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Abstract

Traditional models in multistage stochastic programming are directed to minimizing the expected

value of random optimal costs arising in a multistage, non-anticipative decision process under un-

certainty. Motivated by risk aversion, we consider minimization of the probability that the random

optimal costs exceed some preselected threshold value. For the two-stage case, we analyse structural

properties and propose algorithms both for models with integer decisions and for those without.

Extension of the modeling to the multistage situation concludes the paper.
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1 Introduction

Stochastic programs with recourse arise as deterministic equivalents to random optimization problems. In

the present paper the main accent will be placed at the two-stage situation, and the most general random

optimization problems to be considered are random mixed-integer linear programs. These are accompa-

nied by a two-stage scheme of alternating decision and observation. After having decided on parts of the

variables in a �rst stage, the random data infecting the problem are observed, and in turn the remaining

(second-stage or recourse) variables are �xed. In our present analysis two basic assumptions underly this

scheme. First, and naturally, the �rst-stage decision has to be taken on a \here-and-now" basis, i.e.,

it must not depend on (or anticipate) the outcome of the random data. Secondly, and providing some

modeling restriction, the �rst-stage decision does not in
uence the probability distribution of the random

data.

In multistage stochastic programs the above two-stage scheme is extended into a �nite horizon sequential

decision process under uncertainty. Again we have to maintain nonanticipativity of decisions, and, so

far, almost all results concern problems where the decisions do not in
uence the probability distribution

of the random data. In the �nal section of the present paper we will return to multistage stochastic

programs.

After having sketched the rules for how to make decisions, let us now discuss criteria for how to select

a \best" decision. In this respect, the existing literature on stochastic programs with recourse (cf. the

textbooks [5, 15, 20] and the references therein) almost unanimously suggests to start out from expecta-

tions of objective function values of the random optimization problem. For two-stage models (in a cost

minimization framework) this implies that the deterministic �rst-stage decision is selected such that the

expectation of the sum of the deterministic �rst-stage costs and the random second-stage costs (induced

by the random data and an optimal second-stage decision) becomes minimal. Such a criterion has proven

useful in many applications. In case the random optimzation problem is a linear program without integer

requirements, the resulting stochastic program with recourse enjoys convexity in the �rst-stage variables.

This enabled application of powerful tools from convex analysis, both for structural investigations and

algorithm design (cf. [4, 5, 15, 20, 32]).

In the present paper, we will discuss recourse stochastic programs where the optimization is based on

minimizing the probability that the above sum of deterministic and random costs exceeds a given thresh-

old value. Such models provide an opportunity to address risk aversion in the framework of recourse

stochastic programming.
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The proposal to replace the usual expectation-based objective function in recourse stochastic program-

ming by a probability objective seemingly dates back to Bereanu [2] and, hitherto, has not been elaborated

in much detail. Reformulating the stochastic program by adding another variable and including level sets

of the objective into the constraints leads to a chance constrained stochastic program which is noncon-

vex in general. We will see that, along this line, some structural knowledge on chance constraints (cf.

[5, 15, 16, 20, 29]) reappears in the structural analysis of our models. Algorithmically, we will view

several well-established techniques from a fresh perspective. Among them there are cutting planes from

convex subgradient optimization, Lagrangian relaxation of mixed-integer programs, and decomposition

techniques for block-angular stochastic programs.

The paper is organized as follows. In Section 2 we formalize the modeling outlined above, collect some

prerequisites, and compare with the usual expectation-based modeling in recourse stochastic program-

ming. Section 3 is devoted to structural results. In Section 4 we present some �rst algorithmic approaches.

Separate attention is paid to models without integer decisions since they allow for an algorithmic short-

cut. As already announced, the �nal section will discuss the extension of our modeling to multistage

stochastic programs.

2 Modeling

Consider the following random mixed-integer linear program

min
x;y;y0

fcTx+ q
T
y + q

0T
y
0 : Tx+Wy +W

0
y
0 = h(!); x 2 X; y 2 ZZ

�m
+ ; y

0 2 IR
m

0

+ g: (1)

We assume that all ingredients above have conformal dimensions, that W;W
0 are rational matrices, and

that X � IR
m is a nonempty closed polyhedron. Integer requirements to components of x are formally

possible but will not be imposed for ease of exposition. For the same reason, randomness is kept as simple

as possible by claiming that only the right-hand side h(!) 2 IR
s is random, i.e., a random vector on some

probability space (
;A; IP ). Decision variables are divided into two groups: �rst-stage variables x to be

�xed before and second-stage variables (y; y0) to be �xed after observation of h(!).

