On minimal graded free resolutions

Dissertation zur Erlangung des Doktorgrades (Dr. rer. nat.)

vorgelegt dem Fachbereich 6 Mathematik und Informatik der Universität Essen

von Tim Römer aus Oshawa, Kanada

2001

Diese Dissertation lag dem Promotionsausschuss des Fachbereichs 6 - Mathematik und Informatik der Universität Essen vor. Als Gutachter haben mitgewirkt Prof. Dr. Jürgen Herzog (Universität Essen), Prof. Dr. Winfried Bruns (Universität Osnabrück) und Prof. Dr. Ngô Viêt Trung (Institute of Mathematics, Hanoi). Die Disputation fand am 22.6.2001 statt.

Acknowledgements

I am very grateful to my advisor Jürgen Herzog for his invaluable support and guidance throughout the preparation of this thesis.

I wish to express my thanks to Ragnar Buchweitz, Josee Bilodeau and Steven Lillywhite for their warm hospitality during my stay at the University of Toronto.

I would like to thank David Eisenbud, Le Tuan Hoa, Enrico Sbarra, Zhongming Tang, Ngô Viêt Trung, Kohji Yanagawa for several useful suggestions and discussions.

I would also like to thank my officemate and friend Stefan Blum for accompanying me through the last years at and out of the university.

Finally, thanks to my girlfriend Britta, my family and all of my personal friends I can not mention here, as important as their impact has been on my success and well-being.

During the preparation of my dissertation I was supported with a grant by: DFG, Graduiertenkolleg, “Theoretische und Experimentelle Methoden der Reinen Mathematik”, University of Essen.

Contents

Acknowledgements 5

Preface 9

Chapter 1. Background 13 1.1. Graded rings and modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.2. Homological algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.3. The Koszul complex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.4. The Cartan complex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 1.5. Local cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.6. The Rees algebra and the symmetric algebra of an ideal . . . . . . . . . . . . . . 25 1.7. Gröbner bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.8. Simplicial complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

Chapter 2. Generalized Alexander duality and applications 31 2.1. Square-free modules and generalized Alexander duality . . . . . . . . . . . . . . . 31 2.2. Extremal Betti numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 2.3. Local cohomology of square-free modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2.4. Sequentially Cohen-Macaulay and componentwise linear modules . . . . . 43

Chapter 3. The linear part of a minimal graded free resolution 47 3.1. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 3.2. Componentwise linear modules over Koszul algebras . . . . . . . . . . . . . . . . . . 48 3.3. Square-free modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

Chapter 4. Bounds for Betti numbers 55 4.1. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 4.2. Lower bounds for Betti numbers of graded S-modules . . . . . . . . . . . . . . . . 56 4.3. Lower bounds for Betti numbers of Z^n-graded S-modules . . . . . . . . . . . . . 62 4.4. Bounds for Betti numbers of ideals with a fixed number of generators in given degree and a linear resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

Chapter 5. Homological properties of bigraded algebras 69 5.1. Regularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 5.2. d-sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 5.3. Bigeneric initial ideals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 5.4. Regularity of powers and symmetric powers of ideals . . . . . . . . . . . . . . . . . 77 5.5. Bigraded Veronese algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

Chapter 6. Koszul cycles 83 6.1. Rings defined by bounded stable ideals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 6.2. Rings defined by bistable ideals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

Index of symbols 101

Bibliography 105

Preface

Minimal graded free resolutions are an important and central topic in algebra. They are a useful tool for studying modules over finitely generated graded Kalgebras. Such a resolution determines the Hilbert series, the Castelnuovo-Mumford regularity and other invariants of the module.

This thesis is concerned with the structure of minimal graded free resolutions. We relate our results to several recent trends in commutative algebra.

The first of these trends (see [13, 22, 33, 34, 49]) deals with relations between properties of the Stanley-Reisner ring associated to a simplicial complex and the Stanley-Reisner ring of its Alexander dual.

Another development is the investigation of the linear part of a minimal graded free resolution by Eisenbud and Schreyer in [26].

Several authors were interested in the problem to give lower bounds for the Betti numbers of a module. In particular, Eisenbud-Koh [24], Green [31], Herzog [32] and Reiner-Welker [42] studied the graded Betti numbers which determine the linear strand of a minimal graded free resolution.

Bigraded algebras occur naturally in many research areas of commutative algebra. A typical example of a bigraded algebra is the Rees ring of a graded ideal. In [21] Cutkosky, Herzog and Trung used this bigraded structure of the Rees ring to study the Castelnuovo-Mumford regularity of powers of graded ideals in a polynomial ring. Conca, Herzog, Trung and Valla dealt with diagonal subalgebras of bigraded algebras in [20]. Aramova, Crona and De Negri studied homological properties of bigraded K-algebras in [3].

This thesis is divided in 6 chapters. Chapter 1 introduces definitions, notation and gives a short survey on those facts which are relevant in the following chapters.

Recently Yanagawa [53] introduced the category of square-free modules over a polynomial ring S = K[x_1, . . . , x_n]. This concept generalizes Stanley-Reisner rings associated to simplicial complexes. In Chapter 2 we define the generalized Alexander dual for square-free S-modules. This definition is a natural extension of the well-known Alexander duality for simplicial complexes. Miller [40] studied Alexander duality in a more general situation. In the case of square-free S-modules his definition and ours coincide.

We extend homological theorems on Stanley-Reisner rings to square-free Smodules. Bayer, Charalambous and S. Popescu introduced in [13] the extremal Betti numbers, which are a refinement of the Castelnuovo-Mumford regularity and of the projective dimension of a finitely generated graded S-module. Theorem 2.2.9 states that there is a 1-1 correspondence between the extremal Betti numbers of a

10 PREFACE

square-free S-module and the extremal Betti numbers of its dual. This generalizes results in [13]. The local cohomology of a square-free S-module is computed (see Theorem 2.3.4) and as an application we show in Corollary 2.3.5 that a square-free S-module N is Cohen-Macaulay of dimension d if and only if the dual N^∗ has an (n − d)-linear resolution. We also show that the projective dimension of N is equal to the regularity of N^∗. These results extend theorems of Eagon-Reiner [22] and Terai [49]. Furthermore, we generalize a result of Herzog-Hibi [33] and Herzog- Reiner-Welker [34]. We prove that N is sequentially Cohen-Macaulay if and only if N^∗ is componentwise linear (see Theorem 2.4.6).

Chapter 3 is devoted to the study of the linear part of a minimal graded free resolution associated to a finitely generated graded module. Roughly speaking we obtain the linear part by deleting all entries in the matrices of the maps in the minimal graded free resolution which are not linear forms. The result is again a complex. Eisenbud and Schreyer introduced in [26] this construction and proved that this complex is eventually exact for finitely generated graded modules over an exterior algebra. We define the invariant lpd (the linear part dominates) of a module as the smallest integer i such that the linear part is exact in homological degree greater than i. We show in Theorem 3.2.8 that for a finitely generated graded module M over a Koszul algebra we have lpd(M) = 0 if and only if M is componentwise linear. Furthermore, we give in Theorem 3.3.4 a bound for the invariant lpd for certain modules over the exterior algebra.

Let S be a standard graded polynomial ring over a field K and let M be a finitely generated graded S-module. We write β^S_{i,i+j} (M) for the graded Betti numbers of M. Assume that the initial degree of M is d, i.e. we have M_i = 0 for i < d and M_d ≠ 0. We are interested in the numbers β^{lin}_i (M) = β^S_{i,i+d}(M) for i ≥ 0. These numbers determine the rank of the free modules appearing in the linear strand of the minimal graded free resolution of M. Let p = max{i: β^{lin}_i (M) ≠ 0} be the length of the linear strand. In [32] Herzog conjectured the following:

Let M be a k^{th}-syzygy module whose linear strand has length p, then β^{lin}_i (M) ≥ ( p + k i + k ) for i = 0, . . . , p. This conjecture is motivated by a result of Green [31] (see also Eisenbud-Koh [24]) that contains the case i = 0, k = 1. For k = 0 these lower bounds were shown by Herzog [32]. Reiner and Welker proved them in [42] for k = 1, if M is a monomial ideal.

In Chapter 4 we prove in Theorem 4.2.13 the conjecture for k = 1. For k > 1 we get the following weaker result (Corollary 4.2.8): If β^{lin}_p (M) ≠ 0 for p > 0 and M is a k^{th}-syzygy module, then β^{lin}_{p−1}(M) ≥ p + k. We also show that the conjecture holds in full generality for finitely generated Z^n-graded S-modules (see Theorem 4.3.4). The first three sections of this chapter are concerned with the question above.

Finally, in Section 4.4 we study a problem related to results in [14, 36, 41]. We fix integers d ≥ 0 and 0 ≤ k ≤ (_{n+d−1} d ) . Let B(d, k) be the set of Betti sequences {β^S_{i,j}(I)} where I is a graded ideal with d-linear resolution and β^S_{0,d}(I) = k. We

PREFACE 11

consider the following partial order: {β^S_{i,j}(I)} ≥ {β^S_{i,j}(J)} if β^S_{i,j} (I) ≥ β^S_{i,j}(J) for all integers i, j. We show that, independent of the characteristic of the base field, there is a unique minimal and a unique maximal element in B(d, k) (see Corollary 4.4.8).

Chapter 5 is devoted to study homological properties of a bigraded algebra R = S/J where S is a standard bigraded polynomial ring over a field K and J ⊂ S is a bigraded ideal. First we consider the x-regularity reg_{S,x}(R) and the y-regularity reg_{S,y}(R) of R as defined by Aramova, Crona and De Negri in [3]. In Theorem 5.1.5 we give a homological characterization of these regularities which is similar to that in the graded case (see [5]). As an application we generalize a result of Trung [50] concerning d-sequences (Corollary 5.2.3). Moreover, we prove that reg_{S,x}(S/J) = reg_{S,x}(S/bigin(J)) where bigin(J) is the bigeneric initial ideal of J with respect to the bigraded reverse lexicographic order induced by y_1 > . . . > y_m > x_1 > . . . > x_n (see Theorem 5.3.6).

It was shown in [21] (or [38]) that for j ≫ 0, reg(I^j ) is a linear function cj + d in j for a graded ideal I in a polynomial ring. In Section 5.4 we give, in case that I is equigenerated, bounds j_0 such that for j ≥ j_0 the function is linear and give also a bound for d. Our methods can also be applied to compute reg(S^j(I)) where S^j (I) is the j^{th}-symmetric power of I.

In Section 5.5 we introduce the generalized Veronese algebra. For a bigraded Kalgebra R and Δ̃ = (s, t) ∈ N^2 with (s, t) ≠ (0, 0) we set R~_Δ = ⨁ (a,b)∈N^2 R(as,bt). In the same manner as it is done for diagonal subalgebras in [20], we prove in Corollary 5.5.5 that reg_{SΔ̃,x}(R~_Δ) = 0 and reg_{SΔ̃,y}(R~_Δ) = 0 if s ≫ 0 and t ≫ 0.

It is in general impossible to describe a minimal graded free resolution of a graded ideal in a polynomial ring explicitly. Nevertheless in some special cases there exist nice descriptions of the resolutions and in particular one gets formulas for the graded Betti numbers of the given ideal. For example Eliahou and Kervaire studied in [27] minimal graded free resolutions of the so-called stable ideals which, in characteristic zero, are exactly the Borel fixed ideals. In Chapter 6 we introduce two classes of ideals which generalize stable ideals. We compute the Koszul cycles of the corresponding quotient rings and obtain formulas for the Betti numbers of these ideals (see Corollary 6.1.4 and Corollary 6.2.10).

Note on references: Most of this material has been submitted, or published elsewhere. The results will appear in [43, 44, 45, 46]. To avoid endless citations, we do not quote single results. Tim Römer February 2001

CHAPTER 1

Background

This chapter contains a brief introduction to the concepts and results used in this dissertation.

For a more detailed exposition of the contents of Sections 1.1 and 1.5 see Bruns- Herzog [16]. Section 1.2 is concerned with homological algebra (see Weibel’s book [52] for a systematic treatment). The Koszul complex and the Cartan complex are explained in Sections 1.3 and 1.4. These complexes can be found in the book of Bruns-Herzog [16] and in the article of Aramova-Herzog [5]. The topic of Section 1.6 are Rees- and symmetric algebras of graded ideals. We refer to the book [51] of Vasconcelos where these algebras are studied in detail. In Section 1.7 we introduce aspects of the Gröbner basis theory. A good reference for this theory is Eisenbud’s book [23]. The aim of Section 1.8 is to recall basic definitions and facts about simplicial complexes. A more detailed introduction for this material is given in Stanley’s book [48].

We assume that the reader has fundamental knowledge about commutative algebra based on an introductory text like Matsumura [39].

1.1. Graded rings and modules

Throughout this work all rings are assumed to be Noetherian, commutative or skew-commutative and with identity. All considered modules are finitely generated unless otherwise stated and we fix an infinite field K.

Definition 1.1.1. Let (G, +) be an arbitrary abelian group. A ring R is called a G-graded ring if there exists a family {R_g : g ∈ G} of Z-modules such that R admits a decomposition R = ⨁ g∈G R_g as a Z-module with R_gR_h ⊆ R_{g+h} for all g, h ∈ G. A finitely generated R-module M is called a G-graded R-module if there exists a family {M_g : g ∈ G} of Z-modules such that M admits a decomposition M = ⨁ g∈G M_g as a Z-module with R_gM_h ⊆ M_{g+h} for all g, h ∈ G.

We call u ∈ M homogeneous of degree g if u ∈ M_g for some g ∈ G and set deg(u) = g. For g ∈ G we say that M_g is a homogeneous component of M. An ideal I ⊂ R is G-graded if I = ⨁ g∈G I_g with I_g = I ∩ R_g.

Definition 1.1.2. Let R be a G-graded ring, M and N finitely generated G-graded R-modules and φ : M → N an R-linear map. φ is said to be homogeneous of degree h for some h ∈ G if φ(M_g) ⊆ N_{g+h} for all g ∈ G. We call φ homogeneous if it is homogeneous of degree 0.

14 1. BACKGROUND

For g ∈ G the (twisted) module M(g) is the G-graded module with M(g)_h = M_{g+h}. Note that, if φ : M → N is homogeneous of degree h, then the induced map φ̃ : M(−h) → N is homogeneous.

If G equals Z, Z^2 or Z^n, we say that R is a graded, a bigraded or a Z^n-graded ring and M is a graded, a bigraded or a Z^n-graded R-module. Let M be a bigraded module and let u ∈ M be homogeneous with deg(u) = (a, b). In this situation we set: deg_x(u) = a and deg_y(u) = b.

We observe that every bigraded module M has a natural graded structure by setting M_i = ⨁ (a,b)∈Z^2, a+b=i M(a,b). Analogously every Z

n-graded module M has a natural graded structure by setting M_i = ⨁ u∈Z^n, |u|=i Mu. Let R be a graded ring and M a finitely generated graded R-module. Then indeg(M) = min{d ∈ Z: M_d ≠ 0} is said to be the initial degree of M. Example and Definition 1.1.3. In particular the following rings will be considered in this thesis:

(i) Let S = K[x_1, . . . , x_n] be the polynomial ring in n-variables. S has a graded structure induced by deg(x_i) = 1.

(ii) S = K[x_1, . . . , x_n] has also a Z^n-graded structure by setting deg(x_i) = ε_i where ε_i denotes the i^{th}-unit vector of Z^n.

(iii) Let S = K[x_1, . . . , x_n, y_1, . . . , y_m] be the polynomial ring in n+m-variables.

Then S has a bigraded structure induced by deg(x_i) = (1, 0) and deg(y_j) = (0, 1).

(iv) Let E = K⟨e_1, . . . , e_n⟩ be the exterior algebra over an n-dimensional vector space V with basis e_1, . . . , e_n. Then E has a graded structure induced by deg(e_i) = 1.

(v) Let deg(e_i) = ε_i. Then E = K⟨e_1, . . . , e_n⟩ has a Z^n-graded structure. The polynomial rings of (i), (ii) and (iii) will be called (standard) graded, bigraded and N^n -graded polynomial rings. Similarly the exterior algebras of (iv) and (v) are said to be (standard) graded and N^n -graded exterior algebras.

Definition 1.1.4. A ring R is said to be a

(i) standard graded, bigraded or N^n -graded K-algebra if R = S/I where S is a standard graded, bigraded or N^n -graded polynomial ring and I ⊂ S is a graded, bigraded or Z^n-graded ideal.

(ii) standard skew-commutative graded or N^n -graded K-algebra if R = E/I where E is a standard graded or N^n -graded exterior algebra and I ⊂ E is a graded or Z^n-graded ideal.

Every ring R appearing in this thesis will be of the form as in 1.1.4 and in order to simplify notation we omit the term “standard” occasionally. Let R be one of the K-algebras in 1.1.4. If R_1 has a K-basis x = x_1, . . . , x_n, we set m = (x_1, . . . , x_n) to be the graded maximal ideal of R.

Definition 1.1.5. In the framework of the theory of categories we formulate:

(i) Let R be a graded, bigraded or N^n -graded K-algebra respectively. We denote with M_Z(R), M_{bi}(R) and M_Zn(R) the abelian categories of finitely generated graded, bigraded or Z^n-graded R-modules respectively.

1.1. GRADED RINGS AND MODULES 15

(ii) Let R be a skew-commutative graded or N^n -graded K-algebra respectively.

We also denote with M_Z(R) and M_Zn(R) the abelian categories of finitely generated graded or Z^n-graded left and right R-modules M respectively, satisfying ru = (−1)^{| deg(r)|| deg(u)|}ur for all homogeneous elements r ∈ R and u ∈ M.

In all cases the morphisms are the homogeneous homomorphisms.

If the reader is not familiar with categories, then just read these definitions as the collection of modules with some properties.

Let R be a graded or N^n -graded K-algebra respectively. In the sequel we sometimes use the following notation:

M_N(R) = {M ∈ M_Z(R): M = ⨁ i∈N M_i} or M_Nn (R) = {M ∈ M_Zn(R): M = ⨁ u∈N^n M_u}. We say that M ∈ M_N (R) is N-graded and M ∈ M_Nn (R) is N^n -graded. For a bigraded K-algebra R we distinguish certain subrings of R. We define R_x = ⨁ a∈N R_{(a,0)} and R_y = ⨁ b∈N R_{(0,b)}. We consider R_x and R_y as subrings of R. Observe that R_x and R_y have also the structure of a graded K-algebra. If M ∈ M_{bi}(R), then M_{(a,∗)} = ⨁ b∈Z M_{(a,b)} ∈ M_Z(R_y) and M_{(∗,b)} = ⨁ a∈Z M_{(a,b)} ∈ M_Z(R_x). In this situation we set m_x ⊂ R_x and m_y ⊂ R_y to be the graded maximal ideals of R_x and R_y.

If in addition M ∈ M_{bi}(R) is Z^n × Z^m-graded, we write M_{(u,v)} for the homogeneous component (u, v) for u ∈ Z^n and v ∈ Z^m. Finally, we construct graded rings out of given rings.

Definition 1.1.6. Let R be a ring. A filtration C on R is a descending chain R = C_0 ⊃ . . . ⊃ C_i ⊃ . . . of ideals such that C_iC_j ⊆ C_{i+j} for all i and j.

We have:

Proposition 1.1.7. Let R be a ring, C a filtration on R and M a finitely generated R-module. Then gr_C (R) = ⨁ i∈N C_i/C_{i+1} is a standard graded ring with multiplication (a + C_{i+1})(b + C_{j+1}) = ab + C_{i+j+1} for a ∈ C_i and b ∈ C_j . Furthermore,

gr_C (M) = ⨁ i∈N C_iM/C_{i+1}M is a finitely generated gr_C (R)-module with scalar multiplication (a+C_{i+1})(u+C_{k+1}M) = au + C_{k+i+1}M for a ∈ C_i and u ∈ C_kM.

16 1. BACKGROUND

Observe that, if the ring R is G-graded for an abelian group G, then gr_C (R) has a natural bigraded structure. For a homogeneous element r ∈ C_i we write [r] for the residue class r + C_{i+1} of r. We say that [r] has the (filtration) degree i and the internal degree deg(r). Analogously gr_C (M) is bigraded. Note that, for j ∈ Z, the twisted module gr_C (M)(−j) is equal to ⨁ i∈N C_{i−j}M/C_{i+1−j} M. Example 1.1.8. Let R be a (commutative or skew-commutative) graded K-algebra with maximal ideal m. The filtration given by C_i = m^i is called the m-adic filtration on R. We set gr_m(R) = gr_C (R).

1.2. Homological algebra

We assume that the reader is familiar with homological methods in commutative algebra, but we introduce some notation and recall the basic definitions. We restrict ourself to the case that the ring is a graded K-algebra and use in this thesis that most of the results in this section can also be applied to K-algebras of the form of 1.1.4.

Definition 1.2.1. Let R be a graded K-algebra. A (graded) complex is a collection of finitely generated graded R-modules {F_i : i ∈ Z} and homogeneous R-linear maps δ_i : F_i → F_{i−1} with Im(δ_{i+1}) ⊆ Ker(δ_i). We write (F, δ) or just F for a complex. We call (G, δ^G) a subcomplex of (F, δ^F ) if G_i is a submodule of F_i for all integers i and δ^G = δ^F_{|G} . To every complex we associate the homology groups H_i(F) = Ker(δ_i)/Im(δ_{i+1}), which are again graded modules.

A complex F can also be written as . . . → F_{i+1} → F_i → F_{i−1} → . . . where the arrows represent the maps δ_i. Let F be a complex and i ∈ Z. We call w ∈ Ker(δ_i) a cycle. If in addition w ∈ Im(δ_{i+1}), then w is said to be a boundary. For a cycle w we denote the residue class in H(F) with [w]. If needed, it is customary to write F^i = F_{−i} for i ∈ Z.

Remark 1.2.2. Let R be a graded K-algebra. There is a definition which is dual to that of a complex. A (graded) cochain complex is a collection of finitely generated graded R-modules {F^i : i ∈ Z} and homogeneous R-linear maps δ^i : F^i → F^{i+1} with Im(δ^i) ⊆ Ker(δ^{i+1}). We also write F for the cochain complex. In the sequel we present most of the definitions and results for complexes. We leave it to the reader to write down the corresponding cochain version.

We define:

Definition 1.2.3. A complex F is said to be exact at the homological degree i ∈ Z if H_i(F) = 0. We call F exact if H_i(F) = 0 for all integers i.

One defines homomorphisms between complexes in the following way: Definition 1.2.4. Let (F, δ^F ) and (G, δ^G) be complexes. A complex homomorphism φ : F → G is a collection of homogeneous maps φ_i : F_i → G_i such that φ_i ∘ δ^F_{i+1} = δ^G_{i+1} ∘φ_{i+1}. Moreover, φ is said to be a monomorphism, epimorphism or isomorphism if all φ_i are monomorphisms, epimorphisms or isomorphisms.

1.2. HOMOLOGICAL ALGEBRA 17

Note that for a complex F and M ∈ M_Z(R) we have that F ⊗_R M, M ⊗_R F, Hom_R(F, M) and Hom_R(M, F) are again complexes (resp. cochain complexes) with complex maps induced by δ ⊗_R M, M ⊗_R δ, Hom_R(δ, M) and Hom_R(M, δ). Definition 1.2.5. Let R be a graded K-algebra and M ∈ M_Z(R). A complex F with F_i = 0 for i < 0 is a graded free resolution of M if all F_i are finitely generated graded free R-modules, H_i(F) = 0 for i ≠ 0 and H_0(F) = M.

A well-known result in homological algebra is:

Proposition 1.2.6. Let R be a graded K-algebra and M, N ∈ M_Z(R). Let F be a graded free resolution of M and G a graded free resolution of N. Then

Tor^R_i (M, N) ∼= H_i(F ⊗_R N) ∼= H_i(M ⊗_R G) and Ext^i_R(M, N) ∼= H^i(Hom_R(F, N)) where Tor^R_i (M, N) and Ext^i_R(M, N) denote the i^{th} Tor- and Ext-groups associated to M and N.

It is possible to assign a distinguished free resolution to a finitely generated graded module by the following construction.

Construction 1.2.7. Let R be a graded K-algebra and M ∈ M_Z(R). We choose a homogeneous minimal system of generators g_1, . . . , g_t of M with deg(g_i) = d_i. Define F_0 = ⨁_t i=1 R(−d_i) with homogeneous basis f_1, . . . , f_t and deg(f_i) = d_i.

The assignment f_i → g_i induces a surjective homogeneous map δ_0 from F_0 to M. The kernel K_0 of δ_0 is again a finitely generated graded R-module. Choose a homogeneous minimal system of generators g^′_1, . . . , g^′_t′ of K_0 with deg(g^′_i) = d^′_i. Set F_1 = ⨁_t′ i=1 R(−d^′_i) with homogeneous basis f^′_1, . . . , f^′_t′ and deg(f^′_i ) = d^′_i. We define δ_1 : F_1 → F_0 by δ_1(f^′_i ) = g^′_i. By repeating this procedure one gets a graded free resolution of M.

It is easy to see that, for all i ≥ 0, one has δ_{i+1}(F_{i+1}) ⊆ mF_i. If we set

F_i = ⨁ j∈Z R(−j)^{βRi,j (M)}, we obtain β^R_{i,j}(M) = dim_K Tor^R_i (M, K)_j

which we call the graded Betti numbers of M for all i, j ∈ Z. Moreover, β^R_i (M) = ∑ j β^R_{i,j} (M) is said to be the i^{th}-total Betti number of M. In fact, for every other graded free resolution G of M with the property δ_{i+1}(G_{i+1}) ⊆ mG_i for all integers i, there exists a complex isomorphism φ: F → G. Therefore also G is uniquely determined by the Betti numbers β^R_{i,j} (M). This leads to the following definition. Definition 1.2.8. Let R be a graded K-algebra and M ∈ M_Z(R). The minimal graded free resolution (F, δ) of M is the unique graded free resolution of M with δ_{i+1}(F_{i+1}) ⊆ mF_i for all i ≥ 0.

Since the minimal graded free resolution is unique up to a base change, also the kernels of the maps inherit this property.

18 1. BACKGROUND

Definition 1.2.9. Let R be a graded K-algebra, M ∈ M_Z(R) with minimal graded free resolution (F, δ) and k ≥ 1. Then Ω_k(M) = Ker(δ_{k−1}) is said to be the k^{th}- syzygy module of M.

Note that for i ≥ k we have β^R_{i,i+j}(M) = β^R_{i−k,i−k+j+k}(Ω_k(M)) because of trivial reasons.

Example 1.2.10. Let S = K[x_1, x_2] be the graded polynomial ring in two variables. Then K = S/m has the following minimal graded free resolution: 0 → S(−2) → S(−1) ⊕ S(−1) → S → 0. Therefore the only non-zero graded Betti numbers are β^S_{0,0}(K) = 1, β^S_{1,1}(K) = 2 and β^S_{2,2}(K) = 1.

We introduce several invariants to a graded module.

Definition 1.2.11. Let R be a graded K-algebra and M ∈ M_Z(R). Then pd_R(M) = sup{i ∈ Z: β^R_{i,j}(M) ≠ 0 for some j ∈ Z} is said to be the projective dimension of M and reg_R(M) = sup{j ∈ Z: β^R_{i,i+j}(M) ≠ 0 for some i ∈ Z} is called the Castelnuovo-Mumford regularity of M.

If it is clear from the context which ring is meant, we write reg(M) and pd(M) instead of reg_R(M) and pd_R(M). We give a simple example. Let S = K[x_1, . . . , x_n]. It follows from Hilbert’s syzygy theorem (see [16]) that pd_S (M) ≤ n and reg_S (M) < ∞ for M ∈ M_Z(S). Bayer, Charalambous and Popescu introduced in [13] a refinement of the projective dimension and the regularity.

Definition 1.2.12. Let S = K[x_1, . . . , x_n] be the graded polynomial ring and M ∈ M_Z(S). A graded Betti number β^S_{i,i+j}(M) ≠ 0 is said to be extremal if β^S_{l,l+r}(M) = 0 for all r ≥ j and all l ≥ i with (l, r) ≠ (i, j).

Let β^S_{i1,i1+j1} (M), . . . , β^S_{it,it+jt} (M) be all extremal Betti numbers of M with i_1 < . . . < i_t. Then j_1 = reg_S (M) and i_t = pd_S (M).

In the case of the polynomial ring there are only finitely many non-zero Betti numbers of a module M and a nice way to present these numbers is the so-called Betti diagram of M: M 0 . . . i . . . 0 β^S_{0,0}(M) . . . β^S_{i,0}(M) . . . . . . . . . . . . . . . . . . j β^S_{0,j} (M) . . . β^S_{i,i+j}(M) . . . . . . . . . . . . . . . . . . The entry at the i^{th}-column and j^{th}-row is β^S_{i,i+j}(M). Usually we write a “ − ” instead of a 0 and omit all rows and columns without any non-zero entry. Then

1.2. HOMOLOGICAL ALGEBRA 19

pd_S (M) is the maximal p ∈ N such that the column p has a non-zero entry. Furthermore, reg_S (M) is the maximal r ∈ Z such that the row r has a non-zero entry. Extremal Betti numbers correspond to upper left corners of a block of zeros. Example 1.2.13. Let S = K[x_1, . . . , x_6] and I = (x_1x_2, x_1x_3, x_1x_4, x_1x_5, x_1x_6, x_2x_3, x_3x_4, x_5x_6).

We used CoCoA [18] to compute the Betti diagram of I:

I 0 1 2 3 4 5 1 - - - - - - 2 8 14 11 5 1 - 3 - 2 3 1 - - 4 - - - - - -

Thus pd(I) = 4, reg(I) = 3 and there are two extremal Betti numbers β^S_{3,3+3}(I) and β^S_{4,4+2}(I).

Sometimes we need to compare the regularity of modules in a short exact sequence (see for example [23, 20.19]).

Lemma 1.2.14. Let R be a graded K-algebra and M_1, M_2, M_3 ∈ M_Z(R). If 0 → M_1 → M_2 → M_3 → 0 is a short exact sequence, then

(i) reg_R(M_1) ≤ sup{reg_R(M_2), reg_R(M_3) + 1}. (ii) reg_R(M_2) ≤ sup{reg_R(M_1), reg_R(M_3)}. (iii) reg_R(M_3) ≤ sup{reg_R(M_1) − 1, reg_R(M_2)}. A special class of graded K-algebras is defined as follows.

Definition 1.2.15. A graded K-algebra R is called a Koszul algebra if reg_R(K) = 0. Remark 1.2.16. For example, every graded polynomial ring is a Koszul algebra. Avramov and Eisenbud proved in [11] that every finitely generated graded module M over a Koszul algebra R has reg_R(M) < ∞. Recently Avramov and Peeva [12] showed the converse.

Let R be a graded K-algebra and M ∈ M_Z(R). For d ∈ Z we write M_{⟨d⟩} for the submodule of M which is generated by all homogeneous elements u ∈ M with deg(u) = d. For the following definitions see [33].

Definition 1.2.17. Let R be a graded K-algebra and M ∈ M_Z(R).

(i) Let d ∈ Z. Then M has a d-linear resolution if β^R_{i,i+j}(M) = 0 for all i ≥ 0 and all j ≠ d.

(ii) M is componentwise linear if for all integers d the module M_{⟨d⟩} has a d-linear resolution.

Example 1.2.18. By definition a graded module with a d-linear resolution has regularity d. In particular, the module is generated in degree d. For i < d we have M_{⟨i⟩} = 0. For i ≥ d the module M_{⟨i⟩} = m^{i−d}M has a linear resolution by 2.4.3. It follows that M is componentwise linear.

20 1. BACKGROUND

Obviously indeg(M) ≤ reg(M). We observe that:

Lemma 1.2.19. Let R be a graded K-algebra and M ∈ M_Z(R). Then indeg(M) = reg_R(M) if and only if M has a linear resolution.

Remark 1.2.20. As mentioned in the beginning of this section all these concepts can also be applied to bigraded or N^n -graded K-algebra.

(i) Let R be a bigraded K-algebra and M ∈ M_{bi}(R). For i, a, b ∈ Z we define

β^R_{i,(a,b)}(M) = dim_K Tor^R_i (M, K)_{(a,b)}

as the i^{th}-bigraded Betti numbers of M in bidegree (a, b). Let F be the minimal bigraded free resolution of M. Then F_i ∼= ⨁ (a,b)∈Z^2 R(−(a, b))^{βRi,(a,b)(M)}. (ii) Let R be an N^n -graded K-algebra and M ∈ M_Zn(R). For i ∈ N and u ∈ Z^n we define β^R_{i,u}(M) = dim_K Tor^R_i (M, K)_u as the i^{th} Z^n-graded Betti numbers of M in degree u. Let F be the minimal Z^n-graded free resolution of M. Then F_i ∼= ⨁ u∈Z^n R(−u)^{βRi,u(M)}. In the case of bigraded K-algebras Aramova, Crona and De Negri introduced in [3] the following notion.

Definition 1.2.21. Let R be a bigraded K-algebra and M ∈ M_{bi}(R). Then reg_{R,x}(M) = sup{a ∈ Z: β^S_{i,(a+i,b)}(M) ≠ 0 for some i, b ∈ Z} is the x-regularity of M and reg_{R,y}(M) = sup{b ∈ Z: β^S_{i,(a,b+i)}(M) ≠ 0 for some i, a ∈ Z} is the y-regularity of M.

Again, for a finitely generated bigraded module over a bigraded polynomial ring these invariants are finite. If the ring is obvious from the context, we write reg_x(M) and reg_y(M) instead of reg_{R,x}(M) and reg_{R,y}(M).

1.3. The Koszul complex

Let S = K[x_1, . . . , x_n] be the standard graded polynomial ring and M ∈ M_Z(S). Consider the graded free S-module L of rank j which is generated in degree 1, and let ⋀ L be the exterior algebra over L. Then ⋀ L inherits the structure of a bigraded S-module. If z ∈ ⋀_i L and z has S-degree k, we give z the bidegree (i, k). We call i the homological degree (hdeg for short) and k the internal degree (deg for short) of z. We consider maps μ ∈ L^∗ = Hom_S (L, S). Note that L^∗ is again a graded free S-module generated in degree −1. It is well-known (see [16]) that μ defines a homogeneous S-homomorphism ∂^μ : ⋀ L → ⋀ L of (homological) degree −1.

1.3. THE KOSZUL COMPLEX 21

Recall that, if we fix a basis e_1, . . . , e_j of L, then ⋀_i L is the graded free S-module with basis consisting of all monomials e_J = e_{j1} ∧ . . . ∧ e_{ji} with J = {j_1 < . . . < j_i} ⊆ [j]. One has ∂^μ(e_{j1} ∧ . . . ∧ e_{ji} ) = i∑ k=1 (−1)^{α(k,J)}μ(e_{jk} )e_{j1} ∧ . . . ê_{jk} . . . ∧ e_{ji} where we set α(F, G) = |{(f, g): f > g, f ∈ F, g ∈ G}| for F, G ⊆ [n] and where ê_{jk} indicates that e_{jk} is omitted in the exterior product. Let e^∗_1, . . . , e^∗_j be the basis of L^∗ with e^∗_i (e_i) = 1 and e^∗_i (e_k) = 0 for k ≠ i. In order to simplify the notation we set ∂^i = ∂^{e∗i} . Then ∂^μ = ∑_j k=1 μ(e_k)∂^k.

