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Abstract

The problem of assessing the environmental risk of pesticides can be formulated
as a robust feasibility problem: A pesticide is only approved by regulatory
agencies of Germany and the entire European Union, if it causes no damage to
the environment and man in any possible scenarios.

Typically, experimental toxicity studies are used to construct a scenario based
approximation of an uncertainty set. In doing so, the considered scenarios
are possibly unrealistic, but they aim to represent the worst case. Thus, an
overestimation of the effects is accepted to be certain that all possible risks are
covered.

We consider mechanistic models that do not only describe the effect of
pesticides but also aim to explain the underlying processes. Such models may
build a more realistic approximation of uncertainty set and thus be instrumental
in assessing the risk. This allows the consideration of more complex scenarios.

Currently, the use of the models is discussed but at most used in addition
to conventional standard tests in European risk assessment. One reason is that
they are not well documented. There exists a large family of models differing in
complexity as well as precision. Furthermore, there are no standardized model
test scenarios, yet. Especially, it is not clear how trustworthy the predictions of
the models as well as the models themselves are.

Mathematically, we consider parametrized systems of nonlinear differential
equations and the complex interdependency of two associated problems. On
the one hand, we have the inverse problem of identifying the model parameters.
On the other hand, we have the direct problem of predicting effects under
varying environmental conditions. This step requires an in depth analysis of
the discretization error (ordinary differential equations), extrapolation error
(situations not covered by calibration), conceptual model error (situation not
covered by model) and consequences of changes in parameter values (sensitivity
and uncertainty analysis). Furthermore, the characterization of the physically
sound parameters is in special interest in view of the construction of model test
scenarios. Besides a realistic modeling, the solution of the model system (exact,
approximate) and the choice of the initial values of the inverse problem play a
prominent role.

We study three different models in the main chapters that are connected
by the aim of describing mechanistically the effect of active substances in the
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Abstract

environment. The first part deals with the unified framework of the model
guts (General Unified Threshold model of Survival). This model is based
on two different mortality hypotheses: stochastic death (sd) and individual
tolerance (it).

The second and third part concentrate on models describing the sublethal
effects of active substances on growth of the water plant Lemna. Although both
models treat the same species and have the same objective, the models differ
in concept and complexity. The first model is a logistic growth model with an
effective growth rate that is influenced by environmental conditions and dosage
of a pesticide. The second model involves Dynamic Energy Budget theory (deb)
describing growth in terms of changing the energy budget in time.

We analyze and quantify uncertainties and errors in the considered eco-
toxicological models. Furthermore, we develop methodologies to reduce the
uncertainties such that the prediction of the models is enhanced. Thus, this
thesis provides a foundation for the use of sophisticated mathematical models
in environmental risk assessment of pesticides.
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Zusammenfassung

Die Risikobewertung von Pestiziden in der Umwelt kann als robustes Zu-
lässigkeitsproblem formuliert werden: Ein Pestizid wird nur dann von den
regulatorischen Behörden Deutschlands und der gesamten Europäischen Union
zugelassen, wenn kein Schaden für Mensch und Umwelt entsteht.

Normalerweise werden zur Approximation der Unsicherheitsmenge experi-
mentelle Toxizitätsstudien durchgeführt. Die dabei betrachteten Szenarien sind
möglicherweise unrealistisch, aber sie repräsentieren den ungünstigsten Fall.
Eine Überschätzung möglicher Wirkungen wird also akzeptiert, um sicher zu
gehen, dass alle möglichen Risiken betrachtet werden.

Wir betrachten mechanistische Modelle, die nicht nur die Wirkung von Pesti-
ziden beschreiben, sondern die grundlegenden Prozesse erklären. Diese Modelle
können eine realistischere Approximation der Unsicherheitsmenge bilden und
sind daher hilfreich in der Umweltrisikobewertung. Dies erlaubt die Betrachtung
von komplexeren Szenarien.

Zu dem jetzigen Zeitpunkt wird der Einsatz dieser Modelle in der Europäi-
schen Risikobewertung diskutiert, jedoch meistens nur zusätzlich zur Standard-
toxizitätsbewertung genutzt. Ein Grund dafür ist die schlechte Dokumentation
der Modelle. Es existieren zahlreiche Modelle, die sich in der Komplexität
als auch in der Genauigkeit unterscheiden. Ferner sind noch keine standar-
disierten Modelltestszenarien definiert. Vor allem ist nicht klar, ob und wie
vertrauenswürdig die Vorhersagen der Modelle sind.

Mathematisch betrachten wir parametrische nichtlineare Differentialglei-
chungssysteme und das komplexe Zusammenspiel zweier verknüpfter Pro-
bleme. Zum einen haben wir das inverse Problem der Parameteridentifikation,
zum anderen das direkte Problem der Vorhersage von Effekten unter variablen
Umweltbedingungen. Dieser Schritt erfordert eine fundamentale Analyse der
Diskretisierungsfehler (gewöhnliche Differentialgleichungen), der Extrapola-
tionsfehler (Situationen, die von der Kalibrierung nicht abgesichert werden)
sowie der konzeptionellen Modellfehler (Situationen, die nicht vom Modell ab-
gesichert werden). Zudem analysieren wir die Auswirkungen von Änderungen
in den Parameterwerten (Sensitivitäts- und Unsicherheitsanalyse). Zusätzlich ist
die Charakterisierung der Parameter von besonderem Interesse bezüglich der
Konstruktion von Modelltestszenarien. Neben einer realistischen Modellierung
spielen die Lösung der Modellsysteme (exakt, annährend) und die Wahl der
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Zusammenfassung

Startwerte des inversen Problems eine wichtige Rolle.
Wir analysieren drei unterschiedliche Modelle in den Hauptkapiteln, die

verbunden sind durch ein gemeinsames Ziel, nämlich die mechanistische Be-
schreibung der Wirkung von aktiven Substanzen in der Umwelt. Der erste Teil
der Arbeit handelt von dem verallgemeinerten Modell guts (General Unified
Model of Survival). Dieses Modell charakterisiert die Überlebenswahrschein-
lichkeit von Organismen anhand zweier Hypothesen: Stochastischer Tod (sd)
und individuelle Toleranz (it).

Im zweiten und dritten Teil werden Modelle präsentiert, die die sublethale
Wirkung von aktiven Substanzen auf das Wachstum der Wasserpflanze Lemna
erklären. Obwohl beide Modelle das gleiche Ziel haben und dieselbe Spezies
modellieren, unterscheiden sie sich in Konzept und Komplexität. Das erste
Modell beschreibt das logistische Wachstum der Lemna mit Hilfe der effektiven
Wachstumsrate, die durch abiotische Umweltbedingungen und die Dosis des
Pestizids beeinflusst wird. Das zweite Modell beruht auf der Dynamic Energy
Budget Theorie (deb). Es stellt das Pflanzenwachstum mit Hilfe von sich in der
Zeit ändernden Energiebilanzen dar.

Wir untersuchen und quantifizieren die Unsicherheiten der betrachteten öko-
toxikologischen Modelle. Darüber hinaus haben wir Methoden entwickelt, um
diese Unsicherheiten zu verringern, so dass sich die Vorhersagen der Modelle
verbessern. Diese Arbeit stellt die Grundlage für die Anwendbarkeit von an-
spruchsvollen mathematischen Modellen in der Umweltrisikobewertung von
Pestiziden dar.
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1
Introduction

We consider ecotoxicological models. This notion is a combination of the two
terms ecology and toxicology.

Ecology is the scientific analysis and study of the dynamic interactions among
biotic community (organisms) and their (abiotic) environment (Tansley 1935).
Several diverse topics belong to ecology like natural selection, population
dynamics, bio geochemistry, ecosystem health or sustainability (Jorgensen and
Fath 2014).

A basic measure in ecology is the abundance which is the regional total
population size of a species. The population size in a certain habitat reflects the
influences of many factors like nutrients, predators, physical conditions like
light, temperature, potential of hydrogen, salinity, oxygen or carbon dioxide or
wind (Jorgensen and Fath 2014, p. 4). Fluctuation in abundances often indicates
fluctuations in physical or biological factors (Jorgensen and Fath 2014, p. 5).

The population growth is defined as change of number of individuals in the
population in time (Jorgensen and Fath 2014, p. 5) and is also called population
dynamics.

Exponential growth is well suited for fast growing organism, for example
bacteria in a laboratory, in some period. The maximum size of population is
often referred to as carrying capacity (long term average of abundance), be-
cause organisms cannot grow exponentially forever due to resource availability
(Vandermeer 2010).

The maximum size of a population can be influenced by inter-specific (dif-
ferent species) competition for space, food, light (Jorgensen and Fath 2014,
p. 10). Mathematically the effect of competition on populations can be des-
cribed using first-order nonlinear differential equations. Systems describing
this competitions are also known as predator–prey systems or Lotka-Volterra
equations.

The word ecotoxicology is a combination of the words ecology studying the
relationship of organisms and their environment and toxicology studying the
effect of toxicants. Thus altogether ecotoxicology is the study of effects of poi-
sons on ecological systems and/or their components (individuals, populations,
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Chapter 1 Introduction

communities).
A toxicant is a substance leading to a toxic effect and not easy to classify. They

can be natural or synthetic compounds (Hodgson 2010, p. 12). We consider
active substances. These substances are used because of their effects. In Europe
the approval of these substances is regulated by authorities of the European
Union to different regulatory frameworks depending on their target (humans
and the environment) and their use (e.g. plant protection, pharmaceuticals) like
pesticide regulation, biocide regulation, regulation of veterinary compounds.
For example, the institution in charge of pesticides is the European Food Safety
Authority efsa, in charge of biocides is the European Chemicals Agency echa
and in charge of pharmaceuticals is the European Medicines Agency ema.

We restrict our attention to pesticides because their effects on the environment
are analyzed comprehensively. The potential effects of active substances are
studied by experimental toxicity testing. As part of environmental law and
regulation processes this is realized by testing some chosen species, representing
a group of species, in a standardized artificial setting. For instance, fathead
minnow is used representatively for fish. Extrapolation to other species is done
via multiplying safety or extrapolation factors to the safe concentration derived
from a single species test (EFSA PPR Panel 2013).

In addition to single species tests, ecosystem tests (mesocosm) exist to indicate
potential effects of active substances on population level. In general, these tests
are more complex and more expensive. Bio monitoring and field testing are
supplementary tools to assess risks of active compounds.

The toxicity of a substance depends on the dose namely the concentration
of the substance, the duration of exposure and the uptake route (oral, dermal).
The effect of an active substance can be influenced by abiotic environmental
factors like light, temperature, availability of nutrients. Furthermore, not all
individuals respond equally to exposure of an active compound (individual
life-history traits).

Tests and risk assessment are built on single exposure of one active compound
that is no realistic assumption of exposure as in environment species are exposed
to multiple active substances (Jorgensen and Fath 2014, p. 32).

Models in risk assessment of active substances are currently mainly used for
exposure assessment by predicting the concentration of an active substance in en-
vironment depending for instance on weather, soil, crop. The effect assessment is
mainly based on toxicity testing, but effect models are proposed as complement
to the second tier (EFSA PPR Panel 2013).

In this thesis, three effect models are presented in more detail. All models
describe the effect of active substances like pesticides on the environment,
whereas the first model guts predicts the survival probability of an aquatic
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organism like fish (lethal effect), the model lemna and Lemna DEBkiss present
the effect on growth (sublethal effect) of the water plant Lemna (duckweed).

We want to show the applicability of the models in environmental risk asses-
sment. Furthermore, we answer the question how to get realistic predictions
of effects of active substances (critical review). Therefore, we concentrate on
the one hand on the modeling aspect and the other hand we regard the models
from a mathematical point of view.

. Are the models a realistic representation?

. What are the underlying assumptions, are they reasonable?

. How can the model equations be solved?

. What are properties/behavior of the model?

. What kind of uncertainties exists?

. It is possible to improve the models?

. Do we need necessary model extensions?

. Is the model usable in risk assessment (needs of the practice and practitio-
ners)?

. Which general principles should users of the model follow when they base
their risk assessment on them?

. Where are major problems of the model that may lead to inadequate conclu-
sions?

We aim to give insights into the considered models and answer the question
what can we learn from these models.

Mathematically we are going to consider two combined problems: an inverse
and a direct problem. The inverse problem is the parameter identification
problem. The direct problem is the prediction based on the solution of the
inverse problem (parameter values).

The solution of the inverse problem depends strongly on the considered
scenario. The predictions (direct problem) rely consequentially on the measured
data of the inverse problem. Hence, it is not possible to extrapolate to all situa-
tions with satisfactory quality. One main problem is the limited availability of
data. Statistical measurements based only on few data points are not necessarily
significant. However, due to ethical reasons it is not possible with regard to
toxicity testing to increase simply the number of measurements although more
information may reduce uncertainty and finally protect the environment. Thus,
it is difficult to measure the quality of the solution of the inverse problem
(calibration) as well as of the direct problem (validation).
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Chapter 1 Introduction

Both problems consist of nonlinear differential equation systems. For the
inverse problem, we have to solve a parametric differential equation system. We
identify the cases in which the system can be solved exactly. In this cases the
parameter identification problem reduces to a nonlinear optimization problem.
In general, it is not possible to solve these systems exactly, such that we have to
use discretization methods. Furthermore, the system is non-differentiable such
that we can only use derivative-free methods for parameter identification. Thus,
we characterize especially the parameter space.

We want to identify and reduce uncertainty of the inverse and direct problem.
Hence we prove possibilities to improve the solutions of inverse and direct
problem and quantify sources of errors.

The aim is the mathematical analysis and modification (optimization) of these
existing ecotoxicological models and to clarify how to identify, quantify and
reduce the uncertainty in the inverse and direct problem.

1.1 Structure of the Thesis

In the three main chapters, we consider three ecotoxicological models describing
the effect of active substances like, for instance, pesticides on the environment
in more detail. All three main chapters are completely independent of each
other and thus can be read separately in any order. Figure 1.1.1 represents the
structure of the thesis.

Chapter 1
Introduction

Chapter 2
Preliminaries

Chapter 4
lemna

Chapter 5
Lemna

DEBkiss

Chapter 3
guts

Chapter 6
Conclusion

Figure 1.1.1: Interdependencies of the chapters.
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1.2 Content of the Main Chapters

In Chapter 2 we summarize additional biological and mathematical back-
ground information forming the fundament of the thesis. This chapter shall
support the reader to understand the biological as well as mathematical ideas
of all models in all main chapters. It shall serve as supplementary reference
chapter.

Each analyzed model has its own chapter but every chapter follows the
same general structure: the frame of the main chapter is a short introduction
into the model context including model purpose and model concept. After
that we provide a detailed model description. A detailed description with
a clear notation is necessary for the practical use of the model (establishing
understanding): it shall be possible for the reader to rebuild the model.

The models are analyzed mathematically in more detail performing a sy-
stem’s analysis regarding the existence and uniqueness of solutions, points of
equilibrium and exact solution of the system as well as an investigation of the
discretized system.

As the inverse problem is nonlinear and non-differentiable we have to consider
several aspects for parameter identification, for example, the choice of initial
values. In the section of examples and results we show the performance and
behavior of the direct problem (prediction result). We perform amongst others
a model’s validation, extrapolation, sensitivity and uncertainty analysis and
quantify the corresponding errors. Each main chapter discusses additional
model extensions.

As the thesis is an interdisciplinary work, we change from a pleasant readable
spelling style (prose) in some segments to a more formal mathematical language
(definition theorem proof scheme). In my thesis I use as common in mathematics
the first person plural "we" to emphasize participation by the reader and to
keep the writing in active voice (Krantz 1997, p. 34).

After the three main chapters we have a joint conclusion in Chapter 6. We
summarize and discuss the results of all considered models in relation to other
models used in risk assessment as well as related work. We give a short outlook
on future work.

At the end we provide a list of all used symbols and all abbreviations.

1.2 Content of the Main Chapters

We shortly summarize the considered models in the main chapters of this thesis.
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Chapter 1 Introduction

1.2.1 guts Model

The first model presented in Chapter 3 is guts (Jager et al. 2011) predicting
the survival probability of aquatic organisms influenced by exposure. The
name guts is an abbreviation for General Unified Threshold model of Survival.
The model integrates previously published toxicokinetic-toxicodynamic models.
As unified approach this model is suitable for different species as well as
substances. For each species substance combination the model parameters have
to be calibrated.

We consider this model in particular with respect to its applicability in risk
assessment because its good presuppositions: the general unified approach
enables a broad use. The model is well documented (Ducrot et al. 2016; Jager
et al. 2011; Nyman et al. 2013, 2012).

As a main issue in applicability in pesticide risk assessment is especially the
prediction for not tested exposure scenarios, we focus on the quantification of
(extrapolation) error.

1.2.2 lemna Model

The second model (Chapter 4) is a model describing the effect of active substan-
ces on growth of Lemna mainly based on Schmitt et al. 2013. In contrast to the
first model, this model describes a sublethal endpoint (growth) for a population
(not an individual). Lemna is a fast growing water plant living on the surface
of water bodies. It is test species in the guideline for testing chemicals OECD
2006b.

The model predicts besides the toxic effect also effects of environmental
factors like light, temperature or nutrients on growth of Lemna.

We consider this model to analyze in particular the joint effect of environmental
conditions and exposure of active substances. We study amongst others the effect
of nutrients on seasonal growth (three years) with and without an active sub-
stance, the effect of an active substance during a one year period including all
environmental conditions as well as one aspect of climate change (higher daily
temperature values).

1.2.3 Lemna DEBkiss Model

The third model (Chapter 5) is one of the first attempts to model a plant based
on dynamic energy budget (deb) theory (Jager 2015). This approach tries to
model mechanistically the change of energy fluxes (based on thermodynamics).
Usually this kind of models is used to model the influences of stress on animals
over the whole life circle and, however, not on plants. This chapter is mainly

6



1.2 Content of the Main Chapters

based on the work and results developed during the summer school course
"Dynamic Modeling of Toxic Effects" at the University of Copenhagen.

We consider this second Lemna model to compare both approaches and in
particular the model performance with respect to usability in environmental
risk assessment. Modeling the influence of toxicity by regarding energy fluxes
(deb) is a totally different approach. We analyze particularly if we get plausible
model predictions of a regulator’s point of view.
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2
Preliminaries

The purpose of this chapter is to offer a common basic knowledge since this thesis
combines several areas of mathematics amongst others numerical mathematics,
linear algebra, analysis, nonlinear optimization with biology as well as statistics.
We want to provide the information to understand the results in the main parts.
This chapter serves as reference chapter for the three main chapters. The content
of this chapter are basics that share all considered models in the main part of
the thesis.

The thematic background of this thesis is the risk assessment of active sub-
stances. The models presented in the main chapters of this thesis describe the
effect of substances like pesticides on the environment for various endpoints.
For example, effects on the growth of water plants exposed to a pesticide is
modeled. We present shortly how the current risk assessment of pesticides
and their active substances works (exposure and effect assessment) and the
current role of models in risk assessment in particular. We describe the existing
categories of toxicokinetic-toxicodynamic (tktd) models that are the main
subject of our analysis.

As modeling of biological processes itself is very important we provide a
section about properties and behavior of mathematical models in general. In
addition to that we provide a formal introduction of the core of the mathematical
models of biological systems including basic equations to model population
dynamics. Assuming we have found suitable model equations the question
about how to find suitable parameter estimates arises. We discuss parameter
identification (calibration) techniques and describe several objectives connecting
the experimental data with the model predictions. Furthermore, we explain
how to assess the quality of the found parameters and how the relevance of the
single parameters on model output can be assessed (sensitivity and uncertainty
analysis).
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Chapter 2 Preliminaries

2.1 Regulatory Risk Assessment of Pesticides

In this thesis, the notion pesticide is used as synonym for plant protection
products (ppp). In general, pesticides are mainly used to to protect crops
against infections, predations, parasites and competing plants. They include
herbicides, fungicides, insecticides, acaricides, plant growth regulators and
repellents (EFSA 2018a).

The European Union has its own authority for assessing risk of pesticides:
the European Food Safety Authority, efsa. efsa gives independent scientific
advice to risk managers based on risk assessments (EFSA 2018a).

In the European Union (eu) the risk assessment of active substances belongs
to different regulatory frameworks depending on their target, humans and the
environment, and their use (plant protection, pharmaceuticals). For example,
we have the pesticide regulation, biocide regulation or regulation of veterinary
compounds.

According to the eu regulation the efsa evaluates the active substances of
the pesticide of safety before the pesticide reaches the market in a product. The
explicit pesticide product is often a combination of different active substances
but can also be based on one active substance.

An active substance is a chemical affecting plants or pest. It has to be proven
that these active substances are safe for people’s health, including their residues
in food and effects on animals and the environment (EFSA 2018b). In general,
this administration is valid for a time period of 10 years and then is reassessed.

On the eu level, efsa evaluates active substances used in pesticides while
Member States evaluate and authorize the products at national level (Hommen
et al. 2010).

For example, in Germany several different authorities are involved in the
registration process of pesticides: the Bundesamt für Risikobewertung (BfR),
the Umweltbundesamt (uba) and the Bundesamt für Verbraucherschutz und
Lebensmittelsicherheit (bvl) are responsible (Umweltbundesamt 2018).

In the aquatic risk assessment procedure for pesticides in edge-of-field surface
waters, there are two parts: the exposure assessment, where time-dependent
concentrations in different compartments of the environment are calculated
(focus) and the effect assessment, where the time-dependent environmental
concentrations are analyzed with respect to possible effects on populations
and ecosystems like testing according to oecd guidelines. Often simplified
exposure scenarios, for example the maximum pec, are tested.
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2.1 Regulatory Risk Assessment of Pesticides

2.1.1 Exposure Assessment

In exposure assessment it is established to use models additional to experimental
chemical testing. Such exposure models estimate the entry of active substances
into edge of field water bodies via spray drift, runoff and drainage, and their
fate in the water body.

The models used in the eu are the so called focus models. focus is the
abbreviation for FOrum for international Coordination of pesticide fate models
and their USe an organization consisting of a steering committee and working
groups founded in 1993 (FOCUS 2000). The working groups consist of experts
from regulatory authorities, from industry and from research institutes.

The exposure is estimated by standardized models like amongst others focus
pelmo, focus macro, focus pearl (groundwater) and steps 1–2 in
focus (surface water, steps 1 to 4).

The outcome of these models are predicted environmental concentrations
(pec) of an active substance based on a scenario (depending on weather, soil,
crop, etc.). Originally focus scenarios were developed for the eu scale (active
substance assessment) but presently they can also be used in risk assessment on
Member State level (product registration). Germany uses own exposure models
for the environmental risk assessment (Bach et al. 2017).

In this thesis time series of focus pec are used as input for the models
to predict the effect of variable external concentration of pesticides in the
environment.

2.1.2 Effect Assessment

The effect assessment of active substances is mainly based on experimental
testing. The models used with regard to the effect of an active substance are at
most statistic and descriptive (dose-response modeling).

Toxicity Testing

Due to the fact that pesticides are applied broadly within the open environment,
they can also affect non-target organisms like aquatic organisms living in edge-
of-field water bodies. Therefore, fish, aquatic invertebrates, algae and water
plants are tested.

The standard (tier 1) aquatic risk assessment is based on experiments with
constant concentrations and effect concentrations are expressed on the basis of
concentrations in the water (like guidelines OECD 1992, 2006b, 2012, 2014b).
However, in reality the concentration of active substances are highly dynamic
and variable in time. As a higher tier option, refined exposure tests can be
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conducted to assess effects under more realistic exposure conditions (EFSA PPR
Panel 2013), but it is not practical to test all potential exposure scenarios in such
experiments.

Ecotoxicological Response Variables

For example, in an acute fish test according to oecd Test guideline 203 (OECD
1992), fish are exposed to test substance over 96 h. In addition to an untreated
control at least five concentration of the test item are used and mortality of the
fish at each test concentration is recorded after 24, 48, 72 and 96 h. Despite that
such a test provides times series of survival, for the risk assessment usually only
the LC50, the concentration which resulted in 50 % mortality after 96 h, is used.
The LC50 is derived via statistical modeling. To derive a "safe" concentration,
such a LC50 is divided by a safety factor, for example 100. This is done to
consider the uncertainty on the sensitivity of other species and to extrapolate to
a concentration without significant effects on survival of fish.

Dose-response relationship or concentration-response relationship links diffe-
rent concentrations to the effect on a response variable (e.g. survival probability).
It is used to determine "safe" concentrations (Gaylor 1994). Dose-response functi-
ons depend amongst others on the exposure time, on the endpoint and on envi-
ronmental conditions (Jager 2011). The function is often presented as semi-log
plot using the logarithmic concentrations. In general, dose-response functions
are sigmoidal. There exists different mathematical, statistical approaches to
estimate the risk for a certain concentration (Edler et al. 2005).

In a nutshell dose-response modeling is fitting a suitable function to the pair
of concentration and response data. The values of LCx respectively ECx is
obtained by using the fitted function and calculate the concentration leading to
x % response.

In the Lemna growth inhibition test (OECD 2006b) the population growth is
measured in an untreated control and a series of test concentrations over seven
days. Two response variables are reported: the average specific growth rate (based
on changes in the logarithms of frond numbers) and yield (basis of changes in
frond number).

Let n ∈N and O be the n+ 1-dimensional vector containing all measurements
of one treatment at time points t0, t1 · · · , tn. All measurements (entries of the
vector) are real numbers greater than zero.

Definition 2.1.1 (Average Specific Growth Rate) The average specific growth rate
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between the time points ti and tj with i < j can be calculated as follows.

µi,j =
ln
(
Oj
)
− ln (Oi)

tj − ti

The logarithmic increase in the growth variables is calculated for each test
concentration and the control measurements. In general, the average specific
growth rate is calculated for the entire test period or based on part periods like
the exposure period.

The inhibition of growth rate is the percentage deviation of the average
specific control growth rate to the average specific treatment growth rate.

Definition 2.1.2 (Inhibition of Growth Rate) Let νi,j be the average specific
growth rate of the control data and µi,j the average specific growth rate of
one treatment in time ti and tj with i < j. The inhibition of growth rate can be
calculated by

Ii,j = 100 ·
νi,j − µi,j

νi,j
.

In general, the inhibition of growth rate is calculated for each treatment of
the test.

The yield is the difference of the measurements in two different time points.

Definition 2.1.3 (Yield) The yield between the time points ti and tj with i < j
can be calculated by yi,j = Oj − Oi.

The inhibition of yield can be calculated equivalently to the inhibition of
growth rate.

For the risk assessment, the median effect concentration, that concentration
leading to 50% inhibition of growth rate or yield, is calculated via concentration-
response modeling. To derive a "safe" concentration to be compared to a pre-
dicted concentration in the environment, this EC50 is divided by an assessment
factor of 10 to account for uncertainty of the sensitivity of other macrophyte
species.

2.1.3 Models in Effect Assessment

In EFSA PPR Panel 2013 a guidance for a tiered approach of risk assessment
of pesticides is given. Tier 1 and 2 are based on single species laboratory toxicity
tests. In tier 1 standardized acute as well as chronic toxicity effects have to
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be conducted. For tier 2, additional species or refined exposure can be tested
which may be complemented with tktd models.

As tier 3 population- and community-level experiments like mesocosm stu-
dies and models and as Tier 4 field studies and landscape level models are
recommended. Higher tier data like tier 2 to tier 4 should never be used in
isolation.

Mechanistic effect models were also recommended as valuable higher tier
tools in several expert workshops (Forbes et al. 2009; Hommen et al. 2015)
to extrapolate between different levels of biological organization, exposure
patterns or landscapes. According to the eu directives the protection goal aims
to achieve sustainable populations (Grimm et al. 2009) and thus, specific protection
goals for plants and non-vertebrates were defined at the population level (EFSA
PPR Panel 2010, 2013). However, current risk assessments are mainly based
on ecotoxicological endpoints at the level of individual organisms like survival,
growth or reproduction. Models can be used to extrapolate effects on survival
to impacts on the dynamics of a population and can also take time-variable
exposure into account.

Effects of pesticides on populations of non-target organisms depend on the
exposure, toxicity and sensitivity but also on other factors like the population
structure or density, mobility of the population, interaction with other species
(Grimm et al. 2009). Using ecological population models generating simulations
may give more insights into how chemicals interact with ecosystems as supple-
mentary tool to the traditional toxicity testing. It could be used additionally as
decision support in pesticide risk assessment (Forbes et al. 2009; Schmolke et al.
2010).

Options to study communities or ecosystems the traditional way (observa-
tion experiments) are limited (aquatic mesocosm studies, terrestrial field tests)
because such studies are complex and expensive and for some taxa not possible
for practical or ethical reasons. Here, models can help to extrapolate from
available experimental data to situations in the field.

Furthermore, with the help of models various risk management strategies
(legislation) like allowing only short time periods of application can be tested to
investigate the success or changing risk potential by applying the substance in
a different time period (autumn than in spring). Additionally questions about
relationships between application time point and better recovery or influence of
outer conditions (climate) can be answered. Also the effect of other stress or
mixture toxicity could be analyzed.

Moreover, models may reduce animal testing by helping to identify the
nontrivial highest risk scenarios (optimal study design) (Forbes et al. 2009).

As models are getting more important in environmental risk assessment, for
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their use in decision support a clear documentation of the models is required.
The trace document presents a first step toward an implementation of a good
modeling practice in ecology (Augusiak 2016; Schmolke et al. 2010). In addition
to that efsa published in 2014 a scientific opinion on good modeling practice
in the context of mechanistic models for risk assessment of pesticides (EFSA
PPR Panel 2014).

tktd Modeling

tktd models are a methodology to describe the effect of toxicants on organisms
in time. Toxicokinetics (tk) describe the occurring processes if an organism
encounters a substance, namely the absorption (a), distribution (d), metabolism
(m), excretion (e) of the substance (adme) (e.g. Ashauer and Escher 2010). In
context of the uptake of a pesticide, it quantifies the time course of internal
concentration, concentration of pesticide in the organism, as net result of adme
of the active substance in time. As bioconcentration we denote the net result of
uptake and elimination (van Leeuwen and Vermeire 2010).

The toxicodynamic processes (td) represent the events happening to the
organism caused by the substance (Ashauer et al. 2011). They are a description of
processes like damage or reparation linking the internal concentration to a lethal
endpoint (survival probability) or sublethal endpoint (growth, reproduction).
Thus, they are a description of the processes leading to toxic effects (Jager et al.
2011).

In general, tktd models differ in complexity (one-compartment versus multi-
compartment model), in their endpoint (sublethal versus lethal effects) and life
stage (juvenile, adult). tktd models treat the effect on organisms (Ashauer and
Escher 2010; Jager et al. 2011). However, they can be extended to population
level (population, community, ecosystem) as for example in Gabsi et al. 2014.

In a single-compartment model, the organism is considered as one entire unique
compartment without any further differentiation (Figure 2.1.1). The quantitative
description is realized via one single ordinary differential equation describing
the change of concentration in the compartment. This differential equation is
also called kinetic of first order, because a linear function is used to describe the
change of concentration.

Organism
Input Output

Figure 2.1.1: Sketch of a single-compartment model.
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Adding more compartments, considering an organism with several organs,
leads to a multi-compartment model. The quantitative description is realized
via coupled ordinary differential equations. In the context of toxicokinetics
the models are also called physiologically based toxicokinetic (pbtk) or phy-
siologically based pharmacokinetic (pbpk) models. They have a closer, more
detailed view on the quantitative description of adme than one-compartment
toxicokinetic models. Thus, it is possible to replace or extend the classical first
order kinetic description of toxicokinetic processes.

Summing up: in one-compartment models the tk part of the model is based
on one single differential equation symbolizing the uptake and elimination of a
toxic substance. In contrast to that pbtk models describe the organism and the
associated tk processes more precisely. Thus, the focus is not only on that there
exists, in fact, an internal concentration but also what kind of uptake route (oral,
dermal etc.) is taken and how the substance is distributed to various organs as
well as the bio-transformation and the elimination processes of the organism.

Figure 2.1.2: Symbolic Sketch of multi-compartment pbtk model.

In Figure 2.1.2 one can see a symbolic sketch of a pbtk model. To build a
pbtk model you have to figure out the target organ, the portals of entry, the
metabolism, the lipophilicity and the mass balance. More compartments, for
example, fat, muscles, rest of body, or brain, because of richly perfused tissue,
can be added. The number of compartments is limited by the availability of
experimental data.

pbtk models can possibly provide a better understanding for dose-response
relationships and answer the questions where the chemical is exactly accumula-
ted in an organism (Krishnan and Peyret 2009). In general, such models are not
restricted to pesticides (Preuss et al. 2009).

The necessary level of detail describing the toxicokinetic processes is also
dependent on the aim of the model and on the protection goal of the risk assess-
ment.
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Pharmacokinetic models, describing the effect of drugs in humans, are in
general pbtk models. These models are also used to analyze the efficiency and
performance of the substance. Another example for the use of pbtk models is,
if the organism is a human food source and the risk we are interested in, is not
the whole body concentration but the concentration in the "filet".

A toxicodynamic process is the link between an internal concentration in
organism or organ to the endpoint like growth or survival. It can consist of
damage accrual (toxic mechanism), damage recovery (biochemical and physio-
logical compensation processes) or in case of survival of mortality (Jager et al.
2011). The toxic effect at cellular level as well as at organism level depends on
the mechanism of action of the toxicant (Ashauer and Escher 2010).

Mathematically a tktd model is a system of differential equations describing
the change of internal concentration (in organism/ target organs) in time,
change of damage in time and the endpoint (survival, growth) in time.

It is possible to add damage as a simple compartment model for instance
by integrating damage as additional state that accumulates proportional to the
internal concentration (Jager et al. 2011).

deb Models. In Chapter 5 we present a simplified model based on the formal
Dynamic Energy Budget (deb) theory modeling growth of a water plant. An
energy budget specifies the uptake of energy (food, nutrients, light) of organisms
and their utilization for maintenance, growth, maturation and reproduction (S.
Kooijman 2012). This theory is universal usable for micro-organisms, animals
or plants.

In more detail, deb theory treats an individual as dynamic system. It predicts
the impact of stressors by focusing on the energy mass balance. If an organism
is stressed by a toxicant, more energy must be effort to maintenance and cannot
be spend in growth, maturation or reproduction processes. Thus, the effect of
toxicants is described as a change in allocation of resources (B. Kooijman 2010).
deb models can be used for the td part, especially for sublethal endpoints, but
also for the lethal endpoint survival.

Beside the fact that deb theory is not a species specific approach (differ in
parameter values), another advantage is that the entire life circle of an organism
can be simulated. Furthermore, a straightforward extension to multiple stressors
is possible.

In general, these models are very data hungry but parameters of simple
deb models can be derived from standard toxicity tests (Ashauer et al. 2011).
Furthermore, deb models are also usable in population ecotoxicology by linking
deb models to population models (Martin et al. 2013a,b). Thus, it is possible to
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predict based on a mechanistic model the impacts of anthropogenic stressors
on populations and communities (Jager et al. 2014).

2.2 Purpose of Modeling

We describe essential properties and the behavior of models in general. This
section is mainly based on Bossel 2004.

In general, models are tools helping to understand reality. Their aim is to
identify the main principles and processes of reality to get new knowledge of
the system. Sometimes, for example in ecotoxicology, the predictability is not
given. However, maybe a possible range of a behavior can be considered to get
a better comprehension and additional insights into possible developments or
effects.

All systems are dynamic systems. We are interested in the behavior of systems
in a certain time period namely the change of system’s quantities or influences
of the environment. The system consists of state variables, for example, the
amount of biomass of a plant. One must be aware of the existing borders of
a system, not the entire reality can be represented. Furthermore, the model
consists of an environment influencing and affecting the state variables as for
example temperature influences the growth of a plant.

The behavior of system can also be described as changing the state variables
of the system in time. The state variables of a model are like "stores", they
remember the changes in time. Even simple deterministic models can show
chaotic behavior where very small changes in the initial conditions can result
in large changes of model output (deterministic chaos, May 1976). Chaotic
behavior is also possible in "normal" systems.

The simplest way to get information on a system’s behavior is to test the
"real" system under different conditions. For instance, testing variable and
high complex exposure pattern of an active substance in an experimental test
design is rather impossible and more animal testing would be necessary (ethical
conflict). Therefore, instead of testing the "real" system, using models and
simulations helps to get more information. For example, in addition to the
present existing and available standard toxicity tests, models can give additional
information on the effect of active substances on plants or animals or ecosystems.

Hence, one main advantage of using models is the reduction of experiments
(animal testing). As we obtain relatively fast model simulation results, it is
possible to test a lot of different scenarios and in particular more complex,
and maybe more realistic, ones. The simulations can cope a wide spread of
behavior. We can test alternative developments at relatively low costs. However,
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the model is not the original system, it is just a model and it is always uncertain
if the model can really reproduce the "real" behavior in all aspects.

The model is, still, a simplified representation of a part aspect of the reality.
For this reason, it can also only describe a limited behavior of the original
system. Furthermore, this is based on the formulation of the model. The model
result describes the behavior of the model system but not necessarily the "real"
system and its behavior.

The model cannot illustrate reality completely. Dependent of the purpose,
the model is an efficient and simplified representation of the reality. Thus, a
model is not an entire but a snapshot description of an aspect of reality.

There exist two possibilities to generate behavior, first is the imitation of
system’s behavior, or the imagination of the system’s structure to create the
behavior to understand the behavior. Models try to gain information and
knowledge with the structural approach on the "real" system, such that they
represent the basic behavior and relations to get above all information on future
developments. For reliable model results we need to describe the essential
important structure.

Mathematically the underlying system’s processes are often differential equa-
tions. The model’s result can be influenced by the method of solving these
differential equations, the initial and end time point, the chosen step size, the
initial states of the variables, the environmental conditions and the chosen
scenario settings. Hence it is important to find plausible scenarios.

2.3 Mathematical Background

We present the theoretic details needed to understand the main chapters. The-
refore, we consider first basic mathematical notations and definitions, which
are necessary to understand the core of the biological tktd models, namely
nonlinear differential equation systems. In addition to the formal definition, we
regard the assumptions of an existent and unique solution function of the
system. As in practice it is not always possible to find a closed representation
of the solution, we discuss besides methods to derive an exact solution also
approximate solutions of the systems. Furthermore, we analyze particular
solutions of the system: points of equilibrium. The quality of approximate
solutions can be assessed by calculating local and global truncation errors.

2.3.1 Notation and Basic Definitions

This section is mainly based on Forster 2011a,b, 2016; Königsberger 2004a,b.
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The set of natural numbers N (without 0) is denoted by N = {1, 2, · · · } and we
write N0= N∪ {0} = {0, 1, 2, · · · } for the set of natural numbers including zero.
For the set of integers we use the symbol Z. The set of real numbers is denoted
by R. The set R+ is its restriction to the nonnegative subset. Equivalently we
write the set R− its restriction to the nonpositive subset.

The models in this thesis are mainly based on physical and biological theories
and thus the parameters usually have positive real values and the positive
infinity (∞) is never attained.

For real numbers a, b ∈ R we define the open interval ]a, b[:= {r ∈ R | a < r < b},
the closed interval [a, b]:= {r ∈ R | a 6 r 6 b} and the half open intervals ]a, b]:=
{r ∈ R | a < r 6 b} and [a, b[:= {r ∈ R | a 6 r < b}.

Let x ∈ R, we define taking the floor bxc as the biggest integer number being
smaller or equal to x with bxc := max {k ∈ Z | k 6 x}. Equivalently we define
taking the ceiling as dxe the smallest integer number being greater or equal to x
with dxe := min {k ∈ Z | k > x}.

The set of complex numbers C is an extension of the R containing all complex
numbers z ∈ C, where R ⊂ C. We denote i as imaginary unit with the property
i2 = −1. Let a, b ∈ R, then z = a + b · i is a complex number, where the a ∈ R is
called real part (Re (z) = a) and b ∈ R imaginary part (Im (z) = b) (Sauvigny 2014).

The n-dimensional (real) space Rn, n ∈N, is defined as the set of all n-tuples
x = (x1, x2, · · · , xn) ∈ Rn. The point 0 = (0, 0, · · · , 0) ∈ Rn is called point of
origin of Rn. The addition for any two points x, y ∈ Rn is defined component-
wise as x + y := (x1 + y1, · · · , xn + yn) ∈ Rn. Let λ ∈ R and x ∈ Rn, the scalar
multiplication is defined as λx := (λ · x1, · · · , λ · xd) ∈ Rn.

Together with the definition of addition, neutral element (0 ∈ Rn), nega-
tive element −x := (−x1, · · · ,−xn) ∈ Rn and scalar multiplication Rn has the
structure of a vector space and x ∈ Rn also called vector (Sauvigny 2014).

For a vector x ∈ Rn we define ‖·‖ to be its Euclidean norm (or its absolute value)

‖x‖ =
√

x21 + x22 + · · ·+ x2n =

( n∑

i=1

x2i

)1
2

.

Let n, m ∈ R, we denote A ∈ Rn×m as a real valued n×m matrix defined as

A =




a11 a12 · · · a1m
a21 a22 · · · a2m
...

... . . . ...
an1 an2 · · · anm




with the corresponding n rows and m columns. We express the zero matrix
0nm ∈ Rn×m as matrix with all entries equal to zero. The sum of two matrices
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A, B ∈ Rn×m is defined component-wise: C =
(
cij
)
=
(
aij + bij

)
for i, j = 1, · · · , n.

Let λ ∈ R and A ∈ Rn×m, the scalar multiplication of a matrix and a scalar as

λA :=
(
λaij
)

i=1,··· ,n,j=1,···m =




λ · a11 λ · a12 · · · λ · a1m
λ · a21 λ · a22 · · · λ · a2m

...
... . . . ...

λ · an1 λ · an2 · · · λ · anm


 .

A matrix A ∈ Rn×m is called quadratic if the number of columns is equal to the
number of the rows (m = n). We denote In as the n-dimensional identity matrix
containing only elements with value zero except for ones as diagonal entries
(aij = 1, if i = j, else aij = 0 for i, j = 1, · · · , n).

We remark that an n dimensional vector x ∈ Rn can also be seen as n× 1
dimensional matrix X ∈ Rn×1 (a matrix consistent of one column and n rows).

Definition 2.3.1 (Eigenvalues and Eigenvector) Let A ∈ Rn×n be an n dimen-
sional quadratic matrix. A vector x ∈ Rn is called eigenvector of the matrix A, if
there exists a constant λ ∈ C satisfying A · x = λ · x, x 6= 0. The constant λ is also
called eigenvalue associated with the eigenvector x.

Solving A · x = λ · x is equivalent to solving the linear homogeneous equation
system (λI − A) x = 0. We get the non-trivial solutions of this system by
determining the solutions of the polynomial equation det (λIn − A) = 0, where
In is the identity and det denotes the determinant of the matrix λIn − A. It is
called characteristic polynomial and the eigenvalues are its roots.

Let n, d ∈ N and D ⊂ Rn, be an arbitrary not-empty set. We usually in
this thesis discuss functions f : D → Rd. Every point x ∈ D is associated by
f : D → Rd to one point y = f (x) ∈ Rd, where the set D ⊂ Rn is called domain
and co-domain is the set Rd and W := {f (x) : x ∈ D} =: f (D) is the image of D
under f .

Definition 2.3.2 (Boundedness) Let d ∈ N. A function f : D → Rd is called
bounded if there exists a positive real constant c > 0 such that for all x ∈ D yields
|f (x)| < c else the function is called unbounded.

Definition 2.3.3 (Continuity) Let n, d ∈ N and D ⊂ Rn be a set. A function
f : D → Rd is continuous in x̂ ∈ D, if for any real number ε > 0, there exists a
real number δ > 0, such that for all x in D the inequality |x − x̂| < δ implies
|f (x) − f (x̂)| < ε, else the function f is discontinuous in x̂ ∈ D.

If f is continuous in all points x̂ ∈ D, f is continuous in D. We denote by
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C0
(
D,Rd) the set of all continuous functions with domain D and co-domain

Rd.
The following theorem is a standard result for continuous functions defined

on compact intervals (Rudin 1976, p. 89).

Theorem 2.3.4 Suppose we have a continuous real function on a compact
interval then also the image is closed and bounded and its maximum and
minimum are attained.

We will later on consider often affine linear functions hence we show here
the continuity of constant and affine linear functions in general.

Example 2.3.5 (Affine Linear Functions) Let a, b ∈ R. We define an affine
linear function f (x) = a · x + b for all x ∈ R. For any real number ε > 0 choosing
δ = 1

|a| · ε and |a| |x − x̂| < |a| δ yields |f (x) − f (x̂)| = |a| |x − x̂| < |a| δ = |a| · 1
|a| · ε = ε.

Thus, according to Definition 2.3.3 an affine linear function is continuous.

Example 2.3.6 (Linear Interpolation) Let n ∈ N, 0 = t0 < t1 < · · · < tn be
discrete time points with associated values cj ∈ R. The function f : [0, tn]→ R

is the linearly interpolated function with

f (t) = cj +
cj+1 − cj

tj+1 − tj
·
(
t − tj

)
, t ∈

[
tj , tj+1

)
,

where f
(
tj
)
= cj ∈ R.

The piecewise linear function f is continuous in the nodes. Therefore, we
look at the right and left hand limit for time t tending to tj.

lim
t→t−j

f (t) = cj and lim
t→t+j

f (t) = lim
t→t+j

cj +
cj+1 − cj

tj+1 − tj
·
(
t − tj

)
= cj

We observe that the left hand limit is equal to right hand limit and hence the
function f (t) is continuous in nodes:

lim
t→t−j

f (t) = lim
t→t+j

f (t) .

In the intervals between the nodes
(
tj, tj+1

)
, j = 0, 1, · · · , n−1, the function f (t) is

continuous, because it is an affine linear function (Example 2.3.5). Thus, for any
ε > 0 choosing a δ =

tj+1−tj
cj+1−cj

· ε leads to continuity according to Definition 2.3.3.
Furthermore, a linearly interpolated function is bounded according to Theo-

rem 2.3.4.
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Proposition 2.3.7 Suppose the function g : R → R is continuous at x and the
function f : R→ R is continuous at g(x). Then f ◦ g is continuous at x.

Definition 2.3.8 (Differentiability) Let d ∈ N and I be a closed interval and
f : I→ Rd be a function. The function f is differentiable in t0 ∈ I, if the limit

f ′ (t0) := lim
h→0

f (t0 + h) − f (t0)
h

= lim
t→t0

f (t) − f (t0)
t − t0

exists. The expression f ′ (t0) is called (first) derivative in t0. A function f : I→ Rd

is differentiable in I, if f is differentiable in all points t0 ∈ I.

Let k ∈N0, we denote the derivative of the k-th order as f (k) : I→ Rd. Further-
more, we denote Ck (I,Rd) as set containing all k-times differentiable functions
f : I → Rd having derivatives of the k-th order and continuous derivatives
f (k) : I→ Rd.

2.3.2 Nonlinear Differential Equation Systems

The models described in this thesis often contain one or several ordinary
differential equations. Most differential equations are not explicit solvable and
numerical methods are needed. We explain how ordinary differential equations
are defined and how to assert existence and uniqueness of a found solution.
Furthermore, stability of an ordinary system as well as stability of numerical
methods solving differential equations approximately are regarded.

The content of this section is mainly based: for uniqueness and existence
on Hurewicz 2002, with regard to the stability of an ordinary differential
equation system on Eberly 2010; Grüne 2016; Logemann and Ryan 2014; Olver
and Shakiban 2006; Sideris 2013 and respecting the numerical stability of the
discretization method on Burden and Faires 2013; Deuflhard and Bornemann
2008.

An ordinary differential equation is a differential equation containing functions
depending only on one single independent variable and its derivatives. The
differential equations, described in this thesis, usually are so called initial value
problems, thus they have a known initial state like an initial internal concentration
or an initial biomass value (value y0 at time t0 = 0).

Solving an initial value problem (ivp) means that we are looking for the
continuously differentiable solution function (y) of the differential equation
fulfilling the initial condition. The variable y is also called state variable.

Definition 2.3.9 (Initial Value Problem) Let D ⊆ R2 be a set, f : D → R and
(t0, y0) ∈ D, where I ⊆ R is an interval and t0 ∈ I. The initial value problem is
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to find the continuously differentiable solution function y : I→ R (y ∈ C1 (I)) of
{

d
dty (t) = f (t, y (t)) ∀t ∈ I
y (t0) = y0

with (t, y (t)) ∈ D.

Now we will first take a look at a small example, an initial value problem
describing exponential growth of a population. Often the change of population
in time y (t) is modeled as continuous function with a specific growth rate
r ∈ R+, for example, the difference of the number of births and number of
deaths in time.

Example 2.3.10 (Exponential Growth of a Population) Let t ∈ I ⊆ R+ be the
time and y = y (t) the population of an arbitrary species. Furthermore, let
D ⊆ R2

+ be a set, f : D → R a function and (t0, y0) ∈ D where I ⊆ R+ is an
interval, t0 ∈ I and f (t, y (t)) = r · y (t).

{
d
dty (t) = r · y (t) ∀t ∈ I
y (0) = y0

Hence, the population size is a positive real number, the solution function is a
function y : I→ R+. Assuming r ∈ R+ is constant, above initial value problem
is a first-order linear ordinary differential equation and can be solved explicitly
via separation of constants.

y ′ (t) = r · y (t)

⇔ y ′ (t)
y (t)

= r

⇔
∫ t y ′ (s)

y (s)
ds =

∫ t
r ds + C, C ∈ R

⇔ ln (y (t)) = r · t + C
⇔ y (t) = exp (r · t + C)
⇔ y (t) = C · exp (r · t)

Using the initial condition y (0) = y0 leads to C = y0, such that we get as common
solution function y (t) = y0 · exp (r · t).

Above initial value problem is a linear homogeneous differential equation. We
introduce a general way to calculate the solution function of a linear differential
equation first order (for example Sauvigny 2014, p. 356).
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Example 2.3.11 (Variation of Constants) We assume the functions p, q : I→ R

to be continuous. {
y ′ (t) + p (t) y (t) = q (t) ∀t ∈ I
y (0) = y0

We are looking for the common solution function of above linear initial value
problem.

1. Solution of the homogeneous problem:
Therefore, we first consider the homogeneous problem y ′ (t) + p (t) y (t) = 0.
The common solution of the homogeneous problem can be found equiva-
lently to above Example 2.3.10 describing exponential growth.

yh (t) = c · exp
(
−

∫ t
p (s) ds

)

2. Find a special solution yi with help of the function c = c (t):

yi (t) = c (t) · exp
(
−

∫ t
p (s) ds

)

The function yi (t) solves the inhomogeneous differential equation if and only
if y ′i (t) + p (t) yi (t) = q (t), where

y ′i (t) = c ′ (t) · exp
(
−

∫ t
p (s) ds

)
− c (t) · p (t) · exp

(
−

∫ t
p (s) ds

)
.

=
(
c ′ (t) − c (t) · p (t)

)
· exp

(
−

∫ t
p (s) ds

)
.

Altogether, we get

y ′i (t) + p (t) yi (t) = q (t)⇔ c ′ (t) · exp
(
−

∫ t
p (s) ds

)
= q (t) ,

which leads to

⇔ c ′ (t) = exp
(∫ t

p (s) ds
)
· q (t) .

Integration yields

c (t) =
∫ t

exp
(∫ s

p (u) du
)
· q (s) ds .

As a result, we get the particular solution of the inhomogeneous differential
equation

yi (t) =
∫ t

exp
(∫ s

p (u) du
)
· q (s) ds · exp

(
−

∫ t
p (s) ds

)
.
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3. Calculation of the common solution:
The common solution is based on the solution of the homogeneous equation
and the particular solution of the inhomogeneous differential equation:

y (t) = yh (t) + yi (t) .

y (t) = yh (t) + yi (t)

= c · exp
(
−

∫ t
p (s) ds

)
+ c (t) · exp

(
−

∫ t
p (s) ds

)

= c · exp
(
−

∫ t
p (s) ds

)
+

∫ t
exp

(∫ s
p (u) du

)
· q (s) ds · exp

(
−

∫ t
p (s) ds

)

=

(
c +
∫ t

exp
(∫ s

p (u) du
)
· q (s) ds

)
· exp

(
−

∫ t
p (s) ds

)

Above example (Example 2.3.10) leads to a solution equation describing
exponential growth that is well suited for fast growing organism like bacteria
in some time period (Vandermeer 2010). For other organisms or longer time
periods often a density dependent factor is included like a carrying capacity K.
The following example is describing logistic growth of a population (Murray
2002).

Example 2.3.12 (Logistic Growth of a Population) Let t ∈ I ⊆ R+ be the time
and the function y = y (t) is the population of an arbitrary species. Furthermore,
let D ⊆ R2

+ be a set, f : D → R a function and (t0, y0) ∈ D where I ⊆ R+ is an
interval, t0 ∈ I and the solution function is defined as y : I→ R+. Let K ∈ R+ be
a positive real constant limiting growth.

{
d
dty (t) = r ·

(
1− 1

K · y (t)
)
· y (t) ∀t ∈ I

y (t0) = y0

This differential equation describing logistic growth is exactly solvable. It is
also known as Verhulst equation. Cross-over multiplication leads to

d
dt

y (t) = ry −
r
K
· y2 (t) .

Setting a = r and b = r
K , we have the following first order nonlinear differential

equation (Bernoulli equation e.g. Sauvigny 2014, p. 353):

y ′ (t) = −by2 (t) + ay (t) , y (0) = y0, a, b > 0
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Solving z ′ (t) = −az (t) + b, z (0) = y0−1 instead leads to

z (t) =
b
a
+

(
1

y0
−

b
a

)
exp (−at) .

Then the solution of the Bernoulli differential equation is

y (t) =
1

z (t)
=

1

b
a +

(
1

y0
− b

a

)
exp (−at)

.

All in all we get then the following solution function:

y (t) =
1

1
K +

(
1

y0
− 1

K

)
exp (−rt)

.

The maximum size of population is often referred as carrying capacity (long
term average of abundance), because organisms cannot grow exponentially
forever. The upper boundary of abundance (density limit) is controlled by
various factors like intra-specific competition for space, food, light (Jorgensen
and Fath 2014, p. 10).

Remark 2.3.13 The differential equation in Example 2.3.12 is not the only
differential equation describing bounded growth. For example, growth of cell
cultures are modeled using a Gompertz growth function

y ′ (t) = r · y (t) ln
(

K
y (t)

)
,

which cannot be solved analytically (Świerniak et al. 2016).

Figure 2.3.1 presents the Gompertz growth function in comparison to the
exponential and logistic growth function with y0 = 2.5, K = 10, and r = 0.5.

The logistic growth function in Example 2.3.12 describes well the growth of
one single species under optimal conditions like in experimental laboratory
studies. No variable environmental conditions are considered. Neither the
local distribution of the population nor the distribution of resources is regarded
(partial differential equations).

The effects of competition of two species are first studied by Lotka and Volterra.
The underlying ecosystem is also known as predator-prey system using a pair
of first-order nonlinear differential equations describing the interactions.

As we later on consider models that are mathematically non-linear differential
equation systems, we illustrate a standard example of the interaction of two
populations in more detail.
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Figure 2.3.1: Exponential growth function, logistic growth function and Gom-
pertz growth function with y0 = 2.5, K = 10, and r = 0.5.

Example 2.3.14 (Classical Predator-Prey System) Let t ∈ I ⊆ R+ be the time
and yi : I→ R+, i = 1, 2 the population size of the two regarded species, where
y1 is the prey and y2 the predator population. Furthermore, let D ⊆ R2

+ be a
set, fi : D → R, i = 1, 2 functions and (t0, y0) ∈ D where I ⊆ R+ is an interval
and t0 ∈ I. The parameters a, b, c, d ∈ R+ are constants, where a is the specific
prey growth rate, b the feeding rate of predator, c is the mortality rate and d the
growth rate of predator.





d
dty1 (t) = (a − b · y2 (t)) · y1 (t) ∀t ∈ I
d
dty2 (t) = (−c + d · y1 (t)) · y2 (t) ∀t ∈ I
y (t0) = (y1 (t0) , y2 (t0))T = y0

Here, we assume that the prey population is the only food source of the predator
and that there is unlimited food for the prey population available. We have to
solve the system d

dty (t) = f (y (t)) with y = (y1 (t) , y2 (t))
T and right hand side

f (y) =
(

f1 (y)
f2 (y)

)
=

(
(a − b · y2) · y1
(−c + d · y1) · y2

)
.

Above example consists of two coupled differential equations forming an
autonomous first order system.

Considering a system of differential equations, in general, means, having
vectors y = (y1 (t) , y2 (t) , · · · , yn (t))T and f = (f1 (t, y (t)) , · · · , fn (t, y (t)))T.
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Definition 2.3.15 (System of Differential Equations) Let D ⊆ Rn+1 be a set,
fi : D → R, i = 1, 2, · · · , n, continuous functions. Moreover, let t ∈ I ⊆ R be a
real variable and yi : I → R, i = 1, 2, · · · , n are the unknown functions of the
variable t that shall be continuously differentiable in t. The initial time point
shall be in t0 ∈ I.





d
dty1 (t) = f1 (t, y1 (t) , y2 (t) , · · · , yn (t)) ∀t ∈ I
d
dty2 (t) = f2 (t, y1 (t) , y2 (t) , · · · , yn (t)) ∀t ∈ I
...

...
d
dtyn (t) = fn (t, y1 (t) , y2 (t) , · · · , yn (t)) ∀t ∈ I
y (t0) = (y1 (t0) , y2 (t0) , · · · , yn (t0))T = y0

A solution of the system is a set of functions y = (y1 (t) , y2 (t) , · · · , yn (t))T

satisfying the system for t ∈ I.

This definition is the generalization and extension of a scalar differential
equation as defined in Definition 2.3.9 to a vector valued system and is equivalent
for a one dimensional system (n = 1). Notice that y = (y1 (t) , y2 (t) , · · · , yn (t))T

is continuously differentiable, if and only if its components are continuously
differentiable and its derivative is given by

d
dt

y (t) =
(

d
dt

y1 (t) ,
d
dt

y2 (t) , · · · ,
d
dt

yn (t)
)

.

In this thesis autonomous differential equation systems like the predator-prey
system in Example 2.3.14 are mainly considered.

Definition 2.3.16 A differential equation or a differential equation system is
called autonomous if the right hand side f (y (t)) does not explicitly depend on
the independent variable t, for example, time.

d
dt

y (t) = f (t, y (t)) = f (y (t)) , y (t0) = y0

Uniqueness and Existence

We want to answer the following two questions:

1. Under which conditions can we assure that a solution to the ordinary diffe-
rential equation exists?
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2. Under which conditions can we assure that a found solution is the unique
solution?

Several theorems regarding the existence of solutions of ordinary differential
equations exist. The main theorems are the Peano theorem (local existence) and
Picard-Lindelöf theorem (local existence and uniqueness). In Hurewicz 2002
the following uniqueness theorem (theorem 5.3) is given:

Theorem 2.3.17 (Existence and Uniqueness) Let D ⊆ Rn+1 be a set and fi : D→
R, i = 1, 2, · · · , n be continuous functions. Additionally let t ∈ I ⊆ R be real
and the unknown solution functions yi : I→ R, i = 1, 2, · · · , n be continuously
differentiable in the variable t.

Let the function f = (f1 (t, y (t)) , f2 (t, y (t)) , · · · , fn (t, y (t)))T be continuous
and satisfy the Lipschitz condition in the set D in some neighborhood of the fixed
point (y0, t0) = (y1 (t0) , y2 (t0) , · · · , yn (t0)).

Then at most one solution of the system

d
dt

y (t) = f (y, t) ∀t ∈ I

can exist, such that y0 (t0) = y0.

Beside above assumptions the right hand side of the differential equation, the
function f : D→ R, has additionally to be Lipschitz continuous. Thus, we have to
verify that the Lipschitz condition

‖f (y, t) − f (ŷ, t)‖ 6 L ‖y − ŷ‖ (y, t) ∈ D, (ŷ, t) ∈ D

is fulfilled for the vector-valued function f (y, t) and a real constant L > 0 to
prove uniqueness and existence of a solution function. We consider above
examples Example 2.3.10 and Example 2.3.12.

Example 2.3.18 (Lipschitz Condition for Exponential Growth) Considering
the exponential growth equation (Example 2.3.10), we have a one dimensional
function f (t, y (t)) = r · y (t) and setting L = |r| as Lipschitz constant fulfills the
Lipschitz condition because |f (y, t) − f (ŷ, t)| = |r · y − r · ŷ| = |r| · |y − ŷ|.

Example 2.3.19 (Lipschitz Condition for Logistic Growth) The logistic growth
function is Lipschitz continuous, because the population size y (t) is limited by
the carrying capacity K ∈ R+: y (t) ∈ [0, K].

|f (y, t) − f (ŷ, t)| =
∣∣∣∣r ·
(
1−

1

K
· y
)
· y − r ·

(
1−

1

K
· ŷ
)
· ŷ
∣∣∣∣
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=
∣∣∣r · (y − ŷ) +

r
K
·
(

ŷ2 − y2
)∣∣∣

6 |r| · |y − ŷ|+
∣∣∣ r
K

∣∣∣ ·
∣∣∣ŷ2 − y2

∣∣∣

= |r| · |y − ŷ|+
∣∣∣ r
K

∣∣∣ · |y − ŷ| · |y + ŷ|

6 |r| · |y − ŷ|+
∣∣∣ r
K

∣∣∣ · |y − ŷ| · |K + K|

=
(
|r|+

∣∣∣ r
K

∣∣∣ · |2K|
)
· |y − ŷ|

= |r|+ |2r| · |y − ŷ|

Assuming r ∈ R+, then choosing a Lipschitz constant L = 3r leads to Lipschitz
continuity of the function f .

In (Chapter 2, Lemma 3, Hurewicz 2002) the following lemma for the Lipschitz
continuity of vector valued functions is given.

Lemma 2.3.20 A vector valued function f = (f1 (t, y (t)) , · · · , fn (t, y (t)))T sat-
isfies the Lipschitz condition on D if and only if each of it components fi,
i = 1, · · ·n does (where the Lipschitz constants may be different).

Sometimes it can be difficult to find a Lipschitz constant and prove Lipschitz
continuity, then one can use that Lipschitz continuity is related to the boundedness
of the derivative.

Lemma 2.3.21 If f and its partial derivatives ∂fi
∂yi

are continuous for all y, then f
is Lipschitz continuous only and only if the partial derivatives are bounded.

If the function is Lipschitz continuous, the function is also continuous.

Stability of Fixed Points

One of the key questions is the long-time behavior of the dynamical system
whether the solution is stable or not. The notion of stability is based on Lyapunov
in 1893: "Problème général de la stabilité du mouvement "(Chui and Chen 2012;
Prüss and Wilke 2010). Equilibrium points present the simplest solutions to
differential equations. It is a state of a system which does not change.

Definition 2.3.22 (Point of Equilibrium) The point ye ∈ Rn denotes an equilib-
rium point of the ordinary differential equation system

d
dt

y (t) = f (t, y (t)) , y (t0) = y0
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if f (ye) = 0 for all t ∈ I ⊆ R.

Thus, the constant function y (t) = ye is a solution to the differential equation
d
dty (t) = f (y (t)) for all t ∈ I with initial condition y (t0) = ye. As an example we
calculate the equilibrium of the predator-prey system in Example 2.3.14.

Example 2.3.23 (Equilibrium of a Predator-Prey System) We have to solve the
following equation system to find the equilibrium points.

f (y) = 0 ⇔
(

f1 (y)
f2 (y)

)
=

(
0

0

)
⇔
(

(a − b · y2) · y1
(−c + d · y1) · y2

)
=

(
0

0

)

⇔
(

a − b · y2
−c + d · y1

)
=

(
0

0

)
and

(
y1
y2

)
=

(
0

0

)

⇔
(

y2
y1

)
=

( a
b
c
d

)
and

(
y1
y2

)
=

(
0

0

)

Hence, we have two equilibrium points in S1 = (0, 0) and in S2 =
( c

d , a
b
)
.

Having a linear system, the stability can be characterized by analyzing the
eigenvalues of the system’s matrix.

Proposition 2.3.24 (Stability of a Linear System) Assuming we have a linear
autonomous system, a system of constant coefficient linear differential equations
of first order. Let A ∈ Rn×n be the matrix of the constant coefficients and ye ∈ Rn

be an equilibrium point of the system

d
dt

y = A · y .

Furthermore, let λi ∈ C, i = 1, · · · , n be the eigenvalues of the matrix A.

1. Every solution is stable if all the eigenvalues of the matrix A have a negative
real part: Re (λi) < 0 for all i = 1, · · · , n.

2. Every solution is unstable if at least one eigenvalue of the matrix A has a
positive real part.

3. Assume, all eigenvalues have negative or zero real parts, Re (λi) 6 0 for
all i = 1, · · · , n. Every solution is stable if A has mj linearly independent
eigenvectors for each eigenvalue Re

(
λj
)
= 0, where mj is the multiplicity of

the eigenvalue λj. Otherwise, every solution is unstable.

We try to adapt these results for linear systems to non-linear systems. There-
fore, we have to linearize the system. The same linearization technique as
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in scalar case (Taylor’s Theorem) can be applied to analyze the stability of
an equilibrium solution to a first order autonomous system f (y) = f (ye) +

Df (ye) (y − ye) + R (y − ye) , where ye is the equilibrium solution and Df (ye) is
the first order partial derivative of f (y) at point ye. The expression R (y − ye),
depending on y and ye, is the reminder including the second- and higher-order
terms of the original function f .

Hence, applying the definition of the equilibrium point, f (ye (t)) = 0, the ap-
proximation above can be simplified to the linearized system ẏ = Df (ye) (y − ye).
The matrix of the first order partial derivatives is also called Jacobian and has
the general form for f = (f1, f2, · · · , fn) and y = (y1, y2, · · · , yn),

Jf := Df (y) =




∂f1
∂y1

∂f1
∂y2

· · · ∂f1
∂yn

∂f2
∂y1

∂f2
∂y2

· · · ∂f2
∂yn

...
... . . . ...

∂fn
∂y1

∂fn
∂y2

· · · ∂fn
∂yn




.

Set z = y − ye, and A as the Jacobian matrix, we get the following linearized
system

d
dt

z = A · z, z0 = 0 .

In general, the stability analysis depends on the form of the function f (y (t)).
The physical stability of the equilibrium point ye of the autonomous system

is related to that of its by Taylor expansion linearized system. The stability of
the linearized system can be determined by evaluating the eigenvalues of the
Jacobian Matrix.

Theorem 2.3.25 (Poincare-Perron) We consider the ordinary autonomous sy-
stem

d
dt

y (t) = f (y (t)) , y (t0) = y0 .

Let f : Rn → Rn be a function and Lipschitz continuous. According to Theo-
rem 2.3.17 exists for each initial value y0 ∈ Rn a unique solution function. We
suppose ye ∈ Rn denotes an equilibrium point and that f is twice continuously
differentiable for y in a neighborhood of ye. Then ye is stable or unstable as
follows:

1. Every solution is stable if all the eigenvalues of the Jacobian Jf (ye) have a
negative real part: Re (λi) < 0 for all i = 1, · · · , n.

2. Every solution is unstable if at least one eigenvalue of the Jacobian Jf (ye) has
a positive real part.
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3. Assume, all eigenvalues have negative or zero real parts, Re (λi) 6 0 for all
i = 1, · · · , n. If at least one eigenvalue has a zero real part, it is not possible
to state stability or instability of the equilibrium.

The point ye is also called a singular point or a critical point. To show that f
is twice continuously differentiable, one can prove for example that all second
order partial derivatives of each component of f are continuous.

We readopt our predator-prey example to analyze the above found equili-
brium points.

Example 2.3.26 (Stability of Points of Equilibrium of a Predator-Prey System)
Recall the two found equilibrium points in S1 = (0, 0) and in S2 =

( c
d , a

b
)
. The

Jacobian of the predator-prey system is

Jf (y) =
(

a − b · y2 b · y1
d · y2 −c + d · y1

)
.

