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Preface

Local cohomology is an extremely useful technique in commutative algebra and
algebraic geometry. In this thesis we study local cohomology in various graded situ-
ations. Let Py be a Noetherian ring, P = Pylyi, . .., ys) be the polynomial ring over
Py with the standard grading and P, = (y1, ..., ¥y,) the irrelevant graded ideal of P.
Then for any finitely generated graded P-module M, the local cohomology modules
H}p (M) are naturally graded P-modules and each graded component Hp, (M); is
a finitely generated graded Fy-module. The main topic of this thesis is to study the
structure of the Py-modules Hp, (M); and their asymptotic behavior for j < 0.

This thesis is organized as follows: We recall in the first chapter some basic
definitions and known facts about graded rings and graded modules, local cohomol-
ogy, Castelnuovo-Mumford regularity and Hilbert function, Stanley-Reisner rings,
spectral sequences, tameness local cohomology and, graded and bigraded local co-
homology. In Chapter 2 we consider the case that Py = K[x1,..., 2] is a polyno-
mial ring, so that the K-algebra P is naturally bigraded with degz; = (1,0) and
degy; = (0,1). In this situation, if M is a finitely generated bigraded P-module,
then each of the modules H}, (M) is a bigraded P-module, and each

Hj, (M); = @ Hp, (M) ;)
k

is a finitely generated graded Py-module whose grading is given by (HA(M )ik =
H }i(M )(k,j)- Thus it makes sense to investigate the regularity and Hilbert function
of the graded Py-modules Hp, (M);. We show that if M is a finitely generated
bigraded P-module such that the dimension of M/P, M over F, is at most one,
then there exists an integer ¢ such that, —c < reg Hp (M); < c for all i and all j.
The rest of this chapter is devoted to study the local cohomology of a hypersurface
ring R = P/fP where f € P is a bihomogeneous polynomial. We show that

dimpg H&(R)(k,j) < dimg H$+(R)(k7j_1) for all k,j.

In other words, the Hilbert series of the Py-module H3 (R); is a nonincreasing func-
tion of j. In the special case that Hp, (R); has finite length the regularity of Hp, (R);
is also a nonincreasing functions in j. Next we compute the regularity of H}+(R)j
for a special class of hypersurfaces. For the computation we use in an essential
way a result of Stanley and J. Watanabe. They showed that a monomial complete
intersection has the strong Lefschetz property. Using these facts the regularity and
the Hilbert function of Hp, (P/f}P); can be computed explicitly. Here r € N and
=0 Niwyy; with \; € K. As a consequence we see that Hﬁ:l(P/f"P)j has
a linear resolution and its Betti numbers can be computed. Finally we show that
for any bigraded hypersurface ring R = P/fP for which the ideal I(f) generated
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by all coefficients of f is m-primary where m is the graded maximal ideal of Fy, the
regularity of Hp, (R); is linearly bounded in j.

In Chapter 3 we prove a duality theorem for local cohomology of bigraded mod-
ules. We let R be a standard bigraded K-algebra with bigraded irrelevant ideals P
generated by all elements of degree (1,0), and @ generated by all elements of degree
(0,1) and M be a bigraded finitely generated R-module. We define the bigraded
Matlis-dual of M to be M where the (i, j)th bigraded component of MV is given
by HOITIK(M(_Z"_J'), K)

We establish the following duality theorem:

Theorem. Let R be a standard bigraded K-algebra with irrelevant bigraded ideals
P and @, and let M be a finitely generated bigraded R-module. Then there exists
a convergent spectral sequence

Ei2,j — Hg_](H]Z{+(M>V) :j> ngj—m(M)\/

of bigraded R-modules, where m is the minimal number of homogeneous generators
of P and R, is the unique graded maximal ideal of R.

We show that the above spectral sequence degenerates when M is Cohen-Macaulay
and obtain for all k the following isomorphims of bigraded R-modules

1 (Hy, (M)) = 1y ()"

where s = dim M, see Corollary 3.12. We let Ry be the K-subalgebra of R which
is generated by the elements of bidegree (1,0) and set N = Hp, (M )V. Then N is
again an s-dimensional Cohen-Macaulay module and by the above isomorphism we
obtain for all j the isomorphisms of graded Ry-modules

HE (N;) = (Hg (M) )" )

where P, is the graded maximal ideal of Ry. Here we used, that HE(N); = Hj, (N;)
for all k£ and j.

Brodmann and Hellus [4] raised the question whether the modules Hg (M) are
tame if M is a finitely generated graded R-module. In other words, whether for
each k there exists an integer jo such that either Hf(M); = 0 for all j < jo, or else
HE(M); # 0 for all j < jo. In various cases this problem has been answered in the
affirmative, see [3], [4], [24], [18], [20] and [2] for a survey on this problem. In case
M is Cohen-Macaulay the tameness problem translates, due to (1), to the following
question: Given a finitely generated bigraded R-module N. Does there exist an
integer jo such that Hp, (N;) = 0 for all j > jo, or else Hf, (N;) # 0 for all j > jo?
More generally, one would expect that for a finitely generated graded Ry-module W
and a finitely generated bigraded R-module N there exists for all k£ an integer j
such that Ext]f%o(Nj, W) =0 for all j > jy, or else Ext’f%o(Nj, W) # 0 for all 7 > jo.
However this is not the case as has been recently shown by Cutkosky and Herzog,
see [10]. Their example also provides a counterexample to the general tameness



problem. To show this, Proposition 3.11 of this chapter is used. On the other hand,
in Chapter 5 we are going to show that tameness holds for all local cohomology
modules of a ring with monomial relations and with respect to monomial prime
ideals.

We use our duality to give a new proofs of known cases of the tameness problem
and also to add a few new cases in which tameness holds, see Corollary 3.10, 3.14
and 3.18. The duality is also used in the Corollaries 3.15 and 2.4 to prove some
algebraic properties of the modules Hg(M ); in case M is Cohen-Macaulay.

In Chapter 4 we consider R be a standard graded K-algebra where (Ry, mp) is a
local ring with the graded irrelevant ideal R, = @,., R; and M be a graded finitely
generated R-module. We define the graded Matlis-dual of M to be MY where the
kth graded component of MV is given by Hompg, (Mj, Eg,(Ry/mp)). We establish the
following duality theorem which is inspired by the duality theorem in Chapter 3:

Theorem. Let R be a standard graded K-algebra where (Ry, mg) is a local ring
and R, the graded irrelevant ideal of R, and let M be a finitely generated graded
R-module. Then there exists a convergent spectral sequence

B2, = Hy I (H(M)Y) = " (M)"

of graded R-modules, where m is the minimal number of homogeneous generators
of my and m = my + R, is the unique graded maximal ideal of R.

By using this theorem and a similar proof we obtain all the application results
as stated in Chapter 3.

Chapter 5 gives very explicit combinatorial formulas for the Hilbert series of
local cohomology modules of the rings defined by monomial relations, with respect
to a monomial prime ideal. We first consider the squarefree case, since from a
combinatorial point of view this is the more interesting case and also since in this
case the formula which we obtain is more simple. As a generalization of Hochster’s
formula [6], we compute (Theorem 5.3) the Hilbert series of local cohomology of the
Stanley-Reisner ring K [A] with respect to a monomial prime ideal. With the choice
of the monomial prime ideal, the Stanley-Reisner ring K[A], and hence also all the
local cohomology of it, can be given a natural bigraded structure. In Proposition 5.7
we give a explicit formula for the K-dimension of the bigraded components of the
local cohomology modules. Using this formula we deduce that the local cohomology
of K[A] with respect to a monomial prime ideal is always tame.

In [26] Takayama generalized Hochster’s formula to any graded monomial ideal
which is not necessarily squarefree. As a generalization of Takayama’s result we
compute the Hilbert series of local cohomology of monomial ideals with respect to
monomial prime ideals and observe that again all these modules are tame. It is
known however by the result of Cutkosky and Herzog [10] that in general not all
local cohomology modules are tame.

The results in Chapter 2, 3 and 5 have been published in [21], [15] and [22],
respectively.



1 Preliminaries

In this chapter we collect some basic facts which will be used throughout of this
thesis. In this thesis all rings are assumed to be Noetherian, commutative and with
identity unless otherwise stated.

1.1 Graded rings and graded modules

In this section we introduce some basic concepts concerning graded rings and mod-
ules.

Definition 1.1. Let (G, +) be an abelian group. A ring R is called G-graded if there
exists a family of Z-modules R,, g € G such that R = gsec Bg as a Z-module with
R,Ry, C Ryyp, for all g,h € G. Let R be a graded ring. An R-module M is called
G-graded if there exists a family of Z-modules M,, g € G such that M = P gec My
as a Z-module with R M} C Mg, for all g,h € G.

We call v € M homogeneous of degree g if u € M, for some g € GG and set
deg(u) = g. For g € G we say that M, is a homogeneous component of M. An ideal
I C Ris G-graded if I =P, I, with [, = [ N R,.

Definition 1.2. Let R be a G-graded ring and M, N are G-graded R-modules.
An R-linear map ¢ : M — N is said to be graded (or homogeneous) of degree h
for some h € G if (M,) C Nyyy for all g € G. We call ¢ homogeneous if it is
homogeneous of degree 0.

Definition 1.3. Let R be a G-graded ring, M be a G-graded R-module and g € G.
We define M(g) to be the G-graded R-module M by shifting its grading ¢ steps.
More formally, M (g) is isomorphic to M as a module and has grading defined by

M(g)h = Mg+h forall hedG.

We sometimes call M(g) the gth twist of M. Note that, if ¢ : M — N is homoge-
neous of degree h, then the induced map @ : M(—h) — N is homogeneous.

If G equals Z, Z? or Z", we say that R is a graded, a bigraded or a Z"-graded
ring and M is a graded, a bigraded or a Z"-graded R-module. We observe that
every bigraded module M has a natural graded structure by setting

M= B May.

(a,b)€Z2
a+b=1i

Analogously every Z"-graded module M has a natural graded structure by setting

M,-:@Mu.

u€eZ"

lu|=i

In particular the following rings will be considered in this thesis:
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(i) Let S = K|xy,...,x,] be a polynomial ring over a field K. Then S has a
graded structure induced by deg(z;) = 1. We also view S as a Z"-graded by
setting deg(x;) = ¢; where ¢; denotes the ith unit vector of Z".

(ii) Let S = K[z1,...,%n, Y1, -.,Ym] be the polynomial ring in n 4+ m-variables.
Then S has a bigraded structure induced by deg(x;) = (1,0) and deg(y,) =
(0,1). Note that S also has a Z™ x Z™-bigraded structure.

The above polynomial rings are usually called (standard) graded, bigraded and N"-
graded polynomial rings.

From now on by a graded ring (module) we mean a Z-graded ring (module). In
the following we recall some known facts:

Lemma 1.4. Let R be a nonnegatively graded ring and M = €, , M; a graded
R-module. For any integer k, we set M) = @iZk M;. Then My is a graded
submodule of M. In particular, this shows that Ry = R>q s a graded ideal of R.

Lemma 1.5. Let R be a graded ring and M a Noetherian (Artinian) graded R-
module. Then M; is a Noetherian (respectively, Artinian) Ro-module for all j.

Theorem 1.6. A graded ring R is Noetherian if and only if Ry is Noetherian and
R is finitely generated as an algebra over Ry.

If M is an R-module, we denote the length of M as an R-module by (x(M) or
simply by ¢(M).

Theorem 1.7. Let R be a graded ring and M a graded R-module. Then

(r(M) = lg, (M Z Cry(M

From this theorem we immediately obtain

Corollary 1.8. Let R be a graded ring and M a graded R-module. Then M has
finite length as an R-module if and only if each M; has finite length as an Ry-module
and M; =0 for all but finitely many j.

Lemma 1.9. Let R be a nonnegatively graded ring and M an Artinian graded R-
module. Then M; =0 for j > 0.

Lemma 1.10. Let R be a nonnegatively graded ring which is finitely generated as
an Ry-algebra, Ry = @, R; and M a finitely generated graded R-module. Then

M; C (R\)*M  forall k>1 and j> 0.
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1.2 Local cohomology

Let R be a Commutative ring, I an ideal of R, and M an R-module. We set
Ly (M)={xeM:I*z=0 forsome k>0}.
Then one has that I';(—) defines a functor which is covariant, left exact and additive.

Definition 1.11. The ith local cohomology functor, denoted by H(—), is defined as
the ith right derived functor of I'f(—). In other words, if F* is an injective resolution
of M, then H:(M) = H(T';(F*)) for all i > 0.

Thus one computes these local cohomology modules by taking an injective reso-
lution of M, then applying I';(—), and taking cohomology. Since I';(—) is left exact,
we have that HY(M) = T';(M). We also note that Hi(M) = 0 for i < 0.

Observe that if J is another ideal with the same nilradical as I, then I'j = I';.
Hence H)(M) = HY(M) for all i and for all R-module M.

Another elementary but important property of the local cohomology modules is
that every element in Hi(M) is killed by a power of I. This follows at once from the
definition. There are two very important alternative definitions of local cohomology
when the base ring R is Noetherian. For the first alternate definition we rewrite
[';(M) as the union of the submodules 0 :p; I™ where 0 :jp; I™ denotes the set of
elements of M annihilated by I™, i.e.,

Lr(M) = (0 IM).

Identify (0 :ps I™) = Hompg(R/I", M), so that

HY(M) = Ty(M) = lim Homp(R/I", M),

n>0

and we define the higher local cohomology groups as the right derived functors
of HY(—), i.e., Hi(M) is the ith cohomology module of the complex obtained by
applying H?(—) to an injective resolution of M. The functor HY(—) is left exact,
and so for any short exact sequence of modules we get a long exact sequence in
local cohomology. Since local cohomology is the derived functor, it is universal
among sequence of functors with this property. On the other hand, the functors

li_rgExt%(R/ I", M) behave in a similar way, taking short exact sequence to long
n>0

exact sequence. They have the same universal property as the local cohomology, so
they are in fact naturally isomorphic:

Hi(M) = lim Exty(R/I", M).

n>0

The second identification is worth a theorem
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Let R be a commutative Noetherian ring, I and ideal of R, and M an R-module.

Suppose that z,...,z, € R such that /T = \/(zy,...,x,). We denote by C (M)

the (extended) Cech complex of M with respect to 1, ..., z, defined as follows:
C(M)":0— CM)° —CM)'— - = C(M)™ =0
with

C(M)t — @ Mxil-..xita

1<it <<t <n
and where the differentiation C'(M)" — C(M)**! is given on the component
Mwil...fﬂit - MZle...ZBjt+l
to be the homomorphism
-1 .
(_1)8 nat : Mxil---xit - (sz‘l---ﬂvit)ﬂ%’

if {ix,... i} = {j1,-- -+ Jss--->jes1} and O otherwise. Then by [5, Theorem 5.1.19]
we have the following well known functorial isomorphism

Hj(M)= H'(M ®rC*) = H'(C(M)*) = H'(z®; M) forall i>0,

where C* denotes the Cech complex of R with respect to a1, ..., x, and H'(z>; M)
denotes the ith cohomology of koszul complex K*(x1,...,z,; M).
In the following we recall some well known properties of local cohomology.

Proposition 1.12. (a) (Independence of Base). Let ¢ : R — S be a ring homo-
morphism of Noetherian rings, I an ideal of R, and M an S-module. Then
Hi{(M) = Hig(M) as S-modules where the first local cohomology is computed
over the ring R.

(b) Let A be a directed set and { My} ep a direct system of R-modules. Then

lim Hj (M) = Hp(limM,).
A A

(¢) If ¢ is a flat homomorphism, then
Hi{(M)®r S Hig(M ®p S).
In particular, local cohomology commutes with localization and completion.
(d) Let (R,m) be a Noetherian local ring and M an R-module, then
Hi(M) = Hi (Ror M).
Moreover, if M s finitely generated we have
Hi(M) = H (M)

Here M denotes the m-adic completion of M.
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Let (R, m) be a Noetherian local ring with maximal ideal m, residue field K, and
Er(K) be the injective hull of the residue field K. We define the Matlis dual of an
R-module M to be the module MY = Hompg (M, Er(K)). In the following we state
Matlis duality theorem which gives us a one to one arrow reversing correspondence
between finitely generated modules over the completion of a Noetherian local ring
R and Artinian modules over R. We denote the completion of R by R.

Theorem 1.13. (Matlis Duality). Let (R, m) be a Noetherian local ring with residue
field K and Er(K) the injective hull residue field K.

(a) Any Artinian R-module N is isomorphic to a submodule of Er(K)" for some
integer .

(b) There is a one to one correspondence between finitely generated R-modules and
Artinian R-modules. This correspondence is given as follows: if M 1is finitely
generated then MY = Homz(M, Er(K)) is Artinian. If N is Artinian, then
NV = Hompg(N, Er(K)) is finitely generated over R. Furthermore, LYY = L

if L is either a finitely generated module over R or an Artinian R-module.
Moreover, Er(K) and R are Matlis duals.

There are three basic vanishing results. The first is an immediate consequence
of the idenification of Koszul cohomology with local cohomology. Let I be an ideal
in a Noetherian ring. We set ara(/) equal to the least integer n such that I can be
generated by n equations up to radical.

Theorem 1.14. Let R be a Noetherian ring and let I be an ideal of R. Then
HY{M) =0 for all i > ara(I) and for all R-modules M.

This theorem gives a lower bound for ara(7).

Theorem 1.15. Let R be a Noetherian ring, I be an ideal of R, and M a finitely
generated R-module. Then Hi{(M) =0 for i < grade(I, M) and for i > dim(M).

Theorem 1.16. Let (R, m) be a local Noetherian ring, and M be a non-zero, finitely
generated R-module of dimension n and depth t. Then

(a) HL(M) is Artinian for all i € Ny,

(b) HL(M) # 0 fori =t and i = n. Moreover, for n > 0, H(M) is not finitely
generated.

