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Abstract

Chemotaxis describes the directed movement of cells along the gradient of a
chemical substance. Mathematically, this can be described by a quasilinear
parabolic system of partial differential equations. In the work at hand we
analyze an optimal control problem for the chemotaxis equations where the
control is located at the boundary. Using the concept of maximal parabolic
regularity, we show that for controls g € L,(0,7; L,(I')), where r > 2 and
p > N such that % + % < 1, the state system has a unique solution (u,v) €
(L. (0, T; W) N WHO,T; W, ()] ?. Under the additional assumption that
r > 2p, the adjoint system, which is needed to derive optimality conditions,
has the same regularity. After that, we show that the control problem pos-
sesses an optimal solution. We derive necessary optimality conditions of first
order for the control problem, which serve as a basis for many numerical meth-
ods for finding a solution, as well as sufficient optimality conditions of second
order for the control problem. These second order conditions allow us to prove
quadratic convergence of an SQP method. This is illustrated in a numerical

example.






Zusammenfassung

Chemotaxis beschreibt die gerichtete Bewegung von Zellen entlang des Kon-
zentrationsgradienten eines Lock- oder Schreckstoffs. Mathematisch lasst sich
dieses Phanomen durch ein quasilineares System parabolischer Differential-
gleichungen beschreiben. In dieser Arbeit betrachten wir ein Optimalsteuer-
problem fiir diese Gleichungen mit Steuerung am Rand des Gebiets. Mit Hilfe
des Konzepts der maximalen parabolischen Regularitit zeigen wir, dass das
Zustandssystem fiir Steuerungen g € L,(0,7;L,(I")) mit » > 2 und p > N
so, dass % + % < 1 gilt, eindeutig l6sbar ist und seine Losungen im Raum
[L,(0,T; W) N W0, T; W, (€2))]” liegen. Unter der zusiitzlichen Bedin-
gung r > 2p besitzt auch das adjungierte System, welches wir fiir die Formulie-
rung von Optimalitdtsbedingungen brauchen, eine eindeutige Losung im glei-
chen Raum. Danach zeigen wir, dass auch das Steuerproblem selbst eine Losung
besitzt. Wir leiten sowohl notwendige Optimalitdtsbedingungen her, die als Ba-
sis flir viele numerische Verfahren dienen, als auch hinreichende Bedingungen
zweiter Ordnung. Letztere erlauben uns zu zeigen, dass ein SQP-Verfahren fiir
das Steuerproblem quadratisch konvergiert. Dies veranschaulichen wir anhand

eines Beispiels.
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Chapter 1
Introduction

The purpose of the work at hand is to give a detailed analysis of an optimal
control problem involving chemotaxis equations with the control acting at the
boundary. It contains a proof of existence and uniqueness of solutions to the
chemotaxis system with inhomogeneous Neumann boundary values as well as
first and second order optimality conditions. In the last two chapters, we will
prove quadratic convergence of an SQP method and illustrate the results in a

numerical example.

1.1 Chemotaxis

Chemotaxis is a biological phenomenon of self organization and pattern form-
ing of cell populations caused by chemical substances. It describes the directed
movement of cells along the concentration gradient of an attractant (positive
chemotaxis) or repellent (negative chemotaxis). Many processes in biology are
governed by this phenomenon. For example, it plays an important role in the
process of embryonic growth, in the growth and spreading of tumor cells or the
movement of immune cells towards inflamed tissues. The mathematical anal-
ysis of equations modeling chemotaxis has been a field of extensive research
over the last decades. Based on the model by Patlak, Keller and Segel (cf.
[47], [40]), a lot of work has been done in order to understand the behaviour
of solutions to different variants of the model, in particular different choices
of the sensitivity function (cf. e.g. [14] [21], [39]). For the minimal model,

i.e. choosing f(u) = u, global existence has been shown for N =1, for N > 1

1



2 1. Introduction

blow ups of solutions in finite time are known to occur depending on the initial
values. Beyond that, there are several approaches of how to produce models
which are physically more realistic, for example by including volume filling
effects (cf. [32], [46]). [36] is motivated by understanding the mathematical
qualities of the blow ups. Most of these models contain the minimal model as
a limit case. For more details we refer to [49] and the overview papers [33],
[35] as well as the references therein.

So let us introduce the system we will be looking at and give a short expla-
nation: For a cell population u and an attracting substance v, the process of

chemotaxis can be described by the quasilinear parabolic system

ur =Au —V - {f(u)Vov}

in Q x (0,7),
v =Av—v-+u
(1.1)
Opu — f(u)d,v =0 u(0) =u
fw) onI'x (0,7), (0) =ug in Q.
O =g v(0) =vo

The second equation is linear and rather simple: The attractant diffuses (“Av”)
and disperses (“—v”) over time, and since it can serve as a means of communica-
tion amongst the cells, these cells are able to produce the attracting substance
(“+u”). Additionally, in order to control the process we want to be able to “in-
ject” quantities of the attractant at the boundary (“0,v = ¢”). Note that since
0,, denotes the outward normal, injecting means negative values of g. The cells
in turn diffuse as well, or rather move around in a random-walk-like fashion
(“Au”). If they sense a concentration gradient of the attractant however, they
move towards higher concentrations (“—=V - {f(u)Vov}”). This process is me-
diated by some sensitivity function f depending on the density of cells u. For

them we assume no-flux boundary conditions (“O,u — f(u)9,v = 0").

1.2 Optimal control with PDE constraints

The mathematical theory of optimal control has become a field of growing
importance and has been evolving rapidly over the last decades, combining
the theories of partial (or ordinary) differential equations, optimization and
numerics. Due to the technological advances, both the number of applications

where optimal control is helpful as well as the resources that can be used to



tackle these problems are increasing constantly. As a starting point, partial
differential equations describe a vast amount of different processes and phe-
nomena in nature and technological applications, in our case the behaviour of
bacteria over a certain period of time.

Apart from understanding such a process itself, in the optimal control prob-
lem we are interested in the following question: Given we can take influence
on one or more parameters in the system, what do we have to do to make the
state (i.e. the solution to the system) behave in a desired way? A very simple
example would be the question of how a radiator should be regulated in order
to keep a certain temperature in a room using as little energy as possible.
This can be formulated as an optimization problem: We want to minimize the
difference 1||u — ugl|* between a desired state ug and the actual state u given
that u is the solution to the state equation at hand.

For us this means: Assuming we can “inject” the attracting substance from
the boundary into the domain we are looking at, how do we have to do this
to get the cells to arrange in a certain way at the end of the time interval we
are looking at (approximating ug) or during the whole process (approximating
ug)? Assuming further that we want to use as little of the substance as

possible, the objective of the control problem may look like this:

631 (e A
J(u,v;g) = 7||U(T) - UQH%Q(Q) + 7”“ - UQH%Q(Q) + 5”9”%2(2)- (1.2)

Another assumption which is reasonable from a mathematical as well as from a
physical point of view is to introduce control constraints, that is the amount of
the attractant which we can insert into the system is bounded by a minimum
amount, naturally it would be reasonable to set this to zero, and a maximum

amount,
g€ Gaqg={9€L(0,T;L,(I")) : 9. < g<gpae inlx(0,71)}. (1.3)

For the distributed control problem, some results can be found in the literature
(cf. e.g. [19], [53]). Also, the question of parameter identification which
is closely related to optimal control has been studied [17]. To the author’s
knowledge however there has been no thorough analysis of such a system with
boundary control. Since we rely on the theory of maximal parabolic regularity

in order to formulate and solve the differential equations, the methods applied
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in this work are fairly general and would for example allow for mixed boundary
conditions or additional terms involving measures.

Of course, in order to make the considerations in optimal control theory
applicable to real world problems, efficient methods are needed to be able to
obtain solutions numerically. Among others, the SQP (Sequential Quadratic
Programming) method, a Newton-like algorithm that solves a sequence of lin-

ear quadratic subproblems, has proven to be an good choice.

1.3 Structure of the thesis

This work is structured as follows: In the second chapter, we will specify
notation and give the analytical background needed in the course of the thesis.
In particular, the concept of maximal parabolic regularity is introduced and
the central results and methods we need are presented.

In the third chapter, we are going to present the results on existence, unique-
ness and regularity of solutions to the particular partial differential equations
that occur throughout this work. This way, the difficulties arising from the
pdes and the key arguments of the optimal control problem are separated a
bit and it is easier to focus on each of these fields one by one.

In chapter four, we will introduce the control-to-state operator G mapping
the control g onto the solution (u,v) of the system (1.1). By substituting the
state (u,v) in the objective (1.2), we can reduce the optimal control problem
and just minimize with respect to the control g. This simplifies the further
analysis of the problem. Also, the adjoint equation, which will be part of the
first order optimality system, is introduced.

Chapter five guarantees the solvability of (1.1)-(1.3), that is we prove that
there exists an optimal solution to the problem (which, due to the nonlinear
constraints, does not need to be unique). The arguments needed here are
rather standard.

In chapter six, necessary optimality conditions of first order are derived and
the KKT system is presented. Typically, this is the basis for most numerical
methods to compute an optimal solution, the simplest for example being the
gradient method.

In chapter seven, necessary — and more importantly sufficient optimality



conditions of second order are derived. Although there is no simple way to
check these conditions numerically, if they hold they guarantee convergence of
fast and efficient numerical methods such as the SQP algorithm.

Chapters eight and nine are devoted to proving convergence of such an SQP

method and illustrating its behaviour in a numerical example.

1.4 General assumptions

In the course of this work, we will put several restrictions on the functions
and coefficients describing the control problem. These will be introduced and
explained whenever they are needed. For convenience and to get a better
overview, before we get started let us gather that information here. We will

always assume:
e N >2 O cCRY open, bounded an strongly Lipschitz, T > 0;

e p > N and r > 2p such that % + % < 1. From chapter 7 onwards, we
will additionally need that p > 2N;

e ug € Dyp, vg € Wy (Q), ug € Ly (Lp(Q)), ug € Dyp;
e /:R" — R twice continuously differentiable and such that

f(x) <c¢p, fl(x) <cp f"(x) <cprforall x e R* |
|f(x) = f(y)| <L|z —yl,
\f'(x) — f'(y)| <Lplz —y|, p for all z,y € RY;
|f"(z) = f"(y)| <Lpnlz —y|

e a1 >0,a9>0, A>0;

® g, gp € L. (L,(T")) such that g,(z,t) < gy(z,t) for a.e. (z,t) € 3.
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Chapter 2
Linear parabolic problems

Throughout this work, we will assume () to be an open and bounded subset
of RNV, N > 2 with Lipschitz boundary (often also called a strong Lipschitz
domain, cf. [30], Def. 1.2.1.1). Most of the results remain true for less regular
domains and the case N = 1 can be carried out with slight modifications as
well, for the sake of clarity however we are not going to go into detail. For
T > 0 and the time interval [0, T], we denote by @ := Q x (0,T) the parabolic
cylinder and by ¥ :=T" x (0,7 its boundary.

2.1 Function spaces

To get started, we will go through the function spaces over €2 that will be used
in the following. For more information, we refer for example to [18]. First

of all, with C'(§2) (- denoting the closure) we denote the Banach space of all

continuous functions u : @ — R equipped with the norm

Ul oy = max |u(x)|.
H ”C(Q) xef)l(| ( )\

For 1 < p < oo, the space of all real-valued functions defined on €2, whose p-th
powers are integrable with respect to the Lebesgue measure, endowed with the

norm

lulloy e = / (@) d
Q
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is a Banach space and denoted by L,(€2). For p = oo, we obtain the Banach

space of all essentially bounded functions u : 2 — R, where

[ull () 7= esssuP,eq [u(z)].

For 1 < p < oo, the dual space to L,(€2) can be identified with L, (2), where
1 < p/ < ¢ is the Holder conjugate of p defined by %—i— 1% =1. Foru e L,(Q),
v € Ly(Q), the dual pairing is defined as

<u,v>Lp’Lp, = /u(x)v(x) dx.

Q
For p = p/ = 2, this duality product becomes the scalar product of the Hilbert
space Ly(€2). For k € N, 1 < p < oo, the Sobolev space W} () of all functions
u € Ly(S2), whose weak derivatives up to power k are in L,(£2), becomes a

Banach space with the help of the norm

Sl

lullwge = D 1Dl

lof <k

(o € NV is a multiindex). The dual space to W}(€2) is denoted by

WRQ) = (WHQ))™,

p

% + 5 = 1 (note that this is not the same as the dual space to W;O(Q) which
is commonly denoted by Wp‘,k(Q) as well). For u € W}(Q), ¢ € Wp—/k(Q), the

naturally induced duality pairing is given by

(9, U>Wp—’“,W§, = o(u).

Once again, in the case p = p' = 2 H*(Q) := WF(Q) becomes a Hilbert space.
On several occasions, we will need some kind of intermediate spaces between
the classical Sobolev spaces. In the context of maximal parabolic regularity it
is most, convenient to use spaces of Bessel potentials H(€2), s > 0, defined by

the restriction to 2 of

H3(R") = {u € LR« ullmgeeny = 1F 7 (L4 |- P)EF) 1,00 < 00}

where F denotes the Fourier transform equipped with the norm

ullmy) == inf o]
=u

Hs(R"
veHZ(R™) g p®")



(cf. [56] 2.3.3, 4.2.1). As before, for s < 0 the spaces H;(§2) are defined by
duality. For s = k € N, W}F(Q) and H}(Q) can actually be identified with
each other. For general s € R, Sobolev spaces and Bessel potential spaces are
connected as well: We have

(W, (), W, ()]s = H, (),

p

where [, ]g is the complex interpolation functor and s = —1+26, 0 < 0 < 1.
For nonsmooth domains like the ones we are looking at, this result can be
found in [25]. In particular, it holds that

(W, (), W, ()]

p

= Lp(Q>‘

1
2

In the course of this thesis we will also need real interpolation spaces between
W, H(Q) and W, (), which would lead to Besov spaces Bj (€2). For our pur-

poses however, it is enough to point out that there is a continuous embedding

< WHQ), W)y = H52(Q) = Hy ()

p

(W, (), W (),

p

S =

\T

forf € (0,1—1)and 0 <& < 2—2 (cf. [34], Lemma 3.17). For more details on
interpolation we refer to [1], [11] and [56]. The following embedding properties
can be found for example in [56], 4.6.1: For 0 <t < s< o0, 1 <p<g< oo it
holds that

HIQ) s HI(Q) fors— D>t
b q 21
_ N (2.1)
H3(Q) — C(Q) fors>g.

Due to duality arguments, the first embedding indeed more generally holds for
every —oo < 8,1 < 00.

Finally, since functions in L,({2) are only defined almost everywhere in its
domain, looking at boundary value problems we have to specify what exactly
we mean by the value of such a function on the boundary I'. This question is

answered by the

Theorem 2.1 (Trace Theorem). Let 2 < p < oo and s > }D. There is a linear

continuous mapping vy : H3(2) — L,(T) such that for all u € C(2) C H; ()

we have

(yu)(x) = u(x) forallx €T,
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hence there is a constant ¢ > 0 such that

[vullz, @) < cllullgs@)

for all uw € H;(€2).

This result can be found for example in [1], 7.43, 7.45 formulated in the
Besov space By (€2). It holds however that H3>(2) — B (Q), p > 2, so that
the above formulation works as well. v is called the trace operator and yu the
trace of u. We will particularly make use of the adjoint operator of v, which is
linear and continuous as well: For 1 < ¢ < oo such that 213 + % = 1 and hence
s> ]lj =1- %, we have 7* : Ly(I') — H_°(€2) and

179l rr;o () < €llgllzymy  forall g € Ly(T). (2.2)

2.2 The Bochner integral

In order to deal with the time dependence, we are going to need a notion
of an integral for functions mapping into Banach spaces, in particular into
those spaces which contain the space dependence. This leads to the concept
of the Bochner integral. For functions mapping from an interval [a,b] C R
(—o0 < a < b < c0) into a Banach space X, in the standard way the Banach
space C([a,b]; X) of continuous functions u : [a,b] — X equipped with the
maximum norm

ablX) (= t
oo = s o)

is defined. Similarly, we have the space L,(a,b; X), 1 < r < oo of Bochner

measurable functions u : [a,b] — R with finite norm

b :
(fuu(t)ns(dt) C l<r<oo

eSS SUD;cfq,p) [|u(t)l[x, = o0

1wl 2, (ab:x) =

For u' defined in a X-valued distributional sense, we furthermore define the
space W' (a,b; X) of all u € L,(a,b; X) having a distributional derivative
uw € L.(a,b; X) and

3=

lullw:apx) == (HUHET(a,b;X) + Hul”zr(a,b;X)>
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For more detailed information we refer to [59], [61]. When no confusion is
possible, throughout this thesis we will not mention the domains explicitly
and just write L,(L,(€2)) or even L,(L,) instead of L(a, b; L,(€2)). One result
is of particular importance when comparing the state system with the adjoint
system (cf. [59], Satz 3.11):

Lemma 2.2 (Integration by parts formula). Assume u,p € Lo(H(2)) N
HY(HY(Q)) (commonly known as W(0,T)). It holds that

T T
/<u’(t) p®)) g-1.m dt+/ Y- dt
0

= u(T),p(T)>L2(Q) - <U(O)>p(0)>L2(Q) :

2.3 Maximal parabolic regularity

In the theory of partial differential equations, apart from existence and unique-
ness of a solution it is an important question to determine what can be said
about its regularity depending on the given data. In the case of elliptic equa-

tions with a differential operator of second order
Au=f

for example, assuming we have a right hand side f € Ly(£2) we cannot expect
the solution to be more regular than H?(Q2). Naturally, the question arises
under which conditions on the differential operator, the domain and the un-
derlying spaces we can expect to achieve this optimal regularity result. The

same question can be asked in the case of parabolic equations

If for example we have f € Lo(Q), this implies u;, Au € Ly(Q), so the best
we can hope for is that the solution u possesses a weak derivative in time
with values in Ly(Q2), in other words u € H'(Ly(f2)), and is twice weakly
differentiable in space, u € Ly(H?*(2)). In the last decades, a lot of work
has been done on finding criteria under which we can expect a solution to

have this optimal regularity (cf. e.g. the monographies [6], [42], [51]). Let
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us already point out a difficulty that can be seen in the example above: The
above setting is suited for boundary values which are either homogeneous and
included in the domain of definition of the operator A or possess some order
of differentiability (precise results can be found in [50]). In our case, with less
regular nonhomogeneous boundary values, due to Theorem 2.1 it will hence

be better to look at the equation in some dual space like H1(Q).

