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Preface

We study existence and flow invariance of (mild) solutions to non-autonomous partial

differential delay equations of the general form

w(t) + B(t)u(t) > F(t,uy), 0<s<t

Us = ©.

(FDE) {

Here B(t) C X x X is a time dependent (possibly multivalued) nonlinear operator
in a Banach (state) space X with — possibly — time dependent domain D(B(t)). For
I=R orl=[-R,0], R>0,u :I— X isthe history of u up to ¢ defined by
w(&) =u(t+¢),& €l,and ¢ : [ — X is a given initial history out of a space E
of functions from I to X. Moreover, F(t,.) is a given history-responsive operator
which is Lipschitz continuous on a (possibly ”thin”) subset E(t) of E.

Equations of type (FDE) arise in the modeling of evolutionary processes governed
by — possibly multivalued ‘partial differential expressions ¢ for which the time rate
of change at time ¢t depends in an essential way on the history of the process up to
time ¢, or at least on some finite part of it. Typical examples of such arise from the
investigation of materials with thermal— or shape—memory, of biochemical reactions,
and of population models.

This problem has been considered in quite a number of papers. In these papers
mostly the operators B(t) are assumed to be «a(t)-m-accretive, a(t) € R, with
cl(D(B(t))) independent of ¢ and the operators F'(¢,.) are supposed to be globally
Lipschitz continuous, or at least globally defined and Lipschitz on bounded sets.
Also in the search for ”classical” solutions, there are usually special assumptions on

the geometry of the state space X. (Compare the references in Chapter 2).

For applications, these can be severe restrictions. For concrete models in population
dynamics, for instance, the natural state space X is an L!'—space, and the history—
responsive operators F(¢,.) may not be globally defined, much less globally Lipschitz,

but may only be defined on "thin” subsets F(t) of the initial history space. (For a

class of concrete models, see Sections 2.5 and 3.4).

An appropriate solution theory thus requires not only existence of solutions, but
also their flow-invariance. Also, for the general case of nonlinear operators B(t)
and geometrically "bad” Banach spaces, the search for classical solutions has to be

extended to the search for mild solutions, as usual for nonlinear evolution problems.
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In this thesis, we shall present two approaches to flow invariance of solutions to
(FDE): (a) under range conditions on (B(t)):>o;

(b) under subtangential conditions.

The general setup is as follows:

(G1) (B(t))t>0 is a family of operators in a Banach space (with possibly time-varying
domain D(B(t))), such that for [x;,y;] € B(t;), i € {1,2}, to < ¢, and 0 < A < Ag;

(1= da)ller — waof| < [lor — 22 + Ayr — w2)ll + Allf(81) = F () Lo ([ 22]]),

where a € R, \g > 0 is such that \paw < 1, f : R* — X is a continuous function,

and Ly : RT — R* a nondecreasing bounded function (on bounded sets).

(G2) X(t) and E(t), t > 0 are closed subsets of X, respectively, of E such that for
z € X(t+\),v € E(t), and A > 0 small enough, if @;{/\ € E is the solution to
© — A =1, ¢(0) =z, then goi)\ € E(t+)).
(G3) F:|J{t}xE(t) — X is continuous and bounded on bounded sets.

>0
(a) In Chapter 2, we shall extend the approach of [58] to the fully non-autonomous
case. More precisely we investigate the problem of existence and flow invariance
of mild solutions to the non-autonomous partial differential delay equation u(t) +
B(t)u(t) o F(t,u), t > s >0, us = ¢, where the family (B(t)):>o satisfies (G1) and
the operators F(t,.) satisfy (G3) and have the following property: for ¢ € E(t;)
and ¢ € B(tz), 0 < t5 < 1, such that ¢ — ]| = [2(0) — (0)],

[E(t1,0) = F(ta, )| < Ml = &l + llg(tr) — g(t2) [ L2(ll20]]), (0.1)

with g : RT — X a continuous function and L, : Rt — R™ a bounded (on bounded
sets) function. We show that under the above assumptions if for all x € X (t+A), ¥ €
E(t), and X > 0 small enough;

W(0) + AF(E+ ), go;g)] € (I +AB(t + N)(D(B(t +\) N X(t+\),
then for ¢ in a certain subset of E(s), there exists a mild solution u, to (FDE) such

that (u,), € E(t), t > s.
(b) In Chapter 3, we provide a subtangential condition for existence and flow invari-
ance of solutions to (FDE). (For the autonomous (FDE), see [59]). Namely, we show
that under certain assumptions on F and the family (B(t));so if for all ¢ € E(t)
1 .
lim inf + d(¥(0) + AF(t, ), (I + AB(t 4+ X)) (X(t + A) N D(B(t + N)))) =0,

A—0t



then for any ¢ € E(s), there exists a mild solution u, to (FDE) such that (uy); €
E(t) and u,(t) € X(t), t > s. Here E(t) is a family of closed subsets in Ey(t)
with Eo(t) = {p € E|@(0) € cl(X(t) N D(B(t)))} satisfying (G2). In this case, the
additional assumptions on F' are as below:

(F1) There exists M > 0 such that for ¢, € Eo(t;), i € {1,2}, 0 < t, < t;, with
lo1 = @all = lle1(0) — o (0)]],

< F(t, 1) = Ft2,02), 01(0) = 2(0) >4 < Moy — ¢
+ lg(t) — g(t2) [ L2(lleall),

where g : Rt — X is a continuous function and L, : R™ — R* is a bounded (on

bounded sets) function.
(F2) there exists M’ > 0 such that, if ¢, 0, € Ey(t), t > 0 with ¢,(0) = ©,(0),
then
[1F'(t, 1) = F(t, 02)|l < M'lly — 0ol
In the subtangential case, we shall also need some t—dependence condition on the

family D(B(t)) N X (t) and E(t).

In both cases, we associate with (FDE) a family of nonlinear operators A(t) :

D(A(t)) C E — E by

D(A(t)) ={p € E(t) | ¢ € E.(0) € D(B(1)),¢(0) € F(t, ) = B(t)(0)}
Alt)p .= —¢' 0 € D(A(1)),

(in the subtangential case D(A(t)) C Ey(t)). Then, our analysis will be based on the
evolution operator associated to the Cauchy problem ®(t) + A(t)®(t) = 0, ®(s) = ¢
in the initial history space E.

(0.2)

We also investigate the asymptotic properties (such as asymptotic stability, compact-
ness of the range of solutions, and asymptotic almost periodicity) of the solutions
to (FDE).

This thesis is organized as follows:
In Chapter 1, we recall some basic definitions and known facts about accretive op-

erators, mild solutions, and evolution operators.

In Chapter 2, we first explain the assumptions on the initial history space F and
give some typical examples for the initial history spaces. In this chapter, we con-
sider (FDE) under the general assumptions (G1)-(G3), condition (0.1) on F, and
the above range condition. Then we prove that for all ¢ in cl(D(A(s))), there exists
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a mild solution u, such that (u,); € E(t), t > s. Under some additional assumption
we also obtain invariance of X (t), i.e. uy(t) € X(t) for t > s. In Section 2.6 we
shall apply these results to population dynamics models. The existence and flow
invariance results for (FDE) in the initial history space of L' type are presented in
Section 2.7.

In Chapter 3, we consider (FDE) under the general assumptions (G1)—(G3), con-
ditions (F1) and (F2), and the subtangential condition explained above. Then we
state the main theorem of this chapter, namely we show that for any ¢ € E(s)
there exists a mild solution wu, such that (u,); € E(t) and u,(t) € X(t), t > s.
Next, we discuss some special cases which are more useful for the applications to
the population models. The examples are treated in Section 3.4.

As we indicated before, the proof of the main theorem is based on translating (FDE)
to a Cauchy problem in F. In translating the above subtangential condition on
(FDE) to a sufficient condition for the existence and flow invariance of mild solu-
tions for the Cauchy problem in E, we have to work with a separate subtangential
condition which in the autonomous case was developed by M. Pierre. Thus, in the
first section of this chapter, we shall introduce the separate subtangential condition
in the non—autonomous case and show that it is sufficient for the existence and flow

invariance of mild solutions to the non—autonomous Cauchy problem.

In Chapter 4, we study the asymptotic properties of solutions to (FDE) obtained in
the previous chapters. In Section 4.1, we show that if a+ M < 0, then for the initial
history spaces (a) E = E, where s — v(s)e” " is nondecreasing on R~ for some
w> 0, and (b) E = C([-R,0]; X), solutions to (FDE) are exponentially stable. In
Section 4.2, we consider (FDE) in the initial history space £ = C([—R,0]; X), and
show that if the the family (B(t)):>0 generates a compact evolution operator, then
the evolution operator generated by the family (A());>0, defined by (0.2), is also
compact. In Section 4.3 we study the relationship between properties (such as hav-
ing (weakly) relatively compact range, asymptotic almost periodicity, and Eberlein—
weak almost periodicity) of w,, the mild solution to (FDE), and the corresponding
motion Ux(.,0)¢ : R™ — E. Finally, in Section 4.4 we discuss some cases, for which
the solutions to (FDE) have relatively compact range. In particular we show that
if for some ry > 0, B(rg) is a—m-accretive and the resolvents of B(r() are compact,
then bounded and uniformly continuous solutions to (FDE) have relatively compact

range.



1 Preliminaries

In this chapter, we collect some basic facts which will be used later. Throughout
this thesis, X will be a real Banach space. Given a subset D of X, ¢l(D) will denote

its (norm—) closure in X and d(z, D) is the distance from x to the set D.

1.1 Accretive operators

In this section we introduce some basic concepts concerning the theory of accretive
operators.

A (possibly multivalued ) operator C' : D(C) — 2%, represented by its graph
C' C X x X, is called aceretive if for each A > 0 and each pair [z;,y;] € C, i € {1,2},

21 = @2 < [[(21 + Ayn) — (22 + Aya) |-

For v € R, C is called y-accretive if C'+ I is accretive, or equivalently for A > 0
with Ay < 1 and each pair [z;,y;] € C, i € {1,2},

(1= A)ller = zaf| < (21 + Ayr) = (22 + Aya)|

Let C C X x X be a y— accretive operator, and A > 0 with Ay < 1. Then its
resolvents J¢ := (I + A\C)~!: R(I + \C) — D(C) are single-valued, and moreover

1
5 = ISl < e =l

The operator Cy : R(I + A\C') — X defined by
Cy:= A" —JY),

is called the Yosida approzimation of C. By definition, if x € R(I + AC), then
[J¢x, C\z] € C.

C' is called 7- m-accretive if C' is y—accretive, and in addition R(/ + A\C) = X for
all A >0, Ay < 1.
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Definition 1.1. The duality map .J of X into 2% is defined by
J(x)={z"|z" € X*, <a*,z >=|z|, and ||z¥|| < 1} forall ze€X. (1.1)

We shall also need the following notion:
For each A > 0, and z,y € X set < y,x >,= w Then for fixed

r,y € X, the map A —< y,x >, is nondecreasing. Thus for every z,y € X we can
define

<Y, x> = /\11)1(1)1+<y,x >\= /i\r;g<y,x >y . (1.2)

< y,r >, X Xx X — R is upper—semicontinuous, and |< y,z >.| < |ly|]|. The

following result concerns the relationship between J and < .,. >.
Proposition 1.2. [3, Proposition 2.13|. Let x,y € X. Then
<y,r > =max{< 2",y > |z* € J(x)}.
For more properties of this function, see for instance Chapter 2 in [3].

In the next theorem, we characterize accretive operators in several equivalent ways:

Theorem 1.3. [3, Theorem 2.15]. Let C' C X x X. Then the following are equiva-
lent:

(i) C' is accretive.

(ii) (I + A\C)™! is nonexpansive for A\ > 0.

(i) <y —y,x — T >,> 0 whenever [z,y], [Z,9] € C.

() If [x,y], [%,9] € C, then there exists x* € J(x — &) such that

<z y—y>>0.
The following lemma can be read from [3, Proposition 4.3].

Lemma 1.4. Let C be a y—accretive operator in X, X > 0 with Ay < 1. Then the
following hold:

(i) If z € D(JC)N D(C), then

|z — J/\C:L’” < inf{|ly|| : y e Cx}.

1— Ay
(ii) If x € D(JS), then for all [z, yo) € C

2—)\y
f)/

]

ol
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1.2 Non—autonomous Cauchy problems

Consider the non—autonomous Cauchy problem

{ a(t) + Cult) > f(t) 0<s<t 13)
u(s) = uo,

where C(t) : D(C(t)) — 2%, ¢t > 0 is a time dependent nonlinear operator acting in
X with (possibly) time-dependent domain D(C(¢)) and f € Lj, (s, 00; X).

Let T'> s. A continuous function u : [s,T] — X with u(s) = uy is called a strong
solution to (1.3) on [s, T if u is locally absolutely continuous and differentiable a.e
on (s,T) such that a(t) + C(t)u(t) > f(t) aet € [s,T).

A continuous function w : [s,7] — X with u(s) = ug is called a mild solution of
(1.3) on [s,T7] if there exists a sequence of DS-approximate solutions w,, such that
u,, converges to u on compact subintervals of [s,T") as n — 0.

Here, by a DS-approximate solution w,, of (1.3) we mean a step function u,, with

un (£) = { U t=s (1.4)

UZ te (tgfhtma
where s =t <t} <... <ty <T, and
d, = max{lérklg?(v"(tz —tr_ ), T —tyn,} — 0, as n— oo. (1.5)

Moreover, the elements uj solve the implicit difference scheme

u? — y?
L C(tup 3 2, ke {1, Nob, (1.6)
bp1 — Uk

with ug — up as n — oo, and 27, ..., 25 € X such that

Nn, ty
tm Y [ () - sfllar =o. (L.7)
k=1 7tk-1

Suppose that the family {C(¢),0 <t < T}, C(t) C X x X, of operators satisfies the

following condition:

(A.1) There exists v > 0, a continuous function A : (a,b) - X, —co<a <0< T <
b < o0, and a bounded (on bounded subsets) function L : RT™ — R™ such that for
[z1,y1] € C(t1), [T2,92] € C(t2),0 <ty <t; <T,and 0 < X < Ag ;

(1= M)z = 22| < flww = 22 + Ay — y2) | + AllA(tr) — hlt2) [ L(][22])



8 Preliminaries

where \g > 0 is such that A\gy < 1.

A continuous function u : [s,T] — X is called an integral solution to the Cauchy
problem (1.3) on [s, T if u(s) = uog, and for any s <ty < t; < T, and [z,7] € C(r),
re s, T];

[u(ts) = 2| = [Ju(t) — 7] (1.8)

< / 1 Yllu(r) = Zll+ < f(7) = §.ulr) = & >4 +C||h(7) — h(r)]]dr,

to

where C' = max{L(||Z|)), L( sup |ju(7)])}.

s<t<T

Remark 1.5. The inequality (1.8) is equivalent to

e Hu(t) — 2| — e Jults) — 7| <
t1

/ T < f(r) = Gou(r) — F >y dr C/ e T\h(r) = hfr)lldr, (1.9

to to

Definition 1.6. A continuous function u : (I + s) U [s,7] — X is called a strong,
mild, or integral solution of (FDE) if us = ¢ and, on [s,T], u is a solution of the

respective kind to the Cauchy problem
(1.10)
with f(t) = F(t, uy).

1.3 Evolution operators

Given T" > 0, let {D(s)|0 < s < T} be a family of subsets of X. Set A =
{(t,s)|0<s<t<T}. Afamily U= {U(t,s)]|(t,s) € A} of operators (or in short
Ult,s)), U(t,s) : D(s) — D(t) is called an evolution operator if it has the following
properties:

(1) U(s,s)x = x, and U(t,r)U(r,s)x = U(t,s)zx for all x € D(s) and, 0 < s <r <
t<T,

(i1) For each s € [0,7] and = € D(s), the function ¢t — U(t, s)z is continuous on
[s,T1.

We shall call the evolution operator U(t,s), (t,s) € A of type v if

[U(t,s)z — U(t,s)yl| < w—yl| forall z,ye D(s),and (t,s) € A.
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If U is an evolution operator of type ~ it has the following property ;
(1ii) 0 < s, <t, <T with s, | s,t, — t, and z, € D(s,) such that x,, — z, and
x € D(s), then Ul(t,, sp)x, — U(t,s)z.

The next theorem states an existence result concerning Cauchy problem

(CP) { at) + Ct)u(t) 30, t>s

u(s) = ug.

Theorem 1.7. [47, Theorem 3.6]. Given T > 0. Suppose that the family {C(t),0 <
t<T}, C(t) C X x X, of operators satisfies (A.1) and the following further condi-

tions:

(A.2) For 0 <t <T and for all x € cl(D(C(t))),

1
lim — 1 = 0.
Jim )\d(a:,R( +AC(t+ X)) =0
(A.3) The domain D(C(t)) depends ont € (s,T] in the following way:

Ift, Tte (s, 7], v, € D(C(tn)), and x,, — v € X, then x € cl(D(C(t))).

Then we have :

(i) For every s € [0,T) and ug € cl(D(C(s))) the problem (CP) admits a sequence u,
of DS-approximate solutions, which is uniformly convergent on compact subintervals
of [s,T) to a continuous function u = u(;s,up) with u(t) € cl(D(C(t))). Moreover
every sequence of DS-approzimate solutions is uniformly convergent to the same u
which is the unique integral solution of (CP).

(i1) The family {V (t,s)|V(t,s): c(D(C(s))) — cl(D(C(t)))} defined by;

V(t,s)ug = u(t),ug € cl(D(C(s))),s <t <T, (1.11)

1s an evolution operator of type .

(1ii) If u is a strong solution to (CP), then u(t) = V(t, s)uo.

(iv) If X is reflexive, h is of bounded variation and uy € D(C(s)), then u(t) =
V (t, s)ug is the unique strong solution to (CP).

Remark 1.8. Theorem 1.7 actually holds for any v € R ; and Theorem 1.7(iv)
holds, if X just has the Radon—Nikodym property.

In what follows we shall call the family {V'(t,s) | s <t < T} as defined in (1.11)
the evolution operator generated by C'().
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Definition 1.9. The evolution operator U(t, s) is said to be compact if for every ¢, s
with 0 < s < ¢, U(t, s) maps bounded subsets of D(s) to relatively compact subsets
of D(t).

For t = s, U(s, s) is the identity operator on D(s) C X which is not compact if X is
of infinite dimension. Moreover, if U(ty, s) is compact for some ¢y > s, then U(t, s)
is also compact for all ¢ > ¢, (this is because U(t, s) = U(t, to)U(tg, s)).

Definition 1.10. The evolution operator U(t,s) is said to be equicontinuous if
for every 0 < s < t, and each bounded set K C D(s), the family of functions
{U(.,s)x |z € K} is equicontinuous at t. i.e. for every € > 0 there exists 6 > 0 such
that

U, s)x —Ult,s)z|]| <e forall te(t'—6t+0),and z€K.

If U(t,s), is a compact evolution operator, then for each 0 < s < ¢, and bounded
set K C D(s), U(.,s)K is equicontinuous at t.

The following result is the extension of Brezis’ theorem. See [47, Theorem 5.1]

Theorem 1.11. Let (U(t, s))o<s<t<r be the evolution operator generated by C(t) via
Theorem 1.7. Suppose also that each C(t) is m—accretive. Then U(t,s) is compact
if and only if U(t, s) is equicontinuous, and for any r € [0,T], and X\ > 0, J)\C(r) is

compact.

For all these notions and the general theory of accretive operators and evolution
equations, the reader is referred to [3, 9, 19, 37, 44, 47].



2 Existence and flow-invariance under local range

conditions

n this chapter we study existence and flow invariance of (mild) solutions to non-

autonomous partial differential delay equations of the general form

w(t) + B(t)u(t) > F(t,uy), 0<s<t
us = .

(FDE) {

Here B(t) C X x X is a time dependent (possibly multivalued) nonlinear operator
in a Banach (state) space X with — possibly — time dependent domain D(B(t)). For
I=R orl=[-R,0], R>0, u :I— X isthe history of u up to ¢ defined by
w(&) =u(t+¢), & €l,and ¢ : [ — X is a given initial history out of a space E
of functions from I to X. Moreover, F(t,.) is a given history-responsive operator
which is Lipschitz continuous on a (possibly ”thin”) subset E(t) of E with Lipschitz
constant M > 0.

For the autonomous counterpart of (FDE), in a series of papers Ruess [54, 55, 56,
58] and Ruess/Summers [60, 61, 62] have developed a "local” approach to global
existence and flow invariance, and most importantly, F' only defined on prescribed
subsets £ of E. In this chapter, we shall extend the approach of [58] to the fully
non-autonomous case. This approach roughly consists of the following program:
Given closed subsets X (t) C X, and E(t) C E, we shall specify conditions on X (),
E(t), F(t,.) : E(t) — X, and the family B(t) of nonlinear operators, B(t) C X x X,
such that if the operators A(t) in E are defined by

{ D(A(t) ={¢ € E(t) | ¢' € E,9(0) € D(B(t)),¢'(0) € F(t,¢) — B(t)(0)}
At)p == —¢' 0 € D(A(t)),

then A(t) generates an evolution operator {U(t,s)| 0 < s < t}, U(t,s) : cl(D(A(s))) —

LA shortened version of this chapter has been submitted for publication.
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cl(D(A(t))), such that, for ¢ € cl(D(A(s))) the function uy, defined by

(t):{w(t—s), [3t—s<0
v (U(t, 5)9) (0), t>s

is a mild solution for (FDE), and (ug); € E(t) for all t > s.

For previous results in this direction, mostly for B(t) a—m-accretive and F\(t,.)
globally defined, both in the autonomous and the non—autonomous case, the reader
is referred to [6, 7, 12, 13, 14, 15, 16, 29, 30, 31, 32, 33, 34, 35, 36, 45, 53, 57, 58,
69, 70, 71, 72, 73, 74], as well as, for a survey, to [56] and the further references
therein. For a different kind of local approach in the non—autonomous case, without

flow—invariance, but leading to local existence of solutions, we refer to [17, 18].

2.1 The initial history space

Given I = (—o00,0] or I = [—R,0] for some R > 0, the initial history space E is
assumed to be a Banach space of continuous functions ¢ : I — X with the following

properties:

(E1) (a) Forall p € E, [[p(0)]| < [[]-
(b) For all x € X, z € E, where Z(s) =z,s € I.
(¢) For ¢, (,) in E, if [lg,, — @]l — 0, then for all s € I, ||, (s) — ¢(s)[| = 0.