One can generalize part (a) for i = n to non local situations. In fact, if M be a
non zero finitely generated R-module of finite dimension n and I be an ideal of R,
then the R-module H} (M) is Artinian.
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1.3 Castelnuovo-Mumford regularity and Hilbert function

Let R = Klzy,...,x,] be a polynomial ring over a field K, and M be a finitely
generated graded R-module. By Hilbert’s syzygy theorem, M has a graded free
resolution over R of the form

0—F,—---—F —Fy—M—0,

where F; = @?:1 R(—a;;) for some integers a;; and k < n. Then the Castelnuovo-
Mumford regularity reg(M) of M is the nonnegative integer

reg M < max{a;; — i}
Z?]
with equality holding if the resolution is minimal. Thus one may view reg(M) as a
measure for the complexity of the minimal graded free resolution of M.

Example 1.17. Let R = K[xy,...,2,]|, m be the graded maximal ideal of R, and
K = R/m the residue class field. It is well-known that the Koszul complex gives
the minimal graded free R-resolution of K of the form

n n

0— R(—n)®) = R(—n+ 1G5 = 5 R(=2)6) - 1)) S R = K — 0.
See [6, Section 1.6]. We see that reg(K) = 0.

In the following we give the second important definition of Gastelnuovo-Mamford
regularity by using local cohomology. Let m = @,_, R; be the graded maximal ideal
consisting of all elements of degree greater than 0 which is called the irrelevant ideal.
Since H} (M) is a graded Artinian R-module, then H (M); = 0 for all i and j > 0.
The Gastelnuovo-Mamford regularity is a measure of this vanishing degree. We set

a;(M) = max{j : Hy,(M); # 0},
if H.(M) # 0 and a;(M) =0, if H. (M) = 0. Then
reg(M) = miax{a,-(M) +i} = max{i +j: HL(M); # 0}.
If M is an Artinian graded R-module, then H2 (M) = M, and hence
reg(M) = max{j : M; # 0}.

We also use the following characterization of regularity: Let M be a finitely
generated R-module. We say M has an ¢-linear resolution if

Torf(M,K);y; =0 forall j#q.
We consider the minimal graded free resolution

0—=F,—-—FN—F—M-—0,
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of M with
F, = @R ﬁf}' M) \where ﬁg( ) = dimg Torf (M, K);.

JEZ

Here ﬂg(M ) are the graded Betti numbers of M. Then M has a g-linear resolution
if and only if 57(M) = 0 for j # q. Therefore M has a free resolution of the form

0 — EBR —q — k)P EBR (—q — 2)P%+sD
@R q—lﬁllﬂ —>@R 5061 ) M — 0.

For an integer ¢ we define the truncation Ms, of M as the graded R-module with
graded components: (Ms,); = M, if i > ¢ and otherwise 0. Thus by [7, Proposition
3.1] reg(M) is the least integer ¢ such that M, is nonzero and has a ¢-linear free
resolution, i.e.,

reg(M) = min{q : M>, has a linear resolution}.
In other words, the module M has an g¢-linear (or simply linear) resolution if
reg(M) = indeg(M) = ¢,

where indeg(M) = min{i : M; # 0} and is called the initial degree of M. Note
that the initial degree of M equals to the least degree of a homogeneous generator
of M, i.e., indeg(M) = min{j : GfL(M) # 0}. We recall the following well-known
properties of regularity.

Lemma 1.18. Suppose that
0—-M —-M-—>M"—0
is an exact sequence of finitely generated graded R-modules. Thus we have
(a) reg M' < max{reg M,reg M" + 1};
(b) reg M < max{reg M’ reg M"};
(c) reg M" < max{reg M’ — 1,reg M };
(d) If M’ is finite length, then reg M = max{reg M’ reg M"}.
The following result is due to [13, Lemma 1.6], see also [7].

Lemma 1.19. Let F, be a graded complex of finite free R-modules
= @R = DR~ @

We set b;(F,) = max{j : 8;; # 0}. If dim H;(F,) < for i > 1, then
reg (Ho(F.)) < mzax{bi(F,) —i}.
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Let R be a graded ring and M be a graded R-module. Suppose that ¢g,(M;) < oo
for all . The numerical function

HM(Z) = KRO(MZ-) forall i€Z
is called the Hilbert function of M and
Hilb(M, 1) = Lg, (M,
€L

or simply Hilb(M), is called the Hilbert series of M. The most important class
of graded modules which have Hilbert function (Series) are those that are finitely
generated over a graded (nonnegatively graded) Noetherian ring in which Ry is
Artinian.

Example 1.20. Let R = Klxy,...,24] be a polynomial ring over a field K and
degx; =1 fori=1,...,d. Then one has

) . i1+d—1
HR(Z)—dlmKRZ’—( d—l ),
and for d > 1,

; t+d—1 1
Hilb(R, 1) ZdlmKRt Z( J-1 )t (1—t)d'

Theorem 1.21. (Hilbert). Let R is generated over Ry by elements of degree 1, i.e.,
R = Ro[R;] and M be a finitely generated graded R-module of dimension d. Then
Hy (i) agrees for large i with a polynomial of degree d — 1.

This polynomial denoted by Py (), is called the Hilbert polynomial of M. It is
well known that for any nonzero finitely generated graded module over a standard
graded ring there exists a unique Qy/(t) € Z[t,t™1] with Qu(1) # 0 such that the
Hilbert series of M is always a rational function of the form

Qu(t)
(1 —t)®

where d denotes the Krull-dimension of M. See [6, Corollary 4.1.8].

Hilb(M, t) =

1.4 Stanley-Reisner rings

A simplicial complex A over a set of vertices V' = {wy,...,v,} is a collection of
subsets of V', with the property that {v;} € A for all i, and if ' € A then all
subsets of F' are also in A (including the empty set). An element of A is called a
face of A, and the dimension of a face F' of A is defined as |F| — 1, where |F| is
the number of vertices of F'. The faces of dimensions 0 and 1 are called vertices
and edges, respectively, and dim () = —1. The maximal faces of A under inclusion
are called facets of A. The dimension of the simplicial complex A is the maximal
dimension of its facets.
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Definition 1.22. Let A be a simplicial complex on the vertex set V = {vq,...,v,},
and K be a field. The Stanley-Reisner ring of the complex A is the graded K-algebra

K[A] = K[X1, ..., X]/Ia,

where I is the ideal generated by all monomials X;, X, - - - X, such that

i
{U,’l,viz, P ’Uik} ¢ A

On the other hand, any quotient of a polynomial ring over an ideal generated
by square free monomials of degree greater than 1, is the Stanley-Reisner ring of a
simplicial complex.

The following notions will be crucial in Chapter 5 for the analysis of the local
cohomology of a Stanley-Reisner ring.

Definition 1.23. Let A be a simplicial complex and F' a subset of the vertex set
of A. The star of F is the set sta ' = {G € A: FUG € A}, and the link of F'is
the set lkn F ={G: FUG € A, FNG = 0}.

We write st and lk instead of sta and lka (for short). We see that st F is a
subcomplex of A, 1k F' a subcomplex of st F', and that st F =1k F' = () if F' ¢ A.

1.5 Spectral sequence

In this section we briefly give some basic facts and results concerning spectral se-
quence due to [23] and [12].

Let R be a Noetherian ring. A spectral sequence is a collection of R-modules
(or more generally, objects of an abelian category) {£; } for all r € N, p,q € Z,
equipped with maps

g By — B,

—r,qg+r—1
such that
A dp.q
T 24 I8 i Id
T EP+T7¢]—7‘+1 Ep,q Ep—r,q+r—1 —

is a chain complex, and the E™™!’s are its homology, i.e.,
r+1 ~ r T
EP:Z = Ker(dp,q)/Im(dp+r,q—f+1)~

Note that what we have defined above is a homology spectral sequence. Cohomology
spectral sequence are identical, except that all the arrows go in the other direction.
The terms a cohomological spectral sequence are written £P.

A double complex is a collection of objects C; ; for all integers ¢ and j together
with two differentials d* and d" with d'? = d"? = 0. d' is assumed to decrease i,
and d" is assumed to decrease j. Furthermore, we assume that the differentials
anticommute, so that d'd" + d"d' = 0.
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We want to compute the iterated homologies H; (HJH(C)) and H} (H}(C..)).
We will do this by filtering our double complex in two different ways. Here are our

filtration:
v ] 0 ifi<p
(Cz‘,j)p - { Cl}j ifi 2 D,
and
ay O ifj<p
(Ci,j)P - { Ci,j ifj > p.
We define the total complex tot(C, .) to be the complex whose n’th term is P, , ;_,, Ci;
and whose differential is d' 4+ d". This is a complex because d' and d" are anticom-
muting differentials. The two filtrations on C;; give two filtrations on the total
complex:

“tot(C. ) = @ C;; and “tot(C..) = @ Ci;.

i+j=n i+j=n
i<p Ji<p
These spectral sequences give information about the iterated homologies. The E°,
E' and E? terms of the 1 filtration are given by 'E) = Cpq, 'E) = HMNC),.)
and 'EZ, = H)(H}C..)). Using the other filtration gives us a different spectral
sequence with a similar E? term: "E? = H!(HA(C,.)). What remains is to find
a relationship between these two spectral sequences. It will turn out that as r
increases, the two sequences will become similar enough to allow useful comparisons.
Most interesting spectral sequence are upper right quadrant, meaning that E ., =
0 if p or ¢ < 0. If this is the case then for any p,q both dj , and dj,,, , .., are 0 for
sufficiently large r since the target or source is out of the upper right quadrant, so
that there exists an integer ry such that for all » > ry we have E, = E;:;l =
This is called EJS, and in this case we say the spectral sequences collapses at E".
We write

/s : [ee]
Epyq Epyq
p
which means FEJ  is isomorphic to EJ%, for large r.

Definition 1.24. A filtration of a graded module H = {H; : ¢ € Z} is a family of
graded submodules {FPH : p € Z} with FP~'H C FPH for all p.
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Definition 1.25. Let H be a graded module. A spectral sequence {E"} converges
to H and denoted by Eg g — Hy, where n = p+gq, if there is some bounded filtration
TP

{MPHY of H
0="H,cWH,C---CcWH, = H,,

such that
EX, = NPH, /W~ 'H, forall p,q.

In most spectral sequence, E*° term is not naturally a doubly graded object.
Instead, there are usually E.° terms which come with a natural filtration F* E:°. In
these cases, we set

Ey, =gr,EX, = F'E}

P —ptq p+q

/f'p—lEoo

p+q°
We define convergence in the same way as before, but we write

T e}
Ep7q P E”

to mean that whenever p +q = n, E , converges to E5. The simplest situation in
which we can determine convergence is when the spectral sequence degenerates. We
say that the spectral sequence degenerates at E" if for any s > r the differential d;
is zero. The spectral sequence also converges if EJ , vanishes for all p less than some
po and for all ¢ less than some ¢q. If py and ¢y can be chosen to be zero, this is called
a first quadrant spectral sequence. Similarly, the spectral sequence also converges if
E} , vanishes for all p greater than some py and for all ¢ greater than some go.If po
and gy can be chosen to be zero, this is called a third quadrant spectral sequence.

Theorem 1.26. Let C, , be a first or third quadrant double complez, and let {'E"}
and {"E"} be the spectral sequence determined by the first and second filtrations of
C. ., respectively.

(a) For all p,q, we have 'E5 =" E7 - and "E>, =" EJ  for large r
(b) IE;q = H(H}(C..)) = Hy(tot(C..)) and
p
11E127’q = H;(H;,(C.,.)) :p> Hn(tot(C’,v,))

Let F' be a double complex, sequence {E"} is called a usual spectral sequence
of F'if it is the spectral sequence arising from either the first or second filtration of
tot(F).

A usual spectral sequence {E"} of a first or third quadrat double complex col-

lapses if E;q = 0 for ¢ # 0. Thus, collapsing says the bigraded module £E? can have
nonzero terms only on the p-axis.

Lemma 1.27. Let {E"} be a spectral sequence of a double complex F', where F' is
first or third quadrant. If {E"} collapses, then

Ex, = E;q forall  p,q and H;(tot(F)) = Eio.
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There is a similar result to Lemma 1.27 if a spectral sequence collapses on the
g-axis.
A refinement of the notation for convergence is given: We write

E;;q :p> Hp+q(t0t F)
to mean that the spectral sequence containing the terms EP¢ converges and that
writing H,1,(tot F')? for the pth level in the associated filtration of H,,.,(tot F),
EX = Hy,,(tot F)?/H,q(tot F)P~".

Theorem 1.28. Assume that B>, = H,,,(G), where {E"} is a first quadrant
p

p,q
spectral sequence. Then the following hold:

(a) for all i, there is an epimorphism E3, — ES, and a monomorphism E25 —
E2y;
4,07

(b) foralli, there is a monomorphism Eg; — Hi(G) and an epimorphism H;(G) —
E25;

(c) there is an exact sequence
Hy(G) — Eg,o 2, Eg,l — H(G) — Eio — 0.

One has the dual version above theorem. Here we only mention the last part:

Theorem 1.29. Assume that EY? = HP'I(G), where {E,} is a third quadrant
p

spectral sequence. Then there is an exact sequence
0— E," - HYG) — By R E’ — H*(@G).

Example 1.30. Let R — S be a ring homomorphism, M and S-module and N
and R-module. Then Ext}(S, N) naturally is an S-module for all j. We have a
convergent spectral sequence

Extly (M, Exty(S, N)) => Ext/ (M, N).
Thus we have the following five term exact sequence

0 — Exty (M, Hompg(S, N)) — Extp(M, N) — Homg (M, Ext(S, N)) —
Ext% (M, Homp(S, N)) — Ext(M, N).

Lemma 1.31. Let F' be a double complex and G = tot(F).

(a) Suppose that H(G)? = HY(G)P™ for all p # j. Then H(G) = H(G)’;
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(b) Suppose that H(G)P = H'(G)P* for all p # j, k with j < k. Then we obtain
an exact sequence

0— EMTF & HY(G) — EX' — 0
where

EN'F = HY(G)*/H(G)*™ and EL™ = H(G) /H(G)*

Corollary 1.32. (a) Suppose that Ey’ = 0 for all j # q. Then H'(G) = Ey 9.
(b) Suppose that B’ =0 for all i # p. Then H(G) = Ey*".

Similar results can be obtained for the homology.

1.6 Tameness and local cohomology

Definition 1.33. Let R = @,., R; be a graded Noetherian ring, so that Ry is a
Noetherian ring, R is a graded Ry-algebra and R = Ro[zy, . . ., x,] with finitely many
elements xq,...,x, € Ry. Let N be a graded R-module. The R-module N is called
tame, if there exists an integer j, such that either

N; =0 forall j<jy, or N;#0 forall j<j.

Example 1.34. Any finitely generated R-module M is tame. Indeed, we set
Ms_; = @iz— i M. Since R is a nonnegatively graded ring and M a graded R-
module, then by Lemma 1.4, M>_; are the graded submodules of M which increase
by inclusion. We set N; = Ms_;. Since M is finitely generated, there exists an
integer jo such that

Njy = Njy4r forall r>0.

Hence M_; = 0 for all j > jo, i.e., there exists an integer j, such that M; = 0 for
all j < Jo.

Example 1.35. By the similar way as Example 1.34 one has that any graded
Artinian R-module is also tame.

Now let Ry = €,., R; denotes the irrelevant graded ideal of R and M be a
finitely generated graded R-module. Let H}ﬂ(M ) denotes the ith local cohomology
module of M with support in R,. The R-modules Hj, (M) carry a natural grading
[5, Chapter 12]. Let Hp, (M); denotes the jth graded component of Hp (M).
According to [5, Proposition 15.1.15] we can say: The Ro-modules Hp, (M); are
finitely generated for all i > 0 and all j € Z, and Hp, (M); = 0 for all 4 and j > 0.
Brodmann and Hellus [4] raised the question whether the local cohomology modules
H fﬁ (M) are tame. In other words, whether for each 7 there exists an integer j, such
that either Hp (M); = 0 for all j < jo, or else Hy, (M); # 0 for all j < jo. In
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various cases this problem has been answered in the affirmative, see [3], [4], [24], [18],
[20] and [2] for a survey on this problem. Tameness problem holds for the top local
cohomology H}Ci(m’M)(M ) where cd(R,, M) denotes the cohomological dimension
of M with respect to R, and also a few cases in general. For the other cases the base
ring Ry has to have dimension < 2. The argument for case dim Ry = 0, is obvious.
Indeed, in this case the R-modules H}, (M) are Artinian [5, Theorem 17.1.9], and
therefore by Example 1.35, H}Lz+ (M) is tame. In Section 3 we reprove some known
results on this problem when dim Ry = 1 and in Section 5 we are going to show
that the local cohomology modules of a ring with monomial relations with respect
to monomial prime ideals are always tame.

However it has been shown by Cutkosky and Herzog [10] that the tameness
problem can fail if dim Ry = 3. Indeed, they proved: There exists a standard
graded ring R where Ry is a graded (or local) normal K-algebra of dimension 3 with
isolated singularity and finitely generated R-module M such that for j > 0 we have

K? jis even
2 _ J )
Hi, (M); = { 0 jisodd.

More recently, various examples of strange behavior of local cohomology have been
constructed. See [8].