Evaluating the Jacobian at the equilibrium points leads to the following two
matrices:

Jf (S1) =
(

a 0

0 −c

)
and Jf (S2) =

(
0 b · c

d
d · a

b 0

)
.

According to Theorem 2.3.25, we have to calculate the eigenvalues of both
matrices.

det
(
λI − Jf (S1)

)
= det

(
λ− a 0

0 λ+ c

)
= (λ− a) (λ+ c)

Setting above characteristic polynomial equal to zero leads to the positive
eigenvalue λ1 = a > 0 and the negative eigenvalue λ2 = −c < 0. Due to
Theorem 2.3.25 the equilibrium point S1 is unstable (second case).

det
(
λI − Jf (S2)

)
= det

(
λ b · c

d
−d · a

b λ

)
= λ2 + a · c

With regard to the second equilibrium point, we have two complex eigenvalues
λ1,2 = ±√−a · c = ±√a · c · i. The real parts of both eigenvalues are zero
(Re (λi) = 0, i = 1, 2) and hence we cannot make a clear statement about the
stability of the second equilibrium point S2 of the predator-prey-system (third
case).

Above Example 2.3.26 shows that it is sometimes not possible to characterize
the stability of fixed points of nonlinear systems using linear stability analysis
method.
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As a second example we regard the equilibrium points of the logistic growth
function presented in Example 2.3.12.

Example 2.3.27 (Equilibrium Points of Logistic Growth Function) Picking up
the one dimensional example of the logistic growth of a population (Exam-
ple 2.3.12):

f (y (t)) = 0⇔ r ·
(
1−

1

K
· y (t)

)
· y (t) = 0⇔ 1−

1

K
· y (t) = 0 and y (t) = 0

⇔ y (t) = K and y (t) = 0

We find two possible points of equilibrium: if the population size is equal to
the capacity, y (t) = K, and if the population size is zero y (t) = 0.

The derivative is
∂f
∂y

= f ′(y) = r ·
(
1−

2

K
· y
)

.

Evaluating the derivative at the equilibrium points leads to

f ′(0) = r ·
(
1−

2

K
· 0
)

= r > 0, f ′(K) = r ·
(
1−

2

K
·K
)

= −r < 0 .

According to above stability theorem, the differential equation has an unstable
equilibrium if y (t) = 0 and a stable equilibrium if y (t) = K.

Testing a nonlinear differential system like this, studying the local stability of
an equilibrium through the Jacobian matrix of the system at the equilibrium,
is also called Lyapunov’s indirect method which was published by Alexandr
Mikhailovich Lyapunov (1857–1918) in 1892 (e.g. Lyapunov 1992).

If it is not possible to get a stability statement for autonomous nonlinear
differential equations via above described linear stability analysis like in Exam-
ple 2.3.26, one can use Lyapunov1 functions.

Definition 2.3.28 (Lyapunov Function) A continuously differentiable function
V : Rn → R is a Lyapunov function regarding an autonomous differential
equation y ′ (t) = f (y (t)) at an equilibrium point ye, if the following conditions
yield:

1. V (ye) = 0 and V (y) > 0 for all y 6= ye

2. V (yn)→∞ for all sequences (yn)n∈N with ‖yn‖ →∞ for n→∞
3. V ′ (y) · f (y) < 0 for all y 6= ye.

1 A. M. Lyapunov, Russian mathematician, 1857 - 1918
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Theorem 2.3.29 Considering an autonomous nonlinear differential equation
y ′ (t) = f (y (t)) with domain D = Rn and equilibrium point ye. If there exists a
Lyapunov function V, all solutions y (t) of the differential equation converge for
t→∞ toward the equilibrium ye.

Example 2.3.30 We reconsider above predator-prey model.

ẏ (t) =
(

(a − b · y2 (t)) · y1 (t)
(−c + d · y1 (t)) · y2 (t)

)

We regard the quotient

ẏ2 (t)
ẏ1 (t)

=
(−c + d · y1 (t)) · y2 (t)
(a − b · y2 (t)) · y1 (t)

.

It follows that

(a − b · y2 (t)) · y1 (t) · ẏ2 (t) = (−c + d · y1 (t)) · y2 (t) · ẏ1 (t)

respectively

(a − b · y2 (t)) ·
ẏ2 (t)
y2 (t)

− (−c + d · y1 (t)) ·
ẏ1 (t)
y1 (t)

= 0 .

Those equations only held if all denominators are unequal to zero, hence only
for solutions y = (y1 (t) , y2 (t))

T ∈ R+ ×R+ unequal to the equilibrium points.
Integrating from zero to time t leads to

a · ln (y2 (t)) − b · y2 (t) + c · y1 (t) − d · ln (y1 (t))
= a · ln (y2 (0)) − b · y2 (0) + ·y1 (0) − d · ln (y1 (0)) .

The function

V (y) = a · ln (y2 (t)) − b · y2 (t) + c · y1 (t) − d · ln (y1 (t))

defined on R+ ×R+ is thus constant along the solutions. It yields that

V (y (t; y0)) = V (y0) ∀t > 0

respectively
d
dt

V (y (t; y0)) = 0 .

In case, we want to prove that the Lyapunov function of differential equation
is also a Lyapunov function for the numerical approximation for arbitrary step
size, we have to show that V (Φ (y, h)) < V (y) for all y 6= ye.
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Numerical Stability of the Discretization Method

Often it is not possible to solve a differential equation exactly, but it is possible
to solve it approximately with the help of discretization methods like the explicit
Euler method.

We reconsider the following initial value problem for ordinary differential
equations as defined above in Definition 2.3.9: ẏ (t) = f (t, y (t)) , y (t0) = y0.
The idea is to approximate the derivative by the difference quotient respectively
by the finite difference formula

ẏ (t0) ≈
yt0+h − yt0

h
.

Doing so, we derive the simplest single-step method, the explicit Euler method,

y (t0 + h) = y (t0) + h · f (t0, y (t0)) , y (t0) = y0 .

Thus, in general, having an initial value y (t0) = y0, and repeating the idea for
j = 0, 1, · · · , n − 1, we get Algorithm 2.3.31.

Algorithm 2.3.31 Explicit Euler method

Let t0 < t1 < · · · < tn = T, step size h > 0, initial value y (t0) = y0.
for j = 0, · · · , n − 1 do

tj+1 ← tj + h
yj+1 ← yj + h · f

(
tj, yj

)

end for

The explicit Euler method is also called Euler forward method. Replacing the
expression f

(
tj, yj

)
by f

(
tj+1, yj+1

)
we get the Euler backward method, an implicit

method, given by Algorithm 2.3.32.

Algorithm 2.3.32 Implicit Euler method

Let t0 < t1 < · · · < tn = T, step size h > 0, initial value y (t0) = y0.
for j = 0, · · · , n − 1 do

tj+1 ← tj + h
yj+1 ← yj + h · f

(
tj+1, yj+1

)

end for

We want to determine the quality of the approximations generated by those
methods. For this, we need the convergence of the method. Convergence is difficult
to prove directly, therefore, we aim to prove the stability and consistency of the
methods instead of convergence, justified by the following theorem.
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Theorem 2.3.33 (Equivalence Theorem (Lax-Richtmyer)) A method converges
if and only if it is stable and consistent.

A well-posed initial value problem is a problem with an existing and unique
solution and when the solution depends continuously on the initial data. We
need something similar for the numerical solution. With respect to the stability,
we consider the following linear test initial value problem:

{
y ′ (t) = λ · y (t) ∀t ∈ I
y (0) = y0,

(Test Problem)

where f (t, y) = λ · y. The test problem is exactly solvable and the solution
function y (t) = y0 · exp (t − t0) can be derived via separation of constants (Exam-
ple 2.3.10).

In case that f (t, y) is nonlinear, one can get a linearized problem via Taylor
expansion at the initial time point t0. Thus, for the stability of the nonlinear
problem, the stability of the linear problem is considered as introduced in
Theorem 2.3.25.

Applying the Euler forward method (Algorithm 2.3.31) to Equation (Test
Problem), we have

yj+1 = yj + h · f
(
tj, yj

)
= yj + h · λ · yj = (1+ h · λ) · yj ,

applying the Euler backward method (Algorithm 2.3.32), we get

yj+1 = yj + h · f
(
tj+1, yj+1

)
= yj + h · λ · yj+1 =

1

1− h · λ · yj .

The factors Q (λ · h) = 1+ h · λ and Q (λ · h) = 1
1−h·λ are called amplification factors.

Definition 2.3.34 (Amplification Factor) The amplification factor Q (λ · h) is
given by yj+1 = Q (λ · h) · yj.

These factors are used to determine the stability of the numerical method.
A method is stable, if small perturbations of the parameters only result in a
small difference in the solution or in other words: stability is how much small
perturbations affect the solution.

We regard the stability of Equation (Test Problem). Let ε0 ∈ R be an arbitrary
small real perturbation of the initial condition, thus we have the following
perturbed problem:

{
ỹ ′ (t) = λ · ỹ (t) ∀t ∈ I
ỹ (0) = y0 + ε0

(Perturbed Test Problem)
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We define the difference of the perturbed and the exact problem as ε (t) =

ỹ (t) − y (t) . The problem is stable if the |ε (t)| is finite for all time points t > 0.

lim
t→∞

|ε (t)| <∞

ε (t) = ỹ ′ (t) − y ′ (t) = λ · ỹ (t) − λ · y (t) = λ · (ỹ (t) − y (t))
ε ′ (t) = λ · ε (t)

We interpret this equation as a new differential equation
{
ε ′ (t) = λ · ε (t) ∀t ∈ I
ε (0) = ε0

with the exact solution ε (t) = ε0 · exp (λ · t). Using the exact solution we get, in
case that λ < 0,

lim
t→∞

|ε (t)| = lim
t→∞

|ε0 · exp (λt)| = 0

and if λ = 0

lim
t→∞

|ε (t)| = |ε0| .

For the stability of the initial value problem we need

lim
t→∞

|ε (t)| = 0 ,

thus the value of λ has to be negative: λ < 0. It is necessary that the initial
value is stable before studying the stability of the numerical method. Writing
the exact problem with the amplification factor we have yj+1 = Q (λ · h) · yj and
ỹj+1 = Q (λ · h) · ỹj for the perturbed problem. For the difference of the exact
and perturbed problem we get then

εj+1 = ỹ ′j − y ′j = Q (λ · h) · ỹj − Q (λ · h) · yj = Q (λ · h) ·
(
ỹj − yj

)
= Q (λ · h) · εj

= Q (λ · h) ·
(
Q (λ · h) · εj−1

)
= (Q (λ · h))j+1 ε0 .

Hence, the numerical stability condition is

lim
j→∞

∣∣εj+1
∣∣ = 0 .

This we reformulate to

lim
j→∞

∣∣εj+1
∣∣ = lim

h→∞

∣∣∣(Q (λ · h))j+1 ε0

∣∣∣ .

The expression tends to zero if and only if |Q (λ · h)| < 1. Thus, the method is
stable, if the absolute value of the amplification factor is smaller than one.

39



Chapter 2 Preliminaries

Remark 2.3.35 (Stability of Euler Methods) With regard to the explicit Euler
method (Algorithm 2.3.31) and implicit Euler method (Algorithm 2.3.32), using
their amplification factors we get the following two inequalities

|1+ h · λ| < 1 and
∣∣∣∣

1

1− h · λ

∣∣∣∣ < 1 .

Solving the inequalities, keeping in mind that h > 0 and λ < 0, one gets

h <
2

|λ|
and h > 0

as numerical stability conditions for the real step size h > 0 of the methods.

For consistency, we will need the local truncation error. The local truncation
error is the error made in a single step, hence, the local truncation error is the
difference between the approximate numerical solution after one step ŷj+1 and
the exact solution at time tj+1 = tj + h. Thus, not only the local error of a method
but the actual approximation error is considered (Burden and Faires 2013).

Definition 2.3.36 (Local Truncation Error) Let ŷj+1 be the result of the one-
step method with the initial value at the solution y (t), for example ŷj+1 =

y
(
tj
)
+ h · f

(
tj, yj

)
. Then the local truncation error is for each j = 0, 1 · · · , n − 1

defined as `j+1 (h) = y
(
tj+1
)
− ŷj+1.

This error is a local error, because it determines the error at a certain step,
assuming that the method was exact at the previous step.

For the exact solution, we use Taylor expansion at time tj+1.

y
(
tj+1
)
= y

(
tj + h

)
= y

(
tj
)
+ h · y ′

(
tj
)
+
1

2
h2 · y ′′

(
tj
)
+O

(
h3
)

Thus, we get for the local truncation error of the explicit Euler method (Algo-
rithm 2.3.31):

`
(
tj+1
)
= y

(
tj+1
)
− ŷj+1

= y
(
tj
)
+ h · y ′

(
tj
)
+
1

2
h2 · y ′′

(
tj
)
+O

(
h3
)
−
(
y
(
tj
)
+ h · f

(
tj, yj

))

=
1

2
h2 · y ′′

(
tj
)
+O

(
h3
)

.

When y ′′
(
tj
)

is known to be bounded by a real constant M on [a, b], this implies

∣∣`j+1 (h)
∣∣ 6 1

2
h2M .
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Hence, the local truncation error in the explicit Euler method is O
(
h2
)
(two fac-

tors of h), thus the method is first order (method with O
(
hj+1) local truncation

error is said to be of jth order).
For the implicit Euler method (Algorithm 2.3.32), we do Taylor expansion of

y
(
tj
)
= y

(
tj+1 − h

)
around time tj+1. We obtain

y
(
tj
)
= y

(
tj+1 − h

)
= y

(
tj+1
)
− h · y ′

(
tj+1
)
+
1

2
h2 · y ′′

(
tj+1
)
−O

(
h3
)

and also

`
(
tj+1
)
= y

(
tj+1
)
− ŷj+1 = y

(
tj+1
)
−
(
y
(
tj
)
+ h · f

(
tj+1, yj+1

))

= y
(
tj+1
)
−

(
y
(
tj+1
)
− h · y ′

(
tj+1
)
+
1

2
h2y ′′

(
tj+1
)
−O

(
h3
))

− h · f
(
tj+1, yj+1

)

= −
1

2
h2 · y ′′

(
tj
)
+O

(
h3
)

.

When y ′′
(
tj
)

is known to be bounded by a constant M on [a, b], this implies

∣∣`j+1 (h)
∣∣ 6 1

2
h2M .

The local truncation error in the explicit Euler method is O
(
h2
)
, same argumen-

tation, first order method, which means that the error depends linearly on the
step size h.

One use of above estimation is to choose a step size that will result in a local
truncation error not greater than a given tolerance level. For example, if the
local truncation error shall be smaller than εTol > 0, it results in a step size

h 6

√
2εTol
M

.

In contrast to the explicit Euler method this method has a large region of
stability.

Definition 2.3.37 (Consistency of a Numerical Method) A numerical method
is consistent if

lim
h→0

`
(
tj+1
)
= 0 .

A numerical method is consistent of order p ∈N if `
(
tj
)
= O (hp).

A numerical method is consistent if the approximate solution of the numerical
method converges to the exact solution of the initial value problem. With
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reference to above definition the explicit and implicit Euler methods have
consistency order 1 and are also called first order methods.

To ask for the cumulative effect is asking for the global truncation error, that is
the difference of the exact solution at time tj+1 and the approximation applied
to the initial condition j + 1 times.

Definition 2.3.38 (Global Truncation Error) Let y (tn) be the exact solution at
time point tn and ŷn = Q (λ · h)n · y0 the approximate solution applied n times
to the initial condition (y0 = y (t0)). The global truncation error is the difference
en = y (tn) − ŷn.

This is the cumulative effect of the errors from the approximation over the
entire interval. In most cases, we do not know the exact solution and hence
it is not possible to evaluate the global error. However, the error should be
proportional to 1

h`. This implies that for a jth order method, the global error
scales as hj. In general, the estimation of the global error is a difficult task, since
it is not only the effect of summing up all the local errors.

Definition 2.3.39 (Convergence of a Numerical Method) A numerical method
is convergent if

lim
h→0

ej = 0 .

The global truncation error goes to zero as we increase the number of sub
intervals. The local and global truncation errors are of the same order. Using
the ideas of Richardson extrapolation (Burden and Faires 2013), that is used to
improve the rate of convergence of a sequence, it is possible to estimate the
global truncation error, if only the errors due to the approximation are available.

The global truncation error can be written as e (t, h) ≈ K (t) hp for small step
size h > 0. If the order p ∈ N is known the estimation of K(t) is possible.
However, calculating the local errors two times: one with step size h and one
with step size 1

2h leads to:

e (t, h) = y (t) − ŷ (t, h) = K (t) · hp

e
(

t,
1

2
h
)

= y (t) − ŷ
(

t,
1

2
h
)

= K (t) ·
(
1

2
h
)p

The difference of both local truncation errors is then:

e
(

t,
1

2
h
)
− e (t, h) = ŷ

(
t,
1

2
h
)
− ŷ (t, h) = K (t) ·

(
1

2
h
)p

− K (t) · hp

= K (t) · hp ·
((

1

2

)p
− 1

)
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which can be solved to get an estimation of K (t).

K (t) =
e
(
t, 12h

)
− e (t, h)

hp ·
((

1
2

)p
− 1
)

If the order p ∈ N is unknown, we can estimate K(t) using an additional
approximation ŷ

(
t, 14h

)
.

e (t, h) = y (t) − ŷ (t, h) = K (t) · hp

e
(

t,
1

2
h
)

= y (t) − ŷ
(

t,
1

2
h
)

= K (t) ·
(
1

2
h
)p

e
(

t,
1

4
h
)

= y (t) − ŷ
(

t,
1

4
h
)

= K (t) ·
(
1

4
h
)p

We build the following differences

e
(

t,
1

2
h
)
− e (t, h) = ŷ (t, h) − ŷ

(
t,
1

2
h
)

= K (t) · hp ·
((

1

2
h
)p

− 1

)

e
(

t,
1

4
h
)
− e
(

t,
1

2
h
)

= ŷ
(

t,
1

2
h
)
− ŷ

(
t,
1

4
h
)

= K (t) · hp ·
(
1

2

)p
·
((

1

2
h
)p

− 1

)

which leads to

ŷ (t, h) − ŷ
(
t, 12h

)

ŷ
(
t, 12h

)
− ŷ

(
t, 14h

) =
K (t) · hp ·

((
1
2h
)p

− 1
)

K (t) · hp ·
(
1
2

)p ·
((

1
2h
)p

− 1
) = 2p .

Hence, we have an approximation for the order p ∈ N and we are able to
calculate an approximation of the global truncation error.

Summing up, we used the Theorem 2.3.33 to show consistency and stability
of the numerical method leading to the convergence of the numerical method.
Given an amplification factor and a small real step size h > 0 the discretized
problem is stable if the absolute value of the amplification factor is smaller than
one: |Q (λ · h)| < 1.

Furthermore, the method is consistent if the local truncation error tends to
zero for a small step size (h → 0). The method is convergent if the global
truncation error tends to zero for a small step size (h→ 0).

Above we have considered in particular ordinary differential equations but
not systems. It is possible to adapt the principle by applying single-step methods
to ordinary differential equations systems component wise resulting then not in
amplification factors but in amplification matrices.
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Also the local and global truncation error can be calculated component wise.
Thus, we get for the local truncation error

`n
(
tj+1
)
= yn (tj+1

)
− ŷn

j+1 and en (tj+1
)
= yn (tj+1

)
− ŷn

j+1 .

for the global truncation error.
For stability, we have to deal with the eigenvalues of matrix A ∈ Rn×n. The

eigenvalues must have a negative real part to guarantee stability and it yields

h < min
n

2 |Re (λn)|

|λn|
.

If the system is nonlinear, we can use the Jacobian (Taylor theorem) to linearize
the system.

In the implementation of the models in the main chapters the differential
equations are discretized with a modified step size. We use the explicit Euler
method with a maximal step size of 1

24 . We define two bounds, one error
indicator bound (0.01) and the local error bound (0.0001).

As hint on a possible error we define as an absolute percentage change in
two time steps that is greater than the error indicator bound. In that case we
divide the step size in half.

Doing so, we have then two approximation values using the step size and half
of the step size, such that we can calculate the absolute percentage deviation
of both approximations. In case that this local error is greater than the error
bound 0.0001, we again divide the step size in half. We do so as long as the
indicator on a possible error and the local error are smaller than their bounds.

2.4 Parameter Identification and Model Prediction

Mathematically parameter identification is an inverse problem. We have mea-
sured experimental data and the model and want to calculate values for the
model parameters. This procedure is also called calibration and can be done
with nonlinear optimization methods comparing the model predictions and the
experimental data with help of a merit function. We present different possible
merit functions.

After calibration, we want to know the quality of the found parameters. For
this we need statistical measurements similar to a merit function to compare the
correspondence of model prediction and experimental data. Using a different
data set for this statistical assessment is called validation of parameters.

Often the sample size of toxicological tests is small such that the statistics are
not necessarily significant. The main problems of finding the parameter values
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for the considered tktd models are the uncertainty and variability in data
sets (biological variability, measurement error) and the goodness of parameter
fitting algorithms.

2.4.1 Calibration

A common basic approach is to formulate as an objective, a merit function,
measuring the agreement of observed and predicted data. Usually the deviation
of both data shall be small. Thus, the smaller the objective function value the
better are the found parameter values. The minimizing procedure, in general,
is done with help of solvers based, for example, on Nelder-Mead-Algorithm, on
Levenberg-Marquardt or on Simulating Annealing (Press 1992, p. 656).

We are solving a nonlinear optimization problem, such that there may be a
single combination of parameters that results in the smallest possible value for
the merit function (global optimum). Usually there are several combinations of
parameters that lead in a similar objective function value (local optima).

The optimization result depends on the initial values of the parameter: the
closer to the global optimum the better. Furthermore, the result depends on
the chosen algorithm. For example, the derivative free Nelder-Mead-Algorithm
does not guarantee a global optimum (Watson et al. 2001, p. 195). The same
yields for Simulated Annealing as heuristic method (chapter 2 in Du and Swamy
2016).

The underlying system of tktd models is based on nonlinear differen-
tial equations that usually cannot be solved exactly. Hence, we have to use
derivative-free algorithms.

Furthermore, we are more interested in global than in local optimal parameter
values, because we want the real optimum.

The observed data is usually not exact. Moreover, there can be some measure-
ment errors like noises in signal-processing. Therefore, typically the data does
not fit exactly to the model prediction, even if the model is correct. Hence, we
need statistics to assess a goodness of a fit and to assert if a model is working
appropriately. The significance of the statistics in turn is based on the available
observed data (quality and in particular the sample size).

Objectives

We present several merit functions that can be used as objectives for the para-
meter identification problem. In general, we have l ∈N different studies that
we want to use for parameter calibration. For each study there are ml ∈ N

different test concentrations. For each concentration nml ∈N observation data
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points are collected. This means the objective function value shall be based on
the measurements of each study, all test concentrations and all time points. Let
N ∈ N be the total number of data points l ·ml · nml . Thus, we have the set
of observations O = {O1, · · · , ON} and C = {C1, · · · , CN} the set of calculations.
The set of calculations are values predicted by the model using the current
parameter set θ = {p1, p2, · · · }.

One of the oldest objective is least squares, minimizing the squared residuals
of experimental and by model predicted data.

Definition 2.4.1 (Least Squares) Let N ∈N be the total number of data points,
O ∈ RN be the observations and C ∈ RN be the calculations. Find parameters
p1, p2, · · · ∈ θ such that

‖O − C‖22 =
N∑

i=1

(Oi − Ci)
2

is minimized.

The set of values for C that gives the minimum residual sum of squares is the
set of values providing the best fit of the data according to least squares.

If we have studies describing exponential growth in a very long test period, it
is possible that deviations in the first time points are neglected in comparison
to values at a later date. One possibility to weaken this effect is to add weights
to the objective function (discount factor). For example, weights equal to one
per time point are imaginable.

Definition 2.4.2 (Weighted Least Squares) Let N ∈ N be the total number of
data points, O ∈ RN be the observations and C ∈ RN be the calculations. Let
wi ∈ R+ be the weight for observation Oi. Find parameters p1, p2, · · · ∈ θ such
that

N∑

i=1

wi · (Oi − Ci)
2

is minimized.

Another reason for using weights may be differences in precision at different
time points. For example, if the variance of the errors depends on the concen-
tration range, the terms of the sum of squares may be weighted by the error
variances.

If we choose as weight the number of measurements of each concentration
and each study we have a Least Mean Squares objective.
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Definition 2.4.3 (Least Mean Squares) Let N ∈N be the total number of data
points, O ∈ RN be the observations and C ∈ RN be the calculations. Find
parameters p1, p2, · · · ∈ θ such that

N∑

i=1

1

N
(Oi − Ci)

2

is minimized.

The root mean square of the pairwise differences of predicted and observed
data sets can serve as a measure how far on average the error is from zero.

Definition 2.4.4 (Root Mean Square) Find parameters p1, p2, · · · ∈ θ such that
√√√√

N∑

i=1

1

N
(Oi − Ci)

2

is minimized.

Both, Definition 2.4.3 and Definition 2.4.4, are especially useful if we have
different studies with a very different number of data (test duration as well as
number of tested concentrations):

l∑

i=1

mi∑

j=1

nij∑

k=1

1

nij

(
Oijl − Cijl

)2 respectively

√√√√√
l∑

i=1

mi∑

j=1

nij∑

k=1

1

nij

(
Oijl − Cijl

)2 .

An additional idea is to minimize the sum of absolute errors of model pre-
diction and observation. The advantage of this objective is that it is resistant to
outliers (robust).

Definition 2.4.5 (Least Absolute Deviations) Let N ∈ N be the total number
of data points, O ∈ RN be the observations and C ∈ RN be the calculations.
Find parameters p1, p2, · · · ∈ θ such that

|O − C| =
N∑

i=1

|Oi − Ci|

is minimized.

This is the same as minimizing 1-Norm.
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Definition 2.4.6 (Least q-Norm) Find parameters p1, p2, · · · ∈ θ such that

|O − C|q , 2 6 q ∈N

is minimized.

Using q-norm leads to a fit that is robust with respect to outliers. Taking
q → ∞ leads to the ∞-norm. This norm is also called maximum norm or
Tschebyschow-Norm. The maximum norm is the biggest absolute value of the
corresponding vector.

Definition 2.4.7 (Least Max Norm) Let N ∈ N be the total number of data
points, O ∈ RN be the observations and C ∈ RN be the calculations. Find
parameters p1, p2, · · · ∈ θ such that the following objective function

‖C − O‖∞ = max
i=1,...,N

|Ci − Oi|

is minimized.

A low value for chi-square means there is a high correlation between predicted
and observed data.

Definition 2.4.8 (Chi Square ) Let N ∈ N be the total number of data points,
O ∈ RN be the observations and C ∈ RN be the calculations. Find parameters
p1, p2, · · · ∈ θ such that

χ2 =

N∑

i=1

(Ci − Oi)
2

Oi

is minimized.

In general, as we treat time series, the observation data is not independent
like data of the body size of the same group of individuals over time. That is
the reason why, for example, in Ashauer et al. 2013 or in Jager et al. 2011 a log
likelihood function as objective function is proposed.

For the log likelihood the underlying assumption is important, we can as-
sume a multinomial or normal distribution. The assumption of a multinomial
distribution is often used for survival data.

The likelihood plays a fundamental role in statistical inference. It is the
joint probability mass function (discrete case) respectively the joint probability
density function (continuous case) of observed data given the parameters
under the model. Choosing those parameters as estimation according to their
distribution appears to the realization of the observed data the most plausible.

48



2.4 Parameter Identification and Model Prediction

One disadvantage of using maximizing likelihood is the need of the assumption
about the distribution of the random variables.

We estimate an unknown probability L (θ|O) = P (θ|O). The likelihood L
according to the parameters p1,p2, · · · ∈ θ based on given observations O is
equal to the probability to get the data O, if the parameter values and the model
are correct.

1. Normal likelihood
The likelihood function is based on normal distribution with variance σ2 > 0
around with means equal to the to be "true" assumed model predictions
Ci, i = 1, · · · , N. Let again be O the set of observations and C the set of
calculations based on parameter set θ. Assuming we have N ∈N different
observations, then the density for one observation i = 1, · · · , N can be written
as

f (O|θ;σ) =
1√
2πσ2

· exp
(
−
1

2σ2
(Oi − Ci)

2

)
.

The joint likelihood of all observations is the product of all single probability
densities

L (θ|O;σ) =
N∏

i=1

1√
2πσ2

· exp
(
−
1

2σ2
(Oi − Ci)

2

)
.

Due to the laws of exponents this can be rewritten to

L (θ|O;σ) =
N√
2πσ2

· exp

(
−
1

2σ2

N∑

i=1

(Oi − Ci)
2

)
.

One can see, if the sum of squares is minimal, then the value of the cor-
responding likelihood function is maximal. In practice usually the log
likelihood is used, taking the natural logarithm leads to

ln (L) (θ|O;σ) = −
1

2
N ln

(
2πσ2

)
−

1

2σ2

N∑

i=1

(Oi − Ci)
2 .

One remaining problem is the unknown variance σ2. It is possible to replace
it by its maximum likelihood estimate

σ2 ≈ 1

N

N∑

i=1

(Oi − Ci)
2 .

The paragraph about fitting with likelihood is mainly based on Jager 2016.
One advantage of using log likelihood is that different quantities (data on
growth and survival) can be optimized simultaneously, because the resulting
objective function value is dimensionless and hence can be summed up.
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Definition 2.4.9 (Normal Log Likelihood) Given N ∈ N observations O ∈
RN

+ and by model predicted calculations C ∈ RN
+ . We assume, that the

observation data points follow a normal distribution. Find parameters
p1, p2, · · · ∈ θ such that the following objective function

ln (L) (θ|O;σ) =
N
2
· ln
( N∑

i=1

(Oi − Ci)
2

)

is minimized.

2. Multinomial likelihood
We assume that we have a binomial distribution experiment with two results:
in this thesis in case of tktd modeling with respect to survival data we
have two possible outcomes: death or survival. Furthermore, we assume
independence and homogeneity of experiment.
Let xij ∈ Z be the counts of surviving organisms (observation data) on fixed
times ti, i = 0, 1, · · · , r exposed to an active substance at concentration cj,
j = 1, . . . , k. The exact time the individual is dying is unknown, but the time
interval in that the individual dies is known.
The probability pij ∈ [0, 1] of an organism, exposed to concentration cj, to
die between ti−1 and ti is given by pij = S

(
ti−1, cj

)
− S

(
ti, cj

)
, where S

(
ti, cj

)

is the predicted survival probability of the model for the time point ti and
concentration profile cj for i = 0, 1, · · · , r, j = 1, . . . , k.
The observed number of organisms nij died in that period is given by nij =

xi−1j − xij. The number of organisms surviving at tr will be denoted by nr+1j,
the corresponding predicted probability surviving at the last time point tr is
pr+1j = S

(
tr, Cj

)
. The probability to obtain the observation counts xij can be

written as product of multinomial probabilities

P
(

xij = xij

)
= P

(
nij = nij

)
=

k∏

j=1

x0j!
r+1∏

i=1

p
nij
ij

nij!

thus the log likelihood is

L (θ) = ln l (θ) =
r+1∑

i=1

k∑

j=1

nij · ln
(
pij
)

.

More information on binomial likelihood can be found in Jager 2016; S.
Kooijman and Bedaux 1996.
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Definition 2.4.10 (Multinomial Log Likelihood) Given observation times
t1, · · · , tr and test concentrations cj ∈ R+, j = 1, . . . , k. We assume, that the
number of dead individuals in the time interval (ti−1, ti) follows a multi-
nomial distribution with probability pij = S

(
ti−1, cj

)
− S

(
ti, cj

)
(model pre-

diction). Let xij ∈ Z be the counts of surviving organisms (observation data)
on fixed times ti, i = 0, 1, · · · , r exposed to a chemical compound at concentra-
tion cj, j = 1, . . . , k. We set nij ∈ Z equal to nij = xi−1j − xij, interpreted as the
number of individuals dying in the time interval (ti−1, ti). Find parameters
p1, p2, · · · ∈ θ such that the following objective function

L (θ) = −

r+1∑

i=1

k∑

j=1

nij · ln
(
pij
)

is minimized.

If the errors are independent normally distributed errors, then estimates of
parameters of least square and maximizing the likelihood are the same. In case
the probability pij is zero, the natural logarithm cannot be taken (non negativity
of logarithm). Therefore, we modify the objective to

L (θ) = −

r+1∑

i=1

k∑

j=1

nij · ln
(

max
{

pij, 10−6
})

.

2.4.2 Goodness of Fit

Assuming we have found parameter values for the model. We have the experi-
mental data used for parameter identification as well as an additional validation
data set.

We want to answer the following questions:

1. Do experimental observations and model predictions fit together?

2. How to calculate confidence intervals of the fitted parameters?

3. How do changes in the parameter values influence the model predictions?

Statistics

One way to assess the goodness of the found parameters is to compare model
predictions and experimental observations using statistical measurements. We
present statistical measurements mainly based on FOCUS 2006. Statistics can
provide additional information as it may help to decide if a model is suitable and
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how well observation and model prediction fit together. We do not recommend
them as standard assessment as their significance is always dependent on
various factors, for example, on the experimental data as well as the sample
size.

The difference of observation and calculation is not only used as objective
(e.g. Definition 2.4.1) but also as measure of the goodness of the calibration
result.

Definition 2.4.11 (Residuals) Let N ∈N be the total number of observations,
O ∈ RN and C ∈ RN represent the vectors consisting of all values of observation
(O) and calculation (C). The deviation C − O of observed and calculated data is
called residual. Furthermore, squared residuals are the squared deviation (C − O)2.
Having N ∈N data points, the squared deviation is the sum of all n deviations:

N∑

i=1

(Ci − Oi)
2 .

The following quality criterion is usually used to assess the goodness of fit
between observations and calculations for linear models determining which
values of two variables are linear related to each other: a quality criterion of
linear regression showing if there is a linear relationship.

The coefficient of determination is also suitable to characterize the relationship
between calculated and observed values. Ideally, the plot of calculated versus
observed should yield a straight line with an intercept of zero and a slope of
one.

Definition 2.4.12 (Coefficient of Determination r2) Let N ∈ N be the total
number of observations, Oi respectively Ci are the value of the ith observation
respectively calculation (i = 1, · · · , N). The mean value of all N observations
respectively calculations is pictured as O respectively C. The coefficient of
determination between observations O and calculations C is then calculated as:

r2 =




∑N
i=1
(
Oi − O

) (
Ci − C

)
√∑N

i=1
(
Oi − O

)2 ·∑N
i=1
(
Ci − C

)2



2

.

The co-domain is a number between zero and one. If r2 ≈ 0 then we have a
poor model fit, if r2 ≈ 1 we have a good model fit.

The model efficiency (ef) is used as an alternative statistical criterion which is
also applicable to nonlinear models.
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Definition 2.4.13 (Model Efficiency) Let N ∈N be the number of data points,
Oi the observations and Ci the calculations for i = 1, · · · , N. The over-lined
capital represents the corresponding means of the data points. The model
efficiency ef is calculated by

EF = 1−

∑N
i=1 (Ci − Oi)

2

∑N
i=1
(
Oi − O

)2 .

Above equation is nothing different but one minus the fraction of the summed
squared residuals and the total sum of squares of the observed values. The value
of model efficiency can be in a range of minus infinity to one. Larger values
indicate a better agreement. If the value of model efficiency is negative, the
mean of the observed data is a better predictor than the model result. Positive
model efficiency values indicate that the fraction of total variance of the data
can be explained by the model.

The following statistical value indicates the deviation of the ideal situation
where all observed and calculated data are equal.

Definition 2.4.14 (Scaled Root Mean Squared Error) Let N ∈ N be the total
number of observations, Oi the value of observation and Ci the value of calcula-
tion for number i = 1, · · · , N. The mean of all observations is notated as O. The
srmse can be calculated with the following equation:

SRMSE =
1

O

√√√√ 1

N

N∑

i=1

(Ci − Oi)
2 .

The value of srmse is always greater than zero. The smaller the value,
the better is the fit. This statistic method has a poorly defined underlying
distribution and sensitivity to the shape and vertical location of the data.

The scaled total error (ste) is the average absolute error standardized to the
mean of all observed values. This statistical assessment tool has a very similar
behavior as above described scaled root mean squared error.

Definition 2.4.15 (Scaled Total Error) Let N ∈N be the total number of obser-
vations, O ∈ RN the vector of observations and C ∈ RN the vector of calculations.
The mean of all observations is denoted as O. The scaled total error is calculated
by

STE =

∑N
i=1 |Ci − Oi|∑N

i=1 Oi
.
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For assessing goodness of fit the focus group recommends χ2-Statistics as
standard method. The test considers the deviation of observed and calculated
data relative to the uncertainty of the measurements.

Definition 2.4.16 ( χ2-Statistics) Again let N ∈ N be the total number of ob-
servations Oi ∈ R and calculations Ci ∈ R, i = 1, · · · , N. The mean of all
observations is represented with O. The real number ε > 0 is the measurement
error percentage. The number m ∈ N denotes the degrees of freedom (num-
ber of measurements minus number of model parameters) and α ∈ (0, 1) is
probability that one may obtain the given or higher χ2 value by chance.

χ2 =

N∑

i=1

(Ci − Oi)
2

(
ε
100 ·O

)

The calculated χ2 value for a specific fit can be compared to tabulated χ2m,α.
Usually a value of α = 0.05 is chosen.

The model error is calculated by solving the following equation

ε = 100 · 1
O
·

√√√√ 1

χ2tab
·

N∑

i=1

(Ci − Oi)
2 .

Using α = 0.05 indicates when χ2 greater than χ2tab that the probability that
the model is not appropriate is greater than 95 %.

In general, all presented quality criteria can be also used as objective functions.
In comparison to the least square objective, we obtain a different objective
function value but a similar calibration result, as for example, maximizing the
model efficiency is equivalent to minimizing least squares.

Confidence Intervals of Calibrated Parameters

Confidence intervals are calculated to have an idea how accurate the estimated
parameters are with reference to the experimental data. Thus, we want to
calculate not only a single parameter set θ = {p1, p2, p3, · · · }, but a confidence
region based on several parameter sets within the "true value" is expected to lie
(Hilborn and Mangel 1997, p. 131).

Confidence intervals can be derived in different ways, for instance, they can
be generated by applying Wald statistics or by profiling the likelihood function,
or the Bootstrap Method. We present the Bootstrap Method as well as profiling
likelihood in more detail.
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2.4 Parameter Identification and Model Prediction

Using classical statistic methods requires that the errors of underlying data
are known. Assuming that the experimental measurement errors are normally
distributed with a known variance, the error of the fitted parameter can be
estimated.

Assuming the observation data is normally distributed then the confidence
interval can be calculated as follows:

[
x − zα ·

σ√
n

, x + zα ·
σ√
n

]
,

where x ∈ R+ is the mean of data values xi, i = 1, · · · , N. The sample size is

N ∈N. The standard deviation of the data x is σ =

√∑
(x−x)2

N . The Greek letter
α is the chosen confidence level (in practice often α = 0.95). The positive real
z ∈ R+ is the confidence coefficient.

According to guideline OECD 2014a confidence intervals do not capture model
uncertainty. The assumption is that the underlying mathematical model is
correct. Usually the confidence interval level is 90 % or 95 %. Furthermore, the
confidence interval does not reflect the probability that the observed interval
contains the true value of the parameter.

The Bootstrap Method Usually it is impossible to know the distribution and
variance of the errors in the data, therefore, it is not possible to estimate the error
of the fit. However, one can use Monte Carlo simulations to get an estimation
of the confidence interval.

The Bootstrap Method uses the residuals randomly picked from the least
squares fit to generate synthetic data sets. The synthetic data set is then fitted
using the same least squares algorithm as used on the actual data (Efron and
Tibshirani 1994).

We generate synthetically thousand data sets, use each data set for parameter
estimation with a result of thousand parameter sets. The higher the number of
simulations the better is the result (law of large numbers). The Central Limit
Theorem says that the sample mean of the bootstrapped parameter estimates
are normally distributed. From the synthetic data sets an estimation of the
confidence intervals is possible.

The assumed distribution of the parameters is normal, such that the 95 %
confidence interval can be estimated by calculating the mean µ and the standard
deviation σ of each saved parameter µ± 1.96σ.

Profile Likelihood The content of this paragraph is based on Jager 2016;
Meeker and Escobar 1995; Moerbeek et al. 2004.
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Calculating the confidence interval of the optimal parameter p∗ is finding the
intersection of the approximate chi square distribution function 2 (Lbest − L(p))
and a critical chi square value χ2df ,1−α in an interval [ p, p∗] respective [p∗, p ]:

2 (Lbest − L(p)) − χ2df ,1−α ≈ 0 .

The approximate chi square distribution function is calculated based on the
optimal likelihood value Lbest and the current likelihood value L(p), p ∈ [ p, p∗]
respectively p ∈ [p∗, p ]. The critical chi square value is based on the number of
fix parameters (1). Using an alpha of 0.05 leads to a critical value of 3.841.

Sensitivity and Uncertainty Analysis

Sensitivity analysis is a systematical analysis of the effect of relative changes
in parameter value on the model output. Therefore, only one parameter is
changed in systematic manner whereas the other parameters are fixed to their
fitted values. It is possible to calculate sensitivity coefficients by dividing the
scaled parameter change by the scaled model output (EFSA PPR Panel 2014).

Local sensitivity analysis is when the value of a parameter is varied in a
small area around the proper parameter value. Global sensitivity analysis is the
consideration of the total range of the parameter (Pianosi et al. 2016). In Grimm
et al. 2014 “global sensitivity analysis” is when several or all parameters are
varied over their whole ranges.

In general, the procedure is done as follows (Pianosi et al. 2016):

1. Generation of an input sample

2. Evaluation of model

3. Post-processing

3.1. Qualitative (visualize parameter and model output e.g. as scatter plot)

3.2. Quantitative (calculate sensitivity coefficient)

For example, one could analyze the sensitivity of an arbitrary parameter p as
in Algorithm 2.4.17. The scaled parameter value and the scaled output can be
calculated by

p(i)

p∗
respectively

C(i)

C∗
.

We are interested in the sensitivity coefficient with respect to 10 % change in
the parameter value, thus we need the scaled parameter value equal to 0.9
(i = 0.9 · 10h) and 1.1 (i = 1.1 · 10h). The sensitivity coefficient of a parameter can
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Algorithm 2.4.17 Pseudo-code

Let p∗ be the optimal value of the parameter and C∗ the corresponding model
output. Step size h ∈N.
for i = 1, · · · , 10h + 10h−1 do

p(i) ← 1
10h · i · p∗

C(i) ←Model
(

p(i)
)

end for

be calculated by

p0.1 =
1

2
·


1−

C(0.9·10h)
C∗

1− 0.9
+
1− C(1.1·10h)

C∗

1− 1.1


 =

5

C∗
(

C(0.9·10
h) − C(1.1·10

h)
)

.

In above sample case one factor is changed at time (oat). Furthermore, it is
possible to analyze the simultaneous change of several input parameter values.
This method is called "All (factors) At a Time", aat (Pianosi et al. 2016).

Uncertainty analysis and in particular global sensitivity analysis overlap
thematically. According to Saltelli et al. 2008, p. 1 uncertainty analysis is about
quantifying the uncertainty in the output of the model, while sensitivity analysis
is to link the uncertainty to the source (input factor).

In opposite to sensitivity analysis, in uncertainty analysis the input sampling
is based on a certain distribution like normal distribution for the varied para-
meters with the default (fitted) values as means (Monte Carlo simulation) is
used (Kleijnen 1994).

Mathematically, a local sensitivity coefficient is the derivative according to
the parameter.

Definition 2.4.18 (Local Sensitivity Coefficient) We assume, that yi : I→ R, i =
1, 2, · · · , n are the solution functions of a parametrized differential system
d
dty = f (t, y, p). The local sensitivity coefficient of the parameter pj, j = 1, · · · , m
according to yi is

si,j =
∂yi (t, p)
∂pj

.

In our analysis, we consider normalized sensitivity coefficients.

Definition 2.4.19 (Normalized Sensitivity Coefficient) Let si,j be the local
sensitivity coefficients of the parameter pj, j = 1, · · · , m according to Defi-
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nition 2.4.18. The normalized sensitivity coefficient is

s∗i,j =
∂yi (t, p)
∂pj

·
pj

yi (t, p)
=
∂ log (yi (t, p))
∂ log

(
pj
) .

In case that, we do not have a close representation of the solution function
of the differential equation system, we can calculate the sensitivity coefficients
with the direct differential method. We derive with the chain rule of differentiation
the following system (Zi 2011):

Ṡ =




∂S1
∂t
∂S2
∂t
...
∂Sn
∂t


 =




∂f1
∂y1

∂f1
∂y2

· · · ∂f1
∂yn

∂f2
∂y1

∂f2
∂y2

· · · ∂f2
∂yn

...
... · · · ...

∂fn
∂y1

∂fn
∂y2

· · · ∂fn
∂yn



·




S1
S2
...

Sn


+




∂f1
∂pj
∂f2
∂pj
...
∂fn
∂pj




.

If the parameter pj is the initial condition for yk, then we have Si (0) = 0 for i 6= k
and Si (0) = 1 for i = k (i = 1, · · · , n).

Neither sensitivity nor uncertainty analysis capture model uncertainty in
general. The results of these analyses depend on the chosen scenario, but they
can provide additional information on the model’s performance.
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3
guts – General Unified Threshold Model of
Survival

Exposure of aquatic organisms to pesticides in edge-of-field waters can be highly
dynamic over time. As toxicokinetic-toxicodynamic model the General Unified
Threshold Model of Survival (guts), Jager et al. 2011, offers a mechanistic way
to predict effects of such dynamic exposure patterns.

The exposure assessment for the aquatic environment in the European Union
is currently based on the focus methodology. In some Member States this
exposure assessment is also used for approval for product authorization (EFSA
PPR Panel 2013, compare Section 2.1).

In this first main chapter we introduce the model guts as a general unified
classical tktd model that is applicable for different species. The model has to be
calibrated for each substance species combination. Calibration of the substance
and species specific parameters is done using results of ecotoxicological tests.
Validation of the calibrated model should be based on results of additional tests.

A main issue in applicability in pesticide risk assessment is especially the
prediction for not tested exposure scenarios. Hence the linked (extrapolation)
error is important. In this chapter, we discuss the arising errors due to extrapo-
lation from bounded experimental conditions (constant short term exposure) to
focus scenarios (variable and dynamic long term exposure).

Additionally, we provide a user-friendly computer program of guts cov-
ering all necessary steps for its use in risk assessment (calibration, validation,
prediction), for example, as a tier 2 tool according to the aquatic guidance
document EFSA PPR Panel 2013.

3.1 Model Summary

The guts model (General Unified Threshold Model of Survival) illustrates
the lethal effect of substances to organisms. The model is not restricted to one
species: it is an attempt to unify and generalize various previously published
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toxicokinetic (tk) - toxicodynamic (td) - models to one framework for every
species (Jager et al. 2011).

It includes two different hypotheses regarding the death mechanism of or-
ganisms: individual tolerance (it) and stochastic death (sd). An overview
of guts modeling is available at the homepage of Roman Ashauer (Ashauer
2018b).

3.1.1 Model Purpose

The purpose of the model is to provide a better understanding and description
of the relation of external and internal concentration (dose) of active substances
to damage (death).

Furthermore, the model shall be used to predict effects of more complex
exposure pattern (extrapolation within exposure). Another aim is to analyze
sensitivity among different species comparing the effect of the same active
substance on different species. Additionally the sensitivity among different
substances, comparing the effect of different actives substances on one single
species can be regarded.

3.1.2 Model Concept

The model is based on a one-compartment model describing the change of
internal concentration of an organism in time (tk) and a toxicodynamic model
quantitatively linking the internal concentration to the effect over time (mortality
probability of an organism). Mathematically, the model is a system of nonlinear
ordinary differential equations.

3.2 Model Description

The guts model is a tktd model, that describes the underlying toxicokinet-
ic (tk) and toxicodynamic (td) processes of the toxicant and the organism.
Therefore, the model consists of three differential equations:

1. the toxicokinetics describing the change of the internal concentration in time
(concentration in organism),

2. the toxicodynamics are a description of damage and reparation processes (in
time), and

3. the survival probability until a certain time.

The toxicodynamics (td) can be presented using two different approaches
(concept of stochastic death or individual tolerance).

60



3.2 Model Description

OrganismMedium
kin

kout

Figure 3.2.1: Toxicokinetic Processes: Simple one-compartment model describ-
ing the change of concentration in an organism in time.

3.2.1 Toxicokinetics

The toxicokinetics are the change of the internal concentration in time as simple
one-compartment model (Figure 3.2.1).

We are looking for the concentration of chemical substance (toxicant) in the
body of the organism. This internal concentration is based on the external
concentration (concentration of the substance in water).

The external concentration values are measured in experiments or derived
by calculating predicted environmental concentrations, for example, by focus.
We connect every time point to an external concentration value using linear
interpolation.

Definition 3.2.1 (External Concentration Function) Let n ∈ N, 0 = t0 < t1 <
· · · < tn be discrete time points with associated external concentration values
cj ∈ R+, j = 0, 1, · · · , n. An external concentration function is the function

Cext : [0, tn]→ R+, Cext (t) = cj +
cj+1 − cj

tj+1 − tj
·
(
t − tj

)
, t ∈

[
tj , tj+1

)
.

As above function is just an instance of a linear interpolation function (Ex-
ample 2.3.6), we know that the external concentration function is bounded and
continuous in the compact interval [0, tn]. Also in the real world the external
concentration in water is bounded (Cext <∞) as the maximal external concen-
tration depends, for instance, on the water solubility of the active substance and
may differ within different active substances.

Based on the external concentration, it is possible to describe the change of
internal concentration in time with help of the positive constants kin, kout ∈
R+ \ {0}. Those two parameters are the uptake and elimination rate and key
parameters for toxicokinetic processes.

Definition 3.2.2 (Internal Concentration Function) Let Cext : [0, tn] → R+ be
an external concentration function, kin ∈ R+ \ {0} an uptake rate, kout ∈ R+ \ {0}

an elimination rate and c0 ∈ R+ an initial internal concentration. An internal
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concentration function Cint : [0, tn]→ R+ is the solution function of the differential
equation

{
d
dtCint(t) = kin ·Cext(t) − kout ·Cint(t), ∀t ∈ [0, tn]

Cint(0) = c0 ∈ R+ .

We will later see that a unique solution of the guts model exists and analyze
the cases in which we can calculate the solution of the system exactly. In general,
we assume an organism to be untreated (initial concentration in the organism
is zero c0 = 0). The internal concentration is bounded as it is a continuous
function considered on a compact interval (Theorem 2.3.4).

Often the available experimental data is not sufficient to estimate uptake and
elimination rate. Then it is proposed by Jager et al. 2011 and Ashauer et al. 2011
to use an ordinary differential equation describing the change of scaled internal
concentration C∗int : [0, tn]→ R+.

Instead of having two rates describing uptake and elimination, one single
dominant rate constant kd ∈ R+ \ {0} is used describing both processes.

According to Jager et al. 2011; Nyman et al. 2012, the dominant rate constant
is a “lumped” variable describing both elimination and uptake as well as
compensating processes and td recovery, but is dominated by the slowest rate.

Definition 3.2.3 (Scaled Internal Concentration Function) Let Cext : [0, tn] →
R+ be an external concentration function, kd ∈ R+ \ {0} a dominant rate con-
stant and c0 ∈ R+ an initial scaled internal concentration. A scaled internal
concentration function C∗int : [0, tn]→ R+ is a solution function of the differential
equation {

d
dtC
∗
int (t) = kd ·

(
Cext (t) − C∗int (t)

)
, ∀t ∈ [0, tn]

C∗int(0) = c0 ∈ R+ .

Mathematically, we can obtain the scaled internal concentration of any internal
concentration.

Proposition 3.2.4 Each internal concentration function Cint (Definition 3.2.2)
yields a scaled internal concentration function C∗int (Definition 3.2.3).

Proof. Let kd = kout and C∗int =
kout
kin
·Cint.

d
dt

C∗int (t) = kd · (Cext (t) − C∗int (t))
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d
dt

kout

kin
·Cint (t) = kout ·

(
Cext (t) −

kout

kin
·Cint (t)

)

d
dt

Cint (t) = kin ·Cext (t) − kout ·Cint (t) (Multiplying kin
kout

)

Thus, kd is just a renaming of kout. However, we have to be aware of that
the scaled internal concentration is not comparable to the internal concentration
derived in experiments.

3.2.2 Toxicodynamics

The toxicodynamics (td) are the description of damage and reparation processes
(in time) and the link to the toxicological endpoint survival probability until
a certain time (Figure 3.2.2). There exist two different approaches to illustrate
the toxicodynamics: guts -sd (Stochastic Death) and guts - it (Individual
Tolerance).

Stochastic deaths assumes that all individuals are equal and an increasing
hazard decreases the survival probability. Individual tolerance supposes an
immediate death of an organism when the inner individual threshold level is
exceeded.

Furthermore, the two approaches differ in their mortality hypothesis. The
model guts -sd assumes that in a long term perspective the entire population
is dead. Whereas the guts - it approach accepts that, a certain part of the
population will survive under the assumption that the background mortality is
equal to zero (Jager et al. 2011).

Cint Hazard Survival

Figure 3.2.2: Toxicodynamic Processes: Describing the hazard and effect of an
active substance on survival probability until a certain time of an
organism.

Stochastic Death (guts -sd)

We use a hazard function H : [0, tn]→ R+ to describe the toxicodynamics under
stochastic mortality hypothesis (guts -sd). The hazard function is the solution
of the following differential equation.
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Definition 3.2.5 (Hazard Function) Let Cint : [0, tn] → R+ be an internal con-
centration function, kk ∈ R+ \ {0} a killing rate constant, z ∈ R+ \ {0} a threshold
value and h0 ∈ R+ an initial hazard value. A hazard function H : [0, tn]→ R+ is
the solution function of the differential equation.

{
d
dtH(t) = kk ·max (Cint(t) − z, 0) , ∀t ∈ [0, tn]

H(0) = h0 ∈ R+ .

Again, we assume untreated organisms without any hazard level, therefore,
we set the initial hazard to zero (h0 = 0).

In case that the internal concentration is smaller than the internal threshold
value z ∈ R+ \ {0} during the total test period, the change of hazard in time is
zero. An internal concentration greater the inner threshold leads to a linear
increment of change in hazard. The slope of the monotonous increase is
determined by the killing rate constant kk ∈ R+ \ {0}.

In addition to the hazard caused by the active substance, we have a hazard
function describing the hazard due to other factors: the background hazard
function.

Definition 3.2.6 (Background Hazard Function) Let hb ∈ R+ be a background
hazard constant. A background hazard function is the linear function Hb : [0, tn]→
R+ with Hb (t) = hb · t.

The background hazard function is a linear function, where hb ∈ R+ is the
constant background hazard (mortality of the control organisms).

The link between hazard and survival is realized by an exponential sur-
vival function. It presents the survival probability of an organism until time
t. The survival probability is based on the background hazard function Hb
(Definition 3.2.6) and the above described hazard function H (Definition 3.2.5).

Definition 3.2.7 (guts -sd Survival Function) Let H : [0, tn]→ R+ be a hazard
function and Hb : [0, tn] → R+ a background hazard function. The function
S : [0, tn] → [0, 1] with S(t) = exp (−H(t) − Hb(t)) is the guts -sd survival
function.

Although the survival function is defined directly, it is indeed a solution
function of an initial value problem.

Proposition 3.2.8 Let H : [0, tn]→ R+ be a hazard function, Hb : [0, tn]→ R+ a
background hazard function. A survival function S : [0, tn]→ [0, 1] is a solution
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of the following initial value problem:
{

d
dtS(t) = −

(
H ′(t) + H ′b(t)

)
· S (t) , ∀t ∈ [0, tn]

S(0) = 1 .

Proof. Building the derivative of the guts -sd survival function (Definition 3.2.7)
leads directly to the guts -sd survival differential equation.

The initial value problem is solvable using separation of constants. Later,
uniqueness is proved. We have now all ingredients to define mathematically
the guts -sd model as it is an interplay of above defined functions.

Definition 3.2.9 (Full guts -sd Model) The full guts -sd model consists of

1. an external concentration function Cext : [0, tn]→ R+,

2. an internal concentration function Cint : [0, tn] → R+ based on the external
concentration function Cext, an uptake rate kin ∈ R+ \ {0}, an elimination rate
kout ∈ R+ \ {0},

3. a hazard function H : [0, tn] → R+ based on the internal concentration
function Cint, a killing rate kk ∈ R+ \ {0}, a threshold value z ∈ R+ \ {0},

4. a background hazard function Hb : [0, tn]→ R+, a background hazard con-
stant hb and

5. a survival function S : [0, tn]→ [0, 1] based on the hazard function H and the
background hazard function Hb.

Using the scaled internal concentration instead of the internal concentration,
we get the reduced model system that is slightly modified.

Definition 3.2.10 (Reduced guts -sd Model) The reduced guts -sd model con-
sists of

1. an external concentration function Cext : [0, tn]→ R+,

2. a scaled internal concentration function C∗int : [0, tn] → R+ based on the
external concentration function Cext, a dominant rate constant kd ∈ R+ \ {0},

3. a hazard function H : [0, tn]→ R+ based on the scaled internal concentration
function C∗int, a killing rate kk ∈ R+ \ {0}, a threshold value z ∈ R+ \ {0},

4. a background hazard function Hb : [0, tn]→ R+, a background hazard con-
stant hb and

5. a survival function S : [0, tn]→ [0, 1] based on the hazard function H and the
background hazard function Hb.
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The substance and species specific parameters, kin and kout respectively kd, kk
and z can be derived by fitting the differential equations to experimental data,
for example, a standard toxicity test. The background mortality rate hb can be
derived from the experimental control data.

Individual Tolerance (guts - it)

There exist individual differences between members of a population: thus, the
guts - it modeling approach assumes individual differences between organisms
with respect to their sensitivity. This is done by modeling hazard by a log-
logistic distribution function.

To be able to describe this distribution two parameters are needed:

. a scale parameter respectively median of the distribution α ∈ R+ \ {0} and

. a shape parameter β ∈ R+ \ {0}.

The log-logistic distribution of a random variable X ∈ R+ is the probability
distribution of a random variable whose logarithm has a logistic distribution.
The cumulative log-logistic distribution of X is

F (x) =
1

1+
( x
α

)−β .

In case of x is equal to zero, the cumulative distribution function is zero:
F (0) = 0. The probability density function of X is

f (x) = F ′ (x) =

(
β
α

) ( x
α

)β−1
(
1+

( x
α

)β)2 .

In Figure 3.2.3 the probabilistic density and cumulative distribution function
of a log-logistic distributed random variable in [0, 2] using α = 1 and different
β (β = 0.5, 1, 2, 4, 8) can be seen. The survival function without considering
background hazard is the probability that organism will survive the exposure
until a specified time. This can be modeled as

S (x) = P ({X > x}) =
∫∞

x
f (u)du = 1− F (x) =

1

1+
( x
α

)β .

The derivative of hazard function can be derived as follows

H ′ (x) =
F ′ (x)
S (x)

=

(
β
α

) ( x
α

)β−1

1+
( x
α

)β .
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Figure 3.2.3: Probabilistic density function (left) and cumulative distribution
function (right) of log-logistic distribution functions with α = 1

and β = 0.5, 1, 2, 4, 8.

Integrating leads to the hazard function, which is equal to − ln (S (x)):

H(x) =
∫x
(
β
α

) ( u
α

)β−1

1+
( u
α

)β du = ln
(( x
α

)β
+ 1

)
= ln

(
1

S (x)

)
= − ln (S (x))

respectively it yields equivalently that S (x) = exp (−H (x)). This is the same
equation used for guts -sd to describe the survival function. However, a
different hazard function is used.

The model guts - it is based on the cumulative log-logistic distribution
F : [0, tn]→ [0, 1] linking the internal concentration to the endpoint of the model:
survival. This is done by setting X equal to the maximum internal concentration
max
0<τ6t

Cint (τ).

Definition 3.2.11 (guts - it Distribution Function) Let Cint : [0, tn] → R+ be
an internal concentration function, α ∈ R+ \ {0} a median of the distribution
and β ∈ R+ \ {0} a shape parameter. The function F : [0, tn]→ [0, 1] with

F(t) =
1

1+

(
max
0<τ6t

Cint(τ)
α

)−β
, ∀t ∈ [0, tn]

is the guts - it distribution function.
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To assure that the distribution function is monotonously growing, we have
to use the maximum of the internal concentration. Since a decreasing internal
concentration leads to a decreasing distribution function leading to an increas-
ing survival probability (dead individuals cannot be revived respectively a
distribution function has to be monotonously increasing).

Remark 3.2.12 In contrast to literature (Jager et al. 2011), we choose τ 6 t as
right hand side limit to assure that in case of t = 0 the maximum value is
well-defined.

To integrate also background mortality we use the same linear background
function Hb : [0, tn]→ R+ as in the guts -sd approach (Definition 3.2.6), namely
Hb(t) = hb · t with constant hb ∈ R+.

Definition 3.2.13 (guts - it Survival Function) Let F : [0, tn]→ [0, 1] be a guts -
it distribution function and Hb : [0, tn]→ R+ a hazard function. The function
S : [0, tn] → [0, 1] with S(t) = (1− F (t)) · exp (−Hb(t)) is the guts - it survival
function.

It is also possible to rewrite this equation similar to guts -sd formulating
the survival probability with help of the hazard function.

Definition 3.2.14 (Full guts - it Model) The full guts - it model consists of

1. an external concentration function Cext : [0, tn]→ R+,

2. an internal concentration function Cint : [0, tn] → R+ based on the external
concentration function Cext, an uptake rate kin ∈ R+ \ {0}, an elimination rate
kout ∈ R+ \ {0},

3. a guts - it distribution function F : [0, tn] → [0, 1] based on the internal
concentration function Cint, a median of the distribution α ∈ R+ \ {0}, a shape
parameter β ∈ R+ \ {0}

4. a background hazard function Hb : [0, tn]→ R+, a background hazard con-
stant hb and

5. a survival function S : [0, tn] → [0, 1] based on the guts - it distribution
function F and the background hazard function Hb.

Using the scaled internal concentration instead of the internal concentration,
we get the following slightly modified system

Definition 3.2.15 (Reduced guts - it Model) The reduced guts - it model con-
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sists of

1. an external concentration function Cext : [0, tn]→ R+,

2. a scaled internal concentration function C∗int : [0, tn] → R+ based on the
external concentration function Cext, a dominant rate constant kd ∈ R+ \ {0},

3. a guts - it distribution function F : [0, tn]→ [0, 1] based on the scaled internal
concentration function Cint, a median of the distribution α ∈ R+ \ {0}, a shape
parameter β ∈ R+ \ {0}

4. a background hazard function Hb : [0, tn]→ R+, a background hazard con-
stant hb and

5. a survival function S : [0, tn] → [0, 1] based on the guts - it distribution
function F and the background hazard function Hb.

3.3 System Analysis

We regard if the theoretic assumptions of the existence of a solution for both
systems are fulfilled. Furthermore, we prove the uniqueness of the found
solution. In order to specify and analyze the behavior of systems we calculate
the points of equilibrium of both systems.

In addition to that we consider the stability of the ordinary differential sys-
tem and the discretized system of both described reduced model approaches
guts -sd and guts - it. The consideration is done using scaled internal con-
centration, because often measurements on concentration in organism are not
available. The analysis can be done equivalently for the system using the
internal concentration.

This kind of system analysis of guts is new. In literature the model is mainly
used to predict and simulate the behavior an organism exposed to an active
substance, but the differential system is not analyzed theoretically.

3.3.1 Existence and Uniqueness

guts -sd

We want to show that the total system has a unique solution. Let us recall the
nonlinear differential system describing the reduced guts -sd model (Defini-

69



Chapter 3 guts – General Unified Threshold Model of Survival

tion 3.2.10): 



d
dtC
∗
int (t) = kd ·

(
Cext (t) − C∗int (t)

)

d
dtH (t) = kk ·max

(
C∗int(t) − z, 0

)
,

d
dtS (t) = − (H ′(t) + hb) · S (t) ,
C∗int (0) = 0, H (0) = 0, S (0) = 1 .

We replace the derivative of the hazard function H ′ (t) in the survival function
by its concrete expression to get the same shape of differential system as in
Definition 2.3.15.





d
dtC
∗
int (t) = kd ·

(
Cext (t) − C∗int (t)

)

d
dtH (t) = kk ·max

(
C∗int(t) − z, 0

)
,

d
dtS (t) = −

(
kk ·max

(
C∗int(t) − z, 0

)
+ hb

)
· S (t) ,

C∗int (0) = 0, H (0) = 0, S (0) = 1 .

(3.3.1)

The three dimensional system d
dty = f

(
t, C∗int (t) , H (t) , S (t)

)
does not explicitly

contain the independent variable time t. Hence, we can also write d
dty =

f
(
C∗int (t) , H (t) , S (t)

)
.

Remark 3.3.1 The system, Equation (3.3.1), is an autonomous differential equa-
tion system as defined in Definition 2.3.16.

The solution of the system is the function y =
(
C∗int (t) , H (t) , S (t)

)T describing
the scaled internal concentration, the hazard and the survival probability in
time satisfying the system for time t ∈ [0, tn].

The set D = [0, tn]×
[
0, Cint

]
×R+× [0, 1] is the domain of the right hand side

functions of the system. It consists of the following subsets

. time t ∈ [0, tn],

. scaled internal concentration C∗int ∈
[
0, C∗int

]
, where C∗int <∞ is the maximal

possible scaled internal concentration,

. hazard H ∈ R+, and

. survival probability S ∈ [0, 1].

In a first step, we verify the assumptions of Theorem 2.3.17.

Proposition 3.3.2 Let f1 : D→ R, f2 : D→ R+ and f3 : D→ R− be the right hand
side functions with

f1 (x1, x2, x3) = kd · (Cext (t) − x1) ,

70



3.3 System Analysis

f2 (x1, x2, x3) = kk ·max (x1 − z, 0) ,
f3 (x1, x2, x3) = − (kk ·max (x1 − z, 0) + hb) · x3 .

The right hand side function f = (f1, f2, f3) of the ordinary differential equation
system is continuous.

Proof. 1. Scaled internal concentration function:
If the external concentration profile Cext (t) is constant, the change of scaled
internal concentration in time is linear. In the case that the external con-
centration is piecewise linear and continuous, the change of scaled internal
concentration in time is also a piecewise linear function. Thus, the scaled in-
ternal concentration function is directly related to the external concentration
profile.

f1 (x1, x2, x3) = kd · (Cext (t) − x1)

Nevertheless, in both cases, having a linear or piecewise linear external
concentration, we have a continuous function f1 : D → R describing the
change in scaled internal concentration. The above function f1 is continuous
in all t̂ ∈ D if and only if Cext (t) is continuous. The piecewise defined, linear
function Cext is continuous according to Example 2.3.6. The function f1 is
continuous in x1, as it is an instance of a linear function (δ = 1

kd
· ε).

2. Hazard:

f2 (x1, x2, x3) = kk ·max (x1 − z, 0)

=

{
kk · (x1 − z) x1 > z
0 x1 < z

The function describing the change of hazard in time f2 : D→ R+ is based
on a (piecewise defined) linear maximum value function. It is continuous in
x1 = z, because the left-hand limit of the expression is equal to the right-hand
limit respective x1 tending to z:

lim
x1→z−

f2 (x1, x2, x3) = 0 = kk · (x1 − z) = lim
x1→z+

f2 (x1, x2, x3) .

The function f2 is in case of x1 > z affine linear, hence according to Defini-
tion 2.3.3 and Example 2.3.5, choosing a δ = 1

kk
· ε leads to continuity for

x1 > z.

