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Abstract

We provide an algebraic model of the idempotent complete rigid tensor subcategory
DMEM(k,Q)E of Voevodsky’s triangulated category of geometric motives DMgm(k,Q),
defined over a base field k of characteristic zero with rational coefficients, generated by the
motive of a fixed elliptic curve E without complex multiplication. Our construction relies
upon two major ingredients. The first is to study the general properties of commutative
differential graded algebras in the category of representations of a reductive algebraic group
with a non-trivial central cocharacter. This includes a description of the derived category
of differential graded modules over a given algebra and a criterion for the existence of a
t-structure on the derived category. The second ingredient is to use Friedlander-Suslin
complexes to define a cycle complex for E, which is a commutative differential graded
algebra over GL2. With these ingredients in hand, we apply the general theory to our
particular cycle algebra and show the desired equivalence between the full subcategory
of the derived category of differential graded modules over the cycle algebra consisting of
compact objects and DMEM(k,Q)E.

1



2 ABSTRACT

Zusammenfassung
Wir konstruieren ein algebraisches Modell der idempotent-vollständigen starren ⊗-Unter-

kategorie DMEM(k,Q)E von Voevodskys triangulierter Kategorie von geometrischen Motiven

DMgm(k,Q) über einen Körper k der Charakteristik Null mit rationalen Koeffizienten, erzeugt

von dem Motiv einer festen elliptischen Kurve E ohne komplexe Multiplikation. Unsere Konstruk-

tion beruht auf zwei Hauptbestandteilen. Der erste Bestandteil ist die Beschreibung der allge-

meinen Eigenschaften der kommutativen, differentiell-graduierten Algebren in der Kategorie der

Darstellungen einer reduktiven algebraischen Gruppe mit einem nicht-trivialen zentralen Cochar-

acter. Dies schließt eine Beschreibung der abgeleiteten Kategorie der differentiell-graduierten

Moduln über einer gegebenen Algebra und ein Kriterium für die Existenz einer t-Struktur auf der

abgeleiteten Kategorie ein. Der zweite Bestandteil ist die Konstruktion eines Zykluskomplexes

für E mit Hilfe von Fridelander-Suslin Komplexen. Dieser ist eine kommutative differentiell-

graduierte Algebra über GL2. Hiermit können wir die allgemeine Theorie auf unsere Zyklus-

Algebra anwenden und damit die gewünschte Äquivalenz zwischen der vollen Unterkategorie

der kompakten Objekte der abgeleiteten Kategorie der differentiell-graduierten Moduln über der

Zyklus-Algebra und DMEM(k,Q)E zeigen.



Introduction

1. A quick introduction to motives and their history

In the late sixties, Grothendieck proposed a unified point of view on cohomology the-
ories (for example Betti cohomology, étale cohomolgy, de Rham cohomology) for smooth
projective varieties, namely pure motives. The universal property of pure motives makes it
easier to grasp the essence of different cohomology theories. Assuming some very deep con-
jectures, the theory of “pure motives” would produce an elegant proof of Weil conjectures,
different from the known proof given by Deligne. Along with the successful development
of Deligne’s mixed Hodge theory from the late seventies, in [4] Beilinson conjectured the
existence of an abelian category of mixed motives as the counterpart. Compared to pure
motives, the theory of mixed motives reflects the universal properties of cohomology the-
ories for smooth varieties. The existence of such an abelian category of mixed motives
would have important consequences for our understanding of smooth varieties. However
the question of the existence of such a category is open and mysterious. In [15], Voevodsky
gave a reasonable definition of a triangulated category of geometric motives1 DMgm(k,Z)2.
(We will briefly review one of the constructions of DMgm(k,Z) in Section 1 of Chapter 3.)
His construction satisfies most of the properties predicted in [4], although it is unknown if
there is a reasonable abelian subcategory of DMgm(k,Q) that has the desired properties
of being the conjectured abelian category of mixed motives. Rather than attempting to
study the category DMgm(k,Q) all at once, a number of authors have considered certain
subcategories of DMgm(k,Q), for instance, the full rigid tensor triangulated subcategory
generated by a single object M(X)3 of DMgm(k,Q). They investigated their structure
and constructed concrete models for these subcategories, often as derived categories of an
explicit commutative differential graded algebra and in some cases even as the derived
category of an abelian category of comodules over an explicit Hopf algebra. They are
also interested in explicit conditions for the existence of the abelian category of motives
associated to X. The first successful case is the one of mixed Tate motives over number
fields. I will give a brief review in next section, since some crucial ideas behind the case of
mixed Tate motives will provide our main source of inspiration in the case of motives for
an elliptic curve. The aim of this paper is to construct an algebraic model of geometric
motives associated to a fixed elliptic curve without complex multiplication.

1From now on motives are always in the sense of mixed motives .
2The motives are defined over k with coefficients in Z.
3Here M(X) mean the motive of X in DMgm(k,Q) for X a given smooth projective variety over k.
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4 INTRODUCTION

2. Review of the description of mixed Tate motives from the cycle algebra
viewpoint

Let us denote the full triangulated subcategory of DMgm(k,Q) generated by the Tate
objects4 Q(n) for any n ∈ Z by DMT(k,Q). In [23], Levine showed that, if k satisfies
the Beilinson-Soulé vanishing conjectures, there is a t-structure defined on DMT(k,Q),
whose heart was called the abelian category MT(k,Q) of mixed Tate motive. By the
work of Borel [8], we know that, if k is a number field, then it satisfies the B-S vanishing
conjectures.

Bloch and Kriz used the idea of cycle algebras to define an abelian category of mixed
Tate motives in [6] without assuming the B-S vanishing conjectures. More precisely, they
defined the cycle algebra Nk = Q ⊕

⊕
r≥1Nk(r). The r-th component Nk(r) of Nk is a

shifted, alternating version of Bloch’s cycle complex zr(k, 2r − ∗)Alt. For a non-negative
integer p such that p ≤ 2r, we denote the the Q vector space generated by codimesnsion r
cycles on the “cube” (P1−{1})2r−p by zr(k, 2r− p). Then each individual term zr(k, 2r−
p)Alt of the complex zr(k, 2r−∗)Alt consists of the alternating elements of zr(k, 2r−p) with
respect to the action of the symmetric group Σ2r−p on (P1−{1})2r−p. The differentials are
defined in Section 5 of [6]. This additional grading r is called the Adams grading. Then
they used the reduced bar construction5 B(Nk) associated with the cycle algebra Nk to
give an Adams graded Hopf algebra H0(B(Nk)), which corresponds to a pro-group scheme
GBK(k). They defined the category MTBK(k,Q) of Bloch-Kriz mixed Tate motives over
k to be the finite dimensional graded Q-representations over GBK(k). However, they did
not attempt to relate this category or its derived category to DMgm(k,Q).

In [21], Kriz and May introduced the definitions of an Adams graded commutative
differential graded algebra (or cdga for short) A and Adams graded differential graded

(or dg for short) A-modules. They considered the bounded derived category DfA of dg
A-modules, which is equipped with a weight filtration. If the Adams cdga A is cohomo-
logically connected6, there is a t-structure on DfA, whose heart is denoted by Hf

A. Next
they showed that, under the assumption that A is cohomologically connected, there is an
exact functor

ρ : Db(gr − repfQ(GA))→ DfA,
where GA = Spec(H0(B(A))) and Db(gr − repfQ(GA)) is the bounded derived category of
finite graded Q-representations over GA. The interesting part is that they showed that
ρ induces an equivalence between gr − repfQ(GA) and Hf

A. (In general, ρ may not be an
equivalence.)

As an application of Kriz and May’s theory, when we takeA = Nk and assume k satisfies
the B-S vanishing conjectures, which is equivalent to saying that Nk is cohomologically
connected, we can identify the heart Hf

Nk of DfNk with MTBK(k,Q).

4See Example 3.12.
5See Section 8 of Chapter 2.
6The cohomologically connectedness condition means the negative cohomology groups of the complex A
vanish and the 0-th cohomology group of A is isomorphic to Q.
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Later Spitzweck defined an equivalence

θk : DfNk → DMT(k,Q)

for any field k in [32]. If k satisfies the B-S vanishing conjectures, then θk gives an equiva-

lence between Hf
Nk and MT(k,Q). Altogether, if k satisfies the B-S vanishing conjectures,

we may identify all these constructions of the abelian category of mixed Tate motives.
Recently Levine generalized the work of Kriz and May to the setting of relative cdgas

in [22]. Using the relative theory of cdgas (Chapter 2 in [22]), Levine extends Spitzweck’s
equivalence from fields to S ∈ Smk (Theorem 5.3.2 in [22]).

3. The case of an elliptic curve without CM and main results

After handling the case of mixed Tate motives, the next case is to understand the
category of motives of an elliptic curve, since the category of mixed Tate motives can be
considered as the category of motives associated to the projective line7. Then the reader
may ask:

Can the methods for describing the category of mixed Tate motives as a derived category
of Adams graded dg modules can be applied to the “elliptic” case?

Convention 0.1. Throughout this paper, we restrict ourself to the case that E is an
elliptic curve defined over a base field k of characteristic zero without complex multiplica-
tion.

In order to answer the above question, one important hint for us is: conjecturally, the
category of mixed motives (resp. geometric motives) can be understood as an abelian (resp.
triangulated) category graded8 over the category of numerical motives. (The definition
of numerical motives is contained in Chapter 4 of [2].) In our case, we already know
that the rigid tensor subcategory of the category of numerical motives generated by E
is isomorphic to the category of rational representations of GL2. (Further explanation
is included in Example 7.6.4.1 in [2].) Then the conjectured abelian category of mixed
motives generated by E is believed to be graded over the category of representations of
GL2. Therefore we also expect that the pseudo-abelian rigid tensor triangulated subcategory
generated by the motive of E should be considered as a triangulated category graded over
the category of GL2 representations.

The modified approach of studying motives of an elliptic curve without CM from the
cycle algebra viewpoint will be divided into the following steps.

Step 1: Define a reasonable theory replacing Kriz and May’s framework. As explained
above, we need to develop a good theory of dg modules over cdgas over GL2.

Let A be a cdga over GL2, which is a cdga object in the category of GL2 representations
(Definition 2.2). Then we can consider dg A-modules (Definition 2.3) and their derived
category DGL2

A (Definition 2.13). In the category of dg A-modules, there is a special kind of

7See Example 3.12.
8There is a functor from the category of mixed motives to the category of numerical motives. See Section
21.1 in [2].
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dg A-module, namely the cell A-modules. Roughly speaking, a cell A-module is obtained by
iterate extensions of some kinds of “free” dg A-modules. The precise definition is contained
in Definition 2.7. If we denote the homotopy category of cell modules by KCMGL2

A , our
first result says that any dg A-module can be approximated by cell A-modules:

Theorem 0.2. (Theorem 2.21 for G = GL2)
The functor

KCMGL2
A → DGL2

A

is an equivalence of triangulated categories.

Assume in addition that A is cohomologically connected, that is, the negative cohomol-
ogy groups of A vanish and the 0-th cohomology group of A is isomorphic to the trivial
representation (Definition 2.3). Then there exists a t-structure on DGL2,f

A , the subcategory

of DGL2
A consisting of finite objects9. See Theorem 2.60. We denote the heart of DGL2,f

A by

HGL2,f
A . Then we have:

Theorem 0.3. (Theorem 2.89 for G = GL2)
Let A be a cohomologically connected cdga over GL2. Then

• There is a functor: ρ : Db(HGL2,f
A ) −→ DGL2,f

A .
• The functor ρ constructed above is an equivalence of triangulated categories if and

only if A is 1-minimal.

For the delicate definition of 1-minimal, we refer to Definition 2.54.

Remark 0.4. More generally, we prove the above theorems for G any reductive group
over a base field of characteristic zero with a nontrivial central cocharacter.

Step 2: Construct the cycle algebra for E.
This is the technical heart of the paper.

(1) Let F be the fundamental representation of GL2 and det the determinant represen-
tation. Every rational representation over GL2 is a direct summand of a rational
representation of the form F⊗a ⊗ det⊗b for some a ∈ Z≥0 and b ∈ Z. In order to
construct a cdga over GL2, one needs to imagine a reasonable “coefficient” asso-
ciated to the factor F⊗a ⊗ det⊗b. Roughly speaking, our candidate is the cycle
complexes whose cohomology groups are exactly the hom groups between “the
motive corresponding to the representation F⊗a ⊗ det⊗b” and the trivial motive
Q in DMgm(k,Q). These data constitute one piece of the final cycle algebra,
namely E∗a,b10 for a ∈ Z≥0, b ∈ Z (Definition 4.24). Then we show that the direct
sum of the objects in the family {E∗a,b}a∈Z≥0,b∈Z,a≥b will form a bi-graded algebra.
(However this is not the correct one!)

(2) Under the assumption of the elliptic curve E (Convention 0.1), we compute that
E∗2,1 is quasi-isomorphic to the trivial GL2 representation. The multiplicative struc-
ture induces an inclusion η from E∗a,b to E∗a+2,b+1, which is defined in Section 3 of

9Finite objects are “dualizable” in a suitable sense. See Definition 2.37.
10The superscript ∗ denotes its cohomology degree. Sometimes we will omit this index for simplicity.
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Chapter 4. After stabilization with η, we get two versions of the desired cycle
algebra for E — E∗ell and E∗ (Definition 4.24), where E∗ is a sub cdga of E∗ell over
GL2. In Corollary 4.31 we show that E∗ and E∗ell are quasi-isomorphic if and only
if the following properties (Definition 3.21) hold for E:

a) (The 0-th vanishing property for E):

HomDMgm(k,Q)(Sym
2iM1(E),Q(i)[j]) ∼= 0,

for any j ∈ Z≤0 and any i ∈ Z>0.
b) (The r-th vanishing property for E for r any positive integer):

HomDMgm(k,Q)(Sym
2i+rM1(E),Q(i)[j]) ∼= 0,

for any j ∈ Z such that r + j ≤ 0 and any i ∈ Z≥0.
For the meaning of the symbols in the above isomorphisms, see Section 2 of Chap-
ter 3. We also make a conjecture (Conjecture 3.23) asserting that the r-th van-
ishing properties for all r ∈ Z≥0 hold for E.

Remark 0.5. For i a positive integer, the analogue of the 2i-th vanishing properties
in the mixed Tate case is the following:

HomDMgm(k,Q)(Q(i),Q[j]) ∼= 0,

for any j ∈ Z, which trivially holds. Therefore, the r-th vanishing properties are a new
phenomenon in the elliptic case.

Step 3: Combine the previous two steps.
We denote the full pseudo-abelian rigid tensor triangulated subcategory of DMgm(k,Q)

generated by the motive of E by DMEM(k,Q)E. Using some general properties of trian-
gulated categories (Section 4 of Chapter 1) together with the results in the previous two
steps, we obtain the main theorem of this paper.

Theorem 0.6. (Theorem 5.16) There is an exact functor

M : DGL2
Eell → DM(k,Q),

which is a lax tensor functor. Furthermore, the restriction of M to

Mc : (DGL2
Eell )c → DM(k,Q)

defines an equivalence of (DGL2
Eell )c with DMEM(k,Q)E as triangulated tensor categories,

where (DGL2
Eell )c is the subcategory of DGL2

Eell consisting of the compact objects.

Warning: DM(k,Q) is Voevodsky’s big category of motives, which contains the cat-
egory of geometric motives DMgm(k,Q) as a full subcategory. DM(k,Q) is closed under
colimits. However, DMgm(k,Q) isn’t. The detailed construction of DM(k,Q) using mo-
tivic symmetric spectra may be found in [10]; we omit giving details of the construction
here. For a short introduction to DM(k,Q), we refer to Chapter 3 in [22].

We recall that, in the case of mixed Tate motives, the cohomological connectedness
condition of the cycle algebra Nk is equivalent to saying that the base field k satisfies the
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B-S vanishing conjectures. This motivates us to propose the generalized Beillison-Soulé
vanishing conjectures (Conjecture 5.17)11.

Conjecture 0.7. An elliptic curve E over a field k without complex multiplication
satisfies the conditions:

HomDMgm(k,Q)(M1(E)⊗a,Q(a− b)[m]) = 0

in the following two cases:

A. a = 0, b < 0,m ≤ 0;
B. a > 0, a ≥ 2b,m ≤ 0.

In our framework, the cohomological connectedness condition of the cycle algebra Eell
for E is equivalent to saying the generalized Beillison-Soulé vanishing conjectures and the
r-th vanishing properties for r ∈ Z≥0 hold for E.

Then we show that:

Theorem 0.8. (Corollary 5.19) Assume that E is an elliptic curve without complex
multiplication, that satisfies the r-th vanishing properties for r ∈ Z≥0 (Definition 3.21) and
assume the generalized Beillison-Soulé vanishing conjectures holds for E. Then:

1. DMEM(k,Q)E has a t-structure which is induced from

Mf : DGL2,f
E → DMEM(k,Q)E,

where Mf is the restriction of the functor M (Theorem 0.6) to DGL2,f
E . Denote

its heart by MEM(k,Q)E.
2. Mf induces an equivalence of Tannakian categories:

H0(Mf ) : HGL2,f
E →MEM(k,Q)E.

Remark 0.9. Let us give a brief introduction to other related constructions or under-
standing of motives for an elliptic curve.

• In [30], Patashnick constructed a different cycle algebra for an elliptic curve E and
defines one candidate for the abelian category of motives for E. Compared to his
work, the advantage of our construction is its identification with a full subcategory
of DMgm(k,Q). Another difference between Patashnick’s construction and ours
is the use of Friedlander-Suslin complexes in our paper rather than Bloch’s cycle
complexes. This allows a purely functorial construction that should be easy to
extend to families of elliptic curves over a smooth base scheme as Levine did in
the mixed Tate motive case. We may tackle this problem in the future. This
problem is related to a question raised in Section 24.5 of [17].
• We also mention that, besides the approach of cycle algebras along the lines of

work of Bloch, Kriz, May et al., Kimura and Terasoma in [19] developed a the-
ory of relative DGAs and used their theory to define another candidate for an

11In Remark 5.18, we discuss the relation between the the generalized Beillison-Soulé vanishing conjectures
and the classical Beillison-Soulé vanishing conjectures.
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abelian category of mixed elliptic motives. It would be interesting to relate their
construction with ours.

At the very end of the paper, we show how the results in the case of mixed Tate motives
enter into our setting.

4. Outline of the paper

Chapter 1: Preparations.

• Recap of the classical representation theory of the symmetric group and the re-
ductive group GL2 over a base field of characteristic zero;
• Review of some basic properties of triangulated categories.

Chapter 2: DG modules over G.

• Generalization of the theory of Adams graded cdgas and Adams graded dg mod-
ules to the theory of cdga over G, a reductive group defined over a base field of
characteristic zero with a non-trivial central cocharacter;
• Establishment of fundamental properties of the new theory of cdgas over G.

Chapter 3: The category of motives.

• Sketch of the construction of the category of geometric motives DMgm(k,Q);
• Description of motives of an elliptic curve;
• Relation between the r-th vanishing properties and other well-known conjectures

in the theory of motives.

Chapter 4: Cycle algebras.

• Recollection of Susllin-Friedlander complexes and their cubical version;
• Construction of the cycle algebra for an elliptic curve E.
• Computation of cohomology groups of the cycle algebras and hom groups between

cell modules over the cycle algebra.

Chapter 5: Connection with DMgm(k,Q).

• Definition of the “motivic version” of the cycle algebra for E;
• Construction of a functor from the derived category of dg modules over the cycle

algebra to Voevodsky’s big category of motives;
• Relation with mixed Tate motives.
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Notations and Conventions:
Z = the ring of integers.
Z≥0(resp. Z>0) = non-negative (resp. positive) integers.
Let k be a base field.
Let G be a reductive group over a base field of characteristic zero.
RepG: the category of linear G-representations.
D(G): the derived category of RepG.
Schk: the category of separated schemes (of finite type) over k.
Smk: the category of smooth varieties over k.
ShtrNis(k): the category of Nisnevich sheaves with transfers over k.
Ab: the category of Abelian groups.
For any additive category M , we let C(M) denote the category of unbounded chain com-
plexes over M .
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CHAPTER 1

PREPARATIONS

1. Representations of symmetric group Σn

In this section, we recollect some basic facts about the representation of the n-th
symmetric group Σn over a field of characteristic zero. The main reference is [14].

Definition 1.1. Fix a positive integer n. A partition λ = (n1, · · · , nr) of n is a
sequence of numbers such that:

• n1 ≥ n2 ≥ · · · ≥ nr ≥ 1;
•
∑r

i=1 ni = n.

We use |λ| = n to denote that λ is a partition of n. 4

To any partition, one can associate with a diagram of boxes, which is called the as-
sociated Young diagram. For instance, the Young diagram associated to λ = (5, 3, 2, 1)
is:

The transpose (or conjugate) of λ, which is denoted by λt, is defined by interchanging rows
and columns in the Young diagram associated to λ.

Define a tableau on a given Young diagram corresponding to a partition λ to be a
numbering of boxes by the integers 1, · · · , n. For example, the Young tableau of shape
λ = (5, 3, 2, 1) is:

1 2 3 4 5

6 7 8

9 10

11

We consider two subgroups of the symmetric group Σn:

Pλ = {σ ∈ Σn|σ preserves each row},
and

Qλ = {σ ∈ Σn|σ preserves each column}.
1
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Then we define :

aλ =
∑
σ∈Pλ

eσ and bλ =
∑
σ∈Qλ

sgn(σ)eσ

in Z[Σn]. Here eg stands for the base vector of Z[Σn] associated to g ∈ Σn and sgn(σ) is
the sign of the permutation σ. Set:

(1) cλ = aλ · bλ ∈ Z[Σn],

which is called a Young symmetrizer.

Example 1.2. When λ = (n), c(n) =
∑

σ∈Σn
eσ. When λ = (1, · · · , 1), c(1,··· ,1) =∑

σ∈Σn
sgn(σ)eσ. 4

In fact, given a field k of characteristic zero, all irreducible k-representations of the
symmetric group Σn are determined by the Young symmetrizer.

Theorem 1.3. In the group ring Q[Σn], there exists an integer nλ such that c2
λ = nλcλ.

The image Vλ = Q[Σn]cλ of cλ is an irreducible representation of Σn. Every irreducible
representation of Σn can be obtained in this way, i.e., there is a one-to-one correspondence
between partitions of n and irreducible representations of Σn.

Proof. See Theorem 4.3 in [14]. �

Remark 1.4. Given a partition λ of n, one can define an element

(2) eλ =
dimVλ
n!

cλ.

in Q[Σn], which is idempotent by Theorem 1.3.

2. Representations of GL2

In this section, let k be a field of characteristic zero. Consider the linear algebraic group
GL2 defined over k.