(E2) If A > 0,z € X,v € E and ¢, € C'(I; X) is the solution to ¢, — A¢l, = 1,
:(0) = @, then p, € E and [[¢,[| < max{[z], ||}

(E.3) (a) If 2 : 1 U]0,00) — X is continuous and ), € E, then z; € E for each
t > 0 and the map ¢t — x; is continuous from R* into E.
(b) There exist My > 1, and a locally bounded function M; : R* — RT such

that, given x : T URT — X as in (a) above,

|z || < Mol|zol| + My (t) sup{||z(s)|| : 0 < s <t} forall ¢t>0.

Remark 2.1. For the finite delay case, usually £ = C(|—R, 0]; X) with supremum
norm. For the infinite delay case, the following spaces are common examples with
(E.1)-(E.3): E can be taken as a weighted sup—norm space of the type E, = {p €
C(R™,X) | vp € BUC(R™, X)}, with norm ||¢]|, := sup{v(s)|¢(s)| : s € R™},
where the (weight-) function v : R~ — (0, 1] has the following properties:
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(v1) v is continuous, nondecreasing, and v(0) = 1;
(v2) there exists a constant M, > 0 such that

lim v(s+u)

=1 uniformly over wu € I.
s—0—  v(s)

Typical such weight functions are v(s) =1 (with, in this case, £, = BUC(R™, X)
with sup-norm), v(s) = e, or v(s) = (1 +|s|] )™, u > 0 (spaces of ‘fading
memory type’), c.f. [60]. The Banach spaces £, are sometimes called UCy;— spaces,
v = 1/g, and have been considered by various authors. Aside from FE,, also the
following subspaces fulfill axioms (E.1)-(E.3):

E, ={p € E, | lim,_v(s)p(s) exists}, and

E,={p € E, | lims_v(s)p(s) =0}, in case lim,_,_~ v(s) = 0.

Here, as well as for axiom (E.3) above, we refer to [25, 28] and the further references
listed therein.

We will adopt the following notations:
L Ey ={p € E| ¢(0) =0}
2. for A > 0, the function ey : I — R* is defined by e)(s) = exp(s/A),s € I.

2.2 Assumptions
For a fixed T > 0, we consider the following assumptions:

(B.1) (B(t))o<t<r is a family of operators B(t) C X x X such that there exist « € R ,
a continuous function f : [0,7] — X, and a nondecreasing bounded function
(on bounded sets) L; : Rt — R* such that for all [z;,y;] € B(t;),i € {1,2},
and 0 <ty <t; <T,

(1= Aa)||zy — 2ol < [l21 — 22+ Ayr — y)ll + Al (1) — f(t2) [ La([|22]]),
(2.1)
for all A > 0 with \a < 1.

(B.2) E(t), t € [0,T7], are closed subsets of E such that
(i

) F: U {t}xE(t) — X is continuous and maps bounded sets to bounded
t€[0,T]
sets.

(17) There exists M > 0 such that for ¢ € E(tl) and ¢ € E(tQ), 0<ty, <t; <
T, with [l — ]| = [|¢(0) — ¥ (0)],

[E(t1,0) = F(ta, )| < Ml = &l + lg(tr) — g(t2) [ L2(ll0]]) (2.2)
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where g : [0,7] — X is a continuous function and Ly : RT — R is a bounded

(on bounded sets) function.

(B.3) X(t), t € [0,T], are closed subsets in X such that for z € X(t + \),
Y € E(t), and A > 0 with \w < 1, w := max{0, M + o},
(2) if gpf’/\ € E is the solution to ¢ — A¢' = 1, ¢(0) = x, then @fy/\ e E(t+\),

and moreover,
(id) [(0) + AF(t+ X @l )] € (I 4+ AB(t+ M) (D(B(t+ X)) N X (¢t + ).

Our subsequent results will be based on these assumptions.

2.3 Existence of mild solutions to (FDE)

In this section, we present the main result of this chapter on existence and flow-

invariance of mild solutions to

w(t) + B(t)u(t) o F(t,u), 0<s<t
Us = p.

(FDE) {

We will base our techniques of proof of the existence of mild solutions on the usual ap-
proach via a Cauchy problem in F, which in this local case follows the (autonomous)
approach of [58]. We define a family of nonlinear operators A(t) : D(A(t)) C E — E
by

{ D(A(®W) = { € B1) | ¢' € E,p(0) € D(B1)),¢'(0) € Flt.9) = B0}, 5

At)p = —¢", p € D(A(t)).
Theorem 2.2. If (B.1), (B.2) and (B.3) hold, then given s € [0,T) and ¢ €
cl(D(A(s))), (FDE) has a mild solution uyp, such that (uyp); € E(t) for allt € [s,T).

Proof. Our proof will be divided up into the following three steps. (Compare the
autonomous case [58].)

Step 1. The family A(t) generates an evolution operator {U(t,s)| 0 < s < t}, U(t,s) :
cl(D(A(s))) — cl(D(A(1)) such that [[U(t,s)¢; — U(t, s)gall < el — ],
where w = max{0, M + «}.

Step 2. For ¢ € cl(D(A(s)), if we define up : (I +5) U [s,T] — X by

uw(t):{go(t—s), I>t—s<0
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where U(t, s) is the evolution operator generated in Step 1, then
Ut,s)p = (up)y, s<t<T.

Step 3. The function uyp defined in Step 2 is a mild solution to (FDE).

Proof of Step 1. In this part of proof we shall translate our assumptions on B(t)
to some conditions on the family A(¢), which is sufficient to generate an evolution

operator. Namely we prove:

Proposition 2.3. Under the conditions of Theorem 2.2, the Cauchy problem

P(t) + A(t)p(t) =
p(s) = ¢ € cl(D(A

m B admits a unique mild solution.

0 <t<T
(’ S5 (2.4)

s)))

Proof. Thanks to Theorem 1.7, it is enough to show that (A.1), (A.2) and (A.3)

are fulfilled in our setting.

1. Let w = max{0,M + a}. Given A > 0 with \w < 1. Let ¢; € D(A(t1))
and @, € D(A(ty)), s < tg < t; < T. As Y = ¢, — ¢, solves the equation
=M= (01 — ApY) — (3 — Apy), with ¥(0) = ¢1(0) — ,(0), by (E.2) we have,

lr = @5l < max{l1(0) — o (0)l, [[(01 — Aph) = (2 — A) I}

In case [|¢©1(0) — oo (0)]| < [[(py — ApL) — (92 — Aph) ||, we have the desired inequal-
ity. Otherwise, (E.1)(a), implies that |¢; — @5l = ||¢1(0) — v, (0)||. We note that
[0;(0), F(t;, ;) — ¢i(0)] € B(t;) i € {1,2}. Thus using (2.1) and (2.2) we obtain

(I =2a)fler = @all < [l91(0) = @5(0) + A(=4£1(0) + 5(0)) |
+ AM|lpy = ol + Allg(t) — g(t2)[[ La(llpo])
+ Al (8) = () Ll (0)]])-

Now since L, is nondecreasing, (E.1)(a) implies that

(=AM +a))ller = pall < (01 — @2 + M=) + )] (2.5)
A () = Ft)ll + g (ts) = g(t2)I) L2l

where L = L{ + Lo.
Comparing (2.5) to (A.1), we have two control functions f and g. However the proof

of Theorem 1.7 remains true. Indeed, it is only the modulus of continuity of the
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control function which has a role in the proof. For the sake of simplicity, we shall
define

H{(ty, ta) = || (t) = f@)I + [lg(t) — g(E2)]| (2.6)

Remark 2.4. Since for ¢ € D(J;f‘(tl)), [Jf(tl)gp,A,\(tl)gp] € A(ty), the inequality
(2.5) implies that for all ¥ € D(A(t2)), with to < t;

A=) =6 < Nl =l + M+ A (@, )LD, (27)
2. We now show that for A > 0 with Aw < 1 (independent of t € [s,T7),
c(D(A(t))) C E(t) € R(I + MA(t + ), (2.8)

which clearly implies (A.2). Let A > 0 with A\w < 1 and ¢ € E(t). By (B.3)(ii) we
may define

T:X(t+A) — X(E+A) by T(x) = J) (0(0) + AF(t+ N ¢2))),

with (pi/\ as defined in (B.3). If #,y € X(t + \), then by (2.2)

A
ITe =Tyl < ||+ A eba) = Fit+ 2,000
AM AM
< Yo— ¥ ‘< — .
< Z||eba - et < TS le -

Here we have used that cpi/\ - @ZA is the solution of p— Ap’ = 0, p(0) = x —y. Thus,
by our choice of w and X, T is a strict contraction from X (t+ \) to X (¢+ ). Hence
there exists a unique z € X (¢ + A) such that,

2 =T(2) = LV W(0) + AF (44, 6).
In particular cpj)\(()) =ze€ D(B(t+)\)), and

¥ _
200 = OO s ) — B+ )t )

Therefore, gof’/\ € D(A(t+ N)) and (I + NA(t + A))@Z,\ =9.

3. To show (A.3), let t, € [s,T), and ¢, € D(A(t,)) such that ¢, 1 ¢ € (s,T] and
v, — pin Easn — oo. Set A\, =t —t,. By (2.8), we may define v,, = an(t)wn for

n large enough. Then using (2.7) we have

(1 = Aw)[[¢hn — o]l < (1 = Aaw) [l — @Il + (1 = Aaw)|[thn — @y, || <
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for m > 1. Therefore,

lim sup ([ — @ < 2, — ¢

n—oo

for m > 1, which shows that ¢, — ¢ as n — oo. Since 1, € D(A(t)) for n > 1, it
follows that ¢ € cl(D(A(t))).
We shall call the evolution operator generated in proposition (2.3) by U(t, s). The-

orem 1.7 then implies

Ut 8)p = Ut )l <o =, @, € d(D(A(s))). (2.9)
Proof of Step 2. The following lemma will be needed;

Lemma 2.5. [60, Lemma 2.2|. Let E satisfy (E-1)-(E-3), then we have:
(a) Fort >0, define Sy(t) : Ey — Ey by

(So(t)e)(s) = { 0 —t<s<0

s € I. Then (So(t))e0 is a (linear) Cy-semigroup of contractions on Ey generated
by —Aq, where

D(Ao) ={p € Eg|¢' € Eo}, Agp=—¢.
Let Jo » be the resolvent of Ay, then for all ¢ € Ey, and X > 0

o0/2

(Jorp)(0) = T/g e p(s)ds, 6el. (2.10)

(b) If Ay is the operator in E defined by

D(Al) - {SO € EO | gpl € E}7 A1§0 - _30/7
then

(b1) Ay is accretive, and for all X\ > 0, R(I + AA;) = E. Moreover,
Jiag = Joa(e — ¢(0)) + (1 —ex)p(0),  forall ¢ € E, (2.11)

where Ji 5 is the resolvent of A;.

(b2) If A: D(A) C E — E is an w-accretive operator defined by Ap = —¢', then
for all A > 0 with A\w < 1;

I = Jiap + ex(J{9)(0), p € R(I+AA). (2.12)
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To show that U(t, s) acts as a translation, we will follow the idea of proof in [12,
Proposition 1]. Let ¢ € D(A(s)) and t > s. For a > 0, define M,,(«) by

H

n—

Mo(o) =Y =

(an)’e " n €N,
J!

<.
Il
=)

It is proved in [20] that M, (a) — 1 for o < 1, and M, (a) — 0, for a > 1.
Since (¢ — ¢(0)) € Ey, Lemma 2.5 implies that

lim Jg— /(9 = #(0)) = So(t = 5) (0 = ¢(0)), (2.13)

for each t > s.

Now an induction argument on (2.11) as in [20], and (2.13) imply that for all § € I,
(J1't_s/nP)(0) converges to (So(t — s)¢)(f), except possibly at § = —(t — s). Set
An = £2, for n > ng such that Tn—’osw < 1/2. Using (2.12) and (2.8) we can prove by

induction that (compare also [12])

m m—1
[T 70 (s +ix)e =T 0+ > Jis (eabmoicia,(9)), mEN (2.14)
i=1 =1

where Jy(s 4+ iA) = JETN and ba(e) = ([T Ja(s +iA)e)(0).
It is easy to show that for any € X and 6 € I (compare also [20])

(75 (ex2)) (6) = e,\(Q)x% (_79) | (2.15)

We will see that there exists a constant K such that ||b,—;—1,(¢)|]] < K for i €
{1,---,n—1} and n € N. Thus for § € I we have

<H a5+ Mn)s0> 0) — (J7 ) (0)|| =

Z (Jf,xn(exnbn—i—l,m(@) @) =

1
L
o
>

3
—~
>
S~—
>
3
J
|
AR
S
3
—~
S
S~—
il
7 N
>/||
S |
\—/
-
[\

Ky — () e (0) = KM,(—0/t—s),
and therefore

(H Tn, (s + iAn)st) (0) — (J7'), %) (0)

i=1

lim

n—oo

=0, —0>(t—s). (2.16)
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But lim,, oo (JT72; I (s X)) (0) = (U(t, s)p) (). Indeed, set pf = ¢ and ¢ =
s, for n > ng. Now considering (2.8), we can select ¢} € D(A(t})), with t; = s+2,
such that ¢} = Jy, (s + A\,)¢f. Continuing this argument, we can choose sequences
{t}} satisfying 7 = s + k(=2) and {p}} in D(A(t})) such that

s+ 7\) ke{l,---,N,},

Ilzw

where N, is the largest integer such that s + N, (=2) < T If we define

t=s
#ale) = {‘sz € (tg_1, %],

then {¢,} is a sequence of DS-approximate solutions of (3.44). Therefore,
lim ¢, (t) = U(t,s)¢ uniformly over compact subsets of [s,T).
But t = s 4+ n(=2) =, and therefore

— S t—s._
Als +j—)) L.

- t
U(t,s)p = lim ¢, (t) = lim H([—|—

j=1

It now follows from (2.16), that for ¢ € [s, T),
(U(t,s)p)(0) =pt—s+0), I360<—(t—s). (2.17)

Note that U(., s)¢ and ¢ are both continuous functions on [s, 7], and therefore (2.17)
holds for all ¢ € [s,T]. Also observe that, since the left— and right-hand sides of
(2.17) are each continuous functions of § on § < —(t — s), (2.17) actually holds for
I>0<—(t—s).

The continuity of the evolution operator U(t, s) implies that (2.17) is even true for

all € cl(D(A(s))). We now define,

) ot —s), I>5t—s<0
uel) ‘{ Ut 5)9) (0), ¢ 219

Then (2.17) implies that,
U(t,s)p = (up)y, t=>s. (2.19)

To finish this part of proof, it remains to show that for ¢ € D(A(s)), bi, (@) are
bounded for all & € {0,--- ,n—1}, n € N,
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Lemma 2.6. Assume (2.7) and (2.8) are satisfied. Let s € [0,T) and ¢ € D(A(s)),
then for all A > 0, with A\w < 1 and for all k € Ny such that \(k + 1) < T we have

HJA(SHA)@—@ < A\Iw’l!Z(l—Aw)‘i (2.20)
k+1
+ AL(||¢l) 2(1 — M) H(s, s+ Ak +1— (i —1))).

Proof. Let k = 0. (2.7) yields that
1x(s + X — ol < A1 = Aw) ™ + ALl ) (1 = Aw) " H{s, 5 + ).

Thus (2.20) is satisfied for k = 0.
Assume that (2.20) holds for all j <k — 1. Let A(k+1) <T. Then

k+1 k
[T 6 +ive—e| = |las+E+ D) [ A +ide—¢
< (I=Aw)” HJ/\ s+iN)p — o + Al (1= Aw)™
+ AL(|lel) (1 - )\w)_lH(s, s+ (k+1)N). (2.21)

From (2.21) and the induction assumption we obtain

k+1
HJ,\s—l—z)\)gp @ <>\H90HZ (1 — ) (D 4
i=1 =1

L{l¢|) Z 1= 2) U VH(s, s + Mk — (i — 1)) +
M@l = Aw) ™ + ALl (1 = M) H (s, s + (K + 1)N),

which clearly is the inequality (2.20).
k+1

HJAH(S—FZ)\”)QO—('O )
i=1
forn € Nand k € {0,--- ,n — 1},

Since ||bga, () — @(0)] < we conclude from (2.20) that

1Bk, (0) = 2(O)[] < Ank+ 1)(1 = Anw) " [[€]] + 20 L([l0])]
where Ko = sup{||f(7)|| |7 € [0,T]} + sup{||lg(7)|| | 7 € [0, T]}. Using the estimate

(I—y)'<e?, 0<y<1/2,
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we have b, (©) —@(0)]] < (T — s)e2 T [||¢'|| + 2KoL(||¢]))], and therefore
16k, (©)|| is bounded .

Proof of Step 3. We finally show that the function uy defined by (2.18) is a mild
solution to (FDE). To do so it is enough to show that u is a mild solution to the
Cauchy problem

(2.22)

with f(t) = F(t,u). According to Proposition 2.3 there are sequences (1), (¢}) C
D(A(t7)) and (¥) C E, k € {1,...,N,} such that s = tf <1t} < ... <t} <
ty, <T,and

Pr — Pra

o TAG)eE v ked{l,... . No}, (2.23)
tk—l _tk

with ¢ — ¢, (py) C E, as n — oo, and
Nnp
lim Y [ty — 1) = 0. (2.24)
k=1

t=s

Moreover if ¢, (t) = { 4 , then

0
QDZ te (tﬁp tZ]

lim ¢, (t) = U(t,s)¢ uniformly over compact subsets of [s,T). (2.25)
ve(0)  t=s

Now we show that u,(t) = (¢,(t))(0) = Sr(0) e (1, 1)

is a sequence of

DS—-approximate solutions to (2.22).
Since ¢ € D(A(t})), k € {1,--- , N, }, (2.23) at zero implies that,

vr(0) — ¢r 1 (0)

o T Bt)ek(0) 3 vr(0) + F(tg, k). (2.26)
k-1 k
We now look at
Ny, tZ
Z/ [ (0) + F'(tg, o)) — F(7,U(7, 8)p)|dr < (2.27)
k=1 tﬁ&

SOt — )+ / CE(E oult) — F(r.U(r, s)0) |dr.

n
k—1
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We note that D = {(t,U(t,s)e) |t € [s,T]} U{(t,¢n(t)) |t € [s,T],n € N} is a

relatively compact subset of |J {t}xE(t). Thus F is uniformly continuous on D.
t€[0,T]
This together with (2.24) implies that (2.27) tends to 0 as n — oo. Now (2.25)

implies that w, (t) converges to (U(t, s)¢)(0) uniformly over compact subintervals of

[s,T), and this completes the proof.

Remark 2.7. Following the proof of [47, Theorem 3.2 (2)], we can see that u, is
an integral solution to (FDE). This means that for r € [s,T] and [z,y] € B(r), u,

satisfies the following inequality
[ug(tr) — 2l = [lug(t2) — 2| (2.28)

< / 1 [allug (1) — 2|+ < F(T,up.) — y,uu(1) — 2 >4 +C| f(7) — f(r)|]] dr

to

for all s <ty <t; < T, where C = max{L(||z||), L( sup [lu,(7)])}-

s<t<T

Lemma 2.8. Let the family C(t) of operators satisfy a condition of the form (2.1),
and g1,9o € LY(0,T : X). If u and v are mild solutions of u(t) + C(t)u(t) > gi(t)
on [0,T] and 0(t) + C(t)v(t) 3 g2(t) on [0,T] respectively, then

e "Mlu(ty) = v(t1)ll — e [|u(ts) — v(t2)[| < (2.29)

t1

/ ' e T < gi(7) — g2(7),u(T) —v(r) >, dr < / e Tlg1(1) — g2(7)lldT.

to to

Proof. For the case of all C(t) m-accretive, see [47, Theorem 4.1]. For the more
general case, combining the method of proofs in [47, Theorem 3.2] and [3, Theo-
rem 6.4] we can still show this result. For the proof under different t-dependence

conditions on the family C(t), see [19, Theorem 3] and [16, Proposition 3.

Corollary 2.9. Let ¢, and ¢ in cl(D(A(s))), and let u, and uy be mild solutions
to (FDE) as in Theorem 2.2. Then

e ug(tr) = up(t) | — e lug(t2) — uy(t2) ]| <

/ e < F(, (up)r) = F(7, (uy)7), up(7) = uy(7) >4 d7 <

t1

/ T E(r (up),) — F(r(ug))lldr. (2:30)

t2
We employ the following notation:

The family F'(.,.) is said to be Lipschitz continuous on bounded sets if, given any
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S, r > 0, there exists M(S,r) > 0 such that for all ¢ € [0, 5], and ¢, € E(t) with
lell, 1ol < 7,

[E(t, o) = F@, )|l < M(S,r)lle — || (2.31)

Proposition 2.10. In the context of Theorem 2.2, if in addition F(.,.) is Lipschitz
continuous on bounded sets, then the solutions up to (FDE) with (up); € E(t) for

all t > s are unique.

Proof. Let ¢ € E(t), and Uy, U, be mild solutions to (FDE) with (u,)s = (vy)s = ¢,
(up)s, (v,)e € E(t),t > s, and u, # v,. Since u,(s) = v,(s), we may define

to =sup{t > s|u, =v, on [s,t]}.

Then 0 < ¢y < 00, and, by continuity of wu,, v,, us(ty) = vy(to), and (u,)e = (v,)¢
for all £ € [s, o). Set

r=mel gt g N )

and K = sup{M;(&) | 0 <& <ty + 1}, with M; as in (E.3)(b).
Let 6 < min{l, =} where M = M(ty + 1,7) as in (3.17). (If @ = 0, let

» 2M K (elol—1)
§ <min{l, (2M K)~'}). We shall assume « # 0. Choose t; € (tg, to + d] such that

[ (&) — v (Ol < lJup(ty) —vp(t)l| forall & € [to, to + 0] (2.32)

From Corollary 2.9 we have

[up(tr) = vp (1)l < /16"‘(t1_£)||F(£,(uso)a)—F(é,(%)s)Hd&-

to

Now (E.3)(b) implies that

t1
lug(ts) — v(t)l| < / OO N Mol (g )y — (v, )11

to

to<T<&

t1

4 / a(tl g)MK max Husp( ) (7_>Hd€
to

< MK |ug(t) = vp(h H/ e?lt79d

Therefore o
-1
(1) — vp(t1)]| < SME (S o] Mug(t1) —vs(th)]]

which contradicts ||u,(t1) — v,(t1)|| > 0.
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Remark 2.11. In [7], the following initial history space has been considered: Let
r > 0 and p a positive function on (—oo,0] with the property that p(0) = 1, and
p(x)e” is nondecreasing on (—o0, 0]. Let E be the linear space of (equivalence classes
of ) strongly measurable functions ¢ from (—oo, 0] to X such that ¢ is continuous on
[—7,0] and pyp is integrable on (—oo, —r). Then E becomes a Banach space under

the norm

Il = max{_sup pOIe©. [ pele(e)lde}.
—r<€<0 .