1.7 Graded and bigraded local cohomology

Let Py be a Noetherian ring, and let P = Pylyi,...,ys) be the polynomial ring
over Py in the variables yi,...,y,. In this section we introduce the basic facts
concerning graded and bigraded local cohomology and give a description of the
local cohomology of a graded (bigraded) P-module from its graded (bigraded) P-
resolution. We let P; = P ,_; Py where y* = % ..yt for b = (by,...,b,), and
where [b] = > ,b;. Then P is a standard graded Py-algebra and P; is a free Py-
module of rank (":ﬂ Il) In most cases we assume that F is either a local ring with
residue class field K, or Py = Klzy, ..., x,,] is the polynomial ring over the field K
in the variables xy,...,x,,. We always assume that all P-modules considered here
are finitely generated and graded. In case that Fj is a polynomial ring, then P itself
is bigraded, if we assign to each x; the bidegree (1,0) and to each y; the bidegree
(0,1). In this case we assume that all P-modules are even bigraded. Observe that
if M is bigraded, and if we set

M; = EB M j).-

Then M = @ ; Mj is a graded P-module and each graded component 1/; is a finitely
generated graded Py-module, with grading (M;); = M, ;) for all i and j. Now let

S:K[yl,,yn] ThenP:Po(X)KK[yl,...,yn]:P0®KS. Let P+:® P; be

>0 177
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the irrelevant graded ideal of the Py-algebra P. Next we want to compute the graded
P-modules H}ﬂ(P). Observe that there are isomorphisms of graded P-modules
Hi, (P) = limExtl, (P/(P),P)
k>0

> lim Exth o s (P @x S/(y)", Py @k S)
k>0

>~ P h_H)lEXtéa (S/(y)k> S)
k>0

= Py @k H{,(9).
Since Hy, (S) = 0 for i # n, we get

i _ Po®kH@)(S) for i = n,
HP+(P)_{ 0 for i # n.

Let M be a graded S-module. We write MY = Homg (M, K) and consider M"Y a
graded S-module as follows: for ¢ € MY and f € S we let fp be the element in MY
with
fo(m)=¢(fm) foral me M,

and define the grading by setting (M"); := Homg (M_;, K) for all j € Z. Let wg be
the canonical module of S. Note that wg = S(—n), since S is a polynomial ring in n
indeterminates. By the graded version of the local duality theorem, see [5, Example
13.4.6] we have H§+(S)V = S(—n) and Hg (S) = 0 for i # n. Applying again the
functor (_)¥ we obtain

Hg, (S) = Homg (S(—n), K) = Homg (S, K)(n).
We can thus conclude that

Hg (5); = Homy(S, K)pq; = Homg (S_,—j, K) forall j€Z.
Let S; = P, Ky*. Then

Homg (S_,—j, K) = @ K2*,

jal=—n~j
where z € Homg (S_,,—;, K) is the K-linear map with
a—b
N if b < a,
© (y)_{ 0 ifbga
Here we write b < a if b; < a; for i = 1,...,n. Therefore H§‘+(S)j = ®\a|=—n—j Kz,
and this implies that

H}1§+(P)j =P Qg H&)(S)j = @ Pyz. (2)

|a|=—n—j
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Hence we see that Hp (P); is free Pp-module of rank (-71). Moreover, if B is
graded
Hp (P)ipn= P (P)z'= @ Ka2"
\b\:—n—j la|=1

[b|=—n—j

The next theorem describes how the local cohomology of a graded P-module can be
computed from its graded free P-resolution

Theorem 1.36. Let M be a finitely generated graded P-module. Let F be a graded
free P-resolution of M. Then we have graded isomorphisms

Hp (M) = H;(Hp_(F)).
Proof. Let
F:ooo— Fy— 1 25 Fy 250,
Applying the functor Hp, to F, we obtain the complex
We see that
H}:(M) = Coker (H$+(F1) — H$+(F0)) = H, (H&(F)),

since Hp, (N) = 0 for each i > n and all finitely generated P-modules N. We define

the functors: '
F(M) := H]’%(M) and  F;(M) = H]’;;’(M).

The functors F; are additive, covariant and strongly connected, i.e., for each short
exact sequence 0 — U — V — W — 0 one has the long exact sequence

0—---—=FU) - FV)—=>FW)—-F_U) - — Fo(V) = Fo(W) — 0.

Moreover, Fy = F and F;(F) = HI@;Z(F) = 0 for all i > 0 and all free P-modules
F. Therefore, the theorem follows from the dual version of [5, Theorem 1.3.5]. O

Note that if M is a finitely generated bigraded P-module. Then H3, (M) with
natural grading is also a finitely generated bigraded P-module, and hence in Theo-
rem 1.36 we have bigraded isomorphisms

HQIZ(M) = HZ-(HR (F)).



2 Regularity of local cohomology of bigraded al-
gebras

In this chapter we study algebraic properties of the graded components of local
cohomology of a bigraded K-algebra. Let P, be a Noetherian ring, P = Pyly1, . . ., Yn
be the polynomial ring over Py with the standard grading and Py = (y1,...,y,) the
irrelevant graded ideal of P. Then for any finitely generated graded P-module
M, the local cohomology modules HA (M) are naturally graded P-modules and
each graded component H};+ (M), is a finitely generated Py-module. In case ) =
K[zq,...,2,)] is a polynomial ring, the K-algebra P is naturally bigraded with
degx; = (1,0) and degy; = (0,1). In this situation, if M is a finitely generated
bigraded P-module, then each of the modules H };+ (M), is a finitely generated graded
Py-module. We are interested in the Hilbert functions and the Castelnuovo-Mumford
regularity of these modules. In Section 2.1 we use a result of Gruson, Lazarsfeld and
Peskine on the regularity of reduced curves, in order to show that the regularity of
Hp (M); as a function in j is bounded provided that dimp, M/P; M < 1. The rest
of this chapter is devoted to study the local cohomology of a hypersurface ring R =
P/fP where f € P is a bihomogeneous polynomial. In Section 2.2 we prove that the
Hilbert function of the top local cohomology Hp, (R); is a nonincreasing function in
J. If moreover, the ideal I(f) generated by all coefficients of f is m-primary where
m is the graded maximal ideal of Py, then by a result of Katzman and Sharp the
Fy- module Hp (R); is of finite length. In particular, in this case the regularity of
Hp, (R); is also a nonincreasing function in j. In the following section we compute
the regularity of H};+(R) ; for a special class of hypersurfaces. For the computation
we use in an essential way a result of Stanley and J. Watanabe. They showed that
a monomial complete intersection has the strong Lefschetz property. Stanley used
the hard Lefschetz theorem, while Watanabe representation theory of Lie algebras
to prove this result. Using these facts the regularity and the Hilbert function of
Hp (P/fiP); can be computed explicitly. Here r € N and fy = 3 i, Aiwgy; with
Ai € K. As a consequence we are able to show that HI@II(P/ f7P); has a linear
resolution and its Betti numbers can be computed. We use these results in the last
section to show that for any bigraded hypersurface ring R = P/ fP for which I(f)
is m-primary, the regularity of H};+(R) ; is linearly bounded in j.

2.1 Regularity of the graded components of local cohomol-
ogy for modules of small dimension

Let M be a finitely generated bigraded P-module, thus Hp, (M); is a finitely gen-
erated graded Py-module. Let f; s be the numerical function given by

fin(j) = reg H;D+(M)j
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for all j. In this section we show that f; is bounded provided that M/P,M
has Krull dimension < 1. There are some explicit examples which show that the
condition dimp, M/Py M < 1 is indispensable. We postpone the example to Section
2.4. First one has the following

Lemma 2.1. Let M be a finitely generated graded P-module. Then
dimp, M; < dimp, M/P M  for all .

Proof. Let r = min{j : M; # 0}. We prove the lemma by induction on i > r. Let
1 = r. Note that

M/PyM = M, ® My /PLM, @ -

It follows that M, is a direct summand of the Py-module M /P, M, so that dimp, M, <
dll’IlpO M / P, M. We now assume that ¢ > r and dimp, M; < dimp, M/P,M, for
j=mr,...,i —1. We will show that dimp, M; < dimp, M / P, M. We consider the
exact sequence of Fy-modules

0— PM;_y+---+P_, M, — M; > (M/P;M); — 0.

By the induction hypothesis, one easily deduces that

dimp, » © P;M;_; < dimp, M/P, M

Jj=1

and since (M/P,M); is a direct summand of M /P, M, it also has dimension <
dimp, M /Py M. Therefore, by the above exact sequence, dim M; < dimp, M /P, M
too. U

The following lemma is needed for the proof of the next proposition

Lemma 2.2. Let M be a finitely generated graded P-module. Then there exists an
integer 1oy such that

Annp, M; = Annp, M;1  for all i > iy.

Proof. Since PLM; C M;,, for all i and M is a finitely generated P-module, there
exists an integer ¢ such that Py M; = M, for all > ¢. This implies that Annp, M; C
Annp, M1 C ---. Since F, is Noetherian, there exists an integer k such that
Annp, My = Annp, M; for all « > t + k = 1. O

Proposition 2.3. Let M be a finitely generated graded P-module. Then

dimp, Hp, (M); < dimp, M; for all i and j > 0.
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Proof. Let Py = (y1,...,Yyn). Then by [5, Theorem 5.1.19] we have
H}#(M) >~ H'(C(M)*) forall i>0

where C(M)* denote the (extended) Cech complex of M with respect to w1, ..., yn
defined as follows:

C(M)":0— C(M)° —C(M)"— - — C(M)" =0

with
CM)' = D My,

1<iy<-<iy<n

and where the differentiation C'(M)" — C(M)**! is given on the component

Myil"'yit - Myj1“'yjt+1
to be the homomorphism
-1 .
(_1)8 nat : Myil---yit - (Myil---yit)yjsa

if {iy,...,0} = {J1,.--,Jss---+jez1} and O otherwise. We set Z = {4y,...,4;} and
Yr = Yi, - - - Yi,- Form/yk € M, , m homogeneous, we set deg m/y% = deg m—deg y5.
Then we can define a grading on M, by setting

(My,); = {m/ys € M,, : degm/yk = j} forall j.

In view of Lemma 2.2 there exists an ideal I C F, and an integer j, such that
Annp M; = I for all j > j,. We now claim that I C Annp,(M,,); for all 7 > jp.
Let a € I and m/y% € (M,,); for some integer k. We may choose an integer [ such
that

degm + degyé = degmyé =t > Jjo.

Thus am/ys = amy’ /yE™ = 0, because my’ € M,. Thus we have

dimp, (M,,); = dimp, Py/ Ann(M,,); < dimp, Py/I = dimp, M;.

Since H}+(M ); is a subquotient of the jth graded component of C'(M)*, the desired
result follows. 0

Now we can state the main result of this section as follows

Theorem 2.4. Let M be a finitely generated bigraded P-module such that
dimp, M/P, M < 1.
Then for all i the functions fin(j) = reg Hp, (M); are bounded.

In a first step we prove the following
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Proposition 2.5. Let M be a finitely generated bigraded P-module with
dimp, M/P M < 1.
Then the function f, n(j) = reg Hp, (M); is bounded above.

Proof. By the bigraded version of Hilbert’s syzygy theorem, M has a bigraded free
resolution of the form

F:0—-F,— - —F—=F—=M-=0
where F; = @, P(—au, —bi). Applying the functor Hp, (—); to this resolution
yields a graded complex of free Fy- modules

Theorem 1.36, together with Proposition 2.3, Lemma 2.1 and our assumption imply
that for j > 0 we have

dimp, H;(Hp, (F);) = dimp, Hp/(M); < dimp, M/P,M < 1<i forall > 1.

Moreover we know that
Hp, (M) = Ho(Hp, (F)).

Then by a theorem of Lazardsfeld [13, Lemma 1.6], see also [7, Theorem 12.1], one
has

reg Hp (M); = reg Hy (H$+(F))j < max{b;(Hp (F);) —4 forall i>0}

where Z)Z-(HJ"D+ (F);) is the maximal degree of the generators of Hp, (F;);. Note that

HE (F); =@ @ Pol—aw)"

Thus we conclude that
reg HR(M)j < m%x{aik —i} =cfor 7 >0,
as desired. 0
Next we want to give a lower bound for the functions f; 5;. We first prove
Proposition 2.6. Let
G:OﬁGpiGp_l—w--ﬁGlLGo—M),
be a complex of free Fy-modules, where G = @, Po(—ai;) for alli > 0. Let m; =

reg H;(G) > m;.
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Proof. Since H;(G) = Kerd;/Imd;;1 and Kerd; C G, for all i > 0, it follows that

reg H;(G) > largest degree of generators of H;(G)
> lowest degree of generators of H;(G)
> lowest degree of generators of Kerd;
> lowest degree of generators of G;
= my,
as desired. O

Corollary 2.7. Let M be a finitely generated bigraded P-module. Then for each 1,
the function f;ar is bounded below.

Proof. Let G be the complex Hp, (F); in the proof of Proposition 2.5, then the
assertion follows from Proposition 2.6. O

Proof of Theorem 2.4. Because of Corollary 2.7 it suffices to show that for each i,
fi.m is bounded above.

There exists an exact sequence 0 — U — F -2 M — 0 of finitely generated
bigraded P-modules where F' is free. This exact sequence yields the exact sequence
of Py-modules

0— Hp '(M); — Hp, (U); — Hp, (F); == Hp, (M); — 0.
Let K; := Ker . We consider the exact sequences
0— K; — Hp (F); — Hp (M); — 0
0— Hp '(M); — Hp, (U); — K; — 0.

Thus we have

reg Kj < max{reg Hp (F); reg Hp (M); + 1} (3)
reg H}i:l(M)j < max{reg Hp, (U);,reg K; + 1}. (4)

Let F = @le P(—a;, —b;), then

Hp (Fy = @ Po(-a)="

i=1 |a|=—n—j+b;

Therefore, reg Hp, (F); = max;{a;}. By Proposition 2.5, the functions f,, s and
fnu are bounded above, so that, by the inequalities (3) and (4), f,—1,a is bounded
above. To complete our proof, for 7 > 1 we see that

HE ((M); = HpHY(U);.

Thus fn—im = fa—it1,v for i > 1. By induction on ¢ > 1 all f; ys are bounded above,
as required. O
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2.2 Hilbert function of the components of the top local co-
homology of a hypersurface ring

Let R be a hypersurface ring. In this section we want to show that the Hilbert
function of the Fy-module H}%(R)j is a nonincreasing function in j. Let f € P be
a bihomogeneous form of degree (a,b). Write

f= Z Capr®™y”  where cop € K.
lal=a
181=b

We may also write f = szb f5y® where f5 € Py with deg f3 = a. The monomials

y? for which || = b are ordered lexicographically induced by y; > 42 > -+ > ¥,,.
We consider the hypersurface ring R = P/fP. From the exact sequence

0— P(—a,—b) -5 P — P/fP — 0,

we get an exact sequence of FPy-modules

@ Py(—a)z° 7, @ Py — Hp (R); — 0.

|e|=—n—j+b le|=—n—j

We also order the bases elements 2¢ lexicographically induced by z; > 2 > - -+ > z,.
Applying f to the bases elements we obtain fz¢ = szb f32"~¢, where 2°=¢ = (
if ¢ £ B componentwise. With respect to these bases the map of free FPy,-modules
is given by a (_lefll) X (_Jn +_b1— 1) matrix which we denote by U;. This matrix also
describes the image of this map as submodule of the free module F; where F; =
D =_._; Foz°, so that Hp (R); is just Coker f = F;/U;. Note that Hp (R); = 0

for all j > —n.

Let B, denote the set of all monomials of degree d in the indeterminates z1, . . ., z,.
Let h = Zve B, h,v € U; where h, € P, for all v. Then h,u is called the initial
term of h if h, # 0 and h, = 0 for all v > u, and we set in(h) = h,u. The polyno-
mial h, € Py is called the initial coefficient and the monomial u is called the initial
monomial of h.

Now for a monomial v € B_,_; we denote U, , the set of elements in U; whose
initial monomial is u, and we denote by I;, the ideal generated by the initial coef-
ficients of the elements in Uj,,.

Note that
uN{0}= | U
uGBfnfj

We fix the lexicographical order introduced above, and let in(U;) be the submodule
generated by {in(h) : h € U;}. Then

nU)= @ L (5)

uEBfnfj
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Proposition 2.8. With the above notation we have
[j,u = 1j-1,zu fOT all j S —n and u€ B—n—j-

Proof. Let hg € I;,. Then there exists h € U; such that h = hyu-+lower terms. We
set k = —n — j + b, for short. Since h is in the image of f, we may also write h =

D jej=k Jef 2¢ where fo € Pyand fz¢ =35, f32¢7%. We define g = Dok e f 2T
where fzeter =37, fgzt 7P and e; = (1,0,...,0). We see that g € U;_;. We

may write
I S
le|=k  B<c lc|=k ﬁfﬁf
C 61

Thus we conclude that g = z1h + h; where

=Yg Y e

=,

We now claim that h; does not contain z; as a factor. For each a € N” we denote by
a(i) the ith component of a. Assume that (c+e; — 3)(1) > 0 for some 3 appearing
in the sum of hy. Then ¢(1) > 3(1). Moreover, if i > 1, then (¢ +e; — 3)(i) > 0
implies that c(i) > B(i). Hence c(i) > B(i) for all ¢, a contradiction. It follows that
in(g) = in(h)z,. Therefore hy, € I;_1 4.

Conversely, suppose hg € Ij_1 .. Then there exists g € U,;_; such that g =
hoziu+ lower terms. We may write g = >, fof2°7* where f{ € Fy and fz7t =

Zﬁ<c+el fazeter=P. Thus

g= D LY St Y fL Y el

lc|=k B<ec lc|=k ﬁ<ﬁc$+cel
As above we see that g = z; f'+ lower terms, where f' = Z‘d:k fifz¢. We see that
f" € Uj, and that in(f’)z; = in(g) = hoziu. Therefore, in(f’) = hou, and hence
ho € ]j,u- O

Let M and N be graded Py-modules. We denote by Hilb(M) = >"._, dimg M;t!
the Hilbert series of M, as defined before. We write Hilb(M) < Hilb(N) when
dimg M; < dimg N; for all 7.