Definition 1.5. Let V be a finite dimensional vector space over k. A rational repre-
sentation of GL2 in V is a homomorphism of algebraic groups r : GL2 → GL(V ) defined
over k. 4

Convention 1.6. Denote the morphism of group schemes sending λ to the scalar
matrix λ · Id by w : Gm(k)→ GL2(k).

Definition 1.7. Let V be a rational GL2 representation. For any r ∈ Z, define the
weight r part of V to be a subrepresentation of V :

V 〈r| = {x ∈ V |w(λ) · x = λrx for any λ ∈ Gm(k)}.
A rational GL2 representation V is called pure of weight r if V 〈r| = V . 4

Let F denote the 2-dimensional fundamental rational representation of GL2 over k.
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Remark 1.8. Because GL2 is a split reductive algebraic group over k, the category of
rational representations of GL2 is isomorphic to the category of complex representations
of GL2(C). See [18] chapter 2 in Part II.

A basic fact is that the action of the symmetric group Σn on F⊗n by permuting the
factors commutes with the diagonal action of GL2 on F⊗n .

Denote the image of cλ (see (1)) on F⊗n by SλF:

SλF = Im(cλ|F⊗n).

Theorem 1.9. Let λ be a partition of n and mλ be the dimension of the irreducible
representation Vλ of Σn. Then

F⊗n ∼=
⊕
|λ|=n

SλF
⊕mλ .

Furthermore, assume λ = (λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 1), then if k ≥ 3, SλF is zero. Otherwise,

dimSλF = λ1 − λ2 + 1.

Proof. For the rational representations of GL2(C), we refer to Theorem 6.3 in [14].
Using Remark 1.8, we get the same result for GL2 over any field k. �

Therefore, we can write F⊗n as a representation of Σn ×GL2 as

(3) F⊗n ∼=
⊕
|λ|=n

Vλ ⊗ SλF,

where Vλ is the irreducible representation of Σn described above and the index set is taken
over all the partitions of n with the length small and equal than 2. In addition, SλF is an
irreducible representation of GL2.

Convention 1.10. We let Ca,b be dimV(a+b,b). In the rest of the paper, we use det (or
(·)) to denote the determinant representation of GL2. For a partition (a + b, b), S(a+b,b)F
is the same as the tensor product of the symmetric representation SymaF with the deter-
minant representation det⊗b, i.e., SymaF ⊗ det⊗b, simply as denoted by Syma(b). More
generally, for a ∈ Z≥0 and b ∈ Z, we define Syma(b) to be the tensor product of the
symmetric representation SymaF with the determinant representation1 det⊗b.

We recall that every irreducible rational GL2 representation is of form Syma(b) for
some non-negative integer a and integer b. See Chapter 15.5 in [14].

3. Linear representations of GL2

In this section, we consider some general GL2 representations over a base field k (not
necessarily finite dimensional).

Let V be a vector space over k. We let GLV denote the functor sending a k-algebra R
to Aut(VR), where Aut(VR) is the group of R-linear automorphisms of VR.

1If b is negative, det⊗b is the dual representation of det⊗−b.
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Definition 1.11. A linear representation of GL2 is a homomorphism r : GL2 → GLV
of group valued functors. For the definition of group valued functors and homomorphism
between group valued functors, we refer to Chapter 2 in [18]. We denote the category of
linear representations of GL2 by RepGL2 . 4

Definition 1.12. An algebraic group is linearly reductive if every finite dimensional
representation is semisimple. 4

Remark 1.13. When the characteristic of the base field k is zero, by Remark 1.8, we
know that GL2 is linearly reductive. One important property for a linearly reductive group
G is that every representation of G (not necessarily finite-dimensional) is a direct sum of
simple representations. The proof is contained in Remark 14.49 of [28]. Therefore RepGL2

is a semisimple abelian category.

In the rest of this section, we assume that k has characteristic zero. As a consequence of
the above remark, the simple objects in RepGL2 are just irreducible rational representations
of GL2, i.e., one element of {Syma(b)|a ∈ Z≥0, b ∈ Z}.

Remark 1.14. RepGL2 admits a categorical direct sum.

Convention 1.15. The homomorphism in RepGL2 is simply denoted by HomGL2(·, ·).

Definition 1.16. Given T a linear representation of GL2, we define

V T
a,b = HomGL2(Sym

a(b), T ).

Then we have an isomorphism between linear GL2 representations:

T ∼=
⊕

a∈Z≥0,b∈Z

V T
a,b ⊗ Syma(b).

A linear representation of GL2 is called finite type if the index set in the above decompo-
sition is finite. 4

Remark 1.17. A linear representation T of GL2 is rational if it is finite type and its
multiplicity spaces V T

a,b are all finite dimensional.

Remark 1.18. The tensor structure for rational representations of GL2 will extend to
RepGL2 . Similarly, the definition of the weight can be extended for every linear represen-
tation.

Definition 1.19. Let {Mi}i∈I be a family of linear representations of GL2, where the
index set I can be infinite. We define the product of {Mi}i∈I to be the following linear
representation of GL2: ⊕

a∈Z≥0,b∈Z

(
∏
i∈I

V Mi
a,b )⊗ Syma(b).

4

Lemma 1.20. The product defined above is a categorical product in the category of linear
representations of GL2.
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Proof. The proof is straightforward. �

Definition 1.21. Let M be a linear representation of GL2. We write it as:⊕
a∈Z≥0,b∈Z

V M
a,b ⊗ Syma(b).

Then we define its dual M∨ to be⊕
a∈Z≥0,b∈Z

(V M
a,b )
∨ ⊗ Syma(−a− b).

Here (V M
a,b )
∨ is the dual vector space of V M

a,b . 4
Definition 1.22. Given M,N two linear representations of GL2, we define their in-

ternal hom Hom(M,N) to be:⊕
a,c∈Z≥0,b,d∈Z

Homk(V
M
a,b , V

N
c,d)⊗ (Syma(−a− b)⊗ Symc(d)).

4
Remark 1.23. From Definition 1.22, it’s easy to see that Hom(M,k) ∼= M∨.

It is easy to verify the following two lemmas.

Lemma 1.24. Let {Mi}i∈I be a family of linear representations and N be a linear
representation. Then we have:

Hom(
⊕
i∈I

Mi, N) ∼=
∏
i∈I

Hom(Mi, N).

Lemma 1.25. Given T,M,N three linear representations of GL2, then there is an
isomorphism:

HomGL2(T ⊗M,N) ∼= HomGL2(T,Hom(M,N)).

Remark 1.26. Let G be a reductive group over a field of characteristic zero. If one
replace GL2 by G, all the definitions and statements in Section 2, 3 work. The key point
is any reductive group over a base field of characteristic zero is linearly reductive. See
Theorem 21.138 of [28].

4. Some properties of triangulated categories

In this section, we recall some useful definitions about (tensor) triangulated categories.
For the basic definition of triangulated categories, we refer to Chapter 10 in [35].

Firstly we recall definitions about different kinds of generators of a triangulated cate-
gory. See [7] or [31] for example. Every subcategory U of a triangulated category T we
consider is strict, which means that, each object of T , which is isomorphic to an object of
U , is an object of U .

Definition 1.27. Given S a set of objects in a triangulated category T , then we
denote 〈S〉 to be the smallest strict full subcategory containing S and closed under finite
direct sums, direct summands and shifts. 4
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Definition 1.28. GiveA,B two subcategories of a triangulated category T . We define:

• A ? B is the full subcategory of T consisting of objects X which can be fit into a
triangle

A→ X → B → A[1],

where A ∈ A and B ∈ B.
• A � B = 〈A ? B〉.
• 〈A〉0 = 0 and 〈A〉n = 〈A〉n−1 � 〈A〉 inductively.
• Set 〈A〉∞ =

⋃
n≥0〈A〉n.

4

Definition 1.29. Let S be a set of objects in a triangulated category T . Then

• S classically generates T if the smallest thick (i.e. closed under isomorphisms
and direct summands) subcategory of T containing S is T itself. Equivalently,
T = 〈S〉∞.
• S generates T if, given an object A ∈ T such that

HomT (S,A[n]) = 0

for all S ∈ S and any n ∈ Z, implies that A = 0.

4

Definition 1.30. Let T be a triangulated category admitting arbitrary direct sums.
An object B in T is called compact if Hom(B, ·) commutes with direct sums. Let T c be
the full subcategory of T consisting of compact objects. T is compactly generated if T is
generated by T c. 4

Recall the following result of Ravenel and Neeman in [29]:

Theorem 1.31. Assume that T is compactly generated. Then a set of objects S ⊂ T c
classically generates T c if and only if it generates T .

Now we want to build up a criterion for equivalences between triangulated categories.

Lemma 1.32. Give T1, T2 two triangulated categories and φ : T1 → T2 a triangulated
functor. Let S be a set of objects in T1, which classically generates T1 and is closed under
shifts. Assume:

1. The set of the images of S under φ classically generates T2;
2. φ restricted to S, which is viewed as a full subcategory of T1, is fully faithful.

Then φ induce an equivalence between T1 and T2.

Proof. We denote the image of S by φ(S). It’s enough to show that:
φ induces an equivalence between 〈S〉n and 〈φ(S)〉n for any n ∈ Z≥0.
The case n = 0 is obvious.
Assume n = 1. Every object in 〈φ(S)〉 is finite direct sums, direct summands and

shifts of some objects in φ(S). Since φ is a triangulated functor, it commutes with shifts
and direct sums. Because φ is fully faithful restricting on S, the direct summands of an
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object φ(A) in φ(S) is one-to-one corresponding to the direct summands of A ∈ S. This
implies that:

φ : 〈S〉1 → 〈φ(S)〉1
is essential surjective. Furthermore φ is clearly fully faithful, which implies that φ is an
equivalence.

Assume φ induces an equivalence between 〈S〉n and 〈φ(S)〉n. Let us prove the case
n+ 1.

Take an element Bn+1 in 〈φ(S)〉n ? 〈φ(S)〉1, which implies that there exists a distin-
guished triangle:

Bn → Bn+1 → B1 → Bn[1],

where Bi ∈ 〈φ(S)〉n. By induction, we know that: there exist A1 ∈ 〈S〉1 and An ∈ 〈S〉n
such that: Bn = φ(An), B1 = φ(A1).

Therefore, we have An+1 ∈ 〈S〉n+1, such that:

An → An+1 → A1 → An[1]

is a distinguished triangle in T1. Applying φ to this triangle, we get an isomorphism
φ(An+1) ∼= Bn+1. After a suitable choice of the isomorphism class of An+1, we can find a
preimage of Bn+1.

In other words, we have shown that:

φ : 〈S〉n ? 〈S〉1 → 〈φ(S)〉n ? 〈φ(S)〉1
is essentially surjective.

Next, let us check that the above functor is fully faithful. Given A, Ã ∈ 〈S〉n ? 〈S〉1,
then we can assume that there exist two distinguished triangles:

(4) An → A→ A1 → An[1]

and

(5) Ãn → Ã→ Ã1 → Ãn[1].

Then applying Hom(An, ·) to the triangle (5), we get a long exact sequence:

Hom(An, Ãn)→ Hom(An, Ã)→ Hom(An, Ã1)→ Hom(An, Ãn[1])→ · · ·
After compared to the image of the above long exact sequence under φ, and by induction
on n and the five lemma, we get that:

Hom(An, Ã[∗]) ∼= Hom(φ(An), φ(Ã)[∗]).
Similarly, we have Hom(A1, Ã[∗]) ∼= Hom(φ(A1), φ(Ã)[∗]).

Next applying Hom(·, Ã) to the triangle (5), we get another long exact sequence:

Hom(An[1], Ã)→ Hom(A1, Ã)→ Hom(A, Ã)→ Hom(An, Ã)→ · · · .
Compared to its image under φ and isomorphisms above, we get:

Hom(A, Ã[∗]) ∼= Hom(φ(A), φ(Ã)[∗]).
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Now, we have shown that:

φ : 〈S〉n ? 〈S〉1 → 〈φ(S)〉n ? 〈φ(S)〉1
is an equivalence.

Recall that φ commutes with shifts and finite direct sums, and maps the idempotent
in End(A) to the idempotent in End(φ(A)) for any A ∈ 〈S〉n ? 〈S〉1. This implies that:

φ : 〈S〉n � 〈S〉1 → 〈φ(S)〉n � 〈φ(S)〉1
is an equivalence. �

In order to study motives for an elliptic curve later, let us recall some construction of
Schur functors very briefly. The main references are [11, 26].

The basic ideas are applying the constructions of representations of symmetric groups
Σn into more general context.

Definition 1.33. Let C be a category. C is called symmetric monoidal if there exists
a bifunctor ⊗ : C × C → C (tensor functor) and an identity object which satisfy the
associativity and the commutativity constraints (see [25], p. 161 and p.184). 4

Definition 1.34. A Q-linear symmetric monoidal category C is a category satisfying:

• C is symmetric monoidal;
• C is an additive category, and every hom group is endowed with the structure of

a Q-vector space such that the composition is Q-bilinear;
• the tensor product is Q-bilinear.

4

Definition 1.35. A tensor category is a symmetric monoidal category which is addi-
tive, idempotent complete, and the tensor product is bilinear. A Q-linear tensor category
is a Q-linear symmetric monoidal cateogry which is idempotent complete and where the
tensor product is Q-bilinear. We denote the unit object by Q. 4

Remark 1.36. Let A be a Q-linear tensor category. The symmetric group Σn acts on
X⊗n for X ∈ A. For every partition λ of n, we define

Sλ(X) = Im(eλ|X⊗n),

where eλ is defined in Remark 1.4.

Convention 1.37. SymnX = S(n)(X), Sym0X = Q, ∧nX = S(1,··· ,1)(X).

Remark 1.38. In fact, this assignment makes Sλ into a functor, which is called the
Schur functor of λ. We have the following decomposition as the case of GL2-representations
(Theorem 1.9):

(6) X⊗n ∼=
⊕
λ

Vλ ⊗ Sλ(X).

Here the index set runs through all the partitions of n.
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Remark 1.39. Recall the following fact:
Let X be an object of a Q-linear tensor category, then we have:

(7) Sµ(X)⊗ Sν(X) ∼=
⊕
λ

NµνλSλ(X),

where λ satisfies |λ| = |µ| + |ν|. Here numbers Nµνλ can calculated by the Littlewood-
Richardson rule. See [11, 14, 26].

Convention 1.40. For the later use, we denote the multiplicity of

Syma+b−2i(X)⊗ deti(X)

in Syma(X)⊗ Symb(X) by Di
a,b.





CHAPTER 2

DG MODULES OVER G

Let G be a reductive algebraic group over Q and w : Gm → G is a central cocharacter
– that is, the image of w is contained in the center of G. Furthermore, we assume that w is
nontrivial i.e., injective. Using the map w, we can define the weight of representations of
G as in Definition 1.7. Fix a finite dimensional faithful representation F of G with positive
weights1. In this chapter, we want to generalize the results of [21, 22], replacing graded
Q-vector spaces by the category of linear representations of G over Q. ⊗ means the tensor
product of two G representations if not specified otherwise.

1. Basic definitions

Convention 2.1. The Adams degree for a pure weight r representation W of G over
Q is defined to be −r. Given a complex of G linear representations A∗, the Adams degree
r part of A∗ is denoted by A∗|r〉. We call the category of linear G representations over Q
simply as the category of G representations.

Definition 2.2. A cdga (A∗, d, ·) over G consists of a complex (A∗, d) in the category
of G representations, where d = ⊕ndn : An → An+1 is a homomorphism between G
representations, satisfying:

• there exists a homomorphism of complexes of G representations: · : A∗⊗A∗ → A∗,
which is unital, graded commutative and associative.
• dn+m(a · b) = dna · b+ (−1)na · dmb, where a ∈ An, b ∈ Am.
• the Adams grading gives a decomposition of A∗ into subcomplexes A∗ = ⊕r∈ZA∗|r〉

and Q (the trivial G representation) is a direct summand of A∗|0〉.
A∗ is called Adams connected if the Adams decomposition satisfies A∗ = ⊕r≥0A

∗|r〉 and
A∗|0〉 = Q. Furthermore, A∗ is called connected (resp. cohomologically connected) if
An = 0 for n < 0 and A0 = Q (resp. Hn(A∗) = 0 for n < 0 and H0(A∗) = Q).

For x ∈ An(r), we call n the cohomological degree of x, denoted by n = deg(x), and r
the Adams degree of x, denoted by r = |x|. 4

Definition 2.3. Let A be a cdga over G. A dg A-module (M∗, d) over G consists of a
complex M∗ of G representations with the differential d, together with a map A∗⊗M∗ →
M∗, a⊗m→ a ·m, which makes M∗ into a A∗-module, and satisfies the Leibniz rule

d(a ·m) = da ·m+ (−1)degaa · dm; a ∈ A∗,m ∈M∗.

4
1For the existence of such F, we refer to Corollary 2.5 in [12].

11
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Remark 2.4. By definition, there exists a decomposition of M∗ into subcomplexes
M∗ = ⊕sM∗|s〉 satisfying A∗|r〉 ·M∗|s〉 ⊂M∗|r+ s〉, which is called the Adams decompo-
sition.

Definition 2.5. Let M and N be two dg A modules. A morphism f between M and
N is a morphism between the underlying complexes of G-representations of M and N such
that a · f(m) = f(a ·m) for any a ∈ A and m ∈M . 4

Example 2.6. Let A[n] denote the A∗-module which is Am+n in degree m, with a nat-
ural action of A∗ by multiplication. Given A∗ a cdga over G, we let A〈r〉[n] be A∗-module
which is

⊕
t∈ZA

m+n|t〉⊗F⊗r|s− t〉 in bi-degree (m, s), with the action given by multiplica-
tion. More generally, given any G-representation W , A[n]⊗W , with

⊕
t∈ZA

m+n|t〉⊗W |s−
t〉 in degree (m, s), is also a dg A-module over G. When W is a rational representation of
G, A[n]⊗W is called the generalized sphere A-modules for any n ∈ Z.

Definition 2.7. A dg A-module M is a cell module if

(1) There is an isomorphism of A-modules in the category of G representations:

⊕j∈JA[−nj]⊗ Vj →M,

where all the Vj are rational representations of G and all nj are integers.
(2) There is a filtration on the index set J :

J−1 = ∅ ⊂ J0 ⊂ J1 · · · ⊂ J

such that J =
⋃∞
n=0 Jn and for j ∈ Jn,

dbj =
∑
i∈Jn−1

aijbi,

where bj is in the cohomological degree nj part of the complex HomG(Vj,M) and
aij is in A.

A finite cell module is a cell module with finite index set J . 4

Remark 2.8. Given M a cell module, using the condition 1 and 2, one can construct a
filtration of sub cell modules Mn, where Mn is isomorphic to ⊕j∈JnA[−nj]⊗Vj as complexes
of G representations2. {Mn}n∈Z≥0

is called the sequential filtration of M .

Definition 2.9. Assume that the dimension of the fixed faithful representation F is
n and denote ∧nF by det. A cell module is called Tate-type if all the generalized sphere
modules appearing in the first condition of Definition 2.7 are of the form A[−n] ⊗ det⊗r
for some r, n ∈ Z. 4

Definition 2.10. A rational representation V of G has non-positive Adams degrees if
V |r〉 = 0 for any r > 0. 4

2In other words, a cell A-module M can be considered as the union of an expanding sequence of sub
A-modules Mn such that M0 = 0 and Mn+1 is the cofiber of a map φn : Fn → Mn, where all the Fn are
generalized sphere A-modules.
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Definition 2.11. A cell module is called effective if all the generalized sphere modules
appearing in the definition are of the form A[−n]⊗ Vj with Vj a direct summand of F⊗ij

for some ij ∈ Z≥0 . 4

We denote the category of dg A-modules over G byMG
A, the category of cell A-modules

by CMG
A and the category of finite cell modules by CMG,f

A . Furthermore, we denote the

category of effective cell A-modules by CMG,eff
A and the category of finite effective cell

modules by CMG,eff,f
A . Finally we denote the full subcategory of cell A-modules of Tate-

type by CMGm
A .

2. The derived category of DG modules

Let A be a cdga over G and let M and N be dg A-modules. Let HomA(M,N) be
the dg A-module over G with HomA(M,N)n consisting of linear maps f : M → N with
f(Ma) ⊂ Na+n and with the differential d defined by df(m) = d(f(m))− (−1)nf(dm) for
f ∈ HomA(M,N)n. Let HomA(M,N) be the dg Q-module over G with HomA(M,N)n

consisting of linear maps f : M → N with f(Ma) ⊂ Na+n, f(am) = (−1)npaf(m) for
a ∈ Ap and m ∈Ma, and with the differential d defined by df(m) = d(f(m))−(−1)nf(dm)
for f ∈ HomA(M,N)n.

Definition 2.12. For f : M → N a morphism of dg A-modules, we let Cone(f) be
the dg A-module with:

Cone(f)n(r) = Nn(r)⊕Mn+1(r)

and the differential is given by d(n,m) = (dn+ f(m),−dm). 4

Given M a dg A-module, we let M [1] denote a dg-A module such that M [1]n = Mn+1

with the differential −d, where d is the differential of M . Then we have the following
sequence:

M
f−→ N

i−→ Cone(f)→M [1],

which is called a cone sequence.

Definition 2.13. We let KGA denote the homotopy category of the category of dg
A-modules over G. The objects are the same as MG

A and

HomKGA(M,N) = HomG(Q, H0(HomA(M,N))).

The derived category DGA of dg A-modules over G is the localization of KGA with respect
to quasi-isomorphisms between dg A-modules, which are defined as morphisms M → N
being quasi-isomorphic on the underlying complexes of Q-vector spaces. 4

Given M,N ∈ MG
A (resp. CMG

A), we can define their direct sum to be the direct sum
M ⊕ N of the chain complexes of GL2-representations which is equipped with a natural
A-module structure (resp. cell A-module structure). Furthermore, the infinite direct sum
exists in both MG

A and CMG
A.

Lemma 2.14. The infinite direct sums defined above is the categorical sum in KGA.
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Proof. By definition of the categorical sum, given an index set I and a family of dg
cell A-modules {Mi}i∈I and N , we need to show that:

HomKGA(
⊕
i∈I

Mi, N) ∼=
∏
i∈I

HomKGA(Mi, N).

Notice that there is a natural isomorphism between dg-Q modules HomA(
⊕

i∈IMi, N) and∏
i∈I HomA(Mi, N). This is because that, in each cohomological degree n, there is a natural

isomorphism of G representations between HomA(
⊕

i∈IMi, N)n and
∏

i∈I HomA(Mi, N)n.
Furthermore, the differentials of two dg A-modules are compatible under these isomor-
phisms between each cohomological degree. Then by our definition of hom, we have:

HomKGA(
⊕
i∈I

Mi, N) = HomG(Q,H0(HomA(
⊕
i∈I

Mi, N)))

∼= HomG(Q,H0(
∏
i∈I

HomA(Mi, N)))

∼=HomG(Q,
∏
i∈I

H0(HomA(Mi, N)))

∼=
∏
i∈I

HomG(Q,H0(HomA(Mi, N)) =
∏
i∈I

HomKGA(Mi, N).