This space fails to satisfy (E.1)(c). However if ||¢,, — ¢||z — 0, then there exists a
subsequence (¢, ) such that
ngnk(Q) — gp(@)H — 0, ae 0€(—o0,—rl.

An inspection of the method of proof in [20] and [15] shows that this still yields the
translation property of U(t, s). Thus Theorem 2.2 holds for this initial history space

as well .

2.4 Characterizing the closure of D(A(t))

In this section we characterize the closure of D(A(t)) for the operator A(t) defined
in (2.3). Let us assume the following conditions :

(B.1") (B(t)):>0 is a family of a—accretive operators.

(B.2') F(t,.), t > 0 is a Lipschitz continuous function on F(t) with Lipschitz con-
stant M.

(B.3) For z € X(t), 1 € E(t), and A > 0 with Aw < 1, and w = max{0, M + a},
p— A =1
p(0) =
(i) [0(0) + AF(t,8,)| € (T +AB(®)D(B(t) N X(1).

Lemma 2.12. If (B.1')-(B.3') are satisfied then for A > 0 such that A\w < 1

(i) if gpf?/\ € E is the solution to , then gpi/\ € E(t), and, moreover,

c(D(A(t)) C E(t) € R(I 4+ MA(2)).
Proof. Let ¢ € E(t). Consider T : X (t) — X () defined by
T(@) = I3 (p(0) + AF (L, ¢,).

Then T is a contraction, and therefore has a unique fixed point xy. Now following
the argument in the proof of Proposition 2.3 one can see that QDZOO’)\ € D(A(t)) and
(I + )\A(t))SOfO,,\ = .
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Proposition 2.13. Under the assumptions of Lemma 2.12
A(D(A®) = {¢ € B(1)| ¢(0) € ADBM))}.

Proof. Let ¢ € E(t) such that ¢(0) € cI(D(B(t))). Choose a,, € D(B(t)) such that
[p(0) — aul| — 0 as n — o0. Let A, | 0, then by Lemma 2.12 for n large enough we
may define ¢,, = J/\ ¢. Using Lemma 2.5, and (E.2) we have

low = ¢l < 7326 = (0) = (= O] + || O0)0) - ()| (233)

Since ¢ — p(0) € Ey, the first term in (2.33) tends to 0 as n — oo.

70010 - e = [ RO Gurte o) + 200) = 0| <
| 720 (nF(t, 0.) + (0 >> = O () + 9 (O)]| + MIPE 0 <
2 — n
—E A (s 2) + 9(0) = anll + T bull + Ml F(E 0,
11—\« 1 -\«

for all m € N and b, € B(t)a,,. Here we have used Lemma 1.4. Using the Lipschitz
property of F'in the last inequality we have

An
1 - Ao

| 72000 - e < =5 ol (239

3— 2\«
1—- M\«

AnQ
5 (0) — anl + 15—

Now combining (2.33) and (2.34), we have

limsup ¢, — ¢l <2[¢(0) — an|| forall meN,

n—oo

and therefore ¢,, — . Since ¢, € D(A(t)), we conclude that ¢ € clD(A(t)).

Corollary 2.14. If in Theorem 2.2, (B.2") and (B.3') are also satisfied, then for all
¢ € E(s) such that ©(0) € cl(D(B(s))) the conclusions of Theorem 2.2 hold.

For some special choices of E(t), cl(D(A(t))) can also be determined under the

conditions of Theorem 2.2.

Remark 2.15. Let E(t) = Ey(t) = {¢ € E|(0) € d(X(t) N D(B(t)))}, or E(t) =
{¢ € E|p(0) € X(t) N cl(D(B(t)))}, then under the assumptions of Theorem 2.2,
cl(D(A(t))) = Eo(t). (The proof follows from the same argument as in Proposition
3.17 of Chapter 3.)
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Remark 2.16. Following [60, Remark 2.8], we now note some relationships between
the families E(t) and X (¢).
(i) If (B.3')(i) is satisfied for X (t) € X and E(t) C E, then

X(t) € E(1)(0) = {p(0)|¢ € E(t)}.

(i1) If both conditions (B.3')(i) and (B.3')(ii) are satisfied for X (t) C X and E(t) C
E, then cl(D(A(t)))(0) € X ().

Part (i) of the above remark is obvious. For (ii), let € X (t), and choose A, | 0 such
that A,w < 1 for all n € N. Take ¢ € cl(D(A(t))), then (B.3')(:) yields that gof’/\n
belongs to E(t) and ’ gofm < max{||z||, [|¥]|}, » € N. Using (B.2)(ii), there exists
a sequence (z,,) € X (t) N D(B(t)) such that 1(0) + A\, F(t, gpf)\n) € (I 4+ M\.B(t))zy.
Since 1(0) € cl(D(B(t))), we can choose [an,,b,] € B(t) such that a,, — 1¥(0), as

m — co. Now using Lemma 1.4 we have

Jan = 0O = || (0(0) + MF(t,68,,)) = 00| = (2:35)

2 — \w A
: ol Pz
1= \w oo lomll (t, on,)

H@z)(o) FAF (el ) — amH n oA

for all m € N. Since the sequence (cpf »,) is bounded we have

limsup ||z, —¥(0)]] <2||¢(0) — ay| forall meN,

which implies ||z, — ¥(0)|| — 0, and, therefore (0) € X (t).

Corollary 2.17. If in addition to (B.1)-(B.3), also (B.3) is fulfilled, in Theorem
2.2 we also have invariance of X (t); U(t, s)p(0) = up(t) € X(t) for allt > s.

Remarks 2.18. 1. In the case that the family B(t¢) is m- accretive, and the op-
erators F(t,-) are globally defined, with the choice of X (¢) = X, and E(t) = E
assumptions (B.3) and (B.3') are automatically fulfilled. If F'(¢,.) is globally Lip-
schitz and ||F(t, ) — F(1,9)|| < ||k(t) — k(7)||L(]|¢||) for a continuous function k
and a bounded function L, then (B.2) and (B.2') are also satisfied, with E(t) = E.
Thus Theorem 2.2 extends the previous related works on (FDE) in [6, 7, 12, 13, 14,
15, 16, 29, 30, 31, 32, 33, 34, 35, 36, 45, 53, 57, 58, 69, 70, 71, 72, 73, 74].

2. The result includes an assertion on flow invariance: by (2.19), and the fact that
for ¢ € cl(D(A(s))), U(t, s)p remains in cl(D(A(t)), automatically (uyp); € E(t),
for all t > s.
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3. If we choose E(t) = {¢ € E|¢(0) € X ()}, then (B.3)(i) is satisfied. However as
we will see, in the examples condition (B.2) can not be easily verified.

In the concrete examples for E(t) = {¢ € E|@(s) € X(t),s € I}, condition (B.2)
is fulfilled but to show (B.3)(i), we need the family X (¢) to be nondecreasing and

convex.

2.5 Diffusive population models with delay in the birth pro-

cess

We look at the time dependent population equation with delay

(z,t) — d(t)Au(z, t) 5 a(t)u(z, t) ([]1 —b(t)u(x,t)—

Jo ulz,t+ T(s))dm(s)}, t>0 (2.36)
Yro = %
+boundary conditions,

where a, b, d : Rt — R* are bounded continuous functions, such that 0 < dy < d(t),
0<ag<a(t)<aand 0 < by < b(t) < by. The map t — n; from RT to M*([—1,0])
is continuous, with b(t) + ||| = 1, and r : [-1,0] — [—R,0] is a continuous
delay function, and X is an appropriate state space of real valued functions on
Q c RY open. In particular, this equation serves as a model for the density of
red blood cells in an animal. This and related concrete population models (see
below) have been considered by various authors under both Dirichlet and (linear)
Neumann boundary conditions. The state spaces considered in these works have
been restricted to function spaces on €2 that are invariant under products, such as,
for Q@ € RY bounded, either C(Q) or W2P(Q), with N < p < oo; for a partial list
of references, compare [26, 43, 46, 67, 80]. The reason for this restriction are the

quadratic terms in the history responsive operator

0

Fit.) = a(0)p(0) [ 1= 00600 - [

-1

w(r(s))dnxs)} .

However, the natural state space for population models obviously is L!'(Q). For
further references and more details in this direction, see Ruess [58].

The results of this chapter now make it possible to place this model in the context
of the natural state space L'(Q2). Moreover, the Laplacian can be replaced by more

general, possibly nonlinear diffusion operators in divergence form.
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Definition 2.19. 1. An operator A in L'(Q) is called completely accretive if for
all A > 0, and [u,v],[a,0] € A

/Qj(u—il)g/ﬂj(u—ﬂ—l—/\(v—@)), jed, (2.37)

where Jg = {j : R — [0,00) : j is convex lower-semicontinuous, and j(0) = 0}.
2. A is called m-completely accretive in L'(2) if A is completely accretive and
R(I +)\A) = L'(Q), for A > 0.

Remark 2.20. If A is a completely accretive operator in L!(€2), then by choosing
j(r) tober™ and |r| in (2.37), we see that J;' are order preserving and contraction
in [|.||;- Moreover if u, @ € R(I + AA) N L*(Q2), then Hqu — Jfﬁ”oo < lu—1al;
here one can take j(r) = (|r| — |lu—a|)*. For more details about completely

accretive operators we refer to [2, 75].

Prominent examples of m-completely accretive operators are diffusion operators of

the form

—div a(., grad u) + 3(u) + Dirichlet boundary conditions,
with a : Q x RN — RY satisfying the following conditions:

(H1) a:Q x R® — R" is a Caratheodory function, i.e., measurable in x € Q for all
¢ € R", and continuous in £ € R " for a.e. z € Q; a(+,0) = 0;

(H2) “monotonicity condition”: (a(z,&) — a(z,€))- (6 —&) >0 forall £, € R™,
a.e. x € (1

(H3) “coerciveness condition”: a(z,&)-& > Nglé| P —ag(z) forallé € R ™ || > Ry,
a.e. © €, where 1 < p < o0, ap € L*(Q), Ao > 0, Ry > 0;

(H4) |a(x,€)| < bo(z) + Colé| P~" for all ¢ € R™, ae. z € Q, where by €
L) + L=(Q), 1/p+1/p' =1, Co 2 0,
or more generally
—div a(., grad u); —a(.,grad u).n € B(u) on OS2,

with a as above and $ C R? a maximal monotone graph such that 0 € 5(0) (cf.[76,
77,78, 79]).

We now consider the model (2.36) in L'(Q2) and with —A replaced by any such
more general diffusion operator, or by just any family B(t) of m-completely accretive

operators.
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Proposition 2.21. Let  be an open subset of RN, X = LY(Q), and let B(t) C
X x X be a family of m-completely accretive operators with 0 € B(t)0, for all t > 0.
If in addition the family B(t) satisfies an inequality of the form (2.1) and a(t) is
non increasing, then for all o > max{%?), ao}, the family X(t) C X, X(t) ={z €

X |0<z(w) < O‘:&gt) a.e. w € Q}, is invariant for the delay equation

a(t) + B(tyu(t) 5 a(tyu(t) |1 - bE)ult) — [° ult+r(s))dn(s)| >0

(2.38)
Y -ro —

in the following sense; for any ¢ € C([—R,0]; X) with ¢(s) € X(0),s € [=R,0], and
©(0) € c(D(B(0))), if u € C(R*; X) is the unique global (mild) solution of (2.38)
as in Theorem 2.2, then u(t) € X (t) for all t > 0.

Proof. Set ((t) = a:&gt), for & > 0 to be specified later. Let X(t) = {z € X | 0 <

z(w) < B(t) ae weQ} and
E(t) = {p € C([-R,01: X) | o(s) € X(1), s € [-R, 0]}

We now consider the equation (2.38) in the form of (FDE) with F(t,.) : E(t) — X,
defined by F(t, ) = a(t)p(0) |1 = b(t)(0) = [°, (r(s))dmi(s)|.

As in [62, Section 4], we replace the operator B(t) in (2.38) by B,(t) := al + B(t),
and accordingly, change the history-responsive operator to F,(t,¢) := F(t,¢) +
ap(0). Let z € X(t+ )), ¥ € E(t), and A > 0. Since a(t) are non increasing,
fso e~&Mpde € Ne*/* — 1) X (t 4 \) for each s € I, [52, Theorem 3.27]. Hence

0
pul) = PNat 5 [ e Puae),

S

belongs to X (t 4 \) for s € [~ R, 0].
Let ¢ € E(t) and ¢ € E(7),0 < 7 < t. Some elementary computations show that

1Fa(t, ) = Fa(m, )l < Mol = 9l + (2.39)
L({[]l) (la(t) = a(m)] + e — -]l + a()b(t) — a(s)b(s)] )

where L : RT — R* is defined by L(z) = z+5(24a(0))x with 5 = sup{5(r) | 7 > 0},
and M, = a+ a(0)(1 4+ 20). If we choose

a> max{@,ao},
0
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then

0<

e [(0) + AFL(t+ A, p,)] < B(t+A) ae on Q. (2.40)

Using the fact that B(t)’s have order-preserving resolvents (defined on all of X) that
also contract in the L>—norm (together with 0 € B(t)0), we conclude from (2.40)
that

1

0<(I+ o

B(t+\)™ Y

1+ [(0) + AFo(t+ A, @)1} < B(t+A) ae. on Q,

and this shows that
0< (I +ABa(t+ X)) M) + AFL(t+ X 0,)} <B(E+A) ae on Q. (2.41)

Therefore (B.1)-(B.3) are satisfied in our setting. The assertions of Proposition
(2.21) can now be read from Theorem (2.2).

Remark 2.22. The condition on a(t) to be non-increasing is needed to get the
optimal estimate for (¢). However, under the condition of Proposition 2.21, if a(.)
is a bounded continuous function on R* such that 0 < ag < a(t) < aq, t > 0, then

we may choose;
Xt)={reX|0<aw) < Qi ae. weQ),
ai
and

E(t) = {¢ € C([=R,0; X) | o(s) € X(t), —R < s <0},

2
2a7

with o > )
aogbo

Existence and flow-invariance results corresponding to those of Proposition 2.21 for
the model (2.38) can also be achieved for the related model

a(t) + B(t)u(t) 3 u(t) [1 + a(t)u(t) — b(t)(u(t))?
—(L+a(t) = b)) [° f(s)u(t+s)ds|, t>0 (2.42)
1L|L7730} =¥

for Q open in RY, B(t) C LY(Q) x LY(Q) m-—completely accretive (such as (2.36)
above), a,b : RT — R*, are bounded continuous functions such that b(t) < 1+
a(t),t € R, and f € L'((—R,0)) nonnegative with || f||, = 1. For Q bounded, a, b
constant, and B(t) = —A with 0—Neumann boundary conditions, and state space

C(9Q), see [23, 51].
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Also, both models (2.38) and (2.42) can be extended to infinite delays and, more
importantly, to temporal averages being replaced by spatio-temporal averages over

the past history, such as

a(t) + B)u(t) > a(t)u(t) [1 — b(t)u(t)
— [ Jagl =yt - S)U(S)(y)dyds] , t>0  (2.43)

U —o00) = ¥
and

w(t) + B(t)u(t) 3 u(t) [1+ a(t)u(t) — b(t)(u(t))?
—(1+at) = b)) [* fo9( =yt —s)u(s)(y)dyds|, t>0 (2.44)

Uimoo0) = ¥

with g € L'(RY x (0, 00)) nonnegative suitably chosen, and  and B(t) as in (2.38)
and (2.42). For the discussion of model (2.44) for Q bounded, a, b constant, and

B(t) = —A, together with further relevant references, the reader is referred to [8].

2.6 Initial history spaces of L' type

In the context of (FDE) with initial history space E = L'(I; X), it is necessary
to take the initial value u(s) = z € X as an additional datum. Thus , instead of

working in the context of £ = L(I; X), one needs to work with the product space
Ex = LNI; X) x X, |[[p, h]|| = max{[[],. | Al[}-

Following [58, Section 4], throughout this section, we shall take the initial history
space E, E = L'(R™, v, X) with v = p(.)d\, where the Lebesgue measurable function
p: R~ — (0,1] is chosen such that, for some p > 0,

p(s)e’® is nondecreasing on R™, and p(0) = 1. (2.45)

We then start from the space Ex = L'(R™,v,X) x X, with norm ||[p,h]|| =
max{||¢||;,||7||}, and denote by 7 and m, the projections of Ex onto its first and

second component, respectively.

(FDE) will be studied in the following form.

W(t) + B(t)u(t) o F(t,u,u(t)), 0<s<t

oo,
us =@, u(s)=heX.

For a fixed T' > 0, the assumptions (B.1)—(B.3) of Section 2 are modified as follows:
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(B1); (B(t))o<t<r is a family of operators B(t) C X x X such that there exist « € R ,
a continuous function f : [0,7] — X, and a nondecreasing bounded function
(on bounded sets) Ly : RT — R™ such that for all [z;,y;] € B(t;),i € {1,2},
and 0 <ty <t; <T,

(1= Aa)||zy — ol < [[21 — 22 + Ayr — w)ll + Al (1) — f(t2) [ La([|22]]),
(2.46)
for all A > 0 with \a < 1.

(B2); E(t), and X (t), t € [0,T), are closed subsets of E, and X such that
(i

) F: U {t}xE(t) x X(t) — X, is continuous and bounded on bounded
te[0,7]
sets.

(ii) There exists M > 0 such that for ¢ € E(t;) and ¢ € E(t,) continuous, 0 <
tr <t < T, with (0) € X (), ¥(0) € X(t2), and [l £(0)] = [, (0)]]l =
1 (0) = ¥ (0)]] -

1E (1, @, 9(0)) = Fta, 0, 0(0)[| < Mllp(0) — ¢ (0)]]
+ llg(t) = g(t)l[ L2(ll[, (0)]]])

where ¢ : [0,7] — X is a continuous function and Ly : Rt — R* is a bounded

(on bounded sets) function.

(B3); Forz € X(t+\), v € E(t), A> 0 with MAw < 1, and w := max{1—p, M +a},
(2) if @f}/\ € E is the solution to

o — A =1,
©(0) = ,

then gpi)\ € E(t+ \), and, moreover for all k € X (1)

(i7) (k+AF(t+X90,) € I+ AB(t+A)(D(B(t+A) N X(t+A)).

Accordingly, associated with (FDE);, we define the family of operators in Ex by

D(A(t)) = {le.h] € E(t) x X(t) : ¢ locally absolutely continuous on R~
differentiable a.e. s € (—00,0], ¢ € E, ¢(0)=he D(B(t))}
A(t)]p, h] == [/, =F(t, 0, h) + B(t)h], [, h] € D(A(t)),
(2.47)
and consider the following statements:
(S1); A(t) generates an evolution operator U(t, s), U(t, s) : cl(D(A(s))) — cl(D(A(t)))
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of type 7, with v = max{l — u,« + M}:

HU(ta S)[Sola hl] - U(ta S)[SO% hQ]” < 67(t_8)|’[901? hl] - [(7027 hQ] H
forall 0 < s <t <T, [, h] € cl(D(A(s))), 1 € {1,2}.
(S2); If [p, h] € cl(D(A(s))), and u(p, h) : (I +s)U[s,T] — X is defined by

ot —s), I>t—s<0

mU(t,s)[p,h], t>s (248)

u(ep, h)(t) = {

where U(t, s) is the evolution operator generated in (S1);, then
mU(t,s)le, h] = (ulg,h)), s <t <T.

(S3)1 For [, h| € cl(D(A(s))), the function u(p, h) defined in (S2); is a mild solution
to (FDE); with (u(g, h)); € E(t) and u(y, h)(t) € X(t), t > s.

In the present context, the following theorem is the analogue of Theorem 2.2.

Theorem 2.23. Let (B1),-(B3); are satisfied. Then given s € [0,T) and [p,h| €
cl(D(A(s))) statements (S1)1, (S2)1 and (S3);hold.

Proof. According to Theorem 1.7, to show that A(t) generates an evolution operator
Ult,s), U(t,s) : cl(D(A(s))) — cl(D(A(t))), it is enough to prove that (A.1), (A.2),

and (A.3) are satisfied in our setting.

(Al); Let A > 0, and Ay < 1 with v = max{1 — p,a + M}.

Take [—¢h, ki € A(ti)|pi hi], @ € {1,2}, and s < ty < t; < T. We consider two
cases:

L If [Py = hal| < [lo1 = @ol|;, then

i1, hal = [a, halll = Nl = wally- (2.49)

Set ¢, — Mg} =1;, i € {1,2}. Then

(1 = @a) + M=} +¢5) = (1 — Pa). (2.50)

Moreover,

0
||%01 902”1 = /

Mlhﬂ/‘ 1) 3 (5) s + = /‘SM/ 41 (6) — (6 ldep(s)ds <

s =l [ s 2 [ e (el [ ePemerptsgasic <

s/A

0
e G REAG dsH

s/)\(hl hg)

IN
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A 1 o -
Tl =Rl + / e P (€) = Ya(&) eV Ep(§)dg <
A 1

1+>\HH¢1 — ool + Y

|1 = ol
Here we have used (2.45). Then we conclude from (2.49), and (2.50) that
(L+ A= Mlpr, ba] = [0g, hall] <
1, ha] = [spa, ho] + A[=h, Fa] = [=5, Ra]) -

Since v > (1 — u), the above inequality clearly implies inequality (2.52).
2. o1 — @sll; < |1 — h2||. In this case

[[p1, 7] = [03, ha] | = |21 = R (2.51)

We also note that k; € —F(t;, p;, hi) + B(t;)h;, and therefore [h;, k; + F(t;, ;, hi)] €
B(t;), i € {1,2}. Therefore, (2.46) implies that
(L=Xa)[|h1 = hal| < || — ho + A(k1 + F(t1, 01, 1) — ko — F(ta, 95, ha)) ||
+ Alf(8) = () La(llhe])-

Now (2.51), allows us to apply (B2);(i7) to the last inequality. Hence

Mg(tr) = g(t2) [l La ([[lpas bl )
+ Al () = FE)I L (g, ho]ll)-

But [[h1 — ho + AMk1 — k)|l < [[[01, ha] = 02, ho] + A([=1, k1] — [, k2]) ||, thus
(2.51) and the choice for v imply that

+

(1= M)l[prs M) = [0, Ro]ll <
1, 7] = [0, ho] + X[}, k1] = [=¢h, ko)l +
Allg(t) = gl + [1£ (1) = f(E) ) Ll[02, ha][l) (2.52)

which is the desired inequality. As in Section 2.3 we define
H{(ty, t2) = |lg(tr) — g(t2)ll + 1/ (t1) = f(E2)]. (2.53)
(A2); Let t > s, and A > 0 with Ay < 1. We shall prove that

c(D(A(t)) C E(t) x X(t) C R(I + MA(t+ \)). (2.54)
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Let [1), k] € E(t) x X(t). By (B3),(ii) we may define;
T:X(t+A) = X(t+A) by T(z)=JJY (k+AF(t+ X, 0%y, 7).