Let F' be a free Py-module with basis § = {uy,...,u,}. Let U be a graded
submodule of F. For f € U, we write f = Y., | fiu; where f; € F,. We set
in(f) = fju; where f; # 0 and f; = 0 for all i < j. We also set in(U) be the
submodule of F' generated by all in(f) such that f € U. Let I be a homogeneous
ideal of Fy. We say that set of homogeneous elements of P, forms a K-basis for
Py/I if its image forms a K-basis for Py/I. Now we can state the following result
which is related to a theorem of Macaulay [6, Theorem 4.2.3], see also [6, Corollary
4.2.4]. For the convenience of the reader we include its proof.
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Lemma 2.9. With notation as above we have
Hilb(F/U) = Hilb (F/in(U)).

Proof. As in (5) we have in(U) = @,_, I,,,u; where I, is the ideal generated by all
fi € Py such that there exists f € F' with in(f) = fi;u;. Thus we have F//in(U) =
@D,_, Py/I1,,. For each j let §; be a set of homogeneous elements h;; € Py which
forms a K-basis of Py/1I,,. Then 3 = {fiuy,..., B-u,} is a homogeneous K-basis of
F/in(U). To complete our proof we will show that [ is also a K-basis of F/U. We
first show that the elements of 5 in F'/U are linearly independent. Suppose that in
F/U, we have 37, s a;jhiju; = 0 with a;; € K. Thus Y7, (37, aihij)u; € U. We set
h; =Y. a;jh;j, so that hyuy +--- + hyu, € U. If all h; = 0, then a;; = 0 for all
and j, as required. Assume that h; # 0 for some j, and let k be the smallest integer
such that hy # 0. It follows that hyuy + hpiiugsy + -+ € U, so that hy € I, and
hence ). a;hi, = 0 modulo I;. Since hy; are part of a K-basis of P/, it follows
that a;, = 0 for all 4, and hence h; = 0, a contradiction.

Now we want to show that each element in F'/U can be written as a K-linear
combination of elements of 5. Let f+ U € F/U where f € F. Thus there exists
fi € Py such that f =>""_| fiu;. Since f; + I,, € Py/I,,, there exists \;; € K such
that fi + I, = >_; Mit(ha + Lu,), so that fi = > . Nirhit + hy, for some h,, € I,,.
Hence

f= Z Aithituy + by ug + Z fiu.
i =2

We set §
f/ = f— Z Aithinuy = by ug + Z fiu;.
i i=2

Since h,,, € I,,, there exist ¢, ..., g, € Py such that h, u; + 22:2 giu; € U. There-
fore, hy,u; = — 2;2 giu; modulo U. Hence it follow that

T

fl=- i:giui + ZT: fiu; = Z flu; modulo U.
=2 i=2

1=2

Here f/ = —g; + f; for i = 2,...,r. By induction on the number of summands,
we may assume that > ., f/u; is a linear combination of elements of 5 modulo U.
Since f differs from f’ only by a linear combination of elements of 3, the assertion
follows. O

Now we are able to prove that the Hilbert series of the Py-module Hp, (R); is a
nonincreasing function in j.

Theorem 2.10. Let R = P/fP be a hypersurface ring. Then

Hilb (Hp, (R);-1) > Hilb (Hp (R);) forall j < —n.



28 Regularity of local cohomology of bigraded algebras

Proof. Let Fy = @,ep_, , Pou where u = z{' ... 25" with Yomjai=-n—j. In
view of (5) we have F}/in(U;) = @,cp_ ; Py/1;,. By Lemma 2.9 we know that
F;/U; and F;/in(U,) have the same Hilbert functlon Thus Proposition 2.8 implies

that for all 7 < —n we have

Hilb(Hp (R);) = Hilb(F;/U;) ZdlmK< D PO/I]-M)'t"

ueEB_p—j
= Z Z dlIl’lK P(]/I]7u)2tl
i ueB_n_j
= Z Z dlIl’lK (PO/Ij—l,zlu)iti
i u€eB_n,_j
= Z Z dll’IlK (P(]/I]'_Lv)iti
Bon—j+1
a1>0

< Z Z dimg (Po/Ij—10) t'

7 UEB,,,L,jJrl

= Ydime (@D Ro/Lro) = Hilb (Hp, (R);-).

i ’UEB,n,j+1
as desired. 0

Corollary 2.11. Let R be the hypersurface ring P/fP such that the Py-module
Hp, (R); has finite length for all j. Then

reg Hp (R)j_1 > reg Hp (R); for all j < —n.
Proof. The assertion follows from the fact that
reg Hp (R); = deg Hilb(Hp, (R);).
U

Now one could ask when Pp-module Hp, (R); is of finite length. To answer this
question we need some preparation. Let A be a Noetherian ring and M be a finitely
generated A-module with presentation

A" LAY S M — 0.

Let U be the corresponding matrix of the map ¢ and I, ;(U) fori =0,...,n—1
be the ideal generated by the (n — i)-minors of matrix U. Then Fitt;(M) = I,,_;(U)
is called the ith Fitting ideal of M. We use the convention that Fitt;(M) = 0 if
n—i > min{n, m}, and Fitt;(M) = Aif ¢ > n. In particular, we obtain Fitt,. (M) = 0
if r < 0, Fitto(M) is generated by the n-minors of U, and Fitt,,_1 (M) is generated
by all entries of U. Note that Fitt;(M) is an invariant on M, i.e., independent of
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the presentation. By [12, Proposition 20.7] we have Fitto(M) C Ann M and if M
can be generated by 7 elements, then (Ann M)" C Fittg(M). Thus we can conclude
that \/Fitto(M) = vAnn M. Therefore

dim M =dim A/ Ann M = dim A/I,(U). (6)
Now we can state the following

Proposition 2.12. Let R be the hypersurface ring P/fP, and I(f) the ideal gener-
ated by all the coefficients of f. Then dimp, Hp (R); < dim Po/I(f). In particular,
if 1(f) is m-primary where m = (z1,...,2y), then Py-module Hp (R); is of finite
length for all j.

Proof. Note that Hp (R); = 0 for j > —n. Therefore we may suppose that j < —n.
As we have already seen, H3 (R); has Fy-presentation

Py (—a) 5 Fy* — HE (R); — 0,

1 n—1
dim Py/I,,(U;) where Uj is the corresponding matrix of the map ¢. By [18, Lemma

L4] we have \/I(f) C /In,(U;). It follows that dimp, Hp (R); < dim Fy/I(f).
Since I(f) is m-primary, it follows that dim % /I(f) = 0. Therefore dimp, Hp, (R); =
0, and hence Hp, (R); has finite length, as required. O

where ng = (_nj__l) and ny = (_j+b_1). In view of (6) we have dimp, Hp, (R); =

2.3 Regularity of the graded components of local cohomol-
ogy for a special class of hypersurfaces

Let A = @, A; be a standard graded Artinian K-algebra where K is a field of
characteristic 0. We say that A has the weak Lefschetz property (WLP) if there is a

linear form [ of degree 1 such that the multiplication map A; R A;y1 has maximal
rank for all 2. This means the corresponding matrix has maximal rank, i.e., [ is
either injective or surjective. Such an element [ is called a weak Lefschetz element
on A. We also say that A has the strong Lefschetz property if there is a linear form

[ of degree 1 such that the multiplication map A; L Ay has maximal rank for
all + and k. Such an element [ is called a strong Lefschetz element on A. For an
algebra A as above, we say that A has the strong Stanley property (SSP) if there
exists [ € A; such that I"™% : A; — A,_; is bijective for i = 0,1,..., [n/2].

Remark 2.13. (a) It is easy to see that if A has the WLP and if A has the
standard grading, then the Hilbert function of A is unimodal, i.e., there exists
an integer m (0 < m < n) such that

dim Ay < dimA; <---<dimA,, >dimA,,.; > - >dimA,.
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(b) The set of all weak Lefschetz elements on A is a Zariski-open subset of the

affine space A;, and the same holds for the set of all strong Lefschetz elements
on A.

(c) Let ay,...,a, be the integers such that a; > 1 and assume that char K = 0.
Then A = Klzy,...,x,]/(x]",...,2%) has the strong Lefschetz property. See
[25] and [27].

(d) If A hasthe (SSP), then the Hilbert function of A is unimodal and symmetric,
ie,dimA; =dimA,_; foralli=0,1,...,[n/2].

Theorem 2.14. Let r € N, f, = Z?:l Aiziy; with A; € K and n > 2, and assume
that char K = 0. Then there exists a Zariski open subset V. C K™ such that for all
A= (A1, -, \n) €V one has

reg Hp, (P/f/’\’P)j =-n—j+r—1

.....

R = P/f"P. From the exact sequence
0— P(—r,—r) LP—>R—>0,

we get an exact sequence of FPy-modules,

P R @ R Hp(R); 0. (7)

|b|=—n—j+r bl=—n—j

Note that Hp, (R); is generated by elements of degree 0 and the ideal generated by
the coefficients of f is m-primary. By Proposition 2.12, we need only to show that

(a) [H$+(R)j]_n_j+r_l #0, and
() [Hp, (B)]_, ., =0.

Let k = —n — j for short. For the proof of (a), we take the (k+r — 1)th component
of the exact sequence (7), and obtain the exact sequence of K-vector spaces

@ Kozt 5 @ Ka2’ — [Hﬁ+(R)j}k+r_1 — 0.

la|=k—1 la|=k+r—1
|b|=k-+r |b|=k
We set
Vag = @ K2,
la|=a

bl=5
n+k—2\ (n+k+r—1
k—1 )( k+r
) for n > 2. Thus f* is not surjective, so (a) follows. For the proof

Hence one has dimg Vi_1 pyr = (

(e

) which is less than dimg Viy,r—1 4 =
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of (b), we take the (k + r)th component of the exact sequence (7), and obtain the
exact sequence of K-vector spaces

@ K!E’azb L @ KIaZb - [ng+(R)j:|k+r — 0.
e ey

Note that dimg Vj 4 = dimg Vit . We are going to show that f” is an isomor-
phism, then we are done. We fix ¢ € Ny such that ¢ = (¢q,...,¢,) where ¢; > 0. We

set
wp = @ Kx%2" and AS:= @ Kz,
la= |a|=i

|b]|=p8 a<c
a+b=c

We define ¢ : V¢, . — Af, by setting p(z2") = 2*. Note that ¢ is an isomorphism
of K-vector spaces. Let A = @Lﬂo A¢. We can define an algebra structure on A°.
For 2%, 2t € A° we define
- T if s+t <gc
r’xt = :
0 ifs+t<Lec.

A K-basis of A¢is given by all monomials z* with a < ¢. It follows that

A= Klxy, ... x,)/(a§ . e,

Now we see that the map
C f’l‘ C
Vk7k+7“ = @ Vk,k—l—r @ Vk+r,k = Vk-i—r,k
lc|=2k+r |c|=2k+r

is an isomorphism if and only if restriction map [’ := fT|ch i
an isomorphism for all ¢ with |¢| = 2k + 7.
For each such ¢ we have a commutative diagram

. C C 1
: Vk,k+r - Vk—l—r,k 18

ch,k+r - ch+r,k
| |
Az L Az—l—r?
with | = 1 +29+. ..+ 1z, € AT and where A, -, Af. ., is multiplication by [" in the
K-algebra A°¢. Since the socle degree of A€ equals s = 2k +r, we have k+1r = s—k.
Therefore the multiplication map I" : Ay, — As_; with r = s — 2k is an isomorphism
by the strong Stanley property of the algebra A° see [27, Corollary 3.5]

Now if we replace f by f), then the corresponding linear form in the above
commutative diagram is the form [, = Ajx1 + Asxs + -+ + Az, It is known that
the property of [, to be a weak Lefschetz element is an open condition, that is, there
exists a Zariski open set V' C K" such that 1) is a weak Lefschetz element. This
open set is not empty since A = (1,...,1) € V. Since any weak Lefschetz element
satisfies (SSP), we can replace in the above proof f by fy for each A € V', and obtain
the same conclusion. O
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Remark 2.15. It is now the time that to show Theorem 2.4 may fail without the
assumption that dimp M/PyM < 1. In case of Theorem 2.14 we have M = R =
P/fi P, and so M /P, M = Py. Therefore in that case dimp, M/Py M = dimp, Py =
n > 2, and in fact f, r is not bounded.

Now in the Theorem 2.14, we want to compute the Hilbert function of the F,-
module Hp (R);.

Corollary 2.16. With the assumption of Theorem 2.14, we have

e (1), — | COC) i<
A (H1, (), = { CED) — () i< on—jer—1,

Proof. We set —n — j = k, for short. We take ith component of exact sequence (7),
and obtain the exact sequence of K-vector space

@ Kozt L @ Ka%2’ — [HR(R)]-]Z. — 0.
\b\;ﬁr b=k
If : < r, from the above exact sequence we see that
. n . n+i1—1\[/—7—1
dimg (HP+(R)]-)Z. =dimg Vi = < ; ) (_‘; B j)'

Now let » < i < —n — j +r — 1. First one has dimg Vi, p4, < dimg V; ;. We claim
that f" is injective, then we are done. We see that the map

c c
Viersor = €D Virwer = D Vi=

lc|=i+k |c|=i+k

where f7(V° Tk+r) C V5, is injective if and only if restriction map f":= f"|ve o

(&
Vi hrr — Vi 18 mJectlve for all ¢ with |¢| =i+ k.
For each such ¢ we have a commutative diagram

f/
c c
‘/’i—T’,k)-i-T’ ‘/;,k
c rr c
Ai—r Az ’

with | =2y + 29+ ...+ 1z, € A§. Since i < —n — j +r, then ¢ < |¢| — (i —r) and
by the weak Lefschetz property the algebra A¢ is unimodal. Therefore dimy AS | <
dimy A{. The strong Lefschetz property implies that the map [” is injective, and
hence f’ is injective, as required. O

Corollary 2.17. Assume that char K = 0. Then with the notation of Theorem 2.14,
we have
reg Hﬁ:l(P/fﬁP)j =-n—j+r+1L
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Proof. We consider the exact sequence of FPy-modules

0—HE'(R); — P Po(-r)? £ P r—HE(R);—0. (8

|bl=—n—j-+r |bl=—n—j

where R = P/fiP. It follows that H}ﬁ;l(R)j is the second syzygy module of

12) t1
N @PO(_alj) - @Po(—%j) - H;Zl(R)j —0
j=1 j=1

be the minimal graded free resolution of Hﬁ:l(R) ;. We combine two above resolu-
tions, and obtain a graded free resolution for Hp, (R); of the form

- @Po(—aoj) N @ Py(—r)2 L, @ Py’ — Hp (R); — 0.
j=1 |bl=—n—j+r |b|=—n—j

We choose a basis element h € @?:1 Py(—ayp;) of degree ag;. Thus

do(h)= > h2

[b|l=—n—j+r

where hy, € Py with deg hy = ag; —r. Because the free resolution is minimal, at least
one hy # 0, so that r < ag; and hence r — 1 < ag; — 2. Thus we have

reg Hp, (R); = max{0,r — 1, a;; — i — 2} = max{a;; —i — 2}.
Z7J 27-]
Theorem 2.14 implies that
reg Hp ' (R); = max{ay; — i} = —n —j+r+1.
27]

O

Corollary 2.18. Assume that char K = 0. Then with the notation of the Theorem
2.14 the Py-module H]"{1 (P/f/’\’P)j has a linear resolution.

Proof. Taking the kth component of the exact sequence (8), we obtain the exact
sequence of K-vector spaces

0— [Hﬁ:l(R)j]k — @ Kzazt L5, @ Kz%2" — [H}%(R)j}k — 0.

la|=k—r la|=k
|b|=—n—j+7r [b|=—n—j
For k we distinguish several cases. Let k = —n — j 4+ 7+ 1. One has

dim g Vk—r,—n—j+r > dimg Vk,—n—j-
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This implies that
[Hﬁ:l(R)j]k #0 forall k>-n—j+r+1,

since HQII(R) ; is torsion-free.
Let k = —n—j+r. Then dimg Vj—y _p—jtr = dimg Vi _,,—;, so that [HI@II(R)]-]]c =
0. Finally let £ < —n — 7 +r. We claim that

‘ n+k—r—1\/—j+r—1
dim g Vk—r,—n—j+r = ( kE—r ) <—7’L —j+ 7«)
‘ n+k—-1\/—j—1
dimyc Vi, n—j = ( k ) <—;71 — j) '
Indeed,

n+k—r—1 —]—I-T’.—l - n+k—1 _]_1. if and only if
k—r —n—j+r k e

a —j+r—1 Snt+k—i
AL § fhtiin)
—n—j+r—i+l o k—itl

is less than

i=1
Since
—j+r—i n+k—i
. , < ,
-n—j+r—i+1 k—i+1

forall ¢=1,...,r if and only if

k(n—1)<(—n—j+7r)(n—1),
the claim is clear. Thus by Corollary 2.17 the regularity of H ﬁ;l(R) ; is equal to the
least integer k such that [H,’i:l(R)j} . 7 0. This means that Fy-module

n—1 . n—1
HP+ (R)j - [HP+ (R)j] >—n—jtr+l
has a (—n — j + 7 + 1)-linear resolution, and its resolution is the form

= PPt j—r—2) = BPn+j—r—1)— Hy (R); — 0.

Combining the above resolution with the exact sequence
0 — Hp'(R); — Ry (=r) — Py* — Hp, (R); =0,
we obtain a graded free resolution for Hp (R); of the form

.._>P(?3(n+j—r—2)HPOﬁQ(n—i-j—r—l) —>P051(—r) —>POBOHH$+(R)J»—>O.
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In this resolution we know already the Betti numbers

5, = (—j—l) and By — <—j—|—7’.—1)‘
—n— -n—j)+r

Next we are going to compute the remaining Betti numbers and also the multiplicity
of Hp, (R);. For this we need to prove the following extension of the formula of
Herzog and Kiihl [6].

Proposition 2.19. Let M be a finitely generated graded Cohen-Macaulay Py-module
of codimension s with minimal graded free resolution

0— P»(—d,) — ---— P)*(—dy) — PP — M — 0.