Here we use the product is exact in the category of complexes of G representations. �

Convention 2.15. Let I be the complex

Q δ−→ Q⊕Q
with a free Q generator [I] in degree −1, two free Q generators [0], [1] in degree 0 and
δ[I] = [0]− [1]. We have two inclusions i0, i1 : Q→ I sending 1 to [0], [1] respectively.

For M a dg A-module, we let CM = Cone(idM). Notice that the cone CM is the
quotient module M ⊗ (I/Q[1]).

Using the same idea of proof as in [21], we can show the following theorems.

Theorem 2.16. (HELP) Let L be a cell A-submodule of a cell A-module M . Let e :
N → P be a quasi-isomorphism of dg A-modules. Then given maps f : M → P, g : L→ N ,

and h : L⊗ I → P such that f |L = h ◦ i0 and e ◦ g = h ◦ i1, there are maps ĝ, ĥ that make
the following diagram commute.

L L⊗ I L

P N

M M ⊗ I M

i0 // i1oo

�� �� ��

h��
g

��
eoo

f
??

ĥ

__

ĝ

__

i0 // i1oo
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Proof. By induction on the filtration on the index set J and pullback along cells
not in L, we may assume that M ∼= C(A[n] ⊗W ) and L ∼= A[n] ⊗W . Then using the
semi-simplicity of the category of G representations, we can further assume that W is an
irreducible G representation. Let’s denote the generator of W by wn.

Let u = wn⊗ [0] and v = wn⊗ [I] be the generators of C(A[n]⊗W ). By definition, we
have d(v) = (−1)nu. We also have: e ◦ g(wn) = h(wn ⊗ [1]) and f(u) = h(u). Therefore

d(h(wn ⊗ [I])− f(v)) = hd(wn ⊗ [I])− f(dv)

=h(d(wn)⊗ [I] + (−1)nh(wn ⊗ ([0]− [1])))− (−1)nf(u)

=(−1)nh(wn ⊗ [0]) + (−1)n+1h(wn ⊗ [1])− (−1)nf(u)

=(−1)n+1h(wn ⊗ [1]) = (−1)n+1e ◦ g(wn).

Because e ◦ g(wn) is a coboundary and e induces a quasi-isomorphism, we know that
g(wn) is also a coboundary, i.e., there exist ñ ∈ Nn−1 such that d(ñ) = g(wn). Then
p = e(ñ) + h(wn ⊗ [I]) − f(v) is a cocycle. Then using the quasi-isomorphism at n − 1,
there exist a cocycle n ∈ N and a chain q ∈ P such that d(q) = p− e(n).

We define ĝ(j) = (−1)n(ñ− n) and ĥ(j ⊗ [I]) = q. �

Theorem 2.17. (Whitehead) If M is a cell A-module and e : N → P is a quasi-
isomorphism of A-modules, then

e∗ : HomKGA(M,N)→ HomKGA(M,P )

is an isomorphism. So a quasi-isomorphism between cell A-modules is a homotopy equiv-
alence.

Proof. The surjectivity is coming from Theorem 2.16, when we take L = 0. The
injectivity can be checked when we replace M and L by M⊗QI and M⊗Q(∂I) respectively.
When N,P are both cell A-modules, taking M = P , we get a map f : P → N which
corresponds to idP . From the functoriality, f is the homotopy inverse of e. �

Corollary 2.18. Let M,N be two dg A-modules, and f : M → N be a morphism

between dg A-modules. Let M̂ and N̂ be two cell-A modules such that M̂
rM−→ M and

N̂
rN−→ N are quasi-isomphisms. Then there exists a morphism between cell A-modules

f̂ : M̂ → N̂ lifting f .

Proof. From Theorem 2.17, we know that

rN∗ : HomKGA(M̂, N̂)→ HomKGA(M̂,N)

is an isomorphism. Therefore f ◦ rM ∈ KA(M̂,N) have a preimage, which is just f̂ . �

Remark 2.19. From the above proof, we also know that: Given a cell module M and
an arbitrary dg A-module N , we have:

HomDGA (M,N) ∼= HomKGA(M, N̂) ∼= HomKGA(M,N),

where N̂ is a cell module and N̂ → N is a quasi-isomorphism between dg A-modules.
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Theorem 2.20. (Approximation by cell modules) For any dg A-module M , there is a
cell A-module N and a quasi-isomorphism e : N →M .

Proof. We will construct a sequential filtration Nn and compatible maps en : Nn →M
inductively. More precisely, we need to construct cell modules Nn, whose index set is
denoted by Jn, satisfy the condition 2 in the definition of cell modules. For every pair (q, r),
we decompose Hq(M)|r〉 ∼= ⊕iVi as the direct sum of irreducible G representations Vi with

the Adams degree r. Choosing a splitting of Ker(M q|r〉 d−→ M q+1|r〉) � Hq(M)|r〉, we
think Vi as sub G representations in M q|r〉, because of the semi-simplicity of the category
of G representations. Then we take N1 = ⊕(q,r) ⊕i A[−q] ⊗ Vi with trivial differential.
There is a morphism between dg A-modules: N1 → M , which is epimorphism on the
cohomologies. Inductively, assume that en : Nn → M has been constructed. Consider the
set of the pair of cocycles consisting the pairs of unequal cohomology classes on Nn and
mapping under (en)∗ to the same element of H∗(M). Choose a pair W q

1 |r〉 and W q
2 |r〉 that

live in the bidegree (q, r) satisfies above condition, i.e., we can view W q
1 |r〉 ⊕W

q
2 |r〉 as the

kernel of the morphism en∗ on the cohomology of bidegree (q, r). (Here one need to take a
sign for the second component.) Simply denote W q

1 |r〉⊕W
q
2 |r〉 by W1. There is a morphism

between dg A-modules A[−q] ⊗W1 to Nn extending the map between G representations
W1 → Hq(N)(r). Take Nn+1 to be the pushout of Nn and A[−q]⊗W1⊕A[−q]⊗W1[1] over
A[−q]⊗W1. Then we have 0 → W1 → Hq(Nn)(r) → Hq(Nn+1)(r) → 0. We get Nn+1 by
attaching Nn with a generalized sphere dg A-module A[−q] ⊗W1[1], which implies Nn+1

is a cell A-module. It is easy to see the differentials on Nn+1 satisfy the condition 2 in the
definition of cell modules. Now we have a distinguish triangle of dg A-modules:

A[−q]⊗W1
i−→ Nn → Nn+1 → (A[−q]⊗W1)[1].

Notice that:

HomA(A[−q]⊗W1,M) ∼= HomD(G)(W1,M [q]) ∼= HomG(W1, H
q(M)).

Therefore we have:
HomA(Nn+1,M)→ HomA(Nn,M)

i−→HomA(A[−q]⊗W1,M) ∼= HomG(W1, H
q(M)).

Because W1 as a G representation maps to zero in the cohomology group of Hq(M)|r〉,
which implies i(en) = 0 in HomG(W1, H

q(M)), one may find en+1 ∈ HomA(Nn+1,M),
which extends en.

Let N be the direct limit of the Nn. Then N is a cell module and the morphism N →M
is a quasi-isomorphism by the construction. �

Putting together with all previous results, we get:

Theorem 2.21. Let A be a cdga over G. Then the functor

KCMG
A → DGA

is an equivalence of triangulated categories.
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Definition 2.22. We define DG,fA to be the full subcategory of DGA whose objects are
quasi-isomorphic to some finite cell A-module in DGA . 4

Remark 2.23. From the above proposition, we know that KCMG,f
A → DG,fA is an

equivalence of triangulated categories.

Example 2.24. Let A = Q, then KCMG,f
A is just the bounded derived category of the

category of rational representations of G, denoted by Db(G).

Definition 2.25. The full triangulated subcategory of DGA generated by effective cell

modules is denoted by DG,effA . The full triangulated subcategory of DGA generated by a
family of objects {A〈r〉[n]|r ≥ 0, n ∈ Z} is denoted by T GA . 4

Recall the definition of the idempotent completion of a dg category. Given C a dg
category, then its idempotent completion C\ has the objects (M, p) with p : M → M an
idempotent endomorphism in Z0C and the hom complex given by

HomC\((M, p), (N, q))∗ = p∗q∗HomC(M,N).

Remark 2.26. In [3], Balmer and Schlichting have shown that, for A a triangulated
category, A\ has a canonical structure of a triangulated category which makes the natural
functor A → A\ exact. The same holds for the triangulated tensor categories.

Example 2.27. Let us consider A = Q and G = GL2. Then DGL2,eff,f
A is a subcat-

egory of the bounded derived category of the category of rational representations of GL2

generated by Syma(b) for a, b ∈ Z≥0 and denoted by Deff,b(GL2).

3. The weight filtration for dg modules

In this section, we assume that A is an Adams connected cdga over G. (Definition 2.2.)

Definition 2.28. A dg A-module M is called almost free, if there exists a family of
irreducible G representations {Vj}j∈J and morphisms of dg A-modules φj : A ⊗ Vj → M ,
such that the induced morphism:

⊕j∈JA⊗ Vj
⊕φj−−→M

is an isomorphism of graded A-modules, which means that, forgetting the differentials, this
is an isomorphism between G representations. We call such {Vj, φj}j∈J the generating data
for M3. 4

Example 2.29. All cell A-modules are almost free. Conversely, any cell A-module is
obtained from the generating data together with suitable differentials.

The reason for introducing the notion of almost free is that we can define the weight
filtration on these data. Assume that d(φj(Vj)) ⊂ ⊕i∈Iφi(A ⊗ Vi). Here we restrict φj to
A∗|0〉 ⊗ Vj ∼= Vj. The left hand side has the Adams degree |Vj| and the Adams degree of

3This looks like a “basis” of M .
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right hand side is larger than or equal to |Vi|. So we get |Vi| ≤ |Vj| if dφj 6= 0. Hence we
have the subcomplex

W J
nM = ⊕{j,|Vj |≤n}φj(A⊗ Vj)

of M .

Remark 2.30. The subcomplex of W J
nM is independent of the choice of the family

{φj}j∈J . This is because if we choose another family {φj′}, then the same process as above

shows that φj′ (Vj′ ) ∈ W J
nM and hence W J

′

n M ⊂ W J
nM . By symmetry, we get the result.

So we delete the J in the definition.

This gives us the increasing filtration as a dg A-module

W∗M : · · · ⊂ WnM ⊂ Wn+1M ⊂ · · · ⊂M

with M = ∪nWnM .
In the same way, we can define Wn/n′M as the cokernel of the inclusion Wn′M → WnM

for n ≥ n
′
. Write grWn for Wn/n−1 and W>n for W∞/n.

Wn defines an endofunctor in CMG
A. Furthermore, {Wn}n∈Z form a functorial tower of

endofunctors on KCMG
A:

· · · → Wn → Wn+1 → · · · → id.

Remark 2.31. • The endofunctor Wn is exact for all n.
• For m ≤ n ≤ ∞, the sequence of endofunctors Wm → Wn → Wn/m can extend

to a distinguish triangle of endofunctors, i.e., for any M ∈ KCMG
A, we have a

distinguish triangle WmM → WnM → Wn/mM → in KCMG
A.

Remark 2.32. Using the isomorphism of categories between KCMG
A and DGA , we could

define the tower of exact endofunctors on DGA
· · · → Wn → Wn+1 → · · · → id.

Similarly we define Wn/n′ , gr
W
n and W>n on DGA .

The existence of the weight filtration provides a powerful tool for showing a lot of
properties of dg A-modules.

4. Tensor structure

Recall that the Hom functor HomA(M,N) defines a bi-exact bi-functor:

HomA : (KCMG
A)op ⊗KCMG

A → DGA ,
which gives a well-defined derived functor of HomA between the derived categories of dg
A-modules (also the derived categories of finite cell modules) by Proposition 2.21:

RHomA : (DGA)op ⊗DGA → DGA .
In this section, we use these constructions to define the tensor structure on DGA .
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Firstly, we define a tensor structure on T GA . It is defined on the generator {A〈r〉[n]}
by:

A〈r〉[n]⊗A A〈s〉[m] = A〈r + s〉[m+ n].

Using the approximation theorem, we get a derived tensor product ⊗L on T GA . Then it
will induce a tensor structure on (T GA )\. More precisely, take (M, p), (N, q) ∈ (T GA )\, then

(M, p)⊗L
A (N, q) = (M ⊗L

A N, p⊗ q).
From above construction, we have a functor:

⊗L
A : (T GA )\ ⊗ (T GA )\ → (T GA )\.

Next we want to extend the above tensor structure on (T GA )\ to DGA .
Notice that given a generalized sphere modules A ⊗ W , where W is a rational G

representation, there exists a positive integer n big enough, such that A ⊗ W (n) is in
(T GA )\. Here (1) means the 1 dimensional G - representation ∧nF and n = dim F.

Definition 2.33. Given two generalized sphere modules A⊗Wi, i = 1, 2, and ni ∈ Z≥0,
such that A⊗Wi(ni) is effective, then we define:

(A⊗W1)⊗L
A (A⊗W2) = HomA(A(n1 + n2), (A⊗W1(n1))⊗L

A (A⊗W2(n2))).

By the definition of the internal hom, it’s easy to see that the definition is independent of
the choice of ni. 4

By Theorem 2.20, we get a well-defined derived functor of ⊗A:

⊗L
A : DGA ⊗DGA → DGA .

Remark 2.34. Two formal properties are listed below.

• These bi-functors are adjoint, i.e.,

RHomA(M ⊗L
A N,K) ∼= RHomA(M,RHomA(N,K)).

• The derived tensor product makes DGA into a triangulated tensor category with

unit A and DG,fA are triangulated tensor subcategories.

These properties allow us to apply the category duality theory in [24].

Convention 2.35. Denote M∨ = RHomA(M,A).

Definition 2.36. An object M ∈ DGA is called rigid, if there exists an N ∈ DGA and
morphisms δ : A→M ⊗L

A N and ε : N ⊗L
AM → A such that:

(idM ⊗ ε) ◦ (δ ⊗ idM) = idM

(idN ⊗ δ) ◦ (ε⊗ idN) = idN
4

Definition 2.37. An object M ∈ DGA is finite if there exists a coevaluation map
η̃ : A→M ⊗L M∨ such that the diagram
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A M ⊗L M∨

RHomA(M,M) M∨ ⊗L M

η̃ //

γ

��

η

��
µoo

commutes. Here η and µ are given by the adjunction. γ changes the places of these two
modules. 4

Remark 2.38. By Theorem 1.6 of [24], M is rigid if and only if the function

ε∗ : HomDGA (W,Z ⊗L
A N)→ HomDGA (W ⊗L

AM,Z)

is a bijection for all W and Z, where ε∗(f) is the composite

W ⊗L
AM

f⊗1−−→ Z ⊗L
A N ⊗L

AM
1⊗ε−−→ Z ⊗L

A A
∼= Z.

These conditions are also equivalent to saying that M is finite.

In the following, we will discuss the relations between finite objects in DGA and finite
cell modules.

Definition 2.39. We say that a cell module N is a summand of a cell module M in
DGA if there is a homotopy equivalence of A-modules between M and N ⊕N ′ for some cell
A-module N

′
. 4

Following the same proof as Theorem 5.7 in Part III of [21], we can get:

Lemma 2.40. A cell module M is rigid if and only if it is a summand of a finite cell
module in DGA .

Remark 2.41. Let FCMG
A be the full subcategory of CMG

A whose objects are the
direct summands up to homotopy of finite cell A-modules. Then the homotopy category
KFCMG

A is the idempotent completion of DG,fA . The above lemma implies that KFCMG
A

is the largest rigid tensor subcategory of the derived category DGA . See section 5 in Part

III of [21]. In particular, DG,fA is a rigid tensor subcategory of KFCMG
A.

Theorem 2.42. Let A be an Adams connected cdga over G. Then M ∈ DGA is rigid

if and only if M ∈ DG,fA , which implies that there is an equivalence between DG,fA and
KFCMG

A.

Proof. It depends on the following lemma.

Lemma 2.43. Assume that A is an Adams connected cdga over G. Let M be a finite
A-cell module. Suppose N is a summand of M in DGA . Then there is a finite A-cell module
M
′

with N ∼= M
′

in DGA .

Proof. By Theorem 2.20, we can assume that N is a cell module. By our assumption,
we have M = N⊕N ′ in KCMG

A. Since M is finite, there is a minimal n such that WnM 6= 0.
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Thus Wn−1N is homotopy equivalent to zero. We may assume that Wn−1N = 0 in CMG
A.

Similarly, we may assume that M = Wn+rM and N = Wn+rN in CMG
A for some r ≥ 0.

Then we proceed by induction on r.
Choose generating data {Vj, φj}j∈J for WnM . Let us prove that WnM = A⊗ V for a

finite complex of G representations V . Indeed, by the definition of the weight functor and
Wn−1M = 0, we can get an isomorphism:

WnM = ⊕|Vj |=nφj(A⊗ Vj).
Notice that d(φj(Vj)) ⊂ ⊕iφi(A ⊗ Vi) and all these |Vi|’s have the same value. Using
A∗|0〉 = Q, we get d(φj(Vj)) ⊂ ⊕φi(Vi). Set V = ⊕j∈Jφj(Vj), which is a complex of G
representations. So we have WnM = A⊗ V as dg A-modules. Because the category of G
representations is semisimple, we can assume that all differentials of V are zero.

Let p : M → M be the composition of the projection M → N and the inclusion
N → M . Then we can see Wnp = id⊗ q, where q : V → V is an idempotent of V . V is a
direct sum of G representations with some shifts. Thus WnN ∼= A⊗ im(q). We finish the
case of r = 0.

Using the distinguished triangle

WnN → N → Wn+r/nN → WnN [1],

we can replace N with the shifted cone of the map Wn+r/nN → A ⊗ im(q)[1]. Since
Wn+r/nN is a summand of Wn+r/nM , by induction, we get that Wn+r/n is homotopy
equivalent to a finite cell module. So the cone of Wn+r/nN → A⊗ im(q) is also homotopy
equivalent to a finite cell module. �

Corollary 2.44. Assume A is an Adams connected cdga over G. Then DG,fA is idem-
potent complete.

5. Base change

Lemma 2.45. Let N be a cell module. Then the functor M ⊗A N preserves exact
sequences and quasi-isomorphisms in the variable M .

Proof. Because N is a cell module, N has a sequential filtration {Nn}, and Nn+1 is
given by the extension of Nn by the generalized sphere modules. Notice that Lemma 2.45
is true for generalized sphere modules. By the induction of the filtration and passage to
the colimits, we get the result for the general case. �

If φ : A→ B is a homomorphism of cdgas over G, we have the functor

⊗AB :MG
A →MG

B

which induces a functor on cell modules and the homotopy category

φ∗ : KCMG
A → KCMG

B.

So we have a base change functor on the derived categories level,

φ∗ : DGA → DGB .
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Remark 2.46. The restriction of φ∗ on finite objects gives the functor on the bounded
case.

Proposition 2.47. If φ is a quasi-isomorphism, then φ∗ is an equivalence of tensor
triangulated categories.

Proof. Firstly, there is an isomorphism:

HomMG
B

(B ⊗AM,N) ∼= HomMG
A

(M,φ∗N),

for M ∈MG
A and N ∈MG

B. Here φ∗ is the pullback functor, which means that, for a given
dg B-module, there is a natural dg A-module structure.

Then we have:
HomKGB(B ⊗AM,N) ∼= HomKGA(M,φ∗N).

Using Remark 2.19, we get:

HomDGB (B ⊗AM,N) ∼= HomKGB(B ⊗A M̂,N)

∼=HomKGA(B ⊗A M̂, φ∗N) ∼= HomDGA (B ⊗AM,φ∗N),

where M̂ is a cell A-module quasi-isomorphic to M .
Next, we will check that the unit of the adjunction and the counit are both quasi-

isomorphisms.
For the unit of the adjunction, if M is a cell dg-A module, then

φ⊗ Id : M ∼= A⊗AM → φ∗(B ⊗AM)

is a quasi-isomorphism of A-modules. Firstly, assume that M = B. By assumption, we
know that φ∗B is quasi-isomorphic to A as a dg A-module. Then assume M = A[n]⊗W
for W a G representation. φ∗(B ⊗A A[n]⊗W ) is the same as φ∗(B[n]⊗W ). The latter is
naturally quasi-isomorphic to A[n] ⊗W . If M is cell module, using the induction on the
length of its sequential filtration, we can get the desired quasi-isomorphism.

For the counit part, given N a dg B-module, and choosing a quasi-isomorphim of dg

B-module N̂ → N , where N̂ is cell B-module, then we have:

B ⊗A N̂ → B ⊗B N ∼= N,

which is also a quasi-isomorphism.
�

Corollary 2.48. Assume that A and B are Adams connected cdgas over G. If φ is a
quasi-isomorphism, then

φ∗ : DG,fA → DG,fB

is an equivalence of triangulated tensor categories.

Proof. Notice that an equivalence between tensor triangulated categories induces an
equivalence on the subcategories of rigid objects. By Proposition 2.47, we know that DGA
and DGB are equivalent. Then by Theorem 2.42, we know that φ induces an equivalence

between DG,fA and DG,fB . �
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Remark 2.49. For any cdga A over G, we have a morphism δ : Q → A, which sends
A∗|0〉 to A. Then, for any M ∈MG

Q and N ∈MG
A, we have:

HomDGA (A⊗M,N) ∼= HomDGQ (M, δ∗N).

Here δ∗ is the forgetful functor, which forgets the A-module structure. We will omit δ∗ in
the computation later.

6. Minimal models

In the rest of this chapter, we always assume that the cdgas are Adams connected.

Definition 2.50. A cdga A over G is said to be generalized nilpotent if:

• A is a free commutative graded algebra over G, i.e, A = Sym∗E for some Z>0-
graded G representations E. (Or a complex of G representations concentrated in
position degrees and with zero differentials).
• For n ≥ 0, let A〈n〉 ⊂ A be the subalgebra generated by the elements of degree
≤ n. Set A〈n + 1, 0〉 = A〈n〉 and for q ≥ 0 define A〈n + 1, q + 1〉 inductively as
the subalgebra generated by A〈n〉 and

A〈n+ 1, q + 1〉n+1 = {x ∈ A〈n+ 1〉|dx ∈ A〈n+ 1, q〉}.
Then for all n ≥ 0, A〈n+ 1〉 = ∪q≥0A〈n+ 1, q〉.