3. Survival probability:
The function representing the change of survival probability in time f3 : D→
R− is continuous, because (f2 (x1, x2, x3) + hb) and x3 are continuous func-
tions.

f3 (x1, x2, x3)) = − (kk ·max (x1 − z, 0) + hb) · x3
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Together with the initial states Cint (0) = 0, H (0) = 0, S (0) = 1 the guts -sd
model is an initial value problem (according to Definition 2.3.9).

To prove the uniqueness of the solution of the system Lipschitz continuity of
the right hand side function f = (f1, f2, f3) is necessary (Theorem 2.3.17).

Proposition 3.3.3 The right hand side functions of the reduced guts -sd model
(Definition 3.2.10) are Lipschitz continuous.

Proof. One possibility to show Lipschitz continuity of the right hand is to prove
its derivatives are bounded. The definition of boundedness of functions can be
found in Definition 2.3.2.

∣∣∣∣
∂

∂x1
f1

∣∣∣∣ = |−kd| 6 kd,
∣∣∣∣
∂

∂x2
f1

∣∣∣∣ = |0| 6 0,
∣∣∣∣
∂

∂x3
f1

∣∣∣∣ = 0
∣∣∣∣
∂

∂x1
f2

∣∣∣∣ =
{
|kk| x1 > z
0 x1 < z

6 kk,
∣∣∣∣
∂

∂x2
f2

∣∣∣∣ = 0,
∣∣∣∣
∂

∂x3
f2

∣∣∣∣ = 0

Before we calculate the derivatives of f3, we consider both cases.

f3 (x1, x2, x3) = − (kk ·max (x1 − z, 0) + hb) · x3 (t)

=

{
(−kk · (x1 − z) − hb) · x3 x1 > z
−hb · x3 x1 < z

Now, we can directly see that the derivative respective H is zero. We have to
consider two cases regarding the derivatives with respect to x1 and x3.

∣∣∣∣
∂

∂x1
f3

∣∣∣∣ =
{
|−kk · x3| x1 > z
0 x1 < z

6 |−kk · x3| ,
∣∣∣∣
∂

∂x2
f3

∣∣∣∣ = 0
∣∣∣∣
∂

∂x3
f3

∣∣∣∣ =
{
|−kk · (x1 − z) − hb| x1 > z
|−hb| x1 < z

6 |kk · (x1 − z) + hb|

Most partial derivatives of f are constants and thus bounded. However, there
exist two critical cases: the derivatives of the nonlinear function f3 in relation to
x1 and x3:

∂

∂x1
f3 6 |−kk · x3| and

∂

∂x3
f3 6 |kk · (x1 − z) + hb| .

With respect to the first derivative, we know that the function S is the survival
probability defined in the closed interval [0, 1] and hence the derivative ∂

∂x1
f3 is

bounded by the constant kk ∈ R+ \ {0}:
∣∣∣∣
∂

∂x1
f3

∣∣∣∣ 6 |−kk · x3| 6 |−kk| 6 kk .
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Regarding the second derivative we have to look closer to the derivative of the
hazard function respectively to the scaled internal concentration function.

The change of hazard d
dtx2 is directly based on the scaled internal concentra-

tion depending on the external concentration in water. As linearly interpolated
function, the external concentration profile is bounded according to Theo-
rem 2.3.4, compare Example 2.3.6. In the real world the maximal possible
external concentration Cext <∞ depends, for instance, on the water solubility
of the substance and is substance specific (different within the substances).

In the real world, the maximal scaled internal concentration C∗int is based on
the substance and the species: it is possible that there is a higher concentration
in the organism (bio accumulation) than in the water but also this entity is
limited, C∗int <∞ (saturation). Mathematically, the scaled internal concentration
is also bounded due to Theorem 2.3.4.

∂

∂x3
f3 6 |kk · (x1 − z) + hb| 6 |kk| · |x1 − z|+ |hb| 6 |kk| ·

∣∣C∗int − z
∣∣+ |hb|

According to above argumentation the scaled internal concentration and external
concentration are bounded. Thus, the time change in hazard x2 is also bounded.
The maximal increment is kk

(
Cint − z

)
in time t ∈ [0, tn].

Theorem 3.3.4 The ordinary differential equation system of the reduced guts -
sd model (Definition 3.2.10) has a unique solution.

Proof. The vector valued function f is Lipschitz continuous (Proposition 3.3.3),
thus the initial value problem guts -sd (Definition 3.2.10) has a unique solution
according to Theorem 2.3.17.

guts - it

For guts - it, we cannot repeat equivalently the consideration as above. For
the distribution and the survival function, we have closed representations
of the functions. To have a similar differential system as above, we have to
build the derivatives of both functions. The problem is that we can not find a
derivative for the distribution function as the term ϕ (t) = maxt0<τ6t C∗int (τ) is
non-differentiable.

Therefore, we consider only one linear differential equation, describing the
change of scaled internal concentration in time

∀t ∈ [0, tn]
d
dt

C∗int (t) = kd · (Cext (t) − C∗int (t)) , C∗int (0) = 0 .
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We assume an initial state equal to zero that means we are considering an
untreated organism. The differential equation is identical to the first differential
equation of the guts -sd system. Thus, we know from the observations above
for guts -sd, that the ordinary differential equation is Lipschitz continuous
(bounded derivative).

Proposition 3.3.5 Let f : R+ → R with f (x) = kd · (Cext (t) − x) be the right hand
side of the scaled internal concentration function. The right hand side f of the
scaled internal differential equation, Definition 3.2.3, is Lipschitz continuous.

Proof. According to Proposition 3.3.3, the function is Lipschitz continuous. We
obtain the following Lipschitz constant.

|f (x) − f (x̂)| = |kd · (Cext (t) − x) − kd · (Cext (t) − x̂)| = kd · |x − x̂|

Thus, the Lipschitz condition is fulfilled with the Lipschitz constant L = kd ∈
R+ \ {0}.

The Lipschitz condition is necessary to state the uniqueness of the solution
according to Theorem 2.3.17.

Theorem 3.3.6 The scaled internal concentration function exists and is unique,
if and only if the dominant rate constant is positive (kd > 0).

We have to be careful with the domain of parameter value of kd. It shall
be a real positive number, but the Lipschitz condition is only fulfilled, if the
dominant rate constant kd is greater than zero (kd > 0). In the biological context,
a dominant rate constant equal to zero means that there is no concentration
flow between the two compartments organism and water. This is the case if
the water solubility of a certain substance is low. In this thesis the regarded
active substances are often pesticides and hence, in general, this substances
are solvable in water. Thus, a dominant rate constant greater zero is a realistic
range.

Above, we considered the tk part of the guts - it model. Now, we want to
analyze the total guts - it problem including the it distribution function as
well as survival function. The problem is the term ϕ (t) = maxt0<τ6t C∗int (τ).
We have to calculate the derivative of this expression to get a set of differential
equations. Therefore, we regard the maximum expression in more detail. We
obtain two cases.

In the first case, we have a scaled internal concentration function that is
monotonously increasing in the total time interval [0, tn] and thus, it yields that

ϕ (t) = max
t0<τ6t

C∗int (τ) = C∗int (t) .
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The derivative of the term ϕ (t) is then the derivative of the scaled internal
concentration function, which exists as the function C∗int is continuous. The
scaled internal concentration is monotonously increasing, for instance, if the
external concentration function is constant.

The second case is when the maximum is attained in for a time point t̄ < t,
then we have ϕ (t) = C∗int (t̄). This function is a constant value, the derivative
exists and is equal to zero d

dtϕ (t) = 0.
We obtain

d
dt

F (t) =
β ·α−β ·ϕ (t)β−1 ·ϕ ′ (t)

((
ϕ(t)
α

)β
+ 1

)2

S (t) = −F ′ (t) · exp (−Hb (t)) − H ′b (t) · S (t) .

We consider the guts - it model system for both cases. First case ϕ (t) =

maxt0<τ6t C∗int (τ) = C∗int (t) and ϕ ′ (t) = d
dtC
∗
int (t):





d
dtC
∗
int (t) = kd ·

(
Cext (t) − C∗int (t)

)

d
dtF (t) =

β·α−β·C∗
int(t)

β−1·kd·(Cext(t)−C∗
int(t))(

C∗int(t)
α

)β
+1

· F (t) ,

d
dtS (t) = −

β·α−β·C∗
int(t)

β−1·kd·(Cext(t)−C∗
int(t))(

C∗int(t)
α

)β
+1

· F (t) · exp (−Hb (t)) − hb · S (t) ,

C∗int (0) = 0, F (0) = 0, S (0) = 1 .

Second case ϕ (t) = C∗int (t̄) and ϕ ′ (t) = 0:




d
dtC
∗
int (t) = kd ·

(
Cext (t) − C∗int (t)

)

d
dtF (t) = 0,
d
dtS (t) = −hb · S (t) ,
C∗int (0) = 0, F (0) = 0, S (0) = 1 .

The set D = [0, tn]×
[
0, Cint

]
× [0, 1]× [0, 1] is the domain of the right hand side

functions of the system. It consists of the following subsets

. time t ∈ [0, tn],

. scaled internal concentration C∗int ∈
[
0, C∗int

]
, where C∗int <∞ is the maximal

possible scaled internal concentration,

. distribution function value F ∈ [0, 1], and

. survival probability S ∈ [0, 1].

75
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Theorem 3.3.7 The ordinary differential equation system of the reduced guts -
it model has a unique solution.

Proof. According to Theorem 3.3.6, we know that for the scaled internal con-
centration function exists a unique solution. For the distribution function and
the survival function, we know the solution function, thus the total differential
equation system has a unique solution.

3.3.2 Points of Equilibrium

We calculate the points of equilibrium of both systems with respect to Defini-
tion 2.3.22. Points of equilibrium are the simplest solution of the system, where
the change in time is equal to zero.

guts -sd

The points of equilibrium are the roots of the right hand side f = (f1, f2, f3).

Proposition 3.3.8 The reduced guts model system, Definition 3.2.3, has one
single equilibrium point at x1 = Cext and x3 = 0. For hb > 0 the found
equilibrium point is unstable.

Proof. 1. Scaled internal concentration:

f1 (x1, x2, x3) = 0⇔ kd · (Cext − x1) = 0⇔ x1 = Cext

2. Survival probability:

f3 (x1, x2, x3) = 0
⇔−(kk ·max (x1 − z, 0) + hb) · x3 = 0
⇔ kk ·max (x1 − z, 0) + hb = 0∨ x3 = 0
⇔ kk · (x1 − z) + hb = 0∨ x3 = 0, x1 > z

⇔ x1 =
−hb
kk

+ z ∨ x3 = 0, x1 > z

Regarding the equation x1 = −hb
kk
+ z follows that x1 6 z, because the constants

are nonnegative: kk ∈ R+ \ {0} and hb ∈ R+. This is a contradiction to x1 > z,
that we assumed by taking the maximum expression of max (x1 − z, 0).

Due to the fact that the ordinary differential system describing the guts -sd
model approach is nonlinear, we use Theorem 2.3.25 to determine the stability
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3.3 System Analysis

of the found equilibrium point. Therefore, we have to take a deeper look at
the Jacobian of the right hand side f evaluated at the critical point (Cext, 0) and
calculate the corresponding eigenvalues of the matrix.
Case x1 6 z:

J(·) =
(
−kd 0

0 hb

)
= J (Cext, 0) .

Case x1 > z:

J(·) =
(
−kd 0

kkS kk · (x1 − z) + hb

)
and J (Cext, 0) =

(
−kd 0

0 kk · (Cext − z) + hb

)
.

The matrices for both cases, x1 6 z and x1 > z, are diagonal matrices and hence
the eigenvalues for direct reading.

1. Case x1 6 z:

λ1 = −kd < 0, λ2 = hb > 0, hb ∈ R+, kd ∈ R+ \ {0}

Due to the domain of the parameters we get in this case one negative and
one nonnegative eigenvalue.

2. Case x1 > z:

λ1 = −kd < 0, λ2 = kk · (Cext − z) + hb > 0, hb ∈ R+, kd, kk ∈ R+ \ {0}

In the other case, we get a negative and a positive eigenvalue due to the
domain of the parameters and Cext = x1 > z.

All together one can say, that in case that there is no background mortality
in the model guts -sd (setting hb = 0), then we cannot come to a conclusion
using linear stability analysis (one eigenvalue with real part zero, compare
Chapter 2).

guts - it

We consider the equilibrium point of the guts - it model.

Proposition 3.3.9 The guts - it model has one single stable equilibrium point
when x = Cext.

Proof. The equilibrium is obtained when x = Cext by setting right hand side
equal to zero, Definition 2.3.22. The derivative is a negative constant and hence
the equilibrium of the ordinary differential equation is stable (Theorem 2.3.25):

∂

∂x
f = −kd < 0 .
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Remark 3.3.10 Considering the total system Section 3.3.1, x1 = Cext yields to
x3 = 0, which leads to x2 = 1 according to Definition 3.2.13.

3.3.3 Exact Solution

We analyze the model equations of guts -sd and guts - it regarding the possi-
bility to find an exact solution (closed representation of the solution function).
Having a closed representation of solution has the advantage, that we have
no approximation error due to the discretization of the ordinary differential
equation system.

guts -sd

Scaled Internal Concentration. First we consider the ordinary linear differen-
tial equation describing the time change of scaled internal concentration. As
the differential equation only contains the state variable C∗int we might can solve
the linear differential equation separately.

{
d
dtC
∗
int (t) = kd ·

(
Cext (t) − C∗int (t)

)
, ∀t ∈ [0, tn]

C∗int(0) = 0 .

Proposition 3.3.11 The differential equation of scaled internal concentration
can be solved exactly by sub-dividing the total time period into time steps equal
to the nodes of the external concentration function.

Proof. If a first-order ordinary linear differential equation can be written in the
normal linear form, it is possible to solve it using an integrating factor µ(t).
Therefore, we choose the following factor

µ(t) = exp
(∫ t

kd ds
)

= exp (kd · t) .

The corresponding particular solution for the given initial point is

C∗int (t) =
(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t) .

A detailed description of the calculation can be found in Appendix A.1.1. We
have identified a solution function to the ordinary differential equation. Now, we
evaluate the integral expression. Therefore, we integrate a composed function,
namely f = µ ′(s) ·Cext (s), with respect to s in the interval of integration [t0, t],
where t ∈

[
tj , tj+1

)
.

78
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To be able to calculate the integral, the continuity of the composed function f
is required. According to Definition 2.3.3, Cext (t) is continuous in all intervals(
tj, tj+1

)
, j = 0, 1, · · · , n− 1, choosing δ =

tj+1−tj
cj+1−cj

· ε (Example 2.3.6). The function
Cext (t) is not differentiable in the nodes:

C ′ext (t) :=

{
0 if t = tj
cj+1−cj
tj+1−tj

if t ∈
(
tj, tj+1

)

lim
t→t−j

C ′ext (t) = 0 and lim
t→t+j

C ′ext (t) =
cj+1 − cj

tj+1 − tj

The left hand limit is unequal to the right hand limit and hence the function is
not differentiable in t = tj:

lim
t→t−j

C ′ext (t) 6= lim
t→t+j

C ′ext (t) .

By reason that Cext is a piecewise function, also the composed function f is a
piecewise function. Therefore, we have to split the interval into sub intervals.
The subdivision of integral in the sum of smaller sub intervals is possible
due to the additivity of integrals: [t0, t] = [t0, t1]∪ [t1, t2]∪ · · · ∪

[
tj−1, tj

]
∪
[
tj, t
]
.

To guarantee that the function Cext (t) is differentiable we have to use the
disjunction of open intervals to exclude the points of discontinuity: [t0, t] =
[t0 , t1 [ ∪ · · · ∪

[
tj−1 , tj [ ∪

[
tj , t [ . Defining the set like this, allows to differentiate

Cext (t) in the half-open sub intervals, such that we can use partial integration to
build the integral of the composed function. This leads to improper integrals:

∫ b

a
f (s) ds = lim

x→b

∫x

a
f (s) ds

∫ t
f (s) ds =

∫ t1

t0
f (s) ds +

∫ t2

t1
f (s) ds + · · ·+

∫ tj

tj−1

f (s) ds +
∫ t

tj

f (s) ds

=

j−1∑

i=0

∫ ti+1

ti

f (s) ds +
∫ t

tj

f (s) ds

=

j−1∑

i=0

∫ ti+1

ti

µ ′ (s) ·Cext (s) ds +
∫ t

tj

µ ′ (s) ·Cext (s) ds .

This can also be seen in Figure 3.3.1 representing an exemplary external
concentration profile (blue line) and the integral

∫tCext (s) ds in the borders from
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t0 tj t tj+1

c0

cj

c

cj+1

∫tCext (s) ds

t

C
ex

t

Figure 3.3.1: The time course of external concentration (blue) and the descriptive
representation of the integral

∫tf (s) ds as area under the curve in
the borders t0 to t.

t0 = 0 to t as area under the curve (pattern). The blue circles are the nodes of
the piecewise defined function Cext (t).

Although we want to calculate the product of two functions, one can see how
we have to divide the whole interval into small pieces, because of the domain
of Cext (t). Then we form the primitives and just have to replace the functions
µ (t), Cext (t) and C ′ext (t) by their concrete formulations and apply the borders
of the interval.

j−1∑

i=0

(
ci+1 −

1

kd
· ci+1 − ci

ti+1 − ti

)
· exp (kd · ti+1) −

(
ci −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp (kd · ti)

+

(
cj +

cj+1 − cj

tj+1 − tj
·
(

t − tj −
1

kd

))
· exp (kd · t) −

(
cj −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp

(
kd · tj

)

Above expression is the explicit representation of the wanted integral

∫ t
kd · exp (kd · s) ·Cext (s) ds .

A more detailed calculation can be found in Appendix A.1.1.
Due to the fact, we are able to find the solution of the integral, we can

calculate the value of the internal concentration function for every discrete time
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point t ∈
[
tj, tj+1

]
:

C∗int (t) =
(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t) .

C∗int (t) =
(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t)

=

j−1∑

i=0

(
ci+1 −

1

kd
· ci+1 − ci

ti+1 − ti

)
· exp (kd · (ti+1 − t))

−

j−1∑

i=0

(
ci −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp (kd · (ti − t))

+ cj +
cj+1 − cj

tj+1 − tj
·
(

t − tj −
1

kd

)
−

(
cj −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp

(
kd ·
(
tj − t

))

One disadvantage is the slightly unhandy expression of the interval. However,
more important is that we are able to solve the linear ordinary differential
equation exactly.

Under the condition that the external concentration is constant (Cext = K)
using above solution function, we get a much simpler representation of the
scaled internal concentration.

Proposition 3.3.12 Assuming a constant external concentration and an initial
value equal to zero leads to the solution function C∗int (t) = K · (1− exp (−kd · t)).

Proof. We use above solution function and replace the external concentration
function by a constant K ∈ R+

1. We obtain

C∗int (t) =
(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t) = K · (1− exp (−kd · t)) .

Replacing the piecewise, linear function Cext by a constant, then we have the
following properties regarding the first differential equation (internal concentra-
tion in time).

1Calculation in more detail in Appendix A.1.1.
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Remark 3.3.13 Assuming constant external exposure K ∈ R+ leads to a mo-
notonic increasing solution function C∗int : [0, tn] → R+, that is bounded K >
C∗int (t) > 0.
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Figure 3.3.2: Change of scaled internal concentration in time (d) (black line)
with constant external concentration Cext = 800 µg/L (primary
y-axis) and hazard (black dashed line, secondary y-axis). We use
the parameter given for guts -sd in Ducrot et al. 2016: a dominant
rate constant of kd = 7.488 d−1 and a threshold z = 679.3 µg/L and
kk = 0.0024 Lµg−1 d−1.

Hazard Function. Now we consider the ordinary linear differential equation
describing the time change of hazard.

{
H ′(t) = kk ·max

(
C∗int(t) − z, 0

)
, ∀t ∈ [0, tn]

H (0) = 0

Above we calculated the time change of scaled internal concentration C∗int. Due
to the structure of Cext (piecewise, linear, continuous), also C∗int is continuous.
Assuming a scaled internal concentration that is smaller or equal to the threshold
z in the total time interval leads to the trivial solution equal to the initial value
of hazard function.

Proposition 3.3.14 Suppose, for all t ∈ [0, tn] yields C∗int (t) 6 z. Then the hazard
function H : [0, tn]→ R+ is constant equal to the initial hazard: H (t) = h0 = 0.
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Proof. If we assume that for all time points t ∈ [t0, tn], the internal concentration
is smaller or equal to the threshold z, then we have to solve the following trivial
ordinary differential problem:

{
H ′(t) = 0, ∀t ∈ [0, tn]

H (0) = 0.

The solution is a constant, which is equal to zero, if we consider the initial
hazard function value.

Proposition 3.3.15 The differential equation of hazard can be solved exactly
by dividing the time interval into smaller sub intervals. The nodes are the
time points of the intersection of scaled internal concentration and threshold
parameter.

Proof. If we assume that for all time points t ∈ [t0, tn], the internal concentration
is greater to the threshold z, then we have to solve the following linear ordinary
differential problem:

{
H ′(t) = kk · (Cint(t) − z) , ∀t ∈ [0, tn]

H (t0) = h0 .

The solution is

H(t) = kk ·
∫ t

t0
Cint(s) − z ds .

The problem is the calculation of
∫t

t0
Cint(s)ds. This can be done equivalently as

the calculation of the integral containing Cext from node to node.
We assumed that the internal concentration is in the total time period greater

than the threshold. This usually not the case such that we have to additional
nodes always when the internal concentration is equal to the threshold. Let tzj ,
j ∈ {1, · · · , m} be the time points, in which the internal concentration is greater
than zero.

H(t) =
∫ tz1

t0
0ds + kk ·

∫ tz2

tz1

Cint(s)ds − [kk · z · t]
tz2
tz1

+

∫ tz3

tz2

0ds + · · ·

= H (t0) + kk ·
∫ tz2

tz1

Cint(s)ds − kk · z (tz2 − tz1) + H (tz2) + · · ·

For each time interval in which the internal concentration is smaller than or
equal to the threshold we have to solve the constant differential equation, for
each time point greater than the threshold we have to solve the linear differential
equation.
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Having a constant external concentration offers the possibility to calculate
the time point exceeding the threshold and hence we are able to calculate the
hazard function exactly.

Proposition 3.3.16 Suppose, the external concentration function is constant
Cext = K ∈ R+, ∀t ∈ [0, tn]. Then the hazard function can be solved exactly.

Proof. A constant external concentration leads to a monotonously increasing
scaled internal concentration function. If the external concentration is greater
than the threshold z, we have one time point tz at which the scaled internal
concentration exceeds the threshold value z2.

tz = −
1

kd
· ln
(
1−

1

K
· z
)

We get for time t ∈ (tz , tn] the hazard function

H(t) = kk ·
∫ t

tz

C∗int(s) − z ds

= kk

(
K · (t − tz) +

1

kd
·K · (exp (−kd · t) − exp (−kd · tz)) − z · (t − tz)

)
.

We calculated the integral in case that C∗int(s) − z > 0 in the other case, C∗int(s) −
z 6 0, the integral is zero. Overall we get the following solution function

H(t) =

{
0 t 6 tz

kk ·
∫t

tz
C∗int(s) − z ds t > tz

.

Survival Function. For the calculation of the survival probability until a
certain time t ∈ [0, tn], we have to solve the nonlinear differential equation

{
S ′ (t) = − (H ′(t) + hb) · S (t) , ∀t ∈ [0, tn]

S (0) = 1
.

Proposition 3.3.17 The function S : [0, tn]→ [0, 1] satisfying the initial condition
S(0) = 1 is the solution of the nonlinear equation describing survival S (t) =
exp (−H (t) − hb · t).

2For a more detailed calculation of tz and
∫t

tz
C∗

int(s) − z ds, see Appendix A.1.1
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Proof. The nonlinear differential equation describing survival can be solved by
separation of constants as in Example 2.3.10.

Remark 3.3.18 In case that we consider the control survival (respectively the
scaled internal concentration in the total time period is smaller than or equal to
the threshold), we get S (t) = exp (−hb · t). In case that we consider a constant
external concentration we have for t ∈ [t0, tz] the control survival and for time
t ∈ (tz , tn], we have S (t) = exp (−H (t) − hb · t).

guts - it

We recall the reduced guts - it approach (Definition 3.2.15). It is based on only
one differential equation, describing the change in scaled internal concentration
in time, which is the same function as in guts -sd. Recall our results, according
to the reduced guts -sd model approach, we have piecewise defined but
continuous functions Cext and C∗int. As the function C∗int : [0, tn] → R+ is not
monotonously increasing for each time point the maximum expression has to
be evaluated.

Proposition 3.3.19 The model guts - it can be solved exactly in case of constant
exposure.

Proof. If we have a constant external concentration Cext = K, the scaled internal
concentration C∗int (t) is bounded (0 6 C∗int 6 K), continuous and monotonic
increasing.

As the result of the properties of the scaled internal concentration function
and the assumption that the external concentration is constant, the maximum
max0<τ6t C∗int (τ) is attained by the greatest τ 6 t that is possible.

F(t) =
1

1+ α
C∗

int(t)
β

, t ∈ (0 , tn]

For the calculation of survival probability we just have to insert the distribution
value function.

The condition that we have a constant external concentration is very important;
assuming the concentration is variable in time may lead to a scaled internal
concentration function that is not monotonic increasing, such that we cannot
reformulate the maximum operator.

Summing up, it is possible to solve the ordinary differential equations of
guts -sd and guts - it model exactly under constant exposure.
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If the external concentration profile is not constant, an exact calculation is
possible but very unhandy, unclear and confusing. In that case it may be much
easier to discretize although there will be an approximation error.

3.3.4 Discretization

One advantage of solving the differential equations approximately is that we can
handle fluctuating external concentration profiles easily. There exist different
possibilities to discretize, for example, Euler explicit (Algorithm 2.3.31) or Euler
implicit (Algorithm 2.3.32).

For guts - it, the local and global truncation errors only depend on the linear
differential equation describing the change of internal concentration in time
which is equal to the equation used in guts -sd.

Remark 3.3.20 Regarding the stability of both discretization methods, compare
Section 2.3.2, we have the following amplification factors

Q (h) = 1− h · kd and Q (h) =
1

1+ h · kd
.

According to Remark 2.3.35 λ = −kd < 0, the explicit Euler method is stable
if for the step size yields 0 < h < 2

kd
. Regarding the stability of the implicit

method a positive step size (h > 0) is sufficient.

In total, the discretization error of the guts - it model should be smaller,
because this error depends only on the error of the discretization of one single
linear differential equation: the (scaled) internal concentration. However, the
toxicokinetic parameters of both models have not necessarily the same value.
Thus, the error in (scaled) internal concentration of guts - it is not directly
comparable to the one of guts -sd.

3.3.5 Sensitivity Analysis

Sensitivity analysis describes the effect of changes in parameter values on the
output of the parametrized system. We have seen, that we can calculate a
closed solution of both model system in case of constant exposure. Thus, we
consider constant exposure. According to Definition 2.4.18, we have to find
the derivatives of the model output with respect to the chosen parameter. As
we consider constant exposure, we can also interpret the constant external
concentration function as parameter.
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Toxicokinetics

We consider the toxicokinetic part of the model.

Definition 3.3.21 (Sensitivity Coefficients for Scaled Internal Concentration)
Let Cext : [0, tn] → R+ be a constant external concentration function and let
C∗int : [0, tn] → R+ be a scaled internal concentration function. The sensitivity
coefficients for scaled internal concentration are

∂C∗int (t)
∂Cext

= 1− exp (−kd · t) and
∂C∗int (t)
∂kd

= t ·Cext · exp (−kd · t) .

The derivatives of the other parameters are equal to zero. Considering instead
of the absolute changes the relative changes in parameter value and output
leads to normalized sensitivity coefficients.

Definition 3.3.22 (Normalized Sensitivity Coefficients for Scaled Internal
Concentration) Let Cext : [0, tn] → R+ be a constant external concentration
function and C∗int : [0, tn]→ R+ be a scaled internal concentration function. The
normalized sensitivity coefficients for scaled internal concentration are

Cext

C∗int
· ∂C∗int (t)
∂Cext

= 1 and
kd

C∗int
· ∂C∗int (t)

∂kd
= t · kd ·

exp (−kd · t)
1− exp (−kd · t)

.

The normalized sensitivity coefficient of Cext is constant equal to one, meaning
that, the normalized scaled output is not sensitive to changes in the normalized
external concentration.

Toxicodynamics

guts -sd We consider constant exposure, such that we can calculate the
hazard function exactly (see Proposition 3.3.16). The sensitivity coefficients with
respect to the hazard are equal to zero for all parameters in case that t 6 tz.

Definition 3.3.23 (Sensitivity Coefficients for Hazard) Let Cext : [0, tn] → R+

be a constant external concentration function and H : [0, tn]→ R+ be a hazard
function. For t > tz, the sensitivity coefficients with respect to the hazard function are

∂H (t)
∂Cext

= kk ·Cext · (t − tz) +
1

kd
· (exp (−kd · t) − exp (−kd · tz)) ,

∂H (t)
∂kd

= −
1

kd
· kk ·Cext ·

((
1

kd
+ t
)
· exp (−kd · t) −

(
1

kd
+ tz

)
· exp (−kd · tz)

)
,
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∂H (t)
∂kk

= Cext · (t − tz) +
1

kd
·Cext · (exp (−kd · t) − exp (−kd · tz)) − z · (t − tz) ,

∂H (t)
∂z

= −kk · (t − tz) .

For t 6 tz, all sensitivity coefficients are equal to zero.

The sensitivity coefficients for survival probability are based on the sensitivity
coefficients with respect to the hazard function.

Remark 3.3.24 For the survival probability, we have for constant external con-
centration

∂S (t)
∂Cext

= −
∂H (t)
∂Cext

· exp (H (t) − hb · t) .

The derivatives for the parameters kd, kk and z have the same structure. For the
background mortality, we obtain

∂S (t)
∂hb

= −t · exp (H (t) − hb · t) .

guts - it Having constant exposure, allows us to calculate the derivatives of
the guts - it distribution function with respect to the it parameters.

Definition 3.3.25 (Sensitivity Coefficients for guts - it Distribution Function)
Let Cext : [0, tn]→ R+ be a constant external concentration function and F : [0, tn]→
[0, 1] be a guts - it distribution function. The sensitivity coefficients with respect
to the distribution function are

∂F (t)
∂Cext

=
β ·
(

Cext
α − Cext

α · exp (−kd · t)
)β

Cext ·
((

Cext
α − Cext

α · exp (−kd · t)
)β

+ 1

)2 ,

∂F (t)
∂kd

=
β · t ·

(
Cext
α − Cext

α · exp (−kd · t)
)β

(exp (kd · t) − 1) ·
((

Cext
α − Cext

α · exp (−kd · t)
)β

+ 1

)2 ,

∂F (t)
∂α

= −
β ·
(

Cext
α − Cext

α · exp (−kd · t)
)β

α ·
((

Cext
α − Cext

α · exp (−kd · t)
)β

+ 1

)2 ,
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∂F (t)
∂β

=

(
Cext
α − Cext

α · exp (−kd · t)
)β
· log

(
Cext
α − Cext

α · exp (−kd · t)
)

((
Cext
α − Cext

α · exp (−kd · t)
)β

+ 1

)2 .

The sensitivity coefficients with respect to the it survival function are based
on the sensitivity coefficients of the it distribution function.

Remark 3.3.26 For the survival probability, we obtain for the constant external
concentration

∂S (t)
∂Cext

= −
∂F (t)
∂Cext

· exp (−hb · t) .

This structure of the derivative for kd, α and β is equivalent. For the background
mortality, we obtain

∂S (t)
∂hb

= −(1− F (t)) · t · exp (−hb · t) .

3.4 Parametrization and Calibration

Calibration is solving a nonlinear optimization problem. The objective function
connects experimental observed data to model prediction. The model con-
straints are the discretized system or the exact solution functions of the dif-
ferential equation system forming the model. Additional constraints of the
nonlinear program are lower or upper bounds of the wanted parameters (like
nonnegativity).

Various objective functions are imaginable. Some are described in Section 2.4.1.
Often in literature a multinomial log likelihood function is used Ashauer 2010;
Ducrot et al. 2016; Jager et al. 2011 (Definition 2.4.10).

Dependent on the available experimental data three respectively four pa-
rameters have to be fitted for each guts model. Using the reduced model
approaches implies the scaled internal concentration function and the use of
one parameter value for the toxicokinetics. Then both, tk and td, are fitted
together and the dominant rate constant of it and sd can have different values.

If it is possible to fit the tk part of the model separately, the differential
equation describing the scaled internal concentration is replaced by the internal
concentration. The dominant rate constant is then replaced by two parameters:
a constant rate for uptake kin ∈ R+ \ {0} and one for elimination kout ∈ R+ \ {0}.
In this case the values of uptake and elimination rate of both guts model
approaches are the same.
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Table 3.4.1: tktd parameters of both model approaches guts -sd and guts - it
and corresponding domain.

Parameter Domain Unit Model

kd resp. kin, kout R+ \ {0} d−1 sd
kk R+ \ {0} Lµg−1 d−1 sd
z R+ \ {0} µgL−1 sd

kd resp. kin, kout R+ \ {0} d−1 it
α R+ \ {0} µgL−1 it
β R+ \ {0} - it

hb R+ d−1 sd/it

The experimental data sets usually contain measurements on survived indi-
viduals in time at different exposure levels.

For fish, for instance, experimental data according to the oecd guideline
203 about the acute toxicity test can be used (OECD 1992). According to that
guideline, fish is exposed to a chemical for a period of 96 hours. At each day
the mortality of fish is recorded. Conditions as light, temperature (chosen
dependently on test species) and exposure have to be as constant as possible.
Also information on the number of fish (at least seven), the concentrations (at
least five) in geometric series with a factor preferably not exceeding 2.2, etc. is
given. Seven different species are recommended as possible test species amongst
others fathead minnow (Pimephales promelas), rainbow trout (Ohncorhynchus
mykiss) and common carp (Cyprinus carpio).

In Table 3.4.2 an exemplary data set is given. It is the survival data of a
hypothetical active ingredient regarding fathead minnow, found in Ducrot et al.
2016. The exposure period of this test is constant during the whole test period
of four days. Six different treatments including the control are tested.

In our example case (Table 3.4.2), there is only the survival data and no addi-
tional information on the toxicokinetic processes given, such that we have only
one dominant rate constant determining the speed of uptake and elimination of
the active substance. Thus, we have in total to find values for three parameters
with respect to each model approach.

Due to the fact that we have to solve a non-differentiable nonlinear optimiza-
tion problem, we cannot use gradient-based optimization methods and have to
use derivative free methods like Nelder-Mead-Algorithm or Simulated Anneal-
ing. These algorithms are known to be initial value dependent. Therefore, we
want to choose the initial values carefully.
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Table 3.4.2: Exemplary acute toxicity data of a hypothetical active ingredient
for fathead minnow Ducrot et al. 2016.

Treatment Control A B C D E
Concentration (µg l−1) < 139 558 688 866 1252 1650

no. of individuals alive on day 0 20 20 20 20 20 20

no. of individuals alive on day 1 20 19 20 12 4 1

no. of individuals alive on day 2 20 19 20 12 4 0

no. of individuals alive on day 3 20 19 19 9 4 0

no. of individuals alive on day 4 20 17 18 6 4 0

We propose for all tktd parameters suggestions to derive initial values.
These are only estimations based amongst others on regressions. Having good
initial values may lead to good parameter values which addresses the local
minima problem.

3.4.1 Toxicokinetic Parameters

Our aim is to find estimates on the uptake kin and elimination rate kout. We
present two different possibilities:

1. using toxicokinetic experimental studies or

2. regression curves based on the lipophilicity of the active substance.

Toxicokinetic Studies

For example, with help of a bioconcentration study according to OECD 2012
uptake and elimination rates can be derived to describe the toxicokinetic part.
The study is about testing bio-accumulation in fish aqueous as well as dietary
exposure. There are two phases in each test an exposure (uptake) and a post-
exposure (depuration) phase to define e.g. a dietary biomagnification factor
(bmf) rather than a bioconcentration factor (bcf).

A group of fish (of one species) is exposed to the test substance in exposure
phase. Depending on the properties of the test substance one or more con-
centration levels are tested. After the uptake phase the fish are set into clean
medium for the depuration phase. The concentration in fish is measured in
both phases. The uptake duration is 28 days unless it can be demonstrated that
steady-state has been reached earlier. The depuration phase is usually half the
duration of the uptake phase. The assumption is to have an appropriate (e.g.
95 %) reduction of the concentration in the organism.
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As a result of the test OECD 2012, the uptake curve is plotted (time against
concentration in fish in uptake phase on arithmetic scales). If the slope of the
curve is approximately zero the steady state bcf can be calculated via dividing
concentration in fish by concentration in water.

The kinetic bioconcentration factor can be determined as the ratio kin
kout

. Values
for the rate constants can be derived by fitting the first order differential equation
describing change of internal concentration. Therefore, we can use the data of
both uptake and depuration phase or fit each phase and constant separately
(Figure 3.4.1).
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Figure 3.4.1: Exposure and Depuration Phase in Time.

As a result of this experimental study we have measurements on the concen-
tration of the substance in the body that we can fit to the solution of the internal
concentration differential equation in exposure phase.

Definition 3.4.1 (Internal Concentration Function in Uptake Phase) Let tc ∈
[0, tn] be the time at the end of the uptake phase. A solution function Cint : [0, tc]→
R+ of the initial value problem

{
d
dtCint(t) = kin ·Cext(t) − kout ·Cint(t), ∀t ∈ [0, tc]

Cint(0) = c0 ∈ R+

is the internal concentration function in the uptake phase.

Assuming an initial concentration of zero and constant exposure Cext (t) =
K ∈ R+ in exposure period using Variation of Constants (e.g. Example 2.3.11)
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leads to the solution function

Cint (t) =
kin

kout
·K · (1− exp (−kout · t)) , t ∈ [0, tc]

for the exposure phase t ∈ [0, tc].
In the depuration phase, we do not have any exposure (Cext = 0), such that

we have a homogeneous linear differential equation describing the change of
internal concentration in the depuration phase.

Definition 3.4.2 (Internal Concentration Function in Depuration Phase) Let
tc ∈ [0, tn] be the time at the end of the uptake phase. A solution function
Cint : [0, tc]→ R+ of this initial value problem

{
d
dtCint(t) = −kout ·Cint(t), ∀t ∈ [tc, tn]

Cint(tc) = Cc
int ∈ R+

is the internal concentration function in the depuration phase.

The common solution function of the depuration phase is Cint (t) = C ·
exp (−kout · t) , C ∈ R. The value of internal concentration at time point tc can be
calculated using the internal concentration equation of exposure phase

Cc
int =

kin

kout
·K · (1− exp (−kout · tc)) .

Using this information, we can calculate the value of the constant C. We get
the following solution for linear differential equation satisfying the initial value
(Cint(tc) = Cc

int):

Cint (t) =
kin

kout
·K · (exp (−kout · (t − tc)) − exp (−kout · t)) , t ∈ [tc, tn] .

We obtain the values of uptake kin and elimination rate kout by fitting these two
piecewise defined continuous functions to the measured internal concentration
data.

Remark 3.4.3 Let t ∈ [0, tn] be the time and tc be the time point at the end of
uptake phase. Suppose, we have a constant exposure Cext (t) = K ∈ R+ during
the uptake phase. The following function describes the internal concentration
in the total time period.

Cint (t) =

{
kin
kout
·K · (1− exp (−kout · t)) t ∈ [0, tc]

kin
kout
·K · (exp (−kout · (t − tc)) − exp (−kout · t)) t ∈ (tc , tn]
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Regression

In equilibrium the bioconcentration factor (bcf) is equal to the ratio of the
uptake and elimination rate constant. Furthermore, bio accumulation often
correlates with lipophilicity (log Kow > 3) (EFSA PPR Panel 2013), such that
knowing the log Kow can help to get an estimate for the bcf respectively uptake
or eliminate rate constant.

A bioconcentration factor expresses the tendency of a compound to accumu-
late in the organism (EFSA PPR Panel 2013). If no bioconcentration studies but
values on bcf are available, it is possible to estimate the kinetic rates based on
regression.

We have found the following regression equations in literature, where the
calculations with regard to kin are based on Hawker and Des Connell 1986.

log BCF = a · log (Kow) + b

log
(
1

kout

)
= x · log (Kow) + y

log (kin) = (a − x) · log (Kow) + (b − y)

This is equivalent to

BCF = 10a·log(Kow)+b

kout = 10
−x·log(Kow)−y

kin = 10(a−x)·log(Kow)+(b−y) .

The first two regression curves are based on experimental data, where the third
equation for kin is obtain by dividing the BCF regression by the 1

kout
regression.

Fish:

BCF = 0.048 · (Kow) or (Mackay 1982)
log BCF = log (Kow) − 1.32 (Mackay 1982)

log
(
1

kout

)
= 0.663 · log (Kow) − 0.947 (Mackay 1982)

log (kin) = 0.337 · log (Kow) − 0.373

Zebra fish (Petersen and Kristensen 1998):

log (kout) = −0.41 · log (Kow) + 1.47
log (kin) = 1.98 · log (Kow) + 0.147
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Daphnids (log (Kow) ∈ [2, 6]):

log BCF = 0.898 · log (Kow) − 1.3155 (Hawker and Des Connell 1986)

log
(
1

kout

)
= 0.507 · log (Kow) − 2.053 (Hawker and Des Connell 1986)

log (kin) = 0.391 · log (Kow) + 0.7375

Molluscs (log (Kow) ∈ [2, 6]):

log BCF = 0.844 · log (Kow) − 1.235 (Hawker and Des Connell 1986)

log
(
1

kout

)
= 0.54 · log (Kow) − 0.983 (Hawker and Des Connell 1986)

log (kin) = 0.304 · log (Kow) − 0.252

With regard to this rather statistic regression curves, they may be right in
many cases. Though the regression equations are not necessary correct for each
species substance combination, however, they can serve as initial values.

There exist also more complex regression curves based on other substance
specific structure related properties (qsar) e.g. Kaiser 2012.

Using scaled internal concentration to describe the toxicokinetic processes,
we have to find an initial value for the “lumped” variable. This dominant
rate constant describes both elimination and uptake as well as compensating
processes and td recovery, but is dominated by the slowest rate (Jager et al.
2011; Nyman et al. 2012).

As the dominant rate constant kd is just a renaming of kout, a possible initial
value for kd may be then the by regression found value regarding the elimination
rate kout.

In a nutshell, the best scenario is having a bioconcentration study, such that
uptake and elimination rate can be derived from this data. If no bioconcentration
test is available, we have two possibilities: using regressions to get values for
the tk parameters (internal concentration) or fitting one dominant rate with
help of the standard toxicity test.

3.4.2 Toxicodynamic Parameters

We present ideas to derive good initial values for the toxicodynamic parameters
of both model approaches. The idea is to relate the parameters directly with
the external concentration.
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Threshold

For guts -sd we choose for the threshold z ∈ R+ \ {0} the same initial value as
used for α.

Killing Rate

The initial value of the killing rate kk ∈ R+ \ {0} can be derived the following way.
We consider the hazard function; we assume a worst case scenario by setting
the internal concentration equal to the external concentration. Furthermore,
we expect a constant exposure during the test period Cext (t) = K ∈ R+, hence,
we can calculate the differential equation describing hazard exactly (compare
Section 3.3.3).

H(t) =

{
0 K 6 z
kk ·K · t − kk · z · t K > z .

Hence, we can fit the following survival equation to experimental data to get a
first guess on the killing rate. If we do not want to set the threshold z equal to
α, we can fit also both parameters to the equation

S(t) =

{
exp (−hb · t) K 6 z
exp (− (kk ·K · t − kk · z · t) − hb · t) K > z .

Median and Shape Parameter of Distribution

The experimental data can be analyzed toxicologically to find initial values for
the median α ∈ R+ \ {0} and shape parameter β ∈ R+ \ {0} fitting the log-logistic
curve to the external concentration Cext (t) = K ∈ R+ as well as survival data
derived at the last time point tn.

S (tn) = 1−

(
1

1+αβ ·K−β

)

Background Mortality

With respect to the background mortality hb ∈ R+ \ {0} we propose to fit the
equation

S0 (t) = exp (−hb · t) (Control survival)

to the experimental control survival probability data to get an adequate initial
value.
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3.5 Examples and Results

We present two case studies. The first is above mentioned study about fathead
minnow based on Ducrot et al. 2016, the other is Gammarus pulex, where the
data is taken from Nyman et al. 2012.

Ducrot et al. 2016 consists of part results of the setac technical workshop
modelink. The survival raw data of the study is presented in Table 3.4.2. The
underling exposure profile is constant with different exposure levels.

The second example case found in Nyman et al. 2012 is based on two exper-
iments: a pulsed and constant exposure test. We want to see, if it is possible
using one data set for calibration getting an acceptable prediction of the other
data (validation).

As the data set of Ducrot et al. 2016 is based on constant exposure, we can
compare both possibilities solving the ordinary differential equations exactly
or approximately (local truncation errors for sd and it for scaled internal
concentration and survival probability).

As we use two different data sets in the second case study, we are able to
calculate the extrapolation error: the error arising due to a different exposure
pattern (distinct scenario).

Furthermore, we split the constant exposure test and test different scenarios
to calculate an extrapolation error as well as an interpolation error due to
different time points, concentrations and a combination of different time points
and concentrations.

After that we perform a sensitivity analysis of a constant and a pulsed
exposure scenario to observe and analyze the model’s behavior in dependence
of systematical changes in the parameter values.

According to the assessment of the risk of an active substance, we want to
test a realistic environmental concentration scenario. However, these predicted
environmental concentrations (focus) are entirely different from the calibration
tests. We want to state the reliability of these extrapolations to long term
exposure. In terms of risk assessment we calculate safety margins leading to
various survival probabilities (e.g. acceptable mortality).

At last we perform an uncertainty analysis of the long term prediction using
Monte Carlo simulations (100 scenarios, randomly varying all parameters) to
get further insights into the model behavior.

3.5.1 Survival of Fathead Minnow with a Hypothetical Substance

First of all, we want to reproduce the calibration result in Ducrot et al. 2016 to
see if the implemented guts model delivers similar results.
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Fathead minnow is test species in standard acute toxicity studies according
to OECD 1992 and used for research, especially in North America (Ankley and
Villeneuve 2006). The species represents a large and ecologically significant
family of fish (Cyprinidae) (Ankley et al. 2001). It is omnivore and a robust
species regarding the water quality, for example, pH value or temperature
tolerant (Ankley and Villeneuve 2006).

In total, we have to fit three parameters to the experimental data set for each
guts model (kd, kk, z and kd, α, β). The value of the control mortality hb is set
to 0.00315 d−1 for sd and it.

To get similar results we use the same objective as used in Ducrot et al. 2016,
namely the multinomial log likelihood (Definition 2.4.10). We use the following
values as initial values, lower and upper bounds (Table 3.5.1).

Table 3.5.1: Calibration settings (guts -sd and guts - it).

Model Parameter Initial Value Lower Upper Fit

sd kd 7.448 0.0001 10 yes
sd kk 0.0024 0.0000001 0.01 yes
sd z 679.3 0.0001 10000 yes

it kd 0.848 0.0001 10000 yes
it α 711.5 0.0001 10000 yes
it β 3.66 0.0001 10000 yes

sd/it hb 0.00315 0.0001 10000 no

The external concentration profile is constant, therefore, we can solve the
ordinary differential systems of both model approaches exactly.

We obtain the following parameter values for the guts -sd and guts - it
model (Table 3.5.2).

Observation 3.5.1 The result is different to the parameters given in Ducrot et al.
2016, that is justified because the result depends on the ordinary differential
solver (we solved the ordinary differential equation exactly), the initial para-
meter values, the parameters’ bounds, the chosen objective as well as the used
optimization routine.

Although, we use the calibrated values of Ducrot et al. 2016 as initial values,
the calibration results differ. The guts -sd model parameter values are lower,
the guts - it parameters are higher than the values in Ducrot et al. 2016.
Regarding the it approach, the dominant rate constant deviates at most: the
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Table 3.5.2: Calibration result of both model approaches guts -sd and guts -
it.

Model Parameter Fitted Value Ducrot et al. 2016 Unit

sd kd 7.2905 7.448 d−1

sd kk 0.0019 0.0024 Lµg−1 d−1

sd z 674.4 679.3 µgL−1

it kd 1.462 0.848 d−1

it α 824.1 711.5 µgL−1

it β 5.68 3.66 -

sd/it hb 0.00315 0.00315 d−1

value is almost twice as high as the value in Ducrot et al. 2016. The value of the
shape parameter β is 1.5 times that high.

The visual result of the guts -sd and guts - it calibration in comparison to
the figures given in Ducrot et al. 2016 can be seen in Figure 3.5.1. Although
the parameter values vary (Table 3.5.2), visually the model output (survival
probability) looks similarly.

We want to know, if the model predictions fit statistically sufficiently well to
the experimental data set. Additionally, we want to see which model hypothesis
sd or it fits better. Finally, we want compare the statistics of both parameter
sets: the parameter set in Ducrot et al. 2016 and our calibrated one.

In Table 3.5.3 an overview of several in Chapter 2 presented statistical attribut-
es assessing goodness of fit to observation and model prediction is shown. The
statistics are based on the survival probability data of all treatments except the
control data and the value at the initial time point (here at day zero), such that
we have four pairs of observed and calculated data available for each treatment
(measurements on day 1, 2, 3, 4). Thus, all in all 20 data points are used for the
statistics of the calibration of three parameter values for each model approach.

Regarding the highest frequency of best values (seven of eight: except coeffi-
cient of determination) our model calibration of guts -sd describes the experi-
mental data at best. The guts - it model using the Ducrot et al. 2016 parameter
set presents the experimental data at worst according to most statistics (expect
for the minus multinomial log likelihood value L ).

Observation 3.5.2 In total, our calibration result, both sd and it model, repre-
sents the experimental data better.
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(a) guts -sd Ducrot et al. 2016
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(b) Result guts -sd

(c) guts - it Ducrot et al. 2016
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(d) Result guts - it

Figure 3.5.1: Comparison of calibration results of Ducrot et al. 2016 (left) and
the program guts -3s (right). Above the result of the guts -sd
model, below the result of guts - it is presented.
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Table 3.5.3: Statistical goodness of fit comparing experimental and by model
predicted survival probability of our own calibration and the result
of Ducrot et al. 2016 of both model approaches. The brightness of
cell color indicates the order from best to worst where the darker
green cell is the best, the lightest green the worst value.

Our Calibration Ducrot et al. 2016

Property
Model

sd it sd it

ε 17.156 17.522 18.011 28.835
r2 0.935 0.931 0.939 0.828
ef 0.927 0.923 0.919 0.793
|C − O| 1.553 1.711 1.688 2.774
(C − O)2 0.217 0.227 0.24 0.614
srmse 0.201 0.206 0.212 0.339
ste 0.15 0.165 0.163 0.268
L 59.236 63.76 66.182 60.785

Due to the constant exposure, we are able to solve the differential equations
exactly. This gives us the opportunity to calculate local truncation errors
(Definition 2.3.36) as well as a global truncation error (Definition 2.3.38) of
the approximate solution. Local truncation errors are the difference between
exact and approximate solution at a certain time point. We calculate the local
truncation error at hourly basis for the total period of four days.

In Figure 3.5.2 the change of local truncation errors in time of scaled internal
concentration and survival probability of both model approaches can be seen
using our calibrated parameters.

The local truncation error in scaled internal concentration depends on para-
meter kd as speed of uptake and elimination processes. The higher dominant
rate constant in the sd model leads faster to equilibrium phase. At equilibrium,
external concentration is equal to scaled internal concentration yielding a local
error of zero. Hence, the global error of guts -sd is zero (with respect to scaled
internal concentration).

With regard to guts - it the lower kd rate is responsible for not attaining
equilibrium within the test duration of four days. This results in a higher local
and global error. The error depends on the steepness of the scaled internal
concentration curve. Meaning that, in the beginning the difference between
external and scaled internal concentration is very high leading to a higher
change of scaled internal concentration during a times step (slope). A higher
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Figure 3.5.2: Local truncation errors of guts -sd (above) and guts - it (be-
low) regarding scaled internal concentration (left) and survival
probability (right). Our calibrated parameters are used.
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slope leads to a potential higher error.
The global truncation error of scaled internal concentration is higher for

guts - it than for guts -sd. Furthermore, the maximum local error is higher
for the it approach. With reference to it, one can say the higher the constant
external concentration, the higher is the local error.

For guts - it, the negative local truncation errors in scaled internal concentra-
tion result in an overestimation of scaled internal concentration (approximate
case) leading to an underestimation of survival probability. Thus, the approxi-
mate solution leads to a more conservative fit, at least for the used combination
of parameter values and this particular constant exposure profile. In guts - it
the error depends only on the ordinary differential equation describing the
scaled internal concentration, whereas for sd the error is also influenced by the
ordinary differential equation describing the hazard.

The scaled internal concentration of the first concentration level (558 µgL−1,
dark blue line) is for each time point smaller than the threshold (679.3 µgL−1).
Thus, we have a constant value of hazard equal to zero. Hence, the error for
this level is only based on the error occurring by solving the equation of scaled
internal concentration. Due to the fact that the hazard is zero, the survival
probability is only influenced by background hazard. Hence, the error of scaled
internal concentration is not mapped to an error in survival probability.

Observation 3.5.3 For guts -sd, the error is realized in survival probability
at the time point when the scaled internal concentration is greater than the
threshold. The smaller the concentration level, the later is the time point of
scaled internal concentration reaching the threshold value.

In this particular case, concentration 2 is greater than the threshold after 0.6 d,
concentration 3 after 0.2 d, concentration 4 after 0.1 d and concentration 5 after
0.07 d.

The green (1252 µgL−1) and yellow (1650 µgL−1) concentration profiles lead
to an underestimation, whereas the steel blue (688 µgL−1) and dark green
(866 µgL−1) concentration profiles lead to an overestimation of effect before
day one. When reaching equilibrium (scaled internal equal to external con-
centration), the error is only driven by the error arising during calculation of
hazard function. From day one to four, the error is decreasing. The highest
errors occur of the middle concentrations steel blue (688 µgL−1) and dark green
(866 µgL−1), where the errors of the higher concentrations as well as the first
concentration are zero at the end of test duration.

The proper interesting error is the global error of the survival probability.
The global error, error at last day in test period as defined in Definition 2.3.38,
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for survival probability is presented in Table 3.5.4.

Table 3.5.4: Global truncation error of survival probability of both model ap-
proaches guts -sd and guts - it. The calibrated parameter values
are used.

Model Conc 1 Conc 2 Conc 3 Conc 4 Conc 5

sd 0 0.0003284 0.0000853 0.0000021 0

it 0.0001512 0.000333 0.0004241 0.0001361 0.0000327

Since we are solving two differential equations approximately (scaled internal
concentration, hazard) for guts -sd and for guts - it only one differential
equation (scaled internal concentration), one would assume, that generally the
global truncation error of the it approach has to be smaller. However, this is
not the case, when comparing all concentrations the global error due to the sd
model is smaller than the error produced by the it model.

Observation 3.5.4 In total, the error of both approaches is relatively small
(< 0.00043).

Using the parameter set of Ducrot et al. 2016, we obtain a similar shape
of local error structure. It is illustrated in the appendix (Figure A.1.1 and
Table A.1.1).

We only have one data set that we use for calibration. One remaining problem
is the missing experimental data to validate the model parameters. In the next
case study, we have more than one data set, such that we can also validate our
results.

3.5.2 Survival of Gammarus pulex with Propiconazole

The following case study contains experimental data of two tests presented
in Nyman et al. 2012. Acute as well as pulsed exposure of the fungicide
propiconazole to Gammarus pulex is evaluated. According to echa (ECHA
2018) propiconazole is very toxic to aquatic life. The active substance is lipophilic
with a log (Kow) of 3.72.

Gammarus pulex is a species of amphipod crustacean found in fresh water
in Europe. All in all Gammarus spp. incorporates more than 100 freshwater,
brackish, and marine species representing an important key species in aquatic
ecosystems (Gerhardt et al. 2011). They are standard test species in ecotoxicity
testing in the usa (EPA 2018) and uk (HSE 2017). In the acute test eight
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Figure 3.5.3: Amphipod crustacean Gammarus pulex Brehm 1887, p. 33.3
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Figure 3.5.4: Exposure pattern of the data in Nyman et al. 2012. Left, acute
toxicity data containing seven different treatments 0, 8.050, 11.906,
13.800, 17.872, 24.186, 28.930 and 35.924 µg l−1 of propiconazole
with constant exposure until day four. On the right, the exposure
pattern of the pulsed data in Nyman et al. 2012. Four different
treatments of propiconazole with pulsed exposure tested within
ten days.4

different constant exposure levels lasting four days are tested. The second data
set given in Nyman et al. 2012 is the result of a pulsed exposure test. Three
different exposure patterns and control are tested (Figure 3.5.4). The survival
data (number of individuals survived until a certain day) are recorded and can
be seen in Table A.1.3. The test duration of the pulsed exposure experiment is
longer (ten days).

First we use for calibration the acute data set and for validation the pulsed
data set. After that we swap the calibration and validation study to compare the
obtained results. Since it seems that the parameter values depend on exposure

3Public domain, http://www.zeno.org/nid/20007976909
4Experimental concentration data is originally given in the unit nmolml−1. Converting units

to µmol l−1, thus, multiplying with 1000 to obtain nmol l−1, dividing by 1000 to convert to
µmol l−1.
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pattern and test duration, we split the acute data to calculate extrapolation
and interpolation errors due to different concentration levels and different time
points. After that, we perform a sensitivity and an uncertainty analysis to
observe the effect of systematic and random changes in parameter values to the
model output.

Calibration and Validation using Acute and Pulsed Test Data

As objective the multinomial log likelihood of observed and calculated data is
maximized (Definition 2.4.10). The domains of all parameters are equal and
set to the interval [0.0001, 10000]. Instead of two tk parameters, only kd as
dominant rate constant is used. The background mortality hb is not calibrated
together with the other parameters, but set to the result value of a nonlinear fit
to the control data.

Calibration using the Acute Test Data. In a first step, we calibrate with the
acute data and then validate these parameter values with the pulsed data. In
Table 3.5.5 the parameter values derived by fitting the experimental data to the
model equations using maximizing log likelihood can be seen. Both, the results
of guts -sd and guts - it are presented. The initial values in Table 3.5.5 are
derived, as described in the prior section. For derivation of kd a log (Kow) of
3.72 is used.

Table 3.5.5: Result (guts -sd and guts - it) of maximizing log likelihood (multi-
nomial distributed) to the experimental acute data study

Model Parameter Initial Value Fit Result Value

sd kd 7.597 yes 2.182
sd kk 1 · 10−9 yes 0.131
sd z 19.51 yes 16.97

it kd 7.597 yes 0.746
it α 19.51 yes 17.98
it β 10.05 yes 6.98

it/sd hb 0.0172 no 0.0172

The idea is to use the prior calibrated data set (constant exposure) to predict
the other data set (pulsed exposure) without fitting. The only parameter that
we want to adopt is the control mortality (background hazard) to be able to
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describe the control data better. For the pulsed exposure test we use a control
mortality of 0.01024 d−1.

In Figure 3.5.5 the visual calibration result of guts -sd and guts - it, the
predicted and observed survival probability, can be seen. With respect to
the calibration study, the sd model predicts similar effects for the control as
well as concentration 1 to 3. The survival probability regarding the higher
concentrations (4–7) differs. For guts - it only the survival in the control and
concentration 1 are equal.

With respect to the validation study in the first instance the predictions of both
model approaches for the control (black) and the concentration 3 (green) seem to
be well predicted, although the decline in survival probability in concentration
3 in the last two days cannot be well predicted.

The pulsed concentrations one and two (dark blue, light blue) are parallel
to the points. The guts -sd model clearly predicts for both concentrations a
decline in survival probability after the two pulses, but considerably lower than
the experimental measurements (at least a conservative result). Contrarily the
guts - it model overestimates the survival of Gammarus pulex exposed to the
exposure profiles of first and second concentration.

Table 3.5.6: Statistical goodness of fit comparing experimental and by model
predicted survival probability of the calibration data set (acute
exposure) and validation data set (pulsed exposure) of both model
approaches. The brightness of cell color indicates the order from
best to worst where the darker green cell is the best, the lightest
green the worst value.

Acute Data Pulsed Data

Property
Model

sd it sd it

ε 7.387 11.196 15.006 11.444
r2 0.983 0.959 0.883 0.871
ef 0.982 0.958 0.305 0.596
|C − O| 1.08 1.665 3.1 2.287
(C − O)2 0.079 0.182 0.484 0.282
srmse 0.086 0.13 0.174 0.132
ste 0.062 0.096 0.141 0.104
L 91.253 90.109 286.53 263.684

Table 3.5.6 presents a statistic to compare both model approaches. Further-
more, we want to know, if we describe with the calibrated parameter values
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Figure 3.5.5: Predicted (line) as well as observed (marker) survival probability
of Gammarus pulex exposed to propiconazole. As calibration study
the constant exposure test (above), as validation study the pulsed
exposure test (below) is used. Both model approaches sd (left)
and it (right) are calibrated and validated.
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the survival data of the validation study (pulsed test) sufficiently well. With
reference to the statistics, one has to be aware that the statistical results are
based on a different number of data points.

In the statistics the control data as well as the initial time points are not
considered. According to the acute toxicity test survival data is recorded daily.
We have seven treatments (without control) four measurements (without initial
value) and hence all in all 28 data points. Also the pulsed exposure test is
based on daily measurements (without initial time point 10 measurements each
treatment). Without control data, we have all in all 30 data points used for
statistical calculations and hence two points more than for the acute test.

Regarding the calibrated data set the model approach sd fits considerably
better than it in seven of eight statistical measurements. In contrast to that the
validation study is better described using guts - it. The model efficiency is best
if it tends to one, which is the case for the calibration study (> 0.95). The model
efficiency of the validation study of guts - it is twice as high as for guts -sd,
but lower than 0.6.

Observation 3.5.5 According to these results, it seems that is not possible to
use the calibrated parameter values (constant exposure test) to describe the
experimental data of the pulsed test satisfactorily.

Calibration using the Pulsed Test Data. Now we swap validation and cali-
bration study: we calibrate using the pulsed test and validate the result with
the constant exposure test. In Table 3.5.7 the used initial values as well as the
result of the parameter calibration using the pulsed exposure study can be seen.

Table 3.5.7: Result of maximizing log likelihood (multinomial distributed) to
experimental data guts -sd and guts - it. As experimental data
the pulsed exposure test is used.

Model Parameter Initial Value Fit Result Value

sd kd 2.084 yes 1.864
sd kk 0.134 yes 0.396
sd z 16.573 yes 20.711

it kd 0.03 yes 0.1698
it α 31.796 yes 10.802
it β 0.637 yes 1.634

it/sd hb 0.01024 no 0.01024

109



Chapter 3 guts – General Unified Threshold Model of Survival

For guts -sd using the pulsed exposure test leads to a smaller dominant rate
constant (−15 %). In contrast to that the killing rate constant and threshold are
bigger (about 0.26 Lµg−1 d−1 and 3.7 µgL−1).

With respect to the it model all parameter values fitted to the pulsed exposure
test are smaller than using the constant exposure test for calibration. The
deviations are −0.58 d−1, −7.18 µgL−1 and −5.35 for kd, α and β.

According to the statistics (Table 3.5.8), the calibration data set (pulsed data)
is better described when using the sd model approach (five of eight statistical
measurements). Although the acute data set is only used for validation, it yields
the best value for the coefficient of determination and model efficiency.

Table 3.5.8: Statistical goodness of fit comparing experimental and by model
predicted survival probability of the calibration data set (pulsed
exposure) and validation data set (constant exposure) of both model
approaches. The brightness of cell color indicates the order from
best to worst where the darker green cell is the best, the lightest
green the worst value.

Acute Data Pulsed Data

Property
Model

sd it sd it

ε 13.715 35.091 7.979 9.572
r2 0.949 0.781 0.867 0.821
ef 0.937 0.589 0.804 0.717
|C − O| 1.865 6.064 1.533 2.05
(C − O)2 0.273 1.786 0.137 0.197
srmse 0.159 0.407 0.092 0.111
ste 0.107 0.349 0.07 0.093
L 99.708 120.081 258.002 255.553

The visual result of predicted and observed survival probability of calibration
and validation study can be seen in Figure 3.5.6. The lower parameter values
with regard to guts - it lead to an underestimation of effects with respect
to the constant exposure study especially in the higher concentration levels
(concentration 5 – 7).

We want to decide which calibration-validation procedure delivers the best
result: using the constant or the pulsed exposure data as calibration study. All
in all, we have 58 predicted and observed data points (without initial values,
without control).
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Figure 3.5.6: Predicted (line) as well as observed (marker) survival probability
of Gammarus pulex exposed to propiconazole. As calibration study
the pulsed exposure test (above), as validation study the constant
exposure test (below) is used. Both model approaches sd (left)
and it (right) are calibrated and validated.
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Observation 3.5.6 Putting all these data into one statistical assessment for both
parameter sets the clearly best result is obtained by using the acute data set as
calibration study fitting the guts - it model (Table 3.5.9).

Table 3.5.9: Statistical goodness of fit comparing experimental and by model
predicted survival probability of both studies together of both mod-
el approaches of the fit with acute and pulsed test. The brightness
of cell color indicates the order from best to worst where the darker
green cell is the best, the lightest green the worst value.

Acute Data Pulsed Data

Property
Model

sd it sd it

ε 23.566 9.918 11.526 24.293
r2 0.821 0.944 0.937 0.794
ef 0.641 0.936 0.914 0.619
|C − O| 7.427 3.371 3.555 7.995
(C − O)2 1.874 0.332 0.448 1.991
srmse 0.265 0.112 0.13 0.273
ste 0.189 0.086 0.09 0.203
L 421.376 340.836 361.038 374.653

Our proper aim is to find tktd parameters such that we have one single
parameter set suitable for a species substance combination that we can use to
predict different exposure situations. Regarding the validation results it seems that
the parameter values depend on the structure of exposure.

Therefore, we split the constant exposure test into parts to calculate the
extrapolation and interpolation error due to different concentration levels and
time points.

Calculation of Extrapolation Error

We want to quantify the extrapolation error. With extrapolation error we mean
the arising error predicting a different scenario (test duration, exposure pattern).
Hence, we split the constant exposure data and test several calibration and
validation possibilities. Constant exposure has the advantage that we can solve
the underlying differential equations exactly (no discretization error). The idea
is to exclude a possible systematic model error.

We test the following extrapolation split experiments:
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1. Extrapolation of time points: Calibration with the data measured on day 0, 1,
2; Validation with day 3, 4.

2. Extrapolation of concentrations: Calibration with concentrations 0, 2, 4, 6;
Validation with concentrations 1, 3, 5, 7.

3. Combination of extrapolation of concentrations and time points: Calibration
with concentrations 0, 2, 4, 6with the data measured on day 0, 1, 2; Validation
with concentrations 1, 3, 5, 7 on day 3, 4.

Calibration and Validation of the Split Experiment with regard to Time
Points. We want to quantify the error arising by extrapolating time points.
Therefore, we divide the acute data set into two parts with reference to the time.
For calibration we use the experimental measurements on day 0, 1 and 2. For
validation we choose the data taken on day 0, 3 and 4. The visual result of this
virtual experiment can be seen in Figure 3.5.7.

Table 3.5.10: Statistical goodness of fit comparing experimental and by model
predicted survival probability. The calibration data is the acute
test of day 1 to 2. Validation study is the data of day 3 and 4.
The brightness of cell color indicates the order from best to worst
where the darker green cell is the best, the lightest green the worst
value.