Then J
= -1 i+1 7]
5= 00 T g2
J#i
Proof. We consider the square matrix A of size s and the following s x 1 matrices
of X and Y:

R e by
A= & d,z s , X = ﬁ? and Y = 0
di=todyt o di! (=1)°Bs 0

With similar arguments as in the proof of Lemma 1.1 in [16] one has

s Cviak J O for 1 <k <s,
Z( 1)'Bid; = { (—=1)*sle(M) for k = s,

1=1

Note that Y7 (—1)"8; = fo. Thus we can conclude that AX =Y. Now we can
apply Cramer’s rule for the computation of 3;. We replace the ith column of A by Y,
then we expand the determinant |A| of A along to the Y, we get §; = —0y |A| / |A]
where A’ is the matrix

dy e diy digy e ds
d% d?—l dzz+1 dg
it ddi !

of size s — 1. A is a Vandermonde matrix whose determinant is [[,;_;. . (di — d;).

We also note that
Al =T11d TI (de—dv),

i£i 1<t<k<s
J# i

so the desired formula follows. O
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We also have the following generalization of a formula of Huneke-Miller [17].

Proposition 2.20. With the assumption of Proposition 2.19, we have
BT
e(M) =~ [14:
i=1

Proof. We consider the square matrix

ﬂldl 62d2 e 6s—lds—1 6sds
M = ﬁld% 62d§ T 6s—ld§—1 ﬁsdg (9)
ﬂldi 62d§ T 6s—ld§_1 6sd§

of size s.

We will compute the determinant |M| of M in two different ways. First we
replace the last column of M by the alternating sum of all columns of M. The
resulting matrix will be denoted by M’. It is clear that |M| = (—1)%|M’|. More-
over, due to [16, Lemma 1.1], the last column of M’ is the transpose of the vector
(0,...,0,(=1)*se(M)). Thus if we expand M’ with respect to the last column we
get

| M| = (=1)°|M'| = sle(M)|N]|

where N is the matrix

Brdi  Bady - Berds
N = ﬁld% ﬁ2d% T 6s—ld§_1
Gidi™h Bady™h e BeidiT)
of size s — 1. Thus
s—1 s—1
(M| = sle(M) [ 8: ][IV (.. ... des)] (10)
i=1 =1
where V' (dy,...,ds 1) is the Vandermonde matrix of size s — 1 whose determinant

is [Ti<jcics_1(di — d;). On the other hand, directly from (9) we get

| M| :HﬂiniW(dh---,dsﬂ (11)
=1 =1

where V(dy,...,ds) is the Vandermonde matrix of size s whose determinant is
[Ticjcici(di — d;). In view of (10) and (11) we get the desired formula. O
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Now we are able to compute all Betti numbers and the multiplicity of H3 (R);.
We recall that its resolution is the form

0= P —r+1) =P (—r+2) = = Bt j—r—2) —
R (n+d = =1) = B (=r) = B — H}, (R); =0,
—7—1 —7 -1
where 60:< J ) and 61:< ‘7+r‘ )
—-n— -n—j+r
Corollary 2.21. With the above notation we have
(=1)'r(n — 1)!5f

P 0 i>2,
S ) [y ey ey ey e R
and - "
r(—)+r— Do
Hp ) = .
Proof. The assertion follows from Proposition 2.20 and Proposition 2.19. O

2.4 Linear bounds for the regularity of the graded compo-
nents of local cohomology for hypersurface rings

In this section for a bihomogenous polynomial f € P we want to give a linear
bound for the function f; r(j) = reg Hp, (R); where R = P/ fP. First we prove the
following

Proposition 2.22. Let R be the hypersurface ring P/fP where f = " | fiy; with
fi € Py. Suppose that deg f; = d and that I(f) is m-primary. Then there ezists an
integer q such that for 7 < 0 we have

(a) reg Hp (R); < (—n—j+1)d+gq, and
(b) reg H3 '(R); < (—n—j+ 1)d+q+2.

Proof. (a) From the exact sequence 0 — P(—d, —1) L. Pp-R— 0, we get exact
sequence FPy-modules

P Rt P - HE(R), 0. (12)

|b|=—n—j+1 |b|=—n—j

We first assume that f; = z;. Theorem 2.14 implies that reg Hp, (R); = —n—j. We
set k = —n — j. Thus we can get the surjective map of K-vector spaces

@ Kz%zb — @ Kazzb,
lal=k

= la|=k+1
[b]=k+1 |b|=Fk
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Replacing x; by f;, we therefore get a surjective map

D N, = @ Kfr et L

|b|=k+1 la|=F

bl=k-+1

a an b _ ket b
D £ frd =D )agerny?
e Ibi=k

Since I(f) is m-primary by [11, Theorem 2.4] there exists an integer ¢ such that
reg (Po/I(f)*") = (k+1)d+q for k> 0.

We set | = (k+ 1)d + q. Then for [ > 0 we have

(PO)H-l = (I(f)k+l)l+1‘

We take the (I+1)th component of the exact sequence (12) and consider the following
diagram

Bpori(Po)i-anz’  —— QP —— [H173+(R)j]z+1 — 0

| I

@\M:k—i—l ([(f)k)l_dﬂzl) - @\b|:k ([(f)k+l)l+12b - 0,

in which left-hand vertical homomorphism is inclusion. Thus we conclude that

[H}T;+ (R>j} I+1 0,

so that reg Hp (R); <1 = (k+ 1)d + ¢, as required.
For the proof (b), we notice that the exact sequence of Py-modules of (12) breaks
into two short exact sequence of Fy-modules

0— K; — @Pozb — Hp (R); — 0,

lb|=k

0— Hi '(R); — @ Po(—d)2" - K; —0,

|b|=k-+1

where K; = Im f. We see from the first of these sequences that reg K; < reg Hp, (R);+
1. The second short exact sequence, together with part (a) of this theorem and the
fact that d < reg K; implies that

regHﬁ;l(R)j <max{d,reg K; + 1} =reg K; +1 < (—n—j+1)d+q+2,

as desired. O
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Proposition 2.23. Let Nj = {# € N" : [§] = d}, Iy = K[{zg}pent] and P =
Poly1, ..., yn]. Let R = P/fP where f = Zw:dxﬁyﬁ. Then

reg Hp (R); < (-n—j+1)d—1.

Proof. We set Py = (y1,...,yn) and Py = Klxy,..., ;| where m = (”J’S_l), as
usual. From the exact sequence

0— P(—1,—d) i>P—>R—>0,
we get the exact sequence of Fy-modules
* f * n
b rE-HE) = @ R — Hp (R); -0,

|bj=—n—j+d |b|=—n—j
whose 7th graded component is

@ Kaz°( @ Kz*(y")" — Hp (R)(i,j — 0. (13)

\b\ —n— J+d \b\ —n—j

Here (3°)* = 2% in the notation of Section 1.7. Now we exchange the role of x and y:

We may write [ = Ew:dyﬁxg and set Qy = (z1,...,2y) and Qo = Kly1, ..., Ynl.
From the exact sequence

0— P(—d,~1) 25 P~ R -0,
we get the exact sequence of FPy-modules
D Qe = D Q) — HE (@ =0
[b|l=—m—t+1 |b|=—m—t
whose sth graded component is

@ Ky'(a") == € Ky'(a*)" — Hy (R)y — 0.

la|= la|=s
\b\zfmftJrl |b|=—m—t

Applying the functor Hom (—, K') to the above exact sequence and due to the exact
sequence (13) we have

m * a\* f a\*x
0= Hy (R)iy— P K- P K
la]=s la]=s—d

[b|=—m—t [b|=—m—t+1

- H}g+(R)(—m—t+l,—n—s+d) — 0.

Therefore
Hgb+ (R)Eks,t) = HIT;_l (R)(—m—t-i-l,—n—s-i-d) .
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Thus we have

0 — [ngzl(R)—n—S-i-d} 41 — @ K(ya)*g’;b

1, P Kuz"  — [Hp(R)-n-sid_, ., — O
lal=s—d

|b|=—m—t+1

We set j = —n — s + d. Proposition 2.22 implies that
reg Hp (R); < (—n—j+1)d+q for some gq.

Since I(f) = (y1,...,yn)?, thus reg (Po/I(f)*™) = (k+ 1)d — 1. Hence in Proposi-
tion 2.22 we have ¢ = —1. O

Now the main result of this section is the following

Theorem 2.24. Let P = K[z, ..., Tm,Y1,- -, Yn), and f € P be a bihomogeneous
polynomial such that I(f) is m-primary. Let R = P/fP. Then the reqularity of
Hp, (R); is linearly bounded.

Proof. We may write f = szd f5y? and let deg fs = c. From the exact sequence

0— P(—c,—d) i>P—>R—>0,
we get the exact sequence of Py-modules
D R P R HE(R), 0.
|b|=—n—j+d |b|l=—n—j

We first assume that f = z5. Proposition 2.23 implies that reg Hp (R); < (—n —
j+1)d—1. Weset k= (—n—j+1)d. Thus we get the surjective map of K-vector

spaces
@ Kz%2" — @ Kz2P.
la|=k—1 la|=k
|bl=—n—j+d |bl=—n—j
We proceed as in the proof of Proposition 2.22, and we get [HR(R)]-}MH,H =0
for some integer ¢’'. Therefore
reg Hp (R); < (—n—j+1)d*+¢.
U

Corollary 2.25. With the assumption of Theorem 2.24, we have

reg Hi ' (R); < (—n —j + 1)d® + ¢/ + 2.

Proof. For the proof one uses the same argument as in the proof of Proposition
2.22(b). O



3 Local duality for bigraded modules

Let R be a standard bigraded K-algebra with bigraded irrelevant ideals P generated
by all elements of degree (1,0), and @) generated by all elements of degree (0,1). We
want to relate the local cohomology functors Hi(—) and Hé?(—) via duality in the
category of bigraded modules. In the ordinary local duality theorem Matlis duality
establishes isomorphisms between the local cohomology modules of a module and
its Ext-groups.

In our situation we have to consider Matlis duality for bigraded modules. Given
a bigraded R-module M we define the bigraded Matlis-dual of M to be M where
the (4, j)th bigraded component of M"Y is given by Homg (M(_; _;), K).

In this chapter we establish the following duality theorem:

Theorem. Let R be a standard bigraded K-algebra with irrelevant bigraded ideals
P and @, and let M be a finitely generated bigraded R-module. Then there exists
a convergent spectral sequence

Ez‘2,j _ Hgb—j(H;'er(M)v) :J> Hé;—j_m(M)V

of bigraded R-modules, where m is the minimal number of homogeneous generators
of P and R, is the unique graded maximal ideal of R.

Note that the above spectral sequence degenerates when M is Cohen-Macaulay
and one obtains for all k£ the following isomorphims of bigraded R-modules

HE(Hy, (M)Y) = Hy (M)

where s = dim M, see Corollary 3.12. We let Ry be the K-subalgebra of R which
is generated by the elements of bidegree (1,0) and set N = Hp (M)". Then N is
again an s-dimensional Cohen-Macaulay module and by the above isomorphism we
obtain for all j the isomorphisms of graded Ry-modules

\

HE (Ny) = (H (M) (14)
where P, is the graded maximal ideal of Ry. Here we used, that HE(N); = Hp, (N;)
for all k£ and j.

In case M is Cohen-Macaulay the tameness problem translates, due to (14), to
the following question: Given a finitely generated bigraded R-module N. Does there
exist an integer jo such that Hp (N;) = 0 for all j > jo, or else H, (N;) # 0 for
all j > 707 However this is not the case as has been recently shown by Cutkosky
and Herzog, see [10]. Their example also provides a counterexample to the general
tameness problem. To show this, Proposition 3.11 of this chapter is used. On
the other hand, in Chapter 5 we are going to show that tameness holds for all
local cohomology modules of a ring with monomial relations and with respect to
monomial prime ideals.
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In Section 3.2 we use our duality to give a new proofs of known cases of the
tameness problem and also to add a few new cases in which tameness holds, see
Corollary 3.10, 3.14 and 3.18. The duality is also used in the Corollaries 3.15 and
2.4 to prove some algebraic properties of the modules H, 5(M ); in case M is Cohen-
Macaulay.

3.1 Proof of the duality theorem

Let S = K[x1,...,Zm, Y1, - -, Yn] be the standard bigraded polynomial ring over the
field K. We set K[z| = K[z1,...,2,] and Ky] = K[y1,...,y,| and consider both
as a standard graded polynomial rings.

If Ais a standard (bi)graded K-algebra, and M a (bi)graded A-module. Then we
set MY = Homg (M, K), and view M" as (bi)graded A-module with the (bi)grading

(M), = Homg(M_,, K)

for a € Z (respectively a € Z?* in the bigraded case).
The following simple fact is needed for the proof next lemma.

Lemma 3.1. Let M be a graded K|[z|-module and N be a graded K [y]-module. Then
there exists a natural bigraded isomorphism of bigraded S-modules

(M ®g N)Y 2 MY @ NY.

Proof. Let S = K[z] ® K[y] = K|z,y]. Note that M ®x N is a bigraded free
S-module with the natural bigrading

(M ®K N)(z,]) == Mz ®K Nj.
Thus we see that

((M ®K N)V) = HOIIlK ((M ®K N)(—i,—j)’ K) = HOIIlK(M_i ®K N_j,K).

(4,9)

By using the universal property of tensor product one has the following natural
isomorphism of K-vector spaces

HOIIlK(M_Z’ RQK N_j, K) = HOHIK(M_Z', K) QK HOIIlK(N_j, K)
Thus we have

((M QK N)v)(i,j) = HOHIK(M_Z', K) QK HOIIlK(N_j,K)
= (M")i @K (NY);
(MV KK NV)(i’j).

So the desired isomorphism follows. O
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Lemma 3.2. Let S = K[z1,...,Zm, Y1, .-, Yn] be the standard bigraded polynomial
ring over the field K with the irrelevant bigraded ideals P = (xy,...,2,) and Q =
(Y1, ---,Yn). Then we have the following isomorphism of bigraded S-modules

Hp (ws) = HY(S)",
where wg s the bigraded canonical module of S.
Proof. First we notice that there is a natural isomorphism of bigraded S-modules
Hy (8) = B (K[e)) 9k K[y,
By the graded version of the local duality theorem (see [5, Example 13.4.6]) we have
Hp, (K(z])” = Klz](—m).
Thus we see that

Hp'(ws) = Hp'(S(=m, —n)) = HpE(S)(=m, —n)
(K[z](=m)" @k K[y])(—=m,—n)
K[z]" @k Kly](—n).

12

On the other hand, using again the local duality theorem, Lemma 3.1 yields

H3(8)Y = (Klz] @k Hp (K[y))" = (K[2] @k K[y)(—n)")"
= Klz]" @k Klyl(—n)""
> Klz]Y @k Ky](—n),
as desired. ]

Corollary 3.3. Let F' be a finitely generated bigraded free S-module, and set F* =
Homg(F,wg). Then there exists a natural isomorphism of bigraded S-modules,

HE(F*) = H3(F)".

Proof. Let F = @,_, S(—ax, —b). Thus F* = @)_,(ws)(ax, by) and hence by
Lemma 3.2 we have

Hp(F*) = @ Hp (ws)(ar, b) = @D HH(S) (ax, b
k=1 h=1
Hg(@S(—CLk, —bk))v
k=1
HA(F).

I

1%
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The previous result can easily be extended as follows

Lemma 3.4. Let F be a bounded complex of bigraded free S-modules. We set F* =
Homg(F, ws). Then we have a functorial isomorphism

HY (F) = H(F)”
of complezes of bigraded modules.

Proof. In order to prove that the complexes of Hp' (F*) and Hy(IF)" are isomorphic,
we observe that for any bihomogeneous linear map ¢ : G — F' between finitely
generated free bigraded S-modules we obtain the following commutative diagram

HY(F)Y 5 Hy(G)Y

l
HE(F*) % HE(G),

where 1, = Hp(p) and 1, = H'(¢*) and where the vertical maps are the isomor-
phisms given in Corollary 3.3. The commutativity of the diagram results from the
fact that all maps in the diagram are functorial. O

Proposition 3.5. Let M be a finitely generated bigraded S-module, P and () be
the irrelevant bigraded ideals of S. Then we have the following convergent spectral
sequence

Efy = HE ™ (BxtS™ ™ (M ws)) = Hy? ™" (M)

Proof. Let (F,d) be a bigraded free resolution of M of length n + m, and let G be
the complex of bigraded S-modules with G; = Homg(F,,,1,—i, ws) and differential
0; = Homg(din—i, ws). Next we choose a bigraded free resolution C of the complex
G. In other words, C is a double complex Cj; of finitely generated bigraded free
S-modules with 7, 5 > 0 such that:

(i) the ¢th column of C is a free resolution of G; for all i, i.e.

| G; forj =0,
Hj(ci')_{o for j > 0.

(ii) for each row the image of C;_;; < C;; is a bigraded free direct summand of
the kernel of Cj_s ; +— C;_1 ;. In particular, the homology of

Cigj— Ci1j — Ciyj
is a bigraded free S-module for all 7 and j.
(iii) for each i the complex
0 Hi(C.p) « Hi(C.n) « Hi(C.2) -
is a bigraded free resolution of H;(G).
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Now we compute the total homology of the double complex HZ'(C): Since all G;
are free S-modules, it follows that the complexes

0—Gi—Cig—Ciyp -
are all split exact. Hence the complexes
0 Hp'(G;) «— Hp(Cip) — Hp (Cin) < -+~

are again exact.
This implies that the E'-terms of the double complex H%(C) with respect to
the column filtration are

g _ [ HE(G) forj=0,
. 0 for 7 > 0.
As a consequence, for the E2-terms of H7(C) we have that Efj =0 for j > 0, and
that E7; is the ith homology of the complex Hp'(G). Now we use Lemma 3.4 as
well as [21, Theorem 1.1 | and obtain

2 Hy™(M)Y for j =0,
W 0 for j > 0,
since H;(Hp(G)) = (Hn+m_i(Hg(F)))v. From this it follows that the (i + j)th
total homology of Hp'(C) is equal to ngj_m(M)V.