Straightforward calculations yield (most of them are done in [16]): Lemma 1.3.1. Let z, z̃ ∈ ⋀ L be bihomogeneous elements, f ∈ S and μ, ν ∈ L^∗.

(i) f∂^μ = ∂^{fμ}.

(ii) ∂^μ + ∂^ν = ∂^{μ+ν} . (iii) ∂^μ ∘ ∂^μ = 0.

(iv) ∂^μ ∘ ∂^ν = −∂^ν ∘ ∂^μ.

(v) ∂^μ(z ∧ z̃) = ∂^μ(z) ∧ z̃ + (−1)^{hdeg(z)}z ∧ ∂^μ(z̃).

We fix a graded free S-module L of rank n and K-linearly independent linear forms l_1, . . . , l_n ∈ S_1. Let e = e_1, . . . , e_n be a homogeneous basis of L, and μ ∈ L^∗ with μ(e_i) = l_i. For j = 1, . . . , n let L(j) be the graded free submodule of L generated by e_1, . . . , e_j.

Definition 1.3.2. Let M ∈ M_Z(S). Then (K(j; M), ∂) denotes the Koszul complex of M with respect to l_1, . . . , l_j where K(j; M) = K(l_1, . . . , l_j ; M) = ⋀ L(j)⊗_S M and ∂ is the restriction of ∂^μ ⊗_S id_M to ⋀ L(j) ⊗_S M. We denote the homology of the complex K(j; M) with H(j; M) = H(l_1, . . . , l_j; M) and call it the Koszul homology of M with respect to l_1, . . . , l_j.

If not stated otherwise, we set l_i = x_i for all i ∈ [n]. The homology class of a cycle z ∈ K(j; M) is denoted with [z]. If the module is obvious from the context, we write K(j) and H(j) instead of K(j; M) and H(j; M). Observe that for M ∈ M_N (S) we have K_i(j; M)_{i+k} = 0 for all i ≥ 0 and k < 0.

For a homogeneous element z ∈ K_i(j) we can write z uniquely as z = e_k ∧∂^k(z)+ r_z such that e_k divides none of the monomials of r_z.

Lemma 1.3.3. Let M ∈ M_Z(S) and z ∈ K_i(j) be a homogeneous cycle of bidegree (i, l). For all k ∈ [n] the element ∂^k(z) is a homogeneous cycle of bidegree (i−1, l−1).

Proof. Applying 1.3.1 we obtain

0 = ∂(z) = ∂(e_k ∧ ∂^k(z) + r_z) = x_k∂^k(z) − e_k ∧ ∂(∂^k (z)) + ∂(r_z).

We conclude that ∂(∂^k (z)) = 0 and the assertion follows. □

The importance of the Koszul complex is among other things based on the following result.

22 1. BACKGROUND

Proposition 1.3.4. Let M ∈ M_Z(S) and l_i = x_i for all i ∈ [n]. The Koszul complex K(n; S) is the minimal graded free resolution of K = S/m. Then for all i ∈ Z H_i(n; M) ∼= Tor^S_i (K, M)

are isomorphic as graded K-vector spaces.

Thus we may compute the graded Betti numbers of a module with the help of the corresponding Koszul homology. Another crucial point is:

Proposition 1.3.5. Let M ∈ M_Z(S) and j ∈ [n − 1]. The following sequence is exact:

. . . → H_i(j; M)(−1)^{lj+1}→ H_i(j; M) → H_i(j + 1; M) → H_{i−1}(j; M)(−1) l_{j+1} → . . . → H_0(j; M)(−1)^{lj+1}→ H_0(j; M) → H_0(j + 1; M) → 0.

The map H_i(j; M) → H_i(j + 1; M) is induced by the inclusion of the corresponding Koszul complexes and the image of a cycle [z] is [z]. Furthermore, H_i(j + 1; M) → H_{i−1}(j; M)(−1) is given by sending a cycle [z] to [∂^{j+1}(z)]. Finally, H_i(j; M)(−1)^{lj+1}→ H_i(j; M) is just the multiplication map with l_{j+1}.

Remark 1.3.6. Let S be a standard graded N^n -graded polynomial ring. Every definition and result mentioned so far has an Z^n-graded analogue. If e_1, . . . , e_n forms a basis of L with ∂(e_i) = x_i, then we set deg(e_i) = ε_i for all i ∈ [n]. Now we replace everywhere “graded” by “Z^n-graded”. In particular, for M ∈ M_Zn(S), the modules K_i(j) and H_i(j) are Z^n-graded. The long exact sequence of 1.3.5 is also homogeneous with respect to the Z^n-grading.

Considering the bigraded polynomial ring S = K[x_1, . . . , x_n, y_1, . . . , y_m] we introduce some more notation. Let K(k, l; M) and H(k, l; M) denote the Koszul complex and the Koszul homology of M with respect to x_1, . . . , x_k and y_1, . . . , y_l. If it is obvious from the context, we write K(k, l) and H(k, l) instead of K(k, l; M) and H(k, l; M). Note that K(k, l; M) = K(k, l; S) ⊗_S M. Here K(k, l; S) is the exterior algebra of a graded free S-module with basis e_1, . . . , e_k, f_1, . . . , f_l where deg(e_i) = (1, 0) and deg(f_j) = (0, 1). The differential ∂ is induced by ∂(e_i) = x_i and ∂(f_j ) = y_j. For a cycle z ∈ K(k, l; M) we write [z] for the corresponding homology class in H(k, l; M).

Finally, we obtain two long exact sequences from 1.3.5 relating the homology groups: For k ∈ [n − 1] and l ∈ [m] . . . → H_i(k, l; M)(−1, 0)^{xk+1}→ H_i(k, l; M) → H_i(k + 1, l; M) → H_{i−1}(k, l; M)(−1, 0) x_{k+1} → . . . → H_0(k, l; M)(−1, 0)^{xk+1}→ H_0(k, l; M) → H_0(k + 1, l; M) → 0

and for k ∈ [n] and l ∈ [m − 1] . . . → H_i(k, l; M)(0, −1)^{yl+1}→ H_i(k, l; M) → H_i(k, l + 1; M) → H_{i−1}(k, l; M)(0, −1) y_{l+1} → . . . → H_0(k, l; M)(0, −1)^{yl+1}→ H_0(k, l; M) → H_0(k, l + 1; M) → 0.

1.4. THE CARTAN COMPLEX 23

1.4. The Cartan complex

The aim of this section is to find a complex for modules over an exterior algebra which is analogue to the Koszul complex for modules over a polynomial ring.

Let E = K⟨e_1, . . . , e_n⟩ be the standard graded exterior algebra over an ndimensional K-vector space V with basis e_1, . . . , e_n.

For a sequence v = v_1, . . . , v_m of linear forms v_i ∈ E_1 the Cartan complex C(v; E) is defined to be the free divided power algebra E{x_1, . . . , x_m} together with a differential δ. The free divided power algebra E{x_1, . . . , x_m} is generated over E by the divided powers x^{(j)}_i for i = 1, . . . , m and j ≥ 0, satisfying the relations x^{(j)}_i x^{(k)}_i =^{(j+k)!}_{j!k!} x^{(j+k)}_i . We set x^{(0)}_i = 1 and x^{(1)}_i = x_i for i = 1, . . . , m. Therefore C(v; E) is the free E-module with basis x^{(a)} = x^{(a1 )}_1 · · · x^{(am )}m for a ∈ N^m . We set C_i(v; E) = ⨁ a∈N^n , |a|=i Ex (a). The E-linear differential δ on C(v; E) is defined as follows: For x^{(a)} = x^{(a1 )}_1 · · · x^{(am )}m we set δ(x^{(a)}) = ∑ a_i>0 vix (a_1 ) 1 · · · x^{(ai −1)}_i · · · x^{(am )}m . Now δ ∘ δ = 0 and C(v; E) is indeed a complex. If not otherwise stated, we set v_i = e_i for i ∈ [n].

Definition 1.4.1. Let M ∈ M_Z(E). We set

C_i(v; M) = C_i(v; E) ⊗_E M and C^i(v; M) = Hom_E(C_i(v; E), M). The complexes {C_i(v; M)} and {C^i(v; M)} are called Cartan complex and Cartan cocomplex of M with respect to v. We denote the i^{th}-homology module of these complexes with H_i(v; M) and H^i(v; M).

We call H_i(v; M) the i^{th}-Cartan homology and H^i(v; M) the i^{th}-Cartan cohomology of M with respect to v.

The elements of C^i(v; M) may be identified with homogeneous polynomials ∑ m_ay^a in the variables y_1, . . . , y_m and coefficients m_a ∈ M where y^a = y^{a1} · · · y^{am} for a ∈ N^m , a = (a_1, . . . , a_m). An element m_ay^a ∈ C^i(v; M) is characterized by the following property:

m_ay^a(x^{(b)}) = { m_a b = a, 0 b ≠ a. Set y_v = ∑_n i=1 v_iy_i, then

δ^i : C^i(v; M) −→ C^{i+1}(v; M), f → y_vf.

There is a natural grading of the complexes and their homology. We set deg x_i = 1, C_j (v; M)_i = span_K (m_ax^{(b)} : |a| + |b| = i, |b| = j), and deg y_i = −1, C^j (v; M)_i = span_K (m_ay^b : |a| − |b| = i, |b| = j).

It turns out that E is injective. A reference for the next result is [6]. Proposition 1.4.2. Let M ∈ M_Z(E). Then

(i) M^∗ = Hom_E (M, E) ∈ M_Z(E). (ii) ( )^∗ is an exact contravariant functor.

24 1. BACKGROUND

We also cite another result from [6]: For a K-vector space W we define W^∨ = Hom_K (W, K).

Lemma 1.4.3. Let M ∈ M_Z(E). Then (M^∗)_i ∼= (M_{n−i})^∨.

In [5, 4.2] the following is shown:

Proposition 1.4.4. Let M ∈ M_Z(E). Then for all i ∈ N there is an isomorphism of graded E-modules H_i(v; M)^∗ ∼= H^i(v; M^∗).

Cartan homology can be computed recursively (see [5, 4.1, 4.3]). Proposition 1.4.5. Let M ∈ M_Z(E). Then for all j ∈ [m − 1] there exist exact sequences of graded E-modules . . . → H_i(v_1, . . . , v_j; M) → H_i(v_1, . . . , v_{j+1}; M) → H_{i−1}(v_1, . . . , v_{j+1}; M)(−1) → H_{i−1}(v_1, . . . , v_j ; M) → H_{i−1}(v_1, . . . , v_{j+1}; M) → . . . , and . . . → H^{i−1}(v_1, . . . , v_{j+1}; M) → H^{i−1}(v_1, . . . , v_j; M) → H^{i−1}(v_1, . . . , v_{j+1}; M)(+1) → H^i(v_1, . . . , v_{j+1}; M) → H^i(v_1, . . . , v_j; M) → . . . . Finally, we have:

Proposition 1.4.6. Let v = v_1, . . . , v_n be a basis of E_1. The Cartan complex C(v; E) is the minimal graded free resolution of the residue class field K of E. In particular, for all M ∈ M_Z(E):

Tor^E_i (K, M) ∼= H_i(v; M) and Ext^i_E (K, M) ∼= H^i(v; M) as graded modules.

1.5. Local cohomology Local cohomology is a useful tool in commutative algebra. In this thesis we use this theory only in a special situation where we can give a nice explicit description. Let S = K[x_1, . . . , x_n] be the standard N^n -graded polynomial ring. Construction 1.5.1. Let M ∈ M_Zn(S). We define the cochain complex L(M): 0 → L^0 → L^1 → . . . → L^n → 0 where L^i = ⨁ G⊆[n], |G|=i M_xG . Here M_xG is the localization of M at the multiplicative set {(x^G)^n : n ∈ N}. The differential map d is composed of the maps (−1)^{α(i,G)}nat: M_xG → M_xG∪{i} for i ∉ G. This complex is called the Čech complex of M.

Definition 1.5.2. Let M ∈ M_Zn(S). We define H^i_m(M) = H^i(L(M)) as the i^{th}- local cohomology module of M.

1.6. THE REES ALGEBRA AND THE SYMMETRIC ALGEBRA OF AN IDEAL 25

Local cohomology can be used to compute the depth and the (Krull-) dimension of a module. The following result is due to Grothendieck. Theorem 1.5.3. Let M ∈ M_Zn(S). Then:

(i) H^i_m(M) = 0 for i < depth(M) and i > dim(M). (ii) H^{depth(M)} m (M) ≠ 0 and H^{dim(M)}_m (M) ≠ 0.

Recall that M ∈ M_Zn(S) is Cohen-Macaulay if depth(M) = dim(M). Corollary 1.5.4. Let M ∈ M_Zn(S) and d ∈ [n]. Then M is Cohen-Macaulay of dimension d if and only if H^i_m(M) = 0 for all i ≠ d.

We set ω_S = S(−ε_1 − . . . − ε_n). This module is also called the canonical module of S. Next we present one of the consequences of the so-called local duality theorem of Grothendieck.

Proposition 1.5.5. Let M ∈ M_Zn(S). For u ∈ Z^n and all integers i we have Ext^i_S(M, ω_S )_u ∼= H^{n−i}_m (M)_{−u} as a K-vector space.

At the end of this section we give a characterization of the Castelnuovo-Mumford regularity by local cohomology (see [16]). Proposition 1.5.6. Let M ∈ M_Zn(S). Then reg_S (M) = sup{j ∈ Z: H^i_m(M)_{j−i} ≠ 0 for some i ∈ Z}.

1.6. The Rees algebra and the symmetric algebra of an ideal Let S_x = K[x_1, . . . , x_n] be the standard graded polynomial ring with maximal ideal m_x. For studying powers of graded ideals I = (f_1, . . . , f_m) ⊂ S_x it is useful to consider the algebra R(I) = S_x[f_1t, . . . , f_mt] ⊂ S_x[t] where t is a further indeterminate.

Definition 1.6.1. Let I ⊂ S_x be a graded ideal. Then R(I) is called the Rees algebra of I.

Let S = K[x_1, . . . , x_n, y_1, . . . , y_m] be another polynomial ring. We define φ : S → R(I), x_i → x_i, y_j → f_jt, and let J = Ker(φ). Then S/J ∼= R(I). If I is generated in one degree, we may assume that S is standard bigraded, J is a bigraded ideal and R(I) = S/J. In this situation I^j ∼= (S/J)_{(∗,j)}(−jd) as S_x-modules for all j ∈ N.

There exists another important construction related to ideals. As above let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal. Let F be the minimal graded free resolution of I. We may identify the map F_1 → F_0 with an m × t-matrix (a_{ij} ) for some t ≥ 0 and a_{ij} ∈ m_x. This matrix is also called the relation matrix of I. We define J = (g_1, . . . , g_t) ⊂ S = K[x_1, . . . , x_n, y_1, . . . , y_m] with g_j = ∑_m i=1 a_{ij}y_i for j = 1, . . . , t and set S(I) = S/J. Definition 1.6.2. Let I ⊂ S_x be a graded ideal. Then S(I) is called the symmetric algebra of I.

26 1. BACKGROUND

Similarly if I is generated in one degree, we may assume that S is standard bigraded, J is a bigraded ideal and S(I) = S/J. We also consider the finitely generated S_x-module S^j(I) = (S/J)_{(∗,j)}(−jd), which we call the j^{th}-symmetric power of I.

There exists always a surjective map from S(I) to R(I).

Definition 1.6.3. Let I ⊂ S_x be a graded ideal. I is said to be of linear type if R(I) ∼= S(I). Before we can give an example for ideals of linear type, we introduce a special class of ideals.

Definition 1.6.4. A sequence of elements f_1, . . . , f_r in a ring is called a d-sequence if: (i) f_1, . . . , f_r is a minimal system of generators of the ideal I = (f_1, . . . , f_r). (ii) (f_1, . . . , f_{i−1}) : f_i ∩ I = (f_1, . . . , f_{i−1}). A well-known fact is (see for example [51]):

Proposition 1.6.5. Let I ⊂ S_x be a graded ideal. If I can be generated by a d-sequence, then I is of linear type.

Hence there exists a large class of ideals which are of linear type. Example 1.6.6. The following examples can be found in [37].

(i) The sequence x_1, . . . , x_j is a d-sequence in S_x.

(ii) Let K[x_{ij} ] be the standard graded polynomial ring in n × n + 1 variables.

The maximal minors of the n × (n + 1)-matrix (x_{ij} ) form a d-sequence.

1.7. Gröbner bases Let S = K[x_1, . . . , x_n] be the standard graded polynomial ring. For u ∈ N^n we call x^u = x^{u1}_1 · · · x^{un}_n a monomial in S.

Let F be a finitely generated graded free S-module with homogeneous basis f = f_1, . . . , f_t and deg(f_i) = d_i ∈ Z. We also call elements x^ue_i monomials (in F ). Definition 1.7.1. A (degree refining) term order on F is a total order > of the monomials of F which satisfies the following conditions. For i, j ∈ [t] and monomials x^u, x^{u′} , x^{u′′} ∈ S one has: (i) If deg(x^uf_i) > deg(x^{u′} f_j ), then x^uf_i > x^{u′} f_j . (ii) If x^uf_i > x^{u′} f_j, then x^{u′′} x^uf_i > x^{u′′} x^{u′} f_j .

Example 1.7.2. Usually we consider the following term orders:

(i) The (degree) lexicographic term order >_{lex}: Let x^uf_i >_{lex} x^{u′} f_j if the first non-zero component from the left of ( n∑ k=1 (u_k − u^′_k) + d_i − d_j, u_1 − u^′_1, . . . , u_n − u^′_n, j − i)

is positive.

1.7. GRÖBNER BASES 27

(ii) The (degree) reverse-lexicographic term order >_{rlex}: Let x^uf_i >_{rlex} x^{u′} f_j if the first non-zero component from the left of ( n∑ k=1 (u_k − u^′_k) + d_i − d_j, u^′_n − u_n, . . . , u^′_1 − u_1, j − i)

is positive.

Note that if F = S, then in both examples x_1 > . . . > x_n.

Definition 1.7.3. Let > be a term order on F and let g ∈ F be a homogeneous element with unique representation g = ∑ u,i λ_{u,i}x^uf_i with λ_{u,i} ∈ K. Then in_>(g) = max{x^uf_i : λ_{u,i} ≠ 0} is called the initial monomial of g.

This notion has many nice properties. For example, let g_1, . . . , g_t ∈ F be homogeneous elements such that in_>(g_1), . . . , in_>(g_t) are K-linearly independent. Then g_1, . . . , g_t are also K-linearly independent.

Now we associate to every finitely generated graded submodule M of F a module which can be useful in studying M.

Definition 1.7.4. Let > be a term order on F and M ∈ M_Z(S) a graded submodule of F . The initial module in_>(M) of M with respect to > is the submodule of F generated by all in_>(g) with g ∈ M.

A special class of Z^n-graded submodules of F are:

Definition 1.7.5. Let M ∈ M_Z(S) be a graded submodule of F . M is said to be a monomial submodule of F if, for all homogeneous elements f ∈ M with f = ∑ u,i λ_{u,i}x^uf_i where 0 ≠ λ_{u,i} ∈ K, it follows that x^uf_i ∈ M.

We observe that in_>(M) is a monomial module. In particular, monomial submodules of S are called monomial ideals. It is easy to see that every monomial ideal I ⊂ S has a unique minimal system of generators x^{u1} , . . . , x^{ut} , which we denote with G(I). It is well-known (see for example [30]) that:

Proposition 1.7.6. Let > be a term order on F and M ∈ M_Z(S) a graded submodule of F . Then for all integers i, j one has β^S_{i,j}(M) ≤ β^S_{i,j}(in_>(M)). Usually we consider the reverse lexicographic term order on F . This order has some nice properties. Let R be a ring, M an R-submodule of an R-module N and I an ideal of R. Then we define the following submodule of N: (M :_N I) = {f ∈ N : If ⊆ M}. Note that (M :_N I) is graded, bigraded or Z^n-graded if R, M, N and I admit this grading. See [23, Chapter 15] for the following observation.

Proposition 1.7.7. Let >_{rlex} be the reverse lexicographic order on F and M ∈ M_Z(S) a graded submodule of F . Then for all i ∈ [n] one has:

(i) in_{rlex}(M + (x_n, . . . , x_{i+1})F ) = in_{rlex}(M) + (x_n, . . . , x_{i+1})F. (ii) (in_{rlex}(M + (x_n, . . . , x_{i+1})F ) :_F x_i) = in_{rlex}(M + (x_n, . . . , x_{i+1})F :_F x_i).

28 1. BACKGROUND

There is another way to associate monomial modules to a given module (for details see [23]). We write GL(n; K) for the (general linear) group of n × n-matrices with entries in K and non-vanishing determinant.

Construction 1.7.8. Let >_{rlex} be the reverse lexicographic order on F and M ∈ M_Z(S) a graded submodule of F . Every element g ∈ GL(n; K) induces an S-linear automorphism on F by extending

g(x_je_k) = n∑ i=1 g_{ij}x_ie_k for g = (g_{ij} ).

There exists a non-empty open set U ⊆ GL(n; K) and a unique monomial S-module M̃ with M̃ = in_{rlex}(g(M)) for every g ∈ U. We call M̃ the generic initial module of M and denote it with gin(M). The elements of U are called generic for M.

A nice property is that gin(M) is Borel-fixed, i.e. gin(M) = b(gin(M)) for all b ∈ B where B is the Borel subgroup of GL(n; K), which is generated by all upper triangular matrices.

In the sequel we consider monomial ideals I ⊂ S. We need the following notation. For a monomial 1 ≠ x^u ∈ S we set m(u) = m(x^u) = max{i: x_i divides x^u}.

Let m(1) = 0.

Definition 1.7.9. Let I ⊂ S be a monomial ideal. Then:

(i) I is called stable if, for all monomials x^u ∈ I and all i ≤ m(u), one has x_ix^u/x_{m(u)} ∈ I. (ii) I is called strongly stable if, for all monomials x^u ∈ I, all j such that x_j |x^u and all i ≤ j, one has x_ix^u/x_j ∈ I.

If char(K) = 0, then it is well-known that Borel-fixed ideals are exactly the strongly stable ideals. In particular gin(I) is strongly stable.

Remark 1.7.10. It suffices to show the conditions of 1.7.9 for the generators of the ideal I.

The regularity of an ideal and its generic initial ideal coincides (see [23]). Proposition 1.7.11. Let I ⊂ S be a graded ideal. Then reg_S (S/I) = reg_S (S/gin(I)).

For stable ideals there exist explicit formulas for the graded Betti numbers (see [27]).

Proposition 1.7.12. Let I ⊂ S be a stable ideal. Then for all integers i, j β^S_{i,i+j}(I) = ∑ x^u∈G(I), |u|=j ( m(x^u) − 1 i ) . For example, if a stable ideal I is generated in one degree, then I has a linear resolution.

It is possible to formulate the whole Gröbner basis theory for the bigraded polynomial ring with minor modifications. We recall the main facts for ideals. Let

1.7. GRÖBNER BASES 29

S = K[x_1, . . . , x_n, y_1, . . . , y_m] be the bigraded polynomial ring for the rest of the section.

Definition 1.7.13. A (bidegree refining) term order on S is a total order > of the monomials of S which satisfies the following conditions. For monomials x^uy^v, x^{u′} y^{v′} , x^{u′′} y^{v′′} ∈ S one has: (i) If the first non-zero component from the left of (|u| + |v| − |u^′| − |v^′|, |v| − |v^′|, |u| − |u^′|) is positive, then x^uy^v > x^{u′} y^{v′} . (ii) If x^uy^v > x^{u′} y^{v′} , then x^{u′′} y^{v′′} x^uy^v > x^{u′′} y^{v′′} x^{u′} y^{v′} . Example 1.7.14. Usually we consider the (bidegree) reverse-lexicographic term order >_{rlex} on S: Let x^uy^v >_{rlex} x^{u′} y^{v′} if the first non-zero component from the left of (|u| + |v| − |u^′| − |v^′|, |v| − |v^′|, |u| − |u^′|, u^′_n − u_n, . . . , u^′_1 − u_1, v^′_m − v_m, . . . , v^′_1 − v_1) is positive.

Observe that we have y_1 > . . . > y_m > x_1 > . . . > x_n. The bigeneric initial ideal was introduced in [3].

Construction 1.7.15. Let S = K[x_1, . . . , x_n, y_1, . . . , y_m] be the bigraded polynomial ring, >_{rlex} the reverse lexicographic order on S and J ⊂ S a bigraded ideal. Let G = GL(n, K) × GL(m, K) and g = (d_{ij}, e_{kl}) ∈ G. Then g defines an Sautomorphism by extending g(x_j) = ∑ i d_{ij}x_i and g(y_l) = ∑ k e_{kl}y_k. There exists a monomial ideal J^′ ⊂ S and a non-empty Zariski open set U ⊆ G such that for all g ∈ U we have J^′ = in(gJ). We call J^′ the bigeneric initial ideal of J and denote it with bigin(J). The elements of U are said to be generic for J.

We recall the following definitions from [3]. For a monomial x^uy^v ∈ S we set

m_x(x^uy^v) = m(u), m_y(x^uy^v) = m(v).

Similarly we define m(L) = max{i: i ∈ L}. for ∅ ≠ L ⊆ [n] and set m(∅) = 0. Let J ⊂ S be a monomial ideal. If G(J) = {z_1, . . . , z_t} with deg(z_i) = (a_i, b_i) ∈ N^2 , we set m_x(J) = max{a_i} and m_y(J) = max{b_i}. Definition 1.7.16. Let J ⊂ S be a monomial ideal. Then:

(i) J is called bistable if, for all monomials w ∈ J, all i ≤ m_x(w), all j ≤ m_y(w), one has x_iw/x_{mx(w)} ∈ J and y_j w/y_{my(w)} ∈ J. (ii) J is called strongly bistable if, for all monomials w ∈ J, all i ≤ s such that x_s divides w, all j ≤ t such that y_t divides w, one has x_iw/x_s ∈ J and y_j w/y_t ∈ J. If char(K) = 0, then bigin(J) is strongly bistable for every bigraded ideal J.

30 1. BACKGROUND

1.8. Simplicial complexes

We introduce some objects from “combinatorial commutative algebra”. This area was created by Hochster and Stanley in the mid-seventies. They used methods from commutative algebra to solve purely combinatorial problems. Definition 1.8.1. A simplicial complex Δ (on [n]) is a collection of subsets of [n] such that: (i) {i} ∈ Δ for i = 1, . . . , n. (ii) If G ∈ Δ and F ⊆ G, then F ∈ Δ.

The set [n] is said to be the vertex set of Δ. We call elements of Δ faces . We define dim(F ) = |F | − 1 as the dimension of a face F ∈ Δ and dim Δ = max{dim(F ): F ∈ Δ} as the dimension of Δ. Let F ∈ Δ. Then F is said to be an edge or vertex if dim F = 1 or dim F = 0. The maximal faces under inclusion are called the facets of Δ. Example 1.8.2. Let Δ = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}. Then Δ is a simplicial complex on [3]. We see that Δ has only one facet. This type of a simplicial complex is called a simplex.

To every simplicial complex we associate a dual simplicial complex which turns out to be useful in the forthcoming chapters. For F ⊆ [n] we set F^∨ = [n] − F . Definition 1.8.3. Let Δ be a simplicial complex on [n]. We call Δ^∗ = {F : F^∨ ∉ Δ} the Alexander dual of Δ.

Lemma 1.8.4. Let Δ, Γ be simplicial complexes on [n]. Then:

(i) Δ^∗ is a simplicial complex on some vertex set. (ii) Δ^{∗∗} = Δ.

(iii) If Γ ⊂ Δ, then Δ^∗ ⊂ Γ^∗.

Let S = K[x_1, . . . , x_n] be the N^n -graded polynomial ring and E = K⟨e_1, . . . , e_n⟩ be the N^n -graded exterior algebra. We associate certain algebras to every simplicial complex.

Definition 1.8.5. Let Δ be a simplicial complex on [n]. Then I_Δ = (x_{i1} · · · x_{is} : {i_1, . . . , i_s} ∉ Δ), K[Δ] = S/I_Δ are called the Stanley-Reisner ideal and the Stanley-Reisner ring of Δ. Similarly we define J_Δ = (e_{i1} ∧ . . . ∧ e_{is} : {i_1, . . . , i_s} ∉ Δ), K{Δ} = E/J_Δ to be the exterior Stanley-Reisner ideal and the exterior face ring of Δ.

CHAPTER 2

Generalized Alexander duality and applications

We study square-free modules, which are a natural extension of the concept of Stanley-Reisner rings associated to simplicial complexes. A duality operation is introduced. We give applications generalizing well-known results about Alexander duality. In this chapter S = K[x_1, . . . , x_n] denotes the standard graded (or N^n - graded) polynomial ring and E = K⟨e_1, . . . , e_n⟩ the standard graded (or N^n -graded) exterior algebra.

2.1. Square-free modules and generalized Alexander duality

The present section is devoted to the introduction of the so-called category of square-free modules and definition of a contravariant exact functor on this category.

We need the following notation. For a = (a_1, . . . , a_n) ∈ N^n , we say that a is square-free if 0 ≤ a_i ≤ 1 for i = 1, . . . , n. Sometimes a square-free vector a and F = supp(a) ⊆ [n] are identified. If a ∈ N^n is square-free, we set e_a = e_{aj1} ∧. . .∧e_{ajk} where supp(a) = {j_1 < . . . < j_k} and we say that e_a is a monomial in E. For monomials u, v ∈ E with supp(v) ⊆ supp(u) there exists a unique monomial w ∈ E such that vw = u; we set w = v^{−1}u. Notice that, for monomials u, v, w, z ∈ E, the equalities below hold whenever the expressions are defined:

(v^{−1}u)w = v^{−1}(uw) and (z^{−1}v)(v^{−1}u) = z^{−1}u.

The starting point is a definition introduced by Yanagawa in [53]. Definition 2.1.1. Let N ∈ M_Nn (S). The module N is called a square-free S-module if the multiplication maps N_a ∋ w → x_iw ∈ N_{a+εi} are bijective for all a ∈ N^n and all i ∈ supp(a).

For example, the Stanley-Reisner ring K[Δ] of a simplicial complex Δ is a squarefree S-module. It is easy to see that, for a ∈ N^n and a square-free S-module N, we have dim_K N_a = dim_K N_{supp(a)} and N is generated by its square-free part {N_F : F ⊆ [n]}. Yanagawa proved in [53, 2.3, 2.4]:

Proposition 2.1.2. Let N, N^′ ∈ M_Nn (S) be square-free S-modules and let φ: N → N^′ be a homogeneous homomorphism. Then Ker(φ) and Coker(φ) are again squarefree S-modules.

This proposition has consequences on the minimal N^n -graded free resolution of a square-free S-module.

Corollary 2.1.3. Let N ∈ M_Nn (S) be a square-free S-module. Then, for all integers i, the i^{th}-syzygy module Ω_i(N) in the minimal N^n -graded free S-resolution of N is a square-free S-module.

32 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

Remark 2.1.4. Let N ∈ M_Nn (S) be a square-free S-module and F the minimal N^n -graded free S-resolution of N. The N^n -graded free S-module F_i is generated by elements f with square-free deg(f) ∈ N^n . We call F a square-free resolution of N. It is easy to see that N is a square-free S-module if and only if N has a square-free resolution.

This leads to the following category.

Definition 2.1.5. Let SQ(S) denote the abelian category of the square-free Smodules where the morphisms are the homogeneous homomorphisms.

The following construction, which is of crucial importance for this chapter, has been introduced by Aramova, Avramov and Herzog [1]:

Construction 2.1.6. Let (F, θ) be a complex of N^n -graded free S-modules. We assume that each F_i has a homogeneous basis B_i such that deg(f) ∈ N^n is square-free for all f ∈ B_i.

For a ∈ N^n and f ∈ B_i let y^{(a)}f be a symbol to which we assign deg(y^{(a)}f) = a + deg(f). Now define the N^n -graded free E-module G_l ∈ M_Nn (E) with basis y^{(a)}f where a ∈ N^n , f ∈ B_i, supp(a) ⊆ supp(f) and l = |a| + i. For f ∈ B_i and

θ_i(f) = ∑ f_j ∈B_{i−1} λ_j x^{b−bj} f_j with λ_j ∈ K, b = deg(f), b_j = deg(f_j ),

we define homomorphisms G_l → G_{l−1} of N^n -graded E-modules by

γ_l(y^{(a)}f) = (−1)^{|b|} ∑ k∈supp(a) y^{(a−εk)}fe_k,

ϑ_l(y^{(a)}f) = (−1)^{|a|} ∑ f_j ∈B_{i−1} y^{(a)}f_jλ_j e^{−1}_{bj} e_b.

Set δ_l = γ_l + ϑ_l : G_l → G_{l−1}. Then (G, δ) is a complex of free N^n -graded E-modules. If (G^′, δ^′) is the complex obtained by a different homogeneous basis B^′ of F, then G and G^′ are isomorphic as complexes of N^n -graded E-modules.

There is an important result:

Theorem 2.1.7. Let N ∈ SQ(S) and (F, θ) be the minimal N^n -graded free Sresolution of N. Then (G, δ) is the minimal N^n -graded free E-resolution of N_E = Coker(G_1 → G_0).

Proof. See the proof of [1, 1.3]. There the theorem was shown for S/I where I is a square-free monomial ideal. The proof holds also in this more general situation. □

For example let Δ be a simplicial complex. Then (I_Δ)_E = J_Δ.

Remark 2.1.8. Sometimes we will need the following observation. We may identify a minimal homogeneous system of generators {f_1, . . . , f_t} of N with the one of N_E. For all square-free F ⊆ [n] we have N_F ∼= (N_E )_F . If deg(f_i) = G_i ⊆ [n], then a K-basis of N_F consists of the elements x^{Hj} f_i with H_j ⊆ [n] and H_j ˙∪G_i = F . Using the bijection above the corresponding K-basis of (N_E)_F is e_{Hj} f_i.

2.1. SQUARE-FREE MODULES AND GENERALIZED ALEXANDER DUALITY 33

Recall that N and N_E may also be considered as graded modules over S and E by defining N_i = ⨁ a∈N^n ,|a|=i Na and similarly NE . By counting the ranks in the

constructed resolution in 2.1.6 we get the following formulas. Corollary 2.1.9. Let N ∈ SQ(S). Then:

(i) β^E_{i,i+j} (N_E) = ∑_i k=0 (_{i+j−1} k+j−1 ) β^S_{k,k+j}(N) for all i, j ∈ N. (ii) β^E_{i,a}(N_E) = β^S_{i,a}(N) for all square-free a ∈ N^n .

It is a natural question whether the construction 2.1.6 has an inverse. This means, given a certain E-module with its minimal free E-resolution, we want to construct an S-module with a free S-resolution.

Definition 2.1.10. Let M ∈ M_Nn (E). The module M is called a square-free Emodule if one has M_a = 0 for all a ∈ N^n with a is not square-free. Example 2.1.11. We observe:

(i) The exterior face ring K{Δ} associated to a simplicial complex Δ is a square-free E-module.

(ii) As a direct consequence of the definition for a square-free S-module N the E-module N_E is a square-free E-module.