2.3.1 The abstract setting

We are now going to introduce some general terminology and results known
about maximal parabolic regularity. Concerning notation we are going to
follow the lines of [6]: Given two Banach spaces Ey and E), where F; is
densely embedded in Ej, a linear continuous operator A : E; — FEy (i.e.
A € L(Ey, Ey)), an initial value ug € Ey and a function f € Ly(a,b; Ey) we
look at the linear Cauchy problem

u + Au = f, u(0) = wo. (2.3)

A function u is called generalized solution or W}-solution to the Cauchy prob-
lem (r > 1) if

u € L.(0,T; E;) N W0, T; Ep) and (0 + A)u = f, u(0) = uo,

where 0 is the distributional derivative with respect to t. Due to the follow-
ing result, such a solution is actually continuous in time with image in some

interpolation space:
Lemma 2.3 ([6], III 4.10.2). There is a continuous embedding
L, (a,b; Ey) "W, (a,b; Ey) < C([a,b]; (Eo, E1);_1,).

Of course we would like to be able to recover such a generalized solution
from data having as little regularity as possible. The optimal situation can be

described in the following way:

Definition 2.4. Let 1 < r < oo. Let Ey, Ey be Banach spaces such that
By — Ey densely and let E := (Ey, E1),_1, be the real interpolation space.
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An operator A € L(E1, Ey) possesses the property of mazimal parabolic L,-
reqularity with respect to (Ey, Ey) if the map

Lo(a,b; By) N Wa, b o) = Ly(a,b: o) x B, u— ((9+ A)u, u(0))
1 a bounded isomorphism.

Note that in particular, this means there is a constant ¢ > 0 such that

ullz, 5 + lullwr e < e (luolle + 111z, z0) - (2.4)

The property of maximal parabolic regularity comes with a few very useful

consequences which can for example be found in [6], [16], [34]:

Theorem 2.5. (i) If there is an r € (1,00) such that A satisfies mazimal

parabolic L.-reqularity, then the same is true for every r € (1,00).

(i1) If A satisfies mazimal parabolic regularity on some interval (a,b), then
it does so on every (bounded) interval. The constant in (2.4) does not

depend on the length of the interval.
(i1i) The operator —A generates an analytic semigroup {S(t)}i>0 on Ep.

The second result (which follows eg. from [6], III 4.10.1) is of particular
importance for the way we are going to carry out the proof of existence and
uniqueness of a solution to the state system: It allows us to first restrict
ourselves to small time intervals, which helps us to obtain the contraction
property we need for Banach’s fixed point theorem. After that, we just extend

the solution to the whole interval.

2.3.2 Maximal regularity in W, '(Q)

In the introduction of this section, we already implied that the underlying
spaces need to be chosen with care. In our case, there are mainly two aspects we
need to think about: For one thing we will need the solutions to be continuous
in space. Due to (2.1) this calls for the condition p > N since in that case we
have W} — C(€). Unfortunately, that means we will not be able to work in
a Hilbert space setting. Secondly, we intend to impose boundary conditions

g € L,(L,(T"). This rules out L,(2) as the underlying space anyway, even more
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so because as a consequence, the cross-diffusion term —V - { f(u)Vv} will not

have enough regularity. It turns out that setting
EO = Wp_l(Q), E1 = W;(Q)

for p > N is a reasonable choice. We will generally refer to the space of
maximal parabolic regularity we obtain by

Wr,p = Lr(Wl(Q)) N er (Wpil(Q))v (2'5>

p

for the interpolation space E from above we will write

Drp = (W, Q) W), (= Hy 7 5(@). (2.6)

p

When it comes to establishing the optimality system, it will be important to
be precise and actually work with D, , instead of H;_%_E(Q): The final value
u(T') of the state will be in D, , and that is exactly the regularity we need for
the initial value of the adjoint state.

Now in order to apply the results of the previous subsection to our state sys-
tem, we need to make sure that the Wpfl—realization of the negative Laplacian

has the property of maximal parabolic regularity. For this we define:

Definition 2.6. Set A : Wpl(Q) — Wp_l(Q), A+1: Wpl(Q) - Wp_l(Q)
<Au>¢>W;1,W;, :Z/Vu(w) - Vo¢(z) dr,
Q

(A% Dby, = [ Vula) - Voo + [ u(w)ofa) do

Q

for allu € W3 (), ¢ € W ().

With this definition, we can make use of the following very important result
which is shown in [31], Thm 5.6 and [10] Thm 11.5 and builds the basis of our

analysis:

Theorem 2.7. The operators A and A + 1 defined above have the property
of mazimal parabolic reqularity with respect to the spaces Ey = Wp_l(Q) and
E, = Wpl(Q)
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Finally, let us give a precise definition of how the cross diffusion term on

the right hand side of the state equation is to be understood:

Definition 2.8. For ¢ € Lo (), v € W, (Q) define the linear and bounded
functional =V - {¢V} € W) via

=V -ACVYLH() o — /CV@/JV@S dx for all ¢ € WI},(Q).
Q

We will often use that this functional is bounded in the following way: There

is a constant ¢ > 0 such that

|- VT e < sup [ (V0] da
pewl,
ol =t

<c sup  [[CVY[L,IVOllL, < clCllelVellws-
qbewg,
18lly1, =1
2

(2.7)

2.4 Mild solutions

The concept of maximal regularity is a very powerful tool to solve parabolic
equations, it does however have its limitations. For example, if we want
to take precise influence on the order of integrability in time r, it turns
out that semigroup estimates provide very helpful additional results. For-
tunately, due to Theorem 2.5 we can make use of these as well. Since —A
generates an analytic semigroup {S4(t)}i=o in W, (Q), for a right hand side
f € Li(0,T; W, 1)) and an initial value ug € W, *(€2) we can define a mild
solution u € C([0,T]; W, 1()) to the Cauchy Problem (2.3) as a solution to

the integral equation

u(t) = Sa(t)ug + / Sa(t—s)f(s)ds.

Given u is sufficiently regular, this solution coincides with the generalized
solution (cf. [6], Prop. III 1.3.1). We actually know the following thing (cf.
[6], Thm. IIT 1.5.2):
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Lemma 2.9. Assume the operator A satisfies maximal parabolic reqularity with
respect to spaces Ey, By and let {S(t) }+>0 be the analytic semigroup generated
by —A. The mappings

Ra :ug — S(-)uo, Ky fH/S(-—s)f(s)ds

are linear and continuous from E = (Eo, E1),_ 1 to L.(Ey) N W}!(Ey) and
L,.(Ey) to L.(Ey) N WX(Ey) respectively.

The key to the following results is the fact that the operator A from Defini-
tion 2.6 is in fact a positive operator (cf. [31]|, Lemma 5.7). This implies that
we can define fractional powers A%, which are again closed, densely defined
operators (cf. [20] section 2.14, [48]) and whose domains D(A®) equipped with
the graph norm provide very useful intermediate spaces. In the standard case
of operators with range in L,(€2) and domains with smooth boundary, these
spaces have been characterized in [54]. For operators with range in W, ()
we refer to [25] and [56], 1.15.3: We have

D(AX=0+50) — [D(A®), D(A%)]y
for 0 < a < 8 < 0o and hence
D(A®) = [H; (), HYQ)ly = H ¥ 2(Q) (2.8)

for 0 < 6 < 1. This can be combined with standard semigroup estimates:

Lemma 2.10 ([48] Thm. 2.6.13). Assume A is a positive operator on Ey and
{S(t)}+>0 the analytic semigroup generated by —A. For a > 0 we have

(1) A*S(t)u = S(t)A%u for every u € D(A%),
(ii) [|A*S(t)u|lg, < cat™e % |ul|g, for every u € Ey and some c, > 0.

Lemma 2.11. Let A be a positive operator on W, '(Q) and {S(t)}i>0 the
analytic semigroup generated by —A. Let —1 < < a<landl < qg<p < 0.
Then

1St ullsg < ct™lJull 4

for some ¢ >0, 0 = anﬁ + %(% - %) and every u € Hqﬁ(Q)-
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Proof. Let v = 3(1 4 a). Then for 0 < 0 < v we can estimate

1S ull gy < el A”SE)ull gy ) <l A77S(E) A%l g7 o)
<ct™ )| A%ul| 1
<ct™ " u 120 g

SCti(Vig)”uHHg(Q);

where we used (2.8), the lemma above and the embedding Hf (Q) — H,'*27(1Q)
forﬁ—% = —1+20+%, S0 0 = %+§+%(%—%). Setting § = v — o yields

the assertion. O

The idea now is the following: Given for example u € L.(W, (Q)), r > 2,
we would have
t t
I [ 8t s)uts) dslhuyior < ¢ [ (¢ =) Hu)l, 0 ds.
0 0
The right hand side can be viewed as a convolution, so that with the help of
Young’s inequality for convolutions (A.4), with * + 4 =1 (and hence 1’ < 2)

we get

T r’

|| / S(- — s)u(s)ds o i) <c / Rt |l )

0 0

<c(T)[[ull L,y -

In some sense, estimates of this type allow us to “trade” regularity in space for

regularity in time. This will be a very useful tool in the next chapter.
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2. Linear parabolic problems




Chapter 3
The chemotaxis equations

Since the systems of differential equations that appear in this thesis are in-
teresting in their own right, before we start looking at the optimal control
problem we are first going to collect results on existence, uniqueness and regu-
larity of solutions to these systems. This way, to some extend we can focus on
the features of the control problem and the pdes separately. As said before,
we will always assume that for N > 2, Q C RY is a bounded domain with
Lipschitz boundary and 7" > 0. For N = 1, the arguments remain valid with

slight modifications.

3.1 The state equation

Let us first give a short explanation on how the system is to be understood.
As mentioned in the introduction, the chemotaxis model we are looking at is
described by

ur =Au—V - {f(u)Vv}

in Qx (0,7),
v =Av—v+u
Opu~+ f(u)o,v =0 u(0) =u
fw) on I' x (0,7, (0) =uo in €.
v =g v(0) =g

Since we want to prescribe boundary values g € L,(L,(I')), we clearly cannot
expect classical solutions and will hence look at a variational formulation of
the problem. Assuming sufficient smoothness, we can multiply both equations

with test functions, integrate over €2 and apply the integration by parts formula

19
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to get

u(t)e de+ [ Vu(t)Ve de = | f(u(t))Vo(t)Ve dx
[ e

/vt(t)gb dx +Q/ Vou(t)Vy dx + /v(t)@b dx :/u(t)w dx + /g(t)vw ds

Q Q Q r

for almost every ¢t € [0,7]. In a Hilbert space setting, so assuming the test
functions would be in H'(f2), the right hand sides could be interpreted as
functionals Fj(p) in H~1(2). For what is to come, it is convenient to replace
the boundary integral in the second equation by taking the adjoint of the trace
operator v : H'(Q) — Ly(T), that is v* : Ly(T') — H'(2), to get

/ G(E)7) ds = (7 9(t), V) s s

r

This way, from now on we will interpret the Neumann boundary condition as
a right hand side v*¢(t) and the operator —V - { f(u(t))Vv(t)} in the sense of
Definition 2.8 . Unfortunately, we cannot work in a Hilbert space setting, since
we will need to make use of the embedding W}(Q2) < C(Q) which requires
the condition p > N, however the arguments can be carried over directly to
I/Vp_1 — Wpl, duality products. We will now go into detail and show existence
and uniqueness of a solution to the state system as well as a uniform bound

for the solution.

Theorem 3.1. Assume r > 2, p > N such that 2 + % < 1. Let f € C(RT)
be bounded by a constant c; > 0 and (globally) Lipschitz continuous with a
Lipschitz constant Ly > 0. Let up,vy € D, = (Wpfl(Q),WI}(Q))l_%W and
g € L, (L,(I")). The system

up =Au—V - {f(u)Vou} in Q x (0,7, u(0) = wug in §, (3.1)
u=Av—v+u+vyg inQx(0,T), v(0) = vy in Q (3.2)

has a unique solution (u,v) € W2 = [L,(W;)N I/Vrl(l/l/'p_l)}2 such that
lullw,, + lliw,, < c(lwlp,, + lvllo,, + gl @,@) (3-3)

for some ¢ > 0.
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Proof. Let us first take a look at the linear equation (3.2). For u € L,(W, )
fixed, due to Theorem 2.7 and (2.2) there is a unique solution v = v(u) € W, ,
such that

ol <e (Hoollpn + 1170l 5 + 1l ) o

<e (ollo, + 9]z oy + ol i

for some ¢ > 0. Also, given uy,us € LT(Wpfl) and corresponding solutions

v1 =v(uy), v = v(ug) € W,,,, there is a constant L > 0 such that

[v1 = vollw,, < Lllur — ualp, w1y (3.5)

Due to Theorem 2.5 (ii), these estimates continue to hold with the same con-
stants if we restrict ourselves to smaller time intervals. Having established
this, we can replace (3.2) by a map u — v(u) and hence reduce the system

(3.1)-(3.2) to the problem of solving the nonlinear equation
u — Au=—V-{f(u)Vo(u)} in Q, u(0) = up in Q.

The proof of existence and uniqueness of a solution to this equation is best
divided in three steps: First, we show that there is a T,,,, > 0 and a solution
(yTme= gTmaz) on the time interval [0, T}..), and that either T,,, = oo or
|w(Tmaz) |l L@ = 00. In a second step, we show that the solution stays
bounded, meaning there is a solution on every time interval [0, 7], T' > 0, and

lastly we show uniqueness of the solution on [0, 7).

(i) Ezistence on [0, Ta.): As a starting point, for some 77 > 0 we want to

apply Banach’s fixed point theorem to the map @ — u(@) defined by
u — Au=—-V-{f(a)Vu(a)} in Q, u(0) =uy in Q (3.6)

in WL, the restriction of W, to the time interval [0,71]. In order to
simplify notation we will drop the superscript 77 as long as no confusion
is likely. Once we established the existence of a solution on [0, 7}], we can
apply the same argument on some interval [T, T3], T5 > T} with initial
value u(T7) and so on. As long as u stays bounded, the interval lengths

do not tend to zero.
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So let us choose M; > 0, T7 > 0 both to be fixed later. Now choose some
arbitrary but fixed @ € W,.,,, ||@|lw,,, < M; on [0,T3]. From (3.4) we get

||U||WT,,J <c <||U0|\Dr,p + ||g||L7»(Lp(F)) + HﬂHLr(ng))

for some ¢ > 0. Due to this and since f(a) € C(Q), the right hand side
of (3.6) is known and in L, (W, "). Once again, we have a linear equation
satisfying maximal parabolic regularity, so that by (2.7) there is a unique

solution u € W,., such that

el , <c (Juollo., + £ @) To(@ 1 t,))
<c (Jlwolloy,, + efllo(@)lz, ) (3.7)

<c|uolp,, +c(f) <||UOHDW + gl ey + HﬁHLT(ng))

for ¢,¢(f) > 0. Note that due to Theorem 2.5, the constant does not
depend on the time interval. Extracting the maximum of u with respect
to time and using the embedding W, , — C([0, T1]; Wpfl), we get

1 1
@l iy < IV |l oo mywyry < IV (|@flw,, (3.8)
and hence

l ~
ullw,, < c(lluwllp,, + llvollp,, + 9l L. @,ay) + <Y |@llw,, -

So for

My > ¢ (|uollpn, + l[vollp,, + 1912y my)

and T} sufficiently small we have ||u|lw, , < M, hence the solution oper-
ator @ + u maps the set {u € W, : [Jullw,, < M} into itself. The
contraction property is shown in the same way: For u;,u, € W, ,,

|t |lw,, < M, ||[to|lw,, < M; we get

(w1 = u2)e — Aur —uz) = = V- {f (@) Vo(@) — f(2)Vo(ta)}  in @,
(u1 - UQ)(O) =0 in Q
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and together with (3.5),

lur — usllw,., <e ({f(@) = f(@2)}Vo(@)ll,w,)
(@) V{0 (@) = (@) Hln.e,)
< (Lsllin = @llo @) o
Fepllo(n) = v(@z)l o )
< (Lelo(@lls.any + er) i = @lle
< (Lp(lvollon, + 9] wo + Nl ;) + )

|1 — 2| (g

SC(LfMl + Cf)Hal - QQHC(Q)

N

Now choose some 2 < « < r such that % + > < 1 is still satisfied.

Similarly to (3.8) we get
|1 — @]l gy < clltn — tollw,, < Ty "||Ur — tellw,,

and hence

1 1

w1 — usllw,, <c(LyMy+cp) Ty 7ty — tallw,,

If T} is sufficiently small, the constant becomes smaller than one which
proves the contraction property. We have thus shown that there is a
T7 > 0 such that the solution operator @ +— u satisfies the conditions
of Banach’s fixed point theorem, which means there is a unique solution
(u,v) € W2 of (3.1) - (3.2) on the time interval [0, T}]. This procedure
can be iterated with u(71) € D,, (see Lemma 2.3) as new initial value

for as long as the solution stays bounded.

Boundedness: Next, we will show that the solution stays bounded for all
t>0,i.e. T4 = 00. To do this, for every t > 0 we introduce a weighted

norm on the spaces C([0,t]; L,) via

|l := max e "*||u(s)]|L,, (3.9)

s€[0,¢]

1 > 0, which is obviously equivalent to the canonic norm. For the L,-



24 3. The chemotaxis equations

norm on (0,t) we have

3=

t
fullosey = | [ (o), ds
0

1
t I

1
1 T
| fertue as) < () e

0

As we have seen in (3.7), for every t < T),., a solution satisfies

lullcqo:2,) <cllullw,, < c(uo,vo, g) + cllull, 060,

so in particular it holds that

lu(t)||z, <c(uo,vo,9) + cllullL, L,

1

1 r
demmm+ccﬂ)lmhﬁ”

for every t < T),4,. Multiplying by e #* and taking the maximum over

all t € [0, Thnas] gives

1 r
HUH;L,T SC(/L,UO,UO,Q)"’C E ||u||#,T'

For v sufficiently large, the second term on the right hand side can be
absorbed in the left hand side, so that

lullur <e(w) (luollp,, + llvollp,, + g/l ,@)) - (3.10)

Hence, the solution stays bounded with respect to ||-||, 1 on every interval

[0, 7], and due to the equivalence of the two norms also with respect to
I leoryey,)-

(iii) Uniqueness: Lastly, we need to make sure the solution stays unique on
the whole time interval. To this end, assume there are two different
solutions (uy,v1), (ug,vs) of (3.1)-(3.2). Then w := uy — ug, z := vy — vy

is a solution to

wy =Aw =V - {f(u)Vvr — f(u2)Vua} in Q, u(0) =0 in Q,
2 =Az—z+w in@, v0)=0 in Q.
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This system has homogeneous initial and boundary conditions so that
(w, 2) is even differentiable in a classical sense. Hence, we only need to
follow the exact same steps as in the proof of Theorem 3.1 in [36] to find
that w = z = 0 with the help of Gronwall’s inequality (A.5).