Let us denote

�(t) := minfqT y + q
0T
y
0 : Wy +W

0
y
0 = t; y 2 Z

�m
+ ; y

0 2 IR
m

0

+ g: (2)

According to integer programming theory([19]), this function is real-valued on IRs provided thatW (ZZ �m
+ )+

W
0(IRm

0

+ ) = IR
s and fu 2 IR

s : W
T
u � q; W

0T
u � q

0g 6= ; which, therefore, will be assumed through-

out.

The classical expectation-based stochastic program with recourse now is the optimization problem

min
nZ




(cTx+�(h(!)� Tx)) IP (d!) : x 2 X

o
: (3)

The recourse stochastic program with probability objective reads

min
n
IP
�
f! 2 
 : cTx+�(h(!)� Tx) > 'og

�
: x 2 X

o
(4)

where 'o 2 IR denotes some preselected threshold (some ruin level in a cost framework, for instance).

For convenience, we will call (3) the expectation-based and (4) the probability-based recourse model. In

doing so, we are well aware of the fact that, of course, (4) is expectation-based too, if probabilities are

understood as expectations of indicator functions.

We will see in a moment, that both (3) and (4) are well-de�ned nonlinear optimization problems. Their

objective functions are denoted by QIE(x) and QIP (x), respectively. To detect their structure, the func-

tion � is crucial, which arises as a value function of a mixed-integer linear program. From parametric

optimization ([1, 6]) the following is known

Proposition 2.1 Assume that W (ZZ �m
+ ) +W

0(IRm
0

+ ) = IR
s and fu 2 IR

s : WT
u � q; W

0T
u � q

0g 6= ;.
Then it holds

(i) � is real-valued and lower semicontinuous on IR
s,

(ii) there exists a countable partition IR
s = [1

i=1Ti such that the restrictions of � to Ti are piecewise
linear and Lipschitz continuous with a uniform constant L > 0 not depending on i,
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(iii) each of the sets Ti has a representation Ti = fti+Kg n [
N

j=1ftij+Kg where K denotes the polyhedral

cone W 0(IRm
0

+ ) and ti; tij are suitable points from IR
s, moreover, N does not depend on i,

(iv) there exist positive constants �; 
 such that j�(t1)� �(t2)j � �kt1 � t2k+ 
 whenever t1; t2 2 IR
s.

In case �m = 0, i.e., if there are no integer requirements in the second stage, � becomes the value function

of a linear program. Under the assumptions of Proposition 2.1, � is real-valued on IR
s. By linear

programming duality it is convex, piecewise linear, and adopts a representation

�(t) = max
j=1;:::;J

d
T

j
t

where d1; : : : ; dJ are the vertices of fu 2 IR
s : W 0T

u � q
0g, which is a compact set in this case.

As an immediate conclusion we obtain, that, without integer requirements in the second stage,

1 � QIP (x) coincides with the probability of a closed polyhedron, providing a direct link to chance

constrained stochastic programming ([5, 15, 20]).

Before we will turn our attention to QIP (x), we review some properties of QIE(x). For convenience we

denote by � the image measure IP Æ h�1 on IR
s. Without integer requirements ( �m = 0), convexity of �

extends to QIE under mild conditions. A standard result of stochastic linear programming reads

Proposition 2.2 Assume �m = 0,W 0(IRm
0

+ ) = IR
s
; fu 2 IR

s : W 0T
u � q

0g 6= ;, and
R
IRs

khk�(dh) <1.
Then QIE : IRm �! IR is a real-valued convex function.

As already mentioned in the introduction, convexity has been exploited extensively in stochastic linear

programming. For further reading we refer to the textbooks [5, 15, 20]. The remaining models, both

expectation- and probability-based, to be discussed in the present paper enjoy convexity merely in ex-

ceptional situations. Straightforward examples (cf. e.g. [35]) con�rm that convexity in (3) is lost already

for very simple models as soon as integer requirements enter the second stage. In [33] the following is

shown.

Proposition 2.3 Assume that W (ZZ �m
+ ) +W

0(IRm
0

+ ) = IR
s
; fu 2 IR

s : WT
u � q; W

0T
u � q

0g 6= ;, andR
IRs

khk�(dh) <1. Then it holds

(i) QIE : IRm �! IR is a real-valued lower semicontinuous function,

(ii) if � has a density, then QIE is continuous on IR
m.

3 Structure

To analyse the structure of QIP we introduce the notation

M(x) := fh 2 IR
s : cTx+�(h� Tx) > 'og; x 2 IR

m
:

By lim infxn!xM(xn) and lim sup
xn!x

M(xn) we denote the (set theoretic) limes inferior and limes

superior, i.e., the set of all points belonging to all but a �nite number of the sets M(xn); n 2 IN , and to

in�nitely many of the sets M(xn), respectively. Moreover, we denote

Me(x) := fh 2 IR
s : cTx+�(h� Tx) = 'og;

Md(x) := fh 2 IR
s : � is discontinuous at h� Txg:

Note that, by Proposition 2.1, both Me(x) and Md(x) are measurable sets for all x 2 IR
m.

