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Abstract

The discretization of the considered body or material by rte elements is a crucial
part of the Finite Element Method in addition to the material modeling and the el-
ement formulation. Thereby, the treatment of heterogene@materials is an advanced
challenge, because the interfaces between the individuainstituents must be taken
into account in addition to the free surfaces. In many mateails these interfaces exhibit
complex geometries, since they are built up in growth and tresformation processes.
In the present work the numerical analysis of such materials presented starting from
the geometrical construction and ending up with the evaluan of the computational
results. The rst part is concerned with the simulation of dseased blood vessels and
focusses on the reconstruction of patient-speci ¢ artefigeometries. The results of two-
and three-dimensional nite element simulations show the eld of application of the
presented method. The consideration of the heterogeneity modern two-phase steels in
the numerical simulation is given in the following part of tke present work. Therein the
focus is on the application of geometrically simpli ed stratures, which exhibit a similar
mechanical response compared to the real microstructureh& applicability of the pro-
posed method is shown in di erent boundary value problems g a direct micro-macro
transition approach.

Zusammenfassung

Bei Simulationen unter Verwendung der Finite-Elemente-M@ode spielt neben der Ma-
terialmodellierung und Elementformulierung die Diskresierung des zu untersuchenden
Kerpers oder Materials durch nite Elemente eine gro e Rde. Diese Aufgabe wird er-
schwert, wenn es sich um heterogene Materialien handelt. iRBesen mussen zusatzlich
zu den au eren freien Oberachen die inneren Grenzschitbn zwischen den jeweili-
gen Individuen bendacksichtigt werden. In vielen Materiakn sind diese Grenzachen
durch Wachstums- oder Umwandlungsprozesse entstandergnken somit auch kom-
plexe Strukturen aufweisen und erschweren die geometriscBeschreibung. Die vor-
liegende Arbeit beschaftigt sich im Wesentlichen mit der mmerischen Analyse solcher
Materialien ausgehend von der Konstruktion der Geometriebis hin zur Auswertung
der Simulationsergebnisse. Der erste Teil der Arbeit begadtigt sich mit der Simula-
tion von erkrankten Blutgefa en und geht dort vor allem auf die Rekonstruktion von
patienten-spezi schen Arteriengeometrien ein. Die Ergelisse von zwei- und dreidimen-
sionalen FE-Berechnung verdeutlichen das Einsatzgebietrd/orgestellten Methodik. Die
Benacksichtigung der Heterogenitat moderner Zweiphasestahle in der numerischen Sim-
ulation wird im anschlie enden Teil der Arbeit vorgestellt Hierbei liegt der Schwerpunkt
auf dem Einsatz von geometrisch vereinfachten Ersatzstrilken, die ein vergleichbares
mechanisches Antwortverhalten zur realen Mikrostruktur iefern. Die Anwendbarkeit
dieser Methode wird in verschiedenen Randwertproblementen Einsatz eines direkten
Mikro-Makro Ubergangs gezeigt.
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Introduction and Motivation 1

1 Introduction and Motivation

Computer-aided methods developed in several elds of meches have got major impor-
tance in the analysis of structural components concerninganufactured as well as given
by the natural ones. On the one hand the virtual testing usinghese numerical methods
is an integral part of the development of new components andqresses in many elds
of engineering, e. g. vehicle construction, shipbuildingslant manufacturing and civil en-
gineering. On the other hand several elds use these methofts the understanding and
analysis of the behavior of materials under di erent loadsral the procedure of processes
within these materials. To these elds belong the classicanes, e.g. chemistry, biology,
medicine and material science, as well as the interdiscipdiry ones, e.g. biomechanics,
medical engineering, molecular biology and mechatronids. common, the crucial task in
all the above named disciplines is the construction of a sirtied model, which represents
the reality in a su cient manner depending on the consideredoroblem. The resulting
mathematical formulation will deliver the solution to the problem by suitable algorithms
during a numerical simulation. One common technology to bla up a simpli ed or ap-
proximated model of a real problem is the Finite Element Metbd (FEM). Thereby, the
considered body is discretized by nite elements and a contium mechanical description
of the material behavior results in a system of equations, wdh is solved by the appli-
cation of di erent numerical solution schemes. But beforehiese tasks can be done the
geometrical structure of the considered body or the analydanaterial must be provided.
Especially in the case of heterogeneous materials the nitgement discretization and the
assignment of di erent material laws to these elements reqe a geometrical description
of the body including material interfaces by mathematical elations, i.e. points, lines,
areas and volumes. For that reason FEM programs { commerciat research usage { are
mostly equipped by a preprocessing unit, which, among othéhings, enables the user
to build a geometrical description of the problem or providehe import of models from
computer-aided design (CAD) software. The elds of the appdation of the implemented
tools therein are focused on the construction of geometricabject based on points, lines,
areas and volumes, which can directly be described by mathatical relations, e.g. tri-
angles, cubes or splines. Especially, structural componerfrom \constructed" parts like,
e.g. machines, bridges or trusses, can be modeled using ¢he®ls for the application in a
FEM software. But many objects and structures, which are bitiup in growth and trans-
formation processes, exhibit a complex heterogeneous stiwre and do not follow those
\simple" geometries. Such kind of bodies can be found in nat, e.g. the human and
animal body, plants and rocks, as well as in manufactured matals, e.g. steels, plastics
and sponges. The treatment of such heterogeneous materiaish non-arti cial complex
geometrical structures and geometries in the framework ofi¢ Finite Element Method is
the main topic of this thesis.

Chapter 2 starts with the introduction to the general framework of thecontinuum me-
chanics as far as necessary in the course of this thesis. s, the relations regarding the
kinematics and stresses are recapitulated as well as the damental balance principles,
since they are the basis for the Finite Element Method. Aftevards several construction
principles regarding the modeling of speci ¢ material lawsike objectivity and material
symmetry are described. The chapter closes with a summary sdéveral free energy func-
tions enabling the description of isotropic and anisotropi material behavior.

Starting from a set of di erential equation provided by the pevious chapter the Finite
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Element Method is presented based on a single- eld variatial formulation in Chapter 3
Afterwards we discuss a special nite element formulation ghe F -approach { written
in a 3- eld formulation due to the volumetric locking arising from the incompressibility,
because in the course of this thesis we deal with the simulai of incompressible materials.
The treatment of complex geometrical structure often restd in a system of equations with
a large number of degrees of freedom. For a time-e cient sdion of these boundary value
problems parallel solution algorithms are a suitable metliband therefore we give a brief
introduction to the later on used method of Finite Element Taring and Interconnecting
- Dual Primal (FETI-DP).
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Figure 1.1: Artery a) in its healthy state and b) atherosclerotically di seased and narrowed
by plaque deposits. (vww.gefaesschirurgie-klinik.de )

Both the following chapters are concerned with the modelingnd simulation of human
arteries, whose walls can be identi ed as heterogeneous ma&l due to their multi-layered
structure and the composition of each layer. In the last yearan increasing rate of deaths
caused by cardiovascular diseases has been observed andsemuently, the intensity of
research regarding the human vessel system has been augmeetiso in the biomechanical
elds. The most widespread disease is the atherosclerosidiereby the degeneration of the
arterial wall causes the evolution of plague. These depasidrise in the innermost arterial
layer causing narrowings, which reduce the blood ow and maly give rise to hypertension.
An illustration of an atherosclerotically degenerated adry is shown in FigureCLILb and
compared to its healthy counterpart (Figure[Llla). In the halthy state an artery already
represents an advanced geometrical object, because itdals a three-dimensional path
through the human body, changes its diameter along this patand has a multi-layered
wall. But the geometry becomes more complicated when consithg a diseased arterial
segment, cf. Figuré_L11l. Consequently, the reconstructiai such a degenerated artery is a
non-trivial task and an essential one for the reliability othe simulation. The development
of the reconstruction of a patient-speci c arterial geomey is the rst main topic in
this thesis. Thus, the composition of the arterial wall andts diseases including possible
treatments is discussed inChapter 4 Afterwards several medical imaging techniques,
which enable \the look into the body", are brie y reviewed. The focus remains on the
intravascular ultrasound enhanced by Virtual Histology (\H IVUS), because it allows
a deeper analysis of the cross-sectional arterial histolog/Ve use the method in this
thesis for the later shown reconstruction of a patient-spec arterial geometry. Since we
want to use the resulting geometry in a nite element simulabn we close the chapter
with the constitutive modeling of the mechanical behavior iad the adjustment of the
material parameter to experimental data. Based on data reling from VH IVUS the
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reconstruction of a patient-speci c arterial geometry is dscribed inChapter 5 The whole
reconstruction process was implemented in a self-written ATLAB-code including several
tasks of Itering, de-noising and segmentation. Finally, he data are imported to the
commercial preprocessing software GAMBIT, wherein the digetization by nite elements

is performed. The resulting 2D and 3D discretization of thergerial geometries are applied
in nite element simulations. For the three dimensional corputations a parallel FETI-DP
solution algorithm is used due to the large number of degree$ freedom arising from the
nite element discretization. The numerical results are aalyzed and discussed as well as
the limitations due to the considered approximations.

Figure 1.2: a) Wheel web in hot rolled Dual Phase 600 (Patented VersaSty@ wheel
from Hayes Lemmerz International) and b) the micrograph of a Dual Phase 600 steel.
(www.arcelormittal.com )

A further group of materials with heterogeneous structureshowing complex geometrical
compositions are modern advanced high strength steels (ABS The simulation of such
steels using the Finite Element Method is presented in botthe following chapters. These
steels are characterized by higher strength and enhancednf@bility in combination with
better energy absorbance compared to other typical types sfeels. The multiphase com-
position at the microscopic level, also called micro-hetegeneity, enables these features in
contrast to traditional carbon steels and the high strengthow alloy (HSLA) steels. Conse-
guently, in this thesis we focus on the simulation of micro¢terogeneous steels consisting
of two phases at the microscopic level. Typical two-phase A% are dual-phase steels,
which are often used for the manufacturing of automotive p#s, see Figurd_IlRa. They
contain a matrix-inclusion structure based on a ferritic maix with embedded martensitic
inclusions at the microscopic level, cf. FigurEZl.2b. Thisomposition mainly in uences
the mechanical behavior of these steels in contrast to the HS steels, whose mechanical
properties are in uenced by the alloying elements. For thentroduction to the main prop-
erties of a two-phase steel we exemplarily discuss these exdp for dual-phase steels in
Chapter 6 Afterwards we outline a constitutive model, the nite J,-Plasticity model, for
the description of the mechanical behavior of each individd phase in a two-phase steel.
Since the micro-heterogeneity of the dual-phase steels l®etmain in uencing factor re-
garding the mechanical properties, the microstructural mphology must be incorporated
in the numerical simulation. Additionally, the inhomogeneus stress and strain elds due
to the di erent mechanical properties of the individual phaes are the driving force for
several damage mechanisms. Finally, they result in macragic failures, and also require
a consideration of the microstructure during the simulatin. In most cases the di erence
in the length scale between the microstructural multi-phas composition (micrometer)
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and the macroscopic dimensions of structural elements (¢eneter to meter) is too large.
Consequently, a macroscopic discretization of the body ahé microstructural resolution
level ends up with a highly non-e cient numerical problem orfails due to limits of mem-
ory. For this case the method of direct micro-macro homogezaition, also referred to as
the FE?-method, enables the numerical treatment of such materialg/hich is described in
Chapter 7. Thereby, a representative section of the microstructuresiconsidered at each
macroscopic evaluation point, the integration points of te gauss quadrature within a
typical nite element. The transition between microscale ad macroscale is done by suit-
able volume averaging over these representative volumeretnts (RVE). The de nition
of the size of the RVESs is a crucial part since it in uences theeliability of the numerical
results as well as the computational e ciency of the simulabn. But often a RVE, which
is suitable with respect to size, is too complex regarding ¢hgeometry and, consequently,
has too many degrees of freedom in the nite element discredtion, if it is used in a
FE2-framework. On this account in the course oChapter 7 a method is presented to
construct analogous models for complex two-phase micrasttures based on the simi-
larity of statistical measures. These statistically simér representative volume elements
(SSRVES) are supposed to show the same mechanical resporsstha real microstructure.
This statement is veri ed in several numerical simulationgonsidering macroscopic homo-
geneous and inhomogeneous boundary value problems. Duehte kess complexity of these
SSRVEs the number of degrees of freedom in the nite elemenisdretization is reduced
and, consequently, the computational cost is decreased ihet FE?-simulation, which is
the main advantage of the presented method. The chapter isosked with a discussion
concerning the extension of the SSRVE method to three dimeasal morphologies and
the investigation of the real three dimensional microstruares

Chapter 8 provides a summary of this thesis and gives an outlook for filmer research.
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2 Fundamentals of Continuum Mechanics

The consideration of physical bodies, i.e. solids and uigdss continuous material is the
fundamental character of the method of continuum mechanic¥hereby, the main subjects
of continuum mechanics are the description of motion and d@imation (kinematics), the

concept of stress and the balance principles. These aspeats introduced to the extent

necessary in this chapter. Afterwards we present some matmodels in the form of free
energy functions in the context of polyconvexity. Since theontinuum mechanics is a larger
eld in research we give only a short list of references, winigs not intended to be exhaus-
tive. Further discussions concerning the continuum mechas are given by the classic lit-
erature Truesdell and Noll [229],Eringen [67] andOgden [167]. The publications

Ciarlet [47], Silhav y [232] andStein and Barthold [220] put themselves forward
for studies on the theory of elasticity. In addition the texbooks Holzapfel [106] and

de Boer and Schr eder [56] also give an introduction and include applications inhte

eld of non-linear solid mechanics. For the topic of polycorexity the reader is referred to
the literature given in the associated section2.6.

2.1 Kinematics

A fundamental assumption in the continuum theory is the de ition of the physical body.
Therein a physical body, denoted byB and its surface@3, consists of a continuous set of
material points P 2 B in a three-dimensionalEuclidean spaceR3. Since we are interested
in the descriptions of deformations we introduce two con guations of the continuum
body.

The reference con guration By 2 R® { also called material or Lagrangian con guration {
is de ned by the position vectorX of the material points P at time t = tg, i.e.

X =X’E;; J=1;23; (2.1)

in terms of the right-handed orthonormal (cartesian) basi$E g; with J = 1;2;3. The
basis of a cartesian system has to ful Il the condition

E\, E;= 3 and E, E; = 5k Ex: (2.2)

At this we use the Kronecker operator |; and the coe cient matrix ;« of the third-
order permutation tensor , which are de ned by

8
< 0; if two indices are equal

— UK — . ) . .
and k= = 1, for 123 2315 312 (2.3)
' ' 1; for zia; 132; 3021

o
= =
I o

The actual con guration B; 2 R®{ also called spatial or Eulerian con guration { is de ned
by the position vector x of the material pointsP 2 B; at time t, i.e.

x=xe; j=1,23; (2.4)

wherefeg; with j =1;2; 3 is the cartesian basis of the actual con guration.
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For the description of the motion of the bodyB we introduce the vector eld' as the
one-to-one mapping of the material points P 0B, into B;

' By 7!By: (2.5)

At xed time t 2 R. the points X 2 B, of the reference con guration are mapped by the
transformation ' onto points x 2 B; of the actual con guration, i.e.

X)X 7hx = (Xt with X = ) (XL XZX 3 (2.6)

The motion of the body is assumed to be reversible and so thevémse motion can be
written as

) ix 70X =t (x;t); with X = X (xE X3 x3t) (2.7)

This condition holds if the vector eld ' is single-valued and at least once continuously
di erentiable with respect to its arguments.

x="(X;1)

Eo; e
Ei e

Figure 2.1: Transport theorems: Mapping of in nitesimal geometrical elements from refer-
ence con guration to actual con guration

A crucial kinematic quantity in nonlinear continuum mecharcs is thedeformation gradi-
ent F . This primary measure of deformation is the partial derivave of the deformation

mapping x = ' (X ;t) with respect to the material coordinatesX , i.e.
@ i ; i @k i
F:F(X;t)::Gradx:@:FJei EY  with Fj:@—x:x;J: (2.8)

From Equation (Z8) the deformation gradient can be identied as a two-point tensor
involving points in two distinct con gurations, since the rst base vector operates in the
actual con guration and the second one in the reference coguration. For the description

of the reverse transformation the inverse of the deformatiogradient

& @x _
@k

has to exist. Therefore, the mapping[{Z18) must be one-to-enwhich is tantamount to
a non-singularity of F (X ;t). To ensure this condition the determinant ofF (X ;t), the

F Y(X;t)y=grad X = =F Y, E; € with F V= XV (2.9)
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Jacobian J, must not be equal zero, i.eJ = det F (X ;t) 6 0. In anticipation of the
physical meaning of the Jacobian, it describes the volumetia between in nitesimal
volume elements de ned in the reference and actual con gutian, cf. Equation (Z13),
we will further restrict its scope. Having regarded the comiuity of the mapping ' we
enforce the constraint

J=detF(X;t)>0 (2.10)

for all motions of the bodyB. From the physical point of view a negative value o means
a penetration of the body by itself { an unphysical deformatn.

An alternative representation of the deformation gradient= is achieved by introducing
the displacement vectoru(X ;t) as the dierence vector of the position vector in the
reference con guration and the actual con guration

uX;t)=x X ="(X;t) X : (2.11)
Considering the de nition ([Z38) we rewrite
F =Grad[X + u(X;t)]= 1+Grad u ; (2.12)

where 1 denotes the second order identity tensor.

In Figure [Z7 the graphical representation of théransport theoremsis shown, which are
the three fundamental geometric mappings based on the defmation gradient:

(i) Mapping of in nitesimal line elements: dxX 7! dx
The relation between an in nitesimal material line element dX and an in nitesimal
spatial line element & is given by

dx = F dX : (2.13)

(i) Mapping of in nitesimal area elements: dA 7! da

Let dA = N dA and da = n da be in nitesimal area elements with their outward unit
normal vectorsN andn de ned in the reference and the actual con guration, respeively.
The relation between the area elements is calculated by

da=JF T dA =Cof[F]dA (2.14)

using Nanson's Formula (1878) for the mapping of the normal vectors.

(iif) Mapping of in nitesimal volume elements: dv 7! dv

The in nitesimal material and spatial volume elements & = dX; (dX, dX3)
and dv=dx; (dx, dxz) are rewritten as the triple product of the
corresponding in nitesimal line elements. Together with Huation (@ZI3)

= & - @& & @
and J = det o 0% 0% 0%
ement reads

the mapping of the innitesimal volume el-

dv=JdV =det[F]dV ; (2.15)

and from this the JacobianJ is considered as the volume ratio between an in nitesimal
material volume element and a spatial one. The relation alsorovides a further (physi-
cal) explanation of the condition [Z7ID), because volumeezhents cannot have negative
volumes.
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Until now we describe the changes of material elements duginmotion in terms of the
deformation gradient. Alternatively, these changes can st be expressed in the form of
strain tensors related to either the reference or the actuabn guration. First we separate
the local deformation gradientF into a pure stretch tensor and a pure rotation tensor by
using the polar decomposition

F=RU =VR; (2.16)

where the rotation tensorR is a proper orthogonal tensor (withR ' = RT). The right
(material) stretch tensor U and the left (spatial) stretch tensor V are symmetric and
de ned with respect to the reference and the actual con gur#on, respectively. Multi-
plicative combinations of Equation [ZIb) lead to the strai measures

U2 with Cpg = FaA ab FbB )
V2 owith  B°=F% "8 Fh%;

C=F'F =(RU)"(RU)

b:=FFT=(VR)VR)T (2.17)

where C is the right Cauchy-Green tensorand b the left Cauchy-Green tensor(Fin-
ger deformation tenso). Further important strain measures can be deduced from the
half of the di erence of the squares of in nitesimal materihand spatial line elements,
le. %(dx dx dX dX ). We achieve the de nition of the Green-Lagrange strain ten-
sor E and Euler-Almansi strain tensor e

1 . 1
E = E(C 1) with EAB E(CAB AB);

1 (2.18)
é( a f b lgab);

e:= %(1 b1 with ey

under consideration of the mapping of an in nitesimal line iement (ZI3) and the corre-
sponding inverse operation ¥ = F ! dx. SinceC, E and their inverse operate solely
on vectors in the reference con guration, we call them mate&l strain tensors. Analo-

gously b, e and their inverses are denoted as spatial strain tensors. @&Hour introduced

strain measures have in common, that they do not include anygid body motion.

2.2 Time Derivatives

The derivatives of the kinematic quantities with respect totime have to be considered
if we describe non-linear processes like deformation of ragal with history-dependent
behavior, e.g. plasticity. The material time derivative% ] = [{ is the temporal change of
the quantity [ ] at an arbitrary xed material point X with X = constant. For material
guantities P (X ;t) { written in coordinates X of the reference con guration { the material
time derivative reads dP (X 1) @P

pm = R(X;t)= ot (2.19)
because of the independence &f ont. In the case of spatial quantitiesp(x ;t) the de-
scribing coordinatex (X ;t) is time-dependent and so their material time derivative is

calculated by
_@p @ , @p_ @p
& ot et YPXT @r (2.20)

where the rst term can be identi ed as a convective part. Thesecond term is the spatial
time derivative of p and is denoted as a local part. Thus, the material velocitx (X ;t)
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and the material accelerationx (X ;t) are de ned as the rst and second material time

derivative of the motionx = ' (X ;t), respectively, i.e.
vV = )(_(X ;t) = Q :
@t (2.21)
a=x(Xt)= @ _ @ (X;t)
’ @t @t '

For the description of the velocityx and accelerationX- in spatial coordinates we apply
the inverse mapping [Z17) to the latter equations and obtain

vy = x(C M)

@@+@: +@_ (2.22)
@ @t @t @t’

wherel is the spatial gradient of the velocityl := grad v. This quantity can also be written

in terms of the material time derivative of the deformation gadient F~= g—

a=ax;t)= x(" x;t);t)= lv

(2.23)

The additive decomposition of the spatial velocity gradieninto its symmetric part, the
stretching tensord, and the skew-symmetric part, thespin tensor w leads to

l=d+w with d:%(I+IT) and w:%u 1T) : (2.24)

Before we can calculate the material time derivative of in itesimal geometric elements
we calculate the material time derivative of the Jacobian

_ @letF _ @etF @
@t @ @ at

Now the transport theorems [Z1B),[(Z.14) and{2.15) can beadved with respect to time

L =det{fFIF T:FE=det[F]t[l]= Jdivv: (2.25)

FdX = IF dX =1 dx

JE TdA + JF— dA

JdivvlF TdA JITF T dA (2.26)
111 1T Cof[F]dA =(tr[1]1 1) da

dv = JdV = Jdiv[v] dV =div[Vv] dv

o
X
1

o
Q
I

2.3 Stress Concept and Power

In the previous section we discuss the description of motiand deformation of a contin-
uum body. Both cause interactions between the material andeighboring material in the
interior part of the body. In continuum mechanics the resuing internal loading state is
regarded as stresses, which has physical dimension force yogt of area.

For the introduction of the concept of stresses we considedaformable continuum bodyB
in the actual con guration By. A virtual cut by a plane surface at pointx 2 B; enables
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a view onto the acting internal forces, see Figude—2.2. Thedction vector t located at
point x is de ned by
o f_df
t(x;t) = I"!umo—a = da (2.27)
where f denotes the force acting on the area elementadn x . The existence of a
unique second-order tensor , which transforms the outward unit normaln of the area

element d linearly into the traction vector
t(x;t,n)= (x;t)n; (2.28)

which is refer to the Cauchy theorem Therein the symmetri Cauchy stresstensor
relates the actual force to the actual area element and thdoge denotes thdrue stresses
In addition to the real physical Cauchy stress the associateszon Mises stress

q_
v=Zjidev jj with dev := [ 1 (2.29)

is an important stress quantity for mechanical analysis ofaenplex boundary value prob-
lems. Based on Equation[[Z27) we formulate the relation fahe actual force in terms of
the undeformed area element A, i.e.

df =tda=TdA with T=T(X;t;N): (2.30)

Then the application of the reformulated transport theoremn da = Cof[F ]N dA, ob-
tained from Equation (ZI3), and Cauchy's theorenTZ28) tthe latter expression results
in

CoffINdA=TdA ) P= CofF=J F T; (2.31)

which is the de nition of the rst Piola-Kirchho  (or nominal) stress tensorP . In con-
trast to the Cauchy stresses the rst Piola-Kirchho stresstensor need not be symmetric
and is a two-point tensor { like F { involving two points in distinct con gurations. Thus,
Cauchy's theorem can be rewritten as

TAA=PdA=PN dA ) T=PN; (2.32)

and re ects the property of P to relate the actual force to the reference area element.
An additional stress measure is the&Kirchho stress tensor , which is computed by
weighting the Cauchy stresses by the volume ratid. Therefore it is also known as the

CofF
_>

Bo By

Figure 2.2: Coaxial traction vectors T andt in the reference con guration By and actual
con guration By, respectively.

1) The symmetry condition is a consequence of the balance of antar momentum, see sectiofi 2212,
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weighted Cauchy stress tensorhis tensor enables an alternative expression for the rst
Piola-Kirchho stress tensor

P=F T with =73 : (2.33)

Furthermore a useful stress measure in computational mecties is the second Piola-
Kirchho stress tensor S. It is calculated by a pull-back operation of the Kirchho stress
tensor

S=F ' T=F P=JF 'F T (2.34)

and represents the Lagrangian counterpart of . Though S does not admit a physi-
cal interpretation in terms of surface traction but is symmgic in contrast to the rst
Piola-Kirchho stress tensor. Finally, the relation betwesn both the Piola-Kirchho stress
tensors is given by

P=FS: (2.35)
The stress poweror the rate of the internal mechanical workP;,; reads as follows
V4
Pint = . gradv dv (2.36)

Bt

and describes the response of the bodd as the result of the stress eld . Considering
the symmetry of , and the split of the spatial velocity gradient [ZZ%) as weélas the
transformation of a volume element[[Z15) yields

Z Z
Pint = ;ddv= cddv . (2.37)
Bt Bo
The alternative descriptions of the stress power in the matial setting
Z Z Z Z
ez

Py 2 (EF Y dv P EdV® S F E)yndv= S:EdV
Bo Bo Bo Bo

is obtained using the referred equations and the time deritrge of the Green-Lagrange
strain tensor E written as a pull-back operation ofd, i.e. E-= %C_: FTdF =(F TE)sym.
The pairs of quantities P ; ), (S;E) and ( ;d) are calledwork-conjugatedpairs.

2.4 Balance Principles

In this section we introduce the fundamental conservatioralvs and balance principles for
physical quantities in continuum mechanics. The four balare equations and one inequal-

ity,
conservation of mass,
balance of linear momentum,
balance of angular momentum,
balance of energy (% principle of thermodynamics),
entropy inequality (2" principle of thermodynamics orClausius-Duhem-Inequality,



12 Fundamentals of Continuum Mechanics

are axioms, i.e. the relations are not deduced from other lawbut established by empiric
observations. They represent material-independent equans and must be satis ed at all
times. Before we discuss each law and its mechanical meaning introduce thgygeneral
form of the balance laws. Therein the variation of a physicaguantity A := ; ady,
represented by its material time derivative, is balanced foa body in the actual con gu-
ration B;. The balance is governed by sources n on the surfacen denotes the outward
unit normal of the surface, as well as sourcesand production p inside the body. At rst
we need the relation

divfavl]=grada v + adivv , adivv =div[av] grada v ; (2.38)

with the Eulerian eld a and the spatial velocityv = v(x;t), as well as the material time
derivative

a= %‘} grada v ; (2.39)
and the Gauss divergence theorem
Z Z
divfav] dv = av nda: (2.40)
Bt @Bt

Then the material time derivative of the integral equation ¢ eld a yields

z z z
A= -9 w9 Lsavs a+al av
@t @t Bt dt Bo Bo
i (2.41)
e Z = Z @a Z
B Gradvv)dv B Z%v+  av nda
B[ Bt @t @l

using the speci ed equations and is referred to &eynolds' transport theorem Thus, the
general global form of the spatial balance law appears as
Z Z Z Z Z

A= —dA = @adv+ av nda= zZdv+ S nda+ pdv: (2.42)

dt Bt @t @Bt Bt @Bt Bt

For a vanishing production termp the balanced quantity is called conserved quantity. The
corresponding local or strong form of the latter equation

a+ adivv = z+div[s] + p; 8x 2 By (2.43)

is deduced by applying the Gauss divergence theorel(2.40)dahe localization theorem.
Take note: For the later introduced Clausis-Duhem-Inequiy (£62) the equal sign = in
Equation [Z42) and [Z4B) is replaced by the greater-thaar-equal sign . Thus this
balance equation is not denoted as a conserved quantity.

2.4.1 Conservation of Mass

The law of conservation of mass based on the assumption, thddring the deformation
process neither mass sources nor mass sinks exist, and sortassM of a body B is
constant, i.e. a conserved quantity. With the correspondm scalar elds o and , which
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represent the reference and actual density, thest global form of conservation of mass
reads Z Z
M = oX) dV = (x;t) dv=m = const: : (2.44)
Bo Bt
This conservation law can be rewritten to therst local form of conservation of mass

0=1J; 8X 2B, (2.45)

applying the transport theorem [Z7I5). Based on the assumiph of non-existence of
sources and ofm as a conserved quantity we seA = m,a= ,z =0, s = 0 and,
p =0 in Equation (242) and obtain the second global form of conservation of mass

Z Z Z

rn:—d dv = @dv+ v nda=0; (2.46)

dt Bt Bt @ t @Bt

and the second local form of conservation of masgads
_+ divv =0; 8x 2By; (2.47)

according to Equation [ZZB).

2.4.2 Momentum Balance Principles

The balance of linear momentunpostulates that the material time derivative of the linear
momentum L is equal to the external resultant force <, i.e.
Z z Z

L=f® with L := vdv and f®:= f dv+ tda; (2.48)
Bt Bt @t

where f denotes the volume acceleration and the traction vector acting on the sur-
face @;. Taking Cauchy's Therorem [ZZB) and Gauss divergence theom (Z40) into
consideration the second term in the de nition off ® can be rearranged in
Z V4 V4
tda= n da= div dv: (2.49)
@Bt @Bt Bt

In the general forms [Z4R) andZ43) we sé&t = L,a= v,z= f,s= and,p=0,
respectively, and along with the conservation of masg_(Zl#we formulate the global form
of the spatial balance of linear momentum
Z Z
v dv = (f +div )dv; (2.50)
Bt Bt
which is referred to asCauchy's rst equation of motionand the correspondindocal form
in the spatial con guration

v=div + f ) dv + (f vW=0 8X 2By : (2.51)

The latter balance equation is transferred to thdocal form of the material balance of
linear momentum
DivP + of v)=0 (2.52)
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using

Z Z Z €3 Z Z

dv dov®Z®  n da fda = PN dA Z®  Divp dv :
(2.53)

Bt @Bt @Bt @o Bo
The balance of angular momentunpostulates that the material time derivative of the
angular momentumh ) regarding to a pointXg is equal to the resultant momentm (, of
all forces acting on bodyB,, i.e.

Z Z Z
ho = Mmg; wth hg:= 1 vdv; mg:= r fdv+ r tda;
B B
‘ t (2.54)
where the moment arm is de ned ag = X Xgo. The second term in the de nition of
the resultant momentm (o is reformulated to
Z Z

r tda= (r div + : T)dv; (2.55)
@Bt Bt

IIE

using the Gauss divergence theorem for the cross product atfte permutation ten-
sor (Z3). This relation as well as the balance lawd{Z}17) and(Zl51pplied to the
general form [Z4R) after settingA = hg), a=r V,Z=r f,sn=r tandp=0
yield the global and local form of the spatial balance of angular montem
Z Z
r [div + (f v)]dv+ . Tdv=0
Bz B (2.56)
(E)-'ED : Tdv=0 ) : T=0 8 2B;:
Bt
Because of the composition of the permutation tensor the latter balance equation is
satis ed, if and only if the Cauchy stress tensor is symmetric, i.e.

= T; (2.57)

which is an important result and named aLauchy's second equation of motioBBased on
the symmetry of the Cauchy stress tensor the same conditioa deduced for the Kirch-
ho stress tensor and the second Piola-Kirchho stress tensofs, c.f. equations [Z3B)

and (Z333), respectively.

2.4.3 Thermodynamic principles

For the following investigations we consider only mecharatand thermal energy as they
are essential quantities in the eld of physics and engindeg.

The rst principle of thermodynamics postulates that the rate of total energy of a physical
body is equal to the sum of power which is the result of all foes and all other energies.
This context can be written as theglobal form of the spatial balance of energy

%(K +E)=P+0Q (2.58)
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with the individual terms of kinetic energy K and internal energyE for the total energy
on the left side, which are de ned as
Z Z

K := 1 v vdv; E:= e dv; (2.59)
Bt 2 Bt
with the specic energy density e de ned per unit mass. On the right side of Equa-
tion (E58) the sum of power is represented by the power of niemical tractions and
body forcesP and the power of heat uxes and heat source®. Both these quantities can
be expressed by
z Z z z
P = f vdv+ t vda; Q:= r dv gda; (2.60)
Bt @Bt Bt @Bt
under consideration of the heat supply per unit mass and time.Stoke's heat ux theorem
supplies theCauchy heat ux vectorby g= q n with the outward normal vector n and
is associated with the area element ad Setting A = K+ E, a= (e+ }jjvjj?), z= v f,
s = (v g) and p = r and using Cauchy's theroem[(Z28) and the divergence
theorem (Z4D) as well as the momentum balance principlds%2) and (Z&Y) leads to the
local form of the spatial balance of energy

e=r dvg+ :d; 8x2B;: (2.61)

The second principle gf thermodynamicgostulates that the material time derivative
of total entropy He= ,  dv is greater than or equal to the sum of the supply of
entropy by heat ux ( h=) over surface and internal entropy ( r= ) due to evolution
of temperature. Thereby denotes the speci ¢ entropy per unit mass and the absolute
temperature. In addition to the rst principle, which only states the conservation of energy
during a thermodynamic process, the second one declares thigection of the process.
Rudolf Julius Emmanuel Clausius (1822{1888) formulated ik context by:

\Es kann nie Warme aus einem lalteren in einen warmeren
Kerper wbergehen, wenn nicht gleichzeitig eine andere ohit zusam-

menhangende Aenderung eintritt. (Heat can never pass from a colder
to a warmer body, if not an other change occurs at the same time
Clausius [50]

This statement exempli es the daily experience that heat des not ow from cold to hot
without input of work. The axiom can be expressed by the so-bad Clausius-Duhem
Inequality (global form of spatial entropy inequality
q Z Z Z
il dv L av 9 da: (2.62)
dt Bt Bt @Bt

To yield the local form of spatial entropy inequality
(_ g+ :d 1 0; 8x2By; (2.63)

we setA = H,,a= ,z2=0,s= qg=and p= r= in the general local balance
form (Z43) and consider the conservation of mads{2147) atite balance of energyl{Z61).
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Since we restricted ourselves to isothermal processes ( =oost ) = 0) and chose
the Helmholtz free energy . per current unit volume dened by .= (e ) the local
form of the Clausius-Duhem inequality [Z.63) reads

-+ :d O0; 8x2B;: (2.64)

The material form of the latter equation
S:E _ 0; 8X 2By (2.65)

is achieved by considering the work-conjugated paif( E-) and de ning the Helmholtz free
energy = ofe ) based on reference unit volume. For purely mechanical presses
the free energy depends only on the temperature and the stia, measured byE in the

case of §;E). In the isothermal case we get

S:E %:E_ 0; 8X 2By (2.66)

and this relation must be held for all imaginable processeBor reversible processes the
unequal sign changes to an equal sign and we get ttenstitutive equationfor the stresses

S = Q=2Q; with SAB = @ =2 @ .

@3 @ @Ee @Ge

These relations causes a functional dependence between $iress quantity S and the
strain quantity E or deformation quantity C. For the later used linearization of the
second Piola-Kirchho stress tensor we introduce the corsponding symmetric tangent

moduli g5
C:= @& _ @ =4 @ . with CA8CP =2 @ .
&E a@E@&E @@ @Cp
Analogously, we proceed for the work-conjugated paiP(; F) and we achieve the material
form of Equation (Z.63)

(2.67)

(2.68)

P:F — 0 ) P K %:F_ 0; 8X 2By (2.69)
with the restriction to isothermal processes and the free ergy = (F). Consequently,

for a reversible process the constitutive equation for therst Piola-Kirchho stress tensor
is given by
@ : A_ @
P=—,; with P,"=——;
2 ° @Pa
and the corresponding tangent moduli, also referred to asminal tangent is calculated
by

(2.70)

@ @ : A _ @Pa @
A= _—=_—"—"—: with A = = : 2.71
T o P T @Ps T @P:Q@F. &.r1)
2.5 Principles for the Design of Constitutive Material Mode Is

In the previous sections we introduce the material indeperdt balance principles of ther-
modynamics. As we are interested in the description of the bavior of individual materi-
als, we have to regard several construction principles foneé constitutive equations. This
helpful advice preserves us from constructing a physicallyjnreasonable material model.
The precepts are namely:



Fundamentals of Continuum Mechanics 17

principles of causality, determinism, equipresencgobjectivity, material
invariance, neighborhoogd memory, admissibility, dissipation.

