is derived to describe the ferromagnetic characteristics. It was pointed
out that the characteristic shape of the magneto-electric coupling, for instance the change
of its sign for an increasing magnetic field, depends on the specific material behavior of
cobalt ferrite, which shows a reduction of the magnetostriction for rising magnetic fields
in polycrystalline samples. The description of such nonlinearities is an algorithmically
challenging task. In order to describe the characteristic behavior of cobalt ferrite a three-
dimensional Preisach model is derived, in which the remanent parts of the magnetization
as well as magnetostriction can be fitted to arbitrary functions. Therefore, the magnetic
induction and strains are additively decomposed into an elastic part (•e) and a rema-
nent part (•r), analogous to the previously described switching model. The linear part is
described by a transversely isotropic linear material law, whereas the nonlinear magnetiza-
tion is modeled by the Preisach operator. This Preisach operator is determined depending
on a preferred orientation defined by the magnetization direction. Due to inhomogeneities
on the microscopic level the magnetization aligns to the microscopic magnetic field distri-
bution. Therefore, the magnetization vector rotates into the direction of the microscopic
magnetic fields, where the magnitude of the magnetization is determined by the Preisach
operator. In the following a description of the classical Preisach model and the extension
to the three dimensional space are given.

7.4.1 Classical Preisach model

The idea of the classical Preisach model goes back to the early work of Preisach [159]
in the year 1935. Further approaches of the Preisach model are for example given in
Hegewald et al. [62], Hughes and Wen [77], Kaltenbacher et al. [88], May-

ergoyz [134], Mayergoyz and Friedman [135], Robert et al. [170], Song et al.

[195], Stancu et al. [202], Yu et al. [225] and Bermúdez et al. [18]. The Preisach
model can either be used for ferromagnetic or ferroelectric materials. Therefore, the re-
manent magnetization Mr or the remanent polarization Pr are computed by a scalar
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hysteresis operator p, which depends on a finite number of so called hysterons. Each
hysteron is characterized by a rectangular hysteresis cycle representing one microscopic
magnetic moment or spontaneous polarization. The output value γ, which is either +1 or
−1, depends on the up and down switching thresholds α and β, see Figure 7.3, describing
the direction of the microscopic magnetic moment or electric polarization. A superposition
of multiple hysterons with different switching thresholds result in the Preisach operator,
which describes the nonlinear hysteresis loop. Depending on the input variable, which in
the case of magnetostrictive solids is the current magnetic field, the Preisach operator p
is defined as

p(H) =

∫

β

∫

α

ω(α, β) γ(α, β) H(t) dα dβ , (7.39)

where the input field H is considered to be a scalar value since the classical Preisach
model is a scalar valued approach. The single hysterons are multiplied with a weight
function ω(α, β) in order to match the experimentally measured hysteresis loops. Methods
to identify the weight function from experimental measurements are for example given
in Kaltenbacher et al. [88]. In the three-dimensional model used here the switching
thresholds α and β are not fitted to measurements. Instead, it is assumed that
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Figure 7.3: Visualization of the Preisach plane S with S = { (α, β) ∈ R2 | β ≥ α }
and possible hysterons with individual switching thresholds α(1−4) and β(1−4), respectively.
Taken from Labusch et al. [117].

the magnitude of the magnetization can be approximated with a hyperbolic tangent as
Mr ≈ tanh(H), such that the switching thresholds depend on this function. Due to the
fact that closed hysteresis loops are considered, the set of possible up and down switching
thresholds can be visualized to a Preisach plane S = { (α, β) ∈ R2 | β ≥ α },
see figure 7.3. In general, with a suitable distribution of switching thresholds, it is also
possible to describe minor hysteresis loops.

7.4.2 Application of the Preisach operator to ferroelectrics

Analogous to the linear piezoelectric material model, a generalized coordinate-invariant
formulation of a magneto-electro-mechanical enthalpy function ψ4 for transversely
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isotropic solids, as adopted from Schröder and Gross [184], is used

ψ4 =
1
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(7.40)

where the invariant functions are formulated in terms of the following invariants

Î1 = tr[ε̂e] , Î5 = tr[ε̂2em̂] , Ĵm
1 = tr[H ⊗H ] , P̂ e

1 = tr[P̂r ⊗ â] ,

Î2 = tr[ε̂2e] , Ĵe
1 = tr[E ⊗E] , Ĵm

2 = tr[H ⊗ â] , K̂e
1 = tr[ε̂e(E ⊗ â)] ,

Î4 = tr[ε̂em̂] , Ĵe
2 = tr[E ⊗ â]

(7.41)

with the structural tensor m and the remanent electric polarization P̂r. Since the material
law is applied on each individual direction of the ODF on the nanoscopic level, the invari-
ants are denoted with a hat (•̂), see Section 7.3. For the resulting dielectric displacement
as well as the strains for each nanoscopic orientation we assume an additive decomposition
into an elastic (reversible) part (•̂e) and a remanent (irreversible) part (•̂r), according to
Kamlah and Tsakmakis [92], as

D̂ = D̂e + P̂r and ε̂ = ε̂e + ε̂r , (7.42)

where the remanent electric polarization vector P̂r is determined by the Preisach operator
p(E), depending on the electric field. The remanent strains ε̂r depend on the current
polarization state as

P̂r = p(E)â and ε̂r =
3

2
εs

1

P 2
s

dev(P̂r ⊗ P̂r) (7.43)

with the spontaneous polarization Ps and spontaneous strain εs. Here the Preisach opera-
tor is based on the scalar product of the current electric field and the individual direction
â of the ODF as input variables and is given by

p(E, â) =

∫

β

∫

α

ω(α, β)γ(α, β)E(t) · â dαdβ . (7.44)

For a suitable approximation of the typical ferroelectric polarization behavior, the Preisach
weight function ω(α, β) as well as the switching thresholds α and β are in this case
adjusted to the hyperbolic tangent. However, a Preisach operator is defined on a fixed
preferred direction, where the individual hysterons switch to their up and down positions
at the individual orientation. In order to extend the classical Preisach model to the three-
dimensional space, several Preisach operators are applied on multiple orientations on the
nanoscopic level, which are distributed in the three dimensional space. The distribution of
the individual directions of the ODF is based on the same approach as in Section 7.3. After
the determination of the individual Preisach operators, which depend on the current local
microscopic electric field in the corresponding direction, the constitutive quantities on
the microscopic level are calculated by a homogenization over all nanoscopic orientations
norient as

λ =
1

norient

norient∑

i=1

λ̂i with λ̂i = {σ̂i, D̂i, B̂i, Ĉi, êi, ǫ̂i, µ̂i, ε̂r,i, P̂r,i} . (7.45)
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Then the microscopic constitutive equations of the ferroelectric phase are computed via
(7.45) with the constitutive quantities related to the individual orientations of the ODF
as

σ = C : (ε− εr)− eT ·E
D = e : (ε− εr) + ǫ ·E + Pr

B = µ ·H .
(7.46)

In order to incorporate a dependence of the electro-mechanical coupling intensity on the
current polarization state, the piezoelectric tensor e is multiplied by ‖Pr‖/Ps, see for
example Kamlah [90]. The following numerical example highlights the influence of the
ODF on the effective dielectric and butterfly hysteresis curve compared to one orientation.
A purely ferroelectric body is considered which is loaded with an alternating electric field.
The boundary value problem is depicted in Figure 7.4(a) with the loading path of the
electric field in Figure 7.4(b).
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Figure 7.4: a) Macroscopic boundary value problem. The ferroelectric material is loaded
with an alternating electric field in vertical direction. b) Loading path of the electric field.
Comparison of the c) dielectric and d) butterfly hysteresis curve for 1 (solid black line) and
42 (dashed blue line) orientations. Taken from Schröder and Labusch [186].

An orientation distribution function is used in each integration point, where a Preisach
operator is applied on the individual directions. The corresponding microscopic constitu-
tive quantities are determined through a homogenization over all orientations. Taking a
look at the response of the dielectric and butterfly hysteresis curves, in Figure 7.4(c) and
(d), a reduction of the maximum polarization and deformation values can be observed.
The hysteresis loops of the orientation along the external field axis are highlighted by the
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black solid line. The response using the ODF is depicted by the dashed blue line. Due to
the homogenization over multiple orientations pointing in different directions in the three
dimensional space, a decrease of the saturation values can be explained, see for example
Landis et al. [119] or Kurzhöfer [109]. In contrast to a single orientation, 50 relays
on each direction of the ODF are sufficient to generate smooth hysteresis curves.
In the following this Preisach model is applied to the simulation of magneto-electric com-
posites. An alternating electric field is applied in vertical direction on the macroscopic
body, see Figure 7.5(a).
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Figure 7.5: a) Macroscopic bvp with attached RVE and further assigned ODF. Comparison
of the b) dielectric and c) butterfly hysteresis loops for a single phase ferroelectric material
(solid black line) and a two-phase composite (dashed blue line). Taken from Schröder and

Labusch [186].

A representative volume element is used in each macroscopic integration point, which is
characterized by a ferroelectric matrix with spherical piezomagnetic inclusions. An ODF
using the Preisach operators is assigned to each microscopic integration point of the
ferroelectric matrix. Figures 7.5(b) and (c) illustrate the response of a purely ferroelectric
body (solid black curve) to a composite material (dashed blue curve), using an ODF in
both cases. A reduction of the maximum saturation values of the composite compared to
a single ferroelectric phase is observable. The reason for this decrease is due to the reduced
volume fraction of the electric phase. Furthermore, is can be noticed that the slope of the
butterfly hysteresis after the poling process (4 ≥ E3(t) ≥ 2) is flatter than the piezoelectric
slope of a single-phase body in the same electric field range. Due to the inhomogeneous
microscopic morphology, some areas in the microstructure with local electric field minima
are not completely saturated, which explains the reduced piezoelectric slope.
Overall this approach is capable of describing suitable material responses for single-phase
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and composite materials. However, due to the multiple orientations, which are necessary
to describe an accurate behavior in all space directions, and the resulting large number of
Preisach relays, the computations are highly time consuming. In view of combining this
Preisach approach with a nonlinear model for the other phase of two-phase composites,
the calculation time and memory space are too high. Therefore, a second approach of the
Preisach model using only one orientation which rotates into the corresponding direction
is presented.