Lemma 3.1 For all x 2 IR
m there holds

M(x) � lim inf
xn!x

M(xn) � lim sup
xn!x

M(xn) � M(x) [ Me(x) [ Md(x):
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Proof: Let h 2M(x). The lower semicontinuity of � (Proposition 2.1) yields

lim inf
xn!x

(cTxn +�(h� Txn)) � c
T
x+�(h� Tx) > 'o:

Therefore, there exists an no 2 IN such that cTxn+�(h�Txn) > 'o for all n � no, implying h 2M(xn)

for all n � no. Hence, M(x) � lim infxn!xM(xn).

Let h 2 lim sup
xn!x

M(xn) nM(x). Then there exists an in�nite subset ~IN of IN such that

c
T
xn +�(h� Txn) > 'o 8n 2 ~IN and c

T
x+�(h� Tx) � 'o:

Now two cases are posssible. First, � is continuous at h� Tx. Passing to the limit in the �rst inequality

then yields that cTx+�(h�Tx) � 'o, and h 2Me(x). Secondly, � is discontinuous at h�Tx. In other

words, h 2Md(x). 2

Proposition 3.2 Assume that W (ZZ �m
+ ) +W

0(IRm
0

+ ) = IR
s and fu 2 IR

s : WT
u � q; W

0T
u � q

0g 6= ;.
Then QIP : IRm �! IR is a real-valued lower semicontinuous function.
If in addition �

�
Me(x) [Md(x)

�
= 0, then QIP is continuous at x.

Proof: The lower semicontinuity of � ensures that M(x) is measurable for all x 2 IR
m, and hence QIP

is real-valued on IRm. By Lemma 3.1 and the (semi-) continuity of the probability measure on sequences

of sets we have for all x 2 IR
m

QIP (x) = �
�
M(x)

�
� �

�
lim inf
xn!x

M(xn)
�
� lim inf

xn!x

�
�
M(xn)

�
= lim inf

xn!x

QIP (xn);

establishing the asserted lower semicontinuity. In case �
�
Me(x) [Md(x)

�
= 0 this argument extends as

follows

QIP (x) = �
�
M(x)

�
= �

�
M(x) [Me(x) [Md(x)

�
� �

�
lim sup
xn!x

M(xn)
�

� lim sup
xn!x

�
�
M(xn)

�
= lim sup

xn!x

QIP (xn);

and QIP is continuous at x. 2

Proposition 2.1 now reveals that, for given x 2 IR
m, both Me(x) and Md(x) are contained in a countable

union of hyperplanes. The latter being of Lebesgue measure zero we obtain that �
�
Me(x) [Md(x)

�
= 0

is valid for all x 2 IR
m provided that � has a density. This proves

Conclusion 3.3 Assume that W (ZZ �m
+ ) +W

0(IRm
0

+ ) = IR
s, fu 2 IR

s : WT
u � q; W

0T
u � q

0g 6= ;, and
that � has a density. Then QIP is continuous on IR

m.

This analysis can be extended towards Lipschitz continuity of QIP . In [36], Tiedemann has shown

Proposition 3.4 Assume that q; q
0 are rational vectors, W (ZZ �m

+ ) + W
0(IRm

0

+ ) = IR
s,

fu 2 IR
s : W

T
u � q; W

0T
u � q

0g 6= ;, and that for any nonsingular linear transformation
B 2 L(IRs

; IR
s) all one-dimensional marginal distributions of �ÆB have bounded densities which, outside

some bounded interval, are monotonically decreasing with growing absolute value of the argument. Then
QIP is Lipschitz continuous on any bounded subset of IRm.

From numerical viewpoint, the optimization problems (3) and (4) pose the major diÆculty that their

objective functions are given by multidimensional integrals with implicit integrands. If h(!) follows a

continuous probability distribution the computation of QIE and QIP has to rely on approximations. Here,

it is quite common to approximate the probability distribution of h(!) by discrete distributions, turning

the integrals in (3), (4) into sums this way. In the next section we will see that discrete distributions,

despite the poor analytical properties they imply for QIE and QIP , are quite attractive algorithmically,

since they allow for integer programming techniques.

Approximating the underlying probability measures in (3) and (4) raises the question whether \small"

perturbations in the measures result in only \small" perturbations of optimal values and optimal solutions.