In the sequel we elaborate on the principles of objectivity ral material invariance.
For details on the other principles we refer to advanced telsboks, for the origi-
nal development seéNoll [161], Truesdell and Noll [229] and for further remarks
Marsden and Hughes [142], Holzapfel [106]. The principle of admissibility claims
that the constitutive equation for the desired material dos not have to contradict the
conservation and balance principles as well as the second laf thermodynamics. Material
models, which ful Il these conditions, are called to béhermodynamically consistent

Remarks on Observer Independent Physical Quantities. Obviously, descrip-
tion of the motion x of a body is directly connected to the position of the obserkd.e. to
the choice of the reference coordinate system. For the fughstatements we consider the
two observers B and B, measuring with respect to the reference systekh and K*, which
are located at the originsO and O* with the base vectorsfe;; ej;exg and f e/ ; ej+ ; ey g,
respectively. They must measure exactly the same deformati related to their respec-
tive reference system. The relation between the motion of ¢hobservers can be regarded
as a rigid body motion. Thereby the mutual translation of theorigins is described by
the time dependent vectorc(t). The mutual rotation of the reference systems are repre-
sented by a time dependent orthogonal tensd®(t) 2 SO(3). Thereby SO(3) denotes the
special orthogonal group, which represents the group of aftbitrary rigid body motions
with detQ =1 and QT = Q !. Furthermore, a time di erencet* =t twith t2R
may exist. The time dependent description of the motion of th body with respect to both
reference systems can be related to each other by tReclidean transformation

)
X" = Q(t)x + c(t) | . e
tf =t t 8Q(t) 2 SO(3); with Q(t) = o

If we assume a time independent translation and rotation wechieve

XT=Qx +c¢ with Q= Q(t)=const:; c=c(t)=const: 8Q 2 SO(3); (2.73)

(2.72)

which is also referred to asigid transformation. The Euclidean transformation enables
the de nition of speci c transformation rules for physicalquantities. If the quantities ful Il
the conditions they are called observer independent or olojese. For the objectivity of a
scalar-valued quantity , a vector-valued quantityv and a tensor-valued quantityD the
transformations

Y= 5 vi=Q)v; DT=Q()DQT(t) (2.74)

have to be held for the change of the reference system. For ttheformation tensorF with

its de nition (Z8) the observer change yields

+ + @+ @ T

F*"=Grad x™ = — = Q(t)F 6 t)F t 2.75
& & Q(t) QM) FQ () (2.75)

and shows the non-objectivity ofF . Using the latter relation the right Cauchy-Green
tensor (ZIT) is transformed by

C*=F" " F*=FTQT(1) Q) F = C (2.76)

and its invariance towards a change of the reference systesnshown. The same property
can be identi ed for the right stretch tensorU and the Green-Lagrange strain tensok .
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2.5.1 Principle of Material Frame Indi erence { Objectivit y

The principle of material frame indi erence speci es an egstial requirement to material
laws regarding the observer:

The constitutive equations must be indi erent against a chage
of the reference system (observer).

Consequently, two observers Band B, have to determine the same energy and stress
state of the deformed body. Let both describe the position dhe material point X in
the deformed con gurations byx (X ) 2 B; and x*(X ) 2 B, each with respect to its
reference system& and K*. In the static case the mappingx 7! x* is achieved by the
time independent form of the Euclidean transformation[(Z3), i.e. rigid transformation,
and the associated deformation gradienE is transformed by the Equation [Z7b), see
also Figure[ZB. Based on this the constitutive equations e to ful ll

(F')= (QF)= (F) and P(QF)= QP (F) 8Q 2 SO(3) (2.77)

to be observer independent (objective). But together with griori objective strain mea-
sures, e.g. right Cauchy-Green tensd€* = C = U2, we achieve the reduced form of the
constitutive equations

(C)= (C"); 8q2S0(@3); (2.78)

which a priori ful lls the principle of the material frame indi erence. As a consequence
of this property, we use formulations of the constitutive egations in the form of Equa-
tion (Z278) and use the corresponding second Piola-Kirchhstress tensor and the tangent
modul in the forms

@) .\ 4@ (©)

S=2
@ @

: (2.79)

|

=

Bo

X3
x(X)
X, \_/ X3 l B,
)it
1

Figure 2.3: Objectivity: Euclidean transformation of spatial con gur ation.
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2.5.2 Principle of Material Symmetry

The principle of material symmetry describes the in uence foa change of the reference
frame on the constitutive equations:

The constitutive equations have to be invariant with respedo
all transformations of the material coordinates, which being
to the symmetry group G of the underlying material.

The symmetry group G has to be speci ed regarding the physical symmetry propeds
of the individual material. A material with identical properties in all directions is labeled
asisotropic material and an arbitrary reference con guration can be chosen. Theooe-
sponding symmetry group is the orthogonal group O(3), whiclincludes all orthogonal
tensorsQ, i.e. all proper and improper rotations, and represents th&argest symmetry
group. An essential subgroup of O(3) is the proper orthogohgroup SO(3) excluding the
improper rotations { also known as re ections and rotoinvesions. If the symmetry group
of a material is only a subgroup of the proper orthogonal grguthe material behavior is
denoted asanisotropic.

For a change of the reference con guratioB, to an other reference con gurationB, the
mapping X 7! X of the material point positions is given by
X =QX ; 8Q2G 0(3); (2.80)

whereQ denotes the symmetry transformations included in the indidual material sym-
metry group G. Hence the transformation

@ & T
Fz_—ZF 21
xax e (280

pertains for the deformation gradient, see FigurE—2.4. A slea-valued quantity, e.g. the
free energy , must transform as follows

(F)= (FQT); 8Q2G 03 (2.82)

Figure 2.4: Material Symmetry: Change of Reference Frame.
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to ful Il the principle of material symmetry. For the reduced constitutive equations (C)
and S(C) { the form we prefer since it ful lls a priori the principle of objectivity { the
requirement of material symmetry amounts to

(QCQT)
S(QCQ M)

(C)

8Q2G O(3): 2.83
0S(C) QT Q (3) (2.83)

Note, that in contrast to the material frame indi erence theprinciple of material symmetry
is not generally satis ed.

2.5.3 Representation Theorems and Invariant Theory

In this section the framework of the invariant theory is prowded and from that the rep-
resentation theorems of tensor functions are introduced.hBy are essential concepts in
many branches of modern continuum mechanics and in this theghey o er a helpful tool
for the modeling of the anisotropic material response, whiove observe in the context of
arterial walls in the sequel of this thesis.

For the classical invariant theory we refer to e.g. the clagsl treatise of
Grace and Young [86], Gurevich [88], Weyl [248], Schur [199]. The evolution of
the representation theorems for isotropic tensor functiawere mainly in uenced by the
scienti ¢ papers of Wang [238;1239] 240] anddmith [212;/213], wherein the authors in-
troduce di erent approaches. The conict of opinion betwee Wang and Smith resulted
in a critical paper by Smith [214], which in turn was the occasion for new representa-
tions by Wang [24.1;1242] and a corrigendum bWang [243]. An analysis of Smith's and
Wang's approaches is provided byBoehler [26] and ends up inirreducible represen-
tations of isotropic scalar-valued functionsSeveral scienti ¢ publications show applica-
tions of tensor representations in the eld of continuum medanics, in this context we
refer to Truesdell and Noll [229], Spencer [217],Boehler [29], Betten [24;125],
Schr eder [191] and Schr eder and Neff  [194] among many others. At this point
we emphasize the concept of structural tensors, introduceid an attractive way by
Boehler [27;128], which is a helpful concept especially for the mode of anisotropic
response functions. Note, that some similar ideas might heabeen referred to earlier. An
overview of the theory of the representations of tensor futions as well as a summary
of important theorems can be found inZheng [258]. In Ebbing [64] a comprehensive
overview of isotropic tensor functions in the context of pgktonvex energy functions for
all anisotropy classes is given.

Note on Irreducible Sets of Invariants. In the previous section we state, that
the principle of material symmetry is satis ed for the constutive equations only under
speci ¢ transformation, which belong to the material symmiy group. Thus, one of the
main goals in the invariant theory is to nd a set of basic invaiants for a given set of tensor
arguments under speci ed coordinate transformations frorwhich all other invariants can
be generated. The possibility of this is ensured hiilbert's Theorem, which was published
as well as proved irHilbert  [94;195] and states in its original form:
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"Ist ein System von Grundformen mit beliebig vielen Vemande&henreihen
gegeben, welche in vorgeschriebener Weise den namlicheer werschiedenen lin-
earen Transformationen unterliegen, so giebt es fur dadbe stets eine endliche
Zahl von ganzen und rationalen Invarianten, durch welchechi jede andere
ganze und rationale Invariante in ganzer und rationaler Wee ausdnicken lasst.
Hilbert  [94]

Thus may be stated, that for any nite set of tensor agenciesfany order relative to an
anisotropy group, there exists a nite number of invariants(an integrity basis). In this
context the de nitions of the terminology of invariant setsare important:

Integrity Basis: The set of invariants for a given set of tensor arguments rdiee to a
xed symmetry group Gis called anintegrity basisl , if an arbitrary polynomial invariant
of the same arguments can be expressed as a polynomial in thasib invariants. If no el-
ement of the considered set can be expressed as a polynommahe remaining invariants
of I , it is called irreducible.

Functional Basis: The set of invariants is called afunctional basisF, if an arbitrary
invariant in terms of the underlying arguments can be expreed as a function (not nec-
essarily polynomial) in terms of the elements df . It is said to be irreducible, if none of
the elements of the basic sef can be expressed as a function of the other invariants of
F, i.e., if all elements ofF are functionally independent.

Isotropic Functions. A scalar-valued functionh and a second-order tensor-valued
function H are calledisotropic, if for any argument the following conditions are satis ed

y(; a;A)=y(; Qa;QAQT)

QY (; a;A)QT =Y (; Qa;QAQ ")

where 2 R, a 2 R®and A 2 R® 3. An isotropic function is also referred to as a
coordinate-invariant function. If the functions are invarant with respect to the proper

orthogonal group SO(3), they are called hemitropic functigs. In the following we do not
di erentiate between isotropic and hemitropic functions.

8Q 2 0(3): (2.84)

For the representation of an arbitrary isotropic tensor funtion Y (A ) the Cayley-Hamilton
theorel’rE)Ip Is advantageous, because it says that an arbitrary quadratiensorA satis es
its own characteristic equation. Considering the tensoA 2 R® 3 with its characteristic
polynomial p(A) =det( A 1) =0 the theorem leads to the nal expression

P(A)= A3+ 1A%+ 1,A+131=0 ) A3=1,A% 1,A+1351 (2.85)
with its non-trivial solution for the principal invariants
I, =tr A; l,=tr[Cof A]; Iz=detA : (2.86)

The resultant expression [[Z85) of the Cayley-Hamilton theem enables us to express
every power of a tensor greater than three as a polynomial ofder two. As an example

we achieve
A*=(12 1)A% (I1ly 13)A + 14131

1 2.87
A 1:|—(A2 LA + 1,1) (2.87)
3

2)Named for Arthur Cayley (1821{1895) and Wiliam Rowan Hamilton (1805{1865), who indepen-
dently from each other initiated the theorem.
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by multiplying (£85) with A or A 1, respectively. The principal invariants meet the
requirements [Z8K) for a scalar-valued isotropic tensouriction, i.e.

tr A =tr[ QAQ T]; tr[Cof A]=tr Cof[QAQ "] ; detA = det[QAQ ]; (2.88)
and consequently the representation
Y (A)= fi1+ foA + f3A2 (2.89)

for a polynomial tensor functionY (A) is isotropic if the coe cients fq;f,;f3 are scalar-
valued polynomial functions in terms of the principal invaiants of A, i.e.,

fa=falla(A);12(A);15(A); a=1;23: (2.90)

Thus for the description of an isotropic material behavior & apply this representation
theorem to the second Piola-Kirchho stress tenso® in terms of the right Cauchy-Green
tensorC, i.e.

S(C)=2%=f11+fzc+f302; (2.91)

where the coe cientsf {;f,; f3 are now expressed in terms of the principal invariants &
l;=tr C; I, =tr[Cof C]; Is=detC : (2.92)

In the following we use the abbreviatior 1; 1 ,; | 3 in the sense of[[Z.92). For some applica-
tions it may be convenient to express the constitutive equatns in terms of the so-called
main invariants

Ji=tr C; J,=tr[C?]; J3=tr[C3]; (2.93)

which yield the relations
=31 1= 3037 J2); l3= 335 233+ 13D (2.94)

In regard to the free energy the function must also be an isotropic scalar-valued function
in terms of the whole set of principal invariants ofC, i.e.

(C)= (Iislz13): (2.95)

Inserting the previous equation into the representation (&) enables the identi cation of
the coe cients. By applying the alternative expressionC? = 1,C 1,1+ I3C 1, deduced
from Equation [Z81),, we achieve the tensof in the form

iso — Q Q Q Q :
S =2 @1+@i|l 1 @iC+@§COfC : (2.96)

Using Equation (Z&8) and considering the symmetr)@@?—@] = % the material tangent
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moduli is computed b

iso — @; @

Cso=4 @1@11 1+ @i@iflll Cg f 1,1 Cg
@
@i@éCOfC CofC
@

= 1 fl,1 Cg+fl,l Cg 1]
" @@l (2.97)

@ —~_[1 CofC+CofC 1]

T @el
@((f@i[ﬂll Cg CofC+CofC f I;1 Cq]
+@[1 1 1 1]+%|3[c:l ct ct c?f
Anisotropic Functions. A scalar-valued functionh and a second-order tensor-

valued function H are calledanisotropic, if for any argument the following conditions are
satis ed

)
y(; a;A)=y(; Qa;QAQ )
QY (; a;A)Q" =Y (; Qa;QAQ ")
where 2 R, a 2 R®and A 2 R® 3. An anisotropic function is also referred to as

a G-invariant function with respect to the whole argument list Note that compared to
de nition (Z384) the group G is only a subset of O(3).

The list of arguments in Equation [Z98) can be extended stightforwardly
to( 1;::: ;agiram;Aq i Ap). Such an extension is used for the construction of the
constitutive equations in Sectiorf"4.Z]1, wherein the modeg of anisotropic material re-
sponse of soft biological tissues is described under coesalion of a coordinate-invariant
representation. Taking up again the reduced form of the cotisitive equations (283) and
considering a material symmetry grougs  O(3) we achieve anisotropic tensor functions
for the free energy function and the second Piola-Kirchho stress tenso6

)
(C)= (QCQT)
QS(C)QT = S(QCQ )

We now enforce the above mentioned extension of the argumeligt by introducing
the G-invariant structural tensors . They consist of the amount of rst-order struc-
tural tensors a;;a,;::: and the second-order structural tensordM ;M ,;::: collected
as = fagj;a,;:::M ;M ,;:::g with the corresponding transformation

Q =fQa;;Qa,:::OMQ";QM ,Q";:::.g 8Q 2 O(3): (2.100)
With the extension of the argument list and Equation [ZI00we obtain
)
(C; )= (QCQ";Q )
QS(C; )Q"=sS(QCQ™;Q )

3)Note: (A B)(a b):=Aa Bb 8A;B 2R® 3 a;b2 RS cf. |56,190]

8Q2G O3); (2.98)

8Q2G: (2.99)

8Q 2 0(3); (2.101)
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which represents the de nition of an isotropic tensor fundbn in the complete list of
arguments C; ). Therefore, the concept of structural tensors, presentasith important

applications in Boehler [27;128], is also referred to as the isotropicization of anisopic
tensor functions. Thus, the principle of material symmetrys a priori satis ed, considering
Equation (Z98) and using an extended argument listq; ).

Since we later deal with a transversely isotropic materialdhavior in the context of arte-
rial walls, the application of the concept of structural tesors to this case is shown. For
treatments of further material symmetry groups we refer t&Zheng and Spencer [259],
Xiao [255], Ebbing [64] and references therein. The transverse isotropy feats a pre-
ferred directiona, de ned in the reference con guration, and a rotation-symratry around
this preferred direction. The corresponding material symetry group G; is composed on

G =f 1,Q(; a)j0< < 2g (2.102)

whereQ( ; a) are all rotations about the a-axis. For the extension of the argument list
of the constitutive equations we introduce the structural €énsor

M =a a withjaj=1) trM =1; (2.103)

cf. Boehler [29], which preserves the material symmetry groufy of the transverse
isotropy. For the derivation of the corresponding invariats, depending on two symmetric
tensorC and M , we refer toRivlin  [182] and use themixed invariants

Ja=t[CM ]; Js=tr[C?M]; & =tr[CM ?; & =tr[C*M ?]: (2.104)

Note, that with the reformulation J, = a Ca of the fourth invariant we achieve an
alternative formulation, given by Spencer [216;.217], from which], can be interpreted
as the square of the stretch in the directiora, c.f.
jaj > -

Js=a Ca=Fa Fa-= iaj with @ = Fa andjaj=1: (2.105)
Since we suppose the unit length of the preferred directiorestor a, the normalization
condition kM k = 1 holds and we obtain the identities®, J, and &% Js. So we can
omit the terms % and % and achieve the functional bases

I &= fla;00515;34;d5g or |8 = 11502, 33,34, J59 (2.106)

which are invariant under all transformations with elemens of G; . Consequently, the poly-
nomial functions in elements of the bases are also invarianhder these transformations.
Thus, the general form
X :
= E(L,jL, 21 jt|)+ c for j =1 or j =2 (2107)
k

for the free energy function re ecting the material behavior of a transversely isotrop
material is used. In order to ful Il the non-essential normézation condition (1) =0 we
introduce the constantc 2 R. In the sequel we restrict ourselves only to energy functien
formulated in elements of the basis . The corresponding second Piola-Kirchho stress
tensor is calculated from

X @ @k

fio_ @ @k
ST Gl@

with L2170 ; (2.108)
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which leads to

i — iso @ @

S S0+ 2 @JM + @Q(CM + MC) (2.109)
under consideration of the second Piola-Kirchho stress tesor S's° (Z98) for the isotropic
case. Using the material tangent modulC's® (Z97) we end up with the moduli for the
transverse isotropy

@ @

@i@i" M @03

@
@1@31 M+ M 1

@

@1@4
@
+mf|11 Cg M+M f I;1 Cg

@
+ ——fl;1 Cgf CM +MCqg+fCM + MC f 1,1 C
@104 1 g g g 1 g

, @
@@i

@
@@i

@
@i@3
@ ¢ v
+ @1 1T M) +(M 1) ;

Cl=C*+4 fCM +MCg f CM +MCg

+

+ 1 fCM +MCg+fCM +MCg 1

CofC M +M CofC

+

CofC f CM + MC g+ fCM + MC g CofC

+

fCM +MCg M +M f CM +MCg

(2.110)
&

34
where the symmetry%@j = aer is considered and the operation (T appears in index
34

notation as f( )i = f( )i -

Before we start with the introduction of several speci c fre energy functions in the next
section we would shortly introduce the termstress-free reference con gurationin the
context of hyperelastic material. From the physical point bview it is obviously that the
stresses in such a material are only induced by deformatiorSo in the unloaded state
(C = 1) the stresses in the body of interest must be zero. The matheical formulation
of the so-callednatural state condition reads

S(C=1)=0: (2.111)

To check the condition for a speci c material model, the defonation state C = 1 is
inserted into the corresponding form of the second Piola-Kihho stresses, here Equa-
tion (E2I09) for a transversely isotropic material, i.e.

Q+ZQ+Q 1+ 9+2Q M =0 (2.112)
@ @ O @4 @4
In general this condition leads to additional restrictionsfor the material parameters.
On this account we introduce several polyconvex free enerfynctions in the following
sections, which imply a stress-free reference con guratio
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2.6 Hyperelasticity: Free Energy Function

For the description of a hyperelastic material behavior thexistence of a Helmholtz free
energy function is postulated as a consequence of the second principle ofrthedynam-
ics, c.f. sectionl’Z413. Afterwards we introduced severagtrictions for the design of the
constitutive equations, e.g. material symmetries, and gdvsome concepts, e.g. structural
tensors, to deal with them. All these conditions are formutad in order to obtain a physi-
cally reasonable material behavior. Further restrictionsovering the form of the free energy
function carry great weight especially for the constitutie modeling of the hyper elasticity.
As a result of these considerations we prefer the usage ofymoinvex energy functions.
After a short introduction to the notion of polyconvexity in the sense of nite elasticity we
give examples for polyconvex isotropic and anisotropic engg functions in the subsequent
sections. A summary of the de nition of convexity and its imgications can be found in Ap-
pendix[B. For deeper studies we refer to e. @all [6; 7], Marsden and Hughes [142],
Dacorogna [53] andSilhav y [232].

The additional restrictions are not deduced from the condibn, e.g. balance equations,
which are introduced in the previous sections. They are raéhh a question of the math-
ematical treatment of boundary value problems by variatioal principles, since we are
interested to achieve stable algorithms for our analyses. dihly two aspects are impor-
tant in this context: the material stability and the existence of deformations minimizing
a given hyperelastic potential.

The rst argument could be treated by the Legendre-Hadamardhequality, which ensures
the existence of real wave speeds at each material point oéthonsidered body and in each
direction, c.f. Marsden and Hughes [142], Truesdell and Noll [229]. This behav-
ior is analyzed by the ellipticity of the corresponding acaatic tensor, which is strongly re-
lated to the notion of rank-one convexity. A material breakag this inequality is referred to
as unstable. Applications in the context of ellipticity andmaterial stability are presented in
e.g.Merodio and Ogden  [146],Merodio and Neff [145],Schr eder et al.  [196].

A su cient conditionfor the existence of minimizers is the #quential weak lower semicon-
tinuity (s.w.l.s.) of , (F) dV and the coercivity of . Details on the notion of s.w.l.s.
can be found in advanced textbooks on variational methods.hE restriction of s.w.l.s.

Convexity

'

Polyconvexity

B IR

growth condition

s.w.l.s. _ Quasiconvexity
with coercivity ‘ ‘
Existence of Minimizers Rank-1-Convexity

Figure 2.5: Implications of generalized convexity condiins, sequential-weak-lower-
semicontinuity (s.w.l.s.) and existence of minimizers, te&n from Schr eder [192].
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is ful lled automatically in case of a free energy functionwhich is convex with respect
to the deformation gradient. Convexity means in a rather siple description, that the
straight connecting line between two arbitrary points of a cnvex function is located within
the corresponding convex domain. But the convexity condiin is too restrictive, since
this property contradicts several physical requirementssee e.gRivlin  [183],Hill  [98],
Coleman and Noll [51], Ball [7]. A more suitable condition represents thg@olycon-
vexity in the sense oBall [6;7], see alsdMarsden and Hughes [142],Ciarlet [47].
It states, that a function (F)= P(F;CofF ;detF) is polyconvex, if it is convex with re-
spect to one of the argument§ , Cof F and detF . In contrast to the convexity condition
the polyconvexity states a pointwise requirement on the feeenergy function.

Considering the implications of convexity conditions we gw in Figure Z5 the re-
lations between convexity, existence of miminizeres and teaial stability (rank-one
convexity/Legendre-Hadamard ellipticity). From this our preference of polyconvex en-
ergy function is founded. It implies one of two conditions fothe existence of minimizers
(s.w.l.s.) and the guarantee of material stability (rank-ae convexity/Legendre-Hadamard
ellipticity). Simultaneously, neither side conditions, &cept coercivity, has to be ful lled
like growth condition for quasiconvexity nor contradictions of physical requirements occur
as mentioned for convexity. Note, that the converse impli¢teons are not true; for more
information we refer to Dacorogna [53], Silhav y [232] and reference therein.

2.6.1 Isotropic Polyconvex Energies

In this section we summarize several isotropic energy fumnmbs which satisfy the polycon-
vexity condition. Here we restrict ourselves to the speciation of the conditions among
which the functions are polyconvex. Since we are only intested in the application of the
material models we omit the proofs of polyconvexity and givéhe appropriate references.

For the construction of isotropic energy functions we intrduce in Section”Z513 the set
of principal invariants |4, I, and I3. Thus, the most obvious functions are the invariants
themselves in a factorized and exponentiated form, i.e.

o= 1,2, Boe= 1,2, Bo= 1,2 with >0, 5, 1: (2.113)
The restriction of the material parameter ;, , is done due to the polyconvexity condi-
tion, see e.g.Schr eder and Neff  [193]. In some cases the energy function is decom-
posed into a volumetric part and an isochoric part. Therebyhe deformation is split into
a part driven by the volume change { also called volume dilateon { and the remaining
distortional part. For that the additive split of the free energy function is suitable:

(C)= @)+ "NCy; (2.114)

whereC := J ®C = det[C] =C denotes the isochoric part of the right Cauchy-Green
tensor because def = 1 holds, see e.gWriggers [254]. This strategy is even useful in
case of modeling quasi-incompressible materials as we daha sequel of this thesis. The
isochoric counterpartl; of the rst invariant leads to the polyconvex isochoric funton
Il2 — 2 H . .

= 4% with ;>0; ., 1; (2.115)

TZ
|3

4 — 1
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seeNeff [158], Schr eder and Neff  [193]. The second invariant can be rewritten in
its isochoric form

2

so= 2 = % with 1>0; ., 2; (2.116)

2
13 °
3

and its polyconvexity is proved analogously to Equation[[ZI3). For volumetric poly-
convex free energy functions ¥°'(J) possible formulations in terms ofl; = det C are

gSO: 1|32 X i7S°: 1Inl3 with 1> 0; 2 1: (2117)

All these functions are polyconvex considering the givensgictions towards the param-
eters but none of them satisfy the stress-free natural statef. Equation (ZZIT1). To meet
this requirement in Schr eder and Neff  [193] andHartmann and Neff [92] several
polyconvex functions are given and among other things pradewith respect to polycon-
vexity. Some of them used in the sequel of this thesis are

0= (I3 Inly) with ;> 0;
) 3 .
so- |z 32 with 1> 0; 2 3 1; (2.118)
| 1 i
o= ) |32+|—2 2 with 1> 0; 2 3 1:
3

Here, we remark a special characteristic of the third funain in the latter equation re-

garding the incompressibility. The function can be used asgenalty term with respect to

the deviation of the incompressibility conditionl 3 = det C = 1. In this thesis this special

feature is taken into account during the formulation of freeenergy functions representing
the material behavior of soft tissues, cf. sectidn4.2.

Another important class is represented by thé@dgden-type materialswhich contains sev-
eral classical models describing an isotropic material bahor in nite elasticity. They
hark back to the publications by Ogden in 1972 about \large dermation isotropic elas-
ticity" concerning incompressible, cf.Ogden [165], and compressible rubberlike solids,
cf. Ogden [166]. A general form in case of compressible materials imrteof the principal
invariants is given by

xn X
Oglen = kFk'  +  kCofFk'  + (det F)
i=1 i=1
= itrC 7+ itr[Cof C]'™% + (det F) (2.119)
i=1 i=1
.: - P —
= 1, + 1, + (0 lg);
i=1 i=1

where the relationkF k? = tr C is used. InCiarlet  [47] it is show, that such a function
is polyconvex if the material parameters are restricted by;; ; > 0 and ;; | 1 as
well as the third function (det F) is convex with respect to its argument and shows
the property (det F) ! +1 as detF ! 0. Without the consideration of the third
term (det F) in Equation (ZZIT9) we achieve a model for incompressibleaterials. One



Fundamentals of Continuum Mechanics 29

example of an Ogden-type model is th&ooney-Rivlin model in case of compressibility
in the form

MOORW = 11+ Llo+ ((1g) with (1g)= 1ls  2In(lg); (2.120)

where the restrictions 1; ,; 1; 2> 0 hold the polyconvexity condition,
cf. Ciarlet and Geymonat [46]. The material model was originally introduced
without the -term by Mooney [152] andRivlin [183] for the treatment of incom-
pressible material. If we take a look at the corresponding @nd Piola-Kirchho stresses

MRV = (2 42 L)1 2 ,C+ 2, 2|—2 CofC ; (2.121)
3
derived under consideration of Equation[(Z96) , the stredsee reference con guration
Is not preserved a priori. The necessary material parametelependence is ascertained
by evaluating the natural state [ZZITIL) ofSM°°RV ynder consideration of the principal
invariants in the natural state (C = 1)

1,(C=1)=1,(C=1)=3; I3(C=1)=1": (2.122)
This leads to the relations

SMORV(C =1)=0 ) 2(.+3 + 1=0
( ) ) 2( 1 2 2%t 1 2) (2.123)
) 2= 1+t2 2+ g,
which restrict the choice of the material parameter, in addition to the ones, which ensure
the polyconvexity of MooRV

2.6.2 Polyconvex Anisotropic Energies

In the sequel of this thesis we will focus on the transverseotsopy as one central
anisotropic material behavior. Thus, we give here an overw of some free energy functions
which are applicable in this context. For a wider range of thesld dealing with the descrip-
tion of anisotropic materials by polyconvex functions we fer to e.g. Holzapfel  [106],
Schr eder et al.  [196],Balzani [€], Ebbing [64], Schr eder [192] and the references
given in the sequel.

In section[Z53B we introduce the framework of structural tesors and provide the func-
tional basisF} (ZI0B) for the construction of transversely isotropic energies.herein the
invariants J, and Js imply the anisotropy since they are based on the structuralensor.
For a polyconvex function based old, = trf CM ] we formulate

2
1= 1,2 5= 2 with ,>0 5 1 (2.124)
l5°
The proof of polyconvexity is given by Schr eder and Neff [193]. However the
analogous formulation in terms ofJs = t[C?M ] is not advisable because
Merodio and Neff [145] show the non-polyconvexity of this invariant. To ende a
formulation using this quantity in Schr eder and Neff  [193] the polyconvex function

Ks:=tr[Cof[C]D]=1,J; Js= kCofFk?® k CofF ak? (2.125)
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Is introduced using an alternative structural tensorD = 1 M with tr D = 2. This
function is motivated by the physical interpretation, that = K3 controls the deformation
of an area element with a unit normal vector perpendicular tohe preferred directiona.
Since we are interested in energy functions with a stres®# reference con guration we
pass on the straightforward formulation based on EquatioriZlIZ%) and refer for that to
the references given above.

A construction principle for polyconvex energy functionsaisfying the natural state con-
dition (EZIT1) was published byBalzani et al.  [10]. Several functions suitable for the
mechanical description of soft biological tissues are algiven therein. One of these is the
stress-free reference formulation based dn, i. e.

(
| Ja 1)z for J, 1
gz s DF for s (2.126)
0 for J,< 1;

with - ; 0 and , > 1. The same form using the isochoric counterpatl; = \]4:I3%3 is
also a suitable polyconvex free energy function describitigansversely isotropic material
behavior. A polyconvex energy function in terms oK 3, which satisfy the stress-free ref-
erence con guration, also results from the application ofite aforementioned construction
principle and is given in the associated reference. Based e knowledge of the incom-
pressibility of such a material and the already mentioned pisical meaning ofK 3, it can
be seen that this quantity is raised during a stretch in the pferred direction, here the
embedded bers. Hence this behavior is exploited to constttthe free energy function

g _ 1(K3 2) 2 for K3 2 (2127)

0 for Ky3< 2;
which generates stresses when the bers are elongated. Thastraints ; Oand ,> 1
ensure the polyconvexity condition and the choice, > 2 leads to continuous tangent
moduli. The following function was originally proposed byHolzapfel et al. [110] and
results as a special case from the construction principldsis formulated in terms of the
mixed invariant J; and reads

( h [

exp[ (Jz 1)?] 1 for J, 1

2 (2.128)
for Ja< 1;

»

[@ BN

with 4 0 and , > 0. Note, that the formulation using J4 instead of its isochoric
part J; was proposed inHolzapfel et al. [111]. Since soft biological tissues show
an exponential-type stress-strain behavior this functions also a possible formulation
to model the mechanical response of such a material.
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3 Finite Element Method

The application of numerical methods has become an essehpart of many developmen-
tal stages in eld of engineering. In some elds they substitte completely the manual or
experimental processing step. Beside the application ofraputer aided design (CAD) the
Finite Element Method has been rmly established in the degn and analysis of many
structural elements. Since this method is a numerical toobf approximate solution of par-
tial di erential equations not least the increasing perfomance of computer hardware has
been accelerated this growth process and furthermore doéslm most cases these equa-
tions describe boundary value problems, which can have adiar or nonlinear character.
Typical elds of application can be found in the automotive ad metalworking industry
as well as in the aircraft construction and shipbuilding, toname but a few. But in the last
years the sector of biomechanics arises as a new eld of apgtion for the Finite Element
Method, e.g. design of implants or analysis of angiopathy €gsel diseases). In this the-
sis we use the method for the simulation of the deformation ¢feterogeneous materials
and at rst we treat arterial walls and afterwards advanced Igh strength steels (AHSS).
Therefore we introduce in this chapter the basic concept ohé Finite Element Method
and the numerical treatment regarding the case of incomprable materials as well as the
solution of problems represented by a large number of degse&f freedom. Further infor-
mation can be found in classical textbook concerning this pic, e.g. Wriggers [254],
Bathe [18] andZienkiewicz and Taylor [260].

Starting from a set of di erential equations the weak form ofthe boundary value prob-
lem is achieved as a single- eld formulation by the applicain of variational principles.
Since we later show several numerical results arising frorwd dimensional simulations
approximating three dimensional problems, we introduce tw standard cases for these
assumptions. In general the solution of the weak form can nbte obtained analytically
and thus we discuss the steps of linearization and the appimation in the sense of the
isoparametric concept. For the standard displacement appach we introduce two nite
element types and their formulation. For the case of an incgonessible material we give
the theoretical framework of a three- eld variational fornulation based on the so-called
Hu-Washizu principle. Finally we give a brief introductionto the main concept of a par-
allel solution strategy, the so-called Finite Element Teang and Interconnecting - Dual
Primal (FETI-DP), which is able to obtain the solution of large systems of equations in
an e cient way.

3.1 Strong Form of the Boundary Value Problem

The solution of a nonlinear boundary value problem with is¢termal and quasi-static,
hyperelastic characteristics is achieved by a set of di endial equations consisting of

i) kinematical relations (7)) F :=Grad x ;
i) local form of balance of linear momentum | @&2) DivP + of =0; (3.1)
iii) material law Z10) P=@

Alternatively, the set of equations can be formulated in tens of the other kinemati-
cal quantities and stress measurements following the detion of work-conjugated pairs.
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In the context of boundary value problems the local form of Bance of linear momen-
tum (B), is also referred to as thestrong form of equilibrium

The boundary value problem is described fully by the declatian of stress and displace-
ment conditions on the boundary of bodyB,. Therefore, the reference surfac@&B, is
divided into two non-overlapping parts@o and @, , i.e. they satisfy

@o= B[ Boy and @Bo\ @Boy = ; - (3.2)

Thereby, the prescribed stresses act on the pa@ and are referred to asNeumann
boundary conditions However, for the part @, the displacements are prescribed by
Dirichlet boundary conditions The boundary conditions in the form

Neumann boundary conditions: T=PN =t on @q;

3.3
Dirichlet boundary conditions: U= Uug on @y, ; (3:3)

are associated to the above system of equatiois3.1).

3.2 Weak Form of the Boundary Value Problem

Only in a few cases, where simple boundary value problems aensidered, the above
mentioned system of di erential equations are able to be s@d analytically. For more
complex problems a discretization method based on the ditemethods of the calculus
of variation is suitable for achieving a solution, wherebyhe weak form of equilibriumis
obtained. As later shown, that form is the basis for the apptation of the Finite Ele-
ment Method. For the derivation of the weak form in this sectn we only consider the
displacement vectoru as unknown eld, which is referred to the standard displaceent
formulation. We also apply thissingle- eld variational principle in the following sections
until we introduce a 3- eld variational approach in sectionf38. The starting point is
the local strong form [371) and the multiplication of that with a suitable vector-valued
test function u = f uj u = 0 on @,4g, also refer to the virtual displacements. The
integration of the resulting p£oduct over the volume of the bdy By yields

[DivP + of] udv=0; (3.4)
Bo
considering the boundary conditions[{3]3). The recourses transformation (Z38) under
consideration of a vector and a tensor as well as to the Gaussatgence theorem[(Z.40)
obtain the weak form of equilibrium

Z Z Z
G(u; u):= P: Fdv of udv+ t udA =0 (3.5)
|2z} |2 i }
Gint Gext

with the virtual counterpart F = Grad[ u] of the deformation gradient. The principle of
virtual work is formally equivalent to the weak form of equilbrium, since the test function
is interpreted as the vector of virtual displacements as weds the termsG™ and G® as
work of internal and external forces acting on bodf,, respectively. Consequently, solving
the boundary value problem is comparable with the determirteon of a stationary point u
of a functional , referred to as the total potential energy

(u)= ™@u)+ *(u) ! stat.; (3.6)
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with the internal and external potential energy
z
"= (Fu)dV;
By Z (3.7)

&(u) = of udv t udA:
Bo @Bot

An alternative formulation of the weak form of equilibrium n term of the symmetric rst
Piola-Kirchho stress tensor S reads

Z 1 Z Z
G(u; u) = S:-Cav of udv t udA=0; (3.8)
2
Bo Bo @Bot

exploiting the relationP : F = S:FT F, the symmetry of S and the variation of the
Green-Lagrange strain tensor

1 1 1 . .
= — = — = — + : .
E 2(C 1) 5 C 2(F F F'F) (3.9)

3.3 Plain Strain and Plain Stress Condition

In several cases a three dimensional boundary value problean be approximated by spe-
cial assumptions leading to a two dimensional nite elemennodel. A classical prototype
is a plain strain element, which can be used for problems, wiea slice of a structural

part is analyzed in which the strain components related to # third dimensions are as-
sumed to be zero. It takes thick geometries that extend longsdlances away from the two
dimensional plane. The assumption of the plane strain modalso includes that there are
no forces acting normal to the section plane. Typical appltions are dams under water
pressure loading, sheet rolling and tunnels under pressusee Figurd-3lla. Its numerical
treatment is straightforward, since in the nite element the relevant entries of the strain
eld are set to zero before evaluating an arbitrary three diransional constitutive law.