A cdga A over G is called nilpotent, if for each n ≥ 1, there is a qn ∈ Z≥0 such that
A〈n〉 = A〈n, qn〉 in the second condition above. 4

Definition 2.51. A connected cdga A over G is minimal if it is a free commutative
graded algebra over G with decomposable differential: d(A) ⊂ (IA)2. IA is the fundamen-
tal ideal, i.e., IA = Ker(A→ Q ∼= A0|0〉). 4

Convention 2.52. For a cdga A over G, we let QA be IA/(IA · IA).

Proposition 2.53. If a connected cdga A over G is generalized nilpotent, then it is
minimal. Conversely, if A is a minimal connected cdga over G and Aq|r〉 = 0 unless
2r ≥ q, then A is generalized nilpotent.

Proof. The proof is the same as Proposition 2.3 in Part of IV of [21]. If A is general-
ized nilpotent, then d(A) ⊂ (IA)2 is the consequence of the double induction on n and q.
Assume A is minimal. Suppose that A is not generalized nilpotent and let n be minimal
such that there is an element a which does not belong to any A〈n, q〉. Assume that a is
also the element which has the minimal Adams degree. Consider any summand bc of the
decomposable element da. One can assume that 0 < deg(b) ≤ deg(c). Then bc ∈ A〈n− 1〉
or deg(b) = 1. Since Aq|r〉 = 0 unless 2r ≥ q, b and c have strictly lower Adams grading
than a. So b, c are in some A〈n, q〉. Therefore da is in some A〈n, q〉, so is a. �
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Definition 2.54. Let A be a cdga over G. Given a positive integer n, an n-minimal
model4 of A over G is a map of cdgas over G:

s : A{n} −→ A,

with A{n} generalized nilpotent and generated as an algebra in degrees ≤ n, such that s
induces an isomorphism on Hm for 1 ≤ m ≤ n and an injection on Hn+1. 4

Proposition 2.55. Let A be a cohomologically connected cdga A over G. Then for
each n = 1, 2, · · · ,∞, there is an n-minimal model A{n} over G: A{n} → A.

Proof. Follow the idea of Proposition 2.4.9 in [22]. Because A is cohomologically
connected, we have a canonical decomposition A = Q ⊕ IA. Let E10(1) ⊂ I1|1〉 be the
G representation H1(I)|1〉, and we need to think it as a sub-module of I1|1〉. We give it
cohomological degree 1 and Adams degree 1. Then we have a natural inclusion E10(1)→ A,
which extends to Sym∗E10(1)→ A using the algebra structure of A. In fact, this is a map
between cdgas over G and induces an isomorphism on H1(−)|1〉.

Then one can adjoint elements in cohomological degree 1 and Adams degree 1 to kill
elements in the kernel of the map on H2(−)|1〉. So we have a Z-graded G representations
E1(1), of Adams degree 1 and cohomological degree 1, a generalized nilpotent cdga A1,1 =
Sym∗E1(1) over G and a map of cdgas over G: A1,1 → A, which induces an isomorphism
on H1(−)|1〉 and an injection on H2(−)|1〉.

We also have a canonical decomposition of A1,1 = Q⊕ I1,1.
Notice that Hp(I1,1|r〉) = 0 for r > 1, p ≤ 1. This is because that the lowest degree

of cohomology of I1,1|r〉 is coming from SymrE1(1) and all the elements of E1(1) have
cohomological degree 1. Iterating this process, one can construct the Adams degree ≤ 1
part of the n-minimal model in case n > 1. This gives us a generalized nilpotent cdga over
G,

A1,n = Sym∗En(1),

with En(1) in Adams degree 1 and cohomological degrees 1, 2, · · · , n together with a map
over G: A1,n → A, which induces an isomorphism on H i(−)|1〉 for 1 ≤ i ≤ n and an
injection for i = n + 1. In addition, letting A1,n = Q ⊕ I1,n, we have Hp(I1,n|r〉) = 0 for
r > 1, p ≤ 1.

Suppose we have constructed Z-graded G representations:

En(1) ⊂ En(2) ⊂ · · · ⊂ En(m)

where En(j) have Adams degrees 1, · · · , j and cohomological degrees 1, · · · , n, a differential
on An,m = Sym∗En(m) making Am,n a generalized nilpotent cdga over G, and a map
Am,n → A of cdgas over G that is an isomorphism on H i(−)|j〉 for 1 ≤ i ≤ n, j ≤ m, and
an injection for i = n+ 1, j ≤ m.

If Am,n = Q ⊕ Im,n, then Hp(Im,n|r〉) = 0 for r > m, p ≤ 1. Extending En(m) to
En(m + 1) by repeating the construction for En(1) above. Then one can check the above
condition sill hold. The induction goes through.

4n is also allowed to be ∞. In this case, we mean that there is a map of cdgas over G: A{∞} s−→ A with
A{∞} generalized nilpotent and s a quasi-isomorphism.
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Taking En = ∪mEn(m), we have a differential on A{n} = Sym∗En making A{n} a
generalized nilpotent cdga over G, and a map A{n} → A of cdgas over G that is an
isomorphism on H i(−) for 1 ≤ i ≤ n and an injection for i = n+ 1. �

Remark 2.56. If f : A→ B is a quasi-isomorphism of cdgas over G, and s : A{n} →
A, t : B{n} → B are n-minimal models, then there is an isomorphism of cdgas over G:
g : A{n} → B{n} such that g ◦ s is homotopic to t ◦ f . The proof is the same as the usual
case in Chapter 4 of [9].

7. The t-structure of DG,fA

The aim of this section is to define a t-structure onDG,fA for A which is a cohomologically
connected cdga over G. We recall the definition of the t-structure.

Definition 2.57. A t-structure on a triangulated category D consists of essentially
full subcategories (D≤0,D≥0) of D such that:

• D≤0[1] ⊂ D≤0,D≥0[−1] ⊂ D≥0;
• HomD(M,N [−1]) = 0 for M ∈ D≤0 and N ∈ D≥0;
• For every M ∈ D, there is a distinguished triangle

M≤0 →M →M>0 →M≤0[1]

with M≤0 ∈ D≤0 and M>0 ∈ D≥0[−1].

Write D≤n for D≤0[−n] and D≥n for D≥0[−n].
A t-structure (D≤0,D≥0) is non-degenerate if

A ∈
⋂
n≤0

D≤n and B ∈
⋂
n≥0

D≥n imply A ∼= B ∼= 0.

4
There is a canonical augmentation ε : A→ Q, given by the projection onto A0|0〉 = Q.

So we have a functor:

q = ε∗ : CMG
A →MG

Q, q(M) = M ⊗A Q
and an exact tensor functor:

q : DGA → DGQ .

Remark 2.58. We recall that DG,fQ is the derived category of finite dimensional G-

representations. There is a canonical t-structure for DG,fQ . We want to use q to get the

induced t-structure for DG,fA when A is a cohomologically connected cdga over G. This is
reasonable because the following general fact:

Let φ : A→ B be a map of cohomologically connected cdgas over G. Then φ∗ : DG,fA →
DG,fB is conservative, i.e., φ∗(M) ∼= 0 implies M ∼= 0.

Proof. Take a non-zero object M ∈ DG,fA . Then we can find a cell module P and a
quasi-isomorphism P → M such that Wn−1P = 0, but WnP is not acyclic. We choose
generating data {Vj, φj}j∈J for P , such that |Vj| ≥ n for j ∈ J . Because n is the minimal
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integer of the possible Adams degree, (like the proof of Lemma 2.43), we can know that
WnP ⊗A Q is not acyclic. Notice that Wn(P ⊗A B) = WnP ⊗A B and WnP ⊗A Q =
(WnP ⊗A B) ⊗B Q. Therefore P ⊗A B is not isomorphic to zero in KCMG

B and φ∗M is

non-zero in DG,fB . �

Remark 2.59. The inclusion Q→ A splits ε. Then the functor q defined above can be
identified with the functor grW∗ =

∏
n∈Z gr

W
n . One can prove it by using the decomposition

of the differential d = d0 + d+, which is described in Lemma 2.61 below and comparing
two functors directly.

Define full subcategories DG,f,≤0
A ,DG,f,≥0

A and HG,f
A of DG,fA .

DG,f,≤0
A = {M ∈ DG,fA |H

n(qM) = 0 for n > 0}
DG,f,≥0
A = {M ∈ DG,fA |H

n(qM) = 0 for n < 0}
HG,f
A = {M ∈ DG,fA |H

n(qM) = 0 for n 6= 0}.
Then we have the following theorem as in [21, 22].

Theorem 2.60. Suppose A is cohomologically connected. Then

(DG,f,≤0
A ,DG,f,≥0

A )

is a non-degenerate t-structure on DG,fA with heart HG,f
A .

Proof. We can assume that A is connected after replacing by its minimal model. The
proof will divide into the following lemmas.

Lemma 2.61. Suppose that A is connected. Let M ∈ DG,f,≤0
A (resp. M ∈ DG,f,≥0

A ).

Then there is an A-cell module P ∈ CMG,f
A with generating data {Vj, φj}j∈J such that

deg(φj) ≤ 0 for all j ∈ J(resp. deg(φj) ≥ 0 for all j ∈ J), and a quasi-isomorphism
P →M .

Proof. We prove the case M ∈ DG,f,≤0
A only.

We choose a quasi-isomorphism Q → M with Q ∈ CMG,f
A . Let {Vj, φj}j∈J be gen-

erating data for Q. We can decompose dQ with two parts d0
Q and d+

Q, where d0
Q maps

φj(Vj) to the submodule whose generating data (φi, Vi) have the Adams degree |Vj| and
d+
Q map to the complement part. After choosing suitable generating data, we may assume

the collection S0 of (Vj, φj) with deg(φj) = 0 and d0
Q(φj(Vj)) = 0 forms a basis of

ker(d0 : ⊕deg(φj)=0φj(Vj)→ ⊕deg(φi)=1φi(Vi)).

Let τ≤0Q be the A sub-module of Q with the generating data of S = {(Vj, φj)|deg(φj) <
0}
⋃
S0.

Claim: τ≤0Q is a subcomplex of Q. Consider

dQ(φα(Vα)) = d0
Q(φα(Vα))⊕ d+

Q(φα(Vα)).

Using the connected condition of A, we can know that:
1. If φβ(Vβ) ⊂ d+

Q(φα(Vα)), then deg(φβ) ≤ deg(φα).
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Or 2. If φβ(Vβ) ⊂ d0
Q(φα(Vα)), then deg(φβ) = deg(φα) + 1.

Consider (Vα, φα) ∈ S with deg(φα) ≤ −1. Because (d0
Q)2 = 0, every summand of

d0
Q(φα(Vα)) lies in S0. We only need to consider elements in S0. Let (Vα, φα) ∈ S0. Then

we have:
dQ(φα(Vα)) ⊂

⊕
deg(φβ)=0

φβ(A⊗ Vβ)⊕
⊕

deg(φγ)≤−1

φγ(A⊗ Vγ).

Using d2
Q(φα(Vα)) = 0, we can know that d0(φβ(Vβ)) = 0 for deg(φβ) = 0. This means that

dQ(φα(Vα)) ⊂ τ≤0Q.
Next we can see that τ≤0Q→ Q is a quasi-isomorphism. Using Remark 2.58 , we need

only to check that qτ≤0Q→ qQ is a quasi-isomorphism. This is clear because of qQ ∼= qM
and M ∈ Df,≤0

A .

For the case M ∈ DG,f,≥0
A , we need to check the proof of Theorem 2.20 carefully, where

we can add the extra conditions on the degrees of the generating datum. See Lemma 1.6.2
in [22]. �

Lemma 2.62. Suppose that A is connected. Then HomDG,fA
(M,N [−1]) = 0 for M ∈

DG,f,≤0
A and N ∈ DG,f,≥0

A .

Proof. By Lemma 2.61, we may assume that M and N [−1] are A-cell modules with
the generating datum {(Vα, φα)}deg(φα)≤0 and {(Vβ, φβ)}deg(fβ)≥1. Recall we have:

HomDG,fA
(M,N [−1]) = HomKCMG,f

A
(M,N [−1]).

If φ : M → N [−1], then deg(φ) = 0, which is impossible when we compute the degrees of
both sides. �

Lemma 2.63. Suppose that A is connected. For M ∈ DG,fA , there is a distinguished
triangle

M≤0 →M →M>0 →M≤0[1]

with M≤0 ∈ DG,f,≤0 and M>0 ∈ DG,f,≥0[−1].

Proof. Following the same proof of Lemma 2.61, we can get a sub A-cell module
τ≤0M of M such that:

• τ≤0M have generating data {(Vα, φα)}deg(φα)≤0.
• The map qτ≤0M → qM gives an isomorphism on Hn for n ≤ 0.

Let M≤0 = τ≤0M and let M>0 be the cone of τ≤0M → M . This gives us the distin-
guished triangle in DGA :

M≤0 →M →M>0 →M≤0[1].

Because M ∈ DG,fA , then grWn M ∈ DG,f
Q for all n and is isomorphic to zero for all but

finitely many n. This means M≤0 and M>0 all satisfy these two conditions by using
the long exact sequence. Recall the distinguished triangle given by the weight filtration
grWn M → M → M>n → grWn M [1]. By induction, we can show that M≤0 and M>0

are all in DG,fA . After applying the functor q, we can know that M≤0 ∈ DG,f,≤0 and
M>0 ∈ DG,f,≥0[−1].
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The only thing need to check is non-degenerate for the t-structure. If we take M ∈⋂
n≤0D≤n, then Hn(qM) = 0 for all n, i.e., qM ∼= 0 in DG,fQ . By the conservative property

of the functor q, we know that A ∼= 0 in DG,fA . Another case is similar. �

Remark 2.64. The key point for the proof is that, for M ∈ DG,fA , we have a lowest
bound for the Adams degree.

We recall the definition of the neutral Tannakian category.

Definition 2.65. A neutral Tannkian category over k is a rigid abelian tensor category
(C,⊗) such that k = End(1) for which there exists an exact faithful k-linear tensor functor
ω : C → V eck. Here 1 means the identity object under tensor product. 4

Proposition 2.66. HG,f
A is a neutral Tannakian category over Q.

Proof. The derived tensor product makes HG,f
A into an abelian tensor category. First

we give a description about HG,f
A .

Lemma 2.67. HG,f
A is the smallest abelian subcategory of HG,f

A containing the objects

A⊗ V , where V is any rational G representation, and closed under extensions in HG,f
A .

Proof. (Induction on the weight filtration.) Let HG,T
A be the full abelian subcategory

containing all the objects A ⊗ V , where V is any rational G representation, and closed
under extensions in HG,f

A . Let M ∈ HG,f
A and N = min{n|WnM 6= 0}. Then we have an

exact sequence:
0→ grWNM →M → W>NM → 0.

By Lemma 2.43, we have grWNM
∼= A⊗ C, where C is in Db(G). Because the category of

representations of G is semisimple, we can think C as a direct sum of G rational repre-
sentations with some shifts. Assume there exists a summand W [i] of C with shift i 6= 0.
Then applying q, we get that 0 6= H i(q(grWNM)) ⊂ H i(qM), which is a contradiction of

our choice of M ∈ HG,f
A . This implies that grWNM ∈ H

G,T
A . By induction on the length of

the weight filtration, W>NM is in HG,T
A . So M ∈ HG,T

A and HG,T
A = HG,f

A . �

Since (A ⊗ V )∨ = A ⊗ V ∨, where V ∨ is the dual of V in the category of rational G

representations, it follows from the above description that M → M∨ restricts from DG,fA

to an exact involution on HG,f
A . HG,f

A is rigid because DG,fA is rigid.

The identity for the tensor product is A and HG,f
A is Q-linear.

We have a rigid tensor functor q : HG,f
A → HG,f

Q . Notice that HG,f
Q is equivalent

to the category of rational representations of G. So there is a faithful forgetful functor
w : HG,f

Q → V ecQ. We need only to see that q is faithful.

Recall we can identify q with grW∗ = ⊕grWn . Let f : M → N be a map in Hf
A such that

grWn (f) = 0 for all n. We need to show that f = 0. Again do the induction on the length
of the weight filtration. We may assume that W nf = 0, where n is the minimal integer
such that WnM ⊕WnN 6= 0. Thus f is given by a map

f̃ : W>nM → grWn N.
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Claim: f̃ = 0.
Using the induction on the weight filtration, we need to show the following statement:
Given V and W pure weight rational G representations such that |V | > |W |, then we

have:
HomHG,fA

(A⊗ V,A⊗W ) ∼= 0.

Firstly we have:

HomHG,fA
(A⊗ V,A⊗W ) ∼= HomDG,fA

(A⊗ V,A⊗W )

∼=HomD(G)(V,A⊗W ) ∼= HomG(Q, H0(A⊗W ⊗ V ∨)).
Because A is connected, H0(A ⊗W ⊗ V ∨) ∼= W ⊗ V ∨, which is a rational representation
of G with Adams degree strictly smaller than zero. This implies that:

HomG(Q, H0(A⊗W ⊗ V ∨)) ∼= 0.

Therefore we get that q is faithful. �

8. The bar construction

Let A be a cdga over G and let M,N be two dg-A modules. Then we define:

TG(N,A,M) = N ⊗ T (A)⊗M,

where T (A) = Q ⊕ A ⊕ (A ⊗ A) ⊕ · · · = ⊕r≥0T
r(A) is the tensor algebra. It is spanned

by the elements of the form n[a1| · · · |ar]m. Notice that TG(N,A,M) is a simplicial graded
abelian group with N ⊗ T r(A)⊗M in degree r, whose face maps are:

δ0(n[a1| · · · |ar]m) = na1[a2| · · · |ar]m,
δi(n[a1| · · · |ar]m) = na1[a2| · · · |aiai+1| · · · |ar]m, 1 ≤ i ≤ r − 1

δr(n[a1| · · · |ar−1]arm) = n[a1| · · · |ar−1]arm,

and degeneracies are:

si(n[a1| · · · |ar]m) = n[a1| · · · |ai−1|1|ai| · · · |ar]m.
Define:

δ =
∑

0≤i≤r

(−1)iδi : N ⊗ T r(A)⊗M → N ⊗ T r−1(A)⊗M

Let DG(N,A,M) be the degenerate elements, those elements are spanned by the images
of the si for every i.

Definition 2.68. Define the bar complex of M and N to be:

BG(N,A,M) = TG(N,A,M)/DG(N,A,M).

4

Note that BG(N,A,M) is a bicomplex. The total differential is defined by

d(n[a1| · · · |ar]m)

=∂(n[a1| · · · |ar]m)) + (−1)deg(n)+deg(m)+
∑
deg(ai)δ(n[a1| · · · |ar]m),
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where ∂ denotes the usual differential of A. We will consider the following special case that
M = N = Q, which is denoted by B̄G(A), called the reduced bar construction. We collect
formal properties of B̄G(A).

• (Shuffle product) ∪ : B̄G(A)⊗ B̄G(A)→ B̄G(A)

[a1| · · · |ap] ∪ [ap+1| · · · |ap+q] =
∑

sgn(σ)[xσ(1)| · · · |xσ(p+q)]

where the sum is over all (p, q) shuffles σ ∈ Σp+q (recall Σp+q is the symmetric
group on p+ q letters) and the sign of σ is taking into account the degree of ai.
• (Coproduct) ∆ : B̄G(A)→ B̄G(A)⊗ B̄G(A)

∆([a1| · · · |an]) =
n∑
i=0

(−1)i(deg(ai+1)+···+deg(an))[a1| · · · |ai]⊗ [ai+1| · · · |an].

• (involution) ι : B̄G(A)→ B̄G(A)

ι([a1| · · · |an]) = (−1)m[an|an−1| · · · |a1],m =
∑

1≤i<j≤n

deg(ai)deg(aj).

These properties make B̄G(A) a graded-commutative differential graded Hopf algebra in
the category of G representations. So H0(B̄G(A)) is a commutative Hopf algebra over
G. If consider the Adams grading structure, we can see that B̄G(A) also has the Adams
grading structure, and χA = H0(B̄G(A)) is an Adams graded Hopf algebra over G (or a
graded Hopf algebra object in RepG).

Definition 2.69. Define γA = IχA/(IχA)2, where IχA is the augmentation ideal of χA.
4

Lemma 2.70. γA determines a structure of a cdga over G.

Remark 2.71. Recall the definition of co-Lie algebras firstly. A co-Lie algebra is a
k-module γ with a cobracket map γ → γ ⊗ γ such that the dual γ∨ is a Lie algebra via
the dual homomorphism. Sullivan showed the following statement (Lemma 2.7 in [21] or
p.279 in [33]):

A co-Lie algebra γ determines and is determined by a structure of DGA on ∧(γ[−1]).

Proof. The coproduct ∆ of B̄G(A) induce a coproduct on χA, denoted also by ∆,
satisfying:

∆(x) = x⊗ 1 + 1⊗ x
for x ∈ IχA . (And also the involution.) Then ∆ − ι∆ gives the cobracket on χA. So is
γA and the quotient map IχA → γA is a map of co-Lie algebras. By the remark above, we
know γA determines a cdga structure ∧(γA[−1]). This structure is compatible with the G
representation structure. Notice that IχA does not have the Adams degree 0 part. Then
∧(γA[−1])|0〉 = Q. So ∧(γA[−1]) is a cdga over G. �

Lemma 2.72. Let A be a cdga over G. Then H∗(B̄G(A)) and χA is functorial in A and
is a quasi-isomorphism invariant in A.

Proof. Use the Eilenberg-Moore spectral sequence. See Lemma 2.21 in [6]. �
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Theorem 2.73. Let A be a cohomologically connected cdga over G. Then the 1-minimal
model A{1} of A is isomorphic to ∧(γA[−1]).

Proof. Follow the proof of [6]. From Lemma 2.72, we can assume that A is a general-
ized nilpotent cdga over G. A generalize nilpotent cdga A over G is a direct limit (Aα) of
nilpotent cdga’s. So we can assume that A is a nilpotent cdga over G with a free generator
E which is a complex of G representations. We need to use the following lemma, whose
proof is totally the same as Lemma 2.32 in [6].

Lemma 2.74. Let A be as above with free generator G-representation V . Fix an integer
s > 0. Consider the decreasing filtration on B̄G(A),

F kB̄G(A) = 〈x11 · · ·x1n1 ⊗ · · · ⊗ xm1 · · ·xmnm|

s
∑

degxij + s
∑

nj − (2s− 1)m ≥ k〉.
Then, for a sufficiently large s depending on A, the resulting spectral sequence satisfies

∧(V [1]) ∼= E2s
∼= E∞ ∼= GrFH

∗(B̄G(A)).