Then

A
1 -

AM

Tr —Ty|l <
Tz —Ty) < T

[P+ a6t = P+ A ebnn)| < 255l = ul.

Here we have used that ‘ o? — cp;/’A ’ < ||z — y||- Indeed,
: il

0

= [ e = w)lpts

— 00

(& (U
9096,)\ - (py,)\ ‘1

0
= Jz—yl / A1) b () s

A | | <l |
= x — x —
1+ M\ il = gl

where the last inequality follows from our choice for 4. Since A\(M + «) < 1, we
conclude that T is a strict contraction, and therefore there exists a unique point
z € X(t+)), such that z = JF(H’\)(/’{; + AF(t + A, goj/\,z)). Thus z = goﬁ/\(O) €
D(B(t+ \)), and

ke (I+AB(t+A)z—F(t+X¢!,,2).
Hence ¢!, 2] € D(A(t+ X)), and [0, k] € (I + MA(t + \)[g? . 2] € D(A(t + N)).

(A3); Let t, € [s,T), and [p,,h,] € D(A(t,)) such that ¢, T ¢t € (s,7] and
[0y hn] — [, h] in Ex as n — oo.
Set A\, =t —t,. By (2.54), we may define [¢,, k,,] = an(t) [©,,, hy] for n large enough.

Then using (2.52) we have

[[n, Kl = [, Ml < Mlom: hrm] = L5 Al 4 [[0n, K] = [0 o]
< ey hm] = L0, A + 10 hn] = [0, Al

1=\
M bl + 2 L s Bl V()
1—An"}/ msy ¥Ym 1_)\an <pm7 m yVm

for m > 1, and [a,, by| € A(tm)[@4, hm). Therefore,

lim sup [|[tn, kn] = [0, 2l < 2[[[£7n, hn] = [0, 2]

n—oo

for m > 1, which shows that [1,,, k,] — [p, h] as n — oo. Since [¢,, k,] € D(A(t))
for n > 1, it follows that [y, h] € cl(D(A(t))). This completes the proof of (S1);.
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According to [49], (S2); holds.

The proof of (S3); parallels Step 3 of the proof of Theorem 2.2 with appropriate
changes. Let [p, h] € cl(D(A(t))). We show that u(p, h) defined by (2.48) is a mild
solution to the Cauchy problem

{ w(t) + B(t)u(t) > f(t), s<t<T (2.55)

u(s) = h,

with f(t) = F(t,us,u(t)). According to (S1); there are sequences (t7), ([¢}, h}]) C
D(A(t})) and ([}, d}]) C Ex such that s =t <t} < ... <ty <ty <T,and

[9027 hZ] - [90713—17 hZ—l]

AR I 3 WY ke {1 Na), (256)

ok, byl e (tys 1]

T
with
[o6, ho]l — [, h] as n— oo, (2.57)
N7L
and T 3R I — ) = 0. 2.53)
k=1
Moreover if @, (t) = { 0, 1) ° , then

lim ¢,(t) = U(t, s)[¢,h] uniformly over compact subsets of [s,7"). (2.59)

n—oo

Now we show that u, defined by u,(s) = h{, u,(t) = h} for t € (t}_4,t}], is a
sequence of DS—approximate solutions to (2.55). From (2.56)

hz - hz— n n on n
tn _ tnl + 7T2A(tk:)[50k:a hk] > dka
k—1 k

and therefore 4=t | B(t})hy > di + F(t}, ¢}, hy). By (2.57), hy — h as n — oo.

1ty
Moreover, by the same argument as in Step 3 of Theorem 2.2, and (2.58) we have

n—oo

Nn, tZ
fim > [ I+ B e 1) - PrmU(ns)le. B, U 7)o, Dl = .
k=1 Ytk-1

But from (S2);, F(r,mU(T,s)[¢, h], mU(7, s)[¢, h]) = F (7, (u(p, h))., ule, h)(T)),
and so u, is a sequence of DS—approximate solutions to (2.55). Finally, according
to (2.59), u,(.) converges to mU(.,s)[p,h] = u(p,h)(.) uniformly over compact
subintervals of [s,T"), and this completes the proof of (S3);.
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Remark 2.24. Suppose that the family F(.,.,.) is Lipschitz on bounded sets in
the following way: given any S, r > 0, there exists M(S,r) > 0 such that for all
t €10,5], and [, hl, [¢, k] € E(t) x X(t) with [[[p, A]|[, [[[¢, k][] <7,

|E(t, 0, h) = F(t, ¢, k)| < M(S,7)l|[e, h] = [, K] (2.60)

Then the solutions to (FDE); as asserted by Theorem 2.23 are unique amongst all
mild solutions u to (FDE); with u, € E(t) and u(t) € X(t), t > s.



3 Existence and flow invariance of solutions to

(FDE) under subtangential conditions

In Chapter 2, we studied the existence and flow invariance of solutions to (FDE)
under the local range condition (B3)(i7). In this chapter we investigate existence
and flow invariance of (mild) solutions to non-autonomous partial differential delay
equations (FDE) under subtangential conditions. We shall start with a brief history

of existence results under various subtangential conditions:

For the case of the ordinary differential delay equation u(t) = F(t,u;),i.e. B =0,
X a closed subset of X, and E = {¢ € E|¢(0) € X} with E = C([—R, 0]; X), flow

invariance of X has been shown under the following subtangential condition:

| A A
llkfg(l)ﬁlfxd(@(o)‘i‘)\F(t;(P)aX) =0 forall pek. (3.1)
If, in addition X is convex, then the subtangential condition (3.1) for all p € E,
with ¢(s) € X implies flow invariance of X. (see [38, 39, 40]).

In the non-delay case of the evolution equation u(t) + Bu(t) > f(t,u(t)), where B

is an m—accretive operator,the subtangential condition

i inf % d(z + \f(t,2), (I + AB)(X(t + \) N D(B))) = 0 (3.2)
for all z € X(t)Nel(D(B)) is a sufficient condition for flow invariance of X (¢) under
various assumptions on f, cf.[4]. However, for the non—delay case, the references
[1, 4, 5] (also compare the references in [4]) mostly use a weaker subtangential con-
dition in terms of the semigroup generated by — B which, in particular cases, is also
necessary for flow invariance. (For the semilinear case of (FDE) with —B generat-
ing a Cy—semigroup of bounded linear operators, compare [41, 42].) But it is not
as useful as a sufficient condition, since what is known in concrete examples is the

operator B, not the semigroup it generates.
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In this chapter, we provide a subtangential condition for existence and flow in-
variance which will extend those of the above special cases to the general case of
(FDE). ( For the autonomous (FDE), see [59].) Namely, we show that under certain
assumptions on F and the family B(t) if for all ¢ € E(t)
1 .
lim inf 3 d(¥(0) + AF(t,v), (I + AB(t+ X)) (X (¢t + N\) N D(B(t+ A)))) =0,

A—0t

then there exists a mild solution u to (FDE) such that u(t) € X(t), t > 0. Here
X () is a family of closed subsets of X and E(t) is a family of closed subsets in Ey(t)
with Eo(t) = {p € E|¢(0) € cl(X(t) N D(B(t)))}.

As in Chapter 2, our method of proof will entirely be based on the technique of
transforming the original problem (FDE) in (the state space) X into a Cauchy
problem in (the initial history space) E. We associate with (FDE) the family of
operators A(t) in F defined by

D(A(1)) = {y € Eo(t) | ¢' € E,(0) € D(B(t)),¢'(0) € F(t, ) — B(t)p(0)}
Alt)p = —¢' 0 € D(A(1)),

Then the main problem will be the existence and flow invariance of solutions to
the corresponding non—autonomous Cauchy problem with A(t). From (3.2), one
would expect the following subtangential condition for the Cauchy problem <i)(t) +
At)®(t) =0, P(s) =, i.e,

A

i inf % d(, (AN EENNDAEN)) =0, & € BONA(D(A))).
However, this particular approximation of ¢ € E(t) by (¢ — A¢') with ¢ simulta-
neously in D(A(t + )\)) and in E(t 4+ \), does not seem to be possible under the
considered subtangential condition on (FDE). But following the idea of [59], we can
translate it to some other sufficient condition for existence and flow invariance of
mild solutions to the Cauchy problem associated with A(t), the separate subtangen-
tial condition, which in the autonomous case was developed by M. Pierre. Therefore

we shall need the non—autonomous version of the following result:

Theorem 3.1. [48, Theorem 2|. Assume that C C X x X s accretive, and let F
be a closed subset of X. Assume, moreover, that the pair (C, F) fulfills the following

condition:

Ve € F, Ve >0, IX € (0,¢], [z, yn] € C, Juy € F such that
|z — (xx + Ayn)|| < Ae,  and  ||zy — up]| < Ae.

H(0,0) {
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Then C' generates a semigroup of contractions on F'Ncl(D(C)) which leaves this set

moariant.

3.1 Existence and flow invariance of solutions to the non—
autonomous Cauchy problem under the separate sub-

tangential condition

Let X be a Banach space. Assume that the family C(¢) € X x X of time-
dependent nonlinear operators with the (possibly) time-dependent domain D(C(t)),
and K (t) C X are such that the following hold:

(P1) K(t), t > 0 are closed subsets of X such that
(i) Vre K(t), Ve >0,3Xe€ (0,¢], xr,yn] € Ct+A), Fuy € K(t+ N);

[ = (zx + Au)ll < Ay [lax —uall < Ae.
(13) If t,, 1 ¢, and x,, € K(t,) with z,, — x, then x € K (t).
(P2)(i) There exists v € R, a bounded continuous function h : [0,00) — X, and

a bounded (on bounded subsets) function L : R* — R* such that for [x1,y] €
O(t1>7 [x2=92] € O(t2)70 S t2 S tl) and 0 < A < )‘Oa

(1= M)llzr = w2ll < llzr = 22+ Ayr — )|l + AllA(Er) — At [ L(]|22])),

where A\gy < 1. Moreover, D(C(t)) depends on ¢ in the following way:
(13) If t,, 1 ¢, and x,, € D(C(t,,)) with z,, — x, then x € cl(D(C(t))).

Remark 3.2. Assume K (t) N D(C(t)) # 0, then (P1)(i) is implied by

lim inf %d(a:, ([+ACE+N)DCE+ N NEE+N) =0, ze K@),  (3.3)

A—0t

We now extend [48, Theorem 2] to the non—autonomous case.

Theorem 3.3. Suppose that the family C(t) satisfies (P1) and (P2). LetT > s > 0,
and ug € K(s) Ncl(D(A(s))). Then the Cauchy problem

{ at) + C(tu(t) 20, s <t (3.4)

u(s) = uo,

has a unique mild solution u on [s, T such that u(t) € K(t)Ncl(D(A(t))), s <t <T.
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Remarks 3.4. (a) If K(t) = cl(D(C(t))), the above theorem is [47, Theorem 3.6].
(Note that in [47], it is assumed that limy_o+ yd(z, R(I + AC(t + \))) = 0, but the
theorem holds as well for the following subtangential condition). Indeed, in this case
(P1)(4) is equivalent to:
1
lim inf Xd(:l:‘, R(I+AXC(t+ X)) =0 forall zecc(D(C(t))). (3.5)

A—0t

(b) If K(t) n D(C(t)) # 0, then the conclusion of Theorem 3.3 holds under the
conditions (P2), (P1)(iz), and (3.3).

For the proof of Theorem 3.3, we follow the idea in [48, Theorem 2]. The following

lemma will be used in the proof of Theorem 3.3.

Lemma 3.5. Assume that conditions P(1) and P(2) are satisfied. Let € > 0 and
ug € K(s), then there exist sequences {A}nz1 € (0,¢], {[zn,nl}, ., € C(s +
Yopei k) and {uptns1 € K(s+ Y 1y M) such that: B

(1) 2oy An = 00

(17) For allm > 1, [[up—1 — (xn + Aatn) || < Mg, |2 — un|| < Ane

Moreover, we have

(i11) d(zn, K(s+ > 51 M) < Ape forall n>1,

. Tp — Tp-1 An—
(1v) For alln > 2, H)\— + yn|| < &n, where e, = € + Zte.

n

Proof. Let € > 0. We may assume ey < 1/2, where 79 = max{0,~}. For x € K(t)

the assumption (P1) allows us to define

Az, t) =sup {\ € (0,¢] | [z, yp] € C(t+ N), Fuy € K(t + N),
Iz = (2x + M)l < e [lon — uall < Ae

Let ug € K(s). Using the above notation there exist A, with 0 < W <\ <g,
[z1,71] € C(s+ A1) and uy € K(s+ A1) such that

HUO — (xl + /\1y1)|| < >\1€, and ||l’1 — U1|| < )\18.

Next, considering A(u1, s+ A1), there exist Ag, with 0 < M <A <eg, [z, 0] €
C(s + A + A2), and uz € K(s + Ay + A2) such that ||u; — (x2 + Aaya)|| < Aag,
and [|za — ug|| < Age. Continuing this argument we define inductively sequences

{)‘n}nzl € (0,¢], {[xmyn]}nzl € C(s+ ZL Ar) and {“n}nzl € K(s+ ZL Ak,
such that

n—1

1
0< 5)\(un1,s+;>\k) <\ <e forall n>1,
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and moreover |[u,—1 — (@n + Ayn)|| < Ang, and ||z, — uy|| < Ape. The assertions

(1), and (ii7) are now obvious. For n > 2

Tp — Tp—1

An

1 1 e
< -1 = (@n + M) [ + = llTn1 —up || <et+e -

= LA o

Therefore condition (iv) is also satisfied. It only remains to show >~ A\ = occ.
Set ¢, = > ;_, A Suppose t, T a < co. Then {z,},>2 are bounded. Indeed,
set s, = s+ t,, and fix [u,v] € C(0), then using (P2)(ii) for [u,v] € C(0), and
[0, yn] € C(sn), n > 2 we have

(1 =r0A)llzn = ull < llzn —w+ An(yn — )| + AnL([[ulD)[f(sn) = F(O)]]
< lzn = 2na + Ayl + lzn = ull + Anllvll + An L([ulDIf (sn) = FO)]
< el eAnaa +F [lzn1 — ull + Anllvl] + AnL([[ulD]f (sn) = F(O)]]

Multiplying by v,,_1 = Hz;ll (1 — Axy0) and summing from p = 2 to n we have

n

Yallzn —ull < (1= XMvyo)l|zr — ull + €n Z[)\k + A1)
2

+ e ) Aol v Lull) Y Al f(si) = F(O)]

< lon = ull + 2ety + talloll + LCOIl) D Aellf(si) = FO)]I

Here we have used that v, < 1. Now using the estimate
(1—-&<e® forall 0<E<1/2 (3.6)
we have
lzn — ull < € [Aie + [lug — ull + 2ae + al|v|| + 2abL(||ul])],

with b = sup{f(7) |7 € [0,a]}. Thus there exists M > 0 depending on a, wy, f, uo,
u, and v such that ||z,|| < M, n > 2. As we will see later

i J
IT @ —or) TT a—vod)las — ol <
p=k+1 p=k+1
i J
(t: = tDCsulll + D Mllzll+ Y Mllzll +
p:k—‘rl p=k+1

Z A LM f(sp) = f ()l + Z A LM f(sp) = £ (sl (3.7)

p=k+1 p=k+1
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for all 2 < k < j < i, where we set Hl;:k+1<1 —YA) =1, 2, = x”_/\—i"‘l + Yp, P > 2,
and [||C(sk)urll| = inf{y [y € C(si)ur}.
Now using (3.6), we obtain from inequality (3.7) that

|z — ]|
< ePoltimteleolti=tn) [(¢, — 1 )[||C (k||| + e[(t; — ) + (tim1 — te1)]
+ el(t; — tu) + (tj—1 — ty—1)] + 2bL(M)(t; — ti) + 2bL(M)(t; — ti)],

for 2 <k <i<j. Here M, and b are as in above. Therefore

limsup ||z; — a;]| < e [2e](a — t;) + (a — tp_1)]], k> 2.

1,]—00

Hence z; is a Cauchy sequence in X, and therefore converges.

Set x = lim,,_o x,. Since ||z, — u,|| < A.e, and t, converges, we conclude that
u, — x as n — oo. We note that u, € K(s,), thus (P2)(ii) implies that x €
K (s + a). Then by condition (P1), there exist u € (0,£/2], [x,,y,] € C(s +a+ p)
and u, € K(s+ a+ p) such that

|z = (zu + py)|| < pe/2 and |z, — w < pe/2. (3.8)

But A(up,s + t,) < 2X\,+1. Hence A(u,,s + t,) — 0, and so there exists ng, such
that for all n > nyg

AMUn, s +t,) < p. (3.9)
We define h, = a — t,, + u. Then h,, | u. Choose Ny > ng such that
o — pul < pe /Ayl and fuy, — 2| < pe/4, (3.10)
Therefore (3.8), and (3.10) imply that

Juny = (2n + hvgy) Il < Nluwg — 2l + [l = (2 + py) |+ Ly = Povoyul
< pe < hyge. (3.11)

We observe that a + u = tyn, + hy,. Therefore [z,,y,] € C(s + tn, + hn,) and
u, € K(s+tn, + hn,). Then from the definition of A(uw,,s + tu,), (3.10), and
(3.11) we conclude that hy, < A(upy, s + tn,). This contradicts (3.9).

Finally we prove that the inequality (3.7) holds.
Set v, = H;:k+1(1 — YNp) ;:Hl(l — Y0Ay), and z; = % +y; forall2 <k <
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j<i
If i = j, then (3.7) is clear. Let ¢ > j = k. Then since (1 — vA;) < (1 —~4);), and

2 — /\—21‘1 € C(s;), inequality (P2)(ii) implies that

Ty — X

it (5= B G )|
b ALl G2 — Pl

Using that v, = (1 — yAi)vi—1,4 we have

(T =Mz — el <

%’,k“xi - $k|| < %—1,k||$z'—1 - $k|| + )\i“ZiH + /\z‘|||C(5k)$kH|
+ NL(llzrlDI[f(si) — f(su)ll,

here we have used that 7,_;; < 1. Now summing up over ¢, from k£ + 1 to < we have

Vil — ]| <
(ti = t)IC(sk)aell| + D Mollzpll + D AL () — f(si)l,
p=k+1 p=k+1

therefore (3.7) is true for i > j = k. Now let ¢ > j > k, and assume (3.7) holds for
(1—1,7), (i, —1). If we show that the inequality is true for (4, 7), then by induction
(3.7) is true for all i > j > k.

Following the same idea as in [19, Lemma 5.1}, we can show that

(A + A =N\ |25 — 25| < Nl — wja || + Aoy — 2|

AN (il + 11250) + XA LAMIDIL (si) = f(s5)]- (3.12)
Indeed, set 0 = % Take A > 0 such that Aoy < 1 for all 7,5 > 1. Since

7 — 527 € C(sp) for all p > 2 then (1 + AoC(s))z: 2 75+ Ao [2; — #50=], and

(I +XoC(sj))z; D xj + Ao |z; — Z52=L]. Therefore inequality (P2)(i) implies that

J
Ty — Tj—1 ‘

Ai
+ Ao L(M)||f(si) = f(s5)l]-

Then noting that (A — Aogyp) + (1 — A) = (1 — Aoyp), we obtain

Ty — xj—l}

i

J

(1= Xovo)llwi — a5 < ||+ Aolz — | —z;— Aoz —

(/\ — )\U"}/o)HZEl - JZJH + (1 - )\)sz - 'CE]H <

Aj \;
x,-+)\azi—)\)\i+]>\j(xi—:vj) _l'j_)\O-Zj‘l')\)\i_'_)\j(ij —x)|| +
s s A e = |+ A LD () = ()l
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Rearranging the above inequality we conclude

(1= o)l =yl < 5= o, |+ 5l =l +
H(ﬂ? :Uj) + A1 - )‘) oz — Zj H — [Jz; — $]||
L(M ) — .
T FoLf(s) ~ f(5)]
Now if A — 0, then
Aj
(1 _OVYO)Hxl x]” — )\ +)\ Hxl 1- w]“ + A +)\ Hxl xjflu +

<o(z = z),w = x; >4 +o L(M)||f(s:) — f(s5)]]-

Then using that < o(z; — 2;), 2, — x; > < 0|z — 2;||, and the definition of o we

obtain the desired inequality.

Returning to the proof of inequality (3.7), we multiply (3.12) by 7;; to obtain

(Ai + A = 10Aid )il e — 2] <
Ai(1 = v0M)Vig-tllzi — || + A1 = 0 viellzios — x4 +
A (1 =20zl + XX (1 — v05) |21 +

LMD (N (1= y0M) 1 (6) = £ (i) |+ Xidi (1 =51 (s5) = f(si)ll),

for all # > 7 > k. Thus by the induction assumption we have
(Ai + A = XA )il e — 2] <
11C (sl (X(1 —’yox\~)( tio1) + A (1 — 0\ (i — 15)) +

A (1= 0Ai) Z Apllzpll + Z Aollzpll + Nillz:l] +

p=k+1 p=k+1
Ai(1 = 0)) Z Apll 2l + Z Mollzpll + Asllzi ] +
p=k+1 p=k+1
(1= 70h)L Z Ml f(sp) = Flsi)]l +
p=k+1
Ai(1—=70A))L Z Mol (sp) = fsi)ll +
p=k+1
i—1
X (1= M) L(M) [Nl f(s3) — fsw)ll + Z Mol f(sp) = Fswll] +

p=k+1

A1 =70 LMY [Nl £ (s5) = Flsi)l + D ApllF(sp) = fsill]-

p=k—+1
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Then IlOtiIlg that (tl — tjfl) = (tl — t]) -+ )\j, and (tifl — tj) = _>\z -+ (tl — tj), and
using

AL = %N) + X1 —70N) < A+ X — 0N,

the above inequality implies (3.7).

We shall use the following notation.
Given r € [0, 7], define p: [0,7] — R* by

p(r) = sup{|[f(t) = fF(D)l; £, 7 € [0, T, [t = 7] <r}.

Obviously, p is bounded, nondecreasing and liI(I]l+p(T) = 0. Moreover, p is upper
semicontinuous on [0, 7] and right semicontinuous on [0,7"). Noting that p is non-
decreasing on [0, 7], if 0 < ¢ <o < T and 0 <1’ < 0 — ¢, the function p satisfy the
inequality

p(r) < c 'p(T)r —7'| +p(o), for rel0,T].

For more details see [47, page 11].