Thus the programming interface of the material must not be cstomized with respect to

the particular element type.

Another type is represented by plane stress elements. Thisoatel can be applied to ge-
ometries that have no forces acting normal to the section pie like the plain strain model
before. But now it assumes that a two dimensional stress sdtion exists in the con-
sidered section plane. Thus, all components related to théitd dimension are assumed
to be zero. Examples are thin geometries like e.g. plates;plane actions of a beam or
membranes, see Figuife=3.1b. In a linear framework this corett could easily be enforced
with simple algebraic manipulations of the associated sigs-strain constitutive law matrix
representations. From the programmer's point of view and t&eep the modularity of a
Finite Element Method code it is desirable to use an uniformnterface to the subrou-
tines of three dimensional constitutive laws without conage about the type of applied
nite elements (2D/3D solid elements, plate or shell elemés). Thus the zero-normal-
stress condition must be enforced, yielding the thicknessains, seeDvorkin et al. [63
and Klinkel and Govindjee [128]. After the evaluation of a general nonlinear three-
dimensional constitutive law, e.g.S = @ , we start with a vectorization of the second
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Figure 3.1: Examples of the application of two dimensional assumptionssection plane of
a) dam under water pressure loading (plain strain) and b) plae with hole (plane stress).

Piola-Kirchho stress tensor considering its symmetry,

28113
gm . 822
§= ", with §M=8S'?: (3.10)
S 813
823

But for the numerical treatment of the plane stress state werdy use the resulting val-
ues of the stress tenso8, which are organized in§™. The zero-normal-stress condition
S®3(Ess) = O is iteratively enforced and the required increment of te second Piola-
Kirchho stress tensor is reformulated in matrix Qotation

dgm €™ €M e

dg = dS33 - §3m @33 dE33

= €dE (3.11)

Therein € is given by the obvious rearrangement o€ = @S, which is determined

by a three dimensional stress analysis in the speci ¢ struatal element and is arranged
in the matrix notation given in Appendix Bl In order to avoid confusions we denote
the dimension type of the entries of€ by a single and double underline, respectively,
ie. g’“"‘ 2 R 5, gSm 2 R°> ! and §m3 2 R! > The Taylor series of the zero-normal-

stress condition is truncated after the linear term and seta zero; therefore, we obtain

. . _ . . _ o gds3E0)
SUEQ+ EY)=s¥O+8Y EY=0 with 8Y=""—; (3.12)
33
and using E§2= g;l) Eég the resulting update formula reads
” L s30)
B =B oo (3.13)

@i’
33
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where i denotes the iteration number. We use a Newton scheme for thelion of the
nonlinear scalar equationS33(Es3) = 0, which provides the unknown thickness strains.
Following the procedure described bilinkel and Govindjee [128] we evaluate Equa-
tion (BZIM) for dS33 =0, which follows the equations

de™ = €™ die, + € dEs; and 0=€ " die, + €% dEg : (3.14)

From the second equation we achieve the increment of the tkitess strains
1 3m
dE33 = @ E d@m . (315)

We insert this result into Equation (3.14) and arrive after some reorganizations a formu-
lation of the incremental stresses

dag"= €™ L e™e™ de,=bde, - (3.16)
@33

where € is the modi ed tangent modulus. Recapitulating, the procedre provides the
plane stress condition using the standard output$§ and € of an arbitrary three di-
mensional constitutive law. Hence no modi cations regardg the interface of a material
subroutine are necessary and the programming e ort is redad.

3.4 Linearization and FE-Approximation

With a view at the variational formulations, as we introducein Section[3.2, the nonlin-
ear characteristic of them is obvious, considering nonliae strain measures, e.g. Green-
Lagrange strain tensorE , and/or nonlinear constitutive equations for the descripbn of
e.g. elasto-plastic or visco-plastic e ects. From this pat the weak form G(u; u) =0 is

a nonlinear function in term of the variableu and in general an analytical solution is not
possible. Therefore, an iterative method, here thBlewton-Raphson iteration schemes
applied and that requires the linearization of the weak fornof equilibrium. The lineariza-
tion of G(u; u) is done atu = u in the form

LinG(u; u; u):=G(u; u)+ G(u; u; u); (3.17)

where the linear increment G(u; u; u)is calculated by the directional derivative ofG
at u in the direction of u, i.e.

G(u; u; u)= Fd[G(u+ u; u)j =DG(u; u) u; (3.18)

=0

with the incremental displacements u. In the directional derivative of the weak
form (3.8) the external parts vanish since we consider disgement-independent, so-called
conservative, loads of and t. Thus, the increment of G is reduced to the directional
derivative DG'™ of the internal parts of the weak form and reads

Z Z
- 1 1
G(u; u; u)=DG™(u; u) u-= S:ZCdv+ S:Z Cdv; (3.19
Bo 2 Bo 2
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with the increment of the second Piola-Kirchho stresses S as well as the increment of
the right Cauchy-Green tensor C and of its variation, c.f. Equation (3.9),

. @ @
S=C:%f C with C=2—=4 :
2 @ @a
C= F'F+F" F; (3.20)

C=F" F+ FTF:

Note, that the material tangent modulusC is de ned as a fourth-order tensor in Equa-
tion (E88). The complete linearization term of the weak fan,

z Z Z

: 1
LinG(u; u; u)= S:=Cadadv of udVv t udA

Bo 2 Bo @Ot

Z Z (3.21)

%C:C:%Cdv+ S:% Ccav ;
Bo Bo
is built from Equation (B8) under consideration of the incements [3IP) and [3:2Q)
The main task in each iteration step is the computation of theéncremental displace-
ments un+; iN such a way that the condition LinG = 0 holds, wheren denotes the
n'" iteration step. Along with the update of the displacementsj.e. Ups1 = U+ Upat,
this procedure is done until the residuunG(u; u) is smaller than a given tolerance.

Since the analytical solution of LinG = 0 is not possible in most cases, th&inite Ele-

ment Methodis used to achieve a numerical solution. Thereby several apgimations are
applied like the discretization of the considered body by ite elements, the approxima-
tion of the primary variable inside the elements by ansatz factions and the calculation
of integrals by a numerical integration procedure. The rstmentioned approximation,
which gives the method its name, describes the discretizati of the physical domainBg

by nee-elements, where their uniorBj} approximatesBy, i.e.

By B h—TEIQBE- 3.22
0 0= 0: (3.22)

e=1

In the Finite Element Method ansatz functionsare used for the interpolation of both the
geometry and the eld of unknowns. For that reason thésoparametric conceptwas devel-
oped, which states, that the geometry as well as the displanent eld u are aproximated
by the same ansatz functions. The transformation mapping lbgeen the isoparametric
subspace, the reference con guration and the actual con gation are introduced in the
following and are illustrated in Figure[32. For that and thefurther notes on the Finite
Element Method in this section we consider the general thraBmensional case. Special
element formulations are given in the next sections. Based the basic idea of the isopara-
metric concept the geometry in the reference and current cguration is approximated
by the same ansatz functiorN, ( ),

MNWode MNWode
X =X()= Ny ()X, and x=x()= Ny ()X, (3.23)

=1 I1
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Bo Bt
“(X50)

F =Grad'

|

Figure 3.2: Isoparametric concept: Mapping between the con gurations

Here, n,o.ge denotes the number of nodes per element and the local node num-

ber. In the three-dimensional case the vector of the naturaloordinates is arranged

as =[;; 1.

The discrete nodal displacementl, enables the computation of the current geometry
X|ZX|+d| . (324)

For the mapping from the isoparametric space to the refereacand the current space,
shown in Figure[32, the so-calledacobian of the transformation are introduced with

J = % and | = %; with j = FJ : (3.25)
According to the isoparametric concept and Equatior . {3:23)e approximate the physical,
virtual and incremental displacement eld using the same asatz functionsN,,
Mode MNode Mode
u= Ny()dy; u= Ny()dy; u= N, () d: (3.26)

=1 =1 =1

Based on previous equations the virtual and incremental deimation gradient is given by

Mode MNWode
F = Grad[ U] = d| GradN|( ) with F aA = N|;A d2 ;

s g (3.:27)
F =Grad[ u] = d, GradN,( ) with Féa = Nia o

=1 =1

where N,.» denotes the derivative of the ansatz function with respectot the referen-
tial coordinate X 5. The derivatives of the ansatz function with respect to the eference
coordinates are calculated by

@Q:J T@:

GradN,( )= @ & @

(3.28)
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The implementation of the Finite Element Method is usually lased on a matrix nota-
tion of the tensorial quantities, since a compact formulatin is achieved. Also that is a
reasonable step taking into account the numerical implemttion due to the fact that
most programming languages are optimized for vector and mat array handling. Thus,
the coe cients of a second-order tensor are presented in tecs and the components of
fourth-order tensors by matrices, see therefore the AppeixdB&] Under consideration of
this arrangement the virtual and incremental right CauchyGreen deformation tensor,
introduced in Equations (Z9) and [3.2D), are computed appkimately by

1 Mode 1 MXode
- C = B| d| = C= B| d| ; (329)
2 2
=1 =1
with the so-calledB-Matrix B, which in the three-dimensional case is given by
2 3

FllNI;l I:21NI;1 F31NI;1

F12Nj;2 F22N;2 Fa2Ni;2

F13Ni;3 FasNi;3 FasNi;3

B, = (3.30)

FiaNp2+ FioNpg FoaNpa + FooNpg FaiNp o+ F3oNpg
FioNpg+ FisNp2 FooNpz+ FasNyo FzaNjg+ FasNipo
F1iNps+ FisNp1 FoiNpzs+ FasNyjg FaiNpg+ FasNpg

Herein, N,.» denotes the derivative of the ansatz function with respectotthe referential
coordinate X ». Note that due to a better clarity we neglect until now the spei cation

of the arguments of the ansatz function®\,. Now that we have all quantities appearing
in Equation (33) in their discrete form, we can formulate tle discrete weak form of

equilibrium for a typical nite element B in the reference setting
!

e Z Z Z
Ge(d®; d°) = (d)7 B,/S dv N, of dVv NtdA =0
- ’ = 33

=: (d)'ry=( d®Tre:
=1
The integration part in the previous equation is summed up tthe nodal residual vectorr .
Glancing at the nite element the nodal quantities are arraged in the elemental vector
of virtual nodal displacement (d®)T and the elemental residual vector ¢ in the form
. . . . . . T

(d9T= dijdjjiczjdy o or®= orijrojiijry (3.32)

To complete the discrete formulation of the linearized weatorm (3:21) we now need the

approximation of the incremental terms therein. These tersiare often referred to as the

material part G™ and the geometrical part G9%®, i.e.
Z Z
mat — 1 . . 1 . e0 — . 1 .
Gcm = ~C:C:- Cdv; G%°= S:- Cudv: (3.33)
By 2 2 Bo 2
The rst mentioned integrand is transformed under considextion of Equation (329).
Hence, the discrete form of the material part foBg is obtained by

Mode Mode _ ] Z
Gemat — (d)TK 5™ d; with K 5™ := B/C®B; dV ; (3.34)

=1 J=1 BS
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whereK lejmat denotes the material part of the element sti ness matriX< 5 . According to

the already mentioned matrix notation, C¢ is the matrix representation of the material
tangent modulusC = 2@S, cf. Appendix [A. The geometric part [3:3B) contains the
linearized virtual right Cauchy-Green tensor, de ned in Eqation (320). Its discrete form
in index notation is obtained by using the approximation of he virtual and incremental
deformation gradient (3.2¥) and nally reads

1 Cae=2 F% a F%+ F% a F% |
MXode MXode Mode MNWode )
— 1 a b a b
=3 Nia d b Njg dj+ Nia df a Njg d
2 i | a , J ) | a ; J
=1 J=1 |=1 J=1 (335)
Mode MNode

Nia d? ab Nig dS’ ;
1=1 J=1
where denotes the Kronecker operator, cf. Equation[{2.3) Thus, for a typical nite
element the geometric part is approximated by
Mode Mode . . Z
Go9e° = (d)TK % dy with K5%:=  (N;aN;g)S*™® dv; (3.36)
=1 J=1 BS

with the geometric part K 7% of the complete element sti ness matrixK & , which is

calculated by the sum of the material and the geometric pari,e.
KPS = K5+ K 5% (3.37)

Summarizing the discrete parts of the linearized weak formf @quilibrium for a typical
nite element accordingly to Equation (3ZLT) we obtain

NKode Node Mode
Lin G® = (d)Tr + (d)'K§ dy=0: (3.38)
||:l {Z } ||:l J=1 {Z }
Ge(de; de) Ge(de; de; de)

For the overall formulation of the system of equation the efeental virtual and incremental

displacements are arranged in the form
d= (dY)Tj(d)Tjrj(dmee)T T 3.39
d= ( d)Tj( d¥)Tjij( dnee)T T (8:99)

Then the global stiness matrix K and global residual vectorR are the result of the
standard assembling procedure of all element stiness mates and elemental residual
vectors, i.e.

Nele Nele
K=AK® and R= Are®: (3.40)
e=1 e=1

Finally, we achieve the overall system of equation for the dwain By in the discrete form
D'(K D+R)=0 ) D= K R; (3.41)

where the global nodal displacement eldD is updated D ( D + D during the
Newton-Raphson iteration scheme, until the residual vectoR is smaller than a given
tolerance.
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In the underlying equations for the element sti ness matrixand the elemental residual
vector the integrands are generally rational functions. Térefore in most cases an analyt-
ical solution is not possible and a numerical integration keme must be applied. Here we
use theGauss integration procedurd also called Gauss quadrature{ which is an approxi-
mation of the considered integral by a weighted sum of funcin values at speci ed points
within the domain of integration. Further details can be found in classical handbooks of
mathematics and the Finite Element Method.

3.5 Standard Displacement Method

In the previous sections we introduce the general framewofkr the implementation of
nite elements in the context of a pure displacement formulgon. For two speci ¢ element
types we give the essential relations and parameters in thallbwing subsections and refer
for more types to the classical textbooks treating the Fing Element Method.

3.5.1 10-noded Tetrahedral Element (T2)

In the course of this thesis we utilize several geometricaltomplex domains, e.g. biological
tissue structure and microstructures of multiphase steel§or their discretization triangu-
lar elements { in 2D { and tetrahedral elements { in 3D { enablea su cient geometrical
approximation without using di erent element types. But the linear formulation of these
nite elements exhibits a sti ening e ect in many applications of structural mechanics.
On this account we use 10-noded tetrahedral elements with @gratic ansatz functions,
also referred to as T2 elements. In Figure—3.3 the isoparamiettetrahedral element is
shown in the parameterized space® and the reference con gurationBg. The correspond-
ing ansatz functions in terms of the natural coordinates ofhie isoparametric space, i.e.,
2 [0;1], 2[0;1] and 2 [0;1], are given by

Ni= (2 1); Ne= 4 ;
N.= (2 1); N7= 4
N3= (2 1); Ng= 4 ; (3.42)
Ns= (2 1); No= 4
Ns= 4 ; N o= 4 ;
with the relation =1
For the requisite numerical integration
z7722Z z.Z2, Z,
| = f(x;y;z)dzdy dx = f(;; )det(dJ)d d d
X y z 0 0 0
W (3.43)

fCi o)) detdI(i; i )l

i=1
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Figure 3.3: Isoparametric ten-noded tetrahedral nite element (left) in the parameterized
space ¢ and the mapping onto the reference con gurationB§ (right).

we use four Gauss points per element with the natural coordites
P P P p

5 "5 5 5 5 5 _5+3 5
1 2 ) 2= 2 ' 3~ 20 ) 4= T S5~
B, B, P, B
5 5 _ 5 5 _5+3 5 5 5 (3.44)
1— 2%_1 2 — Zop_’ 3 - 28_ ’ 4 — 2%_
5 5 _5+3 5 5 5 5 5
1— ’ 2= T AA 3 ’ 4 —
20 20 20 20
and the corresponding weight factors
1 1 1 1
= - = — - = - = — - 3.45
Wi ol We = 70 We= oni We = o7 (3.45)

cf. de Boer and Schr eder [56].

3.5.2 3D Pressure Boundary Loading

In many elds of the deformation analysis of structural elerants the application of

pressure-dependent boundary conditions are required. Tlensideration of loadings onto
components by hydrostatic pressure caused by uids or windao be mentioned as an
example. The crucial aspect is that during the deformation necess the related geom-
etry change its shape. For this reason such a deformation deplent load is also refer
to as pressure follower load. This condition pertains durqthe later shown simulation

of human arteries, which are loaded by a pressure applied tbet interior surface of the

arterial wall. Detailed descriptions concerning deformaéin dependent loads can be found
in Simo et al. [210], Wriggers [254] and references therein.

In general, we have to consider an element for the applicatiaof the boundary loading,
whose dimension isn 1 considering a boundary value problem with the dimensiom.

Since we consider 3D problems discretized by 10-noded elatagwe introduce a surface
boundary element based on a quadratic triangular element.HE loading is represented
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Figure 3.4: 6-noded triangular element for pressure boundary loading

by a hydrostatic pressure. Therefore the underlying contitum mechanical formulation
is represented by the second term of the external work app&ay in the weak form of
equilibrium (B1), which reads
Z Z
G2 = t udA = pn  udA; (3.46)
@ot @ot

with the hydrostatic pressurep and the normaln to the surface. As shown in Figur€314 we
consider a 6-noded triangular nite element. The approximion is based on the quadratic
ansatz functions

Ni(; )= (2 1); No(; )= (2 1); Ns(; )= (2 1)
Na(; )=4 ; Ns(; )=4 ; Ne(; )=4 ;

(3.47)

with the isoparametric subspace €, i.e. 2 [0;1] and 2 [0;1]. Hence for one nite
element we achieve the discretization of Equatioi (3.46)

Z

X6
Ge™z = (d)’ N, pn dA; (3.48)
I=1 @G
For the required numerical integration
Z.,2, X3
I = f(; )det(J)d d fCi )detd (i D)lw (3.49)
0 0 i=1
we use three Gauss points per element with the natural coordites i; ; and the corre-

sponding weight factorsw;

1=0:5; > =0:0; 3 =0:5;

1=0:5; ,=0:5; 3=0:0; (3.50)
W_}' W_}' W‘}'
1_6’ 2_6’ 3_6’

cf. de Boer and Schr eder [56]. Since the loading is depending on the deformation
the term G®'2 does not vanish in the linear increment G during the linearization, cf.
Equation (3I9). For the full description of the linearizaton we refer to the literature
mentioned at the beginning of this subsection.
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3.6 3-Field Finite-Element Formulation (T2PO0)

In the previous section we discuss the framework of the staandl displacement formu-
lation for nite elements. Since we use the Finite Element Mbod for the simulation
of materials with quasi-incompressible behavior in the cose of this thesis, we have to
take a look with respect to a well-known phenomenon, the vahetric locking of nite
elements. This locking becomes apparent during the simuiah of such a material by the
an over-sti ening due to the mechanical response and no ralile results can be expected.
In contrast to other locking phenomenae, which are caused Bynematic constraints and
therefore called geometric lockings (e. g. shear or membealocking), the volumetric type
is connected to the choice of a material parameter. An incrsiag bulk modulus, i.e.

I'1 , describes the incompressibility constraint due to the vametric deformation.
Considering the relation = E=(3 6 ), where E denotes Young's modulus, leads to
the constraint ! 0:5 of Poission's ratio. In the limit case a purely isochoric dermation
should be observed, which leads to the corresponding comsitt J = det F = 1 of the Ja-
cobianJ. The adherence of this constraint cause a sti ening of the Inéing modes within
the nite element. The treatment of the volumetric locking has been the topic of many
publications and several developments concerning the elem formulation has been made.
Several development due to the volumetric locking has beewrte and we give here only
a brief overview of the some formulations, but we raise no ata to completeness of this
list. In Simo et al. [209] the so-called Q1/P0O element is introduced based on ardle-
eld formulation with independent variational approximations for pressure and dilatation.
The enhanced assumed strain (EAS) elements preserve thekiag by the introduction
of additional strain components, see&Simo and Armero [207]. Both these techniques
based on the Hu-Washizu principle, see the following subsiea. Other approaches con-
sider a side condition, e.gG(J) = J 1 = 0, which is embedded by the method of
the Lagrangian multipliers to the constitutive equations.Further developments in the
context of the augmented Lagrangian method are presented 8imo and Taylor  [203]
and Glowinski and Le Tallec [84]. Here we focus on th& -approach, wherein the
standard deformation gradientF is replaced by a modi ed deformation gradient, which
based on the assumption of a element-wise constant dilatati, see e.g.Simo [206],
Zienkiewicz and Taylor [260] andFreischl ager [74]. For the computation of this
dilatation we used the approach proposed byagtegaal et al. [155]. Other publi-
cations taking into account di erent dilatation formulations are Moran et al.  [153]
and de Souza Neto et al. [58].

3.6.1 Hu-Washizu Functional

In section[32 we introduce the variational principle due tca single- eld formulation.
An extension to this method is the so-calledHu-Washizu principle, seeHu [113] and
Washizu [244;/245], where additional constraint equations are cadsred during the for-
mulation of the weak form. These constraints can be writtemiterms of the kinematics
and/or the constitutive equations. In its original form the potential was written in terms of
the deformations, strains and stresses as independent iles, i.e. = ( u;F;P). For
the treatment of quasi-incompressible material behavidgimo et al. [209] introduced a
three- eld functional, which is motivated by the Hu-Washiai functional. The kinemat-
ics of such materials are bounded by the constrait = det F = 1 and use the additive
split (ZZI13) of the energy function (C) in an isochoric part °°"(C) and a volumetric
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part “°'(J). Hence a functional = ( u;p; ) arises containing the deformatioru, the
pressurep and a strain variable equal toJ as independent variables. But the necessary
split of the energy function could be adversely in some casd@dhe chosen function. A more
general formulation, which does not require any special miochtion towards the material
model, is theF -approach discussed isimo [206], Zienkiewicz and Taylor [260] and
Freischl ager [74]. We follow the derivation given in the latter referencand start on
the multiplicative split of the standard deformation gradent

F = (det k) “F (detf)™1 (3.51)

Fiso Fyol

into its volumetric part F,, and its isochoric partFis, with det[Fis,] = 1. In order to
avoid possible locking e ects that would arise when enforgy the quasi-incompressibility
constraint point-wise, i.e. evaluation ofJ = det F, an additional variable is intro-
duced. It describes the dilatation and represents an elentemise constant quantity. By
the replacement of] by the new quantity in the volumetric part of Equation (I51]) we
achieve the modi ed deformation gradient

1=3

F=y 3R 183= 5 F (3:52)

Fiso Fol

The F -approach requires the evaluation of the constitutive eqai@ans of the considered
material using the new operatoi~ . Since we focus on constitutive equations in terms of
the right Cauchy-Green tensorC, we formulate the associated counterpart in terms of

the F -operator
2=3

C=F'F = 7 FTF: (3.53)
With respect to the Hu-Washizu functional the potential is witten as = ( u;J; ).
Following Equation (38) we can now write the weak from of thehree- eld variational
formulation of the F -approach as

z z z
G(u;J;) = S:=-Cadadv of udv+ t udA : (3.54)
[, AR (2o )

Gln[ GeXt

Therein we use the symbob as abbreviation for the second Piola-Kirchho stresseS(C),
which are obtained by the evaluation of the constitutive ecation usingC = FTF. In
Equation ([353) it is observable, that only the internal pat G™ is modied by using
the new F -operator. Consequently, we discuss only the modi cationsf this term in the
sequel. First, we need the variation of the operatoC

C= ,C+ ;C+ C; (3.55)

where the detailed expression of the summands can be foune thppendix[Q. This enables
us to reformulate the internal part G™ of the weak form to

Z ( 2=3 2=3 )

1
C + éc — — :Sdv . (3.56)

Gint - o
J J

NI =

J

Bo
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Exploiting the symmetry of the Kircho stress tensor , which is evaluated using the
modi ed operator C, the latter equation can be reformulated to
Z
int — 1 J .
G™ = grad u+ - — — : o dv (3.57)
Bo 3 J

with  FF ! = grad u. Note, that grad( ) denotes the partial derivative of the
qguantity () with respect to the spatial coordinates. The variation of he determinantJ
is calculated by

J
T =1:grad u: (3.58)
The variation of the dilatation depends of the used ansatz.On this account we choose
here the method proposed byagtegaal et al. [155], where the dilatation is chosen
as its mean value over the element
Z
\ 1
= == = V .
vaaly BOJ d (3.59)
The associated variation is given by
Z L Z
—=—  J@:grad u)dv =—- 1:grad udv (3.60)
V Bt V Bt
and we use in the following the abbreviation
1 Z
h()i=== ()dv (3.61)
V Bt

for the representation of the mean value of the quantity (). Finally we achieve the fol-
lowing internal part of the weak form
V4
. 1 .
G" = grad u + g(hl cgrad ui  l:grad u) : dV: (3.62)

Bo

An alternative approach for the approximation of the dilatdion is formulated by
Moran et al.  [153], where they use the dilatation at the element center, nd
de Souza Neto et al. [58] did a slight modi cation to this approach.

3.6.2 FE-Approximation and Linearization

As already outlined in sectiori-3¥4 we need the linearizatiasf the weak form of equilibrium
for the application of the Newton-Raphson iteration scheméhe increment of G™ vyields

Z Z
Gt= Lfc:c:f cdv+ S:i cadv; (3.63)
B 2 2 B 2
| = {z I ({329 }
Gmat eo

whereC denotes the material modulus evaluating b . Note, that S again denotes second
Piola-Kirchho stresses S(C), which are obtained by the evaluation of the constitutive

equation usingC = F TF. We again distinguish between the material and geometrical
part, cf. Equation ([3:33). The variation of C has been already derived in the previous
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section and the increment C can be formulated analogously. The increment of the
variation of the operator C appearing in the geometrical part is composed as follows

cC= ,.€C+ ,,CH+ uC
+ 4, 3;C+ 5 ,;C+ ;C (3.64)
+ 4 C+ 5 C+ C;

where the detailed expression of the individual componentsan be found in the Ap-
pendix[d. After some algebraic manipulations we achieve theaterial part

Z ( 1 2=3 1 2=3 J )
Gmat = - Cc — + - C — _ :C
By 2 J J J
( . = s ; ) (3.65)
_ _ + — _ - - \
2 c J c J J d
and the geometrical part
Z 2=3
oo gl 2 T2 a3
B, 2 3 J 3 J J
JJ J
J2 R
Z 2=3
1 2 J
+ S:-C = — — — av .
Bo 2 3 J J (3.66)
Z 2=3
1 2 J
+ S:- C - — — — av
Bo 2 3 J J
Z 1 2=3
+ S:= C - dv .
Bo 2 J

Using the relation FF !=grad u the material part can be reformulated to

Z
1 J

Gt = gad u+ = — — ¢
5 3 J

(3.67)

1
- 2 av
grad u+ 3 3 dv ;
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where ¢ denotes the spatial tangent modulus witlCym = Fia Fic Fmp Fke Cagcp - Analo-
gously, the geometrical part is rewritten taking into accont the symmetry of the Kircho

stress tensor

1 2 J J
GIe© = = A
5 3 3 J J
JJ J
+ J2 2 + J dv
Z
2 J
+ ) ;grad u 3 3 dv (3.68)
0
Z
2 J
+ : grad - — — av
. grad u 2 3
Z
+ cgrad’  u grad u dV :

For details on the reformulation concerning both the last agptions we refer to
Freischl ager [74]. In the latter relations of the increments G™ and G%®° of the
weak form the incremental forms o and as well as of their variations appear. Consid-
ering the speci c approach [339) for the calculation of thelilatation , the increments
can be written as

J
J

T‘]:(l:grad u)(1:grad u) 1:(grad u grad u) ;
(3.69)

—— = hl:grad ui;

—— = h1l:grad u)(1l:grad u)i h 1:(grad u grad u)i:

Taking into account these relations and the variations ol (358) and ($58) we achieve
the formulations

Z
Gt = grad u + %(hl:grad ui l:grad u) :c
%o . (3.70)
grad u + é(hl:grad ui l:grad u) dVv
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and
Z
G = cgrad’ u grad u dVv

BOZ

+§ cgrad u hl:grad ui (1:grad u) dVv
ZP

+g cgrad u hi:grad ui (1:grad u) dVv
-

+§ 1 hl:grad ui (1:grad u)
Bo i (3.71)

hl:grad ui (1:grad u) dVv

Z

+} 1 h1l:grad u)(1:grad u)i

3 B,
- h1:grad uihl:grad ui dVv

+} 1 1:(grad u grad u)

3 B,

h1l:(grad u grad u)i dV :

Following the idea of the isoparametric concept we use the satz function N( ) for the
approximation of the gradients

MNode MNode
grad u = d, gradN, with fgrad uga., = Nia dP;

o o (3.72)
grad u = d, gradN, with fgrad ugu= N d°;

1=1 =1

where hereN,., denotes the partial derivativeN, with respect to the coordinatex, in

the current con guration, i.e. @N=@,. Note, that due to avoid confusions with the
partial derivative N;.o with respect to the reference coordinates, see cf. Equati.24),

we use a lowercased subscriptindicating the relation to the current con guration. Now

we are able to formulate the discrete forms of the internal pa(862) as well as of the
incremental terms, the material part [37D) and the geomeittal part (B-Z1). Beginning
with the internal part of the weak form we achieve

_ MXode Z
Gent = (d)T B, +B/ dv (3.73)

=1 BS

with the matrix 3
N|;1 0 0

0 N., O

0 0 I\II;3 .
I\II;Z I\Il;l 0 ’

0 I\|I;3 I\|I;2
I\|I;3 0 I\ll;l

By = (3.74)

POOOOOO) N
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which is well-known from the standard displacement formutan in the current setting,
cf. Wriggers  [254], andzthe additional part arising from theF -app%oach

H\ll;l? I\Il;l rNI;Z? NI;2 I‘NI;3? NI;3
H\h;l! N1 H\h;z! Ni. 2 I’N|;3! Ni. 3
18MN.;i Npg INpoi Nz MNpsi Nis

0 0 0
0 0 0

The subscriptt of both the matrices should indicate that the appearing paral deriva-
tives of the ansatz functions must be done with respect to theurrent coordinatesx ,
with a=1;2;3. The geometrical part of the increment G is approximated by

. Mode Mode . .
Gemat = (d)T KT+ K™ d; (3.76)
=1 J=1
with the sti ness Ematrlces 2
K= BJ C°Bydv and KT = B C°By dv (3.77)
BS BS

where again the rst matrix is well-known from the standard dsplacement formulation.
Finally, we derive the discrete form of the geometrical part

Mode MNode
Ge;geo = ( d| )T K ﬁ?eo + K ﬁ?eo dJ (378)
=1 J=1
with the matrix also arising from the sztandard displacemenftormulation

K59%°:=  (NjaNgp) ®adV ; (3.79)
BS
whereN,., and N;;, denotes the partial derivative of the ansatz functions witlrespect to
the actual coordinatesx , ande b. The second matrix in the geometrical part reads

: 2
Ktel’?eo::_ (BtTI ) Bixt By (BtTJ ) dv

32%?
*5 N tr (e;x Byx)dV (3.80)
127 n 0
+ -t N I"J'f")? + K il dv
3 e ’ '
using the vector with its components
fe.x0a:= MNiai  Njg (3.81)

and the matrices build from
flf\l Ic\j]i;a)?gab : ab H\ll;a NJ;bi h N|;aihNJ;bi ;
ﬂf\l Ifsj;”x Jab -= NI;aNJ;b h Nl;a NJ;bi ;

whereN,., denotes the partial derivative of the ansatz function with espect to the actual
coordinatesx ;. From here the further steps, e.g. assembling and solvinggmedures, are
the same than we discussed during the formulation of the stdard displacement approach
and we refer to sectiori_314.

(3.82)
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3.7 Finite Element Tearing and Interconnecting (FETI)

In the previous sections we show that the nite element methob provides a suitable tool

to achieve the solution of boundary value problems startingrom the strong form of

equilibrium given in Equation (31). In this context the equations have to be discretized
and linearized in order to obtain a system of equations

K D= R; (3.83)

with the global sti ness matrix K , the incremental nodal displacement vector D and the
global residual vectorR, cf. SectiorZ34. Obviously, an increasing number of nitelements
arising from the discretization of the considered physicélody means an increasing of the
number of degrees of freedom. Since the dimension of the w&ct D mainly depends
on the number of degrees of freedom, the solution time for Eafion (3:83) increases
along the number of nite elements. For adequate discretizimns of complex geometrical
structures this number often grows to a large amount and coaguently the solution time
is going up. Indeed the performance of computer hardware hagen improved all the
time since their invention, but a large system of equation 8t means a certain solution
time. Additionally such systems requires an allocation of oth computer memory for the
system matrices as well as for index arrays during the assdimlg process and for history
variables. In this context the application of parallel soltion strategies enables on the one
hand a more e cient solution process, since it arrange the ¢zulation duties to several
processor units. On the other hand the distribution increas the total amount of available
computer memaory.

For the parallelization of the solution process we focus onothain decomposition
methods. Such methods decompose the global boundary valueolgem into sev-
eral, possibly many, smaller boundary value problems on sddmains. To obtain nu-
merical scalability often a coarse global problem is solveth addition to the lo-
cal subdomain problems. Considering overlapping or nonenNapping subdomains is
the main distinction of the dierent domain decomposition nethod. As methods
attributed to the former type are the Schwarz methods and deils on this can
be found in Toselli and Widlund [228] and Quarteroni and Valli [177]. Here,
we focus on the non-overlapping domain decomposition and tlie in the sequel
the main idea and concept of one specic method, the Finite Ement Tearing
and Interconnecting - Dual Primal (FETI-DP). For reader with a deeper interest

@D @a®

@®
5 R

Figure 3.5: Decomposition of a discretized body: a) whole domairB with its boundary @3,
b) 5 subdomains and c) the exploded viewB() denotes thei-th subdomain with its bound-

ary @M.

(©)

<
1a§
Y

AVA

NAN

=
Vﬂg
A
<

]

1
%

IVAVA

AVAN

/N
A

A~
<
pYAVAVAY
AN
Vi
N

A<D
</
&8




Finite Element Method 51

in the theory we refer to e.g.Farhat et al. [69], Klawonn and Widlund [125],
Klawonn and Rheinbach [122;112B]Klawonn [121] andRheinbach [179;/180]. Al-
gorithms of the FETI-DP family have been shown to be highly sdable for more
than 1C° processor cores, see, elglawonn and Rheinbach [124].

The decomposition procedure the computational domain intomany subdo-

across the subdomain interface. Consequently, every nitelemente belongs to exactly
one subdomainB®, i.e. e 2 B, In order to de ne the decomposition of the body
into subdomains a graph partitioner is used, sel€arypis et al.  [119]. The assembling
procedure on each subdomain over the associatethe") nite elements results in the
local sti ness matricesK () and the local residual vectorR @, i.e.

Nele Nele

K= AKe:; RO=Are; with i=1::::;Nsud ; (3.84)
e=1 e=1

where ng g denotes the number of subdomains de ned by a given decompgasi of the
global problem. The local problems read

KO DO= RO with i=1;:::;Nsubd ; (3.85)

and in this form they are independent from each other. But siicindependent solutions
of each subdomain would result in discontinuous deformatis of the boundaries of the
subdomains. Additionally, since a subdomain do not exhibian intersection with the
Dirichlet boundary conditions de ning the global boundaryvalue problem the associated
local sti ness matrix is not invertible. To overcome these mblems in the FETI method
a continuity constraint d  dY) = 0 is introduced assuming on the interface :=
is; @)\ @) of the neighboring subdomainB() and BY) matching nite element
nodes. Over all subdomains this constraint can be written as
MNubd
GO p®=o0; (3.86)

i=1

where the matrix G() is also called jump operator and o ers a simple form due to its
entries, which arise only to be 0, 1 and -1. By the introductio of the dual Lagrange
multipliers  as additional unknown variable we end up with the formulatio

é GOT D OR (3.87)
for the global problem. Note, that the global matrices and \&ors are de ned by
2K " 0 3 2 - 3

k=%: . = & p=§8 . £,

0 K (Nsubd ) D (Nsubd )

2 (3.88)
R=9 : £ ; G= GO ::: GMsuwa)

R (Nsubd )

Additionally, in the FETI-DP algorithm a small subset of the continuity constraints
in Equation (3388) is ful ll exactly using a subassembly sttegy, a global elimination,
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instead of the multipliers. The set of interface variableswhere the continuity con-
straint is ful lled exactly is called primal and all other interface variables are called
dual Therefore, this variant of the FETI method is called \dualprimal” (DP). The re-
maining constraints are enforced by the Lagrange multiplie , which are determined
by an iterative procedure. Here, a parallel, preconditiorte Generalized Minimal Resid-
ual (GMRES) method is applied. For details on the FETI-DP impgementation, see,
e.g. Klawonn and Rheinbach [122;1124], where the preconditioner is also described.
Consequently, the local problems on the subdomains can bdveal in parallel in each
iteration step. Finally, with a suitable Lagrange multipliers , which is obtained by the
iterative process, the solution vector D is computed and the update within the global
Newton iteration is performed. For details on this we also fer to the here given references
regarding the FETI-DP method.