7.4.3 Magnetostrictive Preisach model

For the magnetostrictive three-dimensional model the Preisach operator p is applied
on one preferred direction a, which is assumed to coincide with the direction of re-
manent magnetization. Due to the additive decomposition into a linear elastic and a
nonlinear remanent part, a generalized coordinate-invariant formulation of a magneto-
electro-mechanical enthalpy function ψ4 for transversely isotropic solids in the style of
Schröder and Gross [184] is used with

ψ5 =
1
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where the invariant functions are formulated in terms of the following invariants

I1 = tr[εe] , I5 = tr[ε2em] , Jm
1 = tr[H ⊗H ] , Mm

1 = tr[Mr ⊗ a] ,

I2 = tr[ε2e] , Je
1 = tr[E ⊗E] , Jm

2 = tr[H ⊗ a] , Km
1 = tr[εe(H ⊗ a)] ,

I4 = tr[εem] , Je
2 = tr[E ⊗ a]

(7.48)

with the structural tensor m and the remanent magnetization Mr depending on the
magnetic field described by the Preisach operator p(H). Analogous to the latter model,
the invariants depend on the elastic part of the strains εe, due to the decomposition into
an elastic (reversible) and remanent part, according to Kamlah and Tsakmakis [92],

B = Be +Mr and ε = εe + εr , (7.49)

where the remanent magnetization is determined through the Preisach operator and the
remanent strains depend on the current magnetization state as

Mr = p(H)a and εCFO
r =

3

2

εs
M2

s

[
dev(Mr ⊗Mr)−

1

2
dev(M soft

r ⊗M soft
r )

]
(7.50)

with the saturation magnetization Ms and the saturation strain εs. Commonly, the re-
manent strains are assumed to be proportional to the squared remanent magnetization
vector M 2

r as εr = (3 εs)/(2M
2
s )dev(Mr ⊗Mr). However, the strain hysteresis curve can

also be modeled by an extended hysteresis operator which describes a more complex be-
havior. As in the case of cobalt ferrite (CFO), where a softening behavior can be observed
in the magnetostriction for increasing magnetic fields, an extended approach is used for
the remanent strains, where a softening magnetization M soft

r = psoft(H)a is introduced
to reduce magnetostriction. This softening magnetization is determined by a further set
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of Preisach relays, which do not affect the overall magnetization but influence the overall
remanent strains. The Preisach operator is determined through

p(H ,a) =

∫

β

∫

α

ω(α, β)γ(α, β)H(t) · a dα dβ , (7.51)

which now depends on the current magnetic field vector as well as the preferred orienta-
tion a. Since the Preisach relays should switch their values due to the magnetic field in
magnetization direction, the scalar product of H and a is included. In order to extend
this approach to the three dimensional space the preferred orientation aligns with the di-
rection of the microscopic magnetic field. This involves an update of the material tangent
moduli, depending on the preferred direction a, as well as switchings of the corresponding
Preisach relays. However, a direct switching of the orientation a could yield a large shift
of the material tangent moduli. The solution of the boundary value problem with these
updated properties could result in a largely changed microscopic magnetic field distribu-
tion, leading to a back-and-forth oscillation of the preferred direction a and the Preisach
relays. In order to prevent these numerical instabilities, the orientation slowly rotates into
the direction of the microscopic magnetic field. In this context, the term slowly means
that the rotation is assumed to be a time dependent process, where a fraction of the total
angle θtotal defines the rotation angle θrot during one load step with

θtotal = acos

[
an ·H

‖an‖ · ‖H‖

]
and θrot = −tanh[κθ · t̃] · θtotal , (7.52)

where κθ denotes the rotation speed depending on the time step dt and the index n the
current time step. The virtual time t̃ is set to zero for each new load step, such that the
magnetization can rotate after changing the load for several time steps. A rotation matrix
RM uses the determined angle to rotate the magnetization direction an of the last time
step into the new direction an+1 with

an+1 = RM(θrot)an . (7.53)

This time dependent rotation results in a stepwise update of the material tangent moduli
and Preisach relays, without numerical instabilities. It has to be mentioned that a slow
rotation of the magnetization direction yields stable calculations but results in an unnat-
ural behavior of the hysteresis for a 180◦ rotation of the applied magnetic field. Then,
the magnetization does not switch its direction at the coercivity field, but several load
steps beyond. Therefore, a further criterion is implemented, which checks, whether the
magnetization wants to switch into the opposite direction for several load steps. This is
only the case for a reversal of the applied field into the opposite direction. If the criterion
is fulfilled, the magnetization performs a rotation of the full angle θtotal. After this full
rotation the angle θrot is used for the following change of the magnetization direction
as before. A further approach to adjust the model to the natural material behavior, is
to multiply the magneto-mechanical coupling modulus q with a factor depending on the
current magnetization state, here defined as

q =

(
2
‖Mr‖
Ms

[
1−

(‖Mr‖
Ms

)2
]
− ‖M soft

r ‖
Ms

[
1−

(‖M soft
r ‖
Ms

)2
])

q̂ . (7.54)
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The coupling tensor q̂ includes the maximum magneto-mechanical coupling parameters.
Commonly, the coupling tensor is given as q = ‖Mr‖/Ms q̂, see for exampleKamlah [90],
and is for instance used to describe a ferroelectric material behavior, where the maximum
electro-mechanical coupling is reached for the saturation polarization and the piezoelectric
characteristics are dominant. However, this approach does not capture the complex mag-
netostrictive response of cobalt ferrite. Therefore, a factorization is used, which considers,
on the one hand, no further increase of the magnetostriction after saturation and, on the
other hand, the so called softening behavior, such that the coupling tensor is defined as
in Equation (7.54). The microscopic constitutive equations are then given as

σ = C : εe − qT ·H ,

B = q : εe + µ ·H + Mr .
(7.55)

Although a large number of relays is necessary to describe a smooth hysteresis loop, it
requires large memory space and strongly reduces the calculation speed. Therefore, a
suitable number of relays has to be chosen to reduce the calculation time and simultane-
ously generate a smooth hysteresis curve. The dependence of the number of relays on the
approximation of the material behavior is demonstrated by considering a purely ferromag-
netic body, which is loaded with an alternating magnetic field in vertical direction H3, see
Figure 7.6. The number of relays is increased in each simulation in order to approximate
the overall hysteresis loops more precisely.
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Figure 7.6: a) Unit cell calculation: the ferroelectric phase is loaded with an electric field
E3 in vertical direction and the preferred direction â is also oriented in vertical direction.
b) Loading path of the alternating electric field.

Figure 7.7 exemplarily depicts the overall strain hysteresis curve for 10, 100, and 250
relays. After reaching the coercive field, the relays switch into the up position and cause
a contraction of the material in the applied field direction. Due to the different switching
thresholds of the individual relays, a cascaded increase of the magnetostriction is observed
below a field strength of 1 kA/mm. For a further increase of the magnetic field, the mag-
netostriction decreases due to the assumed softening behavior. The slope of the individual
steps, between the switching of the Preisach relays, is driven by the magneto-mechanical
coupling modulus q, which can clearly be seen in Figure 7.7(a). After reaching the sat-
uration magnetostriction, the coupling modulus q vanishes and the slope of the steps is
equal zero. However, to reach a suitable approximation of q the number of Preisach relays
has to be increased. Figure 7.7(b) depicts the effective magnetostrictive response for 100
relays. The complete hysteresis curve matches the realistic behavior well, although the
cascaded change of magnetostriction is still visible. A smooth curve is obtained with about
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250 relays, shown in Figure 7.7(c). The material parameters used for the simulation of
cobalt ferrite are listed in Table 7.4. Based on the work of Balke and Suchaneck [13]
we used the following set of material parameters to describe the behavior of cobalt fer-
rite. The elastic stiffness moduli of CoFe2O4 are taken from Li et al. [125]. Due to the
decomposition of the magnetic induction B = µ0H + Mr and the application of the
Preisach model, we use the vacuum permeability µ0 for the magnetic permeability µ11

and µ33, whereas the magnetic susceptibility, resulting in the nonlinear increase of the
magnetization, is captured by the Preisach operator.
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Figure 7.7: Magnetostrictive hysteresis loop for 10 relays, 100 relays and 1000 relays.

The electric permittivity is taken from Lee et al. [121]. In order to characterize the
nonlinear magnetostrictive behavior we fitted the coupling parameters q311 and q333 to
experimental measurements of the strain hysteresis curve of cobalt ferrite. However, we
neglected the value of q113 since the properties of the shear deformations are not fitted
to experimental measurements. Furthermore, a stress-induced switching criterion is not
implemented in the Preisach operator, such that we neglect the value of σ̂c. The coercive
magnetic field Ĥc and the saturation magnetization are taken fromKambale et al. [89].
For the characterization of the saturation magnetostriction, we fitted the value of ε̂s to
experimental results. In order to depict the hysteresis curves in an appropriate manner,
we used 200 Preisach relays for the simulation of the two-phase composite in Section 8.4.

Table 7.4: Material parameters of cobalt ferrite (CoFe2O4). The relative magnetic perme-
ability µr = µ/µ0 and dielectric permittivity ǫr = ǫ/ǫ0 are determined with the vacuum
permeability µ0 = 4π · 10−7 N/A2 and the vacuum permittivity ǫ0 = 8.854 · 10−6 mC/kVm.