Observe that, for a homogeneous homomorphism φ: M → M^′ between two square-free E-modules, one has that Ker(φ) and Coker(φ) are again square-free E-modules. This leads to another category.

Definition 2.1.12. Let SQ(E) denote the abelian category of the square-free Emodules where the morphisms are the homogeneous homomorphisms.

We consider the following construction which is inverse to 2.1.6. Construction 2.1.13. Let M ∈ SQ(E), (G, δ) be the minimal N^n -graded free E-resolution of M and B_i be a homogeneous basis of G_i for all i ∈ N. We set B̃_i = {f ∈ B_i : deg(f) is square-free}. We define a complex (F, θ) of S-modules where F_i is the N^n -graded free S-module with homogeneous basis B̃_i. If f ∈ B̃_i and

δ_i(f) = ∑ f_j ∈B̃_{i−1} f_j λ_je^{−1}_{bj} e_b with b = deg(f), b_j = deg(f_j) and λ_j ∈ K,

we set θ_i(f) = ∑ f_j ∈B̃_{i−1} f_j λ_jx^{b−bj} . It follows immediately from the construction that (F, θ) is indeed a complex.

Hence we are able to prove:

Theorem 2.1.14. Let M ∈ SQ(E) and let (G, δ) be the minimal N^n -graded free E-resolution of M. The constructed complex (F, θ) is the minimal N^n -graded free S-resolution of M_S = Coker(F_1 → F_0) and M_S ∈ SQ(S).

Proof. All the free S-modules F_i are square-free S-modules by definition. Thus by 2.1.2 we get that M_S ∈ SQ(S) because it is the cokernel of the homogeneous map between F_1 and F_0. Let (F̃, θ̃) be the minimal N^n -graded free S-resolution of the S-module M_S . By the first construction (see 2.1.7) we get a minimal N^n -graded

34 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

free E-resolution (G̃, δ̃) of the E-module (M_S )_E. The definitions are made such that (M_S )_E = M. Therefore G̃ ∼= G as complexes, since both complexes are minimal N^n -graded free E-resolutions of M. If we apply the second construction to (G̃, δ̃), we get (F̃, θ̃). All in all it follows that F̃ ∼= F as complexes and hence (F, θ) is the minimal N^n -graded free S-resolution of the S-module M_S . □

We get immediately:

Corollary 2.1.15. Let N ∈ SQ(S) and M ∈ SQ(E). We write N_E for the squarefree E-module defined in 2.1.7 and M_S for the square-free S-module defined in 2.1.14. Then (M_S )_E ∼= M and (N_S)_E ∼= N.

Consider two square-free S-modules N, N^′ and a homogeneous homomorphism φ: N → N^′. Take the minimal N^n -graded free S-resolution (F, θ) of N and the minimal N^n -graded free S-resolution (F^′, θ^′) of N^′ with homogeneous bases {B_i} and {B^′_i}. It is well-known that φ induce a complex homomorphism φ: F → F^′. By construction 2.1.7 we get minimal N^n -graded free E-resolutions (G, δ) and (G^′, δ^′) of N_E and N^′_E . Let f ∈ B_i and φ_i(f) = ∑ f^′_j ∈B^′_i λjx b−b^′_j f ′ j where b = deg(f) and b^′_j = deg(f^′_j ). Then we define a complex homomorphism ψ : G → G^′, y^{(a)}f → ∑ f^′_j ∈B^′_i y^{(a)}f_jλ_j e^{−1}_{bj} e_b,

for a ∈ N^n , f ∈ B_i and supp(a) ⊆ supp(f). Now ψ induces a homogeneous homomorphism ψ : M_E → M^′_E .

Similarly two square-free E-modules M, M^′ and a homogeneous homomorphism ψ : M → M^′ induce a homogeneous homomorphism φ : M_S → M^′_S . It turns out that these assignments define functors. Definition 2.1.16. Let F : SQ(S) → SQ(E), N → N_E and G: SQ(E) → SQ(S), M → M_S . From the above discussion we observe:

Proposition 2.1.17. F and G are additive covariant exact functors of abelian categories. In particular the categories SQ(S) and SQ(E) are equivalent.

We give a simple example.

Example 2.1.18. Let Γ ⊆ Δ be simplicial complexes. Then I_Γ/I_Δ is an element of SQ(S) and J_Γ/J_Δ is one of SQ(E). We obtain (I_Γ/I_Δ)_E = J_Γ/J_Δ and (J_Γ/J_Δ)_S = I_Γ/I_Δ.

In 1.8 we saw that there exists a duality operation on simplicial complexes. The next goal will be to extend this duality to the category of square-free modules. Recall that the functor ( )^∗ : M_Z(E) → M_Z(E), M → Hom_E (M, E)

2.1. SQUARE-FREE MODULES AND GENERALIZED ALEXANDER DUALITY 35

is contravariant and exact (see 1.4.2). Moreover, we have: Lemma 2.1.19. Let Γ ⊆ Δ be simplicial complexes. Then (J_Γ/J_Δ)^∗ ∼= J_Δ∗ /J_Γ∗ .

Proof. We observe that (E/J_Δ)^∗ = Hom_E (E/J_Δ, E) ∼= (0 :_E J_Δ) = J_Δ∗ . Consider the exact sequence 0 → J_Γ/J_Δ → E/J_Δ → E/J_Γ → 0.

Since the functor ( )^∗ is contravariant and exact, we get the exact sequence 0 → (E/J_Γ)^∗ → (E/J_Δ)^∗ → (J_Γ/J_Δ)^∗ → 0.

The assertion follows. □ For example K{Δ}^∗ = J_Δ∗ . Thus we define:

Definition 2.1.20. Let M ∈ SQ(E). We call M^∗ the generalized Alexander dual of M.

This gives us a hint how to define the generalized Alexander dual for elements in SQ(S). Definition 2.1.21. Let N ∈ SQ(S). We call N^∗ = ((N_E)^∗)_S the generalized Alexander dual of N.

Note that ( )^∗ : SQ(S) → SQ(S), N → N^∗, is a contravariant exact functor.

We may also define the generalized Alexander dual without referring to the exterior algebra. Let N ∈ SQ(S) and F → N → 0 be a minimal square-free resolution of N. We call F_1^{d1}→ F_0 → N a square-free presentation of N. Since ( )^∗ is a contravariant exact functor, the sequence 0 → N^∗ → F^∗_0^{d∗1}→ F^∗_1 is exact. Therefore the generalized Alexander dual of N is Ker(d^∗_1). Let P_F = (x_i : i ∈ F ) ⊂ S for F ⊆ [n]. One obtains the following explicit description of N^∗.

Remark 2.1.22. Let N ∈ SQ(S) and F_1^{d1}→ F_0 → N → 0 be a square-free presentation of N. Furthermore, let F_i = ⨁ G⊆[n] S(−G) β^S_{i,G}(N) for i ∈ {0, 1} and

d_1(f^1_{G,j}) = ∑ H⊆[n] β^S_{0,H} (N) ∑ k=1 λ^{G,j}_{H,k}x^{deg(f 1G,j )−deg(f 0H,k)}f^0_{H,k} where {f^i_{G,j} : G ⊆ [n], j ∈ {1, . . . , β^S_{i,G}(N)}, deg(f^i_{G,j}) = G} is a homogeneous basis of F_i. Then N^∗ is the kernel of F^∗_0^{d∗1}→ F^∗_1

36 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

where F^∗_i = ⨁ G⊆[n](S/PG) β^S_{i,G}(N),

d^∗_1(f^{0,∗}_{H,k}) = ∑ G⊆[n] β^S_{1,G}(N) ∑ j=1 λ^{G,j}_{H,k}f^{1,∗}_{G,j} and {f^{i,∗}_{G,j} : G ⊆ [n], j ∈ {1, . . . , β^S_{i,G}(N)}, deg(f^{i,∗}_{G,j}) = 0} is a homogeneous system of generators of F^∗_i .

Proof. For i ∈ {0, 1} it follows from 2.1.6 that (F_i)_E = ⨁ G⊆[n] (E/(e_i : i ∈ G))(−G)^{βSi,G(N)}. (1) By 2.1.8 we may identify the homogeneous system of generators {f^i_{G,j}} of F_i with the one of (F_i)_E for i ∈ {0, 1}. We have d_{1,E}(f^1_{G,j}) = ∑ H⊆[n] β^S_{0,H} (N) ∑ k=1 λ^{G,j}_{H,k}e^{−1}_{deg(f 0H,k)}e_{deg(f} 1_{G,j )}f^0_{H,k}. Dualizing (1), we obtain ((F_i)_E )^∗ = ⨁ G⊆[n] Hom_E ((E/(e_i : i ∈ G))(−G), E)^{βSi,G(N)}. Observe that we get a system of generators {f^{i,∗}_{G,j}} for ((F_i)_E)^∗ with f^{i,∗}_{G,j}(f^i_{H,k}) = { e_G H = G and j = k, 0 else.

Computing d^∗_{1,E} yields d^∗_{1,E}(f^{0,∗}_{H,k}) = f^{0,∗}_{H,k} ∘ d_{1,E} = ∑ G⊆[n] β^S_{1,G}(N) ∑ j=1 λ^{G,j}_{H,k}f^{1,∗}_{G,j} . It follows that ((F_i)_E )^∗ ∼= ⨁ G⊆[n] (E/(e_i : i ∈ G))^{βSi,G(N)}. Construction 2.1.13 implies F^∗_i = (((F_i)_E )^∗)_S = ⨁ G⊆[n] (S/P_G)^{βSi,G(N)}. Again by 2.1.8 we identify the homogeneous generators of F^∗_i and ((F_i)_E )^∗. Finally, d^∗_1(f^{0,∗}_{H,k}) = (d^∗_{1,E})_S (f^{0,∗}_{H,k}) = ∑ G⊆[n] β^S_{1,G}(N) ∑ j=1 λ^{G,j}_{H,k}f^{1,∗}_{G,j}. This concludes the proof. □

2.2. EXTREMAL BETTI NUMBERS 37

2.2. Extremal Betti numbers

In this section we describe the relation of the extremal Betti numbers of N and N^∗ for N ∈ SQ(S). First we study the behaviour of the so-called distinguished pairs introduced by Aramova and Herzog in [5] under duality. Let M ∈ M_Z(E) and v = v_1, . . . , v_n be a basis for E_1. Consider the long exact homology sequence of 1.4.5 . . . → H_i(v_1, . . . , v_{j−1}; M) → H_i(v_1, . . . , v_j; M) → H_{i−1}(v_1, . . . , v_j; M)(−1) → H_{i−1}(v_1, . . . , v_{j−1}; M) → H_{i−1}(v_1, . . . , v_j; M) → . . . To simplify the notation we set: H_i(k; M) = H_i(v_1, . . . , v_k; M) for i > 0 and H_0(k; M) = (0 :_{M/(v1 ,... ,vk−1)M} v_k)/v_k(M/(v_1, . . . , v_{k−1})M). Let H_i(0; M) = 0 for i ≥ 0. Notice that H_0(k; M) is not the 0^{th}-Cartan homology of M with respect to v_1, . . . , v_k. We obtain the exact sequence

. . . → H_1(j − 1; M) → H_1(j; M) → H_0(j; M)(−1) → 0.

The following lemma leads to the concept of distinguished pairs [5, 9.5]. Lemma 2.2.1. Let M ∈ M_Z(E), 1 ≤ l ≤ n and j ∈ Z. The following statements are equivalent:

(i) (1) H_0(k; M)_j = 0 for k < l and H_0(l; M)_j ≠ 0,

(2) H_0(k; M)_j′ = 0 for all j^′ > j and all k ≤ l + j − j^′. (ii) For all i ≥ 0

(1) H_i(k; M)_{i+j} = 0 for k < l and H_i(l; M)_{i+j} ≠ 0, (2) H_i(k; M)_{i+j}′ = 0 for all j^′ > j and all k ≤ l + j − j^′.

(iii) Condition (ii) is satisfied for some i.

Moreover, if the equivalent conditions hold, then H_i(l; M)_{i+j} ∼= H_0(l; M)_j for all i ≥ 0. Definition 2.2.2. Let M ∈ M_Z(E). A pair of numbers (l, j) satisfying the equivalent conditions of 2.2.1 is called a homological distinguished pair (for M).

The author proved in his Diplom thesis [47] (see [45] for a published proof): Theorem 2.2.3. Let M ∈ M_Z(E). The following statements are equivalent:

(i) (l, j) is a homological distinguished pair for M. (ii) (l, n − j − l + 1) is a homological distinguished pair for M^∗.

Moreover, if the equivalent conditions hold, then H_i(l; M)_{i+j} ∼= H_i(l; M^∗)_{i+n−j−l+1} for all integers i.

We quote the following result in [5]:

Proposition 2.2.4. Let M ∈ M_Z(E) and j ∈ Z. The formal power series P^M_j (t) = ∑ i≥0 β^E_{i,i+j}(M)t^i is the Hilbert series of a graded K[y_1, . . . , y_n]-module. In particular if P^M_j (t) ≠ 0, then there exists a polynomial Q_j (t) ∈ Z[t] and an integer d_j ∈ N with d_j ≤ n such that

P^M_j (t) =

Q_j (t) (1 − t)^{dj} and e_j = Q_j(1) ≠ 0.

38 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

Let N ∈ SQ(S). Set k(j) = max({k : β^S_{k,k+j}(N) ≠ 0} ∪ {0}). If P^{NE}_j (t) ≠ 0, then 2.1.9 yields

P^{NE}_j (t) = ∑_{k(j)} k=0 β^S_{k,k+j}(N)t^k(1 − t)^{k(j)−k} (1 − t)^{k(j)+j} . (2) As in [5, 9.2, 9.3] we conclude from this expression:

Proposition 2.2.5. Let N ∈ SQ(S) and j ∈ N with P^{NE}_j (t) ≠ 0. We have d_j(N_E ) = k(j) + j and e_j (N_E ) = β^S_{k(j),k(j)+j}(N).

Let M ∈ M_Z(E). As shown in [5], if P^M_j (t) ≠ 0, there exists a basis v of E_1 and an integer i ≫ 0 such that d_j(M) = n + 1 − min{k : H_i(k; M)_{i+j} ≠ 0} and e_j (M) = dim_K H_i(n − d_j(M) + 1; M)_{i+j} . Thus if (l, j) is a homological distinguished pair for M, we have d_j(M) = n + 1 − l and e_j (M) = dim_K H_i(l; M)_{i+j} .

Therefore 2.2.3 implies:

Corollary 2.2.6. Let M ∈ M_Z(E). If (l, j) is a homological distinguished pair for M, then d_j (M) = d_{n−j−l+1}(M^∗) and e_j (M) = e_{n−j−l+1}(M^∗).

The definition of an extremal Betti number together with (2) imply: Lemma 2.2.7. Let N ∈ SQ(S). The following statements are equivalent:

(i) β^S_{i,i+j} (N) is an extremal Betti number of N.

(ii) i = k(j) and d_j′ (N_E) − d_j(N_E ) < j^′ − j for all j^′ > j with P_j′ (t) ≠ 0. Proof. Assume that β^S_{i,i+j}(N) is an extremal Betti number of N. It follows that β^S_i′_{,i}′_{+j}′ (N) = 0 for all integers i^′ ≥ i and j^′ ≥ j with (i^′, j^′) ≠ (i, j). Furthermore, β^S_{i,i+j}(N) ≠ 0. In particular, we obtain k(j) = i. For all integers j^′ > j we get k(j^′) < k(j). Hence by 2.2.5 d_j′ (N_E ) − d_j(N_E ) = k(j^′) + j^′ − k(j) − j < j^′ − j.

Thus we proved (ii).

Conversely, assume that the assertion of (ii) holds. Since i = k(j), we get β^S_{i,i+j}(N) ≠ 0 and β^S_i′_{,i}′_{+j} (N) = 0 for i^′ > i.

Let j^′ > j. If P^{NE}_j′ (t) = 0, then (∗) β^S_i′_{,i}′_{+j}′ (N) = 0 for i^′ ≥ i.

Otherwise we have P^{NE}_j′ (t) ≠ 0. By 2.2.5 and the assumption we get that k(j^′) − k(j) = d_j′ (N_E ) − d_j(N_E) − (j^′ − j) < 0. Thus (∗) also holds in this case. It follows that β^S_{i,i+j} (N) is an extremal Betti number of N. □ Lemma 2.2.8. Let N ∈ SQ(S). The following statements are equivalent:

(i) β^S_{i,i+j} (N) is an extremal Betti number of N.

(ii) (n + 1 − i − j, j) is a homological distinguished pair for N_E. Moreover, if the equivalent conditions hold, then β^S_{i,i+j} (N) = dim_K H_0(n+1−i−j)_j .

2.2. EXTREMAL BETTI NUMBERS 39

Proof. For all integers j and s we set l^s_j = inf{k : H_s(k, N_E)_{s+j} ≠ 0}. Furthermore, let d_j(N_E ) = −∞ if P^{NE}_j (t) = 0. As observed above, there exists a basis of E_1 and an integer s ≫ 0 such that for all integers j we have d_j(N_E) = n + 1 − l^s_j and e_j (N_E) = dim_K H_s(l^s_j )_{s+j}. Fix this s for the rest of the proof.

Assume that β^S_{i,i+j}(N) is an extremal Betti number of N. By 2.2.7 this is equivalent to i = k(j) and d_j′ (N_E ) − d_j(N_E ) < j^′ − j for all j^′ > j with P_j′ (t) ≠ 0. Using 2.2.5 we obtain that

l^s_j = n + 1 − d_j(N_E ) = n + 1 − i − j and l^s_j′ = n + 1 − d_j′ (N_E ) > n + 1 + j − j^′ − d_j(N_E ) = (n + 1 − j − i) + j − j^′.

This is another way to say that (n + 1 − i − j, j) is a distinguished pair for N_E .

Moreover, we get that

β^S_{i,i+j}(N) = dim_K H_s(n + 1 − i − j; N_E)_{s+j} = dim_K H_0(n + 1 − i − j)_j

where the last equality follows from 2.2.1. □

We are ready to prove the main theorem of this section.

Theorem 2.2.9. Let N ∈ SQ(S). The following statements are equivalent:

(i) β^S_{i,i+j} (N) is an extremal Betti number of N. (ii) β^S_{j,j+i}(N^∗) is an extremal Betti number of N^∗.

Moreover, if the equivalent conditions hold, then β^S_{i,i+j}(N) = β^S_{j,j+i}(N^∗).

Proof. By 2.2.8 we get that β^S_{i,i+j}(N) is an extremal Betti number of N if and only if (n + 1 − i − j, j) is a homological distinguished pair for N_E and β^S_{i,i+j} (N) = dim_K H_0(n + 1 − i − j; N_E)_j .

By 2.2.3 this is equivalent to the fact that (n + 1 − i − j, i) is a homological distinguished pair for N^∗_E and H_0(n + 1 − i − j; N_E)_j ∼= H_0(n + 1 − i − j; N^∗_E )_i.

Again by 2.2.8 this means that β^S_{j,j+i}(N^∗) is an extremal Betti number of N^∗ and β^S_{j,j+i}(N^∗) = dim_K H_0(n + 1 − i − j; N^∗_E)_i. The assertion follows. □

In particular one has:

Corollary 2.2.10. Let Γ ⊂ Δ be simplicial complexes on the vertex set [n]. Let I_Δ ⊂ I_Γ ⊂ S = K[x_1, . . . , x_n] be the corresponding ideals in the polynomial ring. The following statements are equivalent:

(i) β^S_{i,i+j} (I_Γ/I_Δ) is an extremal Betti number of I_Γ/I_Δ. (ii) β^S_{j,j+i}(I_Δ∗ /I_Γ∗ ) is an extremal Betti number of I_Δ∗ /I_Γ∗ .

Moreover, if the equivalent conditions hold, then β^S_{i,i+j}(I_Γ/I_Δ) = β^S_{j,j+i}(I_Δ∗ /I_Γ∗ ).

In the case Γ = ∅ this is a result in [13].

40 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

2.3. Local cohomology of square-free modules

In this section we want to relate homological invariants of a square-free S-module to equivalent properties of its dual module.

We need to compute the local cohomology of square-free S-modules. Let N ∈ SQ(S). Recall the following cochain complex from 1.5.1:

L: 0 → L^0 → L^1 → . . . → L^n → 0,

with L^i = ⨁ G⊆[n], |G|=i N_xG . Here N_xG is the localization of N at the multiplicative set {(x^G)^n : n ∈ N} where the differential map d is composed of the maps (−1)^{α(i,G)}nat: N_xG → N_xG∪{i} for i ∉ G. By 1.5.2 we have H^i_m(N) = H^i(L).

In [53, 2.9] Yanagawa gave an explicit description of the homogeneous components of this cochain complex.

Lemma 2.3.1. Let N ∈ SQ(S), i ∈ {0, . . . , n} and F ⊆ [n]. Then

(L^i)_{−F} ∼= ⨁ F ⊆G⊆[n], |G|=i N_G. The induced differential is given by

d_i(y) = ∑ j∉G (−1)^{α(j,G)}x_j y for G ⊆ [n], |G| = i, y ∈ N_G. In the sequel we use this description to calculate H^i_m(N)_{−F} for F ⊆ [n]. The main observation is that the homogeneous components of H^i_m(N) can be interpreted in terms of certain homogeneous components of the Cartan cohomology of N_E (see 1.4 for details and notation).

Theorem 2.3.2. Let N ∈ SQ(S), e = e_1, . . . , e_n be a basis for E_1 and F ⊆ [n]. We have H^i(e; N_E )_F ∼= H^{i+|F |}_m (N)_{−F} .

Proof. Let N ∈ SQ(S). Then N_E ∈ SQ(E). Assume that {f_1, . . . , f_t} is a minimal homogeneous system of generators of N with deg(f_j ) = d_j ∈ N^n square-free. We set D_j = supp{d_j}. By 2.1.8 this is also a minimal homogeneous system of generators of N_E . Fix F ⊆ [n] for the rest of the proof. We show that the cochain complexes of K-vector spaces {C^i(e; N_E )_F : i ∈ N} and {(L^{i+|F |})_{−F} : i ∈ N} are isomorphic (as cochain complexes). This yields the theorem, because then the induced homology modules are equal.

Let i ∈ N. A K-basis of C^i(e; N_E )_F consists of the elements e_I f_jy^b where b ∈ N^n is square-free, I ⊆ [n], I ∩ D_j = ∅, I + D_j − supp(b) = F and |b| = i. Applying 2.3.1 it follows that a K-basis of (L^{i+|F |})_{−F} ∼= ⨁ F ⊆G⊆[n], |G|=i+|F | NG is given by x^I f_j where I ⊆ [n], I ∩ D_j = ∅, F ⊆ I + D_j and |I| + |D_j| = i + |F |. Observe that

2.3. LOCAL COHOMOLOGY OF SQUARE-FREE MODULES 41

these K-vector spaces have the same dimension. We define a K-linear isomorphism for all i ∈ N by φ^i : C^i(e; N_E)_F → (L^{i+|F |})_{−F} , e_I f_jy^b → (−1)^{α(J,Dj )}x^I f_j where J = ([n] − F ) ∩ I.

We claim that φ = {φ^i} is a cochain complex isomorphism. Since all φ^i induce a bijection between bases, it is enough to show that φ is a cochain complex homomorphism. Let δ and d denote the induced differentials on the cochain complexes {C^i(e; N_E )_F } and {(L^{i+|F |})_{−F} }. Let e_I f_jy^b be an arbitrary element of the described K-basis of C^i(e; N_E)_F . On the one hand d^i ∘ φ^i(e_I f_j y^b) = d^i((−1)^{α(J,Dj )}x^I f_j ) = ∑ i∉I+D_j (−1)^{α(J,Dj )+α(i,I+Dj )}x_ix^I f_j = ∑ i∉I+D_j (−1)^{α(J,Dj )+α(i,I+Dj )}x^{I+{i}}f_j . On the other hand

φ^{i+1} ∘ δ^i(e_I f_jy^b) = φ^{i+1}( ∑ i∈[n] e_ie_I f_j y^{b+εi} ) = φ^{i+1}( ∑ i /∈I+D_j (−1)^{α(i,I)}e_{I+{i}}f_jy^{b+εi} ). Here we used the fact that N_E is a square-free E-module, e_i ∧ e_i = 0 and e_i ∧ e_j = −e_j ∧ e_i. The last expression equals ∑ i /∈I+D_j (−1)^{α(i,I)+α(J i ,Dj )}x^{I+{i}}f_j where, for all i ∈ [n] − I, we set J^i = ([n] − F ) ∩ (I + {i}). Fix i ∈ [n] − (I + D_j). Since I + D_j = supp(b) + F , we obtain that i /∈ F . Hence J^i = J + {i}. Then α(i, I) + α(J^i, D_j) = α(i, I) + α(i, D_j) + α(J, D_j) = α(J, D_j) + α(i, I + D_j). It follows that d^i ∘ φ^i(e_I f_jy^b) = φ^{i+1} ∘ δ^i(e_I f_j y^b) and this concludes the proof. □ Let F ⊆ [n] and W be a K-vector space. We set F^∨ = [n] − F and W^∨ = Hom_K (W, K).

Lemma 2.3.3. Let M ∈ SQ(E) and F ⊆ [n]. We have (M^∗)_F ∼= (M_F ∨ )^∨.

Proof. The proof of [5, 3.4] can also be applied to the multigraded case. □ We are able to generalize a result of Yanagawa (see [53, 3.4]).

Theorem 2.3.4. Let N ∈ SQ(S) and F ⊆ [n]. Then Ext^i_S (N, ω_S)_F ∼= H^{n−i}_m (N)_{−F} ∼= Tor^S_{|F} ∨_{|−i}(K, N^∗)_F ∨ .

Proof. The first isomorphism is the local duality of Z^n-graded S-modules (see 1.5.5), while the second follows from 1.4.4, 1.4.6, 2.1.9, 2.3.2 and 2.3.3 because H^{n−i}_m (N)_{−F} ∼= H^{n−i−|F |}(e; N_E)_F ∼= (H^{n−i−|F |}(e; N_E)_F )^∨ ∼= H_{n−i−|F |}(e; N^∗_E)_F ∨ ∼= Tor^E_{|F} ∨_{|−i}(K, N^∗_E)_F ∨ ∼= Tor^S_{|F} ∨_{|−i}(K, N^∗)_F ∨ . □

42 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

The next result generalizes theorems by Eagon-Reiner [22] and Terai [49]. Corollary 2.3.5. Let N ∈ SQ(S). Then:

(i) dim(N) ≥ n − indeg(N^∗).

(ii) N is Cohen-Macaulay of dim(N) = d if and only if N^∗ has an (n−d)-linear resolution.

(iii) reg(N) = pd(N^∗).

Proof. Yanagawa proved in [53, 2.5] that, for all integers i, we have Ext^i_S (N, ω_S) ∈ SQ(S). Hence by the definition of a square-free S-module it suffices to show that all square-free components of Ext^i_S(N, ω_S ) are zero to conclude that Ext^i_S (N, ω_S) = 0. By 1.5.5 we get that H^i_m(N) = 0 if and only if for all F ⊆ [n] one has H^i_m(N)_{−F} = 0. We use this fact in the sequel.

Proof of (i): By 1.5.3 and 2.3.4 we get:

dim(N) = max{i: H^i_m(N) ≠ 0} = max{i: H^i_m(N)_{−F} ≠ 0, |F | ⊆ [n]} ≥ max{i: H^i_m(N)_{−F} ≠ 0, |F | ⊆ [n], |F | = i} = n − min{i: H^{n−i}_m (N)_{−F} ≠ 0, |F | ⊆ [n], |F | = n − i} = n − min{i: Tor^S_0 (K, N^∗)_F ∨ ≠ 0, |F | ⊆ [n], |F^∨| = i} = n − indeg(N^∗).

Proof of (ii): It follows from 1.5.4 that N is Cohen-Macaulay of dimension d if and only if

H^i_m(N) { = 0 i ≠ d, ≠ 0 i = d. Similarly to (i) by 2.3.4 this is equivalent to say that N^∗ has an (n − d)-linear resolution.

Proof of (iii): By 1.5.6 one has reg(N) = max{j : H^i_m(N)_{j−i} ≠ 0 for some i ∈ N} = max{j : H^i_m(N)_{−F} ≠ 0 for some i ∈ N, F ⊆ [n], −|F | = j − i}. Applying 2.3.4 yields:

reg(N) = max{j : Tor^S_{|F} ∨_{|−n+i}(K, N^∗)_F ∨ ≠ 0 for some i ∈ N, F ⊆ [n], −|F | = j −i}

= max{j : Tor^S_j (K, N^∗)_{j+n−i} ≠ 0 for some i ∈ N} = pd(N^∗).

The last two equalities hold because a square-free S-module has only non-zero square-free Betti numbers (see 2.1.4). □ A further corollary is a formula relating the Ext-groups of N_E and N^∗.

Corollary 2.3.6. Let N ∈ SQ(S). Then

dim_K Ext^i_E(K, N_E)_{n−i−j} = i∑ k=0 ( i + j − 1 j + k − 1 ) ∑ F ⊆[n], |F |=k+j dim_K Ext^j_S (N^∗, ω_S)_F ∨ .

2.4. SEQUENTIALLY COHEN-MACAULAY AND COMPONENTWISE LINEAR MODULES 43

Proof. By 1.4.6 we have

dim_K Ext^i_E (K, N_E)_{n−i−j} = dim_K H^i(e; N_E )_{n−i−j} = dim_K (H^i(e; N_E)_{n−i−j})^∨. It follows from [5, 3.4] that dim_K (H^i(e; N_E )_{n−i−j})^∨ = dim_K H_i(e; N_E)^∗_{i+j} By 1.4.4 and since Cartan-homology computes the Tor-groups of N^∗_E and K (see 1.4.6), the last expression is equal to dim_K H_i(e; N^∗_E )_{i+j} = dim_K Tor^E_i (K, N^∗_E)_{i+j} .

Applying 2.1.9 and 2.3.4 this is exactly i∑ k=0 ( i + j − 1 k + j − 1 ) dim_K Tor^S_k (K, N^∗)_{k+j}

= i∑ k=0 ( i + j − 1 k + j − 1 ) ∑ F ⊆[n], |F |=j+k dim_K Tor^S_k (K, N^∗)_F

= i∑ k=0 ( i + j − 1 k + j − 1 ) ∑ F ⊆[n], |F |=j+k dim_K Ext^j_S (N^∗, ω_S)_F ∨ .

Hence we proved the corollary. □

2.4. Sequentially Cohen-Macaulay and componentwise linear modules We study what the property to be componentwise linear for a square-free Smodule means for the Alexander dual. For the following definition see for example [48, 2.9].

Definition 2.4.1. Let N ∈ SQ(S). Then N is said to be sequentially Cohen- Macaulay if it has a finite filtration 0 = N_0 ⊂ N_1 ⊂ . . . ⊂ N_d = N of submodules N_i ∈ SQ(S) satisfying two conditions:

(i) Each quotient N_i/N_{i−1} is a Cohen-Macaulay module.

(ii) dim(N_1/N_0) < dim(N_2/N_1) < . . . < dim(N_d/N_{d−1}) where ’dim’ denotes the Krull dimension.

Any finite filtration of N satisfying these conditions is called a CM-filtration of N.

We have:

Lemma 2.4.2. Let N ∈ SQ(S) be sequentially Cohen-Macaulay and 0 = N_0 ⊂ N_1 ⊂ . . . ⊂ N_d = N the corresponding CM-filtration of N. Then for all i ∈ [d] one has dim(N_i) = dim(N_i/N_{i−1}) > dim(N_{i−1}).

Proof. We prove by induction on i ∈ [d] that dim(N_i) = dim(N_i/N_{i−1}) > dim(N_{i−1}). The case i = 1 is trivial.

44 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

Let i > 0. By the induction hypothesis and the dimension condition of the filtration we have dim(N_{i−1}) = dim(N_{i−1}/N_{i−2}) < dim(N_i/N_{i−1}). Therefore we deduce from the exact sequence 0 → N_{i−1} → N_i → N_i/N_{i−1} → 0, that dim(N_i) = dim(N_i/N_{i−1}). □ Analogously to [34] one has:

Lemma 2.4.3. Let R be a standard graded Koszul algebra and N ∈ M_Z(R). If N has an i-linear resolution, then mN has an (i + 1)-linear resolution. Proof. We have the exact sequence 0 → mN → N → N/mN → 0. Since N has an i-linear resolution, N is generated in degree i. Thus N/mN ∼= ⨁ K(−i) has an i-linear resolution because R is a Koszul algebra. Hence by 1.2.14 reg_R(mN) ≤ max{i, i + 1}.

One has reg_R(mN) ≥ i + 1 because indeg(mN) = i + 1. It follows that reg_R(mN) = i + 1. □ Lemma 2.4.4. Let R be a standard graded K-algebra and N, N^′, N^{′′} ∈ M_Z(R). Let 0 → N^′ → N → N^{′′} → 0 be an exact sequence. If N^′, N^{′′} have i-linear resolutions, then N has an i-linear resolution.

Proof. Consider for all j, t ∈ Z the long exact Tor-sequence

. . . → Tor^R_j (K, N^′)_{j+t} → Tor^R_j (K, N)_{j+t} → Tor^R_j (K, N^{′′})_{j+t} → . . . . For t ≠ i the right and left hand Tor-groups vanish and therefore also the middle one. □ Lemma 2.4.5. Let R be a standard graded K-algebra and N ∈ M_Z(R). For all integers i we have the following exact sequence: 0 → N_{⟨indeg(N)⟩⟨i⟩} → N_{⟨i⟩} → (N/N_{⟨indeg(N)⟩})_{⟨i⟩} → 0. Proof. Without loss of generality we may assume that indeg(N) = 0. For i < 0 the assertion is trivial. Let i ≥ 0. One has N_{⟨i⟩}/N_{⟨0⟩⟨i⟩} = N_{⟨i⟩}/m^iN_{⟨0⟩} = (N/N_{⟨0⟩})_{⟨i⟩}. □ We are now able to prove the main theorem of this section, which generalizes a result of Herzog-Hibi in [33] and Herzog-Reiner-Welker in [34]. Theorem 2.4.6. Let N ∈ SQ(S). The following statements are equivalent:

(i) N is sequentially Cohen-Macaulay. (ii) N^∗ is componentwise linear.

2.4. SEQUENTIALLY COHEN-MACAULAY AND COMPONENTWISE LINEAR MODULES 45

Proof. (i)⇒(ii): Let N be sequentially Cohen-Macaulay with a CM-filtration 0 = N_0 ⊂ N_1 ⊂ . . . ⊂ N_d = N of square-free submodules. By 2.4.2 we have dim(N_i) = dim(N_i/N_{i−1}) > dim(N_{i−1}) for all i ∈ [d]. We prove (ii) by induction on d. The case d = 0 is trivial, and d = 1 was shown in 2.3.5 because N^∗ is componentwise linear if it has a linear resolution (see 1.2.18).