Day 1, 2 Day 3, 4

Property
Model

sd it sd it

ε 6.322 9.959 9.699 13.965
r2 0.972 0.929 0.988 0.976
ef 0.971 0.929 0.981 0.961
|C − O| 0.569 0.867 0.585 0.903
(C − O)2 0.042 0.105 0.048 0.099
srmse 0.075 0.118 0.115 0.166
ste 0.056 0.085 0.082 0.127
L 47.297 48.817 34.152 34.42

Observation 3.5.7 With reference to the statistics, Table 3.5.10, both calibration
and validation statistics indicate a better correspondence to the guts -sd model.
Although we calibrate with day 1 and 2 the best model efficiency is attained
validating guts -sd. The same yields for the it model: the model efficiency of
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Figure 3.5.7: Predicted (line) as well as observed (marker) survival probability
of Gammarus pulex exposed to propiconazole. For calibration and
validation the constant exposure test is used. Measurements on
day 0, 1, 2 are used for calibration (above), measurements on day
0, 3, 4 are used for validation (below). Both model approaches sd
(left) and it (right) are calibrated and validated.
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validation data is higher than the one of calibration data.

We consider the difference of validation data set and model prediction as
extrapolating error. Thus, according to Table 3.5.10 and the sd model the
extrapolation error (quadratic deviation) is 0.048 and for it 0.099. In terms of
model efficiency, if we assume the perfect model to have a model efficiency of
one, the extrapolation error for sd is 0.019 and for it 0.039.

Calibration and Validation of the Split Experiment with regard to Concen-
trations. We want to calibrate the parameters according to treatment 0, 2, 4,
6 and predict concentrations 1, 3, 5, 7. Doing so, we have the same exposure
profile; but we have different concentration levels, such that we can calculate
approximately the extrapolation error between different exposure levels but
same exposure pattern. Using constant exposure offers the advantage to solve
the differential equation system exactly. Hence, we have no numerical error due
to the approximation of differential equations.

Visually the found parameter values describe calibration and validation data
very well (Figure 3.5.8).

The numeric parameter result can be seen in Table 3.5.13. The sd parameter
set is very similar to the values derived by fitting the total data (all concentra-
tion levels). The dominant rate constant is 0.6 d−1 higher, the killing rate is
0.01 Lµg−1 d−1 smaller, the threshold is 0.17 µgL−1 higher.

In comparison to the total acute test fit, the parameter values for the it model
fitting only concentrations 0, 2, 4, 6 are smaller (approximately kd 29 %, α 11 %,
β 18 % smaller).

In Table 3.5.11 the corresponding, very clear, statistics can be seen. All
statistical measurements identify the calibration concentrations 2, 4, 6 and the
sd approach as best model to describe the experimental data with the calibrated
parameters. Furthermore, the statistics assign the validation concentrations
(1, 3, 5, 7) together with guts -sd the second best accordance.

For guts - it, again, the experimental data correlates better to the calibration
data than to the validation data. The statistical differences between calibration
and validation are small (Table 3.5.11). For example, the model efficiency (ef)
for both (calibration and validation) as well as for both model approaches (sd
and it) is greater than 0.93.

The result of this extrapolation experiment is that at least in this particular
case: having a similar exposure pattern leads to a better validation result (better
comprehension of model prediction and experimental data).

Observation 3.5.8 With the calibrated model parameters we are able to get
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Figure 3.5.8: Predicted (line) as well as observed (marker) survival probabi-
lity of Gammarus pulex exposed to propiconazole. For calibration
and validation the constant exposure test is used. Concentration
0, 2, 4, 6 is used for calibration (above), concentration 1, 3, 5, 7 is
used for validation (below). Both model approaches sd (left) and
it (right) are calibrated and validated.
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Table 3.5.11: Statistical goodness of fit comparing experimental and by model
predicted survival probability of both model approaches. For
calibration the even concentrations 0, 2, 4, 6 and for validation the
uneven concentrations 1, 3, 5, 7 of the acute test are used. The
brightness of cell color indicates the order from best to worst
where the darker green cell is the best, the lightest green the worst
value.

Concentration 2, 4, 6 Concentration 1, 3, 5, 7

Property
Model

sd it sd it

ε 5.13 10.915 9.92 14.619
r2 0.989 0.966 0.972 0.939
ef 0.988 0.966 0.972 0.938
|C − O| 0.386 0.78 0.735 1.026
(C − O)2 0.019 0.093 0.077 0.167
srmse 0.061 0.129 0.117 0.173
ste 0.049 0.083 0.078 0.109
L 41.26 55.375 54.996 58.756

reliable prediction results providing that the exposure pattern is similar and we
have the same test duration.

Assuming the experimental data is the true reality, we consider the difference
of validation data set and model prediction as extrapolating error. Thus, for
sd the extrapolation error (quadratic deviation) is 0.077 and for it 0.167. With
regard to model efficiency, if we assume the perfect model to have a model
efficiency of one, the extrapolation error for the sd model is 0.028 and for it
0.062.

Observation 3.5.9 In comparison to the extrapolation error due to time points,
the extrapolation error arising from extrapolation to different concentration
levels is higher.

Calibration and Validation of the Split Experiment with regard to Concen-
trations and Time Points. In a next step, we want to combine both split
experiments, such that we use the data of the first two days of the even concen-
trations (concentration 0, 2, 4, 6) to validate the survival data of concentration
1, 3, 5, 7 of the last two days.
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For the concentration extrapolation, we use 12 data points for calibration
and 16 data points for validation. Regarding the time points experiment, we
use each 14 different data points for calibration and validation. Thus, in total
for each virtual extrapolation experiment 28 data points. With respect to the
combination of both experiments, we use less data: 6 data points for calibration
and 8 data points for validation, thus, in total 14 instead of 28 data points.

Table 3.5.12: Statistical goodness of fit comparing experimental and by model
predicted survival probability of both model approaches. Cali-
bration is performed with day 1 to 2 using concentration 0, 2, 4, 6.
Validation study is the experimental data of day 3 and 4 using
concentration 1, 3, 5, 7. The brightness of cell color indicates the
order from best to worst where the darker green cell is the best,
the lightest green the worst value.

Conc 2, 4, 6, 8 + Day 1, 2 Conc 1, 3, 5, 7 + Day 3, 4

Property
Model

sd it sd it

ε 1.846 2.019 79.056 51.14
r2 0.998 0.997 0.387 0.717
ef 0.997 0.996 −0.001 0.581
|C − O| 0.072 0.083 2.002 1.396
(C − O)2 0.002 0.002 1.561 0.653
srmse 0.021 0.023 0.93 0.602
ste 0.016 0.018 0.527 0.367
L 19.723 19.627 19.239 19.546

Statistics of goodness of fit can be seen in Table 3.5.12. For calibration both
model approaches fit equally well. The guts -sd model statistics are slightly
better. In opposite to the validation set, here, the data can be better represented
using the guts - it model. The model efficiency for sd is even slightly negative
(ef= −0.001, Table 3.5.12). The squared deviation is for calibration only 0.002,
regarding the validation data set, the quadratic residuals with respect to it is
0.653 and to sd 1.561.

The visual result can be seen in Figure 3.5.9. The presented calibration
shows that the model prediction for concentration 28.93 µgL−1 corresponds
to the experimental data using both guts models. The control, concentration
11.906 µgL−1 and 17.872 µgL−1 are the same in guts -sd. In guts - it the
prediction for concentration 17.872 µgL−1 variates (slightly lower survival
probability).
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Figure 3.5.9: Predicted (line) as well as observed (marker) survival probability
of Gammarus pulex exposed to propiconazole. Calibration and vali-
dation are based on the constant exposure test. Measurements on
day 0, 1, 2 of concentration 0, 2, 4, 6 are used for calibration (above),
measurements on day 0, 3, 4 regarding concentration 1, 3, 5, 7 are
put into account for validation (below). Both model approaches
sd (left) and it (right) are calibrated and validated.

119



Chapter 3 guts – General Unified Threshold Model of Survival

It seems that the models cannot predict the experimental data (validation)
acceptably well. Visually, concentration 24.186 µgL−1 does not fit at all, neither
using the model sd nor it. In both cases the effect is clearly underestimat-
ed. Only the highest concentration (35.924 µgL−1) and the first concentra-
tion (8.05 µgL−1) are estimated satisfactorily. The guts - it model prediction
does not differentiate between control and the lower concentrations 8.05 and
13.8 µgL−1. For sd also concentration 24.186 µgL−1 is the same.

We compare all parameter values generated by using the split calibration sets
based on the acute toxicity study (Table 3.5.13).

Table 3.5.13: Fitted parameter values of guts -sd and guts - it using the acute
test in various ways. The total data set, only the even concentra-
tion numbers, only the last two days are selected as experimental
calibration data and the combination using the data of even con-
centrations of the first two days.

Parameter Total Test Conc 0, 2, 4, 6 Day 0, 1, 2 Conc 0, 2, 4, 6 +
Day 0, 1, 2

kd 2.182 2.788 2.179 7.378
kk 0.13095 0.12337 0.12342 0.28301
z 16.97 17.14 16.99 25.46

kd 0.75 1.05 0.88 1.99
α 17.98 20.18 19.75 25.54
β 6.975 8.503 6.989 12.45

hb 0.01724 0.01724 0.03097 0.03097

The guts -sd parameters are very similar independently of the chosen
underlying experimental data. For the it model approach, fitting the total
acute test and only day 0, 1, 2 are very similar. Using the even concentrations
as calibration data set leads to a clearly higher dominant rate constant kd. The
hazard mortality hb is used for both model approaches. It has the same value for
the total acute test and the even concentrations, because it relies on the control
data (not fitted). With respect to the calibration using only the first two days, its
value is higher, because it is only based on the control data for two days.

Referring to the combination of both split experiments, the first two days
of concentration 0, 2, 4, 6 only, leads to totally different and clearly higher
parameter values. For the sd model the dominant rate constant kd is more than
three times higher, the killing rate kk is twice as high, and the threshold z is
50 % higher. With regard to the it model, the dominant rate kd is twice as high,
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the median α is 27 % higher, the shape parameter β is twice as high.
Our aim is to quantify the extrapolation error, hence, we regard the mean

quadratic deviation of observation and prediction to consider also the different
number of data points of the split experiments (Figure 3.5.10). For the extrapo-
lation exclusive to other concentration levels and exclusive to other time points, the
mean squared error is relatively similar for calibration and validation as well
as both model approaches. Extrapolating to different concentration levels and
time points leads to a high mean squared error for validation. In opposite, the
calibration error of this variant is very low. This may also depend on the low
number of data points (6 data points for calibration, 8 data points for validation
used for statistics).
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Figure 3.5.10: Mean squared error of all extrapolation experiments (extrapolat-
ing concentrations, days and the combination of concentration
levels and days).

In general, we know that the reliability of the results increases with the
number of sampling points. In this particular case (using this particular data
set), we do not get a good extrapolation result.

Observation 3.5.10 We get an acceptable result (mean squared error) for the
extrapolation exclusive to other concentration levels or time points. However,
the combination of changing concentrations and time points does not yield an
adequate result.

One reason may be the few available data. Another problem is the definition
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of an adequate result. At least the least squares of predicted and observed data
should be small.

The extrapolation with regard to the time points is small: we extrapolate
from two to four days. Therefore, the question arises whether the extrapolation
result is reliable and representable. We can assure that the error is not caused
by discretization of the ordinary differential equation system. However, we
cannot be certain that the calculated error only arises from extrapolation. It is
also possible that there is an error in the structure of the model. Nevertheless,
the main problem is the data availability in terms of expressiveness, validity,
value and significance of the obtained result.

With respect to that few data we use, it is questionable if it is possible to
make a statement and to quantify uncertainty. Furthermore, we want to know
how the exposure profile influences the calibration result. However, considering
our artificial extrapolation experiment, we see that the resulting parameter
values based on the calibration of the total test, the calibration of the even
concentrations and the calibration of only the first two days result in similar
parameter values.

Calculation of Interpolation Error

Above, we regard mainly a possible extrapolation error. Another idea is to
check if it is possible to find an interpolation error, which answers whether it
is possible to predict the test results on day 2 and 3 based on the calibration
result using days 1 and 4. Again, we use the constant exposure test to avoid
errors due to the approximation of the ordinary differential equation system.
Therefore, we test the following split experiments.

1. Interpolation of time points: Calibration with the data measured on day 0, 1,
4; Validation with days 2, 3.

2. Interpolation of concentrations: Calibration with concentrations 0, 1, 6, 7;
Validation with concentrations 2, 3, 4, 5.

3. Combination of interpolation of concentrations and time points: Calibration
with concentrations 0, 1, 6, 7with the data measured on day 0, 1, 4; Validation
with concentrations 2, 3, 4, 5 on day 2, 3.

Calibration and Validation of the Split Experiment with regard to Time
Points. As calibration set, we use the data of all concentrations measured
at day 0, 1, 4, whereas we validate with the data taken on day 2 and 3. We adapt
the background mortality, considering the control data of day 0, 1 and 4 we get
a mortality rate of 0.0152 d−1, regarding day 0, 2 and 3 we get 0.0198 d−1.
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The resulting parameter set is very similar compared to the total test parame-
ter data (expect for the smaller value of control mortality) with respect to both
model approaches sd and it (Table 3.5.17).
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Figure 3.5.11: Predicted (line) as well as observed (marker) survival probability
of Gammarus pulex exposed to propiconazole. For calibration and
validation the constant exposure test is used. Measurements on
day 0, 1, 4 are used for calibration (above), measurements on day
0, 2, 3 are used for validation (below). Both model approaches sd
(left) and it (right) are calibrated and validated.

The predicted survival probability (lines) corresponds well to the experimen-
tal data points (Figure 3.5.11). For the sd model the concentrations 8.05, 11.906
and 13.8 µg l−1 are equal to the control prediction. The it model predicts only
concentration 8.05 µg l−1 to have an equal effect as the control.
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We regard the statistical goodness of the interpolation of calibration with
respect to day 2 and 3 in Table 3.5.14.

Table 3.5.14: Statistical goodness of fit comparing experimental and by model
predicted survival probability of both model approaches. Cali-
bration is performed using the data on day 1 and 4 of the acute
test. The validation study is the experimental data of day 2 and 3.
The brightness of cell color indicates the order from best to worst
where the darker green cell is the best, the lightest green the worst
value.

Day 1, 4 Day 2, 3

Property
Model

sd it sd it

ε 8.305 11.864 5.97 9.512
r2 0.972 0.936 0.991 0.982
ef 0.968 0.935 0.99 0.976
|C − O| 0.615 0.973 0.467 0.726
(C − O)2 0.059 0.121 0.024 0.06
srmse 0.098 0.141 0.071 0.113
ste 0.066 0.105 0.058 0.089
L 54.484 55.155 40.432 44.913

Observation 3.5.11 With reference to the statistical measurements, both models,
sd and it, are able to predict the survival probability of the second and third
day (interpolation).

Comparing the calibration and validation statistics within both model ap-
proaches, in both cases the validation statistics are better than the calibration
statistics, for example, the squared residuals are approximately twice that small.
The underlying number of data points is equal: each 14 data points (without
control data, without initial time points).

Calibration and Validation of the Split Experiment with regard to Concen-
trations. We verify, if the interpolation also works for selected concentration
levels. Therefore, we use for calibration the data of concentration 0, 1, 6 and
7. For validation we use the remaining concentrations (concentrations 0, 2, 3,
4 and 5). The background mortality of split (chosen concentration levels) and
total test is equal (based on same control).

124



3.5 Examples and Results

The values of the fitted parameters are different to the parameters derived
by fitting the total acute test: The dominant rate constant of sd model and
the threshold concentration are halved (Table 3.5.17). The killing rate is rather
similar (0.13 Lµg−1 d−1 for the total test, 0.1 Lµg−1 d−1 for the modified test,
respectively). Also relating to the it model, all parameters are clearly smaller:
the dominant rate constant is 51.89 %, the parameters α and β are 39.77 %
respectively 29.97 % smaller.

Table 3.5.15: Statistical goodness of fit comparing experimental and by model
predicted survival probability of both model approaches. Cali-
bration is done with the acute test with concentration 1, 6, 7. Val-
idation study is the experimental data of concentration 2, 3, 4, 5.
The brightness of cell color indicates the order from best to worst
where the darker green cell is the best, the lightest green the worst
value.

Conc 1, 6, 7 Conc 2, 3, 4, 5

Property
Model

sd it sd it

ε 7.788 12.541 40.805 24.709
r2 0.992 0.979 0.509 0.713
ef 0.991 0.977 −0.449 0.469
|C − O| 0.382 0.614 4.501 2.434
(C − O)2 0.02 0.052 2.121 0.778
srmse 0.092 0.149 0.482 0.292
ste 0.072 0.116 0.373 0.202
L 29.66 31.131 119.847 77.338

In Table 3.5.15 the statistical measurements with respect to the interpolation
of concentrations are presented. They show a different picture as the statistics
of interpolating between the days. The statistics in Table 3.5.15 show a very
clear ranking. The calibration data fits better to the model prediction, whereas
with regard to the calibration statistics the sd model is better, with regard to
validation the it model corresponds better to the experimental data.

We have to be aware that we use a different number of data points for valida-
tion and calibration. The calibration statistics is based on three concentration
levels (12 data points) whereas validation relies on four levels (16 data points).

In Figure 3.5.12 the visual result of the concentration’s interpolation is pre-
sented. One can see that the sd model clearly overestimates the effects of four
days constant exposure of concentration 11.906, 13.8 and 17.872 µg l−1. Only
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Figure 3.5.12: Predicted (line) as well as observed (marker) survival probability
of Gammarus pulex exposed to propiconazole. For calibration and
validation the constant exposure test is used. Measurements of
concentration 0, 1, 6, 7 are used for calibration (above), measure-
ments of concentration 0, 2, 3, 4, 5 are used for validation (below).
Both model approaches sd (left) and it (right) are calibrated and
validated.
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the effect of concentration level 24.186 µg l−1 is underestimated.
Regarding the it model, we get the same result; only the highest validation

concentration is well-predicted. For the other concentrations the it prediction
line is clearly beneath the experimental data points.

Calibration and Validation of the Split Experiment with regard to Time
Points and Concentrations. Finally, the two previous interpolation experi-
ments are combined for the last artificial split interpolation test: calibration is
done with the data of day 0, 1, 4 using concentration 0, 1, 6 and 7, validation
with the remaining data points.

We adjust the background mortality equivalently to the days interpolation
experiment: we set the value for the calibration data set to 0.0152 d−1 (based on
day 0, 1, 4) and for the validation set to 0.0198 d−1 (regarding control data on
day 0, 2 and 3).

Table 3.5.16: Statistical goodness of fit comparing experimental and by model
predicted survival probability of both model approaches. For
calibration we use measurements of the acute test of day 1 and
4 and concentration 1, 6, 7. As validation study the experimental
data of day 2 and 3 with concentration 2, 3, 4, 5 is applied. The
brightness of cell color indicates the order from best to worst
where the darker green cell is the best, the lightest green the worst
value.

Day 1, 4 + Conc 1, 6, 7 Day 2, 3 + Conc 2, 3, 4, 5

Property
Model

sd it sd it

ε 6.964 14.38 43.256 25.451
r2 0.99 0.957 0.625 0.799
ef 0.99 0.956 −0.38 0.522
|C − O| 0.171 0.368 2.544 1.336
(C − O)2 0.01 0.042 1.113 0.385
srmse 0.079 0.164 0.509 0.299
ste 0.056 0.121 0.434 0.228
L 17.746 18.544 74.639 48.111

The statistics rest upon six data points regarding calibration and upon eight
data points with respect to the validation data set (Table 3.5.16). We consider
clearly less data than used for the other two interpolation experiments. The
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Figure 3.5.13: Predicted (line) as well as observed (marker) survival probabili-
ty of Gammarus pulex exposed to propiconazole. As calibration
and validation study the constant exposure test is used. Mea-
surements on day 0, 1, 4 of concentration 0, 1, 6, 7 are used for
calibration (above), measurements on day 0, 2, 3 of concentration
2, 3, 4, 5 are used for validation (below). Both model approaches
sd (left) and it (right) are calibrated and validated.
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statistical measurements show the same picture as the statistics of the concen-
tration interpolation: best is calibration. Model prediction of it corresponds
better to the experimental data than the sd model.

With reference to model efficiency, the validation of sd model is slightly better
than the interpolation fit of the concentrations, but, still, negative. Also for it
validation the model efficiency of the concentration interpolation (0.469) is worse
than the model efficiency of the combination of interpolation of concentrations
and days (0.522).

Taking the mean of the model efficiency values with respect to calibration
and validation and both model approaches, the best mean model efficiency is
obtained for the interpolation experiment of days (0.97), then concentrations
and days (0.52), and at last concentrations (0.50).

In Figure 3.5.13 the visual result of interpolation within concentrations and
days is presented. We can see that, we have a similar effect as observed in
the concentration interpolation experiment, namely that the by sd model pre-
dicted survival probability of all middle concentrations (level 11.906, 13.08 and
17.872 µgL−1) is underestimated. The same is the case using the it approach
but not that striking.

Table 3.5.17: Fitted parameter values of guts -sd and guts - it using the acute
test in various ways. The total data set, only the first and last
day, only the first and the last two concentrations are selected as
experimental calibration data and a combination using the data of
the first and the last two concentrations of the first and last day.

Parameter Total Test Day 0, 1, 4 Conc 0, 1, 6, 7 Day 0, 1, 4, 6 +
Conc 0, 1, 6, 7

kd 2.182 2.192 1.025 1.145
kk 0.13095 0.12783 0.10125 0.09571
z 16.97 17.01 7.57 7.82

kd 0.75 0.79 0.38 0.40
α 17.98 18.23 10.98 11.08
β 6.975 7.070 4.951 5.429

hb 0.01725 0.01524 0.01725 0.01524

In Table 3.5.17 the parameter values of all interpolation studies in comparison
to the total data fit can be seen. The parameter values resulting of the fit using
only the first and the last day are very similar to the all data fit. Only the value
of the background hazard is different due to the less control data. Also the

129



Chapter 3 guts – General Unified Threshold Model of Survival

last two parameter sets, interpolation of concentrations and the combination of
interpolation of days and concentrations, are very similar besides the value of
the control mortality.

In Figure 3.5.14 the interpolation error in terms of the mean squared error
can be seen.
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Figure 3.5.14: Mean squared error of all interpolation experiments (interpolating
concentrations, days and the combination of concentration levels
and days).

Observation 3.5.12 The error is relatively small for the interpolation within
days. Regarding the interpolation of concentrations and the interpolation of
concentrations and days the error of the model sd is clearly higher.

The pattern of the mean squared error of the interpolation of concentration
levels and interpolation of both concentrations and days seems to be very
similar: a relatively low calibration error with respect to sd and it. In both
cases the error of sd is lower than the calibration error of it.

The validation error of sd is very high, considering concentrations and days
a little higher than for interpolation only of concentrations. The validation error
respecting the it model is almost identical for interpolation of both and only
concentrations.

Observation 3.5.13 In total the maximal mean squared error of interpolation
is smaller than the maximal error in extrapolation experiments (compare Fig-
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ure 3.5.10).

Nevertheless, a maximal mean square error of 0.14 is calculated with respect
to the survival probability meaning that we are dealing with a mean deviation
of 14 %.

Regarding our selected data set, we learn that interpolation within the days
works very well (statistics of the validation data set are even better than of the
calibration data set). The interpolation with respect to concentrations performs
worse. With the resulting parameter set, it is not possible to describe the middle
validation concentration levels adequately. The question to ask is whether we
can conclude from these results a conceptual error in the guts models.

We have seen that using a split method dividing the total test into parts can
lead to very different but also to very similar parameter values.

Sensitivity Analysis

Changes in parameter values, in general, influence the model output. We want
to quantify the sensitivity of the output of both guts models. For this analysis,
we use the parameter data set derived by fitting the total acute toxicity test.

Therefore, we simulate the effects on scaled survival probability by changing
systematically one tktd parameter value and keep the others fix (local sensitiv-
ity analysis) as described in EFSA PPR Panel 2014 respectively in Section 2.4.2.

Two exemplary exposure scenarios are tested: constant exposure over a test
period of 7 days and pulsed exposure (first day constant exposure followed
by a recovery period of 6 days). In both scenarios, the selected propiconazole
concentration results in 10 % mortality until day 7. We set the background
mortality to zero, to observe only the influence of the active substance on
survival of Gammarus pulex. With regard to sd a 7 days constant exposure
of 17.148 µgL−1 leads to 90 % survival probability until day 7. Using the it
approach exceeds a lower exposure level: 13.176 µgL−1.

The visual result of the sensitivity analysis of the constant exposure case
is presented in Figure 3.5.15. The relative changes in survival probability
are plotted over the relative changes of the parameter value. Due to this
standardization, the point (1, 1) in the resulting graph corresponds to the fitted
parameter data set resulting in a mortality of 10 % until day 7.

The survival probability decreases for higher dominant rate constants (Fig-
ure 3.5.15). This is reasonable, because the dominant rate determines the speed
of uptake and elimination of the active substance. In the constant exposure sce-
nario a higher rate leads to an earlier reaching of the equilibrium. In equilibrium,
the scaled internal concentration is equal to the external concentration.
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Figure 3.5.15: Result of a local sensitivity analysis. The scaled change of pa-
rameter value is related to the scaled survival probability after
7 days constant exposure (guts -sd: 17.148 µgL−1, guts - it:
13.176 µgL−1). Both model approaches are shown: guts -sd
(left) and guts - it (right).

If the threshold value z is smaller than the scaled internal concentration, the
model will predict increased hazard values and hence higher mortality rates. In
case that the threshold value is greater than the scaled internal concentration, it
conducts a hazard of zero and thus 100 % survival probability.

The higher the killing rate kk, the smaller is the survival probability.
Regarding the it model (right sub figure) the curve of kd shows the same

behavior as for the sd model, but it results in a different level for higher values.
For the it model the higher dominant rate results in 90 % survival probability,
whereas for the sd model the higher dominant rate results in a lower survival
probability (lower than 90 % survival probability).

The relative change in the parameter α produces a similar change in scaled
output (shape) as the relative change of threshold z of the sd model. A higher
β value leads to a survival probability of 100 %. A lower value (relative change
98 %) yields a lower survival probability (around 50 %).

We consider the second exposure profile: one day constant exposure followed
by a recovery period of 6 days (no exposure). One day constant exposure of
22.885 µgL−1 leads to 90 % survival probability for the sd model. Using the it
approach a higher exposure level (25.524 µgL−1) results in 10 % mortality until
day 7.

The visualization of local sensitivity analysis resting upon the pulsed exposure
scenario can be seen in Figure 3.5.16. Referring to the sd model the dominant
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Figure 3.5.16: Result of a local sensitivity analysis. Scaled changes in parameter
value are related to the scaled survival probability. As pulsed
exposure scenario 1 day exposure followed by 6 days recovery is
used. On the left the model guts -sd and on the right guts - it
can be seen.

rate constant kd has the same shape as in the constant exposure scenario but
results in a lower survival probability (around 50 %). Relative changes in the
killing rate kk result in the same scaled output within both scenarios.

With respect to the threshold parameter z, we have the same shape within
both exposure scenarios, but for the one day exposure scenario the curve is
steeper but it later attains the same plateau (survival probability of 100 %).

The tk parameter of it model kd shows the same behavior as in the sd
model. The increased relative changes in the parameter value for the one day
exposure result in a clearly lower survival probability (around 10 %).

The td parameters of the it hypothesis α and β are equally independent of
the considered exposure scenario.

In Table 3.5.18 the sensitivity coefficients of all parameters for each model
approach (sd and it) and scenario (7 days and 1 day constant exposure) are
presented. Therefore, the relative change in survival probability assuming a
parameter change by 10 % is divided by the changed parameter of 10 %. As we
change the parameter values in both directions (±10 %), the mean of the two
resulting coefficients is calculated.

A value above 1 implies that the model output (here: survival probability)
reacts to a greater degree than the parameter change, and vice versa. A negative
sensitivity coefficient indicates an inverse output reaction compared to the
parameter change. For example, a sensitivity coefficient of −0.5 indicates that
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Table 3.5.18: Sensitivity coefficients calculated as mean values of the relative
change of survival probability until day 7 related to an increase
and a decrease of the calibrated parameters by 10 %.

Model Parameter 7 days 1 day

sd kd −0.0608 −0.3617
sd kk −0.1055 −0.1048
sd z 4.1375 0.9497

it kd −0.0205 −0.4641
it α 0.7368 0.7362
it β 0.2195 0.2194

an increase (decrease) of the analyzed parameter by 10 % results in a decrease
(increase) of the survival probability by 5 %.

The sensitivity coefficient of the killing rate is negative and very similar in
both scenarios. Also the dominant rate constant of the sd model has negative
sensitivity coefficients, but its value for the one day exposure is about six times
smaller.

Observation 3.5.14 The highest sensitivity coefficients in both exposure profiles
are attained changing the threshold parameter value z successively.

Hence, the threshold parameter is the most important guts -sd parameter
regarding both scenarios.

Considering the it model there is no difference in sensitivity within both
scenarios for the td parameters α and β. In contrast to the td parameters,
the sensitivity coefficients of parameter kd are negative. The coefficient of the
one day exposure scenario is smaller than the coefficient of the longer exposure
duration.

Observation 3.5.15 The most sensitive parameter in both exposure scenarios for
the it model is α. However, this parameter is less sensitive than the threshold z
for guts -sd in both scenarios.

Above, we do not consider the sensitivity of the parameter in time. Thus, we
calculate the normalized sensitivity coefficients (Definition 2.4.19) for the sd
and it parameters with respect to the most relevant model output, namely the
survival probability. We use the results in Section 3.3.5. In Figure 3.5.17 one
can see that sensitivities are time-varying and depend on the external exposure
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level. We use the same constant exposure as above: for sd 17.148 µgL−1 and for
it 13.176 µgL−1. In addition to this exposure level we calculate the normalized
sensitivity coefficients for the multiplication factors 0.5, 1.125, 1.25, 1.5 and 2.
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Figure 3.5.17: Change of normalized sensitivity coefficients in time (7 d) of
guts -sd parameter kd, kk, z (above) and guts - it parameter kd,
α, β (below) under constant exposure.

For all parameters expect for β and kd (it) yields that the higher is the
exposure value, the higher is the absolute value of the normalized sensitivity
coefficient. The sensitivity of the sd parameters starts, when the hazard is
exceeding the threshold. For kd and kk the normalized sensitivity coefficients
are positive, for z negative. The sensitivity of kd increases up to a constant
plateau. The killing rate kk is monotonously increasing, whereas the sensitivity
of z is monotonously decreasing. For kk the slope (steepness) depends on the
exposure: the higher the constant exposure, the steeper is the curve and the
higher is the value of the normalized sensitivity coefficient. For the threshold
parameter z the change of sensitivity coefficients is parallel (same slope). The
exposure level determines the starting time point which is earlier for higher
concentration levels. For all sd parameters the value at day 7 is equal to the
maximum absolute normalized sensitivity value.
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For kd (it) the highest concentration has the lowest normalized sensitivity
coefficient at the end of seven days. At the beginning, for the higher multipli-
cation factor (1.5), the sensitivity coefficients are positive and then negative at
0.125 d. For the multiplication factor 2 the sensitive coefficient is positive until
the 10th hour. The value at the first hour is 69.67. For β for the multiplication
factors 0.5, 1 and 1.125 yields that the higher the factor, the higher the norma-
lized sensitivity coefficient and the maximum value is attained at day 7. For
the multiplication factor 1.25 the sensitivity coefficient has its maximum value
after 46 hours. At day seven the sensitivity coefficient is even negative. For the
highest multiplication factor the maximum is attained already attained after
27 hours and the value at day seven is equal to −2.45. For α the change of
normalized sensitivity coefficients is positive. The coefficients are monotonously
increasing in time until a plateau.

Given that the local normalized sensitivities are evaluated at a given parame-
ter value, these are only valid in a region near this parameter value.

Extrapolation to Fluctuating Long Term Exposure

In the previous section, we already considered two different exposure scenarios,
one constant and one pulse exposure scenario. We performed a sensitivity
analysis to get insights into the model’s behavior and performance.

With respect to the assessment of a potential risk of an active substance the
prediction of effect of realistic exposure scenarios is important. For example,
an extrapolation to a more realistic highly dynamic exposure scenario like
focus scenarios. An exemplary exposure scenario can be seen in Figure 3.5.18
representing the predicted environmental concentration of an active substance
in an edge-of-field ditch.

We had problems to validate the tktd parameters using a short term pulsed
test. Therefore, the arising questions are how reliable are such long term
predictions and whether it is possible to estimate an extrapolation error or
at least to find approximate bounds on the error to stat the reliability of the
predictions.

The exposure situation is totally different: usually focus scenarios represent
a time horizon of 365 − 485 days dependent on the application time point
(spring, summer, autumn). Furthermore, the exposure profile is not constant,
but variable in time.

We have in particular two different kind of errors:

1. Error caused by solving the differential equations approximately, and

2. Extrapolation error due to exposure pattern (higher test duration, variable
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Figure 3.5.18: Exemplary external concentration profile (right), Ditch 1 from
Ducrot et al. 2016 and model predicted survival probability (sd
in steel blue, it in red).

exposure).

Assuming that the focus scenario represents a realistic exposure situation, it
is possible to calculate factors leading to different survival probabilities (10 %
mortality, 20 % mortality,...).

This leads to safety margins respectively worst case scenarios for a certain
focus scenario. It is also possible to identify a worst case based on several
focus scenarios respectively characterize exposure profiles regarding their
effect on survival on the organism. Having different realistic scenarios one
can calculate a mean risk (expected survival probability based on all regarded
scenarios).

The life span of Gammarus pulex according to Sutcliffe et al. 1981 is 350–450
days at 15 ◦C. In Sutcliffe et al. 1981 is also mentioned that some individuals
live longer (640–700 days). Setting the background hazard rate to 0.01725 d−1

which is a joint variable describing other causes of death except of external
concentration like effects of diet or temperature leads to a survival probability
of 0.18 % at day 365 and of 0.023 % at day 485. That means independently of
the pesticide’s exposure the survival probability after 485 days for Gammarus
pulex is zero (using the control mortality of the constant test).

Observation 3.5.16 Setting the background hazard rate to zero, leads to an
unrealistic (biologically incorrect) control survival probability (100 %), but we
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Chapter 3 guts – General Unified Threshold Model of Survival

can observe better the single effect of an active substance.

The by focus predicted environmental concentration as presented in Ducrot
et al. 2016 leads to an extinction of Gammarus pulex. The predicted scaled
internal concentration profiles, as well the predicted survival probability are
presented in Figure 3.5.19.
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Figure 3.5.19: Predicted scaled internal concentration (orange line) of Gammarus
pulex exposed to the Ditch 1 scenario in Ducrot et al. 2016 using
guts -sd (left) and guts - it (right). The relevant scaled internal
concentration is shown in red: the scaled internal concentration
greater than the threshold (sd) and the maximum scaled internal
concentration (it). In black the hazard function (sd) and the
distribution function is shown (it).

In Figure 3.5.19 one can see that the scaled internal concentration profiles
(orange) of sd (left) and it (right) look similarly, but they differ in detail
because of the different values of the dominant rate constant determining the
speed of uptake and elimination of the external concentration. The sd scaled
internal concentration is much higher than the it scaled internal concentration
due to the higher rate constant.

Observation 3.5.17 Nevertheless, the scaled internal concentration in both
model approaches leads to a high mortality rate. With respect to the sd model
the survival probability until day 28 is smaller than 10 %. In opposite to the sd
model (zero survival probability), regarding the it approach a percentage of
population survives until day 485 (survival probability 2 %).
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Furthermore, in Figure 3.5.19 one can see the difference of sd and it: for sd
the hazard (left, black line) increases when the scaled internal concentration
is greater than the threshold z (left, red line); for it the maximum concentra-
tion until the considered time point (right, red line) is used as input for the
distribution function (right, black line).

Calculation of Multiplication Factors. We want to know, which multiplica-
tion factor to the exposure profile leads to a mortality of 10 % at the end of the
time period of 485 days. This factor differs between both model approaches. If
we multiply the exposure profile with 0.468, the sd Model will predict 90 %
survival probability. Respecting the it model, we need to multiply the exposure
profile with an even lower factor (0.434) to obtain an acceptable mortality rate
due to the exposure. Thus, an exposure pattern like Ditch 1 leads to acceptable
risk if the profile is multiplied with the corresponding multiplication factor.
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Figure 3.5.20: Multiplication factors to obtain a certain mortality. As external
Concentration Profile Ditch 1 from Ducrot et al. 2016 is used.
The factors for both model approaches are presented: guts -sd
(points) and guts - it (squares).

In Figure 3.5.20 different multiplication factors are presented leading to the
total range of mortality.

Observation 3.5.18 The factors differ within the model approaches. For a mor-
tality smaller than 20 % the multiplication factor using sd is higher. With
respect to a mortality greater than 20 % the factor for it is much higher.
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Remark 3.5.19 The multiplication factor is also called safety margin and defined
as factor that is multiplied to the exposure profile and leading to an acceptable
mortality.

The concept of safety margin is usually used in cases in which the exposure
leads to 100 % survival probability.

Calculation of Discretization Error. Above, we already calculated the dis-
cretization error exactly for a constant exposure scenario for the fathead minnow
case study. We have a fluctuating external concentration profile and thus,
we have to estimate the error comparing two different settings (Richardson
extrapolation, after Definition 2.3.38).
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Figure 3.5.21: Change of the approximate local error of the Ditch 1 scenario in
time using guts -sd (blue) and guts - it (red).
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Observation 3.5.20 The error is based on the discretization of internal con-
centration for the it model. For the sd model, the error is also based on
discretization of the hazard function. The survival functions for both guts
models can be solved exactly.

In Figure 3.5.21 the change of the approximate local error in time of scaled
internal concentrations, hazard (sd) and survival function can be seen. The
local error of the scaled internal concentration differs due to different values
of the dominant rate constant of sd and it. The maximal absolute local error
of scaled internal concentration for sd is approximately 0.04 higher than for
it. In the mean, the local scaled internal concentration error for sd is almost
twice that high. The error of hazard, is as the function itself monotonously
increasing until a value of 0.09. Thus, the local error of the sd survival function
is negative. The maximal absolute error of sd is only 0.000035 higher than the
maximal absolute error of it survival.

Observation 3.5.21 The local discretization error arising due to the scaled
internal concentration (and hazard function) decreases, such that the local error
in both survival functions is clearly smaller.

Uncertainty Analysis. We perform an uncertainty analysis for the Ditch 1
scenario leading to 10 % mortality. Hence, the ditch 1 scenario is multiplied
with the corresponding factors reaching 90 % survival until day 485 (for sd
0.468; for it 0.434). We analyze the results of a Monte Carlo simulation changing
simultaneously randomly all parameter values. As a result we consider the
median and 10th as well 90th percentile.

The visual result of the uncertainty analysis can be seen in Figure 3.5.22. For
the sd model the 90th percentile predictions correspond to the control survival
(100 % survival probability), whereas the 90th percentile of it predictions is
smaller than 100 % (around 95 %). Regarding the 10th percentile, sd model
prediction is much lower (around 40 %), where it predicts approximately 75 %
survival. In general, the mortality increases faster using the it model, but in
the end, both median survival probabilities are around 90 %. The expected
survival probability until day 485 considering all 1000 scenarios is for the sd
model 80.05 % and the it model 87.18 %5. The coefficient of variation of sd is
approximately 0.3, for it 0.1.

In detail, we simulate 1000 Monte Carlo scenarios. We vary simultaneously
all tktd parameters generating normally distributed random numbers with

5Mean of the survival probability at day 485 of all scenarios.
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Figure 3.5.22: Uncertainty Analysis. Predicted median (P50, line), 10th (P10,
dashed line) as well as 90th percentile (P90, dashed line) survival
probability of Gammarus pulex over time using sd model (left)
and it model (right) exposed to the predicted environmental
concentrations of Ditch 1 multiplied by 0.468 (sd) respectively
0.434 (it).

expected value (µ) equal to the default value (calibrated value). We set the vari-
ance equal to (0.1 · µ)2, such that the resulting coefficient of variation (defined
as standard deviation divided by the expected value) is equal to 0.1.

2
· 10

−
2

0.1
3
0.2
4
0.3
5
0.4
6
0.5
7
0.6
7
0.7
8
0.8
9 1

0

100

200

300

400

500

Survival Probability

Fr
eq

ue
nc

y

sd
it

Figure 3.5.23: Histogram of survival probability until day 485 of both model
approaches sd and it.

In Figure 3.5.23 a histogram of the survival probability to survive until day
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485 of both model approaches is presented. With respect to sd, in 50.4 % of
the cases the survival probability until day 485 is greater or equal to 90 %.
Regarding it, it is 46.9 %.

However, this does not help for the uncertainty related to model correctness.
Furthermore, we do not have more insight into the extrapolation error. Using
sensitivity and uncertainty present the model’s behavior, but it does not give an
answer if the prediction itself is correct. Since we have no long term validation
data, we are not able to judge if the model is suitable for this kind of long term
high variable exposure extrapolation scenarios.

3.6 Discussion

We presented a general unified model describing the interaction and effect on
survival between an organism and the concentration of an active substance in
the environment. There exist two model variants, stochastic death (sd) and
individual tolerance (it). The main questions we would like to answer are

1. when does the model work and

2. how can we deal with uncertainty due to model structure error.

The first main question is related to the quality of the model. We have to
determine if the model performance is sufficiently well. To answer this question
we need to define the expression ”sufficiently well”. In order to do this we
performed a statistical analysis of the deviations between model predictions and
observations. In detail, we calculated the coefficient of determination, model
efficiency, scaled root mean squared error, scaled total error and the model error
based on χ2 - statistics.

We can easily use the statistical quality criteria to decide which of our two
model hypotheses, sd or it, fits better to the experimental data. However,
assessing the general model quality is more difficult. Therefore, we concentrated
on identifying and quantifying possible model errors. In general, we have
different errors and uncertainties which affect each other:

. the sampling error (few data points),

. the discretization error (local and global truncation error),

. the extrapolation error (prediction of scenarios not covered by calibration),

. the interpolation error (prediction of data points within the range of calibra-
tion data), and

. the uncertainty in parameter values (method, initial values).
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We will now analyze these errors in more details.
Having small samples or unrepresentative samples increases the sampling

error. The group of tested animals is usually rather small due to ethical reasons.
This small sample size leads to an increased uncertainty with respect to cali-
bration and validation and their statistical assessment. A higher sample size
would lead to more reliable statistical criteria.

Furthermore, we have studied the discretization error which arises due to the
approximation of the nonlinear parametrized differential systems. Hence, we
discussed particular scenarios in which we are able to find an exact solution
and thus eliminating the discretization error. We discovered that if we have
constant exposure we can find such an analytical solution.

Using this exact solution as reference, we calculated the discretization error.
The local truncation error in scaled internal concentration depends on parameter
kd as speed of uptake and elimination processes for both model hypotheses.
The error tended to zero, when the scaled internal concentration is equal to
the external concentration value. The error for it is higher at the end of the
time because the value of the tk parameter is low (1.5 d−1) and the time until
equilibrium is reached takes longer. In general the error of scaled internal
concentration is high compared to the error in survival probability. However,
our main interest is in the discretization error of the survival probability as
relevant ecotoxicological endpoint.

Due to the structure of the nonlinear differential equation systems, the trun-
cation error of survival probability for sd depends on the errors of the scaled
internal concentration function and of the hazard function. For it the error
depends only on the error of the scaled internal concentration function. For
sd, the error of the internal concentration function is irrelevant until the time
point when the scaled internal concentration is greater than the threshold. The
smaller the concentration level, the later is the time point of scaled internal
concentration reaching the threshold value. For it, the error in survival is
relatively high in the beginning and it tends to zero at the end of the time.

Summing up, overall in the considered scenario, the global truncation error
of survival probability of both hypotheses was small (< 0.00043) and thus not
important. However, these errors depend on the chosen exposure and parameter
values such that using a different scenario could lead to a different result.

We considered fluctuating exposure in a time period of 485 days to analyze
if the discretization error is growing with longer time periods. As we have
fluctuating exposure, we can only solve the nonlinear differential equation
systems approximately thus, we estimated the discretization error. The dynamic
external exposure lead to several changes in internal concentration, which yield-
ed a higher possible error of internal concentration. Again, the discretization
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error was relatively high for the scaled internal concentration equation, but the
resulting error in survival probability is a negligible error for both sd and it.

Now we concentrate on the value of parameter as possible source of error
and uncertainty. Finding reliable tktd model parameter values is a nonlinear
optimization problem. Due to the fact, that we cannot always calculate the exact
solution, we are not able to use gradient-based optimization methods. Therefore,
it is important to have reliable initial values to find satisfactory solutions and to
reduce uncertainty. We introduced several ideas on how to find proper initial
values which characterizes the space of parameters.

The quality of the calibrated parameters depends on the solution method
of the nonlinear differential equation systems (exact or approximate), on the
sample size of the data, on the space of tested concentrations and of the test
duration. To assess the quality we used the statistical criteria mentioned above
(like model efficiency) and additional test data for the validation of the found
parameters. Again, we use statistics to assess the quality.

We presented a case study that consists of two tests with a different exposure
pattern (constant and pulsed exposure). First, we found parameter values using
the constant test to predict the pulsed test (validation) and vice versa. The
result of both calibration runs was not sufficiently satisfactory. The two tests
were different with respect to test duration (four versus ten days), number
of concentrations (eight versus three concentrations) and exposure pattern
(constant and two pulses). Therefore, it is maybe not possible to use the one to
predict the other data set with both model approaches.

To exclude a possible model error, we determined the interpolation and extra-
polation error by using the acute (constant) data in a split-sample method and
statistical analysis of the residuals between model predictions and observations.
We studied the results of several calibration and validation possibilities. As test
we used the constant exposure test for the split method because we can solve the
underlying differential equations exactly and thus, eliminate the discretization
error.

For the comparison of extrapolation errors we calculated the mean square
error of model predictions and experimental measurements. For sd and it, the
extrapolation error was relatively small regarding the extrapolation of concen-
trations or days, but the error of the combination of both was very high. In a
next step, we split the data to calculate interpolation errors. The interpolation is
different for both model approaches. For it, the interpolation error was always
relatively small. With respect to the guts -sd model the interpolation errors
regarding concentrations and the combination of concentrations and days was
high. In general, for it and sd, the maximal interpolation error was 0.056
smaller than the maximal extrapolation error.
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Considering the resulting parameter values of the split experiments, they
were sometimes very similar, sometimes totally different. One mathematical
explanation for the different parameter values is explainable as we solve the
nonlinear optimization problem using a Nelder-Mead solver. This solver is
known to be dependent on the choice of initial values.

All found results with respect to the interpolation and extrapolation error
are strongly connected with the chosen data set. In a standardized experiment
usually nearly identical organisms are used to minimize uncertainty. However,
even if the test organisms are genetically identical, they have an individual
life history like a different food consumption. Thus, the organisms behave
differently and there is still uncertainty in the data. As discussed before,
primarily the small sample size increases uncertainty. Splitting the tests reduced
further the already relatively small test data and increased uncertainty with
respect to reliable statistical results.

We performed a sensitivity analysis to quantify the influences of changes in
parameter values on the model output. We considered two different exposure
scenarios (constant and peak exposure) to see whether the model behavior is
different.

For the it model the td parameters α and β were not significantly different
in both exposure scenarios. The model output was sensitive to changes in
the tk parameter kd in the pulsed exposure scenario. In the sd approach the
difference between both scenarios was bigger: the model output was especially
sensitive to changes in the threshold value z with respect to the seven days
constant exposure scenario. For the killing rate kk, the model output was equally
sensitive in both exposure scenarios. The tk parameter kd showed a similar
behavior as in the it approach.

If we reconsider that we were not able to predict the effect on survival
probability of the pulsed test (10 days) using the acute test (4 days), we have to
address the question of reliability of the model prediction of up to 485 days and
a much more complex exposure pattern (focus scenario). On the one hand we
the extrapolation with respect to time (factor 121.5) and on the extrapolation
with regard to a more variable exposure profile. There exists no validation data
for variable long term exposure. Thus, we are not able to calculate or even
estimate the extrapolation error.

However, what we can do is to increase the reliability by reducing the magni-
tude of extrapolation. For example, we could choose worst case time windows
from a focus scenario with a much shorter time period. We would gain more
information such that we are simulating a different, more complex and more
realistic exposure scenario in comparison to the standardized experimental
tests.
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However, we showed how to perform an uncertainty analysis of the long
term exposure scenario by varying simultaneously all parameters under a
certain distribution. These changes in parameter values can also be interpreted
as individual differences. The result of the uncertainty analysis is presented
by calculating the median and the 10th percentiles as well as the frequency
distribution of survival probability until the last day. This concept is also
applicable for a simpler exposure scenario. For the sd approach, the median,
10th and 90th percentile of survival probability were equal to one until day
293. After that, the variability increased. For the it model the variability
starts directly from the beginning due to the underlying model hypothesis.
However, at the end of the period (day 485) the uncertainty was higher for sd.
Considering the 10th and 90th percentile we observed a range of predicted
survival probability until day 485 of 40 – 100 % for sd and of 75 – 95 % for it.
Thus, in particular, for sd the explanatory power of the model prediction with
respect to the chosen scenario is questionable.

3.6.1 Open Questions and Future Work

The main advantage of guts is that it can be used for different species and
substance combinations. Further testing is needed to find possible relationships
between similar interacting substances or related species.

Assuming the model is correct for two single substances, it possible to extend
the model to predict the effect of mixtures. For validation also experimental
toxicity tests of the mixture are needed.

As we discussed before, we do not know how trustworthy the long term
predictions of variable exposure are due to the high magnitude of extrapolation.
It is not possible to gain representative validation data. However, choosing
shorter worst time windows from focus scenarios, leads to a more reliable
model prediction and maybe to simplified exposure profiles. These simplified
profiles can then maybe also verified experimentally.

3.6.2 Related Work

As mentioned above, the model itself is introduced by Jager et al. 2011. We used
the data of Ducrot et al. 2016 and Nyman et al. 2012 to compare our calibration
and validation to the results in the two publications.

According to the performance of sd and it approach we and Nyman et
al. 2012 got the same results: both model approach behaved equally well
(correspondence to data).

147



Chapter 3 guts – General Unified Threshold Model of Survival

A lot of work according to the guts models is done by Roman Ashauer and
his team (Ashauer 2018b). For example, Ashauer et al. 2013 predict survival
of carp and fathead minnow under exposure to fluctuating concentrations and
repeated pulses of benzovindiflupyr.

In Ashauer et al. 2013 also a sensitivity respectively an uncertainty analysis is
performed. We have different sensitivity results which confirms that the model
behavior and performance is dependent on the species, substance and exposure
pattern.

In February 2017 a guts project started to test amongst others the various
existing guts implementations. We join the ring test with our implementation
of the model, guts -3s. 6 Our implementation is a user-friendly stand-alone
program covering all necessary steps for its use in risk assessment (calibration of
the substances and species specific parameters using results of ecotoxicological
test(s), verification of the calibrated model based on results of additional test(s),
and prediction of effects (survival over time) for exposure scenarios not tested).

6More information on the ring test can be found at Ashauer 2018a or Jager 2018d.
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4
tktd Model for Lemna Populations

In the following two main chapters we consider the macrophyte Lemna. Lemna
(duckweed) is a free-floating non-rooted macrophyte floating unattached on the
water surface and, moreover, the world’s smallest flowering plant (Maltby et al.
2009). It is worldwide distributed mainly in small water bodies like ditches or
lagoons. Lemna are among others one of the fast growing plants in the world,
doubling their biomass in two or three days on optimal conditions (Jorgensen
and Fath 2014, p. 773).

Furthermore, Lemna is the proposed test species in oecd guideline 221
(OECD 2006b) assessing the toxicity of substances to freshwater aquatic plants.

Figure 4.0.1: Macrophyte Lemna gibba Smith and Sowerby 1790.1

Macrophytes are water plants visible to the naked eye (Ministry for Climate
Protection, Environment, Agriculture, Conservation and Consumer Protection
of the State of North Rhine-Westphalia 2018). As primary producers they are a
key species in diverse aquatic systems like lakes or rivers producing oxygen,
providing substrates and food source and can influence various organisms
like invertebrates, fish and water birds. Hence, macrophytes can influence the

1Public domain, https://commons.wikimedia.org/wiki/File:Lemna_gibba_BD.png
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chemical and physical properties of aquatic systems; they can be indicators
describing the change of water quality and the effect of pesticides like herbicides
to edge-to-field water bodies, for instance, ditches and streams.

In general, the distribution of aquatic macrophytes in any water body is
additionally influenced by the landscape, soil and water chemistry and climate
(Maltby et al. 2009). More information on macrophytes, in general, and in
particular about the aquatic macrophyte risk assessment for pesticides can be
found in Maltby et al. 2009.

In current risk assessment, macrophytes are identified as key driver in edge-of-
field surface waters and shall be protected at the population level by considering
its growth and abundance (biomass) in edge-of-field surface waters. A growth
inhibition test with Lemna is mainly carried out in the risk assessment of
herbicides or a plant growth regulators (chapter 5, EFSA PPR Panel 2013).

We consider in this chapter the Lemna model of Schmitt et al. 2013. This
model is suitable for laboratory conditions as well as field conditions with a
longer time period and more variable environmental conditions. The aim is to
analyze and extend the existing model. In particular, we concentrate on the
reliability of model predictions. As the Lemna model differs partly in Schmitt
et al. 2013 and in the corresponding supplementary R code, we want to clarify
the coincidence and difference. Furthermore, we analyze the model especially
to its use as supplementary tool for risk assessment of quantifying the effect of
active substances on Lemna populations.

4.1 Model Summary

The model represents the development of Lemna biomass under laboratory and
environmental conditions. Growth is simulated on basis of photosynthesis
and respiration rates which are functions of environmental conditions. The
toxicodynamic sub-model describes the effects of growth inhibiting substances
by a respective reduction of the photosynthesis rate based on the internal
concentration. The model is based on work of Bayer Crop Science and is
published by Walter Schmitt (Schmitt et al. 2013).

4.1.1 Model Purpose

The model gives insights into the effect of active substances on the population
growth of the non-target Lemna. Using a model like this allows extrapolating the
effects determined using standardized exposure patterns in laboratory studies
to more realistic scenarios like varying exposure or varying environmental
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conditions. One key component of the model is the toxicokinetic sub-model
translating external concentrations into internal concentrations before linking it
to the effect of the noxious substance.

4.1.2 Model Concept

The model is a combination of a one-compartment toxicokinetic (tk) model and
a differential equation model describing the development of biomass in time un-
der the effect of exposure (td) and environmental conditions like temperature,
light and availability of necessary nutrients (phosphate and nitrate).

The underlying growth model is defined by evaluating data taken from dif-
ferent literature sources (Schmitt et al. 2013). The elemental growth parameters
are species dependent whereas the tktd parameters differ between various
active substances. They have to be determined by calibrating the model using
substance specific effect data from ecotoxicological tests.

4.2 Model Description

The Lemna population growth model by Schmitt et al. 2013 is based on a simple
differential equation that describes the change of biomass in time.

Definition 4.2.1 (Exponential Growth Function) Let t ∈ [0, tn] be the time,
k1 ∈ R+ \ {0} a constant photosynthesis rate, k2 ∈ R+ a respiration rate and
BM0 ∈ R+ \ {0} an initial (dry) biomass value. A solution function BM : [0, tn]→
R+ of the initial value problem

{
d
dtBM (t) = k1 · BM (t) − k2 · BM (t) , ∀t ∈ [0, tn]

BM (0) = BM0

is an exponential growth function.

The growth of population is formulated as total change of (dry) biomass in
time BM : [0, tn] → R+. It is the solution function of the differential equation.
The change of biomass is influenced by the constant photosynthesis rate k1 ∈
R+ \ {0} and respiration rate k2 ∈ R+. The constant BM0 ∈ R+ \ {0} is the initial
dry biomass value.

Environmental conditions like temperature, radiation, nitrate, phosphate
and substance concentration in water influence photosynthesis. Hence, addi-
tional factors respectively functions with co-domain [0, 1] are multiplied to a
photosynthesis rate under optimal conditions.
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If the product of all factors is equal to one, the effective growth rate is not
influenced and we have optimal growth conditions. If the product of the factors
influencing photosynthesis is smaller than one, the growth of the water plant is
inhibited.

Furthermore, to consider that Lemna population can not grow exponentially
in the long term, for example, due to self shading, a growth capacity parameter
DL is included. The integration of this parameter leads to a logistic growth
function (Example 2.3.12).

Definition 4.2.2 (Logistic Growth Function) Let t ∈ [0, tn] be the time, k1 ∈
R+ \ {0} a constant photosynthesis rate, k2 ∈ R+ a respiration rate, f1 : [0, tn]→
[0, 1] a function influencing photosynthesis, f2 : [0, tn]→ R+ a function influenc-
ing respiration and BM0 ∈ R+ \ {0} an initial (dry) biomass value. A solution
function BM : [0, tn]→ R+ of the initial value problem

{
d
dtBM (t) =

(
k1 · f1 (t) ·

(
1− 1

DL
· BM (t)

)
− k2 · f2 (t)

)
· BM (t) , ∀t ∈ [0, tn]

BM (0) = BM0

is a logistic growth function.

The functions f1 : [0, tn] → [0, 1] and f2 : [0, tn] → R+ denote the functions
describing the influence of environmental conditions on the photosynthesis
and the respiration rate. Respiration is only influenced by temperature and not
included as scaled response function.

In more detail, we assume, we have n ∈ N discrete time points tj with
j ∈ {0, 1 · · · , n}. We denote the set of all time points with Z = {t0, t1, · · · , tn} and
require 0 = t0 < t1 < · · · 6 tn. To each discrete time point we have the measured
environmental conditions temperature, radiation and the nutrients phosphate
and nitrate:

Temperature Z→ R in ◦C

Radiation Z→ R+ in kJm−2 d−1

Phosphate Z→ R+ in mgL−1

Nitrate Z→ R+ in mgL−1.

Using linear interpolation we get piecewise linear continuous functions defined
for each time point t in the compact interval [0, tn] (compare Example 2.3.6).

Temperature T : [0, tn]→R

Radiation I : [0, tn]→R+
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Phosphate P : [0, tn]→R+

Nitrate N : [0, tn]→R+

The resulting functions are composed with response functions to get a quan-
titative optimal value in the interval [0, 1] for scaling growth. In case that this
value is equal to zero, there is no photosynthesis activity (photosynthesis rate is
equal to zero). On the contrary, a value equal to one, leads to optimal growth
conditions (maximum photosynthesis rate).

Temperature response f̂ T
1 : R → [0, 1]

Light response f̂ I
1 : R+ → [0, 1]

Phosphate response f̂ P
1 : R+→ [0, 1]

Nitrate response f̂ N
1 : R+→ [0, 1]

Thus, all in all we have for each environmental condition a dependency
function. For instance, for the temperature dependency we have a composed
function f T

1 = f̂ T
1 ◦ T:

Temperature dependency f T
1 : [0, tn]

T→ R
f̂ T
1→ [0, 1] .

Equivalently we derive the other environmental dependencies.

Light dependency f I
1 : [0, tn]→ [0, 1]

Phosphate dependency f P
1 : [0, tn]→ [0, 1]

Nitrate dependency f N
1 : [0, tn]→ [0, 1]

Additionally to the environmental conditions, we have predicted environmental
concentration values of an active substance. Using linear interpolation we get a
piecewise linear continuous function Cext : [0, tn] → R+ defined for each time
point t in the compact interval [0, tn] (compare Example 2.3.6) describing the
concentration profile of a toxic substance in the habitat in time.

Given this exposure profile and the current biomass value of Lemna, the
internal concentration (concentration of the noxious material in plant) can
be calculated by solving an ordinary differential equation. The result of the
differential equation is the continuous function Cint : [0, tn]→ R+ in µgL−1.

The effect of the internal concentration on growth is realized equivalently to
the environmental conditions: by composing to a response function. With help
of a dose-response relationship a quantitative optimal value equivalently to the
environmental conditions can be classified.

Internal Concentration Response f̂ Cint
1 : R+ → [0, 1]
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In Schmitt et al. 2013 the logistic growth term 1− 1
DL
· BM (t) is interpreted

as photosynthesis factor equivalently to the environmental conditions. A self-
regulation process that uses the current dry biomass value to assign every time
point t ∈ [0, tn] a factor between zero and one.

All the scaled dependency functions are multiplied to get a joint function
describing the combination of all influences caused by exposure, self-regulation
processes or environmental conditions.

Photosynthesis f1 : [0, tn]→ [0, 1]

The same principle is used to describe the respiration process: the respiration
influencing processes are multiplied to the respiration constant. The higher the
quantitative value, the higher is the respiration rate and thus, the lower is the
effective growth rate (difference of photosynthesis and respiration rate).

In the model illustrated by Schmitt et al. 2013 only temperature can influence
the respiration rate.

Temperature dependency (respiration) f T
2 : [0, tn]→ R+

In contrast to the photosynthesis dependencies this temperature respiration
function is not scaled between zero and one. The reason is that we calculate the
respiration rate of an arbitrary temperature based on a reference respiration
rate derived at a reference temperature.

The proper model consists of two coupled differential equations representing
the change of biomass and the change of internal concentration in time.

Biomass BM : [0, tn]→ R+

Main equation of the Lemna model is the change of biomass (dry weight) in
time based on the effective growth rate (photosynthesis minus respiration based
on environmental and toxic influences).

Definition 4.2.3 (lemna Model) Let t ∈ [0, tn] be the time, k1 ∈ R+ \ {0} a
constant photosynthesis rate, k2 ∈ R+ a respiration rate, f1 : [0, tn] → [0, 1] a
function influencing photosynthesis, f2 : [0, tn] → R+ a function influencing
respiration, BM0 ∈ R+ \ {0} an initial (dry) biomass value and c0 ∈ R+ an initial
value concentration. A model solution is consistent of the biomass function
BM : [0, tn]→ R+ and of the internal concentration function Cint : [0, tn]→ R+
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of the initial value problem




d
dtBM (t) =

(
k1 · f1 (t) ·

(
1− 1

DL
BM (t)

)
− k2 · f2 (t)

)
· BM (t) ,

d
dtCint (t) =

p·AperBM·BM(t)
kfw·BM(t) ·

(
Cext (t) −

Cint(t)
Kpw

)
− kmet ·Cint ,

BM (0) = BM0, Cint (0) = c0 .

The change of internal concentration is a simple one-compartment model
describing the fluxes in and out of the plant.

T

I

P

N

Cext Cint

f2

f1

BM

Figure 4.2.1: Model concept.

In Figure 4.2.1 a scheme of the model concept is presented. A more detailed
description of the model and model equations follows in the next subsections
divided up into two parts: photosynthesis and respiration related processes.

4.2.1 Photosynthesis

The photosynthetic processes offer the plants the energy that they require to
survive. By absorbing sunlight and converting it into sugar, plants create the
energy necessary for sustaining growth and survival.

In Schmitt et al. 2013 photosynthesis is modeled based on temperature, light
and nutrient availability, where all dependencies are scaled functions between
zero and one reducing a maximum photosynthesis rate. In the following, all
photosynthesis dependencies are presented (Schmitt et al. 2013).

Temperature Dependency

We analyze the temperature response function f̂ T
1 : R→ [0, 1]. In Schmitt et al.

2013 this bell shaped temperature response function is used:
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Definition 4.2.4 (Temperature Response Function) Let T ∈ R be the temper-
ature in ◦C, Tmax ∈ R the maximum growth temperature in ◦C, Tmin ∈ R

the minimum growth temperature in ◦C and Topt ∈ R the optimal growth
temperature in ◦C for Lemna. A function f̂ T

1 : R→ [0, 1] with

f̂ T
1 (T) =





exp
(
− ln (10) · (T−Topt)

2

(Tmin−Topt)
2

)
if T 6 Topt

exp
(
− ln (10) · (T−Topt)

2

(Tmax−Topt)
2

)
if T > Topt

is the temperature response function.

In Schmitt et al. 2013 Tmax = 40.5 ◦C is the proposed maximum, Tmin = 8 ◦C is
the introduced minimum and Topt = 26.7 ◦C is the optimum growth temperature
for Lemna. For algae, the same temperature response function with different
parameter values is used (Weber et al. 2012).
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Figure 4.2.2: Temperature response function with Tmax = 40.5 ◦C, Tmin = 8 ◦C
and Topt = 26.7 ◦C (Schmitt et al. 2013).

Lower temperature values yield a lower photosynthesis rate (close to zero),
higher temperature values around the optimal temperature (T → Topt) have less
influence on the photosynthesis rate (f̂ T

1 → 1). Nevertheless, temperature values
greater than the optimal temperature value reduce photosynthesis (close to zero)
and thus growth of the Lemna population (Figure 4.2.2). The parameter Tmin
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and Tmax determine the steepness of the curves of the respective sub-function.
Furthermore, the parameter Topt influences the steepness of the sub-functions
and shifts the maximum peak.

Remark 4.2.5 The temperature response function reaches its maximum (f̂ T
1 (t) =

1), when the temperature is equal to the optimal temperature (T = Topt). Fur-
thermore, the temperature response function tends to zero but has no roots.

Proposition 4.2.6 The temperature response function is continuous.

Proof. The response function is formulated such that it is continuous in T = Topt,
because the left-hand limit is equal to the right-hand limit

lim
T→Topt−

f̂ T
1 (T) = lim

T→Topt−
exp

(
− ln (10) ·

(
T − Topt

)2
(
Tmin − Topt

)2

)
= 1

= lim
T→Topt+

exp

(
− ln (10) ·

(
T − Topt

)2
(
Tmax − Topt

)2

)
= lim

T→Topt+
f̂ T
1 (T) .

The function is also continuous for T 6 Topt and T > Topt. Both sub-functions
are composed of a quadratic and exponential function. According to Propo-
sition 2.3.7 the function is continuous if the quadratic and the exponential
function are continuous. Choosing a

δ = min



1,

(∣∣∣∣∣−
ln (10)

(
Tmin − Topt

)2

∣∣∣∣∣ ·
(
1+

∣∣T̂ − 2 · Topt
∣∣)
)−1

· ε





leads to continuity for T 6 Topt for the expression in the exponent. Same δ
but replacing the parameter Tmin by Tmax yields continuity for T > Topt. As an
exponential function is continuous, the temperature function is continuous for
all T.

Light Dependency

The proposed light response function f̂ I
1 : R+ → [0, 1] is based on two linear

functions.

Definition 4.2.7 (Light Response Function) Let I ∈ R+ be the light in kJm−2,
Isat ∈ R+ a saturating global radiation in kJm−2, α ∈ R+ a slope in kJ−1m−2 d−1

and β ∈ R+ an intercept of the function. A function f̂ I
1 : R+ → [0, 1] with

f̂ I
1 (I) =

{
α · I +β if I 6 Isat

1 if I > Isat
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is the light response function.

In Schmitt et al. 2013 the following parameter are chosen Isat = 15000 kJm
−2

for the saturating global radiation, α = 5 · 10−5 kJ−1m−2 d−1 for the slope and
β = 0.25 for the intercept of the function.
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Figure 4.2.3: Light response function with Isat = 15000 kJm−2 the saturating
global radiation, α = 5 · 10−5 kJ−1m−2 d−1 the slope and β = 0.25
the intercept of the function (Schmitt et al. 2013).

In Figure 4.2.3 the scaled photosynthesis response function in dependence of
different light values can be seen. The function is monotonically increasing and
has an intersection with the y axis in β.

Proposition 4.2.8 The light response function f̂ I
1 : R+ → [0, 1] is continuous.

Proof. The function is continuous in I = Isat, because the left-hand limit is equal
to the right-hand limit

lim
I→Isat−

f̂ I
1 (I) = lim

I→Isat−
5 · 10−5 · I + 0.25 = 1 and lim

I→Isat+
f̂ I
1 (I) = lim

I→Isat+
1 = 1 .