Subjective assumptions and incomplete knowledge on � = IP Æh�1 in many practical modeling situations
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provide further motivation for asking this question. Therefore, stability analysis has gained some interest

in stochastic programming (for surveys see [9, 35]).

For the models (3) and (4) qualitative and quantitative continuity of QIE , QIP jointly in the decision

variable x and the probability measure � becomes a key issue then. Once established, the continuity,

together with well-known techniques from parametric optimization, lead to stability in the spirit sketched

above. In the present paper, we will not pursue stability analysis, but show how to arrive at qualitative

joint continuity of QIP . For continuity results on QIE we refer to [14, 24, 30, 33, 34], for extensions towards

stability to [35] and the references therein.

For the rest of this section, we consider QIP as a function mapping from IR
m�P(IRs) to IR. By P(IRs) we

denote the set of all Borel probability measures on IRs. While IRs is equipped with the usual topology, the

set P(IRs) is endowed with weak convergence of probability measures. This has proven both suÆciently

general to cover relevant applications and suÆciently speci�c to enable substantial statements. A sequence

f�ng in P(IR
s) is said to converge weakly to � 2 P(IRs), written �n

w

�! �, if for any bounded continuous

function g : IRs ! IR we haveZ
IRs

g(�)�n(d�)!

Z
IRs

g(�)�(d�) as n!1: (5)

A basic reference for weak convergence of probability measures is Billingsley's book [3].

Proposition 3.5 Assume that W (ZZ �m
+ ) +W

0(IRm
0

+ ) = IR
s and fu 2 IR

s : WT
u � q; W

0T
u � q

0g 6= ;.
Let � 2 P(IRs) be such that �

�
Me(x) [Md(x)

�
= 0. Then QIP : IRm � P(IRs) �! IR is continuous at

(x; �).

Proof: Let xn �! x and �n
w

�! � be arbitrary sequences. By �n; � : IRs �! f0; 1g we denote the

indicator functions of the sets M(xn);M(x); n 2 IN . In addition, we introduce the exceptional set

E := fh 2 IR
s : 9hn ! h such that �n(hn) 6! �(h)g:

Now we have E � Me(x)[Md(x). To see this, assume that h 2
�
Me(x)[Md(x)

�c
=
�
Me(x)

�c
\
�
Md(x)

�c
where the superscript c denotes the set-theoretic complement. Then � is continuous at h�Tx, and either

c
T
x+�(h� Tx) > 'o or c

T
x+�(h� Tx) < 'o. Thus, for any sequence hn ! h there exists an no 2 IN

such that for all n � no either cTxn + �(hn � Txn) > 'o or cTxn + �(hn � Txn) < 'o. Hence,

�n(hn)! �(h) as hn ! h, implying h 2 E
c.

In view of E � Me(x)[Md(x) and �
�
Me(x)[Md(x)

�
= 0 we obtain that �(E) = 0. A theorem on weak

convergence of image measures attributed to Rubin in [3], p. 34, now yields that the weak convergence

�n
w

�! � implies the weak convergence �n Æ �
�1
n

w

�! � Æ ��1.
Note that �n Æ �

�1
n
; � Æ ��1; n 2 IN are probability measures on f0; 1g. Their weak convergence then

particularly implies that

�n Æ �
�1
n

�
f1g

�
�! � Æ ��1

�
f1g

�
:

In other words, �n
�
M(xn)

�
�! �

�
M(x)

�
or QIP (xn; �n) �! QIP (x; �): 2

As done for the expectation-based model (3) in [33], continuity of optimal values and upper semicontinuity

of optimal solution sets of the probability-based model (4) can be derived from Proposition 3.5.

Remark 3.6 (probability-based model without integer decisions)
Without integer second-stage variables the setMd(x) is always empty, and Propositions 3.2 and 3.5 readily
specify. A direct approach to these models including stability analysis and algorithmic techniques has been
carried out in [23]. Lower semicontinuity of QIP in the absence of integer variables can already be derived
from Proposition 3.1 in [29], a statement concerning chance constrained stochastic programs. Some early
work on continuity properties of general probability functionals has been done by Raik ([21, 22], see also
[16, 20]).

4 Algorithms

In the present section we will review two algorithms for solving the probability-based recourse problem (4)

provided the underlying measure � is discrete, say with realizations hj and probabilities �j ; j = 1; : : : ; J .