Parameter Unit CoFe2O4 Parameter Unit CoFe2O4

C1111 N/mm2 25.71 · 104 µ11 (µr
11) N/kA2 (-) 1.256 (1)

C1122 N/mm2 15.00 · 104 µ33 (µr
33) N/kA2 (-) 1.256 (1)

C1133 N/mm2 15.00 · 104 ǫ11 (ǫr11) mC/kVm (-) 0.80 · 10−4 (9.04)

C3333 N/mm2 25.71 · 104 ǫ33 (ǫr33) mC/kVm (-) 0.93 · 10−4 (10.5)

C1212 N/mm2 5.36 · 104 σ̂c N/mm2 0.0

C1313 N/mm2 8.53 · 104 Ĥc kA/mm 0.12

q311 N/Am 5.0 M̂s N/kAmm 0.71

q333 N/Am −12.0 ε̂s - −0.00016

q113 N/Am 0.0 relays - 200
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8 Numerical examples

The goal of the following section is to take a closer look at several numerical simulations
of magneto-electric composites and compare the accuracy of the predicted ME coefficient
with experimental measurements. On the one hand, different material models for the
ferroelectric and magnetostrictive phase are used in order to make a statement which ap-
proach is suitable for the prediction of the magneto-electric coupling. On the other hand,
influences such as defects or the microstructural morphology, are investigated. First, we
start with a purely piezoelectric and piezomagnetic model for the corresponding phases.
Thereby the resulting ME coefficient for different pre-polarization states is investigated.
In the second part a nonlinear magnetostrictive model in combination with a linear piezo-
electric model is used to show the nonlinear influences on the magneto-electric coupling.
Third, the nonlinear properties of the ferroelectric phase are simulated in combination
with a linear piezomagnetic model. In the fourth part, the Preisach model, is used to
simulate the particular behavior of cobalt ferrite. In combination with the nonlinear fer-
roelectric model the resulting nonlinear magneto-electric coupling is investigated. After
showing the impact of different material models, further influences on the ME coupling,
such as pores at the interfaces and microscopic morphologies are taken into account.

8.1 Piezomagnetic-piezoelectric composite

In the first subsection we examine the magneto-electric coupling by taking into account
purely linear piezoelectric and piezomagnetic behaviors for both phases, which is shown
in Labusch et al. [111]. The used material parameters are listed in Table 8.1 and were
taken from Lee et al. [121]. However, referring to Lee et al. [121] two material pa-
rameters were changed. The modified parameters are the magnetic permeability µ11 = 157
N/kA2 and the piezomagnetic coefficient q33 = −699.7 N/kAmm.

Table 8.1: Piezoelectric/-magnetic material parameters used for barium titanate (BaTiO3)
and cobalt ferrite (CoFe2O4), taken from Lee et al. [121]. The following two parameters
were changed, µ11 = 157 N/kA2 and q33 = −699.7 N/kAmm, see Chapter 4.1.3.

Para. Unit BaTiO3 CoFe2O4 Para. Unit BaTiO3 CoFe2O4

C11 N/mm2 16.6 · 104 28.60 · 104 q31 N/kAmm 0.0 580.3

C12 N/mm2 7.7 · 104 17.30 · 104 q33 N/kAmm 0.0 −699.7

C13 N/mm2 7.8 · 104 17.05 · 104 q15 N/kAmm 0.0 550.0

C33 N/mm2 16.2 · 104 26.95 · 104 ǫ11 mC/kVm 112 · 10−4 0.80 · 10−4

C44 N/mm2 4.3 · 104 4.53 · 104 ǫ33 mC/kVm 126 · 10−4 0.93 · 10−4

e31 C/m2 −4.4 0.0 µ11 N/kA2 5.0 157.0

e33 C/m2 18.6 0.0 µ33 N/kA2 10.0 157.0

e15 C/m2 11.6 0.0

A detailed explanation and fitting of the material parameters to experimental measure-
ments of cobalt ferrite is given in Chapter 4.1.3. For a comparison of the simulated
magneto-electric coefficients with experimental measurements we first take into account
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the work of Etier et al. [45]. In order to include the effect of microstructural morphol-
ogy on the magneto-electric coupling, a realistic microstructure is used consisting of 80%
weight fraction of barium titanate and 20% weight fraction of cobalt ferrite (0.2CoFe2O4 -
0.8BaTiO3). Therefore, a microscopic image is taken from a real composite, see Figure 8.1,
where the brighter areas (gray) represent the matrix material barium titanate and the
darker parts (black) represent the inclusion material cobalt ferrite.

Figure 8.1: Real composite microstructure with selected representative volume element.
Taken from Labusch et al. [111].

The microscopic image is only a very small part of the sample and the surface fraction
of the inclusion material does not match the complete volume fraction of cobalt ferrite
exactly. In order to match with the originally used volume fractions a rectangular repre-
sentative volume element of the image is chosen, which is highlighted with a red frame in
Figure 8.1. At this point it has to be mentioned, that a conversion from volume fractions
to surface fractions is not taken into account, see Exner [48]. The selected part of the
microstructure is discretized with 5324 quadratic triangular finite elements, see Figure 8.2.

Figure 8.2: (left) Electron microscopy image of the composite microstructure and (right)
finite element discretization. Taken from Labusch et al. [111].

Periodic boundary conditions are used in the numerical simulation, since a periodic multi-
plication of the chosen RVE in the two spatial directions is imagined as an approximation
of the real microstructure. The body is loaded with a macroscopic vertical electric field
E = [0, E2, 0]

T . Since we use a transversely isotropic material model for both phases



92 Numerical examples

a preferred direction has to be defined in each Gauss point, which is set to point in
positive vertical direction. With the used material parameters from Table 8.1 a magneto-
electric coupling coefficient of α22 = 10.9 · 10−10 s/m is obtained. This value is a huge
overestimation compared to the experimental value of α22 = 4.4 · 10−12 s/m taken from
Etier et al. [45]. The large difference between both results has several reasons. A de-
viation of the ME-coefficient is given by the simplification to the two-dimensional space,
where the shape of the inclusion with the same volume fraction is different to the three-
dimensional space. A further influence is given by the used material models. In this exam-
ple linear material behavior is considered for both phases, where the material parameters
are fitted to the behavior after a poling and a magnetization step, respectively. Therefore,
the models represent fully polarized electric and fully magnetized magnetic materials with
the best achievable piezoelectric as well as piezomagnetic properties. However, these per-
fectly polarized and magnetized materials are unrealistic in magneto-electric composites
since microstructural inhomogeneities may prevent the rotation of the electric polarization
or magnetization in the most advantageous direction. This yields a further simplification
in the simulation, which is the orientation of the preferred direction. For both phases
the preferred direction, which describes the direction of the best piezoelectric/-magnetic
coupling, points in positive vertical direction parallel to the direction of the applied macro-
scopic electric field. As mentioned above, such a polarization as well as magnetization state
in composite materials is hardly achievable in reality.
In the following numerical simulations, the listed simplifications which affect the deter-
mination of the magneto-electric coupling in a negative manner should be avoided by
using more appropriate assumptions as well as nonlinear material models. We start with
a pre-polarization step of the electric matrix material due to an applied macroscopic elec-
tric field. On the one hand, this pre-polarization step should determine the microscopic
polarization directions in each integration point resulting in a more realistic polarization
state of the different regions on the microscopic level instead of assuming a uniform po-
larization over the complete microstructure in vertical direction. On the other hand, the
microscopic electric fields resulting from the applied macroscopic field determine the in-
tensity of the piezoelectric coupling. In those areas, where the microscopic electric field
is low, the piezoelectric coupling is also low correspondingly, since an electric field in-
tensity for a saturation polarization in this area is not reached. In those areas, where
the microscopic field is high enough to assume a saturation polarization the piezoelec-
tric coupling modulus reaches its maximum value. The approach of an incorporation of a
pre-polarization step is listed in Table 8.2 and done in the following way.

Table 8.2: Determination of the piezoelectric coupling properties on the microscale.

1. Set initial preferred direction a0 = [0, 1, 0]

2. Neglect constitutive couplings: set piezoelectric moduli equal zero e = 0

3. Apply macroscopic electric field E = [0, E2, 0]; compute local distribution of E

4. Choose preferred directions a for each Gauss point with a = E/‖E‖
5. Estimate relative amplitude of remanent polarization ps = tanh(c · ‖E‖) ∈ [0, 1)

6. Determine piezoelectric moduli e = ps(−β1a ⊗ 1 − β2a ⊗ a ⊗ a − β3ê) with
êkij =

1
2
[aiδkj + ajδki]
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First, the initial preferred direction in each integration point, representing the polarization
orientation, is set to point in vertical direction as a0 = [0, 1, 0]. To avoid an interaction
between the electric fields and microscopic stresses during poling, the piezoelectric cou-
pling is set to zero at the beginning. Then, a macroscopic electric field is applied to the
microstructure with E = [0, E2, 0], ε = 0 and H = 0. Due to the heterogeneous mi-
crostructure an inhomogeneous distribution of the microscopic electric fields is obtained.
This distribution is used to determine the polarization direction in each microscopic in-
tegration point with a = E/‖E‖. Furthermore, the piezoelectric modulus e in each mi-
croscopic integration point depends on the magnitude of the corresponding local electric
field. Since the piezoelectric coupling correlates with the polarization state, we estimate
the dimensionless relative amplitude of the remanent local polarization with

ps = tanh(c · ‖E‖) ∈ [0, 1) . (8.1)

It is assumed that the polarization due to an increasing electric field can be described by
the function of a hyperbolic tangent, which depends on the slope c and the norm of the
electric field ‖E‖. In the following examples the value of c is set to 2 mm/kV in order to
approximate the polarization behavior of barium titanate. This function saturates against
the value 1 which describes the state of a saturated polarization. Since we do not take
into account remanent polarizations in this model, we use the assumed polarization state
for the determination of the piezoelectric modulus with

e = ps(−β1a⊗ 1− β2a⊗ a⊗ a− β3ê) (8.2)

and êkij = 1
2
[aiδkj + ajδki]. This strategy ensures that the piezoelectric material param-

eters, obtained from a polarized barium titanate sample, are multiplied with the value
1 for saturated polarization. Before the saturation of the polarization is reached, the
piezoelectric material parameters are scaled with a value between 0 and 1. The following
Figure 8.3 shows the resulting microscopic polarization directions and the scaling values
ps for applied macroscopic electric fields E2 = 0.5 kV/mm and E2 = 1.0 kV/mm.

ps ps

(a) (b)

Figure 8.3: Distribution of ps (contour) with preferred directions a (vectors) for the applied
electric fields E2 = 0.5 kV/mm (a) and E2 = 1.0 kV/mm (b). Taken from Labusch et al.