It remains to be shown that (3.3) holds. With the considerations from above
this is simple: With the help of (3.7), (3.4) and (3.10) it follows that

lullw,, + [vllw,, <c¢([uwlp,, + v]w,,)
<c (|luollp,, + llvollp,, + 9l L, o)) + cllulleqorye,)

<c (||U0||D,~,p + |lvollp,., + ||9||LT(Lp(F))) .
Il

Remark 3.2. This result is not sharp with respect to the boundary term g: In
the same way as in (3.15) in the proof of Theorem 3.4, if we use the precise
spaces and embeddings for the adjoint of the trace operator we can replace L,(I")
by L,(T), o > %p. For the sake of simplicity we skipped this argument in
the proof above.

When dealing with optimal control problem later on, more precisely if we
want to guarantee the adjoint equation has a solution in Wip as well, we will
need Vv to be essentially bounded in time. This can be achieved with the
help of semigroup arguments as long as we impose slightly stricter conditions

on the data:

Lemma 3.3. In addition to the conditions of Theorem 3.1 assume that r > 2p
and vy € W, (). Then we have v € Loo(W,) and

folzaccngy <e (Il + lollig + llz.zaien)
for some ¢ > 0.

Proof. Let {S(t)}i>0 be the semigroup generated by the differential operator
—(A + 1) defined in Definition 2.6. The solution (u,v) of (3.1) - (3.2) solves
the integral equation

t t

v(t) = S(t)vy + / S(t — s)u(s) ds + /S(t —s)7"g(s) ds.

0 0
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t

The crucial term is the second integral I(t) := [ S(t — s)y*g(s) ds: For every
0

t € (0,7), with the help of Lemma 2.11 and (2.2) we can estimate

t t

() [ SC/(t =) g(s) |l g ds < C/(t —5) " llg(s) 2, ) ds

0 0

for p < %— land 6 := %—g > 1— 2ip, and by Young’s inequality for convolutions

(A4)

1
T W
| ey <c (/ e dt) 191 2.(L, ()
0

for %—k 7% = 1. The integral is finite as long as 7’6 < 1, so we need a @ satisfying
1 1
1l——<0<1—-—,
2p T

which exists if r > 2p. Hence, once again using Lemma 2.11, we have

t
[o()llwz <cllvollw; +0/ [[uls)llwy ds + [[1(2)]lwy
0

for every t € (0,7") and by (3.3)

0]l Loy <cllvollwa + cllull L,y + cllgllz. )

<e (Il + Neollwy + lgllzocs,r ) -

3.2 The linearized equation

The central approach of solving problems in nonlinear optimization is to look
for roots of the derivative of the original problem. Solving the optimality sys-
tem we obtain with the help of Newton’s method will even involve derivatives
of second order, so it is natural that we will need to be able to solve some
kind of linearization of the state system. In order to have it suited for every

instance throughout this work, we will formulate it in a rather general way
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including terms 7y, 12 on the right hand side which can be chosen as needed.
Additionally, when in chapter 7 we want to formulate second order optimality
conditions, we will need to be able to bound the solution of the linearized equa-
tion with the Ly(X)-norm of the boundary value g. In chapter 8 ,we will need
a result saying that the order of integrability of the solution to the linearized
equation both in time and space is actually better than that of the boundary

value ¢g. Both claims are covered by the below theorem.

Theorem 3.4. For p > N assume that ¢, € Loo(Q), ¥ € Loo(W,)). For
a>2(1+p_LN),522 let

§1,§&2 € Do, M, € La<W,6Tl)7 9 € Ly(L,(T))

forl<v<a,1l<o<pf such that

2 N-1 2 N
ik

14 o

(3.11)
The system

u =Au — V- {p1uVp + Vol +m in Q x (0,T), u(0) =& in Q, (3.12)
v =Av—v4+u+y"g+n in Q2 x(0,T), v(0)=4E& inQ (3.13)

has a unique solution (u,v) € W5 x W, 50 Lo(W3) satisfying

lullw, s + [0llw, s + 0]l . oy <c (1&1]lp, s + E2]lD.0 s
+ ||771||LQ(W[;1) + ”772HLQ(WL;1) (3.14)
+ N9l 2. o))

for some constant ¢ > 0 depending on ¢y, P2, .

Remark 3.5. (i) The conditions above can actually be satisfied: If for ex-

ample a = 3, v =0 (3.11) becomes o < %—ﬁy.

(i) In order to cover the case v =0 = 2 i.e. g € Ly(X) we need to assume
that p > 2N, see Chapter 4.

Proof. The proof will be carried out in a similar way as the one of Theorem
3.1. Once again, for every u € Lo(Wj;') the linear equation (3.13) defines a
map u — v(u) € W, 5. Since g € L,(L,(I')), it is obvious that v € W, ,. In



28 3. The chemotaxis equations

order to see that v is actually more regular than that, we observe that for a.e.
te (0,7),

I 9Ol < el g(Dllag < cllg@llz,m) (3.15)
for =14+ N(% — %) < p < 1 —1. The left inequality is due to the embedding
Hf — Wj (cf. (2.1)), the right one holds since by (2.2), the adjoint of the
trace operator 7* is linear and continuous from L, (I") to H?(€2). This already

implies
ol < e (Il + Il v + Il ) - (316)

In order to improve the order of integrability in time, we will make use of

semigroup arguments: As in Lemma 3.3, v solves the integral equation

t t

v(t) = S(t)vy + / S(t — s){u+mn2}(s) ds+ /S(t —s)7"g(s) ds.

0 0

From Lemma 2.9 we know that the first two terms satisfy

1SC)ellw, 5 <clléallp, s

I [ 8t = )+ mysDdslhm » <e (Il + Iellrsn)

0

so this time the interesting term is I(t) := [ S(t — s)y*g(s) ds. By (3.15) and

o

Lemma 2.11, for

1 N
)>1——+5

1 1 1
(; -3 5 (; - =) (3.17)

1
B
it holds that

t

1@l <c / (t = 57 l7"g(s)llneds < / (t — ) llg(s)l| oy ds

0
for t € (0,7). For v* such that 1 + é = Vi + }/, Young’s inequality for
convolutions (A.4) gives
bl
T v*

sy <e | [ 7% ) gl
0
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where the integral is well defined as long as v*6 < 1. Hence we need to be able
to find a 0 such that (3.17) and

1 1
0<1l+——— (3.18)
« 14

are satisfied. This is guaranteed by (3.11) since
1 N1 1 1 1 2 N-1 2 N
< = 3

20 20 B a v v o a ' B

which finally implies
ol sy < € (Ulipns + lull sy + el oy + N9lacamy ) - (3:19)

After having dealt with (3.13), we are now going to show that the map @ +— u,
uy =Au — V - {aVi + ¢ Vo(a)} + m u(0) =& (3.20)

has a unique fixed point. This time we will not have to restrict ourselves to

small intervals first. Introducing a weighted norm

Juls 2= max e+ u(s)],

on the spaces C([0,t]; D, ) like in (3.9) right away, this time we will be able

to show the fixed point property directly. Once again using (2.7), we estimate

I =V {610V + e Vo(@)} w1y <01V + 02V o(@)]| Loy
<cllt]| oo 1 Loy + cllo(@]] L, ow)
<cllf| La(pa. g + cllv@lz. )

where L = %—i—% and p = oo if § > p. In the last step, we used (2.6) to get the

B
embedding Dy g < L,. This holds since by o > 2(1 + A5) & 2 <14
there is an € > 0 such that
2 N N N N
-2 e > —— = ——,
a B pp B

Due to (3.19) and maximal parabolic regularity, there is a ¢ > 0 such that the

solution u of (3.20) satisfies

lultw,, s <e (10l s + Il o) + 0@ sz + Il o0;)
<e (I1€1llpns + Iy + 1€lDas + W2l porssy + N9l uizoy )

+ cl|tl LoDy )-
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In the case of @y, uy € W, g, we get

|ur — usllw, , <cllts — a||L, (D, 4)-

Now for every ¢ € [0,7], the self-mapping and contraction property can be
shown in the spaces C([0, t]; D,,3) using |||+ in the same way as boundedness

in the previous proof. O

3.3 The adjoint equation

Writing down necessary optimality conditions for the optimal control problem,
we will introduce an adjoint state which will play the role of a multiplier to
the constraint given by the state equation. This adjoint state is given as the
solution of an adjoint equation of the below structure. We could also obtain
existence and uniqueness of the adjoint state directly since the adjoint of the
linearized control-to-state operator is well defined. However, the regularity
results we would get — the adjoint state is an element of the dual space
(W, )" — are not enough for our purposes. Also, the adjoint system turns
out to be rather complex: Here, the second equation (which was rather simple
in the state system) is coupled with the first equation by a term of second
order, and in the first equation a gradient term appears which causes some
additional trouble. Hence, it makes sense to look at the following system
separately. Similarly to the previous section, the system includes some terms

on the right hand side which we will need later on in this work.

Theorem 3.6. Assume p > N, ¢1,¢2 € Loo(Q) and ¢ € Loo(W,). For

2<a,f <oo let

€1,62 € Do g, M, € La(W5).
The system
—pr =Ap+ 1 VYVp+qg+m in Qx(0,7), p(T)=2¢& in, (3.21)
—q =Aq—q—V - {2 Vp} 4+ mo inQx(0,T), q(T)=& inQ (3.22)
has a unique solution (p,q) € Wiﬁ satisfying

1pllw. , + lallw. , <c(l&llp., + 1€2]pa.s
’ ’ ’ (3.23)

il + Il v )
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where the constant ¢ depends on ¢1, ¢, 1).

Proof. First of all, let us set 7 := T — ¢, p(1) := p(T —t), 4(7) = q(T — 1)
etc. This way, the backward-in-time system above can be transformed into a

forward system,

P =Ap+ 6 VOVp + G+ i in Qx(0,7), p0)=& in €,
G =AG—G—V - {pVp}+1  mQx(0,T), §0) =& in Q.

For the rest of this proof we will work with this system, but skip the - for
convenience. Even though in this system the second equation (3.22) contains
the cross diffusion term, still for every p € La(Wé) it uniquely defines a ¢ =
q(p) € W, 4 satisfying

lalloras <e (I€2l120,s + Il + el ;)
5 8 (W3) La(Wy) (3.24)

and |lg1 — @2llw, » <cllpr = p2llz. o)

for p1,p2 € La(Wj). Once again, this allows us to reduce (3.21)-(3.22) to

—pr =Ap+ ¢ VYVp+q(p) +m in Q, p(T) =& inQ. (3.25)

As stated before, due to the gradient term on the right hand side this system
is a bit more complicated than the others before. The strategy however stays

similar: We introduce a weighted norm, this time on L, (Wj3), via

12l = lle™ Pl Loy,
8

1 > 0, and apply Banach’s fixed point theorem, this time to the mild solution
of (3.25). So let {S(t)}+>0 be the semigroup generated by —A (cf. Definition
2.6). For p € La(Wé), we look at the map p — p defined by

t t

p(t) = S(t)€1+/5(t — s VOV +q(p)}(s) ds + /S(t — s)m(s) ds.
(3.26)

From Lemma 2.9, for the first and the last term we have

1S, < cllillpa sl /5(' = s)m(s)ds|lw, , < cllmll, ;1
0



32 3. The chemotaxis equations

t

[ S(t—=s){aViVp+q(p)}(s) ds. For 5 := 5+ and
0
(1+ %), (2.11) and the Holder inequality (A.2) give

So let us look at I(¢) :

1 N/1 1y 1
0:=5+50G -5 =3

1@y <e [ (0= 9) 161V 09505 s, + la(7) sy ds
0

§6(¢1)/(t = 8) Nl (s)lw 15(s)lw + lla(®)llw: ds.

Note that due to equivalence of norms, (3.24) also holds with respect to || - ||,

for p and ¢. Multiplying by e !, we have
t
e 1®llwy < c(01,0) [ €It =) 56y s

0
t

b [ eI gl s))wy ds,

0

and with the help of Young’s inequality for convolutions (A.4),

T T
Ml < c / e dtpl], + ¢ / et dt]g(p)]],
0 0

Both integrals tend to zero if 1 — oo. Coming back to (3.26), we obtain

Il <) (00 + Il ) + () 1]

() (1€2l1ps + 170 + Il 1))
For 1 large enough, this implies ||p|,, < ||p]/,, and the same estimate
Ip1 = p2llu < c(w)llPr — Pellu

shows that p — p is a contraction for p chosen sufficiently large.
So far, we have shown that there is a unique solution (p, q) € Lo (W3) X Wog

satisfying
1Pl oy + lallw.,, <e (Illws + Il ,
(3.27)
sy + el )
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Now that we know a solution exists, we can improve the regularity with the

help of maximal parabolic regularity results: We actually have p € W, g, since

||p||wa,ﬂ SH&HDQ,;; + ||¢IV¢VP||LQ(W51) + ||Q||LQ(W51) + ||771||LQ(W[;1)
and
1o VEVDl 1wty <ellonllw@IVEVPI L@,
§C||¢1||LOO(Q)||¢||LOO(W,})||P||LQ(W5)-

Together with (3.27) that gives the assertion. O
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Chapter 4
The control-to-state operator

When we start analyzing the optimal control problem, it will be useful to
reduce the objective function to just depend on the control. To that end, we

introduce the control-to-state operator

G : L (Ly(T)) = W2, = [L,(W}) nWXL,)]”

that maps the control g € L, (L,(I")) to the solution (u,v) of the state equation

u =Au—V - {f(u)Vuv} in Q x (0,T), u(0) = up in Q, (4.1)
vn=Av—v+u+v'g inQx(0,7T), v(0) = v in . (4.2)

In this chapter, we are going to collect a few properties of this mapping which
we are going to need in order to formulate optimality conditions, such as
continuous Fréchet-differentiability of G. In the last section, we are going to
introduce the solution operator to the adjoint equation. Before we start, let
us first state some assumptions which are supposed to hold in general for the

optimal control problem. Assume that

N
p> N, r > 2p, ;+—<1, (4.3)

uy € D, p, v € W, (9), ug € L. (L,(Q)), uq € D,y (4.4)

35
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f:R" — R twice continuously differentiable,

f([E) < Cr, f/(ZE) < Cyr f”(l‘) < Cygn for all x € R+

|f(z) = f(y)] <L|z —yl, (4.5)
\f'(x) = f'(y)| <Lp|z —y|, ¢ forall z,y € RY.
/() — ()] <Lyole —y )

Note that the choice of r and p implies that W, , — C(Q). In what is to
come, writing f we will mean the Nemytskii operator induced by the real
function f (for more information see e.g. [59] p. 147 ff.). First of all, as simple
consequences of Theorem 3.1 we know that the control-to-state operator is

bounded and Lipschitz continuous:

Lemma 4.1. The contol-to-state operator G is bounded in the sense that
lall,, + 6l < e (lolip,, + lvollo,, + 9l zym)

for some ¢ > 0.

Lemma 4.2. The control-to-state operator G is Lipschitz continuous in the
sense that for (u,v) = G(g), (u®,v°) = G(g + 6)

[’ = ullw,,, + I0° = vllw,, < L(g,8)|d

L (Lp(I'))

for every g,0 € L,.(L,(I")) and a constant L > 0.

Proof. Set du := u® —u, dv := v° —v. Then (du, dv) is a solution to the system
Suy =Adu — V- {f(u®)Vév — f(u)Vo} in Qx (0,T), du(0)=0in Q,
ovy =Adv — dv + du + ¥ in 2 x(0,7), dv(0)=0in Q.

The right hand side of the first equation can be transformed in the following

way:

F)Vo' — f(u)Vo =(f(u’) = f(u)) Vo’ + f(u) V(0" ~ v)

1

- / I 00— ) dO Vo 4 f(0) Ve — )

1
_ / P + 0w — u®)) dO SuVe® + f(u)Véu
0

=pouV® + f(u)Viv
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with a continuous and bounded function ¢ € C(Q). This has the same struc-
ture as the linearized equation (3.12) - (3.13) with ¢ = ¢, ¥ = v°, ¢ = f(u),
so Theorem 3.4 yields

15ullw,.,, + [16v[lw,, < clldllz, L,y

where the constant depends on ¢ and 4. O]

4.1 First Derivative

The control-to-state operator is a nonlinear operator mapping from one func-
tion space to another. Hence, in order to compute the derivative, we first need
to clarify what we mean by that and generalize the notion of a derivative (cf.
e.g. [60] Def II1.5.1):

Definition 4.3. Let X,Y be two Banach spaces and T : X — Y. T is Fréchet
differentiable in x € X if there is a linear continuous operator S : X —'Y and
anr: X x X =Y such that

T(x+h)="T(x)+Sh+r(z,h)

for every h € X and
7 (z, M)y
[172]]x
S is called Fréchet derivative of T in x. T is called Fréchet differentiable if

the derivative exists for every x € X, and continuously Fréchet differentiable

— 0, Ilh|lx — 0.

if the map x — S(x) € L(X,Y) is continuous.

With the help of this definition, the implicit function theorem can be gen-
eralized as well (cf. e.g. [60] Satz II1.5.4 (e)):

Theorem 4.4. Let X,Y, Z be Banach spaces and let U C X,V CY be open.
Let T : X xY DU XV — Z be continuously differentiable, vy € U, yg € V
such that T (zo,y0) = 0 and y — T,(z0, yo)y is an isomorphism from Y — Z.
Then there are neighbourhoods Uy of xg, Vi of yo such that for every x € U,
there is an y = y(x) € Vo uniquely defined such that T (z,y) = 0. The function
x — y(x) is continuously differentiable from Uy to Y with

ya() = = (Ty(a,y(2))) ™ Talz, y(@)).
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Following the lines of [34], in order to apply this result to the control-to-
state operator it is convenient to reformulate the state equation by defining an
operator A: W2 — [L, (W) x Dm,f via

u — Au+ V- { f(u)Vu}
u(0)
v—Av4+v—u
v(0)

(u,v) = A(u,v) ==

Like this, the state equation is equivalent to
A(u,v) = (0,u9,7*g,v0) "
If in addition we introduce the map 7 : W7 < L.(L,(T')) = [L. (W, ") X D, ]2,
T (u,v,g) == Alu,v) — (0,u9,v*g,0) ", (4.7)

the possible solutions to the state system are in fact given by the zero set of
all (u,v, g) such that

T (u,v,g9) =0.
Now we can apply the implicit function theorem to show

Theorem 4.5. The control-to-state operator G : L.(L,(T')) — W2 is con-
tinuously Fréchet-differentiable. The derivative h — G'(g)h =: (w, z) of G in
g € L,(L,(I")) in direction h € L,(L,(I")) is given by the solution to the system

wy =Aw — V- {f' (w)wVv+ f(u)Vz} inQx(0,T), w0)=0 inQ, (4.8)
=Nz —z+w+Yh in Q2 x(0,7), 2(0)=0 inQ, (4.9

where (u,v) = G(g) and we have

[wllw,, + |zllw,, < @)l @, m)
for some ¢ > 0 depending on g.