The algorithms were �rst proposed in [23] and [36], respectively, where further details can be found.
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4.1 Linear Recourse

We assume that there are no integer requirements to second-stage variables which is usually referred to

as linear recourse in the literature. Suppose that � is the above discrete measure and consider problem

(4) with

�(t) := minfqT y : Wy � t; y 2 IR
m

0

+ g: (6)

For ease of exposition let X � IR
m be a nonempty compact polyhedron. Let e 2 IR

s denote the vector

of all ones and consider the set

D := f(u; uo) 2 IR
s+1 : 0 � u � e; 0 � uo � 1; WT

u� uoq � 0g

together with its extreme points (dk; dko); k = 1; : : : ;K. Furthermore, consider the indicator function

�(x; h) :=

�
1 ; h 2M(x)

0 ; otherwise.
(7)

The key idea of the subsequent algorithm is to represent � by a binary variable and a number of optimality

cuts which enables exploitation of cutting plane techniques from convex subgradient optimization. The

latter have proven very useful in classical two-stage linear stochastic programming, see e.g. [4, 32].

Lemma 4.1 There exists a suÆciently large constant Mo > 0 such that problem (4) can be equivalently
restated as

min
x;�

f
JX
j=1

�j�j : (hj � Tx)T dk + (cTx� 'o)dko � Mo�j ;

x 2 X; �j 2 f0; 1g; k = 1; : : : ;K; j = 1; : : : ; Jg: (8)

Proof: For any x 2 X and any j 2 f1; : : : ; Jg consider the feasibility problem

minfeT t+ to : Wy + t � hj � Tx; q
T
y � to � 'o � c

T
x; y 2 IR

m
0

+ ; (t; to) 2 IR
s+1
+ g (9)

and its linear programming dual

maxf(hj � Tx)Tu+ (cTx� 'o)uo : 0 � u � e; 0 � uo � 1; WT
u� uoq � 0g:

Clearly, both programs are always solvable. Their optimal value is equal to zero, if and only if �(x; hj) = 0.

In addition, D coincides with the feasible set of the dual. If Mo is selected as

Mo := maxf(hj � Tx)T dk + (cTx� 'o)dko : x 2 X; k 2 f1; : : : ;Kg; j 2 f1; : : : ; Jgg;

then, for any x 2 X, the vector (x; �) with �j = 1; j = 1; : : : ; J is feasible for (8).

If �(x; hj) = 1 for some x 2 X and j 2 f1; : : : ; Jg, then there has to exist some k 2 f1; : : : ;Kg such that

(hj � Tx)T dk + (cTx� 'o)dko > 0:

Hence, given x 2 X, �j = 0 is feasible in (8) if and only if �(x; hj) = 0. Therefore, (8) is equivalent to

minf
P

J

j=1
�j�(x; hj) : x 2 Xg. 2

The algorithm progresses by sequentially solving a master problem and adding violated optimality cuts

generated through the solution of subproblems (9). These cuts correspond to constraints in (8). Assuming

that the cuts generated before iteration � correspond to subsets K� � f1; : : : ;Kg the current master

problem reads

min
x;�

f
JX
j=1

�j�j : (hj � Tx)T dk + (cTx� 'o)dko � Mo�j ;

x 2 X; �j 2 f0; 1g; k 2 K� ; j = 1; : : : ; Jg: (10)

The full algorithm proceeds as follows.
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Algorithm 4.2

Step 1 (Initialization): Set � = 0 and Ko = ;.
Step 2 (Solving the master problem): Solve the current master problem (10) and let (x� ; ��) be an optimal
solution.
Step 3 (Solving subproblems): Solve the feasibility problem (9) for x = x

� and all j 2 f1; : : : ; Jg such
that ��

j
= 0. Consider the following situations:

1. If all these problems have optimal value equal to zero, then the current x� is optimal for (8).

2. If some of these problems have optimal value strictly greater than zero, then, via the dual solutions,
a subset (dk; dko); k 2 ~K � f1; : : : ;Kg of extreme points of D is identi�ed. The corresponding cuts
are added to the master.
Set K�+1 := K� [ ~K and � := � + 1; go to Step 2.

The algorithm terminates sinceD has a �nite number of extreme points. For further details on correctness

of the algorithm and �rst computational experiments we refer to [23].

4.2 Linear Mixed-Integer Recourse

In the present subsection we allow for integer requirements to second-stage variables. Again we assume

that X � IR
m is a nonempty compact polyhedron and that � is the discrete measure introduced at the

beginning of the present section. We consider problem (4) with

�(t) := minfqT y : Wy � t; y 2 Y g: (11)

For notational convenience we have integrated the former vector (y; y0) into one vector y now varying

in Y := ZZ
�m
+ � IR

m
0

+ . Accordingly, the former (q; q0) and (W;W
0) are integrated into q and W . To be

consistent with Subsection 4.1 we have inequality constraints in (11).