[111].

For an applied electric field of E2 = 0.5 kV/mm, shown in Figure 8.3(a), the matrix
material shows a scaling value between approximately 0.4 and 0.7 in most areas. Due to
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the higher electric permittivity of the electric matrix we observe a field concentration of
the microscopic electric fields at the left and right boundaries of the magnetic inclusions.
As a consequence, the assumed polarization in these areas is almost saturated with ps ≈ 1.
However, at the upper and lower boundaries of the inclusions we obtain a reduced assumed
polarization resulting in a value of ps between approximately 0 and 0.2. Figure 8.3(b)
shows the distribution of ps as a consequence of an applied macroscopic electric field E2 =
1.0 kV/mm. Now, most areas of the electric matrix show a value of ps = 1. The regions of
the matrix material at the upper and lower boundaries of the magnetic inclusions still show
a non-saturated state, which means that the piezoelectric modulus is scaled with a value
lower than 1. For the following investigation of the magneto-electric coupling, different
simulations were performed with applied macroscopic electric fields in the range of 0.01
kV/mm and 3.0 kV/mm, which will lead to different pre-polarization states. After this pre-
polarization processes, for the different electric field strengths, the microscopic preferred
directions and the corresponding scaling factors for each microscopic integration point
are stored and used for the next boundary value problem. Now, with the incorporation
of the preferred directions and scaling factors, a new macroscopic electric field E2 = 1.0
kV/mm is applied to the microstructure to determine the ME coefficient. Due to the
piezoelectric coupling of the matrix, its deformations are transferred to the magnetic
inclusions, leading to a strain-induced magneto-electric coupling. Figures 8.4(a) and 8.4(b)
show the microscopic distribution of the electric potential φ (contour) with the electric
field directionsE (vectors) as well as the distribution of the magnetic potential ϕ (contour)
with the direction vectors of the magnetic induction (vectors), respectively.

φe kV φm kA

(a) (b)

Figure 8.4: (a) Electric potential φ (contour) with electric field vectors E (vectors) in
the piezoelectric matrix and (b) magnetic potential ϕ (contour) with magnetic flux density
vectors B (vectors) in the inclusions for E2 = 1.0 kV/mm. Taken from Labusch et al.

[111].

The effects of the transferred piezoelectric strains on the magnetic inclusions are shown in
Figure 8.4(b). Due to the piezomagnetic coupling an arising distribution of the magnetic
potential and magnetic induction can be observed. Figure 8.5 shows the resulting ME co-
efficient (y-axis) with respect to the electric field strength (x-axis) of the pre-polarization
step. It can be clearly seen, that the ME coefficient depends on the increasing piezoelec-
tric properties and thus on the hyperbolic tangent. For a saturation polarization of the
complete matrix material an ME coefficient of α22 = 8.04 · 10−10 s/m is obtained. The
ME coupling is decreased for lower electric fields during poling.
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Figure 8.5: Magneto-electric coupling coefficient α22 in s/m for different electric fields E2

in kV/mm for the pre-polarization. Taken from Labusch et al. [111].

It can be concluded that this approach is helpful for a more exact prediction of the ME
coefficient, since a perfect polarization is hardly feasible. Since, each pre-polarization state
can be simulated, it is possible to obtain a wide range of ME coefficients. However, if we
compare the numerical results with the experimental measurement of Etier et al. [46],
who obtained a magneto-electric coupling of αexp = 4.4 · 10−12 s/m, we can see a huge
overestimation of the coupling coefficient for a saturated polarization state. This value
can also be obtained with a pre-polarization based on a small electric field of about E2 ≈
0.01 kV/mm. But the resulting polarization distribution does not represent a realistic
polarization state. Due to this approach it is shown that the microscopic polarization
state has a significant influence on the ME coupling. Furthermore, with the simplified
assumption of a linear model a good approximation of the material behavior can be given
at a saturation state but is too inaccurate for different polarization states and applied field
strengths. Thus, the following examples demonstrate the influence of nonlinear material
models for the ferroelectric and magnetostrictive phases on the ME coupling.

8.2 Magnetostrictive-piezoelectric composite

In this numerical example we use a nonlinear magnetostrictive material model in order
to depict more precisely the qualitative behavior of the magneto-electric coupling coef-
ficient. In this example a different composite is investigated and a comparison with the
experimentally measured magnitude of the ME coefficient is not done.
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Figure 8.6: Macroscopic boundary value problem with attached RVE and loading path.
Taken from Schröder et al. [187].
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A closer look is taken on the qualitative prediction of the ME coupling with respect to
different magnetic field strengths. We consider a macroscopic composite, which is loaded
with an alternating magnetic field in horizontal direction, see Figure 8.6. A representative
volume element consisting of a piezoelectric barium titanate matrix with a circular mag-
netostrictive galfenol (Fe0.81Ga0.19) inclusion, is assigned to each macroscopic integration
point. The piezoelectric phase has a surface fraction of 60%, whereas the magnetic phase
has a surface fraction of 40%.

Table 8.3: Material Parameters for Fe0.81Ga0.19 (Galfenol) and BaTiO3 (Barium Titanate)
Labusch et al. [111], Lee et al. [121].

Param. Unit Name BaTiO3 Param. Unit Name Fe0.81Ga0.19

C11 N/mm2 elasticity modulus 166000 λ N/mm2 Lamé parameter 15000
C12 N/mm2 elasticity modulus 77000 µ N/mm2 Lamé parameter 10000
C13 N/mm2 elasticity modulus 78000 Ms N/(kAmm) sat. magnetization 1.48
C33 N/mm2 elasticity modulus 162000 εs — sat. remanent strain 0.0245%
C44 N/mm2 elasticity modulus 43000 Hc kA/mm coercive field strength 0.002
ǫ11 mC/kVm dielectric modulus 0.0112 ǫ11 mC/kVm dielectric modulus 11.2
ǫ33 mC/kVm dielectric modulus 0.0126 ǫ33 mC/kVm dielectric modulus 12.6
µ11 N/kA2 magn. permeability 5.0 µM N/kA2 magn. permeability 4.5
µ33 N/kA2 magn. permeability 10.0 c kA2/N hysteresis shape para. 300
q0 N/(kAmm) piezomagnetic mod. 0.0 q0 N/(kAmm) piezomagnetic mod. 73.3
q⊥ N/(kAmm) piezomagnetic mod. 0.0 q⊥ N/(kAmm) piezomagnetic mod. −180.0
q= N/(kAmm) piezomagnetic mod. 0.0 q= N/(kAmm) piezomagnetic mod. 121.8
e31 C/m2 piezoelectric mod. −4.4 η (kAmm)/(Ns) viscosity coefficient 10−6

e33 C/m2 piezoelectric mod. 18.6 n — viscosity exponent 2
e15 C/m2 piezoelectric mod. 11.6

To obtain a distinct ME coupling the preferred orientation of the matrix material point in
the direction of the applied magnetic field. The material parameters used for both phases
are listed in Table 8.3. We assume an electric conductivity for galfenol which is 1000 times
higher than the conductivity of barium titanate. The resulting material response due to
the applied magnetic field is shown in Figure 8.7, where we depict the magnetization and
magnetostriction hysteresis curves.
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Figure 8.7: Relative magnetization and relative strain hysteresis curves for pure Galfenol
and the composite depending on the applied relative magnetic field H1/Hc. Taken from
Schröder et al. [187].
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In order to compare the effective hysteresis loops of the composite material with a purely
magnetostrictive material we plotted the response of both simulations. The black solid
curve describes the behavior of pure galfenol and provides a benchmark for the magne-
tization and magnetostrictive behavior. Smooth effective hysteresis curves are obtained
with a saturation for magnetic fields above the relative magnetic field of about 5 H1/Hc.
In contrast to this, the response of the magneto-electric composite material is depicted
with the dashed red curves. To reach the saturation magnetization, much higher magnetic
fields have to be applied. This is caused by the demagnetization effect, see also Miehe

et al. [146] or Schmitz-Antoniak [177]. In the case of a sphere the demagnetization
factor is Nxx = Nyy = Nzz = 1/3. Then, the magnetic field inside the material is smaller
than the applied field, which is reduced by the magnetic field caused by its magnetization.
Additionally, the maximum values of the magnetization and magnetostriction are reduced
due to the smaller surface fraction of the magnetic material.
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Figure 8.8: Macroscopic magneto-electric coupling coefficient α11 (blue curve) and strain
hysteresis loop (dashed red curve) for a composite with 40% volume fraction of the magne-
tostrictive phases. Taken from Schröder et al. [187].

Taking a closer look at the magneto-electric response, depicted in Figure 8.8, we see a
nonlinear behavior due to the nonlinear properties of the magnetic phase. To better show
the correlation between the strains and the ME coefficient we additionally plot one half
of the magnetostrictive hysteresis curve in Figure 8.8. The strain hysteresis curve shows
a symmetric curve with respect to the y-axis and the ME coefficient curve a more or less
point symmetric behavior with respect to the origin of the coordinate system. Comparing
both curves we can clearly understand the occurring strain-induced ME behavior. The
coupling coefficient is determined by the increment of the dielectric displacement divided
by the increment of the magnetic field. Due to the linear piezoelectric material, the di-
electric displacement is a linear function of the transferred strains of the magnetostrictive
phase. Consequently, the incremental dielectric displacement can be roughly imagined as
the tangent of the strain hysteresis loop. The maximum value of the ME coefficient is
therefore obtained at the maximum slope of the strain hysteresis loop at H1/Hc ≈ 13.5,
with an ME coefficient of α11 ≈ 7.22 · 10−9 s/m. The following decrease of the hystere-
sis slope after the inflection point explains the observed decrease of the ME coefficient.
The jump of the coupling coefficient at H1/Hc ≈ 30 is caused by the changed slope of
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the strain hysteresis loop after the unloading process. At this point the ME coefficient is
approximately reduced by 30% to α11 ≈ 1.69 · 10−9 s/m. Because of some convergence
problems of the Newton iteration for magnetic fields close to the saturation magnetiza-
tion, the applied magnetic field was not further increased, such that the magnetization
of the magnetostrictive phase is not completely saturated. After completely reducing the
magnetic field to zero, we obtain an ME coefficient of α11 = 7.13 · 10−9 s/m. We have
seen that the nonlinear properties of the magnetostrictive phase significantly influence
the behavior of the ME properties. In the next section we investigate the influence of a
nonlinear ferroelectric model.