For the parallel computations presented in the sequel of thithesis we use an environment
consisting of the Finite Element Program FEAP, se8aylor [224] and the implemen-
tation of the FETI-DP method shown in e.g. Klawonn and Rheinbach [122;1124].
The used FETI-DP algorithms are developed and provided by #hgroup of Prof. Dr. A.
Klawonn at the Universi@at Duisburg-Essen and this supparis greatly acknowledged.
Main tasks of FEAP are the pre- and postprocessing of the commation and it pro-
vides the element and material technology for the FE-disdieation. Therefore existing
FEAP libraries can be used for the novel environment. Using eommon interface the
relevant element data are exchanged between FEAP and the w&l. The implementa-
tion of the domain decomposition method computes the solain solely based on this
information. The domain is decomposed into subdomains antié systems of equations
are assembled for all subdomains. The parallel algorithmIses the problem using MPI,
PETSc Balay et al.  [3;14;15], and UMFPACK Davis [55]. The work ow of a parallel
computations consists of the following steps:

1. FEAP: initialization of the global boundary value problen,
2. FEAP: load step control, stops at nal load
3. FEAP: convergence check of the global Newton iterationn icase

of convergence go to step 2

4. FEAP: calculation of the element sti ness matrices and th element
residual vectors and their transfer to the FETI-DP solver

5. FETI-DP: data reception and decomposition into subdomas

6. FETI-DP:  parallel computation of the solution and transer of solution
vector to FEAP

7. FEAP: data reception and update of the global displacemewector

8. FEAP: go to step 3.

Note, that the communications between FEAP and the FETI-DP slver is done over the
network using the Transmission Control Protocol (TCP) sooéts.
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4  Arterial Walls: Histology and Material Modeling

The diseases regarding the vascular system have become thestrdiagnosed iliness re-
sponsible for mortality. Thereby, atherosclerotic degemnated arteries represented such a
typical diseases, which is characterized by a change of theérmost arterial wall layer
and is mostly followed by the reduction of the inner diameteof the vessel. Consequently,
the attention studying the mechanical behavior of soft bi@gical tissues and especially of
the arterial walls has increased in the last years. This fads certainly observable in the
amount of publications coming from groups belonging to mezhl and biological research
groups as well as groups related to engineering researchd®l Beside the development
and improvement of the treatments of vascular diseases selemathematical models for
the description of the mechanical behavior have been intraded. These models represent
an essential part, which is necessary for the analysis of theteries and the treatment of
their diseases using the Finite Element Method. On that acemt we rst introduce gen-
eral information of arteries with respect to their composion and wall structure as well as
the typical diseases and their treatments. Since we later @focus on the reconstruction
of a patient speci c arterial geometry we are also interestein the medical imaging. Con-
sequently, we give a brief introduction to the standard imagg techniques and explain in
more detail the intravascular ultrasound (IVUS) method, wich we use for the reconstruc-
tion in the sequel of this thesis. Afterwards we discuss tha érent mechanical properties
of the artery, which o er the complex characteristics of safbiological tissues. Finally,
we provide the constitutive modeling for the description othe mechanical behavior of
arterial walls and adjust the parameter of the used models texperimental data.

4.1 Basics on Arteries

The arteries are an essential transport system in the humanoddy as well as in many
animal ones. In general their transport direction is away &m the heart. Several types
of arteries occur in the body. The rst distinguishing featuwe is the a nity to the two
circulation systems: thepulmonary circulation establishes the bidirectional connection
between heart and lung and thesystemic circulation delivers the blood from the heart
to the periphery and back. When in pulmonary arteries the detygenated blood ows
to the lung in systemic arteries blood is delivered. It is emshed with oxygen and ows
to the capillaries where the actual exchange of oxygen andrban dioxide occurs. The
capillaries then deliver the deoxygenated blood to the vesnfor transport back to the
lung and heart. Besides the oxygen supply the arteries amormghers is responsible for
the nutrient transport. There exists a further subdivision criterion regarding the sys-
temic arteries. They are divided into elastic and muscular arteries according to the
relative compositions of elastic and muscle tissue in themedial layer as well as their
size and the makeup of the internal and external elastic lamh, see Sectiol Z1.1. The
elastic arteries are located near to the heart and have lamgeliameters & 10mm),
e.g. aorta, carotid and iliac ones. However muscular onesvieadiameters in the range
0:1 10mm and a much higher amount of muscle cells. The elastic aries are re-
sponsible for the transformation of the pulsatile blood owcaused by the heart beat
in a quasi-continuous ow and protect the periphery from blod pressure minima and
maxima. Hence this artery type undergoes much larger defoations than the muscu-
lar arteries and for that reason we concentrate on the elastiarteries in this thesis. In
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elastica interna \

broblast
intima
media

adventitia

Figure 4.1: Schematic cross sectional view of a segment of a healthy etasartery with its
three distinct layers: adventitia, media and intima, adapted from Ghesquiere [82].

the following subsections we give brief introductions towds several aspects concern-
ing arterial walls and their medical treatment to provide esential information regarding
the applications in the sequel of this thesis. In addition tadhe references given in the
subsections we refer to the classical publications in the e of medicine and biome-
chanics, e.g.Rhodin [181], Silver et al. [202], Junqueira and Carneiro [1177],
Holzapfel and Ogden [107;1108] 109] andHumphrey [116].

4.1.1 Histology: Adventitia, Media, Intima
Healthy arterial walls consist of three nearly concentricalyers:

the innermost layer tunicaintima (intima),
the middle layer tunica media (media),
the outermost layer tunicaadventitia (adventitia, tunica externa),

where each layer can be more or less marked regarding its Kmess or appearance. The
arrangement of the three layers in a healthy artery are scheically illustrated in Fig-
ure4].

Intima  In a healthy artery the innermost arterial layer, the tunicaintima, consists
essentially of the endothelium, a monolayer of endotheliaklls (thickness 0:2 0.5 m),
and the underlying basal membrane (thickness 1 m) composed of interlacing collagen,
elastic brils and longitudinally arranged bundles of smoth muscle cells Krsti ¢ [137]).
At this point we remark, that the thickness of the intima varies according to the age of
the patient and his/her anamnesis, see sectidn4.]l.2. Thenfttional background is the
exchange of molecules between bloodstream and the surrougatissues. The intima is sur-
rounded by the internal elastic lamina, which represents #hboundary to the next distinct
layer: the media. For more information about the intimal corposition seeRhodin [181].

Media The medial layer delimited by the internal elastic lamina athe interior and
the external elastic lamina at the exterior. Both are fenesated sheets of elastin and allow
the transmitting of water, nutrients and electrolytes betveen the adjacent arterial layers
as well as cellular communication. Note, that the externabimina is more distinct in walls
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of elastic arteries than in the muscular counterparts and inerebral arteries there are only
a few elastic bers instead of it. Independently from the tyg of artery (elastic/muscular)
concentric pattern smooth muscle cells and elastic bers ogose the soft tissue between
the bordering laminae. But the structure of the pattern di ers between these types. Thus,
in elastic ones the pattern is built from lamellar units { al® called musculo-elastic fascicle {
, Which consists of layer-like packaged elastin, smooth nuls cells and collagen ber
bundles. The packages are bundled by thin (3n) fenestrated elastin sheets forming a
continuous brous helix, see alsdSchultze-Jena [198], Staubesand [219]. The helix
has a small pitch and consequently this structured arrangesnt gives the media an ability
to resist high loads in the circumferential direction. The amber of layers (up to 70) and
their thickness (5 20 m) depends on the diameter of the vessel and therefore on the
distance regarding the heart. In contrast to this in musculaarteries the media appears
as a single thick layer of smooth muscle cells with a reduceddtion of collagenous bers.
Shekhonin et al.  [201] shows, that the distribution of collagen in healthy ath diseased
(atherosclerotic) arteries does not signi cantly di er from each other. Beside the given
references in the introduction of this chapter we refer espally regarding the medial layer
of elastic arteries toClark and Glagov [48;149] and to 3D micro- and nanostructural
analysis byO'Connell et al. [163].

Adventitia ~ The adventitia appears as the outmost layer of the wall and afol-
lowing constituents: broblasts, brocytes, histologicd ground substance { also called
groundmatrix { and collagen bers organized in thick bundls. While the adventitia is
clearly delimited inwards to the media by the external elagt lamina, the outer boundary
to the surrounding tissue (loose connective tissue) doestrxist in such a distinct layer.
It also serves as a layer that carries nutrients to the smootmuscle cells of the media. The
adventitia’s thickness depends on the type (elastic or mudar) of artery as well as on
the physiological function and the location in the vasculatree. It increases from 10%
of the wall thickness in elastic arteries to 50% in muscular ones and cerebral blood
vessels almost entirely lack an adventitia. The structure fahe collagen shows two op-
posed helical ber arrangements but in contrast to the bersn the media their individual
orientations show larger deviations from the mean orientain, seeCanham et al.  [39],
Finlay et al. [71]. Since the collagen bers in the adventitial tissue hava wavelike
character in the unstressed state, the adventitia shows awer sti ness than the me-
dia. But at a certain strain level the bers are straight and @use a much sti er me-
chanical response. This behavior is protective mechanismorn overstretch and rupture.
The fact concerning the fewer di erences in the collagen ditgution of healthy and dis-
eased arteries, already mentioned in the section \media"|so applies to the adventitia
(Shekhonin et al.  [201]).

4.1.2 Arterial Wall Diseases and Their Treatments

The World Health Organization (WHO) published in WHO [249] that 163 % of deaths
during year 2004 in high-income countries were classi ed asronary heart disease and
thereby the number one of the top ten causes of death. The sadgposition was occupied
by strokes and other cerebrovascular diseases with a frawtiof 93 % of deaths for com-
parison only. In low-income and middle-income countries ¢hamount was comparable,
11:2% and 142 % respectively, but it holds \only" the second position. Tle Statistisches
Bundesamt Deutschland (German federal agency of statissic observed a similar result
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for the year 2009, in which & % of deaths in Germany were caused by chronic ischaemic
heart disease, se®BESTATIS [61]. Thus, the interest in research for analysis methods
and methods of treatment to improve these alarming data is eusly given. The main
underlying reason for these diseasesatherosclerosisNote, that the similarly pronounced
word arteriosclerosis describes the broader term for several arterdibeases in addition
to the atherosclerosis and means a hardening or sti ening tfe arterial wall with loss of
elasticity. The most important subgroup is the atherosclasis and is completed by two
other ones: Menckeberg's medical calci ¢ sclerosis andédharteriolosclerosis.

In this thesis we focus on the atherosclerotic disease sinteepresents the main reason
for cardiac and vascular diseases and we refer for detailgaeding the other subgroups
to classical medical literature, e.gBaretton et al. [15]. The WHO gives the de ni-
tion \Atherosclerosis is a variable combination of changesf the intima of arteries (as
distinguished from arterioles) consisting of the focal aomulation of lipids, complex car-
bohydrates, blood and blood products, brous tissue and callm deposits, and associated
with medical changes.”, cfde Brux et al.  [57]. In other words atherosclerosis is where
plaque builds up and sticks to the walls of the arteries. Thelgpque is made up of cholesterol
and fatty substances found in blood as well as other partide€found in blood. Nowadays
a long list of risk factors with di erent importance supporting atherosclerosis are known.
The primary risk factors are hypertension (high blood presse), metabolic disorder ac-
companied by high cholesterol level, tobacco smoking, dieles melitus and age as well
as sex. Secondarily are adiposity, hyperuricemia (high wgriacid level in blood), stress,
physical inactivity and hormonal factors.

As the direct causes for atherosclerosis are not known yehere are two di erent hypothe-
ses for the pathogenesis of atherosclerosis:

The \response-to-injury" hypothesis, whereby an injury of the endothelium, in-
cluding hypercholesterolemia, immunologic injury, injuy from toxins or viruses and
mechanical injury, causes an alteration in the functional rad morphologic capaci-
ties of the endothelial cells. These alterations are folled by interaction with two
cells from the blood, the platelet and the monocyte, which nyaenter the arterial
wall. Platelet derived growth factors stimulate the smoothmuscle cells to migrate
from the media into the intima, and, to take up increased qudities of low den-
sity lipoprotein, the principal cholesterol carrying lipgrotein present in the plasma,
seeRoss [186]. The monocyte becomes a macrophage which takes up ¢éagganti-
ties of lipid (fat) in the form of oxidized low-density lipoprotein (OxLDL) and then
becomes a so-called foam cell, with large intracellular igpdeposits, being the ear-
liest detectable lesions in atherosclerosis, also known \ftty streaks". The foam
cells also play a role in evolution around the area of atherdsrosis.

The \lipoprotein-induced atherosclerosis"hypothesis, wherein the activator of the
atherosclerosis is not an injury, but rather it starts with the oxidative modi cation
of the low density lipoprotein when contacting with an arteral wall and then follows
the same way as the \response-to-injury” hypothesis.

In the vasculature, the preferred sites of atherosclerosise those of complex geometry,
most often the atherosclerotic plaques occur in the abdon@haorta, iliacs, coronaries,
femorals, popliteals, carotids, and cerebrals, dHumphrey [116]. In the early states of
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disease the atherosclerosis does not cause any clinical goms and only after several
decades the process comes to a state of a clinical syndromeimg either a slow or an
acute development. But in common the arterial wall loses itbility to balance the pressure
and consequently the periphery of the vascular system is e€&®d more and more by the
pulsatile blood ow. In the larger elastic vessels and the a@ following complications
can occur:plaque rupture or abdominal aorta aneurysmsand infrarenal aneurysms A
thrombus causing an organ infarct is the result of a plaque pture and the decreasing
stability of the wall caused by a diusion disorder leads to a aneurysm. Aneurysms
represent critical disorders since they lead to spontanemand often lethal hemorrhages.
In the mid-size and small arteries a decreased lumen is the shérequent form of symptom
and referred to as stenosis, which not uncommonly causesigtcomplications like arterial
occlusions. The de nite detection of atherosclerotic disses can only be done by medical
imaging techniques like ultrasound and catheter-based exinations. Since in this thesis
one focus is on the patient speci c reconstruction of artegs, we separately treat the topic
of medical imaging of arteries in section”4.1.3.

The healing of atherosclerosis is very di cult and the methds of treatment have di erent
starting points. The medicamentous methods aim at the themy of the basic diseases like
hypertension or diabetes instead at the reversion of the deased lumen since no suitable
and authorized medicaments are available. But these trea@nts are only e ective in an
early state and slow down the disease process. In an advanstate of the atherosclerosis
the treatment is done by invasive procedure: bypass surgeoy catheter-based invasive
techniques. During the bypass method the surgeon place a lyslown vessel segment
or arti cial vascular implant going past the blood ow of the diseased arterial part. But
because of less e ort as well as the risk of complication seaeminimal invasive surgery
methods are developed which are referred to catheter-basedasive techniques. All proce-
dures start with a catheterization where the surgeon guidesthin exible tube (catheter)
into the narrowed arteries to open them using special toolsd to improve the blood ow.
Mostly, the access for the catheter is done through the fenairartery in the groin and
sometimes the radial artery in the wrist is used. The two comon types of catheter-based
procedures are:

Balloon angioplasty with or without stenting The balloon angioplasty is done by
attaching an empty and collapsed balloon to the catheter gdéed by a wire. Such
a balloon catheter, shown in Figuré—Zl2a, is passed into themowed location and
in ated to a xed size using water pressure (75 to 500 times wh 6 to 20kPa). The
pressure from the in ated balloon presses the plague agairiee wall of the artery
and damage e ects in the arterial layers occur. They lead teemanent deformations
and the increase lumen provides for an improvement of the pieusly diminished
blood ow. If the angioplasty is combined with stenting a smHl expandable wire
tube called a stent is inserted into the artery to ensure thencrease lumen after
the balloon de ation. Reclosure of the artery is less likelyo occur after angioplasty
followed by stenting than after angioplasty alone. A schentia illustration of the
angioplasty is shown in Figuré—4]2b.

Atherectomy. During the catheterization a cutting device, is guided though the
catheter to the narrowed portion of the artery. To remove th@laque di erent cutting
devices are developed which grind or cut away the narrowin@ggis. The devices are
often equipped with a unit for the storage of the removed paidles, because these
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a) b)

Figure 4.2: Balloon angioplasty of atherosclerotic arteries: a) ball@mn catheter, adapted

from Schock [189]; b) essential steps= balloon-tipped catheter positioned across narrowed
segment,- balloon is in ated, stretching the wall and attening the pl aque,® catheter is

pulled out and larger lumen allows improved blood ow.

particles can occur a closure in the following vascular tre€&ome techniques use a
balloon in ation to push the device towards the plaque. A neer method applies a
laser beam instead of a cutting device to vaporize the plaguéth the advantage of
no more required storage.

Beside the advantages of this method to be a minimal invasivairgery there exist two
non-neglectable disadvantages. The rst one is the risk thauring or after the procedure
plaque particles from the treated part can cause an occlusian the smaller arteries. On
the one hand the particles can originate from a plaque ruptercaused by ill-conditioned
balloon pressure and resulting stress concentration acsothe arterial wall. On the other
hand the particles can arise during the cutting process of ¢hatherectomy. A further prob-
lem is the reoccurrence of stenosis, also callestenosis which means a narrowing of the
blood vessel again and has become a more relevant topic in tekel of biomechanics in the
last years. \Overstretching" of the arterial wall can fragnent the internal elastic lamina,
damage smooth muscle cells, disrupt cell-to-cell connewis and tear medial elastin and
collagen bers. But a restenosis can be observed in arterieghich have been furnished
with a stent. For reducing the rate of restenosis the stent dgn and material have been
developed permanently and the stent coating with drugs haselen established. So stents
have become a \hightech" product and for further informatio about their development
seeWienecke et al.  [250].

4.1.3 Medical Imaging

The discovery of the X-rays { the \invisible ray" { by Wilhelm Conrad Rentgen in 1895 was
the beginning of a new era in the clinical diagnostics. It wabte rst method enabling \the
look into the body" using a non-invasive technique. So paiaf and dangerous surgeries
could be avoided. This investigation was the source of a newsearch eld, the medical



Arterial Walls: Histology and Material Modeling 59

imaging. For nearly 75 years the basic technique of Rentgasndiscovery had not changed.
The X-rays pass through the body and afterwards impinge on adiation-sensitive ma-
terial, e.g. a Im or a screen. A geometric pattern is produakon this medium by the
structures in the beam path. The development was con ned tohie improvement of the
environment like uoroscopic imaging and coupling with tedvision. After World War 1l a
new process of development in the medical imaging was stattevhich still lasts. It pro-
vides new diagnostic techniques like e.g. the magnetic reamce imaging (MRI), positron
emission tomography (PET) and the ultrasound. All these mddal imaging techniques
base on the in uence of the body's interior, namely atoms antholecules, to the change
of properties of the transmitted waves. Whereby ultrasoundises high frequency sound
waves instead of electromagnetic waves, which are produahding a X-ray, MRI or PET
examinations. The answer to the question, which techniquéhsuld be preferred for the
di erent elds of application regarding the diagnostic of the human body can not be
stated clearly. Since the development of medical imaging asrapidly growing eld every
new investigation can change the criteria of decision. Butlso the economic view has to
be considered as well as the side-e ects including long-tere ects to the health occur-
ring from the application are crucial points. An interest dscourse with respect to this
topic is given in chapter 8 ofGuy and ffytche [89]. For more details on the di erent
methods of medical imaging regarding the theory as well asctenique of application we
refer in addition to the latter reference to the textbook byRobb [185]. Here we focus in
the sequel on the ultrasound technique since it provides tHeasibility to produce further
information concerning the histology of arteries and theiwall. Note that also the MRI
technique can be used for the imaging of atherosclerotigatiegenerated arteries as shown
in e.g. Choudhury and Fayad  [43] andDesai and Lima [60]. But the MRI scanning
is a more expensive diagnosis compared to the ultrasound aese of the investment for
purchase and operating. Since the X-ray radiograph provideextremely good contrast be-
tween bone and all soft tissue but low contrast regarding derent tissue types it does not
come into consideration for the determination of the distiat layers of the arterial wall.
But as shown in sectio 5]1 the X-ray radiograph in combinain with a radiocontrast
agent can be used to visualize the geometry of the vessel'sin.

The ultrasound describes sound waves, which are longitudirand have a frequency range
from 0.5 to 15MHz. In the medical application one utilizes th e ect that these waves

describe the mechanical disturbance located occurring érior the body. Thereby the

various tissues have di erent mechanical properties whicim uence the change towards
the sound velocity. At their boundaries the waves are scatted and the re ection, also

called echo signal, can be recorded by a receiver to form anaige. The principle of a

medical ultrasound procedure is illustrated schematicailin Figure E3a. A piezoelectric

transducer emits a pulse of ultrasound into the body of inteist and inside the body it

is partially re ected by the boundaries, the internal surfaes, of the di erent tissues. The

receiver, mostly implemented in the transducer, detects #se re ections. From the signal
a monitor can display the amplitude and from the round trip tme the type of tissue can
be identi ed. The typical ranges of velocities of sound in v@éous substances are shown in
Figure [43b. The resulting image is a single line through thieody and this scan method

is referred to the amplitude or A-mode scan. Another type ishie brightness or B-mode
scan, which combines many di erently orientated A-scans t@ two-dimensional image
transforming the echo amplitude into a greyscale map. The rtion or M-mode scan is

used where rapid motion monitoring is required.
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Figure 4.3: a) Principle of the \simplest" form of medical ultrasound scan (A-mode
scan) and b) velocity of sound in a range of dierent substanes. (Both adapted from
Guy and ffytche 1).

The most well-known application of ultrasound is the imagig of pregnancy but it has
been also found its way into the diagnosis of e.g. liver, kidgs, pancreas and prostate
glands. Additionally in both last decades the ultrasound bemes the so-called \gold
standard" in the vascular diagnosis, see e.George et al. @] andErbel et al. ].
The catheter-based intravascular ultrasound (IVUS) is uskroutinely in clinical practice
for the realtime estimation of a vessels' degree of diseagedaepresents a valuable tool
helping to decide suitably if and how the a ected artery shold be medically treated,
see alsaBese et al. @]. At the beginning of an IVUS treatment a plastic introdwer
sheath is inserted in the groin (Arteria femoralis) or the uper arm (Arteria brachialis)
to provide an access to the vessel system. Afterwards the ater is inserted through the
sheath and threaded to the artery of interest, cf. FigurEZZiad This catheter represents the
guideway of wire with the ultrasound transducer at its tip. During the treatment the tip is
pulled back by a motor unit due to better imaging results. IVLE provides a series of cross
sectional grey scale images, see e.g. Figlra 4.4b, wherdia grey-scale value represents
the amplitude of the ultrasound signal.

The di erent echo lucencies of the various arterial tissueenable acoustically distinctive
features and, consequently, their di erentiation based oivUS images. FigurdZ#¥b shows
the identi cation of the media-lumen-interface and the exérnal elastic membrane, which
describes the interface between adventitia and media. Thatérnal elastic membrane

catheter wire external elastic membrane

~lumen-

imaging plane -
aing p transmitter & receiver

transducer

Figure 4.4: a) Schematic illustration of an IVUS examination, adapted from Bersch [ﬂ],
and b) resulting greyscale IVUS-image with identi cation of layer interfaces.
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can not be located based on the grey-scale images due to itw lilnickness. From these
results the cross sectional area of the plagque can be estiedtand e.g. the studies by
Waller et al. [237], andNissen and Yock [160] state these aspects. In addition to
that, IVUS measurements are relatively insensitive compad to CT-scans with respect
to movements of the thorax e.g. due to breathing of the patiénThis represents an
important information regarding the assessment of the diase severity. If the decision
for a balloon-angioplasty is positive, the value of the ap@d balloon pressure plays an
important role, since it happens in a non-negligible numbeaf cases that a certain pressure
causes fracture in the plaque possibly leading to severe qaivations for the patient.
Therefore, information regarding the plaque composition ich has a strong in uence
on the initialization of plaque rupture is also pro table. Unfortunately, IVUS does not
provide the ability to identify between individual plague ®mponents, since calcareous and
strongly brotic tissue lead to similar ultrasound re ections. The same problem occurs
for lipid-rich and normal brotic tissue.

IVUS - image

Envelope amplitude (echo intensity)

produces greyscale IVUS images

IVUS echo signal

Different tissues result in a varied
echo signal; spectral analysisand —————»
mapping to a histology database virtual histology (VH IVUS)

Figure 4.5: Comparison of functional principle of standard intravascuar ultrasound imag-
ing and the Virtual Histology. (Taken from Brands et al.  [32])

For overcoming of these di culties the Virtual Histology (VH IVU) was developed. In
contrast to IVUS, which only uses the envelope amplitude (bBo intensity) of the ultra-
sound echo signal, this technology makes use of an additibmadio frequency analysis.
Thereby not only the amplitudes but also the frequencies ohe ultrasound data are inves-
tigated. Using a knowledge-based approach various plaquengponents are then classi ed
and color coded as brotic tissue (dark green), brofatty tissue (green), necrotic core
(red) and dense calcium (white). In Figurd—Zl5 the functiongprinciple of the VH IVUS
compared to the standard IVUS is shown along with the resutig cross-sectional images.
The knowledge-based approach goes back to the study Bpnka et al. [215]. To the
best of our knowledge irNair et al.  [156] association between the plague composition
and the analysis of the IVUS radiofrequency data was arisenstly. For more details on
this method we refer toBese et al. [30], Kenig and Klauss [130] and the references
therein.

4)VH s registered trademark of Volcano Corporation, California, USA, seewww.volcanocorp.com
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Often, the cross sectional ultrasound images are then arged in a sequence, possibly in
virtual 3D space, and are thus presented to the physician agpaeudo 3D con guration, or
a 2D cut thereof. Clearly, a realistic 3D con guration of an aery cannot be constructed
without considering the position and path of the catheter'smaging sensor in space.

4.1.4 Mechanical Behavior

The knowledge of the mechanical characteristics of the artal wall is a fundamental
aspect during the modeling of constitutive material modelas well as the simulation of
arterial deformations using the Finite Element Method. If ve look back at the complex
structure of the arterial walls discussed in Section41.1nd its constituents it is obvious
that there exist many factors in uencing the mechanical befwior of the wall. Thus, in the
eld of biomechanical research a variety of publications eering this topic and so the given
references in this thesis raise no claim to completeneskimphrey [116] describes in his
classical textbook the general characteristics in an extsiwve manner and also connect it
with several historical developments in the eld of the artdal biomechanics. Additionally,
we refer to the review byGasser et al.  [78], because it gives an appreciated overview of
the mechanical properties. From this publication we adopthe Table[41, which contains
a summary of references dealing with di erent characterigt properties of arterial walls.
Without any contempt of the original work covering the tablewe adopt it to give the
interested reader directly the possibility of a literaturesurvey. In addition to the original
content we emphasize the mechanical aspects taking into acat for the constitutive
modeling in this thesis.

Table 4.1: Some properties of the arterial wall and associated refereres (adopted from
Gasser et al.  [78])

properties change along the arterial treé
cylindrical orthotropy ¥

Roy [187]
Patel and Fry  [172]
Weizsacker and Pinto [247]

incompressibilityy Carew et al.  [40]
Choung and Fung [44]

nonlinear stress strain responsé Roy [187]

highly deformable’ Roy [187]

axial in situ pre-strain Fuchs [76]

residual stress in the load-free con guration Bergel [20]
Chuong and Fung [45]
Greenwald et al. [87]
Holzapfel and Ogden [102]

viscoelasticity Fung [77]

pre-conditioning phenomena Fung [77]

damage based softening and residual overstretch Oktay et al.  [169]

Y Properties taking into account in this thesis.

The main characteristic is the variation of the properties Bng the arterial tree, which
we have already mentioned in sectioi—4.1 and its rst subsech treating the arterial

histology. Since we concentrate on the elastic arteries thellowing facts are primarily
relevant to this type. Generally the mechanical behavior iselated to the following mate-
rial characteristics: non-linearity, anisotropy, (nean) incompressibility and (in)elasticity.

In the healthy state arteries are highly deformable and show nonlinear stress-strain
response. The non-linearity results from the di erent medmical behaviors of the main
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constituents, elastin and collagen. During low tension theain contribution to the overall
response is given by the elastin since the collagen bundlesnain mostly in a wavelike
structure. But with increasing loading the collagen beconsemore and more straight and
causes a sti ening of the tissue. This statement is also estigshed by the studies published
in Roach and Burton  [184], where the response due to low loadings is similar toath
of elastin and during high loadings a sti ening comparabled that of collagen is observed.
The sti ening of the arterial stress-strain response alraedy arises at around the physiolog-
ical strain level, see e.gAbe et al. [1]. Since we have already mentioned the structural
arrangement of the bers in the arterial layers, the overallnisotropic behavior is obvious
and in Patel and Fry  [172] it was addressed to \cylindrical orthotropy"”. Based o the
layered structure of the wall and the di erent compositionsof each layer we consider the
wall as not materially homogeneous. There are two possiblesamptions of heterogene-
ity: a three layered wall with homogeneous mechanical progies within each layer, but
varying from layer to layer, or a gradient in the wall constitients across the wall. For the
mechanical modeling described in secti@n 4.2 we restrictrgalves to the former mentioned
assumption. If we regard the whole constituents of the walhe artery can be mechanically
separated into two parts. A solid part consisting of cells ahconnective tissue and a uid
part, which is mainly comprised by intracellular and extraellular water ( 70% to 80% of
wet weight). From this Humphrey [116] calls it a \mixture-composite”. For the analysis
of the constitutive behavior or/and stress distributions h many problems the uid part
can be neglected since the in uence of the stress-induced vement of the uid is very
low and the wall can be treated as a homogenized solid. But thegh amount of water
inside the layers of the wall cannot be totally neglected sie it is held accountable for
the nearly isochoric deformation behavior of the artery unet many loading conditions.

All characteristics mentioned by now are addressed to basarterial properties and we
consider them during our mechanical modeling in the sequél this thesis. Beside them
other features regarding the mechanical behavior of the wadre well-known, but not
considered within the scope of our studies. Note, that the sltussion of the limitations
due to the validity regarding the numerical results in this hesis are given in sectioh3.4.
But to give the reader an overview of the variety of mechanitgroperties we briey
introduce these features and refer to the literature for mer detailed studies. There are
mainly two pre-loading phenomena known under which the vess are embedded in the
body and they depend on the location, age and disease. Thetrsne is the axial pre-
strain, which become apparent by a shortening of the vesselfier the removal from the
body. For example in animal aortas an axial stretch is also gbrved and measured from
1:2 near the aortic arch to 16 near the iliac bifurcation, seeHan and Fung [91]. The
fundamental role of the axial stress in compensatory adaptans by arteries has been
reported by Humphrey et al.  [115]. The article also gives an appreciated overview in
its introduction, which can be used for further studies regaing this topic. The other pre-
loading characteristic is the existence of residual stressin the unloaded con guration.
They were rstly reported by Bergel [20]:\When an artery is split open longitudinally
it will unroll itself. This surely indicates some degree oftiess even when there is no
distending pressure.”A layerwise analysis with respect to the residual stressesaosvs
di erent so-called opening angles for each layer and enabléhe conclusion, that the layers
are di erently stressed in the unloaded con guration, see.g. Greenwald et al. [87].
The most common assumption towards the existence of residugiresses is, that they
smooth the strain and stress level through the wall at in vivdoading conditions.
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Further mechanical properties are associated to inelastcects, which mostly occur under
non-in vivo loadings. Thus, it shows that in dynamical testshe arterial tissue exhibits sev-
eral viscoelastic responses: hysteresis under cyclic lmayg stress relaxation under constant
extension and creep under constant load, see ekung [77]. As a common assumption
for this time-dependent deformation behavior is considedea dissipative mechanism of
smooth muscle cell deformation and intraarterial uid movenent. Closely related to the
viscous e ect is the stress softening { also called pre-catidning { which is recogniz-
able after a few load cycles by a nearly repeatable stressast curve. Experiments show
that the viscoelastic e ect is more pronounced in muscularreeries than in the elastic
type, while it increases along the arterial tree. Under coreration of the extremely slight
dynamical components during an in ation of an artery and thelower importance of vis-
coelastic properties in the elastic arterial type we will rgdect this property in the sequel
of this work. Other important inelastic e ects are the damag and failure in the arte-
rial wall during a loading level above the physiological rage. Such loads appear during
treatments like the balloon-angioplasty and the stenting iad result in signi cant changes
in the mechanical behavior of the arterial tissue, see e.@Gasser and Holzapfel [79].
These changes were the principles for the functionality ohé treatments because they
provide an increased lumen of the artery.

The variety and complexity of the mechanical properties ofadt biological tissues, e.g.
arterial walls, show the reader the reason for intensive rgrch in the elds of biomechan-
ics by many groups during the last years. These groups are faled by mechanics and
mathematicians as well as biologists, chemists and medicaientists.

4.2 Continuum Mechanical Modeling

Since in the next chapter we analyze arteries using the FieitElement Method here we
introduce several free energy functions, which can be used describe the mechanical
behavior of arterial walls. Lots of continuum mechanicallynotivated material laws for
the description of the mechanical behavior of soft biologt tissues have already been
published. For a detailed overview of the variety of models evrefer to the exhaustive
reviews Humphrey [114], Vito and Dixon [230]Kalita and Schaefer [118] and
Holzapfel and Ogden [103] as well as to the classical textbookdumphrey [116]
and Holzapfel and Ogden [107;1108]. For our treatment we consider two mechan-
ical characteristics, the anisotropy and nearly incompregility, which are outlined in
section[ZTH#. As the mechanical in uence of the healthy imha in atherosclerotically
degenerated arteries is negligible we do not consider it imomodeling. This is in con-
trast to non-atherosclerotic intimal thickening in hypergasia; seeHolzapfel [100]. The
anisotropy is mainly governed by the structure of both exteral arterial layers, i.e. adven-
titia and media, where each one can be assumed as a compositid a matrix substance
with embedded collagen bers. The arrangement of these bgrcan be characterized by
two preferred directions following the mean orientation ofthe bers. They are crosswire
helically wound along the artery and symmetrically disposkwith respect to the axial
direction. For the parameterization of the ber orientation we use the angle which is en-
closed by the bers and the circumferential direction of theartery. In the following we
consider the angles , =49:0 and \ =43:39 for the ber orientation in the adventitia
and media, respectively, which are proposed bgalzani [&]. Consequently, the mate-
rial behavior of the collagen ber bundles can be represemtéy the superposition of two
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transversely isotropic models, seldolzapfel et al. [110]. Then the general form of the
free energy function for the mechanical behavior of artetiavalls is formulated by

— iSO(C) + ti(1) (C M (1)) + ti(2) (C M (2)) : (41)

The structural tensorsM @ and M @ are calculated as given by Equation({ZID3) and
the preferred directionsal® and a® are identi ed by the two assumed ber directions.
The incompressibility of the arterial tissue is treated by a penalty term in the isotropic
part s° of the free energy function, cf. Equation[ZT18).

In Brands et al.  [31] several energy functions for the description of the nfemical
behavior of arterial walls are adjusted to experimental dat and also their in uences
on the numerical behavior are discussed. Here, we focus orotaf therein considered
functions, which were conclusively preferred by the authsr For an overview of all these
functions and the related numerical results we refer to theatter reference.