Lemma 4.3 There exists a suÆciently large constant M1 > 0 such that problem (4) can be equivalently
restated as

min
x;y;�

f
JX
j=1

�j�j : Wyj � hj � Tx; q
T
yj + c

T
x� 'o � M1�j ;

x 2 X; yj 2 Y; �j 2 f0; 1g; j = 1; : : : ; Jg: (12)

Proof: We choose M1 by

M1 := supfcTx+�(hj � Tx) : x 2 X; j = 1; : : : ; Jg:

To see that this supremum is �nite, recall the compactness of X and the general assumptions on � in

the paragraph following formula (2). Part (iv) of Proposition 2.1 then con�rms that �(hj � Tx) remains

bounded if x and j vary over X and f1; : : : ; Jg, respectively.
The selection of M1 guarantees that for any x 2 X and yj 2 Y such that Wyj � hj � Tx the selection

�j = 1 is feasible.

Given x, the selection �j = 0 is feasible if and only if there exists a yj 2 Y ful�lling Wyj � hj � Tx

and c
T
x + q

T
yj � 'o. The latter holds if and only if cTx + �(hj � Tx) � 'o which is equvalent to

�(x; hj) = 0. This proves that (12) is equivalent to minf
P

J

j=1
�j�(x; hj) : x 2 Xg. 2

Compared with problem (8), problem (12) again arises by representing the indicator function � from (7)

by a binary variable. Lacking duality, however, prevents the usage of optimality cuts such that minimiza-

tion with respect to y has to be carried out explicitly in (12). Hence, (8) is a variant of (12) where the

linear programming nature of the second stage enables an algorithmic shortcut.

Problem (12) is a mixed-integer linear program that quickly becomes large-scale in practical applications.

General purpose mixed-integer linear programming algorithms and software fail in such situations. As

an alternative, we present a decomposition method based on Lagrangian relaxation of nonanticipativity.
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This decomposition method for block-angular stochastic integer programs has been elaborated for the

�rst time in [7] for the expectation-based model (3).

Introduce in (12) copies xj ; j = 1; : : : ; J; according to the number of scenarios, and add the nonanticipa-

tivity constraints x1 = : : : = xJ (or an equivalent system), for which we use the notation
P

J

j=1
Hjxj = 0

with proper (l; n)�matrices Hj ; j = 1; : : : ; J . Problem (12) then becomes

min
x;y;�

f
JX

j=1

�j�j : Txj +Wyj � hj ; c
T
xj + q

T
yj �M1�j � 'o;

xj 2 X; yj 2 Y; �j 2 f0; 1g; j = 1; : : : ; J;

JX
j=1

Hjxj = 0g: (13)

This formulation suggests Lagrangian relaxation of the interlinking constraints
P

J

j=1
Hjxj = 0. For

� 2 IR
l we consider the functions

Lj(xj ; yj ; �j ; �) := �j�j + �
T
Hjxj ; j = 1; : : : ; J;

and form the Lagrangian

L(x; y; �; �) :=

JX
j=1

Lj(xj ; yj ; �j ; �):

The Lagrangian dual of (13) then is the optimization problem

maxfD(�) : � 2 IR
lg (14)

where

D(�) = minf
JX

j=1

Lj(xj ; yj ; �j ; �) : Txj +Wyj � hj ; c
T
xj + q

T
yj �M1�j � 'o;

xj 2 X; yj 2 Y; �j 2 f0; 1g; j = 1; : : : ; Jg:

For separability reasons we have

D(�) =

JX
j=1

Dj(�) (15)

where

Dj(�) = minfLj(xj ; yj ; �j ; �) : Txj +Wyj � hj ; c
T
xj + q

T
yj �M1�j � 'o;

xj 2 X; yj 2 Y; �j 2 f0; 1gg: (16)

D(�) being the pointwise minimum of aÆne functions in �, it is piecewise aÆne and concave. Hence,

(14) is a non-smooth concave maximization (or convex minimization) problem. Such problems can be

tackled with advanced bundle methods, for instance with Kiwiel's proximal bundle method NOA 3.0,

[17, 18]. At each iteration, these methods require the objective value and one subgradient of D. The

structure of D, cf. (15), enables substantial decomposition, since the single-scenario problems (16) can be

tackled separately. Their moderate size often allows application of general purpose mixed-integer linear

programming codes.

Altogether, the optimal value zLD of (14) provides a lower bound to the optimal value z of problem

(12). From integer programming ([19]) it is well-known, that in general one has to live with a positive

duality gap. On the other hand, it holds that zLD � zLP where zLP denotes the optimal value to the LP

relaxation of (12). The lower bound obtained by the above procedure, hence, is never worse the bound

obtained by eliminating the integer requirements.