We shall also need the following lemma.

Lemma 3.6. [47, lemma 2.3] Let 5,5 € [0,T], up € cl(D(C(s))), uo € cl(D(C(3))),
and let u, and u, be two DS—approximate solutions to (3.4) corresponding to s and
ug, respectively, § and tg. Let also (P2)(i) be satisfied and 0 < |n| <o <T,0<c<
o —|n| . Assume that d,,d,, < o —|n| —c. Then for each [a,] € A(r), r € [0,T],
andforOSiSNn,OSjSNm

i J

H (1 —woAp) H (1—w05\p)Hu?—ﬁ’fH <
p=k+1 p=k+1
i J
g —all + llag = all + Y Izl + D [2h]| +
p=k+1 p=k+1

cij(s = 8) [Iloll + Mp(T)] + M(E" = 8) [~ p(T)eii () + p(o)]

whereM:max{L(oj}ifj)V Jul]), L( sup Hﬂﬂ
<i<Na 0<j<Nm

). L(l[al)}, and

n m n 7 /om ~11/2
cij(n) = [(tz —t; = ) + dn(t) — s) + Ay (15" — 5)} 2

Proof of Theorem 3.3. Given T > s, and ug € K(s)Ncl(D(C(s))). Let g, — 0T
such that €,y < 1/2. By Lemma 3.5, for every n > 1 there exist {A\!'}i>1 € (0,¢€,],
{[zp, yf]}i21 € C(s+> A1), and {ul}is1 € K(s+ >, AF) satisfying (i) — (iv).
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Set t7 = s, and t7 = s+ S0 _ A i > 1. Using (i) there exists N, such that
th<T+1<th ..

Since uy € cl(D(C(s))), there exists zf € D(C(s)) such that ||ug — zg]| < €,. If we
set

t — )
== )\nl 1—|—y? forall i>1,
(2
then z' € = + A(t)a}. Moreover,

1
N, Np,
SOl =) = |l — a2y + Ay
=1 =1

Ny,
|27 + XDy — uoll + g —uoll + > |Jap — 2l + Ary|| <
=2

Np, Ny,
en(M+H1+) N+ Ain) < enlen+1427).
=2 =2

Therefore u,, defined by

n’ t:
un(t) = { ot

xz7 te (t;cl—htk]a

is a sequence of DS—approximate solutions to (3.4). At this point we follow the proof
of [47, Theorem 3.1] to show that u, converges uniformly to a continuous function

won [s,T1.

Let t € [s,T]. Choose i,, and j,, such that t € (¢ _,, ¢ ] N (¢}, _, 1} ]. From the
lines of proof of Lemma 3.5, we can read that 27 n € N, and 0 < ¢ < N,, are
bounded. Take & € D(C(s)), such that zj — Z. Then using (3.6), and Lemma 3.6
for discrete scheme {xz,, z,}, and with n = 0 we have

a7 — 2 || < T (|2 — &|| + ||laf — &]| + Mu(T — 5)p(0)), (3.13)

%

with My = max{L( sup [|z}|),L(||Z]))}, and o > 0. Since u,(t) = 2 , and u,,(t) =
i

7 n

27, and p(o) — 0, as o — 0, inequality (3.13) implies that

im (Ju,(t) — um(t)|| =0,

m,n—00

and therefore u,, converges uniformly to a function u over [s, T.
It can also be shown that any other DS—approximate solution #, corresponding to

s and ug is also convergent to u. Moreover, u is uniformly continuous on [s,T]. For



48 Existence and flow invariance under suntangential conditions

the proof see ([47, Theorem 3.1}).

We next show that for ¢t € (s,7T], u(t) € K(t) Ncl(D(C(t))). Let t € (s,T]. We
may find a subsequence ¢}, , such that ¢, , T ¢. Thus un(tZ(n)fl) = T()_1 1S
a sequence in D(C(t},,)_;)) which converges to u(t). Therefore by (P2)(ii), u(t) €
c(D(C(t))). Moreover, by Lemma 3.5 d(27(,,) 1, Uj, 1) < 2. Therefore Up )1 —
u(t) as m — oo. (P1)(i7) now implies that u(t) € K(t), and this completes the proof.

Remark 3.7. The following can be read from [47, Theorem 3.2 and Theorem 3.5]:
1. Let u be the mild solution to (3.4) as in Theorem 3.3. Then u is the unique
integral solution to (3.4).

2. The family {U(t,s)|U(t,s) : K(s) Nc(D(C(s))) — K(t)Nc(D(C(t)))} of
operators associated with C'(t) via U(t, s)ug = u(t), 0 < s <t < T is an evolution
operator of type 7.

3.2 Existence of mild solutions to (FDE)

3.2.A The initial history space. Given I = (—00,0] or I = [—R,0] for some
R > 0, the initial history space E is assumed to be a Banach space of continuous
functions ¢ : I — X satisfying (E.1), (E.2), and (E.3) with (E.1)(b), and (E.1)(c),
respectively replaced by:

(E.1)(V) For all z € X, € E, where Z(s) = z, s € I, and there exists Cg > 1
such that [|Z]] < Cgl|z| for all z € X.

(E.1)(¢') For ¢, (¢,)n in E, if [|@,, — || — 0, then ||, (s) — ¢(s)|| — 0 for all s € I,

and moreover

B B
/ ©,(s)ds — / p(s)ds forall o,f€l, a<p.

The initial history spaces considered in Remark 2.1, all satisfy axioms (E.1)(b’), and

(E.1)(c).

3.2.B Assumptions. Given an initial history space E as above, we consider the

following assumptions:

(B1) (B(t))o<t is a family of operators B(t) C X x X such that there exist « € R ,
a continuous function f : RT — X, and a nondecreasing bounded function (on
bounded sets) L; : Rt — R such that for all [z;,y;] € B(t;),i € {1,2}, and



3.2 — Existence of mild solutions to (FDE) 49

(B3)

(B4)

0<t <ty

(1= Aa) ||z — 22| < ||z — 22 4+ Ayr — y2)[| + Al f (1) — f(t2) || La(]|22]]),
(3.14)
for all A > 0 with Aa < 1.

X(t) C X, t >0 are closed subsets of X such that X (t) N D(B(t)) # 0, with
the following t—dependence :

If t, 1t € (0,00), and z, € X(t,) N D(B(t,)) such that z, — x, then
z € cd(X(t) N D(B(t))).

Eo(t) = {¢ € E|lp(0) € d(X({t)ND(B(t)}, t > 0, and E(t) are closed
subsets of Ey(t) such that

(1) For z € X(t + AN ND(B(t+ X)), ¥ € E(t), and A\ > 0, sufficiently small,
if <pf7/\ € E is the solution to ¢ — A¢' =, ¢(0) = z, then <pi/\ e E(t+\).
(i1) If t, 1 t € (0,00), ¢, € E(t,), and ¢, — ¢ in E, then ¢ € E(t).

The operator F': |J {t} x Ey(t) — X is such that

te[0,00)
(1) F' is continuous and bounded on bounded sets.

(#7) There exists M > 0 such that for ¢, € Eo(t;), i € {1,2}, 0 <ty < t;, with
lo1 = @all = lle1(0) — o (0)]],

< F(ti, 1) = Ft2,02), 91(0) = 92(0) >4 < My — 5]
+ [lg(t) — g(2)[| L2(llp2l))-

where g : Rt — X is a continuous function and L, : R™ — R* is a bounded
(on bounded sets) function.

(iii) there exists M’ > 0 such that, if ¢, @, € Ey(t), t > 0 with ¢, (0) = ¢,(0),
then

||F(t’$01) - F(t7§02)|| < M,H% - ‘Pz“-

Lemma 3.8. The inequality (3.14) is equivalent to

—allzy — zof| S<yr — w2, w1 — w2 >4 () — fE)[ Lalll2z]),  (3.15)

fO?" all [sz,yz} S B(tl),Z € {1,2}, 0 <ty <ty.

Proof. The proof of the above lemma is an easy computation based on relation

(1.2).

We now formulate the main result of this chapter.
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Theorem 3.9. Given the assumptions (B1)—(B4), assume that for all ¢ € E(t),
1 N
hAm(inlf 3 d(1(0) + AF(t, ), (I + AB(t + X)) (X (¢t + A\) N D(B(t + A)))) = 0. (3.16)

Then we have
(i) for all ) € E(s), s >0, there exists a global mild solution u, to

Us = 1.

such that (uy), € E(t), t > s. In particular uy(t) € X(t) for allt > s.
(i1) If, in addition F(.,.) is Lipschitz continuous on bounded sets (see (3.17)), or
given any S, r > 0, there exists M'(S,r) > 0 such that for all t € [0,5], and

.0 € B(t) with ||, ¥l <7,
< (0) = (0), F(t,0) = F(t,9)) >+< M'(S,7) |l = 2, (3.17)

then for any o € E(s), the mild solution uy as in (i) is unique amongst all mild
solutions u to (FDE) with the property that u, € E(t) for all t > s.

{ a(t) + B(t)u(t) > F(t,u), s <t

Remark 3.10. Let ), 1, € E(s), and let u,, and u,, be the corresponding mild
solutions as in (i), then according to Remark 2.7, wy,, i € {1,2} is an integral
solution to (FDE), and by Lemma 2.29 we have:

t e |ug, () — g, (D) — €7 [|ug, (5) — uy, (s)]| <
/s e T < F(7, (uyy)r) — F(7, (W) 7 ), Uy (T) — wyy (T) >4 dr, (3.18)
for all 0 < s < t. Moreover,
ot )e — (gl < Ul — ]| for all ¢ 0, (3.19)
where w = maz{0,a + M},
Remark 3.11. If in addition to the assumptions (B1) and (B2),

X(t)Ne(D(B(t)) € RUI+AB(®), and JZU[X()Nec(D(B®)))] C X(t)

~ ~

for all A > 0, small enough, then cl(X(t) N D(B(t))) = X(t) N cl(D(B(t))). Thus
in Theorem 3.9, the set Ey(t) can be chosen as Ey(t) = {¢ € E|p(0) € X(t)N
cl(D(B(t)))}. We note that this latter set is the largest possible set of initial his-
tories, for which we can expect existence, and flow invariance of mild solutions
to (FDE). Indeed, for the existence of mild solutions, we need uy,(0) = (0) €
cl(D(B(s))), and for the invariance, it is required that u,(0) = ¥(0) € X(s).
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Corollary 3.12. Given the assumptions (B1), (B2), and (B4), assume that for all
v € Eo(t),
Jim inf% d((0) + AF(, ), (I + AB(t + \)(X(t + ) D(B(t + A)))) = 0. (3.20)

A—0t

Then for all 1 € Ey(s) there exists a global mild solutions u, to (FDE) such that
uy(t) € X(t) for all t > s.

Proof. We note that if E(t) = Ey(t), then (B3)(i) is automatically fulfilled. More-
over, condition (B3)(ii) follows from (B2). The above corollary, is then Theorem
3.9 with E(t) = Ey(t).

In the results for the ordinary delay case of B = 0, the set E has been taken as
E={pecEy|p(s)e X forall se I}, where X C X is closed and convex, and
Ey = {p € E|¢(0) € cl(X N D(B))}. Following this idea, we take up a special case
of Theorem 3.9, with X (t),t > 0 closed and convex subsets of X, and

E@t)={pe Eyt)|¢(s) e X(t) forall sel}.

Note that, in this case, if the sets X (¢) are nondecreasing (i.e. X(r) C X (t),r < t),
then since X (¢) are closed and convex, condition (B3)(7) is fulfilled. If in addition
we assume the following;

Ift, 1t e (0,00), z, € X(t,), and z, — z € X, then z € X(t), (3.21)

then from (B2), it follows that (B3)(i) is also satisfied. This together with Theorem
3.9 leads to the following result.

Theorem 3.13. Let X(t),t > 0 be closed and convex subsets of X, and E(t) =
{¢ € Eo(t)|p(s) € X(t) forall s € I}. Assume in addition that X(t) are
nondecreasing, and the conditions (B1), (B2), (B4), and (3.21) are satisfied. If for
all p € BE(t);

lim inf% A(0(0) + AF(t, 6), (I + AB(t + \)(X(t + A) N D(B(t + A)))) = 0,

A—0t

then the conclusions of Theorem 3.9 hold.

Following the idea in [4, Lemma 4.2], we can separate the subtangential condition

(3.16) of Theorem 3.9 in the following way (compare [59]);
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Lemma 3.14. Under the assumptions (B1)-(B4), if for allt >0, and X\ > 0 small

enough;
X(t) C RI+AB(),  JYX(t) c X(t), (3.22)
and moreover
1 N
liAm(i]Ef 3 d((0) + AF(t, ), X(t+ X)) =0, (3.23)

then the conclusions of Theorem 3.9 hold.

Proof. We show that (3.22) and (3.23) imply that (3.16) holds. By (3.23), there
exist A\, — 0", and y, € X(t + A\,) such that

1
/\_‘W(O) + M F(t,Y) —yn|| =0 as n — oo,
But by (3.22), z, = Jg”’\”)yn € X(t+A\,) N D(B(t+ \,), and therefore

Aid(¢(0> FAMF( ), (T + MB(E + M) () <

n

1

By the above theorem, the flow invariance problem is reduced to two independent
conditions: one on X(.), E(.), and F, and one on the resolvents of the family
B(t). In particular, if B(t), t > 0 are a—m-accretive, and Jf(t), t > 0 leave X (t)
invariant, then the subtangential condition (3.23) implies flow invariance of X (.) and
E(.). Actually, there is a prominent subclass of accretive operators for which this
reduction of the subtangential condition 3.16 to (3.23) can be achieved for natural
choices of the family X (¢) (see Section 3.5).

3.3 Proof of Theorem 3.9.

Our method of proof will be based on the technique of transforming the original
problem (FDE) in (the state space) X to a Cauchy problem in (the initial history
space) E.

We associate with (FDE) the family of operators A(t) in F defined by

{ D(AW) = {p € Ea(t) | ¢ € E.(0) € D(B(1).#'(0) € Flt.0) = BO(O)} g0

Alt)p == —¢',p € D(A(1)),
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Considering the operator A(t), we shall prove that if F' satisfies (B4)(iii), then
cl(D(A(t))) = Eo(t) for all t > s. So under the assumptions of Theorem 3.9,

E(t)Ncl(D(A(t))) = E(t).
Following [59], for the proof of Theorem 3.9, we prove the following assertions:

(S1) For every 1 € E(s), there exists a mild solution ¢ to the Cauchy problem

{ O(t) + A()D(t) =0, s<t (3.25)

O(s) = 1.

The evolution operator U(t, s), t > s generated by A(t) via U(t, s)¢ := @y(t) is such
that U(t,s)E(s) € E(t).

(S2) If o € E(s), and uy : (I +s) U [s,00) — X is defined by

W(t —s), I>t—5<0
uy(t) =
Ut 5)¢) (0), t=s
then U(t, s)Y = (uy)y, for all s <t.
(S3) For ¢ € E(t), the function uy of (S2) is a global mild solution to (FDE).

As in [59], we shall need the following auxiliary results for the proof of Theorem 3.9.
Lemma 3.15. Let C' be the operator in E defined by
{ D(C)={p e E | ¢ € E ¢(0) =0}
Cp:=—¢',pe D).
Then C is a (linear) m—accretive operator with dense domain. In particular
/l\iir(l)pr =p forall pekE.
To determine cl(D(A(t))), for A(t) defined in (3.24), we shall need the next lemma.

Lemma 3.16. Let p € E,z € D(B(t)) N X(t),y € Bt)z, t > 0, and A > 0
such that A\M'Cy < 1. Let FEy.(t) = {¢ € Ey(t)| ¢(0) = x}. Then the operator
T : Eyo(t) — Fou(t) defined by

es/A 0
© > {s — e x4 B e~ ¢/ [p(E) + (z+ Ay — (p(0) + AF(¢, go)))]d{}

s

has a unique fized point ¢ € Fy4(t) such that @ € D(A(t)).
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O -\ =p+ax+ Ay — (p(0) + AF(t,9)),

¢(0) = x.

It is easy to see that T is a contraction. Actually (E.2), (B4)(iii), and (E.1)(b)
imply that

Proof. Ty is the solution to {

1T, = T | < A||Flt) = Flt.00)| <

ACE||F(t, 01) = F(t,05)ll < AM'Crlly — sl

for all p; € Ey.(t), i € {1,2}. By the assumption on A, we conclude that 7" is a
contraction, and thus there exists ¢ € Eg,(t) such that T¢ = @. So @(0) = = €
D(B(t)), and p—Ag' = p+x+Ay—(p(0)+AF (¢, ®)). This implies that ¢ € D(A(t)).
Indeed,

#(0) = AT AD Z 20 ¢ py gy Bp0)

Proposition 3.17. Let A(t) as in (3.24). If F satisfies (B4)(ii7), then

Proof. Obviously cl(D(A(t))) C Eo(t). Let o € Ey(t). Given ¢ > 0. There exists
a € D(B(t)) N X(t) such that [Ja — ¢(0)|| < e. Pick b € B(t)a. Choose A\ > 0
sufficiently small such that AM'Cr < 1. Then applying Lemma 3.16 with p = ¢,
x = a, and the above \ there exists ¢ € D(A(t)) such that

?(0)=a, and @—Ap=p+a+ Ab— (p(0)+ AF(t,Q)).

Set 0 =@ +a+ b — (¢(0) + AF(t,9)). Then

IN

16—l = || —¢|| < [5V—0|+

atzﬂﬂy+4pt7@zau<a%>

IN

|29 =0 + Crlla - e + XCrllb - F(t, D).
Lemma 2.5(b), and (E.2) imply that;

|29 =0 < 11Joa(6 - 600)) = (60— ()| + || (I 8) (0) - 60)|| (3.27)
= [ Jorle — (0)) — (o — ()| + Allb — F(t, 2)].

Since (¢ +a — ¢(0))(0) = ¢(0), using (B4)(i7i) we may write

IEE R < 1F(E e +a—@0)] + Mle+a—p(0) -2 (3.28)
< NFte+a—e0)] + MCglla—e0)] + Mlp -2l
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Combining (3.26), (3.27), and (3.28) we have

(1 =22M")le = @l < [Joale = ¢(0)) = (¢ = e(0)[| + Cr(1 4+ 2M")[la — L (0)
FA 4 Cp) [0l + AL+ C)|F(t ¢ +a = (0)[. - (3.29)

Since ¢ — p(0) € Ey, from Lemma 2.5(a) it follows that
lim [ Jo(¢ = ¢(0)) = (¢ = @(0))[| = 0.

Thus for A > 0 small enough, inequality (3.29) implies that ¢ is e—close to @ in
norm, and therefore ¢ € cl(D(A(t)).

Remark 3.18. Consider the above operators A(t) with D(A(t)) C Eo(t) := {¢ €
E|¢(0) € X(t) Necl(D(B(t)))}. If (B4)(iii) is satisfied, then

cl(D(A(1))) = {» € E|¢(0) € c(X(t) N D(B(t))).}
(The proof follows by the same argument as in Proposition 3.17.)

Proof of Theorem 3.9. We proceed by proving assertions (S1)-(S3).

Proof of (S1). In this part of proof we shall translate our assumptions on B(t) to
those in Theorem 3.3 for the family A(¢) defined by (3.24). The assertion (S1) then

can be read from Theorem 3.3.

1. Let w = max{0, M + a}. Given A > 0 with Aw < 1. Let ¢, € D(A(t;)) and
vy € D(A(t2)), s < ta < t;. As ¥ = ¢, — p, solves the equation ¢ — A/ =
(1 = Ap1) = (92 — Aph) with 9(0) = ¢1(0) — ¢,(0), by (E.2) we have

o1 — wall < max{[lv1(0) — w2 (0)], [I(01 — A@h) — (2 — Apa)][}-

In case [|¢;(0) — @5 (0)|| < [[(p1 — A@]) — (02 — Aps)||, we have the desired inequal-
ity for the family A(t). Otherwise, (E.1)(a) implies that

le1 = all = [l©1(0) = @2 (0) I, (3.30)

and therefore according to (B4)(ii);

< F(t1, 1) = Ft2, 02), 01(0) = 92(0) > < Mgy — 5|
+ Nlg(t) — g(t2)|| La(l[po]).  (3.31)
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Moreover, [¢;(0), F(t;, ;) — ¢.(0)] € B(t;) for i € {1,2}. Then using Lemma 3.8 we
have

—alle; =@l < < =¢1(0) + ¢5(0) + F(tr, 1) — F(t2,92), 91(0) — ©2(0) >4
+ [If(t1) = F(t2) || La([Jp2(0)])-

Therefore, invoking (3.31) in the above inequality, and using that L; is nondecreasing

we obtain

—alley — ol < < =¢1(0) + 95(0), 1 (0) — p9(0) >4 +Mlp; — 5l
+ lg(t) = g(t2) 1 L2(lpall) + 1 (E1) = FE)ILa([@al))- (3.32)

Using the definition of < .,. >, (3.30), and (E.1)(a) we have

— 0y + M=) + )|l = [l —
<~ (0) + @4(0), 91 (0) — pn(0) >, < {1 — s ( ‘Pl)\ )l = llor — wall

for all A > 0. This together with inequality (3.32) imply that

(=AM +a))ller = wall < (01 = @2 + M=) + )] (3.33)
+ A () = fE)l + llg(ta) — g(t2) 1) Llla),

where L = L{ + Lo.

Comparing (3.33) to (P2)(i), we have two control functions f and g. However the
proof of Theorem 3.3 remains true. Indeed, it is only the modulus of continuity of
the control function which has a role in the proof.

For the sake of simplicity, we define

H(ty,ta) = || f(tr) — f(t2) ]l + |lg(t1) — g(t2)]- (3.34)

2. Let ¢, € D(A(t,)), and t, € [s,00) such that ¢, T ¢t € (s,00) and ¢, — ¢
in £ as n — oo. Then ¢, (0) € D(B(t,)) N X(t,). Therefore according to (B2)

©(0) € cl(X(t)ND(B(t))). By Proposition 3.17, we conclude that ¢ € cl(D(A(t))).
Thus (P2)(#4) also holds.

3. In this part we show that (A(t), E(t)) satisfies (P1)(i). Take t > 0, and ¢ € E(t).
Given € > 0. We claim that there exists Ay sufficiently small, with 0 < Ay <
1/2M'Cl, x5, € X(t+ Xo) N D(B(t + X)), and yy, € B(t + \o)x, such that;

At < £/2Ck. (3.35)

P(0) + M F(t+ Ao, Sﬁfo,b%) — (T2 + AoYro)
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Note that gofomo(O) =1, € X(t+ X ) N D(B(t+ \)), and ¢ € E(t). By (B3)(i),
it follows that gpfomo € E(t + \g), and so F(t + X, gpfomo) is defined.