Now we compute the homology of H}(C) using the row filtration. Each row
Hp(C.;) of HE(C) is split exact with homology H; (HE(C.;)) = HE (H;(C.;)). In
other words, E}; = Hp (H;(C.;)). Hence by property (iii) of the complex C and by
21, Theorem 1.1 | it follows that E?; = H}' ™/ (Exty™" (M, ws)). This yields the
desired conclusion. O

Now our main theorem is an easy consequence of Proposition 3.5:

Proof. As R is a standard bigraded K-algebra, it is the homomorphic image of a
standard bigraded polynomial ring S = K{z1,...,Zm, Y1, .,Ys]. We may consider
R and S as well as a standard graded K-algebras with the unique graded maximal
ideal R, (resp. S;), and M as a graded R-module (resp. S-module). Then by the
graded local duality theorem we have

Extg " (M, ws) = Hg (M)".
Since Hy (M) = Hp (M), it follows that
HE ™ (Hy (M)Y) = HE 7 (ExtZ (M, wg)).
Let () = (21,...,%y) and (y) = (y1,...,¥a) be the irrelevant ideals of S. We note

that Hp' ™ (Extg "~ (M,ws)) = Hppy? (Extg™" (M, ws)) and that Hg /™™ (M) =

H (Z;r)’ “"(M)Y. Therefore, Proposition 3.5 yields the desired convergent spectral se-
quence. U
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Corollary 3.6. Let R be a standard bigraded d-dimensional Cohen-Macaulay K-
algebra with irrelevant bigraded ideals P and @, and let M be a finitely generated
bigraded R-module. Then there exists a convergent spectral sequence

By = Hy™ (Exty (M, wg)) = Hy' ™" (M)"

of bigraded R-modules, where m is the minimal number of homogeneous generators
of P.

Proof. The assertion follows from our main theorem by using the fact that Iiﬁ (M)Y =
Exth (M, wg). O

A general version of our duality theorem have recently been constructed. See [9].

3.2 Some applications

In this section, unless otherwise stated, R denotes a standard bigraded K-algebra
of dimension d, and M a finitely generated and bigraded R-module.

We note that for the E’-terms in the spectral sequence of our main theorem we
have E7; = Hp™/ (Hp, (M)¥) = 0 if 7 < depth M or 7 > dim M or j < 0 or j > m.
Thus the possible non-zero E2-terms are in the shadowed region of the following
picture.

(s,m)
N\
N\
N 2
V2 i N TE”
N !
|
(t,0) >\ ¢ s
Figure 1

Here t = depth M , s = dim M and E?; = Hj ™/ (Hj, (M)V).

We first observe that the graded local duality theorem is a special case of our
main theorem. In fact, if we assume that P = (0), then m = 0, and m = @ is the
unique graded maximal ideal of R. Moreover, Efj = E7; =0 for j # 0 and all 4,
since H (ko)(—) = 0 if k # 0. Therefore we have

Ext}; (M, wr) = Hy (Extf (M, wg)) = Hy(M)".

Considering Figure 1 we immediately obtain the following corner isomorphisms
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Proposition 3.7. Let dim M = s and depth M = t. Then there are natural iso-
morphisms

Hy (Hly, (M)Y) = HS™(M)Y  and  HY(Hy, (M)¥) = Hy(M)".
Moreover for i <t —m we have Hj(M) = 0.

Definition 3.8. Let Ry be a commutative Noetherian ring, R a graded Ry-algebra
and N a graded R-module. The R-module N is called tame, if there exists an integer
Jo such that either

N; =0 forall j<jy, or N;#0 forall j<j.

In case of a standard bigraded K-algebra R we let Ry be the K-subalgebra of
R generated by all elements of degree (1,0). Then R is a graded Ry-algebra with
components R; = R ;) = @, R, Let N be a bigraded R-module. We may view
N as a graded R-module with graded components N; = N, jy = @, N ;). Each of
the modules N; is a graded Ryp-module, and if N is a finitely generated R-module
then each N; is a finitely generated Ry-module.

Now let M be a finitely generated bigraded R-module. By the definition local
cohomology using the Cech complex one has that Hj(M); = Hp, (M;) where P, is
the graded maximal ideal of Ry. Since M; is a finitely generated Ry-module it follows

that Hp, (M;) is a graded Artinian Ry-module. Hence we see that (H})(M)V)j -

(H]?})(]W)_j)v = Hj, (M_;)" is a finitely generated graded Ryp-module for all j. Of
course this does not imply that Hj(M)Y is a finitely generated R-module.
We denote by cd(Q, M) the cohomological dimension of M with respect to @,
i.e., the number
cd(Q, M) = sup{i € Ny : H,(M) # 0}.

Corollary 3.9. Let N = Hp (M)". Then the following statements hold:
(a) cd(@, M) < dim(M) if and only if depthp N; > 0 for all j;
(b) if cd(Q, M) < dim(M) — 1, then depthp, N; > 1 for all j.

Proof. We note that cd(Q, M) < dim(M), if and only if H3 (M) = 0. Hence Propo-
sition 3.7 yields part (a) of the corollary.
For the proof of (b) we notice that HL(N) = E . for i = 0,1, and that

B, is a submodule of HS'(M)Y for all i. Thus our assumption implies that

s,m—1i

Hp (N;) = Hp(N); = 0fori = 0,1 and all j. This yields the desired conclusion. [

The second statement of the next corollary of is well-known (see [2, Theorem 4.8
(©)])-

Corollary 3.10. Let M be a finitely generated bigraded R-module of dimension s
and depth t. Then Hi ™ (M) and HE(M) are tame.
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Proof. We first prove Hg ™(M) is tame. We set N = Hp, (M)Y and sy = dimg, N;
for 7 > 0. Such sy exists, see [1, Proposition 2.5]. Note that s < dim Ry < m. Thus
we have Hp'(N); = Hp (N;) = 0 for j > 0if sy < m and HE(N); = HE(N;) # 0
for 7 > 0 if s = m. Therefore by Proposition 3.7 there exists an integer j, such
that either

HG™(M); =0 forall j<jo, or Hg™(M);#0 forall j<j,

as desired. In order to prove that Hp (M) is tame, we set N = Hp (M)". Since
Hp (M) is a graded Artinian R-module, N is a finitely generated graded R-module.
Thus N; is a finitely generated Ry-module. By [1, Proposition 2.5] the set of as-
sociated prime ideals of Assg,(NN;) is constant for large j. If Py € Assg,(N;) it
follows that HR(N); = Hp (N;) # 0 for large j, and if Py ¢ Assg,(N;) then
H)(N); = Hp (N;) = 0 for large j. Thus in view of Proposition 3.7, H§(M) is
also tame. O

We say that M is a generalized Cohen-Macaulay R-module if H§+(M ) has finite
length for all ¢ # dim M.

Proposition 3.11. Let M be a generalized Cohen-Macaulay R-module of dimension
s. Then we have the following long exact sequence of bigraded R-modules

0 — Hp(Hp (M)') — Hy '(M)" — Hy (M)
Hp (Hy, (M)Y) — Hy (M) — Hj *(M)

e — Hg?_m(M)v — Hfim(M)V — 0.

Vo
vV
Moreover, we have the following isomorphisms

H}@(M) =~ HL(M)  for all i < s —m.

Proof. Since M is a generalized Cohen-Macaulay module, we have that Hp, (M)"
is of finite length for ¢ # s. Thus by Grothendieck’s vanishing theorem [5, Theorem
6.1.2] we see that EEJ = E5 =0forj=0,...,m—1and i # s. The following
picture will make this clear.

7/

/
—
2

/
/

-
/7 \‘Clg
5

SN—

~F-----
/

Figure 2
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Therefore for all k£ with s < k < s+ m, we get the following exact sequences

0— EX — Hb(M)Y — E, — 0,

s,T

O—)Eﬁfn—>El27m—>E2 — FE>_, =0,

s,r—1 s,r—1
where [ and r are defined by the equations s +r =14+m = k.
Composing these two exact sequences we get the long exact sequence

o B2 —>Hé2(M)V—>El2m—>E2 —

s,r s,r—1

HIQ_I(M>\/ - El2—1,m - Esz,r—2 —
which yields the desired exact sequence. Observing that
Hp(Hp, (M)") = Hy, (M)"

for i # s, since for such 7 the modules Hj (M) have finite length. The last
statement of the proposition follows similarly. O

Corollary 3.12. Suppose M is a generalized Cohen-Macaulay module of dimension
s. Then the following conditions are equivalent:

(a) M is Cohen-Macaulay;
(b) Hp(Hj, (M)Y) = HGH(M)Y for all k.

Proof. (a) = (b): Since M is Cohen-Macaulay we have Hj (M)Y = 0 for all
1 # s. Therefore it follows from the long exact sequence in Proposition 3.11 that
HE(Hp, (M)Y) = Hf?_k(M)V for k =1,...,m. The assertion for k = 0 follows from
Proposition 3.7. The assertion is also clear when k£ < 0. Now assume that k£ > m.
Then s — k < s —m, and hence by Proposition 3.11 it follows that Hg’g_k(]\%)v =
HE;’“(M)V = 0. On the other hand, we also have H]'%(Hf%+(M)V) = 0 because
k> m.

(b) = (a): is proved the same way. O

As a generalization of Lemma 3.2 we obtain as an immediate consequence of
Corollary 3.12 the following

Remark 3.13. Let R be a bigraded Cohen-Macaulay K-algebra of dimension d.
Then
Hp(wg) = HY*(R)Y for all k.

Recall that for a finitely generated graded R-module N one has that dimpg, IV;
as well as depthp NV; is constant for large j, see [1, Proposition 2.5]. In fact, if IV is
Cohen-Macaulay, then lim;_,o depthp N; = dim N — dim N/FPyN as shown in [14].
We call these constants the limit depth and limit dimension, respectively. Using this
fact we have
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Corollary 3.14. Let M be a bigraded Cohen-Macaulay R-module of dimension s.
We set N = Hp, (M), and put to = lim;_. depthp N; and sp = lim; ., dimg, N;.
Then the R-modules Hé(M) are tame for all j < s — so and j > s — 1.

Proof. We see that H}™'(N); = Hy, '(N;) # 0 for j > 0if i = s — sp and i = s — ¢,
and also Hp (N); = Hy, '(N;) = 0 for j > 0if i < s —sg and i > s — ;. Therefore
by Corollary 3.12 we have the desired conclusion. O

Corollary 3.15. Assume Ry is Cohen-Macaulay and M is a bigraded Cohen-Macaulay
R-module of dimension s. We set N = Hp (M)". Then

(a) for all k and j we have the following isomorphism of graded Ry-modules
Extf (N}, wr,) = HGH (M),
where d = dim R,.
(b) dim HE " (M)_; <k for all k and j.
Proof. Corollary 3.12 implies that
(HyH(M)_;)" = (HyH(M)Y), = HE (N)).
Thus the local duality theorem yields

Hey H(M)j = Hp, (N))" = Ext (N, wn,),

as desired.
Finally by [6, Corollary 3.5.11(c)] one has dimg, Exth;k(Nj,wRO) < k. This
proves statement (b). O

Let N # 0 be a graded Ry-module. We set a(N) = inf{i: N; # 0} and b(N) =
sup{i: N; #0}. If N =0 we set a(N) = oo and b(N) = —oc.
Recall that the reqularity of N is defined to be

reg N = max{b(Hp, (N)) + k: k=0,1,...}.

With the assumptions and notation introduced in Corollary 3.12 we therefore

have
reg(N;) = — min{a(Hé_k(M)_j) —k:k=0,1,...}.

In [11] and [19] it is shown that reg(N;) is bounded above by a linear function of j.
Thus in view of the preceding formula we get

Corollary 3.16. Let M be a Cohen-Macaulay R-module. Then there exist integers
¢ and d such that a(Hg(M)j) >cj+d for all k and all j.
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If the dimension and the depth of M differ at most by 1 or dim Ry < 1 one
obtains

Proposition 3.17. The following statements hold:

(a) if dim M = s and depth M = s — 1, then we obtain the long exact sequence

N H?_j_2(H;311(M)V) _ H?_j(HE+(M)V) — Hg—m+j(M)\/ —
H™ 7 (H3E O)Y) = 7 (H ()Y = -

(b) if dim Ry = 0, then Hi, (M) 2 Hi(M) for all i;
(c) if dim Ry = 1, then for all i we have the short exact sequence

0— H})(HET(M)V) — Hé?(]W)v — H?)(H%JM)V) — 0.

Proof. We first prove (a). Our hypotheses imply the following exact sequences

0— EX — Hy ™ (M) — EX

o141 — 0,

— E2

[e.9]
0—E s—1,j+1

2 00
s—1,5+1 - Es,j—l —E5_ 1 —0.

s,7—1

Putting these two exact sequences together we get the long exact sequence

2 2 s—m+j \Y% 2
= By — By — Hy (M)" — E_1 01—

E2 e Hé—m—l-i-j(M)\/ _ E2 N E2 e,

8,7 s—1,j 8,3

which yields the desired exact sequence.

For the proof (b) we set N = Hp, (M)". Since dim Ry = 0, it follows that Ny is
a finitely generated Ry-module of finite length. Thus Hp™/(N), = Hp ™/ (Nx) = 0
for all £ and 7 < m and hence Efj = 0 for all 7 and j # m. Therefore we have
N = Hp(N) = HLH(M)Y for all i, and so Hp, (M) = Hj(M) for all i. In order to
prove (c) we again set N = Hj, (M)". Since dim Ry = 1 it follows that H}™/(N); =
Hp ™ (Ng) = 0 for all k and j < m—1 and hence E7; = 0 for all i and j # m,m — 1.
Thus for all 7 we get the exact sequence

0— EXy o — HH(M)Y — E, — 0.
Since EYy,,_1 = Efy iy and E% = E?, for all 4, the result follows. O

)

As a simple consequence of Proposition 3.17 (b), (¢) we obtain the following
tameness result due to [2, Theorem 4.5].

Corollary 3.18. Let dim Ry < 1. Then H,(M) is tame for all i.
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Proof. First we assume that dim Ry = 0. Since any Artinian graded R-module is
tame, the result follows from Proposition 3.17 (b).

Now we assume that dim Ry = 1. Let N be a finitely generated bigraded R-
module. By Proposition 3.17 (c) it is enough to prove that there exists an integer
Jo such that for ¢ = 0,1 one has:

Hp (N;j) =0 forall j>jo, or Hp(N;)#0 forall j>jo.

We set tg = lim;_.o depthp N; and so = lim;_. dimg, N;. Then H} (N;) # 0 for
j > 0if tg = 0, and Hp, (N;) = 0 for j > 0 if ty # 0. Similarly, Hp, (N;) # 0 for
j>0if sg =1, and Hp, (N;) for j > 0if s = 0. O

Finally we want to mention two standard 5-term exact sequences arising from
our spectral sequence.

Proposition 3.19. There is a 5-term exact sequence for the corner (t,0)

> ™ (M) — HE 2 (Hy, (M)") — HE (HEH(M)Y) —
Hé;rl_m(M)v — H;?*(HA(M)O — 0,
and a 5-term exact sequence for the corner (s, m)
Hy(M)" — Hp(Hy (M)') — Hp(Hj, (M)") —
Hy (M) — HY(H3 (1)) = 0
Proof. Tt can be seen form Figure 1 that one obtains the following exact sequences

0— EXYo— HtQ+1_m(M>v — B — 0,

d2
0 2 t,2 2 0
0— By — Efy — By g — B o — 0.

Putting these two exact sequences together we get the exact
HtQ+2—m(M>\/ N Et2,2 N Et2+1,0 N HtQ+1—m(M>\/ N Et2,1 N O,

which yields the first 5-term sequence.
In the corner (s, m) we have the following exact sequences

o0 s—1 \Y, 00
0— Es,m—l - HQ (M) - Es—l,m - 07
2 d 1 2
0 s—Lm e’}
0— Es—l,m - Es—l,m Es,m—2 - Es,m—2 — 0.

Putting these two exact sequences together we get the five term exact sequence

HY(M)" = B2y — B2,y — Hy (M) — E?

s—1,m s—1,m 07

which yields the second 5-term exact sequence. O
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In this chapter we are going to establish a duality theorem for graded modules where
the base ring is local. Let R be a standard graded K-algebra where (Ry, mg) is a
local ring and M be a finitely generated graded R-module. We define the graded
Matlis-dual of M to be MY where the kth graded component of MV is given by
HOHIRO (Mk, ERo (Ro/mo))

We have the following duality theorem which is inspired by the local duality
theorem in Chapter 3:

Theorem. Let R be a standard graded K-algebra where (R, mg) is a local ring.
Let Ry = @,., R; be the graded irrelevant ideal of R, and M be a finitely generated
graded R-module. Then there exists a convergent spectral sequence

E}; = Hy?(Hy(M)") = Hy77"(M)Y

J

of graded R-modules, where m is the minimal number of homogeneous generators
of my and m = my + R, is the unique graded maximal ideal of R.
By using this theorem we obtain similar results as stated in Chapter 3.

4.1 Proof of the duality theorem

In a first step we prove the following

Lemma 4.1. Let R = Ry[x1,...,x,] be a standard graded polynomial ring over Ry
where (Ry, myg) is a reqular local ring and Ry = (xy,...,x,) be the irrelevant graded
tdeal of R. Then we have the following isomorphism of graded R-modules

Hy (wr) = Hy (R)",

where wg is the graded canonical module of R and m s the minimal number of
homogeneous generators of Ry.