Proof. We need to show that the assumptions of Theorem 4.4 are satisfied,
i.e. we need to show three things: The operator T defined in (4.7) needs
to be continuously differentiable with respect to g as well as with respect to
(u,v), and the derivative 7T, ) needs to be continuously invertible on the space
L, (W; 1) x D, 2
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(i)

(i)

(iii)

Since 7 is linear with respect to g, continuous differentiability in this
component is obvious and T,h = (0,0,7*h,0)" for h € L,(L,(T)).

Due to (4.5), the Nemytskii operator f is continuously differentiable from
Loo(Q) to L(Q), and since we have W,.,, < Loo(Q) — L,(L,) due to

4.3), also from W,.,, to L,(L,). Since everything else is linear, we have
D P

wy — Aw + V- {f'(u)wVov}

7;(“7?}79)11] - Au(u, U)w = U)(O)
—w
0
for w € W, , and
V- Af(uw)Vz}
0
7:7(“7 'U,g)Z = AU(U,U)Z =
2 — Az+ 2
z(0)

for z € W, ,.

The last thing we need to show is that 7. = A, is continuously
invertible, so in other words, for every (n1,&17,&2) € [Lo(W, ) X Dyl

there is a unique solution (w, z) € W, , of

z

A(u,v)(u,v) (w) = (7717617772762)T

satisfying

ol + 2l < € (Imillz, ouy ) + 16l + Iallz, vy + 12D, )

This is immediately clear by Lemma 3.4, since this is equivalent to (w, z)

solving

wy =Aw — V- {f'(wW)wVv+ f(u)Vz}+m inQ, w(0)=¢& inQ,
2 =Az—z+w—+n in @, z(0)=¢& in Q.
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Since G is only defined for g € L,(L,(I")), naturally the same is true for
its derivative G’ and hence the admissible directions h € L,(L,(I")). However,
from Theorem 3.4 we know that the linearized equation remains well defined
even for less regular h € L,(Lg(I")), so that G’ can be extended to an operator
mapping from larger spaces Lq(Lg(I)) to W 5. This is rather convenient when
it comes to proving optimality conditions of second order: In Lemma 7.2, the
main ingredient for second order optimality conditions, we will want to show
that the second derivative of the reduced objective is Lipschitz continuous
with an estimate involiving the Lo(3)-norm of the direction h, which implies
we will need suitable estimates for G'. As we will see now, these estimates
are provided by Theorem 3.4, even for general h € Ly(X), however imposing
a stricter condition on p: Choosing v = 0 = 2, we need to be able to find
a, f > 2 such that

2 N 2 N N+1

—4+—x<1 —4=>— 4.10
Since § > 2, this can be rewritten to

1 N+1 N N+4+1 N 2 N

= < —— =< —<1-—,

2 2 2 2 6« P

and the interval (%, 1— %) is nonempty for p > 2N.

Lemma 4.6. Let p > 2N and r > 2p. Let o, 8 > 2 such that (4.10) holds
and g € L,(L,(T")), h € Lo(X). The extension of the first derivative of the
control-to-state mapping (w, z) = G'(g)h is bounded in the sense that for some

¢ > 0 we have
[wliw, s + |zllw, s + |2l 2.2y <@ Lym)-
Proof. Choose v = 0 = 2 in Theorem 3.4. O

Lemma 4.7. Choose r,p,a, B as above and let g, 6 € L.(L,(T')), h € Ly(%).
Let (w,z) = G'(g)h, (w’,2°) = G'(g+ 6)h. Then

lw® = wllw, , +112° = 2llws s + 112 = 2l Loy <elg, DSlL, @ 1Pl o)

for some ¢ > 0 depending on g and §.
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Proof. First of all, note that as in the previous lemma, (w, z) and (w?’, 2%) are
well defined. Setting (u,v) = G(g) and (u’,v°) = G(g + 4), the difference

(0w, 6z) := (w’, 2%) — (w, z) solves
dw, =Adw — V - {f'(u)dwVv + f(u)Véz} +n in Q, 06u(0)=0 in Q,
0z =Adz — 0z + ow in@, dv0)=0 in{
with
==V A W) = )V’ + f(w)w’' V(0 —v)}
=V A @) = f(u)V2}.

Theorem 3.4 gives

lw® = wllw, s + 112° = 2llws, + 12° = 2lloovyy < clg, Dl w0y,
so that the crucial part is to find a bound for ||77||LQ(W§1). To this end, fix

p > 1 by % = % + %. With the help of the Holder inequality (A.2) and the

embedding W3 < L,, (which works for p > N since 1 — % > —% = —% + %,
cf. (2.1)) we have

[0Vl Laws) el LawnVUllww,) < cllwllzampllvllzeovy)-

Since the state v° is bounded by a constant depending on the initial values

and the control g + d, we have

||77||LQ(W/;1)
<c (I(F/ () = /@)’ | ury) + | F @ V(08 = 0)r
+ () = F) Vo)
< (L llu = wlo@ 0l oy 10l iy
+ ep | paapllo’ = ollaory + Lelle® = ullo@) 127wy
<c(9.6) (v = wlleg + 10 = vllz,up ) (10 lns + 12wy ) -
Now Lemma 4.2 and Lemma 4.6 give
[u® — ul| ey + lv° — Ul Lo owy <clléllz, L,y
Pl + 112 vty (9.8 1Bl age)

so that the assertion follows. O
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4.2 Second Derivative

In order to derive optimality conditions of second order, of course we need
to make sure the control-to-state operator is twice continuously differentiable.
Since we applied the implicit function theorem to compute the first derivative,

there is not much more to show:

Theorem 4.8. The control-to-state operator G is twice continuously differen-
tiable from L,(Ly(T)) to W2 . The second derivative of G in g € L(L,(T"))
in directions hy, he € L.(Ly(I")), he = G"(g)[h1, ha] =: (¢,7), is given by the

solution to the system

¢ =A¢ =V - {f(u)¢Vv + f(u)Vi}

— VA" (u)wjwsVu} in Q2 x(0,T), ¢(0)=0 in €,
=V Af(w)wi Ve + f(w)wVa}
V=AY —Y+¢ in Qx (0,T), %(0)=0 inQ.

Proof. We only need to make sure that the operator A defined in (4.6) is
twice continuously Fréchet differentiable. Since the initial values are zero any-
way, we can omit those components here. The Nemytskii operator f is twice

differentiable in the same spaces as before, so for wy, ws, 21, 22 € W,.,,, we have

Ay [y, o) = <V . {f”(ugwleVU}> L Auuwy, 2] = (V : {f/(@(‘))uhvm})
Ayl wa] = <V . {f’(%)wQVm}) C Auufe ] =0,

Since for T defined in (4.7) we have Ty = Ty ) = T(u0),g = 0, the second

derivative is given by the formula

g”(g) [hh hQ] = 7Zu,v) (U, v, g>_17zu,v)2 (U,, v, g)[(wlv 215 hl)? (wQ’ 22 hQ)]

For (¢,1) = G"(g)[h1, he] this is exactly the solution to the system above. [

4.3 The adjoint operator

When it comes to deriving first order optimality conditions for the optimal

control problem (1.1)-(1.3), we are going to need to solve an adjoint to the
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state system. Formally, if we want to write the constraint as an operator
equation mapping the control to the state we plug into the objective, we do
not end up with the control-to-state operator G itself, but with an operator
mapping the control g onto the first component of the solution u and its final
values u(7T'). So if we introduce an operator S mapping the right hand side
(Nw,n.) of the linearized equation (4.8)-(4.9) to its solution (w, z), its adjoint
S* maps (n,,1,) to the solution (p, ¢) of the adjoint system and we have

) I v e T I R 6
) (? 8) (w> - <szT>> |

where Eg : w — w and &, : w — w(T') are embedding operators. The adjoint
to all this hence maps the right hand side 7, and the final value ¢, of the
first component of the adjoint system to the boundary value vq of the second

component,
Mp s 0 0 S* 55 & Mp _ 0 0 S* 8527710+855p
&p 0 ~ 0 0 &p 0 ~ 0
(o))
0 v/ \4 '

In order to do this rigorously, we would have to carefully check which spaces
are involved and for example work in dual spaces Wy . Since this is neither
trivial nor particularly helpful, instead we are going to introduce an adjoint

system combining the embeddings and the operator §*, i.e. an operator

P(g) : Lr(Wpil) X Dyp — W2 (npafp) = (p,q) (4.11)

r?p’

—pr =Ap+ f'(w)VoVp+q+mn, in Qx(0,T), p(T)=¢, inQ,
¢ =8¢ —q =V -{f(w)Vp}  nQx(0,T), ¢T)=0 nQ,
where (u,v) = G(g) is a solution to the state equation (4.1)-(4.2). Due to

Theorem 3.6, this is well defined for 1, € Lo (W Y, &, € D, s, and the following
properties hold:
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Lemma 4.9. Assume that (4.3) holds. Let o, > 2 and (u,v) = G(g) for
g € L,(L,(I")). The adjoint state is bounded in the sense that

Il + Nalhos < clo) (I01ons + Mol ;)
for some ¢ > 0 depending on g.
Proof. This is an immediate consequence of Theorem 3.6. O

Remark 4.10. In the optimality system, we will have &, = a1 (u(T) —ug) and

n, = aa(u — ug), so that the above estimate becomes
pllve, 5 + llglw, 5 < c(9) (||UQ||DQ,;; +lluel .oy
+ llwollp,,, + llvollo,, + I9llz. ) -

Lemma 4.11. Assume (4.3) holds. Let g,0 € L,(L,(I")) and (u,v) := G(g),
(u®,v%) :=G(g +9). Choose

& =ar(u(T) = uq) & = on(u’(T) — ug)

M =0(u — ug) 772 = ap(u’ — ugq).

The solution to the adjoint system 1s Lipschitz stable with respect to perturba-

tions & in the sense that
1p° = pllw,,, + lla° = allw,, <@z, m)- (4.12)
for some ¢ > 0 depending on g.

Proof. Set 0p :=p° —p, §q :=¢° — q, Su = u’ —u, v = v® —v. Then (dp, Iq)

solves

—op =A0p+ f'(w)VoVép+og+m  nQ, p(T)
—0q; =Adq — 0q —V - {f(u)Vip} +n2 inQ, q(T)

u(T) in Q,
0 in €,

where

m =(f'(u’) — f'(w)VVp’ + f(u)VéuVp’ + asdu,
m=-—V-{(f() - f(u)Vp’}.
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Since for p > N we have
IVoVDlp, a1y <cllVoVplle,wy) < cllollcon lplle, .
we can estimate
”anLT(ng) <c (Lf’||5u||c@)HU‘S||LOO(W5)||P5||LT(WZ})
+ Cf’||5U||Loo(wp1)||p5||Lr(Wp1)>
<c(g.6) (Ioullewy + I6vllaory )
17211, oy <el{f () = F(@)}VP |,y

<cLgll6ull e lIp’ L. owy)
<c(g, 5)”5“”0(@),

since both v? and p° are bounded by a constant depending on ¢, § and the data

Uo, Vo, Ug, Ug. From Theorem 3.6 we have
10pllw,.,, + ll9gllw,, <c (I!M(T)Hm,p e, oy + HUQHLT(Wp_l)) :
and by Lemma 4.2
15ullve, , + [100]lvw,., <c(g; OISz, (L, ry)

which implies (4.12). O
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Chapter 5
Existence of an optimal control

So far, we have only focused on the pde constraint. Now that we have provided
all the results we need to deal with the state system, it is time to turn to the

actual optimal control problem (1.1)-(1.3): For ay, as, A > 0 and constraints
Ga> 9 € L.(L,(T)) such that g,(x,t) < gy(x,t) for ae. (z,t) €3,  (5.1)

we want to find a solution to

(631 Qg A
J(u,v;g) = ?HU(T) - UQ”%Q(Q) + 7”“ - UQH2L2(Q) + 5“9“2@(2),

w =Au—V - {f(u)Vv} inQx(0,7), u(0)=ugin Q,
vy =Av—v+u+v"g inQx(0,7T), v(0)=uwin Q,

g€ Gaqg=4{9€L.(0,T;L,(T)) : 9. <g<gpae inlx(0,1)}.

Naturally, the first step on the way to finding an optimal solution is making
sure such a solution actually exists. Since the control-to-state operator is
nonlinear, it is clear that we cannot expect the solution to be unique. Existence

however can be shown in a rather standard way (cf. eg. [41], [59]):

Theorem 5.1. The control problem (1.1)-(1.8) possesses an optimal solution
g€ Gaa.

Proof. First of all, note that obviously the objective is bounded from below,

so an infimum and with it an infimal sequence of controls, i.e. a sequence

47
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{gk }ren C Goq such that

J(gx) = inf J(g),

9€Gad

surely exist. Since G4 is a bounded, closed and convex subset of the reflexive
Banach space L,(L,(I")) and hence weakly sequentially compact, there is a

subsequence of {g;} that weakly converges to some g € Gyq,
9k — ¢, k — oo.

In order to avoid multiple indices, we will refer to this subsequence by {gx} as
well. So let us look at the corresponding state sequence {(uy, vy)}ren defined
by the control-to-state operator. By Lemma 4.1, this sequence is uniformly
bounded in W7,

[55]), we find a subsequence of {u} — once again denoted by {uy} — that

and since the embedding W, , — C(Q) is compact (cf. |7,

strongly converges to some u € C'(Q),
up — u, k — oo.

So with the right hand side u; + v*gx, we can look at v, as the solution of the

linear problem
Vgt — Avg + v = up + g, in Q x (0,7), vk (0) = vg in Q.

Since the mapping (ug +7*gx) +— vy is linear and continuous and hence weakly

continuous, {v;} weakly converges to some v in W, ,,,

v, — v, k— oo.

Now we do the same with the first equation: Since {uy} converges strongly in

C(Q), so does { f(ux)} and the term Ry := V-{f(ux)Vuy} is weakly convergent
to some R € Lr(Wp_l). Hence the mapping R — uy, defined as the solution
of

gt — Aup = Ry in Q x (0,7, uk(0) = up in €,

yields that u;, — @ in W, ,. This way we have found candidates g, u, v that
might give an optimal solution to the problem. We still have to make sure

though that they actually solve the state equation. To that end, let us look at
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the variational formulation of the state equation in Wy 5. Integrating by parts

as in Lemma 2.2, we get

N

T
//ukgbt + VupVo dedt = /f(uk)Vkagb dxdt + /uogb(O) dt,
0 Q 0

Q Q

T T
//vkwt + Vo Vip + vptp dadt = //u;ﬂz + Y gt dadt + /vow(O) dt
0 Q 0

Q Q

for every ¢,v € H'(H") such that ¢(T) = (T) = 0. With the above conver-

gence results uy — @, vy — 0 in W,., and f(ux) — f(@) in C(Q), in the limit

we have

T T
O/Q/ugbt + VuaVe¢ dxdt = O/Q/f(u)Vvng dxdt+/uo¢(0) dx,

Q

T T

//m/)t + VoV + v dadt = //ud) + v g¢ dxdt + /voz/)(O) dz.

0 Q 0 Q Q
What we have shown now is the following: There is a subsequence {g}
of the infimal sequence that, together with its corresponding state sequence
{(ux,vr)}, weakly converges to some g € L.(L,(T)), (@,7) € W2 such that
the triple (g, u,v) itself solves the sate equation as well. So it only remains
to verify that (g, w,v) actually minimizes the objective: This follows from the
fact that the objective is continuous and convex and hence weakly lower semi-

continuous, i.e.

(9k, ug, vr) — (g,u,0) = limkinf J (g, ug, v) > J(g,u,0).
—00
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5. Existence of an optimal control




Chapter 6

Necessary optimality conditions of

first order

After we have established that an optimal solution exists, in this chapter we
are going to look at necessary conditions for a control g € G,4 to be optimal.
This serves as a basis for many numerical methods of finding an optimal so-
lution. The approach is very similar to the well known KKT conditions in
finite dimensional optimization (cf. e.g. [3], [22]). As it was mentioned in
chapter 4, it is not necessary to face the difficulties resulting from defining
Lagrange multipliers in the dual spaces precisely. Instead, it is well known
that the optimality conditions can be represented with an adjoint state which
is introduced directly with the help of an adjoint system. For now, the in-
equality constraints we impose on the control will be kept explicitly without

introducing multipliers. Recall the objective is given by

aq (0% A
J(u,v;9) = THU(T) - UQ”%Q(Q) + 7”“ - UQH%2(Q) + 5”9”%2(2)-

We can reduce J to a function only depending on the control by plugging in
the control-to-state operator G, i.e. we set J(g) := J(G(g),g). The Fréchet-
derivative of G was computed in Theorem 4.5, so the Fréchet-derivative of 7

in ¢ in direction h is then given by

T (9)h =ar (u(T) — uq,w(T))q + a2 (u — ug, w), + A(g, h)s, (6.1)

51
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where (w, z) = G'(g)h solves the linearized equation

wy =Aw — V- {f'(w)wVv+ f(u)Vz} in Qx(0,7), w0)=0inQ, (6.2)
2 =Az—z+w+~h in2x(0,7), 2(0)=0in Q. (6.3)

It is well known and easily seen that it is necessary for g to be an optimal

solution that the variational inequality

J'(@)g—-9) 20  forallge G
must be satisfied. This can be reformulated by introducing an adjoint system,

—Pt :Ap + f/(ﬂ)V’va +q+ ag(ﬂ — UQ) in ) X (0, T),

(6.4)
p(T) =aq (u(T) — ug) in £2,

4 =g —q— V- {(@)V) mOXOI 6s)

q(T) =0 &

where (@, 0) is the solution to the state equation corresponding to the control
g. For &, :== oy (u(T) — uq), np == as(t — ug), this is the system which defines
the operator P(g) in (4.11). With the help of this we can show that

Lemma 6.1. Assume (4.3) holds. The derivative (6.1) of the reduced objective
in g € L.(L,(")) in the direction h € L.(L,(I')) can be written as

T (9)h = (vq + Ag, h)y ,

where g € W,.,, is the second component of the solution to the system (6.4)-
(6.5).