Assume d > 1. Consider the exact sequence 0 → N_{d−1} → N → N/N_{d−1} → 0. Dualizing is an exact functor and we get the exact sequence 0 → (N/N_{d−1})^∗ → N^∗ → N^∗_{d−1} → 0. Let t_d = dim(N) and t_{d−1} = dim(N_{d−1}). Since N/N_{d−1} is Cohen-Macaulay of dimension t_d, it follows from 2.3.5 that (N/N_{d−1})^∗ has an (n − t_d)-linear resolution. This implies that (N/N_{d−1})^∗ is componentwise linear and all generators lie in degree (n − t_d) (see 1.2.18). By the induction hypothesis N^∗_{d−1} is componentwise linear. 2.3.5 yields that N^∗_{d−1} is generated in degrees greater or equal to n − t_{d−1} > n − t_d and N^∗ is generated in degrees greater or equal to n − t_d. Therefore we get (N/N_{d−1})^∗ = (N/N_{d−1})^∗_{⟨n−td⟩} = N^∗_{⟨n−td⟩}. We have to check that N^∗_{⟨i⟩} has an i-linear resolution for all integers i. By 2.4.5 the sequence 0 → (N/N_{d−1})^∗_{⟨i⟩} → N^∗_{⟨i⟩} → (N^∗_{d−1})_{⟨i⟩} → 0 is exact. Now (ii) follows from 2.4.4.

(ii)⇒(i): Let N^∗ be componentwise linear. We define d = n−indeg(N^∗). Observe that N^∗_{⟨n−d⟩} ∈ SQ(S). Then also N^∗/N^∗_{⟨n−d⟩} ∈ SQ(S). We prove by induction on d ∈ N that N is sequentially Cohen-Macaulay of dimension d. If d = 0, or d > 0 and N^∗ = N^∗_{⟨n−d⟩}, then N^∗ has a linear resolution and the assertion follows from 2.3.5. Assume that d > 0 and N^∗ ≠ N^∗_{⟨n−d⟩}. The following sequence is exact 0 → N^∗_{⟨n−d⟩} → N^∗ → N^∗/N^∗_{⟨n−d⟩} → 0. (3) We claim that N^∗/N^∗_{⟨n−d⟩} is componentwise linear. One has to show that, for all integers i, the module (N^∗/N^∗_{⟨n−d⟩})_{⟨i⟩} has an i-linear resolution. If (N^∗/N^∗_{⟨n−d⟩})_{⟨i⟩} = 0, there is nothing to prove. Let (N^∗/N^∗_{⟨n−d⟩})_{⟨i⟩} ≠ 0. By 2.4.5 we have the exact sequence 0 → (N^∗_{⟨n−d⟩})_{⟨i⟩} → N^∗_{⟨i⟩} → (N^∗/N^∗_{⟨n−d⟩})_{⟨i⟩} → 0. By the assumption we know that N^∗_{⟨i⟩} and (N^∗_{⟨n−d⟩})_{⟨i⟩} have an i-linear resolution. It follows from 1.2.14 that reg_S ((N^∗/N^∗_{⟨n−d⟩})_{⟨i⟩}) ≤ i. Since indeg((N^∗/N^∗_{⟨n−d⟩})_{⟨i⟩}) = i, the claim follows from 1.2.19.

Let d^′ = n − indeg(N^∗/N^∗_{⟨n−d⟩}). We have n − d^′ > n − d, equivalently d^′ < d. Dualizing (3) we obtain the exact sequence 0 → (N^∗/N^∗_{⟨n−d⟩})^∗ → N → (N^∗_{⟨n−d⟩})^∗ → 0. By the induction hypothesis we know that the module (N^∗/N^∗_{⟨n−d⟩})^∗ is sequentially Cohen-Macaulay of dimension d^′. Therefore we get a CM-filtration 0 = N_0 ⊂ N_1 ⊂

46 2. GENERALIZED ALEXANDER DUALITY AND APPLICATIONS

. . . ⊂ N_{t−1} = (N^∗/N^∗_{⟨n−d⟩})^∗ ⊂ N_t = N. Since also N_t/N_{t−1} ∼= (N^∗_{⟨n−d⟩})^∗ is Cohen- Macaulay of dimension d > d^′ = dim(N_{t−1}) = dim(N_{t−1}/N_{t−2}) (see 2.3.5), the module N is sequentially Cohen-Macaulay, as desired. □

CHAPTER 3

The linear part of a minimal graded free resolution

We study the linear part of a minimal graded free resolution associated to a given module. For the construction of this complex and related results see Eisenbud and Schreyer [26]. We define the invariant lpd of a module as the smallest integer i such that the linear part is exact in homological degree greater than i. We show that for a finitely generated graded module M over a Koszul algebra we have lpd(M) = 0 if and only if M is componentwise linear. Furthermore, we prove that for square-free modules (see Chapter 2) the invariant lpd is always finite and we give a bound for this number. The last mentioned result is joint work with Herzog.

In this chapter R is always a standard graded (commutative or skew-commutative resp.) K-algebra unless otherwise stated.

3.1. Preliminaries

The main construction associates a new complex to the graded minimal free resolution of a module. See 1.1 for details about filtered modules. Construction 3.1.1. Let R be a standard graded commutative or skew-commu-tative K-algebra and M ∈ M_Z(R). Consider the minimal graded free resolution (F, ∂) of M. For all integers i we have

gr_m(F_i)(−i) = ⨁ j≥i m^{j−i}F_i/m^{j+1−i}F_i ∼= gr_m(R)^{βRi (M)}(−i).

Note that the last isomorphism does not respect the internal degree of bihomogeneous elements of gr_m(F_i)(−i). The differential ∂ induces a bihomogeneous map

∂^{lin}_{i+1} : gr_m(F_{i+1})(−i − 1) → gr_m(F_i)(−i),

w + m^{j+1−(i+1)}F_{i+1} → ∂_{i+1}(w) + m^{j+1−i}F_i for w ∈ m^{j−(i+1)}F_{i+1}. Since F is a minimal graded free resolution, it is easy to see that the maps {∂^{lin}_i } are well-defined and form a complex homomorphism on the complex {gr_m(F_i)(−i)}. For w ∈ m^{j−i}F_i let [w] ∈ m^{j−i}F_i/m^{j+1−i}F_i be the residue class in F^{lin}_i of filtration degree j.

Definition 3.1.2. The complex constructed in 3.1.1 is called the linear part of (F, ∂). We write (F^{lin}, ∂^{lin}) for this complex.

We are interested in the following invariant associated to a module. Definition 3.1.3. Let R, M and (F, ∂) be as in 3.1.1. Define

lpd(M) = inf{j : H_i(F^{lin}) = 0 for i ≥ j + 1}.

48 3. THE LINEAR PART OF A MINIMAL GRADED FREE RESOLUTION

If lpd(M) is a finite number, then we say that the linear part dominates from the homological degree lpd(M).

Example 3.1.4. The following is known:

(i) Let S = K[x_1, . . . , x_n] be the graded polynomial ring and M ∈ M_Z(S).

Since pd_S (M) ≤ n, we have lpd(M) ≤ n.

(ii) Let E = K⟨e_1, . . . , e_n⟩ be the graded exterior algebra and M ∈ M_Z(E).

Eisenbud and Schreyer proved in [26] that lpd(M) < ∞ is always satisfied.

3.2. Componentwise linear modules over Koszul algebras

We fix a standard graded commutative Koszul algebra R with graded maximal ideal m. We study the question for which finitely generated graded R-modules M we have that lpd(M) = 0. Recall that indeg(M) = min{d ∈ Z: M_d ≠ 0} is the initial degree of M.

Lemma 3.2.1. Let M ∈ M_Z(R). If M has a linear resolution, then lpd(M) = 0.

Proof. Without loss of generality we may assume that indeg(M) = 0. Let (F, ∂) be the minimal graded free resolution of M. It follows that F_i = R(−i)^{βRi,i(M)} because M has a linear resolution.

We prove that H_i(F^{lin}) = 0 for i ≥ 1, which implies that lpd(M) = 0. Fix an integer i ≥ 1. We have to show that Im(∂^{lin}_{i+1}) = Ker(∂^{lin}_i ). Since Im(∂^{lin}_{i+1}) ⊆ Ker(∂^{lin}_i ), it remains to prove that Im(∂^{lin}_{i+1}) ⊇ Ker(∂^{lin}_i ).

Let [w] ∈ F^{lin}_i be a homogeneous cycle of filtration degree j ≥ i with w ∈ m^{j−i}F_i\m^{j+1−i}F_i. Since all homogeneous free generators of F_i have degree i, we may assume that w is homogeneous of degree j. We have ∂_i(w) ∈ m^{j+1−(i−1)}F_{i−1} because [w] is a cycle. All homogeneous elements in m^{j+1−(i−1)}F_{i−1} have degree greater or equal to j + 1. Hence ∂_i(w) = 0 because ∂_i is a homogeneous map. Thus w is a cycle in F_i and j ≥ i + 1. It follows that there exists a homogeneous element w^′ ∈ F_{i+1} with deg(w^′) = j and ∂_{i+1}(w^′) = w because H_l(F) = 0 for l ≥ 1. Since by degree reasons w^′ ∈ m^{j−(i+1)}F_{i+1}\m^{j+1−(i+1)}F_{i+1}, we have that ∂^{lin}_{i+1}([w^′]) = [w]. This concludes the proof. □

We want to extend the preceding result to componentwise linear modules over Koszul algebras. In this case it turns out that the inverse implication is also true. First we characterize the property to be componentwise linear. Lemma 3.2.2. Let M ∈ M_Z(R). The following statements are equivalent:

(i) M is componentwise linear.

(ii) M/M_{⟨indeg(M)⟩} is componentwise linear and M_{⟨indeg(M)⟩} has an indeg(M)- linear resolution.

Proof. Without loss of generality we may assume that indeg(M) = 0.

(i) ⇒ (ii): Let M be componentwise linear. By definition it follows that M_{⟨0⟩} has a linear resolution. It remains to show that for all i ∈ Z the module (M/M_{⟨0⟩})_{⟨i⟩} has an i-linear resolution. If (M/M_{⟨0⟩})_{⟨i⟩} = 0, there is nothing to prove. Assume

3.2. COMPONENTWISE LINEAR MODULES OVER KOSZUL ALGEBRAS 49

that (M/M_{⟨0⟩})_{⟨i⟩} ≠ 0. By 2.4.5 we have the exact sequence 0 → M_{⟨0⟩⟨i⟩} → M_{⟨i⟩} → (M/M_{⟨0⟩})_{⟨i⟩} → 0. (4) The assumption implies that M_{⟨i⟩} has an i-linear resolution. It follows from 2.4.3 that M_{⟨0⟩⟨i⟩} = m^iM_{⟨0⟩} has also an i-linear resolution. Applying 1.2.14, we get reg_R((M/M_{⟨0⟩})_{⟨i⟩}) ≤ i. Since indeg((M/M_{⟨0⟩})_{⟨i⟩}) = i, we conclude that (M/M_{⟨0⟩})_{⟨i⟩} has an i-linear resolution (see 1.2.19).

(ii) ⇒ (i): Assume that M/M_{⟨0⟩} is componentwise linear and that M_{⟨0⟩} has a linear resolution. We have to show that for all i ∈ Z the module M_{⟨i⟩} has an ilinear resolution. For i < 0 we get that M_{⟨i⟩} = 0 and the claim follows. Let i ≥ 0. Again by 2.4.5 the sequence (4) is exact for all integers i. Now M_{⟨0⟩⟨i⟩} = m^iM_{⟨0⟩} has an i-linear resolution by 2.4.3. The module (M/M_{⟨0⟩})_{⟨i⟩} has an i-linear resolution by the assumption. Thus by 1.2.14 and 1.2.19 we obtain that M_{⟨i⟩} has an i-linear resolution. □

Next we define a special subcomplex of the minimal graded free resolution of a module.

Definition 3.2.3. Let M ∈ M_Z(R) and let (F, ∂) be the minimal graded free resolution of M. We define the subcomplex (F̃, ~∂) of (F, ∂) by F̃_i = R(−i)^{βRi,i+indeg(M)(M)} ⊆ F_i and ~∂ = ∂_|~_F .

Observe that by the construction of a minimal graded free resolution in 1.2 ∂_{i+1}(F̃_{i+1}) ⊆ F̃_i is indeed satisfied for all i ∈ N. Hence ~∂ is a complex homomorphism on F̃. Recall that for w ∈ m^{j−i}F_i\m^{j+1−i}F_i we write [w] for the corresponding element in F^{lin} of filtration degree j. Let w be the residue class in F/F̃ and [w] the residue class in (F/F̃)^{lin}. We need some technical lemmata.

Lemma 3.2.4. Let M ∈ M_Z(R) such that M_{⟨indeg(M)⟩} has a linear resolution and let (F, ∂) be the minimal graded free resolution of M. Then:

(i) F̃ is the minimal graded free resolution of M_{⟨indeg(M)⟩}. (ii) F/F̃ is the minimal graded free resolution of M/M_{⟨indeg(M)⟩}.

Proof. Without loss of generality we may assume that indeg(M) = 0.

Proof of (i): See 1.2 for the construction of a minimal graded free resolution of a module. We prove by induction on i ∈ N that we may choose F̃_i to be the i^{th}-graded free module in the minimal graded free resolution (G, ∂^G ) of M_{⟨0⟩} and ∂^G_i = ~∂_i.

Let i = 0. Since

dim_K (M_{⟨0⟩}/mM_{⟨0⟩}) = dim_K ((M_{⟨0⟩})_0) = rank(F̃_0),

it follows that G_0 = F̃_0. Assume that i > 0. By the induction hypothesis we have that G_j = F̃_j and ∂^G_j = ~∂_j for j < i. Let Ω_i be the i^{th}-syzygy module of M_{⟨0⟩}, that is the kernel of G_{i−1} → G_{i−2} for i ≥ 2, or the kernel of G_0 → M_{⟨0⟩} for i = 1. The module Ω_i is generated in degree i because M_{⟨0⟩} has a linear resolution. Since rank(F̃_i) = dim_K (Ω_i)_i, we may choose G_i = F̃_i and ∂^G_i = ~∂_i.

50 3. THE LINEAR PART OF A MINIMAL GRADED FREE RESOLUTION

Proof of (ii): One has the following exact sequence of complexes 0 → F̃ → F → F/F̃ → 0. We obtain the associated long exact homology sequence . . . → H_i(F) → H_i(F/F̃) → H_{i−1}(F̃) → . . . This implies that H_i(F/F̃) = 0 for i ≥ 2 because H_i(F) = H_i(F̃) = 0 for i ≥ 1. Furthermore, we get the exact sequence 0 → H_1(F/F̃) → H_0(F̃) → H_0(F) → H_0(F/F̃) → 0.

One has the following commutative diagram H_0(F̃) −−−→ H_0(F)

M_{⟨0⟩} −−−→ M where H_0(F̃) → M_{⟨0⟩}, H_0(F) → M are isomorphisms and the map M_{⟨0⟩} → M is injective. Hence H_0(F̃) → H_0(F) is injective. This implies that H_1(F/F̃) = 0 and H_0(F/F̃) ∼= M/M_{⟨0⟩}. Let i ≥ 1. Since F is minimal, we have ∂_i(F_i) ⊆ mF_{i−1}. Hence ∂_i(F_i/F̃_i) ⊆ mF_{i−1}/F̃_{i−1}. It follows that F/F̃ is the minimal graded free resolution of M/M_{⟨0⟩}. □ The next step is to assume that lpd(M) = 0.

Lemma 3.2.5. Let M ∈ M_Z(R) such that lpd(M) = 0 and let (F, ∂) be the minimal graded free resolution of M. We have:

(i) H_i(F̃) = 0 for i ≥ 1.

(ii) The map H_0(F̃) → H_0(F) is injective.

Proof. Without loss of generality we may assume that indeg(M) = 0.

Proof of (i): Let i ≥ 1 and w ∈ F̃_i be a homogeneous cycle. We have to show that w is a boundary. Then we obtain that H_i(F̃) = 0.

If w ∈ m^{j−i}F̃_i\m^{j+1−i}F̃_i, then deg(w) = j because F̃_i is generated in degree i. Since w is also a cycle in F, it follows that [w] is a cycle in F^{lin}. The assumption lpd(M) = 0 implies that [w] is a boundary in F^{lin}. Hence w = ∂_{i+1}(w^′) + w^{′′} where w^′ ∈ m^{j−(i+1)}F_{i+1} and w^{′′} ∈ m^{j+1−i}F_i are homogeneous elements of degree j. We deduce that w^{′′} = 0 and w^′ ∈ F̃_{i+1} by degree reasons. Thus w = ∂_{i+1}(w^′) = ~∂_{i+1}(w′).

Proof of (ii): Let w ∈ F̃_0 be a homogeneous cycle. We have to show that, if w is a boundary in F, then it is one of F̃. Assume that w = ∂_1(w^′) for some homogeneous element w^′ ∈ F_1. If w ∈ m^jF̃_0\m^{j+1}F̃_0, then it follows that j = deg(w) = deg(w^′) and that w^′ ∈ m^{j−t−1}F_1\m^{j−(t−1)−1}F_1 for some integer t ≥ 0. We prove by induction on t that we find an element w^{′′} ∈ F̃_1 with w = ∂_1(w^{′′}). This concludes the proof because then w = ~∂_1(w^{′′}).

3.2. COMPONENTWISE LINEAR MODULES OVER KOSZUL ALGEBRAS 51

If t = 0, then we have already that w^′ ∈ F̃_1 by degree reasons. Otherwise we assume that t > 0. It follows that [w^′] is a cycle in F^{lin}. Since lpd(M) = 0, there exist homogeneous elements w̃ ∈ m^{j−t−2}F_2 and w̃^′ ∈ m^{j−(t−1)−1}F_1 with w^′ = ∂_2(w̃) + w̃^′. We get w = ∂_1(w^′) = ∂_1(w̃^′).

By the induction hypothesis applied to w̃^′ we obtain an element w^{′′} ∈ F̃_1 such that ∂_1(w^{′′}) = w. □

As an application of the preceding lemmata we show:

Corollary 3.2.6. Let M ∈ M_Z(R) such that lpd(M) = 0 and let (F, ∂) be the minimal graded free resolution of M. Then:

(i) F̃ is the minimal graded free resolution of M_{⟨indeg(M)⟩}. (ii) F/F̃ is the minimal graded free resolution of M/M_{⟨indeg(M)⟩}.

Proof. By 3.2.5 (i) we have H_i(F̃) = 0 for i ≥ 1. Since F is minimal, it follows that F̃ is minimal. Hence F̃ is the minimal graded free resolution of M_{⟨indeg(M)⟩} because

M_{⟨indeg(M)⟩} ∼= H_0(F)_{⟨indeg(M)⟩} = H_0(F̃)_{⟨indeg(M)⟩} = H_0(F̃)

where the second equality follows from 3.2.5. In particular M_{⟨indeg(M)⟩} has a linear resolution. Applying 3.2.4 we obtain that F/F̃ is the minimal graded free resolution of M/M_{⟨indeg(M)⟩}. □

Analogously to 3.2.2 we characterize the invariant lpd(M) of a module M. Lemma 3.2.7. Let M ∈ M_Z(R). The following statements are equivalent:

(i) lpd(M) = 0.

(ii) lpd(M/M_{⟨indeg(M)⟩}) = 0 and M_{⟨indeg(M)⟩} has an indeg(M)-linear resolution.

Proof. Without loss of generality we may assume that indeg(M) = 0. Let (F, ∂) be the minimal graded free resolution of M.

(i) ⇒ (ii): Assume that lpd(M) = 0. By 3.2.6 the complex (F̃, ~∂) is the minimal graded free resolution of M_{⟨0⟩} and (H, ∂) = (F/F̃, ∂) is the minimal graded free resolution M/M_{⟨0⟩}. Thus M_{⟨0⟩} has a linear resolution. It remains to prove that lpd(M/M_{⟨0⟩}) = 0, which is equivalent to show that H_i(H^{lin}) = 0 for i ≥ 1. Let i ∈ N. We choose a homogeneous free basis of F_i. Let {f_{i,l}} denote the set of homogeneous free generators of F_i with deg(f_{i,l}) > i and {f̃_{i,l}} denote the set of homogeneous free generators of F_i with deg(f̃_{i,l}) = i. Then {f̃_{i,l}} is a basis of F̃_i and we may identify {f_{i,l}} with a basis of H_i.

Assume that i > 0 and let 0 ≠ [w] ∈ H^{lin}_i be a cycle of filtration degree j with w ∈ m^{j−i}H_i\m^{j+1−i}H_i where without loss of generality w ∈ m^{j−i}F_i\m^{j+1−i}F_i is a homogeneous element. It follows from the definition of H_i that deg(w) > j. If [w] is a boundary, then the assertion follows.

We claim that [w] is a cycle in F^{lin}. Since lpd(M) = 0, we know that H_l(F^{lin}) = 0 for l ≥ 1. Hence there exists an element w^′ ∈ m^{j−(i+1)}F_{i+1} with ∂^{lin}_i ([w^′]) = [w]. We conclude that ∂^{lin}_i ([w^′]) = [w] in H^{lin}. Thus it remains to prove the claim.

52 3. THE LINEAR PART OF A MINIMAL GRADED FREE RESOLUTION

Since [w] is a cycle, one has ∂_i(w) ∈ m^{j+1−(i−1)}H_{i−1} = (m^{j+1−(i−1)}F_{i−1} + F̃_{i−1})/F̃_{i−1}. Hence ∂_i(w) = ∑ l g_lf_{i−1,l} + ∑ l̃ g̃~_lf̃_{i−1,}~_l

where g_l, g̃~_l ∈ R are homogeneous elements such that g_l ∈ m^{j+1−(i−1)}. Since deg(∂_i(w)) = deg(w) > j and deg(f̃_{i−1,}~_l) = i−1, it follows that deg(g̃~_l) ≥ j +1−(i− 1). Then g̃~_l ∈ m^{j+1−(i−1)} and therefore ∂^{lin}_i ([w]) = 0 because ∂_i(w) ∈ m^{j+1−(i−1)}F_{i−1}.

(ii) ⇒ (i): Conversely, assume that lpd(M/M_{⟨0⟩}) = 0 and that M_{⟨0⟩} has a linear resolution. It follows from 3.2.4 that (F̃, ~∂) is the minimal graded free resolution of M_{⟨0⟩} and that (H, ∂) = (F/F̃, ∂) is the minimal graded free resolution M/M_{⟨0⟩}. We have to show that H_i(F^{lin}) = 0 for i ≥ 1.

Assume that i ≥ 1. Let [w] be a cycle in F^{lin}_i of filtration degree j such that w ∈ m^{j−i}F_i\m^{j+1−i}F_i is homogeneous and ∂_i(w) ∈ m^{j+1−(i−1)}F_{i−1}. We have to find an element w^′ ∈ m^{j−(i+1)}F_{i+1} with ∂_{i+1}(w^′) = w + w^{′′} where w^{′′} ∈ m^{j+1−i}F_i. Then [w] is a boundary in F^{lin}_i and the assertion follows. One has to consider two cases:

(1): Assume that w ∈ m^{j+1−i}F_i +F̃_i. Then w = w^′ +w^{′′} where w^′ ∈ m^{j+1−i}F_i and w^{′′} ∈ F̃_i. Since w ∉ m^{j+1−i}F_i, it follows that w^{′′} ∈ m^{j−i}F̃_i\m^{j+1−i}F̃_i. We conclude that ∂_i(w^{′′}) ∈ m^{j+1−(i−1)}F̃_{i−1} because ∂_i(F̃_i) ⊂ F̃_{i−1} and ∂_i(w) ∈ m^{j+1−(i−1)}F_{i−1}. Hence [w^{′′}] is a cycle in F̃^{lin} of filtration degree j. By the assumption M_{⟨0⟩} has a linear resolution. It follows from 3.2.1 that H_l(F̃^{lin}) = 0 for l ≥ 1. Hence there exist elements w̃ ∈ m^{j−(i+1)}F̃_{i+1} and w̃^′ ∈ m^{j+1−i}F̃_i such that ∂_{i+1}(w̃) = w^{′′} + w̃^′. Then

∂_{i+1}(w̃) = w − w^′ + w̃^′

where −w^′ + w̃^′ ∈ m^{j+1−i}F_i. The assertion follows.

(2): Otherwise we have w ∉ m^{j+1−i}F_i + F̃_i. Since w ∈ m^{j−i}F_i and [w] is a cycle, the element 0 ≠ [w] ∈ m^{j−i}H_i/m^{j+1−i}H_i is a cycle in H^{lin} of filtration degree j. By the assumption lpd(M/M_{⟨0⟩}) = 0 it follows that H_l(H^{lin}) = 0 for l ≥ 1. Hence [w] is a boundary. This is equivalent to the fact that there exist elements w̃^′ ∈ m^{j−(i+1)}F_{i+1} and w̃^{′′} ∈ m^{j+1−i}F_i + F̃_i with ∂_{i+1}(w̃^′) = w + w̃^{′′}. Since ∂_i(w) = −∂_i(w̃^{′′}), we may apply case (1) to w̃^{′′}. Hence we get w^′ ∈ m^{j−(i+1)}F_{i+1} and w^{′′} ∈ m^{j+1−i}F_i such that ∂_{i+1}(w^′) = w + w^{′′}. This concludes the proof. □

Note that by 1.2.16 one has reg_R(M) < ∞ for M ∈ M_Z(R) because R is a Koszul algebra. We prove the main theorem in this section. See Yanagawa [53] for similar results in the case that the ring is a graded polynomial ring. Theorem 3.2.8. Let M ∈ M_Z(R). The following statements are equivalent:

(i) lpd(M) = 0.

(ii) M is componentwise linear.

Proof. We prove by induction on t ∈ N that for all modules M_Z(R) with t = reg_R(M) − indeg(M) the conditions (i) and (ii) are equivalent.

3.3. SQUARE-FREE MODULES 53

Let t = 0 and reg_R(M) = indeg(M). Then M has a linear resolution (see 1.2.19). By 1.2.18 it follows that M is componentwise linear and by 3.2.1 lpd(M) = 0. The assertion follows.

Let t = reg_R(M) − indeg(M) > 0. Assume that lpd(M) = 0. By 3.2.7 this is equivalent to lpd(M/M_{⟨indeg(M)⟩}) = 0 and M_{⟨indeg(M)⟩} has a linear resolution. If M/M_{⟨indeg(M)⟩} = 0, then M = M_{⟨indeg(M)⟩} is componentwise linear by 1.2.18. Assume that M/M_{⟨indeg(M)⟩} ≠ 0. We observe that indeg(M/M_{⟨indeg(M)⟩}) ≥ indeg(M) + 1. We have the exact sequence 0 → M_{⟨indeg(M)⟩} → M → M/M_{⟨indeg(M)⟩} → 0. By 1.2.14 one has reg_R(M/M_{⟨indeg(M)⟩}) ≤ reg_R(M). Then it follows from the induction hypothesis that lpd(M/M_{⟨indeg(M)⟩}) = 0 if and only if M/M_{⟨indeg(M)⟩} is componentwise linear. Finally, 3.2.2 implies that this is equivalent to say that M is componentwise linear. □

3.3. Square-free modules

Let E = K⟨e_1, . . . , e_n⟩ be the N^n -graded exterior algebra and S = K[x_1, . . . , x_n] the N^n -graded polynomial ring. In 2.1 we introduced the categories SQ(S) and SQ(E) of square-free S-modules and square-free E-modules. We will give bounds for the invariant lpd of square-free modules.

By 3.1.4 we have:

Corollary 3.3.1. Let N ∈ SQ(S). Then lpd(N) ≤ pd_S (N) ≤ n.

We want to give a similar bound for square-free E-modules. First we define several subcomplexes of the linear part of a minimal N^n -graded free resolution of a square-free E-module.

Construction 3.3.2. Let M ∈ SQ(E) and let (G, δ) be the minimal N^n -graded free resolution of M. In 2.1.15 we proved that M = (M_S )_E . If (F, θ) is the minimal N^n -graded free resolution of M_S , then we may without loss of generality assume that (G, δ) is the constructed complex in 2.1.6.

In 3.1.1 we observed that gr_m(E) ∼= E. Hence for all l ∈ N: G^{lin}_l ∼= ⨁ y^{(a)}f∈A_l Ey^{(a)}f where A_l = {y^{(a)}f : a ∈ N^n , f ∈ B_i, supp(a) ⊆ supp(deg(f)) and l = |a| + i} (see 2.1.6 for notation). Note that all basis elements of G^{lin}_l have the degree l. The differential is given by δ^{lin}_l : G^{lin}_l → G^{lin}_{l−1}, y^{(a)}f → (−1)^{|b|} ∑ k∈supp(a) y^{(a−εk)}fe_k + (−1)^{|a|} ∑ f_j ∈B_{i−1} with deg(f_j )=b−ε_i y^{(a)}f_jλ_j e_{εi} . Let (D^{−1}, ∂^{−1}) = 0 be the zero complex. For j = 0, . . . , pd_S (M_S ) we define (D^j, ∂^j ) as the subcomplex of (G^{lin}, δ^{lin}) given by

D^j_l = ⨁ y^{(a)}f∈A_l, f∈B_i with i≤j Ey^{(a)}f ⊆ G^{lin}_l , ∂^j_l = (δ^{lin}_l )_{|D}j_l .

54 3. THE LINEAR PART OF A MINIMAL GRADED FREE RESOLUTION

Observe that by the definition of δ^{lin} the map ∂^j = {∂^j_l } is a well defined complex homomorphism on D^j .

Lemma 3.3.3. Let M ∈ SQ(E) and let (G, δ) be the minimal N^n -graded free resolution of M. For j ∈ {0, . . . , pd_S(M_S )} one has H_l(D^j/D^{j−1}) = 0 for l > pd_S (M_S ).

Proof. We fix j ∈ {0, . . . , pd_S (M_S )} and l ∈ N. Observe that D^j_l /D^{j−1}_l is the free graded E-module ⨁ y^{(a)}f∈A_l with f∈B_j Ey^{(a)}f. Furthermore, the induced differential on D^j/D^{j−1} is given by ∂^j_l : D^j_l /D^{j−1}_l → D^j_{l−1}/D^{j−1}_{l−1} , y^{(a)}f → (−1)^{|b|} ∑ k∈supp(a) y^{(a−εk)}fe_k for y^{(a)}f ∈ A_l, f ∈ B_j , deg(f) = b. Thus we see that D^j /D^{j−1} is a direct sum of |B_j| Cartan cocomplexes which have values in E and are shifted in homological degree by j (see 1.4). These complexes have only non-trivial homology in homological degree j. Hence H_l(D^j/D^{j−1}) = 0 for l > pd_S (M_S ). □ Now we are ready to prove the main theorem of this section.

Theorem 3.3.4. Let M ∈ SQ(E) and let (G, δ) be the minimal N^n -graded free resolution of M. Then H_l(G^{lin}) = 0 for l > pd_S (M_S ).

Proof. We use the constructed complexes of 3.3.2. We show by induction on j ∈ {0, . . . , pd_S (M_S )} that H_l(D^j) = 0 for l > pd_S (M_S ).

This yields the theorem because D^{pdS (MS )} = G^{lin}.

Assume that j = 0. Since D^0 = D^0/D^{−1}, the claim follows from 3.3.3. Let j > 0. One has the following exact sequence of complexes: 0 → D^{j−1} → D^j → D^j/D^{j−1} → 0. We get the long exact homology sequence: . . . → H_l(D^{j−1}) → H_l(D^j) → H_l(D^j/D^{j−1}) → . . . By the induction hypothesis we have H_l(D^{j−1}) = 0 for l > pd_S (M_S ). It follows from 3.3.3 that H_l(D^j/D^{j−1}) = 0 for l > pd_S(M_S ). Thus H_l(D^j) = 0 for l > pd_S(M_S ). This concludes the proof. □ Applying 3.3.4 we obtain:

Corollary 3.3.5. Let M ∈ SQ(E). Then lpd(M) ≤ pd_S (M_S ) ≤ n.

CHAPTER 4

Bounds for Betti numbers

Let K be a field and S = K[x_1, . . . , x_n] be the standard graded polynomial ring. We are interested in the following Betti numbers:

Definition 4.0.6. Let M ∈ M_Z(S). For i ∈ N we set β^{lin}_i (M) = β^S_{i,i+indeg(M)}(M). We call max{i ∈ N : β^{lin}_i (M) ≠ 0} the length of the linear strand of M.

In [32] Herzog conjectured the following:

Conjecture. Let M ∈ M_Z(S) and M is a k^{th}-syzygy module whose linear strand has length p. Then β^{lin}_i (M) ≥ ( p + k i + k )

for i = 0, . . . , p. The first three sections of this chapter are devoted to prove some special cases of this conjecture.

In the last section we give upper and lower bounds for all graded Betti numbers of graded ideals with a fixed number of generators and a linear resolution.

4.1. Preliminaries

In 1.3 we introduced the Koszul complex. We recall the main facts. Let M ∈ M_Z(S). We fix a graded free S-module L of rank n which is generated in degree 1. We consider maps μ ∈ L^∗ = Hom_S (L, S). Note that L^∗ is again a graded free S-module generated in degree −1. Then μ defines a homogeneous S-homomorphism ∂^μ : ⋀ L → ⋀ L of (homological) degree −1.

Let e = e_1, . . . , e_n be a basis of L, and μ ∈ L^∗ = Hom_S (L, S) with μ(e_i) = x_i for i = 1, . . . , n. For j = 1, . . . , n let L(j) be the graded free submodule of L generated by e_1, . . . , e_j . Then (K(j), ∂) is the Koszul complex of M with respect to x_1, . . . , x_j where K(j) = ⋀ L(j) ⊗_S M and ∂ is the restriction of ∂^μ ⊗_S id_M to ⋀ L(j) ⊗_S M. We denote the homology of the complex K(j) with H(j) and the residue class of a cycle z ∈ K(j) in H(j) with [z]. Let e^∗_1, . . . , e^∗_j be the basis of L^∗ with e^∗_i (e_i) = 1 and e^∗_i (e_k) = 0 for k ≠ i. In order to simplify the notation we set ∂^i = ∂^{e∗i} . For the long exact sequences of the Koszul homology and further details see 1.3.

Sometimes we perform base changes on L.

Remark 4.1.1. Let 0 ≠ μ ∈ L(j, e)^∗_{−1} be an arbitrary element. There exists a basis l = l_1, . . . , l_n of L, such that l_k = e_k for k > j, l_k ∈ ∑_j l=1 Ke_l for k ≤ j and μ = (l_j )^∗. Then L(k, e) = L(k, l) for k ≥ j and ∂(l_i) = y_i for i = 1, . . . , n is again a basis of S_1.

56 4. BOUNDS FOR BETTI NUMBERS

In this chapter we need the following:

Lemma 4.1.2. Let M ∈ M_N (S), p ∈ {0, . . . , n} and t ∈ N. Suppose that H_p(j)_{p+l} = 0 for l = −1, . . . , t − 1. Then:

(i) H_p(j − 1)_{p+l} = 0 for l = −1, . . . , t − 1.

(ii) H_p(j − 1)_{p+t} is isomorphic to a submodule of H_p(j)_{p+t}. (iii) H_i(j)_{i+l} = 0 for l = −1, . . . , t − 1 and i = p, . . . , j.

Proof. We prove (i) by induction on l for l = −1, . . . , t − 1. If l = −1 there is nothing to show because H_p(j − 1)_{p+l} = 0 for l < 0. Now let l > −1 and consider the exact sequence . . . → H_p(j − 1)_{p+l−1} → H_p(j − 1)_{p+l} → H_p(j)_{p+l} → . . . . Since by the induction hypothesis H_p(j − 1)_{p+l−1} = 0 and by the assumption H_p(j)_{p+l} = 0, we get that H_p(j − 1)_{p+l} = 0.