Proof. First by graded version of [6, Corollary 3.3.21] we see that wg = (wg, ®g,
R)(—n). Since Ry is a regular ring it is a Gorenstein ring, and so wg, = Ry.
Thus wg = R(—n) and hence H[! (wg) = HJ (R)(—n). Since the inclusion map
f + Ry — R is a flat homomorphism of Noetherian rings, the graded flat base
change property of local cohomology yields the natural isomorphisms of R-modules

Hy (R)(=n) = (Hyg (Ro) @r, R)(—n) = Hy (Ro) @p, R(—n).
(See [5, Theorem 4.3.2]). Applying the graded version local duality theorem we have

H" (Ro) = Homp, (Ext§™ ™™™ (R, Ro), Ery(Ro/my)).
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Since Ry is a regular ring, then embdim Ry = dim Ry = m. Thus H[} (R) = Ry.
Therefore we conclude that

H (wr) = Ry[z1,. .., 2] (—n).
On the other hand, by [5, Example 12.4.1] we have the following graded R-isomorphism
HE+(R0[1'1, coomn]) = Rolart, Lz (n).

rrn

Therefore we have

12

Hy (R) (Rolart, ...,z (n)”

Ry[z1, ... 2] (—n).

12

The last isomorphism follows from the fact that for all j and a > 0 we have

[(RO[xl 7"'736;1](”))\/}]' = (RO[xl 7’”7In n— j - @ Ro.f(f a
|a|=n—j
= @ Rgxa%Rg[xl,...,xn]_nﬂ
lal=—n+j
= [Rg[xl,...,xn](—n)}j.

O

Corollary 4.2. Let I’ by a finitely generated graded free R-module, and set F* =
Hompg(F,wg). Then there exists a natural isomorphism of graded R-modules,

HE (F*) = Hy, (F)”.

Proof. Let F = @,_, R(—ax). Thus F* = @;_,(wr)(ax) and hence by Lemma 4.1
we have

H (F7) @Hm wr)(ar) = @Hm ar,)

12

Hy (P R(—ar))”

12

Hp, (F v,

Corollary 4.2 can easily be extended as follows

Lemma 4.3. Let F be a bounded complex of graded free R-modules. We set F* =
Homg(F,wg). Then we have a functorial isomorphism

Hy, (F) = Hy, (F)”

of complezes of graded modules.
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Proof. This is proved the same way as Lemma 3.4. O

Proposition 4.4. Let R = Rylzy, ..., x,] be a standard graded polynomial ring over
Ry where (Ry, mg) is a reqular local ring, M be a finitely generated graded R-module
and R, be the irrelevant graded ideal of R. Then we have the following convergent
spectral sequence

m—j n+m—i i+j—m
Efj = H"7 (Ext}™ (M, wg)) :j>HR+J (M),
where m is the minimal number of homogeneous generators of my.
Proof. This is proved the same way as Proposition 3.5. O

The following lemma is needed for the proof main theorem.

Lemma 4.5. Let R be a standard graded K-algebra where (Ry, mg) is a local ring,
M be a finitely generated R-module and I an ideal of R. Then for all 1

Hi(M)" = HY(M)",
where M denotes the mg-adic completion of M and I=1IR.

Proof. We first observe that M = D, J/\/[\ where J/\/[\ is the my-adic completion of the

finitely generated Rp-module M;. In partlcular we have that M Ro ®r, M; for

all 7. Therefore M= @ Ro Qp, M; = RO ®pg, M. By the graded flat base change
property of local cohomology we have

Hj(M)®r R= H(M ®F R).
Since R = }A%o ®p, R, then we have
H}(M)@RﬁgH}(M)(@ROEQ and M®R§§M®Roﬁogﬁ.

Therefore . R e
Hj(M); ®p, Ry = HX(M); forall j.
We set K = Ry/mg. For all j € Z we have

[HE(M)Y), = Homp, (HE(M)_j, B (K)) = Hompg, (HF(M)_; ®g, Ro, B (K)).

By [6, Exercise 3.2.14] as an Ry-module we have Ep, (K) Eg (K) and for any
finitely generated Rp-module N there exists a natural isomorphism

Homp, (N, Eg, (K)) = Homﬁo(ﬁ, Er,(K)).

Since HF(M); is a finitely generated Ro-module, therefore we have

[HE(M)Y], = Homp, (Hf(M)_j, Er,(K)) = [Hf(M)"]  forall j€Z,

as required. O
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Now our main theorem is an easy consequence of Proposition 4.4:

Proof of Theorem. We denote by m the graded maximal ideal of R = Di-o R;. In
other words, m = my ® @, R;. By Lemma 4.5 we have Hi(M)Y = HI%(]\/Z)V
We set N = H! (M)Y. Since N is a graded R-module, the natural homomorphism
Ry — Ry implies that H, (N) = H% (N). Thus

Hi (HL(M)Y) = HE (HE(M)Y).

By using again Lemma 4.5 we have Hg;j_m(]\/[)v = Hg;j_m(]\/i)v. Thus we may
assume that Ry is complete. By Cohen’s theorem we may choose a regular local ring
(S0, ng) where Ry is a homomorphic image of Sy and emb dim Sy = emb dim Ry =
m. It follows that R is the homomorphic image of a graded polynomial ring S =
Solz1, ..., x,] where (Sp,ng) is a regular local ring. We set n = ng + Sy, and
consider M as a finitely generated graded S-module. Then by the graded local
duality theorem we have

ExtZ " (M, wg) & HL(M)Y.
Since Hi(M) = H! (M) it follows that
HI (HL(M)Y) = H 9 (Exty ™ (M, wg)).
Therefore, Proposition 4.4 yields the desired convergent spectral sequence. O

Corollary 4.6. Let R be a standard graded d-dimensional Cohen-Macaulay K-
algebra where (R, mg) is a local ring and Ry be the irrelevant graded ideal of R,
and let M be a finitely generated graded R-module. Then there exists a convergent
spectral sequence

B2, = 1 (Bt (M) — ()
of graded R-modules where m is the minimal number of homogeneous generators of
myp.

Proof. The assertion follows from our main theorem by using the fact that H, M) =
Ext% (M, wg). O

Remark 4.7. By arguments which are analogous to the bigraded case one obtains
similar applications as in Chapter 3.



5 Tameness of local cohomology of monomial ide-
als with respect to monomial prime ideals

In this chapter we give an explicit combinatorial formulas for the Hilbert series of
local cohomology modules of the rings defined by monomial relations, with respect to
a monomial prime ideal. In Section 5.1, as a generalization of Hochster’s formula [6],
we compute the Hilbert series of local cohomology of the Stanley-Reisner ring K[A]
with respect to a monomial prime ideal and then we give a explicit formula for the K-
dimension of the bigraded components of the local cohomology modules. Using this
formula we deduce that the local cohomology of K[A] with respect to a monomial
prime ideal is always tame.

In [26] Takayama generalized Hochster’s formula to any graded monomial ideal
which is not necessarily squarefree. In Section 5.2, as a generalization of Takayama’s
result we compute the Hilbert series of local cohomology of monomial ideals with
respect to monomial prime ideals and observe that again all these modules are tame.
The result proved in this chapter is surprising because recently, Cutkosky and Herzog
[10] gave an example which shows that in general not all local cohomology modules
are tame.

5.1 Local cohomology of Stanley-Reisner rings with respect
to monomial prime ideals

Let K be a field and let S = K[Y,...,Y;] be a polynomial ring with the standard
grading. For a squarefree monomial ideal I C S we set R = S/I. We denote by

y; the residue classes of indeterminates Y; in R for ¢ = 1,...,r. Thus we have
R = Klyi,...,y,]. We may view R as the Stanley-Reisner ring of some simplicial
complex A with vertices {wy, ..., w,}.

Let P be any monomial prime ideal of R. We may assume that P = (yi,...,yn)
for some integer n < r. After this choice of P we view R as a bigraded K-algebra. We
rename some of the variables, and set x; = y,,.; forv = 1,..., m where m = r—n, and
assign the following bidegrees: degz; = (1,0) for i = 1,...,m and degy; = (0,1)
for j = 1,...,n. We decompose the vertex set of the corresponding simplicial
complex A accordingly, so that A has vertices {vy, ..., vy, w1, ..., w,} where vertices
V =Av,...,un} and W = {wy,...,w,} correspond to the variables of x1,..., 2z,
and Y1, ..., Y, respectively. By [5, Theorem 5.1.19] we have

HL(R) = H'(C*) forall i>0,

where C* is the Cech complex

C:0-C"'>C = ... 50" =0

Ct = @ Ry, iy

1< <-<it<n

with
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and whose differential is composed of the maps
(—1)8_1nat : Ryil---yit - (Ryil---yit)yjsa

if {iy,..., it} = {1, Jsr-,jes1} and 0 otherwise. Note that C* is a Z™ x Z"-
bigraded complex. For (a,b) € Z™xZ" andy =y, ...y;, with1 < j; <--- <js<n
one defines a Z™ x Z"-bigrading on R, by setting

(Ry)@p) = {r/y' : degr —ldegy = (a,b)}. (15)

Here r is a bihomogeneous element in R, [ € Z and deg denotes the multi-bidegree.
Given F' = {wj,,...,w;,} CW and b € Z". We set

Gy ={w; :w; <w; <w,,b; <0} and H,={w,;: w <w; <w,,b; >0}

The support of b is the set suppb = {w; : w1 < w; < w,,b; # 0}. Note that
supp b = Gy U Hy.

We also set N, = {v; : v1 < v; < vy,a; # 0} = suppa for a € Z™ and
denote by Z7 and Z" the sets of {a € Z™ : a; > 0 for ¢ = 1,...,m} and
{beZ":b <0 for ¢=1,...,n}, respectively. With the notation introduced
one has

Lemma 5.1. The following statements hold:
(a) dimg(Ry)@p <1, for alla € Z™ and b € Z".
(b) (Ry)@p) = K, if and only if F O Gy, FUH,UN, € A and a € ZT.

Proof. As explained before, we may view the standard graded polynomial ring S as
a standard bigraded polynomial ring and then R = K[x1,...,Zm, Y1, ., Ys] With
m +n = r is also naturally bigraded. Thus part (a) follows from [6, Lemma 5.3.6
(a)]. For the proof (b) we set ¢ = (a,b). By [6, Lemma 5.3.6 (b)] we have F' D G.
and F'U H. € A. Thus (15) implies that a € Z7' and hence G. = G;. We also note
that H. = Hy U N,. O

As a consequence of Lemma 5.1 for a € Z1' , b € Z" and i € Z we observe that
(C")(ap) has the following K- basis:

{bFZFDGb,FUHbUNGGA,‘F|Ii}.

Therefore since C* is Z™ x Z"-bigraded complex one obtains for each (a,b) €
7™M x 7™ a complex

(C)ap) : 0= (C@py — (CHapy — = (C™)ap) — 0,

of finite dimensional K-vector spaces

= @ K

FDGy
FUHpUNg€EA
|F|=i
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The differential 0 : (C*)(qp) — (C*"™)(ap) is given by

O(bp) =D _(=1)" "

where the sum is taken over all F” such that I’ O F, FFUH,UN, € A and |F'| = i+1,
and where O(F, F') = s for F' = |wy, ..., w;] and F = [wy, ..., Ws,...,w;]. Then we
describe the (a, b)th component of the local cohomology in terms of this subcomplex:

Hp(K[A]) @p) = H(C*)ap) = H(Clop))- (16)

Let A be simplicial complex with vertex set V. An orientation on A is a linear order
on V. A simplicial complex together with an orientation is an oriented simplicial
complex. Let A be a oriented simplicial complex of dimension d — 1, and F' € A an
i-face. We write F' = [vg,...,v;] if F' = {vg,...,v;} with vp < v; < --- < v;, and
F =] Jif F=(0. We define the augumented oriented chain complex of A:

5(A):0—>Cd_1iCd_2H~-~—>C0iC_1HO

where .
C= € ZF and OF =) (-1)F
FeA,dim F=i =0
for all F' € A. Here we set Fj = [vg,...,Vj,...,v;] for F' = [vy,...,v;]. Now for an

abelian group G, we define the ith reduced simplicial homology H;(A;G) of A to be

the ith homology of the complex C(A) ® G for all i. See [6, Section 5.3] for details.
For an abelian group G, the ith reduced simplicial cohomology of A with values in
G is defined to be

H'(A;G) = H'(Homz(C(A),G))  forall i, (17)

For W C V we denote by Ay, the simplicial complex restricted to W, i.e., the
simplicial complex consisting of all faces F' € A whose vertices belong to W.
Now in order to compute H i(C’(‘a’b)), we prove the following

Lemma 5.2. For alla € Z! and b € Z" there ewists an isomorphism of complexes
(C*)ap) — Homy (Clkg i, Go U N)w[—7 — 1; K), 5 = |Gy
Proof. The assignment F' — F' = F' — G, establishes a bijection between the set
B={FeAy:FD>G,FUH,UN, € A |F|=1i}
and the set

B ={F¢eAw:F e (kgu GoUN)w,|F'|=i—j}.
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Here F' € (kg g, Go U No)w, since F' N (G, U N,) =0 and F' U (G, U N,) € st Hy,.
Therefore we see that

o (C") (o) — Homy, (C(lkse m, Gy U No)i—j1; K),  br — ¢r_g,
is an isomorphism of vector spaces. Here pp is defined by

1 if F=F",
0 otherwise.

pp (") = {

O

As a generalization of Hochster’s formula [6, Theorem 5.3.8] we prove the fol-
lowing

Theorem 5.3. Let I C S = K[Xy,..., X, Y1,..., Y] be a squarefree monomial
ideal with the natural Z™ x Z"-bigrading. Then the bigraded Hilbert series of the
local cohomology modules of R = S/1 = K[A] with respect to the Z™ x Z"-bigrading
15 given by

-1
2

—1
—t;

Hyikpa)(s t) = Z Z dimg ﬁi—|F|—1((1kFUG)W;K) H Si H 1

1—s;
FeAw GCV v;€G b w;eF

where s = (81,...,8m), t = (t1,...,tn), P = (y1,...,yn) and A is the simplicial
complex corresponding to the Stanley-Reisner ring K[A].

Proof. By (16), Lemma 5.2 and (17) we observe that there are isomorphisms of
bigraded K-vector spaces

Hp(K[A)) oy = H'(Homy (C((lkam, Gy U NoJw)[—j = 1K), j = |Gl
-Gy -1 ( Homy, (5((1kst 1, Go U No)w ); K))
H1901 (kg g, Gy U N s K,

and therefore by [6, Exercise 5.3.11] we have

dimg Hp(K[A]) (s = dimg Hy_ g1 ((ga, Gy U Ny )ws K). (18)

If H, # 0 by [6, Lemma 5.3.5], lksp, G, U N, is acyclic, and so fIi_|Gb|_1 ((lkstHb GpU
No)w; K) = 0 for all 4. If H, = 0, then stH, = A, and so lkyn, GyUN, = lk G,UN,.
Thus in this case supp(b) = G,. We also note that H, = () if and only if b € Z™. In
order to simplify notation we will write s(a) and s(b) for the support of a € Z7 and
b € Z", respectively and set

d(i, s(b), s(a)) = dimg Hi_jsg)-1 ((kserz, s(b) U s(a)) 5 K).
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Using these facts and (18) we have

Hyykap(s,t) = Z dimg Hp(K[A])(0pst"

a€Zm bEL™

- 3 (3 st

bEZ™ \ a€ZT

- 3 (T 3 et )

bezZ™ GCV s(a)=G

aEZT
= D D dli,sb),s(a) > s“)tb
bezZ™ \GCV s(a)=G
o . Si b
= D | D s0),6) ] 1_Si>t
bezZn \ GCV vi€G
- Y ¥ (Zd(z’,s(b), 1= )tb
FeAw sh)=F \ GCV weG — O
beZ™
¢!
— J
= ZZszG Hl—sinl—tfl’
FeAw GCV v, €G w;el J
as desired. Here s* = s{'...s% for a = (ay,...,an) and t® = ¢ .. to for b =
(by,. .. b ) We also used the fact that > ,—¢s® =1for G =0 and Zs(a =
[L,cq 25 for G #0. O

We observe that Hochster’s formula [6, Theorem 5.3.8] easily follows from The-
orem 5.3. In fact, if we assume that m = 0, then G = 0, (Ik F U G)y = Ik F and
[I,,cq /(1 = si) = 1. Moreover, we may consider degY; = 1 for all j. Therefore
we get the Hochster’s formula.

In view of Theorem 5.3 and (18) we get the following isomorphism of K-vector
spaces

Corollary 5.4. For all a € Z7 and b € Z" we have
H(K[A]) (opy = HFPY (K F U G)ws K),

where F' = supp b and G = supp a.

Corollary 5.5. With the notation of Theorem 5.3 one has

Higgaciap (5:8) = Hag a0+ > D dF.G) [ = [ 7=
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where Hys (ka1 (t) is the Hilbert series of ith ordinary local cohomology of K[Aw]
with respect to the maximal ideal m = (yy,...,y,) and where

d(i, F,G) = dimg H_p—1 (k F U G)w; K).

Proof. By Theorem 5.3 we may write

1

HHZ L (K[A]) S t Z d Z F @ H — +
FeAw wJEF t.]
-1
> > d(i.FG) H H & .
Pelw ooy vec L T8 pep L

Since
d(i, F,0) = dimp H;_ -1 (k FUQ)w; K) = dimg H; 1 (Ika,, F; K),
Hochster’s formula [6, Theorem 5.3.8] implies the desired equality. O
In view of Corollary 5.5 we immediately obtain
Corollary 5.6. Hi(K[A]) # 0 for i = depth K[Aw] and i = dim K[Ay].
We are interested in the Hilbert series of H(K[A]) as a Z x Z-bigraded algebra.
Note that for all k, 7 € Z we have

Hp(K[ADwjy = @ Hp(K[AD @), (19)
a€Z™ |a|=k
beZ™,|b|=j

where |a] = >, a; for a = (ay, ..., ay) and [b| = >0 b; for b= (by,...,b,).
Using this observation we obtain

Proposition 5.7. For all i and k,j € Z one has

. E—1\/—j—1
HZ F,
dimzc =2 dG G(|G\—1)(\F|—1)’

FeAy
Gcv

where B
d(i, F,G) = dimg Hi_\pi— ((lkF UG)w; K).