Furthermore, the function is linear I 6 Isat and hence continuous (Example 2.3.5,
choose δ = 1

α · ε). For I > Isat is the light response function constant and thus
the function is continuous for all I ∈ R+.
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Nutrients Dependency

The following two equations describe the influences of nutrient concentrations
on the photosynthesis rate of Lemna. In Schmitt et al. 2013 functions for nitrate
and phosphate are presented, where for both the same type of function is used.

Definition 4.2.9 (Nutrient Response Function) Let x ∈ R+ be the nutrient
concentration in mg l−1 and x50 in mg l−1 the concentration at which half the
maximum is reached. The nutrient response function is f̂ x

1 : R+ → [0 , 1) with

f̂ x
1 (x) =

x
x + x50

.

In Schmitt et al. 2013, we have x = N respectively x = P in mg l−1 with
N50 = 0.034 mg l−1 respectively P50 = 0.0043 mg l−1 the concentrations at
which half the maximum is reached.
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Figure 4.2.4: Phosphate and nitrate response function: the functions given
in the paper Schmitt et al. 2013 (black), functions given in the
supplementary R code (blue).

In Figure 4.2.4 the hyperbolic functions with co-domains between zero and
one for both nutrients can be seen in black.

Remark 4.2.10 The nutrients response functions described in Schmitt et al. 2013
and the supplementary R code (Listing 4.1) differ slightly.

We compare both functions.
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1 # - Phosphorus dependence (Hill like dependence) -

2 C_P = 0.3, # [mg/L] Phosporus concentration in water

3 CP50 = 0.0043,# [mg/L] P-conc. where growth rate is halfened [Data from L??nd,

1983 evaluated with monod model]

4 a_P = 1, # [] Hill coefficient

5 KiP = 101, # [mg/L] P-inhibition constant for very high P-conc. [Ref. F 0191]

6

7 # - Nitrogen dependence (Hill like dependence) -

8 C_N = 0.6, # [mg/L] Nitrogen concentration in water

9 CN50 = 0.034, # [mg/L] N-conc. where growth rate is halfened [Data from L??nd,

1983 evaluated with monod model]

10 a_N = 1, # [] Hill coefficient

11 KiN = 604, # [mg/L] N-inhibition constant for very high P-conc. [Ref. F 0191]

12 # Phosphorus

13 f_P <- function(C_P, CP50, a_P, KiP)

14 {

15 C_P^a_P/(C_P^a_P + CP50^a_P) * KiP/(KiP + C_P)

16 }

17

18 # Nitrogen

19 f_N <- function(C_N, CN50, a_N, KiN)

20 {

21 C_N^a_N/(C_N^a_N + CN50^a_N)* KiN/(KiN + C_N)

22 }

Listing 4.1: Nutrient dependence in R by Walter Schmitt

The calculation of nutrient dependencies is similar for both nitrate and phos-
phate. The presentation of nutrient response in the R code is similar to the
equation used in Lasfar et al. 2007 to describe the intrinsic growth rate in
dependence of nitrogen and phosphate concentration.

In Lasfar et al. 2007 the reason of the additional term (nutrient inhibitions
constants) is to take into account any inhibition effect at higher nutrient concen-
trations. The values of KIN and KIP in Lasfar et al. 2007 are equal to the values
given in the R code. However, the saturation constants in Lasfar et al. 2007 are
totally different (N50 = 0.95 mgL−1, P50 = 0.31 mgL−1).

On the left hand side f̂ x : R+ → [0 , 1) is the function given in the paper, on
the right hand side the function ĝx : R+ → [0, 1] is based on the R code.

f̂ x (x) =
x

x + x50
ĝx (x) =

x
x + x50

· c
x + c

,

where x ∈ [0,∞) is the respective nutrient concentration, x50 is the positive
constant N50 respective P50 and c the positive constant KiN or KiP. Above
expression and the function given in the paper have one root if the nitrate
respectively phosphate concentration is zero.
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The photosynthesis factor is optimal, if the function value is equal to one (no
growth inhibition). Solving ĝ(x) = 1 yields

x1,2 = −
x50
2
±

√
x250
4

− x50 · c .

Using the given parameter values, one remarks that the expression under
the square-root is negative, hence the equation is not solvable for the given
parameter values. That means that both equations for nitrate and phosphate
never will be equal to one. This means that the nutrient concentration always
reduces the photosynthesis rate and thus growth.

Proposition 4.2.11 The function ĝ(x) has its maximum in x =
√

x50 · c.

Proof. The first derivative is

∂

∂x
ĝx (x) =

c ·
(
x50 · c − x2

)

(x50 + x)2 · (c + x)2
.

Assuming that the constants ci, i = 1, 2 are positive and the nutrient concentra-
tion x nonnegative, leads to the root x =

√
x50 · c. The second derivative is equal

to
∂

∂x∂x
ĝx (x) = −

2 · c ·
(
x250 · c − x3 + c · x50 (x50 + 3 · x)

)

(x50 + x)3 · (c + x)3
.

and due to the positivity of the constants negative. Thus, the found extrema is
a maximum.

This yields with respect to the parameter values given in the R code to the
following maximal photosynthesis factor:

1. Nitrate Nmax = 4.53 mg l−1 with ĝN(Nmax) = 0.985,

2. Phosphate Pmax = 0.66 with ĝP(Pmax) = 0.987.

For the nutrient function given in the paper f̂ x(x) we have the same root as
for the function given in the supplementary R code ĝx(x), namely a nutrient
concentration equal to zero yields a response value of zero.

Proposition 4.2.12 The function f̂ x has no extreme point.

Proof. The derivative of the paper f̂ x function is

∂

∂x
f̂ (x) =

x50
(x + x50)

2
.
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There is no root of the derivative, thus no extreme point of the function exists.

The derivative is greater than zero thus f̂ x is monotonously increasing.

Proposition 4.2.13 The co-domain of the function f̂ x is the half open interval
[0 , 1).

Proof. We consider the limits of the domain of the nutrient response function f̂ x

lim
x→0

x
x + x50

= 0 and lim
x→∞

x
x + x50

= 1 .

Setting the function value equal to one leads to

f̂ x (x) = 1⇔ x
x + x50

= 1⇔ x50 = x + x50 ⇔ x50 = 0

This is a contradiction, because the value of x50 shall be positive. Thus, the
function value tends for x → ∞ to one, but the value one is never attained:
f̂ x [R+] = [0 , 1).

All in all, if we want to model an optimal nutrient supply (no influence of
nutrients on photosynthesis rate and thus growth) there are several ways: with
respect to the R code response function ĝx, the maximum values calculated
above can be used and get the maximal photosynthesis value, but the nutrients
have, still, influence on the photosynthesis, because the function value is smaller
than one.

Also the paper function f̂ x does not reach a function value of one, but one
can obtain concentrations solving the equation, for instance, for f̂ x(x) = 0.99
leading to a concentration x = 99 · x50.

f̂ x (x) = 0.99⇔ x
x + x50

= 0.99⇔ x = 0.99 · (x + x50)⇔ x = 99 · x50 .

As one can see in Figure 4.2.4 the functions given in the paper f̂ x and in the
R code ĝx are not exactly the same, but result in similar values. The only point
of intersection of both ways of describing the nutrient dependency is zero.

We quantify the difference of the two functions. The absolute deviation of
both functions can be described as

d =
x2

(x + x50) (x + c)
,

assuming x as nitrate respectively phosphate concentration as well as the
constants x50 and c are greater than or equal to zero. Thus, taking the limit
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x→∞ leads to the absolute deviation of one: the higher the concentration, the
bigger is the difference of both functions (black and blue).

In Zhang et al. 2014 also a Michaelis-Menten equation as in Schmitt et al.
2013 is given for the ammonium-N uptake for Lemna. However, in Zhang et al.
2014 the fraction is additionally multiplied with a maximum uptake rate at
saturating ammonium concentration.

For our purpose we redefine the nutrient dependency to a joint function
according to Liebig’s law, meaning that the growth of Lemna is influenced and
limited by the scarcest resource, not by the total amount of available resources
(Gorban et al. 2010).

Definition 4.2.14 (Joint Nutrient Dependency Function) Let f N
1 : [0, tn]→ [0, 1]

be a nitrate dependency function and f P
1 : [0, tn]→ [0, 1] be a phosphate depen-

dency function. We refine the nutrients function to a joint nutrient dependency
function namely f N,P

1 : [0, tn]→ [0 , 1) with f N,P
1 (t) = min

(
f N
1 (N) , f P

1 (P)
)
.

Density Dependency

According to Schmitt et al. 2013 there is a clear response between density and
growth rates of Lemna due to self-shading of fronds overlapping at the surface
(competition for light, nutrients).

As response function f̂ D
1 : R+ \ {0} → [0, 1] the following linear relationship

depending on population size is used.

Definition 4.2.15 (Density Response Function) Let the quantity BM ∈ R+ \ {0}

be an amount of dry weight biomass in gm−2 and DL ∈ R+ \ {0} be a limit
density in gm−2. The function f̂ D

1 : R+ \ {0}→ [0, 1] with

f D
1 (BM) =

{
1− 1

DL
· BM if BM 6 DL

0 if BM > DL

is the density response function.

With increased amount of biomass the photosynthesis factor decreases and
hence influences the growth rate directly. In Figure 4.2.5 the decreasing factor
can be seen with the proposed limit density by Schmitt et al. 2013 DL =

176 gm−2.
Choosing a higher parameter value for DL leads to a slower decrease of the

photosynthesis factor, choosing a lower parameter value to a faster decrease of
the factor.
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Figure 4.2.5: Density response function with DL = 176 gm−2 (black), with
DL = 150 gm−2 and DL = 200 gm−2 (dashed lines).

The maximum value of the limit density function is one if and only if the
biomass is zero. However, a zero biomass value is not defined. This implies that
density dependence starts immediately. The response function is monotonously
decreasing: the smaller the biomass, the smaller is the growth inhibition due to
the density dependency.

Reaching a biomass value equal to the limit density, the function value is
set to zero. This leads to a photosynthesis rate of zero, such that the effective
growth rate is smaller or equal to zero (depending on the respiration rate).

Proposition 4.2.16 The density response function is continuous for all BM ∈
R+.

Proof. The density response function is a composed function of two affine
linear function and thus, is continuous (Example 2.3.5). The function is also
continuous in BM = DL, because the left-hand limit is equal to the right-hand
limit

lim
BM→DL−

f D
1 (BM) = lim

BM→DL−
1−

1

DL
· BM = 1− 1 = 0

lim
BM→DL+

f D
1 (BM) = lim

BM→DL+
0 = 0 .
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If the density shall not influence the growth rate (exponential growth of
Lemna population then the response function has to be set to one (f D

1 (BM) = 1).
Sometimes exponential growth is suitable for modeling the growth of Lemna in
shorter time periods.

If we just consider the density dependency in the above described differential
equation illustrating the change of biomass of the Lemna population in time, we
have a logistic growth function2:

Definition 4.2.17 (Logistic Control Growth Function without Environmental
Dependency) Let k1 ∈ R+ \ {0} be a constant photosynthesis rate in d−1, k2 ∈
R+ a respiration rate in d−1, DL ∈ R+ \ {0} be a limit density in gL−1 and
BM ∈ R+ \ {0} an initial amount of dry weight biomass in gL−1. A solution
function BM : [0, tn]→ R+ \ {0} of the initial value problem

d
dt

BM (t) =
(

k1 ·
(
1−

BM (t)
DL

)
− k2

)
· BM (t) , BM (0) = BM0 ,

is a logistic control growth function without environmental dependency.

Proposition 4.2.18 The logistic control growth function without environmental
dependency (Definition 4.2.17) can be solved exactly. The solution function is

BM (t) =
1

k1
DL(k1−k2)

+
(

1
BM0

− k1
DL(k1−k2)

)
exp (− (k1 − k2) t)

.

Proof. We rewrite the quadratic differential equation to the following equivalent
form:

d
dt

BM (t) = (k1 − k2) · BM (t) −
k1
DL
· (BM (t))2 .

The first order nonlinear differential equation is equivalent to Example 2.3.12,
thus choosing a = k1 − k2 and b = k1

DL
yields the closed solution form.

We will later show that the solution function is unique.
In Figure 4.2.6 the logistic growth function (blue) in comparison to the

exponential growth function (black) can be seen. We set the respiration rate
k2 equal to zero and the maximum photosynthesis rate k1 to a rate of 0.42 d−1.
As initial biomass value we choose 2.5 gm−2 and for the limit density DL =

176 gm−2.

2In the supplementary R code of the Schmitt et al. 2013 a different growth equation is given.
In addition to the respiration rate, a second loss term is given: a metabolic rate constant
kmet ∈ R+.
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One can see that in the first time steps the difference between the two growth
function is relatively small. The effective growth rate of the exponential growth
function over the whole time period is significantly higher. The aim of shorter
laboratory tests is to keep the plant growing exponentially. However, in general,
especially for a longer time period logistic growth of the Lemna population is
more realistic (shading) (e.g. Monette et al. 2006; Zhang et al. 2014).
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Figure 4.2.6: Logistic (blue) and exponential (black) growth function of Lemna
in time in d. We use as initial biomass 2.5 gm−2, k1 = 0.42 d−1 and
k2 is set equal to zero. We use the limit density DL = 176 gm−2

(blue line), DL = 150 gm−2 and DL = 200 gm−2 (dashed lines)

Monette et al. 2006 derive experimentally a similar limit density as in Schmitt
et al. 2013 namely 177 gm−2.

Toxicity

The effect of a toxic substance is included in the model via a reverse dose-
response relationship (Hill function) f̂ Cint

1 : R+ → [1− Emax, 1] based on the by
model predicted unbound internal concentration Cintunb ∈ R+. The fraction Cint

Kpw

is the internal unbound concentration in the plant causing the effect.

Definition 4.2.19 (Toxicity Response Function) Let Cint ∈ R+ be an internal
concentration (in µgL−1), Kpw ∈ [0.94 ,∞) a plant water coefficient, Emax ∈ [0, 1]
a maximum effect, EC50int ∈ R+ an internal concentration leading to 50% effect
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(in µgL−1) and b ∈ R+ a shape parameter of the Hill function. A function
f̂ Cint
1 : R+ → [1− Emax, 1] with

f̂ Cint
1 (Cint) = 1−

Emax ·
(

Cint
Kpw

)b

EC50b
int +

(
Cint
Kpw

)b

is the toxicity response function.

The parameters Emax ∈ [0, 1], EC50int ∈ R+ and the Hill coefficient b ∈ R+

are substance specific and hence have to be calibrated to experimental data like
standard toxicity tests for each substance separately (e.g. with a test according
to OECD 2006b).

In Schmitt et al. 2013 the following parameter values with regard to the
sulfonyl-urea herbicide Metsulfuron-methyl (msm) are given: Emax = 0.784,
EC50int = 0.3 µgL−1 and b = 4.16. Additionally we set the plant-water coeffi-
cient Kpw equal to one. Moreover, we compare the effect of setting the maximum
effect equal to one (Figure 4.2.7).

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1− Emax

Internal Concentration in µgL−1

Ph
ot

os
yn

th
es

is
Fa

ct
or

Reverse Dose-Response

Figure 4.2.7: Reverse dose-response function. We use an EC50int equal to
0.3 µgL−1 and a Hill coefficient of 4.16. The plant water coef-
ficient Kpw is set to one. The maximum effect Emax of the black line
is equal to 0.784, for the blue line equal to one.

Setting the maximum effect Emax smaller than one leads to a photosynthesis
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inhibition factor that is always greater than zero. Thus, growth of Lemna is even
for high internal concentrations not totally inhibited.

Remark 4.2.20 The continuous monotonously decreasing function has a co-
domain in [0, 1] if and only if the maximum effect is set equal to one.

The higher the internal concentration, the higher the influence on photosyn-
thesis (the smaller the scaled response value).

lim
Cint→0

f Cint
1 (Cint) = 1 and lim

Cint→∞
f Cint
1 (Cint) = 0

The internal concentration is derived via reformulation of internal mass of the
plant.

Internal Concentration

The internal concentration is the concentration of the active substance within
the plant. As ordinary differential equation it is coupled to the growth equation
via the toxicity function and the dry biomass value.

Remark 4.2.21 The internal concentration function given in Schmitt et al. 2013
differs to the one given in the supplementary R code.

Thus, we point out similarities and differences in more detail. The equation
given in the paper Schmitt et al. 2013 is the following.

Definition 4.2.22 (Internal Concentration Function (Paper)) Let P ∈ R+ be a
permeability, A ∈ R+ a plant area, V ∈ R+ \ {0} a plant volume, Cext : [0, tn]→
R+ an external concentration function, Kpw ∈ [0.94 ,∞) a plant water coefficient,
kmet ∈ R+ a metabolism rate and c0 ∈ R+ an initial internal concentration. A
solution function Cint : [0, tn]→ R+ of the initial problem

{
d
dtCint (t) = P·A

V ·
(

Cext (t) −
Cint(t)

Kpw

)
− kmet ·Cint ∀t ∈ [0, tn] ,

Cint(0) = c0 ∈ R+

is the internal concentration function according to the paper of Schmitt et al. 2013.

The following R code (Listing 4.2) is included as supplementary material to
Schmitt et al. 2013.

1 # Calculate internal toxicant concentrations from amount in biomass

2 BM_fresh <- BM*BMw2BMd

3 C_int <- M_int/BM_fresh
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4 C_int_u <- abs(C_int/Kbm) # Unbound internal concentration

5 dM_intdt <- P_up_eff*AperBM*BM*(actConc-C_int_u) - C_int*BM_fresh*(k_resp_eff+k_

loss)

Listing 4.2: Calculation of internal Mass in R by Walter Schmitt

We assert the following:

. The parameter P_up_eff is the permeability P ∈ R+.

. The parameter volume V ∈ R+ \ {0} is not given in the paper. The plant
volume can be calculated by multiplying the current fresh biomass value with
the plant density. We assume an approximate plant density of dFW = 1 g cm−3,
because a plant consists of 94 % water and the density of water is 1 g cm−3.

. The area A ∈ R+ is derived approximately via the area per dry biomass and
the actual dry biomass: AperBM*BM.

. The external concentration Cext ∈ R+ is actConc, the external concentration
at current time point.

. The R variable C_int_u shall be the actual internal unbound concentration
Cintunb ∈ R+, calculated via C_int_u <− abs(C_int/Kbm), where Kbm is the
plant water coefficient Kpw ∈ [0.94 ,∞), taking the absolute value is not
necessary at this place due to the fact that the fraction is nonnegative per
definition (Kpw > 0, Cint > 0⇒ Cintunb > 0).

. The current fresh biomass value BM_fresh is derived via the conversion factor
BMw2BMd which is multiplied to the dry biomass value. We denote the
conversion factor with kfw ∈ R+.

. The constant k_loss is a loss constant arising by reason of the metabolites
(kmet ∈ R+).

. The additional elimination term C_int*BM_fresh* k_resp_eff is not given in
the paper.

With respect to the R code and ignoring the additional loss term, we get the
following differential equation describing the change of internal mass in time:

d
dt

Mint (t) = P ·AperBM · BM (t) ·
(

Cext (t) −
Mint (t)

BM (t) ·Kpw · kfw

)
− kmet ·Mint (t) .

We want to check if both expressions, the R code and the equation given in the
paper Schmitt et al. 2013, coincide.

The differential equation in the code describes the change of internal mass, the
paper the change of internal concentration in time. Therefore, we reformulate
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the internal mass to internal concentration by replacing the internal mass by
BM (t) · kfw ·Cint.

We obtain

BM (t) · kfw ·
d
dt

Cint (t) = P ·AperBM · BM (t) ·
(

Cext (t) −
BM (t) · kfw ·Cint (t)

BM (t) ·Kpw · kfw

)

− kmet · BM (t) · kfw ·Cint (t)

= P ·AperBM · BM (t) ·
(

Cext (t) −
Cint (t)

Kpw

)

− kmet · BM (t) · kfw ·Cint (t) .

Dividing BM (t) · kfw leads to

d
dt

Cint (t) =
P ·AperBM · BM (t)

BM (t) · kfw
·
(

Cext (t) −
Cint (t)

Kpw

)

−
kmet · BM (t) · kfw ·Cint (t)

BM (t) · kfw

=
P ·AperBM · BM (t)

kfw · BM (t)
·
(

Cext (t) −
Cint (t)

Kpw

)

− kmet ·Cint (t) .

We remember, the area is defined as A = AperBM · BM (t) and the volume is
then equal to the fresh biomass V = BM (t) · kfw.

Both representations are the same, in case that, the we do not consider the
elimination term C_int*BM_fresh* k_resp_eff given in the R code. Adding the
term leads to a different equation and is not equivalent to the paper’s equation.

d
dt

Cint (t) =
P ·AperBM · BM (t)

kfw · BM (t)
·
(

Cext (t) −
Cint (t)

Kpw

)

− kmet ·Cint (t) − k2 ·Cint (t)

The respiration rate k2 ∈ R+ is a parameter included in the growth equation
and a respiration rate for the internal concentration respectively mass does not
make sense thus we use the equation given in paper.

Thus, we have the following differential equation (one-compartment model)
describing the change of internal concentration. We rename the permeability to
p because P is already used for the nutrient phosphate.

Definition 4.2.23 (Internal Concentration Function) Let p ∈ R+ be a perme-
ability, AperBM ∈ R+ an area per dry biomass, Cext : [0, tn] → R+ an external
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concentration function, kfw ∈ R+ a dry weight to fresh weight conversion factor,
Kpw ∈ [0.94 ,∞) a plant water coefficient, kmet ∈ R+ a metabolism rate and
c0 ∈ R+ an initial internal concentration. A solution function Cint : [0, tn]→ R+

of the initial problem




d
dtCint (t) =

p·AperBM
kfw

·
(

Cext (t) −
Cint(t)

Kpw

)
− kmet ·Cint (t) , ∀t ∈ [0, tn] ,

Cint(0) = c0 ∈ R+

is an internal concentration function.

Alternatively, we can reformulate the internal concentration function to an
initial value problem describing the change of internal mass in time:

Definition 4.2.24 (Internal Mass Function) Let p ∈ R+ be a permeability value,
AperBM ∈ R+ an area per dry biomass, Cext : [0, tn]→ R+ an external concen-
tration function, BM : [0, tn] → R+ \ {0} the dry biomass function, kfw ∈ R+

a dry weight to fresh weight conversion factor, Kpw ∈ [0.94 ,∞) a plant wa-
ter coefficient and m0 ∈ R+ an initial internal mass. A solution function
Mint : [0, tn]→ R+ of the initial problem




d
dtMint (t) = p ·AperBM · BM (t) ·

(
Cext (t) −

Mint(t)
BM(t)·kfw·Kpw

)
− kmet ·Mint (t) ,

Mint(0) = m0 ∈ R+ .

is for all t ∈ [0, tn] an internal mass function.

Additional refinement. The model works well if the biomass is increasing. If
the biomass of Lemna population is decreasing, for instance, due to temperature
changes, the internal mass has to be updated; otherwise the internal concen-
tration is increasing while the biomass is shrinking. However, the internal
concentration should stay the same, even then if parts of the plant cohort are
dying respectively shrinking (Figure 4.2.8, Algorithm 4.2.25).

Figure 4.2.8: Structogram of the model refinement.
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Hence, we have to add the condition that if the biomass is decreasing the
internal mass has to decrease as well with the same factor as the biomass, such
that the internal concentration stays the same.

Algorithm 4.2.25 Pseudo-code

Let t0 < t1 < · · · < tn = T, step size h > 0, initial values intM (t0) = m0,
BM (t0) = BM0.
for j = 0, · · · , n − 1 do

tj+1 ← tj + h
BMj+1 ← BMj + h · fBM

(
tj, intMj, BMj

)

if BMj+1 − BMj < 0 then

intMj ← intMj − intMj ·
(

BMj−BMj+1
BMj

)

end if
intMj+1 ← intMj + h · fintM

(
tj, intMj, BMj

)

end for

4.2.2 Respiration

In above subsection, we consider photosynthesis related processes and factors
influencing photosynthesis like light intensity or nutrients. Now, we focus on
respiration. By respiration plants use oxygen (O2) and produce carbon dioxide
(CO2). Hence, one can think of respiration as photosynthesis in reverse. In
contrast to photosynthesis, respiration is a constant process, but plants only
photosynthesize when there is enough light. In the model a dark-light cycle
is not included, thus the photoperiod effect is not considered (physiological
reaction of organisms to the length of day or night).

Temperature Dependency

In Schmitt et al. 2013 the only influencing environmental factor on respiration
processes as relevant factor is temperature. The following response function
f̂ T
2 : R→ R+ is used to describe the temperature dependency on respiration.

Definition 4.2.26 (Temperature Respiration Response Function) Let T ∈ R be
the temperature in ◦C, Q10 ∈ R+ constant and Tref ∈ R a reference temperature
in ◦C. A function f̂ T

2 : R→ R+ with

f̂ T
2 (T) = Q

T−Tref
10

10

is the temperature respiration response function.
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The function is based on the 19th century developed by van’t Hoff and
Arrhenius (Kruse et al. 2011). The Q10 relation describes the proportional
change of respiration in response to a temperature increase of 10 ◦C.

The constant Tref = 25
◦C is the reference temperature. In the real world, the

value of Q10 of plant respiration may range from 1.3 to 4.0 according to Kruse
et al. 2011. In Schmitt et al. 2013 the value of Q10 is set to 2. The Q10 value
determines the slope of the exponential increase between the temperature and
the chosen temperature (Kruse et al. 2011).

The difference to the photosynthesis dependencies is that we do not scale
the respiration rate. We calculate the respiration rate for a certain temperature
value using a Q10 relationship and a reference temperature with the related
respiration rate at reference temperature. Multiplying f̂ T

2 (T) with the respiration
rate k2 ∈ R+ leads to the respiration rate at arbitrary temperature T.
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Figure 4.2.9: The respiration response due to temperature. We use Tref = 25
◦C

and Q10 = 2.

The whole respiration process model only depends on temperature and a
fixed reference respiration rate (k2 = 0.05 d−1) and the Q10 relation. Respiration
increases monotonously with higher temperature values. With respect to the
growth model, a higher temperature value than the reference temperature
increases the value of respiration processes and thus, the smaller is the effective
growth rate of the plant. On the contrary, a temperature value smaller than the
reference temperature results in lower respiration rate. This leads to a higher
effective growth rate.
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Figure 4.2.10: Effective growth rate dependent only on temperature with photo-
synthesis rate k1 = 0.44 d−1 and k2 = 0.05 d−1.

We consider the effective growth rate only in dependence of temperature
based on respiration and photosynthesis (Figure 4.2.10).

Definition 4.2.27 (Effective Growth Rate Function (Temperature)) Let T ∈ R

be the temperature in ◦C, k1 ∈ R+ \ {0} a constant photosynthesis rate, f̂ T
1 a

temperature response function, k2 ∈ R+ a constant respiration rate and f̂ T
2

a temperature respiration response function. A function rT : R → R with
rT (t) = k1 · f̂ T

1 (T) − k2 · f̂ T
2 (T) is the effective growth rate function with respect to

temperature.

This function (Figure 4.2.10) has its roots in T = 2.98 ◦C and T = 37.19 ◦C.
For smaller temperature values, the effective growth rate tends to zero and thus,
the biomass value is constant. In contrary, higher temperature values lead to a
negative effective growth rate. A negative effective growth rate means that the
population (weight of dry biomass) is decreasing.

lim
T→−∞

k1 · f̂ T
1 (T) − k2 · f̂ T

2 (T) = lim
T→−∞

k1 · f̂ T
1 (T) − lim

T→−∞
k2 · f̂ T

2 (T) = 0

lim
T→+∞

k1 · f̂ T
1 (T) − k2 · f̂ T

2 (T) = lim
T→−∞

k1 · f̂ T
1 (T) − lim

T→−∞
k2 · f̂ T

2 (T) = −∞

The function has a local minimum at T ≈ −3.15 ◦C with a daily effective growth
rate of approximately −0.006.

The global maximum is attained at a temperature at T = 26.05 ◦C, between
the respiration reference temperature Tref = 25

◦C and optimal photosynthesis
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temperature Topt = 26.7 ◦C, with an effective growth rate of approximately
0.385 d−1. Lemna grow at a temperature range from 5 to 35 ◦C. Optimum
growth for Lemna is obtained between 20 ◦C and 31 ◦C depending on the species
(Lasfar et al. 2007).

In Table 4.2.1 all parameters with corresponding values, units and description
of the growth model of Lemna population is illustrated (Schmitt et al. 2013).

Table 4.2.1: All parameters of the Lemna growth model.

Parameter Value Unit Description

Basic growth equation

k1 0.42 d−1 Max. photosynthesis rate
k2 0.05 d−1 Respiration rate at ref. tem-

perature
DL 176 g d.w. m−2 Limit density, max. amount

of dry biomass

Photosynthesis dependency

Temperature

Tmax 40.5 ◦C Max. temperature for growth
Tmin 8 ◦C Min. temperature for growth
Topt 26.7 ◦C Opt. temperature for growth

Nutrients

N50 0.034 mg l−1 half-saturation constant, ni-
trate

P50 0.0043 mg l−1 half-saturation constant, phos-
phate

Light

Isat 15000 kJm−2 Saturating global radiation
α 5 · 10−5 kJ−1m−2 d−1 Slope of radiation depen-

dency
β 0.25 - Intercept of radiation depen-

dency

Respiration:Temperature

Q10 2 - Q10 for respiration rate
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Parameter Value Unit Description
Tref 25 ◦C Ref. temperature for respira-

tion rate

Additional Scaling Factors

AperBM 1000 cm2 g−1 d.w. Area per dry weight biomass
MassPerFrond 0.1 mg/frond d.w. Dry weight biomass per frond
kfw 16.7 - Factor to convert dry weight

to fresh weight (biomass)
dfw 1 g cm−3 plant density (fresh weight)

tktd Parameter

Kpw [0.94 ,∞) - steady state plant water coef-
ficient

p R+ \ {0} cmd−1 permeability of the cuticle
Emax [0, 1] - maximum effect
EC50int R+ \ {0} µgL−1 EC50 value based on internal

unbound concentration
b R+ \ {0} - Hill coefficient

4.3 System Analysis

We regard the stability of the ordinary differential equation system and the
discretized system. In order to specify and analyze the behavior of systems we
calculate the points of equilibrium of the systems. First we prove the existence
and uniqueness of a solution.

This kind of system analysis of the model is new. In literature the model is
mainly used to predict and simulate the behavior of Lemna exposed to an active
substance, but the model is not analyzed theoretically.

4.3.1 Existence and Uniqueness

We use Theorem 2.3.17 to show the uniqueness of the solution of the differ-
ential system. Let us recall the nonlinear differential system describing the
Lemna model (Definition 4.2.3). Instead of the internal concentration function
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(Definition 4.2.23) we use the internal mass function (Definition 4.2.24).





BM ′ (t) = k1 · f1 (t) ·


1−

Emax·
(

Mint(t)
BM(t)·kfw·Kpw

)b

(
Mint(t)

BM(t)·kfw·Kpw

)b
+EC50b

int


 ·
(
1−

BM(t)
DL

)
· BM (t)

−k2 · f2 (t) · BM (t)

M ′
int (t) = p ·AperBM · BM (t) ·

(
Cext (t) −

Mint(t)
BM(t)·kfw·Kpw

)
− kmet ·Mint (t)

Mint (0) = 0, BM (0) = BM0 > 0 ,

where f1 : [0, tn]→ [0, 1] and f2 : [0, tn]→ R+ are continuous functions describing
the environmental dependency on photosynthesis and respiration.

Remark 4.3.1 The two dimensional system d
dty = f (t, Mint (t) , BM (t)) does not

explicitly contain the independent variable time t. Thus, the system is an
autonomous differential equation system as defined in Definition 2.3.16. Hence,
we can also write d

dty = f (Mint (t) , BM (t)).

The solution of the system is the function y = (Mint (t) , BM (t))T describing
the internal mass of the substance in the plant cohort and the dry biomass of
Lemna population in time satisfying the system for time t ∈ [0, tn].

In the real world, the maximal possible external concentration in water
depends on the water solubility of the active substance and may differ within
different substances. The maximal internal mass is based on the maximal
external concentration and hence bounded. Nevertheless, mathematically the
external concentration function Cext is also bounded as it is a linearly interpolat-
ed function on a bounded interval according to Theorem 2.3.4. Furthermore,
the same theorem can be used for internal mass function to argument that it is
bounded as it is continuous and defined on a compact interval.

The set D = [0, tn]×
[
0, Mint

]
× (0 , DL], consisting of the following subsets

. time period [0, tn],

. internal mass Mint ∈
[
0, Mint

]
, where Mint < ∞ is the amount of maximal

possible internal mass, and

. dry biomass (0 , DL]

is the domain of the solution functions of the system.
In a first step, we verify the assumptions of Theorem 2.3.17:

Proposition 4.3.2 Let g1 : D → R and g2 : D → R be the right hand side func-
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tions with

g1 (x1, x2) = k1 · f1 (t) ·


1−

Emax ·
(

x2(t)
x1(t)·kfw·Kpw

)b

(
x2(t)

x1(t)·kfw·Kpw

)b
+ EC50b

int


 ·
(
1−

x1 (t)
DL

)
· x1 (t)

− k2 · f2 (t) · x1 (t)

g2 (x1, x2) = p ·AperBM1 · x1 (t) ·
(

Cext (t) −
x2 (t)

x1 (t) · kfw ·Kpw

)
− kmet · x2 (t) .

The right hand side functions g = (g1, g2) of the system are continuous.

Proof. 1. Change of dry biomass g1 : D→ R:
It is important that the dry biomass value is greater than zero, otherwise the
right hand function is not defined (dividing zero). A negative dry biomass
value does not make sense in the biological background.
The photosynthesis and respiration dependency functions f1 and f2 are
continuous. Thus, for positive biomass values (BM > 0) the right-hand
side function g1 : D→ R is continuous.

2. Change of internal mass g2 : D→ R+:
Under the assumption, that the dry biomass is positive, the right hand side
function g2 : D → R is continuous in all time points if and only if Cext (t)
is continuous. According to Example 2.3.6 the piecewise defined, linear
function Cext : [0, tn]→ R+ is continuous.

Remark 4.3.3 Together with the initial states Mint (0) = 0, BM (0) = BM0 > 0

the Lemna model is an initial value problem (Definition 2.3.9).

Proposition 4.3.4 A unique solution exists for the ordinary differential system
under condition that the biomass value is positive.

Proof. To prove the uniqueness of the solution of the system Lipschitz continuity
of the right hand side is necessary (Theorem 2.3.17). One possibility to show
Lipschitz continuity of the right hand side is to prove that its derivatives are
bounded (Definition 2.3.2).

The derivatives of the change of dry biomass g1 with respect to the state
variables BM and Mint contain constant parameter values, as well as the state
variables BM and Mint. The derivatives are bounded, because the state variables
are bounded: BM 6 DL and Mint 6 Mint (Appendix A.2.1).
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The boundedness of the derivatives of the change of internal mass g2 relating
to the state variables depends on the external concentration and constant
nonnegative parameters. The maximal possible external concentration in water
is bounded (Cext 6 Cext <∞) and hence the derivatives are also bounded.

The derivatives of both right hand functions g1 and g2 for both state variables
BM and Mint are bounded. Hence, the right hand functions are Lipschitz
continuous (Lemma 2.3.21).

4.3.2 Points of Equilibrium

Points of Equilibrium are the simplest solution of the differential equation
system and represent a stage in which the system does not change for time
t. Finding the equilibrium points of the system means finding BM and Mint
such that the right hand sides of the equations are equal to zero: g1 (x1, x2) = 0
and g2 (x1, x2) = 0. More information on equilibrium points can be found
in Chapter 2 e.g. Definition 2.3.22. We consider the linked but different
cases: exponential and logistic control growth, exponential and logistic growth
(including toxicity) with and without the metabolic rate kmet.

1. Control growth model
In case that we only consider the exponential control growth (change of dry
biomass without toxicity), we have

Cext = 0, x1 = 0 and k1 · f1 = k2 · f2 .

respectively for logistic control growth

Cext = 0, x1 = 0 and x2 = DL ·
(
1−

k2 · f2
k1 · f1

)
.

2. Exponential growth model
Considering exponential growth instead of logistic growth leads to an arbi-
trary dry biomass as long as the growth rate is zero, otherwise there exists
no equilibrium:

k1 · f1 ·


1−

Emax ·
(

Cext·p·AperBM·kfw·Kpw
p·AperBM·kfw·Kpw−kmet

)b

(
Cext·p·AperBM·kfw·Kpw
p·AperBM·kfw·Kpw−kmet

)b
+ EC50b

int


 = k2 · f2 .

3. Without metabolic rate
We often set the metabolic rate kmet equal to zero (only described in supple-
mentary R code, not in Schmitt et al. 2013).

Mint = Cext · kfw ·Kpw · x2
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x2 =

(
1−

k2 · f2
k1 · f1

·
(
1−

Emax ·Cb
ext

Cb
ext + EC50b

int

))
·DL .

and for exponential growth

x1 = Cext · kfw ·Kpw · x2

k1 · f1 ·
(
1−

Emax ·Cb
ext

Cb
ext + EC50b

int

)
= k2 · f2 .

4. Logistic growth model
First we consider the change of internal mass:

g2 (x2, x1) = 0

⇔p ·AperBM · x2 ·
(

Cext −
x1

x2 · kfw ·Kpw

)
− kmet · x1 = 0

⇔ x1 =
x2 ·Cext

1
kfw·Kpw

− kmet
p·AperBM

.

We put this expression in the first equation describing the change of dry
biomass and obtain:

x2 =


1− k2 · f2

k1 · f1
·


1−

Emax ·
(

Cext·p·AperBM·kfw·Kpw
p·AperBM·kfw·Kpw−kmet

)b

(
Cext·p·AperBM·kfw·Kpw
p·AperBM·kfw·Kpw−kmet

)b
+ EC50b

int





 ·DL .

In above expressions we often divide the terms by k1 · f1. The maximum
photosynthesis rate k1 is according to its definition a real constant greater than
zero. It is possible that the photosynthesis dependency function f1 : [0, tn] →
[0, 1] is equal to zero. This is the case, for instance, if one of the photosynthesis
response functions f̂1 is equal to zero.

This is the case if one of the nutrient concentration nitrate or phosphate is
equal to zero. For the light and temperature response function, a value of zero is
not possible. The root of the light response function f̂ I

1 is outside the biological
reasonable range. For the temperature response function for very high and low
temperature values the response function tends to zero, but zero is not attained.

4.3.3 Exact Solution

We analyze the model equations regarding the possibility to find an exact
solution (closed representation of the solution function).
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4.3 System Analysis

1. Exponential control growth function

Proposition 4.3.5 (Exponential Control Growth Function under Optimal
Conditions) The initial value problem

{
BM ′ (t) = (k1 − k2) · BM (t)
BM (0) = BM0 > 0

can be solved exactly by the solution function BM (t) = BM0 ·exp ((k1 − k2) · t).

We get the solution function equivalent to Example 2.3.10. If we want to
consider variable environmental conditions and exponential control growth

{
BM ′ (t) = (k1 · f1 (t) − k2 · f2 (t)) · BM (t)
BM (0) = BM0 > 0 .

We have to solve following solution function

BM (t) = BM0 · exp
(∫ t

k1 · f1 (s) − k2 · f2 (s) ds
)

.

The environmental photosynthesis dependency function f1 : [0, tn] → [0, 1]
is the product of the temperature, light and nutrient function. The respira-
tion dependency function f2 : [0, tn] → R+ is only based on a temperature
function.

2. Logistic control growth function
The growth function describing the change of dry biomass of Lemna popu-
lation in time can easily be calculated exactly, if there is neither an external
concentration (Cext = 0) nor environmental conditions influencing growth
(f1 = 1, f2 = 1), such that we have to solve the following reduced initial value
problem.

Proposition 4.3.6 (Logistic Control Growth Function under Optimal Con-
ditions) The initial value problem

{
BM ′ (t) =

(
k1 ·
(
1−

BM(t)
DL

)
− k2

)
· BM (t)

BM (0) = BM0 > 0

can be solved exactly. The function BM : [0, tn]→ R+ \ {0} with

BM (t) =
1

k1
DL(k1−k2)

+
(

1
BM0

− k1
DL(k1−k2)

)
exp (− (k1 − k2) t)

.

181



Chapter 4 tktd Model for Lemna Populations

is the logistic control growth function.

The differential equation is a logistic growth equation as presented in Exam-
ple 2.3.12.

3. Internal mass function
We consider now the second differential equation describing the change of
internal mass in time. It is a linear differential equation hence we try to
solve the equation exactly with help of variation of constants according to
Example 2.3.11.

{
M ′

int (t) = p ·AperBM · BM (t) ·Cext (t) −
p·AperBM

kfw·Kpw
·Mint (t) − kmet ·Mint (t)

Mint (0) = 0 .

The solution of the homogeneous differential equation

{
M ′

int (t) = −
p·AperBM

kfw·Kpw
Mint (t) − kmet ·Mint (t)

Mint (0) = 0

is

Mint (t) = C · exp

((
−

p ·AperBM
kfw ·Kpw

− kmet

)
t

)
.

An inhomogeneous particular solution is

Mint (t) = exp

((
−

p ·AperBM
kfw ·Kpw

− kmet

)
t

)
· p ·AperBM

·
∫ t

exp

((
p ·AperBM

kfw ·Kpw
+ kmet

)
s

)
· BM (s) ·Cext (s) ds .

The common solution function based on the homogeneous and inhomoge-
neous solution. Since we have no explicit representation of BM (t), we cannot
calculate the solution exactly.

In a nutshell, we can find a closed solution representation of the nonlinear
differential equation describing growth of Lemna, only if the external concen-
tration is zero (control) but for exponential and logistic growth under constant
environmental conditions. If the environmental conditions are variable in time,
we cannot find a closed representation of the solution function any more, even
if there is no treatment.
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4.3.4 Discretization

In general, we are not able to formulate a closed representation of the solution
function; we need numerical methods to solve the ordinary differential equation
system. There exist different possibilities to discretize, for example, Euler
explicit (Algorithm 2.3.31) or Euler implicit (Algorithm 2.3.32).

In the implementation of the Lemna model, we use a modified explicit Euler
method with variable step size. The maximal step size is 1

24 . We define two
bounds, an error indicator bound (0.01) and the local error bound (0.0001). As
hint on a possible error we define as an absolute percentage change in two time
steps that is greater than the error indicator bound. In that case we divide the
step size in half.

Doing so, we have two approximation values using the step size and half
of the step size, such that we can calculate the absolute percentage deviation
of both approximations. In case that this local error is greater than the error
bound 0.0001, we again divide the step size in half. We do so as long as the
indicator on a possible error and the local error are smaller than their bounds.

4.3.5 Sensitivity Analysis

We are mainly interested in the sensitivity of the the tktd parameters. As
we can not solve the nonlinear differential equation system exactly, we can not
calculate the sensitivity coefficients according to Definition 2.4.18. However, the
sensitivity coefficients can be calculated using the direct differential method based
on the chain rule.

For each parameter we have to solve the following two dimensional differen-
tial equation system to get the change of sensitivity coefficients of (dry) biomass
and internal mass in time.

s ′pj
=

(
∂g1
∂BM

∂g1
∂Mint

∂g2
∂BM

∂g2
∂Mint

)
· spj +



∂g1
∂pj
∂g2
∂pj




As it is expensive to calculate this system for all parameters pj we later calculate
the sensitivity coefficients using finite differences approximating the derivative.

4.4 Parametrization and Calibration

In calibration, we try to find the parameters, which lead to the smallest de-
viation between model prediction and experimental data. This is a nonlinear
optimization problem. For this purpose, we use a derivative-free method
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(Nelder-Mead-Algorithm) that is known to be initial value dependent. There-
fore, it is important to have a good guess on the initial values. The better the
initial values, the higher the probability to obtain sufficient good parameter
values.

We can divide the model parameters of the Lemna model in two parameter
sets: the growth and the tktd model parameter set.

The parameters of the growth model are defined by evaluating data taken
from different literature sources (Schmitt et al. 2013). In general, the growth
parameters are species dependent, although differences between different Lemna
species are possible, for example, if Lemna gibba or Lemna minor are considered.

The tktd parameters are substance specific and thus, it is necessary to
calibrate these parameters for each substance, where the plant water coefficient
Kpw and the permeability p are responsible for the toxicokinetic processes (tk
parameters), the others have influence on the effect of the toxic substance (td
parameters).
Study dependent growth parameters:

BM0 ∈ R+ \ {0} ,
k1 ∈ R+ \ {0} ,
k2 ∈ R+ ,

DL ∈ R+ .

tk parameters:

Kpw ∈ [0.94 ,∞) ,
p ∈ R+ \ {0} .

td parameters:

Emax ∈ [0, 1] ,
EC50int ∈ R+ \ {0} ,

b ∈ R+ \ {0} .

4.4.1 Study Dependent Growth Parameters

For the correct description of an experimental study the study dependent
growth parameters have to be adapted.

For calibration Schmitt et al. 2013 use a simplified model. The simplified mod-
el does not consider the environmental conditions neither for photosynthesis
nor for respiration. Hence, the photosynthesis rate is only influenced by the
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toxic effect (f1 only based on the effect of the internal concentration) and the
respiration rate is set to zero (k2 = 0).

For calibration in Schmitt et al. 2013 an exponential growth model is used.
The idea is that in shorter time periods under optimal laboratory conditions, as
in standard toxicity test, the Lemna population grows exponentially. For longer
time periods, we suggest to consider the logistic growth function (compare
Figure 4.2.6). Additionally the metabolic rate kmet is considered to be zero.

Using an exponential growth function makes sense as long as the experi-
mental data shows exponential growth as it is usually the case in experiments
with shorter test duration. Furthermore, in experimental settings usually the
environment is kept constant to avoid environmental dependencies. Constant
environmental conditions only influence the growth according to the Lemna
model with a constant factor; therefore it is acceptable to set the environmental
function values equal to one.

All in all we have the following simplified exponential growth model:

Definition 4.4.1 (Exponential Growth Model including Toxicity without En-
vironmental Conditions) Let k1 ∈ R+ \ {0} be a constant photosynthesis rate in
d−1. The solution function of the initial value problem





BM ′ (t) = k1 ·


1−

Emax·
(

Mint(t)
BM(t)·kfw·Kpw

)b

(
Mint(t)

BM(t)·kfw·Kpw

)b
+EC50b

int


 · BM (t)

M ′
int (t) = p ·AperBM · BM (t) ·

(
Cext (t) −

Mint(t)
BM(t)·kfw·Kpw

)

Mint (0) = 0, BM (0) = BM0 > 0 .

is the exponential growth model including toxicity without environmental conditions
only based on photosynthesis (reduced laboratory model).

These modifications, using an exponential growth function, setting the respi-
ration rate to zero and ignoring environmental dependencies, lead to a reduced
parameter set. In total, we have only two growth parameters left: the constant
photosynthesis rate k1 (growth rate) and the initial dry biomass value BM0.

In oecd guideline 221 (OECD 2006b) exponentially growing plants of the
genus Lemna are tested over a period of seven days and the frond number
are counted. The initial frond number can be used to derive the initial dry
biomass value by multiplying the initial number of frond by the mass of a single
frond. In Schmitt et al. 2013 a mass per frond of 0.1 mg dry weight per frond
determined for Lemna gibba is given.

For the determination of the maximum photosynthesis rate, we consider the
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growth of the control. In addition to several test concentrations, in general, also
the growth (number of fronds) of untreated plants is measured.

The exponential control growth without environmental influences and setting
the respiration rate equal to zero can be described by the following linear
differential equation.

{
BM ′ (t) = k1 · BM (t) , ∀t ∈ [0, tn]

BM (0) = BM0 > 0 .

Remark 4.4.2 It is possible to solve the differential equation describing expo-
nential growth only dependent on photosynthesis and constant environmen-
tal conditions exactly equivalent to Proposition 4.3.5. The solution function
BM : [0, tn]→ R+ \ {0} is BM (t) = BM0 · exp (k1 · t).

Thus, the value of the rate k1 can be derived via fitting the function to the
control data by using a least square objective (exponential control growth rate).
Several other objectives are presented in Section 2.4.1.

If the experimental control data is logistic, we add the density response
function to the growth equation. Thus, the additional parameter DL has to be
identified. The initial value problem for logistic control growth can be written
as: {

BM ′ (t) = k1 ·
(
1− 1

DL
· BM (t)

)
· BM (t) , ∀t ∈ [0, tn]

BM (0) = BM0 > 0 .

Remark 4.4.3 According to Proposition 4.3.6 the solution of the differential
equation describing logistic growth only dependent on photosynthesis and
constant environmental conditions is

BM (t) =
1

1
DL

+
(

1
BM0

− 1
DL

)
· exp (−k1 · t)

.

The values of k1 and DL are derived by fitting the function to the experimental
control data. For example, one can use a least square objective, such that the
sum of quadratic deviations of experimental and the predicted data by logistic
control growth function is minimal.

4.4.2 tk Parameters

We consider the tk parameters Kpw and p in more detail. For the plant water
coefficient we use a regression function to determine its value. For the permea-
bility, we suggest to use a regression also based on lipophilicity of the active
substance to find an initial value for the subsequent calibration.
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Plant Water Coefficient

We present the purpose of the plant water coefficient and discuss the necessary
condition that its value has to be greater than 0.94. The concrete calculation
of its value is based on a regression found in de Carvalho et al. 2007. As an
example, we demonstrate the calculation of the plant water coefficient with help
of the active substance msm.

The reason of the introduction of the parameter Kpw in Schmitt et al. 2013
is to calculate the internal unbound concentration, as the concentration that is
relevant for toxicity. In opposite, the internal concentration bounded in plant
tissue is pharmacologically inactive.

Schmitt et al. 2013 calculate the unbound concentration in plant by dividing
the total active substance concentration in the plant by Kpw.

Definition 4.4.4 (Plant Water Coefficient) Let Cintunb ∈ R+ \ {0} be an unbound
internal concentration and Cint ∈ R+ the internal concentration. The plant water
coefficient Kpw ∈ [0.94 ,∞) in Schmitt et al. 2013 is defined by

Cintunb =
Cint

Kpw
⇔ Kpw =

Cint

Cintunb

.

This is an unusual definition of a plant water coefficient, usually one would
use the relation between bound and unbound concentration as partition coeffi-
cient. In the original paper of de Carvalho et al. 2007 the plant concentration
factor (pcf) is defined as relation between internal and external concentration.

Definition 4.4.5 (Plant Concentration Factor) Let Cext ∈ R+ \ {0} be an external
concentration and Cint ∈ R+ the internal concentration. In de Carvalho et al.
2007 the plant concentration factor PCF ∈ R+ is defined by

PCF =
Cint

Cext
.

Remark 4.4.6 Both definitions Definition 4.4.4 and Definition 4.4.5 only yield
for positive denominator Cintunb > 0 respectively Cext > 0.

Range. We first determine the lower bound of the plant water coefficient.

Proposition 4.4.7 The plant water coefficient (Definition 4.4.4) has to be greater
than 0.94.

187



Chapter 4 tktd Model for Lemna Populations

Proof. We can verify this claim if we regard the definition of the internal concen-
tration. It is defined as internal mass per volume. The model output is based
on dry weight. However, the calculation of internal concentration is based on
the fresh weight of plant (dry weight of plant plus water).

The plant volume can be calculated by multiplying the current fresh biomass
value with the plant density. We assume an approximate plant density of
dFW = 1 g cm−3, because a plant consists of 94 % water and the density of water
is 1 g cm−3.

Cint =
Mint

V
=

Mint

BMFW
· dFW with dFW =

BMFW

V
⇔ Mint =

Cint · BMFW

dFW

In our case, we derive the fresh biomass by multiplying the dry biomass
value BM to a conversion factor kfw = 16.7, namely BMFW = kfw · BM. The
conversion factor is the ratio of fresh weight to dry weight, such that we obtain

approximately 94 % of water in plant (
kfw

kfw+1
= 16.7

16.7+1 ≈ 0.94) and 6 % of solid in
plant.

It may occur problems if Kpw < 0.94 with the mass balance if we define the
plant water coefficient as in Schmitt et al. 2013.

Mint = Mintunb + Mintb

⇔ Mint = BMFW · 0.94 ·Cintunb + Mintb

⇔ Mint = BMFW · 0.94 ·
Cint

Kpw
+ Mintb

(definition of Cintunb according to Schmitt et al. 2013)

⇔Mintb = Mint − BMFW · 0.94 ·
Cint

Kpw

⇔Mintb = Cint · BMFW − BMFW · 0.94 ·
Cint

Kpw

⇔Mintb = Cint · BMFW ·
(
1−

0.94
Kpw

)

Due to physical reasons, the internal mass has to be greater than or equal to
zero. Using the definition of a plant water coefficient given in Schmitt et al.
2013 leads to a contradiction in case that Kpw is smaller than 0.94 — as it is the
case for example for metsulfuron-methyl.

Mintb > 0⇔ Cint · BMFW ·
(
1−

0.94
Kpw

)
> 0
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The internal concentration Cint and BMFW are nonnegative, such that the in-
equality is fulfilled if the expression in the brackets is nonnegative.

1−
0.94
Kpw

> 0⇔ −
0.94
Kpw

> −1⇔ 0.94
Kpw

6 1⇔ 0.94 6 Kpw

This proves mathematically our claim, that the Kpw has to be greater than or
equal to 0.94.

In other words: a plant water coefficient smaller than 0.94 leads to a negative
internal bounded mass.

Calculation. The plant water coefficient Kpw can be determined by the lipo-
philicity of the substance using the partition coefficient between n-octanol and
water Kow.

Remark 4.4.8 We can estimate a plant water coefficient via the regression
log
(
Kpw − 0.71

)
= 0.73 · log (Kow) − 1.37 from the physico-chemical properties

of the substance (de Carvalho et al. 2007).
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Figure 4.4.1: Relationship between the uptake by Lemna minor and their 1-
octanol/water partition coefficient (as log (Kow)) based on regres-
sion by de Carvalho et al. 2007

A substance with a positive log (Kow) value is a lipophilic, with a negative
value is a hydrophilic compound. Thus, we can calculate the plant water
coefficient by solving the following equation:

Kpw = 100.73·log(Kow)−1.37 + 0.71 ,
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where log (Kow) is the octanol water coefficient of the active substance. The
relationship of both coefficients log (Kow) and Kpw can be seen in Figure 4.4.1.
This regression is also used in Schmitt et al. 2013 and is described detailed in
de Carvalho et al. 2007.

Example. In Schmitt et al. 2013 for metsulfuron-methyl a Kow = −0.48 is used
which has to be a typo; otherwise the logarithm cannot be taken. Therefore
we assume that it has to be log (Kow) = −0.48. Nevertheless, in EFSA 2015
several partition coefficients between n-octanol and water dependent on state
temperature, pH and purity are given.

Table 4.4.1: Calculated plant water coefficients by regression (de Carvalho et al.
2007) for different log (Kow) values of metsulfuron-methyl found in
literature.

pH T in ◦C purity in % log (Kow) Kpw Reference

4 20 99.6 1 0.9391 EFSA 2015
7 20 99.6 −1.7 0.7124 EFSA 2015
7 20 98.9 −1.87 0.7118 EFSA 2015
10 20 99.6 −2.2 0.7111 EFSA 2015

n.s. n.s. n.s. 2.2 2.4319 NCBI 2018k
n.s. n.s. n.s. −0.48 0.7290 Schmitt et al. 2013

We trust the experimental values found in literature (EFSA 2015 and Ta-
ble 4.4.1) and choose a value with pH of seven. The found log (Kow) values
result in lower plant water coefficients (≈ 0.71), such that we have to take a Kpw
of 0.94 for msm.

Permeability

The permeability of the cuticle determines the speed of uptake and elimination
of the active substance in plant. The starting value for the permeability p ∈
R+ \ {0} can be derived via regression describing the correlation of the chemical-
specific cuticular permeability and the chemical lipophilicity (octanol water
partition coefficient). The regression is based on a set of 14 substances derived
testing the macrophyte Myriophyllum spicatum (S. Heine et al. 2015, Table A.2.2).

Although the experimentally observed permeability relies on a different
macrophyte species, we want to use the regression to get an initial value in a
biological reasonable range.We use this experimental data to find an exponential
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function relating lipophilicity and permeability. We test two different ways
of determining the function. First is to use linear regression based on log
transformed data, second is to use a nonlinear least square fit based on non
transformed data.

Furthermore, we want to see, if considering molar mass and lipophilicity leads
to a better regression. At last, we calculate possible initial values for the
permeability for the active substance msm.

Relationship between Lipophilicity and Permeability. The regression function
used in this thesis differs from the equation given in S. Heine et al. 2015. The
reason for this is that, the regression line of S. Heine et al. 2015 describes
the permeability-lipophilicity relationship using experimental data in cms−1.
The unit of the parameter p according to the model shall be in cmd−1. For
clarity due to units, we directly use the converted observed data on daily ba-
sis. We transform the measured data in cms−1 to cmd−1 by multiplying with
86400 s d−1.
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Figure 4.4.2: Permeability of Myriophyllum spicatum and lipophilicity (as
log (Kow)) of 14 chosen substances in arithmetic (left) as well as in
log scale (right). The black dashed line shows the regression trend
line based on log transformed permeability data. The simple black
line represents the result of nonlinear least square fit, fitting an
exponential function to observed permeability data (S. Heine et al.
2015, Table A.2.2).

The measured permeability data with the log (Kow) of the active substances
can be seen in the appendix Table A.2.2. It corresponds to table 2 in S. Heine
et al. 2015, p. 295. We do not use the last two entries in S. Heine et al. 2015 as
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the experimental results are based on inactivated plants.
Fitting a linear function using least squares to the log-transformed experi-

mental data (Excel, linear regression) leads to the following result (black dashed
line in Figure 4.4.2)

p1 = 0.0061 · exp (0.7492 · log (Kow)) , r2 = 0.8148 .

This function p1 : R → R+ \ {0} is very similar to the regression curve, that is
used by S. Heine et al. 2015, if we reconvert the data to cms−1.

Using the nonlinear Excel solver minimizing least square of observed data
and a function p2 (log (Kow)) = a · exp (b · log (Kow)) leads to the black line in
Figure 4.4.2:

p2 = 0.1522 · exp (0.2618 · log (Kow)) , r2 = 0.8148 .

The function p2 : R→ R+ is different: the obtained value for a is much higher,
whereas the value for b is much lower.

We want to know which function describes better the relation between li-
pophilicity and permeability. Calculating the coefficient of determination of
the log transformed data leads to the same result 0.8148. Model efficiency
leads to different results: the Excel regression based on log scale is negative
(−0.7974), the nonlinear fit is much better (0.54397). In addition to that the sum
of squared residuals of the nonlinear fit is much better (1.9967 versus 7.8698).
Both functions p1 (dashed line) and p2 (line) and the experimental observed
permeability data (Table A.2.2) can be seen in log and arithmetic scale in Fig-
ure 4.4.2. In arithmetic scale, least squares and the model efficiency (compare
Definition 2.4.13) of the nonlinear fit are better.

Relationship between Lipophilicity and Molar Mass and Permeability. We
want to answer the questions whether the size of the molecules of the substance
plays a role with respect to permeability of an active substance and whether it
is reasonable to include the molar mass in a regression. To do so, we include
the molar mass as variable in the regression function.

Figure 4.4.3 presents the molar mass of the 14 chosen active substances in
relation to their observed permeability (points). The molecules of the chosen
substances are relatively small (180–500 gmol−1), as they are active substances
having an effect on target species.

Remark 4.4.9 No linear correlation between molar mass and permeability is
identifiable.
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The idea is to relate the lipophilicity (log (Kow)) and molar mass of an active
substance to the permeability of cuticle. Hence, we fit the observed permeability
data related to log (Kow) and molar mass using an equation:

p3 (log (Kow) , M) = a · exp (b · log (Kow) − c ·M) .

As result of the least square fit using the nonlinear Excel solver add-in, we
get the following values for a, b, c ∈ R+: a = 0.0314, b = 1.4025, c = 0.0166.
The visual result in relation to the observed data is presented in Figure 4.4.3.
Taking a look at the model efficiency of the regression including the molar mass
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Figure 4.4.3: Relationship between the permeability by Myriophyllum spicatum
and their 1-octanol water partition coefficient (as log (Kow)) and
their molar mass (Table A.2.3). The round points are the ob-
servation points. The diamonds are the fitted function values
based on log (Kow) and molar mass M in gmol−1 and function
p3 = 0.0314 · exp (1.4025 · log (Kow) − 0.0166 ·M).

(0.7556), we obtain a higher value than the regression line based on log scaled
data as well as the nonlinear fit.

Observation 4.4.10 At least for these chosen substances and with respect to
model efficiency a regression function based on molar mass and lipophilicity
describes the observed permeability data at best.

For comparison in Figure 4.4.4 the deviations of all three regressions to the
observed values are shown. A biological reliable range of permeability may be
the interval [0.0001, 10].
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Figure 4.4.4: Deviations of observed and predicted permeability. The triangles
are the deviations to the predicted permeability based on regres-
sion with log scaled data (p1). The squares are the deviations to
the prediction of permeability based on nonlinear least square fit
(p2). The diamonds are the deviations of experimental data and
regression including the relation of permeability and molar mass
(p3).
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Example. We consider the active substance metsulfuron-methyl (msm). For
msm the molar mass is 381.363 gmol−1 (NCBI 2018k). We get as initial value
for msm, independently of the chosen regression function, a range of [0.001, 0.2].
All regression values can be seen in Table 4.4.2.

Choosing a log (Kow) value experimentally derived in a pH environment of
seven, depending on the regression, we have an initial value for the permeability
of 0.001605, 0.09911 or 0.00000455 (obtaines by using the mean of log (Kow) =

−1.87 and log (Kow) = −1.7 ). Again taking the mean of all three regression
values, assuming the truth is somewhere between, we get as initial permeability
value p = 0.03357.

Table 4.4.2: Calculated permeability for msm via log scaled (p1) and nonlinear
(p2) regression based on log (Kow) as well as a regression (p3) based
on molar mass and log (Kow).

pH log (Kow) p1 p2 p3 Reference

10 −2.2 0.00117 0.08904 0.0000025 EFSA 2015
7 −1.87 0.0015 0.09694 0.000004 EFSA 2015
7 −1.7 0.00171 0.10128 0.0000051 EFSA 2015

n.s. −0.48 0.00426 0.13865 0.0000282 Schmitt et al. 2013
4 1 0.0129 0.20296 0.0002248 EFSA 2015

n.s. 2.2 0.03171 0.27643 0.0012096 NCBI 2018k

4.4.3 td Parameters

The remaining initial values of the substance specific parameters, that need
to be identified, are the parameters of the dose-response relation: the internal
EC50int ∈ R+ \ {0}, maximum effect Emax ∈ [0, 1] and Hill coefficient b ∈ R+ \ {0}.
They can be derived by fitting them to ecotoxicological data e.g. a 7 days
standard Lemna test according to oecd guideline (OECD 2006b).

Remark 4.4.11 We can derive initial values for the td parameters using the
external concentration data and fitting it to a dose-response curve (Hill function):

f (Cext) = Emax ·
Cb

ext

EC50b
ext + Cb

ext
.

As an example, we calculate the inhibition of growth rate (Definition 2.1.2) for
the experimental msm data set of Schmitt et al. 2013. The test has an exposure
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period of 7 d and a total test period of 14 d. We consider the growth rates in
the exposure period as well as in the total test period (Figure 4.4.5).

We set the parameter value of maximal effect Emax equal to one. This means
a maximum growth inhibition equal to 100 %, because it is not reasonable to
assume a maximal inhibition smaller than 100 %. Using an Emax smaller 100 %
leads to a restriction: the model is restricted to the concentration range used for
calibration. Furthermore, it is better to reduce the number of parameters to be
calibrated.

Fitting to the experimental inhibition growth data using a least square ob-
jective leads to the following initial values for the td parameters: For the
exposure period to an EC50 of 0.97 µgL−1, considering the total test period
we obtain a higher value: 2.25 µgL−1. For the values of Hill coefficient the
difference between exposure and total test period is smaller. We get 1.35 for
exposure period and 0.98 for the total test period.

The visual result of the nonlinear fitting of the two td parameters and the
difference considering only the exposure period or the total one can be seen in
Figure 4.4.5.

10−1 100 101
0

0.5

1

Concentration in µgL−1

In
hi
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on

Figure 4.4.5: Relationship between external concentration and inhibition on
growth rate for the effect until day 7 (red, points, line) and the
effect until day 14 (blue, squares, dashed line). The observed
growth rates are given in Table A.2.1.
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4.5 Examples and Results

As an example case, we want to study the effects of the above mentioned
sulfonyl-urea herbicide Metsulfuron-methyl (msm) on growth of Lemna under
laboratory conditions and under field conditions. Laboratory conditions are
characterized by constant environmental conditions and a shorter time period.
In the contrary, field conditions have varying environmental conditions. Fur-
thermore, in laboratory experiments we have exponential growth in opposite to
the logistic growth in field.

However, in a first step, we have to find values for the substance specific
parameters. Above, we already introduced possibilities to estimate parameter
values or get initial values for calibration. We use the data from Schmitt et al.
2013 as calibration data to find the tktd parameter values. In order to find the
best calibration procedure, we try different data transformations. Additionally,
we want to compare our model predictions to the result given in Schmitt et
al. 2013. The resulting parameters are validated with a standard test with
7 d test duration and 96 h exposure presented by H. Ochoa-Acuña in 2016
(Ochoa-Acuña et al. 2016).

In order to analyze the effect of changing parameters on the model output,
we perform a sensitivity analysis. Therefore, two different exposure scenarios
under laboratory conditions are considered. For that matter, we observe the
behavior of the model output under systematic changes of one parameter value
at a time.

Having found reliable tktd parameters for laboratory conditions, we can
use them to predict different environmental scenarios as well as different
exposure pattern. For simulating growth of Lemna under field conditions,
realistic environmental conditions are needed. Therefore, we use the focus D2
Brimstone temperature and light profiles. However, focus scenarios do not
include data on nutrients.

We conduct different case scenarios to analyze the behavior of the model
under field conditions, namely the effect on growth of using different

1. time periods (one year, three years),

2. nutrient concentrations,

3. exposure levels,

4. increased temperature values (climate change).

As we can only calculate the solutions of the differential equations approxi-
mately, we have a discretization error. We want to estimate this error and in
particular observe if the error in a long time period is growing.
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Again, we perform a sensitivity analysis to observe the performance of the
seasonal growth model. All parameters are systematically changed one at a
time and we consider the maximum effect, the maximum control biomass value
and the mean control biomass value as endpoints. The subsequent uncertainty
analysis is based on chosen growth and all tktd parameters. In contrast to the
sensitivity analysis the parameters are changed simultaneously using a normal
distribution (100 scenarios, ±10 % coefficient of variation).

4.5.1 Growth under Laboratory Conditions

The experimental data sets according to standard toxicity test oecd Guideline
221 (OECD 2006b) contain measurements on the test conditions like light,
temperature and the applied exposure pattern in time. Furthermore, the frond
number is reported to describe the growth respectively the growth inhibition in
time.

Lemna is an exponentially growing plant that is exposed to different con-
centrations of the test substance over a period of seven days. To quantify
substance-related effects on growth frond number and total frond area or dry
respectively fresh weight of biomass is reported. The initial frond number is
9–12 fronds.

The environmental conditions shall be as much as possible constant. Light
intensity is 85–135 µEm−2 s−1. This corresponds to 6500–10000 lx in photosyn-
thetically active radiation (400–700 nm). The light deviation is not allowed to
exceed the range of ±15 %. Temperature shall be constant in a range of 22 ◦C to
26 ◦C. Furthermore, the pH content of the control medium should not increase
more than 1.5 units during the test. Additionally the doubling time and the
endpoints average specific growth rate and yield are reported.