Proof. We have to show that for (u, v) = G(g), (w, z) € W2, solving (6.2)-(6.3)
and (p,q) € W solving (6.4)-(6.5) it holds that

a1 (u(T) — ug,w(T))q + as (u — ug, w) o = (¢, h)y; -

The idea is to “test” the variational formulation of the linearized system with
the solution to the adjoint system and vice versa. Due to the way the adjoint

system is defined, combining these systems will lead to the desired result.
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Recall that a generalized solution to (6.2)-(6.3) satisfies

T T
/ we, Py, + (Vw, Vp)g — (f'(w)wVv, Vp)g / u)Vz, Vp)g dt,
0 0

T T
/ 2ty q W Wl + <VZ Vq> / fy *h q> dt
0 0

for all p,q € Ly (VV1 ), where %+ % =1, %—l—}% = 1, so in particular for adjoint

state (p,q) € W2 . For (6.4)-(6.5), we choose the linearized state (w, z) € W,

as test functions and integrate by parts along Lemma 2.2 to get

T
[ By + (9. Vg~ (£ @V, w)g (g, w)g
’ T
/ aa(u — ug), w)q dt + (au(T) — ug, w(T)) dt,
0

T T
/ 2, q W_I,Wl/ +(Vq,Vz)q + / u)Vp, Vz)q dt.
0 0

Now we can compute

a1 (u(T) — ug, w(T))qg +as (u — ug, w),

/ (o), + (T, Vit

- / (F () VoV, whg — (,w)q dt

I I
St — iy T8 T

<f(u>v"7’7 Vp>§l - <Q7 w)Q dt
(21, C])Q +(Vg, VZ>Q + (g, Z)Q — (g w>Q dt

(W, 0)q + (11 Q) — (@, w)q dt = / (h7a)y dt

which is exactly what we wanted to obtain. O]
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Putting this together we can now formulate optimality conditions of first
order for a control g € Gaq, its corresponding state (u,v) € W2  and the

adjoint state (p,q) € W2, to be optimal:

u =Au—V - {f(u)Vu} in Qx (0,7)
u(0) =ug in
v =Av—v+u+v'yg in Qx (0,7)
v(0) =y in Q
—pr =Ap+ f(w)VoVp+ ¢+ as(u —ug) inQx(0,T) (FON)
p(T) =an(u(T) — uq) in 2
—q =Aq —q—V - {f(u)Vp} in % (0,7)
q(T) =0 in Q
(vg+Ag,h—g)s >0 for all 7 € Gl |

Remark 6.2. There is an equivalent formulation of the gradient inequality

which we will use later on: The optimal control satisfies
1
9= ~Piga 3] { 374 (6.6)

where P : L,.(L,(I')) — Glaq is the projection operator.



Chapter 7

Necessary and sufficient optimality

conditions of second order

Second order optimality conditions for optimal control problems have been
studied extensively in the last years, cf. e.g. [13], |24], [23], [45], [37]. If
a sufficient optimality condition is satisfied, this allows for fast converging
numerical methods such as the SQP method presented in the next chapter,
as well as for example for sensitivity analysis of the parameterized problem.
The concept is again well known from finite dimensional optimization: Once
we have found a candidate for an optimal solution with the help of first order
optimality conditions, we take a look the second derivative. If the problem is
strictly convex in a neighbourhood of the candidate, we know that we have
found a (local) minimizer. Executing this plan however becomes a bit more
complicated when working in a function space setting. As we have seen before,
for the control-to-state operator to be well defined and differentiable, we need
to put restrictions on the order of integrability of g € L, (L,(I")), in particular
r,p > 2. For a positive definiteness condition like J”(g) > c||g||* on the other
hand, we will need to work with the Ly(X)-norm for the control. Luckily, as
we have seen in the fourth chapter already, all the estimates we need transfer
to this weaker norm. Let us mention that we can actually avoid having to
deal with the common phenomenon of a two norm discrepancy here: Many
problems are differentiable only in L.,, which leads to an optimality result of
the following form: If the sufficient optimality condition holds, a quadratic

growth property can be shown with respect to the Lo-norm, however this

95
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property only holds in an L..-neighbourhood (quite like in Theorem 7.4 here).
Since in our case we can show differentiability in L,(L,(T")), r,p < oo, if
we impose control constraints in L., this result in fact even holds in an Lo-
neighbourhood. Throughout this chapter, we will mainly follow the line of
argumentation presented in [59].

Clearly, before we can get started we need to compute the second derivative
of the objective. Once again we follow the same strategy as in the previous
chapter: We look at the reduced objective J(g) = J(G(g);g), compute the
derivative and introduce an adjoint state to simplify the representation. For

directions hy, he € L,(L,(I")) we obtain

T"(9)[h1, ha] = (wa(T), wi(T)) ¢ + az (wa, w1) g + A (ha, ha)s,
+ay <U(T) — Ugq, ¢(T)>Q + Qs <U — U, ¢>Q )
where once again (w;, z;) = G'(g)h;, i = 1,2, is the first derivative of the

control-to-state operator, and (¢,v) = G"(g)[h1, ha] is the second derivative

given by the solution to the system

¢ =A¢ =V - {f'(u)oVv + f(u)Vi}

-V A" (w)wiws Vol in Qx(0,7), ¢(0)=0in9Q, (7.1)
—V - A{f (w)w1Vz + f(u)waVz }
Uy =AY — )+ ¢ in Qx (0,T), %(0)=0in Q. (7.2)

Introducing the adjoint system we obtain:

Lemma 7.1. Assume (4.3) holds. The second derivative of the reduced objec-
tive J in g € L.(L,(I")) in directions hy, hy € L,(L,(T")) is given by

j//(g)[h17 h2] = <w2(T), wl(T)>Q + oy <w2, w1>Q + A <h2, h1>2
+ (Vp, f"(w)waw Vo + f'(u)w V2 + f’(u)wgv,zq)@ ,

where (u,v) = G(g) is a solution to the state equation, (w;,z) = G'(g)hi,
1 = 1,2 solves the linearized system
wiy =Aw; — V- {f'(w)w; Vv + f(u)Vz} inQx(0,T), wi(0)=01inQ,
Zip =0z — 2 +w; + 7Ny in Qx(0,7), z(0)=01inQ,
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and (p,q) solves the adjoint system

—pr =Ap+ f'(W)VoVp + g+ as(u —ug) in Q2 x (0,T),

(7.3)
p(T) =an (u(T) — ug) i
—q =Aq—q—V - {f(u)Vp} in > (0.7), (7.4)
o(T) =0 in €.

Proof. We will use the same argumentation as in Lemma 6.1. This time we

need to show that

a1 (u(T) — ug, ¢(T))q +a2 (u — ug, ¢),
= (Vp, f" (wywywy Vo + f'(u)u1 Vs + f/(u)wa V),

with (¢,1) € W7 solving (7.1)-(7.2) and (p,q) € W} solving (7.3)-(7.4),
so once again we “test” the variational formulation of each system with the
solution to the other. After integrating by parts with respect to time, the

adjoint system becomes
T
[ @b+ (90.99) = (£ @ T0Vp.6) — (a.6)
0

/ as(u —ug), @) dt + (aqu(T) — uq, ¢(T)) ,

T

/ (o, q>W,71,W;, +(Vaq, Vi) +(q,7) dt =

0

(f(u)Vp, Vi),

St~

and for (7.1)-(7.2) we obtain
T
/ (bt; W_I,W;, —+ <V¢, Vp> — <f’(u)gz5Vv, Vp> dt
' T
= [ (Ve Va4 (1.9)
0

, ,
O/ Yoo Dy, + (V0 V) 0/
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where I := f"(uw)waw1 Vo + f(u)w;Vze + f'(u)wyVz. This leads to

a2 (u — uq, §) o +ar (u(T) — uq, ¢(T))

<pt7 ¢>W51,W;, + <vp7 v¢> - <f,(U)Vva, ¢> - <q7 ¢> dt

(f()V1, Vp) + (I, Vp) — (¢, ¢) dt

(Wi, q) + (Va, V) + (q,¥) + (I, Vp) — (q,¢) dt

oy O Ty T T — 5 Py

(0, q) + (I, Vp) — (q,¢) dt

(f" (Wwawi Vo + f(w)wi Vs + f(u)we Ve, Vp) dt

exactly as asserted. O

For what is to come, it simplifies notation significantly to introduce the
Lagrange function. Like in the definition of the adjoint operator, we do not
worry about employing the exact dual spaces but note that our choice embeds
into them so that everything is well defined. Additionally, from now on we are

going to assume that
p > 2N, r > 2p. (7.5)

Although the Lagrange function is well defined without this restriction, as we
have seen in Lemma 4.6 and 4.7 already this is crucial for estimates involving

the Lo-norm. So let us set

Yip = Wop X W, 0 Lo (W) X Lo(Ly(T)) x W2 % Lu(Ly(T))>  (7.6)
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and define the Lagrange function L :Y,, = R,

L) = Jus0,9) + [ (B, de+ (Y, Tp)g + £V, Vg
(w(0) — o, p(0))g

+ [ (v Oy, A+ (V0 V) + (v —u—779,4)q

Ot ~—5 +

+ <U(O) — Yo, q(0)>ﬂ + <,uaaga - 9)2 + <,Ub,g - gb>2

for y := (u,v,9,p,q, tha, t5) € Yyp. The second derivative L£”(y)(w, z, h)? is
then given by

L"(y)(w,z,h)* = T"(9)h* = 041||w(T)||%2(Q) + 042||w||%2(Q) + /\||h||%2(2)

(7.7)
+(Vp, [ (Vv + 2f (w)wVz),,

where (w, z) € W2, solves the linearized equation

wy =Aw — V- {f'(w)wVv+ f(u)Vz} in Qx(0,7), w(0)=0in,
2 =Az—z+w+7"h in Q2 x(0,7), 2(0)=0inQ

for h € L,.(L,(T")). Note that £” is actually well defined for every h € Ly(X).

The next Lemma, the fact that £” is Lipschitz continuous in y and the
difference is bounded by the Lo-norm of the direction h, will be the main
step on the way to proving second order sufficient optimality conditions. This
becomes necessary due to the use of different norms: For h in the L,(L,(I))-
norm, this would be a direct consequence of Theorem 4.8, the fact that the
control-to-state operator is twice continuously differentiable in that space. In
Lo we need to put some additional effort into this. Before we get started, let
us have a look at the terms responsible for the restrictions on r and p fixed
in (7.5). For p > 1 such that % = % — 1, i.e. such that Wy — L,, we can
estimate

IVoVpw?|| L) <cllvll ool v llwll, )
<c|vllzowyllpllL.ony) HwHia(Wﬁl)v
IVpVzw| L, @) <cllpllL, vy llzll oy llwl Lo,

<cllplle.owpllzll.ovpllwllz, oy,
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as long as the conditions of the Holder inequality (A.2),

1 2 1 1 1 1 2
-+—-<1 and -+t =+ -=—-+
rooa p B p p B
are satisfied. If o, fulfill the conditions of Lemmas 4.6 and 4.7 this holds:
For p > 2N, the second condition holds as long as 3 > 2, the first condition is

1<1
NS

implied by % + % < 1 from (4.10) and r > 2p. We can hence show:

Lemma 7.2. Assume (7.5) is satisfied. The second derivative of the Lagrange
function is Lipschitz continuous in the sense that for every M > 0 there is an

L = L(M) > 0 such that for every y°,y € Y, p, |1°|lv., + lyllv,, < M we have
1L7(y°) (w’, 2%, h)* = L"(y)(w, 2, h)*| < LM)|ly* = yllv,., 1]l )

for h € Ly(X) and (w, z) = G'(g)h, (w’,2%) = G'(¢°)h.

Proof. By (7.7), the left hand side reads

‘C/,(y6)(w6’267 h)2 - [’”(y)(wv 2 h)z

=y (||w§(T)||%2(Q) - ||w(T)”%2(Q)) +ap (||7~U5||%2(Q) - ||w||%2(Q))
+ <Vp5, " (ud) (w)*Vol + 2f’(u5)w5V25>Q
—{(Vp, ["(u)w’Vv + 2f’(u)sz>Q .

For the first bracket, the third binomial formula gives

1w’ (T3, — (D)3, <Iw’(T) + w(T)|| Ly llw’ (T) — w(T)|| Ly
SHw5 + wHW2,2l|w6 - wHW2,2
<c(g,0) |2/l Locsy - 19° = gl o 1Rl Lacs)

<cllg® = gllLewomn Rz, )
due to Lemma 4.6 and Lemma 4.7. The same holds for the second bracket,

||w6||%2(Q) - ||w||iQ(Q) §0(975)||95 - 9||LT(LP(F))||h||%2(z)-

So let us turn to the last part. If we choose a, 8 according to (4.10), due to
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(7.8) and (7.9) we have
(V9 () ()90, — (V, £ (u)(w) V0, |
<|(V(° = p), f' () (w)* Vo), |
+ (V") = f"(u)}(w’)*Vo?),, |
+1(p, u>{<w5>2 - wQ}w% |
1V )]
<c (e’ —p||LT<Wp1>HwéuLa(Wg)uvam(W#)
+ Lf“HPHLT(W};)HUS - UHC(Q)Hw(SHia(Wé)HUJHLoo(WI})
+eprlpllz,avpllw’ = wll,wlw’ +wll g, w10 | oy
+ eprllpllz.avp ol gy 107 = vl
and
(VP f'(u*)w’ V"), — (Vp, f'(w)wVz), |
<V = p). [(@)wVz") o [+ (Vp, (f (1) = f'(u)w' V), |
F[(Tp P )@ = w) V), |+ [ (Vp, £ u)wV (= - 2)), |
<e (epllp’ = .o e Lol .oy
+ Lf’||PHLT(W;)||U§ - UHC(Q)Hw6||La(Wg)||Z5||La(W51)
+ Cf’||10||Lr(W1;)||w(S - wHLa(Wé)Hz&”La(Wé)
+ eplpleamplolz.ony 12 = 2lz.om )
Obviously we have
1wy + Pl 2owgy <M,
e = ullogy + 10° = vllz.ovp + 19° = ol <clly’ = ylv.,,.
and once again, Lemma 4.6 and Lemma 4.7 give
[wliw, s + 10 w5 + 12 aowyy <cllPllza
lw’ = wllw, , +112° = 2l L.y <ellg” = gllo.@,on bl
<clly’ = ylly,, 12l o)

Hence, every summand is bounded by L(M)y° — ylly,  |IAl7, (s so that the

assertion follows. O
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Before we formulate sufficient optimality conditions, let us start with what

is necessary for a control to be optimal. To that end, define the active set via
Ao(g) = {(z,t) € X: [Ag(, ) + vq(z, t)| > 0}.

On this set of active control constraints, the control is already fixed by the

projection formula (6.6),

ga(x,t) if Ag(x,t) + vq(x,t) >0
g(x,t) =
go(x,t) if Ag(x,t) +yq(x,t) <O.

Hence, it only makes sense to look at second order conditons for the control

outside these sets: Set

=0 if (x,t) € Ao(g)
h(z,t) 4 >0 if (x,t) ¢ Ao(g) and g(x,t) = go(,t) (7.10)
<0 if (2.1) ¢ Aolg) and g(z, ) = gl 1)

for a.e. (x,t) € ¥ and define a cone of admissible directions via
Co(g) :=={h € L. (L,(T")) : (7.10) holds }.
Lemma 7.3. Let g be an optimal control to (1.1)-(1.3). It holds that
L' (y)(w, z,h)* > 0
for every h € Cy(g) and (w, z) = G'(g)h.

When it comes to sufficient optimality conditions now, it is desirable that
the gap to the necessary conditions is not too big. One way to do that is to

define the strongly active set

Ar(g) = {(z, 1) € B: [Ag(, 1) +vq(, )| > 7},

7 > 0 and a cone C,(g) in the same way as Cy(g). This condition is rather
sharp, however it creates some difficulties when it comes to the convergence
analysis of numerical methods solving the optimal control problem, since these
active sets need not be the same in different points. In order not to let things

get too technical, we are going to work with a stronger condition: We will
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not put any restrictions on the set of admissible directions at all and simply

demand

For p > 2N, r > 2p let y € Y, satisty (FON). \
There is a k > 0 such that
L"(y)(w, z,7)* > &\ h|[72,
for all € L,(L,(T")) and (w, z) = G'(g)h.

0 (55C)

Vs

Theorem 7.4. Assume y € Y., satisfies (SSC). There are constants € > 0,
o > 0 such that for the reduced objective it holds that

JT(9) > T(@) +ollg—alL,x (7.11)

for all g € Gag, |19 — llz.(1,m) <&

Proof. The proof is fairly standard and can for example be found in [59], so
we will just give a sketch here. Let g € G,4. Since J is twice continuously
differentiable, we can write down the Taylor expansion, so for some 6 > 0 we

have
T(9) =T (@) +T"a)(g —9) + %J”(g +0(9—-9))(9—-9)"

For the first order term we have J'(g)(g — g) > 0 due to the necessary opti-

mality condition (FON). For the second order term we have

J"(G+0(g—3)(g—9)°
=7"(@)g—9)°+[T"(G+0(g—9)—T"@g—3)°
>#llg — gll7,m — LOM)lg = gL, ,apllg — 3ll7,m)

with & given in (SSC) and L(M) given in Lemma 7.2. So if ||g—gl|z, () < €
with € so small that L(M)e < %, we have

_ _ _ R _
T"G+0(g—))g—9)7°>=lg—dlli,m
and hence (7.11). O

It is not hard to see that as long as the control constraints are in L. (%)

this holds in an L, neighbourhood as well:
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Corollary 7.5. Assume g,, gy € Loo(X). There are constants ¢ > 0, ¢ > 0
such that

J(9) > T(@9) +ollg — glli,m

for all g € G, ||lg — gHLz(E) <€

Proof. With control constraints in L.,(3) we know that every g € Gyq is in

Lo (2) as well which implies there is a ¢ > 0 depending on g,, g, such that

19 = 9llee) < c(gas gb) for all g € Gua.