In Lagrangian relaxation, the results of the dual optimization often provide starting points for heuristics

to �nd promising feasible points. Our relaxed constraints being very simple (x1 = : : : = xN ), ideas for

such heuristics come up straightforwardly. For example, examine the xj�components, j = 1; : : : ; J , of

solutions to (16) for optimal or nearly optimal �, and decide for the most frequent value arising or average
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and round if necessary.

If the heuristic yields a feasible solution to (12), then the objective value of the latter provides an upper

bound �z for z. Together with the lower bound zLD this gives the quality certi�cate (gap) �z � zLD.

The full algorithm improves this certi�cate by embedding the procedure described so far into a branch-

and-bound scheme in the spirit of global optimization. Let P denote the list of current problems and

zLD = zLD(P ) the Lagrangian lower bound for P 2 P . The algorithm then proceeds as follows.

Algorithm 4.4

Step 1 (Initialization): Set �z = +1 and let P consist of problem (13).
Step 2 (Termination): If P = ; then the solution x̂ that yielded �z = QIP (x̂), cf. (4), is optimal.
Step 3 (Node selection): Select and delete a problem P from P and solve its Lagrangian dual. If the
optimal value zLD(P ) hereof equals +1 (infeasibility of a subproblem) then go to Step 2.
Step 4 (Bounding): If zLD(P ) � �z go to Step 2 (this step can be carried out as soon as the value of the
Lagrangian dual rises above �z). Consider the following situations:

1. The scenario solutions xj, j = 1; : : : ; J , are identical: If QIP (xj) < �z then let �z = QIP (xj) and
delete from P all problems P 0 with zLD(P

0) � �z. Go to Step 2.

2. The scenario solutions xj, � = 1; : : : ; J di�er: Compute the average �x =
P

J

j=1 �jxj and round it by

some heuristic to obtain �xR. If QIP (�x
R) < �z then let �z = QIP (�x

R) and delete from P all problems
P
0 with zLD(P

0) � �z. Go to Step 5.

Step 5 (Branching): Select a component x(k) of x and add two new problems to P obtained from P by
adding the constraints x(k) � b�x(k)c and x(k) � b�x(k)c+ 1, respectively (if x(k) is an integer component),
or x(k) � �x(k) � " and x(k) � �x(k) + ", respectively, where " > 0 is a tolerance parameter to have disjoint
subdomains. Go to Step 3.

The algorithm works both with and without integer requirements in the �rst stage. It is obviously �nite

in case X is bounded and all x�components have to be integers. If x is mixed-integer (or continuous, as

in the former presentation) some stopping criterion to avoid endless branching on the continuous com-

ponents has to be employed. Some �rst computational experiments with Algorithm 4.4 are reported in

[36].

5 Multistage Extension

The two-stage stochastic programs introduced in Section 2 are based on the assumptions that uncertainty

is unveiled at once and that decisions subdivide into those before and those after unveiling uncertainty.

Often, a more complex view is appropriate at this place. Multistage stochastic programs address the

situation where uncertainty is unveiled stepwise with intermediate decisions.

The modeling starts with a �nite horizon sequential decision process under uncertainty where the decision

xt 2 IR
mt at stage t 2 f1; : : : ; Tg is based on information available up to time t only. Information is

modeled as a discrete time stochastic process f�tg
T

t=1 on some probability space (
;A; IP ) with �t taking
values in IR

st . The random vector �t := (�1; : : : ; �t) then re
ects the information available up to time t.

Nonanticipativity, i.e., the requirement that xt must not depend on future information, is formalized by

saying that xt is measurable with respect to the ��algebra At � A which is generated by �t; t = 1; : : : ; T .

Clearly, At � At+1 for all t = 1; : : : ; T � 1. As in the two-stage case, the �rst-stage decision x1 usually

is deterministic. Therefore, A1 = f;;
g. Moreover, we assume that AT = A.

The constraints of our multistage extensions can be subdivided into three groups. The �rst group com-

prises conditions on xt arising from the individual time stages:

xt(!) 2 Xt; Bt(�t(!))xt(!) � dt(�t(!)) IP�almost surely; t = 1; : : : ; T: (17)

Here, Xt � IR
mt is a set whose convex hull is a polyhedron. In this way, integer requirements to

components of xt are allowed for. For simplicity we assume that Xt is compact. The next group of

constraints models linkage between di�erent time stages:

tX
�=1

At� (�t(!))x� (!) � gt(�t(!)) IP�almost surely; t = 2; : : : ; T: (18)
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Finally, there is the nonanticipativity of xt, i. e.,

xt is measurable with respect to At; t = 1; : : : ; T: (19)

In addition to the constraints we have a linear objective function

TX
t=1

ct(�t(!))xt(!):

The matrices At� (:); Bt(:) as well as the right-hand sides dt(:); gt(:) and the cost coeÆcients ct(:) all have

conformal dimensions and depend aÆnely linearly on the relevant components of �.