For l = t the exact sequence of the Koszul homology together with (i) yields 0 → H_p(j − 1)_{p+t} → H_p(j)_{p+t} → . . . , which proves (ii).

We show by induction on j ∈ [n] that the assertion of (iii) holds. The case j = 1 is trivial and for j > 1 and i = p the assertion is true by the assumption. Now let j > 1, i > p and consider . . . → H_i(j − 1)_{i+l} → H_i(j)_{i+l} → H_{i−1}(j − 1)_{i−1+l} → . . . . By (i) we obtain that H_p(j − 1)_{p+l} = 0 for l = −1, . . . , t − 1. By the induction on j we get that H_i(j − 1)_{i+l} = H_{i−1}(j − 1)_{i−1+l} = 0. Therefore H_i(j)_{i+l} = 0. □

4.2. Lower bounds for Betti numbers of graded S-modules

The aim of this section is to give lower bounds for the Betti numbers of graded S-modules, which are related to the conjecture by Herzog. If M ∈ M_N (S), then observe that K_i(j) is generated in degrees greater or equal to i.

We introduce a partial order on the Koszul complex of M. For 0 ≠ z ∈ K_i(j) we write z = m_J e_J + ∑ I⊆[n], I≠J m_I e_I with coefficients in M, and where e_J is the lexicographic largest monomial of all e_L with m_L ≠ 0. Recall that for I, J ⊆ [n], I = {i_1 < . . . < i_t}, J = {j_1 < . . . < j_t′ } e_I <_{lex} e_J if either t < t^′ or t = t^′ and there exists a number p with i_l = j_l for all l < p and i_p > j_p.

Definition 4.2.1. In the presentation above we call in(z) = m_J e_J the initial term of z.

For I = {i_1 < . . . < i_t} ⊆ [n] we write ∂^I = ∂^{i1} ∘ . . . ∘ ∂^{it} . Lemma 4.2.2. Let M ∈ M_N(S), p ∈ {0, . . . , j}, r ∈ {0, . . . , p} and 0 ≠ z ∈ K_p(j) be homogeneous such that in(z) = m_J e_J . Then for all I ⊆ J with |I| = r the elements ∂^I (z) are K-linearly independent in K_{p−r}(j). In particular, if z is a cycle, then {∂^I (z): I ⊆ J, |I| = r} is a set of K-linearly independent cycles.

4.2. LOWER BOUNDS FOR BETTI NUMBERS OF GRADED S-MODULES 57

Proof. For I ⊆ J with |I| = r we have in(∂^I (z)) = m_J e_{J−I} . Since the initial terms are pairwise disjoint, the elements ∂^I (z) are K-linearly independent in K_{p−r}(j).

We prove by induction on r ∈ {0, . . . , p} that all ∂^I (z) are cycles provided z is a cycle. The case r = 0 is trivial and the assertion for the case r = 1 follows from 1.3.3.

Assume that r > 0. Let I ⊆ J with |I| = r and choose t ∈ I. Then ∂^{I−{t}}(z) is a cycle by the induction hypothesis. Then 1.3.3 yields that ∂^I (z) = ±∂^t ∘ ∂^{I−{t}}(z) is a cycle. □

Lemma 4.2.3. Let M ∈ M_N(S), p ∈ [j], t ∈ N and z ∈ K_p(j)_{p+t}. Assume that H_{p−1}(j)_{p−1+l} = 0 for l = −1, . . . , t − 1.

(i) If p < j and ∂^j (z) = ∂(y) for some y, then there exists z̃ such that z̃ = z + ∂(r) and ∂^j (z̃) = 0. In particular z̃ ∈ K_p(j − 1), and if z is a cycle, then [z] = [z̃].

(ii) If p = j and ∂^j (z) = ∂(y) for some y, then z = 0. In particular if z ≠ 0 is a cycle, then we have 0 ≠ [∂^j (z)] ∈ H_{j−1}(j)_{j−1+t}.

Proof. To prove (i) we proceed by induction on t ∈ N. If t = 0, then y ∈ K_p(j)_{p+t−1} = 0, and so ∂^j (z) = 0. Thus we choose z̃ = z.

Let t > 0 and assume that ∂^j (z) = ∂(y). We see that ∂^j (y) is a cycle because

0 = ∂^j (∂^j (z)) = ∂^j (∂(y)) = −∂(∂^j (y)).

But ∂^j (y) ∈ K_{p−1}(j)_{p−1+t−1}. Since H_{p−1}(j)_{p−1+t−1} = 0, we have that ∂^j (y) = ∂(y^′) is a boundary for some y^′.

By the induction hypothesis we get ỹ = y + ∂(r^′) such that ∂^j (ỹ) = 0. Note that

∂(ỹ) = ∂(y) = ∂^j (z).

We define z̃ = z + ∂(e_j ∧ ỹ) = z + x_jỹ − e_j ∧ ∂^j (z).

Then

∂^j (z̃) = ∂^j (z) + x_j ∂^j (ỹ) − ∂^j (e_j ) ∧ ∂^j (z) + e_j ∧ ∂^j ∘ ∂^j (z) = ∂^j (z) − ∂^j (z) = 0

and this gives (i).

If p = j, we see that z = me_{[j]} for some m ∈ M and therefore ∂^j (z) ≠ 0 if and only if z ≠ 0.

We prove (ii) by induction on t ∈ N. For t = 0 there is nothing to show. Let t > 0 and assume ∂^j (z) = ∂(y). By the same argument as in the proof of (i) we get ∂^j (y) = ∂(y^′) for some y^′. The induction hypothesis implies y = 0, and then z = 0. □

Lemma 4.2.4. Let M ∈ M_N (S), p ∈ {0, . . . , j}, t ∈ N and 0 ≠ z ∈ K_p(j)_{p+t}. Assume that H_p(j)_{p+l} = 0 for l = −1, . . . , t − 1 and let r ∈ [j]. If ∂(y) = z in K(j) for some y and z ∈ K_p(j − r)_{p+t} ⊆ K_p(j)_{p+t}, then there exists an element ỹ = y + ∂(y^′) ∈ K_{p+1}(j − r)_{p+1+t−1} such that ∂(ỹ) = z.

58 4. BOUNDS FOR BETTI NUMBERS

Proof. We prove the assertion by induction on j − r. For j = r there is nothing to show. Let j > r. Since 0 = ∂^j (z) and z = ∂(y) = ∂(e_j ∧ ∂^j (y) + r) = x_j ∂^j (y) − e_j ∧ ∂(∂^j (y)) + ∂(r), we see that ∂^j (y) is a cycle and therefore a boundary by the assumption that H_p(j)_{p+t−1} = 0. By 4.2.3 we may assume that y ∈ K(j − 1). By the induction hypothesis we find the desired ỹ in K(j − r). □

Lemma 4.2.5. Let M ∈ M_N (S) and t ∈ N. If β^S_{n−1,n−1+l}(M) = 0 for l = −1, . . . , t − 1 and β^S_{n,n+t}(M) ≠ 0, then there exists a basis e of L and a cycle z ∈ K_n(n)_{n+t} such that

(i) [z] ∈ H_n(n)_{n+t} is not zero.

(ii) [∂^i(z)] ∈ H_{n−1}(n)_{n−1+t} are K-linearly independent for i = 1, . . . , n. In particular β^S_{n−1,n−1+t}(M) ≥ n.

Proof. Let e be an arbitrary basis of L. Since β^S_{n,n+t}(M) ≠ 0, there exists a cycle z ∈ K_n(n)_{n+t} with 0 ≠ [z] ∈ H_n(n)_{n+t}. Furthermore, H_{n−1}(n)_{n−1+l} = 0 for l = −1, . . . , t − 1. In this situation we have z = me_{[n]} for some socle element m of M and we want to show that every equation 0 = n∑ i=1 μ_i[∂^i(z)] = [ n∑ i=1 μ_i∂^i(z)] with μ_i ∈ K,

implies μ_i = 0 for all i ∈ [n]. Assume that there is such an equation where not all μ_i are zero. After a base change of L we may assume that ∑_n i=1 μ_i∂^i = ∂^n (see 4.1.1).

We get 0 = [∂^n(z)], contradicting to 4.2.3 (ii). □

Theorem 4.2.6. Let M ∈ M_N (S), t ∈ N and p ∈ [n]. If β^S_{p−1,p−1+l}(M) = 0 for l = −1, . . . , t − 1 and β^S_{p,p+t}(M) ≠ 0, then there exists a basis e of L and a cycle z ∈ K_p(n)_{p+t} such that

(i) [z] ∈ H_p(n)_{p+t} is not zero.

(ii) [∂^i(z)] ∈ H_{p−1}(n)_{p−1+t} are K-linearly independent for i = 1, . . . , p. In particular β^S_{p−1,p−1+t}(M) ≥ p.

Proof. We have H_p(n)_{p+t} ≠ 0 because β^S_{p,p+t}(M) ≠ 0. Choose 0 ≠ h ∈ H_p(n)_{p+t}. We prove by induction on n that we can find a basis e of L(n) and a cycle z ∈ K_p(n)_{p+t} representing h such that every equation 0 = p∑ i=1 μ_i[∂^i(z)] = [ p∑ i=1 μ_i∂^i(z)] with μ_i ∈ K,

implies μ_i = 0 for all i. The cases n = 1 and n > 1, p = n were shown in 4.2.5.

4.2. LOWER BOUNDS FOR BETTI NUMBERS OF GRADED S-MODULES 59

Let n > 1 and p < n. Assume that there is a basis e and such an equation for a cycle z with [z] = h where not all μ_i are zero. After a base change of L we may assume that ∑_p i=1 μ_i∂^i = ∂^n. Then

0 = [∂^n(z)],

and therefore ∂^n(z) = ∂(y) for some y. By 4.2.3 we can find an element ỹ such that [ỹ] = [z] and ỹ ∈ K_p(n−1)_{p+t}. Now 4.1.2 guarantees that we can apply our induction hypothesis to ỹ and we find a base change l = l_1, . . . , l_{n−1} of e_1, . . . , e_{n−1}, [z̃] = [ỹ] in H_p(n−1)_{p+t} (with respect to the new basis) such that [∂^i(z̃)] ∈ H_{p−1}(n−1)_{p−1+t} are K-linearly independent for i = 1, . . . , p. By 4.1.2 we have H_i(n − 1)_{i+t} ⊆ H_i(n)_{i+t} for i = p − 1, p. Then z̃ is the desired cycle because [z̃] = [z] in H_p(n)_{p+t}. □

Before we give our main results, we introduce some notation. Definition 4.2.7. Let M ∈ M_Z(S) and k ∈ {0, . . . , n}. We define d_k(M) = min({j ∈ Z: β^S_{k,k+j}(M) ≠ 0} ∪ {reg_S (M)}). We are interested in the numbers β^{k,lin}_i (M) = β^S_{i,i+dk(M)}(M) for i ≥ k. Note that β^{0,lin}_i (M) = β^{lin}_i (M). If 0 ≠ Ω_k(M) is the k^{th}-syzygy module in the minimal graded free resolution of M, then we always have β^S_{i,i+j}(M) = β^S_{i−k,i−k+j+k}(Ω_k(M)) for i ≥ k. Therefore β^{k,lin}_i (M) = β^{lin}_{i−k}(Ω_k(M)) for these i. Note that d_0(Ω_k(M)) = d_k(M) + k. Corollary 4.2.8. Let M ∈ M_Z(S) and k ∈ {0, . . . , n}. If β^{k,lin}_p (M) ≠ 0 for some p > k, then β^{k,lin}_{p−1} (M) ≥ p. Proof. Without loss of generality we may assume that M ∈ M_N (S). Now apply 4.2.6. □

For the numbers β^{lin}_i (M) and β^{1,lin}_i (M) we get more precise results. The next result was first discovered in [32].

Theorem 4.2.9. Let M ∈ M_Z(S) and p ∈ {0, . . . , n}. If β^{lin}_p (M) ≠ 0, then β^{lin}_i (M) ≥ ( p i )

for i = 0, . . . , p. Proof. Without loss of generality we may assume that M ∈ M_N (S). The assertion follows from 4.2.2 and the fact that there are no non-trivial boundaries in K_i(n)_{i+d0(M)}. □

To prove lower bounds for β^{1,lin}_i we use slightly different methods. We fix a basis e of L for the rest of this chapter. Let F be a graded free S-module and > an arbitrary degree refining term order on F with x_1 > . . . > x_n (see 1.7 for details). For a homogeneous element f ∈ F we set in_>(f) for the maximal monomial in a presentation of f. Note that we also defined in(z) for some bihomogeneous z ∈ K(n). This should not be confused with in_>(f).

60 4. BOUNDS FOR BETTI NUMBERS

Lemma 4.2.10. Let M, F ∈ M_Z(S), M ⊂ F and let F be a free module. Assume that 0 ≠ z is a homogeneous cycle of K_1(n, M) with z = ∑ j≥i m_je_j and in(z) = m_ie_i.

Then there exists an integer j > i with 0 ≠ in_>(m_j ) > in_>(m_i). In particular m_i and m_j are K-linearly independent. Proof. We have 0 = ∂(z) = m_ix_i + ∑ j>i m_j x_j . Hence there exists an integer j > i and a monomial a_j of m_j with in_>(m_i)x_i = a_jx_j because all monomials have to cancel. Assume that in_>(m_i) ≥ in_>(m_j ).

Then in_>(m_i)x_i > in_>(m_i)x_j ≥ in_>(m_j )x_j ≥ a_j x_j is a contradiction. Therefore in_>(m_i) < in_>(m_j ). □ Construction 4.2.11. Let M, F ∈ M_Z(S), M ⊂ F and F be a free module. Let p ∈ {0, . . . , n} and 0 ≠ z be a homogeneous cycle of K_p(n, M) with z = ∑ J, |J|=p mJ eJ , in(z) = mI eI . Assume that I = {1, . . . , p}. For k = 0, . . . , p we construct inductively sets J_k = {1, . . . , p − k, j_1, . . . , j_k} with j_k > p − k + 1, j_k ≠ j_i for i = 0, . . . , k − 1 and in_>(m_{Jk} ) > in_>(m_{Jk−1} ) > . . . > in_>(m_{J0} ).

Set J_0 = I. Assume that J_{k−1} is constructed. Then we apply 4.2.10 to ∂^{{1,... ,p−k,j1,... ,jk−1}}(z) where in(∂^{{1,... ,p−k,j1,... ,jk−1}}(z)) = m_{Jk−1} e_{p−k+1} and find j_k > p − k + 1 such that in_>(m_{{1,... ,p−k,j1,... ,jk−1}∪{jk }}) > in_>(m_{Jk−1} ). We see that j_k ≠ j_i for i = 1, . . . , k − 1 because these e_{ji} do not appear with non-zero coefficient in ∂^{{1,... ,p−k,j1,... ,jk−1}}(z). Corollary 4.2.12. Let M, F ∈ M_Z(S), M ⊂ F and F be a free module. Let p ∈ {0, . . . , n} and 0 ≠ z be a homogeneous cycle of K_p(n, M) with z = ∑ J, |J|=p mJ eJ . Then there exist p + 1 coefficients m_J of z, which are K-linearly independent. Proof. This follows from 4.2.11 because the coefficients there have different leading terms. □ Theorem 4.2.13. Let p ≥ 1 and M ∈ M_Z(S) such that β^{1,lin}_p (M) ≠ 0. Then β^{1,lin}_i (M) ≥ ( p i )

for i = 1, . . . , p.

4.2. LOWER BOUNDS FOR BETTI NUMBERS OF GRADED S-MODULES 61

Proof. Let 0 → M^′ → F → M → 0 be a presentation of M such that F is free and M^′ = Ω_1(M). We show that β^{lin}_i (M^′) ≥ ( p^′ + 1 i + 1 ) for p^′ = p − 1.

Since β^{1,lin}_i (M) = β^{lin}_{i−1}(M^′), this will prove the theorem.

After a suitable shift of the grading of M we may assume that d_0(M^′) = 0. Note that M^′ is a submodule of a free module and we can apply our construction 4.2.11. Since β^{lin}_p′ (M^′) ≠ 0, we get a homogeneous cycle 0 ≠ z in K_p′ (n, M^′)_p′ . There are no boundaries except for zero in K_i(n, M^′)_i and therefore we only have to construct enough K-linearly independent cycles in K_i(n, M^′)_i to prove the assertion. Assume that in(z) = m_{[p}′_]e_{[p}′_] and construct the numbers j_1, . . . , j_p′ for z by 4.2.11.

Let t ∈ {0, . . . , p^′} and set i = p^′ − t. We consider the cycles ∂^L(z) (see 4.2.2) with L ∈ W = W_0 ˙∪ . . . ˙∪W_t where W_k = {I ∪ {j_1, . . . , j_k}: I ⊆ [p^′ − k], |I| = t − k} for k ∈ {0, . . . , t}. We have |W_k| = ( p^′ − k t − k )

and therefore |W | = t∑ k=0 ( p^′ − k t − k ) = ( p^′ + 1 t ) = ( p^′ + 1 p^′ − t + 1 ) = ( p^′ + 1 i + 1 ) . If we show that the cycles ∂^L(z) are K-linearly independent, the assertion follows.

We consider L ∈ W , L = I_L ∪ {j_1, . . . , j_{kL} } for some I_L ⊆ [p^′ − k_L], |I_L| = t − k_L. By 4.2.11 it is easy to see that in(∂^L(z)) = m_{{1,... ,p}′_{−kL}∪{j1,... ,jkL }}e_{{1,... ,p}′_{−kL}−IL} . It is enough to show that the initial terms of the cycles are K-linearly independent.

If cycles have different initial monomials in the e_i, there is nothing to show. Take L, L^′ and assume that the corresponding cycles have the same initial monomial in the e_i. We have to consider two cases. If k_L = k_L′ , then I_L = I_L′ and the cycles are the same. For k_L < k_L′ the construction 4.2.11 implies in(m_{{1,... ,p}′_{−kL}∪{j1,... ,jkL }}) < in(m_{{1,... ,p}′_{−kL′ }∪{j1,... ,jkL′ }}), which proves the K-linearly independence. □ The next corollary summarizes our results related to the conjecture of Herzog.

Corollary 4.2.14. Let M ∈ M_Z(S) and p ∈ {0, . . . , n}. Suppose that β^{lin}_p (M) ≠ 0 and M is the k^{th}-syzygy module in a minimal graded free resolution. Then:

(i) If k = 0, then β^{lin}_i (M) ≥ (_p i ) for i = 0, . . . , p. (ii) If k = 1, then β^{lin}_i (M) ≥ (_{p+1} i+1 ) for i = 0, . . . , p. (iii) If k > 1 and p > 0, then β^{lin}_{p−1}(M) ≥ p + k.

62 4. BOUNDS FOR BETTI NUMBERS

Proof. Statement (i) was shown in 4.2.9. In the proof of 4.2.13 we proved in fact (ii). Finally, (iii) follows from 4.2.8 since β^{lin}_i (M) = β^{k,lin}_{i+k} (N) if M is the k^{th}-syzygy module in the minimal graded free resolution of some module N. □

Recall that a finitely generated graded S-module M satisfies Serre’s condition S_k if depth(M_P ) ≥ min(k, dim S_P ) for all P ∈ Spec(S). We recall the Auslander-Bridger theorem [9]: Lemma 4.2.15. Let M ∈ M_Z(S). Then M is a k^{th}-syzygy module in a graded free resolution if and only if M satisfies S_k.

Proof. The proof is essential the same as in [28] where the local case is treated. □

Corollary 4.2.16. Let M ∈ M_Z(S) and p ∈ {0, . . . , n}. Suppose that M satisfies S_k and β^{lin}_p (M) ≠ 0. Then:

(i) If k = 0, then β^{lin}_i (M) ≥ (_p i ) for i = 0, . . . , p. (ii) If k = 1, then β^{lin}_i (M) ≥ (_{p+1} i+1 ) for i = 0, . . . , p. (iii) If k > 1 and p > 0, then β^{lin}_{p−1}(M) ≥ p + k.

Proof. According to 4.2.15 the module M satisfies S_k if and only if M is a k^{th}-syzygy module in a graded free resolution G → N → 0 of some graded S-module N. It is well-known (see for example [10]) that G = F ⊕ H as graded complexes where F is the minimal graded free resolution of N and H is split exact. Then M splits as a graded module into Ω_k(N) ⊕ W where W is a graded free S-module. If p = 0, there is nothing to show. For p > 0 it follows that β^{lin}_p (Ω_k(N)) ≠ 0. Then 4.2.14 applied to Ω_k(N) proves the corollary, since β^S_{i,j} (M) ≥ β^S_{i,j}(Ω_k(N)) for all i, j ∈ N. □

4.3. Lower bounds for Betti numbers of Z^n-graded S-modules

The polynomial ring S = K[x_1, . . . , x_n] is Z^n-graded with deg(x_i) = ε_i. Let M ∈ M_Zn(S). Recall that M is naturally graded by setting M_i = ⨁ a∈Z^n, |a|=i Ma. Therefore all methods from the last section can be applied in the following. Furthermore, the Koszul complex and homology are Z^n-graded if we assign the degree ε_i to e_i. For example, if w ∈ M_a for some a ∈ Z^n, then deg(we_I ) is a + ∑ i∈I ε_i; or if z ∈ K_i(j) is homogeneous of degree a, then deg(∂^I (z)) = a − ∑ i∈I ε_i. For the finer grading we want to prove results which are more precise than those in the last section. Note that 4.1.2, 4.2.3 and 4.2.4 hold for M ∈ M_Nn (S). The proofs are verbatim the same if we replace “graded” by “Z^n-graded”. We prove now a modified version of 4.2.6.

Lemma 4.3.1. Let M ∈ M_Nn (S), p ∈ [j] and t ∈ N. Suppose that H_i(j)_{i+l} = 0 for i = p − 1, . . . , j, l = −1, . . . , t − 1 and let z ∈ K_p(j)_{p+t} be a Z^n-homogeneous cycle with 0 ≠ [z] ∈ H_p(j)_{p+t}. Then there exists a Z^n-homogeneous cycle z̃ with:

(i) [z̃] = [z] ∈ H_p(j)_{p+t}.

(ii) [∂^{ji} (z̃)] ∈ H_{p−1}(j)_{p−1+t} are K-linearly independent for i = 1, . . . , p and some j_i ∈ [j].

4.3. LOWER BOUNDS FOR BETTI NUMBERS OF Z^n-GRADED S-MODULES 63

Proof. We prove by induction on j ∈ [n] that we find an element [z̃] = [z] and a set {j_1, . . . , j_p} such that the cycles [∂^{ji} (z̃)] are K-linearly independent for i = 1, . . . , p.

The cases j = 1 and j > 1, p = j follow from 4.2.3 (ii) because if deg(z) = a ∈ N^n , then all ∂^k(z) have different degrees a−ε_k and it suffices to show that these elements are not boundaries.

Let j > 1 and assume that p < j. Again it suffices to show that the cycles ∂^{ji} (z) are not boundaries for a suitable subset {j_1, . . . , j_p} ⊆ [j]. If such a set exists, then nothing is to prove. Otherwise there exists a number k ∈ [j] with [∂^k(z)] = 0 and we may assume that k = j. By 4.2.3 we find z̃ such that [z̃] = [z] in H(j) and z̃ ∈ K(j − 1). By 4.1.2 we can apply our induction hypothesis and assume that z̃ has the desired properties in H(j − 1). Again by 4.1.2 we have H_{p−1}(j − 1)_{p−1+t} ⊆ H_{p−1}(j)_{p−1+t} and z̃ is the desired element. □

We need the following simple combinatorial tool.

Construction 4.3.2. Let p ∈ [n]. Define inductively a sequence of subsets W_i ⊆ 2^{[n]} for i = 0, . . . , p. Set W_0 = {∅}. If W_{i−1} is defined, then for every set w ∈ W_{i−1} we choose p − i + 1 different elements i^w_1 , . . . , i^w_{p−i+1} ∈ [n] such that i^w_j ∉ w. Define W_i = {w ∪ {i^w_j }: w ∈ W_{i−1} and j = 1, . . . , p − i + 1}. Lemma 4.3.3. Let W_i be defined as in 4.3.2. Then for i = 0, . . . , p we have |W_i| ≥ ( p i ) . Proof. We prove this by induction on p ∈ [n]. The case p = 0 is trivial, so let p > 0 and without loss of generality we may assume that W_1 = {{1}, . . . , {p}}. The set W_i is the disjoint union of the sets W^1_i = {w ∈ W_i : 1 ∈ w} and W^{^1}_i = {w ∈ W_i : 1 ∉ w}. The induction hypothesis applied to W^1_i and W^{^1}_i implies

|W_i| = |W^1_i | + |W^{^1}_i | ≥ ( p − 1 i − 1 ) + ( p − 1 i ) = ( p i ) . □ We prove the main theorem of this section.

Theorem 4.3.4. Let k ∈ [n] and M ∈ M_Zn(S). If β^{k,lin}_p (M) ≠ 0 for some p ≥ k, then β^{k,lin}_i (M) ≥ ( p i )

for i = k, . . . , p. Proof. Without loss of generality we have that M ∈ M_Nn (S) after a suitable regrading of M. Since β^{k,lin}_p (M) ≠ 0, there exists a Z^n-homogeneous cycle z in K_p(n)_{p+dk(M)} such that 0 ≠ [z] ∈ H_p(n)_{p+dk(M)} and deg(z) = a for some a ∈ N^n . By the definition of d_k(M) and 4.1.2 we have H_i(n)_{i+l} = 0 for i ≥ k and l = −1, . . . , d_k(M) − 1.

64 4. BOUNDS FOR BETTI NUMBERS

We will construct inductively W_i as in 4.3.2, as well as cycles z_w for each w ∈ W_i such that [z_w] ≠ 0, deg(z_w) = a − ∑ i∈w ε_i, 0 ≠ [∂^{iwk} (z_w)] for k = 1, . . . , p − i and suitable i^w_k ∉ w. Furthermore, z_w is an element of the Koszul complex with respect to the variables x_i with i ∉ w. For i ≥ k we take all cycles z_w ∈ K_i(n)_{i+dk (M)} with w ∈ W_{p−i} which have different Z^n-degree. They are not zero and therefore K-linearly independent in homology. By 4.3.3 there are at least (_p p−i ) = (_p i ) of them and this concludes the proof.

Let W_0 = {∅}. By 4.3.1 we can choose z in a way such that [z_{ij} ] = [∂^{ij} (z)] ≠ 0 for j = 1, . . . , p and some i_j ∈ [n]. Choose z_∅ = z and i^∅_j = i_j .

If W_{i−1} and z_w for w ∈ W_{i−1} are constructed, then define W_i with W_{i−1} and the given i^w_k for w ∈ W_{i−1}. For w^′ ∈ W_i with w^′ = w ∪ {i^w_k }, re-choose z_w′ = ∂^{iwk} (z_w) by 4.3.1 in such a way that [∂^{iw′j} (z_w′ )] ≠ 0 for j = 1, . . . , p − i and some i^{w′}_j ∈ [n].

Note that since z_w has no monomial which is divided by some e_i for i ∈ w, we can use 4.2.3 and 4.2.4 to avoid these e_i in the construction of z_w′ again. By 4.1.2 the cycles ∂^{iw′j} (z_w′ ) are also not zero in H(n). Clearly i^{w′}_j ∉ w^′ and the assertion follows. □

In the Z^n-graded setting we prove the desired results about β^{lin}_i in full generality. Corollary 4.3.5. Let M ∈ M_Zn(S) and M is the k^{th}-syzygy module in a minimal Z^n-graded free resolution. If β^{lin}_p (M) ≠ 0 for some p ∈ N, then β^{lin}_i (M) ≥ ( p + k i + k )

for i = 0, . . . , p. Proof. This follows from 4.3.4 and the fact that β^{lin}_i (M) = β^{k,lin}_{i+k} (N) ≥ ( p + k i + k )

where M is the k^{th}-syzygy module of a Z^n-graded S-module N. □

Analogue to 4.2.15 we get:

Lemma 4.3.6. Let M ∈ M_Zn(S). Then M satisfies S_k if and only if M is a k^{th}-syzygy module in a Z^n-graded free resolution.

Corollary 4.3.7. Let M ∈ M_Zn(S) and M satisfies S_k. If β^{lin}_p (M) ≠ 0 for some p ∈ N, then β^{lin}_i (M) ≥ ( p + k i + k )

for i = 0, . . . , p. Proof. The assertion follows from 4.3.5 with similar arguments as in the graded case. □

4.4. BOUNDS FOR BETTI NUMBERS OF IDEALS 65

4.4. Bounds for Betti numbers of ideals with a fixed number of generators in given degree and a linear resolution

In this section we are interested in bounds for the graded Betti numbers of graded ideals of S = K[x_1, . . . , x_n]. We assume that the field K is infinite. Denote the lexicographic order on S with >_{lex} and the reverse lexicographic order on S with >_{rlex}. For the notion of term orders see 1.7. Definition 4.4.1. Let x^u ∈ S with |u| = d.

(i) R(x^u) = {x^v : |v| = d, x^v ≥_{rlex} x^u} is said to be the revlex-segment of x^u.

For a given d ∈ N and 0 ≤ k ≤ (_{n+d−1} d ) we define I(d, k) as the unique ideal which is generated in degree d by the revlex-segment R(x^u) of the monomial x^u with |R(x^u)| = k.

(ii) L(x^u) = {x^v : |v| = d, x^v ≥_{lex} x^u} is said to be the lex-segment of x^u. For a given d ∈ N and 0 ≤ k ≤ (_{n+d−1} d ) we define J(d, k) as the unique ideal which is generated in degree d by the lex-segment L(x^u) of the monomial x^u with |L(x^u)| = k.

Lemma 4.4.2. Let d ∈ N and 0 ≤ k ≤ (_{n+d−1} d ) . Then:

(i) I(d, k) is a stable ideal. (ii) J(d, k) is a stable ideal.

Proof. Let x^u ∈ G(I(d, k)) and i ≤ m(u). Since x_ix^u/x_{m(u)} >_{rlex} x_u, it follows from the definition of I(d, k) that x_ix^u/x_{m(u)} ∈ I(d, k). By 1.7.10 we obtain that I(d, k) is a stable ideal. Analogously J(d, k) is a stable ideal. □

For stable ideals there exist explicit formulas for the Betti numbers (see 1.7.12). Let I ⊂ S be a stable ideal. Then β^S_{i,i+j}(I) = ∑ x^u∈G(I), |u|=j ( m(x^u) − 1 i ) . (5) If a stable ideal I is generated in one degree, then I has a linear resolution. Proposition 4.4.3. Let I ⊂ S be a stable ideal generated in degree d ∈ N with β^S_{0,d}(I) = k. Then β^S_{i,i+j}(I) ≥ β^S_{i,i+j}(I(d, k)) for all i, j ∈ N.

Proof. Fix d ∈ N and 0 ≤ k ≤ (_{n+d−1} d ) . Let l(I) be the number of monomials in I_d which are not monomials in I(d, k)_d. We prove the statement by induction on l(I). If l(I) = 0, then I = I(d, k) and there is nothing to show.

We assume that l(I) > 0. Let x^u be the smallest monomial in I_d with respect to >_{rlex} which is not in I(d, k)_d and x^v be the largest monomial which is in I(d, k)_d, but not in I_d. We define the ideal Ĩ by G(Ĩ) = (G(I)\{x^u})∪{x^v}. Then l(Ĩ) = l(I)−1, and Ĩ is also stable. Thus by the induction hypothesis β^S_{i,i+j}(Ĩ) ≥ β^S_{i,i+j} (I(d, k)).

66 4. BOUNDS FOR BETTI NUMBERS

Since x^v >_{rlex} x^u, the revlex order implies m(x^v ) ≤ m(x^u). Therefore (5) yields β^S_{i,i+j}(I) ≥ β^S_{i,i+j}(Ĩ), which proves the assertion. □ Let gin(I) denote the generic initial ideal of a graded ideal I ⊂ S with respect to the reverse lexicographic order.

Proposition 4.4.4. Let d ∈ N and I ⊂ S be a graded ideal with d-linear resolution. Then gin(I) is stable, independent of the characteristic of K, and β^S_{i,i+j}(I) = β^S_{i,i+j}(gin(I)) for all i, j ∈ N.

Proof. By 1.7.11 we know that reg_S (gin(I)) = reg_S (I). Therefore reg_S (gin(I)) = d and gin(I) also has a d-linear resolution. [25, Prop. 10] implies that a Borel-fixed monomial ideal, which is generated in degree d, has regularity d if and only if it is stable. Thus we get that gin(I) is a stable ideal, independent of the characteristic of K. Since I has a linear resolution, we obtain by the main result in [7] that β^S_{i,i+j}(I) = β^S_{i,i+j}(gin(I)) for all i, j ∈ N. □ Theorem 4.4.5. Let d ∈ N, 0 ≤ k ≤ (_{n+d−1} d ) and I ⊂ S be a graded ideal with d-linear resolution and k generators. Then β^S_{i,i+j}(I) ≥ β^S_{i,i+j}(I(d, k)) for all i, j ∈ N.

Proof. This follows from 4.4.3 and 4.4.4. □ Next we show an analogue of 4.4.5 for upper bounds of Betti numbers.

Proposition 4.4.6. Let d ∈ N, 0 ≤ k ≤ (_{n+d−1} d ) and I ⊂ S be a graded ideal with d-linear resolution and k generators. Then β^S_{i,i+j}(I) ≤ β^S_{i,i+j}(J(d, k)) for all i, j ∈ N.

Proof. By [41, Thm. 31] we find an ideal L with the same Hilbert function as I and β^S_{i,i+j}(I) ≤ β^S_{i,i+j} (L) for all i, j ∈ N. Furthermore, L has the property that the set of monomials of L_j is a lex-segment for all j ∈ N. We see that β^S_{0,d}(L) = β^S_{0,d}(I) = k because these ideals share the same Hilbert function. It follows that J(d, k) = (L_d), and in particular that G(J(d, k)) = G(L)_d. Therefore β^S_{i,i+d}(I) ≤ β^S_{i,i+d}(L) = β^S_{i,i+d}(J(d, k)), for all i, j ∈ N where the last equality follows from (5). □

4.4. BOUNDS FOR BETTI NUMBERS OF IDEALS 67

Definition 4.4.7. Let d ∈ N, 0 ≤ k ≤ (_{n+d−1} d ) . We define B(d, k) as the set of Betti sequences {β^S_{i,j}(I)} where I ⊂ S is a graded ideal with d-linear resolution and β^S_{0,d}(I) = k. On B(d, k) we consider a partial order: We set {β^S_{i,j}(I)} ≥ {β^S_{i,j}(J)} if β^S_{i,j}(I) ≥ β^S_{i,j}(J) for all i, j ∈ N. Corollary 4.4.8. Let d ∈ N, 0 ≤ k ≤ (_{n+d−1} d ) . Then {β^S_{i,j}(I(d, k))} is the unique minimal element and {β^S_{i,j}(J(d, k))} is the unique maximal element of B(d, k).