Assuming this lemma, the projection map B̄G(A)→ A induces a map

φ : QH∗(B̄G(A))→ (QA)[1].

This is because that the boundaries and decomposable elements map to decomposable
elements. In fact, boundaries are the sum of the form ∂(a) and a1 · a2. Using that the
generalized nilpotence implies the minimal property (Proposition 2.53), both of these ele-
ments are decomposable. By the above lemma, this is an isomorphism. Furthermore, φ is
an isomorphism between co-Lie algebras.

Restricting φ to the degree 0 part, we know that

∧(γA[−1]) = ∧(QH0(B̄G(A))[−1])

is isomorphic to 1-minimal model of A. �

9. Alternative identifications of the category Hf
A

In Proposition 2.53, we show that the connected generalized nilpotent cdga over G
can be recognized as a connected minimal cdga over G. Similarly we can also define the
minimal cell A-module.

Definition 2.75. An Adams degree bounded below cell A-module is minimal if it is
almost free and d(M) ⊂ (IA)M . 4

Definition 2.76. Let M be an Adams degree bounded below A-module. We define
the nilpotent filtration {FtM} by letting F0M = 0 and inductively letting FtM be the sub
A-module generated by Ft−1M ∪ {m|dm ∈ Ft−1M}. 4

Remark 2.77. The minimal cell modules have the similar properties as the connected
minimal cdgas. We can also define the generalized nilpotent A-modules. Because the proof
of the following properties is the same as Part IV, section 3 in [21], we only list the main
properties.
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• A bounded below A-module M is generalized nilpotent if and only if it is a minimal
cell A module.
• Let N be a dg A-module. Then there is a quasi-isomorphism e : M → N , where
M is a minimal A-module. This is unique up to the homotopy.

Next, we want to use another way to describe cell A-modules, which is called the
connection matrix. See [21](namely the twisting matrix) or [22].

Definition 2.78. Let (M,dM) be a complex of G representations. An A-connection
for M is a map

Γ : M → IA⊗M
of G representations and cohomological degree 1. We say Γ is flat if

dΓ + Γ2 = 0.

Here dΓ = dIA⊗M ◦ Γ + Γ ◦ dM and we extend Γ to

Γ : IA⊗M → IA⊗M
by the Leibniz rule. 4

Remark 2.79. Given a connection Γ : M → IA⊗M , we define

d0 : M → A⊗M = M ⊕ IA⊗M,m→ dMm⊕ Γm

and extend d0 to dΓ : A ⊗ M → A ⊗ M by the Leibniz rule. The above equation is
equivalent to saying that d2

Γ = 0.

Definition 2.80. We call an A-connection Γ for M nilpotent if M admits a filtration
by complexes of G representations:

0 = M−1 ⊂M0 ⊂ · · · ⊂Mn ⊂ · · · ⊂M

such that M = ∪nMn and such that dM(Mn) ⊂ Mn−1 and Γ(Mn) ⊂ IA⊗Mn−1 for every
n ≥ 0. 4

Remark 2.81. Let Γ : M → IA ⊗M be a flat nilpotent connection. Then the dg
A-module (A⊗M,dΓ) is a cell module.

Lemma 2.82. Let Γ : M → IA ⊗M be a flat connection. Suppose there is an integer
r0 such that |m| ≥ r0 for all m ∈M . Then Γ is nilpotent.

Proof. The proof is the same as Lemma 1.13.3 in [22]. �

Definition 2.83. A morphism f : (M,dM ,ΓM)→ (N, dN ,ΓN) is a map of complexes
of G representations:

f = f0 + f+ : M → A⊗N = N ⊕ IA⊗N
such that dΓNf = fdΓM . 4

Definition 2.84. We denote the category of flat nilpotent connections over A by
ConnGA and denote the full subcategory of flat nilpotent connections on M with M a

bounded complex of rational G-representations by ConnG,fA . 4
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We can define a tensor operation on ConnA by

(M,Γ)⊗ (M
′
,Γ
′
) = (M ⊗M ′

,Γ⊗ id+ id⊗ Γ
′
).

Complexes of Q-vector spaces act on ConnA by:

(M,Γ)⊗K = (M,Γ)⊗ (K, 0).

We recall that I is the complex

Q δ−→ Q⊕Q
with Q in degree −1 and with connection 0. We have the two inclusions i0, i1 : Q→ I.

Definition 2.85. Two maps f, g : (M,Γ)→ (M
′
,Γ
′
) are homotopic if there is a map

h : (M,Γ)⊗ I → (M
′
,Γ
′
) satisfying f = h ◦ (id⊗ i0), g = h ◦ (id⊗ i1). 4

Definition 2.86. Denote the homotopy category of ConnGA by HConnGA, which has
the same objects as ConnGA and morphisms are homotopy classes of maps in ConnGA. 4

Remark 2.87. When we pass to homotopy classes and given a cell A-module M , it is
totally determined by the underlying G representation M0, i.e., M0 = M ⊗A Q.

We list the main properties of flat connections, and the proof is the same as in Section
1.14 in [22].

• The category of A-cell modules is equivalent to the category of flat nilpotent A-
connections.
• The above equivalence passes to an equivalence of HConnGA with the homotopy

category KCMG
A as triangulated tensor categories.

• Suppose that A is connected. The second equivalence defines an equivalence of
Tannakian categories HG,f

A and the category of flat connections on G representa-

tions ConnG,fA .

Given A a cohomologically connected cdga over G, by Theorem 2.73, we know that:

γA = A{1}1.

Assume that A is a generalized nilpotent dga over G, which implies that A{1} ∼= A. Then
the co-Lie algebra structure of γA is given by the restriction of d to A1. Notice that, by
the minimal property (Proposition 2.53), d factors through:

d : A1 → ∧2A1 ⊂ A2.

Let M be a complex of rational G representations and Γ : M → IA⊗M is a flat connection.
In fact, Γ is a map

Γ;M → A1 ⊗M
and the flatness is just saying that Γ makes M into an Adams graded co-module for the
co-Lie algebra γA over G. In fact, we have equivalences between categories:

HG,f
A
∼= ConnG,fA

∼= co− repG,f (γA).
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10. The main theorem

Lemma 2.88. Let D be a triangulated category with t-structure (D≤0,D≥0). We denote
its heart by H. Assume that there is a triangulated functor ρ : Db(H)→ D such that:

• ρ|H[i] is an inclusion for any i ∈ Z;

• D is bounded, i.e., for any M ∈ D, there exist a ≤ b ∈ Z satisfying M ∈ D[a,b] =
D≥a ∩ D≤b.
• For any M,N ∈ H and n ∈ Z, ρ induces an isomorphism

HomDb(H)(M,N [n])
∼−→ HomD(ρ(M), ρ(N)[n]).

Then ρ is an equivalence between triangulated categories.

Proof. We do the induction on the length of the object. Given an object A in D,
there exist the minimal a and maximal b such that A ∈ D≥a ∩ D≤b. Then we define the
length of A to be b− a. Firstly, we prove the following:

For any A,B ∈ Db(H) and n ∈ Z, we have:

(8) HomDb(H)(M,N [n])
∼−→ HomD(ρ(M), ρ(N)[n]).

By induction, we assume that, for any A ∈ Db(H)a,b, B ∈ Db(H)c,d and max{b−a, d−
c} ≤ m− 1, the above is true. Take any A with length smaller than m, and B with length
m = b− a. There is a distinguished triangle:

τ≥aτ≤b−1B → B → τ≥bτ≤bB → τ≥aτ≤b−1B[1]→ .

Then we have a long exact sequence:

Hom(A, τ≥aτ≤b−1B)→ Hom(A,B)→ Hom(A, τ≥bτ≤bB)

→ Hom(A, τ≥aτ≤b−1B[1])→ · · · .
Using functoriality to compare the above sequence with:

Hom(ρ(A), ρ(τ≥aτ≤b−1B))→ Hom(ρ(A), ρ(B))→ Hom(ρ(A), ρ(τ≥bτ≤bB))

→ Hom(ρ(A), ρ(τ≥aτ≤b−1B[1]))→ · · · .
We know (8) is holding for A,B by the five lemma and induction. Then we assume both
A and B have length m. Using the similar method and induction again, we can know that
(8) is holding, i.e., ρ is fully faithful.

Next we want to use induction to show that ρ is essentially surjective. It is enough to
show that, for any object B ∈ D, there exists A ∈ Db(H) such that ρ(A) ∼= B. Take any
element B ∈ D with length m. Then we have:

τ≥aτ≤b−1B → B → τ≥bτ≤bB → τ≥aτ≤b−1B[1]→ .

In other words, we have:

τ≥bτ≤bB[−1]
f−→ τ≥aτ≤b−1B → B → τ≥bτ≤bB → .

By assumption, we have A1 and A2 ∈ Db(H) map to τ≥bτ≤bB[−1] and τ≥aτ≤b−1B respec-
tively. By (8), we know that there exists a map g from A1 to A2, whose image under ρ is
just f . We take A = cone(g). Then by the axiom of triangulated categories, there exists
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a map ρ(A) → B. By the five lemma and Yoneda lemma, applying the functor of type
Hom(B̃, ), where B̃ ∈ D, we know that ρ(A) ∼= B. �

Theorem 2.89. Let A be a cohomologically connected cdga over G. Then

• There is a functor:
ρ : Db(HG,f

A ) −→ DG,fA .

• The functor ρ constructed above is an equivalence of triangulated categories if and
only if A is 1-minimal.

Proof. We first need to construct a functor ρ. Consider a bounded complex

M∗ = {Mn, δn : Mn →Mn+1}
in HG,f

A . Assume that each Mn is minimal. Furthermore, we assume that it is given by the
generating data {Vjn , φjn}jn∈Jn and the connection matrix Γn. Then we define ρM∗ with
its generating data {Vjn , φjn [n]}jn∈Jn and its differential given by:

d|φjn [n](Vjn ) = Γn[n] + δn[n].

If f ∗ : M∗ → N∗ is a quasi-isomorphism of chain complexes, then ρ(f ∗) is a quasi-
isomorphism of A-modules.

Let’s prove the second statement now. We assume that A is 1-minimal, i.e., A ∼=
∧∗(γ[−1]), where γ is the co-Lie algebra consisted by the indecomposable elements of
H0(B̄G(A)).

In order to apply the above result to our case (D = DG,fA and H = HG,f
A ), we need to

check the conditions in Lemma 2.88. The first and second condition are automatic. Let’s
check the third condition.

Notice that HG,f
A can be identified with the category of co-representations of γ in the

category of G representations. In fact, given a finite dimensional co-representation V , we
can associate it with a cell module A⊗ V .

We recall the following basic facts. (Lemma 23.1, Example 1(p.315) and p.319, 320
in[13].) Given a differential graded Lie algebra L, we have:

ExtnL(Q,Q) ∼= ExtnUL(Q,Q) ∼= Hn((∧∗(L[−1]))∨),

and
ExtnL(Q, V ) ∼= ExtnUL(Q, V ) ∼= Hn((∧∗(L[−1]))∨ ⊗ V ),

where ∨ means taking the dual, UL is the universal enveloping Lie algbera of L and V is
any L-module. L[−1]k = Lk−1.

Applying to the co-Lie algbebra γ, we get:

Extnγ(Q,Q) ∼= Hn(∧∗(γ[−1])).

In fact, the proof of this isomorphism can be extended to the following case.
Given a co-Lie algebra γ over G and a γ co-representation V , we have:

Extnγ(Q, V ) ∼= Hn(∧∗(γ[−1])⊗ V )|0〉.
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Notice that the left hand side computes the extension groups in the category of γ-representations.
We have:

Hn(∧∗(γ[−1])⊗ V )|0〉 = HomG(Q, Hn(∧∗(γ[−1])⊗ V )).

Therefore we get:

HomDb(HG,fA )(∧
∗(γ[−1])⊗ V,∧∗γ[−1]⊗W [n])

∼=ExtnHG,fA

(∧∗(γ[−1])⊗ V,∧∗(γ[−1])⊗W )

∼=Extnγ(Q, V ∨ ⊗W )

∼=Hn(∧∗(γ[−1])⊗ V ∨ ⊗W )|0〉
∼=H0(∧∗(γ[−1])⊗ V ∨ ⊗W [n])|0〉
∼=HomDG,fA

(Q,∧∗(γ[−1])⊗ V ∨ ⊗W [n])

∼=HomDG,fA
(∧∗(γ[−1])⊗ V,∧∗(γ[−1])⊗W [n]).

It’s easy to check that the composition of these isomorphisms is given by ρ : Db(HG,f
A ) −→

DG,fA .
Conversely, we assume that ρ is an equivalence. Without loss of generality, we assume

that A is generalized nilpotent. The above computation tell us that Hn(A ⊗ V )|0〉 ∼=
Extnγ(Q, V ), where γ is the co-Lie algebra consisting of the indecomposable elements in

H0(B̄(A)). Let us consider the map A→ ∧∗(γ[−1]), Applying the functor HomG(V [n], ·)
for any n ∈ Z and any G-representation V , we get:

HomG(V [n], A) ∼= Hn(A⊗ V )|0〉 ∼= Extnγ(Q, V ) ∼= HomG(V [n],∧∗(γ[−1])).

This implies that, under the level of the G representations, the above map is a quasi-
isomorphism. Therefore A is 1-minimal. �

Corollary 2.90. Let A be a cohomologically connected cdga over G. Then

• There is a functor:

ρ : Db(co− repG,fQ (χA)) −→ DG,fA .

Furthermore, ρ induces a functor on the hearts:

H(ρ) : co− repG,f (χA)→ HG,f
A ,

which is an equivalence of Tannakian categories.
• The functor ρ is an equivalence of triangulated categories if and only if A is 1-

minimal.

11. Concluding Remarks

The results in the first two sections work for arbitrary reductive group over a base field of
characteristic zero. Only after assuming the existence of a non-trivial central cocharacter,
we can define the weight filtration as in Section 3 of Chapter 2. If we take G = Gm and
w(λ) = λ2 for λ ∈ Gm(Q), our constructions and properties for cdgas over Gm, dg modules
over Gm are the same as the constructions and properties of the case of Adams cdgas
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considered in [21], [22]. For our later use, we take G = GL2 and w defined in Section 2
of Chapter 1. In addition, we take F to be the fundamental representation of GL2. The
construction for the theory of cdgas over G is closely related with weighted completion of
profinite groups. See [16] for the definition of weighted completion. We may discuss their
relationship somewhere in the future.





CHAPTER 3

THE CATEGORY OF MOTIVES

1. Construction of DMgm(k,Z)

In this section, we will briefly recall the construction of DMgm(k,Z). For the details
about the construction of DMgm(k,Z), we refer to [15] or [27]. We assume that k is a
perfect field in this section.

Definition 3.1. Let X be a smooth connected scheme over k and Y a separated
scheme over k. We define an elementary correspondence from X to Y to be an irreducible
closed subset of X×Y whose associated integral subscheme is finite and surjective over X.
When X is non-connected, an elementary correspondence is defined from one connected
component of X to Y . We use Cor(X, Y ) to denote the free abelian group generated by
the elementary correspondences from X to Y . The elements in Cor(X, Y ) are called finite
correspondences. 4

Remark 3.2. One may define an associative and bilinear composition for finite corre-
spondences. More precisely, given V ∈ Cor(X, Y ),W ∈ Cor(Y, Z), we define W ◦ V to
be the push-forward of the intersection product (V × Z) · (X ×W ) along the projection
X × Y × Z → X × Z. However we need to check this gives a well-defined elementary
correspondence in Cor(X,W ). See Lemma 1.4 in [27].

Definition 3.3. We define Cork to be the category whose objects are smooth sepa-
rated schemes over k and whose morphisms from X to Y are finite correspondences. Notice
that Cork is an additive category with zero object as ∅ and disjoint union as coproduct.
4

Definition 3.4. A presheaf with transfers is a contravariant additive funtor F :
(Cork)

op → Ab. Similarly, a RepGL2-valued presheaf with transfers is a contravariant
additive functor F : (Cork)

op → RepGL2 . We denote the category whose objects are
presheaves with transfers and whose morphisms are natural transformations by PST. 4

Remark 3.5. The basic property for PST is the following: It is an abelian category
with enough injectives and projectives. See Theorem 2.3 in [27]. A typical example of
presheaves with transfers is given by the representable functors. Let X be a smooth
scheme over k. Then we use Ztr(X) to denote the prsheaf with transfers represented by
X, i.e. Ztr(X)(U) = Cork(U,X) for U ∈ Smk.

Definition 3.6. A (RepGL2-valued) Nisnevich sheaf with transfers is a (RepGL2-
valued) presheaf with transfers whose underlying presheaf is a Nisnevich sheaf on Smk.

39
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For the definition of Nisnevich sheaves, we refer to Lecture 12 in [27]. We denote the
category of Nisnevich sheaves with transfers by ShtrNis(k) and the category of RepGL2-
valued Nisnevich sheaves with transfers by ShtrNis(k)⊗RepGL2 . 4

Convention 3.7. We denote the derived category of bounded above complexes of
Nisnevich sheaves with transfers by D−(ShtrNis(k)).

Definition 3.8. Let EA be the smallest thick subcategory of D−(ShtrNis(k)) satisfies:

• it contains the cone of Ztr(X × A1)→ Ztr(X) for any X ∈ Smk;
• it is closed under any direct sum that exists in D−(ShtrNis(k)).

4
Definition 3.9. The triangulated category of effective motives over k is defined to be

the quotient triangulated category DMeff,−
Nis (k,Z) = D−(ShtrNis(k))/EA. 4

For the definition of the quotient triangulated category, one may find in lecture 9 in
[27].

Definition 3.10. Let X be a smooth scheme over k. We define the motive of X to be
the class of Ztr(X) in DMeff,−

Nis (k,Z) and denote it by M(X). 4

Definition 3.11. We define DMeff
gm (k,Z) to be the thick subcategory of DMeff,−

Nis (k,Z)

generated by the motives M(X) for X ∈ Smk. The objects in DMeff
gm (k,Z) are called

effective geometric motives. 4
Example 3.12. (Tate motives) The motive of P1 has the following decomposition:

M(P1) ∼= Z⊕ Z(1)[2],

where Z is the motive of Spec(k). In fact, after choosing a rational point in P1, we get a
map:

Z ∼= M(Spec(k))→M(P1).

On the other hand, the structure map of P1 will give us a map:

M(P1)→M(Spec(k)).

From the functoriality of the construction of motives, we know that the composition:

M(Spec(k))→M(P1)→M(Spec(k))

is the identity map. Because DMeff
gm (k,Z) is idempotent complete, Z ∼= M(Spec(k)) is a

direct summand of M(P1). The complementary part is denoted by Z(1)[2]. More generally,
we define Z(n) by Z⊗n for n a positive integer. 4

Remark 3.13. DMeff,−
Nis (k,Z) is a tensor triangulated category. For the definition of

tensor triangulated category and the proof of this fact, we both refer to [27].

Definition 3.14. The category of geometric motives, which is denoted by DMgm(k,Z),
is obtained from DMeff

gm (k,Z) by inverting the Tate twist operation:

DMeff
gm (k,Z)

⊗Z(1)−−−→ DMeff
gm (k,Z).
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4

Remark 3.15. In [27], Mazza, Voevodsky and Weibel also define the category of

DM−
Nis(k,Z), which is obtained from DMeff,−

Nis (k,Z) by inverting the Tate twist opera-
tion M → M(1). However, this category is not closed under arbitrary direct sum. There
is another construction of motives DM(k,Z), which is called “Voevodsky’s big category of
motives over k” by using symmetric spectra. For the details about this construction, we
refer to Chapter 3 in [22] and [10]1.

Definition 3.16. Let Chow(k,Z) denote the category of chow motives over k, whose
objects are (X,α, n), where X is a smooth projective variety over k, α ∈ CHdimX(X ×X)
such that α ◦ α = α2 and n ∈ Z. The morphism between two objects in Chow(k,Z) is
given by:

HomChow(k,Z)((X,α, n), (Y, β,m)) = β ◦ CHdimX+n−m(X × Y ) ◦ α.
4

We recall basic properties of DMgm(k,Z), which are proved in [27].

• DMgm(k,Z) is a rigid tensor triangulated category.

• The functor (Chow(k,Z))op
Φ−→ DMgm(k,Z), which sends (X,α, n) to im α on

M(X)(n)[2n] is a fully faithful embedding.
• DMgm(k,Z) is a full subcategory of compact objects in DM−

Nis(k,Z).

Remark 3.17. The above construction can also apply to arbitrary coefficient commu-
tative ring R. See [27]. In the rest of the paper, we only consider DMgm(k,Q).

Remark 3.18. It is shown in Lecture 19 of [27] that: for a given smooth variety X,
and p ∈ Z, q ∈ Z≥0, we have:

HomDMgm(k,Q)(M(X),Q(q)[p]) = CHq(X, 2q − p).

2. Motives for an elliptic curve

In the rest of this chapter, we assume our base field k with characteristic zero. In
DMgm(k,Q), the motive of E will decompose into:

M(E) = Q⊕M1(E)[1]⊕Q(1)[2].

Recall that DMeff
gm (k,Q) is a Q-linear tensor category. Therefore, using Remark 1.38, we

have the following decomposition of M1(E)⊗n (also in the category of Chow motives):

(9) M1(E)⊗n ∼=
⊕
|λ|=n

Vλ ⊗ Sλ(M1(E)).

1In [10] Cisinski and Déglise define triangulated category of mixed motives over a quite general scheme,
not only a field.
2◦ means the composition of cycles
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Lemma 3.19. Give E an elliptic curve over k. Then we have Sλ(M1(E)) = 0 if λ =
(n1, n2, · · · , nr) with r ≥ 3 and ∧2M1(E) = Q(1). In other words, equality (9) can be
written as:

(10) M1(E)⊗n ∼=
⊕

λ=(a+b,b),a+2b=n

Vλ ⊗ Syma(M1(E))(b).

Proof. By Proposition 20.1 in [27], we know that the category of effective chow
motives embeds contravariantly into DMeff

gm (k,Q). (Recall we denote this functor by Φ.)
In the category of chow motives, we have the following decomposition of the chow motive
of E:

h(E) = h0(E)⊕ h1(E)⊕ h2(E).

Notice that the image of h1(E) under Φ is M1(E)[1]. Using Theorem 4.2 in [20], we get:

Symih1(E) = 0 if i ≥ 3.

and
Sym2h1(E) = L.

Here L is the Lefschetz motive in the category of chow motives. Recall that the image of L
under Φ is Q(1)[2](Remark 20.2 in [27]). Because Φ is a tensor functor, using commutative
constraint in DMeff

gm (k,Q), we have:

Symih1(E) = Symi(M1(E)[1]) = (∧iM1(E))[i]

This implies that:
∧iM1(E) = 0 if i ≥ 3,

and
∧2M1(E) = Q(1).