In this case, there is another constant ¢ > 0 depending on r = max{r,p}, &
and [|¢||z.. () such that

19— llz. o) < cllg — Gl < dllg = Gllra),

since for ¢ € Lo (2) we have

foll = [1oPlol 2 < | [1o2) | [ 1o
b P P

r

<c| 9l llMT o) [ 22

T _
r—2

7.1 Consequences of the second order condition

When in the next chapter we want to derive convergence results for an SQP
method, we will need the condition (SSC) to hold not only in the optimal
solution 7, but also in the iterates y* (Lemma 8.5). Also, when in Lemma
8.9 we want to show Lipschitz stability of the generalized function, we need
to allow for perturbation terms in the linearized equation. Fortunately, both

assertions follow from (SSC). We start with the perturbation result:

Corollary 7.6. Assume 3 satisfies (SSC). For «, 8 chosen according to (4.10)
let & = (01, 09,03,04) € [Wop X Dogl®. There is a k' > 0 such that

KRl 7, ) < L7(G)(0w, 02, 7)* + 181w, ,xp, 42



65

holds for all h € Ly(¥) and (0w, dz) € Wa 5 x Wo 3N Lo(W) solving

dw, =Adw — V - {f(@)owVo + f(a)Vdz} + 1 in Q x (0,7T),

(7.12)
dw(0) =dy in 2,
0z =Adz — 6z + dw+~y"h+ 9 in Q x (0,7,
t v 3 ( ) (7.13)

Proof. We split up the solution to (7.12)-(7.13) into one part depending on
the direction h and another one depending on the perturbations d, so into

(0w, 6z) = (w, z) + (ws, z5) solving

=Aw -V - {f(@)wVo+ f(@)Vz} inQx(0,7), w(0)=0inQQ,
2 =Az—z+w+7h in Qx(0,7), 2(0)=0in Q,

and
wsy =Aws — V- {f (@)wsVo + f(@)Vzs} + 61 in Q, ws(0)=0dqin Q,
zst =Az5 — 25+ ws + 03 inQ, 2z;(0)=46,in Q.
For the bilinear form £” this means we get

|1£"(5) (0w, 62, h)?|
=|L" () (w. 2, 1)* + 2L"(§)(w, 2, h) (ws, 25,0) + L (§) (ws. 25, 0)?|
Z|‘C”<g)(w7 2 h)2| - 2|[’”(g)(w7 2 h)(w5’ Z65 0)| - |‘C”(g)(w5’ 23 0)2|
The first term is coercive due to (SSC),
E"(gj)(w, 2, h)2 > RHhH%Z(E)
Due to (7.8) and (7.9), for the third term we have
L7(§)(ws, z5,0)* =ou|lws(T)I[7, ) + c2llwsl|L,q)
+(Vp, f"(@)w; Vv + 2f'(u )w5VZ5>Q
<c (HwéHwa,ﬁ + Lf”HﬁHLT(W,})|\?7HLOO(W;)HW6HZLT(W5)
+ Lpllplls. o sl oyl zaory )

§c(§7) H(SH[ZWQB XDa,p]2
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since

1Dl 2wy + 0] 2, om0y <c(9),

||w5||wa7,3 + ||Z<$||La(Wﬁ1) SCHCSH[WQ,,BXDQ,,BP'

Using the same arguments, the second term gives

L"(9)(w, z, h)(ws, zs5,0) =y {w(T), ws(T)) + g (w, ws)
+(Vp, f"(@)wwsVo + f'(a)(wVzs + wsVz))
<ellwli, , + c@)llwsll, ,
+ cLpnlIpllz, vy lwlleaovn lwsll o w10l L v

+cLy|p

Ln(W}) ||@UHLQ(W§) ”%HLQ(W;,)
+ cLp|[pll o, owp llwsl Lo owny 28| vy
<ee(g) (Il , + 1213, vy
+o(e,9) (sl , + 1, o))

<ec(@)|hl|2,c) + (e, D0, ,xp. 2
for some € > 0 due to Young’s inequality (A.3). Alltogether we have
[L"(§) (0w, 02, 1)*| = (r — ec(@)) | hl|7, ) — (e, DO Iw, ,xpa 20
so that for € > 0 small enough the assertion follows. O]

Corollary 7.7. Assume y satisfies (SSC). Let y € Y,, and choose a, 5 ac-
cording to (4.10). There are p > 0, k" > 0 such that

Ll/(Qk)(wa 2 h)Q > K’H”h”%g(E)
holds for all h € Ly(X) and (w, z) € Wa5 X Wy 5 N Lo (W) solving

wy =Aw — V- {f (uF)wVo* + f(u*)Vz} in Q, w(0)=0inQ, (7.14)
2 =Mz —z+w+Yh in@, z(0)=0inQ  (7.15)

whenever ||y* — glly,, < p.

Proof. If we can expand the right hand side to

Ly (u, v, 9)* =L"(F) (v, 9)* + [L"(y") = L") (v, v, 9), (7.16)
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the second term can easily be dealt with by Lemma 7.2 since

L7 (") = L") (w,v, )| <elly® = yllw, 9/l ) < @9y (717)

Dealing with the first term, note that (7.14)-(7.15) is linearized in y* instead of
y so that we cannot apply (SSC) directly. We can however rewrite the system
to meet the conditions of the previous corollary: Set (dw,dz) := (w, z) — (w0, 2),

where (w0, 2) solves the familiar linearized system
wy =Aw — V- {f'())wVo+ f(@w)Vz} in Qx (0,7), @w(0)=0in(,
% =AZ — 2+ 0+ h in Qx(0,7), 2(0)=01in ©,
and (dw, dz) is a solution to

dwy =Adw — V - {f'(0)owVo + f(@)Véz} + in Q, dw(0)=01in Q,
0z =A0z — 0z + dw in @, 02(0)=0in ,

where § := =V -{(f'(u*) — f'(a))wVv* + f'(@)wV (v* —v) + (f (u¥) — f (1)) Vz}.
Let us look at :

1812y < (Lol = ey lleol w0 lrmy
+ el aor I0* = Dl + Lelle® = @llelzlr,my )
<e (Il = alle) + 10 = lleiwy ) (el + 120 zaory) )
<c(p) (ol + 120 zacw)) -

Since u = du + 4, v = dv + v and (u, 0) solves the linearized equation, we can

go on to get

190z, aw5 <) (190w, + 182wty + lilho s + 120wy
<c(p) (19wl + 102l oy ) + ()l agey
So for p > 0 small enough, this yields
[owllw, s + 102]l w2y <c(P)I]lLac)-
Looking at the proof of the previous corollary, this means we have

L"(y)(0w,0z,0)* <c(p, g) |10,
L"()(w, 2, h) (0w, dz,0) <c(p, g)|| 1[I,
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so that altogether, for the second term in (7.16) we get
1L" () (w, 2, h)*| =] L7 (5) (@, 2, h)?|
2L (5, 2, ) (B, 62, 0)| — | £7(7)(6w,52,00°] (7.18)
>ilgllZ, ) — @ PRI, ).

Putting together (7.16), (7.17) and (7.18) now yields

I‘C”(yk)(w7 Z, h)2| 2|£”(gj)(w, Z, h)2| - [‘C”(yk) - 'C/,(g)Kwa 2 h)2|

>(k — C(P))HhH%Q(Z)
>K" |12,

for p > 0 sufficiently small and some " > 0. ]



Chapter 8
Convergence of an SQP method

In this chapter, we are going to turn to the question of how we can find
an optimal solution to (1.1)-(1.3) numerically. Typically, this means we are
trying to find a solution to (FON). The fact that we could identify a second
order sufficient optimality condition allows us, given such a condition holds,
to look at sophisticated and fast converging Newton based methods such as
the Sequential Quadratic Programming algorithm. For this algorithm, we will

solve a sequence of linear quadratic optimal control problems,

u—uk

1
min J'(u®, 0%, ¢") | v — ok | + §C’I(yk)(u —uP v —F g — g")?,
k

g—49g
P
uy =Au — V- { f(uF) (u — u*) Vo + f(u*)Vo} in Q u(0) = up in © (QF)
v =Av—v+u+vyg in @ v(0)=1vyin
9o = 9 = G,

generating a sequence {y*}ren that quadratically converges to an optimal so-
lution of (1.1)-(1.3). The SQP method is a popular and well known technique
for solving nonlinear mathematical programming problems cf. e.g. [3], [22]. It
has been successfully applied to infinite dimensional optimization problems in
general as in 2|, and optimal control problems in particular, cf. e.g. [5], [9],
[57]. The central idea is to apply Newton’s method to the full KKT system

(so including the inequality constraints on the control) of the optimal control

69
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problem (1.1)-(1.3), that is to

up =Au—V - {f(u)Vv} in Qx(0,7) )
u(0) =ug in Q
vy =Av—v+u+7'g in Qx (0,7)
v(0) =wg in Q2
—pr =Ap + f'(W)VoVp + ¢+ as(u —ug) inQx(0,7)
p(T) =a1 (u(T) — uq) in Q (FONp)
—q =Aq —q—V - {f(u)Vp} in % (0,T)
q(T) =0 in 2
Ag+vq — pa + =0 inI"x (0,7)

ﬂa 207 ga _g S Oa MCL(ga _g) = O in F X (07T)
w >0, g—gy <0, u(g—gs)=0 inI" x (0,7).

J

Since the Newton method provides a root of a given term, we need to
rewrite this system in an appropriate way. The fact that we have inequality
constraints makes this a set valued problem, that is we will reformulate the
optimality system in a way that we define a function F' and a set valued term
N, and instead of (FONp) look for a solution y of

0€ F(y) + N(y). (GE)

This poses the question of how to deal with such a set valued equation, in
particular, looking at Newton’s method, how to guarantee that the inverse of
F' is sufficiently well behaved. One way to do that is to prove strong regularity
of the equation, which leads to a generalized implicit function theorem (cf. [15],
[52]), as it is done for example in [28], [27]. Even though we will not need the
notion of strong regularity, we will largely follow the ideas presented in this
work. The main ingredient is to prove Lipschitz stability of the control problem
with respect to perturbations. This property of the problem is interesting in its
own right for understanding the behaviour of problems and has been analyzed
for many problems (cf. e.g. [4], [43], [44], [58]), as well as for example as a
means to perform parametric sensitivity analysis (cf. e.g. [26], [29]).

Let us give a short outline of what is to come in this chapter: In section 8.1,

we are going to introduce the generalized equation setting for the optimality
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system and verify some properties we will need, in particular differentiability of
the generalized equation and Lipschitz continuity of its derivative. This allows
us to linearize (GE) in the optimal solution. In section 8.2, we will show that

the Newton iteration
0€ F(y*)+ F'(y*)(y —y*) + N(y) (GELy)

corresponds to the optimal control problem (QFP;), and that this system is
uniquely solvable as long as y* is close enough to the optimal solution 7. For
this we need to assume that the sufficient optimality condition (SSC) holds.
In section 8.3, we will prove that the generalized equation is Lipschitz stable
with respect to perturbations ¢ in the sense that given perturbations ¢; and

corresponding solutions y; = y(¢;), i = 1,2, of

6 € F(y) + F'(9)(yi — 9) + N (i),

there is a constant L > 0 such that

191 = v2ly,, < Ll|o1 = d2llz,,

for suitable spaces Y, ,, Z,,. The last section is devoted to the proof of conver-
gence for the Newton method. To give an idea of why we need the following
considerations let us give a rough sketch of the line of argumentation: We can

rewrite the Newton iteration (GELy) as
Oks1 EF(5) + F/(@) (™ —5) + N,
Ok =F(G) = F(y*) + F' @) (" =) = F'(y") " =),

Now on the one hand, the Lipschitz stability from section 8.3, which will be

proved in Theorem 8.10, gives

Tl < iz,

|y

and on the other hand, since the first derivative of F' is Lipschitz continuous,

with the help of Corollary 8.4 we will see that

165 2., < clly® = dlly,.,-

Both constants depend on the radius p of the neighbourhood of § in which
the sequence {y*}icn lies. Putting together these two estimates we will obtain
convergence as long as we start closely enough to the actual solution, that is

if the distance [|y® — gy, is sufficiently small.
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8.1 Generalized equation

So let us start by fixing the setting for the generalized equation in which we

will work during this chapter. For
2 N
p> N, r > 2p, -+ =<1 (8.1)

as in (4.3), let us define the spaces

Yop =W,y X W,y N Lo (W) X Ly(Lp(T)) X W2 X Ly (Ly(T))? (8.2)
Zyp = [Le(W; 1) x Dy )" X Lo(Lyp(D)) X [Le(W, 1) % D, )" X Lus(Lyy (T))?
(8.3)

where % + z% =1+ 4 =1 (recall that Y, was already defined in (7.6)), and a

T

function £ :Y,, = Z,, via

<ut7 '>Wp_1,W;, + <VU, v> - <f(u)vvv V)

u(0) — ug
<Ut7 '>W,,_1,W;, + <VU, v> + <U> > - <u7 > + <’7*ga >
v(0) — v

A+ "G — pa + iy
F(y) = | (~p, ->W;1,Wp1, +(Vp, Vo) = (f'(w)VvVp, ) — (g, ") — (aa(u — uq), ")
p(T) — o (u(T) — ug)
(e Dy, VG V) + () = (F(W)Vp, V')
q(T)
9= Ya
9 —49g

for y := (u, v, 9,p, ¢, fta; ) € Yy, a.e. in (0,7). We also define a cone

N(y) = ({0}, {0}, {0}, {0}, {0}, Ni(tta), N1 (pn))"

{he L.(L,(I")) :h(p—v)>0ae inXforallve K}, pekK,
0, pg K,

Ni(p) =

and K = {p € L/(Ly(I)) : p > 0 a.e. in X}. First of all, we note that this
means we can solve (GE) instead of (FONp):
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Lemma 8.1. Assume (8.1) holds and let y € Y, ,. The system (FONp) and

the generalized equation (GE) are equivalent.

Proof. The components one to four and six to nine of the generalized equations
obviously correspond to the variational formulations of the state system and
the adjoint system in (FONp), the fifth component is exactly the gradient
equation. The last two components are equivalent to the complementarity

conditions. For the lower bound this can be seen as follows:

"=": Assume p, € L/(Ly(I')) and p, >0, go — 9 <0, p1a(9a — g) = 0 ace. in
>.. Then obviously u, € K, so

Ni(pa) = {h € L.(Ly(T)) : h(pg —v) > 0 for all v € K}.
Further we know

(9o —g)v <0 ae. inXforallve K
= (ga—9)(V —pa) <O ae. in X foralve K
= (ga— 9)(fta —v) >0 ae. in X foralve K

and 50 g, — g € Ni(ta) or 0 € g — go + Ni(pta)-

"<": Now assume g,—¢g € Ni(,). Then u, € K (since Ni(p,) # ) and hence
(g — 9)(fta —v) > 0 a.e. in X for all v € K. Now wherever p,(x,t) =0,

we have

(9o —g)(—=v) >0 ae. in X for allv >0

= (9o —9) <O and  pe(gs —9g) =0 ae. in X.

If instead p, > 0 then, in order to have (g, — g)(uq —v) > 0 for all v > 0,
we need g, — g = 0 which implies 1,(g, — g) = 0.

For the upper bound this works in the exact same way. O

Since we want to apply Newton’s method, we need to be able to linearize
this generalized equation. To do this, first we need to make sure F' is actually

differentiable:

Lemma 8.2. Assume (8.1) holds. Then F :Y,, — Z,, is differentiable.
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Proof. The only components involving nonlinear terms are the first, the sixth
and the eighth resulting from the variational formulations of the equations
for u, p and ¢. The first one, (f(u)Vv, V-), has been dealt with already in
Theorem 4.5 showing differentiability of the control to state operator. The
argumentation relies on the properties of the Nemytzkii operator f and the
fact that W,, < L. (Q). The second one, (f'(u)VvVp,-), is linear with
respect to v and p, and u enters through the Nemytzkii operator f’; so here

we have
(f'(@)Vovp,-)) (u,v,p) = (f"(@)uVOVp+ f (@) VoV + f(@)ViVp,-)

in L,(W, ). The third nonlinearity, (f(u)Vp, V), has the same structure as
the first so that the whole system is indeed differentiable. O

So what does F’ acually look like? For y = (u,v,9,p, ¢, tha, i) € Yrp,

by

(uy, '>WP_I,W;, + (Vu, V) — (f(w)uVo + f(a)Vv, V)
u(0)
(v, '>W;1,W;, +(Vu, Vo) +(v,-) = (u, ") + {779, )
v(0)
A+ "G — pa +
(=21, + (Vo V) = {f(@)VOVp, ) =g, )

F(g)y =
— (f"(@uNVoVp + f(a)VuVp, ) — (azu, )
p(T) = aru(T)
(=@ Dwytw, + (Ve Vo) + () = (f(@)Vp + f(a)uVp, V)
q(T)
g
-9
a.e. in (0,7).

It is well known from finite dimensional optimization that in order to prove
quadratic convergence of the Newton iteration, the derivative F’ needs to be
Lipschitz continuous. The same is true in the infinite dimensional case. Once

again, being able to obtain this property largely depends on the correct choice
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of the underlying function spaces. Note that in particular, the fact that v is

essentially bounded in time is crucial here.

Lemma 8.3. Assume (8.1) holds. The derivative F' is Lipschitz continuous
in the sense that for every M > 0 and y1,y1, € Yop, |lnillv,, + v2lly,, < M,
there is a constant L(M) such that

I{E (1) = F'(y2)}yllz,,, < LMy, llvn = v2llv..,
for everyy €Y, .

Proof. Since all the linear terms vanish, we just need to look at the three
nonlinear terms from above (for convenience we dropped the minus sign in

front of each of them),

I ={f"(u1)uVvy + f(u1)Vo,V:) — (f'(us)uVuvy + f(uz)Vu, V-)
= ({f"(u1) = f(u2)}uVor + f'(ux)uV(vy — v2) + {f(w1) — f(u2)} Vo, V-)
I =(f'(u1)VorVp + f"(u)uVoi Vpr + f'(u1) VoVpy, -)

— {f'(u2)Vva Vp + f"(ug)uNVvaVps + f'(u2)VoVpy, )
= ({f"(w1) = f'(u2)} Vi Vp + f'(u2)V(v1 — v2)Vp, )
+ ({f"(w1) = f"(u2) }uNVor Vpr + f(ug)uV (v1 — v2)Vpi, )
+ (f"(u2)uVuaV(p1 — p2), )
+ ({f'(w1) = f'(u2) }VoVpr + f(us) VoV (p1 — p2), -)
T = (f'(u)uVps + f(u)Vp,V+) = (f'(u2)uVps + f(u2)Vp, V)
= ({f'(w1) — f'(u2)}uVp1 + f'(u2)uV (p1 — p2) + {f(w1) — f(u2)}Vp, V).

Recall from (2.7) that | (V¢, V:) | < ¢[|[V¢||L, for ¢ € W, and some ¢ > 0. We

can estimate

||1||L,.(w;1) <c (Lf/||u1 - UZHC(Q)HUHC(Q)HUIHLT(W,})
+ epllullo@llen = vallz vy + Lol = wallollellz, ) )

<c(yr) (lullw,, + 1vllw,,) (lur = vallw,, + llor = vallw,,)

<c(yo)llylly.,, 191 = v2lly.,,
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and in the same way

101, iy Se (Lol = usllellonllaory 9]z on
+ cpllor = vall e PNl 22
+ Lyn|lug — U2||C(Q)||U||C(Q)||U1||Loo(wp1)||p1||Lr(W;)
+ cprllulle@llvr — vall Lo vy IP1 1 22
+ cprllulle@llvall Loy llpr — P2l o)
+ Lpr|lur — wallo@y 10l oo vy 1 | 2w
+ cprl[vllLocowy)llp1 —szL,(W;))

<c(yr, y2) lyllv,, llvr = 2llv;., -

The third term is identical to the first if we replace v by p, so we get the same

estimate with respect to y. O

The following corollary is fairly standard. We will mention it anyway since
it will be a crucial argument in the proof of convergence of the Newton iteration

in Theorem &8.11.

Corollary 8.4. Assume (8.1) holds and let M > 0, y,y1,y2 € Y., such that

lyilly,., + llv2lly,, < M as in the previous lemma.