CHAPTER 5

Homological properties of bigraded algebras

This chapter is devoted to study homological properties of bigraded K-algebras R = S/J where S is a bigraded polynomial ring and J ⊂ S is a bigraded ideal. In the first section we give a homological characterization of the x- and y-regularity of R. As applications we reprove a result by Trung [50] and show that the x-regularity of S/J and S/bigin(J) are the same. It was shown in [21] (or [38]) that for j ≫ 0 and a graded ideal I in a polynomial ring, reg(I^j) is a linear function cj + d in j. In the fourth section we give, in case that I is equigenerated, bounds j_0 such that for j ≥ j_0 the function is linear and give also a bound for d. Finally, we obtain upper bounds for the x- and y-regularity of generalized Veronese algebras.

5.1. Regularity

Let K be a field with |K| = ∞ and fix a bigraded K-algebra R. Then we may write R = S/J where S is a bigraded polynomial ring and J ⊂ S is a bigraded ideal. Set m_x = (S_{(1,0)}) ⊂ S, m_y = (S_{(0,1)}) ⊂ S and m = m_x + m_y.

Following [5] (or [50] under the name filter regular element) we introduce: Definition 5.1.1. We define:

(i) An element x ∈ R_{(1,0)} is called almost regular for R (with respect to the x-degree) if (0 :_R x)_{(a,∗)} = 0 for a ≫ 0. A sequence x_1, . . . , x_t ∈ R_{(1,0)} is called almost regular (with respect to the x-degree) if for all i ∈ [t] the x_i is almost regular for R/(x_1, . . . , x_{i−1})R.

(ii) An element y ∈ R_{(0,1)} is called almost regular for R (with respect to the y-degree) if (0 :_R y)_{(∗,b)} = 0 for b ≫ 0. A sequence y_1, . . . , y_t ∈ R_{(0,1)} is an almost regular sequence (with respect to the y-degree) if for all i ∈ [t] the y_i is almost regular for R/(y_1, . . . , y_{i−1})R.

It is well-known that, provided |K| = ∞, after a generic choice of coordinates we can achieve that a K-basis of R_{(1,0)} is almost regular for R with respect to the x-degree and a K-basis of R_{(0,1)} is almost regular for R with respect to the y-degree. For the convenience of the reader we give a proof of this fact. Lemma 5.1.2. We have:

(i) If dim_K R_{(1,0)} > 0, then there exists an element x ∈ R_{(1,0)} which is almost regular for R with respect to the x-degree.

(ii) If dim_K R_{(0,1)} > 0, then there exists an element y ∈ R_{(0,1)} which is almost regular for R with respect to the y-degree.

Moreover, the property to be almost regular in (i) or (ii) is a non-empty open condition.

70 5. HOMOLOGICAL PROPERTIES OF BIGRADED ALGEBRAS

Proof. By symmetry it is enough to prove the statement (i). Observe that for M ∈ M_{bi}(S) every prime ideal of Ass_S (M) is bigraded (see [23, Ex. 3.5]). We claim that it is possible to choose 0 ≠ x ∈ R_{(1,0)} such that for all Q ∈ Ass_S (0 :_R x) one has Q ⊇ m_x. It follows that Rad_S(Ann_S (0 :_R x)) ⊇ m_x. Hence there exists an integer i such that m^i_x(0 :_R x) = 0 and this proves the lemma.

It remains to show the claim. If P ⊇ m_x for all P ∈ Ass_S (R), then we may choose 0 ≠ x ∈ R_{(1,0)} arbitrary because Ass_S (0 :_R x) ⊆ Ass_S (R). Otherwise there exists an ideal P ∈ Ass_S (R) with P ⊉ m_x. In this case we may choose x ∈ R_{(1,0)} with x ∉ ⋃ P ∈Ass_S (R), P ⊉m_x P since |K| = ∞. Let Q ∈ Ass_S (0 :_R x) be arbitrary. Then x ∈ Q because x ∈ Ann_S(0 :_R x). We also have that Q ∈ Ass_S (R) and this implies that Q ⊇ m_x by the choice of x. This gives the claim. Observe that in every case the choice of x is a non-empty open condition. □

An induction on dim_K R_{(1,0)} or dim_K R_{(0,1)} yields: Corollary 5.1.3. We have:

(i) There exists a K-basis x = x_1, . . . , x_n of R_{(1,0)} such that x is almost regular for R with respect to the x-degree. Moreover, a generic K-basis of R_{(1,0)} has this property.

(ii) There exists a K-basis y = y_1, . . . , y_m of R_{(0,1)} such that y is almost regular for R with respect to the y-degree. Moreover, a generic K-basis of R_{(0,1)} has this property.

Let W be a d-dimensional K-vector space with basis f_1, . . . , f_d. That a generic K-basis of W satisfies a certain property P means the following: Every element of GL(d; K) induces a linear automorphism on W . Then there exists a non-empty open subset U of GL(d; K) such that for all g ∈ U the K-basis g(f_1), . . . , g(f_d) satisfies P. We call this K-basis generic for W .

Thus we may always assume that R = S/J where S = K[x_1, . . . , x_n, y_1, . . . , y_m], x = x_1, . . . , x_n is almost regular for R with respect to the x-degree and y = y_1, . . . , y_m is almost regular for R with respect to the y-degree. To simplify the notation we do not distinguish between the polynomial ring variables x_i or y_j and the corresponding residue classes in R.

Definition 5.1.4. Let x be almost regular for R with respect to the x-degree and let y be almost regular for R with respect to the y-degree. We define s^x_i (R) = max({a: (0 :_{R/(x1 ,... ,xi−1)R} x_i)_{(a,∗)} ≠ 0} ∪ {0}), s^x(R) = max{s^x_1 (R), . . . , s^x_n(R)} and s^y_i (R) = max({b: (0 :_{R/(y1 ,... ,yi−1)R} y_i)_{(∗,b)} ≠ 0} ∪ {0}), s^y(R) = max{s^y_1(R), . . . , s^y_m(R)}.

5.1. REGULARITY 71

Recall that K(k, l; R) = K(k, l) denotes the Koszul complex of R and H(k, l; R) = H(k, l) denotes the Koszul homology of R with respect to x_1, . . . , x_k and y_1, . . . , y_l (see 1.3 for details). The following theorem characterizes the x- and y-regularity of a bigraded K-algebra over S. It is the analogue of the corresponding graded version in [5]. For its proof we consider H̃_0(k − 1, 0) = (0 :_{R/(x1 ,... ,xk−1)R} x_k) for k ∈ [n] and H̃_0(n, k − 1) = (0 :_{R/(mx+y1,... ,yk−1)R} y_k) for k ∈ [m]. Then the beginning of the long exact Koszul sequence of the Koszul homology of R for k ∈ [n] is modified to . . . → H_1(k − 1, 0)(−1, 0)^{xk}→ H_1(k − 1, 0) → H_1(k, 0) → H̃_0(k − 1, 0)(−1, 0) → 0, and for k ∈ [m] to . . . → H_1(n, k − 1)(0, −1)^{yk}→ H_1(n, k − 1) → H_1(n, k) → H̃_0(n, k − 1)(0, −1) → 0. It is easy to see that for k ∈ [n] and i ≥ 1 one has H_i(k, 0)_{(a,∗)} = 0 for a ≫ 0.

Similarly for k ∈ [m] and i ≥ 1 one has H_i(n, k)_{(∗,b)} = 0 for b ≫ 0. Theorem 5.1.5. Let x be almost regular for R with respect to the x-degree and y be almost regular for R with respect to the y-degree. Then reg_x(R) = s^x(R) and reg_y(R) = s^y(R).

Proof. By symmetry it is enough to show this theorem only for x. Let r_{(k,0)} = max({a: H_i(k, 0)_{(a+i,∗)} ≠ 0 for i ∈ [k]} ∪ {0}) for k ∈ [n] and r_{(n,k)} = max({a: H_i(n, k)_{(a+i,∗)} ≠ 0 for i ∈ [n + k]} ∪ {0}) for k ∈ [m]. Then r_{(n,m)} = reg_x(R) because H_0(n, m) = K. We claim that:

(i) For k ∈ [n] one has r_{(k,0)} = max{s^x_1 (R), . . . , s^x_k(R)}. (ii) For k ∈ [m] one has r_{(n,k)} = max{s^x_1 (R), . . . , s^x_n(R)} = s^x(R).

This yields the theorem. We show (i) by induction on k ∈ [n]. For k = 1 we have the following exact sequence 0 → H_1(1, 0) → H̃_0(0, 0)(−1, 0) → 0 which proves this case. Let k > 1. Since . . . → H_1(k, 0) → H̃_0(k − 1, 0)(−1, 0) → 0, we get r_{(k,0)} ≥ s^x_k(R). If r_{(k−1,0)} = 0, then r_{(k,0)} ≥ r_{(k−1,0)}. Assume that r_{(k−1,0)} > 0. There exists an integer i such that H_i(k − 1)_{(r(k−1,0)+i,∗)} ≠ 0. Then by . . . → H_{i+1}(k, 0)_{(r(k−1,0)+i+1,∗)} → H_i(k − 1, 0)_{(r(k−1,0)+i,∗)} → H_i(k − 1, 0)_{(r(k−1,0)+i+1,∗)} → . . .

72 5. HOMOLOGICAL PROPERTIES OF BIGRADED ALGEBRAS

we have H_{i+1}(k, 0)_{(r(k−1,0)+i+1,∗)} ≠ 0 because H_i(k −1, 0)_{(r(k−1,0)+i+1,∗)} = 0. This gives also r_{(k,0)} ≥ r_{(k−1,0)}. On the other hand let a > max{r_{(k−1,0)}, s^x_k(R)}. If i ≥ 2, then by . . . → H_i(k − 1, 0)_{(a+i,∗)} → H_i(k, 0)_{(a+i,∗)} → H_{i−1}(k − 1, 0)_{(a+i−1,∗)} → . . . we get H_i(k, 0)_{(a+i,∗)} = 0 because H_i(k−1, 0)_{(a+i,∗)} = H_{i−1}(k−1, 0)_{(a+i−1,∗)} = 0. Similarly H_1(k, 0)_{(a+1,∗)} = 0. Therefore we obtain that r_{(k,0)} = max{r_{(k−1,0)}, s^x_k(R)} = max{s^x_1 (R), . . . , s^x_k(R)} by the induction hypothesis.

We prove (ii) also by induction on k ∈ {0, . . . , m}. The case k = 0 was shown in (i), so let k > 0. Assume that a > s^x(R). For i ≥ 2 one has . . . → H_i(n, k − 1)_{(a+i,∗)} → H_i(n, k)_{(a+i,∗)} → H_{i−1}(n, k − 1)_{(a+i,∗)} → . . . . Then we get H_i(n, k)_{(a+i,∗)} = 0 because H_i(n, k −1)_{(a+i,∗)} = H_{i−1}(n, k −1)_{(a+i,∗)} = 0. Similarly H_1(n, k)_{(a+1,∗)} = 0 and therefore r_{(n,k)} ≤ s^x(R). If s^x(R) = 0, then r_{(n,k)} = s^x(R). Assume that 0 < s^x(R) = r_{(n,k−1)}.

There exists an integer i such that H_i(n, k − 1)_{(s}x_{(R)+i,∗)} ≠ 0. Consider . . . → H_i(n, k − 1)_{(s}x_{(R)+i,∗)}^{yk}→ H_i(n, k − 1)_{(s}x_{(R)+i,∗)} → H_i(n, k)_{(s}x_{(R)+i,∗)} → . . . . If H_i(n, k)_{(s}x_{(R)+i,∗)} = 0, then H_i(n, k − 1)_{(s}x_{(R)+i,∗)} = y_kH_i(n, k − 1)_{(s}x_{(R)+i,∗)}. This is a contradiction by Nakayamas lemma because H_i(n, k − 1)_{(s}x_{(R)+i,∗)} is a finitely generated S_y-module. Hence H_i(n, k)_{(s}x_{(R)+i,∗)} ≠ 0 and thus r_{(n,k)} = s^x(R). □

5.2. d-sequences

Let S = K[x_1, . . . , x_n, y_1, . . . , y_m] be the bigraded polynomial ring. Observe that S_x = K[x_1, . . . , x_n] and S_y = K[y_1, . . . , y_m] are bigraded subalgebras of S. Usually we consider S_x and S_y as graded polynomial rings. Recall from 1.6 that a sequence of elements f_1, . . . , f_r in a ring is called a d-sequence, if

(i) f_1, . . . , f_r is a minimal system of generators of the ideal I = (f_1, . . . , f_r). (ii) (f_1, . . . , f_{i−1}) : f_i ∩ I = (f_1, . . . , f_{i−1}).

A result in [50] motivated the following proposition.

Proposition 5.2.1. Let J ⊂ S be a bigraded ideal and R = S/J. Then:

(i) reg_x(R) = 0 if and only if every generic K-basis of R_{(1,0)} is a d-sequence. (ii) reg_y(R) = 0 if and only if every generic K-basis of R_{(0,1)} is a d-sequence.

Proof. By symmetry we only have to prove (i). Without loss of generality the Kbasis x = x_1, . . . , x_n of R_{(1,0)} is an almost regular sequence for R with respect to the x-degree because by 5.1.3 every generic K-basis of R_{(1,0)} has this property.

By 5.1.5 one has reg_x(R) = 0 if and only if s^x(R) = 0. By definition of s^x(R) this is equivalent to the fact that, for all i ∈ [n] and all a > 0, we have ( (x_1, . . . , x_{i−1}) :_R x_i (x_1, . . . , x_{i−1}) ) (a,∗) = 0.

Equivalently, for all i ∈ [n] we obtain (x_1, . . . , x_{i−1}) :_R x_i ∩ (x) = (x_1, . . . , x_{i−1}). This concludes the proof. □

5.3. BIGENERIC INITIAL IDEALS 73

Remark 5.2.2. If R_{(1,0)} (resp. R_{(0,1)}) can be generated by a d-sequence (not necessarily generic), then the proof of 5.2.1 shows that reg_x(R) = 0 (resp. reg_y(R) = 0).

For an application we recall some facts from 1.6. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d. Let R(I) denote the Rees algebra of I and S(I) denote the symmetric algebra of I. Both algebras are bigraded and have a presentation S/J for a bigraded ideal J ⊂ S. We always assume that R(I) = S/J. Note that then I^j ∼= (S/J)_{(∗,j)}(−jd) for all j ∈ N. Similarly we may assume that S(I) = S/J for a bigraded ideal J ⊂ S. We also consider the finitely generated S_x-module S^j(I) = (S/J)_{(∗,j)}(−jd), which we call the j^{th}-symmetric power of I.

For the notion of an s-sequence see [35]. The following results were shown in [35] and [50].

Corollary 5.2.3. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d. Then:

(i) I can be generated by an s-sequence (with respect to the reverse lexicographic order) if and only if reg_y(S(I)) = 0.

(ii) I can be generated by a d-sequence if and only if reg_y(R(I)) = 0.

Proof. In [35] and [50] it was shown that

(a) I can be generated by an s-sequence (with respect to the reverse lexicographic order) if and only if S(I)_{(0,1)} can be generated by a d-sequence.

(b) I can be generated by a d-sequence if and only if R(I)_{(0,1)} can be generated by a d-sequence.

Together with 5.2.1 and 5.2.2 these facts conclude the proof. □

5.3. Bigeneric initial ideals

Let S = K[x_1, . . . , x_n, y_1, . . . , y_m] be the bigraded polynomial ring. We study the relationship between the x-regularity of S/J and the x-regularity of S/bigin(J) where J ⊂ S is a bigraded ideal. For notation and definitions see 1.7.

As before we set S_x = K[x_1, . . . , x_n] ⊂ S. Consider S_x as a graded polynomial ring and set x = x_1, . . . , x_n. For the convenience of the reader we give a proof of a well-known fact.

Lemma 5.3.1. Let I ⊂ S_x be a stable ideal and i ∈ [n]. Then: (i) (x)^{((xn ,... ,xi+1)+I:Sx xi)} (x_n,... ,x_{i+1})+I = 0. (ii) A homogeneous K-basis of^{((xn ,... ,xi+1)+I:Sx xi)}

(x_n,... ,x_{i+1})+I is given by the residue classes

of x^u/x_{m(u)} where x^u ∈ G(I) with m(u) = i. Proof. Let M^i =^{((xn,... ,xi+1)+I:Sx xi)} (x_n,... ,x_{i+1})+I . For a monomial x

u ∈ S_x we denote the residue class in M^i with [x^u]. We show:

(1) 0 ≠ [x^u/x_{m(u)}] ∈ M^i for x^u ∈ G(I) with m(u) = i. (2) 0 = (x)[x^u/x_{m(u)}] in M^i for x^u ∈ G(I) with m(u) = i.

(3) A system of homogeneous generators of M^i is given by all [x^u/x_{m(u)}] with x^u ∈ G(I) and m(u) = i.

74 5. HOMOLOGICAL PROPERTIES OF BIGRADED ALGEBRAS

This yields the lemma.

Proof of (1): Let x^u ∈ G(I) with m(u) = i. Then x^u/x_{m(u)} ∈ ((x_n, . . . , x_{i+1}) + I :_{Sx} x_i) and therefore [x^u/x_{m(u)}] ∈ M^i. Since m(u) = i and x^u/x_{m(u)} /∈ I, we obtain that 0 ≠ [x^u/x_{m(u)}] in M^i.

Proof of (2): Let j ≤ i. Since I is stable, we get that x_j x^u/x_{m(u)} ∈ I. Thus x_j [x^u/x_{m(u)}] = 0 in M^i. By the definition of M^i one has x_j M^i = 0 for j ≥ i + 1. Thus 0 = (x)[x^u/x_{m(u)}] in M^i.

Proof of (3): If M^i = 0, there is nothing to show. Assume that M^i ≠ 0. Let w ∈ S_x with 0 ≠ [w] in M^i. Then w /∈ (x_n, . . . , x_{i+1})+I and x_iw ∈ (x_n, . . . , x_{i+1})+I. Since I is a monomial ideal, we may assume that w = x^u is a monomial in S_x. We obtain that m(u) < i + 1. We have to consider two cases:

(A) Assume that x_ix^u = x_j x^{u′} for j ≥ i + 1 and for a monomial x^{u′} ∈ S_x. This is a contradiction to m(u) < i + 1.

(B) Otherwise x_ix^u = x^{u′} x^{u′′} for x^{u′} ∈ G(I) and for a monomial x^{u′′} ∈ S_x. If x_i divides x^{u′′} , then x^u = x^{u′} (x^{u′′} /x_i) ∈ I and this is a contradiction to x^u /∈ I. Hence x_i divides x^{u′} . Since m(u) < i + 1, it follows that m(u^′), m(u^{′′}) < i + 1. If |u^{′′}| ≠ 0, then x^u = (x^{u′} /x_i)x^{u′′} ∈ I, because I is stable. This is again a contradiction. Hence

x^u = (x^{u′} /x_i) and m(u^′) = i.

The assertion follows. □

We consider a bigraded K-algebra R = S/J where J is a bistable ideal. We associate invariants to R.

Definition 5.3.2. Let J ⊂ S be a bistable ideal and R = S/J. For i ∈ [n] and j ≥ 0 we define: m^i_j (R) = sup({a: (0 :_{R/(xn ,... ,xi+1)R} x_i)_{(a,j)} ≠ 0} ∪ {0}). In the next proof we need the following notation. For a bistable ideal J and v ∈ N^m we set J_{(∗,v)} = I_vy^v where I_v ⊂ S_x is a monomial ideal, which is stable in S_x.

Proposition 5.3.3. Let J ⊂ S be a bistable ideal and R = S/J. Then:

(i) For every i ∈ [n] and for j ≥ 0 we have m^i_j(R) ≤ max{m_x(J) − 1, 0}. (ii) For every i ∈ [n] and for j ≥ m_y(J) we have m^i_j(R) = m^i_{my (J)}(R).

Proof. If G(J) = {x^{uk} y^{vk} : k = 1, . . . , r}, then I_v = (x^{uk} : v^k ⪯ v) for v ∈ N^m . This means that for all x^u ∈ G(I_v) one has |u| ≤ m_x(J). For fixed v with |v| = j we have (0 :_{R/(xn ,... ,xi+1)R} x_i)_{(∗,v)} = ((x_n, . . . , x_{i+1}) + I_v :_{Sx} x_i) (x_n, . . . , x_{i+1}) + I_v y^v.

5.3. BIGENERIC INITIAL IDEALS 75

It follows from 5.3.1 that as a graded K-vector space

((x_n, . . . , x_{i+1}) + I_v :_{Sx} x_i) (x_n, . . . , x_{i+1}) + I_v y^v = ⨁ x^u∈G(I_v ), m(u)=i K(x^u/x_{m(u)})y^v because I_v is stable. Thus m^i_j (R) ≤ max{m_x(J) − 1, 0}, which is (i).

To prove (ii) we replace J by J_{(∗,≥my (J))} and may assume that J is generated in y-degree t = m_y(J). Then G(J) = {x^{uk} y^{vk} : k = 1, . . . , r} where |v^k| = t for all k ∈ [r]. Let |u^k| be maximal with m(u^k) = i and define c^i = max{|u^k| − 1, 0}. We show that m^i_j(R) = c^i for j ≥ t and this gives (ii). By a similar argument as in (i) we have m^i_{s+t}(R) ≤ c^i for s ≥ 0. If c^i = 0, then m^i_j (R) = 0. Assume that c^i ≠ 0.

We claim that (∗) 0 ≠ [(x^{uk} /x_i)y^{vk} y^s_n] ∈ (0 :_{R/(xn ,... ,xi+1)R} x_i)_{(∗,s+t)} for s ≥ 0. Assume this is not the case, then either (x^{uk} /x_i)y^{vk} y^s_n = x_lx^{u′} y^{v′} for some u^′, v^′ and l ≥ i + 1 which contradicts to m(u^k) = i, or (x^{uk} /x_i)y^{vk} y^s_n = x^{uk′} y^{vk′} x^{u′} y^{v′} for x^{uk′} y^{vk′} ∈ G(J). It follows that |v^′| = s. Let k_1 be the largest integer l such that y^l_n|y^{vk′} . Then (x^{uk} /x_i)y^{vk} = ((x^{uk′} y^{vk′} x^{u′} )/y^{k1}_n )y^{v′} /y^{s−k1}_n ∈ J, because J is bistable, and this is again a contradiction. Therefore (∗) is true and we get m^i_{s+t}(R) ≥ c^i for s ≥ 0. This concludes the proof. □ Remark 5.3.4. This proposition could also be formulated if the roles of x = x_1, . . . , x_n and y = y_1, . . . , y_m are exchanged.

It is easy to determine almost regular sequences for S/J where J ⊂ S is a bistable ideal.

Corollary 5.3.5. Let J ⊂ S be a bistable ideal and R = S/J. Then:

(i) x_n, . . . , x_1 is an almost regular sequence for R with respect to the x-degree. (ii) y_m, . . . , y_1 is an almost regular sequence for R with respect to the y-degree.

Proof. By symmetry it suffices to prove (i). Fix i ∈ [n]. Now 5.3.3 yields sup{m^i_j (R): j ∈ N} ≤ max{m_x(J) − 1, 0}. Then (0 :_{S/((xn,... ,xi+1)+J)} x_i)_{(a,∗)} = 0 for a ≥ m_x(J). Thus the assertion follows. □

76 5. HOMOLOGICAL PROPERTIES OF BIGRADED ALGEBRAS

We fix the (bidegree) reverse-lexicographic term order >_{rlex} on S (see 1.7.14 for the definition). Recall that for a bigraded ideal J ⊂ S we write bigin(J) for the bigeneric initial ideal of J with respect to >_{rlex}.

Observe that for char(K) = 0 the ideal bigin(J) is strongly bistable. See for example [5] for similar results in the graded case.

Proposition 5.3.6. Let J ⊂ S be a bigraded ideal. If char(K) = 0, then reg_x(S/J) = reg_x(S/bigin(J)).

Proof. Set x = x_n, . . . , x_1, choose g ∈ G generic for J and let x̃ = x̃_n, . . . , x̃_1 such that x_i = g(x̃_i). By 5.1.3 we may assume that the sequence x̃ is almost regular for S/J with respect to the x-degree. Furthermore, by 5.3.5 the sequence x is almost regular for S/bigin(J) with respect to the x-degree. We have (0 :_{S/((x̃n ,... ,x̃i+1)+J)} x̃_i) ∼= (0 :_{S/((xn,... ,xi+1)+g(J))} x_i). Analogously to 1.7.7 it follows that (0 :_{S/((xn ,... ,xi+1)+g(J))} x_i) ∼= (0 :_{S/((xn,... ,xi+1)+bigin(J))} x_i). By 5.1.5 we get the desired result. □ Remark 5.3.7. Observe the following:

(i) In general it is not true that reg_y(S/J) = reg_y(S/bigin(J)).

For example let S = K[x_1, . . . , x_3, y_1, . . . , y_3] and J = (y_2x_2 − y_1x_3, y_3x_1 − y_1x_3). Then the minimal bigraded free resolution of S/J is given by 0 → S(−2, −2) → S(−1, −1) ⊕ S(−1, −1) → S → 0. Therefore reg_x(S/J) = 0 and reg_y(S/J) = 0.

On the other hand bigin(J) = (y_2x_1, y_1x_1, y^2_1x_2) with the minimal bigraded free resolution of S/bigin(J) 0 → S(−2, −2) ⊕ S(−1, −2) → S(−1, −1) ⊕ S(−1, −1) ⊕ S(−1, −2) → S → 0. Hence

reg_x(S/bigin(J)) = 0 and reg_y(S/bigin(J)) = 1.

(ii) It is easy to calculate the x- and the y-regularity of bistable ideals. In fact, in [3] (see 6.2.9 for a new proof of this result) it was shown that for a bistable ideal J ⊂ S we have reg_x(J) = m_x(J) and reg_y(J) = m_y(J).

5.4. REGULARITY OF POWERS AND SYMMETRIC POWERS OF IDEALS 77

5.4. Regularity of powers and symmetric powers of ideals Let S and S_x be as in 5.3. In [21] and [38] it was shown that for a graded ideal I ⊂ S_x the function reg_{Sx} (I^j) is a linear function pj + c for j ≫ 0. In the case that I is generated in one degree we give an upper bound for c and find an integer j_0 for which reg_{Sx} (I^j) is a linear function for all j ≥ j_0.

Theorem 5.4.1. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d ∈ N. Let R(I) = S/J for a bigraded ideal J ⊂ S. Then:

(i) reg_{Sx} (I^j) ≤ jd + reg_x(R(I)).

(ii) reg_{Sx} (I^j) = jd + c for j ≥ m_y(bigin(J)) and some constant 0 ≤ c ≤ reg_x(R(I)).

Proof. We choose an almost regular sequence x̃ = x̃_n, . . . , x̃_1 for R(I) over S with respect to the x-degree. We have that for all j ∈ N the sequence x̃ is almost regular for I^j over S_x in the sense of [5] (that is x̃ is almost regular for I^j over S_x with respect to the x-degree) because R(I)_{(∗,j)}(−dj) ∼= I^j as graded S_x-modules and (0 :_{R(I)/(x̃n ,... ,x̃i+1)R(I)} x̃_i)_{(∗,j)}(−dj) ∼= (0 :_Ij_{/(x̃n,... ,x̃i+1)I}j x̃_i). Define m^i_j = m^i_j (S/bigin(J)). Since (0 :_{R(I)/(x̃n ,... ,x̃i+1)R(I)} x̃_i) ∼= (0 :_{S/((xn,... ,xi+1)+bigin(J))} x_i), it follows that jd + m^i_j = r^i_j = max({l : (0 :_Ij_{/(x̃n,... ,x̃i+1)I}j x̃_i)_l ≠ 0} ∪ {0}). By a characterization of the regularity of graded modules in [5] we have reg_{Sx} (I^j ) = max{jd, r^1_j , . . . , r^n_j }.

Hence the assertion follows from 5.3.3, 5.3.6 and 5.3.7(ii). □ Similarly as in 5.4.1 one has:

Theorem 5.4.2. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d ∈ N. Let S(I) = S/J for a bigraded ideal J ⊂ S. Then:

(i) reg_{Sx} (S^j(I)) ≤ jd + reg_x(S(I)).

(ii) reg_{Sx} (S^j(I)) = jd + c for j ≥ m_y(bigin(J)) and some constant 0 ≤ c ≤ reg_x(S(I)).

Blum [15] proved the following with different methods.

Corollary 5.4.3. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d. (i) If reg_x(R(I)) = 0, then reg_{Sx} (I^j) = jd for j ≥ 1. (ii) If reg_x(S(I)) = 0, then reg_{Sx} (S^j (I)) = jd for j ≥ 1.

Proof. This follows from 5.4.1 and 5.4.2. □ Next we give a more theoretic bound for the regularity function becoming linear.

Consider a bigraded K-algebra R. Let y ∈ S be almost regular for all Tor^S_i (S/(x), R) with respect to the y-degree. We define w(R) = max{b: (0 :_{Tor}S_{i (S/(x),R)} y)_{(∗,b)} ≠ 0 for some i ∈ [n]}.

78 5. HOMOLOGICAL PROPERTIES OF BIGRADED ALGEBRAS

Lemma 5.4.4. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d ∈ N. (i) For j > w(R(I)) we have reg_{Sx} (I^{j+1}) ≥ reg_{Sx} (I^j ) + d. (ii) For j > w(S(I)) we have reg_{Sx} (S^{j+1}(I)) ≥ reg_{Sx} (S^j(I)) + d.

Proof. We prove the case R = R(I). For j > w(R) one has the exact sequence 0 → Tor^S_i (S/(x), R)_{(∗,j)}^y→ Tor^S_i (S/(x), R)_{(∗,j+1)}.

In [21, 3.3] it was shown that Tor^S_i (S/(x), R)_{(a,j)} ∼= Tor^{Sx}_i (K, I^j)_{a+jd} and this concludes the proof. □ Lemma 5.4.5. Let J ⊂ S be a bigraded ideal and R = S/J. Then H(0, m; R)_{(∗,j)} = 0 for j > reg_y(R) + m.

Proof. We know that H(0, m; R) ∼= Tor^S. (S/(y), R) ∼= H(S/(y) ⊗_S F) where F is the minimal bigraded free resolution of R over S. Let F_i = ⨁ S(−a, −b)^{βSi,(a,b)(R)}. Then by the definition of the y-regularity we have b ≤ reg_y(R)+m for all β^S_{i,(a,b)}(R) ≠ 0. Thus (S/(y) ⊗_S F_i)_{(∗,j)} = 0 for j > reg_y(R) + m. The assertion follows. □ We get the following exact sequences.

Corollary 5.4.6. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d ∈ N. (i) For j > reg_y(R(I)) + m we have the exact sequence 0 → I^{j−m}(−md) → ⨁ m I^{j−m+1}(−(m − 1)d) → . . . → ⨁ m I^{j−1}(−d) → I^j → 0. (ii) For j > reg_y(S(I)) + m we have the exact sequence 0 → S^{j−m}(I)(−md) → ⨁ m S^{j−m+1}(I)(−(m − 1)d) → . . . → ⨁ m S^{j−1}(I)(−d) → S^j (I) → 0. Proof. This statement follows from 5.4.5, the definition of the Koszul complex and the fact that R(I)_{(∗,j)}(−jd) ∼= I^j or S(I)_{(∗,j)}(−jd) ∼= S^j(I) respectively. □ Corollary 5.4.7. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d ∈ N. Then:

(i) For j ≥ max{reg_y(R(I)) + m, w(R(I)) + m} we have reg_{Sx} (I^{j+1}) = d + reg_{Sx} (I^j).

5.4. REGULARITY OF POWERS AND SYMMETRIC POWERS OF IDEALS 79

(ii) For j ≥ max{reg_y(S(I)) + m, w(S(I)) + m} we have reg_{Sx} (S^{j+1}(I)) = d + reg_{Sx} (S^j(I)).

Proof. We prove the corollary for R(I). By 5.4.6 and by standard arguments (see 5.5.2 for the bigraded case) we get that for j ≥ reg_y(R(I)) + m reg_{Sx} (I^{j+1}) ≤ max{reg_{Sx} (I^{j+1−i}) + id − i + 1: i ∈ [m]}.

Since j + 1 − i > w(R(I)), it follows from 5.4.4 that

reg_{Sx} (I^{j+1−i}) ≤ reg_{Sx} (I^{j+1−i+1}) − d ≤ . . . ≤ reg_{Sx} (I^{j+1}) − id.

Hence reg_{Sx} (I^{j+1}) = reg_{Sx} (I^j ) + d. □ We now consider a special case where reg_{Sx} (I^j ) can be computed precisely.

Proposition 5.4.8. Let J ⊂ S be a bigraded ideal such that R = S/J is a complete intersection. Let {z_1, . . . , z_t} be a homogeneous minimal system of generators of J which is a regular sequence. Assume that deg_x(z_t) ≥ . . . ≥ deg_x(z_1) > 0 and deg_y(z_k) = 1 for all k ∈ [t]. Then for all j ≥ t reg_{Sx} (R_{(∗,j+1)}) = reg_{Sx} (R_{(∗,j)}).

If in addition deg_x(z_k) = 1 for all k ∈ [t], then for j ≥ 1 reg_{Sx} (R_{(∗,j)}) = 0.

Proof. The Koszul complex K(z) with respect to {z_1, . . . , z_t} provides a minimal bigraded free resolution of R because these elements form a regular sequence (see [16]). Observe that (∗, j) is an exact functor on complexes of bigraded modules. Note that K(z)_{(∗,j)} is a complex of free S_x-modules because K_i(z) ∼= ⨁ {j_1,... ,j_i}⊆[t] S(− deg(z_{j1} ) − . . . − deg(z_{ji} )) and S(−a, −b)_{(∗,j)} ∼= ⨁ |v|=j−b S_x(−a)y^v as graded S_x-modules.

H_i(K(z)_{(∗,j)}) = 0 for i ≥ 1 and H_0(K(z)_{(∗,j)}) = R_{(∗,j)}. Let ∂ be the differential of K(z). By the assumption that deg_x(z_k) > 0 we get ∂(K_{i+1}(z)) ⊂ (x)K_i(z) for all i ∈ N. This implies that ∂(K_{i+1}(z)_{(∗,j)}) ⊂ (x)K_i(z)_{(∗,j)}. Hence K(z)_{(∗,j)} is a minimal graded free resolution of R_{(∗,j)}. Then we have for j ≥ t

reg_{Sx} (R_{(∗,j)}) = max{deg_x(z_t) + . . . + deg_x(z_{t−i+1}) − i: i ∈ [t]} and this is independent of j. If in addition deg_x(z_k) = 1 for all k ∈ [t], then we obtain reg_{Sx} (R_{(∗,j)}) = 0 for j ≥ 1. □

80 5. HOMOLOGICAL PROPERTIES OF BIGRADED ALGEBRAS

This proposition can be applied in the following situation. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal, which is Cohen-Macaulay of codim 2. By the Hilbert-Burch theorem (see for example [16]) S_x/I has a minimal graded free resolution 0 → m−1⨁ i=1 S_x(−b_i)^B→ m⨁ i=1 S_x(−a_i) → S_x → S_x/I → 0 where B = (b_{ij} ) is a m × (m − 1)-matrix with b_{ij} ∈ m_x and we may assume that the ideal I is generated by the maximal minors of B. The matrix B is said to be the Hilbert-Burch matrix of I. If I is generated in degree d, then S(I) = S/J where J is the bigraded ideal ( ∑_m i=1 b_{ij} y_i : j = 1, . . . , m − 1).