4.2.1 Polyconvex Energies for Soft Biological Tissues

Since polyconvex functions guarantee the existence of nmimeers, see section 2.6, we use
such functions for the construction of the free energies. Bad on the general form{4]1) we
consider two di erent material models 5 and g obtained by using di erent choices for
the isotropic and anisotropic terms. For that we hark back tahe functions, which has been
already introduced in sectior’Z16. The isotropic term '° in both energy functions is set
up by $°and §°in Equation (ZZII8). Both parts satisfy the stress-free natal state, cf.
Equation (ZI1I1), and additionally the second one penaligehe volumetric deformations
to achieve the satisfaction of the quasi-compressibilityoastraint. The rst model A, uses
the polyconvex function [ZZI2F7) in the anisotropic parts '@ and % | which was already
proposed inBalzani [€] and Balzani et al.  [10]. Thus, the free energy functions and
the corresponding second Piola-Kirchho stress tenso& = @ , considered in this work,
are

| o q xx D E
A=C 1—l=3 3 +" |32+|T 2 + 1 |1Jz(1a) Jéa) 2 2; (4.2)
|3 3 a=1
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X2 D E, 1
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S )
G I 12 1
+2 2L+ 1242 L det(C)C
3122 0y 71y (©)
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Here h( )i denotes the Macauley brackets de ned by( )i = [j( )j+( )]=2; with ( ) 2
R. They are used instead of a case di erentiation to get a moreompact formulation.
This di erentiation is necessary since the bers are able toeceive only tensile loading.
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Consequently, the responsible energy term must be only taketo account if its value
Is positive, cf. Equation [ZT12IF). Furthermore, the anis@bpic behavior in the second
model g is described by the function [[Z128) taken frontHolzapfel et al. [110]. The

energy functions and corresponding second Piola-Kirchhatress tensors are
!
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Again, the Macauley brackets are used to take into account ¢hloading condition of the
bers as discussed for the model 5. To guarantee the polyconvexity of both functions
we have to consider several restrictions to the material pameter, which were already
given in section’Zb beside the de nition of each functionadart. These restrictions on the
material parameters in the isotropic parts and anisotropiparts are

c>0; "1>0; "»>1; 3>2 and

4.7
1>0;, 2>2; ki>0; kp>0; (4.7)

respectively. Due to the lack of data regarding the materiabehavior of the individual
diseased arterial tissues detected by the VH IVUS-techniguwe assume the plaque to
be homogeneous as a rst step. However, more sophisticateldque compositions can be
constructed from the proposed method described in sectiblls For the plague we apply
the Mooney-Rivlin model

c= 1li+ 4lo+ 4l3 2In(l3) (4.8)

by following its de nition (ZZI20). The polyconvexity condtion is hold by the restric-
tons ; >0, ; >0, ; > 0, and a stress-free reference con guration is achieved by
2= 1+2 1+ 4, cf. Equation (ZIZB). In the next section we adjust the paraeter
of the functions to the behavior of the biological material @ apply them in simulations
treating the deformations of arterial walls.

4.2.2 Parameter Fitting to Experimental Data

(Parts of the subsequent results are rst published inBrands et al.  [31])

Here, we describe the adjustment of the parameter for the dérent energy function, given
in section[4Z1, to cover the mechanical behavior of softstue in the arterial wall. For
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that task we perform numerical parameter ttings and acquie experimental data, which
were originally published inHolzapfel [100]. In these experiments the separated layers
of an artery, i.e., intima, media and adventitia, were studdd in uniaxial tension tests.
For each layer the experiments were done with strips, whichere originally orientated
circumferentially and axially in the arterial walls. At this point we emphasize again,
that we do not consider the healthy intima because of its leswechanical in uence in
atherosclerotically degenerated arteries.

In the used parameter tting algorithm we adjust the Cauchy sresses = FSF T from
the material models to the Cauchy stresses., from the experiments. We minimize the
error e, + e, where

" #H
X (M Oy .
o= Lo thei@erc) 1
i=1 (a;EXp
1] (49)
x (0, by R
e = Rt + | detc() 1)* ;
i=1 (C;EXD)

are the errors for axial (a) and circumferential (c) experirnts, respectively. In order to en-
force the quasi-incompressibility condition with numerially suitable parameters'; and ",
acting on the pure volumetric parts of the free energy, the genetric constraint detC =1

is added to the least square functional({4.9). The parametér is chosen as 1C, such
that det C =1 is violated by only a few percent in the uniaxial tension tets. The least-
square functional is minimized by using an evolution stratgy; seeSchwefel [200]. This
strategy was already applied inBalzani [€] and we use the same procedure published
therein. In Equation @&3) @ are the stress components in tension direction computed at
the deformation stateCfl). The constraint conditions j =0fori 6 j and = 33=0
arising from the consideration of a uniaxial tension test & enforced iteratively, before
evaluating the error functions [£D).

Table 4.2: Material parameters for the representation of adventitia (adv.) and media (med.).

- C "1 "2 1 2 3 Ky ko
Model Layer Fig.
y g kPa] [kPa] [] [kPa] [ [ [kPa] [
adv. HHa.2 6.6 239 100 15030 6.3 { { {
A med. EBal 175 499.8 2.4 300019 51 { { {
adv. Z@b.2 6.2 101.0 100  { { 30 6.0 20.0
B med. [Z8b.1 10.7 207.1 9.7 { { 10.0 1018.8 20.0

The results of the parameter adjustment for the material moels are summarized in Ta-
ble [ A2. They are bounded from below as de ned in Equation{8). regarding the poly-
convexity of the energy functions. Additionally, the rangeof the parameters is bounded
from above for multiplicative factors @, "1, "2, 1, k1, ko) by 5 10 and for exponents
( 2, 3) to 10. This decision is made to avoid possible numerical grl@ms like arith-
metic over ows or cancellations. For exemplary e ects of thse aspects on the numerical
behavior, especially in application to a parallel computadn using FETI-DP, we refer
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Figure 4.6: Cauchy stress [kPa] vs. stretch of 1) media and 2) adventitia com-

puted by material model a) A and b) g using associated parameters from Tablé_4]2
(comp) and compared to the experimental data (exp) Holzapfel et al. [110]. (Taken

from Brands et al.  [31])

to Brands et al.  [31]. There is a further parameter set considered, which Vates the

upper bounds and shows di erent results regarding the numbef iterations and residual

norms in a nite element simulation of an arterial wall. The ©@mparisons between the
experimental data and the numerical results using the presid functions are visualized
in Figure 48 for both considered layers of an arterial wall.

As already mentioned the lack of data regarding the materiddehavior of the individual
plague components let us feel compelled to assume the plaguée homogeneous. For this
reason we take the parameter for the related energy functiorr from Brands et al.  [31]
and list them in Table [£3. Note, that this consideration repesents a restriction to the
comparability of the simulations with the real material belavior. On this aspect we also
refer to the discussion of the limitations given in sectio 8.

Table 4.3: Material parameters of energy function ¢ applied to the plague (assumed to
be homogeneous), taken fronBrands et al.  [31]. Parameter , is computed by the other
ones due to a stress-free reference con guration, cf. Equan (Z123).

1 1 1 2= 1+2 1+ 1
[kPa] [kPa] [kPa] [kPa]
80.0 250.0 2000.0 2580.0
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5 FE-Analysis of Arterial Walls

In the following subsections we elaborate the numerical sidation of atherosclerotically

degenerated arteries where an internal pressure followeadl is applied to the interior

wall, the luminal surface. Within the framework of such analsis the reconstruction of a
three dimensional patient-speci c arterial geometry plag an essential role. For this reason
one focus of this thesis is on the geometrical modeling andetirE-discretization of a real

artery based on medical imaging data. Afterwards we use theedeloped two- and three
dimensional geometries for the simulation of an artery undenternal pressure loading.

Here, we emphasize that the shown numerical results represenly examples rather

than providing realistic results, because we do not considall mechanical characteristics
in the material modeling, cf. sectio"4.1]14. On this accounwe close this chapter with

a discussion of the limitations regarding the proposed regstruction method and the

numerical results.

5.1 Patient Speci c Arterial Geometries
(Subsequent results are rst published partly in Brands et al.  [32] andBalzani et al.  [14].)

The visualization of patient-speci ¢ arterial geometriesvould be helpful and sometimes
necessary in the context of atherosclerotic degeneratedeares. On the one hand for the
diagnosis of such diseases and the choice of their treatmeetailed medical examinations
are necessary. On the other hand representative geomettioaodel of real arteries are es-
sential for the development of new treatment techniques arfdr the enhancement of the ac-
tual methods. Especially, the second aspect is part of thes@arch of several groups related
to di erent elds, e. g. medicine, biology, materials engieering, computer engineering and
mechanics. As we introduced in Sectidn4.].3 several mediitaaging techniques, e.g. X-
ray, magnetic resonance imaging (MRI), intravascular uleisound (IVUS) and computer
tomography (CT), are available for \a look into the body". The combination of angiograms
obtained from MRI was used byFessler and Macovski [70] to reconstruct arterial
trees. Wahle et al.  [234] pursued the same goal based on biplane X-ray angiogeam
and extended it by a volume model based on generalized eligatl conic sections. An opti-
mized method for an online 3D reconstruction was presentegt €hen and Carrol  [42],
where coronary arterial trees based on two angiographicahages are visualized without
any calibrating technique. The crucial part in the visualiation of vessels is the segmen-
tation of the arterial wall into the layer structure. This is an essential task especially
for a mechanical analysis of the artery, since the di erentayers o er di erent mate-
rial behaviors. All mentioned standard imaging techniquesnly provide little informa-
tion about the wall structure. But some publications are avédable, wherein the authors
present new strategies and approaches to overcome this desh. In Auer et al.  [Z]
and Holzapfel et al. [104] 3D reconstructions of several tissue components frahs-
eased arteries are done based on images from high resolutRI. Thereby the presented
segmentation tool is used to get 2D contours from the slice ages and reconstruct a 3D
geometrical model. In contrast to the beforehand mentione@ferences these authors used
this technique for further studies of patient-speci ¢ geomtries based on the Finite Ele-
ment Method in several publication, e. gHolzapfel et al. [105],Kiousis et al.  [120]
and Holzapfel and Kiousis [101]. Also in the eld of the uid-structure-simulations of
abdominal aortic aneurysms several reconstruction methsdre developed based on stan-
dard medical imaging techniques, e. gNolters et al. [251] andLeung et al.  [139].
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In contrast on the aforementioned referencdsair et al.  [156] use IVUS data and clas-
sify the plaque composition based on a spectral analysis digd to the radio-frequency
echo signal. The same group enhance and validate their methby an ex-vivo study,
cf. Nair et al.  [157]. Based on this development and studies the standard U\ treat-
ment was enhance to the VH IVUS, details see Sectifn 4]1.3.the context of this treat-
ment we also mentioned the study byKlingensmith et al. [126], wherein a border
detection technique for the analysis of the lumen and medialdventitial interfaces from
the IVUS images.

Here, we focus on the VH IVUS imaging technique and use the wvi#sng data for the
construction of the patient-speci ¢ geometry. The procede to achieve a nite element
discretization of a patient-speci ¢ artery is shown in the dllowing subsections We start
from the geometrical data provided by the VH IVUS imaging of gatient-speci c artery
and go through the steps of treatment, e.g. separation of legs, image correction, three-
dimensional path reconstruction and meshing. The reconsittion of the spatial catheter
path shown in the sequel was developed and provided by the gpof Prof. Dr. A. Kla-
wonn, Universiat Duisburg-Essen and proposed byownatzki [135]. These patient-
speci ¢ data including the IVUS and VH IVUS images as well ashie angiographic X-ray
images of a real artery were provided by Prof. Dr. med. R. Erband Dr. med. D. Bese
from the \Westdeutsches Herzzentrum Essen”, Germany and ihsupport is greatly ap-
preciated.

5.1.1 Construction of Virtual Geometry

The construction of a virtual 3D geometry for a patient-spea vessel is described in
this section. On that account we fuse the IVUS virtual histadgy (VH IVUS) data and
the output of angiographic X-ray imaging and visualize the essel geometry based on the
resulting geometric data. The necessary processing steps programmed in MATLABE),
which provides a variety of useful enhancements like e.g.eSpline ToolboX™ or Im-
age Processing Toolbd¥ . These data represent the prestage for the buildup of nite
element discretizations of the arteries, which are shown section[5:2 and_513. During
the following remarks we discuss several potential di culies which might occur either
from the execution of the medical treatment or the data pregcessing by the VH IVUS
technique. We analyze their relevance regarding our proages and where necessary we
provide a solution or treatment. For details on the used medal imaging techniques we
refer to section[ZT13.

The rst step is the extraction of the 2D cross-sectional irdrmation which are given
in terms of the color coded VH IVUS images. Although they prade signi cantly more
information regarding the composition of arteries, the proessed IVUS images as seen in
Figure @3 usually contain a certain level of noise, i.e. sthanclusions that only appear
on single VH IVUS frames or small structures that are too tinyor the construction of 3D
geometries. We assume that these structures can be consaiens artefacts and thus, we
remove these structures from the images before proceedinghwthe construction of the
geometric models. For the construction of the 2D geometricenodels we rst construct

a geometrical description of the two-dimensional VH IVUS imges by polygonal contour
lines. As the boundary of every inclusion is then described @ polygon, the area of every

S)MATLAB s registered trademark of MathWorks, Inc, seewww.mathworks.com
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inclusion can be computed using the formula of Gauss for pglyns, i.e.,

A = X XiVis1  VYiXi+1 .
= 5 ;
i=1

whereinx; andy; represent the coordinates in the two-dimensional VH IVUS iage andn
denotes the number of points of the individual polygon. Therall inclusions with an area
below a certain threshold A < A ) are removed by lling the area from the outside
with the colors in the neighborhood. In Figurd211 the resuldf such a Itering process is
shown for a threshold ofA ., = 50 pixels.

Figure 5.1: Image of VH IVUS with 207 207 pixels a) before ltering and b) after Itering
with Aer = 50 pixels and c) detected interface lines separating the aerial layers: A
adventitia from outer connective tissue, A media from adventitia, A plaque from media, and
A lumen from media. (Taken from Balzani et al.  [14])

The preprocessing results in the two-dimensional image st in Figure [2.1b. Before the
segmentation can be started an additional task regarding ¢éhinterface between adventitia
and the surrounding connective tissue has to been done. Sirthis outer boundary of the
arterial tissue can not be captured by neither the IVUS nor te VH IVUS analysis, we
have to assume it. However, since the adventitia has a muctwler sti ness than the media
in the physiological loading regime and since it thereforeogs only contribute partially
to the overall mechanical behavior in the vicinity of the meth and not so much at the
outer part, we conclude that its thickness is of minor impodnce. Hence, an associated
interface line is generated for convenience such that the\ahtitia has the same thickness
as the media, cf. Figurdb]lc. The contour lines separatinpg other main components
from each other are approximated by the polygonal curves thaeparate the di erent
color regions. Here, we focus on the interfaces separatirtgetadventitia from the outer
connective tissue (1), the media from the adventitia (2), ta plaque from the media (3),
and the lumen from the media (4), cf. Figurd5l1c. Since thegmlygonal lines are not
su ciently smooth, which is addressed to the noise of the echsignal, we apply a moving
average to smoothen them. Although VH IVUS provides more infmation regarding the
2D composition of the plague, we consider the plaques as agiercomponent for the
construction of the geometrical models used in this thesiFhis is founded on the fact
that the spatial resolution in the axial dimension, i.e., tagential to the catheter, is much
smaller than the resolution in the tangential plane. In factthe resolution in axial direction
depends strongly on the speed of the automatic catheter pddack and is typical about
2 data points per millimeter. This is in contrast to the resaltion in the tangential plane
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which is about 100 data points per millimeter and mainly in tenced by the resolution

level of the IVUS image. Since the resolution in axial direin of 2 data points per

millimeter is not su cient for a reliable segmentation of three-dimensional structures
that are characterized by a comparable size in this directip we do not take into account

the individual plaque components here. Of course such ansiy needs to be done in the
future if more data points per millimeter can be achieved byraadapted pull-back speed of
the catheter. Now, nite element meshes can be constructecdbed on the two dimensional
data, which may serve for computational analysis of e. g. s distributions inside arterial

walls in cross sections as shown in Sectibnls.2.

Previously, we describe the processing of the patient-specdata regarding single cross
sections of an artery. But for more descriptive studies we @ to provide patient-speci c
arterial geometries in 3D. Unfortunately, the simple assebly of the single cross section
images, which means stringing them together based on the igeacoordinate system, is not
realistic. The ultrasound sensor is much smaller than the fnen to avoid an obstruction
of the blood ow and thus can move within the lumen during the pll-back. Since the
position of the ultrasound sensor is always in the center di¢ frame, the center of gravity
of the arterial cross section seems to move slightly from free to frame, see Figur&hl2.
This would lead to bumpy outer surfaces of the artery using #aforementioned method.

e
©
©

Figure 5.2: Stack of subsequent VH IVUS images with the position of the ulrasound
sensorX'c (green cross) and of the center of gravity of the contourX'cg of the arterial
cross section (violet cross); the position of the ultrasoud sensor is always in the center of
the image. (Taken from Balzani et al.  [14])
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Figure 5.3: Comparison of the outer surface of a reconstructed arteriasegment a) without
and b) with the position correction using the center of gravity of the complete arterial cross
section. Subframes: Overlay of 9 subsequent contour lined the external elastic membrane
(left), surface lines ; (top right), visualization of regarding arterial segment (bottom right).

Di erent approaches can be found in the literature to solve his problem, e.g.,
Wahle et al.  [235;/235], all of which are approximations. Here, we assurtteat the
center of gravity of the contour of the arterial cross sectio can be treated as origin of
the reference frame than the catheter position. Then, the dividual o set of the image
center (IC) and the center of gravity (CG) serve to apply an asociated translation vector
r .= X, c Xcg, Where X |c and X'¢g denote the individual two-dimensional position
vectors in the cross section plane. Thereby, a transition dhe image is obtained such
that the center of gravity becomes the center of each imagedthus represents the axial
coordinate axis. FigureL5I3 shows the in uence of this corcgon on the outer boundary
of the artery.

Obviously, the wire including the ultrasound sensor is abl® rotate inside the catheter
with respect to its axial direction during the treatment. To overcome this aspect, we face
to an additional catheter wire inside the artery, which is usally therein due to surgery
requirements, and should serve as reference in the follogiconsideration. The second wire
causes an artifact in the ultrasound images that is visiblenithe raw ultrasound images
behind the second wire, see Figuie$.4. However, these aat#$é are generally invisible
in the VH IVUS. Therefore both, the raw ultrasound images andhe VH IVUS images
have to be available. Ideally, only one synchronization puatiis necessary to determine the
collective orientation of the VH IVUS frames but in practiceseverals may serve to reduce
potential error. Still, although the process can theoretlly be automatic for numerical
simulations it is essential that the result of the reconstretion is veri ed in an interactive
process. In Figurd5}4 a sequence of four subsequent ulttasd images show the position
of the second catheter. From each image we estimate the siniangular location of the
reference wire with respect to the ultrasound sensor (imagenter) and, consequently,
no correction regarding the rotation has to be done. It is enffasized that although only
four IVUS images are depicted here, the complete sequencé&bfimages does not show a
signi cant rotation as well. This can be interpreted as the esult of the automated pull-
back of the ultrasound sensor. If no second catheter is aable the moments of inertia of
the lumen can be computed to analyze the angular relation beten the frames.

In the human body most arteries are curved in the axial dire@n and, consequently, this
fact has to be analyzed and checked for relevance with respez our study. A possible
treatment are angiographic X-ray images, since they clegrtesolve the catheter path as
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Figure 5.4: Series of subsequent IVUS images showing the artefact causéy the second
catheter which is marked by red dots. The rotation of the sensr seems not to be signi cant.
(Taken from Balzani et al.  [14])

well as the current position of the ultrasound transducer,ee Figure[5.ba,b. Additionally,
the application of a contrast agent enable the possibilityd visualize the lumen of the
vessel. Biplane angiography helps to perceive the 3D conmgion without moving or
rotating the hardware. The resulting data are provided in DCOM (Digital Imaging and
Communications in Medicine) format, which is standardizeéxchange format in medical
imaging. Beside the whole set of angiographic images, whigahne captured during the
examination, it contains information like e. g. the angle gbrojection, personal information
of the patient, date and time. Using a DICOM viewer the imagegxemplarily shown in
Figure[®53a,b can be exported and used for the reconstruatiof the catheter path in form
of a 1D spline function. Note that projections of a point on thee planes are necessary
to identify the point's position in the three-dimensional pace. On the contrary, in order
to reconstruct a 1D path in 3D in many cases two projections arsu cient. A third
projection is only needed to resolve remaining ambiguities.g., if double points in one of
the projections exist. This is rarely the case with respecttthe problem at hand since
the surgeon will rotate the X-ray devices in order to avoid ddble points.

The detailed description of the three-dimensional path remstruction is given by
Kownatzki  [135%] and we only outline the main tasks here. First, the sitluette of the
catheter, which is almost identical with the arterial axis,is marked by a set of points
in the two angiographic images, cf. Figur€5.5a,b. Afterwds two points in each angio-
graphic image that belong to the same position is identi edThis step is manually done
by someone, who has experience with interpreting the 22D dagraphic images. Based
on this reference the combination of the two sets of pointsdds to the three-dimensional
arrangement of them. Then, a smooth piecewise polynomialriction, e.g. a cubic spline
function, is constructed from the 3D point set that de nes tle three-dimensional catheter
path, see Figurd5lc. The resulting spline function servesw as the \guiding wire" for
the stacking of the cross-sectional VH IVUS images. But fohe stacking additional infor-
mation regarding the orientation and the position of the imge plane with respect to the
arterial path are necessary. In this context the relative ditance between the VH IVUS
images are given by the meta data, which are recorded duringe medical examination.
Note, that the exposure of the images is pulse triggered. Albugh the position and an-
gle of the VH IVUS frames are well de ned the frames may still & collectively rotated
around the catheter path. But if an orientation is chosen forone VH IVUS image the
Frenet-Serret formulas describe how the coordinate frame transported on the spline
curve, seePrause et al.  [176] for a robust discrete version. In our case, the cathete
path is indeed relatively simple, see Figule3.5c, i.e. themwature of the region of interest
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is very moderate and the curvature remains in one plane. In ith case the transport of
an initial orientation along the path is straight forward. Sill, an initial orientation has to
be chosen. It can be viewed as a collective orientation forl #lames that is transported
along the spline curve. The stack of VH IVUS frames is manugllor automatically ro-
tated around the spline function until it best ts the appearance on the angiography. In
principle, the collective orientation may also be determied automatically by choosing the
orientation that \best ts" the VH IVUS lumen to its reconstr uction from angiography in
a certain sense, e.giVahle et al. ﬂﬂ . For this, rst the lumen has to be reconstructed
from biplane angiography, se&Vahle ],Wahle et al. ﬂﬂ]. Unfortunately, even if
the lumen cross section is assumed to be of elliptical shap@hich obviously is an ideal-
ization - the reconstruction of the lumen is not uniquely detrmined from two projections.
Therefore additional assumptions have to be made, such asnmmal ellipticity: the lu-
men cross section is then reconstructed with the smallestipticity that is compatible
with the given data, for related ideas see alse/ahle et al.  [235:1235]. Then, following
Wahle et al. ﬂﬂ], for the VH IVUS images as well as for the lumen reconsttion so
called out-of-center vectors are computed as the di erend®tween the center of gravity of
the lumen and the catheter position. A least square t betweaethe two gives the desired
collective orientation, see als®ahle et al. ].

Now we have two separated data sets concerning the same seagino¢ a diseased artery:
on the one hand the segmentation of the di erent layers in eacvH IVUS image, on the
other hand the three dimensional path of the vessel. The sunamy of the preparation of
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Figure 5.5: Angiographic X-ray images of the catheter wire from a) persgctive 1 and b)
perspective 2 (the path of the wire is marked by white circle3, and c) reconstructed path
of the catheter wire and the arterial segment of interest, cf Kownatzki [@]. (Taken from
Balzani et al. [ﬂ])
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VH IVUS biplane angiography
# #
color coded images of angiographic X-ray images from
arterial cross section two perspectives
# #
2D processing: e.g. ltering, reconstruction of
smoothing, segmentation... 3D catheter path
# #
reference point for 3D set-up: coordinate frame of VH IVUS
center of gravity images on the catheter path
# #
data set 1: interface contours with data set 2: 3D catheter path with
3D reference point frame data of cross sections
&

3D reconstruction of a patient-speci c
arterial geometry

Figure 5.6: Work ow of the processing from medical imaging data to a virtual 3D geometry

these data, which is discussed aforementioned, is given agwa chart in Figure First
we extracted from the VH IVUS images the information conceing the cross section,
which is available as separated interface contours with tha@ppropriated reference point
for the three-dimensional set-up. The second data set coma the three-dimensional path
of the catheter and the frame orientation and position of the/H IVUS images on this
path. These data are combined in two steps: 1) rotation of thiaterface contours to match
the cross-sectional orientation with the related frame onhie catheter path, 2) translation
of the rotated interface contours with respect to their refe@nce point onto the center of
the related frame on the catheter path. The result of these predures is visualized in
Figureb1. For an analysis of this arterial geometry usinghe Finite Element Method we
need its discretization by nite elements, which is the top of the next section.

5.1.2 Discretization of Real Arterial Geometries

In the previous section we outline the treatment from the mddal imaging data to a
visualization of the arterial geometry. The results are raggsented by a data stack of
contours, which describe the interface between the arteti@ayers in each examined arterial
cross section provided by VH IVUS. In this section we want toudline the process from
these geometrical data to a nite element discretization. Nte, that all steps described
in this section are performed by using GAMBIE), whereby complex geometries can be

6) GAMBIT is registered trademark of ANSYS, Inc., see www.ansys.com
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Figure 5.7: Arterial model including the plaque; every eighth VH IVUS im age is shown.
(Taken from Brands et al.  [32])

generated and meshed by nite elements. Each set of contouosit of data set 1 (in
Figure[2.8) related to one single VH IVUS image can be used tailtl a two dimensional
nite element model of this cross section. Since our focus @ the three dimensional
modeling we give only a brief description on the two-dimermial modeling. Obviously,
for this task the information provided by data set 2 regardig the three dimensional
orientation of the cross section are not necessary. A dataask consisting of the sampling
points of the polygonal lines describing the arterial intdaces is calculated. Based on these
points areas for the di erent arterial constituents are dened and afterwards meshed by 6-
noded triangular nite elements. As an example of two dimerngnal discretizations based
on VH IVUS images we refer to Figuré 5.11.

For a better visibility we use only four representative crassections to illustrate the pro-
cedure to achieve a three dimensional discretization of a tgnt-speci ¢ artery. Again,

we start with the calculation of a data stack, which consist®f the sampling points of
the polygonal lines describing the arterial interfaces. Gure[>8a shows this exemplarily
for the outermost arterial boundary layer. The distance beteen the individual cross sec-
tions is ampli ed for reasons of clarity and comprehensibiy. Then splines are generated
based on these points and afterwards connected by a surfasee Figurde5I8b. Right up
to the previous step the treatment is the same for all of the to interfaces: i) adventitia

to outer connective tissue, ii) media to adventitia, iii) paque to media and iv) lumen to
media. Now, the resulting surfaces of the rst and last mentined interfaces representing
the outer- and innermost most arterial boundaries are usea tde ne two individual vol-

# ‘e,

c)

Figure 5.8: Construction of surfaces and resulting three dimensional @lume models. a)
series of interface line points obtained from VH IVUS analyss, b) constructed surface
and c) resulting volume. The distance of the VH IVUS frames isampli ed. (Taken from
Balzani et al.  [14])
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b) 0)

Figure 5.9: Construction of three-dimensional arterial geometries. asurfaces separating the
individual layers, b) complete arterial volume, and c) arterial model including the volumes
of the individual layers. Again, the distance of the VH IVUS frames is ampli ed. (Taken
from Balzani et al.  [14])

umes. Thereby a plane surface is considered to close the boflen ends of the tubelike
geometries. The rst volume describes the whole arterial genetry including the lumen,
shown in Figure[5.8c. The second one can be identi ed as theetteof extracted partial
luminal volume.

In Figure E9a the resulting three-dimensional surfaces die four interfaces separating
the arterial layers are depicted. To build up the geometry ahe complete arterial volume

we perform a Boolean volume subtraction using the previoysigenerated volumes. In
this process we use the whole arterial volume including therhen as minuend and the
luminal volume as subtrahend. The resulting geometry repsenting the complete volume
of the wall is depicted in Figure[5Bb. Then the individual components of the artery

(media, adventitia and plaque) are constructed by separatg the complete volume into
the particular layers based on the previously generated gaces shown in Figuré_5]9a.
We obtain a volume model of the wall with separated geometsdor each arterial layer,

illustrated in color in Figure R9c. The nal step is the discetization of the geometrical

model by GAMBIT's mesh generator. At this point we abandon tle nite element model

for the simple geometry shown in FigurE5l9c. Instead we apphe proposed procedure to
a segment 12 mm in length of the patient-speci c artery from igure[®1, which is a ected

with pronounced atherosclerotic plague.

Finally, Figure BI0 shows the discretization of the consedled arterial segment, 12 mm
in length, using 10-noded tetrahedral elements. For the cetmuction of the underlying

Figure 5.10: Finite element discretization by 305,033 elements (10-noed tetrahedral) with
434,517 nodes leading to roughly 1.3 million degrees of frdem: a) complete mesh, b) blanked
adventitia and c) blanked adventitia and media showing only the plague and the lumen
interface. (Taken from Balzani et al. [Iﬂ])
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geometrical model the above presented method was appliechéfmesh consists of 305,033
nite elements with 434,517 nodes leading to a total numberfeoughly 1.3 million degrees
of freedom. This model is the arterial geometry, which is theubject matter of the analysis
in the following sections

5.2 2D Simulation of Patient Speci c Arteries

Before we analyze the three dimensional model of the athecteyotic degenerated artery
shown in Figure[5.ID, we choose three cross sections of thelerset of VH IVUS images
and perform a two dimensional FE-simulation. In the sequehese results will be taken for
a comparison with cross-sectional results from the threerdensional simulation, outlined
in the next section. The considered three cross-sectionahages of the diseased artery
and the nite element discretization are shown in Figurd 5Jla-c and Figure[2.11d-f,
respectively.

For the computation we consider the following boundary vakiproblem. The nite element

meshes based on 6-noded triangular elements assuming p&rain and approximating the

displacements by quadratic ansatz functions. Compared td¢ three dimensional model
in Figure 210 a lower number of degrees of freedom occurshinteach two dimensional
model, about 14,000 degrees of freedom. Therefore, the rssig for a complex parallel so-
lution strategy as described in sectioi~3.7 can be avoideddia single computation using
FEAP's standard solution procedure is used. An internal hyebstatic pressure follower
load is applied to the boundary of the interior wall using a 3ioded line element. The
treatment of this element type is very similar to the three dinensional pressure bound-

b) = e A

Figure 5.11: Considered cross sections for the two dimensional simulaihs with magni ed
parts of the discretization: a) VH IVUS images (for color codng see sectiorZT13) and b)
discretizations by 6530 @), 6888 (A) and 6552 (A) 6-noded triangular elements.
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ary loading element in sectior_3512. We abandon a discoursé the related theory of
this element type as well as of the 6-noded triangles sinceeth have become standard
nite element types through the years. For that we refer to @ssical literature like e.g.
Wriggers [254] andBathe [18]. A statically determined system is achieved by applygn
Dirichlet boundary conditions to three outer boundary nods such that they are only able
to move radially, see Figur€5.11d-f. Finally, an internal ydrostatic pressure of 24 kPa rep-
resenting a blood pressure of about 180 mmHg is applied stepavby the aforementioned
follower loading elements at the interior boundary. For thedescription of the mechanical
behavior of the di erent materials, we apply the free energjunction 5 and ¢ with the
corresponding material parameters from Table4.2 and Tallfg3, respectively. The results
of these simulations are shown in Figure 5112, where the vonidds stresses are plotted
based on the deformed con guration of the arterial cross s@m.
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Figure 5.12: Distribution of the von Mises stresses y in the three di erent arterial cross
sections, shown in Figurd5Tl. (Taken fromBalzani et al.  [14])

From the medical point of view the main focus on such simulatns is on the localization
of stress concentrations in the wall since these points areigins of material failures,
e.g. plaque rupture or dissection. Especially in view of amgioplasty these aspects are
essential if the risk of complications during the surgery shuld be minimized. In Figurd 5. 1P
all stress distributions of such concentrations could be ebrved clearly. They appear
mainly at the caps of the circumferential plaque boundarieand the region of the media
between such adjacent caps. As already mentioned, the shosimulation results raise
no claim to be realistic since we neglect several mechanitehaviors of arteries in the
material models, e.g. residual stresses and homogenizedqgple. But in this context we
also emphasize that the foreground of this work is the recdnsction of real arterial
geometries. Consequently, no quantitative analyses of thesults are possible and from
the qualitative point of view only on a limited scale is avadble. But for a comparison
with three dimensional simulations the two dimensional rests will be recovered in the
next section.

5.3 3D Simulation of Patient Speci c Arteries

Now we analyze the passive response of the patient-specitherosclerotic artery, whose
geometrical reconstruction and discretization were treatl in section(&l. Here, an axial
segment, 12 mm in length, of the 3D artery model shown in Figal:T is taken into
account, where a pronounced atherosclerotic plaque is obhsble. The discretization has
been already depicted in Figuré 510 showing the nite elememesh of the individual
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layers adventitia, media and the plague. For the discretizeon we focus on 10-noded tetra-
hedral elements with quadratic ansatz functions for the didacements, cf. sectiofi-3.5.1.
In order to overcome the locking phenomena arising from thadgompressibility constraint
we apply the F -approach, discussed in section—3.6. Since the discretipat by 305,033
elements with 434,517 nodes leading to a total number of rculg 1.3 million degrees of
freedom, we solve the boundary value problem by the FETI-DPaimain decomposition
method in order to end up in a fast simulation procedure. Forhis numerical computation
we use the environment consisting of FEAP and the implemertian of the FETI-DP
method. Details on the parallel solution method and the enkdnment are introduced in
section[3¥. During the decomposition procedure the compemodel is partitioned into
224 subdomains. Figuréh.13 depicts exploded views showthg individual subdomains.
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Figure 5.13: Exploded view of the complete geometrical model, which is deomposed into
224 subdomains. (Taken fromBalzani et al.  [14])

As Dirichlet boundary conditions we x all nodes at the axialboundaries in axial direction,
which can only be interpreted as an approximation for the réasituation. However, it
Is assumed that the resulting boundary distortions atten s ciently in an adequate
distance from the axial boundaries. In circumferential dection a statically determined
system is introduced by xing three outer boundary nodes siicthat they are able to
move only in radial direction. Finally, an internal hydrostatic pressure follower load of 24
kPa representing a blood pressure of 180 mmHg is applied stége by surface elements
described in sectioriz35l2. In a rst analysis we focus on thetrain energy function
for the media and the adventitia and ¢ for the plaque from Equations [4P) and[{418),
respectively. The applied material parameters are given ifable [X2 and[Z.B. Finally, the
resulting deformed con guration is depicted in upper image of Figure[2I#. There, the
von Mises stressesy are plotted in the artery-lumen interface in Figure[G.14a ah in
the plaque in Figure[RIUb. For a better visibility the mediaand adventitia are made
translucent. The second analysis is performed using the ain energy function g from
Equation (&4) for the representation of the media and advéitia and ¢ is kept for the
plaque. The parameters given in TableZ.2 arid 4.3 are used atie resulting von Mises
stress distribution is depicted in the lower images of Figef5. T4 in the same manner as
before.

The comparison of the results of both these simulations in gure[5.I# leads to di erences
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Figure 5.14: Distribution of the von Mises stresses y a) in the artery-lumen interface with

three exemplary cross sectiond\, A, A, and b) in the plaque. The deformed con guration
is shown, where the outer layers are depicted transparentlyThe upper gures a.1) and b.1)
show the response due to the strain energy functions o and ¢ and the lower ones a.2)
and b.2) due to g and (. (Taken from Balzani et al.  [14])

in the von Mises stress distribution throughout the arteryThe stress-strain response ofy
and g are adjusted to the same experimental data and a quite similaesponse in the
tension tests is obtained. Thus, the disagreements in thersss distributions should be
due to the slight di erence in the sti ness at higher loading, cf. Figure[4.6. As mentioned
before the positions of stress concentrations within the Waare important for medical
applications, because these are strongly linked with faile initialization. Such concentra-
tions could be observed in both resulting distributions. Ahough we have to emphasize
again, that the here presented results raise no claim to bealestic.

In addition to that, we present the von Mises stress distribtion of three distinct axial
cross sectionsA, A, and A in Figure 5I5%, which are provided by the results shown in
Figure[®I4a. These cross sections were already consider®basis for the two dimensional
simulations in the previous section, whose results are defgd in Figure[5I2. From these
representations the transmural stress situations insiden¢ plaque, the media, and the
adventitia can be analyzed and compared with the two dimerwmnal results from the
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Figure 5.15: Distribution of von Mises stresses y in the three di erent arterial cross sec-
tions extracted from Figure 5.14. The associated VH IVUS imaes are shown in Figure 5.11.
(Taken from Balzani et al.  [14])

previous section.

Although neither the results in the three-dimensional norn the two-dimensional simula-
tions can be interpreted as realistic, the di erence is sigicant. Not only the qualitative
distribution is completely di erent in the two-dimensional calculations, but also the po-
sitions of localized stress concentrations are di erent. Ais is obviously a result due to
the neglected plaque heterogeneity in axial direction fohe 2D simulations. In addition
to that, the quantitative values of the stresses dier conglerably. As an example, in
cross sectionA the stresses range from 0 to 240 kPa in the three-dimensiormalculation
and from 0 to 654 kPa in the two-dimensional one. This means averestimation of the
stresses if only the two-dimensional results are considdreDue to that further develop-
ments regarding the increase of accuracy of the computat@inresults should be sought.
Consequently, we discuss some starting points of possihbeprovements in the following
section.