Calibration of tktd Parameters

For calibration we use the data set used in Schmitt et al. 2013 (Table A.3.1).
As test species the species Lemna gibba is used. Including the control seven
different concentrations are tested: 0.32, 0.56, 1, 1.8, 3.2 and 5.6 µgmL−1. No
further information on temperature or light is given in Schmitt et al. 2013. Thus,
we assume optimal temperature, light and nutrients conditions. We do not
consider environmental influences on photosynthesis (f̂ T

1 = 1, f̂ I
1 = 1, f̂ N,P

1 = 1)
or respiration processes (f̂ T

2 = 1).
The test is a constant seven days exposure test with subsequent seven days

recovery period (uncontaminated nutrient solution). In the original experiment
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the number of fronds is reduced to 15 at day seven, but Schmitt et al. 2013
extrapolate the data from day seven until fourteen.

We compare the result of three different variants of calibration, namely using
a least square objective with

1. the extrapolated data set,

2. the log-transformed extrapolated data, and

3. the original experiment (reset biomass value at day 7).

The comparison is based on the statistical analysis of the model predictions and
the experimental data.

We select the initial values as discussed above. Using the regression leads to
a plant water coefficient smaller than 0.94 for log (Kow) equal to −1.7, such that
we set Kpw equal to 0.94. The regression for the permeability leads to 0.0017 as
initial permeability.

We fit the experimental data to a reduced model without environmental
influences. Thus, the reduced growth parameter set consists only of the photo-
synthesis and respiration rate, where the respiration rate is set to zero (k2 = 0).
The value of photosynthesis rate is the exponential control growth rate 0.39 d−1

(derived from least square fit of control data and exponential growth function,
Example 2.3.10). For the reset biomass calibration run, the photosynthesis rate
(k1) of the first week is set to 0.386 d−1 and of the second week to 0.388 d−1. The
rates are derived via least square fit to the control data of the corresponding
week.

The objective is for all calibration cases the same: we minimize the quadratic
deviations between model prediction and experimental observation for each
concentration level. We use the same calibration settings for all modes of cali-
bration (initial values, lower and upper bounds). These settings are summarized
in Table 4.5.1.

Table 4.5.1: Calibration settings. For calibration is based on a test with 7 days
constant exposure and 7 days recovery (Schmitt et al. 2013).

Parameter Initial Value Lower Bound Upper Bound Fit

Kpw 0.94 0.1 1000 no
P 0.0017 0.0001 10 yes
Emax 1 0 1 no
EC50int 0.97 0.097 9.7 yes
b 1.35 0.135 13.5 yes
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Table 4.5.2 presents the resulting parameter values of all three calibration
variants. In general, we get different parameter values as in Schmitt et al. 2013.
This is on the one hand because we use a different plant water coefficient (0.94).
On the other hand, we set the maximum effect equal to one. Besides that
the method solving the ordinary differential equation system, the solver and
objective of the nonlinear optimization problem, the initial values as well as the
bounds on parameters can influence the parameter result.

Table 4.5.2: Calibration result with respect to three different calibrations runs:
with no data transformation, with log scale transformation and
with original experimental setting.

Parameter No Transformation Log Data Reset Biomass

Kpw 0.94 0.94 0.94
P 0.025 0.016 0.011
Emax 1 1 1

EC50int 0.53 0.56 0.42
b 5.58 2.41 6.66

In addition to that we get different parameter values depending on the
calibration variant (Table 4.5.2). The resulting permeability using log scaled
data is 1.5 times higher than without data weighting. The calibration run
using the original experimental set up leads to an approximately 2.3 higher
permeability. The internal EC50int is almost equal for all three calibration runs.
The Hill coefficient is more than 2 times higher using log transformed data, and
0.8 times smaller using the original experimental set up.

The visual result of the calibration of tktd parameters using different data
transformations can be seen in Figure 4.5.2. It presents the predicted and
measured frond numbers in time of Lemna exposed to the Schmitt et al. 2013
exposure profile (seven days constant exposure, seven days recovery).

In arithmetic scale, the model prediction of the least square calibration (extra-
polated data) fits well to the experimental measurements. The value of model
efficiency is 0.997 indicating a very good fit (Definition 2.4.13). In log scale, one
can see that especially in the exposure period (first seven days) the model is
very conservative with reference to the higher concentrations (1 – 5.6 µgL−1).

This overestimation of effects with regard to the higher concentration levels
can also be observed by comparing the predicted and calculated growth rates of
the exposure period and recovery period (Figure 4.5.1). The predicted growth
rate of the exposure period is too conservative (approximately 0.1 d−1 smaller),
whereas the predicted growth rate of recovery period is overestimated. In total,
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Figure 4.5.1: By model predicted (red) and observed growth rate in dependence
of concentration for the exposure period (left) and recovery period
(right).

the by model predicted growth rate of the total test duration corresponds very
well to the observed growth rate. This behavior is due to the properties of
the used calibration method. We minimize the quadratic deviations of model
prediction and experimental data point over the total test period of 14 days.
The residuals at the end of the test period are higher due to the higher frond
number. Thus, these residuals are more important and thereby particularly the
recovery phase.

The prediction of control and smallest concentration level (0.32 µgL−1) with
respect to the no data transformation fit are similar (same growth rate). Contrary
to that the model prediction with the parameter set derived by log transformed
data is different for both levels. Furthermore, the dark green line (1 µgL−1)
is different: in general, less growth inhibition (less effect) is predicted. In the
first seven days the effect on growth is overestimated, in the last seven days
under estimated. According to Figure 4.5.1 this calibration method describes
the recovery period at best.

The model predictions of concentration 1.8 µgL−1 (yellow green), 3.2 µgL−1

(yellow) and 5.6 µgL−1 (red) the parameter values derived per non transformed
least square fit are closer than the model predictions of the parameters using
log transformed data.

Using the log scale parameter set leads to a later recovery of the higher
concentration levels. The parameter values derived using log scaled data
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predict a lower growth than observed in the exposure period for the higher
concentrations.

Table 4.5.3: Statistical goodness of fit comparing experimental and by model
predicted frond number of duckweed. Three different calibration
methods are considered: least square fit without data weighting
and log scaled data.

No Transformation Log Scale Reset Biomass
Property Data Log Data Log Data Log

r2 0.998 0.977 0.986 0.977 0.983 0.95
ef 0.997 0.928 0.967 0.957 0.978 0.848
|C − O| 545.085 4.161 1285.319 3.585 227.935 3.26
(C − O)2 21036.954 0.819 271224.148 0.491 2421.626 0.576
srmse 0.11 0.081 0.395 0.063 0.139 0.077
ste 0.069 0.062 0.163 0.054 0.107 0.055

We consider in Table 4.5.3 several statistical measurements to compare the
calibration results. As we consider also log transformed data, we have calculated
the statistics based on non transformed and log transformed data. We do not use
the initial time point data as well as control data for the statistical calculations.
The best model efficiency between prediction and observation is attained by the
first calibration method. Nevertheless, the statistics indicate a good fit to all
three calibration runs.

Observation 4.5.1 The parameter values derived without data weighting using
the extrapolated data set according to model efficiency (0.997) are the best.

Using the data of original experimental set up does not lead to a better
description of the growth of Lemna population in the first week (exposure
period). The model is, still, overestimating the effects especially of the higher
concentration levels. In Figure 4.5.1, one can see that this calibration variant
is closer to the observed growth rate in exposure and recovery period than
using the extrapolated data and no data transformation. For the exposure
period, using the original experimental set up is better than the prediction by
the parameters derived by the logarithmized data.

In this particular case, having a 14 d test duration, the difference of the three
calibration runs is not big. Assuming, we have a longer test duration could lead
to higher differences.

In general, different objectives are imaginable (Section 2.4.1). For example,
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(a) Least Square Fit
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(b) Least Square Fit with Logarithmized Data
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(c) Least Square Fit using the Reset Biomass Test
Figure 4.5.2: Predicted (line) and observed (marker, Schmitt et al. 2013) frond number

of Lemna exposed to msm in linear (left) and log scale (right).
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instead of a least square fit one can use a p-norm objective |O − C|p, p > 2 ∈N.
The p-norm objective has the advantage that it over respectively underestimates
evenly.

Validation of tktd Parameters

We validate the parametrized tktd model with a laboratory growth inhibition
test not used for the calibration. For this we use all tktd parameters derived in
the calibration section. We test whether the tktd parameters derived by fitting
the extrapolated data set with least square objective without data weighting are
still the best parameter set.

For validation we employ a glp laboratory growth inhibition test with msm
of Lemna gibba presented by Ochoa-Acuña 2016 (presentation at setac Nantes,
data kindly provided by H. Ochoa-Acuña, Ochoa-Acuña et al. 2016, Table A.3.3).

The study consists of 4 days of exposure followed by 3 days of recovery in
uncontaminated medium. In total six different concentrations have been tested
(0.1–5.6 µgL−1). Frond numbers are taken at day 0, 3, 5 and 7.

The mean frond number of three replicates can be seen in Figure 4.5.3. There
are no or only slight effects on observed frond number until concentration
0.5 µgL−1. The growth rate of control is lower than the growth rates of the first
three concentration levels.

We apply the before calibrated parameters to predict the result of the 96 hour
exposure test. The result in arithmetic and logarithmic scale is presented in
Figure 4.5.3.

The model predicts the same growth for the control and the first three
concentrations. In log scale view, one can see that the higher concentrations 1.7
and 5.6 µgL−1 are not well predicted: in exposure period the growth inhibition
is over estimated, in recovery period the effect is under estimated.

According to the model efficiency all model predictions fit well to the vali-
dation study data. Also the other statistical measurements indicate a good fit
(Table 4.5.4). The statistical difference between the different parameter sets is
very small.

Observation 4.5.2 Best result (ef=0.967) is obtain using the first parameter set
(extrapolated data without transformation).

The arising question is if the good correspondence of model prediction and
experimental data is due to the similar concentration range of calibration and
validation study. Thus, we have a relatively small magnitude of extrapolation.
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(a) Calibrated Parameters using Extrapolated Data

0 2 4 6

50

100

150

Time in d

N
um

be
r

of
Fr

on
ds

0 2 4 6
101

101.5

102

Time in d

N
um

be
r

of
Fr

on
ds

(b) Calibrated Parameters using Logarithmized Data
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(c) Calibrated Parameters using the Reset Biomass Test
Figure 4.5.3: Predicted (line) as well as observed (marker, Ochoa-Acuña et al. 2016)

frond number of Lemna exposed to msm.
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Table 4.5.4: Statistical goodness of fit comparing experimental and by model
predicted frond number of Lemna (96 h test).

Property No Transformation Log Scale Reset Biomass

r2 0.991 0.992 0.981
ef 0.967 0.958 0.966
|C − O| 121.073 133.853 127.114
(C − O)2 1941.627 2460.889 2011.823
srmse 0.157 0.177 0.16
ste 0.102 0.112 0.107

Sensitivity Analysis

Assuming we have found sufficient good parameter values, we want to know
how the model’s behavior is due to changes in parameter values. Therefore, we
perform a sensitivity analysis as described in EFSA PPR Panel 2014 respectively
in Section 2.4.2. We select the parameters derived by the first calibration run:
least square fit on the extrapolated data without transformation.

In order to compare the behavior in various situations, we do the analysis
twice: using a seven days constant exposure and a one day exposure scenario
with subsequent six days recovery.

We choose the growth specific parameters based on the calibration data
set, thus exponential growth with a fix photosynthesis rate k1 = 0.39 d−1 and
an initial dry biomass of 1.2 mg. As concentration in water we choose the
concentration leading to a growth rate inhibition of 50 % over seven days for
each scenario.

The external concentration leading to reduction in growth rate of 50 % for the
seven days constant exposure scenario is 0.624 µgL−1. The concentration level of
the pulsed scenario (one day constant exposure with subsequent 6 days recovery)
is much higher namely 44.06 µgL−1. The visual result of local sensitivity
analysis can be seen in Figure 4.5.4, where on the left the constant exposure
scenario and on the right the one pulse exposure scenario are presented. The
effect on scaled growth rate due to systematic changes in parameter values
differs for the two scenarios.

Due to the lower bound of the plant water coefficient (has to be greater than
or equal to 0.94) the (blue) line starts at a scaled parameter value greater than
or equal to 1. The point (1, 1) in Figure 4.5.4 represents the parameter values of
the calibration result.

The change of Kpw yields a contradicting effect on growth rate comparing both
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Figure 4.5.4: Result of a local sensitivity of seven day exposure of 0.624 µgL−1

(left) and one day exposure of 44.06 µgL−1 with subsequent six
days recovery (right) for the tktd parameters (Kpw in steel blue, p
in green, EC50int in orange, b in red).

scenarios. For the constant exposure scenario a higher plant water coefficient
value results in a higher growth rate, whereas for the pulsed exposure scenario
this leads to a reduction of growth rate. An increased Kpw value results in a
higher proportion of the active substance bound to plant matter which is not
available for binding to the target.

The term 1
Kpw

influences the elimination process (Definition 4.2.23). Thus, a
higher plant water coefficient leads to a slower elimination. With respect to the
one pulse exposure a higher Kpw value slows down the recovery after day one
and hence directly the growth rate.

In this scenario decreasing permeability (green line in Figure 4.5.4) leads to a
longer time until equilibrium with the external concentration is reached and
thus the growth rate is higher. Changing the permeability means changing
speed of the uptake where decreasing the permeability has a higher relevance
than increasing on constant exposure.

In the one pulse scenario the permeability shows an inverse pattern to the
constant exposure because a higher permeability also means a faster elimination
process. This leads to a faster elimination especially relevant after the exposure
period and hence the effect on growth rate of the total test duration is smaller.

The orange line in Figure 4.5.4 represents the effect on growth rate of changes
in the td parameter EC50int. In both exposure patterns the EC50int shows
similar behavior: the higher the value, the smaller the inhibition of growth rate
(and the higher the growth rate). Nevertheless, the relevance for the constant
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exposure scenario is much higher and the curve steeper. This is because the
change of EC50int mainly affects the inhibition in exposure period, which is in
the pulse scenario clearly shorter.

The remaining td parameter is the Hill coefficient b (red line in Figure 4.5.4).
In both scenarios the model is not sensitive to changes in this parameter.
Changes in the slope of dose-response curve are only relevant during the
uptake phase but not when the internal concentration is in equilibrium with
the external concentration such that even large changes have only small effects
on the growth rate.

This can also be seen in Table 4.5.5, where the sensitivity coefficients are
presented.

Observation 4.5.3 The most sensitive parameter is EC50int in the seven days
exposure scenario. In the other exposure scenario the permeability is the most
sensitive parameter. Additionally the parameter Kpw and p behave contradicting
but in a similar range (different algebraic sign). The Hill coefficient is least
sensitive.

Table 4.5.5: Sensitivity coefficients derived by sensitivity analysis of two differ-
ent exposure scenarios: one day constant exposure of with subse-
quent six days recovery as well as seven days constant exposure of
msm to Lemna.

Exposure Kpw p EC50int b

1 day −0.645 0.658 0.179 −0.007
7 days 0.562 −0.535 3.100 −0.108

4.5.2 Growth under Field Conditions

In the previous subsections we only consider a simplified model describing
exponential growth under laboratory conditions. We do not deal with the
effects on growth of environmental conditions. We are now going to simulate
the growth of Lemna population for a longer time period under time varying
light and temperature conditions. For the growth parameters, we use the values
proposed by Schmitt et al. 2013.

For the simulation of realistic growth behavior of Lemna populations, we
use the daily temperature and light profiles of the the D2 – Brimstone fo -
cus scenario. This focus profile provides global radiation data expressed
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in kJm−2 d−1 and daily mean air temperature values. We use these air tem-
perature values despite water temperature should be less variable than air
temperature. However, as a floating plant, Lemna is directly in contact with
the air. For this reason, the use of the air temperature is considered acceptable
to compare the effect of different time series of temperature and radiation.
Nutrient concentrations are not part of focus scenarios.

In contrast to the laboratory conditions, we do not have validation data.
However, we have a high level understanding of the expected behavior of a
Lemna population in field, namely an increase of biomass due to environmental
conditions in spring followed by a constant biomass plateau in summer. In
autumn/winter the biomass decreases due to low temperature values and
suboptimal light situation (Figure 3, Schmitt et al. 2013).

Effect of Nutrients on Seasonal Growth of Lemna

In a first step, we observe environmental influences (especially the impact
of nutrients) on seasonal growth. Thereby, we simulate growth on Lemna
population in a time period of three years (1980–1983). The initial biomass is
set to 50 gm−2 dry weight.

We try different nutrient levels, whereas the temperature and light profile
are the same in all scenarios. The used nitrate and phosphate concentrations
can be seen in Table 4.5.6 where we choose the concentration such that we
obtain a constant nutrient response function value f̂ N,P

1 in a range of 0.1 to 0.9.
Due to the structure of the minimum function f̂ N,P

1 , we obtain the same time
course of biomass if we set the nitrate concentration to the concentration in the
scenario and the phosphate concentration greater than the given concentration.
For example in the first scenario, we get the same result for N = 0.00048 mgL−1

and P > 0.0038 mgL−1 respectively N > 0.00048 mgL−1 and P = 0.0038 mgL−1.
The reason is that only the most limiting factor is taken into account in the
biomass calculation (Liebig’s law).

The change in dry biomass in three years (first day 01/01/1980) using the
D2 focus temperature and light data in dependence on the different nutrient
levels can be seen in Figure 4.5.5.

We can simulate the characteristic change of biomass of Lemna population
under field conditions in time (Figure 4.5.5). Its shape depends on the tem-
perature and light profile of the respecting year. We consider in this example
only the control growth. The change of dry biomass in time is modeled based
on variable temperature and light but constant nutrient concentrations. We
consider a long time period (3 years). For further validation experimental data
on growth behavior of Lemna in field water bodies is needed.
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Table 4.5.6: Different nutrient scenarios (concentrations) leading to reduction of
maximum photosynthesis rate in a range of 10–90 %.

f1 (N, P) Phosphate in mgL−1 Nitrate in mgL−1

0.1 0.0005 0.0038
0.2 0.0011 0.0085
0.3 0.0018 0.0146
0.4 0.0029 0.0227
0.5 0.0043 0.0340
0.6 0.0065 0.0510
0.7 0.0100 0.0793
0.8 0.0172 0.1360
0.9 0.0387 0.3060
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Figure 4.5.5: Change of dry biomass in time (days) with respect to different
nutrient levels resulting in f1 (N, P) from 0.1 to 0.9. The lighter
the color of the green line the lower is the chosen concentration
of nitrate and phosphate (left sub-figure). Minimum, mean and
maximum dry biomass value with respect to different nutrient
level (points). The lines are the fitted logistic functions (right
sub-figure).
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Observation 4.5.4 The higher is the nutrient concentration, the higher is the
amount of biomass. If the nutrient concentration is low (level 0.1 and 0.2) the
Lemna population extincts. The dry biomass value is equal to the minimal
biomass value of 0.1 gm−2 at the end of the time period (Figure 4.5.5).

On the right sub-figure in Figure 4.5.5 we study the maximal, mean and
minimal dry biomass value in the regarded time period. For the first two levels
the maximum dry biomass value is equal to the initial value. The relationship
between nutrient level and maximum, mean and minimum biomass is logistic.
The straight lines in Figure 4.5.5 (right figure) are fitted using the nonlinear
Excel solver to a logistic function:

f (x) =
c

1+ a · exp (−b · x) .

The obtained parameter values can be seen in Table 4.5.7. The corresponding
model efficiencies (ef) indicate a good fit.

Table 4.5.7: Different nutrient scenarios (concentrations) leading to a reduction
of the maximum photosynthesis rate in a range of 10–90 %.

Biomass a b c ef

Minimum 74.82 10.41 33.15 0.991
Mean 30.59 9.10 93.74 0.985
Maximum 6.02 6.91 155.13 0.976

Discretization Error For longer time periods, it is possible that the discretiza-
tion error is growing in time. On this account, we analyze the change of
discretization error. We regard only the environmental influences not the
effect of active substances in the environment on growth. Hence, the only dis-
cretization error influencing the predictions is the discretization error due to the
approximation of the ordinary differential equation describing the change of dry
biomass in time. We can only calculate the differential equation approximately,
such that we have to estimate the discretization error.

The ordinary differential equation is solved with a modified version of the
explicit Euler method adapting the step size (Algorithm 2.3.31). According to
the analysis in Chapter 2, we know that the smaller is the step size, the smaller
is the discretization error. In general, errors occur if the change between two
time points is large. Therefore, we set the maximum step size to one time per
hour ( 124 ). If the absolute relative change is big, the step size is divided in half as
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long as the local discretization error (Definition 2.3.36) respectively the absolute
relative change is bigger than a certain threshold. We use three different settings
for the local error bound: 0.00001, 0.0001 and 0.001. We regard the change of
biomass in time for these three settings and calculate the absolute deviation.

Observation 4.5.5 Due to the reason that we cannot calculate the exact solution
of the ordinary differential equation, we cannot calculate the discretization error
exactly, but we can estimate it by comparing different threshold settings.

Therefore, we consider only one nutrient scenario, namely 0.0387 mgL−1 for
phosphate and 0.306 mgL−1 for nitrate concentration (f1 (N, P) = 0.9).
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Figure 4.5.6: Absolute deviation of dry biomass of local error bound equal to
0.00001 and 0.0001.

The visual result can be seen in Figure 4.5.6. The maximal absolute deviation
of dry biomass between a local error bound of 0.00001 and 0.0001 is 0.0182 gm−2.
In the mean the deviation is 0.000138 gm−2 thus, an overestimation of dry
biomass. In general, the maximum local discretization error is still small
(< 0.02).

Above we consider the local discretization error. More important is the global
discretization error that is the cumulative effect of the errors from the approxi-
mation over the entire interval (compare Definition 2.3.38). We can estimate the
error using Richardson extrapolation as described in the preliminary chapter
(after Definition 2.3.38). The step size in our case is maximal equal to one time
per hour (h = 1

24 ). The Euler explicit method is a first order method (p = 1). We
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get an approximate maximal global discretization error of 0.00131 gm−2 after
three years.

Remark 4.5.6 The discretization error of control biomass differs in time. A
higher biomass value leads to a higher discretization error. However, even the
maximum approximate discretization error is small. Thus, the error due to the
approximation is negligible.

Effect of msm exposed to Lemna in a Long Term Period

In a next step, we integrate toxicity. Therefore, we simulate one year exposure
of msm to Lemna populations. As exposure profile we use the predicted envi-
ronmental concentrations of the focus D2 Brimstone scenario. The maximum
predicted environmental concentration is equal to 1.428 µgL−1 (Figure 4.5.7).
For light and temperature we use the focus related time series: temperature
and light profile D2 corresponds to year 1986. The nutrient concentrations are
set constant to 0.0387 mgL−1 for phosphate and to 0.306 mgL−1 for nitrate
(f1 (N, P) = 0.9). We set the initial biomass to 65.488 gm−2.

The specific weather conditions characterize the change of biomass in 365
days. Lemna grows fast in spring. The biomass is relatively stable the summer,
followed by a decline in autumn down to a lower biomass during winter.

In Figure 4.5.7 the change of dry biomass in 365 days in dependence of the
D2 Brimstone scenario and the predicted environmental concentration can be
seen. The external concentration profile is multiplied with several multiplication
factors in a range of 0 to 100 leading to different growth inhibitions.

The main influence on growth considering the 1 times pec scenario is based
on temperature (highest photosynthesis inhibition). The mean temperature is
8.85 ◦C. The mean temperature leads to a temperature photosynthesis factor of
0.12. According to the model parameters (respectively Schmitt et al. 2013) the
optimal growth temperature for Lemna is 26.7 ◦C, but the maximum temperature
of this temperature profile is with 21.9 ◦C much lower.

The first high exposure peak is around day 71, before the growth period
starts in spring. The effect of the exposure depends on the multiplication factor.
We can see that the Lemna population is equal to the control biomass value at
the end of the time period (at day 365) exposed to 1–10 times the predicted
environmental concentration profile (steel blue, green, yellow green, orange
and red line).

Multiplying the pec with a factor of 17.78 leads to a slightly smaller end
biomass value (violet line), whereas factors of 31.62 (dark violet line), 56.23
(indigo line) and 100 (midnight blue line) lead to a clear extinction of dry
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Figure 4.5.7: Change of biomass in time. As external concentration (black),
temperature and light the profile of D2 Brimstone scenario is
used. The external concentration profile is multiplied with several
multiplication factors in a range of 0 to 100.
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Figure 4.5.8: Growth inhibition as deviation to control biomass in time. As
external concentration, temperature and light the profile of D2
Brimstone scenario is used. The external concentration profile is
multiplied with several multiplication factors in a range of 1 to
100.

biomass.
Figure 4.5.8 presents the effect of the different external concentrations. The

inhibition effect is calculated by relating the biomass value of the treatment
to the control biomass: 1− BM

BM0
. Particularly the recovery time of Lemna pop-

ulation for multiplication factor 1–10 and the prolonged effect of the higher
concentration can be seen.

Discretization Error Integrating toxicity is adding a second nonlinear differ-
ential equation: the change of internal concentration in time. This differential
equation is coupled to the other nonlinear differential equation: the change of
biomass in time. Thus, we consider now two coupled differential equations.

Both nonlinear differential equations can only be solved approximately, and
thus we have to estimate the discretization errors. Therefore, we consider
two different settings: local error bound equal to 0.0001 and equal to 0.00001
(Figure 4.5.9). The relative discretization errors differ dependent on the concen-
tration factor.
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Figure 4.5.9: Minimum and maximum relative deviations of local error bound
equal to 0.00001 and 0.0001 of internal concentration (red) and dry
biomass (green) of all concentrations.

Observation 4.5.7 The discretization error of the internal concentration is high-
er and more variable than the discretization error of the change in dry biomass.
Internal concentration and biomass are coupled thus, the error is always based
on both discretization errors of both differential equations except for the con-
trol. The error of control is only based on the dry biomass error (internal
concentration is constant equal to zero).

As we, in general, do not have experimental data to confirm the internal
concentration in plant, we are mainly interested in the discretization error of
dry biomass value. The maximal absolute deviation of biomass considering all
concentrations is 0.0627 gm−2.

The discretization error usually depends on the exposure profile, the para-
meter values and the environmental conditions. With respect to the global
discretization error of internal concentration, we can estimate a maximal global
discretization error of 0.00055 µgmL−1. The global discretization error of the in-
ternal concentration increases with higher multiplication factors (Figure 4.5.10).

On the right in Figure 4.5.10, we consider the relative global discretization er-
ror of internal concentration and dry biomass. The relative global discretization
error of internal concentration is, in general, higher than the global discretization
error of dry biomass. For the internal concentration the error is approximately
0.002 except for the two multiplication factors 31.62 and 56.23.
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Figure 4.5.10: Approximation of the global discretization error of the internal
concentration (left) and the relative global discretization error
of internal concentration (red) and dry biomass (green) (right)
regarding different multiplication factors.

The internal concentration in plant is overestimated for all multiplication
factors. On the contrary, the dry biomass value is underestimated for the con-
centration factors (0–17.78). This leads to a conservative consideration in terms
of risk. For the three higher factors (31.62–100) the biomass is overestimated.
These are the concentration profiles leading to an extinction of Lemna population
(compare Figure 4.5.7).

Remark 4.5.8 The relative discretization error of internal concentration is higher
than the error of biomass. A higher multiplication factor (higher concentration)
leads to a higher relative discretization error for both internal concentration and
biomass. However, the relative discretization errors are still relatively small, in
particular for the biomass as model output. Thus, the discretization error due
to the approximation of the nonlinear differential equation system is negligible.

Effect of Nutrients Limitation and Exposure of msm

We study the effect of different nutrient concentrations on growth of Lemna
combined with the D2 ditch Brimstone msm exposure. Therefore, we multiply
the exposure profile with several factors to explore the effect of a higher range
of concentrations (1, 1.78, 3.16, 5.62, 10, 17.78, 31.62, 56.23, 100).

The nutrient availability in the water column is essential for Lemna as they are
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free-floating macrophytes not having direct access to nutrients in the sediment
(Peeters et al. 2013).

Again we consider a time period of one year. For temperature and light we
consider the corresponding D2 Brimstone scenario. We assume that the nutrient
concentrations are constant leading to nutrient response function values of 0.1,
0.25, 0.5, 0.75, 0.9 and 0.99.

In Figure 4.5.11 the change of dry biomass in time with regard to different
nutrient concentration levels can be seen.

Observation 4.5.9 An increase of nutrient concentrations leads to higher bio-
mass values (Figure 4.5.11).

Particularly regarding the two lowest levels, one can see that the maximum
biomass is equal to the initial biomass and both mean dry biomass values are
very low (16.77 and 32.77 gm−2). The mean biomass values of the higher levels
are much higher, namely 67.34, 83.84, 90.66 and 94.09 gm−2.
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Figure 4.5.11: Change of control dry biomass in time (days) and maximum
percentage deviation to control with respect to different nutrient
concentration levels. The lighter the color of the green line the
lower are the chosen nutrient concentrations.

Due to the different control biomass values, we also observe different effects
on growth.
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Observation 4.5.10 Increased nutrient levels lead to higher effects on growth
(Figure 4.5.11).

The higher effects are due to the smaller biomass amount such that the
difference between control and treatment is smaller. We have effects smaller than
25% for the lowest nutrient concentrations up to a safety margin of 5.62, whereas
the effect for the highest nutrient concentrations for multiplication factor 1.78
is already 28 %. For the nutrient concentrations yielding a photosynthesis
response function value of 0.75 to 0.99 the difference of the effect on growth is
relatively small (maximal 6 % for multiplication factor 3.16).

We only consider constant nutrient levels. As the nutrient concentration in
water is essential for growth of Lemna as floating plant, it may be important to
test realistic variable nutrient concentrations. Therefore, realistic data of nutrient
concentrations in water bodies in field is needed to complement scenarios
defined by temperature and light dynamics.

Remark 4.5.11 Assuming a high availability of nutrients is a conservative and
robust scenario with respect to the environmental risk assessment of active
substances.

Effect of Climate Change and Exposure of msm

We analyze the effect of one aspect of the climate change: the effect of increasing
temperature values on the growth of Lemna population. As floating plants
Lemna are in the water surface and hence, in close contact with the atmosphere.
This is a reason why changes in temperature (warming) are visible in particular
for these macrophytes (Peeters et al. 2013).

In total, we regard a time period of one year. We assume that the nutrient
concentrations are constant: 0.0387 mgL−1 for phosphate and 0.306 mgL−1 for
nitrate. For the light values, we use again the focus D2 radiation profile and
only analyze a change in temperature namely a daily increase of temperature
of 0.5, 1, 2 and 5 ◦C (Figure 4.5.12). This results in mean temperatures of the
profiles of 8.85, 9.35, 9.85, 10.85 and 13.85 ◦C.

We consider the effect of temperature on control growth as well as the effect
of temperature on growth inhibition using the same exposure profile and
the multiplication factors (1, 1.78, 3.16, 5.62, 10, 17.78, 31.62, 56.23, 100) as in
Figure 4.5.7.

In Figure 4.5.12 the change of control dry biomass of Lemna in time can be
seen. An increase of daily temperature leads to a higher biomass value. In
particular regarding an increase of 5 ◦C, one can see that the increase of dry
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Figure 4.5.12: On the left side, change of temperature in time (days) of the
default D2 temperature profile and the worst case temperature
profile (increased temperature of 5 ◦C). On the right, the change
of dry control biomass in time (days) with respect to increased
daily temperature values ranging from +0.5 to +5 ◦C.

biomass in spring is faster, the plateau of biomass is longer maintained and the
decrease in autumn respectively winter is slower.

The mean biomass of the default scenario is approximately 22 % lower than
the mean of the +5 ◦C scenario. Regarding the other scenarios the difference is
not that big (2 %, 5 % and 9 %). Using a different temperature scenario leads to
different control growth. However, the growth inhibition effect is related to the
control hence, we have different effects.

In Figure 4.5.13 we consider the maximum percentage deviation of controls.
We observe that the higher is the temperature the higher is the effect.

For instance, for the smallest exposure profile (1×pec), the maximum devia-
tion to control for the default temperature profile is 11 %, whereas the effect for
the warmest temperature profile is 22 %. The difference for the higher exposure
profiles (factor 17.78, 31.62, 56.23 and 100) is only 1 % between the lowest and
highest temperature profile.

Observation 4.5.12 In a nutshell, climate change will affect onset and duration
of Lemna biomass in ditches. However, it also will lead to a higher effect in
particular for lower concentrations of msm (factor ranging from 1 to 3.16).
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Figure 4.5.13: Maximum percentage deviation to control. The darker the color
of the blue line the lower is the chosen factor added to the D2
Brimstone temperature file.

Sensitivity Analysis of Seasonal Growth Model

We perform a local sensitivity analysis of the growth specific parameters. For
this purpose, we systematically change one parameter (±10 %) and keep the
others fix (Monte Carlo simulation, oat, Section 2.4.2). In total, we simulate
100 scenarios. We consider three different ecological endpoints: the maximum
deviation between the biomass of the exposed to the control population in 365
days, the mean control biomass value and the maximum control biomass value
of the 100 simulations.

For the external concentration, temperature and light we choose the profiles
of focus D2 scenario. The nutrients are set constant to high level (f1 (N, P) =
0.9). Phosphate concentration is 0.0387 mgL−1 and nitrate concentration is
0.306 mgL−1.

All scaled parameters show a linear relationship to the scaled parameter
output (Figure 4.5.14). We can group the parameters into three sub groups:
negative, zero and positive sensitivity coefficients (slope).

A negative sensitivity coefficient means that a reduction of 10 % of the
parameter results in an increased effect (maxim deviation to control). A positive
sensitive coefficient is vice versa. A sensitivity coefficient of approximately zero
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indicates that the parameter is not sensitive: changes in parameter value result
in the same scaled model output.

A sensitivity coefficient greater than 1 indicates that the model output reacts
stronger to a greater degree than the parameter value has been changed, and
vice versa. A negative sensitivity coefficient indicates the output reaction inverse
to the parameter change. For example, a sensitivity coefficient of −0.5 indicates
that an increase (decrease) of the analyzed parameter by 10 % results in a
decrease (increase) of the output by 5 %.

Observation 4.5.13 The most sensitive parameter is the td parameter EC50int
(−2.04). Also the growth parameters Tmin (−1.73) and k1 (0.76) are sensitive.
The absolute value of all other sensitivity coefficients are smaller than 0.75.
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Figure 4.5.14: Local sensitivity analysis of seasonal growth model with respect
to changes of all parameters and the endpoint maximum effect.
Growth parameters as well as tktd parameters are systematically
changed one at a time (±10 %).

The coefficients differ in value and sign dependent on the ecological endpoint.
The parameters Isat and Tmax are not sensitive for all three outputs: changes in
these parameters do not lead to a different output.

The maximal temperature does not affect the model output because it only
comes into account if the temperature is higher than the optimal growth temper-
ature 26.7 ◦C. The maximum D2 temperature in the total time period is lower
(21.9 ◦C).
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Table 4.5.8: Local sensitivity analysis of the seasonal growth model with respect
to changes of all parameters and the endpoints maximum effect,
maximum control biomass and mean control biomass.

Parameter Max Effect Max Control BM Mean Control BM

Kpw −0.014 0 0

p 0.0119 0 0

EC50int −2.0363 0 0

b −0.1995 0 0

k1 0.7579 0.1949 0.4041
k2 0.287 −0.1701 −0.4839
Tmin −1.729 −0.0935 −0.5822
Tmax 0 0 0

Topt 0.4696 −0.2877 −0.2556
Tref −0.4924 0.2961 0.8389
Q10 −0.6185 0.1235 0.7725
Isat 0 0 0

β 0.2169 0.0152 0.1163
α 0.5033 0.0353 0.1759
P50 −0.0374 −0.0093 −0.0201
N50 −0.0374 −0.0093 −0.0201
DL 0.2749 1.0001 0.8031
BM0 −0.2726 0.0007 0.1976

The saturation parameter Isat defines the light value at which the photosyn-
thesis factor is set equal to one (no photosynthesis inhibition). Changing the
parameter value ±10 % means that we get saturation values in an interval
[13530.3, 16530.3]. We consider the lower and upper bound of this interval. The
lower saturation value induces 100 scenarios to one, the upper bound value sets
only 60 scenarios to one. The squared deviation of the photosynthesis factors
in time of lower and upper bound are 0.074. This small difference does not
result in a difference in the maximum or mean control biomass or maximum
deviation to control.

The control output is not sensitive to the tktd parameters Kpw, p, EC50int
and b, because they only influence the growth of the treatment.

Remark 4.5.14 The analysis reveals a low sensitivity of the model output max-
imum effect to local changes of all parameters except for the td parameter
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EC50int (−2.04) and the growth parameters Tmin (−1.73). Except for these
parameters, the sensitivity coefficients are below 1.

Uncertainty Analysis of Seasonal Growth Model

We perform an uncertainty analysis of the growth specific parameters and fitted
tktd parameters. As growth parameters we choose the values given in Schmitt
et al. 2013. We simultaneously change the growth parameters k1, k2, DL as well
as the tktd parameters p, EC50int and b. We do not vary the other growth
parameters because they all affect the photosynthesis or respiration rate. Their
effects can be considered to be covered by varying the chosen parameters. We
simulate 100 scenarios. We vary the parameters using a normal distribution
with variability of 10 % coefficient of variation (cv). That means we calculate
normal distributed random values with σ2 = (0.1 · µ)2, where the expected
value is equal to the standard parameter value.

We choose again for temperature and light the profiles of the focus D2
scenario. The nutrients are set constant to high level (f1 (N, P) = 0.9): phosphate
concentration is 0.0387 mgL−1; nitrate concentration is 0.306 mgL−1. In total,
we test three different external concentration profiles multiplying the exposure
profile focus D2 with 1, 3.16 and 10 resulting in a more pronounced recovery
(Figure 4.5.15).

In Figure 4.5.15 the 10th percentile, median and 90th percentile of 100 sce-
narios with respect to the three external concentration profiles can be seen. For
all profiles, the difference is very small in the beginning. At the end of the
time period the deviation of dry biomass of the mean value is approximately
±15 gm−2. Due to the structure of exposure profile control and treatment differ
only in a period of day 80 to 180 for the multiplication factors 1 and 3.16. The
variation of the ecological parameters results in an increasing variability of
the biomass during the growth period and a variable maximum biomass in
summer.

The variation of the difference between control and exposed runs for the 100
Monte Carlo scenarios can also be seen in Figure 4.5.15. We consider the effect
of the different multiplication factor 1, 3.16 and 10. The largest variation of
effect is obtained using the factor 3.16.

We want to analyze which parameter has the main effect on the output.
Therefore, we consider in Table 4.5.9 the correlation coefficient between the
maximum deviation of control (of 365 days) and the varied model parameters.

The coefficients differ between the different scenarios. This is due to different
maximum effects and different parameter values. The correlation coefficient
of 1 respectively −1 indicates a positive respectively negative linear relation
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(a) Biomass: 1× D2 pec

0 100 200 300

50

100

150

Time in d

D
ry

Bi
om

as
s

in
g
m

−
2

(b) Biomass: 3.16× D2 pec
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(c) Biomass: 10× D2 pec
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Figure 4.5.15: Uncertainty analysis: Median (straight line), 10th and 90th per-
centile (dashed lines) of predicted Lemna biomass (dry) over time
for control (black) and exposed to the D2 pec (colored) with the
multiplication factors 1 (steel blue), 3.16 (green) and 10 (red).
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Figure 4.5.16: Scatter plots for the maximum deviation between the biomass of the
exposed to the control population over the varied parameter values in
the 100 Monte Carlo simulations for the three uncertainty analysis pec
D2 Ditch (steel blue), 3.16× pec (yellow green) and 10× pec (red).
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between parameter value and maximum effect. A correlation coefficient of zero
indicates that both properties do not relate linearly to each other.

Observation 4.5.15 The strongest effect is due to EC50int independently of the
chosen multiplication profile and thus, EC50int is the most relevant parameter.
The other parameters show almost no correlation with the maximum effect.

Table 4.5.9: Correlation coefficients of chosen growth and tktd parameters
derived by uncertainty analysis of the seasonal growth model. The
model output is the maximum effect (deviation to control).

Factor p EC50int b k1 k2 DL

1 -0.011 -0.911 0.036 0.279 0.014 -0.002
3.16 0.092 -0.844 -0.006 0.419 0.310 0.190
10 0.214 -0.642 0.156 0.272 0.748 0.223

The corresponding scatter plots of all parameters in relation to the maximum
deviation to control (effect) can be seen in Figure 4.5.16. In contrast to a
local sensitivity analysis the random influence of all other parameters (aat) is
included.

4.6 Possible Model Extension

We present three different model extensions. The first is a concept about how
to integrate additional active substances to model the effect of mixtures. The
second extension is a general model extension about the integration of damage.
The third is about how to model nutrient uptake as a one-compartment model.

4.6.1 Mixtures

Usually in water bodies in the environment there is not one single active
substance but combinations of several different substances with different doses.

In general, we distinguish between mixtures with the same mode of actions
and different mode of actions or target organs. The simplest case is if several
active substances have different modes of actions and hence do not influence
each other: independent effect.

If two or several active compounds have the same effect then we define the
effect as a combined effect. We characterize additive, antagonistic and synergistic
effects. The idea is to add several active substances to a combined internal
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concentration and a combined toxic effect (Cedergreen et al. 2007; Sørensen et al.
2007).

Statistical Modeling of the Effects of Mixtures

In Plummer and Short 1990 a method is described for identifying and quanti-
fying departures from additivity (i.e., synergism and antagonism) when drugs
having similar effects are given in combination. We adapt the concept and apply
it to the Lemna model.

Proposition 4.6.1 (Logit Effect of a Substance) Let C ∈ R+ \ {0} be a concen-
tration of a substance, b ∈ R+ \ {0} be a Hill coefficient, EC50 ∈ R+ \ {0} be
an effect concentration eliciting 50 % effect. The logit effect of a substance is
Y = b · log (C) − b · log (EC50).

Proof. We consider a dose-response relationship describing the effect due to the
external concentration.

Y =
Cb

EC50b + Cb

Conversion to logits of this equation leads to the following linear relationship

log
(

Y
1− Y

)
= b︸︷︷︸

slope

· log (C) − b · log (EC50)︸ ︷︷ ︸
intercept

.

We can prove this relationship by using the properties and rules of calculations
with logarithms, namely

b· (log (C) − log (EC50))

= log
(

Cb
)
− log

(
EC50b + Cb

)
− log

(
EC50b

)
+ log

(
EC50b + Cb

)

= log
(

Cb
)
− log

(
EC50b + Cb

)
− log

(
EC50b

EC50b + Cb

)

= log
(

Cb

EC50b + Cb

)
− log

(
1−

Cb

EC50b + Cb

)

= log (Y) − log (1− Y)

= log
(

Y
1− Y

)
.

To calculate the logit effect of a mixture we use a similar equation as in Kong
and Lee 2006.
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4.6 Possible Model Extension

Definition 4.6.2 (Logit Effect of a Mixture) Let Y1, Y2 be the logit effect of two
substances i = 1, 2. The logit effect of a mixture of both substances is

YMix = b1 · log (EC501) − b1 · log
(

C1 + ρ ·C2 + κ
√

C1 · ρ ·C2
)

, ρ =
EC501
EC502

.

The combined internal concentration is CMix = C1 + ρ ·C2 + κ
√
ρ ·C1 ·C2.

The quantity ρ is the relative potency of substance 2 versus substance 1, that
implies that one unit of substance 2 has the same effect as ρ units of substance
1. The term

√
C1 · ρ ·C2 is the geometric mean of C1 and ρ ·C2.

For the parameter κ we do not know its exactly value. It represents the
synergy-antagonism parameter:

κ < 0 Antagonism,
κ = 0 Additivity,
κ > 0 Synergism.

Remark 4.6.3 To transform the logit effect to the effect E one has to use the
following equation

E =
exp (Y)

1+ exp (Y)
.

For the integration of the concept to the Lemna model, we have to subtract the
effect from one to calculate the reverse effect (inhibition of photosynthesis rate).

It is possible to formulate Definition 4.6.2 more complex by incorporating a
variability of the relative potency (Plummer and Short 1990) or to to capture local
synergy, local additivity, or local antagonism (Kong and Lee 2006). However,
adding more unknown parameters leads to a higher degree of freedom and a
higher need of experimental data set describing the effect of the mixture. These
are the reasons we decide to keep the equation describing the logit effect of the
mixture as simple as possible.

Summing up, for the calculation of the mixture toxicity, we need data to get
values for the substance specific tktd values (p, EC50int, b) for each substance.
The plant water coefficient for each substance can derived as described above
via regression based on log (Kow) of each substance.

We need a mixture study or literature data to be able to determine a value
for κ, for example by setting κ = 0 to predict an additive effect. An additional
mixture study is then needed for validation of the prediction of the effect of
the mixtures. A detailed map on how to integrate the mixture in the model is
explained in Appendix A.2.4. However, further testing is needed to prove this
approach for two active substances and in particular for mixtures with more
than two substances.
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4.6.2 Damage Model

In some cases the damage caused by an active substance is not full recovered
immediately. Then, is possible to include an additional ordinary differential
equation describing damage and repair processes to slow the processes. The
idea is to model damage as an additional artificial compartment (Figure 4.6.1).
We assume that the internal unbound concentration (Cint(t)

Kpw
) leads to damage

(which can be repaired at a certain rate), and that this damage affects the
photosynthesis rate of Lemna.

Cext Cint

D

f1 BM

Figure 4.6.1: Model concept of Damage. The dashed arrow shows the original
model concept without the damage extension.

We introduce an additional toxicodynamic stage of damage. It can not be
measured directly. It shall describe the biochemical and physiological processes
that are involved in toxicity. We assume that damage increases linearly to the
internal unbound concentration, and is repaired linearly to the actual damage
level.

The unit of damage is supposed to be the same as of the internal unbound
concentration, for example µgmL−1.

Definition 4.6.4 (Damage Function) Let kr
in ∈ R \ {0} be a constant damage

accrual rate, kr
out ∈ R a constant damage repair rate, Kpw ∈ [0.94 , ∞) a constant

plant water coefficient, Cint an internal concentration function and d0 ∈ R an
initial damage value. A solution function D : [0, tn] → R+ of the initial value
problem {

d
dtD(t) = kr

in ·
Cint(t)

Kpw
− kr

out ·D(t), ∀t ∈ [0, tn]

D(0) = d0 ∈ R+

is a damage function.

This function describes the damage and repair processes in time. We assume
an organism to be undamaged (initial damage level is zero d0 = 0).

The damage is bounded (D <∞) as it is a continuous function considered
on a compact interval (Theorem 2.3.4). Its maximum value is restricted by the
maximal unbounded concentration in plant.
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4.6 Possible Model Extension

As the available experimental data is not sufficient to estimate a damage
accrual (kin) and a repair rate kout, it is necessary to use an ordinary differential
equation describing the change of scaled damage level. Instead of having two rates
describing damage and repair, one single dominant rate constant kr ∈ R+ \ {0}

is used describing both processes.

Definition 4.6.5 (Scaled Damage Function) Let kr ∈ R \ {0} be a constant dam-
age accrual and repair rate, Kpw ∈ [0.94 , ∞) a constant plant water coefficient,
Cint an internal concentration function and d0 ∈ R an initial damage value. A
solution function D : [0, tn]→ R+ of the initial value problem

{
d
dtD

∗(t) = kr ·
(

Cint(t)
Kpw

− D∗(t)
)

, ∀t ∈ [0, tn]

D∗(0) = d0 ∈ R+,

is a scaled damage function.

The change of growth will provide information on the recovery rate, but will
not be able to identify the rate constant for damage increment. For instance,
a high dominant repair rate does not make a difference to the model without
considering damage. Thus, the concept of damage can be used to slow down
recovery (small rate), if the toxicity test result indicates a late recovery (delayed
effects and recovery).

The problem is we introduce an additional variable without having more
information or available data which can lead to an under-determined model.
Thus, the concept of damage can only be applied, if we have measurements
of internal concentration or the tk parameters can be estimated otherwise for
example, by using a regression. Instead of the internal unbound concentration
we use the damage to describe the effect of the active substance.

4.6.3 Uptake of Nutrients

The uptake of phosphate and nitrate can be integrated as additional compart-
ments into the model as done for phosphate, for example, in Weber et al.
2012 for algae. The reason is that Lemna accumulates phosphate and nitrate
(Ullrich-Eberius et al. 1981; Zhang et al. 2014).

Adding a compartment is adding an additional ordinary differential equation
describing the change of nutrient concentration in plant in time.
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4.7 Discussion

We have analyzed the growth of Lemna in two different situations: under
laboratory conditions and under field conditions.

Laboratory conditions are characterized by constant environmental conditions
and constant exposure in a shorter time period. On the contrary, under field
conditions the environment (temperature, light, nutrient concentration) and
exposure are variable in time. Due to the constant environmental conditions in
laboratory, we can reduce the set of parameters (Definition 4.4.1).

As case study we analyzed the effect of the active substance Metsulfuron-
methyl (msm). Therefore, we had to find the substance specific values for
the tktd parameters. These parameters are derived by using a standardized
laboratory test. For the prediction of growth of Lemna under exposure in the
field, we used the focus Brimstone scenario to have real data for light and
temperature. The calibration is based on the data in Schmitt et al. 2013, for the
variable exposure the predicted environmental concentration (pec) profile of
the focus ditch D2.

Once we have found suitable tktd parameters, we can validate them by
using another laboratory standard test. The growth prediction under field
conditions can not be validated as there is no data. However, we have a high
level understanding of the characteristic change of biomass in a year: an increase
of biomass due to environmental conditions in spring followed by a constant
biomass plateau in summer. In autumn/winter the biomass decreases due to
low temperature values and suboptimal light situation (Figure 3, Schmitt et al.
2013). For growth predictions in field, we considered different situations and
theirs effects on the growth of Lemna:

1. effect of different concentration levels of msm,

2. effect of different nutrient concentrations, and

3. effect of one aspect of climate change (increased temperature).

We only can solve the underlying ordinary differential equations approxi-
mately. On this account, we analyzed the discretization error of the model in
the first two situations. For the third situation can be done similarly. We expect
that discretization error of the effect of increased temperature values has the
same effect as increased nutrient concentrations.

For both model variants, field and laboratory, we performed a sensitivity
analysis to study the sensitivity of the model output with respect to changes in
parameters. The parameters are systematically changed (±10 %) one in a time.
For the laboratory model, we only varied the tktd parameters, for the field
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study we changed all parameters.
Additionally, we performed an uncertainty analysis for the field model con-

sidering simultaneously changes in all chosen parameters.

4.7.1 Prediction of Growth under Laboratory Conditions

Calibration of tktd parameters

The calibration test is a constant seven days exposure test with a subsequent
seven days recovery period (uncontaminated nutrient solution). In the original
experiment the number of fronds is reduced to 15 at day seven. Contrary to
that, in Schmitt et al. 2013 the frond number from day seven until fourteen is ex-
trapolated. Under optimal environmental conditions Lemna grow exponentially.
As we use the quadratic deviations of model prediction and experimental data
as objective, especially the frond number measured at the last days is important.
Therefore, we compared the results of different calibration possibilities, namely
a least square fit using

1. the extrapolated data set (Schmitt et al. 2013),

2. the logarithmized data of extrapolated data set, and

3. the data from the original experiment.

To indicate the goodness of fit to decide which calibration possibility was best
we used statistical measurements. In total, we got three different parameter sets.
We used them to derive model predictions and compared them to the experi-
mental data. The first variant lead to the best correspondence between model
prediction and experimental data. Thus, modeling the original experiment may
be more realistic, but using the extrapolated data set yielded a better statistical
assessment.

Validation of tktd parameters

For validation of the laboratory growth model we applied a laboratory growth
inhibition test with msm of Lemna gibba presented by Ochoa-Acuña 2016 (Ochoa-
Acuña et al. 2016). The statistical assessment indicated a good correspondence
between model prediction and validation data for all three different calibrated
parameter sets. Again, the best results was obtained for the parameter set
derived by fitting the extrapolated data set. We trust in the results of the statistic
and we use for the following analyses these tktd parameters. However, the
concentrations of the validation data are in the same range as the calibration
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data and the test duration of the validation set is shorter. Hence, the magnitude
of extrapolation is relatively small.

Sensitivity Analysis

We conducted a local sensitivity analysis for laboratory studies using two
different exposure scenarios (one day constant exposure with subsequent six
days recovery and seven days constant exposure). The aim was to see how
sensitive the output is to changes in the tktd parameters. In the seven days
constant exposure scenario the most sensitive parameter was the parameter
EC50int. In the other exposure scenario the permeability p determining the
speed of uptake and elimination of the active substance in plant was the most
sensitive parameter. Additionally, the sensitivity coefficients of Kpw and p were
in a similar range in both exposure scenarios. The Hill coefficient was least
sensitive.

4.7.2 Prediction of Growth under Field Conditions

Effect of Concentration Levels of msm on Field Growth

We analyzed the effect of the active substance msm (pec D2 ditch) on Lemna
growth. We multiplied the exposure profile by the several factors ranging from
1 to 100. The growth inhibition effect depended on the multiplication factor. For
the factors one to ten, the Lemna population was equal to the control biomass
value at the end of the time period (at day 365). Multiplying the exposure profile
with a factor of 17.78 lead to a slightly smaller end biomass value, whereas
factors in a range of 31.62 to 100 induced a clear extinction of dry biomass.

Discretization Error The model is based on two coupled nonlinear differential
equations, describing the change of internal concentration and the change of
biomass in time. We can not find an analytical solution of the system and thus,
we have to solve it approximately. This also implies that we can estimate the
discretization error.

The local discretization error of internal concentration was higher and more
variable within the different concentration levels than the local error of biomass.
As both differential equations are coupled, the discretization error is always
based on both errors: the error in the change of internal concentration and in
growth. For the control growth, the discretization error is only based on the
local error of dry biomass.
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A higher multiplication factor (higher concentration) lead to a higher relative
error for both internal concentration and biomass. However, the relative dis-
cretization errors were still acceptably small, in particular for the biomass as
relevant model output. Thus, the error arising due to the approximation was
negligible.

Effect of Nutrient Concentrations on Field Growth

The effect of nutrient concentration is considered in two scenarios: control
growth in a period of three years and growth in a period of one year together
with the effect of msm (pec D2 ditch).

We analyzed the impact of different nutrient concentrations (photosynthesis
inhibition 0.1–0.9) on the seasonal control growth model. The model presented
the expected seasonal growth behavior of a Lemna population in the field.
However, there is no data to confirm the model prediction. The amount of
biomass was correlated to the nutrient concentration: the higher the nutrient
concentration, the higher was the biomass value. If the nutrient concentration
was low (level 0.1 and 0.2) the Lemna population died.

For the effect of the nutrient concentration combined with msm exposure,
we used nutrient concentrations in a similar range. An increase of nutrient
concentrations lead to higher biomass values and thus, the higher was the
effect on growth. focus scenarios, which are used in environmental risk
assessment, obtain temperature and light profiles. These scenarios do not
contain realistic nutrient profiles. Considering our results, assuming a high
availability of nutrients is a conservative and robust scenario with respect to
the environmental risk assessment.

Discretization Error We concentrated on the analysis of the effect of higher
nutrient concentrations on the discretization error arising by solving the dif-
ferential equation of dry biomass approximately. The local discretization error
changed in time. It was higher, when the amount of dry biomass was high.
Due to the light and temperature conditions in spring, autumn and winter the
amount of biomass is low and less variable. Thus, the local discretization error
in these periods is small. In particular, the discretization error at the end of a
year was small. Thus, also the global error was small: we get an approximate
maximal global error of 0.0013 after three years. Hence the error due to approx-
imation of the differential equation was negligible. However, the discretization
error of control biomass depends on the chosen environmental scenario (light,
temperature, nutrients) and thus, could be different for a different scenario.
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Effect of Increased Temperature on Field Growth

We analyzed the impact of climate change (higher daily temperature) on growth
and growth inhibition due to exposure of msm (pec D2 ditch, several multipli-
cation factors ranging from 1 to 100). For this, we increased the daily value of
temperature by 0.5, 1, 2 and 5 ◦C. An increase of daily temperature lead to a
higher biomass value. In particular, regarding an increase of 5 ◦C, we observed
that the increase of dry biomass in spring was faster, the plateau of biomass
was longer maintained and the decrease in autumn respectively winter was
slower. Higher temperature values lead to more growth of Lemna population,
but also to a higher effect in particular for lower concentrations of msm (factors
ranging from 1 to 3.16).

Sensitivity Analysis

For the sensitivity analysis of the growth prediction under field conditions,
all tktd and all growth parameters were systematically changed one at a
time (±10 %). The impact on three different ecological endpoints (maximum
deviation to control biomass, maximum and mean biomass) was analyzed. This
analysis revealed a low sensitivity of the model output maximum effect to local
changes of all parameters except for the td parameter EC50int and the growth
parameter Tmin. Except for these parameters, the other sensitivity coefficients
were below 1.

Uncertainty Analysis of Field Growth

We performed an uncertainty analysis for selected parameters. In this analy-
sis, we changed the growth parameters k1, k2, DL and the calibrated tktd
parameters p, EC50int, b simultaneously. The parameter values were normally
distributed with a variance of σ2 = (0.1 · µ)2, where µ was either set to the
standard value or to the fitted parameter value. We conducted the uncertainty
analysis for msm using three different multiplication factors: namely 1, 3.16
and 10. The largest variation of effect was obtained using the factor 3.16.
Additionally, we performed a correlation analysis to analyze the impact of
random changes on the model output (maximum deviation to control in total
time period). The strongest effect with respect to the maximum effect was due
to EC50int independently of the chosen multiplication profile. Thus, EC50int
was the most relevant parameter. The other parameters showed almost no
correlation with the maximum effect.
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4.7.3 Open Questions and Future Work

The most important question is about the reliability of the model predictions
under restricted laboratory conditions as well as field studies. In particular,
growth data of Lemna in water bodies in environment is needed. The predicted
change of biomass seems to be realistic but has to be verified with validation
data. The environmental data in focus contain light and temperature files,
but no change of nutrient concentrations. With additional nutrient data the risk
assessment could be based on a more realistic consideration of effects.

Furthermore, there is also the need of more data to verify the idea of damage,
mixture toxicity and nutrient fluxes. An additional extension with respect to
nutrient concentrations is to couple the phosphate concentration in water to
biomass such that an extinction of biomass is leading to an increase of phosphate
concentration.

4.7.4 Related Work

Our work is mainly based on the Lemna model by Schmitt et al. 2013. We
modified the model with respect to several aspects:

1. Liebig’s law:
Growth of Lemna is influenced and limited by the scarcest nutrient resource
not by the total amount of available nutrient resources.

2. Modification of internal mass if Lemna population is shrinking:
In case that the biomass is decreasing due to abiotic factors, the internal mass
has to be updated; otherwise the internal concentration is increasing while
the biomass is shrinking. The internal concentration should stay the same,
even then if parts of the plant cohort are dying (relative quantity).

3. Remarks to the lower bound of the plant water coefficient Kpw:
A plant water coefficient lower than 0.94 leads to negative internal bounded
mass, which is not defined and thus yield a wrong model prediction.

4. Reset biomass:
In experiments, especially in long term studies, the biomass respectively
frond number of Lemna is reduced at a certain time point. We modified the
model such that it is also possible to simulate the original experimental set
up.

A comparable growth model without the effect of active substances is introduced
by Peeters et al. 2013. Their objective is to evaluate the effect of different climate
scenarios (including the effect of global warming).

The algae model of Weber et al. 2012 works with the same concept of using
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scaled environmental responses to model the photosynthesis dependency of the
different factors (temperature, light, phosphate).
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5
Modeling Growth of Lemna Populations based on
deb Theory

In this chapter a Lemna deb model is introduced. The model is a toxicokinetic
toxicodynamic (tktd) model based on Dynamic Budget Theory (deb). Models
based on deb theory focus on the commonalities of all living species namely
taking up resources, maintaining integrity, growth, developing and reproducing,
whereas energy is the central currency (Jager 2015). deb theory, developed by
Bas Kooijman, describes life history traits like growth or survival of an organism
in terms of changes of the energy budget in time (S. Kooijman and Bedaux
1996).

The idea is that this theory of energy flux based on thermodynamics can
explain the behavior of all species in particular the behavior in stress situations
like toxic exposure or natural influences like temperature or light fluctuation.
In Section 2.1.3 a short introduction about deb models is provided.

We consider the same macrophyte as in Chapter 4. The aim of this chapter is
to compare the results of both model approaches. Another aim is to see whether
deb modeling is a suitable approach for modeling plants.

This chapter presents the results of taking part at the summer school "Dy-
namic modeling of toxic effects" in Søminenstationen 2016. Usually in deb
context animals are modeled thus the challenging part: modeling a plant
instead of an animal. There are also deb models that go deeper into plants,
and include details of photosynthesis, e.g. Muller and Nisbet 2014. One of the
most important questions is the degree of detail of the model. We want to study
whether a more complex model leads to a more realistic result.

The toxicokinetics (tk) are represented as simple one-compartment model,
the toxicodynamics (td) are based on a simple Dynamic Energy Budget model
(DEBkiss)1.

The model is programmed in Matlab using the byom templates by Tjalling
Jager, because it was one of the suggested modeling platforms used in the tktd

1A DEBkiss model is an application of the KISS principle ("keep it simple, stupid") on deb
theory (Jager et al. 2013).
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summer school (Jager 2018b).

5.1 Model Summary

The Lemna DEBkiss model is a simplified model based on deb theory but
without the state variables maturity and reserve. The population of Lemna is
treated as one individual. As a first step we assume that nutrients like nitrate
and phosphate are fully available for uptake. Light is considered as food and
integrated in the model as a scaled function between zero and one. Temperature
dependence on growth is not included. More information on DEBkiss at Jager
2018a.

5.1.1 Model Purpose

The Lemna DEBkiss model describes and explains the effect of stress such as
toxic exposure on growth of Lemna populations. The aim is to reproduce the
results of experimental studies and to be able to predict different and more
complex situations (extrapolation) based on a mechanistic unified framework
(deb theory).

5.1.2 Model Concept

The growth model of Lemna DEBkiss is based on deb theory describing mech-
anistically the change of energy fluxes (assimilation and maintenance flux)
caused by stress like toxic exposure or light fluctuations.

The toxicokinetic model is based on a simple one-compartment model de-
scribing the change of internal concentration of an organism in time (linear
differential equation). The resulting stress (toxicodynamics) is implemented as
change in the deb parameter values leading either to a decrease in assimilation,
to an increase in maintenance costs or to an increase on structure costs.

5.2 Model Description

The following subsection is mainly based on the Lemna Memo by Tjalling Jager
written as rudiment for modeling during summer school (Jager 2018e).

5.2.1 Growth Model

We assume that energy is assimilated via light. To each discrete time point we
have measured irradiation values. Usually they are on a daily basis. To get the

240



5.2 Model Description

corresponding values for each time point, we interpolate linearly.

Definition 5.2.1 (Light Function) Let n ∈N, 0 = t0 < t1 < · · · 6 tn be discrete
time points with associated light values Ij ∈ R+, j = 0, 1, · · · , n. A light function
is the function

I : [0, tn]→ R+, I (t) = Ij +
Ij+1 − Ij

tj+1 − tj
·
(
t − tj

)
, t ∈

[
tj , tj+1

)
.

The light function is linked to a response function that is based on two linear
functions.

Definition 5.2.2 (Light Response Function) Let I ∈ R+ be light in kJm−2, Isat ∈
R+ a saturating global radiation in kJm−2, α ∈ R+ a slope in kJ−1m−2 d−1 and
β ∈ R+ an intercept of the function. The light response function f̂I : R+ → [0, 1] is
defined by

f̂I (I) =

{
α · I +β if I 6 Isat

1 if I > Isat
.

In Schmitt et al. 2013 the following parameter values are used for Lemna
population: Isat = 15000 kJm−2 for the saturating global radiation, α = 5 ·
10−5 kJ−1m−2 d−1 for the slope and β = 0.25 for the intercept of the function
(Definition 4.2.7).

If light intensity is high, f̂I tends to one, otherwise to zero. A lower f̂I leads
to a smaller assimilation flux (JA) leading then to lower growth. Optimal light
conditions (f̂I = 1) yield a maximum assimilation flux of energy and hence the
light conditions do not decrease the growth of the population.

Definition 5.2.3 (Light Dependency Function) Let I : [0, tn] → R+ be a light
function and f̂I : R+ → [0, 1] be a light response function. The light dependency
function is the composed function f I = f̂I ◦ I linking each time point t ∈ [0, tn] to
a scaled light response function value:

fI : [0, tn]
I→ R+

f̂I→ [0, 1] .

Instead of light intensity also other scaled functions are imaginable like
nutrient concentrations in water.

Definition 5.2.4 (Assimilation Flux Function) Let fI : [0, tn] → [0, 1] be a light
dependency function, Ja

Am : [0, tn]→ R+ be an assimilation costs function and
AW : [0, tn] → R+ a surface area of Lemna population. The assimilation flux
function is JA : [0, tn]→ R+ with JA (t) = fI (t) · Ja

Am (t) ·Aw (t).
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The growth of Lemna is based on assimilation and maintenance flux. For the
scaled functional response we can use the light function as described in Schmitt
et al. 2013 or set the function constant equal to a certain value. A value of one
indicates no growth inhibition due to light fluctuations.

To calculate the assimilation flux we need first to calculate the current value
of surface area.

Definition 5.2.5 (Surface Area Function) Let WV : [0, tn]→ R+ \ {0} be a function
describing the dry weight of the population in time, dV ∈ R+ \ {0} a constant
dry-weight density as well as Lr ∈ R+ \ {0} a constant reference frond thickness.
The function AW : [0, tn]→ R+ is the surface area function defined by

Aw (t) =
WV (t)
dV · Lr

.

Remark 5.2.6 In this model, we assume that Lr is constant. In reality, it is
probably not, in Cedergreen and Madsen 2002 the specific leaf area sla changes
with different nitrogen treatments, which indicates a change in frond thickness
Lr. In Schmitt et al. 2013 also constant thickness is assumed indirectly (constant
dry weight to fresh weight ratio, constant area per biomass, constant mass per
frond).

Definition 5.2.7 (Maintenance Flux Function) Let WV : [0, tn] → R+ \ {0} be a
dry weight function of the population, Jv

M : [0, tn]→ R+ be a maintenance costs
function and dV ∈ R+ \ {0} be a constant corresponding dry-weight density. The
maintenance flux function JM : [0, tn]→ R+ can be calculated via

JM (t) = Jv
M (t) · WV (t)

dV
.

The maintenance flux JM is the product of the value of the volume-specific
maintenance flux Jv

M : [0, tn] → R+ and the body volume namely the fraction
of dry weight of the population WV : [0, tn]→ R+ \ {0} and the constant corre-
sponding dry-weight density dV ∈ R+ \ {0}.

In Schmitt et al. 2013 a respiration rate is used to reduce growth of the Lemna
population. A replacement of the maintenance flux JM (t) by a respiration rate
is not possible because it is not exactly the same as respiration. With respect to
respiration we often think in terms of humans and breathing namely oxygen
use or carbon dioxide production. Maintenance processes contain also constant
costs of assimilation and growth (1− yVA), yVA ∈ [0, 1].
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5.2 Model Description

The calculation of growth flux JV : [0, tn]→ R is the difference of assimilation
and maintenance costs possibly reduced by yields of structure on assimilates.

Definition 5.2.8 (Growth Flux Function) Let yVA : [0, tn]→ [0, 1] be a structure
costs function, JA : [0, tn]→ R+ be an assimilation flux function and JM : [0, tn]→
R+ a maintenance flux function. The function JV : [0, tn]→ R with

JV (t) = yVA (t) · (JA (t) − JM (t)) = yVA (t) ·
(

fI (t) ·
Ja
Am (t)

Lr
− Jv

M (t)
)
· WV (t)

dV
,

is the growth flux function.