Given λ = (n1, n2, · · · , nr) , by the definition of Young symmetrizer, we know that:
Sλ(M1(E)) is a direct summand of ∧m1M1(E) ⊗ · · · ⊗ ∧msM1(E), where (m1, · · · ,ms) =
λt. When r ≥ 3, then we have m1 ≥ 3. By the above computation, we obtain that
Sλ(M1(E)) = 0. �

Definition 3.20. Given an elliptic curve E, the full idempotent complete rigid tensor
triangulated subcategory of DMgm(k,Q) generated byM(E) is denoted by DMEM(k,Q)E.
4

Definition 3.21. 1) We call the 0-th vanishing property holds for E if :

HomDMgm(k,Q)(Sym
2iM1(E),Q(i)[j]) ∼= 0,

for any j ∈ Z≤0 and any i ∈ Z>0.
2) Let r be a positive integer. We call the r-th vanishing property holds for E if

HomDMgm(k,Q)(Sym
2i+rM1(E),Q(i)[j]) ∼= 0,

for any j ∈ Z such that r + j ≤ 0 and any i ∈ Z≥0.
4
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Remark 3.22. Let r be a non-negative integer. For any j ∈ Z such that r+ j > 0, we
have:

HomDMgm(k,Q)(Sym
2i+rM1(E),Q(i)[j])

∼=HomDMgm(k,Q)(Sym
2i+rM1(E)[2i+ r],Q(i)[2i+ r + j])

⊂HomDMgm(k,Q)(M(E2i+r),Q(i)[2i+ r + j])

∼=CH i(E2i+r,−r − j) = 0.

Conjecture 3.23. If E be an elliptic curve over k without complex multiplication,
then E has the r-th vanishing property for any non-negative integer r.

Example 3.24. Assume that E is an elliptic curve without complex multiplication,
then we have:

HomDMgm(k,Q)(Sym
2M1(E),Q(1)[∗]) ∼= 0.

Proof. Notice that:

HomDMgm(k,Q)(Sym
2M1(E),Q(1)[i]) ∼= HomDMgm(k,Q)(Sym

2M1(E)[2],Q(1)[i+ 2])

is a direct summand of HomDMgm(k,Q)((M1(E)[1])⊗2,Q(1)[i + 2]), therefore a direct sum-
mand of

HomDMgm(k,Q)(M(E × E),Q(1)[i+ 2]).

It’s well known that, (for example, chapter 3 in [27]):

• When i = 0, HomDMgm(k,Q)(M(E × E),Q(1)[2]) ∼= Pic(E × E);
• When i = −1, HomDMgm(k,Q)(M(E × E),Q(1)[1]) ∼= k∗;
• Otherwise, HomDMgm(k,Q)(M(E × E),Q(1)[2 + i]) ∼= 0.

Notice that HomDMgm(k,Q)(Q,Q(1)[1]) ∼= k∗ is a direct summand of
HomDMgm(k,Q)(M(E × E),Q(1)[1]), which implies that:

HomDMgm(k,Q)((M1(E)[1])⊗2,Q(1)[i]) ∼= 0 if i 6= 0.

Then

HomDMgm(k,Q)(M1(E2),Q(1))

∼=HomDMgm(k,Q)(Sym
2M1(E),Q(1))⊕HomDMgm(k,Q)(Q(1),Q(1))

∼=HomDMgm(k,Q)(Sym
2M1(E),Q(1))⊕Q

(11)

On the other hand, we have:

HomDMgm(k,Q)(M1(E2),Q(1))
∼=HomDMgm(k,Q)(M1(E),M1(E))
∼=HomAbQ(E,E),

(12)

where AbQ is in the category of abelian varieties up to isogeny. For the first isomorphism, we
use the facts that the dual motive of M1(E) is M1(E)(−1) and the properties of internal
hom in DMgm(k,Q). For the second one, we use the fact that the category of abelian
varieties up to isogeny fully embeds into DMeff (k,Q), for example, Proposition 2.2.1 in
[1].
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Putting together (11) and (12), we get:

HomDMgm(k,Q)(Sym
2M1(E),Q(1))⊕Q ∼= HomAbQ(E,E).

If E is an elliptic curve without complex multiplication, then we have: HomAbQ(E,E) ∼= Q,
which implies that:

HomDMgm(k,Q)(Sym
2M1(E),Q(1)) ∼= 0.

�

4

3. The r-th vanishing properties

In this section, we will discuss the relation between the r-th vanishing properties and
other various well-known conjectures such as Bloch-Beilinson-Murre conjectures, the con-
jecture of the existence of motivic t-structure.

At the beginning, we briefly recall Bloch-Beilinson-Murre conjectures and the conjecture
of the existence of motivic t-structure.

For the relevant definitions of B-B-M conjectures, we refer to [2]. Fix a Weil cohomology
theory H∗. (Defined in Chapter 3 in [2].)

Conjecture 3.25. (Bloch-Beilinson) For every smooth projective variety X over
k,

a) The Künneth projector πiX of X associated with H∗ are algebraic.
b) For every integer r ≥ 0, there exists a filtration (F νCHr(X)Q)ν≥0 of CHr(X)Q

such that:
1) F 0CHr(X)Q = CHr(X)Q,

F 1CHr(X)Q = Ker(CHr(X)Q → Zr
hom(X)Q).

2) F µCHr(X)Q · F νCHr(X)Q ⊂ F µ+νCHr(X)Q.
3) F ν is stable under direct image and inverse image.
4) (πiX)|GrµFCHr(X)Q = Id if i = 2r − ν and 0 otherwise.

5) F νCHr(X)Q = 0 for ν � 0.

Conjecture 3.26. (Murre) For every smooth projective variety X over k,

a) The Künneth projector πiX of X associated with H∗ are algebraic.
b) There exists a lift Πi

X of πiX in CHdimX(X ×X)Q such that:
1) These Πi

X are an orthogonal set of idempotents satisfying∑
i

Πi
X = ∆X ∈ CHdimX(X ×X)Q.

2) Πi
X acts as zero on CHr(X)Q if i > 2r.

3) Let F νCHr(X)Q =
⋂
i>2r−ν KerΠ

i
X ⊂ CHr(X)Q. Then the filtration F · is

independent of the choices of these lifts Πi
X .

4) F 1CHr(X)Q = Ker(CHr(X)Q → Zr
hom(X)Q).
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Remark 3.27. Jannsen shows that these two conjectures are equivalent. In addition,
two conjectured filtrations coincide. For the status of B-B-M conjectures, we refer to
Chapter 11 of [2].

Assume B-B-M conjectures are true. Then the chow motive h(X), which is defined by
(X,∆, 0), decomposes as:

h(X) =
⊕
i

hi(X),

where hi(X) = (X,Πi
X , 0).

Definition 3.28. A chow motive is called weight i if it is isomorphic to a chow motive
of the form eh2r+i(X)(r), where e is an idempotent. 4

We cite an important corollary of B-B-M conjectures wihout proof. See Proposition
11.3.5.2 in [2].

Proposition 3.29. Let M,N be two chow motives with the same weight i. Then:

HomChow(k,Q)(M,N) ∼= HomMhom(k,Q)(M,N),

where Mhom(k,Q) is the category of homological motive. (see Chapter 4 in [2]). Let L be
another chow motive with the weight larger than i. Then:

HomChow(k,Q)(M,L) = 0.

Remark 3.30. It is well known that, for any abelian variety X over a field of char-
acteristic zero, the homological equivalence is the same as the numerical equivalence. See
Chapter 5 in [2]. As a corollary, for two chow motives M,N lying the smallst idempo-
tent complete, tensor full subcategory of Chow(k,Q) generating by the motives of abelian
varieties, we have:

HomMhom(k,Q)(M,N) ∼= HomNM(k,Q)(M,N),

where NM(k,Q) is the category of numerical motives with rational coefficients. For the
definition of numerical motives, we refer to Chapter 4 in [2].

Proposition 3.31. Let E be an elliptic curve without complex multiplication over a
field of characterstic zero. Assume that B-B-M conjectures hold for E,E2, E3, · · · . Then
we have:

a) HomDMgm(k,Q)(Sym
2iM1(E),Q(i)) ∼= 0 when r = 0, i ∈ Z>0;

b) HomDMgm(k,Q)(Sym
2i+rM1(E),Q(i)[−r]) ∼= 0 when r ∈ Z>0, i ∈ Z≥0

Proof. We recall that Φ : (Chow(k,Q))op → DMgm(k,Q) is a fully faithful embed-
ding, which sends h1(E) to M1(E)[1] and L (Lefschetz object) to Q(1)[2].
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For case a), we have:

HomDMgm(k,Q)(Sym
2iM1(E),Q(i))

∼=HomDMgm(k,Q)(Sym
2i+rM1(E)[2i],Q(i)[2i])

∼=HomDMgm(k,Q)(Φ(∧2ih1(E)),Φ(L⊗i))
∼=Hom(Chow(k,Q))op(∧2ih1(E),L⊗i)
∼=HomChow(k,Q)(L⊗i,∧2ih1(E))

∼=HomMhom(k,Q)(L⊗i,∧2ih1(E)) Proposition 3.29

∼=HomNM(k,Q)(L⊗i,∧2ih1(E)) Remark 3.30

Notice that the motivic Galois group of an elliptic curve without complex multiplication
is GL2. See Example 7.6.4.1 in Chapter 7 of [2]. Roughly speaking, this means that
NM(k,Q), after changing the commutative constraint, is the same as the category of ra-
tional representations of GL2. Under this identification, L⊗i (resp. ∧2ih1(E)) corresponds
to the GL2 representation deti (resp. Sym2iF), which implies that:

HomNM(k,Q)(L⊗i,∧2ih1(E)) ∼= HomGL2(det
i, Sym2iF) ∼= 0.

For case b), we have:

HomDMgm(k,Q)(Sym
2i+rM1(E),Q(i)[−r])

∼=HomDMgm(k,Q)(Sym
2i+rM1(E)[2i+ r],Q(i)[2i])

∼=HomDMgm(k,Q)(Φ(∧2i+rh1(E)),Φ(L⊗i))
∼=Hom(Chow(k,Q))op(∧2i+rh1(E),L⊗i)
∼=HomChow(k,Q)(L⊗i,∧2i+rh1(E))

∼=HomChow(k,Q)(Q,∧2i+rh1(E)(i)).

Using Proposition 3.29 and r ∈ Z>0, we obtain that:

HomChow(k,Q)(Q,∧2i+rh1(E)(i)) ∼= 0.

�

Remark 3.32. The above proof of case b) works for any elliptic curve over a base field
of characteristic zero.

Conjecture 3.33. (The existence of motivic t-structure) There is a suitable
t-structure over DMgm(k,Q), which is called motivic t-structure, such that the following
diagram commutes:

Chow(k,Q) DMgm(k,Q)

NM(k,Q) MM(k,Q)

Φ //

����
//
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where MM(k,Q) denote the heart of motivic t-structure.

A special case is the following:

Conjecture 3.34. (The existence of motivic t-structure for DMEM(k,Q)E)
Given an elliptic curve curve E over k, there is a suitable t-structure over DMEM(k,Q)E,
whose heart is denoted by MEM(k,Q)E.

Remark 3.35. For more information about the conjecture of the existence of motivic
t-structure, we refer to Chapter 21 in [2]. We only mention that the conjecture of the
existence of motivic t-structure implies B-B-M conjectures. See Section 21.3 in [2].

Lemma 3.36. Let E be an elliptic curve over k. Assume that the conjecture of the
existence of motivic t-structure for DMEM(k,Q)E is true. Then we have:

HomDMgm(k,Q)(Sym
2i+rM1(E),Q(i)[j]) ∼= 0

for any i, r ∈ Z≥0 and j ∈ Z such that j + r < 0.

Proof. Firstly, notice that Sym2i+rM1(E) and Q(i) are in the heart of motivic t-
structure. Because there is no negative extension in abelian categories and j < −r ≤ 0,
we have:

HomDMgm(k,Q)(Sym
2i+rM1(E),Q(i)[j]) ∼= 0.

�

Corollary 3.37. Let E be an elliptic curve without complex multiplication over k.
The conjecture of the existence of motivic t-structure implies that all the r-th vanishing
properties hold for E for any non-negative integer r, i.e., Conjecture 3.23 holds.

Proof. This is a combination of Lemma 3.31, Lemma 3.36 and Remark 3.35. �





CHAPTER 4

CYCLE ALGEBRAS

1. Suslin - Friedlander complexes

Let k be any field in the first two sections.

Definition 4.1. Take Y in Smk and X in Schk. Let zq.fin(X)(Y ) be the subgroup of
z∗(Y ×kX) generated by integral closed subschemes W ⊂ Y ×kX such that p1 : W −→ Y
is quasi-finite and dominant over an irreducible component of Y . 4

Remark 4.2. zq.fin(X) is a Nisnevich sheaf with transfers. See Lecture 16 in [27].

Definition 4.3. Define the cosimplicial scheme ∆∗ over k by:

∆n = Spec k[x0, · · · , xn]/(
n∑
i=0

xi − 1),

and whose j-th face map ∂j : ∆n → ∆n+1 is given by the equation xj = 0. 4

Definition 4.4. Let F be a presheaf of abelian groups on Smk. For Y ∈ Smk. We
define a simplical presheaf C•(F) sending Y to the simplical abelian groups F(Y × ∆∗).
Let C∗(F) be the complex of presheaves with transfer associated to C•(F). 4

Remark 4.5. If F is a presheaf with transfers, then C∗(F) is a complex of presheaves
with transfers. See lecture 2 in [27].

Definition 4.6. For any i ∈ Z, we define the Suslin-Fridlander complexes ZSF (i) by:

ZSF (i) = C∗zq.fin(Ai)[−2i].

This is a complex of Nisnevich sheaves with transfers on Smk. 4

We recall an important result, which is a special case of Lemma 19.4 in the Lecture 19
of [27].

Lemma 4.7. For all X ∈ Schk, we have an isomorphism in D(Ab):

ZSF (i)[2i](X) ∼= zi(X, ∗),
where zi(X, ∗) is Bloch’s higher Chow group complex.

2. Cubical version

Let (21, ∂21) denote the pair (A1, {0, 1}). Let (2n, ∂2n) denote the pair of An together
with a divisor ∂2n of An which is given by

∑n
i=1(xi = 0) +

∑n
i=1(xi = 1), where x1 · · · xn

49
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are the coordinates on An. A face of 2n is a subscheme defined by equations of the form
xi1 = δ1, · · · , xis = δs with all the δj ∈ {0, 1}.

Definition 4.8. Let X be in Schk. Let zq(X,n)cb be the free abelian group on the
codimension q subvarieties W ⊂ X×2n such that W ∩X×F has codimension q for every
face F ⊂ 2n. 4

For ε ∈ {0, 1} and j ∈ {1, · · · , n}, we let ιj,ε : 2n−1 −→ 2n be the closed embedding
defined by inserting an ε in the j-th coordinate. Let πj : 2n −→ 2n−1 be the projection
which omits the j-th coordinate. Then the pull-back maps ι∗j,ε : zq(X,n)cb −→ zq(X,n−1)cb

and π∗j : zq(X,n− 1)cb −→ zq(X,n)cb are well-defined.
Recall the definition of the cubical version of Bloch’s cycle complex.

Definition 4.9. Let zq(X,n)cb be the quotient of zq(X,n)cb by the degenerate cycles.
Explicitly,

zq(X,n)cb = zq(X,n)cb/
n∑
j=1

π∗j (z
q(X,n− 1)cb).

4

Note the symmetric group Σn acts on 2n by permutation.

Definition 4.10.

zq(X,n)Alt = {x ∈ zq(X,n)cb ⊗Q| (id× σ)∗(x) = sgn(σ) · x for all σ ∈ Σn}.
4

In fact, we can also define Ccb
∗ (F) and CAlt

∗ (F) for F a presheaf over Smk.

Definition 4.11. Let X ∈ Smk and F as above. Let Ccb
n (F) be the presheaf

Ccb
n (F)(X) = F(X ×2n)/

n∑
j=1

π∗j (F(X ×2n−1)).

and the differential is given by:

dn =
n∑
j=1

(−1)j−1F(ιj,1)−
n∑
j=1

(−1)j−1F(ιj,0).

4

If F is a Nisnevich prsheaf (sheaf, with transfers), then Ccb
∗ (F) is a complex of Nis-

nevich prsheaves (sheaves, with transfers). One can extend the construction of complexes
of sheaves (with transfers) by taking the total complex. We can define CAlt

∗ (F) as a sub-
complex of Ccb

∗ (F) ⊗ Q by taking the alternating element in Ccb
∗ (F)(Y ) as in Definition

4.10 for every Y ∈ Smk.

Remark 4.12. There is another definition of the alternating complex without taking
the quotient by the degenerate cycles. See [22].
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Some comparison results can be found in [22], which is:

Theorem 4.13. Let F be a complex of presheaves on Smk.

• There is a natural isomorphism C∗(F) ∼= Ccb
∗ (F) in the derived category of pre-

sheaves on Smk. If F is a complex of presheaves with transfer, there is also an
isomorphism C∗(F) ∼= Ccb

∗ (F) in the derived category of presheaves with transfers
D(PST).
• The inclusion CAlt

∗ (F)(Y ) ⊂ Ccb
∗ (F)Q(Y ) is a quasi-isomorphism for all Y ∈ Smk.

3. The cycle algebra for an elliptic curve

Let a be a positive integer. We denote the a-th power of E by Ea. Recall E is an elliptic
curve defined over a base field k of characteristic zero without complex multiplication.

Definition 4.14. The sign character sgn : Z/2Z→ {±1} extends to the map

ρ : (Z/2Z)a → {±1}a

by
ρ(η1, · · · , ηa) = {sgn(η1), · · · , sgn(ηa)}

for (η1, · · · , ηa) ∈ (Z/2Z)a. 4

The group Γn = (Z/2Z)a o Σa act on Ea in the following way: Σa permutes the
components of Ea and the i-th generator (0, · · · , 1, · · · , 0) in (Z/2Z)a acts on the i-th

component E of Ea by the inversion, i.e., x
σi−→ −x.

For i ∈ Z, we define a subgroup of CAlt
i (zq.fin(Ab))(Ea):

CAlt,−
i (zq.fin(Ab))(Ea)

= {Z ∈ CAlt
i (zq.fin(Ab))(Ea)|g(Z) = ρ(g)Z ∀g ∈ (Z/2Z)a}.

We denote the corresponding cycle complex by CAlt,−
∗ (zq.fin(Ab))(Ea).

Given σ ∈ Q[Σa], define
Z • σ = sgn(σ)σ−1(Z)

for Z ∈ CAlt,−
i (zq.fin(Ab))(Ea). This makes CAlt,−

i (zq.fin(Ab))(Ea) into a right Q[Σa]-

module. We also have the action of the symmetric group Σb on CAlt,−
i (zq.fin(Ab))(Ea),

by permuting the coordinates of Ab. Taking the symmetric sections with respect to the

action of Σb, we get a sub-complex C̃Alt,−
i (zq.fin(Ab))(Ea) of CAlt,−

i (zq.fin(Ab))(Ea).
Notation: For i < 0, V ⊗i = (V ∨)⊗−i, where V ∨ is the dual representation of V . We

also use this notation for motives.

Definition 4.15. Let a, b be integers such that a ≥ b, a ≥ 0. For i ∈ Z, we define:

E ia,b = C̃Alt,−
a−2b−i(zq.fin(Aa−b))(Ea)⊗Q[Σa] F⊗a(b− a).

Here F is the fundamental representation of GL2 and F⊗a(b− a) = F⊗a ⊗ det⊗b−a. 4

Remark 4.16. We collect some facts for the later use.
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(1) Using the external product of cycles, we define a map:

C̃Alt,−
a−2b−i1(zq.fin(Aa−b))(Ea)⊗Q C̃

Alt,−
c−2d−i2(zq.fin(Ac−d))(Ec)

�−→ C̃Alt,−
a−2b+c−2d−i1−i2(zq.fin(Aa−b+c−d))(Ea+c),

which sends Z1 ⊗ Z2 to (−1)c(a−2b−i1)m(Z1 × Z2). Here m is the map

Ea × Aa−b ×�a−2b−i1 × Ec × Ac−d ×�c−2d−i2

→ Ea+c × Aa−b+c−d ×�a−2b+c−2d−i1−i2 ,

changing the positions of the factors.
(2) We have the map of GL2 representations: Fa ⊗ Fc → Fa+c.

In the following, we wnat to define a product map E∗a,b⊗E∗c,d → E∗a+c,b+d. For simplicity,

we denote C̃Alt,−
a−2b−i(zq.fin(Aa−b))(Ea) by Ci

a,b.
Then we have:

(Ci
a,b ⊗Q[Σa] Fa(b− a))⊗Q (Cj

c,d ⊗Q[Σc] Fc(d− c))

= (Ci
a,b ⊗Q C

j
c,d)⊗Q[Σa×Σc] (Fa(b− a)⊗Q Fc(d− c)).

Using the external product of cycles and GL2-representations (see Remark 4.16), we have
a map:

(Ci
a,b ⊗Q C

j
c,d)⊗Q[Σa×Σc] (Fa(b− a)⊗Q Fc(d− c))

→ Ci+j
a+c,b+d ⊗Q[Σa×Σc] Fa+c(b− a+ d− c).

The injection of groups Σa × Σc → Σa+c induces a map Q[Σa × Σc] → Q[Σa+c]. Note
that both Ci+j

a+c,b+d and Fa+c(b − a + d − c) are Q[Σa+c] modules, and their Q[Σa+c] mod-
ules structures are compatible with their Q[Σa × Σc] module structure coming from the
respective external products. This tells us that there is a map:

Ci+j
a+c,b+d ⊗Q[Σa×Σc] Fa+c(b− a+ d− c)→ Ci+j

a+c,b+d ⊗Q[Σa+c] Fa+c(b− a+ d− c).
Putting these maps together, we get a map:

(Ci
a,b ⊗Q[Σa] Fa(b− a))⊗Q (Cj

c,d ⊗Q[Σc] Fc(d− c))
µa,bc,d−−→ Ci+j

a+c,b+d ⊗Q[Σa+c] Fa+c(b− a+ d− c).
(13)

Remark 4.17. We will use the following identification in the next lemma.
Let G be a finite group and V (resp. W ) be a right (resp. left) Q[G] module, then:

V ⊗Q[G] W = (V ⊗Q W )G,

The right hand means the following: The right Q[G] module V can be considered as a
left module, g • v .

= v • g−1. V ⊗Q W is considered as a left module. Then take the G
co-invariant part.