For the moment, let us assume (3.35) holds (we shall prove it later). We then look
for elements in D(A(t + X)), and E(t + Xg) such that (P1)(i) is satisfied. In order
to find the corresponding elements in D(A(t 4+ Ag)), we shall apply Lemma 3.16 to
p=1U, A= Xy, t =t+ X, v =1y, and y = yy, to get ¢, € D(A(t+ Xo)) such that

Prg = APy, = U+ Tag + Aotrg — (P(0) + M F(E+ Ao, 03,)), 92 (0) = 25, (3.36)

Set 1y, = gplfomo. Then ¢, € E(t + Xo). Since ,(0) = ©3,(0), from (E.2) and
(E.1)(b'), it follows that

|30 = @x|| < CE|2a0 + Aoyng — ((0) + A F(t + Ao, 5,)) |-
Moreover, (B4)(iii) implies that

|2 = @xll < CrllTag + Aoyng — (¥(0) + Ao F(t + Ao, th,))]
+ AM'Cr|[tr, — @]

Rearranging the above inequality, and using (3.35) we obtain

1/2[90a = 2| £ (1= X M'C)||1hrg — @1, || < (3.37)
OEH:EAO + )‘0y>\0 - <¢(0) + )‘OF(t + )‘07 ¢A0))” < )‘05/27

and 5o [[1hx, — @y, || < Aoe. Next we show that ||¢ — (o, + A@y, )| < Aoe. According
to (3.36) and (E.1)(b") we have

|1 = (r, + A5 || < Crl2rg + Aoyag — (©(0) + XoF(t + Xo, ©1,))]|-

Thus applying (B4)(éii) to the above inequality we obtain

[ = (ero + A < Crllzag + Aoyag — (¥(0) + Ao F( + Ao, 1))
+ MM Ol =

Then from (3.35), (3.37), and the condition on A it follows that
[ = (02, + A03,)[| < Aoe.
Therefore, if (3.35) is satisfied, then (A(t), E(t)) fulfills (P1)(:).

To complete this part of proof we need to show that (3.35) holds. According to



58 Existence and flow invariance under suntangential conditions

(3.16) there exist &, — 0% with e, < &, Ay — 07, 2, € D(B(t+ M) N X(t+ \),
and y, € B(t + \,)z, such that

A HI(0) + A F (t,40) = (20 + Ay | < €0 (3.38)
To show (3.35), We shall prove that

(M)

$(0) + M F(E+ A9} o ) = (Tn + Aaln)

-0 (3.39)

) =, € X(t+X) ND(B(t+ \,)), and ¢ € E(t). Then (B2)

We note that gpfﬂ (U
implies that gpi\bn o € E(t + An), SO we may write;

A7 00) + AnF (4 Ay 95, 0) = (2 + Aai)

A E(0) + M (8, 15) = (o + M)l + [ F () = B+ A 6|

Thus by the above inequality and (3.38), we only need to show that

lim || F(t0) = F(t+ M0, = 0. (3.40)

n—o0

We first show that Hw — gof (0 H — 0. Actually, according to Lemma 3.15, /\lim+J)\C¢ =
—0
Y. But <p/\ w0 € D(C), and so go/\ B0 = = J{ 1. Hence

Jlim 9F ) = ¥ (3.41)

Therefore, if we show ngfm w(0) ~ cpfman — 0, then by continuity of F, inequality
(3.40) holds, and so (3.39) is satisfied. According to (E.2),

< [[4(0) — .

¢ (U
H%n,@b(o) ~ Phnn

We shall prove that |[¢(0) — z,|| — 0.
Using that ¢ € E(t) C Ey(t), we may choose [am, by] € B(t) such that ||a,, — 1(0)|| —

0, as m — oo. Then

[9(0) —2ull < [[9(0) = aml + [[am — | (3.42)
= |[v(0) — an|| + HJi(t)(am + Ab) — Jﬁ(t+>"L)(xn + Ayn) ||

Condition (B1) now implies that;

(1— Ao HJ O + Anbm) — JE) (@, 4 Auy)
< l(am + Anbm) = (@0 + Ayl + Lllam + A DIF(E) — F(E+ M)l
< Nlam = O)[| + [[1(0) = (20 + Aayn) | + Anl|bi]

+  L([Jam|l + 1bmlDI[f(t) — f(E+ )]

(3.43)
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By (3.38), we have

19(0) = (2 + Aayn) [| < Anen + Al (8 9]
This together with (3.42), and (3.43) imply that

limsup [|¢¥(0) — z,|| < 2|lay, —¥(0)]] for all m € N.

n—oo

Thus lim ||z, —¥(0)|| = 0, and so lim Hcqumw(o) — g&quxn

and (3.41 ), we conclude that

= 0. Then from (B4)(7)

HF(t,1/J) — F(t+ A\, goi\bmxn)H — 0,

and consequently (3.39) holds.
Therefore according to Theorem 3.3 the Cauchy problem

{ H(t) + At)p(t) =0, s<t
©(s) =1,

has a global mild solution @, such that ¢, (t) € E(t), t > s.

(3.44)

Proof of (S2). Following the lines of proof in [49, Theorem 3.1], we conclude that

U(t,s) acts as a translation.

Remarks 3.19. 1. We note that to be able to follow the proof in [49] we shall
additionally need property (E.1)(b") on E. 2. By our assumptions on E, in the proof
of [49, Theorem 3.1], we only obtain (0, t) is separately continuous on I x [0, 7.
However, the proof of [49, Lemma 2.1] still holds.

Proof of (S3). This part of proof follows by the same argument as Step 3 in the
proof of Theorem 2.2.

Using Remark 3.10, proof of assertion (ii) follows by similar argument as in the

proof of Proposition 2.10. This completes the proof of Theorem 3.9.

3.4 Relation between the local range condition and the sub-

tangential condition

In Chapter 2, we investigated the existence and flow invariance of solutions to (FDE)
under the following local range condition: for z € X(t+ ), ¢ € E(t), A > 0 with
Aw < 1, where w := max{0, M + «a},

[V(0) + AF(t+ X, 2\ )] € T+ AB(t+N)(D(B(t+A)NX(t+A). (3.45)
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In the following proposition, we shall study the relationship between the above local

range condition and the subtangential condition (3.16).

Proposition 3.20. Under the conditions (B1)-(B4), with (B4)(ii) replaced by con-
dition (B.2)(ii) in Chapter 2, assume that for allyy € E(t), z € X(t+)), and A > 0
with A\w < 1, condition (3.45) is satisfied. Then the subtangential condition (3.16)
holds.

Proof. Let ¢ € E(t). Take A, — 07 with A\,w < 1. From the proof of Proposition
2.3, we can read that E(t) € R(I + MA(t + \)), Aw < 1. Therefore there exist
v, € D(A(t + \,)) such that (I + M\, A(t + \,))e, = ¥. Then z, := ¢,(0) €
X (t+A)ND(B(t4+A,)), and so by (3.45), there exist y, € (D(B(t+A)))NX (t4+\)),
and z, € B(t + \,)y, such that

9(0) + AP (t+ Ao @) 5) = Yo+ Anz:
Then
1
() + AP () = (g + Auz)ll < || 0) = F+ Al

If we show gpfn)\n — 1), as n — oo, then continuity of F' implies that (3.16) holds.

We note that gpfn)\n — ¢” — HJ;\4n(t+>\n)¢ 4
the proof of Proposition 2.13, it is enough to show

, S0 using the same argument as in

H(Ji(t+/\n)z/;)(0) - w(O)H —0 as n — oo.

If we set 6 = Ay F(t+ A, T F) 440(0), then (JL ) (0) = J2TAg. More-
over, since 1) € E(t), we may choose [an, by] € B(t) such that ||a,, — (0] — 0, as

m — 00. Therefore,
|0y 0) = (o) < |70 = IO lan + Aabul | + 16(0) = @l (3.46)
Condition (B1) now implies that;

(1- Ana)HJﬁ“““e — PO (a, + )\nbm)H < [[9(0) — ap]| +

An

Bt D )| | 4+ A bll + Llam + AL = £+ M)

By (3.33), we can show that an(“”\")qﬁ, n > 1 is bounded, and so by inequality
(3.46), we have

lim sup H(Jff“n’@(m - 1/1(())“ < 9llay — (0)]| forall m € N.

n—oo
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Thus lim H(Ji(t“")w)(O) - @D(O)H = 0, and therefore lim ‘

by continuity of F', we conclude that

goﬁw\n — ’(/)H = 0, and so

S 900) + AuF(E,6) = (g + Aaza)]] — 0,

and so (3.16) is fulfilled.

3.5 Population models

The existence results in this chapter are particularly convenient for applications to
population models, considered in Chapter 2, in the L'-context. In order to apply our
flow—invariance and asymptotic results on models of this type, we need the following

auxiliary results.

Notation: Let N : I x X — R be convex on X, X a Banach space. Then for fixed
tel, \— N(t,x+ A\y) is convex on R for z,y € X. So we may set

N(t Ay) — N(t N(t — N(t
ON(t,xz,y) := lim (Lo + ) (t,2) = inf (Lo + ) (’x), x,y € X.
A—0+ A A>0 A

Lemma 3.21. Let B(t) C X x X, t > 0 be a family of a—accretive operators in a
Banach space X, and C(t) C X, t > 0 closed convex subsets of X. Let N(t,x) :=
dist(xz,C(t)), x € X. Moreover, assume that, for A\ > 0 small enough, R(I+\B(t)) D
C(t), and Jf(t)C(t) C C(t). Then for any t > 0, N(t,.) is convex and continuous,
and ON(t,x,y) > —aN(t,z) for all [z,y] € B(t).

Proof. The continuity and convexity properties of N(¢,.) on X for fixed ¢ > 0
are obvious. Let [z,y] € B(t), t > 0, and A > 0 such that A < 1. Let (c,), be
a sequence in C(t) such that || + Ay — ¢,|| — N(¢t,z + Ay). By the assumptions
Jf(t)cn € C(t), and so N(t,z) < Hx — Jf(t)an < elle+ Ay — ¢l Thus (1 —

1—
A)N(t,2) < N(t,z+\y) for A > 0 small enough. Rearranging, and letting A — 07,

completes the proof .

Following the idea of [3, Theorem 19.8], we state the next theorem:

Theorem 3.22. Let (B(t))i>0 be a family of a—m—accretive operators in X, satisfy-
ing (B1). Let I be an interval in R™, M : IxX — (—o00, 00| be lower semicontinuous,
and N : I x X — R be continuous, and for any t € I, N(t,.) be conver on X.
Assume for any t € I, and |x,y] € B(t)

N(t—h,x) — N(t,z)
h

M (t,z) < limsup

h—0t

+ ON(t,z,y). (3.47)
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If fe L} (I;X), and u is a mild solution to u(t) + B(t)u(t) > f(t) on I, then the
following holds:

N(t,u(t) / M(1,u(7))dr < N(s,u(s / ON(1,u(r, f(7))dr.  (3.48)

For the proof we shall need the following lemma, compare [3, Theorem 19.3].

Lemma 3.23. Let (B(t))i>0 be a family of a—m—accretive operators in X, satisfying
(B1). Let I be an interval in R , and M,N : I x D — (—o0, 0] be lower semicon-
tinuous, where D = cl(D(B(t))), t > 0. Moreover, assume there exists a function
£:(0, ] x I x D — (—00,00] — R such that for all (t,x) € Ix D, and 0 < A < X\g
witht+ X € I;

N(t+ X Tyt 4+ N)z) + AM(t+ X, Ja(t 4+ Nz) < N(t x) + Ae(\ ¢, z), (3.49)

and

lim e(AMt,x) =0 forall (tyg,x9) €1 X D. 3.50
(\t,2)—(0,t0,20) ( ) f (to, o) ( )

Then for every (t,x) € I x D and A > 0 witht + X € I;

N+ MNU(+ Nt / M(r,U(r, t)z)dr < N(t,z), (3.51)

where U is the evolution operator generated by B(t), and J\(t + \) = Jf(H’\).

Remark 3.24. It can be shown that the a—m-accretivity of B(t), and (B1) imply
that c/(D(B(t))) = D is necessarily independent of ¢ (See [47, Remark 4.2 ]), so by
Theorem 1.7 the family B(t) generates an evolution operator. Moreover, according

to [47, Corollary 3.2], the evolution operator associated to B(t) is given by

S)x forall z e D.

U(t,s)r = lim HJt s s—|—jt

n—oo

Proof of Lemma 3.23. We shall follow the idea of proof in [3, Theorem 19.3]. By
induction on (3.49), we can show that for all t € I, 0 < h < )¢, and n € N with
t+nhel;

Nt+nhHJht+zh +hZMt+zhHJht+kh)) (3.52)

< N(t,z)+h Za(h, t+ (i —1)h, H Ju(t + kh)z).

=1 k=1
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Let t € I, and A > 0 such that ¢t + X\ € I. Then applying (3.52) with A = A/n, for n
sufficiently large such that A/n < \g we have

. A u AT A
N(t+ A, H Iyt +i5)x) + Afn Z M(t+is, H Tyt +k>)z)

< N(t,x) —i—)\/nz AMn,t+(i—1)— HJ,\/nt+/<?>\) ).

Then
Nt+)\HJA/nt+z / M (6,(7), up (7))dT
i=1
t+\ )\ )\
< N(t,2) +/ Y R (3.53)
t

where 0,(7) =t +i2, and u, (1) = I1._, Iajn(t+k2)z for 7€ (t+ (i — 1)2, ¢ +42],
i > 0. Since 0,(17) — 7, and u,(7) — U(7,t)z uniformly on [¢,t + A], then lower
semicontinuity of M and N imply that

N+ \NU@t+ \t)x / M (7, U(r,t)x)dr

< liminf [N(t+ A, HJ)\/nt—l-Z— / M (0,(7), un(7))dr],

n—00
=1

where we have used that (3.50) holds uniformly for all (to, zo) in any fixed compact
set. This together with (3.53) completes the proof.

Proof of Theorem 3.22. As in the proof of [3, Theorem 19.8], we start by assuming
that f = 0, and Ny, the partial derivative of N with respect to ¢, exists and is
continuous on [ x X. Let t € I, x € cl(D(B(t))), and A > 0, with t + A € I. Then
applying (3.47) with ¢t =t + A, and [J\(t + A\)z, Bx(t + A)z] € B(t + \) we have
ME+ N Lt +N)x) < =N(t+ X, A+ X)x) +ON(E+ N, I\t + Nz, Ba(t + Nx),
and so by definition of 9N we obtain
AM(E+ X, It 4+ N)x) < AN+ X It +N)z) + N({E+ X x) = N+ X DL(t+ V).
Therefore

N+ N I+ Nx) + AM(E+ X, It + N)x)

= N(t,z) + Xe(\, L, x),
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where e(\,t,z) = % tt+/\[Nt<T, x) — Ne(t + A, Jx(t + N)x)]dr. Then since z €
cl(D(B(t))) = D, by condition (B1) on B(t) it follows that ||J)(t + \)x) — z|| — 0,
and so continuity of N;, implies that e satisfies (3.50). Therefore by Lemma 3.22,
(3.51) holds. Take wy € D, t,s € I with s < t. We note that U(.,0)ug is the
mild solution to u(7) + B(7)u(7) 3 0, u(0) = ug. Then applying (3.51) with ¢ = s,

A=t—s,and x = U(s,0)ug, we have
t
N(t,U(t,0)up) + / M (7, U(7,0)up)dr < N(s,U(s,0)up),

which is assertion (3.48) for f = 0.
For the general case with f nonzero and N without regularity restriction, the same
discussion as in [3, Theorem 19.8] implies that (3.48) holds.

Conventions

1. Q is an open subset of RY.

2. For >0, weset [0,8] :={z € L' ()| 0<z(w) <P ae weN}

3. Forx € L'(Q),and r e R, (x <7):={w € Q|z(w) < r}. In the analogous

way we also define (z =), and (z > 7).

Lemma 3.25. Let 3 > 0. Then the following hold:
(i) d(z,[0,0]) = —/ x +/ (x—B) forall zeL'Q). (3.54)
(z<0) (z>0)

(it) If N(x) = d(z, ][0, 3]), x € L*(Q), then for all x,y € L*(Q)

3N(x,y)=/ Y- +/ y* —/ y +/ y. (3.55)
(2=0) (a=) (2<0) (2>8)

Proposition 3.26. Let B(t) C L'(Q) x L'(Q) be a family of m-completely accretive
operators satisfying condition (B1) with 0 € B(t)0 for all t > 0. Consider the delay

equation

i) + B(tyu(t) 3 atyu(t) [1 = bOu(t) = [Py ut +r(sNan(s)] 120
u|[_R7O] = ¥,

with initial-history space E := C(|—R,0]; X). Assume 3 : R™ — (0,00) is a bounded
differentiable function such that B’ is also bounded and satisfies the following prop-

erty:
a(t)B(t) — a(t)b(t)B2(t) < B(t) for all t> 0. (3.57)
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Let p € C([—R,0]; X) with ¢(s) > 0 for all s € [-R,0], and ¢(0) < 3(0) a.e. on
Q. If in addition p(0) € cl(D(B(0))), then the following hold:

(i) There exists a unique global mild solution uy to (3.56) such that (u,), > 0 for
allt > 0, and u,(t) € [0,8(t)] for all t > 0.

(ii) Assume Q has finite Lebesque measure, and that the control function f in (B1)
is bounded on RT. Then u, has relatively compact range if there exists ro > 0,
such that J)]\S(TO), A > 0 transforms L>®°-bounded subsets of L'(Y) into relatively
compact sets in L*(Q2), and either (a) uy, is uniformly continuous, or (b) the evolution
operator generated by B(t) is T—periodic for some T > 0, and for any L™ -bounded
subset K C cl(D(B(s))), the family of functions {Ug(t,s)x |z € K}, t > s >0, is
equicontinuous at any t > 0 .

(iii) If the family (B(t))i>0 = B is independent of t, then

L)l < o) for all ¢ >0,
and if, in addition, B + ol is accretive for some a < 0, then
()] < BN p)] - for all > 5.

In particular, if o < 0, and ay < —«, then all these solutions tend exponentially to

the zero function.

Remark 3.27. Under the assumptions of Proposition 3.26, let 5 : Rt — (0, 00) be
a bounded nondecreasing differentiable function such that 5(t) > ﬁ, t >0, and
is bounded. Then (3.57) is satisfied, and so the conclusions of Proposition 3.26 hold.

If in addition we assume b is non—increasing and differentiable, and &’ is bounded,

1

then in particular we may take §(t) = Ok

Following the idea of [59, Proposition 5.1(c)|, in case, 5(t) = (3 is independent of ¢,
and 3 > sup{ﬁ |t > 0}, we can improve the above result.

Definition 3.28. For a function v : Rt — X, X a Banach space, w(u) := {z €
X |u(t,) — = for some sequence t, — oo}, respectively w,(u) ;== {zr € X |u(t,) —
x  weakly for some sequence t, — oo}, denote the (norm) omega-limit set, re-

spectively the weak omega-limit set of u.

Proposition 3.29. Let ¢ € C([—R,0]; X) with p(s) > 0 for all s € [-R,0] a.e. on
Q, and p(0) € cl(D(B(0))) N L>®(). Then for By = sup{:= |t > 0}, the following
assertions hold:

1
b(t)
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(1) limy_.oo d (uy(t), [0, Bo]) =0
(ii) If u, has relatively compact range, then w(uy,) C [0, Bo] -
(iii) In case §) has finite Lebesque—measure, u, has weakly relatively compact range,

and wy,(uy,) C [0, Bol.

Proof of Proposition 3.26. Let 0 < ay < a(t) < ag, and 0 < by < b(t) < by.
Take § : RT — (0,00), satisfying (3.57) with § = sup{8(¢)|t € R*}, and let

X(t) = [0, 3(t)]. Since the family B(t) is m-completely accretive, according to Re-
mark 3.11, X (t) N cl(D(B(t))) = ¢l (X (t) N D(B(t))). Therefore we may set

Eo(t) = { € C([=r,0; X) | (0) € X (1) Nel(D(B(1))},
and E(t) = (Eo(t)" = {p € Ey(t)|¢(s) > 0,s € [~R,0]}. Then the equa-

tion (3.56) has the form of (FDE) with F(t,.) : Ey(t) — X, defined by F(t,p) =

a(t)(0) [1 = b(t)p(0) — G(t, )], where G(t, ) = [ ¢(r(s))dm(s). For the mo-
ment, consider this equation with the right hand side F*, say (FDE)", with

Fr(t,0) = a(t)p(0) [L = b(t)p(0) = (G(t,9)) "] for € Eg(t).