Corollary 5.4.9. Let I = (f_1, . . . , f_m) ⊂ S_x be a graded ideal generated in degree d ∈ N, which is Cohen-Macaulay of codim 2 with m × (m − 1) Hilbert-Burch matrix B = (b_{ij} ) and of linear type. Then for j ≥ m − 1:

reg_{Sx} (I^{j+1}) = reg_{Sx} (I^j) + d.

If additionally deg_x(b_{ij} ) = 1 for b_{ij} ≠ 0, then the equality holds for j ≥ 1.

Proof. Since I is of linear type, we have R(I) = S(I) = S/J where J = ( ∑_m i=1 b_{ij} y_i :

j = 1, . . . , m − 1). One knows that (Krull-) dim(R(I)) = n + 1 (see for example [16]). Since J is defined by m − 1 equations, we conclude that R(I) is a complete intersection. Now apply 5.4.8. □

5.5. Bigraded Veronese algebras

The relationship between the regularity of a graded K-algebra and the regularity of its Veronese subrings were considered by several authors (see for example [25]). We study a more general situation. As in the sections before let S = K[x_1, . . . , x_n, y_1, . . . , y_m] be the bigraded polynomial ring. Fix a bigraded ideal J ⊂ S and set R = S/J.

Definition 5.5.1. Let Δ̃ = (s, t) ≠ (0, 0) for s, t ∈ N. We call

R~_Δ = ⨁ (a,b)∈N^2 R_{(as,bt)} the bigraded Veronese algebra of R with respect to Δ̃.

See [20] for similar constructions in the bigraded case. Note that R~_Δ is again a bigraded K-algebra. We want to relate reg_{SΔ̃,x}(R~_Δ) and reg_{SΔ̃,y}(R~_Δ) to reg_x(R) and reg_y(R). We follow the way presented in [20] for the case of diagonals. Lemma 5.5.2. Let 0 → M_r → . . . → M_0 → N → 0 be an exact complex of finitely generated bigraded R-modules. Then reg_{R,x}(N) ≤ sup{reg_{R,x}(M_k) − k : 0 ≤ k ≤ r} and reg_{R,y}(N) ≤ sup{reg_{R,y}(M_k) − k : 0 ≤ k ≤ r}.

5.5. BIGRADED VERONESE ALGEBRAS 81

Proof. We prove by induction on r ∈ N the inequality above for reg_{R,x}(N). The case r = 0 is trivial. Now let r > 0, and consider 0 → N^′ → M_0 → N → 0 where N^′ is the kernel of M_0 → N. Then for every integer a we have the exact sequence

. . . → Tor^R_i (M_0, K)_{(a+i,∗)} → Tor^R_i (N, K)_{(a+i,∗)} → Tor^R_{i−1}(N^′, K)_{(a+1+i−1,∗)} → . . . We get reg_{R,x}(N) ≤ sup{reg_{R,x}(M_0), reg_{R,x}(N^′) − 1} ≤ sup{reg_{R,x}(M_k) − k : 0 ≤ k ≤ r} where the last inequality follows from the induction hypothesis. Analogously we obtain the inequality for reg_{R,y}(N). □ Lemma 5.5.3. Let A and B be graded K-algebras, M ∈ M_Z(A) and N ∈ M_Z(B). Then M ⊗_K N ∈ M_Z(A ⊗_K B) with

reg_{A⊗K B,x}(M ⊗_K N) = reg_A(M) and reg_{A⊗K B,y}(M ⊗_K N) = reg_B (N). Proof. Let F be the minimal graded free resolution of M over A and let G be the minimal graded free resolution of N over B. Then it is well-known that H = F ⊗_K G is the minimal bigraded free resolution of M ⊗_K N over A ⊗_K B with H_i = ⨁ k+l=i Fk ⊗ Gl. Since A(−a) ⊗K B(−b) = (A ⊗K B)(−a, −b), the assertion follows. □ Theorem 5.5.4. Let Δ̃ = (s, t) ≠ (0, 0) for s, t ∈ N. Then reg_{SΔ̃,x}(R~_Δ) ≤ max{c: c = ⌈a/s⌉ − i, β^S_{i,(a,b)}(R) ≠ 0 for some i, b ∈ N} and reg_{SΔ̃,y}(R~_Δ) ≤ max{c: c = ⌈b/t⌉ − i, β^S_{i,(a,b)}(R) ≠ 0 for some i, a ∈ N}. Proof. By symmetry it suffices to show the inequality for reg_{SΔ̃,x}(R~_Δ). Let 0 → F_r → . . . → F_0 → R → 0 be the minimal bigraded free resolution of R over S. Since ( )~_Δ is an exact functor, we obtain the exact complex of finitely generated S~_Δ-modules 0 → (F_r)~_Δ → . . . → (F_0)~_Δ → R~_Δ → 0.

By 5.5.2 we have reg_{SΔ̃,x}(R~_Δ) ≤ max{reg_{SΔ̃,x}((F_i)~_Δ) − i}.

Since F_i = ⨁ (a,b)∈N^2 S(−a, −b)^{βSi,(a,b)(R)}, one has

reg_{SΔ̃,x}((F_i)~_Δ) = max{reg_{SΔ̃,x}(S(−a, −b)~_Δ): β^S_{i,(a,b)}(R) ≠ 0}.

We have to compute reg_{SΔ̃,x}(S(−a, −b)~_Δ). Let M_0, . . . , M_{s−1} be the relative Veronese modules of S_x and N_0, . . . , N_{t−1} the relative Veronese modules of S_y. That is

82 5. HOMOLOGICAL PROPERTIES OF BIGRADED ALGEBRAS

M_j = ⨁ k∈N (S_x)_{ks+j} for j = 0, . . . , s−1 and N_j = ⨁ k∈N(S_y)_{kt+j} for j = 0, . . . , t−1. Then S(−a, −b)~_Δ = ⨁ (k,l)∈N^2 (S_x)_{ks−a} ⊗_K (S_y)_{lt−b} = M_i(−⌈a/s⌉) ⊗_K N_j (−⌈b/t⌉) where i ≡ −a mod s for 0 ≤ i ≤ s − 1 and j ≡ −b mod t for 0 ≤ j ≤ t − 1.

By [2] the relative Veronese modules over a polynomial ring have a linear resolution over the Veronese algebra. Hence 5.5.3 yields reg_{SΔ̃,x}(S(−a, −b)~_Δ) = ⌈a/s⌉. This concludes the proof. □ Corollary 5.5.5. We have:

(i) For s ≫ 0, t ∈ N and Δ̃ = (s, t) one has reg_{SΔ̃,x}(R~_Δ) = 0. (ii) For t ≫ 0, s ∈ N and Δ̃ = (s, t) one has reg_{SΔ̃,y}(R~_Δ) = 0.

CHAPTER 6

Koszul cycles

In this chapter we compute the Koszul cycles of graded K-algebras defined by a-stable ideals and bigraded K-algebras defined by bistable ideals. In both cases we obtain formulas for the Betti numbers.

6.1. Rings defined by bounded stable ideals

Let S = K[x_1, . . . , x_n] be the standard graded polynomial ring over a field K in n variables. In 1.7.12 we gave a formula for the graded Betti numbers of stable ideals. We extend this result to a larger class of ideals following the proof in [4] for the case of stable ideals.

We fix a vector a = (a_1, . . . , a_n) where 2 ≤ a_i ≤ ∞. Let I ⊂ S be a graded ideal. In this section K(k) = K(x_n, . . . , x_{n−k+1}; S/I) and H(k) = H(x_n, . . . , x_{n−k+1}; S/I) will always denote the Koszul complex and the Koszul homology of S/I with respect to the sequence x_n, . . . , x_{n−k+1} (see 1.3 for details).

Definition 6.1.1. Let I ⊂ S be a monomial ideal. I is said to be a-bounded if for all x^u ∈ G(I) and all i ∈ [n] one has u_i < a_i. The ideal I is called a-stable if, in addition for all x^u ∈ G(I) and all j ≤ m(u) with u_j < a_j − 1, we have x_j x^u/x_{m(u)} ∈ I.

It is easy to see that if I is a-stable, then for all x^u ∈ I and all j ≤ m(u) with u_j < a_j − 1 we have x_j x^u/x_{m(u)} ∈ I.

Remark 6.1.2. Let I ⊂ S be a monomial ideal with G(I) = {x^{u1} , . . . , x^{ut} }. Bruns and Herzog proved in [17, Thm. 3.1] that for all i ≥ 1, u ∈ N^n and 0 ≠ β^S_{i,u}(S/I) one has x^u|lcm(x^{u1} , . . . , x^{ut} ). Consequently, if I is a-bounded, then we have u ≺ a for these u.

Proposition 6.1.3. Let I ⊂ S be an a-stable ideal. Then:

(i) H_0(n) ∼= K.

(ii) For i > 0 a K-basis of H_i(n) is given by the homology classes [x^u/x_{m(u)}e_L ∧ e_{m(u)}] where x^u ∈ G(I), L ⊆ [n], |L| = i − 1, m(L) < m(u) and u_l < a_l − 1 for l ∈ L. Proof. Statement (i) is trivial, therefore assume that i > 0. By 6.1.2 we only have to compute H_i(n)_v for v ≺ a.

In the proof we need the following fact: Let x^u ∈ G(I), L ⊆ {n − k + 1, . . . , n}, |L| = i − 1, max{n − k, m(L)} < m(u) and u_l < a_l − 1 for l ∈ L. It follows that

84 6. KOSZUL CYCLES

x_lx^u/x_{m(u)} ∈ I for l ∈ L because I is a-stable. Hence we have ∂((x^u/x_{m(u)})e_L ∧ e_{m(u)}) = ∑ l∈L (−1)^{α(l,L)}(x_lx^u/x_{m(u)})e_{L−{l}} ∧ e_{m(u)} + (−1)^{i−1}x^ue_L = 0. This means that all elements (x^u/x_{m(u)})e_L ∧ e_{m(u)} are cycles in K_i(k).

We prove by induction on k ∈ [n] that, for all v ≺ a and all integers i > 0, the K-vector space H_i(k)_v has a K-basis given by the homology classes [x^u/x_{m(u)}e_L ∧ e_{m(u)}] satisfying (∗) x^u ∈ G(I), L ⊆ {n − k + 1, . . . , n}, |L| = i − 1, max{n − k, m(L)} < m(u), u_l < a_l − 1 for l ∈ L and u + ∑ l∈L ε_l = v. The case k = n gives the proposition.

Let k = 1. We have the following exact sequence 0 → H_1(1)_v → (S/I)_{v−εn}^{xn}→ (S/I)_v → (S/(x_n + I))_v → 0. We claim that the kernel of the multiplication map with x_n has a K-basis in degree ṽ = v − ε_n consisting of the elements (∗∗) [(x^u/x_{m(u)})] with x^u ∈ G(I), m(u) = n and u = v.

We may choose [(x^u/x_{m(u)})e_n] as a preimage in H_1(1)_v and the assertion follows for k = 1. It remains to prove the claim (∗∗). Observe that every element satisfying (∗∗) is in the kernel. On the other hand let x^ṽ ∉ I with x_nx^ṽ ∈ I. There exists x^u ∈ G(I) such that x_nx^ṽ = x^ux^{u′} for some monomial x^{u′} . It follows that max{m(u), m(u^′)} = n. If m(u^′) = n, then x^ṽ = x^u(x^{u′} /x_n) ∈ I, which is a contradiction. Thus m(u) = n. Furthermore, we have x^{u′} = 1 because otherwise x^ṽ = (x^u/x_n)x^{u′} ∈ I since ṽ ⪯ v ≺ a and I is a-stable. This is again a contradiction. Hence x^ṽ = x^u/x_n satisfies (∗∗).

Let k > 1. By the induction hypothesis we have for all considered elements in H_i(k − 1) satisfying (∗) that m(u) > n − k + 1. This implies that all the maps H_i(k − 1)_{v−εn−k+1}^{xn−k+1}→ H_i(k − 1)_v are zero maps for i ≥ 1 because v ≺ a and I is a-stable.

For i = 1 we obtain the exact sequence 0 → H_1(k − 1)_v → H_1(k)_v → (S/(x_{n−k+2}, . . . , x_n) + I)_{v−εn−k+1} x_{n−k+1} → (S/(x_{n−k+2}, . . . , x_n) + I)_v → (S/(x_{n−k+1}, . . . , x_n) + I)_v → 0. By the induction hypothesis the K-vector space H_1(k − 1)_v has a K-basis given by the elements

[x^u/x_{m(u)}e_{m(u)}] such that x^u ∈ G(I), n − k + 1 < m(u) and u = v.

6.1. RINGS DEFINED BY BOUNDED STABLE IDEALS 85

Similarly as in the case k = 1 the kernel of the multiplication map with x_{n−k+1} has a K-basis consisting of 0 ≠ [x^u/x_{m(u)}] ∈ (S/(x_{n−k+2}, . . . , x_n) + I)_{v−εn−k+1} satisfying x^u ∈ G(I), m(u) = n − k + 1 and u = v. We may choose [x^u/x_{m(u)}e_{n−k+1}] as a preimage in H_1(k)_v of this element. Thus we get the desired K-basis for H_1(k)_v.

For i > 1 the long exact sequence of the Koszul homology splits into short exact sequences of the following form: 0 → H_i(k − 1)_v → H_i(k)_v → H_{i−1}(k − 1)_{v−εn−k+1} → 0. We may apply the induction hypothesis to H_i(k − 1)_v and H_{i−1}(k − 1)_{v−εn−k+1} . A K-basis of H_i(k − 1)_v is given by the homology classes [x^u/x_{m(u)}e_L ∧ e_{m(u)}] such that x^u ∈ G(I), L ⊆ {n − k + 2, . . . , n}, |L| = i − 1, max{n − k + 1, m(L)} < m(u), u_l < a_l − 1 for l ∈ L and u + ∑ l∈L ε_l = v. Similarly the K-vector space H_{i−1}(k − 1)_{v−εn−k+1} has a K-basis [x^u/x_{m(u)}e_L ∧ e_{m(u)}] satisfying x^u ∈ G(I), L ⊆ {n − k + 2, . . . , n}, |L| = i − 2, max{n − k + 1, m(L)} < m(u), u_l < a_l − 1 for l ∈ L and u + ∑ l∈L ε_l = v − ε_{n−k+1}. Observe that u_{n−k+1} < a_{n−k+1} − 1 because v ≺ a. We may choose [x^u/x_{m(u)}e_{n−k+1} ∧ e_L ∧ e_{m(u)}] as a preimage in H_i(k)_v of [x^u/x_{m(u)}e_L ∧ e_{m(u)}]. The union of all given homology classes in H_i(k)_v is the desired K-basis of H_i(k)_v. This concludes the proof. □ Let a, b ∈ Z. We make the convention that (_a 0 ) = 1 and (_a b ) = 0 for a < 0, b ≠ 0.

Furthermore, (_a b ) = 0 for 0 ≤ a < b or b < 0 ≤ a respectively. If x^u ∈ S with u ≺ a, then we define l(u) = |{i: u_i = a_i − 1, i < m(u)}|. The following corollary was independently discovered by Gasharov, Hibi and Peeva [29].

Corollary 6.1.4. Let I ⊂ S be an a-stable ideal and i, j ∈ N. One has, independent of the characteristic of K, β^S_{i,i+j}(I) = ∑ x^u∈G(I), |u|=j ( m(u) − 1 − l(u) i ) . As a consequence we are able to determine the regularity for a-stable ideals.

Corollary 6.1.5. Let I ⊂ S be an a-stable ideal. Then reg_S (I) = max{|u|: x^u ∈ G(I)}. In particular, if I is generated in degree d, then I has a d-linear resolution.

86 6. KOSZUL CYCLES

Example 6.1.6. Let S = K[x_1, . . . , x_4] and I = (x_2x_4, x_2x_3, x_1x_2, x^2_1). We see that I is not stable because x_2x_3 ∈ I and x^2 ∉ I. Let a = (3, 2, 3, 2). Then I is a-stable. By 6.1.4 we have β^S_{i,i+j}(I) = 0 for all i, j ∈ N with j ≠ 2. For j = 2 we get β^S_{i,i+2}(I) = ( 2 i ) + 2 ( 1 i ) + ( 0 i ) . Hence the Betti diagram of I is:

I 0 1 2 1 - - - 2 4 4 1 3 - - -

6.2. Rings defined by bistable ideals In this section we always denote the standard bigraded polynomial ring with S = K[x_1, . . . , x_n, y_1, . . . , y_m]. Recall that we regard the (bigraded) polynomial rings S_x = K[x_1, . . . , x_n] and S_y = K[y_1, . . . , y_m] as subrings of S. In contrast to the other chapters we set m_x = (x_1, . . . , x_n) ⊂ S, m_y = (y_1, . . . , y_m) ⊂ S and m = m_x + m_y ⊂ S. Let J ⊂ S be a bistable ideal. We want to compute the Koszul cycles of R = S/J with respect to x_n, . . . , x_1, y_m, . . . , y_1. For k ∈ [n] and l ∈ [m] let K(k, l) = K(x_n, . . . , x_{n−k+1}, y_m, . . . , y_{m−l+1}; R) and H(k, l) = H(x_n, . . . , x_{n−k+1}, y_m, . . . , y_{m−l+1}; R) be the Koszul complex and the Koszul homology of R with respect to the sequence x_n, . . . , x_{n−k+1}, y_m, . . . , y_{m−l+1} (see 1.3 for details). Here for all integers i the modules K_i(k, l) and H_i(k, l) are N^n × N^m -graded. We need the following property of bistable ideals.

Lemma 6.2.1. Let J ⊂ S be a bistable ideal and x^uy^v ∈ J.

(i) If (x^u/x_{m(u)})y^v ∉ J, then x^uy^v ∉ m_xJ. (ii) If x^u(y^v/y_{m(v)}) ∉ J, then x^uy^v ∉ m_yJ.

Proof. By symmetry it suffices to prove (i). Without loss of generality |u| > 0. Assume that x^uy^v ∈ m_xJ. Then x^uy^v = x^qy^rx^{q′} y^{r′} where |q| > 0, x^{q′} y^{r′} ∈ G(J). It follows that max{m(q), m(q^′)} = m(u). If m(q) = m(u), then (x^u/x_{m(u)})y^v = (x^q/x_{m(u)})y^rx^{q′} y^{r′} ∈ J and this is a contradiction to the assumption that (x^u/x_{m(u)})y^v ∉ J. If m(q^′) = m(u), then (x^u/x_{m(u)})y^v = x^qy^r(x^{q′} /x_{m(u)})y^{r′} ∈ J because |q| > 0 and J is bistable. This is again a contradiction. Thus x^uy^v ∉ m_xJ. □

6.2. RINGS DEFINED BY BISTABLE IDEALS 87

First we consider the Koszul homology with respect to x_n, . . . , x_1. Let k ∈ [n] and i ∈ [k]. Define N (i, k) as the set consisting of the elements: (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∈ K_i(k, 0) with |L| = i − 1, max{m(L), n − k} < m(u), L ⊆ {n − k + 1, . . . , n}, x^uy^v ∈ J\m_xJ. Finally, let Ñ (i, n) ⊆ N (i, n) be the subset of elements where in addition x^uy^v ∈ G(J). Lemma 6.2.2. Let J ⊂ S be a bistable ideal and R = S/J. We have:

(i) H_0(n, 0) = S/(m_x + J).

(ii) Let i ∈ [n]. Then all elements of N (i, n) are cycles in K_i(n, 0). (iii) Let i ∈ [n], s ∈ N^n and t ∈ N^m . Then H_i(n, 0)_{(s,t)} has a K-basis consisting of the homology classes [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] where (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∈ N (i, n) with u + ∑ j∈L ε_j = s and v = t.

(iv) The homology classes of the elements in Ñ (i, n) form a minimal system of generators of the S_y-module H_i(n, 0).

Proof. Statement (i) is trivial. It remains to prove (ii), (iii) and (iv). We show:

(1) Let k ∈ [n] and i ∈ [k]. Then every element of N (i, k) is a cycle in K_i(k, 0). (2) We prove by induction on k ∈ [n], that for all i ∈ [k], all s ∈ N^n and all t ∈ N^m , H_i(k, 0)_{(s,t)} has a K-basis consisting of the homology classes [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] where (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∈ N (i, k) with u + ∑ j∈L ε_j = s and v = t.

(3) The assertion of (iv).

Then (ii) and (iii) follow from (1) and (2) for k = n. Finally, (3) gives (iv).

Proof of (1): Let (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∈ N (i, k). For l ≤ m(u) we have (x_lx^u/x_{m(u)})y^v ∈ J because J is bistable. Since m(L) < m(u), one has ∂((x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}) = ∑ l∈L (−1)^{α(l,L)}x_l(x^u/x_{m(u)})y^ve_{L−{l}} ∧ e_{m(u)} + (−1)^{i−1}x_{m(u)}(x^u/x_{m(u)})y^ve_L = 0. It follows that (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} is a cycle.

Proof of (2): For k = 1 we have the exact sequence 0 → H_1(1, 0)_{(s,t)} → (S/J)_{(s−εn,t)}^{xn}→ (S/J)_{(s,t)} → (S/(x_n + J))_{(s,t)} → 0. Suppose that [x^{u′} y^{v′} ] ≠ 0 in (S/J)_{(s−εn,t)} and x^{u′} y^{v′} x_n = x^uy^v ∈ J. It follows that m(u) = n and x^{u′} y^{v′} = (x^u/x_n)y^v ∉ J. By 6.2.1 one has x^uy^v ∉ m_xJ. Thus x^uy^v ∈ J\m_xJ. By (1) we may choose the homology class of (x^u/x_n)y^ve_n ∈ N (1, 1) as a preimage in H_1(1, 0)_{(s,t)} of [x^{u′} y^{v′} ]. Hence we proved the case k = 1.

Let k > 1. By the induction hypothesis we have for all homology classes [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] ∈ H_i(k − 1, 0)

88 6. KOSZUL CYCLES

where (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∈ N (i, k − 1), that m(u) > n − k + 1. This implies that all the maps H_i(k − 1, 0)_{(s−εn−k+1,t)}^{xn−k+1}→ H_i(k − 1, 0)_{(s,t)} are zero maps for i ≥ 1 because x_{n−k+1}(x^u/x_{m(u)})y^v ∈ J since J is bistable.

Hence for i = 1 we have the exact sequence 0 → H_1(k − 1, 0)_{(s,t)} → H_1(k, 0)_{(s,t)} → (S/(x_{n−k+2}, . . . , x_n) + J)_{(s−εn−k+1,t)} x_{n−k+1} → (S/(x_{n−k+2}, . . . , x_n) + J)_{(s,t)} → (S/(x_{n−k+1}, . . . , x_n) + J)_{(s,t)} → 0. By the induction hypothesis a K-basis of H_1(k − 1, 0)_{(s,t)} is given by the elements [(x^u/x_{m(u)})y^ve_{m(u)}] where (x^u/x_{m(u)})y^ve_{m(u)} ∈ N (1, k − 1) with u = s and v = t. Similarly as in the case k = 1, the kernel of the multiplication map with x_{n−k+1} has a K-basis in degree (s − ε_{n−k+1}, t) consisting of the elements 0 ≠ [(x^u/x_{m(u)})y^v] ∈ (S/(x_{n−k+2}, . . . , x_n) + J)_{(s−εn−k+1,t)} with x^uy^v ∈ J\m_xJ, m(u) = n − k + 1, u = s and v = t. By (1) we may choose [(x^u/x_{m(u)})y^ve_{n−k+1}] as preimages in H_1(k, 0)_{(s,t)} of the last elements. Combining all these homology classes, we get the desired K-basis for H_1(k, 0)_{(s,t)}.

For i > 1 the long exact sequence of the Koszul homology splits into short exact sequences of the form: 0 → H_i(k − 1, 0)_{(s,t)} → H_i(k, 0)_{(s,t)} → H_{i−1}(k − 1, 0)_{(s−εn−k+1,t)} → 0. We may apply the induction hypothesis to the Koszul homology H_i(k − 1, 0)_{(s,t)} and H_{i−1}(k − 1, 0)_{(s−εn−k+1,t)}. A K-basis of H_i(k − 1, 0)_{(s,t)} is given by the homology classes [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] such that (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∈ N (i, k − 1) with u + ∑ j∈L ε_j = s and v = t. A K-basis of H_{i−1}(k − 1, 0)_{(s−εn−k+1,t)} consists of the elements [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] where (x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∈ N (i − 1, k − 1) with u + ∑ j∈L ε_j = s − ε_{n−k+1} and v = t. By (1) we may choose the elements [(x^u/x_{m(u)})y^ve_{n−k+1} ∧ e_L ∧ e_{m(u)}] as preimages in H_i(k, 0)_{(s,t)} of the K-basis of H_{i−1}(k − 1, 0)_{(s−εn−k+1,t)}. All these homology classes together form the desired K-basis of H_i(k, 0)_{(s,t)}. This implies (2) for i > 1.

Proof of (3): First observe the following. Let w ∈ m_yH_i(n, 0) be an N^n × N^m - homogeneous element. By (iii) we may write w = ∑ (x^u/x_{m(u)})y^v e_L∧e_{m(u)}∈N (i,n), j∈[m] λ_{u,v,L,j}y_j[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] for some λ_{u,v,L,j} ∈ K. If x^uy_jy^v ∈ J\m_xJ, then (x^u/x_{m(u)})y_jy^ve_L ∧ e_{m(u)} is again an element of N (i, n).

6.2. RINGS DEFINED BY BISTABLE IDEALS 89

Otherwise we have x^uy_jy^v ∈ m_xJ. By 6.2.1 we get that x^u/x_{m(u)}y_jy^v ∈ J. Then (x^u/x_{m(u)})y_jy^ve_L ∧ e_{m(u)} = 0 in H_i(n, 0) because the coefficients of this Koszul complex are taken in R.

Hence we get an expression w = ∑ (x^u/x_{m(u)})y^v e_L∧e_{m(u)}∈N (i,n), x^uy^v ∉G(J) λ_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] for some λ_{u,v,L} ∈ K. We will use this fact later in the proof.

It follows from (iii) that all homology classes of elements of Ñ (i, n) form a system of generators of the S_y-module H_i(n, 0). It remains to show that the residue classes are K-linearly independent in H_i(n, 0)/m_yH_i(n, 0).

Assume that ∑ (x^u/x_{m(u)})y^v e_L∧e_{m(u)}∈Ñ (i,n) λ_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] ∈ m_yH_i(n, 0) where λ_{u,v,L} ∈ K. Without loss of generality all considered homology classes have the same N^n × N^m -degree. By the preceding remark we get ∑ (x^u/x_{m(u)})y^v e_L∧e_{m(u)}∈Ñ (i,n) λ_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]

= ∑ (x^ũ/x_{m(ũ)})y^ṽ e_{L̃}∧e_{m(ũ)}∈N (i,n), x^ũy^ṽ ∉G(J) λ_{ũ,ṽ,}~_L[(x^ũ/x_{m(ũ)})y^ṽe~_L ∧ e_{m(ũ)}]

for λ_{ũ,ṽ,}~_L ∈ K. Since all elements in the second sum satisfy x^ũy^ṽ ∉ G(J), they are different from the homology classes of the first sum. It follows from (iii) that ∑ (x^u/x_{m(u)})y^v e_L∧e_{m(u)}∈Ñ (i,n) λ_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] = 0 in H_i(n, 0). Then again by (iii) all λ_{u,v,L} = 0. The assertion follows. □

Observe that each H_i(n, 0) is a finitely generated N^n × N^m -graded S_y-module. Let K_{i,j}(k) = K_j (y_m, . . . , y_{m−k+1}; H_i(n, 0)) and H_{i,j}(k) = H_j(y_m, . . . , y_{m−k+1}; H_i(n, 0)) be the j^{th}-module of the Koszul complex and the j^{th}-Koszul homology of H_i(n, 0) with respect to y_m, . . . , y_{m−k+1}. We set H_{i,j}(k) = 0 for i < 0. Note that H_{i,0}(k−1) = H_i(n, 0)/(y_{m−k+2}, . . . , y_m)H_i(n, 0). Furthermore, we define for k ∈ [m] H̃_{i,0}(k − 1) = (0 :_{Hi,0(k−1)} y_{m−k+1}) ⊆ H_{i,0}(k − 1).

For c ∈ H_i(n, 0) we write [c] for the homology class in H_{i,0}(k −1). For example, if by 6.2.2 we have [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] ∈ H_i(n, 0), then [[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]] is the corresponding homology class in H_{i,0}(k −1). In the next proposition we describe the modules H̃_{i,0}(k − 1) explicitly.

90 6. KOSZUL CYCLES

Proposition 6.2.3. Let J ⊂ S be a bistable ideal, R = S/J and i ∈ [n]:

(i) For k ∈ [m] we have mH̃_{i,0}(k − 1) = 0.

(ii) For k ∈ [m] a K-basis of H̃_{i,0}(k − 1) is given by the homology classes:

(a) [[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]] where L ⊆ [n], |L| = i − 1, m(L) < m(u), x^uy^v ∈ G(J), m − k + 1 < m(v), (b) [[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]] where L ⊆ [n], |L| = i − 1, m(L) < m(u), m − k + 1 = m(v), x^u(y^v/y_{m(v)}) ∈ J\m_xJ, (x^u/x_{m(u)})y^v ∈ J\m_yJ. Proof. Fix i ∈ [n] and k ∈ [m]. To prove this proposition, we show that the elements of type (a) and (b)

(1) belong to the socle of H_{i,0}(k − 1), (2) are K-linearly independent, (3) form a system of generators of H̃_{i,0}(k − 1).

From (1) it follows that the elements of type (a) and (b) lie in H̃_{i,0}(k − 1). Then (1), (2) and (3) imply (i) and (ii).

Proof of (1): Let [c] ∈ H_{i,0}(k −1) with c ∈ H_i(n, 0) is of type (a) or (b). We have to show that m_x[c] = 0 and m_y[c] = 0. Since m_xH_{i,0}(k − 1) = 0 and y_lH_{i,0}(k − 1) = 0 for l ≥ m − k + 2, it remains to prove that for l ≤ m − k + 1 one has y_l[c] = 0.

Fix l ≤ m − k + 1. Let c = [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] where L ⊆ [n], |L| = i − 1, m(L) < m(u), x^uy^v ∈ G(J), m − k + 1 < m(v). This means [c] is of type (a). We have to show that y_lc ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0). If (x^u/x_{m(u)})(y_ly^v/y_{m(v)}) ∈ J, then

y_lc = y_{m(v)}[(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}] = 0 in H_i(n, 0).

Otherwise one has (x^u/x_{m(u)})(y_ly^v/y_{m(v)}) ∉ J. But x^u(y_ly^v/y_{m(v)}) ∈ J because x^uy^v ∈ J and J is bistable. Thus by 6.2.1 the element x^u(y_ly^v/y_{m(v)}) ∉ m_xJ. It follows that [(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}] is of the form as described in 6.2.2. Hence y_lc = y_{m(v)}[(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}] ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0) because m(v) > m − k + 1.

Now consider an element [c] of type (b) with c = [(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}] where L ⊆ [n], |L| = i − 1, m(L) < m(u), m − k + 1 = m(v), x^u(y^v/y_{m(v)}) ∈ J\m_xJ, (x^u/x_{m(u)})y^v ∈ J\m_yJ.

6.2. RINGS DEFINED BY BISTABLE IDEALS 91

Since J is bistable, we have (x^u/x_{m(u)})(y_ly^v/y_{m(v)}) ∈ J. Therefore y_lc = 0 in H_i(n, 0).

Proof of (2): Assume that 0 = ∑ u,v,L λ^{(a)}_{u,v,L}[[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]] + ∑ u,v,L λ^{(b)}_{u,v,L}[[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]] where λ^{(a)}_{u,v,L}, λ^{(b)}_{u,v,L} ∈ K, the first sum is taken over elements of type (a) and the second sum of those elements of type (b). We may assume that all terms have the same N^n × N^m -degree. It follows that (∗) ∑ u,v,L λ^{(a)}_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] + ∑ u,v,L λ^{(b)}_{u,v,L}[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}] ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0). Observe that by 6.2.2 the non-zero terms in the summation can not cancel each other. If the sum is zero in H_i(n, 0), then we get that all λ^{(a)}_{u,v,L} = λ^{(b)}_{u,v,L} = 0. Assume that the sum is not zero. For all homology classes of type (b) we have supp(deg_y([(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}])) ⊆ {1, . . . , m − k + 1}.

Thus all λ^{(b)}_{u,v,L} = 0 because for elements 0 ≠ c ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0) one has supp(deg_y(c))∩{m−k +2, . . . , m} ≠ ∅. By 6.2.2 all elements of type (a) are part of a minimal system of generators of H_i(n, 0). We get that the K-linear combination

0 ≠ ∑ u,v,L λ^{(a)}_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] ∉ m_yH_i(n, 0). This is a contradiction to (∗). Therefore the sum is zero and also all λ^{(a)}_{u,v,L} = 0.

Proof of (3): Let [c] ∈ H̃_{i,0}(k −1) be an arbitrary N^n ×N^m -homogeneous element with c ∈ H_i(n, 0) and y_{m−k+1}c ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0). We may write c = ∑ u,v,L λ_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] where 0 ≠ λ_{u,v,L} ∈ K and the summation is taken over the K-basis elements in 6.2.2(iii), which are of degree deg(c). We claim that for all v with m(v) ≥ m − k + 2, we may assume that x^uy^v ∈ G(J). Otherwise let x^uy^v ∉ G(J). By 6.2.2 one has x^uy^v ∈ J\m_xJ. We may write x^uy^v = x^uy^{v′} y^{v′′} where v^′, v^{′′} ∈ N^m , |v^{′′}| > 0, x^uy^{v′} ∈ J. If m(v^{′′}) ≥ m(v^′), then m(v^{′′}) > m − k + 1 and therefore y_{m(v}′′_)[(x^u/x_{m(u)})y^{v′} (y^{v′′} /y_{m(v}′′_))e_L ∧ e_{m(u)}] ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0), which is zero in H_i(n, 0)/(y_{m−k+2}, . . . , y_m)H_i(n, 0). We subtract this term from c and get an element c^′ with [c^′] = [c] in H_{i,0}(k − 1). Hence without loss of generality we may replace c by c^′. If m(v^{′′}) < m(v^′), then m(v^′) > m − k + 1. Since J is bistable, we have x^u(y^{v′} /y_{m(v}′_))y^{v′′} ∈ J.