Lemma 4.18. The product structure defined in (13) is associative and graded commu-

tative. More precisely, (−1)ijµc,da,b ◦ τ = µa,bc,d, where τ is the map E ia,b ⊗ E
j
c,d

τ−→ E jc,d ⊗ E ia,b
changing two factors.
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Proof. For the associativity part, it’s the direct result of the associativity of external
products of cycles and representations and compatibility of actions of symmetric groups.

For the commutativity part, we need to check that (−1)ijµc,da,b ◦ τ = µa,bc,d. Take Z1⊗W1,

where Z1 ∈ Ci
a,b, W1 ∈ V a(b−a). Similarly take Z2⊗W2, where Z2 ∈ Cj

c,d, W2 ∈ V c(d−c).
Set:

σ =

(
1 · · · a a+ 1 · · · a+ c

a+ 1 · · · a+ c 1 · · · a

)
∈ Q[Σa+c].

Let δ act on Aa−b×�a−2b−i×Ac−d×�c−2d−j by permuting Aa−b and Ac−d, and permuting
�a−2b−i and �c−2d−j.

Also use � to denote the external product of modules.
Then, in Ci+j

a+c,b+d ⊗Q Fa+c(b− a+ d− c), we have:

δσ((Z1 � Z2)⊗Q (W1 �W2))

= δ(σ(Z1 � Z2))⊗Q (σ(W1 �W2))

= (−1)c(a−i)+a(c−j)+(a−i)(c−j)(Z2 � Z1)⊗Q (W2 �W1)

= (−1)c(a−i)+a(c−j)+(a−i)(c−j)(Z2 � Z1)⊗Q (W2 �W1)

= (−1)ac+ij(Z2 � Z1)⊗Q (W2 �W1).

Here we use δ(Z) = sgn(δ)Z. This implies that the image of

µa,bc,d((Z1 ⊗W1)⊗Q (Z2 ⊗W2))− (−1)ij(µc,da,b ◦ τ)((Z1 ⊗W1)⊗Q (Z2 ⊗W2))

in E i+ja+c,b+d is the same as

µa,bc,d((Z1 ⊗W1)⊗Q (Z2 ⊗W2))− (−1)acσ(µc,da,b((Z1 ⊗W1)⊗Q (Z2 ⊗W2))),

i.e.,
µa,bc,d((Z1 ⊗W1)⊗Q (Z2 ⊗W2))− σ • (µc,da,b((Z1 ⊗W1)⊗Q (Z2 ⊗W2))),

which is zero in E i+ja+c,b+d. This implies the graded commutativity. �

For simplicity, we denote the multiplication µa,bc,d by •.

Lemma 4.19. Given Z1 ⊗W1 ∈ Ci
a,b ⊗Q[Σa] Fa(b− a), Z2 ⊗W2 ∈ Cj

c,d ⊗Q[Σb] Fc(d− c),
then we have:

di+ja+c,b+d((Z1 ⊗W1) • (Z2 ⊗W2))

= (dia,b(Z1 ⊗W1)) • (Z2 ⊗W2) + (−1)i(Z1 ⊗W1) • (djc,d(Z2 ⊗W2)),

where dia,b is the map Ci
a,b ⊗Q[Σa] Fa(b− a)

d⊗id−−→ Ci+1
a,b ⊗Q[Σa] Fa(b− a).

Proof. By the definition of • and differentials, we only need to check the above equal-
ity for cycle parts, i.e,

di+ja+c,b+d(Z1 � Z2) = dia,b(Z1) � Z2 + (−1)iZ1 � djc,d(Z2).
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We use ∩ to denote the cycle intersection.

da+c,b+d
i+j (Z1 � Z2)

=

i+j∑
k=1

(−1)k−1(Z1 � Z2) ∩ (Ea+c × Aa−b+c−d ×�× · · · × {1} · · · ×�)

−
i+j∑
k=1

(−1)k−1(Z1 � Z2) ∩ (Ea+c × Aa−b+c−d ×�× · · · × {0} · · · ×�)

module degenerate cycles, where 0 and 1 is the point in � putting in the k-th place.
Similarly,

dia,b(Z1) � Z2 + (−1)iZ1 � djc,d(Z2)

=
i∑
l=1

(−1)l−1(Z1 ∩ (Ea × Aa−b ×�× · · · × {1} · · · ×�)) � Z2

−
i∑
l=1

(−1)l−1(Z1 ∩ (Ea × Aa−b ×�× · · · × {0} · · · ×�)) � Z2

+(−1)i
j∑

m=1

(−1)m−1(Z1 � (Z2 ∩ Ec × Ac−d ×�× · · · × {1} · · · ×�))

−(−1)i
j∑

m=1

(−1)m−1(Z1 � (Z2 ∩ Ec × Ac−d ×�× · · · × {0} · · · ×�))

=
i∑
l=1

(−1)l−1(Z1 ∩ (Ea × Aa−b ×�× · · · × {1} · · · ×�)) � Z2

+

j∑
m=1

(−1)i+m−1(Z1 � (Z2 ∩ Ec × Ac−d ×�× · · · × {1} · · · ×�))

−
i∑
l=1

(−1)l−1(Z1 ∩ (Ea × Aa−b ×�× · · · × {0} · · · ×�)) � Z2

−
j∑

m=1

(−1)i+m−1(Z1 � (Z2 ∩ Ec × Ac−d ×�× · · · × {0} · · · ×�))

=

i+j∑
k=1

(−1)k−1(Z1 � Z2) ∩ (Ea+c × Aa−b+c−d ×�× · · · × {1} · · · ×�)

−
i+j∑
k=1

(−1)k−1(Z1 � Z2) ∩ (Ea+c × Aa−b+c−d ×�× · · · × {0} · · · ×�)
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module degenerate cycles. Therefore, we obtain that:

di+ja+c,b+d(Z1 � Z2) = dia,b(Z1) � Z2 + (−1)iZ1 � djc,d(Z2).

�

By lemma 4.18 and lemma 4.19, our products

E∗a,b ⊗ E∗c,d → E∗a+c,b+d

give ⊕a≥b≥0E∗a,b the structure of a bi-graded commutative differential graded algebra in
GL2-representations.

Example 4.20. Let us use Example 3.24 to compute E∗2,1. By our definition, we have:

E∗2,1 = C̃Alt,−
−∗ (zq.fin(A1))(E2)⊗Q[Σ2] F⊗2(−1).

Notice that as a GL2 representation, V ⊗2(−1) decomposes as the direct sum of Sym2(−1)
and Q, both factors with multiplicity one. Computing the corresponding cycle complexes,
we get:

E∗2,1 = (C̃Alt,−
−∗ (zq.fin(A1))(E2))sym ⊗Q Sym

2F(−1)

⊕(C̃Alt,−
−∗ (zq.fin(A1))(E2))alt ⊗Q Q.

Using Example 3.24, we obtain that the first term of right hand side is quasi-isomorphic
to zero. Similarly the second term is quasi-isomorphic to the trivial GL2 representation,
generated by a cycle of codimension one in E2. If we denote the diagonal (resp. anti-
diagonal) of E × E by ∆+ (resp. ∆−), then we can take this generator to be the cycle
1
2
(∆+ −∆−).

Define a map:

(14) E∗a,b
η−→ E∗a+2,b+1

by mapping Z⊗QW ∈ Ci
a,b⊗ΣaF

a(b−a) to (Z× 1
2
(∆+−∆−))⊗Qφ(W ), where φ is the com-

position of maps between GL2 representations Fa(b−a)→ Fa(b−a)⊗QF2(−1)
∼=−→ Fa+2(b−

a− 1). The first map is defined in the following way. Because F2(−1) ∼= Sym2F(−1)⊕Q
as GL2 representations, we have a natural injective map:

Fa(b− a) ∼= Fa(b− a)⊗Q→ Fa(b− a)⊗ F2(−1),

sending 1 ∈ Q to 1 ∈ Q ⊂ F2(−1).

Remark 4.21. Using the computation in Example 4.20, the above definition is just the
composition of maps:

E∗a,b → E∗a,b ⊗ E∗2,1
•−→ E∗a+2,b+1.

Definition 4.22. For a ∈ Z, we define:

E∗a = lim−→i≥−a E∗−a+2i,−a+i.

4
Remark 4.23. As GL2 representations, every term of the complex E∗a has pure Adams

weight a. The reason for the process of taking colimit is to kill the infinite repeated
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information. Notice each irreducible GL2 representation appear infinite times for the rep-
resentation part of {Ea,b}, which take the same cycle complexes. We will see these facts
later in Corollary 4.32.

Definition 4.24. Define:
E∗ = Q⊕

⊕
a≥1

E∗a .

and
E∗ell =

⊕
a∈Z

E∗a .

4

Remark 4.25. The products on E∗a,b descend to products on E∗ and E∗ell. By the
construction of the multiplication map, we have:

E∗a+2i, i ⊗ E∗b+2j, j → E∗a+b+2i+2j, i+j,

and the commutative diagram

E∗a+2i, i ⊗ E∗b+2j, j E∗a+b+2i+2j, i+j

E∗a+2i+2, i+1 ⊗ E∗b+2j, j E∗a+b+2i+2j+2, i+j+1

//

η⊗id

��
//

η

��

Fix b, j. Using these diagrams for i varying, we get a map:

E∗a ⊗ E∗b+2j, j → E∗a+b.

We also have the following commutative diagrams:

E∗a ⊗ E∗b+2j, j E∗b

E∗a ⊗ E∗b+2j+2, j+1

//

id⊗η

��

77

and

E∗a+2i, i ⊗ E∗2b+j, b E∗a+b+2i+2j, i+j

E∗a+2i, i ⊗ E∗2b+j+2, b+1 E∗a+b+2i+2j+2, i+j+1

//

id⊗η

��
//

η

��

Then for i, j ∈ Z, we get E∗i ⊗ E∗j → E∗i+j, which induce product structures on E and E∗ell.
By Lemma 4.18 and Lemma 4.19, these give E and E∗ell the structures of commutative
differential graded algebra objects in the category of GL2 representations.
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4. Computations

Lemma 4.26. There are isomorphisms:

H i(C̃Alt,−
a−2b−∗(zq.fin(Aa−b))(Ea)) ∼= HomDMgm(k,Q)((M1(E))⊗a,Q(a− b)[i]),

for i ∈ Z.

Proof. By results in Chapter 4 of [15] and Theorem 4.13, we have:

H i(C̃Alt
a−2b−∗(zq.fin(Aa−b))(Ea)) ∼= CHa−b(Ea, 2a− 2b− i).

Using Theorem 19.1 in [27], we have:

CHa−b(Ea, 2a− 2b− i) ∼= HomDMgm(k,Q)(M(Ea)(b),Q(a)[i]).

Notice that the action of (Z/2)a on these groups are compatible under the above isomor-
phisms. Considering the − part, we get:

H i(C̃Alt,−
a−2b−∗(zq.fin(Aa−b))(Ea)) ∼= HomDMgm(k,Q)((M1(E))⊗a,Q(a− b)[i]).

�

Lemma 4.27. The external product, which is defined on the cohomology groups of the

cycle complex C̃Alt,−
a−2b−∗(zq.fin(Aa−b))(Ea), is compatible with the external product on Hom

groups HomDMgm(k,Q)((M1(E))⊗a,Q(a− b)[i]), defined in the following way:

HomDMgm(k,Q)((M1(E))⊗a,Q(a− b)[i])⊗HomDMgm(k,Q)((M1(E))⊗c,Q(c− d)[j])

→HomDMgm(k,Q)((M1(E))⊗a ⊗ (M1(E))⊗c,Q(a+ c− b− d)[i+ j])

→HomDMgm(k,Q)((M1(E))⊗a+c,Q(a+ c− b− d)[i+ j]),

(15)

where the first map is taking the external product in DMgm(k,Q).

Proof. By Lemma 4.26, HomDMgm(k,Q)((M1(E))⊗a,Q(a−b)[i]) can be identified as the

cohomology group of a subcomplex C̃Alt,−
a−2b−∗(zq.fin(Aa−b))(Ea) of Ca−2b−i(zq.fin(Aa−b))(Ea).

The external product of

HomDMgm(k,Q)((M1(E))⊗a,Q(a− b)[i])
defined as above is just induced by the external product defined on cohomology groups of

Ca−2b−i(zq.fin(Aa−b))(Ea).

On the other hand, notice that the external product on the cohomology groups of the cycle
complex

C̃Alt,−
a−2b−∗(zq.fin(Aa−b))(Ea)

is given by the external product on the cohomology groups of

Ca−2b−i(zq.fin(Aa−b))(Ea).

�
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Lemma 4.28. The cohomologies of E∗a,b are canonically isomorphic to the cohomologies
of the following complex of GL2 representations⊕

c+2d=a,c,d≥0

HomDMgm(k,Q)(Sym
cM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a),

where we view its differential maps as zero.

Proof. By Lemma 4.26, we have the following isomorphism between GL2 representa-
tions:

H i(E∗a,b) ∼= HomDMgm(k,Q)((M1(E))⊗a,Q(a− b)[i])⊗Q[Σa] Fa(b− a).

Then by Lemma 3.19, we know that:

HomDMgm(k,Q)((M1(E))⊗a,Q(a− b)[i])⊗Q[Σa] Fa(b− a)
∼=HomDMgm(k,Q)(⊕c+2d=a,c,d≥0V(c+d,d) ⊗ Symc(M1(E))(d),Q(a− b)[i])
⊗Q[Σa] (⊕e+2f=a,e,f≥0V(e+f,f) ⊗ SymeF(f + b− a))
∼=⊕c+2d=e+2f=a,c,d,e,f≥0 HomDMgm(k,Q)(Sym

c(M1(E))(d),Q(a− b)[i])
⊗ (V ∨(c+d,d) ⊗Q[Σa] V(e+f,f))⊗ SymeF(f + b− a)

∼=⊕c+2d=a,c,d≥0 HomDMgm(k,Q)(Sym
cM1(E)(d),Q(a− b)[i])

⊗ SymcF(d+ b− a).

Notice that given two irreducible representations V,W of a finite group G over Q, then
V ⊗Q[G] W = Q if V ∼= W . Otherwise, it’s zero. �

Corollary 4.29. If the 0-vanishing property holds for an elliptic curve E, then for
any a > 0, the cohomolgies of E∗2a,a are all isomorphic to the trivial GL2-representation Q
concentrated in degree zero.

Proof. By Lemma 4.28, we have:

H∗(E∗2a,a) ∼=⊕
c+2d=2a,c,d≥0

HomDMgm(k,Q)(Sym
cM1(E),Q(a− d)[∗])⊗ SymcF(d− a).(16)

From Definition 3.21, we know that:

HomDMgm(k,Q)(Sym
cM1(E),Q(a− d)[∗]) ∼= 0 if c ≥ 1.

Therefore, we have:

Hn(E∗2a,a) ∼=

{
0 if n 6= 0;

Q if n = 0,

where Q is the trivial GL2 representation. �

Recall in the previous section, we have defined η in equality (13). In the next lemma,
we want to give a description of η under the identification in Lemma 4.28.

Lemma 4.30. Via the identification of Lemma 4.28, the map:

η : E∗a,b → E∗a+2,b+1,
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induces the following map on cohomology groups:

(HomDMgm(k,Q)(Sym
cM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a))

⊗ (HomDMgm(k,Q)(Q(1),Q(1))⊗Q)

→(HomDMgm(k,Q)(Sym
cM1(E)(d+ 1),Q(a− b+ 1)[∗])

⊗ SymcF(d+ b− a).

Moreover, the map on cohomology groups induces by η is a monomorphism in the category
of GL2 representations.

Proof. By Example 3.24, we have a simple description of E∗2,1:

H∗(E∗2,1) ∼= HomDMgm(k,Q)(Q(1),Q(1))⊗Q.
Using Lemma 4.27 and Lemma 4.28, we can identify η as sending the piece

HomDMgm(k,Q)(Sym
cM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a)

to

HomDMgm(k,Q)(Sym
cM1(E)(d+ 1),Q(a− b+ 1)[∗])⊗ SymcF(d+ b− a)

By Voevodsky’s cancellation theorem in [34], on each piece of E∗a,b, η is an isomorphism,
which implies that η is an injection. �

Corollary 4.31. If an elliptic curve E satisfies the r-th vanishing property for all
positive integer r, then all the H∗(E∗−r) are zero. Furthermore, if the elliptic curve E
satisfies the r-th vanishing property for all non-negative integer r, then we have H∗(E∗) =
H∗(E∗ell).

Proof. By Lemma 4.28, we have a quasi-isomorphism:

H∗(E∗r+2i,r+i)
∼=⊕

c+2d=r+2i,c,d≥0

HomDMgm(k,Q)(Sym
cM1(E)(d),Q(i)[∗])⊗ SymcF(d− i).

If E satisfies the r-th vanishing property for r ∈ Z>0, we have:

HomDMgm(k,Q)(Sym
cM1(E),Q(i− d)[∗])

∼=HomDMgm(k,Q)(Sym
r+2(i−d)M1(E),Q(i− d)[∗]) ∼= 0.

Therefore, H∗(E∗r+2i,r+i)
∼= 0 for any r ∈ Z>0 and any i ∈ Z≥0, which implies that

H∗(E∗−r) = 0.
Furthermore, if E also satisfies the 0-th vanishing property, then by Corollary 4.29, we

know that H∗(E2a,a) ∼= Q. Also, from Lemma 4.30, we know the connecting map η is the
identity. Therefore we obtain that H∗(E∗) = H∗(E∗ell). �
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Corollary 4.32. Let a be any integer. In the category of the derived category of GL2

representations, we have the following isomorphisms:

H∗(E∗a) ∼=⊕
i≥0,a≡i(2)

HomDMgm(k,Q)(Sym
iM1(E),Q(

a+ i

2
)[∗])⊗ SymiF(−a+ i

2
).

Proof. Using Lemma 4.28, we have:

H∗(E∗a,b) ∼=⊕
c+2d=a,c,d≥0

HomDMgm(k,Q)(Sym
cM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a).(17)

By Lemma 4.30, the connecting map

η : E∗a,b → E∗a+2,b+1

sends the summand

HomDMgm(k,Q)(Sym
cM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a),

of H∗(E∗a,b) to the same direct summand in H∗(E∗a+2,b+1) by the identity map. Therefore
taking the direct limit, we will get the direct sum of all the pieces of the form

HomDMgm(k,Q)(Sym
cM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a).

Rewriting the index set, one obtains the desired presentations. �

Next we want to compute the hom-groups between some special dg Eell-modules.
We let T GL2

Eell be the full triangulated subcategory of the derived category of dg Eell-
module generated by the dg Eell-module of the form {Eell⊗F−a(b)[n]}a,b,n∈Z. Simply denote
these elements by Eell〈a, b〉[n].

For convenience, we use the index Eell to denote the hom group in T GL2
Eell and use GL2

to stand for the derived category of GL2 representations in next lemma.

HomEell(Eell〈a, b〉[n], Eell〈c, d〉[m])

=HomEell(Eell ⊗ F⊗−a(b)[n], Eell ⊗ F⊗−c(d)[m])

=HomGL2(F
⊗−a(b), Eell ⊗ F⊗−c(d)[m− n])

=Hm−n(HomGL2(Q, Eell ⊗ F⊗−c ⊗ F⊗a(−b+ d))).

(18)

Lemma 4.33. For a, b, c, d, i ∈ Z, we have:

H i(HomGL2(Q, Eell ⊗ F⊗−c ⊗ F⊗a(−b+ d)))

∼=HomDMgm(k,Q)((M1(E))⊗−a(b), (M1(E))⊗−c(d)[i]).

Proof. The isomorphism F∨ ∼= F(−1) gives us the isomorphism F−a ∼= Fa(−a) in
the category of GL2-representations. Similarly using M1(E)∨ ∼= M1(E)(−1) gives us an
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isomorphism between geometric motives M1(E)−a ∼= M⊗a
1 (E)(−a). Without loss of gener-

ality, we can assume a, c ≥ 0. By Voevodsky’s Cancellation theorem, we can also assume
that b = 0. For simplicity, we only prove the case d = 0.

F⊗−c ⊗ F⊗a is the direct sum of Syma−2nF(n) ⊗ Sym−c−2mF(m), where 0 ≤ 2n ≤
a, c+ 2m ≤ 0, c+m ≥ 0, with multiplicities Ca−2n,n × C−c−2m,c+m.

Furthermore, we can decompose F⊗−c ⊗ F⊗a as the direct sum of irreducible GL2

representations of the form Syma−2n−c−2m−2lF(m+ n+ l), where the index set µ satisfies
0 ≤ 2n ≤ a, c + 2m ≤ 0, c + m ≥ 0, 0 ≤ 2l ≤ a − c − 2(m + n), with multiplicity
Ca−2n,n×C−c−2m,c+m×Dl

a−2n,−c−2m. (Notations are defined in Convention 1.10 and 1.40).
From this decomposition, we get m+c+n+ l ≥ 0, which implies that a−2m−c−2n−2l ≤
a+ c.

For each irreducible representation Syma−2n−c−2m−2lF(m+ n+ l), we have:

H i(HomGL2(Q, E∗ell ⊗ Syma−2n−c−2m−2lF(m+ n+ l)))

∼=H i(HomGL2(Q, E∗c−a ⊗ Syma−2n−c−2m−2lF(m+ n+ l)))

∼=H i(HomGL2((Sym
a−2n−c−2m−2lF(m+ n+ l))∗, E∗c−a))

∼=H i(HomGL2(Sym
a−2n−c−2m−2lF(m+ n+ l − a+ c), E∗c−a))

∼=HomDMgm(k,Q)(Sym
a−2n−c−2m−2lM1(E),Q(a− c−m− n− l)[i]),

(19)

For the last isomorphism, we use Corollary 4.32.
On the other hand, let us compute the hom-groups between motives.

HomDMgm(k,Q)((M1(E))⊗−a, (M1(E))⊗−c[i])

∼=HomDMgm(k,Q)(M1(E)⊗a ⊗M1(E)⊗c,Q(a)[i])
∼=⊕0≤2s≤a,0≤2t≤c (Ca−2s,s × Cc−2t,t)

·HomDMgm(k,Q)(Sym
a−2sM1(E)(s)⊗ Symc−2tM1(E)(t),Q(a)[i])

∼=⊕0≤2s≤a,0≤2t≤c,0≤2r≤a+c−2s−2t (Ca−2s,s × Cc−2t,t ×Dr
a−2s,c−2t)

·HomDMgm(k,Q)(Sym
a+c−2s−2t−2rM1(E)(r),Q(a− s− t)[i])

(20)

Rewrite the index set, and let s = n, t = c + m, r = l. Then this index set is the same as
µ. Notice that the multiplicities of the term

HomDMgm(k,Q)(Sym
a−2n−c−2m−2lM1(E),Q(a− c−m− n− l)[i])

in
H i(HomGL2(Q, E∗ell ⊗ Syma−2n−c−2m−2lF(m+ n+ l)))

and
HomDMgm(k,Q)((M1(E))⊗−a, (M1(E))⊗−c[i])

are the same. Both are Ca−2n,n × C−c−2m,c+m ×Dl
a−2n,−c−2m.