5.4 Limitations and Extensions

In the previous sections we showed several numerical resytroviding stress distributions
of deformed arteries. We also mentioned several times thdtdse results should rather be
interpreted as qualitative examples since the modeling aking tissue is a complex issue
and some assumptions were made. Although the focus of thise#is is on the construction
of patient-speci ¢ three-dimensional geometric models atherosclerotic arteries based on
the VH IVUS-technique we try to consider some basic propees of the arterial wall, e.g.
incompressibility, multi-layered material and anisotrop. But to obtain realistic numerical
results more aspects have to be considered. Thus, in the deling we discuss brie y the
limitations regarding the presented numerical results. Fomore details on the individual
properties commenting in the following we refer to section .4 and the references therein.

The rst aspect covers the applied boundary conditions. In r modeling we assume a
traction-free surface at the outer radial boundaries. Simcthe adventitia is usually not

clearly separable from the outer connective tissue, thisasnmption leads to an radial ex-

tension of the arterial geometry without any back pressureadm the surrounding tissue.

But the sti ness of this connective tissue is relatively smiacompared to the tissue of the

arterial wall and, consequently, the error is not very releant.

Another aspect is the visco-elastic response of the tisswehich is not considered in the
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material modeling in this thesis. But we only focus on elastiarteries and those ones
exhibit a small number of smooth muscle cells. In contrast tthe treatment of mus-
cular arteries, thereby more sophisticated models for them®oth muscle cells, as e.g.
Stahlhand et al.  [218], have to be taken into account.

If we look to the treatment of the atherosclerosis, the baltn-angioplasty, and essential
behavior of the soft biological tissue is not considered imé¢ shown simulations. During
such a treatment the tissue undergo a distinct softening bakior due to the overstretching
by the in ated balloon. Consequently, for meaningful simwdtions of a balloon-angioplasty
a suitable material modeling should be applied. On that acoot the continuum damage
approaches as e.g. proposed Bchr eder et al. [195],Balzani et al.  [11], Ehret
and Itskov [65], Brinkhues et al. [35] orPena and Doblar e [173] can be used. If
more sophisticated constitutive laws are applied, the quisn remaining is how to deter-
mine the material parameters, since experiments are usyatjuite di cult and currently
not available, e.g. for the individual plague components. ferefore, in this thesis the
plague was assumed as a homogeneous isotropic material Wwhgobviously only a rst
approximation. But we know from the sensitivity analysis ofplaque components pub-
lished by Brinkhues et al. [36] andTielke [226], that the mechanical behavior of the
plaque in uences the overall mechanical behavior of the aatial wall. Nevertheless, the
models for the media and adventitia are founded on experim@ah results given for the
physiological loading regime irBalzani et al.  [10].

In the present analysis no blood ow is considered and the gsigtatic case is assumed.
For a more realistic response of the artery in real-life cioenstances the blood ow ac-
companied by dynamic in uences could have a signi cant impz. Possible approaches for
these coupling are published by e.d-ormaggia et al.  [72], Formaggia et al.  [73]
and Passerini et al.  [171]. Another aspect is the consideration of eigenstresse the
arterial wall. In section 4.1.4 we already mentioned the retial stress in the load-free
con guration, which results in a spring open of the artery aer a cut in radial direction.
Possible treatments to get a prestressed artery in numericsimulations were published by
e. g.Holzapfel et al. [110],Balzani et al.  [11] andBalzani [8; 9], where an open
geometry of the artery is numerically closed by di erent méiods. A further method for
obtaining a three-dimensional prestressed state of the arial geometry was published
by Gee et al. [80], where a physically meaningful stress-strain state istroduced and
compared to a geometry from a patient-speci ¢ computer tongraphy.

The reinforcement by bers in the arterial layers is anotherspect, which should be dis-
cussed regarding the limitations. Here, we assume constaber orientations within the
medial and adventitial layers, which are following the meaorientation of the bers. But
the arrangement of the bers is an open question in particutfor the plague-media inter-
face. Therefore, the issue of growth and remodeling needshte investigated in detail in
order to get more realistic ber orientations. Also the berorientation in the adventitial
layer is a further starting point for additional investigations. Since the individual orienta-
tions show larger deviations from the mean direction compad to those ones located in
the media an dispersion of the bers should be take into accouin the material modeling.
For example, inGasser et al.  [78] a possible treatment of this aspect is presented.
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6 Micro Heterogenous Two-Phase Steels

In many elds of steel applications, e.g. automotive engireing or aircraft construction,
the optimization of the material properties becomes one ohé main challenges. Although
the properties of steels was improved all over the years smthe invention of their pro-
duction, the main characteristic of the mechanical propei¢s has been unchanged. The
mechanical behavior of steels are called elasto-plasticdaRigure 6.1 shows schematically
the essential characteristic of the related stress-straiesponse.

a) pl el b)

Figure 6.1: a) Schematical illustration of the stress-strain responsef an material with an
elasto-plastic behavior, which shows hardening e ect afte reaching the minimum or initial

yield strength Yy. The range of the elastic and plastic strains are denoted by'e and "y,
respectively. b) Typical application of advanced high strength steels in the automotive man-
ufacturing: B-pillar of a car (www.benteler.de )

At the beginning of applying a load to an elasto-plastic mat#al the stresses increase
linear with respect to the strains”. But from reaching a critical value Y, of the stresses
the plastic ow of the material starts, consequentlyY, is called initial yield strength or
minimum yield strength. The resulting plastic deformatiors are irreversible and remain
after unloading the material as plastic strains'y. In steels and others metals these in-
elastic deformations are caused by dislocations of the ctgklattice spoiling each other
during the further deformation process, from which the harehing of the material results.
Especially, these plastic properties enables the formabyl of steels and consequently the
application in many elds of engineering. Especially in thelevelopment of new car con-
cepts like e. g. the UltraLight Steel Auto Body (ULSAB), cf. WorldAutoSteel [252],
should be lightweight, safe and structurally sound. On thataccount in the last three
decades several new steel types has been developed. Thess are represented by the
group of advanced high strength steels (AHSS), in which thelfowing steel types can be
found: dual-phase (DP), transformation induced plasticit (TRIP), complex phase (CP)
and martensitic (MS) steels. They exhibit on the one hand higer strength and enhanced
formability and on the other hand a better energy absorbanceith respect to a better
crash energy management. At that point, one important contbutor to these macroscopic
(e ective) properties is the micro-heterogeneity of the mierial. Their microstructures
represents the main distinguishing characteristic compad to the group of conventional
high strength steels (HSS). Since these ones are charaaed as single phase ferritic steels,
in AHSS other phases can be observed, e.g. martensite, berand/or austenite. In this
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thesis we focus on steels consisting of two phases like e. §. €2eels and refer for general
information regarding the manufacture of steel to the litemture of the eld of mate-
rials, e.g.Bargel and Schulze [16], Bergmann [21] andHornbogen et al. [112].
In addition to these references th&HSS application guidelinedVorldAutoSteel [253]
provides a wide range of information regarding the propesds as well as the applications
of AHSS. It is a pooled knowledgebase of several experts frtme WorldAutoSteel.

In the sequel of this thesis the analysis and modeling of theeathanical behavior of
two-phase steels is an important item. Therefore, we give averview of the properties
of DP steels exemplifying a possible two-phase steel andaliss their microstructural
morphology in addition to the mechanical features. Afterwals we give a brief introduction
to some metallographical treatments providing informatia about the microstructure and
composition of steels. Since in this thesis we perform seaeFE-simulations considering
a two-phase steel as the underlying material we introduce amstitutive model, the nite
J,-plasticity, for the description of the mechanical behavioof the individual phases.

6.1 Morphology and Mechanical Properties of DP-Steels

In the 1970s the rst developments of higher strength steelespecially the dual-phase
(DP) steels with greater formability than conventional stels were made, see e.qg.
Koo and Thomas [132] andDavies [54]. The process of investigation regarding the im-
provement of the manufacturing process and the mechanicaigperties has been produced

numerous publications over the last forty years, e.gSamwar and Priestner [188],
Tavares et al.  [223], Fallahi [68], Chakraborti and Mitra [41] and references
therein.
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Figure 6.2: Schematical illustration of a) the essential section of thephase diagram for the
production of dual-phase steels and the paths (blue arrowsjor the cooling procedure and
b) the resulting morphology of a dual-phase steel after the aoling process consisting of a
ferritic matrix phase (grey) and a martensitic inclusion phase (black).

The DP steels are mainly characterized by the composition #te microscopic level, where
a matrix/inclusion morphology is observed. For the evolubn of such a morphology a
controlled cooling rate of the steel from the austenite or &tenite-ferrite phase is essential.
Therefore, the steel is annealed and afterwards the transfioation process from austenite
to martensite is driven by a rapid cooling, cf. Figure 6.2a. @hsequently, the matrix
phase consist of ferrite and the inclusion phase contains rtensite, which is harder than
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the matrix phase. As shown schematically in Figure 6.2b theeffrite phase is generally
continuous, which is accountable for the good ductility oflte DP steels. For an additional
improvement of this feature as well as the thoughness the dpgation of controlled rolling
processes has been developed, seefafiahi [68]. In common the mechanical properties
of DP steels are distinguished with respect to those of comi®nal steels by higher
ultimate tensile strengths while similar yield strength ca be observed. This behavior
is mainly governed by a high work-hardening rate and a goodogigation characteristic. A
further and essential tool for the modi cation of the mechaital properties is the addition
of ingredients, like e.g. manganese, chromium, nickel andnadium, and consequently
the range of the yield strength and the tensile strength forypical DP steels is from 240
to 700 MPa and from 450 to 1000 MPa, respectively, ciVorldAutoSteel [253].

Note that there are general di erences between dual-phasesls and the also well-known
duplex steels and both types should not be mixed up. In contsato the ferritic-martensitic
texture of dual-phase steels the duplex steels consists deaitic and an austenitic phase,
whose volume fractions are divide equally.

6.2 Metallographical Treatments

In the previous subsection we discuss the properties of a tgpl two-phase steel and pro-
vide in Figure 6.2b a schematic representation of the micribacture. The visualization

of the real microstructure of a metallic material and its cheacterization are the main
tasks of a metallographical treatment. In this section we gé a summary of two micro-

a.l) a.2)

b.1) b.2)

Figure 6.3: Light microscopies of an sample of aluminum prepared by etdng of a) grain
boundaries and of b) grain surfaces. a.1) & b.1) Schematicallustrations of the re ection of
light rays and a.2) & b.2) visualizations of the resulting visualizations by the microscope.
(Taken from Bargel and Schulze  [16])
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Figure 6.4: Visualization of the surface of a fraction by scanning eleaton microscope, taken
from Bargel and Schulze  [16]

scopical methods, the light microscopy and the electron mi@scopy. Note, that there are
several other treatments available (e.g. X-ray di raction) and, consequently, we refer to
classical textbook concerning the metallography, e.@®argel and Schulze [16] and
Oettel and Schumann  [164].

The visualization of microstructures obtained by light micoscopy has a maximum in-plane
resolution of Q3 m and a focus depth of @1 m. Before the sample could be analyzed
using the microscope, it has to be prepared regarding the mglness of the surface to be
studied. On that account the surface is mechanically and/celectrolytically polished. The
second preparing method avoid the cold forming process anohsequent microstructural
disorders, which is observed by the mechanical treatmentoFthe enhancement of the
contrast a chemical or electrolytic etching is applied to ta surface. Thereby it is di ered
between two etching methods: one pits the grain boundarieséthe other ones the grain
surfaces. Consequently, the images resulting from the lighhicroscopy shows di erent
contrast levels, cf. Figure 6.3. The rst etching method radt in a visualization, which
emphasizes the grain boundaries and shows only a low contraesgarding the di erent
orientations of the grains. In contrast, the other method gies more information about
these orientations, since visualization of the grains sheva wider greyscale range.

Another technique used for the analysis of the microstructe of di erent materials is the
scanning electron microscope (SEM). This method enables @solution up to Q01 m,

a focus depth of about 35m and a magni cation up to 20Q 000s. Thereby, a beam of
electrons with a diameter of about @1 m is used to scan the surface of the sample.
This electron beam dissolves out additional electrons frorthe surface of the sample,
which are visualized on a screen after an ampli cation. Thermciple of a SEM based
on the fact, that from protruding parts of the surface more @ctrons can be dissolved
compared to lower located regions and, consequently, theggarts appear with a higher
brightness on the screen. But in contrast to the light micrasopy the observer must have
more experiences in the interpretation of the results, cf.i§ure 6.4.
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6.3 Material Modeling: Finite J,-Plasticity

In the sequel of this thesis we treat Finite Element Method siulations of boundary
value problem where the material is considered as dual-pleasteel. Since we distinguish
in these problems between the two phases on the microscopaedl we have to provide a
constitutive law for the description of their elasto-plast behavior. The research regarding
the plasticity of materials has become an important eld andis still in progress. Thus
a wide range of publications at this eld are done over the yea and we give only an
overview of several ones, which can be used for a deeper stuelyarding the plasticity in
the continuum mechanical framework. The theory of the geortrecal linear treatment is
presented by e.gHill [96; 97], whereas in e.gMiehe and Stein [148], Miehe [147],
Simo and Hughes [208] andOnate and Owen [162] the theoretical framework as well
as the numerical implementation is discussed, particulatlthe case of large strains.

In this thesis we consider an elasto-plasticity model for #h description of the me-
chanical behavior of the individual metallic phases. This odel takes into account an
isotropic exponential-type hardening based on a von Mise©w criterion, also refer to
the J,-plasticity, which is documented in e.g.Simo [204; 205],Peric et al.  [174] and
Klinkel  [127]. In the following subsections we summarize the resulof the theoretical
and numerical treatment and refer for more details to the gan references.

6.3.1 Constitutive Modeling
The constitutive modeling takes the multiplicative decompsition of the deformation gra-
dient as a starting point, cf.Kr ener [136] andLee [138], and provides

F = F°eFP (6.1)

with the elastic F € and plastic F P parts. Thereby the elastic quantity F € describes the
stress-driven deformations and the intermediate con gutén represented by the plastic
counterpart F? = (F®) 1F is stress free. For the kinematical description we use theftle
Cauchy-Green tensor, cf. Equation (2.17%)

b=FFT=F°b°(F)"; bP=FP(FP)T; b°=F°(F)"; 6.2)
and the associated spectral decomposition of the elasticfoenation tensor
x3
b*= (R)na na: (6.3)
A=1

The spectral decomposition allows the representation of éhtensor by a sum regarding
the dyadic products of the eigenvectors o, which are multiplied with the associated
eigenvalues (§)? of b®. The quantities & are identi ed as the elastic stretch and can be
computed by the solution of the eigenvalue problenbf ( §)?1]n = 0, cf. Simo [205].

Analogously, the right Cauchy-Green tensor can written as

C=FTF: CP=FPTEP: Ce=F°TFe® (6.4)
and the relations between both these strain tensors are

b= FCP FT and CP 1=F p°F T: (6.5)
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For the structure of the free energy function we assume
= (bY)+ P(); (6.6)

wherein the elastic part depends only on the strain measubé and the plastic counterpart
is a function of the internal variable . Starting from the local form of the Clausius-Duhem
inequality (2.64) for isothermal processes

D= :d _ O (6.7)

with the Cauchy stress tensor and the stretching tensord, see sections 2.2 and 2.3, the
constitutive equations as well as the ow rule is achieved. Ae equation for the stresses
and the conjugated stress-like variable are given by

@*° @P

=2 b* and = —: (6.8)

@ @
The principle of maximum plastic dissipation states, that he thermodynamical equilib-
rium is achieved for the case of maximal entropy, c6imo and Hughes [208]. Consid-
ering this principle an optimization problem using the Lagange multiplier can be for-
mulated, which is solved iteratively. The well-known KuhnFucker optimality conditions

0; 0; =0; (6.9)
ensure the ful llment of the underlying Lagrange functiond see e.g.Bertsekas [23].
From the optimization problem the ow rule and the evolution of the internal variable

arise as @ 1 @
— = ZL(bYb® ! and = =: 6.10
o - - = (6.10)
Note, that L (b®) denotes the directional derivative, the so-called Lie-dwative, of the
elastic nger tensorb®, see e.gviarsden and Hughes [142], and is calculated by

@

L(b% = F @tF ' T O FT=FCP'FT: (6.11)
Using the latter equation an alternative formulation of the ow rule (6.10) reads
CP=2 CP F 1%F (6.12)

Before considering a specic free energy function and a owriterion we give a note

to the aforementioned Kuhn-Tucker conditions due to theirnterpretation in the sense
of loading/unloading conditions. The ow criterion < O represents the purely elastic
behavior because the stress state is located interior therdain de ned by the yield surface.

Also no plastic behavior is initiated since the condition (®); forces = 0 and accordingly

the evolution of the internal variable is zero. In contrasto that = O represents the stress
state on the yield surface and we di erentiate between

elastic unloading: =<0 and =0;
neutral loading: —=0 and =0;
plastic loading: =0 and > 0
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and achieve the consistency condition
—=0: (6.13)

Since we assume an isotropic mechanical behavior the elagbart of the free energy
function can be formulated in terms of the main invariants awording to section 2.5.3. In
Simo [205] the energy function

= o5+ 5 P (DPH(DH( DY (6.14)

IS propose based on the logarithmic elastic strain§ =log % using the Lanme constants
and . For the description of the plastic behavior we consider a moMises ow criterion
with isotropic, exponential-type hardening. The ow criterion reads

q_
= kdev k z 0 (6.15)

with the conjugated internal variable
=y1 (Yo yi)exp( )+ h : (6.16)

Herein, yy is the initial yield strength, y; and describe an exponential hardening behav-
ior and h is the slope of a superimposed linear hardening. The resutji set of constitutive
equations regarding the elastic free energy function (6)Ld4nd the yield criterion (6.15)
based on the speci c conjugated internal variable (6.16) arsummarized in Table 6.1.

Table 6.1: Equation box of the nite J,-Plasticity model.

kinematics F = FeFP; be= FefFeTl

strain energy = fb®)+ P()

elastic part e = E[ S+ S+ P+ [(D?+( 9%+( DA
with  § =log( %)

plastic part =yi 2o yi)ew( )+ ih 2

stresses = AFil Aha nNa with A= g—{

conj. internal variable = y1 +(Yo &/1_) exp( )+ h

yield criterion, yield rule = j(%d_ev i 2. L (bo)be 1= %

evolution of int. variable _ = 3

loading conditions 0; 0; =0

6.3.2 Consistent Algorithmic Treatment

Here we brie y outline the strategy for the numerical implenentation and refer for further
studies on the literature given in the preamble of this seain. The constitutive equations
given by Table 6.1 are solved applying aeturn-mapping algorithm to the time inter-

val [tn;th+1] with the time step t := ty+1 t,, See e.gSimo and Hughes [208]. The
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ow rule for the plastic quantity is integrated using an implicit exponential update algo-
rithm, which preserves plastic incompressibility (Weber and Anand  [246], Simo [205],
and Miehe and Stein [148]). The quantities at time t, are denoted by (), and are
assumed to be known. Since we focus on the displacement dnifermulation for nite
elements, the deformation state-,,; at time t,.; is also known. Following the multi-
plicative decomposition the boundary value problem is didied in an elastic and a plastic
subproblem. First, a trial elastic state is introduced, wheein the evolution of the plastic
ow on the time step [t,;th+1] IS \frozen", i.e.

Chi” =Ck: = o (6.17)
Based on this trial state the ow criterion

trial 0 (6 ) 18)

n+l

is checked. In the case of its ful llment a purely elastic sggis performed and the stresses
are given by .., = @ Otherwise, the trial stresses are projected on to the clagte
point of the yield surface. If the material is perfectly platic, the yield surface is constant,
but e.g. h > 0 in Equation (6.16) the yield surface expands during the pséic ow, and
the stress is projected on the expanded yield surface. In tase of isotropic hardening as
we consider here this task is also known as radial return alggthm. Due to the considered
nonlinear hardening law the projection is done by a local Newn iteration. Therefore we
follow the algorithmic formulation in a material setting asproposed inKlinkel  [127].
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7 Multiscale Computation of Two-Phase Steels

The application of two-phase steels, e.g. dual-phase (DPesls, nds its way into many
elds of engineering due to their high ductility and sti ness, cf. Chapter 6. This is due to
the fact that the interplay between the individual constituents on the microscale yield out-
standing strength and ductility properties. However, the omplicated interactions of the
individual phases of the micro-heterogeneous compositadeto complex local hardening
e ects and failures on the microscale. The usage of such cdeypmaterials in engineering
applications like e.g. bending, deep-drawing and hydroffming requires a su cient
number of experiments. Numerical simulations enable in adwn to real investigations
the possibility to reduce the number and costs of these taskBut also the computational
analysis gives the possibility to examine the material anche process from another point
of view, e.g. the view inside the material during deformatits or the estimation of neces-
sary load conditions for the process. Thus, the mechanicalgperties of the material must
be represented by the used numerical model. At that point, @important contributor
to the macroscopic (e ective) properties is the micro-hetegeneity of the material. One
possible implementation is the consideration of the micrgsicture during the simulation
by a two-scale modeling approach to capture the charactetits phenomena. Thereby a
su cient large section of the microstructure, approximatel by a representative volume
element (RVE), is attached to each point of the macroscale.his numerical treatment
is known as the direct micro-macro-transition procedure othe FE?-method and is
discussed in the rst subsection here. Originally, the maiwoncept of this approach dates
from papers by Suquet [222], Ghosh et al. [83], Terada and Kikuchi [225].
More developments and applications in this eld of researchare docu-
mented in publications by e.g. Smitetal. [211], Brekelmans et al. [33],
Miehe et al. [149; 150], Schr eder [191], Kouznetsova et al. [134],
Miehe et al. [151],Kouznetsova [133] andGeers et al. [81].

The drawback of this approach is the high computational cogthigh computation times
and assignment of memory space), when we deal with large rama microstructures. In
order to circumvent these drawbacks we focus on the consttion of statistically similar
representative volume elements (SSRVES) which are charagized by a much less com-
plexity than the real random microstructures but representhe macroscopic mechanical
response of the real (target) structure in an adequate mannerhe framework for the
construction of SSRVEs for two-phase microstructures is\g@n in the second part and
also analyzed in the subsequent sections. The chapter issdd with applications of the
constructed SSRVES to simulations using the FEmethod.

7.1 Homogenization Method

In common we describe the material properties in a materialgint assuming a uniform
distribution of the stress and strain elds in the immediateneighborhood. This means the
assumption of a material which is homogeneous. But every temaaterial is inhomogeneous
if its structure is looked at on a certain scale. For examplédrsictural elements, e.g. a cross
member of a car, seems to be a homogeneous material on theescdlits full dimension
(centimeter to meter). However the view through a microscapoon the microscale o ers a
heterogeneous structure. Consequently it is referred to agcro-heterogeneousnd no uni-
form distribution is guaranteed. Especially the numericaireatment, a direct consideration
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of the microstructure by a full-scale discretization, is nioreasonable, except for simple
geometries or for structures without very di erent lengthgales. At that point the eld of
micromechanics provides sustainable methods to incorpteamnicrostructural information
to the macroscale continuum. For detailed introduction inb this topic we refer to the
textbooks Zohdi and Wriggers  [261], Torquato  [227] andBuryachenko  [38].

real heterogeneous structure

\macroscale" 13 _
__\microscale"

P;F + P;F

/ idealization;\\

T

\macroscale" . \microscale"
X 2B L
macro-continuum micro-continuum

Figure 7.1: Concept of the direct micro-macro modeling. Macrocontinuum B is described
by the application of the associated microstructureB in each point X 2 B on the macroscale.
Adapted from Schr eder [191]

The main concept of the computational homogenization is ubktrated in Figure 7.1, where
the macroscopic quantities are estimated from the underlyg microstructure. On that ac-
count the de nition of the microstructural boundary value problem and the formulation
of the equations for the direct micro-macro transition are ssential aspects. This homog-
enization procedure can be subdivided into four subitemsdapted from Suquet [222]:

de nition of the representative volume element (RVE) accomanied by the con ict
regarding the size of the RVE: \...small enough to distingsih the microscopic het-
erogeneities, yet large enough to represent the overall laefor of the heterogeneous
medium,..." (Suquet [222]).

transition \micro ! macro": de nition of the macroscopic eld using microscops
ones by an averaging process.

transition \macro ! micro": this localization procedure provides relation forthe
microscopic quantities based on macroscopic ones,

homogenization procedure itself: establishment of the eg¢lonship between the
macroscopic input and output quantities.
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The rstitem is discussed separately in the rst subsectiorbecause of its general meaning
in the eld of homogenization. Afterwards we introduce the heoretical and numerical
framework of the FE2-method.

7.1.1 Concept of a Representative Volume Element (RVE)

The transition from ensemble average computations to morgplicable approaches is en-
abled by further physical assumptions strongly associatemith the ergodic hypothesis. In
this context the ensemble average is replaced by simple vaiatric averages over one RVE,
see e.gHill [99] andHashin [93]. A partial volume of the material, which is macroscop-
ically considered to be statistically homogeneous, is de=dl as the representative volume
element. This induces that the choice of a RVE is not unique arnvarious de nitions for a
RVE exist. An important requirement for the application of the concept of representative
volume elements is the existence of two length scales: thadéh scale of the macrostruc-
ture, which de nes the in nitesimal vicinity, and the length scale of the microstructure,
which is characterized by the smallest signi cant dimensio of the micro-heterogeneities.
In order to obtain a volume element, which has a representa& character, the RVE is
usually much larger than the characteristic size of an inction if segments of a real mi-
crostructure serve as a RVE. Otherwise RVEs could be assumemhich consist of pure
matrix or inclusion material. But in contrast to this and with respect to the computa-
tional feasibility the size of RVE should only be as large asr¢cisely necessary. Over the
years of progress in this research eld several de nitionsave been proposed regarding the
requirements towards size of RVEs. Some of them, which arensmarized inZeman [257],
are:

Hill [99] (1963): RVE has to represent the typical representatv structure with
respect to the whole specimen and consists of enough inatuns to ensure the inde-
pendency of the overall moduli from surface value of tractioand displacement, as
long as these values are \macroscopically uniform”.

Hashin [93] (1983): Based on the RVE the e ective properties of theonsidered
material are estimated. Although enough information shodl be captured by an
appropriate size of it, it should still show a distinct smakr size compared to the
macroscopic body.

Drugan and Willis [62] (1996): RVE's size should be decreased as long as its
e ective modulus agrees su ciently to represent the mean austitutive response.

Ostoja-Starzewski [170] (2001): Two possible de nitions: RVE i) is the unit cél
of a periodic microstructure and/or ii) ful lls the requirements to be statistically
homogeneous and ergodic

Stroeven et al. [221] (2002): No unique de nition can be given without condt
eration of the individual material as well as its structuralsensitivity regarding the
mechanical properties.

7.1.2 Direct Micro-Macro Transition

In this section we discuss the theoretical and numerical tatment of the FE2-method
according to the outline in Schr eder [191] but also regardMiehe et al.  [149; 150].
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For the di erentiation of the quantities with respect to the scales on which they are
de ned we mark the macroscopic ones by an overlin€)( Note that the given remarks
only take into account the special treatments regarding thEE?-method since the standard
framework of continuum mechanics and the Finite Element Mébd have already been
introduced in chapter 2 and 3.

+ boundary conditions

Figure 7.2: Basic idea of the FE2-method: the macroscopic boundary value problem (left)
considers at each integration (Gauss) point a microscopic dundary value problem (right).

The basic idea of the FE-method is that a microscopic boundary value problem is sad
at each Gauss point of a macroscopic boundary value problesge Figure 7.2.

Boundary Value Problems on Both Scales. The macroscopic deformation gra-
dient F is de ned by
= « .

F  =Grad X = (7.2)

cf. Equation (2.8), whereg and x denote the material points of the considered body in
its reference con gurationB, and actual con guration By at the macroscale, respectively.
The corresponding local form of the material balance of liae momentum reads

DivP + of_:O 8X_2§0 (72)

cf. Equation (2.52), where we neglect inertia terms and uséxé¢ macroscopic rst Piola-
Kirchho stressesP . For the full description of the macroscopic boundary valuproblem
we give according to Equation (3.3) the boundary conditions

T=PN=t on @y and U=T, on @o ; (7.3)

with Neumann conditions on the surface par@. and with Dirichlet conditions on @Bg,.
Analogously the microscopic deformation gradient is de reeby

@
F  =Grad x = —; 7.4
rad x & (7.4)

whereX and x denote the material points of the considered body in its refence con g-
uration By and actual con guration By at the microscale, respectively. For the local form
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of material balance of linear momentum we neglect the volunecceleration in addition
to the inertia terms and end up with

DivP =0 8X 2By; (7.5)

using the microscopic rst Piola-Kirchho stress P . For the complete description of the
microscopic boundary value problem we need the correspomgliboundary conditions,
which are introduced after the relations regarding the mi@-macro transition in the next
paragraph.

Micro-Macro Coupling. For the transition between the scales the de nition of the
equations for the relevant quantities plays a crucial rolelThese relations are mainly based
on adequate volume averaging expressions which were irll§igoroposed inHill  [99]. A
more useful and experimentally motivated description is ab achieved by formulations
based on terms on the boundary of the RVE. One argument is theaasurement of loads
and displacement in experiments which are commonly perfoed on the RVE's boundary.
In this paragraph we give the functions for the macroscopicu@qntities dependent on the
quantities on the microscale and refer for an illustrative erivation to Schr eder [191].

We considered a RVE, parameterized iiX 2 By, and delimited by the boundary @3,.
The de nition of macroscopic deformation gradient as funén of microscopic quantities
reads 7 7 7

E::1 X NdAzl F dv x N dA ; (7.6)

v @o \4 Bo L

where x are the points onB in the deformed state,N the normals on the undeformed
boundary andL the boundaries of voids. Note thatF can only be calculated from the
volume average of if no voids or cracks exist. In contrast to that the macroscap rst
Piola-Kirchho stress tensor is computed averaging the mroscopic counterpart over the
volume B of the RVE. Thus we obtain the de nition

1 z 1 z
P== Pdv == to X dA; 7.7
\ Bo \4 @o ( )

whereint, are the traction vectors acting on the boundary@,. Note that the averaging

over the volume also pertains for the Kirchho stresses anche Cauchy stresses.

All extensive quantities can be considered for the transdn \micro! macro” by proper

averages. These quantities are state variables in a homogens body, which are propor-
tional to the mass of the system, e.g. density, internal engy, entropy and dissipation.

Consequently, intensive quantities are independent of thmass of the system.

Boundary Conditions of the Microscopic BVP. We already introduced the
full description of the boundary value problem on the macrasle above as well as the
balance equation of the microscopic counterpart. But we havomitted adequate condi-
tions on the boundary @ yet. Here we consider the macro-homogeneity condition, als
referred to as Hill{condition, seeHill [99], to derive three types of boundary conditions
in this paragraph. That condition postulates that the macr@copic power is equal to the
volumetric average of the microscopic powers, i.e.

P:F== P:FEdV: (7.8)
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An alternative representation of the latter Hill-condition is obtained after some mathe-
matical manipulations,

Z
1

= (t PN) (x. FX)dv=0: (7.9)
Vg,

see e.gSchr eder [191]. Valid boundary conditions applied to the microscopiboundary
problem DivP = 0 must satisfy the latter equation. Obviously the boundaryconditions
t=PN on @, and x = FX on @B (7.10)

are suitable but an additional type, the periodic boundary onditions, can be achieved
through the following approach.

Figure 7.3: Deformation of the RVEBy under consideration of periodic boundary condi-
tions, adapted fromSchr eder [191].

In Figure 7.3 the application of periodic boundary conditia to the RVE is shown, where
the boundary @ is divided in @* and P . Then it can be shown, that the approach

Xx=FX +w with w"=w and t"*= t on @ (7.11)

satisfy the Hill{condition, where w denotes uctuations of the displacement eld. The side
conditions (7.11).; are applied to two appropriate pointsX * 2 @* andX 2 @ on

the opposite boundaries with the outer normal unit vectordN\ * = N . Consequently,
the microscopic deformation gradient is calculated by

F=Gradx=F +Gradw=:F + F: (7.12)

In addition to the derivation of the boundary conditions inSchr eder [191], we refer to
an alternative way in Miehe et al.  [150].

Note, that the straightforward extension of the boundary coditions (7.10) leads to the
well-known semi-analytical Reuss and Voigt assumptions ggectively, seeReuss [178]
and Voigt [231]. They represent the lower (Reuss) and upper (Voigt) biad for the
overall material sti ness, where the rst-mentioned one asumes constant stresses over
the RVE and the second one constant deformations. But theitharacter is very rough and
does not take into account su ciently the real structure on the microscale.

Numerical Implementation. For the numerical implementation we need the vari-
ational formulation and the approximation for the Finite Element Method. Therefor we
follow again the description given byMiehe et al. [150] andSchr eder [191]. The Fi-
nite Element Method was already introduced in section 3 andasequently we only discuss
here the changes regarding the application to the used honamization scheme.
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The variational formulation of the macroscopic boundary Vlae problem (7.2) results to
the weak form of equilibrium
Z Z
G= (F:P x f)dv X tdA=0 (7.13)
Bo @Bot

with F = Grad[ X], cf. Equation (3.5). Since this system of equations has amdinear
character an iterative solution scheme is applied and we cfider the linear increment
z

G= F:A: Fdv with F =Grad][ X] (7.14)

Bo

for the linearization, cf. section 3.4. The de nition of themacroscopic modulA := @P
is given by Equation (2.71). Considering a displacement-bad Finite Element Method,
introduced in section 3.4, we achieve the system of equatsn

G+ G=D (K D+R)=0 ) K D+R=0 (7.15)

which has to be solved iteratively with respect to the globaincremental displacement
vector D . During the solution process of the macroscopic problem thealculation of
the macroscopic modulA becomes the most decisive part. In contrast to the macrosdop
stress tensorP , which can be calculated averaging the stresses on the mgxcale, the
moduli A can not be estimated by this \simple" procedure. InMiehe et al. [150] an
attractive way is proposed starting from the local form of meerial balance of linear
momentum (7.5). In the sequel we focus on periodic boundargradition on the microscale
and consequently the deformations on the microscale are @ahted fromx = FX + w.

The application of the variational principles with the test function w and the following

linearization leads to

Z Z

G+ G= F:Pdv+ F:A:( F+ F)dv=0; (7.16)

Bo Bo

with F = Grad[ w] and F = Grad[ w]. The approximations of the actual uctua-
tions w and the associated gradient§ for a typical elementB€ result in

Mode
W = N'(; )di; F=Bd; (7.17)

=1

where the virtual and incremental counterparts w, w as well as F, F are built
analogously. For suitable Ansatz functiondN,(; ) and for the so-calledB-matrix we
refer to section 3.4. Consequently, the discrete represatbn of the linearized weak form
of equilibrium on the microscale reads

G+ G= D'(K D+L F+R)=0 ) K D+L F+R=0: (7.18)

Therein the uctuation matrices and the residual vector

Nele Nele Nele VA

K=A BTABdv; L=A BTAdv; R=A BTPdV (7.19)

e=l BS e=l1 B¢ e=l B¢

are used. Now let us considered two steps on the microscale:
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i) Since we perform a displacement driven formulation onlyhie uctuations w are
unknown. The macroscopic deformation gradient is providedby the transition
\macro! micro" and within the iterations of the microscopic iterative solution
scheme it is constant, i.e. F =0 in Equation (7.18). The resulting system

K D+R=0 (7.20)

is solved using a Newton iteration scheme and we get the inorental discrete
uctuations D in the equilibrium state.

if) Before the transition \micro! macro” can be done the macroscopic tangent mod-
uli A has to be calculated. Inserting Equation (7.7) into the in@mental constitutive
relation P = A: F and consideringk = F + F we obtain

z y4

_ 1 1 _

P=_ Pdv== A:( F+ F)dV: (7.21)
V og, V g,

Obviously the crucial part of this relation is the uctuation term F. On that
account we consider again Equation (7.18) but now in the edilorium state achieved
in step i), i.e. R = 0. In contrast to stepi) F := F,.1 Fn, wheren denotes
the macroscopic iteration counter. Then we achieve the irement of the uctuation

gradient
F=B D= BK L F; (7.22)
using Equation (7.17). Combining both latter equations we achieve
Z
p=1 A:( F BK 'L F)dv (7.23)
V g,

and with Equation (7.19) the macroscopic moduli can be caltated by

Z
_ 1 1
A== Adv =LTK L 7.24

at the macroscopic pointX 2 By and timet,.; . The rst term denotes the classical
Voigt bound and the second additive term represents a softely modulus necessary
for the consistent linearization.