We then show that for (FDE)*, conditions (B1)—(B4) are fulfilled in our setting.
Indeed, (B1) holds by our assumptions. To check (B2), we first note that under
the assumptions of Proposition 3.26, cl(D(B(t))) = D is independent of ¢. Now let
tn 1t, and z, € X(t,) Necl(D(B(t,))) with z, — 2 in L'. Then # € D. Moreover,
there exists a subsequence, say again, x,, such that z,(w) — x(w) for almost every
w € Q. Therefore by continuity of 3(.), we conclude that x(w) € [0, 3(¢)] for almost
every w € Q. Thus 2 € X(t) N D, and so by the above discussion (B2) holds. Con-
dition (B3) is a matter of routine checking. (Note that here, because of the special
form of E(t), we do not need any restriction on X (¢) or more precisely on 3(t) to
get (B3) (i), A

Concerning (B4), we first take ¢;, p, € Ey(t), t > 0 with ¢;(0) = ¢,(0). Then

}|F+(t7901) - F+(t7902)H = a(t)H%(O)(GJF(tﬂﬁ) - G 902 H < a ( )||77t||”901 802”;

so (B4)(ii4) holds with M’ = a;8. To show (B4)(ii), let ¢ € E(t) and 1 € EES), 0<
s < t. Take z* € J(p(0) — ¢(0)), i.e., x* € L*(Q), ||[z*|| < 1, and < z*,¢(0)
$(0) >= [[¢(0) = ¥(0)[|. Then

<2* FHt,p) - F*(s,) >= at) / £ (0(0) — $(0)) + [alt) — a(s) / ()
—a(tb(t) / £ (0(0) — $(0))((0) + $(0)) + [a(s)b(s) — a(t)b({)] / £ $(0)6(0)
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—a(t) [ 500G () — G (10 + lals) — aft)] [ #70(0)G" (t.)
—a(s) / £ (p(0) — (0))G* (£, ¥) — as) / £ H0)(~GH(E ) + G (s,4),

and so

<", FH(te) = FP(s,9) >< a(t)]le = ¥ + la(t) — a(s)| [¥]
+Ha(s)b(s) = a®)b(t)] B(s)[[P] + a(t)B)lle = ]l
+a(t) = als)] B@nel[l[¢1 + als)B(s) ¥l = nsl

Therefore

<z FH(t,0) — Fr(s,¢) >< (a1 + a18)||¢ — ¥|| +
L([[¢1) [Ja(t) = a(s)] +[ne —ns| + la(t)b(t) — a(s)b(s)| ],

where L : R — R* is defined by L(z) = 2 + 3(2 4 a1)z. Then by Proposition 1.2,

< FT(tp) = F'(s,9),9(0) = (0) >4 < Ml — ¢ + L(IIY[) l9(t) — g(s)]|  (3.58)

and so condition (B4)(i7) is satisfied with M = a; + a1, and ||g(t) — g(s)|| =
ja(t) — als)| +[m —ns| + [a()b(t) — als)b(s)] -

Using that B(t) are m—completely accretive, and 0 € B(t)0 we see that .J, BOX ()
X(t). Therefore by Lemma 3.14, to show the subtangential condition (3.16) for
(FDE)*, it is enough to prove that: for all ¢» € E(t), t > 0

liminfy o+ + d(1(0) + AET(¢,4), [0, (¢t + A)]) = 0.
Starting from (3.54), it is not difficult to see that

imint - d((0) + AP (6,0).0.86+ ) = [ F(60) - 510),

A—0+
where D = (¢(0) = 8(2)) N (F*(t,4) > F'(1)).
According to (3.57), F*(t,v) < f'(t) on (¥(0) = B(t)). So the above integral is
zero, as desired. Therefore according to Theorem 3.9, given any ¢ € E(t), there
exists a global mild solution uy to (FDE)™ with (uy); € E(t) for all t > 0. But on
E(t), F*(t,.) = F(t,.), t > 0. Thus uy is actually a mild solution to (3.56). From

(3.58) and Theorem 3.9(i7), we also conclude that w,, is unique amongst all solutions
u to (3.56) with u; > 0, and 0 < u(t) < B(t), t > 0.
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To prove assertion (i7)(a), we shall apply Corollary 4.17 with ¢(t) = F(¢, (u,):) to

obtain
B(ro) 2 t+A
[ 72 0) = g0 < Wl +2) = g0l + 5 [ Huglr) = up(olr

t+A t+A
e / 1F(r) — Fro)lldr + / |F(r, (up):) |dr, (3.59)

forallt > 0, A > 0 and with C; = max{L(“Jf(ro)u¢(t)‘

), L(%1<11T)||u¢(r)||)} We note

that u,(R*) is L>-bounded, and so according to our assumption J 7 (TO)(UW(RJ“)) is
< a1 for all t > R. Thus

from uniform continuity of u,, and boundedness of f it follows that, for any ¢ > 0,

a relatively compact set in L'. Moreover ||F(t, (uy):)]|
the set u,((R,00)) is e—close in L'-norm to a relatively compact set. This implies
that u,(R") is relatively compact in L.

Concerning (ii)(b), we first note that since the family B(t) is m—accretive, it gen-
erates an evolution operator Ug(t, s). We show that u, is uniformly continuous on
[T,00). Let s,t > T such that 0 < ¢ — s < T. Then according to Lemma 4.21 (see
Chapter 4);

kT+r1
lug () = up ()] < /k 1E(7, (ug)) |7 + [Up(ri, o )ug (KT + 13) = up (KT + 72|,

T+ro

where T' < ry <ry < 3T, and k € Nj.

Note once again, that both u,(R*) and {F(t, (up),) | t > R} are L~ bounded.
So for any o € [0,37], Ug(., r2)uy,(R™) is uniformly equicontinuous on [ry, 377, and
consequently, uniformly for ro € [T, 3T]. This implies that the last term in the above
inequality tends to 0, as t — s = r; —ry — 0. From this and the boundedness of I,

we conclude that wu,, is uniformly continuous. Applying the result of (a) completes
the proof of (iii)(b).

Turning to the proof of (iii), let B be also a—accretive for some o« < 0 . Since
[0,0] € B, from (1.9) we read that

e up @) = up ()] < /0 e T < F(7, (up)r), up(T) >4 dr - (3.60)

for all t > 0. (Note that in (B1), f = 0). Set N(¢,z) = ||z||. Then applying (3.55)
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for =0, we have
< F(r, (ug)r), () > 4= / F(r, (u),)dr
(Up(T)>0)

= a(T)/ up(T)[1 = b(T)up (1) = G(T, (up)7)]dT < a(7)l|lug(7)]l;
(Up(7)>0)
we conclude from (3.60) that
e ug (W) < [lug(0)] +/0 a(r)e” " |lug(7)|ldr for all ¢ 0.

An application of Gronwall’s lemma completes the proof.

Proof of proposition 3.29. According to Proposition 3.26 (i), u, exists and
u,(t) € [0, max{fy, ||¢(0)|] for all ¢ > 0. To prove the first assertion, we shall first
show that d(u@(t), [0, ﬂo]) is non—increasing. To this aim, let N(¢,z) = d(x, [0, 60]),
and M(t,z) = 0. Then limsup,_q+ w = 0, and therefore by Lemma

3.21, M and N satisfy (3.47)(we note that a = 0). Thus, Theorem 3.22 implies that

d(u, (1), [0, Bo]) < d(ug(s), [0, Bo]) + / ON(r,u,(7), F(r, (u,),)dr.  (3.61)

From (3.55),

ON(T,uy(7), F(T,u,(T)) = /Q F(T,(uy)r) <0, (3.62)

where Q, = (uy(T) > 3o). Therefore by (3.61), d(uy(t),[0,5]) | § > 0.
By (3.54), d(uy(7), [0, B0]) = fQT(u@(T) — o) for all 7 > 0. Then

0 < ao(t—s)ag/ a(T)d(u¢(T),[o,5o])dT:/ a(T)(/ (uy(7) — Bo))dr

Qr

< /:(I(T) (/Q7<u¢(7) — Tl))dr = /Sta(T) (/QTflT) [b(T)u¢(T) — 1} )dT
< [ atnusto o)

The above inequality together with (3.62), and (3.61) imply that

up(r) — 14+ G(r, (u¢)7)] )dT.

0 < ag(t—s)0 <d(up(s),[0,8]) —0 forall 0<s<t.

This shows that § = 0, and so (i) holds. Assertion (i7) is now obvious. Since for

a finite measure space, L™-order intervals are L' weakly relatively compact, the
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assertion (i7i) is then a consequence of part (7).
Consider the following variant of model (3.56), described in Section 2.6.

a(t) + Bt)u(t) 3 u(t) [1 + a(t)u(t) — b(t)(u(t))?
—(1+a(t) = b)) [° f(s)u(t+s)ds|, t>0 (3.63)
Ujmr) = ¥

Proposition 3.30. Let B(t) C LY(Q) x LY(Q) be a family of m-completely accretive
operators satisfying condition (B1) with 0 € B(t)0 for all t > 0. Consider the
above delay equation with initial-history space E = C(|[—R,0]; X). Assume [ :
RT — (0,00) is a bounded differentiable function such that 3’ is also bounded and it

satisfies the following property:

BI)L + a(t)B(t) — b)) < B'(t) for all >0, (3.64)

Then for ¢ € C(|—R,0]; X) with ¢(s) > 0, s € [-R,0], ¢(0) € [0,5(0)] a.e. on
Q, and p(0) € cl(D(B(0))) all the assertions of Proposition 3.26 hold, with a(7) in
(1ii) being replaced by 1+ a(7)3(7).

Remark 3.31. Under the assumptions of the above proposition, let § be any

a(t)++/ a(t)>+4b(t)
0] , and

bounded nondecreasing differentiable function such that 5(t) >
(' is bounded. Then the conclusions of Proposition 3.26 hold.



4 Asymptotic behavior of solutions to (FDE)

In this chapter we supplement the general existence and flow invariance results of the
foregoing chapters by some specific results on the asymptotic behavior of solutions,

such as asymptotic stability, almost periodicity and compactness.

4.1 Asymptotic stability of solutions to (FDE)

Let u, and u, be mild solutions to (FDE) under the assumptions of Theorem 2.2
or Theorem 3.9. Then |[(uy); — (uy):]| < eI — 9|, w = max{0, + M}. This
result can be improved in particular cases:

(a) In the infinite delay case

1. For E = (BUC(R;X), sup — norm), a + M < 0 does not imply asymptotic
stability for (FDE) [61, Example 4.1.A].

2. For the E, spaces where s — v(s)e ™ is nondecreasing on R~ for some p > 0,
and a+ M < 0, solutions to the autonomous (FDE) are exponentialy asymptotically
stable, [61, Theorem |. For the case v(s) = e* , see also [50].

We will show that in the space FE, as in 2, the solutions to the non-autonomous

(FDE) are also exponentially asymptotically stable.

Theorem 4.1. Assume thatv : R~ — (0, 1] is a weight satisfying (v1) and (v2) such
that s — v(s)e " is nondecreasing on R~ for some p > 0, and put f = min{y, —a—
M}, Then the evolution operator (U(t,s))i>s for (FDE) via Proposition 2.3 with
wnitial space E,, satisfies

U, s)p = Ut s)0ll, < e P lp —w,
for allt > s, and p, ¢ € cl(D(A(s))). In particular,

lupo(t) = uppp ()] < e —w]l,,

for allt > s, and p,¢ € cl(D(A(s))) .
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Proof. According to (1.7) it will suffice to show that the family A(¢) defined by
(2.3) satisfies

L+ AB)l[er = @all, < (o = Apr) = (@5 = A@H)Il, + AH (1, t2) L([[ s ]l,)  (4.1)

for all A > 0 with —AB < 1, ¢, € D(A(t;)), i € {1,2}, t5 <1, and H as in (2.3).
Let z € X, ¢ € E,, and A > 0. As in the proof of [61, Theorem 3.6], using that the

function s — v(s)e ** is nondecreasing on R~ we have

1 (1+A/\u)9 _ 1
OO < T lell+e R (1ol - ool ) 42)

1
Now take A > 0 such that —A\3 < 1, and let ¢, € D(A(t;)), and put ¢; = (I +
MA(t:))pir i € {1,2}. Then

(1 = #2) = Mt — ¢3) = (U1 — a), (4.3)
and therefore (4.2) implies that for all <0
1
VOl - 2O < oyl = dall, (4.4
(1+An) 1
5 (1(0) = a0 - Tl — vl )

If ||p1(0) — o (0)]] < ﬁ”djl — 12]|,, then we read from (4.4) that

1
- <
||901 SO2||U -1 +)\M

141 — 2l

and therefore
(1 4+ A8y — @all, < Y1 — o],

Hence (4.1) is obviously true. On the other hand, if ||, (0) — ¢4 (0)]| > ﬁ”ﬂh —all,,
then we conclude from (4.4) that

o1 — @all, < [l01(0) — @4 (0)]]. (4.5)

Note that [p,(0), F'(t, ;) — ¢i(0)] € B(t;),i € {1,2} and Aa < 1. Thus using (2.1)

and following the method of proof in Proposition 2.3 we obtain

(1= XMa+ M)y = poll, < b =42,
+ AL(lleall,) (1f (#1) = F(t) | + lg(t1) — g(®2)1]).

therefore by our choice for 3, inequality (4.1) is satisfied.
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Corollary 4.2. Under the assumption of Theorem 4.1, if M +a < 0, then solutions
to (FDE) are exponentially asymptotically stable.

(b) In the finite delay case for E = C(|—R, 0]; X), Plant [50] shows that if a4+ M < 0
then the solutions to the autonomous (FDE) are exponentially asymptotically stable.
In [13], it has been proved that, if X* is a uniformly convex Banach space and
a+M < 0, then classical solutions to the non-autonomous (FDE) are asymptotically
stable.

Let £ = C([-R,0]; X) with ||.|| . For ¢ € E and p > 0 define

lell, = sup eflo(0)].
0e[—R,0]

It can easily be seen that

ol < ellell, < el (4.6)

Assume that condition (B.2)(i4) holds for all ¢ € E(t;) and ¢ € E(ty). (4.7)
We then apply the techniques of proof in [50] to show

Proposition 4.3. Let E = (C([—-R,0; X), |l.|l.)- If a + M <0, then there exist
K and B > 0 such that for all p,1) € cl(D(A(s))),

U, s)p — Ut 8). < Ke P — | .

Proof. Choose 1 > 0 such that o+ e*fM < 0. Set 3 = min{p, —(a+ M)}, We
will first show that for A > 0 and for all s <ty <, and ¢, € D(A(t;)),1 € {1,2},

L+ AB8)l[er = @all, < M1 = Ah) = (02 = Ap)ll, + Allf(t1) = fE) I L(llal,.)-
(4.8)
Take A > 0 and ¢, € D(A(t;)), i € {1,2}. Put ¢, = (I + MA(t;))p;. Then applying
(4.2) for v(0) = e*? and 0 € [—R, 0] we have

1
1o _ <
e’y — ) ()] < 1+ M\

R0 (nmm — 3 (0)| = s — wu) -

If 01(0) =2 (0)[| < il — wall,,» then [0y — woll, < 15z llvn — 4|, Since
8 < u, the inequality (4.8) is obviously satisfied.

In the case [[¢;(0) — ¢,(0)|| > ﬁ”@bl — 4ol ,, (4.9) implies that

A (4.9)

1
14+ Ap

o1 = all,, < Mle1(0) = @2 (0).
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Therefore using (2.1) for [p,(0), F'(t;, p;) — ¢i(0)], i € {1,2} we obtain

(I =2a)ller = @all, < [1(1(0) = AP (0) = (92(0) = Ap(0)) ]
+ A(F(tr, 01) = Fta, 0a) [ + ALa(lla ()DL (81) = f(#2)]-

Now (4.7) implies

(L=2a)llpr = @all, < 1 = A1) = (92 = A, + Allpr — wall
+ Alg(t) — 9@ La(llpall) + AL1(l@al I (E1) = f(#2)]],

and therefore from (4.6) we obtain

(L+A(—a—e"M)llpy —poll, < llon = tall, + AMg(tr) — g(t2) [ La(e" "l ]l,)
+ ALa(lloll DI (81) = f(E]]

We now define L : R™ — R* by L(z) = Li(z) + La(e*fix), and H as in (2.3). Since
B < —a — e*MM, we obtain the desired inequality. By Proposition 2.3

Ut 8)p = Ut s)¢ll, < ™o =4l
Let K = e*f then (4.6) completes the proof.

Remark 4.4. The results of this section hold as well for U(t, s) the evolution oper-
ator associated to A(t) defined by (3.24) and w,, the mild solution to (FDE), as in
Theorem 3.9, with o in (B1) and M in (B4)(i7). Actually the proofs are based on
the argument used in (S1)1. in the proof of Theorem 3.9.

4.2 Compact evolution operators

In this section we shall consider (FDE) in the initial history space E = C([—R, 0]; X).
We study the relation between Ug(t, s) the evolution operator generated by B(t),
and Ug4(t, s) the evolution operator generated by A(t), for A(t) as in (2.3), or (3.24).
More precisely we show that if Ug(t, s) is a compact evolution operator, then Ux(t, s)

is also compact for all ¢ > R + s.
We shall use the following to determine (weakly) relatively compact sets.

Lemma 4.5. Let X be a Banach space. If B C X 1is such that for every ¢ > 0,
there exists a (weakly) relatively compact subset B.in X such that B C B. + €By,
then B is (weakly ) relatively compact.
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Proof. Showing that B is relatively compact is trivial. For the weakly relatively

compact part see [24, P 221, Lemma 2].

Theorem 4.6. Let (B(t))i>0 be a family of operators satisfying (2.1), and such that
(B(t))i>0 generates an evolution operator Ug(t,s) : cl(D(B(s))) — cl(D(B(t))),
t > s. Assume, moreover, that Ug(t,s) is a compact evolution operator. Then for
any t > R+ s, the evolution operator Ua(t, s) generated by A(t) as in Theorem 3.9,

or Theorem 2.2 1s a compact operator.

Proof. Let t > s+ R, and let K be a bounded subset of cl(D(A(s))). We need to
show that Ua(t, s)K is a relatively compact subset of C'([—R,0]; X). To this aim,
we use the Arzela—Ascoli Theorem, and equivalently prove:

(1) For all ty € [—R, 0], the cross section of U (t, s) K at to, i.e {(Ua(t,s)p)(to) | € K}
is relatively compact in X.

(1) Ua(t, s)K is equicontinuous at t, for all ¢y € [—R, 0].

To prove (i), let ty € [-R,0]. Then {Ua(7,s)¢) | ¢ € K, T € [s,t + to]} is bounded.
Indeed, fix ¢, € K. Then

[Ua(Ts)o)| < |Ua(7, 8)¢) = Ua(T, 8)@o) | + [Ua(7, )0
< eI lg — gl + 1Ua(T, s)¢0)l

for all p € K, and 7 € [s,t + to]. F maps bounded sets to bounded sets, thus we

may set

M = sup{|[F'(7, Ua(7, )p) || [ € K, T € [s, 1 + L]}

Since t > R + s, we may choose 6, < 6(6’O‘| (t+0) M)~! such that t + ty — 5. > s.
Then

|(Ualt, s))(to) — Up(t + to, t + to — dc)uep(t + to — 62)|
g (t +to) — Up(t + to, t + to — 8- )uep(t + to — 6.)]

t+to
/ ea(t+t°_7)||F(T, Ua(t + 7, s)p||dT.
t+to—0e

Since {u,(t+to—9:) | ¢ € K} is bounded, and Ug(t+to, t+to—J.) is a compact oper-
ator, from the above inequality it follows that, given any € > 0, {(U(t, s)p)(to) | ¢ €

K} is e—lose to a relatively compact set and thus is relatively compact.

Returning to (i7), take ty € [—R, 0], and let £ > 0. We shall prove that U(¢,s)K is
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equicontinuous at ty. Since t > R+ s, we can find 0 < § < 1 such that t — > R+ s,
and t +tg — d > s. Then we have

||u¢(t+to+h) - UB(t—i-to—l-h,t—i-to—5)u@(t+to—5)” +
|Ug(t+ to, t +to — S)up(t +to — §) — up(t +to) || +
|Up(t +to+ h,t +to — O)up(t +to — 6) — Up(t + to, t + to — §)up(t + to — 0)||

[Tt 5))(to + 1) = (Ualt, s)o)(to) | = [[uip(t +to + ) — ugp(t +to)[| <

for all ¢ € K, and |h| < 0. Therefore

[(Ualt, s)p)(to + ) — (Ualt, s)p)(to) || < (4.10)
t+to+h t+to
et th=)\ p (0 T4 (7, 8)p||dT + o= B (r Ua(T, 8)o|ldr +
, UAlT,S)p yUAT, S)©p
t+to—d tto—5

|Up(t + to+ h,t +to — O)up(t +to — ) — Up(t + to, t + to — S)uw(t + to — 0)||

Set M = sup{F(r,Ua(T,9))¢|¢ € K,7 € [t +ty — 1,t + to + 1]}. We note that
up(t+to—0) = (up)-s)(to) = (Ua(t — 6, 5)¢)(to), and so by the first assertion the
set {up(t +1to — &) |p € K} is a relatively compact subset of cl(D(B(t +ty — 0))).
Thus there exists 0. < min{5,5(3e|0‘| (t+to+1) A1)~} such that for all h, |h| < 4.,
and ¢ € K

|Up(t + to+ h,t +to — O)up(t +to — §) — Up(t + to, t + to — d)ue(t + to — 6)|| < /3.
Therefore

[(Ua(t; s)p)(to + h) = (Ualt; s)p)(to)l| < e,
for all h with |h| < d., and ¢ € K as desired.

Remark 4.7. If, in Proposition 4.6, we assume that Ug(t,s) is equicontinuous,
then for any ¢ > R + s, and any bounded subset K of cl(D(A(s))), the family
{Ua(t,s)¢|p € K} is equicontinuous on [—R, 0]. To see this, we shall start with the
same argument as the second part of the above proof. Then {uy(t+t—9)|p € K}
is bounded. Thus by equicontinuity of Ug(.,t + to — ) at t + to, we may choose o,
sufficiently small such that the righthand side of (4.10) is less than e.

4.3 Almost periodicity properties of solutions to (FDE)

In this section we will study the relationship between properties of u,, the mild

solution to (FDE), and the corresponding motion U(.,0)¢ : RT™ — E. In particular
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we discuss almost periodicity properties of solutions to (FDE). Our study is based
on the representation u,(t) = (U(t, 0)p)(0) for ¢ € cl(D(A(0))), and ¢t > 0. For the
autonomous (FDE), see [61].

We start by recalling the required periodicity concepts. For J € {R ,R*}, we let
Cy(J, X) denote the Banach space of bounded continuous functions from J into X
with the supremum norm ||.||__, while BUC(R™", X), respectively Cyp(R*, X), denote
the subspace consisting of those f € C,(R", X)) which are uniformly continuous,
respectively vanish at oo. Further, given a function f : J — X and w € J, the
w—translate f, of f is defined by f,(t) = f(t +w),t € J, and H(f) = {f,|w € J}
will denote the set of all translates of f.

Definition 4.8. (i) A function f € Cy(R ,X), (respectively f € Cp(RT, X)) is
said to be almost periodic ,(respectively asymptotically almost periodic) if H(f)
is a relatively compact set in C,(R , X)(respectively C,(R™, X)) with respect to the
supremum norm.

(i7) A function f € Cy(R™, X) is said to be Fberlein — weakly almost periodic if
H(f) is weakly relatively compact in Cy(R*, X).

The spaces of X —valued functions defined in (i) and (i7) of Definition 4.8 will
be denoted respectively by (i) AP(R ,X), (AAP(R*, X)), and (i7) W(R*, X). We
also let Wo(R™, X) denote the vector space of W(R™', X) consisting of those ¢ €
W (R™, X) for which the zero function belongs to the weak closure of H(yp).

For later use, we also need the following basic facts about the above listed concepts
of almost periodicity (see Fréchet [21, 22], DeLeeuw-Glicksburg [10, 11] and [62, 63,
64, 65)):

1. f e Cy(RT, X) is asymptotically almost periodic (respectively, Eberlein-weakly
almost periodic) if and only if there exist unique functions ¢ € AP(R ,X) and
¢ € Co(R*, X) (respectively, p € Wo(RT, X)) such that f = glp+ + ¢.

2. A function f is is asymptotically almost periodic if for every € > 0, there exist
M, > 0, and a relatively dense subset P. C R" such that

lft+7)— f(t)]| <e forall ¢t> M, and 7€ P..