8.3 Ferroelectric/ferroelastic-piezomagnetic composite

As shown in the previous section, nonlinear material models are necessary to describe
the realistic magneto-electric properties. Therefore, we consider a nonlinear ferroelec-
tric material model, which is able to capture the hysteretic behavior of barium titanate.
In combination with a linear piezomagnetic model, we investigate the influence of the
nonlinear ferroelectric behavior on the magneto-electric coupling coefficient. We use the
magneto-electro-mechanical boundary value problem as follows. A macroscopic cubic body
is loaded with an applied alternating electric field E

max

3 = 2.0 kV/mm through the elec-
tric potentials at the upper and lower surfaces of the macroscopic body, see Figure 8.9
(macro bvp). The applied electric field is first linearly increased until the maximum load
is reached. Afterwards, the field is linearly decreased until the maximum field points into
the opposite direction, which is followed by a further increase to the maximum value and
a reduction to zero. With this load curve it is ensured that the electric polarization goes
through the complete hysteresis loop and all effects on the magneto-electric coupling can
be investigated.
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Figure 8.9: Macroscopic bvp with attached RVE and BaTiO3 unit cell distributions. Taken
from Schröder et al. [188].

For the calculation of the ME coefficient we attached a representative volume element
at each macroscopic integration point. The RVE consists of a cubic ferroelectric matrix
with a spherical piezomagnetic inclusion with 25 % volume fraction. Furthermore, at
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each microscopic integration point of the ferroelectric matrix an orientation distribution
function based on 92 orientations is attached. In the initial state all orientations are
isotropically distributed in the three dimensional space.

Table 8.4: Material parameters for tetragonal barium titanate (BaTiO3), [C] = [σc] =
N/mm2, [e] = [Ps] = C/m2, [ǫ] = mC/kVm, [εs] = [µr] = [ǫr] = 1, [Ec] = kV/mm,
[µ] = N/kA2, see Zgonik et al. [226].

Ĉ1111 Ĉ1122 Ĉ1133 Ĉ3333 Ĉ1212 Ĉ1313 ǫ̂11 (ǫ̂r11) ǫ̂33 (ǫ̂r33)

222000 108000 111000 151000 134000 61000 0.019 (2145.9) 0.000496 (56.0)

Êc σ̂c ε̂s ê311 ê333 ê131 µ̂11 (µ̂r
11) µ̂33 (µ̂r

33)

1.0 100 0.00834 -0.7 6.7 34.2 1.26 (1) 1.26 (1)

For the electric matrix material barium titanate, the material parameters listed in Ta-
ble 8.4 are used. To demonstrate the switching behavior of the individual orientations of
the orientation distribution functions, Figure 8.9 shows an example of a loaded RVE . The
depicted RVE is used as an example to describe the microscopic switching behavior. For
further calculations, where we compare the numerical results with experimental measure-
ments, a much more refined mesh was used. In the simulation presented in Figure 8.9 the
RVE displays the results for a macroscopic electric field of E3 = 2.0 kV/mm. The contour
plot of the matrix reveals the distribution of the microscopic vertical electric fields E3,
whereas the contour plot of the inclusion shows the distribution of the microscopic ver-
tical magnetic induction B3. Due to the inhomogeneous microstructure and the different
electric permittivities of the phases, a concentration of the microscopic electric field can
be seen at the horizontal boundaries of the inclusion. Thus, the electric field increases
to over 2.5 kV/mm in these areas (point 2), whereas the local electric field at the upper
boundary of the magnetic inclusion is slightly above 1.0 kV/mm (point 1). The two inte-
gration points (1) and (2) were chosen to demonstrate the influence of the different local
electric fields on the microscopic properties of the matrix material.

local hysteresis (1) local hysteresis (2) effective hysteresis
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Figure 8.10: Local dielectric response in two microscopic Gauss points and effective macro-
scopic dielectric hysteresis curves. Taken from Schröder et al. [188].

Based on the higher local microscopic electric field at point (2) the switching criterion
for most of the unit cells is fulfilled such that these orientations point roughly into the
direction of the electric field. In contrast, the lower electric field in point (1) does not
reach the switching thresholds for all orientations, such that some orientations still point
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in negative vertical direction. The complete hysteresis loops at point (1), point (2), and
the effective macroscopic hysteresis, as obtained by the homogenization over the RVE
after the application of an alternating electric field can be seen in Figure 8.10. Two major
characteristics can be observed. First, the local hysteresis loops show a cascade change
of the relative dielectric displacement. Such stepwise increase and decrease is a result
of the switching of the single orientations into their new direction. As opposed to this,
the effective hysteresis reveals a smooth evolution due to the different switching processes
across the whole microstructure and the homogenization over the RVE . The second major
characteristic is the different amplitude of the relative dielectric displacements at the
locations (1) and (2). In point (1) the local electric field is lower compared to the local
electric field in point (2), such that the switching criterion for less orientations is fulfilled
in point (1). This results in a lower amplitude of the dielectric hysteresis in point (1)
compared with point (2). The amplitude of the effective dielectric hysteresis is a result of
the homogenization process. This example shows, that the microscopic morphology affects
the local and effective hysteresis and thus the strain-induced magneto-electric coupling.
For the simulations depicted in Figure 8.11 we used a refined mesh for the microscopic
RVEs with quadratic tetrahedrons.
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Figure 8.11: Effective response of the ME composite as a result of alternating electric-
field loading: a) effective dielectric hysteresis curve b) effective butterfly hysteresis curve, c)
preferred direction of the piezomagnetic inclusion and direction of the applied electric field,
d) effective magneto-electric coefficient α33. The remanent ME coefficient is half the one
predicted with the linear constitutive models. Taken from Schröder et al. [188].

Furthermore, the applied macroscopic electric field was increased to E3 = 4.0 kV/mm in
order to ensure an efficient polarization of the matrix material. The preferred direction
of the piezomagnetic inclusion points in the direction of the applied electric field to
obtain the maximum magneto-electric coupling. If the preferred direction of piezomag-
netism is orthogonal to the applied electric field we obtain a remanent ME coupling of
α33 = 0.7944 · 10−11 s/m, which is approximately one order of magnitude lower than the
remanent ME coupling for a parallel alignment. Here, the remanent ME coupling denotes
the value when the applied electric field vanishes. After the application of an alternating
macroscopic electric field we obtain the complete dielectric and butterfly hysteresis curves
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and the magneto-electric coupling shown in Figure 8.11. Analogously to the previous
example, we obtain smooth effective hysteresis curves after the homogenization approach.
Taking a closer look at the dielectric hysteresis loop in Figure 8.11(a) we can observe
that the saturation polarization is more or less reached, since only a linear increase of the
dielectric displacement is obtained. Due to the ferroelectric volume fraction of 75 %, the
effective saturation polarization does not reach the maximum value of Ps. Furthermore,
most orientations of the distribution function do not exactly point in the electric field
direction resulting in a further reduction of the effective polarization. Both effects can
also be seen in the butterfly hysteresis. Analogously to the example in section 8.2 the
magneto-electric coefficient corresponds to the butterfly hysteresis. At the highest slope
of the strain curve the ME value reaches its maximum of αmax

33 = 9.29 · 10−11 s/m. After
reaching the ferroelectric polarization, the linear piezoelectric effect is dominant and the
ME coefficient converges against the value of α33 = 8.04 · 10−11 s/m. By removing the
electric field a remanent ME coefficient of αrem

33 = 5.66 · 10−11 s/m is visible. Using the
ferroelectric model demonstrates the influence on the behavior of the ME coefficient for
alternating electric fields. In addition, the model depicts more exactly the ME coefficient
after the polarization process with αrem

33 = 5.66 · 10−11 s/m, which is more than 10 times
lower than the result based on the linear models (αlin

33 = 8.04 · 10−10 s/m).

In order to demonstrate the performance and reliability of the ferroelectric/-elastic
switching model we investigate the magneto-electric coupling of a more complex
microstructure with two ellipsoidal magnetic inclusions in a ferroelectric matrix. The
RVE is discretized with 5358 quadratic tetrahedrons and the magnetic inclusions have a
total volume fraction of 10%. In each microscopic integration point of the ferroelectric
matrix 42 orientations are attached. Figure 8.12 depicts the macroscopic boundary value
problem with the corresponding RVE .
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Figure 8.12: Macroscopic bvp (E
max

3 = 6 kV/mm) with attached RVE . Taken from
Labusch et al. [114].

The macroscopic cube is loaded with an alternating electric field with a maximum field
strength of E3 = 6 kV/mm. We take a closer look at the distribution of the microscopic
electric and magnetic fields as well as at the dispersion of the stresses in vertical direc-
tion, which are shown in Figure 8.13 at a maximum applied field of E3 = 6 kV/mm.
It can be clearly observed that at the vertical boundaries of the inclusions microscopic
electric field concentrations occur, see Figure 8.13(a), which cause an alignment of the
attached orientations in field direction. As a consequence the piezoelectric properties in
these regions increase, such that the piezoelectric effect yields higher strains, resulting
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in strain-induced ME properties. Due to the large interface between the matrix and the
inclusion at the vertical ellipsoid, higher magnetic fields can be observed in this inclusion,
compare Figure 8.13(c). However, microscopic vertical stresses could lead to a ferroelastic
switching of the orientations perpendicular to the direction of the applied electric field.