Proof. We set |G| = g and |F| = f. In view of (19) it follows that the Hilbert series
of HL(K[A]) with respect to the Z x Z-bigrading is obtained from Theorem 5.3 by
replacing all s; and t; by s and ¢, respectively. Thus we have

t—l
Hyeap(s,t) = Y > d(i, F,G)( 1_8)9(1_t_1)f.

FeAyw GCV
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We note that

Z(Z”l )ST for all > 0. (20)
i

=0

Expanding (1*)¢ for ¢ = 0 and g = 1 and comparing coefficients with (20) we are

forced to make the following convention: (:1) =1, (_1) =0 forall? > 0and (0) 1
for all # > 0. Thus we have

G+ =1\ g (FHR=1\, s
Hu (s = S 3 d(i, F.G) Z( i ) gz( e
FeAyw GCV h=0

Weset k=r+gand j=—f—h. Thusr =k — g and h = —j — f. Therefore for
all £ and 7 with ¢ < k and 0 < f < —j the desired formula follows. O

Corollary 5.8. For all i and j € Z one has
dimg Hp(K[A]) o) = dimg Hy(K[Aw]);,

where H: (K[Aw]) is the ith ordinary local cohomology of K[Aw] with respect to
m= (Y1, Yn)

Proof. By Proposition 5.7 and the fact that (Ik F')y = lka,, F' we have

. 3 1 [ — -1
dimg Hp(K[A])0j) = Z dimp Hi-jpj-1 (k F)w; K) <|Fj| - 1)
FeAw
o -1
= ) dimg Hijppoa(lkay, F K><|F| - 1)
FeAw

= (ﬁﬂh{kﬁ&ffuhynj
The last equality follows from Hochster’s formula. O

For all j € Z, we set

Hy(K[A)); = @D Hp (KIA]) k),

and consider Hi(K[A]); as a finitely generated graded Ry-module. In the following
we show that the Krull-dimension of Hj(K[A]); is constant for j < 0.

Theorem 5.9. For all i there exists an integer jo such that for j < jo, the Krull-
dimension dim Hp(K[A]); is constant.
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Proof. By Proposition 5.7 and using (20) the Z-graded Hilbert series of Hj(K[A]);
is given by

Hyikap,(s) = ZdlmK Hp(K[A])k,5)s"
1\ /-1
Sl )
— = Gl =1/ \|F| -1
GCV
. 1 S r r+1
- wna(n0) X (4)r
FeAyy, r=—1
GCV,|G|=0
—j =1\ = [T
2 deRG <|F|—1)Z<0)
ch,\GVI\/1 =
i—1\ «
et 3 im0 3 ()
oevit =
Nt T R
N AO(])_I_l—s (1—3)2+ (1—s)m

2o Ar(f) (L = 8)" s
(1—s)m ’

-2 C“FG(W—D

where

FeAy,
GCV,|G|=r
We may write
DAL =) =) B(j)s,
r=0 r=0

where B,(j) is a polynomial with coefficients in Q of degree at most n— 1. Therefore
we have

Q;(s)
(1 —s)m’

where Q;(s) = >_1" B.(j)s". We denote by Q;(s)® the kth derivative of Q;(s) as
a function in s and set Ry(j) = [Q;(s)®](1) which is of course a polynomial in j.
Here we distinguish two cases: First suppose that R, = 0 for all £ > 0. Then the
Taylor expansion of Q;(s)

Q)= T FulDy g Ty ey

Hygka), (s) = (21)
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implies that );(s) = 0 for all j. Thus we see that Ry, = 0 for all £ > 0, which is equiv-
alent to say that Q;(s) = 0 for all j, and which in turn implies that Hu(K[A]); =0
for all j, and we set dim Hj(K[A]); = —oo. Now we assume that not all By, = 0,
and define

c=min{i: R; # 0}.
Thus Ri(j) = 0 for all j and all k£ < ¢. Since R, has only finitely many zeroes, it

follows that R.(j) # 0 for j < 0, i.e., there exists an integer jo such that R.(j) # 0
for j < jg. Therefore

Ri(j) =0 for j<yjo, if k<gc
and
Ry(j) £0 for j<jo if k=c
Thus for j < jo we may write Q;(s) = (1 — S)C@j(s) where @j(s) is a polynomial in
s with Q);(1) # 0. Therefore by (21) and [6, Corollary 4.1.8] we have
dim Ho(K[A]); =m —c for all j < jo,
as desired. O

We recall the following definition as stated in Chapter 1.

Definition 5.10. Let R be a positively graded Noetherian ring. A graded R-module
N is called tame, if there exists an integer jo such that either

N; =0 forall j<jy, or N;#0 forall j<j.

Corollary 5.11. Let I C S = K[Y3,...,Y,] be a graded squarefree monomial ideal
and let A be the simplicial complex such that K[A] = S/I. Let P be a monomial
prime ideal of K[A]. Then for all i, the local cohomology modules of Hu(K[A]) are
tame.

Proof. The assertion follows from Theorem 5.9. 0

We end this section with the following example:

Example 5.12. Let S = K[X;, X, Y1, Y] be a standard bigraded K-algebra and

we consider
K[Xla X2a }/17 }/2]

(X1 Xo11Y5)
We denote by x; and y; the residue classes of X; and Yj for 4, 7 = 1,2. We may view
R = K[z, 22,11,y as the Stanley-Reisner ring simplicial complex A whose facets
are given by the sets

R=

{Ul,Ug,'lUl},{Ul,UJl,'UJQ},{'UJl,U]Q,'UQ}, and {WQ,UQ,Ul}.

Here we denote the vertices corresponding to the X; by v; and those corresponding
to the Y; by w;.
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wq

U1 [ Wo

V2

We set [ = X1 XoY1Ys, Sy = K[X1, X5 and S = (Y1,Y2). From the exact
sequence
0— S(-2,-2) 15§ = R—0,

we get the exact sequence of graded Sy-modules

0— HL (R); — @ So(-2)2" L P Soz* — HE (R); — 0.
|b|=—j |b|=—2—j

The corresponding matrix of the map fis a (—j 4+ 1) x (—7 — 1) matrix given by

0 129 0 0 0
G|
0 0 oo 0 oz O

We see that dimg, Hg, (R); = dimg, Sy?™'/Im f, where the Im f can be de-
scribed as matrix Uj. By using CoCoA one can check that

dimg, H§+(R)j =1 foral j<-2

We set Ry = Kz, 7] and P = (y1,32). Since HZ (R) = Hp(R) it follows that
dimg, H3(R); = 1 for all j < —2. Next we are going to show that above calculation
is true by using our theorem. By Theorem 5.9

S g A(j) (1 —5)* TS
HH%(K[ADJ*(S) = ° (1 s)2 ;

where

a)= ¥ aere( 7)),

FeAy
GCV,|G|=r
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and where N

Now we compute A, (j) for r = 0,1,2. We first compute Ay(j) and for computing
A,.(j) for j = 1,2 we proceed in the same way as the computing Ay(j).

A) = > d(2,F,@)(|_F‘,j‘:D

FeAw

= d(2,0,0) (_‘: 1) +d(2, {w },0) <_j0_ 1)

2, {ws}.0) (_j N 1) (2, {w, s}, 0) (‘j - 1).
Now we compute d(2, F, () for F' =0, {w;}, {wa}, {w1, we}. We see that
d(2,0,0) = dimg H, ((k0)w; K) = dimg H(Ay; K) =0,

where Ay = {0, {w:}, {wa}, {wr, w2} };

d(2, {wi},0) = dimg Hy((Uk{wi }w; K) = dimg Ho(Ag; K) = 0,
where Ay = {0, {ws}};

d(2, {ws},0) = dimp Hy((k{ws})w; K) = dimg Hy(Ag; K) = 0,
where Ag = {0, {w}}; and

d(2, {wi,ws},0) = dimg H_y (k{wr, ws})w; K) = dimg H_(Ag; K) = 1,

where Ay = {0}. Thus we conclude that Ao(j) = (_jl_l). Similarly one obtains
Ai(j) = 2(_j1_1) and A(7) = 0. Therefore

(=5 -1 +5s)
Hpz (ka)), (8) = - :

and by [6, Corollary 4.1.8] it follows that dimpg, H3(K[A]); =1 for all j < —2. We
can also compute the Hilbert series of Hjp(K[A]); for i = 0,1. We proceed in the
same way as above and obtain

Hyykiap, (s) = 1-9)2
This implies that dimpg, H5(R); = 2 for all j < —1. We also see

Hig i, (3) = 0.
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5.2 Local cohomology of monomial ideals with respect to
monomial prime ideals

We recall two results due to Takayama [26]. Let S = K|[Y,...,Y,] be a polynomial
ring with the standard grading. For a monomial ideal I C S we set R = S/I. We
denote by y; the image of V; in R for i = 1,...,n and set m = (y1,...,¥n), the
unique maximal ideal. For a monomial ideal I C S, we denote by G(I) the minimal
set of monomial generators. Let u = Y --- Y’ be a monomial with ¢; > 0 for all
J, then we define v;(u) =¢; for j =1,...,n, and supp(u) = {j : ¢; # 0}.

We set Gy, = {j : b; < 0} for b € Z". By Takayama we have

Lemma 5.13. Lety = y;, - - - y;, with iy < --- <14, and set F' = {iy,...,i,}. For all
b € Z™ we have dimg (Ry), < 1 and the following are equivalent

(a) (Ry) = K,
(b) F D Gy and for all uw € G(I) there exists j ¢ F' such that v;(u) > b; > 0.

For any b € Z™, we define a simplicial complex

Ay ={F -G, F D Gy, and for all u € G(I) there exists j ¢ F'
- 1 such that v;(u) > b; >0 '
Theorem 5.14. Let [ C S = K[Y1,...,Y,] be a monomial ideal. Then the multi-

graded Hilbert series of the local cohomology modules of R = S/1 with respect to the
Z"-grading is given by

Hilb(Hi(R),t) = > Y " dimg Hip—(Ap; K)t?
FeA
where t = (t1,--- ,t,). The second sum runs over b € Z" such that G, = F and

bj <pj—1forj=1,....n, with p; = max{v;(u) :u € G(I)} forj=1,...,n, and
A is the simplicial complex corresponding to the Stanley-Reisner ideal /1.

Note that Takayama’s formula can be rewritten as following

Hilb(Hy(R),t) = > dimg Hijp(ApK) >t

FeA bEL™,Gp=F
bjgpjfl
Jj=1,...,n
~ 1 —t.Pi t.~ 1
= dim Hi— _1(A 7K J J .
FeA wjiF ’LUJ‘EF

We see that in the squarefree case, this formula together with [26, Corollary 1]
implies again Hochster’s formula.

Now let S = K[Xy,..., X, Y1,...,Y,] be a standard bigraded polynomial ring
over K. For a monomial ideal I C S we set R = S/I. The residue classes of the
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variables will be denoted by z; and y; and set P = (y1,...,y,). For monomial
u € S we may write u = ujus where u; and us are monomials in X and Y. Let A
be the simplicial complex corresponding to v/I. As before we denote the vertices
corresponding to the X; by v; and those corresponding to the Y; by w;. We set
Gy = {wj : bj <0} for b € Z". With the same arguments as Lemma 5.13 we have

Lemma 5.15. Let y = y;, -+ - y;, with iy < --- <1, and set F' = {iy,...,i.}. For all
a €Z™ and b € Z" we have dimg (Ry)ap < 1 and the following are equivalent

(&) (By)@y = K;

(b) F D Gy, a € Z7, and for all u € G(I) there exists j ¢ F such that v;(us) >
b;j > 0 or for at least one i, v;(uy) > a; > 0.

For any a € ZT' and b € Z", we define a simplicial complex

Awp = L F =Gy | F D Gy,a € Z and for all u € G(I) there exists j ¢ F
(@b) = 1 such that v;(uy) > b; > 0, or for at least one i, v;(u;) > a; > 0

As a generalization of Takayama’s result we have

Theorem 5.16. Let I C S = K[Xy,..., X, Y1,...,Y,] be a monomial ideal with
the natural Z™ x Z"-bigrading. Then the bigraded Hilbert series of the local coho-
mology modules of R = S/1 with respect to the Z™ x Z"-bigrading is given by

Hilb(H5L(R),s,t) =

. 1— g7 i 1—1t% t'_l
Y Yo ro ] 1_(;)_1 11 1fs. =1l 1—]tj‘“

FeAw GCV v; €@ v, €G b w;gF J wier

where P = (y1,...,Yn), D(i, F,G) = dimg H;_|p-1(D@p); K), 8 = (51,7, 5m),
t = (t1, - ,tn), p; = max{v;(uz): v € G(I)} for j =1,...,n, o = max{v;(u) :
u€ G)} fori=1,...,m, and A is the simplicial complex corresponding to the
Stanley-Reisner ideal /1.

Proof. With the same arguments as in the proof theorem 1 in [26] we can show that

Hllb(HP ZZdlmKH |F|— 1(A( b); K)Satb
where the first sum runs over all ' € Ay, b € Z" such that G, = F'and b; < p; — 1
for 5 = 1,...,n, and the second sum runs over a € Z™ such that N, = G and
a; > 0; —1fori=1,...,m. Indeed, if we assume that b; > p; — 1 and a; < 0; — 1,

the proof of [26, Theorem 1] shows that dimg ﬁ[i_‘F|_1(A(a7b);K) = 0 for all 1.
Therefore we may write

Hilb(HL(R = > Y DGFG) > s >t

FeAw GCV a€L™ ,No=G beLn,Gy=F
a;>o;—1 bjgpjfl
1=1,..., m j=1,...,n
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where B
D(i, F, G) = dimK Hi—\F|—1(A(a,b); K)
Since )
a —s; 7 S
>, =11l
1—(s;) 1—s
a€ZM ,Ng=G v &G v; EG
a;>o;—1
i=1,....m
and ) , )
— P t.~
b j J
DIRC | [y ) (R
beZ™ Gy =F w;j¢F w;EF
bjgpjfl
j=1,...,n
the desired formula follows. O

We observe that Theorem 5.3 is a special case of Theorem 5.16. In fact, if we
assume that o; = 1 fori = 1,...,m and p; = 1 for j = 1,...,n, then a € Z7,

bez, I, ¢G11 (Sz)cil = 1 and Hw F 11;; = 1. Moreover by the proof of [26,

Corollary 1] we have

Awp) = kserr, ) Gap) = ks voum, Gy = lksi v, Gy = (Ik F U G)w
As a generalization of Proposition 5.7 we prove the following
Proposition 5.17. For all i and k,j € Z one has

- & Far—1) & h—j-1
r=0 h=0

FeAy
Gcv

where o = 3, 4c(0i = 1), pr = 3, ¢r(pj — 1) and ag(r),bp(h) € Z for r =
0,...,06 and h=0,...,pp

Proof. In Theorem 5.16 we replace all s; by s and all ¢; by ¢, and obtain

t—l

el

Hym(s:) = > > DG, F.G)Pols™) (=) “Qr(t)(

FeAw GCV

where

Po(s7)=JJ+s 4457 and Qp(t)= J A+t +---+t77)
U’iﬁéG wjgéF

with deg Pg(s™!) = 0g and deg Qr(t) = pr. We may write

G
= Za(;(r)s_r where ag(r) €Z for r=0,...,0¢



Tameness of local cohomology of monomial ideals 71

and

t)=> bp(h)t" where bp(h)€Z for h=0,... pp.
By setting |G| = g and |F| = f, we have

Hyymy(s,t) = > Y D(i, F,G)Ac(s)Br(t),

FeAw GCV
where
- S -1
AG(S) _ ZQG(T) (g + : )SH-Q—T
r=0 - \ 97
and
N ~(f+r—1 —f=pth
BF(t):ZbF(h)Z( flq )t :
h=0 p=0
Weset k=I1l+g—rand j=—f—p+h Thenr=I1+g—kand h=j5+f+p,
and the desired formula follows. O

As generalization of Theorem 5.9 we prove the following

Theorem 5.18. For all ¢ there exists an integer jo such that for j < jo, the Krull-
dimension dim Hs(R); is constant.

Proof. By Proposition 5.17 the Z-graded Hilbert series of Hp(R); is given by

_ g ngavw D(i,F,G) ;Zeoac(t) (ﬁg‘t__ll) ZbF <h|1;|j—_11) g
- ) YY)
; A1<J>§_31§%<t> (57)
TR Am(J)TilgaG(t) (,ff_Z) ™
A A ) P g )

2o Ar(G)(1 = )™ " P(s)
(1—s)m ’
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where

. . < h—j—1

A()= Y. D(,F, G)ZbF<h>( i )
FelAy h=0 | |_
GCV,|G|=r

and P,.(s) € Z[s] with deg P,(s) = r. Here we used (20) and that ag(0) = 1 for
G =0, tflr) = 1fort+r = —1 and 0 otherwise, (thr) =1fort+r >0 and
() = () +r (5 + 752 () + g2 () e R () for
t+r>n>1. We may write

Y A=) Pus) =Y B(j)s",

r=0 r=0

where B,.(j) is a polynomial with coefficients in Q of degree at most n— 1. Therefore
we have

_Q4(s)
Hiapm, (5) = =gy
where Q;(s) = Y-, Br(j)s". We proceed in the same way as in the proof of
Theorem 5.9 and get the desired result. O

Corollary 5.19. Let I C S = K[Y1,...,Y,] be any monomial ideal and set R = S/1.
Let P be a monomial prime ideal in R. Then for all i, the local cohomology modules
of Ho(R) are tame.

Proof. The assertion follows from Theorem 5.18. O
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