�





CHAPTER 5

CONNECTION WITH DMgm(k,Q)

1. The cycle cdga over GL2 in DM(k,Q)

Let E be an elliptic curve without complex multiplication as before.

Definition 5.1. Let a, b be integers such that a ≥ b, a ≥ 0. For i ∈ Z and T ∈ Smk,
we define:

Eia,b(T ) = C̃Alt,−
a−2b−i(zq.fin(Aa−b))(Ea × T )⊗Q[Σa] F⊗a(b− a).

Then Eia,b
1 is a RepGL2-valued Nisnevich sheaf with transfers, i.e.,

E∗a,b ∈ C(ShtrNis(k)⊗RepGL2).

4

Remark 5.2. From the definition, we have E∗a,b(k) = E∗a,b. In fact, by computations
similar in Section 4 of Chapter 4, one can get the following isomorphism in DMgm(k,Q):

E∗a,b
∼= RHom(M1(E)⊗a,Q(a− b))⊗Q[Σa] F⊗a(b− a).

Here RHom is defined in Remark 14.12 in [27].

Remark 5.3. {E∗a,b} is a cdga over GL2 object in C(ShtrNis(k))Q. More precisely, for
S, T ∈ Smk, the external product of correspondences gives the following product map:

Ca−2b−i(zq.fin(Aa−b))(Ea × S)⊗ Cc−2d−i(zq.fin(Ac−d))(Ec × S)

−→Ca+c−2b−2d−i(zq.fin(Aa+c−b−d))(Ea × S × Ec × T )
(21)

Taking the alternating projection with respect to the component �, − part with respect
to the component E and symmetric projection with respect to the component A yields:

C̃Alt,−
a−2b−i(zq.fin(Aa−b))(Ea × S)⊗ C̃Alt,−

c−2d−i(zq.fin(Ac−d))(Ec × S)

−→C̃Alt,−
a+c−2b−2d−i(zq.fin(Aa+c−b−d))(Ea × S × Ec × T )

(22)

Then we get the map as in (13):

(23) · : E∗a,b ⊗ E∗c,d → E∗a+c,b+d.

As before, one may check this map is associative and graded commutative.

1This could be thought as the “motivic version” of the cycle algebra E ia,b.

63
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Remark 5.4. A key observation is:

H∗(E∗2,1) ∼= RHom(M1(E)⊗2,Q(1))⊗Q[Σ2] F⊗2(−1)

∼=RHom(Sym2(M1(E)),Q(1))⊗ Sym2F(−1)⊕Q ∼= Q ∈ DM eff (k).

This computation relies on Proposition 13.7 in [27] and the fact that:

RHom(Sym2(M1(E)),Q(1))(K) ∼= 0,

whose proof is the same in Example 3.24.

Similarly using the multiplicative structure, we have:

η : E∗a,b → E∗a+2,b+1.

We now define E∗ as in Definition 4.22.

Definition 5.5. For a ∈ Z, we define:

(24) E∗a = lim−→i≥−aE
∗
−a+2i,−a+i.

Then we denote:
E∗ = Q⊕

⊕
a≥1

E∗a.

and
E∗ell =

⊕
a∈Z

E∗a.

4
Proposition 5.6. E∗ and E∗ell are cdga objects in the category of complexes of RepGL2-

valued Nisnevich sheaf with transfers.

Proof. The proof can be found in Section 4.3 of [22]. �

Remark 5.7. Following the same proofs as Lemma 4.28, Lemma 4.30 and Corollary
4.32, we obtain the following properties of E∗a,b.

(a). The cohomologies of E∗a,b are canonically isomorphic to the cohomologies of the
following complex of GL2 representations⊕
c+2d=a,c,d≥0

RHom(SymcM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a),

where we view the differentials as zero.
(b). Via the identification of property(a), the map:

η : E∗a,b → E∗a+2,b+1,

is compatible with the following map:

(RHom(SymcM1(E)(d),Q(a− b)[∗])⊗ SymcF(d+ b− a))

⊗ (RHom(Q(1),Q(1))⊗Q)

→(RHom(SymcM1(E)(d+ 1),Q(a− b+ 1)[∗])
⊗ SymcF(d+ b− a).
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Moreover, the maps on cohomologies induced by η are injective in the category of
GL2 representations.

(c). Let a be any non negative integer. In the derived category of GL2 representations,
we have the following isomorphisms:

H∗(E∗a)
∼=⊕

i≥0,a≡i(2)

RHom(SymiM1(E),Q(
a+ i

2
)[∗])⊗ SymiF(−a+ i

2
).

2. DG modules and motives for an elliptic curve

Fix r ∈ Z≥0. Given M ∈ CMGL2
E∗ell

, its Adams graded r summand is defined as:

M(r) = HomGL2(det
⊗−r,E∗ell ⊗E∗ell M [2r]).

Here [2r] means the shift of the complex. HomGL2(·, ·) is the usual hom complex in
C(RepGL2). In fact, this defines a dg functor:

M(r)dg : CME∗ell → C(ShtrNis(k))

and also an exact functor :

M(r) : KCME∗ell → D(ShtrNis(k)).

Definition 5.8. Let T tr be the presheaf with transfers:

T tr = coker(Qtr(Spec(k))
i∞∗−−→ Qtr(P1)),

where i∞ is the inclusion of ∞ into P1. 4

In fact, T tr is a Nisnevich sheaf with transfers.

Lemma 5.9. We have a natural injectve map in C(ShtrNis(k)):

T tr → H0(GL2,E
∗
ell ⊗ det[2]).

Proof. By the definition of E∗, its det−1 isotypical part is given by

lim
i≥0

E∗2i,i−1.

Notice that
E∗0,−1

∼= C̃Alt,−
2−∗ (zq.fin(A1)) ∼= T tr[−2].

So there is a natural injective map:

T tr → H0(GL2,E
∗
ell ⊗ det[2]).

�
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For M ∈ CMGL2
E∗ell

, from the above lemma, we have the following composition of maps:

T tr ⊗trM(r)dg(M) = T tr ⊗tr HomGL2(det
⊗−r,Eell ⊗Eell M [2r])

−→HomGL2(det
−1,Eell[2])⊗tr HomGL2(det

⊗−r,Eell ⊗Eell M [2r])

−→HomGL2(det
⊗−r−1,Eell ⊗ Eell ⊗Eell M [2r + 2])

−→HomGL2(det
⊗−r−1,Eell ⊗Eell M [2r + 2]) =M(r + 1)dg(M).

(25)

For the last arrow, we use the multiplicative structure of Eell. Denote the composition of
these maps by ε∗r(M).

In order to construct a functor from the homotopy category of cell modules to the
category of motives, we need to use Voevodsky’s big category of motives DM(k,Q), which
is defined by the symmetric spectra. Roughly speaking, one needs to define a model
category SptΣ

T tr(k,Q) of symmetric T tr spectra in C(ShtrNis(k)) with “a suitable model
structure”, and then DM(k,Q) is defined to be the homotopy category of SptΣ

T tr(k,Q).
For this approach, we refer to section 3.2, 3.3 and 3.4 in [22].

Then sending M ∈ CMGL2
E∗ell

to the sequence:

Mdg
∗ (M) = (Mdg(0)(M),Mdg(1)(M), · · · )

with the bonding map ε∗r(M) defines a dg functor:

Mdg
∗ : CMGL2

E∗ell
→ SptΣ

T tr(k,Q),

and also an exact functor on their homotopy categories

M∗ : KCMGL2
E∗ell
→ DM(k,Q).

Here the n-th term in the spectrum is equipped with a trivial Σn action.

Lemma 5.10. We have the following isomorphisms in DM(k,Q):

(1) M(r)(Eell) ∼= Q(r)[2r].
(2) Given a, b ∈ Z, for any r ∈ Z such that b+ r ≥ 0, we have:

M(r)(Eell ⊗ F⊗a(b)) ∼= M1(E)⊗a(b+ r)[2r].

Proof. Because M(r)(Eell) = HomGL2(det
⊗−r,Eell[2r]), the only non-trivial part is

coming from weight −2r(or Adams degree 2r) part in Eell. Using Remark 5.7, we have the
following quasi-isomorphism:

E∗2r
∼=
⊕
i≥0

RHom(SymiM1(E),Q(
2r + i

2
))⊗ SymiF(−2r + i

2
).
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Then by definition of M(r)(Eell), we have:

M(r)(Eell) = HomGL2(det
⊗−r,Eell[2r])

∼=HomGL2(det
⊗−r,

⊕
i≥0

RHom(SymiM1(E),Q(
2r + i

2
))

⊗ SymiF(−2r + i

2
)[2r])

∼=HomGL2(det
⊗−r, RHom(Q,Q(r))⊗ det⊗−r[2r])

∼=HomDMgm(k,Q)(Q,Q(r))[2r] ∼= Q(r)[2r].

For the second isomorphism, we need to compute weight −2r − 1 part in Eell. We have:

E∗2r+1
∼=
⊕
i≥0

RHom(SymiM1(E),Q(
2r + 1 + i

2
))⊗ SymiF(−2r + 1 + i

2
).

Therefore:

M(r)(Eell ⊗ F⊗a(b)) = HomGL2(det
⊗−r,Eell ⊗ F⊗a(b)[2r])

∼=HomGL2(F
⊗−a ⊗ det⊗−b−r,Eell[2r])

∼=HomGL2(F
⊗−a ⊗ det⊗−b−r,E2b+2r+a[2r])

∼=HomGL2(F
⊗−a ⊗ det⊗−b−r,

⊕
i≥0

RHom(SymiM1(E),Q(
2b+ 2r + a+ i

2
))

⊗ SymiF(−2b+ 2r + a+ i

2
)[2r])

∼=HomGL2(
⊕

0≤j≤a

Cj ⊗ SymjF(−2b+ 2r + a+ j

2
),
⊕
i≥0

RHom(SymiM1(E),

Q(
2b+ 2r + a+ i

2
))⊗ SymiF(−2b+ 2r + a+ i

2
)[2r])

∼=HomDMgm(k,Q)(
⊕

0≤j≤a

Cj ⊗ SymjM1(E),Q(
2b+ 2r + a+ j

2
))[2r]

∼=M1(E)⊗a(b+ r)[2r].

Here Cj is the multiplicity of SymjF(−2b+2r+a+j
2

) in F⊗−a ⊗ det⊗−b−r. �

Lemma 5.11. {Eell ⊗ Fa(b)|a, b ∈ Z} generate DGL2
Eell .

Proof. Let M ∈ DGL2
Eell be a dg module satisfying

HomDGL2
Eell

(Eell ⊗ Fa(b),M [i]) ∼= 0

for any Fa(b) ∈ RepGL2 and a, b, i ∈ Z. Without loss of generality, we assume that M is
a cell module. Using Remark 2.49, we obtain that:

HomDGL2
Eell

(Eell ⊗ Fa(b),M [i]) ∼= H i(HomGL2(F
a(b),M)) ∼= 0,
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which implies that M is quasi-isomorphic to 0 as a complex of GL2 representations. �

Corollary 5.12. {Eell ⊗ Fa(b)|a, b ∈ Z} classically generates (DGL2
Eell )c.

Proof. First we want to show that Eell ⊗ Fa(b) is a compact object in DGL2
Eell for any

a, b ∈ Z. Let {Mi}i∈I be a family of cell A-modules. By Remark 2.49, we have:

HomDGL2
Eell

(Eell ⊗ Fa(b),
⊕
i∈I

Mi) = HomKCMGL2
Eell

(Eell ⊗ Fa(b),
⊕
i∈I

Mi)

∼=HomKCMGL2
Q

(Fa(b),
⊕
i∈I

Mi) ∼=
⊕
i∈I

HomKCMGL2
Q

(Fa(b),Mi)

∼=
⊕
i∈I

HomKCMGL2
Eell

(Eell ⊗ Fa(b),Mi),

which implies that Eell ⊗ Fa(b) is compact. Here we use that Fa(b) is a compact object in
DGL2

Q .

Together with Lemma 5.11, we know that DGL2
Eell , as a compactly generated triangulated

category, is generated by {Eell ⊗ Fa(b)|a, b ∈ Z}. Then using Theorem 1.31, we know that
{Eell ⊗ Fa(b)|a, b ∈ Z} classically generate (DGL2

Eell )c. �

Remark 5.13. Recall in Remark 2.41, we have:

(KCMGL2,f
Eell )\ ⊂ KFCMGL2

Eell ⊂ (DGL2
Eell )c.

Using Corollary 5.12, we know that (KCMGL2,f
Eell )\ ∼= (DGL2

Eell )c. Therefore, we have:

(KCMGL2,f
Eell )\ ∼= KFCMGL2

A
∼= (DGL2

Eell )c.

Lemma 5.14. The restriction of M to KCMGL2
Eell is a lax tensor functor.

Proof. Given M,N ∈ KCMGL2
Eell , we have the following maps:

(Eell ⊗Eell M)⊗tr (Eell ⊗Eell N) −→ (Eell ⊗tr Eell)⊗Eell (M ⊗Eell N)

−→ Eell ⊗Eell (M ⊗Eell N),

where the last map is obtained by using the multiplicative structure of Eell as a cdga over
GL2 in DM(k,Q) (Proposition 5.6). On the corresponding Adams graded summand, this
induces:

(Eell ⊗Eell M)(r)⊗tr (Eell ⊗Eell N)(s) −→ (Eell ⊗Eell (M ⊗Eell N))(r + s).

And these maps are compatible with bonding maps, giving us the natural transformation:

ρM,N :Mdg(M)⊗Mdg(N)→Mdg(M ⊗N)

in SptΣ
T tr(k,Q). Passing to homotopy categories, we obtain thatM is a lax tensor functor.

�

Lemma 5.15. The restriction of M to (KCMGL2,f
E )\ is a tensor functor.

Proof. By lemma 5.14, we only need to show that ρM,N is an isomorphism in the
homotopy category. Using induction on the length of the weight filtration, it’s enough
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to show that this is an isomorphism when we take M and N two generalized sphere Eell
modules. Notice that any generalized sphere module can be realized as some idempotent of
the dg module of the form Eell⊗Fa(b) for some a, b ∈ Z. We assume that M = p(Eell⊗Fa(b))
andN = q(Eell⊗Fc(d)), where p, q are idempotents in the respective endo-groups. Applying
Lemma 4.33, we obtain that the idempotents of Eell⊗Fa(b) is one-to-one corresponding to
the idempotents of M1(E)⊗a(b), i.e.,

M(M) =M(p(Eell ⊗ Fa(b))) =M(p)(M1(E)⊗a(b)),

where M(p) is the image of p under M in the idempotent endomorphism of M1(E)⊗a(b).
Then ρM,N can be identify as the morphism:

M(p)(M1(E)⊗a(b))⊗trM(q)(M1(E)⊗c(d))→M(p⊗ q)(M1(E)⊗a+c(b+ d)),

which is an isomorphism in DMgm(k,Q).
�

Theorem 5.16. There is an exact functor

M : DGL2
Eell → DM(k,Q),

which is a lax tensor functor. Furthermore, the restriction of M to

Mc : (DGL2
Eell )c → DM(k,Q)

defines an equivalence of (DGL2
Eell )c with DMEM(k,Q)E as triangulated tensor categories,

where (DGL2
Eell )c is the full subcategory of DGL2

Eell consisting of compact objects.

Proof. By Lemma 5.15 and Lemma 5.10, we know that the restriction ofM to (DGL2
Eell )c

is a tensor functor with M(Eell ⊗ Fa(b)) ∼= M1(E)⊗a(b).
From Lemma 4.33, we have:

HomKCMGL2
Eell

(Eell ⊗ F⊗a(b), Eell ⊗ F⊗c(d)[i])

∼=HomDMgm(k,Q)(M1(E)⊗a(b),M1(E)⊗c(d)[i]).

One can check this isomorphim is induced by the functorM. Using Lemma 1.32 and Corol-
lary 5.12, we obtain that Mc gives an equivalence between (DGL2

Eell )c and DMEM(k,Q)E.
�

Conjecture 5.17. (The generalized Beilison-Soulé vanishing conjectures for
an elliptic curve without CM)

An elliptic curve E over a field k without complex multiplication satisfies the conditions:

HomDMgm(k,Q)(M1(E)⊗a,Q(a− b)[m]) = 0

in the following two cases:

A. a = 0, b < 0,m ≤ 0;
B. a > 0, a ≥ 2b,m ≤ 0.

Remark 5.18. In fact, Part (A) of Conjecture 5.17 is the classical Beilison-Soulé van-
ishing conjectures. See [23] for example.
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Corollary 5.19. Assume that E is an elliptic curve without complex multiplication,
satisfies the r-th vanishing properties for r ≥ 0 and the generalized Beilison-Soulé vanishing
conjectures, then:

1. DMEM(k,Q)E has a t-structure which is induced from

Mf : DGL2,f
E → DMEM(k,Q)E,

where Mf is the restriction of the functor M (Theorem 5.16) to DGL2,f
E . Denote

its heart by MEM(k,Q)E.
2. Mf induces an equivalence of Tannakian categories:

H0(Mf ) : HGL2,f
E →MEM(k,Q)E.

Proof. First, it follows from our assumptions and Theorem 5.16 that Eell ∼= E is a
cohomologically connected cdga over GL2. Then by Theorem 3.33, we have a t-structure
on DGL2,f

E . Therefore the equivalence of Theorem 5.16 gives us an induced t-structure on
DMEM(k,Q)E, which satisfies the desired properties. �

Motivating by Corollary 2.90, we have the following definition.

Definition 5.20. For an elliptic curve E without complex multiplication, the abelian
cateogry of motives for E is defined to be the category co − repGL2,f (χE) of finite co-
representations over χE which is a Hopf algebra over GL2 . Recall that χE = H0(B̄GL2(E)).
4

3. Relation with mixed Tate motives

As mentioned in Section 11 of Chapter 2, we may put the constructions of the Adams
cycle algebra for mixed Tate motives into our setting. Firstly we recall the definitions in
Chapter 4 of [22] .

Definition 5.21. We let Ztr((P1/∞)q)) be defined by the cokernel of the map:

⊕rj=1Ztr((P1/∞)q−1))

∑
j ij,∞∗−−−−−→ Ztr((P1/∞)q))

where ij,∞ : Pq−1 → Pq inserts ∞ in the j-th place. 4

Definition 5.22. The Adams cycle algebra for mixed Tate motives is defined by:

N = Q⊕
⊕
q≥1

N (q),

where N (q) ⊂ CAlt
∗ (Ztr((P1/∞)q)) be the subsheaf of symmetric sections with respect to

the action of symmetric group Σq by permuting the coordinates in (P1)q. 4

Remark 5.23. One can show that the homotopy category of finite cell N -modules can
be identified as the triangulated category of mixed Tate motives DMT(k,Q), which is a
full rigid tensor subcategory of DMgm(k,Q) generated by Tate objects (Example 3.12).
The proof can be found in Section 5.3 in [22]. In fact, one of the main results in [22] is to
show this equivalence can be generalized to mixed Tate motives over a base scheme that
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is separated, smooth and essentially of finite type over a field. Along with the strategy in
[22], we also want to generalize our results into mixed elliptic motives over a general base
scheme in the future.

Definition 5.24. We define the modified Adams cycle algebra for mixed Tate motives
by:

N̂ = Q⊕
⊕

t≥1,t∈Z

N̂2t,

where N̂2t = N (t)⊗ det⊗−t. 4

Remark 5.25. By Definition 4.15, we know that: E∗0,b = N (−b)⊗det⊗b for any b ∈ Z≤0.

This implies that N̂2t ⊂ E2t. Using the algebra structure of N (Section 4.2 in [22]) and the
tensor structure of determinant representations (viewed as GL2 representations), we know

that N̂ is sub-algebra of Eell as a cdga over GL2.

Remark 5.26. Notice that our Adams grading is different from Adams grading defined
in [22]. More precisely, Adams degree r in the sense of [22] is Adams degree 2r in our
sense.

Convention 5.27. (1) Denote the category of cell modules (resp. finite cell mod-

ules) over N defined in section 1.4 of [22] by CMN (resp. CMf
N ).

(2) Denote the derived category of Adams graded dg N -module by DN , which is
defined in section 1.4 of [22].

(3) Denote the full subcategory with objects isomorphic in DN to a finite cell module

by DfN .

Recall in Section 1 of Chapter 2, we have defined CMGm
A to be the category of cell

modules of Tate-type for a cdga A over GL2, which is a full subcategory of CMGL2
A .

Remark 5.28. There is a natural functor:

Ψ1 : CMN → CMGm
N̂
,

which sends the cell module N〈n〉, defined in Example 1.4.5 of [22], to the cell module

N̂ ⊗ det⊗n. Ψ1 induces a functor between their associated homotopy categories, even
homotopy categories of finite cell modules. For simplicity, we denote both of these functors
by Ψ1. In particular, we have:

Ψ1 : DfN → D
Gm,f
N̂

.

Notice that the inclusion: CMGm
N̂
→ CMGL2

N̂
induces a functor

Ψ2 : DGm
N̂
→ DGL2

N̂
.

Similarly, on the level of homotopy category of finite cell modules, we have:

Ψ2 : DGm,f
N̂

→ DGL2,f

N̂
.
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Remark 5.29. Because N̂ is Adams connected (Definition 2.2), by the discussion in
Section 4 of Chapter 2, we have:

DGL2,f

N̂
∼= (DGL2

N̂
)c.

Using Remark 5.25, we have a map between cdgas over GL2: N̂
i−→ Eell. This induces a

functor:
Ψ3 : CMGL2

N̂
→ CMGL2

Eell ,

which sends M to M ⊗N̂ Eell. Furthermore, we have:

Ψ3 : DGL2

N̂
→ DGL2

Eell

and
Ψ3 : (DGL2

N̂
)c → (DGL2

Eell )c.

From our constructions of Ψi, i = 1, 2, 3, we have the following statement.

Proposition 5.30. We have the following commutative diagram:

DfN DGm,f
N̂

DGL2,f

N̂
(DGL2

N̂
)c (DGL2

Eell )c

DMT(k,Q) DMEM(k,Q)E

Ψ1 // Ψ2 //
∼= // Ψ3 //

M

��

Mc

��
//

where the left vertical map M is defined in Section 5.3 of [22] and the right vertical map
Mc is defined in Section 2 of Chapter 5. In particular, the composition of top arrows is
fully faithful.



Bibliography

[1] G. Ancona, S. Enright-Ward, and A. Huber: On the motive of a commutative algebraic group.

2016. arXiv: 1312.4171v2.
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