(i) With the constant L(M) from above, we have
L(M
1F(y1) = F(y2) = F'(y2) (1 — 92)ll 2, < %Hyl —1ll¥, -

(ii) There is a constant ¢(M,y) such that

| F(y1) + F'(y1)(y — y1)
—F(y2) = F'(y2)(y — v2)ll 2., < (M, y)llys — 2lly,.,

Proof. (i) Follows as an easy computation from the integral mean value the-

orem using the Lipschitz continuity of the derivative.
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(ii) Relies on the Lipschitz continuity of F” as well and can be seen as follows:

| F(y1) + F'(y1)(y — v1) — Fy2) — F'(y2) (v — v2)ll 2.,
<IEF () = F(y2)llz,., + I(F (1) — F'(y2))y
+ 1(F'(y2) — F'(y1)yill 2., + 1F' (y2) (v2 — v1) | z,.,

<cllyr = wlly,, +cllyr — v2llv., Yy,

ZT,P

+ 2 — nllv, v, + cllve — villv,
<c(y, y)llyr — v2llv,.,-

8.2 The linear-quadratic subproblem

After we have shown that the linearization of (GE) is well defined, let us now
look at the equation we have to solve to compute the Newton iterates. In each

step, the new iterate y**! is defined as the solution of the generalized equation
0€ F(y")+ F(y")y—y") + Ny), (GELy)
where F(y*) + F'(y*)(y — y¥) is given by

(ue, Yy, + (Vu, Vo) — {f'(u*)(u — u*)Vor + f(uF)Vo, V)

(v, ->W;;1,w;, +(Vo, V-
v(0) — vy
A +7"q — pa + o
(=ps, '>Wp*1,wz}, +(Vp,V:) — <f’(uk)Vkap, > —(g,")
— (" (uF)(u = uF)VoEVP* + f(uF)V (0 = vF)VDF, ) = (aa(u — ug), )
p(T) — ar(u(T) — ugq)
(= Ywyr o, + (Ve V) + (a,) = (F@h) Ve + f/(uF) (w = ) V-, V)
q(T)
9= Ya
9 —9g

a.e. in [0, T]. This raises two questions: First of all, does this equation have

a unique solution, at least as long as y* is not too far away from the optimal
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solution 7 And secondly, how can we find this solution, since it is not exactly
obvious how to tackle such a set valued equation? The first question can be
answered positively as long as the condition (SSC) holds and y* is sufficiently
close to g. The second question leads us to the quadratic subproblem (QP;)

mentioned in the introduction,

u— uf
min 70 0% [ o= ot | 4 2L o~ o g - g

9-9g"

wy =Au — V- { f(uF) (u — u*) Vo + f(u*)Vo} in Q u(0) = up in © (@F)

v =Av—v+u+7'g in @ v(0)=vpin Q

9a < 9 = b,
where
u—u¥
J'(uF 0%, g") | v —oF | =aq (WF(T) — ug, u(T) — uk(T)>Q

9-9¢"

+ oy (uF — ug,u — uk>Q +2{d"9—-9",
L") (u—u* v =", g = g")* =en|Ju(T) — u*(T)|1y) + allu — "I, q)

+ Mg =" Lam)

+ <vpk7f//<uk)(u - uk)?v,uk>Q

+ (V" 21 (uF) (u — u*)V (v = 0")),, .
Lemma 8.5. Assume y € Y, satisfies (SSC). There is a p > 0 such that for
all y* € Y, p, V% — 4lly,, < p there is a unique optimal control g € L,(L,(T))
to (QPy) with corresponding state (u,v) € W7 .

Proof. Since the constraints are linear, we only have to check if the problem
is convex and hence weakly lower semicontinuous. In that case, existence and
uniqueness of an optimal solution is a standard result (cf. e.g. [59] Satz 2.14,
[41] T Theorem 1.1). Since the linear parts drop out, the second derivative of

the objective with respect to (u, v, ¢g) in direction (w, z, h) is given by

E//(y"“)(w, Z, h)2 = a1H’LU(T)H%2(Q) + OéQHwH%Q(Q) + )\HhH%Q(Z)
+ (V" " (uF)w*Vor + 2f’(uk)sz>Q :
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where

wy = Aw — V- {f/(uM)wVoF + f(WF)Vz}in Q,  u(0)=0inQ,  (8.4)
2 =0z—z+w+Yh in@, v0)=0in. (8.5)

By Corollary 7.7, (SSC) implies there are p > 0, k” > 0 such that
L") (w, 2,h)? > K'|[h]|7, 5

for all h € L,(L,(T)) whenever |ly* —ylly,, < p, which implies convexity of
the problem. O

Lemma 8.6. Assume j € Y;, satisfies (SSC), y* € Y, V" —3lly,, < p in ac-
cordance with the previous Lemma and let y* = (u*,v*, ", p*, ¢*, pi, i) € Y,
solve (GELy). Then (u*,v*, g*) solves (QFPy) with adjoint states and multipli-
ers (p*, q*, iy, pig) . If conversely (u*,v*, g*) € W7 x L.(L,y(T)) is a solution
of (QPy) with corresponding adjoint states and multipliers (p*, ¢*, u’, u;;), then
y* = (u*,v%, g% p*, qF, i, 1) solves (GELy).

Proof. The first four components of (GELy) are exactly the variational for-
mulation of the state system of (QP;). So let us look at the optimality system
of (QP;) and compare it to the other components. The first derivative of the

objective with respect to (u,v, g) in direction (w, 2z, h) is given by

ar (u(T) — ug, w(T))q + a2 (u — ug,w)q + A(g, h)y,
+ (f"(u*)(u — ") VOV + (W) V(v — F)VpF w)
() — )T, VY,

Q

where (w, z) again solves (8.4)-(8.5). If we apply Lemma 6.1 with the adjoint
state from components six to nine of (GFELy), it is not difficult to see that we
end up with (Ag 4+ v*¢, h)y,. Hence, due to Lemma 8.1 the gradient equation
and the complementarity conditions are given by components five, nine and
ten of (GELy). Note that the adjoint equation is well defined as well: Theorem

3.6 requires
m = f"(u")(u — u®)VOrVpF + F () V(v — o) € L, (W, )

which has been shown in the proof of Lemma 8.3. O



80 8. Convergence of an SQP method

8.3 Lipschitz stability

In this section, we want to analyze what we can say about the behaviour of

the solution to the generalized equation if we add a perturbation parameter 9,
6 € F(y) + F' @y —9) +Ny). (GE(9))

First of all, we have to make sure the generalized equation remains uniquely
solvable, that is we will see that for every 0 € Z,, there is a unique solution
y =y(d) € Y, ,. Once we have done that, we want to show that the solution
y = y(9) depends on § in a Lipschitz stable way, that is we want to show
there is an L > 0 such that for d;,0, € Z,, and corresponding solutions

hn = y(51),y2 = y(52) S Yr,p, we have

1 — y2HYr,p < Lf|6; — 52HZr,p-

Since the proof of Lipschitz stability relies on (SSC), at first this can typically
only be shown with respect to the Ly norm of the control. This will be done
in Lemma 8.9. Based on that, we will then be able to exploit the fact that
the projection formula (6.6) provides an improvement in regularity for the
optimal control, which allows us to gradually improve the stability estimate
to stronger spaces. Due to the regularity results from chapter 3, as before we
need «, 5, v, 0 > 2 satisfying the restrictions
2 N

2
—+— <1, —+
a p «

N 2 N-1
=>4
6 v o

(8.6)

known from (3.12) (or (4.10) for v = ¢ = 2). In addition, we need to adjust

the solution spaces for v, p and ¢: For é = é + %, we introduce
Vag :=Waps x W, 50 Lo(W}) x Ly(Le(T)) x W2 5 x L,(L,(I'))*  (8.7)
(note that & > 2 since 2 ++ < i—i—zﬂp < 3). Having established this framework,

we will proceed in the same way as we did in the previous section by defining

a linear quadratic optimal control problem that corresponds to (GE(9)): For
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d = (01, ...,011) € Zo 3 we look at

uU—1Uu
1
min J'(a,,9) | v —v | + 5£"(5)(u— 80— 0,9 g)’
9-3

+ (07, u(T))q + (99, 0(T)) g + (06, u) g + (I8, 0) + (95, 9)x:
w =Au—V -{f(a)(u—a)Vo+ f(a)Vv} + 4 in Q, u(0)=wug+ dy in £,

v =Av—v+u+yg+d; in @, v(0)=1vy+dsin Q,
Ga + 010 < g < gy — 011,
(QP(9))
where once again
U—1Uu
J(u,0,39) | v—2v | =1 (a(T) — ug,u(T) —u(T))q
g—4g

+ oo (U —ug,u—1u)y+A(G,9—9)s,

L' G)(u—u,0—0,9—g)* =ou||u(T) — a(T)||],0 + c2llu — a3,
+ Mg = all7, ) + (VD (@) (u - ﬂ)2V17>Q
+(Vp,2f'(a)(u — @)V (v — 1)),

Lemma 8.7. Assume that y € Y., satisfies (SSC), «, 5,v,0 are chosen ac-
cording to (8.6) and § € Z, 3. There is a unique optimal control g € L,(L,(T"))
to (QP(6)) with corresponding state (u,v) € Wo g x W, 50 La(W3).

Proof. The proof works in the same way as Lemma 8.5 by computing the
second derivative of the problem. Since § only enters linearly, it does not
appear any more in the second derivative, hence we can apply (SSC) directly

to obtain convexity of the problem. m

Lemma 8.8. Assume y € Y, satisfies (SSC)), a, B,v,0 are chosen according
to (8.6) and 6 € Z,p. Assume y* = (u*,v*, g%, p*, ¢, 15, 1;) € Vap solves
(GE(0)). Then (u*,v*,g*) solves (QP(5)) with adjoint states and multipliers
(0%, q*, iy, 1) If conversely (u*,v*, g*) € Wo g X W, 510 Lo (W3) X Ly (Lo (T))
is a solution to (QP(5)) with corresponding adjoint states and multipliers

(0", ¢, 1y, 1), then y* = (u*,v*, g%, p*, q*, i, p1y;) solves (GE(0)).
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Proof. Again, this can be shown in the exact same way as the proof of Lemma
8.6. Here, the first derivative of the objective with respect to (u,v, g) in direc-

tion (w, 2z, h) is given by

a1 (u(T) = ua, w(T))q + s (u —ug,w) +A(g; h)s
+ (f"(@)(u —u)VoVp + f(a)V(v = 0),w)g
+ (f'(@)(u = u)Vp, Vz)q + (05, h)g
+ (06, w) g + (07, w(T))g + (08, 2) g + (00, 2(T))g

where (w, z) solves the linearized equation with homogeneous inital values and

boundary value h. O

Let us now look at the first order optimality system of (QP(d)) given by

w =Au— V- {f(@)u— @)V + f(@Vo} +8  inQ,)

U(O) =ug + 0 in €,
vy =Av—v+u+yg+ 03 in Q,
’U(O) =vy + 54 in Q,

—pr =Ap+ f(W)VoVp +q+ f'(@)(u —a)VoVp in Q,
+ f(@)V (v = 0)Vp + as(u — ug) + d

(F'ONs)
p(T) =ou (u(T) — uq) + 67 in €2,
—q =Aq—q =V -{f(@)(u—a)Vp+ f(@)Vp} +ds inQ,
q(T') =0y in €,
A +9G — fta + 1+ 05 =0 in ¥,

fta 20, ga+610—9 <0, pa(ga+ 10 —9g) =0 in %,

>0, g—go—611 <0, (g —gp—911) =0 inE.)

This is the basis for the following result:

Lemma 8.9. Assume y € Y., satisfies (SSC), v =0 =2 and o, B are chosen
according to (8.6). There is an L > 0 such that for every 4,8 € Z, 3, the
respective solutions y°,y° € V.5 of (GE(6)) satisfy

19" = 4|y s < L6 = 6|2, ,.
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0

Proof. For convenience, let us set 6y := y° — y°. dy then solves the state

system

dug =Adu — V - {f()ouVv + f(a)Vov} + 6] — 61 in Q x (0,7),

5u(0) =8, — &, in 0,
dvy =Adv — dv + du + 7 0g + d5 — 03 in Q x (0,7,
du(0) =8y — 44 in €,

adjoint system

—6p; =A6p + f(@)VoVip + 6q + f'(a)VivVp

+ f"(2)ouVoVp + asdu + 05 — dg in Q x (0,7),
op(T) =a16u(T) + 0% — o7 in
=g =Adq — 0q — V - {f(@)Vip+ f'(a)duVp} + 85 —ds in Q2 x (0,T),
8q(T) =by — by in Q

and complementarity system

A0g + T8q — Opig + Oy + 05 — 05 = 0

po 20, pig >0, go+8g—g" <0, gotdip—g <0

py >0, pp >0, ¢ —g =0, <0, ¢ —g,—611 <0

Otta(ga + 010 = 9) + i (910 — 815 — 6g) = 0

Spip(g — g — 1) + 15 (89 — (81 — d11)) = 0
in . The proof will have two main ingredients: In a first step, it is a simple
consequence of Theorem 3.4, Theorem 3.6 and Lemma B.1 that the solutions
to the state system (du,dv), the adjoint system (dp,dq) and the multipliers

(Opta, 0pp) can be bounded by the Ly-norm of g and the perturbations that

occur in these equations,

1691y, 5 < (@16l o) + €ll6” = bl 2o, (8.8)

As a second step, “testing” the state system with the adjoint state and vice

versa allows us to show

L"(§)(0u, 6v,09)* < elldyl3, , +c(e)]d" = dlZ, , (8.9)
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for € > 0. This, together with Corollary 7.6, can then be put together to

10913, < e (NogllEe) + 16" = 312, ) < elloyll3, , + c()10" = o1l ,-

So let us start by showing that (8.8) holds. Since o and  are chosen according
to (8.6), it immediately follows from Theorem 3.4 that

[oullw, ; + 10Vl 5 + 160l w1y <e (10g]lLacs)
+ 1101 = 0ull , wy ) + 1105 = dallp,
110 = 03l + 165 = Gl )
For the adjoint system, we can apply Theorem 3.6 with

& =ay0u(T) + &5 — o7,

€2 =0y — b,

m =f"(@)VéuVp + f"(a)0uVoVp + azdu + dg — de,

ne =— V- {f(2)0ouVp} + g — ds.

&1 and & obviously fit into the setting, and 7; and 7y are sufficiently regular as
well: For p > 1 such that % = é+ %, due to p > 2N the embedding L, — W;l
holds, so that due to é = é + %, the Holder inequality (A.2) gives

Il a1y <c <Cf’||5U||LQ(W§)||15HLT(WI}) + cprlloull L@ 10 e vy 121 2. w7
+ 00l ey + 185 = 8ol )

<c(@) (190l + 1601 oy ) + €lldh = doll )

”772HL@(WB_1) SCHf/(a)(SUV?HLa(LB) + cf|dg — 58HLQ(WB‘1)
Sccf’||5U||La(wg)||15||Lr(W;}) + cllds — 68||La(ng)
§0(§)||5U”Wa,g + cf|dg — 58||La(wgl)-

This implies
18l + 196l <e(@) (0wl + 1000 zoowny ) + (1105 = 6l ow;
118 = bllp s + 108 = dsll sy + 105 = dollm )

so that together with

1014all Loy + 10 Loy < € (H59HL2<2> + 10all L, owyy + 1165 — 55||L2(2>) :
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due to Lemma B.1 we have shown that (8.8) holds. So let us turn to (8.9).
Since du, 0v,0p,0q € Wy 5, we can use (dp, dq) as test functions for (du, dv) and

vice versa, and multiply the gradient equation with dg:

(0ug, Op) -1 g + (Vou, Vip)q dt

Ot~

:/(f( )ouV o + f(a)Vov,Vop), + (6] — d1,0p)q dt,

(6vt,0q) g1 g + (VOv, Véq)g + (dv,dq), dt

Ot —

(0u,0q) o, + (09,70q) + (05 — 03,0q)¢, dt,

O\’ﬂ

- <6pt75u>H—1,H1 + <V5p7 5”)9 dt

Tt — 5

(f'(w)VoVéop + dq + f"(u)ouVuVp + f'(a)VovVp, du),

St~

+ ag (Ou, du) + (0 — 06, Ou) g, dt,

T
[ = G180 s+ (V0,500 + (60, 50)

0
T
:/<f( )6V + F(0)Vop, Vv, + (8 — 8, 00)g dt,
0

Mogll7, ) + (704, 69)s + (—Opta + S + 64 — 05, 09) 5, =

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

We add up equations (8.10) and (8.12) as well as equations (8.11) and (8.13):

T
/(5ut,5pw L +<5pt,5u>W L dt
0

T
/ u)Vov, Vop),, — (f"(@)ouVoVp + f(a)VivVp, du),
0

— (0, 5u)gy — s |8ull3 0y + {8, — 31, 0p)g — (8% — 65, u)g

dt,
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T
/5vt,(5qw L +<5qt,5v>w L dt
0

_ / (8u, 8q)q — (f'(@)SuNVp + [(@)Vip, Vv,

+ (89,70q)p + (65 — 03,0q) ¢, — (0 — ds, 6v) ¢, dt.