The work ow of the numerical implementation of the FE2-method in a typical nite ele-
ment is illustrated in Figure 7.4. Thereby in the nite elemat code the FE2-environment
is called instead of the evaluation a phenomenological matd law during the macroscopic
iteration process. As an input the macroscopic deformatiagradient F is submitted, which
is calculated from the iterative nodal displacements of themacroscopic element. From this
quantity and the microscopic uctuations w, which is restored from the history, the mi-
croscopic displacement eld is computed. Note, that for evg microscopic boundary value
problem a separate history eld has to be allocated, i. e. theumber of macroscopic Gauss
points is an indicator of the amount of memory requirementsAfterwards the iterative
loop for the solution process on the microscale is enteredhdrein a typical iteration
scheme of the Finite Element Method is processed: i) assemgl of sti ness matrix K
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and residual vectorR, ii) computing incremental vector, iii) update of solution vector
and iv) convergence check. In the last step it is decided witnetr a further iteration step
is needed kR k > tol) or the criterion is reached kR k < tol). In case of convergence the
macroscopic quantities, stress tensd® and moduli A, can be calculated. Before leaving
the FE2-environment the actual uctuations w are written to the history. By returning
the output quantities P and A the sti ness matrix and the residual vector of the call-
ing macroscopic nite element can be computed. Hence the nrascopic boundary value
problem can be established by a standard assembling proceslwf the element sti ness
matrix and residual vector.

input of F at macroscopic Gauss point

e
i < load w
from history

compute microscopic displacement eld
X=FX +w

g

build sti ness matrix K and residual vectorR

l

compute incremental uctuations
D=K IR FE 2
i environment

update uctuation vector
D( D+ D

|

kRk > tol

check for convergence
i kRk < tol
computeP (7.7) and A (7.24) savew
L - to history |

output of P and A at macroscopic
Gauss point to build K and R

Figure 7.4: Work ow of the FE 2 implementation in a standard nite element code within
the Gauss loop.
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7.2 Statistically Similar Representative Volume Elements (SSRVES)

In multiscale modeling the challenging tasks is that smaliescales must be well resolved
over the range of the larger ones. Thereby, the estimation dndenti cation of the sta-
tistical representative volume element (RVE) is a centraldsk. In the literature several
de nitions regarding the size of the RVE has been made, cf. 8®n 7.1.1. In most cases
a usual RVE for a random inclusion/matrix-microstructure s determined by the smallest
possible sub-domain which is still able to represent the maxscopic material behavior
in the context of direct micro-macro approaches. Althoughhese RVEs are the smallest
possible sub-structures, they could be too complex for e ent calculations. Thus, the
construction of statistically similar RVEs, which are chaacterized by a lower complexity
than the smallest possible random sub-structures, is proped here for the reduction of
computational costs, see alsBalzani et al.  [12; 13] andSchr eder et al.  [197].

Considering micro-heterogeneous materials the continuumechanical properties at the
macroscale are characterized by the morphology and by thegmerties of the particular

constituents at the microscale. In this context the basic igla of our construction method is
to replace a RVE with an arbitrary complex inclusion morphabgy by a periodic one com-
posed of optimal periodically arranged unit cells, see Figai 7.5. These unit cells should
have similar mechanical properties at the macroscale compd to the (real) microstruc-

ture but exhibit a lower complexity. Then the main e ort is that in FE? calculations only

the periodic unit cell needs to be considered as a RVE provitléhat periodic bound-

ary conditions are applied. Additionally, the lower complrity of the unit cell leads to a

lower number of degrees of freedom in the nite element disization and reduces the
computational cost.

7.2.1 Statistical Measures for Microstructural Character ization

For the statistical description of the microstructural mophology we discuss in this sec-
tion several statistical measures. Starting from basic pameters we extend the list of
parameters to statistical measures of higher order like th®vo-point probability func-

tions, spectral density and the lineal-path function. Theeby, we restrict ourselves to the

Hyx

a) SSRVE (unitcell)
Figure 7.5: Schematic illustration of the basic concept: a) complex (na-periodic) RVE for

a two-phase microstructure with arbitrary inclusion morph ology and b) simpli ed periodic
microstructure with SSRVE. (Taken from Schr eder et al.  [197])
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mathematical formulation in terms of an ergodic microstruttire, which means that all
states available to an ensemble of microstructure sampleealso available to every sam-
ple in the ensemble. An example illustrating the propertiesf the introduced measures
closes the section.

Basic Parameters. In Ohser and M ecklich [168] for basic parameters are pro-
posed for the description of microstructure morphology. Té rst one is the volume frac-
tion (or phase fraction), de ned by

3D(i) Vi . A
— () — 20
Py = a2 and P\(,') =

(7.25)
where V) and V denotes the volume of the phaseof the considered material segment,
respectively. In the two-dimensional case (7.2b)ve can calculate the phase fraction using
the respective aread\;y and A. It is emphasized that the phase fraction is an essential
property which should be matched by all considered RVEs. Firer measures given in
the aforementioned reference are the speci c internal sade density, the speci c integral
of mean curvature and the speci c integral of total curvatue. The rst mentioned one
provides information with respect to the aspect how ne an ialusion phase is distributed.
Both the other basic parameters provide in some sense stétial information concerning
the degree of curvature of the inclusion phase. Details raging their calculation can be
also found in the given reference.

Although these four parameters are widely used for the degation of microstructures they
are obviously not able to cover direction-dependent and pedic information since they
are scalar-valued. But especially in the case of a macrosmpnisotropic response of the
micro-heterogeneous material, which for example is caudegoriented inclusions, we need
statistical measures of higher order. This aspect is showndetail in Balzani et al.  [13].
Thus, in the following we introduce several measures of highorder, which are able to
gather such morphological information.

Two-Point Probability Functions. As a rst statistical measure of higher order
we consider the two-point probability function, which is tre second order type of the
n-point probability functions. These functions were introdiced by Brown [37] and im-
portant applications with respect to e ective elastic modii are given in e.g.Beran [19].
During the calculation of these functions the indicator funtion,

i 1, ifx2DO();
(I) . — ’ ’
() 0; otherwise; (7.26)
plays a fundamental role, whereD ()( ) denoge the domain occupied by the considered
phasei in the particular sample . Note, that ., @ (x; )=1 must hold for n phases
and every pointx. Here we focus on the description for the inclusion phase e¥d-phase
microstructures. For that case the generah-point probability function, which is also

referred to asn-point correlation function, is de ned by the ensemble averge

S,'](xl;:::xn)= '(Xq; ) "(X2; )it "(Xn; ); (7.27)

which represents the probability that the pointsx,;:::x, are located in the inclusion
phase. Generally, the larger the set of probability functias taking into account, the more
extensive is the description of the microstructure. This i®of course impossible to be
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a) b)

Figure 7.6: a) Multi-phase microstructure and illustration of the and b)) of the two-point
probability function. (Taken from Schr eder et al.  [197])

computed practically since it represents an in nite numberof measures calculated for
an in nite number of multiple positions. Consequently, we dcus here on the two-point
probability function (n = 2) for the statistical description of the inclusion morphdogy,

When evaluating the two-point probability function for the inclusion phase in a binary
image of an ergodic two-phase microstructure with a numbef & = Ny N, pixels, the
discrete representation

() - T g ) (729
S,(r;s) = ; +nnqg+s 7.28
’ o P(@ a),, o T
can be applied, where the limits
= max[0; r] ; = min[Ny;Ny r
P [0; rI: pu [ ] (7.29)
g = max[0; s] ; aq = min[Ny;Ny 9]

for the summations are used. For periodic microstructures is su cient to consider only
the periodic unit cell, then the two-point probability function is computed by

Xx Ry | |
NoN (p;d (p+rg+s): (7.30)

X2 p=1 g=1

S(r;s) =

Note, for binarization with a high resolution in width and heght the evaluation of the
probability function requires a high computational cost. @ that account, we introduce in
the following paragraph a measure, which covers similar orination but exhibits a lower
computational cost.

Spectral Density.  Here, we describe a statistical measure for the charactexiion
of microstructures, which is strongly correlated to the twepoint probability function.
The (discrete) spectral density for the inclusion phase of hinary image also enables a
statistical description of the morphology of a microstruaire. For the calculation of the
spectral density we consider the indicator function for thénclusion phase | following the
de nition Equation (7.26) and compute the (discrete) Fourer transform

Wx %y . .
F'(r;s) = exp 21 rp exp 21 sq
0=1 g1 Ny Ny

'(p; 9 : (7.31)
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The variables Ny and N, describe the width and height of the considered binary im-
age. Then the discrete spectral density is computed by the tiplication of the discrete
Fourier-transform with its conjugate complex

1
Psp(r;s) = ——jF (r;8)j°: 7.32
As previously mentioned, the strong correlation with the tw-point probability function
exists, since it can also be computed from the Fourier trarmim

1

Sy(r;s) = (F") YF'T '(ms)IF'L "(rs; I (7.33)
cf. Zeman [257]. Herein,F' and (F') ! denote the discrete- and the inverse discrete
Fourier transform following Equation (7.31). Consequenyl the spectral density covers
information concerning the periodicity of a given microsucture as well as contains in-
formation associated to the two-point probability functian. At once, there exist a variety
of e cient algorithms for the computation of the discrete Faurier transform, see e. g. the
\Fastest Fourier Transform in the West" (FFTW) library by Frigo and Johnson  [75].
Based on these advantages the spectral density may be of pewtar interest when the
challenge is to simplify a (in general non-periodic) real miostructure by a periodic one.

Lineal-Path Function. In Lu and Torquato [140] another statistical measure
is proposed for the characterization of microstructures.t lalso exhibits a higher order
compared to the basic parameters but a similar one comparea the two-point probability
function and the spectral density. The main feature of this masure is the description of
the probability that a complete line segmentx ;X , is located in the same phase. This is
a rather practicable measure since its computation can be gp@med in an e cient way.
For its mathematical description regarding the morphologwf the inclusion I, we consider
the modi ed indicator function
1 ifX1x22 D'( );

0, otherwise; (7.34)

I(5|(1X2; )=

simply checking if a whole line segment is located in the domaD' of the inclusion
phase. Then the general de nition of a lineal-path functiordemands the computation of
the ensemble average and we get the de nition

| S E—
Plp(X1X2) = '(X1X2i ); (7.35)
see the illustration shown in 7.7a,b.

Considering an ergodic microstructure we only need to analg one representative sam-
ple and together with the discrete representation (binary imag) of the microstructure
the associated lineal-path function is de ned by

1 M 1 1

| (pc) =
Pie(ris) (pu P Q)

'(v) (7.36)

P=pL G=a.

with the dierence vector v = [p+ r;g + s]' and the lower and upper limits for the
summations

pL max[0; r] ; pu Min[ Ny; Ny 1]

Q

(7.37)

max[0; s] ; min[Ny; N, s]:
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a) b) C)

Figure 7.7: a) Multi-phase microstructure, b) illustration of some representative lineal path
elements and c) a typical template for the analyzed line diretions | =0 ; 45;90; 135.
(Taken from Schr eder et al.  [197])

For periodic unit cells the lineal-path function is computd by
X Ry

NxNy p:l q:1

Plo(r;s) = '(y) (7.38)

E cient procedures for the calculation of the lineal-path function can be obtained by
de ning suitable templates, cf.Zeman [257]. Such a template consists dfy, T, pixels,
wherein each pixel characterized by the coordinate pair;§) has either the value one
or zero. The value one means that the associated line segmeetned by the di erence
vector which ends in this coordinate pair i{ s) is part of the analysis. One example for a
template is shown in Figure 7.7c, where only the line segmerin the horizontal-, vertical-
and diagonal directions are analyzed. Then each line segrhée ned by the template is
compared with the original image for each admissible posit (p; g to compute the value
of the associated indicator function. For the case under iegtigation here, the lineal-
path function is invariant with respect to re ections of line segments. Hence, the lower
half of the template shown in Figure 7.7c is unnecessary. Fbinary images each line
segment to be analyzed has to be de ned in an integer mannerhiesh means that by
given di erence vectory a unique discrete line segment has to be constructed in the
template. For this purpose the classical Bresenham algdrin (Bresenham [34]) can be
used. If the complete lineal-path function has to be compude the template needs to have
the double size of the original binary image, e.g.

Tx=2Ny 1 ; Ty=Ny; (7.39)

and each pixel in the template needs to have the value one. Thell possible line-segments
are analyzed. For the example shown in Figure 7.7c the originbinary image has to
have a minimal size of 11 11 pixels. Of course in most cases it is not necessary to
compute a complete lineal-path function. The rst possibity to improve the e ciency of
the algorithm is to reduce the size of the template according a characteristic maximal
inclusion size. A second possibility is to reduce the numbef analyzed line segments; in
most cases it will be su cient to analyze only a certain set ofine orientations.

Example of Dierent Statistical Measures. To provide an illustration of the
di erent statistical measures we now consider the oversirntiggd academic microstructure
whose binary image is shown in Figure 7.8a. The size of the igeis 10 10 pixels and
the phase fraction of the inclusion phase By = 0:13.
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c) d)

Figure 7.8: Example of statistical measures describing the inclusion pase morphology:
a) Binary image and graphical illustrations of the normalized b) lineal-path function, c)
spectral density and d) two-point probability function. Fo r the lineal-path and the two-
point probability function the absolute maximum value is lo cated in the center and equal
to the phase fraction Py =0:13.

Then the spectral density, the complete two-point probahity function and the complete
lineal-path function are computed, which are shown in theinormalized representations
in Figure 7.8c,d,b. Please note that the horizontal and veital axis in the pictures are
associated with the indexm and k. The origin of the coordinate system is located in the
lower left corner for the spectral density and in the lower cger for the two-point prob-
ability and lineal-path function. When analyzing the resul for the lineal-path function
(Figure 7.8b) we observe non-vanishing entries only in diagal direction. This is obvious
since connected line segments with a length larger than 2 pis are only found in the
original image (Figure 7.8a) in diagonal direction as wellWWhen comparing this with the
two-point probability function we observe that further nonvanishing entries also exist in
directions di ering from the diagonal one. This directly results from the fact that repeat-
ing pixels in di erent directions exist. For instance, the ypper and lower two pixels of the
inclusion in Figure 7.8 are the only two pairs of pixels that ave a horizontal distance
of 6 pixels. This oriented distance i = 6;k = 0) is able to be detected a number of
4 10 = 40 times, hence, the probability of nding this distancein a microstructure of
the dimension 10 10 pixels isS)(6;0) = 2=40 = 0:05. It is noticed that the absolute
maximum value computed for the two-point probability and the lineal-path function is
always located in the origin of the graphical illustration ad is equal to the phase fraction
(here: Py =0:13).

7.2.2 Construction Principles

The method for the generation of statistically similar repesentative volume elements
(SSRVES) is substantiated on the approach for the construicin of periodic structures
proposed inPovirk [175]. There, the position of circular inclusions with corant and
equal diameters is optimized by the minimization of a leastquare functional taking into
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Figure 7.9: Periodic unit cell construction based on splines: a) requied splines with the
sampling points and b) resulting binary SSRVE image (cente} with the periodic expansion
(brightened). (Taken from Schr eder et al.  [197])

account the side condition that the spectral density of the griodic RVE should be as sim-
ilar as possible to the one of the non-periodic microstructa. Motivated by this approach
we consider the objective function

L( )= Sm!iLth}( ) ' min; (7.40)

L=1

cf. Balzani et al.  [12], which has to be minimized. A number ofis;,, di erent statistical
measuresl_g,\,)I describing the inclusion morphology is taken into accountybincorporat-
ing suitable least-square functionals. These functionatake into account the squares of
di erences of the individual statistical measure 2 and PSSRVE( ) computed for a real
(complex) microstructure, called target structure in the squel, and for the SSRVE. The
weighting factor ! levels the in uence of the individual measures. Due to the screte
character of the statistical measures entering the minimagion problem Equation (7.40),
the energy surface is not smooth and therefore, no gradiem&sed optimization method
can be applied. Therefore, in section 7.2.3 an alternativgptimization method is proposed.
For the description of a general inclusion phase morphology the SSRVE we assume a
suitable two-dimensional parameterization controlled byhe vector . In this work splines
are used for the parameterization, thus, the coordinates tfie sampling points enter the
general vector

= [Xas P R2i Y2 i Rug s gl (7.41)
with the number of sampling pointsngy,.

Due to the fact that periodic boundary conditions have to be @plied the inclusions
have to be constructed appropriately. For this purpose theomnstruction procedure is
as follows: rst, the number of inclusions and the number ofampling points is de-
ned. Then, random positions of the sampling points are compged in a specied
space [Nx +2fNy) (Ny+2fN,)] where a certain spatial overlap factorf with re-
spect to the SSRVE space of interestNx  Ny) is taken into account. This means that
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the sampling point coordinates have to match
Xi 2 [ TN N+ fNy]; vi2[ fNy;Ny+ fNy] for i=1:i:ng: (7.42)

Here, we set the overlap factor tof = 0:1 and consider a SSRVE resolution of
Ny Ny =60 60 pixels. The resulting splines are shown exemplarily in ¢iire 7.9a

as dark (blue) splines. Then, the SSRVE is periodically expded by inserting the gen-

erated splines at the periodic positions, cf. the lighter flown) splines in Figure 7.9a. In

order to preclude inclusions that intersect with themselhs or with others, this construc-

tion procedure is repeated until a permitted unit cell is oldined and a resulting binary

image of the SSRVE as shown in Figure 7.9b is constructed.

If intersections of splines with themselves are not excludean unreasonable inclusion
morphology leading to degenerated nite-element discretations is generated if one spline
consists of more than three sampling points. Note, that coex inclusions are obtained if
a spline has less than four sampling points.

7.2.3 Optimization Method

For an illustration of the main characteristics of the minimzation problem (7.40) a simple

test example is given irBalzani et al. [12], where the volume fraction and the spectral
density is taken into account as the statistical measure. ®rein an assumed real two-
dimensional microstructure with one inclusion is consided as a target structure, which is

generated by randomly distributing four sampling points, ee Figure 7.10a.. Then a SSRVE
is constructed by one spline with four sampling points as welvhere three sampling points

are set to the values used for the generation of the target stture.

Hence, we end up in a problem where only one sampling point i®é to move in the
optimization process and one is able to visually analyze th&bjective function plotted
over the degrees of freedom. The target structure should becovered by minimizing
the objective function L. In this example we start from the microstructure depictedn
Figure 7.10b, where we X three sampling points and let onlyre point free (point A), so
we obtain two degrees of freedom. The objective function idgpted over the degrees of
freedom, see Figure 7.11, and we notice by zooming into themmum that the objective
function is far away from being smooth.

Apparently, the computation of the discrete spectral dengt and the volume fraction takes
into account a speci ¢ discrete image resolution. Hence, ithleads to a non-smooth func-

a) b)

Figure 7.10: Simple test example: a) generated target structure and b) ititial con guration
in the optimization process for nding the SSRVE. (Balzani et al.  [12])
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Figure 7.11: Visualization of the objective function for a simple test example with two
magni cations of the minimum area. (Balzani et al.  [12])

tion and precludes the application of standard gradient-tsed optimization procedures.
This is a rather structural problem since most statistical rrasures are based on a discrete
image characterized by a given resolution. In addition to s, the problem is non-convex
and thus, we have to deal with many local minima when increasj the number of degrees
of freedom.

To overcome the diculties arising from the particular minimization problem in

Balzani et al.  [12] a moving frame algorithm is proposed. For this purposeamdom
initial sampling point coordinates Xo.x; Yox are generated rst, which direct to the sam-
pling point Mox. Then further npe, random points Mjx (X ; Yk ) With j =1 11 Npey IN

a frame of the size @ 2a are generated, see Figure 7.12a, and the objective functisn
evaluated for each generated sampling point.

Then the initial sampling point moves to the sampling pointMo.+; de ned by the lowest
value of L and the iteration counter is initialized li, = 0, see Figure 7.12b . If the
frame center remains unaltered, i.e. no lower value &f is found in this iteration step
(Mok+1 = Mok+2), We Setlier = liter +1, see Figure 7.12c. Hier = liermax the stopping
criterion is reached and the actual minimal value ot is interpreted as local minimum
associated to the starting value. In addition, this procede is repeated a prede ned
number of cycles with di erent random starting values. If a Iigh fraction of minimizers
of the individual optimization cycles leads to similar samiing point coordinates, then
we choose this result as an appropriate solution. In order tonprove the method the
frame sizea can be modi ed depending on the di erencgdj and Il . Furthermore, a
combination with a line-search algorithm is implemented, terelL is also evaluated at a

R — /\
ST T T - T T T /\
* I frame k +1 ' frame_k +2 bframe k +1
a .
| if L(M; > |M
" ifL(Myg) < | M3 Mg v > 1
0 ’ M X
X = L (M ) | 1d I—(MO;k+1) ><|\/|3
M1 (Mox ) M o _ Mo
x X for j = 1.4 =
Mo ( Mg | M 4
I x new random M | M4
L— M M o
X
frame k X
a) b) c)

Figure 7.12: Schematic illustration of the moving frame algorithm. Opti mization frames
a) k, b) k+1 and c) k +2. (Balzani et al.

[12])
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number of nji,e points interconnecting the frame center pointM, with the random points
Mi; Mo ' M
The moving-frame algorithm used here is rather a statistitamethod for nd-
ing the minima. Further possibilities for the solution of nm-smooth optimiza-
tion problems can be found in e.g.Kolda et al. [129], Conn et al. [52] and
Makel a and Neittaanm &ki [141]. A possible improvement of the minimization al-
gorithm may be obtained by Itering out structural oscillations associated to the
non-smoothness in order to obtain at least locally smooth gdctive function approx-
imations. In this case bundle methods where generalized drant information is ex-
ploited (e.g. Schramm and Zowe [190]) could be used or the Nelder-Mead method
(Nelder and Mead [159]), if only function evaluations are desirable.

Nmov *

7.3 Analysis of Combinations of Statistical Measures
(Subsequent results were rst published inSchr eder et al.  [197].)

After introducing the framework for the construction of SSREs for two-phase microstruc-
tures we study in this section the applicability of di erent statistical measures describing
the microstructural morphology. InBalzani et al.  [13] the application of the basic pa-
rameters like specic internal surface and the specic intgral of mean curvature are
analyzed in addition to the spectral density and the overalimportant volume fraction.
However, no improvement was observed when extending the ebiive function taking into
account the spectral density and the volume fraction by onef the other basic parameters.
In fact, even worse results were obtained when using the spedanternal surface. So other
statistical measures have to be taken into account for impvang the results.

As already mentioned in section 7.2.1, for an nearly exact st&iption of the microstruc-
ture one would need to take into account a large set afpoint probability functions. But
even if \only" a three-point probability function is considered as an additional measure,
then the procedure will likewise be very expensive to be conted since the three-point
probability function has a much higher dimension of solutio space than the two-point
probability function. Therefore, the lineal-path function may be a further reasonable sta-
tistical measure since it has the same solution space as thetpoint probability function
and it covers further information with respect to the type ofconnectivity of points and
therefore the connectedness of inclusions. This informati is rather not covered by the
spectral density. Conversely, information regarding retave distances between the inclu-
sions can not be represented by the lineal-path function, bis one of the main features
of the spectral density. In total, three di erent statistical measures are considered in this
thesis leading to the three individual least-square funainals:

2
PSSFVE( )

L — 1 %X %y Preal . k P SSRVE . k 2,
so( )= sp (M; k) s> (Mmpk; ) 5 (7.43)
Nx Ny m=1 k=1
L — 1 %X %Y Preal . k P SSRVE . k 2,
e( )= e (M; k) o (miks )
Nx Ny m=1 k=1

where the de nitions of the statistical measures are givemisection 7.2.1.
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Note, that for the following analysis we use di erent softwee environments. The con-
struction of the SSRVES including the optimization is fullyrealized in MATLAB, whereby
build-in functions are used as well as subroutines writtenybourselves. The discretization
of the resulting SSRVEs are performed by a combination of MATAB and ANSYS").
Thereby in MATLAB the segmentation of the binary image is doe including the semi-
automatic mesh generation using the preprocessor of ANSY 8dathe converting of the
resulting mesh data. For the application of periodic bounds condition to the result-
ing discretization we force a special generation of the rat element node at the outer
boundaries. Therefore, the opposite outer boundaries arévidled by the same arrange-
ment of the nodes, respectively. Afterwards the F&simulation is computed using FEAP
including a self-written micro-macro transition environnent. Thereby, the solution of the
microscopic boundary value problem is achieved by the apgdition of the direct solver
SuperLU (Vers. 3.1), for details se®emmel et al. [59].

7.3.1 Setup of Analysis

In order to check the performance of the proposed method and analyze the in uence
of the individual statistical measures, SSRVESs are consttted approximating a virtu-
ally generated target microstructure. Then, the mechani¢aesponse of the SSRVESs is
compared in simple virtual experiments with the response difie target structure. To pro-
vide quantitative estimations for the accuracy of the indildual considered least-square
functionals, a mechanical error analysis is performed.

(Virtual) Target Structure. In addition to the general applicability of our method
to two-phase microstructures we want to analyze the capturg feature of the SSRVES with
respect to the anisotropic behavior of the considered targstructure. In order to provide
a target structure with a pronounced anisotropy we generata virtual structure. Thus,
the virtual target microstructure is obtained by the Booleam method, where a certain
two-dimensional space of interest is rst completely lledwith the inclusion phase. Then,
ellipsoids with the semi-axisry and ry of prede ned aspect ratios, herey=r, = 14:3,
and random semi-axigy 2 [3;6] m are randomly placed in the space of interest. This
process is stopped if a certain phase fraction &, = 0:1872 is reached. The resulting

a)
ry=ry =14:3; ry 2 [3;6] Py =0:1872 ,ngle = 14;982 , ngot = 60;410
Figure 7.13: Steps for the generation of the target structure: a) result d the Boolean

method and b) smoothened inclusion phase boundaries with a estion of the FE-
discretization. (Taken from Schr eder et al.  [197])

7) ANSYS is registered trademark of ANSYS, Inc., seavww.ansys.com
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Type | Type |l Type Il Type IV Type V
Ngp =3 Ngp = 4 Ngp =6 Ngp =8 Ngp =9
Figure 7.14: lllustration of the ve considered SSRVE types, where ng, denotes

the number of sampling points. The dots mark the sampling ponts of the splines.
(Schr eder et al.  [197])

binary image is shown in Figure 7.13a. Subsequently, the bhmiaries of the inclusion
phase are smoothened and a nite-element discretization aitomatically generated, see
Figure 7.13b. Here, 14,982 triangular Finite Elements witlquadratic ansatz functions for
the displacements are taken into account.

SSRVE Types. One main goal is to construct suitable SSRVESs that are chartas-
ized by a much less complexity than the target structure andhiat lead to a very similar
mechanical response. For the construction of the SSRVEs i erent types are consid-
ered: Type | takes into account one inclusion with three santipg points, Type Il one
inclusion with four sampling points, Type Ill two inclusions with three sampling points
each, Type IV two inclusions with four sampling points eachrad Type V three inclu-
sions with three sampling points each, cf. Figure 7.14. Plsanote, that splines with three
sampling points lead to convex inclusion morphologies.

Virtual Mechanical Experiments. For the mechanical error analysis three dif-
ferent simple macroscopic virtual experiments are consigel: horizontal tension, vertical
tension and simple shear, cf. Figure 7.15a-c. FBimulations taking into account the
target structure at the microscale are compared with F&calculations focusing on the
constructed SSRVEs. For this purpose microscopic boundamalue problems where a
discretization by triangular Finite Elements with quadratic ansatz functions for the dis-
placements are considered. Furthermore, plain stress caimhs and periodic boundary
conditions are applied. The individual constituents at themicroscale are modeled by the
simple J,-plasticity model using a von Mises type hardening law, whicis described in
section 6.3. The material parameters as given in Table 7.1eaused. In Figure 7.15d
the macroscopic mechanical response of the three virtualpetiments using the target
structure at the microscale is shown. Especially, the redslof the tension tests exhibit
the macroscopic anisotropic behavior of the target structe, which we force during the
generation of the target structure considering the prede @d aspect ratio of the ellipsoids.

As comparative mechanical measures we consider the relaterrorsr,, ry andr,, de ned

Table 7.1: Material parameters of the single phases

phase [MPa] [MPa] Yo [MPa] Y1 [MPa] [1 h[
matrix 118,846.2 79,230.77 260.0 580.0 9.0 70.0
inclusion 118,846.2 79,230.77  1000.0 2750.0 35.0 10.0
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Figure 7.15: Virtual macroscopic experiments: a) horizontal tension, B vertical tension
and c) simple shear. d) Mechanical response using the targedtructure (Figure 7.13) and
periodic boundary conditions at the microscale: Cauchy stesses versus strains.

as the deviation of the resulting macroscopic SSRVE stressesponse from the target
structure response at each evaluation pointfor the three virtual experiments:
—real —SSRVE —real —SSRVE —real —SSRVE
(i) — _Xi i . () — Vi yii . () — Xy Xy;i .
Fx” = —real ' ry” = —real ’ My = —real ' (7.44)
X;i yii Xy;i

where only values with non-vanishing denominator are takeinto account. In addition to
that, the average errors for each experiment

e
B =P — [rj(i)]2 with rj(i) =1 L4 1h=l and j = xy;xy (7.45)
eP =1

and the overall comparative measure

q
B = %(E}%+ %+ E)%y) (7.46)

are taken into account for quantitative statements with repect to the performance of the
individual SSRVEs. The total number of evaluation points is denoted bynep.

Remarks Regarding the Limitations. In the considered boundary value prob-
lems we enforce plain stress conditions at each point of thaarostructure. Furthermore,
we assume that the individual phases can be described withthe framework of the
isotropic J,-plasticity theory. Both assumptions are only approximaibns of the real ma-
terial behavior. In a variety of micro-heterogeneous probims the three-dimensional nature
of the inclusion morphology must be taken into account in om to capture the realistic
macroscopic material behavior. However, from our experiem with the analysis of thin
steel plates the crucial plain stress assumption often leado appropriate results when
comparing with experimental data.
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7.3.2 Optimization Results and Mechanical Veri cation

In the following subsections we present the resulting SSR¥Bf the optimization based on
two di erent objective functions. The rst case representsthe combination of the least-
square functionals of the volume fraction and the spectraleshsity. In addition to that
the second case takes into account additionally the apprdpted functional regarding the
lineal-path function. The scenario without the lineal-pah function should represent the re-
sults, which were already obtained in preceding investigans, Balzani et al.  [12; 13]).
Therein we state, that the spectral density seems to be a salile measure covering in-
formation concerning as well as macroscopic anisotropy. s&l in comparison with the
results of the second objective function it will show in whit manner the application of
the lineal-path function improves the results.

Volume Fraction and Spectral Density. The rst analysis considers the spectral
density as the statistical measure describing the inclusianorphology, because it provides
information regarding periodicity and the relative distarces between the individual inclu-
sions. Since also the phase fraction of the inclusions shobuk ect the one of the target
structure, the associated least-square functional is addinally taken into account. This
leads to the overall objective function

Li()="'vLv( )+ !spblsp( ) with !y =1!gp=1; (7.47)

wherein the individual least-square functionals are giveby Equations (7.43).,. The
weighting factors!, and ! sp are set to one. In order to end up in a more e cient
optimization procedure a relevant area of the spectral deigis de ned. For this purpose
the complete spectral density of the target structure is coputed and normalized before
optimization. Since the target structure consists of 200 200 pixels the number of entries

Target: nge = 14982 Type I: nge = 532 Type Il: nge = 694
L, =22:51 10 3 L, =5:87 10 3
Type Ill: nge =708 Type IV: nge = 816 Type V: nNge =790

L,=2:98 10 3 L;=1:17 10 3 L,=0:84 10 3

Figure 7.16: Target structure and discretization of SSRVEs with correspnding relevant
area of the spectral density resulting from the minimization of L. (Schr eder et al.  [197])
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in the complete spectral density is 200 200. Then the spectral density is rebinned to the
size 20 20, which seems to be reasonable because the important cludeastics of the
spectral density are maintained by rebinning. For a furtheenhancement of the numerical
procedure, the minimal rectangular sub-area of the rebindespectral density is identi-
ed, where no entry higher than a prede ned threshold value ©0:02 is placed outside
of the relevant area. Then only this rebinned relevant areaf dhe spectral density with
the size 4 12 enters the least-square functional. Finally, the objeste function (7.47)
is minimized with respect to the sampling point coordinate®f the splines, which are
assembled in , by using the moving-frame algorithm introduced in sectiorv.2.3. The
resulting SSRVEs are automatically discretized in terms ahe Finite Element Method
and the realizations shown in Figure 7.16 are obtained.

It can be observed that the number of nite elementsg, that is required for a suitable
discretization, increases with increasing complexity othe SSRVE. Therefore, it seems
that the number of required nite elements serves as some kinof estimation for the
complexity of the inclusion morphology. In addition to that the value of the computed
minimum of the objective function is decreasing fronL; = 22:51 10 3 for Type | to
L, =0:84 10 2 for Type V. This is kind of obvious since an increasing complity of the
inclusion morphology coincides more or less with an increasf the number of sampling
points, which liberates the optimization problem given in fuation (7.40). For the visual
comparison the rebinned relevant areas of the spectral dégsare provided on the right
hand side of the microstructure images. The spectral dengiof Type V obviously matches
the spectral density of the target structure more accuratglthan Type I. For the mechan-
ical comparison of the SSRVEs with the target structure thehree virtual homogeneous
experiments are calculated using the FiEscheme and the stress-strain response shown
in Figure 7.17 is obtained. There, also the distribution ofhe relative mechanical error
versus the strain is given.

For a better quantitative comparative analysis, the averag errors, together with their
standard deviation, and the overall mechanical comparateymeasures are computed, cf.
section 7.3.1, and given in Table 7.2. Note that we sort the salts in the table primarily
with respect to the number of sampling points per inclusionrad then taking into account
the number of degrees of freedom in the related optimizatiqgeroblem. Since both aspects
are accountable for the complexity of the inclusion's geormg it seems to be an obvious
arrangement. First, it is observed that the order of magnitde of the least-square function
regarding the phase fractiorlL\, is twice to four times lower than the one regarding the
spectral densityL sp. Since we are interested in SSRVES where the phase fractioatches
very well with the phase fraction of the target structure thechoice ofl y = ! sp = 1 seems
to be reasonable. Second, it can be observed that with ince#ag complexity in each
category (three and four sampling points based SSRVES) thevayall comparative error
decreases in general and Type V turns out to yield the best nfemical correspondence
to the response of the target structure. However, when anaiyng the individual average
errors for the three virtual experiments a relatively high alue ofg,, = 3:08 is obtained
for the simple shear test. Although the other two experimestof SSRVE Type V t rather
well the response of the target structure, the simple sheaedt is only partly represented
accurately. This is also shown by the signi cantly deviatig stress-strain curve shown in
Figure 7.17. In turn, the rather simple SSRVE Type | provideshe best representation of
the simple shear test, but the horizontal tension test is reected less accurately such that
the overall comparative measure is, = 4:92.
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Figure 7.17: Results of the virtual experiments using the discretizatins of the SSRVEs
(Figure 7.16) based onL;. On the left hand side the Cauchy stresses are plotted versus
strains, the right hand side shows the relative mechanical gor. (Schr eder et al.  [197])

We conclude that possibly not enough statistical informatin is covered by the statistical
measures considered ih;. Therefore, the subsequent section focuses on the additbn
incorporation of the lineal-path function.

Table 7.2: Values of the objective function L, and the errors e using the SSRVEs shown
in Figure 7.16, ngo denotes the number of global degrees of freedom of the nitelement
discretization.

SSRVE  Limo % Ly o ® Lspuo ®1  Nof Bx (] By (% By [ By (%]
I 22.51 0.80 22.50 2254 8.4419 0.66 022 095 o022 4.92
" 2.98 0.30 2.98 2962 243086 1.72 040 506 207 3.39
\Y 0.84 39.76 0.80 3290 0.14015 0.09 o006 3.08 124 1.78
I 5.87 27.16 5.84 2914 256129 054 o026 9.12 3.40 5.48

v 1.17 0.80 1.17 3402 1.14 039 0.97 044 438 185 2.67
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Incorporation of the Lineal-Path Function. By now we take into account sta-
tistical measures that cover information regarding the phee fraction and the frequency of
two points. But they are not able to regard type of connectity between two points in the
structure. For this purpose, the objective function givenn Equation (7.47) is extended
by the lineal-path function in order to incorporate statisical measures of higher order.
This leads to the objective function

Lo( )= !'vLv( )+ 'splsp( )+ ! pLip( ) with !y=1gp=1;1p=10; (7.48)

wherein the weighting factors are set such that the order of agnitude of the individual
least-square function values are in a reasonable range. Tineividual least-square func-
tionals Ly, Lsp and L p are given by in Equation (7.43). To end up in a more e cient
optimization procedure again the de nition of a relevant aea as described above is taken
into account when comparing the spectral density it sp.

a) b)

Figure 7.18: a) Lineal-path function of the target structure and b) the used template in
order to improve the computational performance. The blue baxes mark the relevant region
taking into account during the optimization procedure.

Due to the fact that computing the lineal-path function demads even more operations
than computing the spectral density, an improved calculatin method is required in this
respect, too. Therefore, only a number of 40 line orientatig distributed uniformly be-
tween the horizontal and the vertical direction is taken inb account by an appropriate
de nition of the template, cf. Figure 7.18b. Furthermore, he size of the template which
is considered for the computation of the lineal-path funatin of the SSRVEs can be sig-
ni cantly reduced by considering the typical length of incusions in the target structure.
For this purpose, the complete lineal-path function takingnto account a template size
T« Ty, =399 200px is computed for the target structure before optimization, lsown in
Figure 7.18a. Then, all values which are lower than a spectdethreshold value of 01 are
set to zero. This de nes the relevant template analogous tdé way the relevant spectral
density is identi ed. This leads to the fact that the size of he lineal-path function and
the template size coincide and the specic siz€ T, = 63 9px? is considered. In
Figure 7.18 this aspect is re ected by the blue boxes, whichark the relevant regions of
the lineal-path function and the template.