Thus, the dry weight biomass in time WV : [0, tn] → R+ \ {0} can be calcu-
lated with help of the differential equation based on the growth flux function
(Definition 5.2.8).

Definition 5.2.9 (Growth Function) Let JV : [0, tn]→ R be a growth flux function
and w0 ∈ R+ \ {0} an initial dry biomass value. A solution function WV : [0, tn]→
R+ \ {0} of the following initial value problem

{
d
dtWV (t) = JV (t) , ∀t ∈ [0, tn]

WV(0) = w0 ∈ R+ \ {0}

is a growth function describing the growth of Lemna population in time.

Assuming constant parameter values leads to an exponential growth function.

Definition 5.2.10 (Relative Growth Rate Function) Let fI : [0, tn] → [0, 1] be a
scaled functional response related to light intensity, Ja

Am : [0, tn] → R+ be an
assimilation costs function, Jv

M : [0, tn] → R+ be a maintenance costs function,
dV ∈ R+ \ {0} be a constant corresponding dry-weight density, Lr ∈ R+ \ {0} a
constant reference frond thickness and yVA : [0, tn]→ [0, 1] be a structure costs
function. The relative growth rate function r : [0, tn]→ R is defined by

r (t) =
yVA (t)

dV
·
(

fI (t) ·
Ja
Am (t)

Lr
− Jv

M (t)
)

.

5.2.2 Toxicokinetics

For the toxicokinetic processes a simple one-compartment model describing
uptake and elimination of an active substance in plant is used.
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Chapter 5 Modeling Growth of Lemna Populations based on deb Theory

For each discrete time point we have external concentration values cj ∈ R+

measured in experiments or derived by calculating predicted environmental
concentrations (pec, focus). Using linear interpolation we get a piecewise
linear continuous function cd : [0, tn]→ R+ defined for each time point t in the
compact interval [0, tn].

Definition 5.2.11 (External Concentration Function2) Let n ∈N, 0 = t0 < t1 <
· · · 6 tn be discrete time points with associated external concentration values
cj ∈ R+, j = 0, 1, · · · , n. An external concentration function is the function

cd : [0, tn]→ R+ cd (t) = cj +
cj+1 − cj

tj+1 − tj
·
(
t − tj

)
, t ∈

[
tj , tj+1

)
.

As above function is just an instance of a linear interpolation function we
know that the external concentration function is bounded and continuous
in the compact interval [0, tn] (Example 2.3.6). Also in the real world the
external concentration in water is bounded (cd <∞) as the maximal external
concentration is, for instance, dependent on the water solubility of the active
substance and may differ within different active substances.

The scaled internal concentration in plant in time cV : [0, tn] → R+ can be
calculated by solving a differential equation.

Definition 5.2.12 (Scaled Internal Concentration Function) Let cd : [0, tn] →
R+ be an external concentration function, r : [0, tn]→ R a relative growth rate
function, ke ∈ R+ be an elimination rate constant and cV0 ∈ R+ the initial
concentration value. A solution function cV : [0, tn] → R+ of the initial value
problem

{
d
dtcV (t) = ke · (cd (t) − cV (t)) − cV (t) · r (t) , ∀t ∈ [0, tn]

cV(0) = cV0 ∈ R+

is the scaled internal concentration function.

In contrast to Schmitt et al. 2013 growth dilution, by adding the term −cV · r,
is integrated in the model. Integrating growth dilution enables the population
to shrink in the case that the mode of action causes an decrease in assimilation
or an increase in maintenance costs. Hence we adjust the toxicokinetic model
(Listing 5.1).

2The symbol d in cd means dissolved concentration in the medium.
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5.2 Model Description

1 if JA < JM %if the population shrinks

2 dCv = ke * (cd-Cv); % change in scaled internal concentration without growth

dilution

3 else

4 dCv = ke * (cd-Cv) - Cv*JV/Wv; % change in scaled internal concentration with

growth dilution

5 end

Listing 5.1: Modification of Toxicokinetics

In words: if the population shrinks, calculate the scaled internal concentration
without growth dilution only based on the fluxes going into and out of the
plant.

5.2.3 Toxicodynamics

In deb theory the effect of an active substance is integrated in the model by an
additional stress factor parameter leading to a change in the model parameters.
In other words the deb parameters are under stress. The following linear stress
function s : [0, tn]→ R+ linked to the scaled internal concentration cV is used.

Definition 5.2.13 (Stress Function) Let cV : [0, tn] → R+ be a scaled internal
concentration function, cT ∈ R+ \ {0} be a constant tolerance concentration and
c0 ∈ R+ a constant no-effect concentration (nec). The function

s : [0, tn]→ R+, s(t) =
1

cT
·max {cV (t) − c0, 0}

is the stress function.

The parameter c0 ∈ R+ represents the concentration of a toxic substance
that will not have an effect on the growth of Lemna. More precisely, the stress
function is equal to zero as long as the internal concentration is smaller than
or equal to the no-effect concentration. For internal concentrations higher than
this no-effect concentration, the stress function increases linearly depending
on the tolerance concentration (slope : 1cT

). The stress function is monotonously
increasing. The values of cT ∈ R+ \ {0} and c0 ∈ R+ are derived by fitting the
Lemna DEBkiss model to standard toxicity data.

In the model by Schmitt et al. 2013 instead of a stress function a dose-response
relationship as scaled factor (like the scaled response function f in deb context)
is used to describe the effect of the toxic substance on the growth rate of Lemna
population (Definition 4.2.19).
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Different physiological modes of action (MoA) are imaginable influencing
either the assimilation, maintenance costs or costs for structure. The change in
the deb parameter Ja

Am influences the energy acquisition. The two other cases
cause effects on energy use. For all modes of action the same stress function is
used.

1. Decrease in assimilation

Definition 5.2.14 (Assimilation Costs Function) Let s : [0, tn] → R+ be a
stress function and Ja

Am0
∈ R+ be a constant control maximal area-specific

assimilation rate. The function Ja
Am : [0, tn] → R+ is the assimilation costs

function with Ja
Am (t) = Ja

Am0
·max {0, 1− s (t)}.

A high stress value leads to zero assimilation flux and hence the dry weight
of the population decreases (growth rate less or equal to zero). A stress value
between zero and one scales the area-specific assimilation flux. A low stress
value that tends to zero leads to a similar assimilation flux as in control.

2. Increase in maintenance costs

Definition 5.2.15 (Maintenance Costs Function) Let s : [0, tn] → R+ be a
stress function and Jv

M0
∈ R+ be a constant control volume-specific mainte-

nance flux. The function Jv
M : [0, tn] → R+ is the maintenance costs function

with Jv
M (t) = Jv

M0
· (1+ s (t)).

In case that the stress factor is zero, we have the same maintenance costs as in
the control. A stress factor with a high value leads to a higher specific mainte-
nance rate (compared to the control). This in turn yields higher maintenance
costs which decreases the growth rate. In case that the maintenance flux
is larger than the assimilation flux the growth rate is negative (population
shrinks).

3. Increase in costs for structure

Definition 5.2.16 (Structure Costs Function) Let s : [0, tn]→ R+ be a stress
function and yVA0 ∈ [0, 1] be a constant control yield of structure on assimi-
lates. The function yVA : [0, tn]→ [0, 1] is the structure costs function with

yVA (t) =
1

1+ s (t)
· yVA0 .
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5.2 Model Description

The higher is the value of the stress factor the smaller is the yield of structure
on assimilates and thus the smaller is the somatic growth. In case that the
stress factor is zero the costs for structure are the same as in the control.

We compose above definitions to a model. In a first step, we only consider
the TK part of the model namely constant costs without the stress function
interfering (s (t) = 0).

Definition 5.2.17 (Model without Stress) The model without stress consists of

1. an external concentration function cd : [0, tn]→ R+,

2. a light dependency function fI : [0, tn]→ [0, 1],

3. an assimilation costs function Ja
Am : [0, tn]→ R+, based on a constant maximal

control area-specific assimilation flux Ja
Am0
∈ R+,

4. a maintenance costs function Jv
M : [0, tn]→ R+, based on a constant control

volume-specific maintenance flux Jv
M0
∈ R+,

5. a structure costs function yVA : [0, tn] → [0, 1], based on a constant control
yield of structure on assimilates yVA0 ∈ [0, 1]

6. a relative growth rate function r : [0, tn] → R, based on the structure costs
function yVA, the light dependency function fI, the assimilation costs function
Ja
Am, a constant reference frond thickness Lr ∈ R+ {0}, the maintenance costs

function Jv
M, a constant dry-weight density of the population dV ∈ R+ {0},

7. a scaled internal concentration function cV : [0, tn] → R+, based on the
external concentration function cd, an elimination rate constant ke ∈ R+, the
relative growth rate function r : [0, tn]→ R,

8. a growth function WV : [0, tn] → R+ \ {0}, based on relative growth rate
function r.

Remark 5.2.18 Having constant costs means:

1. an assimilation costs function Ja
Am : [0, tn]→ R+ with Ja

Am (t) = Ja
Am0

,

2. a maintenance cost function Jv
M : [0, tn]→ R+ with Jv

M (t) = Jv
M0

,

3. a structure cost function yVA : [0, tn]→ [0, 1] with yVA (t) = yVA0 .

All in all we have besides the model without stress, three different model
variants.

1. Decrease in assimilation
We replace the constant assimilation cost function by adding the stress
function (Definition 5.2.14).
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Definition 5.2.19 (Model with MoA 1) The model with MoA 1 consists of
Definition 5.2.17 and

1.1. a stress function s : [0, tn]→ R+,

1.2. an assimilation costs function Ja
Am : [0, tn] → R+, based on a constant

maximal control area-specific assimilation flux Ja
Am0
∈ R+ and the stress

function s.

2. Increase in maintenance costs
We replace the constant maintenance cost function by adding the stress
function (Definition 5.2.15).

Definition 5.2.20 (Model with MoA 2) The model with MoA 2 consists of
Definition 5.2.17 and

2.1. a stress function s : [0, tn]→ R+,

2.2. a maintenance cost function Jv
M : [0, tn]→ R+, based on a constant control

volume-specific maintenance flux Jv
M0
∈ R+ and the stress function s.

3. Increase in costs for structure
We replace the constant structure cost function by adding the stress function
(Definition 5.2.16).

Definition 5.2.21 (Model with MoA 3) The model with MoA 3 consists of
Definition 5.2.17 and

3.1. a stress function s : [0, tn]→ R+,

3.2. a structure cost function yVA : [0, tn]→ [0, 1], based on a constant control
yield of structure on assimilates yVA0 ∈ [0, 1] and the stress function s.

In Figure 5.2.1 a sketch of the Lemna DEBkiss model is presented. We have the
external concentration cd and the light I as environmental conditions. Based
on the external concentration, the internal concentration cV is calculated. In
turn, the stress function s is based on internal concentration. Depending on the
mode of action the growth rate r is affected. If growth dilution is included, the
growth rate influences the internal concentration. The growth rate determines
the change of biomass WV.

All symbols of the Lemna DEBkiss model can be seen in Table 5.2.1.
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5.2 Model Description

Table 5.2.1: Overview of all symbols for the Lemna DEBkiss model including
explanation and corresponding unit.

Symbol Explanation Unit

Aw (t) surface area of the fronds at time t ∈ [0, tn] mm2

cd (t) dissolved concentration in medium at time t ∈
[0, tn]

mg l−1

cT tolerance concentration, cT ∈ R+ \ {0} mg l−1

cV (t) scaled internal concentration at time t ∈ [0, tn] mg l−1

c0 no-effect concentration, c0 ∈ R+ mg l−1

dV constant dry-weight density of the population mgmm−3

f scaled functional response -
fI (t) light dependency function fI : [0, tn]→ [0, 1] -
f̂I (I) light response function f̂I : R+ → [0, 1] -
I (t) light function I : Z→ R+ kJm−2 d−1

JA (t) assimilation flux at time t ∈ [0, tn] mgd−1

Ja
Am (t) variable maximal area-specific assimilation flux

based on stress function
mgmm−2

Ja
Am0

constant maximal control area-specific assimila-
tion flux

mgmm−2

JM (t) maintenance flux at time t ∈ [0, tn] mgd−1

Jv
M (t) variable volume-specific maintenance flux based

on stress function
mgmm−3 d

Jv
M0

constant control volume-specific maintenance
flux

mgmm−3 d

JV (t) growth flux at time t ∈ [0, tn] mgd−1

ke elimination rate constant d−1

Lr constant reference frond thickness mm

r (t) relative growth rate of the population at time
t ∈ [0, tn]

d−1

s (t) stress function at time t ∈ [0, tn] -
t continuous time in the interval [0, tn] d

tj discrete time point j ∈ {0, 1 · · · , n} d

WV (t) dry weight of the population at time t ∈ [0, tn] mg

yVA (t) yield of structure on assimilates based on stress
function

-

yVA0 constant control yield of structure on assimilates -
Z set of all discrete time points Z = {t0, t1, · · · , tn}

with 0 = t0 < t1 < · · · 6 tn

d
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cd

I

cV s r WV

Figure 5.2.1: Model concept of the Lemna DEBkiss model.

5.3 System Analysis

We regard if the theoretic assumptions of the existence of a solution are fulfilled.
In addition to that we prove the uniqueness of the found solution. As we treat
three exclusive modes of action, we have to consider the systems separately. In
order to specify and analyze the behavior of the systems we calculate the points
of equilibrium. This kind of system analysis of the model is new.

5.3.1 Existence and Uniqueness

We use Theorem 2.3.17 to show the uniqueness of the solution of the differential
equation system. In order to extend the model step wise, we consider first the
reduced model (Definition 5.2.17). After that, we connect the growth model
(change of dry biomass in time) to the toxicokinetic model (change of scaled
internal concentration in time) via the stress function (Definition 5.2.13).

The Lemna DEBkiss model without mode of action (Definition 5.2.17) is based
on two linear differential equations: the change of internal concentration in
time and the change of dry weight of Lemna population in time:





d
dtcV (t) = ke · (cd (t) − cV (t)) − cV (t) · yVA0

dV
·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0

)

d
dtWV (t) = yVA0 ·

(
fI (t) ·

Ja
Am0
Lr

− Jv
M0

)
· WV(t)

dV

cV (0) = 0, WV (0) = W0 > 0 .

Remark 5.3.1 Since the system does not explicitly depend on the time variable
t, it is an autonomous differential equation system (Definition 2.3.16).

The solution of the system is the function y = (cV (t) , WV (t))T describing the
internal concentration and the dry weight of the population in time satisfying
the system for time t ∈ [0, tn].

The set D = [0, tn]× [0, cV]×R+ \ {0}, consisting of the following subsets

. scaled internal concentration cV ∈ [0, cV], and

. dry weight of the Lemna population WV ∈ R+ \ {0}
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is the domain of the right hand side functions of the system.
The nonnegative scaled internal concentration is bounded by a maximal

possible scaled internal concentration cV <∞, which is related to the external
concentration in environment. The external concentration itself is bounded due
to its chemical properties for example water solubility. Mathematically, both
functions are bounded due to Theorem 2.3.4.

In a first step, we verify the assumptions of Theorem 2.3.17:

Proposition 5.3.2 Let f1,2 : D→ R be the right hand side functions of the system
without stress with

f1 (x1, x2) = ke · (cd (t) − x1 (t)) − x1 (t) ·
yVA0
dV
·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0

)

f2 (x1, x2) = yVA0 ·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0

)
· x2 (t)

dV
.

The right hand side functions f = (f1, f2) of the system are continuous.

Proof. 1. Internal concentration function: If the external concentration profile
cd (t) is constant, the change of internal concentration in time is linear. In the
case that the external concentration is piecewise linear and continuous, the
change of internal concentration in time is also a piecewise linear function.
Thus, the internal concentration function is directly related to the external
concentration profile.
In both cases, having a linear or piecewise linear external concentration,
yields a continuous function f1 : D → R describing the change in internal
concentration. The above function f1 is continuous in all t̂ ∈ D if and only if
cd (t) is continuous. The piecewise defined, linear function x1 (t) is continuous
according to Example 2.3.6.

2. Growth function: The function describing the change of dry weight of Lemna
population in time f2 : D → R is based on a linear function and hence
continuous (Example 2.3.5).

Together with the initial states cV (0) = 0 and WV (0) = W0 the deb model
without toxicity effect is an initial value problem (Definition 2.3.9).

Before we continue, we link the growth model to the toxicokinetic model. Let
us recall the stress function (Definition 5.2.13)

s (t) =
1

cT
max (0, cV (t) − c0) .
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This function does not depend explicitly on the time variable and thus the
system including stress is still an autonomous system (Definition 2.3.16).

Remark 5.3.3 All systems of the model variants Definition 5.2.19, Defini-
tion 5.2.20 and Definition 5.2.21 are autonomous.

Additionally to the stress function, we have to consider the single systems
describing the different modes of action in more detail. We do so in numerical
order.

1. Decrease in assimilation (Definition 5.2.19)





d
dtcV (t) = ke · (cd (t) − cV (t))

−cV (t) · yVA0
dV
·
(

fI (t) ·max (0, 1− s (t)) ·
Ja
Am0
Lr

− Jv
M0

)

d
dtWV (t) = yVA0 ·

(
fI (t) ·max (0, 1− s (t)) ·

Ja
Am0
Lr

− Jv
M0

)
· WV(t)

dV

cV (0) = 0, WV (0) = W0 .

(MoA 1)

We have two slightly modified differential equations and we have to be
certain that the right hand functions are, still, continuous to verify the
assumptions of Theorem 2.3.17. Both right hand functions are continuous if
and only if the function describing the stress factor s as well as the expression
max (0, 1− s (t)) are continuous.

Proposition 5.3.4 Let f1,2 : D → R be the right hand side functions of the
system with MoA 1 with

f1 (x1, x2) = ke · (cd (t) − x1 (t))

− x1 (t) ·
yVA0
dV
·
(

fI (t) ·max (0, 1− s (t)) ·
Ja
Am0
Lr

− Jv
M0

)

f2 (x1, x2) = yVA0 ·
(

fI (t) ·max (0, 1− s (t)) ·
Ja
Am0
Lr

− Jv
M0

)
· x2 (t)

dV
.

The right hand side functions f = (f1, f2) of the system are continuous.

Proof. First we regard the function describing the change of scaled internal
concentration.
The function is continuous, in case that cd (t) and x1 (t) are continuous:

cd (t) and x1 (t) are continuous
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⇒s =
1

cT
max (0, x1 (t) − c0) is continuous (piecewise linear, cont. in nodes)

⇒1− s (t) is continuous
⇒max (0, 1− s (t)) is continuous (piecewise linear, continuous in nodes)
⇒f1 (x1 (t) , x2 (t)) is continuous.

Same yields for the right hand function f2 (x1, x2) describing the change of
dry weight biomass of the Lemna population: f2 is continuous, if and only
if cd (t) and x1 (t) are continuous. Both functions are continuous due to
Theorem 2.3.4.

2. Increase in maintenance costs (Definition 5.2.20)
We consider the differential equation system for the second mode of action.





d
dtcV (t) = ke · (cd (t) − cV (t))

−cV (t) · yVA0
dV
·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0
· (1+ s (t))

)

d
dtWV (t) = yVA0 ·

(
fI (t) ·

Ja
Am0
Lr

− Jv
M · (1+ s (t))

)
· WV(t)

dV

cV (0) = 0, WV (0) = W0 .

(MoA 2)

For the second mode of action, increase in maintenance costs, we get a similar
result for the continuity of the right hand side functions.

Proposition 5.3.5 Let f1,2 : D → R be the right hand side functions of the
system with MoA 2 with

f1 (x1, x2) = ke · (cd (t) − x1 (t)) − x1 (t) ·
yVA0
dV
·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0 · (1+ s (t))

)

f2 (x1, x2) = yVA0 ·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M · (1+ s (t))

)
· x2 (t)

dV
.

The right hand side functions f = (f1, f2) of the system are continuous.

Proof. The continuity of the right hand side functions f1 and f2 depends on
the continuity of cd (t) and cV (t), which are continuous due to Theorem 2.3.4.

cd (t) and x1 (t) are continuous (Theorem 2.3.4)

⇒s (t) =
1

cT
max (0, x1 (t) − c0) is continuous (piecewise linear, cont. in nodes)

⇒1+ s (t) is continuous
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⇒f2 (x1 (t) , x2 (t)) is continuous.

3. Increase in costs for structure (Definition 5.2.21)




d
dtcV (t) = ke · (cd (t) − cV (t)) − cV(t)

dV
· yVA0
1+s(t) ·

(
fI (t) · Ja

Am
Lr

− Jv
M

)

d
dtWV (t) =

yVA0
1+s(t) ·

(
fI (t) · Ja

Am
Lr

− Jv
M

)
· WV(t)

dV

cV (0) = 0, WV (0) = W0 .

(MoA 3)

With regard to the third mode of action, increase in costs for structure, the
ordinary differential system is modified by adding the term

yVA0
1+ s (t)

in both equations.

Proposition 5.3.6 Let f1,2 : D → R be the right hand side functions of the
system with MoA 3 with

f1 (x1, x2) = ke · (cd (t) − x1 (t)) −
x1 (t)

dV
· yVA0
1+ s (t)

·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0

)

f2 (x1, x2) =
yVA0
1+ s (t)

·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0

)
· x2 (t)

dV
.

The right hand side functions f = (f1, f2) of the system are continuous.

Proof. Both right hand functions are continuous, if the stress function is con-
tinuous. Thus, the stress function s (t) has to be continuous and unequal to
minus one. Per definition the stress function s : [0, tn]→ R+ is positive, hence
unequal to minus one. Furthermore, s is continuous if x1 (t) is continuous.
Summing up, the right hand side function f1 and f2 are continuous because
cd (t) and x1 (t) are continuous in time t (Theorem 2.3.4).

To prove the uniqueness of the solution of the systems Lipschitz continuity
of the right hand side function f = (f1, f2) is necessary (Theorem 2.3.17): one
possibility to show Lipschitz continuity of the right hand is to proof its de-
rivatives are bounded (Definition 2.3.2). Again, we first consider the reduced
system (Definition 5.2.17).

Proposition 5.3.7 The right hand side of the model without toxic stress (Defini-
tion 5.2.17) is Lipschitz continuous.
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Proof. The partial derivatives consist of constants and the scaled response
function fI with the bounded co-domain [0, 1].

∣∣∣∣
∂

∂x1
f1

∣∣∣∣ =
∣∣∣∣∣−ke −

yVA0
dV
·
(

fI ·
Ja
Am0
Lr

− Jv
M0

)∣∣∣∣∣
∣∣∣∣
∂

∂x2
f1

∣∣∣∣ = |0| 6 0
∣∣∣∣
∂

∂x1
f2

∣∣∣∣ = |0| 6 0

∣∣∣∣
∂

∂x1
f2

∣∣∣∣ =
∣∣∣∣∣yVA0 ·

(
fI ·

Ja
Am0
Lr

− Jv
M0

)
· 1

dV

∣∣∣∣∣

Thus, all partial derivatives of f1 and f2 are bounded and hence the right hand
function of the system without toxic effects is Lipschitz continuous.

Including toxic effect (modes of action), the derivatives are more complex
and we have to consider several cases.

Proposition 5.3.8 The right hand side of all models based on one single mode
of action (MoA 1, MoA 2 or MoA 3) is Lipschitz continuous.

Proof. 1. Decrease in assimilation
In case that x1 6 c0, we get s = 0, such that

∣∣∣∣
∂

∂x1
f1

∣∣∣∣ =
∣∣∣∣∣−ke −

yVA0
dV
·
(

fI ·
Ja
Am0
Lr

− Jv
M0

)∣∣∣∣∣

the same derivative as before without effect. In case that x1 > c0, we get
s = 1

cT
(x1 − c0), both denominator and numerator are positive numbers. If the

numerator x1 − c0 is greater than the tolerance concentration cT, the fraction
is greater than one, such that the expression max (0, 1− s) = 0 is equal to
zero. In case that the denominator is bigger, we get max (0, 1− s) = 1− s.
Case x1 > c0:

∣∣∣∣
∂

∂x1
f1

∣∣∣∣ =





∣∣∣−ke +
yVA0
dV
· Jv

M0

∣∣∣ x1 − c0 > cT∣∣∣∣−ke −
yVA0
dV

(
fI ·

Ja
Am0
Lr

(
1− 1

cT
(2x1 + c0) − Jv

M0

))∣∣∣∣ x1 − c0 6 cT

All derivatives except the case x1 − c0 6 cT are constant and hence bounded.
Nevertheless, the certain derivative is also bounded, because the internal
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concentration x1 is bounded by a finite maximum concentration x1 (x1 6 x1,
Theorem 2.3.4). ∣∣∣∣

∂

∂x2
f1

∣∣∣∣ = |0| 6 0

In case that x1 6 c0, we get s = 0, such that

∣∣∣∣
∂

∂x1
f2

∣∣∣∣ = 0,
∣∣∣∣
∂

∂x2
f2

∣∣∣∣ =
∣∣∣∣∣yVA0 ·

(
fI ·

Ja
Am0
Lr

− Jv
M0

)
· 1

dV

∣∣∣∣∣ .

Both derivatives are bounded.
In case that x1 > c0, we get s = 1

cT
(x1 − c0), such that we have

f2 = yVA ·
(

fI ·max
(
0, 1−

1

cT
(x1 − c0)

)
·

Ja
Am0
Lr

− Jv
M0

)
· x2

dV
.

Case x1 > c0:

∣∣∣∣
∂

∂x1
f2

∣∣∣∣ =




0 x1 − c0 > cT∣∣∣∣−yVA0 · fI ·

Ja
Am0
Lr
· x2

dV
· 1cT

∣∣∣∣ x1 − c0 6 cT

∣∣∣∣
∂

∂x2
f2

∣∣∣∣ =





∣∣∣∣−yVA0 ·
Jv
M0
dV

∣∣∣∣ x1 − c0 > cT∣∣∣∣yVA0 ·
(

f ·
(
1− 1

cT
(x1 − c0)

)
·

Ja
Am0
Lr

− Jv
M0

)
· 1dV

∣∣∣∣ x1 − c0 6 cT

Same argumentation as above, all derivatives are bounded, because they are
constant or contain the scaled internal concentration x1 that can be estimated
with help of its upper bound x1 <∞.

2. Increase in maintenance costs
We consider the second mode of action, the increase in maintenance costs. In
case that x1 6 c0, we get s = 0, such that we obtain the same derivatives as in
the model without toxicity, namely:

∣∣∣∣
∂

∂x1
f1

∣∣∣∣ =
∣∣∣∣∣−ke −

yVA0
dV
·
(

fI ·
Ja
Am0
Lr

− Jv
M0

)∣∣∣∣∣ ,
∣∣∣∣
∂

∂x2
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∣∣∣∣ = |0| 6 0,

∣∣∣∣
∂

∂x1
f2

∣∣∣∣ = |0| 6 0,
∣∣∣∣
∂

∂x2
f2

∣∣∣∣ =
∣∣∣∣∣yVA0 ·

(
fI ·

Ja
Am0
Lr

− Jv
M0

)
· 1

dV

∣∣∣∣∣ .
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In case that x1 > c0 we get s = 1
cT
(x1 − c0), such that we have the following

derivatives:∣∣∣∣
∂

∂x1
f1

∣∣∣∣ =
∣∣∣∣−ke −

yVA0
dV
·
(

fI ·
Ja
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Lr

− Jv
M

(
1+

1
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∣∣∣∣
∂

∂x2
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∣∣∣∣ = |0| 6 0,
∣∣∣∣
∂

∂x1
f2

∣∣∣∣ =
∣∣∣∣−
1

cT
· Jv

M0 ·
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dV

∣∣∣∣ ,
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∂

∂x2
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∣∣∣∣ =
∣∣∣∣∣yVA0 ·

(
fI ·

Ja
Am0
Lr

− Jv
M0 ·

(
1+

1

cT
(x1 − c0)

))
· 1

dV

∣∣∣∣∣ .

All derivatives are bounded, and together with the continuity, the right hand
side functions are Lipschitz continuous.

3. Increase in costs for structure
The third mode of action, increase in costs for structure, again has the
same derivatives as the system without toxicodynamics in case that cV 6 c0
(leading to s = 0).
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∣∣∣∣
∂

∂x1
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∂
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∣∣∣∣∣yVA0 ·

(
fI ·
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Am0
Lr

− Jv
M0

)
· 1

dV

∣∣∣∣∣ .

In case that x1 > c0 we get s = 1
cT
(x1 − c0), such that we have the following

derivatives:
∣∣∣∣
∂

∂x1
f1

∣∣∣∣ =
∣∣∣∣∣−ke −

yVA0
dV
·
(

fI ·
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Am0
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− Jv
M0

)
·
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∂x2
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∣∣∣∣
∂

∂x1
f2

∣∣∣∣ =
∣∣∣∣∣−yVA0 ·

(
fI ·

Ja
Am0
Lr

− Jv
M0

)
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(x1 + cT − c0)
2

∣∣∣∣∣ ,
∣∣∣∣
∂

∂x2
f2

∣∣∣∣ =
∣∣∣∣∣yVA0 ·

1

1+ 1
cT
(x1 − c0)

·
(

fI ·
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Am0
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− Jv
M0

)
· 1

dV

∣∣∣∣∣ .

All derivatives are bounded, and together with the continuity, the right hand
side functions are Lipschitz continuous.
According to Theorem 2.3.17: if and only if the derivatives of f = (f1, f2)

T are
bounded, the vector valued function f is Lipschitz continuous and the initial
value problem based on one of the three different modes of action has a unique
solution.
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5.3.2 Points of Equilibrium

We are going to calculate the points of equilibrium (Definition 2.3.22) of all
systems. The equilibrium points are obtained by setting the right hand side
equal to zero (f1(x1, x2) = 0 and f2(x1, x2) = 0).

Proposition 5.3.9 The Lemna DEBkiss model has one equilibrium point when
x1 = cd under the condition that relative growth rate function r is constant equal
to zero.

Proof. In case that x1 = cd and r = 0, we have for the first right hand side
equation f1(x1, x2) = ke · (cd − x1) − x1 · r = −cd · r = 0. For f2(x1, x2) yields
f2(x1, x2) = r · x2 (t) = 0.

We have shown, that the right hand side functions are equal to zero in
case that x1 = cd and r = 0. This is the only equilibrium point, because it
yields x2 > 0. Hence the condition r = 0 is necessary. From r = 0 follows in
f1(x1, x2) = 0 immediately x1 = cd.

Remark 5.3.10 The form of the relative growth rate function depends on the
mode of action.

1. Decrease in assimilation (Definition 5.2.19)

r (t) =
yVA0
dV
·
(

fI (t) ·max (0, 1− s (t)) ·
Ja
Am0
Lr

− Jv
M0

)

2. Increase in maintenance costs (Definition 5.2.20)

r (t) =
yVA0
dV
·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M · (1+ s (t))

)

3. Increase in costs for structure (Definition 5.2.21)

r (t) =
yVA0

dV · (1+ s (t))
·
(

fI (t) ·
Ja
Am0
Lr

− Jv
M0

)

5.3.3 Exact Solution

In general, it is not possible to solve the ordinary differential system of the
Lemna DEBkiss population model exactly. Considering control growth (s (t) = 0)
and constant light fI leads to a constant relative growth rate. Then the growth
equation is solvable equivalent to Example 2.3.10: WV (t) = W0 · exp (r · t).
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With respect to the scaled internal concentration function. If we have constant
exposure and a constant growth rate, we obtain cV = cd · (1− exp (− (ke + r) · t)).
With a variable growth rate function, variable light and exposure conditions, it
is not possible to integrate the differential equations.

5.3.4 Discretization

There exist different possibilities to discretize the nonlinear differential equation
system, for example, by using the methods: Euler explicit (Algorithm 2.3.31) or
Euler implicit (Algorithm 2.3.32). As the Lemna DEBkiss model is programed in
Matlab we use the Runge-Kutta solver ode45 as differential equation solver.

5.3.5 Sensitivity Analysis

We are mainly interested in the sensitivity of the the tktd parameters. As
we can not solve the nonlinear differential equation system exactly, we can
not calculate the sensitivity coefficients according to Definition 2.4.18. The
sensitivity coefficients can be calculated using the direct differential method using
the chain rule of differentiation.

For each parameter we have to solve the following two dimensional differen-
tial equation system to get the change of sensitivity coefficients of (dry) biomass
and internal mass in time.

s ′pj
=

(
∂f1
∂cv

∂f1
∂WV

∂f2
∂cv

∂f2
∂WV

)
· spj +



∂f1
∂pj
∂f2
∂pj




5.4 Parametrization

In order to use the model, we have to analyze which parameter values can be
found in literature. We find parameter values for dV and Lr. Representative val-
ues can be directly derived from measurements on Lemna where the parameter
dV is the ratio between dry and fresh weight and the specific leaf area (sla)

LR =
1

dV · SLA
.

In Schmitt et al. 2013 a fresh to dry weight ratio of 16.7 g fresh weight g−1 dry
weight is given. Thus, we use as dry fresh weight ratio dV = (16.7)−1 ≈ 0.06. In
Schmitt et al. 2013 a frond area per dry weight is given of 1000 cm2 g−1. Then
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we get the quantity equation

LR

mm
=
mgmm−3

dv
· cm

2 g−1

SLA
= 16.7 · 1

1000
· 10 1

mm
= 0.167

1

mm
.

The specific leaf area (sla) in Schmitt et al. 2013 is given in cm2 g−1 dry weight
thus frond area per dry weight and is estimated from a photograph (40 mm2

per frond) found in Landolt and Kandeler 1987.
In Cedergreen and Madsen 2002 the specific root area (sra) and specific leaf

area (sla, one-sided) are calculated from root and frond surface area and dry
weight. Lower sla values are given namely 0.184 cm2mg−1, 0.208 cm2mg−1

and 0.380 cm2mg−1 dry weight in dependence on different nitrogen treatments
expressed as 5 mmol, 50 mmol and 250 mmol NH4NO3 m

−3. Conversion
to cm2 g−1 leads to the following sla values 184 cm2 g−1, 208 cm2 g−1 and
380 cm2 g−1 which is indeed assuming that nutrients are fully available three
times less than the value in Schmitt et al. 2013, resulting in a LR of 0.44 mm
instead of 0.167 mm. One difference can be that both values are approximations.
The difference could be an experimental error, but it might also depend on the
strain or the experimental setup.

An overview of all units, ranges and parameter values for the Lemna DEBkiss
model can be seen in Table 5.4.1.

Table 5.4.1: Units, ranges and values of parameters for the Lemna DEBkiss
model.

Symbol Unit Range Value

cT mg l−1 R+ \ {0} has to be fitted
c0 mg l−1 R+ has to be fitted
dV mgmm−3 R+ \ {0} 0.0599, Schmitt et al. 2013
f [-] [0, 1] fix or variable value
Ja
Am0

mgmm−2 R+ has to be fitted
Jv
M0

mgmm−3 d R+ has to be fitted
ke d−1 R+ has to be fitted
Lr mm R+ \ {0} 0.167, Schmitt et al. 2013
yVA0 [-] [0, 1] 0.8

5.5 Examples and Results

In Schmitt et al. 2013 a mechanistic tktd model simulating the effect of growth
inhibitors on Lemna populations is described (Chapter 4). In order to compare
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both models, we use the same active substance as in Schmitt et al. 2013. The
active substance is Metsulfuron-methyl (msm), a sulfonyl urea herbicide. For
modeling the growth of Lemna under optimal laboratory conditions, we set the
scaled function of the light intensity equal to one. Hence, there is no effect due
to light fluctuations (in deb context food) on growth.

In the following, we want to test the performance of the Lemna DEBkiss model
of all modes of action:

1. decrease in assimilation,

2. increase in maintenance costs and

3. increase in costs for structure.

In total, we have to calibrate five parameter values: two growth related
parameters, one toxicokinetic parameter determining the speed of uptake and
elimination of the substance and two toxicodynamic parameters.
Growth parameters:

Ja
Am0 ∈ R (specific assimilation constant)

Jv
M0 ∈ R (maintenance rate constant)

tk parameter:

ke ∈ R (elimination rate constant)

td parameters:

c0 ∈ R (no-effect concentration)
cT ∈ R (tolerance concentration)

The settings for the calibration procedure stay the same (initials, lower and
upper bounds), only the mode of action changes.

For calibration of the parameters, we use the data from Schmitt et al. 2013.
Afterward, we work with a standard 12 h exposure and a 96 h exposure test for
validation of the parameters. As input for the DEBkiss model measurements of
dry weight in time are necessary. In Schmitt et al. 2013 a conversion factor of
0.1 mg is given to transform frond number to dry weight (MassPerFrond). We
adapt this conversion factor to obtain dry biomass values for the model. As
objective we choose a normal likelihood function as defined in Definition 2.4.9.

To determine the quality of calibration and validation, we compare the model
prediction based on the found parameters with the experimental data. Thereby,
we calculate the coefficient of determination (r2, Definition 2.4.12) and the model
efficiency (ef, Definition 2.4.13). In the statistical calculation, we do not consider
the control data as well as the data measured at the initial time.
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5.5.1 Calibration of Parameters

The experimental data used in Schmitt et al. 2013 consists of control and
six different constant exposure levels (0.32, 0.56, 1, 1.8, 3.2, 5.6 µg l−1). The
exposure persists until day seven with a subsequent seven days recovery period
in uncontaminated nutrient solution. The data set contains measurements in
frond number in time (Table A.3.1).

Calibration using MoA 3 — Increase in Costs for Structure

First, we perform the calibration of the DEBkiss model using the third MoA.
This MoA should be similar to the model in Schmitt et al. 2013 because we
have a scaled effect in [0, 1] on the growth rate. The calibration is presented
with three different data settings: no data transformation, log and square root
transformation.

No Data Transformation. The visual result of the calibration using no data
transformation can be seen in Figure 5.5.1. The resulting parameter values as
well as initial values and parameter ranges can be seen in Table 5.5.1.

Figure 5.5.1: Illustration of the result of fitting the Lemna DEBkiss model to the
data of msm given in Schmitt et al. 2013. On the left hand side
the predicted scaled internal concentration in time is given, on the
right observed (points) and predicted (lines) biomass (dry weight)
of Lemna under different treatment exposure is shown.

As provisional goodness-of-fit measure for the data set a value of 0.998 is cal-
culated (r2, Definition 2.4.12) and model efficiency of 0.996 (ef, Definition 2.4.13)
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indicating a good correspondence between model prediction and experimental
data.

Table 5.5.1: Settings and Result of Calibration (r2 = 0.998, ef= 0.994)

Parameter Value Initial Value Fit Lower Bound Upper Bound

Ja
Am0

0.08994 0.09 1 0 100

Jv
M0

0.5098 0.5 1 0 100

ke 3.628 5 1 0 100

c0 0.49 0.5 1 0 106

cT 0.05507 0.07 1 0 106

In Figure 5.5.2 one can see the visual result of the calibration in comparison
to the calibration result given in Schmitt et al. 2013. One difference is that the
model prediction of the Lemna DEBkiss model is given in dry weight biomass
and the result in Schmitt et al. 2013 in frond number. A direct conversion by
dividing the dry biomass by the mass per frond (0.1 mg) is possible.

Observation 5.5.1 The DEBkiss model prediction underrates the effect of msm
in the exposure period (first seven days) on Lemna population growth (Fig-
ure 5.5.2).

One reason why the growth during exposure is better predicted by Schmitt
et al. 2013, is that an additional td parameter is introduced: the maximum
effect. The calculation of toxicodynamics in Schmitt et al. 2013 is based on a
dose-response relationship (Definition 4.2.19):

TD
(
Cintunb

)
= 1− Emax ·

Cb
intunb

ECb
50int

+ Cb
intunb

,

where the quantity Cintunb : [0, tn] → R+ is internal unbound concentration in
time, the exponent b ∈ R+ is the Hill coefficient, EC50int ∈ R+ is representing
the internal concentration at which 50 % effect is observed and Emax ∈ [0, 1]
maximum effect. In the case study of calibrating msm the maximum effect Emax
is smaller than one, namely 0.784 (Figure 4.2.7).

The co-domain of the toxicodynamic function is [0, 1], where one (no inhibi-
tion) and zero (maximum inhibition), which is used to reduce growth related
processes. This concept is comparable to the scaled functional response in deb
theory.

263



Chapter 5 Modeling Growth of Lemna Populations based on deb Theory

(a) Result of calibration taken from
Schmitt et al. 2013.

(b) Result of calibration with DEBkiss
model - no data transformation.

(c) Result of calibration with DEBkiss
model - log data transformation.

(d) Result of calibration with DEBkiss
model - square-root data transfor-
mation.

Figure 5.5.2: Observed data (symbols) and model predictions (lines) of growth
of Lemna population. The calibration result of Schmitt et al. 2013 as
well as the calibration result using the DEBkiss model and different
data transformations are shown.
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Observation 5.5.2 In this concrete case this means that the effect of the sub-
stance is lower than 100 %. This can lead to errors in the extrapolation to other
exposure scenarios namely leading to lower effects.

Setting the maximum effect Emax smaller than one leads to a photosynthesis
inhibition factor that is always greater than zero. Thus, growth of Lemna is
even for high internal concentrations not totally inhibited. Due to this reason,
we set in Section 4.5.1 equal to one. The statistical assessment of both model
predictions, calibration in Chapter 4 and the Lemna DEBkiss, is similar, but
slightly better (r2 = 0.9977, ef = 0.9974).

MoA 3 — Log Data and Square Root Transformation. The underestimation
of effect in exposure period is mainly visible in log scale. In order to get a
better result in log scaled view, one possibility is to use log transformed data in
the calibration procedure. As calibration settings the same initial values and
bounds on the parameters are used as before (Table 5.5.1). We use the same
normal likelihood function as objective (Definition 2.4.9), but before the data is
transformed. For the statistical assessment, we also transformed the observed
data to take the different transformations into account.

As result of log transformed data the provisional goodness-of-fit measure for
the data set is 0.972 and therefore slightly lower than without data transforma-
tion. The difference in model efficiency of both calibration runs is even smaller
(≈ 0.0098 smaller).

Table 5.5.2: Calibration using different data transformations. Statistical cal-
culation is based on the transformed predicted and transformed
observed data.

Parameter No Log Square Root

Ja
Am0

0.08994 0.08746 0.08993
Jv
M0

0.5098 0.4948 0.5098
ke 3.628 0.722 4.68
c0 0.49 0.23 0.491
cT 0.05507 0.2143 0.06963

r2 0.9975 0.9716 0.9868
ef 0.9963 0.98644 0.9877

The main difference of both calibrations is in the result values of the tktd
parameters: ke, c0 and cT. The elimination rate ke without data transformation
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is around five times faster than with log transformation. The no-effect concen-
tration is twice as big but the tolerance concentration is one quarter of the log
transformation parameter value (Table 5.5.2).

However, the growth pattern in exposure period can be better described using
log transformed data. One remaining possibility to get a better calibration result
is using a square-root transformation of the data, but the parameter values
after calibration differ only slightly from the values of the no transformation
calibration (Table 5.5.2).

Considering the statistical assessment, according to coefficient of determina-
tion r2 and model efficiency ef the calibration variant without data transforma-
tion leads to the best calibration result. However, all data transformations yield
a good correspondence between model prediction and experimental data.

The effect of the different elimination rates can be better seen by regarding
the change of the second state variable, the scaled internal concentration (Fig-
ure 5.5.3). In Figure 5.5.3 one can see directly that the elimination rate constant
of the no transformation run and the squared root transformation are similar,
whereas a lower elimination rate (log scale data transformation) leads to a
slower uptake and elimination in the plant cohort. The maximum internal
concentration is the same, but earlier attained by a higher elimination rate. A
lower rate leads on the one hand to a slower increase until the maximum scaled
internal concentrations is reached in exposure period as well as to a slower
decrease in recovery period (subsequent seven days).

(a) No Transformation (r2 =
0.998, ef = 0.996)

(b) Log Transformation
(r2 = 0.972, ef = 0.986)

(c) Square-Root Transforma-
tion (r2 = 0.987, ef =

0.988)

Figure 5.5.3: Predicted scaled internal concentration of msm by the DEBkiss
model. The parameters are derived using three different data
transformations (no transformation, log and square root transfor-
mation).
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However, log-transformation is probably the best choice as the population
grows exponentially. As the statistics identifies the parameter set without data
transformation as best parameters, we use later these parameters.

Calibration MoA 3 — Calculation of Confidence Intervals. Calculating the
confidence intervals of the parameters leads to a different parameter set (Ta-
ble 5.5.3), no transformation of data and the same settings for the initial values
and bounds of parameters are used. The calculation of confidence intervals is
based on profiling likelihood (Section 2.4.2.)

The new parameter values differ mainly in the elimination rate constant that
is more than half smaller. Furthermore, the tolerance concentration changed:
its value is now twice as big as before. According to the objective function
value, the minus log likelihood function value, the newer parameter set is
better than before (159.921 is smaller than 168.763). We compare the statistical
measurements: the new parameter set yields slightly better values in r2 as well
as ef. The values are approximately 0.0005 higher.

In Table 5.5.3 the resulting confidence intervals are listed. The last parameter,

Table 5.5.3: Confidence intervals of calibrated parameters.

Parameter Old Value New Value Lower Bound Upper Bound

Ja
Am0

0.8994 0.090241 0.08724 0.1207
Jv
M0

0.5098 0.5116 0 0.6261
ke 3.628 1.177 0.1334 5.831
c0 0.49 0.38243 0.07154 0.5036
cT 0.05507 0.1002 0.03006 0.2273
cT 0.05507 0.1002 0.2442 0.2446

the tolerance concentration cT, has not one confidence interval but two (broken
set). This can also be seen by regarding the likelihood profile. Probably,
seeing the profile, the most realistic confidence interval is from 0.03 to 0.24.
The likelihoods of all parameters are presented in Figure A.3.3. During the
calculation several adjustments of the parameter values are performed and one
has a lower minus log likelihood function value than the last correction.

According to Figure 5.5.4 the better parameter values has been found during
the calculation of the confidence interval of the tolerance concentration c0.Using
this data we get again a slightly better statistical result.

Observation 5.5.3 The problem with finding the real parameters is that we are
solving a nonlinear optimization problem. Thus, all found solutions can be
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Calibration 168.763
Param Value Fit Initial
Ja
Am0

0.08994 1 0.09
Jv
M0

0.5098 1 0.5
ke 3.628 1 5

c0 0.49 1 0.5
cT 0.05507 1 0.07

CI: Ja
Am0

168.146
Param Value Fit Initial
Ja
Am0

0.12072 0 0.08994
Jv
M0

0.6941 1 0.5098
ke 3.1201 1 3.628
c0 0.48576 1 0.49
cT 0.051117 1 0.05507

CI: Jv
M0

162.245
Param Value Fit Initial
Ja
Am0

0.062248 1 0.08994
Jv
M0

0.0085081 0 0.5098
ke 1.6341 1 3.628
c0 0.43035 1 0.49
cT 0.073971 1 0.05507

CI: ke 159.68
Param Value Fit Initial
Ja
Am0

0.090068 1 0.08994
Jv
M0

0.51057 1 0.5098
ke 1.0514 0 3.628
c0 0.37028 1 0.49
cT 0.09988 1 0.05507

CI: c0 159.581
Param Value Fit Initial
Ja
Am0

0.0898 1 0.08994
Jv
M0

0.50896 1 0.5098
ke 0.98554 1 3.628
c0 0.35108 0 0.49
cT 0.11788 1 0.05507

CI: cT 159.921
Param Value Fit Initial
Ja
Am0

0.090241 1 0.08994
Jv
M0

0.5116 1 0.5098
ke 1.177 1 3.628
c0 0.38243 1 0.49
cT 0.1002 0 0.05507

Figure 5.5.4: Illustration of change in parameter values during the calculation
of confidence intervals

local optima and there is no grantee that the found parameter value is the best
parameter value. This can also be seen during the calculations of the various
confidence intervals: using different initial values leads to a different calibration
result.

The calculation of confidence intervals itself can be done in different ways
and the intervals are approximate.

Calibration using MoA 1 — Decrease in Assimilation

We use the same calibration settings as before: the same initial values and
ranges. No transformation of data is used. We use another toxicodynamic
model namely MoA 1 leading to a decrease in assimilation.

Using the first MoA leads to a model prediction that the Lemna population
does not grow for all treatments, just the control population growth can be
described satisfactorily. First results can be seen in Figure 5.5.5a. The statistical
measurements seem to be better than the visual result: we obtain r2 of 0.91 and
a model efficiency of 0.88.
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(a) First calibration result using the standard initial values (r2 = 0.99, ef=
0.88).

(b) Second calibration result changing the initial value for c0 (r2 = 0.996, ef= 0.992).

(c) Simulation of the best parameter result (r2 = 0.999, ef= 0.995).
Figure 5.5.5: Calibration result (MoA1). Scaled internal concentration in plant

(left) as well as the change in biomass is shown in arithmetic
(middle) and log scale (right).
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Choosing another initial value for the tolerance concentration c0 = 14 leads
visually as well as statistically to a better calibration result (r2 = 0.996, ef= 0.992,
Figure 5.5.5b).

In arithmetic scale the model predicts visually the growth behavior of the
plant population. However, in log scale mode, one can see that only treatments
1–4 are sufficiently well-described (Figure 5.5.5b). In the exposure period the
growth inhibition effect of the higher concentrations (5–7) is over-estimated by
the model.

Nevertheless, we calculate the confidence intervals as the calculation can
result in better parameter values and hence in a better calibration result. The
resulting confidence intervals obtained by profiling likelihood are:

Ja
Am0 ∈ [0.017, 2.138] , Jv

M0 ∈ [0, 31.56] ,

ke ∈ [3.367, 100] , c0 ∈ [0.268, 0.319] , cT ∈ [14.73, 2997] .

Calibration 189.116
Param Value Fit Initial
Ja
Am0

0.09959 1 0.09
Jv
M0

0.5674 1 0.5
ke 8.01 1 5

c0 0.2898 1 0.5
cT 15.88 1 14

CI: Ja
Am0

187.965
Param Value Fit Initial
Ja
Am0

0.016919 0 0.09959
Jv
M0

0.072422 1 0.5674
ke 92.989 1 8.01
c0 0.30366 1 0.2898
cT 2.7633 1 15.88

CI: Jv
M0

163.527
Param Value Fit Initial
Ja
Am0

0.0059588 1 0.09959
Jv
M0

0.0067891 0 0.5674
ke 96.544 1 8.01
c0 0.3042 1 0.2898
cT 0.96206 1 15.88

CI: ke 187.99
Param Value Fit Initial
Ja
Am0

0.099606 1 0.09959
Jv
M0

0.56756 1 0.5674
ke 100 0 8.01
c0 0.30379 1 0.2898
cT 16.273 1 15.88

CI: c0 188.061
Param Value Fit Initial
Ja
Am0

0.09965 1 0.09959
Jv
M0

0.5678 1 0.5674
ke 97.193 1 8.01
c0 0.3015 0 0.2898
cT 16.374 1 15.88

CI: cT 187.99
Param Value Fit Initial
Ja
Am0

0.53835 1 0.09959
Jv
M0

3.1947 1 0.5674
ke 99.893 1 8.01
c0 0.30368 1 0.2898
cT 87.966 0 15.88

Figure 5.5.6: Illustration of change in parameter values during the calculation
of confidence intervals (MoA 1).

In Figure A.3.1 the profiles of the likelihoods of all parameters are visually
presented. During the procedure of finding the confidence intervals several
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different parameters are proposed having a lower objective function value (Fig-
ure 5.5.6). The found parameter values can be highly contrasting. We obtain
parameter values in the following ranges:

Ja
Am0 ∈ [0.00596, 0.5384] , Jv

M0 ∈ [0.0068, 3.1947] ,

ke ∈ [8.01, 100] , c0 ∈ [0.2898, 0.3042] , cT ∈ [0.962, 87.966] .

The standard deviation of the different parameters is smallest for c0 (0.0056)
and relatively small for the growth parameter maximum rate Ja

Am0
(0.198) and

maintenance Jv
M0

(1.187). For the toxicokinetic parameter ke the standard devia-
tion is the biggest (36.55). The standard deviation of tolerance concentration cT
is also very high (32.419).

The change of parameter values can be seen in Figure 5.5.6. Totally different
parameter values lead to a relatively equal objective function value (normal
likelihood). Regarding the objective function value the parameter values in
Table 5.5.4 are optimal. It seems that the elimination rate is very high. To see
if the result is a reasonable fit, we simulate using these parameter values. The
visual result can be seen in Figure 5.5.5c.

Table 5.5.4: Best parameter values (r2 = 0.9985, ef = 0.9946) found by profiling
likelihood.

Parameter Value Fit Initial value

Ja
Am0

0.0059588 yes 0.09959
Jv
M0

0.0067891 no 0.5674
ke 96.544 yes 8.01
c0 0.3042 yes 0.2898
cT 0.96206 yes 15.88

Despite the very fast elimination rat (ke) visually the fit seems to be reasonable
(Figure 5.5.5c). However, in log scale one can see that the growth pattern does
not match exactly. Especially the higher treatments (5–7) in the exposure period
are not well-predicted by the model: the growth inhibition in this period
is highly over-predicted. In contrast to Figure 5.5.5b, the result of the first
calibration step, the result seems to be less over-predictive.

Calibration using MoA 2 — Increase in Costs for Maintenance

We apply the second mode of action leading to an increase in costs for main-
tenance. In a first try for the second mode of action no result is obtained.
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In the following, we retry to calibrate the second mode of action, increase in
maintenance costs, with the same modified initial values as for the first mode
of action. Now it is possible to calibrate without getting an error message. We
get the following first parameter results (no transformation, Table 5.5.5).

Figure 5.5.7a represents the graphical result of the calibration of the second
mode of action: the predicted scaled internal concentration as well as the change
in dry biomass in time are presented.

Again comparable to the first mode of action, decrease in assimilation (Fig-
ure 5.5.5b), the treatments 1–4 can be well-predicted, but the representation of
the higher concentrations (5–7) fails.

All in all, the primary calibrations results of both, the figures of first and
second, modes of action look very similarly.

The absolute deviations of both parameter value sets are very small, in the
range of [0.0016, 0.643] which is in percentage a change between 0.55–8 % of
each parameter of the MoA 1 - parameter to MoA 2- parameter.

In addition to that confidence intervals are calculated. However doing so
leads to problems (Figure A.3.4). According to the error message, the problem
is due to the objective function value. Its value is minus infinity and thus
unbounded.

We retry the calculation of confidence intervals of the second MoA with log
transformed data to punish the deviations on small values. Additionally we
choose a smaller range for ke: ke ∈ [0, 10]. Using these settings we get another
parameter set for the standard calibration procedure (Table 5.5.5).

Table 5.5.5: Comparison of best parameter values found by calibration MoA
2 with log data transformation (r2 = 0.69, ef = 0.34) and without
data transformation (r2 = 0.996, ef = 0.992).

Parameter Log No Absolute Deviation

Ja
Am0

0.07704 0.1026 0.02556
Jv
M0

0.4393 0.5852 0.1459
ke 0.1588 7.367 7.2082
c0 3.81 · 10−9 0.2882 0.288199996
cT 50.99 15.54 35.45

Particularly the tktd parameters elimination constant ke and tolerance con-
centration cT have changed: the elimination rate is significant smaller, the
tolerance concentration is much higher. This can be also seen in Figure 5.5.7b.
Visually and with regard to the provisional goodness of fit, the fit without data
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(a) Calibration result (MoA 2) without data transformation (r2 = 0.996, ef=
0.992).

(b) Calibration Result (MoA 2) using log transformation (r2 = 0.687, ef=
0.341).

(c) Best parameter result (MoA 2), Table 5.5.6 (r2 = 0.775, ef= 0.486).

Figure 5.5.7: Calibration result (MoA 2). Predicted scaled internal concentration
in plant (left) as well as the change in dry biomass is shown in
arithmetic (middle) and log scale (right).
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transformation (0.996) is much better than the fit with log transformed data
(0.687). In Figure A.3.2 the likelihoods of all parameters are presented.

During the calculation of confidence intervals several new local minimal
points are found. The best parameter set (with the lowest objective function
value) is obtained by calculating the intervals of the no-effect concentration c0.
An illustration of the change in parameter can be seen in Figure 5.5.8.

Calibration 102.034
Param Value Fit Initial
Ja
Am0

0.07704 1 0.09
Jv
M0

0.4393 1 0.5
ke 0.1588 1 5

c0 3.81 · 10−9 1 0.5
cT 50.99 1 14

CI: Ja
Am0

96.3955
Param Value Fit Initial
Ja
Am0

0.051733 0 0.07704
Jv
M0

0.28609 1 0.4393
ke 9.9201 1 0.1588
c0 3.1089 · 10−15 1 3.81 · 10−9

cT 54.724 1 50.99

CI: Jv
M0

96.3952
Param Value Fit Initial
Ja
Am0

0.0068223 1 0.07704
Jv
M0

0.017213 0 0.4393
ke 9.981 1 0.1588
c0 1.8709 · 10−13 1 3.81 · 10−9

cT 3.2844 1 50.99

CI: ke 96.4013
Param Value Fit Initial
Ja
Am0

0.077643 1 0.07704
Jv
M0

0.44124 1 0.4393
ke 10 0 0.1588
c0 5.9848 · 10−9 1 3.81 · 10−9

cT 84.122 1 50.99

CI: c0 96.3903
Param Value Fit Initial
Ja
Am0

0.072443 1 0.07704
Jv
M0

0.41007 1 0.4393
ke 9.8283 1 0.1588
c0 6.271 · 10−6 0 3.81 · 10−9

cT 78.036 1 50.99

CI: cT 96.3927
Param Value Fit Initial
Ja
Am0

0.054388 1 0.07704
Jv
M0

0.302 1 0.4393
ke 9.8712 1 0.1588
c0 1.7285 · 10−9 1 3.81 · 10−9

cT 57.413 0 50.99

Figure 5.5.8: Illustration of change in parameter values during the calculation
of confidence intervals (MoA 2)

Approximate confidence intervals:

Ja
Am0 ∈ [0.01, 3.222] , Jv

M0 ∈ [0.00057, 2.279] , ke ∈ [0.052, 10] , c0 ∈ [0, 0.959] ,

cT ∈ [23.22, 608.5] , cT ∈ [616.5, 621] , cT ∈ [641, 37260] .

For the parameter ke the highest parameter value as upper confidence limit
and regarding c0 the lowest parameter value as lower confidence limit is taken.
The last confidence interval is not one interval but a broken set (cT). The visual
result of using the best found parameter values can be seen in Figure 5.5.7c.

In comparison to the first calibrated parameter set (Figure 5.5.9) the elimina-
tion rate is much higher. This leads to an internal concentration in plant that is
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almost zero direct after exposure period. The first calibrated data set yields for
example, considering for the highest concentration to an internal concentration
of around 0.6 µg l−1 at the end of the test period.

Observation 5.5.4 Particularly in log scale mode on can see (Figure 5.5.7c) that
the growth pattern can not be predicted by the growth model with the second
mode of action exactly.

For instance, in the exposure period (first seven days) the model predicts
too few biomass for the highest concentration, but under-predicts the effect for
treatment 4 and 5. The growth rates of the lower concentrations (control and
treatment 1) are too low in comparison to the experimental data in the whole
test duration.

Table 5.5.6: Overview of the chosen best parameters for all modes of action
with coefficient of determination and model efficiency.

Parameter MoA 1: Ja
Am0

MoA 2: Jv
M0

MoA 3: yVA0

Ja
Am0

0.00596 0.0724 0.0898
Jv
M0

0.00679 0.4101 0.5090
ke 96.544 9.828 0.986
c0 0.3042 6.271 · 10−6 0.3511
cT 0.962 78.036 0.118

r2 0.99854 0.77450 0.99845
ef 0.99456 0.48644 0.99490

Comparing the statistical assessment the second mode of action is the worst
(Table 5.5.6). If we compare the coefficient of determination, the first mode of
action is best. On contrary, considering the model efficiency the third mode of
action is best.

With respect to the parameter values of both, first mode of action and third
mode of action, the elimination rate of the first mode of action seems to be very
high. In opposite to the experimental data and to the prediction of the third
mode of action, the first and the second mode of action predicted a decrease in
biomass for the higher concentration in the exposure period.

Observation 5.5.5 The growth pattern of exposure period (first seven days) for
the two highest concentrations is best described with the third mode of action.
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(a) Decrease in assimilation (MoA 1):
r2 = 0.99854, ef = 0.99456

(b) Increase in maintenance costs (MoA 2):
r2 = 0.77450, ef = 0.48644

(c) Increase in costs for structure (MoA 3):
r2 = 0.99845, ef = 0.99490

Figure 5.5.9: Calibration result of the 7 exposure test (Schmitt et al. 2013) with all MoA
1–3. Internal concentration in plant as well as the change in biomass in
arithmetic and log scale is shown.
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5.5.2 Validation of Parameters

The idea is to use the before calibrated parameters and predict a different
data set with a different exposure pattern. We compare the resulting model
prediction with the experimental data to assess the statistical quality.

For validation we employ two glp laboratory growth inhibition tests with
msm of Lemna gibba presented by Ochoa-Acuña 2016 (presentation at setac
Nantes, data kindly provided by H. Ochoa-Acuña, Ochoa-Acuña et al. 2016).
For this, we use a 12 h and a 96 h exposure test.

12 h Exposure Test

The validation data test duration is seven days, where seven different treatment
levels (including control) are tested in a range of [0, 206] µg l−1 followed by six
and a half days recovery time. Three replicates are used at constant temperature
(24 ◦C) and light (5000 lx). Frond numbers are taken at day 0, 3, 5 and 7

(Table A.3.2). For simulation with the DEBkiss model the dry weight biomass is
estimated by multiplying the measurements by 0.1 mg (mass per frond).

The visual validation result of trying to predict the growth pattern of the
12 h exposure test is presented in Figure 5.5.10. All three different modes of
action are shown. One can clearly see that the third mode of action describes
the growth pattern of the 12 h exposure test at best. This also confirms the
statistical assessment.

Observation 5.5.6 The third MoA yields the best statistical result (r2 = 0.996,
ef = 0.962).

Relying on the statistics, the first mode of action yields the worst result
(r2 = 0.650, ef = 0.277), although the statistics of the calibration data was better
than the calibration result for the second mode of action.

Especially regarding the log scale picture of the change of biomass in time
one can see the differences between the different modes of action.

The first mode of action leads to an under estimation of growth inhibition
effects of the 12 h test. Only the control growth and the first treatment are well
predicted. The model prediction of treatment 3 and 7 is almost the same.

The second mode of action yields a more various growth pattern. However,
the last two concentrations 61.7 µg l−1 and 206 µg l−1 are not sufficiently well
simulated: the model prediction is in contrast to the experimental data more
conservative.
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(a) Decrease in assimilation (MoA 1):
r2 = 0.650, ef = 0.277

(b) Increase in maintenance costs (MoA 2):
r2 = 0.888, ef = 0.790

(c) Increase in costs for structure (MoA 3):
r2 = 0.996, ef = 0.962

Figure 5.5.10: Validation result of the 12 h exposure test with all MoA 1–3. Internal
concentration in plant as well as the change in biomass in arithmetic and
log scale is shown.
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96 h Exposure Test

The study consists of four days of exposure followed by three days of recovery in
uncontaminated medium. In total, six different concentrations in addition to the
control have been tested in ranging from 0.1 to 5.6 µg l−1. The concentrations
are very similar to the calibration data (Schmitt et al. 2013). Three replicates
are used at constant temperature (24 ◦C) and light (5000 lx). Frond numbers
are taken at day 0, 3, 5 and 7 (Table A.3.3). For simulation with the DEBkiss
model the dry weight biomass is estimated by multiplying the measurements
by 0.1 mg (mass per frond).

The visual result can be seen in Figure 5.5.11. Due to the longer exposure
duration, the effect of the different values of the elimination rate constant
(ke) can be observed. For the first mode of action, the internal concentration
is immediately equal to the external concentration in the exposure period
(ke = 96.544 d−1) and fast equal to zero in recovery period (after the fourth day).

The shape of the scaled internal concentration for the second mode of action is
similar, but the process is slower and the rate is clearly smaller (ke = 9.8283 d−1).
The elimination rate is smallest for the third mode of action and even smaller
than one (ke = 0.98554 d−1).

Visually, this validation result regrading the growth prediction seems to be
worse than the validation result of the 12 h test. With respect to the statistics
this is not total truth. The first mode of action is statistically better (r2 = 0.986,
ef = 0.985) and yields the best assessment comparing all modes of action.
The values of the second mode are similar, but slightly worse (r2 = 0.884, ef
= 0.615). For the third mode of action, the statistical assessment is worse than
in the 12 h test.

Observation 5.5.7 From above validation results, we can conclude that the
validation result depends on the chosen validation data set. Furthermore,
choosing another data set, could lead to another decision on the choice of mode
of action.

We also used the 96 h test to validate the tktd parameters of the Lemna
model by Schmitt et al. 2013 (Figure 4.5.3). Considering the coefficient of
determination a better result is obtained using the Schmitt et al. 2013 model
(r2 = 0.991, Table 4.5.4). However, with regard to model efficiency the DEBkiss
model using the first mode of action describes the experimental data at best
(ef= 0.967, Table 4.5.4).
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(a) Decrease in assimilation (MoA 1):
r2 = 0.986, ef = 0.985

(b) Increase in maintenance costs (MoA 2):
r2 = 0.884, ef = 0.615

(c) Increase in costs for structure (MoA 3):
r2 = 0.962, ef = 0.949

Figure 5.5.11: Validation result of the 96 h exposure test with all MoA 1–3. Internal
concentration in plant as well as the change in biomass in arithmetic and
log scale is shown.
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5.6 Possible Model Extensions

We consider three possible model extensions. The first is a concept about how
to integrate additional environmental conditions. The second extension is a
general model extension about the integration of mixtures. The third is about
how to extend the simple growth model.

5.6.1 Environmental Conditions

In standard deb models for animals, the scaled functional response f is defined
as a function of food level. In the simplest deb model for a plant, it could
be defined as a function of light intensity or nutrients. Above for calibration
and validation we set the functional response to one thus no light influence on
growth is simulated.

In Schmitt et al. 2013 a combination of all dependencies like temperature,
light intensity and nutrients availability is integrated by multiplying scaled
environmental response functions to get one joint scaled functional response
for all environmental conditions.

In Schmitt et al. 2013 a linear relationship is used to represent the light
response (Section 4.2.1). An alternative light response function f̂ (I) explaining
the light dependency of photo-assimilation for Lemna could be a Michaelis-
Menten-function:

f̂I (I) =
I

I + I50
,

where I50 ∈ R+ \ {0} is the light intensity at which half the maximum light
response is observed. For example, in Titus and Adams 1979 for the macrophyte
Myriophyllum spicatum a value of 175 µEm−2 s−1 for I50 is taken.

As nutrients in Schmitt et al. 2013 nitrate and phosphate are considered
(Section 4.2.1). The nitrate and phosphate response functions are Michaelis-
Menten functions only differing in their half-saturation constant. In Carr et al.
1997 the ratio is additionally multiplied by a maximum productivity constant.
One could use the same nutrient functions.

An additional refinement in Chapter 4 is the integration of Liebig’s law,
meaning that the growth of Lemna is influenced and limited by the scarcest
resource not by the total amount of available resources (Gorban et al. 2010).
Something similar could be done for the Lemna DEBkiss model.

For the consideration of temperature, an asymmetric bell shaped temperature
response function as in Schmitt et al. 2013 could be used (Section 4.2.1).

Alternatively, the effect of environmental stressors can be included in the
model similar as done for the active substance by influencing the DEBkiss model
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parameters (as for example the maximum area-specific assimilation rate or the
volume-specific maintenance costs).