E3 kV/mm σ33 N/mm2

H3 kA/mm σ33 N/mm2

(a) (b)

(c) (d)

Figure 8.13: Distributions of the microscopic vertical (a) electric field E3 and (b) stresses
σ33 in the matrix material, as well as (c) magnetic field H3 and (d) stresses σ33 in the
inclusion material. Taken from Labusch et al. [114].
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This switching could decrease the piezoelectric properties in field direction and may yield
a negative effect on the ME coefficient. The σss-stress distribution in the matrix mate-
rial is depicted in Figure 8.13(b). A similar effect of the mechanical stresses can reduce
the magneto-mechanical properties in the inclusions. Such stresses can also cause a re-
orientation of microscopic remanent magnetizations. The overall effective properties of
the composite are shown in Figure 8.14, where the dielectric and butterfly hysteresis as
well as the ME coefficient are displayed. As in the previous simulation smooth effective
hysteresis loops are obtained on the macroscopic level. After the polarization process at
E3 = 0 kV/mm the remaining ME coefficient is αrem

33 = 4.78 · 10−11 s/m, whereas the
maximum ME coefficient gets a value of αmax

33 = 10.88 · 10−11 s/m. Compared with the
previous example the remanent ME coefficient is slightly reduced whereas the maximum
ME coefficient is even higher, although the volume fraction of the two ellipsoidal inclusions
is only 10% compared to the 20% in the previous example. This unproportional relation
demonstrates the influence of the microscopic morphology on the overall magneto-electric
coupling, which is investigated in more detail in section 8.5. In the next step, nonlinear
models are used for both phases.

8.4 Magnetostrictive-ferroelectric/ferroelastic composite

In section 8.2 a dissipative model for magnetostrictive materials was derived. However,
this model is not capable of describing the magnetostriction of cobalt ferrite, which causes
the specific curve of the ME coefficient. Therefore, a suitable three dimensional Preisach
model is derived in this section. The 3D Preisach model is used for the two-scale simula-
tion of two-phase magneto-electric composites, where we combine the Preisach model for
the magnetic inclusion with a ferroelectric/-elastic switching model on the microscopic
level. The results are compared with experimental measurements of the magneto-electric
coupling coefficient. Therefore, a fiber-induced (1-3) magneto-electric composite is consid-
ered, which consists of a piezoelectric barium titanate (BaTiO3) matrix with cylindrical
nanopillars of cobalt ferrite (CoFe2O4). For an experimental synthesis of magneto-electric
composites with square-shaped nanopillars we refer to Schmitz-Antoniak et al. [178].
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Figure 8.15: (a) Macroscopic bvp with attached RVE . In each macroscopic integration
point of the electric matrix, an ODF is attached. (b) Different electric field paths for four
simulations and subsequent magnetic loading path. Taken from Labusch et al. [117].
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The behaviors of both materials are simulated with nonlinear material models on the
microscopic level. The piezoelectric matrix is described by the ferroelectric/ferroelastic
switching model whereas the magnetostrictive nanopillars are described by the three-
dimensional Preisach model. An explanation of both material models is given in Chapter 7.
The material parameters used for the electric matrix are given in Table 8.4 and for the
magnetic nanopillars in Table 7.4. The macroscopic magneto-electro-mechanical boundary
value problem is presented in Figure 8.15. Here, we examine a macroscopic cubic magneto-
electric body which is first loaded with an electric field E3 and afterwards loaded with
an alternating magnetic field H3 in vertical direction. In each macroscopic integration
point we attached a representative volume element (RVE), consisting of a ferroelectric
matrix material and a cylindrical vertical aligned magnetostrictive inclusion. Further on,
we add an orientation distribution function based on 92 orientations to each microscopic
integration point of the ferroelectric matrix. The applied electric field is used in order to
polarize the ferroelectric matrix in vertical direction. Since the ME coupling is a strain-
induced product property, different polarization states can change the magnitude of the
ME coefficient. To compare the influence of the pre-polarization state of the electric
matrix material on the overall magneto-electric coupling, four simulations with different
electric field strengths were performed, see Figure 8.15(b). The different electric field
strengths of E3 are 0.5, 1.0, 1.5 and 4.0 kV/mm. After this polarization process the
electric field vanishes and an alternating magnetic field is applied. Taking a closer look at
the resulting different dielectric and strain hysteresis curves of the composite illustrated
in Figure 8.16(a) and Figure 8.16(b) four different paths are recognizable.
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Figure 8.16: (a) Relative overall dielectric displacement D3/Ps for four different electric
loading scenarios (E3 = 0.5; E3 = 1.0; E3 = 1.5; E3 = 4.0). (b) Macroscopic relative strains
ε33/εs due to the four electric loading cases. Taken from Labusch et al. [117].

In the initial state the material reveals no polarization since all unit cells are uniformly
distributed in the three dimensional space. For an increasing electric field the switching
criterion for some unit cells is fulfilled on the microscale, such that the polarization starts
to increase, see Figure 8.16(a). However, for the smallest applied electric field of E2 = 0.5
kV/mm the polarization increases slightly and is far below the saturation polarization. A
remanent relative electric polarization of D3/Ps = 0.034 is observable. Additionally, due
to the reorientation of the switched unit cells the material is deformed, which results in a
difference between the initial and the new deformation of ∆ ε33/εs = 8.13 · 10−5. Here it
has to be mentioned, that the composite is contracted in the initial state. This is caused
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by the associated orientation distribution function on the microscale, where the individual
orientations do not have five corresponding unit cells, which point into the opposite or
perpendicular directions and thus cancel out the contractions and elongations of one
individual unit cell. After this electric polarization process an alternating vertical magnetic
field H3 is applied, see the blue load curve in Figure 8.15(b). Due to the magnetostrictive
nanopillars the composite reacts with a contraction in vertical direction, such that the
magnetic field generates the magnetostrictive hysteresis curve depicted in Figure 8.17(a).
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Figure 8.17: (a) Overall magnetostrictive hysteresis loops for different pre-polarization
states of the electric matrix. The values 0.5; 1.0; 1.5 and 4.0 denote the before used electric
field strengths. (b) Resulting effective strain-induced magneto-electric coupling coefficient
α33. Taken from Labusch et al. [117].

As a result of the pre-polarization and the ferroelectric deformations, the magnetostrictive
strain curve also starts with a non-zero deformation. The overall magnetostrictive strain
curve shows the characteristics of the strain curve of pure cobalt ferrite, with the ampli-
tude of the composite’s strain curve being lower than the curve of pure cobalt ferrite since
the volume fraction of the magnetic phase is reduced. The strains of the magnetic inclusion
are transferred to the ferroelectric matrix, which reacts with a change of the dielectric dis-
placement. However, the change of the dielectric displacements depend on the piezoelectric
coupling, which in addition depends on the polarization state. Taking into account the low
polarization state based on an applied electric field of E3 = 0.5 kV/mm, we also obtain a
low piezoelectric coupling coefficient. Thus, the magneto-electric coupling of the compos-
ite only reaches a maximum value of αmax,0.5

33 = 6.46 · 10−12 s/m, see Figure 8.17(b). The
shape of the magneto-electric coupling curve depends on the magnetostrictive strain curve
and can be explained in the following way. Past the very low coercive field of Hc = 0.3
kA/mm the nanopillars begin to contract and the magneto-electric coefficient starts to
rise. The maximum slope of the magnetostrictive strain curve describes the maximum
value of the magneto-electric coupling. Once the maximum magnetostriction is reached
and no further strains are transferred among the phases, the ME coefficient vanishes and
afterwards reach a negative ME value. This negative value is caused by the softening be-
havior of cobalt ferrite, whose polycrystalline magnetostriction slightly reduces for higher
magnetic fields resulting in a negative slope of the magnetostrictive strain curve. Reach-
ing the saturation magnetostriction of cobalt ferrite, changes in the deformation behavior
are not observable anymore, such that the magneto-electric coupling converges to zero.



106 Numerical examples

The behavior of the ME coefficient is point symmetric with respect to the origin of the
coordinate system. Now, we take a closer look at the polarization state for applications of
higher electric fields and its influence on the magneto-electric coupling. For a macroscopic
electric field of E3 = 1.0 kV/mm the remanent relative polarization reaches the value of
D3/Ps = 0.291 and an elongation of the composite of ∆ε33/εs = 2.93 · 10−4 in vertical
direction is observable, such that the magnetostrictive strain curve starts at this defor-
mation state. Due to the fact that in each microscopic integration point more unit cells
are aligned in the direction of the microscopic electric fields, the piezoelectric modulus in-
creases. Independent of the pre-polarization process, the alternating magnetic field causes
the same magnitude of the magnetostrictive hysteresis curve for E3 = 1.0 kV/mm. Since
the magnitude of the magnetostrictive deformations are the same compared to the simu-
lation with E3 = 0.5 kV/mm the increased magneto-electric response can be explained by
the enhanced piezoelectric coupling modulus. At this point no ferroelastic switching crite-
rion is included for the Preisach relays. Therefore, the amplitude of the magnetostrictive
hysteresis loops is the same for all polarization states. For E3 = 1.0 kV/mm the maximum
value of the ME coefficient reaches the value of αmax,1.0

33 = 3.52 ·10−11 s/m. This maximum
value can be further increased by a pre-polarization using E3 = 1.5 kV/mm. In this case
a magneto-electric coefficient of αmax,1.5

33 = 3.75 · 10−11 s/m is obtained. At this point the
electric matrix has not reached its saturation polarization. With a higher applied electric
field of for example E3 = 4.0 kV/mm the ferroelectric matrix is saturated concerning its
polarization and the piezoelectric modulus achieves its maximum. However, against the
expectations, the magneto-electric coupling does not increase further to the maximum
value. Instead, the maximum value of the ME coefficient αmax,4.0