By using this improved procedure the objective function (48) is minimized with respect
to andthe SSRVEs as illustrated in Figure 7.19 are obtained. &g, a similar behavior of
the objective function is observed. For increasing compliéx of the SSRVE-type the value
of the computed objective function minimum decreases frotn, = 34:56 10 2 for Type |



Multiscale Computation of Two-Phase Steels 119

Target: nge = 14982 Type I: Nge =730 Type ll: Nge =772
L,=34:56 10 3 L,=7:76 10 3

Type Ill: nge =726 Type IV: nge =918 Type V: Nge = 738
L,=5:04 10 8 L,=1:97 10 8 L,=1:65 10 3

Figure 7.19: Target structure and discretization of SSRVEs with correspnding relevant
area of the spectral density (right hand side) and the linealpath function (beneath the
microstructure images) resulting from the minimization of L,; nee denotes the number of
nite elements. (Taken from Schr eder et al.  [197])

to L, =1:65 10 3 for Type V. Obviously, the absolute values of the minimized lwjective
functions for the individual SSRVE types is now slightly higer than for L, because
an additional least-square functional is taken into accounHowever, the comparison of
the mechanical response remains to be analyzed. Let us rsivestigate the stress-strain
response which is shown in Figure 7.20.

There the distribution of the relative mechanical errorgy, r, and ry, shows that SSRVE
Type V seems to be the best SSRVE since the curve is below thenau of the other
SSRVEs. In addition to that, the stresses obtained from SSHY Type V are similar to
the ones of the target structure for all three virtual expements, also for the simple shear
test, which is in contrast to the results obtained from mininzing L ,. Hence, it seems that
incorporating the lineal-path function additionally into the optimization problem leads to
an improved overall mechanical representation of the targstructure by the SSRVE. For
a more detailed analysis the average mechanical errors aslas the overall comparative
measures are given in Table 7.3, where we again prefer the enidg by the number of
sampling points per spline and then the SSRVE type, cf. Tablé.2.

The most suitable SSRVE with the lowest overall comparativerror is Type V. Although

Type | also leads to a rather low value ok, , the average error for the horizontal tension
test is rather high with g, = 4:11. In turn, SSRVE Type V yields low average errors for all
three virtual experiments and yields the best approximatio of the overall mechanical be-
havior of the target structure. Moreover it is observable,lat the SSRVE types based on a
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convex inclusion interface, i.e. 3 sampling points each 8@, show better results compared
to the corresponding SSRVE types with 4 sampling points eadpline. Compared to the
results obtained from minimizingL ;, we can conclude that the incorporation of statistical
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Figure 7.20: Results of the virtual experiments using the discretizatins of the SSRVEs
(Figure 7.19) based onL;. On the left hand side the Cauchy stresses are plotted versus

strains, the right hand side shows the relative mechanical or. (Schr eder et al.

[197])

measures of higher order seems to be promising, since theiaddal incorporation of the
lineal-path function yields signi cantly improved SSRVEs

Table 7.3: Values of the objective functionL, and the errorse using the SSRVEs shown in
Figure 7.19,ngot denotes the number of global degrees of freedom of the FE-disetization.

SSRVE Lopo 3 Ly o ® Lsp o 4 Lip 1o ®1 Nyot B [%] By %l By (% By (%
| 34.56 158.11 189.21 140.54 3054 4.11.28 1.05 030 0.49 o030 247
11 5.04 6.55 28.12 21.61 3042 1.87067 0.89 020 3.03 129 2.12
\/ 1.65 6.55 7.04 8.85 3082 0.320.21 0.49 o013 1.47 o070 0.91
I 7.76 9.08 44.70 31.98 3238 7.741.92 0.73 032 6.39 281 5.81
v 1.97 0.54 9.01 10.53 3814 3.200.78 0.86 0.35 3.78 158 2.90




Multiscale Computation of Two-Phase Steels 121

7.4 Applications

In this section we apply the most suitable SSRVE, which was ostructed in the pre-
vious section, to macroscopically inhomogeneous #Eimulations to show the reliability
and applicability of the presented framework. These compations are performed using
FEAP with an embedded self-written FE-environment, whereby the solution of the micro-
scopic boundary value problem is achieved by the applicatiof the direct solver SuperLU
(Vers. 3.1), for details seddemmel et al. [59].

7.4.1 Radially Loaded Circular Disc
(Subsequent results were rst published inSchr eder et al.  [197].)

Now, we compare the mechanical response of two macroscolpjcamhomogeneous FE-
simulations, where the target structure and the most suitale SSRVE constructed in the
previous section are considered at the microscale.

Figure 7.21a depicts the macroscopic boundary value probief a radially expanded circu-
lar disk with a hole, the outer radius isr, = 3:0 cm and the inner radius ig; = 0:5cm. We
discretize the disk with 244 triangular elements with quaditic ansatz functions and con-
sider plain strain conditions. During the simulation the oter radius is driven by a radially
orientated displacement condition fromt(t = 0) = 0mm up to T(t = tyax) = 1:725mm.
At the microscale periodic boundary conditions are appliednd at rst the target struc-
ture is considered where a discretization with 5452 quadiattriangular elements (21930
degrees of freedom) is taken into account, see Fig. 7.21bc&@w®, the SSRVE Type V con-
structed by minimizing the objective functionL, is considered at the microscale, where
a discretization with 738 quadratic triangular elements (882 degrees of freedom) is ad-
dressed. In Fig. 7.21c the nite element mesh of the consiggl SSRVE (regular colors)
with its periodic expansion (brightened colors) of compalde size is shown. It is empha-
sized that for the FE>-simulation only the SSRVE (regular colors) is taken into amunt
since periodic boundary conditions are used.

Let us rst investigate the macroscopic response of both sutations. Therefore, Fig. 7.22
shows the stress distributions™;, 72> and 733 in the radially expanded disk at the nal

load step. When comparing the response of the second simidat where the SSRVE is
considered at the microscale (second row), with the rst onbased on the target structure

Figure 7.21: a) Macroscopic BVP: radially expanded circular disk with a hole (r; = 0:5cm,
ro = 3:0cm) discretized with 244 quadratic triangular elements urder plain strain conditions;
discretization of b) target structure with a reduced number of nge = 5452 nite elements and
c) of SSRVE Type V based onL ;, (with its periodic expansion). (Schr eder et al.  [197])
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Figure 7.22: Macroscopic stress distribution for a) 711, b) ~2 and c) 33 of the FE?-
simulations based on the target structure ( rst row) and the SSRVE (second row), and the
relative deviations a)r ,,, b) r ,, and c)r ., comparing these two results (third row).

Target structure
|
~gHe—

675

SSRVE

Relative deviation

(rst row), a qualitatively and quantitatively similar str ess response is observed at the
macroscale. To get a quantitative estimation of the accordae, the relative deviation

r.o(x)= %) SSRE(x) max ety with i=1;23 (7.49)
is de ned as a function of the positionx in the disk. This relative error describes the
di erence of the macroscopic stresses between both simudats relative to the maximal
stress of the target structure at each macroscopic point. &m the corresponding plots
in the third row of Fig. 7.22 a relative deviation lower than 86 for all three stress com-
ponents is observed. However, the maximum values of the rik@ deviation are rather
localized, thus, a similar behavior of the macroscopic ssg response can be concluded
when comparing the response obtained for the SSRVE with thene based on the tar-
get structure. It is worthwhile mentioning that the macrosopic stress response shows a
relatively low anisotropic character, although the virtua experiments in the last section
show a signi cantly di erent behavior for the horizontal- and the vertical tension test. In
Fig. 7.22c the contour plot of 33 is quite close to a rotational-symmetric distribution. A
more pronounced anisotropic response can be expected fogé expansions.

Nevertheless, when comparing the microscopic stress disttions at di erent positions

in the disk, a rather strong anisotropic character may be olbsved. To show this, Fig. 7.23
provides the von Mises stress distribution at the nal load &p in the disk (Tyu ) as well
as in the microstructures () at di erent macroscopic positions. For this multiscale
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Figure 7.23: Results of the FE2-simulations based on the a) the target structure and
b) the SSRVE with the von Mises stress distributions in the ddormed microstructures for
three selected positions. The symbols in the upper right carer of the images for the mi-
croscopic response represent the link to the macroscopic pibion; the grey area behind the
microstructure indicates the undeformed con guration.

comparison three di erent macroscopic points are consideal, which are located at the
same distance from the inner boundary close to the inner radi of the disk. The max-
imum stress levels at the analyzed microstructures di er athe individual macroscopic
points signi cantly from approximately 1200 MPa to 1800 MPadue to the anisotropy
of the RVEs. This represents a rather anisotropic characteat the microscale although
the macroscopic von Mises stress distribution is close to atational-symmetric one. In
addition to that, the maximal stress levels at the microscals are signi cantly larger than
at the macroscale. The latter two issues may play an importamole with respect to fail-
ure initialization analysis, since the microscopically atervable orders of magnitude and
positions of maximum stress levels can not be observed in plyr macroscopic simulations.
If we compare the microscopic results related to the same mnmascopic point of the simu-
lation based on the SSRVE with the one based on the target sttture, again similar stress
levels are observed. Furthermore, the qualitative respoast the microscale is similar, too.
This accentuates the performance of the SSRVE and shows thiaseems to be possible to
approximate the response of random microstructures by mudimpler SSRVESs. Finally,
the prot with respect to the costs of data storage of the histry variables is enormous
when using SSRVEs compared with the chosen target structur@ the proposed approach
the needed data storage capacity is approximately reducet@ut 95 %, for the considered
coupled micro-macro boundary value problem and the computan time is signi cantly
reduced. These are of course only rough estimates based om ¢bnsidered discretizations.
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7.4.2 Deep-Drawing

Since two-phase steels like the DP-steels are often used iany metal forming processes
we consider the deep-drawing of a sheet metal as a further magcopically inhomogeneous
boundary value problem. During a deep-drawing process thheet metal is stretched into
the desired part shape by pushing a tool on the sheet and fangiit into a die cavity. The
plastic deformations resulting from the tensile strain madk sure that the desired shape
remains after removing the tools. Structural components nie by this method can be
found in many elds, e. g. automotive bodies and fuel tanks asell as kitchen sinks, cans
and cups.

In Figure 7.24 the setup of the deep-drawing process is schaimally illustrated. Before
the forming process starts the sheet metal is clamped by théak holder over the drawing
die. The die has a cavity representing the desired outer shef the part. By pushing
the punch into the sheet, the material is stretched, or drawninto the die cavity. After
reaching the nal loading position the clamping is releaselly removing the blank holder
and the punch is moved out of the sheet. In Figure 7.25 the load) and unloading is
schematically shown including the aforementioned sche@ufor the releasing of the sheet
metal.

In contrast to the multiscale analysis presented in the presus section we does not consider
a FE2-simulation of a deep-drawing process using the target strture for the microscopic
boundary value problem. Although the number of integratiorpoints at the macroscopic
boundary value problems does not di er strongly in the examp of the deep-drawn sheet
metal and the radially loaded circular disc, the rst mentiocned one exhibits higher com-
plexity due to the application of the contact formulation. Much more, the shown example
should emphasize the applicability of the presented methow multiscale simulation of
sheet metal forming processes and the possibility to incrgatheir e ciency.

For the computation we simplify the process to a macroscoptwo-dimensional bound-
ary value problem on the supposition of a plain strain condibn. We also consider only
one half of the problem because of the line symmetry. In Figeir7.26a the macroscopic

Figure 7.24: lllustration of the setup and tools of the deep-drawing in the loading state.
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a) b)

Figure 7.25: Process schedule in a cross-sectional half view of the formg process: a)
deep-drawing and b) unloading steps. The numbers represestthe order of tool releasing.

discretization of the sheet metal based on 165 linear qualdtieral elements using a 4-
Gauss-point quadrature is depicted. Horizontal displaceemt boundaries are applied to
the nodes at the left end of the sheet regarding for the symnmgtcondition. For a de-
tailed view on the results of the microscale we consider tleai erent locations along the
sheet metal. In the nal state they should be located near th@unch radius (1), in the
vertical section (Il) and near the die radius (I1l), see Figue 7.26a. The tools are realized
through a penalty contact. For the analyzed hat pro le we cosider a punch radius of
7mm, a die radius of 6 mm and a drawing depth of 46mm. The sheet has a half width
of 100mm and a thickness of:4 mm. In order to perform an e cient computation we
use the most suitable SSRVE obtained in section 7.3.2 for a thscale simulation of the
deep-drawing process, since the application of the targetuscture will produce large com-
putational costs due its number of degrees of freedom. Thesdietization of the SSRVE
shown in Figure 7.26b consists of 738 quadratic triangulateenents and 3082 degrees of
freedom. Applying periodic displacement boundaries to itsdges we achieve the boundary
value problem at the microscale, which is solved at each mascopic Gauss-point during
the FE-simulation. On the microscale we use the Finitd,-Plasticity material model de-
scribed in Section 6.3 and the material parameters from Tabl7.1 for the description of
the mechanical behavior of the individual phases. In each tife aforementioned analysis
locations along the sheet we monitor three points in the diotion of the sheet thickness:

\ contact 2: drawing die

\ (no friction)
\\ ‘
1%
/E\
contact 1: punch ay
(no friction) contact 3: blank holder
(no friction)
sheet metal
a) (5 33 macro-elements) b)

Figure 7.26: Discretization of a) the macroscopic BVP with 165 linear qualrilateral ele-
ments under plain strain condition and b) the SSRVE with 738 quadratic triangular elements
used for the microscopic BVP in the multiscale simulation.
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near the i) upside ( ), ii) middle ( ) and iii) underside (4 ). For these overall nine
macroscopic points we analyze the microscopic results atethnal load and unload step.

After the deep-drawing is nished, see Figure 7.27, we obsera di erent stress distri-
bution in the three microstructures at location |. This aspet can be addressed to the
di erent loading states within the sheet in direction of thickness due to the bending by
the punch radius. Consequently, near the underside a compston zone arises, which can
be observed by a shortening of the horizontal edge length die associated RVE 4 ).
The opposite { a tension zone { can be observed near the uppiees since the edge of
the RVE () is longer in the deformed con guration. Since near the midd of the sheet
the neutral axis should be appear, the RVE located near thi®tation () shows a lower
stress maximum compared to both the other ones. At location (Figure 7.28) we also
observe di erent stress distribution in the related microguctures but all three RVEs show
a similar elongation of the edges, which are orientated indgitudinal direction. The dif-
ferences in the stresses may be result from the previous fangn process by the die radius
and the related plastic deformation. But in further progres the formed shape is rolled
back to a straight sheet and, consequently, the di erences the length are removed. The
nal load state at location Ill and the associated results atthe microscale are shown in
Figure 7.29. Therein we observe qualitatively similar defmation and stress states at the
di erent positions along the sheet thickness. Again we mease compression in the RVE
associated to the position nearing the die radius and tensi@t the opposite of the sheet.
One possible explanation can be a similar bending charaasdic, which is applied to the
sheet during the forming process by the die radius. But in camon at all location we can
observe a strong discrepancy between the maximal stresseleat the microscale and the

W

vM vM vM

Figure 7.27: Location I: Final load step { von Mises stress distribution at the macroscopic
and three microscopic boundary value problems. The symbol fothe upper right corner of
the images for the microscopic response represent the linlotthe macroscopic position; the
grey area behind the microstructure indicates the undeforned con guration.
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Figure 7.28: Location II: Final load step { von Mises stress distribution at the macroscopic
and three microscopic boundary value problems. The symbol fothe upper right corner of
the images for the microscopic response represent the linlotthe macroscopic position; the
grey area behind the microstructure indicates the undeforned con guration.

W

vM vM vM

Figure 7.29: Location IlI: Final load step { von Mises stress distributio n at the macroscopic
and three microscopic boundary value problems. The symbol fothe upper right corner of
the images for the microscopic response represent the linlotthe macroscopic position; the
grey area behind the microstructure indicates the undeforned con guration.
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related macroscopic location. So this aspect is important €.g. a failure analysis should
be realized or a crack propagation for micro cracks should lrecorporated.

In Figure 7.30, 7.31 and 7.32 the stress distribution in theeteased sheet and the related
microstructures are shown. All stress state are relaxed cpared to their counterpart
at the nal load step in Figure 7.27-7.29, but the discrepanc of the maximal stress
levels between macro- and microscale still remains. Fromehdeformation state of the
macroscopic BVP we observe a typical phenomenon, the spribgck, which occur typically
in many metal forming processes after the releasing of theespmen. The right end of the
sheet is moved up, cf. upper left subframe in Figure 7.29, cpared to its deformed shape
in the nal load step, cf. upper left subframe in Figure 7.30This behavior is explained
by the release of the elastic deformations, which were stdrén the sheet during the
loading. In many research elds the spring back is a crucialopic, since the nal shape
of the deformed specimen is mainly in uenced by this phenomen. If we measure the
deformations of the three microstructures at location | alog their horizontal reference
axis we again observe the aforementioned elongation of th&/IR at the upside located
structure, a nearly unchanged RVE at the middle and a compresd one at the underside.
As also mentioned before, this behavior is addressed to theamnly pure bending at this
location of the sheet. Whereas at the location Il we observeshear in the microstructure
at the upside and underside of the sheet. In the middle the steis only slightly observable.
At location Ill similar states arises compared to those at lcation I. But a signi cantly
higher stress level at the macrolevel and microlevel occuwrpared to the other locations.
This could be caused by either the smaller die radius and/ohe higher tensile force at
this location in the sheet.

W

vM vM vM

Figure 7.30: Location I: Final unload step { von Mises stress distribution at the macro-
scopic and three microscopic boundary value problems. Theysnbol of the upper right corner
of the images for the microscopic response represent the knto the macroscopic position;
the grey area behind the microstructure indicates the undeérmed con guration.
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Figure 7.31: Location Il: Final unload step { von Mises stress distribution at the macro-
scopic and three microscopic boundary value problems. Theysnbol of the upper right corner
of the images for the microscopic response represent the knto the macroscopic position;
the grey area behind the microstructure indicates the undefrmed con guration

W
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Figure 7.32: Location Ill: Final unload step { von Mises stress distribution at the macro-
scopic and three microscopic boundary value problems. Theysnbol of the upper right corner
of the images for the microscopic response represent the knto the macroscopic position;
the grey area behind the microstructure indicates the undeérmed con guration.
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7.5 Towards the Application to 3D Microstructures

In the previous sections we show, that our proposed methodrfthe construction of
SSRVEs is a suitable technique to reduce the computationalogt in two-dimensional
multiscale simulations of micro-heterogeneous material§he next step should be the ex-
tension of this method to three-dimensional microstructugs. At that account we discuss
the aspects, which should arise as necessary steps in thealiggment process of the 3D
SSRVE method, and give some suggestions towards the solatiof possible problems.

At rst, the established statistical measures have to be maaed to be applicable to three-
dimensional structures. These steps are very straightfoand and should not produce any
problems. But in the framework of the SSRVE construction, te used statistical measures
should capture enough geometrical informations of the manplogy to describe their main
characteristics. Thus, an analysis of the measures with et to this aspect has to be
done. If their feasibilities are not enough, other statistial measures of higher order have
to be considered and analyzed. One possibility can be the digption of the three-point
probability function, whose counterparts of rst and secod order are already shown in this
thesis, cf. section 7.2.1. Additionally, the Minkowski valations can be serve as a suitable
higher order measure, since they allow for a rather mechaalanterpretation. They have a
closer correlation to measures usually applied for the degtion of engineering structures
as e.g. the rst and second moment of area. In 3D the four (s@a) Minkowski functionals
are the volume, the area, the integrated mean curvature, artle Euler characteristic. More
details on this topic can be found inMecke and Buchert  [144] andMecke [143].

A further topic should be the parameterization of the inclu®n morphology in the SSRVEs,
which serves as degrees of freedom in the overall least sgumctional during the op-
timization process. The straightforward extension to the hree-dimensional description
by sampling-points is not an advisable method. For that metbd the processing from
the sampling points to a binary representation, which is dam several times during the
optimization, is too complex and, consequently, it will inctease the computational time.
Additionally, the expected complexity of the inclusion gemetry in the three-dimensional
case and therefore the highly increased number of degree$reédom in the geometry are
arguments against this strategy. It may be a more suitable gpoach to consider gener-
alized ellipsoids for the geometrical description of the atusion morphology of SSRVEs.
Thereby, the points on the surface of the ellipsoid satisfyhe equation

Pi

xd . .
jvi (X Xc)j -1 - (7.50)

i=1 Fi
The parameterization of such a geometrical object is giverylihe spatial dimensiond,
the center positionx ¢, the directionsv; of the principal axis of the ellipsoid, the principal
radii r; and the exponentsp;. A crucial part is the choice of the parameterp;, since it
determines the shape of the surface, i.e. convexity fpr 1 or concavity forp, < 1. The
special choice op = 2 result in a smooth and strictly convex hull, a \normal" ellipse
(d = 2) or ellipsoid (d = 3). Furthermore, p = 1 yields a parallelogram, forn ! 0 the
surface nears the centexc andforp!1 the ellipsoid becomes a rectangular shape. The
origin of this kind of mathematical description goes back téhe French mathematician
Gabriel Lame (1795{1870), who introduce the description foa superellipse, also refer to
as Lane curve.
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For the purpose of veri cation of the construction of 3D SSR¥s real target structures
must be obtained. In the two-dimensional case the imaging steel microstructure is a
well established technique and good results can be achieveg several methods, e.qg.
scanning electron microscope (SEM) and electron backsaattdi raction (EBSD). But
the reconstruction of three-dimensional structures is a &k, which required considerable
e orts. On that account the department for microstructure physics and metal forming at
the \Max-Plank Institut far Eisenforschung GmbH" has developed a 3D orientation elec-
ton microscopy technique. This 3D electron backscatter diaction (3D EBSD) method
provides cross sectional information including a metallogphic characterization of the
considered material. Thereby a joint high-resolution eldemission SEM/EBSD setup
is coupled with a focused ion beam system (FIB) and provides set of cross-sectional
planes of the considered dual-phase steel. The equipmentdahe geometric arrangement
is shown in Figure 7.33a. The sample of the considered dudlgse steel is mounted on
a tiltable holder inside the equipment. During the investigtion the sample is tilt be-
tween two positions: the cutting and the EBSD position. In tle cutting position the
FIB system milling thin layers (10nm - 1 m thick) from the investigated surface of the
sample. The other position is used for the EBSD analysis, wileean electron beam is
focused onto the milled surface and the back scatter di raatin patterns are monitored by
the EBSD camera. Due to di erent di raction patterns severd properties of the sample
can be analyzed, e.g. crystal orientations and grain size dditionally, a reconstruction
of the in-plane morphology of the ferritic matrix and the matensitic inclusion phase
are possible based on this back scatter di raction patternsSuch micrographs are exem-
plarily depicted in Figure 7.33b. For more details concerng the 3D EBSD method we
refer to Bastos et al. [17],Konrad et al.  [131], Zaefferer et al. [256]. In Fig-
ure 7.33c the three-dimensional reconstruction of the duphase steel is shown resulting
from the stacking of the cross-sectional data. Such represa&tion can be used as target
structure for the determination of the statistical measurs, which are needed for the 3D
SSRVE construction, as well as for the application in FE-simlations to obtain stress-
strain relations as references for the veri cation of the 3I5SRVE method, the so-called
\overkill" solutions.

a) b) c)

Figure 7.33: 3D EBSD: a) technical setup, cf.Konrad et al. [131], and b) two examples
of obtained cross-sections of a dual-phase steel. The migymaphs are color-coded with respect
to the phases (white: ferrite, black: martensite). c) Geomdrical reconstruction of three-
dimensional microstructure based on cross-sectional EBSdata.
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8 Summary

The investigation of numerical simulations of heterogenes materials using the Finite
Element Method was presented in this thesis. Thereby, the éatment of the geometrical
description of the considered materials and bodies formele essential part. In the rst
part the three-dimensional reconstruction of patient spec arteries was investigated and
used in several FE-simulations. The construction of statisally similar representative
volume elements (SSRVE), which serve as analogous modelsrial microstructures in
multiscale simulations, was developed for the applicatioto two-phase steels.

Starting from the continuum mechanical framework includig stress and strain de nitions
as well as balance principles we discussed several basieatpfor the design of constitu-
tive material models. In this context we treated the represgation theorems considering
anisotropic tensor functions, since the mechanical behaviof arterial walls exhibits a
transverse isotropy. For the numerical treatment using thd-inite Element Method sev-
eral isotropic and anisotropic polyconvex free energy futi@ns were given and the notion
of polyconvexity regarding material stability and the exigence of solutions were brie 'y
reviewed. Based on the de nition of the strong and weak formfdhe boundary value
problem the Finite Element Method was introduced and resuttd in the corresponding
linearization and approximation. For the simulation of inompressible materials, e. g. bi-
ological soft tissue, the standard nite element formulabns showed some well-known
problems and, consequently, we discussed the extension loé tstandard approach to a
3- eld formulation. Since the reconstruction of complex gemetries often result in a large
number of degrees of freedom in the nite element discretizan, we introduced a paral-
lel solution procedure, the nite element tearing and inteconnecting (FETI) method, to
enable the e cient solution of such a large system of equatis.

An introduction to the composition of human arteries and their diseases including pos-
sible treatments gave an overview of the considered matdrim the rst part of this
thesis. Afterwards, several medical imaging techniques medescribed, which are suit-
able to get data for a geometrical reconstruction of the art@al wall, and additionally
we discussed the main mechanical characteristics of the satered material. Based on
these properties the continuum mechanical modeling of theaterial behavior was shown
and the corresponding parameters were adjusted to experintal data. Then, the focus
was set on the reconstruction of patient speci c arterial gemetries. The necessary data
for the reconstruction were obtained on the one hand from irdvascular ultrasound ex-
amination postprocessed by the virtual histology (VH IVUS)and on the other hand by
angiographic X-ray imaging. The rst mentioned method delrers cross-sectional informa-
tion of the arterial wall containing the histology of the arierial wall. Then, the output of
the ltering and segmentation processes of the VH IVUS imagewas combined with the
three-dimensional path of the artery, which was obtained ém the angiographic X-ray
imaging. Based on this patient speci ¢ geometry the discregation by nite elements was
performed and used in several nite element simulation, wine the arterial wall was loaded
with an internal hydrostatic pressure. These simulations &re done for two-dimensional
and three-dimensional geometries and the results were coangd to each other. Since in
the course of the treatment regarding the arteries severassumptions were made, we dis-
cussed the limitations and necessary extensions of the prated modeling. As example,
the consideration of residual stresses, a more di erentiad resolution of the plaque com-
ponents and the coupling to blood ow simulation were mentioed as possible extensions.
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In the second main part the application oftwo-phase steeldo multiscale computations
was investigated. Exemplarily, the two-phase compositioof a dual-phase steel this kind of
steel { it consists of a (weaker) ferritic and a (harder) mamnsitic phase { was introduced
including its mechanical properties, which are a high strgsth and a good formability.
Additionally, the metallographic treatment obtaining the microstructural composition of
such steel was discussed. Afterwards we gave a possible tiative modeling for the
individual phases of a two-phase steel using the nitd,-plasticity model. Since in most
applications the length scale between the microstructurainultiphase composition (mi-
crometer) and the macroscopic dimension of structural coropents (centimeter to meter)
di ers strongly, we decided to apply a homogenization methdy the direct micro-macro
transition approach, to the numerical simulation of such mi@rials. In common, the crucial
part of this treatment is the estimation of the representatre volume element (RVE), on
which the microscopic boundary value problem is founded. Qhat account, we proposed
a method to construct an analogous geometrical model for tiheal microstructure exhibit-
ing similar mechanical behaviors but is characterized by awer geometrical complexity.
These models are called statistically similar represeniaé volume elements (SSRVE) and
their lower complexity results in a lower number of degrees fsreedom in the nite element
discretization. Consequently, the numerical e ort in a mulfiscale computation is signif-
icantly reduced. The basic idea of this method is to constrtithese SSRVES in such a
way, that their statistical measures characterizing the ialusion morphology are similar to
the values determined from the real microstructure of the sel. A least-square functional,
which weights the di erence between the statistical measas of the real structure and
the SSRVE, was formulated and the minimization of this prol@m was done by an op-
timization procedure. Several numerical problems consigieg macroscopic homogeneous
and inhomogeneous boundary value problems using a multisedramework showed the
veri cation of this method and the numerical e ciency compared to the application of
\standard" RVEs. Finally, we discussed several aspects ragling the extension of the
proposed SSRVE method to three-dimensional microstructes. Thereby, the application
of additional statistical measures of higher order, anothdype for the parameterization
of the inclusion morphology in the SSRVE and the reconstruicin of three-dimensional
microstructures of dual-phase steels was focused on.
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A Matrix Representation of Special Tensors.

The symmetry of the right Cauchy-Green tensocCC, i.e., in index notation CA8 = CBA,
and the constitutive equation for the second Piola-Kirchhostresses

S=2@

(A.1)

yields the symmetry ofS, i.e., S"8 = SBA_ In general, the associated tangent moduli

C=4@c

is represented by 81 independent components:
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Due to the symmetry ofC the following symmetry properties ofC are valid

Cascp = Cgaco = Caepc = Cgapc ;

so that we can reduceC rst to the form depending on 36 components:

11 22 33 12 23 13

11| Cunr Cii22 Cii33 %(01112 %(01123 %(C1113
+Ca121) | +Cu132) | + Cra31)

22| Com Co2222 Co233 %(02212 %(szzs %(C2213
+Co021) | +Co232) | + Co031)

33| Cazann Caa2 Caass %(03312 %(03323 %(C3313
+ Cazp1) | +Caasp) | + Casz)

12 %(Clzll %(Clzzz %(C1233 %(C1212 %(C1223 %(C1213
+Co111) | +Co122) | +Co133) | +Cuz01 | +Ci2z2 | +Cooa1
+Co112 | +Co13 | +Cou1s

+Co121) | +Co132) | + Coi31)

23 %(Czsu %(Czszz %(C2333 %,(C2312 %(Czsza %(C2313
+Cs211) | +Ca222) | +Ca233) | +Coz21 | +Co332 | +Cos31
+Cz212 | +Ca23 | +Cs213

+ Ca221) | +Ca32) | + Ca031)

13 %(01311 %(01322 %(C1333 %(C1312 %(01323 %(C1313
+Cs111) | +Ca122) | +Ca133) | +Cuzo1 | +Cuazz | +Cusap
+Cz112 | +Ca123 | +Ca113

+Ca121) | + Ca132) | + Caiz1)

(A.2)

(A.3)
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which appears in a more compact form as

11 22 33 12 23 13
11| Cy111 | C1122 | Ci133 | Ci112 | Cra23 | Canas

22| Co211 | Co222 | Ca233 | Ca212 | Ca223 | Ca213
33| Caz11 | Ca322 | C3a33 | Caz12 | Cazzz | Cazis (A.4)

12 Clle C1222 C1233 C1212 C1223 C1213

23 C2311 C2322 C2333 C2312 C2323 C2313

13 C:1311 C1322 C1333 C1312 C1323 C1313

Since the additional relation

@ _ @
@G @ep @Cp@Gs

holds, it follows the well-known matrix representation ofC with 21 independent compo-
nents:

11 22 33 12 23 13
11| Cu111 | Ca122 | Cua33 | Craz | Crazz | Crais
22 C2222 | Ca2s3 | Co212 | Co223 | Co213
33 Csa33 | Caz12 | Caazz | Caaz (A.5)
12 Ci212 | Ci223 | Ci213
23 sym Ca323 | Cas13
13 Cia13

This is the representation ofC in the most general case of anisotropic elasticity, namely
the triclinic case. The vector representations 0% and C are then given by

S =[Su S» Ss jSiz Sz S
C =[Cu Cxp Czs j2C1» 2Cy 2Cy3™:
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B De nition of Convexity Conditions

In general the following implications hold for the subclags of the convexity:
convexity ) polyconvexity ) quasiconvexity) rank-one convexity

The converse implications are not true; for more informatiowe refer toDacorogna [53],
Silhav y [232] and reference therein. Here, we only summarize the d#ion regarding
the di erent notions of convexity. For further information we refer to e.g.Ball [6; 7],
Marsden and Hughes [142], Dacorogna [53] andSilhav y [232] and the references
in the following.

For a scalar-valued tensor functions in terms of the deforrtian gradient F, the corre-
sponding convexity condition reads

(Fi+(1 )Ry (F)+@ ) (Fo) 8Fy;F2R*% 2[01]; (B.1)
cf. e.g.Schr eder [191]. Note, strictness can be achieved in the previous artktfollowing
conditions by < instead ,F;6 F, and 2]0;1[.

De nition of Polyconvexity: F 7! (F) is polyconvex if and only if there exists a function
P:R33 R33 R7! R (in general non-unique) such that

(F)= P(F;CofF ;detF); (B.2)

and the functionR*® 7! R; (F ; CofF ;detF ) 7! P (F ; CofF ; detF ) is convex for all points
X 2 R3.

Note that the arguments  ; Cof F ;detF ) are the essential elements in the de nition of
the transport theorems (2.13), (2.14) and (2.15). For a be#tr understanding of the notion
of polyconvexity we consider an energy function equal to thiird principal invariant in
terms of F, i.e. (F)=detF 8F 2 R3 3. Although the function is non-convex with
respect toF, it is polyconvex because (F) = P(detF) =det F is convex with respect
to its argument (detF ). Finally, the setup of an energy function in the additive fom

(F)= Py(F)+ P,(Cof F)+ P3(detF) (B.3)

is polyconvex, ifP;i; i = 1;2;3 are convex in the associated variable, cf. Corollary 3.2 in
Hartmann and Neff [92], Schr eder and Neff  [193].

De nition of Quasiconvexity: The elastic stored energy is quasiconvex whenever for all

Bo R3 allconstantF = F 2 R® 3 and allw 2 C} (By), satisfyingw = 0 on @B, the

integral inequality
Z

Z
(F +Gradw) dV (F)dV = (F) Vol(By) (B.4)

is valid, Morrey  [154].

Together with ful llment of the growth condition (F) cikF kP + ¢, with ¢, > O
and c;; p > 1 the quasiconvexity yields a su cient condition for sequetial weak lower
semicontinuity (s.w.l.s.).

De nition of Rank-One Convexity: The energy function (F) is rank-one convex when-
ever

(F + ) (F)+ [ (F+ ) (F) (B.5)
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holds8 F 2 R® 3, 8 ; 2 R31f0g, 2 [0;1]. This condition has the same form as
the convexity de nition (B.1) until the term F = F; F, is replaced by ( ). The
previous de nition can be reformulated for once di erentidble (F) to

[P(F) P(F + ) ( )y 0 8F2R®3%8 : 2R%fOg: (B.6)

Thus, (F) is rank-one convex if the rst Piola-Kirchho stresses aremonotone in-
creasing with respect to all rank-one deformation tensorf. (F) is twice di erentiable,
i.e. @ (F)=:A, the alternative rank-one convexity condition reads

( YA ( ) 0 8F2R®38 ; 2R%0; (B.7)

which is referred to as Legendre-Hadamard-Ellipticity.



Appendix 139

C Incremental and variational quantities for the F -approach

During the derivation of the F -approach in section 3.6 several mathematical transforma-
tion are done, whose intermediate steps are omitted for reass of clarity and comprehen-
sibility. For the reader who want to gure out the details of these steps we give here some
essential relations. As mentioned in the relevant sectioneaconsider the operators

1=3 2=3
- 5 B9 - -Tp = __ T
F={ehiEdi= 7 F C=F'F= 5 FF; (C.1)

Fiso Fol

which are associated to the deformation gradie® and the right Cauchy-Green tensocC .

Thereby we considerd = det F and the volume dilatation as a element-wise constant
guantity. For the three- eld formulation of the weak form (3.54) in terms of the unknown
elds u, J, , we need the variations and for the subsequent linearizabn the incremental
forms of the operatorC, i.e.

2=3 2=3
2 2=3 J 2 2=3 J
CcC= - —= — C; cC= - — — C; C.2
J 3 J J 3 J J (.2
2 2=3 2 2=3
C=5 = — C; C=2 — — C:
3 J 3 J

Additionally the linearization requires the increment of he variations in the latter equa-
tions, i.e.

2=3
v uC = j C;
2 =
1wC= 33 36
2 2=3
c=%2 - _—cC:
u 3\] ]
2 2= 3
c= 2 - = c:
u J 3J J ]
2 3 5 3 J
= - — - * C3
1€ =3 3 3 J2 S (©3)
4 2=3 J
cC= - — _——*c:
J 9 J J
2 2=3
c=2 - _— C:
u 3J ]
4 2=3 J
» €= 5 7 ——=C;
9 J
2 N |
= - — = + :
C=3 3 3 2 c
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