Adding these two and subtracting equation (8.14) from above yields

T

/ (duy, 0p) + (0py, 6u) + (0vy, 6q) + (0qe, dv) dt

0
= — (f"(w)ouVoVp + 2f'(u)VévVp, ou)g — a2||5u||%2(Q) — )\||5g||%2(2)
+ (0, — dn, 5P>Q + (05 — d3,0q) — (95 — 05, 59)@ — (6 — J, 6U>Q
— (0§ — 08, 00) 5 — (—Opta + Opip, 69),

We now stop to take a closer look at the left hand side. With the help of the
integration by parts formula, Lemma 2.2, we get

T

/ 5z, 5p) + (Opr, 5u) + (Svr, 8q) + (Squ, S0} dt

0

= (0u(T),0p(T)) g = (6u(0), 3p(0))q + (30(T), 5¢(T')) — (90(0),3¢(0))q
= on||0u(T)|IL, o) + (07 — 07, 0u(T)) — (05 — b2, 3p(0))q
+ (05 — 09, 00(T)) g — (53 — 64,6¢(0))q -

Putting this together and rearranging a bit yields

al||5U<T)||%2(Q)+a2||5u||%2(62) + AH@H%Q(E)
+ (f"(@)ouVoVp + 2f'(a) VévVp, du)
= (01 — 01,0p) + (03 — 02,p(0))q

(05 — d3,0q) o + () — 04,04(0)), (8.15)
— (05 — 05,09)5, — (95 — J6, 0u)
— (07 = 07,0u(T)) — (5 — ds, 0v)

( (T

— (g — 09, 60(T)) g — (—Optq + O, 09)s; -

The left hand side happens to be exactly £”(7)(du, dv, dg)?. On the right hand

side, every term except for the last can be split up with Cauchy’s and Young’s
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inequalities (A.1), (A.3) in the fashion of

(6, V) v | < Ml llv < eIl + el el
for e > 0. For du, dp, g we end up with the W, g-norms like
(06 — 06, 0u) g + (67 — I7,6u(T)) g <c(e)||05 — 56||ia(w5—1) +elloullz, i)
+e(e)]|07 — oIz, + ellou(D)]1Z,

<cl(e) (110 = d6ll2, -1, + 1107 — ol , )

+elldullf, ,.

in the case of Jv we get the same in Wy 3. Due to Lemma B.1, the last term

satisfies

| (=0pta + S, 69) 5 | <c(e) (1010 — 010l 7, () + 1011 — 01117, )
te (||5Ma“%2(2) + H5/vbb||%2(z)) :

Together with the obvious estimate
(05 = 05,09)5, < c(e)||05 — 55”%2(2) + 5||59H%2(2)7

it follows from (8.15) that (8.9) holds. We are almost done now: (8.8) together
with (8.9) yields

(& _
19113, , < clloglli,e) + clld” = dl1%, , <—L"(g)(du, v, 3g)* +cllo" =41l ,
<c(e)oyll3, , + c(e)ld" = dlZ, .
so that for € > 0 sufficiently small the assertion follows. n

This result can now gradually be improved with respect to the order of

integrability to end up in the desired spaces Y, , and Z, ,:

Theorem 8.10. Assume y € Y,, satisfies (SSC). Let §',0 € Z,., and let
y" = y(0"),y’ = y(6) € Y,, be the corresponding solutions to (GE(5)). There
is an L > 0 such that

1y = 9’lIv,,, < el =z, (8.16)
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Proof. Let 0y := y° — y® as in the previous lemma. We need to combine
three arguments to prove this result: Firstly, in the same way as (8.8), from

Theorems 3.4 and 3.6 and Lemma B.1 it follows that
16y l1y. s < €lldgllz, Loy + clld” = bz, , (8.17)
for v,0 > 2 and % + % > 12/ + % Secondly, Lemma 8.9 implies that
169 Loy < cll6” = 0l z, (8.18)

for 2 + % > (N + 1). Thirdly, we have

1991 sy < €ll0g]| o) + €lld5 = 05| Loz, ) (8.19)

for a, 5 > 2. The third estimate comes as a simple observation from the
projection formula for the optimal control: the optimal solution ¢° to (QP(J))

satisfies
s I
9°(z,t) = Py, gl <—X7q + (55) (x,t) faa (z,t)€eX.

The projection operator P is Lipschitz continuous with Lipschitz constant 1,

so that for almost every (z,t) € ¥ we have
1 :
[69(z, )] < [(70q + 05 — b5)(x, 1)
and hence

1
169l Lo (s () Sx||759||LQ(LB(F)) + 1105 — 05| Lo (Ls(r))

<clldallzuyy + 185 = Ssllza(niy:

Now we can turn to proving the actual result: From (8.17) and (8.18), it follows

that

16y lly...s <clldgllioe) + cll6” =0l z,
<cl|6" = bl z, 5 +cll0" = dllz, 5 < |0 =0

Z(x,,@

for a, § > 2 such that % + % > % This can be considered as something

like an induction basis for the following proof, that is to say that based on
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this, together with (8.17) and (8.19) we can gradually increase the integration
indices «, # in the “induction step”: For o/ > « and ' > 3 such that

2+N>2+N—1 d 1 1+1
—+=>—-—4+— an —=—+ -
o B« 6] a o r

(due to the non-symmetric definition of Y, 3) we have
(0w, 6v,p, 8q) ||y, . <CllOgl| oLy +clld” —6llz,,
SCH(SQHLQ(WA) + CH(% - 55HLa(L3(F)) + CH(SI - 5“Za/,ﬂ/
<clloylly, » + cllds = 05l Lacrsry) +clld” = 0llz,
<c[|§" = 6|z, 5 + clld" = bl z, .
<cl||§" — 01|z, 4
We can iterate this argument until o = r, 5’ = p, so in particular we have

H(SqHWr,p S C”él - 5||Zr,p' (820>

At this stage, we can improve the estimate and show that it actually holds for

Y, , instead of YV, ,. Lemma 3.4, Lemma 3.6 and Lemma B.1 give

and putting together (8.19) and (8.20),
1691lz, 2,y <clldallz, oy + 105 = 5|z, (L, (8.22)
SCHé/ - 5HZr,p'

Now (8.16) immediately follows from (8.21) and (8.22). O

8.4 Convergence result

Finally, we can put together the considerations of the previous sections to

prove the central result of this chapter:

Theorem 8.11. Assume y € Y,, satisfies (SSC) (so in particular it is a
solution to (FON)). There are a radius p > 0 and a constant csgp > 0 such
that for every y° € Y,,, [v° — 4llv,, < p. the sequence {y*}ren defined by
(GELy) is well defined in Y, and that ||y* — glly,, < p for every k € N. It
satisfies y* — y, k — oo and

ly*** = lly.., < Csrlly* =73, (8.23)
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Proof. Choose p > 0 sufficiently small (we will fix during the proof what that
means) and assume that y* € Y,, and ||y* — y|ly,, < p for some k € N.
Assuming that p is chosen according to Lemma 8.5, this Lemma guarantees

the new iterate y*1 € Y, is well defined and given as the solution of
0€ F(y") + F'(y") " — ") + N, (8.24)
First, we will show that

1y = 3lly,., < p. (8.25)

To do this, note that (8.24) can be rewritten as

k1 €F () + F' () (" — 9) + Ny,
e :=F () — F*) + F'() (/" —9) — F'(") " = "),

The idea of this proof is the following: The results from section 8.1 give us
upper bounds for [6*™|z, , Theorem 8.10 delivers a lower bound. Since y**+!
only depends on the initial data and 3* and hence on p, from Corollary 8.4 we

get

16611112, =IIF(@) = F(4*) + F'@) " = g) = F' )G ="z,
<clly® = illy,,
<cp,
(8.26)

and

10541l 2., =IF @) = F(*) + F'(7) " = 9) = F'(y") " =)z,
<||F@) — F*) = F'") G =)z,
+I(F'(7) = ') = D)z,

k+1

<ally* =7l +elly” = vl Iy = 3l

(8.27)

The lower bound from Theorem 8.10 reads

1" = Gy, < Lokt z..,- (8.28)
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This can be put together to

k+1

Iy = 9lly,, <L||dks1lz.,

Iy = 7lv,.,)

<L(cilly* = gll5,,, + cally* = gllv.,,
<L(cip + eally*™ = 3llv,,)p
<L(c1p+ c2L||041 ||Z1",p)p

<L(
<L(c, + cyLe)p?,
so that if p is chosen such that
L(Cl + CQLC),O < 1,

(8.25) is established, and by induction we have ||y* — ||y, < p for all k € N.
Now (8.23) is simple: Once again using (8.27) and (8.28) and making sure that
Leop < 1, we have

1y = 7llv., <L(ally® = lI%,, + eally” = gllv,, v = 3llv..,)
<L(ally* =7l + copll™" = 7lly,,)
<csqrlly® —l3,,,
where cgop = 17LLC(‘;2p and hence (8.23). O
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Chapter 9
Numerical example

In the final chapter, we want to illustrate what we derived analytically and
present a numerical example. For convenience, we are going to restrict our-
selves to one dimension in space and modify the state system and the objective
a bit. This does not change the structure of the problem, however it simplifies
finding an analytical solution significantly. We fix the sensitivity function to
f(u) := u(1l — u), that is we include volume filling effects into the model. On
the interval Q := [0, 7] and for T := 1, we fix the following coefficients: We

choose oy = a9 = a3 = a4 = XA = 1 and set

ug(z) =sin’z, vo(z) = sinz,
eu(z,t) =e'(5sin®x — 2) + e* sinx(3 cos® v — 1) + * sin® x(5sin®z — 4),
(1, t) =€’ sinz(3 — sinx),
uq(r) =e(sin®z — cos ), vo(z) = e(sinx — cosx),
ug(w,t) =e'(sin® r + cosr) — e* sinx cos x + 2¢* sin® r cos z,
vo(w,t) =e'(sinz — cosz) + 3e* sin z cos v — 5¢* sin* z cos x
gx(0,t) =0, gs(m,t) = —2¢"

for x € (0,7) and ¢t € [0,1]. Tt is easily checked that again for z € (0,7) and
t€10,1],

g(0,t) = — €', u(z,t) =e'sin’z, p(x,t) =e' cos,

g(m,t)=—¢e', v(z,t) =€’ sin, q(x,t) =e' cosx
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provide the optimal control, state and adjoint state to the problem

1 1 1
min [[a(T) — a0 + 51t = tel0) + 5 1(T) = vallt, @

1 , 1 ,

+ §||U — vl 1. §||9 — 9217,
U =Ugy — (f(W)vy), + e, inQx(0,7), u(0)=upin Q,
Vp =Vpe —V+u+e, +7%g inQx(0,7), v(0) =1 in £,

(9.1)

g€ Gaqg={9€L.(0,T;L,(T")) : 9o < g <gpae inlx(0,71)}.

Assuming that an iterate (u*, v*, g%, p¥, ¢*) has been computed, in each step
of the SQP algorithm we solve the linear-quadratic subproblem (QP;) intro-

duced in the last chapter, in this case
min (u*(T) — uq, w(T) — u"(T)),, + (u* —ug,u — uk>Q

+ (9" — 95,9 — ¢")s

+ % (lu(T) - Uk(T)H%Q(Q) + [lu — Uk||%2(Q) +[lg — 9k||%2(2)) 92
5 (o ) = )P+ 2 ) = ) — o)
up =Au — (f(u")(u — )k + f(uk)v)x +e, in Q, u(0)=ugin Q, 93)
vy =Av—v+u+e,+7%g in @, v(0) =1 in Q,
9a < 9 < 9. (9-4)

The simplest form of the algorithm looks as follows:
Algorithm 9.1 (SQP Algorithm).
(1) Fiz (u®v°, ¢° p°, ¢°), set k = 0;
(2) If (uF 0% gk p*, ¢%) is a KKT point of (9.1): STOP;
(3) Solve (9.2)-(9.4) to obtain (uF+i vF+l ghtl phtl gk+l)
(4) Set k=Fk+1, go to (2).

Note that in general this is a local method, that is we cannot expect global
convergence. There are several ways to globalize the algorithm however, for
example by adding a line search or just by first performing a few steps of the

gradient method in order to get close enough to the solution (cf. e.g. [22]).
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Since this is not necessary for our example, we are not going to go into detail
here.

So we are left with the question of how to solve the linear-quadratic sub-
problem (QP). Here, we have to pay particular attention to two issues: How
do we discretize the problem and how do we treat the inequality constraints?
Let us start with the first: In general, there are two possible strategies which
do not necessarily lead to the same result. Either we first optimize, that is
we write down the first order optimality system for the continuous problem
and then discretize this system, or we discretize first and then look at the
optimality system for the discrete problem. Due to the fact that the adjoint

equation
—pt =paa + [ (W )05pe + g+ u—ug
+ (W) (u = uF )iy in Q, p(T) =u(T) —uq in Q,
+ (") (0, — vp)pl (9.5)
—t =Qoa — ¢ — (f(W")p2),
— (f'(uP)(u—u")ph), + v =g

has to be solved backwards in time, in particular the time discretization needs

in @, qT)=v(T)—vqinQ

to be chosen with care. A good strategy can be found in [8]: For both the
state equation and the adjoint equation, the Crank-Nicolson method is applied,
however, the state is evaluated at the end points of each time interval whereas
the adjoint state and the control are evaluated in the center of each interval.
To stay consistent, in the objective the integrals only involving the state are
discretized with the help of the trapezoidal rule, for the integrals involving the
control and the adjoint state the midpoint rule is chosen. In space, a second
order finite difference scheme is applied.

This brings us to the next question, what do we do with the control con-

straints, written with the help of the projection formula,

9= —Pl.g) (Vg —95). (9.6)

Here, the primal dual active set strategy (PDAS) has proven to be a very
efficient strategy (cf. e.g. [12], [38], [59]). The general idea is the following: In
every step of the iteration, a set of active constraints is determined, i.e. a set

of points where the constraint is assumed to hold with equality. Hence, the
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control is fixed in these points and the system is solved only on the remaining
inactive set. After that, the active set is modified in a suitable way. It should
be noted that during the iteration, the method produces solutions which are

not feasible. The first feasible one is in fact the solution. We proceed as follows:
Algorithm 9.2 (Primal Dual Active Set Algorithm).

(1) Fiz (u®,0°, ¢° 1% ¢°), 1° := — (¢ — g2 + 57¢°) and set j = 1;

(2) Determine active and inactive sets

AL =L(2,t) €T x (0,T) : ¢/ (x,t) + 1 (z,t) < ga(z,1)},
AZ+1 ={(2,t) €T x (0,T) : ¢ (x,t) + p’(z,t) > gp(, 1)},
T+l ::E\ (_Aj—i—l N A{;“) :

(3) If j > 1 and At = Al, AT = Al: STOP;

(4) Solve the system (9.3), (9.5), (9.6), where the projection formula is replaced
by

ga(z,1) on AJT1
g([L‘,t) = gz(l’,t) - P}/Q(l’at) on Ij+17 (97)
gp(z, 1) on A{;H,

to obtain (u/T! vt gIth pitt qj+1);
(5) Set Iuj+1 = — (gj-i-l — gy + ’yqj-i-l); 1=7+ 17 go to (2)

In practice, we can use the indicator functions of the active and inactive

sets to compute (9.7) and solve

1
9" + xzr (X”yq’“ - 92) = XAt9a + XAt (9.8)

instead.
Finally, let us look at the numerical results: For a mesh with N, = 200
points in space and N; = 400 points in time we observed the following be-

haviour:
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k[ le* = Plluon [ = l,on [ 104 =1 [ = °) | gl
1 2.06e+0 4.31e+0 4.53e+0 | 4.53e+0 0

2 3.68e-1 1.60e+0 4.69e-1 1.72e+0 1.86e-2

3 2.94e-2 1.63e-1 2.65e-2 1.82e-1 3.16e-2

4 2.36e-3 1.33e-3 2.71e-3 2.47e-3 1.51e-2

5 1.27e-5 7.12e-6 1.44e-5 1.20e-5 1.34e-1

In the last step of the iteration, the convergence rate slows down since the
level of the discretization error was reached already. In the last two components
of the table, y includes the adjoint states p and ¢, both, like u and v, evaluated
in the LT(WI})—norm (r =3, p=17). On the next page, the plots of the 5th
iteration can be found (plotted with N, = 30, N; = 50).
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= ‘0\ 2
=330
a < 5
R SR
et SRR
=5

(c) State u (d) State v

(e) Adjoint state p (f) Adjoint state ¢



Appendix A

Calculus facts

Here we will collect some well known inequalities that are used frequently

during this work. These can be found for example in [18] and [60].
Cauchy’s inequality
For u,v € R it holds that
u? 0P
< =4+ —. Al
w < 5 + 5 (A.1)

(Generalized) Holder inequality

Let 1 < p,q < oo and r > 1 such that ]—17+% =1 Let u € Ly(Q), v € Ly(Q).
Then uv € L,.(€2) and

lu-vllz.@) < llullz,@llvlL,@- (A2)
Young’s inequality
Let u,v € R, 1 < p,q < oo such that %+$:1and5>0. Then

uv < euf + c(e)vf, (A.3)

where c(e) = —.
(pe)Pq
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Young’s inequality for convolutions

Let 1 < p,q < oo and r > 1 such that 1+ 2 = %+%. Let f € L,(R), g € L,(R)
and let

(Fe9)) = [ Fote—s)ds. ek

be the convolution of f and g. Then f x g € L.(R) and

1f*glle, < Iz, lgllz,- (A.4)

Gronwall’s inequality

Assume ¢ € C1([0,T]), 1 € Loo(0,T) are nonnegative. If

¢ <1-¢onl0,T] and $(0) =0, then ¢ =0 on [0,T]. (A.5)



Appendix B

Auxiliary results

In chapter 8, we will need some technical estimates for the complementarity
system of the perturbed optimal control problem. In order not to break the

train of thought there, we postponed this to the appendix:

Lemma B.1. Let r,p > 2. Let go, gp € L.(Ly(T)), ga(z,t) < go(,t) for a.e.
(z,t) € ¥ and 85, 0%, 610, 849, 011,051 € Lo(Ly(D)). Let g°,g° € L.(L,(T)) and
= Lr(Wpl), o ud ud e € Lo(Ly(T)) such that the following comple-

mentarity systems and gradient equations are satisfied:

1 20 ga+010—9g <O pd(ga + 610 — g°) =0
Mg >0 ¢° — gy — 011 <0 Ng(96 — gy — 611) =0
MG’ + G + 05 — pd + ph =0
P20 go+ 00 —g" <0 4 (g + 01— g") =
w20 g% =gy =61, <0y (6" — g —61,) =

A" ¢ + 85—l 4+ =0,

)

a’

Then for §g := g° — ¢°, Optq := pd — S, Sy := pf — i and every e > 0 there

is a constant c(€) > 0 such that

[ (O1ta, 09)s | <elldptallLycx) + (1010 — dr0llLycx)-
[ (0, 09) 5 | <ellopsll, () + ()10 — onll, ),

101
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and

o) € (l (o)) + 10l .

+ 1165 — 55HLT(Lp<r>>) :

)+ 162

||(5,ua

Proof. We will just show the computation for the lower bound g,, the result

for the upper bound follows in the same way. We have
(Otta, 095, = (1l — pig” — ")
= <Hg, - Ng> (96, ~ ga — 019) + (019 — d10) + (ga + d10 — 95)>
= (186" = gu = 0l0) = (1l 6" = gu = 0o
+ <Ma 15, 01 510>
+ <u§’, Ga + 010 — 9‘5> — (12, go + 010 — ¢°)
< (Opta; 039 — 010) ,

since the first and last term are zero by definition, and the second and fourth

are nonpositive. Hence, Cauchy’s and Young’s inequality give
| (Ottas 69)s | <[10tall L) 1010 — 10| o)
<ell0ptallZ, () + c(e)l10 = d10llZ,s)
and in the same way
| (O, 09) s | <ellopw|lL, sy + ey — OullL, )
Now, from the gradient equation and the sign condition for u, ug, T ,u,f/ we
know (writing 2™ = (2 + |z]), 27 = (2| — 2))
=(A\g’ +74" +0)t, up =\’ +4" +5),
=(Ag" +9¢" + 05", =(N\g" +q" + )7
SO
Spta =(Ag" + 74" + 8)" — (Ag +7¢" + 85)" < (Mg +7dq + (85 — 65))",
Sy <(Adg + 6q + (5 — 05)) ",
and hence
10sallz. 2,y <c (H59HLT<LP<F>> + 110l vy + 1105 — 55HLT<LP<F>)) :
(

10|y )y < (10902, Lyry) + 104l L, owyy + 1165 — 55||LT<LP(F))) :
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