33 = 2.86 · 10−11 s/m is
slightly lower than the maximum ME value for E3 = 1.0 kV/mm. The reason for this
behavior is the ferroelastic switching of several barium titanate unit cells due to internal
stresses. Some unit cells, which are orientated in vertical direction after the polarization
process, have performed 90◦ switchings after the maximum magnetostriction is reached
and are then orientated in a horizontal direction. Such reoriented unit cells do not affect
the ME modulus in vertical direction any longer, resulting in a reduced maximum ME
value.
Taking account of the nonlinear ferroelectric/ferroelastic switching model and the nonlin-
ear magnetostrictive Preisach model, we can analyze the simulated qualitative behavior of
the magneto-electric coupling for applied bipolar magnetic fields as well as the magnitude
of the arising ME coefficient with experimental measurements. Therefore, we compare
the simulations with the magneto-electric measurements of the work Etier et al. [45],
which measured a magneto-electric coefficient of 0.44 · 10−11 s/m. It can be seen that the
used models are capable of describing the qualitative ME behavior including the peak,
the change of the sign for an increasing magnetic field, the saturation of the ME cou-
pling to zero for a further increase of the applied field and the influence of the electric
pre-polarization state. Especially the advantage of the Preisach model, which can cap-
ture the magnetostrictive softening behavior of cobalt ferrite, is important to depict the
change of the sign in the magneto-electric coupling curve. Also the predictions of the
magnitude of the magneto-electric coefficient are better than our previous predictions in
Labusch et al. [111] and Schröder et al. [188]. The maximum ME coefficient for
purely linear models for both phases is α33 = 8.04 · 10−10 s/m in Labusch et al. [111].
Using the nonlinear ferroelectric/-elastic switching model in combination with a lin-
ear magnetostrictive model the maximum ME coefficient reduces to α33 = 12.2 · 10−11
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s/m, see Schröder et al. [188]. Finally, in this contribution the ME value reduces to
α33 = 3.75 · 10−11 s/m for the combination of the ferroelectric/-elastic switching model
with the magnetostrictive Preisach model. The still deviating prediction of the simulated
ME coefficient compared to experimental measurements can be explained by the follow-
ing reason. Microscopic defects, for example pores, can influence the polarization of the
matrix material in a negative manner and reduce the piezoelectric coupling and therefore
the magneto-electric coefficient. If the pores are located at the interfaces, they directly
interrupt the connection between both phases and the deformations are not transferred
from one phase to the other. Since the magneto-electric coefficient is a strain-induced
property, such pores can significantly reduce the ME coupling. Therefore, we refer to
Labusch et al. [113] where the influence of a porous composite on the magneto-electric
coupling is investigated. A further impact on the coupling is given by the microscopic mor-
phology. This was already briefly discussed in Labusch et al. [112] and will be shown
in the following and investigated in more detail in future works.

8.5 Influence of the microstructure on the magneto-electric coupling

As already mentioned in Section 8.1 and Section 8.3 the heterogeneous microstructure
of the composite and the resulting inhomogeneous distribution of the local microscopic
electric fields play a significant role on the local polarization states. Regions inside the mi-
crostructure with low electric field distributions have accordingly small electro-mechanical
properties, which decreases the strain-induced magneto-electric coupling. To investigate
the influence of the microscopic morphology on the ME-coefficient we performed 25 sim-
ulations with composites, consisting of a piezoelectric matrix with different ellipsoidal
piezomagnetic inclusions with varying volume fractions. Here, we restricted the simula-
tions to two-dimensional boundary value problems and purely transversely isotropic linear
material models.
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Figure 8.18: Electric field distribution E2 for three example microstructures with 30 %
inclusion volume fraction. Taken from Labusch et al. [112].

The material parameters used for polycrystalline barium titanate and cobalt ferrite are
listed in Table 8.1. In all simulations a macroscopic vertical electric field of E2 = 2 kV/mm
is applied and periodic boundary conditions are used on the RVE . Figure 8.18 shows three



108 Numerical examples

example microstructures with different inclusion geometries but equal volume fractions.
The longitudinal expansions of the ellipsoids with varying volume fractions are kept con-
stant to enable a comparison with the different microstructures. Additionally, the micro-
scopic electric field distributions E2 of the composites are plotted. We can clearly observe
that due to the different electric permittivity of the magnetic inclusion, concentrations
of the electric fields occur at the left and right boundary of the inclusion. Simultane-
ously, very low microscopic electric fields, in comparison to the applied macroscopic field
strength, appear at the vertical boundaries. For a high magneto-electric coupling the
electro-mechanical strains have to be transferred in a wide area of the interface to the
inclusions. In these areas the electro-mechanical coupling should be maximized, which is
achieved at the saturation polarization due to a high microscopic electric field. By com-
paring the three depicted microstructures in Figure 8.18 it can be seen in Figure 8.18(c)
that, in the case of ellipsoidal inclusions pointing along the direction of the applied elec-
tric field, high microscopic electric fields are present in a wide range around the inter-
face. Such electric field distributions are beneficial for the electro-mechanical and thus for
the magneto-electric properties. In the case of a horizontally aligned ellipsoidal inclusion
(Figure 8.18(a)) the electro-mechanical coupling is low at the interface due to the small
microscopic electric fields. As a consequence, the ME-coefficient for the three depicted
composites raised from α22 = 1.147 · 10−10 s/m (a) over α22 = 1.652 · 10−10 s/m (b) to
α22 = 2.196 · 10−10 s/m (c). A visualization of the ME-coefficients of all 25 considered
microstructures is given in Figure 8.19.

Rx

Ry

x

y

Ry/Rx
rel. vol. incl.

α22
s
m α22

s
m

αmax
22 = 3.3739 · 10−10 s

m

Figure 8.19: Three-dimensional visualization of the ME-coefficients for different inclusion
geometries and volume fractions. Taken from Labusch et al. [112].

The resulting ME-coefficients are plotted against the relative volume fraction of the inclu-
sion and the ratio between the horizontal and vertical radius of the ellipsoidal inclusion,
which yield a three-dimensional plot, where the highest point of the surface describes the
maximum ME-coefficient. Taking a closer look at the surface plot we obtain the highest
ME value for a circular inclusion with 50% volume fraction of both phases. However,
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the ME coupling also depends on the shape of the inclusions. As demonstrated in Fig-
ure 8.18 the ME coupling increases by changing the inclusion shape to an ellipsoid and the
alignment in the direction of the applied electric field. Thus, the highest ME coefficient
αmax
22 = 3.374 ·10−10 s/m is obtained for a microstructure with a vertical aligned ellipsoidal

inclusion with 40% volume fraction.

8.6 Simulation of a porous magneto-electric composite

A further important investigation which has to be made is the influence of microscopic
defects on the ME coefficient. Pores or other defects included in magneto-electric compos-
ites and arise during the manufacturing process, can significantly influence the properties
of the individual constituents as well as the effective properties of the composite. Addi-
tionally, the reliability and durability of ferroic devices, which is of great importance in
technical applications, can be influenced in a negative manner. Such defects can reduce
the stiffness of the corresponding phase and distribute the internal fields unevenly, namely
the mechanical stresses, or the electric, and magnetic fields. Furthermore, each individual
pore alters the electric field and reduces the electric permittivity and the magnetic per-
meability in its direct environment. In the case of a pore at the interface, the electrically
induced strains of the matrix material are not transferred to the inclusion. This breakup
of the direct contact between both phases influences the strain-induced magneto-electric
coupling negatively. Therefore, we take a look at a microscopic image in Figure 8.20,
which shows a two-phase ME composite consisting of a barium titanate matrix (gray)
with cobalt ferrite inclusions (dark gray), including multiple pores (black).

Figure 8.20: Microscope image of a two-phase magneto-electric composite, consisting of
barium titanate (gray), cobalt ferrite (dark gray) and pores (black). Taken from Labusch

et al. [116].

Due to the fact that a composite without defects is hard to realize and an overestimation
of the overall magneto-electric coupling in numerical simulations is predicted, the micro-
scopic image is a good motivation to investigate the influence of pores on the ME coupling.
For that reason, we performed simulations with porous ME composites consisting of an
electric matrix and a spherical magnetic inclusion with 79.7% and 20 % volume fractions,
respectively. The remaining 0.3% volume fraction are described by a pore at the interface
between the ferroelectric matrix and the magnetostrictive inclusion, see Figure 8.21.
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Figure 8.21: Macroscopic bvp with attached porous RVE , consisting of a ferroelectric
matrix (grey) with a piezomagnetic inclusion (brown) and a pore (blue) at the interface.
Taken from Labusch et al. [116].

The used material parameters are summarized in Table 8.5. The elasticity of the air is
assumed to be very small instead of zero in order to avoid zero entries on the main diag-
onal of the material tangent and therefore numerical instabilities.
Various locations of the pore can influence the strain-induced properties to different de-
grees, since the position of the defect impairs the amount of transferred deformations.
Therefore, two microstructures are considered, where the position of the pore is at two
different locations of the interface between both composite materials. In the first compos-
ite (1) the pore is located in the region where the highest microscopic electric fields and
thus the highest amount of deformations in the matrix material are expected. Based on
the previous simulations in Section 8.3 the highest electric fields should occur in the area
surrounding the magnetic inclusion orthogonal to the applied electric field.

Table 8.5: Material parameters used for BaTiO3, CoFe2O4 and air.