5.6.2 Mixture Toxicity

Above we considered only one active substance. Usually in the environment
several active substances are affecting Lemna. One possibility to model a
mixture of several active substances is to model the toxicokinetics for each
active substance separately (uptake, distribution, metabolism and elimination).
We obtain for each substance a scaled internal concentration. In general, we
distinguish between mixtures with the same mode of actions, different mode of
actions and target organs.

The simplest case is if several active substances have different modes of
actions and hence do not influence each other. Then we speak about an inde-
pendent effect. With the single concentrations, we calculate for each substance
toxicodynamic parameters, which can be then combined to derive a joint stress
factor on the stressed DEBkiss parameters.

If two or several active compounds have the same effect then we define the
effect as a combined effect. We characterize additive, antagonistic and synergistic
effects. In this case we have to calculate based on the single concentration a joint
concentration which that can be related to the effect (stress to deb parameters)
(Jager et al. 2010).

5.6.3 Growth Model

For modeling growth of Lemna, we use a DEBkiss model. It is possible to replace
this simple model by a more complex DEBtox model with an additional reserve
compartment. This means that we are distinguishing between two different
types of dry biomass: reserve and structure (Jager 2015, pp. 23-24).

5.7 Discussion

The aim of this chapter was to build, test and analyze a Lemna population
growth model based on dynamic energy budget theory (deb). The model
is able to describe mechanistically the effect of active substances either on
assimilation, maintenance or structure. Thus, we can decide on three different
modes of action of the active substance.

We tested the suitability of the model with respect to the prediction of growth
of Lemna under constant environmental conditions (laboratory conditions) for
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Metsulfuron-methyl (msm), a sulfonyl urea herbicide. Therefore, we had to
find parameter values for the substance specific parameters:

. two energy flux specific parameters (Ja
Am0

, Jv
M0

),

. one toxicokinetic parameter (ke) and

. two toxicodynamic parameters (c0, cT).

These five parameters were derived during calibration by using an ecotoxico-
logical test. For this, we used the data in Schmitt et al. 2013. Calibration is
solving a nonlinear non-differentiable optimization problem with maximizing
the log likelihood as objective (Definition 2.4.9) and the model equations as
constraints. The quality of the obtained parameters was assessed by calculating
the coefficient of determination (Definition 2.4.12) and the model efficiency
(Definition 2.4.13). We calculated the 95 % confidence intervals with profiling
likelihood (Section 2.4.2) to have a range of the unknown parameters. However,
profiling likelihood can lead to a different optimal parameter set. Thus, calibra-
tion was always based on a two steps procedure: the proper calibration run and
profiling likelihood with the calibrated parameters as initials.

Independently of the physiologic mode of action of the active substance msm,
we calibrated all mode of actions:

1. decrease in assimilation,

2. increase in maintenance costs and

3. increase in costs for structure.

Having found a suitable parameter set, we used two additional tests to verify
the calibration result. This validation is done by comparing model prediction
and the experimental data with the same statistical assessment as for calibration:
the calculation of the coefficient of determination and the model efficiency.

5.7.1 Calibration of Parameters

During profiling likelihood, the optimal set of parameters was adjusted several
times. This indicated one main problem to the structure of the parameter iden-
tification problem. Due to its non-linearity and non-differentiability, we have to
use the derivative-free Nelder-Mead-Algorithm (Matlab function fminsearch).
This algorithm depends heavily on the chosen initial value. Thus, the calibration
result depends always on the chosen initial values.

For calibration, we have to fit all three modes of action separately. In general,
using different modes of action lead to different parameter sets. The biggest
difference was in the toxicokinetic parameter ke determining the speed of uptake
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and elimination of the active substance in Lemna. According to the coefficient
of determination (r2), the best parameter set was obtained by using the first
mode of action (decrease in assimilation). On the contrary, the model efficiency
identified as best choice the third mode of action (increase in costs for structure).
Both statistical criteria indicated the model prediction using the second mode
of action (increase in maintenance costs) the worst correspondence with the
experimental data. In opposite to the experimental data, the first and the second
mode of action predicted a decrease in biomass for the higher concentration
in the exposure period. However, the prediction of the third mode of action
confirmed the experimental data and thus, is with respect to the calibration
result the most suitable mode of action.

5.7.2 Validation of Parameters

For validation, we used two different tests with a total test period of seven
days: a 12 h exposure test and a 96 h exposure test. Comparing the statistical
assessments of both tests, the criteria identified the first mode of action best for
the 12 h exposure test and the third mode of action best for the 96 h exposure
test. Thus, the result of validation and the choice of the mode of action depend
on the chosen validation data set. This means that the choice on the mode of
action is not unique.

5.7.3 Related Work

The equations of the DEBkiss model are mainly based on the memo written by
Tjalling Jager as departure point for the summer school "Dynamic Modeling
of Toxic Effects" in Søminenstationen in 2016. We filled the Lemna DEBkiss
model skeleton with content (contributions to model purpose, model concept,
model description, system analysis, parametrization, calibration and validation
of model parameters for the active substance msm, model modification, model
extension).

deb Modeling

As deb theory is a unified theory it has been used for different species and
stressors for representing sublethal as well as lethal effects. Although the
underlying assumptions are similar the deb models differ in detail, even the
simpler DEBkiss models.

The deb models differ in
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. complexity: e.g full deb model with an additional reserve compartment (e.g.
Jager et al. 2010) or DEBkiss model (e.g. Jager 2013)

. ecotoxicological endpoints: e.g. growth, reproduction, survival

. sources of stress: e.g. toxicity (also called DEBtox), starving, nutrient avail-
ability

. modes of action: affects one or more metabolic processes (maintenance costs,
assimilation costs, survival probability)

In Muller and Nisbet 2014 the effect of decrease in pH and not an active
substance on the algae Emiliania huxleyi is modeled (ocean acidification). The
pond snail (Lymnaea stagnalis) is studied and modeled using a DEBkiss model
(Jager 2013). As we treat a plant, the models are different. In Alonzo et al. 2014
a deb model for Lemna minor is described but not tested. We consider for the
Lemna DEBkiss model one single type of biomass: structure. In Alonzo et al.
2014 an additional biomass compartment is used: a reserve compartment. For
this, we need an additional differential equation which increases the complexity
of the model and the number of parameters. One problem with the model in
Alonzo et al. 2014 is that the increased number of parameters can not be derived
by using standard ecotoxicological tests.

Summing up, deb theory is a valuable and powerful theory to describe
mechanistically the link between (time-varying) external concentrations of an
active substance to the effects on life-history traits such as survival, growth
and reproduction, over time. One advantage of the deb based models is the
underlying general theory that can be adapted for each organism.

In general, a lot information about deb models in combination with toxicity
can be found at Jager 2018c respectively Jager et al. 2014. Furthermore, there
exists the open-access scientific journal website "add-my-pet" containing a data
base of deb parameters of different species (B. Kooijman 2018).

Comparison to the Lemna model in Chapter 4

In this thesis, we analyzed two different Lemna models: the Lemna model by
Schmitt et al. 2013 (Chapter 4) and the Lemna DEBkiss (Chapter 5). As both
models have a different underlying philosophy, we want compare both models.

The model in Chapter 4 is able to predict both, exponential growth in a shorter
time period as well as logistic growth in longer time periods. Furthermore,
it is able to consider variable environmental conditions (temperature, light,
nutrients) and is thus suitable for the growth prediction of more complex field
conditions. On the contrary, the Lemna DEBkiss model describes exponential
growth and hence is only suitable to predict growth in shorter timer periods

285



Chapter 5 Modeling Growth of Lemna Populations based on deb Theory

(laboratory tests). Hence, we compare in particular the DEBkiss model to the
simplified Lemna model of Chapter 4 describing the growth under laboratory
conditions.

Mathematically, both models are based on two coupled differential equations.
The first equation describes the change in internal concentration in time (tox-
icokinetics), the second describes the change of dry biomass in time (growth
equation). Both models treat the entire colony of plants as a single individual.

Growth Equation. The change of dry biomass is based on a gain and a loss
term in both models. In the DEBkiss model we have the assimilation and the
maintenance flux, in the model in Chapter 4 growth is based on a photosynthesis
and a respiration rate.

The increment term is similar because assimilation is the processes of photo-
synthesis and the absorption of raw materials. Assimilation is the generalization
of several processes like photosynthesis, nitrogen fixation, and the absorption
of nutrients.

Maintenance is not exactly the same as respiration. Talking about respiration
we often think of respiration in terms of humans and breathing namely oxygen
use and carbon dioxide production. However, maintenance processes contain
also constant costs of assimilation and growth (1 − yVA0). Respiration will
probably be the main contributor to maintenance.

For the simulation of laboratory conditions, the respiration rate in Chapter 4
is set to zero, such that control growth is only based on the increment term:
the photosynthesis rate (Definition 4.4.1). Hence we only have one growth
parameter, which is derived by fitting the control growth.

In the DEBkiss model, we have to find constant parameter values for the
constant control yield of structure on assimilates yVA0 , constant reference frond
thickness Lr, constant dry-weight density of the population dV, and the two
energy flux specific parameters Ja

Am0
, Jv

M0
. The values of the flux parameters

obtained by fitting the model prediction to ecotoxicological data, the others are
found in literature.

Toxicokinetics. The tk part of the DEBkiss model is almost equal to tk
part of the guts model in Chapter 3. In the Lemna DEBkiss model a growth
dilution term is added. The focus on guts is on survival where growth is
not included. In the recovery period, the growth dilution term reduced the
internal concentration, if the water plant is growing (more biomass available).
This means that if the Lemna cohorts are growing, the concentration in the plant
can decrease even if there is no elimination of the active substance.
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If the plants are dying, the growth dilution term would lead to an increased
internal concentration. This is the reason for our model modification: in case
that the population is shrinking the internal concentration is not affected by
growth dilution. However, the internal mass shall decrease, but the internal
concentration should be the same (relative quantity).

In Schmitt et al. 2013 the principle of toxicokinetics is similar: the rate constant
that is responsible for uptake and elimination is the permeability of cuticle.
Uptake is based on external concentration, elimination depends on internal
concentration. An additional loss term instead of growth dilution is introduced:
a metabolism rate as the metabolic rate of metabolites (kmet). However, the value
of this parameter is usually set to zero, to have a robust consideration of risk
and to reduce the number of parameters.

In the DEBkiss model we relate the scaled internal concentration to effect, in
Chapter 4 the scaled internal unbound concentration is used (concentration in
plant not bounded into tissue). The unbound internal concentration is derived
by dividing the scaled internal concentration by the plant water coefficient Kpw.

For the DEBkiss model and the model in Chapter 4 we need to fit one tk
parameter to standard ecotoxicological data (ke respectively p). Additionally
we need the value of the substance specific parameter Kpw and the values of
the substance independent parameters AperBM and kfw for the model based
on Schmitt et al. 2013. The parameter Kpw is derived by regression. The other
parameters are found in literature.

Toxicodynamics. In Schmitt et al. 2013 a sigmoid dose-response curve is used
to describe the effect of the active substance on the photosynthesis rate such that
if the unbound internal concentration yields a high effect the photosynthesis
rate is reduced. A reduced photosynthesis rate leads to growth inhibition. In
case of a no-effect concentration, the reducing factor is equal to one.

In the DEBkiss model, we can decide between three different possible physio-
logical modes of action. We can either decrease assimilation (MoA 1), increase
maintenance costs (MoA 2) or increase in costs for structure (MoA 3). This leads
to a more mechanistic consideration of toxicodynamic effects in comparison to
the model in Chapter 4. It is assumed that the internal concentration affects one
of the model parameters Ja

Am0
(MoA 1), Jv

M0
(MoA 2) or yVA0 (MoA 3), with the

standard linear-with-threshold relationship used in deb based models. Thus,
the internal concentration affects assimilation (MoA 1) or maintenance flux
(MoA 2) or both fluxes (MoA 3). Thus, the growth rate depends on the mode of
action. Due to the growth dilution term in the internal concentration equation
(depends on growth rate) the change of internal concentration is also influenced
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by the toxicodynamic effect.
We have to find values of two toxicodynamic parameters for both models:

internal EC50 and Hill coefficient b for the model in Chapter 4 and the no-effect
concentration c0 and the tolerance concentration cT for the DEBkiss model.

Summing up, we have to calibrate in total five parameters for the DEBkiss
model: two energy flux specific parameters (Ja

Am0
, Jv

M0
), one toxicokinetic para-

meter (ke) and two toxicodynamic parameters (c0, cT). Three parameters have to
be found in literature (yVA0 , Lr, dV).

For the model in Chapter 4 we have to fit in total three parameters: one
toxicokinetic (permeability p) and two toxicodynamic parameters (internal
EC50, Hill coefficient b). Two parameters can be found in literature (AperBM,
kfw), the parameter Kpw can be derived by regression.

5.7.4 Open Questions and Future Work

We tested the DEBkiss model as a first try with only one substance. Further
testing is necessary to observe the model behavior with respect to different
substances. In particular, it is necessary to test substances with a clear physi-
ological mode of action to see if the model mode of action coincides with the
physiological mode of action. The differences of the three modes of action have
to be studied in more detail. It seems that the first and second modes of action
do not work sufficiently well (at least for the chosen substance msm).

It has to be discussed if it is possible to estimate some parameters, for
instance by regression, to reduce the number of parameters that need to be
fitted. In Chapter 4, the growth related parameter is derived from the control
data, maybe something similar can be done for the growth flux parameters
of the Lemna DEBkiss model. The number of parameters is critical regarding
the data availability. During calibration, it seems that is not that easy to find
good parameter values. It depends on initial values, bounds on parameters
and the chosen optimization method. There is a clear need for goodness of
fit measures to identify a good fit. As quality criteria, we used the coefficient
of determination and model efficiency. Further study is necessary to find
additional, maybe better, criteria.

With respect to the different validation results, there is further analysis
necessary answering the question how to choose the experimental data. In this
chapter, we had three different experimental data sets: the test we used for
calibration (14 days test with 7 days exposure, 49 data points), the two tests we
used for validation (7 days test duration, 12 and 96 h exposure, each 28 data
points). Choosing another data set for calibration would lead to a different,
maybe better, result.
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The Lemna DEBkiss model describes exponential growth and thus, it is only
suitable for short time periods. There is need to extend the model for example
to logistic growth such that the model is also suitable for longer time periods.

We discussed the differences of the two Lemna models analyzed in this thesis.
We want know whether one model approach is better than the other. To answer
this question we have to define "better". The DEBkiss model is more mechanistic
with respect to the choice of modes of action but its prize is the more model
parameters. We decrease uncertainty and increase realism by integrating a more
mechanistic approach, but we also increase uncertainty due to the problems
finding suitable values for the parameters.

Comparing both model approaches is comparing simplicity and complexity
of two distinct toxicodynamic processes. No approach is better than the other
(Phair 2014). A simpler model, which can be understood by a broader public,
can be used easily in risk assessment. A more complex model, which describes
the reality more precisely, enhances the risk assessment. Relating the word
"better" in terms of model performance, there is always the problem of suitable
statistical measurements and a sufficient large number of experimental data
points (small sample size).

With respect to the use of Lemna DEBkiss in the risk assessment of active
substances in this state of development additional model testing is necessary.
Nevertheless, after additional model test results, the model could support the
risk assessment.
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6
Conclusion

The overall aim of the thesis was to analyze and quantify the uncertainty in
ecotoxicological models.

Mathematically the considered models consist of two different problems,
namely an inverse and a direct problem. The inverse problem is the problem of
finding suitable parameters for a mathematical model using measured data.
The direct problem is using the identified parameters and the mathematical
model (nonlinear differential equation system) to predict the solution over time
(simulation).

While both problems are already difficult but solvable on their own, the
challenging part is the interplay of both problems. For use in risk assessment
the aim is to get realistic predictions (reliable solution of the direct problem)
which is immediately connected to the inverse problem: it is important to have
reliable parameter values to obtain reliable predictions of the direct problem.

One way to improve the prediction of the direct problem is to enhance the
mathematical model (modeling) that is the common part in the inverse and
direct problem.

We analyzed the models particularly regarding a realistic representation of
the complex biological processes and improved the models. For example, in
Chapter 4 the modification of internal mass in plant of the active substance if
Lemna population is shrinking: if the biomass is decreasing the internal mass
has to decrease as well with the same factor as the biomass, such that the
internal concentration stays the same (relative quantity). Despite being more
realistic, the modification leads even to a more complex nonlinear problem.

The inverse problem is an optimization problem using an objective (e.g. least
squares) and the equations of the mathematical model as constraints. The
mathematical model is an ordinary differential equation system that only has a
closed solution representation under certain conditions, such that in most cases
the system has to be discretized.

This work described the particular situations in which the underlying differ-
ential equation system can be solved exactly (e.g. constant exposure) to avoid
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imprecise predictions due to the discretization error.

Mathematically, the inverse problem is a non-differentiable optimization
problem. It recovers information and is highly nonlinear. This makes it difficult
to solve it with standard methods such as gradient-based solution methods.

Hence, this problem has to be solved with derivative-free algorithms that are
known to depend on initial values. For each model we provided possibilities
how to get good initial values, to get reliable parameter values and hence a
good prediction result of the direct problem. Even using the improved initial
values, there is no guarantee for a global optimum as nonlinear optimization
problems may have several locally optimal solutions.

To study the effect of changes in parameter values on the prediction result of
the direct problem, we performed a sensitivity and uncertainty analysis. Since
the results of this analysis are based on the parameter values and the chosen
scenario (exposure pattern, environmental conditions), this does not give any
insights into the model quality and performance in general.

We also showed how to solve the inverse and direct problem for exemplary
case studies. For these particular cases we calculated the discretization error
arising of the approximation of the differential equations. We quantified the
error exactly for situations in which we have a closed solution function. In
the other cases we estimated the discretization error using the Richardson
extrapolation method. The discretization error is high if the change in one time
step is high. Hence, variable exposure of an active substance with sharp high
peaks has a larger error.

We estimated the extrapolation error arising due to extrapolations to situa-
tions not covered by calibration data (inverse problem). Particularly a small
extrapolation error is essential to get realistic prediction results of the direct
problem.

All considered models are independent of each other yet they share a common
foundation: the idea is to model mechanistically the uptake, distribution,
metabolism and elimination of active substances. The internal concentration in
the organism is linked to a toxicological endpoint (survival probability, growth).

The models deal with inherent variability because of the complexity of the
biological system and the uncertainty in the observed data. In particular, it
is difficult to extrapolate realistic ecosystem conditions as various effects are
interfering (multiple stressors) like varying temperature and light conditions.
It is impossible to verify such complex situations with experimental data.
Also if we concentrate on constant environmental conditions realistic external
concentration values as in real ecosystems are not testable.
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6.1 Models in Environmental Risk Assessment

In the main chapters we already considered the advantages and disadvantages
of the respective models. Here we want to put the models into a more common
and broader scope.

Environmental risk assessment mainly relies on experimental toxicity testing
(e.g. OECD 1992) and the statistical evaluation of these data as dose-response
analysis or using assessment factors (Galic et al. 2012; Jager 2011, 2015).

All considered models offer a more realistic consideration of the effects of
active substances than toxicity testing as the models link internal instead of
external concentration to the effect. They aim to explain and not only to describe
the relationship between the concentration in the environment of an active
substance and the lethal and sublethal effects to organisms.

Although they are mechanistic models, they have descriptive elements. For
instance, the Lemna model presented in Chapter 4 calculates the effect of the
active substance with the help of a descriptive dose-response curve.

The models do not only share a common foundation they also share common
problems like a small sample size. With only a few data points it is difficult to
find good parameter values (inverse problem). We have to be aware that also
the prediction result of the direct problem based on the found parameter values
relies on very few measured experimental data points.

We provided statistical measurements to judge the quality of the found
parameters of the inverse problem (calibration statistics). One has to be aware
that the statistics is also based on very few data and hence has few statistical
significance. This is valid for the calibration as well as for the validation statistics
(direct problem comparing prediction with additional measured data not used
for calibration).

We can differentiate between different levels of sample size: number of
time points, number of concentrations, number of replicates, number of data
sets. As we consider time series, an increase of time points would probably
lead to a better statistics, but not to a better prediction. For the number of
concentration it is important to test a range to map a spread of possible effects
(same yields for experiments). The quality of the statistics increases with the
number of replicates or number of independent experiments. However, in order
to get more data, for example, for the first model in Chapter 3 this implicates
additional animal testing which in general should be avoided according to eu
Directive 2010/63/eu on the protection of animals used for scientific purposes.

In toxicity testing of pesticides usually constant exposure is tested, which is
protective but an unrealistic scenario. We want to test realistic exposure patterns
like predicted environmental concentrations from focus simulations. These
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complex external concentration profiles can not be tested under laboratory
conditions, such that is not possible to prove model correctness with additional
testing (verification).

The effect of predicted environmental concentrations by focus can not be
experimentally verified because of the long test duration and high varying
exposure pattern. With longer test durations not only the extrapolation error
(measured data of the inverse problem are usually short term tests), but also
the discretization error increases (error is reproducing in time).

A solution could be to identify a worst case time window of the focus
scenario (characteristics of the pattern as peak height, duration, and interval
between peaks) that can be tested experimentally. A shorter time period leads
potentially to a smaller extrapolation error. In turn, a smaller extrapolation
induces to a higher degree realistic predictions and increases the underlying
uncertainty.

In this particular thesis we considered one common approach to model
survival for all species (Chapter 3) and two models describing sublethal effects
to the water-plant Lemna (Chapter 4 and Chapter 5).

The first model is the model guts (General Unified Threshold model of
Survival), a unified model describing the effect of active substances to the
survival probability of an organism. It is based either on the hypothesis of
stochastic death or individual tolerance.

It is not clear which approach is better to describe the reality. It depends on
the chosen scenario (exposure pattern, test duration, active substance, species).
That means that model performance is case dependent, which makes it difficult
to use guts in the regulatory context of risk assessment of active substances.
There is no unique advise in which situation to use which model approach.

In reality the reason why an organisms dies is a combination of both hypothe-
ses: some individuals are lucky, some have a higher fitness (death dilemma).
All in all we have thus two guts models which both explain only parts of
reality.

The second and third model describe the growth behavior of Lemna exposed
to active substances. Chapter 4 is based on Schmitt et al. 2013, Chapter 5 uses
a simple deb (Dynamic Energy Budget) model simulating growth in terms
of changing energy fluxes. The DEBkiss model is an application of the KISS
principle ("keep it simple, stupid") on deb theory (Jager et al. 2013).

guts and both Lemna models are tktd approaches. The model guts is
only suitable for survival not for sublethal effects. On the contrary the deb
framework can be used for survival as well as sublethal effects (for example
growth or reproduction). The effect of an active substance on survival using the
deb approach can be linked to the (scaled) internal concentration similarly as
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done in the guts model (Chapter 3).
The Lemna model of Schmitt et al. 2013 is comprehensible with a straight

forward concept, but it is descriptive in how the growth inhibition factors are
included (multiplying scaled environmental response functions). In contrast to
that the DEBkiss model is, still, complex (mechanistic). The DEBkiss model can
explain three possible physiological modes of action.

The first Lemna model (Chapter 4) shapes growth including the effect of
environmental interdependencies and external concentration. In Lemna DEBkiss
growth is only influenced by external concentration.

The model equations given in Schmitt et al. 2013 and the supplementary R
code differ. A clear documentation is important to increase the possible use in
risk assessment. In this thesis both Lemna models are well documented and the
differences as well as advantages and disadvantages are explained.

The Lemna model by Schmitt et al. 2013 is descriptive for example by simply
multiplying all the photosynthetic factors influencing growth. Also the effect of
the active substance is added as descriptive dose-response curve. In DEBkiss
approach the effect of the active substance is implemented by linking the internal
concentration to changes in the model parameter values (the parameters are
under stress).

The DEBkiss model is only suitable for describing exponential growth of
Lemna (laboratory conditions). On the contrary, the model by Schmitt et al. 2013
can handle varying environmental conditions (temperature, light, nutrients)
and logistic growth, and thus, it is suitable for predicting growth of Lemna
population in field. Especially for the Lemna DEBkiss model due to the more
parameters it was not easy to find good parameter values.

A main question to both model approaches for modeling growth of Lemna
is how much complexity we need in environmental risk assessment. Even
the simplified deb model needs many parameters. The set of parameters is
crucial in terms of the data availability. The main challenge is to identify the
essential model elements and to find a balance between model realism and
model complexity (the latter can result in an over-parameterized model).

Even if deb is a unified theory, deb models differ between the species and,
still, the simpler DEBkiss models are very complex.

The Lemna model in Chapter 4 provides a straight forward and easy under-
standable concept. Maybe it is possible to model at least other macrophytes
similarly (Chapter 4).

For a potential use in risk assessment of active substances a unified approach
for modeling their effect on growth of plants is advantageous (comparable to
the model guts presented in the first chapter for lethal effects). One possibility
is to use the same tk part as in guts, an optional damage concept, and a
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td part based on growth inhibition. Growth is modeled in dependence on
temperature, light and a nutrient concentration as in Schmitt et al. 2013. To be
able to model both, laboratory conditions and field conditions, exponential as
well logistic growth is advantageous. The different species can be defined by
the substance independent parameters.

All considered models in this thesis offer the possibility to support and
assist risk assessment of active substances as it is possible to simulate easily as
cost effective higher tier approach different scenarios like modified laboratory
exposure tests. Simulating the effect of active substances in a fixed scope
(constant environmental conditions, small extrapolation), reduces, in fact, the
need for experimental testing.

We validated each model for exemplary substances (comparison between
model predictions and and observations not used for calibration). This valida-
tion is only valid for this particular species, substance and exposure pattern as
it is the same case for the uncertainty and sensitivity analysis. It is questionable
what this says about the quality of the model in general, if these analyses only
work for predefined scenarios.

This is critical for the use in risk assessment because we are interested in
models that have always a good model performance.

6.2 Related and Future Work

As guts and deb are both unified approaches, they can be used for a broad
range of species. We concentrate on models representing the effect on aquatic
organisms. guts and deb models have already been applied to various aquatic
species.

Literature can be sorted according to various aspects: effects (lethal and sub-
lethal), subject (animals or plant), species, external factors (substances and/or
environmental conditions), philosophy (deb, guts,. . .).

We first consider guts as well as deb models. After that we regard related
work modeling growth of the macrophytes Lemna and Myriophyllum, as well
as different algae species. All these species can also be modeled using a
deb approach as in this thesis already done with Lemna (DEBkiss model in
Chapter 5).

The models present growth based on different growth assumptions (expo-
nential versus logistic growth), different sources of growth inhibitions (external
concentration of an active substance, nutrients, temperature, potential of hy-
drogen, light etc.) and different model approaches (for example agent based
modeling).
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6.2.1 guts Modeling

As guts is a unified approach several species can be modeled. The publications
differ thus in species, but also in calibration and validation procedures, versions
of guts model (reduced, including damage), scenarios (focus scenarios,
toxicity experiments), multiple stressors (for example starving), experimental
data (measured internal concentrations, survival data).

For guts (Chapter 3) we used the data of Ducrot et al. 2016 and Nyman
et al. 2012. We compared our calibration and validation to the results in the two
publications.

Ducrot et al. 2016 focused on a possible use of guts as acute risk assessment
refinement approach. In the supplementary material just some notes were given
on the modeling procedure as well as calibration settings.

Although we used the parameter values of Ducrot et al. 2016 as initial values,
we got different parameter values for the solution of the inverse problem
(Section 3.5.1). The result depends on the ordinary differential solver (we solved
the ordinary differential equation exactly), the initial parameter values, the
parameters’ bounds, the chosen objective as well as the used optimization
routine.

In contrast to Ducrot et al. 2016, we presented statistical measurements to
judge the quality of the fit. Furthermore, we calculated the local and the
global truncation errors of the differential equations. The local and global
errors differed within both model approaches, the concentration levels and the
considered state variables internal concentration and survival probability. The
calibration result in Ducrot et al. 2016 is not validated with other test results.

In opposite to Ducrot et al. 2016, in Nyman et al. 2012 the focus was more on
calibration and validation of the model. guts was used to model the effects of
multiple pulse exposures of propiconazole to Gammerus pulex.

Experiments were conducted to derive internal concentrations. These mea-
surements were then included or excluded in pre-calibrated tk to clarify how
the type of calibration data (with/without tk data) influenced the parameter
estimation and the resulting model prediction.

Furthermore, Nyman et al. 2012 tested several model realizations. When
using the measured internal concentrations the model including an additional
damage compartment was used (four state variables instead of three). We only
used the "reduced" model version as it is called in Nyman et al. 2012 (guts
model with scaled internal concentration without damage).

In Section 3.5.2 we did not consider internal concentration measurements at all.
We focused on the performance of the two model approaches using the survival
data only, because usually only survival data is available. The survival data in
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Nyman et al. 2012 is based on two tests: one constant exposure (4 days) and
one pulsed exposure study (10 days). We calibrated twice, using one time the
constant, the other time the pulsed exposure study. The calibration result is
validated by comparing with the respective other.

In Nyman et al. 2012 the calibration and validation tests are also swapped.
The parameter results are different to ours. For instance, we also fitted the
background hazard to control data, but the particular values were not given in
Nyman et al. 2012. In general, we derived similar parameter values using the
constant exposure test for calibration. Using the pulsed test as calibration test
lead to different parameter values.

Regarding the performance of the sd and it approach Nyman et al. 2012 got
the same result: no approach neither sd nor it was better (statistical assessment
of data and model prediction).

Ashauer et al. 2013 predicted survival of carp and fathead minnow under
exposure to fluctuating concentrations and repeated pulses of the fungicide
benzovindiflupyr. Comparable to Chapter 3 and Chapter 4, focus scenarios
are used (modelink ditch 1 Ducrot et al. 2016) to describe the survival under
a more complex exposure profile. Additional with respect to environmental
risk assessment, safety margins for the regarded profiles were calculated.

In Ashauer et al. 2013 also a sensitivity analysis was performed. Both, we
and Ashauer et al. 2013, changed one parameter at one time. However, we
changed systematically the parameters in a range of ±10 %, where Ashauer
et al. 2013 changed the parameters by using uniform distributions ranging from
the lower to the upper confidence limit for each parameter. We considered
the sensitivity of model output in a time period of seven days testing two
different exposure scenarios, constant and a one day pulse scenario leading
to a mortality of 10 % at day seven. Ashauer et al. 2013 also considered two
scenarios leading to 10 % mortality, but two focus scenarios with a time period
of 485 days were used. We concluded both, that the model output was sensitive
to changes in the threshold z for guts -sd. However, in this thesis, we obtained
different sensitivity results for the other parameters which confirms that the
model behavior and performance is dependent on the species, substance and
exposure pattern.

In Nyman et al. 2013 Gammarus pulex was exposed to the insecticide imi-
dacloprid. The substance is neurotoxic and affects the nervous system. As
additional stress factor starving was included in model as well as in experi-
ments. As additional compartment scaled damage was included. This lead to
one additional parameter (repair rate). Instead of the internal concentration
damage was inserted in hazard function (sd) and distribution function (it). To
avoid an over-parametrized model also internal concentrations were measured.
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To model starving an additional hazard function was included with a "lack
of food" parameter. Survival was calculated by adding the hazard based on
starving to the hazard based on the active substance.

Nyman et al. 2013 showed a possibility to integrate multiple stress in the
guts approach. Multiple stress is a realistic scenario as organisms are dealing
with multiple, natural as well as anthropogenic, stressors. In this thesis, we
considered the performance of the model guts only with respect to one single
stress factor. However, as multiple stress is a realistic scenario, in future further
testing is necessary to confirm whether the approach of Nyman et al. 2013 is
reasonable.

6.2.2 deb Modeling

The considered model in Chapter 5 is a simplified DEBkiss model. In Jager
et al. 2013 the simplified DEBkiss model was presented and applied for the
pond snail (Lymnaea stagnalis). The total life cycle (embyro, juvenile, adult) was
modeled. Often animals are modeled with deb. However, as we modeled the
growth of the water plant Lemna, the model differed to the snail model in Jager
et al. 2013.

The model in the thesis (Chapter 5) is simpler as we do not have a life-cycle.
We did not model reproduction and maturation but only vegetative reproduction
(growth) of Lemna, such that the model equations were considerably simplified.
However, the idea and the concept of both are equal: modeling sublethal effects
of active substances based on energy flux (as it is the case of all DEBtox models).
Both DEBkiss models, the model in Chapter 5 and Jager et al. 2013, used
first order-kinetics to model the toxicokinetics. In both models the internal
concentration was linked to the primary deb parameters (stress).

The model in the thesis (Chapter 5) can be extended to a full DEBtox model
(with the additional state variables maturity and reserve) comparable as detailed
described in Jager et al. 2010.

Jager et al. 2010 dealt with toxic effects of mixtures on growth, reproduction
and survival, over the full life cycle. The small planktonic crustacean Daphnia
magna was modeled. This model was more complex due to the consideration of
an animal over the full life-cycle. Since we modeled the water plant Lemna, the
model in Chapter 5 is much simpler. In Jager et al. 2010 the deb approach was
used particularly to get a better understanding of mixture effects, which can be
adapted to model mixtures of active substances to Lemna.

There are also deb models describing the change of energy budgets of plants,
and include details of photosynthesis for example in Muller and Nisbet 2014.
In contrast to the DEBkiss model it is not integrating toxicity but only modeling
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growth with respect to light, nutrients and carbon dioxide (CO2).
This model is about the effect of ocean acidification on the phytoplankton

species Emiliania huxleyi. As the model is based on full deb, the model is more
complex than the considered model in Chapter 5. Increased uptake of CO2 from
the atmosphere leads to increasing acidity (H+) in the oceans. The calcifying
organism Emiliania huxleyi produces calcareous skeletons. Thus, a decrease in
pH leads to problems in calcification (Muller and Nisbet 2014). This model
describes based on deb theory the impact of ocean acidification on growth and
calcification.

Several aquatic organisms including mussels, oysters, water fleas and zebra-
fish are modeled with deb in Muller et al. 2009. The effects of metals (mercury
and copper) and various organic compounds (chlorophenols, toluene, polycyclic
aromatic hydrocarbons, tetradifon and pyridine) are studied. The internal con-
centration affects feeding, maintenance and assimilation. Toxic effects related to
survival or reproduction are not considered.

6.2.3 Modeling Lemna

For Lemna, we have in particular considered the model by Schmitt et al. 2013.
There exist other models describing growth of Lemna. For example Driever et al.
2005 and Peeters et al. 2013 focus on the environmental impacts on growth
whereas Zhang et al. 2014 consider especially the nutrient uptake.

Driever et al. 2005 do not concentrate on the effect of active substances but
on the effect of crowding, temperature and nutrients (phosphate and nitrate) on
the growth rate of Lemna.

The maximum growth rate is reduced similar as in Schmitt et al. 2013 by
multiplying different environmental response functions to the growth rate. A
constant term implicitly reduces growth. This loss term includes respiration,
grazing and mortality. In Schmitt et al. 2013 this term is additionally dependent
on the temperature which is reasonable for respiration.

In Schmitt et al. 2013 the same simple Monod-type relationship are used
to describe the nutrient dependency. In Driever et al. 2005 instead of an
exponential, a linear temperature response function is used.

Peeters et al. 2013 in particular focus on the effect of climate change on growth
of Lemna populations. We also performed some climate change simulations in
Section 4.5.2. The higher temperature values led to a higher biomass value but
also to a higher effect of a chemical stressor in particular for lower concentrations.
We confirmed the result given in Peeters et al. 2013, that climate change leads
to a shift in onset and a longer period of dominance of Lemna.

The model in Peeters et al. 2013 is equal to the model in Driever et al. 2005.

300



6.2 Related and Future Work

Again no toxicity is considered. In Peeters et al. 2013, the linear temperature
response function is replaced by a slightly modified function integrating maxi-
mum and minimum temperature values. Moreover, as additional environmental
factor light is included by using a linear relationship similar to Schmitt et al.
2013: a linear increase until a certain saturation level. Different parameter
values are used for the light response curve as well as the additional parameters
day length and maximum day length are included.

6.2.4 Modeling Myriophyllum

As Lemna, Myriophyllum is also a macrophyte and test species in OECD 2006b.
In contrast to Lemna, Myriophyllum is rooted and growing in the water column
having most of their vegetative tissue below the water surface (Maltby et al.
2009). Thus, this study considers particularly a possible risk of the uptake
of active substances in the sediment via roots. This guidance is used in addi-
tion to the before existing oecd guideline OECD 2006b with the non-rooted
macrophyte species Lemna.

The complete tktd model of Myriophyllum populations by Simon Heine is
based on three different publications: one in 2014 about the growth model (S.
Heine et al. 2014), two publications in 2015, about the growth model combined
with a tk model (S. Heine et al. 2015), and the growth model combined with a
tktd model (Simon Heine et al. 2015).

The growth model of Myriophyllum spicatum (S. Heine et al. 2014) is modeled
as a carbon flow in dependence of light and temperature fluctuations. The
assimilation of carbon is calculated as a function of light intensity, temperature,
water-concentrations of dissolved inorganic carbon (dic) and pH, as well as
photo respiration and maintenance costs.

The temperature response function is scaled (co-domain in the interval [0, 1]),
but other response functions like the response function for dic are not (co-
domain (0, 10.693]).

According to the oecd water sediment guideline for Myriophyllum (OECD
2014b) the pH of the media (water phase) should be between 7.5 and 8.0 for
optimum growth. However, in S. Heine et al. 2014 a pH value of zero leads to a
maximum photosynthesis response.

In S. Heine et al. 2015 a sub model describing mechanistically the toxicokinetic
processes is added to predict time-dependent toxicokinetics of active substances
for different plant compartments (leaves, stems, roots). Transport processes in
terms of distribution and accumulation are modeled with linear differential
equations (multi-compartment model).

Before one can use the Myriophyllum model some adaptions of the parameter
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values (units) are necessary. For example, a value of 21000 cm2 g−1 instead of
2100 cm2 g−1 is correct as area per dry weight biomass (verified by the original
publication Søren Laurentius Nielsen and Kaj Sand-Jensen 1991). Furthermore,
the unit of speed of xylem sap flow (QXF) in S. Heine et al. 2014 is cm3 h−1,
in terms of consistency the value has to be modified 0.084 cm3 d−1 instead of
0.0065 cm3 h−1.

In Simon Heine et al. 2015 a model including toxicodynamics is used to
predict effects caused by short-term exposure to a sulfonylurea1. Therefore, the
toxicodynamic processes are integrated similarly as by Schmitt et al. 2013 by a
reverse dose-response curve reducing the growth related process.

Heine expands in his thesis (Chapter 5, Simon Heine 2014) the growth model
to field conditions (varying environmental conditions, long time duration) by
including an additional compartment rhizome for overwintering or senescence.
This part of the model is based on Best and Boyd 1999, but it is not clear how
the compartment exactly is included as the model of Best and Boyd 1999 is
based on a different model concept.

The Myriophyllum model from Best and Boyd 1999 is a growth simulation
model implemented in fortran77. The population of Myriophyllum is mod-
eled with two or three plant cohorts. The output of the model is dry biomass
including rhizome/root crown formation with full availability of nutrients
(phosphate and nitrate) in optimal environment but under changing weather
conditions (irradiance, temperature, CO2 availability). The model includes
a phenological cycle of Myriophyllum based on 3◦C degree sum (agent-based
model).

We suggest the following concept for modeling growth of Myriophyllum under
laboratory conditions:

1. Calculation of a scaled internal concentration with one toxicokinetic parame-
ter describing uptake and elimination of an active substance (comparable to
guts respectively the Lemna DEBkiss model)

2. Linking the scaled internal concentration via a reverse dose-response curve
to effect (photosynthesis inhibition)

3. Calculation of growth (for example dry weight of biomass) with the help of
a constant photosynthesis rate, a scaled photosynthesis inhibition function
and a constant respiration rate as in Schmitt et al. 2013

After the first model testing, we can use a more complex tk model as described

1Sulfonylurea are a class of organic compounds used in agriculture and used as herbicides as,
for example, the substance metsulfuron-methyl, the substance used by Schmitt et al. 2013
(Roberts et al. 1998).
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in S. Heine et al. 2015 to analyze the importance of the toxicokinetic details.
Furthermore, additional photosynthesis inhibition factors as light, tempera-
ture and nutrients could be tested with suitable parameters for Myriophyllum
(comparable to Schmitt et al. 2013).

6.2.5 Modeling Algae

Additional to the macrophytes Lemna (OECD 2006b) and Myriophyllum (OECD
2014b) algae is used for toxicity testing (OECD 2006a).

For algae (Desmodesmus subspicatus and Pseudokirchneriella subcapitata) there
exists, for instance, the Simple Algae Model Extended (sam -x) of Weber et al.
2012. It is an algae population model describing the influence of the same
environmental conditions as in Schmitt et al. 2013, namely light, temperature,
and nutrients (only phosphate) on exponential algae population growth. The model
has a similar concept: a maximum growth rate that is reduced by environmental
conditions and losses due to outflow from the system (constant maximum
mortality rate and dilution rate). Also scaled response functions are used to
model the effect of the environmental conditions.

For the light response function a Steele-formulation (bell shaped) is used,
which is different to the linear relationship in Schmitt et al. 2013. However, the
temperature response is equal to the one in Schmitt et al. 2013 but using algae
specific parameter values.

The dependency of nutrients in Weber et al. 2012 is modeled totally different
namely as an additional compartment model describing the uptake and change
in internal and external phosphate concentrations. Nitrate is not considered.

Equivalent to Schmitt et al. 2013, the effect of an active substance is represent-
ed by a descriptive log-logistic dose-response curve. The internal concentration
is modeled as first-order process with a constant for degradation and dilution.

Nagai 2014 deals with toxicokinetics to predict algal population dynamics
considering the temporal effect and subsequent population recovery. In opposite
to Weber et al. 2012 this model is a logistic population growth model. The change
in live cell density and dead cell density is modeled simultaneously using two
ordinary differential equations.

Again, for the calculation of internal concentration a simple first-order kinetic
model and a concentration-response relationship for growth inhibition are used.
Additionally a concentration-response relationship for mortality is introduced
to increase the cell mortality.

The maximum rate is reduced due to the environmental conditions tempera-
ture, light and nutrients but Nagai 2014 used one single constant value and not
single environmental response functions as in Weber et al. 2012 or Schmitt et al.
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2013.

6.2.6 Future Work

In general models present a fixed situation under fixed assumptions. They
may help to understand reality but they do not represent the entire system.
Nevertheless, this is also true for experimental testing. Even field tests are only
a snapshot description of reality. Models, thus, cannot replace toxicity testing
but support the risk assessment of active substances. Both, experimental testing
and modeling, can complement each other to reduce uncertainty.

Mathematically, one main issue of the inverse and direct problem is uncer-
tainty. For reducing uncertainty additional testing, model as well as toxicity
testing, is needed. In particular we need more tests to assess the model quality
by extrapolating from short to long test duration or from constant to variable
environmental conditions or from constant to pulsed exposure.

Additional model simulations are needed to get more insights into the relation
of active substance, species and population model effects in general. For
example, we could group active substances with the same predicted effects on
one particular species. Furthermore, keeping the active substance fixed one
could find several species having similar effects.

The effect of changing several stress factors simultaneously has to be studied
to verify the modeling ideas on multiple stressors. Multiple stress like changes
in environmental conditions and an active substance is a realistic scenario that is
usually not considered in standard tests.

The presented models describe the effect of an active substance on population
dynamics in time. Although the environmental conditions are regional, the
location is not explicitly included. In order to consider especially spatial and
temporal variability of exposure, one could extend the models by adding a loca-
tion variable. This would allow an assessment on landscape scale considering
spatial variability of exposure and other environmental factors. Mathematically
this leads to a partial differential equation system instead of an ordinary one.

All presented models are deterministic. Repeating the simulations with
the same input leads to the same outcome. In general, nature is a stochastic
process. Extending the models to probabilistic systems thus could lead to a more
realistic consideration of the effect of active substances. Possible probabilistic
variables are environmental conditions or the external concentration of the
active substance. In more detail, this means that instead of one particular
scenario, the impact of several scenarios like the environmental conditions over
30 years are regarded simultaneously. As the environmental risk assessment
is interested in a conservative (worst case) consideration of active substances,
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one could identify an expected mean risk or a risk averse solution based on the
chosen scenarios.
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A.1 guts – General Unified Threshold Model of Survival

A.1.1 Exact Solution

Solving the Linear Differential Equation of the Scaled Internal Concentration using
Integrating Factor

We want to solve the linear differential equation
{

d
dtC
∗
int (t) = kd ·

(
Cext (t) − C∗int (t)

)
, kd ∈ R+ \ {0} ,

C∗int(0) = 0 .

This first-order ordinary linear differential equation can be written in the normal
linear form and thus it is possible to solve it using an integrating factor µ(t).
Therefore, we choose the factor as follows

µ(t) = exp
(∫ t

kd ds
)

= exp (kd · t) .

Multiplying the integrating factor to the differential equation leads to:

d
dt

C∗int (t) + kd ·C∗int (t) = kd ·Cext (t)

⇔µ(t) · d
dt

C∗int (t) + µ(t) · kd ·C∗int (t) = kd · µ(t) ·Cext (t) .

The in this way arising expression kd · exp (kd · t) is the derivative of the integrat-
ing factor (µ ′ (t)) and we can rewrite the differential equation to

⇔ µ(t) · d
dt

C∗int (t) + µ
′(t) ·C∗int (t) = µ

′(t) ·Cext (t) .

The left side can be rewritten using the chain rule, differentiating the composi-
tion of the functions µ : [t0, tn]→ R+ \ {0} and C∗int : [t0, tn]→ R+.

µ(t) · d
dt

C∗int (t) + µ
′(t) ·C∗int (t) = (µ(t) ·C∗int (t))

′
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Then it is possible to integrate with respect to the time variable t.

⇔(µ(t) ·C∗int (t))
′ = µ ′(t) ·Cext (t)

⇔ µ(t) ·C∗int (t) =
∫ t

t0
µ ′(s) ·Cext (s) ds + C , C ∈ R+

In a last step, we divide µ (t) to obtain the common representation of the
solution function describing the change of internal concentration.

⇔C∗int (t) =
1

µ(t)
·
(∫ t

t0
µ ′(s) ·Cext (s) ds + C

)

The value of the constant C ∈ R, generated during the integration step, can be
calculated explicitly using the initial value condition C∗int(0) = 0.

C∗int (0) = 0⇔
1

µ(0)
·
(∫0

t0
µ ′(s) ·Cext (s) ds + C

)
= 0

⇔
∫0

0
µ ′(s) ·Cext (s) ds + C = 0⇔ C = 0

The corresponding particular solution for the given initial point is hence

C∗int (t) =
1

µ(t)
·
(∫ t

t0
µ ′(s) ·Cext (s) ds

)

=

(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t) .

Partial Integration for Determination of the Exact Solution

Detailed partial integration for
∫tf (s) ds:

=

j−1∑

i=0

[µ (s) ·Cext (s)]
ti+1
ti

−

∫ ti+1

ti

µ (s) ·C ′ext (s) ds + [µ (s) ·Cext (s)]ttj

−

∫ t

tj

µ (s) ·C ′ext (s) ds

=

j−1∑

i=0

[
µ (s) ·Cext (s) −

1

kd
µ (s)C ′ext (s)

]ti+1

ti

+

[
µ (s) ·Cext (s) −

1

kd
· µ (s) ·C ′ext (s)

]t

tj
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We formed the primitives and just have to replace the functions µ (t), Cext (t)
and C ′ext (t) by their concrete formulations and apply the borders of the interval.

=

j−1∑

i=0

[
µ (s) ·Cext (s) −

1

kd
µ (s)C ′ext (s)

]ti+1

ti

+

[
µ (s) ·Cext (s) −

1

kd
· µ (s) ·C ′ext (s)

]t

tj

=

j−1∑

i=0

ci+1 · exp (kd · ti+1) − ci · exp (kd · ti)

−
1

kd
· ci+1 − ci

ti+1 − ti
· (exp (kd · ti+1) − exp (kd · ti))

+ exp (kd · t) ·
(

cj +
cj+1 − cj

tj+1 − tj
·
(
t − tj

))
− cj · exp

(
kd · tj

)

−
1

kd
·

cj+1 − cj

tj+1 − tj
·
(
exp (kd · t) − exp

(
kd · tj

))

=

j−1∑

i=0

(
ci+1 −

1

kd
· ci+1 − ci

ti+1 − ti

)
· exp (kd · ti+1) −

(
ci −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp (kd · ti)

+

(
cj +

cj+1 − cj

tj+1 − tj
·
(

t − tj −
1

kd

))
· exp (kd · t)

−

(
cj −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp

(
kd · tj

)

Above expression is the explicit representation of the wanted integral

∫ t
kd · exp (kd · s) ·Cext (s) ds .

Due to the fact, we are able to find the solution of the integral, we can calculate
the value of the internal concentration function for every discrete time point
t ∈
[
tj, tj+1

]
:

C∗int (t) =
(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t) .

C∗int (t) =
(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t)
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=

j−1∑

i=0

(
ci+1 −

1

kd
· ci+1 − ci

ti+1 − ti

)
· exp (kd · (ti+1 − t))

−

j−1∑

i=0

(
ci −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp (kd · (ti − t))

+ cj +
cj+1 − cj

tj+1 − tj
·
(

t − tj −
1

kd

)
−

(
cj −

1

kd
·

cj+1 − cj

tj+1 − tj

)
· exp

(
kd ·
(
tj − t

))

Constant External Concentration. Under the condition that the external con-
centration is constant (Cext = K) using above solution function, we get a much
simpler representation of the scaled internal concentration:

C∗int (t) =
(∫ t

t0
kd · exp (kd · s) ·Cext (s) ds

)
· exp (−kd · t)

=

(∫ t

0
K · kd · exp (kd · s) ds

)
· exp (−kd · t)

= [K · exp (kd · s)]t0 · exp (−kd · t)
= (K · exp (kd · t) − K · exp (kd · 0)) · exp (−kd · t)
= (K · exp (kd · t) − K) · exp (−kd · t) = K ·−K · exp (−kd · t)
= K · (1− exp (−kd · t)) .

Hazard Function

Calculation of time point tz, in which the scaled internal concentration exceeds
z. We assume a constant outer concentration Cext = K > 0.

C∗int(t) = z⇔ K · (1− exp (−kd · tz)) = z⇔ k · exp (−kd · tz) = K − z

⇔ exp (−kd · tz) = 1−
1

K
· z⇔ −kd · tz = ln

(
1−

1

K
· z
)

⇔ tz = −
1

kd
· ln
(
1−

1

K
· z
)

We calculate the integral for time t ∈ [tz, tn].

H(t) = kk ·
∫ t

tz

C∗int(s) − z ds = kk ·
∫ t

tz

K · (1− exp (−kd · s)) − kk · z ds

= kk

[
K · s + 1

kd
exp (−kd · s) − z · s

]t

tz
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= kk

(
K · (t − tz) +

1

kd
·K · (exp (−kd · t) − exp (−kd · tz)) − z · (t − tz)

)

Survival Function
{

S ′ (t) = − (H ′(t) + hb) · S (t) , hb ∈ R+

S (0) = 1

Using separation of constants as in Example 2.3.10 we get the following survival
solution function:

S ′ (t) = −
(
H ′(t) + hb

)
· S (t)

⇔ S ′ (t)
S (t)

= −
(
H ′(t) + hb

)

⇔
∫ t S ′ (τ)

S (τ)
dτ =

∫ t

t0
−
(
H ′(τ) + hb

)
dτ+ C

⇔ ln (S (t)) = −

∫ t

t0
H ′(τ)dτ− hb · t + C

⇔ S (t) = exp (−H (t) − hb · t + C)
⇔ S (t) = C · exp (−H (t) − hb · t) .

Calculation of constant real C ∈ R arising during the integration step:

S(0) = C · exp (−H (0) − hb · 0) = C · exp (0) = C .

A.1.2 Discretization Error

Table A.1.1: Global truncation error of survival probability of both model ap-
proaches guts -sd and guts - it. Parameter values of Ducrot et al.
2016 are used.

Model Conc 1 Conc 2 Conc 3 Conc 4 Conc 5

sd 0 0.0003485 0.0000458 0.000001 0

it 0.0006977 0.0008791 0.0008178 0.0003907 0.0001679
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Figure A.1.1: Local truncation errors of guts -sd (above) and guts - it (be-
low) regarding scaled internal concentration (left) and survival
probability (right). Parameter values of Ducrot et al. 2016.
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A.1.3 Experimental Data

Acute toxicity data contains seven different treatments 0, 8.050, 11.906, 13.800,
17.872, 24.186, 28.930 and 35.924 µg l−1 of propiconazole with constant exposure
until day four.

Table A.1.2: Acute toxicity data of propiconazole concerning Gammarus pulex
Nyman et al. 2012.

Time(d)
Treatment

0 1 2 3 4 5 6 7

0 20 20 20 20 21 20 20 20

1 19 20 19 19 21 17 11 11

2 19 20 19 19 20 6 4 1

3 19 20 19 18 16 2 0 0

4 19 19 17 16 16 1 0 0

Table A.1.3: Pulsed toxicity data of propiconazole concerning Gammarus pulex
Nyman et al. 2012.

Time(d)
Treatment

Controls A B C

0 60 70 70 70

1 59 50 57 70

2 58 49 53 69

3 58 49 52 69

4 57 45 50 68

5 57 45 46 66

6 56 45 45 65

7 56 42 44 64

8 56 38 40 60

9 55 37 38 55

10 54 36 37 54

A.2 tktd Model for Lemna Populations

A.2.1 Lipschitz Continuity of the Right Hand Side Functions

To prove the uniqueness of the solution of the system Lipschitz continuity of the
right hand side is necessary (Theorem 2.3.17): one possibility to show Lipschitz
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continuity of the right hand side is to prove that its derivatives are bounded
(Definition 2.3.2). First we consider the function describing the change of dry
biomass g1 and form the derivative concerning the state variables BM and Mint.

∣∣∣∣
∂

∂BM
g1

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
k1 · f1 ·

Emax · b · EC50b
(

Mint
BM·kFW ·Kpw

)b

(
EC50b +

(
Mint

BM·kFW ·Kpw

)b
)2 ·

(
1−

1

DL
· BM

)

−k1 · f1 ·
BM
DL
·


1−

Emax ·
(

Mint
BM·kFW ·Kpw

)b

EC50b +
(

Mint
BM·kFW ·Kpw

)b
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1−

Emax

(
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)b

EC50b +
(
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BM·kFW ·Kpw
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 ·
(
1−

1

DL
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)
− k2 · f2

∣∣∣∣∣∣∣
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∣∣∣∣∣∣∣
−k1 · f1 ·


1−

Emax ·
(

Mint
DL·kFW ·Kpw

)b

EC50b +
(

Mint
DL·kFW ·Kpw

)b


− k2 · f2

∣∣∣∣∣∣∣

∣∣∣∣
∂

∂Mint
f1

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
−k1 · f1 ·




Emax · b · EC50b ·Mb−1
int

(
1

BM·kFW ·Kpw

)b

((
Mint

BM·kFW ·Kpw

)b
+ EC50b

int

)2


 ·
(
1−

1

DL
· BM

)
∣∣∣∣∣∣∣∣∣

6 0

Both derivatives contain constant parameter values, as well as the state variables
BM and/or Mint. However, the derivatives are bounded, because the state
variables are bounded: BM 6 DL and Mint 6 Mint.

The boundedness of the derivatives of the change of internal mass concern-
ing the state variables depends on the external concentration and constant
nonnegative parameters. The maximal possible external concentration in water
is e.g. dependent on the water solubility of the active substance and may differ
within different substances.

∣∣∣∣
∂

∂BM
g2

∣∣∣∣ = |p ·AperBM ·Cext|

6
∣∣p ·AperBM ·Cext

∣∣ = p ·AperBM ·Cext∣∣∣∣
∂

∂Mint
f2

∣∣∣∣ =
∣∣∣∣−

p ·AperBM ·Cext

kFW ·Kpw
− kmet

∣∣∣∣
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6

∣∣∣∣
p ·AperBM ·Cext

kFW ·Kpw

∣∣∣∣+ |kmet| =
p ·AperBM ·Cext

kFW ·Kpw
+ kmet

A.2.2 Growth inhibition data

Table A.2.1: Inhibition of growth rate using the experimental data in Schmitt
et al. 2013 with respect to exposure period and total test period.

Conc in µgL−1 Exposure Period Total test period

0.32 0.006 0.009
0.56 0.354 0.164
1 0.623 0.403
1.8 0.758 0.519
3.2 0.758 0.569
5.6 0.758 0.639

A.2.3 Permeability Data

Table A.2.2: Octanol water partition coefficients (Kow) and experimental cuticu-
lar permeability data (p) of different substances used for regression
derived from S. Heine et al. 2015.

Substance log (Kow) p in cms−1 p in cmd−1 log(p)

Iofensulfuron −0.8 1.44 · 10−7 0.01244 −1.91
Imazamox −0.78 3.24 · 10−9 0.00028 −3.55
Penoxsulam −0.6 6.39 · 10−8 0.00552 −2.26
Isoproturon 2.87 3.54 · 10−7 0.03059 −1.51
Fluridone 3.16 1.89 · 10−6 0.1633 −0.79
Trichlorobenzene 4.02 6.81 · 10−7 0.05884 −1.23
Tetrachlorobenzene 4.51 3.17 · 10−6 0.27389 −0.56
Pentachlorobenzene 5.03 9.36 · 10−6 0.8087 −0.09
Hexachlorobenzene 5.47 5.11 · 10−6 0.4415 −0.36
Tetrachlorobiphenyl 6.1 1.53 · 10−5 1.32192 0.12
Octachlorostyrene 6.29 1.37 · 10−5 1.18368 0.07
Hexachlorobiphenyl 7 1.70 · 10−5 1.4688 0.17
Octachlorobiphenyl 7.8 1.69 · 10−5 1.46016 0.16
Decachlorobiphenyl 8.26 5.52 · 10−6 0.47693 −0.32
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Table A.2.3: Molar mass of 14 chosen substances used for regression based on
S. Heine et al. 2015 found at https://pubchem.ncbi.nlm.nih.gov.

Substance Reference Molar mass gmol−1

Iofensulfuron NCBI 2018d 449.223
Imazamox NCBI 2018o 305.334
Penoxsulam NCBI 2018a 483.37
Isoproturon NCBI 2018f 206.289
Fluridone NCBI 2018j 329.322
Trichlorobenzene NCBI 2018l 181.44
Tetrachlorobenzene NCBI 2018m 215.882
Pentachlorobenzene NCBI 2018b 250.324
Hexachlorobenzene NCBI 2018n 284.766
Tetrachlorobiphenyl NCBI 2018h 291.98
Octachlorostyrene NCBI 2018e 379.688
Hexachlorobiphenyl NCBI 2018g 360.864
Octachlorobiphenyl NCBI 2018i 429.748
Decachlorobiphenyl NCBI 2018c 498.632

A.2.4 Calculation of Mixture Toxicity

We assume, we have the necessary toxicity data and the parameter values. In
the following we present the procedure on how to calculate the growth model
considering the mixture effect.

1. Calculate the current fresh biomass value BMFW (multiply current dry bio-
mass value BM by the fix conversion factor kfw).

2. Calculate the current internal unbound concentration C(k)
intunb

for each active

substance separately based on single internal mass M(k)
int , plant water coeffi-

cient k(k)pw and the current fresh biomass value, k = 1, · · · , m.

3. Calculate the environmental photosynthesis and respiration responses.

4. Calculate the statistical mixture toxicity:

4.1. Calculation of relative potency ρk based on the single EC50(k)int , k =

1, · · · , m.

ρk =
EC50(1)int

EC50(k)int

, k = 2, · · · , m
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4.2. Calculation of total internal concentration in plant based on the corre-
sponding ρk, the internal unbound concentration of all active substances
C(k)

intunb
, as well as κ and the correction term

CMix
intunb

= C(1)
intunb

+

n∑

k=2

ρk ·C(k)
intunb

+ κ · m

√√√√C(1)
intunb

·
m∏

k=2

ρkC(k)
intunb

.

4.3. Calculation of logit effect of mixture based on the EC50(k)int and the Hill
coefficient b(k) of the first substance and the internal mixture concentra-
tion.

YMix = b(1) · log
(

EC50(1)int

)
− b(1) · log

(
CMix

intunb

)

4.4. Conversion to photosynthesis response using the exponential function.

f̂ Mix
1 =

exp (YMix)

1+ exp (YMix)

5. Calculate the dry biomass value for the next time step.

6. In case of the population is shrinking (less biomass as before), adapt the
internal mass M(k)

int for each blend k = 1, · · · , m.

7. Calculate the internal mass for each active substance for the next time
step based on single permeability (p(k)), current external C(k)

ext and internal
unbound concentration of active substance C(k)

intunb
, k = 1, · · · , m.
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A.3 Modeling Growth of Lemna Populations based on deb
Theory

A.3.1 Experimental Data

Calibration Data Set

Table A.3.1: Experimental data set (frond number) of Schmitt et al. 2013. Con-
centration is given in µg l−1.

Time in d Conc 0 Conc 1 Conc 2 Conc 3 Conc 4 Conc 5 Conc 6
0 0.32 0.56 1 1.8 3.2 5.6

0 12 12 12 12 12 12 12

3 38 39 38 25 19 20 18

5 92 92 54 30 24 21 21

7 176 173 68 33 23 23 23

10 627 556 177 64 33 27 28

12 1283 1233 475 127 62 60 42

14 2640 2518 1090 300 161 123 84

Validation Data Set

Both validation data set were presented by Ochoa-Acuña 2016 at setac
Nantes (data kindly provided by H. Ochoa-Acuña, Ochoa-Acuña et al. 2016).

Table A.3.2: Mean measurements in frond number (12 h test). Concentration is
given in µg l−1.

Time in d Conc 0 Conc 1 Conc 2 Conc 3 Conc 4 Conc 5 Conc 6
0 0.5 1.7 5.6 18.5 61.7 206

0 12 12 12 12 12 12 12

3 36 36 29 21 17.33 15 13.33
5 73 75.33 61.67 35.67 24 20 15

7 154 157 135 76 50 32 24
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Table A.3.3: Mean measurements in frond number (96 h test). Concentration is
given in µg l−1.

Time in d Conc 0 Conc 1 Conc 2 Conc 3 Conc 4 Conc 5 Conc 6
0 0.01 0.05 0.15 0.5 1.7 5.6

0 12 12 12 12 12 12 12

3 36 33 35 36 31 20 16

5 73 76.333 75.667 76.333 54.667 20 16.333
7 154 176 174 181 127 25 17
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A.3.2 Confidence Intervals — Profiling Likelihood

(a) Ja
Am0

(b) Jv
M0

Figure A.3.1: Log likelihood profiles of fitted parameters (MoA 1)
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(c) ke

(d) c0

Figure A.3.1: Log likelihood profiles of fitted parameters (MoA 1)
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(e) cT

Figure A.3.1: Log likelihood profiles of fitted parameters (MoA 1)

(a) Ja
Am0

Figure A.3.2: Log likelihood profiles of fitted parameters (MoA 2)
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(b) Jv
M0

(c) ke

Figure A.3.2: Log likelihood profiles of fitted parameters (MoA 2)
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(d) c0

(e) cT

Figure A.3.2: Log likelihood profiles of fitted parameters (MoA 2)
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(a) Ja
Am0

(b) Jv
M0

Figure A.3.3: Log likelihood profiles of all fitted parameters (MoA 3)
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(c) ke

(d) c0

Figure A.3.3: Log likelihood profiles of all fitted parameters (MoA 3)
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(e) cT

Figure A.3.3: Log likelihood profiles of all fitted parameters (MoA 3)

Figure A.3.4: Error Message cause while trying to calculate the confidence
intervals of the parameter Ja

Am0
(specific assimilation rate)
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‖·‖ the Euclidean norm. 20

[a, b] closed interval of extended real numbers. 20
]a, b] half open interval of extended real numbers. 20
]a, b[ open interval of extended real numbers. 20
[a, b[ half open interval of extended real numbers. 20

C0
(
D, Rd) the class of all continuous functions f : D→ Rd in D. 22

Ck (I, Rd) the class of all k-times continuously differentiable functions
f : I→ Rd in I,k ∈N0 23

C the set of complex numbers. 20
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equal x ∈ R. 20

bxc taking the floor, the biggest integer number being smaller or
equal x ∈ R. 20

Kow Partition coefficient between n-octanol and water. 189

N0 set of all natural numbers including zero. 20
N set of all natural numbers. 20

R the set of real numbers. 20
R+ the set of nonnegative real numbers. 20
R− the set of nonpositive real numbers. 20
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aat All factors At a Time is changed (e.g. Pianosi et al. 2016). 57
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BfR Bundesinstitut für Risikobewertung. 10
bmf Biomagnification Factor. 91
bvl Bundesamt für Verbraucherschutz und Lebensmittelsicherheit.

10
byom Build Your Own Model, flexible set of Matlab scripts and func-

tions to help build, simulate and fit models, by Tjalling Jager.
http://www.debtox.info/byom.html. 239

cv Coefficient of Variation. 224

deb Dynamic Energy Budget. 6
DEBkiss An application of the kiss principle "keep it simple, stupid" on

Dynamic Energy Budget theory. 239
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echa European Chemicals Agency. 2
ef Model efficiency. 52
efsa European Food Safety Authority. 2
ema European Medicines Agency. 2
eu European Union. 10

focus FOrum for international Coordination of pesticide fate models
and their USe. 11

glp Good Laboratory Practice. 204
guts General Unified Threshold Model of Survival. 2

ime Fraunhofer Institute for Molecular Biology and Applied Ecology.
ix

343

http://www.debtox.info/byom.html
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it Individual Tolerance. 60
ivp Initial Value Problem. 23

LC50 Median lethal concentration, that concentration killing 50% of
test species. 12

MoA Mode of Action. 246
msm Metsulfuron-methyl, a herbicide. 167

nec No Effect Concentration. 245

oat One factor At a Time is changed (e.g. Pianosi et al. 2016). 57

pbtk Physiologically based toxicokinetic. 16
pbpk Physiologically based pharmacokinetic. 16
pcf Plant Concentration Factor. 187
pec Predicted Environmental Concentration. 11
ppp Plant Protection Product. 10
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qsar Quantitative Structure-Activity Relationship. 95

sam -x Simple Algae Model Extended (Weber et al. 2012). 303
sd Stochastic Dead. 60
setac Society of Environmental Toxicology and Chemistry. 97
sla Specific Leaf Area. 259
sra Specific Root Area. 260
srmse Scaled Root Mean Squared Error. 53

td Toxicodynamic. 15
tk Toxicokinetic. 15
tktd Toxicokinetic toxicodynamic. 15

uba Umweltbundesamt. 10
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amplification factor, 38

bioconcentration, 15

characteristic polynomial, 21
co-domain, 21
coefficient of determination, 52
confidence interval, 54
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convergent, 42

density limit, 26
domain, 21

ecology, 1
ecotoxicology, 1
Euler

explicit, 37
implicit, 37

function
affine linear, 22
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differentiable, 23
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Lyapunov, 35
unbounded, 21

Gammarus pulex, 104
global truncation error, 42
growth
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logistic, 26
population, 1

initial value problem, 23
interpolation

linear, 22

linearization, 32
local truncation error, 40

matrix, 20
identity, 21
Jacobian, 33
quadratic, 21
zero matrix, 20

mesocosm, 2
model

compartment
multi, 16
single, 16

DEB, 17
FOCUS, 11
PBPK, 16
PBTK, 16
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model efficiency, 52
modeling, 18
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complex, 20
integer, 20
natural, 20
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chi square, 48
least absolute deviations, 47
least mean squares, 47
least squares, 46
likelihood

multinomial, 50
normal, 49

weighted least squares, 46
ordinary differential equation, 23

pesticide, 10
Point of Equilibrium, 31

residual, 52
response variables, 12

Scaled Root Mean Squared Error, 53
scaled total error, 53
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statistics, 51
system

differential equation system, 23
predator-prey, 1, 28
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