Recall that a subset P of R* is called relatively dense if there exists [ = [(P) > 0
such that [a,a + 1] NP # § for all @ € R*. Finally we shall say that a function
f: RT — X is almost periodic if it is the restriction to R* of an almost periodic

function g : R — X.
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Let U(t,0) be the evolution operator generated by A(t), and u, be a mild solution
of (FDE). As

U(t,0)¢ = (u,); forall ¢t>0, (4.11)

asymptotic properties of the motion U(.,0)¢ : RT — FE (such as having relatively
(weakly relatively) compact range, asymptotic almost periodicity, and Eberlein-weak
almost periodicity) can directly carry over to corresponding asymptotic properties
of u,. In this section we are interested to find out under which conditions, if these
asymptotic properties hold for u, then they hold as well for the motion U(.,0)e.
We shall look at both the finite delay and the infinite delay case:

1. Consider (FDE) in the finite delay case with £ = C([—R,0]; X). Then

Theorem 4.9. Given ¢ € cl(D(A(0))), the following assertions hold:

(¢) If u, is uniformly continuous and has relatively compact range in X, then
{U(t,0)¢ |t > 0} s relatively compact in C([—R,0]; X).

(71) If uplp+ € AAP(R™, X), then U(.,0)p € AAP(RT, C([-R,0]; X)).

Proof. To prove (i), let u, be uniformly continuous, and the set {u,(t)|t € R*}
be relatively compact. Take ¢, € [-R, 0], Then

{{UE0)0)(to) [t € RT} = {uy(t) [t € RT} U @([to, 0]), (4.12)

and so the set {(U(t,0)p)(to) |t € R} is relatively compact.
Choose § > 0 sufficiently small. Then for all h, |h| < § we have

(U, 0)p)(to + ) — (U(,0)p)(to)|| =
up(t + to + h) — u,(t +to)]], t4+ty >0
[[ug(h) — 0 (0)]I, t=—tg
lo(t+to+h) — ot +to)||, —R < t 4+t < 0.

Since u,, is uniformly continuous on R*, and ¢ is continuous on [—R, 0], it follows
that the family {U(t,s)p|t € R} is equicontinuous at any t, € [-R,0]. Now
applying Arzeld-Ascoli’s Theorem we conclude that U(R™, 0)¢ is relatively compact
in C([—R,0]).

For the second assertion, assume uy|p+ € AAP(RT, X). Given ¢ > 0 there exist a
relatively dense subset P, C R*, and 7, > 0 such that

|lup(t +7) —up(t)]| <e/2 forall 7€ P. and t>T..
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Thus for all t > T, + R and 7 € P.

[U(t+7,0)p =U(t,0)¢llo = sup |lug(t +7+5) —up(t + )|l <e,
R<s<0

so U(.,0)¢p is also asymptotically almost periodic.
In order to prove weak compactness we shall use of the following criterion:

Proposition 4.10. (Ruess/Summers) Let (T, 7) be a completely reqular topological
space. A subset H C Cy(T, X), is weakly relatively compact if and only if,

(i) H is bounded in Cy(T, X), and

(4) for all {hm},,.N C H, {tu},cy C T, and {z}} N C extBx- the following
double limit condition holds:

limlim < hy,(t,), z;, >=limlim < h,,(t,), z), >,

rrn
m n

whenever the iterated limits exists.
Here, ext Bx« denotes the set of extreme points of the dual unit ball of X.

Theorem 4.11. Let ¢ € cl(D(A(0))), then the following assertions hold:

(i) If u, is uniformly continuous and has weakly relatively compact range in X, then
{U(t,0)¢ |t > 0} is weakly relatively compact in C([—R,0]; X).

(11) If ug|lp+ € W(RT, X), then U(.,0)p € W(RT, C([-R,0]; X)).

Proof. To show the first assertion, let u, be a uniformly continuous solution to
(FDE) with weakly relatively compact range in X. Take sequences (t,,) in R
and (s,,x*) C [-R,0] X By« such that a = lim,lim,, < (U(t;,0)p)(s,), x5 >
and f = lim,, lim, < (U(tm,0)¢)(sn),x) > both exist. We have to show that
a = 3. Note that we only need to show the equality of the double limit, so we
may pass to subsequences. Let (¢,,) be bounded. We may assume that t,, — .
Then ||U(tm,0)¢ — U(to,0)p|| — 0, and a = lim,, < (U(ty,0)p)(sn), x; >. Now,
given £ > 0, choose my € N such that ||(U(t,,0)¢) (1) — (U(te,0)p)(7)|| < € for all
m > mg and all 7 € [—R,0]. Putting 5,, = lim,, < (U(tm,0)¢)(sn),xt >, m € N,

we have that
B = af = 1lim [< (U(tm, 0)¢)(sn) = (U(to, 0)p)(sm), 25, >| <e

for all m > mg. This implies that a = f3.

Assume (t,,) is unbounded. Let s, — s. We can assume (,,) T 0o, as well as
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R < t; <t Since u, is uniformly continuous and u,(R™") is weakly relatively
compact in X, we can further assume that a subnet of (u‘P|R+)tm converges pointwise
weakly to some h € C(R*; X). Finally, some subnet of (z) clusters weak—star at
some z* € Bx«. Hence

a = limlim < (U(tn, 0)p)(s,), z;, >= limlim < u,, (s,),;, >

n m

= lim < h(sy,), z;, >=< h(s),2" >=lim < u,, (s),2" >= 3.

Applying Proposition 4.10, then completes the proof of (7).
To prove (ii), let uy|p+ € W(R', X). Then according to [66, Proposition 2.1],

Up|lp+ € W(RT, X) is uniformly continuous. Using the relation (4.11), we can see
that U(.,0)¢ : RT — C([—R, 0]; X) is also uniformly continuous. We need to prove
that H = {U;(.,0)¢ |t > 0} C Cp(RT,C([—R,0]; X)) is weakly relatively compact.
Take the sequences U,, (.,0)¢ in H, (¢,,) in R", and (s,,,, z,) C [-R, 0] x Bx+ such
that the following double limits exist:

*

a = limlim < (U, (tm, 0)@)(sm), z), > and f = limlim < (U, (tm, 0)@)(Sm), x5, > -
T v (4.13)

By Proposition 4.10, we need to show that a = (3.

Case 1. If (w,) or (t,) is bounded, then using the uniform continuity of U(.,0)¢

and following the argument in the first part, we can see that o = (.

Case 2. Let (t,) be unbounded. Since (s,,) C [-R, 0], we may choose a subsequence

of t,,, denoted again by t,, such that r,, = s,, +t,, > 0. Then

< (an(tma())@)(sm)ax; >=< (U(Wn + tm,O)gp)(sm),x
=< Uy (wy + Sy + i, 0,25, >=< (Up)w, (Tm), T

3* 3*

>

therefore by (4.13), lim,, lim,,, < (wy)w, (7m), 25, >, and lim,, lim,, < (wy)w, (rm), 25, >
exist. Now since {(u,); |t > 0} is weakly relatively compact, using Proposition 4.10

we conclude that o« = (3. (The case where (w;,,) is unbounded is quite similar).

2. In this part we consider (FDE) in the context of the initial history spaces E, with
v satisfying (v1) and (v2). In addition to the assumptions (v1) and (v2), which will
be assumed throughout this section, we shall need the following special properties
of the weight function v:

sy

v3 lim wv(s) = 0; v3*)  lim su
(3)  lim_u(s) 03) Jim sup
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Clearly, (v3*) implies (v3). If, for u > 0, vi(s) = e, andvy(s) = (1 +|s| )7#, s <
0, then v; and vy both fulfill conditions (v1), (v2), and (v3), v, fulfills (v3*), but
vy fails to satisfy (v3*).

Following [61], we shall need the following lemma.

Lemma 4.12. Given ¢ € E, and t > 0, define ¢ : Rt — C(R™, X) by

(T):{ plt+r) —p(0),  r<—t

0, —t<r<ao.

Further, if o € cl(D(A(0))), let gp(t) = U(t,0) — @(t),t > 0. Then we have

(i) ¢ € BUC(R"; E,);

(i1) p € Co(RT, E,) if either v additionally satisfies (v3*) or v additionally satisfies
(13) and ¢ € Cup(R5X) = {p € CR 5 X)| lim v(s)p(s) = O}

(ii4) if ¢ € cl(D(A(0))),

3o 0)(r) = { A0 =

uy(t+r), —t<r<o,
forallr <0<t
The proof of following proposition is based on the above lemma.

Proposition 4.13. For ¢ € cl(D(A(0))), the followings are satisfied,
(1) uplp+ : RY — X is bounded if and only if U(., s)¢ : RT — E, is bounded;
(71) uplp+ : RY — X is uniformly continuous if and only if U(.,s)p : RY — E, is

uniformly continuous.

The results obtained in [61, Theorem 2.4, and Theorem 2.6] can now be stated

for the non—autonomous (FDE).

Theorem 4.14. Given ¢ € cl(D(A(0))), the following assertions hold:

(1) If {U(t,0)p |t > 0} is relatively compact in E,, so is u,(R") in X. Conversely
if v additionally satisfies (v3), @ € Co(RT, E,), and u,|p+ is uniformly continuous,
then relative compactness of u,(RY) in X implies that {U(t,0)¢ |t > 0} is relatively
compact i E,.

(@) If U(.,0)p € AAP(R™, E,), then uy|lp+ € AAP(RT, X). Conversely if v ad-
ditionally satisfies (v3) and ¢ € Co(RT, E,), then uy|lp+ € AAP(RT, X) implies
U(,,0)p € AAP(RT, E,).
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Theorem 4.15. Given ¢ € cl(D(A(0))), the following assertions hold:

(2) If {U(t,0)¢ |t > 0} is weakly relatively compact in E,, so is uy,(R%) in X.
Conversely if v additionally satisfies (v3), @ € Co(RT, E,), and uy|p+ is uni-
formly continuous, then weak relative compactness of u,(RT) in X implies that
{U(t,0)¢ |t > 0} is weakly relatively compact in E,.

(#) IfU(.,0)p € W(R", E,), then uy|p+ € W(R™, X). Conversely if v additionally
satisfies (v3) and @ € Co(R™, E), then uy|p+ € W(R™, X) implies (U(.,0)¢)(0) €
W(R*, E,).

Proof of Theorem 4.14 and Theorem 4.15. Using Lemma 4.12, the proof of

the above theorems is analogous to the proof of [61, Theorem 2.4, and Theorem 2.6

4.4 Solutions to (FDE) with relatively compact range

It is known that, in the context of the autonomous (FDE), if the resolvents JZ, A\ > 0
of B are compact and M < «, then bounded solutions have relatively compact range,
[54, Theorem 3.1]. In this section, we discuss some cases, for which the solutions
to (FDE) have relatively compact range. In particular we extend the above result
to the non-autonomous case: if for some ry > 0, B(rg) is a—m-accretive, and the
resolvents of B(rg) are compact, then bounded and uniformly continuous solutions
to (FDE) have relatively compact range.

The following lemma will be used later.

Lemma 4.16. Let (B(t))i>0 be a family of operators satisfying (2.1), and u be a
mild solution to u(t) + B(t)u(t) > g(t), t € [0,T] with g € L'(0,T : X), and T > 0.
Then fory € D(J, (TO)) ro € [0,T], A > 0 with A\ < 1, and for all 0 < t; <ty < T,
the following inequality holds:

|| < 7= )\oz)A(tQ gy lutte) —ult)|
(2 — \a) b2
" (1= Aa)(tz — t1) / (™) = yldr

CA
b g L M) = sl (1.14)

A t
e wieenl M G

with C = maX{L(HJf(TO)y‘

), L( sup [lu(7)]|)}.(For the autonomous counterpart,
o<r<T

see [3, Lemma 14.7], also compare [47, lemma 5.2]).
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Proof. Let 0 < t; <ty <T. Since u is a mild solution to u(t) + B(t)u(t) > g(t)
for 0 < t < T, we shall apply the integral inequality (2.28) with r = ry, and
[Jf(m)y, Bi(r0)y] € B(rg) to obtain

Jutta) = 20y | = [futer) = 2700y

to
< / < g(1) — Ba(r0)y, u(1) — Jf(m)y >, dr (4.15)

t1

t]

where C' = maX{L(HJf(TO)y’ ), L( sup [Ju(r)])}-
s<t<T
We recall that for a,b € X, and A > 0

u(r) = 12 yar +.¢ 1) = solar

t1

la + bl = o]
. .

Applying this property to (4.15), and noting that Jf(m)y + AB\(ro)y = y we obtain
Jutta) = 52| = Juten) = 72| <

[ )y 2 lar x|

t1 t
to t
a/ mﬂ—ﬁwﬁm+c/|mﬂ_ﬂmwr
t1 tl
Multiplying the above inequality by A, and using that
_W%%w@wgwmgﬁﬁwﬂ_wmﬂ_ﬁm@

< b,a >+§

to

u(T) — Jf(m)deT +

Y

we conclude that
to

At — u(t)]] < / Cu(r) - ylldr + A / lg(r)lldr

t1 t1
to
—(1 = Xa) /
t1

But A\a < 1, and
~Jutr) = 2| < latr) = il = |y = Ty

Mﬂ—ﬁwww-+AC/wﬂﬂ—ﬂmMr (4.16)

Y

for all t; <7 <ty. So inequality (4.16) implies that

~Alut) - ulta)] < | ) — wldr — (1= At — 1)y~ 22y

(1 - Aa) / Cu(r) — gl + A / lg(r)ldr + AC / ) = £

which is equivalent to (4.14).
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Corollary 4.17. Under the assumptions of Lemma 4.16, let there exist rq > 0 such

that B(rg) is a—m—accretive. If u is a bounded solution to

u(t) + B(t)u(t) 3 g(t), t>0 (4.17)
up = z € cl(D(B(0))), '

with g € L}, (R"; X), then for all t > 0, and X\ > 0 sufficiently small

72ty ~ )] < o+ 0 = w0l + EA [ ) — wi s

(1= )a) Al = Aa)
s s s [ ) = ot
where C; = max{L(HJi3 o) H sup||u M3

Proof. Since B(rg) is a—m-accretive, J,\ ")u(t) is defined for any ¢ € Rt and A > 0
small enough. Take t € R*. Applying Lemma 4.16 with y = u(t), t; = ¢, , and
to =t+ A\, A > 0 with Aa < 1 implies the desired inequality.

Theorem 4.18. Let (B(t))i>0 C X x X be a family of operators satisfying (B1)
with f bounded on R*. If there exists ro > 0 such that B(rg) is a—m—accretive, and
Jf(ro), A > 0 is compact (respectively weakly compact), then bounded and uniformly
continuous mild solutions to (4.17) with g € Cy(R™; X) (or g € L*(R*; X)), have

relatively compact (respectively weakly relatively compact) range.

Proof. Since u is bounded, and J f (ro) jg (weakly) compact, it follows that
{Jf(m)u(t) |t > 0} is a (weakly) relatively compact set in X. As u is uniformly con-
tinuous, from Corollary 4.17, we conclude that, given € > 0, the orbit {u(t) |t € RT}

B(ro)

is e-close in norm to {J, " u(t) |t > 0}, and therefore is a (weakly) relatively com-

pact set in X.

Applying the above result to (FDE) we have the following.

Corollary 4.19. Let uyp be a bounded and uniformly continuous solution of

{ W(t) + Bt)u(t) > F(t,u), t>0 (418)
up = ¢ € cl(D(A(0))),

under the conditions of Theorem 2.2 or Theorem 3.9, with s = 0, and the control
functions f, g bounded on R*. Moreover, assume that there exists C' > 0, such
that ||F(t, (up)e)|| < € for all t € R*. If there ewists ro > 0 such that B(ro) is
a—m~—accretive and the resolvents Jf(m), A >0, \a <1 are (weakly) compact , then

up(R™) is (weakly) relatively compact .
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Definition 4.20. An evolution operator U(t,s) : D(s) — D(t) is said to be T-
periodic for T >0 if, UT +t,T+s)=U(t,s), 0 < s <t

As we will see, in case that the family B(¢) generates a T'—periodic evolution oper-

ator, solutions to (FDE) with relatively compact range are uniformly continuous.

Lemma 4.21. Let B(t) C X x X be a family of operators satisfying (B1), and such
that (B(t))t>0 generates a T —periodic evolution operator Ug(t,0) : cl(D(B(0))) —
cd(D(B(t)), t >0, T > 0. If u is a mild solution to (4.17), then for all t,s > T,
0<t—s<T;

kT+rq
[u(t) = u(s)[| < / T g(7)|dr + (|Up (1, ra)u(kT + 1r9) — u(kT + 1),

kT +ro

where T' < ry <r; < 3T, and k € Ny.

Proof. Let s,t > T such that 0 < t —s < T, and let Ug(t,0) be the evolution
operator generated by B(t). Then

Ju(t) —u(s)| = |lw(kT +r1) — u(kT +r2)||
< |u(kT + 1) — Ug(ry, ro)u(kT + 1o ||
+ HUB<7’1,T2)U(1{ZT+T2) —u(/{?T+T2)|| (419)

where T' < ry <r; < 3T, and k € Nj.
We observe that Ug(r1, r2)u(kT 4 rq) is the mild solution of the problem

0(1) 4+ B(t)v(T) 2 0, ET +ry <7
V(ET + 12) = u(kT + ).

at kT + ry. Therefore (4.19) and (2.29) imply the desired inequality.

Proposition 4.22. Let uyp be a solution to (4.18), and the family (B(t)),s, generates
a T—periodic evolution operator of type a. Also assume that there exists C' > 0,
such that || F(t, (up):)|| < C” for all t € RY. If up(RT) is relatively compact, then
Ugp Rt — X is uniformly continuous.

Proof . Let s,t > T such that 0 <t — s < T, then by Lemma 4.21,

kT+ry

lug(t) = up(s)]| - < /k X MHNTD| B (7, (u), ) |dr

T+7ro
+ ||Ug(ry, ro)u(kT + ry) — u(kT + r9)||, (4.20)
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where T' < ry < r; < 3T, and k € Ny. Let ¢ > 0. We note that for any ry € [0,37],
and z € cl(D(B(r))), Ug(.,r2)z is uniformly continuous on [ry, 3T. Since uy(R™)
is relatively compact, it follows that for any ro € [0, 37T}, the family {Ug(., )z |z €
cl(D(B(rz))) Nup(RY)} is uniformly equicontinuous on [ry, 3T]. In particular, for
any s € [0,37], there exists 0, such that for all r,»’ € [T,3T], r,r’ > s with
| —r| < ds, and for any k € No;

|Us(r, s)u, (kT + s) — Up(r', s)u,(KT + s)|| < e. (4.21)

Since [T,3T] is compact, there exists a finite family {s;}, C [0,37] such that
[T,3T] C U, (si, 8;+0;/2) with 6; = 05,. Set 6 = min{é;/2} ;. Take r,ry € [T, 3T
such that 0 < ry —ry < J. Then there exists 1 < j < n such that ry € (s;,5;+6;/2).
Moreover, for any k € Ny,

|UB (11, 72)up (KT + 12) — up(KT + 12)||
|Up(r1, m2)up (KT + 1) — Up(r1, 8;)us (KT + s;)|| +
[Up(r1, j)up (KT + 5;) — Up(ra, sj)ue (KT + s5)|| -+

[Up(r2, 5;)ue(KT + 55) — up (KT + 72|

IA

Thus (4.21), and (2.29) together with the fact that Up is an evolution operator of
type « imply that

[Us(r1, r2)ug (KT +12) — up (KT + 1) || <
kT+rg

(ea(n—m) + 1) /kT eoz(/’cT—i-rg—T)||F(7_7 (U)T>Hd7 +oe.
+s;

Since F' is bounded, from (4.20 ), it follows that uy is uniformly continuous.

Theorem 4.23. Let B(t) C X x X be a family of operators satisfying (B1), and such
that (B(t))i0 generates an evolution operator Ug(t,0) : cl(D(B(0))) — cl(D(B(t))),
t > 0. Assume, moreover, that Ug(t,0) is equicontinuous, and T—periodic for some
T > 0. If there exists ro > 0 such that B(rg) is a—m—accretive, and Jf(ro), A >0,
are compact (respectively weakly compact), then for all bounded mild solutions u to
the Cauchy problem (4.17) with g € Co(R*; X) (or g € LY(R™; X)), the following
assertions hold:

(1) w is uniformly continuous,

(17) u has relatively compact (respectively weakly relatively compact) range.
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Proof. Let Up, the evolution operator generated by B(t), be T—periodic and
equicontinuous. Let s,¢t > T such that 0 <t — s <T. Then by Lemma 4.21,

KT+,
lu(t) = u(s)]l < /m W=D g(7)||dr + || U (r1, ro)u(kT + 1) — w(kT + 1),
T2
where T' < ry < r; <37, and k € Ny. Set K, = w(R*) Necl(D(B(r))). Since Ug
is equicontinuous, then for any ry € [0, 37, the family of functions {Ug(.,79)z | x €
K,,} is uniformly equicontinuous on [T),37]. Then, from the proof of Proposition
4.22 we read that the last term in the above inequality tends to 0 as t — s — 0.
Boundedness of g, then implies that u is uniformly continuous. Assertion (ii) now

follows from Theorem 4.18.

Corollary 4.24. Let B(t) C X x X be a family of operators satisfying (B1),
and such that (B(t))i>0 generates an evolution operator Ug(t,0) : cl(D(B(0))) —
c(D(B(t))), t > 0. Assume that Ug(t,0) is equicontinuous, and T —periodic for some
T > 0. Moreover, suppose that there exists ro > 0 such that B(ry) is a—m—accretive,
and Jf(m), A >0, A < 1 are compact (respectively weakly compact). If u, is a
bounded solution to (FDE) such that ||F(t, (up):)|| < C for allt € RT, and some
C > 0, then uy, is uniformly continuous and has relatively compact (respectively
weakly relatively compact) range.

Corollary 4.25. Under the conditions of Corollary 4.24, let u, be the mild solution
to (FDE) as in Theorem 2.2 or Theorem 3.9 with o + M < 0. If Ux(t,0) is also
T —periodic, then the following hold:

(i) If E=C(]—R,0];X), then Ua(.,0)p € AAP(R*,C([—R,0]; X)).

(ii) In the initial history space E = E, with v satisfying (v1) and (v2), if v addi-
tionally satisfies (v3) and @ € Co(RT, E,), then Ua(.,0)p € AAP(RT, E,).

The proof of the above corollary is based on the Theorem 4.9, Theorem 4.14 and
the following result proved by A. Haraux.

Theorem 4.26. [27, Theorem 1.1]. Let U be a periodic contractive evolution opera-
tor on a complete metric space (X,d). If U(RT,0)x is relatively compact for x € X,
then U(.,0)x is asymptotically almost periodic.
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