Para. Unit BaTiO3 CoFe2O4 air Para. Unit BaTiO3 CoFe2O4

C1111
N

mm2 22.2 · 104 21.21 · 104 1 · 10−8 e311
C
m2 −0.7 0.0

C1122 ” 10.8 · 104 7.45 · 104 0.0 e333 ” 6.7 0.0
C1133 ” 11.1 · 104 7.45 · 104 0.0 e131 ” 34.2 0.0

C3333 ” 15.1 · 104 21.21 · 104 1 · 10−8 q311
N
Am

0.0 580.3

C1212 ” 13.4 · 104 6.88 · 104 0.0 q333 ” 0.0 −699.7
C1313 ” 6.1 · 104 6.88 · 104 0.0 q131 ” 0.0 550.0

ǫ11
mC
kVm

0.019 8.0 · 10−5 8.86 · 10−6 Ec
kV
mm 1.0 0.0

ǫ33 ” 0.000496 9.8 · 10−5 8.86 · 10−6 σc
N

mm2 100.0 0.0

µ11
N
kA2 1.26 157.0 1.26 εs 1 0.00834 0.0

µ33 ” 1.26 157.0 1.26

Thus, in the first example, the defect is located at the left boundary of the inclusion, see
Figure 8.21. In the second example (composite (2)), the pore is placed in a region with
slightly lower electric fields at the upper left boundary. In the following, we compare the
influence of both positions on the ME coupling by applying an alternating vertical electric



Numerical examples 111

field on the macroscopic body. The preferred direction of the magnetic phase point in
vertical direction to obtain a maximum ME coupling. In each microscopic integration point
of the matrix material we attached 92 barium titanate unit cells in form of an orientation
distribution function. In the initial state the orientations are uniformly distributed in
the three dimensional space. Figure 8.22 shows the resulting microscopic electric field
distribution in a cross section of the considered RVE (composite (1)) for an applied
macroscopic field of E3 = 6 kV/mm.
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Figure 8.22: Electric field distribution in a cross section of an RVE . The dielectric and but-
terfly hysteresis loops are shown for two different points (A) and (B) in the microstructure.
Taken from Labusch et al. [116].

It is clearly observable that due to the inhomogeneous microstructure high electric fields
arise in the equatorial plane in the middle of the RVE around the magnetic inclusion.
In these areas, in contrast to the regions with lower electric fields, the switching criteria
for more or less all of the assumed orientations are fulfilled, such that the unit cells are
aligned in vertical direction.
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Figure 8.23: a) Microscopic strain and b) stress distribution due to an applied macroscopic
electric field E3 = 6 kV/mm. Taken from Labusch et al. [116].
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As a consequence, the electro-mechanical deformations reach their maximum and trans-
fer to the magnetic inclusion at the interfaces without defects completely. However, in a
porous composite with a pore at the interface, the connection between both constituents
is interrupted. A visualization of the influence of a pore on the microscopic local elec-
tric hysteresis curves is given in Figure 8.22, where the dielectric displacement and the
deformations at two points of the interface are plotted. Point (A) is located at the left
interface between the pore and the magnetic inclusion, whereas point (B) describes a po-
sition between the intact interface at the opposite right side. At the second point (B) all
deformations of the matrix material are transferred to the inclusion, such that we observe
a butterfly hysteresis loop as well as a dielectric hysteresis. Here it has to be emphasized
that due to the switching of the single orientations on the nanoscopic level the hysteresis
loops have a cascade characteristic. After the homogenization process the macroscopic ef-
fective hysteresis loops show a smooth behavior, see Figure 8.24. However, at point (A) the
deformations of the matrix material are interrupted due to the pore and not transferred
to the magnetic inclusion, so that only a linear increase of the dielectric displacement
is visible, caused by the vacuum permittivity. Furthermore, a butterfly hysteresis loop is
not obtained and the small remaining displacements are caused by the deformation of the
whole inclusion. Figure 8.23a) visualizes the distribution of the vertical strains in a cross
section of an RVE of composite (1). It can be seen that the strains of the matrix material
are not transferred at the pore and the deformations in the inclusion in this region are
strongly reduced. At the interface at the opposite side we observe a smooth transition
of the vertical displacements between the matrix and the inclusion. Figure 8.23(b) shows
the microscopic vertical stress distribution σ33 in the second composite (2) for an applied
electric field of E3 = 6 kV/mm, where the pore is located at the upper left boundary.
Again, the impact of the interrupted transferred deformations becomes visible. In the
inclusion the microscopic stresses σ33 strongly decrease in the region around the pore. A
comparison of the influence of both pores on the overall dielectric and butterfly hysteresis
curve as well as on the magneto-electric coupling is shown in Figure 8.24. The behavior
of the intact composite without defects is depicted with the black curve, the composite
with the defect on the upper left side of the inclusion (composite (2)) with the dashed
blue curve and the composite with the defect at the left interface (composite (1)) by the
dotted red curve. Due to the small volume fraction of the pore we can see almost no in-
fluence on the effective dielectric displacement, see Figure 8.24(a). However, the position
of the pore can affect the overall butterfly hysteresis curves, which are depicted in Fig-
ure 8.24(b). Slightly higher overall deformations can be observed in the composite with
the defect at the upper left interface (composite (2)). In this region around the pore the
matrix could expand much easier in comparison to an intact composite due to the inter-
rupted connection to the inclusion. Nevertheless, the increased overall deformations do
not yield an increased effective magneto-electric response, since the deformations are not
transferred to the magnetic inclusion, see Figure 8.24(c). The missing connection between
both phases only causes a very small reduction of the ME coefficient, because the highest
amount of the deformations are in this case transferred in the horizontal areas around
the inclusion, where the interface is still intact. A reduction of the effective ME coupling
to 98.4% of the value of an intact composite is obtained for composite (2). In case the
defect is located at the left interface, where the maximum ferroelectric strains occur, we
observe a much larger impact on the effective magneto-electric behavior, whereas we see
no larger impacts on the overall butterfly hysteresis. However, due to the fact that the
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deformations of the matrix material are not transferred to the magnetic inclusion in the
region where the highest ferroelectric strains occur, we observe a significant decrease of
the ME coefficient.
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Figure 8.24: Effective (a) dielectric and (b) butterfly hysteresis loop as well as (c) magneto-
electric coefficient of a porous ME composite. Taken from Labusch et al. [116].

For an applied electric field of E3 = −6 kV/mm the ME coefficient of the composite (1)
decreases to 85.9% of the value of an intact composite. Due to this large impact of a pore
on the overall properties and the overestimation of the simulated ME coupling values,
the consideration of pores is a good assumption for a more realistic prediction of the
composite behavior. In order to give a statement of the influence of multiple pores on the
effective properties, a realistic morphology of the microstructure as shown in Figure 8.20
has to be taken into account.
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9 Conclusion and Outlook

In this work a two-scale homogenization approach was performed for the determination
of magneto-electric product properties in composite materials. First, some technical ap-
plications of ME materials were explained to motivate the investigation of such materials.
To understand the magneto-electric coupling effect in single-phase and composite materi-
als the physical background to magneto-electro-statics including the fundamental Maxwell
equations and the origin of magnetism as well as the characteristics of electro-mechanically
and magneto-mechanically coupled materials was given. Afterwards, the basic principles
of the continuum mechanics, the Finite Element formulation and the two-scale homog-
enization approach were outlined. The main focus of this work was to determine the
magneto-electric coefficient with the application of appropriate material models and fur-
thermore to evaluate the accuracy of such models for the prediction of ME properties.
For this, different material models were derived for simulations of ME composites. We
started with purely linear piezoelectric and piezomagnetic models for both phases and
performed two dimensional simulations considering realistic microstructures. Compared
with experimental measurements we obtained an ME coefficient almost 200 times higher
than the measured value. Due to this huge overestimation we included a pre-polarization
step, by which a more realistic polarization of the electric phase was simulated instead of
a perfectly polarized material. With this approach it was indeed shown that the polar-
ization has a significant influence on the ME coefficient but the pre-polarization has to
be decreased to much to approach the measured values. Thus, we focused on nonlinear
material models, which were capable of describing the hysteretic behavior of the corre-
sponding phases. With an implemented dissipative magnetostrictive material model we
simulated a more precise qualitative behavior of the ME coupling without performing an
electric pre-polarization step. A combination of assumed pre-polarizations and nonlinear
hysteresis curves was given by a ferroelectric/-elastic polarization switching model. Then,
the ME coefficient was strongly decreased and about 30 times higher than the measured
value. A further decrease and a reliable prediction of the qualitative ME behavior was
given by the magnetostrictive Preisach model. A combination of the latter model with the
polarization switching model yield on the one hand a good prediction of the ME coupling,
being about 15 times higher than in experiments, and on the other hand the nonlinear
characteristics of the coupling properties due to the incorporation of the softening be-
havior in the magnetostrictive phase. However, next to the used material models further
influences on the product properties were shown by investigating porous composite ma-
terials as well as different microscopic morphologies. It was shown that a pore, located at
the interface between both phases, could reduce the ME coupling by about 14%. Since
composites without defects are hardly realizable, the consideration of pores is an impor-
tant approach. Furthermore, the dependence of the microscopic morphology was shown
by including different shapes and volume fractions of the magnetic inclusion. However,
there are still further topics to investigate in order to improve the prediction of the ME
properties.
As pointed out in the numerical simulations, the shape of the magnetic inclusions, the vol-
ume fractions of the phases as well as microscopic defects, such as pores at the interface,
play a significant role in the generation of the magneto-electric coupling. It is therefore
important in future works to use a realistic three dimensional microstructure, which
includes all three mentioned influences, for the numerical simulations. Figure 9.1 shows



Conclusion and Outlook 115

an example of the complex magnetic inclusion geometries of a realistic microscopic mor-
phology obtained by a Focused ion beam (FIB) technique.

Figure 9.1: Distribution of magnetic particles in a realistic two-phase composite obtained by
a Focused Ion Beam (FIB) technique. Measurement performed by the European Synchroton
Radiation Facility (ESRF) in Grenoble.

A special thank goes to the European Synchrotron Radiation Facility (ESRF) in Grenoble
for the measurement of such composite samples. A further important aspect, which should
be considered in future works is a detailed and exact parameter fitting for the magne-
tostrictive Preisach model. In the framework of this contribution the magnetization curve
was adjusted to a hyperbolic tangent, which is a simplified approximation. A fitting to
experimental measurements gives a more exact determination of the magnetization and a
simulation of minor hysteresis loops will be possible. However, this Preisach model is fitted
to macroscopic measurements neglecting complex microscopic processes due to, for exam-
ple, quantum mechanical exchange energies, stray field energies, magnetic anisotropies
or magnetic dipole-dipole interactions. The incorporation of imperfect interfaces re-
garding such interactions could further improve the prediction of the magneto-electric
characteristics.
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[183] J. Schröder. Anisotropic polyconvex energies. In J. Schröder and P. Neff, editors,
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