92 6. KOSZUL CYCLES

It follows that y_{m(v}′_)[(x^u/x_{m(u)})(y^{v′} /y_{m(v}′_))y^{v′′} e_L ∧ e_{m(u)}] ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0), which is zero in H_i(n, 0)/(y_{m−k+2}, . . . , y_m)H_i(n, 0). We also subtract this term from c. Since the elements [[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]] with m(v) ≥ m − k + 2 and x^uy^v ∈ G(J) are of type (a), we may assume that c = ∑ u,v,L λ_{u,v,L}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] ∈ H_i(n, 0) with m(v) ≤ m − k + 1 for all v. One has ∑ u,v,L λ_{u,v,L}[(x^u/x_{m(u)})y_{m−k+1}y^ve_L ∧ e_{m(u)}] = y_{m−k+1}c ∈ (y_{m−k+2}, . . . , y_m)H_i(n, 0). Since

supp(deg_y([(x^u/x_{m(u)})y_{m−k+1}y^ve_L ∧ e_{m(u)}])) ⊆ {1, . . . , m − k + 1},

we get (∗∗) ∑ u,v,L λ_{u,v,L}[(x^u/x_{m(u)})y_{m−k+1}y^ve_L ∧ e_{m(u)}] = 0. Assume that there exist u, v such that (x^u/x_{m(u)})y_{m−k+1}y^v ∉ J. By 6.2.1 it follows that x^uy_{m−k+1}y^v ∈ J\m_xJ. Therefore [(x^u/x_{m(u)})y_{m−k+1}y^ve_L ∧ e_{m(u)}] belongs to the K-basis given in 6.2.2. Then (∗∗) leads to a contradiction. Thus we obtain (x^u/x_{m(u)})y_{m−k+1}y^v ∈ J for all u, v.

Without loss of generality we may therefore assume that

c = [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}] = [(x^u/x_{m(u)})(y_{m−k+1}y^v/y_{m−k+1})e_L ∧ e_{m(u)}]

where x^uy^v ∈ J\m_xJ, (x^u/x_{m(u)})y_{m−k+1}y^v ∈ J and m(v) ≤ m − k + 1.

We have m(v+ε_{m−k+1}) = m−k+1. By 6.2.1 we get (x^u/x_{m(u)})y_{m−k+1}y^v ∈ J\m_yJ because (x^u/x_{m(u)})y^v ∉ J. Hence [c] is of type (b). This concludes the proof. □

In the sequel we need the following observation.

Remark 6.2.4. Let J ⊂ S be a bistable ideal and R = S/J. Let x^uy^v ∈ J\m_xJ, L ⊆ [n], m(L) < m(u), |L| = i − 1 and l ≤ m(v). It follows that x^u(y_ly^v/y_{m(v)}) ∈ J because J is bistable. Either we have that x^u(y_ly^v/y_{m(v)}) ∈ J\m_xJ and then (x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)} ∈ N (i, n). In particular this element is a cycle in K_i(n, 0) and we may consider the corresponding homology class in H_i(n, 0). Otherwise x^u(y_ly^v/y_{m(v)}) ∈ m_xJ. It follows from 6.2.1 that (x^u/x_{m(u)})(y_ly^v/y_{m(v)}) ∈ J. Then (x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)} = 0 in K_i(n, 0) because the coefficients in this Koszul complex are taken in R. Again we may write [(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}] = 0 to be the corresponding homology class in H_i(n, 0).

6.2. RINGS DEFINED BY BISTABLE IDEALS 93

Let i ∈ [n], k ∈ [m] and j ∈ [k]. Define M_{(a)}(i, j, k) as the set of elements: [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]f_F +

(−1)^j ∑ l∈F (−1)^{α(l,F )}[(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{F −{l}} ∧ f_{m(v)} ∈ K_{i,j}(k) where L ⊆ [n], |L| = i − 1, m(L) < m(u), x^uy^v ∈ G(J), max{m − k + 1, m(F )} < m(v), |F | = j and F ⊆ {m − k + 1, . . . , m}. Let M_{(b)}(i, j, k) be the set of elements: [(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]f_F ∧ f_{m(v)} ∈ K_{i,j} (k) where L ⊆ [n], |L| = i − 1, m(L) < m(u), x^u(y^v/y_{m(v)}) ∈ J\m_xJ, (x^u/x_{m(u)})y^v ∈ J\m_yJ, max{m − k, m(F )} < m(v), |F | = j − 1 and F ⊆ {m − k + 1, . . . , m}. Lemma 6.2.5. Let J ⊂ S be a bistable ideal, R = S/J, i ∈ [n], k ∈ [m] and j ∈ [k].

(i) All elements of M_{(a)}(i, j, k) and M_{(b)}(i, j, k) are cycles in K_{i,j}(k). (ii) The homology classes of the elements of M_{(a)}(i, j, k) and M_{(b)}(i, j, k) lie in the socle of H_{i,j}(k).

Proof. Let c = [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]f_F + (−1)^j ∑ l∈F (−1)^{α(l,F )}[(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{F −{l}} ∧ f_{m(v)} ∈ M_{(a)}(i, j, k). Then ∂(c) = ∑ l∈F (−1)^{α(l,F )}[(x^u/x_{m(u)})(y_ly^v)e_L ∧ e_{m(u)}]f_{F −{l}}+ (−1)^j ∂( ∑ l∈F (−1)^{α(l,F )}[(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{F −{l}}) ∧ f_{m(v)} −y_{m(v)} ∑ l∈F (−1)^{α(l,F )}[(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{F −{l}} = 0. Hence we proved (i) for all elements of M_{(a)}(i, j, k). For (ii) it suffices to show that the homology classes of these elements are annihilated by y~_l for all l̃ < m − k + 1 because m_xH_{i,j}(k) = 0 and y~_lH_{i,j}(k) = 0 for l̃ ≥ m − k + 1. Fix l̃ < m − k + 1. Observe that m(v) > m − k + 1. By 6.2.4 we have [(x^u/x_{m(u)})(y~_ly^v/y_{m(v)})e_L ∧ e_{m(u)}]f_F ∧ f_{m(v)} ∈ K_{i,j}(k). Hence y~_lc = ∂((−1)^j [(x^u/x_{m(u)})(y~_ly^v/y_{m(v)})e_L ∧ e_{m(u)}]f_F ∧ f_{m(v)}) and therefore [y~_lc] = 0 in H_{i,j}(k).

Thus the assertion of (ii) follows for all elements of M_{(a)}(i, j, k).

Consider c = [(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]f_F ∧ f_{m(v)} ∈ M_{(b)}(i, j, k). Observe that m(v) > m − k. Let l ≤ m(v). We have y_l[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}] = 0 in H_i(n, 0)

94 6. KOSZUL CYCLES

because (x^u/x_{m(u)})(y_ly^v/y_{m(v)}) ∈ J since J is bistable. This implies that c is a cycle because m(F ) < m(v) and thus ∂(c) = (−1)^{j−1}[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]f_F + ∑ l∈F (−1)^{α(l,F )}y_l[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{F −{l}} ∧ f_{m(v)} = 0. Since m_xH_{i,j}(k) = 0 and y~_lH_{i,j}(k) = 0 for l̃ ≥ m − k + 1, it follows similar that m[c] = 0 in H_{i,j}(k). This concludes the proof. □ Next we study the homology groups H_{i,j}(k) for i ≥ 1.

Proposition 6.2.6. Let J ⊂ S be a bistable ideal, R = S/J and i ∈ [n]:

(i) H_{i,0}(m) has a K-basis consisting of the homology classes [[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]] where L ⊆ [n], |L| = i − 1, m(L) < m(u) and x^uy^v ∈ G(J).

(ii) For k ∈ [m] and j ∈ [k] we have mH_{i,j} (k) = 0.

(iii) For k ∈ [m] and j ∈ [k] a K-basis of H_{i,j}(k) is given by the homology classes of the elements of M_{(a)}(i, j, k) and M_{(b)}(i, j, k).

Proof. Fix i ∈ [n] for the rest of the proof. Statement (i) follows from 6.2.2 (iv) and the fact that H_{i,0}(m) = H_i(n, 0)/m_yH_i(n, 0).

We prove by induction on k ∈ [m] that for all j ∈ [k] the assertion of (iii) holds. Finally, (ii) follows from this and 6.2.5 (ii).

For k = 1 we have the exact sequence 0 → H_{i,1}(1) → H̃_{i,0}(0)(0, −ε_m) → 0.

By 6.2.3 and 6.2.5 (i) preimages in H_{i,1}(1) of a K-basis of H̃_{i,0}(0) are: [[(x^u/x_{m(u)})(y^v/y_m)e_L ∧ e_{m(u)}]f_m] where L ⊆ [n], |L| = i − 1, m(L) < m(u), x^u(y^v/y_{m(v)}) ∈ J\m_xJ, (x^u/x_{m(u)})y^v ∈ J\m_yJ, m = m(v). Hence the assertion follows.

Let k > 1. By 6.2.5 (ii) and our induction hypothesis we have mH_{i,j}(k − 1) = 0. It follows that for j ≥ 1 the multiplication maps H_{i,j}(k − 1)(0, −ε_{m−k+1})^{ym−k+1}→ H_{i,j}(k − 1) are zero maps.

For j = 1 we get the exact sequence 0 → H_{i,1}(k − 1) → H_{i,1}(k) → H̃_{i,0}(k − 1)(0, −ε_{m−k+1}) → 0. By the induction hypothesis the homology classes of the elements of M_{(a)}(i, 1, k −1) and M_{(b)}(i, 1, k − 1) are a K-basis of H_{i,1}(k − 1). By 6.2.3 and 6.2.5 preimages in H_{i,1}(k) of a K-basis of H̃_{i,0}(k − 1) are:

(A) [[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]f_{m−k+1}−

[(x^u/x_{m(u)})(y_{m−k+1}y^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{m(v)}] where L ⊆ [n], |L| = i − 1, m(L) < m(u), x^uy^v ∈ G(J), m − k + 1 < m(v).

6.2. RINGS DEFINED BY BISTABLE IDEALS 95

(B) [[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{m−k+1}] where L ⊆ [n], |L| = i − 1, m(L) < m(u), x^u(y^v/y_{m(v)}) ∈ J\m_xJ, (x^u/x_{m(u)})y^v ∈ J\m_yJ, m − k + 1 = m(v). We see that the homology classes of the elements of M_{(a)}(i, 1, k) and M_{(b)}(i, 1, k) are a K-basis for H_{i,1}(k).

Let j > 1. The long exact sequence of the Koszul homology splits in short exact sequences of the following form: 0 → H_{i,j}(k − 1) → H_{i,j}(k) → H_{i,j−1}(k − 1)(0, −ε_{m−k+1}) → 0. By the induction hypothesis a K-basis of H_{i,j}(k − 1) is given by the homology classes of the elements of M_{(a)}(i, j, k−1) and M_{(b)}(i, j, k−1). Analogously a K-basis of H_{i,j−1}(k−1) is given by the homology classes of the elements of M_{(a)}(i, j−1, k−1) and M_{(b)}(i, j − 1, k − 1).

Applying 6.2.5 we may choose the following preimages in H_{i,j}(k) of a K-basis of H_{i,j−1}(k − 1): (A) [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]f~_F +

(−1)^j ∑ l∈F̃ (−1) α(l,F̃ )[(xu/x m(u))(yly v/y_{m(v)})e_L ∧ e_{m(u)}]f~_{F −{l}} ∧ f_{m(v)} where F̃ = F ˙∪{m − k + 1}, L ⊆ [n], |L| = i − 1, m(L) < m(u), xuyv ∈ G(J), max{m − k + 1, m(F̃ )} < m(v), |F | = j − 1, F ⊆ {m − k + 2, . . . , m}. (B) [[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]f~_F ∧ f_{m(v)}] where F̃ = F ˙∪{m − k + 1}, L ⊆ [n], |L| = i − 1, m(L) < m(u), x^u(y^v/y_{m(v)}) ∈ J\m_xJ, (x^u/x_{m(u)})y^v ∈ J\m_yJ, max{m − k, m(F̃ )} < m(v), |F | = j − 2, F ⊆ {m − k + 2, . . . , m}. We conclude that the homology classes of the elements of M_{(a)}(i, j, k) and of M_{(b)}(i, j, k) form a K-basis for H_{i,j}(k). Thus we proved the proposition. □

In the following we describe the homology groups H_{0,j}(k). Proposition 6.2.7. Let J ⊂ S be a bistable ideal and R = S/J. Then:

(i) H_{0,0}(m) = K.

(ii) For k ∈ [m] we have mH̃_{0,0}(k − 1) = 0.

(iii) For k ∈ [m] a K-basis of H̃_{0,0}(k − 1) = 0 is given by:

[(y^v/y_{m(v)})]

where m − k + 1 = m(v) and y^v ∈ G(J). (iv) For k ∈ [m] and j ∈ [k] we have mH_{0,j} (k) = 0. (v) For k ∈ [m] and j ∈ [k] a K-basis of H_{0,j}(k) is given by:

[(y^v/y_{m(v)})f_F ∧ f_{m(v)}] where F ⊆ {m − k + 1, . . . , m}, |F | = j − 1, max{m − k, m(F )} < m(v) and y^v ∈ G(J).

Proof. This follows from [4] and the fact that S/(m_x + J) ∼= S_y/I where I is a stable ideal with minimal generators y^v ∈ G(J). □

We are ready to prove the main theorem of this section.

96 6. KOSZUL CYCLES

Theorem 6.2.8. Let J ⊂ S be a bistable ideal and R = S/J. Then for 0 ≤ i ≤ n+m we have_m ⨁ j=0 H_{i−j,j}(m) ∼= H_i(n, m) as graded K-vector spaces.

Proof. At the beginning we define homogeneous S-module homomorphisms from H_{i,j}(k) to H_{i+j}(n, k). These maps will be used to prove the theorem. For i, j ∈ N we distinguish the cases:

(1) i > 0 and j > 0. (2) i > 0 and j = 0. (3) i = 0 and j > 0. (4) i = 0 and j = 0.

Case (1): Let i ∈ [n], k ∈ [m] and j ∈ [k]. We define the map φ_{i,j,k} : H_{i,j}(k) → H_{i+j} (n, k) which is induced by φ_{i,j,k}([[(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)}]f_F + (−1)^j ∑ l∈F (−1)^{α(l,F )}[(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)}]f_{F −{l}} ∧ f_{m(v)}]) = [(x^u/x_{m(u)})y^ve_L ∧ e_{m(u)} ∧ f_F + (−1)^j ∑ l∈F (−1)^{α(l,F )}(x^u/x_{m(u)})(y_ly^v/y_{m(v)})e_L ∧ e_{m(u)} ∧ f_{F −{l}} ∧ f_{m(v)}] and φ_{i,j,k}([[(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)}]f_F ∧ f_{m(v)}]) = [(x^u/x_{m(u)})(y^v/y_{m(v)})e_L ∧ e_{m(u)} ∧ f_F ∧ f_{m(v)}].

Observe that the expressions on the right hand sides are well defined homology classes in H_i(n, k). As in the proof of 6.2.5 one checks, that the image of these maps belong to the socle of H_i(n, k).

Case (2): For all i ∈ [n] and k ∈ [m] there exists a natural homogeneous Smodule homomorphism from H_i(n, 0) to H_i(n, k) induced by the inclusion of Koszul complexes. This map factors through H_{i,0}(k) = H_i(n, 0)/(y_{m−k+1}, . . . , y_m)H_i(n, 0) because (y_{m−k+1}, . . . , y_m)H_i(n, k) = 0. Thus we obtain φ_{i,0,k} : H_{i,0}(k) → H_i(n, k) with φ_{i,0,k}([[(x^u/x_{m(u)})e_L ∧ e_{m(u)}]]) = [(x^u/x_{m(u)})e_L ∧ e_{m(u)}] for [(x^u/x_{m(u)})e_L ∧ e_{m(u)}] ∈ H_i(n, 0) as described in 6.2.2.

6.2. RINGS DEFINED BY BISTABLE IDEALS 97

Case (3): Let k ∈ [m], j ∈ [k] and [(y^v/y_{m(v)})f_F ∧ f_{m(v)}] be an element as described in 6.2.7. Similarly [(y^v/y_{m(v)})f_F ∧ f_{m(v)}] belongs to the socle of H_j(n, k). Then we define a homogeneous map φ_{0,j,k} : H_{0,j}(k) → H_j (n, k) by φ_{0,j,k}([(y^v/y_{m(v)})f_F ∧ f_{m(v)}]) = [(y^v/y_{m(v)})f_F ∧ f_{m(v)}].

Case (4): Note that for k ∈ [m] one has

(∗) H_0(n, k) = S/(m_x + (y_m, . . . , y_{m−k+1}) + J) = H_{0,0}(k). Set φ_{0,0,k} = id_{H0(n,k)}.

All these φ_{i,j,k} are said to be the natural maps from H_{i,j}(k) to H_{i+j}(k). By (∗) the assertion of the theorem follows for i = 0. Hence we may assume that i ≥ 1.

We prove by induction on k ∈ [m] that for all i ∈ [n + k] k⨁ j=0 H_{i−j,j}(k) ∼= H_i(n, k) where the isomorphism is given by the direct sum of the φ_{i−j,j,k}. The case k = m will prove the theorem.

Let k = 1. One has the long exact sequence . . . → H_i(n, 0)(0, −ε_m)^{ym}→ H_i(n, 0) → H_i(n, 1) → H_{i−1}(n, 0)(0, −ε_m)^{ym}→ H_{i−1}(n, 0) → . . . , and therefore the exact sequence 0 → H_{i,0}(1) → H_i(n, 1) → H̃_{i−1,0}(0)(0, −ε_m) → 0.

We have H̃_{i−1,0}(0)(0, −ε_m) ∼= H_{i−1,1}(1). Thus we get the exact sequence 0 → H_{i,0}(1) → H_i(n, 1) → H_{i−1,1}(1) → 0.

Denote the map between H_i(n, 1) and H_{i−1,1}(1) with α. We see that α ∘ φ_{i−1,1,1} = id_{Hi−1,1(1)}. Hence this sequence splits and this implies the case k = 1.

Let k > 1. We have the long exact sequence (∗∗) . . . → H_i(n, k − 1)(0, −ε_{m−k+1})^{ym−k+1}→ H_i(n, k − 1) → H_i(n, k) → H_{i−1}(n, k − 1)(0, −ε_{m−k+1})^{ym−k+1}→ H_{i−1}(n, k − 1) → . . . . By the induction hypothesis it follows that for i ≥ 1 k−1⨁ j=0 H_{i−j,j}(k − 1) ∼= H_i(n, k − 1) and the isomorphism is given by the direct sum of the φ_{i−j,j,k−1}. We also know that H_0(n, k − 1) = H_{0,0}(k − 1). By 6.2.6 and 6.2.7 one has mH_{i−j,j}(k − 1) = 0 for j ≥ 1.

98 6. KOSZUL CYCLES

Therefore by calculating the kernel and cokernel of the multiplication maps with y_{m−k+1} in (∗∗), we obtain the exact sequence 0 → H_{i,0}(k) ⊕ k−1⨁ j=1 H_{i−j,j}(k − 1) → H_i(n, k)

→ H̃_{i−1,0}(k − 1)(0, −ε_{m−k+1}) ⊕ k−1⨁ j=1 H_{i−1−j,j}(k − 1)(0, −ε_{m−k+1}) → 0. Let φ = ⨁_k j=0 φ_{i−j,j,k}. We have the following commutative diagram 0 0

H_{i,0}(k) ⊕ ⨁_{k−1} j=1 H_{i−j,j}(k − 1) H_{i,0}(k) ⊕ ⨁_{k−1} j=1 H_{i−j,j}(k − 1)

H_{i,0}(k) ⊕ ⨁_{k−1} j=1 H_{i−j,j}(k) ⊕ H_{i−k,k}(k)^φ−−−→ H_i(n, k)

C C

0 0 where C = H̃_{i−1,0}(k − 1)(0, −ε_{m−k+1}) ⊕ k−1⨁ j=1 H_{i−1−j,j}(k − 1)(0, −ε_{m−k+1}). This implies that φ is an isomorphism and thus ⨁_k j=0 H_{i−j,j}(k) ∼= H_i(n, k). □ The following corollary was first discovered in [3].

Corollary 6.2.9. Let J ⊂ S be a bistable ideal and R = S/J. Then:

(i) reg_x(R) = max{m_x(J) − 1, 0}. (ii) reg_y(R) = max{m_y(J) − 1, 0}.

Proof. By symmetry it suffices to prove (i). Observe that for x^uy^v ∈ J\m_xJ one has |u| ≤ m_x(J). Then (i) follows from 6.2.6, 6.2.7 and 6.2.8. □

Finally, we compute all total Betti numbers of a bigraded algebra R which is defined by a bistable ideal. Let a, b ∈ Z. Recall the convention that (_a 0 ) = 1 and (_a b ) = 0 for a < 0, b ≠ 0. Furthermore, (_a b ) = 0 for 0 ≤ a < b or b < 0 ≤ a respectively.

6.2. RINGS DEFINED BY BISTABLE IDEALS 99

Corollary 6.2.10. Let J ⊂ S be a bistable ideal and R = S/J. For 1 ≤ i ≤ n + m one has, independent of the characteristic of K,

β^S_i (R) = ∑ {(u,v) : x^uy^v ∈G(J)} m−1∑ j=0 ( m(u) − 1 i − j − 1 )( m(v) − 1 j ) + ∑ {(u,v) : x^u(y^v /y_{m(v)})∈J\m_xJ, (x^u/x_{m(u)})y^v ∈J\m_yJ} m∑ j=1 ( m(u) − 1 i − j − 1 )( m(v) − 1 j − 1 ) . Proof. The formula follows from 6.2.6, 6.2.7 and 6.2.8. □ Example 6.2.11. Let S = K[x_1, x_2, y_1] and J = (x^3_1, x^2_1x_2, x_1x^2, x^2_1y_1, x_1x_2y_1, x^2y_1).

To apply 6.2.10 we have to find those monomials x^uy^v ∈ S with x^u(y^v/y_{m(v)}) ∈ J\m_xJ and (x^u/x_{m(u)})y^v ∈ J\m_yJ. We see that this condition is only satisfied for the monomials x_1x^2y_1, x^2_1x_2y_1 and x^3_1y_1.

We get β^S_i (S/J) = [ 4 ( 1 i − 1 ) + 2 ( 0 i − 1 )] + [ 2 ( 1 i − 2 ) + ( 0 i − 2 )] . Hence we obtain

β^S_1 (S/J) = 6, β^S_2 (S/J) = 7, β^S_3 (S/J) = 2 and β^S_i (S/J) = 0 for i ≥ 3.

Index of symbols

symbol definition page (M :_N I) {f ∈ N : If ⊆ M} 27 u ⪯ v u_i ≤ v_i for all integers i where u, v ∈ N^n α(F, G) |{(f, g): f > g, f ∈ F, g ∈ G}| for F, G ⊆ [n] 21 Ass(M) set of associated primes of a module M β^R_{i,j} (M) i^{th}-graded Betti number of M in degree j ∈ Z 17 β^R_{i,(a,b)}(M) i^{th}-bigraded Betti number of M in degree (a, b) ∈ Z^2 20 β^R_{i,u}(M) i^{th} Z^n-graded Betti number of M in degree u ∈ Z^n 20 β^{k,lin}_i (M) β^S_{i,i+dk(M)}(M) for i ≥ k and a graded S-module M 59 B upper triangular matrices of GL(n; K) 28 bigin(J) bigeneric initial ideal of J with respect to revlex 29 C(v; M) Cartan complex of M with respect to v ⊂ E_1 23 deg(u) degree of a homogeneous element u ∈ M 13 deg_x(u) a if deg(u) = (a, b) 14 deg_y(u) b if deg(u) = (a, b) 14 d_k(M) min({j ∈ Z: β^S_{k,k+j}(M) ≠ 0} ∪ {reg_S (M)}) 59 Δ simplicial complex 30 Δ^∗ Alexander dual of a simplicial complex Δ 30 depth(M) depth of a module M dim(M) (Krull-) dimension of a module M

E an exterior algebra 14 e_J e_{j1} ∧ . . . ∧ e_{ji} ∈ E 21 ε_i ith-basis vector of Zn 14 Ext^i_R(M, N) i^{th}-extension module of M by N 17 F a graded complex 16

102 INDEX OF SYMBOLS

symbol definition page

(F^{lin}, ∂^{lin}) linear part of the complex (F, ∂) 47 F^∨ [n] − F for F ⊆ [n] 30 (G, +) an abelian group 13 G(I) minimal system of generators of a monomial ideal I 27 gin(I) generic initial ideal of I with respect to revlex 28 gr_m(R) ⨁ i∈N m^i/m^{i+1} 16 GL(n; K) invertible n × n-matrices with entries in a field K hdeg homological degree 20 H^i_m(M) i^{th}-local cohomology module of a module M 24 indeg(M) min{d ∈ Z: M_d ≠ 0} for a f. g. graded module M 14 in_>(U) initial module of U with respect to a term order > 27 in_>(g) initial monomial of g with respect to a term order > 27 I(d, k) a special ideal in S with parameters d, k ∈ N 65 J(d, k) a special ideal in S with parameters d, k ∈ N 65 K an infinite field 13 K(j; M) the Koszul complex of M with respect to l1, . . . , lj ∈ S1 21 |L| |{i: i ∈ L}| for L ⊆ [n] lcm(x^{u1} , . . . , x^{ut} ) least common multiple of monomials x^{u1} , . . . , x^{ut} l(u) |{i: u_i = a_i−1, i < m(u)}| with u ≺ a where a, u ∈ N^n 85 L(x^u) lex-segment of a monomial x^u 65 lpd(M) linear part dominates 47 m graded maximal ideal 14 [n] {1, . . . , n} N non-negative integers M_{bi}(R) category of f. g. bigraded R-modules 14 M_Z(R) category of f. g. graded R-modules 14 M_Zn(R) category of f. g. Z^n-graded R-modules 14 M_{⟨d⟩} submodule generated by the degree d elements of M 19 m(u) = m(x^u) max{i: x_i divides x^u} for a monomial x^u 28 m_x(x^uy^v) m(u) for a monomial x^uy^v 29 m_y(x^uy^v) m(v) for a monomial x^uy^v 29 m(L) max{i: i ∈ L} for L ⊆ [n] 29

INDEX OF SYMBOLS 103

symbol definition page m^i_j (R) sup({a: (0 :_{R/(xn,... ,xi+1)R} x_i)_{(a,j)} ≠ 0} ∪ {0}) 74 m_x(J) max{a_i : deg(z_i) = (a_i, b_i), z_i ∈ G(J)} 29 m_x graded maximal ideal of R_x 15 m_y(J) max{b_i : deg(z_i) = (a_i, b_i), z_i ∈ G(J)} 29 m_y graded maximal ideal of R_y 15 Ω_k(M) k^{th}-syzygy module of a f.g. graded module M 18 ω_R canonical module of a ring R pd_R(M) projective dimension of a module M 18 R(x^u) revlex-segment of a monomial x^u 65 R(I) Rees algebra of an ideal I 25 reg_R(M) regularity of a f.g. graded module M 18 reg_{R,x}(M) x-regularity of a f.g. bigraded module M 20 reg_{R,y}(M) y-regularity of a f.g. bigraded module M 20 S a polynomial ring 14 socle(M) socle of a module M Rad(I) radical ideal of an ideal I rank(F ) rank of a free module F

R~_Δ bigraded Veronese algebra of a bigraded K-algebra R 80 R_x ⨁ a∈N R_{(a,0)} for a bigraded K-algebra R 15 R_y ⨁ b∈N R_{(0,b)} for a bigraded K-algebra R 15 Spec(M) spectrum of a module M supp(a) {i: a_i ≠ 0} for a ∈ N^n S(I) symmetric algebra of an ideal I 25 SQ(E) category of square-free E-modules 33 SQ(S) category of square-free S-modules 32 Tor^R_i (M, N) i^{th} Tor-module of M and N 17 |u| u_1 + . . . + u_n for u ∈ Z^n W^∨ Hom_K (W, K) where W is a K-vector space 41 x x_1, . . . , x_n 14 x^u x^{u1}_1 · · · x^{un}_n for u ∈ N^n 26 Z integers

Bibliography

[1] A. Aramova, L. L. Avramov and J. Herzog, Resolutions of monomial ideals and cohomology over exterior algebras, Trans. Amer. Math. Soc. 352 (2000), no. 2, 579-594.

[2] A. Aramova, S. Barcanescu and J. Herzog, On the rate of relative Veronese submodules, Rev.

Roumaine Math. Pures Appl. 40 (1995), no. 3-4, 243-251.

[3] A. Aramova, K. Crona and E. De Negri, Bigeneric initial ideals, diagonal subalgebras and bigraded Hilbert functions, J. Pure Appl. Algebra 150 (2000), no. 3, 215-235.

[4] A. Aramova and J. Herzog, Koszul cycles and Eliahou-Kervaire type resolutions, J. Algebra 181 (1996), no. 2, 347-370.

[5] A. Aramova and J. Herzog, Almost regular sequences and Betti numbers, Amer. J. Math. 122 (2000), no. 4, 689-719.

[6] A. Aramova, J. Herzog and T. Hibi, Gotzmann theorems for exterior algebras and combinatorics, J. Algebra 191 (1997), no. 1, 174-211.

[7] A. Aramova, J. Herzog and T. Hibi, Ideals with stable Betti numbers, Adv. Math. 152 (2000), no. 1, 72-77.

[8] A. Aramova, J. Herzog and T. Hibi, Squarefree lexsegment ideals, Math. Z. 228 (1998), no.

2, 353-378.

[9] M. Auslander and M. Bridger, Stable module theory, Mem. Amer. Math. Soc. (1969),no. 94. [10] L. L. Avramov, Infinite free resolutions, Six lectures on commutative algebra (Bellaterra, 1996), 1-118, Progr. Math. 166, Birkhäuser, Basel, 1998.

[11] L. L. Avramov and D. Eisenbud, Regularity of modules over a Koszul algebra, J. Algebra 153 (1992), no. 1, 85-90.

[12] L. L. Avramov and I. Peeva, Finite regularity and Koszul algebras, Amer. J. Math. 123 (2001), to appear.

[13] D. Bayer, H. Charalambous and S. Popescu, Extremal Betti numbers and applications to monomial ideals, J. Algebra 221 (1999), no. 2, 497-512.

[14] A. Bigatti, Upper bounds for the Betti numbers of a given Hilbert function, Comm. Algebra 21 (1993), no. 7, 2317-2334.

[15] S. Blum, personal communication (2000).

[16] W. Bruns and J. Herzog, Cohen-Macaulay rings, revised edition, Cambridge Studies in Advanced Mathematics 39, Cambridge Univ. Press, Cambridge, 1998.

[17] W. Bruns and J. Herzog, On multigraded resolutions, Math. Proc. Cambridge Philos. Soc 118 (1995), no. 2, 245-257.

[18] A. Capani, G. Niesi and L. Robbiano, CoCoA, a system for doing Computations in Commutative Algebra, available via anonymous ftp from: cocoa.dima.unige.it [19] H. Charalambous and E. Evans, Resolutions with a given Hilbert function, Contemp. Math 159 (1994), 19-26.

[20] A. Conca, J. Herzog, N. V. Trung and G. Valla, Diagonal subalgebras of bigraded algebras and embeddings of blow-ups of projective spaces, Amer. J. Math. 119 (1997), no. 4, 859-901.

[21] S. D. Cutkosky, J. Herzog and N. V. Trung, Asymptotic behaviour of the Castelnuovo- Mumford regularity, Compositio Math. 118 (1999), no. 3, 243-261.

[22] J. Eagon and V. Reiner, Resolutions of Stanley-Reisner rings and Alexander duality, J. Pure Appl. Algebra 130 (1998), no. 3, 265-275.

105

106 BIBLIOGRAPHY

[23] D. Eisenbud, Commutative algebra with a view toward algebraic geometry, Graduate Texts in Mathematics 150, Springer-Verlag, New York, 1995.

[24] D. Eisenbud and J. Koh, Some linear syzygy conjectures, Adv. Math. 90 (1991), no. 1, 47-76. [25] D. Eisenbud, A. Reeves and B. Totaro, Initial ideals, Veronese subrings, and rates of algebras, Adv. Math. 109 (1994), no. 2, 168-187.

[26] D. Eisenbud and F. O. Schreyer, Free resolutions over the exterior algebra and coherent sheaves on projective space, preprint (2000).

[27] S. Eliahou and M. Kervaire, Minimal resolutions of some monomial ideals, J. Algebra 129 (1990), no. 1, 1-25.

[28] E. G. Evans and P. Griffith, Syzygies, London Mathematical Society, Lecture Note Series 106, Cambridge Univ. Press, Cambridge-New York, 1985.

[29] V. Gasharov, T. Hibi and I. Peeva, personal communication (2000).

[30] M. Green, Generic initial ideals, Six lectures on commutative algebra (Bellaterra, 1996), 119- 186, Progr. Math. 166, Birkhäuser, Basel, 1998.

[31] M. Green, Koszul cohomology and the geometry of projective varieties, J. Differential Geom.

19 (1984), no. 1, 125-171.

[32] J. Herzog, The linear strand of a graded free resolution, unpublished notes (1998). [33] J. Herzog and T. Hibi, Componentwise linear ideals, Nagoya Math. J. 153 (1999), 141-153. [34] J. Herzog, V. Reiner and V. Welker, Componentwise linear ideals and Golod rings, Michigan Math. J. 46 (1999), no. 2, 211-223.

[35] J. Herzog, G. Restuccia and Z. Tang, s-sequences and symmetric algebras, preprint (2000). [36] H. Hulett, Maximum Betti numbers of homogeneous ideals with a given Hilbert function, Comm. Algebra 21 (1993), no. 7, 2335-2350.

[37] C. Huneke, The theory of d-sequences and powers of ideals, Adv. in Math. 46 (1982), no. 3, 249-279.

[38] V. Kodiyalam, Asymptotic behaviour of Castelnuovo-Mumford regularity, Proc. Amer. Math.

Soc. 128 (2000), no. 2, 407-411.

[39] H. Matsumura, Commutative ring theory, second edition, Cambridge Studies in Advanced Mathematics 8, Cambridge Univ. Press, Cambridge-New York, 1989.

[40] E. Miller, The Alexander duality functors and local duality with monomial support, J. Algebra 231 (2000), no. 1, 180-234.

[41] K. Pardue, Deformation classes of graded modules and maximal Betti numbers, Illinois J.

Math. 40 (1996), no. 4, 564-585.

[42] V. Reiner and V. Welker, Linear syzygies of Stanley-Reisner ideals, Math. Scand., to appear. [43] T. Römer, Bounds for Betti numbers, preprint (2000).

[44] T. Römer, Cohen-Macaulayness and squarefree modules, Manuscripta Math., to appear. [45] T. Römer, Generalized Alexander duality and applications, Osaka J. Math., to appear. [46] T. Römer, Homological properties of bigraded algebras, preprint (2000). [47] T. Römer, Regularität, relative Homologie und Betti-Zahlen, Diplomarbeit (1999). [48] R. P. Stanley, Combinatorics and commutative algebra, second edition, Progress in Mathematics 41, Birkhäuser Boston, Boston, 1996.

[49] N. Terai, Generalization of Eagon-Reiner theorem and h-vectors of graded rings, preprint (1997).

[50] N. V. Trung, The Castelnuovo regularity of the Rees algebra and the associated graded ring, Trans. Amer. Math. Soc. 350 (1998), no. 7, 2813-2832.

[51] W. V. Vasconcelos, Arithmetic of blowup algebras, London Mathematical Society Lecture Note Series 195, Cambridge Univ. Press, Cambridge, 1994.

[52] C. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics 38, Cambridge Univ. Press, Cambridge, 1994.

[53] K. Yanagawa, Alexander duality for Stanley-Reisner rings and squarefree N^n -graded modules, J. Algebra 225 (2000), no. 2, 630-645.