The decisions xt are understood as members of the function spaces L1(
;A; IP ; IRmt); t = 1; : : : ; T .

The constraints (17), (18) then impose pointwise conditions on the xt, whereas (19) imposes functional

constraints, in fact, membership in a linear subspace of �T

t=1L1(
;A; IP ; IRmt), see e.g. [31] and the

references therein.

Now we are in the position to formulate the multistage extensions to the expectation- and probability-

based stochastic programs (3) and (4), respectively.

The multistage extension of (3) is the minimization of expected minimal costs subject to nonanticipativity

of decisions:

min

( Z



min
x(!)

� TX
t=1

ct(�t(!))xt(!) : (17), (18)
	
IP (d!) : x ful�lling (19)

)
(20)

To have the integral in the objective well-de�ned, the additional assumption �t 2 L1(
;A; IP ; IR
st),

t = 1; : : : ; T , is imposed in model (20), see [31] for further details.

The multistage extension of (4) is the minimization of the probability that minimal costs do not exceed

a preselected threshold 'o 2 IR. Again this minimization takes place over nonanticipative decisions only:

min

(
IP

�n
! 2 
 : min

x(!)

� TX
t=1

ct(�t(!))xt(!) : (17), (18)
	
> 'o

o�
: x ful�lling (19)

)
(21)

The minimization in the integrand of (20) being separable with respect to ! 2 
, it is possible to

interchange integration and minimization. Then the problem can be restated as follows:

min
nZ




TX
t=1

ct(�t(!))xt(!) IP (d!) : x ful�lling (17), (18), (19)
o
: (22)

Extending the argument from Lemma 4.3 we introduce an additional variable � 2 L1(
;A; IP ; f0; 1g) as
well as a suÆciently big constant M > 0. Then problem (21) can be equivalently rewritten as:

min
nZ




�(!) IP (d!) :

TX
t=1

ct(�t(!))xt(!) � 'o � M � �(!); �(!) 2 f0; 1g IP�a.s.;

x ful�lling (17), (18), (19)
o
: (23)

Problem (22) is the well-known multistage stochastic (mixed-integer) linear program. Without integer

requirements, the problem has been studied intensively, both from structural and from algorithmic view-

points. The reader may wish to sample from [4, 5, 8, 10, 13, 15, 20, 25, 26, 27, 32] to obtain insights into

these developments. With integer requirements, problem (22) is less well-understood. Existing results

are reviewed in [31].

To the best of our knowledge, the multistage extension (21) has not been addressed in the literature so

far. Some basic properties of (21), (23) regarding existence and structure of optimal solutions can be

derived by following arguments that were employed for the expectation-based model (22) in [31]. Their

mathematical foundations are laid out in [11, 12, 28]. The arguments can be outlined as follows:
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Problem (23) concerns the minimization of an abstract expectation over a function space, subject to mea-

surability with respect to a �ltered sequence of ��algebras. Theorems 1 and 2 in [12] (whose assumptions

can be veri�ed for (23) using statements from [11, 28]) provide suÆcient conditions for the solvability of

such minimization problems and for the solutions to be obtainable recursively by dynamic programming.

The stage-wise recursion rests on minimizing in the t�th stage the regular conditional expectation (with

respect to At) of the optimal value from stage t + 1. When arriving at the �rst-stage, a deterministic

optimization problem in x1 remains (recall that A1 = f;;
g). Its objective function Q
m

IP
(x1) can be

regarded the multistage counterpart to the function QIP (x) that we have studied in Section 3.

Given that (23) is a well-de�ned and solvable optimization problem, Sections 3 and 4 provide several

points of departure for future research. For instance, unveiling the structure of Qm

IP
(x1) may be possible

by analysing the interplay of conditional expectations and mixed-integer value functions. Regarding so-

lution techniques, the extension of Algorithm 4.4 to the multistage situation may be fruitful. Indeed, it is

well-known that the nonanticipativity in (19) is a linear constraint. With a discrete distribution of � this

leads to a system of linear equations. Lagrangian relaxation of these constraints produces single-scenario

subproblems, and the scheme of Algorithm 4.4 readily extends. However, compared with the two-stage

situation, the relaxed constraints are more complicated such that primal heuristics are not that obvious,

and the dimension l of the Lagrangian dual (14) may require approximative instead of exact solution of

(14). Further algorithmic ideas for (23) may arise from Lagrangian relaxation of either (17) or (18). In

[31] this is discussed for the expectation-based model (22).
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